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Introduction.

Soit f un germe de fonction holomorphe a deux variables qui s’annule & ’origine,

f(x7y) € (C{.%',y}, (x7y) € Cza f(0,0) =0.

L’ensemble zéro de cette fonction, S = {f(x,y) = 0}, définit un germe de courbe an-
alytique. Bien que la classification topologique d’un tel germe est bien connue depuis

les travaux de Zariski [52], la classification analytique est encore largement ouverte. En
2012, Hefez et Hernandes [7] ont résolu le cas irréductible et ils ont annoncé le cas a deux
composants. En 2015, Genzmer et Paul [59] ont résolu le cas des fonctions topologique-

ment quasi-homogénes. L’objectif principal de cette thése est d’étudier la premiére classe
topologique de fonctions non quasi-homogénes. Nous décrivons I'espace de modules local
des feuilletages dans cette classe et nous donnons des formes normales analytiques. Nous
prouvons également I'unicité de ces formes normales. Enfin, nous présentons un algo-
rithme permettant de calculer la dimension des strates génériques de I’espace de modules
local des courbes.

Position du probléme.

Un germe de fonction holomorphe f : (C2,0) — (C,0) est dit quasi-homogéne si et
seulement si f appartient a son idéal jacobien J(f) = (%, %5) Si f est quasi-homogeéne,
alors il existe des coordonnées (z,y) et des entiers positifs coprimes k et [ tels que le
champ de vecteur quasi radial R = kx% + lya% satisfait R(f) = d- f, ou 'entier d est
le (k,1)-degré quasi-homogéne de f [11]. Le couple (k,l) est appelé le poids des branches
de f. Dans [59], Genzmer et Paul ont construit des formes normales analytiques pour les
fonctions topologiquement quasi-homogeénes, les fonctions holomorphes topologiquement

équivalentes & une fonction quasi-homogéne.

Dans cette thése, nous étudions 1'une des classes topologiques les plus simples au-dela
des singularités quasi-homogeénes, et nous considérons la famille de fonctions suivante

N M
fun =T W+ az) [T (v + bia?).
=1 i=1

Selon leur processus de réduction, pour M, N > 2, ces fonctions ne sont pas quasi ho-
mogeénes.



Figure 1 — Désingularization de fas,ny pour M = N =3

La symétrie R mentionnée ci-dessus est un outil essentiel pour 1’étude de ’espace de
modules de fonctions quasi-homogénes. D’une certaine maniére, cela a permis Genzmer
et Paul de compacter I'espace de modules et de le décrire globalement & partir d’une
étude locale. Cependant, dans notre cas, il n’existe pas une telle symétrie et nous devons
donc introduire une nouvelle approche.

Pour toute série convergente f dans C{z,y}, nous pouvons reconnaitre trois objets math-
ématiques différents associés: un germe de fonction holomorphe défini par la somme de
cette série, un germe de feuilletage dont les feuilles sont les composantes connexes des
courbes de niveau f =constant, et une courbe plongée f = 0. Par conséquent, il existe
trois relations d’équivalence analytique différentes:

e La classification des fonctions (ou équivalence a droite):
f1 ~r f2 & 3¢ € Diff(C2,0), fa = fio ¢.

e La classification des feuilletages (ou équivalence gauche-droite):
fi ~ f2 & 3¢ € Diff(C?,0), 4 € Diff(C,0), 0 fo = f1 0 ¢.

e La classification des courbes:
f1 ~e f2 = E|¢ S Diff((Cz,O),u S OQ,U(O) 75 0,uf2 = f1 o ¢

Dans ce qui suit, nous allons examiner les deux derniéres relations d’équivalence pour les
feuilletages et les courbes. La comparaison entre les deux premiéres classifications ana-
lytiques a été étudiée dans [15]. Nous soulignons que dans notre travail, nous exigerons
toujours que les conjugaisons qui apparaissent ci-dessus respectent une numérotation fixe
des branches de f = 0. En d’autres termes, si nous numérotons les branches, nous exi-
geons que la classification laisse invariant cette numérotation (appelée espace de modules
marqué).

On note par T,y 'ensemble de fonctions holomorphes topologiquement équivalentes a
MmN,

TM,N = {f € (C{l‘,y} ’ E|¢ € Horn((Cz,O),q/) € Hom((cao)vw o f = fM,N © ¢} .

Le but principal de cette thése est de décrire I’espace de modules M sy qui est la classe
topologique Tas n quotionnée par I’équivalence gauche-droite.

Muyn =Tun/ ~ .



Dans le chapitre 2, nous donnons une famille universelle de formes normales analytiques
et nous prouvons son unicité globale.

Dans le chapitre 3, nous étudions I’espace de modules des courbes qui est I'espace M n
quotionnée par la troisiéme relation d’équivalence. En particulier, nous présentons un
algorithme pour calculer sa dimension générique.

Le chapitre 4 présente une autre famille universelle de formes normales analytiques, qui
est aussi globalement unique. En effet, il n’existe pas de modéle canonique pour la
distribution de I'ensemble des paramétres sur les branches. Donc, avec cette famille,
nous pouvons voir que la famille précédente n’est pas la seule et qu’il est possible de
construire des formes normales en considérant une autre distribution des paramétres.

Enfin, en ce qui concerne la globalization, nous discuterons au chapitre 5 une stratégie
basée sur la théorie géométrique des invariants et nous discuterons des raisons pour
lesquelles cela ne fonctionne pas jusqu’a présent.

Le chapitre 1 est une introduction générale sur les feuilletages, comprenant les définitions
et les propriétés des objets utilisés dans cette these.

Présentation des résultats.

Un résultat général de J.F. Mattei [29] implique en particulier que 'espace tangent a
I'espace de modules My n est donné par le premier groupe de cohomologie de Cech
H'Y(D,07F), ott D est le diviseur exceptionnel de la désingularisation de fun et ©F
est le faisceau de germes des champs de vecteurs tangents au feuilletage désingularisé
du feuilletage induit par dfys,y = 0. Ainsi, une premiére étape vers ’étude de 'espace
de modules M n consiste a calculer la dimension du groupe H 1(D7 ©r). Soit Qu. N
la région dans l'union des demi-plans réels (X,Y), X > 0 et Y > 0, délimitée par
Y-X+(M-1)>0et2Y —X—(N—-1)<0.
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Figure 2 — La région Qp; ny pour M = N =6



Proposition. La dimension 6y n du premier groupe de cohomologie H' (D, ©x) est égale
au nombre de points entiers dans la région Qp N qui peut étre exprimé par la formule

sutvante
(M+ N —2)(M+ N —3) (M —1)(M —2)
5]\/[7]\[: 9 + 9 .

Compte tenu de cette proposition, une famille universelle doit dépendre de d57, v parameétres.
Pour cela, on note par P I’ensemble ouvert suivant de CoM.N

P = {( Qg b, o) tels que arg # 0,01 # 0,1 et
ai g 75 ai,j, bl,i’ 75 bl,j’ pour ¢ 75 7 et i’ 75 jl} ,
oul les index k,i,k" et i’ satisfont certaines inégalités qui seront développées plus tard.

Nous prenons un parameétre p = ( R N R R ) € P et nous introduisons la
famille de les fonctions

N-1 i M-—2 N—1+2i
NMN = ay(y +22) T (y + Zak,ixyk1> 11 (y + 0y bk7ixk“> :
i1 k=1 i=1 k=1

Ces fonctions semblent étre de bons candidats pour paramétrer I’espace de modules
M n. Le premier résultat principal du chapitre 2 garantit qu’au niveau infinitésimal,
il s’agit bien de formes normales analytiques. Plus précisément, si nous considérons le
feuilletage saturé ]-}EM’N) défini par la 1-forme dNIEM’N)
montrer que:

sur CZH9M.N | alors nous pouvons

Theorem (Existence locale). Pour tout pg dans P, le germe du déploiement
{fng’N),p € (P,po)} est un déploiement équisingulier universel -suivant [29]- du feuil-

letage f,Eé”’N) .

En particulier, pour tout déploiement équisingulier F3, t € (T, to) qui définit .7-}%\/[ M) pour

t = t, il existe un map A : (7,t9) — (P, po) telle que la famille F; est analytiquement
équivalente a N )(\A;[’N). De plus, le différentiel de A au point ¢y est unique. Pour I'unicité

du map A, elle découle de I'unicité des formes normales.

Pour étudier 'unicité de ces formes normales, nous considérons le difféomorphisme défini
par hy(z,y) = (Az, \?y) et nous avons donc:

Np ohy = )\2M+2N—1N)\.p,
Ap =X (g, bei) = (A2 Bag, Aty ,).

Cette action de C* ne peut pas étre utilisée pour localiser le probléme de I'unicité comme
dans [59] car, contrairement au cas quasi-homogeéne, la classe topologique de la famille

Npohy

A N2MT2N-1

saute quand A passe a zéro. Cependant, nous sommes toujours en mesure de prouver ce
qui suit:



Theorem (Unicité globale). Les feuilletages définis par N, et Ny, p et g sont dans P,
sont équivalents si et seulement s’il existe X dans C* tel que p = A - q.

Dans le chapitre 3, nous considérons la troisiéme relation d’équivalence sur l'espace de
modules My n, et nous obtenons ainsi I'espace de modules de la courbe associée.

S ={fun=0}.

Le troisiéme objectif principal de cette thése est de décrire cet espace de modules, ou en
d’autres termes, d’étudier le probléme de Zariski associé dans le cas générique. Ce prob-
léme n’a que quelques réponses: Zariski [52] pour le tout premier traitement de certains
cas particuliers, Hefez et Hernandes 5] [6] |[7] pour les courbes irréductibles, Granger [28]
et Genzmer et Paul [58] pour la classe topologique homogeéne et [25] pour des résultats qui
sont des cas particuliers de la classe topologique quasi-homogéne traitée ultérieurement
par Genzmer et Paul [59]. Nous suivons ici la stratégie introduite par Genzmer et Paul:
sur I'espace de modules de feuilletages My n, nous considérons la distribution intégrable
C dont les feuilles correspondent aux feuilletages tels que les ensembles analytiques in-
variants associés -la séparatrice du feuilletage- définissent la méme courbe a ~. prés. En
étudiant la famille des champs de vecteurs induits par la distribution C sur My x, nous
présentons une formule permettant de calculer la dimension des strates génériques de cet
espace de modules local. Si on considére

. 3 wverer— (S22 ][5 1)

r=0
a2 A5 4 5] 5 42
2M—6
r—N+4 T r—1
CS e (e 2 [
r=N-3

AN 142N =2+ [ =54 [ 2] -[25E]

ol qp = ] W] + M — k désigne le nombre de points entiers dans 'intersection entre la
région de modules et la droite de I’équation (yg =k —1) si N <k < N +2M — 5, alors
nous avons ce qui suit:

Theorem. La dimension des strates génériques de [’espace de modules de
S = {fm,n =0} est donnée par

1. si M, N # 2 et N est pair:

TMN = 7’0—!—3N—7—|—(M—3)(%—|—2)+Mﬂ
3
e 20+ 1
M —4—
o (e M)

[2L]+1<M -3



2. si M, N # 2 et N # 3 est impair:

TM,N = T()+3N—7—|—(M—3)(%+2)+(NZE))Q
g N
)
M—-4—|—
oz (v f5)
[%]+1<M-3
3. si N=3, M #2:
2M—6 .
TM,N = Q4 +3M + 3N — 17+ Z (q,,+4_ [,]_2>
r=1 2

4. siM =2 N#2:
(%]

TMN =2N -5+ ) (N —2d-1)
d=2

5. st N =2:

TN =2(M —2)+ 2Mz::06 qr+3_<[r42_2}+[;]_[r;1]>’

a2 (2 ]+ [5]-[752]

ot exceptionnellement qny11 = M — 3.

Finalement, nous remarquons que la famille précédente de formes normales n’est pas la
seule famille de formes normales. Considérant le méme espace de paramétres P, pour
p € P, nous définissons une autre forme normale analytique par

N—2 i M—1 N—342i
ngM,N) =xy(y + x) H (y + Zak,ixyk1> H <y + Z bkﬂ-wk*l) )
k=1 k=1

i=1 =1

Dans la construction précédente des formes normales, nous avons fixé la courbe y+22 = 0
et nous avons distribué les parameétres sur les N — 1 branches restantes de poids (1, 1)
et M — 2 branches de poids (1,2). Cependant, nous choisissons ici de fixer la courbe
y+x = 0, de sorte qu’il reste N — 2 branches de poids (1,1) et M — 1 branches de
poids (1,2) sur lesquels on distribue les paramétres. Si nous considérons le feuilletage
saturé ]—"ISM’N) défini par la 1-forme dN,gM’N) sur C2H9M.N - de méme, nous montrons au

chapitre 4 que pour tout pg dans P le germe du déploiement {fZSM’N) ,p € (P, po)} est

un déploiement équisingulier universel du feuilletage f,ﬁé” M De plus, nous montrons

également que cette famille est globalement unique.



Introduction.

Let f be a germ of holomorphic function in two variables which vanishes at the origin,

f(x7y) € (C{.%',y}, (x7y) € Cza f(0,0) =0.

The zero set of this function, S = {f(x,y) = 0}, defines a germ of analytic curve.
Although the topological classification of such a germ is well known since the work of

Zariski [52], the analytical classification is still widely open. In 2012, Hefez and Hernandes
[7] solved the irreducible case and announced the two components case. In 2015, Genzmer
and Paul [79] solved the case of topologically quasi-homogeneous functions. The main

purpose of this thesis is to study the first topological class of non quasi-homogeneous
functions. We describe the local moduli space of the foliations in this class and give
analytic normal forms. We also prove the uniqueness of these normal forms. Finally, we
present an algorithm to compute the dimension of the generic strata of the local moduli
space of curves.

Position of the problem.

A germ of holomorphic function f : (C2,0) — (C, 0) is said to be quasi-homogeneous if
and only if f belongs to its jacobian ideal J(f) = (%, %)' If f is quasi-homogeneous,
then there exist coordinates (z, y) and positive coprime Integers k and [ such that the
quasi-radial vector field R = ka; ~+ ly2- By satisfies R(f) = d- f, where the integer d is the
quasi-homogeneous (k,1)-degree of fl ] The couple (k,1) is referred to as the weight
of the branches of f. In [59], Genzmer and Paul constructed analytic normal forms
for topologically quasi-homogeneous functions, the holomorphic functions topologically

equivalent to a quasi-homogeneous function.

In this thesis, we study one of the simplest topological classes beyond the quasi-homogeneous
singularities, and we consider the following family of functions

N

fM,N:H + a;x H + biz?)

=1 =1

According to their reduction process, for M, N > 2, these functions are not quasi homo-
geneous.



Figure 3 — Desingularization of fa;n for M = N =3

The symmetry R mentioned above is a key tool to study the moduli space of quasi-
homogeneous functions. In some sense, it allowed Genzmer and Paul to compactify the
moduli space and to describe it globally from a local study. However, in our case, we
lack the existence of such a symmetry and thus we have to introduce a new approach.

For any convergent series f in C{x, y}, we can recognize three different associated mathe-
matical objects: a germ of holomorphic function defined by the sum of this series, a germ
of foliation whose leaves are the connected components of the level curves f =constant,
and an embedded curve f = 0. Therefore, there are three different analytic equivalence
relations:

e The classification of functions (or right equivalence):
fi ~r f2 & 3¢ € Diff(C?,0), fo = f1 0 ¢.

e The classification of foliations (or left-right equivalence):
fi ~ f2 & 3¢ € Diff(C?,0),9 € Diff(C,0),% 0 fo = f1 0 .

e The classification of curves:
f1 ~c¢ fo < 3¢ € Diff(C2,0),u € O2,u(0) # 0,ufo = f10¢.

In what follows, we are going to consider the last two equivalence relations for foliations
and curves. The comparison between the first two analytical classifications has been
studied in [15]. We emphasize that in our work, we will always require that the con-
jugacies which appear above will respect a fixed numbering of the branches of f = 0.
In other words, if we number the branches, we require that the classification keeps this
numbering invariant (what is referred to as the marked moduli space).

We denote by Ty, v the set of holomorphic functions which are topologically equivalent
to far,n,

Tu,n = {f € C{z,y} | 3¢ € Hom(C?,0),% € Hom(C,0),¢0 f = farn 0 b} .

The main purpose of this thesis is to describe the moduli space My which is the
topological class Tar,n up to left-right equivalence

Muyn =Tun/ ~ .

In chapter 2, we give a universal family of analytic normal forms and prove its global
uniqueness.



In chapter 3, we study the moduli space of curves which is the space My up to the
third equivalence relation. In particular, we present an algorithm to compute its generic
dimension.

Chapter 4 presents another universal family of analytic normal forms which is globally
unique as well. Indeed, there is no canonical model for the distribution of the set of
parameters on the branches. So, with this family, we can see that the previous family is
not the only one and that it is possible to construct normal forms by considering another
distribution of the parameters.

Finally, concerning the globalization, we discuss in chapter 5 a strategy based on geo-
metric invariant theory and why it does not work so far.

Chapter 1 is a general introduction about foliations including definitions and properties
of objects used in this thesis.

Presentation of the results.

A general result of J.F. Mattei [29] implies in particular that the tangent space to the
moduli space My x is given by the first Cech cohomology group H*(D, © z), where D is
the exceptional divisor of the desingularization of fy; n, and © z is the sheaf of germs of
vector fields tangent to the desingularized foliation of the foliation induced by dfys n = 0.
So, a first step towards studying the moduli space M n is to compute the dimension
of the group H'(D,0x). Let Qprn be the region in the union of the real half planes
(X,Y), X >0and Y >0, delimited by Y = X + (M —1) >0and 2Y — X — (N —1) < 0.

x4

w2
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Figure 4 — The region Qp n for M = N =6

Proposition. The dimension 6y, n of the first cohomology group HY(D,O7F) is equal
to the number of the integer points in the region QN which can be expressed by the
following formula

(M+N—-2)(M+ N -3) n (M —1)(M —-2)

SN = .
M,N 2 9




In view of this proposition, a universal family must depend on d57,n parameters. For
that, we denote by P the following open set of CoM.N

P={(-,ani - ,bwi,-)such that a;; #0,by; # 0,1 and
a1 # a15,b1y # by for i # jand i’ # 5},

where the indexes k,i,k’ and i’ satisfy some inequalities which will be developed later. We

take a parameter p = ( S Qi S b ) € P and introduce the family of functions
N-1 i M—2 N—1+2i
Nng,N) =zy(y + xz) H (y + Zak,ixyk*) H (y + Z bmsck“) .
i=1 k=1 i=1 k=1

These functions seem to be good candidates for parameterizing the moduli space M/ n.
The first main result of chapter 2 ensures that at the infinitesimal level, they are actually

analytic normal forms. More precisely, if we consider the saturated foliation .FISM’N)

defined by the one-form dNIEM’N) on C2T9M.N then we can show that:

Theorem (Local existence). For any pg in P, the germ of unfolding {féM’N),p € (P,po)}

M,N
Fab,

is a universal equireducible unfolding -following [29]- of the foliation Fp

In particular, for any equireducible unfolding F;, t € (7,tp) which defines FZS(])V[ N for
t = to, there exists a map A : (T,t9) — (P, po) such that the family F; is analytically
equivalent to NV ij(‘;[)’N). Furthermore, the differential of A at the point ¢ is unique. As for

the uniqueness of the map A, it follows from the uniqueness of the normal forms.

To study the uniqueness of these normal forms, we consider the diffeomorphism defined
by hy(z,y) = (Az, \2y) and so we have:

Np o h)\ — )\2M+2N_1N)\.p,
Aep =N (ag, beg) = (AR 3ay;, A 1by ).

This action of C* cannot be used to localize the uniqueness problem as done in [59]
because, contrary to the quasi-homogeneous case, the topological class of the family

Np o h)\
A \2M+2N-1
jumps while A goes to zero. However, we are still able to prove the following:

Theorem (Global uniqueness). The foliations defined by Ny, and Ny, p and q are in P,
are equivalent if and only if there exists A in C* such that p =\ -q.

In chapter 3, we consider the third equivalence relation on the moduli space M n, and
so we get the moduli space of the associated curve

S ={fun=0}.



The third main purpose of this thesis is to describe this moduli space, or in other words,
to study the associated Zariski problem in the generic case. This problem has only
some answers: Zariski [52] for the very first treatment of some particular cases, Hefez
and Hernandes |5][6][7] for the irreducible curves, Granger [25]| and Genzmer and Paul
[58] for the homogeneous topological class and [25] for some results which are particular
cases of the quasi homogeneous topological class treated later by Genzmer and Paul [59].
Here, we follow the strategy introduced by Genzmer and Paul: on the moduli space of
foliations Mz v, we consider the integrable distribution C whose leaves correspond to
the foliations such that the related invariant analytic sets -the separatrix of the foliation-
define the same curve up to ~.. Studying the family of vector fields induced by the
distribution C on My n, we present a formula to compute the dimension of the generic
strata of this local moduli space. If we let

b oo (Y221 [52] +2)

r=0
w2 4 (5] [ )42
2M—6
r—N+4 T r—1
+ Z QN+1+r—<N—2+[ 5 ] {2}—[ 5
r=N-3

AN 142N =24 [ 4 5] - [
where g = ]W] + M — k denotes the number of integer points in the intersection
between the region of moduli and the straight line of equation (y4 =k — 1) if N < k <

N 4+ 2M — 5, then we have the following;:

Theorem. The dimension of the generic strata of the moduli space of S = {fyn =0}
s given by

1. if M, N # 2 and N is even:

TN = To+3N =7+ (M —3) (¥ +2) 4 &=DN=6)
N_3
: 2i+1
M—4-

EEEEE

2. if M,N # 2 and N # 3 is odd:

_E5)2
TM,N = 7'0+3N—7+(M_3)(¥+2)+(N45)
2 g
i
M—4—|—
1=0
[3]+1<M-3

8. if N=3, M # 2:
2M—6 .
TM,N = q4 +3M + 3N — 17+ Z (Qr+4— b]_2>

r=1



4 if M =2, N +#2:

[%5]
T™,N = 2N — 5+ (N—-2d—-1)
d=2
5. if N =2:
2M—6
T+ 2 r r—1
=224 Y qT+3—([ ! }+[2]—[ . ])

arss2 [+ [5]-[57]
where exceptionally qny+1 = M — 3.

Finally, we remark that the previous family of normal forms is not the only family of
normal forms. Considering the same space of parameters P, for p € P, we define another
analytic normal form by

N—-2 7 M—-1 N—-3+27
N gty + o) T (y+zy> 10 <y+ > b)
k=1 k=1

=1 =1

In the previous construction of normal forms, we fixed the curve y+22? = 0 and distributed
the parameters on the remaining N — 1 branches of weight (1,1) and M — 2 branches of
weight (1,2). However, here we choose to fix the curve y+x = 0, and so it remains N — 2
branches of weight (1,1) and M — 1 branches of weight (1,2) on which we distribute

the parameters. If we consider the saturated foliation ]-"ISM’N) defined by the one-form

dNSM )
. (M,N) : : : . . .
unfolding {]:p ,D € (P,pg)} is a universal equireducible unfolding of the foliation

f,Sé” ), Moreover, we also show that this family is globally unique.

on C?*t9MN  we show similarly in chapter 4 that for any pg in P the germ of
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Chapter 1

Basics and properties.

A holomorphic foliation F of dimension p on a complex manifold M of dimension n is
the data of an atlas
{% U C M — CP x (C"_p}

such that the change of charts mappings are holomorphic and of the form

(,t) = (Y(z,1),6(t), == (x1,....,2p) , t = (t1, ... tn—p) .
It can be also given by a covering by open sets {U;},.; equipped with submersions

(Hi: Ui — C"7P),,
satisfying, on every intersection U; N Uj, the gluing condition
Hj = 4y 0 H;

for a biholomorphism v;; : H; (U; NU;) — H; (U; N Uj) [12]. On the open set U;, the
relation x and y belong to the same component connected by arc of a fiber of H; defines
an equivalence relation R;. Every equivalence class of the equivalence relation on M
generated by the family of relations (R;),.; is called a leaf of the foliation F. The gluing
conditions ensure that the relations R; and R; coincide on U; N U;.

1.1 A germ of foliation in C2.

A germ of singular holomorphic foliation F in C? corresponds to the data of a germ of
holomorphic 1-form

a(z,y)dx + b(z,y)dy (1.1)
up to the action of the group of germs of unities O5. Here, the functions a and b are
germs of holomorphic functions which vanish at the origin of C2. The singular set of the
foliation is the zero set of a and b. When the singular set is of codimension 1, @ and b
have a non-trivial common factor in C{z,y}. The foliation associated to the 1-form

a(z,y) , . bzy)
ged(z,y) ged(x, y)

10
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extends the foliation (1.1) to a regular foliation outside the origin. It is called the saturated
foliation associated to the foliation defined by (1.1). From now on, the singularity of (1.1)
is supposed to be isolated, which is to say that a and b do not have a common factor in
C{z,y}.

Reduced singularity.

A germ of foliation is said to be reduced if there exists a system of coordinates in which
it is defined by a 1-form of the form

A
Aedy + pydx + ..., p#0, ;Qf@i.

This quotient is an important invariant of the foliation. It is called the Camacho-Sad
index of foliation [10]. This singularity of the foliation is said to be of type [12]

PN

L. hyperbolic if £ ¢ R,
2. node if % e R,

3. saddle if 4 € RY,

4. saddle-node if A =0,
5. resonant if % € Q.

We note that a reduced singularity produces only reduced singularities after a standard
blow-up centered at the singularity. We are going to explain now the principle of reduc-
tion of non-reduced singularities.

Reduction of singularities of a foliation.

Regarding the reduction of non-reduced singularities, the notion of a reduced singularity
with respect to a germ of curve specifies that of a reduced singularity. It leads to a
reduction of singularities which is finer than that associated to the simple notion of a
reduced singularity.

Definition 1.1.1. Let F be a germ of foliation and S a germ of curve. The couple (F,S)
1s said to be reduced if one of the following conditions is satisfied

1. F is reduced and singular and S s invariant.
2. F is reqular, S is not invariant and all the leaves of F are transverse to S.

To define the reduction of singularities, we call a blow-up process at 0 € C? the data of
a commutative diagram
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EM ) Vo Bl

M — - M) — MY — L — MY = (2

T T T T

»oo—_ e — Y il s 30 = {0} (1.2)
T T T J

st — - & - gl SO = {0}

where M7 is a complex analytic variety of dimension 2; ¥/, called the singularity set, is
a finite set of points contained in the curve

DI = (E'o..0 B9) 1 (89),

called the jth exceptional divisor of the blow-up; E9t! is the standard blow-up of center
57, called the jth center of blow-up. The application Ej, := E'o...o E" is called the total
morphism of the process. We denote by Comp (Dj ) the set of irreducible components of
DJ. The integer h is called the height of the blow-up process and the triplet (Mh, D", Eh)
the tree of the blow-up process. The triplet (M 0.DO, EO) is the socle of the process.

Considering a germ of foliation F, the theorem of Seidenberg says that:
Theorem 1.1.1 ([8][31]). There exists a blow-up process of height h such that

1. for every j =0, ..., h, the center S7 is the set of non-reduced singularities of EJ*F
with respect to the divisor D7,

2. for every j =0, ..., h, the set ¥ is the set of singularities of the foliation E7*F,
5. Sh=40.

The second condition of the definition (1.1.1) avoids the situation of a foliation locally
regular whose one of the leaves would be tangent to the divisor. When the considered
blow-up process is the minimal among those which satisfy the properties of theorem
(1.1.1), we talk about the reduction process of F and the tree (M, D, X)) := (Mh, D", Eh)
is called the reduction tree of F. This tree and its total morphism are unique up to the
permutation of the order of some intermediate blow-up applications.

