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Chapter 1

Introduction

La théorie des valeurs extrémes (TVE) constitue une branche importante
des statistiques qui n’a cessé de gagner en importance dans plusieurs
domaines ces derniéres années. Elle permet d’étudier et de modéliser
des événements que l'on nomme rares, c’est-a-dire dont la probabilité
d’apparition est faible. Contrairement a la statistique classique, qui met
laccent sur I’étude des comportements moyens d’un phénoméne (calcul
de lespérance, de la variance, loi forte des grands nombres, théoréme
central limite, etc.), on se concentre sur les comportements exceptionnels,
c’est-a-dire sur la queue de distribution de la loi modélisant au mieux le
phénoméne étudié. L’étude d’événements rares ne peut se faire avec des
outils de la statistique classique qui présentent rapidement des limites
étant donné le nombre trés restreint de données dont on peut disposer.
Le role de la théorie des valeurs extrémes est d’extrapoler au dela des
données utilisables par le biais d’outils différents et efficaces. Les premiéres
motivations du développement de cette théorie ont été les problémes
hydrologiques et environnementaux (inondations, crues, chocs pétroliers,
etc.) dont la gestion est une préoccupation importante de par leurs impacts
économiques et sociaux. Elle prend également une part active en finance
(Embrechts et al. [12]) ou encore en sciences humaines, notamment sur la
question de ’age maximal que peut atteindre un étre humain (Thatcher [37]).

Un des problémes fondamentaux en théorie des valeurs extrémes est
Iestimation de quantités appelées quantiles extrémes. Soit S = 1 — F la
fonction de survie associée a une fonction de répartition F. Le quantile
Q(a) d’ordre av € 10, 1] associé & S est défini par I'inverse généralisé de S,



c’est-a-dire
Qla) =57 (o) =inf {y e R | S(y) < o}.

Un des exemples les plus connus qui explique au mieux la notion de quantile
est le probleme de hauteur de digue aux Pays-Bas (de Haan [24]). Une
violente tempéte est survenue aux Pays-Bas en 1953 pendant laquelle la mer
a débordé par dessus les digues, ce qui a engendré d’importantes inondations
et causé¢ de nombreux dégats tant sur le plan matériel que sur le plan
humain. Une des questions posées aux mathématiciens a été de calculer la
hauteur que devait avoir une digue afin que la mer passe par dessus avec
une probabilité trés faible « (de 'ordre de 107* & 107%). Cela revient en fait
a résoudre un probléme d’estimation de quantiles dont 1’ordre est proche de
0, c’est-a-dire de quantiles extrémes.

Dans cette thése, on s’intéresse a ’estimation de quantiles extrémes dans un
certain contexte. On associe une variable aléatoire réelle Y a une covariable
X de grande dimension, c¢’est-a-dire X € RP avec p € N \ {0}. Si on pose
xo € supp(X) ou supp(X) est le support de X, alors on cherche a estimer
les quantiles extrémes conditionnels pour « proche de 0 définis par

Q(alzo) = inf {y € R | S(y|zo) < a}

ou S(+]zp) est la fonction de survie de la distribution de Y sachant {X = x}.
Etant donné un estimateur S, (-|zo) de S(:|zo), il est naturel de définir un
estimateur de quantiles par la simple relation d’inverse généralisé et ainsi
obtenir 'estimateur de quantiles

Qu(alao) = S5 (alxo).
Il s’agit de la méthode indirecte d’estimation de quantiles. C’est par cette
premiére remarque que débute le travail de cette thése. Avant de formaliser

correctement le probléme, rappelons d’abord quelques généralités sur la
théorie des valeurs extrémes dans le cadre univarié.

1.1 Généralités sur la TVE dans le cadre uni-
varié

Soient Y7, ...,Y, n copies d'une variable aléatoire Y ayant comme fonction
de répartition F'.



1.1.1 Comportement asymptotique de max(Y,...,Y,)

En théorie des valeurs extrémes, on se concentre sur la queue de distribution
et donc sur le comportement asymptotique de la suite M,, = max(Yy,...,Y,).
On peut également s’intéresser a la suite min(Yy,...,Y,) mais tout ré-
sultat sur M, est suffisant puisqu’'on a la relation min(Y;,...|Y,) =
—max(—Y1,...,—Y,). Par un calcul simple, la distribution du maximum
M, est donnée pour x € R par

P(M, <x)=F"(x)

et ainsi I’étude du comportement asymptotique de M,, revient a étudier celui
de F™. Une premiére remarque que I'on peut faire est que le maximum M,
converge vers une variable dégénérée, c’est-a-dire une variable qui est égale
a une constante presque strement. En effet, par le lemme de Borel-Cantelli,
on montre que

quand n tend vers +oo ou xp est le point terminal de F c’est-a-dire
xp :=sup {z € R | F(z) < 1} qui peut étre fini ou infini. Ce résultat ne
nous donne pas d’informations essentielles comme le comportement de la
queue de distribution ou encore une vitesse de convergence. Un moyen de
contourner le probléme est de renormaliser la variable M,, et de montrer que
I appartient & un domaine d’attraction.

Definition 1 Soit G une fonction de répartition non-dégénérée. On dit que
F appartient au domaine d’attraction de G (et on note F € DA(G)) s’il
existe des suites réelles a, > 0 et b, telles que en tout point de continuilé x

de G,
M, — b,
lim F™(anz +b,) = G(z) & ——" 4y 7

n—oo aTL

ot Z admet pour fonction de répartition la fonction G.

Une trés grande majorité de lois appartient & un domaine d’attraction,
d’ou l'intérét d’étudier davantage cette notion. Les mathématiciens Fisher
et Tippett [14] ainsi que Gnedenko [21| ont montré que si la fonction de
répartition F' appartient & un domaine d’attraction d’une fonction G, alors



elle appartient également au domaine d’attraction d’'une fonction explicite
G, qui dépend d’un unique parameétre v € R. Plus précisément, nous avons
le théoréme suivant.

Theorem 1 Supposons que F € DA(G) ot G est non-dégénérée. Alors il
existe des constantes a,b,y € R telles que G(x) = G,(ax + b) pour tout
r € R, ou

G, ()~ {

exp [—(1+~yz) 7] siy#0 et 14~z >0,
exp [—exp(—x)] sty =0.

Ce théoréme est considéré comme étant le théoréme fondamental de la théorie
des valeurs extrémes et ’équivalent du théoréme central limite dans le do-
maine des statistiques classiques. La fonction G., est connue sous le nom de
représentation de Jenkinson - Von Mises de la loi des valeurs extrémes ou en-
core de distribution GEV (pour Generalised Extreme-Value). Le paramétre
v est appelé indice des valeurs extrémes et renseigne sur le comportement
de la queue de distribution de F'. Selon son signe, on peut distinguer trois
sortes de distributions GEV :

e Si v > 0, on dit que F appartient au domaine d’attraction de Fréchet
(noté F' € DA(Fréchet)) et la distribution GEV est donnée par :

0 six <0
F _ )
G (2) = { exp(—z~Y7) six > 0.

Le point terminal zp est dans ce cas +oo et la fonction de survie
S est a décroissance polynomiale. Les fonctions de répartition
F € DA(Fréchet) sont dites & queues lourdes (ou heavy tailed
distributions en anglais).

e Si v < 0, on dit que F appartient au domaine d’attraction de Weibull
(noté F' € DA(Weibull)) et la distribution GEV est donnée par :

wo [ exp[—(=x)7Y7] siz <0,
GV(x)_{l sixz>0.

Le point terminal xp est fini et S est & décroissance polynomiale.

4



e Si~y =0, on dit que F' appartient au domaine d’attraction de Gumbel
(noté F' € DA(Gumbel)) et la distribution GEV est donnée par :

G (z) = exp [—exp(—z)] pour tout = € R.
Le point terminal xr peut étre fini ou infini et S est a décroissance

exponentielle.

La Figure 1.1 présente trois exemples de densités associées a la distribution
GEV, obtenues par simple dérivation de la fonction G,.

1.0

08

086
1

04

Figure 1.1: Densité de la distribution GEV pour v = 1 (courbe rouge), v =0
(courbe bleue) et v = —1 (courbe noire).

1.1.2 Caractérisation des domaines d’attraction

Une question naturelle est de se demander quelles conditions doivent vérifier
les distributions pour qu’elles appartiennent a un domaine d’attraction et
si c’est le cas, & quel des trois domaines. L’étude des fonctions a variations
réguliéres a l'infini joue un grand role dans cette caractérisation. Une étude



approfondie de cette notion se trouve dans le livre de Bingham et al. [4].

Definition 2 Une fonction mesurable f : R — [0, +00) est dite d varia-
tions régulieres a Uinfini d’indice « € R (et on note f € RV («a)), si ¥Vt >0

lim f(tz)
200 f(2)

Dans le cas particulier ou o = 0, on dit que f est & variations lentes a ’infini.

=t1“.

L’étude des fonctions & variations réguliéres se raméne a étudier unique-
ment les fonctions & variations lentes. En effet, il est facile de montrer la
proposition suivante.

Proposition 1 Pour toute fonction f : R — [0, +00) appartenant ¢ RV («a)
avec o € R, alors pour tout x € R,

ot L est une fonction a variations lentes a l’infini.

Comme exemples simples de fonctions a variations lentes a l'infini, on
peut citer les fonctions constantes, les fonctions qui convergent vers une con-
stante ou encore la fonction logarithme. D’autres exemples sont les fonctions
appartenant a la classe de Hall introduite en 1982. Les fonctions L de cette
classe sont telles que

M >0, Vo > M, L(z) = C + Dz"(1+ o(1))

ot (1) converge vers 0 quand z tend vers l'infini avec C' > 0, § < 0 et
D € R*. On peut également définir des fonctions a variations rapides ot I'on
considére les cas & = +00 ou o = —00.

Definition 3 Une fonction mesurable f : R — [0, 4+00) est dite a varia-
tions rapides d’indice —oo (resp. +00) si elle est positive et si

. f(tz) +oo (resp. 0) s10<t<l,
lim = _
z—oo f(x) 0 (resp. +00) sit> 1.

6



Comme exemples de fonctions a variations rapides, on la fonction z —
exp(z) avec a = +00 et la fonction x — exp(—x) avec a = —o0.
On peut aussi s’intéresser a l'inverse généralisé d’une fonction a variations
réguliéres a l'infini qui est croissante ou décroissante.

Proposition 2 Si f € RV(«) avec o > 0 et est une fonction croissante
telle que f(x) — +oo lorsque x — oo, alors f< € RV(1/a).

Corollary 1 Si f € RV(«) avec o < 0 est une fonction décroissante, alors
la fonction f<(1/-) est a variations réguliéres & l'infini d’indice —1/a.

Enfin, on peut différencier les trois domaines d’attraction de la maniére suiv-
ante.

Domaine de Fréchet et de Weibull

En utilisant la théorie des fonctions a variations réguliéres, on peut obtenir
un critére utile pour déterminer si une fonction de répartition F' appartient
a un domaine d’attraction.

Theorem 2 Soit v # 0, F' une fonction de répartition, S la fonction de
survie associée et xp le point terminal de F.

e F' € DA(Fréchet) si et seulement si zp = +00 et

S(z) =z Y7L(z)

ou, de maniére équivalente,
Q(a) = a~t(a™), ae0,1]

ou L et ¢ sont des fonctions a variations lentes a linfini et
Q(a) = S (a). Des suites possibles de normalisation sont a,, = Q(1/n)
et b, = 0.



o [' € DA(Weibull) si et seulement si zp < 0o et si
S*(z) = 2Y7L(x)
ou, de maniére équivalente,
Qla)=2p —a U(a™t)

ou L et ¢ sont des fonctions & variations lentes a l'infini et ot S* est
une fonction de survie telle que la fonction de répartition associée F™
est définie par

N | stz <0
F(x)'_{l—F(:UF—l/:c) si x> 0.

Des suites possibles de normalisation sont a,, = xp—Q(1/n) et b, = xp.

On peut remarquer que les domaines de Fréchet et de Weibull sont
étroitement liés. En effet, on peut passer de I'un a 'autre par un simple
changement de variable. Supposons qu’une variable aléatoire Y ait pour
fonction de répartition F' € DA(Fréchet) et soit xp un réel fixé. Alors, la
fonction de répartition de la variable xp — 1/Y appartient a D.A(Weibull)
et son point terminal est xp. Inversement, si I € DA(Weibull) avec pour
point terminal zp, alors la fonction de répartition de (zr —Y)~! appartient
a DA(Fréchet). Voici quelques exemples de loi :

e Domaine d’attraction de Fréchet : Fréchet, Cauchy, Burr, Pareto, Log-
Gamma, Student

e Domaine d’attraction de Weibull : Uniforme, Beta.

Domaine de Gumbel

La caractérisation du domaine de Gumbel est plus compliquée. Il n’existe
pas de représentations simples. Un sous-ensemble intéressant de distributions
sont les lois de type Weibull, c’est-a-dire les distributions définies par :

S(x) = exp(—2’L(z))



ou L est une fonction & variations lentes a l'infini et > 0 est l'indice de
queue de Weibull. Un exemple de suite de normalisation est b, = Q(1/n).
La suite a, est complexe & obtenir. Un grand nombre de distributions sont
de ce type la. On peut citer la loi Normale, Log-Normale, Weibull, Gamma
et Exponentielle.

Cependant, il est possible de caractériser les fonctions de répartition en
terme de fonctions & variations rapides d’indice —oc.

Proposition 3 Soit F' une fonction de répartition appartenant au domaine
d’attraction de Gumbel de point terminal xp et soit S la fonction de survie
associée.

o sixp = 400 alors S est une fonction a variations rapides d’indice —oo.

o sixp < 400 alors S(xp — 1/-) est une fonction & variations rapides
d’indice —oo.

De nombreux exemples supplémentaires de lois appartenant & des domaines
d’attraction se trouvent dans Embrechts et al. [12] tableaux 3.4.2, 3.4.3 et
3.4.4.

Remarque 1 Trouver un domaine d’attraction pour une fonction de répar-
tition F' revient en fait a définir une suite u, = u,(x) = a,x + by, telle que
P(M, < u,) converge vers une limite qui n’est pas toujours égale a 0 ou 1.
Comme il est expliqué en détail dans Leadbetter et al. [30] et plus succincte-
ment dans Embrechts et al. [12], cela exige certaines conditions de régularité
sur F. Supposons que xp est fini. Il est alors impossible de trouver une telle
suite u, pour une fonction de répartition F qui présente un "saut" en xp,
c’est-a-dire si

lim F(z) # 1,

T—Tp—

ce qui est le cas pour la loi binomiale par exemple. Il existe d’autre critéres
qui permettent de décider si une fonction de répartition appartient a un
domaine d’attraction, peu importe que xp soit fini ou non (voir Leadbetter
et al. [30] Corollaire 1.5.2 et Théoréme 1.7.13).



1.1.3 Distributions super heavy-tailed

Une autre classe de fonctions, que 'on appelle classe des distributions super
heavy-tailed ne présente pas les caractéristiques nécessaires pour appartenir
a un domaine d’attraction. Une distribution super heavy-tailed est une dis-
tribution dont la fonction de survie S est une fonction a variations lentes a
I'infini, c¢’est-a-dire pour tout ¢t > 0, on a

lim S(tz)

= 1.
z—to00 S(x)

On rappelle que les fonctions de survie des distributions appartenant au
domaine de Fréchet (7 > 0) sont des fonctions a variations réguliéres a 'infini
d’indice —1/~. Par abus de langage, une distribution super heavy-tailed peut
étre considérée comme étant une distribution a queue lourde ayant comme
indice des valeurs extrémes v = +o0o0. Comme exemples, on peut citer les lois :

e Log-Pareto : S(z) = [In(z)]™%, x>0, £ > 0;
o Log-Weibull : S(z) = exp[—£&In’(z)], z > 0, £ > 0;

e Log-Cauchy : S(z) =35 — %arctan (M» x>0, ueR, &>0.

1
2 3

Cela concerne toutes les lois ot S est a décroissance logarithmique. La
Figure 1.2 compare I'allure d’une loi Log-Pareto avec trois lois appartenant
a un domaine d’attraction.

La majorité des résultats en théorie des valeurs extrémes concerne les
distributions vérifiant le théoréme fondamental érigé par Fisher, Tippett et
Gnedenko. Il peut alors étre intéressant de tenter une nouvelle approche afin
que les résultats puissent se généraliser a cette classe de distributions.

1.2 Estimation de quantiles extrémes

1.2.1 Définition

On rappelle qu’un quantile d’ordre « € |0, 1] est défini par 'inverse généralisé
d’une fonction de survie S. Autrement dit, si on désigne par Q(«) le quantile,

10
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Figure 1.2: Densité de la loi GEV pour v = 1 (courbe rouge), v = 0 (courbe
bleue), v = —1 (courbe noire) et d’une loi Log-Pareto (courbe orange).

alors

Q) = §7(a) =inf {y e R | S(y) < o}

avec la convention inf {@} = 4+00. On remarque que le quantile d’ordre
1 est égal & xp, le point terminal de F. L’objectif, en théorie des valeurs
extrémes, est d’estimer les quantiles Q(«) ol « est proche de 0. Une des
méthodes classiques est la méthode dite indirecte qui consiste a définir tout
d’abord un estimateur de la fonction de survie S et en déduire, par la relation
d’inverse généralisé, un estimateur de (). Comme estimateur de S, on pense
naturellement & I'estimateur empirique : pour tout y € R

. ] —
Su(y) = - > Tvsy
i=1
et un estimateur possible de Q(«) est donc

] } =Y, [nal,n

i
n ’n

Qn(a) = ZYnfiJrl,nH{a e [
=1

11



ou |z] désigne la partie entiére de z et Y7 ,, < ... <Y, désigne 'échantillon
rangé par ordre croissant. On se rend compte rapidement de la limite de
cette méthode. En effet, dés que a < 1/n, notre estimateur est "bloqué"
a la statistique Y, ,,. Ce qui n’apporte pas de réponse satisfaisante. La
zone [X,,,+00) est appelée la queue de distribution de S et un quantile
appartenant a la queue de distribution est appelé un quantile extréme. La
notion de quantile dépend donc de I’échantillon et de sa taille n. L’intérét
se porte alors sur les quantités Q(cy,) oll «y, est une suite qui converge vers
0. On classifie les quantiles en deux catégories.

Definition 4 Soit «,, une suite qui converge vers Q.
o On dit d’un quantile qu’il est intermédiaire si na,, — +00.

e On dit d’un quantile qu’il est extréme si no, — ¢ > 0.

1.2.2 Estimation d’un quantile extréme par extrapola-
tion

La question qui se pose est comment peut-on estimer des tels quantiles si
les outils de la statistique classique ne fonctionnent pas 7 Une des réponses
possibles se trouve dans I'extrapolation de données. Considérons deux suites
a, et B, convergeant vers 0 telles que 3, /a, — 0 quand n tend vers U'infini.
L’extrapolation consiste & définir un estimateur de quantiles mtermedlalre
Qn(ay) et d’en déduire un estimateur de quantiles extrémes Qn (Bn) par
une relation qui les lie.

Une approche non paramétrique

Dans de Haan et Ferreira [25] Théoréme 1.1.6, il est stipulé que F' appartient
a un domaine d’attraction si et seulement s’il existe une fonction positive a
telle que pour tout u > 0,

Q)= QM) _ [
ty L _/1 ds = L.(1/u). (1.1)

Cette relation s’appelle relation du premier ordre. En remplacant u par
B/, on obtient 'approximation

12



Q(Bn) = Qlan) + a(l/on) Ly (o /Bn).

Ainsi, notre estimateur de quantiles extrémes est défini par :

QP (B,) = Qun(an) + an(1/n) Ls, (an/Bn) (1.2)

ot Qplan), an(1/ay) et 4, sont des estimateurs de Q(an), a(1l/ay) et ~.
Plusieurs conditions sont nécessaires sur ces estimateurs afin d’obtenir une
normalité asymptotique pour Q%E) (6,). En premier lieu, une condition du
second ordre sur la relation (1.1) : il existe une fonction A qui ne change
pas de signe et qui vérifie A(t) — 0 quand ¢t — oo telle que

Qua)—Q() _ 1 (1/4 1/u r
lim —21/) 1) _ / L / t1dt dr (1.3)
A(l/a) 1 1

a—0

ou p < 0 est appelé le paramétre de second-ordre. On a également besoin
d’une condition de convergence en loi du triplet suivant :

o dn(l/an) _ Qn(an)_Q(O‘n> d
m@ y alfon) g Gule) 4 >H<P,A7@> (14)

ou le triplet (I';A,©) suit une loi normale multidimensionnelle dont le
vecteur espérance peut dépendre de v et p et dont la matrice de covariance
ne peut dépendre que de . Ainsi, on peut énoncer le théroéme suivant.

Theorem 3 (de Haan et Ferreira [25] Théroéme 4.3.1) Soient deuz
suites «, et B, convergeant vers 0 telles que (,/c, — 0. Supposons qu’il
existe une fonction A ne changeant pas de signe telle que A(t) — 0 quand
t — oo et que (1.3) soit satisfaite. Si on a les conditions suivantes :

o [e parameétre p est négatif ou égal a 0 avec v négatif;

o na, — o0, In(a,/B)//nam — 0 et /na,A(l/a,) = X € R quand n

tend vers 'infini,

e la condition (1.4) est vérifiée pour des estimateurs pertinents de Q(v,),
a(l/an) et v;

13



alors,

Qi (Bn) = Q) 4, 1 (- e _ g A

a(l/an)gy(an/Bn) Y- +p

ot y— :=min(0, ) et ot pour tout t > 1,

Vnao,

q,(t) := /j s7 Hn(s)ds.

On peut remarquer que cette méthode d’extrapolation présente des limites.
En effet, La condition In(a,,/53,)//nas, — 0 quand n tend vers I'infini impose
que pour tout € > 0 on a 3, > n~'exp(—e/nay,) pour n suffisamment grand.
L’ordre du quantile extréme ne peut donc étre arbitrairement petit. En
ce qui concerne le choix des estimateurs, un des estimateurs classiques de
quantiles intermédiaires Q(«,,) est tout simplement 'estimateur empirique
Y~ nan)n- Dans de Haan et Ferreira [25] Théoréme 2.2.1, il est montré que
cet estimateur est asymptotiquement gaussien.

Theorem 4 (de Haan et Ferreira [25] Théoréme 2.2.1) Supposons
que la condition du second ordre (1.3) est satisfaite pour v € R et p < 0.
Soit a,, une suite convergeant vers 0 telle que no,, — +00 quand n — +00.
Si

lim /no, A(1/a,) < 400

n—-+4o00

alors
Ynf [nan],m — Q(Oln)

a(1/an)
Pour le choix de 7, et @,(1/ay,), un exemple est donné dans de Haan et Fer-

reira [25] Section 4.3.2 avec I'estimateur des moments, qui est un estimateur
général de v € R. 1l existe cependant des cas plus simples.

Vnay, i>./\/(O,1).

