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Résumé : Une forte concurrence avec d'autres 
moyens de transport a poussé l’industrie ferroviaire 
à se réinventer et rechercher des performances 
toujours plus élevées. De nos jours, l’obtention de 
vitesses chaque fois plus élevées exige le 
développement de modèles numériques précis pour 
concevoir et prédire le comportement des voies 
ferrées sous les contraintes mécaniques imposées 
par le passage du convoi. Dans cette thèse, nous 
avons concentré l'étude sur la couche de ballast. Ce 
composant présente un comportement mécanique 
complexe, lié à la nature granulaire de ses 
composants, il peut être solide, liquide ou gazeux. 
Ce comportement dépend de l'état de contrainte et 
de l'historique de déformation du milieu. 
Deux classes de modèles numériques sont 
couramment utilisées pour prédire le 
comportement de ces systèmes : (1) les approches 
discrètes et (2) les approches continues. Pour ces 
premières, chaque grain du ballast est représenté 
par un corps rigide et interagit avec ses voisins par 
le biais de forces de contact non linéaires en 
utilisant, par exemple, la méthode de dynamique 
non régulière des contacts. En raison des limites de 
calcul, ce type de méthode ne peut résoudre que 
quelques mètres de longueur de ballast. Le 
couplage avec le sol sous la couche de ballast et 
avec les traverses reste également un problème non 
résolu dans la littérature. Pour les approches 
continues, le ballast est remplacé par un milieu 
continu homogénéisé, de façon à permettre 
l’utilisation de la méthode par éléments finis 
classique (EF). Cependant, ces modèles sont 
normalement utilisés avec des paramètres 
mécaniques homogènes, de sorte qu'ils ne 
représentent pas complètement l'hétérogénéité des 
déformations et des contraintes dans la couche de 
ballast. 
Nous étudions dans cette thèse une approche 
alternative, utilisant un modèle de continuum 
hétérogène stochastique, qui peut être résolu 

avec une méthode par éléments finis tout en 
conservant dans une large mesure l'hétérogénéité 
des champs de contrainte et de déformation. 
L'objectif de ce modèle continu est de représenter 
statistiquement l'hétérogénéité du champ de 
contraintes dans un modèle de milieu continu ainsi 
que dans un modèle granulaire discret. Pour ce 
faire, les propriétés mécaniques sont représentées à 
l'aide de champs aléatoires. La présente thèse est 
divisée en trois parties: (1) la construction du 
modèle et l'identification des paramètres du 
matériau continuum (densité marginale de premier 
ordre, moyenne, variance, modèle de corrélation) ; 
(2) la propagation des ondes dans une voie ferrée 
ballastée et (3) l’exploration préliminaire de deux 
ensembles de données expérimentales. La première 
partie définit le modèle du continuum à fluctuations 
aléatoires et identifie les paramètres de notre 
modèle de continuum sur de petits échantillons 
cylindriques de ballast discret. Des modèles 
continus équivalents aux échantillons discrets sont 
générés et résolus en utilisant la méthode EF, et le 
champ stochastique utilisé pour fournir les 
propriétés mécaniques. Un processus 
d'optimisation est utilisé pour trouver une variance 
normalisée pour le matériau hétérogène 
stochastique. La deuxième partie de ce travail se 
concentre sur la résolution des équations 
dynamiques sur un modèle à grande échelle d'une 
voie ferrée ballastée utilisant la méthode des 
éléments spectraux. L'influence de l'hétérogénéité 
est mise en évidence et étudiée. En conséquence, 
des courbes de dispersion sont obtenues. Enfin, la 
troisième partie présente deux jeux de données 
distincts de mesures expérimentales sur le matériau 
de ballast : (1) une boîte de ballast ; (2) un passage 
de train dans un segment de voie ferrée ballastée. 
Les courbes de mobilité ont été extraites de 
l'expérience sur les ballasts. Un problème inverse a 
été résolu afin d'estimer la vitesse de l'onde 
homogénéisée et la vitesse de l'onde locale dans le 
milieu. Les passages de trains enregistrés pour 
l'analyse de la vibration à moyenne fréquences. 
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Abstract : The stronger competition with other 
means of transportation has increased the 
demand for performance in the railway industry. 
One way to achieve higher performance is using 
accurate numerical models to design/predict 
railways tracks behaviour.  
 
Two classes of numerical models are commonly 
used to predict the behaviour of these systems: 
(i) discrete approaches and (ii) continuum 
approaches. In the former, each grain of the 
ballast is represented by a rigid body and 
interacts with its neighbours through nonlinear 
contact forces using, for example, the non-
smooth contact dynamics method. Due to 
computational limits, this kind of method can 
only solve a few meters-length of ballast. The 
coupling with the soil under the ballast layer and 
with the sleepers also remains an open problem. 
In continuum approaches, the ballast is replaced 
by a homogenized continuum and the classical 
Finite Element (FE) Method (or similar) is used. 
However, they are normally used with 
homogeneous mechanical parameters, so that 
they do not represent fully the heterogeneity of 
the strains and stresses within the ballast layer. 
 
We investigate in this thesis an alternative 
approach using a stochastic heterogeneous 
continuum model, that can be solved with a FE-
like method while retaining to a large degree the 
heterogeneity of the stress and strain fields. The 
objective of this continuous model is to 
represent statistically the heterogeneity of the 
stress field in a continuum model as well as in a 
discrete granular model. To do this, the 
mechanical properties are represented using 
random fields. 

 
The present thesis is divided into three parts: (1) 
the construction of the model and the 
identification of the parameters of the 
continuum material (first-order marginal 
density, mean, variance, correlation model, and 
correlation length); (2) wave propagation in a 
ballasted railway track. (3) preliminary 
exploration of two experimental datasets. The 
first part sets the randomly-fluctuating 
continuum model and identifies the parameters 
of our continuum model on small cylindrical 
samples of discrete ballast. Continuum models 
equivalent to the discrete samples are generated 
and solved using the FE method, and the 
stochastic field used as mechanical properties. 
An optimization process is used to find a 
normalized variance for the stochastic 
heterogeneous material. The second part of this 
work concentrates on the solution of the 
dynamical equations on a large-scale model of a 
ballasted railway track using the Spectral 
Element Method. The influence of the 
heterogeneity is highlighted and studied. As a 
result, dispersion curves are obtained. Finally, 
the third part presents two distinct datasets of 
experimental measurements on ballast material: 
(1) a ballast box; (2) a train passage in a segment 
of ballasted railway track. Mobility curves were 
extracted from the ballast box experiment. An 
inverse problem was solved in order to estimate 
the homogenized wave velocity and local wave 
velocity in the medium. The trains pass-by 
recorded for the analysis of the vibration at 
medium frequencies.  
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Chapter 1

Introduction

Ballasted railway tracks (Fig. 1.1) are the most common type of surface railway tracks in the
world, laid on an order of magnitude of 1 million kilometers [267]. The main component of
these ballasted railway tracks is the ballast, a thin layer of coarse crushed stone, efficiently
transferring the loads from the passing trains to the underlying soil.

The noise and vibration impact of trains on these tracks can be important for all types of
trains: heavy freight coaches, whose impact is far reaching due to its low frequency, high-
speed trains (HST), that generate high amplitude excitations; and even tramways (although
more rarely on ballasted layers), which stand very close to surrounding buildings. With
the increasing installation of railway/tramway track infrastructures in cities and the general
increase of number and velocity of HST, this noise and vibration impact is more strictly
monitored by society and regulations alike. This may force the train companies to engage in
improvement operations. For instance, Switzerland’s national railway company (SBB) spent
around 1200Me to fix problems related to excessive vibration levels [241]. Additionally, the
geometry of the track is enforced very strictly for HST, and deformed by the settlement of
the ballast layer. This again may entice the railway companies to locally limit the velocity or
perform costly maintenance operations for the comfort and security of the passengers.

In France, the national railway company (Société Nationale des Chemins de Fer - SNCF)
started a large program of renewal and rehabilitation of its ballasted railway tracks in 2009
[12]. One of the goals of the program is a better understanding of the behaviour of the
ballasted railway track. In particular, the granular nature of the ballast layer makes prediction
of the dynamical behaviour of the track extremely complex and called for special treatment.
The investment of research effort into such a task is justified by the cost of maintenance
operations on ballasted railway tracks, estimated at 19ke/km per year on average [54]. This
is the context within which this research project was born.

1.1 Components of a ballasted railway track

The components of the track can be divided into two main groups: superstructure, and sub-
structure. The superstructure classically refers to rails, rail pads, sleepers and rail fastening
system, while the substructure is composed of the geotechnical components (ballast, sub-
ballast and subgrade). Fig. 1.1 presents a schematic view of a classical ballasted railway
track. The information in this section was assembled from [223, 80, 125, 116].

1.1.1 General description of the track

The rails are the elements that guide and support the train wheels. They transfer the concen-
trated wheel loads from the train to the supporting sleepers. The concentrated loads produce
a high stress level inside the rails. This process may lead to the fatigue failure of the compo-
nent [179].
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(a) French high-speed train in a ballasted railway track [248]

(b) Schematic view of a classic ballasted railway track, extracted from In-
draratna [116]

FIGURE 1.1: Ballasted railway track.



1.1. Components of a ballasted railway track 3

The fastening system connects the sleepers to the rail through the rail pad. This pad ab-
sorbs the impacts on the rail and helps to reduce the fretting fatigue in the sleepers, specially
in the concrete one. Fasteners are used to ensure no relative displacement between sleepers
and rail. They keep the geometry of the track within acceptable tolerance.

The sleepers allow to transfer the lateral, longitudinal, and vertical loads from the rail/rail
pad system to the ballast/concrete layer over a wider area. The sleepers’ strength and stiffness
must be sufficient to maintain a steady shape and smooth track configuration as well as to
resist the vehicle forces. The assembly rail-fastening system-sleeper maintains the rail gauge,
which is 1435 mm in France. Until World War II wooden sleepers were used in almost all
countries [114]. In the last decades, they were replaced by pre-stressed reinforced concrete
sleepers, with better nominal life.