A separatriz is an irreducible component of the closure of an invariant curve of the regular
foliation induced by F outside the singularity whose closure is an analytic curve. The
existence of a reduction process is a basic point in the proof of the classic theorem:

Theorem 1.1.2 (|10]). Every germ of singular holomorphic foliation admits at least a
separatriz.

As every separatrix can be lifted through the reduction tree to a curve which is transverse
to the divisor turning it into a smooth separatrix of a reduced singularity, the reduction
process of a foliation desingularizes the singularities of the separatrices. The strategy
adopted for the proof of theorem (1.1.2) is to show, by a combinatorial argument, the
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existence of a reduced singularity for the reduced foliation admitting a separatrix trans-
verse to the divisor of the reduction tree. This curve contracts then at the origin to a
germ of analytic curve constituting a separatrix.

If the divisor of the reduction tree is not an invariant curve, then the foliation is said
to be dicritical and it is said to be non-dicritical in the contrary case. This alternative
corresponds to the presence or not of a finite number of separatrices.

If the reduced foliation does not have any saddle-node singularity, then it is said to be
of a generalized curve type. It is not required for the foliation to be non-dicritical. The
foliations of a generalized curve type admit a reduction process which is easy to describe:

Theorem 1.1.3 ([11]). The reduction processes of a germ of foliation of a generalized
curve type and its separatrices are the same.

This result explains the terminology generalized curve. In this thesis, we work with
foliations defined by holomorphic functions. Thus, they are clearly non-dicritical and of
a generalized curve type.

To describe the topology of the reduction tree, there is a combinatorial invariant control-
ling the topological type of the reduction process: so, using the notations of (1.2), the
dual tree A* (F) of a foliation F is defined by the data of an oriented graph whose set of

vertices is the set Comp (Dh); two vertices D and D’ are linked by an edge if and only
if D-D' =1.

1.2 Equireducible unfolding.

Let Fy be a germ of holomorphic foliation at 0 € C? with isolated singularity 0. An
unfolding of Fy of base P = (CP,0) is the data of a germ of saturated foliation F;, of
codimension 1 at the origin of (C2*?,0) of singular set ¥(F,) such that the leaves of F,
are transverse to the fibers of the projection

II:(C?**?,0) » P, I(x,t)=t,
with z = (21, 22),t = (t1, ..., tp), and such that we have the equality
Z*(]:p) = o,
where i : (C%,0) < (C?*P,0) designs the embedding i(x) = (z,0).
In other words, it is the data of a germ of holomorhic 1-form
P
O = Ay(z,t)dzy + Ag(x,t)day + Y Cyla, t)dty, (1.3)
j=1
such that

1. Ay, Ay and (4, ..., C), are germs of holomorphic functions at a neighborhood of {0},
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2. ) is integrable, i.e. 2 A dQ2 =0,
3. The singular set X(F),) is the zero set of the ideal (A1, Az, Cy, ..., Cp) C Oayp,

4. (Ch,...,Cp) is a sub-ideal of \/ (A1, A2).
The last condition corresponds to the transversality of the leaves and the fibers.

Two unfoldings F,, and .7-}’, of the same base P are said to be holomorphically conjugated,
or equivalent, if there exists a germ of holomorphic automorphism ¢ of (C2*?,0) such
that

O Fp z}";? and ITo¢ =1l

When ¢ is only a C*-homeomorphism, we say that Fp and ‘7:1/7 are C*-conjugated. An
unfolding F, is said to be trivial if it is conjugated to a constant unfolding Fo x P, i.e.
defined by (1.3) with

Ai(z,t) = Ai(x,0), Cj(z,t) =0, i=1,2, j=1,..,p.

The equireducibility of an unfolding corresponds to the existence of reduction of singu-
larities in family:
Definition 1.2.1. We say that an unfolding F,, of Fo of base P = (CP,0) is equireducible
if there exists a sequence of blow-ups E,, : M), — Mg_l such that

1. The singular sets Z; are smooth; the centers S; are constituted of irreducible com-

ponents of E;; Sg = 0.
2. Considering I; , = Ep} o... oE;, the restrictions of I1; , :== Ilo E; ;, on E; are étale.
3. The foliations Ej ,F) are transverse to the fibers of ;, at every regular point.

4. The succession of blow-ups obtained by restricting every Ej;, to the fibers of 11;
and II;_1 5 is exactly the succession of blow-ups of the reduction process of Fy.

The argument followed in the proof of Theorem A is mainly based on the following result
about equireducible unfoldings.

Theorem 1.2.1 (J.F. Mattei [20]). If F, is an equireducible unfolding of Fo, then JF, :=
E;';p}'p 18 locally analytically trivial.

If Fy is defined by an exact one-form, then we can suppose that the unfolding is given
by the one-form
OF, OF, " OF,
dF, = —24 —L24q L dp,.
P x T oy y+;8pr br

Let m be any regular or singular point of the exceptional divisor D, in some local chart
(z4,y;) of D. According to the proof of the previous theorem, for each parameter p,, we
can find a local vector field in some neighborhood U of m

0 0 0
X, = ar(xiayi:p)% + Br(xiayi:p)aiy‘ " o
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such that dF}, (X,) = 0, which can also be written as

oF, - 0F, o
8pr = Oy (‘ruyhp) 871‘1 + /87“ (l’z’yup)

oF,
0yi '

(1.4)

The local trivialization ¢y on U is obtained by successive integrations of the vector fields
X,.. A direct corollary of the previous theorem is the following:

Corollary 1.2.1 ([29]). If F, is an equireducible unfolding of Fy, then F, is topologically
trivial.

Following [29], the set of the classes of equireducible unfoldings fp of Fy up to analytic
equivalence is in bijection with the first non abelian cohomology group H'(D,Gp),
where Gp is the sheaf on D of the germs of automorphisms of the trivial deformation on
M x P which commute with the projection on P, and are equal to the identity on the
divisor. This map is defined by the cocycle {¢py} induced by the local trivializations
¢y previously obtained. Consider the sheaf O, of germs of vector fields tangent to the
desingularized foliation Fy of the foliation Fy. We adopt the following definition:

Definition 1.2.2. We call class of infinitesimal equireducible unfolding of Fo every ele-
ment of the first Cech cohomology group H' (D,©x,).

For each direction defined by v in Ty P, the derivative of {¢y 1/} in this direction defines
a map from Ty P into H' (D,©x,). We denote this map by TFy: if Xy is a collection of
local vector fields solutions of (1.4), then the cocycle { Xy = Xy — Xy} evaluated at
p = 0 is the image of the direction 8/dp, in H' (D,©O£,) by T.F,. We also have that:

Theorem 1.2.2 ([29]). For every linear application L of ToP into H' (D,Oz,), there
exits an equireducible unfolding F, of base P such that L =TJF,.

The geometric meaning of this theorem is that the C-space H'(D,©xz,) can be inter-
preted as the tangent space to H' (D, Gp) at Fy. The following result is the main tool
of the proof of Theorem A:

Theorem 1.2.3 (|29]). The unfolding F,, p € P is universal among the equireducible
unfoldings of Fo if and only if the map T'F, : ToP — HY(D,0x,) is a bijective map.



Chapter 2

First universal family of normal
forms of foliations.

The purpose of this chapter is to describe the local moduli space of the foliations in the
topological class Ty, v and give a universal family of analytic normal forms. We give the
infinitesimal description and local parametrization of the moduli space M n using the
cohomological tools considered by J.F. Mattei in [29]: the tangent space to the moduli
space is given by the first Cech cohomology group H'(D,©z), where D is the exceptional
divisor of the desingularization of fisn, and ©f is the sheaf of germs of vector fields
tangent to the desingularized foliation of the foliation induced by dfy;,n = 0. Using a
particular covering of D, we give a presentation of the space H!(D,© ) in section (2.1).
In section (2.2), we exhibit a universal family of analytic normal forms (Theorem A).
This way, we obtain local description of My . We give the proof of the main result for
the particular case M = N = 3 in section (2.3) and for the general case in section (2.4).
The last section (2.5) is devoted to the proof of the global uniqueness of these normal
forms (Theorem B).

2.1 The dimension of H'(D,©7x).

The foliations induced by the elements of 737, n can be desingularized after two standard
blow-ups of points. So, we consider the composition of two blow-ups

E : (M,D) — (C2%,0) with its exceptional divisor D = E~1(0). On the manifold M,
we consider the three charts Va(z2,y2), V3(23,y3) and Vi(z4,ys) in which E is defined
by E(x2,y2) = (x2y2,y2), E(x3,y3) = (23, 23y3) and E(x4,ys) = (£aya, Tay3)-

In particular, once M > 2 and N > 2, any function in 737,y is not topologically quasi-
homogeneous since the weighted desingularization process is a topological invariant [19].

Notation. Let Qs n be the region in the union of the real half planes (X,Y), X >0
and 'Y > 0, delimited by
Y-X+(M-1)>0

2Y — X —(N—-1)<0

16
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va
v2 V3

Figure 2.1 — Desingularization of fan for M = N =3

x4

(N-1)/ l%o/o/o/o/
N T L 4

Figure 2.2 — The region Qyn for M = N =6

Proposition 2.1.1. The dimension Sy of the first cohomology group HY(D,Ox) is
equal to the number of the integer points in the region Qnr,n which can be expressed by
the following formula

(MA4N—2)(M+N—3)  (M—1)(M—2)
OMN = 5 + 5 )

Proof. We consider the vector field 0 with an isolated singularity defined by

of 0 Of 0
O = -5+ 5.

Ooxrdy Oy ox
We consider the following covering of the divisor introduced above D = Vo U V3 U V.
The sheaf O is a coherent sheaf, and according to Siu [60], the covering {V2, V3, V,} can
be supposed to be Stein. Thus, the first cohomology group H'(D,OF) is given by the
quotient
HO(VQ N ‘/2176]:) @HU(VS N ‘/;17@.7:)

n(HO(V2,05) ® HO(V3,07) & HO(V4,05))’

Hl(Dv(_)]‘—) =
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where 7 is the operator defined by n(X2, X3, X4) = (X2 — X4, X3 — X4). In order to
compute each term of the quotient, we consider the following vector field
E*0f

Qis —
M+N—2 2M+N—3"
Ly Yy

This vector field has isolated singularities and defines the foliation on the two intersections
Vo N Vg and V3 N V. Therefore, we have HO(Va N Vy, ©7) = O(Va N Vy) - 65 and
H(V3NVy,07) = O(V3NVy) - 0, and each element 6oy in H°(Va N Vy, ©F) and 634 in
H°(V3NV,,05) can be written

= > Njzhyi| Osand Oz = | > Njahy] | - 05
iEN,jEZ i€Z,jEN

Similarly, we find that the elements 0 in H°(Va, ©7) and 5 in H°(V3, © 7) can be written

F 2j—i—(N—1 i (M—1)
Oy = Z aijriyy " (N=U) . g and 05 = Z Bijy ( )yi < Oss.
i,jEN i,jEN

The cohomological equation describing H' (D, ©) is thus equivalent to

Oy =02 — 04
0 =03—06,

0 =6;—0,

< O34 = 03 — O,

<:>€924:92—93 and {
which means that its dimension corresponds to the number of elements which do not
have a solution in any of the above two systems. This implies that the dimension of the
cohomology group is equal to the number of integer points in the region Qs n that can
be expressed by the following formula

(M+N—-2)(M+ N -3) n (M —1)(M —-2)

o = .
M,N 9 9

2.2 The local normal forms.
We denote by P the following open set of CoM.~

P={(-,ap - ,bgy, ) such that a; # 0,b1,; # 0,1 and
a1 7 ayj,bry # by for i # jand i # j'},

where the indexes k,i,k’ and i’ satisfy the following system of inequalities

0< k-1 <i—1
~(N=-2)< 2%k—i—1 <2 —2
)< K —i—1 <N-—3+2i
0< k-1 <N-2+2/
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For p € P, we define the analytic normal form by

N-1 M—2 N—1+2i
Nng,N) = zy(y + 2 H (y—i— Za;“acy 1) H (y—i— Z bmsck“) .
i=1 i=1 k=1

We consider the saturated foliation fZSM’N) defined by the one-form dNZEM’N) on C2Hom.N,
The first main result is the following;:

Theorem A. For any pg in P the germ of unfolding {]-",EM’N),p € (P,po)} 1S a universal

equireducible unfolding of the foliation .Flgé\/[’N).

As mentioned in the introduction, this means that for any equireducible unfolding F,
t € (T,to) which defines f,ﬁé”'N) for t = to, there exists a map A\ : (T,t9) — (P, po)
such that the family F; is analytically equivalent to Ny). The differential of A at the
point tg is unique and the uniqueness of the map A follows from Theorem B.

Consider the sheaf © FQN) of germs of vector fields tangent to the desingularized foliation

f,go N) of the fohatlon J-",§0 M) induced by dNééM M Z 0. In chapter 1, we said that
according to [29], one can define the derivative of the deformation as a map from T, P

into H! (D, @I(M,N)>. We denote this map by T}"Igéw’N): since, according to theorem
Po

(1.2.1), after desingularization any equireducible unfolding is locally analytically trivial,
there exists X, [ € {2,3,4}, a collection of local vector fields solutions of

oNM) aNSM) aNSM)
#Li = a1(z, Y1, a1, bl,i)apixl + Bz, i, a1 4, bl,i)giyla (2.1)

where p1; € {a1,,01,;}. The cocycle {X24 = Xo — X4, X34 = X3 — X4} evaluated at

TFMN)

p = po is the image of the direction T in H! (D 6]__(M N)) by . To prove

Theorem A, we will make use of the following result stated before in chapter 1:

Theorem 2.2.1 (|29]). The unfolding F¢, t € (T, to) is universal among the equireducible
unfoldings of Fi, if and only if the map TFy, : Ty, T — HY(D,O5) is a bijective map.

Theorem A is thus a consequence of the following proposition.

Proposition 2.2.1. We consider the unfolding ]:"(M’N) defined by the blowing up of

NZSM’N), p € (P,po). The image of the family {aak 7abk }kl in H' (D,G;IggﬁN)) by

T J-;Sé” N s linearly free.

Let S be the subset of P defined by its elements at the first level k = k' =1 i.e.

S={(- a1 bry,---)suchthat 1 <i<N—-1land1<¢ <M-2}.
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We denote by A; the square matrix of size M + N — 3, representing the decomposition of

the images of {8(11 , 61?1 } in H' (D, 9]__<M,zv>) by Tf(M M) on the corresponding basis.
P0

We note that the corresponding basis is in bijection with the set

{xayﬁ/(a,ﬂ):(o,1-¢),1gz‘gN—1or (a,ﬁ):(—i,O),lgigM—2}.

Therefore, the proof of the proposition results from the following two lemmas.
Lemma 2.2.1. The matriz Ay is invertible.

Lemma 2.2.2. The square matriz A of size oy N, representing the decomposition of
the images of{aak , 8bk bei in HY(D, 9}.(M n) by TF,(po) on its basis, is an invertible

matriz.

2.3 Proof of Theorem A for M = N = 3.

In this section we give the proof of lemma (2.2.1) and lemma (2.2.2) for the case M =
N = 3. In this case, the function fys y is given by

3 3
faz =]+ a) ] (v+biz?),
i=1 i=1

and the dimension )7,y of the first cohomology group H'(D,07F) is equal to 033 =1,
where the region Qs n is given by the following figure.

x4

4
.//./ Y

%

Figure 2.3 — The region Q33
Considering the open set P of C%3 in this case
P ={(a11,a12,a22,b1,1,b21,b31,bs1) such that aj 1,a12 # 0,b11 # 0,1 and a11 # a2},
for p € P, the analytic normal form is given by

NI§3’3) =y (y+ xz) (y +a112) (y + a122 + azpwy) (y + by 12 + by gad + byt + b4,1$5) .
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Proof of Lemma 2.2.1 for M = N = 3. The matrix A; is given by

0 0 0
3(1171 8(1112 8171,1

1
ul ear ez e
Ar=1 €21 €22 €23
1
Za €31 €32 €33

We start by computing the entries e3 1 and e3». In the chart V4, we have to solve

N>
Oya

oN>Y
(9.2134

ON>Y)
6(1171'

= a1,i(®4,Y4,01,1,01,2,b1,1) + B1i(xa, ya, a11,a1,2,b11) (2.2)

Since E is defined on Vy by E(x4,y4) = (24y4, 4y3), we find that

NP (wa,ya) = 2593 (1 + 24) (ya + a1,1) (ya + 12 + az.2743)
(1+ braas + baaiys + by1aiy; + baaziyd) -

We have ) .
ONp™ Ny yd
- = — (Q(z4) + yal...
day 1 ya+ain ain (Q(x4) + ya(.))
N> N v
- = = (Q(a4) + yal...
Bars  ya+ais+ azorsy?  arg (Q(x4) + ya(...))
with

Q(z4) = arpa1,225(1 + 24) (1 + by124)
and where the suspension points (...) correspond to auxiliary holomorphic functions in
(x4,y4). Since ]\7153’3) =y (Q(x4) + y4(...)), we find that

F) 7 (3,3)
S = (@) + () 03
N33 .
M = 9yQ(ra) + ().
Setting (1, = y4517i, we deduce from (2.2) that
Qa(f%) = o1,i(24,0)Q (x4) + 9B1i(24,0)Q(4) + ya(...) (2.4)

Using Bézout identity, there exist polynomials W and Z in x4 such that
QNQ =WQ' +2Q

where Q A @' is the great common divisor of @ and @’. We can choose the polynomial
function W to be of degree 2. We denote by

5(1'4) = 1'4(1 + .1'4)(1 + b171x4)
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the polynomial function satisfying @ = (Q A Q’)S. Therefore we obtain a solution of
(2.2) in the chart Vj of the form

a1 = 7W(w;‘ff("”4) + ya(-..)
B = HEEED LR
e X{Y = WS04y (),

Similarly, in the chart V3 we have to solve

N aNG33) PR G

=ay, b P ; b P (25
8a17i a17,(w3,y3,a171,a172, 1,1) Oz +51,z(963,y3,a171,a1,2, 1,1) Dy ( )
We have

N3 (5,y3) = 23y3(ys + 1) (w3ys + a1,1)(z3ys + a1,2 + az223ys3)
(y3 +b11 + bo1w3 + b3 175 + ba1xd).

Similarly, we write

3Ny§3’3) N1§3,3) x%
- =—(P + xz3(...
6&171 r3Y3 + a1 ara ( (yB) 3( ))
8]\71&3’3) Nég,g) asg
- =— (P + x3(...
day T3ys + a2 + a272x§y3 ai2 (P(ys) 3(---))

with
P(y3) = a1,1a1,2y3(y3 + 1)(y3 + b1,1).

Since N,§3’3) = 23(P(y3) + z3(...)), we obtain

aN(3v3)

h = 093P () 06
ONy™

B = 23(P'(ys) +as(.).

Setting oy ; = 23045, we deduce from (2.5) that

P(ys)

P 91,4(0,y3) P(y3) + B1,:(0,y3) P (y3) + z3(...).

We set PAP' =UP' + VP and P = (P A P’)S with

R(y3) = y3(y3 + 1)(y3 + b1,1)

Also, we can assume that the degree of U is 2, and so we obtain the solution

o = BV(y3)R(ys) + 23(...)
,81’1; — U(yZ)lf(yS) +$§)

. 3 Ulys)R

ie. Xf’i) = 7(y3)1’i(y3) 8%3 + z3(...).
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To compute the cocycle we write XS) in the chart V4. Using the standard change of
coordinates x4 = 1/y3 and y4 = x3y3 and since we have

Ulan) = 5 and Rlas) = 22

where U is a polynomial function, we find the first part of the first term of the cocycle

(A _ (3 _ @ _ S(ea) | Ulza) Kl
Xl,i _XLi Xl»i_ Py xi + Wixy) ax4+y4(...).

Let ©¢ be a holomorphic vector field with isolated singularities defining .7:";3 3 on V3N Vy.

We have - -
x3 = olVe,,

1,
E*© (3,3 (3,3) (3,3)
We can choose ©g = # with @ngs,s) = aNa’; 8% - aj\g’y % According to
Proposition (2.1.1), the set of the coefficients of the Laurent’s series of <I>§3174) characterizes
the class of Xﬁ’A‘) in H'(D, Gf(g,:),)). Using the relations
K po
0 2 0 1 0 o —-10 1 0
= ——5— and —=-—F5——F —
Or  ys0xy 140Y4 0y  y; Oxy  4y4 Oys
we write ~ ~
o 1 -1 ON, 0 1 ON, 0
0= ot =55 |-
z3yS \ 2ay? Oys Oy x4y} Oy Oys
Now, according to (2.3), we get the equality
1 en!
@(374) = + Wi(xq)| + yal...).
1 9a1 01,1012 | 2] (@) ()
Since U(x4) is of degree 2, then the coefficient of 1/z4 in the Laurent series of % is
4

zero. So the entries e3;1 and e3o are zeros.
We proceed similarly to compute the entry e3 3. So, in the chart Vj, we have to solve the

following equation

fry b P b - °
9b1 M1 (T4, Ya,a1,1,a1,2,b1,1) Ds + 71,1 (24, Y4, 01,1, a1,2,b1,1) o

(2.7)

Following the same algorithm, we obtain the second part of the first term of the cocycle

G4 _ @) @ Slea)  |Ulz) 0
}/171 - }/171 }/171 = 1+ 6171334 .CU?L + 5134W(1'4) 8334 + y4()
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Setting Yl(:i A = g 1 )@0, we obtain the following expression of ‘11(3 B
(3,4) 1 U (as)
v = + W + ya(...).
L 9ar1a12(1 + biaza) | 23 zaW(@a) | +al--.)

Now, to compute the coefficient of 1/z4, we write

o0
Ulxy) = u ULT usxs and ————— 1)%b7 1.
(z4) = uo + ur1m4 + Uy 1—|—b11x4 Z 1,174

So, we obtain the following equality

Ul(xyq) 1\ 1 T(a;)
(1 +b11964)$4 11U <b11)+

where T is a polynomial in x4 of degree 1. This yields the following expression of e3 3

by - (-1
es3=—-"—U(—],
9a1,101,2 <b1,1>

which is different from zero. We note that U (ﬁ) is different from zero because —b 1
is a root of the polynomial P which satisfies the Bézout identity P A P’ = UP' + V P.

+ 24(...) + cst,

Now we compute the second cocycle. In the chart V4, we can write N ](33 %) as

NS (@4, y1) = 25 (A(ya) + yiza(...))

where A(ys) = y3(ys + a1,1)(ya + a1,2). So, we obtain the following expressions

8N<3’3) 6
e = i () + )
ON,™”
@2;4 = 623A(ya) +yi28(..) (2.8)
8N,§3’3) = 7 (A/( )+ T ( ))
o § (A’ (ya) + yizal...
Setting oy ; = x40, we deduce from (2.2) that
A -
Al _ 66t1,6(0,ya) A(ya) + Br.i(0, ya) A'(ya) + viza(...). (2.9)
Y4+ a;

Using Bézout identity, there exist polynomials B and C' in y4 such that
ANA = BA +CA.

As before, we can choose the polynomial function B to be of degree 2. We denote by
D(ya) = ya(ys + a11)(ya + a12) the polynomial function satisfying A = (A A A")D
Therefore we obtain a solution of (2.2) in the chart Vj

@ _ B(ya)D(ya) 9
i = A
’ ys+ar; Oya

+SU4(...).



CHAPTER 2. FIRST UNIVERSAL FAMILY OF NORMAL FORMS OF FOLIATIONS.25

Similarly, in the chart V5 we write

V) (2, y2) = Y5 (T (22) + w3ya(...))
with
J(x2) = xo(1 + a1,122) (1 + a1,072).

We set JAJ = KJ' + LJ =1. Again, we can assume that the degree of K is 2 and so
we obtain the solution

0
X(Q-) = LK — ).
L ($2)J($2)8x2 + y2(..)

Using the change of coordinates x4 = 3y> and y4 = 1/, we find the first part of the
second term of the cocycle

1| K(yd)A(m) )
XY = x® _ x® B(ya)D(ys) | =—
L 1i 1 Vit oL o2 + B(y4)D(ys) o0 + z4(...)
where K is the polynomial function satisfying K (z3) = f(;g“).
4
Finally, we obtain the following expression of (I)ff)
—1 K (y4)
o2 = + B(ya) | + za().
1, 6(ys + al,i) yi (y4) 4(-)
Similarly, we find that <I>flf4) can be written as
—1| K(-ai;) 1  K(=ai;)  B(0)  R(ys)
I LA " ).
v 6 ai; Y " aj; i ai " Yi Toal) |l

So, the entries (eji)1<i j<2 are given by

K(—a1; .

720512” ) ifj=1
eji = ~

) (RCaw) | BO\ .

= ( a?; + o ) if j = 2.

A simple computation shows that the determinant of the block matrix formed by these
entries is given by

det(eghziger = ol R IZ02) [(al - 1) + B(0) ( i1 _dls )] .

36@%,16‘1,2 L1 a12 K(—a11) K(—aiz2)
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Let us compute the terms K (—aj ;) and B(0). In fact, we know that K (ys) = y3 K (x2)
with y4 = 1/x9. This implies that

~ 1
K(—alyi) = aiiK (— > .

a1,
But, we also know that K (—%) = Jl(11> Computing the term J’ (%), we get the
following expressions o
K(~a1,) = ~0ia and K(—aj2) = Ut (2.10)

1 1 1 1)
a1,2 (a1,2 a1,1) 41,1 <a1,1 a1,2>

A simple computation using Bézout identity shows that the term B(0) is given by

1

B0 = —.
© 9a1,1a12

(2.11)

Finally, we get the following expression of the determinant

11 1
324 af 1a] 5 (a12 —a11)’

det(eji)i<ij<e =
which is different from zero because a1, # a1 2.
Proof of Lemma 2.2.2 for M = N = 3. After proving the invertibility of the matrix A,

it remains to study the propagation of these coeflicients along the higher levels. In fact,
we have to solve the following equations

&fk’i = ou,i(®4, Ya, Akiy biei) 624 + Br,i(T4, Y4, ki, by i) 824 (2.12)
ONL3) HN33) o33
asz,i = Nki (T4, Y4, Ok iy br i) 824 + Vi (24, Ya, ar.i, bk,i)ﬁ- (2.13)
We note that we have the following relations
ON 0N ONGY 10N
= e d = k=2,34. 2.14
daz o s dai 2 o Oby,i T obr; o 214)

This implies that if X}, ; = ak,i% + ﬁklaim and Yy ; = Wk,i% + %i% are solutions of
(2.12) and (2.13) respectively for k = 1, then we obtain solutions for the other values of
k setting

Xoo = 24yiX12 and Yy, =2 iy,

This propagation can be described using the region Qus y as shown in figure (2.3). In

fact, the decomposition of the vector fields X ,ng) , X ,531.’4), Yk(z’ll) and Yk(i’ll) on the basis
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of H! (D, C] F N)) corresponds to the decomposition of the series <I>§€2ﬂ’.4), @;?%4), 1115371’.4)

and \111233234) on the basis

{1/:647 17 1/3/4, T4Y4, Y4, 3343/2, xiyi} .

As a consequence of the previous relations, this decomposition can be expressed by the
following matrix
A 0 0 O
* A2 0 0
x A3 0
* * x Ay

A:

where A; is as in the previous lemma and Ay, k = 2, 3,4, is given by

o) o]
3= B 0 ol
A, = 144 1,2 Aa = 2( ) A:23< )
2 m 0 €33 3= X4Yy \ €33 4= Thyy \ es33
The fact that e = m is different from zero shows that the whole matrix A

is invertible.

