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Introduction

Un systéeme dynamique est la donnée d’un systéme et d’une loi décrivant 1’évolution
de ce systéme. Dans les lignes qui suivent, nous étudions deux grandes classes de sys-
témes dynamiques : les équations différentielles et les équations aux dérivées partielles.
Un systéme de contréle est un systéme dynamique sur lequel on peut agir au moyen
d’un contréle ou d’'une commande. Prenez '’exemple du pilotage d’une voiture ot [’état
de votre systéme est la position de la voiture, la direction des roues et les moyens de
controle sont multiples : pédales d’accélération, de frein, volant... La théorie du contréle
analyse les propriétés de ce systéme dans le but de I’amener d’un état initial donné a
un certain état final : c’est la contrélabilité, notion centrale dans cette thése. Une fois le
probléme de contrélabilité résolu, on peut de plus vouloir passer de 1’état initial a I’état
final, en minimisant un certain critére, on parle alors de probléme de contréle optimal.
L’un des autres objectifs peut étre de stabiliser le systéme : c’est-a-dire de le rendre
insensible & de petites perturbations.

Cette thése a pour objectif principal de répondre & des questions de contrélabilité
d’équations aux dérivées partielles non linéaires. Plus précisément, il s’agira surtout de
systemes paraboliques non linéaires ou encore de systémes de réaction-diffusion non li-
néaires. Ces équations servent par exemple de modéle & des équations issues de la ciné-
tique chimique.

Nous avons essayé de proposer une introduction didactique aux différents outils de
notre travail. Ainsi, dans un premier temps, nous illustrons un certain nombre de méca-
nismes en dimension finie en Partie 1. Puis, nous dressons un état de ’art non exhaustif
de la controlabilité des systémes paraboliques linéaires et non linéaires en Partie II. Nous
nous sommes attachés a donner quelques démonstrations clefs de la théorie. Nous avons
également essayé d’étoffer cette partie de remarques mettant en lumiére les principales
similitudes et différences avec la dimension finie. Pour finir, nous présentons en Partie I11
les résultats issus de la thése. Ainsi, les théorémes principaux et les idées cruciales de dé-
monstration des articles issus de la thése, c’est-a-dire | I, | I, [ I, [ |
et | | se trouvent dans la Partie ITI. Le lecteur désireux de connaitre les détails
techniques des démonstrations pourra consulter I’Annexe B, ’Annexe C, I’Annexe D,
I’Annexe E et I’Annexe G.



Premiére partie

Controle d’équations différentielles



Dans cette partie, nous allons présenter certains aspects et certaines méthodes du
controle d’équations différentielles. Bien entendu, nous serons loin d’étre exhaustifs et le
lecteur pourra consulter avec profit les livres | I, | I, | | dont nous nous
sommes largement inspirés.

Un exemple physique : le ressort. Avant toute chose, nous choisissons de pré-
senter un systéme controlé issu de la physique. Aprés avoir mis sous forme d’équations
ce systéme, nous mettons en lumiére les différents enjeux et principales difficultés qui
tournent autour de la notion de controélabilité.

On considére une masse ponctuelle m qui se déplace le long d’un axe vertical (Oy) de
vecteur directeur f, attachée & un ressort. La position de la masse m est notée y. Cette
masse est soumise & deux forces :

— son poids : P= mg; ou g est la constante universelle de gravitation,
— la force de rappel que 'on suppose égale a F. = (—k:1 (y—1) — ko(y — 1)3) j, oul
est la longueur a vide du ressort, et kq, ko sont les coefficients de raideur.
De plus, on suppose que l'on peut exercer une force extérieure verticale au ressort re-
présentée par : F(t) = h(t)j. Alors, par le principe fondamental de la dynamique, on

my" (t) + ki (y(t) — 1) + k2(y(t) = 1)° — mg = h(?). (Newton)

En supposant que m = 1, [ = 0 (quitte a translater), on obtient alors le systéme diffé-
rentiel suivant

Y'(t) = AY (t) + g(Y (t)) + Bh(t), Y (0) =Y, (Ressort)

ol on a posé

1= (o) 2 ()= () o= (o) = ()

Le systéme (Ressort) est un systeme différentiel controlé. A chaque instant ¢, Y () désigne
'état du systéme et h(t) le controle agissant sur le systéme.

La question de contrélabilité pour le systéme (Ressort) peut se reformuler ainsi : étant
donnés un temps 7 > 0, une donnée initiale Yy € R?, i.e. une position et une vitesse
initiales, un état cible Y € R? i.e. une position et une vitesse cibles, peut-on trouver
un controle h : ¢ € [0,7] — R i.e. une force, tel que la solution de (Ressort) vérifie
Y(T)=Y;7?

Sur ce systéme, on entrevoit déja quelques difficultés mathématiques sous-jacentes a
la notion de controélabilité :

— la réponse peut dépendre du temps 1" que 1’on s’est donné pour controler I’équation.
Intuitivement, plus T est petit, c’est-a-dire plus le temps imparti est court, plus
il va étre difficile de relier deux états. Quand on cherche & controler en temps
arbitrairement petit, on parle de contrélabilité en temps petit.
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— la réponse peut dépendre de la position de I'état cible Y; par rapport a celle de la
donnée initiale Y. Intuitivement, plus ces deux états sont éloignés, plus il va étre
difficile de passer de I'un a 'autre. Quand on cherche & passer d’un état arbitraire
4 un autre état arbitraire, on parle de controlabilité globale.
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Chapitre 1

Systémes différentiels linéaires : la
condition de Kalman

Dans ce chapitre, nous présentons la controlabilité des systémes différentiels linéaires.
Nous montrons en particulier qu’une certaine condition algébrique, appelée condition de
Kalman, permet de répondre & la question de controélabilité.

Soit T' € (0, +00), n,m € N*, A € C([0,T];R™™) et B € C([0,T]; R™"™). Se donnant
yo € R™, on considére le systéme différentiel controlé

y'(t) = At)y + B(t)h, t € [0,T],  y(0) = o (1.1)

Dans (1.1), pour ¢t € [0,T7], y(t) € R™ est I’état du systéme et h(t) € R™ est le controle.
Nous donnons la définition de contrdlabilité pour le systéme (1.1).

Définition 1.0.1. Le systéme (1.1) est contrélable au temps T > 0 si pour tout (yo, yyr) €
R™ x R", il existe h € C([0,T];R™) telle que 1'unique solution y € C*([0,T];R"™) du
probléme de Cauchy (1.1) vérifie y(T') = yj.

Remarque 1.0.2. L’existence et l'unicité de la solution au probléme de Cauchy (1.1)
sont garanties par le théoréme de Cauchy-Lipschitz linéaire (voir | , Chapitre 6,
Section 2, Théoréme 1] par exemple).

1.1 Le cas des coefficients constants

Dans cette partie, on suppose que A(t) et B(t) ne dépendent pas du temps. On se
donne donc A € R™"*™ et B € R™™. On considére le systéme controlé

y' = Ay + Bh. (1.2)
La célébre condition de Kalman est donnée dans le théoréme suivant.

12



Théoréme 1.1.1. Le systéme 3y’ = Ay + Bh est controlable au temps T si et seulement
st la condition suivante est vérifiée

Rang (B,AB,...,A"_lB) =n. (1.3)
Remarque 1.1.2. Généralement, la matrice
K := (B,AB,...,A"'B) e R™"™, (1.4)
est appelée matrice de Kalman.

Remarque 1.1.3. Il est remarquable que le fait d’étre contrélable au temps T’ ne dépende
pas de T mais seulement d’une condition algébrique sur les matrices A et B.

Remarque 1.1.4. Quand Rang(B) = n, alors la condition (1.3) est automatiquement
vérifiée et donc le systéme est controlable. Cela correspond au cas ot il y a au moins
autant de contréles que d’équations.

Nous allons donner deux preuves du Théoréme 1.1.1. La premiére, qui ne démontrera
que le sens indirect, passe par une mise sous forme Brunovsky. Elle consiste & transformer
le systéme (1.2) en un systéme cascade ol on voit apparaitre les propriétés de controlabi-
lité du systéme. Nous revisiterons cette méthode en dimension infinie pour comprendre
les propriétés de controélabilité des systémes paraboliques linéaires. La seconde est basée
sur une méthode de dualité : la « Hilbert Uniqueness Method » (ou méthode de dua-
lité Hilbertienne) due & Jacques-Louis Lions (voir | ]). Cette derniére approche sera
également trés féconde en dimension infinie.

Démonstration par la mise sous forme Brunovsky. On suppose que la condition de Kal-
man (1.3) est vérifiée. Le but est de montrer que le systéme ' = Ay + Bh est controlable
au temps T'. Pour simplifier, on va supposer que m = 1. Sans perte de généralité, par
réversibilité du systeme (1.1), on suppose également que ys = 0.

Par le théoréme de Cayley-Hamilton, on sait que x4(A) = 0, ot x4 est le polynéme
caractéristique de A. On en déduit qu’il existe cg, ..., cn—1 € R tels que

A" =col,, +c1A+ ... CnflAn_l.

Par hypotheése, la matrice K € R™*™ définie en (1.4) est inversible. On pose

0 . 0 Co
1
R 1 0 C1 R 0
A=1¢9 - cs et B :=
0 0
0 0 1 e¢po1

On vérifie qu’on a alors

AK =KAet B=KB, ie. A= K 'AK et B= K 'B.

13



Ainsi, en posant y = Kz, on a ~ ~
2/ = Az + Bh. (1.5)

Ainsi, nous avons réussi a transformer le systéme (1.2) en le systéme (1.5) ou la
matrice A est une matrice compagnon et B est le premier vecteur de la base canonique,
c’est-a-dire

2y =cozn+h
zh =21+ c12p

/
Zp = Zn—1 Tt Cp—12n

Cette structure est généralement appelée systéme cascade. Le point important est que les
termes sous diagonaux de A ne s’annulent pas et donc créent du couplage. Intuitivement,
h va contréler la premiére composante z1 grace & la premiére équation, qui elle-méme va
controler zy grace a la seconde équation (et au terme de couplage z1), et ainsi de suite
jusqu’a z,—1 qui va contrdler z, au regard de la derniére équation.
Passons & la construction explicite du controle h :
— On définit Z la solution libre du systéme (1.5) (c’est-a-dire avec zp = K lyo et
h =0).
— On se donne une fonction de troncature n € C*°([0,77;[0,1]) telle que n = 1 sur
[0,7/3] et n =0 sur [27/3,T].
— On commence par choisir z,(t) := n(t)Z,(t), puis en utilisant la derniére équation de
(1.5), on définit z,_1(t) := 2;,(t) —cn—12n(t) et ainsi de suite z;(t) := 2} (t)—ciza(t)
pour ¢ entre n — 2 et 1.
— La premiére équation de (1.5) nous suggere alors de poser h(t) := 2} (t) — cozn(t).

Ainsi, par construction, z est solution du systéme (1.5) avec le contrdle h précédemment

défini.

I1 suffit alors de vérifier par récurrence descendante que pour tout k € {1,...,n}, on
a
2, =z sur [0,T/3] et z, = 0 sur [27/3,T).
Ce qui termine la preuve puisque z(0) = z(0) = K 'yg et 2(T) = 0. O

Démonstration par la « HUM ». On procéde en deux étapes.

Etape 1 : Controélabilité < Continuation unique < Inégalité d’observabilité
Se donnant yy € R™ et h € C([0,T]; R™), par la formule de Duhamel, la solution de (1.2)
vaut

T
y(T) = Ty, +/ eT=5)ABn(s)ds.
0

11 est facile de voir que la controlabilité de (1.2) au temps T est équivalente a la surjectivité
de 'application linéaire

T
®:heC(0,T];R™) — / eT=5)ABh(s)ds € R™.
0
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Puisque R" est de dimension finie et que C([0,T];R™) est dense dans L?(0,T;R™), il
est également facile de voir que la controlabilité de (1.2) au temps T est équivalente a la
surjectivité de la nouvelle application linéaire (toujours notée ® pour simplifier)

T
®:hel0,T;R™) — / eT=5)ABh(s)ds € R™. (1.6)
0

Or, on a

(Im(cp) - R") s (Ker(cp*) - {0}) (1.7)
& (30> 0, Yor € R”, [lorllpn < ClO°0rl2orgm ). (18)
De plus, a partir de (1.6), un calcul simple nous donne
Vor € R?, & pp = B (T4 o ¢ L2(0, T;R™).

On déduit alors que la contrdlabilité de (1.2) équivaut & démontrer le principe de conti-
nuation unique

Vor € R, (vs € [0,T], BeT=94" 4p = o) = (<pT - 0). (1.9)

ou (toujours de maniére équivalente) 'inégalité dite inégalité d’observabilité : il existe
C > 0 telle que

T " 9 1/2
Yor € R, |lor|lg. < C (/ HBtre(T_S)A goTHR ds) . (1.10)
0 m

Etape 2 : Continuation unique < Condition de Kalman.
On notera ¢(s) = eT=5)4" o1 dans la suite. Par analyticité, B™p(s) est nul si et seule-
ment si toutes les dérivées de (s) sont nulles en s = T'. En dérivant et en évaluant en
s = T, on trouve aisément que ceci est équivalent & pour tout k& > 0, Btr(A“)ktpT = 0.
Par le théoréme de Cayley-Hamilton, ceci est encore équivalent &

(Btr, BTAY, Btr(Atr)”_l)cpT = 0. Ainsi, nous avons prouvé que

(1.9) & Ker(K*) = {0}
< Rang(K) = n,

ou K est la matrice de Kalman définie en (1.4).
On conclut la preuve en rassemblant ’étape 1 et ’étape 2. ]

Remarque 1.1.5. Dans la précédente preuve, les concepts de continuation unique et
d’inégalité d’observabilité sont équivalents comme le montre 1’équivalence (1.7) et (1.8).
Ceci est un phénomeéne particulier de la dimension finie. Cela résulte de I’équivalence des
normes en dimension finie.
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1.2 Le cas des coeflicients dépendant du temps

Dans cette partie, on suppose que A et B sont de classe C* sur [0, 7.
On définit par récurrence sur ¢, la suite B; € C*°([0, T]; R™*™) de la maniére suivante :

vt €[0,T], Bo(t) := B(t), Bi(t) :== B._;(t) — A(t)B;_1(t). (1.11)
Le résultat suivant est une condition de Kalman généralisée.

Théoréme 1.2.1. On suppose que pour t € [0,T],
Rang (Bo(t), B1(%), ..., Bn-1(t)) = n. (1.12)
Alors, le systeme y' = A(t)y + B(t)h est contrélable au temps T.

Remarque 1.2.2. Quand A et B sont constants, on trouve que pour tout i, B; =
(—1)!A'B ot B; est définie en (1.11). Ainsi, le Théoréme 1.2.1 permet de retrouver la
condition suffisante de controlabilité du Théoréme 1.1.1.

Remarque 1.2.3. La condition suffisante de controélabilité du Théoréme 1.2.1 n’est pas
nécessaire (sauf si n = 1 ou les applications A et B sont analytiques sur [0,77], voir
[ , Théoréme 2.3.2]), comme le montre l'exemple | , Pages 11, 12].

Pour la preuve du Théoréme 1.2.1, voir | , Théoréme 1.18|.
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Chapitre 2

Systémes différentiels non linéaires

Dans cette partie, nous allons considérer le systéme non linéaire controlé

y' = fy,h), (2.1)

ol y € R™ désigne I'état, h € R™ désigne le controle. On suppose dans toute la suite que
f € C®(R™ x R™;R™). La controlabilité globale pour un systéme non linéaire est une
question difficile en toute généralité. C’est pourquoi, nous allons d’abord nous intéresser
a la controlabilité locale de (2.1) autour de points dit points d’équilibre. Nous formulons
certains critéres qui assurent la contrélabilité locale.

Nous commencons par deux définitions.

Définition 2.0.1. Un équilibre du systéme y' = f(y, h) est un couple (ye, he) € R™ x R™
tel que

f(yem he) =0.

Définition 2.0.2. Soit (ye,he) € R™ x R™ un équilibre du systéme de controle y' =
f(y,h). Le systéme ' = f(y, h) est dit localement controlable en temps petit & I’équilibre
(Ye, he) si pour tout e > 0, il existe n > 0 tel que pour tous yg,y; € R™ tels que
[Yo — Yels |y1 — ye| < 1, il existe un controle h € C([0,]; R™) tel que

YVt € [0,¢g], |h(t) — he| < e,

(v = £ h(®). 9(0) =30)) et (y(e) = 1)

2.1 Le test sur le linéarisé

Dans cette partie, nous formulons le théoréme principal : Théoréme 2.1.5 qui se réveéle
trés utile en pratique pour tester la contrdlabilité locale du systéme non linéaire (2.1)
sur le linéarisé.

Nous introduisons plusieurs définitions.
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Définition 2.1.1. Une trajectoire du systéme de controle y' = f(y, h) est la donnée d'un
couple (7, h) € C1([0,T];R™) x C([0,T]; R™) satisfaisant

vt €[0,T), 7(t) = f@(t), h(t)).

Définition 2.1.2. Soit (7,h) une trajectoire du systéme 3’ = f(y,h). Le systéme de
controle y' = f(y, h) est dit localement contrélable le long de la trajectoire (g, h) si pour
tout € > 0, il existe n > 0 tel que pour tout (a,b) € R™ x R" satisfaisant |a — 7(0)| < n
et |b—g(T)| < n, il existe une autre trajectoire (y, h) vérifiant

vt €[0,7T], |h(t) — h(t)] <e,

y(0) = a, y(T) =b.

Remarque 2.1.3. Pour un point d’équilibre (ye, he), on voit que la Définition 2.1.2
coincide avec la Définition 2.0.2 pour T = ¢ et la trajectoire constante (ye, he).

Définition 2.1.4. On appelle systéme linéarisé le long de la trajectoire (g, h) le systéme
de controéle linéaire suivant

of

h (@(t),h(t))h, t €0,T].

y' = 5-(@(t), h(t))y +

Nous avons le théoréme trés utile suivant.

Théoréme 2.1.5. Soit (g, h) une trajectoire de y' = f(y,h). On suppose que le systéme
linéarisé le long de cette trajectoire est contréolable au temps T (voir Définition 1.0.1).
Alors le systéme non linéaire y' = f(y,h) est localement contrélable le long de la trajec-

toire (g, h).

La preuve du Théoréme 2.1.5 est basée sur un argument d’inversion locale appliqué
a l'application point-cible de classe C!

¢ : (a,h) e R" x C([0, T];R™) — ®(a, h) := (a,y(T)) € R" x R",

otl y est la solution du probléme de Cauchy y' = f(y,h), y(0) = a. En effet, D®(%(0), h)
est I’application linéaire

(a,h) € R" x C([0,T;R™) = (a,y(T)) € R" x R",

ou y est la solution de y' = g—i(y(t},ﬁ(t))y + %@(t),ﬁ(t))h, y(0) = a. Cette derniére
application étant surjective par hypothése, on en déduit que ® est localement surjective.
Pour les détails de la preuve, voir | , Theorem 3.6].

On en déduit le corollaire suivant.

Corollaire 2.1.6. Soit (ye, he) un équilibre de y' = f(y,h). On suppose que le systéme
linéarisé autour de cet équilibre est controlable alors le systeme non linéaire y' = f(y, h)
est localement controlable en temps petit.
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La preuve du Corollaire 2.1.6 consiste & appliquer le Théoréme 2.1.5 avec T' = ¢ et la
trajectoire (ye, he).

Exemple 2.1.7. On considére le systéme non linéaire controlé suivant :

{y’lzh
/o 3
Yo = Y1 + Y5-

On voit aisément que ((0,0),0) est équilibre du systéme. Le linéarisé autour de cet équi-
libre est
{ y="h
Ys = 1.

Par le Théoréme 1.1.1, ce dernier systéme est controlable. En effet, on a
Rang(K) = Rang(I) = 2.

On en déduit alors que le systéme non linéaire est localement contrdlable en temps petit
autour de I’équilibre ((0,0),0) par le Corollaire 2.1.6.

Exemple 2.1.8. Pour n > 2 un entier, on considére le systéme non linéaire contrélé

suivant :
{ y1="h
Yy =y

On voit aisément que ((0,0),0) est équilibre du systéme. Le linéarisé autour de cet équi-
libre est

v=nh

yh = 0.

Ce dernier systéme n’est pas controlable. En effet, yo est constant. On ne peut alors rien
en déduire a priori sur le systéme non linéaire.

Remarquons cependant que pour n pair, le systéme non linéaire n’est pas localement
controlable en temps petit autour de ((0,0),0) puisque la seconde équation nous donne
que Yo est croissante au cours du temps. Ainsi, partant de y2¢ > 0, on a nécessairement
en tout temps ¢t > 0, ya(t) > 0.

La Section 2.2 permet de traiter le cas n impair.

2.2 La méthode du retour

On considére toujours le systéme de controle y' = f(y, h) ou y € R™ désigne I'état et
h € R™ le controle. On suppose que f est de classe C* et que

£(0,0) = 0.
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Ainsi (0,0) est un point d’équilibre de ¥’ = f(y, h).

Grace au Corollaire 2.1.6, on a vu qu'un des moyens pratiques pour tester la controla-
bilité locale en temps petit autour de I'état d’équilibre (0, 0) est de tester la controlabilité
du linéarisé 5

g of

3y (0,0)y + %(0, 0)h.

Cependant, dans le cas ou ce linéarisé n’est pas controélable, on ne peut rien conclure a
priori.

L’idée de la méthode du retour issue de l'article | | est la suivante : au lieu de
linéariser autour de I’état d’équilibre (0,0), on va linéariser autour d’une trajectoire qui
part de (0,0) et qui retourne en (0,0) et telle que le linéarisé le long de cette trajectoire
soit controlable.

Plus précisément, supposons que pour tout 7' > 0, tout € > 0, il existe h € C ([0, T]; R™)
tel que HEHOO < ¢, tel que la solution (maximale) associée ¥ de 7' (t) = f(W(t), h(t)),
y(0) = 0, vérifie :

— le systéme linéarisé autour de (7, h) (voir Définition 2.1.4) est contrélable sur [0, T7.
Alors, par le Théoréme 2.1.5, il existe n > 0 tel que, pour tous yg,y1 € R” vérifiant
lyol, ly1| < m, il existe b € C([0, T]; R™) telle que |h(t) — h(t)| < e, t € [0,T], et telle que
la solution 4 du probléme de Cauchy

y' = f(y,h(t)), y(0) = yo,

satisfait y(T') = y;.
Comme T > 0 et € > 0 sont arbitraires, on en déduit que ¥’ = f(y, h) est localement
controlable en temps petit autour de 1’état d’équilibre (0, 0).

Revenons a ’'Exemple 2.1.8 avec n impair. Pour 7' > 0, on construit A € C*°([0, T]; R)
différent de la fonction nulle tel que

T/2
/“ R(t)dt = 0, W(T — ) = h(t), t € [0,T].
0

On introduit la solution (y1,7z) € C*°([0, T]; R)? du systéme
yi'=h
W =",
(41, %2)(0) = (0,0).

On vérifie alors que

7n(T/2) =0, Vt € [0,T], 71(T —t) = —71(t), (T —t) = 0(t).

En particulier, on a

7i(T) = 52(T) = 0.
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1 y(t)
Yl

Yo

FIGURE 2.1 — Illustration de la méthode du retour

Le systéme linéarisé autour de (7, h) est
?J1 =h
y? - ny? 1(t)y17
yla 2/2 (Oa 0) .

Et donc en posant

A0 = (i o) B0 = (o).

on voit facilement que le condition (1.12) est satisfaite si et seulement si

d*ys

Ik € N
<N

() #0out €0,7],
ce qui est assuré par le fait que h est différent de la fonction nulle. Par le Théoréme 1.2.1,
on en déduit que le linéarisé est contrélable et donc par la méthode du retour que le
systéme non linéaire est localement controlable a ((0,0),0) en temps petit.

Pour d’autres exemples d’applications de la méthode du retour, voir | , Chapter
6.

21



Deuxiéme partie

Controlabilité d’équations et de
systémes paraboliques
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Dans cette partie, nous allons aborder la contrélabilité des systémes paraboliques
linéaires et non linéaires. Un grand nombre d’idées préalablement utilisées pour les sys-
témes différentiels sont revisitées dans le cadre de la dimension infinie.

Nous introduisons quelques notations qui sont utilisées dans toute la suite :

— T € (0,400) est un temps,

— Q c RY (N > 1) est un ouvert borné connexe de classe C? qui représente le
domaine spatial,

— w est un ouvert non vide contenu dans €2 qui désigne ["ouvert de controle,
— Qr :=(0,T) x Q est le cylindre parabolique,

— Y7 :=(0,T) x 0Q est la frontiére parabolique,

— qr := (0,T) X w est le cylindre parabolique de controle.

Avant de commencer la lecture de cette partie, il peut étre utile de lire I’Annexe A
qui énonce les principales propriétés des équations paraboliques dont nous allons nous
Servir.

FIGURE 2.2 — L’ouvert €2 et le sous-ouvert w
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FIGURE 2.3 — Le cylindre Q7 et le sous-cylindre ¢r
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Chapitre 3

L’équation de la chaleur

3.1 Le probléme de la controlabilité & zéro

L’équation de la chaleur avec conditions de Dirichlet au bord de €2 et controéle localisé
s’écrit comme suit :

Oy — Ay = hl,, dans Qr,
y=0 sur X, (Heat)
y(0,.) = yo dans Q.

Remarque 3.1.1. Pour (t,z) € Qr, si y(t,x) représente une température a l'instant
t et au point z de notre domaine spatial ) alors le terme hl, peut étre vu comme un
terme de chauffage ou de refroidissement localisé en espace.

On suppose que la donnée initiale yg est dans L?(€) et on cherche a trouver un
controle h € L?(gr) qui améne I'état y(t,.) & une donnée cible au temps t = T, c’est-a-
dire on cherche & répondre a une question de contrélabilité pour ’équation de la chaleur
au moyen d’un controle localisé en espace. En raison des effets régularisants de I’équation
de la chaleur (voir par exemple I’Annexe A.6 et le Corollaire A.6.5), il n’est pas possible
d’amener ezactement les solutions de (Heat) & un état cible arbitraire dans L?(£2) ou
H™(£), & moins que nous soyons dans la situation triviale ot w = Q. D’autre part, il
semble intéressant de se demander s'il est possible d’amener les solutions de (Heat) a un
état prescrit d’une trajectoire (en agissant seulement sur w CC Q). Cette discussion nous
améne a la définition suivante.

Définition 3.1.2. On dit que (Heat) est controlable a zéro au temps T si pour toute
donnée initiale yo € L2(R), il existe un controle h € L?(qr) telle que la solution y du
probléme de Cauchy (Heat) satisfait

y(T,.) = 0 dans Q.

Remarque 3.1.3. Par linéarité, il est facile de voir que la controlabilité & zéro est
équivalente a la contrélabilité auz trajectoires, c’est-a-dire que pour toute donnée initiale
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yo € L?(Q), pour toute trajectoire (7, h), i.e., vérifiant

07y — Ay = hl, dans Qr,
y=20 sur X,

il existe un controle h € L%(qr) tel que y(T,.) = y(T,.).

On peut également seulement demander & la solution de se rapprocher de maniére
arbitrairement proche d’un état prescrit : ¢’est la notion de contrélabilité approchée.

Définition 3.1.4. On dit que (Heat) est approzimativement contrélable au temps T si
pour toute donnée initiale yo € L?(€), tout état cible y; € L%(12), tout € > 0, il existe
un controle h € L?(qr) tel que la solution y du probléme de Cauchy (Heat) satisfait

(T, — 55 Ol oy < e

Remarque 3.1.5. On utilisera assez peu la Définition 3.1.4 dans la suite. Cependant, ce
concept nous servira a revisiter la notion de continuation unique déja vue dans le cadre
de la dimension finie (voir preuve du Théoréme 1.1.1).

3.2 L’équation de la chaleur est controlable & zéro en tout
temps

Le théoréme suivant est le théoréme central de la théorie de la contrélabilité a zéro
des équations paraboliques.

Théoréme 3.2.1. Pour tout temps T > 0, l’équation (Heat) est contrélable a zéro au
temps T'.

Remarque 3.2.2. Le Théoréme 3.2.1 provient du caractére parabolique de ’équation
de la chaleur et plus précisément de la vitesse de propagation infinie de cette équation
(voir par exemple le principe du maximum fort énoncé en Proposition A.4.2 et la Re-
marque A.4.3). Une action via le controle h localisé sur w va influer immédiatement
sur la solution ¥, et ce sur 2 tout entier. A titre de comparaison, le résultat du Théo-
réme 3.2.1 ne tient pas pour une équation de transport par exemple, qui est une équation
aux dérivées partielles & wvitesse de propagation finie (voir | , Chapter 2, Section
2.1]).

3.3 La « Hilbert Uniqueness Method »

L’objectif de cette partie est de montrer par un argument de dualité ’équivalence
entre le probléme de controlabilité & zéro, qui est un probléme de surjectivité et une
inégalité d’observabilité pour le systéme adjoint de (Heat). Nous adaptons en dimension
infinie 'argument de la seconde preuve du Théoréme 1.1.1.
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On introduit le systéme adjoint de (Heat) : pour @7 € L?(£2),

—0sp — Ap =0 dans Qr,
p=0 sur X7,
o(T,.) = ¢r dans €.

On dispose du résultat suivant dit & Jacques-Louis Lions (voir | ])-

(HeatAdj)

Théoréme 3.3.1. L’équation (Heat) est controlable a zéro au temps T si et seulement

st 1l existe une constante C > 0 telle que

T 1/2
Vor € LA(Q), ||so<o,.>||L2<mé0< / / rso<t,x>|2dtdx) . (HeatObs)
0 w

Remarque 3.3.2. L’inégalité (HeatObs) est appelée inégalité d’observabilité. On dit

aussi qu’on observe ¢ au temps t = 0 par ¢ sur (0,7) X w.
La démonstration du Théoréme 3.3.1 repose sur un argument de dualité.
Démonstration. On introduit deux applications :
Fi:yo € L2(Q) — y(T,.) € L*(Q),
ot y est la solution de (Heat) associée a (yo,h = 0), et
Fo:he L (qr) — y(T,.) € L*(Q),

ou y est la solution de (Heat) associée a (yo = 0, h).
La remarque clef est la suivante :

(Contrélabilité A zéro) s (Im(]—]) c Im(]-"g)>.
Or, par un argument de dualité (voir | , Lemma 2.48|), on a :

(m(F) ¢ m(F))
&3C >0, Yer € LAQ), I1F ()l g2 < C I1F5 (0r) e

qr) °

On calcule les adjoints de ces deux applications en utilisant 1’égalité :

T
(T, ), o) r20) — (W0, (0, )) 20y = / /Q h(t, 2)L(x)p(t, 2)dtdz.

On trouve ainsi
Vor € L*(Q), Fi(pr) = ¢(0,.) and F5 (1) = ¢lo.

En rassemblant (3.1), (3.2) et (3.3), on conclut la preuve du Théoréme 3.3.1.
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Par la méme preuve en remplagant (3.1) par
<C0ntrélabilité approchée) & <Im(.7:2) = LQ(Q)) & (Ker(]-";) = {0}), (3.4)

on peut également montrer le théoréme suivant.

Théoréme 3.3.3. L’équation (Heat) est approzimativement controlable au temps T si
et seulement si

Vor € 12(9), (V(t,2) € (0,T) x w, (t,2) =0) = (pr = 0). (UC)

Remarque 3.3.4. L’inégalité (HeatObs) est la quantification du principe de continua-
tion unique (UC). En effet, si ¢ = 0 sur (0,7") X w, alors par (HeatObs), on a ¢(0,.) =0
sur € et par unicité rétrograde de I'équation de la chaleur (voir la Proposition A.5.1), on
a alors 7 = 0.

Remarque 3.3.5. En dimension finie, nous avons vu que les concepts de continuation
unique et d’inégalité d’observabilité sont équivalents (voir Remarque 1.1.5). Dans ce
contexte, en utilisant (3.1) et (3.4), cela se traduirait par le fait qu'un sous-espace vectoriel
F d’un espace vectoriel de dimension finie E est dense si et seulement si /' = E. Bien
entendu, ce n’est plus le cas en dimension infinie : pensez ici & F' = Im(F) et E = L?(1Q).

Corollaire 3.3.6. Pour tout T' > 0, l’équation (Heat) est approzimativement contrélable
au temps T'.

En effet, il est clair que (UC) est vérifiée puisqu’une solution ¢ de (HeatAdj) s’an-
nulant sur le cylindre gp est identiquement nulle sur le cylindre Q7 par analyticité (voir
Proposition A.5.2).

3.4 Preuve de l'inégalité d’observabilité : les inégalités de
Carleman

L’objectif de cette partie est de démontrer que l'inégalité (HeatObs) est vérifiée en

tout temps T" > 0. Ainsi, par le Théoréme 3.3.1, on aura démontré le Théoréme 3.2.1.

Pour ce faire, nous allons dans un premier temps démontrer une inégalité de Carleman
L? due & Andrei Fursikov et Oleg Imanuvilov.

3.4.1 Fonctions poids et estimations

On introduit une fonction poids dont les points critiques sont localisés a l'intérieur
de la zone de controle.

Lemme 3.4.1. Soit wy CC w un ouvert non vide. Alors il existe n° € C?() tel que
n° >0 dans Q, n° =0 sur 99, et |[Vn°| > 0 dans Q \ wo.

28



Ce lemme est da a Fursikov-Imanuvilov (voir | |), une preuve peut étre trouvée
dans | , Lemma 2.68|.

Soit wg un ouvert non vide satisfaisant wy CC w. On fixe n° comme dans le Lemme 3.4.1
et on introduit

2|l _ Am|[n| 40 ()
t = )
a(t, z) 0T : (3.5)
Al A% @)
£t ) == , (3.6)

HT — 1)

pour (t,z) € Qr, o A > 1 est un paramétre et m > 1.
Les estimations suivantes sont d’usage constant dans la suite.

Lemme 3.4.2. [ existe une constante C = C(Q,w) > 0 telle que pour tous T > 0,
A>1, (t,z) € Qr,

Oia| = | — 0| = | = AN ¢| < CAE,
|Aal = | = A¢| = | = AAR°E — M| Vn°PE] < ON,
2m|n°f] o _ A [n°f] 4n° (@)
|Orar] = ‘—(T — 2t) 2T 12 < CT¢?,
ANl || 40 ()
0] = |—(T ~ Mg | S CTE.

3.4.2 L’estimation de Carleman

Nous avons lestimation L? suivante.

Théoréme 3.4.3. Il existe trois constantes A\1 = A\ (Q,w) > 1, 51 = C(Q,w)(T+T?) et
Cy = C1(Q,w) telles que pour tous A > A\, s > s1,

)\4/ era(S§)3|g02dtdx+)\2/ e”25(s8) | V| *dtdx
Qr

QT

+/ e—2sa(S§)—1 (|at$0|2 + |A(p|2) dtdzx (Carleman)
Qr

623"‘(85)3|90|2dtdw> ,

) Xw

<y / 67280{‘8,%0 + Ag0|2dtdx + )\4/
Qr (0

ot p € C%(Qr) avec p =0 sur Y.

Remarque 3.4.4. L’inégalité de Carleman du Théoréme 3.4.3 est une estimation d’éner-
gie a poids (de type exponentiellement décroissant en ¢t = 0 et t = T et de type exponen-
tielle d’exponentielle en espace).
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Remarque 3.4.5. Les paramétres A et s jouent un double réle. D’une part, ils sont
cruciaux dans la preuve du Théoréme 3.4.3 pour absorber des termes. D’autre part,
lorsque nous considérerons non plus la simple équation de la chaleur mais une équation
parabolique plus générale, ils joueront également un role (toujours d’absorption) pour
montrer une inégalité de Carleman adaptée a cette équation (voir Section 3.5).

Remarque 3.4.6. L’inégalité (Carleman) est également vraie sous la forme suivante :
pour k € N,

A / e~ 25 (s€)¥| )2 dtdx + N2 / e~ (s6)F 2 V|2 dtdx
T

T

—i—/ 67280‘(3@’“74 (|8t<p\2 + |A<p\2) dtdz (3.7)

<O ( / e ()73 |0 + Ap|Pdtdr + A\ /
T (

0,T) xw

e_2so‘(s§)k]g0]2dtdx> .

Nous utiliserons cette inégalité pour des systémes paraboliques linéaires présentant des
couplages d’ordre deux. Pour la preuve de (3.7), on renvoie a | ]

3.4.3 1Idée de la preuve de l’inégalité de Carleman

Nous présentons les grandes lignes de la démonstration du Théoréme 3.4.3. Pour les
détails, voir | , Lemma 1.3|

Démonstration. La preuve suit plusieurs étapes.

Etape 1 : Calcul de ’opérateur conjugué et élévation au carré. Soit b =
e et g = e *f olt on a noté f = Jp + Ap. On regarde I’équation parabolique
satisfaite par i et on obtient que

My + Matp = gz, (3.8)
ol on a défini
My = =252 |Vn°|2€xp — 25AEVR°. V4 + Db, (3.9)
Moty = 2 X2\ VP 262 + A + sayp, (3.10)
et
gsxn = g+ sAAR Y — X[ V" gy, (3.11)

Pour simplifier les notations, on appelle (M;1);, (1 <i < 2,1 < j < 3) le j*m terme de
I'expression M;1) donnée en (3.9), (3.10).

Remarque 3.4.7. Si on oublie le premier terme de M7, on remarque que les opérateurs
M et My sont respectivement antisymétriques et symétriques. Cela joue un réle crucial
dans la preuve. Il semblerait plus naturel a premiére vue de mettre le premier terme de
M; dans le terme de droite de (3.8). Cependant, en le laissant a gauche, il nous aide a
créer un terme positif en |V1)|? (voir le calcul du produit scalaire ((M7))1, (Mav)2) 12(0r)
plus loin).
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On déduit de (3.8), en élevant au carré et en intégrant en temps-espace, que

3
1Ml 2 0 + 1Mo l|F2 00y +2 D (Mh)i, (Ma);)12(p) = ”gs,)\HiZ(QT) - (3.12)
ij—1

Etape 2 : Estimation du double produit. La suite de la preuve consiste & montrer
qu’il existe C' = C(2,w) > 0 tel que pour tous A > s1, s > 1 ou A\j et s1 sont comme
dans le Théoréme 3.4.3, on a

3
. A 2 2\ 2 2|
2 S (M), (Mot )1 (QT)zc(/QT | +\vw\) C(/(QTMO | +rw\)

ij=1
Par le Lemme 3.4.1, on a

c:= min |Vn°(z)]* > 0. (3.13)
z€Q\wo

Dans toute la suite de la preuve, C désigne une constante strictement positive dépen-
dant de 2 et w et qui peut changer d’une ligne & 'autre.

Par intégration par parties en espace, en utilisant 2¢)Vi = V(¢)?), on trouve grace
au Lemme 3.4.2 que

(M2, (Mah)y) > 355N / V€ — 5PN /Q Sy,

T

Puis en utilisant (3.13), on a

3 )4 TrO[e3 2 > esd M 3,12 3112 |
: /QT|n|f|w|_cs (/Qwa /(O,T)xwo£|w’>

De plus, pour A suffisamment grand : A > C, on a
c [ el <isa [ et
Qr 2 Qr
Ainsi, en rassemblant les trois derniéres estimations, on a pour A > C,
(1), Oty 2 Csn [ @up— [ ).
QT (OvT)XWO
D’autre part, on a également, par intégration par parties en espaces,
(), () = 3 [ o Peve —onxt [ vyl
T T

Et donc, toujours par (3.13), on a

)\2 vOZ \v4 2 )\2 v 2 2 )
[P s </QT51 Yl /(O,T)wa‘w'>
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Puis, par l'inégalité de Young, on a
sy [ guulpl <csxt [ @t voxt [ (v
Qr Qr Qr

En rassemblant les quatre derniéres estimations et en prenant s > CT?, on a alors

(M19)a, (Map)1) + ((Mi9p)1, (May))2)

>C </Q SANE Y] + sNE VY — (/(O - SN[ + 8/\2§|V1/}!2>> :

Ainsi, en montrant que les autres termes du double produit sont négligeables au sens
ol ils peuvent étre absorbés par les termes globaux s3\* fQT E3)2h|? ou sA? fQT E|Vy|?
pour A > A1, s > sp, on aboutit en utilisant (3.12) a

1M gy + M2 220 + A /Q (sl + 2 [ selvup
T

T

<c <||g||%2(QT) et [t [ et [ stVW)
Qr (0,T)xwo (0,T) X wo

Et donc en absorbant le second terme du membre de droite de la précédente inégalité,
on aboutit finalement a

IM1l[72 () + 1 M2 [I72 (0, + A /Q (&)%) + A? /Q s¢|Vi[?
T T

<C <||g||%z(QT) + At /(0 . (€[> + A2 /( . séIVW) : (3.14)
s Xwo s Xwo

Etape 3 : Rajout des termes en 9;, A. On montre facilement a partir de (3.9),
(3.10) et (3.14) que

/ (€)1 (0 + |AGP) + X / (€[ + X2 / €|V
QT

T Qr

<C (HQH%Q(QT) + /\4/(

O,T) Xwo

(el + 2 [

(O,T) Xwo

sgyv¢2> . (3.15)

Etape 4 : Elimination du terme local en V. Par un argument de troncature et
une intégration par parties en espace appliquée au dernier terme du membre de droite
de (3.15), on aboutit &

/ (s6) 7 (0 + |AGP) + X1 / (s€)3[6% + A2 / €|V
Qr

Qr Qr
<C (’9”%2(QT) + >\4/ (85)3|¢I2> : (3.16)
0,T)xw
Etape 5 : Retour a la variable ¢. On réécrit (3.16) a ’aide de la variable ¢ et on
en déduit (Carleman). O
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3.4.4 De l’inégalité de Carleman a I’'inégalité d’observabilité

Nous montrons comment passer du Théoréme 3.4.3 & (HeatObs).

Démonstration. Soit o € L?(Q2) et ¢ la solution de (HeatAdj) associée. En utilisant que
————12(Q
Cx(Q) @ _ L?(£2), on montre aisément par un argument de densité que (Carleman)

est vérifiée pour ¢.
On fixe A = A\ et s = 51 dans (Carleman) pour obtenir

/ 13T — 1) =32 o2dadt < Cy / (T — 1) 3= o2dadt.  (3.17)
T (O,T)Xw

Premiérement, on remarque que sur (7'/4,37/4) x €,

t73(T o t)73672sa > Q exp (_C(Qv OJ) (T + T2) >

(3.18)

Deuxiémement, en utilisant que z3e=* < C'/M? pour 2, M > 0 avec x =t~ (T —t)~!
et M = C(Q,w) (T 4+ T?), on remarque que sur (0,7) X w,

tf?)(T . t)73672so¢
<t (T -t exp (—CQuw) (T+T?)t H (T —t)™)
C
< (3.19)
(C(Q,w) (T +T?))°
CQ,w)

STG

Ainsi, on déduit de (3.17), (3.18) et (3.19) que

p|2dzdt < C@)(1F71) / |2 dadt. (3.20)
(0,7)xw

/(T/4,3T/4)xQ
D’autre part, par dissipation en temps de la norme L? (voir Proposition A.1.5), on a

o [3T/4
(0, . < / p(t, . dt. 3.21
le(0, M2y = 7 - e ) 220 (3.21)

En rassemblant (3.20) et (3.21), on déduit

1/2
|g0\2d:vdt) ,

ce qui conclut la preuve de (HeatObs). ]

1000, )l 2(qy < €@ 0+7) (/
(0

T Xw
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3.5 Equations paraboliques linéaires

Le but de cette partie est de généraliser le Théoréme 3.2.1 & des opérateurs parabo-
liques plus généraux.

On s’intéresse & présent a une équation parabolique linéaire de la forme

Oy — Ay — V.(B(t,2)y) + a(t,x)y = hl, dans Qr,
y=20 sur X, (3.22)
¥(0,.) = wo dans ©,

oit yp € L?(Q), a € L™®(Qr) et B € L=(Q7)V.
On dispose du théoréme suivant.

Théoréme 3.5.1. Pour tout temps T > 0, l’équation (3.22) est controlable a zéro au
temps T'.

La preuve du Théoréme 3.5.1 repose également sur 1'obtention d’une inégalité d’ob-
servabilité (HeatObs) mais cette fois-ci pour ¢ solution de

—0p — Ap — B(t,z).Vo+a(t,z)p =0 dans Qr,
=0 sur X, (3.23)
o(T,.) = o1 dans €.

Démonstration. En appliquant (Carleman) & ¢, on trouve pour A > A1, s > s1,

)\4/ 6280‘(3§)3]cp\2dtdw+)\2/ e~ 25Y(s¢) | V| dtdx
T

Qr

<C (/ e 2 (lap|® + |BVp|?) dtdz + /\4/
Qr (

0,T) xw

6_280‘(35)3]@\2dtd:)§> .
Fixons A = )y, alors pour s > C(§,w)T? <||a||z</)3 + ||BH<2>O> , on obtient

—4a8x 1 — 48t 1 — 48
C [ e (fapP + BYGP) < gN [ sl + 00 [ s vl

Qr Qr Qr
D’ow, par absorption (et en oubliant ensuite le terme positif a gauche en V), on obtient
)\4/ e 25 (s€)3 | Pdtdx < C’)\4/ e”25(s€)3 | Pdtda.
T (O,T)Xw

En procédant comme dans la preuve précédente : voir (3.17), (3.18) et (3.19), on aboutit
donc a

lp|2dadt < eC<va>(1+%+||a||§é3+||B|io)/ o2 dadt.

/(T/4,3T/4)><Q (0,T)xw
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Par estimation de dissipation L? (voir Proposition A.1.5 et Remarque A.1.6), on a éga-
lement

100, )220y < exp (CT (llallog + IBIZ) ) et Ea(ey -

D’ou
(0, ')H%Q(Q) < eC(va)(1+%+lla%3+Ta||oo+(1+T)Bio)/ lp|2dadt,
(0,T)xw
ce qui conclut la preuve de I'inégalité d’observabilité donc du Théoréme 3.5.1. O

Remarque 3.5.2. On tire en fait de la précédente preuve les inégalités d’observabilité
suivantes :

100, )2y < C(,0,T,a, B) /(O et (3.24)

100, ) Z2() < C(Qw, T, a, B) /(O - e 2(s) P dudt, (3.25)

/ e 25%(5£)3|p|2dtdx < C(Q,w, T, a, B)/ e 25%(5£)3|p|2dadt, (3.26)
T (0,7)xw

ou

1
O T B) = oxp (C(80) (14 7+ [l + Tl + (14 1B, ) ).

3.6 Commentaires bibliographiques

La controélabilité & zéro de ’équation de la chaleur en tout temps, i.e. le Théoréme 3.2.1
a été démontré par Gilles Lebeau et Luc Robbiano (voir | |) et de maniére indépen-
dante par Andrei Fursikov et Oleg Imanuvilov (voir | ])-

Ici, nous avons suivi 'approche de Fursikov et Imanuvilov qui consiste a établir des
inégalités de Carleman paraboliques. Pour cela, nous nous sommes inspirés de la présen-
tation de | |.

L’approche de Lebeau et Robbiano consiste, quant a elle, & démontrer des inégalités
de Carleman elliptiques. A partir de celles-ci, on peut en déduire une inégalité spectrale
donc un résultat de controle basse fréquence. Une méthode communément appelée au-
jourd’hui méthode de Lebeau-Robbiano permet alors de passer de ce résultat de controle
basse fréquence au Théoréme 3.2.1. On pourra consulter avec profit | | pour les
détails mais aussi | | et | | pour des généralisations.

Avant les travaux de Lebeau, Robbiano et Fursikov, Imanuvilov, le Théoréme 3.2.1
avait été démontré dans le cas de la dimension un d’espace par la méthode des moments
par Hector Fattorini et David Russell (voir | I, | |). Le cas unidimensionnel a
d’ailleurs été redémontré récemment par une approche de backstepping par Jean-Michel
Coron et Hoai-Minh Nguyen (voir | |) ou par une approche de type Carleman par
Jérémy Dardé et Sylvain Ervedoza (voir | , Section 4.4]).
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Le cas multidimensionnel avec une condition de controle géométrique dite « GCC' »
peut étre retrouvé a partir d’un résultat de contrdlabilité pour I’équation des ondes (voir
[ ]) et de la méthode de transmutation (voir | |, [ |). Pour un résultat de
controlabilité sans « GCC » de I’équation de la chaleur & partir de I’équation des ondes,
voir | ].

On peut également démontrer que la contrdlabilité & zéro de I’équation de la chaleur
(Heat) a lieu en tout temps 7' > 0 et pour tout ensemble mesurable de controle w de
mesure de Lebesgue non nulle, contenu dans €2 (voir | | et les références dedans).

Le Théoréme 3.5.1 est attribué a Andrei Fursikov et Oleg Imanuvilov (voir ['196]). Les
estimations d’observabilité quantifiées de la Remarque 3.5.2 sont dues & Anna Doubova,
Enrique Fernandez-Cara, Manuel Gonzalez Burgos et Enrique Zuazua (voir | | et
[ D).

Il est également démontré dans | | et | | des résultats de controlabilité a zéro
pour ’équation de la chaleur avec potentiel singulier.

Dans le cas unidimensionnel, mais pour des opérateurs paraboliques a coefficients peu
réguliers, mentionnons les travaux | | [ | et | |.

Concernant la contrélabilité a zéro de la chaleur avec termes non locaux, le lecteur
pourra consulter par exemple | | et | |.
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Chapitre 4

Les systémes paraboliques linéaires :
a la recherche du couplage

Les systémes que nous allons étudier dans la suite prennent la forme suivante :

oU — DAU = A(t,z)U + BH1,, dans Qr,
U=0 sur X, (4.1)
U(,.) =0y dans Q,

ou D € R™ " est diagonalisable a valeurs propres strictement positives, A € L (Qp; R"*")
et B € R Dans (4.1), 'état U est a valeurs dans R™ et le controle H est a valeurs
dans R™. Le systéme adjoint de (4.1) est le systéme

—0yp — D" Ap = A(t,z)"p dans Qr,

=0 sur X, (4.2)

o(T,.) =¢r dans Q.

Par la « HUM », on a le résultat suivant.

Théoréme 4.0.1. Le systeme (4.1) est controlable a zéro au temps T si et seulement si
il existe une constante C' > 0 telle que

T 1/2
Yor € " ey <O ([ [ 1850t afaar)

4.1 Couplages d’ordre zéro : cas des systémes 2 x 2
Afin d’illustrer les principaux rouages de la machinerie dans le cadre des systémes
linéaires paraboliques contrélés, nous allons nous concentrer dans un premier temps sur

des systémes 2 x 2, i.e. n = 2. On supposera également que D = I5. On s’intéresse
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principalement aux cas ou B = Iy, c’est-a-dire au systéme

Oiu1 — Auy = ar1ug + apug + hil, dans Qr,
Orug — Aug = agiuq + asous + hol,, dans QT,

4.4
ur =1ug =0 sur X7, (4.9)
(u1,u2)(0,.) = (u1,0,u2,0) dans 2,
et au cas ou B = (1,0)", c’est-a-dire au systéme
Owuy — Aug = ajjug + ajguz + hil, dans Qr,
Orug — Aug = agiuy + agaus dans Qr, (4.5)
up =ug =0 sur X7, ’
(ul, UQ)(O, ) = (’ul,o, UQ70) dans Q.
Le systéeme adjoint s’écrit alors
—0pp1 — A1 = ar11p1 + as1p2  dans Qr,
—0yp2 — Ao = a12p1 + agape  dans Qr, (4.6)

p1=¢2=0 sur X,
(9017 @2)(T7 ) - (@1,T, @2’T) dans .
4.1.1 Autant de contréles que d’équations

Théoréme 4.1.1. Le systéme (4.4) est controlable a zéro au temps T.

Démonstration. Parle Théoréme 4.0.1, il suffit de démontrer (4.3). On applique I'inégalité
(Carleman) a chacune des équations du systéme adjoint (4.6). On trouve :

)\4/ ezsa(s§)3]g01]2dtdx+)\4/ e~ 25 (5€)3 | o |2dtda
T

Qr

2
<C Z/ 6_25°‘|aij(t,m)<pj|2dtda:—l—)\4/ e~ 25%(s€)3|pj | dtda
T

i,j=1 qr

Par absorption, en prenant s suffisamment grand, on aboutit a

A / e 25 (5€)3|pPdtdr < C\! / e 25 (5€)3| o2 dtdz,
T

qr

et donc a (4.3) en utilisant des arguments similaires a ceux précédemment employés dans
la Section 3.4.4. O

4.1.2 Un seul controéle : controle indirect

On a le théoréme suivant di a Luz de Teresa (voir | 1)-
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Théoréme 4.1.2. On fait I’hypothése suivante
dt) <tg € (O,T), wy CCw, €>0, V(t,w) S (tl,tg) X W, agl(t,x) > €. (4.7)
Alors, le systéme (4.5) est contréolable a zéro au temps T

Remarque 4.1.3. La philosophie derriére ce théoréme est que pour contréler un sys-
téme de deux équations avec un seul controle, il va falloir un bon terme de couplage.
Heuristiquement, h; contréle u; grace la premiére équation et u; contréle de maniére
indirecte ug grace au terme de couplage aoiug.

Remarque 4.1.4. Le Théoréme 4.1.2 reste vrai si ag; < —e sur (t1,t2) X wo.

Démonstration. Par le Théoréme 4.0.1, il suffit de démontrer (4.3). On procéde comme
précédemment : on applique I'inégalité (Carleman) en remplagant w — wg & chacune des
deux équations de (4.6) et on absorbe pour aboutir &

2
Z(/ 6_28a(8£)3|<,0i|2dtd1'+/ 6_25a(s§)|Vg0i|2dtd:U

i=1 T Qr

+/ 67280‘(86)71 (]8t¢i|2 + |Acpi|2) dtdx)
T

<C (/ e 25 (5£)3 |1 | dtda —i—/ eQSa(s§)3\g022dtdx> . (4.8)
(0,T)xwo (0,T") xwo

Afin d’obtenir I'inégalité d’observabilité désirée, il nous faut nous débarrasser du second
terme du membre de droite de la précédente inégalité. Pour cela, nous allons utiliser
(4.7). On se donne une fonction de troncature en espace x telle que x = 1 sur wp et
supp(x) C w. On multiplie alors la premiére équation de (4.2) par ye 2¥(s€)3ps et on
intégre sur (0,7) x €2, on trouve

— 48 C — 4S8
/ e 2% (s€)?|ipa|* < / xe 2 (s€) o (01 — Ay —anipr) . (4.9)
(O»T)XWO € QT

Par intégration par parties en temps, on a
/ xe 2% (56)% p20up1 :/ X (Du(e™2(58)%) 2 + €72 ()% Duipa) 1.
T T

En utilisant 0; (e 25%(s€)3) < Ce25%(s£)% grace au Lemme 3.4.2, on déduit que par
I'inégalité de Young, pour tout § > 0,

/ (=250 (56)) gy < § / 2 (5 ool + C / &2 (5)T| o 2.
T Qr (0,T) xw

De plus, on a

/Q xe 2 (sE)* (Dupa)pr <0 [ e7(sE) T Oupa|* + C&/ ™2 (s6) | 1]
T

Qr (0,T)xw
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D’ou

/ xe % (s€)*pa0s1

T

<6 [ (sl + () NOa) 4 Cs [ BTl (410)
Qr (0,T)xw

Par intégrations par parties en espace, en utilisant & nouveau le Lemme 3.4.2, on montre
que

/ xe 2 (s€) pa Ay

T

<9 Q ™2 ((s€) g2l + (s8)[Vepal* + (s€) T Aa]?)

+ C’5/ e 2% (€)1 [ (4.11)
ar
Puis, on a aussi

/ xe >*%(s€)* paa1101 §5/ 6_2sa(55)3|¢2|2+06/ e (s’ |l (4.12)

T T qr

En rassemblant (4.8), (4.9), (4.10), (4.11) et (4.12) et en prenant ¢ suffisamment petit
(pour absorber), on aboutit a (oubliant les termes positifs & gauche en V, 9, A)

/ e—25a(85)3|¢|2 < C/ 6_28a(5£)7|¢1|23
. (0,T)Xw

d’on (4.3). O
On déduit du Théoréme 4.1.2 le résultat suivant.

Corollaire 4.1.5. On suppose que A est constant en temps et en espace dans (4.5).
Alors, le systeme (4.1) est contrélable a zéro au temps T si et seulement si agy # 0.

Démonstration. Si ag1 # 0 alors le résultat découle immédiatement du Théoréme 4.1.2.
Réciproquement, si ag; = 0, alors la seconde équation de (4.1) est

Orug — Aug = agousa,

qui est découplée de u;. Ainsi, le systéme (4.1) n’est pas controlable a zéro. O

4.2 Un exemple important : le cas des systémes cascades

Nous avons le résultat suivant dt & Manuel Gonzalez-Burgos et Luz de Teresa qui est
une généralisation du Théoréme 4.1.2 (voir | ).
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Théoréme 4.2.1. On suppose que D = I, et B = (1,0,...,0). On suppose également
qu’il existe (t1,t2) C (0,T), wo CC w et e > 0 tels que

V1<i,5<n, a; =0 pouri<j—1, Y(t,z) € (t1,t2) X wo, ait1(t,z) >e. (4.13)
Alors le systéeme (4.1) est controlable a zéro.

La preuve du Théoréme 4.2.1 utilise sensiblement les mémes arguments que la preuve
du Théoréme 4.1.2.

Remarque 4.2.2. La philosophie a retenir derriére le Théoréme 4.2.1 est la suivante.
A l'aide du contréle hq présent dans la premiére équation, on contréle uq. Puis le terme
de couplage agiu; présent dans la seconde équation permet le controle indirect de wuo,
et ainsi de suite jusqu’au terme de couplage ay ,—1up—1 qui permet le contrdle indirect
de u,. D’ou 'appellation de systéme cascade comme dans la preuve par ’approche de
Brunovsky du Théoréme 1.1.1.

Remarque 4.2.3. Le résultat du Théoréme 4.2.1 reste vrai si on remplace (ai+17i > 5)

par (aH_Li > € ou Q5414 < —E) sur (tl,tg) X wo.

4.3 Le retour de la condition de Kalman

Introduisons (A;)g>o la suite de valeurs propres strictement positives de 'opérateur
(—=A,H2 N HE(Q)) et (ex)r>o la suite de fonctions propres associées. On a alors le ré-
sultat suivant de type condition de Kalman pour le systéme (4.1) démontré par Farid
Ammar-Khodja, Assia Benabdallah, Cédric Dupaix et Manuel Gonzalez-Burgos (voir

[ D

Théoréme 4.3.1. On suppose que D, A et B ne dépendent pas du temps ni de [’espace.
Alors, le systéme (4.1) est contrélable a zéro au temps T si et seulement si la condition
de Kalman suivante est vérifiée :

Vk > 0, Rang (B, (=MD + A)B, ..., (—\.D + A)”‘lB> = n. (4.14)

Remarque 4.3.2. Quand D = dI, avec d > 0, alors (4.14) devient exactement la
condition de Kalman (1.3).

On prouve seulement le sens direct du Théoréme 4.3.1. Une idée de preuve du sens
indirect se trouve dans | , Section 5.2| : elle repose sur une inégalité de
Carleman.

Démonstration. Par la « HUM », si le systéme (4.1) est controlable & zéro au temps 7'
alors I'inégalité d’observabilité (4.3) est satisfaite.

Soit k > 0. En appliquant (4.3) & o7 = veg ou v € R™ est arbitraire, on obtient que
le systéme différentiel ¢ = (—A\xD + A)z + Bh est controlable au temps 7. D’ou, par la
condition de Kalman du Théoréme 1.1.1, on en déduit la condition nécessaire (4.14). [
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4.4 Couplages d’ordre deux : cas des systémes 2 x 2

Dans cette partie, nous allons nous intéresser & un systéme parabolique 2 x 2 avec
des couplages par des opérateurs différentiels d’ordre 2. On considére

Oyup — Aug = ugfy + hyl,, dans Qr,
Opug — Aug = A(u16s) dans Qr,

uyr =ug =0 sur X, (4.15)
(u1,u2)(0,.) = (u1,0,u20) dans Q,
ott 61,02 € C*(Q). On dispose du résultat suivant da a Sergio Guerrero (voir | D).

Théoréme 4.4.1. On suppose que 0o n’est pas identiquement nulle sur w. Alors le sys-
teme (4.15) est controlable au temps T

Démonstration. Par hypothése et sans perte de généralité, on sait qu’il existe wy CC w
et € > 0 tel que
0y > € sur wy.

Par la « HUM », il suffit de démontrer I'inégalité d’observabilité

T 1/2
Vor € L)%, [9(0, )]l g2y < C </0 / |<p1(t,:v)|2dtdﬂf) :

ol ¢ est solution de

—0rp1 — Apy = 0 Apo dans Qr,
—0Op2 — Apg = 011 dans Qr, (4.16)
w1 =p2=0 sur X, '

(01,02)(T,.) = (801,T, tpz,T) dans €.
On peut supposer que o7y € L?(2)? et ainsi ¢ est réguliére. En particulier, on peut

montrer que 2 est solution de

{ —0Aps — AAps = —A(O1p1) dans Qr, (4.17)

Aps =0 sur Y.

On applique 'inégalité (Carleman) & Apsy en remplagant w < wy, et on trouve

)\4/Q 6250‘(85)3]Ag02]2dtdx+)\2/ e 25 (s8) |V Ao |2dtdx
T

Qr

+/ e_zsa(sf)_l (|8tAg02|2 + |AA<p2|2) dtdzx
Qr

<C </ e (|pr|* + |[Ver|* + |Ap1?) + A4/

QT (O,T) Xwo

62sa(85)3|A<p2|2> )
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En appliquant alors I'inégalité de Carleman modifiée (3.7) avec k = 4 & ;1 (en multipliant
par \), on obtient

/Q e (X3 (s€) o 2 + A3 ()% Vion ? + MAg[?)
T

<cfa / € €| A2 4 A / 2 (se) o ? )
T (O,T)Xwo

On somme alors les deux précédentes inégalités, et on absorbe les termes globaux & droite
en prenant A, s suffisamment grand pour obtenir :

/ o250 ((55) |<,01|2 + (55)2‘V§01|2 + |A901|2)

/ 25053 A2 + / &2 (56) |V A2
Qr

/ ~250(56) L (|0 Agal® + [ADgo]?)

<C (/ e 25 (5€) 1 |2 +/ 6_2sa(s§)3|A<,02|2> ) (4.18)
(0,T) xwo (0,T) xwp

Il faut & présent se débarrasser de |, e~ 259(5£)3| Aga|?. Pour ce faire, on introduit
(O,T)XWO

une fonction de troncature x localisée sur w telle que xy = 1 sur wp. On multiplie alors

la premiére équation de (4.16) par xe 2%(s£)3Ags et on intégre sur (0,7) x Q. En

effectuant des intégrations par parties et en invoquant des arguments similaires a la

preuve du Théoréme 4.1.2, on aboutit & : pour tout § > 0,

/ 6_28a(85)3|A<,02’2
(O,T)Xw()

< 5( / e 25 (5€)3| Ao ?dtdx + / e” 25 (s8) |V Ao |2dtdx
T Qr

+ / 67250[(85)71 (|8tAcp2|2 + ’AAQDQ’Z) dtdat)
T

e / 2 (s6)F |2, K € N,
qr
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et donc (par absorption) en utilisant (4.18), on aboutit &
L e GO el + (0Tl + 86

2 (5)* | Apal® + / =25 (56) [V Ao
T Qr

+,
+ / 2 (s6) " (|10 Al + |AAs[?)
Q

T

<c / 250 (s6) | oy 2.
qr

On déduit alors de la précédente estimation 'inégalité d’observabilité désirée en utilisant
notamment 'inégalité de Poincaré pour récupérer une estimation a gauche de @9 a partir
de Ayps. O

Remarque 4.4.2. Pour tirer profit d'un couplage d’ordre deux dans le Théoréme 4.4.1,
nous avons appliqué I'inégalité (Carleman) a 1’équation satisfaite par Ags. Cela nous a
cofité notamment le terme global |, Or e~ 259 Apq|?. Ainsi, pour absorber ce terme, il a fallu
employer une inégalité de Carleman modifiée (avec un exposant plus élevé) a I’équation
satisfaite par ¢1. On retiendra la chose suivante : pour tirer profit d’un couplage d’ordre
deux, cela nous cofite un exposant dans l'inégalité de Carleman a employer.

4.5 Commentaires bibliographiques

La condition suffisante (4.7) du Théoréme 4.1.2 n’est pas une condition nécessaire
de controlabilité a zéro pour un systéme de deux équations avec un seul controle (voir
[ | ou | , Section 7.2.4]).

Pour des matrices dépendant du temps, le Théoréme 4.3.1 se généralise en une condi-
tion de Kalman suffisante de controlabilité similaire & celle établie en dimension finie
dans le Théoréme 1.2.1 (voir | | ou | , Section 5.1]).

On peut également mentionner qu'une autre stratégie pour démontrer un résultat de
controéle pour un systéme parabolique avec moins de controles que d’équations consiste a
utiliser la méthode de contrile fictif. Cela a permis notamment & Michel Duprez et Pierre
Lissy dans | | et | | d’établir de nouveaux résultats de controlabilité & zéro dans
le cadre de couplages d’ordre zéro et un. Les articles | |, | |et| |
utilisent également cette méthode.

Dans la preuve du Théoréme 4.4.1, nous avons vu qu’il fallait utiliser deux inégalités
de Carleman avec des poids sensiblement différents. Cela est di aux couplages d’ordre
deux et a la méthode employée. Une telle approche présente des limitations pour un
systéme de taille plus grande, mentionnons a ce propos larticle | | qui traite
de la controlabilité a zéro de systémes paraboliques & matrice de diffusion non diagonali-
sable avec une restriction sur la taille des blocs de Jordan qui ne doit pas excéder quatre.
Ce probléme a d’ailleurs été résolu dans le cas constant dans le preprint | | par une
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méthode de Lebeau-Robbiano.
Pour d’autres références, le lecteur pourra consulter 1’état de I'art dressé dans
[AKBGBAT1I] et les introductions des théses [Maul2], [OLi13], [Dupl5].
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Chapitre 5

L’équation de la chaleur semilinéaire

Dans cette section, nous allons nous intéresser a la contrélabilité de I’équation :

Oy — Ay + f(y) = hl, dans Qr,
y=0 sur X, (HeatSL)
y(0,.) = o dans Q,

ou f € C®(R;R) est telle que f(0) =0.
Un espace fonctionnel agréable pour travailler en non linéaire est ’espace L™ car
c’est une algébre de Banach. Nous commengons par deux définitions.

Définition 5.0.1. Pour T' > 0, I’équation (HeatSL) est dite globalement contrdlable a
zéro dans L*°(Q) au temps 7' si pour toute donnée initiale yo € L*°(€2), il existe un
controle h € L>®(gr) tel que la solution y de (HeatSL) satisfait y(T,-) = 0.

Définition 5.0.2. Pour T' > 0, I’équation (HeatSL) est dite localement contrdlable & zéro
dans L>°(Q2) au temps 7" s'il existe o7 > 0 tel que pour toute donnée initiale yo € L>(2)
vérifiant ||yol|feo(q) < 67, il existe un contréle h € L*(qr) tel que la solution y de
(HeatSL) satisfait y(7',-) = 0.

Dans un premier temps, nous allons transposer les résultats linéaires obtenus dans
un cadre L? pour I’équation de la chaleur avec potentiel

Oy — Ay + a(t,z)y = hl, dans Qp,
y=0 sur X, (HeatPot)
y(0,.) = yo dans Q.

ol a € L*®(Qr) (voir Théoréme 3.5.1) a un cadre L*°. Aprés avoir fait un bref rappel
sur le coit de contréle et l'inégalité d’observabilité, nous passons en revue quelques mé-
thodes permettant la construction de contréles plus réguliers que L?. Nous en retiendrons
essentiellement une pour la suite : la « Penalized Hilbert Uniqueness Method » car elle
s’adapte a de trés nombreuses situations. Nous insistons davantage qu’auparavant sur les
estimations que nous pouvons faire sur les controles que nous construisons en fonction
des données du probléme : données initiales, potentiels dans les équations. En effet, ces
estimations sont cruciales pour le passage au non linéaire.
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5.1 Coit de controéle et inégalité d’observabilité

Le but de cette partie est de montrer le lien entre le codt de contréle et 'inégalité
d’observabilité. Introduisons d’abord le systéme adjoint :

—0p — Ap+a(t,z)p =0 dans Qr,

=0 sur Xp, (HeatPotAdj)
o(T,.) =¢r dans Q.
Nous avons le résultat suivant (voir | , Theorem 2.44)).

Théoréme 5.1.1. Soit C > 0. On a équivalence entre les deux propriétés suivantes :
— Pour tout yo € L*(0), il existe h € L*(qr) vérifiant

121l 2g7y < C llvoll L2 » (5.1)

tel que la solution de (HeatPot) vérifie y(T,.) = 0.
— Pour tout o1 € L*(Q), la solution ¢ de (HeatPotAdj) vérifie

100, )l 2oy < C ( / ' | et x>\2dtda:) " (5.2)

De la preuve du Théoréme 3.5.1, voir en particulier (3.24), on déduit le résultat
suivant.

Théoréme 5.1.2. [ existe C > 0 de la forme

1
CwTa) e (C@w) (14 1+ Tlol+a20)). 63

tel que (5.2) est vérifiée pour tout o1 € L*(Q).
D’oti, on déduit du Théoréme 5.1.1 et du Théoréme 5.1.2 le résultat suivant.
Théoréme 5.1.3. Pour tout yo € L%(Q), il existe h € L?*(qr) vérifiant
1Pl 224y < Cllgoll L2 - (5.4)
ou C est de la forme (5.3), tel que la solution de (HeatPot) vérifie y(T',.) = 0.

5.2 Construction de controles réguliers : deux méthodes

Le but de cette partie est de montrer le résultat suivant.

Théoréme 5.2.1. L’équation (HeatPot) est controlable dans L>(2) a zéro au temps T
Plus précisément, pour tout yo € L>°(Q), il existe h € L™ (qr) satisfaisant

17l oo gy < C (@0, T a) [lyoll L2 » (5.5)

ot C(Q,w, T, a) est de la forme (5.3), tel que la solution y de (HeatPot) satisfait y(T,.) =
0.
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Nous allons donner deux démonstrations de ce résultat, I'une est basée sur un argu-
ment de troncature adéquat tandis que la seconde est basée sur la « PHUM ».

Démonstration par argument de troncature. Soit yo € L?(£2). Nous allons seulement mon-
trer I’existence d’un controle L°° qui améne la solution a zéro sans chercher & démontrer
I'estimation (5.5), méme s’il est possible en travaillant un peu plus de prouver (5.5) avec
cette approche (voir par exemple | , Section 2| dans le cas Neumann).

On introduit deux ouverts w’ and w”, tels que w” CC W' CC w. En appliquant le
Théoréme 3.5.1 avec w < w”, il existe un controle h € L%(qr) tel que la solution 7 de
(HeatPot) avec w « w” satisfait y(T,.) = 0.

On introduit a présent une fonction de troncature en temps n € C*°([0,71]) telle que
n=1sur [0,7/3], n =0 sur [27/3,T].

Posons 7 la solution libre de I’équation de la chaleur

0y — Ay +a(t,x)g =0 dans Qr,
y=0 sur X, (5.6)
7(0,.) = yo dans €.

Alors la fonction z := y — ny satisfait

0z — AZ+a(t,z)z = —n'y+ Elw// dans Qr,
z2=0 sur X, (5.7)
(z(0,.),2(T,.)) = (0,0) dans €.

Posons wy tel que w’ CC wg CC w et une fonction de troncature en espace O, avec
© € C(wp) et © =1 sur w'. On pose z := (1 — O)z. On déduit de (5.7),

Oz — Az +a(t,x)z = —ny+ hl, dans Qr,

z2=0 sur X, (5.8)
(2(0,.),2(T,.)) = (0,0) dans Q.
avec N
h:=0ny+2VO.Vz+ (AG)z + (1 — O)hlyn. (5.9)
0

Grace a (5.9), on remarque que supp h C [0,7] X w. De plus, la fonction y := z + ny
résout (HeatPot) (avec controle h) et y(7,.) = 0 en utilisant (5.8) et (5.6). Puis grace
aux effets régularisants de ’équation de la chaleur avec potentiel, on montre aisément

que h € L*®(Q7). O

Remarque 5.2.2. L’idée de la précédente preuve est d’une part d’éliminer l'irrégularité
de la donnée initiale yo par un argument de troncature en temps : c’est le role de 2 et
d’autre part d’éliminer l'irrégularité du controle h par un argument de troncature en
espace : c’est le role de z.

La seconde méthode est due & Viorel Barbu, cette méthode trés robuste est basée sur
I'inégalité de Carleman, une méthode de type « HUM » pénalisée et sur un argument
de bootstrap. Nous allons tirer profit des inégalités d’observabilité avec poids établies
précédemment, i.e. (3.25) et (3.26).
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Démonstration par la PHUM. Dans toute la preuve, les constantes C' > 0 sont de la
forme (5.3) mais peuvent changer d’une ligne a I’autre.
On se donne yg € L*(Q) et € > 0. On introduit la fonctionnelle :

1

_ 1
Vh e L*(qp), Jo(h) = / 2% (s&) 3|2 dtdx + — ||y(T, .)H%z(g) ;
2 J(0,T)xw 2e

ou y est la solution de (HeatPot) avec donnée initiale yo et contrdle h.

On voit aisément que J. est une fonctionnelle de classe C!, strictement convexe et
coercive sur L%(qr) donc elle posséde un unique minimum h.. Appelons 3. la solution de
(HeatPot) associée a ce contrdle h.. Par I'équation d’Euler-Lagrange, on a que pour tout
h e L*(qr),

1
e*9(s&) " 3hohdtdx + = / ye(T,.).y(T,.) =0, (5.10)
(0,T)xw € Ja

ou y est la solution de (HeatPot) avec donnée initiale nulle et controle h.
Introduisons ¢, la solution de (HeatPotAdj) avec donnée initiale —y(7,.)/e. Par un
argument de dualité entre y et ¢, on a que

/Mﬂi%ﬁﬁz/ he,
Q (0,T)xw
1

ce qui donne grace a (5.10) :
/ weh = / e*5%(s€)3h.h, Yh € L2(qr).
(0,7)xw (0,T)xw

D’otu, on trouve
he = e 25%(s€)3 0.1, (5.11)

En utilisant (5.11) et un nouvel argument de dualité entre y. et ¢., on a

AyUﬂW%GJM$=lﬁd@%®JW$+/ hecpe

(0,T)xw

1 —2sa
LTl = [ @ Ods s [ el (512)
€ Q (0,T)xw

Par l'inégalité (3.25) appliquée a ¢., on trouve
o) <€ [ e sl (5.13)
(0,T)xw
D’ou, en utilisant (5.12), (5.13) et I'inégalité de Young, on a

<Clwliae - (619

1 2 250/ o\ —311/27 |2
= e (7 ) gy + (22097 2,
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Remarque 5.2.3. En passant a la limite dans (5.14), on peut déja déduire I'existence
d’un contrdle h tel que (e25%(s¢)~3)Y/2h € L?(gr) qui améne la solution 3 a 0 au temps
t = T. Afin de borner la norme L* du contrdle h., nous allons utiliser un argument de
bootstrap.

On introduit
Yk >0, e = e 5 (s€)¥ 2 %o,

et
N+2)pe_1 -
)
po:=2etVk>1, pr:=4q 2 sipp_1 =N +2,
400 sipg_1 > N+ 2.

On voit aisément qu’il existe | € N, tel que p; = +oc.
Par un calcul assez fastidieux et en utilisant notamment le Lemme 3.4.2 (voir par

exemple | , Section 3.1.2|), on montre par récurrence sur k € N* que
— Ok — Deg = ag(t, ) Ve k-1 + (€)' Bi(t, ). VP p—1  dans Qr,
Yerp =0 sur X,
Ve i(T,.) =0 dans 2,

ot a € L®(Qr) et B, € L=(Qr)N.
Or, par I'inégalité d’observabilité (3.26), (5.11) et (5.14), on sait que

| A1¢e0 + (55)_131'v¢570HL2(QT) < Cllyoll L2 @) »

donc par régularité parabolique dans L? (voir Proposition A.6.2 avec p = 2), on en déduit
que
e € Xpo et [[Yenlly, < Cllyollzzg) -

Or, par injection de Sobolev (voir Lemme A.6.3), on a alors

Yer € LP(0,T; Wy P (Q)) et [|vheq

LP1(0,T5Wy P () <C HyOHLz(Q) :

En itérant cet argument pour k entre 1 et [ & ’aide d’arguments de régularité parabolique
dans LPk (voir Proposition A.6.2), on obtient

wE,l e Lpl <07T7 W()Lpl (Q)) et qubE,l LPZ(O,T;W&YPZ(Q)) S C HyOHLQ(Q) *

D’ou en reprenant ’expression de 9., (5.11) et en utilisant & nouveau une injection de
Sobolev (voir Lemme A.6.3),

1ell oo gy < Clloll L2 () - (5.15)
) (

Ainsi, en utilisant (5.15), (5.14), les estimations L? et L> sur I'équation de la chaleur
avec potentiel énoncées en Proposition A.1.3 et Proposition A.1.4, on déduit qu’il existe
h € L*(Qr) vérifiant (5.15) et y € W N L*°(Qr) tels que

he—* h dans L*°(Qr) quand ¢ — 0,
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y.— y dans Wp = 4.(0,.)— y(0,.) = yo, y(T,.)— y(T,.) = 0 dans LZ(Q) quand € — 0.

Ainsi, y est solution de (HeatPot) associée a la donnée initiale yo et au contrdle h vérifiant
I'estimation (5.5). De plus, y(7T',.) = 0. Ceci conclut la preuve. O

5.3 Controlabilité locale a zéro de I’équation de la chaleur
semilinéaire
Le but de cette partie est de démontrer le théoréme suivant.

Théoréme 5.3.1. Pour tout T > 0, l’équation de la chaleur (HeatSL) est localement
controlable a zéro dans L>°(Q).

Démonstration. Soit T > 0 et yo € L>(€2) tel que [|yo| ;0 (q) < 0r ott o7 > 0 sera fixé
plus tard.
On introduit la fonction g € C*°(R;R) définie de la maniére suivante

o= { e 5270

Soit 7 > 0 (quelconque) et B, := {z € L*(Qr) ; ||z|| < r}. Par le Théoréme 5.2.1,
on sait qu’il existe C' > 0 tel que pour tout z € By, il existe h € L*°(qr) satisfaisant :

1]l oo g7y < Cllgoll L2 () (5.17)
tel que la solution y du probléme linéarisé

Oy — Ay + g(2)y = hl, dans Qr,
y=0 sur X, (5.18)
y(0,.) = yo dans Q,

satisfait y(T,.) = 0.

La constante C' dans (5.17) dépend de Q, w, T, g et r mais pas de yp.

On peut alors définir application ® de la maniére suivante : pour tout z € B,., ®(z)
est ensemble des y € L>°(Qr) tels qu’il existe h € L™ (qr) satisfaisant (5.17) et tels que
y soit solution de (5.18) vérifiant y(7T',.) = 0.

Si on démontre que ® posséde un point fixe, i.e. il existe y € B, tel que y € ®(y),
alors y est solution de

Oy — Ay + g(y)y = Oy — Ay + f(y) = hly, ((0,.),y(T,.)) = (v0,0),

alors on a prouvé le Théoréme 5.3.1. Afin de prouver 'existence d’un point fixe, nous
allons utiliser le théoréme de point fixe de Kakutani (voir | , Theorem 9.B., page
452]).

Théoréme 5.3.2. On suppose que ® vérifie les trois hypothéses suivantes :
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1. pour tout z € B,, ®(z) est un ensemble non vide, fermé, conveze de E,

2. il existe un compact convere K C B, tel que
Vz € B, ®(2) C K,

3. ® est semicontinue supérieurement sur I, c’est-a-dire que pour tout ensemble fermé
A C By,
YA :={z€B,; ®(z)NA#D} est fermé.

Alors, ® posséde un point fize.

Rappelons que le caractére non vide de ®(z) pour z € B, découle de 'existence d'un
controle qui ameéne la solution y de (5.18) a zéro. L’hypotheése difficile a vérifier du Théo-
réme 5.3.2 est 'hypothése 2, qui implique notamment que ® stabilise B,. Démontrons
ce point. En utilisant (5.17), la définition de I'application ® et des estimations standards
de type L appliquées au systéme (5.18) (voir Proposition A.1.4), on en déduit que

Vz € By, Yy € 2(2), 1Yl 1o (gr) < Cllwoll ooy -

D’ot, en posant dr > 0 tel que
C16T S T,

on a alors
Vz € By, ®(z) C B,.

En admettant qu’on vérifie alors aisément les autres points du Théoréme 5.3.2, on en
déduit que ® admet un point fixe y, ce qui conclut la preuve. ]

5.4 Controlabilité globale & zéro de I’équation de la chaleur
semilinéaire
5.4.1 Cas global Lipschitz

Dans cette partie, on suppose que f est globalement Lipschitzienne. On a alors le
résultat suivant.

Théoréme 5.4.1. Pour tout T > 0, ’équation de la chaleur (HeatSL) est globalement
controlable a zéro dans L>°(Q).

Démonstration. Soit T > 0 et yo € L>®(£2). On procéde alors comme dans la preuve
précédente.

Comme f est globalement Lipschitzienne, on a alors que g définie en (5.16) est bornée.

Soit R > 0 a fixer plus tard et B := {z € L>®(Qr) ; ||z|| < R}. Par le Théoréme 5.2.1,
on sait qu’il existe C' > 0 tel que pour tout z € Bp, il existe h € L*(qr) satisfaisant
(5.17) tel que la solution y du probléme linéarisé (5.18) satisfait y(7,.) = 0.

A présent, la constante C' dans (5.17) dépend de Q, w, T, g mais pas de yp ni de
R. Le fait que g soit bornée parce que f est globalement Lipschitzienne joue ici un réle
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crucial.

On définit ¢ de la méme maniére que précédemment et on cherche & montrer que
® stabilise Br. Par des estimations standards (voir Proposition A.1.4), on montre qu’il
existe C' > 0 indépendante de yy et R telle que

Vz € Br, Yy € ®(2), yllze(qor) < Cllvollp=(q)

Done, quitte & prendre R assez grand, par exemple 12 = 2C'[|)o|| ;0 (), on montre que ®

stabilise Bpg. ]

5.4.2 Cas des non linéarités du type ylog®(1+ |y|) pour 0 < a < 3/2
Dans cette partie, on suppose que

f(s)
|/ log™?(1 +s|)

— 0 quand |s| — +o0. (5.19)

On a alors le théoréme suivant.

Théoréme 5.4.2. Pour tout T > 0, I’équation de la chaleur (HeatSL) est globalement
contrélable & zéro dans L> ().

Remarque 5.4.3. Le Théoréme 5.4.2 implique en particulier le Théoréme 5.4.1.

Démonstration. Soit T > 0 et yp € L>(2).
En utilisant (5.19), la fonction g € C*°(R;R) définie en (5.16) satisfait

Ve >0, 3C. >0, Vs € R, |g(s)[*® < elog(1+|s|) + C- (5.20)

Soit R > 0 a fixer plus tard et Bg := {z € L>(Qr) ; ||2|| < R}. Par le Théoréme 5.2.1,
on sait que pour tout z € Bg, tout T' > 0, il existe h € L*°(qz) satisfaisant (5.17) avec
C de la forme

~ 1
O Togle) =ew (CO+ 14 TIa iy s g ) (G20

tel que la solution y de (5.18) satisfait y(T',.) = 0.
Se donnant z € Bpg, on applique ce qui précéde avec

T =1 :=min (T, llg(2)ll; (g, ) - (5.22)

Grace a (5.21) et (5.22), il existe alors un controle h, € L>(qr,) satisfaisant :
2/3
1l o < €30 (C(0w,T) 9(2) 172, ) w0l 2 (5.23)

tel que y(T%,.) = 0. Prolongeant le controle h, par 0 au-dela de T, et ce jusqu’a T', on a
alors aussi y(T ) =0.

