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Résumé

Dans cette these, nous obtenons des formules d’intégration par par-
ties pour les lois de ponts de Bessel de dimension § > 0, étendant
ainsi les formules précédemment obtenues par Zambotti dans le cas
0 > 3. Ceci nous permet d’identifier la structure de certaines EDP
stochastiques (EDPS) ayant la loi d’'un pont de Bessel de dimen-
sion & € (0,3) pour mesure invariante, et qui étendent de maniere
naturelle les EDPS considérées précédemment par Zambotti dans le
cas 0 > 3. Nous nommons ces équations EDPS de Bessel, et les
écrivons a l'aide de temps locaux renormalisés. Dans les cas par-
ticuliers 6 = 1,2, en utilisant la théorie des formes de Dirichlet,
nous construisons une solution d’une version faible de ces EDPS.
Nous prouvons également plusieurs résultats partiels qui suggerent
que les EDPS de Bessel de parametre 6 < 3 possedent certaines
propriétés importantes: propriété de Feller forte, existence de temps
locaux. Enfin, nous considérons différents modeles de pinning cri-
tiques dynamiques, discret et continu, et prouvons un résultat de
tension. Nous conjecturons que ces modeles ont une méme limite en
loi décrite par 'EDPS de Bessel associée a 6 = 1.

Mots-clés: Formules d’intégration par parties, ponts de Bessel,
EDP stochastiques avec réflexion, temps locaux, renormalisation,
modeles de pinning.



Abstract

In this thesis, we derive integration by parts formulae (IbPF) for the
laws of Bessel bridges of dimension § > 0, thus extending previous
formulae obtained by Zambotti in the case ¢ > 3. This allows us
to identify the structure of some stochastic PDEs (SPDEs) having
the law of a Bessel bridge of dimension § < 3 as invariant measure,
and which extend in a natural way the family of SPDEs previously
considered by Zambotti for 6 > 3. We call these equations Bessel
SPDEs, and write them using renormalized local times. In the par-
ticular cases 0 = 1,2, using Dirichlet forms, we construct a solution
to a weak version of these SPDEs. We also provide several partial
results suggesting that the SPDEs associated with § < 3 should have
several important properties: strong Feller property, existence of lo-
cal times. Finally, we consider dynamical critical wetting models,
in the discrete and in the continuum, and prove a tightness result.
We conjecture that these models have a common limit in law which
should be described by the Bessel SPDE associated with § = 1.

Keywords: Integration by parts formulae, Bessel bridges, stochas-
tic PDEs with reflection, local times, renormalization, pinning mod-
els.
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Chapter 1

Introduction

In 1827, the Scottish botanist Robert Brown observed that some organic particles
on a droplet he was looking at through his microscope were moving in a chaotic
way along unusual and irregular paths. This movement, which was later baptized
Brownian motion, was understood only much later, due to the work, at the turn of
the 20th century, of Einstein and Smoluchowski, who argued that the chaotic tra-
jectories one could see on large scales were due to the presence of highly-energetic
atoms hitting the particles in all directions. They also predicted that the mean
squared displacement of the particles should be proportional to v/¢, where t is the
time parameter: one speaks of a diffusive behavior. Later, the French physicist
Jean Perrin confirmed experimentally this prediction, thus establishing for the first
time the existence of atoms.

Ever since these breakthroughs, Brownian motion has become one of the most
famous probabilistic objects, which today finds applications in areas as diverse as
physics, biology, finance and computer sciences. The study of its fine properties
has given birth to a vast litterature: see e.g. [KS88], [RY13], [MYO0S8], [RWO0Q]. It
also plays an important role in the theory of stochastic calculus due to Kiyoshi Ito,
which was developped as a tool to define and solve stochastic differential equations
(SDEs), in which one replaces standard integrals by stochastic integrals, and which
allow to construct continuous-time Markov processes.

From a probabilistic point of view, one of the major interests of Brownian
motion is its universal character: by Donsker’s theorem, it arises as the limit in
law of a large family of discrete random walks, when rescaled diffusively. This fact
implies the invariance in law of Brownian motion under diffusive rescaling, i.e. if
(Bt)i>0 is a standard Brownian motion, then

VAS0, Be 2AB, (1.1)

where the equality is an identity in law of the entire processes. It also explains



why Brownian motion appears when one looks at the large-scale behaviour of a
small particle floating on water.

One can now wonder what trajectory such a particle will follow if one imposes
an obstacle: for instance, in the one-dimensional situation, one may consider the
origin 0 as an obstacle, and restrict our attention to real-valued stochastic processes
which take only nonnegative values. Mathematically, the question can then be
formulated as follows: what Markov process on R, does there exist, that are
furthermore invariant under diffusive scaling ? As is well-known, there exists a
one-parameter family of nonnegative stochastic processes, called Bessel processes,
which satisfy this property.

Bessel processes share many similarities with Brownian motion: in particular,
they scale diffusively as in . However, in contrast with Brownian motion, they
take nonnegative values. Moreover, they appear as the limit in law of various non-
negative discrete random walks rescaled diffusively. In particular, they describe the
large-scale fluctuations of several wetting models: see [DGZ05], [Fun05, Chapter
7], and [DO18], as well as Chapter [9] below.

T T T T T T T T T T T T T T T T T T T T
0 20 40 60 80 100 120 140 160 180 200 220 0 20 40 60 80 100 120 140 160 180 200 220

Figure 1.1: A 1-Bessel process (left), and a 3-Bessel process (right), arise as scaling
limits of critical (resp. subcritical) wetting models

Beside this statistical mechanical interest, Bessel processes are omnipresent
within the study of Brownian motion, for instance in the Ray-Knight theorems,
see Chapter XI in [RY13]. They also appear when one considers the Euclidean
norm of a Brownian motion in RY, for any integer d > 1, a fact that will be
of interest for us: see Chapter [6] below. Let us also mention that, because of
their numerous remarkable properties, Bessel processes find applications in various
different fields. Thus, squared Bessel processes, which are obtained from Bessel
processes by taking the square, arise as scaling limits of Galton-Watson processes
with migration. Furthermore, Bessel processes are related to a family of random



planar curves called Schramm-Loewner Evolution (SLE): in particular, the study
of Bessel processes allows to derive non-trivial properties or formulae for SLE
and, in turn, to better uderstand the scaling limit of several discrete models such
as critical percolation in 2 dimensions, see [Katl6] for an introduction. Finally,
Bessel processes also arise in mathematical finance because of their relation with
geometric Brownian motion and CIR processes, see [GIJY03].

The interest of Bessel processes is also theoretical. Indeed, their dynamics,
which can be modeled by SDEs with a singular drift, are complicated and, in the
soft-repulsion regime, involve a subtle renormalization phenomenon which, still
today, seems to raise highly non-trivial questions: see Section below. However,
one can bypass these theoretical difficulties by exploiting the extraordinary power
of stochastic calculus which allows to derive countless properties, see for instance
[RY13]. Thus, studying the dynamics of Bessel processes is a first step to under-
standing solutions to similar, but more general equations, which are not amenable
to stochastic calculus tools : this approach is followed, for instance, in Chapter
below.

In this thesis, rather than modeling the trajectory of particles, we aim at model-
ing the motion of random continuous interfaces evolving in time. Mathematically
speaking, we aim at constructing Markov processes on an -infinite-dimensional
- space of continuous functions (on the interval [0, 1], say). A standard way of
constructing such processes is by solving appropriate stochastic partial differential
equations (SPDEs).

SPDEs were invented around fifty years ago as a natural function-valued ana-
log of SDEs. We refer to the classical monographs [DPZ14] and [Wal86] for the
foundations of this theory, which is by now a well-established field and is increas-
ingly active and lively. SPDEs arise naturally in several contexts: for instance,
they describe the large-scale fluctuations of various dynamical discrete interface
models, see [Fun05].

In the past few years, SPDEs driven by a space-time white noise have received
much attention, because they are naturally associated with ultraviolet divergences
and renormalization, phenomena which are now mathematically well-understood
thanks to the recent theories of regularity structures [Haild, [BHZI18| and para-
controlled distributions [GIP15]. These phenomena arise, for instance, when one
attempts to generalize classical stochastic calculus results for semimartingales and
SDEs in the framework of SPDEs driven by space-time white noise: see for in-
stance [Zam06] and the more recent article (see [Bell§]), where several analogs
for SPDEs of It6-Tanaka type results are proposed. Despite these attempts, the
theory of stochastic calculus does not yet nicely generalize to such SPDEs, because
of the divergences created by the white noise: only partial results exist which are
less powerful and effective than in the case of classical SDEs. A substitute to this



theory is provided by the Fukushima stochastic calculus associated with Dirichlet
forms [FOT10, MR92], but the formulae that it leads to are often less explicit
than one would hope. Thus, the marvellous power of 1t6 calculus for the study
of fine properties of semimartingales remains without proper analog in genuinely
infinite-dimensional processes.

A fundamental example of SPDE is the additive stochastic heat equation (SHE)
on Ry x [0, 1] with homogeneous Dirichlet boundary conditions:

% — 1@ _|_£

u(t,0) = u(t,1) = 0.

Here, £ is a space-time white noise, that is - loosely stated - a centered Gaussian
process on R, x [0, 1] with covariance

E[&(t, 2)é(s,y)] =0(t —s)d(z —y), t,s>0,2,y€[0,1]. (1.3)

This SPDE is linear and can be solved explicitly. Its solution (u:):>o is a Gaus-
sian as well as a Markov process on C([0, 1]), the space of real-valued, continuous
functions on [0, 1]. Moreover, admits a unique invariant probability measure
given by the law of a standard Brownian bridge on [0, 1], that is the law of a Brow-
nian motion (B;);>o on [0, 1] conditioned on the event {B; = 0}. An important
property of is its invariance under a 1 — 2 — 4 scaling, which generalizes the
diffusive scale invariance (|1.1)) of Brownian motion. Indeed, by the structure (|1.3])
for the covariance of &, one has

VA0, O N2e) D A2t 0).

Hence, if u is a solution to ([1.2)) then, for all A > 0

w(Nt,N22) D Na(t, x), (1.4)

where @ is a solution to the stochastic heat equation on [0, A™?]. Actually, the
equation has a universal feature: it describes the large-scale fluctuations of
various models of discrete, symmetric (or weakly asymmetric) interfaces, see for
instance [ELI5] for an example. Finally, note that is invariant in law upon
changing u with —u.

In this thesis, we are interested in random dynamical interfaces evolving above
an obstacle. Namely, we consider SPDEs which have the same scale invariance
as the stochastic heat equation , but which furthermore have nonnegative
solutions. As it will turn out, this will lead us to consider a one-parameter family

4



of equations which seem to be a natural analog of Bessel processes in the context
of SPDEs driven by a space-time white noise. As suggested above, the standard
approach to Bessel processes - relying on stochastic calculus - breaks down for
these Bessel SPDEs, and we will have to apply a different method, with necessarily
weaker results, at least in comparison with the finite-dimensional situation. We
will mainly rely on integration by parts formulae on path spaces and on Dirichlet
forms methods. The former will include distributional terms - rather than o-finite
measures - as in the theory of white noise calculus [HKPS93], a feature which will
raise considerable difficulties, and which is at the same time the source of subtle
and intriguing renormalization phenomena.

The processes that we consider have interesting path properties, as it is the
case for Bessel processes, but with the enhanced richness of infinite-dimensional
objects, see e.g. for a recent account. In particular, the hitting properties
of these processes is more sophisticated and fascinating. We hope that this work
will further motivate the study of infinite-dimensional stochastic calculus, which
is still in its infancy.

3-Bessel SPDE

1-Bessel SPDE /” M{\W\W\M‘w\

Figure 1.2: Solutions of the stochastic heat equation, and of Bessel SPDEs with
respective parameter § = 1 and § = 3, at a given fixed time



1.1 From Bessel SDEs to Bessel SPDEs

A squared Bessel process of dimension § > 0 is defined as a continuous process
(X¢)t>0 solving the SDE

t
Xt_X0+/2\/|XS|dBS+5t, £>0,  (5>0) (1.5)
0

where (B;)i>0 is a standard Brownian motion. The existence of a unique solution
(Xt)i>0 to the SDE follows from the classical Yamada-Watanabe theorem
[RY13, Theorem IX.3.5]. By a comparison theorem [RY13, Theorem IX.3.7], it
further holds that, almost-surely, X; > 0 for all ¢ > 0.

As first noted by Shiga and Watanabe, squared Bessel processes enjoy a remark-
able additivity property (see [SW73] and below): this property is essential,
since it allows numerous explicit computations on the laws of these processes, a
feature on which we will heavily rely.

On the other hand, a Bessel process is given by p;, := /X;, t > 0, where X is a
solution to above. Using Itd’s lemma, one can in turn write p as a solution to
another SDE: that SDE turns out however to be more involved. Thus, for § > 1,
by the It6 formula, p is solution to the SDE with a singular drift

§—1 ("1
Pt:po+T ; Eds—{_Bt’ t> 0. (5>1) (16)

This equation satisfies pathwise uniqueness and existence of strong solutions, since
the drift is given by the function x + 2= which is monotone decreasing on (0, 00).

2x
For § = 1, p is the solution to
pe = po+ Ly + By, t >0, (6=1)

where (L;)¢>0 is continuous and monotone non-decreasing with Ly = 0, and

pz0. [ paz—o (1.7)
0

In other words p is a reflecting Brownian motion, and the above equation has a
unique solution by the Skorokhod Lemma [RY13, Lemma VI.2.1].

For 6 € (0, 1), the situation is substantially more difficult and it turns out that
the relation (1.6]) is not valid anymore in that regime. Indeed, in that case, with

positive probability, fot i ds = oo so the equation for p can be formally written

§—1/( ("1
Pt:po—l-—( —ds—oo)—l—Bt.
2 0 Ps
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This is an instance of renormalization which is reminiscent of those happening in
singular SPDEs: those can be treated by the recent theories of regularity structures
or paracontrolled distributions. However, the type of renormalization entering here
into play is quite different from the schemes generally used in these theories, since it
applies to local times of the solution rather than the solution itself. One can show,
see e.g. [Zaml1T7, Proposition 3.12], that p admits diffusion local times, namely a
continuous process (£§)¢>0.q>0 such that

[etoras= [~ etartratao (18)

for all Borel ¢ : R, — R, and that p satisfies

b—1 [0 -0 s,
Pt:P0+T ——a da+B;, t>0, (0<d<1). (1.9)
0 a

Note that by the occupation time formula ([1.8)) we have

© pa _ 60 © ga _ EO
/ 4 g9l da = lim N
0 a S\LO e a

' 1 o
— L}ﬂ} (/0 ]]-(XSZS)Z ds — gg/g 202 da)

and in the latter expression both terms diverge as € | 0 with positive probability.
However, the difference converges. Indeed, one can prove that [¢¢ — (9| < al=3 "
with k > 0, which ensures the integral in the right-hand side of to be con-
vergent. This is why we speak of renormalized local times.

The formula is not really an SDE, because of the form of the drift, which
involves local times of the solution p rather than p itself. However, it is tempting to
try to characterize p as the unique process satisfying as well as the occupation
times formula . Unfortunately, there does not yet seem to exist a theory
ensuring pathwise well-posedness of such systems of equations: several obstacles
arise when trying to build such a theory, in particular the notion of local times,
which for the moment seems to be best provided by stochastic calculus and to lie
outside the scope of pathwise theories such as rough paths or regularity structures.

Thus, even in this simple SDE context, Bessel processes satisfy highly non-
trivial dynamics involving, in the soft-repulsion regime 6 < 1, a renormalization
phenomenon. The renormalzation entering here into play is of order 0, since one
has to substract, to the local time term ¢¢, the value of the local time at 0, ¢}.
We will encounter similar, but higher-order renormalizations in the case of Bessel
SPDESs, for which one will have to substract to the local time its Taylor polynomial
of order 0 or 2, according to the strength of the repulsion.
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The SPDEs in question have first been proposed by Lorenzo Zambotti in a
series of papers [ZamO0l, [Zam02, Zam03| Zam04b]. In these articles, Zambotti
considered parabolic SPDEs which admit nonnegative solutions, and have proper-
ties analogous to those of Bessel processes. For a parameter 6 > 3 the equation,
that we call -Bessel SPDE, is given by
ou  10%u  k(9)

5 2022 Taw ¢ (1.10)

where u > 0 is continuous, ¢ is a space-time white noise on R, x [0, 1], and

0—3)(6—1
k() == % > 0. (1.11)
Hence, ((1.10) is a stochastic heat equation with repulsion, the singular drift %
acting as a repulsion away from 0. As ¢ | 3, the solution to ([1.10)) converges to
the solution of the Nualart-Pardoux equation [NP92], namely the random obstacle
problem
ou 10%u ot
- = - 7’]
2
ot 20z (6 = 3) (1.12)
u>0, dn >0, fR+><[O,1] u dn = 0.

In that equation, the unknown is a couple (u,n), where u is a continuous, nonnega-
tive function on R, x [0, 1], and 7 is a nonnegative Radon measure on [0, c0) x (0,1)
which is supported in the set of all space-time points (¢,z) € Ry x [0, 1] such that
u(t,z) = 0. As shown in [NP92|, for any initial condition uy € C([0,1],R;), and
upon imposing suitable boundary conditions, there exists a unique such couple
(u,n) satisfying, in the weak sense, the equality of the first line in .

If one imposes Dirichlet boundary conditions w(t,0) = wu(t,1) = a for some
a > 0, then for all § > 3, the unique invariant measure of is given by the
law of a Bessel bridge of dimension 0 from a to a on [0, 1]. In other words, the
invariant measure has the law of a solution p on [0, 1] to (1.6 with 6 > 3 started
from a and conditioned on the event {p; = a}. On the other hand, the unique
invariant measure of is given by the law of a Bessel bridge of dimension 3,
which in the case a = 0 coincides with the law of a normalized Brownian excursion,
see Chapter 3 in [Zam17]. Actually, these SPDEs are of gradient type, noting that
for all § > 3 and all a > 0, the law, on L?([0, 1]), of a §-dimensional Bessel bridge
from @ to a on [0, 1] is absolutely continuous with respect to the law of a Brownian
bridge from a to a on [0, 1], with a Radon-Nikodym derivative given by

Z—exp(=V5(Q), e L*([0,1]), (1.13)
d,a



where Z; , is a normalisation constant, and the function Vj : L*([0,1]) — RU{+oc}
is defined by

1
O =" [ St ce (1)

where K := {¢ € L*([0,1]), ¢ > 0 a.e.}. Then, formally, the SPDEs (1.10]) and
(1.12) above all take the form

ou 10%u 1

o 2002 27 WTE
The essential feature allowing to solve these SPDEs is the fact that Vs is convex
on L?([0,1]). In particular, the laws of Bessel bridges of dimension § > 3 are
log-concave. As a consequence, classical SPDE tools apply to solve and study
equations and (L.10)), see [ZamlT7]. See also [ASZ09] which proves general
results for gradient SPDEs associated with log-concave probability measures.

We stress the analogy between the above SPDEs and the SDEs satisfies by
Bessel processes of dimension 4 > 1. Thus, the equation for 6 > 3 is an
SPDE with additive space-time white noise and a singular, repulsive drift: it is
thus an SPDE analog of for 6 > 1. On the other hand, can be seen
as an infinite-dimensional Skorohod problem: it is thus an SPDE analog of .
These analogies are further justified in terms of scale invariance. Indeed, recalling
the scaling property of space-time white noise

VA0, EON) D A2t ),

it follows that (1.10) and ((1.12), like the stochastic heat equation (|1.2)), are invari-

ant under a 1 — 2 — 4 scaling, that is

WAS0,  a(NtN22) L halt @),

where « is solution to the same equation, with the space interval changed from
0,1] to [0, A\7?]. This generalizes the scale invariance of Bessel processes.

Finally, the above SPDEs arise as scaling limits of various discrete random
interface models. Thus, describes the fluctuations of an effective (1 + 1)
interface model near a wall [FO01) [Fun05] and it also appears as the scaling limit of
several weakly asymmetric interface models, see [EL15]. On the other hand,
describes the fluctuations of an effective (1+ 1) interface model with repulsion, see
[ZamO04al.



1.2 The main problem: what SPDEs for § < 37

It has been an open problem for over 15 years to complete the above picture.
Namely, what is an SPDE whose invariant measure is the law of a Bessel bridge
of dimension § < 3?7 Is it an SPDE analog of ?

The difficulty of this problem lies in the fact that for 6 < 3, the laws of 9-
dimensional Bessel bridges are no longer log-concave. Indeed, for 6 € [2,3), these
laws still admit the density with respect to the law of a Brownian bridge,
but in that regime k(4) < 0, so the potential Vj is extremely non-covex. On the
other hand, for § € (0,2), such an absolute continuity relation no longer holds,
and log-concavity is also lost. As a consequence, while equations (1.10]) and (1.12)
satisfy nice properties (pathwise uniqueness, continuity with respect to initial data,
the strong Feller property) due to the dissipativity of the drift, such features may
a priori break down in the regime § < 3. Actually, in that regime, it is not even
clear what SPDE to consider, and what is the correct notion of solution. This is
similar to the situation encountered with Bessel processes in the regime ¢ < 1.

This problem is particularly interesting for 6 = 1, which corresponds to the law
of the modulus of a Brownian bridge as invariant measure. Indeed, the latter arises
as the scaling limit of critical wetting models, see [DGZ05]. Several works have
constructed, in different ways, reversible dynamics associated with these wetting
models, see [Fun05l Chapter 15.2], as well as [FGV16, [GV18] for a construction us-
ing Dirichlet form techniques, and [DO18] for a straightforward SDE construction
made possible by considering a pinning model with a shrinking strip. These vari-
ous dynamical pinning models are believed to have a scaling limit, which would be
an infinite-dimensional diffusion having the law of a reflecting Brownian motion,
or the modulus of a Brownian bridge, as reversible measure. What kind of SPDE
that limit should satisfy has however remained a very open question so far.

As noted above, in the case of Bessel processes, one can bypass most of the
difficulties by considering their square. It would be natural to try to carry over
this trick to the case of Bessel SPDEs: considering for instance a solution u of
, in view of the form of the drift =3, it would be natural to set v := u*, and
hope that v satisfies a nicer SPDE than u allowing a natural extension to ¢ < 3.
However, this does not seem to simplify the problem because one obtains rather
frightening equations of the form

ov  10% 31 ov\ > 3

— =4+ 2K5(0) — = —= | — | :+4v1

ot 2012 (¥) 8 Vv (8x) ¢
where the : : notation denotes a KPZ-type renormalization. Even the theory of
regularity structures does not cover this kind of equations, due to the non-Lipschitz
character of the coefficients. One could hope that a Yamada-Watanabe result could
be proved for this class of equations, noting that the exponent % in the noise term
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is known to be critical for pathwise uniqueness of parabolic SPDEs (without the
KPZ-type term), see [MP11, MMP14]. This approach is, at present, completely
out of reach.

1.3 Integration by parts formulae for the laws of
Bessel bridges

As explained above, extending the family of SPDEs given by and to
the case § < 3 is a very hard problem. In this thesis, we provide a partial solution
by extending, instead, the corresponding integration by parts fomulae.

Integration by parts plays a fundamental role in analysis, and most notably in
stochastic analysis. For instance, it lies at the core of Malliavin Calculus and the
theory of Dirichlet forms, see e.g. [Nua09, [FOT10, [MR92].

While it is relatively easy in finite dimension, where the standard rules of calcu-
lus apply, obtaining integration by parts formulae (IbPF for short) for probability
measures on infinite-dimensional spaces can be a difficult task, due to the lack of
absolute continuity relations in that context. One of the most famous examples is
the IbPF associated with the law of a Brownian motion (or a Brownian bridge) B
on the interval [0, 1], which reads

E[0n®(B)] = —E[(h", B) ®(B)],

valid for all bounded, Fréchet differentiable ® : L?*(0,1) — R with bounded differ-
ential and all h € C?(0,1), and where (-,-) denotes the canonical scalar product
in L?(0,1). This formula follows for instance from the quasi-invariance property
of the Wiener measure on [0, 1] along the Cameron-Martin space.

In [Zam02] and [Zam03|], Zambotti derived integration by parts formulae for
the laws of Bessel bridges of dimension § > 3. The techniques used there rely
essentially on the representation of the law of a d-dimensional Bessel bridge for
0 > 3 as as a Gibbs measure with respect to the law of a Brownian bridge with
density given by (cf. Prop 3.23 in [Zaml7]). Then, for all a > 0, denoting
by P(fya the law, on the space of continuous real-valued functions on [0, 1], of a
d-dimensional Bessel bridge from a to a over the interval [0,1], and writing EJ ,
for the corresponding expectation operator, these IbPF read as follows. For all
0> 3,

Eq o 100 (X)] + Ep o [(", X) @(X)] = —k(0) By, [(h, X °) @(X)]  (1.14)
where #(4) is defined in (L.11)), and
Eq o [0n®(X)] + By, [(1", X) @(X)] =

1 (1.15)
_ / dr hyy(r,a) B2, [®(X) | X, = 0],
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where ® and h are as above, and where

2 a?
1 1 1 2a” exp <_2’r(1—7‘))
,}/(T? a’) T 27‘[‘7‘3(1 — 7”)3 a=0 _I_ a>0 1 . eXp(—2a2) )

r € (0,1),

see (6.7) and (6.24) in [Zam17]. Note that x(d) > 0 for § > 3, and x vanishes at
6 = 3. At the same time, the quantity (||, X ) is integrable with respect to P2,
for § > 3, but is non-integrable with respect to P2, for h that is not identically 0.
Thus, the right-hand side of is, in the limit ¢ \, 3, an indeterminate form
0 x oo which happens to converge to the non-trivial quantity in the right-hand side
of (L.15)). Formula also possesses a geometric-measure theory interpretation
as a Gauss-Green formula in an infinite-dimensional space, the term in the right-
hand side corresponding to a boundary term (see Chapter 6.1.2 in [Zam17]).

What can we say for Bessel bridges of dimension § < 37 Recall that, in such a
regime, the absolute continuity relations mentioned above, or the requested con-
vexity property, fall apart, and consequently the techniques used in [Zam03] break
down. Hence, the problem of finding IbPF for the laws of Bessel bridges of dimen-
sion § < 3 had remained open until recently, except for the value § = 1 correspond-
ing to the law of the modulus of a Brownian bridge, for which some IbPF have been
obtained, see [ZamO5| for the case of the reflected Brownian motion and [GV16]
for the case of a genuine bridge. In these articles, the proofs relied on the under-
lying Gaussian structure and on explicit computations using the Cameron-Martin
formula. In particular, the formulae are written in terms of Hida’s renormalization
of the squared derivative of the underlying Gaussian process. Therefore, they do
not generalize in a natural way the IbPF for 6 > 3 obtained previously, and do not
seem to help with a construction of the corresponding SPDE: see Remark
below for a discussion. Moreover, such constructions do not generalize to generic
values of §, for which a similar Gaussian representation does not hold. However,
they are related to Ito-Tanaka formulae for solutions to stochastic heat equations:
see Chapter [6] below.

1.4 The IbPF for the laws of Bessel bridges of
dimension § < 3

Here and below, let C(]0, 1]) := C([0, 1], R) be the space of continuous real-valued
functions on [0,1]. In this thesis, we obtain IbPF for the laws P!, of Bessel

bridges of dimension ¢ from a to a’ over [0, 1], for any 6 > 0 and any a,a’ > 0. Our
formulae hold for a large class of functionals ® : C'([0,1]) — R. More precisely, we

12



consider linear combinations of functionals of the form
®(¢) = exp(—(m, (%), ¢ € C([0,1]), (1.16)

with m a finite Borel measure on [0, 1], and where (m,(?) := fo ¢¢m(dt). Our
method is based on deriving semi-explicit expressions for quantities of the form

E),[@(X)]  and  E,[®X)|X, =0, b>0,r€(0,1),

where Eia, denotes the expectation operator associated with Pia,, using solutions
to some second-order differential equations, and exploiting the nice computations
done in Chapter XI of [RY13]. The fundamental property enabling these compu-
tations is the additivity property of squared Bessel processes, which in particular
implies that both quantities above can be computed explicitly, see (2.24]) and ([2.25))
below. In particular, for P° := P(io, these quantities factorize in a very specific
way and, for functionals as above, all the IbPF for P°, § > 3 are just multiples of
a single differential relation which does not depend on § (see Lemma below),
the dependence in § entering only through the multiplying constant which involves
some [' values. When 0 > 3, expressing these ' values as integrals, and perform-
ing a change of variable, we retrieve the formulae already obtained in [Zam02]
and [Zam03]. On the other hand, when § < 3, one of the I' values appearing is
negative, so we cannot express it using the usual integral formula, but must rather
use renormalized integrals.

As a result, in the case of homogeneous boundary values a = ¢’ = 0, when
d € (1,3), the IbPF can be written

E*(0,®(X)) + E°((h", X) ®(X)) =
soa s (1.17)
/ /b (52 (8(X) )~ 52 (8(X)]0) | dbdr.

where, for all b > 0, 3¢ (dX |b) is a measure on C([0,1]) proportional to the law
of the Bessel bridge conditioned to hit b at r, see . Thus, the left-hand side
is the same as for and , but the right-hand side now contains Taylor
remainders at order 0 of the functions b +— ¢ (®(X)|b). When ¢ € (0,1), this
renormalization phenomenon becomes even more acute. Indeed, in that case, the
IbPF are similar to , but the right-hand side is replaced by

5) /0 h /0 e [gp(b)—(p(O)—ggo"(O) dbdr, (1.18)

where p(b) := X0 (®(X)|b), and where we see Taylor remainders at order 2 ap-
pearing. An important remark is that the terms of order 1 vanish

#(0) = 5 (B(X) |D)

—0, re(0,1), (1.19)

b=0
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so we do not see them in the above Taylor remainders. Finally, in the critical case
0 = 1, we obtain the fomula

EY00(X)) + B ((H', X) B(X)) = i/o hr%Ei(cb(X)]b) ICCCEY

Above we have stated the IbPF for the case a = a’ = 0 for convenience, but they
actually generalize very naturally to any boundary values a,a’ > 0: see Theorem
B.1.1] below.

One important, expected feature is the transition that occurs at the critical
values 0 = 3 and 0 = 1. Another important but less expected feature is the
absence of transition at 6 = 2, as well as the related remarkable fact that the
functions b — 3¢ (®(X) | b) are, for all r € (0, 1), smooth functions in %, so that
all their odd-order derivatives vanish at 0. This is the reason why there only ever
appear derivatives of even order in our formulae. An objection to this observation
might be that the class of functionals is too restrictive. However, in Section
below, we prove that the same IbPF hold for another class of test functionals,
namely the space generated by functionals of the form X fol (X, dr, where
¢ € C([0,1]). For these functionals, the proof of the IbPF is, however, different,
and relies on properties of hypergeometric functions. Moreover, in Chapter
below, we show that, in the case a = a’ = 0, the IbPF obtained here still hold
for a class of very general functionals. In particular, for 1 < § < 3, the IbPF
holds for any ® : L?(0,1) — R which is C!, bounded, with bounded Fréchet
differential, see Theorem |[5.1.3] Furthermore, we establish the vanishing of the
first-order derivatives at b = 0 of the function b — ¥¢ (®(X) |b), for any such ®,
which confirms the absence of transition at § = 2 observed in Theorem [3.1.1]: see
Prop [p.4.1] We also extend the IbPF for § = 1 and the IbPF for
d € (0,1), although, for these small values of §, we have to assume some more
regularity on the test functionals : see Theorems [5.1.6 and [5.1.8]

Note that all the IbPF above can be written in a unified way. Indeed, let us
introduce, for all a € R, the following distribution on [0, 00):

e if « = —k with k£ € N, then

(o 9) = (=1)"®(0), V€ 5((0,00))

e otherwise,

(tas P) = /Om (so(b) - > %so@(o)> ba—_ldb, Y € ([0, 0)),

0<j<—a F(a)
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where S([0,00)) is the space of rapidly decreasing functions on [0, 00), see Defini-

a—1
tion [2.1.2| below. Note that, for all « € R, u, coincides with the distribution :ff(—a)
considered in Section 3.5 of [GST7]. In particular, for all ¢ € S(]0,00)), the map
a +— (g, @) is analytic. Moreover, the last term in all the IbPF above can be

written

- 4(1;@2)/0 (-3, D (R(X) [ ). (1.21)

Note that, by above, we have (u_1,21(®(X)|-)) = 0, so that the singu-
larity at 6 = 2 of the denominator in @ is compensated by the vanishing of
(p5-3,22(®(X) |-)) at 6 = 2. The formula (L.21)) bears out the idea that the new
IbPF for Bessel bridges of dimension § < 3 are given by the unique analytic con-
tinuation of those for § > 3, at least for suitable test functionals ¢ as in .
Indeed, every term in the IbPF depends in an analytic way on J, see below.

1.5 The structure of the SPDEs for 6 < 3

There is a precise relation - given by the Revuz correspondence (see Section
below) - between the IbPF for the laws of Bessel bridges and the corresponding
SPDEs: informally speaking, the IbPF is an infinitesimal version of the SPDE.
Thus for 6 > 3, the IbPF (1.14) corresponds to the SPDE ([1.10): the term
E3 (W', X) ®(X)] in encodes the Laplacian term %% in (L.10), while the
term #(8) E° [(h, X~3) ®(X)] encodes the non-linear drift % in (1.10). A similar
correspondence holds for § = 3, where the boundary measure appearing in
encodes the reflection measure 7 in ((1.12]).

The IbPF , and above suggest that the gradient dynamics
associated with the laws of Bessel bridges of dimension ¢ < 3 should have the
same structure as the SPDEs and , but with a drift that now contains
renormalized local times of the solution u. More precisely, for all z € (0,1), we
conjecture the existence of a process (€7 ,)p>o satisfying

/Ot o(u(s,x))ds = /OOO ©(b) 621 b1 db, (1.22)

for all Borel ¢ : Ry — R,;. Then, for all » € (0,1) and b > 0 the measure
3°(-|b) defined in below should be the Revuz measure associated with
the additive functional (¢},.);>0 : see the Conjecture @ below. Moreover, the
equality above suggests that the local times of u should have a vanishing
first-order derivative at 0, that is

0

%éi’,x =0, t>0, ze€(01). (1.23)
b=0
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Finally, the integration by parts formulae that we find enable us to identify the
corresponding Bessel SPDEs. For 1 < ¢ < 3, the SPDE should have the form

- — 5 | g e =) 1 1.24
ot ~20:2 2 ot (,— @)V dbre,  (1<5<3), (1.24)

ou  10%u  k(0) 0 [>1
o100 1

where, as before, £ is a space-time white noise on Ry x [0, 1]. Note that (1.24) is
the SPDE analog of (1.9). On the other hand, for 6 = 1, the SPDE should be of
the form

ou 10 10 9*
- - _ 27 =1 1.2
o =202 satow te|  TH =D (1.25)
while for 0 < 6 < 1
1 2
@:—@—Ff (0<0<1)
ot 2 0z (1.26)
oo 2 02 .
+ —“(5)2/ Ll —p VO -1 db.
2 o)y v\t T g |

In , as in , we have a Taylor expansion at order 0 of the functions
b — Ef@. By contrast, equations and have no analog in the context
of one-dimensional Bessel processes. In the Taylor expansion is at order 2,
while ([1.25) is a limit case, like (1.12]).

All the above SPDEs can be written in a unified way. Indeed, the non-linear
terms in ((1.10])-(1.24)-(1.25)-(1.26) can all be written as

I(6)
86— 2)

(Ho-3,C; ) (1.27)

where p,, @ € R are as in Section [1.4] above, noting here again that the singularity
at 0 = 2 is just apparent, due to the fact that (u_1,¢;,) = 0 because of the
cancellation . Note the correspondence between and above.
Thus, the expression (|1.27) encapsulates, in a unified way, the non-linearities of
(L.10)-(L.24)-(1.25)-(1.2€)). It is also coherent with the SPDE (L.12): for 6 = 3, it
equals %60 which is coherent with the results on the structure of the reflection

t,xo

measure 7 in (1.12)) proved in [Zam04b] and showing that a.s.

1
n([0,t] x dz) = 1 0y, dz.
Thus, at least formally, the §-Bessel SPDEs for § < 3 correspond to the unique
analytic continuation of the -Bessel SPDEs for § > 3. The above conjectures are

all explained in detail in Section 4.1 and are summarized in the chart below:
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Regime Drift term in SPDE (in integral form)
§>3 @ Jy u(s,z)~*ds
6 =3 0,
§€(1,3) =) oo b—lf’)gggx — 9 )" db
_ b
0=1 — s b g
Kk(0) oo 5 2 52 —
6 e(01) | P us (R, -0, - 520, ],,)0

For the moment, the formulae (|1.24)), and remain highly conjec-
tural: it is not yet known whether a Markov process on C([0, 1]) can be constructed
on [0, 1] with a family of local times satisfying as well as one of these SPDEs.
However, in Sections and below, using Dirichlet form methods, and thanks
to the IbPF for 0 =1 as well as for 0 = 2, we do construct a Markov
process (uy);>o with the law of a d-dimensional Bessel bridge as reversible measure
for 6 = 1,2. We also show that it satisfies a weak version of equation (|1.25)) in the
case 0 = 1, and of in the case § = 2. More precisely, for 6 = 1, we show

that the process thus constructed satisfies

ou 10%u

1

1.,
9 992 Zl_{%ﬂ!(u) + &, (0=1) (1.28)

where p.(z) = 1p(2) is a smooth approximation of the Dirac measure at 0, see
Theorem for the precise statements. We also show (see Theorem that
the Markov process (u;)>0 is not identical to the process obtained from the solution
to the stochastic heat equation by taking its modulus, as could have been
naturally guessed in view of the analogous results for the invariant measures. For
0 = 2, we show that the associated Markov process satisfies

= ——— — —lim lim

E 2012 8 e=0n—0 u3 € U

ou 10%u 1 (LLZE B an(u)> Ty (5=2) (1.29)

see Theorem for the precise statement. We stress that the approach using
Dirichlet forms was already used in the thesis [Vofi16], which provided a construc-
tion of the Markov process for § = 1, but not the SPDE.

1.6 Properties of the SPDEs for § < 3
The reason why the SPDEs ((1.24)), (1.25]) and (|1.26)) still remain highly conjectural

is because they lie at the crossroads of several major open problems, such as the
strong Feller property for equations with a non-dissipative drift, and the existence
of local times for solutions to SPDEs.
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The strong Feller property is an important notion in the study of Markov
semigroups. While there are systematic tools, such as the Bismut-Elworthy-Li
formula, to derive this property for solutions to SDEs or SPDEs with a dissipative
drift, such tools generally break down in the non-dissipative case. An example of
non-dissipative SDE is given by the equation satisfied by Bessel processes of
dimension 6 < 1. On the other hand, an example of non-dissipative SPDEs is given
by the d-Bessel SPDEs for 6 < 3 (1.24)), (1.25)) and (1.26)) above. Thus, while it is
easy to prove that the semigroup of the Bessel SPDE has the strong Feller property
for § > 3 (see Section 5.4 in [Zaml1T7]), it is an open problem for § < 3, because
the drift of the SPDE becomes highly non-dissipative. However, in Chapter [7]
below, we show that Bessel processes have the strong Feller property regardless of
the dimension, in spite of the loss of dissipativity for dimensions § < 1. Indeed,
denoting by (P?);>¢ the Markov semigroup of a d-dimensional Bessel process on
R*, we prove, by explicit computations, that for all 7 > 0 the following equality
holds

d s x
%PTF(‘T> =T

for any F' : Ry — R bounded and Borel. As a consequence, we obtain at once
the following estimate: for all, R > 0, z,y € [0, R] and F : R, — R bounded and
Borel, we have

(P3F?F(z) — PLF(2)),

2Rl
T )

whence it in particular follows that the function P4 F is continuous, with a modulus

of continuity which is independent of §. Thus, the strong Feller property holds

for the semigroup (P?);>o, independently of § > 0. More surprisingly, one also

obtains a Bismut-Elworthy-Li formula which holds for all § > 0. Namely, for all
0>0,T>0and x>0

[PyF(z) — PRF(y)| <

%P‘}F(m) = % E {F(pt(x)) (/OT ns(fv)st)} :

where (pi()): >0 is the flow of Bessel processes generated by above and, for
all t,z > 0, n(x) :== %, see Theorem below. This formula in turn allows
us to slightly improve the Lipschitz estimate above, at least for a certain range
of d, see . Although these results are obtained by resorting to remarkable
properties which are specific to Bessel processes, they provide a nice example of
highly non-dissipative system which however satisfies the strong Feller property.
Note that similar results have been recently obtained in the framework of singular
SPDEs: thus, Tsatsoulis and Weber [TW18] have proved that the 2-dimensional
stochastic quantization equation satisfies the strong Feller property, although it is

an equation which needs renormalization; moreover, Hairer and Mattingly [HM1§]
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have proved that property for a large class of equations with renormalized drifts.
All this suggests that there may be hope that this technically very useful property
holds also for §-Bessel SPDEs with 6 < 3. Finally, we stress that the strong Feller
bounds obtained in Chapter [7] are interesting in their own right, with potential
applications to the study of Schramm-Loewner evolution.

As suggested above, the construction of §-Bessel SPDEs for § < 3 should rely
heavily on the existence of local times satisfying (1.22). While the existence of
local times is systematic in the framework of SDEs, for solutions of SPDEs driven
by a space-time white noise, which are typically not semimartingales, these objects
are much more complicated to obtain. In certain specific cases, one can rely on
ad hoc criteria such as provided in [GHS80]: these results apply, fo instance, in the
case of Gaussian processes such as the solution to (SHE), but they generally break
down as soon as one adds a singular enough drift. In Chapter [8| below, we propose
a few techniques to establish the existence of local times beyond the Gaussian case.
These results do not yet cover the case of a singular drift as in the Bessel SPDEs
we are interested in, but we hope they could be a first in that direction.

1.7 Application to scaling limits of dynamical
critical wetting models

As mentioned above, we conjecture that several dynamical critical wetting models
have a scaling limit described by the Bessel SPDE of parameter § = 1 above.
In Chapter [J] below, we focus on the dynamics associated with a wetting model
with a shrinking strip as constructed in [DOI18]. We also propose a natural version
in the continuum of the wetting model, given by the law of Brownian meander
tilted by its local time at a small level n > 0, and show that it converges as n — 0
to the law of a reflecting Brownian motion, as for the discrete case. For both
models - discrete and continuous - we address the tightness of the corresponding
equilibrium dynamics. We conjecture that the limit should be described by a weak
version of the 1-Bessel SPDE, such as equation above.

This thesis is organized as follows. In Chapter 2] we recall and prove several
basic facts about Bessel processes, Bessel bridges, and their squares. In Chapter
we state and prove the integration by parts fomulae for the laws of Bessel bridges
(and also Bessel processes) of all positive dimension. Conjectures for the structure
of the corresponding SPDEs are formulated in Chapter [d where a rigorous con-
struction using Dirichlet form techniques is also provided for the cases § = 1, 2.
In Chapter |5, we extend the IbPF obtained in Chapter |3| to a larger space of test
functionals, using Taylor estimates for the laws of pinned Bessel bridges. Chapter
[6]is devoted to the IbPF in the case of integer dimensions. In Chapter [7], we prove
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the strong Feller property for Bessel processes, thus providing an example of non-
dissipative system which nevertheless satisfies this important property. In Chapter
[, we prove some existence results for local times of solutions to parabolic SPDEs
driven by a space-time white noise. Finally, Chapter [0 is dedicated to dynamical
wetting models and associated tightness results.
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Chapter 2

Bessel processes and Bessel
bridges

In the present chapter we recall the definitions of squared Bessel processes, Bessel
processes, as well as the corresponding bridges, and state some useful facts. The
content of this chapter, as well as Chapters [3| and [4] below, is based on the articles
[EAZ18] and [EAa].

2.1 An important family of distributions

In this section we consider a family of distributions on R, which can be seen as
a simplified version of the laws of Bessel processes or bridges. More than a toy
model, these objects will be an essential tool in the proof of the IbPF below. For
a > 0, we set )

Ia)

where 9§y denotes the Dirac measure at 0. A simple change of variable yields the
Laplace transform of the measures ji,, a > 0

o (dz) = dr, a>0, o = 0o,

/exp(—)\x)ua(dx) =\ A>0, a>0. (2.1)

Remark 2.1.1. As suggested by formula (2.1)), the family (uq)a>0 forms a semi-
group of measures, that is, the following holds:

VCY, o >0, Hatar = Ha * fa-

This is a baby version of the additivity property of squared Bessel processes, see

(2.8) below.
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It turns out that the family of measures (pq)a>0 can be extended in a natural
way to a family of distributions (pa)acr - We first define the appropriate space of
test functions on [0, co).