Remark. If we consider the germs of functions defined by
ng&g) =2y (y + IL’Q) (y + a17133) (y + a1,2T + a272x2) (y + b1,1IL’2 + ngIES + b3711:4 + b4,1x5) s

we find that the matrix A is not invertible everywhere. In fact, in this case, we have the
relation
0 0

T4Y4
aa272 8@1 2 ’

)

and so the matrix As is given by

9. _90
daz, 2 Oba 1
x e 0
Ay = 4Y4 2,2 > )
Y4 0 €33

The fact that the term ez 2 = %26;7%0“1’1 vanishes on the hypersurface of equation
1,2

(a1,2 —10a11 = 0), shows that this :family of functions is not universal, it is only "gener-
teally " universal.

2.4 Proof of Theorem A for the general case.

In this section, we give the proof of lemma (2.2.1) and lemma (2.2.2) for the general case.
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Proof of Lemma 2.2.1. The matrix A; is given by

0 0 0 0 ls]
Odai1  Oair2 ' OdaiN_1 Obi1 Obiz2 T Oby o2
1
vy °
1
A
. M1 M2
1
Ya
A= 1
1
x4
1
3
M3 M4
_1
SM=2

We start by computing the matrix M3. In the chart V4, we have to solve

#l,i = a1,i(24,Ya, 014, bl,i)apim + Bri(r4,ya, a14,b1) §y4 (2.15)
Since E is defined on Vy by E(x4,y4) = (24y4, 24y3), we find that
NZEM,N)($4’y4) — xi\/[+Nsz+N(1 + 1’4)

N-1 i M—-2 N—142i

H <y4 + Z ak,ixi_lyik_2> (1 + bk,imiy§_1> :

i=1 k=1 i=1 k=1
We have

oNg*) N VN o) + ()
= : — — = 24) +yal...
L T D D RN T e U O F
with
N-1 2
Q(gj4) = xi\4+N(1 + x4) H aij (1 + bl,j$4)

j=1 j=1
and where the suspension points (...) correspond to auxiliary holomorphic functions in
(4,y4). Since Nng’N) = 2MHN (Q(24) + ya(...)), we find that

ZZ%MZ = M (Q ) + () 2.16)
b— = (M + Ny NV Q) + M)
Setting (1, = y4ﬂ~17i, we deduce from (2.15) that
QUI8) _ oy (o0, 0@ (1) + @M + N)Fri(ea, 0Q(as) + () (217)

a1
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QANQ =WQ +2Q

Using Bézout identity, there exist polynomials W and Z in x4 such that
where Q A @' is the great common divisor of @ and Q’. We can choose the polynomial

function W to be of degree M — 1. We denote by
-2

=

(14 b1,24)

S(xg) = xg(1 + x4)
i=1
(Q N Q")S. Therefore we obtain a solution of

the polynomial function satisfying @

(2.15) in the chart Vj of the form
ol = LV(I;E(M*) + ya(...)
x4)S(x
Bl,i = QMUj_N A Z)l Z( 4) +yi( )
. 4 W(x4)S(x
ie. Xii) = Wa)Sd) 0 231( 1) 0 Jo; T U4 (o).
Similarly, in the chart V3 we write
NN = 2N (P(ys) + ()
with
N—-1 M-2
P(ys) = ys(ys + 1) H aij (y3 + b1)-
7j=1 7=1
We set PAP'=UP' + VP and P = (P A P')R with
M-
R=ys(ys+1) H (y3 + b1,i).-
i=1

Also, we can assume that the degree of U is M — 1 and so we obtain the solution
Ulys)R(ys) 0
().
Y3

B _
1,0 ai;

)

coordinates x4 = 1/y3 and y4 = x3y3 and since we have
_ S(z4)
e

To compute the cocycle we write X ®) in the chart V4. Using the standard change of

Ues) Rlys) =

U(y?)) = M1
4

where U is a polynomial function, we find the first part of the first term of the cocycle
0

i
B W(m)] o)

@) S(z4)
ai;

XSA) = Xﬁ') - Xl,i
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Let ©g be a holomorphic vector field with isolated singularities defining ]}éé\/f M on VsNVy.
We have

(34) _ 5(34)
Xy =@y 0.
E*© NN (M,N) (M,N)
ONp o ONy .
We can choose O = TN QyiMJrN - with © NGMN) = s 7 ay 55 According

to Proposition (2.1.1), the set of the coefficients of the Laurent’s series of <I>§3174)

acterizes the class of Xﬁ’él) in Hl(D,G}_(M,m). Now, according to (2.16), we get the
b po

char-

equality
(3 4) 1 U($4)
i — + W(zq) | + yal...).
" (2M + N)ar; [0S ary |23V

Since U(x4) is of degree M — 1, then the coefficients of 1/} for 1 <1 < M — 2 in the
Laurent series of 2&,4) are zeros. So the matrix Mg is the zero matrix.

Ty
We proceed similarly to compute the matrix My. So, in the chart Vj, we have to solve

the following equation

oN"M) oNMN) oNMN)
. % ’ ) iy b [ A — 7 ) ) iy b [ Ar-~— 2.18
Db1s M, (T4, Ya, @, b1;) om, T (24,y4,a1,4,b1,) o (2.18)

Following the same algorithm, we obtain the second part of the first term of the cocycle

S(a;4) 0(:134) 8
Y(?-)A) — Y(3) _ Y(4) — _ 1% e ).
1,0 1, 1, 1 +b17z‘$4 xiM_:; + x4 (.%'4) O +y4( )
Setting Y3 4= \113 ; ©0, we obtain the following expression of 111(3 Y
(3.4) 1 U(as)
Wi = _ + W (zg) | + yal...).
L 2M + NI any (1 + brga) |23

Now, to study the invertibility of the matrix My, we write

M-—1 o)
U walh and ———— )® x

So, we obtain the following equality

Ue T'(x4)
(1 +b1,z) 2M 3 Z dji M =1 T L2313 + x4(...) + cst,

where 7" is a polynomial in x4 of degree M — 2 and dj; is given by

M-1

. . . o (=1
dji = Y ()M, b TR = ()M 2 (b1>
r=0 o
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This yields the following expression of \If§3274)
o34 _ 1
i = -
M NS ey
N2y ISy g
L (b) +%+x4(...) +oest| + ().
jzl x4 1>i :E4

Thus, the matrix My = (mji>1§i7j§M_2 is given by

(- .
mj; = NI Ul— | Vi<ij<M-2
(2M + N)[[,Z, a1 b

which defines a Vandermonde matrix. We note that U (%) is different from zero for all

s

1 <4 < M —2 because the different values {—b; ; }1<i<pr—2 are roots of the polynomial P
which satisfies the Bézout identity P A P’ = UP’ + V P. So the matrix My is invertible.

Now we compute the second cocycle. In the chart Vy, we can write N ](DM’N) as

NN = N (A(y) + 932Ny ()

where A(yy) = y3M+N H;V:_ll (y4 4+ a15). So, we obtain the following expressions
3N(M,N) M+N OM AN
al;l,i = ;eral,i <A(y4) +yg T $4(~')>
N M.N) B
e = (M + N)ay" N A) + M N eV (2.19)
N (M.N) B
i =l (W) + g ()

Setting oy ; = x40 4, we deduce from (2.15) that

A(ys)

vatan (M + N)a1i(0,y4) Alya) + Bri(0,ya) A'(ya) + y3" NV 1), (2:20)

Using Bézout identity, there exist polynomials B and C' in y4 such that
ANA" = BA + CA.

As before, we can choose the polynomial function B to be of degree N —1. We denote by
D(yy4) = y4 vaz_ll (ya+a1,j) the polynomial function satisfying A = (AAA")D. Therefore
we obtain a solution of (2.15) in the chart Vj

x@® _ Bya)D(ya) 0

e = Yat+ay; 87(@4

=+ $4()
Similarly, in the chart V5 we write

NN = g N (] (29) + 23ya(...))
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with

N—
H 1+a1]x2

We set JAJ = KJ' + LJ = 1. Again, we can assume that the degree of K is N — 1
and so we obtain the solution

(2) _ x2

0

8.1‘2

Using the change of coordinates x4 = x3y2 and y4 = 1/x2, we find the first part of the
second term of the cocycle

(24) _ () _ y(4) _ 1| K(ya)A(ya) 0
X1,¢ = XLi - XLi = _y4 Y ai sz+3N_3 + B(y4)D(y4) 37@/4 + m4(...)
where K is the polynomial function satisfying K (z2) = 5151141).
4
Finally, we obtain the following expression of <I>(2 Y
-1 K (ya)
o2 — + Blyy) | + za(..0).
1, (M+N)(y4 +a1,i) yzN 2 (y4) 4( )
Similarly, we find that CIJff) can be written as
N— 1 N+j—-17 ,
(24) _ (=1 K(=ai;) 1 B(0) | R(ys)
L BO | Bl o] ).
1
’ M+N st ap;H v TTh e g
SO, the matrix M1 = (mji)1§i7j§N,1 is given by
—_1\N+J ~ .
U\/EH\)IW (—(1/171‘) for ¥ ;é N -1

mji =

M_1~_N<2N11K( )_§ES)> fOI‘j:N—l.

ayi

A simple computation shows that the determinant of the matrix M; is given by

(N1 R ()

det(Ml) =
(M + N)N-1 11 a{\;{rl
N-1 i N
1 1 (—1)'ay";
H (a . a > - 50 K M-
1<i<j<N—1 \Li Lj = K(—a14)
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where M(n_1y; = [[i<j<jr<n—1 (ﬁ — allj/) is the determinant of the matrix obtained

3. #i
by deleting the (N — 1)™ row and i*" column of the Vandermonde (N — 1)-matrix of
-1
aii }1§z‘§N—1'

~1 (=1)ial;
Let us compute the term B(0) Zﬁ\ill §~(( )aal’;
—ai.g

K(ys) = yY 'K (x9) with y4 = 1/z9. This implies that

R(=ars) = (~ar)¥ 'K (— ! >

a1

M(n—1)i- In fact, we know that

But, we also know that K (—i) = . Computing the term .J’ (‘—1), we get the

-1 ai;
J/
ay i

following expression

(2.21)

Moreover, one can see that the term (—1)° Hé\f:_ll <ﬁ — aiz) M(n_1); is equal to
J#i ’ 7
(—1)at [li<icjen—1 (ﬁ - ﬁ), where « is equal to the number of integer numbers in
= = )i \J

the interval [i + 1, N — 1]. When N is even (—1)** is equal to —1 but when N is odd
it is equal to 1. This implies that we have the following equality

) ayi Nt 1 1
B(0) ) WM“““ =-(N-1B0O) [Ta, I < —~ ) :
j=1

alg a4
i=1 1<i<j<N-1 N Li Lj

)

A simple computation using Bézout identity shows that the term B(0) is given by
1

B(0) = T ey (2.22)

Finally, we get the following expression of the determinant of the matrix M;

det() (—1)M*-1 oM+ 2N —1 Y5 K(—a1y) 10 ( 1 1 >
1) = N1 N+1 S
(M +N) PMAN el ey N9 0L

Like for U , we also have that K (—a1,) is different from zero for all 1 <i < N —1 and
a1; is different from a; ; for all < # j. This ensures that the matrix M; is invertible.

Proof of Lemma 2.2.2. After proving the invertibility of the matrix Aj, it remains to
study the propagation of these coefficients along the higher levels. In fact, we have to
solve the following equations

aNMN) oNM) aNMN)
— L = (w4, ya, a4, bk,i)apim + Bri (T4, Ya, ak i, bi i) —= (2.23)

Oay, i 0y4
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8].})7“ = Nk,i(T4, Ya, Ak, br i) 824 + Vh,i (@4, Ya, ki bkz,i)giyzl- (2.24)
We note that we have the following relations
< (M,N < (M,N < (M,N < (M,N
A _ k-1 o—p ONG ) and A _ kel ke oNg ) (2.95)
day,; o da ;i Obyi LT Obyy '

This implies that if X} ; = O‘k:i% + Bk:ia%él and Yy ; = 77’6#’8%4 + 7k7i% are solutions of
(2.23) and (2.24) respectively for k = 1, then we obtain solutions for the other values of
k setting

Xpi = af 'yi" 2 Xy, and Y = 2yl

This propagation can be described using the region Qus y as shown in figure (2.2). In
fact, the decomposition of the vector fields X Igzi,4)’ X ,Ei.A), Yk(%A) and Yk(‘zA) on the basis

of H' (D, O ]__1(73/[7N)) corresponds to the decomposition of the series (I)l(jf)’ @,Sf), \1122,%4)

and \ll,(ff) on the basis
{xgyi|(z’,j)eNxZuzstuchthatj—2i+(N—1)>0andj—¢—(M—1)<o}.

As a consequence of the previous relations, this decomposition can be expressed by the
following matrix

AL 0 0 - 0
« Ay 0 .- 0

A= |* x Az -- 0

* ok % x Anyonm—s)|

My Mo

where A1 = [M M
3 4

] and Ay, is given by

el o] o)
Oay,1 T Oag N_k Obr1 T Obk,vm—2

k—1
;537_% MF = M\ last
4

: k—1 0
xiflyffl column and row 9 < k< N—1

k-2 k-1
Ty Yy

kE—1

TM—k—1
Ty
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R e a9
Obi, M —1—q, c Oby Mr—2
k—1
y
foqu M} = My \ first
! M-2—q if N<k<N+2M -5
k—1
% column and row

with g :]k_l%(]v_l)] + M — k, where ]z] is the strict integer part m of x defined by
m<x<m+1 For2<k<N —1, the determinant of the matrix M{“ is given by

1 1 Nk _\WN+H K (—ay
Vandermonde (, e > [Tizi (1) NEk ajl\}Z)l‘
ai a1,N—k (M + N)N—k Hz’:l aj z—i—

Since f((—au) is different from zero for all 1 < ¢ < N — 1 and ay; is different from
a1 for all + # j, then the matrix Mf is invertible for all 2 < k < N — 1. Similarly, for
N <k < N+ 2M — 5, the determinant of the matrix M} is given by

M2 1 M2t a (=
1 1 s, (GO0 U (le)
Vandermonde s N1 :
biv-1-q. iz (2M + N)a [T;L " afy

Also since U (%) is different from zero for all 1 <7 < M — 2 and by ; is different from

by ; for all i # j, then the matrix Mf is invertible for all N < k < N + 2M — 5. This
shows that the whole matrix A is invertible.

Remark. The fact that the matriz M{’“ is a principal minor of My is essential for its
determinant to be written under the form above. As we saw in the previous section, some

coefficients of the last row of My (Lﬂjvllk(—alvi) — B;Eoi)) may vanish.

1,i

2.5 The uniqueness of the normal forms.

This section is devoted to study the uniqueness of the normal forms. From now on, we

will consider NV, as a notation for the normal form instead of NéM’N).

Let hy be the diffeomorphism defined by: hy(z,y) = (Ax, A\%y). We have:
Npohy = NMENTIN, with A p = A+ (g, bri) = (A Bag;, A b y).

Again, this action of C* cannot be used to "localize" the uniqueness problem as done
in [59] because, contrary to the quasi-homogeneous case, the topological class of the
£ . Npohy . . .
unction ysrfx—r jumps while A goes to zero. However, we have:



CHAPTER 2. FIRST UNIVERSAL FAMILY OF NORMAL FORMS OF FOLIATIONS.36

Theorem B. The foliations defined by N, and Ng, p and q are in P, are equivalent if
and only if there exists A in C* such that p =\ - q.

We start by the following lemma:

Lemma 2.5.1. Let X be a germ of formal vector field given by its decomposition into the
sum of its homogeneous components X = X, 41+ Xyg42+.... If Nyo eXvot1t — Ny,
then forall1 <1< N—-1and1 <k <y wehaveam:a%,i and for all1 <i< M —2
and 1 < k < v1 we have by; = b;m», where v + 1 is the order of tangency of ¢, the lifted
biholomorphism of ¢ = e by the blowing up Ey defined by Ey(x1,91) = (21, T1y1).

Proof. We consider the decomposition of the normal form into its homogeneous compo-

nents:
N, = N;EMHV) + N£M+N+1) -

Since we have
(eXl/O+1+"‘) Np = Np+XV0+1‘Np+ sty

we obtain that N]SMJFNH) = Nq(MJrNH) for [ from 0 to vp—1. The expression of NIEMJFNH)
only depends on the variables ay ; for K <1+ 1 and by ; for k <. Setting ¢ = eXvitit
the initial hypothesis leads to the following equality

N o eX”l+1 = Ny,

where

N-1 i M—2 N—142i
Ny (@1, 91) = 2y (w1 +21) [ ] <y1+zalmxk ty 1) (yﬁ— > bklef>
1

=1 = 1= =

(M+1+1) _ NéMHH) for [ from 0 to v1 — 1. The expression of

(M+1)

Similarly we obtain N
NISMHH) only depends on the variables ay; for k& < [ (except for [ = 0 as N

depends on a; ;) and by ; for k <1+ 1. Now, we claim that for all [ from 0 to vy — 1,
NISM+N+Z) — NéM-i—N-H) and N;M-‘rl-‘rl) — NéM-i—l-H) o ag; = a’;g’i and bk,i — ;g’@VIk < 1+1.

This fact can be proved by induction on [ < vy — 1. For [ = 0, we have the following two

equalities
N]§M+N) — Nq(M—i—N) and N;M-ﬁ-l) — NéM-l—l).

Since the conjugacy preserves a fixed numbering of the branches, we obtain that a; ; = a’lvi
and by ; = b’1Z Suppose that ag,; = af,m» and by; = b;m. for I < 19 — 1. Then we have
N;M—&-N—H) _ N(gM—i-N—H) with

N—1 (M+N)  M-2 N(M+N)

1 Np
N(M+N+l a Np 7 b PP LH L (2y),
Zz; I+1,3 y y+a i Z: K Y a,b( y)
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where H,; is a function which depends on ay; for £ < [+ 1 and b;; for & < [. This

implies that a;1; = CLH_1 ;- Similarly, we have N(MHH) Nq(MHH) with

) N-1 Lo (M) M2 N(M+1) )
NMHH) = aLiy @Y 12% + bl+1,il’ll+1yp7 + Hop(71, 1)
=1 ot ;
where the first term exists only if [ is even and greater than or equal to two and
ﬁmb(:z:l,yl) is a function which depends on a; for k < [ and by; for k¥ < [+ 1. This
implies that bj1,; = b;+17i.
Now, we know that vy < v1. So we claim that for all vyg <1 <1y — 1,

N(M+1+l) _ N(M+1+l) by =by; VE<I+1

For | = vy, we know that a,,; = a], , and by, ; b’ ;- Similarly we obtain that by,+1,; =

vo,i

byp+1,i- Suppose that by; = b ; for | < v — 1. Then we have N(MHH) = NISMHH)
where

) N-1 L (M) N(M+1)

NMALH) a p2y2 Py by ol tl 4

p ; Ly1itiYn Z I+1,i 1 Y1+ braa

N—1M-2 NM+1 ~
Z Uk ibky 27 it 1y]f1 ! L + Hop(21,91)-

a1i(y1 + b1 jz1)

i=1 i=1 2ki+ko=I+3

k1,k2#1
To show that bj41,; = b; 4140 1008 enough to show that k1 < vg + 1. In fact, by definition
we have k1 = l+3 L3—ky So, using that [ < vy — 1, k9 > 1 and that v1 < 219, we conclude
that k1 < 1g+ 1 O

A process of blowing-up F is said to be a chain process if, either E is the standard
blowing-up of the origin of C2, or E = E’ o E” where E' is a chain process and E” is
the standard blowing-up of the of a point that belongs to the smooth part of the highest
irreducible component of E’. The length of a chain process of blowing-up is the total
number of blowing-up and the height of an irreducible component D of the exceptional
divisor of F is the minimal number of blown-up points so that D appears. A chain
process of blowing-up admits privileged systems of coordinates (x,y) in a neighborhood
of the component of maximal height such that F is written

E: (z,t) — (x, te + 2"ty x4+ t1x).

The values t; are the positions of the successive centers in the successive privileged
coordinates and x = 0 is a local equation of the divisor.

Let ¢ be a germ of biholomorphism tangent to the identity map at order vg+1 > 2 and
fixing the curves {x = 0} and {y = 0}. The function ¢ is written

(z,y) — (1‘(1 + Ay (z,y)+...),y(1+ By (z,y) + .. )) (2.26)

where A,, and B,, are homogeneous polynomials of degree 1y. The following lemma can
be proved by induction on the height of the component:
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Lemma 2.5.2. The biholomorphism ¢ can be lifted-up through any chain process E of
blowing-up with length smaller vy + 1: there exists ¢ such that Eo¢ = ¢o E. The action
ofd; on any component of the divisor of height less than vy is trivial. Its action on any
component of height vy + 1 is written in privileged coordinates

(0,8) — (0,¢ + t1Byy (1, 1) — t1 Ay, (1, 11))

where t1 is the coordinate of the blown-up point on the first component of the irreducible
divisor.

Definition 2.5.1. A germ of biholomorphism ¢ is said to be dicritical if ¢ can be written
(fL’,y) — ($+AV($7y) + 7y+BV(x7y) +)7
with B, (x,y) — yAy(z,y) vanishing.

We can now prove the main Theorem B of this section.

Proof of Theorem B. Suppose that there exists a conjugacy relation
Nyo¢=1)oNy. (2.27)

Following [15], we can suppose that v is a homothety vId. The biholomorphism ¢ can
be supposed tangent to the identity. In fact, since ¢ lets the curves {x = 0}, {y = 0}
and {y + 2% = 0} invariant, then it can be written

(z,y) — (A2(1+ Ay (z,y) + ..., N2y + By (2,9) +...))
for some A # 0. Then
Npogo h;l =7yNgo h;l = cNy-1.4,

where ¢ stands for some non vanishing number. Since ¢ o h;l is tangent to the identity,
we find that ¢ = 1. Thus, setting for the sake of simplicity ¢ = A™! - g and ¢ = ¢ o h;l,
we are led to the relation

Npo¢ = Ny,

where ¢ can be written under the form (2.26).

The proof reduces to show that in this situation, we have p = ¢q. Using Lemma (2.5.1),
we know that for all 1 <7 < N —1and 1 < k < 1y we have ag; = aﬁm and for all
1<i<M-2and 1 <k < vy we have by ; = b;”. This means that, based on the
structure of the normal form, to show that for any & S N—-1,a;; = aj,m-, it is enough to
show that vy > N —1. In the same way, to show that for any k < 2M — N —5, by ; = b/,
it is enough to show that vy > N + 2M — 5. Thus, the proof results from the followiﬁg
proposition:

Proposition 2.5.1. If N, o ¢ = Ny, then the following assertions hold:
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1. If ¢ is dicritical then p = q.

2. If ¢ is non-dicritical then vy > N.

3. If ¢ and q~5 are non-dicritical then vy > 2M + N — 5.
4. Ifgg 18 dicritical then p = q.

Proof. 1. Iif vy >2M 4+ N —5then vy >2M + N —5 and vy > N — 1. So, by Lemma
(2.5.1), we have p = q. Suppose that vy < 2M + N — 5. Since ¢ is tangent to the
identity, then it is the time one of the flow of a formal dicritical vector field

gZ):eX.

Its homogeneous part of degree 1y +1 is radial and is written ¢,, R where ¢,,, stands
for a homogeneous polynomial function of degree vy and R for the radial vector
field 20, + y0,. The initial hypothesis can be expressed as follows

N
(%) Ny = Np+ du RNy + ... = Ny,

In this relation, the valuation of ¢, R.N) is at least vg + M + N. Lemma (2.5.1)
implies that the first non-trivial homogeneous part of the previous relation is of
valuation vy + M + N and it is written

N+ MAN) 4 g, RN(MAN) = N{rotMAN),

Since NIEMJFN) is homogeneous, then this relation becomes

N(V0+M+N) (V0+M+N) + (M + N)¢y, N, M+N)

The homogeneous component of degree vy + M + N in N, is written

e Ifyg+1< N —1, then

. N-1 N(M+N) M- N(M+N)
N vot+M+ = a i L V0+1 + H x,
D ; vo+1,i y"° Y + 15w Zl y a,b( y)

where H,, j is a function which depends on ay, ; for k < vg+1 and by, ; for k < 1.

Since ay,; = a’u and by, ; = b/, ,, then the difference Nt MAN) _ pp(vot MAN)

vg,t? p q
1s written N
-1
NN (3 Aizy™
b — Y tae ’

where \; = ayy41, —a
coincide with

vot+14- Therefore, the polynomial function ¢, must

A

M—i—NZy—Faux

which happens to be polynomial if and only if A; vanishes for all ¢ and therefore
¢y, must be the zero polynomial.
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o Ify+1>N —1, then

M—2 NMA+N)
NISV0+M+N) — Z bVo,ixl/0+1pT + Ha,b(xa y)
=1

where H, is a function which depends on by ; for k < 1. Since by, ; = b/

vp,t?
then the difference N£V0+M+N) — NIEVO+M+N)
must be the zero polynomial.

is zero. As a consequence ¢,

2. We suppose that vyg < N. We know that ¢ can be written as follows

(z,y) — (z(1+ Ay (z,y) +...),y(1 + By, (z,y) +...)) .

Since the action of ¢ on any component of height 1y 4+ 1 conjugates the complete
cones, then the function tB,,(1,t) — tA,,(1,t) vanishes on {0,00,a11,...,a1,},
which is the common tangent cone of N, and N,. Since the degree of tB,,(1,t) —
tA,,(1,t) is at most vy + 1, then it is the zero polynomial. Hence,

xyBy, (z,y) — vy Ay (z,y) = 0,

which is impossible since ¢ is non-dicritical.

3. Suppose that v < 2M + N — 5. The functions A,, and B,, are homogeneous of
degree vy. So, we write them as

Ay (x,y) Z a; jz'y’ and By, (z,y) = Z Bi 'yl
i+j=vo i+j=vo
Since vy > N, then the function f(t), defined by
f(t) =tByy(1,1) —tA,(1,t) =t Z (5%] Qy J) jv
i+j:I/0

vanishes at {0,00,a1,1,...,a1,nv—1}. The biholomorphism ¢ is given by ¢ = E; !
¢ o E1. So, it can be written as

d(z1,y1) = (21 (1 + A(z1, 2191)), 11 (1 + By, z1y1) — A(z, 21y1) +-.4))

where the lifted homogeneous parts of degree vy of A and B has the form

Az, myn) = D iyl and By, (w1, myn) = Y Bijatoy].
i+j=1p i+j=vg
Since the order of tangency of ¢ is vy + 1 then there exists ¢ and j satisfying

i+ j = vp such that a; ; # 0 or 3; ; # 0. Let jo be the smallest such j. So, we have

S yn) = (14 Ay (@r,9) + - ) n 0+ By () +...)
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where

T . ! wvo+i, J S _ / / vo+i, j
Ay (z1,91) = E Q; i1 Y1 and By, (z1,y1) = E (52',3‘ - O‘i,j)xl Yi-
i+j=a0<jo i+j=a0<jo

So, the order of tangency of ¢, v1+1, is equal to vy+ag+ 1. We define the function
[ by ) ) .
f@t) =tBy, (1,t) —tA,, (1,1).

We know that v; > vy > N. Since the action of ¢ on any component of height
v1 + 1 conjugates the complete cones, then, if ;1 = N, the function f vanishes at
0, 1 and oo. Since ¢ is non-dicritical then og + 1 must be greater than or equal
to 3. This implies that jo > 2 and so for all j < 2 satisfying ¢ + j = vy, we have
i j = Bi; = 0. However, the function f(t) = 3 Ditjey (Bis —a; j)t/ 72 vanishes at
{0,00,a1,1,...,a1, N—1}. Since ¢ is non-dicritical, then vy — 2 must be greater than
or equal to IN. This implies that 1y must be at least N 4+ 4 which is impossible.
Thus, v; must be greater than N. We proceed similarly at each level. Finally, if
vy = 2M + N — 6, then the function f vanishes at {0,1,00,b1,1,...,b1,m—3}. Since
¢ is non-dicritical, then ag + 1 must be at least M. This implies that jo > M — 1.
Similarly, we must have vy — M 4+ 1 > N. As a consequence, v; must be at least
2M + N — 2 which is impossible.

