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Résumé

Les neuropathies optiques comme le glaucome sont souvent des maladies tardives, évolutives et incurables. Malgré les progrès récents de la recherche clinique, de nombreuses questions relatives à l'étiologie de ces troubles et à leur physiopathologie restent ouvertes. De plus, les données sur les tissus postérieurs oculaires sont difficiles à estimer de façon non invasive et leur interprétation clinique demeure difficile en raison de l'interaction entre de multiples facteurs qui ne peuvent pas être facilement isolés. L'utilisation récente de modèles mathématiques pour des problèmes biomédicaux a permis de révéler des mécanismes complexes de la physiologie humaine. Dans ce contexte très enthousiasmant, notre contribution est consacrée à la conception d'un modèle mathématique et computationnel couplant l'hémodynamique et la biomécanique de l'oeil humain. Dans le cadre de cette thèse, nous avons mis au point un modèle spécifique au patient appelé simulateur virtuel de mathématiques oculaires (OMVS), capable de démêler les facteurs multi-échelles et multi-physiques dans un environnement accessible en utilisant des modèles mathématiques et des méthodes numériques avancés et innovants. De plus, le cadre proposé peut servir comme méthode complémentaire pour l'analyse et la visualisation des données pour la recherche clinique et expérimentale, et comme outil de formation pour la recherche pédagogique. Dans la première partie de la thèse, nous décrivons l'anatomie de l'oeil et la physiopathologie du glaucome. Ensuite, nous définissons les choix de modélisation et l'architecture mathématique de l'OMVS (partie II). Dans la partie III, nous présentons la complexe géométrie oculaire et le maillage computationnel ainsi que les nouvelles méthodes numériques que nous avons développées, à savoir la méthode de Galerkin Discontinue Hybride avec conditions limites intégrales, et la technique de décomposition d'opérateur pour résoudre les systèmes EDP-EDO couplés. La quatrième partie de la thèse rassemble toutes les bibliothèques C++ qui ont été implémentées pour créer et résoudre l'OMVS. La partie V illustre les résultats de la simulation de l'OMVS, en particulier la stratégie de vérification et de validation, ainsi que certaines expériences virtuelles significatives sur le plan clinique. Ensuite, nous proposons une étude préliminaire de quantification d'incertitude, notamment une analyse sur la propagation des incertitudes et une analyse de sensibilité à l'aide des indices de Sobol (partie VI). Enfin, dans la dernière partie de la thèse, nous en tirons les conclusions et caractérisons différents projets qui pourront être intégrés dans l'OMVS à l'avenir.

CHAPTER 1 Introduction

The interest on mathematical models applied to biomedical problems has greatly increased. This situation emerges from the incredible progress that has been made in medicine in the last years. In this context, clinicians are continuously looking for new techniques to obtain patientspecific information in a non-invasive way, in particular exploiting mathematical models. This unceasing growth has raised exponentially the complexity of mathematics that is employed for the description of such physical systems.

Thanks to its accessibility to measurements and its special connection, the eye provides a unique window on the brain, thereby offering non-invasive access to a large set of potential biomarkers that might help in the early diagnosis and clinical care of Neuro-Degenerative Diseases (NDD). However, characterizing ocular biomarkers as surrogates of cerebral or systemic vascular status is far from trivial. In this thesis, we focus on glaucoma, which is an ocular NDD that involves the optic nerve head, by that providing a first step towards the study of the system eye-brain.

Clinical measurements are influenced by many factors that vary among individuals and cannot be isolated in vivo, thereby posing serious challenges for the interpretation of such measurements. This difficult, yet extremely appealing opportunity of using the eye as a window on the brain provides the main rationale of our contribution to the project. More specifically, stems from the basic ideas that an ocular measurement per se does not allow to draw any conclusion on what might be the fluid-dynamical and/or metabolic status of the brain in a given patient, unless some other factors specific to that patient are properly taken into account. In this framework mathematical modeling can provide quantitative tools to help accounting for patient-specific factors when interpreting potential ocular biomarkers.

The use of mathematical and computational models to study biofluids is not a novelty. The cardiovascular system was one of the first human systems to be studied with this kind of approach [96,[START_REF] Noordergraaf | The use of an analog computer in a circulation model[END_REF]; later also other organs were investigated, such as lungs [START_REF] Lambert | A computational model for expiratory flow[END_REF][START_REF] Pardaens | Simulation of regional lung emptying during slow and forced expirations[END_REF] and brain 8 CHAPTER 1. INTRODUCTION [55,[START_REF] Marmarou | Compartmental analysis of compliance and outflow resistance of the cerebrospinal fluid system[END_REF]. On the contrary, the interest on the eye is very recent, with many opportunities of developments. Thus, motivated by the need of mathematical and computational methods to study the Eye-Brain system -which we refer to as Eye2Brain -and aid the interpretation of ocular measurements as biomarkers for the brain status, this PhD thesis relates to the development of a multicomponent platform combining detailed descriptions of the eye in view of a connection with the brain network. Specifically the Eye2Brain project aims at studying the interactions among the biofluids within the eye and the brain (aqueous and vitreous humor, blood, cerebrospinal fluid), the biomechanics of the ocular tissues (retina, sclera, cornea), the electric activity and the metabolism within the neurons. Such level of complexity calls for a multiscale and multiphysics modeling approach. Network based models allow to capture the main dynamics of complex systems at relatively low computational costs, whereas detailed 3d models allow to interface with clinical data that are 3d in nature, e.g. images obtained with magnetic resonance or optical coherence tomography. This thesis is a first attempt to realize this ambitious project and it focuses on the hemodynamics of the ocular posterior segment and the biomechanics of the main tissues of the eye. In order to accomplish this task, we have theorized and implemented innovative numerical methods, which handle the multiscale and multiphysics (PDEs/ODEs coupling) in a High Performance Computing (HPC) framework.

The development of this articulated computational platform that can simultaneously process and integrate medical images and measurements obtained with various instruments on the same patient bears a tremendous importance from the clinical viewpoint. Despite the significant advances in medical imaging, it is still extremely challenging for the attending physicians to have a clear full picture of the clinical status of the patient. This is due mainly to two reasons:

• each instrument targets different parts and functions of the patient's tissue; however, the relative significance of various measurements might depend on the patient's status;

• many instruments do come with specific softwares that attempt to classify the measured data as normal, suspicious or abnormal; however, these softwares are based on different cohorts for health and disease, thereby making it difficult to combine the outcomes.

Thus, the development of an articulated platform capable of providing physicians with an integrated view of the patient's status will significantly improve their current ability to monitor health and to prevent, detect, treat and manage disease in a personalized manner.

Within this thesis, we propose to develop the mathematical model behind this complex physiological system, in particular a software for application in ophthalmology. The goal is to implement, test and deliver a software that can be used in clinics to improve diagnosis and care of ocular diseases (e.g. glaucoma, diabetic retinopathy, age-related macular degeneration) and other pathologies that also manifest in the eye (e.g. diabetes, hypertension, NDD) [START_REF] Lazaridis | Bilateral disc haemorrhages in the united kingdom glaucoma treatment study (ukgts): a probabilistic approach to explore a possible systemic pathophysiological mechanism[END_REF].

Thanks to the collaboration with Prof. Harris in Indianapolis we had the opportunity to compare and test our ideas and predictions with hundreds of prospective investigations involving ocular structure, ocular perfusion and blood flow in health and disease, including diabetes, glaucoma and age-related macular degeneration conducted over the past several decades at the Eugene and Marilyn Glick Eye Institute (Indianapolis, USA).

The thesis is structured as follows:

Part I: we describe the anatomy of the eye and the pathophysiology of glaucoma (Ch. 2).

Part II: we define the modeling choices and the mathematical architecture of the OMVS, in particular the three stages of complexity of the model: Level 0 (Ch. 3), Level 1 (Ch. 4), and Level 2 (Ch. 5).

Part III: we present the complex ocular geometry and mesh (Ch. 6) along with the new numerical methods we have developed, namely the operator splitting technique for solving coupled PDE-ODE systems (Ch. 7), and the Hybridizable Discontinuous Galerkin (HDG) method with Integral Boundary Conditions (Ch. 8).

Part IV: we gather all the C++ libraries that have been implemented to create and solve the OMVS, i.e. the HDG toolboxes (Ch. 9), the 3D-0D coupling libraries (Ch. 10), and finally the developer and user-friendly OMVS interfaces (Ch. 11).

Part V: we illustrate the OMVS simulation results, in particular

• the verification via a convergence study for the HDG method and 3D-0D operator splitting technique (Ch. 12); • the validation strategy (Ch. 13); • a virtual study to understand the effect of the blood pressure on the ocular system (Ch. 14); • a virtual study to understand the effect of the intraocular pressure on the ocular system (Ch. 15); • a virtual study to understand the effect of the trans-laminar pressure difference on the ocular system (Ch. 16); • a study on a virtual patient database using the OMVS as clinical investigative tool (Ch. 17).

Part VI: we propose a preliminary uncertainty quantification study (Ch. 18), in particular an analysis on the propagation of uncertainties (Ch. 19) and a sensitivity analysis using Sobol indices (Ch. 20).

Part VII: we characterize different projects that have been developed alongside the thesis and can be eventually integrated in the OMVS, namely:

• a review on mathematical models describing the cerebrospinal fluid flow (Ch. 21);

• a study of the cardiovascular functions in the interest of ballistocardiography (Ch. 22); • an industrial application of the developed HDG method for Darcy equations to design a floating-gate nMOS transistor (Ch. 23); • an application of the developed HDG method for linear elastic equations concerning material traction tests (Ch. 24).

Part VIII: we draw the conclusions together with an outlook for the future (Ch. 25). In this chapter we introduce the medical context of the thesis by means of three sections where we describe i) the physiology of the ocular tissues we have focused on;

CHAPTER 2 Medical background

ii) the significant quantities of interest and their measurements;

iii) glaucoma and the corresponding challenges in medicine.

Ocular anatomy and physiology

Fig. 2.1 illustrates a scheme of the ocular anatomy.

The eye is a complex organ composed by multi-layer tissues (Fig. 2.1). Moving inward inside the eye, we have the sclera, the choroid, the retina and the vitreous humor. In the front of the eye we have the cornea, which is the main tissue that interacts with the outside, and also the anterior and posterior chambers filled with the aqueous humor. The aqueous and vitreous humors are separated by an ocular structure mainly constituted of iris, lens and ligaments.

The sclera, also called the white of the eye, contains mainly collagen and some elastic fibers and covers more than 80% of the surface area of the eyeball, from the cornea to the optic nerve. 12 CHAPTER 2. MEDICAL BACKGROUND It ranges in thickness from about 0.3mm to 1.0mm and is relatively inactive metabolically with a limited blood supply. Its main function is to maintain the shape of the eye.

The choroid supplies the outer retina with nutrients, and maintains the temperature and volume of the eye. The choroidal circulation, which accounts for 85% of the total blood flow in the eye, is a high-flow system with relatively low oxygen content. Its main function is to conduct arteries and nerves to other structures in the eye.

The retina is the light sensitive inner layer and is composed by multiple sub-layers, which have different functions. The region that we are more interested in is where the retinal ganglion cells are located, indeed these neurons are responsible for the transmission of the visual information from the retina to the brain via the optic nerve.

The ocular blood supply comes mainly from the ophthalmic artery (OA), which is located close to the optic nerve. From the OA, the central retinal artery (CRA) branches off and enters the optic nerve approximately 10mm behind the eyeball.

In parallel with the central retinal vein (CRV) that drains the blood from the eye, the CRA runs within the central lumen of the optic nerve till the optic nerve head or lamina cribrosa. The CRA branches into four major arteries that nourish the four quadrant of the retina, respectively. From the retinal microvasculature, the blood is drained via four major retinal veins that converge into the CRV. The lamina cribrosa is an extension of the sclera, which allows the retinal ganglion cells and the central retinal vessels to access the eyeball protected environment. Its anatomical position and elevated vascular supply are illustrated by Fig. 2.2a. Its biomechanical response is mainly driven by collagen beams that forms a network that gives strength to this tissue but at the same time let the nerve fibers pass through it (Fig. 2.2b). The lamina cribrosa has, therefore, a crucial role in the connection between the eye and the brain -from a neurological viewpoint -and between the eye and the cardiovascular system -from a hemodynamical viewpoint. Its microstructure is still a matter of debate in clinical research [61,[START_REF] Sigal | Finite element modeling of optic nerve head biomechanics[END_REF]86,[START_REF] Wang | In-vivo effects of intraocular and intracranial pressures on the lamina cribrosa microstructure[END_REF], however very recently, in some works proposed by Brazile et al. [22], the authors have discovered, thanks to highly detailed images that, on average, i) only 22% of the collagen beams contain a vessel within; ii) 21% of the vessels within the lamina cribrosa were located outside of a collagenous beam.

Besides, the authors also affirm that the distribution of blood vessels doesn't have a significant difference between the various subregions of the lamina.

Quantities of interest and their measurements

In this section we introduce the main quantities of interest in the eye in view of the description of the mathematical model in Part II. Moreover, we present the measurement techniques to retrieve the data for these quantities giving some insights on their accuracy and variability. The overview of these quantities and their measurements is illustrated by Fig. 2.3.

One of the most important quantity for our future investigation is the translaminar tissue pressure difference (TLPd), which is the pressure difference between the intraocular pressure (IOP) and the retrolaminar tissue pressure (RLTp):

T LP d = IOP -RLT p.
IOP is the pressure of the fluids inside the eye and it is determined by the balance between the production and the drainage of aqueous humor. This pressure is measured with the Goldmann Applanation Tonometer, which measures the force necessary to flatten an area of the cornea, computing therefore the pressure exploiting the Imbert-Fick law [62]. This measurement accuracy is however affected by the central corneal thickness (CCT) and the corneal rigidity, in particular, thicker CCT may give artificially high IOP measurements, whereas thinner CCT may give artificially low readings [14]. The dynamics contour tonometer partially solves this issue [128], indeed it is based on the principle that when the tip of the device exactly matches the contour of the cornea, the pressure measured by a transducer placed on its tip is an accurate indicator of the true IOP [START_REF] Punjabi | Dynamic contour tonometry: principle and use[END_REF]. The RLTp is the pressure of the tissues behind the lamina cribrosa. This pressure is largely determined by the pressure within the subarachnoid space, i.e. the intracranial pressure (ICP) [START_REF] Morgan | The correlation between cerebrospinal fluid pressure and retrolaminar tissue pressure[END_REF]. ICP is usually measured with a lumbar puncture, an invasive technique in which a needle is inserted into the spinal canal to collect cerebrospinal fluid (CSF). Some recent works in medicine [START_REF] Morgan | Retinal artery and vein pressures in the dog and their relationship to aortic, intraocular, and cerebrospinal fluid pressures[END_REF][START_REF] Rantz | Enhanced registered nurse care coordination with sensor technology: Impact on length of stay and cost in aging in place housing[END_REF][START_REF] Morgan | Utilization of retinal vein photoplethysmography to measure intracranial pressure[END_REF] and with mathematical models [76], however, show some innovative methods in order to estimate ICP noninvasively.

For what concerns the hemodynamics, the measurements that are relevant for the description and validation of our model are mainly the systemic systolic and diastolic pressures (SP/DP), the mean arterial pressure (MAP), and the retinal blood flow. The sphygmomanometer is a clin-3. GLAUCOMA ical instrument, which typically consists of an inflatable rubber cuff that is applied to the arm and connected to a column of mercury next to a graduated scale, enabling the determination of systolic and diastolic blood pressure by increasing and gradually releasing the pressure in the cuff. For the retinal blood flow measurements we refer to the Color Doppler Imaging (CDI) or Doppler ultrasonography [START_REF] Williamson | Color doppler ultrasound imaging of theeye and orbit[END_REF], which employs the Doppler effect to generate imaging of the movement of tissues and body fluids -usually blood -and their relative velocity to the probe by calculating the frequency shift of a particular sample volume. For the retinal blood flow, another quantity that the ophthalmologist can measure is the oxygenation of the blood by means of the retinal oxymetry [97].

Hence we discuss the geometric and material properties of the ocular tissues. Thanks to the Optical Coherence Tomography Angiography (OCTA), we have access to the dimensions, the thickness, and vessel structure of the lamina and the retina [START_REF] Mao | Automated 3d lamina cribrosa segmentation in optical coherence tomography volumetric scans[END_REF][START_REF] Zang | Automated segmentation of peripapillary retinal boundaries in oct combining convolutional neural network and graph search[END_REF]. With the pachymeter, instead, we can measure the CCT. For the material properties we point out the use of the ultrasound elastography and we refer to the abundant literature in ocular biomechanics, in particular to some ex-vivo measurements and traction tests with advanced mathematical analysis [109,[START_REF] O'brien | The role of lamina cribrosa tissue stiffness as a fundamental biomechanical driver of pathological glaucomatous cupping[END_REF][START_REF] Nguyen | Analysis for the effects of glaucoma and optic nerve damage on the pressure-induced strains in the human lamina cribrosa[END_REF].

Finally, we remark that not all the clinical tools we have mentioned above are available in all the research centers or hospitals, in particular we refer to the dynamics contour tonometer, the Eco Doppler Imaging, the retinal oxymetry and the ultrasound elastography. The use of the OCTA is becoming quite ordinary for ophthalmologists working on glaucomatous patients, which is moderately replacing the OCT (Optical Coherence Tomography).

We emphasize that the presented overview does not aim at being exhaustive in the wide clinical context, rather to give some ideas of the instruments and their accuracy that has to be considered when using the corresponding data for mathematical modeling and the measurements that are not yet directly accessible nowadays.

Glaucoma

Glaucoma is an optic neuropathy characterized by progressive death of retinal ganglion cells (RGCs) and irreversible vision loss. The only treatable risk factor for glaucoma is elevated IOP, however, for instance, Normal Tension Glaucoma (NTG) patients show a disease progression even with IOP lower than the threshold approved to use treatments. Another interesting clinical situation is ocular hypertension (OHT). In this case, patients suffer from consistently elevated IOP in one or both eyes in the absence of clinical evidence of optic nerve damage, visual field defect or other pathology that could explain high IOP. Thus leads to the conclusion that IOP cannot be the only factor in glaucoma. Recent works have emphasized that other confounding factors have to be considered in the study of glaucoma, for instance:

• TLPd, i.e. the combined interaction of IOP and RLTp [START_REF] Wang | Intraocular and intracranial pressure gradient in glaucoma[END_REF][START_REF] Marek | Cerebrospinal fluid pressure and glaucoma: regulation of trans-lamina cribrosa pressure[END_REF];

• ocular shape, for instance the axial length [75,104];

• CCT, which can largely alter the IOP measurements [21].

CHAPTER 2. MEDICAL BACKGROUND

In addition to these factors that are local to the eye, various studies suggest that also systemic factors may have a significant impact on the ocular mechanisms, such that:

• blood pressure level [243,[START_REF] Topouzis | Association of blood pressure status with the optic disk structure in non-glaucoma subjects: the thessaloniki eye study[END_REF];

• vascular regulation [66];

• diabetes [41];

• age [98,[START_REF] Tuck | The age distribution of primary open angle glaucoma[END_REF][START_REF] Leske | Estimating incidence from age-specific prevalence in glaucoma[END_REF][START_REF] Lee | The effect of ageing on the recovery of retinal function and structure following intraocular pressure elevation in mice[END_REF];

• gender [START_REF] Vajaranant | Gender and glaucoma: what we know and what we need to know[END_REF][START_REF] Pasquale | Estrogen pathway polymorphisms in relation to primary open angle glaucoma: an analysis accounting for gender from the united states[END_REF];

• ethnicity [127,[START_REF] Siesky | Differences in ocular blood flow in glaucoma between patients of african and european descent[END_REF];

• body-mass index [START_REF] Ngo | Blood pressure, ocular perfusion pressure, and body mass index in glaucoma patients[END_REF];

• genetic [101].

The current challenge in ophthalmology is to disentangle causes from effects for each specific patient. In this context, the OMVS may be employed to single out the mechanisms involved in the pathophysiology of glaucoma and inspect individually the influence of these multiple factors on the overall system.

Part II The Ocular Mathematical Virtual Simulator (OMVS)

As stated in the first part of this thesis (Part I), the lamina cribrosa plays a crucial role in the balance of pressures between the eye and the brain. Since IOP has certainly a major role in glaucoma, we are interested in modeling the complex multiphysics phenomena that take place at the level of this ocular tissue. Specifically, in this part we illustrate the evolution of the framework of the modeling and simulation environment we developed, called Ocular Mathematical Virtual Simulator (OMVS), from its early characterization to the current status.

The development of the OMVS can be organized in different stages of increasing complexity. In the following, we present these 3 mathematical modeling frameworks:

• Level 0 describes the hemodynamics in the ocular posterior vasculature in the back of the eye via a reduced model based on a nonlinear ODEs system ;

• Level 1 models the hemodynamics in the ocular posterior vasculature via a multiscale approach coupling a nonlinear ODEs system with the 3D Darcy equations within the lamina cribrosa;

• Level 2 accounts for the hemodynamics in the ocular posterior vasculature via a nonlinear ODEs system, within the lamina cribrosa via 3D Darcy equations, and the biomechanics of the optic nerve head (2a), sclera, choroid, retina and cornea (2b) by means of different systems of PDEs describing their linear elastic behavior.

Details concerning Level 0, Level 1, and Level 2 are provided in chapters 3, 4, and 5, respectively. The contents of this part has been published in [START_REF] Sala | Ocular mathematical virtual simulator: A hemodynamical and biomechanical study towards clinical applications[END_REF]. Level 0 consists in a simple representation of the blood circulation in the back of the eye, in particular within the central retinal vessels, the retina and the lamina cribrosa. The blood circulation is modeled via a lumped-parameter model, which exploits the electric analogy to fluid flow [71]. Within this analogy, the flow of a fluid through a hydraulic network corresponds to the flow of an electric current through an electric circuit. Thus, volume, flow rate, fluid velocity, pressure correspond to electric charge, current, current density, potential, respectively (see Tab. The ODEs model illustrated in Fig. 3.1 is an extension of the circuit described in [89], i.e. we have added the hemodynamics description of the lamina cribrosa. In the original circuit 
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.1 -0D circuit representing the ocular posterior vasculature. The vasculature is divided into six main compartments: the CRA (cra), arterioles (r,a), capillaries (r,c), venules (r,v), the CRV (crv), and the lamina cribrosa (lc). Each compartment includes resistances (R) and capacitances (C). The intraocular segments (Rcra,3, Rcra,4, Rr,v1, Rr,v2, Rcrv,1, Rcrv,2) are exposed to the IOP and the retrobulbar segments are exposed to the RLTp (Rcra,1, Rcra,2, Rcrv,3, Rcrv,4).

the external pressure on the resistances R cra,3 and R crv,2 is the effective stress exerted by the lamina on these vessels, which has been computed via the simplified FSI (fluid-structure interaction) model on studied by [88] on the CRA/CRV interaction with the lamina cribrosa. In our lumped-parameter model (Fig. 3.1), we neglect this contribution by reason of the fact that we are going to introduce a more detailed 3D biomechanics description of the lamina cribrosa in Level 2 (Ch. 5).

Following the electronic-hydraulic analogy, the 0D circuit comprises the following elements:

(a)

R P 0 P 1 Q (b)
(R; Π) • linear resistor (Fig. 3.2a): the hydraulic analog to Ohm's law states that the volumetric flow rate Q is proportional to the pressure difference P 0 -P 1 across the resistor, namely

P 0 P 1 Q (c) C P 0 P 1 Q (d) U (t) P 1 Q Figure 3.
Q = P 0 -P 1 R (3.1)
1. NONLINEAR RESISTOR MODEL
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where R is the hydraulic resistance;

• nonlinear resistor (Fig. 3.2b): this element follows the same constitutive law as the linear resistor (Eq. 3.1) with the difference that the resistance is not a constant, but it depends on a pressure Π, which is external to the element:

Q = P 0 -P 1 R(Π) (3.2) 
• linear capacitor (Fig. 3.2c): the time rate of change of the fluid volume V stored in a capacitor equals the volumetric flow rate Q. In the case of linear capacitor, the volume V is equal to the pressure difference P 0 -P 1 multiplied by a positive constant C called capacitance, namely V = C(P 0 -P 1 ). Thus, the constitutive law of a linear capacitor is

Q = C d(P 0 -P 1 ) dt (3.3) 
• voltage source (Fig. 3.2d): the hydraulic analog of a voltage source is an element that imposes the nodal pressure as P 1 (t) = U (t), where U (t) is a given function.

Nonlinear resistor model

Nonlinear resistors are utilized in Level 0 to describe the mechanical response of the CRA and the CRV to external loads. Both vessels experience two external pressures in the pre-and postlaminar regions, i.e. RLTp and IOP , respectively. Thus in the remaining part of this chapter the external pressure called Π in Eq. 3.2 has to be replaced by RLTp for the segments outside the globe of the eye and by IOP for the segments within the eyeball. In particular, our intent is to model the mechanical response of the vessels due to changes in the value of the transmural pressure. The transmural pressure is the difference between the pressure inside the vessel and the external load acting on the same segment. Such analysis has already been performed in literature, and we report for sake of completeness the principal results below. For more details see [31]. Let us consider a straight cylinder Ω with cross section Σ of general shape (Fig. 3.3). Let us assume that the movement of a viscous fluid inside the cylinder can be described by the stationary Navier-Stokes equations with no-slip boundary conditions:

     ∇ • u = 0 in Ω (u • ∇) u = -1 ρ ∇p + µ ρ ∆u in Ω u = 0
on ∂Σ × (0, L)

(3.4)
where u is the fluid velocity, p is the fluid pressure, µ is the fluid dynamic viscosity, ρ is the fluid density and ∂Σ is the lateral boundary of the cylinder Ω. Moreover, we impose a determined pressure at inlet and outlet, and we rewrite u = u Σ + u z e z with u Σ = u x e x + u y e y and n Σ is the outward normal vector to ∂Σ × (0, L).

Let us perform a model reduction based on the following assumptions:

• p is constant on each section Σ, which means that p = p(z);

• body forces and mass sources are absent;

• |u Σ | << |u z |, which means axial motion is predominant;

• u z = ū(z)f (Σ), where ū(z) represents the average axial velocity on the cross-section Σ and f (Σ) is an appropriate shape function;

• low Reynolds number, for instance in the CRA Re = ρ u L µ 4 [31];

• the variability of A with respect to z can be neglected ⇒ Σ f (Σ)dγ = A(z).

Combining these assumptions we can obtain the following reduced system:

     dQ(z) dz = 0 in (0, L) 1 K r ρ dp dz + Q(z) A 2 (z) = 0 in (0, L) (3.5) 
where Q(z) = Σ u z dσ = ū(z)A(z) is the volumetric average flow rate, A(z) = Σ 1dσ is the cross-sectional area and K r = -µ ρ ∂Σ n Σ • ∇ Σ f (Σ)dγ. The choice of the specific shape function f (Σ) for the fluid motion influences the value of K r . For Poiseuille's flow, where the fluid velocity has a parabolic profile, we have that K r = 8πµ ρ [START_REF] Quarteroni | Mathematical modelling and numerical simulation of the cardiovascular system[END_REF]27].

Till now, we have not introduced yet any mechanical interaction between the vessels and the fluid, in particular depending on the transmural pressure difference. Thus, we adopt the tube law [27,84,[START_REF] Pedley | Blood pressure and flow rate in the giraffe jugular vein[END_REF][START_REF] Shapiro | Steady flow in collapsible tubes[END_REF]:

P (α) = p(z) -p e K p (3.6) 
where α = A(z) A ref is the ratio between the cross-sectional area A(z) and the reference crosssectional area A ref . p(z) and p e are the internal and external pressure acting on the tube, respectively, and K p is a material parameter that, for a linear elastic tube, can be expressed as

K p = E 12(1 -ν 2 ) h r ref 3
where E, ν, h and r ref are the tube Young modulus, Poisson's ration, wall thickness and reference radius, respectively [84,[START_REF] Pedley | Blood pressure and flow rate in the giraffe jugular vein[END_REF][START_REF] Shapiro | Steady flow in collapsible tubes[END_REF]. Thus, we have two possible situations, i.e. cross-section constriction (p e > p(z) ⇒ α < 1, Fig. For the sake of simplicity hereafter we will consider the retinal venules as part of the CRV segment. Following the passages described in [31] and [START_REF] Sacco | A comprehensive physically-based approach to modeling in bioengineering and life sciences[END_REF] we adopt the following model choices:

CRA R = K r ρL A 2 ref p -p e K p k L + 1 -4 (3.7) 
CRV R =          K r ρL A 2 ref p -p e K p k L + 1 -4 p ≥ p e K r ρL A 2 ref 1 - p -p e K p 4/3 p < p e (3.8) 
where L is the length of the vessel, p is the average pressure inside the vessel and k L = 12 r ref h

2 .

In Eq. 3.7 we have assumed that the cross-section remains circular in presence of external pressures, whereas in Eq. (3.8) we have employed the Starling resistor effect based on experiments suggested by [27,[START_REF] Shapiro | Steady flow in collapsible tubes[END_REF]. This formula expresses that, in case of compressible tubes, the circular cross-section is preserved for dilation, whereas when the transmural pressure is negative the cross-section becomes elliptical.

In conclusion, we have defined two types of nonlinear resistors -for CRA and CRV segments, respectively -that are univocally characterized by three parameters:

k 0 = A 2 ref K r ρ L , k L and K p .

Data and implementation

In Tabs. 3.2 and 3.3 we report the parameter values we have used in the simulation of this first model, if not specified differently in the results (Part V). The data are taken from [31].

The ODEs model has been implemented in OpenModelica [74], Fig. 3. 5 Level 0 framework exploits some electronic elements already implemented in OpenModelica, in particular linear resistor, linear capacitor and pressure (voltage) source. However, in order to be able to reproduce the physiological mechanisms related to vessel collapsibility, we have implemented these new OpenModelica classes:

• nonlinear resistor that follows Eq. ( parameter Real k0(quantity = "k0", unit = "ml/(mmHg.s)") "Aref^2/(kr * ro * L), kr=8 * pi * mu/ro";

parameter Real kl(quantity = "kl", unit = "1") "12 Aref^2/(pi * h^2)";

parameter Real kp(quantity = "kp", unit = "mmHg") "E/ ( • nonlinear resistor that follows Eq. (3.7):

CRA resistor extends Modelica.Electrical.Analog.Interfaces.OnePort;

parameter Real k0(quantity = "k0", unit = "ml/(mmHg.s)") "Aref^2/(kr * ro * L), kr=8 * pi * mu/ro";

parameter Real kl(quantity = "kl", unit = "1") "12 Aref^2/(pi * h^2)";

parameter Real kp(quantity = "kp", unit = "mmHg") "E/(12 * (1-ni^2) * (h/rref)^3"; Modelica.Blocks.Interfaces.RealInput REF "Pressure that controlled the resistance"; CHAPTER 3. LEVEL 0 • blood pressure source; in this case we have employed the same approach used in [89]; we reconstruct the CRA blood pressure time profile from typical CDI measurement of the blood velocity in the CRA (Fig. 3.6) and we impose it as time-dependent pressure source. Moreover, we have parametrized the reconstructed signal using the heart rate (HR), the systemic systolic and diastolic pressures (SP and DP, respectively) as input; thus, we have 2. DATA AND IMPLEMENTATION 29 divided the CRA blood pressure time profile into 6 parts for each cardiac cycle : where t = mod (t, 60 HR ) In Level 1 of the OMVS we look for a more detailed description of the hemodynamics within the lamina cribrosa. Since this tissue has a structure similar to a sponge -see Ch. 2 for the anatomical details of the lamina cribrosa -we have employed the Darcy equations that describe the behavior of a porous medium.

P in (t) =                                                          0.
The modeling of the lamina cribrosa is not a novelty in the scientific panorama, indeed this tissue has risen a lot of interest from a biomechanical viewpoint [61,[START_REF] Sigal | Biomechanics of the optic nerve head[END_REF]86,[START_REF] Newson | Mathematical modeling of the biomechanics of the lamina cribrosa under elevated intraocular pressures[END_REF][START_REF] Bellezza | The optic nerve head as a biomechanical structure: initial finite element modeling[END_REF]81]. On the other hand, few studies have been completed on the hemodynamics of the lamina [39].

The proposed innovative model provides a unique window on both the biomechanics and hemodynamics. The interaction between this two aspects is investigated in Ch. 5, whereas here we focus on the importance of having an overview of the blood circulation. The originality we bring out with this model is that we consider not only the major region of interest -the lamina cribrosa -but we take into account also the blood framework from which this tissue is nourished. In this way we look at the local to systemic feedback acting on the whole system. For instance, if the lamina is compressed in a certain region, the blood flow may redistribute not only in the lamina itself, but also in the other vessels connected with this structure.

In order to accomplish this challenging task, we couple Darcy equations with the ODEs system described in Ch. 3 by using an integral boundary conditions (IBC). In the upcoming section we present the Darcy equations in a framework, which is meaningful from the viewpoint of the target application involving IBCs. We next specify the model in the medical context we are interested in. The new numerical methods that we have developed to discretize the considered 32 CHAPTER 4. LEVEL 1 formulation are presented in Chs. 7 and 8.

Darcy equations with integral boundary conditions (IBCs)

The novelty of our work is the development of non-standard boundary conditions for the Darcy model written in the mixed form by reason of a natural PDEs/ODEs coupling.

Before entering the details of our application that are discussed in Sec. 2, we discuss below this mixed form formulation for Darcy from a general perspective and at a continuous level. Thus, let us denote by Ω an open bounded set of R d , d = 2, 3 representing the computational domain. Let the boundary Γ of Ω be partitioned into three disjoint subsets: Γ D , Γ N , and Γ I . The goal is to solve the following mixed problem: find j, p such that

j + K • ∇p = 0 in Ω (4.1a) ∇ • j = f in Ω (4.1b)
subject to the following non-standard boundary conditions

p = g D on Γ D (4.2) j • n = g N on Γ N (4.3) Γ I j • n = I target on Γ I (4.4) p(x, t) = p(t) on Γ I . (4.5) 
where I target is a given constant. p on Γ I is a constant (Eq. (4.5)), however its value is not known until the system is solved [13]. Moreover, we have that f ∈ L 2 (Ω) and K ∈ (L ∞ (Ω)) n×n is a symmetric n × n matrix, uniformly positive defined over Ω and represents the permeability tensor. We use a standard notation for integrals: for functions p, q ∈ L 2 (D), we write (p, q) D =

D pq if D ⊂ R d , and p, q D = D pq if D ⊂ R d-1 . Introducing a fixed function φ ∈ H 1/2 (Γ) verifying φ| Γ D = 0, φ| Γ I = 1,
we consider the following variational formulation of the problem: find j ∈ H(div;Ω), p ∈

L 2 (Ω), p ∈ span φ ⊕ H 1/2 00 (Γ N ),
where

H 1/2 00 (Γ N ) = {ϕ ∈ H 1/2 (Γ) : ϕ = 0 on Γ D ∪ Γ I }, such that for all v ∈ H(div;Ω), w ∈ L 2 (Ω), µ ∈ span φ ⊕ H 1/2 00 (Γ N ) we have K -1 j, v Ω -(p, ∇ • v) Ω + p, v • n Γ = 0, (4.6a) (∇ • j, w) Ω = (f, w) Ω , (4.6b) j • n, µ Γ N ∪Γ I = g N , µ Γ N + I target |Γ I | -1 µ, 1 Γ I , (4.6c) p, µ Γ D = g D , µ Γ D . (4.6d)
This formulation leads to the following theorem:

Theorem 1. For f ∈ L 2 (Ω), g D ∈ H 1/2 (Γ D ), g N ∈ L 2 (Γ N ), problem (4.6
) admits a unique solution (j, p, p) satisfying

-∇ • K∇p = f in Ω, (4.7a) p = g D on Γ D , (4.7b) 
-K∇p • n = g N on Γ N , (4.7c) 
with p constant on Γ I . (4.8)

Moreover, the integral boundary condition

Γ I -K∇p • n = I target (4.9)
is satisfied.

The details and the proof of this theorem can be found in [13].

Porous media model for the lamina cribrosa

As anticipated in the introduction of this chapter, to describe the lamina cribrosa model, we couple the system of PDEs described above (Eq. 4.1) with the system of ODEs proposed for Level 0 in a natural way thanks to the mixed formulation with IBCs. Specifically, we have replaced the reduced model in the gray area of Fig. The data used for the lumped-parameter model are the same as those reported in Ch. 3, in particular we refer to Tabs. 3.2 and 3.3. For what concerns the 3D model, Fig. 4.2 depicts the boundary/interface conditions, which are an reformulation of the BCs proposed by [34]; i.e. we have: The BC on Γ ext is crucial for the temporal and spatial coupling between Level 0 and the new porous media model introduced in Level 1 . This framework provides a zoom in a region of interest for the lamina cribrosa, while accounting for systemic feedback via the 0D circuit. In particular, the value P I on Γ I is obtained after solving the integral condition, which is the core to achieve the natural spatial coupling between the 3D flux (j) and its 0D representation in the circuit (Q I ). These conditions replicate the physiology of the lamina. This tissue is nourished through the lateral boundaries, and finally the blood is gathered by the CRV at the central opening (Fig. 4.3a). We use a baseline value of p crv = 19 mmHg [89]. We adopt the isotropic hypothesis (Fig. 4.3b) for the permeability tensor K which takes into account for capillaries within the tissue of the lamina. Thus, K = κ I with κ = 0.015192 cm 3 s Kg -1 . As already stated in Ch. 2, this hypothesis provides a satisfactory approximation of physiological conditions [22]. The Level 2 of the OMVS adds to the hemodynamics of Level 1 a biomechanical description of the lamina cribrosa, then the biomechanical part of the model is extended in a second step to the sclera, choroid, retina and cornea. The simpler version of this model is called Level 2a, which includes the biomechanics of the lamina cribrosa, whereas the framework that incorporates also the description of other ocular tissues is called Level 2b.

• p = p crv on Γ int ; • j • n = 0 on Γ bottom ∪ Γ top ,
Γ int Γ ext p crv Q I j • n = 0 j • n = 0 Γ top Γ bottom lateral view top view LAMINA CRIBROSA
This chapter is structured as follows:

• a first section introduces the equations used for the biomechanical description, namely the linear elasticity system;

• a second section presents the general framework of a poroelastic model;

• a third section illustrates the specific poroelastic model of the lamina cribrosa we have used for the OMVS;

• a final section adds the description of the sclera, choroid, retina and cornea to the poroelastic system proposed above.
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CHAPTER 5. LEVEL 2

Linear elasticity

Following a similar procedure to the one utilized for the Darcy system, we present the development of integral boundary conditions for the linear elastic model written in the mixed form. Using the same notation as in Ch. 4, we consider the computational domain Ω ∈ R d with d = 2, 3, the boundary Γ = ∂Ω = Γ D ∪ Γ N ∪ Γ I . The scope is to solve the following mixed problem: find σ, u such that

Aσ -ε(u) = 0 in Ω × [0, T ] ⊂ R d × R, (5.1a) ρ ∂ 2 u ∂t 2 = ∇ • σ + F ext in Ω × [0, T ], (5.1b) 
accompanied by the following boundary conditions

σ • n = g N on Γ N , (5.2a 
)

u = g D on Γ D , (5.2b) 
Γ I σ • n dΓ I = F target on Γ I , (5.2c) u(x, t) = u(t) on Γ I (5.2d)
where u is the displacement, F ext is the volumetric force term, F target is a given constant vector in R d , ε(u) = 1 2 ∇u + (∇u) T is the strain tensor, I is the identity tensor, σ is the stress tensor -symmetric tensor in R d×d -and the compliance operator A is assumed to be a bounded, symmetric, positive definite operator over the set of a symmetric matrices in R d×d :

Av = c 1 v + c 2 trace(v)I (5.3)
In Eq. (5.3), v is a symmetric second order tensor in R d×d .

In the hypothesis of homogeneous, isotropic, linear materials, we have that

c 1 = 1 2µ , c 2 = -λ 2µ(3λ + 2µ) , (5.4) 
where µ, λ are the Lamé parameters [START_REF] Lamé | Leçons sur la théorie mathématique de l'elasticité des corps solides par G. Lamé[END_REF]. Moreover we assume that the volumetric force term

F ext lies in L 2 (Ω × (0, T )), g D ∈ H 1/2 (Γ D ) = H 1/2 (Γ D ) d , g N ∈ L 2 (Γ N ) = L 2 (Γ N ) d , and 
F target ∈ L 2 (Γ I ) = L 2 (Γ I ) d .
With these premises we can write the variational formulation of the problem: we look for

σ ∈ S(Ω) = S ∈ R d×d : S = S T , u ∈ L 2 (Ω), û ∈ span φ ⊕ H 1/2 00 (Γ N ) d , where H 1/2 00 [(Γ N )] d = {ϕ ∈ H 1/2 (Γ) d : ϕ = 0 on Γ D ∪ Γ I }, such that for all v ∈ S(Ω), w ∈ L 2 (Ω), µ ∈ span φ ⊕ H 1/2 00 (Γ N ) d we have A σ, v Ω -ε(u), v Ω = 0, (5.5a) 
-∇ • σ, w Ω + ρ ∂ 2 u ∂t 2 , w Ω = (F ext , w) Ω , (5.5b) σ • n, µ Γ N ∪Γ I = g N , µ Γ N + F target |Γ I | -1 µ, 1 Γ I , (5.5c) û, µ Γ D = g D , µ Γ D .
(5.5d)

After defining the variational formulation, we would like to give some insights to enlighten the motivation of constraint (5.2d). First, we multiply (5.1b) by ∂u ∂t and we integrate it on the whole domain Ω:

ρ Ω ∂ 2 u ∂t 2 ∂u ∂t dΩ = Ω ∇ • σ ∂u ∂t dΩ + Ω F ext ∂u ∂t dΩ
Denoting by F := Ω F ext ∂u ∂t dΩ, we can write:

ρ 2 d dt Ω ∂u ∂t 2 = Ω ∇ • σ ∂u ∂t dΩ - Ω σ : ∇ ∂u ∂t dΩ + F (5.6a) ρ 2 d dt ∂u ∂t 2 L 2 (Ω) = ∂Ω ∂u ∂t σ nd∂Ω - Ω σ : ∇ ∂u ∂t dΩ + F (5.6b) Next, we rewrite Ω σ : ∇ ∂u ∂t dΩ = Ω λ (∇ • u) I : ∇ ∂u ∂t dΩ + Ω 2µε(u) : ∇ ∂u ∂t dΩ (5.7a) = λ Ω (∇ • u) : ∂ ∂t (∇u)dΩ + 2µ Ω ε(u) : ∂ ∂t (∇u)dΩ (5.7b) = λ Ω (∇ • u) ∂ ∂t (∇ • u)dΩ + 2µ Ω ε(u) : ∂ ∂t ε(u)dΩ (5.7c) = λ 2 d dt ∇ • u 2 L 2 (Ω) + µ d dt ε(u) 2 L 2 (Ω)
(5.7d)

(5.7e)

and finally obtain by substitution of (5.7e) into (5.6b):

ρ 2 d dt ∂u ∂t 2 L 2 (Ω) + λ 2 d dt ∇ u 2 L 2 (Ω) + µ d dt ε(u) 2 L 2 (Ω) = ∂Ω ∂u ∂t σ n d(∂Ω) + F Our interest is now focused on ∂Ω ∂u ∂t σ n d(∂Ω).
We can distinguish three different situations: 

1. Neumann BC on Γ N : σ n = g N (x, t) =⇒ we incorporate Γ N ∂u ∂t g N dΓ N 2. Dirichlet on Γ D : u = g D (x,

Poroelasticity

We will describe the lamina cribrosa as a poroelastic medium, where hemodynamics and biomechanics are combined to model the physiological behavior of this tissue, with the goal of understanding the interactions between these two biological mechanisms. In order to achieve this scope we started from the poroelastic system introduced by Biot [15] and subsequently studied by [56,51,[START_REF] Whitaker | The method of volume averaging[END_REF][START_REF] Markert | Porous media viscoelasticity with application to polymeric foams[END_REF]:

     ρ ∂ 2 u ∂t -∇ • σ el -αpI = F el in Ω × [0, T ] ∂ζ ∂t + ∇ • j = F f l in Ω × [0, T ] (5.9) 
where Ω ⊂ R d , d = 2, 3 is the computational domain, u is the solid displacement, σ el is elastic stress tensor, F el is the volumetric force term, p is the fluid pressure, α is the Biot coefficient, j is the discharge velocity, F f l is the volumetric fluid source term, and ζ is the fluid content. The definition of ζ, σ, and j, reads:

ζ = 1 M p + α∇ • u (5.10)
σ el = µ ∇u + ∇ T u + λ (∇ • u) I (5.11) j = -K ∇p (5.12)
where M is the Biot modulus, µ and λ are the Lamé parameters of the elastic matrix, and K is the permeability tensor. Exploiting these definitions we can rewrite the system (5.9) as:

     ρ ∂ 2 u ∂t -(λ + µ)∇ (∇ • u) -µ∆u + α∇p = F el in Ω × [0, T ] 1 M ∂p ∂t + α∇ • ∂u ∂t -∇ • K∇p = F f l in Ω × [0, T ]
From this formulation, we introduce the hypothesis that the exchange of fluid content is only due to p, i.e. α ∂ ∂t (∇ • u) ≈ 0. Thus, we obtain the following simplified system of PDEs:

     ρ ∂ 2 u ∂t 2 -∇ • σ = F el in Ω × [0, T ] 1 M ∂p ∂t + ∇ • j = F f l in Ω × [0, T ] (5.13) 
where σ = σ el -α p I is the stress tensor of the mixture or total stress. System (5.13) is accompanied by appropriate boundary and initial conditions.

Remark 2. The well posedness of the poroelastic system (5.9) is proved by Showalter in [START_REF] Showalter | Diffusion in poro-elastic media[END_REF].

POROELASTIC MODEL FOR THE LAMINA CRIBROSA

Poroelastic model for the lamina cribrosa

For our application we are interested in using the poroelastic system presented in the previous section for modeling the lamina cribrosa. The idea is to use the hemodynamic framework of Level 1 combined with the biomechanical description via the model proposed in (5.13).

In the context of the lamina cribrosa there are more advanced studied in specific parts of this model, for instance the use of a nonlinear model to describe the biomechanics of the lamina [START_REF] Recrosi | Thermodynamic derivation of a non-linear poroelastic model describing hemodynamicsmechanics interplay in the lamina cribrosa[END_REF], or the use of a poro-viscoelastic model to characterize the interaction between the blood flow and the elastic tissue within the optic nerve head [START_REF] Prada | A hybridizable discontinuous Galerkin method for nonlinear porous media viscoelasticity with applications in ophthalmology[END_REF]. The novelty that we are bringing, despite the hypothesis introduced and the use of a simple linear elastic model, is the conception of this framework in which the 3D model of the lamina cribrosa does not have artificial boundary conditions but via an IBC it is coupled with a system of ODEs representing the blood flow circulation. Moreover, the use of Eqs. (5.13) has to be seen as a first step to create the "big picture" of the ocular system in which each mathematical component can be replaced with more sophisticated and adapted models as soon as the research evolves.

We sketch the new scheme for Level 2a in Fig. 5.1. For what concerns the biomechanics, the BCs are depicted in Fig. 5.2, i.e. we have:

HEMODYNAMICS BIOMECHANICS

• σ el • n = -p cra n on the internal boundary of the lamina; in this case -due to lack of biological information -we have assumed that all the internal boundaries feel the pressure within the CRA that is compressing (negative sign), whereas from a strictly physiological viewpoint there is a subset that is influenced by the CRV; thus, we are overestimating this pressure since p cra > p crv ∀t ∈ [0, T ];

• σ • n = -IOP n on the top boundary; the negative sign is to indicate the fact that IOP is compressing the tissue;

• σ • n = -RLT p n on the bottom boundary; also in this case the negative sign is to indicate the compressing effect of the CSF behind the eye on the tissue;

• u = 0 on the lateral boundary; at first instance we did not consider the effect of the sclera on the optic nerve head; this hypothesis will be removed in the next section when we add the biomechanical description of the sclera.

The baseline values for the BCs for Level 2a are p cra = 80 mmHg, IOP = 15 mmHg, and RLT p = 7 mmHg. The values for the Lamé coefficients to describe the elastic properties of the lamina cribrosa are summarized in Tab. 5.1 and have been retrieved from [35] and [START_REF] Woo | Nonlinear material properties of intact cornea and sclera[END_REF] in case of small stresses (0.0 -8.0 kPa), which include the physiological range of pressures involved in the realistic framework.

LAMÉ PARAMETER VALUE UNIT µ 0.12 MPa λ 5.88 MPa Table 5.1 -Elastic properties of the lamina cribrosa for Level 2a.

Biomechanics of sclera, choroid, retina and cornea

In this section we extend the previous model introducing the biomechanics of the sclera (Fig. 5.3a), choroid (Fig. 5.3b), retina (Fig. 5.3c) and cornea (Fig. 5.3d). This is the current most advanced version of the OMVS and it is called Level 2b.

The hemodynamics model is the same as Level 2a (Fig. 4.1), which means that we account for the vasculature in the back of the eye thanks to the 0D model described in Ch. 3 and the blood perfusion of the lamina cribrosa via a 3D poroelastic model presented in Ch. 4. For what concerns the biomechanics we impose the continuity of stresses and displacements on the interfaces between the different tissues: In Tab. 5.3, we resume the Lamé coefficients of each simulated ocular tissue for Level 2b model, values that have been retrieved from [73,65].

σ Γ - int = σ Γ + int

Name boundary BC type Parameter Value Unit

SCLERA 

Iris_Sclera σ • n = -IOP n IOP 15 mmHg Sclera_internalBC σ • n = -IOP n IOP 15 mmHg Pia_Sclera u = 0 [-] [-] [-] OpticNerve_Sclera u = 0 [-] [-] [-] Sclera_externalBC u = 0 [-] [-] [-] CHOROID BC_Choroid σ • n = -IOP n IOP 15 mmHg Choroid_Iris u = 0 [-] [-] [-] RETINA BC_spherical_Retina σ • n = -IOP n IOP 15 mmHg OpticNerve_Retina u = 0 [-] [-] [-] CORNEA Cornea_internalBC σ • n = -IOP n IOP 15 mmHg Cornea_externalBC u = 0 [-] [-] [-] LAMINA CRIBROSA Out σ • n = -RLT p n RLT p 7 mmHg Hole σ el • n = -p cra n p cra 80 mmHg

Part III

Numerical methods
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In this part we introduce the numerical methods adopted in order to solve the models presented in the previous part. Since we have adopted a Finite Element Method (FEM) approach, we present:

• the computational mesh, in particular the process needed to handle the complex ocular geometry;

• the time discretization, in particular a novel operator splitting strategy used to couple the 3D system of PDEs with the nonlinear system of ODEs;

• the spatial discretization, in particular the Hybridizable Discontinuous Galerkin (HDG) method with original non-standard boundary condition, namely Integral Boundary Condition (IBC).

CHAPTER 6

Geometry and mesh In this chapter we present the process we accomplished to build the geometry and the computational mesh used in the 3D simulations for Level 1 and Level 2 of the OMVS (Chs. 4 and 5). This work has been realized in collaboration with Christophe Trophime, a research engineer of the LCNMI (Laboratoire National des Champs Magnétiques Intenses) in Grenoble during CEMRACS (Centre d'Eté Mathématique de Recherche Avancée en Calcul Scientifique) 2016.

The generation of the geometry and the mesh is realized thank to the software Salome [START_REF] Ribes | Salome platform component model for numerical simulation[END_REF], which is an integration platform for numerical simulations with pre-and post-processing tools. We are interested in the CAD (Computer Aided Design) module, which is based on OpenCascade [START_REF] Sas | Open cascade technology, 3d modeling & numerical simulation[END_REF] and its constructive solid geometry features, and it is also equipped with a Python script interface.

In the following sections we describe the overall process (Fig. 6.1) to obtain a computational mesh of the eye starting from a CAD image reporting, whenever possible, the python scripts used. 

Geometry

The starting CAD image of the eye is illustrated by Fig. 6.2 (courtesy of CEMOSIS † ). This preliminary image is imported on Salome, where the following 3D ocular structures are identified: cornea, vitreous humor, iris and ciliary body, ligament, lens, sclera, choroid, retina, central retinal vein and artery. The code to import the STEP file and recover the architecture of the eye is detailed in Code 6.1. The main part that we had to add to the starting CAD description was the lamina cribrosa, which is actually the crucial tissue we are interested in. Following the ocular anatomy presented in Ch. 2, we create a lamina cribrosa geometry (Fig. 6.3a) within the imported ocular framework (see Code 6.2). In the generation of this tissue, we made some geometrical parameters accessible and tunable of the lamina cribrosa by the user (see Tab. 6.1). print "Failed to build Lamina" Consequently, the other tissues (i.e.:retina, sclera, optic nerve . . . ) were modified and adjusted in order to fit the new structure. A cut of the new geometry of the eye built using Salome is displayed in Fig. 6.3b. In Tab. 6.1 we recap the input parameters that are currently tunable by the user to obtain a patient-specific geometry. 6.1 -Geometrical parameters that can be modified by the user during the generation of the computational mesh.

Code 6.2 -Build Lamina Cribrosa

Mesh

The mesh module in Salome is used to generate 1D/2D/3D meshes. The following meshing plug-ins are available: free: NETGEN, Gmsh; commercial: MeshGems CADSurf, MeshGems Tetra, MeshGems Tetra_HPC, MeshGems Hexa, MeshGems Hybrid.

MESH
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We set markers on every volume or surface of the structured mesh allowing simulations that can be run only on single parts of the eye or on the whole geometry (see Code 6.3). Next, we used the NETGEN meshing plug-in [START_REF] Schöberl | Netgen an advancing front 2d/3d-mesh generator based on abstract rules[END_REF] to specify the parameters of the mesh and eventually build the mesh (see Code 6.4). print "Failed to create Mesh" Fig. 6.4a shows the generated computational mesh for the lamina cribrosa, while Fig. 6.4b displays the cut along the z-plane of the overall computational mesh. 

Further comments

In order to compute the geometry and build the computational mesh using the default values, the code takes a total time of 272.6s of which 186.1 for the geometry and 84.7 for the mesh. Tab. 6.2. The algorithm used to build the mesh is very robust in terms of choices for the mesh grid sizes, it automatically selects the largest h with the constraint of the maximum specified by the user and without generating non-conforming elements. In conclusion, we have developed from a CAD drawing a geometry of the whole eye, selecting some appropriate parameters that can be tuned, in order to generate a complex computational mesh. This mesh presents:

• 12 sub-domains;

• 26 boundaries / interfaces;

• conforming elements at edges and at interfaces;

• specific discretization for the lamina cribrosa due to its different geometrical dimensions with respect to the other components.

This generating process has addressed the goal of having a full realistic description of the ocular architecture, which is used by the OMVS for patient-specific numerical simulations.

One of the main issues in the context of mathematical models for biomedical applications is the choice of the region of interest and consequently of the boundary conditions (BCs). To avoid an artificial behavior due to bad selection of BCs (e.g. backward flow, spurious pressure oscillations), especially for hemodynamics, we decided to couple the region of interest, which is described with a three-dimensional model, with the characterization of the blood circulation in the back of the eye with a lumped parameter approach (see Fig. 7.1). In this way, we also incorporate the blood circulation in the retina without increasing the computational effort.

The challenge introduced by a 3D-0D coupling is mainly due to the instabilities of numerical methods or again the computational cost. In the literature many different approaches have been proposed and several research teams have studied this topic, see for instance [START_REF] Quarteroni | Coupling between lumped and distributed models for blood flow problems[END_REF][START_REF] Quarteroni | Analysis of a geometrical multiscale model based on the coupling of ode and pde for blood flow simulations[END_REF]72,[START_REF] Moghadam | A modular numerical method for implicit 0d/3d coupling in cardiovascular finite element simulations[END_REF] for a non-exhaustive view on the vast panorama of works on coupling techniques. For our purpose, we decided to adopt an operator splitting method inspired by [82,30]. Note that this innovative coupling, however, is a time-splitting technique, thus, it doesn't take care of possible spatial multiscale issues. The HDG formulation that we will describe in the following chapter (Ch. 8) supports the direct solution of the integral boundary condition without any sub-iteration. This strategy allows us to compute at the same time the pressure on that boundary, obtaining therefore a natural spatial coupling between the 3D and 0D. The operator splitting method presented in this chapter has been published in [91]. 

Introductory notation

With the aim of explaining the novel operator splitting method we propose, we extend our discussion to a more general framework, sketched in Fig. 7

.2. R b C b Ω Υ Γ I P I Q I Π 1 Figure 7.
2 -Geometrical architecture of the coupled system; Ω corresponds to the region where the system of PDEs (7.1) is solved, whereas Υ represents the lumped-compartment described by a system of ODEs.

Our purpose is to deal with a 3D-0D coupling scheme, however the same procedure can be applied to a 2D-0D coupling, thus we consider a domain Ω ∈ R n with n = 2, 3 and a circuit Υ which unknowns are defined by the state variable vector y. The two compartments are connected by a buffer, characterized by a linear resistor R b and a linear capacitor C b as illustrated by Fig. 7.2. In the domain Ω we solve the fluid part of the model introduced in Ch. 5 (Eqs. 5.13):

1 M ∂p ∂t + ∇ • j = f in Ω × (0, T ) (7.1a) j + K ∇p = 0 in Ω × (0, T ) (7.1b)
where p is the fluid pressure, j is the discharge velocity, f represents the volumetric source term, K is the permeability tensor, and M is the Biot modulus. The system of PDEs (7.1) is endowed with the following boundary conditions

j • n = g N on Γ N × (0, T ) (7.2) p = g D on Γ D × (0, T ) (7.3) 1. INTRODUCTORY NOTATION 59 
and interface conditions with the circuit Υ

Γ I u • n = Q I on Γ I × (0, T ) (7.4a) p| Γ I = P I on Γ I × (0, T ) (7.4b) Q I (t) = P I -Π 1 R b on Γ I × (0, T ) (7.4c)
where ∂Ω = Γ = Γ D ∪ Γ N ∪ Γ I with Γ I being interface between Ω and the buffer, n is the outward normal vector, g N and g D are the Neumann and Dirichlet boundary condition terms respectively, Q I is the flux flowing from the domain Ω into the circuit Υ, P I is the pressure at the interface Γ I and Π 1 is the unknown pressure that is shared by the buffer and the circuit state variable vector y Π 1 ⊆ y .

The circuit Υ is uniquely described by the following system of ODEs:

dy dt + A(y, t)y = r(y, t) (7.5)
with the initial conditions y(t = 0) = y 0 .

If d is the number of unknowns of the circuit, i.e. the number of ODEs, y is a d-dimensional vector representing the state variables of the circuit Υ, A is a d×d tensor including the topology and physics of the connections among the circuit nodes, and

r(y, t) = s(y, t) + b(y, t) (7.6) 
is composed by sources and sinks within the circuit, including generators of current and voltage -denoted s -and the contribution due to the coupling with the PDE region Ω -denoted b. 

State variable Units of state variable Units of differential equation

Coupling dimension Ω ∈ R 2 Ω ∈ R 3 Ω ∈ R 2 Ω ∈ R 3 pressure Kg m -1 s -2 Kg m -1 s -2 pressure difference Kg m -1 s -2 Kg m -1 s -2 volume m 2 m 3 m 2 s -1 m 3 s -1 flow rate m 2 s -1 m 3 s -1 m 2 s -2 m 3 s -2

Remark 4.

In this work we focus on lumped-parameter models involving resistive and capacitive elements, however the theory can be easily extended to include also inductors. This fact leads to choose different electric state variables y such as potential, voltage, charge or currents, which, exploiting the fluid analogy, correspond to pressure, volume or volumetric flow rate. Thus, system (7.5) presents different physical units for state variables and equations depending on whether the coupling is with a 2D or 3D PDE domain (see Tab. 7.1).

Before going through a deeper analysis on this system, let introduce some other notations: for n = 2 or 3, given the vector valued functions v, w : (0, T ) → R n , the vector field ϕ : Ω × CHAPTER 7. 3D-0D OPERATOR SPLITTING METHOD (0, T ) → R n and the tensor field C : Ω × (0, T ) → R n×n , we have:

v 2 = n i=1 v 2 i ϕ 2 L 2 (Ω) = Ω ϕ • ϕ C 2 L 2 (Ω) = Ω C : C (7.7)
where the spaces R d and R d×d are endowed with the usual Euclidean inner products and where -for sake of clarity -the time dependence is omitted. We denote with the symbol •, • the inner product and we recall that, given C ∈ R n×n symmetric and positive definite, the norm

v C = v, C v .