Definition 2.1.2. Let S([0,00)) be the space of C* functions ¢ : [0,00) — R
such that, for all k,1 > 0, there exists C} ¢ > 0 such that

Ve >0, |p®(2)] 2" < Cry (2.2)

For o < 0, we will define p,, as a distribution, using a renormalization procedure
based on Taylor polynomials. To do so, for any smooth function ¢ : R, — R, for
alln € Z, and all z > 0, we set

n z )
T =p(x)— Y 7 #7(0). (2.3)

0<j<n

In words, if n > 0 then 7" is the Taylor remainder based at 0, of order n + 1, of
the function ¢, evaluated at x; if n < 0 then 7, "¢ is simply the value of ¢ at x.

Definition 2.1.3. For a < 0, we define the distribution p,, as follows

o if o = —k with k£ € N, then
(fras ) = (=1)* ™ (0), Vo e 8([0,00)) (2.4)

o if —k—1<a< —kwith k£ € N, then

+oo a—1

(Mo ) = ) 7;’%0”&)

dz, Ve e S([0,00)). (2.5)

Note that formula (2.5) defines a bona fide distribution on S(]0,00)). Indeed,
by Taylor’s theorem, the integrand is of order x**< near 0, therefore integrable

there, while it is dominated by z**%~! near +oo, so is integrable at infinity as
a—1
well. We note that u, is equal to the generalized function ?(—a) of Section 3.5 of

[GST.

Remark 2.1.4. Note that for all « > 0 and all Borel function ¢ : R, — R,
the integral [ ¢(x) pia(dz) coincides with T'(a) "' Me(), where Mo(a) is the
value of the Mellin transform of the function ¢ computed at «. Definition
thus provides an extension of the Mellin transform of a function ¢ € S§([0,00)) to
the whole real line. In particular, equality is natural in view of Ramanujan’s
Master Theorem, which allows to see the successive derivatives at 0 of an analytic
function as the values, for non-positive integers, of the analytic extension of its
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Mellin transform. We refer to [AEGT12] for more details on this theorem. We
also stress that the renormalization procedure used in equation to define p,
for a < 0 is very natural, and can also be used to extend the domain of validity of
Ramanujan’s Master Theorem, see Theorem 8.1 in [AEGT12).

Remark 2.1.5. For £ € N and « such that —k — 1 < a < —k, and for all
¢ € §(]0,00)), we obtain after k + 1 successive integration by parts the equality
+o0
(st} = (=DF [ oD (0) (o), 26)

0

which can be interpreted as a variant of the Caputo differential, at order —a, of
@, see e.g. (1.17) in [GMOS].

We recall the following basic fact, which is easily proven (see e.g. (5) in Section
3.5 of [GST77]). It can be seen as a toy-version of the integration by parts formulae
of Theorem [B.1.7] below.

Proposition 2.1.6. For all a € R and ¢ € §(]0,0))

(ta, 0") = —(ta—1, ©).

Thus, for all o € R, p, admits p,—1 as its distributional derivative. In partic-
ular, for a € (0,1) the distributional derivative of the measure p, is given by the
genuine distribution i, 1.

Remark 2.1.7. As a consequence of Proposition [2.1.6], we deduce that the expres-
sion ([2.1)) for the Laplace tranform of u, remains true also for negative a.. Indeed,
for such «, picking £ € N such that a + k£ > 0, we have, for all A > 0

=X dk - =X —a— -«
<:ua7e )\> = (_1)k<ua+k7@€ A) :)\k<:ua+k7€ )\> :Ak)\ k:>\ :

As shown by Prop [2.1.6, the family of distributions (jtq),cr behaves nicely
under differentiation. Actually it also behaves nicely under multiplication by z, as
shown by the following result:

Lemma 2.1.8. For all « € R and f € §([0,00)), the following relation holds:

{ta (@), 2 f(2)) = o (pats, f)-

Here we wrote a dummy variable x to indicate which variable is being inte-
grated, a convention we will also use below.
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Proof. Assume first that @ > 0. Then, we have

(al), 2f (2)) = / wf(x)ﬁ—a d

_a/ S a+1) do
_O-//Loz-i-laf%

Now, if a < 0, picking an integer n such that o +n > 0, we have, by n successive
applications of Thm

(ale).f @) = (11" { o0,
But, by the Leibniz rule, we have

T (ef() = ef @) +nfO @), w20

elaf@)

Hence

(Ha(z),2f(2)) = (=1)" (<:ua+n<x)a J:f(n)(l“» +n <Na+na f(n71)>)
= (=1)" (@ + 1) (a1, f(n)> + 1 fastn, f("—1)>>

where we applied the first point to obtain the second equality. Invoking again
Thm [2.1.6] we can rewrite the latter quantity as

(Oz + n) <Moc+1> f> -n <:ua+1a f> = O‘(:ua—kla f>
This yields the claim. O]

Finally the family (1)a possesses the nice following property, which further
justifies the idea that it extends the convolution semigroup of measures (fio)a>0
considered above:

Proposition 2.1.9. The family (fia)acr S a convolution group of distributions,
i.e., for all ¢ € §([0,00)) and all o,/ € R, the following formula holds:

(e (), (s (y), (& +9))) = (Hatar(2), 0(2)) (2.7)

Remark 2.1.10. The integration by parts formula stated in Th actually
corresponds to the equality (2.7) with o/ = —1.

The equality is essentially a consequence of the semigroup property of
(Ha)a>0, as well as Prop above. One however has to argue that the test
functions appearing in belong to the correct spaces. Since we shall not need
this result in the sequel, we prefer to postpone the proof of Prop to the
Section 2.3
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2.2 Bessel processes and associated bridges

Here and below, for all I C R, we shall denote by C(I) the space of continuous,
real-valued functions on I. Moreover, for all « > 0 and # > 0, we denote by I'(«, 6)
the Gamma probability law on R

Qa

P(Oé,e)(dx) e m Iafl efé’x 11->0 de‘, a > 0’ F(079) — 50'

2.2.1 Squared Bessel processes and Bessel processes

For all z,0 > 0, denote by Q° the law, on C(R,, R, ), of the j-dimensional squared
Bessel process started at x, namely the unique solution to the SDE ([1.5) with
Yy = z, see Chapter XI of [RY13]. We denote by (X¢):>o the canonical process

X :C([0,1]) = R, Xi(w) :=w, w e C([0,1]).

Definition 2.2.1. For any interval I C R, , and any two probability laws u, v on
C(I,R,), let p*v denote the convolution of 1 and v, i.e. the image of y® v under
the addition map

C(I7R+) XC(17R+)_>C(I7R+)7 ($,y)'—>:€+y

The family of probability measures (Qi) s.a>0 Satisfies the following well-known
additivity property, first observed by Shiga and Watanabe in [SW73].

Proposition 2.2.2. For all x,2’,0,6 > 0, we have the following equality of laws
on C(Ry,Ry)
Qs+ Q= Q) (2.8)
We recall that squared Bessel processes are homogeneous Markov processes on
R, . Exploiting the additivity property ([2.8]), one can compute (see e.g. section XI
of [RY13]) the explicit expressions of their transition densities (¢f(,y))
When 6 > 0, these are given by

qg(xa?/):l(y)ymexp <—I+y) L <@) £>0, 20 (2.9)

t>0,2,y>0"

2t \x 2t t

and
@(0.y) = )T (6/2) "y exp (—5) . >0, (2.10)

Above, v := 0/2—1 and I, is the modified Bessel function of index v. In particular,

for x = 0, we have

1

¢ (0,y)dy =T (g §> (dy).
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We also denote by P° the law of the -Bessel process, image of Qig under the map
CRy,Ry) Dwr Vwe C(R,Ry). (2.11)

We shall denote by (p!(a, b))t>0 b0
They are given in terms of the densities of the squared Bessel process by the
relation

the transition densities of a d-Bessel process.

Yt >0, Va,b>0, pd(a,b)=2bq (a* b?). (2.12)

Note that the measure s defined above is reversible for the d-dimensional Bessel
process. Indeed, the following detailed balance condition holds:

vt >0,Ya,b>0, a’'p}(a,b) = b"""p}(b,a)

In section XI of [RY13], Revuz and Yor provided semi-explicit expressions for
the Laplace transforms of squared Bessel processes (and also the corresponding
bridges). Their proof is based on the fact that, for all §, 2 > 0, and all finite Borel
measure m on [0, 1], the measure exp (—(m, X)) Q% possesses a nice probabilistic
interpretation, where we use the notation

(m. f) == / F(r) m(dr)

for any Borel function f : [0,1] — R,. This remarkable fact is used implicitly
in [RY13] (see e.g. the proof of Theorem (3.2) of Chap XI.3), where the authors
compute the one-dimensional marginal distributions of this measure. By contrast,
in the proof of Lemma below, we will need to compute higher-dimensional
marginals. We thus need a way to interpret the measure exp (—(m, X)) Q% prob-
abilistically. To do so, we first introduce some notations.

Let m be a finite, Borel measure on [0,1]. As in Chap. XI of [RY13], we
consider the unique solution ¢ = (¢,,r > 0) on R, of the following problem

{¢”(d7“) = 210,1)(r) ¢r m(dr) (2.13)

po=1,¢>0, ¢ <0OonRy,

where the first is an equality of measures (see Appendix 8 of [RY13] for existence
and uniqueness of solutions to this problem). Note that the above function ¢
coincides with the function ¢, of Chap XI.1 of [RY13], with p := 2191 m.

Lemma 2.2.3. Let m be a finite, Borel measure on [0,1], and let ¢ be the unique
solution of [2.13)). Then, for all z,5 > 0, the measure RS on C([0,1]) defined by

T\ =5 —(m
R) := exp (_§¢0> ¢ ” e . X0 Q> (2.14)
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1s a probability measure, equal to the law of the process
(¢t @t)te[O 1]’

d . L
where Y @ Q° and ¢ is the deterministic time change

t
—/ ¢, 2 du, t>0. (2.15)
0

Proof. We proceed as in the proofs of Theorem (1.7) and (3.2) in Chapter XI of
[RYT3]. Let 2,8 > 0. Under Q, M, := X; — §t is a local martingale, so we can
define an exponential local martingale by setting

As established in the proof of Theorem (1.7) of [RY13], we have

Z, —exp( (j;tXt qng—(ﬂn(bt) —/thm(ds)) =
= exp (_§¢6> ¢, % exp (;gtht / X,m ds)) :

recalling that the measure p considered in [RY13] is given in our case by 21 1) m.

In particular, we deduce that the measure R’ defined by (2.14)) coincides with Z;Q°

(note that ¢] = 0 as a consequence of (2.13))). Moreover, by the above expression,
[

(Zt)iejo) is uniformly bounded by exp (—1¢}) ¢; 2, so it is a martingale on [0, 1.
Hence, R defines a probability measure.

There remains to give a description of RS. By Girsanov’s theorem, under R.,
(Xt)sep0,1 solves the following SDE on [0, 1]

Xt—x—i-Q/ v X dB; +2/ ¢5X ds +t. (2.16)

But a weak solution to this SDE is provided by (H7)ie[,1], where

Hy:= ¢y <$+/t¢5_1dWs>,
0

where W is a standard Brownian motion. By strong and therefore weak uniqueness
of solutions to equation ([2.16)), see [RY13, Theorem IX.3.5], we deduce that X is
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have

equal in law to the process (Hf)te[o,u- On the other hand, by Lévy’s theorem, we

(d)
(Ht)te[o,l} = (th ’YQt)te[O,l]’

where 7 is a standard Brownian motion started at x. Hence we deduce that

(d)
(H)iep) =

(qb? YQt ) te[0,1]’

where Y @ QL. Therefore, under R, we have

X2 (¢2v,)

te[0,1] °

The claim is thus proven for 6 = 1 and for any x > 0. Now, by the additivity
property (2.8) satisfied by (Qg)(spo, there exist A, B > 0 such that, for all x,6 > 0,
and all finite Borel measure v on [0, 1], we have

1
o’ [exp (— | . u(dwﬂ _ 4B,

which can be proved exactly as Corollary 1.3 in Chapter XI of [RY13]. Note now
that the family of probability laws (Ri) s.u>0 Satisties the same additivity property
R« RS, = ROYY,.

Hence, there also exist fl, B > 0 such that, for all x,6 > 0, and p as above

R {exp (— /OlXtu(dt))] = AR,

By the previous point, evaluating at 6 = 1, we obtain

V6,0, z,a >0,

Vo >0, A*B=A"B.

Hence A = A and B = B, whence we deduce that, for all §, 2 > 0

1 1

Q [exp (—/ o7 X,, I/(dt))] = {exp (—/ X I/(dt))] .

0 0

Since this holds for any finite measure v on [0, 1], by injectivity of the Laplace
transform, the claimed equality in law holds for all §, x > 0.

[l
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2.2.2 Squared Bessel bridges and Bessel bridges

For all 6,2,y > 0, we denote by ij the law, on C([0, 1]), of the J-dimensional
squared Bessel bridge from x to y over the interval [0, 1]. In other words, Q‘fp,y is
the law of of a §-dimensional squared Bessel bridge started at x, and conditioned to
hitting y at time 1. A rigourous construction of these probability laws is provided
in Chap. XI.3 of [RY13] (see also [PY82] for a discussion on the particular case
d = y = 0). An important feature is the following continuity property: for all
d > 0, the map (z,y) — Qi’y is continuous on R% for the weak topology on
probability measures (see Chap. XI.3 in [RY13]).

In the sequel we shall often consider the case x = y = 0, and will write Q°
instead of Q.

We recall that, if X @ Q° ., andr € (0,1), then the random variable X, admits

"'U7y ’

the density qg’L on R, where

in(z) = 5 , 220 (2.17)

see Chap. XI.3 of [RY13]. In particular, if X @ Q°, then, for all r € (0,1), the
distribution of the random variable X, is given by I'(Z, m), so it admits the

density ¢’ given by

0 = 25/2_1 ex ——Z z
w ) = e P ( 2r(1 - r)) 7200 21)

In the same way as one constructs the laws of squared Bessel bridges i’y,

0,z,y > 0, one can also construct the laws of Bessel bridges. In the following, for
any 0,a,a’ > 0, we shall denote by P(f’a, the law, on C(]0,1]), of a d-dimensional
Bessel bridge from a to a’ over the time interval [0,1], that is the law of a J-
dimensional Bessel process started at a and conditioned to hit o’ at time 1. We
shall denote by Eg,a/ the expectation operator for Pc‘f’a,. Note that, for all » € (0,1),

under the law P(f’a,, the random variable X, admits the density pz’;, on R, where

_ e, b, (b a)

4,1
pa’a/ b) ’ b Z 0 2.19
«(®) pi(a,a’) (2.19)

When a = o' = 0, we drop the subindices and use the compact notations P°, E°
d o
and po.

Note that, for all a,a’ > 0, Pcia’ is the image of ng 2 under the map w — /w.

In particular, under the measure P°, for all € (0,1), X, admits the density p°
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on Ry, where by ([2.18])

6—1 2
5(0) — 2q.00 (a2) — a oxp (- %
pr(a) = 2a.q)(a?) 23 (1= ) p( 2 =)

), a>0. (2.20)

2.2.3 Pinned bridges

Let 6 > 0. For all 2,3,z > 0 and r € (0,1), we denote by @2 [-| X, = z] the law,
on C([0,1]), of a §-dimensional squared Bessel bridge between x and y, pinned at
z at time r, that is conditioned to hit z at time r. Such a probability law can
be constructed using the same conditioning procedure as for the construction of
squared Bessel bridges. One similarly defines, for all a,b,¢ > 0 and r € (0, 1), the
law P?,[ - | X, = c] of a §-dimensional Bessel bridge between a and b pinned at ¢ at
time r. Note that the latter probability measure is the image of Q227b2[ X, =
under the map (2.11). We shall write Q°[-| X, = 2| instead of Q,[-| X, = z],
and P°[ - | X, = ¢] instead of P{,[ - | X, = (|

With these notations at hand, we now define a family of measures which will
play an important role in the IbPF for Bessel bridges.

Definition 2.2.4. For all a,a’,b > 0 and r € (0,1), we set

D ()
-1

0 (AX[D) : P [dX| X, = 1], (2.21)
where pg’;, is the probability density function of X, under Pcf,a,, see ([2.19)). In the

particular case a = a’ = 0, we shall write ¥2(dX |b) intstead of Zgig(dX D).

The definition of the measure Eg’;,(-|b) is motivated by the idea that the
solution u to the SPDE associated with P!, should have the following feature :
for all » € (0,1), the process (u(t,7)):>o should admit a family of diffusion local
times (€] ,)o4>0. Then, at least formally, for all b > 0, Eg’;,( -] b) would be the
Revuz measure associated with the process (Ef,x)tzoi see Section below for an
explanation and a development of this idea.

Remark 2.2.5. The equalities (2.21)) and (2.19) above do also include the cases
b =0 and ¢ = 0. Indeed, note that, as a consequence of the expressions (2.9)),

(2.10) and (2.12)), 2 iéflb ) can be extended to an analytic function of b at b = 0, and,
for all a,b > 0, the function

9 b.a
(Z/ N plgr( 7, )
p1<a7a)
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can be extended in an analytic way at ¢’ = 0. In the sequel, we will systematically
consider these analytic extensions. For instance, in the particular case a = o’ = 0,

by (2.20)), we have

p(b) _ 1 o
P 2T - ) (ma) 2o

which is indeed well-defined also for b = 0.

To keep the formulae synthetic, for all » € (0,1) and a,a’,b > 0, and all Borel
function @ : C([0,1]) — R, we shall write with a slight abuse of language

i (@) [1) = [ @(6) S30,x |b)

In the sequel we will have to compute quantities of the form
Sor, [exp(—(m, X?))|b]

for m a finite Borel measure on [0, 1], and where we use the shorthand notation
(m, X?) = fol X2m(dt). In that perspective, we introduce some further nota-

tions. Given m as before, following the notation used in [PY82] (see also Exercise
(1.34), Chap. XI, of [RY13]), we denote by % the function on [0, 1] given by

Uy = Oy /r ¢, 2 du = ¢,0,, r € [0,1], (2.22)
0

where g is as in (2.15)). Note that 1 is the unique solution on [0, 1] of the Cauchy
problem

" (dr) = 24p m(dr)
Yo =0, vh=L1

Moreover, we denote by 1) the function on 0, 1] given by

~

1/)1" = ¢1¢r(@1 - Qr) - ¢1¢r - qubla re [07 1] (223)

Note that 1 satisfies the following problem on 0, 1]

W (dr) = 24 m(dr)
1;1 = 07 1&/1 = -1

Note that the functions ¢, ¢ and 1& take positive values on (0, 1).
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Lemma 2.2.6. For allr € (0,1), § >0 and a,a,,b > 0, the following holds

exp(—(m, X2)) £27,(dX |b)

—

§ (g2 22 0 b oa?
(a—2¢6> 82 (¢ 5) dho (5 5) (2.24)
2 T

b2 g9 (a?, a?)

a’ §/2-2 ,_§ _5— qg’t (2)
= 2eXP (?¢6) 1/ ¢r 6@1 ot 2(5772—1 )

a/2

b - 5
Sy = 2= e, and t = 2 € [0,1]. Here, gy, denotes the

density of the random variable X;, when X @ ng, see (2.17)). In particular, for
a=a =0, we have

where ©r =

1 b?
exp(—(m, X?)) 207 (dX |b) = ———— exp (——Cr) D2, 2.25
[ it B 10 = s e (5 (2.25)
where .
Cr = w—{, DT = —.
Uty Urthy

Remark 2.2.7. The above lemma shows that, for all measure m as above, all
a,a’ > 0 and r € (0,1), the function

b [ e(—(m,X%) £2,X] 1)

is a smooth (actually analytic) function of b?. In particular

3 ([ewt-tmxm siaxin)| o (2.26)

b=0

Proof. First note that by the relation (2.12)), and by the expression (2.21]), we have

/ exp(—{m, X2)) $57,(dX |b) =

@ (a®,0%)q]_,. (0%, a)
b2 qf(a?, a?)

(2.27)

=2 Qa2 g lexp(—(m, X)) | X, = 7).

To obtain the claim, it therefore suffices to compute
Q%2 2 lexp(—(m, X)) | X, = b°].
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To do so, consider two Borel functions f,g: Ry — R,. We have

/ / Qs lexp(—(m, X)) | X, = 7, X1 = ] (a2, 1)’ (z, y) f(2)g(y) d dy
= Q0 [exp(—(m, X)) f(X,)g(X1)]
- ( %) /2 a2 [f (¢72”X9r) g (QS%XLH)}

—eXp< ) R / / qgr( )%1 o (%%) f(x)g(y) dz dy.

Here, we used Lemma to obtain the third line. Since the functions f and g
are arbitrary we deduce that

Qslexp(—(m, X)) | X, = 2, X, = y] =

() o (304)
§/2—2 , _ Qr oy 01—0r 2 ¢
o (%) o 1

(e x) ¢ _ (z,y)

drdy a.e. on Rf, hence everywhere by continuity. Applying this equality to

x =% and y = a/?, and replacing in (2.27)), we obtain ([2.24)
Now assume that a = @’ = 0. Recalling the expressions (2.9) and (2.10), we
obtain

[ exp(={m, %) x| b -
1 ( b2Q1
=———exp|—
2%71 F(g) 2¢72~QT(QI - Qr)
The second claim then follows by the relations (2.22) and (2.23)) defining ¢ and
. O
Remark 2.2.8. Along the proof of the above Proposition, for 6 > 0, a > 0,
r € (0,1) and m as above, we also obtained the following, useful expression

—6/2

) (2@%(/51&(01 - Qr))

Q° [exp(—(m, X))| X, = a”] = E’lexp(~(m, X)) | X, = a

ST

2.3 Proof of Prop

In this section we give the proof of Prop above.
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Proof of Proposition[2.1.9. We first prove that the right-hand side of equality (2.7))
actually makes sense. To do so, first note that, given x > 0 fixed, the function
o(x + ) is indeed an element of S([0, 00)). Indeed, for all £,¢ > 0 and y > 0

o™ (@ +y)ly" < [eW (@ +y)l(@ +y)" < Cree

Hence (110 (y), ¢(x + y)) is well-defined. Moreover, the function

T = (Ha(y), p(z +y))
is in §([0, 00)). Indeed, there exists k > 0 such that a+k > 0. Then, by Theorem
2.1.6, for all x > 0 we have

(a(®), oz + 1)) = (=1 (parr(y), ™ (x + 1))

+o00
~ 0 [ e s e

By differentiating under the sum, and since ¢ € S([0,00)), we easily deduce there-
from that the function
y = (Ha(y), el +y))
is smooth, with derivatives given by
d" .
o ta(®) (@ + 1)) = (ta(y), ¢ (@ + ).

We also deduce that this function satisfies the inequalities (2.2)), and hence lies in
S([0,00)). As a consequence, the quantity

(o (), {pta(y), o(z +y)))

Vn >0,

is indeed well-defined.

There remains to prove that equality holds. To do so, we take k, k" > 0
such that a+k > 0 and o/ + k' > 0. Then, by applying Thm k times on i,
and then &’ times on ji,/, we have

(B (), (Ha(¥), (@ + ¥))) = (=) (per (@), (pasr(y), 0P (x + 1))

= (S (0, o pas0), 6+ )
= (1 i (0), (a9, £ )

Now, since o + k > 0 and o’ + k" > 0, by Remark [2.1.1] we see that this equals
(—1)k+k/ (Hotktor+k 5 SD(Hk/))
which, by a new application of Thm [2.1.9] rewrites
<Ma+oc’7 §0>'
This yields the claim. O]
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Chapter 3

Integration by parts formulae for
the laws of Bessel bridges

In this chapter, we prove integration by parts formulae (IbPF) for the laws of
Bessel bridges of any dimension § > 0.

3.1 The statement

Here and in the sequel, we denote by S the linear span of all functionals on C([0, 1])

of the form
C([0,1]) > X — exp (—(m, X)) € R (3.1)

where m is a finite Borel measure on [0, 1]. The space S is the space of functionals
on which we will derive our IbPF for the laws of Bessel bridges.
Recalling the definition

K(0) = W, ) eR,

here is the one of the main theorems of this thesis:

Theorem 3.1.1. Let a,a’ >0, § € (0,00) \ {1,3}, and k := [352]. Then, for all
h e C?0,1) and ® € S

o (On®(X)) + B2, (", X) ®(X)) =
/ / b= T%z‘” (@(X)\-)] dbdr.

On the other hand, when ¢ € {1,3}, the following formulae hold: for all ® € S,

(3.2)

EL(08(X) + B (0, X) 8(X) = =5 [ h Sl @010)ar (33
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and

" ]' ! d2 T
BLy(0h®(X) + EL (', X) &(X)) = 5 / hy 2 Se (@O )] dr (34)
b=0

Concerning this statement, a few remarks are in order:

Remark 3.1.2. Note that the last integral in is indeed convergent. Indeed,
recall that 7,2 Ei’;,((IJ(X )| -) is the Taylor remainder of a smooth, even function.
Hence, near 0, the integrand is of order O(6°*2%=2). Since, § + 2k — 2 > —1, the
integral is convergent at 0. On the other hand, the integrand is of order O(b%+2t—4)
as b — o0o. Hence, since § + 2k — 4 < —1, integrability also holds at +oo.

Remark 3.1.3. For all § € (1,3) the right-hand side in the IbPF (3.2)) takes the

form
/ / b“zjg, (X)|b)—2§’;,(c1>(X)|0)} dbdr.

Note the absence of transition at the threshold ¢ = 2. This might seem surprising
given the transition that the Bessel bridges undergo at 6 = 2, which is the smallest
value of § satisfying

P, [3relo,1]: X, =0]=0.

This lack of transition is related to the fact that, as a consequence of Lemma [2.2.6]

we have for all ® € S 1

db

However, we do conjecture that a transition should occur for § = 2 at the level of
the SPDEs: see Section 4.5 below.

— 507 ((X) | b) = 0.

Remark 3.1.4. Recalling the definition of u, for a < 0, we can write all the
above IbPF above in a unified way as follows:

Eq o (0h®(X)) + Ep o ({0, X) @(X)

T(5)

1 3.5
2(6 — 2) /0 I <N6—3,22’;/(CI>(X) |-)) dr. (3.5)

Note that the pole at 6 = 2 is compensated by the zero of (us_s, Eiz,((b(X) 1))
at § = 2 in virtue of (2.26). Actually the proof of the formulae Theorem will
be based on rewriting both sides of the equalities using ., for some a < O see
Lemma and its proof. Note that in that lemma there appears fros rather
than ps_3 because, for convenience, we work there with squared Bessel processes
rather than Bessel processes.
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As a consequence of the above theorem, we retrieve the following known results
(see Chapter 6 of [Zam17]):

Proposition 3.1.5. Let ® € S and h € C*(0,1). Then, for alla >0 and § > 3,
the following IbPF holds

By o(0n®(X)) + Eg (", X) ®(X)) = —r(8) Eq ,((h, X %) @(X)). (3.6)
Moreover, for 6 = 3, the following IbPF holds

Eg o(On®(X)) + B ,((h", X) ®(X)) =

1 (3.7)
= [ drhoaro) B2, [0(0)| X, =0
0
where, for all (r,a) € (0,1) x Ry
(r,0) 1 e i)
r.a) = a= a 2
! 27r3(1 —r)3 ’ >0 1—e 2
Proof. For § > 3 we have k := [252] < 0, and by (3.2)
2.0 (On®(X)) + B3, ((h", X) D(X)) =
/ / b~ 42‘” X)|b)dbdr
= —k(0 / / b3 plr (b) B, [@(X) | X, = bl dbdr
—£(8) By ,((h, X72) ®(X)).
For § = 3, it suffices to note that, for all r € (0,1)
1. pra(e)
5 lm —=%—=7(r,a)
so that
1
£ S(@(X)]0) = 5. 0) EL [0(X) | X, = 0]
and the proof is complete. O]

Remark 3.1.6. In [Zam05] for the reflecting Brownian motion, and then in [GV16]
for the Reflecting Brownian bridge, a different formula was proved in the case
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d = 1. In our present notations, for (/3,),cp,1j a Brownian bridge and X := ||,
the formula reads

E(8,®(X)) +E((h", X) ®(X)) = lim 2E ((I)(X) /01 h, {(5’;)2 - c;] dLS) . (3.8)

e—0

where ® : H — R is any Lipschitz function, h € C3(0,1), L° is the standard local
time of 8 at 0 and for some even smooth mollifier p. we set

Bz pens, oo Phion
€

The reason why is strictly weaker than (3.15]), is that the former depends ex-
plicitly on /3, while the latter is written only in terms of X. This will become crucial
when we compute the SPDE satisfied by u for § = 1 in Theorem [4.2.8/below. How-
ever, possesses a dynamical interpretation in terms of an infinite-dimensional
[t6-Tanaka formula, see [Zam06]. It also possesses a natural generalization to all
integer values of 9, see Chapter [0] below: these higher-dimensional counterparts
also differ - at first sight - from the corresponding IbPF stated in Theorem [3.1.]]
above.

3.2 Proof of the IbPF : the case of homogeneous
Dirichlet boundary values

Before giving the general proof of Theorem above, we first consider the case
of Bessel bridges from 0 to 0, P?, for § > 0. Indeed, in this case, the proof is much
easier and possesses a nice interpretation in terms of solutions to Sturm-Liouville
equations. The general case will be treated separately.

We first state a differential relation satisfied by the product of the functions 1
and ¢ associated as above with a finite Borel measure m on [0, 1]. This relation is
the skeleton of all the IbPF for P, § > 0 : the latter will all be deduced from the
former with a simple multiplication by a constant (depending on the parameter

J).
Lemma 3.2.1. Let m be a finite Borel measure on [0,1], and consider the functions

Y and b asin and ([2.23)). Then, for allh € C*(0,1) and § > 0, the following
equality holds

1 N 1 1 A
/ \/ Uty (h;fdr—2hTm(dr)):—Z¢f/ oy (pa),) "2 dr. (3.9)
0 0
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Proof. Performing an integration by parts, we can rewrite the left-hand side as

[0 (55 - 2mian) ()’

Note that here we are integrating wrt the signed measure

(s —2mtan)) (5:dr)" = 25 (vede)* =2 (162) " mian),

Now, we have

o ()" = P LY 2 gy L ve)
dr? 2 () A (e
Recalling that 1 = 2¢ym and ¢ = 2¢) m, we obtain

1 S W) 71
(£ 2 (w)} A0y

dr® ()2
_ 1@ — gy
4 (o
Using the expressions (2.22) and (2.23) for ¢ and 1, we easily see that
G =y =91, re(01). (3.10)

Hence, we obtain the following equality of signed measures:

d? N\ 3 1 )2
(ﬁ — Zm) (¢¢> = (@/) ¢1>3/2 dr

Consequently, the left-hand side in (3.9)) is equal to

1 1 N\ —3/2
30 [ ()
4 0
The claim follows. O

As a consequence, we obtain the following preliminary result.

Lemma 3.2.2. Let m be a finite measure on [0,1], and let ® : C([0,1]) — R be
the functional thereto associated as in (3.1). Then, for all § > 0 and h € C?(0,1),

E(0,®(X)) + E°((h", X) ®(X)) =

(&) _os ! (3.11)
A / (wrwr) 2

where ¢ and w are associated with m as in ) and -

K\J\CAJ
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Proof. By the expression for ®, we have
P (X) = —2(Xh, m) ®(X).
Therefore
EY(0h®(X)) + B (", X) (X)) = Q° [ ({0, VX) = 2(hv/X,m) ) e=m)] =
— /0 (0 dr — 2y m(dr) /0 r (gm) (@WE QP [emX) | X, = 1]

By we obtain
E°(0p®(X)) + E°((h", X) ®(X)) =
5+1

_ /01 (k! dr — 2h, m(dr)) FF((;) ( o ¢1> é/om r (%%) (db)

— V2 ((g)) Wi E /Oldr (W dr — 2h, m(dr)) /v,

Finally, by (3.9), the latter expression is equal to

3
2

B4y s o
- ZF;F{%)) i [ (i)

and the proof is complete. ]

Apart from the above lemma, the proof of the IbPF for P°, § > 0, will require
integral expressions for negative Gamma values. For all x € R we set |z] =
sup{k € Z : k < z}. We also use the notation Z~ := {n € Z: n < 0}.

Lemma 3.2.3. For allz € R\ Z~
[(z) = / h el ey ae
0
Proof. By Remark we have
| T et = P e = D) 17 = T,
0
and the claim follows. ]
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From Lemma we obtain for all C' > 0, x € R\ Z~
-z __ ol—z 2x—1 —Cﬁ <_C>]b /
[(z)C =2 /0 b e 97— T db (3.12)
0<j<[—=]

by a simple change of variable t = C'?/2. Then (3.12)) can be rewritten as follows:
oo 2 0?
I(z)C~* =2'* / pe-t 2 (e_c2> db, zeR\Z . (3.13)
0

Theorem 3.2.4. Let § >0, § ¢ {1,3}, and k := 52| < 1. Then

E° (9, (X)) + E°((h", X) ®(X)) =
(3.14)
/ /b54T2’“Z5 ()|-)]dbdr.

Proof of Theorem[3.2.4 Let § > 0 and § ¢ {1,3}. Then by ({3.11)
E°(8,®(X)) + E°((h", X) ®(X)) =

L% /1 (wl > S\
iy — hr ~ wrwr dr
2220(5) Jo "\ ( >
INEE=Y /1 35
=——2_ [ h.C.7 DVdr
93/2 (g) 0

1 5-46

_ X 22 - / her/Q/ YT e O  dbdr,
23/2F(§> F(—) 0 0

2

+ M|

where we used (3.13) with C' = C, and =z = 5;23 to obtain the last line. Recalling
the expression (2.25) for X2(®(X)|b), we thus obtain

E*(0p®(X)) + E°((h", X) ®(X)) =
5+1/ / VTR S (®(X) | b) dbdr.

Now, since ¢ ¢ {1, 3},

D3 = 5T = 551 2 T(52) = w(0) T(552).

2 2 2 2

~

riég?

5—3
(%

Therefore = k(0) and we obtain the claim. O

—

There remains to treat the critical cases § € {1, 3}.

41



Theorem 3.2.5. Let ® € S and h € C?(0,1). The following IbPF holds

EY@,8(X)) + B*({h", X) &(X)) = / dr h, S3(@(X) |0),

EY0,®(X)) + EY (1", X) ®(X)) = %/0 drhrj—;zi(@()(ﬂb) g

Proof. By linearity, we may assume that ® is of the form (3.1]). For § = 3 we have

by (.11)

B2 (02 + B (A", X) (X)) = — 1{(;) / he ()

(3.15)

By ([2.25) this equals
1
-5 | arhsie o)
0

and the proof is complete. For § = 1, by (3.11)), we have

EYOB(X) + (1. X) 0(0X) =~ wn [ o (0)

But by (2.25) we have, for all r € (0, 1)

a2 C. D? \/5 R

— SN ®(X)]|b =g =—4/= P ) T 3.16

PO | ==y o (vd) (3.16)
The claimed IbPF follows. ]

3.3 The case of general boundary values

This section are devoted to the proof of the above IbPF in the general case. We
shall actually first state and prove similar IbPF for the laws of Bessel processes,
which are nicer to handle, and then obtain the results for Bessel bridges by condi-
tioning.

3.3.1 Case of unconstrained Bessel processes

Definition 3.3.1. For all a,b > 0 and r € (0,1), we consider the measure
¥r(dX |b) on C([0,1]) defined by

5(a,b
SO (AX [ b) = pr(gc: VB 1x, = 1), (3.17)
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Lemma 3.3.2. For allr € (0,1), § >0 and a,b > 0, the following holds

6572

5 2 b2
/exp(—(m,XQ)) Ei”’(dX |b) = 2exp ( gbo) 5/2¢T2M (3.18)

In particular, for a =0, we have

5 S 1 v? P1 o2
/eXp<—<m,X >) Z:07 (dX ‘ b) = m eXp (_2¢2Q > <¢2Q ) )
5 rYr r&r

Proof. These equalities follow from Lemma [2.2.6| upon noticing that, for all a > 0

zymxwy:/ S0t (dX |b) pi(a,a’) dd'.
0
O

Theorem 3.3.3. Let a > 0, § € (0,00) \ {1,3}, and k := |%52] < 1. Then, for
aldes

E(0,0(X)) + ES (", X) ®(X)) =
(3.19)
/ /w4ﬂ@W(ﬂﬂ@m

On the other hand, when 6 € {1,3}, the following formulae hold: for all ® € S,

PAO(X) + B0 X)0(X) = =5 [ B E@@)0)dr 320)

and

EN0n®(X)) + EX(R', X)®(X)) = le/ hy ;—;Z”( O(X)|0b) b_odr. (3.21)

Proof. By linearity, it suffices to prove formula (3.19) for ® of the form (3.1)).
So let m be a finite Borel measure on [0, 1], and let ® be the functional thereto
associated. We have

Eq(0p®(X)) + E,((h", X) ®(X)) = Eg (" — 2m, hX) (X))

_ /0 1 (dr hdi —2m(dr) hr) Ey[X; exp (—(m, X?))].

r

Lemma 3.3.4.

a?

@mmmeWZW(ﬁW)W@W(» (3.22)
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Proof. We have
E°[X, exp(—(m, X?))] [\/ » exp(— ]
a2
= exp ( 59/(0 )) 20, Ql (VX )
where we used Lemma to obtain the second equality. The claim follows. [

We rewrite (3.22)) as follows
Eaé[XT exp(—(m, X2>)] = K(a’7 m) ¢T CQM
where

K(a,m) :=exp (%2¢'(0)) 6/2

is a constant which does not depend on r and

Gi=Qn (V) = LX), t20.

To compute the left-hand side of (3.19)), it therefore suffices to compute the fol-
lowing distribution on (0, 1):

d2
<ﬁ - 2m(d7")) (0r ) -
We recall that by ([2.15)
0, = ¢,
By the Leibniz formula, we obtain

/

d
@ (¢7”C9r) ¢ C.Qr + ¢r ¢2 (b CQT ¢T
d? ” ’ ’/ , //
37 (0rCe) = 0G4 0L s L = 0+

Consequently, recalling that ¢” = 2¢ m, we obtain

d2 "
(4~ 2mlan) (06 = %
Finally, we thus obtain the following expression for the left-hand sides of (3.19)),

and (21

Eq(0n®(X)) + E((h", X) (X))

1
= K(a,m) /0 dr h, ¢, (ftZEé (X,) (3:23)

t=pr
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We now compute their respective right-hand sides. Recall that, by (3.18]), we have,
forall b >0

s 2 b
r CL2 _ qu @ ) P2
(@) 8) = 20w (00 o, §—>

622
_ Or ’ T
= 2K (a,m) ¢, 0z

Therefore, denoting by f the function defined by

O( 42
fly) = q; (a*,y)

—, Yy >0,
yo/2-1

and extended by continuity at 0, we have

&r a,m .
S (@(X) |b) = 2K (a,m) 6 f<¢2> (3.24)

for all b > 0. Now, we first assume that 6 ¢ {1,3}, and compute the right- hand
side of (3.19). Note that, by (3.24)), and performing the change of variable y :=

we obtain

| mEsieeo )] < Kemo? [T ayy ST ()
0

0

¢27

Recalling the definition of u 5-s, We can rewrite the last integral of (3.25)) as

r <5%3) <u%3(y) y' gl (a ,y)>

Since I' (%) = k(0)I' (%2), we thus deduce that the right-hand side of (3.19)
equals

— K(a,m)¢;°T (5;1) (naza (), 5240 (a2 ) ). (3.26)

Supposing now that § = 3, by the expression (|3.24]), we see that the right-hand
side of (3.20)) equals
—K(a,m) ¢,” f(0),

which is precisely the quantity (3.26)) with § = 3.
Finally, supposing that § = 1, by (3.24), we see that the right-hand side of
(13.21]) equals

K(a,m) ¢ f(0),
which also coincides with the quantity (3.26) with § = 1. ]
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In conclusion, comparing the expressions (3.23) and (3.26]), we see that the
claimed IbPF will be proven, provided that we show the following result:

Lemma 3.3.5. For allt > 0 and a > 0, we have

d® s d+1 ¢ (. y)
@Ea (Xt) =T (T) <:U"523 (y)v :;5/2_1 > )

where T := a?.

Proof. We have
Ey (X)) = Q) <\/Xt> =/ Yy (g () de
0

o0+1 _
=T (T) <u6%,y1 5/QCJf(fv,y)>-

Therefore, differentiating in ¢, we obtain
d 0+1 _
a Qéx (v Xt) =T (T) <M5+TI, Oy (yl 5/2qf(x,y))> :

Note that the interversion of % and the brackets is allowed. Indeed, the function

y = 0, (y°%¢ (x,y))

is in ([0, 00)), so that

/ = o) (vl (2, y)) | dy < oo
0

Now, we intend to re-express the time-derivative of ¢/ (x,%). To do so, we recall
that the following equation holds:

0 (z,y) = (4 —0) 9,yq) (,y) + 2y D2} (x,y). (3.27)

Therefore, by the Leibniz formula, we have

0
4 \*, Y _
O ( ;/(5/2—1)) =20, (y* o2 ay@lf(%?J)) : (3.28)

Hence, applying the distribution pu 51, and recalling Theorem , we obtain

% Q <\/2> =20 (%) <M%1,yH/2 8yq?(x,y)> . (3.29)
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We now intend to re-express the right-hand side of (3.29)) in order to get rid of the
derivative 0,. To do so, we note that

4]
v 20,00 (w,y) = 0y (v g (w,y)) — (2 - 5) y' g (ey). (3.30)

Hence, by Theorem [2.1.6} we have

_ _ 0 _
<M5;717y2 5/2 8ny(x7y)> = - <M5;737y2 6/2Qt5(l’7y)>_<2 - 5) <:u5;217y1 5/2qf(xay)> :

(3.31)
Now, applying Lemma with a = 5_73 and f the smooth function defined by

) =y (x,y), yeRy,

we can rewrite equation (3.31)) as

<u%1,y2“5/2 5y@1?(fﬂ,y)> =— (5_—3 +2- é) <ua%1,y1‘5/261?(56,y)>

1

=3 (no,y' g} (@) ).

(3.32)

We thus obtain

d o0+1 _

7@ (vx) =t (T) (nzt, v~} (2. 9))
Hence, differentiating in ¢ a second time, we obtain

12 % (VE) =0 () (i a )

The fact that we can differentiate in ¢ inside the brackets is justified as before.
Now, recalling the differential relation (3.28)), and applying Theorem [2.1.6] we

obtain

(nazs, 00 (=241 (,9)) ) = =2 (s, y* 2 0,6 (2.9))
As previously, we re-express the right-hand side to get rid of the derivative. By
(3-30), and applying Thm we see that

_ _ 0 _
(nzs,y? 20,002 )) = = (pss, 5/2qf(fc,y)>—(2 - 5) (noa v} (@)

Upon applying Lemma to the first term in the right-hand side, we thus obtain
_ 0—5 o _
(naza 2 0,00 (x,9)) = - (T +2- 5) (naza,y' 24} (w,9) )

(nsza y' = (@, ))

1
2
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Finally, we thus obtain

S -1 (42) ).

2

which yields the claim. O

3.3.2 The case of bridges

Now we finally prove the IbPF associated with Bessel bridges stated in Theorem
3.1.1L This will just follow from Theorem by conditioning on the value of Xj.

Proof of Theorem[3.1.1. Let ® € S and h € C*(0,1). Then, for any A > 0, we
consider the functional ¥ : C([0, 1]) — R defined as

U(X):=o(X)e ™M, X ec(o1)).

Note that ¥ is an element of S, since one can write X7 := fol X2 dm(X), where
m := 0p is the Dirac measure at 1. Therefore, ¥ satisfies the IbPF stated in
Theorem [3.3.3] Moreover, since hy = 0, we have

VX € C(0,1]), ¥ (X) = 9,®(X)e T,
Therefore, assuming for example that 6 ¢ {1,3}, it holds that
ES(0h®(X)e™X0) + EX(W', X) ®(X)e M) =

— K(9) /01 hy. /OOO b4 [7;% Ei””(cb(X)e—AXf | )] dbdr. (3.34)

By conditioning on the value of X, the left-hand side of this equality can be
rewritten as

/O T pad)e " (B (@nB(X)) + B (W, X) B(X))) dd.