Une approche semi-paramétrique simplifiée pour le cas v > 0

Si l'on suppose au préalable que v > 0, ¢’est-a-dire que F' € DA(Fréchet),
alors on peut obtenir un estimateur de quantiles extrémes plus simple a
étudier. On a pu voir que la fonction de survie associée S s’écrivait :

S(x) =z Y L(x)
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ou L est une fonction a variations lentes & l'infini. De maniére équivalente,
on peut aussi écrire cette relation en termes de quantiles, c¢’est-a-dire, pour
tout o € [0, 1],

Qa) = (a™)
ol ¢ est une fonction a variations lentes a l'infini. Sil’on considére deux suites

a, et B, qui convergent vers 0 telles que 3, /a, — 0, alors par la définition
de fonctions a variations lentes a I'infini on obtient

an
Q) ~ Qe (%)
Un estimateur possible de quantiles extrémes est celui de Weissman (1978)
défini par
~(5) , An
Qn,pos(ﬁn) = Yn—[nanj,n <6_)
et étudié dans de Haan et Ferreira [25] Théoréme 4.3.8.

Theorem 5 (de Haan et Ferreira [25] Théoréme 4.3.8) Soient deux
suites o, et [, convergeant vers 0 telle que na,, — +oo et fy/a, — 0.
Supposons qu’il existe une fonction A telle que A(t) — 0 quand t — +oo et

Q(ua) Y _

Q@) u—1

ime> - -
w0 Aja)

Si on a les conditions :

e e parametre p est strictement négatif;
o J/na,A(l/ay,) — XA €R et In(a,/5,)/v/n, quand n — 400,

o /1o, (Yn — ) 45T 0a T suit une loi normale;

alors,

noy, A%i?os(ﬁn) d
1n<an//3n>< G

Comme exemple d’estimateur de v > 0, on peut citer 'estimateur de Hill
introduit en 1975. Une étude détaillée est faite dans de Haan et Ferreira [25].
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1.3 Contexte de la thése et résumés des
chapitres

1.3.1 Contexte de la thése et problématiques

On considére un couple de variables aléatoires (X,Y) € RP x R avec p €
N \ {0} et soit xy € supp(X). On pose S(-|zg) et Q(-|xo) la fonction de survie
et la fonction quantile associée de la distribution de Y sachant ’événement
{X = x0}. On suppose que (X,Y) admet une densité de probabilité et
note par f la densité marginale de X. IL’objectif de la thése est d’étudier
des estimateurs de la fonction de survie conditionnelle qui dépendent de
fonctions poids pour en déduire des estimateurs de quantiles extrémes condi-
tionnels par la méthode indirecte. Considérons n copies (X1,Y7),..., (X, Ya)
de (X,Y). Les estimateurs de S(-|zg) que nous étudions sont de la forme :

gn(?J‘%) = ZWn,i(x(])H{Yi>y} (1.5)

i=1
pour y € R et ou lensemble des poids {W,i(zo),1 < i < n} est un
tableau triangulaire de variables aléatoires positives dépendant des données
Xq,..., X, et de ¢ et vérifiant

an,i(l’o) =1.
i=1

Le role des poids W, ;(x¢) est de sélectionner les covariables qui sont le plus
"proches" de xg afin que 'information utilisée pour une telle estimation soit
la plus pertinente possible. Ce genre d’estimateurs est plus communément
appelé estimateur local. On obtient naturellement I’estimateur de quantiles :

Qn(a|x0) = S:L_(oz|x0) (1.6)

pour « €]0,1[. Nous pouvons déja citer deux exemples fondamentaux qui
font partie des estimateurs locaux.

e L’estimateur de Nadaraya-Watson introduit par Nadaraya (1964) et
Watson (1964) ot les poids sont définis par

Xi—x = X;—x
NW ._ ¢ 0 J 0
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avec K une fonction noyau et h, une suite positive de réels qui
converge vers 0 quand n tend vers l'infini et que 'on appelle fenétre.
Il s’agit d’un paramétre de lissage. Cette suite controle la convergence
de 'estimateur ainsi que ’équilibre biais-variance. Une grande fenétre
s’accompagne d’une faible variance (la moyenne étant effectuée sur
plus d’observations) mais d’un biais plus important (la fonction étant
presque constante). Une petite fenétre aura leffet inverse. Il n’est pas
possible de déterminer exactement quelle suite h, permet d’avoir des
résultats optimaux. Cependant, il est usuel d’utiliser une méthode
de validation croisée pour obtenir un choix optimal de h,. Le choix
de la fonction noyau K n’est pas crucial (voir Davison et al. [7]).
Les fonctions noyau classiques sont le noyau Uniforme, Triangle,
Epanechnikov, Quadratique ou encore Gaussien.

e L’estimateur des k, plus proches voisins : Soit k, une suite d’entiers
et soit || - || une norme sur R?. La méthode des k, plus proches voisins
consiste a sélectionner les k,, observations X; qui sont les plus proches
en termes de distances de xg. Si on désigne par r(i), 1 <1i <k, le rang
de || X; — ]|, alors I'estimateur des k, plus proches voisins est défini

pour £ € N,
kn
WiNN (o) == [(kn — (D) + 1)4)" /> 5"
j=1
ou (x); = max(0,z). Lorsque ¢ = 0, il s’agit de l'estimateur des

k., plus proches voisins uniforme. Le méme poids est assigné aux
k, observations sélectionnées. Pour ¢ # 0, plus I'observation X; est
proche de z(, plus on lui assignera un poids important. Pour ¢ = 1
(resp. ¢ = 2), on dit qu’il s’agit de l'estimateur des k, plus proches
voisins triangulaire (resp. quadratique).

L’objectif reste 'estimation de quantiles extrémes. Soient donc «, et 3,
deux suites qui convergent vers 0 telles que (3,,/c, — 0. Deux cas de figure
se présentent.
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e Supposons que S(-|xy) appartiennent a un domaine d’attraction, c’est-
a-dire qu’il existe des suites de réels a,, > 0 et b, et une fonction de
répartition non-dégénérée G tels que

lim [1 — S(anz + bu|zo)]" = G(2|z0)

n—-+00

pour tout point de continuité z de G(-|xg). Alors, d’aprés de Haan et
Ferreira |25] Théoréme 1.1.6, il existe une fonction positive a(-|z) telle
que pour tout u > 0,

th(W\xo) — Q(alxo)

250 a(1/alzo)

= L'y(mo)(l/u)

ou y(xg) est l'indice des valeurs extrémes conditionnel associé. On a
alors 'estimateur de quantiles extrémes :

Q;E)(ﬂn‘xo) = Qn(an‘xo) + dn(l/gnymo)[”yn(:}co)(Oén/ﬁn)

ol a,(1/ay|zo) et 4, (zo) sont des estimateurs de a(1/ay|xo) et vy(xo)
encore a déterminer.

e Supposons que S(:|zg) n’appartienne pas forcément a un domaine
d’attraction. Est-il alors possible de trouver une relation asympto-
tique permettant de définir des quantiles extrémes dans un cadre plus
général 7 Par exemple pour des distributions super heavy-tailed 7

Enfin, nous pouvons aussi nous interroger sur le probléme de la dimension
de la covariable X. Il est bien connu que plus la dimension des variables
aléatoires augmente, plus les méthodes d’estimations sont difficiles. Il s’agit
du fléau de la dimension ou curse of dimensionality en anglais. Lorsque
la dimension est grande, les observations sont éparpillées dans l'espace et
leurs positions sont trés éloignées de celle de xy. C’est ce que nous pouvons
observer sur la Figure 1.3. Nous simulons 400 variables aléatoires suivant
une loi uniforme standard et regardons quelles sont les 100 observations les
plus proches de zy = 1/2 (dimension 1), zp = (1/2,1/2) (dimension 2) et
xo = (1/2,1/2,1/2) (dimension 3).

Nous pouvons constater que plus la dimension augmente, plus il est difficile
de controler la distance pour qu’il y ait un nombre suffisant d’observations
prises en compte. Cela peut poser probléme par exemple pour I'estimateur
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Figure 1.3: Simulations de 400 variables aléatoires suivant une loi uniforme
standard en dimension 1, 2 et 3. En rouge : les 100 plus proches observations
des points zy = 1/2 (dimension 1), zo = (1/2,1/2) (dimension 2) et z7 =
(1/2,1/2,1/2) (dimension 3).

de Nadaraya-Watson ou la suite h, ne peut plus étre correctement choisie.
Cela engendre des problémes de biais importants et il est donc important
de réduire la dimension sans perdre de 'information. La méthode d’Analyse
en Composantes Principales (ACP) est I'une des méthodes de réduction de
dimension les plus connues ou encore la méthode de Régression Inverse par
Tranchage (Sliced Reverse Regression (SIR) en anglais) introduite dans Li
[31]. L’idée en général est de considérer une matrice B de taille p x g avec
q < p et de rang maximal telle que la distribution de Y sachant B' X soit la
méme que celle de Y sachant X. On dit alors que X et Y sont indépendantes
conditionnellement & BT X. Ainsi, on pourrait remplacer les observations
X, par B"X, sans perdre de l'information et obtenir des estimateurs plus
performants puisque nos nouvelles covariables ont une dimension moindre
(¢ < p). 1l serait donc intéressant de voir s’il est possible de définir un
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estimateur de quantiles extrémes définit en fonction de nouvelles observations
BT X; qui soit plus efficace que 'estimateur standard, c’est-a-dire ot aucune
méthode de réduction de dimension n’est appliquée.

1.3.2 Reésumés des chapitres

Chapitre 2

Dans le chapitre 2, on introduit une nouvelle condition semblable a la con-
dition du premier ordre (1.1) mais qui est plus générale. Il s’agit de la Tail
First Order Condition (TFO). Soit I € R et J € R deux intervalles ou-
verts contenant 0 et y* le point terminal de S. Une distribution S vérifie la
condition TFO s’il existe des fonctions positives d et W telles que pour tout

el [y + td(y)]
Sly + td(y 1
( 5W) ‘Q‘¢<”

ol ¢! est I'inverse d’une fonction ¢ : J — I continue et strictement décrois-
sante telle que ¢(t)/t — —1 quand ¢t — 0. Une version équivalente en terme
de quantiles est la suivante. Une distribution S vérifie la condition TFO s’il
existe des fonctions positives a et g telles que

o @l ()] — Q)
= a(l/a)

lim ¥(y)

y—y*

= o(1).

o Q(a) = ST (a). On remarque que si g est lidentité et que ¢(t) =
L,(1/(t + 1)), alors on retrouve la condition du premier ordre (1.1). Les
distributions appartenant a un domaine d’attraction vérifient alors la con-
dition TFO. On exposera dans ce chapitre les motivations et les particular-
ités de cette condition. On montrera également que les distributions super
heavy-tailed vérifient la condition TFO. En fixant zo € R?, p € N \ {0},
on peut évidemment donner une version conditionnelle de la condition TFO
avec J = Jy, 0(-) = o(|x), ¥ = U,y et d = dy,, ou g(-) = g(-|zo) et
a) = al-|y). A

On s’intéresse ensuite a Uestimateur Q(a,|zo) défini en (1.6) avec a,, une
suite qui converge vers 0. Le but est de montrer sa normalité asymptotique
sous certaines conditions. Une premiére étape consiste & montrer la nor-
malité asymptotique de S, (y,(xo)|zo) défini en (1.5) ot y,(z0) est une suite
qui converge vers le point terminal de S(-|xg). Il est nécessaire d’introduire
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une telle suite y,(x¢) afin d’obtenir des renseignements sur la queue de dis-
tribution. Soient deux suites o,(xo) et v,(zg) convergeant vers +oo quand
n — +oo et qui dépendent de zy. Alors, pour tout z € R,

P |0 (a0) (Q(anlao) = Qanfeo)) < 2| = PZu(0) < zu(a0)]
Zn(w0) = va(0) | S (Q(anlao) + 207 (o) ) = S(Q(aw|0) + 2077 (z0) o)

et

2 (0) = —auntn (10) {S(Q(@nm) ;ZUJI(%O)!%) B 1] ‘

En supposant que S(Q(«|z)) = a pour « suffisamment petit, que S vérifie
la condition TFO et en posant y,(zo) = Q(ay|zo) + 20, (o), 0, (x0) =
A Un(20) /[W(Q (0 |0)|20)d(Q(awm|z0)[20)] et &, (o) 1= 00 (20)d[Q(cwm|z0)],

alors on peut montrer que z,(rg) — 2z quand n — oo. Ainsi, si on a la
convergence

Un(20) [Sn (Yn () 20) — S (yn(0)|70)] —= N(0,1), (1.7)

on peut en déduire la normalité asymptotique

0 (20)[Qn(n|70) — Q(an|70)] —5 N(0, 1).

Pour montrer une telle convergence en loi (1.7), nous nous sommes inspirés
des travaux de Owen dans sa thése [34] qui étudie les mémes estimateurs
mais dans le cas classique, ¢’est-a-dire les estimateurs S, (y|zo) pour y € R.
Nous avons adapté ses méthodes de démonstration au cas extréme. L’idée
est d’introduire la quantité

Ny = (Z WYQL,1<$0)>

qui correspond approximativement au nombre de covariables prises en compte
dans I'estimation. On a alors le théoréme suivant.

Theorem 6 Soit vq € R? tel que f(xg) > 0 et soit y,(xo) une suite con-
vergeant vers le point terminal y*(xo) de la distribution de Y sachant {X =
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zo}. On suppose qu’il existe une suite my (o) telle que ng, /my(xo) —= 1 et
on pose v2(xg) := my,(x0)/S(Yn(x0)|T0). Si on a les conditions

Un(x@f??;iwnvi(%) 250 (1.8)
et
g d
U (20) > Wai(@0)|S (4 (20)|X:) — S (yn(a0) | 70)| — N (0, 1) (1.9)
i=1
alors R .
a(0) (S (W (20)20) = S(ym(w0)lra) ) ~ N (0, 1),
L’idée de la preuve est de définir pour ¢ = 1,...,n les variables ;" :=
Q(Uilzo) on Uy, . .., U, est une suite de variables aléatoires indépendantes et

identiquement distribuées suivant la loi uniforme standard et indépendantes
des X;. Ainsi,

~

Sulun(@0) ) = Sy (o)) = [ S (9 (w0)) = S(yn(wo) o)
+ [Suwal@o)lz0) = 72 (9 @0))|

ou pour tout y € R,

n

SZ‘O (y> = an,i(xo)]l{y;z()>y}.

=1

Le premier terme correspond au terme de variance et le deuxiéme au terme
de biais. La premiére étape consiste & montrer que le terme de variance aprés
normalisation

~

Un(20)[S5° (yn(20)) — S (yn(20)[0)]

converge vers une loi normale centrée réduite. Cela nécessite la condition
(1.8) et le théoréme de Lindeberg. Il reste ensuite & montrer que le terme

Un(%)[gn(yn(%ﬂxo) - Sﬁo(yn(xo))]

converge vers ( en probabilité en utilisant la condition (1.9). Ainsi, par la
méthode expliquée précédemment, on obtient la normalité asymptotique de

Qn (v |T0).
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Theorem 7 Soient xy € RP tel que f(z9) > 0, a, — 0 quand n — 400 et
on suppose que S(-|xg) vérifie la condition TFO. Supposons qu’il existe une
suite my (o) telle que ng, /mn(z0) =2 1 et soit v2(x0) = mn(xo) /. Si
My (z9) = 400, Uy (x0)g(am|xe) — +o0,

Un(20) max W, i (o) == 0

1<i<n
et
X;
[oznmn(:r;o) sup ZmeO (5|$0)‘ il 1‘&0,
18/an—11<€ =3 B8

pour un certain & €)0, 1], alors

o () Lol 70) @t 20) (@nmn\xo) ) 1) 4 M0.1)

a(1/an|zo) Q(amlzo)

Les conditions nécessaires pour cette normalité sont sans surprise sur la na-
ture de la suite «,. Il ne peut s’agir d’une suite qui est I'ordre d’un quantile
extréme. En effet, on retrouve une condition sur la vitesse de convergence
de a,, vers 0 qui impose qu’elle ne converge pas vers 0 de maniére suffisam-
ment rapide. Il y a donc tout intérét a définir un estimateur de quantiles
extrémes par extrapolation, par exemple en utilisant la condition TFO. C’est
I'objet du chapitre 3. Enfin, on étudie les deux cas particuliers : estimateur
de Nadaraya-Watson et estimateur des plus proches voisins et on valide les
résultats avec des simulations. Une méthode de validation croisée est présen-
tée afin de choisir de maniére optimale les paramétres de sélection h,, et k,.
On teste également la performance de nos estimateurs sur un jeu de données
réelles.

Chapitre 3

Dans le chapitre 3, on s’intéresse a un estimateur de quantiles extrémes con-
ditionnels vérifiant la condition TFO. Cependant, la qualité de cet estimateur
dépend étroitement de la pertinence de ’approximation

Q(Blxo) ~ Q(alzo) + a(1/alro)¢(t|zo)

avec t = ( — a)/g(alzg) et f < a qui elle méme dépend de la distribution
sous-jacente. Malheureusement, lorsque 1’on compare cette approximation a
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la vraie valeur Q(f|x¢) les erreurs sont trés importantes dans le cas des dis-
tributions super heavy-tailed. On se contente donc de la condition habituelle
du premier ordre pour définir notre estimateur de quantiles extrémes. C’est-
a-dire, on étudie l'estimateur défini en (1.2).

Il est montré dans ce chapitre que cet estimateur est consistant, la preuve
étant similaire a de Haan et Ferreira [25] Théoréme 4.3.1. Cela nécessite
une condition du second-ordre mais aussi de résultats de consistance sur les
estimateurs Q(av,|To), @n(1/0m|To) et An(z). Posons

Q(tazo) — Q(azo)
a(1/alzo)
et (H2) la condition du second-ordre :

(H2) 1l existe une fonction A(:|zo) ne changeant pas de signe et une constante
p(xo) < 0 telles que A(y|xg) — 0 quand y — 400 et pour tout ¢ > 0,

ERV(Oé,ﬂLE()) = — L'y(xo)(l/t)

. ERV(a, t|xz) 1/t ~
lim ——————2 — V(@o)—1p,
oy~ ), 7 0

On a alors le théoréme suivant :

Theorem 8 Soient «, et (B, deur suites convergeant vers 0 telles que
Bn/an — 0 quand n — +o00. Supposons que la condition (H2) soil sat-
isfaite avec p(x9) <0 ou (p(xg) < 0 avec y(xg) < 0) et qu’il existe une suite
Ta(xo) convergeant vers 0 quand n — +oo telle que

Qn(an|x0) — Q(an|70) an(1/cn|20)
a(l/ay,|xg) a(l/ay|xg)

et An(xo) — y(x0) = Op(Tn(z0)). S T(x0)In(vy/Br) — 0 et A(1/a,|xg) =
Op(7n(20)), alors

= Op(1n(x0)), =1+ Op(1(x0))

O (Bulzo) — Q(Balo)
a(l/@n‘xo)%(xo)(@n/ﬁn)

Il reste encore a choisir des estimateurs vérifiant ces conditions. Sion consiére
Qn(an|z0) = Qn(an|zo) défini en (1.6), il est clair que sa consistance est
vérifibe par le chapitre 2 pour 7,(x¢) = {Infa,my(z0)]/[ammn(z0)]}/2. Le
choix pour 7(xg) s’oriente vers celui défini dans l'article de Gardes [17]. 11
s’agit d’un estimateur qui est fonctionnelle de Q,(an|zo) et qui peut étre

= Op(7n(20)).
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utilisé dans plusieurs modéles, y compris celui ol 'on considére une variable
a grande dimension. Pour k € (0, 1) et ¢ une fonction positive et bornée sur
[k, 1], soit ¥ une fonction décroissante définie pour s > 0 par WU(s) = 0 et
pour s < 0 par

T(s) = (/ o(u)Ly(1/u) du) // w)L2(1/u)du

Pour tout § € N et toute fonction décroissante continue & droite U et tout
a €]0, 1], soit

TO(U7) = /:gp(u) (ln(?](zf;))édu/(/: @(u)Lo(l/u)du>§.

On considére 'estimateur

%L(xO) = ﬁ/n,—‘r(xo) + 'AVn,—<I0)

GG fao)) + T (

w@@wmmj_
T (Qulcl0)
Dans le méme contexte, on peut définir un estimateur de a(1/a,|zo) :

an(1/anfz0) i= T, (Qul-leo): Gn—(20))

ou T,(U,s) est donné pour toute fonction décroissante et continue a droite

a iﬂmwzwwlk< // L.(1/u)du

Pour la motivation de ces estimateurs on peut se réferer a Gardes [17].

Proposition 4 Soit «, une suite convergeant vers 0 quand n tend vers
Vinfini. Supposons qu’il existe une suite my(xo) telle que ng, /my(xo) 2=
1 et aymp(rg) — +oo quand n — oo et so0it T,(x0)?
{In[a,my(z0)]/[anmn (x0)]}. Si on a les conditions suivantes :

e la condition (H2) est satisfaite;
o A(l/ay|zo) = o(mn(x0)) et

a(1/an|zo)

Q(an|zo) 7+(20) = 0(7a(0)); (1.10)
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e il existe une constante C'x telle que

mn(xo)lrggzwm(wo) < Cx p.s; (1.11)

o il existe £ > 0 tel que

n

[77171('%10)0‘%}1/2 sup ZE |:Wn,z(x0>
B/an€de ;4

S[Q(5|$o)|Xi]
p

- 1H = o(7 (o))

(1.12)
avee Je = [(1 — &)k, 1 + ¢, alors

an(1/a|x0)

a(l/axn|x0) =1+ O]P’(Tn(l‘o)),

An(20) — V(70) = Op(T0(w0)) et

La condition (1.12) controle les oscillations de la fonction = — S(y|z) pour
des grandes valeurs de y. Ainsi, on établit la consistance suivante.

Corollary 2 Soient deux suites o, et (8, convergeant vers 0 quand n tend
vers linfini telles que fB,/a, — 0. Supposons qu’il existe une suite
my(zo) telle que ng,/my(zo) P51 et anmy(zg) — +oo. Soit 1,(xy) =
{In[c,m (70)]/[enmn (20)]} /2. Supposons également que la condition (H2)
est satisfaite pour p(xo) ou (p < 0 et y(zg) < 0). Si 7(xo)n(ay,/Bn) — 0,
A(1/ap|z) = o(Tn(x0)) et siles conditions (1.10), (1.11) et (1.12) sont véri-
fices, alors

O (Balwo) — Q(Balzo)

a(1/0n|20) Gy (ao) (Qn/ Bn)

= Op(7a(20))

ou
QP (Balo) = Qulal0) + n(1/etal20) L, (a0) (] Br).