Energy of the system

In order to derive the energy of the system, we compute the variational formulation for the PDEs described by (7.1):

Ω 1 M ∂p ∂t q + Ω ∇ • j q = Ω f q ∀q ∈ L 2 (Ω); using j = -K ∇p, we obtain Ω 1 M ∂p ∂t q + Ω ∇ • (-K∇p) q = Ω f q ∀q ∈ L 2 (Ω).
Introducing the hypothesis of isotropy K = kI -with k ≥ 0 for the definition of permeability coefficient -and using Green's formula we infer that

Ω 1 M ∂p ∂t q + k Ω ∇p • ∇q -k ∂Ω ∇p q • n dσ = Ω f q ∀q ∈ L 2 (Ω)
To compute the energy associated to the PDE system, we first choose for the test function q = p ∈ H 1 0,Γ D (Ω) to obtain the following equation:

Ω 1 M ∂p ∂t p + k Ω |∇p| 2 -k Γ N ∪Γ I ∇p p • n dσ = Ω f p.
Then, by substituting the BC (7.2) and (7.3), and by using the assumptions on Γ I that Q I and P I are constant in space (Eq. (4.8)), we have

d dt 1 2 1 M p 2 L 2 (Ω) E pde + k ∇p 2 L 2 (Ω) D pde = Ω f p - Γ N g N p dσ F pde -P I (t) Q I (t) (7.8a)
or, equivalently,

d dt E pde + D pde = F pde -P I (t) Q I (t) (7.8b)
In particular, we have that • E pde represents energy in the PDE domain;
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• D pde represents the dissipation due to permeability in the PDE domain;

• F pde represents the forcing term in the PDE domain;

• P I (t) Q I (t) represents the contribution due to the PDE-ODE connection.

Let us now derive a similar energy estimate for the circuit Υ. Since the equations might not be homogeneous in terms of physical units, see Remark 4, we perform the inner product between Eq. (7.5) and the vector valued function U y to have for each of the resulting scalar equations the physical dimensions of a rate of change of energy, namely Kg m 2 s -3 in case of 3D domain, or that of a rate of change of energy per unit length, namely Kg m s -3 in case of 2D domain. The tensor U is diagonal and its entries U jj with j = 1, . . . , d depend on the particular choice for the corresponding state variable (see Tab. 7.2); specifically for j = 1, . . . , d:

• if y j is a pressure or a pressure difference, then U jj is a capacitance;

• if y j is a volume, then U jj is an inverse of a capacitance;

• if y j is a flow rate, then U jj is an inductance.

y j U jj physical units Ω ∈ R 2 Ω ∈ R 3 pressure capacitance kg -1 m 3 s 2 kg -1 m 4 s 2 pressure difference capacitance kg -1 m 3 s 2 kg -1 m 4 s 2 volume inverse of a capacitance kg m -3 s -2 kg m -4 s -2
flow rate inductance kg m -3 kg m -4 The specific choice for capacitances or inductances appearing in U jj is determined by the corresponding circuit element pertaining to y j . Thus, performing the scalar product between Eq. (7.5) and U y we obtain: dy dt , U y

I + A y, U y II = r, U y III . (7.9) 
We consider the following equality that exploits the fact that U is diagonal 

B = U A - 1 2 d dt U . (7.11)
Moreover we rewrite III of (7.9) as r, U y = b, U y + s, U y .

Finally, we obtain

d dt 1 2 y U E ode + y, B y U ode = b, U y + s, U y F ode (7.12a) d dt E ode + U ode = F ode + b, U y (7.12b)
where

• E ode represents the energy characterizing the 0D circuit;

• U ode represents all the contributions from resistors and capacitors in the 0D circuit;

• F ode represents the forcing on the 0D circuit system due to current or voltage generators;

• b, U y represents the contribution due to the PDE-ODE connection.

If we combine (7.8) and (7.12), we obtain the following energy balance equation:

d dt (E pde + E ode ) + D pde + U ode = F pde + F ode + b, U y -P I (t) Q I (t) G (7.13)
Due to the resistive-capacitive coupling connection we have chosen to interface the domain Ω with the lumped-parameter compartment Υ (see Fig. 7.2), we have that b, U y = Π 1 Q I . Considering Eq. (7.4c), we obtain Eq. 7.15 indicates that the physical energy of the system in the absence of external forces decays in time . Our goal is to devise a numerical method that preserves this property at the discrete level, thereby ultimately yielding unconditional stability with respect to the time discretization. This property is extensively discussed in Sec. 5.

G = b, U y -P I Q I = Π 1 Q I -P I Q I = -R b Q 2 I = -D RC Finally,

Dimensional analysis

In this section we complete a dimensional analysis in the case of the coupling of a 3D PDE model with a 0D circuit. Using the information provided by Tab. 7.1 it is straightforward to achieve a similar results for a 2D PDE model. We compute the dimension units for the main energy entries of the 3D PDE model:

• energy

E pde = 1 M Ω d dt [p] 2 = ms 2 Kg m 3 s N m 2 2 = m 4 s Kg m 2 Kg 2 s 4 m 4 = m 2 Kg s 3
• dissipation

D pde = K Ω [∇p] 2 = m 3 s Kg m 3 1 m N m 2 2 = m 6 s Kg 1 m 6 m 2 Kg 2 s 4 = m 2 Kg s 3
As an example we perform also the dimensional analysis of the energy of the 0D circuit for different types of state variables (see Tabs. 7.1 and 7.2 for the units):

• pressure or pressure difference

E ode = d dt [U j ] [y j ] 2 = 1 s [C] Kg 2 m 2 s 4 = Kg 2 m 2 s 5 m 4 s 2 Kg = m 2 Kg s 3
• volume

E ode = d dt [U j ] [y j ] 2 = 1 s 1 C m 6 64 CHAPTER 7. 3D-0D OPERATOR SPLITTING METHOD = m 6 s Kg m 4 s 2 = m 2 Kg s 3
• flow rate

E ode = d dt [U j ] [y j ] 2 = 1 s [L] m 6 s 2 = m 6 s 3 Kg m 4 = m 2 Kg s 3
Analogously, this procedure can be performed on all the other energy entries both for the PDE and the ODE part using any type of state variable, achieving -for the case Ω ∈ R 3 -the units m 2 Kg s 3 .

Operator splitting technique

The PDE-ODE coupled system presented in Ch. 4 presents several nonlinearities, for instance the interaction between IOP/RLTp and the blood pressure within the CRV (Eq. (3.8)). Moreover due to the multiscale character of the problem, the coupling between the lamina cribrosa and the blood circulation in the back of the eye is very challenging. To overcome these difficulties, numerous coupling scheme have been already developed in various contexts. For instance in [33,58,[START_REF] Quarteroni | Computational vascular fluid dynamics: problems, models and methods[END_REF]78,[START_REF] Zhao | The numerical analysis of fluid-solid interactions for blood flow in arterial structures part 2: development of coupled fluid-solid algorithms[END_REF]68] the authors propose robust and stable methods based on implicit or fully coupled algorithms, which are, however, quite demanding in terms of computational time. Other approaches are based on semi-implicit schemes [67,[START_REF] Quaini | A semi-implicit approach for fluid-structure interaction based on an algebraic fractional step method[END_REF], monolithic-like schemes [START_REF] Nobile | An effective fluid-structure interaction formulation for vascular dynamics by generalized robin conditions[END_REF] or explicit coupling scheme with the use of a penalty term [26]. Thus, the idea of splitting our problem is not new in the literature. The novelty of the technique we are presenting is how to implement the splitting for a Darcy-ODEs system with the goal of preserving the energy identity at the continuous level.

Let now consider the 3D problem described by Eq. (7.1) coupled with the 0D model defined by Eq. (7.5). We approximate it in time by using the Lie's scheme [82,83]. The Lie's scheme can be summarized as follows. Consider the following initial value problem:

∂φ ∂t + A(φ) = 0 in (0, T ), φ(0) = φ 0 , (7.16) 
where A is a nonlinear operator from a Hilbert space into itself. Suppose that operator A has a non-trivial decomposition

A = I i=1 A i (7.17)
Then, the solution of the initial value problem 7.16 can be approximated via the following scheme:

Let ∆t > 0 be a time-discretization step. Denote t n = n ∆t and let φ n be an approximation of φ(t n ). Set φ 0 = φ 0 . Then, for n ≥ 0 compute φ n+1 by solving

∂φ i ∂t + A i (φ i ) = 0 in (t n , t n+1 ), φ(t n ) = φ n+(i-1)/I , (7.18) 
and then set φ n+i/I = φ i (t n+1 ), for i = 1, . . . , I. This method is first-order accurate. More precisely, if (7.16) is defined on a finite-dimensional space and if the operators A i are smooth enough, then

φ(t n ) -φ n = O(∆t).
Our 3D-0D problem can be thought as the analogous to problem (7.16), where φ is the array of unknowns p, j and y, while A is a multivalued nonlinear differential operator. There is not a unique way to decompose A (Eq. (7.17)),and different choices may lead to the solution of different sub-problems (Eq. (7.18)).

Our strategy is to solve separately the following problems:

1. the 3D Biot-Darcy problem (Eq. (7.1)); 2. the nonlinear 0D circuit described by a system of ODEs (Eq. (7.5)).

Note that our goal is to separate the nonlinearities of the ODE system from the PDE system and to split the 3D domain from the 0D circuit. In this way, we obtain two sub-systems in which we can employ different spatial and temporal discretization and use adapted numerical methods. Thus, in order to preserve the energy at the continuous level, we solve in a first step the PDE system accompanied by the interface conditions and the contributions due to the 3D-0D connection, while in a second step we solve the remaining ODE system.

Details of the splitting are presented next.

Two-step splitting

Let t n = n∆t with ∆t the time step. We introduce the discrete notation for the pressure in the 2D/3D domain Ω and the vector of unknowns in the circuit Υ:

p n = p(t n ) y n = y(t n ).
Considering the energy estimate presented in Sec. 2 at the continuous level, we infer that to achieve unconditional stability in time, we can adopt the following two-step approach:

given p n , y n for n ≥ 0, solve CHAPTER 7. 3D-0D OPERATOR SPLITTING METHOD

Step 1.

1 M ∂p ∂t + ∇ • j = f in Ω × (t n , t n+1 ) K ∇p + j = 0 in Ω × (t n , t n+1 ) dy dt = b(y, t) in (t n , t n+1 )
+ interface, boundary and initial conditions

p(t n ) = p n y(t n ) = y n
and then set

p n+ 1 2 = p(t n+ 1 2 )
y n+ 1 2 = y(t n+ 1 2 ) j n+ 1 2 = j(t n+ 1 2 )
Step 2.

∂p ∂t = 0 in Ω × (t n , t n+1 ) dy dt + A y = s(t) in (t n , t n+1 ) + initial conditions p(t n ) = p n+ 1 2 y(t n ) = y n+ 1 2
and then set

p n+1 = p(t n+1 ) = p(t n+ 1 2
)

y n+1 = y(t n+1 ) j n+1 = j(t n+1 ) = j(t n+ 1 2 )
In particular we emphasize the splitting we applied to the forcing term for the circuit system in Eq. (7.6), i.e. we have decoupled the contributions due to the interface between Ω and Υ (b(y, t)) and contributions that derive from the sources and sinks within the circuit (s(y, t)).

We compute now the energy identity for the proposed two-step algorithm. First, the variational formulation for the first equation in Step 1:

Ω 1 M ∂p ∂t q + Ω ∇ • j q = Ω f q ∀q ∈ L 2 (Ω) t ∈ (t n , t n+1 )
using j = -kI ∇p (hypothesis of isotropy) and the Green's formula we obtain

Ω 1 M ∂p ∂t q + k Ω ∇p • ∇q -k ∂Ω ∇p q • n dσ = Ω f q ∀q ∈ L 2 (Ω) t ∈ (t n , t n+1 ).
To compute the energy associated to Step 1, we first choose for the test function q = p ∈ H 1 0,Γ D (Ω) for the first equation and we perform the scalar product between the third equation of Step 1 and U y. Thus, we obtain:

     Ω 1 M ∂p ∂t p + k Ω |∇p| 2 -k Γ N ∪Γ I ∇p p • n dσ = Ω f p t ∈ (t n , t n+1 ) dy dt , U y = b, U y t ∈ (t n , t n+1 )
Then, we use Eqs. (7.2), (7.3) and (4.8) on the first equation, and we sum it to the second equation, we have for t ∈ (t n , t n+1 )

d dt 1 2 1 M p 2 L 2 (Ω) + 1 2 y U E 1 + k ∇p 2 L 2 (Ω) D 1 = Ω f p - Γ N g N p dσ F 1 + b, U y -P I (t) Q I (t)
-G 1 (7.19a) or, equivalently,

d dt E 1 + D 1 + G 1 = F 1 t ∈ (t n , t n+1 ). (7.19b) 
where 5. TWO-STEP SPLITTING
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• E 1 represents energy in Step 1;

• D 1 represents the dissipation in the PDE domain;

• G 1 represents the contribution due to the PDE-ODE connection;

• F 1 represents the forcing term in the PDE domain.

Considering that D 1 ≥ 0 ∀t ∈ (t n , t n+1 ) and G 1 = -b, U y

+ P I (t) Q I (t) = R b Q 2 I ≥ 0 ∀t ∈ (t n , t n+1 ), if F 1 is vanishing, then we have d dt E 1 ≤ 0 ∀t ∈ (t n , t n+1 ) which leads to the inequality E 1 (t n+1 ) ≤ E 1 (t n ) ∀n ≥ 0 (7.20)
Eq. 7.20 indicates that the physical energy of Step 1 in the absence of external force decays in time.

Similarly, for Step 2 we obtain:

     Ω ∂p ∂t p = 0 t ∈ (t n , t n+1 ) dy dt , U y + A y, U y = s, U y t ∈ (t n , t n+1 )
Then, we use the same steps as for the continuous case, and we sum the two equations, obtaining:

d dt 1 2 p 2 L 2 (Ω) + 1 2 y U E 2 + y, B y U 2 = s, U y F 2 (7.21a) (7.21b)
or, equivalently,

d dt E 2 + U 2 = F 2 t ∈ (t n , t n+1 ). (7.21c) 
where

• E 2 represents the energy characterizing Step 2;

• U 2 represents all the contributions from resistors and capacitors in the 0D circuit;

• F 2 represents the forcing on the 0D circuit system due to current or voltage generators. (i) the circuit properties are such that the tensor A is constant and B is positive definite;

If
(ii) there are no forcing terms, namely F 1 (t n ) = F 2 (t n ) = 0 ∀n ≥ 0, where F 1 represents the forcing term in Step 1 and F 1 the forcing term in Step 2.

Under these assumptions, each step of the proposed algorithm preserves the energy at each interval (t n , t n+1 ) ∀n ≥ 0 and is unconditionally stable.

Remark 5. As a results of this theorem, the proposed strategy is very modular, allowing notable flexibility in the choice of solution methods for each sub-problem resulting from the splitting. The complexity coincides with the one of loosely coupled schemes, due to the fact that no iterations between the two main steps are necessary to achieve stability.

As a result of this theoretical investigation we obtain, in a simplified case where we employ implicit Euler for the temporal discretization, the following theorem: Theorem 3 (Stability). Consider the 3D problem described by Eq. (7.1) coupled with the 0D model defined by Eq. (7.5) and assume that:

(i) the circuit properties are such that the tensor A is constant and B is positive definite;

(ii) there are no forcing terms, namely F pde (t) = F ode (t) = 0 ∀t ≥ 0, where F pde represents the forcing on the system due to body forces and external pressures acting on the PDE domain and F ode the forcing on the system due to generators of current and voltage within the lumped circuit, respectively;

(iii) the PDE-ODE connection is of resistive-capacitive type, as displayed in Fig. 7.2;

(iv) implicit Euler has been employed for the discretization in time.

Under these assumptions, the algorithm given by Steps 1 and 2 is unconditionally stable.

Proof. Let ∆t = t n+1 -t n and let us begin by considering Step 1. Under assumptions (i)-(ii), using an implicit Euler scheme for the time discretization and following a similar procedure to that detailed in Sec. 2, we obtain the following energy identity at the time discrete level for

Step 1:

1 ∆t E n+ 1 2 1 + D n+ 1 2 pde,1 + D n+ 1 2 RC,1 = 1 ∆t 1 M Ω p n p n+ 1 2 + y n , U y n+ 1 2 (7.23)
where E

n+ 1 2 1 = E n+ 1 2 pde,1 + E n+ 1 2
ode,1 and

E n+ 1 2 pde,1 = 1 M p n+ 1 2 2 L 2 (Ω) E n+ 1 2 ode,1 = y n+ 1 2 2 U D n+ 1 2 pde,1 = k ∇p n+ 1 2 2 L 2 (Ω) D n+ 1 2 RC,1 = R b Q n+ 1 2 I
Using Young's inequality on the first term on the right hand side of (7.23), yields

1 M Ω p n p n+ 1 2 ≤ 1 2M p n 2 L 2 (Ω) + p n+ 1 2 2 L 2 (Ω) = 1 2 E n pde,1 + 1 2 E n+ 1 2 pde,1 (7.24) 
To estimate the second term on the right hand side of (7.23), first we use Cauchy-Schwarz inequality, then again Young's inequality to obtain

y n , U y n+ 1 2 ≤ y n , U y n y n+ 1 2 , U y n+ 1 2 ≤ 1 2 y n , U y n + y n+ 1 2 , U y n+ 1 2 = 1 2 E n ode,1 + 1 2 E n+ 1 2 ode,1 (7.25) 
These operations are possible since the matrix U is symmetric and positive definite. Combining (7.23), (7.24) and (7.25), we retrieve

1 2∆t E n+ 1 2 1 + D n+ 1 2 pde,1 + D n+ 1 2 RC,1 ≤ 1 2∆t E n 1 E n+ 1 2 1 -E n 1 ≤ -2∆t D n+ 1 2 pde,1 + D n+ 1 2 RC,1 E n+ 1 2 1 -E n 1 ≤ 0
Finally we conclude that

E n+ 1 2 1 ≤ E n 1 (7.26) 
Let now consider the energy identity for Step 2. We use implicit Euler scheme for the time discretization and deduce that: 

1 ∆t E n+1 2 + U n+1 ode,2 = 1 ∆t 1 M Ω p n+ 1 2 p n+1 +
E n+1 pde,2 = 1 M p n+1 2 L 2 (Ω) E n+1 ode,2 = U 1 2 y n+1 2 U n+1 ode,2 = B 1 2 y n+1 2
To estimate the right hand side of (7.27) we adopt the same procedure used for Step 1 in (7.24) and (7.25), thereby retrieving the following inequality

1 2∆t E n+1 2 + U n+1 ode,2 ≤ 1 2∆t 1 M p n+ 1 2 2 L 2 (Ω) + U 1 2 y n+ 1 2 2 = 1 2∆t E n+ 1 2 2 (7.28)
Since U n+1 ode,2 ≥ 0 from assumption (i), (7.28) leads to

E n+1 2 -E n+ 1 2 2 ≤ -2∆t U n+1 ode,2 ≤ 0 =⇒ E n+1 2 ≤ E n+ 1 2 2 (7.29) CHAPTER 7. 3D-0D OPERATOR SPLITTING METHOD
The fact that initial conditions for Step 2 coincide with the final solution of Step 1 implies that

E n+ 1 2 1 = E n+ 1 2 2
; thus, combining (7.26) and (7.29), we obtain the following inequality

E n+1 2 ≤ E n+ 1 2 1 = E n+ 1 2 2 ≤ E n 1 for n ≥ 1, (7.30) 
which provides an upper bound for the norm of the solution regardless of the time step size, thereby ensuring unconditional stability of the algorithm.

Remark 6. In Step 1 of the suggested algorithm we treat implicitly the contributions from the 3D-0D connection, represented by b(P I , Q I , t). This choice allows us to evaluate all the quantities in G at the same time, providing a defined expression for the dissipation term D RC in the energy estimate even at the discrete level. Thus, we propose a two-step operator splitting scheme that ensures numerical stability with respect to the time discretization without introducing uncontrolled artificial terms in the energy [12,72].

Remark 7. The proposed two-step operator splitting algorithm exhibits a first order convergence in time [82]. Second order convergence could be achieved via strong symmetrization, in combination with time discretization algorithms that are at least second order in time [82].

CHAPTER 8

Hybridizable Discontinuous Galerkin (HDG) method In this chapter we present our contribution to the Hybridizable Discontinuous Galerkin (HDG) method, which is also available in [13]. We adopt this discretization, since one of the biggest issue in biological computation, in particular for small systems, is the high accuracy that all the models require to be able to reproduce physiological behaviors. This type of mixed finite element method is not new in the literature [48], but our contribution in the numerical analysis world is the theorization and implementation of the Integral Boundary Condition (IBC) for HDG. The advantages of HDG are: (i) the equation are enforced element-by-element leading to locally conservative property;

(ii) optimal convergence properties for both primal and dual variables.

These features induce a huge computational cost, which can be largely mitigated using static condensation described in Sec. 3. 

Introductory notation

Let consider the following elliptic model elliptic boundary value problem of second order written in Eq. 4.1. In view of the finite element approximation, we partition Ω into the union of d-simplices K, closed straight triangles if d = 2 and closed straight tetrahedra if d = 3, and we denote by T h -called triangulation -the collection of elements K such that Ω = ∪ K∈T h K. For each K ∈ T h , we denote by h K the diameter of K. We let h := max K∈T h h K and we consider a family of conforming, regular triangulations of Ω, {T h } h>0 (see [START_REF] Quarteroni | Numerical Approximation of Partial Differential Equations[END_REF]Chapter 3]). For each element K ∈ T h we indicate by ∂K the boundary of K and by n ∂K the associated outward unit normal vector n. The d-dimensional measure of the element K is indicated with |K| while the (d -1)-dimensional measure of each face -edge if d = 2 -of ∂K is denoted by |F |. To simplify the exposition we take the convention to use word face to refer to F even when d = 2.

We let F h denote the collection of all the faces of T h , whose union forms the skeleton of the decompositionT h . The set F h naturally splits into the subset F Γ h of faces belonging to Γ, boundary of domain Ω, and into the subset of faces belonging to the interior of Ω, denoted by F 0 h . Finally, assuming that the decomposition T h is such that for all faces F in F h with F ⊂ Γ either F ⊂ Γ D , F ⊂ Γ N or F ⊂ Γ I , the sets of boundary faces can be split into the subsets

F Γ D h , F Γ N
h , and F Γ I h , which correspond to the boundaries where we impose Dirichlet, Neumann and Integral condition, respectively.

If we denote q a vector-valued function, we can define the jump of the normal trace of q across F as

q F := q K 1 • n ∂K 1 | F + q K 2 • n ∂K 2 | F . (8.1)
where K 1 and K 2 are two adjacent elements.

Let us now introduce the finite element spaces

V h = K∈T h V (K), W h = K∈T h W (K) (8.2a) M h = span φ ⊕ F ∈F 0 h ∪F Γ N h M (F ) (8.2b) with φ ∈ L 2 (F h ) defined as φ F = 1 ∀F ∈ F Γ I h , φ | F = 0 ∀F ∈ F h \ F Γ I h ,
and with

V (K) = P k (K), W (K) = P k (K), M (F ) = P k (F ), (8.3) 
where P k (K) (resp. P k (F )) denote the space of polynomials of degrees less or equal that k on K (resp. F ), and where P k (K) = (P k (K)) d . Definitions (8.2) and (8.3) imply that functions belonging to V h and W h are, in general, discontinuous across element edges in 2D and elements faces in 3D of T h , while functions in M h are discontinuous across element vertices in 2D and element edges in 3D of F h \ F Γ I h , single-valued on each face F ∈ F h of the skeleton of T h and constant on Γ I .

The functions of M h play the role of "connectors" between adjacent elements that, otherwise, would be irremediably uncoupled in the discretization process. For a mechanical interpretation of the interelement connecting role of the space M h , see [35] and references cited therein.

Defining the numerical normal flux on ∂K

j ∂K h • n ∂K = j K h | ∂K • n ∂K + τ ∂K (p K h | ∂K -p h | ∂K ), (8.4) 
the discrete formulation reads: find

j h ∈ V h , p h ∈ W h and p h ∈ M h such that ∀v h ∈ V h , ∀w h ∈ W h and ∀µ h ∈ M h K∈T h (K -1 j K h , v K h ) K + (p K h , ∇ • v K h ) K + p h , v K h • n ∂K ∂K = 0, (8.5a 
)

K∈T h -(j K h , ∇w K h ) K + j ∂K h • n ∂K , w K h ∂K = K∈T h (f, w K h ) K , (8.5b 
)

K∈T h j ∂K h • n ∂K , µ h ∂K = g N , µ h Γ N + I target |Γ I | -1 µ h , 1 Γ I , (8.5c) 
K∈T h p h , µ h Γ D = g D , µ h Γ D . (8.5d) 
The dependent variables j h and p h are the approximations of j and p in the interior of each element K ∈ T h , whereas the dependent variable p h is the approximation of the trace of p on each face of F h . The numerical normal flux (8.4) is characteristic of a particular class of HDG methods, the so-called Local Discontinuous Galerkin Hybridizable (LDG-H) methods proposed and investigated in a series of seminal papers [43,45,47,44].

The quantity τ ∂K is a nonnegative stabilization parameter and may assume different values on each face F ∈ ∂K depending on the mesh element which F belongs to. We notice that if τ ∂K O(h -1 ), the second term on the right hand side of (8.4) may be regarded as an artificial diffusion, thus justifying the name stabilization parameter attributed to τ ∂K . Equations (8.5a) and (8.5b) are the HDG discrete counterpart of equations (8.2a) and (8.2b), respectively. These discrete equations hold in the interior of each K ∈ T h and can be solved for each K to eliminate j K h and p K h in favor of the variable p ∂K h . This elimination procedure is called static condensation and was introduced for the first time in [57] in the context of dual mixed methods for equilibrium in stress analysis and, subsequently, in [8] in the context of the analysis and implementation of the dual mixed-hybridized finite element method.

Combining this procedure with Eq. (8.4) for each K ∈ T h , it is possible to express the normal numerical flux as a function of the sole variable p ∂K h . At this point, we can use the remaining Eqs. (8.5c) and (8.5d). It is convenient to rewrite these equations in a different form by exploiting the property of the test function µ h of being single-valued on each face of F h and discontinuous across face edges. This leads to three sets of distinct equations: 

j h • n, µ h F = g N , µ h F , ∀F ∈ F N h , µ h ∈ M h ; (8.8)
4. the last single scalar equation weakly enforcing the integral boundary condition (equation (4.4))

j h • n, µ h Γ I = I target |Γ I | -1 µ h , 1 Γ I , µ h ∈ M h . (8.9) 
In [8], it was proven that p h | F 0 h can also be interpreted as a Lagrange multiplier associated with the continuity condition (8.6). Similarly, we could prove that p h | Γ I is the multiplier associated with the integral boundary condition (8.9), thereby implying the condition on the left hand side of (4.4). The Dirichlet boundary condition is enforced on the dependent variable p h via a L 2 projection of g D as described by Eq. (8.7).

More details about are provided in [13], whereas the implementation is presented in Ch. 9.

Error analysis

Let (j, p) be the solution of problem defined by Eqs. (4.1a) and (4.1b) with boundary condition described by Eqs. (4.2), (4.3)) and 4.4. We observe that p ∈ H 1 (Ω), which allows us to define p as the trace of p on the skeleton. In order to prove an error estimate we start with the following consideration: let P M h : L 2 (F h ) → M h denote the L 2 projection onto M h . Thanks to the definition of M h , it is not difficult to realize that the value of P M h ( p)| Γ I is the average of p on Γ I . Since such function is a constant, we have

P M h ( p) = p = p on Γ I . (8.10)
In view of this observation the result of Theorem 3.4 in [42] holds with proof unchanged. For the sake of completeness let us verify this by retracing the steps of such a proof. We start by noticing that the continuous solution (j, p, p) is sufficiently regular that it verifies,

∀v h ∈ V h , ∀w h ∈ W h and ∀µ h ∈ M h , K∈T h (K -1 j, v K h ) K -(p, ∇ • v K h ) K + p, v K h • n ∂K ∂K = 0, (8.11a) K∈T h -(j, ∇w K h ) K + j • n ∂K , w K h ∂K = K∈T h (f, w K h ) K , (8.11b 
)

K∈T h j • n ∂K , µ h ∂K = g N , µ h Γ N + I target |Γ I | -1 µ h , 1 Γ I . (8.11c) 2. ERROR ANALYSIS 75 
Let us introduce an auxiliary space

M h = {q ∈ L 2 (F h ) : q| F ∈ P k (F ) ∀F ∈ F h } ⊇ M h
and let P M h : L 2 (F h ) → M h denote the L 2 orthogonal projection. We remark that, since p is a constant on Γ I and identically vanishes on Γ D , we have P M h p = P M h p.

Let now define Πj = (Π K j) K∈T h , Πp = (Π K p) K∈T h with Π K j ∈ P k (K) and Π K p ∈ P k (K), as in [42], by

(Π K j, v) K = (j, v) K ∀v ∈ P k-1 (K) (8.12a) (Π K p, w) K = (p, w) K ∀w ∈ P k-1 (K) (8.12b)
and, ∀F ∈ F h with F ⊂ ∂K,

Π K j • n ∂K + τ ∂K Π K p, µ F = j • n ∂K + τ ∂K p, µ F ∀µ ∈ P k (F ). (8.13) 
We have (Theorem 3.3 of [42])

Π K j -j K h k+1 K |j| k+1,K + h k+1 K τ ∂K |p| k+1,K , (8.14a) 
Π K p -p K h k+1 K τ ∂K |p| k+1,K + h k+1 K τ -1 ∂K |∇ • j| k+1,K (8.14b) 
We let the errors be defined as

e j = Πj -j h e p = Πp -p h e j • n = e j • n + τ (e p -e p ) e p = P M h p -p h
These quantities satisfy the following equations: for v h ∈ V h , w h ∈ W h , and

µ h ∈ M h ⊂ M h , it holds K∈T h (K -1 e K j , v K h ) K -(e K p , ∇ • v K h ) K + e p , v K h • n ∂K ∂K = K∈T h (K -1 (Π K j -j), v K h ) K , (8.15a 
) 

K∈T h -(e K j , ∇w K h ) K + e ∂K j • n ∂K , w K h ∂K = 0, (8.15b 
K ∈ T h , (K -1 Π K j, v K h ) K -(Π K p, ∇ • v K h ) K + P M h p, v K h • n ∂K ∂K = (K -1 (Π K j -j), v K h ) K , -(Π K j, ∇w K h ) K + Π K j • n ∂K + τ ∂K (Π K p -p), w K h ∂K = (f, w K h ) K .
Subtracting the discrete equations (8.5a) and (8.5b) from the above two equations, respectively, and adding over K ∈ T h , we obtain (8.15a) and (8.15b). To prove (8.15c), observe that, by definition of e j , as well as Π, Π, and P M h , it follows

e ∂K j • n ∂K , µ h ∂K = e K j • n ∂K + τ ∂K (e K p -e p ), µ h ∂K = (Π K j -j K h ) • n ∂K + τ ∂K (Π K p -p K h -P M h p + p h ), µ h ∂K = (j -j K h ) • n ∂K + τ ∂K (p -p K h -p + p h ), µ h ∂K = j • n ∂K -j ∂K h • n ∂K , µ h ∂K .
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Adding over all K ∈ T h , we get

K∈T h e ∂K j • n ∂K , µ h ∂K = K∈T h j • n ∂K -j ∂K h • n ∂K , µ h ∂K .
Since j ∈ H(div; Ω) and since j h and j satisfy (8.5c) and (8.11c), respectively, the above right hand side is zero.

Finally, taking v h = e j in (8.15a), w h = e p in (8.15b) and µ h = -e p in (8.15c), and adding the resulting three equations, we obtain

K∈T h (K -1 e K j , e K j ) K + τ ∂K (e K p -e p ), e K p -e p ∂K = K∈T h (K -1 (Π K j -j), e K j ) K ,
which is identical to the analogous result in [42], and which, by a standard argument, yields

|e j | 2 0,Ω + K∈T h τ ∂K |e K p -e p | 2 0,∂K |Πj -j| 2 0,Ω .
The term on the right hand side is bound thanks to (8.14a).

It is not difficult to check that the duality argument used in [46] to bound e p 0,Ω holds unchanged also in the present framework. In fact, for w φ solution to -∆w φ = φ in Ω, φ = 0 on ∂Ω, the function ω φ h defined on each face F as the L 2 (F ) projection of

w φ | F onto P k (F ) verifies w φ h ∈ M h . We then obtain that, if Ω is such that φ ∈ L 2 (Ω) implies w φ ∈ H 2 (Ω)
, we can bound e p 0,Ω h min{k,1} Πj -j 0,Ω .

Static condensation

In this section, we will be describing how the system (8.4)-(8.5c) can be statically condensed onto a global linear system where only the trace of the solution on the boundaries of the mesh elements shows up. The resulting global system is smaller than that of other DG methods of comparable accuracy [45], and this has resulted in renewed interest in HDG. After solving the global system, the unknowns can be recovered locally, in parallel.

Let us write the space for the numerical trace p h as

M h = M h ⊕ M * h , with M h = {µ ∈ L 2 (F h ) | µ| F ∈ P k (F ) ∀F ∈ F 0 h ∪ F Γ N h ∪ F Γ D h , µ| F = 0 ∀F ∈ F h \ (F 0 h ∪ F Γ N h ∪ F Γ D h )} M * h = {µ ∈ L 2 (F h ) | µ| F ∈ R ∀F ∈ F Γ I h , µ| F = 0 ∀F ∈ F h \ F Γ I h }. Let λ 1,h = p h | M h and λ 2,h = p h | M * h .
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Using integration by parts, the discrete formulation (8.4)-(8.5c) can then be rewritten as follows

K∈T h (K -1 j K h , v K h ) K -(p K h , ∇ • v K h ) K + λ 1,h , v K h • n ∂K ∂K + λ 2,h , v K h • n ∂K ∂K = 0, (8.16a) K∈T h (∇ • j K h , w K h ) K + τ ∂K p K h , w K h ∂K -τ ∂K λ 1,h , w K h ∂K -τ ∂K λ 2,h , w K h ∂K = K∈T h (f, w K h ) K , (8.16b 
)

K∈T h [ λ 1,h , µ 1,h Γ D ] = g D , µ 1,h Γ D , (8.16c 
)

K∈T h j K h • n ∂K , µ 1,h ∂K + τ ∂K p h , µ 1,h ∂K -τ ∂K λ 1,h , µ 1,h ∂K = g N , µ 1,h Γ N , (8.16d 
)

K∈T h [ j h • n, µ 2,h ∂K + τ ∂K p h , µ 2,h ∂K -τ ∂K λ 2,h , µ 2,h ∂K ] = I target |Γ I | -1 µ 2,h , 1 Γ I , (8.16e) for all (v h , w h , µ 1,h , µ 2,h ) ∈ V h × W h × M h × M * h . Observe that the dimension of the space M * h is 1, i.e. M * h ∼ = R.
As a consequence, (8.16e) is a single scalar equation enforcing the integral boundary condition in a weak sense.

We consider the matrices related to the local bilinear forms

A K 11 ↔ (K -1 j K h , v K h ) K , A K 12 ↔ (p K h , ∇ • v K h ) K , (8.17a) 
A K 13 ↔ λ 1,h , v K h • n ∂K ∂K , A K 14 ↔ λ 2,h , v K h • n ∂K ∂K , (8.17b) 
A K 22 ↔ τ p K h , w K h ∂K , A K 23 ↔ τ λ 1,h , w K h ∂K , (8.17c) 
A K 24 ↔ τ λ 2,h , w K h ∂K , A K f ↔ (f, w K h ) K , (8.17d) 
A K 33 ↔ τ λ 1,h , µ 1,h ∂K , A K 44 ↔ τ λ 2,h , µ 2,h ∂K . (8.17e)
Let n V , n W , and n M denote the dimensions of P k (K), P k (K), and P k (F ), respectively, with

K ∈ T h , F ∈ ∂K. Moreover, let NF be the number of faces in ∂K ∩ (F 0 h ∪ F Γ N h ∪ F Γ D h ). Then, it follows A K 11 ∈ R n V ×n V , A K 12 ∈ R n V ×n W , A K 13 ∈ R n V ×(NF)n M , A K 22 ∈ R n W ×n W , A K 23 ∈ R n W ×(NF)n M , A K F ∈ R n W ×1 , A K 33 ∈ R (NF)n M ×(NF)n M . If ∂K ∩ F Γ I h = ∅, we have A K 14 ∈ R n V ×1 , A K 24 ∈ R n W ×1 , A K 44 ∈ R 1×1 ≡ R,
which means that NF is lower than the case without IBC, thus A K 13 , A K 23 and A K 33 are smaller. On the other hand, if ∂K ∩ F Γ I h = ∅, the three previous matrices have the expected dimension, whereas are A K 14 , A K 24 and A K 44 are empty.

Monolithic solver

We now briefly mention the monolithic system to be solved from an algebraic point of view. This global system is impractical an inefficient to solve as-is, the size of the system is indeed much larger than the standard Continuous Galerkin and Discontinuous Galerkin counterparts.
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The global system reads

    A 11 A 12 A 13 A 14 A 21 A 22 A 23 A 24 A 31 A 32 A 33 0 A 41 A 42 0 A 44     A     J P Λ 1 Λ 2     U =     0 A f 0 0     B (8.18)
where the A ij , A f are given by (8.17a)-(8.17e) J, P, Λ 1,2 are the algebraic representation of j h , p h , λ 1,h , λ 2,h respectively. The size of the system is

dim V h +dim W h +dim M h = card{K}×(n V +n W )+card{F 0 h ∪F Γ N h }×dim n M +card{F Γ ibc h }×dim n M * h =1 .

Local solvers

Consider the following arrays

A K = A K 11 -A K 12 (A K 12 ) T A K 22 , B K = A K 13 A K 14 -A K 23 -A K 24 , F K = 0 A K f , with A K ∈ R (n V +n W )×(n V +n W ) and F K ∈ R (n V +n W ) . If ∂K ∩ F Γ I h = ∅, we have B K ∈ R (n V +n W )×((NF)n M +1) , with NF < d + 1; otherwise, NF = d + 1, and 
B K = A K 13 -A K 23 ∈ R (n V +n W )×((NF)n M ) .
Eqs 

K ∈ R n V , p K ∈ R n W , λ ∂K 1 ∈ R (NF)n M
and -a possibly empty -scalar λ ∂K 2 , the matrix representation of the local solutions is

j K p K = -(A K ) -1 B K λ ∂K 1 λ ∂K 2 + (A K ) -1 F K . (8.19)

Flux operators

If ∂K ∩ F Γ I h = ∅, we define the matrices

C K = (A K 13 ) T (A K 23 ) T (A K 14 ) T (A K 24 ) T , D K = A K 33 0 0 A K 44 , where C K ∈ R ((NF)n M +1)×(n V +n W ) and D K ∈ R ((NF)n M +1)×((NF)n M +1) , with NF < d + 1. If ∂K ∩ F Γ I h = ∅, NF = d + 1 and C K = (A K 13 ) T (A K 23 ) T ∈ R ((NF)n M )×(n V +n W ) , D K = A K 33 ∈ R ((NF)n M )×((NF)n M ) .
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The flux prescribed by the HDG method

j ∂K h = j K h | ∂K + τ ∂K (p K h | ∂K -λ 1,h | ∂K -λ 2,h | ∂K ),
induces a bilinear form

µ 1,h , µ 2,h → j K h • n ∂K + τ ∂K (p K h | ∂K -λ 1,h | ∂K -λ 2,h | ∂K ), µ 1,h + µ 2,h ∂K = j K h • n ∂K + τ ∂K p K h | ∂K , µ 1,h + µ 2,h ∂K -τ ∂K λ 1,h | ∂K , µ 1,h ∂K -τ ∂K λ 2,h | ∂K , µ 2,h ∂K ,
whose matrix representation, using Eq. (8.19), is

C K j K p K -D K λ ∂K 1 λ ∂K 2 = -C K (A K ) -1 B K λ ∂K 1 λ ∂K 2 + C K (A K ) -1 F K -D K λ ∂K 1 λ ∂K 2 = E K f -E K λ ∂K 1 λ ∂K 2 , (8.20) 
with

E K f = C K (A K ) -1 F K , E K = C K (A K ) -1 B K + D K .

Global solver and boundary conditions

Having expressed for each K ∈ T h the numerical flux as a function of λ 1,h | ∂K and λ 2,K | ∂K (see Eq. (8.20)), we can use the remaining equations, namely (8.16d) and (8.16e), to actually determine λ 1,h and λ 2,h . Since the test function µ 1,h ∈ M h is single-valued on each face of F h , equation (8.16d) enforces in a weak sense the interelement continuity of the normal component of j h across each internal face

j h F , µ 1,h F = 0 ∀ F ∈ F 0 h ,
and the Neumann boundary condition

j h • n, µ 1,h F = g N , µ 1,h F ∀ F ∈ F Γ N h .
Similarly, Eq. (8.16e) is a single scalar equation weakly enforcing the integral boundary condition. Eqs. (8.16d) and (8.16e) require the matrices E K produced element by element to be assembled into a global matrix H. This matrix collects the fluxes from all the elements, with the result that opposing sign fluxes in internal faces are added. The vectors E K f also have to be assembled into a global vector F . The global system then reads

H p = F + G N + G Γ I , (8.21) 
where G N is the vector containing the elements of g N , µ 1,h Γ N in the degrees of freedom corresponding to Neumann faces and zeros everywhere else, whereas G Γ I is a vector that has only zeros except for one single entry containing I target |Γ I | -1 µ 2,h , 1 Γ I in the degree of freedom corresponding to faces on F Γ I h . 

Connectivity of the HDG method with IBC

In absence of integral boundary conditions, the HDG method has degrees of freedom inside each element and on each face of F h . Therefore, unlike the case of the standard Continuous Galerkin (CG) method, no degree of freedom is associated with the mesh vertices. This property makes the HDG method extremely efficient as far as coding is concerned because of its binary connectivity structure, i.e., two elements K 1 and K 2 belonging to T h share their degrees of freedom -including those in their interiors -only if they share a face. This is not the case with the CG method for which nodal continuity at vertices connects the degrees of freedom of a number of elements that is not possible to predict a priori and which depends strongly on the regularity of the mesh. This issue is thoroughly discussed in [125] where a detailed comparison between the computational performance of the CG and HDG methods is carried out in the case d = 3. An example of the different connectivity structure associated with the CG and HDG approaches is shown in Figure 8.1 in the case of the space W h with polynomial degree k = 3. Piecewise cubic continuous elements are used also for the CG method. We see that, for the same polynomial degree, the HDG scheme has a far lower connectivity than that of the CG method.

The presence of an integral boundary condition slightly alters the connectivity of the HDG (and CG) method. All the faces F ∈ F Γ I h share a single common degree of freedom λ 2,h . This fact couples all the degrees of freedom on ∂K for all the elements K ∈ T h having, at least, one face F ∈ ∂K ∩ F Γ I h . Thus, reminding that we denote by n M the dimension of P k (F ), F ∈ F h , the row (column) of global matrix H corresponding to λ 2,h will have as many 1×n M block rows (n M × 1 block columns) as the number of faces F / ∈ F Γ I h belonging to the elements coupled by the integral boundary condition, that is, the number of faces in the following set

{F ∈ F h | F ∈ ∂K \ F Γ I h , with ∂K ∩ F Γ I h = ∅, ∀ K ∈ T h }.

Linear elasticity

For simplicity during this chapter we have applied the HDG method to the Darcy equations, however we have applied this discretization method also to the linear elasticity equations (Eq. (5.1)). Using the same notation introduced in Sec. 1 and following the same steps as done for Darcy equations, we report the final HDG formulation for linear elasticity:

(Aσ h , v) Ω h + (u h , ∇ • v) Ω h -ûh , v • n ∂Ω h = 0 (∇ • σ h , w) Ω h -ρ ∂ 2 u h ∂t 2 , w Ω h -(τ u h , w) ∂Ω h + τ ûh , w ∂Ω h = (F ext , w) Ω h σ h • n, µ 1 ∂Ω h \Γ -τ P M u h , µ 1 ∂Ω h \Γ + τ ûh , µ 1 ∂Ω h \Γ = 0 σ h n, µ 1 ∂Ω h \Γ -τ P M u h , µ 1 ∂Ω h \Γ + τ ûh , µ 1 ∂Ω h \Γ = 0 σ h • n, µ 2 Γ N -τ P M u h , µ 2 Γ N + τ ûh , µ 2 Γ N = g N , µ 2 Γ N ûh , µ 3 Γ D = g D , µ 3 Γ D σ h n, µ 4 Γ I -τ P M u h , µ 4 Γ I + τ ûh , µ 4 Γ I = F target , µ 4 Γ I for all (v, w, µ 1 , µ 2 , µ 3 , µ 4 ) ∈ V h × W h × M o h × M N h × M D h × M I h where V h = v : Ω → R d×d : v| K ∈ [P k (K)] d×d ⊂ S(K) ∀K ∈ Ω h W h = w : Ω → R d : w| K ∈ [P k (K)] d ∀K ∈ Ω d h M h = µ : F h → R d : µ| F ∈ [P k (F )] d ∀F ∈ F h M o h = µ ∈ M h : µ| Γ = 0 M D h = µ ∈ M h : µ| F = 0 ∀F ∈ F h \ Γ D M N h = µ ∈ M h : µ| F = 0 ∀F ∈ F h \ Γ N M I h = µ ∈ M h : µ| F = 0 ∀F ∈ F h \ Γ I with S = set of symmetric tensors in R d×d .
Remark 9. Observe that the symmetry for elements v ∈ V h is enforced in an essential manner in their definition [START_REF] Qiu | An hdg method for linear elasticity with strong symmetric stresses[END_REF].

Here the parameter τ is the stabilization parameter and

P M denotes the L 2 -orthogonal projec- tion from L 2 (E h ) onto M h : σh • n = σ h • n -τ (P M u h -ûh ) on ∂Ω h .
An example of application of the HDG formulation with IBC condition for linear elasticity is reported in Ch. 24.

Remark 10. The use of P M is needed in order to obtain the optimal accuracy; without it, the formulation might result slightly less precise [START_REF] Qiu | An hdg method for linear elasticity with strong symmetric stresses[END_REF].

Part IV

Contribution to Feel++ Library

In this part we illustrate the implementation of the numerical methods introduced in Part III and the models described in Part II using the Finite Element Embedded Library in C++ (FEEL++) [START_REF] Prud'homme | Feel++: A computational framework for galerkin methods and advanced numerical methods[END_REF]. This computational framework allows the use of a very wide range of Galerkin and other advanced numerical techniques such as domain decomposition or certified reduced basis. The ingredients include a very expressive embedded language, seamless interpolation and mesh adaption. Moreover, FEEL++ enables parallel computing and allows to solve large scale systems up to tens of thousands of cores. It has been used in various contexts including the development and numerical verification of innovative mathematical methods or the implementation of large multi-physics applications. The range of users span from mechanical engineers in industry, physicists in complex fluids, computer scientists in biomedical applications to applied mathematicians thanks to the shared common mathematical embedded language hiding linear algebra and computer science complexities. FEEL++ provides a mathematical kernel for solving partial differential equation using arbitrary order Galerkin methods (FEM, SEM, CG, DG, CRB) in 1D, 2D, 3D and manifolds using simplices and hypercubes meshes:

(i) a polynomial library allowing for a wide range polynomial expansions including H div and H curl elements;

(ii) a light interface to BOOST.UBLAS, EIGEN3 and PETSC/SLEPC as well as a scalable inhouse solution strategy;

(iii) a language for Galerkin methods starting with fundamental concepts such as function spaces, forms, operators, functionals and integrals;

(iv) a framework that allows user codes to scale seamlessly from single core computation to thousands of cores and enables hybrid computing.

FEEL++ takes advantage of the newest C++ standard (C++ 17) such as type inference and the Boost C++ Libraries such as the BOOST.PARAMETER, BOOST.FUSION, BOOST.HANA or BOOST.MPL and many more. These language enhancements and libraries allow for very concise, robust and expressive C++ codes.

Summarizing, in this part, we present:

• the C++ classes that allows to solve the model using the HDG formulation proposed in Ch. 8;

• the FEEL++ tools we have implemented in order to use the innovative operator splitting illustrated in Ch. 7;

• the C++ classes characterizing the models of the OMVS (Chs. 3 -5) that allow the user deal with them.

In particular for this last chapter, besides the codes description available for developers, we also show the user friendly interface adapted for a clinical usage, which has been realized in collaboration with the ophthalmologists at the Eye Glick Institute in Indianapolis. In the following chapter, we discuss the computational framework implementing the numerical method described in Ch. 8, in particular the three C++ classes MixedPoisson , MixedElasticity and MixedPoissonElasticity within the FEEL++ library. These classes are available to be used as toolboxes of FEEL++; at the end of each section we will give some directions how to use these toolboxes via the API (Application Programming Interface) provided by FEEL++.

MixedPoisson

FEEL++ provides the mathematical language ingredients to implement HDG methods in C++ thanks to its Galerkin Domain Specific Embedded Language (DSEL) for Darcy equations (Eqs. (4.1a) and (4.1b)).

Within the FeelModels namespace, we have implemented a C++ class called MixedPoisson , child of the superclass ModelNumerical. This new template class allows us to use the HDG discretization on Darcy equations and it has been realized with the collaboration of Romain Hild, a PhD student at the University of Strasbourg.

We start introducing some type definitions (Code 9.1) that are very useful in the following, 88 CHAPTER 9. HDG METHOD in particular:

• Dim is the domain dimension;

• Order is the polynomial order;

• G_Order is the polynomial order of the geometric transformation;

• Pdhv_ptrtype represents a pointer to a vectorial discontinuous Galerkin space;

• Pdh_ptrtype represents a pointer to a scalar discontinuous Galerkin space;

• Pch_type represents a pointer to a scalar continuous Galerkin space. Thus, we assemble the system, in particular we report the implementation of:

• the core of the HDG matrix in Code 9.5;

• the right hand side in Code 9.6;

• the Dirichlet boundary conditions in Code 9.7;

• the Neumann boundary conditions in Code 9.8;

• the integral boundary conditions in Code 9.9. 

// λ, v • n Γ IBC bbf( 0_c, 3_c, 0, i ) += integrate( _range=markedfaces(M_mesh,marker), _expr= idt(uI) * (trans(id(u)) * N()) ); // λ, τ w Γ IBC bbf( 1_c, 3_c, 1, i ) += integrate( _range=markedfaces(M_mesh,marker), _expr=tau_constant * idt(uI) * id(w) ); // j • n, µ Γ IBC bbf( 3_c, 0_c, i, 0 ) += integrate( _range=markedfaces(M_mesh,marker), _expr=(trans(idt(u)) * N()) * id(nu) ); // τ p, µ Γ IBC bbf( 3_c, 1_c, i, 1 ) += integrate( _range=markedfaces(M_mesh,marker), _expr=tau_constant * idt(p) * id(nu) ); // -λ, µ Γ IBC bbf( 3_c, 3_c, i, i ) += integrate( _range=markedfaces(M_mesh,marker), _expr=-tau_constant * id(nu) * idt(uI) );
double meas = integrate( _range=markedfaces(M_mesh,marker), _expr=cst(1.0)).evaluate()(0,0); // Itarget, µ Γ IBC blf(3_c,i) += integrate(_range=markedfaces(M_mesh,marker), _expr=g * id(nu)/meas ); 0_c, 1_c, 2_c . . . refer to the index at compile time of the test or trial function spaces in M_ps. Hence bbf(0_c,0_c) refers to the terms associated with the flux. We can choose at runtime if the problem is solved using static condensation or the monolithic way. Although the later becomes rapidly inefficient in 3D with respect to the mesh size, it is useful to provide this construction the debug and verify the static condensation process. The last step consists in solving the problem using either the monolithic or static condensation strategy and retrieve the components (flux and potential) of the solution field (Code 9.10). The local solves, to reconstruct the flux and potential once the trace is obtained, are taking advantage of the embarrassingly parallel context using multi-threading, including within the MPI process when we run in parallel. 

M_up = U(0_c); // element of V h M_pp = U(1_c); // element of W h for( int i = 0; i < M_integralCondition; i++ ) M_mup[i] = U(3_c,i); // elements of M * h
We list here the main methods that are available in the API provided by feel in order to use this toolbox:

• mesh(), which allows to access to the computational mesh;

• potentialSpace(), fluxSpace(), traceSpace(), which allow to access to the primal, dual and trace spaces, respectively;

• potentialField(), fluxField(), which allow to access to the primal and dual variables, respectively;

• init(mesh, meshVisu), which initialize the overall framework (mesh, BCs, initial conditions, spaces, exporter). The user can pass directly the computational and the visualization mesh, otherwise it is automatically loaded;

• assembleAll(), which assembles both the constant part (assembleCstPart()) and non-constant part (assembleNonCstPart())of the Darcy system. In particular, the constant assembler method builds the core of the matrix including the part of BCs that are in the matrix and don't change at each time step. On the other hand, the non-constant assembler method adds to the matrix the time-dependent and nonlinear contributions, the part of BCs that are missing -Robin -and builds the right hand side of the Darcy system;

• solve(), which solves the system matrix-right hand side built using assembleAll();

• exportResults( time, mesh, Idh, Idhv ), which exports the results at the timestep time on the visualization mesh mesh using the interpolation operators for the primal and dual variables provided by Idh and Idhv, respectively.

MixedElasticity

In this section we present the MixedElasticity class. Similarly to the previous one, thank to the powerful tools provided by FEEL++, we have implemented the HDG method for linear elasticity equations (Sec. 5, Ch. 8) in C++. Also in this case we have implemented the class MixedElasticity within the FeelModels namespace as child of the superclass ModelNumerical.

We start introducing some type definitions (Code 9.11) that are very useful in the following, in particular:

• Dim is the domain dimension;

• Order is the polynomial order;

• G_Order is the geometrical order;

• Pdhms_ptrtype represents a pointer to a symmetric matrix discontinuous Galerkin space;

• Pdhv_ptrtype represents a pointer to a vectorial discontinuous Galerkin space;

• Pdh_ptrtype represents a pointer to a scalar discontinuous Galerkin space;

• Pchv_type represents a pointer to a vectorial continuous Galerkin space. As for the MixedPoisson class, the user can always choose between the monolithic solver // static condensation is done during the solve bbf.solve(_solution=U, _rhs=blf, _rebuild=false, _condense=M_useSC, _name= this->prefix());

// -u I , v • n Γ IBC bbf(0_c,3_c,0,i)+=integrate(_range=markedfaces(M_mesh,marker), _expr=-trans(idt(uI)) * (id(v) * N())); // τ u I , w Γ IBC bbf(1_c,3_c,1,i)+=integrate(_range=markedfaces(M_mesh,marker), _expr=tau_constant * trans(idt(uI))); // σ • n, µ 2 Γ IBC bbf(3_c,0_c,i,0)+=integrate(_range=markedfaces(M_mesh,marker), _expr=inner(idt(v) * N(),id(nu))); // tauu,
// get views over each component

M_up = U(0_c); // element of V h M_pp = U(1_c); // element of W h for( int i = 0; i < M_integralCondition; i++ ) M_mup[i] = U(3_c,i); // elements of M * h
We list here the main methods that are available in the API provided by feel in order to use this toolbox:

• mesh() allows to access to the computational mesh;

• displacementSpace(), stressSpace(), traceSpace() allow to access to the primal, dual and trace spaces, respectively;

• fieldDisplacement(), fieldStress() allow to access to the primal and dual variables, respectively;

• init(mesh, meshVisu) initializes the overall framework (mesh, BCs, initial conditions, spaces, exporter). The user can pass directly the computational and the visualization mesh, otherwise it is automatically loaded;

• assembleCstPart() assembles the matrix of the linear elasticity system, including the matrix contributions due to BCs;

• assembleNonCstPart() assembles the right hand side of the linear elasticity system;

• solve() solves the system matrix-right hand side built using assembleCstPart() and assembleNonCstPart();

• exportResults( time, mesh, Idh, Idhv ) exports the results at the time-step time on the visualization mesh mesh using the interpolation operators for the primal and dual variables provided by Idh and Idhv, respectively.

• exportTimers() exports in a text file the computational times needed by the program to complete each step in assembling and solving the linear elasticity system.

MixedPoissonElasticity

In this section we present the MixedPoissonElasticity class. This class is an interface between the MixedPoisson and the MixedElasticity classes and it allows to solve the system defined by Eq. (5.13).

This class has mainly two attributes that corresponds to an element of MixedPoisson and one of MixedElasticity . Thus, we implemented two methods in order to modify the HDG formulation in order to take into account the coupling terms between Darcy and linear elasticity.

MIXEDPOISSONELASTICITY

Computational performances

In this section we briefly discuss the computational cost of the different model implemented in FEEL++. The computational domain used in this section is displayed in Fig. 9.1.

These performance studies have been completed on one of the five nodes of ATLAS, the computing resource cluster at Cemosis and IRMA laboratory. The node used has 24 cores on 2 sockets (Intel Xeon E5-2680 v3 2.50GHz ) hyperthreaded with 256 GB of RAM . Everything is interconnected with both 10Gb Ethernet cards and 40Gb Infiniband cards. The workload manager is slurm * .

The solvers used are retrieved from PETSc [START_REF] Aletti | Mathematical modelling and simulations of the hemodynamics in the eye[END_REF], a suite of data structures and routines for scalable and parallel solution of scientific applications modeled by partial differential equations. To partition the domain for parallel computing we exploit METIS [119]. METIS is a set of serial programs for partitioning graphs, partitioning finite element meshes, and producing fill reducing orderings for sparse matrices. 

Darcy

For the simple Darcy -only Neumann and Dirichlet boundary conditions -we have performed three test cases using the toolbox MixedPoisson with increasing number of degrees of freedom (dofs) as described by Tab. 9.1. Insuring the same computing error for the results, we compare the time needed to solve the Darcy system in a monolithic way with two different preconditioners -LU factorization [6] and the Generalized Additive Schwarz Method (GASM) [5] s-and the computational time required by the static condensation using the Geometric Al-gebraic MultiGrid (GAMG) preconditioner [5]. The analytical solution used for the pressure is 10 π tan(y, x) -1 and for the velocity is Tab. 9.2 shows the wall time using 1, 2 or 4 processors by the monolithic solver and the static condensation. The results obtained suggest that the static condensation technique increases the speed up proportionally to the dimension of the problem, for instance up to 35 times faster in the case of Darcy 3. Looking at the solver time (Tab. 9.3), this boost is even more important (more than 90 times faster in the case of Darcy 3 with 4 processors). We haven't reported the time for the assembly of the matrix but they are equivalent in all the cases studied.

v = [- 10 π y x 2 + y 2 , 10 π x x 2 + y 2 , 0] T .

Darcy with IBC

For the Darcy with IBC, we have performed three test cases using MixedPoisson with increasing number of degrees of freedom (dofs) as described by Tab. 9.4. Insuring again that the computing error is the same for all the test cases, we compare the time needed to solve the Darcy system in a monolithic way with LU and GASM as preconditioners, and the computational time required by the static condensation using the Geometric Algebraic MultiGrid (GAMG) preconditioner. The analytical solution used for the pressure is 10 π tan(y, x) -1 and for Tab. 9.5 shows the wall time using 1, 2 or 4 processors by the monolithic solver and the static condensation. The results obtained suggest that the static condensation technique increases the speed up proportionally to the dimension of the problem, for instance up to 40 times faster in the case of Darcy + IBC 3 with respect to monolithic with LU. Looking at the solver time (Tab. 9.6), this boost is even more important (100 times faster in the case of Darcy + IBC 3 in serial). We haven't reported the time for the assembly of the matrix but they are equivalent in all the cases studied.

the velocity is v = [- 10 π y x 2 + y 2 , 10 π x x 2 + y 2 , 0] T .
In this case we found that if we increase the number of processors the standard partitioning is slowing down any solver, due to the fact that the dofs of the IBC are shared by multiple processors and the number of communications becomes the bottleneck of the computation. We call special partitioning the case in which we are imposing to the partitioner that the IBC dofs are all assigned to the same processor, seeking for a more balanced partition of the computational work. We consider that each IBC face is a neighbor of all the other IBC faces, which put a huge weight on the connectivity pattern of the IBC faces and METIS keeps them on the same domain when partitioning. In this way we get back appropriate scalability in Darcy problems with IBC.

We performed 4 test cases using the static condensation with GAMG as preconditioner, which are described by Tab. The analytical solution used for the pressure is 10 π tan(y, x) -1 and In Tabs. 9.8 and 9.9 we report the computational time for this study. As theoretically predicted when we increase the number of processors, especially for larger problems, the computational time is even increasing instead of scaling in the case of standard partitioning. With the simple proposed special partitioning we obtain good results, indeed the largest problem with 16 processors and the special partitioning is solved 38 times faster than the standard partitioning problem and the solver itself is 94 times faster. We haven't reported the time for the assembly of the matrix but they are equivalent in all the cases studied.

for the velocity is v = [- 10 π y x 2 + y 2 , 10 π x x 2 + y 2 , 0] T .

Elasticity

For the elasticity problem, we have performed three test cases using MixedElasticity with increasing number of degrees of freedom (dofs) as described by Tab. 9.10. Insuring again that the computing error is the same for all the test cases, we compare the time needed to solve the elastic system in a monolithic way with LU as preconditioner, and the computational time required by the static condensation using the fieldsplit preconditioner. The analytical solution used for the displacement is u Tab. 9.11 shows the wall time using 1, 2 or 4 processors by the monolithic solver and the static condensation. The results obtained suggest that the static condensation technique increases the speed up proportionally to the dimension of the problem also for elasticity, for instance up to 25 times faster in the case of Elasticity 3 with 2 processors with respect to monolithic. Looking at the solver time (Tab. 9.12), this boost is even more important (31 times faster in the case of Elasticity 3 with 2 processors). We haven't reported the time for the assembly of the matrix but they are equivalent in all the cases studied. 