The ballast is a granular layer that supports the sleepers and transfers the forces from
the rail and sleepers to the sub-ballast and soil. It is made of coarse crushed stone with a
grain size distribution in the range of 25-50 mm. More details are provided in the following
section. On high-speed lines (HSL), an extra layer is added to the track, called sub-ballast. It
protects the ballast from rain run-off and water flow, as well as from frost growth.

The subgrade is the ground over which the railway track is built. It should have proper
stiffness and bearing capacity to resist traffic loads. It is composed of geomaterials whose
response may be nonlinear and influenced by the initial state, stress history, plastic deforma-
tion rate, water content, and other variables [12]. Two different kinds of geomaterials can be
used: i) natural ground, and ii) placed soil (fill). The latter is used on French HSL.

1.1.2 The ballast layer

The origin of the term "ballast" comes from the stones used to give stability to the ships [239].
On railway tracks the ballast provides geometrical stability to the sleepers against vertical,
longitudinal and lateral forces generated by the passing of the trains, exactly like it does in
boats. The ballast transmits large load distribution at the sleeper/ballast surface to the bal-
last/subgrade surface at a lower stress level. It provides sufficient permeability for drainage
(standing water can rapidly damage the track) and inhibits weed growth by reducing fouling.

At the beginning of the railway era, the ballast was composed of soil and loose stones.
Cinders dumped from the locomotive fireboxes were used during the 19th century. Today,
crushed stone is the most common material used for the construction of ballasted tracks. The
size and type of stones used for each track depends on the nature of the track and on avail-
ability. The main advantage of crushed stones and gravels is the capability of self-locking
of the particles, reducing drastically the track movement [239]. The ballast gradation can
change from region to region. In France, the admissible granulometry for the ballast grains
follows the norm EN 13450, presented in Fig. 1.2(a). In Australia, the standard AS 2758.7,
presented in Fig. 1.2(b), dictates the ballast gradation. Although clearly influential [17, 205,
25], the shape of the grains is not controlled.

The thickness of a ballast layer depends mainly on the size and spacing of the sleepers, on
the amount of traffic, and on the type of line. Insufficiently deep ballast may yield overload-
ing, with subsequent sinking of the track. Thin ballast layers may also lead to unacceptable
vibration levels because they do not provide sufficient resiliency, strength and energy absorp-
tion [28, Section 4.2]. On conventional lines, the thickness of the ballast is approximately
150 mm, while it stands around 500 mm on HSL [239]. The ballast shoulder should be at
least 150 mm wide to limit the lateral movements of the track.

The most traditional method for maintenance of the ballast layer is tamping [116]. This
operation consists of lifting the track (rail, fastening system, and sleepers) and replacing
fouled ballast by fresh grains one, before setting the track back at its place. However, this
process damages the ballast by loosening the ballast bed and reducing track resistance to
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(a) Ballast gradation proposed by EN 13450 (b) Ballast gradation proposed by AS 2758.7

FIGURE 1.2: Ballast gradation proposed for railway ballast. The solid line
represents the maximum limit, and the dashed line the minimum limit.

lateral displacement and buckling. The process also produces fines which impair drainage.
Therefore, tamping is usually followed by a dynamical stabilization process. The latter con-
sists in vibrating the track laterally, while a vertical load is applied. Under this loading, the
ballast rearranges itself without impact and performs better for lateral stability. Stoneblowing
or pneumatic ballast injection is an alternative method which aims at reducing the creation
of fines during tamping [116]. It consists in lifting the track and filling the voids with small
single size stones, thereby creating a two layer granular foundation for each sleeper. When
the concentration of fines yields a threshold value the ballast must be cleaned or replaced by
fresh ballast [116].

The modelling of the ballast aims at improving the understanding of the mechanical be-
haviour of the track system and providing clues to mitigating the issues listed above [106,
63]. It represents a challenging task because granular materials exhibit various distinct and
complex behaviours. To illustrate this, some experimental observations on granular samples
are reported in the next section, not necessarily limited to the ballast.

1.2 Dynamical behavior of granular materials

A granular material is a biphasic medium where one of the phases is solid and the other is
fluid. The main distinction between this medium and other multiphase medium is the discrete
nature of the solid phase. This characteristic turns into a high dependency of the mechanical
behaviour on the contact chains between grains at the instant analyzed. The contacts between
the grains are the key aspect of the granular medium, and the mechanism that transfers the
loads inside a granular medium is called chain of forces. These chain of forces produce a
highly non-linear and dissipative behaviour due to the rearrangements of the grains and the
contact friction.

The distribution of these contact forces can be broadly analyzed into two groups. Lower-
than-average contact forces have a nearly uniform distribution while larger-than-average
forces present an exponential falloff [144, 83, 192, 164]. The strong network of forces holds
almost all the shear strength of the granular medium [192, 191], producing very localized
load transfer paths [91]. On the other hand, the weak forces are mostly perpendicular to the
strong force chains and help to stabilize the latter. These weak forces contribute considerably



1.2. Dynamical behavior of granular materials 5

FIGURE 1.3: Photoelastic experiment in granular medium subjected to a
point load and gravity, extracted from Geng et al. [91]. The color scale rep-
resent the amplitude of the load from high loads (red) to lower loads (blue).

FIGURE 1.4: Wave propagation in granular medium capture by photoelastic
measurement, extracted from Owens and Daniels [177]

to the anisotropy of the medium, and they are sensitive to the packing state resulting from
the deformation history [192, 191, 16, 237]. From an experimental point of view, granu-
lar materials are therefore extremely heterogeneous and anisotropic. These properties were
verified with photoelastic experiments in 2D arrangements under shearing and gravity at the
microscale [231, 91, 150, 268]. Fig. 1.3 displays force chains as observed by photoelastic-
ity in an assembly of monodisperse pentagonal grains submitted to their own weight and a
vertical point load localized on one grain at the top of the sample [91].

Wave propagation can be captured with similar photoelastic experimental setups. For in-
stance, Fig. 1.4 presents an experiment on a polydisperse arrangement of disks [177], where a
voice coil affixed to the bottom wall of the system sinusoidally drives a flat platform. The fig-
ures display snapshots at different times, showing the propagation of the wave in the medium,
and illustrating the heterogeneous behaviour of the phenomenon (the video of this experiment
is available1). These chains are inherently fragile and susceptible to reorganization [143].
Three-dimensional configurations [103] and stress fields [264] were studied in more recent
years using x-ray tomography and neutron diffraction.

Liu and Nagel [143] performed an experiment on a square box with a side length of 28
cm with a depth of 8 cm to 15 cm filled with 5 mm glass spheres. A speaker attached to a
plate buried in the granular material produced compression waves, which were measured at
accelerometers embedded at distances from 2 to 10 cm from the source. Through time delay,
the mean velocity was measured at 280 m/s, which is much lower than the wave propagation
velocity in glass (around 4000 m/s). One of the explanations for this observation is that the
stress waves are carried by the force chains, so that they do not travel along straight lines.
The waves are carried grain by grain, through the contacts between grains, making the path
relatively longer and reducing the effective velocity of the wave.

1http://nile.physics.ncsu.edu/pub/movies/gransound/

http://nile.physics.ncsu.edu/pub/movies/gransound/
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(a) d = 0.2−0.3 mm (b) d = 0.4−0.8 mm

(c) d = 1.5±0.15 mm

FIGURE 1.5: Ultrasonic signals measured in a glass bead packings of differ-
ent sizes under external normal stress P = 0.75 MPa, extracted from Jia et

al. [123].

Another influence of the heterogeneity of the medium on wave propagation was studied
by Jia et al. in a prestressed cylindrical sample filled with polydisperse glass beads [123]. An
ultrasonic wave pulse was generated by an ultrasonic transducer and measured by an ultra-
sonic detector after propagation inside the medium (see the schematic view of the apparatus
in Fig. 1.5). As shown on Fig. 1.5, two important phases were observed in the measured
response, with different relative amplitude depending on the diameters of the grains (rela-
tive to the wavelength). The first phase (E) corresponds to a coherent pulse, propagating at
an average velocity and with apparent damping. The second phase (S) corresponds to an
incoherent pulse (the so-called coda in seismic engineering), generated by the scattering of
impulse waves at each contact between grains. Fig 1.6 shows that the low-frequency range of
the excitation propagates mostly coherently while the high-frequency range is preferentially
diffracted. On the same experimental setup, the authors also checked the influence of contact
pressure between grains P on the propagation velocity v of the coherent pulse. The later is
shown to scale as v ∝ P1/6 for the higher pressures and v ∝ P1/4 for the lower pressures, as
predicted by the effective medium theory [97].

Very similar results were obtained by Gilles and Coste [96] in an hexagonal lattice of
spherical steel beads under isotropic stress, using beads with different diameters to create
a disordered lattice of particle contacts (see Fig. 1.7 for schematic view of the setup). The
velocity scales as v ∝ P1/4 for confinement pressures below a certain threshold, and as v ∝

P1/6 above. They also reported on the reversibility of the wave propagation phenomenon, by
measuring velocity in the compression and decompression phases (see Fig. 1.8) and showing
they are almost equal.

We finally report on some experimental observations more directly related to ballasted
railway tracks. After increasing the commercial velocity from 270 km/h to 300 km/h on the
Paris-Lyon HSL (in 2001), measurements showed that the permanent deformations in the
track were larger than predicted. Al Shaer et al. [9] prepared a reduced scale laboratory test
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FIGURE 1.6: Spectra of the E and S signals windowed from the total tempo-
ral response for d = 0.4−0.8 mm, and the source spectrum source, extracted

from Jia et al. [123].

FIGURE 1.7: Experimental setup for the isotropic confinement stress, ex-
tracted from Gilles and Coste [96].