Enfin, le probléme du fléau de la dimension est traité dans une derniére
partie. On applique la méthode de réduction de dimension définie dans
Gardes [18| qui est spécialement dédiée au cas des extrémes. En effet, il
n’est pas utile de supposer I'indépendance conditionnelle sur tout le support
des distributions. Comme on ne s’intéresse qu’a la queue de distribution, on
suppose la condition TCI (Tail Conditional Independence):
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(TCI) Soit By une matrice de taille p x ¢ avec ¢ < p de rang maximal.
La variable aléatoire Y est TCI de X sachant BJ X si pour tout € > 0 il
existe & tel que pour tout d € (0, &],

H P(Y > Vs(BJ X)|X)
P

> (B X)BJX) 1’ = } -

ou pour tout & > 0, Vs est une fonction mesurable définie pour tout
2 € supp(BJ X) par Vs(2) 1= Qn, (0]2) — 0 si Q, (0]2) < +00 et Vy(2) = 07!
si Qp,(0]z) = +oo et oit Qp,(:|2) est le quantile associé a la distribution con-
ditionnelle de Y sachant {B] X = z}.

Cela signifie que presque strement les distributions de Y sachant X et
Y sachant Bj] X partagent le méme point terminal. Dans la définition
de Destimateur S,(y|zo), on remplace les poids W, (xo) par les poids
Wi,.i(Bo, xg) qui dépendent de la matrice By. On obtient alors l'estimateur
de quantile conditionnel pour a €]0, 1],

Qn(owm|By, z0) == inf {y € R | S, (y|Bo, o) < a},

ou
Sn(y|Bo, 1) = an,i(Bm 7o) iy, 5y}
i1

L’estimateur de quantiles extrémes définis par extrapolation est donc

Q;E) (6n|307 xO) = Qn(an|B0a IL‘()) + dn(l/&n|B07 ZEO)L'Ayn(BO,xO)<Oén/6n)

o ay,(1/a,|Bo, o) et 4, (Bo, zo) sont les estimateurs a, (1/ay,|xo) et Y, (xo)
ol on a remplacé W, ;(xg) par W,,.;(By, o). La consistance de cet estimateur
de quantiles extrémes se montre de la méme fagon que pour I'estimateur de
quantiles extrémes sans méthode de réduction de dimension. Enfin, les résul-
tats sont validés par des études de simulation pour les deux cas particuliers :
estimateur de Nadaraya-Watson et estimateur des plus proches voisins.
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Chapter 2

Estimation of extreme conditional
quantiles under a general tail first
order condition

2.1 Introduction

To describe the dependence between a real-valued random variable Y
and an explanatory random vector X of dimension p € N\ {0}, different
approaches can be used. The most common one is perhaps provided
by the conditional mean m(X) := E(Y|X), which gives information on
the central part of the conditional distribution. However, depending
on the applications in mind, it can be also of interest to consider a
conditional quantile instead of m(X) (e.g., median or quartile). To be
more specific, denoting by S(:|zg) = P(Y > :|X = z) the conditional
survival function of Y given {X = xz,} for some z, € R? in the support
of X, the conditional quantile of level o € [0,1] of Y given {X = x4} is
Q(alzg) = ST (alxg) = inf{y € R; S(y|lrg) < a} with the convention
inf{(} = +o0. This conditional quantile presents the advantage to be more
robust than the classical conditional mean.

Given n independent copies (X1,Y7),...,(X,,Y,) of (X,Y), one question
of interest is of course the estimation of the conditional quantile Q(«a|xg)
in a nonparametric way. There exist numerous estimation methods in the
literature. The most common one is the indirect method: starting from a
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suitable estimator S,,(+|zo) of S(:|zo), the associated estimator of Q(a|zo) is
given by

~

Qu(alzo) == S5 (alze) = inf{y € R; S, (y|zo) < al. (2.1)

Estimator (2.1) is called indirect since, as pointed by Racine and Li [31],
“one estimates a conditional survival function, and then, one ’backs out’ the
inferred quantile via inversion”.

An alternative way to estimate a conditional quantile is by using the so-called
check function defined for o € [0,1] by pa(v) := v|ja — L_ao0)(v)] where for
any A C R, [4(x) = 1if x € A and 0 otherwise. Indeed, since the conditional
quantile is also defined by

Q(a|xg) = argminE [ po (Y — 7)| X = 0],

T7€[0,1]

the estimation of @Q(«|xrg) can be achieved by replacing the conditional
expectation by a suitable estimator and then by solving the minimiza-
tion problem. This method of estimation was investigated among others
by Koenker and Basset [28], Koenker et al. [29] and He and Ng [26]. In this
chapter, we focus on the so-called indirect method.

In some applications, we are interested in the tail of the conditional distri-
bution rather than on its central part. In this case, instead of looking at the
conditional quantile of level o € [0, 1], we consider an extreme conditional
quantile, i.e., a conditional quantile of level «,, where «,, — 0 as the sample
size n increases.

To obtain the asymptotic distribution of an indirect conditional quantile
estimator, the following two-step procedure can be used. First, we establish
the asymptotic distribution of the associated conditional survival function
estimator. Next, a delta-type method is used to deduce the result on
the conditional quantile estimator from this first step. This requires an
additional condition on the conditional survival function. When the level «
is fixed, this condition is simply that S(-|x) is continuously differentiable.
However, in case of an extreme level, this condition is much more com-
plicated. In this work, we introduce a new general condition, called Tasl
First Order Condition, which is the cornerstone to obtain the asymptotic
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distribution of any indirect conditional quantile estimator. As we will see,
this condition is more flexible than the one classically used in extreme value
theory.

To understand where the Tail First Order condition comes from, the main
ingredients of the proof of the asymptotic normality in case of a fixed level
a and of an extreme level «,, is outlined in Section 2.2. In Section 2.3,
this condition is specified and illustrated on many well-known examples of
conditional distributions. Section 2.4 is devoted to the study of a general
class of extreme conditional quantile estimators. In particular, a unified
theorem for the asymptotic normality is established. A simulation study is
provided in Section 2.5 where several examples of estimators belonging to
this class, among them, the kernel and nearest neighbors type estimators,
are compared. Their performance is finally illustrated in Section 2.6 on a
real dataset on earthquake magnitudes. The proofs of the main results are
postponed to Section 2.7.

2.2 Description of the methodology

The aim of this chapter is to show the asymptotic normality of a general
class of indirect type of conditional quantile estimators when the level is
extreme. This requires a condition, which is not usual in the case of a fixed
level a. To understand where this condition comes from we briefly start to
present the simple case where the level is fixed, and then, we outline the
main differences when it is assumed to be extreme, and we introduce the
required condition in that context.

Case where the level is fired — When the level « is fixed, the asymptotic
distribution of (2.1) can be deduced from the one of the conditional survival

function estimator S, (-|xo). More precisely, if we assume that for some y € R,
there exists a sequence v, (z9) — oo such that for all sequence &, — 0

v (o) (gn(y +enlzo) — S(y + en]xo)) Ly A, (2.2)

where A is some non-degenerate distribution, then if S(-|x() is a continuously
differentiable function with S[Q(alxg)|zo] = «
1

Un (o) (Qn(a\xo) . Q(a\xo)) o™ (2.3)
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where f(-|xy) is the probability density function of Y given {X = x¢} with
f(Q(alzg)|zo) # 0. The proof of (2.3) is based on the following remark: for
all z € R, letting 0, (z0) := vn(z0) f(Q(a|zo)|x0), one has

P |ou(w0) (Qn(alzo) — Qalao)) < 2| = PlZa(ao) < za(a)),  (24)

where,
Zu(ao) 1= va(w0) (Sa(Q(aleo) + 207 (o) 20) = S(Qlaleo) + 207 (wo) o)

and z,(zg) = v,(xo)[a — S(Q(a|zg) + 20, (x)|T0)]. From (2.2) with
y = Q(a|zo), Zn(xo) —%5 A and since S(-|xo) is continuously differentiable,
Zn(x9) — z as n — oo proving (2.3). Note that the asymptotic distribution

of indirect estimators for a fixed level a has been treated for instance by
Berlinet et al. [3].

Case of an extreme level — We consider the situation where the level of
the conditional quantile is a sequence «, where a,, — 0 as the sample
size n increases. Replacing the level a by a sequence «,, does not change
(at least if «,, does not converge too fast to 0) the estimation procedure.
We still estimate Q(a,|zo) as in (2.1) just by replacing a by «,,. The differ-
ence lies in the assumptions required to obtain the asymptotic distribution
of Qn(a|zo). First, instead of (2.2), the following kind of result for the condi-
tional survival function estimator is required: for some well-chosen sequence
Yn(z0) = y*(20) := Q(0]z0), there exists a sequence v,(xy) — oo such that

a(@0) (Sa(ya(0)l0) = S(yn(w0)l0) ) — A, (25

for some non-degenerate distribution A. Of course, the sequence v, (xq) de-
pends on the sequence y, (o). Since y*(xo) is the right endpoint, conver-
gence (2.5) focus on the asymptotic behavior of S, (|o) in the right tail of the
conditional distribution. To obtain the asymptotic distribution of @n(an|x0),
we start again with (2.4) where « is replaced by «;,. In the extreme level case,
the main difficulty is to deal with the non-random sequence z,(z(). More
specifically, assuming that S[Q(a|zg)|xo] = « at least for a small enough, we
need to find a general condition on the conditional distribution ensuring that
for a well-chosen sequence o, () and for a sequence v,(x¢) satisfying (2.5)
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with yn(xO) = Q(O-/n|x0) + Zgrjl(xO)

Slyn (o) |20
S1Q(av|wo) |20

as n — oo for all z € R. Obviously, assuming that S(-|z¢) is a continu-
ously differentiable function is not relevant here and the sequence o, (zo) is
not necessarily equal to v, (o) f(Q(an|zo)|xo). Since Q(an|zo) — y*(z0), a
natural general condition leading to (2.6) is to assume that for some open
interval I,, = I C R containing 0, there exist positive functions d,, = d and
V., = ¥ such that for all t € I,

(S[y + td(y)|o]
S(Z/’wo)

where ng;Ol = ¢! is the inverse of a continuous and strictly decreasing func-
tion ¢, = ¢ such that ¢(t)/t - —1 as t — 0.

Indeed, taking o, (o) = v, (20) /[P (Q(n|70))d(Q(n|x0))] and ¢, (zg) :=
on(20)d[Q(a,|x0)], we obtain

e tn(70) S[Qan]z0) 0] |

Under (2.7) and assuming that ¢,(x) — 0, we can show that z,(x¢) — 2
(see Section 2.3, Proposition 5). Next, the random sequence Z,(x) is treated
by (2.5). To sum up, in the extreme level case, a natural condition on S(-|zo)
to establish the asymptotic distribution of the conditional quantile estimator
is (2.7). Condition (2.7) is referred in what follows to as the Tail First
Order condition. Under this condition and if (2.5) holds with y,(z¢) =
Q(an|mo) + 20 (o), we have o, (20)(Qn(an|z0) — Q(am|z0)) L AL We
show in Section 2.3 that this Tail First Order condition is satisfied by a
larger class of conditional distributions than the one satisfying the condition
classically used in extreme value theory. Note that while on the fixed level
case, the rate of convergence of Q,(«|zg) is proportional to v, (zo) this is no
longer the case when estimating an extreme conditional quantile.

Zn(20) = —auu,(z0) —1| = 2, (2.6)

lim Y(y)

yty*(zo)

- 1) — ¢, (1), (2.7)

2.3 The Tail First Order condition

The Tail First Order condition is related to the conditional distribution of
Y given {X = 2} for some zo € R? in the support of X. Since x, is fixed,

32



the dependence on xg can be omitted. This is what we do in all this section.
For a given (conditional) survival function S, we denote by Q = S* the
associated quantile and by x* = S (0) the right endpoint.

Definition 5 A survival function S satisfies the Tail First Order (TFO)
condition if for some open interval I C R containing 0, there exist positive
functions d and ¥ such that for all ¢ € I,

ggW@(&%%$ﬂ—Q=W4@7 (2.8

where ¢! is the inverse of a continuous and strictly decreasing function
¢ J — I such that ¢(t)/t - —1 ast — 0.

Note that convergence (2.8) entails that for all ¢ € I and for x large enough,
x + td(z) < x*. Consequently, the function ¥ is such that ¥(x)/S(z) — oo
as z 1 z*. Finally, it is easy to check that ¢~ 1(t)/t = —1ast — 0. As a
consequence of Dini’s theorem, we obtain the useful properties gathered in
the next proposition.

Proposition 5 If S satisfies the TFO condition, the following statements
are true:

1. Conwvergence in (2.8) holds locally uniformly on I.

2. For all ty € 1,

= lim o (1) .

t—to t

lim
(t,x)—(to,z*) t

o) (Sle i) )

We give in the next result some equivalent reformulations of the TFO con-

dition.

Proposition 6 The following statements are equivalent:
1. The survival function S satisfies the TFO condition.
2. There exist positive functions a and g such that for all t € J,

1 Qla+tg(a)] - Q(a)

a—0 a(ofl)

— 6(0). (2.9)

3. There exist sequences a,, > 0, b, € R and ¢, > 0 with nc, — oo such that
forallt e,
lim [ne,S(ant +b,) — ¢ = ¢ (). (2.10)

n—o0
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Remarks — 1) The relations between the auxiliary functions involved
in (2.8) and (2.9) are: d(-) = a(1/5(:)) and ¥(-) = S(-)/g(S(*)).

2) A possible choice for the sequences a,,, b, and ¢, in (2.10) is a, = a(n),
b, = Q(1/n) and ¢, = 1/[ng(1/n)]. It is also easy to check that necessarily
g(a) — 0 as a — 0.

3) An interpretation of condition (2.9) is based on the following remark: from
the second statement of Proposition 5,

Qlo+tg(a)] —Q(a)  a(a™)
tg(a) g(a)
as (t,a) — (0,0). Hence, one can see the function —a(a™')/g(a) as the

derivative of () near 0 and in the direction of g(«). This heuristic is confirmed
by the next result which provides a sufficient condition for the TFO condition.

Proposition 7 Assume that Q) is a differentiable function and that for some
open interval J C R containing 0, there exists a positive function g such that

forallt e J, [ ()]
. Qla+tg(a
2 Q)

If for allt € J, fOT O(s)ds =: 8(t) € R where 0 is an increasing function on J
such that 0(t)/t — 1 as t — 0 then condition (2.9) holds with ¢(t) = —6(t)

and a(a™") = —=Q'(a)g(a).

= O(t). (2.11)

We conclude this section by giving examples of distributions satisfying the
TFO condition.
Mazimum domain of attraction — In extreme value theory, in order to make
inference on the tail of a distribution S, we classically assume that there exist
sequences a, > 0 and b, and a non-degenerate distribution function G for
which

lim [1 — S(a,z +b,)]" = G(z), (2.12)

n—00

for all point of continuity of G. Fisher and Tippett [14] and Gnedenko [21]
show that G(z) = G,(ax + b) for some a > 0 and b € R where

G, () = exp [—(1+7a) /],

for all x such that 1 + vz > 0. A survival function S satisfying (2.12) is
said to belong to the maximum domain of attraction of the extreme value
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distribution G.,. The parameter v € R is called the extreme value index. As
established in de Haan and Ferreira [25] Theorem 1.1.6, condition (2.12) is
equivalent to assume the existence of a positive auxiliary function a and a
non constant function ¢ for which

. Qta) — Q)

lim —————— = ¢(?). 2.13

e (1) (2.13)
From de Haan and Ferreira [25] Theorem B.2.1, the function ¢ in (2.13)
is necessarily of the form ¢(t) = ¢(t™ — 1)/~ for some ¢ # 0 and where
v € R is always the extreme value index. We say that the distribution is of
extended regular variation (ERV).

The aim of the next result is to show that the TFO condition introduced
in this chapter (see Definition 5) is weaker than (2.12).

Proposition 8 If S satisfies the TFO condition with an auziliary function g
in (2.9) such that o/g(a) — ¢ >0 as @« — 0 (with g continuous and strictly
increasing if ¢ = 0) then S satisfies (2.12).

As a consequence of this result, if a survival function S satisfies the TFO
condition with a function g as in Proposition 8, then S also satisfies the
TFO condition with g(a) = « and in this case the TFO condition coincides
with the classical extreme value condition. Remark also that in this situation
(i.e., g(a) = «), condition (2.11) is equivalent to assume that

/
t
lim Q(ta) = ¢t

a—0 Q'(«v)
for some v € R. This condition coincides with condition (1.1.33) in de Haan
and Ferreira [25] Corollary 1.1.10.

At this step, a natural question is: “Can we find survival functions that
satisfy the TFO condition but not the classical extreme value one ?” Roughly
speaking, this is equivalent to find survival functions S such that (2.9) holds
with a function g such that a/g(a) — oo. An example of such survival
functions is given by super heavy-tailed distributions.

Super heavy-tailed distributions — The term super heavy-tailed is often at-
tached in the literature to a distribution with a slowly varying survival func-
tion S, i.e., such that for all ¢ > 0,

lim S(tz)
A% S ()

= 1. (2.14)
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It can be shown that these survival functions do not satisfy the classical first
order condition (2.12). Note that a heavy-tailed distribution corresponds to
a survival function satisfying for all ¢ > 0, S(tx)/S(x) — t~'/7 as 2 — oo,
for some v > 0. Hence, roughly speaking, a super heavy-tailed distribution
is a heavy-tailed distribution with v = +oc.

Unfortunately, condition (2.14) is not precise enough for the study of super
heavy-tailed distribution. To define more precisely the class of super heavy-
tailed distribution, we start by remarking that for heavy-tailed distributions,
there exists v > 0 such that for all s > —1,

i QI+ 5)a]
a—0 Q(a)

Since super heavy-tailed distribution can be seen as a heavy-tailed distribu-
tion with v = 400, we propose to replace in the previous limit v by v(«)
where y(a) — 0o as @ — 0, and s by t/7(«) with t € R to obtain a non-

degenerate limit:
14+t
QU (e,
a—0 Q(Ol)
The class of super heavy-tailed distributions can thus be defined by the set
of distributions for which there exists a positive function g with g(a)/a — 0
as a — 0 such that for all t e R

T Vi) e (2.15)

a—0 Q)
It appears that convergence (2.15) coincides with the TFO condition with
a(a™) = Q(a) and ¢(t) = e7* — 1. As shown in Proposition 9 below, this
definition is equivalent to the one introduced for instance in Fraga Alves et
al. [15] where the class of super heavy-tailed distributions is defined as the
set of distributions for which there exists a positive function b such that

lim Ulz + tb(x)] _
kT

=(14+s)".

(2.16)

with U(-) := Q(1/-). Note that according to Fraga Alves et al. [15]
Lemma 4.1, condition (2.16) implies (2.14). Furthermore, the function b
is such that b(z)/x — 0 as + — oo. Remark finally that the right end-
point of a distribution satisfying (2.16) is necessarily infinite. As examples
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of super heavy-tailed distribution satisfying (2.16), one can cite the stan-
dard log-Pareto distribution given by S(z) = [In(x)]™¢ with £ > 0 and the
log-Weibull distribution for which S(z) = exp(—¢In’z), with € > 0 and
6 € (0,1). For these two distributions, one can take b ~ U/U’.

Proposition 9 Conditions (2.15) and (2.16) are equivalent. The relation
between the involved functions is b(x) = xg(z ™).

2.4 Extreme conditional quantile estimation

Let (X,Y) be a random vector taking its values in R? x R. In all what
follows, we assume that (X,Y") admits a probability density function (pdf).
The marginal pdf of X is denoted by f. As in the introduction, for all
xog € RP, let S(-|z9) and Q(:|zo) be the survival function and the quantile
function of the conditional distribution of Y given {X = x4}, respectively.
Given n independent copies (X1,Y7),..., (X,,Y,) of (X,Y), the first part of
this section is dedicated to the presentation of a large class of estimators of
Q(+|zo). In the second part, we show that under the TFO condition, the pro-
posed estimators computed with an extreme level a,, — 0 are asymptotically
Gaussian.

2.4.1 A class of conditional quantile estimators

As mentioned in the introduction we focus in this chapter on indirect esti-
mators of Q(+|zg). The first step is thus the estimation of the conditional
survival function S(+|zg). We consider estimators of the form

Sulylo) - Zmeo M0 (V). (2.17)

The set of weights {W,i(z0), 1 < ¢ < n} is a triangular array of positive
random variables depending on the data X, ... X,, as well as on z( such that

Z Wn,i(l’o) =1
i=1

These properties on the random weights ensure that §n(|x0) is a well-defined
distribution function. This is crucial to estimate the conditional quantile

37



by inverting estimator (2.17). This class of estimators encompasses various
classical estimators of the conditional distribution function, see below for
some examples. The indirect estimator of the conditional quantile of level
« € (0,1) is thus defined as in (2.1) by

~

@n(a|x0) = ;L_(O'/|x0) = lnf{y € R; §n(y‘x0) S a}'

Of course, the main feature of the weights {W,, ;(x¢), 1 <i < n} is to select
a set of data around z,. For this reason, estimator of the form (2.17) are
called weighted local estimators.

The kernel based estimator introduced by Nadaraya [33] and Watson [39)] is
a classical example of weighted local estimator. This estimator is obtained
by using the following random weights in (2.17):

xo) jzn;K (th—_nxo) : (2.18)

where K is a density on R? and h,, is a positive non-random sequence satis-
fying h, — 0 as n — oo. Typically, the probability density function K has
a unique mode at 0 in order to give the largest values of the weights for the
observations close to zg.

Another possibility to select the observations is to take the k, observations
which are closest to the reference position xy. This approach is called the
k,-Nearest Neighbors (k,-NN) method. More specifically, for some norm || ||
on R? let {D;(xo) := || X; — o, i =1,. n} be the distances between each

X
Wﬁj}"’(xo,hn) =K <

observation and x and let D(y(xg) < D) (o) the corresponding order
statistics. Denoting by {r(i ), =1,. n} the ranks of these distances (i.e.,
Dy(zo) = Dyiy(xo) for i =1,..., )7 the k,-NN estimator is obtained by

using the following random weights in (2.17):
Wi (w0, kn) = [(kn = 7(i Z] , (2.19)

where (-)4 stands for the positive part function and ¢ € N. For instance,
by taking ¢ = 0 (with the convention 0° = 0), we affect the same weight
to the k, closest observations. The corresponding weights are referred to as
uniform k,-NN weights. The choice ¢ = 1 (resp., { = 2) leads to triangular
k,-NN weights (resp., quadratic k,-NN weights).
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Roughly speaking, the main difference between these two sets of weights
is that the kernel based estimator averages over all observations which are
within a fixed distance, whereas the k,-NN approach averages over a fixed
number of observations which might be arbitrarily far away. Of course, one
can also think about a linear combination (LC) of (2.18) and (2.19). For
instance, we can consider the random weights defined for 7 € (0, 1) by

oo) i 11;7}1[0711 (T]ii)) (2.20)

where M, is the random number of random variables among {X;,..., X}
that belong to B,,(h,), the closed ball with respect to || - || centered at xg
and with radius h,,.