= [x 2 + y 2 + z 2 , x 2 + y 2 + z 2 , x 2 + y 2 + z 2 ] T .

Poroelastic system

The solver framework for the poroelastic system is illustrated by Fig 9 .2. First, we initialize both the MixedPoisson and MixedElasticity classes, therefore, we start solving the linear elasticity system passing the information to the Darcy equations and sub-iterating this process till the error between two sub-iterations is below a certain tolerance or we have attained the maximum number of sub-iterations. Then, we move to the next timestep and we repeat the process till we reach the final time, when we export the results and exit the program. For the solver and the exporter, we exploit the methods available for each subclass ( MixedPoisson and MixedElasticity ). In this chapter we present the implementation of the coupling algorithm explained in Ch. 7 in FEEL++.

INITIALIZATION SOLVE MixedElasticity

SOLVE MixedPoisson t = T f inal t < T f inal t = t + ∆t
First we give a brief introduction of the Functional Mock-up Interface (FMI) and its employment in FEEL++. Next we describe the C++ implemented version of the operator splitting algorithm. Finally, we illustrate the results of a convergence study performed using the aforesaid framework developed in FEEL++.

Functional Mock-up Interface(FMI)

The FMI is a modeling environment that describes a product sub-system by differential, algebraic and discrete equations with time, state and step-events. The power of these models that are widely used in industry, is the easiness in the interconnection with other libraries. This interface generates and export the modeling components as Functional Mock-up Units (FMUs). These units can be imported and used in embedded control systems and, moreover, can cooperate at runtime through a co-simulation environment. For further details on FMI and FMU, we refer to [18].

For our purpose we have implemented the 0D model (Ch. 3) in OpenModelica [74], an open-source Modelica-based modeling and simulation environment. We have adopted this 106 CHAPTER 10. 3D-0D OPERATOR SPLITTING METHOD open-source software due to its user-friendly interface and its simplicity to develop complex electric circuits, in order to focus on the modeling framework and not on the numerical methods to solve lumped-parameter models that have been largely studied in literature.

From OpenModelica it is possible to export a FMU that fully describes the circuit model. In particular, such export is organized in one zip-file containing several files:

• an XML-file that contains the definition of all variables in the model and other information, such as solver parameters;

• a small set of easy to use C-functions, which define all the needed model equations;

• other optional data such as documentation, maps and tables.

FEEL++ and Functional Mock-up Unit (FMU)

In order to use the FMU in FEEL++, we implement an interface class called FMU . This work has been done in collaboration with J.-B. Wahl, a research engineer at the Université de Strasbourg. We have imported in FEEL++ the following methods via a wrapper that exploit the C functions already defined within the FMILIB library:

• int load(std::string _path) loads the model in the FMU format from the input directory path;

• void initialize(double t_init,double t_final,double tolerance) initializes the model with the input initial and final time, the input solver tolerance, and the default parameter values specified in the XML-file within the FMU;

• template <typename VariableType> void setValue(std::string var_name, VariableType value) allows the user to set the value of a variable of the FMU model at runtime;

• template <typename VariableType> VariableType getValue( std::string var_name) allows the user to retrieve the value of a variable of the FMU model at runtime;

• double currentTime() returns the value of the time of the current simulation;

• void reset() resets the simulation time to the initial value and reset all the settings to their default value;

• void simulate(double t_init,double t_final,double tolerance) runs the model from the initial time to final time;

• void doSteps( double t_stop ) runs the model from the current simulation time to a specified simulation time.

THE OPERATOR SPLITTING IN FEEL++ 107

We report just the main functions that are useful for the simulation, however there are other methods implemented needed by the interface FMILIB-FEEL++ for a more advanced usage. All the source codes are available and open to be accessed on the GitHub repository at https: //github.com/feelpp.

The operator splitting in FEEL++

In order to use in FEEL++ the operator splitting method presented in Ch. 7, we implemented the class CoupledMixedPoisson child of MixedPoisson . In particular this new class has the following attributes:

• Ch_element_vector_type M_Y is a vector that contains the buffer variables;

• Bdf_element_vector_t M_bdf_buffer is a the corresponding vector of the buffer variables that handles the time dependency and BDF algorithm;

• int M_0dCondition is an integer that indicates the number of 0D circuit for the coupling

• integral_boundary_list_type M_0dList collects the interface markers between the 3D and the 0D circuits;

• fmu_ptr_vector_t M_circuit is a pointer vector that gathers the 0D circuits.

The initialization of the variables and the spaces exploits the methods already defined for MixedPoisson , the only complication is the allocation of the new spaces for the buffer variable that has to be take into account (Code 10. shows that for matrix line 3_c, i we have imposed a similar homogeneous IBC condition on Γ I as described in Sec. 1, Ch. 9. Tab. 10.1 depicts a scheme of the 3D HDG matrix with 0D coupling condition, in particular the Step 1 of the operator splitting. In this figure we have boxed the novel contributions with respect to the HDG with IBC formulation. 3 ) are the test functions for the flux, potential, trace, IBC and 0D space, respectively. Finally, Π is the unknown variable on the resistor-capacitor buffer (resistance R and capacitance C). We have boxed the contributions due to the coupling with a 0D circuit. Remark 11. Unfortunately the static condensation has been only very recently available in FEEL++ in order to solve the first step of the proposed 3D-0D coupling algorithm. The difference with respect to the standard or IBC case is the presence of extra entries in the matrix that derive from the coupling with the ODEs system. Nevertheless we have estimated the computational time needed to solve an unsteady Darcy+ODEs problem using the monolithic algorithm. For a test case using monolithic solver and LU CHAPTER 11 This chapter is divided into two sections: first we present the C++ codes that are implemented in FEEL++ in order to deal with the OMVS, in particular the organization and how to use the model we have developed; second, we show the user friendly interface we have implemented such that also researchers that are not mathematicians, computer scientist, engineers or not familiar with C++, can use the OMVS for scientific research and as a clinical tool in opthalmologic centers.

(K -1 j, v) Ω (-p, ∇ • v) Ω p, v • n Γint∪Γ\ΓIBC p I , v • n ΓI (∇ • j, q) Ω ∂p ∂t , w Ω + (τ p, w) Γint∪Γ -τ p, w Γint∪Γ\ΓI τ p I , w ΓI j • n, µ 1 Γint∪ΓN τ p, µ 1 Γint∪ΓN -τ p, µ 1 Γint∪ΓN + τ p, µ 1 ΓD j • n, µ 2 ΓI τ p, µ 2 ΓI -τ p I - 1 R |Γ I | p I , µ 2 ΓI 1 R |Γ I | Π, µ 2 ΓI - 1 R |Γ I | u I , µ 3 ΓI 1 R |Γ I | Y + C |Γ I | Y ∆t , µ 3 ΓI

FEEL++ interface

We discuss now the interface between the models described in Chs. 3, 4 and 5 and the user via FEEL++. In this case we assume that the user can be also a developer and has some expertise in coding or to deal with C++ software or run program on Linux based shells.

CHAPTER 11. OMVS IMPLEMENTATION

This interface is based on a C++ class called PatientAssessment where the data from the input files are collected and passed to the models implemented in FEEL++.

PatientAssessment

First, we present this C++ class that allows the user handle the data to feed the model. In particular PatientAssessment has the attributes resumed in Tab. The PatientAssessment class, however, is not sufficient to handle all the different type of entries that an end-user would like to have for this kind of application, thus, we implemented the class Patient that manages the data directly from the input files to the models combined with the class presented above. The C++ class Patient is able to collect multiple assessments of the same subject and handle therefore the patient clinical history.

The different assessments are stored in map, which is an associative container that stores elements formed by a combination of a key value and a mapped value, following a specific order. In our case the key is created from the date of the assessment and the value is the collection of the patient clinical data and the output computed by the OMVS. The attributes of this class, accompanied by the corresponding set and get methods, are:

• std::string M_name stores the name of the patient;

• int M_age stores the patient age;

• Gender M_gender stores the patient gender (undefined, male, female);

• bool M_upload tells if the patient has already been uploaded on the online private repository;

• M_override specifies if the new assessments have to override the results already uploaded on the online private repository; • std::string M_note stores notes of the patient;

• std::shared_ptr<PatientAssessment> M_assessment is the map that stores all the different assessments of the same patient.

Fig. 11.1 illustrates the data processing from input to output. At the beginning the data are specified by the user via text files, then are passed through classes Patient and PatientAssessment that handle the interface with the FEEL++ Eye2Brain library. This library exploits the implementations of HDG (Ch. 9) and the operator splitting (Ch. 10) and manages the different levels of the OMVS in order to finally provide the simulation results to the user. 

Configuration file

The configuration file is the input text file that is needed by any version of the OMVS in order to interact directly with the Eye2Brain library. We report in Code 11.1 an example of Level 2 configuration file. In particular, the code shows how to specify • the data of the patient: lines 7 -11;

• the data of the assessment: lines 13 -26;

• the information on the mesh: lines 28 -34 and 48 -51;

• the information on the 0D circuit: lines 36 -46;

• the file where to retrieve the data for Darcy: line 54;

• the file where to retrieve the data for linear elasticity: line 58;

• the time simulation data: lines 60 -66.

Darcy json file

We discuss now the file where we define all the data concerning the Darcy equations that are needed when using the MixedPoisson or MixedPoissonElasticity class. The type of this file is json , which is a file that stores simple data structures and objects in JavaScript Object Notation (JSON) format that is a standard data interchange format. An example of Darcy json file is shown in Code 11.2, which can be easily adapted to any application.

Code 11.2json file for Darcy. { "Name": "HDG-Mixed-Poisson for lamina cribrosa", "ShortName":"MP_LC", "Models": { "equations":"hdg"}, "Materials": { "Lamina": { "name":"tissue", "k":"0.015192", "Lamina_Sclera-buffer":"C5.p.v", "Cbuffer_name":"C5", "Rbuffer_name":"lcRin" } • the Dirichlet BCs as Eq. (5.2b): lines 43 -51;

• the quantities to be exported: lines 54 -60.

All these input files can be easily modified with a text editor, however they require some familiarity in the usage of a Linux-base shell. For further details on how to run these applications we refer to the online documentation of FEEL++ available at http://docs.feelpp. org/docs/stable/.

Computational performances

As for the HDG toolboxes and the 3D-0D coupling implementation, we have completed a preliminary investigation on the computational time needed to solve the different levels of the OMVS.

• Level 0 (Ch. 3) takes 6.17396 s to complete a simulation in serial with a final time of 4 s and a time step of 0.002 s.

• Level 1 (Ch. 4) takes 4588.5 s (1.2746 hours) to complete a simulation using 24 processors with a final time of 4 s and a time step of 0.1 s. The dofs are 23484, 7828 and 12804 for the pressure, the flux and the trace, respectively.

• Level 2a (Ch. 5) takes 25144 s (6.984 hours) to complete a simulation using 24 processors with a final time of 4 s and a time step of 0.02 s. The dofs for the hemodynamics part are 578280, 192760 and 294948 for the pressure, the flux and the trace, respectively. The dofs for the biomechanics part are 1156560, 578280 and 897552 for the displacement, the stress and the trace, respectively.

• Level 2b (Ch. 5) takes 30842 s (8.567 hours) to complete a simulation using 24 processors with a final time of 2.3 s and a time step of 0.02 s. The dofs for the hemodynamics part are 134520, 44840 and 73281 for the pressure, the flux and the trace, respectively. The dofs for the biomechanics part are 2157168, 1078584 and 1707300 for the displacement, the stress and the trace, respectively.

These computational times are relative to the whole execution time of an OMVS application.

For the hemodynamics part, thus the Darcy problem coupled with a system of ODEs, we employed the monolithic solver with LU as preconditioner [6]. For the biomechanics part, thus the linear elasticity equations, we exploit the static condensation technique with LU as preconditioner [6].

In the following we discuss the other interface, which is more user friendly and adapted to a clinical use.

OMVS user friendly interface

In view of real applications and in order to provide a clinical tool for the ophthalmologists, we developed a user friendly interface of the OMVS within the context of a European project 2. OMVS USER FRIENDLY INTERFACE 119 called MSO4SC (Mathematical Modeling, Simulation and Optimization for Societal Challenges with Scientific Computing). The MSO4SC proposal is to provide mathematical technologies and its applications for solution of societal challenges as service through an HPC oriented cloud e-infrastructure. In particular our model has been selected to be part of this project as the Eye2Brain pilot. The idea was to develop an online platform capable of providing clinicians with an integrated view of the patient's status, which would significantly improve our current ability to monitor health and prevent, detect, treat and manage disease in a personalized manner.

In this context we have theorized the concept of virtual laboratory, where ophthalmologists may perform clinical tests to improve the understanding, the diagnosis and the care of ocular diseases (e.g. glaucoma, diabetic retinopathy, age-related macular degeneration) and other pathologies that also manifest in the eye (e.g. diabetes, hypertension, NDD). In this section we discuss the OMVS web interface, composed by three parts:

• the simulation interface;

• the View App;

• the Compare App.

OMVS simulation interface

The first overview of the MSO4SC portal is shown in Fig. 11.2. For the simulation of the Eye2Brain model, the user should select experiment and obtain a web-page similar to the one illustrated by Fig. 11.3. Thus, we create a new instance, which corresponds to our patient, selecting the Eye2Brain model we would like to use:

(i) eye2brain-level-0, which corresponds to the model described in Ch. 3;

(ii) eye2brain-level-1, which corresponds to the model described in Ch. 4;

(iii) eye2brain-level-2, which corresponds to the models described in Ch. 5.

The choice between the different levels depends on the accuracy and speed needed by the clinical application. For all selections, the input are already filled with some default values in order to have always all the parameters specified. The input parameter interfaces are displayed in Figs. 11.4, 11.5, and 11.6 for eye2brain-level-0, eye2brain-level-1, and eye2brain-level-2, respectively. For seek of clarity we report the input that can be modified by the user in Tabs. 11.3, 11.4, and 11.5.

Finally, the models are solved using the advanced computational methods described in Part III in external HPC facilities and the simulation results saved on private online repositories. 

OMVS View App

To visualize the simulation results that are stored in a private repository, we have implemented two online Apps, the first one is called OMVS View App. The idea is to select the patient from the online database that is automatically update from the simulation interface, and then visualize the computed results. Fig. 11.7 shows the current interface of the OMVS View App; in particular we have a first part where the online platform allows the user to select the desired patient and recap the input data used in the simulation. Below the input data table, we report the output data that are currently available:

• average blood pressure profile in the lamina cribrosa;

• average blood flow profile in the lamina cribrosa;

• average blood flow profile in the central retinal vessels. This last outcome is very similar to the output given by the Color Doppler Imaging [100]. 

OMVS Compare App

The OMVS Compare App works similarly to the View App, however in this case the user can select two different patients or two different simulations of the same patients. Ideally the comparison between two patients would serve as virtual clinical laboratory to understand the effects of different set of input on relevant output, whereas the comparison between two simulation results of the same patient would reproduce the situation of follow-up of a patient during a treatment, where the ophthalmologist can examine the evolution of the disease in the patient. In Fig. 11.8 we display the interface of the OMVS Compare App. We resume the input data of the two sets of the results that need to be compared in two tables, and below we report the 2. OMVS USER FRIENDLY INTERFACE 127 computed results. In particular the outcome that are currently available on the online platform are:

• average blood pressure profile in the lamina cribrosa;

• average blood flow profile in the lamina cribrosa;

• average blood flow profile in the central retinal vessels. In this chapter we provide the verification of the numerical methods presented in chapters 7 and 8. In the first section we illustrate the convergence study for the HDG method applied for solving Darcy equations and the linear elasticity system, while in the second section we discuss the convergence study for the proposed operator splitting for the coupled Darcy-ODE system.

HDG convergence study

In this section we report the convergence results of the HDG algorithm for the Darcy equations and for the linear elasticity problem (Ch. 8) using the implementation in FEEL++ illustrated in chapter 9.

We have performed the convergence tests in 2D and in 3D using the same computational domain for Darcy and linear elasticity model (Figs. 12.1). Notice that the 3D domain is obtained by extruding the 2D one. Let us denote by Ω the 2D/3D domain and Γ = ∂Ω. For the sake of clarity we define the boundaries of the 2D computational domain displayed in Fig. 12.1a:

Γ 1 = {(x, y) ∈ Γ : y = 0} (12.1a) Γ 2 = {(x, y) ∈ Γ : x = 0} (12.1b) 
Γ 3 = Γ \ (Γ 1 ∪ Γ 2 ) (12.1c)
and the 3D boundaries showed in Fig. 12.1b:

Γ 1 = {(x, y, z) ∈ Γ : y = 0} (12.2a) Γ 2 = {(x, y, z) ∈ Γ : x = 0} (12.2b) Γ 3 = {(x, y, z) ∈ Γ : z = 0} ∪ {(x, y, z) ∈ Γ : z = H} (12.2c) Γ 4 = Γ \ (Γ 1 ∪ Γ 2 ∪ Γ 3 ) (12.2d)
where H is the dimension of the extrusion along z of the 3D domain with respect to the bidimensional one.

Darcy convergence test

In Eq. (4.1), we assume that K is the identity matrix. The analytical solutions that we use for the Darcy convergence test read:

j(x, y) = 1 2π -y x 2 +y 2 x x 2 +y 2 , p(x, y) = 1 2π atan2(y, x) in Ω,
in 2D (Fig. 12.2), and For the 3D-domain (Fig. 12.1b), we have

j(x, y, z) = atan2(y, x) cos(xyz) 2π   yz xz xy   + 1 + sin(xyz) 2π(x 2 + y 2 )   -y x 0   in Ω,
Γ D = Γ 1 ∪ Γ 2 , Γ N = Γ 3 ∪ Γ 4 .
10 -1.8 10 -1.6 10 -1.4 10 -1. For the 3D-domain (Fig. 12.1b), we have

Γ D = Γ 1 , Γ I = Γ 2 , Γ N = Γ 3 ∪ Γ 4 .
10 -1.8 10 -1.6 10 -1.4 10 -1. Figs. 12.6 and 12.7 show the computed convergence orders for Darcy problems with IBC in 2D and 3D, respectively. Also in this case we achieve the correct orders predicted by the theory [42]. In Tab. 12.1 we resume the computed orders for the 2D and 3D study, w/ and w/o IBC, up to fourth polynomial order. These computed orders are in agreement with the theoretical predictions, with the exception of the 3D third polynomial order w/ IBC case. We remind, however, that we haven't used the L 2 -projector P M , therefore we may not obtain the optimal convergence (see Remark 10 in Ch. 8).

Linear elasticity convergence test

For all the linear elasticity convergence tests we have used the two unitary Lamé parameters, namely λ = 1 and µ = 1.

2D

We simulate three different situations, called Dirichlet, Neumann, and IBC. As the names suggest, we have used different type of boundary conditions, which are resumed in Tab. 12.2. For what concerns the analytical solutions, we have used the following expressions:

• Dirichlet The 2D results and most of the computed convergence orders (Tab. 12.3) provided by FEEL++ agree with the theoretical predictions presented in Ch. 8. We remind that we haven't used the L 2 -projector P M , therefore we may not obtain the optimal convergence order for all cases (see Remark 10 in Ch. 8).

u exact (x, y) = 1 2π 2 sin(πx) cos(πy) , 1 2π 2 cos(πx) sin(πy) F ext,exact (x, y) = [-3 sin(πx) cos(πy) , -3 cos(πx) sin(πy)] • Neumann u exact (x, y) = 1 2π 2 sin(πx) cos(πy) ,
Γ Dirichlet Γ N eumann Γ IBC Dirichlet Γ 1 ∪ Γ 2 ∪ Γ 3 ∅ ∅ Neumann Γ 1 ∪ Γ 2 Γ 3 ∅ IBC Γ 2 Γ 3 Γ 1

3D

Also for 3D we simulate three different situations, Dirichlet, Neumann, and IBC. The specific details of the boundary conditions for these three tests are resumed in Tab. 12.4. 

Name test

Γ Dirichlet Γ N eumann Γ IBC Dirichlet Γ 1 ∪ Γ 2 ∪ Γ 3 ∪ Γ 4 ∅ ∅ Neumann Γ 1 ∪ Γ 2 Γ 3 ∪ Γ 4 ∅ IBC Γ 2 Γ 3 ∪ Γ 4 Γ 1
Table 12.4 -Boundary conditions for 3D convergence tests.

For the 3D convergence study we have used the same analytical solution (Fig. 12.12 ) for the three test cases: u exact (x, y, z) = [cos(πx) cos(πy) cos(πz) , sin(πx) cos(πy) sin(πz) , cos(πx) sin(πy) cos(πz)] F ext,exact (x, y, z) =   2π 2 sin(πx) sin(πy) sin(πz) -2π 2 cos(πx) sin(πy) sin(πz) -5π 2 cos(πx) cos(πy) cos(πz) 2π 2 cos(πz) sin(πx) sin(πy) -5π 2 cos(πy) sin(πx) sin(πz) -2π 2 cos(πx) cos(πy) sin(πz) 2π 2 cos(πy) sin(πx) sin(πz) -5π 2 cos(πx) cos(πz) sin(πy) -2π 2 cos(πz) sin(πx) sin(πy)

 

The numerical convergence orders for the three different tests in the 3D domain are computed and illustrated by Figs. 12.13, 12.14 and 12.15 up to the fourth polynomial order.

The 3D results and most of the numerical convergence orders (Tab. 12.5) provided by FEEL++ agree with the theoretical predictions presented in Ch. 8. We remind that we haven't used the L 2 -projector P M , therefore we may not obtain the optimal convergence order for all cases (see Remark 10 in Ch. 8). 

Geometric test

Finally we present a preliminary investigation of the impact of the geometric approximation, which we have performed on the 2D computational domain (Fig. 12.1a). In particular, for this geometric test, we have computed the force F on Γ 2 and compared the results obtained using first geometric order and second geometric order with respect to the analytical computation of this force. The analytical expression used for this study are: Fig. 12.16 suggests that starting from the second polynomial order there is a significant difference in terms of accuracy if we adopt a first or a second geometric order for the computational domain. Moreover, we notice that the simulated results provided by our implementation in FEEL++ show that the accuracy for first order has a plateau without a remarkable gain for polynomial order greater than 2, which is not a desirable behavior.

u exact (x, y) = x 5 , y 5 F ext,exact (x, y) = 60x 3 , 60y 3 F exact (x, y) = [288 , 288]

Operator splitting convergence study

In this section we present three convergence test cases to verify the operator splitting method presented in Ch. 7. The error criteria we have adopted for all these cases are the following:

• for circuit variables

err y =   ∆t per Nτ n=(per-1) Nτ U 1/2 y(t n ) -U 1/2 ex y ex (t n ) 2 U 1/2 ex y ex (t n ) 2    1/2 (12.3a)
where y is the vector of circuit unknowns, U is the diagonal tensor described in Tab. 7.2, per represents the time interval of one period when the numerical solution has reached the periodic steady state, and the subscript ex denotes the exact solution;

• for 3D variables

err p =   ∆t per Nτ n=(per-1) Nτ p n -p ex (t n ) 2 L 2 (Ω) p ex (t n ) 2 L 2 (Ω)   1/2
(12.3b)

err j =     ∆t per Nτ n=(per-1) Nτ j n -j ex (t n ) 2 L 2 (Ω) j ex (t n ) 2 L 2 (Ω)     1/2 (12.3c)
where per represents the time interval of one period when the numerical solution has reached the periodic steady state, and the subscript ex denotes the exact solution.

Moreover, we have verified for each test case that the system has reached the periodic state with a tolerance ε = 10 -6 , namely

max        p [per] -p [per-1] 2 L 2 (Ω) p [per-1] 2 L 2 (Ω) , j [per] -j [per-1] 2 L 2 (Ω) j [per-1] 2 L 2 (Ω) , U 1/2 y [per] -U 1/2 y [per-1] 2 U 1/2 y [per-1] 2        < ε
(12.4) In particular we verified that the time t, which is the minimum time that allows the unknowns to satisfy Eq. (12.4), is lower than the final computational time T : t T.

Remark 12. We have used the HDG method with second polynomial order for the spatial discretization since it is better suited for the proposed coupling. In this algorithm, however, other standard finite element methods can be employed for the discretization.

For all test cases the 3D domain Ω is depicted in Fig. 12.17. The number of degrees of freedom are 277230, 92410 and 116616 for the pressure p, the flux j and the trace p, respectively.

Remark 13. We have used a different time step for the 3D and the 0D part. We will specify in each test case the ∆t| 1 st step = ∆t adopted in the first step, whereas for the second step we have always imposed ∆t| 2 nd step = 0.0002. 

Linear test case

The first test case we present is a convergence test where the domain Ω and the circuit Υ are described by Fig. 12.18, in particular we have that 

Ω = (x 1 , x 2 , x 3 ) ∈ R 3 : x 1 , x 2 ∈ (0, L), x 3 ∈ (0, H) Γ D = (x 1 , x 2 , x 3 ) ∈ R 3 : x 1 , x 2 ∈ (0, L), x 3 = 0 Γ N = (x 1 , x 2 , x 3 ) ∈ R 3 : x 1 = 0, x 2 ∈ (0, L), x 3 ∈ [0, H] ∪ (x 1 , x 2 , x 3 ) ∈ R 3 : x 1 = L, x 2 ∈ (0, L), x 3 ∈ (0, H) ∪ (x 1 , x 2 , x 3 ) ∈ R 3 : x 1 ∈ (0, L), x 2 = 0, x 3 ∈ (0, H) ∪ (x 1 , x 2 , x 3 ) ∈ R 3 : x 1 ∈ (0, L), x 2 = L, x 3 ∈ (0, H) Γ I = (x 1 , x 2 , x 3 ) ∈ R 3 : x 1 , x 2 ∈ (0, L), x 3 = H y = [Π 1 , Π 2 ] T U = C b 0 0 C 1 Ω Γ D Γ N Γ I R b Q I (t) C b i C b R 1 i 1 C 1 i C1 R out i out Π out P I Π 1 Π 2 x 3 x 1 x 2

Analytical solution and data

We describe now the data that have been used to perform the convergence test. We compare the four numerical simulations obtained using a time step t step = [0.02; 0.01; 0.005; 0.002] with an analytical solution to the problem. Considering the framework depicted in Fig. 12.18, to compute an analytical solution for this complex multiscale system, we start by choosing

p(t, x) = β + C b αγ e H-x 3 kL 2 cos(γt) + α sin(γt) in Ω × [0, T ] (12.5a) j(t, x) =    0 0 C b αγ L 2 e H-x 3 kL 2 cos(γt)    in Ω × [0, T ] (12.5b) where x = [x 1 , x 2 , x 3 ]
T , C b is the value of the buffer capacitor in the circuit, H and L 2 are respectively the length in the x 3 direction and the cross-sectional area of the 3D domain, k is the permeability coefficient with K = kI defined in Eq. ( 7.1), β, α and γ are constants. Using the first equation of (7.1), we compute analytically the force term

f (t, x) = αγ cos(γt) 1 - C b kL 4 e H-x 3 kL 2 -C b αγ 2 e H-x 3 kL 2 sin(γt).
Thus, we compute the values Q I and P I on the boundary Γ I using (12.5b) and (12.5a), respectively:

Q I (t) = C b αγ cos(γt) P I (t) = β + α sin(γt) + C b αγ cos(γt)
From Q I and P I we use the constitutive law of the resistor R b to compute Π 1 :

P I -Π 1 R b = Q I (12.6a) ⇒ Π 1 = P I -R b Q I (12.6b) ⇒ Π 1 (t) = β + α sin(γt) + (1 -R b )C b αγ cos(γt) (12.6c)
We retrieve the value of the electric current passing through the capacitor C b :

i C b = C b dΠ 1 dt = C b αγ cos(γt) -(1 -R b )C 2 b αγ 2 sin(γt).
Imposing the Kirchhoff's law for the electric currents at node Π 1 we have

Q I = i C b + i R 1 ⇒ i R 1 = Q I -i C b ⇒ i R 1 = (1 -R b )C 2 b αγ 2 sin(γt).
Then we exploit the constitutive law for R 1 to obtain

Π 2 = Π 1 -R 1 i R 1 (12.7a) ⇒ Π 2 (t) = β + α sin(γt) 1 -R 1 (1 -R b )C 2 b γ 2 + (1 -R b )C b αγ cos(γt) (12.7b)
with R 1 constant. Again we apply the same strategy used at node Π 1 to node Π 2 :

C 1 constitutive law: i C 1 = C 1 dΠ 2 dt ⇒ i C 1 = C 1 αγ cos(γt) 1 -R 1 (1 -R b ) C 2 b γ 2 + + (1 -R b )C 1 C b αγ 2 sin(γt)
Kirchhoff's current law:

i out + i R 1 = i C 1 ⇒ i out = i C 1 -i R 1 ⇒ i out = C 1 αγ cos(γt) 1 -R 1 (1 -R b )C 2 b γ 2 + + (1 -R b )C b αγ 2 sin(γt)(C 1 + C b )
Finally, imposing the constitutive law for the resistor R out we obtain

Π out -Π 2 R out = i out ⇒ Π out = Π 2 + R out i out ⇒ Π out = β + α sin(γt) 1 -R 1 (1 -R b )C 2 b γ 2 -R out (1 -R b )C b γ 2 (C 1 + C b ) + + αγ cos(γt) (1 -R b )C b + R out C 1 (1 -R 1 (1 -R b ) C 2 b γ 2 ) .
We verify now that the total energy of coupled system is decaying (Eq. (7.15)) therefore granting stability of the splitting. Subsequently the discussion on the energy in Ch. 7, the only condition we have to check is that U ode ≥ 0 ∀t ≥ 0.

Let us remind that U ode = y, B y from Eq. (7.12) and B = U A -1 2 d dt U from Eq. (7.11). Let now compute the matrix A and U for the circuit depicted in Fig. 12.18 using as vector of circuit

unknowns y = [Π 1 , Π 2 ] T : A =    - 1 C b R 1 1 C b R 1 1 C 1 R 1 - 1 C 1 1 R 1 + 1 R out    U = C b 0 0 C 1 Thus, we have B =    1 R 1 - 1 2 dC b dt - 1 R 1 - 1 R 1 1 R 1 + 1 R out - 1 2 dC 1 dt    ,
which leads to

U ode = 1 R 1 (Π 1 -Π 2 ) 2 + Π 2 2 R out I - Π 2 1 2 dC b dt II - Π 2 2 2 dC 1 dt III (12.8)
If C b and C 1 are constant in time, terms II and III are vanishing leaving only I, which is always positive. Thus, we have proved that U ode ≥ 0 ∀t ≥ 0.
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We eventually obtain the analytical solutions to compute the convergence order for this linear test case:

p = β + C b αγ e H-x 3 kL 2 cos(γt) + α sin(γt) in Ω × [0, T ] j =    0 0 C b αγ L 2 e H-x 3 kL 2 cos(γt)    in Ω × [0, T ] f = αγ cos(γt) 1 - C b kL 4 e H-x 3 kL 2 -C b αγ 2 e H-x 3 kL 2 sin(γt) in Ω × [0, T ] Q I = C b αγ cos(γt) for t ∈ [0, T ] Π 1 = β + α sin(γt) + C b αγ cos(γt) for t ∈ [0, T ] Π 2 = β + α sin(γt) 1 -R 1 (1 -R b )C 2 b γ 2 + (1 -R b )C b αγ cos(γt) Π out = β + α sin(γt) 1 -R 1 (1 -R b )C 2 b γ 2 -R out (1 -R b )C b γ 2 (C 1 + C b ) + + αγ cos(γt) (1 -R b )C b + R out C 1 (1 -R 1 (1 -R b ) C 2 b γ 2 ) for t ∈ [0, T ]
In the numerical simulations presented below, we adopt the following choices for the parameter values:

β = 10 α = 0.5 γ = 2 π k = 1 cm 3 s Kg -1 H = 2 cm L = 1 cm R out = 0.5 mmHg s cm -3 R b = 2 mmHg s cm -3 R 1 = 1 4π 2 mmHg s cm -3 C b = 1 cm 3 mmHg -1 C 1 = 1 cm 3 mmHg -1 T = 20 s

Results

The simulation results are illustrated in this section. Fig. 12.19 shows the temporal evolution of the simulation results compared to the analytical solution proposed in the previous section. To highlight the convergence results we have selected just the last periods and, moreover, for each variable we provide a zoom to point out the differences of the results obtained with various time steps. Π 2 (bottom panel) presents a better approximation from a qualitative viewpoint than Π 1 (top panel). This is expected due to CHAPTER 12. VERIFICATION the fact that Π 1 is the key-point in the operator splitting method and it is not directly influenced by any boundary condition or external source term.

Variable Computed order

Π 1 1.155298 Π 2
1.143255 p 1.027377 j 0.995390 Tab. 12.6 and Fig. 12.20 report the convergence order, which have been computed following the criteria in Eq. ( 12.3) and confirm the theoretical expectations (Remark 7 in Ch. 7). 

Nonlinear resistor test case

In this second convergence test case for the operator splitting method we consider the same domain Ω and the same circuit Υ of the previous test with the difference that the resistor R 1 is nonlinear, in particular

R 1 = R1 + α 0 α 1 + e -α 2 Π 1 (12.9)
where R1 and α 0 are constant resistances, α i , i = 1, 2 are positive constants and Π 1 is the unknown pressure at the associated node. The proposed nonlinearity is meaningful from a biomedical viewpoint (e.g. autoregulation [89]). We impose also the same boundary conditions, and the unknowns in the lumped-parameter

model are again y = [Π 1 , Π 2 ] T with U = C b 0 0 C 1 .

Analytical solution and data

We compare the four numerical simulations obtained using a time step t step = [0.02; 0.01; 0.005; 0.002] with an analytical solution to the problem. Following the same steps as in the previous section, we can start by choosing the same p(t, x), j(t, x) and Π 1 (t) (Eqs. (12.5) and (12.6c)). With respect to the previous test case, the difference appears when computing Π 2 ; indeed:

Π 2 = Π 1 + C b R 1 dΠ 1 dt -R 1 Q I ⇒ Π 2 = Π 1 + R1 + α 0 α 1 + e -α 2 Π 1 C b dΠ 1 dt -Q I
Finally imposing the Kirchhoff's law for currents on node Π 2 we obtain Π out :

Π out -Π 2 R out = C 1 dΠ 2 dt - Π 1 -Π 2 R 1 ⇒ Π out = Π 2 - R out R 1 (Π 1 -Π 2 ) + C 1 R out dΠ 2 dt ⇒ Π out = Π 2 - R out R1 + α 0 α 1 +e -α 2 Π 1 (Π 1 -Π 2 ) + C 1 R out dΠ 2 dt .
In the context of energy estimate we can follow the same procedure as in the previous section obtaining the same expression (Eq. (12.8)). Since C b and C 1 are constant in time, in order to have U ode ≥ 0 ∀t ≥ 0, we have to ensure that the resistance R 1 > 0, i.e. α 0 > 0 and α 1 > 0.

For this test case we consider the following parameters values, which define the analytical solution:

β = 10 α = 0.5 γ = 2 π k = 1 cm 3 s Kg -1 H = 2 cm L = 1 cm R out = 0.5 mmHg s cm -3 R b = 2 mmHg s cm -3 R1 = 1 4π 2 mmHg s cm -3 α 0 = 1 4π 2 mmHg s cm -3 α 1 = 10 α 2 = 5 C b = 1 cm 3 mmHg -1 C 1 = 1 cm 3 mmHg -1 T = 10 s

Results

Fig. 12.21 shows the temporal evolution of the simulation results compared with the analytical solution proposed in the previous section. To highlight the convergence results we have selected just the last periods and, moreover, for each variable we provide a zoom to point out the differences of the results obtained with various time steps. As expected, Π 2 (bottom panel) presents a better approximation from a qualitative viewpoint than Π 1 due to the fact that Π 1 is involved directly in both steps of the operator splitting method, whereas Π 2 is an unknown just in the second step. Fig. 12.22 illustrates the computed time profile of the nonlinear resistance value R 1 , which is described by Eq. (12.9)

Tab. 12.7 and Fig. 12.23 report the convergence order, which have been computed following
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153 the criteria in Eq. ( 12.3) and confirm the theoretical expectations (Remark 7 in Ch. 7).

Nonlinear resistor and capacitor test case

We extend the convergence tests to a case with the same domain and circuit of the previous study with the exception of the nonlinear capacitor

C 1 = C1 1 + η ω 2 (12.10)
where C1 is a constant capacitance, η is a positive constant, and ω 2 = C 1 Π 2 is the electric charge (analogous to fluid volume) within the capacitor C 1 . We impose the same boundary conditions and the unknowns in the circuit

Υ are y = [Π 1 , ω 2 ] T with U = C b 0 0 1 C 1 .

Analytical solution and data

We completed four numerical simulations using a time step t step = [0.005; 0.003; 0.002; 0.001].

Following a similar process exploited in previous test cases, we choose the same p(t, x), j(t, x) and Π 1 (t) (Eqs. (12.5) and (12.6c)). The difference comes up when computing Π 2 -and consequently the circuit unknown ω 2 -indeed

Π 2 = Π 1 + C b R 1 dΠ 1 dt -R 1 Q I ⇒ Π 2 (t) = Π 1 + R1 + α 0 α 1 + e -α 2 Π 1 C b dΠ 1 dt -Q I and ω 2 = C 1 Π 2 ⇒ ω 2 = C1 1 + η ω 2 Π 2 ⇒ ω 2 (t) = -1 + 1 + 4η C1 Π 2 2η with dω 2 dt = 1 2η 4η C1 1 + 4 η C1 Π 2 dΠ 2 dt .
Finally imposing the Kirchhoff's law for currents on node Π 2 we obtain Π out :

Π out -Π 2 R out = dω 2 dt - Π 1 -Π 2 R 1 ⇒ Π out = Π 2 - R out R 1 (Π 1 ) (Π 1 -Π 2 ) + R out dω 2 dt
We verify also in this test case that the total energy of coupled system is decaying (Eq. (7.15)) therefore granting stability of the splitting. Let us remind that U ode = y, B y from Eq. (7.12)

CHAPTER 12. VERIFICATION and B = U A -1 2 d dt U from Eq. (7.11). In this case the vector of circuit unknowns is y = [Π 1 , ω 2 ] T , thus we have:

A =    1 C b R 1 - 1 C 1 C b R 1 - 1 R 1 1 C 1 1 R 1 + 1 R out    U =   C b 0 0 1 C 1   Thus, we have B =    1 R 1 - 1 2 
dC b dt - 1 C 1 R 1 - 1 C 1 R 1 1 C 2 1 1 R 1 + 1 R out - 1 2 
dC 1 dt    ,
which leads to

U ode = 1 R 1 Π 1 - ω 2 C 1 2 + ω 2 C 2 1 R out I - Π 2 1 2 dC b dt II - ω 2 2 dC 1 dt III (12.11)
As the nonlinear resistor test case we impose that R 1 > 0, i.e. α 0 > 0 and α 1 > 0, in order to ensure that contribution I is positive. Contribution II is vanishing since C b is constant.

Considering Eq. (12.10), we can compute

dC 1 dt = - η (1 + ηω 2 ) 2 dω 2 dt
. Thus, if η > 0 and dω 2 dt ≥ 0, contribution III is positive. Under these assumptions, we have proved that U ode ≥ 0 ∀t ≥ 0.

For this test case we consider the following parameters value set, which define the analytical solution:

β = 10 α = 0.5 γ = 2 π k = 1 cm 3 s Kg -1 H = 2 cm L = 1 cm R out = 0.5 mmHg s cm -3 R b = 2 mmHg s cm -3 R1 = 1 4π 2 mmHg s cm -3 α 0 = 1 4π 2 mmHg s cm -3 α 1 = 10 α 2 = 5 T = 10 s C b = 1 cm 3 mmHg -1 C1 = 1 cm 3 mmHg -1 η = 5

Results

The nonlinear resistor is the same as the previous test case (Fig. 12.22), whereas the nonlinear capacitance time profile is shown in Fig. 12.25. Fig. 12.24 shows the temporal evolution of the simulation results compared with the analytical solution proposed above. To emphasize the convergence results we have selected just the last periods and, moreover, for each variable we provide a zoom to point out the differences of the results obtained with various time steps. As expected, ω 2 (bottom panel) presents a better approximation from a qualitative viewpoint than Π 1 due to the fact that Π 1 is involved directly in both steps of the operator splitting method, whereas ω 2 is an unknown just in the second Tab. 12.8 and Fig. 12.26 report the convergence order, which have been computed following the criteria in Eq. ( 12.3) and confirm the theoretical expectations (Remark 7 in Ch. 7).

CHAPTER 13

Validation In this chapter we discuss the validation of the OMVS. We compare our simulation results with clinical or experimental data whenever available, and also review similar outcomes in the literature. We highlight the fact that for the hemodynamics within the lamina cribrosa to the best of our knowledge there are no experimental or clinical data, thus we cannot directly compare the simulation results; however, since the system is all coupled we consider that if all the other parts reproduce a physiological behavior, also the lamina cribrosa perfusion computed by the OMVS should attain realistic values. We provide in the next sections more details on the data comparison.

Hemodynamics of the ocular posterior segment

The validation of the central retinal vessels hemodynamics, i.e. the circuit presented in Ch. 3, is based on the work published by Guidoboni et al. in 2014 on IOVS [89]. The paper shows that, despite the numerous simplifying assumption in the simple 0D scheme, the proposed mathematical model is able to capture the mechanical action of IOP on clinically measurable hemodynamic quantities [99,69,[START_REF] Williamson | Color doppler ultrasound imaging of theeye and orbit[END_REF], in particular the total retinal blood flow and the CRA blood velocity. The results obtained in that study were used to assess the independent effects of varying arterial blood pressure and blood flow autoregulation on the relationship between IOP and blood flow. Notably, the model predicts that the steep decay in retinal blood flow that happens due to high IOP would shift toward higher values as the blood pressure of the subject increases. This outcome agrees with the clinical study of He et al. [102], who found that a higher IOP was needed to attenuate ocular blood flow in Long-Evans rats with higher systemic blood pressure.

These theoretical predictions on the relationship between intraocular pressure, blood pressure, ocular perfusion and glaucoma have been confirmed by the Singapore Epidemiology of Eye Diseases study, an independent population-based study including nearly 10000 individuals [START_REF] Tham | Inter-relationship between ocular perfusion pressure, blood pressure, intraocular pressure profiles and primary open-angle glaucoma: the singapore epidemiology of eye diseases study[END_REF].

In another validation test, we utilize the values of IOP and systemic systolic and diastolic blood pressure (SP/DP) reported in [50] as input data for our model and we compare the predictions of the simulation with the clinical results provided in the paper. For this comparative study we have employed Level 2a of the OMVS (Ch. 5). We have simulated three test case, which data are resumed in Tab. 13 

CHAPTER 13. VALIDATION

The clinical results reported by Costa et al. [50] suggest that only individuals with high IOP and normal blood pressure may be at higher risk for glaucomatous damage. The OMVS conjectures that elevated IOP has a significant impact on the lamina cribrosa hemodynamics when combined with normal systemic blood pressure, whereas it is remarkably less noticeable in case of high systemic blood pressure. If we consider a deficit in the lamina cribrosa perfusion as a risk factor for glaucoma, which is an increasingly supported idea in ophthalmology [START_REF] Kerr | A comparison of ocular blood flow in untreated primary open-angle glaucoma and ocular hypertension[END_REF]40], the simulation results obtained employing our mathematical model are consistent with the clinical analysis presented above.

In a different study, Samsudin et al. [START_REF] Samsudin | Ocular perfusion pressure and ophthalmic artery flow in patients with normal tension glaucoma[END_REF] analyzed the hemodynamics in normal tension glaucoma (NTG) patients, concluding that there is no difference in the blood flow within the ophthalmic arteries between patients with NTG and healthy subjects, suggesting that vascular insufficiency or dysregulation by themselves may not account for the pathogenesis of NTG. These outcomes seem to be in contrast with the work of Costa et al., however we remind that glaucoma is a multifactorial disease and, despite the great effort in ophthalmology, there are still many mechanisms that need to be unveiled especially on the vascular system and its interaction with the biomechanics of the surrounding tissues. Thus, some biomechanical parameters -that are not measured or defined in the aforementioned papers -may be responsible for significant contributions that may lead to the development of glaucoma. In this context, our mathematical model may provide a different perspective and disentangle the effect of single risk factors in a virtual environment. Tab. 13.2 summarizes the input data directly retrieved from [START_REF] Samsudin | Ocular perfusion pressure and ophthalmic artery flow in patients with normal tension glaucoma[END_REF]. Also for this comparative study we have employed Level 2a of the OMVS (Ch. 5). Fig. 13.4a shows the blood flow computed by the OMVS in the ophthalmic artery (OA) and suggests that there are no significant differences between the two simulations (1.5%). This small discrepancy is found also for the CRA/CRV blood flow (Fig. 13.4b and for the lamina cribrosa perfusion (Fig. 13.4c), in particular it is 1.4%, 1.21% and 1.26% for CRA, CRV and lamina cribrosa, respectively. The simulation results provided by our model are in agreement with the analysis completed by Samsudin et al., indeed the hemodynamics in the NTG patient is very similar to the Healthy one.

Biomechanics of the lamina cribrosa

We analyze now the biomechanics of the lamina cribrosa. The validation of the this part of the model is based on the works by Causin et al. [34] and Guidoboni et al. [88]. In [88] the authors compare the simulation results with experimental measurements [START_REF] Morgan | Optic disc movement with variations in intraocular and cerebrospinal fluid pressure[END_REF]69] suggesting that the biomechanics in the lamina has a significant impact also on the hemodynamics in the central retinal vessels. In Ch. 15 we detail a virtual experiment that investigates the effect of IOP on the biomechanics and hemodynamics within the lamina cribrosa. The results obtained employing the OMVS are consistent with the findings reported in [88]. Causin et al., on contrary, compared their simulations -two different numerical case studies -with the experiments conducted by Yan and collaborators [START_REF] Yan | Study of regional deformation of the optic nerve head using scanning laser tomography[END_REF], who mounted three enucleated human eyes on a specially designed experimental apparatus, which allowed to sequentially increase the IOP. We replicated this virtual experiment using Level 2a of the OMVS, completing 5 test with increasing IOP (5, 15, 25, 35 and 50 mmHg). Following the data reported in [34] and [START_REF] Yan | Study of regional deformation of the optic nerve head using scanning laser tomography[END_REF], for all virtual tests we imposed a systemic SP/DP blood pressure of 126.3/84.2 mmHg, heart rate of 60 beats per minute, and a RLT p = 7 mmHg. For the elastic properties we have used the baseline values described in Sec. 3, Ch. 5.

In Fig. 13.6a we show the output 3D geometry of the lamina cribrosa using 5 different input values for the IOP, in particular we have selected the one with IOP = 5mmHg as the reference value (in gray). For completeness, we illustrate also an example of output for the LC displacement for the simulation with IOP = 15 mmHg (Figs. 13.5a and 13.5b). LC displacement values (Fig. 13.5a) are comparable with the experimental studies reported in [START_REF] Yan | Deformation of the lamina cribrosa by elevated intraocular pressure[END_REF]. Fig. 13.5b shows that the LC biomechanics is not highly influenced by the presence of the CRA/CRV opening as pointed out in [START_REF] Sigal | Finite element modeling of optic nerve head biomechanics[END_REF]. Therefore, we computed the LC volume below reference, namely ∆V , and we compared our 5 simulations with the measurements using three enucleated human eyes [START_REF] Yan | Study of regional deformation of the optic nerve head using scanning laser tomography[END_REF] and the results provided by [34] in the two numerical test cases. Fig. 13.6b highlights the fact that the OMVS achieves physiological biomechanical results within the lamina cribrosa when comparing the response to different levels of IOP.

3 Biomechanics of cornea, sclera, choroid and retina.

In this section we discuss the biomechanical simulation provided by the OMVS and their comparison with real data. As a premise, we mention the fact that few works have been done in this sense, indeed the possibility to measure the stresses and the displacements experienced by retina, choroid, sclera and cornea in vivo is very challenging; on the other hand, many studies tried to replicate the behavior of such tissues with phantoms or ex vivo experiments. For this reason, we have compared the simulations results of the sclera and the cornea, which are the external and more accessible tissues, whereas for the biomechanics of the retina and choroid we plan to conclude this exhaustive analysis when more data will be available in the future.

First, we refer to the work by Myers et al. [START_REF] Myers | The inflation response of the posterior bovine sclera[END_REF], where the authors are performing an inflation test on a posterior bovine sclera. This in vitro analysis exhibits a nonlinear response to controlled pressurization. We completed 4 virtual experiments with increasing IOP (10.5, 14.78, 23.3 and 30 mmHg) employing Level 2b of the OMVS (Ch. 5). For all test cases we have used the biomechanical parameters presented in Tab. 5. Second, we refer to the correlation between axial length and intraocular pressure discussed in the work by Detorakis and Pallikaris [59]. In this case we have performed 6 virtual experiments with increasing IOP (1.5, 3.83, 10.5, 14.78, 23.3 and 30 mmHg) employing Level 2b of the The authors call for a linear dependency between the measurements of intraocular pressure and axial length. The results provided by the OMVS (Fig. 13.8) are in agreement with such a correlation between these two quantities.

Finally, we compare the results computed by the OMVS with the findings of Boyce et al. [20] on the corneal displacement. In their study, the authors have conducted experiments on a bovine cornea to capture the displacement under constrained inflation conditions. We conducted 4 virtual experiments with increasing IOP (10.5, 14.78, 23. Boyce et al. found that, if the IOP applied on the cornea is in physiological ranges, the displacement has a linear behavior (Figs. 7,9 and 10 of [20]). Our model predicts a similar behavior for the human cornea as illustrated by Fig. 13.9. This simulations trend is somehow unforeseen due to the presence of several nonlinearities in the biomechanical interaction between the ocular tissues and in the hemodynamics of the ocular posterior segment.

CHAPTER 14

Blood pressure study In this chapter we employ the OMVS as a virtual laboratory to study the lamina cribrosa perfusion parameters, which are difficult to estimate with non-invasive measurements and are affected by many factors that vary among individuals and cannot be easily isolated. The content of this chapter has been published in [START_REF] Sala | Patient-specific virtual simulator of tissue perfusion in the lamina cribrosa[END_REF]. In particular, we compare 3 virtual patients that have different blood pressure.

Data

For this virtual experiment we have employed the Level 2a of the OMVS described in Ch. 5. In particular, we simulate (i) the blood circulation in the retinal vasculature and the central retinal vessels via a circuitbased model;

(ii) the blood perfusion within the lamina cribrosa via a porous-media model;

(iii) the biomechanical behavior of the lamina cribrosa via an isotropic linear elasticity system.

We select three virtual patients, which input parameters are resumed in Tab. 14.1. Let LBP be the patient with low blood pressure, NBP the one who serves as baseline, and HBP the 

Results

We present the results we have obtained by employing the OMVS in this virtual test case:

• CRA and CRV blood velocities (Fig. 14.1a and 14.1b, respectively) are comparable to those obtained via direct imaging modalities [START_REF] Williamson | Color doppler ultrasound imaging of theeye and orbit[END_REF]. • LC blood pressure distribution (Fig. 14.2) attains realistic values [89], in particular the computed arterial pressure on the lateral boundary; moreover, the simulation results suggest also that this blood pressure is highly influenced by the values of SP/DP imposed at the inlet of the circuit model.

• LC blood perfusion increases with SP/DP (Fig. 14.3), particularly near the nasal area.

• LC displacement values (Fig. 14.4) are comparable to those reported in experimental studies [START_REF] Yan | Deformation of the lamina cribrosa by elevated intraocular pressure[END_REF] and the simulation results suggest that the displacement field is not highly influenced by the presence of the CRA/CRV opening as reported in other studies [START_REF] Sigal | Finite element modeling of optic nerve head biomechanics[END_REF]. 

RESULTS

Conclusions

We have shown how the OMVS may serve as an instrument to illustrate and estimate lamina cribrosa perfusion parameters and predict their spatial variability and temporal evolution. Moreover, this mathematical model may provide new means to address the increasing demand of information on parts of the eye that are not easily accessible with standard investigation instruments.

CHAPTER 15

Intraocular pressure study In this chapter we present a virtual experiment that has been realized using synthetic data based on clinical measurements. Its contents has been also published in [START_REF] Sala | Analysis of iop and csf alterations on ocular biomechanics and lamina cribrosa hemodynamics[END_REF]. This virtual experiment compares two subjects who share the same input parameters with the exception of the IOP in order to understand the effect of this difference on the ocular hemodynamics and biomechanics.

The underlying intention is to show the predictive power of mathematical modeling in order to have quantitative information in parts of the eye that are not accessible with standard investigation tools and try to unveil the physiological mechanisms behind major diseases, such as glaucoma.

Data

We select two virtual patients, namely Patient 1 and Patient 2, which input parameters are resumed in Tab. 15.1. We highlight the values of IOP that are 16 mmHg for Patient 1 and 25 mmHg for Patient 2.

For this virtual experiment we have employed the Level 2b of the OMVS described in Ch. 5 (i) the blood circulation in the retinal vasculature and the central retinal vessels via a circuitbased model;

(ii) the blood perfusion within the lamina cribrosa via a porous-media model;

(iii) the biomechanical behavior of cornea, sclera, choroid, retina and lamina cribrosa via an isotropic linear elasticity system.

We inserted these values in our model using the platform described in Ch. 11 as illustrated by Fig. 15.1. 

Results

We present the results we have obtained by employing the OMVS in this virtual test case.

For what concerns the central retinal vessels, the blood velocity profiles are highly influenced by the IOP, especially the CRV collapses if the IOP is higher than the blood pressure within the vein (Figs. 15.2a and 15.2b) as described by Eq. (3.8).

In the lamina cribrosa we point out a difference up to 2% in the blood pressure distribution and up to 5.5% in the tissue perfusion between the two patients (Figs. 15.3a and 15.3).

For a biomechanics viewpoint, our model predicts a difference up to 33% in the lamina Finally, we analyze the biomechanics of the other simulated tissues. We don't point out any remarkable difference between the two patients for the displacement in the sclera, choroid and retina (Fig. 15.6), whereas Fig. 15.7 shows a higher displacement along the cornea border for Patient 2. 

Conclusions

In conclusion for the analyzed virtual study, the OMVS suggests that:

• high IOP causes CRV to collapse with a consequent influence on the overall system;

• differences in IOP may lead also to significant differences in the lamina cribrosa blood perfusion (5.5%);

• differences in IOP lead, as expected, to significant differences in the displacement (up to 33% in the lamina).

CHAPTER 16

Trans-laminar pressure difference study In this chapter we present a virtual experiment that has been realized using synthetic data based on clinical measurements. The content of this virtual experiment has been published in [START_REF] Sala | Multiscale nature of ocular physiology[END_REF]. We compare 5 different virtual patients in order to understand the effect of varying the translaminar tissue pressure difference on the hemodynamics and biomechanics within the lamina cribrosa.

We remind from Ch. 2 that the trans-laminar tissue pressure difference is the difference between the intraocular pressure and the retrolaminar tissue pressure (Fig. 16.1):

T LP d = IOP -RLT p

Data

For this virtual experiment we have employed the Level 2b of the OMVS described in Ch. 5. In particular, we simulate (i) the blood circulation in the retinal vasculature and the central retinal vessels via a circuitbased model;

(ii) the blood perfusion within the lamina cribrosa via a porous-media model; (iii) the biomechanical behavior of sclera, choroid, retina, cornea and lamina cribrosa via an isotropic linear elasticity system.

We select 5 virtual patients, which input parameters are resumed in Tab. 16.1. We emphasize that • all the patients have a systemic systolic/diastolic blood pressure of 120/80mmHg;

• baseline, P2 and P4 share similar TLPd, but this is a results of different IOP-RLTp situations;

• P1 and P3 have very different TLPd. 

Parameter

Results

We present the results we have obtained by employing the OMVS in this virtual test case. Starting from the blood perfusion in the central retinal vessels, we cannot notice any remarkable difference for the CRA and CRV blood velocities in the prelaminar region (Fig. 16.2a); however Fig. 16.2b shows some fluctuations in the postlaminar CRV blood velocity profile for P2 and P3. These two patients share the same elevated IOP (17 mmHg), which may be responsible for these small variations. Thanks to the OMVS we are able to predict the 3D spatial distribution of blood pressure and velocity within the lamina cribrosa (Fig. 16.3). As illustrated by the bottom right panel of Fig. 16.3, the model suggests that baseline, P2 and P4 have a perfusion difference within the lamina cribrosa up to 10%, even if they share similar TLPd. Moreover, Fig. 16.4 predicts a 1.4% discrepancy in the lamina cribrosa blood pressure gradient for baseline, P2 and P4.

The OMVS predicts also that the differences in the hemodynamics for these virtual patients don't have a biomechanical analogue. Indeed in Fig. 16.5 the lamina cribrosa displacements are similar for baseline, P2 and P4, whereas P1 and P3 exhibit an elevated discrepancy. This last fact is easily explained since P1 and P3 have very different TLPd, 1 and 14 mmHg, respectively.

Finally, for what concerns the other tissues, we cannot point out from the simulation results displayed in Fig. 16.6 that there are relevant differences in the 3D spatial distribution of the displacement among the 5 virtual patients. An explanation for this behavior is that the values chosen as input are not distributed enough to appreciate variations in the biomechanics of these tissues.

Conclusions

This virtual clinical test performed using the OMVS has shown that: • elevated IOP influences the blood circulation in the postlaminar CRV;

• similar TLPd values may lead to similar biomechanics but different hemodynamics in the lamina cribrosa;

• different TLPd values may lead to similar hemodynamics but different biomechanics in the lamina cribrosa.

In conclusion, this model may also allow for novel findings in IOP regulation and RLTp effects in central retinal vein occlusion.

CHAPTER 17

Online database We present a patient database of synthetic data with an analysis of their simulation results.

Origin of data

The data that are used to generate the database are derived from experimental values reported in literature. We report the values and the sources we have adopted for our purpose in The actual data for 10 virtual patients are reported in Table 17.2. The choices for the input have been made in order to span different cases that may be significant from an ophthalmological viewpoint.

We have selected a baseline subject (Tony), three glaucoma risk patients that have high IOP (John, Tina, Margaret), one subject with Idiopathic Intracranial Hypertension risk (Sophie), one subject with high translaminar tissue pressure difference due to intracranial hypotension (Luke), three patients with ocular hypotony risk (Max, Clara, Jim), and one patient with tachycardia (Jenny). The goal of this patient selection is to vary few parameters at time in order to understand the influences of each parameter variation and disentangle the different effects. The variation of each parameter has been based on experimental results briefly resumed in Tab. 17.1, in particular to simulate high conditions we have selected the mean value added to the standard deviation and for low values we chose mean minus the standard deviation. Only for IOP and HR we have made an exception, where the high values were pointed out directly from the literature [49,23].

Undoubtedly this is just a preliminary analysis and it does not want to be exhaustive of any pathological situation, moreover we do not consider the fact that the parameters are not independent from each other. Despite these assumptions, we highlight the fact that the OMVS is still able to predict some clinically relevant conditions and to deal easily with clinical databases in view of more elaborated medical research.

Simulation results

In this section we illustrate the main results and outcomes that are obtained employing the OMVS on the virtual patient database described in the previous section and we sketch the discussion about the clinical impact and relevance of these simulations.

• Tony is an healthy subject that we have considered as the baseline. The profiles of the CRA and CRV blood flow agree with the profiles measured with medical instruments such as the Eco-Doppler. Moreover the values obtained by the numerical simulations are in the physiological ranges [START_REF] Williamson | Color doppler ultrasound imaging of theeye and orbit[END_REF]. The blood pressure and flow within the lamina cribrosa are in agreement with other work in literature [89]. All the other patients will be compared to his simulation results.

• John is a virtual patient that suffers from high IOP, therefore he is a glaucoma risk subject. The simulation results suggest a higher pressure and blood perfusion within the lamina cribrosa (up to 20%) and a lower blood flow (Fig. 17.1) both in the CRA (up to 66%) and in the CRV (up to 71%). • Tina is a virtual patient with both high IOP and RLTp that it is directly dependent from the intracranial pressure. This subject presents a slightly increase in the pressure and blood perfusion of the lamina cribrosa (up 9%), whereas she shows similar results than the previous patient (John, only high IOP) in the CRA and CRV (Fig. 17.2 lower blood flow 64% and 72%, respectively).

• Margaret is a virtual patient that suffers from high IOP, RLTp and blood pressure. The simulation results suggest higher blood pressure (up to 28.1%) and higher blood perfusion (28.2%) within the lamina cribrosa. The behavior of CRA and CRV is quite different (Fig. 17.3): CRA blood flow presents higher values up to 27%, whereas CRV blood flow profile is quite different from the baseline; indeed the twofold influence of high IOP and hypertension act on different segment of the CRV and the values attained are higher than baseline up to 58% at systolic peak or lower than baseline up to 43% at diastolic peak.