4. The proof is similar to that of the first point, noting that we necessarily have
ag; =aj; foralll <i< N -—1and 1<k <.
O



Chapter 3

The dimension of the moduli space
of curves.

This chapter is devoted to the study of the distribution C related to the following equiva-
lence relation on the moduli space M n of foliations: two points in M v are equiva-
lent if and only if the separatrices of the corresponding class of foliations are in the same
analytic class of curves. In section (3.1), we describe the infinitesimal generators of the
distribution C and give some properties about them. The main result of this section is
proposition (3.1.4) in which we show the algebraic independence of some coefficients of
the Oy-generator of C. Section (3.2) presents an algorithm to compute the dimension of
the generic strata of the local moduli space of curves (Theorem C). Finally, we give some
examples in section (3.3).

3.1 The infinitesimal generators of C.

We first recall general facts proved in [58], which are valid in every topological class. Let
F be a foliation defined by a holomorphic function f (or more generally by any generic
non dicritical differential form w), and let S be the curve defined by f = 0 (or by the
separatrix set of w). Let E : M — (C2,0) be the desingularization map of the foliation,
and D its exceptional divisor. We denote by f , F and S the pull back by E on M of
f, F and S. The tangent space to the point [S] in the moduli space of curves is the
cohomological group H'(D,©g) where Og is the sheaf on D of germs of vector fields
tangent to S [30]. The inclusion of © 7 into Og induces a map i:

Hl(Da(—)}—) —Z> Hl(‘Dv@S)

whose kernel represents the directions of unfolding of foliations with trivial associate
unfolding of curves.

Definition 3.1.1. An open set U of M is a quasi-homogeneous open set (relatively to
f) if there exists a holomorphic vector field Ry on U such that Ry (f) = f.

42



CHAPTER 3. THE DIMENSION OF THE MODULI SPACE OF CURVES. 43

In our case, we can always cover D by three quasi-homogenous open sets V5, V3 and
V4. The cocycle of the quasi-homogeneity [Rs3 4, R2.4] of F is the element of H'(D,Ox)
induced by (Rs — R4, Ro — Ry).

Noting that H'(D,©z) has a natural structure of Os-module, we have:

Theorem 3.1.1 ([58]). The kernel of the map i is generated by the cocycle of quasi-
homogeneity, i.e.:
ker(i) = {h‘ [R3,4, RQA], h e 02}.

In particular, the distribution induced by these directions is integrable and defines a
singular foliation C on P.

Let X, be the vector fields on P generated by " y"-[R3 4, R2 4]. We give the expression
of Xy, in the basis {%M, %’“}kl of the vector space generated by the set P:
Proposition 3.1.1. The Oz-generator of C is given by:

Xoo0= [R3— R4, Ry — Ry

’ N-1 i M—2 N—1+42i 5
2M+2N 1(22% 3akz +Z Z 1)bg; kl)
=1 : ’

=1 k=1

Proof. Let p be in P and consider the following deformation
(A\p) € (C,1) x (P,p) = Ny (2,y) = N, (Aw, A?y) = NN, (7).

This deformation is analytically trivial in A. Hence, its related cocycle is trivial. Blowing
the deformation up yields

N—-1
Np (wa,ya) = NMENLAEEN VN (1 4 2) ] (?/ﬁZV’“ Sapiey Yt 2)
1
M—2 N—1+42i =
H <1—|— Z Ne=1p, Z$4yff 1),
=1 k=1

and so we have

B Z Qk 3) )\2k 4ak .CEk 1y2k: 2
Np,A 3> = (M +2N - A1+Z = et

oyt Yo A Bag gt
Z N 1+21 (k ))\k Qbk zx4yk 1

=1

The vector field R4 is defined as a solution on Vj of R4Np = Np. Moreover, % and

8%;« are defined by the cocycle related to the vector fields X ,gjz) and Y,C(jlz) respectively
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such that X( )N = 8NP_ and Y(.)N ON” . Setting A = 1, we obtain

P ™ Oay
N—-1 1
ONpr |\ = ((ZM +2N DR+ > > (2 — B)ap. X,
M—2N—1+2i =1 Rt ~
+3 Z k— 1)by kf})N
=1

= 0(4)]\] A

The same computation in the other two charts leads to

N—-1 i M—-2N-— 1+22
0(3):((2M+2N—1R3+ZZ21<: Bar X + > k— )b, Y,

=1 k=1 =1 k=1 )

N—-1 14 M—-2 N— 1+22
0(2):<(2M+2N—1R2+ZZ21<: 3)ay ,“+Z k= 1)bi YD
i=1 k=1 =1 =

The triviality of the cocycle induced by (0(3) —CcW, c® — 0(4)) ends the proof. O
We shall make use of the following result:

Proposition 3.1.2 ([58]). The vector field Xy, , on Vect (P) is related to the cocycle
x™y" - [Rg — R4, Ry — Ry| if and only if there exists a germ of vector field

0 0
me, = Qm,n (357 t,P) 8? + Bm,n (.CU, tvp) aiy

such that

Xmn - Np = Zmpn - Np+2"y" Np,.
From now on, we denote by ¢ = ] k+N 2] + M — k the number of integer points in the
intersection between the region of moduh and the straight line of equation (y4 =k — 1)

it N<EkE<N+2M —5.

We consider the following two subspaces of the vector space generated by the set P

9 0
P. = Vect {8@;“- }z=1, ,N—l and P, = Vect {(%k’i} 1. M2
k=1,...,i k=1,...,.N—1+2¢

For 1 <1, < N — 1 (respectively 1 <1, < N +2M — 5), we denote by Pl (respectively
Pé”) the level of height [, (respectively Ip) of the subspace P, (respectively Pp), i.e

Pla = Vect {&zla 5 }i_la N—1
\Y t{ 9 if 1< I, <N
plo _ R e i=1,..,M—2 ! = 0=
b Veet { 72} it N+1< I, <N-+2M—5.
l i=M—-1— Q- LM—2
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We have the following direct decomposition of P

P = ®1<i,<nN—1Vect {77(11", Pll,b} @5:2%”]\475 Pll)b.

la=lp

The decomposition of each vector field X on P is denoted by
X :XV+XV+1 N +XN+2M_5

where XV = X%« 4 X" such that vy, = v, is the first non vanishing component of X.

Now, we consider the following two subsets of the region Qs n corresponding to the
subspaces P, and Py respectively

I, = (i,j)]OgigN—2and—(N—2)+2i§j§i}
L= (,7))|]0<j<N-land —(M—-2)+j<i<j-—1
N<j<N+2M—6and —(M—2)+jgigj—l—(M—z—qj+1)},

where the levels [, and [, are given by the straight lines of equations x4 = [, — 1 and
ya =l — 1 respectively.

x4

Figure 3.1 — The Corresponding decomposition of the region Q™Y for N =5 M =7

é\/[’N) on the

Let ©¢ be a holomorphic vector field with isolated singularities defining ]:}g
two intersections Vo N V4 and V3 N V4. We denote by [miyﬂ the class of miyi (©9,0)

(respectively a:flyi (0,0¢)) in H! (.D,C—)]__(J\LN)) if (i,7) € I, (respectively (i,7) € Ip).
P
Below, we describe some properties of the (()iistribution induced by the vector fields X, .
ops . F) o .
Proposition 3.1.3. 1. The coefficients of Bar and By N the basis
{[:Eflyi] | (i,7) ENXZUZxNst. j—2i+(N—1)>0and j—i— (M —1) <0}

are in the ring C(ay,.,b1.)[az.,...,an—1.,b2., ..., bny2n—5,.].
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aak,l’ 6bk,l
(C(CLL., bL.)[aQ’., ey AN -1, 627., veuy bN+2M—5,-]-

2. The coefficients of Xy, in the basis {L L}kl are in the ring

3. For any m, n, we have
[(2M + 2N — 1) X0,0, Xinn) = (m+2n) X

The coefficients of Xy and ngn are homogeneous with respect to the weight Xo o
of degrees (m + 2n — (2v — 3)) and (m + 2n — (v — 1)) respectively. In particular,
they only depend on the variables aj. and b;. respectively, where j < v — 1.

Proof. 1. In the proof of Theorem A in the previous chapter, the equations (2.23) and
(2.24) can be solved the following way: looking at the homogeneous part of order

v yields
ON ON, ON.
(i) = Z_ i (a) a2 ()

r+s=v
oN 8N ON,
r4+s=v

Hence, we find the following induction relations

(i) Ju @55) + Ju—vy (Br,i) NJVD (%) )
J,,( i) = X s (?;i) 0 (B (a]yvf)
Jv—vo (i) Jvg (%%) + Jv—vo (Vi) Juo (%)

o (3 3 o (5] e (52
(3

r4+s=v
s#vo

where vy = 3M +2N —1. The coefficients of .J,, (%) and Jy, ) depend only

on the variables a;. and by.. Moreover, the coefficients of J; ( Ny and Js (%)

are polynomial Hence, an induction on v ensures that for all v the coefficients
of J, (i), Jv (Bri)s Jv (Mk:) and Jy, (k) can be chosen rational in ai. and by,
and polynomial in the variables ay . and by ., k > 2. The same result holds for the
relations (2.23) and (2.24) in the other two charts. Now, following the computation
of the cocycle in the proof of Theorem A makes it obvious that the coefficients in
its Laurent development are in C(ay.,b1.)[az,.,...,an—1,,b2., ..., bNt2m—5.]. So are
the coordinates of %}H and %}M in the standard basis.

2. Combining proposition (3.1.1) and the previous point ensures that the coefficients of
Xo,0 in the standard basis are in C(a1,.,b1..)[az,., ...,an—1,,b2., ..., bDNy20m—5..]. Since
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the multiplication by x"y" is a linear shift, the coefficients of X, , are also in the

previous ring. Now, if we order the basis { [xiyﬂ }l ; and {3%,1’ abiw}kl using the

lexicographic order on N2, then the matrix of basis changing is diagonal by blocks
with coefficients in C(ay,.,b1..)[az,.,...,an—1.,b2.,...,bN20m—5.]. Moreover, the di-
agonal blocks only depend on the variables a1. and by .. Thus, the coefficients of
the inverse matrix are in C(ay ., b1,.)[ag,.,...,an—1,, b2, ..., bDN+2nr—5,.], which proves
the claim.

3. From proposition (3.1.2), we know that there exists a vector field Z = A()a% +
B()a% such that
™Y "Ny +27Z - Np=Xpmn - Np.

In particular and using proposition (3.1.1), there exists a vector field R’ such that

1

a1l M =N~ Xoo Ny

It is clear that the vector field R’ = x% + Qy% satisfies the above relation. We
note that [R’, X, ] = 0. Therefore, we can perform the following computation

[X0.0, Xmn] Ny = Xo0 (2™y"Np+ Z - Np) — X (Np — coR' - Np)

= 2™y" (Np — coR' - Np) + X0 Z - N, — 2™y" N,
—Z - Np + coR (™y"Np+ Z - Np)

= —Col‘mynR/ . Np + [X070, Z] . Np + Z - X[)}o . Np o Np
+cox™y"R' - Np + (m + 2n)cox™y"Np + coR' - Z - N,

= [X()’(), Z] . Np + Z(Np —coR - Np) - Z- Np
+(m+2n)coz™y" Ny, + coR' - Z - N,

= [Xo00,Z]  Np+co[R,Z]- Ny+ (m+2n)cox™y™ Ny,

where ¢y = m Since the vector [Xp o, Z] is written under the form (-)8% +

(‘)8%, the previous relation ensures that [Xo o, Xmn] = (m + 2n)co Xy, n. Now, if
we decompose the vector field X, , on the basis {8%“, C%L’”}kl and inject this

decomposition in the Lie bracket, it follows

[XO,Ome,n] = Z [XO,OvXZz,n}
v>m—+n+1
= Z [Xoo Zau’i (p) i +Zﬁy’i (p) 0 ]
U9 ' m,n aa’/l - m,n 8bl’l
v>m—+n+1 7 ’ 7 ’ )
= S (Koo o) + o2 — 3ok (p) 5o

v>m+n+l i 7
+ (XKoo Biin(p) + colv = DBbin(p)) 5
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Hence, identifying the coefficients in the basis {Baikz’ 8%“ }kl leads to the following

relations
Xo0 - ahin(p) + co(2v — 3)akin(p) = (m+2n)coaiin
X0,0 Bmn(p) + colv —1)Bmm(p) = (m+2n)cofmm.

Therefore a#f;n (respectively qu'%fn) is homogeneous with respect to X o. Its weight
is —co (2v —3 — (m + 2n)) (respectively —co (v —1 — (m+2n))). In particular,
since m + 2n > 1, apy'y (respectively S;:,) does not depend on a;. (respectively
b;.) with j > v since it is of weight —co(2j — 3) (respectively —co(j — 1)).

O
We can write the standard basis of H! (D, C] ]_.(]W,N)) as B = B, U By where
Po
Ba: xiyi | (iaj)EIa}
By, = zy| | (i,5) € Ib}-
If we denote by < 62 l,xiyi> the coefficient of [miyﬁ] in the decomposition of aaall on

the standard basis of H! (D, @f(M,N)>, then we have the following:
Po

Lemma 3.1.1. The term < 0 _ya > 1s equal to the coefficient of x%l in the develop-
4

v 1—1
day xy

ment of ®;(x4) in Laurent series where ®;(x4) is given by

. —(2M+N+1) U(z4)
@) = BN T ar () <wiM*2 W (1))
_ N-1
&= by ; D=1 ai,i

T4
= +
[127 (1+by ja) ; 1+b1jos 2y Hg]\iIQ (1+ by jz4)

— 1 U(zs)
(2M+N)ail Hé\;l a1 (xiﬂ/172 + W (1‘4)) .

where W and U are the polynomial functions of degree M — 1 defined in the proof of
Theorem A.

Proof. We proceed similarly like in the proof of Theorem A. In the chart Vj, we have to
solve

oN"M) oN"M) oNgMN)
# = ov,i(T4, Y4, a1, b1,i)§7x4 + B1,i(®4,Ya, a1, b15) §y4 (3.1)

Since E is defined on Vy by E(x4,y4) = (24y4, 4y3), we find that

N}gM’N)($4,y4) — xi\/[+NyZM+N(1 + 1’4)

N-1

7 M-2 N—-1+27
1 (yﬁzak,imfz—lyzk—?) i (1+ bk,ixfzyfz*) |
k=1 3 1

=1 =1 k=
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We have
~ M,N < M7N 2M+N
0Ny ): .N( )k g = vi (Q(za,y4) + y3(-..))
day ; Ya+ Y ey QkiTy Vi Y4t o
with
N— M—-2
Q(z4,ya) = 2N (1 + 24) H (a+ary) [T (1401520 + bojatya)
j=1 J=1

and where the suspension points (...) correspond to auxiliary holomorphic functions in
(x4,y4). We can write

Q(24,y1) = Q(a4) + 14Q1(z4) + y3(...),

with
N-1 M-2
Q(x )—xi\/[JrN (1+x4) H ai H (14 b1 24)
7j=1 7j=1
and
M-2 M—-2
Q1(z4) = )TN (1 + zy) H a1 jx5 Z b H (14 b1,24)
1
2#]
N—-1N-1 M-—-2
+ a1y H 1 + b 1$4
7j=1 =1 =1
i#j

Since N\MAN) — (2M+N (Q(z4) + y4Q1(z4) + y5(...)), we find that

P = Y (@) @) + () 52)
L g TH((2M 4+ N)Q(x4) + (2M + N + 1)yaQi (za) + 3(--.))

Setting 51, = y4ﬂ~17i, we deduce from (3.1) that

G — g (24, 0)Q (wa) + (2M + Ny i(24,0)Q (1)
Cuinal ngj) = o1,(24)Q (1) + 1,i(24,0)Q} (x4) + (2M + N)B1i(24)Q(4)
+(2M + N +1)51,i(24,0)Q1 (24),

(3.3)
where ai;(z4,y1) = 1,i(24,0) + ari(za)ys + y3(...) and Bii(za,y4) = Bri(z4,0) +
Br,i(za)ys + y3(...). Using Bézout identity, there exist polynomials W and Z in x4 such
that
QANQ =WQ' +2Q



CHAPTER 3. THE DIMENSION OF THE MODULI SPACE OF CURVES. 50

where Q A Q' is the great common divisor of @ and @Q’. We can choose the polynomial
function W to be of degree M — 1. We denote by

M—-2
S(xq) = x4(1 4 24) H 1+ by1izq)
=1

the polynomial function satisfying @ = (Q A Q')S. Therefore, we obtain a solution of
the first equation of system (3.3) of equations of the form

al,i($4,0) = w
Br.i(24,0) = %

The second equation can be written then as

Glts) _ ) ai(w0) Q' (wa) + Q) () + (2M + N)Bri(wa) Q)

ai ;g

4 2M4N+1 Z(x4)S(z4) Q1(z4).

2M+N ai;
Writing
M-2 b N—1 1
2 2,j
1(T4 T + Ty
Qo) = |4 X T 2 o | Qe
= =1
we obtain a solution of it of the form
w S
’ b N-1
S o Z(x4)S(z4) 1 b2y
(x = — el | 22 +
6171( 4) (2M+N)ay ; a1 2M+N 4 Z 1—|—bl7]$4 P ai,

Thus, we obtain a solution of (3.1) in the chart Vj of the form

X@:(Wm)sm)_W<x4>s<x4>y4> 0 < ! Z(M)S(m)) 0

—— +
aii CL% 8.754 2M + N a1,

ji
Similarly, in the chart V3 we write

NMN) = o2MHN (P(ys) + 23 Py (y3) + 23(...))

with
N-1 — M-2
P(ys) = ys(ys +1) || a1 H (Y3 + b1,5)
j=1 j=1
and
N-1  M-2  M-2 N-1 N-1  M-2
Pi(ys) = ys(ys + 1) ai,; bog [ (ws+013)+ > ws [] an [ (ws +01)
j=1 j=1 i=1 j=1 =1 =1
i#] i#]
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We set PAP'=UP' + VP and P = (P A P')R with

M-2

R=ys(ys+1) [] (w3 +br0)-
i=1

Also, we can assume that the degree of U is M — 1 and so we obtain the solution

@ __ L V)R 0  (Ulys)Rys) Ulys)Rlys)
Li 2M + N aig 31‘3 ai; a%i 3Y3

J 2
— + z5(...).
ay?) 3( )

To compute the cocycle we write X@ in the chart V4. Using the standard change of
coordinates x4 = 1/y3 and y4 = x3y3 and since we have

U(ys) = 28 Riyg) = 200 and v(y) = L2)
Ty Ly Ly

where U and V are polynomial functions, we find the first part of the first term of the
cocycle

XS;ZL) = XS) - X1(,4¢) = a(fu) [ Otes) + W(%)} N
+Scffj) <2M1+N Lty SQE - 2%9-%])\/) Yad
+550 (L, W(x4)) yig + y3(e.).
We have
x3Y = oMoy,
We can choose ©g = i»{f]vez;j]{vfii\r 5 with @N<M N) = 8N;: o gy aN‘gZ’N) a%. According

)

to Proposition (2.1.1), the set of the coefficients of the Laurent’s series of (I)§3{4 char-

acterizes the class of Xﬁ.’él) in Hl(D,Gf(M,N)). Now, according to (3.2), we get the
b po

equality
1 U(x4)
oy = + W () | +9a®i (24) +53(-),
! (2M—|—N)a11H “lay zAM=2 ’
where
) o —(2M+N+1) U(zq)
;i (24) = (2M+N)2ar, LH?]? . ](1+x4) (xiM—2 +W ($4)>
N—-1 1
Z b27‘7 Zi:1 ai i
M 1 1+b1 5T4) 1+b; 3554 T4 H]A/iz2 (1 + bl7j$4)
_ 1 U(x4)
(2M+N)a%i H;\f:—ll a1, (xi]\/I—Q + W (2134)> )

which ends the proof. O



CHAPTER 3. THE DIMENSION OF THE MODULI SPACE OF CURVES. 52

The next proposition is the basic tool for the proof of the main result of this chapter.

Proposition 3.1.4. If we decompose the vector field Xo o

-3 [ 2] S

Ty

N-1

—1 T4
X, . X5
00 = oM ¥oN —1 Z

+ ...

j 1

J
Y
where the dots correspond to the decomposition of Xo o at the levels l, and l, with l, > 3

and ly > 3, then the functions X“’j are the zero functions for 1 < j < N — 2 and the

functions {XOO,X(%, Y, f)]}z 1,...M—2 are algebraically independent.
j70 N-3

Proof. Let us write the decomposition of the first term of the cocycle {81?1 o 81?1 z } in the
standard basis of H'(D, @]_.(M,N))
P0

= > Ry) [ohvd]

1,JEB

where p € P. In view of Theorem A and using the notation introduced in its proof, the

first term of the cocycle associated to Bai is written {@i’ ;l, CI)%?} where
1,1 y

(34 _ 1 (z4)
<I>1,l - (2M+N)allHiV:1 ais |:miM 7 + W($4):| +y4()

(2,4) )2
CDU (M+N)(;4+a1l) [ 21(\}1/4% ~I-B(y4)] —|—334(...).

(3:4)

In fact, R! o(p) is the coefficient of i in the development of ®;;™ in Laurent series,

which is zero for all 1 <i < M —2 and Rl _i(p) is the coefficient of 3717 in the development
4

of @g ! 4 which can be written as

N-1 17
-1 (—D)NH K (—ayy) 1 B(0) | R(ya)

o = ’ + 20 Fyga() | + @),
LM EN|H ay,” yy TN e g

For simplicity, we will replace the notation R&_ ;(p) by Rél ;(p). So, we can write R& ;(p)
as follows

_ K(- B(0 o
I TN a(2Najil) T af z) ifj=0
Ry ;(p) = R ’
J 1 (D) K (=a1) F1<i<N-—2
M+N 2N 1 1 >7 > .
1,1

It is clear that Rlo,j (p) satisfies the following relation

RL L (p) B(0
{ Rho(p) =—"eal _ 1o 20
Ry ;(p) = (=1)"a{ 'R, (p) if1<j<N-2
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Thus, we obtain the following equality

N-2
) B(0 i1l 1 0 o o
dar; _M—li-N aE’l) + (—a1,) RO,l(P) []] —|—Z <aa“7l’iyi> [wiyﬂ
j=0 Ya iao ’
(3

8 . N .
+Z <(9all7xiyi> {wiyﬂ :
By, ’
J#0

Proposition (3.1.1) yields a decomposition of the cocycle X o in the standard basis which
can be written as

N-2 M—2 ” N-3 .
. Ty oz
o= o[ X x| ]+ zXz;:a[ e Y| 2]
=0 Yi i=1 Ty =0 Yy
N-1 N-1
.S xz‘ AN O i\ [,
4Yy ) |TaYy| + Z 21 5o—>%4Ys ) |Ta¥y
Ba,i#0,1 I=1 Bua,i#0,1 =2 2,1
By.j#0.1 By.j 401
M—2 N-1 i
0
+ ba x4y4 [x4y4} + (2k — 3) ak,
by dag,
By j#0 1=1 1=3 k=3 ,
Ba,i#0,1
M—2 N—1+21 9
IS SRTERIECY
I=1 k=3
where
N-1
0 _ !
Xoo = 1\14V+11vB(0)+ZR01(p>
=1
N-1
Xgg = > (~a1)Ro,(p)
=1
M—2 N-1
b _ b2z< 0 y4>+ Y < 0 y4>
0,0 = P T : P T
— by ) P day; )

M—2 1 N-1
Ya’j _ b 0 L4 0 T4 0 T4
00 = 20\ By 1 + az, Do’ -1 + —ay; Bar, 1
=1 2,0 Yy I—2 2,1 Yy =1 1,1 Yy

and c is constant given by

T 2M 42N -1
We note that the term <af = > is zero for all 1 <i < M — 2.
207 =1
Now, using the expression of K (—ay;) in (2.21), we find that Rf)’l(p) is given by
1 (1N

M+ N ay T (agg — ary)
L

Ré,l(ﬁ) =



CHAPTER 3. THE DIMENSION OF THE MODULI SPACE OF CURVES. 54

To compute the term Xg”g , we introduce the polynomial Fj in the variable x4 defined by

N-1
.1‘4 — CLLJ
7=1
Clearly, we have the following equality
1 Nz‘:l 1
- N—1
J'#5

. 0
So, we can write X} as

)N

Xg’(()) = 1 BO) + 57 NZ
’ " e aqu ! (ar — ary)

J#l
_ N-1 [COREEN|
= M+NB<O) M+N Fo(0)°
The initial expression of Fy(x4) implies that Fp(0) = Hév ' (—a1). Since from (2.22)
we have B(0) = L we obtain the following expression of ng’g

(2M+N)H 1 01,5

o_2M+2N -1

which is different from zero. '
Similarly, to compute the term Xg,’g, we introduce the polynomial F}; in the variable x4
defined by

Fj(z4) =

where Q(z4) = Hf\;l (x4 —a1;) and Pj(xy4) = (—x4) forall 1 < j < N —2. Also, we
have the following equality

1 (—a1,)’
Fjj(x4) = (r4—a1) H]Y_ll (a1 —a1,0)
i'#i
So, we can write X 0.0 ' as
N—1 ;
yai _ (DY (—a1,)’ _ (=piHt
0,0 = — = )
M+ N — ay, Hj‘vﬂl (a1y —ayy) £5(0)

Al

The initial expression of Fj(x4) implies that X ’g =0forall1<j <N -—2.
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N-1
; 0
Now, for the terms Xg:g, lemma (3.1.1) shows that the term Z —ay, <8a1 X :L‘Z;/41> is
=1 o4
N-1
equal to the coefficient of p; —L . in the development of Z —a1,®;(x4) in Laurent series
4
=1
where ®;(x4) is given by
_ —(2M+N+1) ( U(x4) )
P, (334) - (2M+N)2a17l H;V:_ll a1;(1+xs) i]w +W ($4)
_ N-1 1
= b2,j Zi:l a1,

_|_
55 1(1+bl %4) ; L+brjra ay ]_[j]\if (14 b1 jw4)

— 1 U(zs)
(2M+N)ail Hé\;l a1 (5’55”[72 + W ($4)> .

Since %m = x4y4%, then we have the following relation
0 0 1
by’ zh” oL by zi /7
M—-2 P
and so in view of the proof of Theorem (A), the term Z by { —, yfl is equal to
— 7 \Obyy
M—-2
the coefficient of xil_l in the development of Z b2,1x4\11§3l’4) (x4) in Laurent series where
v ;
=1
\115?54)(334) is given by
334 1 U(zs)
= +x4W(£C4) +y4(...).
1l (2M+N)H_1 alj(1+bll§c4) xiM 3

We can write
M—2

N-1
- o Ora) ba,j
H ai,j Z a1,1P(xs) (1+aa) [ 2 (1401 ) 2377 2 - 1+ by 24
‘]: 9.

+a4(...) +cst + ...
M—2 M—2

N-1 (3,4) b2,174 Ul(xy)
; . b |\ =
Hg:1 ai,j ZZ; 2,124V (z4) IZ; @M T N)(1+ bryza) 22 sir—3 T Ta() +yal.),
where ¢; = % and the dots stand for terms which do not contain b ;.
N-1 N-1 N-1 M—2
. . 4
The coefficient of by in the sum H aij Z —ay 1 P(x4) + H ai; Z b271x4‘11g?l’ )(1'4)
j=1 =1 j=1 =1
is given by
1 ﬁ(:&;) C1

FE (SU4) = xQM + Ccoxy

S b (U o) T2+ o)
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where ¢ = 5 M1+ N This implies that the coefficient of by; in the expression of Xg:é is
the coefficient of — in the previous expression.