T X, —x
Wr%7zc'(xﬂ7 T, hn7 kn) = M]I[O,l] (H h 0

2.4.2 Main results

Under general conditions on the random weights {W,, ;(x¢), i = 1,...,n},
we want to establish the convergence in distribution of a normalized version
of Qn(a,|zo) for a level o, converging to 0 as n — oco. As outlined in Section
2.2, we first need to find a sequence v,(xg) — oo and a non-degenerate
distribution A such that (under some additional assumptions)

0a(20) (S (@) ) = S(yn (o) o) ) ~ A,

for some sequence y,(zo) T y*(x¢). This is done in Theorem 9 where the
following notation is used

Ny = (Z W&@O)) :

Note that the random variable n,, corresponds, roughly speaking, to the
number of observations used in the estimation procedure. For instance, for
the Nadaraya-Watson (NW) weights with the uniform kernel K(-) oc Iy (|| -
lloo), it is easy to check that n,, is exactly the number of points in B, (h,).
For the uniform £,-NN weights, one has n,, = k,, the number of nearest
neighbors.

Theorem 9 Let zy € RP such that f(zo) > 0 and let y,(zo) be a sequence
converging to the right endpoint y*(xo) of the conditional distribution of Y
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given that {X = xo}. Assume that there exists a sequence my,(xqg) such
that ng, /mu(xo) =2 1 and let v2(x0) = mn(20)/S(yn(0)|z0). Under the
conditions

vn(T0) max Whi(mo) =0 (2.21)
and
Un(20) > Wai(0) 1S Un(@0)| X:) — S (yn(x0)]0)| — 0, (2.22)

we have that v, (xo) <§n (yn(x0)|20) — S (yn(x0)|x0)> —25 N(0,1).

To understand the usefulness of conditions (2.21) and (2.22), we provide
below the main ideas of the proof of Theorem 9, the complete proof being
postponed to Section 2.7. Let Y, := Q(U;|zo) where Uy, Us, ... are indepen-
dent standard uniform random variables, independent of the X;. The random
vectors {(X;, Q(U;|X;)), i =1,...,n} are thus independent and distributed
as (X,Y), which implies that

n

S (20)[0) = Y~ Wi (20) Ty r0).00) (Q(U: | X))

i=1

In other words, one can work as if Y; = Q(U;|X;). The starting point of the
proof is the decomposition

S (un(@o) ) = 5 (gn(wo) ) = [S2 (yn(20)) = S (n(a0)z0)|
S0 aleo)lwo) = 82 (gn(ao))]

where for all y € R,

n

S2(y) =3 Wai(@o) o) (Y).

=1

~

Since E[S*(y,(z0))] = S(yn(zo)|xo), the first term corresponds to the
variance term and the second one to the bias term.

40



The first part of the proof consists in establishing the asymptotic normality
of the normalized variance term given by:

val0) S22 (9 (0)) = S (yn(a0) )

see Section 2.7, Proposition 11. This is obtained mainly by applying the
Lindeberg theorem and only condition (2.21) is required. This condition is
in fact equivalent to the Lindeberg condition.

In the second part of the proof, we show that the bias term given by

Bu(w0) = va(0) [ S (a0 0) = 520 (yn(0))

converges to 0 in probability (see Section 2.7, Proposition 12). The proof is
based on the following remark. Let W, ,, be the discrete random measure
define for all A € B(RP) by

Wizo(A) = Z Wii(x0)dx, (A).

Straightforward calculation leads to

S (yn(0)|20) — 520 (4 (20))

- / S W 00) o0y (QUUEL ) (W, — ).
=1

To control the bias term we need to measure the discrepancy between the
two probability measures W, ., and d,,. A useful distance between probabil-
ity measures is the Wasserstein distance defined for all probability measures
Py, and Py by Wi (P, Py) = inf {[E(|X; — X3|)], Xi ~ Py, Xy ~Psy}. Con-
dition (2.22) can in fact be written in term of the Wasserstein distance as
follows

Vn(@0) Wi (W 4, 0%) — 0, (2.23)
where W, and ¢} are the pushforward measures of W, ,, and d,, by the
measurable function S(y,(xo)]|-)-

We have now all the ingredients to establish the asymptotic distribution
of the conditional quantile estimator of level v, obtained by inverting the
estimator S, (-|xo). This requires the following first order condition on the
conditional distribution of Y given {X = z}.
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(H) The conditional survival function S(-|zo) satisfies the TFO condition
with positive auxiliary functions ¥, = V¥ and d,, = d.

Let a(1/-) = ag(1/ - |zo) = d[Q(]z0)] and g(-) = g(*|z0) = -/V[Q(-]zo)].
From Proposition 6, condition (H) is equivalent to assume that for some
open interval J,, = J C R containing 0, one has for all t € J

Q(a+tg(a)|x0) —Q(Oé|1’0) — ¢ (t)
a(a~1) TR

lim
a—0

where ¢,, = ¢ is a continuous and strictly decreasing function such that
o(t)/t > —1last — 0.

Theorem 10 Let o € RP such that f(xg) > 0 and assume that con-
dition (H) holds. Assume that there exists a sequence m,(xo) such that
Neo/Mn(T0) —5 1 and let v2(z0) = mn(z0)/n. If anmu(ze) — o0,
Un(20)g(ay,) — o0,

v (T0) max Whi(zg) 220

and

(5|$0)|X]
B

P

[aanL(xO 1/2 Zan xO 1‘ — 0, (224)

‘B/an_1|<€ i=1

for some £ € (0,1) then

o, (1) L) Qo) (@n<an|xo> . 1) 4 M 0.1),

(ot zo) Q(aw|o)

Recall that if g(a) = a (or equivalently ¥ = 1), condition (H) coincides
with the classical first order condition (2.13) used in extreme value theory.
In this case, ¢(t) oc (£77@0) —1)/v(x) where the function v is referred to as
the conditional extreme value index. Under (2.13) and if the conditions of
Theorem 10 are satisfied,

g 12 QL l20) <©n<an|xo> ) 1) N (0.1),

- Q(an|z0)

a(ag?)

Moreover, we know from de Haan and Ferreira [25] Lemma 1.2.9 that
under (2.13), Q(a,|wo)/a(a,t) — 1/v,(z0), where v, (z9) = max(y(x),0).
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So, under the first order condition (2.13), the worst rate of convergence
is achieved when 7y(z9) > 0. This was expected since the case y(zo) > 0
corresponds to heavy-tailed distributions.

Let us now focus on the rate of convergence in Theorem 10 for conditional
super heavy-tailed distribution. Taking the definition of super heavy-tailed
distributions given in Fraga Alves et al. [15] into account, we have in this case
a(a™) = Q(alry) and g(a)/a — 0 as o — 0. Hence, for these distributions,

(a2 9L0) (@nmn\xo) ) 1) N1,

(079 Q(Oén|$0)

Not surprisingly, this rate is worse than the one for heavy-tailed distributions.

Theorem 10 is proved under general conditions on the random weights used
to define the conditional survival estimator (2.17). We close this section by
applying Theorem 10 to particular weights.

Nadaraya- Watson weights — Taking the weights defined in (2.18) leads to
the well-known NW estimator of the conditional survival function:

(o) ZK( ) Ly (39 ZK(X

‘%0) . (2.25)

The corresponding conditional quantile estimator is denoted by QW (av, |zo).
In order to apply Theorem 10, we need to check that the NW weights satisfy
the required conditions. To this aim, we assume the following on the kernel
function K:

(K) the kernel K is either an indicator function on a cell of R? or such that
K(z) = L(||z||) where L is of bounded variation, continuous on (0, c0)
and with support [0, 1].

It is very easy to check that (K) is satisfied for a large range of usual kernels
such as the uniform kernel (K(t) oc Ijoq1y(||t|l«)), triangular (with L(t) o
1—t), Epanechnikov kernel (L(t) oc 1—t?), biweight kernel (L(¢) oc (1—1%)?),
etc. We can now state the convergence in distribution of the conditional
survival estimator (2.25). Recall that f is the pdf of X.
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Corollary 3 Let oy € RP such that f is continuous at zo and f(xy) > 0
and let K be a kernel satisfying (K). Under (H), for sequences h, — 0 and
€ (0,1) such that nhE[a, A (Inlnn)~! — oo, o, 'nhPg*(a,) — oo and

2
o [S900 Y,
1B/ cn—1]<€ B nhb o,
|lz—z0||<hn

for some & € (0,1) we have

9(0n) Qenltn) 1 o (és‘”(an\xo) ) 1) N <O’ HKH%) |

a, ala;?l) Q(an|z0)

n

Note that under the classical first order condition (2.13) (i.e., when
g(an,) = a, in (H), see (2.9) and the remarks below Proposition 6),
the asymptotic normality of the NW conditional quantile estimator has
already been obtained in Daouia et al. [6] Corollary 1. This last result also
requires the use of condition (2.26) which controls the oscillations of the
function Q(a,|-). Of course, the proof of Daouia et al. [6] Corollary 1 uses
arguments adapted to the NW estimator while Theorem 10 can be used for
a large range of weighted conditional survival estimators. As a consequence,
conditions on h,, and «, involved in Daouia et al. [6] Corollary 1 and in our
Corollary 3 are slightly different. More precisely, the conditions in Daouia
et al. [6] Corollary 1 are nhPa,, — oo and nh?™q, — 0 while in our
Corollary 3 it is required that nh?a, — oo and nhE(Inlnn)~! — oco. Hence,
if a,Inlnn — 0 as n — oo (i.e., for large quantiles), conditions on the
sequences h,, and «, are weaker in Corollary 3 than in Daouia et al. [6]
Corollary 1.

Nearest Neighbors approach — Now, let us consider the k,-NN random
weights defined in (2.19) and leading to the conditional survival function
estimator

i=1

§7IL(NN<y’xO) = Z[(kn - T(Z) + 1) Z]I(yoo /Z] )

with &k, € {1,...,n}, £ € N and (i) is the rank of || X; — z¢|| among the
random variables X1, ..., X,,. The asymptotic normality of the k,-NN condi-
tional quantile estimator QX™N(a,|x¢) is established in the following result.

44



Corollary 4 Let zq € R? such that f(xg) > 0. Under (H), for sequences
k, — oo and a,, € (0,1) such that k,o, — 00, o, k,g*(a,) — 0o and

‘ S[Q(Blwo)l7]
B

2

(kna) sup —1] o,
|8/ an—1|<E

lz—20[|<D(1,,)(z0)

for some & € (0,1), we have

o0) Qalen) o, e (N (aglre) ) s (L+17
a, alo;l) (knctn) ( Q| o) 1) —>N<O’ 20+ 1 )

n

The asymptotic variance (¢ + 1)2/(2¢ + 1) is an increasing function of ¢
and thus the best choice (at least in term of variance) seems to be ¢ = 0,
i.e., when the same weight 1/k,, is affected to the k, observations closest to x.

Linear combination of weights — We finally focus on the estima-
tor QX (a,|70) of Q(a|zo) obtained by using the LC weights introduced
in (2.20).

Corollary 5 Let xy € R? such that f is continuous at xy and f(xzg) > 0.
Let h, — 0, k, — oo and «, be sequences such that nh®/Inlnn — oo,
bty — 00 with £, := (nhE AN 'ky,), o U,g9% (o) — 00 and

(Cocr) sup 'S[Q(%xo)m _ 1‘ 0.

|6/an_1|§§
lz—2o | <(hnVD(k,)(z0))
for some & € (0,1). Under (H) and if there exists k € [0,00| such that
kn/(nh?) — Kk, we have

9(0n) Qaalro) () 1o (Qi(oulzo) |\ a C*(r)
o alagh) (") (Q(anw 1) 0 (0,577

n

In practice, one can take k, = |knh? | with £ > 0. The parameter & is thus
a tuning parameter that has to be chosen by a data-driven procedure (see
Section 2.5.1).
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2.5 Simulation study

In this section, we are interested in the finite sample behavior of the estimator
Qn(an|zo) defined in (2.1) for a given value of zy. The random weights
Woa(xo), ..., Wan(zo)} used in the expression of the estimator (2.17) of
the conditional survival function S(-|zg) often depend on an hyperparameter
A, € R d € N\ {0}, useful in order to control the smoothness of the
estimator. This is the case for instance for the NW weights, the k,-NN
random weights or the LC weights defined in (2.18), (2.19) and (2.20), where
An 18 equal to hy,, k, and (h,, k), respectively. In the next section, we propose
an adaptive procedure to select A, in practice.

2.5.1 Choice of the hyperparameter

For t € R?, let us denote by Qn(aw|t, An) an estimator of Q(av|t) depending
on an hyperparameter A\, and by @, _;(ax|t, \,) the estimator computed
without the random pair (X;,Y;).

Our procedure of selection is based on the following simple remark: for a
good choice of A, the random value S[Q, —1(a,| X1, \)|X1] should be close
to «,, at least when the observed value of X, is close to xy. We thus propose
to define our optimal value of A, as Aopt := argmin{A%(\), X € R}, with

Wn,l(x())

B, (a)] (O (@al X0 IX] | =

An(\) i=E {

Note that the proximity of X; and xy is controlled by the random weight
Wi 1(xg). Of course, the function A, is unknown in practice and should be
estimated. We propose to use the following estimator

AN ==Y Wni(@)liy5, anixony — O (2.27)

i=1
The estimated optimal value of the hyperparameter )\, is thus given by
/):n,opt = argmin{A%()\), A € R%}. (2.28)

The estimator (2.27) can be motivated by the following result.
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Proposition 10 If there exists a function @ : RP x RP*("=1D [0, 00) such
that for alli =1,....,n, Wy.i(x0) = p(X;, X_;) where the matriz X_; is given
by [Xl, Ce 7X7:717Xi+17 R 7Xn] then E[An<)\)] = An()\) fO?" all A € Rd.

Note that the assumption of Proposition 10 is satisfied for the NN approach
with the function ¢ defined for t € RP and u = [uy, ..., u, 1] € RP*~D by
(,D(t, u) = )\_I]I{Ht,xou<d()\)(wo)}, where di(xg) = Hul — xOH, 1=1,...,n—1and
day(zo) < ... < dn_1)(zo) are the corresponding ordered values.

This is also the case for the NW weights by using the function

o(t,u) = K[(t — o) /)\/<ZK U; — o //\]+K[(t—$o)//\]>

2.5.2 Finite sample behavior

Using a sample of size n from the random vector (X,Y), we are interested
in estimating an extreme conditional quantile in the situation where the
quantile level «, is not too small. We consider the situation where X is
a real-valued random variable (p = 1). In a theoretical point of view, we
assume that the conditions of Theorem 10 are satisfied for such a sequence
ay,. In practice, we take a,, = 20/n and the quantile Q(«,|x¢) is estimated
using (2.1). Three sets of random weights are considered:

i) the NW weights with the Epanechnikov kernel: K (u) = 3(1—u?)Ijo1)(|ul),
ii) the k,-NN weights with ¢ = 1 (triangular k,-NN weights),

iii) the LC weights given in (2.20) with 7 = 1/2 and k,, = |knh,].

Although the theory on our estimators is valid without any assumption on
the distribution of X, from a practical point of view, the estimation is very
difficult in case of unbounded distribution, especially at the border. For
this reason, we illustrate our methodology in the case of a bounded distribu-
tion, namely the standard uniform distribution. The four following models
have been considered for the conditional survival distribution function of Y
given X:

M1 — Conditional Burr distribution:

1/p

S(y|X) = (1+y PNy >0,

where p < 0 and for all x € (0,1), v(z) = 22(1 — z).
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It is well-known that for this model, condition (2.13) holds (i.e., condi-
tion (H) with g(a|zg) = a, see, e.g., Embrechts et al. [12] Table 3.4.2). The
parameter p is referred in the literature to as the second order parameter and
it affects the bias of the estimator.

M2 — Conditional Beta distribution with parameters ; > 0 and 65(X)
where for all z € (0,1), 65(x) = 1/[22(1 — z)].

This conditional distribution satisfies condition (2.13) with a conditional ex-
treme value index given by v(z) = —1/05(z) < 0 (see, e.g., Embrechts et
al. [12| Table 3.4.3).

M3 — Conditional Gaussian distribution with mean p(X) = 2X(1 — X)
and variance o2

Under this model, condition (2.13) is satisfied with v(X) = 0 (see, e.g.,
Embrechts et al. [12] Table 3.4.4).
We finally consider a model for which condition (2.13) does not hold.

M4 — Conditional super heavy-tailed distribution:

S(yIX) = exp {~€[In(y))" 0}y > 1,
with € > 0 and 0(z) = 19(z + 1/2)(3/2 — ) /20 € [0,0.95].
One can check that this conditional distribution satisfies condition (H) with
_ In(1/a)]"/*®
ofa™) = Qlals) = exp { B
ln(l/a)} 1-1/6(z)

and g(a) = ab(x)E [T

For each model, N = 500 samples of size n = 1000 have been generated.
The hyperparameter A, is chosen according to (2.28) and the minimization
is achieved

e over a regular grid H of 20 points evenly spaced between 0.05 and 0.3
for the NW weights,

e over a grid K of 20 points evenly spaced between 100 and 600 for the
NN weights,
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e over the grid H x F where F is a grid of 5 evenly spaced points between
0.9 and 1.1.

The accuracy of the estimators is measured by the errors

(Oén’.I0> Oén|'r0
RMSE = — -1 -1
N Z [ Qlan o)

Y

and ARFE —NZ

Oén‘x(]

where e has to be replaced by NW, NN or LC and the index i refers to the i—
simulation run. The error RMSE corresponds to the root mean squared error
of the ratio between the estimates and the true quantile value. The error ARE
is the average over all replications of the absolute value of the relative error.

The estimation of Q(ay,|zo) is done at three different positions Ty = m(()l) =

(1—/1/3)/2 ~ 0211, zy = z{) = 1/2 and 2o = 2§’ = (1 + /1/2)/2 ~
0.854. The results are gathered in Tables 2.1 to 2.4 (see Sectlon 2.8). Based
on these simulations, we can draw the following conclusions:

e The three methods, NW, NN and LC, perform similarly for the models
M1-M3;

e Concerning model M1, the errors (RMSE and ARE) increase as |p|
decreases. This is expected since the estimation is much more difficult
when p is close to 0 where a bias in the estimation appears. Also the
errors increase in general when v(-) increases;

e Concerning model M2, both RMSE and ARE increase with 65, i.e.,
when v(-) = —1/65(+) increases, and decreases with 6. Compared to
the model M1, the RMSE and ARE are considerably smaller, but this
is not surprising since the conditional extreme value index is negative
in model M2, which means that the observations are bounded;

e Concerning model M3, RMSE and ARE are not too much sensitive
on the values of o, nor on zy. In general the orders of the errors are

intermediate between those obtained in the case v(-) > 0 (model M1)
and v(-) < 0 (model M2);

e Concerning model M4, RMSE and ARE depend a lot on the value of
. Indeed, if € is too small, both RMSE and ARE increase drastically
and in that case the variability of the results is probably too large to
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allow a more precise interpretation of the results. For larger values of
€ (£ =1 or 3/2), the errors are more reasonable, although larger than
for the others models. In that case, a slight increase in 6(-) implies in
general a decrease in RMSE and ARE.

To complete the simulation study, we compare in Figure 2.1 the boxplots of

the estimates of Q(a,|zo) with the three weights (NW, NN and LC) for model
M1 when p = —1/2, which corresponds to a difficult case, and zo = x(()?’).
The horizontal line indicates the true value of the conditional quantile. As
is clear from this figure, the three methods perform similarly and well, with
almost no bias and a sampling distribution of the estimates symmetric. Since
the boxplots for the other considered cases (model and values of xy and

parameters) are similar, they are omitted.

2.6 Real data analysis

As an illustration, we consider in this section the world catalogue of earth-
quake from 2002 until 2017 which contains information such as the longitude,
latitude and seismic moment of earthquakes. The seismic moment denoted
by Mg is a physical quantity which illustrates the severity of an earthquake.
It is a measure of the energy released by a seism and whose unit is the
dyne-centimeters. The dataset considered in this section, of size 15000, is
part of the Global Centroid Moment Tensor database, which can be up-
loaded freely on http://www.globalcmt.org/CMTsearch.html (Dziewonski et
al. [10]; Ekstrom et al. [11]). Note also that this database has already been
used in the extreme value framework, but on different periods, by Goegebeur
et al. |22, 23|. Being able to model accurately the tail of the earthquake
energy distribution is clearly of interest since severe earthquakes may cause
important damage and serious losses.

Although we want to study the tail behavior at a specific, fixed, location,
the extreme conditional quantiles estimates have to take into account that
earthquakes happen at a random location. Thus, this dataset is particularly
suited for illustration of our local estimation method. Note that the scientists
prefer to convert the seismic moment Mg into the magnitude moment My,

defined as 5 39
My = =1 Mg) — —
w 3 nlo( S) 3
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which is a dimensionless value. A value My, > 9 indicates an extreme earth-
quake which may cause severe damages and losses whereas a value My, < 6
corresponds to a moderated one. Our interest is thus on the distribution of
My, given the location (in latitude and longitude) of the earthquake. The
five-number summary of My, is given below:

Median
5.778

Max.
9.75

3rd Qu.

Min. | 1st Qu.
6.052

0.224 | 5.617

It appears that between 2002 and 2017, approximatively 75% of the earth-
quakes can be classified as moderate. Concerning the points in the covariate
space where we want to do our estimation, we use locations where an earth-
quake has already happened. In order to determine the neighborhood of these
locations, we compute the distance in kilometers to every other earthquake
position using the formula

R Arcos (cos(¢1) cos(p2) cos(p1 — ¢2) + sin(¢y) sin(vhs)) ,

which gives the spherical distance between two points with longitude and
latitude (¢1,v1) and (¢, 19), respectively, expressed in radian (see, e.g.,
Weisstein [40]). Here, it is assumed that the earth is a perfect sphere, with
radius R = 6371km.