On the other hand, for all » € (0,1) and b > 0, we have, by the same type of
conditioning

Eg((I)(X)e_/\Xl2 | X, =0b) = / 5. (b,d) e~ Aa” Eg7a,((I>(X)|XT = b)dd/,
0
whence we deduce that
SAT(Q(X)e M | b) = / pia,a)e " S0 (B(X) |b)dd.
0
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Consequently, Equation (3.34) above can be rewritten

/0 T pand)e N (ES L (0h0(X)) + B ((H, X) &(X))) dd’ =

—n(a)/o P (a,a)e " (/ / po T% oo (cp(X)|-)} dbdr) dd’

Note that this equality holds true for any A > 0. Hence the functions

- “Tl@ (B2 £(on0(X)) + B (0", X) 2(X)))

5 —k(0) (/ / b547;,2’fz” (D(X )|-)}dbdr)

have the same Laplace transform. Since they are continuous on R, they must
coincide. This yields the claimed IbPF for the Bessel bridges of dimension 0 ¢
{1,3}. The cases ¢ € {1,3} are treated in the same way.

and

3.4 The IbPF via hypergeometric functions

In this section we provide a proof of the above IbPF for a different class of test
functionals, in the case of homogeneous boundary values a = o’ = 0. Namely,
given a function ¢ € C([0,1]), we consider the functional ® defined on L*(]0, 1])
by
(X) = (¢, X)

Note that, when ( is not identically 0, ® may not be written as a function of the
form exp (—(m, X?)), with m a finite measure on [0, 1], so the above results do not
apply directly. However, it turns out that the IbPF still hold for such a functional
®. More interesting than the result is the proof, which provides an interpretation
of the IbPF using properties of hypergeometric functions. The proof relies on the
fact that correlation functions of Bessel processes involve hypergeomteric functions:
this fact is reminiscent of Cardy’s formula for Bessel processes which, for the special
value 6 = 5/3, admits an interpretation in terms of the crossing probability for a
critical percolation model: see 1.3 in [Kat16]

Proposition 3.4.1. For all § > 0 and h € C%([0,1]), we have

B(n®(X)) = ~E°[(1", X) 2 (X)
4(5@2) /0 dr h(r) {15-5(db), S7(P[D)
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In the remainder of this section, we prove this result. Note that given the
particular form of our test function ® = ((, ), the above formula can be rewritten
in the following way:

(¢ h) =~ / ¢(s) / R'(r)E° [X,X,] dsdr
. v 1 (3.35)
4<§(f)2> / dsc(s) / dr h(r) {pis-5( db), S2(X, b))

In the last line, we interverted the integral in the variable s and the action of
the distribution us_3. To justify this operation, we use the following result:

Lemma 3.4.2. For allr,s € (0,1), r # s, and b > 0, we have

D oo
Eﬁ(XS“)) = 26/2—1(76(1 _ 7‘))6/2 eXp <_¥b2) Z Ckfk(‘sa T) b2k7 (336)
k=0

where )
—s S
D =lygp——— 1, T\
(5:7) < (T—S)(l—?“)+ > r(s—r)
and, for all k > 0
o D+
"TTT(6/2)T(k + 6/2)k!

and

Lo s\ kH1/2 1gs, 1—s k+1/2
He Q-8 <7’> ! (2(s—r))k 2 (1—7‘) '

Proof. The proof follows by a direct computation from the expression of the tran-
sition densities of Bessel processes. O

As a consequence, we claim that the following equality holds for all r € (0, 1):

(15-3(db), £2(P(X)|b)) :/0 ds () (ps-3( db), 37(X,|b)).
Indeed, we have

3

(15-5( ), BE@(X)[B) = (s ), o

— —L/oo dbbﬁ—lizé@(mb)
O T(8) J, dp " '

SA(@(X)[b))
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and, by (3.36)) above, one can check that

oo d3
T ——2(P(X :
| ar | e <
Hence, by Fubini, we deduce that
5 d® o
(13-5( ), @) 1)) = (g ), = 2(@(X) )

——/1 ds ((s) ! /OO dbb5—1i325(x |b)
L NI s dps
3

:_/O dsg(s)w,%zf(mb))
:/0 ds C(s) (ps—3, To(X,[D)),

and the claim follows. Therefore, it suffices to prove equality (3.35)). To do so, it
suffices to prove that the following equality holds ds-almost everywhere:

h(s) = — /1 R (r)E° [ X, X,] dr
I'(9)
4(6 —2)

/0 dr h(r) (s ( db), S2(X,|0)).

Hence, to prove Prop [3.4.1] it is sufficient to show that, for all s € (0,1), the
function r — E° [X,X,] satisfies the following equality of distributions on (0, 1):

Cg‘l_;Eé (X, X, = —04(r) (3.37)
) 3.37
_ % / dr h(r) (us_s( db), S2(X,[D)).

The proof of will rely on the explicit computation of moments of Bessel
bridges using hypergeometric functions.

We start by showing that, for all s € (0,1) and r € (0,1) \ {s}, the function
r— E°[X,.X,] is twice differentiable at s, and that

&2 T
WE(S X Xs] = S 4(6-2)

/0 dr h(r) {y15_s( db), Z2(X,[b)). (3.38)

Assume for instance that 0 < s < r < 1. Then a direct computation using
the explicit transition densities of a d-dimensional Bessel bridge shows that the
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following equality holds:

EY[X,X,] ZQF(&;)Q(r—s)é/m (5(1—7"))1/22F1 (5+1 §+1 96 S(l—r)>.

rE) - R

On the other hand, by equality (3.36|), the right-hand side of (3.38)) equals

CIT(BYT (el (5+1 §—3 0 3(1—7“)) (3.40
5—3 2141 ) ) .
2 "2 2 r(l-s)

QF() (1-— )3/27"2(1—3)2
where 5 F; denotes the hypergeometric function. Recall that the hypergeometric
function o Fy is defined, for all a,b,c € C\ Z_, and all z € C such that |z| < 1, by

o (@)r(b)s Jk
Z k()

oFi(a,b,c, z) =
=0

1, itk=0
ala+1)...(a+k—1), ifk>1
Note that the ”b-parameter” of the hypergeometric function appearing in (3.39),
5“ differs by 2 from the one appearing in 553 = “Tl — 2. Hence, in
order to prove the quality ([3.38 - we would need to exploit a differential relation
linking 5 F1(a, b, ¢, z) to o F1(a,b—2, ¢, z). This relation is provided by the following,
classical fact: for all a,b,c € C\ Z_,

where, for any o > 0 and k € N, (), := {

diz (271 — 2)* % Fi(a,b,c, 2)) = (¢ — b)z" "1 (1 — 2)* ™ LR (a,b — 1, ¢, 2).
(3.41)
Now let s € (0,1), and r € (s,1). Setting z := El ;, we have
r—s
1 _— pu—
: r(1—s)

Therefore, equality (3.39)) can be rewritten as follows:
EY[X, X, = K(0)s(1 — )z 12(1 — 2)°?* L, Ry <—

where

Therefore, for all r € (s,1), we obtain, by the Leibniz formula and the chain rule
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d B d+1 6+1 9
%E‘S (X, X,] = —K(6)sz272(1 — 2)°/** L, Ry (T, 5 §a2)
dz d [ _ O0+1 0+1 6
+K(5)8(1 _T)JE (Z 1/2(1 _2)6/2+12F1 (TaT)§7z)>
But £ = — 2y and, by (3.41)), it holds that
d [ _ 0+1 0419 1 _ 5+16—1 96
- <z V2(1 — )2+, By (—2 EE ’5’2)) =57 32(1-2)2,Fy (77775,2)
Hence we obtain
d _ 0+1 641 6
%E‘S (X, X,] = —K(6)sz712(1 — 2)°/** L, Ry (T 5 5 z)
s 1 +16—-19
— K(8)s(1 — ()2, (2 0 8
(9)s( T)T2(1—s)< TR AT S e b T
_ —K((S)sz 1/2(1 )6/2+1 F E E é
2 7 2 7Y
11—35 0+1 6—-19
K(0) =221 — )92, (2122 22 9
RO AT A=) R (g

Differentiating with respect to r a second time, we obtain

2
4 o (X, X,] = —K(é)s%i {21/2(1 — )L R (H—l E, g z> }

dr? dr dz 2 2
1 1—s d+16-19
K 1/2 1 — 5/2F ygr-vy - v
3 (5)(1—7“)22 (I=2)"%R | 5= 57
1 l—sdzd | 1 5/2 0+16-19
+§K<5)1—7‘5£ {Z (1 Z) 2F1 7777572

Using again the expression for %, as well as (3.41]), we deduce that

P K] = KOs {5 = (20 0

dr? r2(l—s) | 2 2 727
1 1—s +16—-196
K(5)~ V21— p)2,p (222 2720
* <)2(1—r)22 (I=2)h (5 52
11—s s 1 +16—-3 96
— K(8)= - —1/2 1— 5/271F L cr- vy v
()21—7‘7"2(1—3){22 (L=2 LR 5 5
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The first two terms are easily shown to cancel out, so that we obtain

2 —
d_E5 (X, X,] = _KO)__ s 221 = 2) LR (—5 i 1, 0-3 3, g z)

dr? 4 r2(1—r) 2 2
_K(9) (r — 5)%/21s1/2 7 d+1 -390 s(1—r)
T4 Qo pa—sE U2 2 T2 r(1—s)

and, by (3.40)), the last expression is equal to

4<§(f)z> / dr (r) (ps-s( db), T3 (X b)).

This yields the claimed equality (3.38)).
We now prove that equality (3.37) holds. More precisely, for any test function
h € C2(0,r), we compute
1
/ R (r)E°[ X, X)dr
0
Performing two successive integration by parts on the intervals (0,s) and (s, 1),

and reminding that h has compact support in (0,1) and is continuous at s, we
obtain that

! d* d-
/ W' (r)E°[X, X,]dr = h(s) {—E‘S[X,,XS] — —E‘S[X,,XS]} (3.42)
0 dr dr
1 d2 s
"
+A h (T)WE [XTXS]dT
where
d+E5[XX] =1 dEé[XX] (3.43)
d?” r<xs| - Tl{g r r<is .
and
d—_EJ[X X,] := lim iEJ[X X,] (3.44)
dT’ T S| T/‘S r T S .

(the existence of these limits will be justified herebelow). By the first step, we
readily know that the second term in the RHS above equals

4(5(5)2) /o dr h(r) (ps—s(db), $2(X,|b)).

So there remains to establish the existence of and compute the limits (3.43) and
(3.44)). For this, we use the following lemma:
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Lemma 3.4.3. Let a, 3,y € C such that vy ¢ Z_, and v — o — € R* \ Z. Then,
for z € (0,1) tending to 1

2F1 (O[7 ﬂ, ~, Z) 2:1 F(W);‘((j);(g)_ P)/) (1 _ Z)“/—a—ﬁ

Proof. By Thm 8.5 in [Viol6@], the following equality holds for all z € (0,1):

R 2= o011

P((a+p8—-7)
INCHINE)

Now, the functions o Fy (o, B, a0+ —~v—1,-) and o Fi (v —a,y— B,y —a—F+1,")

are continuous at 0 and equal to 1 there, while (1 — 2)77* % — 400 as z — 1,

since v — a — 8 < 0. The claim follows. ]

2F1(a767772) =

(1_Z)W_Q_BQFI(V_Q77_B7’7_a_6+1a1_z)

Now, recalling the computations done in the first step, we have, for all r > s

< s (X, X,] = — K(§)sz~Y2(1 — 2)/*, 1, <5+1 5+156 )

dr 2 2 2
115 15 52 o (61610
bl _ J o
+K(5)21—r2 (1—2)%F 5 Ty gt
where z := % € (0,1). Therefore, letting 7 N\, s and using the lemma we see
that
d r(ré+1 1 r(2)*
lim —F° [X, X,] = — K(0) () RV )s—l——K((S) = 1(2) —
M dr T (350 20T ()T ()
d—1

d _ o+1 6416
T XX =K (0)(1 - )2 21— 2P <T 7 >
1 Ls 100 a2 0+1 6—-196
2K<5)27“Z (1—2)%F 5 Ty g
where z := T(l—:s) € (0,1). Therefore, letting r * s and using the lemma we see
that s(1—r)
a
r(rE+1 1 I (%)
tim L E° (X, X,] =K () (2) 21_ )(1—5)——K(5) . 1(2) —
v dr I (251 2T ()T (%F)



Therefore, %Eé [X,X,] and - E°[X, X,] do indeed exist, and they satisfy

E - G pox = (<o 15 - (sa-9 - 05

.
= -1

Hence, (3.42)), finally becomes

/ W B XX Jdr = —h(s)
I'(0)
05— 2)

Proposition is proved.

/0 dr h(r) (ps_s( db), 2(X,[0)).

3.5 A slightly more general class of functionals

Generalizing the approach taken in the above section, given two functions ( :
[0,1] = R and 6 : [0,1] — R bounded and Borel, we can consider the functional
® defined on L?([0,1]) by

O(X):= (¢, X)exp (—(0,X?)), X eL*0,1). (3.45)
Note that
VO(X) = (¢ —2(¢, X)0X)exp (—(0,X?)), X € L*0,1).

In particular, as soon as ¢ # 0, V®(0) # 0, so also in this case ® ¢ S.

Then, upon invoking lemma[2.2.3] one can use the same computations as in the
case § = 0 to show that the IbPF above also hold for @ of the form (3.45). Since
the techniques are the same as the ones presented above, but the computations

much lenghtier, we do not provide the proof of this fact.
]
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Chapter 4

Bessel SPDEs: conjectures, and
existence of solutions for 0 = 1,2

4.1 From the IbPF to the SPDESs

The IbPF we obtained above allow us to conjecture the structure of some reversible
dynamics associated with the laws of Bessel bridges with arbitrary boundary values
a,a’ > 0.

To obtain the conjecture, we argue as follows. Recall that, if f: R — R is a
bounded, globally Lipschitz continuous function, then the SPDE

ou = lagu + 1f(u) +¢,
2 2 (4.1)

u(t,0)=a, wu(t,1)=2d.
where £ is a space-time white noise on R, x [0, 1], is well-posed in the space

C([0,1] x R4, R) (see e.g. Chapter 5 in [Zam17]). It also admits a unique invariant
probability measure P on L?([0,1]) given by

P(dC) = o exp (— /0 PG dr) W(dC),

where F' : R — R is such that F’ = f, W is the law of a Brownian bridge from
a to @’ on [0,1], and Z is a normalization constant. The measure [P satisfies the
IbPF

E[0,®(X)] = —E[(h", X)®(X)] — E[(h, f(X))P(X)], (4.2)

for all h € C%(0,1). Note the correspondence between the SPDE (4.1) and
the IbPF (4.2): the terms $02u and 5 f(u) in the SPDE (4.1) are respectively
encoded in the first and the second term in the right-hand side of the IbPF
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(4.2). Using the terminology of Markov process, for all h € C?(0,1), the mea-
sure (R, X) P(dX) is the Revuz measure associated with the additive functional
IN fol h, 0?u(s, z) dz ds, while the measure (h, f(X)) P(dX) is the Revuz measure
associated with fot fol he f(u(s,x))dzds.

Coming back to the case of Bessel bridges, that is P = P(f’a/ with § € (0,3),
a,a’ > 0, we have now an IbPF of the form (3.5). This IbPF is similar to ,

except that the last term is no longer given by a smooth measure, but rather by a
generalized functional in the sense of Schwartz:

4(1;(?2) /0 b (153, Ei’,ﬁ/(@‘» dr. (4.3)

Note however that, for all b > 0, Eg’;,(dX\b) is indeed a measure. We actually
formulate the following conjecture concerning the relation between EZ’L, (dX]|b) and
a hypothetical Markov process (u);>o on C([0,1]) with invariant measure P ,:

Conjecture 4.1.1. There exists a family of additive functionals (62771)15207 b >
0,7 € (0,1) satisfying the occupation times formula

/Ot o(u(s,r))ds = /Ooo ©(b) ﬁi’,r b~ db, (4.4)

for all Borel p : R, — R,. Forallr € (0,1), and b > 0, EZ’L,(dX|b) is the Revuz

measure associated with (Eff),r)tzo'

We refer to Section 5.1 in [FOTI0] for the definition of additive functionals
and their Revuz measures. The relation between (£} ,);>¢ and 22’72, (dX]b) claimed
above is justified as follows. For all F': C'(]0,1]) — R, and ¢g : R, — R Borel, one
would have

o] t
/ / E, { / F(uy) df{;r] P!, (dx)g(b) b’ db
0 c([0,1]) 0
o) t
— / E, { / dbg(b) b°~* / F(us)dﬁg’r] P, (dx)
c([o,1]) 0 0
t
[ B [ Pl atuts, ) as] P
C(]o,1]) 0

where we used the occupation times formula (4.4]) to obtain the third line. But,
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since the law P? , is supposed to be invariant for (u;);>o, we have

/ E, { / Fus) g(u(s,)) ds] B3, (dx) =t B, [F(X) g(X,)]

C([0,1]) 0
- / Abp", (b) g(b) B2 [F(X)|X, = b]
—t [ dbgyp s (P,

where the second line follows by conditioning on the value of X,.. Hence, we obtain

o] t o)
/ / E, { / F(uy) dfﬁr] P? (dx)g(b) b db =t / dbg(b) bt 2%, (F|b).
o Jcoa) 0 ’ ’ 0 ’

The map ¢ introduced above being arbitrary, we would thus have

t
[ B | [ Pt ] Pt s el (45)
o([0,1]) 0 ’ ’ ’

for a.e. b > 0, and actually for all b > 0 if one admits the reasonable assumption
that both terms are continuous in b. Since equality (4.5 holds for arbitrary F', we
deduce that Zi’;, (dX1b) is indeed the Revuz measure associated with (£7,);>o.

As a consequence of this fact, the property (2.26]) on Eg’;, (dX]b) suggests that
we should have

0
—° =0, t>0.

b ", -
Moreover, by the expression (4.3) for the last term in the IbPF, and in analogy
with the classical case, we conjecture that the SPDE corresponding to Pf}a, should
be formally given by

du  18%u N ING)
ot 202 8(0—2)

(s-3(db), £,) + &

u(t,0) =a, wu(t,1)=2d.
For ¢ € (1,3), the SPDE would thus be given by

ou 10%u  k(6)d [*1,, 0N 51
o TR S A I G UE AY:
0 (1<d<3), (4.6)

u(t,0) =a, wu(t,1)=d.
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On the other hand, for § = 1, the SPDE would take the form
ou 10w 10 0 /b

ot~ 2007 soror te|, "¢

b=0 . (6=1) (4.7)

u(t,0) =a, wu(t,1)=ad

while for 0 € (0, 1), it would be given by

ou  10%u k(@) O [*1 (., 0 0P o* 51
5= Y a B (gm e~ g g s ) o
u(t,0) =a, wu(t,1)=2d. 0<d<1)

(4.8)

In all the SPDEs above, the unknown would be the couple (u, ), where u is a
continuous nonnegative function on Ry x (0,1), and, for all z € (0,1), (€} )s>0 is
a family of occupation times satistying .

These SPDEs are still very conjectural, see Section below for a discussion.
However, it turns out that in the particular cases § = 1, 2, a construction of weak
solutions via Dirichlet form techniques is possible. This is the content of the two
following sections.

4.2 The case § =1

In this section we exploit the IbPF obtained above to construct a weak version
of the gradient dynamics associated with P!, using the theory of Dirichlet forms.
The reason for considering this particular Bessel bridge is that for integer values
of 9, and for zero boundary conditions, we can exploit a representation of the
Bessel bridge in terms of a Brownian bridge, for which the corresponding gradient
dynamics is well-known and corresponds to a linear stochastic heat equation. Such
a representation actually still holds for any integer-dimensional Bessel bridge from
a to a’ when either a or @' vanishes, but it fails when a,a’ > 0, see [YZ04]. Here,
we shall consider the case a = ¢’ = 0 and § = 1, and the case § = 2 will be
considered in Section 4.3 below.

The representation of a 1-Bessel bridge from 0 to 0 in terms of a Brownian
bridge allows us to construct a quasi-regular Dirichlet form associated with P!, a
construction which does not follow from the IbPF due to the distributional
character of its last term. The IbPF is then exploited to prove that the
associated Markov process, at equilibrium, satisfies . The treatment of the
particular value 6 = 1 is also motivated by potential applications to scaling limits
of dynamical critical pinning models, see e.g. [VoB16] and [DOIS].
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For the sake of our analysis, instead of working on the Banach space C([0, 1]),
it shall actually be more convenient to work on the Hilbert space H := L*(0,1)
endowed with the L? inner product

1
<f,g>:/0 fogdr, figeH.

We shall denote by || - || the corresponding norm on H. Moreover we denote by
w the law of 8 on H, where 8 is a Brownian bridge from 0 to 0 over the interval

[0, 1]. We shall use the shorthand notation L?(j) for the space L?(H, p1). We also
consider the closed subset K C H of nonnegative functions

K:={2€H, z>0a.e.}.

Note that K is a Polish space. We further denote by v the law, on K, of the 1-Bessel
bridge from 0 to 0 on [0,1] (so that P! is then the restriction of v to C([0,1])).
We shall use the shorthand L?(v) to denote the space L?(K,v). Denoting by
j + H — K the absolute value map

j(z) =1z, z€H, (4.9)

we remark that the map L?*(v) 2 ¢ + poj € L*(u) is an isometry.

4.2.1 The one-dimensional random string

Consider the Ornstein-Uhlenbeck semigroup (Q:):>o on H defined, for all F' €
L*(u) and 2z € H, by

Qi F(z) = E[F(u(2))], >0,

where (v4(2)):>0 is the solution to the stochastic heat equation on [0, 1] with initial
condition z, and with homogeneous Dirichlet boundary conditions

= z(x), x € [0,1] (4.10)
v(t,0) =v(t,1) =0, t>0

with € a space-time white noise on Ry x [0,1]. Recall that v can be written ex-
plicitly in terms of the fundamental solution (g:(x, 2"))i>0, z,2¢(0,1) of the stochastic
heat equation with homogeneous Dirichlet boundary conditions on [0, 1], which by
definition is the unique solution to

99 _ 19%
ot 2 0x2
go(,2') = 5, (x) (4.11)



Recall further that g can be represented as follows:

716

Vi>0, Va2’ >0, g(z,2) Ze 2 k(') (4.12)
k=1

where (ey)g>1 is the complete orthonormal system of H given by
ex(z) = V2sin(krz), z€l0,1], k>1

and A\, := k?7%, k > 1. We can then represent u as follows:

v(t,x) = 2(t, x) //gt s(z,2') &(ds, da'), (4.13)

where the double integral is a stochastic convolution, and

z(t, x) :—/0 gi(z,2')z(2") da’. (4.14)

In particular, it follows from this formula that v is a Gaussian process. An im-
portant role will be played by its covariance function. Namely, for all £ > 0 and
xz,x" € (0,1), we set

t
qi(z,2") := Cov(v(t,z),v(t,x")) :/ Gor (z, 2") dT.
0
We also set
Ioo(z,2') == / Gor(x, ') dT = E[B,Bp] = 2 N2’ — xa'.
0

For all t > 0, we set moreover

qt(xwr/) = QOo(xwr/) - Qt(% l‘l) = / 927-<£L',$/) dr.
t

When = = 2/, we will use the shorthand notations ¢;(), ¢ (x) and ¢'(z) instead
of ¢(z,7), ¢oo(x, z) and ¢'(z, z) respectively. Finally, we denote by (A, D(A)) the
Dirichlet form associated with (Q;)¢>o in L?*(H, i), and which is given by

1
—/ (VF,VG)du, F,G¢e D(A)=W"(u).
H

A(F,G) = 3

Here, for all F' € W'?(u), VF : H — H is the gradient of F', see [DPZ02]. The
corresponding family of resolvents (R, )0 is then given by

R\F(z2) = / e MQuF(2)dt, z€ H, A\>0, FeL*p).
0
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4.2.2 Gradient Dirichlet form associated with the 1-dimensional
Bessel bridge

In this section we consider the Dirichlet form associated with our equation ,
and the associated Markov process (u;)i>o. We stress that a construction of the
Dirichlet form and the Markov process was already provided in [VoB16].

Let FCg°(H) denote the space of all functionals F': H — R of the form

F(2) = ({1, 2), . (. 2), =€ H, (4.15)

with m € N, ¢ € C;°(R™), and [y,...,l, € Span{ex,k > 1}. Recalling that
K :={z € H,z > 0}, we also define

FC(K) = {F|,, F € FC*(H)}.

Moreover, for f € FC*(K) of the form f = F|,, with F € FC°(H), we define
Vf.:K — Hby

Vf(z)=VF(z), z€K,
where this definition does not depend on the choice of F'. We denote by &£ the
bilinear form defined on FCi°(K) by

E(f.9) =5 [(VEVg)dn  fig e FEHE),

Proposition 4.2.1. The form (£, FC°(K)) is closable. lIts closure (€, D(E))
is a local, quasi-reqular Dirichlet form on L*(v). Moreover, for all f € D(E),
foje D(A), and we have

Vf,ge D), &(f,g)=NMfojgoj) (4.16)

The proof of Proposition is postponed to Section below.

Let (Q¢)i>0 be the contraction semigroup on L?*(K,v) associated with the
Dirichlet form (&£, D(£)), and let (R))xso be the associated family of resolvents.
Let also By(K) denote the set of Borel and bounded functions on K. As a con-
sequence of Prop. [£.2.1] in virtue of Thm IV.3.5 and Thm V.1.5 in [MR92], we
obtain the following result.

Corollary 4.2.2. There exists a diffusion process M = {Q, F, (ut)i>0, (Ps)zex
properly associated to (€, D(E)), i.e. for all p € L*(v) N By(K), and for all t > 0,
E.(o(w)), x € K, defines an € quasi-continuous version of Qup. Moreover, the
process M admits the following continuity property

P.[t — u; is continuous on Ry =1, for & —q.e.xz € K.
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The rest of this section will be devoted to show that for £-q.e. x € K, under
P., (ug)i>0 solves , or rather its weaker form (|1.28)).

In the sequel, we set Ay := A + (-,-)2¢) and & = € + (-,)12(,), which are
inner products for the Hilbert spaces D(A) and D(E) respectively.

Since the Dirichlet form (£, D(E)) is quasi-regular, by the transfer method
stated in VI.2 of [MR92], we can apply several results of [FOT10] in our setting.
An important technical point is the density of the space S introduced in Section
above in the Dirichlet space D(E). To state this precisely, we consider . to
be the vector space generated by functionals F': H — R of the form

F(C) - exp(—(@,(’Q)), (E€EH,

for some 6 : [0,1] — R, Borel and bounded. Note that . may be seen as a
subspace of the space § of Section |3.1] in the following sense: for any F € .7,
Fleqoay) € S. We also set

y[(iZ{F|K, FGY}
Lemma 4.2.3. .7 is dense in D(E).
The proof of Lemma is postponed to Section below.

4.2.3 Convergence of one-potentials

The key tool in showing that the Markov process constructed above defines a
solution of is the IbPF (3.15). The rule of thumb is that the last term in
the IbPF yields the expression of the drift in the SPDE. Recall however that, for
any fixed h € C?(0, 1), the last term in is given by

L[ dr h & SHP(X des
i G| o ees,
which defines a generalized functional in the sense of Schwartz, rather than a
genuine measure, on C([0, 1]). It is therefore not immediate to translate the IbPF
in terms of the corresponding dynamics. The strategy we follow to handle this
difficulty consists in approximating the above generalized functional by a sequence
of measures admitting a smooth density w.r.t. the law of the reflecting Brownian
bridge, and showing that the corresponding one-potentials converge in the Dirichlet
space D(E). This will imply that the associated additive functionals converge to
the functional describing the drift in the SPDE.
More precisely, let p be a smooth function supported on [—1, 1] such that

1
p >0, /pzl, p(y) = p(—y), yeR.
—1
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For all € > 0, let
L ry
pely) = —p (;) , yeR (4.17)

Then, for all ® € S and h € C?%(0, 1), the right-hand side of the IbPF (3.15]) can
be rewritten as follows

1 d?

! 1 L. ' 1
1 [ masteeolo| a= g (egs) [npe el @)

a=0
Indeed, starting from the right-hand side, by conditioning on the value of |3, |, and

recalling that || @ v, the equality follows at once.

We will now show that the convergence of measures (4.18)) can be enhanced
to a convergence in the Dirichlet space D(A) of the associated one-potentials. We
henceforth fix a function h € C%(0,1). For all € > 0, let G, : H — R be defined by

1
Ge(z) := 5/0 h, p!(z.)dr, z € H. (4.19)

For all £ > 0 and z € H, we have

QG - | 1 N;Tﬁ [ @y (—%) dadr.

which, after two successive integration by parts, can be also written

where z(t,-) depends on z via (&.14). Let also G® : H — R be the functional
defined by

0 [ s () o ()

For all € > 0, we define the functional U, : H — R by

Ucz) = / e ' QiG.(2)dt, ze€ H.
0
Note that U, is the one-potential of the additive functional
t
[ Gt =0
0

associated with the Markov process (v(t,-))i>o in H defined in (4.10]) (see Section
5 of [FOT10] for this terminology). In particular, U, € D(A).
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Proposition 4.2.4. The functional U : H — R defined by
U(z) ::/ et GO (2)dt, z € H, (4.20)
0

belongs to D(A). Moreover, U, v U in D(A).
e—

Proof. First note that U, — U in L*(u). Indeed, for all fixed t > 0 and 2z € H,
€E—>
[, )

21/2mqi(r)? Jr

we have
1 —_—
Q-0 () < | Pl (s
0 q(r q(r)
where the function F': R — R is defined by
F(y) = (y* = Dexp(=y°/2), yeR

Since F' is continuous and bounded, by dominated convergence, we deduce that,
for all r € (0,1) and z € R

F(gfﬁ%ﬁ)‘FCﬁg>LW>

Therefore, again by dominated convergence, we have

IR~ &l
<[ s bl (507) - ()

— 0.
e—0

Henceforth we fix 6 € (0,1) such that h is supported in [6,1 — 6]. As showed
in the proof of Proposition 1 in [Zam04bl, there exists Cs > 0 such that, for all
re(0,1—0)andt>0

(x) dz dr,

— 0.
e—0

dx dr

L2(p)

@(r) > Cs(VEAT). (4.21)

In the following, we will denote by Cjs any constant depending only on ¢§, and
whose value may change from line to line. Thanks to (4.21]), we obtain the bound

1l
34N
where the right-hand side is integrable w.r.t. the measure e~*dt on R,. Hence,
by dominated convergence,

HQtGE - G(t)”LQ(u) < 05||F”00

nm—mmws/mwa&—GWmm&
0

— 0,
e—0
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whence the claim. Now, we show that U € D(A). Note that, for all ¢ > 0 and
e > 0, we have

1

VQG(2) =5 /0 o gu(r, ) Elp (vt 7)) dr

where v is given by (4.13)) and where we are taking expectation with respect to
the white noise . Therefore, denoting by || - ||z the norm in L?(H, p; H), we have

IVQiGelz2 =

; /[] ol o5, [ B (e )] ERO (006, 9)] dpz) drds

where the integral in du(z) is taken with respect to v(0,:) = z. Hence

VRG] =
hThS s )y 5 "
/ (g:(7,°), 9:(5,°)) / pg?’)(:v) pgs)(y) Fr,s(z,y) da dy drds =
0,1] 4 R2
hphg(ge(r, ), 9e(s,-)) / 9T,
€ € ’ 5 d d d d7
A),l} 4 RZp (x)p (y) axgay:g (x y) ray drdas

where, for all (r,s) € [0,1] and (z,y) € R?

Lrs(z,y) =E @—=(tr)) (- =t 5))2>] . (422)

1
270/ (1) g () P (_ 2q4(r) 2q:(s)

Reasoning as in Section 6 of [Zam05|, we see that I, ; is the density of the centered
Gaussian law on R? with covariance matrix

M (qoo(r) qt(T»S)) '

q'(r,s)  oo(5)

Similarly, we have

L[ heho(gi(r ) gi(s, ) O°T
G(t) 22 :/ / ris\Yt\"> ") Yt\ o, 7,8 .
IVG*7 ), 1 930y (0,0) drds

So there remains to obtain a bound on

T,

su
P 0x30y3

RZ

)

for all (r,s) € [0,1]%. To do so, we use the following lemma:
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Lemma 4.2.5. Let f : R? — R be the density of a centered Gaussian law on R?
with non-degenerate covariance matriz M satisfying | M, ;| <1 for alli,j € {1,2}.
Then, for all k,¢ € N and (z,y) € R?

1+k+4
2

k¢
‘ 0 f S Ak,g det(M)*

Okx Oty

where Ay > 0 is a constant depending only on k and £.

a b
=5 7)

we can express the eigenvalues A and p of M as

2
a—+c a—c
A= b2
2+¢(2)+
a—+c a—02
p— — b2.
=t ()

Hence, since a, b and ¢ are bounded by 1, we deduce that A and p are bounded
by some universal constant C' > 0. Let now P be an orthogonal matrix such that
M = PTDP, where PT denotes the transposed of the matrix P, and where

o-(62)

1

~ om0 ! (Pu)

1 2
g(v) :=exp <—§UTD_IU) = exp <—;—)\ — g_ﬂ)

w2

for all v = (x,y) € R% Since the function v + e~ 2 is bounded on R with all its
derivatives, we deduce that for all k,¢ € N, there exists Cy, > 0 depending only
on k and ¢ such that

Proof. Setting

and

Then, for all u € R?

fu) (4.23)

where

ak+ég

—k/2 —€/2
(91:’“—83% SCM)\ /M /2,
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Therefore, since A and p are bounded by C, and noting that det(M) = A u, setting
Cro = Chry C"3" we have

ak+eg

Oxk oyt

k+e

< Chp det(M)™ 2,

Hence, by the relation (4.23)) and the chain rule, and since the coefficients of the
orthogonal matrix P are all bounded aby 1, we obtain the claim. O

We now apply the Lemma to the Gaussian density function I', s for all (7, s) €
(0,1). Note that ¢oo(r) < 1 and ¢w(s) < 1, so all coefficients of its covariance
matrix M are indeed bounded by 1 as requested. Therefore

6
T8

m S A det(M)_7/2,
oy

sup
R2

where A € (0, 00) is a universal constant. Now
det(M) = qoo(r)goo(s) — ¢' (1, 5)?, (4.24)
But

Goo(T) o0 (8) — qt<7ﬂ7 3)2 > Goo(T) o0 (8) — Goo(T, 3)2
=r(1—7)s(1—s)—(rAs—rs)’
=sAr(l—sVvr)|s—r|,

so we obtain the lower bound
det(M) > §*|r — s| (4.25)

for all r,s € [§,1 — §]. On the other hand, reasoning as in Section 6 of [Zam05],
we can show that there exists ¢s > 0 depending only on ¢ such that, for all
r,s € [0,1—0]

Qoo (M) oo (5) = ' (1,8)* > e5 (LA 1)V2,

which yields the lower bound
det(M) > ¢5 (t A1)V2, (4.26)

As a consequence, for all r; s € [§, 1 — §], interpolating (4.25) and (4.26)), we thus

obtain
(961“74,3

3z By

< Cs(t A2 — 5|7 T/277), (4.27)
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for any v € (5/2,3), where Cs > 0 is a constant depending only on . Note also
that, for some universal constant C' > 0, we have

Vr,s € 0,1 — 4], (ge(r, ), ge(5,2)) = gau(r,s) < Ct72, (4.28)
see e.g. Exercise 4.16 in [Zaml17]. Therefore

1 1
HVG(t)Hiz < Cs ||h]|2,(t A 1)_(14““’)/2 / / Ir — s]_(7/2_7) dr ds,
0o Jo

and the last integral is finite due to the choice of . Therefore, we deduce that
VG| 2 < C(6, h,v) =01/ where the constant C(6, k,~) does not depend on
t. Since (1+7v)/4 <1, it follows that

/ et [ VGO 12 dE < oo,
0

so that VU € L*(H,u; H). Therefore U € D(A) as claimed. There remains to
prove that U, = U in D(A). Note that, for all ¢ > 0 and € > 0,
€E—

QG = GV1Z
_ / dr ds hrhs<gt(7“74')79t(5, )> / dx dyp(ﬁ) p(y) I‘S’f’)(ex,ey),
[0,1)2 R2

where for all (u,v) € R?

T, 9T, T, T,
oy Y T grory 0 T Gy 0 T Gy

By (4.27] m and - we deduce that

1QUG. = GOy < Co IR (£ A1)~ 0+72 / / P — 5|72 dy s,

so that:

F(3 D (u,v) = 0,0).

||QtGe - CTY(t)HL2 S C<57 h7 ,Y) (t A 1)_(1+’Y)/47

where C(d, h,y) > 0 is independent of ¢ and ¢. Recall that the right-hand side
above is integrable with respect to e~*d¢. Moreover, since T, is continuous, it
follows that for all ¢ > 0,

1Q:G. — G(t)“L? — 0.
e—0

Hence, by dominated convergence, we deduce that
t
VU, — VU2 < / e [VQG. ~ VG 1z di — 0.
0 €E—r

Hence U, — U in D(A), and the Proposition is proved. O
€E—>
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4.2.4 The dynamics for ¢ =1

Note that in the above section we worked in the Gaussian Dirichlet space D(A).
For our dynamical problem, we shall however need to transfer the above results to
the Dirichlet space D(E). To do so, we invoke the following projection principle,
which was first used in [Zam04b| for the case of a 3-Bessel bridge (see Lemma 2.2
therein).

Lemma 4.2.6. There exists a unique bounded linear operator 11 : D(A) — D(E)
such that, for all F,G € D(A) and f € D(E)

AI(F7f O.]) = gl(HF7 f)v
where j is as in (4.9)). Moreover, we have
Proof. We use the same arguments as in the proof of Lemma 2 in [Zam04b]. Let
D:={poj, ¢ € D()}. By Proposition 4.2.1, D is a linear subspace of D(A)
which is isometric to D(€). In particular, it is a closed subspace of the Hilbert
space D(A). Hence, we may consider the orthogonal projection operator II onto

D. Then, for all F € D(A), let IIF be the unique element of D(£) such that
IIF = (IIF) o j. It then follows that IT possesses the required properties. O

We obtain the following refinement of the IbPF (3.4]) for P'.
Corollary 4.2.7. Let U be as in {4.20). For all f € D(E) and h € C?(0,1), we
have
1 1
e (-0 1) == [ 0 o) Oane. )
K

Proof. By the density of .k in D(£) proved in Lemma [4.2.3] it is enough to
consider f € Yk. By (4.18)

i/ “arn -5 (1) |a)

1 1
i qa =5 I |80 [ hat(o) ar

a=0

= lim (foj> Gedu = ll_f)% A1<f0j, UE) = Al(foj, U) = 51(f, HU)

e—0

Therefore, for all f € .#k, the IbPF (3.15) can be rewritten

26 ((h, ), f) = — / (H', ) F(O) du(O) + &(f, TI),

K
that is

e (- gm0 ) = =5 [ (0.0 =10 £(©) o)

The proof is complete. O
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Recall that M = (2, F, (ut)t>0, (Ps)zex) denotes the Markov process properly
associated with the Dirichlet form (€, D(£)) constructed above. Note that, by
Theorem 5.2.2 in [FOT10], for all ' € D(E), we can write in a unique way

F(u) — F(up) = M+ NI >0, (4.30)

P, a.s., where M is a martingale additive functional, and N is an additive
functional of zero energy. Using this fact we can thus write u as the weak solution
to some SPDE, but with coefficients that are not explicit. However the formula
above will allow us to identify these coefficients.

We can now finally state the result justifying that that the Markov process
constructed above satisfies the SPDE above.

Theorem 4.2.8. For all h € C*(0,1), we have
(ug, h) — (ug, hy = My + Ny, Py — a.s., gq.e uy€ K.
Here (Ny)i>o0 is a continuous additive functional of zero energy satisfying

1 t . € € 1 '
Mg [0 ds —tmne, N =1 [t hyas

in P, -probability, uniformly in t on finite intervals. Moreover, (M;);>o is a mar-
tingale additive functional whose sharp bracket has the Revuz measure ||h||% v.
Finally we also have
1 t
N, — —/ (h" ug)ds = lim N;*
along a subsequence € — 0 in P, -probability, for q.e. uy € K.

Proof. On the one hand, by (4.29)), we can write
1 1
(e, ) = 10U () <<uo, h) — §HU(U0)> =N+ MY, (4.31)

where N is the continuous additive functional of zero energy given by

1 t
NV = 5/ (R, ug) —TIU (uy)) ds, ¢ >0
0

and where M defined by (4.31)) is a martingale additive functional. On the other
hand, for all € > 0, by definition of U,, we have for G, as in (4.19))

Al(U€,<I>):/ G.®du, @ e D(A).
H
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Hence, remarking that G, = g. o j, where g. : K — R is the functional defined by

1 ! /! ]' /!
0= 5 [ bepllar) dr = (o121 ),
0

by Lemma we obtain for all f € D(E)
&MU = [ ) o) (),
K

that is:
EMU, f) = —/ F)MMU(z) — ge(2)) dv(z). (4.32)
K
As a consequence, we have the decomposition
1 1
U () = ST, (o) = N2 4 o), (4.33)

where N9 is the continuous additive functional of zero energy given by

1 t
N&9 = 5 / (MU (us) — ge(us)) ds, t>0
0

and where M2 defined by (4.33) is a martingale additive functional. Since
Ue — U in D(A) by Proposition [4.2.4] by the continuity of IT : D(A) — D(E),
e—

we have the convergence 11U, — IIU in D(E). Therefore, setting
e—

M@ = N . N
then, by (5.1.1), (5.2.22) and (5.2.25) in [FOT10], we have
MU(ur) — MU(uo) —= TV (uy) — U (ug), M — M®, NP9 — N

€E— 00
in P -probability, for the topology of uniform convergence on finite intervals of
t € R,. Adding equality (4.33]) to (4.31]) yields
(ue, h) — (uo, h) = My + Ny,
with M; = M} + M? and
I I
No= NP N2 =5 [ () - MU G) ds i [ 00 ) .0 ds
0

2 e—0 0

1 [ I
= —/ (h" ug)ds —lim = [ gc(u,)ds,
0

2 e—0 0
Moreover, note that M = MUl where F}, € D(E) is given by
Fin(2) :=(z,h), z€K.

Hence, by Theorem 5.2.3 in [FOTI0], p1< s~ is given by ||h||%2(071) -v. For the last
statement, we apply [FOTI10, Corollary 5.2.1]. ]
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4.2.5 A distinction result

As a consequence of our IbPF and the above constructions, we can prove that
the Markov process (u:);>o obtained above is not identically equal in law to the
process corresponding to the modulus of the solution (v;);>¢ to the stochastic heat
equation, as might suggest the analogous relation between the invariant measures
w and v.

Let K®+ denote the space of functions from R to K, endowed with the product
o-algebra. For all z € K, let P, be the law, on K®+ of the Markov process (u)¢>o
associated with &, started from z. Similarly, for all z € H, let P, be the law,
on K®+ of (Jug|)si>0, where (v);>0 is the solution of the stochastic heat equation
(4.10) with vy = z.

Theorem 4.2.9.
p({zeH: P, #P.}) >0.

Proof. Assume by contradiction that P, = P, for py-a.e. z € H. Then, recalling
that (Q;)>0 denotes the semigroup associated with A, and (Q;):>o the semigroup
associated with £, we would have

Qi(foj)=(Quf)oj, n—ae,

for all t > 0 and f € L*(v). Therefore, the corresponding families of resolvents
(Ry)as0 and (Ry)xso would satisfy, for all f € L?(v)

Ri(foj)=(Rif)o]

where the equality holds in L?*(p). In particular, this shows that (R, f)oj € D(A)
for any f as above. We then claim that, for all F' € D(A)

F(y) =EFB) 18] = y], (4.34)

for v-a.e y € K, where /3 is a Brownian bridge from 0 to 0 on [0, 1]. Indeed, by
the previous observations, for all f € L?*(v), it holds

/ (f 0 7)(2)F(2) du(z) = Av(Ra(f 0 ), F) = Ay ((Rof) o 4, F)
" (4.35)
— E(Ruf,TIF) = /K F (@) I1F) (z) dv (z),

ie. IIF(y) = E[F(B)||8] = y] for v-a.e. y € K, as claimed. By (4.35)) and the
first equality in Lemma [4.2.6, we deduce that, for all f € D(E) and F € D(A)

A(F, foj)=EIF, f).