• Sophie is a virtual patient with a Idiopathic Intracranial Hypertension (IIH) risk. The simulation results do not significantly differ from the baseline values (Tony), in fact the lamina cribrosa hemodynamics is higher by 0.2%, the CRA flow is lower by 0.3%, and the CRV flow differs from the CRV baseline value by less than 0.1%.

• Luke is a virtual patient that suffers from intracranial hypotension. Also for this subject the simulation results are not particularly different from the baseline values. Lamina cribrosa blood pressure and blood perfusion differ from the healthy subject (Tony) by 0.2% and 0.4%, respectively. CRA and CRV blood flows are slightly higher (0.3%) than baseline results.

• Max is a virtual patient that has low IOP. The simulation results suggest a difference up to 2.2% for the blood pressure and up to 2.4% for the blood perfusion within the lamina cribrosa. CRA and CRV blood flows are higher than the baseline up to 4.5% and 13.9%, respectively.

• Clara is a virtual patient with ocular hypotony risk that suffers from low IOP and low RLTp. Lamina cribrosa hemodynamics is lower than baseline values up to 2%. CRA and CRV show a higher blood flow up to 4.7% and 14.2%, respectively.

• Jim is a virtual patient that suffers from ocular hypotony but also is an hypertensive patient. The simulation results suggest an increase in lamina cribrosa perfusion by 29.6% and an increase of CRA/CRV blood flow up to 39.2% and 35.4%, respectively.

• Jenny is a virtual patient with tachycardia. The blood pressure and flow profiles within lamina cribrosa, CRA and CRV reach similar peaks with respect to the baseline values, however the frequency of peaks and the shape of profiles is slightly different as expected.

In subjects with high IOP (John, Tina, Margaret), it is easy to point out a drop down of the blood flow especially in the CRV. This fact may be very likely due to the collapse of the veins, which is exactly what ophthalmologists observe from a physiological viewpoint. The CRV blood flow profile in Margaret is of particular interest: the blood pressure at diastolic is not enough to balance the high value of IOP of this subject. At a certain moment of each cardiac cycle the value of blood pressure is lower than the crucial value of external IOP and the blood flow drops down as depicted in Fig. 17.3; the vein collapses since the value of the internal pressure is lower than the external one.

As expected an increment of the blood pressure raises a proportional increase in the perfusion within the lamina cribrosa, CRA and CRV. For what concerns the IOP and the RLTp, the simulation results suggest a direct proportionality in the lamina cribrosa whereas an inverse one is predicted in the central retinal vessels. This fact may be correlated to the need of blood to find new way of flowing in case of high IOP or RLTp, indeed an increment of these pressures leads to a greater external force on the vessels, which makes venules and veins collapse. However an increment of blood flow in the lamina cribrosa won't necessarily mean a better perfusion, rather an excessive blood flow rise may lead to a blow up in the optic disc microvasculature.

Conclusions

We have showed how the OMVS is able to simulate very different situations that are all significant from a clinical viewpoint. These results are easily accessible via the online visualization tool with the two different platforms we have implemented.

In conclusion, in this chapter we have presented an example of clinical research on simple virtual database, however a similar approach can be employed on a large dataset with real measurements.

Part VI

Sensitivity analysis 187

In the simulation result part (V) we have investigated different hemodynamics and biomechanics features varying some input in a deterministic way driven mainly by the questions of ophthalmologists. Since the deterministic results are promising, we understand the need of studying more deeply the variability of the model parameters and the propagation of errors from the input to the output, keeping in mind the discussion raised in Ch. 2 especially on the measurements. Thus, in this part, we present a sensitivity analysis study, in particular:

• a brief description of the methods we have employed to perform this study;

• a preliminary investigation to understand the propagation of uncertainties for the OMVS;

• the results of Sobol index study performed on Level 0 of the OMVS. Nowadays the interest on mathematical models applied to biomedical problems has greatly increased; in particular the need of a better understanding and knowledge of quantities in the medical context has raised tremendously the complexity of mathematics that is employed for the description of such physical systems. Thanks to its special connection to the brain and its accessibility to measurements, the eye provides a unique window on the brain, thereby offering non-invasive access to a large set of potential biomarkers that might help in the early diagnosis and clinical care of Neuro-Degenerative Diseases. We have developed an efficient computational framework to simulate and predict the mechanisms within the eye. In particular, our work focuses on the interaction between the hemodynamics of the main ocular vessels and the biomechanics of the principal ocular tissues.

CHAPTER 18 Introduction to sensitivity analysis

One of the main challenges in medicine is to understand the influence that each internal or external factor has on the overall system; thanks to our mathematical model we are able to disentangle various effects, therefore providing a first insight of the impact of different components [START_REF] Sala | Analysis of iop and csf alterations on ocular biomechanics and lamina cribrosa hemodynamics[END_REF].

The great advantage of virtual mathematical and computational frameworks, also known as in silico models, is that experiments can be completed with large number of parameter sets with lower costs than gathering data from a patient cohort using in vivo models. Thus, the ophthalmologist may perform virtual exploratory wide researches in order to better design real experiments and population-based studies.

CHAPTER 18. INTRODUCTION TO SENSITIVITY ANALYSIS

With these premises, we present a some results in the context of sensitivity analysis, which is study the propagation of uncertainties from in the input to the output of a mathematical model.

We have performed two analysis in order to investigate different aspects of the OMVS, in particular a preliminary investigation towards uncertainty quantification (Ch. 19) and a Sobol index study (Ch. 20).

In this chapter we give some ideas that are behind the Sobol index sensitivity (Sec. 1) and the polynomial chaos expansion technique (Sec. 2). For the complete theory and a detailed explanation we refer to [START_REF] Sobol | Global sensitivity indices for nonlinear mathematical models and their monte carlo estimates[END_REF] and [79,17], respectively. In the last section, we discuss an important aspect on the distribution of input parameter, in particular the IOP, trying to disentangle the scientific debate [START_REF] Limpert | Log-normal distributions across the sciences: keys and clues: on the charms of statistics, and how mechanical models resembling gambling machines offer a link to a handy way to characterize log-normal distributions, which can provide deeper insight into variability and probability-normal or log-normal: that is the question[END_REF] about the more appropriate choice for the IOP probability density function.

Sobol index sensitivity analysis

If we consider the framework depicted by Fig. 18.1, we notice that the uncertainties in the input are propagated through the model to the output, however we have no information on this propagation and our level of confidence on the output. We write this relationship in a mathematical way:

y = f (x) (18.1) 
where x is the vector of input, f is the model -in our case the OMVS -and y is the vector of output we are interested in. It is crucial for the Sobol index study that input and output are discrete finite information, for example the time profile of the blood flow in the CRA cannot be used, however its maximum, minimum or mean for each cardiac cycle is a suitable parameter for input or output.

The Sobol index study is very useful to understand the propagation of uncertainties mentioned above, however there are also some throwbacks that required particular attention: the high computational cost of the overall computation, the correlation between different input that it is not handled by the majority of algorithms and the possible interactions between different input within the model that lead to non-trivial high order effect on output.

If we consider d different input, we have that x = {x 1 , x 2 , x 3 , . . . , x d }. For simplicity we keep just one output y = y, but it is always possible to have a study with multiple output just performing independent sensitivity analysis. All input x i for i = 1, . . . , d are independent and distributed following a probability density 

y = f 0 + d i=1 f i (x i ) + d i<j f i,j (x i , x j ) + • • • + f 1,2,...,d (x 1 , x 2 , . . . , x d ) (18.2)
where f 0 is a constant, f i is a function of x i , f i,j is a function of x i and x j and so on. This functional decomposition has to be orthogonal, thus leads to the following definitions for condition expected values:

f 0 = E[y] f i (x i ) = E[y|x i ] -f 0 f i,j (x i , x j ) = E[y|x i , x j ] -f 0 -f i -f j
From these equations we highlight that if we consider the variation of just x i we retrieve f i , namely the main effect of input x i on the output y, whereas if we vary x i and x j at the same time we obtain f i,j which is the effect of their individual variations added to their interactions, namely the second-order interaction. We can iterate this procedure to define all the higher order terms.

Let us assume f (x) square-integrable, (18.2) leads to the decomposition of the variance:

σ 2 y = d i=1 V i + d i<j V i,j + • • • + V 1,2,...,d (18.3) 
where

V i = σ 2 x i E x\i [y|x i ] V i,j = σ 2 x i,j E x\i,j [y|x i , x j ] -V i -V j . . .
x\i means all set of variables in x except x i .

Thanks to (18.3) we define the Sobol index also called sensitivity index. The main effect index or first-order sensitivity index is

S i := V i σ 2 y (18.4)
and has the property that

d i=1 S i + d i<j S i,j + • • • + S 1,2,...,d = 1
where

S ij = V ij σ 2 y and S 1,2,...,d = V 1,2,...,d σ 2
y are he high-order sensitivity indices defined similarly to (18.4).

One of the main purposes, however, is to quantify the importance of each variable on the output variance and not just the effect of varying one input alone, averaged over variations in other input parameters. The problem is that this computation requires the evaluation of 2 d -1 indices, which is too expensive. The total-effect index or the total-order index S T i is the solution since it measures the contribution of the output variance of x i including all the variances caused by its interactions, of any order, with any other input variables:

S T i = E x\i σ 2 x i [y|x\i] σ 2 y = 1 - σ 2 x\i [E x i [y|x\i]] σ 2 y (18.5)
In contrast to first-order, d i=1 S T i ≥ 1 by reason of the interaction effects that are counted multiple times. The sum will be exactly equal to 1 only if the model is purely additive.

Polynomial Chaos Expansion

The idea of polynomial chaos (PC) expansion is to rewrite Eq. (18.1) using a polynomial basis, in particular:

y = ∞ k=1 β k ψ k (x) (18.6) 
where ψ k (x) for k ∈ N are multivariate polynomials that are orthonormal with respect to the joint probability density function h x (x), which is:

ψ j (x), ψ k (x) ≡ E [ψ j (x)ψ k (x)] = δ j,k
where δ j,k = 1 if j = k and 0 otherwise, and β k for k ∈ N are deterministic coefficients that fully characterize the output y.

The problem that has to be faced now is how to build the PC basis.

In a first approach we consider that x is a vector of d independent random variables. Basically we can rescale x i using a specific mapping T i :

U i = T i (x i ) i = 1, . . . , d.
For simplicity we assume that U i = x i and the choices for these U i are standard distributions, e.g. normal, uniform, . . . If the variables are independent we can rewrite the joint probability density function as

h x (x) = d i=1 h x i (x i )
where h x i (x i ) is the marginal probability function of x i .

Considering a family of orthonormal polynomials π (i) j for j ∈ N, which depends on the distribution of x i (see Tab. 18.1 for same examples), we have that: Therefore we obtain the set of orthonormal multivariate polynomial {ψ α (x), α ∈ N d } tensorizing the d resulting families of univariate polynomials:

π (i) j (x i ), π (i) k (x i ) ≡ E π (i) j (x i )π (i) k (x i ) = δ j,k
ψ α (x) = π (1) α 1 (x 1 ) × • • • × π (d) α d (x d ) (18.7) 
where α = {α 1 , . . . , α d }.

In case of dependent random variables we can generate an orthonormal basis with

ψ α (x) = K(x) d i=1 π (i) α i (x i ) (18.8) 
where K(x) is a function of the copula of x.

Once our full model f x has been expanded using a PC basis (Eq. (18.6)), we can build the metamodel that is the finite representation of the full model using a finite subset of basis:

ŷ = fx (x) = P k=1 β k ψ k (x) (18.9) 
where P is defined as follow P + 1 = (d + N 0 )! d!N 0 ! and N 0 is the polynomial order where we truncate the expansion.

The great advantage of using PC expansion is that we obtain easily the Sobol indices. In fact both PC and Sobol expansions are sums of orthogonal functions, in other words, from a given PC expansion, the Sobol indices at any order may be obtained by a combination of the squares of the coefficients βk . Following the works of [START_REF] Sudret | Global sensitivity analysis using polynomial chaos expansions[END_REF]52] we have to define two sets f indices needed for first-order and total-order Sobol indices:

J i 1 ,i 2 ,...,is = α : α k > 0 ∀k = 1, . . . , d k ∈ (i 1 , i 2 , . . . , i s ) α : α k = 0 ∀k = 1, . . . , d k / ∈ (i 1 , i 2 , . . . , i s ) (18.10) J i 1 ,i 2 ,...,is = {α : α k > 0 ∀k = 1, . . . , d k ∈ (i 1 , i 2 , . . . , i s )} (18.11)
In other words Eq. (18.10) tells that J i picks the single variables i, J i,j picks the pair of variables (i, j) and so on, whereas Eq. ( 18 This technique leads to a remarkable gain with respect to other methods based on Monte Carlo simulation [112].

Discussion on the IOP input parameter

In literature there is a notable discussion about normal and lognormal probability density functions and which of the two can better represent biological phenomena [START_REF] Limpert | Log-normal distributions across the sciences: keys and clues: on the charms of statistics, and how mechanical models resembling gambling machines offer a link to a handy way to characterize log-normal distributions, which can provide deeper insight into variability and probability-normal or log-normal: that is the question[END_REF].

In view of our application we consider as example the IOP distribution with the data recovered from [49] (mean µ normal = 17mmHg, standard deviation σ normal = 6mmHg). Starting from these values that refers to a Gaussian distribution, we have computed the mean and the variance also for a lognormal behavior using the following formulas [117, Ch. 14: Lognormal Distributions]:

µ lognormal = log     µ normal 1 + σ 2 normal µ 2 normal     σ 2 lognormal = log 1 + σ 2 normal µ 2 normal
In this context we performed a comparative analysis using three different IOP distribution based on the same clinical data, which values has been defined above. In particular, we compare a normal, a truncated normal and a lognormal distribution. Fig. 18.2 highlights that the normal probability density (blue) is going beyond some physiological constraints for healthy patients such as IOP > 5mmHg. The truncated normal probability density function (green) does not show this issue, however this IOP distribution presents an abnormal cut in the left tail, which makes it ineffective for a sensitivity analysis (such as the one discussed in Ch. 20). In our simulation with the data provided by Colton et al. [49], the lognormal distribution seems to be the more natural one. This possibility has been accepted also in other works [START_REF] Wang | Intraocular pressure, central corneal thickness, and glaucoma in chinese adults: the liwan eye study[END_REF][START_REF] Suh | The distribution of intraocular pressure in urban and in rural populations: the namil study in south korea[END_REF].

Since the use of one distribution with respect to the other may depend largely by the input data employed, -for instance for some couple of values of mean/standard deviation the normal distribution may not generate unphysiological situation -we used both distributions, normal and lognormal, to sample the IOP in the following chapters. Specifically, in Ch. 19 we use the normal probability density function to perform a propagation of uncertainties study. In this case the interest of this investigation is to understand the correlation between input and output on a real clinical database, therefore we considered the non-physiological low IOP values as possible errors that can rise in collecting the data. On the other hand, Ch. 20 is focused on a sensitivity analysis using Sobol indices, thus we would like to avoid any miscalculation due to unphysiological values that may lead to unrealistic discontinuities in the results. For this reason we utilized the lognormal distribution based on the population based study operated by Suh et al. [START_REF] Suh | The distribution of intraocular pressure in urban and in rural populations: the namil study in south korea[END_REF].

CHAPTER 19

Preliminary uncertainty propagation analysis The first sensitivity analysis is a preliminary investigation in order to understand the propagation of uncertainties for Level 0 of the OMVS (Ch. 3).

First, we present the Python code we have implemented to perform this analysis, then we specify the data used and the results achieved. The idea of this analysis is to simulate the mathematical model many times varying some parameters and look at the distribution of the output.

Data

We have completed three different sets of N = 60000 evaluations of the model varying the IOP. We recall that the IOP has a crucial role in the description of the vein collapsibility, which is modeled in the OMVS by Starling resistors (see Eq. (3.8)); namely, when the external pressure is higher than the internal blood pressure, veins collapse, therefore dropping down the blood flow.

We have sampled the IOP with a normal distribution that has mean equal to 17 mmHg and standard deviation of 6 mmHg [49].

CHAPTER 19. PRELIMINARY UNCERTAINTY PROPAGATION ANALYSIS

In this study, we have selected three significant cases where the three sets of evaluations differ from each other by the blood pressure value imposed [89]:

• baseline with a systolic/diastolic blood pressure (SP/DP) of 120/80 mmHg;

• low with SP= 100 mmHg and DP= 70 mmHg ;

• high that is initialized with SP/DP = 140/90 mmHg.

Implementation

In order to carry out this study, we have implemented the analysis thanks to the statistical library OpenTURNS [10] created in Python.

First we have exported our model developed in OpenModelica to FMU format (Sec. 2, Ch. 10). This allows us to use the PyFmi Python library [7] in order to interact with the FMU version of the OMVS and simulate it. 

('\n############################') print('Simulation %d completed.' % iterator) print('############################\n') iterator = iterator + 1;
return [maxCRV, maxCRA, maxLC];

The Python code reported in 19.1 describes the class that computes a single simulation, in particular we: i. reset the model ⇒ line 7;
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ii. initialize the input parameters of the model, in this case the only parameter that is varying for each simulation is the IOP that is taken from its distribution that has been defined outside and passed as X ⇒ lines 10 -14; iii. set these parameters in the FMU model thanks to the PyFmi method set ⇒ lines 16-19; iv. define the simulation options, in particular we export just the quantities of interest ⇒ line 22; v. simulate the model ⇒ line 25; vi. recover all the significant results ⇒ line 27 -32; vii. compute the output, in particular we are interested in the maximum blood flow in the CRA, CRV and lamina cribrosa starting from the sixth cardiac cycle when the system has already reached periodic state ⇒ lines 33 -37. Code 19.3 exploits some OpenTurns method to solve the FMU model using the distribution initialized before as input for each simulation, in particular in line 11 we use the Sobol index analysis method to set the number of experiments and the samples that are therefore solved in line 12 and then the results saved (line 14).

CHAPTER 19. PRELIMINARY UNCERTAINTY PROPAGATION ANALYSIS

Results

We mainly focus on the following output computed by the python code described by the previous section: i) CRA: the simulated maximum blood flow within the CRA; ii) CRV: the simulated maximum blood flow within the CRV; iii) LC: the simulated maximum blood flow within the lamina cribrosa. • there are other factors that significantly influence the lamina cribrosa hemodynamics; indeed its computed blood flow variability is considerably lower than the other two cases as shown by Figs. 19.3;

• the CRV blood flow probability density function (Fig. 19.2a) exhibits two different behaviors: a peak of frequencies with quasi-Gaussian distribution for high values and a frequency plateau for low values separated by an almost empty frequency area of middle values. Moreover it suggests a different repartition of frequencies between the three cases, in particular, for low blood pressures, the high values peak is narrower and the plateau is wider and with a major number of results than the high blood pressure case. This fact is confirmed by the boxplots in Fig. 19.2b, indeed the tail of CRV blood flow low values is within the first and third quantile range for the low blood pressure case, whereas this tail is composed just by outliers for high blood pressures.

This last finding may lead an interesting physiological interpretation; as reminded in Sec. 1, the IOP has a non-linear effect on the retinal vasculature, in particular on the venous part. Following this reason, the CRV high values peak may represent the natural state when the IOP is lower than the venous blood pressure, whereas the low values plateau denotes the collapse state. This statement is consistent with the previous analysis where we found a wide plateau for low blood pressure and a important frequency in the peak for high blood pressures.

Conclusions

The proposed preliminary study presents a twofold interest: mathematical and clinical. From a bioengineering viewpoint, we have set up the framework for an uncertainties quantification analysis, which allows us to evaluate the effects of the propagation of uncertainty from input to output. From a medical viewpoint, we have proposed a computational tool that may serve as a complementary instrument to the clinical and experimental research. In the suggested virtual experiment, we have combined (i) a deterministic model, which is CHAPTER 20 In the second sensitivity analysis we use as mathematical model the Level 0 of the OMVS (Ch. 3) as in the previous chapter, however in this case we perform a sensitivity analysis using Sobol indices (see Sec. 1, Ch. 18). In particular we present the implementation of this study using the polynomial chaos expansion method (see Sec. 2, Ch. 18) via Python and the results obtained.

Sobol index sensitivity analysis

Data

In this study we have as input random variables the IOP, the RLTp, the SP and DP in order to compute the Sobol indices.

In the model, IOP and RLTp act in the description of the collapsibility of veins due to external mechanical pressures, which is modeled by Starling resistors (see Eq. (3.8)), whereas SP and DP are essential for the reconstruction of the input blood flow (see Eq. (3.9)).

For the data used in this analysis we have taken from [START_REF] Suh | The distribution of intraocular pressure in urban and in rural populations: the namil study in south korea[END_REF] the mean value of IOP equal to 14.7mmHg and a standard deviation value of 2.8mmHg. The lognormal probability density function used as input for the IOP in the study is shown in Fig. 20.1a.

CHAPTER 20. SOBOL INDEX SENSITIVITY ANALYSIS

For the RLTp, SP and DP we have used normal distributions and we refer to the Figs. 20.1b,20.1c and 20.1d, respectively, for their probability density functions, and to Tab. 20.1 for the values adopted in the simulations. 

Input variable Mean

Implementation

Ad for the previous chapter we have implemented this study in Python with the help, in particular, of the two libraries PyFmi [7] and OpenTurns [10]. 

maxLC = max(j_lamina[sel_it]); print('\n############################') print('Simulation %d/%d completed.' % (iterator,total_n_sim) ) print('############################\n') iterator = iterator + 1;
return [minCRV, maxCRA, maxLC];

The Python code reported in 20.1 describes the class that computes a single simulation, in particular we: i. reset the model ⇒ line 8; ii. initialize the input parameters of the model, in particular IOP, RLTp, SP and DP ⇒ lines 10 -17; iii. set these parameters in the FMU model thanks to the PyFmi method set ⇒ lines 19-22; iv. define the simulation options, in particular we export just the quantities of interest ⇒ line 25; v. simulate the model ⇒ line 27; vi. recover all the significant results ⇒ line 29 -34; vii. compute the output, in particular we are interested in the maximum blood flow in the CRA, CRV and lamina cribrosa starting from the seventh cardiac cycle when the system has already reached periodic state ⇒ lines 35 -39. Finally Code 20.5 shows the computation of the Sobol indices using the algorithm explained in Sec. 2 and export the results via histograms for the Sobol indices and probability density functions of the output variables.

Results

In all the experiments, we show the results for the following output: i) CRA: the simulated maximum blood flow within the CRA; ii) CRV: the simulated maximum blood flow within the CRV; iii) LC: the simulated maximum blood flow within the lamina cribrosa. For what concerns the blood flow within the CRA, we have a Gaussian profile for its probability density function (Fig. 20.2a), with a median of 0.001279 cm 3 /s, which agrees with the experimental value reported by Dorner et al. [60] (0.00131463636 cm 3 /s). Fig. 20.3a shows the results of the test between the full model and the polynomial chaos expansion. With 500 realizations perfectly aligned on the diagonal, we have ensured that the reduced model captures
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the behavior of the CRA blood flow as for the original full model. Thus, the Sobol indices analysis presented in Fig. 20.4a is accurate and points out a high dependency of the CRA on the systemic systolic blood pressure, a small reliance on the IOP and a negligible influence by RLTp and DP. These results are reasonable if we remind that the arteries are stiff tubes, therefore external pressures should not impact the blood flow within these vessels (IOP and RLTp), whereas also intuitively the systolic pressure at inflow is the dominant parameter for the variability of the CRA maximum blood flow. The probability density function of CRV maximum blood flow (Fig. 20.2b) looks like a lognormal distribution, which is acceptable from a physiological viewpoint [49]. The comparison between the full model and the PC expansion illustrated by Fig. 20.3b is not as good as the previous one, however it presents a satisfying pattern diagonal-like. In contrast with the CRA, the CRV is a venous vessel, which can be influenced both by the blood profile at inflow and external pressures; indeed the Sobol index analysis in Fig. 20.4b reveals that the two higher indices are the systemic systolic pressure and the IOP. Both indices shows also significant differences between the first-order Sobol index (blue bar) and the total-order index (turquoise bar), which means that there are higher-order interactions between these parameters. This fact is not surprising if we remind our modeling choice to represent the venous part with Starling resistors (Eq. (3.8)). For the blood flow within the lamina cribrosa, the results are similar to the CRA ones: the LC probability density function is a Gaussian distribution (Fig. 20.2c), very good agreement between the PC expansion and the full model (Fig. 20.3c), and the Sobol index analysis shows a high dependency on SP. This last outcome may be not so intuitive as for the other two output, indeed we know that the pressure gradient across the LC (IOP -RLT p) may influence the hemodynamics [START_REF] Sala | Analysis of iop and csf alterations on ocular biomechanics and lamina cribrosa hemodynamics[END_REF]. In our opinion, this particular behavior is due to lack of pure biome-chanics in the simple initial model we have used for this analysis (model described in Ch. 3), whereas, for instance, already with a model like the described in Ch. 5 we should notice the impact of the IOP and the RLTp.

Conclusions

The proposed sensitivity analysis using Sobol indices has shown the potentiality of our model to capture the realistic physiological behavior of the ocular vasculature. Rigorously, we have applied the theory of uncertainties quantification in order to build a reduced model using the PC expansion and to compute the Sobol indices of some significant output. This mathematical and computational tool is now set up to perform stochastic analysis on more complex models following the directions dictated by ophthalmology research.

Part VII
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In this part we present three projects that are not directly related to the title of my PhD, however, in perspectives, they may be useful to extend the current work:

1. a review of the mathematical models that describes the cerebrospinal fluid (CSF), presented in Ch. 21

2. a study of the ballistocardiogram (BCG) and the mathematical model we have developed in order to describe the human cardiovascular system, illustrated in Ch. 22;

3. the characterization of a transistor in inversion condition, detailed in Ch. 23;

4. a traction test study to understand the effect of IBC for linear elastic equations, proposed in Ch. 24.

The CSF review is interesting for the OMVS since at the moment the RLTp is an input value that has to be chosen to feed the model; however a mathematical model that describes the dynamics of the CSF would provide directly to our model the pressure value behind the lamina cribrosa.

For the BCG project we developed a lumped-parameter model that describes the human body circulation with a particular attention on the functioning of the heart. This circuit can be interfaced with our Level 0 of the OMVS and, thus, integrated in the overall mathematical model to obtain, although approximated, a closed-loop blood circulation in which we may simulate the effects of some systemic diseases, such as diabetes, heart failure or hypertension, on the eye.

In the transistor application we have employed the HDG method described in Ch. 8 for an industrial application, in particular in the context of semiconductor devices.

For the last study, we use the HDG method for linear elasticity to compare the simulation results of a virtual uniaxial test when imposing Neumann or integral BCs. The aim of this chapter is to provide a brief overview of mathematical models that describe the CSF and its possible interactions with other biofluids or neighboring tissues.

CHAPTER 21 Mathematical modeling of the cerebrospinal fluid flow

The CSF is a clear, colorless liquid that fills and surrounds the brain and the spinal cord and provides a mechanical barrier against shock. Even if it is not clear the exact method of formation, the CSF is formed mainly from arterial blood by the choroid plexuses of the lateral and fourth ventricles by a combined process of diffusion, pinocytosis and active transfer with a production rate of 0.2 -0.7 ml per minute or 600 -700 ml per day. The total volume of CSF in the adult ranges from 140 to 270 ml and its circulation is aided by the motion of the cilia of ependymal cells and by the pulsations of the choroid plexus. Thus, CSF is absorbed across the arachnoid villi into the venous circulation and a significant amount probably also drains into lymphatic vessels around the cranial cavity and spinal canal with an absorption rate that correlates with CSF pressure. It supports the brain and provides lubrication between surrounding bones and the brain and spinal cord, in particular when an individual suffers a head injury, the fluid acts as a cushion, dulling the force by distributing its impact. CSF also plays an important role in the homeostasis and metabolism of the central nervous system, maintaining a constant pressure within the cranium. For further details on the CSF physiology please refer to [90, Ch. Anatomy and Physiology of the Cerebrospinal Fluid.] The analysis of this brain fluid is crucial to diagnose a certain number of diseases. The currently method more adopted is the lumbar puncture, which consists in obtaining a fluid sample by inserting a needle into the lumbar region of the lower back below the termination 217 of the spinal cord. This method is quite invasive and it may be affected by the position of the patient (supine), however novel non-invasive methods are coming into place in order to measure the intracranial pressure (ICP) [START_REF] Siaudvytyte | Update in intracranial pressure evaluation methods and translaminar pressure gradient role in glaucoma[END_REF][START_REF] Ragauskas | Clinical assessment of noninvasive intracranial pressure absolute value measurement method[END_REF][START_REF] Ragauskas | Improved diagnostic value of a tcd-based non-invasive icp measurement method compared with the sonographic onsd method for detecting elevated intracranial pressure[END_REF][START_REF] Morgan | Utilization of retinal vein photoplethysmography to measure intracranial pressure[END_REF]. For a detailed discussion of this topic see [90,Ch. Mathematical modeling of the cerebrospinal fluid flow and its interactions.].

We focused in the description of mathematical models based on the fundamental laws of physics, e.g. mass and momentum conservation. These models can be multiscale both in space and in time and multiphysics (i.e fluid-structure coupling). Our interest is on models of intracranial dynamics, since this is the most meaningful part in view of modeling ocular fluid dynamics, without neglecting coupled cranial-spinal models. We have only briefly reviewed the "stand-alone" spinal interactions. In addition to that, we reviewed macroscopic mathematical models available to study CSF flow, therefore chemistry and both micro-and mesoscale models will not be considered. Whenever possible, we highlight the contributions to clinical applications for all the models reviewed, in particular in the field of neurological pathologies (Hydrocephalus, Chiari Malformation etc.).

CSF dynamics and its complex coupling with the other cerebral fluids and surrounding tissues was recently reviewed in:

• V. Kurtcuoglu [129].

• Linninger et al [START_REF] Linninger | Cerebrospinal fluid mechanics and its coupling to cerebrovascular dynamics[END_REF].

Our aim is to specify a complementary view to these works by providing a review of selected works from the abundant literature on CSF modeling based on the possible connections between these brain models with existing models in ocular fluid dynamics. The chapter is organized as follows:

• Sec. 1 is devoted to the description of the reduced modeling approach and to the review of different contributions in this direction;

• Sec. 2 focuses on distributed models and on reviewing several contributions in the literature following this approach.

Reduced models for CSF dynamics

This section reviews several reduced models for CSF flow, possibly coupled with cerebral hemodynamics and brain tissue dynamics. We also present two very recent contributions studying the complex interplay between cerebral and ocular biofluids.

Reduced models have the advantage of being a useful tool to provide insights on the interaction between different constituents and/or compartments of the system under investigation. In addition, they are able to capture the main physical phenomena governing the system at a lower computational cost than the full solution of a three-dimensional problem describing the CSF flow by means of a partial differential equation (PDE) model.
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Various modeling reduction techniques have been proposed in the literature, see for instance [70,Ch. 10] and references cited therein. One-dimensional models (1D) take advantage of the basically cylindrical morphology of some biological conduits. The resulting mathematical description is based on 1D hyperbolic PDEs, which can capture wave-propagation phenomena in the biofluids, with a reasonable computational cost. This is not the approach we will follow in the sequel, since we rather focused on an even more simplified description of the flow.

Reduced zero-dimensional models (0D), also called lumped parameter models, provide a circuitbased representation of the fluid dynamics in each compartment, based on the analogy between electric and hydraulic networks. By writing Kirchhoff laws for the nodes (conservation of current/flow rate) and for closed loops (conservation of the voltage/pressure), the resulting mathematical model is a system of differential algebraic equations (DAE), potentially nonlinear. These models are used in different ways depending on the specific modeling needs.

In a first approach, many studies implemented them as boundary conditions for threedimensional simulations in regions of particular interest. Alternatively, stand-alone 0D reduced models have been used to understand the main dynamics of the system thanks to their simplified mathematical structure and to compute average values of the unknowns. They are also particularly well suited for sensitivity analysis studies with respect to changes in the input data that can be used to discriminate the contribution of different factors on flow quantities. In addition, these robust mathematical models have the advantage that their complexity can be dynamically increased and implemented as the understanding of the underlying phenomena evolves.

The main modeling ingredients involved in the mathematical description of 0D reduced models for fluid flows are:

• Hagen-Poiseuille's law, according to which the pressure-driven flux Q ij between the generic compartments i and j is governed by the hydraulic analogue of Ohm's law

Q ij = P i -P j R ij (21.1)
where R ij denotes the hydraulic resistance between compartment i and compartment j;

• Starling-Landis's law, describing filtration-driven flows in general terms as follows: the flux Q ij due to filtration from compartment i to compartment j is modeled by

Q ij = K ij [(P i -P j ) -σ ij (π i -π j )], (21.2) 
where π i is the osmotic pressure in i, P i is the mean hydraulic pressure in the compartment i, K ij is the filtration coefficient from i to j and σ ij is the corresponding reflection coefficient.

• Darcy's law, characterizing diffusive flows in porous media according to the following expression:

Q ij = kA µL (P i -P j ) , (21.3) 
where k is the permeability of the medium, A is the the cross-sectional area to flow, µ is the viscosity of the fluid, and L the characteristic length over which the pressure drop P i -P j takes place.
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For a more in-depth discussion on the above equations, their interpretation and the parameters involved in their description, see [70,Ch. 10] and [90,Ch. 2].

The mathematical translation of the clinical concepts of CSF production, circulation, absorption and storage started in the second part of the 20th century, and early works such as [55], [93] and especially [START_REF] Marmarou | Compartmental analysis of compliance and outflow resistance of the cerebrospinal fluid system[END_REF], [START_REF] Ursino | A simple mathematical model of the interaction between intracranial pressure and cerebral hemodynamics[END_REF] are still used in contemporary clinical neuroscience. These contributions put the basis of the theoretical study of three basic clinical maneuvers -bolus CSF withdrawal, addition and constant rate infusion -and allowed to characterize CSF circulation disorders using parameters from the models, such as resistance to CSF outflow, elasticity and pressure-volume index (PVI). For example, the Servo-Controlled Constant Pressure Infusion Test [63] based on [START_REF] Marmarou | Compartmental analysis of compliance and outflow resistance of the cerebrospinal fluid system[END_REF] is used for the assessment of hydrocephalus and progressive dementia. PVI is a parameter utilized to describe CSF compensation in hydrocephalic subjects [124] or traumatic brain injury [START_REF] Shapiro | Clinical applications of the pressure-volume index in treatment of pediatric head injuries[END_REF]. Subsequently, the mathematical models describing CSF were enriched to incorporate autoregulation, interactions with blood flow, tissues or other biofluids and many of these ideas are still actively investigated in current research. In Tabs. 21.1 and 21.2 we give an overview of some significant contributions in the literature.

REFERENCE PURPOSE CLINICAL RELEVANCE CEREBRAL CSF HYDRODYNAMICS

Marmarou1978 [START_REF] Marmarou | A nonlinear analysis of the cerebrospinal fluid system and intracranial pressure dynamics[END_REF] ICP dynamics in terms of nonlinear intracranial compliance [START_REF] Marmarou | Compartmental analysis of compliance and outflow resistance of the cerebrospinal fluid system[END_REF], dural sinus pressure, CSF formation, and resistance to CSF absorption.

Assessment of the factors leading to elevation of ICP and identification of clinical descriptors useful as therapeutic and prognostic guides.

CEREBROSPINAL HEMO-HYDRODYNAMICS

Ambarki2007 [4] CSF and blood flows interactions with volume changes during the cardiac cycle.

Study of CSF and blood flow oscillation during cardiac cycle at different sites and their kinetic energy impact at their interface boundary.

Gehlen2017 [77] CSF volume and compliance for different hydrostatic pressure gradients between the CSF and venous system.

Prediction of craniospinal compliance distribution shift and CSF pulsation changes related to postural changes. Linninger2009 [START_REF] Linninger | A mathematical model of blood, cerebrospinal fluid and brain dynamics[END_REF] ICP dynamics between cerebral vasculature, biphasic brain parenchyma, ventricular system (extended from [START_REF] Linniger | Pulsatile cerebrospinal fluid flow in the normal and abnormal intrecranial system[END_REF]), and compliant spine.

Prediction of intracranial pressure gradients, blood and CSF flow and displacements in normal and pathological conditions (hydrocephalus).

Buishas2014 [24] CSF dynamics as a function of both hydrostatic and osmotic pressure gradients between cerebral vasculature, ECS, perivascular space and CSF. Both the classical and the microvessel hypothesis of CSF production and reabsorption are included.

Assessement of the effects of the osmolarity of ECS, blood, and CSF elucidating the mechanism of water exchange occurring in the brain (osmotic imbalances, hydrocephalus, edema).

CEREBRAL AND EYE HEMO-HYDRODYNAMICS

Nelson2017 [START_REF] Nelson | The impact of ocular hemodynamics and intracranial pressure on intraocular pressure during acute gravitational changes[END_REF] Blood and aqueous humor dynamics, lamina cribrosa biomechanics and IOP-dependent ocular compliance affecting volume/pressure in the eye.

Prediction of the impact on IOP due to increased ocular blood pressures and ICP, associated with short term effects induced by gravitational variations.

Salerni2018 [START_REF] Salerni | Mathematical modeling of ocular and cerebral hemo-fluid dynamics: application to viip[END_REF] Hemodynamics in the eye (retina, choroid, ciliary body, lamina cribrosa) and brain interacting with the dynamics of aqueous humor and CSF; lamina cribrosa biomechanics influenced by tissue pressure in the optic nerve head due to CSF within the SAS.

Assessment of the role of various factors and the mechanism of their interactions implicated in the loss of visual function in various condition, e.g. ocular pathologies, long head-down tilt experiment, microgravity environment.

Distributed models for CSF dynamics

In this section we discuss the main challenges in the mathematical and computational modeling of CSF flow towards realistic geometries and to review several contributions within this framework. We focus on the so-called distributed (or macro-scale) models that are suitable when aiming for a three-dimensional representation of the flow. The description of the underlying mechanisms stems from the basic principles of fluid dynamics and it is translated into systems of PDEs, supplied with suitable initial and boundary conditions of particular importance. Specifically, CSF is often considered as an incompressible Newtonian fluid, therefore the Navier-Stokes equations are employed (see for instance The issue of boundary conditions when modeling biological fluids is of major importance and matter of intense research, from the mathematical and computational viewpoint. When performing large scale three-dimensional simulations, the domain has to be reduced to a region of interest because of the prohibitive computational costs. Therefore, its boundary is composed of two parts: a physical boundary -corresponding to the geometrical description of the compartments -and an artificial boundary -at the level where the domain is truncated. On the one hand, two possibilities can be considered for the physical boundaries: either assume them rigid, in which case the no-slip Dirichlet condition is considered, or incorporate their ability to deform, and thus include a much more complex fluid-structure behavior in the model. On the other hand, at the artificial boundaries, the formulation should be able to take into account the rest of the closed circuit representing the CSF circulation, which is still a very challenging issue, as discussed for instance in the recent review [START_REF] Quarteroni | Geometric multiscale modeling of the cardiovascular system, between theory and practice[END_REF]. Moreover, in order to achieve physiological simulations, data used to impose the boundary conditions should be taken from clinical measurements.

In this perspective, the geometrical representation of the CSF space is very complex and CSF flow quantification requires special care. Recent progress in segmentation of vascular volumes from magnetic resonance imaging (MRI) data, design of a vascular models and construction of computational meshes of the vascular structures, as well as PC-MRI techniques for blood flow measurements are translated into use for CSF flows. However, the CSF compartments have their own features, that are contributing to the difficulty of deriving accurate information, among which: (i) complex geometric shapes, in contrast to the (locally) near-cylindrical form of blood vessels; (ii) smaller magnitudes in the velocity field compared to blood flow; (iii) difficulties in finding planes perpendicular to the flow direction; (iv) presence of reversal flow, etc.

The understanding of CSF behavior at fine scales is of major importance, since abnormal flow dynamics or pressures imbalances in different compartments may lead to several pathologies. A recent compilation of studies on abnormal CSF dynamics in central nervous system (CNS) diseases can be found in [START_REF] Linninger | Cerebrospinal fluid mechanics and its coupling to cerebrovascular dynamics[END_REF], with a focus on some of the most common ones: Hydrocephalus, Chiari Malformation Type 1, Syringomyelia, Pseudotumor Cerebri, Idiopathic Intracranial Hypertension and Benign Intracranial Hypertension. The pathophysiology and the etiology of these syndromes are still poorly understood and trigger a lot of open research questions. In addition, the clinical manifestations, diagnosis and management strategies are currently a matter of active discussion. In perspective, a better understanding of both normal and pathological CSF flow thanks to mathematical and computational models encompassing the whole 3D dynamics is very appealing, since it may be able to provide not only a qualitative assessment of the dynamics, but also a more quantitative knowledge about CSF velocities, flow rates and pressures.

The long-term goal is to devise a complete in silico model of CNS dynamics, accounting for the full coupling between CSF, blood and brain tissues and incorporating various physical properties and settings (e.g. variations of body position, patient-specific parameters and geometries, etc.). Furthermore, to the best of our knowledge, a full 3D mathematical and computational modeling of the complex connections between biofluids in the coupled eye-brain system is still not available and only a few recent reduced models tackled this challenging issue. Such a very complex formulation would require large-scale availability of data, sophisticated mathematical and numerical methods and high computational costs. Several recent contributions that we will review in the sequel made significant steps in this direction and provided new insights to the understanding and better management of CSF flow conditions: Chiari Malformation (Bunck et al. [25], Støverud et al. [START_REF] Støverud | Computational investigation of cerebrospinal fluid dynamics in the posterior cranial fossa and cervical subarachnoid space in patients with chiari i malformation[END_REF], Jain et al. [115]), hydrocephalus and cerebral oedema (Vardakis et al. [START_REF] Vardakis | Investigating cerebral oedema using poroelasticity[END_REF]), drug delivery in Leptomeningeal dissemination, epilepsy, Parkinson (Howden et al. [106]) to give just a few examples. In Tabs. 21.3, 21.4 and 21.5 we give an overview of some significant contributions in the literature.

REFERENCE PURPOSE CLINICAL RELEVANCE

Jacobson1996 [114] Computation of CSF flow in idealized cylindrical domains.

Estimation of the pressure drop required to achieve normal physiological CSF flow rate within the aqueduct of Sylvius.

Kurtcuoglu2007 [START_REF] Kurtcuoglu | Computational investigation of subject-specific cerebrospinal fluid flow in the third ventricle and aqueduct of sylvius[END_REF]Investigation of subject-specific CSF flow characteristics by combining MRI scans and CFD simulations.

Quantitative prediction of the subjectspecific flow field in the third ventricle and the aqueduct of Sylvius.

Gupta2010 [94] Prediction of subject-specific CSF flow in the cranial SAS using in vivo data.

Quantitative and qualitative description of cranial CSF transient flow, potentially useful to compare healthy with pathological CSF dynamics.

REFERENCE PURPOSE CLINICAL RELEVANCE

Howden2011 [106] Prediction of the CSF flow in the CNS, the SAS, and in the ventricular system, with highlights in the aqueduct of Sylvius, the exit of Magendie, and entrance to the Spinal SAS.

Investigation of the role of the cardiac cycle, of the pulsatility and of the porous arachnoid trabeculae within the SAS on the fluid motion of the CSF by a global 3D model of the CNS.

Sweetman2011 [START_REF] Sweetman | Cerebrospinal fluid flow dynamics in the central nervous system[END_REF] Prediction of 3D CSF velocity and pressure fields in the CNS, comparison with in vivo measurements from a healthy human subject.

Quantification of normal intracranial dynamics, potentially significant to analyze diseased intracranial dynamics.

Hadzri2011 [95] Investigation of 3D CSF flow dynamics in a stenosed aqueduct.

Inclusion of a stenosis inducing significantly increased pressure drop; possible clinical application to monitor hydrocephalus.

Bunck2012 [25] Statistical analysis on 3D data for a population base study: 20 Chiari malformation patients and 10 healthy volunteers.

Comparison between healthy subjects and Chiari I patients, showing qualitative and quantitative alterations of CSF flow, in particular for patients with associated syringomyelia.

Hsu2012 [107] Construction of a drug delivery model through the SAS and spinal cord tissue.

Identification of patient-specific key variables (frequency and magnitude of CSF pulsations) on drug distribution at the spine level.

Rutkowska2012 [START_REF] Rutkowska | Patient-specific 3d simulation of cyclic csf flow at the craniocervical region[END_REF]Visualization of CSF flow simulation in patient-specific models of the SAS.

Comparison of CSF dynamics between healthy subjects and Chiari I patients both with CFD simulations and PC-MRI results.

Tangen2015 [START_REF] Tangen | Cns wide simulation of flow resistance and drug transport due to spinal microanatomy[END_REF] Quantification of the contribution of micro-anatomical aspects on CSF flow patterns and flow resistance within the entire CNS.

Investigation of complex CSF dynamics in a subject-specific model of the entire CNS, including micro-anatomical aspects and their impact on drug distribution.

Vardakis2016 [START_REF] Vardakis | Investigating cerebral oedema using poroelasticity[END_REF] Development of a novel spatiotemporal model of fluid regulation and cerebral tissue displacement in the framework of Multiple-Network Poroelastic Theory.

Investigation of interstitial oedema formation and its alleviation, for a better understanding of diseases like hydrocephalus or cerebral oedema. Comparison of CSF flow differences between Chiari I patients and healthy individuals.

Jain2016 [115] Quantification of CSF hydrodynamics down to very fine scales to investigate the possible occurence of transitional and turbulent CSF flows.

Comparison between CSF flow in healthy and Chiari Malformation I patients, with a special focus on the cranio-vertebral junction.

Garnotel2017 [76] Construction of a simplified model to understand the dynamics of the CSF, its impact on ICP and CBF.

Description of CSF distribution in cerebral ventricles, cerebral SAS and spinal SAS, acounting for the confined environment of the skull and the synchronization with the cardiac cycle.

CHAPTER 22

Interpretation of cardiovascular function via the ballistocardiogram In this chapter we discuss a project in the context of ballistocardiography, which content has been published in [92]. Ballistocardiography captures the signal generated by the repetitive motion of the human body due to sudden ejection of blood into the great vessels with each heart beat [START_REF] Starr | Ballistocardiography in cardiovascular research: Physical aspects of the circulation in health and disease[END_REF]. The signal is called the ballistocardiogram (BCG). Extensive research work by Starr and Noordergraaf showed that the effect of main heart malfunctions, such as congestive heart failure and valvular disease, would alter the BCG signal [START_REF] Starr | Ballistocardiography in cardiovascular research: Physical aspects of the circulation in health and disease[END_REF][START_REF] Pinheiro | Theory and developments in an unobtrusive cardiovascular system representation: ballistocardiography[END_REF][START_REF] Starr | Twenty-year studies with the ballistocardiograph: the relation between the amplitude of the first record of healthy adults and eventual mortality and morbidity from heart disease[END_REF], thereby yielding a great potential for passive, non-contact monitoring of the cardiovascular status.

The original measurement device used by Starr and others was a lightweight bed suspended by long cables. The blood flow of a subject lying on the suspended bed resulted in the bed swinging; the capture of the swing was the BCG signal. This measurement device was impractical for standardized BCG measurements, especially compared to the electrocardiogram (ECG), which could be taken on virtually any platform using electric leads placed on the body in a standard configuration. The standardization of the ECG measurement has allowed clinical interpretation of the ECG waveform, such that it can be used to diagnose abnormalities in cardiac function.

Recently, there has been a resurgence of BCG research, as new sensing devices (e.g. in the form of bed sensors) allow easier, noninvasive capture of the BCG signal. In addition, the BCG offers advantages over the standardized ECG measurement, in that direct body contact is not required and the signal reflects the status of the larger cardiovascular system. These advantages provide intriguing possibilities of continuous passive monitoring of the cardiovascular system without requiring the patient to do anything.

There have been a variety of bed, chair, and other sensors proposed to capture the BCG; several are now available commercially [111,[START_REF] Shin | Automatic ballistocardiogram (BCG) beat detection using a template matching approach[END_REF]110,80,[START_REF] Rate | Emfit sensor technology[END_REF]2,[START_REF] Paalasmaa | Adaptive heartbeat modeling for beat-tobeat heart rate measurement in ballistocardiograms[END_REF]36,120,[START_REF] Rosales | Heart rate monitoring using hydraulic bed sensor ballistocardiogram[END_REF]108,[START_REF] Young | Method and apparatus for monitoring vital signs remotely[END_REF][START_REF] Zimlichman | Early recognition of acutely deteriorating patients in non-intensive care units: Assessment of an innovative monitoring technology[END_REF]103]. Much of this work has focused on monitoring heart rate along with respiration rate from the accompanying respiration signal, and other parameters for tracking sleep quality. Recent work has also investigated the BCG waveform morphology for the purpose of tracking changes in cardiovascular health [START_REF] Su | Monitoring the relative blood pressure using a hydraulic bed sensor system[END_REF][START_REF] Pinheiro | Theory and developments in an unobtrusive cardiovascular system representation: ballistocardiography[END_REF]116]. This offers a special relevance and significant potential in monitoring older adults as they age. Identifying very early signs of cardiovascular health changes provides an opportunity for very early treatments before health problems escalate; very early treatment offers better health outcomes and the potential to avoid hospitalizations [START_REF] Rantz | Enhanced registered nurse care coordination with sensor technology: Impact on length of stay and cost in aging in place housing[END_REF][START_REF] Rantz | A new paradigm of technology-enabled 'vital signs' for early detection of health change for older adults[END_REF].

One challenge in using the BCG waveform to track cardiovascular health changes is the lack of a standardized measurement device and protocol and, thus, the lack of uniform clinical interpretation of the BCG signal across the various sensing devices. Our project is a first step in addressing this challenge by building a theoretical BCG signal based on a novel closed-loop mathematical model of the cardiovascular system and comparing the simulated output with the BCG signal measured by accelerometry on a suspended bed. Parameters of the model are calibrated on known physiological conditions for the average human body.

In the following section we will present our contribution in the mathematical model, whereas the description of the sensing bed used for the experiment can be found in [92]; indeed the validation of the proposed mathematical has been realized thank to a replica of Starr's suspended bed built within the Center for Eldercare and Rehabilitation Technology at the University of Missouri (see Fig. 22.1). 

BACKGROUND AND RELATED WORK

1 Background and related work

Staar and Noordergraaf provided the theoretical foundations to interpret BCG signals by expressing the displacement of the center of mass of the human body as a function of the blood volumes occupying different vascular compartments at a given time during the cardiac cycle [START_REF] Starr | Ballistocardiography in cardiovascular research: Physical aspects of the circulation in health and disease[END_REF]. Specifically, the coordinate Y of the center of mass of the body along the head-to-toe direction at any given time t can be written as

Y (t) = ρ b M N i=1 V i (t)y i + c (22.1)
where ρ b is the blood density, M is the body mass, N is the total number of vascular compartments considered in the model and c is a constant term representing the body frame. Each vascular compartment i, with i = 1, ..., N , is assumed to be located at the fixed coordinate y i and to be filled with the blood volume V i (t) at time t. Since the term c in Eq. ( 22.1) is constant for a given person, the BCG signal associated with the center of mass displacement in the head-to-toe direction is defined as

BCG disp (t) := ρ b M N i=1 V i (t)y i . (22.2) 
The BCG signals associated with velocity and acceleration of the center of mass can be obtained via time-differentiation as

BCG vel (t) := ρ b M N i=1 dV i (t) dt y i , (22.3) BCG acc (t) := ρ b M N i=1 d 2 V i (t) dt 2 y i , (22.4) 
respectively. In our body, the waveforms V i (t) result from the complex interplay between the blood volume ejected from the heart, the resistance to flow that blood experiences across the cardiovascular system and the pressure distribution within it. Staar and Noordergraaf characterized the volume waveforms V i (t) by means of experimental measurements at each location y i [START_REF] Starr | Ballistocardiography in cardiovascular research: Physical aspects of the circulation in health and disease[END_REF].

We have calculated the waveforms V i (t) by means of a mathematical model based on the physical principles governing vascular physiology, thereby paving the way to the use of quantitative methods to interpret BCG signals and identify cardiovascular abnormalities in a given patient.

The first computer-aided approach for quantitative interpretation of BCG signals was proposed by Noordergraaf et al in [START_REF] Noordergraaf | The use of an analog computer in a circulation model[END_REF], where the electric analogy to fluid flow was leveraged to describe the motion of blood through the arterial system during the cardiac cycle and calculate the resulting BCG signal. Since then, only a few studies have been directed to the theoretical interpretation of BCG signals.

In [START_REF] Wiard | Estimation of central aortic forces in the ballistocardiogram under rest and exercise conditions[END_REF], Wiard et al utilized a three-dimensional finite element model for blood flow in the thoracic aorta to show that the traction at the vessel wall appears of similar magnitude to recorded BCG forces. In [123], Kim et al proposed a simplified model based on the equilibrium forces within the aorta to show that blood pressure gradients in the ascending and descending aorta are major contributors to the BCG signal.

Despite their different approaches to blood flow modeling, the aforementioned studies share the common feature of focusing only on the arterial side of the cardiovascular system, thereby leading to open-loop models of the circulation. In reality, though, our blood circulates within a closed-loop system and, as a consequence, hemodynamic changes observed at the level of the major arteries might be a result of changes occurring elsewhere within the closed-loop system. For example, left ventricular heart failure leads to an increase in fluid pressure that is transferred back to the lungs, ultimately damaging the right side of the heart and causing right heart failure [19].

The novelty in this work is, for the first time, a quantitative interpretation of the BCG signal by means of a closed-loop mathematical model for the cardiovascular system. Several modeling approaches have been proposed in cardiovascular research, see e.g. [121,[START_REF] Smith | Minimal haemodynamic system model including ventricular interaction and valve dynamics[END_REF][START_REF] Žáček | Numerical simulation of the blood flow in the human cardiovascular system[END_REF]. In particular, some work have highlighted the non-negligible effect of the feedback wave within a closedloop circuit, see e.g. [START_REF] Liang | A closed-loop lumped parameter computational model for human cardiovascular system[END_REF][START_REF] Olansen | A closed-loop model of the canine cardiovascular system that includes ventricular interaction[END_REF]16,105]. We have leveraged the knowledge available in the modeling literature to develop a novel closed-loop model for the cardiovascular system that includes sufficient elements to reproduce theoretically the BCG signal.

Mathematical Formulation of Closed-Loop Model

The closed-loop model depicted in Fig. 22.2 can be represented mathematically by a system of ODEs of the form

M(Y (t)) dY (t) dt = A(Y (t))Y (t) + b(Y (t)) t ∈ [0, T ] (22.5)
where Y is the m-dimensional column vector of unknowns, M and A are m × m tensors and b is the m-dimensional column vector of given forcing terms. We anticipate that M, A and b nonlinearly depend on the vector of state variables Y . The specific expressions for Y , M, A and b follow from the constitutive equations characterizing the circuit elements and the Kirchoff laws of currents and voltages. The model leverages the electric analogy to fluid flow, where resistors, capacitors and inductors represent hydraulic resistance, compliance and inertial effects, respectively. The model comprises 4 main interconnected compartments:

(i) the heart, where the valves are represented by ideal switches and the ventricular pumps are modeled by means of voltage sources;

(ii) the systemic circulation, where the arterial segments from the ascending aorta to the iliac arteries are modeled in great detail because of their relevance to the BCG signal;

(iii) the pulmonary circulation, which starts with the pulmonary artery at the right ventricle and converges into the left atrium;

(iv) the cerebral circulation, which branches from the aortic arch and converges into the systemic venous system.

The types of electrical elements included in the closed-loop model are summarized in Fig. 22.3.

The constitutive laws characterizing each element are detailed below. For the sake of clarity we reintroduce the elements that have been already presented in Ch. 3. • Linear resistor (see Fig. 22.3(a)): the hydraulic analog to Ohm's law states that the pressure difference P 0 -P 1 across the resistor is proportional to the volumetric flow rate Q, with the hydraulic resistance R as proportionality constant, namely

P 0 -P 1 = R Q . ( 22 
.6a) • Linear resistor with ideal switch (see Fig. 22.3(b)): in this element, often utilized to model heart valves [9,71], the switch is completely open as soon as the pressure difference P 0 -P 1 is positive and completely closed otherwise, namely

Q = σ P 0 -P 1 P 0 -P 1 R , (22.6b) 
where σ P 0 -P 1 is a binary-valued function of the pressure pair P 0 , P 1 defined as: In the case of linear capacitor, the volume V and the pressure difference P 0 -P 1 are related by a proportionality law, namely

σ P 0 -P 1 := 1 if P 0 -P 1 > 0 0 otherwise . ( 22 
V = C(P 0 -P 1 ) (22.6e)
where C is a positive constant.

• Variable capacitor for arterial viscoelasticity (see Fig. 22.3(d)): the law for the capacitor stated by Eq. (22.6d) is coupled with the following differential relationship between the pressure difference P 0 -P 1 and the fluid volume

V P 0 -P 1 = V C + γ dV dt (22.6f)
where C and γ are positive constants. Relationship (22.6f) corresponds to adopting a linear viscoelastic thin shell model for the arterial walls, as in [29,28].

• Variable capacitor for ventricular elastance (see Fig. 22.3(e)): the law for the capacitor stated by Eq. ( 22.6d) is coupled with the following relationship between the pressure difference P 0 -P 1 and the fluid volume

V P 0 -P 1 = E(t) V (22.6g)
where E(t) is a given function of time modeling the complex biomechanical properties of the ventricular wall. Following [9], we assume

E L (t) = ELD + ELS a(t) and E R (t) = ERD + ERS a(t)
where ELD, ELS, ERD and ERS are given constants and

a(t) = 1 2 (tanh(2π(T m -T a )) -tanh(2π(T m -T b ))) for T m < T s 0 otherwise.
Here, T m is defined as T m = mod (t, T c ), where T s and T c are the systolic and cardiac periods, respectively, and T a and T b are given constants.

• Voltage source (see Fig. 22.3(f)): the hydraulic analog of a voltage source is an element that imposes the nodal pressure as

P 1 (t) = U (t) (22.6h)
where U (t) is a given function. Following [9], we assume

U L (t) = ULO a(t) and U R (t) = URO a(t)
where ULO and URO are positive constants and the function a(t) is the same as described above.

• Linear inductor (see Fig. 22.3(f)): the time rate of change of the volumetric flow rate Q is related to the pressure difference P 0 -P 1 by the following proportionality law

L dQ dt = P 0 -P 1 (22.6i)
where L is a positive constant.

The parameter values for each of the circuit elements are reported in Table 22.1. The parameter values pertaining to the heart, the systemic micro-circulation and the pulmonary circulation have been adapted from [9]. The parameter values pertaining to the main arteries have been computed using the following constitutive equations

R = 8 π l η S 2 L = ρ b l S C = 3 l S (a + 1) 2 E (2a + 1) γ = δ C
where a = r/h is the ratio between vessel radius r and wall thickness h, l is the vessel length, S = πr 2 is the vessel cross-sectional area, ρ b is the blood density, η is the blood viscosity, E and δ are the Young modulus and the viscoelastic parameter characterizing the vessel wall.