53



On définit alors 'application ® de la maniére suivante : pour tout z € Bg, ®(2) est
Iensemble des y € L>(Qr) telle qu'il existe h € L>°(qr) satisfaisant (5.23) et tel que y
soit solution de (5.18) vérifiant y(7T',.) = 0.

On cherche & montrer que ® stabilise Br. Par des estimations L (voir Proposi-
tion A.1.4), on montre que

2/3
Vz € Bp, Yy € ®(2), [yll oy < exP (C(Q,w,T) Hg(z)HL/OO(QT)) 1ol oo -

En invoquant l'estimation sur g : (5.20), on déduit donc :

Vz € Br, Yy € ®(2), [[yll 1o (g < exp (Celog(l+ R) + Cc) [lyoll Lo (o)
< Ce(1+ R lyoll poee) -

Ainsi, en prenant ¢ suffisamment petit, par exemple eC' = 1/2, alors pour R suffisamment
grand, on a bien
V2 € Bp, Wy € B(2), [yl peiop < B

et donc ® stabilise Bpg. ]

Remarque 5.4.4. Un des points clefs de la précédente preuve est de chercher & minimiser
la fonction
L€ 0T 7+ 190 ) + oI
t (Qr) Lee(Qr)’

dans le but de sentir le moins possible I'influence de la non linéarité, c’est-a-dire celle
de [|g(2)[l (@, ici. Heuristiquement, controler au temps T défini en (5.22), c’est-a-dire
agir dans 1’équation en temps trés court, permet de lutter contre I’explosion et d’amener
la solution & zéro. On voit ici le réle fondamental de 'exposant 2/3 du cott de controle
du Théoréme 5.2.1 pour controler a zéro des non linéarités satisfaisant (5.19).

5.5 Commentaires bibliographiques

Le Théoréme 5.1.3 et le Théoréme 5.2.1 sont dis & Enrique Fernandez-Cara et En-
rique Zuazua (voir | D).

La premiére démonstration de I'existence de contrdles L™ & partir de controles L?
(voir Théoréme 5.2.1) que nous avons donnée est due a Olivier Bodart, Manuel Gonzalez-

Burgos et Rosario Perez-Garcia (voir | |) tandis que la seconde est essentiel-
lement due a Viorel Barbu (voir | |). Une troisiéme preuve de ce résultat se trouve
dans | |, elle s’appuie sur une inégalité d’observabilité L?-L' démontrée & partir

d’une inégalité d’observabilité L?-L? et des effets régularisants de I’équation de la cha-
leur. En plus de démontrer ’existence de contréles L, ce type d’inégalité permet en
fait de prouver 'existence de contriles bang-bang c’est-a-dire des controles sous la forme
d’une superposition de fonctions de Heaviside.

Le Théoréme 5.3.1 et le Théoréme 5.4.1 sont diis & Andrei Fursikov et Oleg Imanu-
vilov (voir | , Chapter 1, Section 3 et 4]) méme si 'utilisation du théoréme de point
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fixe de Kakutani est plutot inspirée de | | (voir Proposition A.6.1).

Le Théoréme 5.4.2 est dit & Enrique Fernandez-Cara et Enrique Zuazua (voir | 1)
et de maniére indépendante (mais sous une condition de signe) a Viorel Barbu (voir
[Bar00]).

Une généralisation du Théoréme 5.4.2 a des semilinéarités dépendant de I’état y et de
son gradient Vy se trouve dans | | (voir aussi | |). Pour des non linéarités
non locales, voir par exemple | |.

Pour une autre stratégie de passage du linéaire au non linéaire s’appuyant sur la
controélabilité d’un seul linéarisé communément appelée méthode du terme source, le lec-
teur pourra consulter l'article | |.

Pour un résultat de controlabilité en temps long entre états stationnaires d’une équa-
tion de la chaleur semilinéaire s’appuyant sur une méthode de déformation quasi-statique,
on peut consulter | |.

Pour d’autres commentaires bibliographiques, voir | ].
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Chapitre 6

Systémes de réaction-diffusion non
linéaires

Dans cette partie, on se contente d’énoncer des résultats pour des systémes 2 X 2 pour
simplifier. La majeure partie de ces résultats s’adapte sans grande difficulté aux systémes
de taille n x n avec n quelconque. On s’intéresse donc a

U — DAU = F(U) + BH1,, dans Qr,
U=0 sur X, (6.1)
U(0,.) =0y dans Q,

ot D € R?*? est diagonalisable & valeurs propres strictement positives, B € R2X™ avec
1<m<2et FeC®R?%R?) est tel que F(0) = 0.
Le linéarisé de (6.1) autour de (0,0) est

oU — DAU = F'(0)U + BH1,, dans Qr,
U=0 sur X, (6.2)
U(0,.) =0y dans €,

ot F(0) = (9;F;(0,0)) est la Jacobienne de F en 0. Les Définition 5.0.1 et Définition 5.0.2
s’adaptent aisément au cas des systémes.

6.1 Cas favorable : le linéarisé est controlable
Nous avons les deux résultats suivants qui découlent de la théorie linéaire.

Théoréme 6.1.1. On suppose que B = I5. Alors, pour tout T' > 0, le systéme (6.1) est

localement contrélable a zéro dans L>(£2)2.

La preuve est basée sur le Théoréme 4.1.1 qui démontre la contrélabilité du linéarisé
et sur une adaptation des arguments de la preuve de la contrélabilité locale & zéro de
I’équation de la chaleur semilinéaire, c’est-a-dire du Théoréme 5.3.1.
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Théoréme 6.1.2. On suppose que B = (1,0). On suppose également que l’on a

%(0,0) £0.

aul
Alors, pour tout T > 0, le systéme (6.1) est localement controlable a zéro dans L™ ()2.

La preuve est basée sur le Théoréme 4.1.2 qui démontre la contrélabilité du linéarisé
et sur une adaptation des arguments de la preuve du Théoréme 5.3.1.

6.2 Cas défavorable : le linéarisé n’est pas controlable

On supposera dans cette partie que B = (1,0)" et %(O, 0) = 0, si bien que le systéme
linéarisé (6.2) n’est pas controlable. Nous disposons néanmoins du résultat suivant.

Théoréme 6.2.1. On suppose qu’il existe une trajectoire réguliére (U, h) de (6.1) satis-
faisant o o
(U,h)(0,.)=(U,h)(T,.)=0,

(

et qu’il existe (t1,t2) X wo CC (0,T) X w, € > 0 tel que

0
V(t,2) € (t1,ta) X wo, DL (T (t, 2), (L, 2)) > e.
6U1
2

Alors le systeme (6.1) est localement controlable & zéro dans L (§2)=.

La preuve du Théoréme 6.2.1 se trouve par exemple dans | |. Elle est essentiel-
lement basée sur le Théoréme 4.1.2 et sur une adaptation des arguments de la preuve du
Théoréme 5.3.1.

Corollaire 6.2.2. On suppose que fa(ui,uz) = u} + Rv, ou R € R. Alors, pour tout

T > 0, le systéme (6.1) est localement contrélable a zéro dans L (£2)2.

La preuve du Corollaire 6.2.2, due & Jean-Michel Coron, Sergio Guerrero et Lionel
Rosier, est basée sur le Théoréme 6.2.1 et sur I'existence d’une trajectoire non triviale
qui part de ((0,0),0) et qui retourne a ((0,0),0) pour le systéme (6.1) (voir | E
c’est la méthode du retour déja rencontrée en dimension finie (voir Section 2.2).

6.3 Commentaires bibliographiques

Dans le cas d’un linéarisé controlable, des théorémes proches du Théoréme 6.1.2
ont été démontrés dans | I, | I, | I, | I, | I, | | et

[ |-

Le Théoréme 5.4.2 a été étendu a un systéme 2x 2 de réaction-diffusion dans |

et | |.

Le Corollaire 6.2.2 est étendu & des couplages plus généraux par un argument d’ho-
mogénéité dans | |. Citons également l'article de Jean-Michel Coron et Jean-
Philippe Guilleron | | qui traite d’un systéme cascade de taille trois avec couplages

cubiques en utilisant également la méthode du retour.
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Un mot sur les conditions de
Neumann

Tous les résultats énoncés précédemment dans le cas Dirichlet hormis le Théoréme 4.4.1
restent vrais dans le cas Neumann. Pour adapter les preuves, le lecteur pourra consulter
les articles | | et | ].

Le Théoréme 4.4.1 s’adapte en prenant des conditions initiales (u1 0, u20) € L?(£)?
telles que fQ ug,0(z)dr = 0. Ceci est dii au fait que dans le cas de conditions de Neumann,
la masse de us est conservée au cours du temps. En effet, cette propriété se vérifie en
intégrant en espace I’équation vérifiée par ug dans (4.15).

De la méme maniére, pour le systéme de Keller-Segel

Opuy — Aug = —V.(u3Vueg) dans Qr,
Oyug — Aug = auq — bus + hl, dans Qr,

% = % =0 sur X,
(u1,u2)(0,.) = (u1,0,u2,0) dans €2,

ol a,b € R, la masse de u; est conservée au cours du temps. C’est pourquoi le résultat de
controlabilité locale a états stationnaires strictement positifs constants (M, Ms) obtenus
par Felipe Walison Chaves-Silva et Sergio Guerrero dans | | nécessite

1
|Q|/QUQ’0(CL')d.I == MQ.

La preuve de ce résultat est basée sur une linéarisation autour de (M7, Ma) et sur une
adaptation du Théoréme 4.4.1.
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Troisiéme partie

Principaux résultats de la thése
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Chapitre 7

Controlabilité de systémes de
réaction-diffusion non linéaires i1ssus
de la cinétique chimique

L’objectif de cette partie est de présenter les résultats obtenus dans les articles | |
et | |. Ces deux papiers répondent & des questions de controlabilité pour des sys-
témes de réaction-diffusion non linéaires modélisant des réactions chimiques réversibles.

Dans un premier temps, nous présentons quelques aspects de modélisation de ces
équations réversibles en Section 7.1. Le but de cette partie est d’aboutir a la forme géné-
rale des systémes de réaction-diffusion que nous allons étudier par la suite : c’est-a-dire
au systéme (7.6).

Dans un second temps, nous dressons en Section 7.2 un bref apercu des questions
d’existence globale associées & ces systémes. Ces questions ont été et sont toujours beau-
coup étudiées. En particulier, il n’était pas connu jusqu’a récemment s’il y avait existence
globale de solutions classiques pour un systéme a non linéarité quadratique.

Nous présentons en Section 7.3 le systéme controlé qui va nous intéresser. La princi-
pale question & laquelle nous allons répondre par la suite est une question de controélabilité
locale en temps petit & états stationnaires positifs (constants) pour ces systémes.

En Section 7.4, nous menons une étude approfondie d’un systéme 4 x 4 de réaction-
diffusion & non linéarité quadratique et présentons ainsi les résultats issus de D'article
[ |. Ce systéme provient de la modélisation d’une équation réversible faisant interve-
nir quatre espéces chimiques. Plusieurs aspects ont motivé cette étude :

— il n’était pas connu jusqu’a récemment s’il y avait existence globale de solutions
classiques pour ce systéme,

— ce systéme offre de multiples difficultés du point de vue de la controlabilité : le
linéarisé peut ne pas étre contrdlable, des quantités invariantes apparaissent quand
il n’y a pas assez de contrdles dans les équations : ce qui empéche la controlabilité
d’avoir lieu dans tout I'espace,

— ce systéme permet de dégager une stratégie robuste pour comprendre les propriétés
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de controlabilité d’un systéme de réaction-diffusion plus général.

Nous établissons ainsi dans la Section 7.4 des résultats de controlabilité locale en temps
petit (voir Théoréme 7.4.1, Théoréme 7.4.5) qui nous permettent de déduire des résultats
de controdlabilité globale en temps long en petite dimension (voir Théoréme 7.4.6) grace
a I'asymptotique déja connue du systéme libre.

Nous retournons au cas général en Section 7.5, ce qui nous permet de présenter les
résultats de article | |. Sous une hypothése qui assure la controlabilité du linéariseé,
nous démontrons un résultat de controlabilité locale en temps petit (voir Théoréme 7.5.3).
Alors que la stratégie générale de preuve suit les mémes mécanismes que pour le systéme
de quatre espéces, la méthode de preuve se doit d’étre adaptée en raison du trop grand
nombre d’équations que ne peut pas gérer la stratégie de Carleman habituelle. Nous
dégageons également de cette étude un nouvel apport méthodologique de I'article | |
pour démontrer un résultat de controélabilité locale en temps petit dans L°° pour un
systéme de réaction-diffusion non linéaire.

7.1 Modélisation des équations réversibles
Soit n > 2 un entier. On considére la réaction chimique réversible
oAy + -+ oAy = B1AL + -+ BRAy, (7.1)
ou Ay, ..., A, désignent n espéces chimiques et (a1,...,ay), (B1,-..,0,) € (N)" vérifient
Vie{l,...,n}, a; # Bi.

La réaction directe — de (7.1) est gouvernée par le principe suivant : quand «; molécules
de A; disparaissent (1 < i < n), dans ce cas les A; disparaissant sont appelés réactifs,
alors 3; molécules de A; apparaissent (1 < i < n), dans ce cas les A; apparaissant sont
appelés produits. La réaction inverse < de (7.1) suit la méme loi : quand S; molécules de
A; disparaissent (1 < i < n), alors a;; molécules de A; apparaissent (1 < i <n).

Soit i € {1,...,n} et (t,x) € [0,+00) x . On appelle u;(¢,z) € R (respectivement
0;(t,z) € RY) la concentration (respectivement la vitesse de la particule) de I’espéce
chimique A; & linstant ¢ et & la position z. La loi d’action de masse stipule que la
vitesse de réaction est proportionnelle & la concentration des réactifs. Ainsi, en écrivant
la variation instantanée de la concentration u;, on obtient

n n
Dyu; + div(uy;) + o [ ] up + Bi [T (7.2)
k=1 k=1
S— S——
réactifs de la réaction directe  réactifs de la réaction inverse
n n
= Bi H ug® + a; H upk . (7.3)
k=1 k=1
N— S—

produits de la réaction directe  produits de la réaction inverse
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De plus, la loi de Fick régit le comportement sur le flur de matiére u;v; de la maniére
suivante :
uiv; = —d;iVui,

ou d; € (0,+00) est le coefficient de diffusion de l'espéce A;. Autrement dit, cette loi
exprime que le déplacement des particules se fait dans le sens opposé du gradient de u;,
c’est-a-dire des régions ou la concentration de A; est la plus dense vers celles ol elle I'est
le moins. Ainsi, (7.2) devient

Oui — diAu; = (B — o) (H upt — H u’,fk> : (7.4)
k=1 k=1

Pour fermer le systéme, il est indispensable de décrire ce qui se passe au bord du
domaine spatial 2. Une condition classique consiste & écrire que le milieu est isolé et
donc qu’aucune des substances ne traverse la frontiére du domaine. Nous obtenons alors
les conditions dites de Neumann au bord :

8UZ’ _
5, =" (7.5)

Ainsi, en rassemblant (7.4), (7.5), et en posant

— tr
U:=(uy,...,un)",
on obtient que U satisfait le systéme de réaction-diffusion non linéaire suivant

U — DAU = F(U) dans Qr,

U =0 sur Y, (7.6)
U(0,.) =up dans Q,
ou
D := diag(dy, ..., d,), (7.7)
F(U) = (filur, .- un))icps (7.8)
avec

Vie{l,...,n}, filui,...,un) = (8 — ) (H uph — Hui’“) . (7.9)
k=1 k=1

De maniére implicite, quand nous parlerons du systéme (7.6) dans toute la suite, nous
ferons référence au systéme (7.6) pour D définie comme dans (7.7) et F' définie comme
dans (7.8), (7.9).

Exemple 7.1.1. L’hémoglobine Hb peut réagir avec le dioxygéne O2 pour former de
Poxyhémoglobine HbO,. La réaction chimique réversible associée s’écrit

Hb+ Oy = HbOs,
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et le systéme de réaction-diffusion non linéaire est, pour u; = [Hb|, ug = [O2], ug =
[HbO2],

O — di1Aup = —uius + us dans Qr,
o1 — doAug = —uqus + us dans Qr,
8,5U3 - d3AU3 = U1U2 — U3 dans QT,
u _ Juz _ Juy _ ) sur X,

ov ~—  Ov v
(u1,u2,u3)(0,.) = (u1,0, u2,0,uz0) dans Q.

Pour d’autres exemples de réactions chimiques réversibles, on pourra consulter | ,
Chapter 1].

7.2 Un petit apercu des questions d’existence globale

Cette partie est largement inspirée de I'état de I’art dressé dans | |. On trouvera
dans | | beaucoup d’autres résultats et de références sur le sujet.
Nous introduisons la notation

d := max (i Q;, Zn:ﬁz> , (7.10)
i=1  i=1

qui désigne le degré du polyndéme associé a la non linéarité F'.

Définition 7.2.1. On dit que U est une solution classique de (7.6) sur [0,7) si U est
une solution de (7.6) au sens de la Définition A.2.1 sur [0,7 — 7] pour tout 7 > 0.

Remarque 7.2.2. La Définition A.2.1 est a adapter aux conditions de Neumann et au
cas des systémes (voir | , Definition 1.1]).

Rappelons le résultat d’existence locale d’une solution classique a (7.6) (voir | )
Lemma 1.1]).

Théoréme 7.2.3. Soit Uy € L>*(Q)". Alors, il existe une unique solution classique
mazximale définie sur [0,T™) et on a Uimplication suivante :

(tes[(;l,%) HU(t)HLOC(Q)n = +oo) ~ (T* - +oo).

De plus,
(Vi e{l,...,n}, uig > 0) = (Vi e{1,...,n}, Yt €[0,T%), u(t) > 0).

Quand la non linéarité n’est pas trop grosse (typiquement d < (N + 2)/2) et qu'elle
est bornée dans L'(Q7), on peut démontrer un résultat d’existence globale par un ar-
gument de bootstrap couplé aux effets régularisants du semi-groupe de la chaleur (voir
Proposition A.6.1). On peut consulter par exemple | |.

Mentionnons le résultat suivant d’existence de solutions globales de solutions clas-
siques pour (7.6), énoncé avec n = 2 pour simplifier (voir | , Theorem 3.1]).
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Théoréme 7.2.4. On suppose que Uy € L>®(Q;R™Y) et qu’il existe M,C > 0 tels que

vul 2 Mu qu Z 07 fl(Ul,Ug)
Ir > 1, Yui,ug >0, folur,us)

(1 + ug + ug), (7.11)

C
C(1+ uy + uj). (7.12)

IN A

Alors, la solution mazximale est globale : T* = 4o00.

Remarque 7.2.5. La premiére condition (7.11) est une bonne estimation au sens ot on
demande & la premiére non linéarité de ’équation d’étre au plus linéaire. Tandis que la
seconde condition (7.12) impose une croissance au plus polynomiale a la seconde linéarité.

Exemple 7.2.6. Considérons la réaction chimique réversible
A1 - 2A2.

Dans ce cas, on a
filur, ug) = = folur, ug) = —uy + 2u3,

qui satisfait les conditions du Théoréme 7.2.4.

Quand d < 2, c’est-a-dire quand la non linéarité est au plus quadratique, I'existence
de solutions faibles globales est garantie par le | , Proposition 5.12]. Pour la définition
de solutions faibles, voir | , Section 5.2|. Des résultats récents (voir | I, | |
et | ]) montrent l'existence globale de solutions classiques dans le cas quadratique
avec des hypothéses supplémentaires. Ces articles s’appuient notamment sur des idées
issues de | |. Pour des systémes généraux du type (7.6) ou f; est définie en (7.9),
lexistence de solutions renormalisées globales est obtenue dans | ].

7.3 Le systéme controlé

On suppose que 'on peut agir sur le systéme au moyen de controles localisés dans un
ouvert w contenu dans 2. D’un point de vue chimique, cela veut dire qu’on peut ajouter
ou retirer une espéce chimique a un endroit spécifique (dans w) du domaine spatial .
Plus précisément, posons

J CA{l1,...,n} et m:=#J < n le nombre de controles. (7.13)

Quitte & renuméroter (u;)1<i<n, on peut supposer que J = {1,...,m} ou J est défini
en (7.13). Ainsi, on peut définir le controle vectoriel

H” = (h1,...,hm,0,...,0)". (7.14)
Le probléme de controle se met alors sous la forme

0U — DAU = F(U) + H’1,, dans Qr,
83% =0 sur X, (7.15)
U(0,.) =0y dans (,
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ou D et F sont définies respectivement en (7.7), (7.8), (7.9).

Pour t € [0,T], U(t,.) : 2 — R™ est I’état de notre systéme sur lequel on veut agir
au moyen du controle H”(t,.) :  — R™ localis¢ dans w.

Soit

U* = (uf,...,us)", (7.16)

un état stationnaire positif de (7.6), c’est-a-dire,

n n
V1<i<n, u;€|0,+00) et Hu}zo"“ = Huzﬁ’“ (7.17)
k=1 k=1

Les solutions stationnaires positives de (7.6) ne dépendent pas de la variable spatiale
(voir | , Section 1.8.2]). Ainsi, ce n’est pas restrictif de supposer U* € [0, +00)".
On introduit la définition suivante de contrélabilité locale & un état stationnaire U*.

Définition 7.3.1. Pour T' > 0, U* € [0, +o0)" vérifiant (7.17) et X C L*°(Q2), on dit
que le systéme (7.15) est localement controlable & U* dans X au temps 7T s'il existe § > 0
tel que pour tout Up € X satisfaisant [|Up — U*|[ oo (qyn < 0, il existe H € L>(qr)™ tel
que la solution U de (7.15) vérifie U(T,.) = U*.

7.4 Etude approfondie du systéme de quatre espéces chi-
miques : nouveaux résultats de contrélabilité

Nous allons d’abord nous concentrer sur un cas particulier d’équation réversible fai-
sant intervenir quatre espéces chimiques. En effet, ’étude de ce systéme nous permettra
de dégager les principaux mécanismes de controlabilité des systémes (7.15). Pour n =4
etag=ag=0s=PFr=1letas=a4= 01 =p3=0,(7.1) devient

Ay + A3 = Ay + Ay

Le systéme controlé de réaction-diffusion non linéaire (7.15) associé s’écrit alors : pour
tout ¢ € {1,2,3,4},

V1 <i<4,

Owu; — d; Au; = (—1)i(u1’u,3 — u2’u,4) + hilj(i)lw dans Qr, (7 18)
% = sur X, '
ui(O, ) = U5,0 dans .

La linéarisation autour de U* de chacune des équations constituant (7.18) donne :
pour tout 1 <7 <4,

Opu; — diAu; = (—=1)" (ubuy — whus + ulus — ubuy) + hily(i)1,. (7.19)

Dans la suite, on exclura le cas J = {1,2,3,4} qui sera en fait contenu dans le cas

J={1,2,3}.
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7.4.1 Nouveau résultat de controélabilité locale en temps petit avec
trois controles

On suppose que J = {1,2,3}. Ainsi, le controle H 7 agit sur les trois premiéres équa-
tions de (7.18).

En utilisant (7.19), les composantes u1, uz et us sont facilement controlables en raison
de la présence de controles dans les trois premiéres équations. La difficulté est donc le
controle de la derniére composante, c’est-a-dire uy.

S’il y a du couplage dans la quatriéme équation, c’est-a-dire si (uf, u3, u}) # (0,0,0)
alors, nous sommes dans un cadre favorable. En effet, heuristiquement, u4 est controlée
de maniére indirecte grace a uju; si uz # 0, grace a wjug si uj # 0, grace a ujug si
uy #0.

S’il n’y a pas de couplage dans la derniére équation, i.e., (u},us, u}) = (0,0,0) alors
le linéarisé de (7.15) autour de U* n’est pas controlable puisque la derniére équation est
alors découplée des autres. Pour remédier & cela, nous allons utiliser la méthode du retour
de Jean-Michel Coron qui consiste & linéariser le long d’une trajectoire de référence non
triviale. Pour ce faire, on se donne une fonction g € C2°(Qr;R) non nulle telle que

supp(g) CC (0,T) x w,
et on pose o
uz := g et hy 1= 0,9 — Ag.
Ainsi, la quatriéme équation du linéarisé autour de la trajectoire ((0, u3, u3,0), (0,0, 173))
devient
Orug — dsAug = ugug — u;'LL4.

Heuristiquement, comme w3 n’est pas identiquement nulle dans la zone de controle, uy
va étre indirectement contrdlé par u; a ’aide du terme de couplage usu;.
On démontre alors le nouveau résultat suivant (voir | , Theorem 3.2]).

Théoréme 7.4.1. Pour J = {1,2,3}, T >0, U* € [0, +o0)?* vérifiant uju} = uju},
le systeme de quatre espéces (7.18) est localement controlable & U* dans L®(Q)* au
temps T'.

La preuve du Théoréme 7.4.1 est une adaptation du théoréme de controélabilité locale
d’un systéme 2 x 2 de réaction-diffusion avec un seul contréle : c’est-a-dire du Théo-
réme 6.2.1.

7.4.2 Nouveau résultat de controélabilité locale en temps petit avec
deux controles

On suppose que J = {1,2}. Ainsi, le controle H 7 agit sur les deux premiéres équa-
tions de (7.18).
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L’une des différences entre le cas de trois controles et celui de deux controles est
I'apparition de quantités invariantes qui vont empécher la controlabilité d’avoir lieu dans
tout I'espace L>°()%. On a le résultat suivant.

Proposition 7.4.2. Soit (U, H”) une trajectoire de (7.18) telle que U(T,.) = U*. Alors,
pour tout t € [0,T],

|§12| < /Q us(t, z) + u4(t,az)d:c> . (7.20)
(d3 - d4) = (us(t,.) +ua(t,.) = ul+ul) . (7.21)

Démonstration. La preuve de (7.20) consiste & sommer les deux derniéres équations qui
ne contiennent pas de controle et & intégrer en espace : on trouve en utilisant les conditions

de Neumann J
— </ us(t, x) —|—U4(t,:L')d{L‘> = 0.
dt \ Jo

Ainsi, comme u3(7,.) + ua(T,.) = uj + u}, on en déduit immédiatement (7.20).
Pour démontrer (7.21), on procéde de la méme maniére, on somme les deux derniéres
équations et on trouve que

Or(uz + ug) — dsA(us + ug) = 0.

Ainsi, ug + uy4 est solution de 'équation de la chaleur libre et comme (ug + ug)(7,.) =
uj + uj, alors par unicité rétrograde (voir Proposition A.5.1), on obtient (7.21). O

Remarque 7.4.3. Quand d3 = d4, on peut donc exprimer u4 en fonction de uz et
on est donc ramené a un systéme de trois équations avec deux controles. Ce dernier
cas n’apportant alors pas de réelle difficulté par rapport & celui de trois controles, nous
I’exclurons dans la suite.

On notera dans la suite
1
X = {Uo € LOO(Q)4 : @ (/ ugo(z) + U4,Q(I‘)dl’> =u3+ uZ} ) (7.22)
Q

Quand certaines composantes de 1’état stationnaire s’annulent, on montre dans le
résultat suivant que cela contraint la dynamique de (7.18).

Proposition 7.4.4. Soit (U, H?) une trajectoire de (7.18) telle que U(T,.) = U*. Alors,
on a

((ws,u) = (0,0)) = ((u30,us0) = (0,0)). (7.23)

Réciproquement, pour tout ug € L®(Q)* tel que (usg,us0) = (0,0), on peut trouver
HY € L>=(qr)? tel que la solution associée U € L= (Qr)* satisfait

(Ul, Uz, U3, U4)(T, ) - (UT7 'LL;, 07 O)
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Démonstration. Si (u3,u}) = (0,0), on a alors

Owug — d3Aug = —uqug + uguyg dans Qr,
8t’LL4 - d4AU4 = U1U3 — UU4 dans QT, (7.24)
% = %% =0 sur Y.

Or, (u1,us) € L*(Qr)?, donc par unicité rétrograde pour le systéme (7.24) (voir | ,
Théoréme I1.1]), on a
Vit € [0,T], (us,uq)(t,.) = (0,0),

et donc (7.23).

Réciproquement, soit Uy € L®(Q)* telle que (usp,us0) = (0,0). Alors, en posant
uz = ugq = 0, on réduit le systéme a deux équations de la chaleur découplées, chacune
d’elle étant controlée par un controle (différent), donc par controlabilité (globale) a zéro
de l’équation de la chaleur (voir Théoréme 5.2.1), on déduit qu’il existe bien un controle
HY amenant la solution a (u},u3,0,0). O

Au regard de nos précédentes discussions (voir en particulier la Proposition 7.4.2 et
la Proposition 7.4.4) on supposera que dg # d4 et (u3,u}) # (0,0).

Nous allons effectuer une transformation linéaire du systéme (7.18) qui va nous per-
mettre de mieux comprendre les propriétés de controlabilité de ce systéme. En effet, cette
transformation va réduire le systéme a un systéme cascade avec couplages d’ordres zéro
et deux. On multiplie la troisiéme équation de (7.18) par —(ds — d4)~! et la quatriéme
équation de (7.18) par (dy — d3)~!, et on additionne :

u3 Ug

—(d3 — d4) * (dy —d3)’

Cette combinaison linéaire nous permet d’éliminer le terme de réaction f4(U) défini en
(7.9) dans la quatriéme équation et de créer un couplage du second ordre. Dans le nouveau
jeu de variables (uq, ug,us,vs), (7.19) pour i = 3 devient :

8,52)4 - d4A’U4 = —AU3, ol Vg4 =

Opug — dsAus = —ujuy + ujug + (—u] — uy)us + (dg — dz)usvy.

Ainsi, ayant supposé que (uj,u;) # (0,0), on en déduit heuristiquement les propriétés
de controlabilité du systéme (7.18). En effet, les composantes u; et ug sont controlées
respectivement par iy et ho, puis le couplage —uju; ou ujus dans la troisiéme équation
permet le controle indirect de la composante w3, qui elle-méme, va controler indirecte-
ment u4 & travers le terme de couplage —Aus.

On aboutit au nouveau résultat suivant de contrélabilité locale dans X défini en
(7.22) (voir | , Theorem 3.2]).

Théoréme 7.4.5. Pour J = {1,2}, d3 # dy, T > 0, U* € [0,4+00)* vérifiant
uiuy = ujuy et (ui,uy) # (0,0), le systéme de quatre espéces (7.18) est localement
controlable a U* dans X au temps T .
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Pour démontrer le Théoréme 7.4.5, on montre dans un premier temps que le linéa-
risé autour de U* est controlable par des arguments similaires & ceux employés pour la
preuve des théorémes de controlabilité de systémes linéaires avec couplages d’ordre zéro
et d’ordre deux, c’est-a-dire le Théoréme 4.1.2 et le Théoréme 4.4.1. Puis, pour le passage
au non linéaire, il suffit d’adapter la preuve de la controlabilité locale & zéro de ’équation
de la chaleur, voir Théoréme 5.3.1.

7.4.3 Cas d’un seul controdle

On peut également montrer un résultat de controlabilité locale en temps petit a état
stationnaire positif constant dans le cas ot J = {1} (voir | , Theorem 3.2|). Ce
dernier résultat n’offrant cependant pas de différence majeure par rapport a celui de
deux controles, nous ne le présentons pas ici. A noter cependant que la contrélabilité
du linéarisé dans ce dernier cas est assez technique car elle doit prendre en compte un
systéme cascade avec un couplage d’ordre 0 et deux couplages d’ordre 2. La linéarisation
étant faite dans L*°(Qr), les coefficients du linéarisé ne sont alors plus aussi réguliers
que dans le Théoréme 4.4.1. Ainsi, la méthode de preuve du Théoréme 4.4.1, qui consiste
& appliquer 'opérateur A & certaines équations sous hypothése de régularité pour tirer
profit du couplage d’ordre deux, doit étre adaptée. C’est pourquoi, démontrer I'inégalité
d’observabilité sur le linéarisé est plus difficile et requiert notamment la régularisation
des coefficients des équations, des arguments de densité et l'utilisation d’inégalités de
Carleman ayant servi a Felipe Walison Chaves Silva et Sergio Guerrero dans le contexte
du systeme de Keller-Segel (voir | D).

7.4.4 Nouveau résultat de controlabilité globale en temps long et en
petite dimension

Rappelons le théoréme suivant concernant le comportement asymptotique d’une so-
lution libre (H” = 0) du systéme de quatre espéces (7.18).
Théoréme 7.4.6. Soit N <2 et Uy € L>(Q;[0,+00))* satisfaisant

v(i.9) € {(1.2).(1.4),2.3).(3.9)}. ml\/ﬂ(“w + uj0) ()de > 0, (7.25)

Alors l'unique solution (classique) de (7.18) avec H? = 0 converge dans L>(Q)* quand
t — 400 vers un unique état stationnaire U* € (0, 400)%.

La preuve du Théoréme 7.4.6 repose sur le | , Theorem 3| et sur le |
Theorem 3| (voir aussi | D).

On démontre grace au Théoréme 7.4.6 et au Théoréme 7.4.1 le nouveau résultat sui-
vant (voir | , Theorem 3.6]).

)

Théoréme 7.4.7. On suppose que N < 2 et J = {1,2,3}. Soit U* € [0,+00)*
vérifiant wiug = ujuj. Alors pour tout Uy € L*®(€2;[0,+00))* satisfaisant (7.25), il
eziste T > 0 suffisamment grand et H? € L>(qr)? telle que la solution u de (7.18)
vérifie U(T,.) =U".
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Remarque 7.4.8. Le Théoréme 7.4.7 s’adapte également au cas ou J = {1,2}, J = {1}.
On peut étendre le résultat du Théoréme 7.4.7 pour N > 3 quand on dispose de la
convergence asymptotique dans L> du systéme libre (c’est-a-dire avec H” = 0) de (7.18).
C’est par exemple le cas pour des d; suffisamment proches (voir | , Proposition

1.3]).
On présente les grandes lignes de la preuve du Théoréme 7.4.7.

Démonstration. La preuve du Théoréme 7.4.7 se fait en trois étapes de controle.

Etape 1 : Utiliser I’asymptotique sans contréle. Tout d’abord, en utilisant le
Théoréme 7.4.6, on sait que la solution libre (c’est-a-dire avec H” = 0) de (7.18) converge
dans L>®(Q)* quand ¢ — 400 vers un état stationnaire Z € (0, +00)%.

Etape 2 : Controlabilité locale. Par controlabilité locale dans L™ (Q)* autour de
cet état stationnaire Z (voir Théoréme 7.4.1), il existe donc un controle Hy qui améne
exactement la solution de (7.18) & Z.

Etape 3 : Argument de connexité par arcs. Il existe un chemin continu = :
[0,1] — (RT)* reliant Z a U* tel que pour tout 6 € [0, 1], (6) vérifie (7.17). On montre
ensuite qu’on peut trouver un rayon r > 0 uniforme tel que pour tout 6 € [0,1], la
controlabilité locale & () dans L>°(Q)%, a lieu dans une boule de L de taille au moins
r (voir Théoréme 7.4.1). Alors I'image de y est contenue dans la réunion d’un nombre
fini de boules B(~;,r) pour i allant de 0 & K avec vo = Z, |vi — Vit1| < 7 et yx = U*.
Par contrélabilité locale a chacun de ces «y;, on construit alors une suite de controéles HZJ
permettant de passer successivement de 7; & 741 jusqu’a atteindre yx = U*. Ce qui
conclut la preuve. O

7.5 Retour au cas général d’un systéme de taille arbitraire :
nouveau résultat de controélabilité locale en temps petit

Dans cette partie, nous établissons un résultat de controlabilité locale & état station-
naire positif pour le systéme général (7.15).

En procédant comme dans la preuve de la Proposition 7.4.2, on peut montrer que
certaines quantités du systéme (7.15) sont conservées. Nous introduisons ainsi ’espace
de conditions initiales suivant

X o= {Up € L=(Q)" ; Wk, L € {m+1,...,m},
/ () — i / de} (7.26)
0 Q

Br — a, B — oy

Dans le cas ou des coefficients de diffusion sont égaux, on peut montrer que la dynamique
est trop contrainte comme déja observé dans la Proposition 7.4.2. C’est pourquoi nous
travaillerons sous I’hypothése suivante.
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Hypothése 7.5.1. Pour m < n — 2, on suppose que pour tous k #1 € {m+1,...,n},
dy, # dj.

De plus, nous ferons également 1'hypothése suivante qui assure la controlabilité du
linéarisé autour de I’état stationnaire U*.

Hypothése 7.5.2. Pour m < n — 1, on suppose que

O frrs (u’{, . ,u;;) £ 0, (7.27)
ol fim41 est définie en (7.9).

On montre alors le résultat suivant (voir | , Theorem 1.7]).

Théoréme 7.5.3. Soit T > 0 et U* € [0,400)" un état stationnaire, i.e. vérifiant
(7.17). Sous I’Hypothese 7.5.1 et I’Hypothese 7.5.2, le systéeme (7.15) est localement
controlable a U* dans X au temps T'.

La preuve du Théoréme 7.5.3 passe par la mise sous forme cascade du systéme (7.15) :
avec un couplage d’ordre zéro et n — m — 1 couplages d’ordre deux. Plus précisément,
aprés changement de variable et linéarisation, on peut montrer que le linéarisé prend la

()

H vy " H{ U

J
H(l

FIGURE 7.1 — Illustration de la preuve du Théoréme 7.4.7
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forme suivante :
0Z —DjAZ = A;Z + H’1,, dans Qr,

g—f =0 sur X7,
Z(0,.) = Zy dans €,
ol
dma1 0 R ()
1 dpge :
D, = < diag(dy, ..., dm) | (0) > b= | m
(0) ‘ Dﬁ 9 9
: . .. .. 0
0 0 1 d,
Ay = (aik)1§i7k§n S Rnxn’ air,=0sim+2<1i<n.

De plus, 'Hypothese 7.5.2 assure le fait que am41,m 7# 0. Ainsi, ces n — m couplages
contribuent au controle indirect des composantes qui ne sont pas controlées directement
par un controle localisé. On a le diagramme heuristique suivant

h1—>21, h2—>22, ey hmfl—)szl,
by — Zm ———— Zm1 Zm+2 > ... > Zn-
Am+1m2Zm AZerl Azpm42 Azp_1

La forme cascade découle d’une transformation linéaire adéquate justifiée par un
lemme purement algébrique (voir | , Section 2|). La contrélabilité du linéarisé
se montre par des arguments sensiblement différents de ceux employés précédemment
puisque la stratégie de Carleman présente dans ce cas des limitations : il y a trop de
couplages d’ordre deux (voir a ce titre la Remarque 4.4.2). Nous montrons par une stra-
tégie similaire a celle de Lebeau-Robbiano qu’'un seul linéarisé est controlable et nous en

déduisons par une adaptation de la méthode de Liu-Takahashi-Tucsnak (voir | 1)
le passage au non linéaire.
Ainsi, un autre apport de l'article | | est méthodologique. Pour démontrer un

résultat de contrélabilité locale en temps petit T' a un état constant U* dans L* pour
un systéme parabolique non linéaire, on procéde de la fagon suivante.

— On commence par démontrer que le linéarisé autour de U* est controlable dans L?
avec une estimation du cotit de controle en fonction de T' (voir | , Section
3]). Insistons sur le fait que le linéarisé est ici a coefficients constants ici : c’est
pourquoi les méthodes pour démontrer ce type de résultat sont multiples : méthode
de Lebeau-Robbiano, inégalités de Carleman paraboliques, méthode des moments...

— La méthode du terme source dans L? nous permet de déduire de ce résultat une
inégalité d’observabilité forte (voir | , Corollary 4.4]). Cette estimation res-
semble & une inégalité de Carleman (avec poids exponentiellement décroissants en
t=0ectt=T).

— En utilisant la « PHUM », on construit des controles L> (voir | , Theorem

5.1)).
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— On réapplique ensuite la méthode du terme source dans L° pour déduire un résultat
de controle dans L* malgré un terme source (voir | , Proposition 5.3]).

— On conclut par un argument d’inversion locale (voir | , Section 6]).

Remarque 7.5.4. Il est & noter que le Théoréme 7.5.3 permet de retrouver les théorémes
de controlabilité locale pour le systéme de quatre espéces dans le cas ou le linéarisé est
controlable. Néanmoins, la stratégie de preuve développée dans | | traite des systémes
paraboliques a coefficients dans L>°(Qr) avec des couplages d’ordre zéro et deux (quand
le nombre d’équations n est petit). Ainsi, quand le linéarisé n’est pas controlable, cette
derniére approche couplée & la méthode du retour est trés féconde.

7.6 Perspectives et problémes ouverts

7.6.1 Linéarisé non contrdlable pour un systéme de grande taille

Pour le systéme général (7.15), dans le cas ot 'Hypothése 7.5.2 n’est pas satisfaite, le
linéarisé autour de U* n’est pas controlable. Une stratégie qui permet de remédier a cela
est de linéariser le long d’une trajectoire non triviale : c’est la méthode du retour que
nous avons employée dans la Section 7.4.1. Mais dans ce cas, le linéarisé fait intervenir
des termes de couplages qui dépendent de la variable temporelle et de la variable spa-
tiale. Il est alors plus difficile de démontrer la controlabilité du linéarisé, ou de maniére
équivalente, de démontrer une inégalité d’observabilité pour le systéme adjoint. La seule
méthode connue & ce jour pour gérer de tels couplages est 'emploi d’inégalités de Carle-
man paraboliques (voir Théoréme 3.4.3). Malheureusement, cette stratégie présente une
obstruction technique quand le nombre d’équations est trop élevé par rapport au nombre
de controles. C’est I'objet de 'exemple suivant.

Exemple 7.6.1. Pour n = 10, soit oy =az3 = a5 =ay =ag = B2 = B4 = P = P =

fo=l,aa=au=as=ag=ag=P51=P3=05=0r=po=0et J=1{1,2,3,4,5}.
Le systéme de controle est alors :

V1< i< 10,

Btui — diAui =

(—1)"(urususurug — UU4UGUS U ) + hil,1;(i) dans Qr, (7.28)
Ou; __

o = sur ZT,

ui(0,.) = u;ip dans Q

L’état stationnaire
* * * * * *
(07 07 07 07 Us, Ug, U7, Ug, Ug, ulO)’

ot (uf, uz, ug) € (0,4+00)3 et (ug, us, uly) € [0, +00)3 ne satisfait pas I'Hypothése 7.5.2.
Dans ce cas, le systéme linéarisé autour de

((0,0,0,0, w3, g, w3, g, s, wiy), (0,0,0,0,0) )
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n’est pas contrbdlable puisque la sixiéme équation est découplée des autres :
Oug — dgAug = 0.

Mais comme dans la Section 7.4.1, on peut aisément construire une trajectoire de réfé-
rence :
<(0, 07 ga 07 ugv uga ’U/;, ugv U;;, UT()), (07 07 atg - d3Aga 07 0)) )

ou g est non nulle, réguliére et & support dans (0,7") xw. En utilisant le méme changement
de variables que dans la | , Section 2|) et en linéarisant autour de cette trajectoire,
on trouve le méme systéme que | , Section 2.2, System (L-Z)] avec n = 10, m =5
ou les coefficients de A peuvent dépendre de (t,z) et ag(t,x) > € > 0 sur (t1,t2) X
wo C (0,T) x w. Le systéme linéarisé semble étre controlable a zéro grace au diagramme
heuristique suivant :

controls controls controls controls controls
h1 E— A [ h2 — 29, h3 — 23, h4 — 24, h5 — 25,

controls . controls controls controls controls
Z1 Z6 Vard z8 29 Z10-

a1 (t,x)z1 Azg Azr Azg Azg

Malheureusement, nous ne savons pas comment montrer la contrélabilité a zéro du linéa-
risé pour des raisons techniques probablement. Cela vient du fait que m =5 <n—4 = 6.
Avec la stratégie de preuve présente dans | |, on devrait tirer profit d'un couplage
d’ordre zéro et de quatre couplage d’ordre deux. Cela crée un probléme pour absor-
ber certains termes globaux aprés 'emploi d’inégalités de Carleman avec des exposants
différents (voir a ce titre la Remarque 4.4.2). Cela nous améne a formuler le probléme
suivant.

Probléme ouvert 7.6.2. Soit n,m deux entiers tels que n > 6, m < n — 4 and
(di)1<i<n € (0,400)". Soit A € C°(Qr)m+1*(m+1) On suppose qu'il existe (t1,%) C
(0,T"), un ouvert non vide wp tel que wy CC w et ¢ > 0 tels que Ayyp1,m(t,z) > € pour
(t,x) € (t1,t2) X wo. Soit yo € L2(Q)", H/ € L?(qr)™, on considére le probléme de
controle

m—+1
8tyi — dszz = Z Ai,j(t,x)yj + hilj(i)lw dans QT, 1<i<m+1

j=1
Ory; — diAy; = Ay dans Qr, m+2<i<n (7.29)
Yy= 0 sur ZT,
y(0,.) = o dans 2.

Le systéme (7.29) est-il controlable & zéro dans L?(2)" ?

Remarque 7.6.3. Le Probléme ouvert 7.6.2 est intimement relié a la généralisation
du | , Theorem 1.1] aux systémes paraboliques avec matrices de diffusion qui
contiennent des blocs de Jordan de taille plus grande que 5.

Pour se rapprocher de la modélisation faite en Section 7.1, une autre perspective
serait de controler tout en préservant la positivité de la solution U. Il est alors probable
qu’un temps minimal de contréle puisse apparaitre. Pour cela, on pourrait s’inspirer des
travaux récents | I, | I, | I, [ I, [ | et | |.
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7.6.2 Controlabilité locale du systéme de Keller-Segel & des états sta-
tionnaires non constants

Revenons au systéme de chimiotaxie de Keller-Segel (voir | |) déja rencontré au
Chapitre 6 :

Opur — Aug = —V.(u3 Vug) dans Qr,
Oyug — Aug = auq — bug + hl, dans Qr,

= o =g e B, a0
(u1,u2)(0,.) = (u1,0,u2,0) dans 2,
ou a,b € R. 1l est démontré dans | | un résultat de controlabilité locale (en temps

petit) pour (7.30) aux états stationnaires constants strictement positifs (My, Ms) €
(0, +0)?, i.e. vérifiant aM; — bMs = 0.

On peut également se demander si le résultat demeure vrai pour des états station-
naires positifs (non constants en espace). Plus précisément, soit (uj, u3) régulier, positif,
solution de

—Auj = =V.(ujVu}) dans Q,

—Aug = aui — buj dans €, (7.31)
% = %an = sur 0f2.
Concernant l'existence de tels états stationnaires, on peut consulter | | et les réfeé-

rences associées. Le linéarisé de (7.30) autour de ((uf,u3),h = 0) est

Oy — Aug = —V.(uiVug) — V. (11 Vi) dans Qr,

Orug — Auog = aug — bug + hl, dans Qr, (7.32)
Gr=%2=0 sur X, '
(u1,u2)(0,.) = (u1,0,u2,0) dans €.

Comme u] > € > 0 dans (2, la composante u; semble controlée de maniére indirecte par
la composante ug & travers le terme de couplage d’ordre deux —V.(ujVug). Mais, on ne
sait pas a I’heure actuelle démontrer la controlabilité a zéro du systéme (7.32). En effet,
la difficulté réside dans ’obtention d’une inégalité d’observabilité adhoc pour le systéme
adjoint :
—0rp1 — A1 = Vus. Vi + apa dans Qr,
—0ppa — Apa = —V.(uiVp1) — by  dans Qr,
% %ff =0 sur M,
(1, 02)(T} ) = (P11, P2,7) dans €.
La stratégie usuelle suggére d’appliquer une inégalité de Carleman a 1’équation parabo-

lique satisfaite par V.(ujVe1) pour ensuite bénéficier du couplage —V.(ujVeq) de la
seconde équation de (7.33) pour enlever le terme local

/ 25 (53| V. (" Vioy ) Pt

qr

(7.33)

Cependant, ce type d’inégalité fait apparaitre dans le terme de droite des termes globaux
du type fQT |V¢1]? qu'on ne peut pas absorber a priori.
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Chapitre 8

Controlabilité a zéro d’un systéme
2 X 2 de réaction-diffusion avec
couplage non linéaire : une nouvelle

méthode de dualité

Le but de cette partie est de présenter les résultats obtenus dans article | |. Ce
papier répond a des questions de controlabilité globale et locale a zéro en temps petit
pour des systémes de réaction-diffusion non linéaires du type

ou — Au = f1(u,v) + hl, dans Qr,

v — Av = fo(u,v) dans Qr, (8.1)
u,v =0 sur X7, :
(u,v)(0,.) = (uo, vo) dans €,

avec f1, fo € C®(R?;R) telles que f1(0,0) = f2(0,0) = 0 dont le linéarisé autour de
((u,v) = (0,0),h = 0) n’est pas contrélable (voir Section 6.2). Dans (8.1), T est un
temps strictement positif (arbitrairement petit), {2 est un ouvert suffisamment régulier
(typiquement de classe C°) et w un ouvert non vide contenu dans §.

Parmi les systémes (8.1), un cas typique de systéme de réaction-diffusion au linéarisé
non contrdlable (voir Section 6.2) est le suivant

Ou — Au = hl,, dans Qr,
o — Av = u" dans Qr,
u,v =10 sur X,

(u,v)(0,.) = (ug,vo) dans £,

(Power)

ol n > 2 est un entier.

Pour n impair, nous démontrons en Section 8.2 la controlabilité globale a zéro du
systéme (Power) (voir Théoréme 8.2.2) par une nouvelle méthode non linéaire directe.
Pour mieux appréhender la stratégie de preuve, nous choisissons de la présenter dans le
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cadre de la dimension finie en Section 8.1. Le point clef de la démonstration du Théo-
réme 8.2.2 est la construction de contrdles pour I’équation de la chaleur (amenant a zéro)
dont la racine ni®me est réguliére (voir Proposition 8.2.4). Ce dernier point est prouvé
par une nouvelle méthode de dualité qui est une généralisation de la méthode de dualité
Hilbertienne dans L? au cas réflexif dans LP, 1 < p < oo. Nous nous servons de ce type
de controles pour démontrer un résultat de controlabilité locale & zéro pour des systémes
généraux du type (8.1) grace a la méthode du retour en Section 8.3.

8.1 Retour au modéle jouet de la dimension finie

L’analogue en dimension finie du systéme (Power) est
/
=h
{ y,l . (Jouet)
y2 = yl 9
que nous avons déja rencontré dans I’Exemple 2.1.8. On a montré que pour n pair, le
systéme n’est pas localement contrdlable & zéro et que pour n impair, il est localement

contrélable & zéro grace a la méthode du retour. On peut en fait démontrer le résultat
suivant.

Proposition 8.1.1. Pour n impair, le systéme (Jouet) est globalement contrélable a
Z€ro.

Preuve par la méthode du retour et un argument d’homogénéité. On sait que le systéme
(Jouet) est localement contrdlable & zéro (méthode du retour). Remarquons également
que ce systéme est homogéne au sens suivant : si ((y1, y2), k) est une trajectoire de (Jouet)
alors pour tout A > 0, ((Ay1, A"y2), Ah) est également une trajectoire de (Jouet). On en
déduit donc que le systéme (Jouet) est globalement contrdlable & zéro. O

Nous allons a présent proposer une autre preuve (directe) de la Proposition 8.1.1.
Nous utiliserons ensuite la méme stratégie pour déduire un résultat analogue pour le
systéme (Power) (voir Théoréme 8.2.2 plus bas).

Preuve directe dans le cas n = 3. On se donne (y1,0,y2,0) € R% On cherche a construire
un controle A qui améne (y1,y2) & (0,0) au temps T'. La preuve s’effectue en deux étapes.

Etape 1 : Amener y; a 0 au temps 7'/2. On pose

¥t € 0.7/2). (o) = Cowp (= 75— ) m(T/2) =0,
ou C est tel que y1(0) = y1,0. On définit ensuite
vt e [0,7/2), hryalt) = vh(0),
Posons 32 la solution du probléme de Cauchy
v = i, 42(0) = yoo.
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Bien stir, on n’a pas y§/2 :=y2(T'/2) = 0 a priori. Sinon, c’est gagné.

Etape 2 : Amener y; 4 0 au temps 7' au moyen d’un contréle cubique. Cette
étape est basée sur le lemme clef suivant.
Lemme 8.1.2. Soit 7 > 0. Pour tout yo € R, il existe h € C([0,7];R) tel que

w3 € ([0, 7]; R) vérifiant h(0) = (h'/3)(0) = h(r) = 0, (8.2)
tel que la solution de
y' = h, y(0) = yo,

vérifie y(1) = 0.

La preuve de ce lemme est élémentaire. En effet, il suffit de poser
1
e 0.7, y(0) = Coxp (~ s ) 9(r) =0,

ott C' est tel que y(0) = yo. On a alors y(0) = yo, y(7) = 0 et en posant
vt €10, 7], h(t) ==y (t),

on a bien (8.2) car

vVt € [0,7), h(t) = —7m exp <—7_71_t7> , h(1) =0.

Ce qui conclut la preuve du lemme.

Revenons a la fin de la preuve de la Proposition 8.1.1. Par le Lemme 8.1.2 appliqué
au temps 7 = T'/2, on peut trouver un contrdle H vérifiant (8.2) tel que

vy = H, (y2(T/2),52(T)) = (y3°,0).

On pose alors
Yt € [T/2,T], yi(t) = H(t)"/?,

ce qui équivaut a
vt [T)2,T), n(t)® = H(1).

Remarquons en particulier qu’on a
y1(T/2) = yi(T) = 0.

Puis, on pose
Vi € [T/2,T), hr(t) = yi(t) = (H?)(2).

On montre ainsi en rassemblant ’étape 1 et ’étape 2 que 'unique solution y =
(y1,92) € CH([0,T]; R) de (Jouet) associée au controle

h = hgy sur [0,T/2], hy sur [T/2,T] € C([0,T];R),

s’annule au temps t =T ]
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8.2 Nouveau résultat de controlabilité globale & zéro en
temps petit pour des systémes de réaction-diffusion a
couplage impair

Comme dans le cas de (Jouet), on peut également montrer le résultat (négatif) sui-
vant.

Proposition 8.2.1. Sin est un entier pair, alors le systeme (Power) n’est pas localement
controlable a 0.

En effet, en utilisant u™ > 0 et le principe du mazimum (voir Proposition A.3.1), pour
toute solution (u,v) de (Power) associée & une donnée initiale (ug, vg) telle que vo > 0 et
vg # 0, on a

o(T,.) >v(T,.) >0 et o(T,.) #0,

ou v est la solution de ’équation de la chaleur

0w — Av =0 dans Qr,
v=20 sur X7,
0(0,.) = vo dans Q.

Nous avons déja vu au Corollaire 6.2.2 que le systéme (Power) est localement contro-
lable a zéro pour n = 3. Le méme argument d’homogénéité qu’employé pour (Jouet)
montre que si (Power) est localement contrdlable a zéro alors (Power) est globalement
controélable & zéro.

Le but de cette partie est de présenter le nouveau résultat suivant (voir | , Theo-
rem 2.5|).

Théoréme 8.2.2. Pour n impair, le systéme (Power) est globalement contrélable a
zéro au temps T'. Plus précisément, il existe une constante C' > 0 telle que pour tout
(ug,v) € L>®(Q)2, il existe h € L>(qr) vérifiant

1l gy < € (ol oy + ool 24 ) (8.3)

tel que la solution de (Power) satisfait (u,v)(T,.) = (0,0).

Remarque 8.2.3. En plus de démontrer la contrélabilité globale a zéro du systéme
(Power), un autre avantage du Théoréme 8.2.2 est de fournir une estimation sur la norme
du controéle en fonction de la norme de la donnée initiale. Ce que ne permet pas toujours
la méthode du retour.

La preuve du Théoréme 8.2.2 suit les idées de la preuve directe de la Section 8.1.
Pour simplifier la présentation, nous allons supposer que n = 3 et nous allons seulement
montrer la propriété de controlabilité globale sans l'estimation (8.3) sur le controle.
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Démonstration. Soit (ug,vg) € L>()2. La preuve se fait en deux étapes.

Etape 1 : Amener u; 4 0 au temps 7'/2. Par controlabilité globale de 1’équation
de la chaleur appliqué au temps 7'/2 (voir Théoréme 5.2.1), on sait qu’il existe hy €
L>((0,7/2) x w) tel que la solution associée u; € L*>°((0,7/2) x Q) vérifie

&gul — Aul = hllw dans (O,T/Q) X Q,
up =0 sur (0,7/2) x 092,
(w1 (0,.), u (T/2,.)) = (ug,0) dans €.

On pose alors v1 € L>®((0,7/2) x ) comme la solution du probléme de Cauchy

dyv1 — Avy = w21 dans (0,7/2) x Q,
vy =0 sur (0,7'/2) x 042,
v1(0,.) = vo dans Q.

Bien sir, on n’a pas v1(7/2,.) = 0 a priori. Sinon, c’est gagné.

Etape 2 : Amener v 4 0 au temps 7' au moyen d’un contréle cubique. Nous
allons utiliser le nouveau résultat clef suivant (voir | , Proposition 3.7]) qui est un
résultat de controlabilité & zéro de I’équation de la chaleur avec controle cubique régulier.

Proposition 8.2.4. Pour tous 7 > 0, yo € L>°(R), il existe h, € CY2(Q;) vérifiant

h3 e CY2(Qy), he(0,.) = ho(r,.) =0, Vt € [0,7], supp(h.(t,.)) CCw  (8.4)

tel que la solution y € L*°(Q,) de l’équation de la chaleur avec donnée initiale yq et
controle hr, satisfait y(r,.) = 0.

Admettons dans un premier temps cette proposition et revenons a notre preuve.

On applique la Proposition 8.2.4 avec (0,7) < (7/2,T), yo < v1(T/2,.) € L>®(Q). 1l
existe alors un controle H vérifiant (8.4) tel que la solution vy associée vérifie

Opvg — Avg = H dans (7'/2,T) x Q,

vy =0 sur (T'/2,T) x 09,

(va(T/2,.),v2(T,.)) = (v1(T/2,.),0) dans Q.
On pose alors

1 S
ug := H3 € CY2((T/2,T) x Q)),
qui vérifie
UQ(T/Q, ) = UQ(T, ) =0.

Puis, nous posons

hy = 3tUQ — A'LLQ € LOO<(T/2,T) X Q)), (8.5)
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a support dans (7'/2,T) x w par (8.4).

On montre ainsi en rassemblant 1’étape 1 et I’étape 2 que 'unique solution (u,v) €
L>°(Qr) de (Power) associée au controle

h = hy sur [0,7/2], hy sur [T/2,T] € L*™(qr),
est identiquement nulle au temps ¢t = T'. ]

La preuve de 'existence de controles cubiques réguliers a I’équation de la chaleur (voir
Proposition 8.2.4) est basée sur une nouvelle méthode de dualité. Nous avons choisi d’ap-
peler cette méthode la « Reflexive Uniqueness Method » puisque c’est une adaptation de
la « Hilbert Uniqueness Method » au cadre réflexif.

Pour comprendre la preuve de la Proposition 8.2.4, il faut avoir a I’esprit la construc-
tion de controles réguliers pour I’équation de la chaleur par la « PHUM » (voir Sec-
tion 5.2). Au lieu de minimiser une fonctionnelle dans L? & poids, nous allons minimiser
une fonctionnelle dans L*/? a poids. En effet, 'idée sous-jacente est la suivante : la dérivée
de la fonction strictement convexe z — \x|4/ 3 est x> /3,

Idée de la démonstration de la Proposition 8.2.4. Se donnant un poids p (& choisir plus
tard), yo € L*3(Q) et € > 0, introduisons la fonctionnelle :

3

_ 3 4
Vh € LY3(qp), Jo(h) = 1 /(0 . p(t, )43 |3 dtdx + = ly(T, .)]\L/43}3(Q),
T Xw

ou y est la solution de (Heat) avec donnée initiale yq et controle h.

On voit aisément que J. est une fonctionnelle de classe C!, strictement convexe et
coercive sur 'espace réflexif LY/ 3(qr) donc elle posséde un unique minimum h.. Appelons
Ye la solution de (Heat) associée a ce controle h.. Par I’équation d’Euler-Lagrange, on a
que pour tout h € LY3(q7),

/ p(t,2)~Y3h B hdtdr + 1/ ye (T, )3y(T,.) = 0, (8.6)
(0,T)xw € Ja

ou y est la solution de (Heat) avec donnée initiale nulle et controle h.
Par un argument de dualité entre y et ¢. définie comme la solution de (HeatAd))
avec donnée initiale au temps t = T, . (T,.) = —y(T,.)"/3 /e, on a

/ y(T, )pe(T, ) = / he,

Q (0,T)xw

1

[Py = [ he
€Jo (0,T)xw

ce qui donne grace a (8.6) :
/ weh = / p(t,z)~3h}3h, vh e LY3(qr).
(0,T)xXw (0,T)xw
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D’ot, on trouve

hY® = p(t,2) g1, (8.7)

En utilisant (8.7) et un nouvel argument de dualité entre y. et ¢, on a

/Q y(T, )0 (T, ) = /Q w02+ [ heg.

(0,T)xw

1
== llye (T, )||if;3 —/yo(fﬁ)%(ow)dﬂﬁL/ p(t,x)* e, (8.8)
€ Q (0,T)xw

Par une inégalité de type Carleman L* (celle-ci restant & établir) appliquée & ., on
trouve

loe0 My <€ oleel (89)
D’ou, en utilisant (8.8), (8.9) et I'inégalité de Young, on a
1 4/3 1, 114/3 4/3
] A Py N [ o] ) AT (8.10)

Grace a (8.7) et a Iéquation satisfaite par ., on montre, par des arguments de
type : régularité maximale dans les espaces LP (voir Proposition A.6.2), régularité maxi-
male dans les espaces de Holder (voir Proposition A.6.4) et injections de Sobolev (voir
Lemme A.6.3), que pour a > 0,

|n
Il reste enfin & passer a la limite dans (8.10) et (8.11) en invoquant le théoréme d’Ascoli
pour conclure la preuve de la Proposition 8.2.4. O

1/3
Cl+a, 2+20(Q ) C||yO”L4/‘3(Q (811)

1/3‘

£

Ainsi, la preuve de la Proposition 8.2.4 est valide si 'on arrive a démontrer une
inégalité de Carleman L* qui méne en particulier a (8.9). En fait, & partir de I'inégalité
de Carleman L? préalablement établie, c’est-a-dire du Théoréme 3.4.3, et un argument
de bootstrap, on peut déduire une inégalité de Carleman L* (voir | , Theorem 4.4]).

Remarque 8.2.5. La fonction 1,, dans (8.7) semble poser des problémes de régularité
a priori, c’est pourquoi il faut en réalité adapter le raisonnement précédent en cherchant
des controles sous la forme Ay ou x est une fonction réguliére de troncature en espace a
support localisé dans w.

8.3 Nouveau résultat de controlabilité locale & zéro en temps
petit pour des systémes de réaction-diffusion & couplage
impair

Le but de cette partie est de généraliser le Théoréme 8.2.2 & des systémes de réaction-
diffusion plus généraux (voir | , Theorem 2.8]).
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Théoréme 8.3.1. Soit k € N. Soit (g1, g2) € C°(R;R)? tels que

91(0) = g1(0) = --- = g (0) = 0 et ¢ (0) £ 0,
g2(0) # 0.

Soit fi € C®(R%R), fo € C®(R?%;R) tels que

Y(u,v) € R, £1(0,v) =0, fa(u,v) = g1(u)ga(v).

Alors, le systéeme (8.1) est localement controlable a zéro.

La preuve du Théoréme 8.3.1 s’appuie sur la méthode du retour énoncée en Théo-
réme 6.2.1. Il reste donc a démontrer I'existence d’une trajectoire non triviale du systéme
(8.1) qui part de ((0,0),0) et qui retourne en ((0,0),0). La construction de cette trajec-
toire s’appuie notamment sur la Proposition 8.2.4. On suppose que k = 1 pour simplifier
la présentation.

Grandes lignes de la construction de la trajectoire. Premiérement, on remarque que fo
se comporte comme une fonction cube en la variable u prés de 0, au sens ot

Fa(u,v) = G1° (u)ga (), (8.12)

avec g1, un C* difféomorphisme local d’un voisinage de 0 dans un voisinage de 0 tel que
91(0) = 0.
On construit la trajectoire en deux étapes.

Premiére partie de la trajectoire. On se donne w1 non identiquement nulle régu-
liere & support dans (0,7'/2) x w. On définit 77 a l'aide de uy en résolvant le probléme
de Cauchy

o1 — At = fo(ur, v1), 71(0,.) = 0.

On définit alors o
hy := Oy — Auy — f1(ur, 01),

qui est bien supporté dans (0,7/2) X w.

Seconde partie de la tractoire : retour a (0,0). On sait, par la Proposition 8.2.4,
qu’on peut trouver un contrdle H a support dans (7'/2,T) x w de racine cubique réguliére
telle que la solution 73 associée satisfait

0ivg — Ay = H, (@(T/Z ')7@(T7‘)) = (W(T/Z),O).

En utilisant (8.12), on peut alors définir

el (@i))l/g) '
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On peut vérifier que ug est réguliére et & support dans (7'/2,T) X w. Finalement, on pose
hy = Oyuz — Az — fi(uz,02),
qui est bien supporté dans (7/2,T) X w.

Le recollement des deux trajectoires fournit alors une trajectoire partant de ((0,0),0)
et allant a ((0,0),0) telle que
df2

%(Uilfl)il) >e> 0 sur (T/8,3T/8) X wo,

pour € > 0 suffisamment petit et wg contenu dans w. O

8.4 Perspectives et problémes ouverts

Une premiére perspective de recherche pourrait étre le calcul numérique du controle
que 'on construit dans la preuve du Théoréme 8.2.2. En effet, on rappelle que la construc-
tion de ce controle passe par deux étapes : la construction d’un contréle amenant la
premiére composante du systéme (Power) a zéro, puis la construction d’un controle cu-
bique (si n = 3) amenant la seconde composante a zéro. Ces deux étapes de construction
peuvent s’obtenir par une méthode de dualité pénalisée : I'une dans un cadre L? (voir
la seconde preuve du Théoréme 5.2.1), 'autre dans un cadre LA/3 (voir la preuve de la
Proposition 8.2.4). Ainsi, les idées présentes dans les articles | I, | |, | ],
| | pourraient s’adapter pour l’approximation numérique des controles amenant a
zéro le systéme (Power).

Un probléme intéressant, qui généraliserait le résultat du Théoréme 8.2.2, serait le
suivant.

Probléme ouvert 8.4.1. Soit n un entier plus grand que 2 et ky,...,k,—1 € N. On
considére le probléme de contréle de type cascade non linéaire suivant

( Oyu1 — Auq = hl,, dans Qr,
Opug — Aug = u%kﬁ_l dans Qr,
: (8.13)
Oy, — AUy, = uik_"l‘lﬂ dans Qr,
U=0 sur X7,
U(,.) =Uy dans €.

Le systéme (8.13) est-il globalement controlable a zéro dans L>°(Q2)™?

Rappelons que le cas n = 2 est entiérement traité par le Théoréme 8.2.2. Pour le cas
n =3, et ky = ko = 1, on peut montrer que le systéme (8.13) est globalement controlable
a zéro par la méthode du retour et un argument d’homogénéité (voir | D).
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Chapitre 9

Controlabilité globale a zéro et a
états positifs d’équations de la
chaleur faiblement non linéaires

Le but de cette partie est de présenter les nouveaux résultats de controlabilité obtenus
dans larticle | | pour 'équation de la chaleur semilinéaire

oy — Ay + f(y) = hl, dans Qr,
y=20 sur X, (9.1)
y(0,.) = yo dans Q,

ot f € C1(R;R) est telle que £(0) = 0 et f satisfait une condition de croissance a I'infini
du type
f(s)

[s[log® (1 + |s])

Nous commengons par rappeler en Section 9.1, Section 9.2, Section 9.3, Section 9.4,
Section 9.5 les principaux résultats de controlabilité déja connus pour I'équation (9.1).

En Section 9.6 (voir Théoréme 9.6.2), nous présentons un premier nouveau résultat
issu de | ]. C’est un résultat de controlabilité globale en temps petit & états positifs
pour I'équation (9.1) sous certaines hypothéses sur la fonction f. La preuve de ce dernier
résultat est reportée en Section 9.8. Elle est basée sur une estimation fine du coit de
controle & états positifs pour I’équation de la chaleur avec potentiel énoncée en Théo-
réme 9.8.1. Cette estimation repose sur une estimation fine de la constante d’observabilité
de I'équation de la chaleur avec potentiel pour des données initiales & valeurs positives
établie en Théoréme 9.8.3, grace a une nouvelle inégalité L' (voir Théoréme 9.8.5). En
comparant avec les résultats déja connus de la littérature, on montre 'optimalité de ce
résultat selon que le paramétre a de (9.2) est plus petit ou plus grand que 2.

Le Théoréme 9.6.2 nous permet d’établir en Section 9.7 un nouveau résultat de contro-
labilité globale en temps long (uniforme) & zéro pour I’équation (9.1) sous certaines hy-
potheéses sur la fonction f (voir Théoréme 9.7.1). La preuve de ce dernier résultat passe

Ja > 0, — 0 quand |s| = +o0. (9.2)
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par trois étapes de controles : amener & un état positif pour éviter ’explosion vers le bas
grace au Théoréme 9.6.2, laisser dissiper en profitant de la dissipation de la fonction f
sur R, controler localement & zéro grace au Théoréme 5.3.1. En comparant & nouveau
avec les résultats déja connus de la littérature, on montre 'optimalité de ce résultat selon
que le parameétre o de (9.2) est plus petit ou plus grand que 2.

9.1 Explosion sans controle

Dans cette Section 9.1, on considére (9.1) avec h = 0, et on remplace f par —f pour
simplifier la présentation, c’est-a-dire qu’on a

Oy — Ay = f(y) dans Qr,
y=20 sur X, (9.3)
y(0,.) = yo dans .

Le résultat suivant montre que sans controle il y a explosion en temps fini pour (9.1).

Proposition 9.1.1. On suppose que f est une fonction convezxe et f(s) > 0 pour s > 0.
On suppose également que la condition d’Osgood :

Too ds
/1 O] < o0, (9.4)

est vérifiée. Alors, pour tout T > 0, il existe une donnée initiale yo € L>°(Q) telle que la
solution mazximale de (9.3) avec h =0 explose en T* < T

Démonstration. Soit ¢ la premiére fonction propre, associée & la premiére valeur propre
A1 > 0de (A, H2N H(9)), que 'on suppose de masse normalisée & 1. On pose u(t) =
Joy(t, x)e1(x)dz. En multipliant (9.3) par ¢ et en intégrant en espace, on déduit par
intégrations par parties et par I'inégalité de Jensen

u’:/Qytgolda::/QyAgoldx%—/Qf(y)cpldx2 —\u+ f(u).

Comme f est convexe et qu’on a (9.4), on montre qu'il existe C' > 0 tel que f(s) > 2A1s
pour s > C'. Ainsi, si la donnée initiale yq est choisie telle que u(0) > C, on a alors

W fu) = > 5 f(w)

t UI(T) __ U(t)ﬁ +00£ -
tﬂgéfwmﬂ'iﬂmﬂﬁgl@f@<+'

On en déduit alors une borne sur le temps maximal 7% d’existence de la solution, cette
borne tendant vers 0 quand u(0) — 400, d’ou la conclusion de la preuve. ]

d’ou

Remarque 9.1.2. La condition de convexité de la Proposition 9.1.1 peut étre rem-
placée par I'hypothése f(s) > f(s) pour s grand et f satisfaisant les hypothéses de la
proposition. Ainsi, pour des non linéarités presque linéaires, typiquement pour f(s) =

slogP(1 + |s|) avec p > 1, la Proposition 9.1.1 montre qu’il y a explosion.
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9.2 Controlabilité globale a zéro en temps petit malgré ’ex-
plosion

Nous avons vu dans le Théoréme 5.4.2 qu’on peut en fait lutter contre I'explosion et
méme faire beaucoup mieux : on peut controler globalement en temps petit I’équation
de la chaleur semilinéaire (9.1) sous ’hypothése que f vérifie la condition asymptotique
(9.2) avec o < 3/2.

9.3 Explosion quel que soit le controle

En fait, le résultat du Théoréme 5.4.2 est trés sensible au paramétre a de (9.2) puisque
nous avons le résultat suivant (voir | , Theorem 1.1]).

Théoréme 9.3.1. On pose f(s) := f0|5| logP(1 + o)do avec p > 2 et on suppose que
Q\ @ # 0. Alors pour tout T > 0, il existe une donnée initiale yo € L*(Q2) telle que,
quel que soit le controle h € L>®(qr), la solution mazimale y de l’équation de la chaleur
semilinéaire (9.1) explose en un temps T < T.

Remarque 9.3.2. Une telle fonction f satisfait (9.2) pour tout a > p car |f(s)| ~
|s| log?(1+|s|) quand |s| — +oo. Ainsi, le Théoréme 9.3.1 montre que pour certaines non
linéarités satisfaisant (9.2) pour a > 2, I’équation (9.1) n’est pas globalement controlable
a zéro pour tout temps 7' > 0.

La preuve du Théoréme 9.3.1 s’appuie sur une analyse similaire a celle faite dans la
preuve de la Proposition 9.1.1. Le point difficile étant que pour ne plus voir I'influence du
contréle, il va falloir multiplier non plus par une fonction propre mais par une troncature
en espace convenablement choisie et localisée hors de la zone de controle.

Idée de la preuve du Théoréme 9.5.1. On introduit une fonction de troncature en espace
p réguliére telle que

p =0 dans w, / p(x)dx = 1.
Q

Soit yg € L>°(2), h € L*>®(qr) et y la solution maximale associée de (9.1). On multiplie
I’équation (9.1) par p et on intégre sur 2. Au regard du support de p, on a alors, posant

u(t) = — [y(t, x)p(x)dz,
—u’z/Ayp—/f(y)p,
Q Q

et donc par intégrations par parties et par parité de la fonction f,

W= /Q yAp+ /Q F(lyDp- (9.5)

Comme f est convexe, on peut introduire la fonction conjuguée de f, définie de la maniére
suivante :

Vs € R, f*(s) =sup(as — f(a)).
a€R
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Supposons pour le moment qu’on ait réussi & choisir la fonction p telle que

C = /Qf* (2‘?[)0 pdr < 400. (9.6)

Alors, par I'inégalité de Young,

A
/yApdw S/ y\’p‘pdw
Q Q P

1 1 2A
2/Qf(!yl)pdw+2/9f* (pp> pdx
/yApd:c
Q

1 C
<5 [ Flbpds + 5. (9.7)
Q
Ainsi, en rassemblant (9.5) et (9.7), on en déduit que

IN

c 1
/
> —— 4+ =
u =z 9 2/9f(|y|)ﬁ’dl‘7

puis par l'inégalité de Jensen et la parité de la fonction f, on aboutit a I'inéquation
différentielle
O 1)
5 .

T

On conclut alors comme dans la preuve de la Proposition 9.1.1.

u >

Il reste donc & montrer qu’on peut choisir une fonction p telle que (9.6) soit vérifiée.
Ceci est rendu possible si p > 2 en exploitant le caractére asymptotique de f* au voisinage
de 400 et en recherchant des fonctions p(z) = exp(—(r — |z|)™™) o r > 0 est tel que
B(0,r) C Q\ @ (quitte a translater) et m est & choisir convenablement en fonction de p
(voir les détails dans la preuve du | , Theorem 1.1]). O

9.4 Cas dissipatif : controlabilité globale en temps long

Quand la non linéarité f est dissipative, c’est-a-dire quand f(s)s > 0 par exemple,
alors se donnant yy € L>(2) (et h = 0), la solution associée de 1’équation de la chaleur
semilinéaire (9.1) converge dans L*(€2) vers 0. Or, par contrdlabilité locale & zéro de
I’équation de la chaleur semilinéaire (voir Théoréme 5.3.1), on en déduit que, si la solution
s’est rapprochée suffisamment de 0, on peut trouver un contréle qui I’y améne exactement.
Ainsi, le précédent raisonnement montre qu’on peut amener toute donnée initiale a 0 en
un temps suffisamment grand (qui dépend de la taille de la condition initiale a priori).
On montre en fait dans le prochain résultat que pour certaines non linéarités, le temps
de controle a zéro peut étre rendu uniforme par rapport & la donnée initiale. Ce type
d’argument a déja utilisé par Jean-Michel Coron dans le contexte de I’équation de Burgers
(voir | , Theorem 8§]).
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Théoréme 9.4.1. On suppose que f(s) > 0 pour s > 0 et f(s) < 0 pour s < 0. En
particulier, la non linéarité est dissipative. On suppose de plus que la condition d’Osgood
(9.4) est vérifiée au voisinage de +0o0. Alors il existe T > 0 suffisamment grand tel que
pour tout yo € L>(R), il existe h € L™ (qr) tel que la solution y de ’équation de la
chaleur semilinéaire (9.1) vérifie y(T,.) = 0.

Démonstration. Soit yo € L*°(Q). La preuve s’effectue en deux étapes.

Etape 1 : Laisser dissiper. On pose h; = 0 sur (0,7*) avec T* > 0 a fixer plus
tard. On a alors par principe de comparaison que

YVt € [0,T7], pp.- ¢ € Q, v_(t) < y(t,z) < vy(t), (9.8)

ol vy est I'unique solution de ’équation différentielle ordinaire

v (t) = —f(ve(t)) dans (0, +00),
(9.9)
02(0) = % (11yo | oy + 1)
Etudions le comportement asymptotique de v,.. Un calcul simple montre que
Yt € [0, 400), v(t) >0 et F(vy(t)) — F(v4(0)) =t (9.10)
ou F est définie de la maniére suivante
s -1 +oo 1
Vs >0, F(s) = ——do = / —do. (9.11)
oo [(0) s [flo)

Notez que F est bien définie car f(o) > O pouro > 0et 1/f € L'([1,+00)) par hypothése.
On vérifie que F est une fonction C! strictement décroissante. De plus, 1/f ¢ L*((0,1])
car f € CY(R;R) et f(0) = 0. D’oi1, nous avons par (9.11)

lim F(s) =4oc0et lim F(s)=0. (9.12)

s—0t s§—+0o0

Donc, on en déduit que F : (0,+00) — (0,+00) est un C'-diffeomorphisme. Notons
F~1:(0,4+00) — (0,+00) son inverse, qui est elle aussi strictement décroissante. Alors,
par (9.10), on a

Vt € [0, +00), vy(t) = F7L(t+ F(vy(0) < F7(t). (9.13)

L’estimation (9.13) est le point clef car elle nous permet de majorer vy par une fonction
indépendante de la taille de v4(0). Or, on a

F7L(t) = 0 quand t — 400, (9.14)

en utilisant (9.12).
Soit 0 > 0 tel que la controlabilité & zéro de (9.1) ait lieu dans Bpe()(0,9) au temps
T = 1. L’existence de § est garantie par le théoréme de controlabilité locale de I’équation
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de la chaleur semilinéaire : Théoréme 5.3.1.
Par (9.14), on pose alors T* suffisamment grand pour avoir

FHT*) <6, (9.15)

Finalement, en utilisant (9.8), (9.13), (9.15) et en effectuant un raisonnement similaire
pour v_, on a

pp.-z€Q, ly(T*, x)| <. (9.16)

Etape 2 : Controlabilité locale. Par controlabilité locale et (9.16), on en déduit
qu’il existe hg défini sur (7%, 7* + 1) qui améne la solution y & zéro au temps t = T* + 1.

Le controle h = 0 sur (0,7%) et h = hg sur (T*,T* + 1) améne ainsi la solution de
(9.1) & zéro au temps t = T™ + 1. Il est a noter que T 4+ 1 ne dépend pas de yo. O

9.5 Cas dissipatif : controlabilité globale en temps petit im-
possible

Le résultat suivant, énoncé sans preuve, montre qu’on ne peut guére espérer mieux
qu’un résultat de controle en temps long dans le cas dissipatif (voir | , Theorem 3|).

Yo

~ Contrdle local qui amene a zéro

Ny
/" t

PR Controle local qui amene a zéro

FIGURE 9.1 — Illustration de la preuve du Théoréme 9.4.1
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Théoréme 9.5.1. On pose f(s) := slogP(1+|s|) avec p > 2 et on suppose que Q\w # 0.
Alors, il existe xg € Q\w, Ty € (0,1) tels que pour tout T € (0,Tp), il existe une donnée
initiale yo € L*°(Q) telle que, quel que soit le controle h € L*®(qr), la solution y de
léquation de la chaleur semilinéaire (9.1) satisfait y(T', zo) < 0.

Remarque 9.5.2. En particulier, pour un tel f comme dans le Théoréme 9.5.1, (9.1)
n’est pas globalement controélable en temps petit. Le Théoréme 9.5.1 est di & une majo-
ration ponctuelle de y, solution de (9.1), qui est indépendante du controéle h. Celle-ci est
obtenue en construisant des sur-solutions appropriées.

9.6 Nouveau résultat de controlabilité globale a états posi-
tifs en temps petit malgré I’explosion

On introduit une nouvelle notion de controlabilité.

Définition 9.6.1. Soit 7' > 0. L’équation de la chaleur semilinéaire (9.1) est globalement
positivement contrélable (respectivement globalement négativement contrélable) au temps
T si pour tout yo € L*°(Q2), il existe h € L*(qr) tel que la solution y de (9.1) satisfait :

y(T,.) >0 (respectivement y(T,.) < 0). (9.17)

Voici le premier nouveau résultat que 1’on a obtenu pour (9.1) (voir | , Theorem
2.9)).

Théoréme 9.6.2. On suppose que f vérifie la condition asymptotique (9.2) pour
a < 2et f(s) >0 pour s > 0 (respectivement f(s) < 0 pour s < 0). Alors, pour
tout T > 0, l’équation de la chaleur semilinéaire (9.1) est globalement positivement
controlable (respectivement négativement contrélable) au temps T

Remarque 9.6.3. Le Théoréme 9.6.2 est presque optimal puisqu’il n’est pas vérifié pour
a > 2 grace au Théoréme 9.5.1. Le cas oi |f(s)] ~ |s|log?(1 + |s|) quand |s| — 400 est
ouvert.

Remarque 9.6.4. Le Théoréme 9.6.2 ne traite pas le cas f(s) = —slogP(1 + |s|) avec
p < 2 a cause de la condition de signe.

Nous donnons les idées de la preuve du Théoréme 9.6.2 dans la Section 9.8.

9.7 Nouveau résultat de controlabilité globale & zéro en
temps long malgré I’explosion

Notre deuxiéme nouveau résultat est le suivant (voir | , Theorem 2.5]).
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Théoréme 9.7.1. On suppose que f vérifie la condition asymptotique (9.2) pour
a <2, f(s) >0 pour s > 0 (respectivement f(s) < 0 pour s < 0) et la condition
d’Osgood (9.4) est vérifiée au voisinage de 400 (respectivement au voisinage de —o0 ).
Alors il existe T > 0 suffisamment grand tel que I’équation de la chaleur semilinéaire
(9.1) est globalement contrélable a zéro au temps T'.