FIGURE 1.8: Velocity vs force plotted in log-log scale. The filled triangles
represent the measurement made during the decompression, while the circles
were measured during the compression phase. Extracted from Gilles and

Coste [96].
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(a) Experimental setup used in the test (b) Settlement of the sleeper versus the acceleration
of the sleeper

FIGURE 1.9: Laboratory setup experiment and settlement of the sleeper,
extracted from Al Shaer et al. [9].

to show the influence of the train speed on the ballast response. A portion of ballasted railway
track was built with three sleepers in a steel frame. The passage of a train at different veloc-
ities was reproduced through the use of hydraulic pistons. Fig. 1.9 shows the experimental
setup and the settlement of the sleeper versus the acceleration of the sleeper, which is directly
related to the train velocity. When the settlement is analysed in terms of the acceleration of
the sleepers, a threshold value, around 20 m/s2, clearly arises. Above that threshold, the
ballast layer suffers an important additional settlement per load cycle, with larger variability
for large accelerations. In quasi-static or low-dynamic conditions (low-speed train) the settle-
ment seems to follow the Bodin settlement law [219]. Above the threshold, the observation is
coherent with those of the Paris-Lyon HSL, but the phenomenon is not yet fully understood.

1.3 Modelling of ballasted railway tracks

Granular materials, and among them the ballast, therefore present complex dynamical be-
haviors that are sometimes counterintuitive. This section introduces some of the models that
have been proposed in the literature to reproduce these behaviours, with an emphasis on the
phenomena each model is able to reproduce, as well as a list of their limitations. Two classes
of models are considered: (1) discrete models; and (2) continuum models.

1.3.1 Discrete models of the ballast layer

The relative displacements between two grains in the ballast layer are in general much larger
than the strains within one grain. Models can then be build [142] where each grain of the
ballast is a rigid body with a complex shape [148, 8]. These models have given rise to var-
ious numerical implementations, among which the DEM [66] and the Non-Smooth Contact
Dynamics method (NSCD) [163]. In the DEM, the non-interpenetration condition at the in-
terface between two grains is relaxed through a stiff non-linear repulsion law. This gives rise
to an explicit scheme in time. This kind of numerical integration requires very small time
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(a) Strength parameter, q/p (b) Volumetric strain

FIGURE 1.10: Complex behavior of granular media as a function of shear
strain εq, with irregular ballast grains (black line) and spheres (red line) under

quasistatic shearing, extracted from Azéma et al. [25].

steps and needs to handle the changes in the topology. The NSCD method can deal with
multiple contacts and velocity changes within a single time step and reformulates the non-
interpenetration condition as a quadratic optimization problem. It yields an implicit scheme,
which remains stable for larger time steps.

The results obtained with these granular approaches are able to reproduce the solid to
liquid transition and the inelastic deformations of the ballast [83, 192, 25] as well as the
seemingly random patterns of contact forces [144, 31] that can be observed experimentally
at that scale [74]. Because of the numerical issues mentioned above, however, these models
cannot reproduce dynamical phenomena involving the passage of a train over a large portion
of a track. Also, the requirement of inputting a precise geometry [228] and an initial position
of the seemingly random assembly of grains is straining for most industrial applications, even
though large databases of digitized ballast grains have been created [25]. The NSCD method
was largely applied to the modeling of the ballast [210, 213, 61, 212]. Tests like penetrometer
test [187], analysis of the stability [189], settlement [188, 215], compaction [211, 86] and
degradation [70] were reproduced. The dynamic behaviour of a confined granular medium
and the tamping process were also modeled [27, 24, 26, 214].

To illustrate the kind of behavior that these discrete models can reproduce, we report on
one particular example. A sample of digitized ballast grains was submitted to a compression
test, reproducing a classical laboratory setup for granular materials. Fig 1.10(a) and 1.10(b)
reproduce the ratio of deviatoric stress to mean stress and the cumulative volumetric strain
as functions of the cumulative shear strain, obtained using the NSCD method [25]. The ratio
of mean stress to deviatoric stress presents a hardening behaviour, followed by softening and
a plateau (corresponding to the critical state of soil mechanics [158]), while the volumetric
strain displays a dilatancy property [198]. Both of these are well-known behaviours of granu-
lar media, which shows the capability of NSCD to efficiently reproduce complex phenomena
typical of granular media.

Unfortunately, there is no report in the literature of works using discrete models to re-
produce large scale dynamical phenomena in ballasted railway tracks. One of the reason is
probably the lack of scalability of the NSCD method [197, 108, 10, 263]. The latter is a mea-
sure of a parallel computer’s capability to solve larger systems when provided with a more
powerful computer (see Amdahl’s law [13] and Gustafson’s law [102] for a formal definition
of some scalability metrics). Hoang et al. [108] illustrated this lack of scalability using do-
main decomposition and a shared memory parallelization paradigm, for the simulation of a
granular sample contained in an open cubic box of 0.5 cm edge with 2000 grains (polyhe-
dral shape) submitted to a harmonic force. Fig. 1.11 shows a strong decrease of efficiency
when the number of processes increases. This is related to the relatively larger time that the
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Herein, to estimate the effect of the parallelization on the resolution part, we
use one sweeping iteration (n = m = 1) but a large number of DDM iterations
(nDDM = 10 000).
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Figure 13: Execution time of the sample split into 4 subdomains

A first decomposition with nSD = 2×2×1 = 4 subdomains is tested. The com-
putation is performed on a 2 Dual-Core processor machine, i.e. with a resource of
a maximum of 4 processors. The reference case (sequential) and the 4-subdomain
decomposition are tested with different numbers of processors (1 to 4). Figure 13
reports the elapsed time spent for the sole treatment of subdomains and for the total
simulation, along with the number of processors. With 4 subdomains, the elapsed
time in the parallel region is approx. 80 % of the total computation time.
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Figure 14: Performance of the parallelization with 4 subdomains

To assess the parallelization, the speedup is defined as: Sp = Ts/Tp where Ts

is the execution time of the sequential algorithm and Tp is the execution time of the
parallel algorithm on p processors. The ideal speedup is obtained when Sp = p.
The efficiency is: Ep = Sp/p and is typically in the range [0, 1]. Both are depicted
in Figure 14.

For the parallel region of the code, the case of 2 running cores gets the best
efficiency. For 4 cores, it is still of 78 %. However, a low efficiency is obtained
for 3 cores; indeed, the unbalance of the amount of computation is large, since one
processor is idle when the 3 remaining ones have been assigned to 1 subdomain
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(a) Efficiency against number of process (b) Time percentage against number of subdomains

FIGURE 1.11: CPU time and numerical efficiency in OpenMP implementa-
tion, extracted from Hoang et al. [108]

algorithm spends in communications between processors when the number of subdomains
increases.

In the railway context, another more minor issue arises with discrete models. The cou-
pling between the ballast layer and the soil, which can be efficiently modeled as a continuum
medium, remains a challenge. Complex two-scale models can be introduced [263], coupling
discrete and continuum models at the interface, for instance by the Arlequin method [71, 72,
218]. Such an issue arises in particular from the incompatibility of continuum models to
support point loads [92], while discrete models cannot accommodate surface loads.

1.3.2 Homogenization approach for continuum models of the ballast layer

An alternative approach consists in modelling the ballast as a continuous medium, using the
stress tensor as the static variable and the displacement field as the kinematical variable. The
stress and strain tensors can be derived, respectively, from the contact forces network [262,
209, 34, 162, 216, 166] and the displacements of the grains [253, 134, 50, 30, 201, 77] in
discrete simulations. However, the relation between the parameters of the continuum and
granular models is not obvious. Such continuum models have been developed along various
directions [183, 15]:

1. phenomenological approaches, that consist in postulating the form of the energy func-
tional, introducing a heuristic constitutive relation, generally non-linear, through ob-
servation of experimental results.

2. homogenization approaches, in which an equivalent homogeneous energy functional
is derived from mathematical considerations and asymptotic analysis; these approaches
can be extended to higher-order continuum approaches (such as Cosserat models [243]),
with the introduction of additional degrees of freedom and non-local continuous oper-
ators;

Phenomenological approaches have yielded a wide variety of non-linear models, either ori-
ented to the description of granular flows [113, 90, 124], or of static pilings [151], including
the consideration of wave propagation [97, 141]. The homogenization of granular structures
has been widely studied, for general lattice structures [160, 249, 154, 173, 104], random
packings of spheres [43, 73, 260, 59, 58, 122, 7], as well as railway ballasted tracks [155,
159, 224, 31]. Generalized continua can then be used, such as for instance higher order
medium [39, 243, 79, 157]; non-local theories [236]; gradient medium [94, 93, 19, 181], and
gradient with non-affine displacement field [152].
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Fig. 6. The same as for Fig. 5, for the case of 3D numerical simulations.

R. Paolucci et al. / Soil Dynamics and Earthquake Engineering 23 (2003) 425–433 431

(a) Velocity comparison at 0 m away from the track

Fig. 6. The same as for Fig. 5, for the case of 3D numerical simulations.

R. Paolucci et al. / Soil Dynamics and Earthquake Engineering 23 (2003) 425–433 431

(b) Velocity comparison at 50 m away from the track

FIGURE 1.12: Velocity comparison between a SEM model and observed
measurements, extracted from Paolucci et al. [180]

As these models are based on homogeneous parameters, they cannot reproduce the het-
erogeneity of the stress fields that is experimentally observed. However, most of these con-
tinuum models can be efficiently implemented in parallel algorithms to understand the dy-
namical behavior of ballasted railway tracks over very large scales. For instance, Paolucci et
al. [180] proposed a numerical model, based on Spectral Element Method (SEM), to predict
the low-frequency ground vibrations induced by the passage of HST at Ledsgaard, Sweden.
The acceleration was recorded from a series of train passages with different constant veloci-
ties, between 70 and 200 km/h. The accelerometers were located at various distances, up to
50 m from the track, and depths, and numerical models (2D and 3D) were used to predict
the vibrational levels on and away from the track. The comparison with experimental results
was satisfactory for the vibrational response on the track. On the other hand, at distances
further away, an over-estimation of the level of vibrations appeared in the model, as shown
in Fig. 1.12. In other words, the homogeneous continuum model used in [180] seems to
be lacking a dissipation mechanism that would allow to reproduce the measurements more
accurately.