Here, we assume ρ b = 1.05 g cm -3 , η = 0.035 g cm -1 s -1 , E = 4 • 10 6 dyne cm -2 and δ = 1.56 • 10 -3 s. The values of the remaining geometrical parameters utilized to determine R, L, C, C v and γ for each of the main arterial segments have been adapted from [START_REF] Noordergraaf | The use of an analog computer in a circulation model[END_REF] and [29] and are reported in Table 22.2. R L = 0.008 mmHg s cm -3 URO = 24 mmHg ERD = 0.01 mmHg cm -3 ERS = 0.23 mmHg cm -3 s -1 R R = 0.0175 mmHg s cm -3

SYSTEMIC CIRCULATION

R 1 = 0.003751 mmHg s cm -3 R 2a = 0.00003111 mmHg s cm -3 R 2b = 0.00003111 mmHg s cm -3 R 3a = 0.00011683 mmHg s cm -3 R 3b = 0.00011683 mmHg s cm -3 R 4a = 0.00061427 mmHg s cm -3 R 4b = 0.00061427 mmHg s cm -3 R 5a = 0.00101868 mmHg s cm -3 R 5b = 0.00101868 mmHg s cm -3 R 6a = 0.002652974 mmHg s cm -3 R 6b = 0.002652974 mmHg s cm -3 R 7 = 0.35 mmHg s cm -3 R 8 = 0.0675 mmHg s cm -3 R 9 = 2.0 mmHg s cm -3 R 10 = 0.003751 mmHg s cm -3 C 2 = 0.13853688 cm 3 mmHg -1 γ 2 = 0.00713074 mmHg s cm -3 C 3 = 0.12078980 cm 3 mmHg -1 γ 3 = 0.08117842 mmHg s cm -3 C 4 = 0.21968142 cm 3 mmHg -1 γ 4 = 0.00449683 mmHg s cm -3 C 5 = 0.17355893 cm 3 mmHg -1 γ 5 = 0.00569184 mmHg s cm -3 C 6 = 0.02062154 cm 3 mmHg -1 γ 6 = 0.04790476 mmHg s cm -3

C 7 = 0.8 cm 3 mmHg -1 C 8 = 1.46 cm 3 mmHg -1 C 9 = 20.0 cm 3 mmHg -1 L 3 = 0.00113873 mmHg s 2 cm -3 L 4 = 0.00424581 mmHg s 2 cm -3 L 5 = 0.00551999 mmHg s 2 cm -3 L 6 = 0.00538022mmHg s 2 cm -3 L 7 = 0.000225 mmHg s 2 cm -3 L 8 = 0.000225 mmHg s 2 cm -3 L 9 = 0.0036 mmHg s 2 cm -3 PULMONARY CIRCULATION R 11 = 0.003751 mmHg s cm -3 R 12 = 0.03376 mmHg s cm -3 R 13a = 0.1013 mmHg s cm -3 R 13b = 0.003751 mmHg s cm -3 C 11 = 0.09 cm 3 mmHg -1 C 12 = 2.67 cm 3 mmHg -1 C 13 = 46.7 cm 3 mmHg -1 L 12 = 0.00075 mmHg s 2 cm -3 L 13 = 0.00308 mmHg s 2 cm -3 CEREBRAL CIRCULATION R 14a = 0.03006924 mmHg s cm -3 R 14b = 0.03006924 mmHg s cm -3 R cap1 = 0.327 mmHg s cm -3 R cap2 = 0.327 mmHg s cm -3
R 15a = 0.327 mmHg s cm -3 R 15b = 0.327 mmHg s cm -3 C 14 = 0.03790125 cm 3 mmHg -1 γ 14 = 0.04110141 mmHg s cm -3 C 15 = 0.688 cm 3 mmHg -1 L 14 = 0.03430149 mmHg s 2 cm -3 L cap = 0.00424581 mmHg s 2 cm -3 L 15 = 0.00424581 mmHg s 2 cm -3 Let us define the vector Y (t) of the circuit unknowns in Eq. ( 22.5) as the column vector

Y (t) = [V(t); Q(t)] T (22.7)
where the two row vectors V and Q are defined as

V(t) =[ V L (t), V 2 (t), V 3 (t), V 4 (t), V 5 (t), V 6 (t), V 7 (t), V 8 (t), V 9 (t), V R (t), V 11 (t), V 12 (t), V 13 (t), V 14 (t), V 15 (t) ] Q(t) =[ Q 3 (t), Q 4 (t), Q 5 (t), Q 6 (t), Q 7 (t), Q 8 (t), Q 9 (t), Q 12 (t), Q 13 (t), Q 14 (t), Q 15 (t) ].

MATHEMATICAL FORMULATION OF CLOSED-LOOP MODEL
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The symbols V L and V R denote the fluid volume stored in the variable capacitors for ventricular elastance characterized by E L and E R , respectively; the symbols V i , i = 2, . . . , 6 and i = 14 denote the fluid volume stored in the variable capacitors for arterial viscoelasticity characterized by C i and γ i ; the symbols V i , i = 7, . . . , 9 and i = 15 denote the fluid volume stored in the linear capacitors characterized by C i ; the symbols Q i , i = 3, . . . , 9 and i = 12, . . . , 15, denote the volumetric flow rate through the inductor characterized by L i .

To derive the nonlinear system of ODEs (22.5) representing the mathematical model of blood circulation in the human body, the following three steps are taken:

1. Kirchoff's current laws (KCLs) are written for each of the 15 nodes marked on the circuit in Fig. 22.2;

2. Kirchoff's voltage laws (KVLs) are written for each of the 11 circuit branches containing an inductor;

3. the constitutive equations (22.6) are substituted in the KCLs and KVLs.

The system is solved using the initial conditions reported in Table 22.3 and simulations are run until a periodic solution is established.

VARIABLE VALUE VARIABLE VALUE V L 71.2700 cm 3 Q 3 1.68 cm 3 s -1 V 2 73.5486 cm 3 Q 4 1.9961 cm 3 s -1 V 3 71.9746 cm 3 Q 5 1.1861 cm 3 s -1 V 4
71.9983 cm 3 Q 6 9.03697 cm Overall, the differential system (22.5) includes m = 26 differential equations. The expressions of the nonzero entries of the matrices M and A as well as of the forcing vector b are reported below. Let R

L := R L + R 1 + R 2a , R R := R R + R 11 , R cap := R 14b + R cap1 + R cap2 + R 15a and L cap := L cap + L 15 .
The nonzero entries of M are:

M 1,1 = 1, M 12 = - γ 2 R L σ P 1 -P 2 M 2,2 = 1 + γ 2 R L σ P 1 -P 2 M i,i = 1 i = 3, . . . , 15 
236 CHAPTER 22. BALLISTOCARDIOGRAPHY FOR CARDIOVASCULAR MONITORING M i,j = γ j , M i,j+1 = -γ j+1 , M i,i = -L j+1 , i = 16, . . . , 19, j = i -14, M 20,6 = γ 6 , M 20,20 = -L 7 M i,i = -L k , i = 21, . . . , 24, k = i -13 M 25,3 = γ 3 , M 25,14 = -γ 14 , M 25,25 = -L 14 M 26,14 = γ 14 , M 26,26 = -L cap .
The nonzero entries of A are: 

A 1,1 = -E L σ P 13 -P 1 R 13b + σ P 1 -P 2 R L A 1,2 = σ P 1 -P 2 R L C 2 , A 1,13 = σ P 13 -P 1 R 13b C 13 A 2,1 = E L σ P 1 -P 2 R L , A 2,2 = - σ P 1 -P 2 R L C 2 , A 2,16 = -1 A 3,16 = 1, A 3,17 = -1, A 3,25 = -1 A i,j = 1, A i,j+1 = -1 i = 4, . . . , 8, j = i + 13, A 9,9 = - 1 C 9 σ P 9 -P 10 R 10 + 1 R 15b A 9,10 = E R R 10 σ P 9 -P 10 , A 9,15 = 1 R 15b C 15 , A 9,22 = 1 
A 12,24 = -1, A 13,1 = E L σ P 13 -P 1 R 13b , A 13,13 = - σ P 13 -P 1 R 13b C 13 , A 13,24 = 1, A 14,25 = 1, A 14,26 = -1 A 15,9 = 1 R 15b C 9 , A 15,15 = - 1 R 15b C 15 , A 15,26 = 1 A i,j = - 1 C j , A i,j+1 = 1 C j+1 , A i,i = (R jb + R j+1a ), i = 16, . . . , 19, j = i -14, A 20,6 = - 1 C 6 , A 20,7 = 1 C 7 , A 20,20 = (R 7 + R 6b ) A i,j = - 1 C j , A i,j+1 = 1 C j+1 , A i,i = R j+1 , i = 21, 22, j = i -14, A 23,11 = - 1 C 11 , A 23,12 = 1 C 12 , A 23,23 = R 12 A 24,12 = - 1 C 12 , A 24,13 = 1 C 13 , A 24,24 = R 13a A 25,3 = - 1 C 3 , A 25,14 = 1 C 14 , A 25,25 = R 14a 3. RESULTS 237 
A 26,14 = - 1 C 14 , A 26,15 = 1 C 15 , A 26,26 = R cap .
The nonzero entries of the forcing term b are:

b 1 = -U L σ P 13 -P 1 R 13b + σ P 1 -P 2 R L b 2 = U L R L σ P 1 -P 2 , b 9 = U R R 10 σ P 9 -P 10 b 10 = -U R σ P 9 -P 10 R 10 + σ P 10 -P 11 R R b 11 = U R R R σ P 10 -P 11 , b 13 = U L R 13b σ P 13 -P 1 .

Results

A qualitative description of left ventricular function is provided by the plot in Fig. Quantitative parameters describing cardiovascular physiology include:

• end-diastolic volume EDV , which is the maximum value of the ventricular volume during the cardiac cycle;

• end-systolic volume ESV , which is the minimum value of the ventricular volume during the cardiac cycle;

• stroke volume SV = EDV -ESV ;

• ejection fraction EF = 100 × SV EDV

• the length of the heart beat measured in seconds T c = 60 HR , where HR is the heart rate;

• cardiac output CO = HR × SV 1000 .

Tab. 22.4 reports the values of these parameters for the left and right ventricle as reported in the clinical literature and simulated via the closed-loop model. Specifically, the clinical studies
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in [START_REF] Maceira | Normalized left ventricular systolic and diastolic function by steady state free precession cardiovascular magnetic resonance[END_REF] and [START_REF] Maceira | Reference right ventricular systolic and diastolic function normalized to age, gender and body surface area from steady-state free precession cardiovascular magnetic resonance[END_REF] The pressure and volume waveforms pertaining to the main segments of the systemic arteries simulated via the closed-loop model are reported in Fig. 22.2. Results show that the model captures the typical features of peak magnification and time delay exhibited by physiological waveforms [START_REF] Mcdonald | Blood flow in arteries[END_REF]. In Fig. 22.6, the simulated pressure waveforms are compared with experimental measurements at different sites along the arterial tree. In particular, we compare the results of our simulations with those presented by (a) Davies et al [53,54], where sensor-tipped intra-arterial wires are used to measure pressure in nearly 20 subjects (age, 35-73 years) at 10-cm intervals along the aorta, starting at the aortic root; (b) Parker [START_REF] Parker | An introduction to wave intensity analysis[END_REF], where aortic pressures at 10, 20, 30, 40, 50 and 60 cm downstream from the aortic valve are reported; (c) Epstein et al [64], where arterial waveforms are generated via a one-dimensional arterial network.

For the ease of comparison, all the waveforms have been normalized to a unitary amplitude and have been rescaled in time to last 0.8 s. Fig. 22.6 shows a very good agreement between theoretical and experimental waveforms.

Overall, the results presented in this section provide evidence of the capability of proposed closed-loop model to capture prominent features of cardiovascular physiology and support the utilization of the model output to construct a theoretical BCG. 

Theoretical and experimental ballistocardiograms

The volume waveforms simulated using the closed-loop model (see Fig. 22.2) have been utilized in Eq. ( 22.2) to calculate theoretically the waveform BCG disp (t) associated with the displacement of the center of mass. The BCG waveforms for velocity and acceleration, namely BCG vel (t) and BCG acc (t), are obtained from BCG disp (t) via discrete time-differentiation.

Following [START_REF] Noordergraaf | The use of an analog computer in a circulation model[END_REF][START_REF] Noordergraaf | Genesis of displacement of the human longitudinal ballistocardiogram from the changing blood distribution[END_REF][START_REF] Starr | Ballistocardiography in cardiovascular research: Physical aspects of the circulation in health and disease[END_REF], the BCG waveforms are reported by means of the auxiliary functions f D , f V and f A defined as

f D (t) := M • BCG disp (t) = ρ b N i=1 V i (t)y i [g cm] f V (t) := M • BCG vel (t) = ρ b N i=1 dV i (t) dt y i [g cm s -1 ] f A (t) := M • BCG acc (t) = ρ b N i=1 d 2 V i (t) dt 2 y i [dyne] .
These auxiliary functions are independent of the value of mass M and, as a consequence, they allow for a fair comparison between BCG waveforms reported in different studies.

Fig. 22.7 reports the waveform f A (t) simulated via the closed-loop model over one cardiac cycle. The waveform exhibits the typical I, J, K, L, M and N peaks and valleys that characterize BCG signals measured experimentally [START_REF] Starr | Ballistocardiography in cardiovascular research: Physical aspects of the circulation in health and disease[END_REF]123,111], thereby confirming the capability of the closed-loop model to capture the fundamental cardiovascular mechanisms that give rise to the BCG signal. A quantitative comparison between the simulated BCG waveforms pertaining to displacement, velocity and acceleration of the center of mass is reported in Fig. 22.8 by means of the auxiliary functions f D , f V and f A .

The waveforms simulated via the closed-loop model are compared with 1. the theoretical results presented by Noordergraaf and Heynekamp [START_REF] Noordergraaf | Genesis of displacement of the human longitudinal ballistocardiogram from the changing blood distribution[END_REF], where we calculated velocity and acceleration waveforms via time-differentiation of the reported signal for the displacement;

2. the experimental results obtained by Inan et al utilizing a modified weighing scale [111,110];

3. the experimental results obtained by Kim et al utilizing direct pressure measurements [123];

4. the experimental results obtained by our group utilizing an accelerometer on a suspended bed (see [92]), where we utilized the mass M = 87 Kg of the study subject to calculate f A .

A time-shift has been applied in order to align the waveforms for ease of comparison.

The results in Fig. 22.8 confirm that the BCG waveforms simulated via the closed-loop model are of the same order of magnitude as those reported in previous theoretical and experimental studies for all three aspects of the body motion, namely displacement, velocity and acceleration. The figure also shows that theoretical and experimental BCG waveforms obtained by different authors exhibit similar trends, typically marked by the peaks reported in Fig. 22.7, but differ in the precise timing of these peaks and in their magnitude. Such differences might be due to physiological variability of cardiovascular parameters among individuals, for example associated with age, gender and ethnicity [START_REF] Maceira | Normalized left ventricular systolic and diastolic function by steady state free precession cardiovascular magnetic resonance[END_REF][START_REF] Maceira | Reference right ventricular systolic and diastolic function normalized to age, gender and body surface area from steady-state free precession cardiovascular magnetic resonance[END_REF]32], and to different techniques utilized to acquire the BCG signal, such as the modified weighing scale and the accelerometer on the suspended bed.

Conclusions

The closed-loop model presented in this chapter reproduces the predominant features of the physiology of the human cardiovascular system that give rise to the BCG signal. To the best of our knowledge, this is the first theoretical interpretation of the BCG signal based on a biophysical, mathematical closed-loop model of the cardiovascular system. A validation is provided with comparison against actual measurements, matching not just qualitatively but also quantitatively. A limitation of the proposed closed-loop model is that it includes only a few of the main arteries that may have a significant contribution to the BCG signal [START_REF] Starr | Ballistocardiography in cardiovascular research: Physical aspects of the circulation in health and disease[END_REF][START_REF] Noordergraaf | Genesis of displacement of the human longitudinal ballistocardiogram from the changing blood distribution[END_REF].

The idea of this project is to have a preliminary analysis using the proposed BCG model to aid in the tracking of a person's cardiovascular health noninvasively by examining the morphology of the BCG signal. Using a model of the BCG sensing system, the output signal can be translated to the standard base signal for study against the simulated model output. That is, the closed-loop model will be used to simulate pathological conditions affecting the cardiovascular system, such as hypertension or congestive heart failure, and the results will be compared to the measured BCG signals. Thus, with continued effort, there is a significant potential in better monitoring of cardiovascular health, particularly important for our aging population. In this chapter we study the distribution of the electric potential V in a nanoscale floatinggate nMOS (Metal-Oxide-Semiconductor) transistor working in inversion conditions. The prefix "n" indicates that the electric current is due to negatively charged electrons. This is an example of application in electronics of the HDG method with IBC presented in Ch. 8. This work has been completed in collaboration with Riccardo Sacco, professor at the Politecnico di Milano.

CHAPTER 23 Electrostatic simulation of a floating-gate nMOS transistor in inversion conditions

Electronic model

Under the assumption of electro-neutrality, the distribution of V is obtained as the solution of a linear elliptic problem that can be written in mixed form similarly to Eq. (4.1), see [212, Section 6.1], [START_REF] Markowich | Semiconductor Equations[END_REF]] and [159, Section 9.1]) as: The computational domain Ω is the three-dimensional bounded set obtained by prolongating the scheme of Figure 23.1 by a width L z along the axis z perpendicular to the plane of the figure. The domain Ω is the union of four sub-domains, namely Ω ox (silicon dioxide, here simply oxide), Ω S (source), Ω D (drain) and Ω B (bulk). The union of the last three sub-domains represents the silicon semiconductor region, namely Ω si = Ω S ∪ Ω D ∪ Ω B . We remark that the dielectric permittivity ε appearing in equations (23.1a) and (23.1c) can be written as ε = ε 0 ε r , where ε 0 is the dielectric permittivity of vacuum and ε r is the relative dielectric permittivity of silicon and oxide, equal to ε si r in Ω si and ε ox r in Ω ox , respectively. The sub-domains, Ω si and Ω ox are separated by an interface surface Γ int = ∂Ω si ∩ ∂Ω ox . The electric charge transport occurs only in the semiconductor region whereas the oxide is assumed to be a perfect insulator. Figure 23.1 also reports the notation for the various domain boundaries and their geometrical dimensions.

D + ε∇V = 0 in Ω, (23.1a) 
∇ • D = 0 in Ω. ( 23 
Equations (23.1) are equipped with the following boundary conditions:

V = V j = V bi,j on Γ j , j = S, D, B, (23.2a) 
D • n = 0 on Γ lat si ∪ Γ lat ox , (23.2b) 
Γ G D • n dΣ = qN B δL ch L z on Γ G , (23.2c) 2. 
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V Γ int = 0 on Γ int , (23.3a) 
D Γ int = qN B δ on Γ int . (23.3b) 
The quantity q is the electron charge, N B is the concentration of ionized dopants in the bulk region and δ is the width of the accumulation region in the y direction of the channel. This quantity can be estimated using a simplified one-dimensional theory from solid state physics (see [START_REF] Muller | Device Electronics for Integrated Circuits[END_REF]Section 9.1]) as

δ = 4ε 0 ε si r V th ln(N B /n i ) qN B , (23.4) 
where n i is the silicon intrinsic concentration and V th is the thermal voltage (see [START_REF] Selberherr | Analysis and Simulation of Semiconductor Devices[END_REF]Ch. 2]).

The Dirichlet boundary conditions (23.2a) express the physical fact that the electrical contacts are equipotential surfaces. The homogeneous Neumann boundary condition (23.2b) expresses the physical assumption that the nMOS device does not exchange electrical energy with the surrounding environment. The nonhomogeneous integral condition (23.2c) expresses the physical fact that the oxide layer acts like a capacitor because the right-hand side of (23.2c) is the total positive charge that is attracted on the contact from the external connecting wire to counterbalance the negative charge that is accumulated under the surface separating the silicon substrate from the oxide layer when

V F G = V T .
The interface conditions (23.3a)-(23.3b) express the compatibility relations for the normal component of the displacement vector and the traces of the electric potential across an interface separating two different dielectric media [113]. We notice that (23.3a) expresses the physical fact that the electric potential is a continuous function when passing across the interface whereas (23.3b) expresses the physical fact that the jump in the normal component of the displacement vector is balanced by the total negative charge attracted from the substrate by the floating gate to form the n-type channel. This agrees with the integral condition (23.2c) because the two charge sheets distributed uniformly on Γ int and on Γ G are equal in magnitude and opposite in sign consistently with the fact that the oxide layer functions as a (nonlinear) capacitor whose capacitance depends on the biasing conditions of the device.

Data

Table 23.1 reports the numerical values of the physical parameters, whereas Table 23.2 provides a list of the input data used for device simulation. The quantities N S and N D are the concentrations of the ionized dopant impurities in the source and drain regions, respectively. With the data reported in Tables 23.1 and 23.2, the value of the width of the accumulation region δ is of about 16.3nm. This value is sufficiently smaller than the characteristic size of the device L 2

x + L 2 y + L 2 z = 660nm to make the assumption of semiconductor electro-neutrality a very reasonable one.

When the nMOS transistor is in the "off" state, the source and drain regions are electrically disconnected and no current flows in the device. To switch the transistor in the "on" state we need to allow electron flow from source to drain. This is obtained by applying suitable external

Parameter

Symbol Value Units

Electron charge q 1.602 voltages at the electrical contacts Γ S (source contact), Γ D (drain contact), Γ B (bulk contact) and Γ G (floating gate contact). We denote by V a,j , j = S, D, B, the given external voltages applied to each contact, and by V bi,j , j = S, D, B, the "built-in" potential of each contact. Each built-in potential V bi,j is a function of the concentration of the fixed ionized dopant impurities that are introduced in the corresponding semiconductor region Ω j to increase the electrical conductivity of the material. We refer to [85] for the technological process and to [START_REF] Selberherr | Analysis and Simulation of Semiconductor Devices[END_REF]Ch. 2] for the mathematical description. Finally, we denote by V j = V a,j + V bi,j , j = S, D, B, the boundary values of the electric potential V at the source, drain and bulk contacts, respectively, whereas V F G is the value of the electric potential at the floating gate.

V S 0 V Bulk potential V B 0 V Drain potential V D 0 V Source doping concentration N S 10 26 m -3 Bulk doping concentration N B 5 • 10 22 m -3 Drain doping concentration N D 10 26 m -3
In the present study, we consider the case where source, drain and bulk contacts are grounded, corresponding to set V a,j = 0, j = S, D, B, and we aim at determining the value of V F G at which the floating gate must be set in such a way that the electron concentration in the channel underneath Γ int equals the dopant concentration in the bulk region. In such electrical configuration the nMOS works in inversion condition and the value of the floating gate potential, V T , takes the name of threshold voltage (see [START_REF] Muller | Device Electronics for Integrated Circuits[END_REF]). The threshold voltage is a technologically fundamental parameter because if V F G < V T no "channel" exists between source and drain and therefore no current flows -corresponding to no self-heating of the device; instead, if V F G = V T , a "channel" forms to connect source and drain regions and by furtherly applying a voltage difference between Γ D and Γ S , electrons are injected from the source to the drain region giving rise to electric current (corresponding to self-heating of the device). Thus, an accurate prediction of V T allows to accurately control the thermal dissipated power of an electronic component [START_REF] Rao | Nonlinear frequency conversion in semiconductor optical waveguides using birefringent, modal and quasi-phase-matching techniques[END_REF].
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3 Results

In this section we present the simulation results conducted using the HDG formulation presented in Ch. 8 using the same computational framework FEEL++ (Ch. 9).

The main goal of the simulations is to determine the value of V on Γ G , denoted by V F G via the integral boundary condition (23.2c). The value of V F G at the floating gate is also known as threshold voltage of the device and is a fundamental design parameter in integrated circuit nanoelectronics (see [START_REF] Muller | Device Electronics for Integrated Circuits[END_REF]). 23.2b illustrates a 3D vector plot of the computed electric field E represented on a vertical cut of the device geometry in correspondence with the central section at x = L x /2. We notice that the electric potential is an increasing function of the vertical coordinate y, negative at the bulk contact and positive at the source and drain contacts. The value of V at the floating gate, which is the threshold voltage of the device, computed using the integral boundary condition (23.2c), is positive and given by V computed T = 0.8337965 V. The sign of V computed T is in physical agreement with the fact that the transistor is of n type, so that electron charges (negative) are attracted from the bulk region up towards the gate contact. To quantitatively assess the accuracy of the estimate of the threshold voltage we adopt the analytical theory for an ideal MOS system developed in [START_REF] Muller | Device Electronics for Integrated Circuits[END_REF]Chapter 8] and use formula (8.3.18) of [START_REF] Muller | Device Electronics for Integrated Circuits[END_REF] to obtain V ideal T = 0.8591, which agrees with the value predicted by the numerical simulation within 3%. Figure 23.2c illustrates the 3D distribution of the computed electric potential superposed with the vector plot of the electric field. It is remarkable to notice that this latter quantity is always directed from the gate of the device towards the bulk contact of the device in such a way to attract electron charge from the bulk region towards the interface Γ int to form the conductive channel. We can also notice the separation lines between the source and bulk regions and the drain and bulk regions, which correspond to a change of the sign of the ionized dopant charge density -positive in Ω S and Ω D , negative in Ω B . Figure 23.2d shows a vector plot of the computed electric field with a color map of its strength throughout the device. Results clearly indicate that the electric field is mainly directed parallel to the y axis except in the region comprising the oxide layer, the interface and the two source and drain contacts, where the electric field arrows strongly deviate from the y direction and point from the floating gate towards the two contacts, in accordance with the fact that the electric potential is much higher on Γ G than on Γ S and Γ D . 
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To further support these considerations about the electric potential V , we show in Figure 23.3b the 1D cut of the computed electric field strength at x = L x /2 along the y axis. We notice that the field is discontinuous across the interface, in agreement with (a), and that it is approximately constant in both semiconductor and oxide regions, in agreement with (b).

Conclusions

We have just presented an application in semiconductor design of the innovative method HDG with IBC we have theorized and described in Ch. 8. This advanced numerical method allowed us a considerable gain in computational cost and robustness to compute without the need of sub-iterations or trial-and-error technique the value of V F G , crucial for the design of a nMOS transistor. This application can be extended in order to design a full electronic circuit with a 3D zoom on the transistor exploiting also the 3D-0D coupling illustrated in Ch. 7. An example of such circuit, which may be relevant for future applications in industry, is depicted in Fig. 23.4.

R 1 R 2 C
nMOS source drain gate bulk In this chapter we exploit the HDG formulation with IBC for linear elasticity equations (Eq. (5.1)) to perform a virtual traction test. The idea of a traction test for a material is to pull or push a bar or small cylinder of this material with a specific force to retrieve the displacement and therefore compute the material properties. In particular we focus on the uniaxial test (Fig. 24.1)

Data

The traction test is simulated in two different domains: prism (Fig. 24.2a) and cylinder (Fig. 24.2b). These computational domains are defined by the following geometric description For what concerns the model parameters data and boundary conditions we have

Ω prism = x ∈ R 3 : x 1 ∈ (0, a) , x 2 ∈ (0, a) , x 3 ∈ (0, L) Γ 0,prism = x ∈ R 3 : x 1 ∈ [0, a], , x 2 ∈ [0, a] , x 3 = 0 Γ lat,prism = x ∈ R 3 : x 1 ∈ {0, a} , x 2 ∈ {0, a} , x 3 ∈ (0, L) Γ L,prism = x ∈ R 3 : x 1 ∈ [0, a], , x 2 ∈ [0, a] , x 3 = L Ω cylinder = x ∈ R 3 : x 2 1 + x 2 2 < R 2 , x 3 ∈ (0, L) F Figure 24.1 -Uniaxial test Γ 0,cyl = x ∈ R 3 : x 2 1 + x 2 2 ≤ R 2 , x 3 = 0 Γ lat,cyl = x ∈ R 3 : x 2 1 + x 2 2 = R 2 , x 3 ∈ (0, L) Γ L,cyl = x ∈ R 3 : x 2 1 + x 2 2 ≤ R 2 , x 3 = L with a = 2 cm L = 5 cm R = 1 cm L a Γ 0 Γ lat Γ L x 1 x 2 x 3 (a) Ω prism L R Γ 0 Γ lat Γ L x 1 x 2 x 3 (b) Ω cylinder
λ = 0.115 µ = 0.077 u = 0 on Γ 0 σ • n = 0 on Γ lat
For the boundary condition on Γ L we compare two different simulation, one with Neumann boundary condition (NBC), the other with IBC, in particular:

• NBC: σ • n =   0 0 g   on Γ L 2. RESULTS

253

• IBC:

Γ L σ • n =   0 0 g |Γ L |   on Γ L with g = 0.8.

Results

In this section we compare the results obtained with the HDG linear elasticity class developed in FEEL++. We compare the simulations using Neumann and integral boundary condition in the case of a prism, first, and a cylinder, then.

Prism test case

Let us begin by assessing the capability of the proposal algorithm in imposing the desired boundary condition: σ • n and Γ σ • n. From the results presented in Tab. 24.1 we can infer that the algorithm allows to impose the desired condition with good accuracy in both NBC and IBC test cases. Let now investigate the differences between the solution of the NBC and IBC test cases from the physical viewpoint. Looking at Fig. 24.3a, we observed that the two deformed configuration have been stretched qualitatively by the same amount along the main direction. On the other side we can see that there are little differences on the surface of interest Γ L , indeed if we compare the initial condition of the surface and the two final deformed configuration as shown in Fig. 24.3b, we notice a wider surface for IBC than for NBC. Observing the behavior of the stress, Fig. 24.4 shows a constant stress for NBC, which is expected because it is actually what we are imposing as boundary condition, while we have a non-constant stress for IBC especially on the borders. This fact may be related to the fact that the stress accumulated within the body cannot be expelled deforming the shape of the boundary surface since the IBC tries to preserve the dimension of the boundary; indeed, reminding Eq. (5.8), the displacement for IBC has to be constant, while for NBC we do not have this constraint. Fig. 24.5 reports a total view and a cross section on Γ L of the behavior of the displacement. For the main component we do not see any appreciable difference even if we notice that NBC has developed a slightly higher value of the displacement, but the most interesting observation can be made on the figure bottom right. As expected by the theory the other two components of the displacement in the IBC case are still constant in space, while NBC test provides a nonconstant displacement on the surface of interest.
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Cylinder test case

Let now consider a different geometry: the cylinder. Similar considerations as before can be done about the accuracy fo the algorithm. However in this case we highlight the z-component of the force, indeed from a analytical viewpoint it should be F z = g |Γ L | 2, 513. Beside this observation, we notice in Tab. 24.2 that in the NBC test case, when we are increasing the geometric order also the accuracy of the computed force is increasing as expected.

NBC -G1

NBC -G2 For what concerns the IBC test case, we have to be careful in the analysis, indeed we are imposing directly the condition on the force and if we impose the analytical value, which is the exact one, the stress is self-adjusting in order to reach the exact value of the force on that boundary, because we are imposing that condition in a strong way. In order to compare the two test cases, we have made two further simulations imposing this time the numerical value for IBC, which means that we have imposed F z = g |Γ L | but with |Γ L | computed on the mesh. The interesting remark is that we are not imposing the exact value strongly and in this way the stress is not self-adjusted and as expected the result for G = 1 is not good as before, but still the computed force obtained with G = 2 in this case is more accurate than in the NBC simulation. For what concerns the qualitative displacement along the main direction and the final shape of Γ L that is the surface of interest, same remarks as with the previous geometry are valid (see Figs. 24.6a and 24.6b). As proof of our observations made above, Fig 24 .7 shows again a constant behavior of the stress in NBC test case, while IBC test presents the border effect as previously explained. The displacement, illustrated in Fig. 24.8, has the same behavior as in the prism test case, even if with this geometry we cannot say that the displacement is bigger for NBC than for IBC.

F N BC =   -1.126063 • 10 -6 -6.229426 • 10 -5 2.496881   F N BC =   -7.597985 • 10 -5 1.271121 • 10 -4 2.507272   IBC -EXACT IBC -G1 IBC -G2 F IBC =   -2.91 • 10 -5 9.304520 • 10 -5 2.512181   F IBC =   1.752510 • 10 -4 2.144581 • 10 -4 2.496223   F IBC =   5.786183 • 10 -6 4.960038 • 10 -5 2.516996  

Conclusions

In the conclusion we have shown that imposing the integral boundary condition preserves the dimension of the surface where the force is applied, while the Neumann boundary condition let the body with less constraint. As predicted by the theory, IBC provides constant displacement and non-constant stress on that surface, meanwhile with NBC we obtain constant stress and non-constant displacement. We envision, for instance, the use of the IBC for elasticity to couple a 3D structure -0D rigid body. Thus, this multiscale model is connected naturally, in particular the stress of the elastic CHAPTER 25

Conclusions and outlook

In this thesis we have presented an innovative mathematical and computational framework in the biomedical context of ophthalmology.

Starting from the current challenges in ocular diseases, in particular glaucoma, we have modeled the hemodynamics and the biomechanics of the principal tissues of the eye. The great innovation we have brought from a modeling viewpoint is the coupling of various multiphysics and multiscale models under a unified framework that we called Ocular Mathematical Virtual Simulator (OMVS). The key of success of this ambitious project is the modularity of the overall system, which provides the possibility to replace and incorporate new or more advanced models maintaining the same computational framework . These significant results have been obtained thanks to novel numerical methods we have developed, which are a good fit in such mathematical context. Specifically, the development of a Hybridizable Discontinuous Galerkin discretization approach with non-standard boundary condition and a 3D-0D operator splitting algorithm granted the user to achieve high accuracy in a flexible environment without exceeding in the computational cost or losing stability.

In addition, throughout the thesis we have completed the VVUQ (Verification Validation and Uncertainty Quantification) process :

• Verification. We verified in Ch. 12 that the innovative HDG methods with integral boundary condition applied to the Darcy equations and the linear elasticity system reached the predicted order of convergence. In a similar manner, we tested the novel operator splitting method for the 3D-0D coupled problem.

• Validation. The whole Chapter 13 is focused on the comparison between the simulation results provided by our model and data that come from experiments -whenever available -and other mathematical models in literature.

• Uncertainty Quantification. In the last part of the thesis (Part VI) we illustrate a preliminary investigation towards uncertainty quantification and a sensitivity analysis based on Sobol indices for a reduced version OMVS. In the context of computational models this process is crucial for the scientific research, especially in biology and medicine due to the fact it can decrease the number of physical tests necessary for product development or diseases understanding, thus reducing tremendously the economic cost. The U.S. Food & Drug Administration (FDA) points out that the current paradigm of medical device evaluation involves the review of scientific evidence from four models: animal data, laboratory data (or bench tests), human data (clinical trials) and data from computational modeling (in a little part). However, as shown in Fig. 25.1 that is retrieved directly from the FDA website, the future directions include more computational modeling. This fact does not necessarily imply the need of more data, rather it expresses the interest of relying less on animal and human data with a greater influence of data from virtual patients. This idea is shared also by the European Medicines Agency (EMA) in the official document explaining the plan for advancing EMA's engagement with regulatory science over the next years (Regulatory Science to 2025 * ).

Pursuing this concept, we provide a computational framework that serves as an ophthalmological virtual laboratory endowed with a user-friendly online interface (Ch. 11), suitable for clinical purposes. As next step, we envision to add to this flexible design other works that our research group is carrying out in parallel, for instance the direct integration with medical instruments such as the OCTA (Optical Coherence Tomography) [38]. Some of these data are already used, e.g. the retinal depth and the dimensions of the lamina cribrosa, however an expertise in OCTA imaging is currently required to the OMVS user to retrieve these data and use them as input of the model. Moreover, we foresee some extensions in order to include i) the biomechanics of the vitreous humor [START_REF] Tuma | Motion of the vitreous humour in a deforming eye-fluid-structure interaction between a nonlinear elastic solid and a nonlinear viscoleastic fluid[END_REF];

ii) the microcirculation in the retina and in the choroid [3];

iii) the oxygenation of ocular tissues [START_REF] Verticchio Vercellin | Quantifying retinal and choroidal contributions to macular oxygenation: a theoretical approach[END_REF]37]; iv) the metabolism and electrochemistry in the optic nerve head region [203,87,[START_REF] Mathew | Relationship between episcleral venous pressure, intraocular pressure and trabecular meshwork resistance: a mathematical model[END_REF]; v) the coupling with the cerebrospinal fluid vasculature (Ch. 21); vi) the lymphatic system [START_REF] Marazzi | An engineering approach to the multiscale modeling of the lymphatic system[END_REF] coupled with the model presented in Ch. 22; vii) the implementation of the reduce basis method to HDG in order to speed up the computation [START_REF] Prud'homme | Reduced basis methods and high performance computing[END_REF]; viii) the second order convergence in time for the operator splitting method [82];

ix) the development of the operator splitting strategy for poroelastic problems;

x) a more detailed analysis using Sobol indices on the OMVS.

Finally we conclude renewing the goal of the project Eye2Brain where this thesis is embedded. The study of the eye is a first step towards the understanding of the complex cerebral mechanisms, in particular for neurodegenerative diseases. With this goal we mention the undergoing thesis of P. Ricka at the University of Strasbourg, which focuses on the mathematical modelisation and numerical simulation of cerebral blood flows and their interactions with the ocular system. 
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Résumé

Les neuropathies optiques comme le glaucome sont souvent des maladies tardives, évolutives et incurables. Malgré les progrès récents de la recherche clinique, de nombreuses questions relatives à l'étiologie de ces troubles et à leur physiopathologie restent ouvertes. De plus, les données sur les tissus postérieurs oculaires sont difficiles à estimer de façon non invasive et leur interprétation clinique demeure difficile en raison de l'interaction entre de multiples facteurs qui ne peuvent pas être facilement isolés. L'utilisation récente de modèles mathématiques pour des problèmes biomédicaux a permis de révéler des mécanismes complexes de la physiologie humaine. Dans ce contexte très enthousiasmant, notre contribution est consacrée à la conception d'un modèle mathématique et computationnel couplant l'hémodynamique et la biomécanique de l'oeil humain. Dans le cadre de cette thèse, nous avons mis au point un modèle spécifique au patient appelé simulateur virtuel de mathématiques oculaires (OMVS), capable de démêler les facteurs multi-échelles et multi-physiques dans un environnement accessible en utilisant des modèles mathématiques et des méthodes numériques avancés et innovants. De plus, le cadre proposé peut servir comme méthode complémentaire pour l'analyse et la visualisation des données pour la recherche clinique et expérimentale, et comme outil de formation pour la recherche pédagogique. Dans le premier chapitre de la thèse, nous décrivons l'anatomie de l'oeil et la physiopathologie du glaucome. Ensuite, nous définissons les choix de modélisation et l'architecture mathématique de l'OMVS (chapitre 2). Dans le chapitre 3, nous présentons les nouvelles méthodes numériques que nous avons développées, à savoir la technique de décomposition d'opérateur pour résoudre les systèmes EDP-EDO couplés. et la méthode de Galerkin Discontinue Hybride avec conditions limites intégrales. Le quatrième chapitre de la thèse illustre les résultats de la simulation de l'OMVS, en particulier la stratégie de vérification et de validation, ainsi que une étude sur une base de données virtuelle de patients utilisant l'OMVS comme outil de recherche clinique. Enfin, dans le dernier chapitre de la thèse, nous tirons nos conclusions et formulons des perspectives d'avenir.

CHAPITRE 1 Introduction et motivation

L'intérêt pour les modèles mathématiques appliqués aux problèmes biomédicaux a considérablement augmenté dans les dernières années. Cette situation découle des progrès considérables qui ont été réalisés en médecine au cours des dernières années. Dans ce contexte, les cliniciens sont constamment à la recherche de nouvelles techniques pour obtenir des informations spécifiques aux patients de manière non invasive, en particulier en utilisant des modèles mathématiques. Cette croissance incessante a augmenté de façon exponentielle la complexité des mathématiques utilisées pour la description de tels systèmes physiques.

Cette thèse est structurée comme suit : 

Introduction

Grâce à son accessibilité aux mesures et à sa connexion particulière, l'oeil offre une fenêtre unique sur le cerveau, offrant ainsi un accès non invasif à un large éventail de biomarqueurs potentiels qui pourraient aider au diagnostic précoce et aux soins cliniques des maladies neurodégénératives (MND). Cependant, la caractérisation des biomarqueurs oculaires en tant que substituts de l'état vasculaire cérébral ou systémique est loin d'être négligeable. Dans cette thèse, nous nous concentrons sur le glaucome, qui est un MND oculaire qui implique la tête du nerf optique, en fournissant un premier pas vers l'étude du système oeil-cerveau.

Les mesures cliniques sont influencées par de nombreux facteurs qui varient d'une personne à l'autre et ne peuvent être isolées in vivo, ce qui pose de sérieux défis pour l'interprétation de ces mesures. Cette occasion ambitieux, mais extrêmement attrayante, d'utiliser l'oeil comme une fenêtre sur le cerveau constitue la principale raison d'être de notre contribution au projet Eye2Brain. Plus spécifiquement, elle découle de l'idée fondamentale qu'une mesure oculaire per se ne permet pas de tirer de conclusion sur ce qui pourrait être l'état fluidodynamique et/ou métabolique du cerveau d'un patient donné, à moins que certains autres facteurs spécifiques à ce patient ne soient correctement pris en compte. Dans ce cadre, la modélisation mathématique peut fournir des outils quantitatifs pour aider à tenir compte des facteurs propres au patient lors de l'interprétation des biomarqueurs oculaires potentiels. L'utilisation de modèles mathématiques et informatiques pour étudier les biofluides n'est pas une nouveauté. Le système cardiovasculaire a été l'un des premiers systèmes humains à être étudié avec ce type d'approche [59,88] ; plus tard, d'autres organes ont également été étudiés, comme les poumons [69,91] et le cerveau [31,78]. Pourtant, l'intérêt sur l'oeil est très récent, et offre de nombreuses opportunités de développement. Ainsi, motivée par le besoin de méthodes mathématiques et informatiques pour étudier le système oeil-cerveau -que nous appelons Eye2Brain -et aider à l'interprétation des mesures oculaires comme biomarqueurs de l'état du cerveau, cette thèse de doctorat porte sur le développement d'une plateforme multi-composante combinant des descriptions détaillées de l'oeil en vue d'une connexion avec le réseau du cerveau. Le projet Eye2Brain vise plus particulièrement à étudier les interactions entre les biofluides de l'oeil et du cerveau (humeur aqueuse et vitreuse, sang, liquide cérébrospinal), la biomécanique des tissus oculaires (rétine, sclérotique, cornée), l'activité électrique et le métabolisme des neurones. Un tel niveau de complexité nécessite une approche de modélisation multi-échelles et multiphysique. Les modèles en réseau permettent de capturer la dynamique principale de systèmes complexes avec des coûts de calcul relativement faibles, tandis que les modèles 3D détaillés permettent d'interfacer avec des données cliniques de nature 3D, par exemple des images obtenues par résonance magnétique ou tomographie par cohérence optique. Cette thèse est une première tentative pour réaliser ce projet ambitieux et se concentre sur l'hémodynamique du segment postérieur oculaire et la biomécanique des principaux tissus de l'oeil. Pour ce faire, nous avons théorisé et mis en oeuvre des méthodes numériques innovantes, qui gèrent le couplage multi-échelles et multi-physiques (couplage EDPs/EDOs) dans un cadre de calcul haute performance (HPC).

Le développement de cette plateforme informatique articulée, capable de traiter et d'intégrer simultanément des images médicales et des mesures obtenues avec différents instruments sur un même patient, revêt une importance considérable du point de vue clinique. Malgré les progrès significatifs de l'imagerie médicale, il est encore extrêmement difficile pour les méde- • chaque instrument cible différentes parties et fonctions des tissus du patient ; cependant, l'importance relative des diverses mesures peut dépendre de l'état du patient ;

• de nombreux instruments sont dotés de logiciels spécifiques qui tentent de classer les données mesurées comme normales, suspectes ou anormales ; cependant, ces logiciels sont basés sur des cohortes différentes pour la santé et la maladie, ce qui rend difficile la combinaison des résultats.

Ainsi, le développement d'une plateforme articulée capable de fournir aux médecins une vision intégrée de l'état du patient améliorera considérablement leur capacité actuelle de surveiller la santé et de prévenir, détecter, traiter et gérer la maladie d'une manière personnalisée.

Dans le cadre de cette thèse, nous proposons de développer le modèle mathématique de ce système physiologique complexe, en particulier un logiciel d'application en ophtalmologie. L'objectif est de mettre en oeuvre, de tester et de livrer un logiciel qui peut être utilisé dans les cliniques pour améliorer le diagnostic et les soins des maladies oculaires (ex. glaucome, rétinopathie diabétique, dégénérescence maculaire liée au vieillissement) et autres pathologies qui se manifestent également dans les yeux (ex. diabète, hypertension, MND) [71].

Grâce à la collaboration avec le professeur Alon Harris à Indianapolis, nous avons eu l'occasion de comparer et de tester nos idées et nos prévisions avec des centaines d'études prospectives portant sur la structure oculaire, la perfusion oculaire et la circulation sanguine dans les domaines de la santé et des maladies. En particulier nous sommes intéressé aux effets en raison du diabète, glaucome et dégénérescence maculaire liée au vieillissement menées depuis plusieurs décennies au Eugene and Marilyn Glick Eye Institute (Indianapolis, États-Unis).

Nous présentons maintenant le contexte médical de la thèse au moyen de trois sections où nous décrivons : i) la physiologie des tissus oculaires sur lesquels nous nous sommes concentrés ; ii) les quantités significatives d'intérêt et leurs mesures ;

iii) le glaucome et les défis correspondants en médecine. L'oeil est un organe complexe composé de tissus multicouches (Fig. 1.1). On a la sclérotique, le choroïde, la rétine et l'humour vitreux. À l'avant de l'oeil se trouve la cornée, qui est le tissu principal qui interagit avec l'extérieur, ainsi que les chambres antérieure et postérieure remplies de l'humour aqueuse. Les humeurs aqueuses et vitreuses sont séparées par une structure oculaire principalement constituée de iris, cristallin et ligaments.

Anatomie et physiologie oculaires

La sclérotique contient principalement du collagène et quelques fibres élastiques et couvre plus de 80% de la surface du globe oculaire, de la cornée au nerf optique. Son épaisseur varie La rétine est la couche interne sensible à la lumière et est composé de plusieurs sous-couches, qui ont différentes fonctions. La région qui nous intéresse le plus est celle où se trouvent les cellules ganglionnaires de la rétine, en effet ces neurones sont responsables de la transmission de l'information visuelle de la rétine au cerveau via le nerf optique. L'apport de sang oculaire provient principalement du l'artère ophtalmique (OA), qui est situé près du nerf optique. À partir de l'arthrose, l'artère rétinienne centrale (CRA) se ramifie et pénètre dans le nerf optique à environ 10mm derrière le globe oculaire.

Parallèlement à la veine rétinienne centrale (CRV) qui draine le sang de l'oeil, le CRA fonctionne dans la lumière centrale du nerf optique jusqu'à la tête du nerf optique ou lamina cribrosa. L'ARC se divise en quatre artères principales qui nourrissent respectivement les quatre quadrants de la rétine. De la microvasculature rétinienne, le sang est drainé, soulignent quatre veines rétiniennes majeures qui convergent vers le CRV.

Le lamina cribrosa est une extension de la sclérotique, qui permet aux cellules ganglionnaires [35,114,52,120], cependant très récemment, dans certains travaux proposés par Brazile et al. [9], les auteurs ont découvert, grâce aux images très détaillées que, en moyenne, i) seulement 22% des faisceaux de collagène contiennent un vaisseau à l'intérieur ; ii) 21% des vaisseaux de la lamina cribrosa étaient situés à l'extérieur d'un faisceau collagénique.

En outre, les auteurs affirment également que la distribution des vaisseaux sanguins n'a pas de différence significative entre les différentes sous-régions de la lamina.

Quantités d'intérêt et leurs mesures

Dans cette section, nous introduisons les principales quantités d'intérêt dans l'oeil en vue de la description du modèle mathématique dans le chapitre 2. De plus, nous présentons les techniques de mesure pour récupérer les données relatives à ces grandeurs, ce qui donne un aperçu de leur précision et de leur variabilité. L'aperçu de ces grandeurs et de leurs mesures est illustré par la Fig. 1.3. Une des quantités les plus importantes pour notre future enquête est le différence de pression tissulaire translaminaire (TLPd), qui est la différence de pression entre le pression intraoculaire (IOP) et le pression tissulaire rétrolaminaire (RLTp) : L'IOP est la pression des fluides à l'intérieur de l'oeil et elle est déterminée par l'équilibre entre la production et le égouttement de l'humeur aqueuse. Cette pression est mesurée avec le tonomètre par aplanation de Goldmann, qui mesure la force nécessaire pour aplatir une zone de la cornée, calculant ainsi la pression en exploitant la loi Imbert-Fick [36]. Cette précision de mesure est cependant affectée par l'épaisseur centrale de la cornée (CCT) et la rigidité cornéenne, en particulier, une CCT plus épaisse peut donner des mesures de IOP artificiellement élevées, alors qu'une CCT plus mince peut donner des lectures artificiellement basses [6]. Le tonomètre de contour dynamique résout en partie ce problème [68], en effet il est basé sur le principe que lorsque la pointe de l'appareil correspond exactement au contour de la cornée, la pression mesurée par un transducteur placé sur sa pointe est un indicateur précis de la véritable IOP [97]. Le RLTp est la pression des tissus derrière la lamina cribrosa. Cette pression est largement déterminée par la pression à l'intérieur de l'espace sous-arachnoïdien, c'est-à-dire la pression intracrânienne (ICP) [82]. L'ICP est habituellement mesurée au moyen d'une ponction lombaire, une technique invasive dans laquelle une aiguille est insérée dans le canal rachidien pour recueillir le liquide cérébrospinal (CSF). Quelques travaux récents en médecine [83,105,81] et avec des modèles mathématiques [46], cependant, montrent quelques méthodes innovantes 4. GLAUCOME pour estimer ICP de façon non invasive.

T LP d = IOP -RLT p.
En ce qui concerne l'hémodynamique, les mesures pertinentes pour la description et la validation de notre modèle sont principalement les pression systémique de systole et de diastole(SP/DP), la pression artérielle moyenne (MAP) et le flux sanguin rétinien. Le sphygmomanomètre est un instrument clinique qui consiste généralement en un brassard gonflable en caoutchouc appliqué au bras et relié à une colonne de mercure à côté d'une échelle graduée, permettant de déterminer la tension artérielle systolique et diastolique en augmentant et en relâchant progressivement la pression dans le brassard. Pour les mesures du débit sanguin rétinien, nous nous référons à l'imagerie Doppler couleur (CDI) ou échographie Doppler [124], qui utilise l'effet Doppler pour générer une imagerie du mouvement des tissus et des liquides organiques -généralement du sang -et de leur vitesse relative par rapport à la sonde en calculant le décalage de fréquence d'un volume d'échantillon donné. Pour le débit sanguin rétinien, une autre quantité que l'ophtalmologiste peut mesurer est l'oxygénation du sang au moyen de l'oxymétrie rétinienne [60].

Nous discutons donc des propriétés géométriques et matérielles des tissus oculaires. Grâce à l'angiographie par tomographie à cohérence optique (OCTA), nous avons accès aux dimensions, à l'épaisseur et à la structure des vaisseaux de la lamelle et de la rétine [74,128]. Avec le pachymètre, on peut mesurer le CCT. Pour les propriétés des matériaux, nous attirons l'attention sur l'utilisation de l'élastographie par ultrasons et nous nous référons à la littérature abondante en biomécanique oculaire, en particulier à certaines mesures ex-vivo et essais de traction avec analyses mathématiques avancées [64,90,86].

Enfin, nous remarquons que tous les outils cliniques que nous avons mentionnés ci-dessus ne sont pas disponibles dans tous les centres de recherche ou hôpitaux, en particulier le tonomètre de contour dynamique, l'Imagerie Eco Doppler, l'oxymétrie rétinienne et l'élastographie par ultrasons. L'utilisation de l'OCTA devient tout à fait ordinaire pour les ophtalmologistes travaillant sur des patients glaucomateux, qui remplace modérément l'OCT (tomographie par cohérence optique).

Nous insistons sur le fait que l'aperçu présenté n'a pas pour but d'être exhaustif dans le contexte clinique général, mais plutôt de donner quelques idées des instruments et de leur précision qui doivent être pris en compte lors de l'utilisation des données correspondantes pour la modélisation mathématique et les mesures qui ne sont pas encore directement accessibles de nos jours.

Glaucome

Le glaucome est une neuropathie optique caractérisée par la mort progressive des cellules ganglionnaires rétiniennes (RGCs) et une perte de vision irréversible. Le seul facteur de risque traitable du glaucome est une IOP élevée, mais, par exemple, les patients atteints de glaucome de tension normale (NTG) présentent une progression de la maladie même si la IOP est inférieure au seuil approuvé pour utiliser les traitements. Une autre situation clinique intéressante est l'hypertension oculaire (OHT). Dans ce cas, les patients souffrent d'une IOP constamment élevée dans un oeil ou dans les deux yeux en l'absence de signes cliniques de lésion du nerf optique, d'anomalie du champ visuel ou de toute autre pathologie qui pourrait expliquer une IOP élevée.

CHAPITRE 1. INTRODUCTION ET MOTIVATION

On peut donc en conclure que la IOP ne peut être le seul facteur du glaucome.

Des travaux récents ont souligné que d'autres facteurs de confusion doivent être pris en compte dans l'étude du glaucome, par exemple :

• TLPd, c'est-à-dire l'interaction combinée de IOP et RLTp [121,76] ;

• forme oculaire, par exemple la longueur axiale [45,63] ;

• CCT, qui peut modifier largement les mesures de IOP [8].

En plus de ces facteurs qui sont locaux à l'oeil, diverses études suggèrent que des facteurs systémiques peuvent également avoir un impact significatif sur les mécanismes oculaires, tels que :

• niveau de tension artérielle [START_REF] Kerr | A comparison of ocular blood flow in untreated primary open-angle glaucoma and ocular hypertension[END_REF]115] ;

• régulation vasculaire [38] ;

• diabètes [21] ;

• age [61,116,73,72] ;

• sexe [START_REF] Vajaranant | Gender and glaucoma : what we know and what we need to know[END_REF]92] ;

• appartenance ethnique [67,112] ;

• indice de masse corporelle [85] ;

• génétique [62].

Le défi actuel en ophtalmologie est de distinguer les causes des effets pour chaque patient spécifique. Dans ce contexte, l'OMVS peut être utilisé pour identifier les mécanismes impliqués dans la physiopathologie du glaucome et inspecter individuellement l'influence de ces multiples facteurs sur le système global.

CHAPITRE 2

Le Simulateur Virtuel de Mathématiques Oculaires (OMVS)

Comme indiqué dans le premier chapitre de cette thèse (Ch. 1), la lamina cribrosa joue un rôle crucial dans l'équilibre des pressions entre l'oeil et le cerveau. L'IOP ayant certainement un rôle majeur dans le glaucome, nous nous intéressons à la modélisation des phénomènes multiphysiques complexes qui se produisent au niveau de ce tissu oculaire. Plus précisément, dans ce chapitre, nous illustrons l'évolution du cadre de l'environnement de modélisation et de simulation que nous avons développé, appelé Simulateur Virtuel de Mathématiques Oculaires (OMVS), depuis sa caractérisation initiale jusqu'à son état actuel.

Le développement de l'OMVS peut être organisé en différentes étapes de complexité croissante. Dans ce qui suit, nous présentons ces 3 cadres de modélisation mathématique :

• Étape 0 décrit l'hémodynamique du système vasculaire postérieur oculaire à l'arrière de l'oeil au moyen d'un modèle réduit basé sur un système EDO non linéaire ;

• Étape 1 modélise l'hémodynamique du système vasculaire oculaire postérieur par une approche multi-échelle couplant un système d'EDO non-linéaire avec les équations de Darcy 3D dans la lamina cribrosa ;

• Étape 2 rend compte de l'hémodynamique du système vasculaire postérieur oculaire par un système d'EDO non-linéaire, dans la lamina cribrosa par des équations de Darcy 3D, et de la biomécanique de la tête du nerf optique (2a), sclérotique, choroïde, rétine et cornée (2b) par différents systèmes de EDP décrivant leur comportement élastique linéaire.

Une brève description de Étape 0, Étape 1, et Étape 2 sont fournis dans les sections 1, 2, et 3, respectivement. Le contenu de ce chapitre a été publié dans [108].

1 Étape 0

Étape 0 consiste en une simple représentation de la circulation sanguine à l'arrière de l'oeil, en particulier dans les vaisseaux rétiniens centraux, la rétine et la lamina cribrosa. La circulation sanguine est modélisée à l'aide d'un modèle à paramètres globuleux, qui exploite l'analogie électrique à l'écoulement du fluide, [41]. Dans cette analogie, le flux d'un fluide à travers un réseau hydraulique correspond au flux d'un courant électrique à travers un circuit électrique. Ainsi, le volume, le débit, la vitesse du fluide, la pression correspondent respectivement à la charge électrique, au courant, à la densité de courant, au potentiel (voir Tab. 2.1). Le modèle EDO illustré dans la Fig. ?? est une extension du circuit décrit dans [55], c'està-dire nous avons ajouté la description hémodynamique de la lamina cribrosa. Dans le circuit d'origine, la pression externe sur les résistances R cra,3 et R crv,2 est la contrainte effective exercée par la lamelle sur ces vaisseaux, qui a été calculée en soulignant le modèle simplifié FSI (interaction fluide-structure) étudié par [54] sur l'interaction CRA/CRV avec la lamina cribrosa. Dans notre modèle à paramètres globaux (Fig. ??), nous négligeons cette contribution en raison du 1. ÉTAPE 0 13 fait que nous allons introduire une description biomécanique 3D plus détaillée de la lamina cribrosa dans Étape 2 (Ch. ??). Suivant l'analogie électronique-hydraulique, le circuit 0D comprend les éléments suivants :

C 2 C 3 IOP C 1 C 4 C 4 RLT p R cra,1 R cra,2 R cra,3 R cra,4 R r,a1 R r,a2 R r,c1 R r,c2 R r,v1 R r,v2 R crv,1 R crv,2 R crv,3 R crv,4
(a) • résistance linéaire (Fig. 2.2a) : l'analogue hydraulique à la loi d'Ohm indique que le débit volumétrique Q est proportionnel à la différence de pression P 0 -P 1 à travers la résistance, soit

R P 0 P 1 Q (b) (R; Π) P 0 P 1 Q (c) C P 0 P 1 Q (d) U (t) P 1 Q FIGURE 2.
Q = P 0 -P 1 R (2.1) 
où R est la résistance hydraulique ;

• résistance non linéaire (Fig. 2.2b) : cet élément suit la même loi constitutive que la résistance linéaire (Eq. 2.1) avec la différence que la résistance n'est pas une constante, mais dépend d'une pression p e , qui est externe à l'élément :

Q = P 0 -P 1 R(p e ) (2.2) 
Dans notre modèle, nous adoptons les choix suivants pour les résistances non linéaires : [51,93,110]. Pour plus de détails, voir [14] ;

CRA R(p e ) = 1 k 0 p -p e K p k L + 1 -4 (2.3) CRV, veinules R(p e ) =          1 k 0 p -p e K p k L + 1 -4 p ≥ p e K r ρL A 2 ref 1 - p -p e K p 4/3 p < p e (2.4) où k 0 = A 2 ref K r ρ L , K r = 8πµ ρ [100,
• condensateur linéaire (Fig. 2.2c) : le débit de variation dans le temps du volume de fluide V stocké dans un condensateur est égal au débit volumétrique Q. Dans le cas d'un condensateur linéaire, le volume V est égal à la différence de pression P 0 -P 1 multipliée par une constante positive C appelée capacité, soit V = C(P 0 -P 1 ). Ainsi, la loi constitutive d'un condensateur linéaire est la suivante

Q = C d(P 0 -P 1 ) dt (2.5) 
• source de tension (Fig. 2.2d) : l'analogue hydraulique d'une source de tension est un élément qui impose la pression nodale comme P 1 (t) = U (t), où U (t) est une fonction donnée.

Dans les tableaux 2.2 et 2.3 nous reportons les valeurs des paramètres que nous avons utilisés dans la simulation de ce premier modèle, sauf indication contraire dans les résultats (Ch. 4). Les données proviennent de [14].

Le modèle EDO a été implémenté dans OpenModelica [44], Fig. Le framework Étape 0 exploite certains éléments électroniques déjà implémentés dans OpenModelica, en particulier la résistance linéaire, le condensateur linéaire et la source de pression (tension). Cependant, afin de pouvoir reproduire les mécanismes physiologiques liés à la collapsibilité des vaisseaux, nous avons implémenté ces nouvelles classes OpenModelica :

• résistance non linéaire qui suit Eq. (2.4) :

CRV resistor 1 extends Modelica.Electrical.Analog.Interfaces.OnePort; 2 parameter Real k0(quantity = "k0", unit = "ml/(mmHg.s)") "Aref^2/(kr * ro * L), kr=8 * pi * mu/ro"; 3 parameter Real kl(quantity = "kl", unit = "1") "12 Aref^2/(pi * h^2)"; parameter Real k0(quantity = "k0", unit = "ml/(mmHg.s)") "Aref^2/(kr * ro * L), kr=8 * pi * mu/ro"; 3 parameter Real kl(quantity = "kl", unit = "1") "12 Aref^2/(pi * h^2)"; • source de pression sanguine ; dans ce cas, nous avons utilisé la même approche que celle utilisée dans [55] ; nous reconstruisons le profil temporel de la pression artérielle de l'ARC à partir d'une mesure CDI typique de la vitesse artérielle dans la CRA (Figure 2 avons divisé le profil temporel de la tension artérielle de la CRA en 6 parties pour chaque cycle cardiaque : 

Étape 1

Dans Étape 1 de l'OMVS nous cherchons une description plus détaillée de l'hémodynamique de la lamina cribrosa. Puisque ce tissu a une structure similaire à une éponge -voir Ch. 1 pour les détails anatomiques de la lamina cribrosa -nous avons utilisé les équations de Darcy qui décrivent le comportement du milieu poreux.

La modélisation de la lamina cribrosa n'est pas une nouveauté dans le panorama scientifique, en effet ce tissu a suscité beaucoup d'intérêt d'un point de vue biomécanique [35,113,52,84,3,48]. En revanche, peu d'études ont été réalisées sur l'hémodynamique de la lamina [20].

Le modèle innovateur proposé offre une fenêtre unique sur la biomécanique et l'hémodynamique. L'interaction entre ces deux aspects est étudiée dans la section 3, alors que nous nous concentrons ici sur l'importance d'avoir un aperçu de la circulation sanguine. L'originalité de ce modèle est que nous ne considérons pas seulement la principale région d'intérêt -la lamina cribrosa -mais nous prenons également en compte l'armature sanguine à partir de laquelle ce tissu est nourri. De cette façon, nous examinons la rétroaction locale à systémique qui agit sur l'ensemble du système. Par exemple, si la lamina est comprimée dans une certaine région, le flux sanguin peut se redistribuer non seulement dans la lamina elle-même, mais aussi dans les autres vaisseaux liés à cette structure. Afin d'accomplir cette tâche difficile, nous couplons les équations de Darcy avec le système EDO décrit dans la section 1 en utilisant une condition aux limites intégrale (IBC). Dans la section suivante, nous présentons les équations de Darcy dans un cadre qui est significatif du point de vue de l'application cible impliquant des IBCs. Nous précisons ensuite le modèle dans le contexte médical qui nous intéresse. Les nouvelles méthodes numériques que nous avons développées pour discrétiser la formulation considérée sont présentées dans le chapitre 3.