Remarque 9.7.2. Le Théoréme 9.7.1 prouve que le Théoréme 9.3.1 est presque optimal.
En effet, prenons f(s) = folsl log?(1 + o)do avec p < 2, alors par le Théoréme 9.7.1, il
existe T' suffisamment grand tel que (9.1) est globalement contrdlable au temps 7. En
particulier, on peut trouver un controle localisé qui empéche 'explosion. Le cas f(s) =

f0‘5| log?(1 + o)do est laissé ouvert.

Remarque 9.7.3. Le Théoréme 9.7.1 ne traite pas le cas f(s) = —slogP(1 + |s|) avec
p < 2 en raison de la condition de signe.

Remarque 9.7.4. La controlabilité a zéro en temps petit de (9.1) reste ouverte quand
(9.2) a lieu pour 3/2 < a < 2.

Passons a la preuve du Théoréme 9.7.1.

Démonstration. Soit yo € L*°(). La preuve s’effectue en trois étapes que nous allons
résumer ici car elle suit de maniére trés proche le raisonnement de la preuve du Théo-
réme 9.4.1.

Etape 1 : Chauffer trés fort. Par le Théoréme 9.6.2, on sait que 'on peut amener
7o & un état positif au moyen d’un controle ki au temps t = 1 par exemple.

Etape 2 : Laisser refroidir. On pose hy = 0 sur (1,7*) ou T > 0 sera fixé plus
tard. Par principe de comparaison, on démontre que

YVt e [1,T7], pp.- z € Q, 0 <y(t,z) <vp(t),
ol vy est I'unique solution de

{ v (t) = —f(v4 (1)) dans (1, +00),
v4 (1) =+ [|yoll o) + 1

Puis, on montre de maniére similaire que
Vt € [1,4+00), v4(t) < G(t) — 0 quand t — +o0,
ou (G est indépendante de yy. On en déduit que
pp.x€Q, 0<y(T* z) <4,

ot § > 0 est tel que la controlabilité locale de (9.1) ait lieu dans Bre(q)(0,d) au temps
t=1.
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Etape 3 : Controlabilité locale. Par controlabilité locale, on en déduit qu’il existe
hs défini sur (T, T* 4+ 1) qui améne la solution y & zéro au temps t = T 4 1.

Le controle h = hy sur (0,1), h = 0sur (1,7*) et h = hg sur (T, T* + 1) améne ainsi
la solution de (9.1) & zéro au temps t = T + 1. Il est a noter que T + 1 ne dépend pas
de yp. O

9.8 Estimations optimales d’observabilité pour 1’équation
de la chaleur avec potentiel

La preuve du théoréme de controélabilité globale & états positifs en temps petit, i.e. le
Théoréme 9.6.2, est basée sur le nouveau résultat suivant, qui est un résultat de controéle
(avec estimation fine du coiit) a états positifs pour I’équation de la chaleur avec potentiel
a€ L>®Qr) :

Oy — Ay + a(t,x)y = hl, dans Qr,
y=20 sur X, (9.18)
y(0,.) = yo dans Q.

Yo

Laisser refroidir

W [

Controle local qui améne a zéro

Controle qui améne/a un état positif : chauffer

FIGURE 9.2 — Illustration de la preuve du Théoréme 9.7.1
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Théoréme 9.8.1. Pour tout T > 0, (9.18) est globalement positivement contrélable
au temps T'. Plus précisément, pour tout T' > 0, il existe C = C(Q,w,T,a) > 0, avec

1
C(Q,w,T, a) = exp <C(Q,OJ) (1 + T + 7T HGHLOO(QT) + ”CLHE/‘XQD(QT)>> (919)

tel que pour tout yo € L*(Q), il eviste h € L>=(qr) tel que
12l oo g7y < CE, w0, T a) [lyoll L2y » (9.20)
et la solution y de (9.18) satisfait

y(T,.) = 0. (9.21)

Pour démontrer le Théoréme 9.6.2 a partir du Théoréme 9.8.1, il suffit d’adapter les
arguments de la preuve du théoréme de contrélabilité globale & zéro en temps petit de
I’équation de la chaleur faiblement non linéaire, i.e. le Théoréme 5.4.2, et d’utiliser la

dissipation de f sur RT.

Remarque 9.8.2. On sait déja que (9.18) est globalement positivement controlable au
temps T car elle est globalement controlable & zéro au temps T' (voir le Théoréme 3.5.1),
mais le plus intéressant est le cotit de contréle donné dans le Théoréme 9.8.1. En particu-

lier, 'exposant 1/2 du terme HaHlL/i(QT) est le point clef pour prouver le Théoréme 9.6.2

pour des non linéarités vérifiant (9.2) avec o < 2 = (1/2)7L.

La preuve du Théoréme 9.8.1 est une conséquence de l'inégalité d’observabilité sui-

vante pour le systéme adjoint

—0p — Ap+a(t,z)p =0 dans Qr,

=0 sur Yo, (9.22)

o(T,.) = er dans Q.

Théoréme 9.8.3. Pour tout T > 0, il existe C = C(Q,w,T,a) > 0 de la forme
(9.19) tel que pour o1 € L*(Q;RT) la solution ¢ de (9.22) satisfait

(0, M2y < € ( /0 ) / so2dmdt> : (9.23)

Remarque 9.8.4. Rappelons au passage que (9.23) est vérifiée avec C' de la forme

1 2/3
C(Q,w,T,a) = exp (C(Q,w) <1 tot T lall oo (@py + ||aHL/OO(QT))> (9.24)

pour tout ¢ € L?(£;R) d’aprés (3.24). L’exposant 2/3 du terme HaHQL/i(QT) est d’ailleurs

le point clef pour prouver le Théoréme 5.4.2. L’optimalité de I'exposant 2/3 a été prouvée
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par Thomas Duyckaerts, Xu Zhang et Enrique Zuazua pour des systémes d’au moins 2
équations paraboliques avec N > 2, N pair, N étant la dimension spatiale (voir | ,
Theorem 1.1] et aussi | , Theorem 5.2| pour les principales idées de la preuve). Le
Théoréme 9.8.3 montre qu’on peut en fait diminuer ’exposant 2/3 & I'exposant 1/2 pour
des données initiales (au temps ¢ = T') positives.

Reprenant les notations de la Section 3.4, la preuve du Théoréme 9.8.3 est basée sur
'estimation d’inspiration Carleman L' suivante.

Théoréme 9.8.5. Il existe deuzr constantes C := C(Q,w) > 0 et Cy := C1(Q,w) > 0,
telles que

VA1, Vs> s(\) = C(Qw) <T+ T2 42 ||a||§{j(QT)> , (9.25)
pour tout o1 € L2(;RT), la solution positive ¢ de (9.22) vérifie
/\/ esas§2n0q+/ e %%q < Cl)\/ e 5Ys€2qdxdt. (9.26)
Qr Qr (0,T)xw

Démonstration. Soit 1) = e *%p ou p est solution de (9.22) associée & une donnée initiale
o1 € L2(Q;RT).

On procéde comme dans la preuve de l'inégalité de Carleman L? établie pour le
Théoréme 3.4.3 : on regarde 1’équation satisfaite par ¢, on a :

My = gs.», (9.27)
ol on a défini
Mip = —2sXEVRO. V) + Otp + s N2 |Vn° 229 + Avp + sautp — alt, )1, (9.28)

et
gsx = g+ SAAR & + sA? [V P&y,

On multiplie (9.27) par n° et on intégre sur (0,7) x

/ PNV 220 — / NV V) + / @) + / (D)

:/ 3/\2|Vn0|2§¢770—f satwn0+/ a(t, z)yn° (9.29)
QT QT T
+/ SAAR Em°.
Qr

En utilisant la propriété du poids 7° : (3.13), on a

/ 82)\2|vn0‘2€2,¢770 > C/ S2>\2€2¢T]0 o C/ 32)\2521/1770. (930)
Qr

Qr (0,T)xw
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En combinant (9.29) et (9.30), on a

¢ / g - /Q 28XV T / @) + / (D)

< [ onwnPent + [ sladun®+ [ Jattoon’ 9.31)
T Qr Qr
AR 0 2326200
+/QTS |An"[§m +C/(O’T)st §5m
On a de plus les intégrations par parties suivantes
S R N e e i R
T T =0
| @ = [ 0w - vo.) =0 (9.33)
r Q
[ @ = [ var. (9.34)
Qr Qr

De (9.31), (9.32), (9.33), (9.34) et des propriétés de n°, on déduit
c / $2N2%n° + 2¢ / SAEY
T Qr

< / SNV 20 + / slaulin® + / lat, ) [n°
. Qr Qr (9.35)

+3 / AAPlewn® +2 [ sAVEIVlon® + / | A
Qr Qr Qr

+e $2N2e%n° + 2¢ / SAE.
(0, T)xw (0, T)xw

En utilisant les estimations du Lemme 3.4.2, les cinq premiers termes du membre de

droite (9.35) peuvent étre absorbés par le premier terme de gauche si s > s; comme

défini en (9.25). Le sixiéme terme du membre de droite de (9.35) peut étre absorbé par

le second terme de gauche si s > C(,w)T?. Les deux derniers termes du membre de

droite de (9.35) sont plus petits que f(o,T)Xw $2N262 si s > O(Q,w)T2. Ce qui méne a

| osxgors [ aezo [ v

Qr Qr (0,T)xw

et donc a (9.26) en divisant par sA. O
De la méme maniére, on démontre dans | | une estimation fine du coit de

controle pour les systémes

Oy — Ay + B(t,z).Vy = hl, dans Qp,
y=20 sur X, (9.36)
y(0,.) = o dans Q,
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oit B € L=(Qr)N. En effet, nous démontrons le nouveau résultat suivant.

Théoréme 9.8.6. Pour tout T > 0, (9.36) est globalement positivement contrélable
au temps T avec un cott de contréle de la forme

1
C(Q,w, T, B) = exp (C(Q,w) (1 tn+T 1Bl 7o (@ryv + HBHLOO(QT)N)> - (9.37)

Le Théoréme 9.8.6 repose sur une amélioration de la quantification de la constante
d’observabilité pour 1’équation

O — Ap — V.(B(t,x)g) =0 dans Qr,
=0 sur Y, (9.38)
o(T,.) =¢r dans Q.

qui est de l'ordre de C'(2,w, T, B) comme dans (9.37) pour des données initiales ¢r €
L2(2;RY). Il est & noter que pour @7 € L?(2;R), la meilleure estimation de la constante
d’observabilité pour (9.38) connue a ce jour (voir | |) est

1 2
O80T ) = exp (@) (14 1+ 1+ T) Bl g0 ) ).

9.9 Perspectives et problémes ouverts

Une premiére piste de recherche pourrait étre de voir dans quelle mesure ’approxi-
mation numeérique des contrdles amenant a zéro les solutions de (9.1) en temps petit
dans | | peut étre adaptée pour calculer les controles amenant & un état positif les
solutions de (9.1) en temps petit.

9.9.1 Non linéarités dépendant du gradient de I’état

On peut également se demander dans quelle mesure les résultats du Théoréme 9.6.2
et du Théoréme 9.7.1 peuvent étre étendus a des non linéarités F'(y, Vy). Pour simplifier
la discussion, on suppose que F' dépend seulement du gradient de I’état, c’est-a-dire qu’on
considére I’équation non linéaire suivante :

oy — Ay + F(Vy) = hl, dans Qr,
y=0 sur X, (9.39)
y(0,.) = wo dans €2,

ot F' € CY(RN;R) vérifie F(0) = 0.
Nous disposons du résultat suivant de controlabilité globale & zéro (voir | ,
Theorem 1.1]).

Théoréme 9.9.1. On suppose que (9.2) est vérifiée pour o < 1/2. Alors, pour tout
T >0, (9.39) est globalement controlable a zéro au temps T.
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On a également le résultat (négatif) suivant (voir | , Theorem 4.2]).

Théoréme 9.9.2. [l existe ' satisfaisant F'(Vy) ~ |Vy|logP(1 + |Vy|) quand |Vy| —
+o0 avec p > 1 tel que pour tout v > 0, il emiste yo € L= (Q) avec [[yol|poo () = 7 tel
que pour tout controle h € L*(qr), la solution y de (9.39) satisfait y(t,.) # 0 pour tout
t < Cor, ou Cy = Co(Q,w, F). En particulier, le systéme (9.39) n’est pas globalement
controlable a zéro pour tout T > 0.

Remarque 9.9.3. Comme déja mentionné dans la | , Remark 4.5|, il y a une marge
entre le Théoréme 9.9.1 et le Théoréme 9.9.2. Ce qui nous ameéne a la question suivante :
que peut-on dire des semilinéarités satisfaisant (9.2) pour a € (1/2,1]? Une bonne stra-
tégie pour répondre (partiellement) a cette question pourrait étre de partir de la nouvelle
estimation de cotit du Théoréme 9.8.6. Une des difficultés a résoudre serait alors I'adap-
tation de 'argument employé dans ’étape 2 de la preuve du Théoréme 9.7.1. En effet,
pour des non linéarités dépendant du gradient de 1’état, la comparaison de la solution
libre & la solution d’une équation différentielle n’est plus possible.

9.9.2 Conjecture de Landis et estimations optimales d’observabilité
pour I’équation de la chaleur avec potentiel

Dans un premier temps, rappelons dans quel sens 'optimalité de 'inégalité d’obser-
vabilité de 1’équation de la chaleur avec potentiel mentionnée en Remarque 9.8.4 a été
prouvée par Thomas Duyckaertz, Xu Zhang et Enrique Zuazua (voir | , Theorem
1.1]).

Théoréme 9.9.4. On suppose que la dimension spatiale N > 2 est paire et que le nombre
d’équations du systéme parabolique est n > 2. Alors il existe ¢ > 0, > 0, une famille de
potentiels (matriciels) (Ar)r>o tels que

”ARHLOO(Q;(Can) — 400, quand R — —+00,

et une famille (o1 R) >0 de données initiales dans L?(Q)™ telle que la famille de solutions

PR de
—0ipr — Apr + Ar(z)pr =0 dans Qr,

or=0 sur X, (9.40)
or(T,.) = ¢1.R dans Q,

satisfait

2
vr(0,. n
lim { inf 2” 5 ( )Q”(Q) = 400, (9.41)
R—+oo | T€l, exp (C ||ARHLO<>(Q)> fO fw ]@R(t,x)|2dtdx
. -1/3
oul, = (O,M HARHLoo/(Q)]
On redonne idée de la preuve du Théoréme 9.9.4 (voir | , Section 5.2|).
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Idée de preuve du Théoreme 9.9.4. Pour simplifier la présentation, on se concentre sur le
cas N =2etn=2.
La preuve est basée sur le résultat suivant di a Viktor Meshkov (voir | ).

Théoréme 9.9.5. Il existe un potentiel a valeur complexe non nul q = q(x) et une
solution & valeur complexe non nulle uw = u(z) de

Au = g(z)u, dans R?,
et qui satisfait la propriété de décroissance
Vo € R, Ju(@)] < Cexp(—[af /%),
pour une certaine constante C' > 0.

Etape 1 : Construction sur R". On se donne u et ¢ comme dans le Théoréme 9.9.5.
On pose
upr(z) = u(Rx), Ag(x) = R%*q(Rx).

On obtient alors une famille de potentiels (Ar)r>o et de solutions (ur)pr>o vérifiant
Aup = Ar(z)ug, dans R?
et
Ve € R?, |u(x)| < Cexp(—RY3|z|/3).
Ainsi, en posant g (t,x) = ug(x) pour (t,z) € (0,+00) x RY, on a
—dyhr — AYr + Artpr = 0 dans (0, +00) x R,

et
V(t, z) € (0,400) x R?, [¢g(t, )| < Cexp(—RY3|z|/3).

Etape 2 : Restriction a ). On suppose que w est contenu strictement dans 2.
Sans perte de généralité (par translation et changement d’échelle), on peut supposer que
B(0,1) c 2\ @.

Ainsi, la famille (¢g) préalablement construite est solution du probléme de Dirichlet
non homogéne suivant

_8twR — AwR + AR(JZ)wR =0 dans Qp,
{ ¢R = E€R sur ZT, (9'42)

ol eg = Ypr sur 0.
En utilisant le fait que w et 02 sont contenus dans le complémentaire de B(0,1), on
déduit que pour certaines constantes ¢, C' > 0 :

V(t,z) € (0,T) x w, |Yp(t,z)| < Cexp(—RY?),
V(t,z) € (0,T) x R, |ep(t,x)| < Cexp(—RY?),

(
(
19R(0, )72 ~ VRO, M72@yy = llurllfz@yy) = % lull72 @y = RLN» (
1ARI ey ~ |1 ARIIL~@ny = CR (
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On peut alors corriger la solution ¢ g pour qu’elle satisfasse un probléme de Dirichlet
homogéne. Pour cela on introduit

—Oipr — Apr + Ar(7)pr =0 dans Qr,
PR = €R sur X, (9.47)

pr(T,.) =0,
et on pose alors
YR =VR — PR-

Ainsi, par (9.42) et (9.47), (pr) est une famille de solutions du systéme parabolique
(9.40) avec potentiels Ar(x) = R%q(Rx).

Le caractére exponentiellement décroissant de la donnée de Dirichlet ep montre que
pr est exponentiellement décroissant. Cela nous permet de montrer que ¢gr satisfait
essentiellement les mémes propriétés que ¥ énoncées en (9.43), (9.44), (9.45), (9.46).
Ainsi, la famille (pgr) permet de conclure la preuve du Théoréme 9.9.4. O

La preuve précédente établit ainsi un lien entre l’existence de fonctions u € L>°(C;C)
et ¢ € L>(C;C), telles que Au = g(z)u, avec u décroissant plus qu’exponentiellement &
Vinfini : Vo € C, |u(z)| < Cexp(—|z|*?) et la quantification de I'inégalité d’observabilité
pour I’équation de la chaleur avec potentiel. Il est également démontré dans | | par
une inégalité de Carleman 'optimalité du Théoréme 9.9.5 au sens suivant.

Théoréme 9.9.6. Soit ¢ € L>°(C;C) et u € L*>°(C;C) solution de
Au = q(z)u, dans C,
et qui satisfait la propriété de décroissance
3C > 0,e >0, Yz € C, |u(z)] < Cexp(—|z[*/*+9).

Alors
u=0.

Historiquement, la construction de Viktor Meshkov du Théoréme 9.9.5 répondait &
une question de Evgenii Landis datant de la fin des années 60 (voir | |), appelée
dorénavant conjecture de Landis.

Probléme ouvert 9.9.7 (Conjecture de Landis). Si u satisfait
—Au+q(z)u=0 dans RY, (9.48)
avec ¢ € L®(RY) et u satisfait
3C >0, 3e >0, Vz € RY, |u(z)| < Cexp(—C|z|*T9), (9.49)

alors

0  dans RV, (9.50)

U

100



Cette conjecture a donc été niée par Victor Meshkov grace & son contre-exemple du
Théoréme 9.9.5 dans le cas complexe. Une forme quantitative des résultats de Viktor
Meshkov a par ailleurs été établie dans l'article de Jean Bourgain et Carlos Kenig (voir
| |) sur la résolution du probléme de localisation d’Anderson. La conjecture de Landis
a alors été remise au goiit du jour. Est-elle vraie si u et ¢ sont & valeurs réelles dans le
Probléme ouvert 9.9.7 (voir | N7

Le cas unidimensionnel N = 1 et radial a été démontré récemment par Luca Rossi
(voir | ]). Le cas w > 0 ou V > 0 a été démontré par Luca Rossi (voir | |) et
de maniére indépendante par Ari Arapostathis, Anus Biswas et Debdip Ganguly par des
outils probabilistes (voir | |). Mentionnons également ’article | | dans le cas
N =2 avec V > 0 et les papiers qui ont suivi, qui donnent une preuve quantitative de la
conjecture de Landis.

La preuve du Théoréme 9.9.4 établit donc un lien entre la conjecture de Landis et la
quantification de I'inégalité d’observabilité pour I’équation de la chaleur avec potentiel.

Ainsi, ayant démontré dans le Théoréme 9.8.3 que la constante d’observabilité pour
des données initiales a valeurs positives est de 'ordre

1
C(Q,w,T,a) =exp (C(Q w) <1 + = T +7T ||aHLoo(QT + ||aH1L/£(Q >>

on peut retrouver le résultat récent : la conjecture de Landis est vérifiée pour des fonc-
tions u & valeurs positives. En effet, il suffit de raisonner par I’absurde, i.e. de supposer
I'existence d’une fonction u positive non triviale vérifiant (9.48) et (9.49). Puis, en uti-
lisant les mémes arguments que dans la preuve du Théoréme 9.9.4, on peut alors nier
la quantification préalablement établie de la constante d’observabilité pour des données
initiales & valeurs positives. En fait, on peut également redémontrer de maniére directe la
conjecture de Landis dans le cas u > 0 en démontrant une inégalité d’inspiration Carle-
man elliptique L' similaire a celle établie dans le cas parabolique dans le Théoréme 9.8.5
(voir Annexe F).

On conjecture que l'inégalité d’observabilité (9.23) pour ’équation de la chaleur avec
potentiel réel (9.18) est vérifiée avec une constante C' de la forme

C(Qw,T,a) = exp <C(Q w) <1 + = T + T [lall poo(gp) + ||a||i/£(Q )>

pour tout ¢y € L?(Q;R). A part dans le cas unidimensionnel oi il est connu que le
résultat est vrai pour des potentiels a ne dépendant que de la variable d’espace (voir
| , Section 8.5]), ce probléme est largement ouvert. Ce type d’inégalité impliquerait
la conjecture de Landis (dans le cas réel) en raisonnant par 'absurde et en utilisant les
arguments de la preuve du Théoréme 9.9.5. Elle impliquerait également la controlabilité
globale a zéro en temps petit de ’équation (9.1) pour f satisfaisant (9.2) pour @ € (3/2,2].
C’est donc un probléme difficile a priori. De nouvelles idées doivent voir le jour pour le
résoudre.
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Chapitre 10

Controlabilité a zéro de systémes
linéaires parabolique-transport

Le but de ce chapitre est de présenter le travail, en cours de rédaction, fait en collabo-
ration avec Karine Beauchard et Armand Koenig. Nous nous intéressons a la controlabilité
a zéro de systémes linéaires parabolique-transport. Plus précisément, nous étudions

Ouf — BOyof + ADuf + K f = ul, dans (0,T) x T, g
£(0,2) = fo dans T, (Sys)

ol

— T > 0, T = R/(21Z), w est un ensemble non vide contenu dans T, d € N*
A, B, K € R¥xd

— l'état du systéme est f: [0,7] x T — RY,

— le controle du systéme est u : [0,7] x T — R?.

En Section 10.1, nous formulons les hypothéses sur les matrices A, B et K du sys-
téme (Sys) sous lesquelles nous allons travailler. En Section 10.2, nous énongons notre
principal résultat de controlabilité. Il permet de généraliser certains résultats de contro-
labilité concernant 1'équation des ondes avec amortissement structurel (voir Annexe G).
C’est également un des premiers résultats de controlabilité d’un systéme couplant une
dynamique parabolique avec une dynamique de transport. En Section 10.3, nous énon-
gons sans preuve les propriétés spectrales de 'opérateur associé au systéme (Sys), i.e.
—B0;; + A0, + K. Ces derniéres propriétés seront d’utilité constante dans la suite. Les
principaux points de la preuve du résultat négatif de controlabilité & zéro sont rassem-
blés en Section 10.5. Enfin, les principales étapes de la preuve du résultat positif de
controlabilité & zéro sont présentées en Section 10.6.
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10.1 Présentation du systéme et hypothéses

On suppose que

d=di+dyavec 1 <d; <d, 1<dy<d, (H.1)
_ 0 0 da xd2

B = (0 D) , avec DeR , (H.2)

R(Sp(D)) C (0,00). (H.3)

En introduisant la décomposition par blocs analogue des matrices A et K, de la fonction
f et du controle wu,

A= () =G ) o= (D) ven = (00).

on voit que le systéme (Sys) couple une équation de transport sur f; avec une équation
parabolique sur fs

(8t + Alax + Kll) f1 + (Algal- + Klg) f2 =uily dans (0, T) x T,
(@ — D&% + A990, + K22) fo+ (A218x + K21) f1 =wuol, dans (0, T) x T, (10.1)
(f1, f2)(0,.) = (f0,17f0,2) dans T.
On fait de plus I’hypothése suivante sur la matrice A’
A’ est diagonalisable avec Sp(4’) C R. (H.A4)

On peut démontrer avec de 'analyse de Fourier vectorielle et une analyse spectrale assez
fine que, pour toute donnée initiale fo € L?(T,C%) et pour tout controle u € L2((0,T) x
w, C%), il existe une unique solution f € C°([0,T], L*(T)%) de (Sys) (voir Annexe C).

10.2 Nouveau résultat de controlabilité

Notre principal résultat est le suivant.

Théoréme 10.2.1. On suppose (H.1)-(H.4). On définit

l(w) :=sup{|I|; I composante connexe de T \ w},

pre = min|ul; p € Sp(A")},
et

Uw) -
T = { Hox SZ. e > 07 (102)
400 st s = 0.

Alors
1. le systeme (Sys) n'est pas contrélable & zéro sur w en tout temps T < T,

2. le systéme (Sys) est controlable & zéro sur w en tout temps T > T*.
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En particulier, quand w est un intervalle de T et us, > 0, alors le temps minimal de
controlabilité est T = 2”#;*‘“‘

Le résultat négatif au temps T' < T™ est attendu en raison de la partie transport du
systéme (Sys) (voir la composante f; de (10.1)), mais la preuve n’est pas évidente. En
effet, en raison du couplage parabolique, il peut ne pas exister des solutions purement
transportées pour le systéme (Sys). Notre preuve est basée sur des techniques d’analyse
complexe dévelopées par Armand Koenig dans l'article | |.

La preuve du résultat positif, au temps 7" > T™* est basée sur une adaptation de la
stratégie employée par Gilles Lebeau et Enrique Zuazua pour le controle d’un systéme
linéaire de thermoélasticité (voir | D.

10.3 Analyse spectrale du systéme

Dans le but d’étudier (Sys), nous sommes ramenés a étudier 'opérateur

L:=—Bd,, + Ad, + K. (10.3)

Dans tout ce chapitre, nous appelons e, la fonction z — €. On remarque qu’en appli-
quant £ & de,, ot ¢ € C?, on obtient

L(pen) = n? (B + %A + ! > en. (10.4)

n?
Ainsi, en définissant F(z) la matrice perturbée
Vz € C, E(z) = B+ 24 - 2°K, (10.5)

on déduit que £ agit du coté Fourier comme la multiplication par n2E(i/n). Il nous faut
ainsi connaitre les valeurs propres et vecteurs propres de E(z). Ces propriétés spectrales
sont reliées a celles des matrices A et B d’apreés la théorie de la perturbation analytique en
dimension finie (voir | , Ch. II §1 and §2]). Pour les détails des prochaines preuves,
on renvoie & Annexe G.

Pour » > 0 et m € N*, on note O]"*™ l'’ensemble des fonctions holomorphes sur le
disque D(0,7) du plan complexe a valeurs dans C™*".

Proposition 10.3.1. [ existe > 0 et une fonction holomorphe a valeurs matricielles
Ph e Om*™ 4 valeurs matricielles telle que

; h _ (14, 0
(i) PH0) = (73 o),
(ii) pour tout |z| < r, P(2) est une projection qui commute avec E(z),

(iii) dans la limite z — 0, E(z)P"(z) = O(2).

Pour démontrer la Proposition 10.3.1, il suffit de définir P"(z) comme la somme des
projections sur les espaces caractéristiques de E(z) associées au « 0-groupe » de valeurs
propres parallélement aux autres espaces caractéristiques et d’utiliser la forme bloc de
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B, voir (H.2), (H.3).

On dit que P" est la « projection sur les branches hyperboliques ». On introduit
PP(z) = I; — P"(z), que nous appelons la « projection sur les branches paraboliques ».

Proposition 10.3.2. La fonction a valeurs matricielles PP est dans O]"*™ et
) PPy = (5.0,),
(ii) pour tout |z| < r, PP(z) est une projection qui commute avec E(z),

(i1i) dans la limite z — 0, E(z)PP(z) = B+ O(z).

Dans la suite, nous devons étre plus précis dans le développement asymptotique de la
branche hyperbolique donné en Proposition 10.3.1. Nous établissons le résultat suivant.

Proposition 10.3.3. [l existe r > 0 et une famille de fonctions holomorphes & valeurs
matricielles (P,B);LGSP(A’) € (O%xSe(A) yerifiant
(i) pour tout u € Sp(A’) et |z| < r, PB(Z) est une projection non nulle qui commute
avec E(z),

” h(.y — h h ho()
(ii) pour tout |z| < r, P*(z) = ESZ(A,) P, (2) et pour tout p # pi', P, (2) Pi(2) = 0,
pneSp

(iii) pour tout € Sp(A’), il existe RE € 04 tel que
V|z| <, E(Z)P/?(Z) = uzPﬁl(z) + zsz(z).

La preuve de la Proposition 10.3.3 est basée sur le processus de réduction de Kato
(voir | , Ch. IT §2.3]). Ceci est rendu possible en utilisant le fait que 0 est une valeur
propre semi-simple de la matrice B, c’est-a-dire que sa multiplicité algébrique coincide
avec sa multiplicité géométrique, et 'hypotheése (H.4), c’est-a-dire que la matrice A’ est
diagonalisable sur R.

10.4 Observabilité du systéme adjoint

Par la « HUM », la controlabilité a zéro du systéme (Sys) équivaut a I’observabilité
du systéme adjoint.

Proposition 10.4.1. Soit T > 0. Le systéme (Sys) est controlable sur w au temps T si
et seulement si il existe C > 0 tel que pour tout go € L*(T; Cd), la solution g de I’équation

{ 049 — BY 0y — A¥0,9 + K%¥g =0 dans (0,T) x T, (10.6)

9(0,.) = go dans T.

satisfait

T
(T ey <€ [ [ late)atas (10.7)
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On peut montrer que les solutions du systéme adjoint (10.6) sont de la forme

g(t,x) — Zeinm—hﬂE(%)*@n, (108)
nez

oit (¢n) € £2(Z,C%). De plus, nous disposons d'une théorie spectrale qui est similaire
aux Proposition 10.3.1, Proposition 10.3.2, Proposition 10.3.3 pour 'opérateur FE(z)*. Il
suffit de passer a I'adjoint dans chacune des formules.

10.5 Preuve du résultat de négatif de controlabilité a zéro
en temps petit

Le but de cette partie est de prouver le premier point du Théoréme 10.2.1. Pour
simplifier, on suppose que w est un intervalle. On raisonne par 'absurde. On suppose
que (Sys) est controlable & zéro sur w au temps T' < T* = L*'w' Ainsi, en utilisant la
Proposition 10.4.1, 'inégalité d’observabilité (10.7) est vérifiée au temps T'. En adaptant
la méthode d’Armand Koenig (voir | ]), on démontre que I'inégalité d’observabilité
(10.7) implique une estimation d’observabilité pour des polynomes a valeurs complexes
que nous nions par la suite grace au théoréme de Runge.

Soit pu € Sp(A’) de valeur absolue minimale. Nous démontrons dans le résultat sui-
vante une estimation d’observabilité pour des polyndémes & valeurs complexes.

Proposition 10.5.1. Soit U un ouvert borné de C, étoilé par rapport a 0, qui contient
wr = Up<per(@—put) (ot w—put est la rotation de w par un angle —put, voir Figure 10.1).

Il existe une constante C' > 0 et un entier N tels que pour tout polynéome p(() =
Y s @nC™ ot 0 est une racine de multiplicité au moins N, on a

1Pl 22(D(0,1)) < ClplLe (- (10.9)

Démonstration. Grace a la Proposition 10.3.3, il existe » > 0, une fonction & valeurs
projections : P,lj et une fonction & valeurs matricielles : RE qui sont holomorphes sur
D(0,7), tels que pour tout |z| <,

P,(2)E(z) = E(2)P.(2) = ,uzPl]f(z) + ZQR'E(Z). (10.10)

Soit ¢¢ # 0 dans I'image de Pl]f(O)*. Pour nier I'inégalité d’observabilité (10.7), on
cherche des solutions g¢(t,z) du systéme (10.6) avec des données initiales de la forme
g(0,2) = Y a,e™ P(i/n)*po. On suppose dans la suite que les sommes sont finies.
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<

wr

FiGure 10.1 — Mlustration d’un domaine U qui contient wy, contenu strictement dans
D(0,1).

Comme sur I'image de P/}}(z), E(z) agit comme pz + zQRB(z) par (10.10), on a
g(t.2) = 3 apemme " EG) P <7lz> %0
_ Zanein$eftn2E(%)*P}2(%)*PE (;) ©0

=3 apeinre (ui B () =B (D)) ph
I

. hoi)* i\*
_ 3 () (n> o,

Ainsi, en définissant pour 0 <t < T et n € Z,

() »

yi(n) = ! Fi()" P <1> (10.11)

n

on écrit g(t,x) sous la forme

g(t,x) = Z ane™ )~ () o

Si y(n) = 1, alors g(t, z) serait simplement la solution d’une équation de transport
découplée, il serait alors aisé de nier (10.7). Pour traiter ce terme, nous allons utiliser le
lemme suivant (pour la preuve, on renvoie a I’Annexe G).

Lemme 10.5.2. Soit U comme dans la Proposition 10.5.1. Il existe une constante C' > 0
et un entier N tels que pour tout polynome ), - n anC™ 01 0 est une racine de multiplicité
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au moins N, pour tout 0 <7 < T,

o, 26| S,

n>N

(10.12)

On suppose que a, = 0 pour n < N. En posant ((t,x) = el@tit) - qui appartient a
wr pour (t,z) € [0,7] X w, on a

g(t,l’) = Z anC(tvm)n7t(n)900-

n>N

Soit (t,x) € [0,T] x w. En appliquant le Lemme 10.5.2 avec 7 =, on a

lglt,2)| < €| Y anc”|

Loo(U)
n>N w)

Ainsi, le terme de droite de I'inégalité d’observabilité (10.7) satisfait

2
2 2 2 n
9122 (f0.11xw) < 27T 191 T00 (0,77 x00) < 27TC ‘n%NanC ’LOO(U)- (10.13)

On minore & présent le terme de gauche de (10.7). Grace a I’égalité de Parseval, on a

19(T, ) Z2(r) = ) D ane™ @Dy (n)gg oy = 2 > lanllyr(n)eol®.  (10.14)
n>N n>N

Comme R est holomorphe sur D(0,r), on en déduit que z — RE(Z)* I'est aussi. En
particulier, on a Cy := supj,|<, /2 |R2(z)*\ < +0o0. Donc, pour n > 271,

(e TREE) )T = TR | < O (10.15)

De plus, g est dans I'image de PS(O)* et P/E‘ est holomorphe sur D(0, ), donc il existe
r’ > 0 suffisamment petit tel que pour |z| < 1/,

[P (2)" ol > [gol /2 =: . (10.16)

En rassemblant (10.15) et (10.16), on déduit que pour n > N’ := |max(2r—1, 7~ 1)| +1,

[vr(n)eol =

_ h(i)* 1 * _
e TRi(%) Pl?(ﬁ) goo‘ > e OTe = ¢

Ainsi, en supposant que a, = 0 pour n < N’, on a alors en utilisant la précédente
estimation et 1'égalité de Parseval (10.14)

n G, s
‘Z anG Z el 7 =y an [y (n)pol* < Z19(T, Nizem- (10.17)
n>N

= n—l—l_ n+1

L2(D(0,1))
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D’ou, grace a la minoration (10.17) et & la majoration (10.13), I'inégalité d’observa-
bilité (10.7) implique

S, <Ol ey < ol <Y ac|,
vyt n LZ(D(O,I)T ’ LQ({T}) - LZ([OaT]Xw) - eyt n LOO(U)’
ce qui conclut la preuve de la Proposition 10.5.1. O

N

Vérifions & présent que l'inégalité de la Proposition 10.5.1 n’est pas vérifiée. Nous
allons utiliser le théoréme de Runge (voir par exemple le « Big Rudin » | , Thm.
13.11]) pour construire un contre-exemple.

Proposition 10.5.3 (Théoréme de Runge). Soit U un ensemble ouvert simplement
conneze de C et f une fonction holomorphe sur U. Alors, il existe une suite (pg)r>0
de polyndmes qui converge uniformément sur tout compact de U vers f.

Fin de la preuve du premier point du Théoréme 10.2.1. Soit T < T™ et wp comme dans
la Proposition 10.5.1. Par définition de T%, wp n’est pas le cercle unité tout entier. On
peut donc trouver un ouvert borné U, étoilé par rapport a 0 et qui ne contient pas D(0, 1)
(voir Figure 10.1).

Avec un tel choix de U, il existe un nombre complexe (o € D(0, 1) qui n’est pas dans
I’adhérence de U. Ainsi, par le théoréme de Runge, il existe une suite de polynémes (py)
qui converge uniformément sur tout compact de C\ ((o[1, +o0)) vers ¢ + (¢ — (o)~ t. On
pose alors pi(¢) = (V15 (¢). Do, la suite (pg) fournit un contre-exemple & l'inégalité
sur les polynomes complexes (10.9). En effet, comme ¢V +1({ — (o) ™! est borné sur U, (pz)
est uniformément borné sur U, donc le terme de droite de I'inégalité d’observabilité (10.9)
est borné. Mais comme (g appartient & D(0,1), ¢V *T1(¢—(o)~! a une norme L? infinie sur
D(0,1), et donc par le lemme de Fatou, [p[z2(p(o,1)) tend vers +oo quand k — +oo. O

10.6 Preuve du résultat positif de controlabilité & zéro en
temps long

Le but de cette partie est de prouver le point 2. du Théoréme 10.2.1, en adaptant
la stratégie de Lebeau et Zuazua (voir | |), basée sur une décomposition spectrale.
Cette analyse spectrale provient d’arguments de théorie de perturbation analytique en
dimension finie (voir Section 10.3) et est donc plus générale que celle menée dans | .
A haute fréquence, le spectre se sépare en une branche parabolique et une branche hy-
perbolique. En projetant la dynamique sur le sous espace hyperbolique d’une part et le
sous espace parabolique d’autre part, le systéme se décompose en deux sous systémes fai-
blement couplés, le premier se comportant comme une équation de transport, le second
comme une équation de la chaleur. Le systéme de transport est traité en utilisant les
résultats récents de | | (voir Section 10.6.3). Le systéme parabolique est traitée
par une nouvelle méthode par blocs de type Lebeau-Robbiano | | (voir ). La partie
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basse fréquence est traitée par un argument de compacité et une propriété de continua-
tion unique.

Dans toute la Section 10.6, le paramétre r > 0 est suffisamment petit pour que les
Proposition 10.3.1, Proposition 10.3.2, Proposition 10.3.3 soient vérifiées.

10.6.1 Une décomposition adaptée de L?*(T)?

Proposition 10.6.1. Soit ng € N tel que nio < r. On a la décomposition suivante

XM =F'q FP @ Fh, (10.18)
ou

' = P e, (10.19)
[n|<no

™= P hn(Fm(i>>en (10.20)

n )

[n|>no

h._ e

P’._|§? hn(F’(n>)ew (10.21)
n|>ngo

De plus, les projections I, TIP, TI™ et II définies par

L*(T)Y = F° @ FP @ Fh
M=TIpo+ 0 + 0
IP= 0 +Ipw+ 0
M= 0 + 0 +1Ipn
M= 0 +Ipp+Ipn =P+ 1"

sont des opérateurs bornés sur L?(T)<.

La preuve de la Proposition 10.6.1 est basée essentiellement sur les Proposition 10.3.1,
Proposition 10.3.2 et sur le fait que (e,)nez est une base Hilbertienne de L?(T).

10.6.2 Stratégie de controle
Soit T* défini comme dans (10.2) et T, T" tels que

T <T <T. (10.22)
Dans cette partie, on considére des controles u de la forme
u = (up, up)™ € CH x C%, (10.23)

ou
supp(uy) C [0,T"] x @, supp(up) C [T",T] x @, (10.24)
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up € L2((0,T") x TY",  w, € L2((T',T) x T)%.

Le controéle uy, est supposé controler la composante hyperbolique du systéme tandis que
le controle uy, est supposé agir sur la partie parabolique.
La stratégie de controle du systéme (Sys) consiste a

— d’abord prouver la controlabilité & zéro au temps 7' dans un sous espace de L?(T)?

de codimension finie,

— ensuite utiliser un argument de continuation unique, pour obtenir la controlabilité

a zéro dans tout l'espace L?(T).

La premiére étape de la stratégie est basée sur le résultat suivant.

Proposition 10.6.2. I existe un sous espace G de L*(T)? de codimension finie et un
opérateur continu

U: G— L2((0,T') x w)h x CX((T",T) x w)®
for (un, up),

qui, & toute donnée initiale fo € G, associe la paire de controles U fo = (up,up) telle que
Vfo S Q, HS(T; fo,Ufo) = 0. (10.25)

Dans la Proposition 10.6.2, on entend par « opérateur continu » : pour tout s € N,
Iapplication U : G — L2((0,T") x w)® x H5((T",T) x w)® est continue : il existe Cs > 0
tel que

Vio€G, lunllrzoryxwn + 1upll gs (o 1yswyzz < Csllfoll zcrya -

La méthode de preuve de la Proposition 10.6.2 consiste & scinder le probléme en deux
parties :

— pour toute donnée initiale fo et tout controle parabolique up, amener les hautes
fréquences hyperboliques & zéro au temps 7' (Proposition 10.6.3),

— pour toute donnée initiale fy et tout controle wy, amener les hautes fréquences
paraboliques & zéro au temps T (Proposition 10.6.4).

Proposition 10.6.3. Sing (dans les équations (10.19)-(10.20) ) est assez grand, il existe
un opérateur continu

UL L2(T) x L2((T',T) x w)®— L2((0,T") x w)h
(an up) = Up,

tel que pour tout (fo,up) € LE(T)4 x L2((T',T) x w)2,
I S(T; fo, U" (fo, up), up)) = 0.

111



Proposition 10.6.4. Sing (dans les équations (10.19)-(10.20)) est assez grand, il existe
un opérateur continu

UP: L2(T) x L2((0,T") x w)h— CX((T",T) x w)®
(fo, un) = Up,
tel que pour tout (fo,u) € L*(T)4 x L2((0,T") x w),
HPS(T; Jo, (uh’up(fo’ uh)) =0.

Pour la preuve du fait que la Proposition 10.6.3 et la Proposition 10.6.4 impliquent
la Proposition 10.6.2, on renvoie & I’Annexe G.

Concernant la contrélabilité a zéro dans tout I'espace L%(T)? a partir de la Proposi-
tion 10.6.2 et un argument de continuation unique, on renvoie a I’Annexe G.

Le but des deux prochaines parties est ainsi de démontrer la Proposition 10.6.3 et la
Proposition 10.6.4.

10.6.3 Controéle des hautes fréquences hyperboliques
Le but de cette sous-section est de prouver la Proposition 10.6.3. On rappelle que

T >T' > T* et que le controle u = (uy, up) vérifie (10.24).

Le but de ce paragraphe est de transformer le probléme de contrélabilité a zéro de la
Proposition 10.6.3 en un probléme de contrélabilité exacte pour un systéme hyperbolique.
Précisément, on obtient la Proposition 10.6.3 comme un corollaire du résultat suivant.

Proposition 10.6.5. Sing (dans les équations (10.19)-(10.20)) est suffisamment grand,
alors, pour tout T > T*, il existe un opérateur continu

Ub: F*'— L2((0,T) x w)®
fT}_) Un,

tel que pour tout fr € F",
'S (730, U4 (f1),0)) = fr-

Pour la preuve de la Proposition 10.6.3 & partir de la Proposition 10.6.5, on renvoie
a ’Annexe G.

Le but de ce paragraphe est de prouver la Proposition 10.6.5. Par la « HUM », la Pro-
position 10.6.5 est équivalente a I'inégalité d’observabilité suivante (c’est une adaptation
du | , Theorem 2.42|).

Proposition 10.6.6. [l existe une constante C > 0 telle que pour tout gy € IU’vh =
Im ((II")*), la solution g de (10.6) satisfait

T/
lolfeeye < C [ [ o) e, (10.26)

ot g1 désigne les premieres di composantes de g.
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Démonstration. Soit go € Fh. En utilisant la définition de F® (10.21) et la Proposi-
tion 10.3.3, go se décompose de la maniére suivante

iy*.
go = Z Z P‘?(ﬁ) go(n)en,. (10.27)
HESP(A') [n|>n0
Ainsi, la solution g de (10.6) est
_ —tn?B(1)" ph (1)~
g(t) = Z Z e P, (n) go(n). (10.28)
neSp(A’) [n|>no
Pour u € Sp(4’), on définit
gut) = 3 PGP (L) Go(n)en. (10.29)
[n|>no

En utilisant (i) et (iii) de la Proposition 10.3.3, on a

e*t”QE(%)*Ph<i)* ot (%*(Q)ZRE(Z))*ph(i)* _ o tuinttRA( )*Ph<i)*
“\n H\n m )

3=

ce qui donne

8tgu - ,Uazgu + RE(O)*Q;L = Su dans Q7v,

(10.30)
9u(0,.) = gpg dans T,
ou
1/2
|Go(n)|?
1Sull 2@y <C | D20 | (10.31)
[n|>mno

Si le terme S, était nul, le systéme (10.30) serait observable au temps T, := 2”“:"“"

(voir | , Theorem 2.2]). Ainsi, en utilisant (10.22) et (10.2), on obtient 'inégalité
d’observabilité

Tl
9032y <c< /0 / |gﬂ<t,x>|2dtd:c+Hsﬂniz(QT,)d). (10.32)

En utilisant (10.32) et (10.31), on a

T 2
go(n
loley < | [ [loneoPaass 3 RO0) (10.33)

[n|>ng

De plus, grace a (i), (ii) de la Proposition 10.3.3, (10.28) et (10.29), on obtient
9u(t) = P (0)"g(t) + Qu(t),
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avec ), satisfaisant I’estimation (10.31). Ainsi, on a

/ /]gutx| dtdz < C / /|Ph g(t, )P dtde+ > gon n)|? - (10.34)

[n|>ng

D’ou, par (10.33) et (10.34), on a

T [Go(n)I?
go(n)[*
9l 22y < C / / PRO gl )P drde+ 30 D) (10.35)

[n|>no

En sommant sur u € Sp(A’) lestimation (10.35) et en utilisant (ii) de la Proposi-
tion 10.3.3, Proposition 10.3.1 et (10.27),0on obtient I'inégalité d’observabilité faible

T/
lgolIZ2zye < C </0 / |91(t,2)[* dt dz + |!ng||§11@)> : (10.36)

Par (10.36) et I'injection compacte L?(T) < H~!(T), un argument de compacité-
unicité donne l'inégalité d’observabilité (10.26) (pour les détails, on renvoie a I’Annexe
G). O

10.6.4 Controéle des hautes fréquences paraboliques

Le but de cette sous-partie est de prouver la Proposition 10.6.4. On rappelle que
0 < T’ < T sont choisis tels que (10.22) est vérifiée et le controle u est tel que (10.23) et
(10.24) sont vérifiées.

La stratégie est la suivante : identifier I’équation satisfaite par les do composantes
de I’équation parabolique (10.6) en utilisant ’asymptotique de la Proposition 10.3.3,
puis construire des controles réguliers en adaptant la méthode de Lebeau-Robbiano aux
systémes.

Dans cette partie, pour tout vecteur ¢ € (Cd, on désigne par (; ses premiéres dj
composantes et @2 ses derniéres do composantes.

Le but de ce paragraphe est de transformer le probléme de controlabilité a zéro de la
Proposition 10.6.4 en un probléme de contrélabilité a zéro pour un systéme parabolique.
Précisément, on peut prouver que la Proposition 10.6.4 est une conséquence du résultat
suivant (voir I’Annexe G).

Proposition 10.6.7. Si ng est suffisamment grand, alors pour tout T > 0, il existe un
opérateur continu
Uy FP— C((0,T) x w)®
for> Up,

tel que pour tout fo € FP,
IIPS(T; fo, (0,U(fo))) =

114



La Proposition 10.6.7 est démontrée grice a une adaptation de la méthode de Lebeau-
Robbiano. .

On commence par prouver que si g est dans FP := Im ((IIP)*), alors on peut calculer
ses dp premiéres composantes a partir de ses do derniéres. Ce qui nous permet d’écrire
une équation découplée portant sur les do derniéres composantes de g.

Proposition 10.6.8. Si z est suffisamment petit, alors il existe une matrice G(z) telle
que pour tout ¢ € C¢,
¢ € Im(PP(2)") & ¢1 = G(2)pa.

De plus G est holomorphe en z et G(0) = 0.

PP(2)* = <P11(2) P12(Z§> )

p21(2) poa(z

Démonstration. On écrit

Comme PP(z)* est une projection, ¢ est dans Im(PP(2)*) si et seulement si

p11(2)e1 + pr2(2)p2 = 1
p21(2)p1 + paz(2)p2 = pa.

En particulier, si ¢ € Im(PP(2)*), alors (Ig, — p11(2))e1 = pi2(z)p2. Et comme

PP(0)* = (8 122) (voir Proposition 10.3.2), p11(0) = 0, et donc, si z est suffisamment

petit, [p11(z)| <1 et I, — p11(z) est inversible.
Dans ce cas, o1 = (Ig, — p11(2)) " 'p12(z)p2. Cela montre que I'application

¢ € Im(PP(2)*) — oy € C®

est injective. Mais le rang de PP(z)* ne dépend pas z, et donc vaut toujours dy. D’oul

Papplication précédente est bijective. On note G(z) les premiéres d; composantes de son
inverse. Remarquons que G(2) = (I, — p11(2)) " 'p12(2). D’ot, si ¢ € Im(PP(2)*), on a

@ = (1, p2) = (G(2)p2, p2).

Pour démontrer la réciproque, on remarque que l'inverse de ¢ € Im(PP(2)*) +— v
est w2 € C® — (G(2)p2, p2)- o

En augmentant ng si nécessaire, on peut supposer que si [n| > ng, G(i/n) est bien
défini. Ainsi, on définit I'opérateur borné G de L?(T,C%) dans L*(T,C%) par

i
G (Z ¢n,2en> = Z G (n) ©n,2€n. (10.37)
nez n|>n0

Ainsi, grace a la définition de FP, on a le corollaire suivant qui nous permet de calculer
les dy premiéres composantes & partir des do derniéres.

Corollaire 10.6.9. Pour tout g € (FO)*, on a I’équivalence g € PP & g1 = Gga.
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Le Corollaire 10.6.9 nous permet d’écrire une équation satisfaite par les da compo-
santes de la solution du systéme adjoint (10.6) si la donnée initiale est dans FP.

Proposition 10.6.10. On définit l'opérateur ® par

D(®) = H*(T)", ®=DY9?+ A%d, — K& + A%0,G — KiLG. (10.38)
Soit go € FP et g(t) = e " go. Alors, pour tout t > 0, gi1(t) = Gga(t) et go satisfait
l’équation

Orga(t,x) — Dga(t,x) =0 dans (0,7) x T. (10.39)
Démonstration. La fonction g satisfait le systéme
(0 — B"9? — A"0, + K'M)g(t,z) =0  dans (0,T) x T.

Si on prend les dy composantes de ce systéme, on obtient que dans (0,7") x T,

(9 — DUO2 — Ay + K$5) g(t, ) — (A, — K13) i (t,2) = 0. (10.40)

Comme pour tout ¢t € [0,T7], g(¢,-) € FP, on en déduit grace au Corollaire 10.6.9, g1 (t) =
Gga(t). En reportant ceci dans ’équation (10.40), on obtient 1’équation voulue satisfaite
par g, i.e. (10.39). O

Ainsi, grace a la Proposition 10.6.10, en exploitant le fait que go satisfait une équa-
tion parabolique et en utilisant une méthode de Lebeau-Robbiano adaptée au cas des
systémes, on peut démontrer la Proposition 10.6.7. Pour les détails, on renvoie & 1I’An-
nexe G.

10.7 Perspectives et problémes ouverts

Une premiére perspective que nous sommes en train d’aborder a I’heure actuelle avec
Karine Beauchard et Armand Koenig est la suivante. Nous essayons de voir s’il est pos-
sible sous certaines hypothéses sur nos matrices (A, B, K) de retirer certains controles
dans le systéme (Sys) tout en préservant la controlabilité a zéro en temps T' > T* établis
dans le Théoréme 10.2.1. Nous voulons en particulier retirer le contréle sur la composante
hyperbolique (respectivement parabolique) comme Gilles Lebeau et Enrique Zuazua le
font dans | | et déterminer la condition nécessaire et suffisante sur le triplet (A, B, K)
pour que ceci soit possible.

Une seconde perspective pourrait étre d’étudier le comportement du cotit de controle
quand ¢ tend vers 0 du systéeme

Otf — BeOpof + A0y f + Kf =ul, dans (0,7) x T, (Sys-e)
£(0,.) = fo dans T, Y
ou B, = <5{)d1 g) Pour cela, on pourrait s’inspirer des articles | I, | | et des

travaux qui ont suivi concernant la controélabilité d’une équation de transport en limite
de viscosité évanescente.
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Annexe A

Boite a outils pour les équations
paraboliques

Le but de cette section est d’énoncer des résultats classiques pour des équations
paraboliques linéaires et non linéaires. Ces résultats sont énoncés dans le cas de I’équation
de la chaleur avec potentiel ou pour I’équation de la chaleur semilinéaire dans le cas de
conditions de Dirichlet. Ils s’adaptent au cas de conditions au bord de Neumann et aussi
dans le cas des systémes paraboliques.

Parmi les nombreuses propriétés des équations paraboliques, nous allons présenter les
suivantes :

— caractére bien posé linéaire,

— caractére bien posé non linéaire,
— dissipation en temps,

— principe du maximum,

— principe de comparaison de solutions dans le cas non linéaire,
— inégalité de Harnack,

— principe du maximum fort,

— unicité rétrograde,

— analyticité,

— estimations LP-L9,

— régularité maximale LP,

— régularité maximale Holdérienne.

A.1 Equations paraboliques linéaires : caractére bien posé
au sens d’Hadamard
On introduit 'espace fonctionnel

Wr = L*(0,T; HY(Q)n HY(0,T; H1(Q)), (A1)
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qui satisfait l'injection suivante (voir | , Section 5.9.2, Theorem 3])
Wr < C([0,T}); L*(2)). (A.2)

Définition A.1.1. Soit a € L®(Q7), F € L*(Qr) et yo € L?(£2). Une fonction y € Wr
est solution de
Oy — Ay +a(t,x)y =F dans Qr,
y=20 sur X, (A.3)
y(0,.) = yo dans Q,

si pour tout w € L2(0,T; H}(2)),

T
/ (8ty,w)(H71(Q)7H3(Q)) +/ Vva +/ ayw :/ Fw, (A4)
0 Qr T T

et
y(0,.) = yo dans L?(Q). (A.5)

Remarque A.1.2. L’évaluation en 0 de y € Wy dans (A.5) est justifiée par I'injection
(A.2).

L’équation (A.3) est bien posé au sens d’Hadamard. En effet, nous avons le résultat
suivant.

Proposition A.1.3. Soit a € L™®(Qr), F € L*(Q1) et yo € L?(). Le probléeme de
Cauchy (A.3) admet une unique solution y € Wr. De plus, il existe C = C(Q) > 0 tel
que

[¥lhw,, < Cexp (CT llallway) ) (Inollza) + 1F 2 ) - (A.6)

La preuve de la Proposition A.1.3 est basée sur des approximations de Galerkin, des
estimations d’énergie et des arguments de type Gronwall (voir | , Section 7.1.2|).
Nous avons également une estimation L pour les solutions de (A.3).

Proposition A.1.4. Soit a € L*(Qr), F' € L>®(Qr) et yo € L>=(2). Alors la solution
y de (A.3) appartient & L*>(Qr) et il existe C = C(2) > 0 tel que

19ll = @r) < Cexp (CT llall i) (I0llsmq@y + IFllim@n) - (AT)

La preuve de la Proposition A.1.4 est basée sur la méthode de Stampacchia (voir la
preuve de | , Chapter 3, Paragraph 7, Theorem 7.1] ou la preuve de | ,
Proposition 4.2.1]).

Les solutions de (A.3) dissipent en temps au sens suivant.

Proposition A.1.5. Soit a € L®(Qr), yo € L*(Q) et t1 < ty € [0,T). Alors il existe
C =C(Q) > 0 tel que la solution y € Wr de (A.3) avec F' =0, satisfait

ly(t2, )2y < &0 (CT lall oy ) 115 ) 2gey - (A8)
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La preuve de la Proposition A.1.5 est basée sur 'application de la formulation varia-
tionnelle (A.4) avec w = y et d'un argument de type Gronwall.

Remarque A.1.6. On dispose également d'un caractére bien posé au sens d’Hadamard
pour I’équation
ott a € L®(Qr) et B € L®(Q7)". L’estimation de dissipation semblable & la Proposi-

tion A.1.5 s’écrit dans ce cas (voir | )]

ly(ta: M2y < exp (CT (lallzw(gpy + 1B E(or) ) ) Ity

A.2 Equations paraboliques non linéaires : caractére bien
posé

Nous donnons la définition d’une solution de

Oy — Ay + f(y) = hl, dans Qr,
y=0 sur X, (A.9)
y(0,.) = wo dans €,

ot f € CHR;R).
Définition A.2.1. Soit yg € L>=(2), h € L>®(Qr). Une fonction y € Wr N L*(Qr) est
solution de (A.9) si pour tout w € L*(0,T; Hi(Q)),

T
/ (8tyaw)(H1(Q),H3(Q))+/ Vy.Vw + f(y)w:/ hl,w, (A.10)
0 Qr Qr T

et
y(0,.) = yo dans L*°(Q). (A.11)

Remarque A.2.2. L’unicité de la solution de (A.9) provient du fait que f est localement
Lipschitzienne car f € C1(R;R).

A.3 Principe du maximum et de comparaison

Enoncgons dans un premier temps le principe du maximum.

Proposition A.3.1. Soita € L®(Qr), F < G € L*(Qr) et yo < 29 € L*(Q2). Soit y et
z deux solutions de

Oy — Ay + a(t,z)y = F, Oz — Az+a(t,x)z =G dans (0,T) x Q,
y =0, y=0 sur (0,T) x 99, (A.12)
y(0,.) = yo, 2(0,.) = zg dans Q.
Alors, on a le principe de comparaison suivant
YVt € [0,T], a.e. x € Q, y(t,z) < z(t,x). (A.13)
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La preuve de la Proposition A.3.1 est basée sur le principe de comparaison pour des
solutions réguliéres de (A.12) (voir | , Theorem 8.1.6]) et sur un argument de
régularisation.

Remarque A.3.2. Si yp € L?(f2) est négative alors la Proposition A.3.1 affirme que
la solution y de I’équation de la chaleur associée reste négative (prendre z = 0 dans la
Proposition A.3.1). C’est le principe du maximum faible.

Le résultat suivant assure l’existence d’une solution a I’équation (A.9) sans controle
h sous réserve d’existence préalable d’une sous-solution et d’une sur-solution. De plus, la
solution est alors comprise entre la sous-solution et la sur-solution.

Proposition A.3.3. Soit yo € L>=(Q2), h = 0. On suppose qu’il existe une sous-solution
y et une sur-solution § in L>=(Qr) de (A.9), i.e., y (respectivement §) satisfait (A.10),
(A.ll) en remplacant ’égalité = par l'inégalité < ﬁ“espectivement par linégalité >). De
plus, on suppose que y ety sont ordonnées dans le sens suivant :

vVt € [0,T], ae. v €Q, y(t,z) <y(t, ).

Alors, il existe une (unique) solution y de (A.9). De plus, y satisfait le principe de
comparaison
Vt € [0,T], a.e. v €Q, y(t,z) <y(t,z) <YL, ). (A.14)

Pour la preuve de la Proposition A.3.3, voir | , Corollary 12.1.1].

A.4 Inégalité de Harnack et principe du maximum fort

Nous présentons dans un premier temps l'inégalité de Harnack (voir | , Chapter
7, Section 7.1, Theorem 10| et aussi | , Chapter 2| pour le cas a € L>®(Qr)).

Proposition A.4.1. Soit a € L=(Q7), yo € L*(). On suppose que y € Wy, solution
de (A.3), appartient & C12(Qr) ety > 0 dans Q. Alors, pour tout ouvert V connexe tel
que V. CC Q, pour tous 0 < t1 < tog < T, il existe une constante C = C(V,t1,t2,a) > 0
telle que

supy(t1,.) < Cinfy(te,.).
v 14

On peut déduire de la Proposition A.4.1 le principe du maximum fort (voir | ,
Chapter 7, Section 7.1, Theorem 11]).

Proposition A.4.2. Soit a € L>®(Qr). On suppose que y € Wy, solution de (A.3),
appartient a C12(Q7) N C(Qr) et on note

M := maxy.
Qr

Si y(to, xo) = M pour (to, zo) € Qr, alors y = M sur (0,t) x Q.
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Remarque A.4.3. D’aprés la Remarque A.3.2, si la donnée initiale yy est négative,
réguliére, alors la solution y de ’équation de la chaleur associée est négative. Si on suppose
en plus que yg est strictement négative & un certain endroit de €2, la Proposition A.4.2
affirme en plus que pour tout (¢,z) € (0,7] x Q, y(t,x) < 0. Ceci exprime la vitesse de
propagation infinie de ’équation de la chaleur.

A.5 Unicité rétrograde et analyticité pour I’équation de la
chaleur

Dans cette partie, on considére ’équation de la chaleur libre :

Oy — Ay =0 dans Qr,
y=20 sur X, (A.15)
y(0,.) =yo  dans Q.

Nous disposons du résultat suivant d’unicité rétrograde.

Proposition A.5.1. Soit yo € L*(Q) et y l'unique solution de (A.15). Alors, on a

(y(1,) =0) = (vt e 0.1, y(t,) =0).

Pour la preuve de la Proposition A.5.1, voir | , Chapter 2, Section 2.3, Theorem
11].
Nous disposons du résultat suivant d’analyticité.

Proposition A.5.2. Soit yo € L*(Q) et y l'unique solution de (A.15). Alors pour tout
te (0,7, x € Q— y(t,z) est analytique.

Pour la preuve de la Proposition A.5.2, voir | , Chapter 6, Section 1, Theorem

1].

A.6 Estimations de régularité

Tout d’abord, nous avons les effets régularisants LP-L? du semi-groupe de la chaleur
(voir | , Proposition 3.5.7]).

Proposition A.6.1. Soit 1 < ¢ <p < 400, yo € L?(Q) et y la solution de (A.15). Alors
il existe C = C(Q,p,q) > 0 tel que pour tous t; <t € (0,T), on a

1

_N(1_1
[y (2, ')HLP(Q) <C(tz—t1) ° <q p> [y (1, ')||Lf1(Q) : (A.16)
Pour p € [1, 400], introduisons ’espace fonctionnel
Xrp = LP(0, T; WP 0 Wy P (Q)) N WHP(0, T; LP(Q)).

On dispose du résultat de régularité maximale dans LP (voir | , Theorem 48.1]).
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Proposition A.6.2. Soit 1 < p < +o0, a € L®(Qr), F € LP(Qr), yo € CX ().
L’unique solution y € Wr de (A.3) appartient & Xr,. De plus, si yo = 0, il existe
C=C(,T,a) >0 tel que
Wl < C Il oo -
Pour gagner en régularité dans les espaces LP a ’aide de la Proposition A.6.2 et d’un

argument de bootstrap, le lemme suivant est trés utile (voir | , Lemma 3.3, page
80| ou | , Chapter 1, Section 1.4.1, Theorem 1.4.1]).

Lemme A.6.3. Soit p € [1,400). On a

(N+2)p ,EVN+Z2_)p .
LN+2-p (0,75 W, Q) sip< N+2,
Xrp = L¥(0,T; W, *P(Q)) sip=N+2,

C2(Qr), 0<a§1—% sip>N+2.

De maniére similaire & la Proposition A.6.2, on dispose du résultat suivant de régu-
larité maximale dans les espaces de Holder (voir | , Theorem 48.2]).

Proposition A.6.4. Soit a € (0,1) et Q un ouvert borné connexe de classe C*T%. Soit
a € C°%%(Qr), F € C*?*(Qr) et yo € CX(Q). Lunique solution y € Wr de (A.3)
appartient o C1He/2242(Qr). De plus, siyg =0, il eziste C = C(Q,T,a) > 0 tel que

||yHcl+a/2,2+a(@) S C ||F||C"‘/2va(Q7T) .

On peut déduire des Proposition A.6.2, Proposition A.6.4 et d’arguments de tronca-
ture le corollaire suivant.

Corollaire A.6.5. On suppose que Q est de classe C™ et w CC §2. Soit yo € L*(Q) et
h € L?(qr). Alors la solution y de (A.3) avec a =0 et F = hl,, vérifie

vVt e (0,T], . — y(t,x) € C*(Q\ ).
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Annexe B

Controllability of a 4 x 4 quadratic
reaction-diffusion system

Abstract : We consider a 4 x 4 nonlinear reaction-diffusion system posed on a smooth
domain ©Q of RY (N > 1) with controls localized in some arbitrary nonempty open
subset w of the domain €. This system is a model for the evolution of concentrations
in reversible chemical reactions. We prove the local exact controllability to stationary
constant solutions of the underlying reaction-diffusion system for every N > 1 in any time
T > 0. A specificity of this control system is the existence of some invariant quantities in
the nonlinear dynamics. The proof is based on a linearization which uses return method
and an adequate change of variables that creates cross diffusion which will be used as
coupling terms of second order. The controllability properties of the linearized system
are deduced from Carleman estimates. A Kakutani’s fixed-point argument enables to go
back to the nonlinear parabolic system. Then, we prove a global controllability result in
large time for 1 < N < 2 thanks to our local controllabillity result together with a known
theorem on the asymptotics of the free nonlinear reaction-diffusion system.

B.1 Introduction

Let T > 0, N € N*, Q be a bounded, connected, open subset of R of class C? and
let w be a nonempty open subset of Q2. The notation @ := (0,7) x Q (or Qr) will be
used throughout the paper.

B.1.1 Presentation of the nonlinear reaction-diffusion system

Let (dy,da,ds,ds) € (0,+00)% We are interested in the following reaction-diffusion
system

V1 <i<4,

Opu; — diAu; = (—1) (uquz — uguy) in (0,7) x €, (B.1)
ui — 0 on (0,T) x 99, '
ui(O, ) = u@o in Q,
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where n is the outer unit normal vector to 9€). This system is a model for the evolution
of the concentration u;(.,.) in the reversible chemical reaction

Ui+ Us = Us 4+ Uy, (B.Q)

by using the law of mass action, Fick’s law and the fact that no substance crosses the
boundary (Neumann conditions). For this quadratic system, global existence of weak
solutions holds in any dimension.

Proposition B.1.1. | , Proposition 5.12]
Let ug € L?(2)*, up > 0. Then, there exists a global weak solution (in the sense of the
definition | , Section 5, (5.12)]) to (B.1).

For dimensions N = 1, 2, it was proved that the solutions are bounded and therefore
classical for bounded initial data (see | |, [ | and | |). It was not known
until recently whether they were bounded in higher dimension (see | , Section 7,
Problem 3| and references therein for more details). But, two very recent preprints :
[ | and | | prove that these solutions are smooth.

B.1.2 The question
Let (uf,us,u}, u}) € [0, +00)* satisfying
ujuy = usuy. (B.3)
We will say that (u)i1<i<4 is a stationary constant solution of (B.1).

Remark B.1.2. The nonnegative stationary solutions of (B.1) are constant (see Propo-
sition B.6.1 in Annexe B.7). Thus, it is not restrictive to assume that (uj,us,u3, u}) €
[0, +00)*.

The question we ask is the following : Could one reach stationary constant so-
lutions of (B.1) with localized controls in finite time ? From a chemical viewpoint,
we wonder whether one can act on the free reaction (B.2) by a localized external force
to reach in finite time 7" a particular steady state (u})i<i<4. For instance, this force can
be the addition or the removal of a chemical species in a specific location of the domain €.

We introduce the notations :
j €{1,2,3} denotes the number of internal controls,
lic; =1if1<i<jand 0ifi>j.

By symmetry of the system, we reduce our study to the case of controls entering in the
first equations. Thus, we consider the following controlled system

V1l <1 <4,

owu; — d; Au; = (—1)i(U1U3 —ugug) + hilyli<; in (0,7) x Q, (B.A)
Qui = () on (0,T) x 09, ‘
’U,Z‘(O, ) = U5,0 in €.
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Here, (u;)1<i<4(t,.) : @ — R* is the state to be controlled and (h;)1<i<j(t,.) : 2 — R is
the control input supported in w. We are interested in the L°°-controllability properties
of (B.4) : For every ug € L°°(Q)%, does there exist (h;)1<i<; € L°°(Q)’ such that the
solution u of (B.4) satisfies

Vie {1,2,3,4}, wi(T,.) = u'? (B.5)

B.1.3 Two partial answers

Our first main outcome is a local controllability result in L>°(Q2) with controls
in L>°(Q) for (B.4), i.e. we will show that for every 1 < j < 3, there exists 6 > 0 such
that for every up € Xj (a,),uz) (2 " natural " subspace of L>(Q)*, see Annexe B.3.1),
with [Jug — w*|| oo () < 0, there exists (hi)i<i<; € L*(Q)’ such that the solution u of
(B.4) satisfies (B.5).

Our second main result is a global controllability result in L>°(Q2) with controls
in L>°(Q) for (B.4) in large time and in small dimension, i.e., we will prove that
forevery I < N <2 1<j<3 ueX j.(di),(uz) Which verifies a positivity condition (see
(B.42)), there exist T* sufficiently large and (h;)1<i<; € L=((0,T*) x Q)7 such that the
solution u of (B.4) (replace T' with T*) satisfies (B.5) (replace T" with 7).

The precise results are stated in Annexe B.3 (see Theorem B.3.2 and Theorem B.3.6).

B.1.4 Bibliographical comments for the null-controllability of parabo-
lic systems with localized controls

Now, we discuss the null-controllability of parabolic coupled parabolic systems. The
following results will be useful for having a proof strategy of our two main results.

Remark B.1.3. We choose to present parabolic systems with Dirichlet conditions be-
cause these results are more easy to find in the literature. However, all the following
results can be adapted to the Neumann conditions.

B.1.4.1 Linear parabolic systems

The problem of null-controllability of the heat equation was solved independently by

Gilles Lebeau, Luc Robbiano in 1995 (see | | or the survey | |) and Andrei
Fursikov, Oleg Imanuvilov in 1996 (see | |) with Carleman estimates.
Theorem B.1.4. | , Corollary 2]

For every ug € L?(12), there exists h € L?(Q) such that the solution u of

O — Au=hl, in (0,T) x Q,
u=0 on (0,7 x 09,
u(0,.) = up in Q,

satisfies u(7,.) = 0.
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Then, null-controllability of linear parabolic systems was studied. A typical example
is
0w — DAu = Au+ Bhl, in (0,7) x €,
u=0 on (0,7) x 09, (B.6)
u(0,.) = ugp in Q,

where u € C([0,T]; L>(Q)F) is the state, h € L*(Q)!, 1 <1 < k, is the control, D :=
diag(dy,...,dy) with d; € (0,+00) is the diffusion matriz, A € Mj(R) (matrix with k
lines and k& columns with entries in R) is the coupling matriz and B € My ;(R) (matrix
with & lines and ! columns with entries in R) represents the distribution of controls.

Definition B.1.5. System (B.6) is said to be null-controllable if for every ug € L?(Q)*,
there exists h € L2(Q)' such that the solution u of (B.6) satisfies u(T,.) = 0.

The triplet (D, A, B) plays an important role for null-controllabillity of (B.6) as the
following theorem, proved by Farid Ammar-Khodja, Assia Benabdallah, Cédric Dupaix
and Manuel Gonzalez-Burgos (which is a generalization of the well-known Kalman condi-
tion in finite dimension, see | , Theorem 1.16]), shows us.

Theorem B.1.6. | , Theorem 5.6]
Let us denote by (Ap,)m>1 the sequence of positive eigenvalues of the unbounded operator
(—A, H*(Q) N HY(2)) on L?(£2). Then, the following conditions are equivalent.

1. System (B.6) is null-controllable.

2. For every m > 1, rank((—\, D + A)|B) = k, where

(=AmD + A)|B) == (B, (~AmD + A)B, (~AuD + A)?B, ..., (~A\nD + A)*"1B).
For example, let us consider the 2 x 2 toy-system

Opu1 — diAug = ajjug + ajpue + hil, in (0,7) x Q,

Orug — doAug = asiuy + asgus in (O,T) x €, (B 7)
u=20 on (0,T) x 09, '
u(0,.) = ug in Q,

where a;; € L>(Q) for every 1 < 4,5 < 2. We easily deduce from Theorem B.1.6 the
following proposition.

Proposition B.1.7. We assume a;; € R for every 1 <14, j < 2. The following conditions
are equivalent.

1. System (B.7) is null-controllable.

2. asy 75 0.

Roughly speaking, u; can be driven to 0 thanks to the control h; and wus can be
driven to 0 thanks to the coupling term aoiui. We have the following diagram

controls controls
h1 ~ (75} ~ ug.

We also have a more general result for the toy-model (B.7).
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Proposition B.1.8. | , Theorem 7.1]

We assume that for every 1 <i,j < 2, a;; € L>(Q) and there exist t; < to € (0,7), a
nonempty open subset wg C w and € > 0 such that for almost every (t,z) € (t1,t2) X
wo, |a21(t,x)| > €. Then, system (B.7) is null-controllable.

Roughly speaking, if the coupling term ao; lives somewhere in the control zone, then
(u1,uz) can be driven to (0,0). The case where supp(az) Nw = @ is more difficult even
if ag; depends only on the spatial variable : a minimal time of control can appear (see

[ |, | | and | D.

In order to reduce the number of controls entering in the equations of a linear parabolic
system, a good strategy is to transform the system into a cascade system. This type of
system has been studied by Manuel Gonzalez-Burgos and Luz de Teresa (see | D).
For example, let us consider the 3 x 3 toy system

O — d1Auyg = aq1ug + ajgug + ajzus + hil, in (0, T) x ,

Orug — doAug = asiuy + asous + assus in (0, T) x £,

Oyug — d3Aus = a32U2 + a33us in (0, T) x £, (B.S)
u=0 on (0,T) x 09,

u(0,.) = ug in Q.

where for every 1 <i,j <3, a;; € L>(Q).

Proposition B.1.9. If there exist t; < t3 € (0,7), a nonempty open subset wy C w and
e > 0 such that for almost every (t,x) € (t1,t2) X wo, |a21(t,z)| > € and |aga(t, )| > €,
then system (B.8) is null-controllable.

Roughly speaking, u; can be driven to 0 thanks to the control hi, us can be driven
to 0 thanks to the coupling term agyu; (which lives somewhere in the control zone) and
uz can be driven to 0 thanks to the coupling term asaug (which lives somewhere in the
control zone). Heuristically, we have the following diagram

controls controls controls
h 1 ~ U1 ~ u9 ~ us.

For more general results, see the survey | , Sections 4, 5, 7] and the refe-
rences therein.

We can also replace the coupling matrix A in the system (B.6) by a differential
operator of first order or second order. In this case, there exist some similar results (see
[ I, [ | with a technical assumption on w, | |, [ |, | ]). For
example, let us consider the particular case of the 2 x 2 system

Owur — diAuy = g11.Vur + g12.Vug + aur + ajpuz + hil, in Qr,
Oug — doAug = g21.Vuy + g22.Vug + ag1u1 + azousz in Qr,
u=20 on X,
u(0,.) = ugp in Q,

(B.9)
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where a;; € R, g;; € R for every 1 <4,j < 2. Then, system (B.9) is null-controllable if
and only if go; # 0 or ag; # 0. This result is due to Michel Duprez and Pierre Lissy (see
[ , Theorem 1] and | , Theorem 3.4] for a similar result). It is proved by a ficti-
tious control method and algebraic solvability, introduced for the first time by Jean-Michel
Coron in the context of stabilization of ordinary differential equations (see | |). This
type of method has also been used for Navier-Stokes equations by Jean-Michel Coron and
Pierre Lissy in | |. However, the situation is much more complicated and is not well-
understood in the case where a;;, ¢i; (1 <4,j < 2) depend on the spatial variable. One
can see the surprising negative result of null-controllability : | , Theorem 2]. When
the matrix A in (B.6) is a differential operator of second order (take A = AA + C(t, )
with (A4, C) € My (R) x L>=(Q; Mk(R)) to simplify), the coupling matrix A disturbs the
diagonal diffusion matrix D and creates a new “cross” diffusion matrix : D = D — A.
When D is not diagonalizable, there are few results (see [ | with a technical
assumption on the dimension of the Jordan Blocks of D and the recent preprint | ,
Section 3] when C does not depend on time and space).

Let us also keep in mind the following result which help to understand our analysis.

Proposition B.1.10. | , Theorem 3], | , Theorem 1.5]
Let a11, a12, d € R. Let us consider the 2 x 2 toy system

Ou; — d1Aur = apiuy + ajgus + hi1l, in (0, T) x €,
8tuQ — dQAUQ = dAul in (0, T) X Q,
u=20 on (0,7") x 012,
u(0,.) = ug in Q.

(B.10)

Then, the following conditions are equivalent.
1. System (B.10) is null-controllable.
2.d#0.

Roughly speaking, u; can be driven to 0 thanks to the control h; and wus can be
driven to 0 thanks to the coupling term of second order dAu;.

Remark B.1.11. When it is possible, one can diagonalize the matrix D= (%1 ;)
2

Then, by a linear transformation together with Theorem B.1.6, one can prove Proposi-
tion B.1.10. However, in this paper, we choose the opposite strategy. We transform (B.4)
into a system like (B.10) (with four equations). Indeed, such a system seems to be a
cascade system with coupling terms of second order.

B.1.4.2 Nonlinear parabolic systems

Then, another challenging issue is the study of the null-controllability properties of
semilinear parabolic systems. The usual strategy consists in linearizing the system around
0 and to deduce local controllability properties of the nonlinear system by controllability
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properties of the linearized system and a fixed-point argument.
For example, let us consider the 2 x 2 model system

Ourl — d1Aug = f1 (ul,ug) + h1l, in (O,T) X Q,

8,5U2 — dQAUQ = fg(’u,l,’u,g) in (O,T) X Q, (B 11)
u=20 on (0,7) x 09, '
u(0,.) = ug in Q,

where fi and fo belong to C*°(R?;R). Then, the following result is a consequence of
Proposition B.1.7.

Proposition B.1.12. Let us suppose that g—ﬁ(0,0) # 0. Then, there exists § > 0 such
that for every ug € L>(Q)? which satisfies [toll oo ()2 < 6, there exists hy € L*(Q)
such that the solution u of (B.11) verifies u(T,.) = 0.

Remark B.1.13. This result is well-known but it is difficult to find it in the litera-

ture (see | , Theorem 6] with a restriction on the dimension 1 < N < 6 and
other function spaces or one can adapt the arguments given in | | to get Proposi-
tion B.1.12 for any N € N*). For other results in this direction, see | I, [ ],
[ J and [CSG15].

When fy does not satisfy the hypothesis of Proposition B.1.12, another strategy
consists in linearizing around a non trivial trajectory (w7, s, h1) of the nonlinear system
which goes from 0 to 0. This procedure is called the return method and was introduced
by Jean-Michel Coron in | | (see | , Chapter 6]). This method conjugated with
Proposition B.1.8 gives the following result.

Proposition B.1.14. We assume that there exist t; < to € (0,7), a nonempty open
subset wyp C w and € > 0 such that ’27?(1717 uz)| > € on (t1,t2) X wo. Then, there exists
§ > 0 such that for every ug € L*()? which satisfies [uol[ o)z < 9, there exists
hi € L*°(Q) such that the solution u of (B.11) verifies u(T,.) = 0.

Proposition B.1.14 is proved in | | and used in | | with fo(ui,u2) =
u$ + Rug, where R € R, | I, 1 | and | .

Finally, Felipe Walison Chaves-Silva and Sergio Guerrero have studied the local
controllability of the Keller-Segel system in which the nonlinearity involves derivative
terms of order 2 (see | |). Some ideas of | | are exploited in our proof.

B.1.5 Proof strategy of the two main results

Let us return to the main question discussed in this paper (see Annexe B.1.2) and
the expected results as explained in Annexe B.1.3.

The local controllability result is deduced from controllability properties of the
linearized system around (u})i<ij<4 of (B.4). This strategy presents two main difficul-

ties.
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For the case of 3 controls (see Annexe B.4.1.1), if (u], u3, u}) # (0,0,0), the linearized
system is controllable and consequently the nonlinear result comes from an adaptation
of Proposition B.1.12. If (u}, u3, u}) = (0,0,0), the linearized system is not control-
lable. Then, we use the return method to overcome this problem and the nonlinear result
comes from an adaptation of Proposition B.1.14.

For the case of 2 controls and 1 control, there exist some invariant quantities in
the nonlinear system and consequently in the linearized system, that prevent control-
lability from happening in the whole space L>()*. Therefore, we restrict the initial data
to a “natural” subspace of L>(Q)* (see Annexe B.3.1). A modified version (for Neumann
conditions) of Theorem B.1.6 cannot be applied to the linearized system of (B.4) be-
cause the rank condition is never satisfied (due to the invariant quantities). An adequate
change of variable gets over this difficulty by creating cross-diffusion and by using cou-
pling matrices of second order (see Annexe B.4.1.2 and Annexe B.4.1.3). Then, we treat
the controllability properties of the linearized system by adapting Proposition B.1.9 and
Proposition B.1.10.

To summarize, we must require necessary conditions on the initial data. Consequently
the local controllability result depends on : the coefficients (d;)i1<i<a (i.e. the diffusion
matrix), the state (u})1<i<a (i.e. the coupling matrix of the linearized system of (B.4)),
j (i.e. the number of controls that we put in the equations).

The global controllability result is a corollary of our local controllability result
and a result by Laurent Desvillettes, Klemens Fellner and Michel Pierre, Takashi Suzuki,
Yoshio Yamada, Rong Zou concerning the asymptotics of the trajectory of (B.1) for
1 < N < 2. Indeed, this known result claims that the solution u(7,.) of (B.4) converges
in L>(Q)* to a particular positive stationary solution z of (B.1) when T — oo (see
[ | or | , Theorem 3| and | , Theorem 3|). Then, the solution of (B.4)
can be exactly driven to z by our first outcome. Finally, a connectedness-compactness
argument enables to steer the solution of (B.4) from z to (u})1<i<a.

B.2 Properties of the nonlinear controlled system

B.2.1 Definitions and usual properties

In this part, we introduce the concept of trajectory of (B.4). This definition requires
a well-posedness result (see Proposition B.2.3).

First, we introduce some usual notations.

Let k,l € N*, A an algebra. Then, My,(A) (respectively My, ;(A)) denotes the algebra
of matrices with & lines and k columns with entries in A (respectively the algebra of
matrices with & lines and [ columns with entries in A).

For k € N* and A € My(R), Sp(M) denotes the set of complex eigenvalues of M,

Sp(M):={\eC; 3X e C*\ {0}, MX = \X}.
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For (a,b,c,d) € R*, we introduce
Vi € N*, fi(a,b,c,d) := (=1)"(ac — bd), f(a,b,c,d) = (fi(a,b,c,d))1<i<a. (B.12)

Definition B.2.1. We introduce the space Y defined by

Y := L?(0,T; HY(Q)) N HY(0,T; (HY())). (B.13)

Proposition B.2.2. From an easy adaptation of the proof of | , Section 5.9.2,
Theorem 3|, we have

Y «— C([0,T]; L*(Q)). (B.14)

Proposition B.2.3. Let k € N*, D € Mj(R) such that D is diagonalizable and Sp(D) C
(0,4+00), A € Mp(L®(Q)), ug € L2(Q)*, g € L*(Q)*. The following Cauchy problem
admits a unique weak solution u € Y*

Owu— DAu = A(t,x)u+g¢g in (0,T) x Q,
g—Z:O on (0,7) x 09,
u(0,.) = ug in Q.