We estimate the extreme quantile of level a,, = 20/15000, and the hyperpa-
rameters are selected as described in Section 2.5. The same grid as the one
used in Goegebeur et al. [22], i.e., H = {200, 300, ...,2000}, has been used
for the NW weights, and for the NN weights, we use a grid IC of 19 evenly
spaced points between 1 and 50. Note that the LC method is not considered
here since it does not outperform the others two methods as seen in Section
2.5. The level plot of our quantile estimates is given in Figure 2.2 for the
NW (left panel) and NN (right panel) weights, respectively. Note that this
figure focuses on the Asia-Pacific region, since it is part of the well-known
Ring of Fire, an area where many earthquakes and volcanic eruptions oc-
cur. The two panels of the figure are slightly different but, as expected, we
can observe in both level plots that the seismic activity is intense, especially
in Japan and Thailand where we can observe earthquakes with magnitude
moment beyond 9. Finally, among all extreme quantile estimates of level
20/15000 calculated with NW weights (resp. NN weights), we have a pro-
portion of 1.5% (resp. 1.25%) for which My, > 9 and 60.75% (resp. 61.25%)
for which My < 7.
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2.7 Proofs

2.7.1 Proof of the results given in Section 2.3

Proof of Proposition 5 —

1. Since S is decreasing and ¢! is a continuous function, statement 1. is a
direct consequence of Dini’s theorem.

2. It suffices to remark that from the first statement, one has for all ¢, € I,

- Setdw)] N _
¥ (g 1) e

Proof of Proposition 6 — We first prove that condition (2.9) implies con-
dition (2.8). From de Haan and Ferreira [25] Lemma 1.1.1, one has, for all
tel,
lim Slx +ta(1/S(x))] — S(x) _ 1),
z—a* gl5(@)]
Taking a,, = d(Q(1/n)), b, = Q(1/n) and ¢, = V(Q(1/n)), we easily show
that 1. = 3.
Finally, let us prove that 3. = 2. From de Haan and Ferreira [25]
Lemma 1.1.1, we have that for all t € J,

lim Qln (1 +tc,)] — by

n—00 an,

— $(t). (2.29)

Hence, since @Q is decreasing and [a™']| < a™! < |a7t] + 1,

Q (m) < Qlo(1 +tepa1))] < Q (%) . (2.30)

La] et +1
Using (2.29), we know that
1 1 + tc[a—lj
Q ( ) — b1 ] — o(t). (2.31)
@a-1) { e o
Moreover,

QL™ [+ D)7 (1 +tea1))] = Q{La™ |71 + tea-1 &l [a™ )]},

where for all m € N,




Since mc,, — 00, we have &(m) — 1 as m — oo . Dini’s theorem together
with (2.29) entail that

1 1+ tCLcrlj
b | = (). 2.3
o 2 (o) s o0 232
Hence, by collecting (2.30), (2.31) and (2.32) we obtain

Qla +tg(a)] — b(e)
a(a™1)

— P(t), (2.33)

with g(a) = acja-1), b(a) = ba-1) and a(a™") = aja-1). Using twice the
convergence (2.33) yields

Qla +tg(a)] — Q)
a(a™1)
Proof of Proposition 7 — It suffices to remark that

Qo +igle) - Qo) _ (lse) [ Qe+ sy,
a ) Jo @) ™

a(a™1)

— o(t) — ¢(0) = o(2). u

The local uniform convergence (2.11) concludes the proof. u

Proof of Proposition 8 — From Proposition 6, the TFO condition entails
that nc,S(ant+b,)—c, — ¢~ () asn — oo with ¢, = 1/[ng(1/n)], a, = a(n)
and b, = Q(1/n). First assume that o/g(a) — ¢ as « — 0 with ¢ > 0. We
have that ¢, — ¢ > 0 as n — oo and thus nS(a,t +b,) = 1+ ¢~ 1(t)/c. In
particular, we have that S(a,t + b,) — 0 and thus that, letting F':=1— S,
—nS(ant +b,) ~ In F*(a,t + b,) as n — oco. Hence,

lim F"(ant + b,) = G(t) = exp [— (1 + qb_())] ,
n—oo C

showing that condition (2.12) is satisfied. Now, let us consider the case ¢ = 0.
From Proposition 6, we have nc,S(a,t + b,) — ¢~1(t). Let m, = nc, =
1/g(1/n) =: g(n). Since g(a) — 0 as a — 0, m,, — 00 as n — oo. Since g is
a continuous and increasing function, we have that g—'(m) — oo as m — oo.
Letting a,, := ag-1(y) and by, := bz-1(,,) We obtain the convergence

lim mS (@t + by) = ¢~ (t).

m—0o0

The end of the proof is similar to the one in the case ¢ > 0. |
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Proof of Proposition 9 — Let us show that (2.16) implies (2.15), the
converse being similar. Let g(a) = a?b(a™!). Since g(a)/a — 0 as a — 0,

one has for all t € R
-1
(reenel) ]
«a

Qla+tg()] _ Ula™" + b(a™ ) Aa, )]

Ala,t) == 7@

as a — 0. Hence,

Qla) Ula™)

From Dini’s theorem, the convergence (2.16) is locally uniform leading
to (2.15). n

2.7.2 Proof of Theorem 9

As explained in Section 2.4.2, the asymptotic normality of the conditional
survival estimator is established in two steps: a) prove the asymptotic
normality of the variance term and b) show that the bias term is negligible.
These two steps are based on technical results given below.

The first step is a direct consequence of the following lemma.

Lemma 1 Let {V,1,V,o,...,Van} be a triangular array of independent
copies of a centered random wvariable V,. Assume that E(V?) = 1 and
E(|V,]?) < co. Let T :={Ty4, 1 < i <n} be a triangular array of positive
random variables independent of the V,; and such that T, + ...+ Tin =1.
For T, := max{T,;, 1 <i<n}, if E(|V,|*)T,, == 0 then

> TV == N(0,1).

i=1

Proof of Lemma 1 — Let {t,,, i =1,...,n} be a triangular array of real
numbers satisfying

min (s i=1,...,n) > 0and » 2, =1. (2.34)



Let t, := max (t,;; ¢ =1,...,n) and v, := E(|V,,|*). In a first step, let us
show that if v,t, — 0 as n — oo then, for all z € R,

nlglgop (Z tniVni < z) = d(z2), (2.35)

=1

where ® is the cumulative distribution function of a A(0,1) distribution.
Since the V,,; are independent and centered random variables, it suffices to
prove that the Lindeberg condition is satisfied, i.e., that

nh—>nolo Z b B (Veilitn Vi af>e) = 0,
i=1

for all £ > 0. Since t,; <t, foralli € {1,...,n},

D E Vi, avisa) < Dt E Vilwisa) = E (Vi) »
=1 =1

since the V,,; are identically distributed and under (2.34).

Holder’s inequality entails that E (V2T v, 5ep) < il [P (t,|Vy| > €)]
Chebyshev’s inequality ensures that P (¢,|V,|>¢) < 2/e* and thus
E (Vg vaser) < [Wnta/e]*® — 0, as n — oo, by assumption. Conver-
gence (2.35) is thus proved for all triangular array {¢,;, ¢ = 1,...,n} satis-
fying (2.34) with v,t,, — 0.

Now, remark that for all w € {v,,T,, — 0}, convergence (2.35) entails that

1/3

P (Z TyiVii < z‘{Tm = Tiw); i=1,... ,n}> —3(2)

= |P (i Thi(w)Vyi < z> — ®(2)

as n — oo. Note that the last equality is true since the 7, ; are independent
of the V,,;. Hence, since P[v,,T,, — 0] = 1,

— 0,

lim =0as.  (2.36)
n—oo

IED <Z Tn,iVn,i S Z’{an 9, = 1, e ,TL}) — (I)<Z)
i=1
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To conclude the proof, let us remark that

P (Z TpiVii < z> — ()
=1

lim
n—oo

< 1 Vo< =1 . —
< ImE|[P (Zl T, Vi < z’{Tm, i=1, ,n}> (2)
< ; V< R _ —
< E nh—>nolo P (Zl TniVoi < z|{Thi; i=1,... ,n}) d(2) 0,
by the dominated convergence theorem and (2.36). u

We can now establish the asymptotic normality of the variance term. Let
02(z0) := S(yn(z0)|To)[1 — S (yn(xo)|z0)] and recall that m,,(zo) is a sequence
such that n,, /m,(zo) == 1 and that v2(x0) = M, (20) /S (yn(z0)|70).

Proposition 11 Forxy € R?, let y,(xq) be a sequence converging to the right
endpoint y* (o) of the conditional distribution of Y given {X = zo}. If con-

dition (2.21) holds then v, (zo) (S (Yn (o)) — S (yn(xo)\xo)> N N(0,1).

Proof of Proposition 11 — Remark that

(o )1/2 (522 (a(w0)) = S (o)) ) = ZTMO Vai(ao),

on(xo)

with T, (7o) 1= (Ngy)Y*Wii(zo) and

Vii(wo) == [0 (m0)] (H{Yf%yn(mo)} — S(yn(azo)|xo)> .

It thus suffices to apply Lemma 1 after remarking that n,, /o2 (zo) < v2(z0)

and that

E(|Vaa (20)[*) = 05, (w0) {[S (yn(0)[0)]* + [L = Sy (o) 0)]*} ~ 0,

as n — 00, since S(yn(xo)|zo) — 0. u

The second step of the proof is treated in the following result.
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Proposition 12 Let oy € RP and y,(zo) be a sequence converging to the
right endpoint y*(xo) of the conditional distribution of Y given {X = xo}. If

condition (2.22) holds then v, (zo) (§n (Yn(x0)|T0) — §$§0 (yn(:vo))> 0.

Proof of Proposition 12 — Let Uy, ..., U, be independent uniform random
variables independent of the X;. Since Y, = Q(U;|xo) and Y; 4 QU X;)
for all i € {1,...,n},

d n
By(w0) = vn(w0) D Wai(0) [I o050 o) x) = Limsostumteo)izon] (Us):

=1

From Owen [34, Lemma 3.4.5], one has for all ¢ > 0,

P(IBy(x0)| > ) < e+P {vn(azo) iwm-(xo)E [Ani(a0)[x] > 62} ,

where X := (X3,...,X,) and

Ani(0) = |T-so5un(ro)1x0)) — Lo, 5w @oleon | (V).
Introducing the quantity D, ;(zo) := [S(yn(x0)|Xi) — S (yn(x0)|z0)|, it is easy
to check that E[A, ;(x0)|X] < 2D,,;(z0). Remarking that

> Whilwo) Do) = Wy (W0, 65,)
i=1

leads to P(|B,(z0)| > ) < &+ P [v,(m0) Wi (Wi, 05) > €2/2]. The result

n,ro’ T To

is thus proved by using assumption (2.23) (or equivalently (2.22)). n
Theorem 9 is thus proved by gathering Propositions 11 and 12. [ ]

2.7.3 Proof of Theorem 10

The proof follows the lines described in Section 2.2. Let us introduce the
sequences t, ' (zg) := —v,(z0)g(an) and o, (z0) = a(a, Mt (o). It is easy
to check that for all z € R,

P {0 (@0) [Qn(@nlw0) = Qawnfeo)] < 2} = B {Zu(a0) < 2(a0)}
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where y,(20) = Q(awl|z0) + 07, (20)2, 2n(w0) = va(20)[on — S(ya(@o)|0)]

~

and Z,(zo) = vn(20)[Sn(yn(x0)|z0) — S(Yn(x0)|z0)]. From Proposition 5,
condition (H) entails that for all ¢, € I,

U(y) ((Sly +td(y)lzo]
( S(ylzo) 1)

= lim
t—to

lim
(ty)—=(toy*(z0)) T

Since yn(79) = Q(anlzo) + ala,")ta(20)z = Q(an|we) + d(Q(am|z0))tn(20)2
with t,,(z9) — 0 as n — oo, (2.37) entails that as n — oo

O

Zn(x0) ~ =20, (0)tn(z0)g(n) = 2. (2.38)

Now, to prove that Z,(xq) N N(0,1), it suffices to show that condi-
tions (2.21) and (2.22) hold for y,(zo). From (2.38),

S[yn(zo)| 7o)

Qp

1-— ~ za; N g) = 2(ammp(20)) 7Y% = 0, (2.39)

as n — oo and thus Sy, (x)|ze] ~ an. This entails that condition

vn(T0) max Whi(mo) =0

is equivalent to condition (2.21) with y,(x¢). It remains to prove condi-
tion (2.22). From (2.39), there exists £ > 0 such that for n large enough,
S(yn(z0)|mo) € [(1 — &)tn, (1 + &)av,]. Hence, for n large enough,

n

- S (Yn(20)]Xi) ' SQ(Bwo)| Xil

E Whilxo) | 7 — 1| < sup E Whilxg) | —————— — 1|,
pa ( 0) S(yn($0)|$0) 18/an—1|<€ — ( 0) 6
and the proof is complete. [ ]

2.7.4 Proof of Corollaries 3, 4 and 5

We first recall a useful result dealing with the almost sure convergence of the

statistic
n

N 1 X, —
fulz) = n_hﬁle( hnxo) ’

i=

which is the kernel estimator of the density f of the random value X. The
following result can be found for instance in Dony and Einmahl [8] Corol-
lary 2.1.

o8



Lemma 2 Let © € RP such that f is continuous at x and f(x) > 0. If
the kernel K is a bounded density with support included in the unit ball U,
of R? and if K := {K(y(t—")), v>0, t € RP}, is a pointwise measurable
Vapnik-Chervonenkis (VC) type class of functions from RP to R then for a
sequence h, — 0 such that nh? /Inlnn — co, we have that f,(x) <2 f(x).

Conditions on the family IC of functions are not easy to check in practice.
Nevertheless, the measurability condition on K is satisfied whenever K
is right-continuous (see Einmahl and Mason [13]) or K is an indicator
function on a cell of RP (see van der Vaart and Wellner |38] Example 2.3.4).
Concerning the VC condition, it is satisfied for kernel function K such that
K(z) = L(J|z||) where L is of bounded variation (see Giné and Nickl [20]
Exercice 3.6.13). For the sake of simplicity, we have preferred to replace in
Lemma 2 all the conditions involving the kernel function by the stronger
(but simpler to check) condition (K).

Corollaries 3, 4 and 5 are direct consequences of Theorem 10 and of the three
following lemmas establishing the asymptotic distribution of the correspond-
ing conditional survival function estimators.

Lemma 3 Let xy € R? such that f is continuous at xo and f(xg) > 0 and
let K be a kernel satisfying (K). For sequences h, — 0 and y,(x¢) T y*(zo)
such that nh?[S(yn(zo)|zo) A (Inlnn)~'] — co and

S(Yn(w0)|7)
S(Yn(wo)|zo)

sup
lz—=zolI<hn

- ’ (nhﬁS(yj(xo)lﬂco)) ’

one has

nh? 2 )12 Sﬁn\lw (yn(@o)|z0) d | K|35
(nh? S (yn(z0)|70)) ( S(yn(x0)|0) 1) —>N(0, f(xo))'

Proof of Lemma 3 — Let K := K?/||K||2 where ||K|? := fup K%(y)dy. Tt

is easy to check that K also satisfy condition (K). Hence, Lemma 2 entails
that almost surely,

K3 s 1 &~ (10— X,
Ji gt = Jim fie / [WZK( 7 )] ~
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Hence, almost surely, n,, ~ f(zo)nht /|| K|3 =: m,(zo). It is easy to infer
that, as soon as nh?S(y,(xo)|rg) — 0o, we have

(o) ( - ) fao) 1 IKIZ, o
———— | max W, (zo, hy) | < - — 0.
S (o)) P2 Wi (30 ) )< T st o) o) 72 (o)

Similarly, using Assumption (K), we have

- S(yn(wo)| X; S (Yn
—~ S (yn(wo)|0) lo—zoll<hn | S (Yn(20)|20)
from which Lemma 3 follows according to Theorem 1. |

Lemma 4 Let xy € RP. For sequences k, and y,(zo) such that, asn — oo,
Yn(0) Ty (w0), knS(yn(x0)|T0) — 00 and

S(yn(70)|7)
S(Yn(o)|z0)

with D,y (z0) = || Xrk,) — Zol|, one has

(KnS (yn (0)|20)) <§5NN (Yn(zo)lz0) 1) RN <O, (¢ + 1)2)_

-1

sup
lz—zol|<D(k,,)(z0)

- <kns<yixo>|xo>> |

S5(yn (o) |zo) 2041

Proof of Lemma 4 — First, remark that since k, — 0o as n — oo,
C1Pnn _ (C+1? (S 2 SR
IR i 0
2041 ky  Ekn(20+41) — — ’
as n — oo. Thus, ng, ~ my,(x¢) with m,(z¢) = (20 +1)/(¢ + 1)*k,. As soon

as k,S(yn(zo)|r0) — 00, we have

_AT0) (ax WNN(z0, k) | = 0.
STy (o)lzg) P2 Wi (@0 k) ) = e Sao)

Using the bound

S AN (e, ) | ST X 1‘ < ap |2l
= S (Yn (o) o) ool <Dge (20) | S (Yn(w0) |0)
we prove Lemma 4 by applying Theorem 1. [ ]
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Lemma 5 Let zy € RP such that f is continuous at xo and f(xg) > 0.
Let hy, k, and y,(x¢) T y*(zo) be sequences such that nh?/Inlnn — oo,
00 S (yn(z0)|20) — 00 with £, := (nh2 A k) and

sup ‘M t_ ( 1 ) |
lz—0][<(hnV D, (z0)) | S (Yn(Z0)|To) LS (Yn(x0)|70)
If there exists k € [0, 00| such that k,/(nh?) — K then
QLC 2
2 [ S0 Wn(@o)lzo) | 4 < C (%))
(Slamteolzw) ( S (roleo) 1) N2

where C?(k) == (LA K™Y [k72 4+ 20 f(20)(1 — 7)2 + 27(1 — 7) (K A 2P f ()] -
n

-1

Proof of Lemma 5 — We start by remarking that

“ r(e
Zﬂ[o,u (H : ) Io,1) (%) = kn A M,.
i=1 00 n

Then, straightforward calculation shows that

n;()l _ ]\2—2+ 2]:(1 —7) N (1 —T)2.

Next, since by assumption nh? /Inlnn — oo and since the uniform kernel
satisfies condition (K), Lemma 2 ensures that (2h,)Pn~'M, =% f(z) as
n — oo. Hence, as a first conclusion, ng, ~ £,2°f(x0)C%(k) =: m,(zo)
almost surely. Furthermore,

T 1—71
<
02 Wi (0, 7 s o) < e+ =
Hence, using again the almost sure convergence (2h,) Pn='M, — f(xo),
T(k A1) -1
Tim £, ggixw C (20,7, I, i) = () T (I=7)(r A1),

almost surely for all k € [0, 00]. As a consequence, since £,,S(y,(zo)|zo) — 00,
condition (2.21) is satisfied. Finally, using the bounds obtained in the proofs
of Lemmas 3 and 4, one has

X,
ZWLO | S@X) | StuGalle)
S(Yn(x0)|T0) le—zol[<hnV D, (z0) | S (Yn(Z0)|To)
and thus condition (2.22) holds. Theorem 1 concludes the proof. u
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2.7.5 Proof of Proposition 10

Proposition 10 is a consequence of the following lemma.

Lemma 6 Let (X,Y,Z)" be a random vector for which (X,Y) and Z are in-
dependent. Let g be a measurable function such that g(X,Y, Z) is integrable.
One has Elg(X,Y, Z)] = B[V (X, Z)], where ¥(z, z) := Elg(z,Y, 2)|X = z].

Proof of Lemma 6 — Since (X,Y) and Z are independent

By vz = [ ( / g<x,y7z>Py<dy|X=x>) Pc(de)P5(d2)
_ / / U(z, 2)Py (dz)Py(d2).

The conclusion follows since X and Z are independent. [ ]

Proof of Proposition 10 — First remark that the assumption on the
weights entails that the W, ;(x) are identically distributed. Furthermore,
since the W, ; (o) sum to 1, it is clear that E[WV,, 1(x¢)] = ... = E[W,,(x0)] =
1/n. It thus remains to show that

E

I ~
n ZWn,z‘(xo)ﬂ{n>@n,_i(an|xm)}] =k [Wn,l(%)S[Qn,—l(an‘Xla )\>|X1]] :
=1

We apply Lemma 6 with X = X3, YV =Y, Z7 = X_; and g¢(t,y,u) =
@(t, u)Ly>e(antu)y Where the function ¢ is such that

Qn.—1 (] X1, A) = (v, X1, X_1).

The conclusion is straightforward since, with the notation of Lemma 6,
U(t,u) = o(t,u)S(P(om, t,u)[t). u
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2.8 Tables and figures

Table 2.1: RMSE (first line) and ARE (second line) of Q,,(20/n|zo) based on
500 samples of size n = 1000 according to the model M1, for three different

values of p and zy and three different weights :

Nadaraya-Watson (NW),

Nearest Neighbors (NN) and linear combination of both (LC).

p=—2 p=-—1 p=—05

NW NN LC |NW NN LC |NW NN LC
zo=2 [ 020 018 020021 018 020 022 019 0.21
vz"y=1/3] 015 014 015 0.15 0.14 0.15 [ 0.16 0.15 0.16
zo=20 [ 028 028 031]020 030 031033 034 035
vP)y=1/2 020 020 021 021 021 021023 024 023
=20 [ 020 020 020020 021 021 020 020 022
vy =1/4] 015 015 015 0.15 0.15 0.15[ 0.15 0.15 0.16

Table 2.2: RMSE (first line) and ARE (second line) of Q,,(20/n|zo) based on
500 samples of size n = 1000 according to the model M2, for three different

values of #; and xy and three different weights :

Nadaraya-Watson (NW),

Nearest Neighbors (NN) and linear combination of both (LC).

0, =1 0, =2 =3

NW NN LC |NW NN LC |NW NN LC
zo=x{" | 007 007 007 004 004 005] 003 003 003
Oy(x") =3 0.06 0.06 0.06 | 0.04 004 0.04 003 0.03 0.03
zo=20 | 004 004 004] 003 002 003] 002 0.02 0.02
Oo(zP) =21 0.03 0.03 004 0.02 002 002 001 001 0.01
zo=x | 010 010 0.0/ 0.07 007 007 005 005 0.06
Oy(xP) =4 0.08 0.08 0.08 | 0.05 006 0.06 0.04 0.04 0.04
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Table 2.3: RMSE (first line) and ARE (second line) of Q,,(20/n|zo) based on
500 samples of size n = 1000 according to the model M3, for three different

values of ¢ and xy and three different weights :

Nearest Neighbors (NN) and linear combination of both (LC).

Nadaraya-Watson (NW),

o=1/2 o=1 o=3/2

NW NN LC | NW NN LC | NW NN LC
:L’O:xél) 0.07 0.07 0.07 | 0.08 0.08 0.08 | 0.08 0.09 0.08
p@Py=1/3 | 0.05 0.06 0.06 | 0.06 0.06 0.06 0.06 0.07 0.06
zo=22 | 0.06 007 007007 007 007|008 008 008
p@®)y=1/2 005 0.05 0.05] 0.06 0.06 0.06]| 0.06 0.06 0.06
zo =z 0.08 0.09 0.08 | 0.08 0.09 0.07 | 0.08 0.09 0.07
p(@®y=1/4 | 0.06 0.07 0.06 | 0.06 0.06 0.06 0.06 0.06 0.06

Table 2.4: RMSE (first line) and ARE (second line) of Q,.(20/n|z0) based on
500 samples of size n = 1000 according to the model M4, for three different

values of ¢ and xy and three different weights :

Nearest Neighbors (NN) and linear combination of both (LC).