74



Consider now the process (v;);>0 associated with A and started from vy = 3, where
3 is a Brownian bridge on [0, 1]. Consider also the process (u;)¢>o associated with

& under the law P, (so that, in particular, ug @ |8]). Thus the processes v and u

. d .
are stationary, and |v| @ u by our assumption. Let us set

I ,
A= () = (ol ) =5 [ ol 1) s

1 t
Cy := (ug, h) — (ug, h) — 5/ (ug, h") ds.
0
Let further & € C?([0,1]) with k(0) = k(1) = 0, and consider the functionals
VU, : H—Rand ¥y : K — R given by
Uy(z) ==exp((k,z)), 2€H

U(y) =E[T(B) |18 =y], yeK.

Note that W, € D(A), and recall that, by the above remarks, U, = [10}, v-a.e., S0
in particular ¥y € D(E). We then have

J(t) = —%E [At \ik(|u0|)} —
_ _%E (G 1) — a0 1)) )| + %%E VO (0 Jos]) ds wk(ﬁ)}
= £((h) . T) + SEIW B We(8)] = A - | K. W) + SELA. |80)W,(5)

1

= SELVE)sign() 1) + (07 1) 03] =B (@) [ s 52 ar

by (3.10) in [Zam05], or rather its analogue for the Brownian bridge as stated in
Remark 1.3 of [GV16]. But, by [Zam05|, Corollary 3.4] and [GV16, Theorem 3.2],
the last quantity equals

e2\%% ————exp| ——F—
V27 o V/r(l—r) 2r(1—r)

where K = Qk, with ) the covariance operator of (3,

) MK, —K,,r)dr,

1
(Qk), = /o (r Ao —ro)k,do, r e [0,1],

and X : R? x [0,1] — R is defined by

1—2r , (1—2r)? 1
— . xmyeR, relo1].
r(1—r) 4 ar2(1—r)?2  4r(1—r) Y relo

Az, y,r) = a* +xy
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Hence,

\/7@2@“/ \/ﬁ < - i(iT)))\(K’ _K,,r)dr. (4.36)

On the other hand

L(t) == — LY [Ct ‘i/k(lvo!)]

Loy
= = E(MWy, (-, 1) + B[R, |B]) TTW,(|5])]

t=0
1 L L
- geunwy) = fime | [ h () ar s

where we used - to obtain the second equality, and the fact that U = hm U, in
D(E), combined with , to obtain the third one. Therefore, recalhng

we have

1 1
L“)—ELE%E[/O hrp:<|ﬁr|>dwkw>} _ig%xa[ / hrpmr)drew,m],

0

By the Cameron-Martin formula, for all € > 0

1 1
tE| [ et ewﬂ -
4 0

62<Qkk/ /
\/27rr

Iy h K?—r(1-r) K?
5L NM/ r BN CEE P
€0 46 V2rr(1—7) r2(1 —r)? P 2r(1—r) "

Hence we obtain
K?—r(l—r) K?
Qk k) d
/ e { B }exp< —2T(1_T)) . (437
Since |v| and u have the same law, J(t) = L(t) and therefore the right-hand sides
of ( and above are equal. This being true for any h € C?(0,1), we
deduce that

e (- %) dadr

L(t)

K?—r(1—r)
— L = \(K], - K,
4r2(1 —r)? (K )
for a.e. r € (0, 1), hence for all r by continuity. We thus deduce that
1-2 1
(K')?— —— KK K2=0, Yre(01).

r(l—r) T_r(l—r)

Since we can choose k € C?(0,1) such that K = Qk does not satisfy the above
equation, we obtain a contradiction. O
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4.2.6 Proofs of two technical results

Proof of Proposition [4.2.1. Since D(A) contains all globally Lipschitz functions on
H, for all f € FC°(K) we have foj € D(A). A simple calculation shows that
for any f € FC;°(K) of the form (4.15)) we have

V(foj)(z) = Vf(j(z))sen(z). (4.38)
Hence, for all f, g € FC;°(K), we have

(.9) =5 [(V4(@). V@) dvie) = 5 (972D Vali(:)) dutz)

— 5 [ (90 2)2). Vg 00)(2)) du(z) = AlF 2 g o),

where the third equality follows from (4.38). This shows that the bilinear sym-
metric form (&€, FC;°(K)) admits as an extension the image of the Dirichlet form
(A, D(A)) under the map j. Since FC;°(K) is dense in L?(v), this extension is a
Dirichlet form. In particular, (£, FC;°(K)) is closable, its closure (£, D(€)) is a
Dirichlet form, and we have the isometry property .

There remains to prove that the Dirichlet form (£, D(£)) is quasi-regular. Since
it is the closure of (€, FC°(K)), it suffices to show that the associated capacity is
tight. Since K is separable, we can find a countable dense subset {y;, k € N} C K
such that y, # 0 for all £ € N. Let now ¢ € Cg°(R) be an increasing function
such that ¢(t) =t for all £ € [—1,1] and ||¢||cc < 1. For all m € N, we define the
function v, : K — R by

vm(2) =@z —yml), z€ K.
Moreover, we set, for all n € N

wy(2) = infu,(2), ze€ K.

m<n

We claim that w,, € D(E), n € N, and that w, - 0, £ quasi-uniformly in K.

Assuming this claim for the moment, for all k£ > 1 we can find a closed subset Fj
of K such that Cap(K \ Fy) < 1/k, and w,, — 0 uniformly on Fj. Hence, for all

n—o0

€ > 0, we can find n € N such that w, < € on F},. Therefore

F, C U B(Ym, €)

m<n

where B(y, r) is the open ball in K centered at y € K with radius » > 0. This shows
that F}, is totally bounded. Since it is, moreover, complete as a closed subspace of
a complete metric space, it is compact, and the tightness of Cap follows.
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We now justify our claim. For all i € N, we set [; := |ly;]| "' v;. Then for all
i>1,1; € K, ||l;]| =1 and, for all z € K

I2]] = sup (s, 2).
i>0

Let m € N be fixed. For all ¢ > 0, let u;(2) := sup ©((l;,z2 —ym) ), z € K. We
J<i
have u; € D(€), and, for v - a.e. z € K

au, 2
Z@ek < sup (ZSD 2~ Ym ) (lj7€k> ) <1,

whence &€ (u;, u;) < 1. By the definition of v,,, as i — oo, u; T v, on K, hence in
L*(K,v). By [MR92, 1.2.12], we deduce that v,, € D(£), and that & (v, v,) < 1.
Therefore, for all n € N, w, € D(£), and &(w,,w,) < 1. But, since {yx, k €
N} is dense in K, as n — oo, w, | 0 on K. Hence w, — 0 in L*(K,v).

n—o0

This and the previous bound imply, by [MR92) 1.2.12], that the Cesaro means of
some subsequence of (w,)n>o converge to 0 in D(E). By [MR92, II1.3.5], some
subsequence thereof converges £ quasi-uniformly to 0. But, since (wy),>0 is non-
increasing, we deduce that it converges £-quasi-uniformly to 0. The claimed quasi-
regularity follows.

There finally remains to check that (£, D(E)) is local in the sense of Definition
IMR92|, V.1.1]. Let u,v € D(E) satistying supp(u) Nsupp(v) = @. Then, uo j and
voj are two elements of D(A) = Wh2(u) with disjoint supports, and, recalling
(4.16)), we have

E(u,v) =ANuojvoj) = /Vuoy V(voyj)du=0.

The claim follows. ]

Proof of Lemma[{.2.3 Recall that D(E) is the closure under the bilinear form &
of the space FCp°(K) of functionals of the form F = ®|,, where ® € FC;°(H).
Therefore, to prove the claim, it suffices to show that for any functional & €
FC*(H) and all € > 0, there exists ¥ € .% such that & (P — U, & — V) <.

Let ® € FC;°(H). We set for all € > 0

D.(¢) :=P(\/(?+€), (€H.

A simple calculation shows that &, -2 ® and V&, -2 V& pointwise, with
uniform bounds ||P.[|oc < [|P[|0 and ||V<I> oo < ||V<I>||oo Hence by dominated
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convergence, & (P, — ¢, . — ) — 0. Then, introducing for all d > 1 ({?)1<i<a
the orthonormal family in L?(0, 1) glven by

¢ :\/31[%%[, i=1,....d,

and setting

[SIE

() = P, <Z< f,<2>> = (Z< f,<2>+e> , e,

i=1 i=1

again we obtain the convergence & (®¢ — @, & — &) — 0.

d—o0
There remains to show that any fixed functional of the form

CI)(C) :f(<€17<2>7""<<dug2>)a CEH

1111

imated by elements of .. Again by dominated convergence, we can suppose that
f has compact support in R%. We define g € C}([0,1]%),

9(y) == f(=In(p),---, —In(ya)), y€]0,1),

and g(y) :== 0if y; = 0 for any ¢ = 1,...,d. By a differentiable version of the
Weierstrass Approximation Theorem (see Theorem 1.1.2 in [Lla86]), there exists
a sequence (py)x>1 of polynomial functions converging to g for the C'* topology on
[0,1]%. Defining for all k¥ > 1 the function f; : R — R by

fk(x) = pk(e_xla e 7€_$d)7 YIS ]R(iv

we define &, € .7 by

Q) = fir ({1, )y, (i CP)) . CE€H.

Since py —> g for the C* topology on [0, 1]¢, f3 —> f uniformly on Rd together
with its ﬁrst order derivatives. Hence, it follovvs that Dy, —> ® pointwise on K
together with its gradient. It also follows that there exists C > ( such that for all
E>1

VCeK, [Pu(O) + IVRL(O)]* < C1+I¢]1).
Since the quantity in the right-hand side is v integrable in (, it follows by domi-
nated convergence that & (P, — ¢, &y, — ) = 0. This yields the claim. O
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4.3 The case § =2

We now use the same techniques as above to construct a weak version of the
gradient dynamics associated with the law of a 2-dimensional Bessel bridge from
0 to 0 over [0, 1].

We denote by v, the law, on K, of the 2-Bessel bridge from 0 to 0 on [0, 1]
(so that P? is then the restriction of vy to C([0,1])). We shall use the shorthand
L?(v) to denote the space L?(K,v).

4.3.1 The 2-dimensional random string

Consider the space Hy := L?([0, 1], R?) endowed with the component-wise L* prod-
uct. Let puo denote the law, on Hs, of a two-dimensional Brownian bridge from 0
to 0. We shall use the shorthand notation L?*(usy) for the space L?(Hs, us). Con-
sider moreover the semigroup (Q?);>o on Hy defined, for all F' € L*(Hs, us), and
z = (z1,29) € Hy, by

Q/F(2) =E[F(v(2)], t>0,

where (v;(2))s>0 is the solution to the 2-dimensional stochastic heat equation with
initial condition z, and with homogeneous Dirichlet boundary conditions

where £ 1= (&,&), with &, & two independent space-time white noises on Ry X
[0, 1]. More precisely

v(t,x) = (vi(t, ), va(t,z)), t>0, x€l0,1],

where, for 1 = 1,2

t o
vi(t, ) = z(t, ) +/ / gi—s(x, 2") &(ds, da'),
o Jo

with z;(t,z) := fol gi(z,2")z;(2") da’. In words, v is the vector composed of two
independent copies of a solution to the one-dimensional stochastic heat equation,
with respective intial data z; and 2. In particular, it follows from this fomula that
v is a Gaussian process and, for all t > 0 and z, 2’ € (0,1)

Cov(vy(t, x),vi(t,2")) = Cov(va(t, z), va(t, ")) = ¢z, 2) := /0 gor(z,2') dr,
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We denote by (A%, D(A?)) the Dirichlet form generated by (Q?)s>o in L*(Hy, j2),
and which is given by

1 [
A (F,G) = 5/ (VE, VG, dpue, F,G € D(A?) = W?(uy),

Hs

where, for all F € W'2(ju,), VF : Hy — H, denotes the gradient of F in Hy, see
IDPZ02).

4.3.2 Gradient Dirichlet form associated with the 2-dimensional
Bessel bridge

Recalling the definition of FC;°(K) (see Section above), we denote by £ the
bilinear form defined on FCi°(K) by

Vi.g€ FGIK), €f.0) = / (V £, V) dva.

We also denote by js : Hy — K the map

Jo(2) == |zl = V(21)? 4+ (22)%, 2z = (z1,22) € Hy (4.39)
Note that
Vo = i 0 j5 (4.40)
so that the map
L2(vn) — L*(p12)
{s@ = 90 g

is an isometry. We have the following result, the proof of which is postponed to
Section [4.4] below.

Proposition 4.3.1. The form (£, FC°(K)) is closable. Its closure (£%, D(E?))
is a local, quasi-reqular Dirichlet form on L*(vy). Moreover, for all f € D(E?),
foj€ D(A?), and we have

Vf,g€ D), E(f.9)=N(fojgoj).

Let (Q?)¢>0 be the contraction semigroup on (K, v5) associated with the Dirich-
let form (£2, D(E?)), and recall that B,(K) denotes the set of Borel and bounded
functions on K. As a consequence of Prop. [£.3.1] in virtue of Thm IV.3.5 and
Thm V.1.5 in [MR92], we obtain the following:
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Corollary 4.3.2. There exists a Markov diffusion process

M = {Q, .F, (ut)tzm (Px)xGK}

properly associated to (€%, D(E?)), i.e. for all p € L*(v2)NBy(K), and for allt > 0,
E.(o(w)),x € K defines an E* quasi-continuous version of Q?p. Moreover, the
process M admits the following continuity property

P.[t = u; is continuous on Ry =1, for E*qe.x € K.

Using the same techniques as for the case § = 1, we will show that for £ q.e.
x € K, under P,, (ut)i>o solves with 0 = 2, or rather its weaker form ([1.29)).
As was done for § = 1, since the Dirichlet form (€%, D(E?)) is quasi-regular, by the
transfer method stated in VI.2 of [MR92], we can apply several results of [FOT10]
in our setting.

In the sequel, we set A := A® + (-, ) 12(4,) and &7 := E* + (-, ) 12(y). As for
0 = 1, we have the following important technical pomt

Lemma 4.3.3. Y% is dense in D(E?).

Proof. The same arguments as for the proof of Lemma apply here. Indeed,
the only particular feature of the space D(£) used in the proof of Lemma is
the fact that v has finite second moments, that is [, ||z]|* dv(z) < oo. Since the

same is true for v, in place of v, the same arguments apply for D(£?) in place of
D(€), and the claim follows. O

4.3.3 Convergence of one-potentials

In order to write an SPDE associated with 15, we still need to give a more robust
interpretation of the last term in the IbPF (3.2)) for 6 = 2 (and @ = o’ = 0). Recall
that we have the following equality in law on K

d
(1Bl No<e<1 9 Vo, (4.41)

where 8 = (', 3?) is a two-dimensional Brownian bridge from 0 to 0, and || - | is

the Euclidean norm on R?. Let now (p,),~0 be a family of mollifiers as in (4.17)).

Then, for any ® € S, the last term of the right-hand side in the IbPF (3.2) with
=2 and a = a’ = 0 can be re-expressed using the equality

/ T @ |y - s o)

! Lig > 2 .
:zhf%hmE{ (ED) / (e - 22020 ).
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Indeed, the equality follows easily upon noting that X := ||3|| is distributed ac-
cording to vy, and by conditioning on the value of X, r € (0,1).

Let €, > 0 with n < e. We consider the functional G, : Hy — R defined, for
all z = (2',2?%) € Hj by

1
Go(2) = / dr hy fon(l2]):

fen(T) = 1 (ﬁ _ EM) . x> 0.

where

4\ 23 € T

For all e > n > 0, we then define the functional V¢, : Hy, — R by

Ven(2) :/o e " QG ,(2)dt, z€ H.

Note that, in the language of [FOT10], Chap. 5, V,,, is the one-potential associated
with the continuous additive functional

t
/ Gey(v(s,-))ds, t>0.
0
In particular, V;, € D(A?).

We will show that V,, converges in D(A?) as we send 1 and € to 0. To do so,
we remark that, for all z € Hy, we have

T e ) @ LT
8rqi(r)  Jeo \ [lal> € Jla] 2q4(r)

where, for all ¢ > 0 and r € (0,1), z(¢,7) := (z1(t,7), 22(¢,7)). We define also the

functional V, : Hy — R by setting, for all z € Hy

> Yok, Ljjaj>e
Ve(2) ::/ dte_t/ dr/ da——="
0 o 8mq(r)  Jrz  lall
_ 2 2
(oo (L2 _ g (LEEIEYY
2q,(r) 2q,(r)
Note that, by splitting the domain R? into four quadrants, we can rewrite
o ! h’!’ 1 a €
Ve(z) ::/ dtet/ —dr/ da ! Hi :
0 o 8maq(r) R2 lall
Haa—Z(t,T)HQ) ( HZ(t,T)HQ»
exp | — —exp | ———F 1| |,
2 ( p( 2a:(r) P\ 200)

ac{-1,1}2

(4.43)
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where, for all @ € R? and a € {—1,1}?, we have set
aa:= (oay, asas).

Let us finally define the functional V' : Hy; — R by setting, for all z € Hj,

o 1 h d
V(z) :—/ dte_t/ - dr/ —a3~
0 o 8mq(r) R2 [all

> (o (o) e ()

ae{-1,1}?

(4.44)

We can then state the following result, the proof of which is postponed to
Section [£.4] below:

Proposition 4.3.4. The functionals V. and V all belong to D(A?). Moreover

Ve > 0, lim V, =V,
n—0

and

lmV, =V,

e—0

where all convergences take place in D(A?).

4.3.4 The dynamics for 6 = 2

We now explain how the IbPF for P? can be used to analyze the Markov process
M constructed above.

As for the case § = 1 considered above, we shall exploit a projection principle,
the proof of which follows exactly as for Lemma above .

Lemma 4.3.5. There exists a unique bounded linear operator I1 : D(A?) — D(E?)
such that, for all F,G € D(A?) and f € D(E?)

where jo is as in (4.39)). Moreover, we have
EXIF,IIF) < A2(F, F).

As a consequence, we can obtain a stronger version of the IbPF for P2?. Recall
that, by Prop #.3.4] and by the above definitions, V' = lim lim V,,,, where V_, €

e—0n—0 em

D(A?) is the one-potential of the additive functional

/Ot ds G ,(v(s,-)) = /Ot ds /01 dr by fen(||v(s,r)||) drds.
84



Therefore, combining the IbPF (3.2) with 6 = 2 and a = &’ = 0, the equality

(4.42), the density result and the projection principle 4.3.5, and arguing as
for the proof of Corollary [4.2.7] we obtain the following result:

Corollary 4.3.6. For all f € D(A?) and h € C*(0,1), we have

e () - ymv ) = =5 [0 OO a4

where V' is as in (4.44]).

Recall that M = {Q, F, (us)>0, (Pz)zex } denotes the Markov process properly
associated with the Dirichlet form (€2, D(E?)) constructed above. The following
theorem states that the process (u;);> satisfies the SPDE above, which is
a weaker version of the Bessel SPDE ([1.24]) with § = 2.

Theorem 4.3.7. For all h € C*(0,1), we have, almost surely
(ug, h) — (ug, hy = My + Ny, >0, Py, — a.s., q.e ug€ K..
Here (Ny)i>o0 is a continuous additive functional of zero energy satisfying

1 t
N, = —/ (h" ug) ds — lim lim Ny,
0

2 e—0n—0

where

en L[
Ntm_é/‘ <f€7n(us),h>d5,
0

and where the limit holds in P, probability, for the topology of uniform convergence
int on each finite interval. Moreover, (M;)i>o is a martingale additive functional
whose sharp bracket has Revuz measure ||h||7, vs.

Proof. The result follows from (4.45)) using the same arguments as in the proof of
Theorem [4.2.8] O

4.4 Proof of two technical result

Proof of Proposition[4.53.1. The following arguments were communicated to us by
Rongchan Zhu and Xiangchan Zhu. Let f € FCp°(K). We can write f as

f(z):¢((l1,jz>,...,(lm,z>), z €K,
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with m € N, v € Cg°(R™), and ly,...,l, € Span{ex,k > 1}. Then we have, for
all z = (21, 29) € Hy

OJz Zaﬂ/f 117]2 "7<lm7j2<z>>)lii7

2]

that is - ;
V(foj2)(z) =Vf(jaz)) Tl

where the right-hand side denotes the point-wise multiplication of the real-valued
function Vf(j(z)) by the R*valued function - In particular, we deduce that

(4.46)

/ IF(f 0 42)(2)lly dpan(2) / IV £ G2 i dpaa(2) < oo,

so that f o j, € D(A?). Moreover, for all f,g € FC°(K), we have

£(f,g) = 2 / (VF(2), Vg(z)) dva(a)

_ % / (V£(j2(2)), Va(ial2))) dpa(2)

- / (V(f 042)(2), V(g © j2)(2)) dpa(2)
= A*(foj2.90]2),

where the second equality follows from , and the third equality folows from
(4.46). This shows that the bilinear symmetric form (€%, FCi°(K)) possesses the
image of the Dirichlet form (A?, D(A?)) under the map j, as an extension. Since
FC(K) is dense in L*(1y), this extension is a Dirichlet form. In particular,
(%, FC*(K)) is closable, and its closure (£2, D(E?)) is a Dirichlet form.

The quasi-regularity and the local property of that form can be proven in
exactly the same way as done for (€, D(€)) in the proof of Prop {4.2.1] O

Proof of Proposition [{.3.4] We first show that the sequence of functionals (V, ,)o<n<e<1
is bounded in L?(us): the proof of the requested convergences will follow by similar
arguments. For any ¢ > (0, we have

1Q2Cualiogy = [ oo [ FeallalD eal DT (or, ) o, ) dac,

(4.47)
where, for all r,s € (0,1), I, 5 is the Gaussian density function given by (4.22]).
Therefore it suffices to bound, for all (r,s) € (0,1)?, the integral

I(e,n) := /R? . fsn(HaH)fe,n(HbH)FT,S(alvbl)FnS(a%bZ) da db.
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As before, we may assume that (r,s) € [§,1 — d]?, where 6 € (0,1) is such that h
is supported in [d,1 — 0]. To bound I(¢,n), we first switch to polar coordinates by
setting

0 = (zcos(6),z5in(6)), b= (ycos(v),ysin()),
with z,y > 0 and 0, ¢ € [0,27]. We then have

Ie,n) = / @) Fealo) a0 Gl ) da .

G(z,y) = / Iy s(z cos(0),y cos(p)) Iy s(xsin(), y sin(y)) db de. (4.48)
[0,27]2
Hence

et [ (B =Zw) (- 200 Gl ey

=16 /[6700) Ed_;y (G(x,y) —/ 2pp(w)G(x, w) dw—

xleoo) 7Y 0.1]

_ /[Om] 2p,(2)G(2,y) der/[w2 4p,(2) pn(w)G (2, w) dzdw)

dx dy
—aop [ S dedup,(:) () Gl
[€,00) X [€,00) x? y2 [0,n]? ! !
with
Gz,w(xv y) = G(I’ y) o G(:Cu 'lU) - G(’Zu y) + G(Za 'lU) (449)
Here we used the fact that [ p,(z)dz = 1/2 to obtain the last line. Hence, it

suffices to bound, for all z,y > € and z,w € [0,7n], the quantity G, ,(z,y). By the
triangular inequality, this is obviously bounded by:

4 sup |G(z, y)|.

z,y>0

In turn, by (4.48)), we have

sup |G(z,y)| < 47T2sup|1“m(z)|2
90,2/20 ZERQ

1
472 det(M)
< Cs(tn1)7Y2

< 47
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where M denotes the covariant matrix associated with I, ;, and where the last
bound follows from (4.26)). Therefore, for all x,y > € and z,w € [0, 7]

|G, y)| < Cs (EAT)TV2, (4.50)

where Cs > 0 depends only on . Note that although this bound is sufficient when
x and y are away from 0, say x,y > 1, it will not be satisfactory when either = or y
tend to 0: in that regime, we need a stronger bound in order to cure the potential
divergency created by the terms ;%2 and y% in the integral I(e,n). This will be
done by harvesting the renormalizations appearing in . Note that this kind
of reasoning is an instance, in a tremendously simpler context, of the sophisticated
methods used to obtain bounds on Feynman integrals, for instance in the theory
of regularity structure (see [HQ15, Appendix A], and [CH16]). First note that, for

all z,y > 0, we have

%(w,y) = /{072#]2 (cos(@)ag;’s (x cos(f),ycos(p)) L'y s(zsin(f), ysin(p))

+sin(6)I, s(x cos(8), y cos(p)) ag;’s (xsin(0),y Siﬂ(gp))) dfde,

whence we in particular obtain

oG

Therefore, for all xz,y, z, w as above, we have:

|G, y)| <G (2, ) = Gz, y)| + |G (2, w) = Gz, w)]
0*G

< 222 sup |——
< p 2

R2

where the second inequality follows from the fact that 0 < z < x due to our
assumptions on € and 7. But, by Lemma above, for all k& > 0, %Fm is
bounded uniformly by:

Apdet(M)™5,
where Ay > 0 depends only on k. Therefore, by the Leibniz formula, we deduce
that there exists a universal constant A > 0 such that

2

—| < Adet(M)™2.
WP gz | = AdetM)
Hence, by (4.26)), we obtain
2
—— | <Cs(tA1)7!
W gaz| =GN
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where Cs > 0 is a constant depending only on . We thus obtain the bound
|G, y)] < Csa? (A1) (4.51)

for z € [0,1]. This bound is appropriate in the regime where y is large but z is
small. In the same way, we obtain the bound

G.w(z,y)| < Csy® (EA1)T (4.52)

for y € [0, 1], which takes care of the case when z is large but y is small. There
remains to obtain a bound for x and y which are both small. To do so, note that

(u,v)dudv

| way|*

<zy sup
[0,2] x[0,y]

8xﬁy’

Now, differentiating the expression for G in (4.48), we easily find that, for all
z,y 20

0°G 82G
Similarly, we have
*Pa *a

——(2,0) = =—=(0,y) = 0.
61’28y<x7 ) axay2< 7y>
Therefore, we have, for all z,y € [0, 1]

G (z,y)| < zysu aZl—G(a: )
0xdy W= y[oj)z 02202 W
whence we obtain
NG
sz <
G.w(z,y)| < 2%y [%ulp 92202

< K 2%y? det(M)™?

where the last bound follows from Lemma and the Leibniz formula, with
K > 0 a universal constant. But, interpolating between the lower bounds provided
by (4.25)) and (4.26]), we have, for any « € (0, 1):

det(M)™3 < (8%r — s|)* L(es VEAT) @D

Choosing for example o = 1/2, we obtain

det(M)™2 < Cs|r — s|7V2(t A1)/
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where Cs depends only on §. Hence
|G, y)| < Csay? r — sV (E A1) (4.53)

for all z,y € [0,1]. Finally, we can now bound I(¢,7). To do so, we decompose
this integral as follows:

I<€7 77) = ][l,oo]2 + ][6,1)><[1,oo] + I[l,oo]x[e,l) + [[5,1)27

where, for A C Ri, 1, denotes the integral

| = =0, (2p0) ).
0,n)?

We start by obtaining a bound for Ij; 2. By (4.50)), and recalling that fo pn(z)de =
1/2, we have
Ij1002| < Cs (EA 1)V

On the other hand, by (4.51]), we have

d
e yx[ro0)] < Cs (EA1)™ / / y

<Cs(tA1)”
Similarly, by (4.52)), we have
|f[1,oo}x[e,1)| < Cs(tA 1)‘1

Finally, by (4.53)), we have

ot £ Cslr =52 A0 [ ax [ ay
< Cylr—s|7V2(t A1) T4 E 6
Putting these bounds together finally yields
[I(e;m)| < Cs|r —s|7/2 (¢ A1)~

for all n < e <1 and ¢t > 0, where Cs > 0 depends only on §. Therefore, recalling
(4.47), we obtain

192y < Co AT IR, [ sl ar as
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where the last integral is finite. Hence
QG enlliz(uy < C(,h) (¢ AT)7P,

where C'(0, h) is a constant independent of ¢. Therefore
Vel 2(us) < / et A1) AL < 0.
0

Thus, (V.,))o<n<e<1 is bounded in L?(us). Reasoning similarly to bound V,, — V.
and V., — V', we deduce by dominated convergence that

Vemw — Ve
n—0
and
Vi—V
e—0
in L?(ps).

There remains to show that these convergences hold in D(A?). To do so, for all
n < e <1, webound |VV,,| 2, where ||-|| 12 stands for the norm in L?(Hy, uo; Hp).
We have

VQiGulie = [ drdshi [ dadb gy (lal) Fafbl)
[0,1]2 R2 xR2
9T, GQFH
(—’yml,bl) Lran ) + Dyl b) 522 <a2,bg>> .
Therefore it suffices to bound, for all (r, s) € [0, 1]?, the integral

1D (e ) = / Fon@) fon(y) 2y GO (2, ) dr dy,
Ry xRy

where

G(l)(aj,y): /02 <g2xay(xcos(9),ycos(g0))FT,s(xsin(H),ysin(go))

0T,

+ I, s(z cos(6), y cos(p)) pe 8y

>(zsin(6),y sin(gp))) df de.

Reasoning as above, we can rewrite 1(V)(e, ) as

Hemy =07 [ S dzdup,(:) ) G ),

leco)xfeco) 2 Y2 Jjom2
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where

Gl(x,y) = GW(z,y) = GV (2, w) = GV (z,y) + GW(z,w).

By the triangular inequality we have, for all z,y, z,w € R

|G (2, y)| < 4sup|GY].
b RQ
+
Now, the supremum above is bounded by

2

QSup 8 a T’S

sup |I').5] .
R2

By Lemma this in turn is bounded by
K det(M) ™2
for some universal constant K > 0. In virtue of , we thus deduce that
Gy < Cs (AL

for some universal constant Cj, as soon as r,s € [0,1 — §]. On the other hand,
noting that, for all y € R

But, by Lemma [4.2.5) the Leibniz formula, and the bound (4.26)), we have

9*°G(1)
0x?

sup
2
R-‘r

' < Cs(tn1)732

Hence, when x € [0, 1], we have the bound

GO0, y)| < Cs (EA 1),
Similarly, when y € [0, 1], we have

GO (2 y)| < Cs (E A1) 7222

,w
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Finally, when z,y € [0, 1], one has

zZ,w

G (2, 9)| < 2?y?sup | 3o
R

< K 2%y? det(M) ™,

where the last bound follows from Lemma [4.2.5[and the Leibniz formula, and with
K > 0 a universal constant. Now, by interpolation of (4.25)) and (4.26)), we have

det(M)™* < (8%r — s|) V2 (esVt A1) 7T/

provided that r, s € [4,1 — §]. Therefore, for all such r and s, and for x,y € [0, 1],
we have
GO (2, y)| < Cs (8 A1) — 8|72 0%y,

We now put together all these estimates by writing

(1) 1)
T 1 yxeny T ey

I(l)(e,n) O I(li

[1,00]2 [e,1)x[1,00]

where, for A C R%, ]S) denotes the integral

dx d
|5 L e Gew Gy
0,m)2

The previous estimates yield

I . < Cs(ta1)™!

as well as

7

- (1)
[e,1)x[1,00] < 05 (t A 1) 3/27 I

[1,00]%[e,1) < C5 (t N 1)_3/27

and
I, < Cy(EA1) T — 5712,

Therefore, we obtain
IW(e,n) < Cs (t A1) | — 5|71/2
and, since f[071]2 lr — 5|72 dr ds < oo, we deduce finally that
IVQiGeyll72 < C(8,h) (A L),

where C(0, h) € (0,00) does not depend on t. Therefore,
IVVeallze < A/ C(0,h) / LEAD)TTB AL < 0.
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Hence, (ﬁv@n)gwo is uniformly bounded in L?(Hy, ji9; Hy). Similar bounds on
VV., — VV.and on VV, — VV yield, by dominated convergence,

V., — VV.
n—0

and
VV.— VV
e—0
in L?(Hy, po; Hy). The proposition is proved. O

4.5 Open problems

The Dirichlet form techniques used in Section above to construct u in the cases
d = 1,2 a priori break down for other § € (0,3). Indeed, for § €]0,3[\{1,2}, it
is not even known whether the form which naturally generalizes (£, FC;°(K)) in
Proposition is closable and whether its closure is a quasi-regular Dirichlet
form.

We recall the main result of [DMZ06]: for all § > 3, we set

CO)i=sup{k >N:FHt>0,0<zy<...<zp < Lu(t,z;) =0 i=1,...,k},

where u is the solution to the §-Bessel SPDE ([1.10)-(1.12]). Then we have

P (C(d) > %) = 0. (4.54)

In other words, a.s. u hits the obstacle 0 in at most (ﬁ] space points simultane-
ously in time. It is very tempting to conjecture that holds for all § > 2 in
other words, the 6-Bessel SPDE would hit 0 at finitely many space points simulta-
neously in time for any 6 > 2, but the number of such hitting points would tend to
+o0 as 0 | 2. The fact that 6 = 2 is the critical value for this behaviour is clearly
related to the fact that 6 = 2 is also the critical dimension for the probability that
the 0-Bessel process or bridge hit 0. However, the precise behaviour at 0 of the
Bessel SPDE for the threshold value § = 2 is not clear to predict, and seems a
very subtle and intriguing question.

A related problem concerns the regularity properties of the Markov semigroup
associated with the Bessel SPDEs , and for 0 < 3, e.g. for the
cases 0 € {1,2} treated above. Thus, while it is easy to prove that the semigroup
has the strong Feller property for 6 > 3 (see see Section 5.4 in [ZamlT7)), it is
an open problem for § < 3, again because the drift of the SPDE becomes highly
non-dissipative. Such a property would allow to strengthen much of the results
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obtained above for the cases 6 = 1,2: in particular, it would imply that Theorems
[4.2.§ and [4.3.7] remain true for every - rather than quasi-every - initial condition;
it would also ensure that the convergence statements therein hold regardless of
the intitial condition, rather than only at equilibrium. Although we miss the tools
to establish this property, we may hope that it holds for all § > 0. Indeed, in
Chapter [7] below, we show that Bessel processes have the strong Feller property
regardless of the dimension, although, for dimensions § < 1, the drift is higly
non-dissipative. Moreover Tsatsoulis and Weber [TW18] have proved that the
2-dimensional stochastic quantization equation satisfies a strong Feller property,
although it is an equation which needs renormalization; also Hairer and Mattingly
[HM18| have proved that property for a large class of equations with renormalised
drifts. All this suggests that there may be hope that this technically very useful
property holds also for §-Bessel SPDEs with § < 3.
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Chapter 5

Taylor estimates on the laws of
pinned Bessel bridges, and
application to integration by parts

In this chapter, we extend the integration by parts formulae for the laws of Bessel
bridges (from 0 to 0) obtained in Chapter [3|above, by showing that these formulae
hold for very general test functionals on L?(0,1). The main argument consists
in proving Taylor estimates for the laws of Bessel bridges conditioned to take a
prescribed value at a given point. The content of this chapter is based on the
article [EAD] in preparation.

5.1 Statement of the results

In Chapter [3| above, we have derived IbPF for the laws P? of Bessel bridges of
all dimension ¢ € (0,3) from 0 to 0 on [0, 1], for a specific class of functionals.
More precisely, we considered the vector space .# generated by all functionals on
L*(0,1) of the form
2
{L 0,1) > R 651)
X > exp (— (0, X2)),

where, 6 : [0,1] — R, is Borel and bounded. Note that functionals of the form
play a special role. Indeed, as a consequence of the remarkable additivity
property of squared Bessel bridges (see Prop above), such functionals act
on the laws of Bessel processes as a Girsanov transformation corresponding to a
deternimistic time-change (see Lemma above), thus allowing nice explicit
computations. Thus, functionals of the type play, in this context, the same
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role as functionals of the form exp ((k, X)), k € C([0,1]), in the papers [ZamO5]
and |[GV16].

Recall that, for § > 0, b > 0 and r € (0,1), ¥(dX |b) denotes the finite
measure on C([0,1]) given by

S(dX |b) = ]Zia’l) ElAX | X, = b, (5.2)

In the above, E? denotes the expectation operator corresponding to the probability
measure P° on C([0, 1]), while, for all 7 € (0, 1), p’ denotes the density of the law
of X, under P°. Recall that, for all b > 0

b6—1 b2
P = o (r(L— ey " <_m> (53)

Recall also that, for any sufficiently differentiable function f : R, — R, for all
n € Z, and b > 0, we set

=i - 3 2 o)

0<j<n 7"

In words, for all b > 0, if n > 0 then 7," f is the Taylor remainder centered at 0,
of order n + 1, of the function f, evaluated at b; if n < 0 then 7," f is simply the
value of f at b.

Finally, defining for all § > 0

and setting

the IbPF obtained in Section [3|above can be written as follows. For all § € (0,3)\1,
® €. and h € C?(0,1), it holds

E(0,9(X)) + E°((h", X) (X)) =
/ s ] a,
see Theorem [3.1.1] above. Recall also that the term
T, S(P(X)|-)
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appearing in the formulae is actually the Taylor remainder, centered at 0, of a
smooth function of b%. In particular, it is of order b>**1) as b — 0, which ensures
the integral to be convergent. In Theorem [3.1.1] we also obtained the following
formula for the critical case 6 = 1:

EY(0,@(X)) + E'((W', X) (X)) = i/o dr hr(;d—;z,{[cb(Xﬂb] - (5.5)

We stress that in both of the above propositions, the test functionals are assumed
to lie in the space .. Indeed, this assumption allows to perform the computations
leading to these formulae, and ensures all the quantities (derivatives and integrals)
involved to be well-defined.

In the present chapter, we aim at extending these formulae to a space of more
general functionals on L?(0,1). We introduce the following definition:

Definition 5.1.1. For any Banach space (B, || - ||), let C}(B) be the space of all
® : B — R which are bounded, C!, with bounded Fréchet differential. Moreover,
let "' (B) be the set of all ¥ € C}(B) such that there exists L > 0 satisfying

vz, 7' € L'(0,1), |||DY(Z)— DW(Z"||| < L|Z - Z'|. (5.6)
where ||| - ||| denotes the operator norm on B’.

Remark 5.1.2. Note that for any ¥ € C,"'(B) and L as in (5.6), we have
Vr,y,z€ B, [W(r+y+2)—V(r+y) - V(r+2z)+ V()| < Lyl

In [Zam02] and [Zam03], the IbPF for P° for § > 3 are established for any
element of C{(L?(0,1)). Note that . € C}(L*(0,1)), and it is natural to ask
whether the IbPF obtained in [EAZIS| can be generalized to C{(L?(0,1)), or at
least to some large space of functionals containing .. In this chapter, we prove
that such an extension is possible. To do so, we use an approximation argument
consisting of two ingredients:

1. the space . is dense in the space of functionals we are considering, for a
certain topology to be specified,

2. the terms appearing in our formulae are all continuous w.r.t. the above
mentioned topology.

Note that, in addressing the second point, we obtain rather strong estimates
on the Taylor remainders at 0 of the laws of pinned Bessel bridges, which are
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interesting in their own right. In particular, we prove the remarkable fact that, for
any ® € C}(L?*(0,1)) and r € (0,1), we have
d

—E®(X)|X, =b =
db [( )| T ]b:O O

(see Proposition [5.4.1)).
Combining the two points highlighted above, we are able to prove the following

results:

Theorem 5.1.3. Let § € (1,3). Then, for all ® € CL(L*(0,1)) and all h €
C2(0,1), we have

E(0,®(X)) + E°((h", X) ®(X)) =

— #(0) / hr / T [ si@(x) )] dbar (5.7)

Thus, for Bessel bridges of dimension strictly between 1 and 3, the formulae
hold for any functional in C} (L?(0,1)). In lower dimensions, we can also generalize
the formulae, but to some space distinct from C}(L?*(0,1)). Indeed, in order to
work, our arguments require some additional regularity on our functionals (see

however Remark [5.4.10| below).

Definition 5.1.4. Let SC} (L*(0,1)) be the set of functionals on L?*(0,1) of the
form

P(X)=V(X?), XelL*0,1) (5.8)
where U € Cy (L*(0,1))
The following nice, remarkable property holds:

Proposition 5.1.5. Let § > 0 and ® € SC} (L'(0,1)). Then, for all r € (0,1),
the function

Ry =R
b— E°[®(X)|X, = b

1s twice differentiable at 0.
For § = 1, the IbPF can be extended to all elements of SC} (L*(0,1)):
Theorem 5.1.6. For all ® € SC} (L'(0,1)) and h € C?(0,1), we have

E'(0,9(X)) + E'((W', X) (X)) = i/o dr hrs—;E,{[@(Xﬂb] . (5.9)
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Finally, to state the result for § € (0, 1), we need to introduce a more particular
space:

Definition 5.1.7. Let SC."' (L'(0,1)) be the set of functionals on L?(0,1) of the
form
d(X)=V(X?), X elL*0,1) (5.10)
where ¥ € C' (L1(0,1)).
We prove the following result:

Theorem 5.1.8. Let 6 € (0,1). Then, for all ® € SC;" (L'(0,1)) and h €
C?(0,1), we have

E*(9,®9(X)) + E°((h", X) ®(X)) =
(5.11)
/ / 5547225 (®(X )|-)]dbdr,

This chapter is organized as follows: after introducing the notations and stating
some useful facts on the laws of squared Bessel bridges in Section [5.2] we prove
density results for . in large spaces of functionals in Section [5.3] and establish
Taylor estimates for the laws of pinned Bessel bridges in Section[5.4] Putting these
results together, we proceed in Section to the proofs of Theorems [5.1.3]
and B.1.8

5.2 Notations and basic facts

5.2.1 Notations

We need to introduce notations for the various norms and vector spaces that we
will consider.

Notation 5.2.1. In the sequel, for all p € {1, 2}, we denote by || - ||, the L” norm
on LP(0,1). In the special case p = 2, we will simply write || - || for || - ||z, and
denote by (-, ) the corresponding inner product. Moreover, for all p € {1,2} and
all functional ® : LP(0,1) — R, we set

[Pl == sup [®(X)].
XeLr(0,1)

Furthermore, for all ® € C}(LP(0,1)), we set
[1D®[[|loc := sup [[[DS(X)][],

XeLr(0,1)
where ||| - ||| denotes the norm on (L?(0,1))’, and we set

[@llor = [19]lco + [[|DP[|oo-
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We also introduce the following shorthand notations:

Notation 5.2.2. For all p € [1, o0, we denote by L% (0, 1) the subset of nonnega-
tive functions in LP(0,1). Moreover, we use the shorthand notation C. ([0, 1]) for

C([O> 1]7R+)'

5.2.2 Squared Bessel bridges and Bessel bridges

Recall that for all 6,2,y > 0, iny denotes the law, on C.([0,1]), of the 6-
dimensional squared Bessel bridge between x and y on the interval [0, 1]. Recall
also that we use the shorthand Q° for wa. Withe these notations, for all a,b > 0,
the law Pib of a d-Bessel bridge from a to b on [0, 1] is the image of QZQ y2 under
the map 7

{cu([o, 1]) = C([0,1]) (5.12)

X = VX.

The family of probability measures (Qg}x) 50> nherits the remarkable additiv-

ity property (2.8) of squared Bessel bridges. Recall the following:

Definition 5.2.3. For any two laws p, v on C([0,1]), let x* v denote the convo-
lution of p and v, i.e. the image of y ® v under the addition map

C—i—([O? 1]) XC+([O7 1])_>C+([071])7 (x,y)r—>:v—|—y

The following statement is an equivalent of (2.8)) for the bridges, and is a
particular case of Theorem 5.8 in [PY82]:

Proposition 5.2.4. For all x,2', 6,9, we have the following equality of probability
laws on C4([0,1]):
6:3,0 * Qg’/,o = Qiﬁ;ﬁo

Note that this relation in particular says that the families of probability mea-
sures <Q87$)x>0 and (Q°) 550 are convolution semi-groups on C' ([0, 1]). In [PY82],
the authors constructed the corresponding Lévy measures M, and Ny on C+([0,1])
(they actually provided an explicit construction in the case of squared Bessel pro-
cesses, but stressed that the case of the bridges can be dealt similarly, see section
(5.4) in that article). The measures M, and Ny are characterized by the fact that
My({0}) = No({0}) = 0 and, for all §,2 > 0 and all 6 : [0,1] — R, bounded and

Borel, we have

Loleww (0.0 =exp (= [ (1= exp (=6, 30) aao ()
(5.13)

exp (—5/(1 - exp(_<9,x>))dNo(X)) .
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5.2.3 Laws of pinned squared Bessel bridges as a convolu-
tion semigroup on C, ([0, 1])

Forall§ > 0,2 > 0andr € (0,1), we denote by Q° [ - | X, = x| the law of a squared
Bessel bridge between 0 and 0 conditioned on the event { X, = 0} (to which we shall
also refer as the law of a pinned squared Bessel bridge). Note that Q°[ - | X, = 7]

is the image of Qg,o ® Qi,o under the reversal, scaling, and concatenation map
Sy C([0,1]) x C([0,1]) — C+([0, 1]) defined, for all X,Y € C, ([0, 1]), by

TX(T’T), fo<r<r

T

(1-r)Y (), ifr<r<1l

1—r

(5.14)

SH(X,Y) T {

With this representation, we see that Proposition implies the following:

Proposition 5.2.5. For all v € (0,1) and all x,2',9,8, we have the following
equality of probability laws on C(]0,1]):

Q- 1X, =a]«Q" [ | X, =a] = Q[ |X, =z +2].