This means that u is the unique function in Y* that satisfies the variational fomulation :

Yw € L2(0,T; HY(Q)),

T
/ (Ou,s W) (1 (kY 1Y (Q)F) —|—/ DVu.Vw = / (Au + g).w, (B.15)
0 Q @
and
u(0,.) = ug in L2(Q)". (B.16)

Moreover, there exists C' > 0 independent of uy and ¢ such that

lulys < € (Jluoll2qaye + 912 ) - (B.17)

Finally, if up € L>®(Q)* and g € L®(Q)*, then u € L>®(Q)* and there exists C > 0
independent of ug and g such that

lullyrzeq@ne < C (ol poe oy + gl eyt ) - (B.18)

Remark B.2.4. This proposition is more or less classical, but we could not find it as
such in the literature and we give its proof in the Appendix (see Annexe B.7.1).

Definition B.2.5. For ug € L>®(Q)*, ((ui)1<i<a, (hi)1<i<j) is a trajectory of (B.4) if
L ((ui)i<izas (hi)i<icy) € (Y 0 L2(Q))* x L=(Q),
2. (u;)1<i<a is the (unique) solution of (B.4).
Moreover, ((u;)1<i<4, (hi)1<i<j) is a trajectory of (B.4) reaching (u])1<i<4 (in time T) if

Vie{1,...,4}, w(T,.) = u}.

2
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Remark B.2.6. The concept of solution of (B.4) is the same as in Proposition B.2.3 (take
D = diag(dy,dza,ds,ds), A=0and g = (gi(u))lTSiS4 where g;(u) = fi(u) + hilicjly).

Remark B.2.7. The uniqueness is a consequence of the following estimate.

Let D = diag(dy,da,d3, ds), (hi)i<i<j € L¥(Q), u = (uihi<i<a € (Y N L¥(Q))*,
U = (U;)1<i<a € (Y N L®(Q))* be two solutions of (B.4), and v = u — . The function v
satisfies (in the weak sense)

Ow — DAv = f(u) — f(u) in (0,T) x £,

v =0 on (0,T) x 99, (B.19)
v(0,.) =0 in Q.

By taking w := v in the variational formulation of (B.19) (see also (B.15)) and by using
the fact that the mapping ¢ — ||v(t)||%2(m4 is absolutely continuous with

4 Hv(t)|]2L2(Q)4 = 2(0(t),v(t)) (1 ()ry,m1 ()t for ae. 0 <t < T (see | , Section
5.9.2, Theorem 3|), we find that for a.e. 0 <t < T,

1d ~

555 (0132 ) + 1DVllfe@ye = (F(u) = £(),0) r2(0pe 12 (B.20)

By using the facts that (u,u) € L>®(Q)* x L>(Q)*, f is locally Lipschitz continuous on
R*, we find the differential inequality

d
= (IllF2@)) < Cllollfa@y forae. 0<t<T. (B.21)

Gronwall’s lemma and the initial condition v(0,.) = 0 prove that v = 0 in L?(Q)*.
Consequently, u = u.

B.2.2 Invariant quantities of the nonlinear dynamics

In this section, we show that in the system (B.4), some invariant quantities exist.
They impose some restrictions on the initial condition for the controllability results.

B.2.2.1 Variation of the mass

Proposition B.2.8. Let j € {1,2,3}, ug € L®(Q)*, ((u;)1<i<4, (hi)1<i<;) be a trajec-
tory of (B.4). For every 1 <4 < 4, the mapping t — [, u;(t, z)dz is absolutely continuous
with for a.e. 0 <t < T,

d

i [ ity = /Q { fi(U(t,x))+hi(t,x)1w(x)1i§j}dx. (B.22)

Proof. We fix 1 <14 < 4. By using the fact that u; € Y and from an easy adaptation of
[ , Section 5.9.2, Theorem 3, (ii)], we deduce that the mapping ¢ — [¢, u;(t, z)dx is
absolutely continuous and for a.e. 0 <t < T,

% 0 Uz(t, l’)d.’l) = (&guz(t, .), 1)(H1(Q))’,H1(Q) .
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Then, by using that ((u;)i1<i<4, (hi)1<i<;) is the (unique) solution of (B.4) and by taking
w =11n (B.15), we find that for a.e. 0 <t < T,

(Orui(t, ), 1) gy 1 ()

— di(Vui(t, .), v1)L2(Q)7L2(Q) + /Q {fl(U(t, x)) + hi(t,x)lw(x)ligj}da:

_ /Q {RU(2) + hi(t )L (@) Lic, }da.

B.2.2.2 Case of 2 controls

Proposition B.2.9. Let j = 2, ug € L=®(Q)%, ((u;)1<i<a, (hi)1<i<2) be a trajectory of
(B.4) reaching (u})i<i<4 in time 7. Then, we have

1
— dx = ujz + u} B.23
g - (sa0(@) + ao(a))do = w5+ (.23
(dg = d4> = (ug,o + ug,0 = u§ + uj) . (B.24)
Proof. From (B.22), we have

% (/ (us(t, z) + U4(t,56))dx> =0forae 0<t<T.
Q

Then, from Definition B.2.5, (B.23) holds.
Moreover, ug + u4 satisfies

8t(u;», + U4) — d4A(U3 + ’u,4) = (d3 — d4)AU3 in (0, T) x €,
Augtua) _ on (0,T) x 9.

If d3 = dy, then the backward uniqueness for the heat equation (a corollary of Lemma B.2.11)
proves that

vVt €10,T), (ug+ua)(t,.) = (ug+us)(T,.) = uj + uj. (B.25)

This implies the necessary condition (B.24), stronger than (B.23), on the initial condition.
O

B.2.2.3 Case of 1 control

Proposition B.2.10. Let j = 1, ug € L=(Q2)*, ((u;)1<i<4, (hi)1<i<2) be a trajectory of
(B.4) reaching (u})i<i<4 in time 7. Then, we have

ﬁ Jo (u20(2) +uzo() Jde = uj 4 u3,
ar Jo (us0(@) +usp(@) Jde = uj +uj,

(k: £1e{2,3,4), dy = dl> = (uk,o — (1)l =l — (—1)’Hu7). (B.27)
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Proof. From (B.22), we have for a.e. 0 <t < T,

% (@/Q(UQ(M) +u3(t,:n))d:n) o, % <|;2|/Q(u;3(t,x) +U4(t,x))dx> 0.

Then, from Definition B.2.5, (B.26) holds.
Moreover, if there exists k # [ € {2,3,4} such that di = d;, by using again the
backward uniqueness for the heat equation, we get

(k £1e{2,3,4), dy = dl)
- (w € (0,71, (up — (—1)ly)(t,.) = ul — (—1)’f*lu;ﬂ), (B.28)

and in particular the necessary condition (B.27), stronger than (B.26), on the initial
condition. ]

B.2.3 More restrictive conditions on the initial condition when the
target (u})i<;<4 vanishes

In the previous section, we have seen that there are invariant quantities in the dyna-
mics of (B.4) which impose necessary conditions on the initial condition : (B.23), (B.26).
Moreover, when some coefficients of diffusion d; are equal, we have more invariant quanti-
ties in (B.4) which impose stronger necessary conditions on the initial condition : (B.24),
(B.27).

B.2.3.1 The lemma of backward uniqueness

Lemma B.2.11. Backward uniqueness
Let ke N*, D = diag(dl, - ,dk) where d; € (0, +OO), C e Mk(LOO<Q)), (o € LOO(Q)k
Let ¢ € Y* be the solution of

(¢ — DA¢ =C(t,x)¢ in (0,T) x Q,

% =0 on (0,7) x 99,
¢(0,.) = Go in Q.

If {(T,.) = 0, then for every t € [0,T], {(t,.) = 0.
Proof. {(t,z) = exp(—t)C(t,x) € Y is the solution of the system
8,C — DAC + I, = C(t,z)¢ in (0,T) x ©,

%Z =0 on (0,T) x 09,
¢(0,.) = ¢o in Q,

which verifies ((T,.) = 0.
Let us denote A = —DA + I;, which is a bounded linear operator from H'(Q)* to
(H'()*)'. Indeed,
k k

V(u,v) € (H(QF)?, (Au)(v) = di(Vui, Vi) 120y, 120 + (Wi 0) r2(),12(0)»
i— i=1

134



| Aull g ey < VT max(ds) [l g gy

Then, A verifies the three hypotheses : (i), (#4) and (4i7) of | , Proposition II.1].
(1) is satisfied because A does not depend on t.
(1) is a consequence of

¥(u,v) € (H'(2))?, (Au)(v) = (Av)(u).
(131) is satisfied because

k k
(Au,u) =Y di(Vui, V) 20y ra@)+ > (Wi, ) 12(0), 12(0) > min(min(d;), 1) [
i=1 i=1
Let B(t) be the family of operators in L2(0,T; L(H'(Q)*, L?()*)) defined by
Yu € HY(Q)*, B(t)u(.) = C(t,.)u(.).

We have
2 2
IBI[Z20;c0m1 @k, L2(0)%)) < 1O gy -

By applying | , Theorem II.1], we get that for every ¢ € [0,T1], ((t,.) = 0. Then,

vVt € [0,T], ((t,.) =0.

B.2.3.2 Case of 2 controls

Proposition B.2.12. Let j = 2, ug € L®(Q)* If ((wi)1<i<a, (hi)1<i<2) is a trajectory
of (B.4) reaching (u;)i<i<4 in time T', then we have

((ug,uz) — (0,0)) N ((US,O,MO) - (0,0)). (B.29)

Conversely, for every ug € L>°(Q)? such that (u30,u4,0) = (0,0), we can find (h;)1<i<2 €
L>=(Q)? such that the associated solution (u;)1<i<4 € L®(Q)* of (B.4) satisfies

(’LLl, Uu2,u3, U4)(T, ) = (’LLT, UZ) 07 O)
Proof. 1f (u,u}) = (0,0), it results from (B.4) that

Oyug — d3Aus = —ujus + uguy in (0, T) x (Q,
atU4 — d4AU4 = U1U3 — UU4 in (O,T) X Q, (B.BO)
%:%:0 on (0,7) x 09.

By using the point 1 of Definition B.2.5, we have

(ul,ug) c LOO(Q)Q. (B.?)l)
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Then, from (B.30), (B.31), Definition B.2.5 : (u3,u4)(7,.) = (0,0) and Lemma B.2.11

with k = 2, D = diag(ds, ds) and C = <_“1 2

, we deduce that
(75} —Uu9

vVt € [0,T], (us,uq)(t,.) =(0,0),

and in particular (B.29).
Conversely, let ug € L*>(Q)* be such that (ug,u40) = (0,0). Then, (B.4) reduces to
the following system

8tu1 — dlAul = hllw in (O,T) X Q,
6{&2 — dgAUQ = hglw in (O,T) X Q,
G — u2 — ) on (0,T) x 9,
(ul, UQ)(O, ) = (UL(), UQ,O) in Q.

(B.32)

The problem reduces to the null-controllability of two decoupled heat equations in L*(£2)
with two localized control in L>°(Q)) which is a solved problem (see for example |

Proposition 1]). Therefore, we can find (h;)1<i<2 € L°(Q)? such that the associated so-
lution (u;)1<i<4 € L®(Q)* of (B.4) satisfies (uq,uz, us,us)(T,.) = (u},u},0,0). O

Remark B.2.13. Thanks to Proposition B.2.12, we avoid the easy case (u},u}) = (0,0)
for 2 controls in the sequel.

B.2.3.3 Case of 1 control
Proposition B.2.14. Let j = 1, ug € L°(Q)*. If ((u;)1<i<4, h1) is a trajectory of (B.4)
reaching (u})i<i<4 in time 7', then we have

((“3“3) = (0,0)> = ((Uz,o,u3,o,u4,o) = (0,0,UZ)), (B.33)

((u}’;,uj;) = (an)) = ((Uz,o,u:%,o,w;,o) = (U§,0,0)). (B.34)

Conversely, for every ug € L>(Q)* such that uzg = 0, we can find h; € L>(Q) such that
the associated solution (u;)1<i<a € L®(Q)* of (B.4) satisfies
(ulv Uz, U3, U4)(T, ) = (uiv u§7 07 UZ)

Proof. If u} = 0, then from (B.3), u§ = 0 or uj = 0. We assume that (u}, u3) = (0,0) (the
other case is similar). The backward uniqueness (i.e. Lemma B.2.11) as in Annexe B.2.3.2
leads to

vt € [O7T]a (’LLg,uz)(t, ) = (an)
Then, we deduce that

{ Opug —dsgAus =0 in (0,7) x Q, (B.35)

%:O on (0,T) x 09.
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The backward uniqueness for the heat equation applied to (B.35) proves that
vVt € [0,T], ualt,.) = uy,

and in particular (B.33) and (B.34).
Conversely, let ug € L>®(€2)* such that uz = 0. Then, (B.4) reduces to the following
system
atul — dlAul = hllw in (O,T) X Q,

gu = on (0,T) x 89, (B.36)
u1(0,.) = w1 in Q.

The problem reduces to the null-controllability of the heat equation in L*°(§2) with a
localized control in L*°(Q) which is a solved problem (see for example | ,
Proposition 1]). Therefore, we can find hy € L*(Q) such that the associated solution
(ui)1<i<a € L*°(Q)* of (B.4) satisfies (u1, ug,u3, us)(T,.) = (uf,us,0,u}). O

Remark B.2.15. Thanks to Proposition B.2.14, we avoid the easy case u3 = 0 for 1
control in the sequel.

B.3 Main results

In this part, we present our two main results : a local controllability result and a
large-time global controllabillity result for (B.4).

B.3.1 Local controllability under constraints

In Annexe B.2.2 and Annexe B.2.3, we have highlighted necessary conditions on initial
conditions when ((u;)1<i<4, (hi)1<i<j) is a trajectory reaching (u)i<;<4. They turn out
to be sufficient for the existence of such trajectories at least for data close to (u})i<i<a.
The goal of this subsection is to define subspaces of L>(Q)* which take care of these
conditions.

B.3.1.1 Case of 3 controls
We introduce
X3, (), (ur) = L()". (B.37)
B.3.1.2 Case of 2 controls

The results of Annexe B.2.2.2 and Annexe B.2.3.2 are summed up in the following
array.

(ug, u3) # (0,0)
d3 = dy uz,0 + ug0 = uz + uy (B.38)
ds # di | 1y Jo(us,o +ua0) = uj + uj
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Then, we introduce

Xo (dy),(uz) = {uo € L>®(Q)1 ; wg satisfies the condition of (B.38)}. (B.39)
For example, X2,(1,2,3,4),(1,1,1,1) ={uo € LOO(Q)4 §|ﬁl| fg (U3,0 + U4,0) = 2}.

B.3.1.3 Case of 1 control

The results of Annexe B.2.2.3 and Annexe B.2.3.3 are summed up in the following
array.

uz # 0
do = d3 = dy U0 + U3, = Uy + U3, Uz + Uso = uy + uj

dy # d3, d3 =dy ﬁ Jo(uzp + us o) = us + uj, usp + usp = uf +uj

do = ds,d3 # dy ug,0 + uzp = uj + uj, ﬁ Jo(uso + uso) = uj + uj

do = d4, do 7é d3 Ug,0 — U4,0 = u§ — uz, ﬁ fQ(u?,’() + U4’0) = u§ + UZ
do 75 ds, ds 75 dy, da 7'5 da ﬁ fQ(uZo + U370) = u§ + u§, |?12| fQ(U&O + U4,0) = u§ + uj
(B.40)

Then, we introduce

X1, (dy),(ur) = {uo € L>®(Q)* ; wg satisfies the condition of (B.40)}. (B.41)

B.3.1.4 Local controllability result

Definition B.3.1. Let j € {1,2,3}, (u},u},uj,u}) € (RT)* be such that (B.3) holds.
The system (B.4) is locally controllable to the state (u})i<;<4 in L>(Q)* with
controls in L°°(Q)’ if there exists § > 0 such that for every uy € X (d)(u) (see

(B.37), (B.39) and (B.41)) verifying ||ug — (Uf)1§i§4”Loo(Q)4 < 4, there exists (h;)i1<i<j €
L>®(Q)’ such that the solution (u;)1<i<4 € L*(Q)* to the Cauchy problem (B.4) satisfies

Vie {1,2,3,4},ui(T,.) = u;.

Theorem B.3.2. For every j € {1,2,3}, for every (u}, u}, u}, u}) € (RT)* which satisfies
(B.3), the system (B.4) is locally controllable to the state (u});<;<4 in L>(Q)* with
controls in L*(Q)’.

Remark B.3.3. The uniqueness of the solution (u;)1<i<4 € L>®(Q)* is a consequence of
Remark B.2.7. The existence of the solution (u;)1<;<4 € L=(Q)* is a consequence of a
good choice of controls (h;)1<i<; € L®(Q)’ and more precisely of a fixed-point argument
(see Annexe B.4.5).

Remark B.3.4. As we have said in the introduction, it was not known if L blow-up
occurs or not in dimension N > 2 for the free system (B.1) until recently (see | D.
Here, our strategy of control avoids blow-up and enables the solution to reach a stationary
solution of (B.1).

Remark B.3.5. In some particular cases (easy cases), this local controllability result
can be improved in a global controllability result (see the case (u},u}) = (0,0) for 2
controls in Annexe B.2.3.2 and the case u} = 0 for 1 control in Annexe B.2.3.3).
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B.3.2 Large-time global controllability result

From Theorem B.3.2, we establish a global controllability result in large time for
N=1,2.

Theorem B.3.6. We assume that N =1 or 2. Let j € {1,2,3} and (u})1<i<a € (RT)?
be such that (B.3) holds. Then, for every nonnegative ug € Xj 4,) (u) satisfying

Y(i,j) € {(1,2), (1,4),(2,3), (3,4)}7 ﬁ /Q(ui,o + u;0)(z)dz > 0. (B.42)

there exists T* > 0 (sufficiently large) and (h;)1<i<j € L=((0,7*) x ©)7 such that the
solution u of

V1l <1 <4,
Owu; — d; Au; = (—1)i(U1U3 - U2U4) + hilwligj in (O,T*> x €, (B 43)
%q:; =0 on (0,7%*) x 09, '
ul(07 ) = U5,0 in Q,
satisfies
W(T*, ) = u*, (B.44)

Remark B.3.7. The restriction on the dimension N € {1,2} is a consequence of the
following property : the solution of the free system (B.1) converges in L*°(€) when
T — +oo to a particular stationary solution of (B.1) (see | ). One can extend
Theorem B.3.6 to N > 2 if the convergence in L>(2) (of the free system) holds. For
N > 2, one only knows that a weak solution of the free system (B.1) converges in L'()
when 7' — 400 to a particular stationary solution of (B.1) (see | , Theorem 3]). But,
for example, if we assume that the diffusion coefficients d; are close, the weak solution
of the free system (B.1) converges in L>(£2) when T" — +oc0 to a particular stationary
solution of (B.1) (see | , Proposition 1.3]).

Remark B.3.8. The positivity assumption (B.42) is not restrictive. One can extend the
result to nonnegative initial condition ug € X (4, (uz) (see | , Section 5)).

B.4 Proof of Theorem B.3.2 : the local controllability to
constant stationary states

The aim of this section is to prove Theorem B.3.2. As usual, we study the proper-
ties of controllability of the linearized system around (u])i<;<4 of (B.4). First, we
transform the problem by studying the null-controllability of a family of linear control
systems (see Annexe B.4.1). The existence of controls in L?(Q) is a consequence of a
duality method : the Hilbert Uniqueness Method introduced by Jacques-Louis Lions
(see Annexe B.4.3.1). It links the existence of controls in L?(Q) with an observability
inequality for solution of the adjoint system. This type of inequalities is proved by Car-
leman estimates (see Annexe B.4.3.2). In order to get more regular controls (in LP(Q)
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sense, p > 2), we use a sophistication of Hilbert Uniqueness Method called the penalized
Hilbert Uniqueness Method introduced by Viorel Barbu (see Annexe B.4.4.1). In-
deed, this enables to have controls a bit better than L?(Q). Then, a bootstrap method
gives controls in L>°(Q) (see Annexe B.4.4.2). A fixed-point argument concludes the
proof (see Annexe B.4.5).

Now, we develop a strategy in order to treat the cases of 1, 2 or 3 controls in a unified
way.
We introduce the following notations

1 00 hq 1 0 hq 1 hy

o 10 3 hs [0 1 ) hos 0 .o

B3_001’h_h3’B2_00’h_ ol Br=1ol =10

00 0 0 0 0 0 0 0
(B.45)

Let j € {1,2,3}, (u},ul, uf, uj) € (RY)* be such that (B.3) holds and ug € X, (d),(ur)
(see (B.37), (B.39) and (B.41)).

B.4.1 Linearization

We adopt the approach presented in Annexe B.1.4.2.

B.4.1.1 3 controls, return method when (uj,u}, u}) = (0,0,0)

We linearize (B.4) around (u])i<i<4 and we get the system : for every 1 <1i <4,

8tui — d,Au, = (—l)i(ugul — UZUQ + U){u;g — U§U4) + hilwligy, in QT,
Gui = on Yr,  (B.46)
ui(O, ) = U4,0 in Q.

Roughly speaking, it is easy to control ui, us, us thanks to hi, he, hg. The main
difficulty is to control uy. Now, we present the heuristic way of controlling uy.

B.4.1.1.1 First case : (u},u3,u}) # (0,0,0) There is a coupling term in the fourth
equation of (B.46) which enables to control uy. For example, if u§ # 0, then u; controls
Ug.

Remark B.4.1. In this case, the linearized system (B.46) looks like the toy-model (B.7)
and its controllability properties come from Proposition B.1.7. Consequently, the local
controllability of (B.4) can be proved as in Proposition B.1.12 for system (B.11).

B.4.1.1.2 Second case : (uj,u},u}) = (0,0,0), return method The fourth equa-
tion of (B.46) is decoupled from the other equations. In particular, if us(0,.) # O,
then u4(7,.) # 0. Consequently, system (B.46) is not controllable. The idea is to li-
nearize around a non trivial trajectory of (B.4) which comes from (0,u3,0,0) and goes
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to (0,u3,0,0) and which forces the appearance of a coupling term after linearization. It
is the return method. Here, we take

((0,u3, 75, 0), (0,0, ig")) := (0,5, ¢,0), (0,0, 89 — dsAg)),

where g satisfies the following properties

g€ C>®(Q), g>0, g#0, supp(g) C (0,T) x w. (B.47)

Then, if we linearize the system (B.4) around ((0, wh, w3k, 0), (0, O,Fgﬁ)), then the fourth
equation becomes

Oyug — dygAuy = 3 (8, 2)ug — udug in (0,T) x Q.
Roughly speaking, as u3® # 0 in the control zone, then u; controls uy.

Remark B.4.2. Here, the linearized system around the non trivial trajectory looks
like the toy-model (B.7) and its controllability properties follow from Proposition B.1.8.
Consequently, the local controllability of (B.4) can be proved as Proposition B.1.14 for
(B.11).

B.4.1.1.3 Linearization in L°°(Q) and null-controllability of a family of linear
systems We define

:{UEW%%@#@M%wMF{OM%%@#mw%

(B.48)

(C? h3) = (Clv <27 <37 C47 71;7 ﬁ;, E;) = (ul - UT, U2 — 'LL;, Uz — U3, Ug — IU’ZL? hla h27 h3 - E)

(B.49)
Thus, (u, h?) is a trajectory of (B.4) if and only if (¢, h3) is a trajectory of the following
system

V1<i<d,
OG — di A

= (=1)"((u3 + (3)¢1 — (uf + C4)Co +ui¢s — usCs) + hilylicg  in Qr,
% =0 on ET,
Gi(0,.) = w0 —uf in Q.

Then, (¢, ﬁ§) is a trajectory of

0,C — DsAC = G(C)C + Bsh3l, in (0,T) x Q,
5e =0 on (0,T) x 89, (B.50)
C(Oa ) = CU in Q,
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where

di 0 0 0 —uz— (3 uj+CG —ul o oul
0 do 0 0 uz+¢3  —uy—C  ouy  —up
D3y = G = . B.51
3 0 0 d3 0]’ (<) —u3 — (3 uy+C —ul o uj ( )
0 0 0 dy uz+( —up—C o ou —us

Note that G41(0,0,0,0) = u3. To simplify, we suppose the following fact :
if (uy,ud, u}) # (0,0,0), then uj # 0. Otherwise, we can easily adapt our proof strategy
(see Remark B.4.16). Then, from (B.47), there exist t; < t2 € (0,7), a nonempty open
subset wyg CC w and M > 0 such that

v(ta 'I) € (tla t?) X Wo, G41 (O) 07 07 0)(ta I) > 2/Ma
v(k7 l) € {17 R 74}27 Hle(Ov 07 07 O)HLOO(Q) < M/2
Consequently, we study the null-controllability of the linear systems

8¢ — DsAC = AC + B3h®1, in (0,T) x 9,

% =0 on (0,T) x 09, (B.52)
¢(0,.) = <o in 0,
where the matrix A verifies the following assumptions
V(t,x) € (t1,t2) X wo, aq1(t,x) > 1/M, (B.53)
V(k, 1) € {1, 4Y%, llanll oo () < M. (B.54)

Remark B.4.3. To simplify the notations, we now denote R3 by h3.

B.4.1.2 2 controls, adequate change of variables

By Annexe B.2.3.2, we can assume that (u3,u}) # (0,0).

B.4.1.2.1 First case : d3 =d4 From (B.25) and (B.39), system (B.4) reduces to

V1<i<3,

Oyu; — diAu; = (—1)Z(U1’LL3 — UQ(’UE + ’LLZ — U3)) + hilwligg in (O, T) x £,
9ui = on (0,T) x 89,
uZ(O ) = U0 in €.

(B.55)

We do not give the complete proof of Theorem B.3.2 in this case because it is an easy
adaptation of the study of the null-controllability of the linear systems (B.52) which
satisfy (B.53), (B.54) (with three equations instead of four). Indeed, by linearization
around (u))i<i<4 of (B.55), the equation satisfied by uz becomes

Oyusg — dsAus = —ujuy + (uz + uj)ug — (u] + u3)ug in (0,7) x Q. (B.56)
Then, there is a coupling term in (B.56) if and only if
(uy i+ ) # (0,0) L. (ufyu3) £ (0,0). (B.57)
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B.4.1.2.2 Second case : d3 # d4s We remark that

’ (u17u27u3)u4)(T7 ) - (UT,U;,U;,UI)

if and only if (B.58)

(w1, u, g, us + ua) (T, ) = (uf, uj, ul, uf + uf)

Therefore, we study the system satisfied by (v1, v, vs,v4) 1= (u1, ug, us, ug + ug),

V1l <1 <3,

6tvi — dzA’UZ = (*1)“’1)1@3 — ’U2(U4 — Ug)) + hi1w1i§2 in (O, T) X Q,

at'l}4 — d4AU4 = (dg — d4)AU3 in (O,T) X Q, (B.59)
%1;;:%:0 On(O,T)XaQ,

(Ui, 1}4)(0, ) = (ui’o, u3,0 + U4,0) in €.

Roughly speaking, vs can be controlled by wg thanks to the coupling term of second
order (d3 — d4)Awvs in the second equation of (B.59) and v3 can be controlled by vy or vy
because the linearization of the first equation of (B.59) with i = 3 is

Opvg — dgAvy = —uzv1 + ujve — (u] + u3)vs + ujvy in (0,7) x Q,

and (uj,u)) # (0,0). Then, the proof of the controllability properties of the linearized-
system of (B.59) follows the ideas of Proposition B.1.9 and Proposition B.1.10. The
main difference is the nature of the coupling terms : one coupling term of second order
(d3 — d4)Awvs and one coupling term of zero order —ujvy if uj # 0 or wjvy if uj # 0.

B.4.1.2.3 Linearization in L°°(Q) and null-controllability of a family of linear
systems when d3 # d4 We define

(¢, h?) = (C1, G2, G35 Cay by o) 2= (w1 —uf, v — b, w3 — i, va — (uh +u}), b, ha). (B.60)
Then, (u, h?) is a trajectory of (B.4) if and only if (¢, h?) is a trajectory of

0i¢ — Do AC = G(¢)¢ + Bah?1, in (0,7) x Q,

% =0 on (0,T) x 09,
¢(0,.) = G in Q,
where
di 0 0 0
o d 0 0
D=1y ds 01’
0 0 (d3 - d4) d4
B.61
S G) A GoG —ui—ub (B.61)
' —(uz +¢)  uj+G-C  —ui—ud  uj
0 0 0 0
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Note that G31(0,0,0,0) = —uj and G32(0,0,0,0) = uj. Then,
(G31(0,0,0,0),G32(0,0,0,0)) # (0,0). To simplify, we suppose that Gs1(0,0,0,0) # 0.
The other case is similar. There exist t; < t3 € (0,7), a nonempty open subset wyg CC w
and M > 0 such that

V(t, l’) € (t17t2) X wo, G31(0,0,0,0)(t,1’> < _2/M>

V(k,l) € {17 s 73} x {17 s 73}7 ||le(0707070)HL°°(Q) < M/27
Gia = —Gos = G4 = u3, Ga1 = Gag = Gy3 = Gaa = 0.

Consequently, we study the null-controllability of the linear systems

¢ — DoAC = AC + Bsh?1,, in (0,T) x Q,

% = on (0,T) x 0%, (B.62)
¢(0,.) = ¢o in ©,
where the matrix A verifies the following assumptions
V(t,$) S (tl,tQ) X wo, a31(t, l’) < —1/M, (B.63)
V(k, 1) e {1,...,3} x{1,...,3}, HaleLm(Q) <M, (B.64)
a14 = —G24 = a34 = U3, (B.65)
a41 — A49 = Q43 — Q44 — 0. (B.66)

Remark B.4.4. Actually, we can show the null controllability of a bigger family of linear
systems. Indeed, we can replace (B.65) by the more general assumption : a4, asq, agg € R
because it does not change the proof of the null-controllability result of the linear systems
like (B.62) (see Proposition B.4.8). But, the more general case a4, as4, aza € L=(Q)
is not handled by our proof of Proposition B.4.8 (see Annexe B.4.3.5 and in particular
(B.137)).

Remark B.4.5. The algebraic relation (B.66) is useful to prove the null-controllability
result of the linear systems like (B.62) (see Proposition B.4.8) because it creates the
cascade form of (B.62). Indeed, the fourth and the third equation of (B.62) are

OCa — daAls = (d3 — dq) A3 in (0,T) x Q,
with and ds — d4 # 0,
(3 — d3AQs = a31(1 + az2Ca + aszCs + uCq in (0,7) x €,
with V(£,7) € (1, 42) X wo, agi(t,x) < —1/M.

B.4.1.3 1 control, adequate change of variables

By Annexe B.2.3.3, we can assume that u3 # 0.
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B.4.1.3.1 First case: 3k #1 € {2,3,4}, dy =d; We treat the case do = d3, d3 # dy.
The other cases are similar. From (B.28) and (B.41), system (B.4) reduces to

Vi€ {1,2,4},

8tu,~ — dZAuZ = (—1)1(U1 (U; + u§ — 'LLQ) — 'LLQU4) + hilwligl n QT,

ous g (B.67)
on T,

ui(O, ) = U;,0 in €.

We remark that

(ulv u2, 'LL4)(T, ) = (uTa usv UZ)
if and only if (B.68)

(ug,ug,ug —ug)(T,.) = (uj, uy, uy — uy).

Therefore, we study the system satisfied by (v, ve, v3) := (u1, ug, us — uyg),

V1<i<?2,

O; — diAv; = (—1)%(v1 (ub + u§ — va) — va(v2 — v3)) + hilyli<i  in Qr,

8,51)3 — d4AU3 = (d2 — d4)AUg in QT, (B.69)
=%2=0 on X,
(vi(0,.),v3(0,.)) = (ui,0, u2,0 — Ua,0) in Q.

We do not give the complete proof of Theorem B.3.2 in this case because it is an easy
adaptation of the study of the null-controllability of the linear systems (B.62) which
satisfy (B.63), (B.64), (B.65) and (B.66) (with three equations instead of four). Indeed,
v3 can be controlled by vy thanks to the coupling term of second order (d2 — dq)Avs in
the second equation of (B.69) and vy can be controlled by v; because the linearization
of the first equation of (B.69) with i = 2 is

Opva — doAvy = uzvy + (—v] — 205 + v3)va + uzvs in (0,7) x Q,

where (v}, v3,v3) := (u],u3,us —u}) and uj # 0.

B.4.1.3.2 Second case : dy # d3, d3 # d4, do # dy. We introduce o # 3 such that

1
do —dyg) =pP(d3 —dy) =1, ie. a= dg= . B.70
a(dy —dy) = B(d3 —dy) =1, ie. a & B & —ds (B.70)
Then, we define v # 0 by the algebraic relation
a—pF+v=0,1e.v=08-q. (B.71)

We remark that

| (ur,uz, ug, wa) (T, ) = (u, 03, u3, uf)

if and only if

| (w1, ua, uz + ug, auz + Bug + yua)(T,) = (uf, ub, u3 + uj, a3 + Buj +uj) | (B.72)
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Therefore, we study the system satisfied by (vi,ve, v3,v4) := (u1, u2, u2 +us, aus + fus +
~vuy4). We introduce the following notations

-« 1
g1(v2,v3,v4) 1= b 5 Vg — fvg + §v4 = uy, g2(va,v3) 1= v3 — v = ug. (B.73)
We have
(V1<i<?2,
Opv; — diAv; = (=1)" (g2(v2, v3)v1 — g1(v2, v3,v4)v2) + hilwli<s in (0,7) x Q,
(9751)3 — d3AU3 = (dg — dg)AUQ in (O,T) X Q,
Opvg — daAvy = Avg in (0,7) x £,
%2:%:%%20 on (0,T) x 09,
[ (03, v3,04)(0,.) = (ui0,u2,0 + us,0, auz o + Buso + Yusp) in Q.
(B.74)

Roughly speaking, v4 can be controlled by w3 thanks to the coupling term of second
order Avs in the third equation of (B.74) and w3 can be controlled by ve thanks to the
coupling term of second order (d2 — d3)Aws in the second equation of (B.74) and vy can
be controlled by v; because the linearization of the first equation of (B.74) with i = 2 is

Oy — daAvgy = 92(1);, U§)Ul - 91(1};7 U§, UZ)Uz + Ufg2(02, 03) - 0591(02, V3, U4)
= u3v1 — g1(v3, v3,v))v2 + v]1g2(v2, v3) — v391(v2, V3, v4)
and u3 # 0. Then, the proof of the controllability properties of the linearized-system of
(B.74) follows the ideas of Proposition B.1.9 and Proposition B.1.10. The main difference

is the nature of the coupling terms : two coupling terms of second order Awvs, (dy—ds)Ave
and one coupling term of zero order uzv;.

B.4.1.3.3 Linearization in L°°(Q) and null-controllability of a family of linear
systems when dy # ds, dy # d4, d3 # dgy  We define

(C’ hl) = (<17C27<3,C47h1) = (1)1 —UT,’UQ—’LL;,’Ug—(U;+U§),U4—(au;—f—ﬁu;-ﬁ-’yUZ),hl).

(B.75)
Then, (u, h!) is a trajectory of (B.4) if and only if (¢, k') is a trajectory of
¢ — D1A¢ = G(¢)¢ + Bihtl, in (0,T) x Q,
g—fl =0 on (0,T) x 09,
¢(0,.) =¢o in €,
where
dy 0 0 O
10 do 0 0
Pro=to g-dy dy 0]
0 0 1 dy
¥ B.76
—(u3 +92((2,¢3))  ma+01(C2,C3:Ca)  —ma2 mg3 (B.76)
G) = uy +92(C2,¢3)  —(m1+91(¢2,C3,6a)) m2  —mg3
’ 0 0 0 0 ’
0 0 0 0
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with mq = u] + u3 + u}, mo :=uj + gug and m3 = %uz Note that G21(0,0,0,0) = uj.
There exist t1 < to € (0,T), a nonempty open subset wy CC w and M > 0 such that

V(t, ac) S (tl,tz) X W, Gzl(0,0,0,0)(t, .%') > Q/M,

v(kv l) € {15 2} X {17 2}7 Hle(07 0, 070)||L°°(Q) < M/27
G13 = —Gaog = —m2, Glu = —Gay=m3, G =0, 3<k <4, 1<1<4
Consequently, we study the null-controllability of the linear systems

9¢ — D1AC = AC + B1h'1, in (0,7) x Q,
% —0 on (0,T) x 09, (B.77)
€(0,.) = <o in 0,

where the matrix A verifies the following assumptions

V(t,x) S (tl,tg) X wo, agl(t,x) > 1/M, (B?S)
Wk, 1) € {1,2} % {1,2}, llamllp=(o) < M, (B.79)
a13 = —ag3 = —Ma, A14 = —A24 = M3, (B.80)
4 =0, 3<k<4, 1<[<4. (B.81)

Remark B.4.6. Actually, we can show the null controllability of a bigger family of linear
systems. Indeed, we can replace (B.80) by the more general assumption : a3, ass3, ai4,
az4 € R because it does not change the proof of the null-controllability result of the
linear systems like (B.77) (see Proposition B.4.8). But, the more general case a3, ags,
a4, azq € L>®(Q) is not handled by our proof of Proposition B.4.8 (see Annexe B.4.3.7
and in particular (B.158) and (B.160)).

Remark B.4.7. The algebraic relation (B.81) is useful to prove the null-controllability
result of the linear systems like (B.77) (see Proposition B.4.8) because it creates the
cascade form of (B.77). Indeed, the fourth, the third and the second equation of (B.77)
are

615(4 — d4AC4 = AC3 in (O,T) X Q,
atC?, — d3A<3 = (d2 — dg)ACQ in (O,T) X Q, and (d2 — dg) ;é 0,

0¢Ca — da Ao = a21C1 + a22(2 + malz — ms3(y in (0,7) x Q,

with V(t,(]}) € (tl,tg) X wo, agl(t,x) > 1/M.
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B.4.2 Null controllability in L?(Q)* with controls in L>*(Q)’ of a family
of linear control systems

B.4.2.1 Main result of this subsection

We introduce the following notations,

Es:={A € M4(L™(Q)) ; A verifies the assumptions (B.53) and (B.54)}, (B.82)
Hs := L*(Q)*, (B.83)
&y :={A € M4(L™(Q)) ; A verifies the assumptions (B.63), (B.64), (B.65) and (B.66)}, (B.84)
Hy = {Co € L / Co 4 = 0} (B85)
&1 :={A € M4(L™(Q)) ; A verifies the assumptions (B.78), (B.79), (B.80) and (B.81)},  (B.86)

Hy = {goeL /gog_/gm_o} (B.87)

The main result of this subsection is a null-controllability result in L?(Q)* with
controls in L*>°(Q)? for families of linear control systems.

Proposition B.4.8. Let j € {1,2,3}, D; defined by (B.51), (B.61) or (B.76). There
exists C' > 0 such that, for every A € & and (o = (0,1, 0,2, 0,3, C0,4) € Hj, there exists
hi € L>®(Q) satisfying

187 ooy < C l1Goll L2 (B.88)

such that the solution ¢ € Y* to the Cauchy problem

0 — D;AC = AC+ Bjh?1, in (0,T) x €,

% =0 on (0,T) x 09, (B.89)
C(O, ) = CO n Q,

verifies

¢(T,.) = 0.

Remark B.4.9. For every 1 < j < 3, the diffusion matrices D; defined by (B.51),
(B.61) or (B.76) verify the assumption of Proposition B.2.3 because they are similar to
dia’g(dla d27 d37 d4)

B.4.2.2 Proof strategy of Proposition B.4.8 : Null controllability in L%(Q)*
with controls in L°°(Q)’ of a family of linear control systems

— We let evolve the system without control in (0,t1) (take h7(t,.) = 0 in (0,t1)).
From Proposition B.2.2 and Proposition B.2.3, we get the existence of C' > 0 such
that for every A € &;, (o € L?(Q)%, the solution to the Cauchy problem satisfies

1€ L2 )e < CllColl p2 ()

where

¢" = C(t, ).
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— Then, we find k7 : (t1,t2) x  — R such that

thHLOO((tl,tQ)XQ)j S C ”C(tla ')||L2(Q)4 9
and the solution to the Cauchy problem

8tC — D]AC = AC + thjlw in (tl,tQ) X Q,
% =0 on (tl,tg) X 89,
C(t1,.) =" in Q,

verifies
((t2,.) =0.
— Then, we set h/(t,.) = 0 so that hi(t,.) = 0 for t € (t2,T).

This strategy gives

¢(T,.) =0 and thHLOO((O,T)Xw)j <C HCOHL?(Q)4 .

To simplify, we now suppose

(t17t2) = (OaT)
B.4.3 First step : Controls in L*(Q)’

The goal of this section is the proof of the following result.

Proposition B.4.10. Let j € {1,2,3}. There exists C' > 0 such that, for every A € &;
and for every (o € Hj, there exists a control hi € L*(Q)’ satisfying

thHLZ(Q)j < CllColl 2 (B.90)

such that the solution ¢ € Y* to the Cauchy problem (B.89) satisfies ¢(T},.) = 0.

The proof of Proposition B.4.10 will be done in Annexe B.4.3.3 for j = 3, An-
nexe B.4.3.5 for j = 2, Annexe B.4.3.7 for j = 1. It requires technical preliminary results
presented in Annexe B.4.3.1, Annexe B.4.3.2, Annexe B.4.3.4, Annexe B.4.3.6.

B.4.3.1 Hilbert Uniqueness Method

First, for ® € L?(Q), (®)q denotes the mean value of ®,

1
D) = / P,
e =1,
and for ¥ € C([0,T]; L*(Q)), t € [0, T], we introduce the notation

(D)o (t) = |£1)|/Q\If(t,x)dx.
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By the HUM (Hilbert Uniqueness Method), the null-controllability result of Propo-
sition B.4.10 is equivalent to the following observability inequality : (B.92) (see | ,
Theorem 2.44]).

Let j € {1,2,3}, D; defined by (B.51), (B.61) or (B.76). There exists C' > 0 such
that, for every A € &; and o1 € H; (see (B.82), (B.83), (B.84), (B.85), (B.86), (B.87))

the solution ¢ of
—Op — DTAp= ATy in (0,T) x 9,

g% =0 on (0,7) x 09, (B.91)
o(T,.) =¢r in Q,

verifies

2 d ) 2
/Q|<,0(O,m)| dr < C (;//(O’T)me(t,xn dmdt). (B.92)

It is easy to show that it is sufficient to prove the following observability inequalities.
There exists C' > 0 such that, for every A € & and @7 € L?(Q)*, the solution ¢ of
the adjoint system (B.91) verifies

3
2 i X 2 X . .
| 1¢0.) dxsc@ / /(O’T)pr%(t, )Pd dt) (B.93)

There exists C' > 0 such that, for every A € & and @7 € L?(Q)*, the solution ¢ of
the adjoint system (B.91) verifies

& 2
>~ (1. ) + 0. = (a0 < € (Z / /«mm e dt)

(B.94)
There exists C' > 0 such that, for every A € & and @7 € L?(Q)*, the solution ¢ of
the adjoint system (B.91) verifies

2
z;(n% Mz )+Z(|m ~ ()eO)}2 ) gc( / /(O,T>xw'““'2d9”dt>'

- (B.95)

B.4.3.2 Carleman estimates

We introduce several weight functions. Let w” CC wp be a nonempty open subset
and ng € C%(Q) verifying

Ve € Q, no(z) >0, np=0o0n 9N, Ve € Q\w", |Vno(z)| > 0.

The existence of such a function is proved in | , Lemma 2.68]. Let A\ > 1 a para-
meter. We remark that

14+ f(A) =1+ exp(=A|noll) < 2. (B.96)
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We define V(¢,z) € (0,T) x Q,

btz) = 0 gy = G (B.97)
’ (T —t) Y t(T —t) ’
R . 1 —_ 62)‘“770”00 -~ . 1
a(t) == 1;116%1 at,r) = HT—b) <0, ¢(t) := inelgqb(t,a:) = T =1 >0. (B.98)

Theorem B.4.11. Carleman inequality

Let d € (0,400), w' an open subset such that w”’ CC w’ CC wy and B € R. There
exist C = C(Q,w',6), \g = C(Q,u',8), so = so(Q,w’, B) such that, for any A > A,
s> so(T +T?), pr € L?(2) and f € L?(Q), the solution ¢ to

—Op—dAp =f in (0,T) x Q,

92 -9 on (0,T) x 09,
o(T,.) = ¢r in €,
satisfies
I(B, A, 8,0)
T
= [ [ e <A4<s¢>ﬁ+3so|2 X230 VP + (36)° (10l + | agP) )d:cdt
0
T T
<C < / / e**%(s¢)P| f|2dzdt + / / A4e2sa(s¢)ﬁ+3|<p\2dxdt> : (B.99)
0 Q 0 w’
The original proof of this inequality can be found in | , Lemma 1.2].
Remark B.4.12. For a general introduction to global Carleman inequalities and their
applications to the controllability of parabolic systems, one can see | | (in particu-
lar, see | , Lemma 1.3]). For Neumann conditions, one can see | | and
in particular | , Lemma 1].

B.4.3.2.1 A parabolic regularity result in L? In the following, we consider initial
conditions ¢ € C§°(Q2)* in order to improve the regularity of ¢, solution of (B.91), and
to allow some computations.

Definition B.4.13. We define the following spaces of functions

HR () = {u € H*(Q) ; g% = 0} . You=L(0,T; Hy () N HY(0,T; L* ().
Proposition B.4.14. Let £ € N*, D € Mj(R) such that Sp(D) C (0,+0), A €
M(L®(Q)), up € C°(Q)*. From | , Theorem 2.1], the following Cauchy problem

admits a unique solution u € Yy

Owu — DAw = A(t,z)u in (0,T) x Q,
Ge=0 on (0,T) x 99,
u(0,.) = ug in Q.
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B.4.3.2.2 A technical lemma for Carleman estimates By now, unless otherwise
specified, we denote by C' (respectively C.) various positive constants varying from line
to line (respectively various positive constants varying from line to line and depending
on the parameter ). We insist on the fact that C and C. do not depend on A and s,
unless otherwise specified.

Lemma B.4.15. Let ®, ¥ € Y5, a € L>(Q), an open subset & C wp, © € C®(Q; [0, +00])
such that supp(©) C @ and r € N. Then, for every ¢ > 0,

V(k, 1) €R% k+1=2r Vs>C,

/ / 0e*%(5¢)"adV
(0,T)xw

gs// e2sa(s¢)ky¢>\2+05// €250 (55)!| W2, (B.101)
(0,T)x% (0,T)x&

V(k,1) €eR? k+1=2(r+2), Vs> C,

/@e2sa 56) 9,V ‘<€</ / 250 (5)F|p|2 4 / / 250 (g )= 4|3t‘1’\2>

2sa l 2
+Cg/0 /@e (s6) |02, (B.102)

(B.100)

V(k,1) €R? k+1=2(r+2), Vs> C,

/66250‘ sp)" @A\Il‘

<€(/ / 2500 45)F| B2 + / / 2503 F2| V|2 4 / / 2500 g5 4|A<I>\2)

23(15 l 2' )
+cg/0 / (s6)![¥] (B.103)

V(k,1) €R? k+1=2r Vs>C,

/ ' ooy vap <. ( / ) [ eetsoriaar+ | ' /| e2m<s¢>k+21v<1>|2)
+ C. /{)T/ae%a(sqs)lqw?. (B.104)

Proof. The inequality (B.101) is an easy consequence of Young’s inequality applied to

‘ ], emworarn<c [ [ (Ve e) (sl )
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For (B.102), we integrate by parts with respect to the time variable

/ / Oe?** (5¢)" ®O, ¥ / / O (5¢)"8,(®)T + / / eXY(s¢p)")

Moreover, by (B.97), we have |(©e(s¢)")| < Ce?5@s™T1gr+2 < e2505m+2¢7+2 for 5 >
C'. Then, we get (B.102) by applying Young’s inequality to

/ 025 (5¢)" DI, W ’ / / f 5% (5¢)/2729), @) < NG eso‘(sqﬁ)l/Q\I/)
w0 ] (Vo) (S,

For (B.103), by twice integrating by parts with respect to the spatial variable, we get

/OT/gGGQSa(S@T@A‘P:/OT/QA(G)Q%Q(S@T(D)\I’

Moreover, by (B.97), we have

O (56) 0| < C (2(s0)|AD| + 2 (s6) ! [VB] + > (56) (D) .

Then, we deduce (B.103) by Young’s inequality applied to
1

/@era sp) @A\I/‘ / / feso‘ (s¢)k/2~ 2|A<I>| < (s 1/2\I!>
6

¥ / [ (veetsoptiwal) (e (oo 2w )

w [ (el (e ore)

For (B.104), we integrate by parts with respect to the spatial variable,

T T
/ [ 02 (56)" V|2 = — / /~ 062 (50)" (AD)D — | V(O (56)").(VD)D
0 w 0 w

wo

By using |V(0e?%(s¢)")| < Ce?**(s¢)" ™! which is a consequence of (B.97), we get
(B.104) by Young’s inequality. This concludes the proof of Lemma B.4.15. O

B.4.3.3 Proof with observation on three components : (B.93)

Proof.

The proof is close to the proof of | , Lemma 7|.
Let A € & (see (B.82)), or € C§°(Q)* (the general case comes from a density
argument, see (B.119), Lemma B.4.21 and Lemma B.4.22), ¢ € Y3' be the solution of
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(B.91) (see Proposition B.4.14) and w; be an open subset such that w” CC w; CC wp.
We have

Vi<i<d,
—at% diAp; = a1 + azipr + azips + agips  in (0,7) x Q, (B.105)
8“:; =0 on (0,T) x 09Q.

We apply (B.99) of Theorem B.4.11 to each ¢;, 1 < i < 4, with w’ = wy and 8 = 0.
Then, we sum (by using (B.54)) : for every A > C,

4
I(0, )\, s,0;) < c( ( %5 ;|2 dadt + MeZ5 (s¢)3| ;] 2d dt>> .
> [} feeans [ [ :

(B.106)
We fix A > C and we take s sufficiently large, then we can absorb the first right hand
side term by the left hand side term of (B.106). We get

Z (0,\,s,¢;) < CZ/ / 25 (50)3|0; |*dadlt. (B.107)

Now, )\, s are supposed to be fixed such that (B.107) holds and the constant C
may depend on ), s.

We have to get rid of the term fOT I, €°%(5¢)*|pal*dxdt in order to prove the ob-
servability inequality (B.93). For this, we are going to use (B.53). So, we are going to
estimate @4 by ¢; for every 1 <1 < 3 thanks to the first equation of (B.105) with i = 1.

Estimate of fOT |, €%(5¢)*|pal*dxdt.

Let us introduce y € C°°(Q; [0, +oc[), such that the support of y is included in wy
and Y = 1 in wy. We multiply the first equation of (B.105) with i = 1 by x()e?**(s¢)3p4
and we integrate on (0,7") X wp, which leads to

T
/ / eQSa(s¢)3|@4|2d$dt
0 w1

T
<M / / €2 (5 agy |pa *dudt by (B.53)
< M/ / 250‘ (s9) a41|cp4| dxdt

< M/ / e (5¢)>pa(—0pp1 — diAp1 — ar191 — as1p2 — az1p3)drdt. (B.108)

Remark B.4.16. In Annexe B.4.1.1, we suppose that if (u],u3,u}) # (0,0,0), then
uj # 0. Consequently, we have (B.53). If, u] # 0 (or respectively uj # 0), we can easily
adapt the preceding strategy. We can assume that

V(t,x) € (t1,t2) X wo, asz(t,x) > 1/M (or respectively aqa(t,z) < —1/M),
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and multiply the first equation of (B.105) with i = 3 (or respectively i = 2) by x(z)e*%(s$)3¢4
(or —x(x)e?**(s¢)3p4) and we integrate on (0,7) X wp.

Let € > 0 which will be chosen small enough. Now, we want to estimate the right

3
hand side term of (B.108) by > fOT o1 e25%(5¢0)™|p;|2dwdt with m € N.
i=1

First, we treat the terms fOT oo x(x)e*(sp)3piapiddt, for every 1 < j < 3. By
applying Lemma B.4.15 : (B.101) with ® = @4, ¥ = ¢;, a = a;1 (recalling (B.54)),
O =y, r=3and (k,1) = (3,3), we have

// z)e***(s¢)*paas (t, v)pjddt

OT ><w0

< 6// 628a(3¢)3‘@4‘2da:dt + Cs// ezsa(s(b)g’@j‘dedt. (B.109)
(0,T)xQ (0,T)xwo

Then, we treat the term — fOT oo x(2)e?¥(5¢)3p40rp1dxdt. By applying Lemma B.4.15 :
(B.102) with ® = ¢4, ¥ =1, a=1,0 = x, r =3 and (k,l) = (3,7), we have

<e (/ | e { oo + <s¢>‘1!6‘t¢4’2})

T
+ cs/o /wo €250 (56|12 (B.110)

x> (s¢)> 010101

wo

Finally, the last term —d; fOT fwo x(2)e?5%(s¢)3ps Aprdadt is estimated as follows. By
applying Lemma B.4.15 : (B.103) with ® = ¢4, ¥ = ¢1,a =1, © = x, r = 3 and
(k,1) = (3,7), we have

T T
dl/o /wo Xe***(s¢)*psApr| < e </ / e (s¢)_1|Ag04|2 + (5¢)|Vea|® + (S¢)3|gp4|2})

+ C: / / 250 (50) o1 ]2 (B.111)
wo
Gathering (B.107), (B.108), (B.109), (B.110), (B.111), we get

4 T
s, i) < e25%d (5¢)3|al?® + (s 2 4 ()1 (10,042 2
3o T0 5. 61) < 3 (/ / [(s6)*loal? + (56)Veal? + (s9) ™ (10ual? + A )}>

+C. (Z/ / 259 (50)7 |¢p4] dxdt) (B.112)

By taking € small enough, we get

3

4 T
D I(0,),8,0) < Ce (Z/ / eQSa(s¢)7\<pi]2dxdt). (B.113)
i=1 0 Jwo

i=1
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In particular, we deduce from (B.113) that

Z/ / 2% (s9)’ |l < C (Z/ / 250 (5)7| 4] d:pdt) (B.114)

Then, by using the facts that

min _ e***(s¢$)® > 0, (B.115)
[T/4,3T/4]x
and
eZ%(s¢)" € L=((0,T) x Q), (B.116)
we get

/3T 4/ i 2dadt < C (Z/ / ]goi|2dxdt>. (B.117)

From the dissipation of the energy in time for (B.105) (see Lemma B.7.1 in the Appendix),

we easily get
3T /4
(0, )1 721 < C 2/ /I%! dzdt (B.118)

Then, by using (B.117) and (B.118), we obtain

3 T
||so<o,.>uiz<m4<c(§j /0 / mr?dxdt). (B.119)
i=1 «“o

This ends the proof of the observability inequality (B.93) because wy C w. O

Remark B.4.17. Some stronger observability inequalities

We also have the following stronger inequality than (B.119) which can be proved from
(B.114), (B.115) and (B.118). It will be used to find controls in L’%Ught(Q) C L*(Q) (see
Annexe B.4.4.1). We have

(0, ) Z2(ys < C (Z/ / 22 (5¢)"|pil dwdt) (B.120)

Moreover, we also have an even stronger inequality (see (B.114)) than (B.119) and
(B.120). It will be used to find controls in L>(Q) (see Annexe B.4.4.2).

B.4.3.4 Density results

In this section, we show that we can assume that the data o is regular i.e. 7 €
cge (2)*. Moreover, we also need some regularity on the coupling matrix A for the case
j = 1. It’s the purpose of Lemma B.4.18.
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Lemma B.4.18. Let a € L>=(Q). There exists (ax) € (C5°(Q))Y such that

lakll oo (@) < llall oo (g » (B.121)
—* ain L™(Q). B.122
Tt Q) B12)

Proof. Let k € N*, ag, € C§°((0,7);10,1]), o (t) = 1in (1/k, T—1/k), Br € C3°((€2); 0, 1]),
Br(x) = 1in {x € Q; d(z,00) > 1/k} and & € C§°(Q) be defined by &i(t,z) =
ai(t)Br(x). Let pg be a mollifier sequence in @) such that fQ pr = 1.

Then, it is easy to show that ay := &.(pr*a) satisfies the conclusion of Lemma B.4.18.
O

Remark B.4.19. Actually, the previous lemma shows the density of C§°(Q) in L*>(Q)
for the weak-star topology.

We also recall a particular case of the Aubin-Lions’ lemma which is useful for the
proof of Lemma B.4.21.

Lemma B.4.20. | , Section 8, Corollary 4|
A bounded subset of Y (see Definition B.2.1) is relatively compact in L?(Q).

Lemma B.4.21. Let j € {1,2,3}, D; defined by (B.51), (B.61) or (B.76), A € &; (see
(B.82), (B.84) and (B.86)), pr € L*(Q)*. We assume that

orr €C(VD)* =  prin L2(Q)%, (B.123)
k——+o0
A € My(C(Q)) —* Ain L™®(Q)'°. (B.124)
k—4o00

Then, the sequence of solutions ¢, € Y4 of

—Ovpr — D;‘FAS% = AT pr in (0,7) x Q,

G =0 on (0,T) x 09, (B.125)
or(T,.) = o1k in Q,

weakly converges in Y4 and strongly converges in L?(Q)* to ¢, the solution of (B.91).

Proof. First, recalling (B.123), we remark that (¢ )ken is bounded in L(Q)%. Secondly,
recalling (B.124), we remark that (Ay) is bounded in My(L*°(Q)). Then, from Proposi-
tion B.2.3 : (B.17), we get that (¢ )ren is bounded in Y. Then, up to a subsequence,
we can suppose that there exists @ € Y* such that

or — @inY4 (B.126)

k—+o0

By Proposition B.2.2, we can also suppose that

on(T,.) — @(T,.)in L2(Q)L (B.127)

T k—+o0
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But, by (B.123), we deduce that

on(T,.) = orr  — @rin LX(Q)% (B.128)
k—4o00
Therefore, by (B.127) and (B.128), we get
A(T,.) = or. (B.129)

By Lemma B.4.20, up to a subsequence, we can also assume that

e — @in L*(Q)" (B.130)

k—+o00

Consequently, from (B.130) and (B.124), we have
AT oy, - ATG in L2(Q)*. (B.131)
—+00
By using (B.126), (B.131), (B.129) and by letting k — +oc in (B.125), we have

-0 — DIAG = ATg in (0,T) x 9,
g% =0 on (0,7") x 01, (B.132)
o(T,.) = or in Q.

By uniqueness in Proposition B.2.3, we have ¢ = . Then, (¢k)ren only has one limit-
value : ¢ for the weak-convergence in Y* and for the strong convergence in L?(Q)*.
The sequence (g )ken is relatively compact in Y equipped with the weak topology and
(¢0r)ken is relatively compact in L?(Q)* equipped with the strong topology. Therefore,

er — pinY?

k——+o0

— in L2(Q)*.
P, = @in (Q)

This concludes the proof of Lemma B.4.21. O

Lemma B.4.22. Let us suppose that (¢)reny € YV weakly converges to ¢ in Y and
strongly converges to ¢ in L?(Q). Then, we have

T T
Vr € N, / /eQSa(sgzb)T]godemdt — / /e2$a(s¢)r|<,0|2dxdt,
0 Ja k 0o Ja

—+00
1000, M 2y < légli{g 100, M 22 () -

Proof. The result is a consequence of the fact that e*®(s¢)” € L°°(Q) and Proposi-
tion B.2.2. O
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B.4.3.5 Proof with observation on two components : (B.94)

B.4.3.5.1 Another parabolic regularity result For the cases j = 2 (2 controls)
and 7 = 1 (1 control), the diffusion matrix is not diagonal (see (B.61) and (B.76)). It
creates coupling terms of second order. Roughly speaking, we differentiate some equations
of the adjoint system (B.91) in order to benefit from these coupling terms before applying
Carleman estimates. The following lemma justifies this strategy.

Lemma B.4.23. Let d € (0,+00), f € L?(0,T; H%,.(2)) and yo € C5°(Q). Let y € Y2
be the solution of
Oy —dAy = f in (0,T) x £,
-9 on (0,T) x 09, (B.133)
y(0,.) =yo in Q.

Then, z := Ay € Y3 is the solution of

Oz —dAz=Af in (0,T) x €,
2 =0 on (0,T) x 99, (B.134)
2(0,.) = Ayo in Q.

Proof. Let Z € Y5 be the solution of

Oz —dAZ=Af in (0,T) x €,
Z =0 on (0,7T) x 89, (B.135)
:27(0, ) = Ay() in Q.

By Proposition B.2.2, we have z € C ([0, T]; L*(2)). Moreover, a.e. t € [0,T],

d

- Qz(t,.):d/ﬂAE(t,-H/QAf(t,-):O-

Then, for every t € [0,7],

/QZ(t,.):/QZ(O,.):/QAyO:Q

For every t € (0,7, let y(¢,.) be the solution of

AF(t,.) = Z(t,.) inQ,
) — on 99.

By elliptic regularity, § € C([0,T]; HZ,.(Q)) C L*(0,T; H%.(2)), 8,y € L*(0,T; H%_(Q)) C
L2(0,T; L?(£2)) since Adyy = ;2. Moreover, 3 is the solution of (B.133) (by applying the
operator A~! to (B.135) and by using A719;Z = §;A~'Z). Then, by uniqueness, § = y
and z = Ay is the solution of (B.134). O
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B.4.3.5.2 Proof of the observability inequality : (B.94)

Proof.

Let A € & (see (B.84)), por € C§°(Q)* (the general case comes from a density
argument, see (B.153), Lemma B.4.21 and Lemma B.4.22), ¢ € Y3! be the solution of
(B.91) (see Proposition B.4.14), we and w; be two open subsets such that w” CC wy CC
w1 CC wp. Our goal is to prove (B.94).

We have : for every 1 < < 2,

—0pi — diApi = a1p1 + a2 + azips in Qr,

—0pp3 — d3Aps = a13¢1 + a3pa + aszps + (dz — da)Aps  in Qr,

—Orps — daDpy = u3(p1 — 2 + 3) in Qr, (B.136)
%ﬁi:%:%:o meT,

(pis 03, 02)(T,.) = (i1, P37, PaT) in €.

From (B.136) and Lemma B.4.23, we have

—0i(Apq) — dsA(Aps) = A(uz(p1 — 2+ ¢3)) in (0,T) x Q,
058t =0 on (0,T) x 09, (B.137)
Apy(T,.) = Apyr in Q.

We apply the Carleman inequality (B.99) for (B.137) with 8 = 0 and &’ = wy, for every
As>C

1(07A787AS04)
r T

SC(/ /62804(|A901|2—|-|A902|2|+‘A¢3|2)+/ / >\4€28a(8¢)3|A<p4|2> . (B.138)
0 Q 0 sy

After this, we apply the Carleman inequality (B.99) for the first two equations of (B.136)
with 8 =2 and w’ = ws to obtain (by (B.64)), for every \,s > C,

3

T
S1ese) <0 ([ [ @ sorlol ol + o + 1807

1=1
T
+C </0 /w2 )\4625a(5¢)5(|¢1|2 + |¢2|2’ + |S03|2)> . (B.139)

We sum (B.138) and (B.139), for every A\, s > C,

3

ZI(Q, A, S, 0i) + 1(0, A, s, Apy)

=1
T

<C (/0 /962” ((s0)2(l1l* + |02*] + lsl® + | Apal?) + [Ap1? + [ Apa?| + 1A¢3y2))
T

+C ( /0 / M ((s6)° (Jo1]” + lial| + lpsl*) + (s¢)3|A<p4l2)> . (B.140)

w2
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We fix A > C and we absorb the first right-hand side term of (B.140) by the left-hand
side terms of (B.140), by taking s sufficiently large. Then,

3

Z 1(27 )‘7 S, QO’L) + I<07 >‘7 S, A§04)
=1

T
<o ([ [ e @or ol + loaPl 1)+ (oPlAga) ). (Baa)
w2
Now, )\, s are supposed to be fixed and the constant C' may depend on A, s.
Then, we have to get rid of fOT fm e2%(5¢)3| Ap4|>drdt and fOT fm e25%(5¢)3|p3|?dxdt.

For the first term, we use the coupling term of second order (ds — d4)A. For the second
term, we use the coupling term of zero order thanks to property (B.63).

Estimate of fOT L, e?5%(s¢)3| Ay |?dxdt.

Let us introduce yo € C°°(£;[0,+00[), such that the support of xo is included
in w; and y2 = 1 in wy. We multiply the second equation of (B.136) by sign(ds —
dy)x2(z)e*(s$)3 Ay and we integrate on (0,7) X wy. As d3 # d4, we have

T
/ / 2sa(sq§) |Acp4| dxdt </ / X2 (z 230‘(3(;5) |Ag04| dxdt
w2 w1

< C/ / 2)e**(s¢)> Aps(—0rp3 — d3sAp3 — ar3p1 — assps — assps)dadt.
(B.142)

Let € > 0 which will be chosen small enough. We estimate the right hand side of
(B.142) in the same way as the one of (B.108) :
— for terms involving Agga;szp; with 1 < i < 3, we apply (B.101) with & = Ay,
U=, a=a;3€L>®Q),1<i<3 (recalling (B.64)), ® =xsand r=k=1=3,
— for the term involving Ap40;p3, we apply (B.102) with & = Apy, ¥ = ¢3, a = 1,
O=xoandr=k=3,1=717,
— for the term involving ApsAps, we apply (B.103) with ® = Apy, ¥ = @3, a = ds,
O=xoandr=k=3,1="1.
From (B.141), (B.142), we get

3
Z I(2, )\, s,0i) + 1(0, A\, s, Apy)

=1
T
s ([ [ e {eoPlael + (olvAnE + (50 (Bael +12dpP) })

+C. (Z/ /w 250 (5) \%12> (B.143)
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By taking € small enough in (B.143), we get

3 3 T
D I2,N5,01) +1(0,5,Aps) < C <Z/ / 625“(s¢)7|<pi|2dmdt>. (B.144)
i=1 =170 Jwi

Estimate of fOT I, €5 (s0) |ps|*ddt.

Let us introduce 1 € C*°(; [0, +00[), such that the support of 1 is included in wy
and y; = 1 in w;. We multiply the first equation of the adjoint system (B.136) with i =1
by —x1(7)e?**(s¢)"p3 and we integrate on (0,7 x wp. By using (B.63), we have

T T
/ / &5 (3)7| o3 2t < / / V1 (@)e> (s6) s Pdardt
0 w 0 wo

1
T
<C / x1(2)e**(5¢) 3 (—0p1 — diAp1 — ar1p1 — agip2)drdt. (B.145)
0 wo

Let ¢/ > 0 which will be chosen small enough. We estimate the right hand side of (B.145)
in the same way as the one of (B.108) :
— for terms involving p3a;1¢; with 1 <4 < 2, we apply (B.101) with ® = ¢3, ¥ = ¢;,
a=a;3 € L®(Q),1<i<2 (recalling (B.64)),®© =x1andr=7k=5,1=9,
— for the term involving 30;p1, we apply (B.102) with & = 3, ¥ = ¢, a = 1,
O=xirandr=7k=5,1=13,
— for the term involving p3Aepi, we apply (B.103) with ® = @3, ¥ = ¢, a = dj,
O=xirandr=7k=05,1=13.
Then, we obtain

/ ' / e (s0) ol

<5 ( ) [ {60l + (0Pl + so)(Bueal? + 18}

+Cu (Z/ /w 250 (5¢) 13!s02|2> (B.146)

By using (B.144), (B.146) and by taking &’ sufficiently small, we get

3

D I, 8,00) + 1(0, ), 5, Apy) < C (Z// 25 s¢)13|¢,\2> (B.147)
1 OT XOJQ

1=

Then, we deduce from (B.147) that we have

/ I Zem 36|l + €25 (s9)° IAw4l2<C<Z /

250c 3¢)13‘802|2>
(B.148)

(0,7) xwo
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where ngS and a are defined in (B.98). In particular, gg and & do not depend on the spatial
variable x. In order to estimate w4 by Ay, we use the classical lemma and the corollary
that follow.

Lemma B.4.24. Poincaré-Wirtinger inequality
There exists C' = C(Q2) such that

Yu € Hl(Q),/ (u(z) — (u)q)? dz < C/ |Vu(z)|*dz. (B.149)
Q Q
Corollary B.4.25. There exists C' = C(2) such that
Vu € H3,(Q) := {u € H*(Q) ; gz = O} , / |Vu(z)Pdz < C’/ |Au(z)|*dz. (B.150)
Q Q

Proof. Let u € HZ, () satisfying [Vull 12 # 0. Otherwise, the inequality (B.150) is
trivial. We have by an integration by parts and by using (B.149),

Jvu == [ duu== [ (w0 < 18l lu = (el
< CllAul| g2y IVull 2 -
We conclude the proof of Corollary B.4.25 by simplifying by [|Vul| ;2 (q. O

Then, by applying the Poincaré-Wirtinger inequality (B.149) and (B.150) to ¢4, we
deduce from (B.148) that

T 3 PN
/ /Zezsa(s¢)5!¢il2+62”(S¢>)3I¢4— (pa)al”

Now, from the d1ss1pat10n in time of the energy of (¢1,¢2, 3,01 — (pa)a) (see
Lemma B.7.1 in the Appendix), we get

3
> (H%(O, -)!\%2(9)) + 124(0,) = (#)2(0) |70
=1

3r/4 [ 3
<C (Z (it M3aqy) + lea(ts ) (904)9(t)||%2(9)) dt. (B.152)

/4 \i=1

Consequently, from (B.151), (B.152) and the same arguments given between (B.114) and
(B.119), we easily deduce that

3

Z(nsoi( Mz ) + 194(0,) = (Pa)a(0)] 70

<C (Z / / 5% (5) 3|04 dxdt) (B.153)
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and consequently the observability inequality (B.94) because e?*¥(s¢)!3 is bounded.

This ends the proof of the observability inequality (B.94). O

B.4.3.6 Another Carleman inequality

Theorem B.4.26. Carleman inequality
Let d € (0,+00), w' an open subset such that w” CC w' CC wy. There exist C' =
C(Q,), Ao = M(Q,w’) such that, for every A > Ay, there exists sp = so(2,w’, \) such
that, for any s > so(T+7?), any o7 € L*(Q) and any f € L*(0,T; H%,.(f2)), the solution
¢ of
—O0rp —dAp =Af in (0,T) x Q,

g—i =0 on (0,7") x 09,
o(T,.) = ¢r in Q,
satisfies
T T T
/ / e (5¢)3|p|?dxdt < C </ / e (s¢)*| f|2dadt +/ / e2sa(s¢)3|cp\2dxdt> .
0 Q 0 Q 0 w’
(B.154)
The proof of this inequality can be found in | , Lemma A.1| (see in particular
that the equality | , (A.3)] still holds for f € L(0,T; H%,,(£2))).

Remark B.4.27. The estimate (B.154) is different from (B.99) because (B.99) gives us

//QSQ ) \¢]2dxdt<0</ / QSayAnydxdtJr// 2% (s9) \w!dedt>

(B.155)
Therefore, (B.154) is useful when one wants an observation of ¢ in term of f (but not
in term of Af). Roughly, we remark that we have to pay this type of estimate with a
weight (s¢)* (see the first right hand side terms of (B.154) and (B.155)).

B.4.3.7 Proof with observation on one component : (B.95)

We have seen in Annexe B.4.3.5 that parabolic regularity allows us to apply A to
the third equation of (B.136) (see (B.137)) in order to benefit from the coupling term of
second order (ds — d4)A¢s. The case j = 1 requires more regularity because we have to
benefit from two terms of coupling of second order. Therefore, we need to apply AA (see
(B.158)). There are two main difficulties. First, Proposition B.4.14 only shows us that ¢,
the solution of (B.91) is in Y5'. However, we need : Ay € Y3'. That is why we regularize
the coupling matrix A € & (see Lemma B.4.18). Secondly, we want an observation of
AApy in term of Ay, Aps (and not in term of AAg;, AAps because we do not have
these terms in Carleman estimates applied to @1 and 9 : see (B.162) and (B.163)). That
is why we use Theorem B.4.26.
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Proof.

Let A € M4(C§(Q)) N & (see (B.86)), pr € C(2)* (the general case comes from
a density argument, see (B.185), Lemma B.4.18, Lemma B.4.21 and Lemma B.4.22),
¢ € Y3 be the solution of (B.91) (see Proposition B.4.14), w3, wa, wh and w; be four
open subsets such that w” CC ws CC wy CC wh CC w1 CC wp. Our goal is to prove

(B.95).
We have

—0rp1 — d1Apr = a111 + asp2 in (0,7) x Q,
—0Oip2 — daApa = a12p1 + agepa + (da — d3)Aps in (0,T) x €,
—0Orps — d3Apsz = —ma(p1 — p2) + Ay in (0,T) x Q, (B.156)
—0Ops — dsApy = m3(p1 — p2) in (0,7") x €, '
g*i = on (0,7T) x 09,
SO(Tv ) = T in Q.

First, by using the regularity : ¢ € Y5' and by applying consecutively Lemma B.4.23
to the fourth equation of (B.156), the third equation of (B.156), the second equation of
(B.156), the first equation of (B.156), we get

Ay € L*(0,T; H ()™ (B.157)

Consequently, we can apply AA to the fourth equation of (B.156) by using (B.157) and
Lemma B.4.23,

—8t(AAg04) — d4A(AA(p4) = AA(mg(gpl — @2)) in (O,T) X Q,
98801 — on (0,T) x 09, (B.158)
AAQO;;(T, ) = AA()O47T in Q.

Then, we use the Carleman inequality (B.154) for (B.158) with w’ = w3 and f =
A(ms(p1 — p2)) € L2(0,T; H3,(2)), for every A, s > C,

T
[ [ sorinape
0 Q
T T
2s5a 4 2 2 25 3 2
<c</0 | ot (8 + 18 + [ /w3e (s6) |AA¢4|>. (B.150)

Remark B.4.28. Here, we have to apply the Carleman estimate (B.154) instead of
(B.99) in order to get in the right hand side of (B.159) only terms of order two (and not
more) in ¢1, p2. Otherwise, we cannot absorb the remaining terms thanks to Carleman
estimates (B.99) applied to o1, @2.

Then, we apply A to the third equation of (B.156) thanks to (B.158) and Lemma B.4.23,
for every A, s > C,

—0i(Aps) — dsA(Ap3) = A(—ma(p1 — ¢2)) + AApys in Qr,
058 =0 on o, (B.160)
Ap3(T,.) = Apsr in Q.
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We use the Carleman inequality (B.99) with w’ = ws and g = 2, for every A\, s > C,
1(2, ), s, Aps)

T T
<C (/0 /Qe%a(s(b)?(m(ﬁﬂ? + |A802|2| + ‘AA¢4|2) Jr/o /wz )\462sa(5¢)5|A¢3|2> ' (B.lﬁl)

Then, we apply the Carleman inequality (B.99) with ' = w3 and 8 = 5 to the second
equation and the first equation of (B.156) (by (B.79)), for every A, s > C,

T T
M<5,A7s7<p2>§c</ / 22 (59 (a2 + [0al?] + |Apsl?) + / / )\5628“(8¢)8|@2|2>7
0 Q 0 w3

(B.162)

T T
M<5,A,s7so1><0</ [ e ortal +lelh+ [ f A5e2w<s¢>8|soﬂ>. (B.163)
0 0 w3

We sum (B.159), (B.161), (B.162), (B.163) and we take A and s sufficiently large,

T
/ / €% (s6)3 | A Apu 2t + I(2, )\, 5, Aps) + AI(5, M, 5, 02) + M(5, A, 5, 01)

<C </ / 250 (50)3 | AAy| d:rdt—i—/ / Me?5%(5¢)5| Aps| dxdt)
w3

+C’</ / )\5e2so‘(s¢)8|g02|2da:dt+/ / )\5e2sa(sgb)8]<,01|2dxdt>. (B.164)
0 w3 0 w3

Now, A and s are supposed to be fixed. The constant C' may depend on A\ and
s. We have

T
/ /eQSa(s¢)3|AA<p4|2da:dt+I(2,)\,5,A903) 15,0, 8,02) +1(5, A, 5,1

<C (/ / 252 (50)3| AA @y dacdt+/ / 259 (5¢0)5| Agps| d:ndt)
w3
+C (/ / e2so‘(s¢)8|cp2|2dazdt+/ / e2sa(s¢)8]¢1|2dmdt> . (B.165)
0 w3 0 w3

Remark B.4.29. Here, we take advantage of the two parameters A and s in Theo-
rem B.4.11. Indeed, if we forget A, we would need to sum fOT Jo €25%(50)?| AAp4 [P dxdt,
I(4,s,Aps), 1(6,s,p2) and I(6,s,1). Therefore, we would get in the right hand side
fOT Jo €2%(s¢)*|AAp,2dzdt which cannot be absorbed by the left hand side.

Then ,we have to get rid of fOT L, e25%(s¢)3| AApy |2 dxdt, fOT oo, e?5%(s¢)| Aps|?dadt
and
fOT w3 e25%(5¢)3|pa|?dxdt. For the first term, we use the coupling term of fourth order
AA. For the second term, we use the coupling term of second order (dy — d3)A. For the
third term, we use the coupling term of zero order thanks to property (B.78).
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Estimate of fOT fws e25%(5¢)3| AA 4|2 dxdt.

Let us introduce x3 € C*(Q; [0, +00[), such that the support of 3 is included in wsy
and x3 = 1 in w3. We multiply the first equation (B.160) by (x3(z))?e*%(s¢)>AAp4 and
we integrate on (0,77) x wy. We have

T
/ / (x3(x))%e%% (50)3 | AA @y |2 dadt
0 w2

T
< C’/ / (Xg(w))26250‘(s¢)3AAcp4(—8tA<p3 — d3AAp3 + maAp1 — maApsy)dxdt.
0 w2
(B.166)

Remark B.4.30. One can see the presence of (y3(x))? instead of x3(z) as before
(see for example (B.108)). It is purely technical (see the proofs of Lemma B.4.31 and
Lemma B.4.32).

Let € € (0,1) which will be chosen small enough. First, for every 1 < i < 2, by
applying Lemma B.4.15 : (B.101) with ® = AAp4, ¥ = Ag;, a =ma, © = (x3)?, r =3
and (k,1) = (3,3), we have

/ / 2 2504 AA<P4)m2A%
0 w2
< 5/ / 250‘ (s9) |AA<,04\2 + C;. / / X%ezsa sgzb)?’\Agoz-P. (B.167)

But, the other terms in the right hand side of (B.166) i.e.

T
/0 / (s (1)) 26259 (50)* (A Do) (9 Acps) iz,

and

T
/0 / (x3())2€2% (56)3 (A Agy) (AAps)drdt,

cannot be estimated as in Lemma B.4.15 because we have not enough derivative terms
in ¢4 in the left hand side of (B.165). In order to estimate these two terms, we follow
the strategy developed in the proof of | , Theorem 2.2| (see Annexe B.7.3 for the
proof of the two following lemmas).

Lemma B.4.31. We have
/ / X3€"% (59)° (AApa) (AAps)
w2
se (/ / @25a (5¢>) (1Ap1|* + [Apa|*) + (s¢)| AAps|? + (3¢)3|AA804|2})
o Ja

T
w0 ([ e { oo o +leal +120) + (O (Tor + [Vl + [T psl) } )
0 Juws
(B.168)
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Lemma B.4.32. We have

/ / X3 (59)* (AApa) (9 Aps)
<g</ / 2m s¢ YA ? 4 |Apal?) + (s9)10: Aps)® + (s¢)®| Ay })

0 w2 ¢ —+ v - ﬁ 5

Moreover, the proof of these two lemmas (see (B.311)) provides us another estimate
which is useful to treat the right hand side of (B.167).

Lemma B.4.33. For every 1 <i <2, > 0, we have

/ ' / 50" A
<9d (/OT/96250‘(5¢)4|A%|2>

+Cs ( /0 ' / {0 ol + ol + AP + <s¢>22\wz-|2}> . (B170)

Gathering (B.167) and (B.170) with 6 = ¢/C¢, we find that for 1 < i < 2,

T
/0 | Gl (s0)* (AdpmaApidade

T T
<< [emwormantts [ [ eorianr)
T T
o ([ [ emeortarclaf +1aal)+ [ encovar).

(B.171)
From (B.166), (B.171), (B.168), (B.169), we get

T
/0/(X3($))2625a(8¢)3\AA<p4\2d:):dt
T
= </0 | {0 1aeil + 80P + (s6)(0pl" + [ADP) + <s¢>3mm4|2}>

T
pO ([ {60 el + leaf + 100a) + (02 Tr P + [Diaf + (98612} ).
wa
(B.172)
By using (B.165), (B.172) and by taking e small enough, we have

T
/ / e (S¢)3|AA<P4|2dmdt +I(2,\, 8,A¢3) + I(5, A, 8,02) + I(5, A, 8,¢01)
0o Jao

T
<C (/ / L (50) (o1 + |l + 1 8al) + (59)(IV1 P + [Vepa” + |VA¢3|2)}) . (B.AT3)
0 wa
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Estimate of fOT Lo €25 (5¢)%2|V Aps|?dxdt.

Let us introduce yz € C*(Q;[0;+o00]) such that supp(xz) C wh and Y2 = 1 on
wo. Then, by Lemma B.4.15 : (B.104) (with ® = Aps, @ = wq, © = X2, r = 22 and
(k,1) = (1,43)), for any & > 0, we have

T
/ / 6230‘(3¢)22|VA¢3|2
0 w2

T
S/ / %625a(8¢)22‘vA(p3‘2
0 wh

T T
’ 2sa 2 3 2 2sa 43 2
<o ([ [en{eornank +ofvape}) +c [ L e coiag
(B.174)

By taking &’ small enough and by using (B.173) and (B.174), we have
T
/ / 625a(8¢)3|AA804|2d$dt + 1(27 /\7 5, ASO?)) + 1(57 )‘a S, 302) + 1(57 )‘7 S, 501)
0o Ja

T T
SC(/ / 623a(8¢)43(\901\2+\soz\2+\As03\2)+/ / €2 (50)22(|Vig1 2 + | Vigal?)
0 Juy 0 Jug
(B.175)

Estimate of fOT fw,z e25%(5¢0)13| Az | dxdt.

Let us introduce x2 € C°°(;[0,+00[), such that the support of x2 in included
in w; and y2 = 1 in w). We multiply the second equation of (B.156) by sign(ds —
ds)x2(z)e*(s$)* Aps and we integrate on (0,T) x wy. As dy # ds, we have

T
//Xg(x)e2sa(sqﬁ)43]Ag03]2dacdt
0 w
1T
< C’/ / Xg(x)eQSa(s¢)43Ag03(—8tg02 — daApy — ajop1 — agapa)dadt. (B.176)
0 w1

Let ¢” > 0 which will be chosen small enough. We estimate the right hand side of (B.176)
in the same way as the one of (B.108) :
— for terms involving Agsaop; with 1 < i < 2, we apply (B.101) with & = Aps,
U =;, a=a; € L°(Q),1<i<2 (recalling (B.79)), © = x2 and r =43, k = 5,
[ =81,
— for the term involving Ap30dypa, we apply (B.102) with & = Aps, ¥ = @9, a = 1,
©=xsand r=43, k=5, =85,
— for the term involving ApsAps, we apply (B.103) with ® = Aps, ¥ = p9, a = da,
©=xsandr=43, k=5,1=85.
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We get
r 2 43
/ / X2 (53| A
0 w1
T
<o ([ [ {ofiank + (oPITapP + (5008 + |AapaP})
T
L / / €252 (50)% (|12 + [i02]?)- (B.177)
w1
By taking £” sufficiently small, we get from (B.175), (B.177)
T
/ / 25 (s6)* | A Pt + I(2, 0, 5, Aps) + 1(5, A, 5, 02) + I(5, A, 5, 01)
<c / / 250 (368 (1 |* + |iaf?) / / 20 (56)2([Vir |? + [Vipal?). (B.178)

Estimate of fo I, €%(s¢)**|Vpi|*dxdt for 1 <i < 2.