Équations de Darcy avec conditions aux limites intégrales (IBCs)

La nouveauté de notre travail est le développement de conditions limites non standard pour le modèle de Darcy écrit sous forme mixte en raison d'un couplage naturel EDPs/EDOs. Avant d'entrer les détails de notre application qui sont discutés dans le paragraphe 2.2, nous discutons ci-dessous de cette formulation sous forme mixte pour Darcy d'une perspective générale et à un niveau continu. Ainsi, dénotons par Ω un ensemble délimité ouvert de R d , d = 2, 3 représentant le domaine computationnel. La frontière Γ de Ω est divisée en trois sous-ensembles disjoints : Γ D , Γ N , et Γ I . Le but est de résoudre le problème mixte suivant : trouver j, uj, , p de sorte que [5]. De plus, nous avons que f ∈ L 2 (Ω) et K ∈ (L ∞ (Ω)) n×n est une matrice symétrique n × n, uniformément positive définie sur Ω et représente le tenseur de perméabilité. Nous utilisons une notation standard pour les intégrales : pour les fonctions p, q ∈ L 2 (D), nous écrivons (p, q

j + K • ∇p = 0 dans Ω (2.7a) ∇ • j = f dans Ω (2.7b)
) D = D pq si D ⊂ R d , et p, q D = D pq si D ⊂ R d-1 . Introduction d'une fonction fixe φ ∈ H 1/2 (Γ) vérifiant φ| Γ D = 0, φ| Γ I = 1,
nous considérons la formulation variationnelle suivante du problème : find j ∈ H(div ;Ω),

p ∈ L 2 (Ω), p ∈∈ span φ ⊕ H 1/2 00 (Γ N ), où H 1/2 00 (Γ N ) = {ϕ ∈ H 1/2 (Γ) : ϕ = 0 on Γ D ∪ Γ I }, tel que pour tous les v ∈ H(div ;Ω), w ∈ L 2 (Ω), µ ∈ span φ ⊕ H 1/2 00 (Γ N ) nous avons K -1 j, v Ω -(p, ∇ • v) Ω + p, v • n Γ = 0, (2.12a) 
(∇ • j, w) Ω = (f, w) Ω , (2.12b) j • n, µ Γ N ∪Γ I = g N , µ Γ N + I target |Γ I | -1 µ, 1 Γ I , (2.12c) p, µ Γ D = g D , µ Γ D . (2.12d) 
Cette formulation conduit au théorème suivant :

Théorème 1. Pour f ∈ L 2 (Ω), g D ∈ H 1/2 (Γ D ), g N ∈ L 2 (Γ N ), problème (2 
.12) admet une solution unique (j, p, p) satisfaisant 

-∇ • K∇p = f dans Ω, (2.13a) p = g D sur Γ D , (2.13b) 
-K∇p • n = g N sur Γ N , (2.13c 

Modèle de milieu poreux pour la lamina cribrosa

Comme prévu dans l'introduction de cette section, pour décrire le modèle de lamina cribrosa, nous couplons le système de EDP décrit ci-dessus (Eq. 2.7) avec le système de EDO proposé pour Étape 0 de manière naturelle grâce à la formulation mixte avec des IBCs. Plus précisément, nous avons remplacé le modèle réduit dans la zone grise de la Fig. ?? par un modèle 3D de la lamina cribrosa. Le récapitulatif du Étape 1 est esquissé dans la Fig. 2 Les données utilisées pour le modèle 0D sont les mêmes que celles rapportées dans la section 1, en particulier nous nous référons aux tableaux ?? et ??. En ce qui concerne le modèle 3D, la figure 2.6 décrit les conditions limites/interface, qui sont une reformulation des BC proposées par [16] ; i.e. nous avons : Le BC sur Γ ext est crucial pour le couplage temporel et spatial entre Étape 0 et le nouveau modèle de média poreux introduit dans Étape 1 . Ce cadre fournit un zoom dans une région d'intérêt pour la lamina cribrosa, tout en tenant compte de la rétroaction systémique par le circuit 0D. En particulier, la valeur P I sur Γ I est obtenue après avoir résolu la condition intégrale, qui est le noyau pour obtenir le couplage spatial naturel entre le flux 3D (j) et sa représentation 0D dans le circuit (Q I ).

C 2 C 3 IOP C 1 C 4 C 4 RLT p R cra,1 R cra,2 R cra,3 R cra,4 R r,a1 R r,a2 R r,c1 R r,c2 R r,v1 R r,v2 R crv,1 R crv,2 R crv,3 R crv,4
• p = p crv sur Γ int ; • j • n = 0 sur Γ bottom ∪ Γ top ,
Ces conditions reproduisent la physiologie de la lamina. Ce tissu est nourri par les bornes latérales, et finalement le sang est recueilli par la CRV à l'ouverture centrale (Fig. 2.7a). Nous 

Étape 2

Le Étape 2 du OMVS ajoute à l'hémodynamique de Étape 1 une description biomécanique de la lamina cribrosa, puis la partie biomécanique du modèle est étendue dans une seconde étape à la sclérotique, la choroïde, la rétine et la cornée. La version la plus simple de ce modèle est appelée Étape 2a, qui inclut la biomécanique de la lamina cribrosa, alors que le cadre qui incorpore aussi la description des autres tissus oculaires est appelé Étape 2b.

Cette section est structurée comme suit :

• une première sous-section présente les équations utilisées pour la description biomécanique, à savoir le système d'élasticité linéaire ;

• une deuxième sous-section présente le cadre général d'un modèle poroélastique ;

• une troisième sous-section illustre le modèle poroélastique spécifique de la lamina cribrosa que nous avons utilisé pour l'OMVS ;

• une dernière sous-section ajoute la description de la sclérotique, de la choroïde, de la rétine et de la cornée au système poroélastique proposé ci-dessus.

Élasticité linéaire

Suivant une procédure similaire à celle utilisée pour le système de Darcy, nous présentons le développement de conditions limites intégrales pour le modèle élastique linéaire écrit sous la forme mixte. En utilisant la même notation que dans la section 2, nous considérons le domaine de calcul ΩR d avec d = 2, 3, la frontière Γ = ∂Ω = Γ D ∪ Γ N ∪ Γ I . Le but est de résoudre le problème mixte suivant : trouver σ, u de sorte que

Aσ -ε(u) = 0 dans Ω × [0, T ] ⊂ R d × R, (2.16a) ρ ∂ 2 u ∂t 2 = ∇ • σ + F ext dans Ω × [0, T ], (2.16b) 
accompagnée des conditions limites suivantes 

σ • n = g N sur Γ N , (2.17a) 
u = g D sur Γ D , (2.17b) 
Γ I σ • n dΓ I = F target sur Γ I , (2.17c 
: Av = c 1 v + c 2 trace(v)I (2.18)
Dans Eq. (2.18), v est un tenseur de second ordre symétrique dans R d×d . Dans l'hypothèse de matériaux homogènes, isotropes, linéaires, nous avons que

c 1 = 1 2µ , c 2 = -λ 2µ(3λ + 2µ) , (2.19) 
où µ, λ sont les paramètres Lamé [70]. De plus, nous supposons que le terme de force volumétrique

F ext se situe en L 2 (Ω × (0, T )), g D ∈ H 1/2 (Γ D ) = H 1/2 (Γ D ) d , g N ∈ L 2 (Γ N ) = L 2 (Γ N ) d , et F target ∈ L 2 (Γ I ) = L 2 (Γ I ) d .
Avec ces prémisses, nous pouvons écrire la formulation variationnelle du problème : nous cherchons 

σ ∈ S(Ω) = S ∈ R d×d : S = S T , u ∈ L 2 (Ω), û ∈ span φ ⊕ H 1/2 00 (Γ N ) d , où H 1/2 00 [(Γ N )] d = {ϕ ∈ H 1/2 (Γ) d : ϕ = 0 on Γ D ∪ Γ I }, 3. ÉTAPE 2 23 de telle sorte que pour tous v ∈ S(Ω), w ∈ L 2 (Ω), µ ∈ span φ ⊕ H 1/2 00 (Γ N ) d nous avons A σ, v Ω -ε(u), v Ω = 0, (2.20a) -∇ • σ, w Ω + ρ ∂ 2 u ∂t 2 , w Ω = (F ext , w) Ω , (2.20b) σ • n, µ Γ N ∪Γ I = g N , µ Γ N + F target |Γ I | -1 µ, 1 Γ I , (2.20c) û, µ Γ D = g D , µ Γ D . ( 2 
σ : ∇ ∂u ∂t dΩ = Ω λ (∇ • u) I : ∇ ∂u ∂t dΩ + Ω 2µε(u) : ∇ ∂u ∂t dΩ (2.22a) = λ Ω (∇ • u) : ∂ ∂t (∇u)dΩ + 2µ Ω ε(u) : ∂ ∂t (∇u)dΩ (2.22b) = λ Ω (∇ • u) ∂ ∂t (∇ • u)dΩ + 2µ Ω ε(u) : ∂ ∂t ε(u)dΩ (2.22c) = λ 2 d dt ∇ • u 2 L 2 (Ω) + µ d dt ε(u) 2 L 2 (Ω) (2 

Poroélasticité

Nous décrirons la lamina cribrosa comme un milieu poroélastique, où l'hémodynamique et la biomécanique sont combinées pour modéliser le comportement physiologique de ce tissu, dans le but de comprendre les interactions entre ces deux mécanismes biologiques. Pour atteindre cet objectif, nous sommes partis du système poroélastique introduit par Biot [7] et étudié ensuite par [32,30,123,77] : 

     ρ ∂ 2 u ∂t -∇ • σ el -αpI = F el dans Ω × [0, T ] ∂ζ ∂t + ∇ • j = F f l dans Ω × [0, T ] (2 
ζ = 1 M p + α∇ • u (2.25) σ el = µ ∇u + ∇ T u + λ (∇ • u) I (2.26) j = -K ∇p ( 
    ρ ∂ 2 u ∂t -(λ + µ)∇ (∇ • u) -µ∆u + α∇p = F el dans Ω × [0, T ] 1 M ∂p ∂t + α∇ • ∂u ∂t -∇ • K∇p = F f l dans Ω × [0, T ] 3. ÉTAPE 2 25 
A partir de cette formulation, nous introduisons l'hypothèse que l'échange de la teneur en fluide n'est dû qu'à p, c'est-à-dire α ∂ ∂t (∇ • u) ≈ 0. Ainsi, nous obtenons le système simplifié suivant d'EDP : 

     ρ ∂ 2 u ∂t 2 -∇ • σ = F el dans Ω × [0, T ] 1 M ∂p ∂t + ∇ • j = F f l dans Ω × [0, T ] (2 

Modèle poroélastique pour la lamina cribrosa

Pour notre application, nous sommes intéressés par l'utilisation du système poroélastique présenté dans la section précédente pour la modélisation de la lamina cribrosa. L'idée est d'utiliser le cadre hémodynamique de Étape 1 combiné avec la description biomécanique par le modèle proposé dans (2.28).

Dans le contexte de la lamina cribrosa, l'utilisation d'un modèle non linéaire pour décrire la biomécanique de la lamina [?], ou l'utilisation d'un modèle poro-viscoélastique pour caractériser l'interaction entre le flux sanguin et le tissu élastique dans la tête optique [?] sont plus avancés dans certaines parties du présent modèle. La nouveauté que nous apportons, malgré l'hypothèse introduite et l'utilisation d'un modèle linéaire élastique simple, est la conception de ce cadre dans lequel le modèle 3D de la lamina cribrosa n'a pas de conditions limites artificielles mais par un IBC il est couplé avec un système d'EDO représentant la circulation du sang. De plus, l'utilisation des Eq. (2.28) doit être considérée comme une première étape pour créer le "grande image" du système oculaire dans lequel chaque composante mathématique peut être remplacée par des modèles plus sophistiqués et adaptés dès que la recherche évolue.

Nous esquissons le nouveau schéma pour Étape 2a dans la Fig. 2 Les données utilisées pour la partie hémodynamique du modèle sont les mêmes que dans la section 2. Remarque 3. Ci-après, nous ne considérons pas les forces volumétriques externes ou les termes de source volumétrique de fluide, c'est-à-dire F el = 0 et F f l = 0. Pour ce qui concerne la biomécanique, les BC sont représentées dans la Fig. 2.9, c'est-à-dire que nous avons :

• σ el •n = -p cra n sur la limite interne de la lamina ; dans ce cas -par manque d'information biologique -nous avons supposé que toutes les limites internes ressentent la pression au sein de la CRA qui se comprime (signe négatif), alors que d'un point de vue strictement physiologique il existe un sous-ensemble qui est influencé par la CRV ; nous surestimons donc cette pression puisque p cra > p crv ∀t ∈ [0, T ] ;

• σ • n = -IOP n sur la limite supérieure ; le signe négatif indique que l'IOP comprime les tissus ;

• σ • n = -RLT p n sur la limite inférieure ; dans ce cas également, le signe négatif doit indiquer l'effet de compression du CSF derrière l'oeil sur le tissu ;

• u = 0 sur la limite latérale ; en premier lieu, nous n'avons pas considéré l'effet de la sclérotique sur la tête du nerf optique ; cette hypothèse sera retirée dans la section suivante lorsque nous ajouterons la description biomécanique de la sclérotique.

Les valeurs de référence pour les BC pour le Étape 2a sont les suivantes p cra = 80 mmHg, IOP = 15 mmHg et RLT p = 7 mmHg. Les valeurs des coefficients de Lamé pour décrire les propriétés élastiques de la lamina cribrosa sont résumées dans le tableau 2.4 et ont été extraites de [17] et [126] en cas de petits stress (0.0 -8.0 kPa), qui comprennent la gamme physiologique des pressions impliquées dans le cadre réaliste. 4 Biomécanique de la sclérotique, de la choroïde, de la rétine et de la cornée

Dans cette section, nous développons le modèle précédent en introduisant la biomécanique de la sclérotique (Fig. 2.10a), de la choroïde (Fig. 2.10b), de la rétine (Fig. Le modèle hémodynamique est le même que le modèle Étape 2a (Fig. 2.5), ce qui signifie que l'on tient compte du système vasculaire à l'arrière de l'oeil grâce au modèle 0D décrit dans la section 1 et la perfusion sanguine de la lamina cribrosa par un modèle 3D poroélastique présenté dans la section 2. Pour ce qui concerne la biomécanique, nous imposons la continuité des contraintes et des déplacements aux interfaces entre les différents tissus :

σ Γ - int = σ Γ + int [u] Γ - int = [u] Γ + int où Γ - int et Γ +
int sont l'interface gauche et droite des faces internes communes du domaine oculaire. Tableau 2.5 liste tous les BC pour les équations d'élasticité linéaire résolues dans le domaine biomécanique et les valeurs des données utilisées ; les différents panneaux de la Fig. 2.11 illustrent les étiquettes des noms des différentes limites du domaine complexe 3D de Étape 2b.

Dans tableau 2.6, nous reprenons les coefficients de Lamé de chaque tissu oculaire simulé pour le modèle Étape 2b, valeurs qui ont été extraites de [43,37].

CHAPITRE 3 Méthodes numériques

Dans ce chapitre, nous présentons les méthodes numériques adoptées pour résoudre les modèles présentés dans le chapitre précédent. Puisque nous avons adopté la méthode des éléments finis (FEM), nous présentons :

• la discrétisation temporelle, en particulier une nouvelle stratégie de décomposition d'opérateur utilisée pour coupler le système 3D des EDP avec le système non linéaire des EDO ;

• la discrétisation spatiale, en particulier la méthode de Galerkin Discontinue Hybride (HDG) avec un innovant condition limite non standard, c'est-à-dire la condition limite intégrale (IBC).

1 Méthode de décomposition de l'opérateur pour systèmes couplés 3D-0D

L'un des principaux problème dans le contexte des modèles mathématiques pour les applications biomédicales est le choix de la région d'intérêt et, par conséquent, des conditions aux limites (BC). Pour éviter un comportement artificiel dû à une mauvaise sélection des BC (par exemple reflux, oscillations de pression parasites), en particulier pour l'hémodynamique, nous avons décidé de coupler la région d'intérêt, qui est décrite avec un modèle tridimensionnel, avec la caractérisation de la circulation sanguine à l'arrière de l'oeil avec une approche paramétrique (voir Fig. 3.1). De cette façon, nous incorporons également la circulation sanguine dans la rétine sans augmenter l'effort de calcul.

Le défi introduit par un couplage 3D-0D est principalement dû à l'instabilité des méthodes numériques ou encore au coût de calcul. Dans la littérature, de nombreuses approches différentes ont été proposées et plusieurs équipes [49,13]. Notez cependant que ce couplage innovant est une technique de fractionnement du temps qui ne prend pas en compte les éventuels problèmes spatiaux multi-échelles. La formulation HDG que nous allons décrire dans la section suivant (Sec. 3) soutient la solution directe de la condition limite intégrale sans aucune sous-itération. Cette stratégie permet de calculer en même temps la pression sur cette frontière, obtenant ainsi un couplage spatial naturel entre la 3D et le 0D. La méthode de division des opérateurs présentée dans ce chapitre a été publiée dans [57].

Notation introductive

Dans le but d'expliquer la nouvelle méthode de décomposition des opérateurs que nous proposons, nous étendons notre discussion à un cadre plus général, esquissé dans la Fig. 3 du modèle introduit dans le chapitre 2 (Eq. 2.28) : Avant de procéder à une analyse plus approfondie de ce système, introduisons d'autres notations : pour n = 2 ou 3, étant donné les fonctions à valeur vectorielle v, w : (0, T ) → R n , le champ vecteur ϕ : Ω × (0, T ) → R n et le champ tenseur C : Ω × (0, T ) → R n×n , nous avons : 

.2. R b C b Ω Υ Γ I P I Q I Π 1
1 M ∂p ∂t + ∇ • j = f dans Ω × (0, T ) (3.1a) j + K ∇p = 0 dans Ω × (0, T ) (3 
j • n = g N sur Γ N × (0, T ) (3.2) p = g D sur Γ D × (0, T ) (3.3) et les conditions d'interface avec le circuit Υ Γ I u • n = Q I sur Γ I × (0, T ) (3.4a) p| Γ I = P I sur Γ I × (0, T ) (3.4b) Q I (t) = P I -Π 1 R b sur Γ I × (0, T ) (3.4c) où ∂Ω = Γ = Γ D ∪ Γ N ∪ Γ I avec Γ I étant l'
∈ R 2 Ω ∈ R 3 Ω ∈ R 2 Ω ∈ R 3 pression Kg m -1 s -2 Kg m -1 s -2 différence de pression Kg m -1 s -2 Kg m -1 s -2 volume m 2 m 3 m 2 s -1 m 3 s -1 débit m 2 s -1 m 3 s -1 m 2 s -2 m 3 s -2
v 2 = n i=1 v 2 i ϕ 2 L 2 (Ω) = Ω ϕ • ϕ C 2 L 2 (Ω) = Ω C : C ( 
v C = v, C v .

Énergie du système

Afin de dériver l'énergie du système, nous calculons la formulation variationnelle des EDP décrites par (3.1) :

Ω 1 M ∂p ∂t q + Ω ∇ • j q = Ω f q ∀q ∈ L 2 (Ω); utilisant j = -K : ∇p, on obtient Ω 1 M ∂p ∂t q + Ω ∇ • (-K∇p) q = Ω f q ∀q ∈ L 2 (Ω).
En introduisant l'hypothèse de l'isotropie K = kI -avec k ≥ 0 pour la définition du coefficient de perméabilité -et en utilisant la formule de Green nous inférons que

Ω 1 M ∂p ∂t q + k Ω ∇p • ∇q -k ∂Ω ∇p q • n dσ = Ω f q ∀q ∈ L 2 (Ω)
Pour calculer l'énergie associée au système EDP, on choisit d'abord pour la fonction test q = p ∈ H 1 0,Γ D (Ω) pour obtenir l'équation suivante :

Ω 1 M ∂p ∂t p + k Ω |∇p| 2 -k Γ N ∪Γ I ∇p p • n dσ = Ω f p.
Ensuite, en substituant le BC (3.2) et (3.3), et en utilisant les hypothèses sur Γ I que Q I et P I sont constants dans l'espace (Eq. (2.14)), nous avons • si y j est une pression ou une différence de pression, alors U jj est une capacité ;

d dt 1 2 1 M p 2 L 2 (Ω) E pde + k ∇p 2 L 2 (Ω) D pde = Ω f p - Γ N g N p dσ F pde -P I (t) Q I (t) (3.8a)
• si y j est un volume, alors U jj est l'inverse d'une capacité ;

• si y j est un débit, alors U jj est une inductance. • U ode représente toutes les contributions des résistances et des condensateurs du circuit 0D ;

y j U jj physical units Ω ∈ R 2 Ω ∈ R 3 pression capacité kg -1 m 3 s 2 kg -1 m 4 s 2 différence de pression capacité kg -1 m 3 s 2 kg -1 m 4 s 2 volume inverse d'une capacité kg m -3 s -2 kg m -4 s -2 débit inductance kg m -3 kg m -4
• F ode représente le forçage du système de circuit 0D dû à des générateurs de courant ou de tension ;

• b, U y représente la contribution due à la connexion EDP-EDO.

Si nous combinons (3.8) et (3.12), nous obtenons l'équation suivante du bilan énergétique :

d dt (E pde + E ode ) + D pde + U ode = F pde + F ode + b, U y -P I (t) Q I (t) G (3.13) 1. MÉTHODE DE DÉCOMPOSITION DE L'OPÉRATEUR POUR SYSTÈMES COUPLÉS 3D-0D37
En raison de la connexion de couplage résistif-capacitif, nous avons choisi d'interfacer le domaine Ω avec le compartiment de paramètres Υ (voir Fig. 3.2), nous avons ce b, U y = Π 1 : Q I . Considérant Eq. (3.4c), on obtient 

G = b, U y -P I Q I = Π 1 Q I -P I Q I = -R b Q 2 I = -D RC Enfin,

Analyse dimensionnelle

Dans ce paragraphe, nous effectuons une analyse dimensionnelle dans le cas du couplage d'un modèle EDP 3D avec un circuit 0D. En utilisant les informations fournies par le tableau 3.1 il est facile d'obtenir des résultats similaires pour un modèle EDP 2D. Nous calculons les unités de dimensions pour les principales entrées d'énergie du modèle EDP 3D :

• énergie

E pde = 1 M Ω d dt [p] 2 = ms 2 Kg m 3 s N m 2 2 = m 4 s Kg m 2 Kg 2 s 4 m 4 = m 2 Kg s 3
• dissipation

D pde = K Ω [∇p] 2 = m 3 s Kg m 3 1 m N m 2 2 = m 6 s Kg 1 m 6 m 2 Kg 2 s 4 = m 2 Kg s 3
A titre d'exemple, nous effectuons également l'analyse dimensionnelle de l'énergie du circuit 0D pour différents types de variables d'état (voir Tab. 3.1 et 3.2 pour les unités) :

• pression ou différence de pression

E ode = d dt [U j ] [y j ] 2 = 1 s [C] Kg 2 m 2 s 4 = Kg 2 m 2 s 5 m 4 s 2 Kg = m 2 Kg s 3
• volume

E ode = d dt [U j ] [y j ] 2 = 1 s 1 C m 6 = m 6 s Kg m 4 s 2 = m 2 Kg s 3
• débit

E ode = d dt [U j ] [y j ] 2 = 1 s [L] m 6 s 2 = m 6 s 3 Kg m 4 = m 2 Kg s 3
De même, cette procédure peut être exécutée sur toutes les autres entrées d'énergie pour la partie EDP et la partie EDO en utilisant n'importe quel type de variable, obtenant -pour le cas

Ω ∈ R 3 -les unités m 2 Kg s 3 .

Technique de décomposition de l'opérateur

Le système couplé EDP-EDO présenté dans le chapitre 2 présente plusieurs non-linéarités, par exemple l'interaction entre IOP/RLTp et la pression sanguine dans le CRV (Eq. (2.4)). De plus, en raison du caractère multi-échelle du problème, le couplage entre la lamina cribrosa et la circulation sanguine à l'arrière de l'oeil est très difficile. Pour surmonter ces difficultés, de nombreux schémas de couplage ont déjà été développés dans différents contextes. Par exemple, dans [15,34,102,47,129,40] les auteurs proposent des méthodes robustes et stables basées sur des algorithmes implicites ou entièrement couplés, qui sont cependant assez exigeants en termes de temps de calcul. D'autres approches sont basées sur des schémas semi-implicites [39,99], monolithiques [87] ou explicites avec utilisation d'un terme de pénalité [START_REF] Bellezza | The optic nerve head as a biomechanical structure: initial finite element modeling[END_REF]. Ainsi, l'idée de diviser notre problème n'est pas nouvelle dans la littérature. La nouveauté de la technique que nous présentons est la mise en oeuvre de la séparation pour un système Darcy-EDO dans le but de préserver l'identité énergétique au niveau continu.

Considérons maintenant le problème 3D décrit par Eq. (3.1) couplé au modèle 0D défini par Eq. (3.5). Nous l'approchons dans le temps en utilisant le schéma de Lie [49,50]. Le schéma du
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Lie peut se résumer comme suit. Considérons le problème de valeur initiale suivant :

∂φ ∂t + A(φ) = 0 dans (0, T ), φ(0) = φ 0 , (3.16) 
où A est un opérateur non linéaire d'un espace de Hilbert en lui-même. Supposons que l'opérateur A ait une décomposition non triviale

A = I i=1 A i (3.17)
Ensuite, la solution du problème de la valeur initiale 3.16 peut être approximative par le schéma suivant :

Soit ∆t > 0 une étape de discrétisation du temps. Dénotez t n = n ∆t et laissez φ n être une approximation de φ(t n ). Set φ 0 = φ 0 . Ensuite, pour n ≥ 0 calculez φ n+1 en résolvant Les détails du décomposition sont présentés ci-dessous.

∂φ i ∂t + A i (φ i ) = 0 dans (t n , t n+1 ), φ(t n ) = φ n+(i-

Two-step splitting

Soit t n = n∆t avec ∆t le pas de temps. Nous introduisons la notation discrète pour la pression dans le domaine 2D/3D Ω et le vecteur des inconnues dans le circuit Υ :

p n = p(t n ) y n = y(t n ).
Considérant l'estimation de l'énergie présentée à le paragraphe 1.2 au niveau continu, nous en déduisons que pour atteindre une stabilité inconditionnelle dans le temps, nous pouvons adopter l'approche en deux étapes suivante : considérée p n , y n pour n ≥ 0, résoudre Étape 1.

1 M ∂p ∂t + ∇ • j = f dans Ω × (t n , t n+1 ) K ∇p + j = 0 dans Ω × (t n , t n+1 ) dy dt = b(y, t) dans (t n , t n+1 )
+ interface, conditions aux limites et conditions initiales

p(t n ) = p n y(t n ) = y n puis définir p n+ 1 2 = p(t n+ 1 2 ) y n+ 1 2 = y(t n+ 1 2 ) j n+ 1 2 = j(t n+ 1 2 ) Étape 2. ∂p ∂t = 0 dans Ω × (t n , t n+1 ) dy dt + A y = s(t) dans (t n , t n+1 ) + conditions initiales p(t n ) = p n+ 1 2 y(t n ) = y n+ 1 2 puis définir p n+1 = p(t n+1 ) = p(t n+ 1 2 ) y n+1 = y(t n+1 ) j n+1 = j(t n+1 ) = j(t n+ 1 2 )
En particulier, nous soulignons le décomposition que nous avons appliqué au terme de forçage pour le système de circuit dans Eq. (3.6), c'est-à-dire nous avons découplé les contributions dues à l'interface entre Ω et Υ (b(y, t)) et celles qui proviennent des sources et puits du circuit (s(y, t)).

Nous calculons maintenant l'identité énergétique de l'algorithme en deux étapes proposé. Premièrement, la formulation variationnelle de la première équation de l'Étape 1 :

Ω 1 M ∂p ∂t q + Ω ∇ • j q = Ω f q ∀q ∈ L 2 (Ω) t ∈ (t n , t n+1 ) utilisant j = -kI : ∇p (hypothèse d'isotropie) et la formule de Green que nous obtenons Ω 1 M ∂p ∂t q + k Ω ∇p • ∇q -k ∂Ω ∇p q • n dσ = Ω f q ∀q ∈ L 2 (Ω) t ∈ (t n , t n+1 ).
Pour calculer l'énergie associée à l'Étape 1, nous choisissons d'abord pour la fonction de test q = p ∈ H 1 0,Γ D (Ω) pour la première équation et nous exécutons le produit scalaire entre la troisième équation de l'Étape 1 et U y. Ainsi, nous obtenons :

     Ω 1 M ∂p ∂t p + k Ω |∇p| 2 -k Γ N ∪Γ I ∇p p • n dσ = Ω f p t ∈ (t n , t n+1 ) dy dt , U y = b, U y t ∈ (t n , t n+1 )
Ensuite, nous utilisons les Eq. (??), (??) et (2.14) sur la première équation, et nous la somme à la seconde équation, nous avons pour t ∈ (t n , t n+1 )

d dt 1 2 1 M p 2 L 2 (Ω) + 1 2 y U E 1 + k ∇p 2 L 2 (Ω) D 1 = Ω f p - Γ N g N p dσ F 1 + b, U y -P I (t) Q I (t) -G 1 (3.19a)
ou, de façon équivalente,

d dt E 1 + D 1 + G 1 = F 1 t ∈ (t n , t n+1 ). (3.19b) où • E 1 représente l'énergie à l'Étape 1 ;
• D 1 représente la dissipation dans le domaine EDP ;

• G 1 représente la contribution due à la connexion EDP-EDO ;

• F 1 représente le terme de forçage dans le domaine EDP.

Considérant que

D 1 ≥ 0 ∀t ∈ (t n , t n+1 ) et G 1 = -b, U y + P I (t) Q I (t) = R b Q 2 I ≥ 0 ∀t ∈ (t n , t n+1 ), if F 1 s'évanouit, alors nous avons d dt E 1 ≤ 0 ∀t ∈ (t n , t n+1 ) ce qui conduit à l'inéga- lité E 1 (t n+1 ) ≤ E 1 (t n ) ∀n ≥ 0 (3.20)
Eq. 3.20 indique que l'énergie physique de l'Étape 1, en l'absence de force extérieure, diminue avec le temps.

De même, pour l'Étape 2, nous obtenons :

     Ω ∂p ∂t p = 0 t ∈ (t n , t n+1 ) dy dt , U y + A y, U y = s, U y t ∈ (t n , t n+1 )
Ensuite, nous utilisons les mêmes étapes que pour le cas continu, et nous additionnons les deux équations, en obtenant :

d dt 1 2 p 2 L 2 (Ω) + 1 2 y U E 2 + y, B y U 2 = s, U y F 2 (3.21a) (3.21b)
ou, de façon équivalente, 

d dt E 2 + U 2 = F 2 t ∈ (t n , t n+1 ). ( 3 
1 ∆t E n+ 1 2 1 + D n+ 1 2 pde,1 + D n+ 1 2 RC,1 = 1 ∆t 1 M Ω p n p n+ 1 2 + y n , U y n+ 1 2 (3.23) où E n+ 1 2 1 = E n+ 1 2 pde,1 + E n+ 1 2 ode,1 et E n+ 1 2 pde,1 = 1 M p n+ 1 2 2 L 2 (Ω) E n+ 1 2 ode,1 = y n+ 1 2 2 U D n+ 1 2 pde,1 = k ∇p n+ 1 2 2 L 2 (Ω) D n+ 1 2 RC,1 = R b Q n+ 1 2 I 2
En utilisant l'inégalité de qui fournit une limite supérieure pour la norme de la solution quelle que soit la taille du pas de temps, assurant ainsi stabilité inconditionnelle de l'algorithme.

Remarque 6. Dans l'Étape 1 de l'algorithme suggéré, nous traitons implicitement les contributions de la connexion 3D-0D, représentée par b(P I , Q I , t). Ce choix nous permet d'évaluer toutes les quantités en G en même temps, en fournissant une expression définie pour le terme de dissipation D RC dans l'estimation énergétique même au niveau discret. Ainsi, nous proposons un schéma de décomposition en deux étapes qui assure la stabilité numérique par rapport à la discrétisation temporelle sans introduire de termes artificiels non contrôlés dans l'énergie [4,42].

Remarque 7. L'algorithme proposé de décomposition en deux étapes de l'opérateur présente une convergence de premier ordre dans le temps [49]. La convergence du second ordre pourrait être obtenue par une forte symétrie, en combinaison avec des algorithmes de discrétisation temporelle qui sont au moins du second ordre dans le temps [49].

Méthode de Galerkin Discontinue Hybride (HDG)

Dans cette section, nous présentons notre contribution à la méthode Hybridizable Discontinuous Galerkin (HDG), qui est également disponible dans [5]. Nous adoptons cette discrétisation, car l'un des plus gros problèmes en calcul biologique, en particulier pour les petits systèmes, est la grande précision que tous les modèles exigent pour pouvoir reproduire des comportements physiologiques. Ce type de méthode d'éléments finis mixtes n'est pas nouveau dans la littérature [28], mais notre contribution dans le monde de l'analyse numérique est la théorisation et la mise en oeuvre de la condition limite intégrale (IBC) pour HDG. Les avantages du HDG sont : (i) l'équation est appliquée élément par élément, ce qui conduit à une propriété localement conservatrice ;

(ii) des propriétés de convergence optimales pour les variables primaires et doubles.

Ces caractéristiques induisent un coût de calcul énorme, qui peut être largement atténué par la condensation statique décrite dans le paragraphe 3.3. Remarque 8. L'utilisation d'une formulation de HDG combinée à l'IBC permet la solution directe de la pression sur cette enveloppe sans aucune sous-itération.

Notation introductive

Considérons le modèle elliptique suivant, problème de valeur limite elliptique de second ordre écrit en Eq. 2.7. Compte tenu de l'approximation par éléments finis, nous partageons Ω dans l'union de d-simplices K, de triangles droits fermés si d = 2 et de tétraèdres droits fermés si d = 3, et nous désignons par T h -appelé triangulation -la collection des éléments K de sorte que Ω = ∪ K∈T h K. Pour chaque K ∈ T h , nous désignons par h K le diamètre de K. Nous laissons h := max Nous laissons F h désigner la collection de tous les visages de T h , dont l'union forme le squelette de la décompositionT h . L'ensemble F h se divise naturellement en sous-ensemble F Γ h de faces appartenant à Γ, limite du domaine Ω, et en sous-ensemble de faces appartenant à l'intérieur de Ω, désigné par F 0 h . Enfin, en supposant que la décomposition T h est telle que pour tous les visages F en F h avec F ⊂ Γ soit F ⊂ Γ D , F ⊂ Γ N ou F ⊂ Γ I , les ensembles de faces limites peuvent être divisés en sous-ensembles F Γ D h , F Γ N h , et F Γ I h , qui correspondent aux limites où nous imposons Dirichlet, Neumann et condition intégrale, respectivement.

Si nous désignons q une fonction à valeur vectorielle, nous pouvons définir le saute de la trace normale de q sur F comme suit

q F := q K 1 • n ∂K 1 | F + q K 2 • n ∂K 2 | F .
(3.31) où K 1 et K 2 sont deux éléments adjacents.

Présentons maintenant les espaces d'éléments finis

V h = K∈T h V (K), W h = K∈T h W (K) (3.32a) M h = span φ ⊕ F ∈F 0 h ∪F Γ N h M (F ) (3.32b) avec φ ∈ L 2 (F h ) défini comme φ F = 1 ∀F ∈ F Γ I h , φ | F = 0 ∀F ∈ F h \ F Γ I h , et avec V (K) = P k (K), W (K) = P k (K), M (F ) = P k (F ), (3.33) 
où P k (K) (resp. P k (F )) désignent l'espace des polynômes de degrés inférieurs ou égaux à celui qui k sur K (resp. F ), et où P k (K) = (P k (K)) d . Définitions (3.32) et (3.33) implique que les fonctions appartenant à V h et W h sont, en général, discontinues entre les bords des éléments en 2D et les faces des éléments en 3D de T h , tandis que les fonctions dans M h sont discontinues à travers les sommets des éléments en 2D et les bords des éléments en 3D de F h \ F Γ I h , à valeur unique sur chaque face F ∈ F h de la structure de T h et constante sur Γ I .

Les fonctions de M h jouent le rôle de "connecteurs" entre éléments adjacents qui, autrement, seraient irrémédiablement découplés dans le processus de discrétisation. Pour une interprétation mécanique du rôle de liaison interélément de l'espace M h , voir [17] Les variables dépendantes j h et p h sont les approximations de j et p à l'intérieur de chaque élément K ∈ T h , alors que la variable dépendante p h est l'approximation de la trace p sur chaque face de F h . Le flux numérique normal (3.34) est caractéristique d'une classe particulière de méthodes HDG, les méthodes dites d'hybridation locale discontinue de Galerkin (LDG-H) proposées et étudiées dans une série d'articles précurseurs [23,25,27,24]. La quantité τ ∂K est un paramètre de stabilisation non négatif et peut prendre des valeurs différentes sur chaque face F ∈ ∂K selon l'élément de maillage auquel appartient F . On remarque que si τ ∂K O(h -1 ), le deuxième terme à droite de (3.34) peut être considéré comme une diffusion artificielle, justifiant ainsi le nom stabilization parameter attribué à τ ∂K .

∈ V h , ∀w h ∈ W h et ∀µ h ∈ M h K∈T h (K -1 j K h , v K h ) K + (p K h , ∇ • v K h ) K + p h , v K h • n ∂K ∂K = 0, (3.35a) 
K∈T h -(j K h , ∇w K h ) K + j ∂K h • n ∂K , w K h ∂K = K∈T h (f, w K h ) K , (3.35b) 
Les équations (3.35a) et (3.35b) sont la contrepartie discrète HDG des équations (3.32a) et (3.32b), respectivement. Ces équations discrètes tiennent à l'intérieur de chaque K ∈ T h et peuvent être résolues pour chaque K pour éliminer j K h et p K h en faveur de la variable p ∂K h . Cette procédure d'élimination est appelée condensation statique et a été introduite pour la première fois dans [33] dans le contexte des méthodes mixtes doubles pour l'équilibre dans l'analyse des contraintes et, ultérieurement, dans in [2] dans le contexte de l'analyse et l'application de la méthode mixte double-hybridé éléments finis. Dans [2], il a été prouvé que p h | F 0 h peut aussi être interprété comme un Lagrange multiplier associé à la condition de continuité (3.36). De même, nous pourrions prouver que p h | Γ I est le multiplicateur associé à la condition limite intégrale (3.39), impliquant ainsi la condition du côté gauche de (2.10). La condition limite de Dirichlet est appliquée à la variable dépendante p h par une projection L 2 de g D décrite par Eq. (3.37). Plus de détails à ce sujet sont fournis dans [5].

Analyse d'erreur

Soit (j, p) la solution du problème défini par Eqs. (2.7a) et (2.7b) avec condition limite décrite par Eqs. (2.8), (2.9) et (2.10). Nous observons que p ∈ H 1 (Ω) nous permet de définir p comme la trace de p sur le squelette. Afin de prouver une estimation d'erreur nous commençons par la considération suivante : soit P M h : L 2 (F h ) → M h la projection L 2 sur M h . Grâce à la définition de M h , il n'est pas difficile de réaliser que la valeur de P M h ( p)| Γ I est la moyenne de p on Γ I . Puisque cette fonction est une constante, nous avons P M h ( p) = p = p sur Γ I .

(3.40)

Au vu de cette observation, le résultat de Théorème 3.4 dans [22] tient avec la preuve inchangée. Par souci d'exhaustivité, vérifions ceci en retraçant les étapes d'une telle preuve.

Nous commençons par remarquer que la solution continue (j, p, p) est suffisamment régulière pour qu'elle vérifie, Définissons maintenant Πj = (Π K j) K∈T h , Πp = (Π K p) K∈T h avec Π K j ∈ P k (K) et Π K p ∈ P k (K), comme in [22], par Nous avons (Théorème 3.3 de [22]) 

∀v h ∈ V h , ∀w h ∈ W h et ∀µ h ∈ M h , K∈T h (K -1 j, v K h ) K -(p, ∇ • v K h ) K + p, v K h • n ∂K ∂K = 0, (3.41a) K∈T h -(j, ∇w K h ) K + j • n ∂K , w K h ∂K = K∈T h (f, w K h ) K , (3.41b 
(Π K j, v) K = (j, v) K ∀v ∈ P k-1 (K) (3.42a) 
Π K j -j K h k+1 K |j| k+1,K + h k+1 K τ ∂K |p| k+1,K , (3.44a) 
Π K p -p K h k+1 K τ ∂K |p| k+1,K + h k+1 K τ -1 ∂K |∇ • j| k+1,K (3.44b 
v h ∈ V h , w h ∈ W h , et µ h ∈ M h ⊂ M h , il tient K∈T h (K -1 e K j , v K h ) K -(e K p , ∇ • v K h ) K + e p , v K h • n ∂K ∂K = K∈T h (K -1 (Π K j -j), v K h ) K , (3.45a 
(K -1 Π K j, v K h ) K -(Π K p, ∇ • v K h ) K + P M h p, v K h • n ∂K ∂K = (K -1 (Π K j -j), v K h ) K , -(Π K j, ∇w K h ) K + Π K j • n ∂K + τ ∂K (Π K p -p), w K h ∂K = (f, w K h ) K .
En soustrayant les équations discrètes (3.35a) Le terme à droite est lié grâce à ((3.44a)).

Il n'est pas difficile de vérifier que l'argument de dualité utilisé dans [26] pour lier e p 0,Ω reste inchangé également dans le présent cadre. En fait, pour la solution w φ à -∆w φ = φ dans Ω, φ = 0 sur ∂Ω, la fonction ω φ h définie sur chaque face F comme la projection L 2 (F ) de w φ | F sur P k (F ) vérifie w φ h ∈ M h . On obtient alors que, si Ω est tel que φ ∈ L 2 (Ω) implique w φ ∈ H 2 (Ω), on peut relier e p 0,Ω h min{k,1} Πj -j 0,Ω .

Condensation statique

Dans cette section, nous allons décrire comment le système (3.34)-(3.35c) peut être condensé statiquement sur un système linéaire global où seule la trace de la solution sur les limites des éléments du maillage apparaît. Le système global qui en résulte est plus petit que celui d'autres CHAPITRE 3. MÉTHODES NUMÉRIQUES méthodes de Galerkin Discontinue avec une précision comparable [25], ce qui a suscité un intérêt renouvelé pour le HDG. Après avoir résolu le système global, les inconnues peuvent être récupérées localement, en parallèle. Écrivons l'espace pour la trace numérique p h comme suit

M h = M h ⊕ M * h , avec M h = {µ ∈ L 2 (F h ) | µ| F ∈ P k (F ) ∀F ∈ F 0 h ∪ F Γ N h ∪ F Γ D h , µ| F = 0 ∀F ∈ F h \ (F 0 h ∪ F Γ N h ∪ F Γ D h )} M * h = {µ ∈ L 2 (F h ) | µ| F ∈ R ∀F ∈ F Γ I h , µ| F = 0 ∀F ∈ F h \ F Γ I h }. Soit λ 1,h = p h | M h et λ 2,h = p h | M * h .
En utilisant l'intégration par parties, la formulation discrète (3.34)-(3.35c) peut alors être réécrite comme suit Nous considérons les matrices liées aux formes bilinéaires locales 

K∈T h (K -1 j K h , v K h ) K -(p K h , ∇ • v K h ) K + λ 1,h , v K h • n ∂K ∂K + λ 2,h , v K h • n ∂K ∂K = 0, (3.46a) K∈T h (∇ • j K h , w K h ) K + τ ∂K p K h , w K h ∂K -τ ∂K λ 1,h , w K h ∂K -τ ∂K λ 2,h , w K h ∂K = K∈T h (f, w K h ) K , (3.46b 
A K 11 ↔ (K -1 j K h , v K h ) K , A K 12 ↔ (p K h , ∇ • v K h ) K , (3.47a) 
A K 13 ↔ λ 1,h , v K h • n ∂K ∂K , A K 14 ↔ λ 2,h , v K h • n ∂K ∂K , (3.47b 
∪ F Γ N h ∪ F Γ D h ). Ensuite, A K 11 ∈ R n V ×n V , A K 12 ∈ R n V ×n W , A K 13 ∈ R n V ×(NF)n M ,
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A K 22 ∈ R n W ×n W , A K 23 ∈ R n W ×(NF)n M , A K F ∈ R n W ×1 , A K 33 ∈ R (NF)n M ×(NF)n M . Si ∂K ∩ F Γ I h = ∅, nous avons A K 14 ∈ R n V ×1 , A K 24 ∈ R n W ×1 , A K 44 ∈ R 1×1 ≡
    A     J P Λ 1 Λ 2     U =     0 A f 0 0     B (3.

Solveurs locaux

Considérons les tableaux suivants 

A K = A K 11 -A K 12 (A K 12 ) T A K 22 , B K = A K 13 A K 14 -A K 23 -A K 24 , F K = 0 A K f , avec A K ∈ R (n V +n W )×(n V +n W ) et F K ∈ R (n V +n W ) . Si ∂K ∩ F Γ I h = ∅, nous avons B K ∈ R (n V
C K = (A K 13 ) T (A K 23 ) T ∈ R ((NF)n M )×(n V +n W ) , D K = A K 33 ∈ R ((NF)n M )×((NF)n M ) .
Le flux prescrit par la méthode HDG

j ∂K h = j K h | ∂K + τ ∂K (p K h | ∂K -λ 1,h | ∂K -λ 2,h | ∂K ),
induit une forme bilinéaire

µ 1,h , µ 2,h → j K h • n ∂K + τ ∂K (p K h | ∂K -λ 1,h | ∂K -λ 2,h | ∂K ), µ 1,h + µ 2,h ∂K = j K h • n ∂K + τ ∂K p K h | ∂K , µ 1,h + µ 2,h ∂K -τ ∂K λ 1,h | ∂K , µ 1,h ∂K -τ ∂K λ 2,h | ∂K , µ 2,h ∂K ,
dont la représentation matricielle, en utilisant Eq. (3.49), est

C K j K p K -D K λ ∂K 1 λ ∂K 2 = -C K (A K ) -1 B K λ ∂K 1 λ ∂K 2 + C K (A K ) -1 F K -D K λ ∂K 1 λ ∂K 2 = E K f -E K λ ∂K 1 λ ∂K 2 , (3.50) 
avec

E K f = C K (A K ) -1 F K , E K = C K (A K ) -1 B K + D K .

Solveur global et conditions aux limites

Après avoir exprimé pour chaque K ∈ T h le flux numérique en fonction de λ 1,h | ∂K et λ 2,K | ∂K (voir Eq. (3.50)), nous pouvons utiliser les équations restantes, à savoir (3.46d) et (3.46e), pour déterminer réellement λ 1,h et λ 2,h . Puisque la fonction de test µ 1,h ∈ M h est à valeur unique sur chaque face de F h , l'équation (3.46d) applique dans un sens faible la continuité entre éléments de la composante normale j h sur chaque face intérieure j h F , µ 1,h F = 0 ∀ F ∈ F 0 h , et la condition aux limites de Neumann

j h • n, µ 1,h F = g N , µ 1,h F ∀ F ∈ F Γ N h .
De même, Eq. (3.46e) est une équation scalaire unique qui renforce faiblement la condition limite intégrale. Eq. (3.46d) et (3.46e) nécessitent que les matrices E K produites élément par 

Connectivity of the HDG method with IBC

En l'absence de conditions limites intégrales, la méthode HDG a des degrés de liberté dans chaque élément et sur chaque face de F h . Par conséquent, contrairement au cas de la méthode standard de Galerkin Continu (CG), le degré de liberté est associé aux sommets des mailles. Cette propriété rend la méthode HDG extrêmement efficace en ce qui concerne le codage en raison de sa structure de connectivité binaire, c'est-à-dire que deux éléments K 1 et K 2 appartenant à T h partagent leur degré de liberté -y compris ceux de leurs intérieurs -seulement s'ils partagent une face. Ce n'est pas le cas de la méthode CG pour laquelle la continuité nodale aux sommets relie les degrés de liberté d'un certain nombre d'éléments qu'il n'est pas possible de prévoir a priori et qui dépend fortement de la régularité du maillage. Cette question est discutée en détail dans [66] où une comparaison détaillée entre les performances de calcul des méthodes CG et HDG est effectuée dans le cas d = 3. Un exemple des différentes structures de connectivité associées aux approches CG et HDG est montré dans la Figure 3.3 dans le cas de l'espace W h avec degré polynomial k = 3. Des éléments cubiques cubiques continus sont également utilisés pour la méthode CG. Nous voyons que, pour le même degré polynomial, le schéma HDG a une connectivité bien inférieure à celle de la méthode CG.

CHAPITRE 3. MÉTHODES NUMÉRIQUES

La présence d'une condition limite intégrale modifie légèrement la connectivité de la méthode HDG (et CG). Tous les visages F ∈ F Γ I h partagent un même degré de liberté λ 2,h . Ce fait couple tous les degrés de liberté sur ∂K pour tous les éléments K ∈ T h ayant, au moins, une face F ∈ ∂K ∩ F Γ I h . Ainsi, rappelons que nous dénotons par n M la dimension P k (F ), F ∈ F h , la ligne (colonne) de la matrice globale H correspondant à λ 2,h aura autant de rangées de blocs 1 × n M (n M × 1 colonnes de blocs) que le nombre de faces F / ∈ F Γ I h appartenant aux éléments couplés par la condition limite intégrale, c'est-à-dire le nombre de faces dans le groupe suivant

{F ∈ F h | F ∈ ∂K \ F Γ I h , avec ∂K ∩ F Γ I h = ∅, ∀ K ∈ T h }.

Élasticité linéaire

Pour simplifier cette section, nous avons appliqué la méthode HDG aux équations de Darcy, mais nous avons également appliqué cette méthode de discrétisation aux équations d'élasticité linéaire (Eq. (2.16)). En utilisant la même notation introduite au paragraphe 3.1 et en suivant les mêmes étapes que pour les équations de Darcy, nous présentons la formulation HDG finale pour l'élasticité linéaire : 

(Aσ h , v) Ω h + (u h , ∇ • v) Ω h -ûh , v • n ∂Ω h = 0 (∇ • σ h , w) Ω h -ρ ∂ 2 u h ∂t 2 , w Ω h -(τ
) ∈ V h × W h × M o h × M N h × M D h × M I h où V h = v : Ω → R d×d : v| K ∈ [P k (K)] d×d ⊂ S(K) ∀K ∈ Ω h W h = w : Ω → R d : w| K ∈ [P k (K)] d ∀K ∈ Ω d h M h = µ : F h → R d : µ| F ∈ [P k (F )] d ∀F ∈ F h M o h = µ ∈ M h : µ| Γ = 0 M D h = µ ∈ M h : µ| F = 0 ∀F ∈ F h \ Γ D M N h = µ ∈ M h : µ| F = 0 ∀F ∈ F h \ Γ N M I h = µ ∈ M h : µ| F = 0 ∀F ∈ F h \ Γ I avec S =
ensemble de tenseurs symétriques en R d×d . Remarque 9. Remarquez que la symétrie des éléments v ∈ V h est appliquée de manière essentielle dans leur définition [98].

CHAPITRE 4 Résultats

Dans ce chapitre, nous présentons quelques résultats de simulation fournis par l'OMVS. Nous présentons en particulier l'application de notre cadre à une base de données virtuelle clinique.

Origine des données

Les données utilisées pour générer la base de données sont dérivées des valeurs expérimentales rapportées dans la littérature. Dans les tableau 4.1 nous présentons les valeurs et les origines de données synthétique que nous avons adoptées.

Données de 10 patients virtuels

Les données réelles pour 10 patients virtuels sont présentées dans le tableau 4.2. Les choix de l'apport ont été faits afin de couvrir différents cas qui peuvent être significatifs d'un point de vue ophtalmologique. • Sophie est un patient virtuel présentant un risque d'hypertension intracrânienne idiopathique (IIH). Les résultats de la simulation ne diffèrent pas significativement des valeurs de référence (Tony), en fait l'hémodynamique de la lamina cribrosa est plus élevée de 0,2%, le flux CRA est plus faible de 0,3% et le flux CRV diffère de la valeur de référence CRV de moins de 0,1%.

• Luke est un patient virtuel qui souffre d'hypotension intracrânienne. De même, les résultats de la simulation ne sont pas particulièrement différents des valeurs de base. La tension artérielle et la perfusion sanguine de la lamina cribrosa diffèrent du sujet sain (Tony) de 0,2% et 0,4%, respectivement. Les débits sanguins de la CRA et de la CRV sont légèrement plus élevés (0,3%) que les résultats de référence.

• Max est un patient virtuel dont l'IOP est faible. Les résultats de la simulation suggèrent une différence allant jusqu'à 2,2% pour la tension artérielle et jusqu'à 2,4% pour la perfusion sanguine dans la lamina cribrosa. Les débits sanguins de la CRA et de la CRV sont plus élevés que ceux de la ligne de base jusqu'à 4,5% et 13,9%, respectivement.

• Clara est un patient virtuel présentant un risque d'hypotonie oculaire qui souffre d'une faible IOP et d'un faible RLTp. L'hémodynamique de la lamina cribrosa est inférieure aux valeurs de base jusqu'à 2%. CRA et CRV montrent un débit sanguin plus élevé jusqu'à 4,7% et 14,2%, respectivement.
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• Jim est un patient virtuel qui souffre d'hypotonie oculaire mais aussi d'hypertension. Les résultats de la simulation suggèrent une augmentation de la perfusion de lamina cribrosa de 29,6% et une augmentation du débit sanguin CRA/CRV jusqu'à 39,2% et 35,4%, respectivement.

• Jenny est un patient virtuel avec tachycardie. Les profils de pression artérielle et de débit au sein de lamina cribrosa, CRA et CRV atteignent des pics similaires par rapport aux valeurs de base, cependant la fréquence des pics et la forme des profils est légèrement différente comme prévu.

Chez les sujets ayant une IOP élevée (John, Tina, Margaret), il est facile de mettre en évidence une baisse du débit sanguin, surtout dans le CRV. Ce fait peut être très probable en raison de l'effondrement des veines, ce qui est exactement ce que les ophtalmologistes observent d'un point de vue physiologique. Le profil du débit sanguin de la CRV à Margaret est particulièrement intéressant : la tension artérielle au niveau diastolique n'est pas suffisante pour équilibrer la valeur élevée de la IOP de ce sujet. A un certain moment de chaque cycle cardiaque, la valeur de la pression artérielle est inférieure à la valeur cruciale de l'IOP externe et le débit sanguin diminue comme indiqué sur la figure ?? ; la veine s'affaisse puisque la valeur de la pression interne est inférieure à celle de la pression externe.

Comme prévu, une augmentation de la tension artérielle entraîne une augmentation proportionnelle de la perfusion dans la lamina cribrosa, CRA et CRV. En ce qui concerne l'IOP et la RLTp, les résultats de la simulation suggèrent une proportionnalité directe dans la lamina cribrosa alors qu'une proportion inverse est prévue dans les vaisseaux rétiniens centraux. Ce fait peut être corrélé au besoin de sang pour trouver une nouvelle façon de s'écouler en cas de IOP ou de RLTp élevée, en effet une augmentation de ces pressions conduit à une plus grande force externe sur les vaisseaux, ce qui provoque un effondrement des veinules et des veines. Cependant, une augmentation du débit sanguin dans la lamina cribrosa ne signifie pas nécessairement une meilleure perfusion, mais plutôt une augmentation excessive du débit sanguin peut conduire à une explosion de la microvasculature du disque optique.

Observations supplémentaires

Nous avons montré comment l'OMVS est capable de simuler des situations très différentes qui sont toutes significatives d'un point de vue clinique. Ces résultats sont facilement accessibles via l'outil de visualisation en ligne avec les deux différentes plateformes que nous avons mises en place.

En conclusion, dans ce chapitre, nous avons présenté un exemple de recherche clinique sur une base de données virtuelle simple, mais une approche similaire peut être utilisée sur un grand ensemble de données avec des mesures réelles.

CHAPITRE 5 Conclusions et perspectives

Dans cette thèse, nous avons présenté un cadre mathématique et informatique innovant dans le contexte biomédical de l'ophtalmologie.

Partant des défis actuels des maladies oculaires, en particulier le glaucome, nous avons modélisé l'hémodynamique et la biomécanique des principaux tissus de l'oeil. La grande innovation que nous avons apportée du point de vue de la modélisation est le couplage de divers modèles multiphysiques et multi-échelles dans un cadre unifié que nous avons appelé Simulateur Virtuel de Mathématiques Oculaires (OMVS). La clé du succès de cet ambitieux projet est la modularité de l'ensemble du système, qui offre la possibilité de remplacer et d'intégrer des modèles nouveaux ou plus avancés tout en maintenant le même cadre de calcul. Ces résultats significatifs ont été obtenus grâce aux nouvelles méthodes numériques que nous avons développées et qui s'inscrivent parfaitement dans ce contexte mathématique. Plus précisément, le développement d'une approche de discrétisation de Galerkin Discontinue Hybride avec des conditions aux limites non standard et un algorithme de décomposition d'opérateur 3D-0D permettent à l'utilisateur d'atteindre une grande précision dans un environnement flexible sans dépasser le coût de calcul ni perdre en stabilité.

Ce modèle de calcul peut servir comme laboratoire virtuel, ce qui est crucial pour la recherche scientifique, en particulier en biologie et en médecine, car il peut réduire le nombre de tests physiques nécessaires au développement de produits ou à la compréhension des maladies, réduisant ainsi considérablement le coût économique. La U.S. Food & Drug Administration (FDA) souligne que le paradigme actuel de l'évaluation des dispositifs médicaux implique l'examen de données scientifiques provenant de quatre modèles : données animales, données de laboratoire (ou essais en laboratoire), données humaines (essais cliniques) et données provenant de la modélisation informatique (en partie). Cependant, comme le montre la figure 5.1 qui est extraite directement du site Web de la FDA, les orientations futures comprennent davantage de modélisation computationnelle. Ce fait n'implique pas nécessairement le besoin d'un plus grand nombre de données, mais plutôt l'intérêt de moins compter sur les données animales et humaines avec une plus grande influence des données des patients virtuels. Cette idée est également partagée par l'Agence européenne des médicaments (EMA) dans le document officiel expliquant le plan visant à faire progresser l'engagement de l'EMA en matière de science réglementaire au cours des prochaines années (Regulatory Science to 2025 * ).

Comme prochaine étape, nous envisageons d'ajouter à cette conception flexible d'autres travaux que notre groupe de recherche mène en parallèle, par exemple l'intégration directe avec des instruments médicaux comme l'OCTA (Optical Coherence Tomography) [19]. Certaines de ces données sont déjà utilisées, par exemple la profondeur rétinienne et les dimensions de la lamina cribrosa, mais l'utilisateur de l'OMVS a actuellement besoin d'une expertise en imagerie OCTA pour récupérer ces données et les utiliser comme entrées du modèle.