Nadaraya-Watson (NW),

£=1/2 E=1 £=13/2

NW NN LC | NW NN LC ||NW NN LC

zo = ) 173 191 17.1 [ 1.04 129 1.01] 048 050 0.45
O(z8)) ~0.871 | 4.02 475 3.93 | 0.58 0.65 058 [ 0.32 032 0.30
z =z 698 27.3 253 096 1.26 1.22| 0.47 0.53 0.50
O(zP) =095 | 1.91 3.07 281|049 054 050 028 0.30 0.27
2o = ) 392 295 1414 | 207 234 391 055 0.63 0.91
0(z¥Y) =0.83125 | 35.0 302 102 | 0.81 0.88 097 | 0.37 0.39 0.41
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Figure 2.1: Boxplots of @Sw(anmg) (A), @SN(anuo) (B) and @%C(anm)
(C) for the model M1 when p = —1/2, 29 = (1 + /1/2)/2, a,, = 20/n and
n = 1000. The horizontal line indicates the true value of the conditional
quantile.
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Figure 2.2: Level plot of the conditional extreme quantiles of order 20/15000
in the Asia-Pacific region with NW weights (left panel) and NN weights (right
panel).
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Chapter 3

Extreme conditional quantile
estimation with large-dimensional
covariates

3.1 Introduction

One of the main objective of extreme value theory is to predict the statis-
tical properties of events that have never been observed, or at least rarely.
This can happen for instance in finance (e.g., to predict crises), in insur-
ance (e.g., to predict large claims due to catastrophic events), or in envi-
ronmental science (e.g., for particulate matter concentrations). Again, as
in Chapter 2, for these types of applications, we are often in a regression
context where some covariate information (e.g., geographical location) are
recorded simultaneously with the quantity of interest. Thus our aim is still
to estimate a «,—quantile at some target value xy on the basis of m,(x¢)
observations. However, the quantile proposed in Chapter 2 is no longer valid
since it requires m,(xg)a, — 0o, thus a level which is not enough extreme.
To overcome this issue, we need to extrapolate outside the dataset, and thus
to estimate an extreme quantile such that m,(x¢)a,, — ¢ > 0. From a
theoretical point of view, extreme value theory provides us the solid theo-
retical framework for this extrapolation and it allows us to define estimators
of such quantities and to study their asymptotic properties. However, from
the practical point of view, since more and more data are stored nowadays,
we are often faced with high dimensional covariates problems. In that situa-
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tion, inference on the conditional distribution of Y given X becomes difficult
since the space is sparsely populated by data points. This is the well-known
curse of dimensionality problem. In this chapter, we propose to combine ex-
treme value theory with dimension reduction methods in order to estimate
a conditional extreme quantile based on extrapolation in case of a high di-
mensional vector of covariates. The combination of these two theories is, as
far as we know, still in its infancy. We are only aware of a first attempt by
Gardes [18] where a dimension reduction method has been adapted to the
study of conditional tail distributions. To deal with high dimensional covari-
ates, a classical method is to assume the existence of a ¢ x p full rank matrix
By (with ¢ < p) such that the conditional distributions of Y given Bj X
and Y given X are the same. In other words, X and Y are assumed to be
independent conditionally on By X. For a comprehensive discussion on con-
ditional independence, we refer to Basu and Pereira [1]. In the literature, this
model is referred to the multiple-index model (single-index model if ¢ = 1)
and the subspace spanned by the columns of By is called the Dimension Re-
duction (DR) subspace. Among the contributions on the estimation of the
DR subspace, one can cite the Slice Inverse Regression method by Li [31],
the Slice Average Variance Estimation method by Cook and Weisberg [5] and
the Principal Hessian Directions method, see Li [32]. The existence of a DR
subspace is assumed by many authors in order to study the link between Y
and the explanatory variable X.

The remainder of the chapter is organized as follows. In Section 3.2, we de-
fine our extrapolated conditional quantile estimator, whose main asymptotic
properties are established in Section 3.3. The strategy to overcome the prob-
lem of the dimension of the vector of covariates is described in Section 3.4,
whereas simulations are provided in Section 3.5 to illustrate the efficiency of
our estimator. All the proofs are postponed to Section 3.6.

3.2 Extreme conditional quantile estimation

Let (X,Y) be a random vector taking its values in R? x R. For all zy € R? let
us denote by S(:|zg) := P(Y > :|X = xg) its conditional survival function.
Starting from n independent copies (X1, Y1), ..., (X,, Y,) of (X,Y), our goal
is the estimation of the conditional quantile of order 5, — 0 defined for
xo € R? by

Q(ﬁn|$o) = S&(ﬁn\fﬁo) = inf{y € R; S(y|$o) < 5n},
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with the convention inf{()} = +o0o0. In Chapter 2, an estimator of Q(«a,|zo)
has been proposed under the first tail condition (TFO) (see Definition 5).
According to Theorem 10, the estimator Q,,(cv,|zo) defined in (2.1) is con-
sistent if «,m,(z9) — 0o where m,(xy) corresponds, roughly speaking, to
the number of observations used in the estimation procedure. This condition
is obviously a constraint on the rate of convergence of the level o, to 0. In
what follows, a level o, satisfying a,m, () — oo as n — oo is called an
intermediate level.

In this chapter, we are interested in the estimation of a conditional quan-
tile Q(5,|ro) where the level (3, is a proper extreme level, i.e., such that
Bamin(xg) — ¢ > 0.

Estimation with condition (TFO) — Let us assume that condition (H)
holds. For all sequence 3, < «, where «,, is an intermediate level, one has
for n large enough that

Q(Balzo) = Q(omlwo) + alos, |20) duq (tn), (3.1)

with ¢, = (8, — an)/g(an|zo). To estimate Q(B,|zo), a natural way is to re-
place Q(an|xo), a(-|zo), ¢u () and g(-|xg) by suitable estimators. Of course,
the quality of the estimation strongly depends on the accuracy of the approx-
imation (3.1) which depends on the underlying conditional distribution. To
illustrate this last point, let us consider the following example. Let (X,Y)
be a random vector such that P(Y > y) = (1 + y'/?)73. To simplify, we as-
sume that X and Y are independent (corresponding to the non-conditional
situation). Our goal is to evaluate the accuracy of the approximation (3.1)
for the random vector (X,((Y")) where ¢ : (0,00) — R is a continuous and
increasing function. Since X and Y are independent, the conditional quantile
of ((Y) given X is given by

Qc(a]X) = Qcla) =¢ ((ofl/3 - 1)3> .

Different functions ¢ are investigated: for y > 0, ((y) = (wr(y) = In(y),
C(y) = Car(yly) =y for some v > 0 and ((y) = (sur(y) := exp(y). For the
function (wr, condition (H) holds with a(-|z) = 1, g(a|x) = a and ¢,.(t) =
—In(1 +¢). In other words, for this choice of function ¢, condition (2.13)
(see Chapter 2) is satisfied and thus Y belongs to the maximum domain of
attraction of G, with v = 0. In the literature, the distribution of In(Y’)
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is called a Weibull-tail distribution (see for instance Beirlant et al. [2] and
Gardes and Girard [19]). Approximation (3.1) is then given for all 5 < a by

«

Qur(9) ~ Qe (910) = Qur() +10 (5 )
For the function (gr(-|y) condition (2.13) is also satisfied with a(a™t|z) =
YQcur (1) (@) and with an extreme-value index given by . The distribution
of Y is in this case heavy-tailed. For all 5 < «a, we obtain the approximation

.
- a
Qur (1) (8) = Qaar () (Bl@) := Qa1 (@) (3) :
Finally, choosing the function (syr leads to a super heavy-tailed distribution
(see Section 2.3 for more details). Indeed, one can show that in this situa-
tion, condition (H) holds with a(a™!z) = Qe (@) and g(alz) = o?. The
approximation is given for all 8 < « by

- a—f
QCSHT (5) ~ QCSHT (6|O‘) = QCSHT (Oz) exp ( o? ) )
The accuracy of the approximation is measured by the relative error function.

More specifically, the error between a value v and its approximation v,y is
defined by

erf (v, vapp) := max (L, @> — 1.

Vapp [

Fixing « to 0.05, this error is represented on Figure 3.1 as a function of 5/«
for the four functions (wr, Cur(-|1), Cur(-|2) and (spr. As expected, the
approximation deteriorates when S moves away from «. One can note also
that the heavier the tail is, worse is the approximation. For super heavy-
tailed distribution, the estimation of conditional quantile for very small levels
[ seems unfortunately hopeless (at least by using approximation (3.1)).

We thus propose to focus on the situation where condition (2.13) holds (i.e.,
if the conditional distribution belongs to a maximum domain of attraction).

Estimation in a maximum domain of attraction — Condition (2.13)
leads to the approximation given by
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where for all £ € R and = > 0, L¢(z) = [ s*'ds. Replacing the un-
known quantity Q(ay|7o), a(a;,|z) and v(z¢) by some estimators denoted
by Qnlan|zo), @n(a;|ze) and ,(20), we obtain an estimator of Q(S,|zo)
given by

Q) (Bal0) = Qu(0tn|z0) + (0 20) Ly (o) (g_) -6

The aim of the next section is to establish the consistency of (3.2).

3.3 Main results

Let us assume that the conditional distribution of Y given X = x4 belongs to
a maximum domain of attraction with conditional extreme value index (zo).
Letting ERV (a, t|xg) (ERV for extended regular variation) defined by

tajzo) — Qlalxo)
a(a™t|zo)

ERV(a, t|zg) := Q

- L’Y(Io) (t_l)

we thus have that for all ¢ > 0, ERV(«, t|zg) — 0 as @ — 0. To establish
the consistency of (3.2), this condition must be strengthen by the following
second order condition.

(H2) There exists a function A(:|rg) not changing sign and a constant
p(xg) < 0 such that A(y|xg) — 0 as y — oo and for all ¢ > 0

—1

ERV (o, t ¢
lim EEV{@. flzo) _ / PO ()
1

a=0  A(a~txg)
We are now in position to state our first main result.

Theorem 11 Assume that condition (H2) holds with p(z¢) < 0 or (p(zg) <
0 and y(xg) < 0). Suppose also that there exist a sequence T,,(xg) converging
to 0 as n — oo and such that

Qn(an|zo) — Q(an]o)

aagt|zo)

i (00| o)
aag|zo)

= Op(1a(z0)), =1+ Op(7n(0)),
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and Yn(xo) — v(x0) = Op(1(x0)). If an/Br — 00, T(x0) In(cv,/Bn) — 0 and
Aot wg) = Op(1a(0)) then

O (Ba]20) — Q(Bulo)
(1 70) @y (o) (O ) )

= Op(7a(20))

where fort > 1,

¢
y(0) (t) ::/ SV(xO)_lln(s)ds.
1

Application — Let us now apply Theorem 11 to specific estimators of
Q(ay|zo), ala;,zy) and y(xg). For the conditional quantile Q(a,|zg), we
consider the estimator Q,(c,|o) introduced in Chapter 2 which is obtained
by inverting the conditional survival function estimator

‘:CO Zan l’g yoo( 'L)

According to Theorem 10 in Chapter 2, we have (under some technical as-
sumptions) that

1/2@,1(06”‘1’0) - Q(O&nl.%’o) LN(O 1)

a(a,zo)

[ (0)]

where we recall that m,,(zo) < n,, with

Hence, introducing the sequence 7,,(20) := {In[a,m,(20)]/[nmn(z0)]}1/2, we

have that R
Qn(an|zo) — Qlan|zo)
ao o)
For the estimation of y(xy) and a(ca;'|zg), we propose to use the class of
statistics introduced in Gardes [17, 18]. Let us first introduce some notations.

For k € (0,1) and ¢(-) a positive and bounded function on [, 1], let ¥(-) be
the decreasing function defined for s > 0 by W(s) = 0 and for s < 0 by

B(s) (/ (1) 1/udu) // W) L2(1/u)du

= Op(Tn(x0)). (3.3)



In addition, for all 6 € N, for all non-increasing right-continuous function
U(-) and all o € (0,1), let

TOW) = /: (1) (m UU((US)))(SCZU/(/ﬁlgo(u)Lo(l/u)du)S.

The estimator 7, (zo) of v(xg) is given by

Tn(0) = (o) +n,~(20)

= T (@nl|20)) + ¥ (

Wﬂ@wmj »
@l )Y

Concerning the estimation of a(c,!|zg), we consider the statistic

Gu(0;"120) = T (@n (120 A (0)) (35)

where 7, (U, ~_) is given for all non-increasing and right-continuous function
U(-), for all s <0 and for all « € (0,1) by

T, = 0% 1 u nU<ua) u 1 u u)au
70.9):= V) [ ptm G [ [ st

Note that the previous defined estimators depend on the choice of a pa-
rameter £ € (0,1) and a positive and bounded function ¢(-) on [k, 1]. In
order to not overload the notations, this dependence has been omitted. For
a motivation of the expressions of 7,(x¢) and @, (o, |zo), see Gardes [1§]
Proposition 2. The consistency of these estimators is established in the next
proposition. The following notations are required. For a € (0, 1), let

a(a” |zo)
Q(afzo)

According to Fraga Alves et al. [16] Lemma 3.1, condition (2.13) entails that
Ay(alzg) — 0 as a — 0. The next quantity is introduced in order to control
the oscillations of the function x — S(y|z) for large values of y: for € € (0,1)
and a € (0,1), let

Aq(alzo) == — 7+ (o).

n

w(a,&|xg) == sup ZE [Wn,i(:vo)
B/a€Te ;1

SR ]

with Je .= [(1 — )k, 1 +¢].
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Proposition 13 Assume that there exists a sequence my(xo) such that
M (20) < ng, and let 7,(z0) = {In[ay,m,(20)]/[enmn(z0)]}/? — 0. Un-
der condition (H2), if A(a; |xg) = o(1n(20)), As(a|zo) = 0o(Tn(0)), if there
exists a positive constant C'x such that

Mo (o) max Wh.i(zg) < Cx a.s. (3.6)

and if there exists & > 0 such that
[0 (0) 0] 2w (0, €|0) = 0(7(0)), (3.7)

then 3n(zo) — v(x0) = Op(Ty(20)) and

an (0, [z0)
—" L =14 Op(m .
a(a;zo) + Op(7n(0))
Note that, using Markov’s inequality, condition (3.7) is a stronger version
of condition (2.24) in Theorem 10, Chapter 2. As a consequence, under the

assumptions of Proposition 13, (3.3) holds. The consistency of the estimator

Q\glE)(ﬁnkCO) = @n(CYnkC()) +an(a;1‘xo)[ﬁn(:co) (%) )

where 7,(x¢) and @, (o, !|zg) are given in (3.4) and (3.5) is then a direct
consequence of Theorem 11 and Proposition 13.

Corollary 6 Assume that there exists a sequence my,(xg) such that
M (70) X gy and let 7,(x0) = {In[a,mp(z0)]/[nmn(70)]}/? — 0. As-
sume also that condition (H2) holds with p(zo) < 0 or (p(xzg) < 0 and
(o) < 0). If an/Bn — 00, Tn(xo) In(a,/B,) — 0, A(a;|xg) = op(7,(20))
and Ag(a|zg) = o(1,(x0)) then, under conditions (3.6) and (3.7),

QP (Bulzo) — Q(Balo)
CL(O(EI |x0)q“/(aco) (an/ﬁn)

= Op(7n(z0)).

3.4 Estimation for a large-dimensional covari-
ate

When the dimension p of the explicative variable X is large, it is well-known
that the data become sparse. As a consequence, the observations selected
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by the weights W, ;(z¢), i = 1,...,n (for instance (2.18) or (2.19)) can be
located far away from the target x,. This problem is often referred in the
literature to as the curse of dimensionality. In a large dimension setting,
it is thus necessary to find more appropriate weights. A classical approach
is to assume that it exists a p x ¢ full rank matrix By (with ¢ < p) such
that the conditional distributions of Y given BJ X and Y given X are the
same (Li [31]). In this case, we say that X and Y are independent condition-
ally on By X (in symbols X_ILY|BJ X). As mentioned by Gardes [18], this
assumption can be too strong when we are interested in the tail of the con-
ditional distribution. The Conditional Independence assumption is replaced
by the Tail Conditional Independence (TCI) assumption. For o € (0,1) and
z € supp(B, X), let Qp,(a|z) be the quantile of level « associated to the
conditional distribution of Y given Bj X = 2.

(TCI) The random variable Y is tail conditionally independent of X given
By X if for all € > 0 there exists x > 0 such that for all § € (0, &,

H P(Y > V5(BJ X)|X)
P

¥ > MBI X)BIX) 1’ = ] -

where for § > 0, Vs(-) is a measurable function defined for all z €
supp(By X) by Vs5(2) := Qp,(0]2) — § if Qp,(0|2) < +oo0 and YVs(z) :=
61 if Qp,(0|2) = +o0.

Note that under (T'CI), the distributions of Y given X and Y given Bj X
share the same right endpoint, i.e., for all z € A with P(X € A) = 1,
Qp,(0|By z) = Q(0]z). In particular, condition (TCI) entails that for all
r € A,
 SmIBln)
y1Ql)  S(y|z) ’

where Sp,(y|z) := P(Y > y|B; X = z). Obviously, for any regular ¢ x q
matrix D, if Y is tail conditionally independent of X given Bj X then Y is
also tail conditionally independent of X given DB X. To ensure the unicity
of the matrix By, it is assumed in what follows that B, € B where B € B if
the ¢ columns of B are the first normalized ¢ linearly independent columns
of the orthogonal projection matrix on the subspace spanned by B.
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3.4.1 Estimation in the case where B, is known

Recall that our goal is to find more appropriate weights W, ;(xo) to select the
observations. For any norm || - ||, on R, the weights proposed in Chapter 2
(Nadaraya-Watson (2.18) or Nearest-Neighbors (2.19)) select the observa-
tions X; such that ||.X; — ]|, is closed enough to 0. When p is large, these
observations can be located far away from xy due to the sparcity of RP. Un-
der (TCI), it seems more appropriate to select the observations X; such
that || By (X; — 20)||, is closed enough to 0. Since ¢ < p, one can expect that
the selected observations will be more relevant for the study of the condi-
tional tail distribution. We thus propose to replace the weights W, ;(z¢) by
some weights W, ;(By, z¢) summing to 1 and depending on the matrix B
satisfying (TCI). The conditional quantile of level « is then estimated by

~

Qu(a|Bo,xo) = inf{y; S,(y|Bo, z0) < o, (3.8)
where .
§n<y|B07 170) = Z Wn,i(BO7 mO)H(y,oo) (Y;)
=1

For a given intermediate sequence «,,, an estimator of Q(3,|z¢) where the
level (3, is such that 5, /c, — 0 is given by

@f)(ﬁnwo,xo) = @n(an\Bo,xo) +aﬂ(a;1|307xO)L/’%L(BO,xU) (%) )
where @,(a,|Bo, o) and 7,(By,zo) are obtained by replacing in (3.5)
and (3.4) the weights W, (o) by W,.:(Bo,z9). The consistency of
QP (Bn|Bo, To) is established in the next theorem. The oscillations of the
function z — Sp,(y|z) for large values of y are controlled by the following
quantity: for £ € (0,1) and « € (0, 1), let

n

W(%aBo,iﬂo) ‘= Ssup ZE |:Wn,i(807x0)
B/aej& i=1

SplQi (81 B w0)| BE Xi] 1H
/B )

with Je := [(1 — &)k, 1+ &]. Let also

N -1
NBy,zg = (Z Wn,i(Bwa(J)) .

i=1

)



Theorem 12 Assume that condition (H2) holds with p(z¢) < 0 or (p(xg) <
0 and v(x9) < 0) and that there exits a matric By € B such that

by L <S[QBO(04|BOT$0)|$0] B 1) —0, (3.9)

a—0 A(a~tzg) a

a.s.

Assume also that there exists a sequence m,(By, xg) such that m,(By, o) ~
NByz, ond let

Tn(Bo, To) := {In[a,,m,(By, x0)]/[tnmn(Bo, zo)] }1/2.

If an/Bn — 00, Tu(Bo,zo)In(a,/B,) — 0, Ala,|zg) = o(7.(Bo, o)),
Ag(alzg) = o(1,(Bo, x0)), if there ezists a positive constant Cx such that

M, (Bo, xo) 1121?<>;Wn7i(30,x0) < Cx a.s. (3.10)

and if there exists & > 0 such that
[mn<BO7 $0)O¢n]1/2W(an, 6‘307 on) = O<Tn(307 .770)), (311)

then, R
& (Bal Bo, x0) — Q(Bulxo)
a(ay, ! [20) Gy (o) (n/ Bn)

= Op(7n(Bo, 70)).

Under condition (T'CI), we know that a=1S[Qp, (a| By x¢)|zo] converges to 1
as & — 0. The rate of convergence of this limit is provided by condition (3.9).
Note also that if condition (H2) holds then condition (3.9) ensures that for
allt >0

—1

ERV(O(, t‘Bg, Io)

t
2 Aaao) :/1 P L) (1),
with
ta| By o) — By
ERV(a, £} By, o) = 2EellBo20) — Qo(alByao) _p oy

a(a=tzg)

see Lemma 9. In other words, the conditional distribution of Y given Bj X
belongs to a maximum domain of attraction and satisfies a second-order
condition.
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Examples of weights — First, one can adapt the Nadaraya-Watson
weights defined in (2.18). More specifically, a possible set of weights is
given by

By (X; — x0) z By (X; — x0)
NW o 0 1 0 0 J 0
Wi (Bo, o, hy) = K (h—n> ;K (h—n) :

where h, > 0 and K(-) is a density on R?. As in Chapter 2, we assume the
following on the kernel function K:

(K) the kernel K is either an indicator function on a cell of R? or such that
K(z) = L(]|z||,) where L is of bounded variation, continuous on (0, c0)
and with support [0, 1].

Note that when h,, converges to 0, these weights select the observations X;
such that By X; ~ By xo. For this set of weights, the obtained estimator of
Q(Bn|xo) is denoted by QINWE) (Bn|Bo, o). Its consistency is established in
the following result.

Corollary 7 Assume that conditions (K) and (H2) hold with p(xo) < 0
or (p(zg) < 0 and v(x¢) < 0) and that there exits a matriz By € B such
that (8.9) holds. Assume also that B] X admits a density fg, continuous
at xo and such that fp,(xo) > 0 and let

In(nhia,) 1/2
NW(p = " i
Tn ( O’x(]) nh%an

If a, /B, — oo, nhifa, A (Inlnn)~Y — oo, 7V (By, x0) In(an/Bn) — 0,
Ao o) = o(TNWV(By, 20)), Ag(a|zo) = o(TNW(Bo, x0)), and if there erists
& > 0 such that

sup
B/oan€Te 6
1Bg (z=0)llg<hn

SBy [QBO<5|BOT$0>|BOT:E] _ 1‘ _ (TyW(B()vIO))

[nhi o, |'/?

with Je = [(1 — §)r, L +£] then,

Q™) (B,] Bo, 20) — Q(Bnl0)

_ 7_NVV )
(@ 0ty (@ B) - CrUm (0 70))
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The proof of Corollary 7 follows the same lines as the proof of Corollary 3
in Chapter 2 and is thus omitted. Taking By = I, is this result (in this case
condition (3.9) is always satisfied but no reduction of dimension is done), the
rate of convergence 75" (I, zo) of Q NWE)(ﬁan, xo) is such that

Tyw(Bm )

Tyw(]p’xw O(hn ) 0(1)7

if ¢ < p. As a consequence and as expected, if condition (3.9) holds with a
g X ¢ matrix By (¢ < p) then the estimator QINW-E) (Bn|Bo, xo) is theoretically
better than the estimator Q4 " ") (Bnl1p, xo) obtained without reducing the

dimension of the covariate.