4
The next part of the proof is devoted to showing that if we consider the functions X0 o as
linear functions of the M — 2 variables by ;, where 1 <[ < M — 2, then their determinant
is not the zero function. Hence, for a generic choice of the variables ba 1, ..., b2 p7—2, these
M — 2 linear functions are independent as linear functions of M — 2 variables. Thus they
are algebraically independent.
In fact, we know, from the proof of Theorem A and lemma, (3.1.1), that U is a polynomial
function in x4 defined by the equality

U(za) = 2y U (y3)
where U is the polynomial function of degree M — 1 satisfying the Bezout identity
PANP =UP +VP.

Since we are interested in the generic independence, we restrict the proof to the following
case

=

-2
bij=1 and (b)) '=-1 VI<j<M-2 if Miseven

e

g
|

2
bi;j=-1 and (=by )M '=1 VI<j<M-2 if Misodd.

Il
—

J

So, the function P, which is given by

N-1 M—2
P(ys) = ] avivs (ws+1) J] (vs +b1y),
i=1 7j=1
can be written as

N-1
H a1,:y3 ( LuE 1) if M is even

P(y3) = :_11
H a1,;y3 ( — 1) if M is odd.
=1

If M is even, then using euclidean division, we find that U is given by

~ M
U (xq) = 271+

M-1
In this case, the expression F is equal to
1 en! c1
E(zy) = + cox
(1) (1 bigwg) |14 271 2
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Also, from the proof of theorem A, we have the following equality

Ules Z dﬂ )3 + z4(...),

(1+b lx4)$4 a3

where T" is a polynomial in x4 of degree M — 2 and dj; is given by

. i~ =1
dj = (-1 0 <b>
1,1

In this case, we have A

(=1 *t 2M—i—3
M—=1 1,1

and the polynomial T satisfies the equality

dy =

2M -3

1
2M3_ Z Cﬂlg

j=M-1 Ty

where

, M
—1;2M—-3—
cji = (1) lbl,l J U1

o7

Thus, the decomposition of Xg:é, where 1 < ¢ < M — 2, on the family by;, where

1 <1< M —2,is given by the matrix

b1 b2 bM—2
Xo Xoo e Xo0
})2,1 (:2(11,1 + (:1(10,1 — C1CM-1,1 (32[12.’1 + (31[11.’1 —C1cM1 L. (:2(11\/]72,1 + (}1(11\,1,3’1 — C1C2M—4,1
a2 cadi o+ c1do2 — crep—1,2 cada g + c1dio — ey 2 e codpr—22 + crdy—32 — C1CaM—4,2
baar—2 \cadiar—2 +crdoy—2 — cicp—1,m—2  C2danr—2 +crdip—2 — cicpmr—2 .. Cadayr—am—2 + crdar—3.a—2 — C1CaM—4M—2

From the expressions of ¢;;a7—2; and d;_;;, we have the following relation

1

di—1; = Gt M2
Since d;; = —1/by ;d;—1,, we can write the following relation
1 C2
codi +crdi—1y) — Cc1Cirm—20 = |~ | c1— — | —c1| Ciym—24-
M b1

Thus, the determinant of the above matrix is equal to

M=2 c

2
H [ <C1 ) +C1] det (¢iymr—2,1)1<i<m—2
o LM b1, 1<ISM—2

which is equal to

M M—-2 M-2 1
) e 2) o
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Since by ; # by,; for i # j, the determinant is not the zero function.
The case where M is odd can be treated similarly. If M is odd, then U is given by

~ _ M
U (vq) = 2} 1+M—1'

The expression F is equal to

E (z4) =

1 gen) [ c1

+ cox
w23 (1 bygag) |1 — M1

In this case, we have

where 0 < 75 < M — 2 and

. M
—1;2M—3—
le = (—1)J lbl,l ]M — 1,

where M — 1 < 5 < 2M — 3. Thus, the decomposition of Xg:é, where 1 << M — 2, on
the family by ;, where 1 <1 < M — 2, is given by the matrix

b1 b2 b M2
Xoo Xoo e Xoo
ba1 cady,1 + c1dog + crenr—11 cada + c1di + e . cadpr—21 + c1dar—3.1 + cican—a1
a2 cadi o+ crdo2 +crep—12 cadao + crdi2 +crepp2 e cadpyr—22 + c1dp—32 + c1Can—4,2
bon—2 \codip—2 +cidoy—2 +ciey—1,m—2  cadoy—2 +cidiy—2 +ciepm—2 ... cady—2m—2 + c1dp—3 M2 + C1Can—a,M—2

Similarly, we have the following relation

di—1) = 2L CM-2

Again, since d;; = —1/by1d;—1,, we can write the following relation
1 C2
CQdZ'J + Cldi—l,l +cciym—2i=|—|c1—— | +c| cirm—2,-
M b1

Thus, the determinant of the matrix is equal to

M=2r .
2

I1 [ <Cl - b) + Cl] det (citnm—2,)1<i<m—2

oy LM 1, 1<ISM -2

which is equal to

M M—2 M—2 1 e
(M — 1) H [M (Cl - b11> + 01} Vand (=b1 1, ..., —b1,pmr—2) -
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Now, for the terms Y(f’oj , we have

0 Ty . 8 i —0
8()271 ’ yiil abl,ly yi

forall 0 < 7 < N — 3. Since 86?271 = myi%, we have

0 T4 0 1
<a> <a > o

forall 0 <j < N —3.
Again, computations similar to those in the proof of Theorem A and lemma (3.1.1)

N-1
0 =z . . .
show that the term g —aq 4 is equal to the coefficient of —1¢ in the
P 8a11 y4 -1 vl

N-1
development of Z —a1,;¥;(ys) in Laurent series where W;(y4) is given by

E

‘Ifz(y4) _ (M+N+1)

(M+N)?(ya+ai,) 1(\7 % + B(y4)}

2
Ya

2
a2iYy
1 b
* Z “—I_Z?M—l-alz

N-1 N-1
Now, the coefficient of ag; in the expression of Z —a1V(ys) = Z —a1,V;(ya) (as
=1 1=2
U1 (y4) = 0) is given by .
ear, K (ya)
Ty + a1y !
where ¢ = % Thus the coefficient of ag; in Yobj is equal to (—al,l)jRé]’l(p) added

to the coefficient of jl,l in the previous expression. Simple computations show that it
Yy
is given by

1 2\ (C1 K (—ayy) (1) o
2N - 2 — — - _1 (PN kz
(M TN el J )> fjlv 2—j caiz;/—2_] ;:O:( )'iai,

where the complex numbers k; are such that K(y) = Zfial k;yi. Similarly, we can show
that if we consider the functions YO 4 as linear functions of the N —2 variables ay;, where
2 <1l < N —1, then their determinant is not the zero function. Hence, for a generic
choice of the variables as»,...,a2 N—1, these N — 2 linear functions are independent as
linear functions of N — 2 variables. Thus they are algebraically independent. Finally,
it is clear that considering the functions X007 X00 and Yobj where 1 < ¢ < M — 2
and 0 < j < N — 3 as linear functions of 1, ag; and ba 1 where 2 <[ < N-1and
1 <!’ < M —2, we can deduce that they are algebraically independent. O
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3.2 The dimension of the generic strata.

The dimension 7 of the generic strata of the local moduli space of curves corresponds
to the codimension of the distribution C at a generic point of M. According to propo-

sition (3.1.4), the family of coefficients {Xg’g,Xg’é,Yoag}i:17,,.,M_2 of Xop is function-
’ ’ 7 j=0,...N—3
ally independent: thus, any family of r vector fields in dimension r whose coefficients

are chosen among {Xg’g,Xg’é,Yoag }i=1,..m—2 is generically free: indeed, their deter-
’ ’ 7 j=0,..,.N—3
minant cannot identically vanish since it would produce a functional relation between

{Xg’g,Xg’é,}/oaéj}izl’“.’M_Q. Thus, to compute the dimension of the generic strata, we
’ ’ © 7 j=0,..,.N-3
just have to browse the region of moduli and to compute at each level how many moduli

can actually be reached by the vector fields X,, . For the following considerations, we
recommend to refer at each step to Example 3.3.1 presented at the end of the section.

From now on, we denote by [ the levels of the region of moduli in correspondence with
the decomposition of the set P introduced before. In fact, for 1 <, < N — 1, it implies
that it is the level formed by [, = [, of the subspace P, and [ of the subspace Py, and
for N <1, < N+2M —5, it is just the level formed by l;. Proposition (3.1.4) shows that
the first level at which the vector field X o starts action is [ = 1. We note that we say a
vector field X, ,, starts action at a level [ if there is at least one non zero coefficient in its
decomposition on this level and all the coefficients in its decomposition on the previous
levels are zero. The main purpose of this section is to show:

Lemma 3.2.1. If M, N > 2, then the vector space generated by the vector fields X,
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which act at the level l =1,..., N +2M — 5 admits as a basis:

(=1 {Xo,0}

[=2 {X10}
=3 {X2,0,Xo0,1}
4<i< [F]+1 {Xi-10, X131, X042, -, X142}
1=[4]+2 { X110, X131, X0, -2, -, XN—1—2,21-N }
l=%5+3+i, 0<i<i -5, {Xi—1,0, Xi—3,1, X025 .., XN—1—2,21— N,

N even X%72+i,2’X%74+i,3’ ""X%+if2m1,m1+1}
l= N2+1 +244, 0<i<NH 5 { X110, X131, X0, -2, .-, XN—1—2,21— N,

N odd X%_zﬂ,z’X%_W,m'--aX%H_zmQ,mzH}
=N -1, N #6 {Xi21,0, X1-31, Xn-62, XN-83, -,

XNf4f2min([¥]+1,M73),min([%]qu,Mf?))Jrl}
=N —1, N=6 {X4,0,X2,1}
=N { X131, XN-52, XN-73, ")
XN—3—2min([%]+1,M—3),min([¥]+1,M—3)+1}

I=N+1+r, 0<r<N-4 {XN_&%IH,XN_&%IH,...,XNH_gm,m,

r odd XN-14+7,0, XN-3+r1, -~-,XN,%}
I=N+1+m, 0<r<N-—4, {XN—2,%+la XN—4,%+23 ---aXN+T—2n2+2,1’L2—1a

T even XN-147r,0, XN—34r1, ...,XN,L%}
I=N+1+4r, N-3<r<2M—6, {XN_&%IH,XN_&%IH, s XNt 2mgms

r odd XN 1470y XN—34r,1 o) XN,%I}
I=N+1+r, N-3<r<2M -6, {XN—2,5+1,XN—4,5+2, vy XNtr—2n44+2m4—1,

*
T even XN-147,0, XN—34r1) s XN,L%} .

where mi; = min ([%] +1,M — 3), mo = min ([%] +1,M — 3)’ ny = [N—§+2r] +2,
ng = [N_3+2l] +3, ng = [T_NTH] +N—-2andny = [#] + N — 1. The asterisk (*)
means that this family is a basis if its cardinal is less than or equal to q;, otherwise, any

subfamily of cardinal q; form a basis.

Since Xg”g is a non zero coefficient among the coefficients {X&’g } in the decomposition
of Xo,0, the vector fields X, o may start action on the subspace P,. The first level of the
subspace P, at which X,, o may have an action is [, = m+ 1 and that of the subspace P,
is I, = m + 2: this is because X,,, 0 = 2" Xo o = x]'y}" Xo,0 and the levels of the subspace
P, are determined by the powers of x4 and those of the subspace P, are determined by
the powers of y4 and since X,, o = 2™ X0, its projection on the previous levels vanish.
For 1 <1, < N —1, lg = lp, the vector fields X,, o can be used to kill only one modulus
at each level I, = m + 1 of the subspace P,. For N <[, < N + 2M — 5, the monomial
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term having ng’g as a coefficient in the decomposition of X, o is outside the region of
moduli (at these levels we are outside the subspace P,) and so we will see that the vector
field X, 0 acts only on the subspace P, starting precisely at the level I, = m + 2.

The vector fields X, 1 may start action on the subspaces P, and P,. The first level of
the subspace P, at which X,,, 1 may have an action is [, = m+3 and that of the subspace
Py is Iy = m+ 3 as well. If M = 2, then there are no moduli in the region associated to
the subspace P, and so we can use the vector field X, 1 to kill one modulus at each level
lo, = m + 3 of the subspace P,. If M > 2, then for 3 < [, < N + 1, l, = lp, the vector
fields X, 1 can be used to kill one modulus at each level [, = m + 3 of the subspace P.
For N +2 <[, < N+ 2M — 5, the monomial term having X&’g as a coeflicient in the
decomposition of X,, 1 is outside the region of moduli, and so we will see that this vector
field acts only on the subspace Py starting precisely at the level I, = m + 4.

For n # 0, 1, the vector fields X,, , may start action on the subspace P,. The first level
of the subspace P, at which X, , may have an action is l, = m +n + 2 and that of the
subspace Py is [, = m + 2n + 1 which is strictly greater than m +n+ 2 as n > 2: in fact,
Xmn =2"y"Xoo = mT+”y£n+2"X070 and the levels of the subspace P, are determined
by the powers of x4 and those of the subspace P, are determined by the powers of y4. For
le > 4, X;nn can be used to kill a modulus which is exactly at the level [, = m +n + 2
of the subspace P,. However, once all the moduli at a certain level are killed, the extra
vector fields acting at this level can be used to kill moduli at the level I, = m+ 2n+ 1 of
the subspace Py if the monomial term having ng’g as a coefficient in the decomposition
of X, is inside the region of moduli. Otherwise, if it is outside the region of moduli,
then either the extra vector fields X, , do not act at the level I, = m + 2n + 1 but act
and can be used to kill moduli at the level I, = m + 2n + 2 of the subspace Py, or they
actually act at the level l; = m + 2n + 1 of the subspace P, but all the moduli at this
level and the next levels are killed. This also works for the extra vector fields acting at
the higher levels of the subspace P,.

Based on that, we denote by vy, , +1 = m + 2n + 1 the first level of the subspace P, at
which a vector field X, ,, may have an action.

We note that if M > 2, then killing moduli on the subspace P, always starts at the level
Iy = 3 and this is because we use X to kill a modulus at the first level of the subspace
P, and X o to kill a modulus at the second level (if it exists, i.e. N > 2), so Xo 1 will
be used at the third level of the subspace P, (if N = 2 then both X and Xy will be
used at the third level of the subspace Py).

Using the equations of the edges of the region of moduli, we find that the monomial term
having X ’8 as a coefficient in the decomposition of X, ,,, which is xT+”yZ‘+2", is inside

the region of moduli when m and n satisfy the following inequalities

n+l1l < M-1
m+1 < N-—1.

The vector fields X, ,, such that m > N — 1 and n # 0 do not actually act at the level
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Vm,n + 1 of the subspace P,. The following lemma shows that they act at the next level.
We note that they do not even act on the subspace P,.

Lemma 3.2.2. For a fized integer d, the vector fields X, such that vy, +1 =d+1
and m > N — 1 act at the level vy, p +2 =m +2n + 2 = d + 2 of the subspace Py, when
there are moduli at this level.

Proof. If m > N — 1, then the vector fields X, , such that v,,, +1 =d + 1 do not act
at the level v, ,, +1 = N + 1417 where —1 < ¢ < 2M —6: X,,, o does not act at the level
Vm,n + 1 of the subspace P, and X, ,, such that n # 0 does not act at the level v, , +1
of the subspace Py. They are given by

if 7 is odd

{XN*HQJ?%*J' }o<j<i§1

{XN+2j,;—j}0§j§; if ¢ is even.
Ifi = —1,then Xy_10 = :L‘ivflyivleo,o is the only vector field X, ,, such that m > N—1
and vp, , +1 = N which does not act at the level N of the subspace P, (because it does
not exist actually): indeed it is the first vector field for which the monomial term having
X5 ’8 as a coefficient in its decomposition , which is xiv _1yiv ~1 is outside the region of
moduli: it is actually at the edge of equation (2x4 —ys — (N — 1) = 0) of the region.
Supposing that M > 2 (otherwise there are no moduli in the region associated to the
subspace Py), the coefficient of y4 in the decomposition of X ¢, which is Xg:(l), is different
from zero. So, the vector field Xy_; o acts at the level N + 1 of the subspace Py: in its

decomposition, Xg:é is the coefficient of 23~y which is the first monomial term inside
the region of moduli at the level N + 1.
i+l

If 0 <4 < 2M — 6, such that 7 is odd, then since X, _; i1 =y 2 Xy_1, the monomial
72
term having X ’8 as a coefficient in the decomposition of X _, i11 is also at the edge
b b 2

of equation (2x4 — y4 — (N — 1) = 0) of the region of moduli (as y = z4y7). Again since
M > 2, the vector field X 5, _, it1, which does not act at the level N +1+17 of the subspace
)

Py, acts at the level N + 1+ (i + 1): also in its decomposition, Xg:é is the coefficient of

N-14+41 ;
Ty A yiv ~1++2 which is the first monomial term inside the region of moduli at the

level N + 1+ (i+ 1). Now, for the other vector fields, we have

22 .
) — pJ )
7'XN71,7';1 — 1‘4XN71,7'§1'

Xy i

,1+2j7i~£1 —j -

If j +1 < M — 2, then the coefficient of ¥ in the decomposition of X, which is
Ty

Xg’éﬂ, is different from zero, and so the first monomial term inside the region at the

N—1+4L

level N 4+ 1+ (i + 1) which is x,
the decomposition of X

— 1 . +1 . .
yiv 142 il have Xg’6+ as a coefficient in

1424l This means that to show that the vector fields
9,5 —J
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{XN—1+2j,“’21—j}O<j<i+21 act at the level N + 1+ (i + 1), it is enough to show that we

have the following i_ne_quality
jH+H1< M -2

for0<j < ”‘1 , which ensures the existence of “oforall0 <j< ’+1 in the decomposition

of Xoo. In fact it is enough to show that these vector fields act at the level vp, p, +2 =
N+1+(+ 1) = d + 2 when there are moduli at this level. More precisely, we need

to consider the action of the r vector fields {XN_1+2j it1 at the level d + 2

3 _j} <j<r—1
if the number of points at this level is greater than or equa?_t]o_; i.e. if we have the
following inequality ggio > r where qq10 = ] #] + M — (d+2). It clearly implies that
j+1<M-—-2forall0<j<r-—1.

If 0 <i<2M — 6, such that i is even, then we have

20+l J+1 3
Xnyajij =27 ys I Xy 10 = (96‘4 y4> (z4y3)? Xn-10-

Similarly if j +2 < M — 2, then the coefficient of %+ in the decomposition of X,
Ty
which is XO’] +2, is different from zero, and so the first monomial term inside the region

of moduli at the level N 4+ 1 + (i + 1) which is x4 1+2yN 12 will have X ’]+2 as a
coefficient in the decomposition of X 42j,i g This means that to show that the vector
’2

fields {X act at the level N 4+ 1+ (i + 1), it is enough to show that we

N”j’;j}ogjs;
have the following inequality
j42< M -2

for 0 < j < 5, which ensures the existence of %1 for all 0 < j < 5 in the decomposition

of Xo0. As before it is enough to show that these vector fields act at the level vy, ,, +2 =
N+ 1+ (i+1) =d+ 2 when there are moduli at this level. More precisely, we need to

consider the action of the r vector fields {XN+2j i_j}0< - at the level d + 2 if the
1) _j_,,,_

number of points at this level is greater than or equal to r i.e. if we have the following
inequality gq42 > r where g1 = ] #] +M—(d+2). It clearly implies that j+2 < M —2
forall0 <j <r—1. O

If M > 2, then the vector fields X,,, such that n > M — 1, which are extra from the
region associated to the subspace P,, may start action at the level v, ,,+1 of the subspace
Pp. In the next lemma, which deals with the generic dimension of the distribution C, we
will see that all the moduli at such a level as well as the next levels are killed. Lemma
(3.2.1) is equivalent to:

Lemma 3.2.3. If M > 2 and N > 6, then for anyd =0,..., N +2M — 6, the dimension
of the vector space generated by the vector fields Xy, , which act at the level | = d +1 is
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given by:

1 ifd=0,1

2 ifd=2

1+ min(N—-d—1,d—1) if 3 <d < [MF2]

N —d+min (M -3, [ZF] +1) if d = +2+ i where
O§i§%—3andNiseven

N —d+min (M —3,[%] +1) if d =2+ + 1+ i where
Ogiﬁ%—SandNisodd

1+min (M — 3, [2] +2) if d=N

min(QN+1+r,[W]+[%]— %}4—2 itd=N+r wherel <r <N -4

min (qN+1+T,N—2—|— [“];UA] + g] - [%]) if d = N + r where
N-3<r<2M —6.

\

Proof. It is clear that only X acts at the level [ =1 and X acts at the level [ = 2.
The vector fields X2 and Xg 1 act at the level [ = 3 and they are linearly independent.
In fact, their decomposition is given by the following invertible matrix

Xoo Xo1

2 9 a,0 a,l

L4Yy Xo,o Yo,o
2 a70 :

T4Yy 0 X070

For d > 3, the vector field X,, o such that m +1 = d+1 acts at the level [, = d+1 of the
subspace P,. The vector field X, 1 such that m +3 = d + 1 acts at the level [, = d + 1
of the subspace P} (it also acts at the level I, = d + 1 of the subspace P, but we will
consider its action on the subspace P, as M > 2). The number of vector fields X,,
such that n #£ 0,1 and m +n+ 2 =d + 1 is equal to d — 2 and the number of points at
the level I, = d + 1 of the subspace P, is equal to N —d — 1.

If N is even, then the first level of the subspace P, having all the moduli killed corresponds
tod= % and there are no extra vector fields at this level. For d = % + 1, there are two
extra vector fields acting a the level [, = d 4+ 1. Among them, the vector field X, ,, with
the smallest n is given by X N 9y This vector field acts on the subspace P, starting

precisely at the level [, = % 4+ 3. Thus, if 3 < d < % + 1, then the dimension of the
vector space generated by the vector fields X, ,, which act at the level | = d 41 is equal
tol+min(N—-d—1,d—1). In fact, if 3 < d < %, then their decomposition is given
by the matrix

Xodg-1 Xid-2 ... Xg32 Xgo Xg-21
d. 2 a,2d—3 a,2d—4 a,d a,d—1
T4y Yo,o Yo,o ce Yo,o 0 Yo,o
dod—1 a,d a,d—1 a3 i a,2
T4y Yo,o Yb,o e Yo,o 0 Yo,o
d. d a,d—1 a,d—2 a,2 a,0 a,l
LYy Y50 Yb,o ce Yo,o Xoo Yoo

zd=1yd 0 0o ... 0 0o X&)
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which is clearly invertible. If d = % +1 and d # N — 2, then their decomposition is given
by the matrix

Xodg-1 Xidg—2 - Xn—a—32a-N4+2 Xao  Xa—21
xgyZd—N—m 1/0%]\[_3 1/0%]\]_4 o }/()(T[’)d 0 }/O%N—d—l
g L (R ' A S 1§
#fy] LY (1 ST (RS O (1)
a4 1yd 0 0o ... 0 0 Xoo

which is clearly invertible as well. We note that if d = % +1 = N —2, then the associated
matrix is the principle submartix of the above matrix corresponding to the vector fields
Xd70 and Xd,271.

To know the number of vector fields which act at the level [, of the subspace P, for
% 4+ 3 <l < N, we have to count the extra vector fields acting at the levels % +2<
lo, < N —1 of the subspace P,. For that we write d = % 47 where 1 < j < % —2, and so
the number of the extra vector fields acting at the level I, = d+ 1 is equal to 2j. We can
easily check that among them the number of those which act at the level [, = % +3+1
where 0 < ¢ < % — 3 is equal to [QZ:SLI] + 1. We note that at the levels % +3<1, <N,
all the moduli are killed. Thus, if % 4+ 2 < d < N — 3, then the decomposition of the
vector fields which act at the level [ = d + 1 is given by the following invertible matrix

Xod-1 Xid—2 .- Xn-d-32d-N+2 Xdo  Xa—21 Xy opin XN apiz o XNy ommin
d, 2d—N+2 a,N—3 a,N—4 a,d a,N—d—1
T4Yy Yo,o Y(),U s Yo,o 0 Y(),U
dd—1 ad a,d—1 0,2d—N+3 : a2
TyYy Y50 Y50 e Y50 0 Yoo *
d. d a,d—1 a,d—2 a,2d—N+2 a0 a,l
T4Ys Yoo Y00 e Y00 X0/ Y00
d—1,d a,0
Ty Y 0 0 . 0 0 Xoo y
d—2, d a,0
zq yd Xo0 *
d—3, d a,0
Ty Ya Xoo
: 0 .
d—1-m1,d a,0
Ty Ya ‘ 0 %00

where m; = min ([222] +1, M — 3). If d = N — 2 (respectively d = N — 1), then their
decomposition is given by a matrix of the above form such that the first block matrix
reduces to its principle submatrix corresponding to the vector fields X40 and X4 2
(respectively Xg_21).

Now, for d = N — 1, the number of vector fields X, ,, such that n # 0,1 and m+n+2 =
d—+11is equal to d —2 = N — 3. Actually, if we write d as before i.e. d = % + 7 with
j= % — 1, then this number is not equal to 25 = N — 2. The vector field among them
having the greatest n is given by Xy y_2. Since this vector field starts action at the level
Iy, = 2N — 3 of the subspace Py, then we can not use the previous formula to find the
number of vector fields which act at the levels I > 2N — 2 of the subspace Pp. If we
write d = 2N — 3+ j where 0 < 5 <2M — N — 3, we can easily check that among them
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the number of those which act at the level [, = d+ 1 is equal to NV — 3 + [%} For the

levels [y =d+1= N+ 1+ r where 0 < r < 2M — 6, we know from lemma (3.2.2) that

among the vector fields X, ,, such that n # 0,1 and m +2n+1 = d + 1, there are [%]

vector fields such that m > N — 1 which do not act at the level I, = d + 1. They are
given by the family

X420 Xy_q ez p 1723 is 0dd
’2
Xi—42, ---7XN,g} if r >4 1iseven .
However, we also know from lemma (3.2.2), that at the previous level [, = d,_1 +1 where
dyr—1 = N+ (r—1), there are [%] + 1 vector fields X, ,, such that m+2n+1=d,_1+1
which do not act at the level I, = d,_1 + 1 because m > N — 1 but act at the level
Iy = d, + 1 where d., = N +r. They are given by the family
XN,HT,O,...,XNT;l} if r is odd
T2
XN-14r0, ...,XN_L%} if 7 is even .
We note that the vector fields X, ,, such that m > N — 1 do not act on the subspace
Py. Thus, if 0 < r < N —4 and r is odd, then if the number of the vector fields which

act at the level [, = N + 14 r, which is equal to n; = [W] + 2, is less than or equal
to the number of points at this level, then their decomposition is given by the matrix

XN—3,%+1 XN_5’%+2 [ XN+7'727L1,7L1 XN71+1:,O XN73+7‘,1 s XN,%
JI R ) . b,r51 42 b7t +1
I AR ngg * Xoo? Xoo? ngg
N+ZE -3 Ny a,0 b, 543 b, 5542 b,3
Ty Ya Xoo Xo0 Xo0 e X0
) _ . ) ; 1 b,n.7g
zp Ty N 0 X5 Xg5! Xg5! o Xgy 2
-3
N+r—ni1—1, N+r bni+1 bn1 b,nl—’T
Ty Ya Xo0 Xo.0 - Xoo
) N+ —ni—1 Ny, ’ Xb,n1.+% Xb’7L1.+% Xbﬂ".llﬂLl
T Ya 0.0 0.0 - Ko

We note that having vector fields less than the number of points at that level is equivalent
to having the following inequality

1
m<M-—2-"11

This ensures that all the entries X(I)):d in the last block matrix of the above matrix satisfy
j < M —2 and so they are different from zero. Otherwise, if their number is greater than
the number of the points at that level, then their decomposition is given by a principal
sub-matrix of size gy 414, of the above matrix. So, it is invertible.