Applying Lemma B.4.15 : (B.104) (with ® = ¢;, © = w1, © = x2, r = 22 and
(k,1) = (4,40)), for any £” > 0, we have

T
/ / e2sa(s¢)22|V<pi\2da:dt
0 w2

T
< / / XgeQS“(s¢)22\V<pi]2dxdt
0 w

1
T T
<o ([ [ {eotiant + @orIVeaP i) + Con [ [ syl Pasae.
0 Q 0 w1
(B.179)
By taking &” small enough and by using (B.178) and (B.179), we have

2

T T
/ / €2 (s8)* | AAGl® + 1(2, 0,5, Aps) + > I(5,\,5,1) < C/ / > (s8)™ (loa]* + lp2l*).
0 Q 0 w1

=1

(B.180)

Estimate of fOT L, e25%(5¢)% |9 |2 dxdt.

Let us introduce y1 € C*(£; [0, +00]), such that the support of x; in included in wy
and y1 = 1 in wy. We multiply the first equation of (B.91) by x1(z)e?**(5¢)% s and we
integrate on (0,7") x wp. Recalling (B.78), we have

/ / x1(2)e?(s¢)% | P dzdt
wo

< C’/ / Xl(x)eQSa(5¢)85gpg(—8t<,01 — d1Apy — ay1p1)dxdt. (B.181)
0 wo

We estimate the right hand side of (B.181) in the same way as the one of (B.108) :
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— for the term involving wea;1p1, we apply (B.101) with ® = @9, ¥ = @1, a = a3 €
L>(Q) (recalling (B.79)), © = x1 and r =85, k =8, | = 162,
— for the term involving 20;p1, we apply (B.102) with & = 9, ¥ = @1, a = 1,
© =x1 and r =85, k =8, [ = 166,
— for the term involving paApi, we apply (B.103) with ® = @9, ¥ = ¢, a = dj,
© =x1 and r =85, k =8, [ = 166.
We get

T 2 T
/ /e?sa(5¢)3|AA¢4|2+1(2,A,S,Acpg)JrZI(&A,s,w) < C/ / e (s9)'%[ o1 .
0 0 im1 0 wo

(B.182)
Then, we can deduce from (B.98) and (B.182)

Z/ [l [ [ eo{6iriampredranery <o [ [ oo i

(B.183)
Now, we use Poincaré-Wirtinger inequality as in (B.151) to get

[ oGl + 1o + e (591s ~ (eslal + 63lex ~ (palol?)
gc/o /we2sa(s¢)166|@1|2. (B.184)

Now, from the dissipation of the energy of (1, 92,03 — (¥3)a,p1 — (pa)q) (see
Lemma B.7.1 in Annexe B.7) and by using the same arguments as for 2 controls (see
(B.152) and (B.153)), we easily get

ZH% ||L2Q)+Z||soz 20)(0, a2y < C / / 2501 (53)196 | [P,

(B.185)
and consequently the observability inequality (B.95).
This ends the proof of the observability inequality (B.95). O
B.4.4 Second step : Controls in L>(Q)’
B.4.4.1 Penalized Hilbert Uniqueness Method
The proof in this subsection follows ideas of | | and | , Section 3.1.2]. The

goal is to get more regular controls in some sense (see (B.203)) by considering a penalized
problem.
Let € € (0,1) and
Ms:=7, My :=13, My := 166.
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We choose A and s large enough such that (B.120), (B.153), (B.185) hold.

Let j € {1,2,3}, A€ & (see (B. 86) (B.84) and (B.82)), (o € Hj (see (B.87), (B.85),
(B.83)). We introduce the notation L? wght((0,T7) % w)’ for the set of functions h? such that
for every 1 < i < j, (e=25%(s¢)~Mi)1/2h; € L?((0, T)xw) The set L?Ught((O,T)xwo)j is an
Hilbert space equipped with the inner product (h, k) = Z:ZI f f(O,T)Xwg e~ 25 (5¢)Mi h;k;dadt.

We define

V9 € L0 T, S0 =5 [ [ gy it 1T s

where ¢ = ({1, (2,3, (1) is the solution to the Cauchy problem (B.89) associated to the
control h7.

The mapping J is a continuous, coercive, strictly convex functional on the Hilbert
space nght((O T) x w)?, then J has a unique minimum A/ with

(e=25%(sp)~Mi)1/2hie € L2(qp)?. Let ¢ be the solution to the Cauchy problem (B.89)
with control h7¢ and initial condition (p.
The Euler-Lagrange equation gives

Vh enght ((0,T) x w)’ Z//T e 2% (s¢) " Mihgh; + = /CE =0,
0

(B.186)
where ¢ = ({1, (2,3, (1) is the solution to the Cauchy problem (B.89) associated to the
control h? and initial condition ¢y = 0.

We introduce ¢° the solution to the adjoint problem (B.91) with final condition
e (T,.) = —%Cg(T, .). A duality argument between ¢ and ¢ gives

- / (T, z).C(T,x)dx —Z//OT higidzdt. (B.187)
XUJO

Then, we deduce from (B.186) and (B.187) that

J j
Vi € LY nilar)’, Y / / e % (s¢) MihShidadt = / / hiS dzdt.
=1 (O’T)Xw i=1 (O,T)Xw

Consequently,
Vie{l,...,5}, hf =¥ (sp)Mipsl, (B.188)

Another duality argument applied between (¢ and ¢ together with (B.188) gives

1
2. ||m>4—2 / / €% (5) M| £ P dadt + /Q (0, 2).Go(w)da

(B.189)
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If j =2, we have [, {pa(x)dz = 0. Then,

3
Awmwmwwm:Z;mewmmmm+l§mmm—@mmmmAmm.

(B.190)
If j =1, we have [ (o3(z)dz =0 and [, (o4(x)dz = 0. Then,

2 4
Awmmmm=;A¢&mm+;4wmw¢m@mmwmw

Then, from (B.120) for j = 3, (B.153), (B.190) for j = 2, (B.185), (B.191) for j = 1 and
(B.188), (B.189), we have

1 2

2

1 —2sa —M; j
S G Mz + 5 (€72 (s) ~0) 2 < OG- (B.192)

L2((0,T)xw)d —

In particular, from (B.192),

C(T,.) — 0in L*(Q)4, (B.193)
e—0
and '
Bt €| 12y < C- (B.194)

Then, by using A € My(L*(Q)) (see (B.86), (B.84) and (B.82)) and recalling (B.194),
from Proposition B.2.3 applied to (B.89), we deduce that

1C Ny < C. (B.195)

So, from (B.195), up to a subsequence, we can suppose that there exists ¢ € Y* such
that

¢t =, Cin L*0,T; H'(Q)Y), (B.196)
O¢* = ¢ in L0, T; (HY ()Y, (B.197)

and from Proposition B.2.2,
¢*(0,.) = ¢(0,.) in LA, ¢(T,.) =, 4T, ) in L*(Q)%. (B.198)

Then, as we have (%(0,.) = {p and (B.193), we deduce that
¢(0,.) = ¢p, and ((T,.) = 0. (B.199)

Moreover, from (B.192), up to a subsequence, we can suppose that there exists h/ €
L?Ught((O,T) x w)’ such that

(R7°) — hin L2 ,,((0,T) x w), (B.200)

e—0 wght
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and

[ e sy v2ni |

L2((0,T) xw)

< hm inf H —250 (o)~ Mi)1/2 i

2
oy = C 10lL2@y - (B.201)

Then, from (B.196), (B.197), (B.200), we let ¢ — 0 in the following equations
0iC® — DAC® = A(t,z)¢F + Bjh/*e1, in (0,T) x €,
%—0 on (0,7 x 09,

and by using (B.199), we deduce

o¢ — DAC = A(t,z)¢ + Bjh’1, in (0,T) x Q,

g =0 on (0,T) x 99, (B.202)
(C(O7)7C(T7)) = (C070) in Q.

Therefore, we have proved the existence of a control A7 such that (e=25%(s¢)~Mi)1/2hi ¢
L2((0,T) x w)? that drives the solution ¢ of (B.89) to 0, and we have the estimate

12
H<672304<3¢)*Mj)1/2h3‘ (0T <C Hgouig(w . (B.203)

B.4.4.2 Bootstrap method

In the previous subsection, we proved the existence of a control b/ € nght(((), T)xw)
i.e. a control A’ more regular than L?(Q). The key points are the link between k7€ and
¢° (i.e. (B.188)) and the weights of Carleman estimates. Now, we use an iterative process
in order to find controls in L°°(Q)7. We use the same key points together with parabolic
regularity theorems. This section is inspired by | , Section 3.1.2| and | | (for
the Neumann conditions). First, we are going to present the boostrap method for the

case j = 3 and after that, we explain the main differences for the case j = 2 and j = 1.

B.4.4.2.1 Strong observability inequalities From (B.114) for the case j = 3,
(B.151) for the case j = 2, (B.184) for the case j = 1, (B.188) and (B.192), we deduce
these inegalities which are useful for the bootstrap method :

4 T N
(j=3) = (Z / /Q €298 (533 |5 [Pt < C|r<ou%m>4> , (B.204)
=1
T 3 o L

(j=2) = ( /O /Q > s8Il + (65t ~ (ol < cucorri2<m4) ,

;_ 4 (B.205)
T —~ A~ o~ o~

(i=1)= ( I >R Il + 3 6B el — (Dl < c|r<o||%2<m4>

. - (B.206)
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B.4.4.2.2 Bootstrap Let § > 0 which will be chosen sufficiently small and (dg)ren €
(RT*)N be a strictly increasing sequence such that &y i — 0. Let (pg)ren be the
—+00

following sequence defined by induction

Po = 2,
(N+2)pe N+2
Nrooop P < 5
Ph41 7= 2p  if pp = NF2,
oo if pp > N2
Clearly, we have that
NeN, VE>1, pp = +oo. (B.207)

Definition B.4.34. We introduce the following spaces : for every r € [1, +00],

ou

Wl (Q) = {u EW2(Q) 5 o~

_ o} Y= L0, T W) N W0, T ().

Definition B.4.35. Let u be a function on Q. For 0 < 5 < 1, we define

[ ] sup |U(t, .’E) - u(t’,x')|
U = ,
OB anequ ey (= U]+ o — 2/ [2)B/2

which is a semi-norm, and we denote by C8/28 (Q) the set of all functions on @ such
that [u]g/s 3 < +00, endowed with the norm

lullgjo.6 = | sup |u(t,z)[ | + [u]g/2s-
Proposition B.4.36. Let 1 < p < 400, m € N*, D € M,,(R) such that Sp(D) C
(0,400), A € Mp(L>®(Q)), f € LP(Q)™. From | , Theorem 2.1|, the following
Cauchy problem admits a unique solution u € Y,

O — DAu = A(t,z)u+ f in (0,T) x Q,
g—Z:O on (0,7") x 0,
u(0,.) = in Q.

Moreover, there exists C' > 0 independent of f such that

ullym <C HfHLp(Q)k .
p

Proposition B.4.37. | , Theorem 1.4.1]
Let r € [1,+o0], we have

LN (Q) if < NE2

Y, = L*(Q) if =232

CPI2B(Q) — L®(Q) with 0 < g <2 — NE2jf p > N2,
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In the following, C' denotes various positive constants varying from one line to the
other and does not depend of [|Co|l 12(q-

We define for every k € N,
P = (5 H0k) F (B.208)

For k € N*, by using (B.208) and the adjoint system (B.91) satisfied by ¢, we have
—3t¢€’k - D3A¢€7k = A(t7 x)weik + fk in (07 T) X Qa

0wt _ g on (0,T) x 99, (B.209)
YER(T, ) =0 in Q,

with
Frlt @) = =0y (e3Tm)) o2

By using the fact that (dx)gen is strictly increasing, we easily have that
| fi] < CeBGHo-1]0f| = Cl= | in (0,T) x €. (B.210)

We show, by induction, that for every 0 < k <1 (see (B.207)), we have

v € 174(Q)" and| . < ClGoll 2y - (B.211)

Q]Z)E,k‘

LPk(Q)

The case k = 0 can be deduced from the fact that dg > 0 and the strong observability
inequality (B.204).
Let 1 < k <1. We suppose that

< CH<0||L2(Q)4 . (B.212)

e,k—1 PDi— 4
Yokt € 71 (@) and | s g <

¢E,]€—1‘

Then, from (B.209), (B.210), (B.212) and from the maximal regularity theorem : Propo-
sition B.4.36, we get

wa‘,k‘ c X4

Prk—1

and ’ Yok

P <C HCOHLZ(le . (B.213)
Pr—1

Moreover, by the Sobolev embedding Proposition B.4.37, we have

VF € IP(Q)* and ’ ok < C[Goll 20y -

L7 (Q)*

This concludes the induction.
From (B.97) and (B.98), we remark that we have the following inequality

~

< T oy (B.214)

(e}
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because
(M) — 2Mmolloo) (1 4 e~ Mmolloo) = eA0(@) _ Allmollee 41 — 2MIMolle < 1 — 2MIM0lloo
Moreover, from (B.96), we can pick § > 0 such that
2s = (1+ fA)(s+0)=s2—(1+f(N)) =01+ f(N) >0. (B.215)

Now, by applying consecutively (B.207), (B.188), (B.214), (B.215) and (B.211), we have
for every i € {1,...,3},

thHLoo(Q) = ||thLm(Q) = \\625“(8¢)7¢?||Lpl(¢9)

-~ 2s

< ea(1+f()\)*(s+5)> s 7 ea(5+5) Zg

< (s9) @ i oo

< a(s+0), e

< CHe 1 .

a(s+ar) e ~

<Clle ox Q) (6 <6 and a < 0)

< Clidoll L2qya - (B.216)
Therefore, from (B.216), we get

173l oo @) < ClIColl 2yt - (B.217)

So, (h3€). is bounded in L°°(Q)3, then up to a subsequence, we can suppose that there
exists h3 € L>(Q)? such that

R3¢ —* B3 in L®(Q)3, (B.218)

e—0

and
thHLOO(Q)3 < C ||C0||L2(Q)4 .

From (B.196), (B.197), (B.218), (B.199), we have

0;¢ — D3AC = A(t,x)¢ + B3h®*1, in (0,T) x ,
% =0 on (0,T) x 0%, (B.219)
(C(Ov )) C(Ta )) = (CO) 0) in Q.

This ends the proof of Proposition B.4.8 for the case j = 3.

For every k € N, we introduce

0% = (91, 95, 05, 5 — (¥D)a)T, (B.220)

- ea(s+5k)¢a,k_ (B.221)
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For k € N*, we have

—O=F — Dy A=k = A(t, 2)yp=F + fi in (0,T) x €,
et on (0,T) x L, (B.222)
VEF(T,.) =0 in Q,

with
—~ — —~ ~ ~ T
fk(ta x) _ —(ea(s+6k))tg0€’k + (07 0,0, <u§6a(5+6k)90i _ ugea(s—k&k)(pg + u;ea(5+5k)¢§>ﬂ> ’

because A € & (see (B.84)). From the fact that (dx)ken is strictly increasing, we easily
have ~
|fi] < CeGHo-1]08| = Cl=FL| in (0,T) x €. (B.223)

Then, the strategy of bootstrap is exactly the same. The starting point comes from the
strong observability inequality (B.205).

We apply the same strategy as for the case j = 2. For every k € N, we introduce

0 = (95,95, 05 — (¥5)a, i — (¥Da)’, (B.224)
we,k — ea(s+6k)905,k. (B.225)

The starting point comes from the strong observability inequality (B.206).

This ends the proof of Proposition B.4.8.

B.4.5 Nonlinear problem

In order to prove Theorem B.3.2, we use Proposition B.4.8 together with a standard
fixed-point argument.

B.4.5.1 Reduction to a fixed point problem

Let j € {1,2,3}. We remark that G : L=(Q)* — M4(L>(Q)) is continuous (see
(B.51), (B.61) and (B.76)). Then, we get the existence of v > 0 small enough such that

for every z = (Zla 22, %35 Z4) € LOO(Q)47

(U2l gyt < ¥) = (Gle1, 22, 23, 20)) € ), (B.226)

where &; are defined in (B.82), (B.84) and (B.86).

Let Z be the set of z = (21,22, 23,21) € L®(Q)* such that |2/l e (@ys < v- From
Proposition B.4.8, we have proved that there exists Cy > 0 such that for all z =
(21,22, 23,24) € Z and for all (5 € L®(Q)*, there exists a control b/ € L>®(Q)’ sa-
tisfying

107 ]| oo 5 < ColIGoll 2 (B.227)
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such that the solution ¢ = (¢, (2, (3, )T € (YAN L®(Q)*) to the Cauchy problem

o¢ — DjAC = G(2)¢ + BjhI1, in (0,T) x Q,

% =0 on (0,7) x 09, (B.228)
€(0,.) = o in Q,

verifies

¢(T,.) = 0. (B.229)

We fix (o € L=®(Q)™.

We define B : Z — L>®(Q)* in the following way. For every z = (21, 22, 23, 24) € Z,
B(z) is the set of ¢ = ((1,(2,(3,C4) € L(Q)* solution to the Cauchy problem (B.228),
associated to a control hY € L>®°(Q)’ satisfying (B.227), and which verifies (B.229).

Our main result (i.e. Theorem B.3.2) will be proved if we show that B has
a fixed point (i.e. z is such that z € B(z)).

We use the Kakutani’s fixed point theorem.

Theorem B.4.38. Kakutani’s fixed point theorem.
1. For every z € Z, B(z) is a nonempty convex and closed subset of L>(Q)*.
2. There exists a convex compact set K C Z such that for every z € Z, B(z) C K.
3. B is upper semicontinuous in L>°(Q)*, that is to say for all closed subset A C Z,
B~ Y (A) ={z € Z;B(2) N A # 0} is closed.
Then, B has a fixed point.

B.4.5.2 Hypotheses of Kakutani’s fixed point theorem

B.4.5.2.1 Proof of the point 1 Let z € Z.

B(z) is nonempty because we have proved the existence of at least one control satis-
fying (B.227) that drives the solution to 0.

B(z) is convex because the mapping h € L¥(Q)? + ¢ € L=(Q)*, where ( is the so-
lution to the Cauchy problem (B.228), is affine and (B.227) is clearly verified by convex
combinations of controls satisfying it.

B(z) is closed. Indeed, let (Cx)ren be a sequence of B(z) such that

G — Cin L®(Q) (B.230)

k—+o0

We introduce (hi)keN the sequence of controls associated to ((x)ren. In particular, for
every k € N,

7] s = Collcolzaga (B.231)

From (B.230) and (B.231), for every k € N,

HG(z)Ck n thiHLw(Q)4 <cC. (B.232)
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Then, from (B.232) and Proposition B.2.3 applied to (j which satisfies (B.228), we deduce
that for every k € N,

So, from (B.233), up to a subsequence, we can suppose that there exists ¢ € Y4 such
that

G — Cin LX0,T; H(Q)Y), (B.234)
k——+o0
oG —  0,Cin L*(0,T; (HY(Q))"), (B.235)
k—4o00
and, from Proposition B.2.2,
G(0,.) — ¢(0,.)in LA ()4, G(T,.) — ((T,.) in L3(Q)* (B.236)
k——+o0 k——+o0

Then, as we have (x(0,.) = (o and (x(T,.) = 0 for every k € N, we deduce that
€(0,.) =¢p and ¢(T,.) = 0. (B.237)

Moreover, from (B.231), up to a subsequence, we can suppose that there exists h/ €
L*°(Q)’ such that

I pdin Lo(Q) B.2
P o BN (@), (B.238)
and
1 . . ]
1B]] Lo @y < %ﬂg@f HthLw(Q)j < Co [0l L2 (e - (B.239)

Then, from (B.234), (B.235), (B.236), (B.237) and (B.238), we let & — +oo in the
following equations (i.e. passing to the limit in the variational formulation (B.15))

Ol — D;AG, = G(2)C + Bjhl1, in (0,T) x Q,

Gr =0 on (0,T) x 0,
(Ck(()? ')7 Ck(T7 )) = (CO: 0) in Q.

We deduce that

¢ — D;AC = G(2)¢ + Bjh'1, in (0,T) x €,
% =0 on (0,T) x 99, (B.240)
(€(0,.),¢(T,.)) = (€0, 0) in €.

Finally, from (B.240) and (B.239), we have ¢ € B(z).

B.4.5.2.2 Proof of the point 2 Let z € Z.
By Proposition B.2.3 and (B.227), we deduce that there exists C; > 0 such that

Vz € Za \V/C € B(Z)7 HCHLOO(le < Cl ”COHLoo(Q)AL .
Now, we suppose that (y € L>(Q)?* verifies
160l oo ()4 < v/Ch. (B.241)
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Then, we have
Vze Z, B(z) C Z. (B.242)

Let F € L*(Q)* be the solution to the Cauchy problem
OF — D;AF =0 in (0,T) x Q,
9r = on (0,T) x 09, (B.243)
F(O, ) = C() in Q.

Let ¢* = ¢ — F, where ¢ € B(z) with z € Z. We also denote by h? the control associated
to ¢. Then, ¢* is the solution to

OC* — DjAC = G(2)¢ + Bjhi1, in (0,T) x Q,

G =0 on (0,T) x 09, (B.244)
C*(O7 ) = in .
From (B.226), (B.242) and (B.227), we can remark that there exists C' > 0 such that
HG(Z)C—FthjleLOO(Q)4 S C (B245)

From (B.245), Proposition B.4.36 with p = N + 2 applied to ¢* (see (B.244)) and the
Sobolev embedding theorem Y, < C#/25(Q) with 8 > 0 (see Proposition B.4.37), we
deduce that ¢* € C°(Q)* and there exists Cy > 0 such that

V(t,x) € Q, V(t',a) € Q, [C*(t,x) — (¢, a)| < Co(jt — '[P + |z —a')P).  (B.246)

Let K* be the set of (* such that (B.246) holds. Then, we have (F'4+ K*)NZ is a compact
convex subset of L=(Q)* by Ascoli’s theorem and

VzeZ, B(z) C(F+K*")NZ.
Then, K := (F + K*) N Z is a convex compact subset of Z such that the point 2 holds.

B.4.5.2.3 Proof of the point 3 Let A be a closed subset of Z. Let (z;)ren be a
sequence of elements in Z, (Cx)ren be a sequence of elements in L>°(Q)*, and z € Z be
such that

—  zin L™®(Q)*
Zk kst o0 < 1m (Q) ’

Vk e N, (; € A,
Vk € N, ¢, € B(zg).

Let (hi)keN the sequence of controls associated to ((x)ren- As (x € B(z;), we have

Vk € N,

)] - g < Co 60l

By the point 2, we get that there exists a strictly increasing sequence (k;);en of integers
such that ¢, — ¢ in L>®(Q)* as | — +oo. As A is closed, we have ¢ € A, then it suffices
to show that ¢ € B(z). The same arguments as in the point 1 give the result. This ends
the proof of the point 3.

This concludes the proof of Theorem B.3.2.
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B.5 Proof of Theorem B.3.6 : the global controllability to
constant stationary states

Proof. Let N € {1,2}, j = 3 (we only prove the result for this case, the other cases
are similar), up € L>(Q)* satisfying the hypothesis (B.42), (u})1<i<4 € (RT)* satisfying
(B.3).

From | , Theorem 3] and | , Theorem 3| (see also | |), we deduce that
the solution u € L*°((0, 00) x Q)% of

Opu; — diAu; = (—1) (uguz — ugug) in (0,00) x Q,

VI<i<d, ¢ =0 on (0,00) x 99, (B.247)
UZ'(O, ) = uz',() in Q,
satisfies
li T,.) = 2| ;sorons = 0, B.248
T_lffoo [w(T,.) = =, (Q)4 ( )

where z € (R**)4 is the unique nonnegative solution of

Z1R3 = Z2%24, (B.249)
21+ 20 = (u10)o + (u20)0, 21+ 24 = (u1,0)0 + (Ua,0)0, (B.250)
23+ 29 = (ug,0)a + (u2,0)q, 23+ 24 = (uzp)a + (us,0)q- (B.251)

Case 1 : uj # 0. Let us define a path v between z and (u})i<i<4,

v [0,1] — {(vi,v2,v3,v4) € RT X RT x RT* x RT 5 vjv3 = vovs} (B.252)

o — ~(0),

~(0) := (“1 - Q)Z“’(l*_mf))z(s(rafgz‘* FOUL) (1 )y 4 Ous, (1 — 0)25 + 00, (1— 0)2a + 9uz) .

Let us define ® in the following way,

®:|T={y(0).0€0,1]} — RO (B.253)

(vi) — Ty,

where 7, > 0 is the radius of the ball of L°°(Q)* centered in (v;)1<i<4 in which we have
proved controllability to (v;)1<i<4 (see Theorem B.3.2). Precisely, r, is given by (B.241).
It is straightforward but tedious to see that

r:=inf ® >0, (B.254)

because there exists ¢ > 0 such that for every 6 € [0,1], v3 = (1 — 6)z3 + Ouj > €. For
more details, one can follow the dependence of the constant r, = v/C; in function of the
parameters (v;)1<i<a (see (B.241), (B.226), (B.227), Proposition B.4.8 for the definition
of the constant Cy, (B.51), (B.53), (B.54) and Annexe B.4.3.3 for the dependence of this
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constant Cj in term of (Ui)1§i§4)~

By (B.248), there exists 71 > 0 such that [[u(T1,.) = 2[|fec(q)s < 7, Where u is the
solution of (B.247). By (B.253) and (B.254), there exists h3! € L°((T1, Ty + T) x Q)3
such that the solution u' of (B.4), with (0,7) = (T}, T1 + T) and u'(T3,.) = u(Ty,.),
satisfies u! (T} + T, .) = 2.

The mapping «y is continuous on the compact set [0, 1], so 7 is uniformly continuous
on [0, 1] by Heine’s theorem. Consequently, there exists n > 0 such that for every 6,62 €
[0,1], verifying |61 — 62| < n, [|[7(61) —v(62)||,, < r. Moreover, there exists m € N*
sufficiently large such that mn < 1 < (m + 1)n. Therefore, let us define 6, = kn for
k€{0,...,m} and 6,,+1 = 1. Then, we have

m+1
rc |J B().7). (B.255)
=0

We remark that we have () = z, ¥(0m41) = v* and ||7(0;) — v(0i1)|| o, < r for every
i € {1,...,m} by definition of 7.

We have ||z —~v(61)]l, = [|7(6o) —7(01)|l < 7. Then, by (B.253) and (B.254),
there exists h*2? € L>®((Ty + T, Ty + 2T) x Q)3 such that the solution u? of (B.4), with
(0,7)= (T4 + T, Ty +2T) and u!(Ty + T,.) = z, satisfies u! (T} + 2T,.) = v(61).

By repeating m times this strategy, we get the existence of a control A% € L>((0, T +
(m+2)T) x Q) so that h3(t,.) = 0 for t € (0,T1), h3(t,.) = h3L(¢,.) for t € (T1, Ty + T),
ooy B3(t,) = R3ME2(t, ) for t € (Th + (m + 1)T, Ty + (m + 2)T), such the solution u of

V1 <i<d4,

Ou; — d;Au; = (—1)i(U1U3 — UQU4) + h?lw in (O,Tl + (m + 2)T) X Q, (B 256)
Jui = on (0,T) + (m+2)T) x 9Q,
ul(O, ) = U0 in Q,

satisfies u(T1 + (m +2)T,.) = u*.

Case 2 : uj = 0. From (B.3), we have u5 = 0 or uj = 0. We can assume that u3 = 0.
The other case is similar. By Theorem B.3.2, we know that there exists 7 > 0 such that
for every u* € B(u*,T)e0(q)s, We can find a control h3 € L°°((0,T) x Q)3 that enables to

go from u* to u*. Consequently, we choose  such that 0 < § < 7/2 and %;?/22) <T/2
1

and we set u* := (uj +7/2, 5, %J}?/;), uy+7/2) € B(u*,7). We remark that u* satisfies
1

(B.3) and u3” # 0. Then, from the first case of the proof, we can find a control which
drives z to u*. Next, we can find a control which drives u* to u*. O
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B.6 Comments, perspectives and open problems

B.6.1 w; instead of w

An interesting open problem could be the generalization of Theorem B.3.2 to the
system

6tui — d,Au, = (—1)i(U1U3 — U2U4) -+ hilwiligj in (O,T) X Q,

VI<i<d, ¢ =0 on (0,T) x 99,
ui(0,.) = uip in ©,
(B.257)
where for every i € {1,...,j}, w; are nonempty open subsets such that w; C € and

J
() w; = 0 (otherwise, the generalization is straightforward).
=1

B.6.2 Stationary solutions

We only have considered nonnegative stationary constant solutions of (B.1). It is
not restrictive because of the following proposition.

Proposition B.6.1. Let (u;)1<i<4 € C%(Q)?* be a nonnegative solution of

) —d;Au; = (—1) (uguz — uguy) in €,
<1< .
V1 <i<4, { o' o (B.258)
Then, for every 1 < i < 4, u; is constant.
Proof. Let € > 0. For every i € {1,...,4}, let us denote u = u; +¢ and wi = u5(logu§ —
1) 4+ 1. Note that w > 0 for every ¢ € {1,...,4}. We have
- 1> € £ g € € ‘Vuf‘Q
V1 <i <4, Vw] =log(uf)Vu;, Aw; = log(u;)Aui + 0 (B.259)

)

Then, from (B.258) and (B.259), we have that for every 1 <i <4,

U

€12 .
{ —d;Aw§ + d; Wu;" = (—1)"log(u;)(ufus — usug — e(ug + uz —ug —uq)) in Q,

aéuj =0 on 0f).
(B.260)
We add the four equations of (B.260) and we integrate on 2. We get
4
Vg |?
0 d; L
i /Q 24
— ([ ogtu5e6) ~ osusuduos - )
e (] toe(ugs) = og 5 1 + s~ w2 — )
Q
<e </ (log(ujus) — log(usug))(u1 + us — ug — U4)> . (B.261)
Q
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Moreover,
[Vus |?

V1 <i<4, /di u;’ :/4di|v,/u§y? (B.262)
Q i Q

Consequently, from (B.261), (B.262) and by taking ¢ sufficiently small, for every 1 <i <
4,

RIS ( | tostuu5) ~ og(used) (1 + s — o - u4>>
Q 0

<e (/ |10g(54)||u1 + uz — us —U4|> .
Q

Then, by letting ¢ — 0, we get that

vi<isd [ 4d)vyaP -
Q

Consequently, for every 1 < i < 4, u; is constant. O

We can also remark that there exist non constant solutions of (B.258). For example,
in the case of (dy,da,ds,ds) = (1,1,1,1), (u], ud, us, uj) = (Pr, —©r, ©x — A, —@)), where
A > 0 and ) are respectively an eigenvalue and a corresponding eigenfunction of the
unbounded operator (—A, H%,,(2)) (see Definition B.4.13), is a solution of (B.258). The
result of Theorem B.3.2 is still valid for non constant stationary solutions under a natural
condition of sign of (u},u3, u3, u}) on a nonempty open subset wy C w (see (B.53), (B.63),
(B.78) after linearization). There is only one nontrivial thing to verify. For the proof of
the observability inequalities (B.94) and (B.95), the application of A to some equations
does not create “bad” terms. A good meaning to be convinced is to look at the inequality
(B.138) which becomes

(0 )\ S Ag04

T
<c</ | e { |Asoi|2+|w2|+|soz~\2}+ I e28“<s¢>3|Aso4|2>.
w2

(B.263)

3
It is clear that fOT Jo €5 <E |Api|? + Vil + |90i]2) can be absorbed by the left hand
i=1
side of (B.140) by taking s sufficiently large.

B.6.3 Nonnegative solutions and nonnegative controls

In the spirit of the works | | and | | and in order to make the model more rea-
listic, an interesting open problem could be : for nonnegative initial conditions (u;0)1<i<4,
and nonnegative stationary state (u})1<i<4, does there exit a control (h;)1<i<; such that
the solution (u;)1<i<4 of (B.4) remains nonnegative and satisfies (B.5)?
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B.6.4 Constraints on the initial condition for the controllability of the
linearized system

The goal of this section is to show that the linear transformation we do before linea-
rization (see (B.58) and (B.72)), seems to be essential. Indeed, this adequate change of
variable leads to control all possible initial conditions (see the necessary conditions on the
initial conditions due to invariant quantities of the nonlinear dynamics : Annexe B.2.2).
One could think about [ , Theorem 5.3] which gives sufficient conditions of
controllability when the rank condition of Theorem B.1.6 is not verified. But it reduces
the space of initial condition once more and it becomes “artificial” in our case.

The linearized-system of (B.4) around (u})i<i<4 is

Ou — DAu = Au+ Bjhi1l, in (0,T) x Q,

gu—0 on (0,T) x 09, (B.264)
u(0,.) = ug in Q,
where
—uzooup o —uj Uy
_ T p_ g I I R B A
U = (ul,UQ,U3, U4) 5 D= dZCLg(dl, dz,dg, d4), A= _u?; UZ —UT u§ s

uz  —uy Uy —uh

(B.265)

and Bj, b/ are defined in (B.45).

Definition B.6.2. The system (B.264) is (u})1<;<4-controllable if for every ug € L*(Q)%,
there exists b/ € L?(Q)? such that the solution u of (B.264) satisfies u(T,.) = u*.

We would also use | , Theorem 1| in order to deduce the necessary
and sufficient condition of controllability to (u])i<i<4 for (B.264). First, let us de-
note by (Ax)ren the increasing sequence of the eigenvalues of the unbounded operator
(—A, H%,(Q)) (see Definition B.4.13 for the definition of H%(f2)). In particular, Ay = 0.

Theorem B.6.3. The system (B.264) is (u})1<i<4-controllable if and only if
Vk € N, rank(—A\D + A|B;) =4, (B.266)
where
(=MD + A)|B)) :== (Bj, (= D + A)Bj, (=\D + A)?B;, (- D + A)*B;).

For j = 3, we can check that for every k € N, rank(—A\;D + A|Bs) = 4 if and only
if (u], 3, u)) # (0,0,0). It is consistent with Section B.4.1.1.1.

For j = 2 and d3 # d4, we can check that rank(Ag + A|B2) < 4, then (B.264) is
not (u})i<i<a-controllable. It is consistent with the hypothesis we have to make for the
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initial condition i.e. (B.23). But, we can deduce from | , Theorem 5.3] that
(B.264) is (u})1<i<a-controllable for initial conditions verifying

1
vie{l,... 4}, IQ‘/QWO(J;) — (B.267)

The condition (B.267) is a more restrictive hypothesis than (B.23). It is only a sufficient
condition. Actually, we have found a necessary and sufficient condition on the initial data
for (u})1<i<a-controllability.

Proposition B.6.4. Let j = 2, d3 # dy.

For every ug € L?(Q)* such that ﬁ Jo(uso + usp) = uf + uj, there exists h? € L*(Q)?
such that the solution u of (B.264) satisfies u(7T',.) = u*.

If up € L?(2)* does not satisfy ﬁ Jo(us o+ uap) = uf + uj, for every h? € L*(Q)?, the
solution u of (B.264) does not satisfy u(7T,.) = u*.

Proof. The necessary condition of controllability is a consequence of

a.e. t € 0,7, % </Q(U3(t,m) +U4(t,x))dx> =0.

The sufficient condition of controllability is a consequence of the adequate change of
variable (v1, ve,v3,v4) 1= (u1, ug, usg, ug+uy) and the proof of the observability inequality
(B.94). O

Remark B.6.5. We chose to state our previous result in the particular case j = 2 and
ds # dy for simplicity but one can generalize this proposition to other cases.

An interesting open problem could consist in trying to find precisely the initial condi-
tions that can be controlled for systems of the form (B.264) when (B.266) is not satisfied.
This will lead to a better understanding of the controllability properties of a large class
of nonlinear reaction-diffusion systems.

B.6.5 More general nonlinear reaction-diffusion systems

Let k € N*, (a1,...,ax) € (N), (B1,...,B) € (N)* such that for every 1 < i < k,
a; # Bi, (dy,...,dg) € (0,400)* and J C {1,...,k}. We consider the following nonlinear
controlled reaction-diffusion system :

Btui — d,-Au,- =
s ooy, _ T B ) ) :
V1<i<k, (Bi — ) <k1;[1 uy, k];ll ul, > + hilyliey in (0,T) x Q,
Gui = on (0,T) x 99,
ui(O, ) = U;5,0 in Q.

(B.268)
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The article | | by the author treats the local-controllability of (B.268) around non-
negative (constant) stationary states by using the same kind of change of variables as in
(B.58) and (B.72). Nevertheless, the proof of observability inequalities for the linearized
system cannot follow the same strategy as performed in Annexe B.4.3.7. Indeed, if we
apply Carleman estimates to each equation of the adjoint system, it leads to some global
terms in the right hand side of the inequality that cannot be absorbed by the left hand
side. Thus, as in | , Hypothesis 3|, a similar technical obstruction appears. Ins-
pired by the recent work of Pierre Lissy and Enrique Zuazua (see | , Section 3]), who
obtained sharp results for the null-controllability of non-diagonalizable systems of para-
bolic equations, the author proves the null-controllability of the linearized system. Then,
the source term method introduced by Yuning Liu, Takéo Takahashi, Marius Tucsnak
(see | |) enables to go back to the nonlinear reaction-diffusion system.

B.7 Appendix

B.7.1 L*-estimate for parabolic systems

We give the proof of Proposition B.2.3.

Proof. By using the fact that D is diagonalizable and Sp(D) C (0,400), we only have
to prove the result when D = diag(dy,...,d;) with d; € (0, +00).

The first point of the proof i.e. the existence and the uniqueness of the weak solution
u € Y* is based on Galerkin approximations and energy estimates. One can easily adapt
the arguments given in | , Section 7.1.2] to the Neumann cases.

The second point of the proof i.e. the L estimate is based on Stampacchia’s method.
We introduce

1) = (L(t), ..., k(@) == lgexp(tM)(1,..., )T = L(t)(1,...,1)T e R*, (B.269)
for every t € [0,T] and lp, M € (0, +00) which will be chosen later. By (B.15), we have
Yw e L*(0,T; HY(Q)F),
/OT(E?tu, W) (g1 (Q)FY, H (Q)F) — /Q(Sign(u)l/).w + /Q DVu.NVw

:/(Au—|—g).w—/(sign(u)l').w, (B.270)
Q Q

where sign(u)l’ = (sign(u1)l, ..., sign(ug)l},)T. We fix t € [0,7] and we apply (B.270)
with w defined by V(7,z) € [0,T] x Q,

w(r, z) = sign(u)(|ul(t, ) — 1(£)) "o 4(7)
= (sign(w)(lua|(t,2) = L (), ..., (sign(ue) (ul (£, 2) = 1(1)) ) Lo, (7)-

188



S~
ol
N
S
piig
3
8

2 t k
(juil(r. ) — ()" da:dT—i—/ /ZdiVui.Vuiluipli
0 J& -0
k
Z aijuj + gi — sign(u)l; | sign(u;)(lu;| — ;)" (B.271)

We remark that

—sign(ug)lisign(us) (Jui] — 1)+ = =l (Jui| — 1)

Moreover, we have

k
aijuj + g; — sign(u)l | sign(ui)(|ui| — 1) "
7=0
k
< laiglug] + gl = 1 | (Jual = 1)*
7=0
k
<D lasl (gl = 1) + A | (Jual = 1), (B.272)
7=0

Jj=0 ‘ j=0
(0, +00) such that

k k
where A; := Y ljlaij|+gi — 1, = L " |aij| + gi — ML (see (B.269)). We choose ly, M €

k
M > max Z lagil|| +1p, lo= mlaX{Huol'Hoo +lgilloo ) - (B.273)
J=0 oo
Then, we find
A <L(M—1)+1lg— ML<L(M —1)+ L~ ML <0. (B.274)

k

By using lo > max; |uoilles fy fo 2o diVui. Vuily, s, > 0, (B.272), (B.274), together
=0

with (B.271), we have that for every ¢ € [0, T,

k 2 ¢ ok k

U; x) — l; €T i U'—'+U'—~+1‘T,

J, 2 (e~ s Y o2 [ [ 533 el = )~ 1"
(B.275)
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Cauchy-Schwartz inequality applied to the right hand side term of (B.275) gives

vt € [0,T], /Qi(ﬂui](t,x)—li(t))+>2dx§ C/Ot/gzk:((\ui|(7,$)—li(T))J“)Qd:UdT,
=0 1=0

(B.276)

where C' := 2k max; ; [|a;;|| .. Gronwall’s lemma applied to (B.276) gives
Vie{l,...,k}, Vt€[0,T), |ui(t)| <Ui(t) = loexp(tM). (B.277)
Therefore, from (B.277), we deduce (B.18) with our choice of Iy (see (B.273)). O

B.7.2 Dissipation of the energy for crossed-diffusion parabolic systems

The goal of this section is to give a sketch of the proof of the dissipation of the energy
(in time) for some parabolic systems.

Lemma B.7.1. Let j € {1,2,3}, D; defined by (B.51), (B.61), (B.76), A € &; (see
(B.82), (B.84) and (B.86)), o7 € L*(Q)* and ¢ be the solution of the following Cauchy
problem

—¢t — DTAp=ATyp in (0,T) x Q,

g—i =0 on (0,7 x 09,

o(T,.) = or in Q.

Then, there exists C' > 0 such that for every (t1,t2) € [0,T)?,t1 < ta,

Jj+1
Z\m t, M7z + Z lpi(ts, ) = (ei)a(ty) 1720
i=j+2
J+1
<O Y leilta, Mooy + Z lei(ta, ) = (alt2)lF2i) | - (B.278)
=1 =742

Proof. By using the fact that D; is diagonalizable, we only have to prove the result
when D is diagonal. First, we introduce ¢ = (gol, @i P42 — (@ir2)a(l)s - s —

(4,04)9(.)). We look for the parabolic system satisfied by 1. Then, we multiply the varia-
tional formulation (see (B.15)) by w(t, =) = (¢, 7)1}, +,)(t). By Young inequalities, we
find a differential inequality as follows

d
ae. t €[ty to], — [¥(0)120) < C Y0720 -
Then, we use Gronwall’s lemma to deduce (B.278). O
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B.7.3 Technical estimates for the observability inequality in the case
of 1 control

The goal of this section is to prove Lemma B.4.31 and Lemma B.4.32. We use the
same notations as in Annexe B.4.3.7. We recall that s is supposed to be fixed and the
constants C' may depend on s.

First, we recall two classical facts on the heat equation for Dirichlet conditions : a
well-posedness result and a regularity result.

B.7.3.1 General lemmas

Proposition B.7.2. Let d € (0,+), ug € L*(Q), g € L*(Q). From | , Section
7.1, Theorem 3 and Theorem 4], the following Cauchy problem admits a unique weak
solution u € Z := L?(0,T; H(Q)) N WhH2(0,T; H-1(2))

Ou —dAu =g in (0,T) x Q,
u=0 on (0,7") x 08,
u(0,.) = ug in Q.

This means that u is the unique function in Z that satisfies the variational fomulation

T
VwGLQ(O,T,H[%(Q)),/O (8tu,w)H1(9)7H3(9)+/QquVw:/ng, (B279)

and
u(0,.) = up in L*(Q). (B.280)

Moreover, there exists C' > 0 independent of ug and g such that
el < € (luoll 2y + 1912y ) -

Proposition B.7.3. Let d € (0, +00), g € L*(Q), up € C$°(Q). From Proposition B.7.2,
the following Cauchy problem admits a unique weak solution v € Z

Ou —dAu =g in (0,T) x £,
u=20 on (0,T) x 09,
u(0,.) = ug in Q.

Moreover, from | , Section 7.1, Theorem 5|, u € Zy := L(0,T, H2(2) N H () N
Wh2(0,T; L*(Q)) and if ug = 0, then there exists C' > 0 independent of g such that

lullz, < Cllgllz2 ) -

The following lemma is inspired by the proof of | , Theorem 2.2].
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Lemma B.7.4. Let d € (0,+00), f € Y2 (see Definition B.4.13), &7 € C5°(2), w be
an open subset such that @ CC wpy, x € C°(Q;[0,+oc[) such that supp(x) CC @,
(r,k) € R x [1,400), © = xe**(s¢)". Let ® € Zy (see Proposition B.7.3) be the solution

of

=0 on (0,T) x 99, (B.281)

—0® — dAD = Af in (0,T) x
O(T,.) = Or in Q.

We decompose
0P =1+, (B.282)

where n € Zy and ¢ € Z5 satisfy

n=20 on (0,7") x 012, (B.283)

—0m —dAn=0Af in (0,T) x Q,
n(T,.) =0 in Q,

=0 on (0,7) x 09, (B.284)

_ O — dAY = —(8,0)® — 2dVO.VD — d(AB)® in (0,T) x
»(T,.)=0 in Q.

Then, there exist ¥ € C°°(£2;[0, 4+o00[) such that supp(X) CC @, ¥ = 1 on supp(x) and
C > 0 such that

T
I < C /0 / 26250 (50) 20| 2, (B.285)

2

1/} 2

[ (or)
(sp)k L2(0,T;H () (sg)* tHL2(0,T;H-1(Q))

T
<C (In!liz(@ +/0 /9625“(8¢)2(’"+2"“)I<I>|2>. (B.286)

Proof. Let T' € L?(Q) and let z € Z5 be the solution of

Oiz—dAz=T 1in (0,T) x Q,
z=10 on (0,7) x 09, (B.287)
2(0,.) =0 in €.

By Proposition B.7.3, we have

1207207200 < C TN Z2(q) - (B.283)

A duality argument between (B.283) and (B.287) gives

/0 ' /Q nCdzd = /0 ' /Q OA(f)zdadL. (B.289)

192



We integrate by parts with respect to the spatial variable,

/OT/Q@A(f)zdwdtz/OT/QfA(G)z)dxdt. (B.290)

There exists Y € C*°(Q; [0, +o00|) such that supp(Y) CC @, X = 1 on supp(x) and
Vi € {1,2}, |DLO| < CX(s¢) Te* in (0,T) x Q. (B.291)
Therefore, from (B.288) and (B.291), we can deduce that

/ /fA (0z)dzdt < = ||r||L2 +0/ / e (s9) 2| f2dadt.  (B.292)

By using (B.289), (B.290), (B.292) and by taking I" = 7, we deduce (B.285).

We introduce
p=(sp)7". (B.293)

Then, we have

~0h(p0) — AA(piE) = p(~(D4O)® — 20VO. VD — d(AO)®)
(@) — 2aVp. Y —d(Ap)p in (0,T) x €,
=0 on (0,7) x 09,
p(T,.) =0 in Q.
(B.294)
We estimate the source term of (B.294). We have by definition of ©, the fact that k > 1,
(B.282), (B.293) and the embedding L?(2) < H~1(Q), the following estimates

T
1p0:(©)|72(g) < C/O /Qe%“(sqﬁ)?(’"“_k)!@\z, (BB.295)

1PVO.VD 720 1er-1()) = IV-(p@VO) — (p(AB)®) — (Vp.VO)D| 720 1r-1(02))
<C (HPCI)VGH%Q(Q) +[lp(A8)® |72 () + H(VP'VG)(I)H%Q(QD

T
< C/ / €2304 ((s¢)2(r+1—k) + (S¢>2(r+2—k) + <8¢)2(T+1_k)> ’(I)‘2
0 JQ
T
SC/ /623a(8¢)2(r+2k)|@’27 (B.296)
0 JQ

H(atp)w”QLQ(Q) = [[(Owp)(©P — 77)”%/2(62)

T T
2(—k+1)|,,12 25 2(r+1—k) 2
sc(/o [ orcteiny +/O [ (s |¢>|)
T T
2 25c 2(7‘+2—k‘) P 2 B.
_c(/0 /er +/0 /Q (5622 r), (B.297)
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”V/)'V¢H%2(O,T;H*1(Q) IV.(¥Vp) — wApH%Q(O’T;Hfl(Q))
= |V.((6® —n)Vp) — (O — 1) Apll72(0 111 (1)

C</ /(S¢)_2k|77|2+/T/ e25a(s¢)2(r—k)|q>\2>.
([ o [ [t ew). wm

By using (B.294), (B.295), (B.296), (B.297), (B.298) and Proposition B.7.2, we deduce
(B.286). 0

IN

Corollary B.7.5. We take the same notations as in Lemma B.7.4 and g € Y5. Then, for
every § > 0,

/T/xes"wAg
<9 </ / e (s¢)20+2) | )2 + / / 250 (5p)2(r+2-F) |<I>\2>

+ Cs / / 25 (5¢) 2+ |vg)?, (B.299)
0 w

/ /xemwc?tg
S 6 </ [ ~2 QSQ(SQS) r+2 |f|2 / / 28a qu 7‘+2 k; |(I)2> (B?)OO)
£ Gy (/0 [ sy + /0 [ 019 (B.301)

Proof. We integrate by parts with respect to the spatial variable and we use (B.286),
(B.285),

/T[xesawAg
0 wT -
e [ frars (i) 5

T
(0 +C(5/ /625a(8¢)2(k+1)|vg|2
0 w

(50)* Wl Lo, ()

T T
<o (et [ [ oo iper) vos [ [ s irvgp
(/ / ~2 2so¢ 8(}5 2(r+2) |f|2 / / 23a qu 2(7‘+2 k)|(I)|2>
+06/ /e2sa(8¢)2(k+1)’vg‘2.
0 w

<9d

| /\
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We integrate by parts with respect to the time variable and we use (B.286), (B.285),

/T [ xewvng
-~ (o), e >LQ(O,T;H_l(Q)),LQ(O,T;H%(Q»
), Lo
<] (565) ] o
3 (55) +C@/ ooy
<o (Il + / / (504 o
+C5</ / 20 (59)* g + //2“* S¢>2k]Vg\2>
<o( [ [eemsoreaies [ [ @popeoer)
([ [omenrenre [ emor)

+ Cs er (59) g‘ L2(0,T;Hg ()

O
B.7.3.2 Proof of technical lemmas : Lemma B.4.31 and Lemma B.4.32
Let € € (0,1). We introduce
0 = x3e*“(s9)>. (B.302)
The function 0AAyp, satisfies the following parabolic system (see (B.158)),
—8t(0AAg04) — d4A(9AA(p4)
= 0AA(m3(p1 — p2)) — OOAApy — 2d4VO.V(AApy) — dyAOAAp,s in Qp,
0AAps =0 on X,
OAApy(T,.) =0 in Q.
(B.303)
We decompose
0AAps =1+, (B.304)
where n and v solve, respectively,
—0m — dgAn = 0AA(ms3(p1 — ¢2)) in (0,T) x Q,
n=20 on (0,T) x 09, (B.305)
n(T,.)=0 in €,
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b =0 on (0,T) x 09,

—at¢ — d4Aw = —8t9AA(p4 - 2d4V0.V(AAg04) - d4A9AA(p4 in (O, T) X Q,
Y(T,.) =0 in Q.

(B.306)

B.7.3.2.1 Proof of Lemma B.4.31 We have

T T
/ / (xa(2))26%°2 (50)% (A Do) (DA ) ddt = / / Na(@)e™ (0 + 0)(AAps)dadt.
0 w2 0 w2

(B.307)
The first term in the right-hand side of (B.307) can be estimated as follows,

/OT/ 3(z)es® (AA@gdxdt<5/ / e*%(s¢)| AAp3|? +C/ /wzxg 2(s¢)~
gs/o /QeZM(S(;b)]AAQO;;\Q—i—Ca/O /9772. (B.308)

Lemma B.7.6. For every ¢ > 0,

T
/ / |n|2dxdt
0 Q

T
25 4 2 2
ga/o /Q (56) (|12 + [ Agol?)

T
+Cs [ [ {0 ol + ool + 186s) + (52T + [V6?) .
(B.309)

Proof. The idea of the proof is to apply two times Lemma B.7.4 because the source term
of (B.305) is 6AA(...).

Step 1 : We apply Lemma B.7.4 : (B.285) with d = dy, f = m3A(e1 — ¢2), Pr =
AApyr, w = wo, x = x3, 7 = 3, © = 0, & = AAp, and the decomposition (B.304).
Then, there exists y3 € C°(£2; [0, +00[) such that supp(x3) CC wa, X3 =1 on supp(xs)
and

In1172(g) < C/ / )2e25%(50) 10 (|Ap1|* + |Apa|?)dadt. (B.310)

Remark B.7.7. This estimate is not sufficient because we can not absorb the right hand
side term of (B.310) by the left hand side term of (B.165).
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Step 2 : Now, our aim is to prove that for every i € {1,2}, 6 > 0, we have

/ / 2 23a S¢ 10|A<,0| dadt
<4 (/ / Zso (s) Agpy| dwdt)

+05(/ / ¢ (s0)? (|0 + [0al® + | Aeps ) derdt + / / s¢>22|w?dxdt).
0 w2
(B.311)

Remark B.7.8. This previous estimate is also useful for the proof of the observability
inequality with one component (see (B.170)).

First, we remark that

T T _
/0 / (03)2e22(59) 0] Ay ? = /0 / GeIAp A,
w2 w2

0 = X3¢ (s¢)"°. (B.312)
Moreover, gAgoi satisfies the following parabolic system (see (B.156) and Lemma B.4.23),

with

—(")t(gAgoi) d;A(OAY;)
= 9A(a1zs01 + a2itp2 + 0iz(d2 — d3) Aps)

—&;GA% — 24, V6. V(Ap;) — d; AGA(pZ in (0,7) x £, (B.313)
0Ap; =0 on (0,T) x 09,
0Ap;(T,.) =0 in Q.
We decompose B B
0Ap; = ni + i, (B.314)

where 7; and JZ solve, respectively,
—Oy7; — diAT; = OA(a1ip1 + azipa + i2(da — d3)Agpy) in (0,T) x Q,
ni =0 on (0,7) x 89, (B.315)
ﬁ;(T7 ) = 0 in Q,

0 — di Ay = —0,0Ap; — 2d;VO.V (Ag;) — diAGAp; in (0,T) x Q,

P; =0 on (0,T) x 09,
Ui(T, ) =0 in Q.
(B.316)
We have

T T
=2 2sa 10 2 _ ToS0(S T .
/0 /w 2(X3) e (s¢) " |Api|“dudt /0 /w Xae (7 + U3) (Ag)dadt.  (B.317)
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The first term in the right-hand side of (B.317) can be estimated as follows,

// X3€°T; (Ag;) dxdt<5/ / Zsa(500)4 Ags| dmdt+05// mi2dxdt. (B.318)
w2

Then, we apply Lemma B.7.4 : (B.285) with d = d;, f = aup1 + - a2ip2 + dia(de —
d3)Aps € Yy (because A € M4(C’0 (@Q))), or = Apir, w=ws, x = x3, 7 =10, © = 0,
® = Ay; and the decomposition (B.314). There exists x3* € C™(Q;[0, +oo[) such that
supp(xs*) CC wp and C which depends on Al oo (g

T T
| ez <c [* ] qabresesof ol + oo + [AgsPodt. (8319
w2

Then, (B.318) and (B.319) give

/ / X3 (Ap;)dxdt
w2

T
<5 / / 2 (58)" | Agi *dadt + C / / 5 (56) (|12 + |oaf? + |Agps )t
0 Q 0 wa
(B.320)

For the second term in the right-hand side of (B.317), we use Corollary B.7.5 : (B.299)
with d = d;, f = a1ip1 + azipr + dia(da — d3) A3 € Yo, @7 = Ap;r, 0 = w2, X = X3,
(r,k) = (10,10), © = 0, & = Ayp; and the decomposition (B.314)). Then, we have

T ~
/O/UJ?X?,G Vilp;
r T
<s( [ [ aremortior + el +10ei+ [ [ sotiaag)

T
+Cs [ [ misova. (B.321)
0 w2
Gathering (B.317), (B.320) and (B.321), we have (B.311).

The estimates (B.310) and (B.311) give (B.309). O

End of the proof of Lemma B.4.31 : Applying Lemma B.7.6 with § = ¢/C;, we
find

T
/ / In|>dxdt
0 Q

€ T
e N R ORISR
€ JO Q

T
+ /0 / 2L (s6) (@12 + gal? + |Dgal) + (s)2 (Vi + [Vipaf?) bt
w2
(B.322)
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Then, we put (B.322) in (B.308) to get

/ / x3(z)e** n(AAps)
<5</ / Zsa(so) | AAps|? + //QSa s0) (|Ap1|? + [Aps| ))

vo ([ [ e at el viaal)+ [ [ e eo(valc1va).

(B.323)
Lemma B.7.9. For every § > 0,

T
/ / X3€ (A Aps)dardt
w2

<5(/ [ e an +aeP) / [ e soriang)

T
yer / / €25% (5)° |V Aoy 2.
0 w2

Proof. We apply Corollary B.7.5 : (B.299) with d = dy4, f = msA(p1 — ¢2), o7 =
AAQD4,T7 (:j = W2, X = X3, (T k)

(B.324)

k) = (3,7/2), © = 0, & = AApy, the decomposition
(B.304) and g = Aps. O
Applying Lemma B.7.9 with § = ¢, we find
T
/ / X365a¢(AA¢3)dxdt
0 w!
S N T
<e([ [ @reneoiant +iap + [ [ eorianed)
w2
+ C. / / 250 (5)2|V Ags]?. (B.325)

Then, we put (B.311) with 6 = € in (B.325) to get
T
JA R
0 w2
T
<e([ [ {eotiant 180k + oPiannt})
0 Q

T
e </ / 625a{(8¢)24(|301|2 + loal” + |Aps]?) + (s0)(IVer|* + [ Vea|* + IVA<P3|2)}>
0 w2

(B.326)
Therefore, recalling (B.307), (B.323), (B.326), we get (B.168) and consequently Lemma B.4.31
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B.7.3.2.2 Proof of Lemma B.4.32 We have by (B.302) and (B.304)

T T
/ / (a(2))26%°2 (50)% (A Depa ) (D1 Aips )t = / / Xa(@)e™ (1 + )0y Aps)dadt.
0 w2 0 w2

(B.327)
We easily have by Young’s inequality

/ / x3(x)e**noy(Aps)drdt < z-:/ / 250 (500)|0p(As) | dzdt + C. / / In|*dxdt.
w2

(B.328)
By using Lemma B.7.6 with § = ¢/C., we can deduce from (B.328) that

T
//Xs(x)esaﬁ(atﬁw)dm’f
0 wa

T T
<e([) freomont s [ [ 6o (anr s )

’ T
+Ce </0 /w2 628a(5¢)24(’801|2 + ’802|2 =+ ‘AQOS‘Q) _|_/O /W2 828a(s¢))22(|V<’p1|2 I |V(,02|2)> .
(B.329)

Then, we estimate the other term in the right hand side of (B.327).
Lemma B.7.10. For every § > 0,

//wQXse “YOAps
<5(/ [ oo e + 1) / [ e eoriane)
+05</ /w €25 (56) 11| A2 + // 25055 ]VA¢3\2> (B.330)

Proof. We apply Corollary B.7.5 : (B.301) with d = d4, f = A(p1 — ¢2), P = AApy 7,
W=wy, X = x3, (nk)=(3,7/2),0 =0, = AAp,, the decomposition (B.304) and
g = Agps. O

Then, we put (B.311) with 6 = ¢ in (B.330) to get

/OT /m X3 P (01 Aps)
<e </0T /Q e { (s0) (A1 + |Agal?) + (S@S’MW’Q})

T
2O ([ ] 0P el + 1P +180sP) + (02T + 1T6a + 1A }).
w2
(B.331)
Recalling (B.327), (B.329), (B.331), we get (B.169) and consequently Lemma B.4.32.
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Annexe C

Local controllability of
reaction-diffusion systems around
nonnegative stationary states

Abstract : We consider a n X n nonlinear reaction-diffusion system posed on a smooth
bounded domain € of RY. This system models reversible chemical reactions. We act
on the system through m controls (1 < m < n), localized in some arbitrary nonempty
open subset w of the domain Q2. We prove the local exact controllability to nonnegative
(constant) stationary states in any time 7' > 0. A specificity of this control system
is the existence of some invariant quantities in the nonlinear dynamics that prevents
controllability from happening in the whole space L>(2)™. The proof relies on several
ingredients. First, an adequate affine change of variables transforms the system into a
cascade system with second order coupling terms. Secondly, we establish a new null-
controllability result for the linearized system thanks to a spectral inequality for finite
sums of eigenfunctions of the Neumann Laplacian operator, due to David Jerison, Gilles
Lebeau and Luc Robbiano and precise observability inequalities for a family of finite
dimensional systems. Thirdly, the source term method, introduced by Yuning Liu, Takéo
Takahashi and Marius Tucsnak, is revisited in a L°-context. Finally, an appropriate
inverse mapping theorem in suitable spaces enables to go back to the nonlinear reaction-
diffusion system.

C.1 Introduction

C.1.1 Free system

Let n > 2 be an integer. We consider the following reversible chemical reaction :
arAy + -+ anAy = BirAr + -+ BrAn, (C.1)

where Aj,..., A, denote n chemical species and (aq,...,a,), (51,-..,0n) € (N)" are
such that for every 1 < i < n, a; # ;. Chemically, according to the forward reaction —
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of (C.1), when «; molecules of A; disappear (1 <i < n), they are called the “reactants”,
then B; molecules of A; appear (1 < i < n). The backward reaction — of (C.1) is
governed by the same law : when f3; molecules of A; disappear (1 < i < n), here they are
the reactants, then a; molecules of A; appear (1 <1i < n).

For 1 <i <, let u;(t,.) : 2 — R be the concentration of the chemical component A;
at time t. The law of mass action states that the rate of a chemical reaction is directly
proportional to the product of the concentrations of the reactants. Using this law together
with the Fick’s law for the diffusion of the components, we obtain that wu, satisfies the

following reaction rate equation (see e.g. | , Section 1.2]) :
n n
Oyu; — d;Au; + o H ng + B; H u']fk
k= k=
diffusion =1 =1
loss of forward reacting molecules  loss of backward reacting molecules
n n
a. 3
= B [T i + ai [ [t )
k=1 k=1
S

gain of forward reacting molecules  gain of backward reacting molecules

that is to say,

Oyu; — diAu; = (B; — i) (H uph — H ui’“) , (C.2)
k=1 k=1

where d; € (0,400) is the diffusion coefficient of the chemical species A4;.

For a given matrix M, we introduce the notation M for the transpose of the matrix
M.

From (C.2), by setting

U:=(ug,...,un)",
we deduce that U satisfies the following reaction-diffusion system :

&U — DAU = F(U) in (0,T) x 9,

U =0 n (0,7) x 09, (C.3)
U(0,.) =up in ,
where
D :=diag(dy,...,dy), (C4)
F(U) = (fiua, - - un))i<icn, (C.5)
with

Vi<i<n, fi(ur,...,up) = (Bi — o) (H upk — H Uf’“) ; (C.6)
k=1 k=1
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and T € (0, +00), Q is a bounded, connected, open subset of RY (with N > 1) of class
C?, v is the outer unit normal vector to 9.

In general, global existence of classical solutions (in the sense of | , Definition
(1.5)]) or weak solutions (in the sense of | , Definition (5.12)] replacing > by =) for
(C.3) with F, defined as in (C.5), (C.6), is an open problem.

— For particular semilinearities with a so-called triangular structure (see | , Sec-
tion 3.3]), classical solutions exist in the time interval [0, +00) and are unique. For
example, take n =2, ;g > 1, fa =1, ap = 1 = 0 and apply | , Theorem 3.1].

— For at most quadratic nonlinearities, global existence of weak solutions holds (see
[ , Theorem 5.12]). For instance, take n = 4, a1 = a3 = f2 = B4 = 1,
as = a4 = 1 = B3 = 0. For any spatial dimension N > 1, the recent works
| | and | | (inspired by the previous work | |) prove that the solu-
tions are bounded for bounded initial data, which ensure global existence of classical
solutions.

— Without a priori L'-bound on the nonlinearities, a challenging problem is to un-
derstand whether global solutions exist. For example, take n = 2, a1 = B3 = 2,
p1 = as =3 (see | , Problem 1]).

Let us also mention that global existence of renormalized solutions holds in all cases for
(C.3) (see | D.
C.1.2 Control system and open question

We assume that one can act on the system through controls localized on a nonempty
open subset w of 2. From a
chemical viewpoint, it means that one can add or remove chemical species at a specific
location of the domain 2. More precisely, let

J CA{1,...,n} and m := #J < n be the number of controls. (C.7)

Up to a renumbering (u;)1<i<n, Wwe can assume that J = {1,...,m} where J is defined
in (C.7). Hence, we define

H” = (h1,...,hm,0,...,0)". (C.8)
We consider the control system :

U — DAU = F(U)+ H’1,, in (0,T) x €,

W _ on (0,T) x 89, (NL-U)
U(0,.) = U in Q.

Here, at t € [0,T], U(t,.) : 2 — R" is the state to be controlled, H/(t,.) : @ — R™ is
the control input supported in w.
Let

U* o= (ul,. .., ul)", (C.9)

rn
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be a nonnegative stationary state of (C.3) i.e.

n n
V1 <i<n, u; €|0,+00) and Huzo‘k = H uiPr. (C.10)
k=1 k=1

Note that the nonnegative stationary solutions of (C.3) do not depend on the space
variable (see Proposition C.8.6 in Annexe C.8.2). Thus, it is not restrictive to assume
that U* € [0, +00)™.

The question we ask is the following one : For a given initial condition Uy, does there
exist H” such that the solution U of (NL-U) satisfies

Vie{l,...,n}, wi(T,.) =u;?

Under appropriate assumptions (see Hypothesis C.1.4 and Hypothesis C.1.6 below),
we prove the controllability of (NL-U), in an appropriate subspace of L*(£2)", locally
around U*, with controls in L*°((0,7") x Q)™ (see Theorem C.1.7 below).

By an adequate affine transformation, the proof relies on the study of the null-
controllability of an equivalent cascade system with second order coupling terms (see
Annexe C.2.1 below).

We have chosen to postpone the simple or classical proofs in Annexe C.8. Therefore,
the main contributions are highlighted in the body of the article.

C.1.3 Nonlinear well-posedness result

For 7 > 0, we introduce
Qr = (0,7) x Q.
We define the function space
Wy = L*(0,T; H'(Q)) N H' (0, T; (H'())),
that satisfies the continuous embedding
Wr — C([0,T); L*(Q)). (C.11)

We introduce the notion of solution associated to the nonlinear system (NL-U) (see
Annexe C.1.2).

Definition C.1.1. Let D be defined in (C.4). For every Uy € L>®(Q)", H' € L>(Qr)™,
n
we say that U € (WTQLOO(QT)) is a solution of (NL-U) if for every V € L%(0,T; H1(Q)"),

DVU.VV:/ (F(U)+H'1,).V, (C.12)

T
/ QU V) (mr(@ny mY @)m) +
0 QT T

with F' defined in (C.5) and
U(0,.) = Up in L*(Q)". (C.13)

Remark C.1.2. Given Uy € L®(Q)", H' € L>(Qr)™, if a solution U of (NL-U) exists
in the sense of Definition C.1.1, then it is unique because F' is locally Lipschitz on R"
(see the proof of | , Definition-Proposition 2.4]).
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C.1.4 Invariant quantities of the nonlinear dynamics

In this section, we show that in the system (NL-U) (see Annexe C.1.2), when the
number of controls is small, some quantities are invariant. They impose some restrictions
on the initial condition, for the controllability results.

Proposition C.1.3. We assume that m < n — 2. Let Uy € L®(Q)", H/ € L>(Qr)™.
Assume that U is a solution of (NL-U) such that U(T,.) = U* with U* defined in (C.9).
Then, we have for every k #1 € {m+1,...,n}, t € [0,7],

[ iy, [l i, e
Q Q

Br — ag B — o

(e =a) = (“’“(t’ ) il “7> . (C.15)

Br — o, B — o

In particular, for every k #1€ {m+1,...,n},

/ uko(@) — / uo(@) —ug (C.16)
Q Q

Br — ag, B — oy

Upo — Uy, U — U]
(k l) (5}:—% Bz—al> ( )

The proof of Proposition C.1.3 is done in Annexe C.8.3. We prove (C.14) by integra-
ting with respect to the space variable an appropriate linear combination of equations
of (NL-U) and by using the Neumann boundary conditions. We prove (C.15) by the
backward uniqueness of the heat equation applied to an appropriate linear combination
of equations of (NL-U).

The equation (C.15) implies that we can reduce the number of components of (u;)1<i<n
of (NL-U) when some diffusion coefficients d; are equal for m+1 < i < n. Thus, (NL-U)
becomes more simple under this last assumption. That is why, we make the following
hypothesis in order to treat the most difficult case.

Hypothesis C.1.4. For m < n — 2, we suppose that for every k #1 € {m+1,...,n},
dy, # dj.

Remark C.1.5. It will be interesting to note that the mass condition (C.16) is obviously
equivalent to

vk > m+2, / ueo(@) = U g / Un+1.0(7) = Ui g (C.18)
o Brk—oag o Bmt1 — ami1

C.1.5 Main result

We will work under the following assumption that will ensure the controllability of
the linearized system of (NL-U) (see Annexe C.2.2 below).
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Hypothesis C.1.6. For m <n — 1, we assume that

8771](.7714—1 (UT7 B u;kz) 7é 07 (Clg)
where fp,41 is defined in (C.6).

Theorem C.1.7. Under Hypothesis C.1.4 and Hypothesis C.1.6, the system (NL-U) is
locally controllable around U™, i.e., there exists > 0 such that for every Uy € L>(2)" sa-
tisfying the mass condition (C.16) and [|Up — U™ || oo () < 7, there exists H7 ¢ L™®(Qr)™
such that the solution U of (NL-U) satisfies U(T',.) = U*.

Remark C.1.8. The uniqueness of the solution U € L*°(Qr)" is a consequence of
Remark C.1.2. The existence of the solution U € L*°(Qr)" is a consequence of a good
choice of the control H? € L>(Qr)™ and more precisely of an inverse mapping argument
(see Annexe C.6).

Remark C.1.9. Up to renumbering the first m equations of (NL-U), we can see that
Theorem C.1.7 is still valid by replacing the assumption (C.19) by

3je{l,...,m}, Ofmn <u1un) £ 0. (C.20)
Remark C.1.10. When ay,, 3, > 1, a sufficient condition to ensure (C.19) is
V1<Ek<n, uj#0. (C.21)

Indeed, by using (C.6), (C.10) and a; # B, if (C.21) holds true then

Um,

n
* * Oy — *
amfm+1(u1, .. .,un> = mi*ﬂm Huka’“ £ 0.
k=1
Note that (C.21) is not equivalent to (C.19) as shown by the examples in Applica-

tion C.1.11 (see below).

Application C.1.11. Forn =4, a1 =az3=pP2 =04 =1 and as = a4 = 1 = B3 = 0,
we have

fi(ul,uz,u;:,,w;) = (—1)i(U1U3 — UQU4).
In this case, we check that (C.20) is

for J = {1,238}, (3 € {1,2.3}, ifului, .. ,ui) #0) & ((ui,ui,wh) £ (0,0,0)),
for J = {1,2}, (3 € {12}, 9fs(ui,....u3) #0) & ((u5,u) # (0,0)),
for J = {1}, (81f2(u’1k, ul) o) o (u3 ” o).

Thus, Theorem C.1.7 recovers the result of | , Theorem 3.2| except for the case
J = {1,2,3} and (u},ul,u;) = (0,0,0) that the proof of the present article does not
treat (see Example C.7.1 for more details about the strategy of | 1)-

We will only prove Theorem C.1.7 under the assumption m < n — 2. The other cases
are an easy adaptation.
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C.1.6 Bibliographical comments

In this section, we recall some known results about the null-controllability of linear
and semilinear parabolic systems with Neumann boundary conditions to put in perspec-
tive the statement and the proof strategy of Theorem C.1.7.

C.1.6.1 Linear results

Let k,l € N*. We denote by My (R) (respectively My ;(R)) the algebra of matrices
with & lines and k columns (respectively the algebra of matrices with & lines and [ co-
lumns) with entries in R. For M € My (R), Sp(M) is the set of complex eigenvalues of
M :Sp(M):={\eC; 3X e CF\ {0}, MX = \X}.

Since the pioneer works of Gilles Lebeau, Luc Robbiano in 1995 (see | I, [ |
and the survey | |) and Andrei Fursikov, Oleg Imanuvilov in 1996 (see | | and
[ |) about the null-controllability of the heat equation, the control of coupled para-
bolic systems has been a challenging issue in the last twenty years. For instance, in
[ |, the authors identify necessary and sufficient conditions for the null-
controllability of linear parabolic systems of the following form

07 -TAZ =AZ+ BH1,, in (0,T)xQ,
92 = on (0,T) x 89, (C.22)
Z(O, ) = Z() in Q,

where T' a diagonalizable matrix of My(R) with Sp(T") C (0,400), A € Mg(R), B €
My (R). In general, the rank of B is less that k, so that the controllability of the full
system (C.22) depends strongly on the coupling present in the system.

Inspired by the works | I, | I, | |, a byproduct of this article is a
new null-controllability result, for cascade cross-diffusion systems of arbitrary size (see
Annexe C.3, Theorem C.3.1).

For a recent survey on the null-controllability of linear parabolic systems, see |
and references therein.

C.1.6.2 Semilinear results

For semilinear parabolic systems

0,7 -TAZ =G(Z)+ BH1, in (0,T) x €,
9Z = on (0,T) x 09, (C.23)
Z(O, ) = ZO in Q,

with G € C®(R¥;R¥) such that G(0) = 0, the usual strategy consists in deducing a
local null-controllability result for (C.23) from a (global) null-controllability result for the
linearized system around (Z, H) = (0,0). This linear system takes the form (C.22) with
the matrix A defined as follows : a; j = 0;9:(0) (1 <4,j < k). In this paper, we use the
powerful source term method, introduced by Yuning Liu, Takéo Takahashi and Marius
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Tucsnak in | |. One of the main advantage of the method is to deduce the local null-
controllability for (C.23) from the null-controllability of only one linear system (C.22).
In this article, we adapt the source term method in a L*°-context in the following
way.
— The source term method in L? enables to prove a strong observability inequality
(see Corollary C.4.4). This estimate looks like a global Carleman estimate (see for
example | , Lemma 1.3|), whereas the method to get it is very different.

— By using the Penalized Hilbert Uniqueness Method, introduced by Viorel Barbu in
| |, we construct L*°-controls (see Theorem C.5.1).

— We use once more the source term method in L* (see Proposition C.5.3).
— We conclude by an appropriate inverse mapping theorem (see Annexe C.6).

For other results using the source term method, see for instance | I, [ | and

[MTLS]

C.2 An adequate change of variables and linearization

C.2.1 Change of variables - Cross diffusion system

The goal of this section is to transform the controlled system (NL-U) (see An-
nexe C.1.2) satisfied by U into another system of cascade type for which we better
understand the controllability properties. Roughly speaking, for 1 < ¢ < m, the com-
ponent wu; is easy to control thanks to the localized control term h;1,,. Thus, the challenge
is to understand how the reaction term f;(U) (see (C.6)) acts on the component wu; for
m+1<i:<n.

We multiply the (m+1)-th equation (respectively the (m+2)-th equation) of (NL-U)
by

((Bmt1 — ms1)(dm1 — dm2)) " (vespectively ((Bpmt2 — tma2)(dmt2 — dms1)) ™),

and we sum :
Omy2 — dmy2Avp o = %,
Bm-‘,—l — Om+1
where

Um+1 Um4-2

+ .
Bmi1 — ¥mi1)([dmy1 — dmy2)  (Bmy2 — @mi2)(dmy2 — dimy1)

Roughly speaking, this linear combination enables to “kill” the reaction-term and to
create a coupling term of second order.

By iterating this strategy, we construct a linear transformation V' = PU such that
Um+1 acts ON Upyy2, Umao acts on vp4s, ..., Up—1 acts on v, through cross diffusion
terms. Moreover, we transform the problem of controllability for U to U* into a null-
controllability problem for

Z:=PU-U"),
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where P is the invertible triangular matrix defined by :

_ ( Im | (0)
pe(fnl), o8
with
-1
b — « d; —d, if k>1,
Vi, I>m+1, Py = ( : l)m+11_§[r§k( : ) (0.25)
r#l
0 if k<1,
with the convention [] = 1.
0
We introduce the notations :
G(Z) = (gl(Z)a'-'7gm+1<Z>70'-'70)tr7 (C26>
with
. (P~lz+U*
Gi(Z) = [(PTIZ+U") (1< 0 < m), gmya(7) = 22 ) (e
Bm+1 — Cme1
and
dm+1 0 R ()
L dpye e e
diag(dy, ..., dm) | (0) ) ,
Dy .= , Dy = U T C.28
’ ( (0) | Dy : ! ' (€2
: . .. .0
0 0 1 d,

Proposition C.2.1. Let Uy € L>®(Q)", H/ € L*(Q7)™. Then, U is a solution of
(NL-U) if and only if Z satisfies

0Z — DjAZ = G(Z)+ H'1, in (0,T) x Q,
92 — on (0,T) x 09, (NL-Z)
Z(O, ) = ZO in Q.

The proof of Proposition C.2.1 is done in Annexe C.8.4.1.

Remark C.2.2. The concept of solution for (NL-Z) is an easy adaptation of the notion
of solution for (NL-U) given in Definition C.1.1.

Let p € [1, +o0]. We introduce the following subspace of LP(2)™ :
e = {Zo e LP()" ; Vm+2 <i<n, / zio(x)dr = O} . (C.29)
)

Theorem C.1.7 is equivalent to the following local null-controllability theorem for

(NL-Z).
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Theorem C.2.3. Under Hypothesis C.1.4 and Hypothesis C.1.6, the system (NL-Z) is

locally null-controllable, i.e., there exists > 0 such that for every Zy € L3y, verifying

1 Zol| 00 (qyn < 7 there exists HY € L>(Qr)™ such that the solution Z of (NL-Z) satisfies
Z(T,.)=0.

The equivalence between Theorem C.1.7 and Theorem C.2.3 comes from Proposi-
tion C.2.1 and the following equivalence

Zy € Ly, < Uy satistfies (C.16) < Uy satisfies (C.18) (Remark C.1.5). (C.30)
The proof of (C.30) is done in Annexe C.8.4.2.
From now, we will focus on the proof of Theorem C.2.3.
C.2.2 Linearization
The linearized system of (NL-Z) around (0, 0) is
OZ —DjAZ = A;Z + H'1,, in (0,T) x Q,

92 — on (0,T) x 89, (L-7)
Z(O, ) = Z() in Q,
where
Okgi(0,...,0) if1<i<m+1,
Ay = (aik)1<ik<n, Qi = { kil 0 ) Fmt2<i<n. (C.31)
By Hypothesis C.1.6, (C.24) and (C.27), we have
Am+1,m # 0. (032)

Roughly speaking, we summarize the expected controllability properties in the follo-
wing diagram :

controls controls controls

]’Ll — 21, hg—)ZQ, e, hm—l — > Zm—1,
controls controls controls controls controls
hm Zm4l —— Zm42 e Zn.
Am+1m2m Azm+1 Azm+2 Azp_1

C.3 Linear null-controllability under constraints in L?

The main result of this section, stated in the following theorem, is the null-controllability
in L2 for the linear system (L-Z) (see Annexe C.2.2).

Theorem C.3.1. The system (L-Z) is null-controllable in L2 . More precisely, there
exists C > 0 such that for every T > 0 and Z, € L? , there exists a control H’ €

L?(Qr)™ verifying
HHJHL2(QT)77L <Cr ||Z0”L2(Q)n ; where Cr = CeC/Tv (033)

and such that the solution Z € W} of (L-Z) satisfies Z(T,.) = 0.
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The goal of the next two subsections is to prove Theorem C.3.1. The proof is ba-
sed on the Lebeau-Robbiano’s method, introduced for the first time to prove the null-
controllability of the heat equation (see | |). First, it consists in establishing a null-
controllability result in finite dimensional subspaces of Lfnv with a precise estimate of
the cost of the control (see Proposition C.3.2). This first step is based on two main re-
sults : the spectral inequality for eigenfunctions of the Neumann-Laplace operator (see
Lemma C.3.4) and precise observability estimates of linear finite dimensional systems
associated to the adjoint system of (L-Z) (see Lemma C.3.5). Secondly, we conclude by
a time-splitting procedure : the control H is built as a sequence of active controls and
passive controls. The passive mode allows to take advantage of the natural parabolic
exponential decay of the L? norm of the solution. This decay enables to compensate the
cost of the control which steers the low frequencies to 0 (see Annexe C.3.2).

We must be careful with the dependence on the constants appearing in the estimates
with respect to 7' (when 7' is small). That is why, from now and until the end of the
article, we assume that

T € (0,1). (C.34)

Unless otherwise specified, we denote by C' various positive constants varying from line
to line.

C.3.1 A null-controllability result for the low frequencies

The unbounded operator on L*(Q) : (=A, H%,(Q)), where H% () is defined in
(C.98) (see Annexe C.8.1.2 below) is self-adjoint and has compact resolvent. Thus,
we introduce the orthonormal basis (ex)r>o of L?(£2) of eigenfunctions associated to
the increasing sequence of eigenvalues (Ax)r>0 of the Laplacian operator, i.e., we have
—Aey, = Aex, and (ex, e)r2(q) = Ok, For A > 0, we define the finite dimensional space

A <A
L2(Q)".

E, = { > cper s o € R”} C L?(Q)™ and the orthogonal projection IIg, onto Ey in

The goal of this section is to prove the following null-controllability result in a finite

dimensional subspace of L?m.
Proposition C.3.2. There exist C' > 0, p; € N such that for every 7 € (0,7), A > 0,
Zy € ExN L2, there exists a control function H” € L2(Q,) verifying

mu?

C
HHJH;(Q,)m < Eecﬁ ||ZO||%2(Q)"7 (C.35)

such that the solution Z of

OZ —DjAZ = A;Z + H71,, in (0,7) x 9,
92 — on (0,7) x 99, (C.36)
Z(0,.) = Zy € E), in Q,

satisfies Z(7,.) = 0.
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From Proposition C.3.2, for every 7,A > 0 and Zy € Ey\ N Lfm, we introduce the
notation :

Hy(Zy,0,7) := H’, (C.37)
such that the solution Z of (C.36) satisfies Z(r,.) = 0 and H” is the minimal-norm ele-
ment of L?(Q,)™ satisfying the estimate (C.35). In other words, H” is the projection of

0 in the nonempty closed convex set of controls satisfying (C.35) and driving the solution
Z of (C.36) in time 7 to 0.

By the Hilbert Uniqueness Method (see | , Theorem 2.44]), in order to prove
Proposition C.3.2, we need to prove an observability inequality for the solution of the
adjoint system of (C.36).

Proposition C.3.3. There exist C' > 0, p; € N such that for every 7 € (0,7), A > 0
and ¢, € E\xN L2 the solution ¢ of

nuv’

—0Opp — thAgo = Af]rap in (0,7) x €,

g;(’;)o: . zl éo ) x 09, (C.38)
satisfies m
(0, 2y < CMZ | [ttt asae (C.39)
Proof. The proof is inspired by | , Section 3].