1.4 Objectives and contributions

Both the discrete and continuum approaches are interesting in their own right. The discrete
approaches provide very detailed information about the micro-mechanical heterogeneity and
behaviour of the granular system, but the numerical simulation of large packings is out of
reach. The continuum-based models are more manageable on a large scale but they lose the
heterogeneity of realistic force networks, which has been shown to be fundamental to explain
many granular phenomena.

The objective of this thesis is to explore an intermediate approach. The ballast is mod-
elled, as in the classical homogenization approaches, by a classical continuum medium, but
with heterogeneous mechanical properties, fluctuating over a characteristic scale similar to
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the diameter of the ballast grains. Because of the heterogeneity of the material parameters,
the stress and strain fields fluctuate within the continuum sample, as in a realistic granular
medium. As the model is continuum-based, very efficient parallelized numerical techniques
allow to solve large-scale dynamical problems. To simplify the parametrization of the field’s
fluctuating property, a stochastic model is used. Hence, the model is parameterized only
by statistical information (average diameter of the particles, mean, variance and autocovari-
ance of the mechanical property). These parameters have to be experimentally identified,
through inverse problems using numerical granular models or experimental measurements.
The influence of the heterogeneity on wave propagation in ballasted railway tracks and the
surrounding environment has to be carefully analyzed.

Besides the introduction, this thesis is structured as follows :

• The next chapter is the core of this work. It introduces the randomly-fluctuating het-
erogeneous continuum model that constitutes the main novelty of this thesis. The
first-order marginal density and correlation structure of the proposed stochastic model
of the Young’s modulus are careful presented. To identify the model parameters, an in-
verse problem is set up, using as reference static NSCD simulations of ballast samples
under vertical compression and lateral confinement. The results of this chapter were
published in Computational Mechanics [5]. The publication of this paper was accom-
panied by an international press release of Institut National des Sciences de l’Ingénierie
et des Systèmes of CNRS, SNCF Innovation & Research and INSA Strasbourg2.

• Chapter 3 proposes a detailed analysis of the influence of heterogeneity on wave prop-
agation in a ballasted railway track. Using time-space data provided by a large scale
numerical simulation with the spectral element method, the dispersion curves for a
ballasted railway track are constructed. A very interesting phenomenon of Anderson
localization is observed and discussed. The results of this chapter were submitted as a
journal paper to Journal of Sound and Vibration [4].

• Chapter 4 presents an first analysis of two experimental datasets that will be used to
identify the parameters of the randomly-fluctuating heterogeneous continuum model
on dynamical data. The first set of measurements was obtained on a small scale in
the laboratory, using a so-called ballast pool, which is a simple box containing ballast
grains. The second dataset consists in accelerations recorded during the passage of
several HST on an HSL. For lack of time, only preliminary analyses can be proposed
in this document.

• Conclusions arising from this work and suggestions for future research are presented
in Chapter 5.

2http://www2.cnrs.fr/sites/en/fichier/cp_ballast_vf_anglais_web.pdf

http://www2.cnrs.fr/sites/en/fichier/cp_ballast_vf_anglais_web.pdf
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Chapter 2

Randomly-fluctuating heterogeneous
continuum model of a granular
medium

The objective of this chapter is to develop a continuum model that represents, statistically, a
granular medium. To start, we should remember the discrete and heterogeneous characteristic
of the granular media, as discussed in the Section 1.2. The passage from the discrete medium
to a continuum one can be made using phenomenological or homogenization approaches.
In the homogenization process, the contact forces and grain displacements are replaced by
one kind of stress tensor (static variable) and the displacement field (kinematical variable).
The homogenization method consists in: search a functional of the energy that satisfies the
Hill-Mandel criteria [271]. It means: the virtual work made in a Representative Volume
Element (RVE), subscale, is equal to the virtual work made in an equivalent homogeneous
media [271], macroscale. This procedure leads us to an apparent homogeneous property for
the material [111, 112, 126]. However, one of the main hypothesis used in the classical ho-
mogenization, the scale separation [156], is not satisfied in the problem studied by this thesis.
In this case, or when we want a finer resolution for the continuum, we should employ a Sta-
tistical Volume Element (SVE), which leads to heterogeneous random continuum fields [174,
76].

We choose to represent the granular media using a randomly-fluctuating heterogeneous
continuum model. The model will consider the small displacements regime, without non-
local theory, in a linear isotropic elastic medium. It will allow us an easy coupling with the
soil layer beneath the ballast. The proposition of a stochastic heterogeneous model to replace
the granular material is presented in the first section (Section 2.1) and constitutes the core of
the chapter. The following subsection (Section 2.1.1) describes discrete numerical samples
of a granular medium, whose normal force distributions can be simulated with the NSCD.
These simulations are used to identify the random model of Young’s modulus. Section 2.2
presents a comparison between the results obtained in Section 2.1.1 and the model present in
Section 2.1.

2.1 Stochastic Heterogeneous Continuum model

In this section, a random model of Young’s modulus is introduced. While we limit ourselves
to this parameter a similar model could be proposed for other mechanical parameters, such
as the density or the Poisson ratio. However, the identification process might have to be
adapted depending on the parameter considered. The random field is assumed stationary and
ergodic, and its first-order marginal law and correlation model are described below. Most
parameters are based on geometrical and mechanical information of granular particles, ob-
tained directly from the observation of discrete samples, and summarized in Section 2.1.2.
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FIGURE 2.1: Example of one of the 29 samples of granular medium simu-
lated with the NSCD.

The only exception is the variance, that is identified by the solution of an inverse problem in
Section 2.2. To begin, a description of the discrete numerical samples of ballast are presented
(Section 2.1.1). They were used as the reference for the identification process, and to extract
some of the model parameters.

2.1.1 Discrete model of a granular medium and numerical samples

This section introduces discrete samples of a granular medium, and describes the distribution
of the force chains, as estimated with the NSCD. These samples will be used to identify the
parameters of the randomly heterogeneous continuum model in Section 2.2. The link with
the continuum models is performed through equivalent stresses.

Description of the discrete numerical samples

We consider 29 samples of 2700 granular particles, on average, contained in cylindrical boxes
with a radius of R =35 cm and a height of H =39 cm (see Fig. 2.1). The particles are convex
polyhedra with diameters between 2.5 cm and 5 cm, whose shapes have been obtained by
digitalization from real ballast [25]. The 2700 granular particles are randomly drawn from
a larger database so the particles are not the same in all samples. An isotropic confinement
pressure of 60 kPa is applied on all samples. A vertical load of 63 kN is also applied on
the upper face. Gravity is considered within all samples, with particles having a density
of 2700 kg/m3. Contact forces in each of the samples are estimated using the LMGC90
software [146], which is built on the NSCD and considers Coulomb dry friction and mutual
exclusion as contact laws. The preparation (creation of the granular assemblies by free fall of
randomly-rotated particles in the cylindrical box from grid positions in the air) and simulation
of one granular sample takes on average 6200 s of CPU time.

For each sample, only the contacts contained within a 48×48×32 cm3 hexahedral box
are considered, to limit the influence of the boundary conditions. Finally, results from the
29 samples can be aggregated, yielding approximations of the distribution of the contact
forces. For instance, Fig. 2.2 presents the probability distribution function for the normal
contact forces normalized by their average value estimated from the 29 samples and plotted
in log-log scale.

In the literature, there seems to be a consensus about the exponential distribution for
the modelling of the probability distribution of higher-than-average normal forces (so-called
strong forces). This consensus is built at the same time over theoretical considerations [64,
31, 81], experimental evidence [155, 164, 252, 109] and numerical simulations [167, 191].
For the samples considered here, the higher-than-average force distribution is proportional
to:

p( fn) ∝ exp
(

β
fn

〈 fn〉

)
. (2.1)
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FIGURE 2.2: The probability density function of the logarithm of normal
contact force normalized by its average (solid line), and exponential approx-

imation (dashed line, see Eq. (2.1)).

FIGURE 2.3: Anisotropy of the normal contact force distribution, averaged
over the 29 discrete samples (in circles), and first spherical harmonic approx-

imation (solid line, see Eq. (2.2)).

where β = 1.13. Note that the latter value is compatible with the values found in the literature
0.88 < β < 1.71 [22, 194, 204], and matches the coefficient of [25], obtained for similar
samples. For lower-than-average forces, the situation is not so clear and several models are
competing [155, 78, 109]. In that respect, the size of the particles [155], the shape of the
particles [25], and the mean packing fraction [109] seem to be influential.

Finally, the anisotropy of the behaviour is reflected in Fig. 2.3 and well approximated by
the following spherical harmonic model [193, 23]:

Pn(φ)≈
1

2π
[1+ac(3cos2(φ −φc)−1)], (2.2)

where ac = 0.3 is an anisotropy parameter related to the fabric tensor [193]. The coefficient
φc ≈ 0.03 rad is the most probable contact angle. As is the case here, it is usually collinear
with the principal load direction.

Fig. 2.4 presents the probability distribution functions of the different components of the
equivalent stress σV , Eq. 2.3, (in a cylindrical basis) for different averaging volumes in a
cube: V = (2 cm)3 = 8 cm3, V = (4 cm)3 = 64 cm3 and V = (8 cm)3 = 512 cm3. Due
to the type of loading, the vertical component σV

zz is obviously much larger than the other
components. It is also clear that the distributions are wider (there is more variability) when
the averaging volume is smaller. When averaging over larger volumes, a more homogeneous
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FIGURE 2.4: Probability distribution functions of the different components
of the equivalent stress σV , as a function of the averaging volume: V =
(2 cm)3 (solid line), V = (4 cm)3 (dashed line) and V = (8 cm)3 (dash-dotted

line).

distribution is obtained, less variable and more clustered around the average value. Unfortu-
nately, the tails of the distributions are not well represented, once that only 29 samples were
available to evaluate Eq. 2.3.