Similarly, if 0 < r < N — 4 and 7 is even, then if the number of the vector fields which
act at the level [, = N 4+ 14 r, which is equal to no = [W] + 3, is less than or equal
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to the number of points at this level, then their decomposition is given by the matrix

Xy_2z41 Xn-az42 XN tr—2n042m0—1 XN-14r0 XN-34r1 Xn-1,z
NAEL wi v b+
Ty Yy Xo,o * Xo,o Xo,o Xo,o
N+5-2 Nir a,0 b,5+2 bL+1 b2
Ty Ya Xo,o Xo.6 Xo6 Xo,o
) N+r—no+1, N+r a,0 b,T’LQ*l b,7’1272 b1"2.*%*1
Ty Yy 0 Xo,o Xoo Xo,o Xo,o
S NAr—nms, N+r b,na bna—1 b¢7l2*%
Ty Yy Xo,o Xo,o Xo,o
Ntz 0 ba+ 2 bmo+I-1 E
37n2, N+r n2tg n2tg b,na
Ty Ya Xoo Xo,o Xo,o

Having vector fields less than the number of points at that level is equivalent to having
the following inequality

nQSM—Q—g.

This ensures that all the entries X(l)):d in the last block matrix of the above matrix satisfy
7 < M — 2 and so they are different from zero. Otherwise their decomposition is given
by a principal sub-matrix of size gny114, of the above matrix. So, it is invertible.

Now, if N —3 < r < 2M — 6 and r is odd, then the number of the vector fields which
act at the level [, = N + 1+ r is equal to ng = [#] + N — 2. If this number is less
than or equal to the number of points at this level, then their decomposition is given by

the matrix

Xn_s, g XN_5‘%+2 XNtr—2n3,n3 XN-14r0 XN-31r1 XN,%
N [ . xpor P xper ! x02
ay N Xzl Xot Xy xe3
T 0 XG0 Xt xpp xid
AT oot X Xog "
N 0 b E b ﬂ 1 b J\;H-r+1
xFyNrr Xoo v Xoo o Xoo

which is invertible for the same previous reason. Otherwise their decomposition is given
by a principal sub-matrix of size qn414+, of the above matrix.
If N—3<r<2M — 6 and r is even, then the number of the vector fields which act at
the level [, = N + 1+ r is equal to ngy = [T_NTH] + N — 1. Similarly, if this number is
less than or equal to the number of points at this level, then their decomposition is given

by the following invertible matrix

Xnoozy1 Xyogzyo XNir—2n4+2,n4—1 XNo14r0 XN-34r1 Xno1z
N+5-1 N4r a,0 b,5+1 b5 b,1
Ty Ya Xo0 * X0.0 X0.0 X0
N+5-2 Nip a,0 b,5+2 b,5+1 b,2
Ty Yy Xo,o Xo,o Xo,o Xo,o
: : : .
ng—1_ N+r a,0 bng—1 bng—2 b17
Ty Yy 0 Xoo Xo0 Xo0 Xo0
N
ng—2, N+r b,ng bna—1 b,7+1
Ty Yy Xo,o Xo,o Xo,o
. 0 ~ 1\ :
T-1 N b5 +r+1 b, 5 +r b
2 +r 2 2 4
Ty Yy XOA,O XO,O XO,O
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Otherwise their decomposition is given by a principal sub-matrix of size gny14, of the
above matrix.

We note that if M is odd, then the number of the extra vector fields acting at the level
lo =d—+ 1, where d = % +jand 1 <5< % — 2, is greater than or equal to the number
of the remaining points at the horizontal line of equation (y4 = d) of the subspace Py
if j > 23 This means that at the levels I, > Y3M=L _ 3 all the moduli are killed.
The vector fields X, ,, such that n > M — 1, which act at the level I, = m +n + 2 but
extra, satisfy the inequality m +n > % Thus, they may start action at the level
I > % where all the moduli are killed. The number of the vector fields X, ,, such
that m+n+2 = N + s, where s > 0, is greater than or equal to the number of points at
the horizontal line of equation (y4 = N — 1 + s) of the subspace P, if N—1+s> M —2,
so at the levels I, > N + M — 4, all the moduli are killed. The vector fields X, , such
that m+n+2=N+sand n > M — 1, where s > 0, may start action at the levels
ly > M + N — 2 where all the moduli are killed. A similar argument works if M is even.

The next part of the proof is devoted to the case where N is odd. If N is odd, then the
first level of the subspace P, having all the moduli killed corresponds to d = % and
there is one extra vector fields at this level. We can choose the vector field X, , with
the smallest n which is given by X Ni1 o3y This vector field acts on the subspace P,

starting precisely at the level [, = % 4+ 2. Thus, if 3 <d < %, then the dimension
of the vector space generated by the vector fields X, ,, which act at the level | =d + 1
is equal to 1 + min (N —d —1,d — 1).

As in the case where N is even, to know the number of vector fields which act at the
level [, of the subspace P, for & ; L 12 <, < N, we have to count the extra vector
fields acting at the levels % +1 <1, <N —1 of the subspace P,. For that we write
d= % + j where 0 < 5 < % — 3, and so the number of the extra vector fields acting
at the level I, = d 4 1 is equal to 2j + 1. Similarly, we can check that among them the
number of those which act at the level [, = N+L 4 944 where 0 <i < % — 3 is equal
to [%] + 1. Also, we note that at the levels @ +2 <1, < N, all the moduli are killed.
Now, for d = N — 1, the number of vector fields X, ,, such that n # 0,1 and m+n+2 =
d+1is equal to d —2 = N — 3. If we write d as before i.e. d = % + j with
j= % — 2, then this number is not equal to 25 + 1 = N — 2. The vector field among
them having the greatest n is given by X y_2. Since this vector field starts action at the
level I, = 2N — 3 of the subspace Py, then we can not use the previous formula to find the
number of vector fields which act at the levels I, > 2N — 2 of the subspace Pp. Similarly,

if we write d = 2N — 3+ j where 0 < j < 2M — N — 3, we can easily check that among
them the number of those which act at the level [, = d + 1 is equal to N — 3 + {%}

Thus, for the levels N +1 <[, <2M + N — 5, the same argument as the case where NV
is even works. O

Remark. If M > 2 and N <5, then for any d = 0,...., N + 2M — 6, the dimension of
the vector space generated by the vector fields X, , which act at the level | = d + 1 is
given by:
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1. N=5
(1 ifd=0,1
2 ifd=2,3
l+min(l,M —-3) ifd=4
l+min(2,M —3) ifd=5
min (3, M — 3) itd=6
\min(qr+6,[%]+3) ifd=r+5 where 2 <r <2M —6.
2. N=4
1 ifd=0,1,3
2 ifd=2
1+ min (2, M — 3) ifd=14
min (g,15,2 [5] — [“51] +2) if d =7 +4 where 1 <r < 2M —6.
3. N=3
1 ifd=0,1,2
1+ min (1, M — 3) ifd=3
min(qr+4,r— [%]—i—l) ifd=r+3wherel <r <2M —6.
4. N=2
1 ifd=0
0 ifd=1
1+ min (1, M — 3) if d=2

min(qr+3,2 [g] — [%} +1) ifd=r-+2wherel <r <2M — 6.
We note that we can easily check that if the number of the vector fields acting at some
level is less than that at the previous level by one (which is the only possible case and
it is only possible if [, > N + 1), then the number of points at this level is less than the
number points at the previous level by one. So, we do not need to consider the vector
fields, which are extra at some level, at the next level.

If we let
N—4
N —3+2r r r—1
YL £ A =
r=0
QN+1+TZ[N_§+2’"]+[§ —[";1]—%2
2M—6
r—N+4 T r—1
+ Z CIN+1+r—(N—2+[2]+{2}—[ 5 });
r=N-3

‘1N+1+r2N—2+[#]+[%]_[r;1]

where exceptionally qy+1 = M — 3, then the previous lemma implies that we have the
following;:
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Theorem C. The dimension of the generic strata of the moduli space of S = { farn = 0}
is given by

1. if M, N # 2 and N is even:

TM,N = To+3N—7+(M—3)(%+2)+w
N3
< %+ 1
M —4—
oy (e[
(25 +1<M -3
2. if M,N # 2 and N # 3 is odd:
TMN = ro+3N—7+(M—3)(¥+2)+(st)z
N+l g
+ ZZ M—a— |2
=0 3
[2]+1<M-3
3. if N=3, M #2:
2M—6 ,
vy =@+ 3M 3N =17+ > (grpa - b]_g)
r=1
4. if M =2, N #2:
(%3]
TMN =2N =5+ > (N -2d—1)
d=2
5 if N =2:
2M—6
r+2 T r—1
sy ¥ ([
r=0

arva2[2]+[5]-[5]

3.3 Examples.

In this section, we present some explicit examples.

Example 3.3.1. For N =8, M =7, we have 778 = 49. In fact, the region of moduli
Qum,N 15 gwen by
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| %

I

]

Figure 3.2 — The region Qp;n for N =8, M =7

The vector field Xo o is given by

b gl
XOO—XOO +ZX08[ F 1} +ZY00] i
i=1 Yy

The vector fields X, satisfying m +n =d for d =0,...,8 are given by

m+n=0: X070 (la:l)

m+n=1: X1,0 (la = 2) X[)’l (lb = 3)

m+n=2: X270 (la = 3) X171 (lb = 4) X072 (la = 4)

m+n=3: X370 (la = 4) X271 (lb = 5) XLQ (la = 5) Xoyg (la = 5)

m+n=4: X470 (la = 5) X371 (lb = 6) X272 (lb = 7) X173 (lb = 8)
Xoa (I =6)

m+4+n=>5: X570 (la = 6) X471 (lb = 7) X390 (lb = 8) X273 (lb = 9)
Xi14 (I, = 10) Xogs (I, =11)

m+n=6: Xeo (o=7) Xs1 ([,=8) Xso (p,=9) X33 (I =10)
Xo4 (I, =11) Xi5 (I, =12) Xoe (I, =13)

m4n="7: X770 (lb = 9) X671 (lb = 9) X572 (lb = 10) X473 (lb = 11)
X34 (lb = 12) Xas (lb = 13) Xi6 (lb = 14) Xo7 (lb = 15)

m+n=28: X&o (lb = 10) X771 (lb = 11) X672 (lb = 11) X573 (lb = 12)
Xaa (lb = 13) X35 (lb = 14) Xag (lb = 15) X171 (lb = 16)
Xog (I =17)

where the level in the parenthesis is the level at which the vector field acts.

The decomposition of the vector fields acting at the level | such that | = d + 1 on the
corresponding basis is given by:

o Forl =1, we have X .

o forl =2, we have X1 .
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o forl =3, we have Xoo and Xo 1.

Xoo Xoa

2 92 a,0 a,l
TyYy Xo,o Yo,o
2 a”o
T4Yy 0 XO,O

o forl =4, we have Xo2, X309 and X1 1.

Xo2 X30 Xi11

) )

3 92 a,3 a,2
L4Yy Yo,o 0 Yo,o
3.3 a,2 a,0 a,l
L4Y4 Yo,o Xo,o Yo,o

#yi\ 0 0 Xgy
o forl =25, we have Xo3, X12, X40 and Xo;.

Xoz Xio Xuo Xon
v (Yo Yoo 0 Y5
whud | Yoo Yon 0 Yo
whut | Yoo Yow Xoo Yoo
i\ 0 0 0 Xy

o forl =06, we have Xo4, X50 and X3.

Xoa Xs0 Xs;
il (Yon 0 Yoy
wiyl | Yo XG0
xiyi 0 0 Xg’g

o forl =17, we have Xgp, X41 and Xa3.

Xeo X1 Xopo
6.6 a,0 a,l
zrays [ Xoo Yoo *
5,6 a,0
LYy 0 X0
4,6 a,0
ThY4 0 0 X070
o forl =38, we have X51, X32 and X 3.
X551 X3z2 X3
6,7 a,0 a,l
zays [ Xoo Yoo *
5 7 a,0 a,l
L4Y4 0 Xo,o Yo,o
4,7 a,0
iy, 0 0 Xo,o
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e Forl = 9, we have X671, X472, X273 and X770.

Xe1 Xu2 Xoz Xrp
i (XS0 Yoo o+ X0
St 0 Xon Yoh o Xoo
il 0 0 XGy Xoo
8\ 0 0 0o Xb

e Forl= 10, we have X5’2, X373, X174 and Xg,(].

X522 X33 Xia Xgp
oy (Xoo Yoo o+ Xob
| 0 X§E Yoy Xoo
il 0 0 X5y Xop
iyl \ 0 0 0 Xgp

Example 3.3.2. For N =9, M = 6,we have 1769 = 47. The vector field Xo is given by

4 6
0 bi | Y4 | 2
XO,O:X&O +ZX0})[ i_l} +ZYE)(T0] -1 LA
i=1 Ly =0 Ya

x4

pr
s

-5

~

Figure 3.3 — The region Qprn for N =9, M =6
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The vector fields X, n satisfying m +n =d for d=0,...,9 are given by

m+n=20: X070 (lazl)

m+n=1: X9 (lo=2) Xo1 ([,=3)

m+n=2: X270 (la = 3) X171 (lb = 4) X072 (la 4)

m4+n=3: X370 (la = 4) X271 (lb = 5) Xio (la = 5) X073 (la = 5)

m+n=4: X470 (la = 5) X371 (lb = 6) X272 (lb = 7) X173 (la = 6)
Xoa (lo = 6)

m+n=259: X570 (la = 6) X471 (lb = 7) X372 (lb = 8) X273 (lb = 9)
X14 (lb = 10) Xos (la = 7)

m+n==6: X@}o (la = 7) X571 (lb = 8) X472 (lb = 9) X373 (lb = 10)
Xo4 (lb = 11) Xi5 (lb = 12) Xoe (lb = 13)

m+n=7: X770 (la = 8) X671 (lb = 9) X572 (lb = 10) X473 (lb = 11)
X34 (lb = 12) Xos (lb = 13) Xi6 (lb = 14) Xo7 (lb = 15)

m4+n=28: X&O (lb == 10) X771 (lb == 10) X672 (lb == 11) X573 (lb == 12)
Xa4 (I, =13) X35 (I, =14) Xog (I, =15) Xi7 (I, = 16)
Xos ()

m+n=9: Xgg (I, =11) Xg.1 (I, =12) X729 (I, =12) X633 (I, =13)
X554 (lb = 14) X5 (lb = 15) X3 (lb = 16) Xor7 (—)
X1g () Xoo (-)

where the dash means that the vector field does not act at any level.

The decomposition of the vector fields acting at the level I such that Il = d + 1 on the
corresponding basis is given by:

o forl=1, we have Xo.
o forl =2, we have X1 .

o Forl =3, we have Xoo and Xq 1.

2 92 a,0 a,l

TaYy Xo,o Yo,o

2 a”o

T4y 0 Xo,o

o forl =4, we have Xo2, X309 and X1 1.

Xo2 X30 X1
3 92 a,3 a,2
LYy Yo,o 0 Y00
3 3 a,2 a,0 a,l
L4Y4 Yo,o Xoo Yoo
2,3 a,0
T5Yy 0 0 X070
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o Forl= 5, we have X073, X172, X470 and X271.

4,2
o
4,3
o

4,4
o

3.4
TyY4

X2
Yol
Yo
Yo
0

o Forl =06, we have Xo 4, X13, X50 and X31.

5,3
T4Ys
5,4
T4Y4
5.5
TyYy

4.5
o

Xo0,4
Yoo
Yo
Yo'
0

X1,3
Yo
Yo'
Yoo
0

o forl =17, we have Xo5, X60, X4,1 and Xo 2.

6,5
T4Y4
6,6
TaYy

5 6
TyYy

4,6
TaYy

Xo,5

Yol

Yoy
0
0

X6,0
0
X350
0
0

o forl =38, we have X7, X51 and X332.

X70 Xs51 X3

X400 Xoi
0 Yy
0 Yy
X350 Yoo
0 Xgp
X50 X3
0 Yy
0 Yy
X350 Yoo
0’ X
X411 Xopo
Yoo
Yoo o
X&’g Yo?bl
0o X3

7.7 a,0 a,l
zays [ Xoo Yoo *

zSy] 0 X&

ahyi \ 0

o Forl =9, we have X¢1, Xa2 and Xo3.

X1 X4 Xog3

7,8 a,0 a,l
zyys [ Xoo Yoo *

z8y8 0 X&

iy \ 0

76
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e [or | =10, we have to choose four vector fields among X71, X592, X33, X14 and

X870.

X71 X550 X33 Xia
oyl [ Xoo Yoo o+ %
syl 0 Xgp Yooooox
il 0 0 X5y Yo

yd\ 0 0 0 XgY

Example 3.3.3. For N =5, M =7, we have 175 = 30. The vector field Xoo is given
by
T4

v

T + .-

5 2

0 bi | Y4 J

Xoo = Xg,O + ZXO}J Lz‘—@ + Z Y(f()]
i=1 4 j=0

x4

.
-//

-6

N

Figure 3.4 — The region Qp;n for N =5 M =7
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The vector fields X, n satisfying m +n =d for d =0, ...,8 are given by

m+n=20: X070 (lazl)

m+n=1: X9 (lo=2) Xo1 ([,=3)

m+n=2: X270 (la = 3) X171 (lb = 4) X072 (lb = 5)

m4+n=3: X370 (la = 4) X271 (lb = 5) XLQ (lb = ) Xos (lb = 7)

m+n=4: X470 (lb = 6) X371 (lb = 6) X272 (lb 7) X173 (lb 8)
Xoa (ly=9)

m+n=>5: X570 (lb = 7) X471 (lb = 8) X372 (lb = 8) X273 (lb = 9)
Xia4 (lb = 10) Xos (lb = 11)

m+n==6: X@}o (lb = 8) X571 (lb = 9) X472 (lb = 10) X33 (lb = 10)
Xo4 (lb = 11) Xi5 (lb = 12) Xoe (lb = 13)

m+n=7: X770 (lb = 9) X671 (lb = 10) X572 (lb = 11) X473 (lb = 12)
X34 (lb = 12) Xos (lb = 13) Xi6 (lb = 14) Xo7 (lb = 15)

m4+n=28: X&O (lb == 10) X771 (lb == 11) X672 (lb == 12) X573 (lb == 13)
Xaa (bh=14) X35 (b=14) Xo6 (—) X7 ()
Xos ()

The decomposition of the vector fields acting at the level | such thatl = d + 1 on the
corresponding basis is given by:

o Forl =1, we have X .
o forl =2, we have X1 .

o forl =3, we have Xoo and Xo 1.

)

2,2 a,0 a,l

LYy Xo,o Yo,o
2 a,0

T4Yy 0 X070

For | =4, we have X3 and X1 1.

X30 X1
3 3 a,0 a,l
T4Yy (Xo,o Yo,o )

2,3 a,0
TaYs 0 Xo,o

For 1 =5, we have Xa1 and Xo 2.

)

3 4 a,0 a,l
L4Y4 (Xo,o Yo,o )

2,4 a,0
LYy 0 Xo,o
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o forl =06, we have X31, X12 and X4.

79

X311 Xi2 Xap

4,5 a,0 a,l b,1

LYy }(&0 i%x) )(QO

3,5 a,0 b,2

T4Yy 0 )on )(op

2,5 b3

TIY; 0 0 X00

o forl =17, we have Xo2, Xo3 and X5.

Xoo Xoz Xsp

4.6 a,0 a,l b,2

TaYy )(mo yﬁp -Xbp

3,6 a,0 b3

T4¥Yy 0 )on )(QO

2,6 b4

T3Y4 0 0 Xy

o Forl =38, we have X392, X13, X0 and Xy 1.

X332 Xi3 Xeo Xai
5 7 a,0 a,l b,2 b,1
T4¥Y4 Xo,o Yb,o Xo,o Xo,o
4,7 a,0 b3 b,2
LYy 0 )on }(QO }(QO
3.7 b4 b,3
LYy 0 0 }(QO }(QO
2,7 b5 b4
L1Yy 0 0 }(QO )(QO

e forl =9, we can choose three vector fields among X2 3, Xo4, X70 and X51.

5,8
T4Yy
4.8
TyYs

3.8
TyYs

Xo3  Xoa
a,0 a,l
XO,O }/-070
a,0
0 XO,O

0 0

e [orl =10, we ca choose three vector fields among X33, X14, Xgo0, X6,1 and X42.

6,9
TyYy

5,9
TyYs

4,9
TaYs

X33 Xi4
a,0 a,l
XO,O YE),O
a,0
0 Xo,o

0 0

X3,
X0
X0
X0



Chapter 4

Second universal family of normal
forms of foliations.

In this chapter, we present another universal family of analytic normal forms in section
(4.1) (Theorem D). We also prove its global uniqueness in section (4.2) (Theorem E).

4.1 The local normal forms.

Considering the same space of parameters P, for p € P, we define the analytic normal
form by

N

-2 1 M-1 N—3+21
NN = zy(y+2) ] <y+ Zak,z'wy’“‘1> 11 (y+ > bk,i$k+1> -
1 k k=1

=1 =1

1=

We consider the saturated foliation F éM’N) defined by the one-form dN. g,M’N) on C*Hom.N

and so we have:

Theorem D. For any py in P the germ of unfolding {EI(,M’N),p € (P,po)} s a universal

equireducible unfolding of the foliation £§,§4’N).

Similarly, since, according to theorem (1.2.1), after desingularization any equireducible
unfolding is locally analytically trivial, there exists X;, [ € {2,3,4}, a collection of local
vector fields solutions of

~ (M,N) ~ (M,N) ~ (M,N)

ON ON ON
—r =iy i b1i)—= i i b1i) ——— 4.1
apl,i ajq, (xlayhal, s U1, ) 8.%.[ + 61, (xhyl:al, » U1, ) ayl ’ ( )

where p1i € {a17i,b17i}. The cocycle {X274 = X9 — X4,X374 = X3 — X4} evaluated at
p = po is the image of the direction % in H! (D, 9}.(M,N>> by ng\)/[’N).
I3 < pg

As in the first universal family of analytic normal forms, Theorem D is a consequence of
the following proposition.

80
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Proposition 4.1.1. We consider the unfolding f(M’N

» ) defined by the blowing up of
EJ(DM’N), p € (P,po). The image of the family {%}H,%ﬂ}kl in H* (D © sz)) by
TF), (M N) s linearly free. 7

Denoting by A; the square matrix of size M + N — 3, representing the decomposition of
the images of {%, 81?1’2_} in H! (D’@iéj(\f,N)) by T]-"(MN)

the proof of the proposition results from the following two lemmas.

on the corresponding basis,

Lemma 4.1.1. The matriz Aq is invertible.

Proof. The matrix A; is given by

0 el o) 0 0 0
Oai,1  Oair2 "' OdaiN—2 Obi1  Obi2 7" Obi v
1
vi - ‘
1 _ ‘
vy °
: My ‘ Mo
m |
A1 = Y4
1 \
= |
T4
: Ms ‘ My
1
i

We start by computing the matrix M;. In the chart Vj, we have to solve

8&1(,M’N) 8&1(7M’N) 8N(MN)
Tl,i = al,i($4yy47al,iab1,i)87x4 + B z($4ay4aal zablz) 5y4 (4~2)
Since E is defined on Vy by E(x4,y4) = (24y4, 24y3), we find that
- (M,N
ﬂz(; )(:1;4,y4) = a2y NN (1L 4 )
N-2 i M-1 N—3+2i
11 <y4 +) apaa Tyt 2) 11 (1 + ) byl 1) :
i=1 k=1 i=1 k=1
We have
(M,N) ~(M,N) M4+N
aﬂp _ 'Np _ Ty + (A(y4) _|_y2M+N 4())
day Yo+ S hg aparh Ty yatan,
with

N—2
A(ya) = 3" N (wa + 1) H Yya +ai;)
7=1
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and where the suspension points (...) correspond to auxiliary holomorphic functions in
. ~ (M,N
(74,y4). Since EED - My (A( 1) + y2M+N9:4(...)>, we find that

on (M) M+N—1 2M+N  M+N

8&1]\[) = (M+N)xy A(ya) + vy (...) (4.3)
AN, '
B = Y (W) + 3V ()

Setting a1 ; = x40 4, we deduce from (4.2) that

A(ya)

it ar, = M N)ai0.y) Ala) + Bri(0,9a) A'(a) + 3" el (44)

Using Bézout identity, there exist polynomials B and C' in y4 such that
ANA = BA +CA.
where A A A" is the great common divisor of A and A’. We can choose the polynomial

function B to be of degree N — 1. We denote by

N—2
D(ys) = ya(ya + 1) H Y4+ ai;)

the polynomial function satisfying A = (A A A’)D. Therefore we obtain a solution of
(4.2) in the chart Vj of the form

C 2M+N-—1
A1, Af+4N (gijr)al(z) Yy 2( )
D
,811' _ (514)(11%4) y2M+N 11,4(‘“)
. 4 B D
1.€. Xf,z) = 7(?514)(11(’?:4) 7924 + 374()

Similarly, in the chart V5 we write

~ (M,N
NN — g MEN (@) + 2aya(...))
with

N—
J(x2) = x2(1 + x2) H + a1 jx2).

We set JAJ' = KJ' + LJ = 1. Also, we can assume that the degree of K is N — 1 and
so we obtain the solution
2 _ _ T2

0
=" K — o).
= e K@)y )

8:1:2
To compute the cocycle we write Xg-) in the chart V4. Using the standard change of
coordinates x4 = x%yg and y4 = 1/z2 and since we have

K (ys)

N—1
Yy

K(x2) =
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where K is a polynomial function, we find the first part of the first term of the cocycle

1 K (y4) A(ya) 9
x@Y - x@ _ x@ _ B(ys)D — ).
1y 1, 1,4 Ya + a1 sz_:,_gN_g + (y4) (y4) B + $4( )
. Ly - . . . +(M,N)
Let ©¢ be a holomorphic vector field with isolated singularities defining F o on VoNVy.
We have
x5y = oV e,
E© NN (M,N) (M,N)
We can choose Qg = TN 2y2M+N = with ®N<M Ny = 8ﬂ§x a% — aNay Q According

to Proposition (2.1.1), the set of the coefficients of the Laurent’s series of <I>gl’ )

char-
acterizes the class of Xﬁ’ll) in Hl(D,(@f(M,m). Now, according to (4.3), we get the
) L po

equality

4 = e N)(gl/4 ) [25\?43 + B(ya) | + za(..).
To study the invertibility of the matrix M7, we write
N—-1 l 1 1 o0 . 1 .
0= 2 e and S = 25 )

So, we obtain the following equality

K(y R(y4)
d; + — + yq(...) + cst,
(y4 a1 z)yiN 2 Z i N j—1 y2N 2

where R is a polynomial in y4 of degree N — 1 and dj; is given by

N-1 N+4j—1
N—r+j—1 € (—1) o
dji = E(_l) Tﬂ N+ijr = N B(—av).
r=0 Ay ay;

This yield the following expression of @%’4)

N—2 17
—1 (DMK (—a1q) 1 R(ya)
@%224) = E ~ + +ya(...) + ost| +xa(..).
: N+j N—j—1 IN—2
T MHN | & L P

Thus, the matrix Ml = (mji)lgi,j§N72 is given by

(_1)N+J' ( )
mj; = —————K(—a1;),
T N

which defines a Vandermonde matrix. We note that K (— a1 i) is different from zero for
all 1 < ¢ < N — 2 because the different values values { }1<Z<N o are roots of the
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polynomial J which satisfies the Bézout identity K.J' + LJ = 1. So, the matrix M is
invertible.