Let 7,A > 0 and ¢, € Ex N L? . We have :

nv’
pr(x) = ) ehexl),
AR <A
with ¢] € Fy, where Fyy := R™*1 x {0}"~™~! because ¢, € L}, and Fy := R" for k > 1.
Then, the solution ¢ of (C.38) is
V(t,z) € (0,7) x Q, p(t,x) = > or(t)ex(x), (C.40)
Ap<A

where ¢y, is the unique solution of the ordinary differential system

Pr(T) = ¢
We recall the spectral inequality for eigenfunctions of the Neumann-Laplace operator.
Lemma C.3.4. | , Theorem 14.6]

There exists C' > 0 such that for every sequence (ax)g>0 C CN and for every A > 0, we
have :
2 2

Z |ag|? :/ Z ager(x)| dr < CeCVA Z arer(z)| dx. (C.42)

AR <A L PRI @A <A
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By using (C.42) for a; = ¢ (t) with 1 < i < m and by summing on 1 < i < m, we
obtain that there exists C' > 0 such that
2

S S i) < ey / 3 orilen()| do. (C.43)

A< i=1 i=1 7% |\ <A

By integrating with respect to the time variable between 0 and 7 the inequality (C.43),
we obtain

2

/ ' SN lpnat)Pdt < CeVAY / ! / 3 oriltex(x)| dudt. (C.44)
0 i=1 70 Jw

A< i=1 A<\

Moreover, we have the following lemma whose proof is postponed in Annexe C.8.5
(see also | D).

Lemma C.3.5. There exist C' > 0, (p1,p2) € N? such that for every 7 € (0,1), k € N,
¢} € Fy;, the solution ¢y, of (C.41) satisfies

1 T
e < € (14 2 +8) 3 [lonstola e
=1

By using (C.44), (C.45), we deduce that

C T

I EIUIED DETERYo) S MO (C.40)
AL <A AR<A i=1
2
C m
<Y [ ettt daae

i=1 PV O\

By using (C.40), we deduce (C.39) from (C.46). O

C.3.2 The Lebeau-Robbiano’s method
The goal of this section is to prove Theorem C.3.1.

Proof. The proof is inspired by | , Section 6.2] (see also | , Fin de la preuve
du Théoréme 1]). The constants C, C’ will increase from line to line.
We split the interval [0,7] = Ugenl|ak, axt+1] with ap = 0, ax11 = ap + 27} and

+o0o
T, = xT/2* for k € N and the constant & is chosen such that 2 3. T = T. We also
k=0
define pj, = M22% for M > 0 sufficiently large which will be defined later and for k € N.
Then, we define the control H” in the following way :
— if t € (a,ar + Ty), H) = H,, (Ilg,, Z(ak, ), ax, Tx;) (see the notation (C.37)) and

Z(t,.) = S(t — ar) Z(ax,.) + [, S(t — s)H(s,.)ds,
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— if t € (ap + Th,ar41), H? =0and Z(t,.) = S(t — ax — Tp) Z(ag + Ty, .),
where S(t) denotes the semigroup of the parabolic system : S(t) = e/(P7A+45)  In parti-
cular, by (C.96) and (C.11), [[S(t)ll z(12()m) < C-
By (C.35), the choice of H/ during the interval time [ag, az + T}] implies

1Z(ar, + Tie, M2y < (C+ Cs27FT) 1YY | Z(ag, ) 320 (C.47)
C k
e A FACS] [

During the passive period of the control, t € [ax + Tk, ar+1], the solution exponentially
decreases : ”
2 -C’ 2
1Z(ars1s W72y < C'e” M0 Z(ay, + Ti, )| 720y - (C.48)

Thus, by using 22T}, = k2FT, (C.47) and (C.48), we have

C k_inrok
1Z (@1, M2 qyn < 7o eCVIZCMET | 77

2
< Tor ag; )| z2(qyn

and consequently,

C k+1 A . )
(Zawes Wi < (5] S Dl )

C/T+(CVM—C'MT)2k+1 2
< C/THEVM 2 ZolI 2 gy -

By taking M such that CvV/M — C'MT < 0, for instance M > 2(C/C'T)?, we conclude
by (C.49) that we have limg_ 4o || Z(ag,.)|| = 0, i.e., Z(T,.) = 0 because t — Z(t,.) €
C([0,T); L?(2)™) because H’ € L*(Qr)™ (see Proposition C.8.2 and (C.11)) as we will
show now.

We have HHJH2L2(QT)m = Zzzog HHJH;((%’QHTIC)XQ)W Then, by using the estimate
(C.35) of the control on each time interval (ak, ax +T}) and the estimate (C.49), we get :

2
HHJHL2(QT)m (C.50)

< CT(;pl eC\/M + Z CT,;pl eC\/MleC/T-i—(C\/M—C’MT)Qk ||Z0||%2(Q)n

k>1
< CT—plec\/MJr ZC(sz—l)meC/Te(2C\/M—C’MT)2’° HZOH%Z(Q)n-
E>1
By taking M such that 2Cv'M — C'MT < 0, for instance M = 8(C/C'T)? = CvV/M —
C'MT/2 = —C" )T with C” > 0, we deduce from (C.50) that H/ € L?(Qr)™ and

+oo
9 c O\P1 _cone 2 C 2
1|2y < Ce /T/O (7)" e Fdo | Zoll 72y < e |1 Zoll 72y

which concludes the proof of Theorem C.3.1. O
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C.4 The source term method in L2

We use the source term method, introduced by Yuning Liu, Takéo Takahashi and
Marius Tucsnak in | , Proposition 2.3] to deduce a local null-controllability result
for a nonlinear system from the null-controllability result for only one linear system (and
an estimate of the cost of the control) (see also | D-

By Theorem C.3.1, we have an estimate for the control cost in L?, then we fix M > 0
such that Cp < MeM/T_ Let ¢ € (1,4/2) and p > ¢%/(2 — ¢%). We define the weights

po(t) := M Pexp <_(q—1]\)4(];—t)) , (C.51)
2
ps(t) = M~ exp <—m> . (C.52)
Remark C.4.1. The assumption p > ¢%/(2 — ¢%) < 2p > (1 + p)q® implies
po/ps € C([0,T7), (C.53)

which will be useful for the estimate of the polynomial nonlinearity (see Annexe C.6).
Let r € {2,+o0c}. For S € L"((0,T); L), H' € L"((0,T); L" (™), Zo € LL,,, we
introduce the following system :

OZ —DjAZ =A;Z+ S+ H’1, in (0,T) x Q,

92 — on (0,T) x 89, (L+S-2)
Z(O, ) = ZO in €.
Then, we define associated spaces for the source term, the state and the control
S
5= {8 € LT L) s 2 € 10T L)} (C.54)
S
Z
2= {Ze Ot Z e (O.T5 L) (C.55)
0
HJ
H, = {HJ e L"((0,T); L"()™) ; p— e L"((0,T); L”(Q)m)} . (C.56)
0

Remark C.4.2. From the behaviors near ¢ = T of ps and pg, we deduce that each
element of S, Z,, H, vanishes at t =T

From the abstract result : | , Proposition 2.3|, we deduce the null-controllability
for (L+S-Z) in L2 .
Proposition C.4.3. For every S € Sy and Zy € L?,,, there exists H/ € Ha, such

that the solution Z of (L-+S-Z) satisfies Z € Z5. Furthermore, there exists C' > 0, not
depending on S and Zj, such that

12/ poloqozzam + 1, < Cr (1Z0ll 2y +11Sls,) . (C:57)

where Cp = Ce®/T . In particular, since pg is a continuous function satisfying po (T) =0,
the above relation (C.57) yields Z(T,.) = 0.

215



For the sake of completeness, the proof of Proposition C.4.3 is in Annexe C.8.6 (see
Proposition C.8.11 applied with r = 2).
Now, we will deduce an observability estimate for the adjoint system :

—Oip — DYFAp = A% in (0,T) x Q,

92 =0 on (0,T) x 0%, (C.58)
o(T,.) =¢r in Q.
We have the following result which is an adaptation of | , Corollary 2.6] or | ,

Theorem 4.1| (see Annexe C.8.7 for a complete proof).
2

Corollary C.4.4. There exists C' > 0 such that for every ¢r € L7, , the solution of

(C.58) satisfies :

T m T
(0, )22y + /0 /Q |ps<t>w<t,x>12gcT<; /0 / |po<tm<t,x>|2), (C.59)

where Cp = CeC/T.

In the next section, we take advantage of the strong observability estimate (C.59) to
get more regularity in LP-sense for the control H”.

C.5 Construction of L*-controls and the source term me-
thod in L™

C.5.1 The Penalized Hilbert Uniqueness Method to build L*°-controls

The goal of this section is to prove a null-controllability result in L*° with an estimate
of the cost of the control.

Theorem C.5.1. There exists C > 0 such that for every T' > 0, Zy € Lfm, there exists
a control H' € L>(Qr)™ verifying

[H]] o gy < Cr 1 Z0]l L2y » where Cp = Ce“/T. (C.60)
and such that the solution Z of (L-Z) (see Annexe C.2.2) satisfies Z(T,.) = 0.

From now and until the end of the section, we will denote by Cp various positive
constants which can change from line to line and such that Cp < Ce€/7.

In the next four parts, we perform the usual Penalized Hilbert Uniqueness Method,
introduced for the first time by Viorel Barbu in | |. The idea is the following one :
it is a well-known fact that the optimal control H” € L2((0,T) x )™, i.e., the minimal-
norm element in L?, which steers the solution Z of (L-Z) to 0 in time T can be expressed
as a function of a solution of the adjoint system (C.58) (see | , Section 1.4] for
more details in the context of linear finite dimensional controlled systems). By using the
strong observability inequality (C.59), we will use this link by considering a penalized
problem in Ho C L?((0,7) x Q)™ : the behavior at time ¢t = T of the weight py will be
the key point to produce more regular controls in LP-sense.
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C.5.1.1 The beginning of the Penalized Hilbert Uniqueness Method
Let us fix Zy € L?

muo’

We define P. : Ho — RT, by, for every H’ € Ho,
Q/AT @)1 () Pdrdt + 5 12T, sy, (C6D)

where Z is the solution to the Cauchy problem (L-Z) (see Annexe C.2.2) associated to
the control HY.

The functional P. is a C*, coercive, strictly convex functional on the Hilbert space
Ho, then P. has a unique minimum H”¢ € H5. Let Z¢ be the solution to the Cauchy
problem (L-Z) with control H”¢ and initial data Zj.

The Euler-Lagrange equation gives

1
= // po 2H HY dzdt + / Z8(T,2).Z(T, x)dx = 0, (C.62)
0,7) Xw € Ja

where Z is the solution to the Cauchy problem (I.-Z) associated to the control H” and
initial data Zy = 0.

We introduce ¢° the solution to the adjoint problem (C 58) with final condition
@ (T,.) = —1Z°(T,.). A duality argument between Z and ¢° gives

—i/QZ(T,x).ZE(T,x)dx:/QZ(T,x).goE(T,x)dazz//(OI)XMHJ-SOE' (C.63)

Then, we deduce from (C.62) and (C.63) that

T e Ho, // po 2H™ . H' = //
(0,T)xw 0,T)x

Consequently, we have
Vie {l,...,m}, hi=pdpSl, (C.64)

Another duality argument applied between Z¢ and ¢ together with (C.64) gives
1 3 2 € 5
—— | |Z5(T,2)|*de = | Z°(T,x).¢°(T,x)dx
€ Ja Q

:/Zo(x).cpf(o,m)dwr// HY# 7,
Q (0,T)xw

which yields

12 @ ey = | Zota)p wwwz/ﬁm;wz (C.65)
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By Young’s inequality and the observability estimate (C.59) applied to ¢, for § > 0, we
have :

/ Zo().¢°(0, z)dx (C.66)
Q
< 8 16°(0, )20 + Cs | Zoll72(ym
< 6Cr <Z// |Po(t)<ﬂf(t,$)’2d$dt> +Cs 1| ZolI 2y -
i—1 (0,T)xw
Then, by using (C.64), (C.65), (C.66) and by taking ¢ sufficiently small, we get
Lyzer )1 Lot ae|? < Cr |1 % C.67
g” (T, ) z2(a)n +§Hp0 HL2((0,T)><w)” < Or (| Zollz2(0yn - (C.67)

Remark C.5.2. The estimate (C.67) yields Proposition C.4.3 for S = 0 by letting
e — 0. We remark that we have only used the term ||¢(0, .)||iz(9)n in the left hand side
of (C.59). The second term in the left hand side of (C.59) enables to get more regularity
(in LP-sense) for the control H” (see Annexe C.5.1.2 below).

C.5.1.2 Bootstrap method

In the next two parts, we will use the key identity between the control H”¢ and the
solution of the adjoint system ¢°, i.e, (C.64) in order to deduce LP-regularity for H”<
from LP-regularity for ¢°. This kind of
regularity will come from the application of successive LP-parabolic regularity theorems
stated in Proposition C.8.4 to a modification of ¢° called =" (see a precise definition
in (C.72) below) which is bounded from below by p2¢. The beginning of this bootstrap
argument is the strong observability inequality (C.59). Finally, we will pass to the limit

(€= 0)in L[| Z5(T, ) T2(yn < Cr [ Z0]1 720y coming from (C.67) and [H? || ooy <
Cr (1 Zo| 2 (q)n coming from (C.81) (see below).
By using Remark C.4.1, we introduce the positive real number
v:=2p—(1+p)¢*>>0. (C.68)
Let us define a sequence of increasing positive real numbers (7, ),en such that lir+n Yy =
r—r+00
v, where y is defined in (C.68).
We introduce for every r € N,
e (L +p)g®+7) M
psr(t) =M I=Pexp [ — C.69
Then, we have from (C.51), for every r € N,
po < Crps,r- (C.70)
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We remark that we have for every r € N,

|Pi‘>’,r+1(t)| < CT,TPS,T(t)-
We define for every r € N,
YUt x) 2= s (8)@° (t, x).
From (C.58), (C.69) and (C.72), we have for every r € N*

—65,51/15”" — DY AYS" = Ayper — ps(t)p® in (0,T) x Q,
8151,’ =0 on (0,7") x 012,
per(T,.) =0 in Q.

By using (C.71), we remark that

| — P (t)g"| < O™ 1.

Let (p,)ren be the following sequence defined by induction

bo = 27
(N+2)pr - N+2
Nyo—2p, I Pr< 5,
Pri1 = 2py if Dr = %)

~+00 if p,. > #

There exists | € N* such that
Vr > 1, p, = +o0.

We show, by induction, that for every 0 < r <[, we have

wa,r c Lpr(QT)n and Hwa’r”LW(QT)n < CT ||Z0||L2(Q)n .

(C.71)

(C.72)

(C.73)

(C.74)

(C.75)

(C.76)

(C.77)

(C.78)

The case r = 0 can be deduced from the fact that 79 > 0 and the observability

estimate (C.59) (po = 2 by (C.75)).
Let » € N*. We assume that

g e Q)" and [ oy g,0n < Cr 170l 2oy

Then, from (C.73), (C.74), (C.79) and from the maximal regularity theorem

tion C.8.4 applied with p,_; € (1,+00), we get

g e Xp_ and |95, < Cr [ Zol oy

Moreover, by the Sobolev embedding : Proposition C.8.5 and (C.76), we have

we,r c Lpr(QT)n and |‘Q,[)6’T|’LPT(QT)n < CT ||Z0||L2(Q)n .

This concludes the induction.
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C.5.1.3 The end of the Penalized Hilbert Uniqueness Method

Now, by applying consecutively (C.77) (p; = +o0), (C.64), (C.70) and (C.78), we
have for every i € {1,...,m},

‘|h§HL°°(QT) <Cr HZOHL?(Q)" : (C.81)

Therefore, from (C.81), (H”¢). is uniformly bounded in L>(Q7)™, then up to a subse-
quence, we can assume that there exists H” € L>*(Qr)™ such that

H?® —~* H” in L®(Qr)™, (C.82)
e—0
HHJHLOO(QT)m < CT HZOHLQ(Q)" : (083)
From (C.81), Proposition C.8.2 applied to (L.-Z) satisfied by Z¢, we obtain
125wy < Cr (1 Zoll L2 yn - (C.84)

So, from (C.84), up to a subsequence, we can suppose that there exists Z € W} such
that

Z¢ — Zin L*(0,T; HY(Q)"), 8;Z2° — 0,7 in L*(0,T; (H'(Q))™), (C.85)
e—0 e—0
and from (C.11),
€ N : 2 n € N : 2 n
Z5(0,.) vt Z(0,.) in L*(Q)", Z°(T,.) vt Z(T,.) in L*(Q)". (C.86)

Then, as we have Z¢(0,.) = Zy, Z¢(T,.) — 0 from (C.67) and by uniqueness of the limit,
we deduce that
2(0,.) = Zo, and Z(T,.) = 0. (C.87)

By letting ¢ — 0, we have from (C.85), (C.82) and (C.87) that Z is a solution to (L-Z)
satisfying Z(T,.) = 0 which conludes the proof of Theorem C.5.1 by using (C.83).

C.5.2 The come back to the source term method in L*®

The goal of this section is to apply the source term method in L® thanks to the
null-controllability result in L*° : Theorem C.5.1.

To simplify the notations, we assume that the control cost in L* of Theorem C.5.1
satisfies : O < MeM/T where M is already defined at the beginning of Annexe C.4.

From Proposition C.8.11 with » = 400 proved in Annexe C.8.6, we deduce the follo-
wing null-controllability result for (L-+S-Z) (see Annexe C.4) in L.

Proposition C.5.3. For every S € Sy and Zy € L . there exists H € Hoo, such

mu’

that the solution Z of (L-+S-Z) satisfies Z € Z,. Furthermore, there exists C' > 0, not
depending on S and Zj, such that

12/ poll poe o175 (@) + 1 30, < € (HZOHLoo(Q)n + ||S||3w> : (C.88)

In particular, since pg is a continuous function satisfying po(7') = 0, the above relation

(C.88) yields Z(T,.) = 0.
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C.6 The inverse mapping theorem in appropriate spaces

The goal of this section is to prove Theorem C.2.3. The proof is based on Proposi-
tion C.5.3 and an inverse mapping theorem in suitable spaces. It uses similar arguments
to those employed, for instance, in | |.

Proof. Let us introduce the following space (see the definitions (C.54), (C.55) and (C.56)) :
E:={(Z,H) € Zoo x Hoo; &:Z — DjAZ — A;Z — H’1,, € S5 }. (C.89)

We endow E with the following norm : for every (Z, H”) € E,
1(Z, B, = 1200, )| e + 112015, + | H ||;, +110:Z = DsAZ — A;Z — H' 1, || 4. (C.90)

Then, (E,|.||z) is a Banach space.
For every Z € Z.,, we introduce the following polynomial nonlinearity of degree more
than 2 :

Q(Z) = G(Z) — Ay Z, (C.01)

n

where G is defined in (C.26). By denoting ~ := max (Z Y BZ->, we remark that for
=1 =1

.
every Z € Z, Q(Z) = > Qi(Z) where for every 2 < i <+, Q;(Z) is a polynomial term
i=2

with respect to Z = (z1, ..., 2y,) of degree i. By using (C.53), we deduce that Q(Z) € S«
and for every 2 <1 < v,

Qi(2)
ps

i-2 P} Qi(Z)
PSPy

1Q:(2)]s. = ]

<ClzlL..  (C.o2)

Leo(Qr)" Leo(Qr)™

We introduce the following mapping :

A: E — F =80 x L, (C.93)
(Z,H) v+ (0,Z — DJAZ — A;Z — H1,,— Q(2),2(0,.)). '

By using (C.89), the fact that for (Z, H’) € E and Q(Z) € S by (C.92), we see that A
is well-defined. Moreover, A € C'(E; F). Indeed, all the terms in (C.93) are linear and
continuous (thus C*) thanks to (C.90) except the term Q(Z). And, for (Z,H’) € E,
Q(Z) is a polynomial function with respect to Z which is C*° thanks to (C.92).
Moreover, the differential of A at the point (0,0) in the direction (Z, H”) is

DA(0,0).(Z,H?) = (8:Z — DyjAZ — A;Z — H'1,, Z(0,.)), (C.94)
which is onto by using Proposition C.5.3. Then, by using the inverse mapping theorem
(see | , Theorem 2|), we deduce that there exists r > 0, such that for every

(S, Zy) € F satisfying (S, Zo)|| < r, there exists (Z, H’) € E such that A(Z, H') =
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(S, Zy). By taking S =0 and Zy € L3

ino such that || Zo|| oo (yn < 7, we get the existence
of (Z,H”) € Z,, x Hoo such that

07 —DjJAZ = A;Z +Q(Z)+H’1, in (0,T) x Q,
e’

G(Z) by (C.91)

92 = on (0,T) x 09,
(Z(Oa )7Z(T7 )) = (Z()ao) in €.
This concludes the proof of Theorem C.2.3. O

C.7 Comments

C.7.1 More general semilinearities

In this paper, we have only considered particular semilinearities of the form (C.6).
But the main result of the article, i.e., Theorem C.1.7 holds true with more general
polynomial semilinearities satisfying

ERER[Xl,...,Xn], V1 S’LSTL, da; GR*, fi:aiR,

where R[X7, ..., X,,] denotes the space of multivariate polynomials with coefficients in
R. In this case, (u})1<i<n is a constant nonnegative stationary state if

(ui)1<i<n € [0,+00)" and R(uj,...,u,) = 0.

7 » Un

C.7.2 Degenerate cases

In this part, we assume that Hypothesis C.1.6 is not satisfied. Then, the usual stra-
tegy is to perform the return method, introduced by Jean-Michel Coron in | | (see
also | , Chapter 6]). This method consists in finding a reference trajectory (U, H”)
verifying U(0,.) = U(T,.) = U* of (NL-U) (see Annexe C.1.2) such that the linea-

rized system of (NL-U) around (U, H”) is null-controllable (see [ | for the first
application of this method in the context of the null-controllability of reaction-diffusion
systems).

Example C.7.1. We come back to Application C.1.11 with J = {1,2,3}. In this case,
(C.20) is not satisfied if and only if (u},us,u;) = (0,0,0). More precisely, the linearized
system around ((O, u3,0,0), (0,0, O)) is not null-controllable because the fourth equation
is decoupled from the others :

Opuy — dgAug = —ujuy.

By using the return method, the author proves the local null-controllability around
(0,u%,0,0) of (NL-U) (see | , Section 4.1.1.2]).
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C.8 Appendix

C.8.1 Toolbox for linear parabolic systems
C.8.1.1 Well-posedness results

Definition C.8.1. Let k € N*, D € My (R) a diagonalizable matrix such that Sp(D) C
(0, +00), A € Mi(R), Uy € L2(Q)*, S € L?(Qr)*. A function U € Wk is a solution to

U — DAU = AU+ S in (0,T) x 9,
U =0 on (0,T) x 89, (C.95)
U(0,.) = Uy in Q,

if for every V € L2(0,T; H (),

DVUNYV = / (AU + S).V,

T
/ (DU, V) v iy () +
0 QT T

and
U(0,.) = Uy in L2(Q)*.
The following well-posedness result in L? holds for linear parabolic equations.

Proposition C.8.2. With the same notations as in Definition C.8.1, the Cauchy problem
(C.95) admits a unique solution U € quﬁ Moreover, there exists C' > 0 independent of
Uy and S such that

100w < © (W0l a e + 15T 2yt ) - (C.96)
We also have the following L*>-estimate for (C.95).

Proposition C.8.3. With the same notations as in Definition C.8.1, the unique solution
U of (C.95) satisfies

1010 @yt < € (W0l oy + 180 e ) - (C.97)
with a constant C' > 0 independent of Uy and S.
The proofs of Proposition C.8.2 and Proposition C.8.3 can be found in | , Pro-

position 2.3].
C.8.1.2 Maximal regularity theorems and Sobolev embeddings

In this part, we recall a maximal regularity theorem in LP (1 < p < 400) for parabolic
systems and an embedding result for Sobolev spaces.
We introduce the following spaces : for every r € [1, +o0],

W]%,’Z(Q) = {u e W2 (Q) ; % = 0} , (C.98)

X, = L7(0, T; Wl () n W (0, T; LT ().

We have the following maximal regularity theorem.
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Proposition C.8.4. | , Theorem 2.1]
Let 1 <r < 400, k € N*, D € My(R) such that Sp(D) C (0,+00), A € My(R) and
S € L"(Qr)*. The solution U of (C.95) satisfies

Ul xx < ClSI L@
with C independent of S.

We have the following embedding result for Sobolev spaces.

Proposition C.8.5. | , Theorem 1.4.1|
Let r € [1, +o0[, we have

(N+2)r

LN (Qr) if r < N2
Xy = L7(Qr)  if r=2%2
L®(Qr)  if r> M2

C.8.2 Stationary states

We only have considered nonnegative stationary constant solutions of (C.3). It is not
restrictive because of the following proposition.

Proposition C.8.6. Let (u;)1<i<, € C?(2)" be a nonnegative solution of

—d;Au; = fi(U) in Q,

% =0 on 012, (C.99)

Vlgign,{

where f;(U) (1 <14 <mn) is defined in (C.6). Then, for every 1 <1i <mn, u; is constant.

The proof relies on an entropy inequality : Y ; log(u;) fi(U) < 0.

Proof. Let € > 0 be a small parameter. For every 1 < ¢ < n, we introduce

Uje = Ui + &, wie = ujc(logu;c —1)+1>0.
We have
. _ _ ‘Vui,€|2
V1 <i<mn, Vw. =log(u;c) Ve, Aw; o = log(uie)Au e + — (C.100)
1,€
Then, from (C.99) and (C.100), we have
—d: Aws Vuiel? _ OV :
vl<i<n, 651Aw275 +d; = log(u; <) fi(U) in €, (C.101)
=0 on 0f).
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We sum the n equations of (C.101), we integrate on €2 and we use the increasing of the
function log :

2
/ ZdiLu’H (C.102)
o U,

log (HU ) log (H u; 5> ‘ O(e) < (Z(Oéi + 5z)> [log(e)|O(e) ejo 0.

Moreover,
Vs |

\ﬂgz‘gn,/ " /4dV\/ HES (C.103)
Q i

Consequently, from (C.102), (C.103), we get that

w<i<n,/4wv¢wf=
Q

Therefore, for every 1 < i < n, u; is constant. O

Our proof of Theorem C.1.7 does not treat the case of stationary states which can
change of sign, contrary to the proof of | , Theorem 3.2] (see | , Section 6.2]).

C.8.3 Proof of the existence of invariant quantities in the system

The goal of this section is to prove Proposition C.1.3.

n n
Proof. We introduce the notation R := kH upt — 1 u’,fk

Let i € {m +1,...,n}. By using the fact that u; € Wr and from | , Lemma
3|, we obtain that the mapping ¢ — [, u;(t, z)dz is absolutely continuous and for a.e.
0<t<T,

d

Then, by using that ((u1)1<z<n, (hi)i1<i<m) is a trajectory of (NL-U) and by taking w =

0,...,0, 1 ,0,...,0)" in (C.12), we find that for a.e. 0 <t < T,
-’

((%ui(t, .), w)(Hl(Q))’,Hl(Q) = dZ(Vuz(t, .), Vw)LQ(Q)sz(Q) + /Q(IBZ - OZZ)R (C105>

:A@—mm-
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Then, by using (C.104) and (C.105), we get for a.e. 0 <t < T,

d
R. C.106
dt Q /61 - / ( )
Now, let m+1 < k # [ <n. By (C.106) for i = k and (C.106) for i = , we deduce that
fora.e. 0<t<T,
— — = 0. C.107
dt B —ar  Bi—a ( )

Therefore, from (C.107), we have for every t € [0, T,

/ (uk (t,x) ul(t’x)>dx up, oy
12| Be—ar  Bi—ao Br—on  fi—oap

If we assume that d := dj = dj, then the equation satisfied by v := (8 — ay)ug, —
(ﬂk - ak)ul is

v —dAv =10 in (0,7) x £,
5. =0 on (0,T) x 99, (C.108)
o(T,.) = (B — a)uj — (B — o)y in Q.

The backward uniqueness of the heat equation (see for instance | , Théoréme I1.1])

applied to (C.108) leads to

Vt € [0,T), (61 — aq)up(t,.) — (Br — ax)w(t,.) = (B; — oq)up — (Br — a)uy-
This yields (C.15). ]

C.8.4 Proofs concerning the change of variables
C.8.4.1 Proof of the equivalence of the two systems

In this section, we prove Proposition C.2.1. It is based on the following algebraic
lemma.

Lemma C.8.7. Let s be an integer such that s > 2. Let (ay,...,as) € C® be such that
a; # a; for ¢ # j. Then, we have

Z 11 ” i . 0. (C.109)

Proof. Let C(X) be the field of fractional functions with coefficients in C and F' € C(X)
be defined by

s—1 [ s—1 1 1 s—1 1
F(X):= . C.110
0 Z H(Ii—aj a; — X +HX—CLJ' ( )
=1\ j=1 7j=1
J#
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The partial fractional decomposition of F' is the following one :

s—1
b;
F(X):ZX—a-’ where b; € C.
=1 v

For 1 < i < s — 1, we compute each b; by multiplying (C.110) by (X — a;) and by
evaluating X = a; :
s—1 s—1

1 1
b = — + =0.
i jlillai—aj ,1:[1(17;—61]‘
J#i J#

We deduce that F' = 0. By remarking that

F(as):ZHaiiaj ~0,

i=1 j=1
J#i

we conclude the proof of (C.109) O

The following result is an easy consequence of Lemma C.8.7.

Corollary C.8.8. For every m + 2 < k < n, we have

k

> PulBi—a) =0. (C.111)

l=m+1

Proof. By (C.25), we have by taking s = k —m and a; = djtp, for 1 < i < k—m in
Lemma C.8.7

k k—m k—mi—m 1
Z kl(/Bl al) Z k,z—l—m(ﬁz—i—m az+m) Z H di+m “diim
l=m+1 i=1 i=1 j=1 J
J#i
This ends the proof of Corollary C.8.8. O

Now, we turn to the proof of Proposition C.2.1.

n n
Proof. We introduce the following notation : R := knl uph — kl_[l uf’“
We assume that (U, H”) is a trajectory of (NL-U). The equations 1 <4 < m + 1 of
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(NL-Z) are clearly satisfied. Let m + 2 < i < n. We have :

Oz — di Az = O Z -Pij(uj - U;) —d;A Z Pij(uj - u;)
j=m+1 Jj=m+1

= Z Bj(ﬁtuj — deUj + (dj — dl)Auj)

j=m+1
= > | P((B — a)R) + Py (dj — di) A, (C.112)
4 ———
j=ml 0 if j=i
i i1
=R Bij(Bj — aj) + Pij(dj — di) Au,
jz;rl j:;i—l —~

Pi—l,j by (CQS)

0 by Corollary C.8.8
= Azi_l.

This ends the proof of “=-".
We assume that (Z, H”) satisfies (NL-Z). Then, the equations

8tui — dlAul = (,Bl - Oéi)R, (0113)

are clearly satisfied for 1 < ¢ < m + 1. We prove (C.113) by strong induction on i €
{m+2,...,n}. By using (C.112) for i = m + 2 and (C.113) for i = m + 1, we obtain

m+2
> Pryo(Oru; — djAuy) =0
j=m+1
- Pm+2,m+2(8tum+2 - dm+2Aum+2) = _RPm+2,m+1(Bm+1 - am+1)~

This leads to (C.113) for i = m~+2 by using P42 m+1/Pmt2.m+2 = —(Bmt2—m+2)/ (Bms1—
i1
am+1) by (C.25). For i > m+2, by induction, we have P;(Oyu; —d;Au;)+ > Py (B —

j=m+1
i—1
aj)R = 0 by (C.112). Then, from Corollary C.8.8, we have ZJrlPij(ﬁj - ) =
j=m
—P;;(B; — ;). This yields (C.113) and ends the proof of “<".
This concludes the proof of Proposition C.2.1. ]

C.8.4.2 Proof of the equivalence concerning the mass condition

In this section, we prove the equivalence (C.30) which leads to the equivalence between
Theorem C.2.3 and Theorem C.1.7.
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Proof. Assume that Zy € Ly . Then, we have

VYm+2 <i<n, Z Pij(ugo(z) — uy)dx = 0. (C.114)
Qpmm+t1

We prove (C.18) by strong induction on k& > m + 2. The case k = m + 2 comes from

(C114) for i =m + 2 and Pm+2,m+1/Pm+2,m+2 = _(6771—&-2 - O‘m—l—?)/(ﬂm-&—l - am—l—l) by
(C.25). For i > m + 2 in (C.114), by induction, we have

[P § plomase s,
Q

[R—t ﬂerl — Om41

i—1
Then, from Corollary C.8.8, we have > Pix(Sr — ax) = —Fyi(Bi — a;). This yields

k=m+1
(C.18) for k =i.
Assume (C.18) holds. From Corollary C.8.8, we have that for every m +2 <i <n,

>

This ends the proof of (C.30). O

Br — o,
P (ug 0 — up) / Py—— (Um+1,0(-) - uin-i—l) =0.
po Q.5 Brm+1 — Q1

C.8.5 Proof of an observability estimate for linear finite dimensional
systems

The goal of this section is to give a self-contained proof of Lemma C.3.5. By the
Hilbert Uniqueness Method (see | , Theorem 2.44]), it suffices to show the following
null-controllability result for finite dimensional systems.

Proposition C.8.9. There exist C' > 0, p1,p2 € N such that for every 7 € (0,1), A > \;
with A; the first positive eigenvalue of (—A, H%,,(f2)), yo € R™, there exists a control
h € L%(0,7;R™) verifying

1
Il rany < € (1+ 5 + 3 Laol (©.115)
such that the solution y € L?(0, 7;R") of

o .
{ y' = Ay + Bh, in (0,7), (C.116)

y(0) = yo in R™,

where A = —A\Dj + Ay (see (C.28), (C.31) and (C.32)) and B = <(183> € Mym(R),

satisfies y(7) = 0.
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Remark C.8.10. We do not treat the case Ao = 0 with initial data yo € R™*T! x
{0}=™~! because it is a simple adaptation of the following proof.

Proof. Let 7 € (0,1), A > Ay, yo € R™.

Step 1 : Construction of the control & by a Brunovsky approach. We start
by defining 7 to be the free solution of the system (C.116) (take h = 0). We have
7(t) = eyy = (AP ANy, We easily have that for any [ > 0,

o

We choose a cut-off function n € C*°([0, 7];R) such that n =1 on [0,7/3] and n =0
on [27/3, 7] verifying :

Lok = O+ A2 [lyollgn - (C.117)

C

vpeN, Vt e [0,7], [P (t)] < ?g (C.118)
We start by choosing for every i € {1,...,m — 1,n},
yi(t) :==n()yi(t). (C.119)

Then, by using the cascade form of (C.116), we define by reverse induction on i €
{n—1,n—-2,...,m+1},

yilt) = _i (o () + Adipayisn (1)) - (C.120)

Then, y,, is defined by the equation number (m + 1) by

1 n
ym(t) = U1 y7/n+1(t) + /\dm+1ym+1(t) - Z am+1,sys(t) : (C'121)
moLm s=1
s#EmM
Finally, we set for the control
h =1y — Ay. (C.122)

By (C.121) and (C.122), h is of the form h = (h1,...,hp,0,...,0).
Step 2 : Properties of the solution y and estimate of the control h. First,
we remark that,

y; =0, in [27/3,7].

Indeed, the property (C.123) is clear for i € {1,...,m—1,n} by definition (C.119). Then,
we prove (C.123) by reverse induction on m < i < n by using (C.120), (C.121) and the
definition of g, for instance, for ¢ € [0,7/3] :

i (6) =~ (Whl0) + Man(t)) = — (5 (1) + AduF(t)) = T7(0)
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Now, we have by (C.119), (C.118) and (C.117) that for every ¢ € {1,...,m — 1},

1 1/2
L2(0,7;R™) < C <1 + m + A > ||y0||Rn . (C.124)

Then, we easily prove by reverse induction on m < i < n by using (C.117), (C.118),
(C.119), (C.120), (C.121) and (C.124)

i+1—-m

> |

=0

0

1 n—m+1/2
LQ(O,T;Rn) S C <1 + m + )\ ||y0||L2(0,T,Rn) .

Hence, the control h and the state y satisfy (C.115), (C.116) with p; = p2 = 2(n —
m+1/2) and y(7) = 0. O
C.8.6 Source term method in L" for r € {2, +o00}

We use the same notations as in the beginning of Annexe C.4. The goal of this section
is to prove Proposition C.4.3 and Proposition C.5.3. We have the following result.

Proposition C.8.11. For every S € S, and Zy € L’ . there exists H/ € H,, such

nv?
that the solution Z of (L-+S-Z) satisfies Z € Z,. Furthermore, there exists C' > 0, not
depending on S and Zj, such that

12/ poll Lo o1y, + 1 H 3, < Cr (HZOHLT(Q)” + ”SHST) ; (C.125)

where Cp = CeC/T.
The proof is inspired by | , Proposition 2.6] and | , Proposition 2.3].

Proof. For k > 0, we define T}, := T(1 — ¢~*) where ¢ € (1,+/2). On the one hand, let
ag := Zp and, for k > 0, we define ag1 := ZS(T/,;_17 .) where Zg is the solution to

OZs—DyjANZg=A;7Z¢+ S in (Tk,Tk+1) x Q,
s =0 on (Tk, Tit1) X 0L,

From Proposition C.8.2 and Proposition C.8.3, using the estimates (C.96) and (C.11) for
r=2or (C.97) and (C.11) for r = 400, we have

laktllr@pr <N ZsllLoe iz msagir@my < C IS Lrn zp)iLr @) - (C.126)
On the other hand, for k£ > 0, we also consider the control systems

6tZH—DJAZH:AJZH—|—HJ1w in (Tk,Tk+1) x €,
924 — on (T, Tpi1) x 09,
ZH<T2_,> = ag in Q.
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Using Theorem C.3.1 for » = 2 or Theorem C.5.1 for r = 400, we can define HkJ €

L"((Tg, Ti41) x )™ such that Zy (T, ,,.) = 0 and, thanks to the cost estimate (C.33)

for = 2 or (C.60) for 7 = 400 (recalling that Cp < MeM/T),

__ M
5| < MeTri T [lag| sagqyn - (C.127)

LT((Tk,Tk+1) XQ)m

In particular, for £ = 0, we have

| H | < MeTtom 1 Zoll 2y -

LT((To,Tl)XQ)m

And, since pg is decreasing

HH()]/PO‘

For k > 0, since pg is decreasing, combining (C.126) and (C.127) yields

q

M
o SO TOMETE | Zoll gy (C128)

LT((T(),T1)><Q)

M

HH,;]+1| L7 ((Thp1, Ty 2) XQ)™ < CMe w2~ Trrt pg(Ty,) ||S/p3||LT((Tk,Tk+1)><Q)" . (C.129)

M
In particular, by using Me k+2~"k+1 ps(T)) = po(Tk+2) (see (C.51) and (C.52)), we have

1H

L7 ((Tht1,Tht2) X )™ < Cpo(Ti+2) ||S/pS”LT((Tk7Tk+1)><Q)” : (C.130)
Then, from (C.130), by using the fact that pg is decreasing,

11/ ol

As in the original proof, we can paste the controls H ,;] for k > 0 together by defining
J J
H = Z Hiy 11y, 13 41)-
k>0
We have the estimate from (C.128) and (C.131)

LT ((Thq1,Thq2)xQ)™ <C ”S/pSHLT((Tk:TkH)XQ)" ) (C.131)

qM
|H |1, < CUISIls, +Coy N (T)MeTa™0 || Zo|| 2y -

The state Z can also be reconstructed by concatenation of Zg + Zp, which are continuous
at each junction T}, thanks to the construction. Then, we estimate the state. We use the
energy estimate (C.96) for » = 2 or (C.97) for r = 400 on each time interval (T, Tg+1) :

||ZS||L°°(Tk,Tk+1;LT(Q)n) <C ”SHLT((Tk,TkH)XQ)" )

and

J
1Z8l oo (13, 13001527 @)m) < C (HakHLr(Q)n + || Hf | Lr((Tk,THl)XQ)m) :

Proceeding similarly as for the estimate on the control, we obtain respectively

1Zs/poll oo (1 12y < CM IS s,

and
_ _ _aM
1Z8/ poll Lo (13, sy ()ny < OM IS ls, + Cpg  (T1)MeT6@ D {| Zo || poo eyn -

Therefore, for an appropriate choice of constant C' > 0, Z and H” satisfy (C.125). This
concludes the proof of Proposition C.8.11. O
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C.8.7 Proof of a strong observability inequality

We take the same notations as in the beginning of Annexe C.4. The goal of this
section is to prove Corollary C.4.4.

Proof. We define Fy : (Zy,S) € L2 x Sy Z(T,.) € L?

i vy Where Z is the solution of

(L+S-Z) with HY = 0 and Fy : H) € Hy v Z(T,.) € L?,, is the solution of (L+S-Z)

with (Zp, S) = (0,0). It is easy to see that the null-controllability of (L+S-Z) is equivalent
to Range(F;) C Range(F3).

From | , Lemma 2.48|, we have that Range(F;) C Range(F2) is equivalent to

the observability inequality
301 > 0, Yot € L, |17 (0113, x50 < CrllF@n)ly- (©132)

Consequently, by using the null-controllability result for (L-+S-Z) : Proposition C.4.3,
we have that (C.132) holds true. Moreover, the constant Cr in (C.132) can be chosen
such that Cp < Ce®/T by using the cost estimate (C.57) (see the proof of | )
Theorem 2.44] for more details between the constant of cost estimate and the constant
of observability inequality).

Duality arguments between Z, the solution of (L-+S-Z), and ¢, the solution of (C.58),
lead to :

/Q]-"l(ZO,S)(x).goT(x)d:c:/QZO(x).go(O,:c)dx+//(0’T)XQS

(20.9). Fi(erixapns, = [ Zo) oo+ [ [ siidos?
Q (0,T)xQ2

/QIQ(HJ)(x).@T(x)dx://OTWHJ
(H?,F5 (1)) Z//OT hi-ipalupy 2.

Consequently, by identification, we find
Filpr) = (9(0,.),9003) € LX(Q)" x 82, Fi(or) = (vipglu)i<icm € Ha.  (C.133)

Finally, by putting (C.133) in (C.132), we exactly obtain (C.59) with Cr = Ce®/T. This
ends the proof of Corollary C.4.4. O
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Annexe D

Null-controllability of two species
reaction-diffusion system with

nonlinear coupling : a new duality
method

Abstract : We consider a 2 x 2 nonlinear reaction-diffusion system posed on a smooth
bounded domain Q of RY (N > 1). The control input is in the source term of only
one equation. It is localized in some arbitrary nonempty open subset w of the domain
Q. First, we prove a global null-controllability result in arbitrary time 7" > 0 when the
coupling term in the second equation is an odd power. As the linearized system around
zero is not null-controllable, the usual strategy consists in using the return method,
introduced by Jean-Michel Coron, or the method of power series expansions. In this
paper, we give a direct nonlinear proof, which relies on a new duality method that we
call Reflexive Uniqueness Method. It is a variation in reflexive Banach spaces of the well-
known Hilbert Uniqueness Method, introduced by Jacques-Louis Lions. It is based on
Carleman estimates in LP (2 < p < o0o) obtained from the usual Carleman inequality
in L? and parabolic regularity arguments. This strategy enables us to find a control of
the heat equation, which is an odd power of a regular function. Another advantage of
the method is to produce small controls for small initial data. Secondly, thanks to the
return method, we also prove a local null-controllability result for more general nonlinear
reaction-diffusion systems, where the coupling term in the second equation behaves as
an odd power at zero.

D.1 Introduction

Let T > 0, N € N*, Q be a bounded, connected, open subset of RY of class C?, and
let w be a nonempty open subset of 2.
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We consider a 2 x 2 nonlinear reaction-diffusion system with one internal control :

Ou — Au = f1(u,v) + hl, in (0,7) x £,

0w — Av = fo(u,v) in (0,7) x €,
u,v =0 on (0,T) x 09, (NL)
(u,v)(0,.) = (ug, vo) in Q,

with f1, fo € C®(R?;R) satisfying £1(0,0) = f2(0,0) = 0. Here, (u,v)(t,.) : Q@ — R? is
the state to be controlled, h = h(t,.) :  — R is the control input supported in w.

We are interested in the null-controllability of (NL) : for any initial data (ug, vp),
does there exist a control h such that the solution (u,v) of (NL) verifies (u,v)(T,.) =
(0,0)?

D.1.1 Context
The problem of null-controllability of the heat equation was solved independently by

Gilles Lebeau, Luc Robbiano in 1995 (see | | or the survey | |) and Andrei
Fursikov, Oleg Imanuvilov in 1996 (see | |) with Carleman estimates.
Theorem D.1.1. | , Corollary 2|

For every ug € L?(12), there exists h € L2((0,T) x Q) such that the solution u of

O — Au=hl, in (0,7) x Q,
u=0 on (0,7 x 09,
u(0,.) = ug in €,

satisfies u(7),.) = 0.

Then, null-controllability of linear and nonlinear coupled parabolic systems has been
a challenging issue. For example, in | |, Farid Ammar-Khodja, Assia Benab-
dallah, Cédric Dupaix and Manuel Gonzalez-Burgos identified sharp conditions for the
control of systems of the form

U — DAU = AU + BH1,, in (0,T) x Q,
U=0 on (0,T) x 89, (D.1)
U(0,.) = Uy in Q.

where U(t,.) : Q@ — R"™ is the state, H = H(t,.) : @ — R™ is the control, D :=
diag(dy,...,dy) with d; € (0,+00) is the diffusion matriz, A € My (R) (matrix with n
lines and n columns with entries in R) is the coupling matriz and B € M,, ,,,(R) (matrix
with n lines and m columns with entries in R) represents the distribution of controls.
In general, the rank of B is less than n (roughly speaking, there are less controls than
equations), so that the controllability of the full system depends strongly on the (linear)
coupling present in the system. We can see the survey | | for other results
(and open problems) on the controllability of linear coupled parabolic problems. The
introduction of the article | | provides an overview of the results on the controllability
of linear and nonlinear coupled parabolic problems.

Roughly speaking, the null-controllability of (NL) can be reformulated as follows :
how can the component v be controlled thanks to the nonlinear coupling fa(u,v)?
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D.1.2 Linearization

We introduce the following notation which will be used throughout the paper,
VT >0, Qr :=(0,7) x Q.

The usual strategy consists in proving a local null-controllability result for (NL) from
a (global) null-controllability result for the linearized system of (NL) around
((w,v),h) = ((0,0),0). The linearized system (L) is

Byu — Au = 1(0,0)u + 91(0,0)0 + A1, in (0,T) x Q,

By — Av = %2(0,0)u + %2(0,0)v in (0,7) x €, W
u,v =10 on (0,T) x 09,

(u,v)(0,.) = (ug, vo) in Q.

\

Definition D.1.2. System (L) is said to be null-controllable if
for every (ug,vo) € L?(2)2, there exists h € L?(Qr) such that the solution (u,v) of (L)
satisfies (u,v)(T,.) = (0,0).

Proposition D.1.3. | , Theorem 7.1]
The following statements are equivalent.

1. System (L) is null-controllable.
2. 92(0,0) # 0.

Indeed, if %(0, 0) = 0, then the equation on v is decoupled from the first equation
of (L). Consequently, for any initial data (ug,vo) € L?(Q2)? such that vy # 0, we have
v(T,.) # 0 by the backward uniqueness of the heat equation (see | |). The proof of
(2) = (1) is a byproduct of Proposition D.1.7.

Roughly speaking, v can be driven to 0 thanks to the control h and v can be driven

to 0 thanks to the coupling term %(0, 0)u. We have the following diagram

controls  controls
h a7 u T~

Definition D.1.4. [Null-controllability|

1. System (NL) is locally null-controllable if
there exists § > 0 such that for every (ug,vg) € L>(£2)?
verifying [[(uo,v0)|jeo(q)2 < 0, there exists h € L?(Qr) such that (NL) has a
(unique) solution (u,v) € L=(Qr)? that satisfies (u,v)(T,.) = (0,0).

2. System (NL) is globally null-controllable if
for every (ug,vg) € L°(2)?, there exists h € L?(Q7) such that (NL) has a (unique)
solution (u,v) € L>®(Qr)? that satisfies (u,v)(T,.) = (0,0).

Now, we mention the linear test for (NL) which is a corollary of Proposition D.1.3.
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Proposition D.1.5. | , Proof of Theorem 1]
Let us suppose that %(0, 0) # 0. Then, (NL) is locally null-controllable.

Remark D.1.6. This result is well-known but it is difficult to find in the literature (see
[ , Theorem 6] with a restriction on the dimension 1 < N < 6 and other function
spaces or one can adapt the arguments given in | | to get Proposition D.1.5 for
any N € N*). For other results in this direction, see | I, [ I, [ | and

[ I

The natural question is : what can we say about (NL) if the linearized system
around ((0,0),0) is not null-controllable i.e. when %(07 0)=07?

Another strategy to get local null-controllability for (NL) consists in linearizing
around a non trivial trajectory (u,v,h) € C°°(Qr)? of the nonlinear system (NL)
which goes from 0 to 0. This procedure is called the return method and was introduced
by Jean-Michel Coron in | | (see | , Chapter 6]). The linearized system is the
following one :

du — Au = (@, 5)u + U (@, o) + hl, in (0,T) x Q,
av—Av:%ﬂjiH—%ﬂ,Uv in (0,T) x £,

: 0% (1, 7)u + %2 (,7) (0.7) o
u,v =10 on (0,T) x 09,

(’LL,’U)(O, ) = (U(), UO) in 2.

First, let us recall the generalization of Proposition D.1.3 when the coupling coefficients
are not constant. Historically, the proof is due to Luz de Teresa in | |.

Proposition D.1.7. | , Theorem 7.1] or | , Introduction]
We assume that there exist ¢ < ta € (0,7), a nonempty open subset wy C w and € > 0

such that %(ﬂ(t,x),@(t,m)) > ¢ for every (t,x) € (t1,t2) X wo. Then, system (L-Traj)

is null-controllable (in the sense of Definition D.1.2).
Then, the linear test gives the following result.
Proposition D.1.8. | , Proof of Theorem 1|

We assume that there exist t; < ty € (0,7"), a nonempty open subset wy C w and € > 0
such that ‘%(ﬂ, v)

> e on (t1,t2) X wp. Then, system (NL) is locally null-controllable.

Proposition D.1.8 is used in | | with fo(ui,u2) = u$ + Rug, where R € R,

[ |, [CG17] and [LB19].
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D.1.3 The “power system”

A model-system for the question of null-controllability when the linearized system
around ((0,0),0) is not null-controllable is the following one :
0w — Au = hl,, in (0,7) x €,
O — Av =u" in (0,7) x €,
u,v =0 on (0,7 x 09,
(u,v)(0,.) = (ug,vo) in €,

where n > 2 is an integer.

(Power)

Proposition D.1.9. If n is an even integer, then (Power) is not locally null-controllable.

Indeed, by using v > 0 and the maximum principle, for any solution of (Power)
associated to an initial condition (ug,vg) with vg > 0 and vy # 0,
o(T,.)>v(T,.) >0 and o(T,.) #0,
where v is the solution of the heat equation
v —Av =0 1in (0,T) x £,
v=0 on (0,T) x 09,
0(0,.) = vo in Q.
The following result is due to Jean-Michel Coron, Sergio Guerrero and Lionel Rosier.
The proof is based on the return method (see | ).

Proposition D.1.10. | , Theorem 1|
If n = 3, then (Power) is locally null-controllable.

Remark D.1.11. The difficult point of the proof of Proposition D.1.10 is the construc-

tion of the nontrivial trajectory (see | , Section 2|). The method can be generalized
ton =2k + 1 for k£ € N* but with longer computations. The same problem appears in
[ , Section 4.2].

Remark D.1.12. An homogeneity argument shows that for the system (Power) the
local null-controllability implies the global null-controllability (take u. = eu, v, = €™v,
he = eh). However, this strategy does not provide estimate on the control. This kind of
argument is used in | |. In this paper, we propose a different direct method for the
global null-controllability, that provides estimates.

D.1.4 A direct approach

From now on, k& € N* is fixed.
The first goal of this paper is to give a direct proof (i.e. without return method) of
the global null-controllability of the system

Ou — Au = hl, in (0,7) x Q,
O — Av =u?*+1  in (0,T) x Q,
u,v =20 on (0,7 x 09,
(u,v)(0,.) = (ug,vo) in Q.

(0dd)
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Our proof is based on a new duality method, called Reflexive Uniqueness Method.
The first step will consist in proving a Carleman estimate in L***2 for the heat equa-
tion (see Annexe D.4.1 and particularly Theorem D.4.4). The second step will consist in

considering a penalized problem in 5= (see Annexe D.4.2), a generalization of the Pe-
nalized Hilbert Uniqueness Method, introduced by Jacques-Louis Lions (see | |
and also | , Section 2] for an introduction to the Hilbert Uniqueness Method and
some generalizations). This procedure enables us to find a control of the heat equation
which is an odd power of a reqular function.

The second goal of this paper is to prove a local null-controllability result for more
general systems than (Odd) thanks to the return method (introduced in Annexe D.1).

D.2 Main results

D.2.1 Definitions and usual properties

We introduce the functional space

Wy := L*(0,T; H}(Q)) N HY (0, T; H~1(Q)). (D.2)
We have the embedding (see | , Section 5.9.2, Theorem 3|)
Wi < C(0,7]; 13(9)). (D.3)

We define the notion of solution of linear parabolic systems.

Definition D.2.1. Let | € N*, yo € L*(Q)}, g € L*(Qr)". We say that y € Wk is a
solution of the Cauchy problem

Oy —Ay=g in (0,T) x Q,
y=20 on (0,T) x 09, (D.4)
y(0,.) =y  nQ,

if y satisfies the variational formulation

T
Yw € L2(O,T; HOI(Q)Z), /0 (aty,w)(H—l(Q)l)’Hé(Q)l) JF/Q Vva :/ g.w, (D5)
T

T
and
y(0,.) = yo in L*(Q)". (D.6)
We have this well-posedness result for (D.4).

Proposition D.2.2. Let | € N*, yo € L}(Q)!, g € L?(Q7)". The Cauchy problem (D.4)
admits a unique solution y € W% Moreover, there exists C' > 0 independent of yg and ¢
such that

lyllws, <C ||y0||L2(Q)l + H9”L2(QT)Z . (D.7)
T
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If yo € LP(Q)! and g € LP(Q7)" with p € [1,4o0] in addition, then y € LP(Qr)" and
there exists C' > 0 independent of yg and ¢ such that

19l n@ry < € (190l ogay + 190 zoary) - (D.5)

Proof. First, the well-posedness in Wk (i.e. (D.5), (D.6) and (D.7)) is based on Galer-
kin approzimations and energy estimates. One can easily adapt the arguments given in
[ , Section 7.1.2].

Secondly, the LP-estimate (i.e. (D.8) for p < +00) is based on the application of (D.5)
with a cut-off of w = |y[P~2y.

Finally, the L*°-estimate (i.e. (D.8) for p = +00) is based on Stampacchia’s method
(see the proof of | , Chapter 3, Paragraph 7, Theorem 7.1|). O

We introduce the notion of solution associated to a control for (NL).

Definition D.2.3. Let (ug,vo) € L=(Q)2, h € L*(Q7).
Let (u,v) € (WrNL>®(Qr))?. We say that (u,v) is a solution of (NL) if (u, v) satisfies

V(wy,we) € L*(0,T; Hy(2))?,

T
/ (Oru, wl)(H—l(Q)’Hé(Q)) + Vu.Vw; = / (f1(u,v) + hly)ws, (D.9)
0 Qr T
T
/ (8tvvw2)(H—1(Q),H(}(Q)) +/ Vu.Vwy = fo(u, v)ws, (D.10)
0 Qr Qr
and
(u,v)(0,.) = (ug, vp) in L=(Q)2. (D.11)

Let (u,v) € (WrNL®(Qr))? and (u,v) € (WrNL>®(Qr))? be two solutions of (NL).
Then, (u,v) = (u,v).

The following uniqueness result for the solutions of (NL) justifies the definitions of lo-
cal null-controllability and global null-controllability (already introduced in Annexe D.1,
see Definition D.1.4).

Proposition D.2.4. Let (ug,v9) € L=(Q)?, h € L*(Qr). Let (u,v) € (Wr N L®(Qr))?
and (u,2) € (W N L¥(Qr))? be two solutions of (NL) in the sense of Definition D.2.3.
Then, (u,v) = (u,?).

Proof. The nonlinearities f; and fo are in C*°(R?,R), thus they are locally Lipschitz on
R2. This provides the uniqueness of the solution of (NL) in L>(Qr) (associated to an
initial data (ug,vo) € L>(Q)? and a control h € L?(Q7)) by a Gronwall argument (see
Annexe D.7.1). O
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D.2.2 Main results

Our first main result is the following one.

Theorem D.2.5. The system (Odd) is globally null-controllable (in the sense of Defini-
tion D.1.4).
More precisely, there exists (Cp)pej24+o0) € (0, 00)[2+%) such that for every initial

data (ug,vg) € L°(Q)?, there exists a control h € [ LP(Qr) satisfying
PE([2,400)

Wp € [2,400), Il o) < Cp (ol ey + ool A6 7). (DA2)
and the solution (u,v) of (Odd) verifies
(u,v)(T,.) = (0,0).
Remark D.2.6. We give some natural extensions of this result in Annexe D.6.
Remark D.2.7. If we assume that
Qe Cc?, (D.13)

with 0 < a < 1, then Theorem D.2.5 remains true with a control h € L*>°(Qr) and the
estimate (D.12) holds true with p = +00 (see Remark D.3.9 and Remark D.4.12).

Our second main result is a local controllability result for more general reaction-
diffusion systems than (Odd).

Theorem D.2.8. Let (g1, 92) € C*®°(R;R)? be such that
91(0) = 1(0) = --- = ;""(0) = 0 and gi"**V(0) # 0,
92(0) # 0.

Let f1 € C®(R%R), fo € C°(R%R) be such that

RN

Vv e R, f1(0,v) =0, (D.14)
V(u,v) € R?) fa(u,v) := g1(u)ga(v). (D.15)
Then, the system (NL) is locally null-controllable (in the sense of Definition D.1.4).

Application D.2.9. By taking fi(u,v) = —u?**!1 = —fy(u,v), Theorem D.2.8 shows
the local null-controllability of a model for the non reversible chemical reaction (according
to the law of mass action and the Fick’s law)

2k + 1)U =V,

where u and v denote respectively the concentrations of the component U and V.
However, we cannot deduce from Theorem D.2.8 a local null-controllability result
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(which is true for k& = 1 thanks to | , Theorem 1|) of a model for the reversible
chemical reaction

2k +1)U =V,

which corresponds to fi(u,v) = —u**! +v = —fo(u,v).

By taking f1(u,v) = (kg — (2k1 + 1))u?¥1H1 4 (ks — (21 + 1))ukrt1yks
and fo(u,v) = kzu? 1 4+ (kg — kq)u?Pr 1ok with ki, ko, k3, k4, ks, ke positive integers,
Theorem D.2.8 shows the local null-controllability of a model for the chemical reaction

(2k; + 1)U — kU + ksV,
(le + 1)U + kyV — ksU + kgV.

From now on, unless otherwise specified, we denote by C' (respectively C,.) a positive
constant (respectively a positive constant which depends on the parameter r) that may
change from line to line.

D.3 Global null-controllability for the “odd power system”

The aim of this part is to prove Theorem D.2.5. We now fix (ug,vo) € L°°(£2)? until
the end of the section.

D.3.1 First step of the proof : steer u to 0
First, we find a control of (Odd) which steers u to 0 in time 7/2.
Proposition D.3.1. There exists hy € L*((0,7/2) x Q) satistying
17l oo (0,772 x ) < C lluoll oo 0 » (D.16)
such that the solution (u1,v1) € L>((0,7/2) x Q)? of
Owuy — Aup = 1, in (0,7/2) x Q,
vy — Avy = u?*1in (0,T/2) x Q,

ui,v1 =0 on (0,7/2) x 09,
(u1,v1)(0,.) = (ug,vp) in Q,

satisfies w1 (7'/2,.) = 0. Moreover, we have
k
o (T/2, ey < C (JluolZy + ol o) - (D.17)

Proof. The proof is based on the following result (see Remark D.3.3 for some references).

Proposition D.3.2. [Null-controllability in L of the linear heat equation in any time|
For every 7 > 0, yo € L*°(Q2), there exists h, € L>(Q,) satisfying

17l oo 0,7y x2) < Cr 190l oo () (D.18)

242



such that the solution y € L>(Q;) of

oy — Ay =h;1, in (0,7) x Q,
y=20 on (0,7) x 09, (D.19)
y(0,.) = 5o in Q,

satisfies y(7,.) = 0.

We use Proposition D.3.2 by taking 7 = T/2, yo = ug. We get the existence of a
control hy € L*((0,7/2) x Q) satisfying (D.16) which steers u; € L>*((0,7/2) x Q) to
0:

8tu1 — Au1 = hllw in (O,T) X Q,
up =0 on (0,7) x 09, (D.20)
(u1(0,.),u1(T/2,.)) = (up,0) in Q.

Moreover, from (D.20), (D.8) with p = +00 and (D.16), we get

[l oo (0,7/2)x2) < € lluoll ooy - (D.21)

Then, we set v1 € L*>((0,7/2) x Q) (see Proposition D.2.2 with p = +00), as the solution
of
dyvy — Avy = w2 in (0,7/2) x Q,

vy =0 on (0,7/2) x 09, (D.22)
v1(0,.) = vo in Q.
From (D.22), (D.8) with p = +o00 and (D.21), we have (D.17). O

Remark D.3.3. There exists at least three proofs of Proposition D.3.2. First, the com-
mon argument is the null-controllability of the heat equation in L? proved independently
by Gilles Lebeau, Luc Robbiano in 1995 (see | | and | |) and Andrei Fursikov,
Oleg Imanuvilov in 1996 (see | |). Then, the goal is to get a control in L>°. The first
method has been employed for the first time by Enrique Fernandez-Cara and Enrique
Zuazua (see | , Theorem 3.1]) and it is based on the local regularizing effect of the
heat equation which leads to a refined observability inequality (see | , Proposition
3.2]). The second method has been employed for the first time by Viorel Barbu (see
[ |) and it is based on a Penalized Hilbert Uniqueness Method (see also | )
Section 3.1.2]). The more recent method is due to Olivier Bodart, Manuel Gonzalez-
Burgos, Rosario Pérez-Garcia (see | |) and it is sometimes called the fictitious
control method (see | , Section 2] for the Neumann case and | ).

D.3.2 Second step of the proof : steer v to 0 thanks to a control which
is as an odd power

The aim of this part is to find a control of (Odd) which steers v from vy (7/2) to 0
and v from 0 to 0 at time 7.
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Proposition D.3.4. Let ((u1,v1), 1) be as in Proposition D.3.1.

There exists a control hy € (,¢p9,4o0) LP((T/2,T) x ) satisfying

(2k
Wp € [2,400), Ih2laryayxey < Co (ol ey + ol 2565 7) . (D.23)

such that the solution (ug,ve) € L®((T/2,T) x 2)? of

8tUQ — AUQ = h21 in (T/Q,T) X Q,
Dyvg — Avg = u2F 1 in (T/2,T) x 9,
uz,v2 =0 on (T/2,T) x 09,

(u2,'l)2)(T/2, ) = (O,’Ul(T/Q, )) in Q,
satisfies (ug,v2)(T,.) = (0,0).

Our approach consists in looking at the second equation of (Odd) like a controlled
heat equation where the state is v(t,.) and the control input is u***+1(t,.). Here, the
question consists in proving that the heat equation is null-controllable with
localized control which is as an odd power of a regular function.

For the sequel, we need to introduce some usual definitions and properties.

2k+1

Definition D.3.5. The mapping z € R — € R is one-to-one. We note its inverse
1

function z — x2*k+1,

Definition D.3.6. For all 7 > 0, 0 < 7y < 79, p € [1,+0o0], we introduce the functional
spaces
X, p = LP(0,7; W2P AW, P () nWEHP(0, 73 LP()),

X(rima)p = LP(71,72; Usda WOLP(Q)) N Wl’p(Tl’ 23 LP(Q)),
The following result is new and it is the key point of this section.

Proposition D.3.7. For every 7 > 0, there exists C; > 0 such that
for every yo € L>(2), there exists a control h, € L>((Q),) which verifies

_1
h?k+l < C H OHl/ 2k‘—i—1)7
L>(Qr)
_1
e ()Xo
PE[2,+00)

1

2%+1 k
RE| < Crp ol )

Xrp

Vp € [2,400), 3C;, > 0,

i

h.(0,.) = h(7,.) =0,
vt € [0,7], supp(h,(t,.)) CC w,

such that the solution y € L*°(Q;) of (D.19) satisfies y(7,.) = 0.
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Remark D.3.8. Proposition D.3.7 extends Proposition D.3.2. Its proof is inspired by

the Penalized Hilbert Uniqueness Method introduced by Barbu (see | |). It is based

on the Reflexive Uniqueness Method.

Remark D.3.9. If we assume that (D.13) holds true, then we can replace (| X;,
PE[2,+00)

by C12(Qr). Tt easily gives the proof of Remark D.2.7 by adapting the proof of Propo-

sition D.3.4.

Before proving this proposition (whose proof is postponed to Annexe D.4), we apply
it to our problem.

Proof. We apply Proposition D.3.7 with (0,7) < (T7'/2,T), yo < vi(T/2,.) € L>®(Q).
Then, there exists a control H € L*>((T/2,T) x Q) such that

1
H41 ¢ ﬂ X(1/2,1),p5 (D.24)
PE[2,+00)
Wp € [2,400), ||HFA < Gy on(T/2. )5 (D.25)
X/2.1)p
H(T/2,)=H(T,.) =0, (D.26)
Vit e [T/2,T], supp(H(t,.)) CC w, (D.27)
and the solution vy of
at’Uz — A’Ug =H in (T/Q,T) X Q,
vg =0 on (T/2,T) x 09, (D.28)
va(T/2,.) =v1(T/2,.) in Q,
satisfies
va(T,.) = 0. (D.29)
From (D.24) and a Sobolev embedding (see for instance | , Theorem 1.4.1] or

[ , Lemma 3.3, page 80|), we set

w=H7T e | () Xajpmy | C L2(T/2,T) x Q). (D.30)
PE[2,+00)
From (D.26) and (D.30), we have
us(T/2,.) = ua(T,.) = 0. (D.31)
Then, we set, from (D.30)
hy =0y —Aug € [ LP((T/2,T) x Q), (D.32)
PE[2,+00)

which is supported in (7/2,T) x w by (D.27). Moreover, from (D.25) and (D.17), we get

1/(2k+1
Wp € [2,400), 2l paryamyxey < Co (ol ey + ol 2565 7) - (D.33)
By using (D.27), (D.28), (D.29), (D.30), (D.31), (D.32) and (D.33), we check that ((usg, v2), ha)
satisfies Proposition D.3.4. O
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D.3.3 Strategy of control in the whole interval (0,7")

We gather Proposition D.3.1 and Proposition D.3.4 to find a control which steers
(u,v) to (0,0) in time 7.

Proposition D.3.10. There exists a control h € ﬂpe[2’+oo) LP(Qr) satisfying

1/(2k+1
¥p € 2, 450). Ihllzaqgomynn) < Cp (u0ll oy + 0l 250 (D.34)
such that the solution (u,v) € L (Qr) of (Odd) satisfies (u,v)(T,.) = (0,0).

Proof. Let ((u1,v1),h1) € L>=((0,T/2) x Q)3 be as in Proposition D.3.1.

Let ((ug2,vs), h2) € L®((T/2,T) x Q)? x Mpefzto00) LP((T/2,T) x ) be as in Propo-
sition D.3.4.

We define ((u,v),h) € (Wr N L>®(Qr))? x Mpefz,+00) L (Qr) by

u=wu; in[0,7/2]xQ, w=wug in[T/2,T]x 0,
v=wv; in[0,7/2] xQ, v=wvy in[T/2,T]xQ,
h=hy in(0,7/2) xQ, h=hy in (T/2,T) x Q.

We deduce from Proposition D.3.1 and Proposition D.3.4 that (u,v) € (WrNL>®(Q7))?
is the solution of (Odd) associated to the control h and (u,v)(T,.) = (0,0). Moreover,
from the bounds (D.16) and (D.23), we get the bound (D.34). O

Proposition D.3.10 proves our first main result : Theorem D.2.5.

D.4 A control for the heat equation which is an odd power

The goal of this section is to prove Proposition D.3.7. We assume in the following
that 7 = T. First, we prove a new Carleman estimate in L?**2 for the heat equation.
This type of inequality comes from the usual Carleman inequality in L? and parabolic

1
reqularity. Then, we get the existence of a control for the heat equation such that h2s+1

2k+2
is regular by considering a penalized problem in Lﬁ, which is a generalization of the
usual Penalized Hilbert Uniqueness Method.

D.4.1 A Carleman inequality in L2

D.4.1.1 Maximal regularity and Sobolev embeddings

We have the following
parabolic regularity result and Sobolev embedding lemma.

Proposition D.4.1. | , Theorem 2.1]
Let 1 < p < 400, g € LP(Qr), yo € C5°(22). The following Cauchy problem admits a
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unique solution y € X7, (see Definition D.3.6)

oy—Ay=g in (0,T) x Q,
y=20 on (0,7") x 09,
y(0,.) = yo in Q.

Moreover, if yg = 0, there exists C > 0 independent of g such that

||?J”XT7P <C HgHLP(QT) :

Lemma D.4.2. | , Lemma 3.3, page 80|
Let p € [1,+00), we have
(N+2)p (N+2)p
L5725 (0,T; W, V7 (Q)) if p< N+2,
Xrp = L2(0,T; W, *2(Q)) if p=N +2,
L>(0,T; W(}W(Q)) if p>N+2.

D.4.1.2 Carleman estimates

We define 1
vt e (0,T), n(t) := =1 (D.35)
Let wy be a nonempty open subset such that
w1 CC w. (D.36)
Let us recall the usual Carleman estimate in L? (see | , Lemma 8| or | | for

a general introduction to Carleman estimates).

Proposition D.4.3. | , Lemma 8|
There exist C' > 0 and a function p € C?(€; (0, 4+00)) such that
for every pr € C§°(2) and for every s > C, the solution ¢ € X7 of

—Op—Ap =0 1in (0,7) x Q,
=0 on (0,7") x 09, (D.37)
o(T,.) =¢r in Q,

satisfies

// e P10 ((sm)*|pl? + (sm)| Vol ddt (D.38)
0,7)x2

< C// 21 ()3 o) 2 dadt.
OT ><UJ1

From now on, p is as in Proposition D.4.3. We will deduce from the above L?-Carleman
estimate the following L?**2-Carleman estimate.
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Theorem D.4.4. There exist C' > 0 and m € (0, +00) such that for every o1 € C§°(2)
and for every s > C, the solution ¢ € X7 9,19 of (D.37) satisfies

/ / e Dsp(@m(®) () =kt Dm ) 2642 o (o) =) m42) |G| 242) gt (D.39)
(0,T)xQ

< C// e*(kﬂ)sp(w)n(t)(Sn)3(k+1)’(p|2k+2dxdt.

n (0,7 xwy

Proof. Let o1 € C3°(Q), ¢ € Xrok42 be the solution of (D.37) and s > C where C is
as in Proposition D.4.3.

By a standard parabolic regularity argument, one may deduce from the L?-Carleman
estimate (D.38) another Carleman type inequality in LP° with pg = 2(N + 2)/N. If
po > 2k + 2, this estimate implies (D.39). Otherwise, we iterate this strategy.

Step 1 : We introduce the sequence (¢p,)n>—1,

Yoy = e ()20, W2 0, = (sm) Pt = e 2 (s 220 g,

(D.40)
Then, we also define an increasing sequence (py,)n>—1 by
N+2)pn-1 -
75\,:22_);71 if pp_1 < N + 2,
p-1:=2, Vn >0, pn:i= 2011 if pp,_1 =N+ 2, (D41)
+00 if pp_1 >N+ 2.
Clearly, there exists a unique integer ng such that
Dno > 2k +2 > ppy—1. (D.42)
We will need this technical lemma.
Lemma D.4.5. For every integer n € N,
_atwn - Awn = 0n in (O,T) X Qa
Yy =0 on (0,7T") x 09, (D.43)

Un(T,.) =0 in Q,
with
gn(t, @) = an(t, x)thn—1 + (s7) "' Vibr_1.Vp, where ||an|| (@) < Cn- (D.44)

Proof. We prove Lemma D.4.5 by induction on n € N.
We introduce the notation

V(t,z) € (0,T) x Q, O(t, ) := e *P@0/2(sp(1))3/2. (D.45)
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Initialization : For n = 0, by using (D.40), (D.45) and (D.37), we have
— Otho — Aty
= —0((sm)"H—1) — A((sm) " *y-1)
= —0i((s1) )1 + (s1) 2(=0p—1 — A1)
= =0u((sn)*)wo—1 + (s0) (~(04©)¢ + (=0 — Ap) — 2VO.Vyp — (AB)),
— Opho — Ahy = =0,((sm) )1 + (1) 2(=(8:O)p — 2VO.Vp — (AB)p).  (D.46)

Straightforward computations lead to

1
8,0 = ¢=°P1/2 ( 2(377 )(sn)*?p —|— 1/2> (D.47)
/2 5/2
VO = _%(3751071/2(87])5/2vp7 AO = e*SpT)/Q ((572 |vp|2 ( 772) Ap) ) (D48)
By using (D.46), (D.47), (D.48), we get
— 0o — At (D.49)
= —0((s) ")
. 3 on)3/2 o)1/2
+ ( /2 ( sl sm) ™2 — 2 (sl sm) /2 — B2 4 D Ap>) .

+ €752 (s)) 2V p. V.
Moreover, by using (D.40) and (D.48), we have
Yo =T (s0) P e p = R () 2y, (D-50)

(s1) "' VY1.Vp = (s0) " ((VO.V ) + (Vo.¥)O)
_ efspn/Q _(377)3/2W ‘2 1/2V \V4 D51
o IVole+(sn) PV Ve | (D.51)

We gather (D.49), (D.50) and (D.51) to get (D.43) and (D.44) for n = 0 (remark that
i < C(n* +n*)) with
s 1p—2

/ 3 5 1 -
ag := = ((sm) %) +1) ( 277 P55 > \Vp\2 5 (M)~ Ap € LX(Qr),
(D.52)

Heredity : Let n > 1. We assume that (D.43) and (D.44) hold true for n — 1. Then,

by using (D.40), we have
~ 0t — Atpn = ~0,((s1) " *tn—1) — A((s1) *tn-1)

—((sm) ) -1 + (s1) (= Otn—1 — Athp_1)
=0((sm) ™) thn—1 + (s1) " (an—19n—2 + (s1) "' Vihn_2.Vp)
—0((57) ") thn-1 + an-1¥n-1 + (1) Vibn_1.Vp.
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Therefore, (D.43) and (D.44) hold true for n with
an(t,z) == —0i((s1)72) 4+ an_1(t,z) € L®(Q7). (D.53)
This ends the proof of Lemma D.4.5. O

Step 2 : We show by induction that

Pn—1

Vi € {0, n0}, Yn € Xy InllBr) < o [lem 2 (sm)* 20

-XTmn,

LPn=1((0,T)xwy)
(D.54)

First, we treat the case n = 0. By using (D.44) for n = 0, (D.50) and (D.51), we
remark that

go = apth—1 + (sn) "' Vip_1.Vp

3/2
_ aoe—sﬂﬂ/Q(sn)3/2¢+6—8,077/2 <—<S772)|Vp|290+ (sn)l/ZVp.Vgo) ' (D.55)

Then, from (D.55), we get that go € L?(Qr) and
ool <C [ [ Ol + ()Tl ydsar. (D30
1) %

Consequently, by (D.43) (for n = 0), (D.56) and a parabolic regularity estimate (see
Proposition D.4.1 with p = 2), we find that

v € Xrz and [k, < C / / e DO (s0)*|pl? + (sm)| Vep|)dawdt. (D.57)
’ (0,T)xQ2
Gathering the Carleman estimate in L? i.e. (D.38) and (D.57), we have

%ol%,, < C / / e PO (51)3| | *dadt. (D.58)

’ “LT)le

This concludes the proof of (D.54) for n = 0.
Now, we assume that (D.54) holds true for an integer n € {0,...,n9—1}. By (D.41),
a Sobolev embedding (see Lemma D.4.2) applied to the left hand side of (D.54), the
embedding LP~((0,T) X wy) < LP»=1((0,T) X wy), applied to right hand side of (D.54),

we obtain
Uy € LP7(0,T; WHPn(Q)),

HwnHLPTL(O’T;Wl,Pn(Q)) <Cp Heispnn(sn)gﬂ@‘ (D.59)

Len ((0,T)xwr)
By using the parabolic equation satisfied by ¢,4+1 i.e. (D.43), (D.44) for (n + 1), (D.59)
and a parabolic regularity estimate (see Proposition D.4.1 with p = p,), we get

— pTL
Vo1 € Xrp, and  [ar1lB, < Cort e 2(sm)¥%

Len ((0,T) xwy)
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This ends the proof of (D.54).

Step 3 : We apply (D.54) with n = ng and we use a Sobolev embedding (see
Lemma D.4.2) and (D.41) to get

Py € LP0 (0, T; WP (Q)),

||¢TLO HLPnO (O,T;Wl’p"O Q) S C H 8pn/2(57] 3/280‘ (D60)

LPro=1((0,T) xw1)

Recalling the definition of ng in (D.42), and by using (D.60), together with the embedding
LPro(Qr) = L**(Qr),
applied to the left hand side of (D.60) and the embedding
L¥*F2((0,T) x w) < LPro=1((0,T) x wy),

applied to the right hand side of (D.60), we get

Png—1 Png—-1 7spT]/2 3/2 Prg=1
IWhnall 75 gy + IVbnall g < C [l om0 [ 0 o (D)
Then, from the definition (D.40) of vy, we get
Uy = e_spn/2(377)_1/2_2n0907 (D.62)
1
v¢n0 — _§efspn/2(5n)1/272no(pvp + efspn/2(8n)fl/272n0vsp' (D63)
Consequently, we deduce from (D.62) and (D.63) that
He_sp"/Q(sﬁ)_l/Q_Z”O ot “6_8""/2(577)_3/2_%0 oo™ (D.64)
L2k+2(QT) L2k+2(QT)
< C (oI55 0 + 16sm) ™ Voouo [755 0,))
< C (o853 0ry + 190l 3853 01 ) -
By using (D.61) and (D.64), we get (D.39) with m = 4ng + 1. O
Remark D.4.6. From the L2-Carleman estimate (see | , Lemma 8]) for the solu-

tion ¢ of the nonhomogeneous heat equation

—Oip—Ap=F in (0,T) x £,
=0 on (0,7") x 01, (D.65)
o(T,.) = er in Q,

and by adapting the proof of Theorem D.4.4, we can also establish a L?**2-Carleman
estimate for ¢. Indeed, we can show that there exist C' > 0 and m € (0, +00) such that
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for every or € C§°(Q?), F € L?%2(Qr) and for every s > C, the solution ¢ € XT12k+2
of (D.65) satisfies

// e )50 (@)n(0) () =DM 2652 L () =D m42) |70 2642) gt (D.66)
(0,7)x9)

< C// e~ (R Dsp(@n(t)| | 2K42 g gy

a (0,T)x

+C// e~ (B Ds(@(E) (5 341) | o 2R2 i .
(0,7) xw1

We consider y € C*°(€; [0, +0c0)) such that
supp(x) CCw,  x=linw, Y%7 €C®@:[0,400)).  (D.67)

We deduce from Theorem D.4.4 the following result.

Corollary D.4.7. There exist C' > 0 and m € (0, +00) such that
for every or € L**2(Q) and for every s > C, the solution ¢ € L?*+2(Qr) of (D.37)
satisfies

// e )50 (@)(0) () =KMo 2642 (o) =R (m42) 1702642 gt (D.68)
(0,T)xQ
< C// X2k+2e*(k+1)sp(a:)77(t)(877)3(k+1)|()0‘2k+2dxdt7
(0,T)xw
and
||¢(0,.)||§’;:f2(mgcs / /(OT) 22 (ke Dsp(@n(e) (5 )30+ 26424t (D.69)
T xXw

Remark D.4.8. We insist on the fact that the constant C' of the observability inequality
(D.69) depends on the parameter s. It is not the case of (D.68).

Proof. Step 1 : We assume that o7 € C§°(Q2). We denote by ¢ € X7 9,12, the solution
of (D.37). Then, by Theorem D.4.4 and (D.67), for every s > C, (D.68) holds and in
particular,

// e—(k+1)5077(5n)_(k+1)m’¢|2k+2 (D.70)
(0,7)xQ
sc//m X (B son (g SEHD) | p 2642

(0,7)xw

We fix s sufficiently large such that (D.70) holds.
By using

min e~ FFDse@m®) (gpy=(kt)m (D.71)
[T/4,3T/4]xQ
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together with (D.70), we get

3T/4
/ / ‘@’2k+2d$dt < O, / / X2k+267(k+1)sp(:1:)17(t) (877)3(k+1) ‘@’2k+2d{£dt.
/4 Jo (0,7) xw
(D.72)
From the dissipation of the L?*2-norm for (D.37) (obtained by multiplying the equation

(D.37) by |p[P~2p and integrating over Q) : ||(0, M pze2q) < ot )l p2kr2(q) for t €
(T'/4,3T/4), by integrating in time, we get

3T /4
o0, )y 0 [ 1ol amar (D.73
T/4 Jo
Gathering (D.72) and (D.73), we get (D.69).

Step 2 : The general case comes from a density argument by using in particular
Proposition D.2.2 : (D.8) for p = 2k+2. The complete proof is postponed to Annexe D.7.2.
O

D.4.2 A new penalized duality method in L(?#t2/k+1) " the Reflexive
Uniqueness Method

From now on, Y is a function which belongs to C*°(; [0, +00)) satisfying (D.67) and
m, s are fixed by Corollary D.4.7.
We introduce the notations

2k + 2
= D.74
1 2k +1’ (D.74)
Lot ((0,T) x w) = {h € LU((0,T) x w) ; e*"?(sn)~*h € LI((0,T) x w>} :

The goal of this section is to get a null-controllability result for the heat equation thanks
to the observability inequalities of Corollary D.4.7.

Proposition D.4.9. For every (y € L(Q), there exists a control h € LZ}ght((O,T) X w)
such that the solution ¢ of

¢ —AC=hx in (0,T) x Q,
(=0 on (0,7) x 09, (D.75)
C(Oa ) = CU in Qa

satisfies ((T,.) = 0 and

Proof. Let (p € C5°(£2). The general case comes from a density argument.
We first state two easy facts.

S P@IN0)/2 () =3/2 h‘

< . D.
ooy < Cl60le@ (D.76)
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1
Fact D.4.10. The antiderivative of the continuous mapping x € R — x2+1 (see Defini-
tion D.3.5) is the strictly convex function

1 .
reR— 1 |:L“q — anp(qlongD) lf z 7é Oa

q 0 if x =0.
Fact D.4.11. The real numbers 2k + 2, ¢ belong to (1,400) and are conjugate :

1
2k + 2

1
+-=1
q
Let € € (0,1). We consider the minimization problem

inf J(h), (D.77)

heLd . ((0,T)xw)

wght(

where J is defined as follows : for every h € nght(((), T) x w),

// o(a/2)sp w)n(t)(sn) 3q/2|h’qudt + —- ”C( )H%qQ) , (D.78)
0,7) %

where ¢ € X7, is the solution of (D.75) (see Proposition D.4.1).