Notion of equivalent stresses and relation between discrete and continuum models

The forces in a granular model are point forces localized at the interface between grains.
These quantities have no counterpart in continuum models. It is however possible to define
generalizations of the notion of stress tensor to discrete medium. Several proposals have
been made in static [74, 200, 161] and dynamic regimes [98, 216]. The equivalent stresses
for static (or quasi-static) loads is introduced here. Given a network of contact forces f c

α

(at contact points c and with coordinates α) in a granular medium, the equivalent stress
field [147, 262, 161, 249, 257, 168] is defined as

σ
V
αβ

=
1
V

Nc

∑
c=1

f c
α`

c
β
= nc

〈
fα`β

〉
= σ

V
βα

, (2.3)

where `c is the so-called branch vector, linking the centres of the two particles in contact at c,
the sum in Eq. 2.3 is on the Nc contact points in a cell with volume V , and nc = Nc/V is the
density of contacts (see [262] and Section B.1 for more details). Obviously, this quantity de-
pends on the size of this averaging cell volume (with more variability over the whole sample
for smaller averaging volumes). One of the main advantages of this definition is that it makes
sense from the smallest scale (e.g. one contact point) to the largest one (e.g. the sample).
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It is also an additive quantity, with respect to the volume (Lebesgue) measure. However,
the definition of an equivalent tensor of deformations has not yet found a consensus: several
propositions have been made [32, 132, 50, 201, 51]. One proposition was detailed in the
Section B.2.

2.1.2 Geometrical information on the granular packing

The average diameter is defined as the mean (over all contacts and all samples) of the branch
vector lengths:

d =

〈
1

Nc

Nc

∑
c=1
|`c|
〉
, (2.4)

where 〈·〉 indicates an average over all discrete samples. In the set of cylindrical samples
that we considered, we obtain d ≈ 3.9 cm. Alternatively, in the context of ballasted rail-
way tracks or other engineering works, it would be possible to identify that average diameter
directly from the normalized granulometry curves. Using for instance the minimum and max-
imum ballast gradations proposed by the standard EN 13450 (Fig. 1.2), one obtains average
diameters between d = 3.6 cm and d = 4.5 cm.

On the same granular packings, we can also measure the packing density, defined as the
volume of the grains relative to the total volume of the cylinder:

φ =

〈
Vgrains

πR2H

〉
, (2.5)

where Vgrains indicates the cumulated volume of all the grains in a given sample. Note that,
as we will consider a continuum model with volume πR2H (that is to say with no holes), we
will consider a density

ρ = φρgrains, (2.6)

where ρgrains is the density of the constituent of the grains. This diminished density en-
sures that the total weight of the continuum samples will be the same as that of the discrete
samples. In our model we use for density model: ρgrains = 2700 kg/m3, φ = 0.5830 and
ρ ≈ 1574 kg/m3.

2.1.3 Correlation model for Young’s modulus

Considering the geometrical information above, a correlation model for the random field of
Young’s modulus is now chosen. In order to propose a theoretical correlation model, we
assume in this section that the considered material is idealized as a two-phase medium: void
matrix and impenetrable spheres. Even though the random field of Young’s modulus corre-
sponds to a unique phase, it is believed that proceeding this way will provide an appropriate
order of magnitude of the scale of fluctuations in space. The amplitude of fluctuations (vari-
ance) will be identified in Section 2.2. We propose to consider the correlation structure of a
dense packing of impenetrable spherical particles of diameter d, with volume ratio φ , devel-
oped by Torquato and coworkers [251, 250, 190]. This function depends only on φ and d,
and shows in particular the impenetrability condition and cosine decaying behaviour, more
pronounced with increased volume ratio, as can be noted in Fig. 2.5. Usually, the correlation
function is based on the probability that n spheres of radii a1, . . . ,an centered at positions xn,
respectively, are empty of inclusion centers. However, it leads to a sum of infinite number of
terms [250]. We choose the Meyer representation of the canonical function Sn (denoted Hn

in the book [250]). This theoretical correlation model is based on the approximation made
by Ornstein-Zernike in a 2-point matrix probability function the correlation S2(r). Now the
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correlation model can be written as a sum of a finite number of terms. Formally, this relation
reads:

S2(r) = 1−φV2(r)+φ
2F−1

[
m̃(k)2 c̃(k)

1−φ c̃(k)

]
, (2.7)

where F−1[·] denotes the inverse Fourier transform of a function, k is the spatial frequency,
φ (denoted ρ in the original papers [251, 250, 190]) is the number density of the particles or
volume ratio and V2(r) is the normalized volume of the union of two spheres whose centers
are separated by r, equal to

V2(r < dw) =
4π

3

(
1+

3
4

2r
dw
− 1

16

(
2r
dw

)3
)

(2.8)

for r < dw and V2(r > dw) = 8π/3 otherwise. The Fourier transform of the indicator function
of the particle (equal to 1 inside the particle, and 0 outside) m̃(k) is equal to

m̃(k) =
4π

k

(
sink
k2 −

cosk
k

)
(2.9)

and, using the Percus-Yevick approximation [184] corrected by Verlet-Weis [256], the Fourier
transform of the direct correlation function is given by:

c̃(k) =−4π

k3

{
λ1 [sin(2k)−2k cos(2k)]+

3ηwλ2

k

[
4k sin(2k)+(2−4k2)cos(2k)−2

]
+

ηwλ1

2k3

[
(−2k4 +6k2−3)cos(2k)+(4k3−6k)sin(2k)+3

]}
, (2.10)

with ηw =η−η2/16, η = 4πn/3, λ1 =(1+2ηw)
2/(1−ηw)

4, λ2 =−(1+ηw/2)2/(1−ηw)
4

and dw
3/ηw = d3/η . Finally, the sought correlation model R(r), which is a normalized auto-

covariance, is directly related to the 2-point matrix probability function through the relation
(see [250, Chapter 2]):

R(r) =
S2(r)− (1−ηw)

2

ηw(1−ηw)
. (2.11)

The reason for normalizing is to remove the discontinuity at the origin, due to the fact that
we are considering a correlation model for a discontinuous two-phase medium, and look for
a correlation model of a continuous random field of Young’s modulus. The variance will
be identified in Section 2.2. Other, more complex theories describe the correlation pattern
for polydisperse packings of sphere [259, 41, 40, 266, 67, 135, 250] and are expected to
behave better at long distance, but have not been considered to date. The Meyer representa-
tion proposed by Quintanilla [190] for randomly oriented ellipsoids may be studied in future
works. Theoretically, the Percus-Yevick approximation is not appropriate for dense arrays of
particles, such as those that we are considering, but this approximation can be improved, in
particular using the Verlet-Weis [256] or Kincaid-Weis [128] semi-empirical modifications
to the Percus-Yevick radial distribution. In this work, we considered and used the modifica-
tions proposed by Verlet-Weis. This empirical correction tries to reduce, for large r, the main
maximum of the structure factor, and the small difference in the phase in the radial distribu-
tion function. Finally, the correlation model of Eq. (2.11) is plotted in Fig. 2.5, for different
volume fractions and diameters.
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FIGURE 2.5: Correlation function for an impenetrable sphere packing with
constant diameter d and volume ratio φ . Four cases were presented here:
d = 3.9 cm and φ = 0.5682 (solid line); d = 3.9 cm and φ = 0.2 (dashed
line); d = 6 cm and φ = 0.5682 (dotted line); d = 6 cm and φ = 0.2 (dash-

dotted line).

2.1.4 First-order marginal law for Young’s modulus

We now turn to the choice of the first-order marginal law. Young’s modulus is a positive
quantity, and the choice of first-order marginal law should reflect that physical requirement.
We consider in this work two of these: (i) log-normal law, and (ii) Gamma law. Both models
are parameterized by an average µE and variance σ2

E . The probability density function of the
log-normal distribution is:

p(E) =
1

Es
√

2π
exp
(
−(lnE−m)2

2s2

)
(2.12)

where s2 = ln(1+σ2
E/µ2

E) and m= ln(µE)−s2/2 are the variance and mean of the underlying
Gaussian distribution. The probability densify function of the Gamma distribution is:

p(E) =
Ek−1

Γ(k)θ k exp
(−E

θ

)
, (2.13)

where θ = σ2
E/µE and k = µ2

E/σ2
E are the shape parameters of the Gamma distribution, and

Γ(k) =
∫ +∞

0 tk−1 exp(−t)dt is the Gamma function. An example of these two densities (for
µE = 1 N/m2 and σ2

E = 10µ2
E) is plotted in Fig. 2.6. They mainly differ in the tails, that is

to say for the description of very small and very large values. Note also that, as desired for a
positive parameter, the support of both functions is limited to R+.

2.1.5 Generation of realizations of the stochastic field of Young’s modulus

As realizations of the stochastic field of Young’s modulus will be required for the numerical
simulations in the next sections (cylindrical samples in Section 2.2 ), we conclude this section
with a description of a numerical strategy for the generation of the samples. This can be
performed in two different ways: either in the space or in the spectral domain. The latter is
widely used for its simplicity and efficiency [230]. It consists in summing a large number of
functions oscillating with random phases and with amplitudes designed to match the desired
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FIGURE 2.6: Probability density function for the Gamma distribution (solid
line) and log-normal distribution (dashed line) for µE = 1 N/m2 and σ2

E =
10µ2

E .

correlation model:

E(x) = 2
N

∑
j=1

√
σ2

ER̂(k j)∆kζ j cos(k jx+φ j) (2.14)

where the ζ j are independent unit centered gaussian random variables, the φ j are indepen-
dent random variables, uniform over [0,2π], N in the number of terms in the sum, ∆k is the
discretization step in wave-number space, and R̂(k j) is the normalized power spectral den-
sity function in wave-number space, that is to say the Fourier transform of the normalized
autocovariance introduced in Eq. (2.11). Although written here for simplicity in 1D, the ex-
tension to 3D is described in full details in [229]. This algorithm generates random fields
that are asymptotically Gaussian and asymptotically ergodic, so that a Rosenblatt transfor-
mation [199] is then applied to obtain the desired first-order marginal density. Note that this
pointwise transformation is known to modify in general the correlation structure [99, 186]. In
Fig. 2.8, a comparison is proposed between the target correlation structure and the correlation
structure estimated from one single realization of the Rosenblatt-transformed random field
(generated for the cylinder of Section 2.2 and Fig. 2.7). As expected, a slight shift in the cor-
relation length seems to be observed, but the shape remains quite unchanged. The influence
of the correlation structure of the random field is discussed in more details in Section 2.3.3.