Another possibility is to adapt the Nearest-Neighbors weights given in (2.19).
Let {D;(By, o) := ||By (Xi — xo)|lg» # = 1,...,n} be the set of distances
between B, X; and B 7o and let Dy(Bo,x0) < ... < Dny(Bo, o) be the
ordered distances. Denoting by {r(By,i), i« = 1,...,n} the ranks of these
distances, the nearest-neighbors weights are given by

Wg}i\I(BO?xmk) [(k _T(Bm Z] ’

where ¢ € N and k, € {1,...,n}. The obtained estimator is denoted
O (B4 By, o).

Corollary 8 Assume that condition (H2) holds with p(x¢) < 0 or (p(xy) <
0 and y(zo) < 0) and that there exits a matriz By € B such that (3.9) holds.
Assume also that By X admits a density fg, such that fg,(z0) > 0 and let

ln(k:nozn))l/2

knou,

5 By ) o (

If a,/Bn — o0, kya, — oo, TNN<BO,CE0) In(a,/Bn) — 0, A(a;t|wg) =
o(TNN(By, 0)), As(alzg) = 0( N(By, ), and if there exists & > 0 such
that

sup
B/on€Te 6
1By (z=20)llq<rn

S5, (@, (BB w0)| By ] 1=y 7o (Bo, o)
= —[knan]l/z )
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with Je = [(1 — &)k, 1 +&] and rl := 2k, /(nfp,(x0)) then,

O (B, By, w0) — Q(Bl0)

_ 7_NN 0, 70)).
a (M 0) s wo) (O / Bn) = Oe(m, " (Bo, 20))

3.4.2 Estimation of B

Of course in practice the matrix By is unknown. In order to obtain
a proper estimator of Q(f,|ro), we propose to replace in the expression
of QY (Bn|Bo, o) the matrix By by the estimator introduced in Gardes [18].
Let us recall the expression of this estimator. Let us first introduce some no-
tations. For J € N* and for any matrix B € B, let {I[;(B"'X), j=1,...,J}
be a random partition of supp(X). In the sequel, the following partition
is considered: Let D = [dy,...,d,] be a p x p orthogonal matrix such that
span(B) = span({dy, ...,d,}). Let m(B'x) be the conditional marginal me-
dian of X given B'X = B'z and for £ € {1,...,p—q}, let us introduce the
half spaces

Ey(B'z) = {s € R d;rqs > qum(BTa:)}
and Ey(B'z):={s€R" d/, s <d; mB z)}

An element of the partition {II;(B'X = B'z), j = 1,...,J} is the
intersection of p — ¢ half spaces. More specifically, an element of
the partition is a set Ey N ... N Ef  where for ¢ € {1,...,p — g},
E; € {E(B'x),E(B"z)}. There is thus J = 2P7 elements in the
partition. Obviously, if supp(X) = RP, then, for all x € RP and, for all
je{l,....JLP(X €ell;(B"X)|[B"X =B"z) > 0.

In practice, since the conditional marginal median m(B"x) is unknown, it is
replaced by its empirical estimator m,,(B'z) := (M, ;(B'z), j=1,...,J)"
where for j = 1,...,J, M, ;(B"'z) is the empirical median of the j-th
component of the observations falling in D(B"z, H,). This choice of random
partition ensures that, for all z € supp(X), the number of available observa-
tions in each element of D(B'z, H,) N1L;(B"X = B'x) is approximatively
the same.

Let us now introduce the function 7": (0,1) x B+ [0, 00| defined by

S P{Y > Q(a|B"X)} N {X € II,(BTX)}|BTX) 2
o5 =3 {5 oP(X € IL(BTX)|BTX) |1}
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According to the second statement of Gardes [18] Theorem 1, the quantity
T(«, By) is close to 0 for small values of «. This argument suggests that an
approximation of By can be obtained by minimizing the function 7'(«, B)
with a small. This naturally motivates us to estimate By by minimizing over
B a reasonable estimator of T'(«, B) with « sufficiently small. To construct
this estimator, let us introduce a sequence («,,) converging to 0 with the
sample size. The sample analog of T'(a,, B) is given by:

I S

with for B € B, z € supp(B'X) and j € {1,...,J}, p;(z) = P(X €
I;(B"X)|B"X = 2)fp(z) (where fp(-) is the probability density function
of BTX) and

TS B (Y > QlalBTX =)} 0 (X € IL(ETXNETX = 2).

Obviously, in practice, random variables @, ;(B'X;) and p;(B'X;) are not
observed and must be replaced by their respective estimators:

P, (BT X;) : =) W(B, X; Miy,26, (@pxpliceneTx)y  (3:13)
223

where @n,,i(an\B, X;) is the conditional quantile estimator defined in (3.8)
computed without the pair (X;,Y;) and

Pi(BTX:) == Wil B, X)x,em, (57 x0))- (3.14)
i

We can now introduce our estimator of By:

E\O,n .= argmin T,,(B), (3.15)
BeB

where T,,(B) is obtained by replacing in (3.12) the unobserved random vari-
ables ®,, ;(BTX;) and p;(BT X;) by @, ;(BTX;) and p;(BTX;).

In practice, since the construction of the partition {II;(B"X;), j =1,...,J}
is time consuming, the sample analog of T'(a,, B) given in (3.12) is com-
puted on a subsample of size ng = [n/40]. The minimization problem (3.15)
is solved by a coordinate search method (see Gardes [18] for more details).
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3.5 Simulation study

Let (X1,Y71),...,(X,,Y,) be n independent copies of a random vector (X,Y)
where X is a RP-valued random vector and Y a R-valued random vari-
able. We are interested in the finite sample performance of the estimators
of Q(Br|zo) introduced in this chapter where 5, — 0 and xy € RP.

Model settings — In what follows, the p components of X are indepen-
dent and distributed as a Gaussian distribution with mean 1/2 and standard
deviation ¢ = 1/3. Let By and B; be two p x 1 matrices, the conditional
quantile function of Y given {X = z¢} is given by

(M1) Conditional Burr distribution: for o € (0, 1),

T g0(Bg x0)/g1(B{ o)
Q1(Ct!$o) — (04*91(31 xo) __ 1)

Y

(M2) Conditional reverse Burr distribution: for a € (0, 1),

1

Qz(a\l’o) = gz(BoTﬂfo) - m;

(M3) Conditional Weibull-tail distribution: for a € (0, 1),

Qs(alwo) = [in(1 /)]0 (1 — @B w0l fon (B0,

The positive functions gy and ¢, are defined for all z € R by

1

1
90(2) = Flizzyyay + 5 (1 = 82)Ijacesay + sy,

and

9n(z) = 2gcyay + @4z = Dlpucecssy +4(1 = 2)[sscecayzy
+ (6— 8Z)H{1/2<z§5/8} + (82 — 4>H{5/8<z§3/4} + 20~ 3/4)-

The real-valued function g, is given by ¢2(z) = 2z.

These three conditional distributions belong to a maximum domain of at-
traction (MDA). Model (M1) is in the Fréchet MDA with tail index
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() = go(By o) > 0. The second order parameter is p(z¢) = —g1(By o).
Model (M2) is in the Weibull MDA with extreme value index vy(xy) =
—g0(By 7o) < 0 and finite right endpoint go(Bj 7¢) > 0. Finally, model (M3)
is in the Weibull MDA with extreme value index y(xy) = 0. One can show
that all these models satisfy condition (T'CI) with the matrix By (we thus
have ¢ = 1).

Definition of the estimators — Let us now defined the estimators con-
sidered in this simulation study.

Nadaraya- Watson’s estimators: For any full rank p x r matrix with 0 < r <p
and for i € {1,...,n}, let

W (B, g, hy) = K (BT(X——%) ZK ( - xo)> |

where h,, > 0 and for u = (uy,...,u,)" € R",
3\ 1 )
=11 110 — e
j=1
where ||u||o = max{|u1], ..., |u,|}. Taking these set of weights in the expres-

sion of the estimators Q,, (| B, xo), (., '| B, z0) and 7, (B, xo) leads to the
estimator

@;NW’E)(Bn’BwTO) = Q\n(an’waO) +an(a;1|Bvx0) n(B,x0) (Bn) ) (316)

Note that this estimator depends on two hyper-parameters: the bandwidth
h,, and the intermediate sequence a,. Let us also mention that @, (o, | B, z)

and 7, (B, xy) have been computed with £ = 0.02 and ¢(-) = In(1/-).
Nearest Neighbor’s estimators: For any full rank p X r matrix with 0 < r < p,

let {D;(B,xo) = ||B"(X; — 0)|l;, i = 1,...,n} be the set of distances
between B'X; and B'zq and let D(B, xo) < ... < Dgy(B,x0) be the
ordered distances. Denoting by {r(B,i), i = 1,...,n} the ranks of these

distances, let
2(k, —r(B,i)+1)4

kn(kn + 1)

W}:{?(Bwo,k‘n) =
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Taking these set of weights yields to the following estimator of Q(f,|xo):

@;NME)(/BHBaxO) = Q\n(an|BaxO) ‘I'an(a;l‘BaxO) Fn(B,20) (571) . (3-17)
This estimator depends on the choices of the number of nearest neighbors k,,
and the intermediate sequence «,,.

For the matrix B in (3.16) or (3.17), a first possibility is to take B = By
since condition (TCI) is satisfied with the matrix By. Of course this choice
is theoretically the best one but in practice the matrix By is unknown. It
can be estimated by By, defined in (3.15) by taking in (3.13) and (3.14)
the weights WY (B, o, hn) or WY (B, 2o, k). The statistic §0,n depends
on h, (or k,) and a,. In what follows we take h, = 0.2 (or k, = 1500)
and a;, = 0.1, these "optimal" values coming from an extensive simulation
study. Another way to estimate Q(5,|zo) is thus to take B = By, in (3.16)

r (3.17). Finally, if one does not assume the validity of condition (TCI),
natural estimators are obtained by taking B = I, in (3.16) or (3.17). As
mentionned before these last estimators are expected to perform very badly
when the dimension p increases.

Choice of the hyper-parameters — Let A, be the sequence equal to h,
or k, depending on the considered estimator (Nadaraya-Watson or Nearest-
Neighbor). The parameters A, and «, required to compute the previous
estimators are_selected according to the following data driven procedure.
For B € {Bo, B07n7Ip}7 let

2
)‘fzpt”(Bv Oé) = ar% rgin (Z B  To, A ]I{Yi>@n,—i(oc\B,:co)} a Oz) ’
S

where e has to be replaced by NW or NN and G is a grid of 20 evenly spaced
points between 0.05 and 0.5 if @ = NW or a grid of 20 evenly spaced points
between 300 and 3000 if @ = NN. The selected value of «,, is given by

0.1 (e, E) B opt,e (13 2
a’®"*(B) = arg min/ n (ﬁl 20, A (B, @) —1) dp
acA  J0.03 Qn(B|B, xp)

where Q,(3|B, z) is the estimator defined in (3.8) and computed with the
weights Wy (B, xg, A\j?"* (B, «v)). Note that the interval on which we integrate
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has been found after an extensive simulation study. The set A is a grid of 10
evenly spaced points between 0.05 and 0.25. The selected value of A, is then
given for B € {By, By, I,} by

AP (B) 1= AP (B, o (B)).

except when B = I, and ¢ = NWW. In order to keep the same rate of
convergence for the Nadaraya-Watson’s estimators, we take when B = I,

)\zpt,NW([p) — P\zpt,Nw(Razpt,Nw(Bml/p

Simulations results — For each model, we generate N = 100 samples of
size n = 4000. Three values of the covariate’s dimension are considered: p =
2 with By = (1,2)" /v/5and By, = (0,1)7; p = 3 with By = (1,2,0)" /+/5 and
By = (0,1,1)" and p = 4 with By = (1,2,0,0)"/v/5 and B, = (0,1,1,1)T,
In order to compare the previously defined estimators, we compute the error
given for B € {By, By, I,} by

n]E) BN|B J}()) i
S

rg€EX j=1

where Q (Bn|B xo) is the estimator Q' E)(Bn|B xo) computed with the
j-th rephcated sample and X := {cu', ¢ € {1/4,2/5,1/2,3/5,3/4}} with
u = (1,---,1)T € RP. The results are summarized in Tables 3.1 and 3.2
for two different values of the quantile level: 5, = 1/n and §, = 1/(2n).
From the simulations, we can infer that, as expected, the smallest error is
obtained in case B = By, but estimating the matrix By by By, does not too
much deteriorate the performance of the extreme conditional quantile. On
the contrary, the estimator based on B = I, performs very poorly, especially
for model (M1) corresponding to heavy-tailed distributions. In addition,
the error Eg(e, B) does not seem to be as much affected by the dimension
p of the covariate in the case B € { B, Eo,n}7 although when I, is used, it
clearly explodes with the dimension especially for heavy-tailed distributions,
the deterioration being less sensitive for the two other models. Finally, as
one might expect, the smallest the level of the quantile is, the large is the

error and thus worse is the estimation. On the figure 3.2, we can observe
that if h,, € [0.1,0.4], the errors Eg(NW, By) and Eq(NW, By ,,) are minimal
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while Eqo(NW, 1,) displays high values whatever the value of h,. It shows
that the selection of the parameter h,, is relevant when we use the dimension
reduction method and not when we consider B = I,,.

3.6 Proofs

3.6.1 Proof of Theorem 11

We start with the decomposition

Q) (Balro) = Q(Balro)
a(agl |$O)Q’y(a:o) (an/ﬁn)

= Tl,n + TZ,n + T3,n + T47n7

where
o Gulanlzy) ~ Qlanleo)
" a(aﬁ”xo)(h(wo)(o‘n/ﬁn)’
L @n(%1|3?0)
T = o oy (o) o (ol Be) = Lol )]
L 1 dn(a;”mo) o
T = ) atociog) ) Feotonl )
1 Q(an|z0) — Q(BulTo)
dTn = —— L 0 n/ FPn — .
ame (o) () Bn) (o) (0 B )+a(01n1|l'0)qV(xo)(an/ﬁn)

Let us first focus on the term 7} ,,. Since

@) In(t) [y(xo)  if (o) > 0,
Uy(zo) (1) = In?(t)/2 if v(xg) =0, (3.18)
1/7%(wo) if (o) <0,

one has that g,(,)(n/B,) — oo. The assumption on Q,(a,|zo) leads to
T1 ., = Op(Tn(0)). (3.19)

Now, using the assumption on the estimator a,(c,*|zo),

Ton = [in(20) = ¥(@0)][1 + Op(7u(x0))] {m ! 1} |
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[ = /O‘n/ﬁn S’Y(ﬂco)fl <eXp[(’7n(J}0) - ’7(10» 111(8)] —1
1 (n (o) — v(20)) In(s)
Using the assumption on the estimator 4, (zo) and since 7,(z9) — 0, it ap-

pears that [¥,,(xo) —v(x0)][1 4+ Op(7.(20))] = Op(7(20)). Furthermore, using
the inequality

. 1> In(s)ds.

-1
exp(e) —1 1‘ < exp(fa]) - 1,
x
yields to
an/ﬁn 1
In] < / §7@07 (exp| 9 (20) — v(0)| In(s)] — 1) In(s)ds
1

< (o) (@n/Bn) (exp[in(20) — v(wo)| In(an/Bn)] = 1)

Finally, using the Taylor expansion exp(u) — 1 = o(u) as v — 0 and since by

assumption |¥,(xo) — v(xo)| In(a,/Bn) £, 0, one has
Ty, = Op(Tn(0)). (3.20)
Let us now deal with the term 75,. Ast — oo,

#10) [y(wo)  if y(xo) > 0,
L) (t) ~ q In(?) if y(20) = 0,
—1/7(x0) if y(zg) < 0.

As a consequence Lz (0tn/Bn)/@y(z0)(n/Br) = O(1) and thus, under the
condition on the estimator a,(a;,*|zo),

T37n = O]}D(Tn(afo)). (321)
Finally, we focus on the non-random term 7} ,. Remark first that

Ly (o) (0tn/ Bn)
Q'y(azo)(an/ﬁn)
1 (Q(ﬁn‘xo) — Q(an|z0)

Alagt|zo) aog o)

Tyn = —A(QEIMO)

X

L/ =1)).
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The second order condition entails (see de Haan and Ferreira [25]
Lemma 4.3.5) that

lim 1 (Q(5n|330) — Q(an|o)

nvoe Ao o) aag|zo)

1
(v(wo)) - + p(x0)”

L;(lxo)(an/ﬁn) - 1) ==

where (-)_ is the negative part function. Since by assumption A(«,t|zg) =
O(1n(0)) and since Ly o) (on/Bn)/ @y (0n/Bn) = O(1), we obtain that

T4,n = O]}D(Tn(fﬁo)). (322)

Collecting (3.19) to (3.22) conclude the proof. u

3.6.2 Proof of Proposition 13

Some preliminaries results are required for the proof of Proposition 13.
Lemma 7 Let {X,;(-), i = 1,...,n} be independent, non-decreasing and

positive processes defined on the interval [a,b] with —oo < a < b < +o00. For
all v € [a,b], let

() = 3B (X, 0),

and assume that for all n € N, v,(a) > 0 and v,(b) < oco. Let us also
introduce the sequences T, := [In(v,(b))/vn(b)]*/? and
Vn (V)

Up = sup { Vn<1)'>

If there exist a positive constant Cx such that

lv—v

— 1|, v € [a,b] with

max X, ;(b) < Cx as.

i=1,...,

and if there exists N1 € N and positive constants C, and C, such that for all
n> Ny, 7,10, < C, and Vn(a)jun(b) > C,, then for all n > Ny, there exists
a positive constant C(C,,Cx,C,) such that

n

Xm-(v)

Vn(v)

1/2
- O(Cy, Oy, Cy)| < 2O

Vn(D)

-1

P [Tnl sup (3.23)

v€(a,b]

i=1
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Note that this result is a slightly more precise version of Gardes [17,
Lemma 6|. Note also that if we assume in addition that v,(a) — oo as
n — 0o, then a direct consequence of (3.23) is that

- Xn,i (?})

—1
i=1 vn(v)

= Op(Tn).

sup
vE[a,b]

Proof — Let us introduce the sequence r,, := [1,(b)]/? + 1 where [-] is the
ceiling function. For j =1,...,r,, let
b—a

Tn —

0,(j) =a+(j—1) € [a,b].

Clearly, for all v € [a, b], there exists j, € {1,...,r, — 1} such that 6,(j,) <
v <0,(jy+1). Let

Pul-) =) Xnal-).
i=1
Since @, is a non-decreasing function,

1
vn(a)
+ 20Bul00(io)] = vl ()l + 2 (Wl + D] = val6 o)) }

@n(v)
Vn(0)

_4 {1816+ D) = v [0 + 1)

As a consequence,

Pn(v)

sup — 1’ <Thw1+T,o, (3.24)
vE[a,b] Vn(v)
where 3
Toi= =y nl0n (5 +1)] = valbn(5)])
and

3

— Inax
Up(a) 1<j<r—1

Tn,? = |@n[0n(])] - Vn[en(])” :

Let us first focus on 7T}, ;. Since for all j € {1,...,r,—1}, 0,(j+1)—6,.(j) =
(b—a)/(r, —1) < (b—a)[v.(b)]7'/%, one has

3Un(b) |val0n(d +1)] 1| < 30,

vn(a) Vn[0n (7)) C,’

38

Tn,l S



Since for n > Ny, 7,15, < C,,, we obtain that for all n > Ny,

3C
-7 < = 3.25
Th 1= C ( )

v

Let us now treat the term 7, 5. For all C > 0,

Pn[0n(5)]

Plr, ' T, >C] < P |:Tn o max | 00 ())] -1 >C
rn—1 ~ .
¢ el [l ), )
Vn[en(])] 3

Using a multiplicative form of the Chernoft’s inequality for bounded variables
(see for instance Dubhashi and Panconesi [9] Theorem 1.1), one has

T’n—l 2 2 .
Plr, T, >C] < 2 Z exp (— 20700; Vny[ezé‘)j)] In I/n(b))

2,3
< 2w (b2 exp (_ ;gx In un(b)) |

Replacing C by 3C,*/?(3Cx)"/? leads to

Pl ' T, > C] < 2%. (3.26)

Now, using (3.24), one has for all C' > 0 that,

Pn(u)

V(1)

-1
T, sup
u€la,b]

P

C

Replacing C by C(C,,, Cx, C,) and using (3.25) and (3.26) conclude the proof.
]

Lemma 7 is used to establish the following concentration inequality.
Lemma 8 Let V,,(-) be a non-decreasing and positive stochastic process de-
fined on [a,b] with —co < a < b < +o00. Denote by {V,1(),..., Van(-)}

a sequence of n independent copies of V,(-) and by {Thq,...,Thn} a tri-
angular array of positive random variables independent of the V, ;(-) such
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that T,h + ...+ 1,,, = 1. For v € [a,b], let v,(v) = E(V,(v)), 7, =
[0 (v, (b)) /v (b)]Y? and
Vn (V)

o = { | 2202 < (]2}

If there exists a positive sequence b, such that V,(b) < b, a.s., a positive
constant C'x such that

v —v'|
-1

, U € [a,b] with

—a

max b,T,; < Cx a.s.
i=1,...n ’

.....

and if there exist Ny € N and positive constants C,, and C, such that for
alln > Ny, 7,'w, < C, and vy(a)/v,(b) > C,, then there exisls a posilive

n —

constant C(C,,Cx,C,) such that

= Tn anz = n b 1/2
Pl sup [S°Dni¥ni®) 1o b oy 0| <O g o
vEla,b] i—1 Vn(”) Vn(b)
Proof — Let {t,,;, i = 1,...,n} be a triangular array of positive numbers,

summing to 1 and such that

b, max t,; < Cx.
nlgignn,z_ X

Let us also introduce the stochastic process
n
@n(vv tn,h s 7tn,n) = Z tn,iVn,i(v)v S [CL, b]
i=1

Since E[@n(v;tn1, ... ton)] = vn(v) and

max t,;V,.:(b) < Cx a.s.
1<i<n

one can use Lemma 7. Thus, there exists N; € N such that for all n > Ny,
[V (D)1
vn(b)

where C':= C(C,,Cx,C,). As a consequence, since the V,,;’s and the 7T}, ;’s
are independent, one has for all w satisfying the condition

@TL(U7 tn,h s 7tn,n)

va(0) =2

—1‘>C

vEla,b]

P [Tn_ ' sup

bn max Tin(w) < Cx,
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that for all n > N;

P |7, " sup PV T () (W) —1|>C|\ T, =Thilw), i=1,...
ve[a,b] Vn(V)
[ 50 (0: T (@), -, T ] L (b)]1/2
[t g [P0 T Toe)) [ ] T
v€(a,b] Vn(”) ] Vn(b)
Hence, for all n > Ny,
P |7, sup 210 -1>C
velap] | Vn(V)
~TL ;Tn 7"'7Tnn .
= EXP |7, sup 2AGHES! ’)—1‘>C’Tn7i72:1,...,n
vEla,b] Vn(v)
|_Vn(b)-|1/2
20—,
Vn (D)
and the proof is complete. [ ]

The last preliminary result required to prove Proposition 13 is a uniform
consistency property on the conditional quantile estimator.