A very important consequence for us will be the fact that (Q°[ - |X, = z]),5,
forms a convolution semigroup of probability laws on C, ([0, 1]). Exploiting the
constructions of Pitman-Yor, we can furthermore exhibit the associated Lévy mea-
sure:

Proposition 5.2.6. Let r € (0,1). Then there ezists a measure M"™ on C4([0,1])
such that M"({0}) = 0 and, for all x > 0 and all 6 : [0,1] — R, bounded and
Borel, we have

Q° fexp (— {6, X)) | X, = a] = cxp (—x [ - esp(-t0.x) dM’"(X)) (5.15)

Proof. Let z > 0 and 6 : [0,1] — R, bounded and Borel. Since Q°[ - |X, = 2] is
the image of Qio ® ch,o under the map S, defined by (5.14)), we have

Q"lexp(—(0, X)| X, = 2] =

Q% [exp (- /01Q(1 —v) X, dv)} Q% [exp (- /015(1)) X, dv)]

where
O(v) :==r*0(rv), 0<wv<l,

and

0(v) =(1—-7r20(r+v(l-r)), 0<v<1.
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Therefore, by (5.13)), we obtain
1
@lep(- (0. X)X, =a] =exp[ - £ [ (1 - (— [ - v)dev)) dMy(X)
r 0

- 1fr/ (1 — exp (— /Olé(v)deu» dMO(X)]

Upon performing the changes of variable u := r(1 — v) in the first integral, and
u:=r+ v(l —r) in the second one, this yields

Q°exp(— (0, X)| X, = 2] = exp[ - %/ (1 — exp (— /OTQ(U) rXrTudu)) dMo(X)

- / (1 — exp (— [ o(u) (1 — T)X“du)) dMy(X)].

Therefore, denoting by M] the image of M, under the map

Co([0,1]) = C4([0,1])
X — (TX% l[oﬂ (u))o_ ,

and by Mj the image of M, under the map

4 ([0,1]) = €4 ([0,1])
X = (=X 1 (W),
and setting M" := 1M] + --MJ, we deduce that M"({0}) = 0, and that (5.15)

holds. ' 0

The above propositions will be very important for us in proving Taylor es-
timates for the laws of pinned Bessel bridges P°[ - |X, =b], for r € (0,1) and
§,b >0, since P°[ - | X, = b] is the image of Q°[ - | X, = b*] under the map (5.12).

5.3 Density of . in a large space of functionals
on L*(0,1)

In this section we prove that a large class of functionals ® : L?(0,1) — R can be
approximated by elements of .. We do not need convergence in a very strong
sense: point-wise convergence with some uniform dominations on the functionals
and their differentials will suffice for our purpose. More precisely, we introduce
the following definition:
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Definition 5.3.1. Let p € {1,2}, and let ®,, (n > 1) and ® be functionals on
L?(0,1) which are differentiable at each element of C', ([0, 1]), along any direction
in C%(0,1). We say that the sequence (®,,), -, converges to ® point-wise with its
derivatives, with p-domination on increments (PDI, for short) if the following
three conditions hold:

(P) for all X € C'(([0,1]), we have the convergence

D, (X) — P(X),

n—oo

together with the domination

Vn =1, [2n(X)] < |9,

(D) for all h € C%(0,1), and all X € C,([0,1]), we have the convergence

P (X) — ®(X),

n—oo

together with the domination
Vn =1, |0,2n(X)] < Clhll(1 + [ X]]),
where C' > 0 is some contant,

(I,) there exists K > 0 such that, for all X,Y e C([0,1]) and n > 1, we have

B, (X) — ®,(Y)] < K[ X2 - Y2|I}/".

We can now state a density result, which is close in spirit to the density Lemmas
[4.2.3] and [4.3.3] above, but with a different topology, more appropriate to the aim
of the present chapter.

Proposition 5.3.2. Let ® € SC}} (L'(0,1)). Then there exists a family (O} ) an k1
of elements of . such that

lim lim lim ®%, =& (5.16)

d—o00 n—00 k—oo

where all the convergences are PDI.

Remark 5.3.3. We stress that, in the above statement, the domination properties
associated with the PDI; convergence are uniform only on one index, the other
indices being fixed. For instance, for all d,n > 1, there exists C(d,n) > 0 such
that

Vk > 1, |0p®5 1 (X)] < C(d,n)]|hl]oo] 1 X]],
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but we do not claim that the constants C'(d,n) are bounded uniformly in d,n > 1.
However, such bounds will be sufficient for our purposes; indeed, the only reason
we need them is in order to show that each term in the IbPF converges when
we take the successive limits £ — oo, n — oo and d — oo. The domination
properties stated above will precisely allow us to do that by applying the dominated
convergence theorem three times, successively.

Proof. We will follow the same route as for the proof of Lemma |4.2.3 above. We
construct sequences (®%)g>1, (P%)gn>1 and (PF 1 )gnr>1 of functionals on L*(0, 1)

such that <I>g7,€ € . for all d,n,k > 1, with the following convergences holding
PDI:
ol — P — T — B

k—o0 n—00 d—o0

We start by constructing (®);>1. Let ¥ € C} (L*(0, 1)) such that ®(X) = ¥(X?),
for all X € L?(0,1). Then, for any d > 1, we define (¢¢)1<;<q4 to be the orthonormal
family in L?(0, 1) given by

¢t=d Lo i=1,....d, (5.17)

and we define ®¢ by

d

PUX) =T <Z< 4 X?) gf) . X e L*0,1).

=1

We check that ®? converges PDI; to ® as d — oco. We first remark that, for all

X € C([0,1]), we have
d

> X ¢ — X
d— o0

i=1
uniformly on (0, 1), hence in particular in L'(0,1). Since ¥ : L'(0,1) — R is
continuous, this implies that

PUX) — (X).

d—00

Moreover, we have the domination
VX S L2(07 1)7 |(I)d<X)| S ||CI)||OO7

as requested by condition (P) in Definition [5.3.1] Furthermore, for all h € C2(0, 1)
and X € C([0,1]), we have

0,94 X) = 2DV <Z< 4X?) c;’) (Z«f?@ h><§> :

=1 =1
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Now, since ¥ is C* on L'(0,1), we have

d
DV (Z( 4 X2 gﬁ) — DU(X?) in LY(0,1),

i=1
while, at the same time, we also have

d
> (G ) ¢ b X,

=1

uniformly in (0, 1), hence in L'(0,1). Therefore

DY <Z< £ X7 cf) (Z«fx, h><f> — 2DU(X?)(hX),

i=1 i=1

i.e.

P X) — 0,P(X).

d—o0

Moreover, for all d > 0, we have
[0n@4(X)] < 2/[| DYoo 1] o] 1 X1, (5.18)

which provides the requested domination property for (8h<I>d) 4>+ Thus condition

(D) is fulfilled as well. Finally, for all X, Y € C' ([0, 1]), we have

[B40X) — 2(Y)] = [(X?) — U(X?)
< [1DW[o] X2 = Y2,

as requested by condition (I;). Therefore, ®¢ I~ ® in the PDI; sense.

—00
We now fix d > 1 and, for all integer n > 1, we construct ®¢. The latter will

be a truncated version of ®¢ obtained as follows. Let x : R — R be a smooth
function with values in [0, 1], such that x = 1 on (—oo, —1] and x = 0 on [0, 4+00).
Set xn(+) :== x(- —n) and let

d
@3(x) = ) oo (G X%) . X € L2(0,1),

We check that ®¢ converges PDI; to ®¢ as n — oo. Since y, — 1 point-wise,

n—oo
we have

(X)) — dYUX)

n—o0
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for all X € L%*(0,1). Moreover, we have |®%(X)| < ||®?||o for all n > 1 and
X € L?(0,1). Hence, the convergence and domination assumptions in condition
(1) do indeed hold. Turning to condition (D), we remark that, for all n € N,
h € C?(0,1) and X € L?*(0,1), we have

On®;(X) = @ (X) ] [oen (46 X))
+ (X)) DX (G X)) T oem (¢ X)) (26X, )

i=1 ji

(5.19)

Since x, — 1 and X/, — 0 point-wise, it holds that 9,®%(X) — 9¢®(X).

n—oo n—r0o0 n—oo
Moreover, by equality (5.19)), and recalling (5.18)), we have
[0n 23 ()] < [Pl (1 + dlIX (oo | 2lloo 1 XT))
which provides the requested domination property. Finally, for all n > 1 and
X,Y € C([0,1]), we have

d

[27(X) = 2 (V)] < || @]l (1 + HX’HOOHC?HOO> X% = Y2y

=1

<[l (1 + a2 )X Nloo) |1 X = Y2,

so condition (I;) is fulfilled as well. Hence ®¢ converges PDI; to ®¢ as n — oo.
Finally, we fix d,n > 1, and construct the sequence (‘I)Z,k)kzl‘ Note that ®¢ is
of the form

@ (X) = ga ((C1. X?), . (G X?)), X € L*(0,1),

where g, : Ri — R is the function given by

gn(z) =0 (Z T Cf) HX(% —n), x€RL (5.20)

Remark that g, is C! with bounded support in [0,n]¢. We now make use of an
approximation result in ]Ri. Denoting by - the standard inner product on R¢, let
& be the linear span of the functions

) {Ri SR

—\. Y
T e T

for A € Ri. We state the following approximation result, the proof of which is
postponed to Section [5.6] below:
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Lemma 5.3.4. Given M > 0, let h : Ri — R be a C' function supported in
[0, M. Then there exists a sequence of functions hy € &, k > 1, such that

o forallz € RL, hy(x) h— h(x) and Vhy(z) — Vh(z),
—o0 —o0

o forallk > 1 and all x € Ri, we have
|he(2)] < |A()],

and

Vi=1...d,  |0ily(z)] <C(M) |9;h(z)|,
where C(M) > 0 is a constant depending only on M.

For all n > 1 fixed, let now (g, x)r>1 be a sequence of elements of & approxi-
mating g, as in Lemma [5.3.4] and set

¢ (X) = gur (G, XP), ..., (G, X?)), X € L*0,1).

Then for all £ > 1, the functional @ﬁ,k lies in .. There remains to show that the
converges PDI; to ®2. For all X € L?(0,1), we have

(I)Z,k(X) = Onk (<C17X2>> s <<d7X2>)
]H—gogn (<C17X2>7"'7<CdaX2>)
= O(X),

sequence (<I>Z,k)k>1

with the domination
|00 L (X)] < |00(X)] < || @],

valid for all X € L?(0,1) and k > 1. Moreover, for all h € C([0,1]), and X €
C.([0,1]), we have

d
Py (X) = QZaz’gn,k (¢, X?), .. (G, XP)) (G X, ),
=1
so that
opde (X) — Ond%(X),
’ —00

and

d
10025 ()] <2 110ign il ool 1P loo 1 X |
i=1
d
<20(n) > 10ignllool 1] |oo || X ]
=1
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Finally, we have, for all X, Y € C,(]0,1]) and k& > 1
d
%, (X) = @4 (V)] <2C(1) Y 110ignllocl G100l X = Y21
i=1

Thus the sequence (CIDfL7k) converges PDI; to be%k. The proposition is proved.

]

k>1

In the proof of the IbPF for § € (0,1), we shall need a slight refinement of
the above proposition, stating that, if ® € SCbl’l (L'(0,1)), the approximating
sequences converge in a stronger sense. More precisely, we introduce the following
notion of convergence:

Definition 5.3.5. Let @, (n > 1) and ® be functionals on L?(0,1) which are
differentiable at each element of C'(]0,1]), along any direction in C?(0,1). We

say that the sequence (®,,), ., converges PDI};, to ® if both following conditions
hold: -

° ((Dn)nZl converges PDI; to ®,

o foralln>1and X,Z,Z € L} (0,1), we have

O, (VX +Z+2)—0,(VX+2Z)—0,(VX + Z') + &,(VX)

(5.21)
< LI Z|W1Z'| |1,

where L > 0 is some constant.

Proposition 5.3.6. Let ® € SC,'(L'(0,1)). Then the approzimating sequences

of functionals given by Proposition are such that the convergences ([5.16)
actually hold in the PDIy), sense.

Proof. Since we already now that the convergences ((5.16)) hold in the PDI; sense,
there only remains to prove that these approximating sequences further satisfy
condition ([5.21)).

Let ¥ as in (5.10). Since ¥ € Cl},lip’ there exists L > 0 satisfying (5.6)).
Moreover, since the function

Ll(o, 1) — Ll(o, 1)
Z = YL (¢ Z)¢d
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is Lipschitz continuous (with Lipschitz constant 1), we deduce that the functional
A (Zle( d Z)Cf)) also satisfies (5.6). As a consequence, by Remark
5.1.2) for all X,Z,Z" € L} (0,1) and d > 1, we have

VUK +Z+7) - (VX +2) - BU(VX + 7)) + BU(VX)| =
V(X +Z2+7)-VYX +2Z) - V(X +2Z)+ P X)|
< L{|Z|l, N1 Z'l -

Hence, the sequence (®%),>; satisfies the condition (5.21)), so it converges PDIy;,
to P.

Moreover, for alld > 1, U4 € C;},h-p

smooth and compactly supported). Hence, for all n > 1, the functional ¥¢ given
by

and ' is globally Lipschitz continuous (it is

U (Z) = ‘Ifd(Z)Hxn(<Q,Z>), Z € L'(0,1),

satisfies ([5.6)), with some Lipschitz constant L’ depending only on ¥, y and d.
Therefore for all n > 1 and X, Z, Z" € C, ([0, 1]), we have

VUVX +Z+7) - dU(VX +2) - (VX + Z) + 2(VX)| =
WIX+Z+2) = VX +2) - VX +Z') + V(X))
<Lzl 1IZ'll,,

so (®%),>; satisfies the condition (5.21]), and hence converges PDI;, to ®.
Finally, note that, for all n > 1, the function g,, defined by (/5.20]) satisfies

d
Vi=1,...,d, Vo,y € RL, |9,9,(2) — Qignly)| < L’Z lz; — vy,
j=1
where L’ > 0 is as above. We now invoke the following refinement of Lemma |5.3.4]

the proof of which is also postponed to Section below:

Lemma 5.3.7. Given M > 0, let h : R2 — R be a C' function supported in
[0, M]?, and satisfying furthermore

d
Vo,y € R Vi=1,....d, [dih(z) — ih(y)| < LY |x; — yjl (5.22)

J=1
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for some constant L' > 0. Then the sequence of functions (hk)kzo giwen by Lemma
further satisfies the following: for allk > 1 andi=1,...,d, we have

d
Va.y € RL,  [0ih(x) — Oilu(y)] < C'(M) (L' + [[9:h]]0) D ey =yl

j=1
where C'(M) > 0 is a constant depending only on M.

Let now (gnx)r>1 the sequence of functions approximating g, as in Lemmas

5.3.4 and [5.3.7] Then, for all £ > 1, we have

d
Vi=1,...,d, Vz,y € R, |0igns(x)=0igns(y)] < C'(n) (L' + |0ignlloe) D> laj—y;l.

j=1
As a consequence, for all k > 1 and z, 2,2 € ]R‘i, we have

’gn,k(x +z+ Z/) - gn,k(x + Z) - gn,k(x + Z/) + gn,k<x)’
d d
< C'(n) (L' + [10ignlloe) D 121 D 1751,
j=1 j=1
From that inequality we deduce that, for all X, Z, 2" € L} (0,1)
W (VX F 7+ 7)) = B (VX F Z) = 0L (VX 7)) + B (V)

< C'(n) (L' +[10ignl o) 121121127111,

which proves that the sequence (@i}k) o1 satisfies the condition ([5.21]), and hence

the requested convergence holds.
O

Propositions [5.3.2] and [5.3.6] enable to approximate, by elements of ., any
functional ® of the form

P(X)=V(X?), X eL*0,1),

where ¥ € C} (L*(0,1)). Such an assumption may appear rather restrictive, since
it in particular forces DW(0) to vanish. However, it turns out that for general
functionals ® € C}(L?*(0,1)), we can also obtain such an approximation result,
but in a weaker sense.

Proposition 5.3.8. Let ® € C} (L?(0,1)). Then there exists a family (@nmf)m,dm,kzl
of elements of . such that

lim lim lim lim @7 =@ (5.23)

m—00 d—oo n—00 k—00

where the first three limits are PDIy, while the last limit (in m) is PDI,.
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Proof. As in the proof of Proposition [5.3.2] we will proceed in several steps, by
COHStYUCtng sequences ((I)m)mZh (q)md)d,Zla ((I);Ln’d)mdn>1 and ((I)n kd)mdnk>1 of
functionals on L?(0,1) such that @nm’;cd € . for all m,d,n,k > 1, with

ot — @t — e — o™ — D,

k—o0 n— 00 d—00 m—o0

where the first three convergences hold PDI;, and the last one holds PDI,.
We start by constructing (®™),,>1. For all m > 1, let ®™ be the functional
given by

1
—),vXeL%QU.

m

P(X) =D ( X2 4

We show that the sequence (®™), ., converges PDIy to ®. Note that for all
X € C.([0,1)),

in L?(0,1). Hence, since ® : L?(0,1) — R is continuous, we have

(X)) — B(X).

Moreover, we have |®™(X)| < ||®||, for all X € L?*(0,1). Furthermore, for all
h € C([0,1]), and all X € C([0,1])

8™ (X) = <v<1> (MX2 + %) \/;2—h7+%>

Now, since /X2 + % — X in L?(0,1), we have

m—ro0

1
vq>< X2+—> — V& (X?)  in L*0,1).

m m—0o0

On the other hand, we have

Xh
—— — h a.e. on [0, 1];
/X2+ 1 m—oo

since, moreover

< ||h||ss a.e. on (0,1),
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by the dominated convergence theorem, we deduce that
Xh
— h in L*(0,1).

/X2+% m—00

Op®™(X) —> (VO (X),h) = 9,®(X),

m— 00

Therefore,

with the domination
Vm > 1, [0,®"(X)| < [|VO|[w]|h]]-

Finally, given X, Y € C,(0,1), for all m > 1, we have

1/2
1 7

[@™(X) — ™(Y)| < [Vl || X* — Y|

which provides the domination condition (I5) in Def. [5.3.1] Hence, the sequence
(®™) converges PDI, to ©.

For m > 1 fixed, the sequences (®™%),, 451, (®7%)nan>1 and (q):kd)m,d,n,kzl
can then be constructed from ®™ in exactly the same way as (®%)g51, (P%)gn>1
and (@ﬁ,k)d,n,kg were constructed from @ in the proof of Proposition @ The
key remark is that, for all X € C'(0, 1), we have

P"(X) = ¥(X?),
where

\Dm:{Ll(o,w — L1(0,1)

2 e(E)

Although U™ is not C*, it is Lipschitz continuous on L'(0,1), and, at each X €
C, ([0,1]), has directional derivatives in all directions h € C([0,1]) satisfying the
bound

m m
0T (2)] < S ||l [[A]-

Therefore, exactly as in the proof of Proposition [5.3.2] we can show that the se-
quences (™), 451, (@), 4n>1 and (¢Zf}j)m,d,n,k21 will satisfy all the requested
convergence and domination properties. We thus get the claim.

m
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5.4 Taylor estimates for the laws of pinned Bessel
bridges

In the previous section, we have shown that rather general functionals can be

approximated by sequences of functionals in ., for which we readily know that

the IbPF of Theorem above hold. Hence, to generalize the IbPF for the

former functionals, we need to show that the terms appearing in our formulae

converge when we take such limits. Thus in the case 6 € (1,3), as suggested by
(5.4), we need to control, for all r € (0,1) and b > 0, the quantity

Top B [@(X)] X, = 1],
while in the case § € (0, 1), we need to control
Top B [@(X) X, = 1],

for all sufficiently regular functional ® on L*(0,1). Obtaining such estimates is
the goal of the present section.

5.4.1 Taylor estimates at order 0

As recalled in Section [5.1] above, for all ® € .7, ¢ € (1,3) and h € C?(0,1), the
integral

/O 1 drh(r) / b pf(b)lmEé[cb(X)m =] (5.24)

0 b’

is convergent. This is due to the fact that, for all » € (0,1), the function b —
E°[®(X)|X, = b] is smooth, with vanishing derivative at 0. Hence, as b — 0

TonE’[@(X)|X, = ] = O(b?),

(see Remarks [3.1.2] and [3.1.3| in Chapter [3| above). By contrast, for an arbirary
® € C}(L*(0,1)), it is not clear a priori whether such an estimate holds. Actually
it is not even clear whether the integral converges. However, it turns out
that we can obtain a domination on the quantity 7%E°[®(X)|X, = ], even for an
arbitrary ® € C}(L?*(0,1)). This bound is a little worse than in b2, but it is still
sufficient to make the double integral converge.

Proposition 5.4.1. There exists a universal constant M > 0 such that the fol-
lowing holds: for all § > 0, L > 0 and all functional ® : L*(0,1) — R satisfying

1/2

VX,Y € L3(0,1), [®(X)—o(Y)| < L(||X*—Y?|)h) (5.25)
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we have
vr e (0,1),vb >0, [TRE[®(X)|X, =]| < MLV (|log(b)|+1).  (5.26)
In particular, for all such ®, and all 6 > 1, the function

(T? b) = %?bE(;[(I)(X)’XT = ]

is integrable with respect to the measure piﬁf’ dr db on (0,1) x R%.

Remark 5.4.2. Let ® € C}(L?*(0,1)). Then (5.25)) holds with L = ||®||c1. Indeed,
for all X,Y € L2(0,1), we then have

[@(X) = 2(Y)] < [[®fen [[X = Y|

1/2
_ ||l (/ X () = Y(w)]? du)

But, noting that (z — y)? < |22 — y?| for all z,y > 0, we deduce that

000 -0t < s ([ Pxtut v )

1/2
= |@]lor (J]X2 = ¥2[))Y
whence the claim.

Proof. Let ® : L?(0,1) — R satisfying (5.25)). We first assume the bound (5.26]) to
be true and check that the second statement holds. Let § > 1. Recalling (4.2.3]),

we have

/1 /OO pll ‘75?bE5[‘I>(X)!Xr = ]|db dr
b? )
/ / 23 1(r(1 — r))mp(g) exp (_m> M L b*(]log(b)] +1) db dr

221r(5)/0 (r(1 _17~))5/2 (/ooo B og)] + 1) exp (_27"(1[)2— r)) db) &

we obtain

But, for all r € (0, 1), performing the change of variable a = —2T(ﬁ2_r),
= 6o b*
b’ (] log(b 1 — db
[ ool + Dew (<51 )
it 2“23/ o' e (|log(y/2r(T = 1)a)| +1) da
0
-1 s 0—1
0’3" (F < 5 ) |log(2r(1 —7))| + A>
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where A := [ a"z e=(|log(a)| + 1) da € (0, +00), since 9-2 > —1. Therefore

L1

ML -1 |log (2r(1 —7))| /1 dr
< dr + A - -
B 23/2F(% { ( ) r(1—r) 1/2 Tt o (r(1-— 7‘))1/2

which is indeed finite, whence the claim.

We now prove that indeed holds. By Proposition [5.2.5 for all € (0, 1) and
d,x > 0, denoting by Z, (0, z) a random variable in C' ([0, 1]) distributed according
to Q° (-| X, = z), we have

[©(X)[ X, = -]|db dr

Z(0,x) = Z,.(0,0) + Z.(0, z)

where Z,.(6,0) and Z,.(0,x) are two independent random variables with laws given
respectively by Q° (1| X, = 0) and Q° (:|X, = x). Therefore, for all functional  :
L?(0,1) — R satisfying ([5.25]), for all » € (0,1) and b > 0, we have

E[®(X)|X, = b = Q° [®(VX)|X, = "]

E[cb( ZT(6,b2)>]
—E | (V76,0 + Z,0,5))]

Hence
TR B [@(X)[X, = | = [E°[@(X)]X, = b] — E°[®(X)]X, = 0]]
oo (V70T 7R - o (v
<E H@ <\/ZT(§, 0) + ZT(O,b2)) - ( 7,0, 0))H .

But, by assumption ([5.25)), we have

© (VZ,0,0)+ Z,0.07)) - & (VZ,,0))| < L(12:0,6)]1) .

Therefore
THE (X)X, = | < LE 1120,
=L E° | IX??)X, = )
= L E°[|1X|| X, = 1],
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so there only remains to obtain a bound on E°[ || X|| | X, = b]. To do so, we exploit
the knowledge of the quantity E°[exp (—A||X]||?)|X, = b], for all A > 0. Indeed,

by equality (2.28) in Chapter [2| we have

E’lexp (—=A||X]?) | X, = b] = exp {—C(T)%]

where

J(1) I
C(r):= — — ,
U= e -

with 1, ¢ associated via ([2.22) and (2.23) with the measure m(du) = Adu on [0, 1].

One finds easily the following expressions for ¢ and :

Y(u) = ! sinh (\/ﬁu) . = ! sinh (\/ﬁ(l - u))

V2 V2
for all u € [0,1]. In particular we obtain
H(1) V2Xsinh (V2))

Y(r)Y(r) - sinh (\/ﬂ?“) sinh (\/ﬁ(l — 7“))
= V2\ <coth(\/ﬁ7") + coth(V2X(1 — 7”))) ;

where coth(x) := % for all x # 0 . Therefore, we have
1
C(r) = vV2X (coth(\/Q)\r) + coth(V2A(1 — 7“))) 7=

1 1
= ;f(\/ 2)\7’) + Ef (\/ 2)\(1 —’f’))
where f : R — R is defined for all u € R by

_Ju coth(u) — 1, ifu##0
f(“)_{o, if = 0.

We thus obtain the expression

2

E°lexp (=A|IX|?) |X, = b] = exp {—% (%f(\/ﬁr) + %f (x/ﬁu - r))>
(5
0]

There now remains to deduce from (5.27) an expression for E°[ || X|| | X, =
do so, we use the following lemma:
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Lemma 5.4.3. Let R be a nonnegative real variable such that R > 0 a.s. Then

E[R] = ﬁ /OOO A2 (1 —E (exp (—AR?))) d.

Proof. By Fubini-Tonnelli, we have

/OO A2 (1—E (exp (—AR?))) dA =E l/oo A2 (1 — exp (—AR?)) dA
= E[R] /00 732 (1 — e %) dx,

where we performed the change of variable z := R?)\ to obtain the last line (this
is allowed, since R > 0 a.s.). But, by Lemma in Chapter |2 the last integral
equals —I' (—3) = 2y/7. The claim follows. O

Applying this lemma to the random variable R := || X|| under the probability
measure E°[-| X, = b] on C,(0,1), we obtain

L IX| [X, = ] =
ﬁ/omxw (1_exp [__ <- (\/_r)+—f<\/_(1—r)>)])d)\-

Performing the change of variable x = v/2\, this yields

LIXAT X = 0] =

V(e (e o)

so it suffices to bound the latter integral. To do so, note that f(u) = O(u?) when
u — 0, whereas f(u) = O(u) as u — +00. Hence there exists a universal constant
C > 0 such that

Yu >0, f(u)<Cunu?

Therefore
1 1 C 9 2
)+ (=) < ) A (e + e (L= ) A (1= 7))
§g xA:JcQ—Fl?r(l—r)x/\xQ
<20 1z Az

Hence, we have
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/Ooo 5 {1 ~exp {_g (%f(m + if (1— r)x))] } dx
< /0 e <1 ~exp (-o?ﬁ)) dr + /1 i (1 ~ exp (—Cg:c)) dz.

The first integral is bounded by

1 b2 b2
/ 20 =2 dz = C—,
0 2 2

while the second one is seen, by a change of variable, to be equal to

Cb2 +o00 1 Cb2 1 1 +o0 1
— {/—2(1—ey)dy +/1 E(l—ey)dy}

S(l—e)dy<—-

2 Ja2 oy

2 1 +o0
SC_b{/ Liy|+ [ idy}
2 a2y LY

_C’_l)2 lo C—b2 +1
— 2 [\ 2 '

Thus, we obtain

[Tl e |5 (o + 1@ 00) | b
< cr (% log (%M ! 1)

< C'*(|log(b)| + 1),

where C’ is some universal constant. Setting M := \/EC’ , the claim follows.
O

5.4.2 Differentiability properties of conditional expecta-
tions

In this section, we aim at proving that, for any § > 0, for a large class of functionals
®: L?(0,1) — R, the function

R, -+ R
b E°[®(X)|X, = b
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is twice differentiable at 0. To do so we shall exploit Proposition above,
which provides the existence, for all » € (0,1), of a Lévy measure on C ([0, 1])
corresponding to the convolution semi-group (Q°[ - |X, = z]),~,. Note that the
measures M", 7 € (0, 1), are not finite. However they have the following important

property:
Lemma 5.4.4. For allr € (0,1),

[l axex) -
Proof. For all z > 0 and A > 0, by (j5.15|), we have
Q° [exp (M| X|[) [ X, = 2] = exp (—x/(l —exp (=A[|X][]1)) dMT(X))
On the other hand, by (5.27)), we have

@ lexp (~N|XI1) X, = 2] = B° [oxp (-A|X1) [ X, = VA
—ep |3 (LB + T p (VERL-0) )

Therefore, we deduce that, for all A\ > 0

1
[ = e (A avrx) = 5 (L2 + g (VB - ) )
(5.28)
But, by monotone convergence, we have
hml (1 —exp (=A||X||1)) dM" (X /||X||1 dM"™(X).
A—=0 A

On the other hand, since f(x) = 3;,—2 + o(z?) as x — 0, we have

hm)\( w—r)+—f(¢_(1—r))>:§.

A—0

Therefore, dividing both sides of (5.28)) by A and taking the limit A\ — 0, we obtain

. 1
il anrco) = 5.
which yields the claim. O

We are now in position to establish Proposition [5.1.5] which is an immediate
consequence of the following result.
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Proposition 5.4.5. Let § > 0, and let ® be a functional on L*(0,1) of the form
O(X) = U(X?), X elL0,1) (5.29)

where U : LY(0,1) — R 4s bounded and globally Lipschitz continuous. Then, for
all r € (0,1) and b > 0, we have

E° [®(X)|X, =b] = E‘S[ (X)X = 0]

+2/ / E5 >\X —a} B [3(X)|X, :a]> dM"(Z) da
(5.30)

In particular, the function

R, —R
b — EO[®(X)| X, = b]

1s twice differentiable at 0, and

RO =1 =

) / (£°[2 (VE*72) X, = 0] - B [9(X)|X, = 0]) d0"(2)

Remark 5.4.6. The idea behind this Proposition is the fact that for all r € (0,1)

(QO[ ’ |X7" = ‘T])mzo

is a convolution semi-group, to which one could, using the same techniques as
in [PY82], associate a subordinator with values in C'{([0,1]). That subordinator
would be a compound Poisson point process with intensity dt ® M". For such a
process one should have an It6 formula as in Theorem 5.1 of [IW14], from which
formula (5.30]) would then follow simply by taking expectations. Although such a
strategy should be possible to implement using the constructions done in [PYS82],
since we do not need any pathwise statement, we prefer to resort to a more basic
proof based on a density argument.

Proof. The second statement follows from equality (5.30). Indeed, for all fixed
Z € C(]0,1]), the function

R, —R
a —E[®(WVX?+2Z)|X, =a] - E°[®(X)|X, = d
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is continuous. Moreover, it is dominated by L||Z||;, where L > 0 is a Lipschitz
constant for W. Since [|Z]|; is integrable w.r.t. M"(dZ), we deduce that the
function

P R, —R
e = [(F[®(VXE+2Z) X, =a] — E°[®(X)|X, = a]) M"(dZ)

is continuous. But, by (5.30)), we have, for all b > 0
b
E (X)X, =b] = E° [®(X)|X, = 0] + 2/ a F(a)da.
0

Hence, we deduce that b — E° [®(X)|X, = b] is twice differentiable at 0, with its
derivative there given by 2F'(0). This yields the second statement.

We now prove the first statement. We start by proving for all ® € ..
By linearity, we may assume that U is of the form (3.1)), which is tantamount to

® satisfying (5.29)), with ¥ given by
U(Z) = exp(—(6.2)). Z € L}0,1)

for some 0 : [0,1] — R, bounded and Borel. Note that, as a consequence of
Proposition [5.2.5] for all x > 0, we have

QIU(X)|X, = 2] = QU(X)|X, = 0] QUU(X)|X, = al,
so that, by
QU = o] = QX = 0] exp (= [ (0(2) - D r(2)).
Hence, differentiating in z, we have
QWX =)= [ (¥(2) - ) (2) QLN =]
- [ (@uU@EeIX, = ol - QEEOLX, = ) dbr(2)
~ [ (@ + 2)1%, 2] - QUEOIX, =) dM(2)
Hence, for all & > 0, we have

QUEOIX, = o] = Q@UEOIX, = 0
//@ (X + 21X, =3] — QEX)IX, = yi) M (2) dy.
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Therefore, for all b > 0, we have

E°[D(X)|X, = b°] = B°[®(X)|X, = (]

o[ (FewETRIx = il - B0l = vil) iz

so that, performing the change of variable a := ,/y, we obtain . Let now
® be of the form (5.29), with ¥ : L'(0,1) — R bounded and globally Lipschitz
continuous. We can construct a family of approximating functionals ((IDn k)dn k>1
as in the proof of Proposition “ Although W is not necessarily C*, reasoning
as in the proof of Proposition [5.3.2], we can check that these sequences Wlll satisfy

lim lim lim (IJz =,
d—o00 n—00 k—00

where each limit happens almost in the PDI; sense: conditions (P) and ([;) of
Definition hold, and only condition (D) may not be satisfied. This will
however suffice to conclude. Indeed, since for all d,n, k > 1, @‘fhk lies in ., by the
previous point, we have

E° [ (X)X, = b] = E° [@;,(X)|X, = 0]
+2/ / E5 cb;‘ik +Z> X, —a} Jo [cpg,k(X)|XT:a]>er(Z)da

Now, by virtue of the property (P) of Definition |5.3.1} we deduce that
lim E°[®L (X)X, =b] = E°[®(X)|X, =],

d,n,k—o00

and
lim E°[®7, (X)X, = 0] = E°[®(X)|X, = 0].

d,n,k— o0

We also deduce therefrom that, for all Z € C'([0,1]) and a € [0,b], we have

llm E? [(I)d (\/X2 + Z) )Xr = a] - F {Cbi,k(X”Xr = a} =

B o (VX2+2) ]XT =a] - B [0(X)|X, = d],

and, by condition (I;) in Definition [5.3.1] these three limits happen with uni-
form domination by ||Z]];. Since ||Z]]; is integrable with respect to dM"(Z) over
C'4([0,1]), by three successive applications of the dominated convergence theorem,
we deduce that

i [o [ (5 ot (VIR Z) ¥, =] - B 01X, = o s (2)

:/ a/ E5 (I) X2 Z) ’XT - a] ~ B [B(X)|X, = a]> dM'(Z) da.
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Hence, sending successively k,n and d to oo in (5.4.2)), we deduce that & also
satisfies ((5.30]). This yields the claim. O

As a consequence of the above proposition, we deduce the following result,
which improves the estimate ({5.26|) above for functionals of the form ([5.29)).

Proposition 5.4.7. Let ® : L*(0,1) — R be a functional of the form (5.29), with
U : LY0,1) = R bounded and globally Lipschitz continous, with Lipschitz constant
L > 0. Then, for all 6 > 0 the following holds:

vr € (0,1), Vb > 0, [T, B [@(X)|X, =] < = b* (5.31)
In particular, for all 6 > 1, the function

(T7 b) = 760,bE6[CI)(X)’XT = ]

is 1ntegrable with respect to the measure % dr db on (0,1) x R*.

Proof. We first assume the bound (5.31]) to be true and check that the second
statement holds. Let § > 1. Recalling (5.3)), we have

/1 /OOZ% |7B?bE6[(I)<X>’XT = H db dr
0 Jo
1 00 b6—4 b2 ; 2
: /o /o 25-1(r(1 — r))5/21(3) exp (_m) g bhdbdr
L

~ 25i3r() /01 (1 —11“))5/2 (/O‘X’ ¥ exp <_%> db) o

But, for all » € (0,1), performing the change of variable a =

b2 :
=) We obtain

& b? -1 s-3 [ s
/0 b2 exp <—m) db = (r(1-— 7"))(ST 2°3" a"?’ e da

Therefore

/01 /OOO pigb) [ T&E[@(X)| X, = ]| db dr < W;F(g)r (5; 1) /01 ﬁ

which is indeed finite, whence the claim.
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We now turn to the proof of the bound ((5.31]). By (5.30)), forallé > 0, r € (0,1)
and b > 0, we have

T, @ (X)| X \— BB, = 8] — F[@(X)|X, = 0]
<2/ /‘E‘S >|X —a} E° [3(X)|X, = d]
< 2/ a/LHZHldMT(Z)da

But, by Lemma |5.4.4] the last expression equals 2 fob a £ da = Lb?, whence the
claim. O

dM"(Z)da

5.4.3 A second-order Taylor estimate

Proposition 5.4.8. Let § > 0, and let ® be a functional on L*(0,1) of the form
d(X)=V(X?), X elL*0,1)

where W : L'(0,1) — R is bounded and globally Lipschitz-continuous. Assume
furthermore that there exists L > 0 such that

VX, 2,7 € LN0,1), |W(X+Z+2)—U(X+2)—U(X+2Z)+V(X)| < LI Z|L]| 2|

Then, for all r € (0,1) and b > 0, the function

R, —R
b — E°[®(X)|X, = b]

18 twice differentiable at 0. Moreover, for all b > 0
TR E[@(X)|X, = | < Lb, (5.32)
In particular, the function

(r,b) = T B [2(X)|X, = ]

(0,1) x R

Remark 5.4.9. This proposition applies in particular to any ® € SCgvlip(Ll(O, 1)).
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Proof. The differentiability property follows from Proposition [.4.5. Moreover,
assuming the estimate ([5.32)) to be true, we have

1 poo d0p
/o /0 ]% | T B [@(X)| X, = | db dr

1 oo b6—4 62
< / / = exp (——) L b* db dr
o Jo 2:71(r(1—r))*20(8) 2r(l—r)
L

~ i) /01 (r(1 _17~))5/2 (/O“’ Wexp G#Q—r)) db) o

But, for all » € (0,1), performing the change of variable a =

b2 .
m , We obtain

/OO b i (=) 2% [ ot
exp | ——— =(r(l—r 2 a2 e “da

Therefore

< 00

which proves the last statement. So there only remains to prove (5.32)). To do so,
remark that, for all b > 0, we have

E[0(X)|X, =] = G(?),
where, for all z > 0, G(z) := Q°[¥(X)|X, = z]. As a consequence, we have
T B [®(X)]X, = | = G(b*) — G(0) - 1*G(0).

Our claim will then follow from Taylor’s theorem, once we have proved that G is
C? on R,. To do so, note that, by equality (5.30)), for all z > 0, we have

6a) =60+ [ [ (@O + 21X, =4l = QOIX, = 4) A (Z)dy
0
Now, by the Lipschitz property of ¥, and since [ ||Z|[;M"(dZ) < oo, the function

{R+ —R
y = [(Q (X +2)X, =y - Q[¥(X)|X, =y]) M"(dZ)
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is continuous. Therefore, G is differentiable on R, and, for all z > 0
G'(z) = / (Q¥(X + 2)|X, = 2] — Q°[¥(X)|X, = z]) AM"(Z). (5.33)
By the same arguments, for all Z € C' ([0, 1]), the function
r— QX + 2)|X, = 2] — Q°[¥(X)|X, = 7]

is differentiable on R, with derivative given by

[ @Wwex+ 2+ 21X, =21 - QX + )X, = a)) 007 (2)

- [ @Wx + 21, = 2] - PIX, = a)) A (2)

= /Q5 (WX +Z2+2) -V (X+2)- V(X +Z)+ VX)X, =2 dM"(Z)
Since for all X, Z" € C,(]0,1]) we have

WX +2+2) = V(X +2) = U(X+2Z)+¥(X)| < LIIZI[L |1 Z]]1,

we deduce that

T QX+ 2)|%, = o] = QWEOLX, =al)| < Lzl [ 1271 asr(2)

L
= — 2

Since [ ||Z||1 dM"(Z) < oo, we deduce that G' is differentiable on R, and, for all
x >0, G"(x) is given by

G () = //Q5 (X + 24 2)— WX +2)— WX+ 2) + U(X)|X, = o] dM"(Z')dM"(2).
Note in particular that

L
6"l < 2 [z rr(2) [1Z1harz) =5,

Hence, by Taylor’s theorem, we have, for all x > 0
2
G(2) = G(0) = 2G'(0)] < [|G"llosy < La®
Therefore, for all b > 0, we have
|G(b*) — G(0) — B*G'(0)| < Lb*.

This yields the claimed estimate. O]
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Remark 5.4.10. Propositions[5.4.5 and [5.4.8/ above a priori apply for functionals
® of the form

d(X)=U(X?, X elL*0,1),

with ¥ : L'(0,1) — R sufficiently regular. It is not clear whether one could relax
these conditions. For example, it is an open question whether these estimates
would still hold for any ® € C{(L?*(0,1)), as is the case for the Taylor estimate at
order 0 obtained in Proposition [5.4.1} If such were the case, then we could also
relax the conditions on ® in Theorems 15.1.6/ and [5.1.8]

5.5 Extension of the integration by parts formu-
lae to general functionals

We now turn to the proof of Theorems [5.1.3] [5.1.6] and [5.1.8] stating that the
IbPF on P? for § € (0,3) extend to general, sufficiently regular functionals on
L?(0,1). To do so, we will use the density results of Section to approximate a
general functional by elements of .. Then we will use the estimates obtained in
Section to show that the last term appearing in the IbPF converges when we
take such approximating sequences.

A little caveat here lies in the fact that our estimates concern Taylor remainders
of the functions

b— E°[®(X)|X, =0b], re(0,1)
while the last term in the IbPF contains Taylor remainders of the functions
b E(@(X) ), re(01)

However, since the latter differs from the former only by a smooth function of b, we
can re-express Taylor remainders of the latter as the sum of Taylor remainders of

the former and some additional nicely-behaved terms. More precisely, the following
holds:

Lemma 5.5.1. Let h € C%(0,1). Then, for all § € (1,3) and ® € C}(L?*(0,1)),

we have
/ / b54TOE5 (B(X )|-)]dbdr=
/O dr h(r )/0 db pT()TOE‘;[ (X)X, = ] (5.34)

P [ g M) parg oy —
" /o dr (2r(1 — r))3/2E [@(X)|X, =0].
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Moreover, for all ® € SC} (L'(0,1)), we have

1t d? _, _ 1 _
71/0 iy g SHRCO 1| = 2\/% WE [@(X)[X, = 0]
h(r) d? 1
2\/%/ W@E [@(X)] X, =] L
(5.35)

Finally, for all § € (0,1) and ® € SC," (L'(0,1)), we have

/ / b= 7225 (®(X )|-)} dbdr =

[ arne) [ a0 (w0orx, = ) (5.36)

6 3 27
- Z +j) /0 dr23/2(r(f(_r)r))3/2—j ding(s[q)(X”Xr = 7 .