The efficiency of this technique mainly lies in the possibility to take advantage of the
efficiency of the Fast Fourier Transform (FFT) algorithm in a straightforward way [230, 229].
However, when simulating realizations over large clusters of computers, as required in the
simulation in Section 3.3, the algorithmic complexity of the FFT is too large. We therefore
consider a particular implementation of the spectral representation method, which considers
independent realizations (obtained with the scheme above) over each processor and overlap
and merging to retrieve the continuity and correlation over the global domain. More details
on this implementation can be found in [178]. One example of realization of random fields
are proposed: a typical sample used in Section 2.2 is presented in Fig. 2.7.

2.2 Identification of the stochastic continuum model parameters

This section discusses the identification of the variance of the stochastic model of Young’s
modulus described in the previous section and the comparison with the model presented in
Section 1.2. The reference for the identification is the distribution of equivalent stresses
pr(σzz) in the set of numerical granular samples described in Section 2.1.1.
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FIGURE 2.7: One realization of the random model of Young’s modulus (d =
3.9 cm and φ = 0.5830) for a cylinder of the same size as in Fig. 2.1: radius

R =35 cm and height H =39 cm.

FIGURE 2.8: Comparison of the theoretical correlation model, used to gen-
erate the Gaussian random fields (solid line) and the correlation estimated
from one cylindrical sample of the Rosenblatt-transformed random field

(dotted line).

2.2.1 General methodology

Usually the identification process is made solving an optimization problem, where an objec-
tive function is maximized or minimized [36], Eq. 2.15 in our case. In this thesis we used the
Nelder-Mead method or amoeba method [165]. It consists in an iterative zero order method,
in other words, it does not depends of the sensibility matrix of the problem [207, 206]. The
method uses a simplex (generalization of the notion of a triangle or tetrahedron to arbitrary
dimensions) with n+1 vertices in a n dimension.

The algorithm starts with the definition of a non-degenerate simplex chosen in this space.
By successive iterations, the process consists of determining the point of the simplex where
the function is maximal in order to replace it by the reflection (that is to say the symmetrical)
of this point with respect to the center of gravity of the remaining n vertices. If the value of
the function at this new point is lower than the values taken at the other points, the simplex
is stretched in that direction. Otherwise, it is assumed that the local shape of the function
is a valley, and the simplex is reduced by a similarity centered on the point of the simplex
where the function is minimal. This method is implemented in the function fminsearch [136]
in Matlab R© [153]
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Identification process

The steps of the identification process are summarized in Fig. 2.9 and listed below:

1. an initial value of the variance is chosen;

2. a realization of a heterogeneous Young’s modulus field is generated;

3. the distribution of stresses p(σzz) in the Finite Element model (described in Sec-
tion 2.2.1 below) is computed;

4. the L2 distance between that distribution and the reference is computed;

Lr =
∫

Σ

(p(σzz)− pr(σzz))
2dσzz. (2.15)

The interval Σ ∈ R is chosen so as to remove the tails of the experimental distribution,
for which the data is too scarce to ensure statistical convergence. In this work, we
have considered the interval [1× 104− 7× 106] N/m2, which corresponds to 90% of
the experimental probability density of σzz;

5. depending on the distance obtained, and using a simplex algorithm [136], new values
of the variance are proposed, and an iterative process is considered on steps 1-5. If
convergence is not obtained, a new value of the variance is proposed and a new iteration
starts at step 2; else the algorithm exits.

Note that in the entire process, only the variance evolves. The remaining parameters (average
Young’s modulus, correlation length and model, first-order marginal density), as well as the
averaging volume for the reference distribution, are fixed. Note also that the Kullback-Leibler
distance [18] has been tested instead of Eq. (2.15) and yielded the same qualitative results as
those presented below.

Description of the continuum samples used for identification

The continuum samples that are used for the identification process imitate the discrete sam-
ples described in Section 2.1.1. They are cylinders of radius R=35 cm and height H =39 cm,
loaded with an isotropic confinement pressure of 60 kPa on the lateral face and with a vertical
pressure of 63 kN on the upper face. Gravity is also considered within the model. The gener-
ation of one realization of the random field and the simulation of the corresponding response
took on average 4800 s of CPU time.

We consider a homogeneous density ρ = 1574 kg/m3 (see Section 2.1.2) and a homo-
geneous Poisson ratio ν = 0.23 [117]. As the identification process is driven by stress dis-
tribution, and because we are considering a linear model, the average Young’s modulus is
expected to be ill-constrained in this experiment. We therefore choose to fix its value at
E = 80 MPa [117], and will investigate this further in Section 2.3.4. The density and the
Poisson ratio can be modelled as an heterogenous material. However, in the present case, we
believe that this approach does not contribute significantly for the results. An imposed pres-
sure was applied in the top of the sample (around 160 kPa). This pressure is much higher than
the weight of the sample at the bottom layer (around 585 Pa). Due to this huge difference in
the pressure we believe that the density does not play a major role in our analysis, moreover,
the static analysis removes the inertia term of the equation. Regarding the Poisson’s ratio
we can state that a similar response can be obtained when comparing with Young’s modulus.
However, the Poisson’s ratio can assume negative values and cannot be bigger than 0.5 (due
to thermodynamic restrictions). This restriction should affect choice made for the first order
marginal law (gamma law), in other words, a more suitable law should be studied.



2.2. Identification of the stochastic continuum model parameters 23

FIGURE 2.9: Optimization scheme.

All simulations are performed with the Finite Element Method (COMSOL software) with
a mesh of close to 380’000 hexahedra, corresponding to elements of size h≈ 0.7 cm, linear
elements (p = 1) were used, much smaller than the correlation length. To simplify the post-
treatment process, note that output stresses are extracted only within a box of size 48×
48×32 (cm)3, inset into the cylinders. It was checked that there is no significant difference
between the stress distribution within the box and within the full cylinder.

2.2.2 Identification for a Gamma first-order marginal with averaging volume
V = (4 cm)3

Considering a Gamma first-order marginal density, and the experimental distribution of equiv-
alent stresses obtained with an averaging volume of V = (4cm)3, the optimization process
leads to the evolution of the L2 distance plotted in Fig. 2.10. Although there is variability
between samples, there is clearly a minimum of the L2 distance, with a normalized variance
close to σ2

E/E2 ≈ 11. Note that the minimization was re-started several times to make sure
that no bias resulted from sample-to-sample variability. In each restart the departure point
changed randomly.

The distributions of continuum stresses are plotted in Fig. 2.11 (solid lines) and com-
pared to the experimental equivalent stresses (dashed lines). The identified stress distribu-
tions match very well with the discrete ones, both for the σzz coefficient, which was used
to drive the identification, and the other coefficients, that were not used in the identification.
The only apparent deficiency of the model lies in a slightly higher value of the lower-than-
average shear stresses in the identified continuum model with respect to the experimental
ones. Note that, on each plot, there are actually several continuous lines, corresponding to
different realizations of cylindrical samples with the same statistical parameters. This shows
that a cylindrical sample is statistically representative for the distribution of stresses, because
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FIGURE 2.10: Evolution of the L2 distance during the optimization process
for a Gamma first-order marginal distribution and averaging volume V =

(4 cm)3 as a function of the normalized variance σ2
E/E2.

FIGURE 2.11: Distribution of the logarithm of the equivalent stresses for
the discrete samples and averaging volume V = (4 cm)3 (dashed line), and
for the identified continuum model with Gamma first-order marginal density

(solid line).

there is almost no variability in the stress distribution from sample to sample, although there
is a large variability in the pointwise values of the Young’s modulus.

2.3 Influence of the model parameters in the equivalent stress
distribution

In this section, we study in details the influence of several model parameters (averaging
volumes, first-order marginal density, correlation model, and mean value of the stochastic
field) on the identification process of the equivalent stress distribution.
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FIGURE 2.12: Evolution of the L2 distance during the optimization process
for a Gamma first-order marginal distribution and different averaging vol-
umes: V = (4 cm)3 (crosses), and V = (8 cm)3 (circles), as a function of the

normalized variance σ2
E/E2.

FIGURE 2.13: Distribution of the logarithm of the vertical equivalent
stresses, σzz for the discrete samples (dashed lines) and for the identified
continuum models with Gamma first-order marginal density (solid lines), for
averaging volumes V = (4 cm)3 (black lines) and V = (8 cm)3 (blue lines).

2.3.1 Comparision of Gamma models for different averaging volumes

Still considering the Gamma first-order marginal density, we now consider a different av-
eraging volume V = (8 cm)3 and compare it to the previous volume V = (4 cm)3. The
optimization process produced the results plotted in Fig. 2.12. A clear reduction of the nor-
malized variance can be observed, from σ2

E/E2 ≈ 11 for V = (4 cm)3 to σ2
E/E2 ≈ 4 for

V = (8 cm)3 compared to the variance for V = (4 cm)3. Note that we do not consider here
the identification for the averaging volume V = (2 cm)3 because the generation of random
fields with Gamma first-order marginal densities and normalized variances larger than 26 re-
sulted in numerical issues. This is linked to the inversion of the Gamma cumulative function
in the Rosenblatt transform.