Proposition 14 Assume that there exists a sequence my(xo) such that
M (10) < ng, and let 7,(z0) = {In[a,mn,(20)]/[enmn(z0)]}/? — 0. Un-
der condition (H2), suppose that A(c;, | zo) = op(7,(z0)), that there exists a
positive constant C'x such that

mn(xo) max Whi(zg) < Cx a.s.

and that there exists & > 0 such that
[ (o) an] Pw( i, €|z0) = 0(Tn ().

For all sequence w, converging to 0, letting y,(t|xg) = Q(tan|zo) +

wpa(a, tzg), one has that

~

Sn(Yn (t]20)|0)
S(yn(t|zo)]0)

—1| = O]p(Tn(ZB())).

sup
te(k,1]
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Proof of Proposition 14 — Let us first introduce the following notations:

Vn(tlxo) := mp(20)S[yn (t]z0) 0] and @ (¢) := 1mn(w0) S [ya(t]z0) | o]

Note that the functions v,(:|z¢) and @, (-|zg) are non-decreasing. Let us
introduce the sequence 7, := [v,(1|2¢)]"? + 1. For j = 1,...,7,, let

1—/€
€ [k, 1].
1 [li ]

0n(7) =r+ (-1

n

Mimicking the proof of Lemma 7, we show that

5 (¢
' ( |ZL’0) . 1’ S Dn,l + Dn,?a (328)
telk,1] Vn(t|0)
where,
Dyt = —2 (Val0 (G + 1) o] = vial6 () o))
T (k| o) 1<grny 7l ol el 0L
and

3 o |
n(RlT0) 1995 B0 (5)]0] = Vn[0n(5)| 0] -

Dn’Q =

Let us first focus on the term D, ;. By assumption, y,(t|zo) = Q(an|xo) +
a(a, M 20)[La(ze) (1/t) +0(Tn(20)) +w,] locally uniformly on (0, 00). From Ver-
vaat’s lemma (see de Haan and Ferreira [25] Lemma A.0.2) we have (locally
uniformly on (0, 00))

Va(t] o)

mn(z0) " { L oy [y (H0) + 0(T(0)) + wn] + 0(Ta(w0)) } - (3:29)

Since Lfﬁxo) is locally lipschitz-continuous, we have for n large enough that

Un(tlxo) = my(xo)tan(l + o(1)), locally uniformly. Furthermore, for all £ €
(0,1), we have for n large enough that

and Lfe0) .
1-¢ Un(1]zg 1-¢ |
17" V(i) = [1_%] | (831)



Now, for all (¢,¢') € [k, 1]?, we have from (3.29) that
va(ulz) = va(e/[20)| = mn(0)n] L {ay) [ty (H20) + 07 (0)) + 03]
Ly (F120) + 0((0)) + wa] + 07 20)) }.

Since L (,,) and Lf/_(wo) are locally Lipschitz-continuous, there exists a positive
constant L, such that for n large enough

[vn(tlo) = va(t'x0)| < mn(wo)om [Laft — t'] + o(7a(x0))] -

Using (3.30) we obtain that

sup {
t€lk,1]

Since 0,(j) = 0,(G+ )| = (1 — &) /(rn — 1) < (1 — &)[vn(1]20)]~'/?, collect-
ing (3.31) and (3.32) lead to

Un(t|xo) [t — |
vn(t'| o) "1—-k

< [un(1|a:0)]1/2} = o((20)). (3.32)

Dn,l = O[Tn<l’0)] (333)

Let us now treat the term D, 5. We start with the following expansion

Suly(theo)lzo] = Sz [y (t0)] + (Sulyathoo)lzo] = S ya(tlzo)])

where we have used the notations introduced in Chapter 2, Section 2.4.2.
Hence,
3
D, s ———— max
' Un(K|xo) 1<5<ra—1
3

Un(K|xo) 1<]<rn 1

— D)+ Dl

M (20) S [y (0 (5) 0)] = [0 () 0]

+ Bul0n () |0] — M (20) 20 [y (00 () o))

First, to deal with Dg%, let us introduce the stochastic process

(/ﬁn(tlxﬂ) - mn($0)5xo Yn t|$0 ZTn anz
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where T, ; 1= Whyi(w0) and V,;(t) = mu(20) iy, tfwo),00) (Yi(‘%)). Let us check
that this process satisfies the conditions of Lemma 8. First, it is clear that
Vii1(e)s. .., Van(-) are independent stochastic processes distributed as the

stochastic process

Va(t) := mu(20) iy, (t]20).00) (Q(U]20)),

where U is a standard uniform random variable. The process V,,(-) is clearly
non-decreasing and positive. Furthermore, the 7,,; sum to 1 and are inde-
pendent of the V,,;(-). It is also clear that V(1) < my,(x) everywhere and
that by assumption, there exists a positive constant C'y such that

My, (513'0) 1H<1?<}7(1 Tnz S CYX

Since E[®,, (t|20)] = v, (t|z0) — oo and since (3.31) and (3.32) hold, we obtain
as a direct consequence of Lemma 8 that

D) = Oplra (o). (3:34)

Let us now focus on the last term D,(f% Denoting by

Bo.j(20) = @0 ()]70] — 1 (0) 52 [y (0 () |20)],

we have that 3
(2) .
Dn,? (H’IO) 1<I]I¥%nx 1‘Bn,g($0)|-

Moreover, for all € > 0,

7 (20) [
P| == B, > < P B, >el.
|: (/{’ZL‘O) 1<§2%§—1 | J ZEO | 5:| =~ p |: Ii|l’0) J(x0)| 5:|
Since for all j =1,...,r, — 1, E[| B, ;(z0)|] < oo, Markov’s inequality entails

that

7, (20)
g {W <G |By,j(x0)| > €

rn—l

~ Z]E ‘an xO
Un( fi\xo :

Let X:= (X1,...,X,)" and for all i = 1,...,n and t € [k, 1], let
A i(t20) = |T(~o0.Slyn(tlzo) x:D) = L—o0.8lum (tlao)lao)) | (Ui),
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where the random variables Uy, ..., U, are introduced in Chapter 2, Sec-
tion 2.4.2. One has forall j=1,...,r, —1

E[| By j(zo)[] < mn(z0)E {Z Whi(20)E [An i[0n(5)] o] X]} .

For all t € [k,1] and ¢ = 1,...,n, introducting the quantity d, ;(t|zo) =
M (20)|S[yn (t|20)| Xi] — S[yn(t|xo)|zo]| we obtain that

E[| B, j(z0)[] < 2E {Z Wh,i(20)dn,i [Qn(j)|$o]} :

Hence, for all € > 0,

n

P [T_I(xO)DS% > 6] < m(rn—l) sup E {Z Wn,i(xo)dn,i(ﬂxo)} .

Vn("{|x0) telk,1] i1

Using (3.30) and (3.31), for n large enough, there exist £ and a constant
C¢ > 0 such that

P [ (20) D) > €| < Ceri (@) lma(@o) o] 2ew(an, €lao).
Since [my, (x0) ] 2w (am, &|T0) = o(7,(70)), one has
D) = Oplra (o)) (3.35)

Collecting (3.28), (3.33), (3.34) and (3.35) conclude the proof. n
We are now in position to prove Proposition 13.
Proof of Proposition 13 First, the consistency of 7, (x) is a direct con-

sequence of Gardes [17] Theorem 1. Indeed, Proposition 14 ensures that the
assumptions of [17] Theorem 1 are satisfied. We have in turn that

Yn,—(20) — 7= (20) = Op(7n(20)) (3.36)
and,
Qowlzo) (5 1\ _ Je $W Ly @ (/w)du _
a(a;1|xo)7;" <Qn( | 0)> f: o(u)Lo(1/u)du Oe(ra(z0)).  (3:37)
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see Gardes [17] eq. (30). We are now interested in showing the consistency
of the estimator a,(a,,'|zy). We start with

Do o) @”(O‘ﬁ'ffj)) ) (@) / () Lo(L /)

/[ etts, a(1/uds

Using the inequality |1 — exp(x)| < |z| + 22 that holds for all z < In(2), we
have for all u € (v,1),

| L5, @0y (1/) = Liy_(a)(1/)|
/1 0 xR () — - (0)) In(0)] — 1] do

< [Fn—(@0) = 7= (20)] ¢y (we) (1/%) (1 + In* (k) [T, (w0) — 7-(0)]) -
Hence, from (3.36),

| L3, — o) (1/10) = Liy_a) (1/1) | = Or(7(20)). (3.38)

It is then straightforward to check that

IN

/,.g o(u) L3, _(20)(1/u) du// (o) (L/w)du = 14 Op(7,,(20)).

As a consequence, since under the assumptions of Proposition 13,

Q\n(o‘n‘xo)/Q(O‘n‘xO) =1+ OP(Tn<5E0))>

(o z0) _ Qlawlwo) - . Ji p(u)Lo(1/u)du
aogzo)  alogxo) 7. <Q"(| °)> [ o)Ly (2 (1/u)du
X (14 Op(1,(0))).

Equation (3.37) concludes the proof. n

3.6.3 Proof of Theorem 12

This proof is based on the following lemma.

Lemma 9 Under (H2) and (3.9),
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. Qn(a] By z0) — Q(0]x0)
N A(a=Yzg)a(a™t|x)

= 0.

ii) For allt >0

ERV («v, t| By, 7o) -

2 A ao) :[ P Ly (r)dr,

with

t BT — BT
ERV(a7t|BO7xO) — QBo( Oz| Oax(ooz_”:?o?O(od o xo)

- L’Y(Io) (t_1)7

i) If there exists a sequence T, such that A,(alxg) = o(r,) and if
A(a™zo) = o(1,) then

éggﬁ%%5—74m>—du»

Proof of Lemma 9 Let ¢ > 0. Condition (3.9) entails that for sufficiently
small «,

a(l —eA(a " xo)) < S[Qp, (| By x0)|w0] < a1l + Al o).

Hence, applying the function Q(-|zo) in each members of this inequation
yields

Qla(1 + eA(a™x0))|wo] < Qry(alBg xo) < Qa(l — eA(a™xo))|wo)-
As a consequence

@B, (| By x0) — Qo)

a(a~|zo)

Qla(l — eA(a |zo))[zo] — Qalzo)

<
B a(a~|zo)

Since ERV (o, t| By, xo) — 0 locally uniformly on ¢ € (0, 00), for all € > 0, one
has for a small enough

Qo (] By 20) — Q(axo) . 1
a(a=zo) < (L4 E) Ly (1 - eA(al\x0)>
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Since the function L., (1/-) is locally a Lipschitz function, there exists a
positive constant C such that

Qp,(a| By z0) — Q(azo)

a(a~tzo)

< C1(1 4 &)eA(a ™ |zo).

In the same way, one can prove that there exists a positive constant Cy such

that
Qp,(a|By x0) — Q(a|xo)

w(a1[z0) > —Cy(1 — &)eA(a o),

proving the first part of the lemma. To prove ii), remark that

@B, (ta] By z0) — Q(talxo)
alat|zo)

Qp,(a| By x0) — Q(a]zo)
a(at|zg) '

ERV(a, t|By,z0) = ERV(a,t|xg) +

Part i) of this lemma together with the fact that A(-|zo) and a(-|zo) are
regularly varying functions conclude the proof.
Let us now focus on the point iii). We start with the decomposition

a(a|zo) a(aze) Qalzo) — Qp,(a| By xo)
QBo(a|B(JTx0> Q(alzo) QBo(a‘BonCo) ‘

By assumption, A,(a ! zy) = o(7,). Moreover, using the point i) and since
a(a™ o) /Q(alzo) = v4(20),

a(a”Yzo) Q(alwo) — @y (a By xo) _ ) ( ala™|zo)
Q(alwo) @, (| By x0) @, (| By x0)

The second point of this lemma and Fraga Alves et al. [16] Lemma 3.1 entail
that a(atxg)/Qp, (| By w0) — v+ (20) as o — 0 and thus

a(atzg) Q(alzy) — Qp,(a| By o)
Q(alzo) Qp, (| By x0)

by assumption. The proof is then complete. [ ]

= 7+(20) = Aa(afzo) +

A(of1|x0)) .

= O(A(a™ |20)) = o(7),
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Proof of Theorem 12 — We start with the decomposition

Q1 (Bal Bo: 0) = Q(Bulzo) Qi (Bal Bo, 0) — Qo (Bl By x0)
a(ay! |x0)q'y(xo)(o‘n/ﬁn) a(a,? |$O)Q'y(:co) (an/Bn)

@5, (Bn|B(—)rx0) - Q(ﬁn’l’o)
a(agl‘xo)qV(xo)<an/ﬁn)

+

According to Lemma 9, we have all the required conditions ensuring that

QS (Ba| Bo, o) — Qo (Bn| B o)
a(ct; '%0) ¢ (wo) (O / Br)

= Op(Tn(Bo, 70))-

To show that, it suffices to use Corollary 6 where the conditional quantile
of Y given X is replaced by the conditional quantiles of Y given Bj X.
Furthermore, part i) of Lemma 9 combining with (3.18) and the regularly
varying properties of A(:|zg) and a(-|zg) with parameters p(zq) and ~(xg)
respectively, yields to

Q5o (Bn| B 7o) = Q(Bulo) _ ( Ao, o)
a<0‘51’x0)%(w0)(an/6n) q'y(wo)(an/ﬂn)

) = o(Ta(Bo, 20)),

since by assumption A(a; !|zo) = o(7,(By, xo)). The proof is then complete.
]

3.6.4 Proof of Corollary 8
Let us first establish the following result.

Lemma 10 Assume that the distribution of By X admits a probability den-
sity function fp, such that fg,(xo) > 0. If k,/(Inlnn) — oo and n/k, — oo

then, for
2 k, 1/q
T'n = ( _n) )
fBo(IO) n

one has P(D,\(Bo, z0) < 1) =1 for n large enough.

Proof of Lemma 10 — Let



be the number of covariates in the ball of center zy and radius r, =
(2k,/[nf5,(20)])"/9. To prove Lemma 10, it suffices to show that for n large
enough, P[N,, > k,] = 1. From Lemma 2, since nr?/[Inlnn| — oo, one as
N, /(nrd) 2% fp (x0). Hence, for n large enough,

P {N” > fBO(xO)} = 1.

nry 2

The end of the proof is straightforward. [ ]

Lemma 10 entails that

n T Ty,
ZZ:;]E l:Wn,i(BO,l'()) SBO[QBO(B|‘§O $0)|B0 XZ] _ 1”

SpoQp, (8 By 0)| By ]
5

< sup

HBJ(m_QUO)HqS”'n

_1‘.

From this point, the proof of Corollary 8 follows the same lines as the proof
of Corollary 4 in Chapter 2. [ |
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3.7 Tables and figure

Figure 3.1: Relative error as a function of 5/a with o = 0.05. Full line: (wr,
dashed line: (yr(+|1), dotted line: (yr(:|2) and dashed-dotted line: (spr.

0.0 02 0.4 0.6 08 1.0
Bra

Figure 3.2: Representation of the error Eg(NW, B) with p =3 for 5, = 1/n
as a function of A, = h, with B = By (full line), B = By, (dashed line)
and B = I, (dotted line). The sequence «, is fixed to o, = 0.10 and the
observations are generated from model (M1).

Eo(NW, B)
20 30 40 50 60 70
| | 1

10

hn
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Table 3.1: Values of Eg(e, B) for B € {By, §07n, I,} for models (M1), (M2)
and (M3) with g, = 1/n, for (1) p =2, (2) p =3 and (3) p = 4 and for two
different weights: @« = NI and e = NN.

B = B, B = By, B=1,
NW NN | NW NN | NW NN

(1) [0.549 0.660 | 0.554 0.744 || 3.169 1.208

(M1) (2) | 0.630 0.409 | 0.690 0.429 | 7.603 1.948
(3) | 0.642 0.584 | 0.988 0.808 || 15.404 5.391

(1) [0.057 0.019 | 0.057 0.023 ] 0.529 0.110

(M2) (2) | 0.092 0.023 | 0.096 0.024 | 1.003 0.282
(3) | 0.091 0.018 | 0.088 0.061 || 1.295 0.441

(1) [ 0.057 0.065 | 0.063 0.069 | 0.244 0.139

(M3) (2) | 0.091 0.073 | 0.187 0.088 | 0.531 0.279
(3) | 0.100 0.065 | 0.361 0.219 || 0.661 0.423

Table 3.2: Values of Eg(e, B) for B € {By, Eo,m I,} for models (M1), (M2)
and (M3) with 3, = 1/(2n), for (1) p=2, (2) p=3 and (3) p = 4 and for
two different weights: e = NW and e = N V.

B = B, B = By, B=1,
NW NN | NW NN | NW NN

(1) [0.752 0956 | 0.761 1.109 || 4.645 1.766

(M1) (2) | 0.879 0.555 || 1.007 0.584 | 11.639 2.945
(3) | 0.928 0.845 | 1.530 1.199 || 25.278 8.840

(1) [0.063 0.025 | 0.063 0.032 || 0.566 0.126

(M2) (2) | 0.154 0.030 | 0.158 0.032 | 1.682 0.316
(3) | 0.099 0.022 | 0.095 0.077 | 1.343 0.485

(1) [ 0.086 0.096 | 0.096 0.101 || 0.357 0.196

(M3) (2) | 0.126 0.106 | 0.262 0.132 | 0.730  0.396
(3) | 0.140 0.096 | 0.504 0.317 | 0.918 0.612
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Chapter 4

Conclusion et Perspectives

On considére un couple de variable (X,Y) € RP x R ou p € N \ {0}.
L’objectif de cette thése a été de développer une méthode d’estimation de
quantiles extrémes conditionnels par extrapolation de la distribution de Y
sachant {X = z(} ou zy appartient au support de X.

Dans le chapitre 2, nous avons introduit la condition TFO (Tail First Order
Condition) qui est vérifiee non seulement par les distributions appartenant a
un domaine d’attraction mais aussi par les distributions super heavy-tailed
dont les fonctions de survie sont des fonctions & variations lentes. En sup-
posant qu’'une fonction de survie vérifie la condition TFO et sous d’autres
conditions, on a montré la normalité asymptotique d’estimateurs de quantiles
intermédiaires Q,, (v, |z0) := S (an|z0) ot pour tout y € R,

S (ylzo) == Z Whi(70) Ly,

=1

et avec o, — 0. Une premiére étape a consisté a montrer la normalité asymp-
totique de lestimateur S, (y,(xo)|xo) o0l y,(xo) est une suite convergeant vers
le point terminal de S(:|zg) et d’en déduire par une méthode delta celle de

Q(ay|ro). Nous avons également étudié deux cas particuliers de ces estima-
teurs : le cas de 'estimateur de Nadaraya-Watson et des plus proches voisins.

Dans le chapitre 3, nous avons vu que la condition TFO ne permet pas

d’obtenir d’estimation pertinente de quantiles extrémes dans le cas ot S(-|x¢)
est une distribution super heavy-tailed. Nous avons donc étudié la classe
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d’estimateurs de quantiles extrémes obtenus par la condition du premier ordre
classique :

Q;E)<5n‘x0) = Qn(an‘xO) + &n(l/an|$0)L'Ayn(3¢o)(an/ﬁn)

oll f3,, est une suite convergeant vers 0 telle que 3, /a;,, — 0 et ot @, (1/ay,|xo)
et Jn(zo) sont des estimateurs de a(l/ay,|xg) et ~y(zg) proposés par
Gardes [17]. Nous avons établi la consistance de cette classe d’estimateurs
de quantiles extrémes. Enfin, nous avons appliqué une méthode de réduction
de dimension pour cette classe d’estimateurs qui nous permet d’avoir de
meilleures performances lorsque la dimension de la covariable est grande.
Comme dans le chapitre 2, les cas particuliers de 'estimateur de Nadaraya-
Watson et des plus proches voisins ont été étudiés.

Plusieurs perspectives apparaissent a l'issue de cette thése. On peut citer
notamment les points suivants :

e Il reste a établir la normalité asymptotique de 'estimateur Q%E)(ﬁn]xo).
Cela suggére de montrer notamment la normalité asymptotique du
triplet :

in(1/ 0 |20) Qnlan|zo) — Q(am|z0)
a(l/ay|zo) '

<’3/n<x0> — y(20), -1 a(1/ay|xo)

e On pourrait utiliser d’autres estimateurs de a(1/ay,|xo) et y(zo). Dans
Stupfler [36], Pauteur a généralisé 'estimateur des moments au cas con-
ditionnel, ou X peut étre de grande dimension. Cependant, la méthode
de sélection des covariables se fait selon les poids uniformes :

o) = e

ou B(zg,h,) = {z € R ||z — x| < hu} et Np(xg,hy) =
i I x,eB(x0,hn)}- 1l serait intéressant d’adapter la méthode de Stupfler
l[gfli] au cas ou les poids {W,i(z0),1 < i < n} forment un tableau
triangulaire de variables aléatoires.

e On pourrait s’intéresser aux propriétés de 1'estimateur Bgm de la ma-
trice By utilisée dans la méthode de réduction de dimension, notam-
ment & sa consistance et pour cela rependre les idées de Ichimura [27]
Théoréme 5.1.
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Dans cette thése, on cherche a estimer des quantiles extrémes conditionnels par la mé-
thode d’inversion d’estimateurs locaux de la fonction de survie associée. Ces estimateurs
dépendent de fonctions poids qui permettent a partir d’'un échantillon de sélectionner
les covariables les plus pertinentes.

Dans un premier chapitre, on s’intéresse a la normalité asymptotique de ces estima-
teurs. Celle-ci nécessite I'introduction d’une nouvelle condition sur la distribution d’in-
térét appelée Tail First Order condition. Il est montré que cette condition est vérifiée
non seulement par les distributions satisfaisant le théoréme de Gnedenko-Fisher-Tippet
mais également par les distributions super heavy-tailed. D’autres conditions, plus clas-
siques, sont imposées notamment sur la nature du quantile qui doit étre intermédiaire.

Dans un deuxiéme chapitre, on définit un nouvel estimateur de quantiles extrémes
par extrapolation et on montre sa consistance. Le probléme de la dimension de la cova-
riable est également traité.

Dans les deux chapitres, des cas particuliers sont étudiés dont le célébre estimateur
de Nadaraya-Watson ou encore I'estimateur des plus proches voisins. Les performances
des différents estimateurs sont testés avec des études de simulation & distance finie. Une
application a un jeu de données réelles a également été faite.
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