0<5<1

Proof. We prove only the equality for 6 € (1,3), since the other cases can be
treated in the same way. For h € C%(0,1) and ® € C}(L*(0,1)), we have

/ /b547g25 O(X)|-)| dbdr

= /0 drh(r )/0 db p?“b(gb) (E°[®(X)|X, = b] — E°[®(X)|X, = 0])

w [ arn) [T ¥ 6 - 00) Be(01x, ~ 0

where, for r € (0,1) and b > 0, we have set y(r,b) := 1;;2(_*’3. Note that the first

integral in the right-hand side is aboslutely convergent by Prop. [5.4.1 Moreover,
recall from ([5.3)) that

1 b*
y(r,b) = 2%*1(7”(1 _ T))é/QF(g) exp (_m) ’

so the second integral in the right-hand side is also absolutely convergent, and,
hence, so is the integral in the left-hand side Moreover, for all r € (0,1), applying

equality of Chapter (with = %52 and C = i 7”)) we have
/OO db B (y(r,b) — y(r,0)) = /OO " (e_Mle—T) - 1) db
0 ’ ’ 0o 257Y(r(1—r))20(3)
I 1
NORCEETs) s
We thus obtain the claim. ]
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5.5.1 Extension of the IbPF for ¢ € (1, 3)

Proof of Theorem[5.1.3. Given ® € C}(L*(0,1)), consider (<I>nm7;€d)m7d7n7k21 approx-
imating ® as in Proposition |5.3.8, Then, for all m,d,n, k > 1, @Zﬁ}gd € .. Hence,

by (5.4]) and (5.34), we have
E* (0@ (X)) = —E°((h", X)®5(X)) (5.37)

~r(0) [ () [ b s TR0, = |

0

k(6D(S2) [ R )
i —/0 dr<2r(1 — r)):s/zE (@ (X)X = 0].

Hence, to obtain the claim, it suffices to show that, as we send k,n,d and m to
400, each term appearing in converges to the same term with @?’}Cd replaced
with ®.

Here, the convergence (5.16)) comes into play. Indeed, as a consequence of
condition (D) in Deﬁnition and since ||h||o(1+ || X]|) is integrable w.r.t. P,
by dominated convergence, we have

lim  E°(0,®0 (X)) = E°(0h®(X)),

m,d,n,k—o0

where we take the limits k, n, d and m successively. Moreover, by the condition (P),
and since |(h”, X)| < ||h”||s||X]| is integrable with respect to P°, by dominated
convergence, we have

lim  ES((h", X)®I(X)) = E°((h', X)®(X)).

m,d,n,k—o0
In a similar way, we obtain that

: ' h(r)
m,d,lrlL]:l?Hoo 0 dr (2?”(1 — T))3/2

L M) )
/o dr(2r(1 — r))za/zE [@(X)| X, = 0].

B[ (X)|X, = 0] =

Finally, for all » € (0,1), b > 0 and X,Y € C,(]0,1]), by dominated convergence,
we have

lim  TOE (@ (X)X, = ] = TE [(X)|X, = ],

m,d,n,k—o0

Moreover, as a consequence of the condition (I,), p = 1,2, in Definition [5.3.1} and
by Lemmas[5.4.7|and [5.4.7], these convergences all happen with uniform domination
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by b%(|log(b)|+1). Since the latter is integrable w.r.t. p2(b)s5 dr dbon (0,1) x Ry,
by dominated convergence, we obtain that

1 0 1
lim / drh(r) / db pi(b)b—ngé[égf(X)yXT:-]
0

m,d,n,k—o0 0 ’

:/O drh(r) /Ooodb pf(b)%mbE5[¢(X)|Xr:-].

We have thus proved that, when we send k,n,d and m to +oo in (5.37)), all the
terms converge to the same terms with @?;Cd replaced with ®. We thus obtain the
claim. O

5.5.2 Extension of the IbPF for § =1

Proof of Theorem (5.1.6). Let ® € SC; (L'(0,1)). Consider (®¢ ;)4 x>1 approxi-
mating ® as in Proposition . Then, for all d,n,k > 1, @ik € . so, by (j5.5)
and ((5.35)), we have

E'(0nPy ) = — E' ({0, X)®7 ) (5.38)

1 ! h<7“) 1rmd o
_ 2\/%/0 dr o B X, = 0

R (RO NI
i 2\/—%/0 = yEae? [Pl X =) .

Here again, to conclude, it suffices to show that, as we send k,n and d to +oc,
each term appearing in ([5.38]) converges to the same term with CI)flL  replaced with
®. Reasoning as in the proof of Theorem [5.1.3] we obtain

lim E'(8,0% (X)) = EY(0,9(X)),

d,n,k—o00

lim E'((h", X)®;, (X)) = E'((h", X)®(X),

d,n,k—o0

and

o P MO s o o= [ MO e
Jim [ dr PO B (X)), = 0] = / o B (X)X, = 0]

where we take the limits k£, n and d successively. Hence, there only remains to
treat the last term in the right-hand side of (5.38)).
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For that term, note that, for all d,n,k > 1, € (0,1) and b > 0, by Proposition
5.4.5, we have

d2 1rgd
I =] =

2/ (B [0t (VXZTHZ)1X, = 0| - B' [0, X, = 0] ) dM"(2),

b=0

and, similarly

2
el X)X, =] L

2/ (B [0 (VXT+Z)1X, = 0] - B' [0(X)| X, = 0] ) aM"(2),

Now, as a consequence of condition (P) in Definition |5.3.1}, by dominated conver-
gence, for all Z € C, ([0, 1]) we have

lim E' [@?L,k (\/X2 + Z) X, = 0} — E' @, (X)X, =0] =

d,n,k—o0

B [CD (\/X27+Z) X, = 0] ~ B [®(X)|X, = 0],

and by condition (/;), all three convergences happen with uniform domination by
||Z||1. Since, by Lemma [5.4.4] we have

! |h(r)| T 1 1 r& o0
| gy 1A < 5 [t <o

by dominated convergence, we deduce that

lim dL))/ [ (8 [ (VT Z) 1, = 0] - B [0, 001, = 1)) (2

d,n,k— oo 0 (7’(1 -

- /01 droﬂ(h(%/ (E1 [«b (JW) X, = 0} ~BUB(X)|X, = 0]> AM™(Z),

1—7r
i.e.
! hr) 2
1' d —_El @d X XT- — b _
d,n,lkrgoo 0 T(r(l _ T))I/Q db2 [ nk( )| ] o
! hr) 2
dr—————— E'®(X)|X, =b
/0 T(T‘(l . T))1/2 dbz [ ( )| ] o
We thus obtain the claim. 0
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5.5.3 Extension of the IbPF for ¢ € (0,1)

Proof. Let ® € SC,* (L*(0,1)), and consider (% ), =1 approximating ® as in
Proposition [5.3.6, Then, for all d,n,k > 1, since ¢, € ., by (5.4) and (5.36),

we have
B [0,08,(X)] = —E° [, X)@{L,(X)] (5.39)

) [0 [ 0 B e (1%, =

06__3 , )
T | R 0L, =
(

) [ r) & _
- /o dr<2r(1 )72 da? E‘S[@ik(X)|XT = 7] »

Reasoning exactly as in the proofs of Theorems [5.1.3| and [5.1.6] we obtain that

lim E(S(E)h(I)ka( )) = E°(0,®(X)),

d,n,k—o00

lim E°((h", X)®;, (X)) = E°((h", X)®(X)),

d,n,k—00

! h(r) Srad ! - h(r) 5 B
iyt [P x (X)X = 0] _/0 T [B(X)]| X, = 0],

. ! h(r) d? S1end
o | A =y g (X)X =

/0 drﬁj—;Eé[@(XﬂXr =)

Hence, there only remains to treat the second term in the right-hand side of ((5.39)).
Reasoning as before, we see that, for all » € (0,1), b > 0, we have

b=0

b=0

lim T, B @5 4 (X)X, = ] = T B [9(X)| X, = ],

d,n,k— o0

and, as a consequence of [5.3.6, by Proposition all three limits happen with
uniform domination by b*. Since

/dr|h |/ dbp’" < 0,



by dominated convergence, we deduce that

lim 1 dr h(r)/ db pr( )TQkEé[(DZk(XﬂX =]

d,n,k— o0

:/01 dr h(r)/o db p’"( >752{5E5[q>d( X)X, = .

We thus obtain the claim. O

Remark 5.5.2 (An open question) As mentioned in Remark [5.4.10} it is still
unknown whether Theorems and |[5.1.8] apply for any ® € C}(L*(0,1)). An-
swering this question would require to obtam either sharpness statements or re-
finements of the estimates obtained in Section 5.4l

5.6 Proofs of the approximation results

We now give a proof of the approximation results we used, which state the possi-
bility of approximating regular enough functions on le_ by linear combinations of
exponential functions. The main idea is simply to proceed to a change of variable
using the exponential, so that we are led to the problem of approximating functions
on [0, 1]¢ by polynomials; this, in turn, is done using Bernstein polynomials. Note
that while Lemma is a consequence of Theorem 1.1.2 in [L1a86], we could not
find in the litterature a version of the Weierstrass approximation Theorem yielding
the particular type of convergence needed in Lemma [5.3.7, We therefore propose
an elementary construction of the approximating sequences which works for both
lemmas.

Proof of Lemma|5.5.4. Define

. {[0,1]d —R
Ny, va) = h(=In(y), ..., —In(y))

For all k > 0, define the polynomial function P f on [0, 1]¢ by

afw= ¥ () I8t vebar

£=(L1,...,Lq)
0<ly,...,04<k
where we use the notation £ := (&, .. ,f) and, for all 0 < m < k, BF is the

Bernstein polynomial defined by

BF (X) = @) X™(1 — X))k,
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Note that these polynomials form a partition of unity
VE>0, > BE(X)=1 (5.40)

We claim that the following holds:
e for all y € [0,1]%, Puf(y) = f(y), and
—00

VE >0, |[Piflloc < [If]loo
o forally €[0,1)%, VPf(y) — Vf(y), and
—00
VE>0,Yi=1,....d, ||0iPsfllc < ||0if]]so-

To prove the first point, note that, for all y € [0, 1]¢, we have
St Sd
A =57 (5] (5.41)

where, for 1 <1 <d
k
Sii= DX,
j=1

the X ; being independent random variable, with X ; a Bernoulli variable of pa-
rameter y;, foralli=1,...,dand j = 1,... k. As a consequence of the weak law
of large numbers, we have the convergence in probability

S

forall2=1,...,d. Hence, we have

S} Sé P
(?7"'7? k:o(ylv"')yd)a

so that, since f is bounded and continuous on [0, 1]¢, we deduce that Py f(y) =
—00
f(y). Moreover, from the representation ({5.41)), we see that

P flloo < (1] loo-
We now establish the second point. For alli =1,...,d and y € [0, 1]¢, we have

onsw) = 5 1 (5) Bl B ). Bl

0<ly,..la<k
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But, for all £ =1,...,k, we have
B =k (B — B{™)

(with the convention B!, =0 if n < 0, m < 0 or m > n). Therefore, we have

l _ _
ons) = 5 7 (5)E B ) - B ) T B )
0<L1 . g <k i
which, after a discrete summation by parts, yields
(1 OV s .
oPfy)= >, k(f chre) = fl)) Be W) 118w,
0< L1, g <k i

where we have denoted by (ey,...,e4) the canonical basis of R?. Now, for all
0€0,...,k}, we have

/1 14 1
’f (E + Eei) —f <E)‘ < EHaz'fHoo?

so that, recalling (5.40)), we obtain

0: P f ()] < (19 f]oo Z BZ_I(%)HBZ(%‘)

0<lr,....Lg<k j#i

= [10:f |-
Moreover, we can write
14 _
orsw) = S ar(¢) s o0 [Teko (5.42)

0<ty,..la<k j#i
+ > RKOB ) [ BE W),
0< o La<k j#i

where, for all £ € {0,... k}¢

o= (f+12) () )

Since 0; f is continuous on [0, 1]¢, reasoning as for f, we obtain that the first term
in the RHS of (5.42)) converges, as k — oo, to 0;f(y). Regarding the second term,
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note that

where w (9;f, ) denotes the modulus of continuity of 9;f on [0, 1]¢. Therefore, the
second term in the RHS of (5.42)) is dominated by

o(ory) ¥ s IIsm - (afy).

0=ty a<k J#i

which converges to 0 as k — oo. Therefore, sending £k — oo in (5.42), we deduce
that

O0iPrf(y) ’H—OZ Oif(y)-

This proves the second point.
We can now conclude the proof of the lemma. Indeed, setting, for all £ € N and
T € Ri,

hi(x) := Ppf (6_“, o ,e_“) ,

it follows that h; has the requested form. Moreover, by the first point above, we
have
Vo € ]Rﬂlr, hi(z) — f (e’“l, . ,e*xd) = h(xy,...,24),

k—o0

together with the domination
VEeN, |l < [[Peflloc < [[floo-

On the other hand, by the second point above, for alli =1,...,d and x € Ri, we
have

Oihg(x) = — e "0, P.f (e‘”’l, . ,e‘“)

]H—O>O —e o, f (e_”“, o ,e_md)

—0;h(z).

Moreover, we have

VkeN, [[0ihklloo < 110if]lo

138



But, for all y € [0, 1], we have
1
%ifly) = -0 (=Infyr), ..., = In(ya))

Now, since d;h is supported in [0, M]¢, 9;f is supported in [e=™,1]%. Therefore

|0iflloc = sup l(’J?ih(—ln(yl),...,—ln(yd))

yEle=M 1] | Yi
< eM|0ih]|oo,

and, therefore, we have
VkeN, [0l < "0 o0,
which gives the requested bound (with C(M) := ™) . The lemma is proved. [J
We now prove Lemma [5.3.7}

Proof of Lemma[5.5.7. To obtain the claim, it suffices to show that, as a conse-
quence of the estimate ([5.22)), the sequence of functions (hy)g>¢ constructed in the
proof of Lemma satisfies, for all k > 0 and ¢ =1,...,d

ISH

Va,y € RY,  [Gihn(x) — Oilu(y)] < C'(M) (L' +]|0ih|<) Zl%

for some constant C'(M) > 0.
From now on, let £ > 0 and ¢ = 1,...,d be fixed. First note that, for all u,v €

=M1, 19, we have

0:F (1) — Bf (v)] = uliaih (—In(w), ... —In(ug)) — Uliaih (= In(v), .., — In(v))
< 210h (~ (), ~In(ug)) ~ 0 (~Inon), ., ~ Infuy)
" u%_ 10 ().~ la(e)|

d
u; — v
<MLy T n(uy) — ()] + =[]
=1

1 V4
d
< M Z [uj — ] + MV 9h] oo i — v
=1

d
< 2V (L + 9ihoc) Y g — v

=1
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Moreover, since f is supported in [0, M]%, for all u,v & [e=™,1]?, we have

|0:f (w) = 0if(v)| =0
Finally, for all u € [e™™,1]¢ and v ¢ [e7""1, 1], we have
|0:f (u) = 03 f ()| = 10:f (u)]

< (105 fllos
< e[ 0n]l,

and, since Z;‘l=1 luj —v;| > e M(1—e™') > e =2 by our assumption on u and v,
we deduce that

d

j=1

Thus, we deduce that, for all u,v € [0, 1]¢, we have

sH

10:f (w) = 0if (w)| < MY (L + [|0:7]]oo) Zluj—vj!- (5.43)

We will use this estimate to bound the second-order partial derivatives of Py f.

Let first 7 € {1,...,d} such that j # 4, and suppose, for example, that j > i.
Then recall from the proof of Lemma that, for all u € [0, 1]¢

OPfw = 3k (f <£ ¥ %) y (g)) B () [ BE ()
0<lr, . lq<k i

By the same computations, we get

0P f(y) = Y, DkOB; (w)By  (w) [] B, (um)-

0< L1, la<h m#i,j

where, for all £ € {0,...,k}?

i) (9]



Hence, as a consequence of (5.43)), we have

/k (8jf <£ —e; —|—t€]) ( +tej)) dt
0 k

1

i

< k‘262(M+1)/ (L' + |0;h]00)
0

= M (L 4 105h]l00)
Therefore, for all u € [0, 1]¢, recalling (5.40]), we have
07, Pef ()] < M (L + 105hlloe) Y B Nw)BE  (w) [ BE, (um)

0< L1, g <k m#i,j
— O ([ 4 ([ 4h]la0)

In a similar way we obtain that, for all u € [0, 1]¢, we have

07 Pf (u)] < MY (L' + [|8ih|oo) -
Recall now that hy is defined, for all z € Ri, by

hi(z) = Pof (67, ..., e7").
Hence, for all j # ¢ and x € ]Ri, we have
|8ijhk(x)] = le "ie” x102 Pkf( ..,e‘xd) |
< O (174 0).
On the other hand, we have, for all z € Ri
(9121hk(x) =e Y0P f (e_ml, o ,e_“) + 6_2$i82 P.f ( LI ,e‘“) ,

so that

|D(k, £)] = &

Ex

02 ih(@)] < 110 P lloo + 102 Pef oo
< M||Oih]| + MY (L' + |03k )
< 22 (L + (19| o) -
We have thus proved that, for all j =1,...,d and all z € R}
021 (2)] < 26"V (L 4 [[03|so)

Therefore, for all z,y € R}, we have

d
Ot () = Ol ()] < 22D (L 4 (10,1 00) Dy =y,
j=1
which yields the desired bound.
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Chapter 6

The case of integer dimensions

In this chapter we relate the integration by parts formulae (IbPF) for Bessel bridges
obtained in Theorem [3.2.4) above with the formulae obtained in 2005 by Zambotti
(see [ZamO05]) for the law of a reflected Brownian motion, and later by Grothaus
and Vosshall, (see [GV16] for the law of the modulus of a Brownian bridge. Note
that those latter IbPF rely on the representation of a 1-Bessel process in terms
of a Brownian motion. A similar representation holds for a d-Bessel process for
any integer ¢, so that similar formulae can be obtained also in those cases: this is
the content of Section below. Finally, in Section |6.4] we propose a dynamical
interpretation of these IbPF in terms of [to-Tanaka formulae for SPDEs.

6.1 Link with an already known formula

In Theorem above, we have proved an IbPF for P! for elements of S. This
formula contains, beside the usual term corresponding to the additive stochastic
heat equation, additional terms of the form:

d2 1
[2:2 7‘( IZL’) . 0’

where r € (0,1), and the measures X%(dX|x), x > 0, are given by with
a = a' = 0. Previous works have already explored the case § = 1. Thus, in [ZamO05],
the second author obtained an IbPF for the law of a reflected Brownian motion,
and in [GV16], Grothaus and Vosshall treated the case of a reflected Brownian
bridge. In these works, the additional term appearing in the IbPF is, at first sight,
very different from what we obtained in the above section. For instance, in the
case of a Brownian bridge on [0, 1], which we denote by f3, setting X = |3|, the
additional term can be written as some infinite-dimensional generalized functional
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in the sense of Schwartz defined in terms of a Hida’s renormalization of the squared
derivative of § and in terms of the local time of X.
We first introduce some notations. For all € > 0, let p. be a smooth mollifier

as in (4.17). Then, for any function w € C([0,1]), we define the functions w. and
we by

1
We 1= / pe(r — s) wy ds,
0

1
. e / _ /
Wep 1= W, = / pu(r — s)wgds,
0

for all 7 € [0,1]. Then, the last term in the IbPF derived in the previous works
can be written as follows:
1
lim E {(I)(X)/ h, (: 2 —1) dé,?] (6.1)
e—0 0 ’

for all h € C?(0,1) and all ® € FC;°(L) (we refer to |[GV16] for the precise
statement and definitions). Here, (ﬁg)re[m] denotes the local time process at 0 of

X. Moreover for all € > 0 and r € [0,1], : 52, : is defined by

‘62,7' = 652,7" —-E |: .e2,r:| ) (62)
In other words, to obtain the random variable : ET :, we regularize (3, differentiate,
take the square, and finally center the r.v. by substracting the mean. Note that, in
[GV16], the authors provide a more direct description of , by constructing the
associated generalized functional as an integral in the space of Hida distributions.
That construction presents the advantage of not requiring a limit procedure, but
it relies on highly sophisticated white noise analysis. We shall not present these
details in this section, but only stress the fact that both descriptions coincide by
Theorem 3.2 in [GV16] (see also Remark 1.3 in that article).
In view of these already existing results, it is natural to ask how they relate to
our formula. We claim that the following holds:

Proposition 6.1.1. Let § denote a Brownian bridge over [0,1] and let X = |f|,

so that X & Pio. Then, for all ® € S and h € CZ(0,1), we have

1 - 0 1 1 d2 .
lim E [®(X : =1 = - — X" D(X
61_)0 |: ( )/0 hr( e,r )dgr:| 4A hT‘ dp2 o ( ( )‘b) o dr

Note that this result does not follow immediately from the computations done
in [Zam05] and [GV16]. Indeed, there, the authors rely on the Cameron-Martin
formula in order to compute (/6.1]) for all ® of the form

d(X) =exp((k, X)), X e L*0,1),
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where £ : [0,1] — R is some regular enough function. By contrast, elements of S
are linear combinations of functionals of the form

O(X) =exp (—(m, X?), X €L*0,1),

where m is a finite Borel measure on [0, 1]. Thus, proving Proposition is non-
trivial and requires switching from the former class of functionals to the latter.

6.2 Proof of Proposition 6.1.1

Let (F¢)tcpo,1) denote the canonical filtration, and W denote the law of a standard
Brownian motion on C([0,1]). The proof of Proposition will rely on the
following variation of Lemma above.

Lemma 6.2.1. Let m be a finite Borel measure on [0,1], and let ¢ be the func-
tion thereto associated via the relation (2.13|). Then, the measure R defined on

(C(10,1]), F1) by
R := gb_l/ exp (—(m, X*)) W(dX)

1s a probability measure, and corresponds to the law of the process

(¢t )te [0,1] »

where W @ W and o is the same time change as in Proposition|2.2.5.

Proof. Under W, the coordinate process B is a standard Brownian motion started
from 0. Therefore, by It0’s lemma, we have

t
B} = 2/ B.dB, +t.
0

In particular, M; := B? — t is a martingale, so the process

K
Y, =& —=dM,
< 0 P )

is a local martingale. Reasoning as in the proof of Theorem (3.2) in Chapter XI
of [RY13], we obtain the following expression for all ¢ € [0, 1]:

|:2 ¢t /t 9 BQQiS - = 1() (25 :|
S$—s 2 .
t = p . 0 g Pt
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In particular, we deduce that (Yt)te[o,l} is a martingale with respect to the canonical
filtration (F;)icpo,1)- Thus, the measure

R:= ¢, exp (—(m, X2)) W = Y.W

is a probability measure on F;. Moreover, by Girsanov’s theorem, under R, the
canonical process B satisfies the following SDE on [0, 1]:

Bt Bt +/ ¢8B dS

where B is a standard Brownian motion. Solving that equation yields the following
expression for B:

¢
B, = gbt/ ¢ tdB,, telo,1].
0
The claim follows upon invoking Lévy’s theorem. O]
We now turn to the proof of Proposition [6.1.1

Proof of Prop. [6.1.1] By linearity, we may assume that ® is of the form (3.1]). Let
€ > 0 be fixed. We start by rewriting

E [@(X) /01 h, (: 'f,r:—1) de,‘}}

in terms of the laws of pinned Brownian bridges. Let (L{),cp >, denote a bicontin-
uous version of the local time process of 5. Note that, for all f R — R bounded
and Borel, we have

/mE [CD(X) /01 hy (: 72, —1) dLﬁ] f(a)da =

—00

e [o00) [ sto) [ hn (-8 1) an ) =
e [000) [ hore) (-2, 1) ar] =

/+oo GW%E [CD(X) (; 32, —1> |8, = a} dr f(a)da

Here, we applied an extension of the occupation times formula (see exercise 1.15
in Chapter VI of [RY13]) to obtain the third line, and performed a conditioning
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to obtain the fourth one. Since the function f was arbitrary, we deduce that the

equality
1
E {(I)(X)/ h, (; 2 —1> dL;‘f] -
i ,

a?

1h exp <_2r(17r))
o \2mr(1—r)

holds for Lebesgue a.e. a € R, hence for every a € R by continuity. As a conse-
quence, recalling that 0 = 212 we deduce that

E [@(X) /01 h, (: 32, —1) dﬁﬁ} - (6.3)

01 %E [(I)(X) <: .62,7" : _1) 18- = 0} dr.

E [@(X) (: 2, —1) 18, = a] dr

Therefore, it suffices to compute, for all » € (0,1), the quantity

E[o0x) (- 2, -1) 15, = 0].

By our choice of ®, and since X = ||, this can be rewritten as a difference of two
terms as follows:

E [exp (=(m, 8%) 3,18, = o] — (cer + 1)E [exp (—(m, X2)) | X, = 0], (6.4)
where ¢, :=E [ fr} Noting that

oo HPH%Q(R)
5T € 7

(see |GV16]), and recalling Lemma [2.2.6] we see that the second term in ((6.4])
equals

1
o112 g) {r(l —7’)} 2
€ Yrhr

So there remains to compute the first term, which we can rewrite as

E [exp (—(m, B?)) Bir|Br =B = O} .

where B denotes a standard Brownian motion on [0, 1]. By Fubini, this equals

N J/
-~

&(rys,t)

/0 /0 p.(s = r)p.(t = r)E [exp (—(m, B*)) B{By|B, = B; = 0] ds dt. ~ (6.5)
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Note that £(r, s,t) = £(r, t,s) for all s,t € (0,1), so it suffices to compute &(r, s, t)
for 0 < s <t < 1. For such s,t, as a consequence of Lemma [6.2.1], we have

¢5 —)
E(r, s,t) = /o1 E[B,.B,,|B, = B, =0
QT(QI_QT) [Qs Ql 4 01 ]

r(l—r
= Qs Py ( = )E [BQSBQtlBQr = BQI = 0] .

ryYr

But, for all s,t as above, we have

E[B,. By |By, = By = 0] = (6.6)
1s§t<Tw + 1r<s§t(gs - Qr)(gl — Qt)'
Or 01 — 0,
Hence
1 -r S r s — Or .
5(7”, % t) ¢S¢t g (1s§t<r¥ + 1r<s§t (Q QQ )(le Qt)) )
rWr r -0,

Note in particular that {(r,s,t) = 0 if s <7 <t. We can simplify this expression
by rewriting all the terms in p using only the functions ¢, ¥ and . To do so, note
that, forall 0 <u<wv <1

¢u¢v (Qv - Qu) = —wku _ ¢u¢v

(G}
Exploiting this identity, we finally obtain
1—
&(r,s,t) = u (6.7)
Uiy

Yo (2 iy o [ s
(1s§t<rwl (¢t wr ) + 1r<s<tw1 <ws Qﬂr )) .

We are now in position to compute the double integral (6.5). By the symmetry
and vanishing properties of £(r, -, ), this can be rewritten as 2(I, + I-,), where

L= [ [ st =gt dsat
0<s<t<r

= // pL(s —r)pl(t —r)&(r, s, t) dsdt.
r<s<t<l1
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Performing two successive integration by parts, we obtain

r

I, = /r ,0/6(?5 —1)pe(t —r)&(r, t,t)dt +/ Pe(s — T)Q%(T,S,S—F)déj

0

0%
. r, s, t)ds dt,
//O<s<t<r p( )asat( )

where, for all s € (0,7)

o o
%(r, 8, 84) = ltlgl@s

Note that we have exploited the cancellations

(r,s,t).

_ 0
&(r,0,t) =0, ltlTIP %(7’ s,t) =0

for all 0 < s <t < r. Remarking that

/ _ 1 d 2
pL(t —r)p(t — 1) = thpe(t r), te(0,r),

we thus obtain

" 0. 0.
I, = %/0 pe(s —1)? (ai(r 8, 8+) — 8§(T’S’S+)) ds

825

23 0
o —(r,s,54) = ltlﬁla(?“, s,t).

Reasoning similarly, we obtain

I., = ! /1 pe(s —1)? (gi(r S, 5+) — gf(r, s, s+)) ds

where

0%¢
(t—1r r,s,t)ds dt.
#f [ o=t = s
Hence, the double integral (6.5)) equals
! 23 23
JE— 2 —_— —_— —
/o pe(s —1) (83 (r,s,s+) 5 (r, s, S+)) ds (6.8)
+2// (s —r) (t—r)a2€(rst)dsdt (6.9)
0<s<t<r Pe Pe 838t o '
0%¢
+2 ) pe(t — )a o (r,s,t)ds dt. (6.10)
'r<s<t<1
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Now, by the expression ([6.7]), we have, for all s < r

e (ron ) = G — [FE= T

which, in virtue of relation (3.10]), yields

0¢ (=)
(rys,s+) — E(r, s, 5+) = o

23
0s
Reasoning similarly, we see that this equality holds also for s > r. Therefore, the
integral above equals
2
1— p
o5 — 1) r( AT)H 172 (w)
Yty €

r(l—r)
R

so it exactly compensates with the diverging second term in (6.4). We now turn

to the term above. By (/6.7)), this equals

ril—r) //0 ) (s —r) pe(t—T)Z; (@E’t—wi%> ds dt.

Uyt
As for the term (6.10)), we obtain the expression
1 o Y . 7
2 et =)t (g — L) g ar
wrwr 'r<s<t<1 wl wr

In conlusion, for all € > 0 and r € (0, 1) we have

X) (: i —1> 16, = 0} -
;r:ﬁj //0<s<t<r T pe(t—r)z; <1ﬁ/t - M&“) ds dt+

1—r - - 1/% / @DW
Ui, //r<s<t<1 s —1)pe(t 'r’)w <”¢s %)ds dt.

T
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Plugging this expression in (6.3]), we obtain
1
E [(I)(X)/ h, ( 2 . )déo} —
/ 17
/ // )pe( )77st w,t o ,lvbtq/]r dS dt+
/27Twr r 0<s<t<r

(00 Y,
/ W [ nts=nnt- >ij (w; ‘”f’)ds dt.
T, r<s<t< r

We now send € to 0. Note that, since

// dudv—// dudv—1
u<v<0 O<u<v 8

in both double integrals above, the kernel p.(s—7)p.(t—7) acts as an approximation
of (5 (rr)(5,1). Since, moreover, ¥ and Y are C', we deduce that

lim [CZ[)(X) /1 h, (; 2 _1> d&?} _
€E—> 0
dj; > <¢r¢,r - w;ﬂ[}r) dr =

v
/0 2*/27“?1# ( 1y
_ 2\/%/0 vy dr b, (M;)_ (6.11)

where we used relation (3.10)) to obtain the third line. Recalling equality (3.16]),
the claim follows. O

6.3 IbPF for the laws of integer-dimensional Bessel
bridges

The IbPF obtained in [GV16] concerns the law of a one-dimensional Bessel bridge.
In this section we aim at generalizing that result to the laws of d-dimensional
Bessel bridges, for all integer d > 2. To do so, we will follow the approach and
techniques used in [Zam05]. The formulae we obtain here thus provide a natural
extension of the results of [Zam05] and [GV16] to higher integer dimensions, and
involve a similar type of renormalization.
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In the sequel we fix an integer d > 2. As above, we consider a d- dimensional
Brownian bridge (3, )o<¢<1 on [0,1] and X = ||5]|. We denote by C' the set

C := {k :[0,1] — R? continuous, ky = k; = 0}.

Note that any k € C can be written as k = (k',..., k%), where k',... k? are
continuous functions on [0,1]. In this section, the space of test functionals we
shall consider is given by

Exp(C) := Span{exp ({-, k)) ,k € C}.

where (-, -) denotes the canonical inner product on L?([0, 1], R?):

(fa) =" [ fighdr f.ge 1201,
i=1 70

For all u € R?\ {0}, we denote by II,1 : R¢ — R? the orthogonal projection on
ut, ie.

u u
I, (v) :U—<v,—> — v € R%
[l /- [lul
Then, for all € > 0 and r € (0, 1), the quantity
HBTL (Be,r)

is almost-surely well-defined, since P(3, = 0) = 0. On the negligible set where [,
vanishes, we can extend the above definition arbitrarily by setting

Hﬁﬂ- (6&,7") =0.
Moreover, we set
MW (Ber) 17 2= M0 (Ber ) 12 = B [T () 1]

Furthermore, for any function ¢ € CZ(R%), and all y € R?, we denote by D?*p(y) :
R? x R? — R the Hessian of ¢ at the point y, and we set

: D*(y) (ﬁﬁ) : = D?p(y) <66> ~E [DZsO(y) (65)]
= D?0(y) (Ber Ber ) — Ap(y)(cer — 1),

o112,
€

where ¢, = is the same diverging constant as in [Zam05].
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Finally, for all F' € C}(L?(0,1)), ¢ € CZ(R?), and h € C.(0,1) we define

Doy F(0) = i 2EH V@) = 2O

e—0 €

thus adapting the notations of [Zam05] to the multi-dimensional setting.
With all these definitions at hand, we can now state the following:

Proposition 6.3.1. For all V € Ezp(C), ¢ € CZ(R?) and h € C*(0,1), we have

E [dh¥(8)] = ~E [, £(8) 0 (3)
i B[ 09) [ e (- D200 () 5 ~00(50)) @]

e—0

Motivated by this Proposition, we formulate the following conjecture, which
should follow by choosing ¢ to be the convex function given by ¢(z) := ||z||, = €
R?, and by using similar approximation techniques as for the proof of Theorem
2.3 in [ZamO5]:

Conjecture 6.3.2. Let X := ||8||. Then, for all ® € C}(L*(0,1)) and h €
C%(0,1), we have

E[0,2(X)] = —E [(h", X)®(X)]
+lim E {@(X)/O hy X! (: 1115, (ﬁ) 12 —(d - 1)) dr] .

Proof of Prop|6.5.1. The arguments follow the same lines as the proof of Theorem
2.2 in [ZamO05]. We first compute the limit

iy & [0(9) [ (- D630 (B ) - =206 ]

e—0

By linearity, we may assume that ® = exp ((-,k)), with & € C. Then, by the
Cameron-Martin formula, for all € > 0 and r € (0,1) we have

E [qJ(B)D%(&) (5 6)}
= /2RE [D2p(8, + K,) (B+ K).,. (B+ K).,)].

Now we fix € > 0 such that h is supported in (¢,1 — €), and we fix r € (¢,1 — ¢).
We can write

60 :gaﬁr+707 (S (0)1)7
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where £, = Z15<, + 11_T‘T’la>r, o € (0,1), and v is a centered Gaussian process
independent from f,. Therefore, we have

E [\If(ﬁ)Dz (8) (Ber s )|

e/2QkE) [ A0, (1 — 7))(dy) Z oy + KOE [(vi + lys + KoL, (v + Ly + K5)L, ] -

d
R 4,j=1

Now, for all 1 <1i,7 < d, we have
E [(vi + lys + Ki)e, (5 + 0y + KG)ep] = 0 BI()E,] + Gy + Ko, (Cyy + K.y

where, for all i = 1,...,d, we denoted by (¥;), the derivative of (y;)e,. We easily
check that

1
E '72 2= e&r T T 4 N\
[(’7 )e,r] c ) 47a(1 _ 7,)
and that
,  1=2r
o2l —r)

Hence, setting for all 1 <4, < d and z,y € RY

A T 1=2r - 1—=2r 5 1
SRR 27“(1—7“)% K 27“(1—7‘)‘% “ar(1—r)’

we obtain
E [\IJ(B)DQ () (ﬁﬂ)}

e!/2@R) [ A0, (1 — 7))( dy) Z oy + Ky) (6igcer + Nig(r, KL, y))

d
R 4,j=1

=E

(B) (CerA()O 67" + Z ]90 6’!’ zg(r Kémﬁr - Kr))

i,7=1

Hence, we deduce that
E [‘P(ﬁ) /O o ( Dl8) (B ) < — Aol dr]

/ (Z 2 o(6) Mo, K, By — 7.)) dr],

2,j=1

=E
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which converges, as ¢ — 0, to

/ (Z 208 Ay (r, K B — r))dr].

2,7=1

E

We now compute

E [Ohveos P (B)] +E[(h", 0(8))T(8)].

Using It6’s formula, and proceeding as in the proof of Lemma 4.1 of [GV16], we

obtain, for all r € (0, 1)

d2
WE(QO(ﬁr + K Z kl 190 ﬁr + K )]

+Z]E 2 o(Br + Ko )Niy(r, K1, B)]

7,7=1

Hence, multiplying by h, and integrating in r, we obtain

}j/hH,¢@+K>]

+Z/ he BlOZ (B, + K, )Nij(r, K., B,)] dr

4,7=1

/Olh” (0B, + K,))

By the Cameron-Martin formula, we deduce that

d 1
B)Z / hok: (B + K..) dr]

+ Z / h E ,jsp(ﬁr))‘i,j(ra Kylwﬁr - Kr)] dr7

i,j=1

Ammwwwwnw——

that is

/Olhr(ia i) o]

The claim follows.
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6.4 Conjectures for the dynamics

What can we conjecture for integer dimensions ? Note that, if w is a solution to
the additive stochastic heat equation with Dirichlet boundary conditions

1
8tw = Eaiw + 5,

then, by the It6-Tanaka formula obtained in [Zam06], the process v := |w| solves
the following equation:

1
O = 509%1) — : 0pw? : dLY(x) + sign(w)&

where, for all z € (0,1), (L)(2)),s, denotes the local time process at 0 of the
process (w(t,))i>o. The latter equation appears as a dynamical version of the
IbPF obtained in [Zam05] and |[GV16]. A still open question is whether v is
actually a Markov process. If it is case, then, by the distinction result of
Chapter [4] above, this process does not coincide with the process constructed in
Section , and which corresponds to the SPDE . More generally, by the
results of Section above, for all d > 1, considering d independent space-time
white noises &, ..., &;, denoting by w!, ..., w? the solutions to the corresponding
heat equations, and setting

then we conjecture that v should satisfy an equation of the type
1
atv——av—— Tyt 2y Dww (t, ) |* = + Zw&,

where : [T, 4): Gpw(t, x)||? : is a singular term defined by the limit :

lim, [T, .72 Oat0(t, 2) |2 = (d = 1)C]

where w,(t,z) := fo fo gc(t — s,x — y)w(s,y) dsdy, with g the fundamental solu-
tion of the heat equation, and where C, is an appropriate renormalization constant.
Here also, it is unknown whether such a process is Markovian, and what is the re-
lation with a solution u to the Bessel SPDE of parameter d. However, the formulae
above suggest that there may be non-trivial relations between the quantity

: ||Hw(t7I)Lax’LU(t, IL’) ||2

and the quantity
c(d)
u3
Such relations are still to explore.
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Chapter 7

Strong Feller property in the case
of non-dissipative drifts: the
example of Bessel processes

As mentioned in Section above, one fundamental open question is whether the
solutions of the Bessel SPDEs of parameter § < 3 discussed in Chapter 4| above
have the strong Feller property. Recall that the strong Feller property does hold
for the Bessel SPDEs of parameter § > 3, because of the dissipativity of their drift
(see Section 5.4 in [Zaml17]). On the other hand, when ¢ < 3, the drift becomes
highly non-dissipative as suggested by , and above. This however
does not rule out the possibility that the corresponding semigroup have the strong
Feller property.

In this chapter, we tackle the easier case of Bessel processe, and show that
their semigroup does indeed have the strong Feller property, regardless of the
dimension. More precisely, for all 6 > 0 and T" > 0, we compute the derivative of
the function x — P3.F(z), where (P?);>¢ is the transition semi-group associated
with the 0 - dimensional Bessel process, and F is any bounded Borel function on
R, . The obtained expression shows a nice interplay between the transition semi-
groups of the ¢ - and the (§ + 2)-dimensional Bessel processes. As a consequence,
we deduce that the Bessel processes satisfy the strong Feller property, with a
continuity modulus which is independent of the dimension, despite the lack of
dissipativity in the case 6 < 1. Moreover, we provide a probabilistic interpretation
of this expression as a Bismut-Elworthy-Li formula. The content of this chapter
is based on the publication [EATS].
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7.1 Classical Bismut-Elworthy-Li formula for one-
dimensional diffusions

In this section we recall very briefly the Bismut-Elworthy-Li fomula in the case
of one-dimensional diffusions, and the way this formula implies the strong Feller

property.
Consider an SDE on R of the form

dX; =b(Xy)dt +dB;, Xo=ux (7.1)
where b : R — R is smooth and satisfies
b(z) = b(y)| < Clz —yl, z,y €R
b (z) < L, reR (7.2)
where C' > 0, L € R are some constants. By the classical theory of SDEs, for
all x € R, there exists a unique continuous, square-integrable process (X;(z))>o

satisfying ((7.1)). Actually, by the Lipschitz assumption on b, there even exists a
bi-continuous process (X¢(x))i>0zer such that, for all z € R, (X;(x));>0 solves

)

Let z € R. Consider the solution (7:(x)):>0 to the variation equation obtained
by formally differentiating ([7.1)) with respect to x

() = V' (Xe)m(x)dt, mo(x) =1

Note that this is a (random) linear ODE with explicit solution given by

() = exp (/Ot b/(Xs)ds>

It is easy to prove that, for all £ > 0 and # € R, the map y — X,(y) is a.s.
differentiable at = and

dX; as.
d_xt = nt(w) (7~3)

Remark 7.1.1. Note that n(z) > 0 for all £ > 0 and z € R. This reflects the
fact that, for all x < y, by a comparison theorem for SDEs (see Theorem 3.7 in
Chapter IX in [RY13]), one has X;(z) < Xi(y) .

Recall that a Markovian semi-group (P;);>¢ on a Polish space E is said to
satisfy the strong Feller property if, for all £ > 0 and ¢ : £ — R bounded and
Borel, the function P,y : E — R defined by

Pip(r) = /w(y)Pt(rr,dyL reR
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is continuous.

The strong Feller property is very useful in the study of SDEs and SPDEs,
namely for the proof of ergodicity (see, e.g., the monographs [Cer(1], [DPZ96] and
[Zam17], as well as the recent articles [HMI18] and [TW1§]|, for applications of the
strong Feller property in the context of SPDEs).

Let (Pt)i>0 be the Markovian semi-group associated to the SDE (7.6). We
are interested in proving the strong Feller property for (P;);>o. Note that, by
assumption (7.2)), n:(z) < e for all t > 0 and = € R. Therefore, by and the
dominated convergence theorem, for all ¢ : R — R differentiable with a bounded
derivative, one has

d

L (Pup) (x) = E[p(X,(x)] = B [o(X(x))m(a)]

As a consequence, for all ¢t > 0, P, preserves the space C}(R) of bounded, contin-
uously differentiable functions on R with a bounded derivative. It turns out that,
actually, for all ¢ > 0, P, maps the space Cy(R) of bounded and continuous func-
tions into C}(R). This is a consequence of the following, nowadays well-known,
result:

Theorem 7.1.2 (Bismut-Elworthy-Li formula). For all T > 0 and ¢ € Cy(R),
the function Py s differentiable and we have

d 1 T
Prele) = 1B [o(Xe(0) [ n(a)a, (7.4)
Proof. See [EL94], Theorem 2.1, or [Zaml17], Lemma 5.17 for a proof. ]

Corollary 7.1.3. The semi-group (Py);>0 satisfies the strong Feller property and,
for all'T >0 and ¢ : R — R bounded and Borel, one has

|| l]oo
Ve,y e R, |Pro(z)—P < el |x — g, 7.5
Yy ’ T90< ) TSO(y)| \/T—/\ll y' ( )
where || - || denotes the supremum norm.

The following remark is crucial.

Remark 7.1.4. Inequality (7.5 involves only the dissipativity constant L, not
the Lipschitz constant C'. This makes the Bismut-Elworthy-Li formula very useful
in the study of SPDEs with a dissipative drift.

Proof of Corollary[7.1.3. By approximation, it suffices to prove (7.5) for ¢ €
Cy(R). For such a ¢ and for all T > 0, by the Bismut-Elworthy-Li formula,

one has .
ST 7 ;

d

—P
‘dm ()
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Remark that the process (1:(z)):>o is locally bounded since it is dominated by
(el)1>0, so that the stochastic integral ( IN ns(x)st> is an L? martingale.
= >0

Hence using Jensen’s inequality as well as It6’s isometry formula, we obtain

5|l ) )i < \/E | ' (o]
. / e,

and the last quantity is bounded by V2T = eX/T for all T € (0,1]. Therefore,
we deduce that

[lspllo

VT

<et

d
R —P
V.T € ) ‘ dr TSO(I)

so that

Va,y € R, |Pro(x) — Pro(y)| < et Pl

VT
for all ¢ € Cp(R) and T € (0,1]. The case T" > 1 follows at once by using the
semi-group property of (P¢)¢>o:

|Pro(x) — Pro(y)| = [P (Pr_1p) (z) — P1 (Pr_1¢) (v)]
< €L HPT—ISOHOO ‘iL‘ N Z/‘
- V1

< e"|glloclz — ¥l
The claim follows. O

Remark 7.1.5 (A brief history of the Bismut-Elworthy-Li formula). A particular
form of this formula had originally been derived by J.M. Bismut in [Bis84] using
Malliavin calculus in the framework of the study of the logarithmic derivative of
the fundamental solution of the heat equation on a compact manifold. In [EL94],
K.D. Elworthy and X.-M. Li used a martingale approach, instead of a Malliavin
calculus method, to generalize this formula to a large class of diffusion processes
on noncompact manifolds with smooth coefficients, and gave also variants of this
formula to higher-order derivatives. The key to their proof is to select a stochastic
process, which in this case is the stochastic flow, to give a probabilistic represen-
tation for the derivative of the semigroup.