The obtained distributions of identified continuum stresses (σzz component) are plotted
in Fig. 2.13 and compared to the experimental equivalent stresses. The variance reduction is
clearly visible. The agreement between both groups of curves is very good, although less for
the larger average volume, where the lower-than-averages forces are slightly overestimated.
However, it should be noted that they correspond to very low probability of occurence (two
orders of magnitude below the maximum), so that a larger experimental database might be
desirable.
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FIGURE 2.14: Evolution of the L2 distance during the optimization process
at V = (4 cm)3 as a function of the normalized variance σ2

E/E2, for a Gamma
(crosses) and log-normal (circles) first-order marginal distribution.

2.3.2 Influence of the first-order marginal density

Considering the averaging volume of V = (4 cm)3, we now consider a log-normal first-order
marginal density, and compare the results obtained with those of the Gamma first-order
marginal density (Section 2.2.2). The optimization process leads to the convergence pre-
sented in Fig. 2.14. It can be seen that the variance corresponding to the log-normal density
is much larger than before: σ2

E/E2 ≈ 72. It is also interesting to remark that there is much
more variability in the L2 distance depending on the particular realization of cylindrical sam-
ple that is considered.

The stress distributions are then plotted in Fig. 2.15. Although the distribution for the σzz

coefficient matches relatively well the experimental equivalent stress, as expected out of the
optimization process, all the other coefficient are rather badly approximated. This is probably
due to the very large difference between the log-normal and Gamma distributions for the tails
of the distribution (see Fig. 2.6). The log-normal first-order marginal density can therefore
not be considered as appropriate to model Young’s modulus in the ballast.

2.3.3 Influence of the correlation model

To consider the influence of the correlation model in the identification process, we compared
the model presented in Sec. 2.1.3 with a cardinal sine correlation model [238, 245]. The
optimization process leads to the convergence presented in Fig. 2.16. A remarkable influence
of the departure point on the values at convergence was observed. Indeed, when the depar-
ture point was lower than about 10 (σ2

E/E2 ≈ 10), the results were quite consistent, and the
minimum was found close to σ2

E/E2 ≈ 5. However, when the initial point was larger than 10,
the convergence process became stuck in local minima (see the square markers in Fig. 2.16).
Note that the normalized variance found in this case is quite different from the value found
in Sec. 2.2.2 for the same volume and first-order marginal law.

The stress distributions are then plotted in Fig. 2.17. The distribution for the σzz around
and above the mean value is quite satisfactory, except for one realization of the optimiza-
tion process. The lower-than-average stresses are however poorly represented. For all other
components of the stress tensor, both the below-than-average and above-average stresses are
badly represented. Finally, note that the realization with a departure point larger than 10
presents stress distributions whose shapes are completely different from the granular ones.
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FIGURE 2.15: Distribution of the logarithm of the equivalent stresses for
the discrete samples and averaging volume V = (4 cm)3 (black dashed line),
for the identified continuum model with Gamma first-order marginal density
(black solid line), and for the identified continuum model with Log-normal

first-order marginal density (red solid line).

FIGURE 2.16: Evolution of the L2 distance during the optimization process
at V = (4 cm)3 as a function of the normalized variance σ2

E/E2. The crosses
represents the realizations where the departure point, for the optimization
process, were below 10, σ2

E/E2 ≤ 10. The squares represent the realization
where the departure point was greater than 10, σ2

E/E2 ≥ 10.

2.3.4 Influence of the average of Young’s modulus

Finally, we consider a different average Young’s modulus and compare the results to the case
in Section 2.2.2. Fig. 2.18 presents the convergence of the L2 distance for E = 80 MPa (with
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FIGURE 2.17: Distribution of the logarithm of the equivalent stresses for the
discrete samples and averaging volume V = (4 cm)3 (black dashed line), for
the identified continuum models with Gamma first-order marginal density

and cardinal sine correlation model (red solid lines).

FIGURE 2.18: Evolution of the L2 distance during the optimization pro-
cess for a Gamma first-order marginal distribution at V = (4 cm)3 and
E = 80 MPa (crosses), and for V = (4 cm)3 and E = 800 MPa (circles),

as a function of the normalized variance σ2
E/E2.

crosses) and E = 800 MPa (with circles). It is clear from the orders of magnitude of the L2

distance (compared to the previous figures) that the average Young’s modulus has very little
influence on the identification. This was to be expected because the identification is per-
formed on stress distributions rather than on kinematical quantities. The stress distributions
are not plotted because they almost overlap in the two cases.
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2.4 Concluding remarks

In this chapter, we introduced a novel approach to the modelling of granular materials (ballast
grains) for ballasted railway tracks. In between homogeneous continuum models, that cannot
reproduce the complex dynamical behaviour of realistic tracks, and discrete models that are
difficult to simulate at the appropriate scale, we proposed a heterogeneous continuum model.
Young’s modulus was modelled as a randomly-fluctuating parameter whose statistics have
been identified on discrete simulations of granular samples with realistic shapes. The stress
distributions match extremely well the equivalent stresses in the discrete simulations, even for
components that have not been used in the identification process. The variance depends on the
averaging volume for the equivalent stresses and has been identified as close to σ2

E/E2 ≈ 11
for V = (4 cm)3. As expected, the average is not well constrained by the chosen experimental
data.

In terms of limitations of the model, it should be stressed that the model can obviously not
take into account situations when grains re-arrange. It is therefore not appropriate for fatigue
simulations or long-term behaviour of the track. Also, it considers locally averaged stresses
and strains, so that it is probably not appropriate to predict local stress states, sometimes
required for fatigue simulation at the interface with the sleepers for instance [116].

It will be interesting to discuss in detail the impact of the heterogeneity on wave prop-
agation, as this feature is classically observed in wave propagation in granular media. This
study was presented in the Chapter 3.
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Chapter 3

Wave propagation in a highly
heterogeneous medium

Dispersion curves are among the most classical tools used in the analysis of wave propa-
gation. These curves link the values of (k,ω) for which the dispersion relation vanishes
and represent the values for which a plane wave can actually propagate in the medium in a
given direction. These simple 2D diagrams allow a quick understanding of the properties
of the wave propagation medium. In a linear elastic isotropic unbounded medium, the dis-
persion curves are two straight lines, for the pressure and shear waves, respectively. Lord
Rayleigh developed the dispersion relation for elastic half-spaces, discovering the Rayleigh
wave [196]. The dispersion equation for a plate was solved by Sir Horace Lamb [139], dis-
playing an infinite number of modes, most of them dispersive. The objective of this chapter
is, therefore, to construct numerically the dispersion curves for a randomly heterogeneous
continuum model of a ballasted railway track.

Preliminaries results suggest that the Anderson localization phenomena can occur in a
highly heterogeneous media, as presented in Section 3.1. Dispersion curves for the ballast
were constructed (Section 3.3 using the methodology presented in Section 3.2) and a dis-
cussion on the relevant physical phenomena, including Anderson localization, was made.
Additional simulations (Section 3.4) will be performed in generic granular media to confirm
that the trapping of waves observed at higher frequencies (over 100 Hz) is indeed Anderson
localization and not some effect of waveguide or impedance mismatch between the soil and
the ballast.

3.1 Dynamic simulation of the passage of a train on a ballasted
railway track

In this section, we consider the stochastic model of Young’s modulus developed in the previ-
ous chapter and analyze the impact of the heterogeneity it models on a dynamic simulation
of the passage of a train on a ballasted railway track. This simulation is not realistic because
there is no dissipation involved. However, we believe it illustrates very clearly the importance
of considering heterogeneity in the numerical modelling of granular media.

3.1.1 Description of the numerical model of the ballast

We consider the model depicted in Fig. 3.1. It is a 38 m-long one-way track segment, with
a ballast (in yellow on Fig. 3.1) of height 48 cm and width between 3.9 m at the top and
5 m at the bottom. Below the track, the soil is numerically modeled on a width of 20 m and
a depth of 5 m. The concrete sleepers have dimensions 20×30×200 cm3, are separated by
d = 0.6 m, and are embedded on the ballast layer on a height of 10 cm. This simple setup is
representative of a realistic ballasted railway track.
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FIGURE 3.1: Geometry, loading, boundary conditions and mesh for the
wave propagation analysis.

In the simulated domain, the wave field is the solution of the wave equation:

∇ ·σ −ρü = 0 (3.1)

where the material is assumed isotropic and linear, so that the strain is ε = (∇u+∇uT )/2 and
the stress is σ = λ (x)TrεI+2µ(x)ε , with λ and µ the Lamé parameters, and I is the identity
second-order tensor. The density is denoted ρ . The Lamé parameters are related to the
wave velocities through Vp =

√
(λ +2µ)/ρ and Vs =

√
µ/ρ . The problem is closed with

boundary and initial conditions. For instance, in an unbounded medium, the Sommerfeld
radiation conditions state:

lim
r→∞

r
(

∂u
∂ r
− iku

)
= 0, (3.2)

where r = ‖x‖.
The soil is assumed homogeneous in all simulations, with Vs = 180 m/s, Vp = 350 m/s,

and ρ = 1900 kg/m3. The concrete sleepers are assumed homogeneous in all simulations,
with Vs = 2500 m/s, Vp = 4500 m/s, and ρ = 2400 kg/m3. In the simulations where the ballast
is assumed homogeneous, we consider Vs = 150 m/s, Vp = 380 m/s, and ρ = 1570 kg/m3. In
the simulations where the ballast is assumed heterogeneous, the random model of mechanical
properties is the one described in the previous chapter, and the average values are taken equal
to those of the homogeneous case.