The mapping .J is a coercive, strictly convex (see Fact D.4.10), C! function on the
reflexive space L gnt((0,T) x w). Then, J has a unique minimum %°. We denote by (° €
X7, the solution of (D.75) associated to the control h°. The Euler-Lagrange equation
gives

VYh e LY

7 l(0,T) x ) / / (@/2)30@0) () =39/2 (1) /R D pdndy (D7)
OT)><w

1 [ (E@a) T e = 0

9

where ¢ € X7, is the solution of (D.75) (associated to the control h) with (y = 0.
We introduce ¢f € L?*72(Qr) the solution of the adjoint problem

—0ip® — Ap® =0 in (0,7) x €,
=0 on (0,7) x 0, (D.80)
P(T,.) = ~L(CE(T, )V = g5 in Q)

By a duality argument between ¢, the solution of (D.75) with {y = 0 and ¢°, we have
Vh € nght((O,T) X W), /QQOE(T,:E)C(T, x)dr = //(0 . @ hxdzdt. (D.81)

Indeed, first, one can prove the result for ¢, € C§°(£2) because in this case ¢* € X7 op12
and ¢ € Xr1,. This justifies the calculations for the duality argument. Then, the fact
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L2k+2 (Q)

that C§°(9) = L?*+2(Q) leads to (D.81).

From (D.80) (definition of ¢%) and (D.81), we have

1
We%wijmfkéw@mwmmwwm:/Am o hxdadt.

(D.82)
Then, by using (D.79) and (D.82), we obtain

(ha)l/(2k+1) — e*(f}/2)sp(w)n(t)(s )Bq/%sx (D.83)
Moreover, from a duality argument between ¢° and (¢, together with (D.83), we have
/ o (T, )¢ (T, x)dx (D.84)
Q
1 € q
= _g HC (T7 ‘)HLQ(Q)

— / /OT O hxdxdt + /Q ¢ (0, z)Co(x)dx

// —(k+1) Spn( )3(k+1)‘<p5|2k+2x2k+2+/908(07-)C0(')'
0,7) x @

By Young’s inequality, we have for every § > 0,

< 51070, )22 gy + G5 IS0, MLy - (D85)

/w@@@ww
Q

From (D.84), (D.85), the observability inequality (D.69) (applied to ¢%), and by taking
0 sufficiently small, we get

*Ms mm+//) e 5o (g B | 7 A2 22 < 119, - (D-86)

Now, plugging (D.83) into (D.86), we obtain

L. sp(@)n(t)/2( o \—3/2 7| a
@ Mgy + P <Ol (D)
In particular, from (D.87), we have
¢(T,.) — 0in LI(92), (D.88)
e—0
and
HhEHLq(QT) <C. (D.89)
We remark that
¢ =G +G (D.90)
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with (7, (5 satisfying

9T — AT =0 in (0,T) x Q, XG5 — AG =hx in (0,T) x €,
=0 on (0,7) x 99, =0 on (0,T) x 09,
= in Q, 5=0 in Q.

(D.91)

Then, by using (D.90), (D.91), (D.89) and Proposition D.4.1 with p = ¢, we have

I, <C. (D.92)

So, from (D.92), up to a subsequence, we can suppose that there exists ( € X, such
that

¢¢ = (in X7, (D.93)
e—0
and from the embedding X7, — C([0,T]; L9(2)) (see | , Section 5.9.2, Theorem
2)),
£ N : q 3 _ 1 q
C(0.) = €(0.) in L(Q), ¢(T,) — C(T\.) in L), (D.94)

Then, as we have (¢(0,.) = {p and (D.88), we deduce that
¢(0,.) = ¢p and ¢(T,.) = 0. (D.95)

Moreover, from (D.87), up to a subsequence, we can suppose that there
exists h € LY . ((0,T) x w) such that

wght
N 1 q
h® = hin Ly, ((0,T) x w), (D.96)
and
esﬂ(z)”(t)ﬂ(sn)*gﬂh‘ ! < lim inf ||eP@NM/2 () =3/2 e ! (D.97)
La((0,T)xw) ~— €—=0 La((0,T) xw)
<C HCOHqu(Q) .
Then, from (D.93), (D.96), and (D.94), we let € — 0 in the following equations
0C® — AC* =hx in (0,T) x Q,
¢¢=0 on (0,7") x 0, (D.98)
¢°(0,.) = <o in Q,
and by using (D.95), we deduce
0:¢ — AC = hx in (0,7) x €,
(=0 on (0,T) x 09, (D.99)
(C(Ov )a C(Tv )) = (CO» 0) in €.
Therefore, (D.99) and (D.97) conclude the proof of Proposition D.4.9. O
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D.4.3 A Bootstrap argument

The goal of this section is to prove Proposition D.3.7. We keep the same notations
as in the proof of Proposition D.4.9. We want to improve the regularity of the sequence

((h5)2k+1) >0- The key point is the equality (D.83). We deduce that the regularity of

(h® )2k1+1 depends on the regularity of e~(2/2)sp(@)n(t) (1)34/25¢ We use parabolic regula-
rity estimates (see Proposition D.4.1) and a bootstrap argument (similar to the proof of
Theorem D.4.4). The starting point is (D.68).

Step 1 : We introduce the sequence (¢§)n>—_1,

Wy = e (sn) T P, 2 0, = (sn) gy = e P (sy) TR D
(D.100)
where m is defined in Corollary D.4.7. Then, we also define an increasing sequence
(pn)n2—1 by
Aot i g,y < N +2,
p_1 =2k + 2, Vn >0, p, = 2pn_1 if pp_1 =N + 2, (D.101)
“+00 if pp_1 >N+ 2.

We denote by [ the integer such that
[ :=min{n € N; p, = +oo}. (D.102)
By using (D.100) and (D.80), we show by induction that for every n € N,

—Oupy, — Ay = g5 in (0,T) x €,
e =0 on (0,7) x 09, (D.103)
VS(T,.) =0 in Q,

with
gn(t, ) = an(t, x)Y5_1 + (sn) " Ve _,.Vp, where [|an|[ 000y < Cn. (D.104)

Indeed, straightforward computations as in the proof of Lemma D.4.5 lead to

—-1,,—2 1
ag = —at<<sn>2>+n'<3 > p+758277> +4IVo 4 o) Ap, (D.105)
an = =0u((sm) ) + au1. (D.106)

Step 2 : From (D.68), (D.86), (D.100) and (D.74), we have

_ (2k (2k
191l rr20y + 16 VO | pairap < C Il = CllColl ey - (D-107)

Then, by using parabolic regularity estimate (see Proposition D.4.1), (D.103), (D.104),
(D.107) and an induction argument (as in the proof of Theorem D.4.4), we have that

5 5 1/(2k
Vn € {0, 1}, U € Xy, and [¥ily, < Calllds . (D.108)
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Step 3 : We apply (D.108) with n =1 (see (D.102)) and we use Lemma D.4.2 with
P = pi—1 to get
o0 ,00 1/(2k+1
UF € L0, T Wy () and Ul e ey < CllGolI e, ™ (D-109)

From a parabolic regularity estimate (see Proposition D.4.1) applied to the heat equation
satisfied by 47, ; and (D.109), we obtain

1 2k+1
U1 € Npepasoo Xrp and Vpe [2,400), [0l < CollGIYE5Y. (D10)
From (D.83), (D.100) (see in particular that ¢ > 1), we have

Vp € [2,+00),

)(h6)1/<2k+1)HXTp < Gy |[¢Fiallx, - (D.111)

From (D.110) and (D.111), we have

(he)L/ @k +1) ¢ ﬂ X1, ¥p € [2,+00), H(hE)l/(2k+1)HXT <c, ||<0||1/ (2k+1)

L1(Q)
PE([2,4+00)
(D.112)
Now, by (D.87) and (D.112), we have
1 1/(2k+1) 1 2k:+1
¥p € [2,+00), ey IC(T sy + [0V < 0 ol
(D 113)

Step 4 : From (D.113) and same arguments given as previously (see Annexe D.4.2),
together with a diagonal extraction process, up to a subsequence, we can assume that
there exist H € Npe[2,100)X1,p and ¢ € X7, such that

(h®)Y/(2k+1) — H in X7, Vp € [2, +00), (D.114)
(b)Y - | in L¥(Qr), ( = h* = H**in L®(Qr)),  (D115)
H(0,.)=0, H(T,.)=0, (see (D.83)), (D.116)
¢¢ =, ¢ in Xrg, (D.117)
¢(0,.) = o, ¢(1,.)=0. (D.118)

The strong L°°-convergence (D.115) is a consequence of the weak X7 ,-convergence
(D.114) for p sufficiently large because X, is relatively compact in L>(Qr) (see | ,
Section 8, Corollary 4] : Aubin-Lions lemma).

By using (D.115), (D.117) and (D.118) and by letting & — 0 in the following equations

8iC — ACT = hex in (0,T) x Q,
¢ =0 on (0,T) x 9, (D.119)
¢¢(0,.) = Go in §,
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we deduce
0 ¢ — AC = H? 1y in (0,7) x Q,
C=0 on (0,T) x 99, (D.120)
(¢(0,.),¢(T,.)) = (0,0) in Q.

To sum up, for all ¢y € C5°(2), we have found a control

h = H**1y e L%®(Qr), (D.121)
such that
RYERD = IR R e () Xpp, o (see (D.114)), (D.122)
[2,400)
Vp € [2, +00), ( <Gy llollfam™ . (see (D.113), (D.123)
h(0,.) = h(T,.) =0, (see (D.116)). (D.124)

Moreover, from (D.120), the solution { € L>(Qr) of
H¢—AC=h in (0,T) x Q,

(=0 on (0,7) x 09, (D.125)
C(O) ) = CO in Qv
satisfies
¢(T,.)=0. (D.126)

By (D.121), (D.122), (D.123), (D.124), (D.125) and (D.126), we deduce Proposition D.3.7

for (o € C§°(Q2). The general case comes from CgO(Q)Lq(Q) = L9(Q) and the bound
(D.122).

Remark D.4.12. In this paragraph, we gives the main details to get Remark D.3.9 and
consequently Remark D.2.7. By (D.13), the function p, as in Proposition D.4.3, can be
chosen such that B

p € C*(Q), (D.127)
see the proof of | , Lemma 2.68|.

Let us take 8 such that 1 + @ < f < 2. From Sobolev embedding (see | ,
Corollary 1.4.1]) and (D.110), we have for p sufficiently large,

1/(2k+1
Ui € Xrp = CP2P@r) and (U5l porenigry < Clcol ey - (D128)

From (D.127), (D.105) and (D.106), we have aj4o € C%?*%(Qr). Then, we deduce
from (D.103), (D.104) for n = [ + 2, (D.128), (D.13) and a parabolic regularity theo-
rem in Holder spaces (see | , Theorem 8.3.7 and Theorem 7.2.24]) that vj , €
C1*e/2242(Qr). Therefore, we have

1 )||1/ (2hk+1) H(hs)l/@k—‘rl)‘

(2k
7R 16T L) <C Gl ™. (D.129)

Cl+a/2,2+o¢ (Q

By (D.129), we conclude the proof of Remark D.3.9 as in the Step 4 by using the compact
embedding C'+*/22+2(Qr) — C12(Qr) by Ascoli’s theorem.
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D.5 Local null-controllability of general nonlinear systems

The proof of Theorem D.2.8 relies on the return method and Proposition D.1.7. Thus,
we just need to construct an appropriate reference trajectory ((@,v), k). The goal of this
section is to prove the existence of a nontrivial trajectory of (NL) associated to f; and
f2 defined in Theorem D.2.8 (see in particular (D.14) and (D.15)). More precisely, we
have the following result.

Proposition D.5.1. Let fi and f; be as in Theorem D.2.8. Let wy be a nonempty
open subset such that wg CC w. There exist ¢ > 0, ((wW,v),h) € (Wr N L>®(Qr))? x

(ﬂ[2,+oo) LP(QT)) such that

ou — Au = fi(u,v) + hl, in (0,7) x Q,
o — AU = fo(u,) in (0,T) x Q,
u,v=0 on (0,T) x 09,

(w,v)(0,.) = (0,0), (w,0)(T,.)=(0,0) in £,

and
V(t,x) € (T/8,3T/8) x wp, u(t,z) > e. (D.130)

We construct the reference trajectory ((%,v),h) on (0,7/2) to guarantee (D.130)
according to the following statement.

Proposition D.5.2. Let f; and f5 be as in Theorem D.2.8. There exists €9 > 0 such that
for every € € (0,¢0), there exists ((w1,77), h1) € L>=((0,T/2) x Q)2 x L>((0,T/2) x Q)
satisfying

Oyur — Aur = fi(wr,o1) + hil, in (0,7/2) x Q,

dvr — AT = fo(u1, vr) in (0,7/2) x €,
w7 = 0 on (0,7/2) x 99, (D-131)
(ur, 21)(0,.) = (0,0) in Q,
and
V(t,x) € (T/8,3T/8) x wop, ui(t,z) > e, (D.132)
[Tt]l oo ((0,7/2) x02) < 26, (D.133)
o1(T/2, ')HLOO(Q) < Ce¥ (D.134)

Proof. Let € > 0, uy € C*°((0,7/2) x Q) such that supp(ur) CC (0,7/2) X w, (D.132)
and (D.133) holds. By a standard Banach fixed point argument, using (D.15) and (D.133),
for € > 0 small enough, there exists a unique solution 7 € L>((0,7/2) x ) of

Ot — ATt = fo(ur,vr) in (0,T/2) x €,
=0 on (0,7/2) x 012, (D.135)
71(0,.) =0 in €,
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in the sense of Definition D.2.3. From (D.133), (D.15), (D.135) and Proposition D.2.2
(see (D.8)), we have (D.134). Finally, we define hy € L>((0,7/2) x ) thanks to the
property of supp(ur) and (D.14) (note that f1(0,.) = 0),

hy = dyur — Aug — fi(u1, o), (D.136)
which is supported on (0,7/2) x w. This ends the proof of Proposition D.5.2. O

We construct the reference trajectory ((u,v),h) of Proposition D.5.1 on (T7/2,T) to
guarantee (u,v)(7,.) = 0 according to the following statement, which relies on Proposi-
tion D.3.7 and the local invertibility of gi/(%ﬂ).

Proposition D.5.3. Let f; and fo be as in Theorem D.2.8. Let €9 be as in Proposi-
tion D.5.2.

There exists ef, € (0,¢¢) such that for every e € (0,¢), there

exists ((Uz,72), ha) € L®((T/2,T) x Q)? X Mg, 100) LP((T'/2,T) x Q) satistying

Oz — At = f1(uz, 12) + halw in (T/2,T) x £,
O3 — AT = fo(uz,v3) in (T/2,T) x Q,
U,y = 0 on (0,7/2) x 09,

(w2, 52)(T/2,.) = (0,01(T/2,.)), (uz,2)(T’.) = (0,0) in g,
B (D.137)
where ((ur,v1), h1) is given by Proposition D.5.2.

Proof. We recall that fa(u,v) = g1(u)ga(v) (see (D.15)).

Step 1 : We prove the existence of a,ca,8 > 0 and a C*°-diffeomorphism g :
(—a,a) = (—a, B) such that

Vz € (—a,a), gi(x) = gi(z)?*1, go(x) # 0. (D.138)

From (D.15) and the Taylor formula, the map

B 1 (1 —u)2* (2h41) 1/(2k+1)
g1(z) := </0 ng (ua:)du) x,

satisfies g1(x) = g1(z)?**! for every x € R. Taking into account that
~ 1 2k+1 g
G1'(0) = mg% /(0) # 0 and ga(0) # 0 (see (D.15)),

there exists a > 0 such that g; € C®((—a,a);R), and g1’ (x) # 0, go(z) # 0 for every
z € (—a,a).
We conclude from Step 1 that fo(u,v) = 12" (u)g2(v) locally around 0.

Step 2 : Let € € (0,£0) be a small parameter which will be fixed later. Let ((u,v7), h1)
be as in Proposition D.5.2.
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We apply Proposition D.3.7 with (0,7) < (T/2,T), yo < v1(1/2,.) € L*=(2). From
(D.134), there exists a control H € L*>°((T'/2,T) x Q) such that

1 1/(2k+1)
H2k+1 < T/2 < D.1
H o L>((T/2,T)xQ) ClorT/2, )HL°°(Q Ce, (D-139)
HF € Nyepytoe) X(rj2m) s (see Definition D.3.6), (D.140)
H(T/2,.))=H(T,.)=0, (D.141)
Vt e [T/2,T], supp(H(t,.)) CCw, (D.142)
and the solution 75 of
03 — Atg = H in (T/2,T) x Q,
73 =0 on (T/2,T) x 0%, (D.143)

TZ(T/Z ) = W(T/2v ) in (2,

satisfies
ua(T,.) = 0. (D.144)

From (D.134), (D.139), (D.143) and Proposition D.2.2; we have
192 oo (7 2,7y 0y < CPFHL. (D.145)
Moreover, 73 is the restriction on (7'/2,T") of v defined by

v — Av = fo(ur,v1)lo1/2) + Hl(rpory in (0,T) x €,
v=0 on (0,T) x 09, (D.146)
v(0,.) =0 in Q.

Then, by using Proposition D.5.2 : (a1, v7) € L>®(Qr)?, (D.139), (D.146), Definition D.3.6
and Proposition D.4.1, we have

|
=

U2 € Mpel2,+00) X (T/2,T) p- (D.147)
From (D.145), for e sufficiently small, we have
1921l oo (72,7 x02) < @/2 (D.148)

where a is defined in Step 1. Therefore, from (D.148) and (D.138), gg(@)iﬁ is well-
defined. Moreover, from (D.139), for e sufficiently small, we have

1 1
H2+1 g9 () 2k+T 2,6/2 D.149
H 92(72) Lo((0,T/2)x Q) < max(a/2, 5/2), ( )
where a and [ are defined in Step 1.
Then, we set
@ = gyt (H#7 gy(13) %97 ) € L¥((T/2,T) x Q), (D.150)
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1
where g1 is defined as in Step 1. From the fact that g, ***' € W?>(—a/2,a/2) (see
(D.138)), (D.148) and (D.147), we check that

1
92(02)” 2T € Nye2,400) X (T/2,T) p- (D.151)

Taking into account that g;* € W2>(—a/2,3/2), (D.140), (D.151) and (D.150), we
verify that

W € Mpef2,+00) X(1/2.7).0- (D.152)
Finally, we define hy thanks to (D.150) and (D.152)

hy = Oz — Atz — f1(U2,12) € Npep10o) LP(T/2,T) x Q). (D.153)

which is supported on (7/2,T) x w by (D.142) and (D.14) (note that f1(0,.) = 0). This
ends the proof of Proposition D.5.3. O

D.6 Some generalizations of the global null-controllability
for “odd power systems”

In this section, we generalize Theorem D.2.5 to other parabolic systems. We omit the
proofs because in each case, it is a slight adaptation of the strategy of Annexe D.3.

D.6.1 Linear parabolic operators

We present a natural generalization of the global null-controllability of (Odd) to more
general linear parabolic operators than 9, — A.

Proposition D.6.1. Let k € N*, (dy,ds) € (0,+00)2, (b1,b2) € (L=(Qr)Y)?, (a1,a2) €
L*(Qr)?. Then,

Ou — diAu+b1.Vu+aju =hl, in (0,7) x Q,
v — doAv + by. Vv 4 agv = w1 in (0,7) x Q,
u,v =0 on (0,7) x 09,
(u,v)(0,.) = (uo, o) in €2,

is globally null-controllable.

The proof is based on a Carleman estimate different from the one in Proposition D.4.3
which can be found in | , Lemma 2.1].

D.6.2 Global null-controllability result for particular superlinearities

We state a global null-controllability result linked with the global null-controllability
of the semilinear heat equation.
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Proposition D.6.2. Let k € N*, f € C*°(R;R) such that
f(s)

0) =0 and — 0 when |s| — +o0.
f(0) 1022 (L1 J4]) 5|
Then,
Ou — Au = f(u) + hl, in (0,7) x €,
O — Av = u?F+1 in (0,7) x £,
u,v =10 on (0,7T) x 09,

(u7 U)(Oa ) = (U(), UO) in Q7
is globally null-controllable.

The proof is based on the global null-controllability of the semilinear heat equation
with superlinearity as the function f. Particularly, we can see | , Theorem 1.2]
proved by Enrique Fernandez-Cara and Enrique Zuazua or | , Theorem 1.7].

D.6.3 Global null-controllability for all “power systems”

Let n € N*. We have seen that (Power), with n an even integer, is not (globally)
null-controllable by the maximum principle (see Proposition D.1.9) but (Power), with
n an odd integer, is globally null-controllable (see Theorem D.2.5). In this section, we
consider the following system :

0w — Au = hl,, in (0,7) x €,
O — Av = |[u["tu in (0,T) x Q,
u,v =10 on (0,7T) x 09,
(u,v)(0,.) = (ug,vo) in Q.

(PowerO)

Definition D.6.3. The mapping @, : * € R + |z|" 'z € R is one-to-one. We note its
inverse function @, 1.

Remark D.6.4. For n an even integer, ®,,(u) = u™ if u > 0 and @, (u) = —u" if u < 0.
Whereas for n an odd power, ®,(u) = u™ for every u € R.

We have a generalization of Theorem D.2.5.

Theorem D.6.5. The system (PowerO) is globally null-controllable (in the sense of
Definition D.1.4).
More precisely, there exists (Cp)pe[2,400) € (0, 00)[2+%) such that for every initial

data (ug,vg) € L°°(Q)?, there exists a control h € [ LP(Qr) satisfying
PE[2,+00)

1/n
¥p € [2,40), 1l o(ar) < Cp (Inoll (o) + ol 20ey) (D.154)
and the solution (u,v) of (PowerO) verifies
(u,v)(T,.) = (0,0).
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The strategy of proof of Theorem D.6.5 is the same as for Theorem D.2.5. It is based
on the following key result.

Proposition D.6.6. For every 7 > 0, there exists C'- > 0 such that
for every yo € L*°(Q), there exists a control h, € L*(Q,) which verifies

19 ()| ey < Cr l90ll g -

el (h) e () Xeps
PE[2,+00)
p € [2,400), ICrp > 0, |07 (A, < Crplwollf gy -
hr(0,.) = he(7,.) =0,
vt € [0, 7], supp(h-(t,.)) CC w,
such that the solution y € L>*(Q,) of (D.19) satisfies y(7,.) = 0.

The proof of Proposition D.6.6 is a slight adaptation of Annexe D.4. First, we get a
Carleman estimate in L""! (see Theorem D.4.4). Secondly, we use a penalized duality
method in L1/ as in Annexe D.4.2 taking into account that the antiderivative of the
continuous mapping @ ! (see Definition D.6.3) is the strictly convex function

ntl nLHeXp(”THlogﬂx])) if x#£0,
' 0 if z=0.

D.6.4 Global null-controllability for “even power systems” in C

Let k € N*. We have seen in Proposition D.1.9 that global null-controllability does
not hold for
Ouw — Au = hl,, in (0,7) x €,
o — Av = u?* in (0,7) x €,
u,v =10 on (0,7) x 09,
(u,v)(0,.) = (up,vo) in Q.
A natural question, asked by Luc Robbiano, is : what happens if we consider complez-
valued functions? A positive answer i.e. a global null-controllability result for (Even)
with k =1 is given in | | (see | , Theorem 3|). Here, we want to generalize
this result for every k € N*. We have the following result.

(Even)

Theorem D.6.7. The system (Even) is globally null-controllable (in the sense of Defi-
nition D.1.4).
More precisely, there exists (Cp)pe[2,+oo) € (0, oo)[27+oo) such that for every initial

data (ug,vo) € L>(2)?, there exists a control h € (| LP(Qr; C) satisfying
PE[2,+00)

1/(2k
Wp € [2,+9), [hllwgricy < Cp (luoll gy + ol 2560 ) - (D.155)
and the solution (u,v) € L= (Qr,C)? of (Even) verifies

(u,v)(T,.) = (0,0).
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The strategy of proof of Theorem D.6.7 is the same as for Theorem D.2.5 (see An-
nexe D.3). The first step of the proof i.e. Annexe D.3.1 does not change but we have to
modify some arguments given in Annexe D.3.2.

Let us fix (ug,vp) € L>(2)? until the end of the section.

D.6.4.1 First step of the proof : steer u to 0

First, we find a control of (Even) which steers u to 0 in time 7'/2 (see the proof of
Proposition D.3.1).

Proposition D.6.8. There exists h; € L*((0,7/2) x ;R) satisfying

11 ll oo (0,772 x ) < C vl oo () » (D.156)
such that the solution (u1,v1) € L>=((0,7/2) x ;R)? of
3tu1 — Aul = hllw n (O,T/Z) X Q,
Oy — Avy = u2k in (0,7/2) x Q,
u,v; =0 on (0,7/2) x 09,
(u1,01)(0,.) = (ug,vo) in Q,

satisfies u1(7'/2,.) = 0. Moreover, we have
on(T/2, )l gy < € (IolZiy + ol eqe))- (D.157)

D.6.4.2 Second step of the proof : steer v to 0

The aim of this part is to find a complez control of (Even) which steers v to 0 (and
u from 0 to 0) in time 7.

Proposition D.6.9. Let ((u1,v1),h1) as in Proposition D.6.8.

There exists a control hy € (,¢po, o) L ((T/2,T) x €; C) satisfying

k
Wp € [2,400), Ihallnryoyxane) < Co (Iluollpmq + ol S ) - (D158)

such that the solution (ug,vs) € L®((T/2,T) x ;C)? of

8tuQ — AUQ = hzlw in (T/Q,T) X Q,
Opvg — Avg = u3¥ in (T/2,T) x £,
U2,V = 0 on (T/Q,T) X OQ,
(u2,v2)(T/2,.) = (0,v1(7/2,.)) in £,

satisfies (ug,v2)(T,.) = (0,0).

Our approach consists in looking at the second equation of (Odd) like a controlled heat
equation where the state is v(t,.) and the control input is u?*(t,.). Here, the question
consists in proving that the heat equation is null-controllable with a localized
control which is as an even power of a regular complex function.

Now, we can prove Proposition D.6.9.
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Proof. We apply Proposition D.6.6 with n = 4k, (0,7) < (T7'/2,T),

yo < v1(T'/2,.) € L>°(Q). Then, there exists a control H € L>((T/2,T) x §2) such that

O, (H) € ﬂ X(r/2,1),p
PE[2,400)
1/(4k

Wp e 2400, @ (D)., ., < Collur(T/2. )%

H(T/2,.)=H(T,.)=0,
Vit e [T/2,T], supp(H(t,.)) CC w,

and the solution vy of

8751)2 — Avg =H in (T/Q,T) X Q,
vy =0 on (T/2,T) x 01,
'U2(T/27 ) = UI(T/Qa ) inQ,
satisfies
va(T,.) = 0.
We introduce the notation ,
o:=e2z e C.

We take uo, the complex-valued function, as

Uy = (((@;5(1{))*)2 +a( ((¢>4‘;3(H))_)27

where the positive and negative parts of a real number x are defined as follows

" 1= max(z,0), x~ := —min(z,0).

From Definition D.6.3 and (D.165), we verify that

u? = ((((@5tm)")

Moreover, we have

4k

2 ()2 e WEP(R),  zw (27)? € W2X(R).

loc loc

From (D.159), (D.165) and (D.167), we have

we | () Xapny| NLET/2,T) x Q;0).

PE[2,+00)

We have, from (D.161),
ug(T/2, ) = UQ(T, ) =0.
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Then, we set, from (D.165), (D.168) and (D.162),
hy =0z — Aug € (| LP((T/2,T) x C), (D.170)
PE[2,+00)

which is supported in (7/2,T) x w. From (D.160), (D.157) and (D.165), we have

1/(2k
Vp € [2,+00), [1h2ll zo((ry2,m)x)0) < Cp (HUOHLoo(Q) + HUOHL/O(O(Q))) : (D.171)

By using (D.162), (D.163), (D.164), (D.166), (D.168), (D.169), (D.170) and (D.171), we
check
that ((ug,v2), he) satisfies Proposition D.6.9. O

D.7 Appendix

D.7.1 Proof of the uniqueness of the point 2. of Definition D.2.3

Proof. Let (ug,vo) € L>(Q)%, h € L*(Qr).
Let (u,v) € (WrNL®(Qr))? and (u,v) € (WrNL>®(Qr))? be two solutions of (NL).
Then, the function (%,9) := (u—u,v—10) € (WrNL>®(Q7))? satisfies (in the weak sense)

)i — A = fi(u,v) — f1(5) in (0,T) x Q,
00 — AD = fo(u,v) — fo(w,v) in (0,7T) x €,
u,v=0 on (0,7") x 08,
(@9)(0,.) = (0,0) in 0.

(D.172)

By taking (wi,ws) := (w,v) in the variational formulation of (D.172) (see (D.9) and
(D.10)) and by using the fact that the mapping t — H(ﬂ(zﬁ),i}\(t))THiZ,(Q)2 is absolutely
continuous (see | , Section 5.9.2, Theorem 3|) with for a.e. 0 <t < T,
d o~ 2 N~ i~ T
P H(u(t)7 U(t))THL2 Q)2 2 (atu(t)v u(t))7 (8tv(t)v U(t)) )
dt (@)
(H=1(92)%,Hg(92)?)
we find that for a.e. 0 <t < T,
1 d ~ ~ T 2 ~ T 2
5% (H(u(t)7v(t)) HL2(Q)2> + H(VU, V'l)) HL2(Q)2
T
= () = 7@, 00 (alo0) - 2(@).9))" ) .
(L2(2)%,L2(2)?)

By using the facts that (u,u) € L®(Qr)? and (z,y) — fi(z,y), (z,y) — fo(z,y) are
locally Lipschitz on R?, we find the differential inequality

% (H(a(t)ﬁ(t))TH;(Q)z) <C (H(a(t),@(t))THiQ(QP) forae 0<t<T.

Gronwall lemma and the initial condition (u(0),v(0)) = (0,0) (see (D.11)) prove
that (u(t),v(t)) = (0,0). Consequently, (u,v) = (u, ). O
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D.7.2 Proof of the general case for Corollary D.4.7
Proof. Let o1 € L#72(Q) and (p1.1)nen € (C52(2))N such that
orn — @rin L2*T2(Q). (D.173)

n—-4o0o

We denote by (5 )nen the sequence of solutions of

—Opn — A, =0 (0,T) x Q,
on =0 (0,T) x 99, (D.174)
(Pn(T, ) = $Tn Q.

The estimates (D.69) and (D.68) hold true for (¢,)nen by the Step 1 of the proof of
Corollary D.4.7. Moreover, from (D.173), (D.174), (D.37) and Proposition D.2.2 (parti-
cularly (D.8) for p = 2k + 2), we have

H@n - 90HL2’€+2(QT) <C H‘PT,n - ()DTHL%-FQ(Q) njroo 0, (D.175)
where ¢ € L?**2(Q7) is the solution of (D.37). By using
X2k+26—(k+1)sp(m)n(t) (Sn)3(k+1) e LOO(QT)7 (D 176)

and (D.175), we get

/ / 22 (bt D)son g3kt 1) |, 12642 (D.177)
0,7)xw

N // X2k+267(k+1)sp17(Sn)S(kJrl)‘¢’2k+2.
n—=00 (0,T)xw

From (D.69), (D.68) applied to (¢, )nen and (D.177), we deduce that (¢, (0,.))nen, (res-
pectively (e=P*1/2(sn)~™/2p, ) nen, respectively (e P12 (sn)~(M+2)/2¥ p,),en) is boun-
ded in L?**2(Q), (respectively L?**2(Qr), respectively L***2(Qr)) which is a Banach
reflexive space. Then, up to a subsequence, we can assume that

on(0,.) = (0,.) in L*F(Q), (D.178)
eI ()T oy T2 sm) T2 in L2 (Qr), (D.179)
e_p5”/2(577)_(m+2)/2Vg0n n:roo e_psn/Q(sn)_(m+2)/2ch in L2k+2(QT). (D.180)

In particular, we have
(0, ) 758 ) < Lim inf | (0, st ) (D.181)

n—-+00

< Cs 1iminf// Y22 (D) sp(@n(®) (gpy3(kt1)) o 12642 g0y
0,T)xw

< Cs// 22~ (R D)3p(@In(E) (g 301 | o 262 g
0,1
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and

// e~ (b D)spn () =(kt1)m) 12642 4 (g =(k+1)(m+2) |7 | 2642) (D.182)
(0,7)xQ
Sliminf// 6_(k+1)8m7((877)_(k+1)m’(pn’2k+2+(Sn)_(k+1)(m+2)’V(Pn’2k+2)
n—+00 (0,T)x £
gCliminf// X%Jr?e—(lwrl)spn(5)‘,,7)?)(“1),(pn,%Jr2
n—+o00 (0,T) xw

<C// X2k+2€_(k+1)sm](Sn)S(k+1)‘(p‘QIH_Q.
N (0,T) xw

The estimates (D.181) and (D.182) conclude the proof. O
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Annexe E

(Global null-controllability and
nonnegative-controllability of
slightly superlinear heat equations

Abstract : We consider the semilinear heat equation posed on a smooth bounded
domain © of RV with Dirichlet or Neumann boundary conditions. The control input is
a source term localized in some arbitrary nonempty open subset w of 2. The goal of
this paper is to prove the uniform large time global null-controllability for semilinearities
f(s) = +£|s|log®(2 + |s|) where a € [3/2,2) which is the case left open by Enrique
Fernandez-Cara and Enrique Zuazua in 2000. It is worth mentioning that the free solution
(without control) can blow-up. First, we establish the small-time global nonnegative-
controllability (respectively nonpositive-controllability) of the system, i.e., one can steer
any initial data to a nonnegative (respectively nonpositive) state in arbitrary time. In
particular, one can act locally thanks to the control term in order to prevent the blow-up
from happening. The proof relies on precise observability estimates for the linear heat
equation with a bounded potential a(¢,z). More precisely, we show that observability
holds with a sharp constant of the order exp (C Hchlx/)Q) for nonnegative initial data.
This inequality comes from a new L' Carleman estimate. A Kakutani-Leray-Schauder’s
fixed point argument enables to go back to the semilinear heat equation. Secondly, the
uniform large time null-controllability result comes from three ingredients : the global
nonnegative-controllability, a comparison principle between the free solution and the
solution to the underlying ordinary differential equation which provides the convergence
of the free solution toward 0 in L*°(Q)-norm, and the local null-controllability of the
semilinear heat equation.

E.1 Introduction

Let T > 0, N € N*, Q be a bounded, connected, open subset of RV of class C? and
n be the outer unit normal vector to 2. We consider the semilinear heat equation with
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Neumann boundary conditions :

Oy — Ay + f(y) =hl, in (0,T) x Q,
¥~ on (0,T) x 8, (E.1)
y(0,.) = %o in €,

where f € CH(R;R).

Remark E.1.1. All our results stay valid for Dirichlet boundary conditions (see An-
nexe E.7).

In (E.1), y =y(t,.) : @ = R is the state to be controlled and h = h(t,.) : 2 — R is
the control input supported in w, a nonempty open subset of 2.
We assume that f satisfies

F(0) =0. (E.2)

In this case, y = 0 solves (E.1) with yo = 0 and h = 0.
In the following, we will also assume that f satisfies the restrictive growth condition

f(s)

Ja>0, —
|s|1og®(1 + s])

— 0 as |s| = +o0. (E.3)

Under the hypothesis (E.3), blow-up may occur if h = 0 in (E.1). Take for example
f(s) = —|s|log®(1 + |s|) with @ > 1. The mathematical theory of blow-up for

Oy — Ay = [yllog™(1+ [y|) in (0,T) x Q,

y=20 on (0,7) x 09, (E.4)
y(0,.) = yo in Q,
was established in | | and | |. It was shown that blow-up

— occurs globally in the whole domain Q if o < 2,
— is of pointwise nature if o > 2,
— is ‘regional”, i.e., it occurs in an open subset of € if a = 2.
See | , Section 2 and Section 5| for a survey on this problem.
The goal of this paper is to analyze the null-controllability properties of (E.1).
Let us define Q7 := (0,T") x£. We recall two classical definitions of null-controllability.
Definition E.1.2. Let T' > 0. The system (E.1) is

— globally null-controllable in time T if for every yo € L>°(2), there exists h € L>®(Q7)
such that the solution y of (E.1) satisfies y(T,.) = 0.

— locally null-controllable in time T if there exists dp > 0 such that for every yo €
L>(Q) verifying [yo|| foc () < Or, there exists h € L>(Qr) such that the solution
y of (E.1) satisfies y(7',.) = 0.

We have the following well-known local null-controllability result.
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Theorem E.1.3. For every 7' > 0, (E.1) is locally null-controllable in time 7.

The proof of Theorem E.1.3 is a consequence of the (global) null-controllability of the
linear heat equation with a bounded potential (due to Andrei Fursikov and Oleg Imanu-
vilov, see | | or | , Theorem 1.5]) and the small L*> perturbations method (see
[ , Lemma 6| and | |, [ I, [ I, | I, [ | for other results
in this direction).

The following global null-controllability (positive) result has been proved indepen-
dently by Enrique Fernandez-Cara, Enrique Zuazua (see | , Theorem 1.2]) and
Viorel Barbu under a sign condition (see | , Theorem 2] or | , Theorem 3.6|) for
Dirichlet boundary conditions. It has been extended to semilinearities which can depend
on the gradient of the state and to Robin boundary conditions (then to Neumann boun-
dary conditions) by Enrique Fernandez-Cara, Manuel Gonzalez-Burgos, Sergio Guerrero
and Jean-Pierre Puel in | | (see also | | for the Dirichlet case).

Theorem E.1.4. | , Theorem 1]
We assume that (E.3) holds for « < 3/2. Then, for every 7' > 0, (E.1) is globally
null-controllable in time 7.

Remark E.1.5. Historically, the first global null-controllability (positive) result for (E.1)
with f satisfying (E.3) was proved by Enrique Fernandez-Cara in | | for « <1 and
for Dirichlet boundary conditions.

The following global null-controllability (negative) result has been proved by Enrique
Fernandez-Cara, Enrique Zuazua (see | D).

Theorem E.1.6. | , Theorem 1.1]

We set f(s) := f(ls| log?(1 + o)do with p > 2 and we assume that Q \ @ # (). Then, for
every T' > 0, there exists an initial datum yg € L*°(€2) such that for every h € L>®(Qr),
the maximal solution y of (E.1) blows-up in time 7% < T.

Remark E.1.7. Such a function f does satisfy (E.3) for any o > p because |f(s)| ~
|s| logP(1 + |s|) as |s| = +o00. Then, Theorem E.1.6 shows that (E.1) can fail to be null-
controllable for every 7' > 0 under the hypothesis (E.3) with a > 2. Theorem E.1.6
comes from a localized estimate in €2\ @ that shows that the control cannot compensate
the blow-up phenomena occurring in 2\ @ (see | , Section 2]).

When the nonlinear term f is dissipative, i.e., sf(s) > 0 for every s € R, then
blow-up cannot occur. Furthermore, such a nonlinearity produces energy decay for the
uncontrolled equation, therefore naively one may be led to believe that it can help in
steering the solution to zero in arbitrary short time. The results of Sebastian Anita and
Daniel Tataru show that this is false, more precisely that for “strongly” superlinear f
one needs a sufficiently large time in order to bring the solution to zero. An intuitive
explanation for this is that the nonlinearity is also damping the effect of the control as
it expands from the controlled region into the uncontrolled region (see | ).

273



Theorem E.1.8. | , Theorem 3|

We set f(s) := slogP(1 + |s|) with p > 2 and we assume that Q \ @ # 0. Then, there
exist zgp € 2\ w, Tp € (0,1) such that for every T' € (0,Tp), there exists an initial
datum yo € L*°() such that for every h € L*(Qr), the solution y to (E.1) satisfies
y(T, .’L‘o) < 0.

Remark E.1.9. In particular, for such a f as in Theorem E.1.8, (E.1) is not globally
null-controllable in small time 7. Theorem E.1.8 is due to pointwise upper bounds on
the solution y of (E.1) which are independent of the control h (see | , Section 3]).

E.2 Main results

E.2.1 Small-time global nonnegative-controllability

We introduce a new concept of controllability.

Definition E.2.1. Let 7" > 0. The system (E.1) is globally nonnegative-controllable
(respectively globally nonpositive-controllable) in time T if for every yo € L%°(£2), there
exists h € L*°(Qr) such that the solution y of (E.1) satisfies

y(T,.) >0 (respectively y(T,.) < 0). (E.5)

The first main result of this paper is a small-time global nonnegative-controllability
result for (E.1).

Theorem E.2.2. We assume that (E.3) holds for a < 2 and f(s) > 0 for s > 0
(respectively f(s) < 0 for s < 0). Then, for every T' > 0, (E.1) is globally nonnegative-
controllable (respectively globally nonpositive-controllable) in time 7.

Remark E.2.3. Theorem E.2.2 is almost sharp because it does not hold for a > 2
according to Theorem E.1.8. The case where | f(s)| ~ |s|log?(14|s|) as |s| — +oc is open.
However, by following the proof of Theorem E.2.2 (see Annexe E.5), we can prove that for
a given T > 0, there exists a constant ¢ = £(, w, T') such that if |f(s)| < elog?(1 + |s|)
for |s| large and f(s) > 0 for s > 0, then (E.1) is globally nonnegative-controllable in
time T

Remark E.2.4. Theorem E.2.2 does not treat the case f(s) = —slogP(1 + |s|) with

p < 2 because of the sign condition.

E.2.2 Large time global null-controllability

The second main result of this paper is the following one.

Theorem E.2.5. We assume that (E.3) holds for o < 2, f(s) > 0 for s > 0 or f(s) <0
for s < 0 and 1/f € L'([1,+00)). Then, there exists T sufficiently large such that (E.1)
is globally null-controllable in time 7.
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Remark E.2.6. Theorem E.2.5 proves that Theorem E.1.6 is almost sharp. Indeed, let
us take f(s) = f0|s‘ logP(1 + o)do with p < 2, then by Theorem E.2.5, there exists T
sufficiently large such that (E.1) is globally null-controllable in time 7. In particular,
one can find a localized control which prevents the blow-up from happening. The case
f(s)= fés‘ log?(1 + o)do is open.

Remark E.2.7. Theorem E.2.5 does not treat the case f(s) = —slogP(1 + |s|) with
p < 2 because of the sign condition.

Remark E.2.8. The small-time global null-controllability of (E.1) remains open when
(E.3) holds for 3/2 < a < 2.

E.2.3 Proof strategy of the small-time global nonnegative-controllability

We will only prove the global nonnegative-controllability result. The nonpositive-
controllability result is an easy adaptation.

The proof strategy of Theorem E.2.2 will follow Enrique Fernandez-Cara and Enrique
Zuazua’s proof of Theorem E.1.4 (see | ).

The starting point is to get some precise observability estimates for the linear heat
equation with a bounded potential a(t,z) for nonnegative initial data. More precisely,

we show that observability holds with a sharp constant of the order exp (C’ ||a||1/ 2)

oo
for nonnegative initial data (see Theorem E.4.4 below). This is done thanks to a new
Carleman estimate in L' (see Theorem E.4.9 below). This leads to a nonnegative-
controllability result in L° in the linear case with an estimate of the control cost of
the order exp (C ||a|\i</)2) which is the key point of the proof (see Theorem E.4.1 below).

We end the proof of Theorem E.2.2 by a Kakutani-Leray-Schauder’s fixed-point stra-
tegy. The idea of taking short control times to avoid blow-up phenomena is the same as
in | | and references therein. More precisely, the construction of the control follows
two steps. The first step consists in steering the solution y of (E.1) to y(7,.) > 0 in time
T* < T with an appropriate choice of the control. Then, the two conditions : f(0) =0
and the dissipativity of f in R™ imply that the free solution y of (E.1) (with h = 0)
defined in (7*,T') stays nonnegative and bounded by using a comparison principle (see
Annexe E.5).

E.2.4 Proof strategy of the large time global null-controllability

We will only treat the case where f(s) > 0 for s > 0. The other case, i.e., f(s) <0
for s < 0 is an easy adaptation.

The proof strategy of Theorem E.2.5 is divided into three steps.

First, for every initial data yo € L*°(2), one can steer the solution y of (E.1) in time
T} :=1 (for instance) to a nonnegative state by using Theorem E.2.2.

Secondly, we let evolve the system without control and we remark that

V(t,x) € [T1,+00) x Q, 0 < y(t,z) < G(t),
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with G independent of [[y(T1,.)|[ e (q) and G(f) — 0 when ¢ — +oo. This kind of
argument has already been used by Jean-Michel Coron in the context of the Burgers
equation (see [ , Theorem 8]).

Finally, by using the second step, for T, sufficiently large, y(7%,.) belongs to a small
ball of L>°(2) centered at 0, where the local null-controllability holds (see Theorem E.1.3).
Then, one can steer y(T3,.) to 0 with an appropriate choice of the control.

E.3 Parabolic equations : well-posedness and regularity

The goal of this section is to state well-posedness results, dissipativity in time in LP-
norm, maximum principle and LP-L? estimates for linear parabolic equations. We also
give the definition of a solution to the semilinear heat equation (E.1). The references of
these results only treat the case of Dirichlet boundary conditions but the proofs can be
easily adapted to Neumann boundary conditions.

E.3.1 Well-posedness

We introduce the functional space

Wr = L*(0,T; H' () 0 H (0, T3 (H(Q))), (E.6)
which satisfies the following embedding (see | , Section 5.9.2, Theorem 3|)
Wr < C(0,T]; 13(9)). (1)

E.3.1.1 Linear parabolic equations

Definition E.3.1. Let a € L™®(Qr), F € L*(Qr) and yo € L*(Q). A function y € Wr

is a solution to
Oy — Ay +a(t,z)y=F in (0,T) x Q,

- on (0,T) x 09, (E.8)
y(oa ) = Yo in Qv
if for every w € L?(0,T; H(Q)),

Vy.Vw +/

T
/ Oy, w) (1 (), HY () T
0 Q

ayw:/ Fw, (E.9)
Qr T Qr

and
y(0,.) = yo in L*(Q). (E.10)

The following well-posedness result in L? holds for linear parabolic equations.

Proposition E.3.2. Let a € L™®(Qr), F € L*(Qr) and yo € L*(Q). The Cauchy
problem (E.8) admits a unique weak solution y € Wp. Moreover, there
exists C' = C(2) > 0 such that

Wl < Cexp (CT lall i ) (190l + 1Pl ) - (B11)
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The proof of Proposition E.3.2 is based on Galerkin approximations, energy estimates
and Gronwall’s argument (see | , Section 7.1.2]). Note that Proposition E.3.2, i.e.,
the solvability of (E.8) remains true under more general conditions on the potential a
(see | , Chapter 3, Paragraph 4, Theorem 4.1]).

We also have the following classical L>-estimate for (E.8).

Proposition E.3.3. Let a € L>®(Qr), F € L>®(Qr) and yo € L>°(Q2). Then the solution
y of (E.8) belongs to L*°(Qr) and there exists C' = C(2) > 0 such that

19l 2 @ry < Coxp (CT llall gy ) (190l o0y + 1PNy - (E.12)

The proof of Proposition E.3.3 is based on Stampacchia’s method (see the proof of
| , Chapter 3, Paragraph 7, Theorem 7.1] or | , Proof of Proposition 4.2.1]).

Let us also mention the dissipativity in time of the LP-norm of the heat equation with
a bounded potential.

Proposition E.3.4. Let a € L®(Q7), yo € L*(Q) and t; < ty € [0,T]. Then, there
exists C' = C(€2) > 0 such that the solution y € Wr of (E.8) with F' = 0, satisfies for
every p € [1,2],

9(t2, ) gy < C exp (CT llall gy ) It gy (E.13)

The proof of Proposition E.3.4 is based on the application of the variational formu-
lation (E.9) with a cut-off of w = |y|P~2y and a Gronwall’s argument.

E.3.1.2 Nonlinear parabolic equations

We give the definition of a solution of (E.1).

Definition E.3.5. Let yp € L>®(Q), h € L>®(Qr). A function y € Wr N L*(Qr) is the
solution of (E.1) if for every w € L?(0,T; H'()),

T
/0 Oy, w) (@) + | Vy.-Vw+ ; f(y)w:/ hl,w, (E.14)
T T

Qr

and
y(0,.) = yo in L>(Q). (E.15)

The uniqueness of a solution to (E.1) is an easy consequence of the fact that f is
locally Lipschitz because f € C'(R;R).

E.3.2 Maximum principle

We state the maximum principle for the heat equation.
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Proposition E.3.6. Let a € L>®(Qr), F < G € L*(Qr) and yo < 29 € L*(Q). Let y
and z be the solutions to

Oy — Ay +a(t,z)y = F, Oz — Az +a(t,z)z =G in (0,T) x Q,
o = . =0 on (0,T) x 99, (E.16)
2(0,.) = 2o in Q.

on —
y(07 ) = Yo,

Then, we have the comparison principle
YVt € [0,T], ae. z € Q, y(t,z) < z(t,x). (E.17)

The proof of Proposition E.3.6 is based on the comparison principle for smooth solu-
tions of (E.16) (see | , Theorem 8.1.6]) and a regularization argument.

We state a comparison principle for the semilinear heat equation (E.1) without control
h.

Proposition E.3.7. Let yp € L*°(£2), h = 0. We assume that there exist a subsolution y
and a supersolution 7 in L*(Qr) of (E.1), i.e., y (respectively y) satisfies (E.14), (E.15)
replacing the equality = by the inequality < (respectively by the inequality >). Moreover,
we suppose that y and g are ordered in the following sense

Vt € [0,T], ae. z € Q, y(t,z) <7(t, z).

Then, there exists a (unique) solution y of (E.1). Moreover, y satisfies the comparison
principle
Vt € [0,T], a.e. 2 € Q, y(t,z) <y(t,x) <yt x). (E.18)

For the proof of Proposition E.3.7, see | , Corollary 12.1.1].

E.3.3 LP-1L9 estimates
We have the well-known regularizing effect of the heat semigroup.

Proposition E.3.8. | , Proposition 3.5.7]
Let 1 < q <p < +4oo, yo € L*(Q) and y be the solution to (E.8) with (a, F) = (0,0).
Then, there exists C = C(2,p, q) > 0 such that for every t; < to € (0,T), we have

1

_N(1_1
ly(te, Mppo) < Clta —t1) 2 (i-5) ly(t1, )l ooy (E.19)

E.4 Global nonnegative-controllability of the linear heat equa-
tion with a bounded potential
E.4.1 Statement of the result
Let a € L>®(Qr). We consider the heat equation with a bounded potential

Oy — Ay +a(t,z)y = hl, in (0,7T) x Q,
-9 on (0,T) x 99, (E.20)
y(0,.) =wo in €,

278



and the following adjoint equation

-0 — Aq+a(t,z)g=0 1in (0,7) x Q,
91— on (0,T) x 09, (E.21)
q(T,.) = qr in Q.

The goal of this section is to prove the following theorem.

Theorem E.4.1. For every T > 0, (E.20) is globally nonnegative-controllable in time
T. More precisely, for every T' > 0, there exists C' = C(Q,w, T, a) > 0, with

1 1/2
C(Qw,T,a) = exp <C(Q,w) <1 + T + Tlall poo(gpy + HaHL/OO(QT))) (E.22)
such that for every yo € L%(Q), there exists h € L>°(Q7) such that
||h||L°°(QT) < C(Q,W,T, CL) ||y0HL2(Q) ’ (E23)
and
y(T,.) > 0. (E.24)

Remark E.4.2. Actually, by looking carefully at the proof of Theorem E.4.1 (see An-
nexe E.4.5 below), we can see that the control & in Theorem E.4.1 can be chosen constant
in the time and the space variables.

Remark E.4.3. It is well-known that (E.20) is globally nonnegative-controllable in time
T because it is globally null-controllable in time T (see | , Theorem 2|)
but the most interesting point is the cost of nonnegative-controllability given in Theo-

rem E.4.1. In particular, the exponent 1/2 of the term HaHlL/i(QT) will be the key point
to prove Theorem E.2.2 (see Annexe E.5).

E.4.2 A precise L?>-L! observability inequality for the linear heat equa-
tion with bounded potential and nonnegative initial data

The proof of Theorem E.4.1 is a consequence of this kind of observability inequality.

Theorem E.4.4. For every T' > 0, there exists C = C(Q,w, T, a) > 0 of the form (E.22)
such that for every qr € L2(€; RT), the solution ¢ to (E.21) satisfies

2

l9(0, I 2(q) < C </(]T/wqdmdt> . (E.25)

An immediate corollary of Theorem E.4.4 is this observability inequality L?-L? that
we state to discuss it below, but that will not be used in the present article.

Corollary E.4.5. For every T' > 0, there exists C = C(Q,w, T, a) > 0 of the form (E.22)
such that for every gr € L?(€;R™) the solution ¢ to (E.21) satisfies

lg(0, |72y < C (/OT/qud:cdt> . (E.26)
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It is well-known that null-controllability in L? is equivalent to an observability in-
equality in L? for every qr € L?(;R) (see | , Theorem 2.44]). The main idea
behind Corollary E.4.5 is the fact that nonnegative-controllability in L? is a consequence
of an observability inequality in L? for every gr € L?(€;R*) (see Annexe E.4.5).

Remark E.4.6. It is interesting to mention that (E.26) holds with C of the form

B 1 2/3
C@w. ) =exp (€00 (14 3+ Thalieign + Wl ) (E20

for every gr € L?(;R) (see | , Theorem 2]). The exponent 2/3 of the term
Ha||i/oi (@r) is the key point to prove Theorem E.1.4. Note that the optimality of the
exponent 2/3 has been proved by Thomas Duyckaerts, Xu Zhang and Enrique Zuazua
in the context of parabolic systems in even space dimensions N > 2 and with Dirichlet
boundary conditions (see | , Theorem 1.1] and also | , Theorem 5.2 for the
main arguments of the proof). Corollary E.4.5 shows that we can actually decrease the
exponent 2/3 to the exponent 1/2 for nonnegative initial data. In some sense, we can make
the connection with the recent preprint of Camille Laurent and Matthieu Léautaud (see
[ ]). Indeed, the article | | is concerned with the short-time observability constant
of the heat equation. This constant is of the form exp(}C/T'), where K depends only on
the the geometry of Q and w. Luc Miller conjectured that K is (universally) proportional

to the square of the maximal distance from w to a point of Q (see | ). In | |, the
authors disprove the conjecture and show that the conjecture holds true for nonnegative
initial data by using Li-Yau estimates (see | ).

Remark E.4.7. In the context of the wave equation in one space dimension, the (op-
timal) constant of observability inequality for the linear wave equation with a bounded

potential is actually exp (C (1 + ||a||i/oz(QT)>) (see | , Theorem 4|) which leads to
the exact controllability of the semilinear wave equation in large time for semilinearities
satisfying (E.3) with a < 2 (see | , Theorem 1] and also | , Problem 5.5| for the
presentation of the related open problem in the multidimensional case). Roughly spea-
king, as an ordinary differential argument would indicate, this constant of observability
inequality is very natural because the wave operator is of order two in the time and the
space variables. Then, by analogy and by taking into account that the heat operator

is of order one in the time variable and of order two in the space variable, one could
rather expect a constant of obervability inequality of the order exp (C |||l LM(QT)) or

exp (C ||aH1L/£(QT)) which seem to be more intuitive than the term exp (C HaHi/i(QT)).

E.4.3 A new L! Carleman estimate

The goal of this section is to establish a L' Carleman estimate for nonnegative initial
data (see Theorem E.4.9 below). First, we introduce some classical weight functions for
proving Carleman inequalities.
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Lemma E.4.8. Let wyp CC w be a nonempty open subset. Then there exists n° € C%(Q)
such that n° > 0 in Q, n° = 0 in 99, and |V7°] > 0 in Q \ wp.

A proof of this lemma can be found in | , Lemma 2.68|.
Let wp be a nonempty open set satisfying wy CC w and let us set

62)\”170H00 — e)‘no(x)

at,x) := =1 , (E.28)
e’ (2)
E(t,x) = m, (E.29)

for (t,x) € Qr, where n° is the function provided by Lemma E.4.8 for this wg and A > 1
is a parameter.
We have the following new L' Carleman estimate.

Theorem E.4.9. There exist two constants C := C(Q,w) > 0 and C; := C1(Q,w) > 0,
such that,

VAS 1, Vs> si() = C(Qw)e "l <T+ T2 4+ 77 Ha||}:/£(QT)> . (E.30)

for every gr € L?(€2;R*), the nonnegative solution ¢ of (E.21) satisfies
/ e 52 qdxdt < C / e 52 qdxdt. (E.31)
T (O,T)Xw

Proof. Unless otherwise specified, we denote by C' various positive constants varying from
line to line which may depend on 2, w but independent of the parameters A and s.
We introduce other weights which are similar to a and &

62>‘”"70 ”oo — e—MO(I)

o = E.32
~ €—>\770(95)
The following estimates
|0i0] = | — 9] < OX, 0:6] = | — 9] < O,
.0 <ore Pl jo,a) <orgeMlle, (B34
(T/2)%€ > 1, (T/2)%€ > e Ml

will be very useful for the proof.

Let gr € C2°(Q;R™). The general case comes from an easy density argument by using
the fact that C2°(Q; RY) is dense in L2(Q;R*) for the L2(Q;R) topology.

The solution ¢ of (E.21) is nonnegative by applying the maximum principle given in
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Proposition E.3.6 with y = 0 and z(¢t,z) = q(t — T, x). Actually, if ¢r # 0, the strong
maximum principle gives that ¢ is strictly positive in Q7 (see | , Chapter 7, Section
7.1, Theorem 12]).
We define
P :=e %% and P i=e %Y.
The proof is divided into five steps :
— Step 1 : We integrate over (0,7") x Q an identity satisfied by ).
— Step 2 : We get an estimate which looks like (E.31) up to some boundary terms.
— Step 3 : We repeat the step 1 for {DV
— Step 4 : We repeat the step 2 for {/JV
— Step 5 : We sum the estimates of the step 2 and the step 4 to get rid of the

boundary terms.

Remark E.4.10. The “trick” of the proof to get rid of the boundary terms is inspired
by the proof of the usual L? Carleman estimate for Neumann boundary conditions due
to Andrei Fursikov and Oleg Imanuvilov (see | , Chapter 1] and also | ,
Appendix]).

Step 1 : An identity satisfied by ). We readily obtain that

My =0, (E.35)
where
M = —s)2|Vn°2eep — 2sAEVR°. V) + ) (E.36)
+ XV P + A + saytp — alt, z)ip
— sSAAR &Y.
Remark E.4.11. The starting point, i.e., the identity (E.35) is the same as in the
classical proof developed by Andrei Fursikov and Oleg Imanuvilov in | | (see also
[ , Proof of Lemma 1.3] or | , Section 7]). But, from now, the proof strategy

of the L'-Carleman estimate is very different from the usual one of the L?-Carleman
estimate. Indeed, we will focus on the fourth right hand side term of (E.36)

s° N2 [V 262

It is nonnegative because v is nonnegative and it is of order two in the parameter s
whereas the seventh right hand side term of (E.36)

a(t7 x)w?

is of order 0 in the parameter s. This comparison suggests to integrate the identity (E.35)
in order to obtain (E.31) for A > 1 and s > s1(\) as defined in (E.30).
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We integrate (E.35) over (0,7") x £

/ 2N VP |22y — / 2sANEVNY . Vi) + o + Ay

Qr Qr
:/ sA2|Vn|2ey — satQ,Z)Jr/ a(t, z)y (E.37)
Qr Qr Qr
+ / SAAR &Y.
Qr

Note that all the terms in (E.37) are well-defined. Indeed, by using g7 € C2°(£2) and
the parabolic regularity in L? to (E.21) (see | , Theorem 2.1|), we deduce that
q € Xo:=L2(0,T; H*(Q)) N H'(0,T; L?(2)) then ¢ € Xo.

Step 2 : Estimates for 1. As a consequence of the properties of " (see Lemma [£.4.8),

we have
m = min{\Vno(x)\Q ; er\wo} > 0, (E.38)
which yields
/ s N2V P2 (E.39)
Qr
> / SNV PPy > m/ SN —m S2AZE2)
(0,7)x (N\w) Qr (0,T)xw

By combining (E.37) and (E.39), we have

m / s2N2e) — 25NV Vi) + o + At
T Qr Qr Qr

g[;T sAQVnOF&/Hr/ S\at!dJJr/ la(t, z)|¢ (E.40)

Qr Qr
s [ osafleam [ ey,
Qr (0,T)xw

We have the following integration by parts

0
— / 2SNV Vi) = 25\ (VEVR Y + EARYp) — / 25A58i¢dadt, (E.41)
T Qr X on
| aw= [ ). =0 (E.42)
Qr Q
_ p
/Tmp =) on (E.43)

where X := (0,T) x 0.
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From (E.40), (E.41), (E.42), (E.43), we have

0
m/ 32)\2§2¢ — 23)\§8iw 4 871/1

Sr an Sr 871

< /Q VP + [ st [ Jatt o)l (E.44)
Qr Qr Qr

4 / 3sA| A€ + / 2AIVEIVIOlY +m / N2,
QT QT (OvT)Xw

By using the first two lines of (E.34) and A > 1, we have

/Q A + /Q sl + / la(t2)1

+/ 3SA|AnOISw+/ 25\ VE|| V|4
Qr Qr (E.45)

gc(/ 3A2§¢+/ 362’\||"0”ooT§2w+/ ya(t,x)\zp+/ SA§¢>
<cC A2 + 2 e 72 + t, ¢>-
</Ts /Tse /QT|a( x)|

By combining (E.44) and (E.45), we get

0
m $2A2E2) — 25)\§ai¢ + %
Qr Sr 872 Sr an
<c ( / SN + / seP a2y + / a(t, x)lw) (E.46)
+m j $2A2¢24).
(0,T)Xw

Absorption. The goal of this intermediate step is to absorb the third right hand side
terms of (E.46) by the first left hand side term of (E.46) by taking s sufficiently large.
In order to do this, it is useful to keep in mind the fact that A > 1 and the third line of
(E.34) for the next estimates.

By taking s > (T/2)%(4C/m), we have C's¢ < (m/4)(s€)? and consequently

o s\ep< [ 2N (E.47)
Qr 4 Qr

By taking s > TeQ’\H"OHoo(ZLC’/m), we have C’sez/\H"OHongz < (m/4)(Xs€)? and conse-
quently

¢ [ selilzey <t [ ey, (E.48)
Qr 4 T
By taking s > (T/2)? [la]| /2 o, (4C/m)"/2, we have C'|laf g,y < (m/4)(As)? and
consequently
c | Jalt,a)p < / S2A2E2e), (E.49)
Qr 4 T
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Therefore, by taking s > s1(\) as defined in (E.30), we have from (E.47), (E.48) and

(E.49) that

c(/ 5A25¢+/ se”HWOHMTngr/ |a(t,g;)|¢> < ?’ZL/ s2A2¢2q).
T T Qr T

Then, from (E.46) and (E.50), for s > s1()\), we get

0
m/ xzety— [ oy [ 9 < m/ $2A2624p.
4 Jor Sr on (0,T)xw

Sr on —
Step 3 : An identity satisfied by 1Z We readily obtain that
My =0,
where
M = —sX2|Vn° 260 + 2sAEVR0 .V + Oy

+ SNV PP + A + stutp — alt, 2)i

+ s/\AnOg{pv.
We integrate (E.35) over (0,7") x €2

| oswnpeis [ 209 wis [ aws [ ad
Qr Qr Qr

QT

_ /QT 5/)\2V7702§J /QT SatquL/QT a(t,z)Y
— [ s Aney.

Qr

Step 4 : Estimates for {/; By using (E.38), we have

/ s2N2 |V 2e%y

T

>/ 2RV P20 > m [ 20282 —m X282
(0,7)x (N\w)

Qr (0,T) xw

By combining (E.54) and (E.55), we have

22827 A0V - AD
m/TS €¢+/QT28 EVn Vw+/quat¢+ o, Y

g/Q SA2V770|2§~1Z+/ 8\&t|1z+/ \a(t,:r)lzl
Qr Qr Qr
[ AP [ e
Qr (0,7)xw
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We have the following integration by parts

/ 2NV V) = — / 25\ (vgvn% + gAnO{z?) + /Z 23A5~%7775J, (E.57)

T

/ O = /Q (B(T..) —(0,.)) = 0. (E.58)
Ay = @V. (E.59)
QT S on

From (E.56), (E.57), (E.58), (E.59), we have

o —on0 - z
m | X282+ / 9sAEDL ] 4 / o
Qr Sr 871 Sr 87’l

< / N |VOPED + / s\l + / lat, 2)|& (E.60)
Qr Qr Qr
+ / 3N AYIED + / 25 AIVE[ Tl + m SR8,
Qr Qr (0,T)xw

By using the first two lines of (F.34) and the fact that A > 1, we have

/Q WITPRET /Q Sl + /Q ot )1

+/ 35A|An0|&5+/ 2\ VE|[VP |
Qr N Qr . - _ L (E.61)
gc(/ 3A2§¢+/ e ”ong%er/ ya(t,x)\w+/ SA§¢>
§c< | v [ setilrggy | |a<t,x>w)

By combining (E.60) and (E.61), we get

2\2727 -0’ ~ 8”@

m QTS)\ﬁw—l—/ETQs)\fanw—l- ZT%
o 250 Al g2 ~> E.62
< </Ts &H/QTSG w+/QTra(t,x)lw (E.62)

—i—mj 32)\25212.
(0,7)xw

Absorption. Note that we will use the third line of (E.34) in the next four estimates.
By taking s > e’\”"()”oo(T/2)2(4C/m), we have C's€ < (m/4)(s€)? and consequently

cf <™ / g (E.63)
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By taking s > Te4>‘H"OHOO(40/m), we have C’se2’\H’70HooT52 < (m/4)(As€)? and conse-
quently

c [ sy [ e, (E.64)
Qr 4 T
i Al 1/2 1/2
By taking s > e <(T/2)?[lal| /s @r) (4C/m)*/=, we have

Cllall oo (g < (m/4)(As€)? and consequently

o[ wags / g (E.65)

Therefore, by taking s > s1(\) as defined in (E.30), we have from (E.47), (E.48) and
(E.65) that

c(/ Svgp/ 864AIInOIIWT§2J+/ |a(t,:c)|$> g?’Z‘/ 2220, (E.66)

Then, from (E.62) and (E.66), for s > s1()\), we get
-~ ~onY ~ —~~
m/ $2A2€29) +/ 29sAE +/ o <m / $2\2624), (E.67)
4 T Xr on Er on (0,T)xw

Step 5 : Elimination of the boundary terms. From now, we take s > s1(\). By
summing (E.51) and (E.67), we get

m 24242 8770 oY
— sS4 — 2sAE—— + -
4 Qr é.w PO gani S 8n~
m 2,272 ~on" ~ oY
i 9 i bl
+4/Ts/\§1/1+/ET s)\éanw—i-/ETan (E.68)

S m (/ 82)\2621/1 +/ S2>\252J>
(0,7)xw (0,7 xw

Since n° = 0 on 95, we have
§:§~, a:&andwzzz on XL, (E.69)
which leads to B0 70
— / 25\ 2Ly +/ 25AE L4 — 0. (E.70)
Sr 3n Sr an
Moreover, we have
O = e7**(Dig + sAD€q), D) = e (Bq — s\ Eq),

whence by using 3 aq =0 on X7, we get

9% _ A%g —say OV _ _S)\aig —sdy
on

o on Y. (E.71)
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By using (E.69) and (E.71), we get

o, [ %

=0. E.72
Sr 871 Sr 871 ( )

We get from (E.68), (E.70) and (E.72)

% (/T82A2€2¢+/T82/\2€~2{/;>

<C ( PN +/

(0,7)xw (0,7 xw

s (E.73)
52A2§2¢> .

By forgettlng the second term of (E.73) which is nonnegative and by using the fact that
£ <& e < e in Qp, we get from (E.73) the Carleman estimate (E.31). This
concludes the proof of Theorem F.4.9. O

E.4.4 Proof of the L?-L' observability inequality : Theorem E.4.4

The goal of this subsection is to prove Theorem E.4.4, which is a consequence of
Theorem E.4.9, LP-L? estimates and the dissipativity in time of the LP norm of (E.21).

Proof. Step 1 : L'-L! observability inequality. We fix A = 1 and s = s; in Theo-
rem E.4.9 to get

/ 74T — t) 2 gqdzdt < C1(Q,w) / T — t) 2 *qdxdt. (E.74)
T (0,7)

First, we observe that in (7'/4,37/4) x Q

1/2
) N . oo, )(T+T2+T2|| ||L/ooQ ))
CHT -0 2 e | - 2
¢ - (E.75)
ge,c(g,w)(1+%+Ila\li/ori(QT>>.

Secondly, from the fact that z2e~M* < C'/M? for every x, M > 0 used with z = t~1(T —

t)~!and M = C(Q,w) (T +T%+ 1717 HaHlLﬁ(QT)), we remark that in (0,7) X w

t_2(T . t)—2€—soz
<t T — ) 2exp (-cm W) (T + T2+ T2 |lal| 2 o, ) =T — t)_1>
C
2
(C(Q W) (T+T2+ T2 al;2,)))
C(

(E.76)

<
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Then, we get from (E.74), (E.75) and (E.76)

1 a 1/2
gzt < @) (el gp) / qdxdt. (E.77)

/(T/4,3T/4) xQ (0,T)xw

On the other hand, we obtain by the dissipativity in time of the L'-norm (see Proposi-
tion E.3.4 with p = 1)

2C exp (CTHaHLoo(QT)) 3T/4
(/4. )l 1) < - [l (19

By using (E.77) and (E.78), we get

1a(T/4, gy < C(w, T,0) / gdadt, (E.79)
(0,T)xw
where C(Q,w, T, a) is defined in (E.22).
From now, we denote by C'(Q,w, T, a) various positive constants varying from line to
line which are of the form (E.22).
Step 2 : Global L2-L! estimate. The goal of this step is to prove that

100, )l 20 < C(Q, Ty @) la(T/4, ) 1 - (E80)

To simplify the notations, we set q(t) := q(T" —t) for t € [0, T]. Then, (E.80) rewrites as
follows
(E.81)

|a7.)]

< C(Q,w,T,a) Ha‘(ﬁ, .)‘

L2(Q) L)

with @ =T > ﬁ = 3T/4.

The proof of (E.81) will be a consequence of the regularizing effect of the heat-
semigroup (see Proposition E.3.8) and a bootstrap argument.

We introduce the following sequence

Ntk if g < N
=1 VEk >0 =4 N SN E.82
"o ’ =Y Thtl { 27‘k lf Tk Z N. ( )
We readily have from the definition (E.82) that
N /1 1 1
vk > 0, =——- < -<1, E.83
20 =5 (7 - o) <3 (E.83
and
A >1, rp>2. (E.84)
We also introduce a sequence of times
D A
vk € {0,...,[}, T = T1+7(T2—T1). (E85)
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Let us remark that

To-Ti T
Vk € {0,...,0}, Thy1 — Tp = 25 1:47. (E.86)
By induction, we will show that
Yk € {0, 1}, a(Te )l i) < C(Qw, T a) [[g(70, )l 1@ - (E.87)

The case k = 0 is obvious (take Cy = 1). Then, by denoting by S(t) = e!® the heat-
semigroup with Neumann boundary conditions, we have for every k > 0,

(ria1, ) = S(mht — T)A(7h, ) + / N S(rr — 8)(—als, (s, s, (E83)

Tk

from the equation satisfied by g (see (E.21)).
We assume that (E.87) holds for k € {0,...,l}. From (E.83), (E.83) and the regula-
rizing effect L™-L"++1 of the heat-semigroup (see Proposition E.3.8), we have

1G(Tks D)l priser @) < C(Q,w, T, a)((Tk—H — 1) 7 @) | o

e - 5 E
+ / (i1 = ) all yo @ 1T oy ds) - (E:89)
Tk
S C(Q7W7 Ta CL) (Al,k + AQ,k) )

where
Ar g = (Theyr = ) @) e » (£.90)
and _— L R
Avsei= [ s = )l ) 106k (E.91)

k

From (E.90), (E.86), (E.83) and (E.87), we have
Ar < OTPR0(Qw, T, a) [q(70, ) o) < C(Q,w,Ta) [3(r0, Ml iy - (B92)

From (E.91), the dissipativity in time of the L"™-norm (see Proposition E.3.4), the in-
duction assumption (E.87), the integrability condition coming from (E.83) and (E.86),
we have

Tk+1

Agr <ol (i1 = 8) " C TN |G| 1 (g dis

< Cllallo CT”aH""C(Q w, T, a) [@(r0, Ml 1 () (o1 — 1) 7
< C(Q w, T, a) |lall Tt 130, )l 11 2y (E.93)
Qw,T,a)llall, (T+ 1) llg(ro, M 21

< C( )
o allt/2 N
< C(@,w, T,a) (1o 426112 g, )|
< C(Qw,T,a) (|70, )l 110 -
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The estimates (E.89), (E.92) and (E.93) prove (E.87) for (k + 1) and concludes the in-
duction. Thus, (E.87) holds for k = [, which combined with (E.84) and (E.85), yields
(E.81).

Step 3 : By using (E.79) and (E.80), we prove (E.25) and consequently Theo-
rem E.4.4. O

E.4.5 Proof of the linear global nonnegative-controllability : Theo-

rem E.4.1
The goal of this section is to prove Theorem E.4.1. The following proof is inspired
by the so-called Hilbert Uniqueness method due to Jacques-Louis Lions (see | | and
more precisely | , Section 2.1]).

Proof. The proof is divided into two steps. First, we build a sequence of controls
he € L>=((0,T)xw) with € > 0 which provide the approximate nonnegative-controllability
of (E.20). Secondly, we pass to the limit when ¢ tends to 0.

Step 1. Let us fix T' > 0, a € L>(Q7) and yo € L?(f2). For any £ € (0,1), we
consider the following functional : for every g7 € L?(£;RY),

2
1
Tar) =5 ([ adedt) +ellarl e + [ aO o)z, (E.94)
2\ Jor)xw Q

where ¢ is the solution to (E.21).
The functional J, is continuous, convex and coercive on the unbounded closed convex
set L2(€; R*). More precisely, we will show that

lim inf Jz(ar)

_Jelar) (E.95)
larll 20y —+o0 larll p2(q)

Indeed, given a sequence (qrx)k>0 € L*(Q) with H‘JT,k”L2(Q) — 400, we normalize it :

qr .k

are = ———,
||qT,kHL2(Q)

and we denote by g, the solution to (E.21) associated to the initial data g7,. We have

Je(qrg)  llark
HQT,k||L2(Q) 2

2
L2(Q) _ _
</ qkd:cdt> +e +/ ak(0, z)yo(z)dz. (E.96)
(0,7)xw Q

We distinguish the following two cases.
Case 1:

k——+o00

lim inf/ qrdzxdt > 0. (E.97)
(0,T)xw
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When (E.97) holds, we clearly have

J,
i inf 72Tk _ oo > ¢
k=400 HqT7k|’L2(Q)
Case 2 :
lim inf/ grdzdt = 0. (E.98)
k=00 J(0,T) xw

In this case, by using the estimate (E.11) of Proposition E.3.2, the embedding (E.7) and
(E.98), extracting subsequences (that we denote by the index & to simplify the notation),
we deduce that there exists ¢ € Wy such that

qr — q in Wr, (E.99)
/ grdxdt — 0. (E.101)
(0,T)xw
By using Aubin Lions’ lemma (see | , Section 8, Corollary 4]) and (E.99), (qk)ken

is relatively compact in L?(Qr), then up to a subsequence we have
@ — ¢ in L*(Qr;RT). (E.102)
In view of (E.101) and (E.102), we have
¢g=0in (0,T) x w. (E.103)
Then, by using (E.103) and the observability inequality (E.25), we have
q(0,.) =0. (E.104)

Consequently, by combining (E.100) and (E.104), we have

/ 3(0, 2)yo (2)dx — 0,
Q

which yields (E.95) thanks to (E.96).
We deduce that J. admits a minimum g¢. 7 € L*(Q; RT). We take

he = (/ q€> 1., (E.105)
(0,7)xw

and we denote by y. € W N L*°(Q7) the solution to

8ty6 - Ays + a<t7x)y€ = halw in (OaT) X Qv

G =0 on (0,T) x 09, (E.106)
y6(07 ) =Y in Q.
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We use the fact that J.(¢r¢) < J-(0) =0 to get

2
1
5 </ Q6> +e ”q(s,T
(0,T)xw

‘LZ(Q) < —/ q:(0, x)yo(x)dx. (E.107)
Q
By using the observability inequality (E.25), (E.105), (E.107) and Young’s inequality, we
obtain the following bound on the sequence of controls
HhEH%OO(QT) <CQw,T,a) ||y0||2L2(Q) ) (E.108)

where C(2,w, T, a) is of the form (E.22).
For A > 0 and pr € L?(Q;R"), we have

Je(ger) < Je(ger + Apr). (E.109)

Dividing the inequality (E.109) by A and letting A — 0%, we obtain from (E.105) and
the Minkowski’s inequality

lge,r + )‘pTHLQ(Q) - ||QE,THL2(Q)

(50, p(0,. < hep + & lim inf
(40, p(0,.))r2() < /(O,T)xw -p+elimin s

< /( hep + 2 lprll 2 ) -

0,7) xw

(E.110)

where p is the solution to (E.21) with initial data pp. Since systems (E.20) and (E.21)
are in duality, we have

/ hep = (y=(T,.), pr)L2(0) — (Y0, (0, .)) L2(0) s (E.111)
(0,T)Xw

which, combined with (E.110), yields

(We(T, ), pr) ey = —¢ Iprll gy Vor € LA RY). (E112)

Step 2. By using (E.108), (E.106), Proposition E.3.2, Proposition E.3.3 and the
embedding (E.7), up to a subsequence, we get that there exist h € L>®(Qr) and y €
W N L>®(Qr) such that

he—* hin L>=(Qr) as € — 0, (E.113)

ye— y in Wr = y.(0,.)— y(0,.), y(T,.)— y(T,.) in LQ(Q) ase — 0. (E.114)

Then, by using (E.106), (E.113) and (E.114), we obtain that y is the solution of (E.20)
associated to the control h satisfying (E.23) (by letting £ goes to 0 in (E.108)) and

(T, .),pr)r20) = 0, Vpr € L*(Q;RT). (E.115)

Then, we deduce from (E.115) that y satisfies (E.24), which concludes the proof of Theo-
rem .4.1. O
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E.5 A fixed-point argument to prove the small-time nonli-
near global nonnegative controllability

The goal of this section is to prove Theorem E.2.2. We assume that (E.3) holds for
a<2and f(s) >0 for s > 0.
E.5.1 A comparison principle

First, we begin with this lemma, which is a consequence of the comparison principle for
subsolutions and supersolutions of (E.1) with control h = 0 stated in Proposition E.3.7.

Lemma E.5.1. Let T > 0, yo € L*>(f2). Assume that there exists 7% € (0,7] and
a control h* € L*(Qp+) such that the solution y € L®(Qp+) to (E.1) satisfies (E.5)
(replacing T" <— T™). Then, if we set

[ h*(t,.) forte (0,T%),
It ) = { 0 for t € (T, 1),

the solution y of (E.1) belongs to L>®(Qr) and satisfies (E.5). Moreover, there exists
C :=C(Q) > 0 such that
19l oo (@) < C Yl oo (e - (E.116)

Proof. By using the fact that f(0) =0, f(s) > 0 for s > 0 and the comparison principle
(see Proposition E.3.7), we have

Vt e [T*,T), ae x€Q, 0<y(t,z)<7tz), (E.117)
where y is the nonnegative solution to

O — A = in (T*,T) x Q,
gg =0 on (T*,T) x 04, (E.118)
y(T*,.) =y(T*,.) in Q.

Therefore, by using Proposition E.3.3 for (E.118), we get that there exists C' := C'(Q2) > 0
such that

191l oo (7 sy < C YT M ooy < C MYl Lo () - (E.119)
By using (E.117) and (E.119), we obtain that y € L>*(Qr), (E.5) and (E.116) hold. O

E.5.2 The fixed-point : definition of the application

We begin with some notations. Let us set

gs)={ 5 Hs#0 (E.120)
F(0) if s=0.



The function ¢ is continuous and by using the fact that f satisfies (E.3) with a < 2, we
deduce that for every ¢ > 0, there exists C; > 0 such that

Vs e R, |g(s)|"/? < elog(2+ |s]) + C.. (E.121)
The end of the section is devoted to the proof of Theorem E.2.2.

Proof. Let T > 0, yo € L>=(Q).

Unless otherwise specified, we denote by C various positive constants varying from
line to line which may depend on 2, w, T.

We will perform a Kakutani-Leray-Schauder’s fixed-point argument in L (Qr).

For each z € L>°(Qr), we consider the linear system

Oy — Ay +g(2)y = hl, in (0,7T) x Q,

ae=0 on (0,T) x 99, (E.122)
y(07 ) =Y in Q.
We set
* : 1/2
Tz ‘= 1nin (T7 ”g( )HLoo/ (Qr) ) (E123)

According to Theorem [E.4.1, there exists a control h, € L*°(Qr:) satisfying
1zl e (@)
< exp (c (1 + 7 T 1@ + 19N o) )) loll oy (B124)
<exp (C (149N o) ) Ivoll 2y
such that the solution y of (E.122) in (0,77) x © with h = h, satisfies
y(T*,.) > 0. (E.125)

By extending by 0 the control h, in (T7,T'), we get from (E.124)

1/2
172l ey < &0 (C (14 92 o) ) N0l 2y - (E.126)
For each z € L*(Qr), we introduce the set of controls
H(z) :={h, € L*(Qr) ; h, fulfills (E.126) and h, =0 in (T7,T) x Q}.  (E.127)

We have the following facts.

Fact E.5.2. For every z € L>®(Qr), H(z) is compact for the weak-star topology of
L>(Qr).

Fact E.5.3. Assume that zx — 2z in L>®(Qr) and hy € H(zx)—* h in L*°(Qr) as k —
+00. Then, we have h € H(z).

295



We define the set-valued mapping ® : L>(Q7) — P(L>(Qr)) in the following way.
For every z € L>®(Qr), ®(z) is the set of y € L>(Qr) such that for some h, € H(z), y
is the solution of (E.122) and this solution satisfies (E.125).

We recall the Kakutani-Leray-Schauder’s fixed point theorem (see | , Theorem
2.2, Theorem 2.4]).

Theorem E.5.4 (Kakutani-Leray-Schauder’s fixed point theorem). If
1. @ is a Kakutani map, that is to say for every z € L>®(Qr), ®(z) is a nonempty
convex and closed subset of L*(Qr),
2. ® is compact, that is to say for every bounded set B C L*(Qr), there exists a
compact set K C L*°(Qr) such that for every z € B, ®(z) C K,
3. ® is upper semicontinuous in L*°(Q7), that is to say for all closed subset A C
L®(Qr), 7 HA) = {2z € L=®(Qr) ; ®(2) NA # 0} is closed,
4. F:={y € L*(Qr) ; IAN€(0,1), y € A®(y)} is bounded in L>(Qr),
hold.
Then @ has a fixed point, i.e, there exists y € L>(Qr) such that y € ®(y).

E.5.3 Hypotheses of Kakutani-Leray-Schauder’s fixed point theorem

We will check that the four hypotheses of Theorem E.5.4 hold.

The point (1) holds. Indeed, for every z € L>®(Qr), we have seen that ®(z) is
nonempty. The convexity of ®(z) comes from the fact that the inequality (E.125) is stable
by convex combinations. Let us show that ®(z) is closed. Let (yx)ren be a sequence of
elements in L>°(Q)r), such that for every k € N, y;, € ®(2) and y, — y in L>(Q7). Then,
for every k € N, there exists a control hy € H(z) such that y is the solution to

Oy — Ayg + 9(2)yx = hily, in (0,T) x Q,

G =g on (0,T) x 9, (E.128)
Ye(0,.) = o in Q,

and this solution satisfies
ye(T7,.) > 0. (E.129)

By using Fact E.5.2, Proposition E.3.2 and the embedding (E.7), we get that there exist
a strictly increasing sequence (k;);en of integers and h € H(z) such that

hi,—* h in L>(Qr) as | = +o0, (E.130)

Yr, =y in Wr =y, (0,.) = vo, yg, (TF,.)— y(TS,.) in L*(Q) asl— +oo. (E.131)

By passing to the limit as | — +o0 in (E.128), (E.129) and by using (E.130) and (E.131),
we get that y € ®(z). This concludes the proof of the point (1).