The key property allowing the analysis performed in this section is the dis-
sipativity property (7.2)). Without this property being true, one would not even
expect the Bismut-Elworthy-Li formula to hold. However, in the sequel, we shall
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prove that results such as Theorem and Corollary above can also be ob-
tained for a family of diffusions with a non-dissipative drift (informally L = 400)
, namely for the Bessel processes of dimension smaller than 1.

7.2 Bessel processes: notations and basic facts

Recall that, for any subinterval I of R, C'(I) denotes the set of continuous func-
tions I — R. We shall consider this set endowed with the topology of uniform
convergence on compact sets, and will denote by B(C(I)) the corresponding Borel
o-algebra.

Consider the canonical measurable space (C(Ry), B(C(I))) endowed with the
canonical filtration (F;)i>o. Let (Bi)i>o be a standard linear (F;):>o-Brownian
motion. For all x > 0 and 6 > 0, there exists a unique continuous, predictable,
nonnegative process (X?(x));>o satisfying

t
X, =2+ 2/ \/ X,dBg + 0t. (7.6)
0

(X?())s0 is a squared Bessel process of dimension ¢ started at 2, and the process
p2(x) == /X)(z) is a 6-dimensional Bessel process started at z. In the sequel,
we will also write the latter process as (pi(2))i>0, or p, when there is no risk of
ambiguity.

We recall the following monotonicity property of the family of Bessel processes:

Lemma 7.2.1. For all couples (6,0"), (x,2') € Ry such that 6 < " and x < x', we
have, a.s.
Vi>0,  pix) < pf ().

Proof. By Theorem (3.7) in [RY13], Section IX, applied to the equation ([7.6)), the
following property holds a.s.:

Vit >0, X0 (z) < X2'(2).
Taking the square root on both sides above, we deduce the result. O
For all a > 0, let T,(x) denote the (F;):>o stopping time defined by
To(z) :==inf{t > 0, ps(z) < a}

(we shall also write T;,). We recall the following fact, (see e.g. Proposition 3.6 of
[Zam17]):

Proposition 7.2.2. The following dichotomy holds:
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o Toh(x) = 400 a.s., if § > 2,

o To(z) < 400 a.s., if 0 < 4§ < 2.

Applying 1t6’s lemma to p; = /X (), we see that p satisfies the following
relation on the interval [0, Tp):
§—1 [tds
0 S

7.3 Derivative in space of the Bessel semi-group

Let 6 > 0. We denote by P? the law, on (C(R, ), B(C(R,))), of the /-dimensional
Bessel process started at x, and we write E° for the corresponding expectation
operator. We also denote by (P?);>o the family of transition kernels associated
with the d-dimensional Bessel process, defined by

P{F(z) = E)(F(pr))

for all t > 0 and all F: R, — R bounded and Borel. The aim of this section is to
prove the following:

Theorem 7.3.1. For all T > 0 and all F : Ry — R bounded and Borel, the
function x — POF(z) is differentiable on R, and for all x > 0

d

@PESFF(:U)

T

= (PY2F() — PYF(2). (738)

In particular, the function v — PF(x) satisfies the Neumann boundary condition

at 0: J

%P(STF ()
Remark 7.3.2. By Theorem [7.3.1] the derivative of the function z — P3.F(x) is
a smooth function of P2 F(z) and PS.F(z). Hence, reasoning by induction, we

deduce that the function x — P4 F(x) is actually smooth on R,.

=0.
z=0

Proof. The proof we propose here relies on the explicit formula for the transition
semi-group of the Bessel processes. We first treat the case 6 > 0.

Given 0 > 0, let v := g — 1, and denote by I, the modified Bessel function of
index v. We have (see, e.g., Chap. XI.1 in [RY13])

wmmzéw@mwmw@

162



where, for all y > 0

1 /y\” 2% 492 a ,
(o H (5. 0

271/T*(V+1) yQ
S 2v+1
0,y) = —=——
where I" denotes the gamma function. By the power series expansion of the function
I, we have, for all z,y >0

1 22+ y*\
(o) = gow (<525 ) o) (7.9)

with

B i y2k+2z/+1 iL‘Qk (1/2T)2k+u

LRIkt

Note that p3.(z,) is the sum of a series with infinite radius of convergence in z,
hence we can compute its derivative by differentiating under the sum. We have

J 9 ( 2k y2ht2v+l (1/2T)2k+u>

%Z?T(l', y) = %

E'T(k+v+1)
_ i 2% $2k—1 y2k+2u+1 (1/2T)2k‘+1/
prd k! F(k+y+ 1)
2k+2u+1 (1/2T>2k;+u 1
TZ —1'F(/~c—i—1/—i—1)

Hence, performing the change of variable j = k — 1, and remarking that v + 1 =
5%2 — 1, we obtain
$2(j+1)_2 y2(j+1)+21/+1 (1/2T)2(j+1)+1/—1

0 T
Py = 7 ;ﬂ AT+ 1) +v+1)

T SN g DAL (1 /972D

T JTG+w+1)+1)

x
T

As a consequence, differentiating equality ((7.9) with respect to x, we obtain

J e J _s 1 % + P
amz)T(f'f,,y) = < 7 pr(z,y) + % pT(:v,y)) T XP <— 5T

6+2(

pT 7y)

:% (—p7(2,9) + 07 (2,y)) -
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Hence, we deduce that the function z — P F(x) is differentiable, with a derivative

given by ([7.8).

Now suppose that 6 = 0. We have, for all x > 0

Ppr) = e (~ 37 ) FO+ [ mmleFas (1o

where, for all y > 0

1 2+ 9%\
pT(x,y):Texp T or pT(ﬂ%?J)

with

o 2k+2 2k+1
_ . Y\ 2 (y/2T)
pr(r,y) ==z L <?) Kl(k+1)!

Here again, we can differentiate the sum term by term, so that, for all z,y > 0

o o $2ky2k+1 1/2T)
5P (@.y) Z o

Therefore, for all z,y > 0, we have

2T

T N N 1 22 + y?
= & (=br(e,y) + Pr(e,y)) 7 exp (—

0 B T . 0 1 2%+ 2
a—IPT@,Q) = (—TPT(%Q) + %pT(l’ay)) = €Xp (— )

2T
X 2
= 7 (=pr(e,y) + pi(,9))
Hence, differentiating (7.10]) with respect to x, and using the dominated conver-
gence theorem to differentiate inside the integral, we obtain

0 x x? x [
SePHF@) = ~Fesp(G0FO) + 7 [ (<prleas) + 5 o.0) iy
x
== (—P)F(z) + P;F(x)),
which yields the claim. O

Remark 7.3.3. Formula ([7.8)) can also be derived using the Laplace transform of
the one-dimensional marginals of the squared Bessel processes. Indeed, denote by
(Q?)¢>0 the family of transition kernels of the §-dimensional squared Bessel process.
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Then for all § > 0, z >0, T > 0, and all function f of the form f(x) = exp(—Az)
with A > 0, one has

QéTf(x) = €Xp (—Hﬁ

(see [RY13], Chapter XI, Cor. (1.3)). For such test functions f, we check at once
that the following equality holds:

) (14 2XT)79/2

1
S Q) = 57 (@47 ) — Q4 ().
By linearity and by the Stone-Weierstrass theorem, we deduce that this equality
holds for all bounded, continuous functions f . Then an approximation argument
enables to deduce the equality for all functions f : R, — R Borel and bounded.

Finally, remarking that for all bounded Borel function ' on R, we have
PF(r) = Qpf(2?)
with f(z) := F(y/x), we deduce that
d d
SPLE(r) =22+ (Q)f) ()
x
7 (Q77f(2%) = Qpf ()

T

= o (P F(z) — PyF(x))

T
which yields the equality ([7.8]).

Corollary 7.3.4. The semi-group (P?)i>o has the strong Feller property. More
precisely, for all T >0, R >0, z,y € [0,R] and F : Ry — R bounded and Borel,
we have

2R||F ||
RHT—H\y—:L’\ (7.11)

Proof. By Theorem [7.3.1} for all x,y € [0, R] such that x <y, we have

/ ’ % (PS2F (u) — P3F(u)) du

2||Floe [
<Al g,

2Rl
J— T .

[PyF(x) — PRF(y)] <

[PYF(x) - P{F(y)| =

]

Remark 7.3.5. The bound ([7.11) is in 1/7, which is not very satisfactory for
T small. However, in the sequel, we will improve this bound by getting a better
exponent on 7', at least for § > 2(v/2 — 1) (see inequality (7.25) below).
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7.4 Differentiability of the flow

In the following, we are interested in finding a probabilistic interpretation of Thm
[7.3.1] in terms of the Bismut-Elworthy-Li formula. To do so we study, for all 6 > 0,
and all couple (¢,z) € Ry x R%, the differentiability at 2 of the function

pe: Ry — Ry
y = i (y).

In this endeavour, we first need to choose an appropriate modification of the pro-
cess (pt(2))i>02>0- We have the following result:

Proposition 7.4.1. Let § > 0 be fived. There exists a modification (p¢(x))zi>0 of
the process (p(z))s4>0 such that, a.s., for all x, 2" € Ry with x <2’ , we have

V>0,  px) < pa). (7.12)

Proof. For all ¢,q" € Q, such that ¢ < ¢/, by Lemma|7.2.1] the following property
holds a.s.:
ve>0,  pia) < p(d).
For all z € R, we define the process p°(x) by
Vt>0,  p(z):= inf_ p(q).

qe@+ q>x

Then (p2(x))z>0 yields a modification of the process (p9(z))zs>0 With the re-
quested property. O

In the sequel, when ¢ > 0 is fixed and there is no ambiguity, we shall write p
instead of /.

Remark 7.4.2. Given § > 0, we may not have, almost-surely, joint continuity
of all the functions ¢ — py(z), * > 0. Note however that, by definition, for all
x>0,z € Q, we have a.s.

VE>0,  pilz) = pe(2),
so that, a.s., t — p(z) is continuous and satisfies

0—1

vt € [0,To(2)),  plz) =2+ — /0

ds
ps()

As a consequence, by countability of Q, there exists an almost sure event A € F
on which, for all x € Q, the function t — p;(x) is continuous and satisfies

vie 0, T),  pua) =t Ot /

+ B;.

ds
ps()

B,.
2 + 5
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Actually, in Corollary of the Appendix, we will prove the stronger fact that,
almost-surely, we have

Ve >0, Vtel0,Ty(z)) N($)—x—|—6_1/t ds +B
-~ Y, s 40 ) ;Ot - 2 0 158(1') ty
where, for all x > 0 .
TO(I) = Hlf{t > 0, ,575<.’17> = O}

In this section, as well as the Appendix, we always work with the modification
p. Similarly, we work with Ty(z) instead of Tp(z), for all 6,z > 0. We will write
again p and T} instead of p and Tj. Note that, a.s., the function z — Ty(z) is
non-decreasing on R, .

Proposition 7.4.3. Let 6 > 0, t > 0 and x > 0. Then, a.s., the function p; is
differentiable at x, and its derivative there is given by

dpe(y)|  as. (1—5 /t ds )
dy ly=z () t<To(e) P 2 0 Ps(T)? ( )

The proof of this proposition is quite technical. Since, moreover, the result
will not be necessary in the sequel, we prefer to postpone the proof to Section [7.7]
below.

Remark 7.4.4. In particular, when ¢ = 1, the above formula reduces to

dpe(y)| .
£ 14
By |y — L<mo@ (7.14)

a formula which was already well-known (see e.g. [AL17], Lemma A.1).

Remark 7.4.5. Note that the indicator function 1;.7,() in the right-hand side
of is related to the behavior of the Bessel process at the boundary 0. It is
reminiscent of Theorem 1 in [DZ05] , where a similar indicator function appears
in the expression of the spatial derivative of the flow of vector-valued solutions to
SDEs with reflection.

Remark 7.4.6. Proposition [7.4.3| shows that, for all ¢,z > 0, the function p; is
almost-surely differentiable at . We may, however, ask if, a.s., the function p,
is differentiable on the whole of R* . The case where § > 1 was treated in detail
in [Vos09], where it was shown that, a.s., for all ¢ > 0 the function x — pi(x) is
differentiable on R , and that the derivative d%—g(f) is continuous in (t,z) € Ry xR7.
However, as 0 gets smaller than 1, the regularity of the process (p:(x))i>0.2>0

becomes much worse. Note that § = 1 corresponds to the case of the flow of
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reflected Brownian motion on the half-line; in that case the flow is no longer
continuously differentiable as suggested by . Many works have been carried
out on the study of the flow of reflected Brownian motion on domains in higher
dimension (see e.g. [Bur(9] and [VWS85]) or on manifolds with boundary (see e.g.
[AL17]). By contrast, the regularity of Bessel flows of dimension § < 1 seems to
be a very open problem.

In the remainder of this chapter, however, we shall not need any regularity
results on the Bessel flow. Instead, for all fixed z > 0, we shall study the process
(n:(z))¢>0 defined above as a process in itself.

7.5 Properties of 7

In the sequel, for all x > 0, we shall consider the process (7:(x));>0 defined as

above: st g
1-— S
ne(x) = Licry(2) €XP ( 9 /0 ps(x)2> . (7.15)

When there is no ambiguity we shall drop the x from our notation and denote this
process by 7.

7.5.1 Regularity of the sample paths of 7,

We are interested in the continuity property of the process n. It turns out that, as
0 decreases, 1 becomes more and more singular, as shown by the following result.

Proposition 7.5.1. If 6 > 1, then a.s. n is bounded and continuous on R, .

If § =1, then a.s. n is constant on [0,1y) and [Ty, +00), but has a discontinuity
at Ty.

If 6 € [0,1), then a.s. n is continuous away from Ty, but it diverges to +oo as
t1Th.

Proof. When 6 > 2, Ty = oo almost-surely, so that, by (7.15)), the following
equality of processes holds:

ex 1—(5/t ds
"= P 2 0 ps($)2 .

Hence, a.s., n takes values in [0, 1] and is continuous on R;. To treat the case
0 < 2 we need a lemma:

Lemma 7.5.2. Let § < 2 and x > 0. Then the integral
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1s infinite a.s.

We admit this result for the moment. Then, when ¢ € (1,2), n takes values in
[0, 1], is continuous away from T and, almost-surely, as ¢ 1 Tj

o 1-96 /t ds 0
= X .
" P 2 0 ps(x)z

Since, n; = 0 for all ¢t > Ty, 7 is continuous and the claim follows. When 6 = 1,

ne(x) = Licry(a)

so the claim follows at once. Finally, if 6 € [0, 1), then 7 is continuous away from
Ty, but by the above lemma, a.s., as t T 1

. 1-96 /t ds .
= X o0
" P 2 0 p3($)2

so the claim follows. O

We now prove Lemma

Proof of Lemma|7.5.2. The proof is in two steps. In a first step we prove the
lemma when p is replaced with a Brownian motion started at some positive point,
and in a second step we invoke a representation theorem of Bessel processes as
time-changes of some power of the Brownian motion to conclude.

First step: Let (5;) be a Brownian motion started from some y > 0, and let T;
denote its hitting time of the origin. Then the integral

is a.s. infinite. Indeed, denote by h : [0, 00) — R the function given by

imﬂ-—»{ tllog(1/t)], ift >0,

0, ift =0.

Let A > 0. By Levy’s modulus of continuity (see Theorem (2.7), Chapter I, in
[RY13]), there exists a x > 0, such that the event

M :={Vs,tel0,1], |8—p8 <rh(s—t])}

has probability one. Therefore, by scale invariance of Brownian motion, setting
k4 = vV Ak, one deduces that the event

Ma:={Vs,t €[0,A], |6 —fs| <rah(ls —t]) }
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also has probability one. Moreover, under the event {7y < A} N M4, we have, for
small A > 0.

B2y -n = |Bro—n — Br|* < ka® hlog(1/h).

ﬁ is not integrable as h — 07, we deduce that, under the event
g(1/h)

{To < A} N M4, we have fOTO

Since

ds)z = +400. Therefore

(Bs

P[T0<A]:P[{TO<A}0MA]gP(/OTO(gTS)Q:+oo>.

Since Ty < 400 a.s., we have f}im P[Ty < A] = 1. Hence, letting A — oo in the
—00

To gs
P / s _ +oo) 4
( 0 (55)2
as claimed.

Second step: Now consider the original Bessel process (p:(x))i>0. Suppose

that 0 € (0,2). Then, by Thm 3.5 in [Zam17], the process (p:(z))i>0 is equal in
25

above, we deduce that

law to (\57(t)|ﬁ)tzo, where [ is a Brownian motion started from y := x*7°, and

~v: R, — R, is the inverse of the increasing function A : R, — R, given by

Yu >0, Au) = ;/ |8, 2= ds.
- 0

Therefore, denoting by Toﬁ the hitting time of 0 by the Brownian motion g, we

have
/To ds (@ /A(Toﬁ) ds
o (@) T o Bl

oo 1 26-1)
— |@u‘ﬂdu
/o 8,7 (2= 0)°

_ 1 /de_u
_(2_5)20 Bu2

where we have used the change of variable u = (s) to get from the first line to the
second one. By the first step, the last integral is infinite a.s., so the claim follows.
There still remains to treat the case § = 0. By Thm 3.5 in [Zam17], in that case,

1/2
the process (p:(x))>0 is equal in law to ((B’Y(t)/\T()B> ) , where /3 is a Brownian
t>0
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motion started from y := 22, Tf is its hitting time of 0 and v : R, — R, is the
inverse of the increasing function A : R, — R, given by

1 u/\T(?
Yu > 0, Au) = —/ B lds.
0
Then, the same computations as above yield the equality in law

/To ds (_)l/vTOﬁd_u
o (ps(@)? 4o B

so the result follows as well. O

7.5.2 Study of a martingale related to 7

Let § € [0,2) and = > 0 be fixed. In the previous section, we have shown that, a.s.

/t ds
— 400
0 Ps (13)2 t—Tp(x)

As a consequence, for 6 € [0, 1), a.s., the modification 7, of the derivative at = of
the stochastic flow p; diverges at Tp(x):

() = 1 (1 -0 /t ds > N
xTr) = ) €X — Q.
yr t<To(x) p 2 0 ps($)2 ()

However, since p;(x) — 0 as t — Ty(x), this does not exclude the possibility
that the product pi(x)n,(z) converges as t — Ty(z). This motivates to study the
process

Dy = pi(z)ne(z) = Licry(@)pe() exp (1 g g /Ot psc(l;)2> : (7.16)

As a matter of fact, we will show that (D;):>¢ is an LP continuous martingale for
some p > 1.

Remark 7.5.3. The process (D;):>o appears as (one half times) the derivative of
the stochastic flow associated with the squared Bessel process X;(z) = (pi(x))?.
Indeed, by applying formally the chain rule, we have, for all ¢ > 0 and = > 0

dXt (.’,U)
dx

= 2pi(x)n().
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7.5.3 Continuity of (D;):>

In this subsection we show that the process (D;);>o has a.s. continuous sample

paths. By the expression ([7.16]), continuity holds as soon as Ty(x) = oo a.s., i.e.
as soon as § > 2. On the other hand, if § € [0,2) it suffices to prove that, a.s.,

Dy — 0 as t 1 Ty(x). This is the content of the following proposition.

Proposition 7.5.4. For all 6 € [0,2) and x > 0, with probability one:

() ex (1_6/t ds ) — 0
P Pl 2 o ps()?) t=To()

Proof. 1t § € [1,2), then exp (1%5 fg psc(l;)2> < 1 for all £ > 0. Since p, — 0 as

t — To(z), the claim follows at once.

If § € [0, 1), on the other hand, exp <12;5 fot psc(l—;)2> — 400 whereas p; —

t1To ()
0 so a finer analysis is needed. We have

1— ¢ 1— t
log e exp 0 / ds = log P + —5 @
z 2 Jo ps(x)? r 2 Jo P2

Now, recall that a.s., for all ¢ < Ty, we have
§—1 [tds
pp=x+——— [ —+ B
2 0 Ps

Hence, defining for all integer n > 1 the (F;)>o-stopping time 7,, as

T, = 1inf{t > 0, p, <1/n} An,

we have
d—1 [T ds
Pint, — T + — — + Bt/\‘rn-
2 0 Ps

Hence, by [t0’s lemma, we deduce that

1Og Pine, _ S—1 tATh @ N /t/\Tn st B l/t/\Tn @
z 2 Jo I 0 Ps 2 Jo P;

so that 5 [ n n
. 1— ™ d ™dBs 1 ™d
A Yy
z 2 Jo Ps 0 Ps 2 Jo Ps
Consider now the random time change
A: [0, TO) — R+
t
d
t— At = —j
0 Ps
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Note that A is differentiable with strictly positive derivative. Moreover, since

Ay t—T> +00 a.s. by Lemma [7.5.2] we deduce that A is a.s. onto. Hence, a.s., A is
—1o

a diffeomorphism [0, 7p) — R, the inverse of which we denote by

C: R+ — [07T0)
u— C.

Let 3, := fOC“ dfT ,u > 0. Then 3 is a local martingale started at 0 with quadratic

T

variation (3, 8), = u, so by Lévy’s theorem it is a Brownian motion. The equality

(7.17) can now be rewritten

PtATy, 4 1-— (S EATn dS

1 =
o 2 Jo P3

1
- /BAt/\‘rn - §At/\7'n'

Letting n — oo, we obtain, for all ¢t < Tj

pr  1—=0 [tds 1
log— 4+ —— | — = — A
o x ’ 2 Jo P2 & 2"
By the asymptotic properties of Brownian motion (see Corollary (1.12), Chapter
IT in [RY13]), we know that, a.s.

limsup — =1
s—>+<>op h(s)

where h(s) := v/2sloglogs. In particular, a.s., there exists 7" > 0 such that, for

all t > T, we have §; < 2h(t). Since, a.s., A; t—T> 400, we deduce that
—10

lim sup (ﬁAt — %At) < lim sup (Zh(At) - %At)

t—-+o0 t—+o0
= —00.
Hence, a.s.
| { (1—5/t ds )} .
og | — ex —00
& P 2 Jo ps(x)? )] t1T0(x)
i.e.
(1—§/t ds ) 0
ex
Py OXP 2 Jo ps(x)?) t1T0(2)
as claimed. O
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7.5.4 Martingale property of (D;);>¢

Let § > 0 and z > 0 be fixed. We show in this section that (D)o is an (Ft)i>o
martingale which, up to a positive constant, corresponds to a Girsanov-type change
of probability measure.

Recall that, by definition

§—1 [tds
Dy = 1icny@ype(x) exp (—T/ —2) . (7.18)
0 Ps

Notation 7.5.5. For all @ > 0 and ¢t > 0, we denote by P¢
probability measure P under the restriction map

!E the image of the

(C(Ry), B(C(R))) — (C([0,1]), F1)

w w|[07t]

The following proposition is a generalization of the absolute continuity results
obtained in [PY8]].

xT

Proposition 7.5.6. Let 6 > 0 and x > 0. Then, for all t > 0, the law PHQW is

absolutely continuous w.r.t. the law P? Foo and the corresponding Radon-Nikodym
deriwative is given by

dPo+? as. pi(x) d—1 [tds
dpzfg Ft(ﬂ) = 1t<To(ac)T €xp <_T/o p_g)

Proof. Fix € > 0. Under P? \F the canonical process p stopped at T, satisfies the
following SDE on [0, t]:

§—1 [ s
PsAT. :m+T _+Bs/\TE-
0 Ps
Consider the process M€ defined on [0, t] by

SAT,
°dB,
M ::/
0 Pu

M¢ is an L* martingale on [0, ¢]. The exponential local martingale thereto associ-

ated is T T
MedB, 1 [Med
E(M)s = exp (/ ——/ —g)
0 Pu 2 Jo Pu

Since, by [to’s lemma

SAT. SAT.
s < dB, ) “d
1@;(%):/ p +(§—1>/ p_g,
0 u 0 u
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we have

_ 1 SATe
g(Me)S = exp |:10g <ps;Te> o o . / du:|
0

02
DsAT. §—1 /SATE du
=" exp | ——— —.
xr P 2 Jo Pa

o oo (L0009, <o (1)

< 00

Note that

so that, by Novikov’s criterion, £(M€) is a uniformly integrable martingale on [0, t].
So we may consider the probability measure £(M¢); P2 | 7

Note also that o
SMe du
<ME, B>t — / —_—.
0 Pu

Hence, by Girsanov’s theorem, under the probability measure &(M¢), P? } 7 the
process

J+1 [ du
PspTe — L — —5— -
2 0 Pu

is a local martingale, with quadratic variation given by s A T,.. Therefore, by
Theorem (1.7) in Chapter V of [RY13], there exists, on some enlarged probability
space, a Brownian motion [ such that, a.s.

§+1 [ dy
VS € [Oat]a PsAT. :x+T p_—i_ﬁs/\TE‘
0 u

Denote by p the unique strong solution on [0, ¢] of the SDE

_ 0+1 [*du
ps:x—i_— __+Bs
2 0 Pu

Then, by strong uniqueness of the solution to this SDE, we deduce that, under
E(Me), P»’f‘ft’ a.s.
Vs €[0,t], s<T. = ps = ps.

Since p has the law of a § 4+ 2-dimensional Bessel process started at x, we deduce
that, for all F': C([0,T],Ry) — Ry Borel, we have

Eg [E(M):F(p)lier,] = Ei+2[F(P)1t<TJ
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1.e.
)
E.’L'

0—1
2

J

tds
p?

) F (p)1t<T€—

= Ei“ [F(p) 1t<Te] .

Letting ¢ — 0, by the monotone convergence theorem, we obtain

[p §—1 [tds
Lo (250 [ 5) ot

But, since PST2[T;) < +o0] = 0, this yields

B {% exp (—% /Ot §> F(ﬂ)hm} = E,"*[F(p)]

E; = BP[F(p)li<r]-

2
as stated. O

Remark 7.5.7. Proposition is actually a particular case of a more general
result. Indeed, for all x > 0, t > 0, and ¢’ > § > 0, such that ¢’ > 2, Pa‘f/m is

absolutely continuous w.r.t. the law P;fl 7,» and the corresponding Radon-Nikodym

derivative is given by
APy O ¥ 5 (545 ‘ ds
P E(ﬂ) = Licn) | —, exp | —— ! i (7.19)

The proof of this fact is in all respect similar to that of Proposition [7.5.6] above.

Corollary 7.5.8. (D;)i>o is an (Fi)i>o continuous martingale

Proof. The process (Dy)i>o is continuous. Moreover, for all ¢ > 0, %Dt is the
Radon-Nikodym derivative of Py*? » w.r.t. Py z. Therefore (; D)o is an (Fy)io
martingale, so (D;);>0 is a martingale as well, and the claim follows. O

7.5.5 Moment estimates for the martingale (D;);>¢

In this section, we prove that the martingale (D;);>¢ is actually in L” for some
p > 1. We first recall the following fact:

Lemma 7.5.9. For alla >0, t > 0, and m > 0, we have
E3(p") < oo.
Proof. Denote by d any integer such that d > a. By Lemma [7.2.1] we have
Eg(p}") < Eg(p}")
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Since P? is the law of (|| B,]|)s>0, where (B;) 4> is a d-dimensional Brownian motion
and || - || is the Euclidean norm in R (see [RY13], Chapter 11), this inequality can
be rewritten as

Ez (o) <E([[B[™)

Since By is a Gaussian random variable, E (|| B;||™) is finite, and the result follows.
[

Proposition 7.5.10. (D;);>o is an LP martingale for all finite positive number p
such that p < p(9), where p(d) € [1,+o0] is given by

QO s <1
p(6) = § 0 yo<l (7.20)
~+00 if 0 > 1.

Moreover the above statement is sharp: for 6 <1 and t > 0, the random variable
Dy is not in LP for p > p(0).

Remark 7.5.11. We emphasize that p is finite in the above result. Indeed Dy
is never in L even if 0 > 1; for example, when 0 = 1, D; = p;1,.7(,) which is
clearly not bounded a.s. .

Proof of Prop|7.5.101. 1f 6 > 1, then, for all ¢ > 0, D; < p;. Hence, for all p €
(0, +00)
E (DY) < E;(p)

which is finite by Lemma [7.5.9]
On the other hand, if § € [0,1), then, for all £ > 0 and p > 0, we have

5—1 [tds
E (DY) =E2 |Lien, pi” exp | —p—— | = |-
2 0 Ps

By the absolute continuity relation (7.19) applied with ¢’ := 2, the latter equals

1 (5-2)?

t
E2 |22 p/t exp (—p(S - ) &
0

2

2 8

For p = p(d), A(p) = 0, so that

E [Df(é)} — Eg [x%ptp(ti)-&-%?]



Since g +p(d) —1 > 0, by Lemma m the last quantity is finite. Hence D; is
indeed in LP().
Suppose now that p = p(d) + r for some r > 0. We show that D, ¢ L. We

have
25 52 0—1 5 — 2)? tds
B0 = B2 [« pr? e (o022 - ) [ )]

t
= xl_gEi {pf*g_l exp (—1 — 67"/ ds )}
2 0 p82

We claim that the last quantity is infinite. Indeed, first note that by Jensen’s
inequality and Fubini, for any C' > 0 we have

fok {exp (C /Ot ;LZ)] > exp (0 /Ot E? (p7?) ds)

and the right-hand side is infinite since, for all s > 0, E? (p;%) = 400 (indeed,
by formula (7.9)), the transition density p?(z,y) does not integrate y=2 as y — 0).

Therefore
9 b ds
E: lexp (| C 5 || =+ (7.21)
0 Ps

Consider now any ¢ > 0 and a,b > 0 such that = + 1 = 1. By (7.21)) and Holder’s
inequality, we have

_ t
+o0 = E? [exp (1 67‘/ ﬁ)]
2a 0 1052

e 1—6 [tds\1"" _pe11/b
<8 |pen (50 [ 5)] B2 [

o o

s+p—1 5+p

Set ¢ = 25— 2
5+p §+p_1

p > p(d) > 1, so that this choice for ¢, a, and b makes sense. We obtain
1 5
_ t 5 j?LP*l
E? | p 2™ exp -0 67"/ ds \ |5 E2[pi'] ¥ =40
2 0 ps2
By the comparison lemma and the expression ([7.9) for the transition density
of the Bessel process, we have

B B o) 1 yQ
22 < B = [ e ()
0
so that EZ [pt_ 1] < +00. Therefore, we deduce that

1-6 [td
Eg [pt§+pl exp <Tr/ i)] = +to0
0 Ps

as claimed. Hence D; ¢ L* for p > p(J). O

. Remark that g +p—1 > 0 since

,az%%—p,andbz
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7.6 A Bismut-Elworthy-Li formula for the Bessel
processes

We are now in position to provide a probabilistic interpretation of the right-hand-
side of equation (7.8)) in Theorem [7.3.1]

Let § > 0, and > 0. As we saw in the previous section, the process (7:(x))>o
may blow up at time 7Tj, so that the stochastic integral fot ns(x)dBs is a priori
ill-defined, at least for § € (0,1). However, it turns out that we can define the
latter process rigorously as a local martingale.

Proposition 7.6.1. Suppose that 6 > 0. Then the stochastic integral process
fot nsdBs is well-defined as a local martingale and is indistinguishable from the
continuous martingale Dy — x.

Proof. We first treat the case 6 > 2, which is much easier to handle. In that
case, n; € [0,1] for all ¢ > 0, so that the stochastic integral fot nsdB, is clearly
well-defined as an L? martingale. Moreover, since Ty = +00 a.s., by It6’s lemma
we have

t t
thpmtzﬂ/ nsdszr/ ps dns
0 0

b —1d by —1
:$+/ Ns (—_5+st> _/ ps—n2d8
0 2 Ps 0 2 Ps

t
= az+/ Nsd B
0

so the claim follows.
Now suppose that 6 € (0,2) and fix an € > 0. Recall that T,(z) := inf{t >
0, pi(x) < €} and note that, since T, < Ty, the stopped process n’< is continuous

on R, , so that the stochastic integral fotATs(x) ns(z)dBs is well-defined as a local
martingale. Using as above [t6’s lemma, but this time with the stopped processes

ple and n'<, we have

tAT
/ nsst - Dt/\TE —T. (722)
0

Our aim would be to pass to the limit ¢ — 0 in this equality. By continuity of D,
as € = 0, Dyap, converges to Dy, = D, almost-surely. So the right-hand side of
(7.22) converges to D; — x almost-surely.

The convergence of the left-hand side to a stochastic integral is more involved,
since we first have to prove that the stochastic integral fot nsdBs is indeed well-
defined as a local martingale. For this, it suffices to prove that, almost-surely

¢
vt >0, /n?ds<oo.
0
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We actually prove the following stronger fact. For all ¢ > 0

( /0 t ngds) p/2] < 00 (7.23)

for all finite positive number p such that p € (1,p(d)]. Indeed, applying succes-
sively the Burkholder-Davis-Gundy (BDG) inequality and Doob’s inequality to

S p
/ NudB, }
0

=C,E [ sup |Ds — x|p}
» \?
<6 (525) ElDun — P

E

the martingale fOTeA' nsdB, , we have

tAT. p/2
([ )
0

E

SC’I,]E[sup

S<tATe

S<tATe

where C), is a constant depending only on p. Now, since (D; —x);>0 is a continuous
martingale, by the optional stopping theorem and Jensen’s inequality, we have

E[|Dinr, — =) <E(|Dy — /)

and the right-hand side is finite because D; is in L” . Hence, letting ¢ — 0 in the
above, by the monotone convergence theorem we deduce that

tATo p/2
(/ n?ds) ] < 00
0

But since n; = 0 for all ¢ > Tj, this implies the bound (7.23)), and hence the

stochastic integral f(f nsdB; is well-defined as a local martingale. Moreover, for all
t > 0, by the BDG inequality, we have

t tAT. P tATH P
EK/ nsst—/ nsst) ] :]EK/ nsstH
0 0 tATe
tAT, p/2
([ )]
tAT

where ¢, is some constant depending only on p. Now, by the dominated conver-
gence theorem, the last quantity above goes to 0 as ¢ — 0, and hence

AT t
/ nsdBs — / Nsd B
0 e—0 0
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in LP. Hence, the left-hand side of equality ([7.22]) converges in L? to the stochastic
integral fot nsdBs. Letting ¢ — 0 in that equality, we thus obtain

t
/ nsdBs = Dy — x
0
as claimed. O

Using the above proposition, Theorem can now be interpreted probabilis-
tically as a Bismut-Elworthy-Li formula.

Theorem 7.6.2 (Bismut-Elworthy-Li formula). Let § > 0. Then, for all T > 0,
and all F : Ry — R bounded and Borel, the function x — P2F(x) is differentiable
on Ry, and for all z > 0

wpir(n) = 1 &P [ nas.)). (724

Proof. By Theorem [7.3.1] the differentiablity property holds, and we have

d s x
%PTF('I) =T

Moreover, by Proposition for all z > 0

P (o) - PhFe) = B2 Flor) (2 - 1))

and, by Proposition [7.6.1], we have

B [#or) (2= 1)] = 28 [#orton ([ miyan. )]

so equality ([7.24]) follows. ]

Using the Bismut-Elworthy-Li formula, we are now able to sharpen the Strong
Feller estimate obtained in equation ([7.11)) above.

Corollary 7.6.3. Let T > 0 and 6 > 2(v/2 —1). Then, for all R > 0, there exists
a constant C' > 0 such that, for all z,y € [0,R] and F : R, — R bounded and
Borel, we have

[PS2F(z) — PLF(2)] .

ClIF]oo

|P%F(x) - P%F@)’ < “Tat)

where the exponent o(6) € [1,1) is given by

stas ifde2(v2-1),1]
1/2 if 6> 1.

|y — = (7.25)

ad) =
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Proof. Let x > 0. By Theorem [7.6.2] we have

Lpgr) = 18 [Fioe) ([ niwas.)|.
o ‘%P‘}F(m) < ”FTH‘” E { /OT ns(z)dBs } .

We now bound the quantity E HfoT ns(z)dBg H . If 6 > 1, then the process (1s())s>0

takes values in [0, 1], so that, using the Cauchy-Schwarz inequality and 1td’s isom-

etry formula, we have
T T
K l/ ”s(x)st] < /E (/ ns(x)ZdS) <VT.
0 0
[ F ]l

VT

Therefore

d
'%P(STF@) <

and the claim follows with C' = 1.
Suppose now that § € [2(v/2 — 1),1). Letting p := p(d) as in (7.20)), we have,

by Jensen’s inequality
T T P\ 1/p
/ ns(ac)stl < (E/ ns(z)d B )
0 0

?|

Now, applying successively the BDG inequality, Jensen’s inequality and the abso-
lute continuity relation (7.19) between P? and P?, we have, for some constant c,

depending only on p
T T p/2
E [ / ns(z)d By </ ns(x)2ds)
0 0
T
<c, TP?7'E (/ ns(x)? ds)
0
T
<¢ Tp/“/ E(nf) ds
0
T =2 2 s
- 2—1 2 ps 2 1 - 5 (2 - 5) du
=cp TP/ /0 E; {(;) exp(( 5 p— 3 i p_ﬁ ds
T 5-2
= Tp/21/ Ei [(&) ’ }ds
0 T
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where the last equality follows from the fact that 12;5]9 — @ = 0 for p = p(9).
Now, since ‘5%2 < 0, by the comparison lemma , as well as the scaling property
of the Bessel processes (see, e.g., Remark 3.7 in [ZamlT7]), for all s € [0,T], we

have
52 5—2 52 §—2
B ot | < B 7| =s% B o7 |

—2

Let ¢ := E? [,012 ] Using formula (7.9)), we have

%S y2
c:/ y*/? exp (——) dy < o0.
0 2

Hence

= 54+62 o T
Therefore, we obtain
T P ) 542
E {/ ns(2)d By } <K g2 Tl T
0
< K z'7e TEFT

where K is a constant depending only on . Hence

e[| [ nwas.

} < KVP 53(1=3) 73t

Note that, since p = p(d), we have 113(1 — %) = 2(21__56), d i‘—; = —;—:5. Therefore,
we obtain p
‘—Pi}F(:c) < K'Y %55 ||F||o T2 5.
dx
Therefore, given R > 0, one has for all x € [0, R]
d 5 [l
’%PTF(QJ)‘ < Cre®
with O := K'/» R?53. This yields the claim.
]
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Remark 7.6.4. In the above proposition, the value 2(v/2 — 1) that appears is the
smallest value of § for which 7 is in L?. For § < 2(\/5— 1), n is no longer in L? but
only in L? for p = p(J) < 2, so that we cannot apply Jensen’s inequality to bound

p/2
the quantity E ( fOT ns(x)2d3> anymore. It seems reasonable to expect that the

bound (7.25) holds also for § < 2(v/2 — 1), although we do not have a proof of this
fact.

7.7 Proof of a technical result

In this section, we prove Propositionm Recall that we still denote by (p:(x)): >0
the process (p(x));.>0 constructed in Proposition

Lemma 7.7.1. For all rational numbers €, > 0, let
Uy == [0,Te(v)) x (v, +00)

and set

u-=Ju.

€7€QL

Then, a.s., the function (t,z) — py(x) is continuous on the open set U.

Proof. By patching, it suffices to prove that, a.s., the function (¢,z) — pi(x) is
continuous on each U, where €,7 € Q7.

Fix ¢,7 € Q%, and let ,y € (v, +00) N Q. We proceed to show that, a.s., for
all t <s < T.(y) the following inequality holds

511,
22

0—1
) = p. )l < o = lexo (520 ) 4 B -1 20

Since T.(7y) < Ty(7), a.s., for all t < s < T.(y), we have

6—1 [T d
vreld, gl —os St [ S,
0

2 pu(.ilﬁ)

as well as S—1 [ d
— U

vr €0, s, YY) =y+ / + B:

and hence

y(s—u/T |pu(2) = pu(y)]
vr € 0,4, () = pr(Y)| < o —y| + du
08, dpel) = prl < o=yl =5 | =
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By the monotonicity property of p, we have, a.s., for all ¢, s as above and u € [0, $]

pu(T) N puly) = pul(y) > € (7.27)

so that

§—1| [T pu(z) — py
Vel Ipnle) = prly)] < o -y + DA [T 20,
0

which, by Gronwall’s inequality, implies that

pu(@) — )] < | — gl exp ('5 - 1't> . (7.28)

Moreover, we have

6—1 /8 du
J(y) — = + B, — B
ps(y) — pe(y) > ) o) !

which, by (7.27)), entails the inequality
0 — 1]
2¢

1ps(y) — pe(y)] < |s —t| + |Bs — Byl. (7.29)

Putting inequalities ([7.28]) and ([7.29) together yields the claimed inequality ([7.26]).

Hence, we have, a.s., for all rationals z,y > v and all t < s < T.(v)

|0 — 1 0—1
5o t +T|3_t|+|BS_Bt|

lpe(2) — ps(y)| < v —y|exp (

and, by density of Q N (v, +00) in (7, +00), this inequality remains true for all
T,y > 7. Since, a.s., t — By is continuous on Ry, the continuity of p on U is
proved. 0

Corollary 7.7.2. Almost-surely, we have

§—1 (" du
Ve >0, Vte|0,To(x)), pr(x) =+ + By. (7.30)
2 0 pu(x)

Remark 7.7.3. We have already remarked in Section [7.2] that, for all fixed z > 0,
the process (pi(x)):i>o satisfies the SDE (7.7). By contrast, the above Corollary
shows the stronger fact that, considering the modification p of the Bessel flow
constructed in Proposition above, a.s., for each © > 0, the path (p())i>0
still satisfies relation ((7.7)).
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Proof. Consider an almost-sure event A € F as in Remark On the event A,
for all r € Q4, we have

§—1 [t du
. _ B,.
vt € [0, To(r)), pu(r) =7+ 2 /0 pu(r) "

Denote by B € F any almost-sure event on which p satisfies the monotonicity

property . We show that, on the event ANB, the property is satisfied.
Suppose A N B is fulfilled, and let x > 0. Then for all » € Q such that r > x,
we have
VE>0,  pul) < pu(r)

so that Ty(r) > Ty(z). Hence, for all ¢ € [0,7y(x)), we have in particular ¢ €

[0, Th(r)), so that
§—1 [t du
p(r)=r+ 5 /0 o) + B;.

Since, for all u € [0,t], pu(r) | pu(z) as r | & with r € Q, by the monotone
convergence theorem, we deduce that

/t du . /t du
o Pulr) 0 PulT)
as r | x with r € Q. Hence, letting r | x with r € Q in the above equation, we

obtain 5 g
-1 U

= B,.

e o+ [+

This yields the claim. O

One of the main difficulties for proving Proposition arises from the be-
havior of p;(x) at t = To(x). However we will circumvent this problem by working
away from the event t = Ty(z). To do so, we will make use of the following

property.

Lemma 7.7.4. Let § < 2 and x > 0. Then the function y — Ty(y) is a.s.
continuous at x.

Proof. The function y — To(y) is nondecreasing over R, . Hence, if x > 0, it has
left- and right-sided limits at x, To(z~) and Ty(z™"), satisfying

To(x™) < To(z) < To(a). (7.31)

Similarly, if x = 0, there exists a right-sided limit T(0™) satisfying 75(0) < T5(07).
Suppose, e.g., that > 0. Then we have

E (e%(m) <E(e ™) <E <e*TO<x’>) . (7.32)
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Now, by the scaling property of the Bessel processes (see, e.g., Remark 3.7 in
[Zam17]), for all y > 0, the following holds:

(yp:(1))e>0 @ (py2t<y))t207

so that Ty(y) @ y*Ty(1). Therefore, using the dominated convergence theorem,

we have

E <e_T°(x+)> =lim E (e_TO(y))

ylx

=lim[E (€_y2T0(1)>

ylx
_E (6712%(1))
=E (e_TO("’)) )

Similarly, we have E (e‘TO(f)> =E (e‘TO(‘”)). Hence the inequalities (|7.32)) are

actually equalities; recalling the original inequality ([7.31)), we deduce that Ty(z7) =
To(z) = To(x™) a.s.. Similarly, if z = 0, we have Tp(0) = To(01) a.s. O

Before proving Proposition [7.4.3] we need a coalescence lemma, which will help
us prove that the derivative of p; at x is 0 if ¢ > Tp(x):

Lemma 7.7.5. Let x,y > 0, and let 7 be a nonnegative (Fi)i>o-stopping time.
Then, almost-surely

pr(x) =p:(y) = Vs=27, ps(x) = ps(y).