De plus, nous prévoyons quelques extensions afin d'inclure i) la biomécanique de l'humour vitreux [117] ;

ii) la microcirculation dans la rétine et dans la choroïde [START_REF] Aletti | Mathematical modelling and simulations of the hemodynamics in the eye[END_REF] ; iii) l'oxygénation des tissus oculaires [119,18] ; iv) le métabolisme et l'électrochimie dans la région de la tête du nerf optique [107,53,79] ; v) the coupling with the cerebrospinal fluid vasculature [56, Ch. Anatomy and Physiology of the Cerebrospinal Fluid.] ; vi) le système lymphatique [75] couplé avec le modèle présenté en [58] ; vii) la mise en oeuvre de la méthode de réduction de la base de calcul en HDG afin d'accélérer le calcul [96] ; viii) la convergence du second ordre dans le temps pour la méthode de fractionnement par l'opérateur [49] ; ix) l'élaboration d'une stratégie de fendage par l'opérateur pour les problèmes poroélastiques ;

Optic neuropathies such as glaucoma are often late-onset, progressive and incurable diseases. Despite the recent progress in clinical research, there are still numerous open questions regarding the etiology of these disorders and their pathophysiology. Furthermore, data on ocular posterior tissues are difficult to estimate noninvasively and their clinical interpretation remains challenging due to the interaction among multiple factors that are not easily isolated. The recent use of mathematical models applied to biomedical problems has helped unveiling complex mechanisms of the human physiology. In this very compelling context, our contribution is devoted to designing a mathematical and computational model coupling tissue perfusion and biomechanics within the human eye. In this thesis we have developed a patient-specific Ocular Mathematical Virtual Simulator (OMVS), which is able to disentangle multiscale and multiphysics factors in a accessible environment by employing advanced and innovative mathematical models and numerical methods. Moreover, the proposed framework may serve as a complementary method for data analysis and visualization for clinical and experimental research, and a training application for educational purposes. In the first part of the thesis, we describe the anatomy of the eye and the pathophysiology of glaucoma. Next, we define the modeling choices and the mathematical architecture of the OMVS (Part II). In part III we present the complex ocular geometry and mesh along with the new numerical methods we have developed, namely the Hybridizable Discontinuous Galerkin method with Integral Boundary Conditions, and the operator splitting technique for solving coupled PDE-ODE systems. The fourth part of the thesis gathers all the C++ libraries that have been implemented to create and solve the OMVS. Part V illustrates the OMVS simulation results, specifically the verification and the validation strategy, and some clinically meaningful virtual experiments. Then, we propose a preliminary uncertainty quantification study, in particular an analysis on the propagation of uncertainties and a sensitivity analysis using Sobol indices (Part VI). Finally, in the last part of the thesis, we draw the conclusions and characterize different projects that can be integrated in the OMVS in the future. 
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 21 Figure 2.1 -Anatomy of the eye. Courtesy of https://en.wikipedia.org.
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 222 Figure 2.2 -Lamina cribrosa. Panel (a) shows the anatomy and the vascular supply. Courtesy of A.M. Cantagallo [179]. Panel (b) illustrates the micro-structure. Courtesy of https://coggle.it.
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 23 Figure 2.3 -Overview scheme of the main quantities of interest and the instruments to measure them. Courtesy of the Eugene and Marilyn Glick Eye Institute (Indianapolis, USA).
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 31 Electric analogy to fluid flow
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 2 Figure 3.2 -Electrical elements included in the 0D circuit: (a) linear resistor; (b) non-linear resistor; (c) linear capacitor; (d) voltage source.
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 33 Figure 3.3 -Representative cylinder in the Cartesian coordinate system (x; y; z) with cross-section Σ, of length L

Figure 3 . 4 -

 34 Figure 3.4 -Radial displacement on cross-section Σ for compressible tube in the case α < 0

  12 * (1-ni^2) * (h/rref)^3"; Modelica.Blocks.Interfaces.RealInput REF "Pressure that controlled the resistance"; final Modelica.SIunits.Resistance Ractual; final Modelica.SIunits.Voltage DP; equation DP = n.v; Ractual = noEvent( if noEvent(DP < REF) then 1 / k0 * (1 -(DP -REF) / kp) ^(4 / 3) else 1 / k0 * (1 + (DP -REF) / (kp * kl)) ^(-4) ); v = Ractual * i;
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 35 Figure 3.5 -Level 0 circuit implemented in OpenModelica
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 36 Figure 3.6 -Color Doppler Imaging (CDI) blood velocity profile within the CRA. Courtesy of the Eugene and Marilyn Glick Eye Institute (Indianapolis, USA).

  3.1 with a 3D model of the lamina. The overview of Level 1 is sketched in Fig. 4.1.

Figure 4 . 1 -

 41 Figure 4.1 -Schematic overview of Level 1.

  corresponding to the physiological situation where there are no outward fluxes from the top or the bottom surfaces of the lamina; • Γext j • n = Q I and p| Γext = P I on the external lateral boundary, where Q I and P I refer to the variables within the circuit, therefore they are not predetermined.
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 42 Figure 4.2 -Boundary and interface conditions for the 3D Darcy model of the lamina cribrosa.
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 434041 Figure 4.3 -Lamina cribrosa porous media model.
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 51523 Figure 5.1 -Level 2a scheme.
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 53 Figure 5.3 -Ocular tissues introduced in the biomechanical description of Level 2b.
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 54 Figure 5.4 -BCs labels of the OMVS geometry. The original geometry has been clipped along the z-plane in order to view within the eye. For each subfigure, the domain of interest is highlighted in red.
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 61 Figure 6.1 -Process to generate a computational mesh from a CAD drawing using the Salome platform.
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 62 Figure 6.2 -CAD starting image. Courtesy of CEMOSIS † . Code 6.1 -Import CAD † CEnter for MOdeling and SImulation in Strasbourg. http://www.cemosis.fr/
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 546 Face_18,Face_19,Face_20,Face_21,Face_22,Face_23,Face_24,Face_25,Face_26,Face_27,Face_28, Face_29,Face_30] = geompy.ExtractShapes(Retina, geompy.ShapeType["FACE"], True) [Face_1,Face_2,Face_3,Face_4,Face_5,Face_6,Face_7,Face_8,Face_9,Face_10,Face_11,Face_12, Face_13,Face_14,Face_15,Face_16,Face_17] = geompy.ExtractShapes(Sclera, geompy.ShapeType["FACE"], True) [Wire_7] = geompy.ExtractShapes(Face_13, geompy.ShapeType["WIRE"], True) [Wire_8] = geompy.ExtractShapes(Face_14, geompy.ShapeType["WIRE"], True) [Wire_5] = geompy.ExtractShapes(Face_15, geompy.ShapeType["WIRE"], True) [Wire_6] = geompy.ExtractShapes(Face_16, geompy.ShapeType["WIRE"], True) [Wire_3] = geompy.ExtractShapes(Face_26, geompy.ShapeType["WIRE"], True) [Wire_4] = geompy.ExtractShapes(Face_27, geompy.ShapeType["WIRE"], True) [Edge_1,Edge_2,Edge_3,Edge_4] = geompy.ExtractShapes(Wire_3, geompy.ShapeType["EDGE"], True) [Edge_5,Edge_6,Edge_7,Edge_8] = geompy.ExtractShapes(Wire_4, geompy.ShapeType["EDGE"], True) Base_retina = geompy.MakeFuseList([Edge_5, Edge_1], True, True) Base_R = geompy.MakeCDG(Base_retina) Top_Retina = geompy.MakeFuseList([Edge_8, Edge_4], True, True) Top_R = geompy.MakeCDG(Top_Retina) N_Base_retina = geompy.MakeVector(Base_R, Top_R) # Should get vector in the Base_retina plane [P0, P1] = geompy.ExtractShapes(Edge_5, geompy.ShapeType["VERTEX"], True) T0_Base_retina = geompy.MakeVector(Base_R, P0) T1_Base_retina = geompy.CrossProduct(N_Base_retina, T0_Base_retina) [Edge_9,Edge_10,Edge_11,Edge_12,Edge_13] = geompy.ExtractShapes(Wire_5, geompy.ShapeType["EDGE"], True) [Edge_14,Edge_15,Edge_16,Edge_17,Edge_18] = geompy.ExtractShapes(Wire_6, geompy.ShapeType["EDGE"], True) [Edge_19,Edge_20,Edge_21,Edge_22] = geompy.ExtractShapes(Wire_7, geompy.ShapeType["EDGE"], True) [Edge_23,Edge_24,Edge_25,Edge_26] = geompy.ExtractShapes(Wire_8, geompy.ShapeType["EDGE"], True) Inner_Bas_sclera = geompy.MakeFuseList([Edge_19, Edge_23], True, True) Inner_Bas_S = geompy.MakeCDG(Inner_Bas_sclera) Vector_2 = geompy.MakeVector(Base_R, Inner_Bas_S) Lamina_cribosa_Base = geompy.MakeFaceWires([Inner_Bas_sclera], 1) Translation_2 = geompy.MakeTranslationVectorDistance(Base_retina, Vector_2, distance_from_sclera) Lamina_Base = geompy.MakeFaceWires([Translation_2], 1) [Wire_9] = geompy.ExtractShapes(Lamina_Base, geompy.ShapeType["WIRE"], True) Laminia_Top = geompy.MakeTranslationVectorDistance(Lamina_Base, Vector_2, depth) [Wire_10] = geompy.ExtractShapes(Laminia_Top, geompy.ShapeType["WIRE"], True) G_Lamina_T = geompy.MakeCDG(Laminia_Top) Vector_3 = geompy.MakeVector(Inner_Bas_S, G_Lamina_T) Scaled_Lamina_w_hole_1 = None try: DZ_Hole = geompy.BasicProperties(N_Base_retina)[0] DR_Hole = geompy.BasicProperties(T0_Base_retina)[0] # should check if shift is less than DR_Hole-2 * hole if shift > DR_Hole -2 * hole: print "pb with shift size" Base_R_1 = geompy.MakeTranslationVectorDistance(Base_R, N_Base_retina, -0.5 * DZ_Hole) Cylinder_1 = geompy.MakeCylinder(Base_R_1, N_Base_retina, hole, 1.5 * DZ_Hole) Translation_Cyl = geompy.MakeTranslationVectorDistance(Cylinder_1, T0_Base_retina, shift) GEOMETRY AND MESH G_Lamina_Base = geompy.MakeCDG(Lamina_Base) Scaled_Lamina_Base = geompy.MakeScaleTransform(Lamina_Base, G_Lamina_Base, 1.2) Scaled_Lamina_cribosa = geompy.MakePipe(Scaled_Lamina_Base, Vector_3) Scaled_Lamina_w_hole = geompy.MakeCutList(Scaled_Lamina_cribosa, [Translation_Cyl], True) Scaled_Lamina_w_hole_1 = geompy.MakeCutList(Scaled_Lamina_w_hole, [Retina], True) except:

  (a) Zoom on the lamina cribrosa. (b) Cut along the z-plane.
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 63 Figure 6.3 -Geometry of the eye realized with Salome.

Code 6 . 3 -

 63 Set mesh markers ## Set Markers Cornea_3 = Mesh_1.GroupOnGeom(Cornea_2,'Cornea',SMESH.VOLUME) Iris_3 = Mesh_1.GroupOnGeom(Iris_2,'Iris',SMESH.VOLUME) Ligament_3 = Mesh_1.GroupOnGeom(Ligament_2,'Ligament',SMESH.VOLUME) Lens_3 = Mesh_1.GroupOnGeom(Lens_2,'Lens',SMESH.VOLUME) Sclera_3 = Mesh_1.GroupOnGeom(Sclera_2,'Sclera',SMESH.VOLUME) Choroid_3 = Mesh_1.GroupOnGeom(Choroid_2,'Choroid',SMESH.VOLUME) Retina_3 = Mesh_1.GroupOnGeom(Retina_2,'Retina',SMESH.VOLUME) Lamina_3 = Mesh_1.GroupOnGeom(Lamina_2,'Lamina',SMESH.VOLUME) Vein_3 = Mesh_1.GroupOnGeom(Vein_2,'Vein',SMESH.VOLUME) Artery_3 = Mesh_1.GroupOnGeom(Artery_2,'Artery',SMESH.VOLUME) Pia_3 = Mesh_1.GroupOnGeom(Pia_2,'Pia',SMESH.VOLUME) OpticNerve_3 = Mesh_1.GroupOnGeom(OpticNerve_2,'OpticNerve',SMESH.VOLUME) print "Create Groups from Geometry" Out_3 = Mesh_1.GroupOnGeom(Out,'Out',SMESH.FACE) Out_3.SetColor( SALOMEDS.Color( 1, 0.666667, 0 )) Hole_3 = Mesh_1.GroupOnGeom(Hole,'Hole',SMESH.FACE) Hole_3.SetColor( SALOMEDS.Color( 1, 0.666667, 0 )) Hole_3.SetName( 'Hole' ) print "Set Color for BC Groups on Lamina" ## Set names of Mesh objects smesh.SetName(Out_3, 'Out') smesh.SetName(Hole_3, 'Hole') for item in Others: Name = item.GetName() BC_Group_Mesh = Mesh_1.GroupOnGeom(item,item.GetName(),SMESH.FACE) BC_Group_Mesh.SetColor( SALOMEDS.Color( 1, 0.666667, 0.333333 )) print "Set specific BC Groups for Retina" Done = ["Lamina"] for interface in Interfaces: for item in interface: Name = item.GetName() print Name if not Name in Done: Done.append(Name) print "add %s"%Name BC_Group_Mesh = Mesh_1.GroupOnGeom(item,Name,SMESH.FACE) BC_Group_Mesh.SetColor( SALOMEDS.Color( 1, 0.666667, 0.333333 )) print "Set Color for BC Groups on Retina"
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 64 Create and build the computational mesh try: # Create mesh for every solid for solid in Solids: Name = solid.GetName() algo3d = Mesh_1.Tetrahedron(algo=smeshBuilder.NETGEN_1D2D3D, geom=solid) if "Lamina" in Name: lamina_params = algo3d.Parameters() lamina_params.SetMaxSize(hsize_lamina) lamina_params.SetMinSize(hsize_lamina/5) else: eye_params = algo3d.Parameters() eye_params.SetMaxSize(hsize_eye) smesh.SetName(algo3d, solid.GetName() ) print "Define NETGEN Hypothesys" except: print "Failed to define NETGEN hypothesys" # Actually build Mesh try: isDone = Mesh_1.Compute() Mesh_1.ExportMED( "eye.med", 0, SMESH.MED_V2_2, 1, None ,1) print 'Mesh built successfully' except:

  (a) Particular of the lamina cribrosa. (b) Cut along the z-plane.
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 64 Figure 6.4 -Mesh of the eye realized with Salome using NETGEN algorithms.
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 71 Figure 7.1 -Multiscale 3D-0D coupling between the retinal vasculature and the lamina cribrosa.
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 7288 HYBRIDIZABLE DISCONTINUOUS GALERKIN (HDG) METHODRemark The use of HDG formulation combined with IBC supports the direct solution of the pressure on that boundary without any sub-iteration.

Figure 8 . 1 -

 81 Figure 8.1 -Comparison between the connectivity of the Continuous Galerkin (CG) and HDG methods in the case d = 2 without integral boundary conditions. Cubic polynomials are used for both methods. Black circles identify the nodal degrees of freedom of the CG method whereas black circles and black squares identify the degrees of freedom of the HDG method on the boundary and in the interior of each element, respectively. Left panel (CG method): all the elements sharing node I contribute to the connections between node I and the remaining nodes in T h . The number of connections (I, J) is equal to 37. Right panel (HDG method): the two neighboring elements are interconnected by the boundary degrees of freedom highlighted in the light blue rectangle. The number of connections (I, J) is equal to 24.

  auto complement_integral_bdy = complement(faces(M_mesh),[this]( auto const& ewrap ) { auto const& e = unwrap_ref( ewrap ); for( auto exAtMarker : this->M_IBCList) { if(e.hasMarker() && e.marker().value()==this->M_mesh->markerName(exAtMarker.marker())) createSubmesh(M_mesh,complement_integral_bdy,EXTRACTION_KEEP_MESH_RELATION,0); // define function spaces Vh_ptr_t M_Vh = Pdhv<Order>( _mesh=mesh, _extended_dof_table=true ); Wh_ptr_t M_Wh = Pdh<Order>( mesh, true ); Mh_ptr_t M_Mh = Pdh<Order>( face_mesh,true ); // only one degree of freedom Ch_ptr_t M_Ch = Pch<0>(ibc_mesh, true ); // define ibc space auto ibcSpaces = std::make_shared<ProductSpace<Ch_ptr_t,true> >( M_integralCondition, M_Ch); // define the product of all spaces M_ps = std::make_shared<product2_space_type>(product2(ibcSpaces,M_Vh,M_Wh,M_Mh));Next we define the linear and bilinear form on M_ps, which have each their algebraic representation (Code 9.4).

1 . MIXEDPOISSON 89 Code 9 . 4 -

 18994 Variational forms definition for HDG Darcy solve::strategy s = M_useSC?solve::strategy::static_condensation:solve::strategy::monolithic; M_A = makeSharedMatrixCondensed<double>(s, csrGraphBlocks( * M_ps), * M_backend ); M_F = makeSharedVectorCondensed<double>(s, blockVector( * M_ps), * M_backend, false); auto bbf = blockform2( * M_ps, M_A); auto blf = blockform1( * M_ps, M_F);

Code 9 . 5 -

 95 Assemble core of the matrix for HDG Darcy // stabilisation parameter auto tau_constant = cst(M_tauCst); // static condensation correction parameter auto sc_param = M_useSC ? 0.5 : 1.0; // Γ \ Γ IBC auto gammaMinusIntegral = complement(boundaryfaces(M_mesh),[this](auto const& ewrap){ auto const& e = unwrap_ref( ewrap ); for( auto exAtMarker : this->M_IBCList) { if ( e.hasMarker() && e.marker().value() == this->M_mesh->markerName(exAtMarker.marker())) (p, ∇ • v) Ω bbf( 0_c, 1_c ) = integrate(_range=elements(M_mesh),_expr=-(idt(p) * div(v))); // p, v • n Γ\Γ IBC bbf( 0_c, 2_c ) += integrate(_range=internalfaces(M_mesh), _expr=( idt(phat) * leftface(trans(id(v)) * N())+ + idt(phat) * rightface(trans(id(v)) * N())) ); bbf( 0_c, 2_c ) += integrate(_range=gammaMinusIntegral, _expr=idt(phat) * trans(id(v)) * N()); // (∇ • j, q) Ω bbf( 1_c, 0_c ) += integrate(_range=elements(M_mesh), _expr=-(id(w) * divt(u))); // τ p, w Γ bbf( 1_c, 1_c ) += integrate(_range=internalfaces(M_mesh), _expr=-tau_constant * ( leftfacet( idt(p)) * leftface(id(w)) + + rightfacet( idt(p)) * rightface(id(w) ))); bbf( 1_c, 1_c ) += integrate(_range=boundaryfaces(M_mesh), _expr=-(tau_constant * id(w) * idt(p))); // -τ p, w Γ\Γ IBC bbf( 1_c, 2_c ) += integrate(_range=internalfaces(M_mesh), _expr=tau_constant * idt(phat) * ( leftface( id(w) )+ rightface( id(w) ))); bbf( 1_c, 2_c ) += integrate(_range=gammaMinusIntegral,_expr=tau_constant * idt(phat) * id(w)); // j • n, µ Ω\Γ bbf( 2_c, 0_c ) += integrate(_range=internalfaces(M_mesh), _expr=(id(l) * (leftfacet(trans(idt(u)) * N())+rightfacet(trans(idt(u)) * N())))); // τ p, µ Ω\Γ bbf( 2_c, 1_c ) += integrate(_range=internalfaces(M_mesh), _expr=tau_constant * id(l) * ( leftfacet( idt(p) )+ rightfacet( idt(p) ))); // -τ p, µ Ω\Γ bbf( 2_c, 2_c ) += integrate(_range=internalfaces(M_mesh), _expr=-sc_param * tau_constant * idt(phat) * id(l) ); // Here are called the methods to define the boundary conditions within the bilinear form // stabilisation parameter auto tau_constant = cst(M_tauCst); // j • n, µ Γ N eumann bbf( 2_c, 0_c ) += integrate(_range=markedfaces(M_mesh,marker), _expr=id(l) * (trans(idt(u)) * N()) ); // τ p, µ Γ N eumann bbf( 2_c, 1_c ) += integrate(_range=markedfaces(M_mesh,marker), _expr=tau_constant * id(l) * idt(p) ); // -τ p, µ Γ N eumann bbf( 2_c, 2_c ) += integrate(_range=markedfaces(M_mesh,marker), _expr=-tau_constant * idt(phat) * id(l) ); // g N , µ Γ N eumann blf(2_c) += integrate( _range=markedfaces(M_mesh, marker), _expr=id(l) * g); Code 9.9 -Assemble integral boundary conditions for HDG Darcy
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 910 Solve the system for HDG Darcy auto U = M_ps->element(); // static condensation is done during the solve bbf.solve(_solution=U, _rhs=blf, _condense=M_useSC, _name=prefix()); // get views over each component

/

  / -τ u, µ 1 Γ N eumann bbf(2_c,1_c)+=integrate(_range=markedfaces(M_mesh,marker), _expr=-tau_constant * trans(id(m)) * idt(u))); // τ û, µ 1 Γ N eumann bbf(2_c,2_c)+=integrate(_range=markedfaces(M_mesh,marker), _expr=tau_constant * trans(idt(uhat)) * id(m))); // g N , µ 1 Γ N eumann blf(2_c)+=integrate(_range=markedfaces(M_mesh,marker),_expr=trans(id(m)) * g); Code 9.19 -Assemble integral boundary conditions for HDG elasticity

Figure 9 . 1 -

 91 Figure 9.1 -Computational domain used for the performance studies.

Figure 9 . 2 - 106 3

 92106 Figure 9.2 -Solver framework for MixedPoissonElasticity class.

1 )Code 10 . 1 -

 1101 Allocation of new spaces for the operator splitting class if(M_0dCondition) { auto zeroSpaces = std::make_shared<ProductSpace<Ch_ptr_t,true» (this->integralCondition()+M_0dCondition, this->M_Ch); this->M_ps = std::make_shared<product2_space_type> (product2(zeroSpaces,this->M_Vh,this->M_Wh,this->M_Mh)); solve::strategy s = boption(prefixvm(this->prefix(), "use-sc"))? solve::strategy::static_condensation:solve::strategy::monolithic; this->M_A_cst = makeSharedMatrixCondensed<value_type> (s, csrGraphBlocks( * (this->getPS())), * (this->get_backend()) ); this->M_A = makeSharedMatrixCondensed<value_type> (s, csrGraphBlocks( * (this->getPS())), * (this->get_backend()) ); this->M_F = makeSharedVectorCondensed<value_type> (s, blockVector( * (this->getPS())), * (this->get_backend()), false); M_bdf_buffer.resize( M_0dCondition ); } // Initialization of the buffer variable for (int i = 0; i < M_0dCondition; i++) M_Y.push_back(this->constantSpace()->element( "yy" )); // Initialization for second step: the 0d equation if (M_0dCondition) { M_circuit = std::make_shared<FMU>(); M_circuit->load(); M_circuit->initialize( this->timeInitial(), this->timeFinal() ); } Code 10.2 shows the assembly of the new contribution in the HDG matrix due to the coupling with the 0D circuit. In detail, this piece of C++ code extracted from the FEEL++ library, CHAPTER 10. 3D-0D OPERATOR SPLITTING METHOD

Code 10 . 2 - 1 R 1 R

 10211 Matrix contribution due to 0D coupling // stabilisation parameter auto tau_constant = cst(doption(prefixvm(this->prefix(), "tau_constant"))); auto marker = M_0dList[i].marker(); int j = i+1; // 0D EQUATION double meas=integrate(_range=markedfaces(this->mesh(),marker),_expr=cst(1.0)).evaluate()(0,0); double Cbuffer = 1; double Rbuffer = 1; std::string Cbuffer_str; std::string Rbuffer_str; for( auto const& pairMat : this->modelProperties().materials() ) { auto material = pairMat.second; Cbuffer_str = material.getString( "Cbuffer_name" ); Cbuffer_str += ".C"; Cbuffer = M_circuit->getValue<double>( Cbuffer_str ); // Capacitance of the buffer Rbuffer_str = material.getString( "Rbuffer_name" ); Rbuffer_str += ".R"; Rbuffer = M_circuit->getValue<double>( Rbuffer_str ); // Resistance of the buffer } // Part on the IBC line // -1 R |Γ I | p I , µ 2 > Γ I bbf ( 3_c, 3_c, i, i) += integrate( _range=markedfaces(this->mesh(),marker), _expr = -idt(uI) * id(nu)/Rbuffer/meas ) ; // |Γ I | Y, µ 2 > Γ I bbf ( 3_c, 3_c, i, j) += integrate( _range=markedfaces(this->mesh(),marker), _expr = idt(yy) * id(nu)/Rbuffer/meas ) ; // Part on the 0d line // -1 R |Γ I | p I , µ 3 Γ I bbf ( 3_c, 3_c, j, i) += integrate( _range=markedfaces(this->mesh(),marker), _expr = -idt(uI) * id(nu)/Rbuffer/meas ) ; // |Γ I | Y, µ 3 Γ I bbf ( 3_c, 3_c, j, j) += integrate( _range=markedfaces(this->mesh(),marker), _expr = idt(yy) * id(nu)/Rbuffer/meas ) ; // C |Γ I | Y ∆t , µ 3 Γ I bbf ( 3_c, 3_c, j, j) += integrate( _range=markedfaces(this->mesh(),marker), _expr= Cbuffer * M_bdf_buffer[i]->polyDerivCoefficient(0) * idt(yy) * id(nu)/meas );

Figure 11

 11 Figure 11.1 -FEEL++ data processing from input to output.

Code 11 . 1 -

 111 Configuration file for Level 2.

1 [

 1 filename=$cfgdir/../../eye2brain/models/fluid/retina/retina.fmu solver.time-step=0.0002 #blood pressure drop on the lamina exported-variables=lcR.v # blood flow within the lamina exported-variables=lcR.p.i # CRA blood flow 1. FEEL++ INTERFACE 115 exported-variables=R1a.p.i # CRV blood flow exported-variables=R5a.n.i [gmsh] filename=$cfgdir/eye.msh submesh=Lamina scale=0.hdg.poisson] filename=$cfgdir/lcDarcy.json [hdg.elasticity] gmsh.submesh=Lamina filename=$cfgdir/lcElasticity.json
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 12011 Figure 11.2 -Overview of the MSO4SC portal.

Figure 11 . 4 - 123 Figure 11 . 5 -

 114123115 Figure 11.4 -Input parameter interface for eye2brain-level-0
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 117 Figure 11.7 -OMVS View App interface.
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 12611 . OMVS IMPLEMENTATION

Figure 11

 11 Figure 11.8 -OMVS Compare App interface.
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Figure 12 . 1 -

 121 Figure 12.1 -Computational domains used for the convergence test.

Figure 12 . 2 -

 122 Figure 12.2 -Analytical solutions in 2D.

  Figure 12.3 -Analytical solutions in 3D.

Figure 12 . 4 -

 124 Figure 12.4 -Numerical convergence order for the 2D Darcy w/o IBC test. Left panel: pressure p convergence study. Right panel: flux j convergence study.

Fig. 12 .

 12 Fig.12.4 shows the computed convergence order for the 2D w/o IBC test. The simulated orders are in agreement with the theoretical ones using polynomials ( finite element spaces P k ) up to fourth order. We obtain similar outcomes for the 3D w/o IBC study displayed in Fig.12.5.
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 125 Figure 12.5 -Numerical convergence order for the 3D Darcy w/o IBC test. Left panel: pressure p convergence study. Right panel: flux j convergence study.

Figure 12 . 6 -

 126 Figure 12.6 -Numerical convergence order for the 2D Darcy w/ IBC test. Left panel: pressure p convergence study. Right panel: flux j convergence study.
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 2 cos(πx) sin(πy) F ext,exact (x, y) = [-3 sin(πx) cos(πy) , -3 cos(πx) sin(πy)] • IBC u exact (x, y) = [sin(πx) sin(πy) , cos(πx) sin(πy)] 1. HDG CONVERGENCE STUDY 139 Name test

F

  ext,exact (x, y) = -2π 2 sin(πx) (2 sin(πy) + cos(πy)) , 2π 2 cos(πx) (cos(πy) -2 sin(πy))Γ IBC σ exact (x, y) • n = [2, 0]

Figure 12 . 8 -

 128 Figure 12.8 -Visualization of the 2D analytical solution on the computational mesh.

Fig. 12 .

 12 Fig. 12.8 illustrates the spatial distribution of the exact solution for the 2D convergence tests. The simulated convergence orders for the three different tests are computed and shown by Figs. 12.9, 12.10 and 12.11 up to the fourth polynomial order.
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 129 Figure 12.9 -Numerical convergence order for the 2D Dirichlet test. Left panel: displacement u convergence study. Right panel: stress σ convergence study.

Figure 12 . 10 -

 1210 Figure 12.10 -Numerical convergence order for the 2D Neumann test. Left panel: displacement u convergence study. Right panel: stress σ convergence study.

Figure 12 .

 12 Figure 12.11 -Numerical convergence order for the 2D IBC test. Left panel: displacement u convergence study. Right panel: stress σ convergence study.
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Figure 12 .

 12 Figure 12.12 -Visualization of the 3D analytical solution on the computational mesh.

Figure 12 .

 12 Figure 12.13 -Numerical convergence order for the 3D Dirichlet test. Left panel: displacement u convergence study. Right panel: stress σ convergence study.

1. HDG CONVERGENCE STUDY 143 Figure 12 . 14 -

 1431214 Figure 12.14 -Numerical convergence order for the 3D Neumann test. Left panel: displacement u convergence study. Right panel: stress σ convergence study.
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 1215 Figure 12.15 -Numerical convergence order for the 3D IBC test. Left panel: displacement u convergence study. Right panel: stress σ convergence study.

Figure 12 .

 12 Figure 12.16 -2D geometric convergence study.

Figure 12 .

 12 Figure12.17 -Computational mesh used for the convergence study of the 3D-0D coupling.

Figure 12 .

 12 Figure 12.18 -3D-0D structure of the linear test case.
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 1219 Figure 12.19 -Comparison between analytical and numerical solutions for y.
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 1220 Figure 12.20 -Convergence order for the main variables for the linear test case. Top panel: circuit variables. Bottom panel: 3D variables.

Figure 12 . 21 -

 1221 Figure 12.21 -Comparison between analytical and numerical solutions for y in the nonlinear resistor test case.

Figure 12 . 22 -

 1222 Figure 12.22 -Time profile of the nonlinear resistance value R1 described by Eq. (12.9).

Figure 12 . 23 -

 1223 Figure 12.23 -Convergence order for the main variables for the nonlinear resistor test case. Top panel: circuit variables. Bottom panel: 3D variables.

Figure 12 . 24 -

 1224 Figure 12.24 -Comparison between analytical and numerical solutions for y in the nonlinear resistor and capacitor test case.

Figure 12 . 25 -

 1225 Figure 12.25 -Time profile of the nonlinear capacitance value C1 described by Eq. 12.10.

Figure 12 . 26 -

 1226 Figure 12.26 -Convergence order for the main variables for the nonlinear resistor and capacitor test case. Top panel: circuit variables. Bottom panel: 3D variables.
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 131 Figure 13.1 -Overview of the OMVS validation.

Fig. 13 .

 13 Fig. 13.1 recaps all the output given by Level 2b of the OMVS (Ch. 5) and lists the main

1 . 159 Figure 13 . 2 -

 1159132 Figure13.2 -CRA/CRV blood flow computed by the OMVS using the data retrieved from[50] 

Figure 13 . 3 -

 133 Figure 13.3 -Lamina cribrosa hemodynamics computed by the OMVS using the data retrieved from [50].

Fig. 13 .

 13 Fig.13.3 suggests that virtual patient HBP -Normal IOP (red line) experiences a similar hemodynamic behavior as HBP -High IOP (blue line), whereas the virtual patient NBP -High IOP (black line) exhibits a drop in the lamina cribrosa perfusion (up to 28%) .

Figure 13 . 4 -

 134 Figure 13.4 -Simulation results obtained using the data retrieved from [209].

  (a) 1D cut along the diameter at the center of the depth. The empty space in the middle represents the CRA/CRV opening where there is no tissue. (b) 3D view of the displacement spatial distribution.

Figure 13 . 5 -

 135 Figure 13.5 -Lamina cribrosa displacement field using baseline values.

  3 and the following input data SP = 126.3 mmHg DP = 84.2 mmHg HR = 60 beats/min RLT p = 7 mmHg. Myers et al. affirm that the sclera can be modeled as a quasilinear elastic material in the physiological pressure range of 2 -6kPa, behavior which is well replicated by our virtual experiments 3. BIOMECHANICS OF CORNEA, SCLERA, CHOROID AND RETINA. 163 IOP = 5mmHg IOP = 15mmHg IOP = 25mmHg IOP = 35mmHg IOP = 50mmHg (a) 3D comparison among the original relaxed LC and the three OMVS simulations obtained imposing different IOP. (b) Comparison among the IOP-induced increments of LC volume below reference (∆V ) measured experimentally by [251], numerically by [34], and our simulation results.
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 136 Figure 13.6 -Comparison of experimental and simulation results within the lamina cribrosa.
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 137 Figure 13.7 -Scleral biomechanical response at increasing IOP simulated via the OMVS.

Figure 13 . 8 -

 138 Figure 13.8 -Axial length response at increasing IOP simulated via the OMVS.

  3 and 30 mmHg) employing Level 2b of the OMVS (Ch. 5). For all test cases we have used the biomechanical parameters presented in Tab. 5.3 and the following input data SP = 126.3 mmHg DP = 84.2 mmHg HR = 60 beats/min RLT p = 7 mmHg.
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 139 Figure 13.9 -Corneal biomechanical response at increasing IOP simulated via the OMVS.
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 141 Figure 14.1 -Blood velocities time profile comparison between the 3 different virtual subjects within the central retinal vessels. The green line points out the instants t = 1.01 s.

Figure 14 . 2 -

 142 Figure 14.2 -Comparison of the lamina cribrosa blood pressure between the 3 different virtual subjects at time t = 1.01 s.

Figure 14 . 3 -

 143 Figure 14.3 -Comparison of the lamina cribrosa blood perfusion between the 3 different virtual subjects at time t = 1.01 s.

Figure 14 . 4 -

 144 Figure 14.4 -Comparison of the lamina cribrosa displacements between the 3 different virtual subjects at time t = 1.01 s.
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 151 Figure 15.1 -Input data interface for the two virtual patients

Figure 15 . 2 -Figure 15 . 3 -Figure 15 . 4 -

 152153154 Figure 15.2 -Blood velocity profiles simulated via the OMVS.
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 156 Figure 15.6 -Displacement distribution in the choroid and the retina simulated via OMVS.
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 157 Figure 15.7 -Displacement distribution in the cornea simulated via OMVS.
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176 CHAPTER 16 .Figure 16 . 1 -

 17616161 Figure 16.1 -Relationship between IOP, RLTp and TLPd in the optic nerve head region. Courtesy of A.M. Cantagallo [179].
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 162 Figure 16.2 -CRA/CRV blood velocities comparison between the 5 different virtual subjects in the optic nerve head region.

Figure 16 . 3 -

 163 Figure 16.3 -Comparison of the hemodynamics in the lamina cribrosa between the 5 different virtual subjects.

Figure 16 . 4 -

 164 Figure 16.4 -Comparison of the lamina cribrosa blood pressure 1D cut along the diameter between the 5 different virtual subjects.
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 165 Figure 16.5 -Comparison of the biomechanics in the lamina cribrosa between the 5 different virtual subjects.
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 166 Figure 16.6 -Comparison of the biomechanics in the sclera, choroid, retina (bottom panels) and cornea (top panels) between the 5 different virtual subjects.
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 171 Figure 17.1 -Blood flow comparison between Tony and John using the Compare App.
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 172 Figure 17.2 -Blood flow comparison between Tony and Tina using the Compare App.
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 185173 Figure 17.3 -Blood flow comparison between Tony and Margaret using the Compare App.
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Figure 18 . 1 -

 181 Figure 18.1 -Uncertainties propagation framework.

1 .

 1 SOBOL INDEX SENSITIVITY ANALYSIS 193 function chosen by the user. Therefore we decompose f (x):

  .11) represents a set of valid indices that selects all the 196 CHAPTER 18. INTRODUCTION TO SENSITIVITY ANALYSISterms in the PC expansion where the variable x i is present. Thus, the first-order index computed from the coefficients of the PC expansion at a negligible computational cost.

Figure 18 . 2 -

 182 Figure 18.2 -Comparison among normal (blue), lognormal (orange) and truncated normal (green) IOP distributions using the same input data [49].

Code 19 . 1 - 7 #

 1917 Model definition class model_compute(OpenTURNSPythonFunction): def __init__(self,names, modelFMU): self.names = names; self.modelFMU = modelFMU; OpenTURNSPythonFunction.__init__(self, n_inputs, n_outputs) def _exec(self,modelFMU.set('Pin.SP',SP); modelFMU.set('Pin.DP',DP); modelFMU.set('IOP_source.V',IOP); modelFMU.set('RLTp_source.V',RLTp); # opts = modelFMU.simulate_options() opts['filter'] = ['time','lcR.v','lcR.p.i','R1a.p.i','R5a.n.i','Pin.HR'] opts['result_file_name'] = 'baseline_res.txt' # res = modelFMU.simulate(final_time=8.,options=opts) ['R5a.n.i'] T_c = 60/res['Pin.HR']; sel_it = np.where(time > 6 * T_c) maxCRV = max(j_CRV[sel_it]); maxCRA = max(j_CRA[sel_it]); maxLC = max(j_lamina[sel_it]); print

Code 19 . 2 -

 192 Initialization iterator = 1; names = ['IOP']; output_names = ['CRV', 'CRA', 'LC']; n_inputs = len(names); n_outputs = len(output_names); size = 20000 doSecondOrder = False; ## load model curr_dir = O.path.dirname(O.path.abspath(__file__)); fmu_name = O.path.join(curr_dir,'retina.fmu') modelFMU = load_fmu(fmu_name) In Code 19.2 we show how we create some useful parameters (lines 1 -7), load the FMU model (lines 10 -12) and set the IOP as a normal distribution (lines 15 -25). Code 19.3 -Simulation CorrMat = CorrelationMatrix(inpCollection.getSize()) aCopula = IndependentCopula(inpCollection.getSize()) aCopula.setName("Copula of the random input vector") myDist = ComposedDistribution(inpCollection,Copula(aCopula)) inp = RandomVector(Distribution(myDist)) model = Function(model_compute(names, modelFMU)) RandomGenerator.SetSeed(0) inputDesign = SobolIndicesExperiment(myDist, size, doSecondOrder).generate() outputDesign = model(inputDesign) np.save("Figures/baseline-outputData.dat", outputDesign)
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 191 Figure 19.1 -Comparison of CRA blood flows for preliminary uncertainty quantification analysis.
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 192 Figure 19.2 -Comparison of CRV blood flows for preliminary uncertainty quantification analysis..

  As expected and illustrated by Figs.19.1, 19.2 and 19.3, the initial blood pressure is influencing the distribution of the outputs varying the IOP. Thus, we highlight that:• the predicted CRA blood flow median value attains 0.0014529 cm 3 /s, which is very close to experimental mean value reported by Dorner et al.[60] (0.00131463636 cm 3 /s);

Figure 19 . 3 -

 193 Figure 19.3 -Comparison of LC blood flows for preliminary uncertainty quantification analysis..
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 201 Figure 20.1 -Probability density functions of the input variables for the Sobol index study.

  Code 20.1 -Model definition 1 class model_compute(OpenTURNSPythonFunction): 2 def __init__(self,names): ('Pin.SP',SP); modelFMU.set('Pin.DP',DP); modelFMU.set('IOP_source.V',IOP); modelFMU.set('RLTp_source.V',RLTp); # opts = modelFMU.simulate_options() opts['filter'] = ['time','lcR.v','lcR.p.i','R1a.p.i','R5a.n.i','Pin.HR'] # res = modelFMU.simulate(final_time=8.,options=opts) # recover results time = res['time'] p_lamina = -res['lcR.v'] j_lamina = -res['lcR.p.i'] j_CRA = -res['R1a.p.i'] j_CRV = res['R5a.n.i'] T_c = 60/res['Pin.HR']; sel_it = np.where(time > 7 * T_c) maxCRV = max(j_CRV[sel_it]); maxCRA = max(j_CRA[sel_it]);

  curr_dir = O.path

Figure 20 . 2 -

 202 Figure 20.2 -Probability density functions of the output variables for the Sobol index study.
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 203 Figure 20.3 -Comparison results between the PC expansion model and the full model for each output variable.
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 204 Figure 20.4 -Computed Sobol indices of the output variables.
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  [70, Ch. 2, Ch. 3]). In addition, the fluid dynamics description can be enriched to take into account the combined effects of flow and different structures from a multiphysics perspective including poroelasticity [70, Ch. 7] and fluid-structure interaction [70, Ch. 3, Ch. 9].
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Figure 22 . 1 -

 221 Figure 22.1 -Replica of the original Starr's suspended bed built within the Center for Eldercare and Rehabilitation Technology at the University of Missouri.

Figure 22 . 2 -

 222 Figure 22.2 -Schematic representation of the closed-loop mathematical model describing the flow of blood through the circulatory system. The circuit nodes have been marked by thick black dots and numeric labels from 1 to 14 enclosed in circles of different colors (yellow, orange, blue, green) to distinguish between the 4 circulatory compartments included in the model (heart, systemic circulation, pulmonary circulation, cerebral circulation, respectively). Numerical labels in fuller color tones identify the circuit nodes utilized for the computation of the BCG signal. Arterial pressure and volume waveforms simulated via the closed-loop model are also included.

Figure 22 . 3 -

 223 Figure 22.3 -Electrical elements included in the closed-loop model: (a) linear resistor; (b) linear resistor with ideal switch; (c) linear capacitor; (d) variable capacitor for arterial viscoelasticity; (e) variable capacitor for ventricular elastance; (f) voltage source; (g) linear inductor.

•

  .6c) Linear capacitor (see Fig. 22.3(c)): in a capacitor, the time rate of change of the fluid volume V stored in the capacitor equals the volumetric flow rate Q, namely dV dt = Q . (22.6d)

HEARTT

  c = 0.8 s T s = 0.4 s T a = 0.08 s T b = 0.45 s ULO = 50 mmHg ELD = 0.04 mmHg cm -3 ELS = 1.375 mmHg cm -3 s -1

  22.4, which reports the volume-pressure relationship in the left ventricle during one cardiac cycle simulated via the closed-loop model. Simulation results show that the closed-loop model correctly captures the four basic phases of ventricular function: ventricular filling (phase a), isovolumetric contraction (phase b), ejection (phase c), and isovolumetric relaxation (phase d).

Figure 22 . 4 -

 224 Figure 22.4 -Volume-pressure relationship in the left ventricle during one cardiac cycle simulated via the closedloop model. Results show that the closed-loop model correctly captures the four basic phases of ventricular function: ventricular filling (phase a), isovolumetric contraction (phase b), ejection (phase c), and isovolumetric relaxation (phase d) [126].

Figure 22 . 5 -

 225 Figure 22.5 -Wiggers' diagram simulated via the closed-loop model. Results show the typical features of isovolumetric contraction and relaxation exhibited by physiological waveforms [126].

Figure 22 . 6 -

 226 Figure 22.6 -Pressure waveforms simulated via the proposed closed-loop model (red) are compared with (i) experimental measurements at different sites along the arterial tree reported by Parker [174] (black) and Davies et al [53, 54] (blue); and (ii) theoretical simulations generated via a one-dimensional arterial network by Epstein et al [64] (magenta).

241 Figure 22 . 7 -

 241227 Figure 22.7 -Waveform fA(t) associated with the acceleration of the body motion simulated via the closed-loop model over one cardiac cycle. The waveform exhibits the typical I, J, K, L, M and N peaks that characterize BCG signals measured experimentally.

Figure 22 . 8 -

 228 Figure 22.8 -BCG waveforms for displacement, velocity and acceleration, denoted by fD, fV and fA, respectively. The figure reports the waveforms simulated via the closed-loop model, the theoretical waveforms calculated by Noordergraaf and Heynekamp[START_REF] Noordergraaf | Genesis of displacement of the human longitudinal ballistocardiogram from the changing blood distribution[END_REF] and the experimental waveforms obtained by Inan et al[111], Kim et al[123] and our group.
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244 CHAPTER 23 .

 24423 .1b) Comparing (23.1) with (4.1), we see that j corresponds to the electric displacement D, p corresponds to the electric potential V and K is equal to the identity matrix times the dielectric 243 NMOS TRANSISTOR permittivity ε. According to the theory of Maxwell equations[113], the electric displacement D is related to the electric field E = -∇V through the constitutive equationD = εE in Ω. (23.1c)Thus, using a finite element procedure, once the displacement D is computed, the electric field can be easily determined on each K ∈ T h by inverting the algebraic equation (23.1c) instead of being post-processed through numerical differentiation of the electric potential V as in standard displacement-based finite element formulations.

Figure 23 . 1 -

 231 Figure 23.1 -Schematic representation of the two-dimensional cross-section of a nMOS transistor.

  (a) Electrostatic potential. (b) Electric field. (c) Potential with electric field direction. (d) Electric field with direction.

Figure 23 . 2 -

 232 Figure 23.2 -3D view of significant simulated quantities.

Figure 23 .

 23 Figure 23.2a shows the 3D color plot of the computed electric potential V whereas Figure 23.2b illustrates a 3D vector plot of the computed electric field E represented on a vertical cut of the device geometry in correspondence with the central section at x = L x /2.We notice that the electric potential is an increasing function of the vertical coordinate y, negative at the bulk contact and positive at the source and drain contacts. The value of V at the floating gate, which is the threshold voltage of the device, computed using the integral boundary condition (23.2c), is positive and given by V

  (a) Electric potential. The y axis is the potential. (b) Electric field. The y axis is the strength of the electric field.

Figure 23 . 3 -

 233 Figure 23.3 -1D cut of significant electric variables at x = Lx/2.

Figure 23 .

 23 Figure 23.3a shows a 1D cut of the computed electric potential at x = L x /2 along the y axis.We notice that the spatial distribution of V is approximately linear in both semiconductor and oxide regions, with a change in the slope across the interface coordinate y = L y = 320nm. This is physically consistent with the fact that

Figure 23 . 4 - 255 3

 234255 Figure 23.4 -3D-0D electronic circuit in view of an industrial application.

Figure 24 . 2 -

 242 Figure 24.2 -Computational domains for the traction test.

Figure 24 . 3 -

 243 Figure 24.3 -Initial and final condition for the prism test case.

Figure 24 . 4 -

 244 Figure 24.4 -Stress for the prism test case on ΓI .

Figure 24 . 5 -

 245 Figure 24.5 -Displacement for the prism test case on ΓI .

Figure 24 . 6 -

 246 Figure 24.6 -Initial and final condition for the cylinder test case.

Figure 24 . 7 -

 247 Figure 24.7 -Stress in the cylinder test case on ΓI .

Figure 24 . 8 -

 248 Figure 24.8 -Displacement in the cylinder test case on ΓI .

Figure 25 . 1 -

 251 Figure 25.1 -FDA Medical Device Regulatory Evaluation. Courtesy of https://www.fda.gov.

Chapitre 1 :

 1 nous décrivons l'anatomie de l'oeil et la physiopathologie du glaucome ; Chapitre 2 : nous définissons les choix de modélisation et l'architecture mathématique de l'OMVS ; Chapitre 3 : nous présentons les nouvelles méthodes numériques que nous avons développées, à savoir la technique de décomposition d'opérateur pour résoudre les systèmes couplés EDP-EDO et la méthode de Galerkin Discontinue Hybride (HDG) avec conditions limites intégrales (IBC) ; Chapitre 4 : nous illustrons la vérification par une étude de convergence pour la méthode HDG et la technique de décomposition d'opérateur 3D-0D, la stratégie de validation de l'OMVS et une étude sur une base de données virtuelle de patients utilisant l'OMVS comme outil de recherche clinique ; Chapitre 5 : nous tirons nos conclusions et formulons des perspectives d'avenir.

2 .

 2 ANATOMIE ET PHYSIOLOGIE OCULAIRES 5 cins traitants d'avoir une image claire et complète de l'état clinique du patient. Ceci est dû principalement à deux raisons :

Fig. 1 .

 1 Fig. 1.1 illustre un schéma de l'anatomie oculaire.

FIGURE 1 . 1 -

 11 FIGURE 1.1 -Anatomie de l'oeil. Courtesy de https://fr.wikipedia.org.

FIGURE 1 . 2 -

 12 FIGURE 1.2 -Lamina cribrosa. Le panneau (a) montre l'anatomie et l'apport vasculaire. Courtesy de A.M. Cantagallo [95]. Le panneau (b) illustre la microstructure. Courtesy de https://coggle.it.

FIGURE 1 . 3 -

 13 FIGURE 1.3 -Schéma récapitulatif des principales quantités d'intérêt et des instruments permettant de les mesurer. Courtesy de Eugene and Marilyn Glick Eye Institute (Indianapolis, États-Unis).

2 -

 2 FIGURE 2.2 -Eléments électriques inclus dans le circuit 0D : (a) résistance linéaire ; (b) résistance non linéaire ; (c) condensateur linéaire ; (d) source de tension.

  2.3 montre l'implémentation du modèle Étape 0 dans ce logiciel open-source.

4 parameter 7 final 1 extends

 471 Real kp(quantity = "kp", unit = "mmHg") "E/(12 * (1-ni^2) * (h/rref)^3"; 5 Modelica.Blocks.Interfaces.RealInput REF "Pressure that controlled the resistance"; 6 Modelica.SIunits.Resistance Ractual; 8 final Modelica.SIunits.Voltage DP; ( if noEvent(DP < REF) 13 then 1 / k0 * (1 -(DP -REF) / kp) ^(4 / 3) 14 else 1 / k0 * (1 + (DP -REF) / (kp * kl)) ^(-4) ); 15 16 v = Ractual * i; • résistance non linéaire qui suit Eq. (2.3) : CRA resistor Modelica.Electrical.Analog.Interfaces.OnePort;

2

 2 

4 parameter 7 final 9 equation 10 Ractual = 1 /

 479101 Real kp(quantity = "kp", unit = "mmHg") "E/(12 * (1-ni^2) * (h/rref)^3"; 5 Modelica.Blocks.Interfaces.RealInput REF "Pressure that controlled the resistance"; 6 Modelica.SIunits.Resistance Ractual; 8 k0 * (1 + ((p.v + n.v) / 2 -REF) / (kp * kl)) ^(-4); 11 v = Ractual * i;

FIGURE 2 . 3 -

 23 FIGURE 2.3 -Étape 0 circuit implémenté dans OpenModelica.

FIGURE 2 . 4 -

 24 FIGURE 2.4 -Profil de vitesse du sang de l'imagerie Doppler couleur (CDI) au sein de la CRA. Courtesy de Eugene and Marilyn Glick Eye Institute (Indianapolis, États-Unis).

  correspondant à la situation physiologique où il n'y a pas de flux vers l'extérieur à partir de la surface supérieure ou inférieure de la lame ; • Γext j • n = Q I et p| Γext = P I sur le borne latérale externe, où Q I et P I font référence aux variables du circuit, donc elles ne sont pas prédéterminées.

FIGURE 2 . 6 -

 26 FIGURE 2.6 -Conditions limites et d'interface pour le modèle 3D Darcy de la lamina cribrosa.

FIGURE 2 . 7 -

 27 FIGURE 2.7 -Modèle de milieu poreux de la lamina cribrosa.

  2.10c) et de la cornée (Fig. 2.10d). C'est la version la plus avancée de l'OMVS et elle s'appelle Étape 2b.

FIGURE 2 . 10 -

 210 FIGURE 2.10 -Tissus oculaires introduits dans la description biomécanique du Étape 2b.

FIGURE 3 . 2 -

 32 FIGURE 3.2 -Architecture géométrique du système couplé ; Ω correspond à la région où le système d'EDP (3.1) est résolu, tandis que Υ représente le compartiment en morceaux décrit par un système d'ODE.

  K∈T h h K et nous considérons une famille de triangulations conformes et régulières de Ω, {T h } h>0 (voir [103, Ch. 3]). Pour chaque élément K ∈ T h nous indiquons par ∂K la limite de K et par n ∂K le vecteur normal d'unité extérieure associé n. La mesure d-dimensionnelle de l'élément K est indiquée par |K| tandis que la mesure (d -1)-dimensionnelle de chaque face -bord si d = 2 -de ∂K est notée par |F |. Pour simplifier l'exposition, nous prenons la convention pour utiliser le mot face pour faire référence à F même lorsque d = 2.

  ∂K , µ h ∂K = g N , µ h Γ N + I target |Γ I | -1 µ h , 1 Γ I , (3.35c) K∈T h p h , µ h Γ D = g D , µ h Γ D .(3.35d)

(

  Π K p, w) K = (p, w) K ∀w ∈ P k-1 (K) (3.42b) et, ∀F ∈ F h avec F ⊂ ∂K, Π K j • n ∂K + τ ∂K Π K p, µ F = j • n ∂K + τ ∂K p, µ F ∀µ ∈ P k (F ).(3.43)

)

  Nous laissons les erreurs être définies comme suite j = Πj -j h e p = Πp -p h e j • n = e j • n + τ (e p -e p ) e p = P M h p -p hCes quantités satisfont aux équations suivantes : pour

  48) où les A ij , A f sont données par (3.47a)-(3.47e) J, P, Λ 1,2 sont la représentation algébrique de j h , p h , λ 1,h , λ 2,h respectivement. La taille du système estdim V h +dim W h +dim M h = card{K}×(n V +n W )+card{F 0 h ∪F Γ N h }×dim n M +card{F Γ ibc h }×dim n M * h =1

13 -A K 23 ∈ 1 ∈ 1 λ ∂K 2 + 52 CHAPITRE 3 . 44 ,

 132311252344 +n W )×((NF)n M +1) , avec NF < d + 1 ; autrement, NF = d + 1, etB K = A K R (n V +n W )×((NF)n M ) .Équations (3.46a)-(3.46b) sont résolus à l'intérieur de chaque K ∈ T h et peuvent être résolus pour chaque K pour éliminerj K h et p K h en faveur de λ 1,h | ∂K et λ 2,h | ∂K . Représentant j K h , p K h , p K h , λ 1,h | ∂K , et λ 2,h | ∂K , avec les vecteurs j K ∈ R n V , p K ∈ R n W , λ ∂K R (NF)n M et une -éventuellement vide -scalaire λ ∂K2 , la représentation matricielle des solutions locales est la suivantej K p K = -(A K ) -1 B K λ ∂K (A K ) -1 F K . (3.49) MÉTHODES NUMÉRIQUESOpérateurs de fluxSi ∂K ∩ F Γ I h = ∅, nous définissons les matricesC K = (A K 13 ) T (A K 23 ) T (A K 14 ) T (A K 24 ) où C K ∈ R ((NF)n M +1)×(n V +n W ) et D K ∈ R ((NF)n M +1)×((NF)n M +1) , avec NF < d+1. If ∂K ∩F Γ I h = ∅, NF = d + 1 et

3 . 53 FIGURE 3 . 3 -

 35333 FIGURE 3.3 -Comparaison entre la connectivité de la méthode de Galerkin Continu (CG) et la méthode HDG dans le cas d = 2 sans conditions aux limites intégrales. Des polynômes cubiques sont utilisés pour les deux méthodes. Les cercles noirs identifient les degrés nodaux de liberté de la méthode CG tandis que les cercles noirs et les carrés noirs identifient les degrés de liberté de la méthode HDG à la limite et à l'intérieur de chaque élément, respectivement. Panneau de gauche (méthode CG) : tous les éléments partageant le noeud I contribuent aux connexions entre le noeud I et les autres noeuds dans T h . Le nombre de connexions (I, J) est égal à 37. Panneau de droite (méthode HDG) : les deux éléments voisins sont reliés entre eux par les degrés limites de liberté mis en évidence dans le rectangle bleu clair. Le nombre de connexions (I, J) est égal à 24.

57 •

 57 Margaret est un patient virtuel qui souffre d'une IOP, d'une RLTp et d'une tension artérielle élevées. Les résultats de la simulation suggèrent une tension artérielle plus élevée (jusqu'à 28,1%) et une meilleure perfusion sanguine (28,2%) dans la lamina cribrosa. Le comportement de la CRA et de la CRV est très différent (Fig.??) : le débit sanguin de la CRA présente des valeurs plus élevées allant jusqu'à 27%, alors que le profil de débit sanguin de la CRV est très différent de la valeur initiale ; en effet, la double influence d'une IOP élevée et de l'hypertension agit sur différents segments de la CRV et les valeurs atteintes sont supérieures à la valeur initiale de 58% au pic systolique et inférieures de 43% au pic diastolique.

FIGURE 4 . 3 -

 43 FIGURE 4.3 -Comparaison du débit sanguin entre Tony et Margaret.

FIGURE 5 . 1 -

 51 FIGURE 5.1 -Évaluation réglementaire des dispositifs médicaux de la FDA. Courtesy de https://www.fda.gov.

  

  

  

  

  

Table 3 . 2

 32 shows the implementation of the model Level 0 in this open-source software.

	CHAPTER 3. LEVEL 0

-Data for Level 0

Table 3 .

 3 

3 -Data for Level 0 CRV resistor extends Modelica.Electrical.Analog.Interfaces.OnePort;

  In the OMVS we use only Dirichlet and Neumann BCs for the linear elasticity system, whereas we employ the IBC in an application proposed in Ch. 24.

	40								CHAPTER 5. LEVEL 2
	Note that only if						
						∂u ∂t Γ I	=	∂u ∂t	(t)	(5.8)
	we can write	Γ I	∂u ∂t	σ n d(∂Ω) =	∂u ∂t Γ I	σ n d(∂Ω) =	∂u ∂t	F target on Γ I . Thus, Eq. (5.8) leads to
	the supplementary constraint on the integral boundary condition specified in Eq. (5.2d).
	Remark 1.							
									Γ I	∂u ∂t	σ n dΓ I is still undefined.

t) =⇒ we obtain Γ D ∂g D ∂t σ n dΓ D 3. IBC on Γ I : we have Γ I σ ndΓ I = F target , but

Table 5 .

 5 2 -BCs data for Level 2b of the OMVS.

	LAMINA CRIBROSA		SCLERA	CHOROID	RETINA	CORNEA
	µ	λ	µ	λ	µ	λ	µ	λ	µ	λ
	Value [MPa] 0.12	5.88	0.676 16.216 0.203 4.86 0.067 1.62 0.845 20.27
	Reference	[35] [248]	[73] [169] [248]	[73]		[118] [247]	[178] [248]

Table 5 .

 5 3 -Lamé parameters for Level 2b of the OMVS

	SCLERA
	Sclera_externalBC
	Sclera_internalBC
	Iris_Sclera
	Pia_Sclera
	OpticNerve_Sclera

  HSIZE_LAMINA HSIZE_EYE NB OF ELEMENTS GEOMETRY TIME [s] MESH TIME [s] TOTAL TIME [s]

	0.05	1.0	336267	186.1306059	84.70704699	272.5534668
	0.025	0.5	611801	186.7017241	143.439055	331.88304
	0.1	2	288663	186.257086	75.53445411	263.531353
	1	1	301017	188.449379	78.61220908	268.8120461
	0.05	0.25	1184958	184.623606	297.347297	483.7180319

Table 6 .

 6 

2 -Computational times and data using different h sizes for the mesh realized with Salome.

Table 7 .

 7 1 -Physical units of state variables for the lumped-parameter model and their corresponding differential equation, in the case of coupling with 2D or 3D computational domain and PDE model.

Table 7 .

 7 

2 -Summary of appropriate choices for the diagonal entries Ujj of the tensor U depending on the corresponding state variable yj. Thus, the physical units for Ujj are listed in case of coupling with a 2D or a 3D domain, respectively.

  we deduce that d dt (E pde + E ode ) + D pde + U ode +D RC = F pde + F ode pde + D RC ≥ 0 ∀t ≥ 0, if F pde and F ode are vanishing and the circuit properties are such that U ode ≥ 0 ∀t ≥ 0, then we have

	3. DIMENSIONAL ANALYSIS		63
	Considering that D d dt leads to the inequality	(E pde + E ode ) ≤ 0 ∀t ≥ 0, which
	E pde (t) + E ode (t) ≤ E pde (0) + E ode (0)	∀t ∈ (0, T )	(7.15)
		(7.14)	

  F 2 is vanishing and the circuit properties are such that U 2 ≥ 0 ∀t ∈ (t n , t n+1 ), then we

			CHAPTER 7. 3D-0D OPERATOR SPLITTING METHOD
	Theorem 2 (Semi-discrete energy). Consider the proposed two-step algorithm, i.e. the semi-discretization
	in time of the 3D problem described by Eq. (7.1) coupled with the 0D model defined by Eq. (7.5), and
	assume that:		
	have	d dt	E 2 ≤ 0 ∀t ∈ (t n , t n+1 ) which leads to the inequality
			E 2 (t n+1 ) ≤ E 2 (t n )	∀n ≥ 0	(7.22)
	Eq. 7.22 indicates that the physical energy of Step 2 in the absence of external force decays in
	time.		
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  )

	e ∂K j	• n ∂K , µ h ∂K = 0.	(8.15c)
	K∈T h		
	Let us prove these equations. By the definition of Π, Π, and P M h each	, (8.11a) and (8.11b) imply, on

Table 9 .

 9 TEST CASE DOFS PRIMAL VARIABLE DOFS DUAL VARIABLE DOFS TRACE VARIABLE 1 -Data for the Darcy performance study.

	Darcy 1	137436	45812		72981	
	Darcy 2	1054884	351628		543792
	Darcy 3	2047728	682576		1049316
					TIME [S]	
	TEST CASE	SOLVER	PRECONDITIONER	np = 1	np = 2	np = 4
	Darcy 1	Monolithic	LU	16.33841 11.4856 7.622147
	Darcy 2	Monolithic	LU	1050.858 681.0828 404.7277
	Darcy 3	Monolithic	LU	5469.657 4241.529 2017.625
	Darcy 1	Monolithic	GASM	34.26085 21.4217 7.329376
	Darcy 2	Monolithic	GASM	2249.435 757.5647 127.7822
	Darcy 3	Monolithic	GASM	7670.616 4147.575 444.0716
	Darcy 1	Static condensation	GAMG	8.858283 5.636978 4.447856
	Darcy 2	Static condensation	GAMG	77.54065 46.61523 26.65524
	Darcy 3	Static condensation	GAMG	180.9639 108.0637 56.79263

Table 9 .