We proceed similarly to compute the matrix Ms. So, in the chart Vj, we have to solve
the following equation

T = M1,i(T4, Ya, a1, bl,i)TM +71,i(%4, Y1, a1, bu)aiy4 (4.5)
The same argument allows us to obtain the following expressions
;7 (M,N)
ON, M+N+1, 2M+N
6117)171' = 1174 A y4 + ()
oN," ™) M+N—1 IMAN _M+N
b = (M4 N)zy Aya) +yg" NN (4.6)
oNg MA+N (41 2M+N-1
S = Y (W) + N ()

and so we deduce from (4.5) that

(M + N)ai(0,y2) A(ya) + Bri(0,ya) A’ (ya) + y3 N () = 0. (4.7)

Therefore we obtain a solution of (4.5) in the chart V4

XY = a4(..).
Similarly in the chart V5 we obtain the solution

2

X =yl

Thus, we find the second part of the first term of the cocycle
XY =X - xM = w4

(2,4)
1,

Finally, we obtain the following expression of ®
2.4
oY = 24(...).
So, the matrix Ms is the zero matrix.

Now, we compute the second cocycle. In the chart Vy, we can write
L (M,N)
N, =y N (Q(a4) + yal())

with Q(z4) = 23TV H;V:_f ai; Hjj\/izl(l—l—bl,j:m). So, we obtain the following expressions

oNy IMAN

731;71,2' = YU i <1+li%m4Q(x4)—|—y4(,_,)>

< (M,N)

N

2— = "M@ (24) + ya(-)) (4.8)
BQI(OM,N)

p = (M NN TQa) + VN
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Setting v1; = ya¥1,i, we deduce from (4.5) that

T4

m@(u) = m.i(74,0)Q (z4) + (2M + N)F1.i(4,0)Q(w4) + ya(...).

Using Bézout identity, there exist polynomials W and Z in x4 such that

QANQ =WQ + ZQ.

As before, we can choose the polynomial function W to be of degree M — 1. We denote
by S(z4) = x4 [[M" (1 + b1sz4) the polynomial function satisfying Q = (Q A Q')S.
Therefore we obtain a solution of (4.5) in the chart Vj

“4) _ x4

0
Yl,i = mW(lﬁ)S(l@)i —+ y4()

8.%'4

Similarly, in the chart V3 we write

- (M,N
NN = g2MEN (P(ys) + ()
with
—2  M-1
P(ys) =y3 || a1 (y3 + b15)
j=1 j=1

We set PA P = UP' + VP. Again, we can assume that the degree of U is M — 1. We
denote by R(ys) = y3 [T,  (y3 + b1.;) the polynomial function satisfying P = (P A P')R
and so we obtain the solution

v® _ Ulys)R(ys) 0

; + x3(...).
14 y3+0b1; Oys ()

Using the change of coordinates x4 = 1/y3 and y4 = x3y3 and since we have

Ulx S(x
Ulys) = ]54_41) and R(ys) = Lfi
Ly Ly

where U is a polynomial function, we find the second part of the second term of the
cocycle

(34 _y® _ @ S(za) | Ulza) Y
Y=Y Y = w — )
1, 1,0 1, 1 + bl7i$4 xiM_S + T4 (334) 81,'4 + y4( )
Thus, we obtain the following expression of \I/ff)
g3 = = Utea) + xaW(za) | +yal...)
1 (2M + N) H;V:_f aLj(l + 5171'.%'4) xiM_?’
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Similarly, we find that \11%4) can be written as
M=2(_q)j+1p2M—j-3
() 1 (=17 -~ <—1> T(x4)
Vi = j Ul— |+ +z4(..) | Fyal..)),
C B e |2 A ) s )|+t

where T is a polynomial in x4 of degree M — 2. So, the matrix My = (mji)1<i j<m—1 is
given by
e
mj; = s U() Vi<i,j<M-1
(2M + N) Hl:l ai bl,z

which defines a Vandermonde matrix. Like for K, we also have that U (%) is different

from zero for all 1 < i < M — 1 because the different values {—b1;}1<i<p—1 are roots
of the polynomial P which satisfies the Bézout identity P A P = UP’ + V P. So, the
matrix My is invertible. O

Lemma 4.1.2. The square matriz A of size 0, representing the decomposition of the

images of {%a%}lm n Hl(D,GF(M,N)) by TF,(po) on its basis, is an invertible
K ) L pg

matriz.

Proof. After proving the invertibility of the matrix Aj, it remains to study the propaga-

tion of these coefficients along the higher levels. In fact, we have to solve the following
equations

~(M,N) ~(M,N) ~(M,N)
0 ON 0
o = gy is bhi) = —— i is ki) = 4.9
dar, i (T4, Y4, Qi b)) 71 + Br,i(w4, Y4, ki, br ;) m (4.9)
~(M,N) ~(M,N) ~(M,N)
ON ON ON
L =y iy b)) ——— ; iy b)) ———. 4.10
Dor Mh,i (T4, Ya, Qi ki) o + Yr,i (T4, Ya, ki, br i) m (4.10)
We note that we have the following relations
~(M,N) ~(M,N) - (M,N) ~(M,N)
aﬂp — k71y2k72 aﬂp and 8NP — xk*lykfl 8*17 . (411)
Oay, ; S Oay Oby. ;i o Oby;

This implies that if X} ; = am% + Bk,i% and Yy ; = nk,i% + 'Yk,i% are solutions of
(4.9) and (4.10) respectively for k = 1, then we obtain solutions for the other values of k
setting

X =ah i 2 X0, and Yy, = o'y Y

This propagation can be described using the region Qjs n as shown in figure (2.2). In

fact, the decomposition of the vector fields X ]g2i’4), 1531"4)’ Yk,(i’él) and Y]f?;.’4) on the basis
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of H' (D, S} f(M,N)) corresponds to the decomposition of the series
< po

and \111233234) on the basis

{xiyﬂ(i,j)GNXZUZXNsuchthatj—2i+(N—1)>Oandj—i7(M—

kg >

a(P, oy

1)<0}.

As a consequence of the previous relations, this decomposition can be expressed by the

following matrix

if2<k<N-2

(A, 0 0 0
k AQ 0 O
A= | * x  Aj 0
L x ox ox x Anjom—s)
My M,
here A1 = A
where A; [ Ms M4] and Ay is given by
e} o) 0
Oay dag, N—2 Obg 1 Obg, Mr—1
k—1
yf\?—Qk Mf" = M; \ last
4
: (k—1) row and 0
.’L‘]Z Lyh—2 first (k — 1) column
@y Y
: * M4
yy !
$£47k71
9 9
b, M —q, b, m—1
k—1
x}\:}gfw Mf = M4 \ first
4 .
- M—1—q ifN-—1<kE<N+2M-5
" 5//[4,,9,1 column and row

with g :]k_l%w_l)] + M — k, where |z] is the strict integer part m of x defined by
m<xz<m-+1. For2 <k <N — 2, the determinant of the matrix M{“ is given by

Vandermonde (1,

1

[ ()N K (—a,)

a k

M
a1,N—2

)(M+N)N 1— kHN 2 N+1

Since f((—au) is different from zero for all 1 < ¢ < N — 2 and ay; is different from
a1, for all ¢+ # j, then the matrix MY is invertible for all 2 < k < N — 2. Similarly, for
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N —-1< k< N+ 2M — 5, the determinant of the matrix Mf is given by

M-1 i M—1 =
| 1 TG, (oo ()
Vandermonde s s N_2 Y
bl,M_Qk bl,M—l (2M + N)qk Hi:l a({kz‘

Also since U (%) is different from zero for all 1 <¢ < M — 1 and by ; is different from

by ; for all i # j, then the matrix Mf is invertible for all N —1 < k < N +2M — 5. This
shows that the whole matrix A is invertible. O

4.2 The uniqueness of the normal forms.

This section is devoted to study the uniqueness of the normal forms. We will also con-

sider V. p s a notation for the normal form instead of V. éM’N).

Let hy be the diffeomorphism defined by: hy(z,y) = (Az, Ay). We have:

Nyohy =N, with X p= X (arg, bri) = (A ang, Noby).
Although the topological class of the function ﬁ% jumps while A goes to zero, we
are still able to prove the following:

Theorem E. The foliations defined by N,, and N, p and q are in P, are equivalent if
and only if there exists A in C* such that p =\ - q.

The following lemma can be proved exactly the same way as lemma (2.5.1):

Lemma 4.2.1. Let X be a germ of formal vector field given by its decomposition into the
sum of its homogeneous components X = X141+ Xyg42 +.... If N, 0 eXvo+1t = N,
then for all1 <i < N —2 and 1 < k < vy we have ay; = a},; and for all1 <i < M —1

and 1 < k < v1 we have by; = b;m" where v + 1 is the order of tangency of &, the lifted
biholomorphism of ¢ = e by the blowing up Ey defined by Ey(x1,v1) = (21, T1y1)-

Let ¢ be a germ of biholomorphism tangent to the identity map at order 9+ 1 > 2 and
fixing the curves {x = 0} and {y = 0}. The function ¢ is written

(x,y) — (ac(l + Ay (z,y) +...),y(1 + By, (z,y) + .. )) (4.12)

where A,, and B,, are homogeneous polynomials of degree vy.

We give now the proof of the main Theorem E of this section.

Proof of Theorem E. Suppose that there exists a conjugacy relation

N,op=1voN,. (4.13)
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Also, following [15], we can suppose that 1 is a homothety yId. The biholomorphism ¢
can be supposed tangent to the identity. In fact, since ¢ lets the curves {z = 0}, {y = 0}
and {y + = = 0} invariant, then it can be written

(x,y) — Ax(1+ Ay (z,y) +...), \y(1 + By, (z,y) +...)),
for some A # 0. Then
Nyopohyt =Ny ohyt =cNy-1,,

where ¢ stands for some non vanishing number. Since ¢ o h;l is tangent to the identity,
we find that ¢ = 1. Thus, setting for the sake of simplicity ¢ = A~ - ¢ and ¢ = ¢ o h !,
we are led to the relation

where ¢ can be written under the form (4.12).

The proof reduces to show that in this situation, we have p = ¢q. Using Lemma (4.2.1),
we know that for all 1 <7 < N —2and 1 < k < 1y we have ag; = a;m and for all
1<i<M-1and 1 <k < vy we have by ; = b;”. This means that, based on the
structure of the normal form, to show that for any k § N—-2,a;; = aj,w-, it is enough to
show that vy > N —1. In the same way, to show that for any k < 2M — N —5, by ; = b/,
it is enough to show that vy > N + 2M — 5. Thus, the proof results from the followiﬁg
proposition:

Proposition 4.2.1. Let X = X, ;41 + Xyy42 + ... be a germ of formal vector field such
that ¢ = eX. If N,o¢ =N, then we have:

1. vg> M+ N —1.
2. V122M‘|—N—5.

Proof. 1. It suffices to prove that vy < M + N — 1 leads to a contradiction. The first
non-trivial relation of the above equality is given by

Xygpr - NN = NMENFv0) N (MEN o) (4.14)
where MI(DMJFN) = 2yM(y + ) HZ]\SQ (y + a1,x). We can write it as
N—2M—1 NOTH)
M+N kot2, ki—1_ L%
Xy NG = Z (g iUy j — by ilRs j) 2722y (p+7a-x)
i=1 j=1 ki+ko=1p+1 y\y 1,4
ki#1
N-2 NN M1 MI()MJFN)

+ Z (a;/0+1,i — Ayot1,) oYL =E—— — + Z ( o — buo,i) ot
) i—1

i=1 Yy
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Since k1 < vy and ko < vy < vj, then according to Lemma (4.2.1), we have

dy, ;= apy i Uy, ;= by and bl ; = by, . So, dividing (4.14) by Ng" ™ leads to

/
ko ’j

10,0
N-2
3 X1 -yt ariw)  Xopri-(y+2)  Xugsr-@
] Y+ a1ix y+x T
N-2 _ )
+ MM — xy'/o Z Apy+1,i al/o-l—l,z.
Yy 1 Yy+aix

We take the pull-back of the previous equality with respect to the map E and write
it in the coordinates (4, ya):

N-2 5 5

3 Xoor1 - (Taya (ya +a14)) | Xogs1 - (@aya (ya +1)) | Xogy1 - 2aya
— T4ys (Ya + a1;) r4ys (ya + 1) 44
5 N-2
XV0+1 : x4y£ 10 alVo—f—l,i - aVO‘f'lvi
tM———— =y,
T4Yy = batau
where Xqurl stands for the vector field E;f(f;%gl. Evaluating the residue at y4 =
4 4
—ay,; yields the relation
Xoogr1 - ya (—a1,) = (—ay,)"™ (ahy11.6 — Qwor1s) - (4.15)

Now, in view of the construction of the normal form, the coefficient d,,4+1; =

pot1i — Gwo+1,i has to be zero for vy values of 7. A straightforward computation

shows that X, 11 -y4 is a polynomial function of degree at most vp+1 in y4. Noting
that 0 and 1 are also roots of it (by evaluating the residue also), it must be the zero
polynomial function. Hence, the vector field X, i has to be tangent to IN. ;E,MJFN)

which is a contradiction with the hypothesis vg < M + N — 1.

2. Similarly, we show that 11 < 2M + N —5 leads to a contradiction. Denoting by qg
the biholomorphism ¢ = E° L6 ¢ o Ey, the first non-trivial relation of the equality
N,o¢ =N, is given by

- - (2M+N)

Xlll-‘rl : Mp

(2M+N+v1) ~ (2M+N++v1)

=N, N, (4.16)
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2M+N) _ :
where N( = = TIN 2 M Ny TIY Y (91 + brgzn). We can write

M— 1 N(2M+N)
'ty —
Ij’

=1 j=1 Vs = bona) 74 a1, (y1 + b1 1)

N-2M-1 N(QMHV)

ki1+ka—1, k1—1 =—
+ Z Z (a;ﬂ,i 22 J = Qf,y lbk%]) 1’11+ o yll ] ( . )
’L:1 bl

j=1 2k1+ka=v1+3
k1, ko#1

M— 1 ~ (2M+N) N-—2 1]§[(2M+N)

+1=p 2, 2 —/P
+ bui41,5) o' —————+ E Az . — Atz | T2y :
=~ u1+1 g Y J) Ly v+ bijl — V1 )i —2 1 91 ,

2

-2
- @M+N) _
XV1 +1- N

.

exits only if vq is even

Since k1 < N —2 <1 and ko < v; — 1, then according to Lemma (4.2.1), we have

akl ; = ag, ; and ka = = by, ;. So, dividing (4.16) by ]\7(2M+ ) leads to
= Xor1-( +biz)  Xo1-w Xopyi1 -1
3 d) | oy Kurn
o y1 + b1 21 Y1 T
N-2a —an+2, V1 V1 M—1 Y _
2 ot vi+l,j V1+17] v+l
oYy, + T
i1 1, 1 1 Z y1 + b1 JL1 !

Similarly, we take the pull-back of the previous equality with respect to the map
E and write it in the coordinates (x4, y4):

M-1 =

X, . 1+ b1 X, . X .
T vl - (ya (1 + 1,3954))Jr tU YL L ) AL Tl
= ys (1 + by jxq) Y4 T4ya

/
N-2a L= Quy+2 . M—1 g1 .
VlTH 4 5= o by1+1 g V1+1 J _ap+1
=2 U Z w
ai; 1+ by jos

)

i=1

where Xu1+1 stands for the vector field % and ag = 1 — 1y. Evaluating the
Ty Yy
residue at x4 = —1/by ; yields the relation
-1 -1 ap+1
/
bly vi+1 T4 <b1) = (b1> ( vi+1,4 bu1+1,j) : (4-17)
J J

A simple computation shows that Xu1+1 - x4 is a polynomial function of degree at
most ag + 1 in z4. Now, in the relation (4.17), we know that d = 2 — vy < 0. So,
we have the following three cases:

e If d =0, then since vy > M + N — 1, we should have v; > 2M 4 2N — 2 which
is a contradiction with the hypothesis 11 < 2M 4+ N — 5.
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/
N-2 CLV1+2 i — Avy+2 i

o If d=—1, then X, 1 -24(0) = 2 2 =0.
._ ai;
=1 ’
N=2d', ,» ;T ond
o If d < 1, then 2 ~=0.

In the last two cases, we can write

( ) M—-1 A (2M+N)

S ~ (2M+N ’ v+1 2p

Xpi1-N = T L e SN
1+1 " 4V 1, vi+1,5) 41

P ( vi+1, ) m +b1,jx1

Jj=1

In view of the construction of the normal form, the coefficient d,,41,; = b, |, i
v1—N
2

the polynomial function Xz/1+1 - x4. However, we know that it is at most of degree
ap + 1. We also know that 11 > vy > M + N — 1. So, if 14 :M+{V—1, then ay

must be zero. But in this case we have % +1= % + 1. So, quﬂ - x4 must

by, +1,; has to be zero for + 1 values of j. We note that 0 is also a root of

be the zero polynomial function. Hence, the vector field Xu1+1 has to be tangent

~ (2M+N
to ﬂf ) which is a contradiction with the hypothesis 11 < 2M + N — 5. This
implies that v; must be greater than or equal to M + N. We proceed similarly at

each level. Finally, if 1 = 2M + N —6, then ag can be at most M —5. Since in this
case we have # +1 = M — 2, we obtain that the polynomial function X'l,1+1 - X4
must be the zero function. Similarly, the vector field X, ;1 has to be tangent to

N (@M+N) which is a contradiction with the hypothesis v < 2M + N — 5.

P
O

Remark. If we consider the germs of functions defined by

L) N—2 i M-1 N—342i
N, " =ayly+x) H <y + Zakﬂ-xk) H (y + Z bk,ixk“) ,
k=1 k=1

i=1 i=1

then proceeding similarly to the proof of Theorem D, we can show that this family is
universal as well. However, this family does not seem to satisfy the uniqueness prop-
erty. In fact, one can easily check that lemma (/.2.1), which is basic in the proof of the
uniqueness, is not valid for this family of functions.



Chapter 5

(lobalization and relation with
geometric invariant theory.

As mentioned in section (2.5) of chapter 2 about the uniqueness of the analytic normal
forms, the C* action cannot be used to globalize the local existence as done in [59]. In this
chapter, we present another formulation of the globalization problem using the context
of geometric invariant theory. The main purpose would be to analyze the conjecture:
for any function f in 7N there exists p in P such that f is analytically equivalent
to NZ(;M’N). In section (5.1), we present a possible approach using GIT. In section (5.2),
we talk about geometric quotients by algebraic group actions. Section (5.3) presents
some related results. The last section (5.4) is about a counter example to the proposed
approach.

5.1 Presentation of the approach.

An element f in TN can be written as

N-1 M—2
f=ayly+2? H (y + a1,x) H (y + bl,il'Q) + Z a; Ty’
i=1 i=1 i+j>M+N+1

We denote by 7}1()?4 N the subspace of TN) of elements having fixed ar; and by;. A
result of Mather ([35], [30]) implies that f is topologically equivalent to its jet of order
k > p+ 1 where p is the milnor number of f. We recall that the k-jet of a function
f €0 =0 cn+1) is the class ji f € O/m**1, where m C O is the maximal ideal. Using
this result, we can easily check that we have the following lemma:

Lemma 5.1.1. 1. The space jkﬁfy’m of jets of order k of the space 7;1()?4’]\[) 5 i
bijection with C*. We denote this bijection by ¢.

2. Let G = {¢: (C? 0) — (C2,0) biholomorphism /¢(z,y) = (z(1+...),y(1+...))}.
The algebraic group jpG is linear and acts on jkTﬁ(M’N).

X

93
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If we denote by ¥/ n the space of the normal forms NéM’N) with p € P, we deduce from

the above lemma that the space Xy ny N jk7;1()£\47N)

bi,; is in bijection with Co—(M+N=3),

of normal forms with fixed a;; and

Thus, we can define the map ¥ as follows
P - (C57(M+N*3) N CL/jkG

for any normal form N}E’J‘é’(N), we set ¥(p) = jrG.¢(Np).

With this construction, the globalization problem is equivalent to the conjecture:
Conjecture 1. The map V is surjective.
The idea of the proof can be split into four parts:

1. Show that there exists a finitely generated subalgebra of the algebra C[CF]% of
G-invariant polynomial functions on C* which separates the orbits.

2. The local result implies that its dimension is equal to § — (M + N — 3) (as the
whole map is locally invertible).

3. The normal forms are unique, so the whole map is injective.

4. Apply the theorem of Ax about the surjectivity of any injective morphism of an
algebraic variety into itself [24].

With this formulation, the proof reduces to showing the first point. For that, we would
like to see under which conditions such an algebra exists to be able to know if they are
satisfied in our case.

5.2 (Geometric quotients.

A linear algebraic group is a subgroup of the group of invertible n x n matrices that
is defined by polynomial equations. Given a vector space V over a field K, it has an
underlying affine space A obtained by forgetting the origin with V acting by translations.
The affine group of A can be described as the semi-direct product of V' by GL(V). It is
clear that every linear algebraic group is affine. Conversely, a result of Chevalley [!] says
that every affine algebraic group is linear, i.e. it is isomorphic to a closed subgroup of
GL(n, K). We start by showing that our group j;G is linear algebraic.

Proof of lemma 5.1.1. The first point is clear. For the second point, we know that j,G
acts on a finite dimensional vector space V C Clx,y]/m*+1:

jkGXV—>V> (¢>p)'—>po¢

For ¢ € jiG, we define the map py : V — V, f —— fo¢. This map is a linear map, so
we can define p : j,G — GL(V'), ¢ — py. The morphism p is a group homomorphism
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which is a morphism of varieties. Moreover, it is an embedding because the action is
free. So, p is injective and the jiG is a subgroup of GL(V). Finally, the ring morphism
p* : CIGL(V)] — C[jxG], g —> g o p is surjective, so p is a closed embedding which
concludes the proof.

A linear algebraic group G is said to be unipotent if there exists a sequence of subgroups
G D GN D ... D G1 = {1} such that G; is normal in G;11 and the quotient G,;11/G; is
isomorphic to the additive group (C,+). It is said to be reductive if it does not contain
any closed normal unipotent subgroup.

We note that we always work with the base field C, so we do not distinguish between
reductive and linearly reductive groups.

A G-variety is a variety X equipped with an action of the algebraic group G which is
also a morphism of varieties. A regular function f € C[X] is said to be G-invariant if
f(g-x) = f(z) for all g € G. For reductive group actions, the action can be described in
a nice way. We have:

Theorem ([10]). Let G be a reductive algebraic group, and X an affine G-variety. Then:

1. The subalgebra C[X]¢ C C[X] (consisting of reqular G-invariant functions) is
finitely generated.

2. Let fi,..., fn be generators of the algebra C[X]%. Then the image of the morphism
X —C" zr— (fi(x),..., folx))
is closed and independent of the choice of f1,..., fn.
3. Denote by X//G the image and by
T=nx:X — X//G

the surjective morphism defined by (2). Then every G-invariant morphism f :

X — Y |, where Y is an affine variety, factors through a unique morphism ¢ :
X//G—Y.

4. For any closed G-stable subset Y C X, the induced morphismY//G — X//G is a
closed immersion. In other words, the restriction of mx to'Y may be identified with

7y . Moreover, given another closed G-stable subset Y C X, we have nx(YNY') =
Wx(Y) N Wx(Y/).

5. Each fiber of mx contains a unique closed G-orbit.

6. If X is irreducible, then so is X//G.

The above map 7 is uniquely determined by the universal property (3); it is called a
categorical quotient (for affine varieties). Also, X//G may be viewed as the space of
closed orbits by (5).

Given an algebraic group G and a G-variety X, a geometric quotient of X by G consists
of a morphism 7 : X — Y satisfying the following properties:
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1. m is surjective, and its fibers are exactly the G-orbits in X.

2. A subset U C Y is open if and only if 771 (U) is open.

~Y

3. For any open subset U C Y, the comorphism 77 yields an isomorphism C[U] 22
Cl==1(U)]°.

Under these assumptions, the topological space Y may be identified with the orbit space
X/G equipped with the quotient topology, in view of (1) and (2). Moreover, the structure
of variety on Y is uniquely defined by (3) (which may be rephrased as the equality of
sheaves Oy = 7,(Ox)%). In particular, if X is irreducible, then so is Y, and we have
the equality of function fields C(Y) = C(X)¢.

We now give the definition of an open subset of X that admits a geometric quotient. Let
G be a reductive group, and X an affine G-variety. A point x € X is said to be stable if
the orbit G - z is closed in X and the isotropy group G, is finite. The (possibly empty)
set of stable points is denoted by X*.

Proposition ([16]). With the preceding notation and assumptions, w(X?®) is open in
X//G, we have X* = 7w x(X®) (in particular, X* is an open G-stable subset of X),
and the restriction ©° : X° — w(X?®) is a geometric quotient.

In his book [13], where Hertling considered a more general case than our case, he proved
that all the orbits are closed and have the same dimension. In view of that and the
previous result, if our group jiG is reductive, then conjecture 1 holds. However, the
group jrG is not reductive. In fact, we can easily check that we have:

Lemma 5.2.1. The group jirG is unipotent.

Unfortunately, the above results about reductive group actions are not valid for unipotent
group actions. A first difference is that the algebra of G-invariant regular functions is
not necessarily finitely generated (the so-called Hilbert’s fourteenth problem) due to the
famous counter example of Nagata [70]. In fact, even if it is finitely generated, it does not
in general separate closed orbits having finite isotropy group as in the following example:

Example 5.2.1 ([46]). Let G = C act on X = C3, viewed as the space of polynomials
of degree at most 2 in a variable x, by translation on x:

t-(ax® + 2bz + ¢) = a(z + t)> + 2b(z + t) + ¢ = az? + 2(at + b)z + at® + 2bt + c.
Then all orbits are closed, and contained in the fibers of the map
7:C* —C% (a,b,¢c) — (a,ac —b?).

Specifically, the fiber over (x,y) consists of one orbit if x # 0, and two orbits if x = 0
but y # 0; all these orbits have trivial isotropy group. Moreover, the fiber over (0,0)
is the line 1 defined by b = ¢ = 0, and consisting of the G-fized points. It follows that
C(X)% = C(a,ac — b%) and that X admits no geometric quotients, nor does the G-stable
open subset X \ I consisting of orbits with trivial isotropy group.
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In fact, for any unipotent algebraic group G which acts regularly on a quasi-affine variety
X, all orbits are closed [51] and there are no finite stabilizers which are not trivial. So,
to define a subset of X which admits a geometric quotient in the unipotent case, the
previous definition of stable points, introduced for reductive group actions, does not make
sense. With another definition of stable points, Greuel and Pfister proved the existence of
geometric quotients for unipotent group actions [18]. Moreover, they produced a criterion
for deciding when all the points are stable. The next part of this section is devoted to
recalling some definitions and fixing some notations before announcing this criterion.

Before we start, we recall that Hertling in the same book [13] showed that in our case
the quotient space is an analytic geometric quotient. He proved that using the criterion
of Holmann [19] for the existence of analytic geometric quotient which requires the two
conditions: having a Hausdorff quotient and the existence of holomorphic functions in a
neighbourhood of jif in C¥, which are constant on the j,G-orbits and which separate
points in different orbits. Moreover, a result of Rosenlicht [21] says that for regular
algebraic group action on an irreducible variety X, there exists an open subset U such
that the field of rational functions on U/G is isomorphic to the subfield K(X)% of
G-invariant rational functions on X, where K is an algebraically closed field. If G is
unipotent, we have some thing more. In fact, an orbit G - x is called G-separated if for
any y € X,y ¢ G-z, there is an f € K[X]% so that f(y) # f(x). So, if we let Q(X,G) be
the interior of the union of all the G-separated orbits, then Q(X, G) is dense in X [27]. In
fact, this result is true for any quasi-affine variety X over a field K of any characteristic.
For affine varieties over a field K of characteristic zero, it results from:

Theorem ([53]). If a unipotent group G acts on an affine variety SpecA, where A is a
K-algebra of finite type without nilpotent elements and SpecA denotes the set of all prime
ideals of A, then there exits t € AS such that Ay = (A)C[€1, ..., &m] (polynomial ring)
and such that (Ay)¢ = (AS); separates the G-orbits of SpecA.