Proof. On the event {p,(x) = p.(y)}, the processes (X?2(z))i>0 := (ps()?)s>0 and
(X2(y))iz0 := (pi(y)?)i=0 both satisfy, on [r, +0c), the SDE

¢
X, = pr(2)* + 2/ vV XsdBs +6(t — 7).

By pathwise uniqueness of this SDE (see [RY13], Theorem (3.5), Chapter IX), we
deduce that, a.s. on the event {p,(z) = p-(y)}, Xi(z) = Xi(y), hence p;(x) = pi(y)
forall t > . L]

Now we are able to prove Prop. [7.4.3

Proof of Proposition[7.4.5 Let t > 0 and = > 0 be fixed. First remark that
P(Ty(xz) =t) = 0.
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Indeed, if 4 > 0, then
P(To(z) = t) < P(pe(x) = 0)

and the RHS is zero since the law of p;(z) has no atom on R, (it has density
pd(x,-) w.r.t. Lebesgue measure on R, where p! was defined in equation (7.9)
above). On the other hand, if § = 0, then 0 is an absorbing state for the process
p, so that, for all s > 0

P(To(x) < s) = P(ps(2) = 0)

and the RHS is continuous in s on R, since it is given by exp(—%) (see [RY13],
Chapter XI, Corrolary 1.4). Hence, also in the case § = 0 the law of Ty(z) has no
atom on R,. Hence, a.s., either t < To(x) or t > Ty(z).

First suppose that ¢t < Tp(x). A.s., the function y — Ty(y) is continuous at x,
so there exists a rational number y € [0, z) such that ¢ < Ty(y); since, by Remark
(742), t — pi(y) is continuous, there exists e € Q} such that ¢t < T.(y). By
monotonicity of z — p(z), for all s € [0,¢] and z > y, we have

ps(2) = psly) > €.
Hence, recalling Corollary [7.7.2} for all s € [0,¢] and h € R such that |h| < |z — y|

-1 du n
2 pulz+h)

°0
ps(x+h):x+h+/ B;.
0

Hence, setting n’(z) := M, we have

hi N _5—1 ' e (2) »
welnd, i) =10 [

)= (150 [ ot Y.

Note that, for all s € [0,¢] and h € R such that |h| < |z — y|, we have (s,z+ h) €
0,T:(y)) x (y,+00) C U. Hence, by Lemma [7.7.1} we have, for all s € [0, ]

so that

ps(w + h) h—> :08(‘73)
—0

with the domination property




valid for all |h| < | — y|. Hence, by the dominated convergence theorem, we

deduce that
X
M) 50 P Ty o ps(x)?

which yields the claimed differentiability of p; at x.

We now suppose that t > Ty(x). Since the function y — Tp(y) is a.s. continuous
at x, a.s. there exists y > x, y € Q, such that ¢ > Ty(y). By Remark ,
the function ¢ — p;(y) is continuous, so that pgp)(y) = 0. By monotonicity of
z > p(z), we deduce that, for all z € [0,y], we have

PToy)(2) = 0.

By Lemma [7.7.5] we deduce that, leaving aside some event of proability zero, all
the trajectories (pi(z))i>0 for z € [0,y] N Q coincide from time Ty(y) onwards. In
particular, we have

V2e0,y]NQ,  plz) = pi(2).

Since, moreover, the function z — p;(2) is nondecreasing, we deduce that it is
constant on the whole interval [0, y]:

Vz € [073/]7 pt('z) = pt(l').

In particular, the function z +— p;(z) has derivative 0 at =. This concludes the
proof. O]
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Chapter 8

Towards local times for solutions
to SPDEs

In this section, we aim at proposing methods to obtain the existence of local times
associated with solutions to SPDEs driven by space-time white noise. To do so,
we shall exploit the criteria provided in [GHS0].

8.1 Local times of the solution to the stochastic
heat equation

We first consider the simplest case, given by the additive stochastic heat equation
on Ry x [0, 1], with homogeneous Dirichlet boundary conditions:

Owu(t,z) = %8§u +¢&

u(t,0) =u(t,1) =0
Consider u a solution to this equation. Given x € (0, 1) fixed, we are interested in
the existence and regularity of a family of occupation times (¢f,)i>04cr associated
with the process (u(t, z))t>0. Note that, for all s, > 0, we have
A(s,t) == E[|u(s, z) — u(t,z)|?] > c|t — s|*/?

for some constant ¢ > 0, see e.g. the proof of Lemma 3.1 in [Zam06]. Therefore,

for all p < 3/2, we have
ds dt
8 t p+1/2 <00
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By Theorem (28.1) in [GHS80], we deduce that, for all £ > 0 fixed, there exists a
process ({{,)acr,>0 such that, for all Borel function f: R — R,

/ St ds = [ ), do

Moreover, by Theorem (2.8.5) in [GHS80], there exists a jointly continuous modifi-
cation of the process (£7,).cr >0 such that, a.s., the function a + £{  is absolutely
continuous in a for all ¢+ > 0, with derivative in L*(R, da). Actually, arguing as
in the proof of Theorem (28.1), we can check that a.s., for all 7" > 0 the function
(t,a) = 0ulf, is in L*([0,T] x R, dt da).

8.2 A perturbation method

We now consider an SPDE of the form
duu(t,z) = 20%u(t,z) + f(u)(t, ) + W(t, z) (8.1)
u(t,0) = u(t, 1) = 0,u(0, ) = ug(x) '

where f : Ry x [0,1] x R — R is a Borel measurable function, and where we
denote by f(u)(t, z) the quantity f(¢,z,u(t,z)). Fix x € (0,1). Our aim would be
to obtain a family of local times for the process (u(t,z)),s,. This problem is non-
trivial since the latter process is not Gaussian in general. We propose a pathwise
approach based on a perturbation result.

Note that the solution to satisfies the relation

u(t,z) = v(t,x) +/0 /gt_s(x,y)f (s,y,u(s,y))dy ds (8.2)

where v is the solution of the additive stochastic heat equation on [0,1] with
Dirichlet boundary condition started at wug, and where (g;(,y)t>00,yef0,1) is the
fundamental solution of the stochastic heat equation with Dirichlet boundary con-
ditions, which is defined by (4.11). By Section [8.1] for all z € (0,1) fixed, the
process (v(t,r));>0 admits a bi-continuous family £, of local times such that, for
all t > 0, a — £{(x) is absolutely continuous on R, and the function (¢, a) — 0.¢¢,
is a.s. in L? ([0, T] x R) for all T > 0.

Thus, heuristically, if the function f in the drift term of (8.1) above is suffi-
ciently regular, so that the second term in the right-hand side of is sufficiently
smooth, the process u(+, z) should inherit the existence of local times from v. The
following perturbation lemma, which is a slight variation of Theorem (12.1) in
[GH80], makes this idea rigorous.
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Lemma 8.2.1. Let (X;)i>0 be a real-valued stochastic process admitting a bi-
continuous family (€7)i>0acr of local times such that, a.s., for allt > 0, a — (¢
is absolutely continuous on R, and the function (t,a) — 0,0% is in L? ([0,T] x R)
for allT > 0. Then, for allh € WH(R), T > 0 and ¢ € Cy(R), we have

T T
/ o(X, + h(s))ds = / o(b) (sz’”‘(T)+ / h’(s)ab£§h<8>ds) db
0 R 0

In particular, the process (X, + h(t)); admits (1%);s0per as a family of local times,
where

t
=M / B (5) 02" ds.
0

Proof. By density it suffices to prove the above formula for ¢ € C}(R). For such
a p, we have

/OT P(Xs + h(s))ds = /R/OTso(aM(s))dez da
— /R (@(a+h(T))€?r _ /0ng o' (a+ h(s)) H(s) ds) da

where we performed an integration by parts w.r.t. s to obtain the second line.
The right-hand side can be split into the difference of two integrals, the first of

which we rewrite as
[ 0
R

by doing the change of variable b := a + h(T). We now treat the second integral.
By the occupation times formula and the bi-continuity of ¢, there exists M(T") > 0
such that, for all t € [0,T], a — (¢ has support in [—=M(T), M(T)], so that, in
particular, £¢ is bounded uniformly on (¢,a) € [0,7] x R by C(T) := sup{¢¢, 0 <
t<T,|a| <M(T)}. Therefore

/R / (16! (a + h(s) [ (s)]ds da < 2M(T)CT) | lollH 121 < 0

Hence we can apply Fubini’s theorem to obtain

/R /OT£§90/(a+h(8))h'(s) ds da— /0 ") ( /R é?g@’(a—i—h(s))da) ds

— /0 : W (s) < /R (o) S (b) db) ds
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Integrating by parts in b, we see that the latter equals

_ /OT K (s) </R o) o (b) db) ds. (8.3)

Now, by our assumption on d,¢ and the above remark on the support of the process
¢, we have

T T (M)
/ / 1(3)] 18,65 [ o(b)| db ds = / / 1()]10u%] [(a + h(s))| da ds
o Jr o Jom

< \//OT /_A;((j) (W(s) pla+ h(s)))? da ds \//OT/R 10,692 da ds < oo

Therefore, we can apply Fubini again to deduce that (8.3) equals

T
— / ©(b) / W (s) Oyt db ds.
R 0

Finally, we thus obtain

/0 " (X4 h(s)) ds = /R S(D)ED) g 4 /

R

T

©(b) ( / W (s) Oyl h® ds> db,
0

which yields the claim.

]

The perturbation result above would thus not only allow to prove the existence
of local times for SPDEs such as , but also to express them in terms of local
times of the (SHE). In order to complete this program, there would remain to find
appropriate conditions on f ensuring that Lemma does indeed apply. This
is a future possible research direction.

8.3 A more probabilistic approach

In the above section, we considered the very specific case of an SPDE with additive
noise. Here, we consider more general SPDEs; with multiplicative noise:

ou(t, ) = Ou(t,z) + f(u)(t,z) + glu)(t,2)W(t, z) (8.4)

for (t,z) € Ry x [0,1], where f : (t,x,r) — f(t,z,r) and g : (t,z,7) — g(t,x,r)
are Borel functions R x [0,1] x R — R. We assume that:

1. for all (¢,z) € R, x[0,1], the functions f(¢,,-) and g(¢, z, -) are in W>*°(R),
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2. the functions f, 2L, &1 g™, g, % 29 are bounded on R, x [0,1] x R.

ar’ 92> or> 92

Well-posedness results for SPDEs of the type were proved in [GP92].

Let us consider a solution u. By p. 499 in [BGP94|, for all (t,z) € Ry x (0, 1),
the random variable u(t, ) admits a density p;,(y) w.r.t. Lebesgue measure dy
on R, and the following bound holds

Va € (0,1),%e >0, paly) < K(f,g) (1+F5)) @a (1 —a) (),

where K(f,g) > 0 is a constant independent of ¢,z and y. Note that, in the
estimate above, we can choose the exponent 3 := e+ so that 3 € (1/4,1/4+4),
for any 6 > 0 arbitrarily small (§ = 3/4 will suffice for our purpose). In particular,

setting A(z) == (z A (1 — a:))_(EJF%Ta) for all x € (0,1), we deduce that
P(ja —u(r,z)] <€) < 2e K(f,g)A(z) (1+1r77")

for all € > 0, a € R and r > 0. Now, let us denote by (F;):>o the filtration given
by

Fi =0 ({us, s < t}), t>0.
Moreover, for all uy € C([0,1]), we denote by P,, the law, on C(R, C([0,1])), of

the solution to (8.4)) started from wy. Then, for all 0 < s < ¢ and € > 0, making
use of the Markov property for the process u, we have

P(Ju(s, z) —u(t, )| <€) = E (P (lu(s, z) —u(t,z)| < €|F))
=E (Pu(s, (|u(0,2) — u(t — s,z)| <€)
< 2¢ K(f,9)A(z) (1+ [t — 5|7)

Therefore, we deduce that, for all 7' > 0

1 (T T T T
liminf—/ / P (|u(s, ) — ult, z)] < ) ds dt,g/ / (14|t — 5| %) ds dt
=0 2¢ Jo Jo o Jo

and the right-hand side is finite for 8 € (1/4,1). Therefore, by Theorem (21.15)

in [GHR0], there exists a local time process (¢f,) such that (Eﬁx)ae €

£>0,a€R R

L?(da x P) for all t > 0 (where da stands for the Lebesgue measure on R).

8.4 Comparison of the two methods

Note that the method proposed in Section enables to treat the case of a mul-
tiplicative noise, so a fortiori the case of an additive noise. In a sense, it is thus
stronger than the perturbation technique used in Section [8.2] but it is less explicit
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and pathwise in spirit. On the other hand, the former method, which seems more
restrictive, is closer in spirit to pathwise theories such as rough paths or regularity
structures. We finally stress the existence of a new technique proposed in [Lé18] for
the construction of local times of Markov processes, and which mixes probabilistic
estimates with rough path techniques. It may be interesting to try to apply such
techniques in the context of SPDEs as above.
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Chapter 9

Application to the scaling limit of
dynamical critical pinning models

In this chapter, we consider several critical wetting models, in the discrete as well as
the continuum. These probability laws are known to converge (after an appropriate
rescaling in the discrete case) to the law of a reflecting Brownian motion (or of
the modulus of a Brownian bridge, according to the boundary conditions). On
the other hand, to these laws, one can associate reversible Markov processes, the
dynamics of which are encoded by integration by parts formulae. One shows, in
the discrete case, that the associated reversible dynamics are tight. One provides
a conjecture on the limiting process, which we believe to satisfy an SPDE of the

form ((1.25)), or at least its weaker version ([1.28)). This chapter is based on joint
work with Jean-Dominique Deuschel and Tal Orenshtein.

9.1 The 0-pinning case

We first recall the model considered in [DGZ05]. For all N > 1 and g € R, we
consider the measure ]P’g ~ on RY defined by

) N
Pg,N(d@ = ZTP (®) H (dgili,ee) + 6'850((1@')) ,

p(¢) = exp (‘ Z V(piv1 — ¢z)> :

with ¢(0) := 0, and where V : R — R U {00} is such that exp(—V) is continuous,
V(0) < o0, and
/e_v < 0.
R
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Here, for simplicity, we shall consider V(z) = %2 for all x € R. Above, the
superscript f stands for ”free”, meaning that we do not constrain the value of xy

We also recall the main theorem in [DGZ05]. Let H := L?([0,1]). For all
N > 1, we let &y : RY — H denote the rescaling and interpolation map defined
by

Dy (o) (y) = \/LN¢LNyJ + \/LN(NZJ — [Ny]) (@nyj+1 — D ivy))» v €10,1], (9.1)

where we use the convention that ¢y := 0 in the right-hand side above. We will
denote by Hy the vector space ®5(RY) C H, which coincides with the space of
continuous piecewise affine functions adapted to the partition [%, %), 1 <i<N.
We finally denote by P;; y the image of the measure IP’]‘; y under ®5. We then have
the following:

Theorem 9.1.1. There exists 3. € (0,00) such that:

o if B < (. (subcritical case), then PJBCN N—> m in law, where m is the law of

—00
a Brownian meander on [0, 1]

e if f = B. (critical case), then PéN N—> B¢ in law, where we recall that Py
’ —00

is the law of a reflecting Brownian motion started from 0 on [0, 1]

e if 5> [. (supercritical case), then PgN converges in law, as N — oo, to the
measure concentrated on the function identically equal to 0 on [0, 1].

One can ask whether it is possible to build a Markov process on Rf admitting
the measure ]P’é y as a reversible measure. Due to the presence of Dirac masses

in the definition of ]P’JBC ~» this problem is highly non-trivial. For instance, in the
particular case N = 1, a natural candidate is given by a sticky reflecting Brownian
motion, which is a solution to

1
dX, = 5 dlY + 1ix,~01 dB;

Lix,—op dt = 52 de).

This stochastic equation is known to possess a weak solution, but no strong so-
lutions (see e.g. [EP14]). In [FGV16] and [GV1§| some diffusions having IP’%; N as
a reversible measure were constructed and studied using sophisticated Dirichlet
form methods.
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9.2 Case of the wetting model with a shrinking
strip

[DO18] introduced a variant of the above wetting model. Namely, for all N > 1,
and a > 0, one considers the measure Pia’ ~ on RY defined by

N
1 v
Pl n(de) = ——p(¢) [ e o,
Z‘PmN =1

where p is as before, and where, for all a > 0, ¢, : Ry — R, is a smooth
function supported in [0, a, satisfying the conditions of Def. 1.1 in [DO18]. Thus,
the measure IP’Z; ~ above, which had some atoms, has been replaced by a measure
which is absolutely continuous w.r.t. the Lebesgue measure on RY. With this
new version with a ”strip”, one can however recover a scaling limit result as in the
critical regime above.

Let us denote by Pf;mN the image of ]P)Z;‘I’N under the map ®y. Then, [DO1S]
showed - see Theorem 1.5 therein - that if we choose (ay)n>1 such that ay =
o(N~1/2), then PiaN,N converges in law, as N — oo, to the law of a reflecting
Brownian motion on [0, 1]. Here and in the sequel, we fix such a sequence (ay)y>1,
and we write for concision IP’{V instead of ]P’im N, and P{V instead of Pf;aN - for all
N > 1. Our aim is to show a tightness result for the dynamics associated with
P/, N>1.

The advantage of this new model with respect to the d-pinning measure is the
fact that ]P’{\, is absolutely continuous w.r.t. the Lebesgue measure on ]Rf , so it
is traightforward to construct an associated reversible Markov process. It suffices
indeed to consider the corresponding gradient SDE

t
0 (9.2)
X >0, d; >0, [[7X;d; =0,
with a random initial condition X, distributed as ]P’{V. Above, we have denoted by

Hy : RY — R the potential defined by:

N
O = o) [[ ™), 6 RY.

i=1

It was conjectured in [DO18] that the family of processes XV properly rescaled is
tight. Here we prove this claim.
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9.2.1 A tightness result

In Section 1.5 of [DOIS], the authors considered the processes (X}¥);so, N > 1,
where X7¥ = ®y(X;), with (X;)i>0 the reversible evolution in RY for the pinning
measure Piw’ n as given by (9.2), and ®x as in (9.1) above. For all N > 1 and
t>0,let Y,V := X7, Forall v > 0, we introduce the space H~7(0, 1), completion
of H = L?*(0,1) w.r.t. the norm || - ||, defined by

A2, = n™2|(f,en)?,  fEH,
n=1

where e, (#) := v/2sin(n7), 6 €10, 1].

Theorem 9.2.1. For all T > 0, the family of processes (Y, )iecpo.r), N > 1, is tight
in C([0.T), H-1(0, 1)),

Proof. Let us denote by (x%)1<;<y the image of the canonical basis of RY under

® . It then follows that, for all N > 1, the process (YtN ) 1> coincides in law with

the reversible Markov process associated with the Dirichlet form (Dom(EL), L)
which is the closure of the form

El(u,v) = N* | (Vu(x),2))(Vo(x), oly) dPL(z), u,v € Cy(Hy),

KN j—1

where Ky := {u € Hy,u > 0}, and where we recall that P{V is the image of
the measure IP’{V under ®5. Then, for all 7" > 0 and h € H, by the Lyons-Zheng
decomposition, see e.g. Thm 5.7.1 in [FOT10], we have

1 1
<}/tN7 h) - <YE)N7 h> = §Mt1 - 5 (MT% - M%*t) )

where, for i = 1,2, M' is an Hy-valued (F});>o martingale, with F} = o(Y N, s <
t) and F2 = o(Y} ., s < t). More precisely, defining v € C}(Hy) by ¢ := (h,-),
by Theorem 5.7.1 in [FOT10], we have the above decomposition with

M= MY, MEw) = M (rrw),
where 7 is the time-reversing operator on the canonical space Q := C([0,T], Ky):
(rew)y =wr—y, weQ, te(0,T]

Moreover, M¥! denotes the martingale additive functional appearing in the Fukushima
decomposition of the continuous additive functional (CAF) given by

AP = (V) — (YY) = (VN h) — (YN ), >0,
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see Theorem 5.2.2 in [FOTI10]. Hence, the quadratic variation of the martingales
M?" and M? is given by the sharp bracket (M¥), of the martingale additive func-
tional M. The latter is a positive continuous additive functional with Revuz
measure j satisfying

/K o(x) dpa(z) = 264, (g, ¥) — EL (W2, ).

for all g € Dom(EL), see Thm 5.2.3 in [FOTI0]. But, for all g € CL(Hy), by the
Leibniz rule, and recalling that Vo = h, we have

N
264 (00.0) ~ (0.0 = 23° | o) D (h o1 P ).

)_l

Therefore, for all g € C}(Hy), it holds

N

/Kg(fc)u(dfv) = /Kg(l‘) <2N2Z<h,va>2> P/, n(dz).

k=1

Therefore, we deduce that

p(dr) = <2N2 Z(h,va>2> P/ (dz).

k=1

Hence, by the Revuz correspondence, we deduce the equality

(MW, = (2N?Z<h, ﬁ)?) t, t>0

k=1

in the sense of additive functionals, which implies that, for all ¢ = 1,2

N
(M) =2N* > (h,al)’t, t>0. (9.3)
k=1

But recall that, for all k = 1,...,N, z = ®y(ex), where (ey,...,ey) is the
canonical basis of RY. In words, z}’ is the function in Hy which takes the value
\/LN at the point £/N, and the value 0 at the points j/N, j # k. Note in particular
that

0<$k < _1[k 1 k+1

VN

201



so that we have the bound ||z ||* < 2N~2. Using the Cauchy-Schwarz inequality
followed by the latter bound in (9.3)), we obtain

(M) < 4f|h]*t.

Hence, by the BDG inequality, for all p > 1, there exists a constant C,, > 0
(depending only on p) such that, for all ¢ > s >0

(E (¥ =Y, 0" < Gyt — )2 ||

The above being true for any h € H, we deduce that, for all p > 2

1/p

00 p/2
1/
<E |:HY'tN YNHp 1o ]) p _ E (Z(Y;:N N Y;N,ek>2k_2>
k=1

o ffor )

=1
<@V C (1t~ 3)1/2
< Cgly( - 8)1/27
where €}, > 0 depends only on p > 0, and where we applied Jensen’s inequality to
obtain the second line. We have thus obtained, for all p > 2, the following bound
holding uniformly in ¢, s € [0, T]:

M\»—‘

<¢

N Np Lp / 1/2
(B[ =YX sn]) < Cple— s
Moroever, for all t > 0, Y,V @ P/, and, by Theorem 1.5 in [DO18], P{, — P} in

N—00

law, where P] is the law of a reflecting Brownian bridge started from 0 on [0, 1].
Hence the sequence of processes (Y;¥)seio.r], N > 1, is tight in C([0, 7], H~1(0,1)).
O

9.2.2 An integration by parts formula

For any differentiable function g : RY — R and any h € RY, we denote by d),g the
derivative of ¢ in the direction h:

e—0

We then have the following IbPF for the measure Pia’ ~ on RY:
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Proposition 9.2.2. For all g € C}(RY) and h € RY, we have:

N
R+

Ong () P}, v(dr) = Zh (/ ¢# jb > (g[b) db — o7 (gla))

- [ o) S 61 (e + s — 20) B, (d0).

i=1

where, for allb >0 andi=1,...,N

aN(g|b) := e=#a® Pf;a,zv(% € db) /RN g(x) Péa,N (do|g; = b)
+

1
= op(dy) [ [ e d
Z /M 9(9)p(¢)dn(des) | | e

Heurlstlcally, the measures 0¥ ( de|b) are meant to be a discrete analog of the
measures X" (dX|b), r € (0,1),b > 0 defined by (3.17) above.

Proof. Recalling the definition of IP’@ ~» and integrating by parts with respect to
the Lebesgue measure on RY, we have

N

/ = — ! Pa(Pn)
[ DO (06) = = 2 / 90)20(0) [[ e a0,

N 1 N

— Z hi—f / g(gﬁ)p(qb)e%(o)éo(dqbi) H e?a(9n) 4,
1=1 Z‘payN Rﬁ Z;%
N 1 N

— 2 i L0 [ e da.
St [ s0wone) [[ e+ as

We recognize in the first term of the right-hand side above the quantity

N
- /RN 9(¢) Z (Rix1 + hioy — 2h;) ¢ IP’{;mN(d@

=1

On the other hand, the second term can be rewritten

—Zh e# 0 g (g0).

203



Finally, the third term can be rewritten

—Zh/o (e2<®) aN(g|b) db

or, after an integration by parts:

N

=3 ol 0 oo~ [0 o ) -

Adding up all three quantities, and noting the cancellation of

Z h; e?+© N N(gl0),

we obtain the claim. O

9.2.3 Conjecture for the scaling limit

Above we have shown the tightness of the family of processes (Y,")icjo.77, N > 1.
We make the following conjecture for the corresponding limit in law. Let us denote
by (@:)i>0 the reversible Markov process associated with the Dirichlet form g
generated by the bilinear form

Ef.g) =5 [(V1Vg) a5 fige FCHE),

where © denotes the law, on K, of a reflecting Brownian motion on [0, 1]. Such
a process can be constructed using exactly the same techniques as in Section [4.2]

We consider the process (ﬂt)t>0 started from equilibrium, i.e. g @ r. Note that,
arguing as in Theorem 8| of Section 4.2} one can show that (@;);>o satisfies an
equation of the form 1.28.

Conjecture 9.2.3. For all T > 0, as N — 00, (YN )] converges in law in
C([0,T], H1(0,1)) to the process (tu)seio,r]-

A natural route to prove the above conjecture would be to show that, after
rescaling, the IbPF for Pf\, obtained in Prop. above converges to the IbPF
for the law of the reflecting Brownian motion, and use the same techniques
as in [Zam04a] to deduce therefrom the convergence of the associated evolutions.
Unfortunately, in spite of some similarities between the two IbPF, it is not clear at
all that the former converges to the latter. Another problem that arises is related,
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again, with the distributional nature of the last term appearing in these IbPF.
Finally, an important feature exploited in [ZamO04a] is the uniform continuity of
the Markov semi-groups. In our case, this feature is highly non-trivial, and would
in particular imply the strong Feller property for the Markov semigroup associated
with (@;);>0: as argued in Chapter , this is a very open problem.

9.3 A wetting model in the continuum

In this section we introduce an analog of the wetting model in the continuum,
which corresponds to the law of a Brownian meander tilted by a functional of its
local times.

9.3.1 Motivation: wetting model and local times

Recall that, in the discrete setting described above, for the case of a wetting model
with a strip, we have

1 N
P, v(06) = 75— (Z %wi)) P4(d0),
=1

Pa,

where P}, is the law of a standard Gaussian walk on RY conditioned to remain
nonnegative, and Z;rm ~ 1S a normalisation constant. For all a > 0, ¢, is a smooth
function. For the sake of simplicity, let us however assume here the simple expres-
sion

Pa = Baljoal; (9.4)

where the sequence (8,)q>0 is such that

4P s ePe
a—0

Note that this condition ensures that the following convergence of measures holds
in the weak sense on R, :

e#@) dx — €6y (dz) + da.

a—0

With the ansatz (9.4), we can rewrite the wetting measure with strip as

1 N
P (d6) = Z—exp (ﬁaN ) 1[o,a]<<z>z->> P (dg).
Pa, =1

Thus, the wetting measure corresponds to the measure P}, tilted by the local time
in the strip [0, a] of the random walk. We could hope that such a description
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be stable under taking the scaling limit : in the continuum, the law P} of a
reflecting Brownian motion started from 0 would correspond to the law m of a
Brownian meander tilted by some appropriate functional of its continuous local
time process. As such, this claim is false, since the probability measures Py is not
absolutely continuous with respect to m. However, me may ask whether

Fy (dX) = lim exp(@y(L(X))) m(dX), (9:5)
where L(X) = (LI(X))

when X @ m, and ®,,n > 0, are appropriate functionals on C([0,1] x Ry, R).

Note that we could not hope to choose ®, to depend solely on L°(X), the local

B> 0.450 is the local time process associated with (X;)o<i<1,

time at 0 of X, since this identically vanishes when X @ m: we need instead to
make it depend on the process L"(X) for n close to 0.

9.3.2 A continuous wetting model

To obtain a representation of the form , we shall proceed as follows. Recall
that, for all a > 0, P3 denotes the law of a 3-dimensional Bessel process started
from a. Recall that P and m are mutually absolutely continuous on C([0,1],R).
Moreover, under P2, the canonical process (X;)o<i<1 satisfies the SDE

On the other hand, under P!, the canonical process satisfies the equation
1.
Xt:a+§L (X)t_l_Bt

Hence, the idea is to approximate the latter equation by an SDE of the form
t
X7 = a+ / £,(X,)ds + B,
0

where f, is a smooth function such that fg fo(X)ds approximates 3L°(X), as
1n — 0. Then, for any fixed n > 0, one could apply Girsanov’s theorem to obtain

Py"(dX) = exp(®,(L(X))) P,(dX),

where P17 is the law of X, and ®, is some appropriate functional. This strategy
is implemented in the next theorem.
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Theorem 9.3.1. The convergence P} — Pl holds in the sense of weak topology
n—

for probability measures on C([0,1]), where, for alln >0

X1 A 1
plax) = 2200 Y oo (L7 P3dX).
X1 aAn 2n
Here, for a 3-Bessel process X, (L)y>04>0 denotes the semimartingale local time
process associated with X . In particular PO1 i —0> P§, where
n—

Py"(dX) = \/%(Xl A1) exp (%Uf) m(dX),

and where m is the law of a Brownian meander on [0, 1].

Proof. The second claim follows from the first one, since, by Imhof’s relation (see
Exercise 4.18 in [RY13, ChapterXII]), we have

P}dX) = \/gxl m(dX).

So it suffices to prove the first claim. Under P2, the canonical process on C([0,1])
satisfies the SDE
X n b ds 4B
=a — .
¢ X, t
For all n > 0, denote by P the law, on C([0,1]), of the unique strong solution
to the SDE .
1
Xt:a—l—/ “X20 45+ B,. (9.6)
o X

S

Note that the latter SDE admits a unique strong solution since the function
T 1””% is non-increasing on R,. We will first prove that

X A 1
Pl = 1X1 ”a Z e (%L’f) P3(dX), (9.7)

and then we will show that

PHdX) = lim P}, (9.8)

n—0

This will yield the claim.
Equality (9.7)) is proven using Girsanov’s Theorem. Indeed, consider the local
martingale

t
1x,>
M, =— | =B, t>0.
= [ >
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The corresponding exponential local martingale is given by
1
£<M>t:eXp(Mt—§<M7M>t), tZO

Now, we have

M, — =(M, M), = — 4B, — - 20 (s.
r = MM, 0 X, 2 ), X2

We intend to re-express this quantity without stochastic integral. To do so, con-
sider the function F': R} — R, defined by

T AN

F(z) :=log (

F' is the difference of two convex functions on R%. Therefore, by Ito-Tanaka’s
formula, we have

), x > 0.

Xz

F(X,) = F(a) + /Ot F'(X,)dX, +%/RF”(d:z:)Lf.

Since

1,
Fl(z)=-"2"" 2>0,
T

and

1,
F'(dz) = = d — nén(dx),

T2

under the law P32, the canonical process thus satisfies

X, A A b1 1 1
log( ;{ 77) = log (aan>— —);M (Y ds + dBS) / as >77d ——L?,
t 0 s s

whence we obtain

/1X>ndB 1 1X$>"d5—10g XiAn_a —L77
2/, X2 X; alAn 277

Therefore

XieAn a 1
E(M), = —L).
(M), X, a/\neXp (277 t)

In particular, for all ¢ € [0, 1], we have the bound

a 1
EM), < — L
( )t_a/\nexp(277 1>7
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which, since L] has finite exponential moments, shows that (& (M);)y<,; is a
bona fide martingale. Therefore, by Girsanov’s theorem, under the probability law
&(M)1 P2 on C([0,1]), the canonical process satisfies (9.6). By weak uniqueness
of this SDE, we deduce that equality holds.

There remains to establish the convergence . To do so, for all n > 0,
denote by (X/),s, the unique strong solution of the SDE (9.6). By comparison,
a.s., for all 7,77 > 0, we have X" < X". Since moreover X" > 0, we deduce the
existence of a limiting process X; = 71]1_r)r(1) 1 X', t > 0. There remains to identify

X. To do so, we set
Zy =X t>0

and, for all n > 0
Zl = (X)?, t>0.

Then, by Ito’s lemma

t t
20 = a® 4 2/0 V71 dB, + 2/0 1y + L. (9.9)

From this equation, we deduce that the sequence of probability measures (P}"), ¢
is tight on C([0,1]). Indeed, by (9.9), for all 0 < s <t <1

E[lz - 2] <C ((/:Mmdu)z (- s>2) ,

where C' > 0 is some universal constant. Since, by comparison, Z7 < Z°° where
Z> is a 3-dimensional squared Bessel process, we deduce that

E [z = Z]|'] <C'(t—s)?,
for some (other) universal constant C’ > 0, whence
E[X] - X][F] <C'(t—s),

and the claimed tightness follows. On the other hand, by the comparison theorem
(3.7) in [RY 13l Chapter IX], we deduce from that, a.s., for allp > 0, Z7 > Z°
where Z° is the unique strong solution of

t
Zf—a2+2/ \V/Z9dB, +t.
0

In particular, sending n — 0, we deduce that, a.s., Z > Z° Note that Z° is a
one-dimensional squared Bessel process. Therefore, almost-surely, Z; > Z? > 0
for a.e. t > 0. Hence, a.s., for a.e. t >0

1. — 0.
Ze<n n—0
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Hence, by dominated convergence, letting n — 0 in , we deduce that Z satisfies

the SDE .
Zt:a2+2/ \/ZSdBS+t
0

By strong uniqueness of this SDE, we deduce that Z = Z°. Hence, in particular,
X = ) P!. This uniquely determines the limit, as n — 0 of the sequence (P}'"),o.
The convergence follows. m

We now aim at obtaining an integration by parts formula for the probability
measures P17 for all > 0. Let us denote by E!" the expectation operator
associated with P1". We conjecture the following result:

Conjecture 9.3.2. For all functional ® € C}(L?*(0,1)), and all h € C?(0,1), we

have
)
b=n

where, for allr € (0,1) and b > 0, the measure X" (dX|b) on C([0,1]) is defined
by

E,"(0n®(X)) = —E,"((h", X)®(X))

1 /! 1d
— = drh, | L7 (®|0) — =L (Db
2/( (@0) - =5 (@l

£,77(dX10) = p"(a, D) P (dX]X, = b),

with (p"(x,y))r>0z4>0 denoting the family of transition densities of the Markov
process associated with PY", and where

a )

LT (9]0) = lim 5 ! DT (D)D) .
a b—0 b2
Note the similarity of this IbPF with the formula of Proposition[0.2.2] Note also
that, for all b > 0 X177 (dX|b) should be the Revuz measure associated with the
local time process, at level b, of the process (u"(t,r));>0, where u" is a hypothetical
Markov process associated with P! see Conjecture [9.3.3 m below. We may thus

a )

think of 217" (dX|b) as representing these local times in the above IbPF.

A partial proof. We take an approximation parameter ¢ > 0, and construct p, :
R — R, an approximation of dy as in (4.17) above. By the Leibniz formula, we
have

o (il o))
cinoat oo (S (s}

(9.10)
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where ¥, denotes the functional

XiAn a 1/1
U (X)= (Xs—m)ds | P(X).
() = H o (5 [0 - mas) a(x)

We will obtain the requested IbPF by sending ¢ — 0 in the equality (9.10). We
first consider the left-hand side. As we send € — 0, the integral fol pe(Xs —m)ds
converges to L] a.s. Morover, by the occupation times formula, we have

1 e+n
/ pe(Xs —m)ds = / pe(D)Lydb < sup LS,
0 —e+n be[—1+n,1+n)

for all € € (0,1). Since the last r.v. has exponential moments for the law P2 by
the dominated convergence theorem, we deduce that

52 o000 (B8 (o [ - as) )] = @)

We now consider the RHS of (9.10)). For the first term, the IbPF (3.20) for P3
yields

1 1
B30,V (X)) = —E3((h", X)¥ (X)) — 5/ dr b, 27 (¥|0) (9.11)
0
where we recall that, for all b > 0
b
ST (AX|b) = (b“ ) P ax|x, = b).

with (p?(2,y))r>0.4>0 denoting the family of transition densities of a 3-Bessel
process. Now, we have

20 20w,00) = B2 [0 (B0 ey (1 [ k= mas) Y o]

ann

which, when € — 0, converges to
By (R, X)®(X)).
Similarly, the term

1 1
= / dr b, 5, (U.(X)|0)
0

1 [t X 1
——/ drh, g3 (200 o (= @(X)‘O .
2 Jo X1 aln 2n
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Now, by a conditioning argument, for all » € (0, 1), we have the relation

X 1
3 (;(—Alna /a\ p exp (%L?) @(X)‘b) = b2y (P(X)[b), (9.12)

for all b > 0, as well as

X1 A 1
nr (1T1”a Z —exp (%LO @(X)’O) = lim b= £ (X)) = 2y (2(X)[0).

Hence, the first term in the right-hand side of (9.10) is thus shown to converge to
1
BRI X)2(X) ~ 5 [ dr b B (@(0)]0)
0
Finally, for the last term in (9.10]), we have

B3 {CD(X)&,L (X;(/l\na;l\nexp (%/ﬂlpe(Xs —n)d5>)} _

1

2 [o00) = (B2 (1 [t —mas) )]

which by Fubini and conditioning, we can rewrite as

1 1 0
— drhr/ dbpl(b—n
2n Jo 0 ( )

(pfi(a, b)E, [@(X) X}? na 7\ ;<P (% /01 pe(Xs —m) ds) )XT = bD =

1 1 /oo
=— — dr h, db pe(b—n
2n Jo 0 ( )

d 3 3 Xl/\ﬁ a 1/1
— bE? |P(X — X,—n)d X, =0
3 (e o) o (L [ - mas) [x. =) )

where we performed an integration by parts to obtain the second line; note that
the bracket term vanishes due to the fact that p3(a,0) = 0. Note also that here
we claimed that the derivative in b in the right-hand side is well-defined, a claim
which would require a justification. As we send ¢ — 0, the above expression should
converge to

I d XiAn a 1
e S (R ) EP | B(x) 2 o ‘XT:b
20 Jo 7 db (pr(a’ ) “[ W aAneXp(%? 1)

)
b=n

Note that this step would require further justification: it does not just follow from
the weak convergence of the kernel p. to &y, since the approximation parameter
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€ appears also in the test function against which we integrate it. Now, for all
r € (0,1) and b > 0, by (9.12), we have

Xi1An a
X1 aAn

2 (a, b) BB {(I)(X) exp (%L’f) ‘Xr - b] — SLor((X)|b).

We therefore deduce that the last term in ((9.10)) converges to

I d .,
- drh, —=3.""(®(X)|b)|
as requested. Hence the claim. O

9.3.3 The corresponding dynamics

Let n > 0 be fixed. We assume for simplicity that a = 0. We recall the definitions
H := L*([0,1]), and K := {f € L*(|0,1]), f > 0}. Then, with FC;°*(K) denoting
the space of functionals introduced in Section above, we consider the form
EYM defined on FCi°(K) as follows:

EVN(u,v) = %/ Vu(z).Vo(z)dPy"(z), u,v € FCF(K).
K

We conjecture the following:

Conjecture 9.3.3. The form (FC°(K),EM) is closable. Its closure (Dom(EM), ELM)
1s a quasi-reqular Dirichlet form.

By Conjecture the K-valued stationary Markov process (u;);>o associ-
ated with £ should formally satisfy the following Nualart-Pardoux type equation:
ou"  19%u" 10 ,,

- = _ =y
ot " 2o TSt aphe

Y

b=n (9.13)
u? >0, d¢ >0, fR+><[0 yutd¢ =0,

where £ is space-time white noise, and (f?;) is a family of local times for
“7b,>0

u(t, 2));>0. More concretely, noting that P is the limit, as e — 0, of the
> 0
approximating measures

Xi1An a 1 /1
Pyt = — [ p(Xy—n) ) PIdX
0 Xl a/\nexp (277 0 p ( 77) 0( )7
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where p. = Lp(£), with p a smooth, even function supported in [—1, 1] such that

0207 /P:1> p/go OHR+7
R
then (9.13)) should be the limit as ¢ — 0 of the following, well-posed, SPDEs of

Nualart-Pardoux type:

ou™ 1 ORITILS
ot 2 0x2

1 / €
+E4+ ¢+ 4—pe(u’7’ - 1),
" (9.14)

UT]’E Z Oa dC Z Oa fR+x[O 1] un’ﬁ dC - O

Note that, for all € € (0,7), the term p.(u"* —n) is zero, except when |[u?¢—n| < e.
Moreover, it is positive when n —e < u7¢ < 7, and negative when n < v < n+e.
Thus, equation could be interpreted as an SPDE with reflection at 0 and
stickiness at 7.

9.3.4 Convergence of the whole dynamics

For all n > 0, we consider the K-valued stationary Markov process (uj);>o as-
sociated with the Dirichlet form £, and started from equilibrium : wug @ P,

Recall that H'(0,1) denotes the completion of H = L?(0,1) w.r.t. the norm
12 =D n 2 [ ea)?,
n=1

where e, () := v/2sin(n7), 0 € [0,1], n > 1.

Conjecture 9.3.4. For all T > 0, (u])icpo,r) weakly converges to (Uy)iepo,r) in
C([0,T], H71(0,1)) as n — 0, where @ is the Markov process considered in Section
above.

Sketch of proof for the tightness. Let T > 0. We show that the sequence of pro-
cesses (u))iepr, n > 0, is tight in C([0,T], H'(0,1)) as n — 0. To do so we
proceed as in the proof of Theorem above by invoking the Lyons-Zheng de-
composition, which enables to write, for all h € H

1 1
<u?7 > - <ug> h> = §Mt1 - 5 (M% - M%—t) a.s.,

where M, i = 1,2, are martingales. More precisely, setting 7} = o(u?,s < t) and
Ff=o(u}b_,,s <t), then for i = 1,2, M*is an (F});>0 martingale with quadratic

214



variation (M"); = t||h]|?>. Indeed, denoting by ¢ the element of Dom(EY") given
by ¢(x) = (h,z), v € K, by Theorem 5.7.1 in [FOTI0], we have the above
decomposition with

MY=MF MEw) = M (rrw),
where 7 is the time-reversing operator on the canonical space Q := C([0, 7], K):
(rew)y = wy, w €, tel0,T].

Moreover, M¥! denotes the martingale additive functional appearing in the Fukushima
decomposition of the continuous additive functional given by

AP = o)) — p(u) = (u], h) — (uf, h), t>0.

Hence, the quadratic variations of the martingales (M );>o (i = 1,2) are given by
the sharp bracket (M), The latter is a positive CAF with Revuz measure p
satisfying

/ F@)u(da) = 26" (o f,0) — E(R, f),

for all f € Dom(EM") bounded, see Thm 5.2.3 in [FOTI0]. But, for all f €
FC(K), we have by the Leibniz rule

26 (pf, p) — EN(GP, f) = /K F (@) Vi ) [PBL ().

Therefore, for all f € FC°(K), it holds
/ f(@)ulde) = / F@) V()PP (dx) = A / F(2) P (dx).
K K K

Since FC°(K) is dense in Cy(K), we deduce that pu(dz) = ||h||>P,"(dx). Since
the latter measure is the Revuz measure of the additive functional ||h]|? ¢, by the
Revuz correspondence, we deduce the equality

(M), = [|n[|*t,
in the sense of additive functionals, so that
(M'), = (M?); = |[n]*t,

as claimed.
Hence, by the BDG inequality, for all p > 1, there exists a constant C, > 0
(depending only on p) such that, for all ¢ > s >0

(E [(uf —ull, )PP < Cy(t — 5)'72||n|
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Hence, we obtain, for all p > 2

where the second line follows by Jensen’s inequality, and where C}, = ¢ (2)Y2C,.

Since, moreover, for all t > 0, law PO1 " of uj converges to Py as n — 0, the claimed
tightness follows. [

To obtain the conjecture above, there would remain to identify the subsequen-
tial limits in probability of u”7 as n — 0. For the same reasons as mentioned in
Section above this question is, still, very open.
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