The point (2) holds. Let B be a bounded set of L>®(Qr). By using (E.126) and
Proposition E.3.3 applied to (E.122), we deduce that there exists R > 0 such that for
every z € B, for every y € ®(z) associated to a control h, € H(z), we have

2y, he € B = {C € L®(Q1) 5 |l 1 (qp) < BY}- (E.132)
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Let Y € L*(Qr) be the solution to the Cauchy problem

&Y —AY =0 in (0,T) x Q,
& =0 on (0,T) x 09, (E.133)
Y (0,.) =yo in Q.

Let y* =y — Y, where y € ®(z), with z € B, associated to a control h, € H(z). Then,
y* is the solution to

oy* — Ay* + g(2)y = h.1, in (0,T) x Q,

% = on (0,T) x OQ, (E.134)
y*(0,.) =0 in Q.
From (E.132), we have
I=9(2)y + h2lull L (@) < Cr- (E.135)
From (E.135), a maximal parabolic regularity theorem in LP (see | , Theorem 2.1]),

with p = N + 2, applied to y*, solution of (E.134), we deduce that
y* € X, :=WhP(0,T; LP(Q)) N LP(0, T; W*P(Q)) and Hy*HXp < Cp. (E.136)

By the Sobolev embedding theorem X, < C%/28(Qr) with 8 > 0 (see | , Theo-
rem 1.4.1]), we deduce that y* € C°(Qr) and

V(t,z) € Qr, V(t',2") € Qr, |y*(t,x) —y* (', 2)| < Cr(|t — '[P/ + |z — 2'|%). (E.137)

Let K* be the set of y* such that (E.137) holds. Then, we have K := (Y + K*) N Bp is
a compact convex subset of L*°(Qr) by Ascoli’s theorem and

Vze B, ®(z) C K.

This concludes the proof of the point (2).

The point (3) holds. Let A be a closed subset of L>(Q7). Let (2x)ren be a sequence
of elements in L>®(Qr), (yk)ken be a sequence of elements in L*(Qr), and z € L*=(Q7)
be such that

2z — z in L>(Qr) as k — +o0, (E.138)
VE eN, y, € A, (E.139)
VE €N, yi € O(zg). (E.140)

By (E.140) and (E.126), for every k € N, there exists a control hy € H(zy) such that y
is the solution to

Oy — Ayk + g(zk)yk = hele in (0,T) x €,
Ge =0 on (0,T) x 69, (E.141)
yk(0,.) = yo in Q,
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and this solution satisfies
ye(T2 ,.) > 0. (E.142)

ZE)

By (E.138), Fact E.5.3 and the point (2) of Theorem E.5.4, we get that there exist a
strictly increasing sequence (k;);ey of integers, h € H(z) and y € L>®(Q7) such that

hi,—* h in L>(Qr) as | — +o0, (E.143)

Y, — y in L>(Qr) as | — +o0. (E.144)
Since A is closed, (E.139) and (E.144) imply that y € A. Hence, it suffices to check that

y € ®(2). (E.145)

Letting [ — 400 in (E.141) and (E.142) and using (E.138), (E.143) and (E.144), we get
that y satisfies (E.122) and (E.125). Hence, (E.145) holds. This concludes the proof of
the point (3).

The point (4) holds. This is the difficult point. The key point is the definition of
Ty, ie., (E.123) and (I.126) to get the first inequality of (E.147) (see below).

Let y € F. Then, for some A € (0,1) and h, € H(y), we have

Oy — Ay + f(y) = Ahyl, in (0,T) x Q,
g% =0 on (0,7T) x 09,
y(0,.) = Ayo in Q,

and
y(T;, ) >0.

Therefore, by using Lemma E.5.1 and Proposition E.3.3, we have

Wllii@r) = C Yl oy

. (E.146)
< Cexp (CT; gl =(r) ) (1900 + 1yl o))

Consequently, by taking into account the definition of 7, i.e., (E.123) and using (E.126),
(E.146), (E.121), we deduce that

1Wlzmory < exp (C (14 19@IE2 g, )) 190l ey
<exp(C(1+elog (2+Hy||Loo(QT) +O£))Hyo||Loo(Q) (E.147)

1
< exp (C:) <2 + HyHLOO(QT)) 190l Loe () -

Therefore, by taking ¢ sufficiently small such that eC' = 1/2, we deduce from (E.147)
that F is bounded in L*(Q7). This concludes the proof of the point (4).

By Theorem E.5.4, ® has a fixed point y. We denote by h, the associated control.
Then, by using Lemma E.5.1, y is the solution to (E.1) with control h, such that (E.5)
holds. This concludes the proof of Theorem F.2.2. O
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E.6 Application of the global nonnegative-controllability to
the large time global null-controllability

In this section, we prove Theorem E.2.5. We assume that (E.3) holds for a € [3/2, 2],
f(s)>0for s>0and 1/f € L'([1, +c0)).

Proof. Let yg € L*°(2). The proof is divided into three steps.

Step 1 : Steer the solution to a nonnegative state in time 77 := 1. By using
Theorem E.2.2, there exists h; € L*>(Q7,) such that the solution y to (E.1) replacing
T <+ Ty satisfies

yTI = y(Tl, ) Z 0.

Step 2 : Dissipation of f on RT and comparison to an ordinary differential
equation. We set

hg(t, ) =0, fort € [Tl,TQL

with 75 which will be determined later.
Then, by using the comparison principle given in Proposition E.3.7, we deduce that
the solution y to
Oy — Ay =—f(y) in(Th,T2) x Q,

% =0 on (Tl,TQ) X 89,
y(Tla ) =yn in Qa
satisfies
Vt € [T1,Ts], ae. x € Q, 0 < y(t,x) < wv(t), (E.148)

where v is the (global) nonnegative solution to the ordinary differential equation

M=) i (Ti,4o0)
{ U(Tl = HyT1||Loo(Q) +1 (E149)

A straightforward calculation leads to
Vt € [T1,+00), v(t) > 0 and F(v(t)) — F(v(Th)) =t —T1, (E.150)

where I is defined as follows

s -1 +o0 1
Vs >0, F(s) = . Wda = /s mda. (E.151)

Note that F is well-defined because f(c) > 0 for every ¢ > 0 and 1/f € L'([1, +c0))
by hypothesis. We check that F is a C! strictly decreasing function. Moreover, we have
1/f ¢ L'((0,1]) because f € C1(R;R) and f(0) = 0. Hence, we have by (E.151)

lim F(s) =400 and lim F(s)=0. (E.152)

s—0+ s—+00
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Therefore, we deduce that F : (0,4+00) — (0,+00) is a C!-diffeomorphism. We denote
by F~1: (0, +00) — (0,+00) its inverse, which is strictly decreasing. Then, by (E.150),
we have

Vt € [T1,+00), v(t) = F Yt —T) + F(v(Ty)) < F~Ht — Ty). (E.153)

The estimate (E.153) is the key point because it states that we can upperbound v by a
function independent of the size of v(77) and we also have

F7Y(t—-Ty) — 0ast — 4oo, (E.154)

by using (E.152).

Let 0 > 0 be such that the null-controllability of (E.1) holds in Bre(q)(0,4) in time
T = 1. The existence of ¢ is given by Theorem E.1.3.

By (E.154), we deduce that there exists T, sufficiently large such that

F YT, —Ty) <. (E.155)
Consequently, by using (E.148), (E.153), (E.155), we have
ae.x€Q, 0<y(Ty,z) <4 (E.156)

Step 3 : Local null-controllability. By using Theorem E.1.3 with T" = 1, we
deduce from (E.156) that there exists a control hg € L>®((T3,73) x Q) with T3 := Ty +1
such that the solution y of (E.1) replacing (0,7T) «+ (T»,T3) satisfies y(T3,.) = 0.

To sum up, the control

hi(t,) forte (0,T)),
h('[;, ) = hQ(t, ) for ¢ S (T17T2)>
hs(t,.) fort € (Ty,Ts),

steers the initial data yo € L*(€2) to 0. It is worth mentioning that the final time of
control T3 does not depend on yg. This concludes the proof of Theorem F.2.5. O

E.7 Dirichlet boundary conditions

Theorem E.2.2 and Theorem E.2.5 remain valid for Dirichlet boundary conditions,
as to say for
oy — Ay + f(y) =hl, in (0,7) x Q,
y=20 on (0,7") x 012, (E.157)
y(0,.) = yo in Q.

The main point is to establish a L'-Carleman estimate similar to Theorem E.4.9 for

-0 —Aq+a(t,z)g=0 1in (0,7) x Q,
g=0 on (0,T) x 09, (E.158)
q(T,.) = qr in Q.

We keep the notations of Annexe E.4.3.
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Theorem E.7.1. There exists two constants C' = C(Q,w) > 0 and C; := C1(Q,w) > 0,
such that,

VA>1, Vs> si(\):i=C(Qw) (e”IInOIIOOT + T2 4+ T2 ||a|ylL/j(QT)) . (E.159)

for every gr € L?(2;R™), the nonnegative solution ¢ of (E.158) satisfies
)\/ esas§2n0q—i—/ e %%q < C’l)\/ e *s&2qdxdt. (E.160)
T T (0,T)xw

Proof. The proof follows the one of Theorem E.4.9. This is why we omit some details.
We multiply the identity (E.35) by 7" and we integrate over (0,7) x {2

/ PNV P — / AT Ty + / @)’ + / (D)

— [ oniwnPevn~ | s+ [ att.oyon’ (E.161)
T Qr QT
+/ s)\AnO&/mo.
Qr

By the properties of 1%, we have
| oevipee zm [ @e¢ut —m [ @e@e, (@16
T Qr (0,7)xw

where m is defined in (E.38).
By combining (E.161) and (E.162), we have

m / S2A2E2m° — / 25A\E(Vn° . Vap)n® + / (Ou)n° + / (Agp)n°
Sf S/\len(’IQéwnoJr/ S\QtlwnOJr/ la(t, z)|yn° (E.163)
Qr QT QT
/\A 0 0 2)\2 2 O.
+/QTS N +m/<o,T>xf 2y

We have the following integration by parts

—/ 28/\€(V77°.V¢)170=/ 25X [ (VEVR I 0 + (A "y + £V Py | . (E.164)
Qr Qr T
| @ = [ 0w - vo.) =o. (E.165)
T Q
/ @ = | var (E.166)
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From (E.163), (E.164), (E.165), (E.166) and the properties of 7°, we have

m/ SN2 + 2m SAEY
T Qr

< f SN0 20 + / slaclin® + / la(t, 2) |
Qr QT Qr
43 / AP0 +2 / SAIVE Tl + / YA
Qr

T Qr
—|—m/ S2A2E2m° —|—2m/ SAEY.
(0,T)xw (0,T)xw

(E.167)

The first five right hand side terms of (E.167) can be absorbed by the first left hand
side term provided s > s1(\) as defined in (E.159) (see ‘Step 2, Absorption” of the
proof of Theorem F.4.9 for details : it is exactly the same mechanism as in the proof for
the Neumann case). The sixth right hand side term of (E.167) can be absorbed by the
second left hand side term provided s > C(Q,w)T?. The two last right hand side terms
of (E.167) are smaller than f(O,T)Xw s2X2¢24) provided s > C(Q,w)T?. This leads to

/ N0 + / A< C N2,

(0,T)xw
which yields (E.160) by dividing by sA. O

From Theorem E.7.1, we deduce a precise L?-L' observability inequality as in Theo-
rem E.4.4 by using the second left hand side term of (E.160). It is an easy adaptation of
Annexe E.4.4.

The proof of the linear global nonnegative-controllability result as Theorem E.4.1 and
the fixed-point argument (see Annexe E.5) remain unchanged. This leads to the small-
time global nonnegative controllability for (E.157).

The proof of the large time global null-controllability result for (E.157) follows the
same lines as Annexe E.6. In particular, the comparison principle between the free solu-
tion and the solution to the ordinary differential equation, i.e., (E.148) stays valid because
v(t) >0 on (Th,Ts) x 0.

E.8 Comments

E.8.1 Nonlinearities depending on the gradient of the state

We may wonder to what extent our main results, i.e., Theorem E.2.2 and Theo-
rem E.2.5 for (E.1) can be generalized for semilinearities F'(y, Vy) as considered in
| | (see also | |) under appropriate assumptions on F. We focus
on the Dirichlet case and we only consider semilinearities depending on the gradient state
to simplify :

Oy — Ay + F(Vy) = hl, in (0,T) x Q,
y=20 on (0,7") x 012, (E.168)
¥(0,.) =wo in 2,
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where F' € C1(RN;R) verifying F(0) = 0.
We have the following positive global null-controllability result (see | )
Theorem 1.1]).

Theorem E.8.1. We assume that (E.3) holds for a < 1/2. Then, for every T' > 0,
(E.168) is globally null-controllable in time 7.

Conversely, we have the following negative global null-controllability result (see | ,
Theorem 4.2]).

Theorem E.8.2. There exists F' satisfying F'(Vy) ~ |Vy|logP(1+ |Vy|) as |Vy| = +o0
with p > 1 such that for every r > 0, there exists yo € L>(€2) with |[yo|| o () = 7 such
that for every control h € L*°(Qr), the solution y of (E.168) satisfies y(t,.) # 0 for
every t < Cor, where Cy = Cp(Q,w, F). In particular, the system (E.168) fails to be null
controllable at any time 7" > 0.

Remark E.8.3. As already mentioned in | , Remark 4.5], there is a gap between
Theorem E.8.1 and Theorem E.8.2, it concerns semilinearities satisfying (E.3) for a €

(1/2,1].
Let B € L>®(Q7)". Following the proof strategy of Theorem E.2.2, we consider the
parabolic equation
Oy — Ay + B(t,z).Vy = hl, in (0,T) x Q,
y=20 on (0,7T) x 0, (E.169)
y(0,.) = wo in €,
and the following adjoint equation
—0ig — Aq—V.(¢B(t,x)) =0 in (0,7) x €,
q=0 on (0,T) x 09, (E.170)
q(T,.) = qr in Q.
By adaptating the proof of Theorem E.4.1 (see in particular the proof of the L!

Carleman estimate : Theorem E.4.9), we conjecture that we can prove the following
theorem.

Theorem E.8.4. For every T' > 0, (E.169) is globally nonnegative-controllable in time
T with a control cost of the following form

1
C(Q,w, T, B) = exp (C(Q,w) (1 + =+ T 1Bl (ony + ||B|LW(QT)N>> . (B.171)

Remark E.8.5. It is interesting to mention that the null-control cost of (E.169) holds
with a constant of the following form

1
C@wT.B) = exp (€00 (14 7+ TIB I wgryv + 1B g ) ).

see | , Theorem 3.1]. The exponent 2 of the term ||BH%OO(QT)N is the key point
to prove Theorem E.8.1.
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Idea of the proof of Theorem E.S8.4 : By setting ¢ = e™*%q where ¢ is the solution to
(E.170) associated to a nonnegative initial data, we check that 1 satisfies

0= — sAH V0 2Eq) — 250V .V + Oyt (E.172)
+ 82X |V 263 + Ay + sautp
+ V.(B(t,z)1) — sAeVR . B(t, x)y — sAAR Eqp.
Let us explain the key point to get Theorem E.8.4. The term —sAéVnY.B(t, z)v is of
order one in the parameter s whereas the term s?A\%|Vn°2¢2¢) is of order two. This
comparison will lead to (E.171). O

We strongly believe that Theorem E.8.4 could fill the gap mentioned in Remark E.8.3
in some sense thanks to the term exp(C(€%, w) || B| oo (gpyv)) in (E.171).

E.8.2 Nonlinear reaction-diffusion systems

We may also wonder to what extent our main results, i.e., Theorem E.2.2 and Theo-
rem E.2.5 for (E.1), can be adapted to the m x m semilinear reaction-diffusion system

Opu; — diAu; = fi(ul, - ,um) + h;1, in (O,T) X Q,

Vi<i<m, ¢ %4=0 on (0,T) x 89, (E.173)
ui(0,.) = u; 0 in Q,
with (di,...,dn) € (0,4+00)™ and (fi,..., fm) € CH{R™;R)™ satisfying
Vie{l,...,m}, fi(0,...,0)=0. (E.174)
We assume that the nonlinearity is strongly quasi-positive, i.e.,
ofi
Vu e R™, Vi#je{l,...,m}, a—g(ul,...,um) > 0. (E.175)
J
and satisfies a “mass-control structure”
Vu € [0, +00)™, Zfz(u) <C (1 + Zul> . (E.176)
i=1 i=1

Lots of systems come naturally with the two properties (E.175) and (E.176) in applica-
tions (see | , Section 2]).
We have the following global-nonnegative controllability result in small time.

Theorem E.8.6. For each f;, we assume that (E.3) holds for aw < 2. For every T > 0,
the system (E.173) is globally nonnegative-controllable in time T'.

Application E.8.7. Let a € (0,2). The system
Ou — Au = —ulog®(2 + |u|) + h1ly, in (0,7T) x Q,
0w — Av = ulog®(2 + |u|) + holy,  in (0,7) x Q,
Gu—Gv—0 on (0,T) x 99,
('LL, U)(Oa ) = (u()a UO) in Qa

(E.177)

is globally nonnegative-controllable for every time T > 0.
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Proof. As the proof is very similar to that of Theorem E.2.2, we limit ourselves to pointing
out only the differences.

Difference 1 : A L'-Carleman estimate for a linear parabolic system. Let
A € L*®(Qr; R™ ™) be such that

Vi#je{l,...,m}, ae. (t,x) € Qr, A;ij(t,z) > 0. (E.178)

Remark E.8.8. The condition (E.178) is satisfied by the linearized system of (E.173)
around (0,0) thanks to (E.175).

We consider the adjoint system

-0 — AC=A(t,z)¢ in (0,T) x Q,

on =0 on (0,T) x 9, (E.179)
C(T,.) =Cr in Q.

Our goal is to establish this L!'-Carleman inequality : for every (7 € L?(;R*)™, the
nonnegative solution ¢ of (E.179) satisfies

Z / e dxdt < O(Q (Z /0 . e‘S%QQd:z:dt), (E.180)

for any A > 1, s > s1(\) == C’(Q,(,u)e4)‘”’70”oo (T + T2+ T2 HAHlL/i (Qr: Rmxm))

In order to prove (E.180), we first remark that the nonnegativity of ¢ comes from
(E.178) (see | , Chapter 3, Theorem 13]). Then, by applying the same proof strategy
to each line of (E.179) as performed in Theorem E.4.9 and by forgetting for the moment

the terms involving A, ;(t, z)(;, we get

T

+ Z / e 5 N\2 () dedt)

Z/ e N2 (s6)2Cidzdt < C(9Q, )<HA\LOO QT/ e~ |dadt (E.181)
Q

for A\ >1, s> C(Q’w)e‘”‘H"OHoo (T +T?). We conclude the proof of (E.180) by absorbing

the first right hand side term of (E.181) provided s > C(£, w)T? HAHIL/OE Q)"
Difference 2 : Without control, the free solution associated to a nonnega-
tive initial data of (E.173) stays nonnegative and remains bounded. An adap-
tation of Lemma E.5.1 to the system (E.173) holds true. But, the reason is different. It
comes from | , Theorem 1.1] which ensures global existence of classical solutions
associated to nonnegative initial data for nonlinear reaction-diffusion systems with semi-
linearities satisfying (E.175), (E.176) and a (super)-quadratic growth (see also | |

under an additional structure assumption, the so-called dissipation of entropy).
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Remark E.8.9. It is worth mentioning that if the nonlinearities of (E.173) are bounded
in LY(Qr) for all T > 0 (which is the case of (E.177) for instance), then the solutions

exist globally because the growth of the semilinearity (f;)i<i<m is less than |ul¥ (see
[ , Section 1]).

This concludes the proof of Theorem E.8.6. O

In the following result, we give a sufficient condition to ensure the global null-
controllability of (E.173).

Theorem E.8.10. Let a € (1,2). For each f;, we assume that (E.3) holds with « and
m m m

3C >0, Vr € [0,400)™, Zfz(r) < -C <Z n) log® (2 + <Z n)) . (E.182)
i=1 i=1 i=1

Then, there exists T sufficiently large such that (E.173) is globally null-controllable in
time 7.

Application E.8.11. Let a € (1,2). There exists T' > 0 such that the system

Ou — Au = —ulog™(2 + |u| + |v]) + h1ly, in (0,7) x €,
v — Av = —vlog®(2 + |u| + |v]) + hely, in (0,T) x Q,

Ga=150=0 n (0,7) x 99,
(U, U)(O, ) = (U(),’U()) in Q,

is globally null-controllable in time 7" > 0.

Proof. As the proof is very similar to that of Theorem E.2.2, we omit the details.

The first step consists in steering the initial data to a nonnegative state in time
Ty := 1. This is possible thanks to Theorem E.8.6. After that, we use the following
comparison principle between u, the solution to

8,5711' — diAui = fi(ul, N ,um) in (Tl, Tg) X Q,
Vi<i<m, ¢ %i=0 on (Ty,Ty) x 99,
ui(Tl, ) = ’UJZ'7T1 in Q,

and v, the nonnegative (global) solution to the ordinary differential system

(t) = —fi(v(t)) in (11, +00),

vl<i< { ui(?) (E.183)
i <m, :
- - vi(Th) = i gy +1
that is to say
Vie{l,...,m}, Vt € [T1,T5], ae. z € Q, 0 <u(t,z) <vi(t). (E.184)

This comes from the quasi-monotone nondecreasing of (f;)1<i<m which is a consequence
of (E.175) (see | , Theorem 12.2.1] or also | , Chapter 8, Theorem 3.1]).
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Then, by using (E.182), (E.183), (E.184) and the arguments of the step 2 of the proof
of Theorem E.2.5, we readily get

Vie{l,...,m}, ae. z €, 0<u(Ts,x) <9,

where T, is chosen sufficiently large and 6 > 0 is the radius of the ball of L>(Q)™
centered at 0 where the local null-controllability of (E.173) holds in time 7" =1 (see for
instance | , Theorem 1.1] and the small L> perturbations method).

Then, one can steer u(7%,.) to 0 with an appropriate choice of the control. O

Another interesting problem could be to determine if Theorem E.8.6 and Theo-
rem E.8.10 can be generalized with fewer controls than equations in (E.173). The usual
strategy of Luz de Teresa to “eliminate controls” in a linear parabolic system (see | |
or | , Theorem 4.1]) seems to be difficult to implement because the Carle-
man inequality in L! (see Theorem E.4.9) only provide estimates on the function (and
not on its partial derivatives in time and space).

E.8.3 Numerical perspectives

It would be interesting to exploit the Carleman estimate Theorem E.4.9 in order to
compute numerically “optimal” (with a sense to precise) control for (E.20) (see for ins-

tance | , Section 2| or | |). A variational characterization of the control could
be probably obtained as in | , Proposition 2.1] by using Stampacchia’s theorem
(see | , Theorem 5.6]) instead of Lax Milgram’s theorem. Then, we could implement

a numerical method to find controls which steer the solution of (E.1) to a nonnegative
state (see | , Section 3]).
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Annexe F

The Landis conjecture for
nonnegative functions : a Carleman
approach

F.1 Introduction : the Landis conjecture
In the late 60’s (see | |), Evgeni Landis conjectured that if u satisfies
— Au+q(z)u=0 in RY, (F.1)

with ¢ € L>(R") and u satisfies the exponential decay estimate

3C >0, 3 >0, Vo € RY, Ju(z)| < Cexp(—C|z|*T), (F.2)
then
u=0  inRY. (F.3)
The Landis’ conjecture was disproved by Viktor Meshkov in 1991 in the complex case
(see | ]). Indeed, he constructed such ¢ € L>°(R?;C) and nontrivial u € L°>°(R?;C)
satisfying
3C >0, Vo € R?, |u(z)| < Cexp(—C|z|*/3). (F.4)

It remains an open question whether Landis’ conjecture is true for real-valued functions
q and u. In this short note, we confirm Landis’ conjecture for any nonnegative function
by a new L' estimate inspired by a Carleman approach. Note that this result has recently
been obtained by Luca Rossi by a different approach in the preprint | |.
F.2 The L' estimate for nonnegative functions
Theorem F.2.1. Let ¢ € L>®(RY;R). We assume that u € H'(R") satisfies

>0  inRY, (F.5)
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—Au+g(z)u=0  inRY, (F.6)
3C >0, 3 >0, Vz € RY, Ju(z)| < Cexp(—Clz|'T9). (F.7)
Then, we have

u=0  inR"Y. (F.8)

F.2.1 Weight functions

Before proving Theorem F.2.1, we introduce a sequence of
functions (Y)e>1 € CP(RF;[0,1])N and ¢ € C2(RT;[0,1]) satisfying the following
properties :

Vz e [0,1]U[n+1,+00), ¢p(z) =0, (F.9)

Vo € [2,n], ¥n(z) =1, (F.10)

Va € [3/2,2], nlz) > 1/2, (F.11)

Vz € [0,n], ¢/, (x) >0, (F.12)

V€ [0,3/2], ¥ (x) > 0. (F.13)

460l ey + 9 ey + 191 ey < € (F.14)
Vo € RY, ¥,(x) = v(x), ¥, (z) — ¢ (z), (a:) — " (x) as n — +o0, (F.15)
Vo € [0,1], ¥(z) = (F.16)

Vo € [2,400), Y(z) = (F.17)

Vz € [3/2 2, (z) > 1/2 (F.18)

Vx € [0, +00), ¢'(z) > (F.19)

Yz € [0, 3/2}, W' (z) > (F.20)

Proof. Let € > 0 be defined by (F.7) and @ € (1,1 +¢). Let n > 1 and s € (0,+00) be
two parameters. We set for every = € RN,

on(z) := fu(lz))u(z), (F.21)
where
Fall2]) := n(jz])e ", (F.22)

where v, is defined in Annexe F.2.1.
By elliptic regularity applied to (F.6), we get that v € H?(RY). Therefore, from
(F.21), we readily check that
v, € H*(RY). (F.23)

Moreover, by (F.7), (F.15), (F.21) and (F.22), we get that for almost every z € RV,
vn(z) = v(z) = P(|z))e’® u(z) as n — 400 and  wu(z) < v(z) € LYRY). (F.24)
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Step 1 : The elliptic equation satisfied by v,. From (F.6) and (F.21), we remark
that the function v,, satisfies the following elliptic equation

Avy, — q(x)vn = Afp(lz])u + 2V fr(|2]). Vu in RY, (F.25)

We readily have
T N —1

vo € RN, V fu(jzl) :.ﬂz(’x‘)m7 Afn(lz) :fﬁ(\x!)ﬂLWfé(!wD- (F.26)

Straightforward computations lead to : for every € RV,

T

Y ullz]) = 1" (wmxn T wn<|a:>sa\x|”x) , (F.27)

||

Afa(la]) = e ( n(lz]) + 207 (J2))salz |~ + vu(|a])sa(a — 1)]2]*

e N -1 o
+u(|z])s?a? 2?72 + W%(\wl) + (N — 1)salz| 2%(\»”4))-
(F.28)
By using Vu(.) = V(£ 1(|.)vn(.)), we get
Vfal?
2V f,,.Vu = ol J;’; | O+ 27V £ V. (F.29)
Moreover, we have
|V fl? (%)2 Vi el 2,9 202
-2 =-2—] —4—7salz — 2s%a’|x , F.30
72 ba) "t g (F-30)
! x
2f IV fr = QJH + 2salz|* 2. (F.31)
n |
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Therefore, by using (F.25), (F.27), (F.28), (F.29), (F.30) and (F.31), we get
Avy, + (—A(x) — q(x))vy, — B(x).Vu, =0, (F.32)

where
A(x) w”sa|x!°‘ Y yosafa —1)|z|272
an Un
— 14

+s a2|x|2cx 2 + R — (N — 1)so¢|x’a_2 (F.33)
|z

<¢n> wnsa’x‘a 1 282042|$’201727
Un wn

B(z) = w” + 2salz|* 2z (F.34)
Gnlal
After simplification, we get from (F.33) that
w//
A(x) w— + sa(N + o — 2)|z|* 2
|~"3\ Up

<ZZ) zZsamo‘ 1 32042|w]20‘_2.

(F.35)

Step 2 : Integration over R™. We multiply (F.32) by ¢, and we integrate over
RY. After some integration by parts which are legitimated because v,, and v, € H?(R")
by using (F.23), we get

N-1,
[ v = [ o= [ ol ot (F.30)

/RN A(x)Ypv, = / w"vn—/ sa(N—l—a—2)|x\°‘_2wnvn
Un F.37
oN |.T| % n+/ <¢n> YrUn ( )

+/ Zw;sam“lvn—k/ s a2|x|2a*2¢nvn
RN RN

i B(2) Vv, = /R V. (n (1)) B(x))on,

:/ V. (2@Z)n| |+25a|x\a Q@bnaz) U
RN

gy T e

+/ 2sat), || T,
RN
+2sa ((a — 2)|x!°‘_2wn + N\x!o‘_zwn) Up,

RN
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By combining (F.32), (F.36), (F.37) and (F.38), we get

/ sa(N + a — 2)|z|* v, + / 271%1)”
RN

+/ <w;> Q;bnvn /N4wn5a|x|a_lvn
+ S a;b|$|2a_2wnvn +R 2¢7,;Un (F39)
L L
= [ i@

By using (F.15), (F.14), (F.24) and the Lebesgue’s dominated convergence theorem, we
pass to the limit in (F.39) as n — +o0 to get

/RNsa(N—i—a 2) ] 27,/}1}4—/ 27@

wl a—1
4
+/]R<N <¢> ¢U+/RN visalel™w (F.40)

—I-/ 82a2|x|20‘_21/w+/ 29"
RN RN
=/ q(z)iu.
RN

By using the fact that ¢ and ¢’ are nonnegative functions (see (F.16), (F.17), (F.19)),
we obtain from (F.40)

/ 5202 |z v < / q(z)v —/ 2¢"v. (F.41)
RN RN RN
Moreover, by using (F.18), (F.20) and v > 0, we have for some constant C' > 0,
_/ Qw//v — _/ 2¢//v _/ 21[)///1) S C ¢U. (F42)
RN |z|<3/2 |z]>3/2 RN
—_———
<0

Then, by using (F.41) and (F.42), we get

/ s2a?|z 22y < / q(x)pv+C Yv. (F.43)
RN RN RN
By using (F.16), we get from (F.43)
/ s2a?|z[2* 2w < / q(z)ypv+C Pu. (F.44)
|z[>1 |z[>1 |z[>1

By using the fact that 2a — 2 > 0 because a > 1 and by taking s sufficiently large in
(F.44), we get

/ s2a? |z 2pv < 0. (F.45)
|z|>1
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We deduce from (F.17) and (F.45) that v = 0 in {|z| > 2}, then v = 0 in {|z| > 2}.
We conclude by a well-known unique continuation theorem for (F.6) to deduce that

v = 0 in RV (see for instance | , Theorem 4.2]). This concludes the proof of
Theorem F.2.1. O
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Annexe G

Null-controllability of linear
parabolic-transport systems

Abstract : Over the past two decades, the controllability of several examples of
parabolic-hyperbolic systems has been investigated. The present article is the begin-
ning of an attempt to find a unified framework that encompasses and generalizes the
previous results.

We consider constant coefficients heat-transport systems with coupling of order zero
and one, with a locally distributed control in the source term, posed on the one dimen-
sional torus.

We prove the null-controllability, in optimal time (the one expected for the transport
component) when there is as much controls as equations.

The whole study relies on a careful spectral analysis, based on perturbation theory.
The proof of the negative result in small time uses holomorphic technics. The proof of the
positive result in large time relies on a decomposition into low, asymptotically parabolic
and asymptotically hyperbolic frequencies.

G.1 Introduction

G.1.1 Parabolic-transport systems

We consider the linear control system

{ Of — BO2f + Ad,f + Kf = Mul,, in (0,T) x T,
f(07):f0 in T,
where

— T >0, T=R/(27Z), w is a nonempty open subset of T, d € N*, m € {1,...,d},
A, B, K € R4 7\ e RIX™,

— the state is f : [0,7] x T — RY,
— the control is v : [0,T] x T — R™.
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We assume

d=di+dywith1<d; <d, 1<dy<d, (H.1)
(0 0 . do xds

B= <O D)’ with D € R ) (H.2)

R(Sp(D)) C (0,00). (11.3)

Introducing the analogue block decomposition for the d x d matrices A and K, the
d x m matrix M and the function f,

A A12> <K11 K12> (M1> <f1(t CL‘)>
A= ’ K= ’ M= ; t, = ’ ;
<A21 Ao Ko Ko M, ft@) fa(t, @)
we see that the system (Sys) couples a transport equation on f; with a parabolic equation
on fo

(0 + A'0y + K11) f1 + (A120: + K12) f2 = Myul,, in (0,T) x T,
(0r — DO2 + Ag20y + Ka2) f2 + (A210, + Kon) f1 = Maul, in (0,7) xT, (G.1)
(f1, f2)(0,.) = (fo1, fo2) in T.

We make the following hypothesis on the matrix A’
A’ is diagonalizable with Sp(4’) C R. (H.4)

We will prove later, with vector valued Fourier series and a careful spectral analysis,
that for every fo € L2(T,C%) and u € L2((0,T) x T,C™), there exists a unique solution
f € C%0,7T], L3(T)%) of (Sys) (see Section G.2.3.3). In this article, we are interested in
the null controllability of (Sys).

Definition G.1.1. The system (Sys) is null-controllable on w in time T if for every
fo € L*(T; C%), there exists a control u € L2((0,T) x w,C™) such that the solution f of
(Sys) satisfies f(T,-) = 0.
We aim at
— identifying the minimal time for null controllability,
— controlling the system with a small number of controls m < d,

— understanding the influence of the algebraic structure (A, B, K, M) on the above
properties.

G.1.2 Statement of the results

The first result identifies the minimal time, when the control acts on each of the d
equations.
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Theorem G.1.2. We assume that w is a strict open subset of T. We also assume (H.1)—
(H.4) and that the control matrix is M = I; (and so m = d). We define

l(w) :=sup{|I|; I connected component of T \ w},

prs = min{|p|; p € Sp(A")},
and

w)
+oo if py = 0.

Then

1. the system (Sys) is not null-controllable on w in time 7" < T,

2. the system (Sys) is null-controllable on w in any time 7' > T™*.

J

In particular, when w is an interval of T and p, > 0, then the minimal time for null
controllability is T* = %H;*M

The negative result in time T < T™ is expected, because of the transport component of
the system, but its proof is not obvious. Indeed, because of the coupling with a parabolic
component, there may not exist pure transport solutions to the system (Sys). Our proof
relies on holomorphic functions technics developped by the second author | |.

The proof of the positive result, in time T" > T* relies on an adaptation, to systems
with arbitrary size, of the strategy introduced by Lebeau and Zuazua in | | to control
the system of linear thermoelasticity, that couples a scalar heat equation and a scalar
wave equation. Actually, the controls are more regular than expected in Definition G.1.1 :
we construct controls of the form u = (u1,us) where u; € L2((0,T) x w)® and uy €
C>®((0,T) x w)z.

The null controllability of the system (Sys) in time 7" = T is an open problem.

G.1.3 Organization of the article

This introduction ends with bibliographical comments.

Section G.2 is dedicated to preliminary results : first a careful spectral analysis of
—BO? 4+ Ad, + K on T; then the well posedness of (Sys) in L?(T)¢ thanks to precise
estimates of the Fourier components of its solution ; finally the Hilbert uniqueness method
i.e. the equivalence between null controllability and observability.

In Section G.3, we prove the negative null controllability result in time 7" < T™ of
Theorem G.1.2, by constructing a counter-example to the observability inequality, thanks
to holomorphic technics.

In Section G.4, we prove the positive null controllability result in time 7" > T% of
Theorem C.1.2. The proof relies on a spectral decomposition of L?(T)¢ into three weakly
coupled parts : a high frequency hyperbolic part handled by hyperbolic methods, a high
frequency parabolic part handled by the Lebeau Robbiano’s method and a low frequency
part handled by a compactness/uniqueness argument.

1. If I C R is measurable, we note |I| its Lebesgue measure.
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G.1.4 Bibliographical comments
G.1.4.1 Wave equation with structural damping

We consider the 1D wave equation with structural damping and control h
Ory — 0%y — 0;0y + bOyy = h(t,x), (G.3)

where b € R. This equation can be splitted in a system of the form (Sys) by considering
2= 0w — dzy + (b— 1)y,

{ Oz + 2z + (1 - b)y = h(t> :E), (G4>

Oy — 0%y — 2+ (b—1)y=0,

i.e. (Sys) with

N ) (1 N A R

Rosier and Rouchon | | studied the equation (G.3) on a 1D-interval, z € (0, 1),
with a boundary control at x = 1. This is essentially equivalent to take (G.3) with
x € (0,1), Dirichlet boundary conditions at x = 0 and = 1, and a source term of the
form h(t,z) = u(t)p(x), where p is a fixed profile and u is a scalar control. The authors
prove that this equation is not controllable.

By Theorem G.1.2, we extend this negative result to general controls h (i.e. without
separate variables) for periodic boundary conditions. Here, A’ = 0, u, = 0, T* = 400, the
system (G.4) is not controllable even with an additional control in the second equation.

In | |, the authors prove that this system is not even spectrally controllable,
because of an accumulation point in the spectrum. Indeed, by the moment method, a
control that would steer the system from an eigenstate to another one would have a
Fourier transform vanishing on a set with an accumulation point, which is not possible
for an holomorphic function.

Martin, Rosier and Rouchon | |, studied the null-controllability of the equa-
tion (G.3) on the 1D torus, x € T, with moving controls, i.e. h(t,z) = u(t, x)1y4e with
¢ € R*. By the change of variable z <— (z — ct), this is equivalent to study the null
controllability of the system

{ Oz — cOzz + 2+ (1 — b)y = u(t, z)1,(x),

y =
Oy — cOpy — O3y — 2+ (b—1)y =0 (G.6)

which has the form (Sys) with the same matrices f, B, K as in (G.5) and
—c 0
A= ( ; _C>.
In | , Theorem 1.2], for ¢ = 1, the authors prove that any initial data (yo,y1) €
H*+2 x H*(T) with s > 15/2 can be steered to 0 in time 7" > 27 by mean of a control

u € L2((0,T) x w).
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By a future theorem (see | |), we recover this positive null controllability result
with a smaller minimal time 7" > ¢(w)/|c| and a weaker regularity assumption on the
initial data (y, 9;y)(0) = (yo,y1) € H? x L*(T) for (G.3). This corresponds to an initial
data (y,2)(0) € L%(T)? for (G.6) because z(0) = y; — 02yo + (b— 1)yo. We also prove the
negative result in time 7' < ¢(w)/|c|. Here, . = |c|, A21 = 0 and Ky = —1.

The limitations in | , Theorem 1.2| (regularity and time) are due to the use
of controls with separate variables u(t,z) = uy(t)ua(x). The proof relies on the moment
method and the construction of a biorthogonal family. A key point in both | |
and the present article is a splitting of the spectrum in one parabolic-type part, and one
hyperbolic-type part.

Finally, Chaves-Silva, Rosier and Zuazua | | study the multi-dimensional case
of equation (G.3), x € , with Dirichlet boundary conditions and locally distributed
moving controls h(t, z) = u(t, z)1,)(z). The control region w(t) is assumed to be driven
by the flow of an ODE that covers all the domain 2 within the alloted time 7". Then, the
authors prove the null controllability of any initial data (yo,y1) € H2 N H () x L?()
with an L?-control.

In the particular case €2 = T with a motion with constant velocity, a future theorem

(see | |) gives the same minimal time for the null controllability and also the
negative result in smaller time.
The proof strategy in | | consists in proving Carleman estimates for the

parabolic equation and the ODE in (G.4) with the same singular weight, adapted to
the geometry of the moving support of the control.

As explained in | , Section 5.2], the same strategy cannot be used with periodic
boundary conditions, because a weight appropriate for both the parabolic equation and
the ODE does not exist. This is why, in the present article, we develop another strategy.

G.1.4.2 Wave-parabolic systems
Albano and Tataru | | consider 2 x 2 parabolic-wave systems with boundary
control, where

— the coupling term in the wave equation is given by a second order operator with
respect to x,

— the coupling term in the parabolic equation is given by a first order operator with
respect to (t,x).

This large class contains the linear system of thermoelasticity

2w — Aw +alAd =0, (t,z)€ (0,T) %,

00 — vAO + BOyw = 0, (t,$) S (O,T) x Q, (G 7)
w(t,z) = uy(t, ), (t,x) € (0,T) x 09, '
O(t,x) = ua(t, x), (t,z) € (0,T) x 092,

where «a, 3,v > 0.
The authors of | | prove the null controllability in large time of these systems.
Precisely in any time 7" > 2sup{|z|;z € Q} for the system (G.7). The proof relies on
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Carleman estimates for the heat and the wave equation with the same singular weight.
This strategy inspired Chaves-Silva, Rosier and Zuazua | | and does not seem
adapted to periodic boundary conditions, as explained in the previous section.

Lebeau and Zuazua | | prove the null-controllability of the linear system of ther-
moelasticity (G.7) with a locally distributed control in the source term of the wave
equation, under the geometric control condition on (2, w,T"). The method is based on a
spectral decomposition. For high frequencies, the spectrum splits into a parabolic part
and a hyperbolic part. Projecting the dynamics onto the parabolic/hyperbolic subspaces,
the system is decomposed into two weakly coupled systems, the first one behaving like
a wave equation, the second one like a heat equation. The wave equation is handled by
using the microlocal techniques developped for the wave equation | |. The para-
bolic equation is treated by using the Lebeau and Robbiano’s method | |. The low
frequency part is treated by a compactness argument relying on a unique continuation
property.

The proof of the positive controllability results in the present article is an adaptation,
to coupled transport-parabolic systems of any size, of this approach, introduced for a
2 x 2 wave-parabolic system. The transport equation is handled by using the results from
Alabau-Boussouira, Coron and Olive | |-

G.1.4.3 Heat equation with memory

Gerrero and Imanuvilov | | consider the heat equation with memory
Oy — Ay — fot Ay(r)dr = uly, (t,z)€ (0,T) x £, (G.8)
y(tvx) = 07 (ta l’) € (OvT) x 082 '

In 1D, this equation can be splitted into a system of the form (Sys) by considering
v(t,z) = — fg Yo (7)dT
O + 0y =0,
{ Oy — 0%y + vy = hl,

=) 2= ) A=) x=(0 o)

In | |, the authors prove that the scalar equation (G.8) is not null controllable
(whatever T' > 0). Thus the system (G.9) is not null controllable. This example gives
limitations on the possibility of controlling the whole system with a control acting only
on the parabolic component. In particular the condition K12 = 0 and AY, injective is not
sufficient.

(G.9)

l.e.

The present article does not provide any result for the scalar equation (G.8) because
it focuses on the null controllability of all the components of the system (and not only
on one of them).
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G.2 Preliminary results

G.2.1 Fourier components

We want to understand the operator
L:=—-Bd>+ A0, + K (G.10)
with domain

D(L) = {f € AT ~BoLf + Ad.f + K f € IA(T)"} (G.11)

where the derivatives are considered in the distributional sense D’'(T). Throughout the
article, we will note e,, the function = + ¢"®. We remark that applying £ to Xe,,, where
X € C4, we get

i 1
L(Xe,) =n? (B At 2K> Xep,. (G.12)
n n
Thus, if we define E(z) the following perturbation of B
Vz e C, E(z) = B+ zA — 2°K, (G.13)

then £ acts on the Fourier side as a multiplication by n?E(i/n).

G.2.2 Perturbation theory

If we want to understand the semigroup e*“, we need to know the spectrum and the
eigenvectors of E(z). Here, we relate the spectral properties of F(z) to those of A and
B, in the limit z — 0. This is instrumental in all the rest of the article. Our proof are
essentially self contained, but the reader unfamiliar with the analytic perturbation theory
in finite dimension may read | , Ch. II §1 and §2|.

For » > 0 and m € N*, we define O""*™ as the set of holomorphic functions in the
complex disk D(0,7) with values in C™*™. QOur first result is the following one.

Proposition G.2.1. There exist » > 0 and a matrix-valued holomorphic function P" €
O™ such that

L PR0) = (" 7)),

2. for all |z| < r, PP(z) is a projection that commutes with F(z),
3. in the limit z — 0, F(2)P"(2) = O(2).

Proof. The spectrum of E(z) is continuous in z (see | , Ch. IT §1.1]). Let us consider
the “0-group” of eigenvalues, i.e. the set of eigenvalues that tend to 0 as z — 0. Then
we note P"(z) the sum of the projections onto the eigenspace? of F(z) associated with
eigenvalues in the O-group along the other eigenspaces. Another way to define P(z)

2. We stress that when we talk about “eigenspace”, we mean “generalized eigenspace” (or, in the
terminology of Kato, algebraic eigenspace), i.e. the space of generalized eigenvectors.
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is to choose R = %minAGSP(D) |A| and r small enough so that for |z| < r, there is no

eigenvalues of F(z) on the circle 9D (0, R). Then, we define (see | , Ch. 1T §1.4, Eq.
(1.16)]) '
P(z) = —o— (B(z) —¢)~hd¢. (G.14)
21 Jap(o,R)

In the terminology of Kato, P"(z) is the “total projection for the 0-group”. Then,
according to | , Ch. II §1.4], P"(2) is the projection onto the sum of eigenspaces
associated to eigenvalues of F(z) lying inside D(0, R) along the other eigenspaces. It is
holomorphic in |z| < 7. For z = 0, the formula (G.14) that defines P"(0) becomes

1
PM0) = —— B -~ tde.
(0) Sim 6D(07R)( ¢)" d¢

Then, P"(0) is the projection onto the eigenspace of B associated to the eigenvalue 0 along
the other eigenspaces (see | , Ch. II §1.4]). So, according to the hypotheses (H.2—
H.3) on the blocks of B, P"(0) = (I‘él 8). This proves i).

According to the definition (G.14), P"(2) commutes with E(z). This proves 7). Then
we have

P2(0)E(0) = E(0)P"(0) = BP"(0) =0,
which, along with the holomorphy of P", proves i11). ]
We say that P is the “projection on the hyperbolic branches”. We note PP(z) = I —

P"(z), which we call the “projection on the parabolic branches”, and satisfies properties
analog to P" :

Proposition G.2.2. The matrix-valued function PP is in O;**™ and
L PP(0) = (31,),
2. for all |z| < r, PP(2) is a projection that commutes with E(z),

3. in the limit z — 0, E(2)PP(2) = B+ O(%).
We will need to split the hyperbolic branches further.

Proposition G.2.3. There exist » > 0 and a family of matrix-valued holomorphic
functions (P;}f)ueSp(A’) € (OxdySp(A) satistying

1. for all p € Sp(A’) and |z| < r, P}f(z) is a non-zero projection that commutes with

E(2),
2. forall [2| <7, P'(2) = 3 Pj(2)and for all u# ', P}(2) P} (2) =0,
HESP(A’)
3. for every p € Sp(A’), there exists Rﬁ € 094 guch that
V|z| <, E(z)PE(z) = ,uzP/lj(z) + zQRE(z).
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Remark G.2.4. For u € Sp(4’), the projection Pf} is holomorphic and thus continuous
in D(0,7). Therefore, the rank of PB(z), which is its trace, does not depend on |z| < r
(the P}j(z) even are similar, see | , Ch. I, §4.6, Lem. 4.10]). In the same vein, the
ranks of PP(z) and PP(z) do not depend on z.

Proof. The proof is essentially the “reduction process” of Kato | , Ch. II §2.3].
According to Prop. G.2.1, P" is holomorphic and P"(2)FE(z) = O(z). Then we define

EW(2) = 27 E(2)PP(2) = 27 'PP(2) E(2),

which is holomorphic in |z| < r. Note that we have according to Kato | , Ch. II
Eq. (2.38)]

!/
EM(0) = PY0)E(0)P(0) = <fé 8)

Let us assume for the moment that 0 is not an eigenvalue of A’. Then, for u €
Sp(4’), we define P}}(z) the total projection on the p-group of eigenvalues of E((z).
Said otherwise, and according to the definition of E(M(2), Pﬁ(z) is the total projection
on the pz-group of eigenvalues of E(z). The projection P}f(z) is defined and holomorphic
for z small enough according to | , Ch. II, §1.4].

Since for z small enough, Pi(z) is the projection on some eigenspaces of E(1)(z)
associated with non-zero eigenvalues,

Im(P(2)) € Im(EW(2)) C Im(P"(2)),

with the last inclusion coming from the definition of E()(z). Thus Plil(z) is a subprojec-
tion of P"(z). Moreover, P}j(z) commutes with E((z), so it commutes with E(z). This
proves Item i) in the case 0 ¢ Sp(4’).

For pn # v, Pﬁ‘(z) and PP(z) are the projections on some sums of eigenspaces as-
sociated with different eigenvalues, so P}j(z)PE(z) = 0. Let us note for convenience
Q' (z) = D peSp(AY) PB(Z) Then, for z small, Q"(z) is the projection on all the eigens-
paces of E(M(z) associated with non-zero eigenvalues. According to the definition of
EW(2), this proves that Q"(z) is a subprojection of P"(z). Let us check that Q"(z) and
P"(2) have the same rank. This will prove that for all z small enough, Q"(z) = P"(2).
The rank of Q"(z), which is its trace, does not depend on z. The same is true for P"(2).
For z = 0, we have E(0) = (4'9), so by using the fact that 0 ¢ Sp(4’),

@0 (" §)=ro.

This proves that for all z small enough, Q"(z) = P"(z), and in turn finishes the proof of
Item 4i) in the case where 0 ¢ Sp(A').

If 0 € Sp(A’), then we add azI to E(z) for some o € C. This amounts to ad-
ding aP"(2) to EMW(z). This only shifts the eigenvalues of the restriction of E™M(2) to
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Im(P"(2)) (but not of its restriction to Im(I; — P"(2))) by a, while leaving the eigenpro-
jections unchanged. Thus, choosing « so that 0 ¢ o+ Sp(A’), we get the Items i) and i)
in the case 0 € Sp(4').

We still need to prove the asymptotics of Item 4ii). Since A’ is diagonalizable, so is
EM(0) = (4°9). So, there is no nilpotent part in the spectral decomposition of EM(0).
That is to say, for all u € Sp(A4"),

EW(0)P,(0) = nP (0).
Since z — E(l)(z)P}j(z) is holomorphic, we have
1 he\_ , ph
EW(2)P2(z) = uP(2) + O(2).
Finally, we multiply by z to come back to E(z), which gives us

E(z)Pi‘(z) = ,u,zP/iL(z) + 0(2?). O

G.2.3 Estimates on Fourier components and well-posedness
G.2.3.1 Dissipation of the parabolic component
The goal of this section is the proof of the following result.

Proposition G.2.5. There exist 7, K, ¢, > 0 such that
Vjz| <7, 7>0, X e Im(PP(2)), |e PETX| < K,e 7|X].

Proof. By using Propsoition G.2.2, for |z| < r, we denote by eP(z) the restriction of E(z)
to the vector subspace Im[PP(z)], which is an endomorphism of Im[PP(z)].

By assumption (H.3), there exists ¢ > 0 such that R(Sp(D)) C (—o0, —c). There exists
an open disk € in the complex plane such that Sp(D) C Q and max{R(z); z € Q} < —c.
Then, by continuity of the spectrum, for r small enough, we have, for every |z| < r,

Sp(eP(z)) C Q.

G.2.3.1.1 Step 1 : Cauchy formula. We prove the following equality between
endomorphisms of Im[PP(z)]

Vjz| <r, TeR, e 7= L e TE(ET —eP(2)) T de, (G.15)
2mi o0

where [ is the identity on Im[PP(z)]. The right hand side is well defined because 9§ N
Sp(eP(z)) = 0. Let us denote it by ¢(7). Then

o) = g [ eTeeer - (e g
= o [T - () + @) (€T - () e
L Jo0
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By the Cauchy formula, [5,e ™ d¢ = 0 thus ¢/(7) = —eP(2)¢(7). Moreover ¢(0) = I
because all the eigenvalues of eP(z) are inside € (see | , Ch. I, Problem 5.9]). Thus
o(r) = e,

Step 2 : Estimate. We deduce from (G.15) the following equality between endomor-
phisms of C¢

Viz|<r, TeR, e FETPP(z) = 2% /m e (el — E(2)) 1 PP(2) dE. (G.16)

Note that, if r is small enough, then the eigenvalues of E(z) are either inside 2 (para-
bolic branch) or close to 0 (hyperbolic branch), for instance in {R(§) > —¢/2}. Thus
(€I — E(2)) is invertible on C? for every ¢ € 99 and the above right hand side is well
defined.

We deduce from (G.16) that

e_E(z)TPp(z)‘ <L / e—TWf)‘(gI - E(z))*lpp(z)‘ d¢ .
2 o0
The map (£,2) € 0Q x D(0,7) ‘({I — E(2)) ' PP(z)] is continuous on a compact set

thus bounded by a positive constant K. Then for every |z| < r and 7 > 0, }e_E(z)TPp(z)} <
Ke™“T.

O]

G.2.3.2 Boundedness of the transport component

The goal of this section is to prove the following result.

Proposition G.2.6. There exists r, Ky, ¢y, > 0 such that

Vz €i[—r,r]\ {0}, t € R, X € Im[P"(z)],

1
exp<zzE(z)t>X‘ < Kpel| x|

Proof. Let z € i[—r,r] \ {0}, t € R, p € Sp(4A’) and Y € Im[Pf}(z)] Taking into account
that Im[Pf}(z)] is stable by E(z), we get

exp<212E(z)t>Y - exp<212E(z)P3(z)t)Y - exp(zlz (ung(z) + zzR};(z))t>Y.

Note that Pli‘(z) and Rﬁ(z) commute because P}}(z) and E(z) commute and E(Z)PB(Z) =
,uzP;E‘(z) + Z2R2(Z). Thus, by using that p/z € iR, we obtain

exp<212E(z)t>Y' = ‘e“t/z exp(Rz(z)t)Y‘ < eultly|
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where ¢, = max{\RB(z)\; z € D(0,7)}. We conclude for X € Im[P"(z)] that

1
exp(ZQE(z)t)X’ < Z
RESP(A’)

< Y ellPh(z)X] < Kelll| X2
RESP(A’)

exp <212E(z)t) P};‘(z)X’

with ¢ = max{c,; u € Sp(A’)} and K = max{zuesp A,)\P Q) ¢ce E(O,r)}. O

G.2.3.3 Well-posedness

By gathering the results of the previous two subsubsections, we can prove that the
heat-transport system (Sys) is well-posed.
We define the Fourier coefficients by

Vfe L2 (T VneZ, f(n 27T/f Ye " dt e 4.

We consider the operator £ defined by (G.10) and (G.11). By Bessel-Parseval identity
and (G.13),

D(L) = {feL2( P> 2E( >f(n)}2<oo}, (G.17)

nez
The goal of this section is the proof of the following result.

Proposition G.2.7. —L generates a C° semi-group of bounded operators on L?(T¢%).
This result will ensure well posedness of (Sys) in the following sense.

Definition G.2.8. Let T' > 0, fo € L*(T)% and u € L?(Q7)?. The solution of (Sys) is
the function f € C°([0, T]; L?(T)?) defined by

t
ft)=e"*f —i—/ e ULy (r)dr  for every t € [0,T].
0

Moreover, f(t) satisfies the estimate

VO <t <T, [ft)ll2ery < C(IlfollL2ery + lull 20 1)%w)) - (G.18)

where C' depends on T but not on fy and u. We will also note S(t, fo,u) := f(t) this
solution.

Proof. We deduce from Propositions G.2.5 and G.2.6 that for every z € i[—r,r] \ {0},
t>0and X € CY,

exp<zl2E(z)t>X‘ < exp(—E( e 72)131’( )X

et
< Kpe PEP|PP(2) X | 4 Kjetht

+

exp (;E(z)t) Ph(z)X‘

Ph(z)X’ (G.19)

< Ker'|X|
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where K = max{Kp|PP(z)| + K| P"(2)|;z € i[-r,7]}.
For f € L?(T)? and t € [0,00) we define

S(t) =3 ) fnjen.

neEL

By Bessel Parseval equality and (C.19), S(¢) is a bounded operator on L?(T)?, because
the number of n € Z such that & ¢ [—r,r] is finite. The semi-group properties S(0) = I
and S(t + s) = S(t)S(s) are clearly satisfied. For f € D(L), we have, by Bessel Parseval

equality
(501 ), (S () ) oo

In the right hand side, each term of the series converges to zero when [t — 0] and, thanks
to (G.19), is dominated for every ¢ € [0,1] and n > 1/r by
2B (L) fn)
n

‘ (/01 et E(3) 49 — 1d> n2E (;) F(n)

which can be summed over n € Z because f € D(L), see (G.17). By the dominated
convergence theorem, the sum of the series converges to zero. O

9 2

23

L2(T)? ne”

2
< (Ke* +1)

2

)

G.2.4 Adjoint system and observability

The null-controllability of a linear system is equivalent to a dual notion called “ob-
servability”. We have the following general, abstract result.

Proposition G.2.9. Let H, U and V be three complex Hilbert spaces, £ be the generator
of a CY semigroup of bounded operators on H, M : U — H and P : H — V be bounded
operators and T > 0. The following statements are equivalent :

1. For every fo € H, there exists u € L?([0,T]; U) such that the solution f of

O f(t) + Lf(t) = Mu(t), f(0) = fo (G.20)
satisfies Pf(T) = 0.
2. There exists C' > 0 such that for every gg € V, the solution g of
deg(t) = L7g(t), g(0) = P go, (G.21)
satisfies -
o) < C [ 1arg(o)l3ar. (G-22)
If we take V = H and P to be the identity map, then this proposition is just the
classical duality between (null-)controllability and (final state) observability (see | )
Thm. 2.44]). The proof of Proposition G.2.9 is a straightforward adaptation of the one

given by Coron in the previous reference.
In our case, this observability inequality becomes the following Proposition G.2.10.
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Proposition G.2.10. Given 7' > 0, the system (Sys) is null-controllable on w in time
T if and only if there exists C' > 0 such that for every go € L*(T;C%), the solution g to
the equation

Oig — B¥0%2g — A% 0,9+ K%g =0 in (0,7) x T,

) (G.23)
g(O, ) =90 in T.
satisfies
2 T * 2
o My <€ [ [ 1ot ata. (G20
Note that the solutions of the adjoint system (G.23) are of the form *

g(t,l‘) _ Zeinx—tn2E(%)*/g\0(n) ) (G.25>

nel

Moreover, we have a spectral theory for the adjoint system that is similar to Prop. G.2.1—
G.2.3. We just have to take the adjoint of each formulas.

G.3 Obstruction to the null-controllability in small time

The goal of this section is to prove the first point of Theorem G.1.2. It is sufficient
to work with an open interval w. Indeed, otherwise, w is contained in an open interval
w of T such that ¢(w) = ¢(w) and the negative result for the large control support w
implies the negative result for the small control support w. Thus, in the whole section,
we assume w is an open interval of T. We want to disprove the observability inequality
(G.24). We do this by adapting the method used by the second author for the Grushin
equation | ].

G.3.1 Construction of a counterexample to the observability inequality

Let p € Sp(A’) with minimum absolute value. First, we prove the following estimate.

Proposition G.3.1. Let U be a open domain, star-shaped with respect to 0, that
contains wr = Jy<pep(@ — pt) (where @ — ut is to be understood as the rotation of
@ by an angle of —put, see figure G.1).

There exist an integer N and a constant C' > 0 such that if the system (Sys) is
null-controllable on w in time T, then for all polynomials p(z) = > anz" with a zero
of order at least N at 0, we have

n>N

1Pl 22(D(0,1)) < ClplLe - (G.26)

3. When we write E(z)*, it is to be understood as (E(z))*. We will use the same notation for P} (z)*
etc.
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FiGURE G.1 — In yellow, an example of the
domain U. The black circle arc is wp (once
we identify T with the complex unit circle).
The null-controllability of the parabolic-
hyperbolic system implies that we can es-
Q timate the L#(D(0,1)) norm of complex po-
lynomials by their L>°(U) norm. But if T is
W not too large, wr is not the whole unit circle,
and we can choose U such that D(0,1) ¢ U.
wr Then, we can find a sequence of polynomials
that converges to ¢ — (¢ — (o) ™! away from
the blue line.

Proof. According to Proposition G.2.3, there exist r > 0, a projection-valued function

PE and a matrix-valued function RB that are holomorphic on D(0,r) such that for every
2] <,

PM2)E(z) = E(z)PP(2) = pzP(z) + 22 Rl(2). (G.27)

Let ¢¢ # 0 in the range of P}j(O)*. To disprove the observability inequality (G.24),

we look at solutions g(t,z) of the system (G.23) with initial conditions of the form

9(0,2) = 3,50 aneln® Pl]f(i /n)*po. To avoid irrelevant summability issues, we will assume

that all sums are finite. Since on the range of P}j(z), E(z) acts as pz + ZZRB(Z) (see
Eq. (G.27)), we have

g(t,z) = Zanei"””e_t#E(%)*Pﬁ(i) ©o

n
n>0
: h(i)* 1 *
= 3 apelnleut R () p};(g) %o
n>0

So, if we define for 0 < ¢ < 7T and n € Z,
h(i)* 1\*
OB A G (G.28)

we rewrite g(t,z) as
g(t,x) = Z an ™)~ () g

If the term 7(n) was equal to one, then g(¢,2) would just be the solution to an
uncoupled transport equation, therefore it would be easy to disprove (G.24). To treat
this term, we will use the following lemma, that we prove in Lemma G.3.2.

Lemma G.3.2. Let U be as in Proposition G.3.1. There exist an integer N > 0 and a
constant C' > 0 such that for every polynomials anC"™ with a zero of order N at
0, for every 0 <7 < T,

| a0 D e
n>N

n>N

n>N

(G.29)

Leo(U)
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From now on, we assume that a,, = 0 for n < N. If we note ((¢,z) = el@tht) which
belong to wy for (t,x) € [0,T] x w, we have

g(t¢$) = Z anC(tvx)nfyt(n)(PO-
n>N
Let (t,x) € [0,T] X w. By applying Lemma G.3.2 with 7 = ¢, we have
lg tm\<C‘ZanC”

n>N

= (U)
So the right-hand side of the observability inequality (G.24) satisfies

(G.30)

‘g‘LQ(OT]Xw) < QWT’g’LOO [O T]Xw) < 27TTC ’ Z angn

L (U
n>N ( )

We now lower bound the left hand-side of the observability inequality (G.24). Thanks
to Parseval’s identity, we have

90T ) By = | D2 ane D (n mm =21 Y |anlhr(n)pol?.  (G.31)
n>N n>N

Since R is holomorphic in D(0,7), so is z RB(E)*. In particular, we have Cj :=
SUp|;|<r/2 \Rz(z)*] < +00. So, we have for n > 2r=1

‘(e,TRE(%)*)fl‘ _ ‘eTRh ‘ < eOT, (G.32)

Moreover, ¢q is in the range of Pﬁ’(O)* and P}L‘ is holomorphic in D(0,r), so there exists
r’ > 0 sufficiently small such that for |z| < 7/,

|P2(2)* 0l > [pol/2 =: c. (G.33)
By gathering (G.32) and (G.33), we have for n > N’ := Lmax(Qr‘ljr’—l)J +1,

[vr(n)wol =

o TRL() Ph( )gpo‘ >e GTe = ¢
n

So, assuming a, = 0 for n < N’, we have by plugging the previous lower bound into
Parseval’s identity (G.31)

n o |an\ |an‘ 2 2
)WZN oy T w1 = @ 2w T < 59T ey (G3)

Thus, thanks to the lower bound (G.34) and the upper bound (G.30), the observability
inequality (G.24) implies

pas

n>N

> |,

)
LOO
n>N w)

L2(D(0,1) 1 Clo(T, ')‘%Q(T) = Cl’g’%Q([O,T]Xw) <c”

which concludes the proof of Proposition G.3.1. O
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Let us check that the inequality of Proposition G.3.1 does not hold. We will use
Runge’s theorem (see for instance Rudin’s textbook | , Thm. 13.9, Thm 13.11]) to
construct a counterexample.

Proposition G.3.3 (Runge’s theorem). Let U be a simply connected open subset of
C and f be a holomorphic function on U. Then, there exists a sequence (pg)r>o of
polynomials that converges uniformly on every compact subset of U to f.

Proof. [Proof of Theorem G.1.2.i)] Let T' < T* and wp be as in Proposition G.3.1. By
definition of T™*, wy is not the whole unit circle, thus we can find an open bounded domain
U that is star-shaped with respect to 0 and that does not contain D(0,1) (see Fig. G.1).

With such a choice of U, there exists a complex number (y € D(0,1) which is non-
adherent to U. Then, according to Runge’s theorem, there exists a sequence of poly-
nomials (pg) that converges uniformly on every compact subset of C\ ((y[1,+0o0)) to
¢+ (C—¢o)~t. Let us define pp(¢) = ¢V *1pr(¢). Then, the sequence (py) is a counte-
rexample to the inequality on complex polynomials (G.26). Indeed, since ¢V+1(¢ — ()t
is bounded on U, (py) is uniformly bounded on U, thus, the right-hand side of the inequa-
lity (G.26) is bounded. But since (g is in D(0, 1), (N +1(¢ —{p)~! has infinite L?-norm in
D(0,1), and thanks to Fatou’s Lemma, |pk|r2(p(o,1)) tends to +oo as k — +oo. O

G.3.2 Estimate on some operators on polynomial functions

The goal of this subsection is to prove Lemma G.3.2. The main tool to prove Lemma G.3.2
is Theorem G.3.6, which is a variant of a theorem that the second author proved when
studying Grushin’s equation (see | , Thm. 18]).

Definition G.3.4. Let E be a Banach space. Let R > 0 and Ag := {z € C,R(z) > R}.
We define Sp(E) as the set of functions v from Ap to E that are holomorphic with
subexponential growth, i.e. such that for all € > 0,

pe(y) = sup h/(z)]e_E'Z‘ < +o00. (G.35)
zEAR

We endow Si(E) with the topology of the seminorms p. for € > 0.
If E is the space C%*? of linear maps of C?, we will note S]%Xd = SR(L(C?)). We will
sometime call elements of ngd symbols.

Remark G.3.5. If n < R, i.e. if n is not in the domain of definition of v € Sg(FE), we
will set for convenience vy(n) = 0.

Theorem G.3.6. Let R > 0 and v € SféXd. Let H, be the operator on vector-valued
entire functions defined by

H,: Z anC" — Z y(n)anC". (G.36)

n>R n>R

Then, the operator H. is continuous on O(C). Moreover, the map ~ € S%Xd — H, €
L(O(C)) satisfies the following continuity-like estimate : for each compact subset K of
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C and each neighborhood V of K that is star-shaped with respect to 0, there exist a
constant C' > 0 and a seminorm p. of S%Xd such that for every entire function f :

| Hoy ()| poe (i) < Cpe(M)|f Lo vy (G.37)

This theorem was proved in the case d = 1 by one of the authors | |. The proof
follows the same lines in the general case. We provide it in Appendix G.5.1.

Now, we turn to the proof of Lemma G.3.2 which is basically an application of Theo-
rem G.3.6.

Proof. |Proof of Lemma G.3.2] Let us define 4, (2) = etRE(i/g)*Pﬁ(i/Z)*, so that v-(n) =
3-(n) (see the definition of v; Eq. (G.28)), and thus for every (a,) € CV,

Z ’YT(n)anSOOCn = H’yq—( Z ancn(PO)- (G38)

n>N n>N

Let us check that (3;)o<r<7 is a bounded family of S%Xd for some R > 0. Since Rz

and P are holomorphic on D(0,7), 4, is holomorphic on {|z| > r~'}, and in particular
in {R(z) >r~1}. So, for |z| > 2r~! and 0 < 7 < T, we have

[ (2)] < "Rz G sup [P(z)] < Hoc.
lz|<r/2

Thus, with R = 2r~!, ~, is in S%Xd, and since the previous bound is uniform in
0 <7 <T, the family (7;)o<r<7 is bounded in SéXd.

Let us also remind that U is star-shaped with respect to 0, and that wp C U. All
the conditions of Theorem G.3.6 are satisfied, so we can apply the estimate (G.37) with
K=wprand V=U":

[H5, () 0n90¢")| oo (o) < C]| > an 00" | oo 1) = C| > anC"| ooy (G-39)

n>N n>N n>N

where C' that depends neither on the polynomial } a,(™, neither on 0 < 7 < T be-
cause the family (9;)o<r<7 is bounded. This, combined with (G.38), proves the inequa-
lity (G.29) and concludes the proof of Lemma G.3.2. O]

G.4 Large time null-controllability

The goal of this section is to prove the point (i) of Theorem G.1.2, by adapting the
strategy of Gilles Lebeau and Enrique Zuazua | |, based on a spectral decomposition.
For high frequencies, the spectrum splits into a parabolic part and a hyperbolic part. Pro-
jecting the dynamics onto the parabolic/hyperbolic subspaces, the system is decomposed
into 2 weakly coupled systems, the first one behaving like a transport equation, the se-
cond one like a heat equation. The transport equation is handled by using the methods
developped in | |. The parabolic equation is treated by the Lebeau-Robbiano’s
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method | |, adapted to systems. The low frequency part is treated by a compactness
argument and a unique continuation property.

In the whole Section G.4, the parameter r > 0 is assumed to be small enough so that
Propositions G.2.1, G.2.2, G.2.3, G.2.5 and G.2.6 hold.

G.4.1 An adapted decomposition of L?(T)?
Proposition G.4.1. Let ng € N be such that nio < r. We have the following decompo-
sition

XM =F'q FP @ F", (G.40)

where

= P Clen, (G.41)

Inl<no
Pm::}§§20HH<Pp(;>>en’ (G.42)
Pm:_wséiohn<Ph(;>)em (G.43)

Moreover the projections IT°, TI?, TI" and IT defined by
LX(T)? = F' @ FP @ F"
M0=TIpo+ 0 + 0
IP= 0 +Ipp+ O
M= 0+ 0 +Ipm
M= 0 +Ipp + Ipn =P + 1"
are bounded operators on L?(T)<.

Proof. The function z € D(0,r) — PP(z) is continuous thus there exists C' > 0 such
that, for every z € D(0,1/ng), |PP(2)| < C. Let f € L*(T)?. We deduce from

5 (2o

[n|>no
and Bessel-Parseval identity that the series 3 PP(1) f(n)eyn converges in L2(T)?. Using
I = PP(2) + P"(z), we get the decomposition

=Y fen= ¥ fwen+ X o2+ X (L) e,

nez |n|<ng [n|>no [n|>no

2
< 3 f )P < CNf ey (G.44)

[n|>ng

with convergent series in L2(T)?. This proves L?(T)? = FO 4+ FP 4+ F" The sum is
direct because (e, )nez is orthogonal and Im(PP(2)) NIm(P"(z)) = {0} when |z| < r. II°
and II are orthogonal projections, thus bounded operators on LQ(T)d. We deduce from
Bessel-Parseval identity and (G.44) that TIP is a bounded operator on L?(T)¢ and so is
" = I1 — IIP. O
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The operator £ defined in (G.10) maps D(£) N F° into F° thus we can define an
operator £° on F° by D(£%) = D(£) N FY and L£° = L|o. Moreover, —£° generates a
C%-semi-group of bounded operators on F? and et = e_t£| po. For the same reasons,
we can define an operator LP on FP by D(LP) = D(L) N FP and LP = L|pp, that
generates a CC-semi-group of bounded operators on FP : e 4" = e~*|pp. Finally, we
can define an operator £" on F" by D(£") = D(£) N F® and £" = £|pn, that generates

—tLh

a C%-semi-group of bounded operators on FP : e = e | pn.

Proposition G.4.2. The operator —£° generates a C° group (e_tﬁo)teR of bounded

_4rh
tL )

operators on F0. The operator —£" generates a C° group (e ter of bounded operators

on Fh

Proof. We just need to check that e *4 defines a bounded operator of F and F® when
t < 0. It is clear for F° because it has finite dimension. For F", one may proceed as in
the proof of Proposition G.2.7, noticing that the estimate of Proposition G.2.6 is valid
for any t € R. O

For the duality method, we will need the dual decomposition of (G.40), i.e.

LA(T):=F'e Fp g Fh,

where FP := Im ((Hp)*), Fh o= Im((Hh)*). (G.45)

By using the definitions of FP and F® in (G.42) and (G.43) and the fact that (e,)nez is
an Hilbert basis of L?(T), we get

=P Im(Pp(;y)en, (G.46)

[n|>no
Fh— | @ Im<Ph (;L))en (G.47)
n|>ng
Moreover, .
(@) f = f =3 e G flne, (G.48)

nel

and the spaces F©, FP and F! are stable by et£” .
G.4.2 Control strategy
Let T* be as in (G.2) and T, T” be such that
T <T <T. (G.49)
In this section, we consider controls u of the form

u = (up, up)” € CH x C%, (G.50)
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where
supp(upn) C [0,7"] x @, supp(up) C [T7,T] x @, (G.51)
up € L2((0,7") x T)Y",  w, € L2((T',T) x T)%.

the control uy, is intended to control the hyperbolic component of the system and the

control u, the parabolic component.
The control strategy for system (Sys) consists in

— first proving the null controllability in time 7" in a subspace of L?(T)? with finite
codimension,

— then using a unique continuation argument, to get the full null controllability.

The first step of this strategy is given by the following statement.

Proposition G.4.3. There exists a subspace G of L?(T)¢ with finite codimension and
a continuous operator

U: G— L*(0,T") x w)® x C((T',T) x w)
Jor= (un, up),
that associates with each fy € G a pair of controls U fo = (un, up) such that
Vo€ G, IIS(T; fo,Ufo) = 0. (G.52)

By ’continuous operator’, we mean that, for every s € N, the map U : G — L?((0,T")x

W) x H((T',T) x w)® is continuous : there exists Cs; > 0 such that
Vo€ G, llunllrzqoryxwynr + lupllas (@ ryxwyte < Csllfollpz(rye -

The proof strategy of Proposition G.4.3 consists in splitting the problem in 2 parts :

— for any initial data fp and parabolic control uy,, steer the hyperbolic high frequences
to zero at time T' (Proposition G.4.4),

— for any initial data fy and hyperbolic control uy, steer the parabolic high frequences
to zero at time 7' (Proposition G.4.5).

Proposition G.4.4. If ny (in Eq. (G.41-G.42)) is large enough, there exists a continuous
operator
UL L2(T) x L2((T',T) x w)®— L*((0,T") x w)h
(fo, up) U,
such that for every (fo,up) € L3(T)¢ x L2((T',T) x w)?,
IS(T' fo, (U™ (fo, up), up)) = 0.
Proposition G.4.5. If ng is large enough, there exists a continuous operator
UP: L2(T) x L2((0,T") x w)h— CX (T, T) x w)®
(f07 ’LLh) = Up,

such that for every (fo,un) € L2(T)% x L2((0,T") x w)®,
HPS(T7 f07 (uhaup(f07 Uh)) = 0.
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Admitting that Proposition G.4.4 and Proposition G.4.5 hold, we can now prove
Proposition G.4.3.

Proof. We observe that the relation ILS(T'; fo, (un,up)) = 0 holds if the two following
equations are simultaneously satisfied

un = U (fo, up) = UL (fo) + Uz (up), (@.53)

up = UP(fo, un) = Uy (fo) + Uy (un)-
If we set

C:=UP +UbUY - L(T)¢ — C°((T',T) x T)%,
then solving system (G.53) is equivalent to
find u, € C°((T",T) x T)%, such that Cfy = (I — USUSYu,. (G.54)

USUL is a compact operator of L2((T", T) x T)% because it takes values in C°((T",T) x
T)92. Thus, by Fredhlom’s alternative (see | , Thm. 6.6]), there exist N € N and
l1,...,ly linear continuous forms on L2((T”,T) x T)? such that the equation (C.54) has

a solution up, € L2((T",T) x T)® if and only if

Under these conditions (G.55), the equation (G.54) has a solution u, = L(fp) given by
a continuous map L : G — L2((T",T) x T)% defined on

G:={foe LX(T)"; 1;(Cfo) =0, 1 <j < N}. (G-56)

Then L(fo) = up = USUNuy, + C'fo belongs to C°((T",T) x w). We get the conclusion
with

fo € G, U(fo) = U"(fo, L(fo)), L(fo))- 0

Proposition G.4.4 is proved in Section G.4.3. Proposition G.4.5 is proved in Sec-

tion G.4.4. The unique continuation argument to control the low frequencies is presented
in Annexe G.4.5.

G.4.3 Control of the hyperbolic high frequencies
The goal of this subsection is to prove Proposition G.4.4. We remind that T > 7" > T*
and that the control v = (up, up) satisfies (G.51).

G.4.3.1 Reduction to an exact controllability problem

The goal of this paragraph is to transform the null-controllability problem of Propo-
sition G.4.4 into an exact controllability problem associated with an hyperbolic system.
Precisely, we will get Proposition G.4.4 as a corollary of the following result.

335



Proposition G.4.6. If ng (in Eq. (G.41-G.42)) is large enough, then, for every 7' > T,
there exists a continuous operator

Ul Fh'— L2((0,T) x w)™
Jr— up,

such that for every fr € F,

'S (730, U (£r),0)) = fr-

Proposition G.4.6 will be proved in Section G.4.3.2. Now, we prove Proposition G.4.4
thanks to Proposition G.4.6.

Proof. [Proof of Proposition G.4.4] Let (fo,up) € L2(T)? x L2((T",T) x w)?2. We have
to find uy, € L2((0,T") x w)? such that

HhS(Ta f07 (uhv UP)) = 07

or, equivalently,

"S(T0, (un,0)) = —I"S(T fo, (0, up)). (G.57)

According to the well-posedness of the system (Sys) and the continuity of the projection
" (Definition G.2.8 and Proposition C.4.1), the linear map

(fo,up) = —ITMS(T; fo, (0,up)), (G.58)

is continuous from L?(T)%x L?((T', T) x w)?® into F™. Since uy, is supported in (0, T") x w
by (G.51), we have

I"S(T;0, (un, 0)) = e~ T=TIETING(T; 0, (u, 0)). (G.59)

As pointed out in Proposition G.4.2, e!£" is well-defined for all t € R. T herefore, by using
(G.58) and (G.59), (G.57) is equivalent to

"S(T";0, (uy, 0)) = —eT"TIE'TIS(T; fo, (0,up)) € FP. (G.60)
We get the conclusion with
UM (fo, up) = U (—e(T’T/)‘:hHhS(T; fo. (0, up))). 0

G.4.3.2 Exact controllability of the hyperbolic part

The goal of this section is to prove Proposition G.4.6. By the Hilbert Uniqueness
Method, Proposition G.4.6 is equivalent to the following observability inequality (it is an
adaptation of | , Thm. 2.42]).
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Proposition G.4.7. There exists a constant C' > 0 such that for every gg € ﬁvh, the
solution g of (G.23) satisfies

T/
loolley <€ [ [ o)t (@61
where g1 denotes the first d; components of g.

Proof. Let gy € Fh, By using the definition of F (G.47) and the perturbative theory
(Prop. G.2.3), go decomposes as follows

-y ¥ Ph( ) (n)en. (G.62)

HESp(A’) |n|>ng

Then, the solution g of (G.23) is

Y e EG) Pg(%>*§o(n). (G.63)

HESP(A’) |n|>no

For p € Sp(4’), let us define
TOED e—tn2E(%)*p5<i)*§o(n)en. (G.64)
By using i) and 1) of Proposition G.2.3, we have
oS (L) - R (LY et (1),

which leads to

{ O — 1Ogu + R(0)"gp = Sy in Qrv, (G.65)
9u(0,.) = gy in T,
where
1/2
~ 2
go\(n
In|>no

27 —|w|

If the term S, was = 0, the system (G.65) would be observable in time 7T}, := i
(see for instance | , Theorem 2.2|). Then, by using (G.49) and (G.2), we obtain
the following observability estimate

T/
ngo”QH(T)d < C(/o / |9 (t, 2)” dt dz + HSMH%Q(QT/)d>' (G.67)

It can be deduced from the observability inequality for the solution of (G.65) without
source term (S, = 0), thanks to the triangle inequality, because the L?-distance between
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the solutions of (G.65) with and without source term is bounded by C/||S,|| 2. By using
(G.67) and (G.66), we have

T N2
goln
a2y <| [ [lateopacass 3 R0 cos)
w [n|>ng

Moreover, from i), i) of Proposition G.2.3, (G.63) and (G.64), we get

gu(t) = P10)*g(t) + Qu(t),

with @, satisfying the estimate (G.66). Thus, we have

r 2 r h 2 ‘/9\0(”)|2
/O /|gu(t,x)] dtds < C /0 /|PM(0)*g(t,:U)| ardr+ 3 U e
w w [n|>mno

Thus, from (G.68) and (G.69), we get

T/ ~ N2
* go(n
lwloe<C| [ [ 1k gt aParas+ 3 B0 @)
w [n|>no

By summing for p € Sp(A’) the estimate (G.70) then by using ii) of Proposition G.2.3,
Proposition G.2.1 and (G.62), we get the weak observability inequality

T/
g0l 72()e < C(/O / lg1(t,2)[* dt dz + HngII?{l(qr)) (G.71)

From (G.71) and the compact embedding L?(T) < H~!(T), a classical compactness-
uniqueness argument gives the observability inequality (G.61) (see for instance | )
Lemma 2.1 and Remark 2.2|).

Indeed, by Peetre’s lemma (see | , Lemma 3]), we have from (G.71) that
Ny = {go € ﬁl; g1=01in (0,7") x w},

is finite-dimensional. Moreover, from | , Lemma 4|, to prove (G.61), we need only
to show that Ny is reduced to zero. First, by definition, we remark that Np» decreases
as T" increases. By a small perturbation of 7”7, we may therefore assume that Ny = Np»
for T — T" small thus Npv is stable by ™" where £ is the restriction of £* to F™.
Then, if Ny is not reduced to zero, it contains an eigenfunction of £*". But, by the
construction of Npv, the first components of that eigenfunction would wanish on w.
Therefore, e, (-) = e* =0 in w for some k and this is a contradiction. O
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G.4.4 Control of the parabolic high frequencies

The goal of this subsection is to prove Proposition G.4.5. We recall that 0 < T" < T
are chosen such that (G.49) holds and the control u is such that (G.50) and (G.51) hold.

The strategy is the following one : identify the equation satisfied by the last dz com-
ponents of the parabolic equation (G.23) with the help of the asymptotics of Proposition
G.2.3, then construct smooth controls by adapting the Lebeau-Robbiano’s method to
systems.

In this section, for every vector ¢ € C¢, we will note ¢ its first d; components and
g its last da components.

G.4.4.1 Reduction to a null-controllability problem

The goal of this paragraph is to transform the null-controllability problem of Proposi-
tion G.4.5 into a null-controllability problem associated to a parabolic system. Precisely,
we will prove that Proposition G.4.5 is a consequence of the following result.

Proposition G.4.8. If ng is large enough, then for every T > 0, there exists a continuous
operator
Uh.: FP— C°((0,T) x w)®
fo— Up,
such that for every fy € FP,

I°S(T fo, (0,U7(fo))) = 0.

Proposition G.4.8 will be proved thanks to an adaptation of Lebeau and Robbiano’s
method in Section G.4.4.4, after 2 sections of necessary preliminary results. Now we prove
Proposition G.4.5 thanks to Proposition G.4.8.

Proof. [Proof of Proposition G.4.5] Let (fo,uy) € L*(T)4 x L2((0,7") x w)¥. We have to
find up, € C°((T",T) x 