From now on, let G be a unipotent algebraic group which acts regularly on an affine
variety X = SpecA where A is a noetherian K-algebra and K is a field of characteristic
zero. We start by the definition of a stable point:

Definition 5.2.1. Let m : X —» SpecA® denote the canonical map. A point x € X is
said to be stable if there exits f € AY withx € X; = {x € X | f(x) # 0} such that the
induced map 7y : Xy — (SpecAG)f is open and an orbit map i.e. the fibers are exactly
the G-orbits in X.

In view of this definition, we have:

Proposition ([18]). The quotient X°/G exists and is quasi-affine, and the map w |xs:
X*® — 7(X?®) is a geometric quotient.

Before announcing the criterion, we recall that a Lie algebra is a vector space V over a
field K together with a binary operation [.,.] : V' x V — V called the Lie bracket that
satisfies the following axioms:
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1. [,,.] is bilinear.
2. [z,z]=0forall z e V.
3. [.,.] satisfies the Jacobi identity [z, [y, z]]+[z, [z, y]]+[y, [z, z]] = 0 for all z,y, 2z € V.

To every Lie group we can associate a Lie algebra whose underlying vector space is the
tangent space of the Lie group at the identity element and which completely captures
the local structure of the group. The Lie bracket of the Lie algebra is related to the
corresponding commutator.

So, we denote by LieG the Lie algebra of G and recall that there exists an exponential
map exp : LieG — G given by exp(z) = Y oo, 2"/k! for linear algebraic groups [15].
The action of G on SpecA induces a representation p : G — Autg(A) and p, : LieG —
Derl(A), fitting into a commutative diagram [19]

LieG —— Der'(A)

expl lexp

G —— Autg(A)

where Autx(A) is the group of K-algebra automorphisms, and Der?(A) denotes the
set of nilpotent K-linear derivations of A. We say that § € Derg(A) is nilpotent if, for
each a € A, there is an n(a) such that 6" (a) = 0; (expd)(a) = 3 ;54(1/i))d*(a) for
6 € Der(A). The algebra LieG is a finite-dimensional Lie algebra which is nilpotent.
We can now present the criterion called column-minor criterion:

Theorem ([18]). Let 61, ...,6, € Der®(A) and x1, ..., z, € A, satisfy the following prop-
erties:

1. [52,5]] S EZ:l A6y,
2. det(6;(x;)) s a unit in A,

3. for any k =1,...,n and any k-minor M of the first k columns of (§;(x;)), we have

A(M) €Y AA(zy),
v<k

with the conventions xg =0 and A = (41, ..., 6,)".

Let L C Y _, Ad, be any K -Lie algebra such that 61, ...,0, € L. Then Ab[zy, .. m,) = A
and x1, ..., T, are algebraically independent over A*. In particular, (Spec(A))® = SpecA.

Greuel and Pfister proved this theorem using the following two lemmas:

Lemma 5.2.2 ([18]). Let § € Der®(A), x € A and 6(x) € A® be a unit. Then A’[x] = A
and x is transcendental over A°.



CHAPTER 5. GLOBALIZATION AND RELATION WITH GIT 99

In this case, they remarked that the invariant functions can be easily obtained by putting

i(y) =Y _(1/W)(-1)"8"(y)z”, fory € A.

v>0

Then i(y) € A% and i(y) = 8°(y) =y if y € A%.

Let L be a nilpotent Lie algebra of finite dimension such that the unipotent group
G = exp(L) acts on SpecA. If §y,...,6, is a basis of L and [d;,0;] = > cijr0k, then
H'(L, A) = kerd; /Imdy where

dy: A — A™, with dg(a) = (61(a), ..., 0n(a)),

dy : A" — N2A", with di(a) = (6i(a;) — dj(a;) — > g cijkak)i<j-
Lemma 5.2.3 ([18]). If L is abelian, then H'(L,A) = 0 if and only if there are
T1,...,xn € A such that §;(xj) = 6]. Moreover, in this case A = AF[zy, ... 2] and
x1, ..., Ty are algebraically in dependent over AL,

In the same work, Greuel and Pfister gave another similar criterion called row-minor
criterion which deals with rows instead of columns. These two criteria seem to be a nice
way to determine whether all the points are stable or not. However, to be able to use
them, the action has to be explicitly describable. Unfortunately, in our case the action
is quite general, so we can not apply them.

5.3 Related results.

A group action is said to be proper if the mapping G x X — X x X (g,z) — (gz,x) is
a proper map, i.e., the inverses of compact sets are compact. By Artin [14] and Kollar
[32], proper actions admit geometric quotients in the category of algebraic spaces. Since
in our case, the isotropy groups contain the flow maps of the vector fields tangent to
the foliation, they are not compact and so the action is not proper. We say that the
quotient is locally trivial if there exists a covering {U;}; whose pre-images under the map
G x X — X/@G are isomorphic to G x U;. A result of Bérczi, Hawes, Kirwan and Doran
[17] says that if a locally trivial quotient exists, then it is affine if and only if X — X/G
is a trivial G-bundle. However, in our case the quotient is not locally trivial for the same
reason. We remark that every orbit of a unipotent group action is isomorphic to an affine
space [55].

Let G be a linear algebraic group acting on an affine variety X over an algebraically
closed field K. A subset S C K[X] is called separating if for all z,y € X, the existence
of a function f € K[X]% with f(x) # f(y) implies the existence of a function f € S with
f(z) # f(y). We know that if G is unipotent, then the invariant field K(X)% is equal
to the field of fractions of the invariant ring K[X]% [56], but the latter is not necessarily
finitely generated. However, Arzhantsev, Celic and Hausen proved that, under some
conditions, K (X)% is the field of fractions of a finitely generated separating subalgebra
[23]. In fact, an affine variety is said to be normal if the ring of regular functions on X is
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an integrally closed domain. Following [23], we say that the action of G on X is factorial,
if every invariant hypersurface is the zero set of an invariant function f € K[X ]G: in
particular if G is unipotent and X is a vector space, then the G-action is factorial. We
have:

Theorem (|23]). For any algebraic group action there exists a finitely generated sepa-
rating subalgebra A C K[X]G. Moreover, if X is normal and the G-action is factorial,
then one may choose A to have K(X)© as its field of fractions.

This interesting result applies in our case because X = C¥ and j,G is unipotent. In view
of that, a possible lemma would be:

Possible Lemma 5.3.1. Suppose that C(CL)% = C(f1,..., f3) such that {fi,..., fs} C
C[CM% is a separating set. Letw : C& — CP be the polynomial map defined by (f1, ..., fa)-
IfCL/G is an analytic geometric quotient, then the orbits are separated (i.e. T : CF/G —
CB is injective).

A possible way to prove this lemma is to show that if the set of orbits which cannot
be separated is nonempty, then it must contain non isolated orbits. The idea would be
to show that if there is a function which has the same value for two different orbits i.e.
some level of this function contains the two orbits, then another level contains other
two orbits, and so on until we get very close orbits and obtain a contradiction with the
result of Hertling which ensures the existence of an analytic geometric quotient. We note
that example 5.2.1 is not a counter example to this lemma because the quotient in this
example is not an analytic geometric quotient.

A semi-algebraic subset of R™ is a union of finitely many subsets of the form
{z e R"; P(z) =0,Q1(z) > 0,...,Qi(x) > 0},

where [ € N and P,Q1,...,Q; € R[x1,...,x,]. A useful tool which can be used to show
that the existence of non separated orbits must be in family, is the small path lemma,
which holds also for semi analytic sets:

Lemma (Small path lemma [37]). Let E be a semi-algebraic subset of R™ and let x be
an adherent point to E. Then, there exits a real algebraic path p : [0,6]— R™ such that
p(0) =z and p(t) € E for all t # 0.

The idea of the proof of lemma (5.3.1) would be to proceed by contradiction. Suppose
that there exit z,y € Cl such that Gx # Gy with 7(Gz) = 7(Gy) = 0. This means that
the following set is nonempty

S ={(z,y) € C* x C* | Gz # Gy and 7(Gz) = 7(Gy) = 0} # 0.
Considering the maps

Pr; : CE x ¢l — CL, (21, 29) — 2y and P : C* — CY/G, 2 — Gr,
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we can write S = 51 N Sy with

Sl = {(xay) € CL X CL | ”POPI‘1(1E7y) _POPYQ(xay)|’ > 0}
Sy = {(z,y) e Ct xCF | 7o PoPri(x,y) = 7o PoPryz,y) =0},

where ||Gz|| = max |gz||. The set S is a semi algebraic subset of R**. Suppose that S is
g€

not closed and that its closure is obtained by relaxing the strict inequalities. If we take
a point (z,y) € S\ 51, then we have (z,y) € S\ S1, and so Gx = Gy. By the small
path lemma, there exits a map

p:[0,8[— R

such that p(0) = (z,y) and p(t) € S for all ¢t # 0. Let (t.), be a sequence in [0, [ such
that t. # 0 for all € # 0 and ¢, = 0. Since p(te) € S, we have p(t.) = (e, y.) such
€E—>

that Gz # Gy, and 7(Gz.) = 7(Gy.) = 0. Moreover, P(t.) tends to P(0) = (z,y)
as € tends to zero. This means that z. — x and yo — ¥y, and so Gz, — Gz and
Gy. — Gy. Now, for any neighborhood U of Gz, there exits € such that Gz., Gy. € U.
But Gz, # Gy and 7(Gz.) = 7(Gy.) = 0 which is a contradiction if C ((CL)G separates
the orbits locally. A possible way to show this is to use the fact that C* /G is an analytic
geometric quotient and that the foliation generated by G is regular (see lemma (5.3.1)).

However, even if C (CL )G separates the orbits locally, we still have two problems: the set
S may be closed, and even if it is not so, then its closure is not necessarily obtained by
relaxing the strict inequalities. So, a first possible lemma would be to show that: if we
have two algebraic subsets X and Y of C such that their intersection is nonempty and X
is not included in Y, then X \ Y is not closed. For instance, this is true if we take X to be
the zero set of x and Y the zero set of y in C2. If such a lemma is true, then we can apply
it for X = {(z,9) € CE xCl' | 7#(Gz) = 7(Gy)} and Y = {(z,y) € C¥ x C* | Gz = Gy}.
A possible proof would be to show that X is connected or its connected components
contain infinitely many points with Y not being a connected component of X. However,
since the action is not explicit, we can not make sure that such a statement holds. We
know that the connected components, in the euclidean topology, of an algebraic set are
generally only semi-algebraic [2]. The image of an algebraic set under a regular mapping,
even a linear projection of the euclidean space, is in general only semi-algebraic. A semi-
algebraic set has finitely many connected components in the euclidean topology and each
such a component is semi-algebraic. As for the second problem regarding the closure, we
know that

Proposition ([17]). Every closed semi-algebraic subset of a real algebraic manifold is
locally a finite union of sets of the form

{z: fi(z) 20,..., fu(x) > 0}
where the f; are algebraic functions.

The same statement works for the closure of a semi-analytic subset of R™ [16]. Also,
according to Lojaciewicz [51], the closure, the interior, the boundary and the complement
of any semi-analytic set is in general semi-analytic.
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A result of Thom says that, under some conditions, the closure of a semi-algebraic set in
one variable is obtained by relaxing the strict inequalities:

Proposition (Thom’s lemma, [17]). Let P, ..., Ps € R[z] be a finite family of nonzero
polynomials, which is closed under derivation (i.e., if the derivative P! is nonzero, there

is j such that P! = P;). For € = (€1, ...,€5) € {—1,0,1}*, let Ac C R be defined by
A = {z € R;sign(Pi(z)) =¢; for i =1,...,s}.
Then
1. either A, = 0,
2. or Ac is a point (necessarily, at least one of the €; is 0),

3. or A is a nonempty open interval (necessarily, all ¢; are £1).

Let
Ag = {CC S R, Elgn(Pl(l“)) S Ela ,Slgl’l(Ps(l‘)) € ES}’

where € is given by
{0} ife=0
e=«¢ {0,1} ife=1
{0,—1} ife=-1.

Then Az is either empty, or a point, or a closed interval different from a point, and the
interior of this interval is Ae.

Consider two polynomials P = agz? + ... + aq of degree d and Q = byx® + ... + b,
of degree e. The resultant of P and @ is the determinant of the Sylvester matriz of
P and @, which is the square matrix of size d + e whose rows are the coordinates
of z¢7'P,...,xzP,P,Q, zQ, ..., z%1Q, respectively, in the monomial basis z%t¢~1 ... z,1.
For 0 < j < min(d,e), PSRC;(P,Q) denotes the principle subresultant coefficient of
order j of P and @), which is defined by the determinant if the square matrix of size
d + e — 2§ which is obtained from the Sylvester matrix of P and @ by deleting the first
j rows, the last j rows, the first j columns and the last j columns. The resultant of P
and @ is PSRCy(P, Q).

If P is a polynomial in Rz, ..., 2], we consider it as a polynomial in the variable x,, with
coefficients in R[xq,...,xp—1]. Let Pp,..., P, be a family of polynomials in Rz, ..., x,].
We denote by PROJ(Py, ..., P,) the smallest family of polynomials in

R[x1, ..., zp—1] satisfying the following conditions:

1. If deg, P; =d > 2, then PROJ(Py,..., P;, ..., P;) contains all non constant polyno-
mials among PSRC; (P;, 0P;/0xy,) for j =0, ...,d — 1.

2. If 1 < d = min (deg, P;,deg, Py), then PROJ(P, ..., P, ..., Py, ..., P;) contains all
non constant PSRC; (P, Py) for j =0, ...,d.
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3. If deg, P; > 1 and the leading coefficient of P; is not constant, then
PROJ(Py, ..., P;, ..., P,) contains the leading coefficient of P; and
PROJ(Pi, ..., trunc (P;) , ..., P,), where trunc (P;) denotes the truncated polynomial
obtained by deleting its leading term.

4. If deg, P; =0 and P; is not constant, then PROJ(Py, ..., F;, ..., P;) contains P;.
The following theorem is a generalization of Thom’s lemma for sevaral variables:

Theorem ([17]). Let (P;;) be a family of polynomials with real coefficients, 1 < i < n,
1 <5 <s;, such that:

1. for fized i, (P;1,..., Pis;) is a family of polynomials in Rz, ..., z;], all quasi-monic
with respect to x;, closed under derivation with respect to x;,

2. for i <, the family of polynomials (P;1, ..., Pis,) contains the family
PROJ(Piy1,15 s Pit1,sit1)-

For 0 < k <n, given a family € = (¢; ;) of signs in {—1,0,1} indexed by i =1,....k and
7=1,...,8;, set

C.={x¢€ Rk;sign(Pm(:U)) =¢jfori=1,..kandj=1,..s;},
Ce ={x € R";sign(P; j(x)) € € fori=1,.mand j =1,...,5s}.
The closure of the nonempty cell C, is Cg, which is a union of cells.

Clearly, since in our case, the action is not explicit, these conditions cannot be tested.

The contraction obtained by the end of the idea of the proof is partially due to the
following lemma:

Lemma 5.3.1. If CF'/G is an analytic geometric quotient, then the foliation generated
by G is regular.

Proof. By Rosenlicht [21], there exits an algebraic invariant manifold Z such that the
field of rational functions on U/G, where U = CF \ Z, is isomorphic to the subfield

C ((CL)G of G-invariant rational functions on C*. This means that the orbits of G on
C” define an algebraic foliation which is completely integrable by rational functions. So,
there exit fi,...,fr € C ((CL)G such that the generic leaf L C {f1 = ¢, ..., fx = ¢} with
dimL = L — k. As the rational forms dfy, ..., dfy, generate the foliation, a singular locus
of such a foliation is given by df; A ... A dfy = 0. If the singular locus has the same
dimension as that of the leaves, then this is not a geometric singular locus, i.e. it is not
a singular locus of the foliation, only of the form. If the singular locus is geometric, then
its dimension is strictly smaller than that of the leaf because the singular locus is defined
by Cf equations which is strictly greater than k. Moreover, it is invariant by the action
because the fact that the foliation is completely integrable by rational functions means
that g*df; in a linear combination of df;. This implies that g*dfi A ... A df}, is a multiple
of dfi A ... Adfy, by a holomorphic function. So, the set dfy A ... A dfi = 0 is invariant by
G. In particular, it contains leaves of strictly smaller dimension which is impossible. [
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We remark that if we go back to the case considered by Hertling [13] and replace the
quasi-affine variety by C* and the group by a unipotent group, then we have to check if in
this case the quotient is algebraic. A variety X is said to be complete if it is separated and
universally closed which means that for any variety Y, the projection map ¥ x X — Y
sends closed sets to closed sets. Chow’s lemma shows that a complete variety is not far
from a projective variety.

Theorem (Chow’s Lemma). For every complete irreducible variety V, there exists a
surjective reqular map f : V! — V from a projective algebraic variety V' to V such
that for some dense open subset U of V, f induces an isomorphism f~(U) — U (in
particular, f is birational).

The next theorem implies that complete quotients which are analytic geometric quotients
are not far from algebraic quotients.

Theorem (Chow’s Theorem [57]). Every closed analytic subset of a projective variety is
algebraic.

A direct application of this theorem is:
Theorem (|57]). Every compact analytic subset of an algebraic variety is algebraic.

If the base field is the field of complex numbers, then X is complete is and only if X
with the classical topology coming from C is compact, and if X is quasi-projective, then
complete is equivalent to projective. Based on this remark, we cannot make use of the
previous results because our quotient is not complete in general.

5.4 Counter example.

Deveney and Finston constructed an example of an action of the additive group on C°
such that the algebra of invariants does not separate the orbits [26]. Since this example
satisfies the conditions of the possible lemma (5.3.1), it implies that the lemma as it is, is
not true, and so to obtain the desired conclusion we need to add more hypothesis which
is not known for the moment. This section is devoted to present this example. For the
convenience of the reader, we present most of the details established by Deveney and
Finston in [26].

Let G, denotes the additive group of complex numbers, X a variety over C, and o :
Gy X X — X a rational action of G, on X. The action is said to admit an equivariant
trivialization if X is (G,) equivariantly isomorphic to Y x C, with the group action fixing
the first coordinate and acting by addition on the second. In that case, the affine variety
Y is a geometric quotient. The action is said to be locally trivial (in the Zariski topology)
if X is covered by G, stable (affine) open subsets on each of which the action admits an
equivariant trivialization.

As we mentioned before, if (0,id) : G4 x X — X x X is a proper morphism of varieties,
we say that o is a proper action. A proper action of G, on X = C" is locally trivial
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if C[X] is a flat extension of its subring of G, invariants and equivariantly trivial if the
extension is faithfully flat [33]. Moreover, under those conditions the geometric quotient
exists as a quasiaffine variety.

These results were used to show that all proper fixed point free G, actions on C? admit
equivariant trivializations. Fauntleroy [3] has shown that locally trivial G, actions are
necessarily proper. Smith [15] and Winkelmann [10] have given examples of fixed point
free actions on C* for which the space of orbits is not Hausdorff in the quotient topology
induced from the complex topology on C* . These examples are clearly nonproper, and
admit no geometric quotient. In the same paper, Winkelmann has given an example of
a proper action on C° which is locally trivial in the Zariski topology but does not admit
an equivariant trivialization.

In [26], James K. Deveney and David R. Finston constructed an example of a proper
action on complex affine five space which is not locally trivial. They noted that Fauntleroy
[3] has shown that if distinct orbits of a proper G, action on a quasifactorial variety can
be separated by invariant rational functions (i.e., if the action is properly stable), then
the action is locally trivial. Based on that, they found out that it is the stability that is
lacking by their example. An assertion which would imply that any proper, fixed point
free G, action on a normal variety is locally trivial and admits a quasiprojective quotient

appears in a paper of Magid and Fauntleroy [!], and the source of the error is pointed
out in [3]. The example of Deveney and Finston indicates that no such general result is
possible.

We start by presenting some features of proper rational algebraic G, actions on C"
discussed by them aiming to give some indication of how close proper actions are to being
locally trivial. Let o : G4 x X — X be a rational action of G, on X = C", 6 : C[X] —
C[X,t] the induced map on coordinate rings, and & the morphism G, x X — X x X
given by (t,z) — (x,0(t,x)). Differentiating & yields a locally nilpotent derivation § of
C[X]:

li=0, 0 = exp(tJ).

Every &, hence every rational G, action, arises as the exponential of a locally nilpotent
derivation. It should be noted that the ring of invariants of the G, action is identical to
the kernel of § and that the fixed point set for the action is the set of common zeros of
{6z; : 1 < i < n} where z;, 1 <i < n are coordinates on X.

Properness of the action is expressed in terms of coordinate rings: & induces a C-algebra
homomorphism ¢ : C[X x X]| — C[X x G,] = C[X,t]. It was proved in [33] that o
is proper if and only if & is surjective, and locally trivial if and only if im(8§) N C[X]%a
generates the unit ideal in C[X]. In the latter case the action admits a quasiaffine
geometric quotient. An easy consequence of the surjectivity of & is the absence of fixed
points. Moreover, for proper G, actions, Deveney and Finston have shown that the
action is locally trivial if and only if the ring extension C[X]% — C[X] is flat, and
equivariantly trivial if and only if the extension is faithfully flat [33]. If there is a slice
for the action, i.e. s € C[X] with 6(s) = s+ t (equivalently, d(s) = 1), then clearly
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o is surjective. Moreover, if a slice exists, then the action is equivariantly trivial, i.e.,

X 2 X/Gy x G.

Assume that o is a proper action of G, on X = C", so that for some P € C[X x X]| =
Clx1, .oy Ty Y1, -+, Yn), we have

t=0P(x1, s Tny Y1y ooy Yn) = P(X1, o0y Ty 0T, ..., Oy). (5.1)

For a = (ay,...,a,) € X define P, = P(ay, ..., an, 1, ...,x,) € C[X]. Clearly P, provides
an algebraic isomorphism from the orbit of a to C. In particular, each orbit is a complete
intersection [38]. The following remarks by Deveney and Finston show how close P, is
to a slice. Differentiating (5.1) with respect to ¢, using the fact that & = exp(td), leads
to

n
OP,
1= : aixj(sl'l(al)
i=1
The definition of the tangent space to the zero set of P, at a (e.g., [[22], p. 73|) shows that
the zero set of P, intersects the orbit of a transversally at a [[22], p. 82|, and it is clear

that a is the unique point in the intersection. If {hy,...,h,—1} is a minimal generating
set for the ideal of the orbit of a, then hq, ..., h,_1, P, are local parameters at a in X.
Moreover, since a is simple on the zero set of P,, only one component, say Z, = the zero
set of ¢, passes through it. The h; need not be invariants, however. If the orbit of a can
be determined as the vanishing set of invariant rational functions g;, then on an affine
neighborhood U, of a, Z, N U, gives a local quotient for the action. Indeed, because
Z, intersects the orbit of a transversally, the local parameters g;, ¢ form a coordinate
system for U, at a. In particular, orbits on U, are determined by values of the rational
functions g;.

Now, we present the counter example of Deveney and Finston. The action is determined
by the locally nilpotent derivation & of Clx1, z2, y1,y2, 2| given by

1S ar S0, gy 0, 2 (L+augd).

To see that the action is proper, observe that t = 62— z—y3 (612 —x2) —y2(6T2—T2)(FY2—
y2)— (&xrxz)é&yTyQ)Q . They showed that there are distinct orbits which are not separable
by invariant rational functions. In fact, generators for the ring of invariants are explicitly
given, from which it is clear that the ring of invariants is not regular. They note that
with aid of the computer algebra program MAPLE, it is easy to check that the action is
unstable by checking the elements of a Grébner basis for the kernel of & against those of
a Grobner basis for the ideal of C[X, Y] generated by {¢(X) —c(Y) : ¢ € C[X]%}. They
clarified that instability clearly is due to the inability to separate orbits by GG, invariants:
the use of computational methods is mentioned to emphasize their utility in problems
such as these.

The ring of invariants is generated by the five polynomials ¢; = x1, co = y1, and

3 = T1Y2 — T2Y1,

_ 3
¢y = 3y1z — x1Y5 — 3Y2,
s = I%C4+Cg+3{[103

Y1
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These generators were obtained by implementing a form of the algorithm in [13], easily
extended to locally nilpotent, but not necessarily linear, derivations of polynomial rings.
Van den Essen has given a treatment of the algorithm, suitable for computer implementa-

tion, in [9]. Since the latter reference may not be easily accessible, Deveney and Finston
sketched the application to the example at hand, referring to [13] for details. It follows
from [34] that the ring of G, invariants for the action extended to C[X, y%] is generated

by {y%’ 1,2, c3,c4}. Indeed, y—f is a slice for the extended action. Deveney and Finston
built a chain of subrings C; of the ring of G, invariants in C[X] as follows:

Set C1 = Clecy,c2,¢3,¢4] and Cp = (5—11) View C; as the homomorphic image of the
polynomial ring C[z1, 22, 23] under the mapping which sends z;, to the residue class of ¢;.
Since C) is a two-dimensional domain, the kernel is a principal ideal, easily seen to be
generated by 2%24 + zg’ + 3z123. In other words, l’%c4 + cg + 3x1c3 lies in the ideal of Cy
generated by y;. The invariant c5 is obtained by dividing out the highest power (= 1) of
y1 dividing x%C4+c§—|—3x103 and C is defined to be Cy[c5]. Repeating this procedure with
Cy = Cy/(y1), one finds that the residue class of c5 is algebraically independent from
the classes c1,c2,c3,c4. In particular, no new relations, and hence no new invariants,
arise. Thus, the ring of invariants C' is isomorphic to Cluy,ug,us, uq, us]/ < ugus —
uduy — ug — 3ujus > which is the coordinate ring of a variety with singularities at all
points p, = (0,0,0,a,0). Denoting spec C' by Y and by 7 the morphism induced by
the inclusion C' < C[X], the fiber 771(p,) is two dimensional, consisting of all points
(0,8,0,=*,7). In particular, the extension C' < C[X] is not flat [[20], Theorem 15.1].

Deveney and Finston remarked that for an action locally trivial in the Zariski topology,
the extension C' < C[X] is necessarily flat: local triviality implies that there is an open
cover of X by principal affine subsets Xy, = Y; x C, where f; € C' Nimage(d). The
projection morphism Xy — Y; is flat. Since flatness is a local condition, the result
follows.

They added that distinct orbits can, however, be separated by algebraic functions. By
the method of Seshandri [[14], Theorem 6.1], the G, action extends to the normalization
Z of X in a certain degree six Galois extension of C(X). The action on Z is locally trivial
and admits a geometric quotient W, which is a variety (necessarily not quasiprojective
by [[14], p. 543]). If G denotes the Galois group of C(Z)/C(X), then, as indicated in
[3], the geometric quotient of X is the algebraic space W/G. The affine variety Z is
constructed as follows. Let S; be the hyperplane in X defined by z = 0 and Sy the
hyperplane zo = y2. One checks that X = 0(Gy x S1) Uo (G, x S2). Denote C(G, X S;)
by K, observing that they are field extensions of C(X) since the U; are dense in X. If
U] = T1, U12 = T2, U13 = Y1, and u4 = yo are coordinates on S, and t is the coordinate
on G, then the field extension C(X) — Kj is given by x1 — wui1, T2 — ujg + tujs,
Y1 — u13, Y2 — w13 + tuig, z — t(l + U11U%4) + t2u11u13u14 + %uuu%& Applying the
invariants ci,...,cs to these expressions shows that ¢ satisfies a cubic polynomial over
C(X) and K1 = C(X)(¢). A similar procedure shows that Ky = C(X). Now Z is taken
to be the normalization of X in the normal closure of K; over C(X). The slices on Z

are given by %, %, and the three roots of the minimal polynomial for ¢ in C(Z).
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