 9 

	TIME [S]

2 -Wall computational time of the Darcy performance study. np : number of processors used to run the test case.

Table 9 .

 9 3 -Solver computational time of the Darcy performance study. np : number of processors used to run the test case.

Table 9 .

 9 TEST CASE DOFS PRIMAL VARIABLE DOFS DUAL VARIABLE DOFS TRACE VARIABLE 4 -Data for the Darcy with IBC performance study.

	Darcy + IBC 1	137436	45812		72249
	Darcy + IBC 2	1054884	351628		540606
	Darcy + IBC 3	2048016	682672		1045050
					TIME [S]	
	TEST CASE	SOLVER	PRECONDITIONER	np = 1	np = 2	np = 4
	Darcy + IBC 1	Monolithic	LU	17.545	11.969	7.70089
	Darcy + IBC 2	Monolithic	LU	1143.502 853.1877 379.6678
	Darcy + IBC 3	Monolithic	LU	10043.3	5949.22	2002.92
	Darcy + IBC 1	Monolithic	GASM	33.666	24.1658	8.11918
	Darcy + IBC 2	Monolithic	GASM	2348.37	760.623	121.776
	Darcy + IBC 3	Monolithic	GASM	7886.05	3300.11	440.802
	Darcy + IBC 1 Static condensation	GAMG	8.898762 6.22261	4.52851
	Darcy + IBC 2 Static condensation	GAMG	79.01226 47.30553 29.8194
	Darcy + IBC 3 Static condensation	GAMG	166.223	111.875	68.9631

Table 9 .

 9 

5 -Wall computational time of the Darcy with IBC performance study. np : number of processors used to run the test case.

Table 9 .

 9 6 -Solver computational time of the Darcy with IBC performance study. np : number of processors used to run the test case.

	4. COMPUTATIONAL PERFORMANCES

Table 9 .

 9 TEST CASE DOFS PRIMAL VARIABLE DOFS DUAL VARIABLE DOFS TRACE VARIABLE

	IBC partitioning 1	137436	45812	72249
	IBC partitioning 2	1054164	351388	540606
	IBC partitioning 3	2046192	682064	1044138
	IBC partitioning 4	16140492	5380164	8153232
	IBC partitioning 1	standard	6.29754 5.32076 5.5787 4.93148
	IBC partitioning 2	standard	78.8595 31.8898 87.1904 137.479
	IBC partitioning 3	standard	167.966 68.7134 327.265 384.741
	IBC partitioning 4	standard	2148.14 1007.48 17573.3 22119.8
	IBC partitioning 1	special	10.4937 4.89363 4.46361 5.2293
	IBC partitioning 2	special	71.9122 34.8672 26.5368 26.167
	IBC partitioning 3	special	142.188 73.8138 52.9313 60.1039
	IBC partitioning 4	special	2076.27 956.377 785.842 575.329

7 -Data for the IBC partitioning study. TIME [S] TEST CASE PARTITIONING np = 2 np = 4 np = 8 np = 16

Table 9 .

 9 8 -Wall computational time of the IBC partitioning study. np : number of processors used to run the test case.

Table 9 .

 9 9 -Solver computational time of the IBC partitioning study. np : number of processors used to run the test case.

	TIME [S]

Table 9 .

 9 TEST CASE DOFS PRIMAL VARIABLE DOFS DUAL VARIABLE DOFS TRACE VARIABLE 10 -Data for the elasticity performance study.

	Elasticity 1	374928	187464	299259
	Elasticity 2	1216608	608304	952677
	Elasticity 3	2327880	1163940	1808298

Table 9 .

 9 [START_REF] Bellezza | The optic nerve head as a biomechanical structure: initial finite element modeling[END_REF] -Wall computational time of the elasticity performance study. np : number of processors used to run the test case.

	TIME [S]

Table 9 .

 9 

12 

-Solver computational time of the elasticity performance study. np : number of processors used to run the test case.

Table 10 .

 10 1 -Scheme of Step 1 of the 3D HDG formulation with 0D circuit coupling. In particular the boundary Γ = ΓD ∪ ΓN ∪ ΓI where ΓD, ΓN , and ΓI are the Dirichlet, Neumann boundary conditions, and integral interface condition, respectively. Γint corresponds to the internal faces and (v, w, µ

1 , µ 2 , µ

  11.1, whereas Tab. 11.2 shows the methods of this class. NAME DESCRIPTION std::string M_date date of the assessment int M_level version of the OMVS pt::ptree M_pt pointer to the properties of the model ptr_model M_model pointer to the FMU file that contains the 0D model double M_SBP assessment systolic blood pressure double M_DBP assessment diastolic blood pressure double M_HR assessment heart rate double M_IOP assessment intraocular pressure double M_RLTp assessment translaminar tissue pressure double M_CRVp assessment central retinal vein pressure double M_CRAp assessment central artery vein pressure std::string M_note assessment note

Table 11 .

 11 1 -Attributes of the class PatientAssessment.

Table 11 . 2

 112 sets the date d or, if d is not specified, embed the current date within the model for the analyzed patient

	1. FEEL++ INTERFACE

std::string const& note() const returns the assessment note pt::ptree const& pTree() const returns the property of the model void fromJson( std::string const& s ) reads the input data file string and load the information into patient void setSystolicBloodPressure(double SBP) sets the assessment systolic blood pressure double systolicBloodPressure() const returns the assessment systolic blood pressure void setDiastolicBloodPressure(double DBP) sets the assessment diastolic blood pressure double diastolicBloodPressure() const returns the assessment diastolic blood pressure void setMeanHeartRate(double HR) sets the assessment average heart rate double meanHeartRate() const returns the assessment average heart rate -Methods of the class PatientAssessment.

Key name Default value Unit Brief description

  

	DBP	69	mmHg Diastolic Blood Pressure
	SBP	116	mmHg Systolic Blood Pressure
	HR	69	bpm	Heart Rate
	IOP	17	mmHg IntraOcular Pressure
	RLTp	9.5	mmHg RetroLaminar Tissue Pressure

Table 11 .

 11 

	Key name Default value	Unit	Brief description
	DBP	69	mmHg	Diastolic Blood Pressure
	SBP	116	mmHg	Systolic Blood Pressure
	HR	69	bpm	Heart Rate
	IOP	17	mmHg	IntraOcular Pressure
	RLTp	9.5	mmHg	RetroLaminar Tissue Pressure
	CRVp	19	mmHg	Central Retinal Vein Pressure
	κ	0.015192	cm 3 s Kg -1 Permeability coefficient

3 -Input parameters for eye2brain-level-0.

Table 11 .

 11 

	Key name Default value	Unit	Brief description
	DBP	69	mmHg	Diastolic Blood Pressure
	SBP	116	mmHg	Systolic Blood Pressure
	HR	69	bpm	Heart Rate
	IOP	17	mmHg	IntraOcular Pressure
	RLTp	9.5	mmHg	RetroLaminar Tissue Pressure
	CRVp	19	mmHg	Central Retinal Vein Pressure
	κ	0.015192	cm 3 s Kg -1 Permeability coefficient
	ρ	0.0011	Kg cm -3	Tissue density
	λ	5.88	GPa	Lamé first parameter
	µ	0.12	GPa	Lamé second parameter
		Table 11.5 -Input parameters for eye2brain-level-2.

4 

-Input parameters for eye2brain-level-1.

2. OMVS USER FRIENDLY INTERFACE

121

Figure 11.3 -Experiments in the MSO4SC portal.

  All the other output computed by our model are not yet available on the online user friendly interface, however the result files are accessible directly in a private repository on Girder * . Girder is a free and open source web-based data management platform developed by Kitware † for data organization and dissemination, user management and authentication, and authorization management. More details and a tutorial on the usage of this OMVS interface are available at http://docs. cemosis.fr/eye2brain/current/interface/.
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  Numerical convergence order for the 3D Darcy w/ IBC test. Left panel: pressure p convergence study. Right panel: flux j convergence study.

	Pressure, 3DP0		Pressure, 3DP1			Flux, 3DP0	Flux, 3DP1
	Pressure, 3DP2		Pressure, 3DP3			Flux, 3DP2	Flux, 3DP3
	Pressure, 3DP4						Flux, 3DP4	
	10 -2	1					10 -2		1.03	
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				3.72			10 -6			3.77
				4.9			10 -7				4.99
							10 -8			
								10 -1.4	10 -1.2	10 -1	10 -0.8
		h						h
	Figure 12.7 -2D				
		P0	P1			P2	P3		P4
		p	j	p	j	p	j	p	j	p	j
	w/o IBC 0.99	1	1.99 1.99 3.01 3.01 4.04 4.03 5.08 5.03
	w/ IBC	1	1	1.99 2.01 3.01 3.01 4.04 4.04 5.12 5.11
						3D				
		P0	P1			P2	P3		P4
		p	j	p	j	p	j	p	j	p	j
	w/o IBC 0.96	1	1.93 1.87 2.86 2.82 3.85 4.04 4.73 5.08
	w/ IBC	1	1.03 1.89 1.9 2.87 2.92 3.72 3.77 4.9 4.99

Table 12 .

 12 

1 -Numerical orders for the Darcy convergence study.

Table 12 . 2

 122 

-Boundary conditions for 2D convergence tests

Table 12 .

 12 

	Variable P 0	P 1	P 2	P 3	P 4
			DIRICHLET	
	u	0.96 1.94 2.96	4	5.01
	σ	0.86 1.8 2.77 3.93 4.91
			NEUMANN	
	u	0.98 1.95 2.96	4	5.01
	σ	0.91 1.81 2.78 3.95 4.93
			IBC		
	u	0.99 1.95 2.96 3.98 5.05
	σ	0.93 1.77 2.74 3.94 4.98

3 -Numerical convergence order for 2D convergence study.

Table 12 .

 12 

5 -Numerical convergence order for 3D convergence study.

Table 12 .

 12 6 -Computed convergence order for the linear test case

Table 12 .

 12 7 -Computed convergence order for the nonlinear resistor test case.

	Variable Computed order
	Π 1	1.135537
	Π 2	1.132493
	p	1.028557
	j	0.995058

Table 12 .

 12 

8 -Computed convergence order for the nonlinear resistor and capacitor test case.

Table 13 .

 13 

		.1:			
	(i) systemic hypertensive patients (HBP) with high IOP;		
	(ii) system hypertensive patients (HBP) with normal IOP;		
	(iii) normal systemic blood pressure patients (NBP) with high IOP.	
	TEST CASE SP[mmHg] DP[mmHg] HR[beats/min] IOP[mmHg]
	HBP -High IOP	170	100	60	28
	HBP -Normal IOP	170	100	60	15
	NBP -High IOP	139.2	82.4	60	28

1 -Input data for the comparative study with

[50]

.

Table 13 . 2

 132 TEST CASE SP[mmHg] DP[mmHg] HR[beats/min] IOP[mmHg]

	NTG patient	149.9	85.9	60	11.2
	Healthy	152.1	90.6	60	11.1

-Input data for the comparative study with

[START_REF] Samsudin | Ocular perfusion pressure and ophthalmic artery flow in patients with normal tension glaucoma[END_REF]

.

Table 14 .

 14 1 -Synthetic data of the patients who have been used in the BP virtual study.

	168

Table 15 .

 15 1 -Synthetic data of the patients that have been used in the IOP virtual study.

Baseline P1 P2 P3 P4 Unit

  

	SP	120	120 120 120 120 mmHg
	DP	80	80	80	80	80 mmHg
	IOP	15	11	17	17	17 mmHg
	RLTp	7	10	10	3	3	mmHg
	TLPd	8	1	7	14	8	mmHg

Table 16 .

 16 1 -Synthetic data of the patients who have been used in the TLPd virtual study.

Quantity Symbol Mean value Std deviation Unit Source

  

	Systolic blood pressure	SBP	116	23.2	mmHg	[249]
	Diastolic blood pressure	DBP	69	13.8	mmHg	[249]
	Heart rate	HR	69	15	bpm	[23]
	Intraocular pressure	IOP	17	6	mmHg	[49]
	Retrolaminar tissue pressure	RLTp	9.5	2.2	mmHg	[198]

Table 17 .

 17 

	182

1 -Reference values for the virtual patients

Tab. 17.1.

Data of 10 virtual patients Name Gender Age SBP DBP HR IOP RLTp Note

  

	Tony	M	65	116.0 69.0	69	17	9.5	Baseline
	John	M	47	116.0 69.0	69	26	9.5	High IOP
	Tina	F	81	116.0 69.0	69	26	12.8 High IOP, RLTp
	Margaret	F	55	150.8 89.7	69	26	12.8 High IOP, RLTp, BP
	Sophie	F	59	116.0 69.0	69	17	12.8 High RLTp
	Luke	M	61	116.0 69.0	69	17	6.2	Low RLTp
	Max	M	57	116.0 69.0	69	11	9.5	Low IOP
	Clara	F	69	116.0 69.0	69	11	6.2	Low IOP, RLTp
	Jim	M	72	150.8 89.7	69	11	9.5	Low IOP, high BP
	Jenny	F	85	116.0 69.0 100	17	9.5	High HR

Table 17 .

 17 

2 -Virtual patients data

Table 18 .

 18 1 -Examples of orthogonal polynomials associated with the random variables with a specific probability density function.

	2. POLYNOMIAL CHAOS EXPANSION

Table 21 .

 21 

	1 -Reduced models: overview.

Table 21

 21 

	.4 -Spatially distributed models: overview.

Table 22 .

 22 

	1 -Parameter values for the closed-loop model
	ARTERIAL SEGMENT l [cm] r [cm] h [cm]
	Ascending Aorta	4	1.44	0.158
	Aortic Arch	5.9	1.25	0.139
	Thoracic Aorta	15.6	0.96	0.117
	Abdominal Aorta	15.9	0.85	0.105
	Iliac artery	5.8	0.52	0.076
	Carotid artery	20.8	0.39	0.064

Table 22 .

 22 2 -Geometrical parameters for the main arterial segments

Table 22 .

 22 3 -Initial conditions for the time-dependent model simulations

	3 s -1

Table 22 .

 22 utilized cardiovascular magnetic resonance to assess left and right ventricular functions on 120 healthy individuals. All the simulated values fall within the ranges reported in the clinical literature, thereby validating the capability of the closed-loop model to capture the main features of the heart functions.

	PARAMETER	UNIT	NORMAL CLINICAL RANGE	CLOSED-LOOP MODEL
			Left	Right	Left	Right
			Ventricle	Ventricle	Ventricle	Ventricle
	End-Diastolic	[ml]	142 (102,183) [143] 144 (98,190) [144]	157.5	154.1
	Volume (EDV)			100 -160 [138]		
	End-Systolic	[ml]	47 (27,68) [143]	50 (22,78) [144]	68.6	65.0
	Volume (ESV)			50-100 [138]		
	Stroke	[ml/beat] 95 (67, 123) [143]	94 (64, 124) [144]	88.9	89.1
	Volume (SV)		60 -100 [138]	60-100 [138]		
	Cardiac	[l/min]	4-8 [138]	4-8 [138]	6.7	6.7
	Output (CO)					
	Ejection	[%]	67 (58, 76) [143]	66 (54, 78) [144]	56.5	57.8
	Fraction (EF)			40 -60 [138]		

4 -Cardiovascular Physiology: Left and Right Ventricles

Table 23 .

 23 1 -Values of physical parameters. Data from[START_REF] Muller | Device Electronics for Integrated Circuits[END_REF].

	Parameter	Symbol	Value	Units
	Horizontal length	L x	480 • 10 -9	m
	Vertical length	L y	320 • 10 -9	m
	Width	L z	320 • 10 -9	m
	Oxide thickness	t ox	10 • 10 -9	m
	Source and drain lengths	|Γ S |, |Γ D | 160 • 10 -9	m
	Channel length	L ch	40 • 10 -9	m
	Junction depth	t J	106 • 10 -9	m
	Source potential			

Table 23 . 2

 232 

-Values of input parameters for device simulation.

Table 24 .

 24 

1 -Table of results for the prism test case.

Table 24 .

 24 2 -Table of results for the cylinder test case.

Ocular Mathematical Virtual Simulator: towards uncertainty quantification.

  

	9e Biennale Française des Mathématiques Appliquées et Industrielles. Guidel Plages (Morbihan), France.
	14/05/2019.
	• A web-based interface for ocular hemodynamics and biomechanics analysis via the Ocular
	Mathematical Virtual Simulator.
	L. SALA, C. PRUD'HOMME, G. GUIDOBONI, M. SZOPOS, A.C. VERTICCHIO VERCELLIN, B.A.
	SIESKY, A. HARRIS.
	Annual Meeting of the Association for Research in Vision and Ophthalmology. Vancouver, Canada.
	01/05/2019.

• The L. SALA, C. PRUD'HOMME, G. GUIDOBONI, M. SZOPOS.

6th International Conference on Computational and Mathematical Biomedical Engineering. Sendai, Japan. 11/06/2019.

• An operator splitting method for the time discretization of a multi-scale model in ophthalmology. L. SALA, C. PRUD'HOMME, G. GUIDOBONI, M. SZOPOS.

• Mathematical

modeling and simulation of ocular blood flow and their interactions.

  Glaucome . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 Étape 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2 Étape 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3 Étape 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4 Biomécanique de la sclérotique, de la choroïde, de la rétine et de la cornée . . . . 27

	iv		
	1	Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .	4
	2	Anatomie et physiologie oculaires . . . . . . . . . . . . . . . . . . . . . . . . . . .	5
	3	Quantités d'intérêt et leurs mesures . . . . . . . . . . . . . . . . . . . . . . . . . .	7
	4		
		L. SALA.	
	Workshop Modeling the eye as a window on the body. American Institute of Mathematics, San José (CA), USA. 17/10/2018. Le Simulateur Virtuel de Mathématiques Oculaires (OMVS) 11
	• Ocular Mathematical Virtual Simulator: A Hemodynamical and Biomechanical Study towards Clinical Applications. 1
		L. SALA, C. PRUD'HOMME, G. GUIDOBONI, M. SZOPOS.	
		13th World Congress on Computational Mechanics: Multidisciplinary Alliance in Biosciences: Modeling,
		Computing, Technology and Clinical Applications. New York (NY), USA. 24/07/2018.	
	• Unconditionally stable operator splitting method for a multiscale application in ophthalmol-
		ogy.	
		L. SALA, C. PRUD'HOMME, G. GUIDOBONI, M. SZOPOS.	
		44e Congrès National d'Analyse Numérique. Centre Azureva, Cap d'Agde, France. 30/05/2018.	
	• Analysis of IOP and CSF alterations on ocular biomechanics and lamina cribrosa hemodynam-Méthodes numériques 31
		ics.	
	1	L. SALA, C. PRUD'HOMME, G. GUIDOBONI, M. SZOPOS, B.A. SIESKY, A. HARRIS. Méthode de décomposition de l'opérateur pour systèmes couplés 3D-0D . . . . . 31
		Annual Meeting of the Association for Research in Vision and Ophthalmology. Honolulu (HI), USA.
	2	01/05/2018. Technique de décomposition de l'opérateur . . . . . . . . . . . . . . . . . . . . . . 38
		285 iii	

TABLE DES MATIÈRES

 DES Méthode de Galerkin Discontinue Hybride (HDG) . . . . . . . . . . . . . . . . . . 44 Origine des données . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 Données de 10 patients virtuels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 Résultats des simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 Observations supplémentaires . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

	vi	TABLE DES MATIÈRES
	4 Résultats	57
		Notations
	5 Conclusions et perspectives	63
	Bibliographie	65
	CCT Épaisseur Centrale de la Cornée	
	CDI Imagerie Doppler Couleur	
	CRA Artère Rétinienne Centrale	
	CRV Veine Rétinienne Centrale	
	CSF Liquide CérébroSpinal	
	DP/DBP Pression Diastolique systémique	
	EDO Équations Différentielles Ordinaires	
	EDP Équations Différentielles Partielles	
	FEM Méthode des Éléments Finis	
	FSI Interaction Fluide-Structure	
	HDG Galerkin Discontinue Hybride	
	HPC calcul haute performance	
	HR Fréquence Cardiaque	
	IBC Conditions Limites Intégrales	
	ICP Pression IntraCrânienne	
	IOP Pression IntraOculaire	
	MAP Pression Artérielle Moyenne	
	MND Maladies NeuroDégénératives	
	NTG Glaucome de Tension Normale	
	OCTA Angiographie par Tomographie à Cohérence Optique
	OHT HyperTension Oculaire	
	OMVS Simulateur Virtuel de Mathématiques Oculaires
	RGC Cellule Ganglionnaire Rétinienne	
	RLTp Pression Tissulaire Rétrolaminaire	
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TABLE 2 .

 2 1 -Analogie électrique à l'écoulement du fluide.

		ÉLECTRIQUE HYDRAULIQUE
		câble conducteur tuyau simple
			résistance tuyau étranglé
		capacitance conformité des conduites
	q		charge volume		V
	I		courant débit		Q
	j	densité de courant vitesse		v
	φ		potentiel pression		p
	j = -σ∇φ	Loi d'Ohm Loi de Poiseuille	Q =	πr 4 8ν	∆p l
			Pr,a	Pr,c	Pr,v
		Pcra,4			Pcrv,1
	Artère ophtalmique				
	P Oeil,In				
		Pcra,3	CRIBROSA LAMINA		
		Pcra.2			
		Pcra,1			
		R in			
		Pin			Pout

  12], µ est la viscosité dynamique du fluide, ρ est la densité du fluide, A ref est la surface de référence de la section transversale, L est la longueur du avec E, ν, h et r ref qui sont respectivement le module de Young du tube, le rapport de Poisson, l'épaisseur de paroi et le rayon de référence

	14 CHAPITRE 2. LE SIMULATEUR VIRTUEL DE MATHÉMATIQUES OCULAIRES (OMVS)
	vaisseau, p est la pression moyenne à l'intérieur du vaisseau, k L = 12 un paramètre matériel qui, pour un tube élastique linéaire, peut être exprimé comme suit 2 r ref et K p est h
	K p =	E 12(1 -ν 2 )	h r ref

  .4) et nous l'imposons comme source de pression dépendant du temps. De plus, nous avons paramétrisé le signal reconstruit en utilisant la fréquence cardiaque (HR), les pressions systolique et diastolique systémiques (SP et DP, respectivement) en entrée ; ainsi, nous

	Nom	Type	Paramètres	Valeurs	Unités
	R 5a	résistance non linéaire (2.4)	k 0	0.0031	cm 3 mmHg -1 s -1
			k L	1457.5	[-]
			K p	0.3687	mmHg
			p e	IOP	mmHg
	R 5b	résistance non linéaire (2.4)	k 0	0.0156	cm 3 mmHg -1 s -1
			k L	1458.2	[-]
			K p	0.3684	mmHg
			p e	IOP	mmHg
	R 5c	résistance non linéaire (2.4)	k 0	0.0007	cm 3 mmHg -1 s -1
			k L	1419.4	[-]
			K p	0.3836	mmHg
			p e	RLT p	mmHg
	R 5d	résistance non linéaire (2.4)	k 0	0.0007	cm 3 mmHg -1 s -1
			k L	1424.1	[-]
			K p	0.3817	mmHg
			p e	RLT p	mmHg
	R out	résistance linéaire	R	14111.39	mmHg s cm -3
	lcR in	résistance linéaire	R	78181.9	mmHg s cm -3
	R buf f erIN	résistance linéaire	R	2000	mmHg s cm -3
	lcR	résistance linéaire	R	21988.25	mmHg s cm -3
	C 1	condensateur linéaire	C	0.000000722	cm 3 mmHg -1
	C 2	condensateur linéaire	C	0.000000753	cm 3 mmHg -1
	C 3	condensateur linéaire	C	0.0000167	cm 3 mmHg -1
	C 4	condensateur linéaire	C	0.0000107	cm 3 mmHg -1
	C 5	condensateur linéaire	C	0.000000753	cm 3 mmHg -1

TABLE 2 .

 2 3 -Données pour Étape 0.

  .5.

	Pr,a	Pr,c	Pr,v
	Pcra,4		Pcrv,1
	Artère Ophtalmique		
	P Oeil,In		
	Pcra,3		
	Pcra.2		
	Pcra,1		
	R in		
	Pin		Pout

  F ext est le terme de force volumétrique, F target est un vecteur constant donné dans R d , ε(u) = 1 2 ∇u + (∇u) T est le tenseur de déformation , I est le tenseur d'identité, σ est le tenseur de stress -tenseur symétrique en R d×d -et l'opérateur de conformité A est supposé être un opérateur limité, symétrique et défini positif sur l'ensemble des matrices symétriques en R d×d

			)
	u(x, t) = u(t)	sur Γ I	(2.17d)
	où u est le déplacement,		

  Neumann BC sur Γ N : σ n = g N (x, t) =⇒ nous intégrons Dirichlet sur Γ D : u = g D (x, t) =⇒ nous obtenons

	1. Γ N	∂u ∂t	g N dΓ N
	2. Γ D	∂g D ∂t	σ n dΓ D
	3. IBC sur Γ I :		nous avons	Γ I	σ ndΓ I = F target , mais	Γ I	∂u ∂t	σ n dΓ I n'est pas encore
	définie.														
	Notez que seulement si											
												∂u ∂t Γ I	=	∂u ∂t	(t)	(2.23)
	nous pouvons écrire	Γ I	∂u ∂t	σ n d(∂Ω) =	∂u ∂t Γ I	σ n d(∂Ω) =	∂u ∂t	F target sur Γ I . Ainsi, Eq. (2.23)
	conduit à la contrainte supplémentaire sur la condition limite intégrale spécifiée dans Eq.
	(2.17d).															
																	.22d)
																	(2.22e)
	et finalement obtenir par substitution de (2.22e) en (2.21b) :
	ρ 2	d dt	∂u ∂t	2 L 2 (Ω)		+	λ 2	d dt	∇ u 2 L 2 (Ω) + µ	d dt	ε(u)	2 L 2 (Ω)	=	∂Ω	∂u ∂t	σ n d(∂Ω)	+ F
	Notre intérêt se concentre maintenant sur			
												∂Ω		∂u ∂t	σ n d(∂Ω).
	On peut distinguer trois situations différentes :

Remarque 1. Dans l'OMVS, nous n'utilisons que des BC de Dirichlet et de Neumann pour le système d'élasticité linéaire.

  .24) où Ω ⊂ R d , ; d = 2, 3 est le domaine de calcul, u est le déplacement solide, σ el est le tenseur de contrainte élastique, F el est le terme de force volumétrique, p est la pression du fluide, α est le coefficient Biot, j est la vitesse de décharge, F f l est le terme source volumétrique et ζ le contenu fluide. La définition de ζ, σ, et j, se lit :

  2.27) où M est le module Biot, µ et λ sont les paramètres Lamé de la matrice élastique, et K est le tenseur de perméabilité. En exploitant ces définitions, nous pouvons réécrire le système (2.24) comme : 

  .28) où σ = σ el -α p I est le tenseur de stress du mélange ou stress total. Le système (2.28) est accompagné de conditions limites et initiales appropriées. La bonne position du système poroélastique (2.24) est prouvée par Showalter dans[111].

	Remarque 2.

  .8.

		HÉMODYNAMIQUE	BIOMÉCANIQUE
			Pr,a	Pr,c	Pr,v		
		Pcra,4	C2 Rr,a1 Rr,a2	Rr,c1 Rr,c2	C3 Rr,v1 Rr,v2	Pcrv,1	ARTÈRE RÉTINIENNE CENTRAL (CRA)	VEINE RÉTINIENNE CENTRAL (CRV)
	Artère Ophtalmique POeil,In QOeil,in	Rcra,4		IOP		Rcrv,1	POeil,Out Caverneux Sinus	IOP
		Pcra,3	LAMINA CRIBROSA			Pcrv,2	LAMINA CRIBROSA
		Rcra,3				Rcrv,2	Tension sclérotique	Tension sclérotique
		Pcra.2 Rcra,2	C1	RLTp	C4 C4	Rcrv,3 Pcrv,3	Pcra Pcrv
		Pcra,1				Pcrv,4	
		Rcra,1				Rcrv,4	
			lcRin				
		Artère Rétinienne Centrale	C5			Veine Rétinienne Centrale		RLTp
	Qr	Rin				Rout	Qr
		Pin				Pout	
							FIGURE 2.8 -Étape 2a schéma.

TABLE 2 .

 2 

	LAMÉ PARAMÈTRE VALEUR UNITÉ
	µ	0.12	MPa
	λ	5.88	MPa

4 

-Propriétés élastiques de la lamelle cribrosa pour Étape 2a.

  4. BIOMÉCANIQUE DE LA SCLÉROTIQUE, DE LA CHOROÏDE, DE LA RÉTINE ET DE LA CORNÉE27

  Couplage 3D-0D multi-échelle entre le système vasculaire rétinien et la lamina cribrosa.de recherche ont étudié ce sujet, voir par exemple[101, 104, 42, 80] pour une vue non exhaustive du vaste panorama des travaux sur les techniques de couplage. Pour ce faire, nous avons décidé d'adopter une méthode de décomposition des opérateurs inspirée de
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  .1b) où p est la pression du fluide, j est la vitesse de refoulement, f représente le terme source volumétrique, K est le tenseur de perméabilité et M est le module de Biot. Le système des EDP (3.1) est doté des conditions limites suivantes

  Dans ce travail, nous nous concentrons sur les modèles à paramètres globaux impliquant des éléments résistifs et capacitifs, mais la théorie peut être facilement étendue pour inclure également les inductances. Ce fait conduit à choisir différentes variables d'état électrique y telles que le potentiel, la Variable Unité de variable Unité de l'équation différentielle Dimensions de couplage Ω

	dy dt	+ A(y, t)y = r(y, t)	(3.5)
	avec les conditions initiales		
		y(t = 0) = y 0 .	
			la
	topologie et la physique des connexions entre les noeuds du circuit, et	
	r(y, t) = s(y, t) + b(y, t)	(3.6)
	est composé de sources et d'éviers à l'intérieur du circuit, y compris les générateurs de courant
	et de tension -dénommés s -et la contribution à cause de couplage avec la région EDP Ω -
	dénommée b.		
	Remarque 4.		

interface entre Ω et le buffer, n est le vecteur normal sortant, g N et g D sont respectivement les termes de Neumann et Dirichlet, Q I est le flux passant du domaine Ω dans le circuit Υ, P I est la pression à l'interface Γ I et Π 1 est la pression inconnue qui est partagée par le buffer et la variable d'état du circuit y Π 1 ⊆ y . Le circuit Υ est décrit de façon unique par le système suivant d'EDO : Si d est le nombre d'inconnues du circuit, c'est-à-dire le nombre d'EDO, y est un vecteur dimensionnel d représentant les variables d'état du circuit Υ, A est un tenseur d × d incluant tension, la charge ou les courants, qui, en exploitant l'analogie du fluide, correspondent à la pression, au volume ou au débit volumétrique. Ainsi, le système (3.5) présente différentes unités physiques pour les variables d'état et les équations selon que le couplage est avec un domaine EDP 2D ou 3D (voir tableau 3.1).

TABLE 3 .

 3 1 -Unités physiques des variables pour le modèle à paramètres globaux et leur équation différentielle correspondante, dans le cas d'un couplage avec un domaine de calcul 2D ou 3D et un modèle EDP.

  3.7) où les espaces R d et R d×d sont dotés des produits intérieurs euclidiens habituels et où, par souci de clarté, la dépendance temporelle est omise. Nous désignons par le symbole •, • le produit intérieur et nous rappelons que, étant donné C ∈ R n×n symétrique et positif défini, la norme

  D pde représente la dissipation due à la perméabilité dans le domaine PDE ; • F pde représente le terme de forçage dans le domaine PDE ; • P I (t) Q I (t) représente la contribution due à la connexion EDP-EDO. Dérivons maintenant une estimation d'énergie similaire pour le circuit Υ. Comme les équations peuvent ne pas être homogènes en termes d'unités physiques, voir Remarque 4, nous effectuons le produit interne entre Eq. (3.5) et la fonction de valeur vectorielle U y pour avoir pour chacune des équations scalaires résultantes les dimensions physiques d'un taux de changement d'énergie, à savoir Kg m 2 s -3 pour le domaine 3D ou Kg m s 3 dans le domaine 2D, pour un changement d'énergie par longueur. Le tenseur U est diagonal et ses entrées U jj avec j = 1, . . . , d dépendent du choix particulier de la variable d'état correspondante (voir tableau 3.2) ; spécifiquement pour j = 1, . . . , d :
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	ou, de façon équivalente,		
	d dt	E pde + D pde = F pde -P I (t) Q I (t)	(3.8b)
	En particulier, nous avons ce qui suit	
	• E pde représente l'énergie dans le domaine du EDP ;	
	•		

TABLE 3 .

 3 2 -Résumé des choix appropriés pour les entrées diagonales Ujj du tenseur U selon la variable d'état correspondante yj. Ainsi, les unités physiques pour Ujj sont listées en cas de couplage avec un domaine 2D ou 3D, respectivement.

	Le choix spécifique pour les capacités ou les inductances apparaissant en U jj est déterminé par
	l'élément de circuit correspondant concernant y j . Ainsi, en exécutant le produit scalaire entre
	Eq. (3.5) et U y on obtient :			
	dy dt	, U y	.	(3.9)
		III		

I + A y, U y II = r, U y

  nous en déduisons que d dt (E pde + E ode ) + D pde + U ode +D RC = F pde + F ode (3.14) Considérant que D pde + D RC ≥ 0 ∀t ≥ 0, si F pde et F ode disparaissent et les propriétés du circuit sont telles que U ode ≥ 0 ∀t ≥ 0, alors nous avons d dt (E pde + E

ode ) ≤ 0 ∀t ≥ 0, ce qui conduit à l'inégalité

E pde (t) + E ode (t) ≤ E pde (0) + E ode (0) ∀t ∈ (0, T )

(3.15)

Eq. 3.15 indique que l'énergie physique du système en l'absence de forces externes diminue avec le temps. Notre but est de concevoir une méthode numérique qui préserve cette propriété au niveau discret, ce qui donne finalement stabilité inconditionnelle par rapport à la discrétisation temporelle. Cette propriété est largement discutée dans le paragraphe 2.1.

  Notez que notre but est de séparer les non-linéarités du système ODE du système PDE et de séparer le domaine 3D du circuit 0D. On obtient ainsi deux sous-systèmes dans lesquels on peut employer différentes discrétisations spatiales et temporelles et utiliser des méthodes numériques adaptées. Ainsi, afin de préserver l'énergie au niveau continu, nous résolvons dans une première étape le système EDP accompagné des conditions d'interface et des contributions dues à la connexion 3D-0D, tandis que dans une deuxième étape nous résolvons le système ODE restant.

	Notre stratégie est de résoudre séparément les problèmes suivants :
	1. le problème 3D Biot-Darcy (Eq. (3.1)) ;
	2. le circuit 0D non linéaire décrit par un système d'EDO (Eq. (3.5)).

1)/I ,

(3.18) 

puis définir φ n+i/I = φ i (t n+1 ), pour i = 1, . . . , I. Cette méthode est précise au premier ordre. Plus précisément, si (3.16) est défini sur un espace fini et si les opérateurs A i sont assez lisses, alors

φ(t n ) -φ n = O(∆t).

Notre problème 3D-0D peut être considéré comme analogue au problème (3.16), où φ est le tableau des inconnues p, j et y, tandis que A est un opérateur différentiel non linéaire multivaleur. Il n'y a pas de façon unique de décomposer A (Eq. (3.17)), et différents choix peuvent conduire à la solution de différents sous-problèmes (Eq. (3.18)).

  U 2 représente toutes les contributions des résistances et des condensateurs du circuit 0D ;• F 2 représente le forçage du système de circuit 0D dû à des générateurs de courant ou de tension. SI F 2 s'évanouit et les propriétés du circuit sont telles que U 2 ≥ 0 ∀t ∈ (t n , t n+1 ), alors En conséquence de ce théorème, la stratégie proposée est très modulaire, permettant une flexibilité notable dans le choix des méthodes de solution pour chaque sous-problème résultant de la division. La complexité coïncide avec celle des schémas lâchement couplés, du fait qu'aucune itération entre les deux étapes principales n'est nécessaire pour atteindre la stabilité.A la suite de cette investigation théorique nous obtenons, dans un cas simplifié où nous employons Euler implicite pour la discrétisation temporelle, le théorème suivant : Théorème 3 (Stabilité). Considérons le problème 3D décrit par Eq. (3.1) couplé au modèle 0D défini par Eq. (3.5) et supposons-le : (i) les propriétés du circuit sont telles que le tenseur A est constant et B est positif défini ;(ii) il n'y a pas de termes de forçage, à savoir F pde (t) = F ode (t) = 0 ; ∀t ≥ 0, où F pde représente le forçage du système dû au les forces du corps et les pressions externes agissant sur le domaine EDP et F ode le forçage sur le système dû aux générateurs de courant et de tension dans le circuit en bosses, respectivement ; Soit ∆t = t n+1 -t n et commençons par considérer l'Étape 1. Dans les hypothèses (i)-(ii), en utilisant un schéma d'Euler implicite pour la discrétisation temporelle et en suivant une procédure similaire à celle détaillée à le paragraphe 1.2, nous obtenons l'identité énergétique suivante au niveau discret du temps de l'Étape 1 :
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	• E 2 représente l'énergie caractérisant l'Étape 2 ;
	• nous avons	d dt	E 2 ≤ 0 ∀t ∈ (t n , t n+1 ) ce qui conduit à l'inégalité
			E 2 (t n+1 ) ≤ E 2 (t n )	∀n ≥ 0	(3.22)
	Eq. 3.22 indique que l'énergie physique de l'Étape 2, en l'absence de force extérieure, diminue
	avec le temps.	
	(iii) la connexion EDP-EDO est de type résistif-capacitif, comme indiqué sur la Fig. 3.2 ;
				.21c)
	où		

Théorème 2 (Énergie semi-discrète). Considérons l'algorithme en deux étapes proposé, c'est-à-dire la semi-discrétisation dans le temps du problème 3D décrit par Eq. (3.1) couplé avec le modèle 0D défini par Eq. (3.5), et supposons cela :

(i) les propriétés du circuit sont telles que le tenseur A est constant et B est positif défini ;

(ii) il n'y a pas de termes de forçage, à savoir F 1 (t n ) = F 2 (t n ) = 0 ; ∀n ≥ 0, où F 1 représente le terme de forçage dans l'Étape 1 et F 1 le terme de forçage d'Étape 2.

Selon ces hypothèses, chaque étape de l'algorithme proposé préserve l'énergie à chaque intervalle (t n , t n+1 ) ∀n ≥ 0 et est stable sans condition.

Remarque 5.

(iv) Euler implicite a été utilisé pour la discrétisation dans le temps.

Selon ces hypothèses, l'algorithme donné par les Étapes 1 et 2 est inconditionnellement stable.

Démonstration.

  Young sur le premier terme du côté droit de(3.23), on obtient Pour estimer le deuxième terme à droite de(3.23), nous utilisons d'abord l'inégalité de Cauchy-Schwarz, puis l'inégalité de Young pour obteniry n , U y n+ 1 2 ≤ y n , U y n y n+ 1 2 , U y n+ 1Pour estimer le côté droit de (3.27) nous adoptons la même procédure que celle utilisée pour l'Étape 1 dans (3.24) et(3.25), récupérant ainsi les inégalités suivantes Le fait que les conditions initiales de l'Étape 2 coïncident avec la solution finale de l'Étape 1

	44												CHAPITRE 3. MÉTHODES NUMÉRIQUES
	1 2∆t	E n+1 2	+ U n+1 ode,2 ≤ =	1 2∆t 1 2∆t	E	1 M 2 n+ 1 2	p n+ 1 2	2 L 2 (Ω)	+ U	1 2 y n+ 1 2	2	(3.28)
	Puisque U n+1 ode,2 ≥ 0 de l'hypothèse (i), (3.28) mène à
						E n+1 2 =⇒ E n+1 -E n+ 1 2 2 2	≤ -2∆t U n+1 ode,2 ≤ 0 2 ≤ E 2 n+ 1	(3.29)
	1 M Ω n+ 1 2 1 implique que E = E 2 p n p n+ 1 2 ≤ n+ 1 2 ; en combinant ainsi (3.26) et (3.29), nous obtenons les inégalités 1 2M p n 2 L 2 (Ω) + p n+ 1 2 2 L 2 (Ω) = 1 2 E n pde,1 + 1 2 E n+ 1 2 pde,1 suivantes E n+1 2 ≤ E n+ 1 2 1 = E n+ 1 2 2 ≤ E n 1 for n ≥ 1, (3.30)	(3.24)
													2
										≤	1 2	y n , U y n + y n+ 1 2 , U y n+ 1 2	(3.25)
										=	1 2	E n ode,1 +	1 2	E	n+ 1 2 ode,1
	Ces opérations sont possibles puisque la matrice U est symétrique et définitive positive. En
	combinant (3.23), (3.24) et (3.25), nous récupérons
			1 2∆t	E	n+ 1 2 1	+ D pde,1 + D n+ 1 2	n+ 1 2 RC,1 ≤	1 2∆t	E n 1
										E 1 n+ 1 2	-E n 1 ≤ -2∆t D	n+ 1 2 pde,1 + D RC,1 n+ 1 2
										E 1 n+ 1 2	-E n 1 ≤ 0
	Enfin, nous concluons que					
													E	n+ 1 2 1	≤ E n 1	(3.26)
	Considérons maintenant l'identité énergétique de l'Étape 2. Nous utilisons le schéma d'Euler
	implicite pour la discrétisation temporelle et en déduisons cela :
		1 ∆t	E n+1 2	+ U n+1 ode,2 =	1 ∆t	1 M Ω	p n+ 1 2 p n+1 + y n+ 1 2 , U y n+1	(3.27)
	au niveau discret au moment de l'Étape 2, où E n+1 2	= E n+1 pde,2 + E n+1 ode,2 et
	E n+1 pde,2 =	1 M	p n+1 2 L 2 (Ω)				E n+1 ode,2 = U	1 2 y n+1 2	U n+1 ode,2 = B	1 2 y n+1 2

  et les références citées. Définissant le flux normal numérique sur ∂Kj ∂K h • n ∂K = j K h | ∂K • n ∂K + τ ∂K (p K h | ∂K -p h | ∂K ),(3.34)la formulation discrète se lit comme suit : trouver j h ∈ V h , p h ∈ W h et p h ∈ M h de sorte que ∀v h

  3. MÉTHODE DE GALERKIN DISCONTINUE HYBRIDE (HDG)47En combinant cette procédure avec Eq. (3.34) pour chaque K ∈ T h , il est possible d'exprimer le flux numérique normal en fonction de la seule variable p ∂K h . A ce stade, nous pouvons utiliser les Eqs restants. (3.35c) et(3.35d). Il est pratique de réécrire ces équations sous une forme différente en exploitant la propriété de la fonction test µ h d'être à valeur unique sur chaque face de F h et discontinue sur les bords des faces. Cela conduit à trois ensembles d'équations distinctes :1. un groupe d'équations applique dans un sens faible la continuité entre les éléments de la composante normale de j h sur chaque face internej h , µ h F = 0, ∀F ∈ F 0 h , µ h ∈ M h ; (3.36)2. un autre groupe d'équations applique, encore une fois dans un sens faible, la condition limite de Dirichlet (équation (2.8))p h , µ h F = g D , µ h F , ∀F ∈ F D h , µ h ∈ M h ;(3.37)3. un autre groupe d'équations applique, encore une fois dans un sens faible, la condition limite de Neumann (équation (2.9))j h • n, µ h F = g N , µ h F , ∀F ∈ F N h , µ h ∈ M h ;(3.38)4. la dernière équation scalaire unique appliquant faiblement la condition limite intégrale (équation (2.10))j h • n, µ h Γ I = I target |Γ I | -1 µ h , 1 Γ I , µ h ∈ M h . (3.39) 

)

  K∈T h j • n ∂K , µ h ∂K = g N , µ h Γ N + I target |Γ I | -1 µ h , 1 Γ I . (3.41c)Introduisons un espace auxiliaireM h = {q ∈ L 2 (F h ) : q| F ∈ P k (F ) ∀F ∈ F h } ⊇ M h et soit P M h : L 2 (F h ) → M h laprojection orthogonale L 2 . Nous remarquons que, puisque p est une constante sur Γ I et disparaît identiquement sur Γ D , nous avons P M h p = P M h p.

  ) Prouvons ces équations. Selon la définition de Π, Π, et P M h , (3.41a) et (3.41b) impliquent, sur chaque K ∈ T h ,

	-(e K j , ∇w K h ) K + e ∂K j	• n ∂K , w K h ∂K = 0,	(3.45b)
	K∈T h		
	e ∂K		
	K∈T h		

j

• n ∂K , µ h ∂K = 0.

(3.45c)

  et(3.35b) des deux équations ci-dessus, respectivement, et en ajoutant sur K ∈ T h , on obtient (3.45a) et(3.45b). Pour prouver (3.45c), observez que, par définition de e j , ainsi que Π, Π, etP M h , il suit e ∂K j • n ∂K , µ h ∂K = e K j • n ∂K + τ ∂K (e K p -e p ), µ h ∂K = (Π K j -j K h ) • n ∂K + τ ∂K (Π K p -p K h -P M h p + p h ), µ h ∂K = (j -j K h ) • n ∂K + τ ∂K (p -p K h -p + p h ), µ h ∂K = j • n ∂K -j ∂K h • n ∂K , µ h ∂K .En ajoutant tous K ∈ T h , on obtientPuisque j ∈ H(div; Ω) et que j h et j satisf (3.35c) et (3.41c), respectivement, le côté droit cidessus est nul. Enfin, en prenant v h = e j in (3.45a), w h = e p in (3.45b) et µ h = -e p in (3.45c) et en ajoutant les trois équations obtenues, on obtient

		e ∂K		
		K∈T h		
	K∈T h	(K -1 e K j , e K j ) |e j | 2 0,Ω +	τ ∂K |e K p -e p | 2 0,∂K	|Πj -j| 2 0,Ω .
		K∈T h		

j • n ∂K , µ h ∂K = K∈T h j • n ∂Kj ∂K h • n ∂K , µ h ∂K . K + τ ∂K (e K p -e p ), e K p -e p ∂K = K∈T h (K -1 (Π K j -j), e K j ) K ,

qui est identique au résultat analogue dans

[22]

, et qui, par un argument standard, donne

)

  K∈T h [ λ 1,h , µ 1,h Γ D ] = g D , µ 1,h Γ D , (3.46c) ∂K , µ 1,h ∂K + τ ∂K p h , µ 1,h ∂K -τ ∂K λ 1,h , µ 1,h ∂K = g N , µ 1,h Γ N , (3.46d) K∈T h [ j h • n, µ 2,h ∂K + τ ∂K p h , µ 2,h ∂K -τ ∂K λ 2,h , µ 2,h ∂K ] = I target |Γ I | -1 µ 2,h , 1 Γ I , (3.46e) pour tous (v h , w h , µ 1,h , µ 2,h ) ∈ V h × W h × M h × M * h . Remarquez que la dimension de l'espace M * h est 1, c'est-à-dire M *

	j K h • n
	K∈T h

h ∼ = R. Par conséquent, (3.46e) est une équation scalaire unique qui applique la condition limite intégrale dans un sens faible.

  )Soit n V , n W , et n M représentent les dimensions de P k (K), P k (K), et P k (F ), respectivement, avec K ∈ T h , F ∈ ∂K. De plus, laissez NF être le nombre de faces dans ∂K ∩ (F 0 h

	A K 22 ↔ τ p K h , w K h ∂K ,	A K 23 ↔ τ λ 1,h , w K h ∂K ,	(3.47c)
	A K 24 ↔ τ λ 2,h , w K h ∂K ,	A K f ↔ (f, w K h ) K ,	(3.47d)
	A K 33 ↔ τ λ 1,h , µ 1,h ∂K ,	A K 44 ↔ τ λ 2,h , µ 2,h ∂K .	(3.47e)

  R, ce qui signifie que NF est plus petit dans le case sans IBC, donc A K 13 , A K 23 et A K 33 sont plus petits. Par contre, si ∂K ∩ F Γ I h = ∅, les trois matrices précédentes ont la dimension attendue, alors que A K 14 , A K 24 et A K 44 sont vides. Nous mentionnons maintenant brièvement le système monolithique à résoudre d'un point de vue algébrique. Ce système global n'est pas pratique et inefficace à résoudre en l'état, la taille du système est en effet beaucoup plus grande que les systèmes de Galerkin continus et discontinus standard de Galerkin. A 11 A 12 A 13 A 14 A 21 A 22 A 23 A 24 A 31 A 32 A 33 0 A 41 A 42 0 A 44

	Solveur monolithique
	Le système global lit
	
	 
	

  u h , w) ∂Ω h + τ ûh , w ∂Ω h = (F ext , w) Ω h σ h • n, µ 1 ∂Ω h \Γ -τ P M u h , µ 1 ∂Ω h \Γ + τ ûh , µ 1 ∂Ω h \Γ = 0 σ h n, µ 1 ∂Ω h \Γ -τ P M u h , µ 1 ∂Ω h \Γ + τ ûh , µ 1 ∂Ω h \Γ = 0 σ h • n, µ 2 Γ N -τ P M u h , µ 2 Γ N + τ ûh , µ 2 Γ N = g N , µ 2 Γ N ûh , µ 3 Γ D = g D , µ 3 Γ D σ h n, µ 4 Γ I -τ P M u h , µ 4 Γ I + τ ûh , µ 4 Γ I = F target , µ 4 Γ Ipour tous (v, w, µ 1 , µ 2 , µ 3 , µ 4

Quantité Symbole Valeur moyenne Déviation standard Unité Origine

  

	Tension artérielle systolique	SBP	116	23.2	mmHg	[127]
	Tension artérielle diastolique	DBP	69	13.8	mmHg	[127]
	Fréquence cardiaque	HR	69	15	bpm	[10]
	Pression intraoculaire	IOP	17	6	mmHg	[29]
	Pression rétrolaminaire des tissus	RLTp	9.5	2.2	mmHg	[106]

TABLE 4 .

 4 1 -Valeurs de référence pour les patients virtuels.
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preconditioner with 10 time steps, 223512 degrees of freedom (dofs) for the primal variable, 112092 dofs for the dual variable, and 176139 dofs for the trace, the FEEL++ code takes 759.3847 s and 68.27 s in serial and in parallel with 10 processors, respectively.

We perform two different sets of simulations, a first set without any IBC condition (w/o IBC), i.e. when only standard Dirichlet and Neumann boundary conditions are applied, then a second one with IBC (w/ IBC).w/o IBCConsidering the 2D domain sketched in Fig.12.1a, we define the boundaries as follow for the w/o IBC test:Γ D = Γ 1 ∪ Γ 2 , Γ N = Γ 3 .

w/ IBCConsidering the 2D domain sketched in Fig.12.1a, we define the boundaries as follows for the w/ IBC test case:Γ D = Γ 1 , Γ I = Γ 2 , Γ N = Γ 3 .

Table 21.2 -Reduced models: overview.

Table 21.3 -Spatially distributed models: overview.

Table 21.5 -Spatially distributed models: overview.

solid influences the rigid body motion described by a system of ODEs and vice-versa.

CHAPITRE 2. LE SIMULATEUR VIRTUEL DE MATHÉMATIQUES OCULAIRES (OMVS)
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x) une analyse plus détaillée à l'aide des indices de Sobol de l'OMVS [109].

Enfin, nous concluons en renouvelant l'objectif du projet Eye2Brain où cette thèse est intégrée. L'étude de l'oeil est un premier pas vers la compréhension des mécanismes cérébraux complexes, en particulier pour les maladies neurodégénératives. Dans ce but, nous mentionnons la thèse en cours de P. Ricka à l'Université de Strasbourg, qui porte sur la modélisation mathématique et la simulation numérique des flux sanguins cérébraux et leurs interactions avec le système oculaire.

Code 9.1 -Type definition for HDG Darcy using mesh_type = Mesh<Simplex<Dim,G_Order» ; using face_mesh_type = Mesh<Simplex<Dim-1,G_Order,Dim» ; using Ch_ptr_t = Pch_ptrtype<face_mesh_type,0>; using Vh_ptr_t = Pdhv_ptrtype<mesh_type,Order>; using Wh_ptr_t = Pdh_ptrtype<mesh_type,Order>; using Mh_ptr_t = Pdh_ptrtype<face_mesh_type,Order>; using product2_space_type = ProductSpaces2<Ch_ptr_t,Vh_ptr_t,Wh_ptr_t,Mh_ptr_t>; In Code 9.2 we define the function spaces and meshes. Code 9.2 -Mesh definition for HDG Darcy // load the mesh M_mesh = loadMesh( new mesh_type); Code 9.3 shows the creation of spaces V h , W h , Mh and M *

h . We also want to be able to have several number of integral boundary conditions, the number of which will only be known at execution.

Code 9.3 -Function spaces definition for HDG Darcy // define the complement of Γ IBC on Γ Code 9.7 -Assemble Dirichlet boundary conditions for HDG Darcy // ph , µ Γ Dirichlet bbf( 2_c, 2_c ) += integrate(_range=markedfaces(M_mesh,marker), _expr=idt(phat) * id(l) ); // g D , µ Γ Dirichlet blf(2_c) += integrate(_range=markedfaces(M_mesh,marker), _expr=id(l) * g); Code 9.8 -Assemble Neumann boundary conditions for HDG Darcy 1. MIXEDPOISSON Code 9.11 -Type definition for HDG elasticity using mesh_type = Mesh<Simplex<Dim,G_Order» ; using face_mesh_type = Mesh<Simplex<Dim-1,G_Order,Dim» ; using Ch_ptr_t = Pchv_ptrtype<face_mesh_type,0>; using Vh_ptr_t = Pdhms_ptrtype<mesh_type,Order>; using Wh_ptr_t = Pdhv_ptrtype<mesh_type,Order>; using Mh_ptr_t = Pdhv_ptrtype<face_mesh_type,Order>; using product2_space_type = ProductSpaces2<Ch_ptr_t,Vh_ptr_t,Wh_ptr_t,Mh_ptr_t>; Next, Codes 9.12 and 9.13 illustrates the process of loading a new mesh and creating new function spaces, respectively. Code 9.12 -Mesh definition for HDG elasticity // load the mesh M_mesh = loadMesh( new mesh_type); Code 9.17 -Assemble Dirichlet boundary conditions for HDG elasticity // û, µ 1 Γ Dirichlet bbf( 2_c, 2_c) += integrate(_range=markedfaces(M_mesh,marker),_expr=trans(idt(uhat)) * id(m) ); // g D , µ 1 Γ Dirichlet blf( 2_c ) += integrate(_range=markedfaces(M_mesh,marker), _expr=trans(id(m)) * g); Code 9.18 -Assemble Neumann boundary conditions for HDG elasticity // σ • n, µ 1 Γ N eumann bbf(2_c,0_c)+=integrate(_range=markedfaces(M_mesh,marker), _expr=(trans(id(m)) * (idt(sigma) * N()))); CHAPTER 9. HDG METHOD or exploit the computational power of the static condensation. The solve method is shown in Code 9.20. Code 9.20 -Solve the system for HDG elasticity auto U = M_ps->element(); Code 9.21 -Extra terms in the Darcy formulation // -d dt ∇ • u, w Ω blf(1_c) += integrate( _range=elements( M_mesh ), _expr= -( div(M_ElasticityModel-> potentialField()) + -div(M_ElasticityModel->timeStepNM()->previousUnknown())) * id(w)/dt ); Code 9.21 shows the elastic contribution to the right hand side of Eq. 4.1b, whereas Code 9.22 illustrates the Darcy contribution to the linear elastic system. Code 9.22 -Extra terms in the linear elasticity formulation auto pressure = M_PoissonModel->potentialField();

Finally, as before, we assemble the system:

• in Code 9.15 the core of the HDG elasticity matrix;

• in Code 9.16 the right hand side;

• in Code 9.17 the Dirichlet boundary conditions ;

• in Code 9. In this code we can find how to define

• the domain and its material properties: lines 9 -10;

• the information on the coupling 3D-0D: lines 11 -13;

• the initial solution p(t = 0): lines 20 -25;

• the volumetric source term f in Eq. (4.1b): lines 27 -32;

• the Dirichlet BCs as Eq. (4.2): lines 34 -40;

• the Neumann BCs as Eq. (4.3): lines 41 -52;

• the integral interface condition as Eq. ( 7.4): lines 53 -63;

• the quantities to be exported: lines 64 -70.
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Elasticity json file

Here we present the file where we define all the data concerning the linear elasticity equations that are needed when using the MixedElasticity or MixedPoissonElasticity class.

Code 11.3json file for linear elasticity. { "Name": "HDG-Mixed-Linear-Elasticity", "ShortName":"ME", "Models": { "equations":"hdg"}, "Materials": { "Lamina": { "name":"tissue", "rho":"0.0011", "lambda":"588", "mu":"12", "special_neumann":"Hole" • the body force F ext of Eq. (5.1b): lines 20 -26;

• the Neumann BCs as Eq. (5.2a): lines 27 -41; in this particular case we define the variable g such that g N = g I • n;

In this part we display the simulation results provided by the OMVS. In particular we present:

• the verification of the implementation (Part IV) of the numerical methods introduced in Part III (Ch. 12);

• the validation of the models described in Part II using clinical or experimental data (Ch. 13);

• three clinically significant studies to investigate different aspects of the ocular physiology, namely the effects on the overall system caused by a variation of the blood pressure (Ch. 14), of the intraocular pressure (Ch. 15) and of the translaminar tissue pressure difference (Ch. 16);

• the application of our framework to a clinical virtual database (Ch. 17). Before computing any Sobol index using the PC model we have to check that the metamodel is actually a good approximation of the full model. In Code 20.4 we i. create the input sample set to run the test ⇒ line 1; ii. generate the output for the full model ⇒ line 3; iii. generate the output for the full model ⇒ line 4; iv. save the input samples and the output results ⇒ lines 6 -8; v. produce figures that compares the output of the two models ⇒ lines 10 -20. 

Code 20.5 -Compute the Sobol indices using the metamodel based on PC expansion

Poster presentations

• Mathematical modeling and simulation of ocular blood flows and their interactions. 

Peer-reviewed articles in International Journals

• Energy-based operator splitting approach for the time discretization of coupled systems of partial and ordinary differential equations for fluid flows: the Darcy case. L. SALA, G. GUIDOBONI, M. SZOPOS, C. PRUD'HOMME.

In preparation.

• The Ocular Mathematical Virtual Simulator: preliminary sensitivity analysis. L. SALA, C. PRUD'HOMME, G. GUIDOBONI, M. SZOPOS. In preparation.
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De plus nous réécrivons III de (3.9) comme suit r, U y = b, U y + s, U y .

Enfin, nous obtenons d dt

Ici le paramètre τ est le paramètre de stabilisation et P M désigne la projection orthogonale

Remarque 10. L'utilisation de P M est nécessaire pour obtenir la précision optimale ; sans elle, la formulation pourrait résulter légèrement moins précise [98]. Nous avons sélectionné un sujet de référence (Tony), trois patients à risque de glaucome présentant une IOP élevée (John, Tina, Margaret), un sujet présentant un risque d'hypertension intracrânienne idiopathique (Sophie), un sujet présentant une différence de pression tissulaire translaminaire élevée due à une hypotension intracrânienne (Luke), trois patients à risque d'hypotonie oculaire (Max, Clara, Jim) et un patient présentant une tachycardie (Jenny). Le but de cette sélection de patients est de faire varier quelques paramètres à la fois afin de comprendre les influences de chaque variation de paramètres et de démêler les différents effets. La variation de chaque paramètre a été basée sur les résultats expérimentaux brièvement résumés dans le tableau 4.1, en particulier pour simuler des conditions élevées, nous avons sélectionné la valeur moyenne ajoutée à l'écart type et pour les valeurs faibles, nous avons choisi la moyenne moins l'écart type. Seulement pour l'IOP et le HR, nous avons fait une exception, où les valeurs élevées ont été soulignées directement dans la littérature [29,10].

Nom Sexe

Il ne s'agit sans doute que d'une analyse préliminaire et elle ne veut pas être exhaustive d'une situation pathologique, de plus nous ne considérons pas le fait que les paramètres ne sont pas indépendants les uns des autres. Malgré ces hypothèses, nous soulignons le fait que l'OMVS est toujours en mesure de prédire certaines affections cliniquement pertinentes et de traiter facilement les bases de données cliniques en vue de recherches médicales plus élaborées.

Résultats des simulations

Dans cette section, nous illustrons les principaux résultats obtenus à l'aide de l'OMVS dans la base de données virtuelle de patients décrite dans la section précédente et nous esquissons la discussion sur l'impact clinique et la pertinence de ces simulations.

• Tony est un sujet sain que nous avons considéré comme la base de référence. Les profils des flux sanguins de la CRA et de la CRV correspondent aux profils mesurés avec des instruments médicaux comme l'Eco-Doppler. De plus, les valeurs obtenues par les simulations numériques sont dans les plages physiologiques [124]. La tension artérielle et le débit sanguin dans la lamina cribrosa sont en accord avec d'autres travaux de la littérature [55]. Tous les autres patients seront comparés aux résultats de sa simulation.