The vertical loading considered is a classical one for modeling the influence of a train-rail
system (one bogie) on the sleepers [100]. It considers the flexibility of the rail by transferring
the point loads of the boggie of a train onto consecutive sleepers. The movement of the train
is taken into account by moving the position of the point loads at the appropriate velocity. The
loading on each of the sleepers (and on each side of each sleepers, as indicated on Fig. 3.1)
is given by:

Fi(t) =
QY
2

[
C

(v0(t−δi)−a)2

d2 +C
(v0(t−δi)−a−L)2

d2

]
(3.3)

where Q is the load magnitude, L = 3 m is the wheelbase, d = 0.6 m is the distance between
two consecutive sleepers, a = 3 = 5d m is the critical distance, beyond which the load is
assumed to vanish, v0 = 100 m/s is the chosen train velocity, and C = 0.61 and Y = 0.41 are
constants that depend of the soil-ballast combination. The latter values are obtained from the
experimental values in [9]. In order to produce a “moving load" each sleeper i is associated
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with a time delay δi. The Fig. 3.1 highlights the region where the vertical point loads are
applied at the top of the sleepers at the initial time. The transmission of the point load to
the ballast layer takes place through the sleepers. Only five sleepers are loaded in the image
because the influence of the boggie on further sleepers almost vanishes.

In the inset of Fig. 3.1, the refinement of the mesh is also shown. The mesh is discretized
with 0.81 millions of hexahedral elements. High-order polynomials of order 7 are used in the
spectral element solver (see Section 3.1.2), which corresponds to 343 degrees of freedoms
(DOFs) for each element, and a total of close to 175 millions of DOFs for the entire mesh. On
the exterior of the soil box (green area in Fig. 3.1), a Perfectly Matched Layer (PML) [88]
is added to absorb outgoing waves and mimic the Sommerfeld boundary condition. The
PML implementation is based on the interpretation of the second-order Newmark scheme as
a time-staggered velocity-stress algorithm. Using additional variables to the equations [35]
the variables can be split in two, kinematic and dynamic fields are separated into unphysical
components and finally, the equations can be written in the time domain [87]. It avoids
frequency dependence in the problem (avoiding convolution calculation).

3.1.2 Spectral Element solver

In this chapter, Eq. (3.1) is approximated with the Spectral Element Method. The SEM is a
high-order Finite Element Method that uses Gauss-Lobatto-Legendre (GLL) quadrature rule
and Lagrange polynomials based on the nodes of that same quadrature. This ensures that the
mass matrix is diagonal and allows to use explicit time integration schemes and very efficient
parallelization (for a complete description of the method, see for instance [62], as well as
the original papers [149, 38]). The space discretization of the variational form of the wave
propagation Eq. (3.1) gives:

MV̇ = Fext−Fint(U,V) (3.4)

where U and V are vectors containing the components of the displacement and velocity at the
nodes, M is the (diagonal) mass matrix, and the vectors Fext and Fint are vectors of external
loads and internal forces. Using an explicit second-order finite-difference scheme in time
leads to:

1
∆t

M [Vn+1−Vn] = Fext
n+1/2−Fint(Un+1/2,Vn+1/2), (3.5)

Un+1 = Un +
1

2∆t
[Vn +Vn+1] , (3.6)

An+1 =
1
∆t

[Vn+1−Vn] , (3.7)

where Un+1/2 = (Un+1 +Un)/2 and Fext
n+1/2 = (Fext

n+1 +Fext
n )/2. Even though the stability

condition requires to use very small time steps [62, 225, 65], the construction of the solu-
tion at each time step is very cheap because the inversion of the mass matrix is instanta-
neous. Our implementation of the SEM has demonstrated scalability for more than 10’000
cores [101] while other implementations in the literature have even been shown to scale
over 100’000 cores [130]. Our implementation uses hexahedral non-structured meshes and
Perfectly Matched Layers (PML) to account for unbounded domains [88]. All simulations
presented in this thesis were ran at Moulon Mesocentre facility in France, jointly run by Cen-
traleSupélec and ENS Paris-Saclay. The cluster uses Intel Xeon processors E5-2670 v3 @
2.30 GHz (Haswell).
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3.1.3 Influence of heterogeneity on the wave field

This section discusses the wave fields induced in the ballast-soil system by the passage of a
train, using the numerical method of Section 3.1.2 and model of Section 3.1.1. As explained
earlier, we consider two different models, and compare them. The models are similar in all
features except for the mechanical parameters in the ballast layer: one of the model has ho-
mogeneous properties in the ballast, while the other is heterogeneous. Note that the average
value of the heterogeneous mechanical property is equal to the value of the homogeneous
one. Note also that the input force is normalized a posteriori in order to make sure that the
total energy introduced in the two models is the same.

The normalized displacement field at time t = 0.27 s in the case when the ballast is
homogeneous is plotted at the upper part of Fig. 3.2. The pattern is quite simple, with an
energy clearly concentrated under the moving load. Most of the displacement seems to be
concentrated in the ballast layer, with rapid decrease both in depth and at distance from
the track. There seems to be mainly a guided wave within the ballast layer, connecting with
Rayleigh wave in the soil. At the lower part of Fig. 3.2, the same displacement field is plotted
in the case of the heterogeneous ballast. The wave pattern is very different, with most of the
energy remaining within the ballast, and not necessarily concentrated below the moving load.
The energy seems to be trapped within the ballast layer, but not moving forward as in the case
of guided waves. Overall, the energy radiated in the soil seems to be smaller.

This last statement is confirmed by the times histories at the output positions marked in
Fig. 3.1 and plotted in Fig. 3.3. Indeed, the maximum values of the displacement field are
larger with a homogeneous ballast than with a heterogeneous one. On the other hand, after
some time, the tendency is inverted. As most of the energy in the homogeneous case remains
concentrated on a single front, once that front has passed, there is little energy remaining
in the system. For a heterogeneous ballast, the energy initially trapped in the ballast keeps
on sending waves into the soil for a longer time. Note that there is no energy dissipation in
our model, so that the later part of the recordings is probably not very realistic. Within an
actual ballast, a large part of the energy trapped in the ballast layer would be dissipated by
friction and crushing of grains. To incorporate this dissipation in a generalized model requires
developing a continuum dissipation model adequate for granular materials, with parameters
homogeneous in space or not [121]. Even though there is no dissipation, the output positions
located in the free field would still feel apparent damping because most of the energy does
not escape the ballast, resulting in smaller displacements of those output positions.

The fact that the two images Fig. 3.2 and Fig. 3.3 are so different is a clear demon-
stration that heterogeneity in the ballast should be taken into account. Indeed, the results
obtained here can be shown to be much more compatible with actual observations made in
the field [69] than previous models.

3.2 Construction of the dispersion curve using numerical solu-
tions in time-space

In this section, we present a methodology to obtain dispersion curves using numerical solu-
tions of the wave equation in space-time.

3.2.1 Definition of dispersion curves

Assuming that the displacement field in Eq. (3.1) is expressed as a monochromatic plane
wave: u = ũexp i(k ·x−ωt), where ω is the angular frequency, k the wave number and ũ the
amplitude vector, we obtain:

(Γ(k)−ρω
2I)ũ = 0 (3.8)



3.2. Construction of the dispersion curve using numerical solutions in time-space 35

FIGURE 3.2: Displacement fields at time t = 0.27 s. The upper figure cor-
responds to the simulation with homogeneous ballast, while the lower one

corresponds to simulation with heterogeneous ballast.

where Γ(k) = (λ +µ)k⊗k− i(∇λ ⊗k+k⊗∇µ)+ (µ|k|2− ik ·∇µ) is Christoffel tensor.
The dispersion equations are defined as det(Γ(k)−ρω2I) = 0 and indicate the (k,ω) pairs
that allow the existence of non-vanishing solutions of the wave equation. The values of k can
be real, complex or imaginary. With the convention used here (as in [20, 21]), the real values
correspond to propagative modes, pure imaginary values refer to evanescent modes, and
complex values correspond to propagative modes with attenuation. For an elastic, isotropic
and homogeneous medium, the propagative solutions are such that ω = Vp|k| or ω = Vs|k|.
In the latter case, two different polarizations (direction of vector ũ) exist. For most other
media, dispersion relations have to be computed numerically [137, 129].

3.2.2 General methodology to obtain dispersion curves using time-space data

A first approach consists in diagonalizing directly the Christoffel tensor, when available. In
this paper, because the problem is too large, we rather use a methodology based on a 2D
Fourier transform of numerical approximations of Eq. (3.1) to obtain an approximation of
the pairs (k,ω) that satisfy the dispersion relation [11, 120, 171]. The general methodology
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(a) axial at 5 m (b) transverse at 5 m (c) vertical at 5 m

(d) axial at 10 m (e) transverse at 10 m (f) vertical at 10 m

FIGURE 3.3: Displacements at the two output positions, located at 5 m and
10 m from the track (see Fig. 3.1 for the exact position). The solid lines
correspond to the simulation with homogeneous ballast, while the dashed

ones correspond to simulation with heterogeneous ballast.

to construct the dispersion relation consists in computing a displacement field, u(x, t) and
performing Fourier transforms in both the time and space domains to obtain a 2D-variate
function Hk̂(k,ω) in a specific direction k̂ = k/k with k = ‖k‖:

Hk̂(k,ω) =
∫ +∞

−∞

∫ +∞

−∞

u(x, t)e−i(k·x+ωt)dxkdt. (3.9)

Note that xk = x · k̂ represents the coordinate of the space position along the selected direction.
The locations in (k,ω) where the amplitude ‖Hk̂(k,ω)‖ is large match the dispersion equa-
tion [11]. Note that advantage is taken of the property of the method to resolve multimodal
signals (more than one wave mode in the same time signal).

In order to compute an approximation of Eq. (3.9), we use u(x, t) estimated in positions
{xm}1≤m≤M and aligned along direction k̂, and record the quantity of interest in those output
positions at different time steps {tn}1≤n≤N . Assuming that the output positions are uniformly
distributed along a segment of length L, and that the time instants are uniformly distributed
in an interval of length T , we obtain the following map:

Hpq =

∣∣∣∣∣ M

∑
m=1

N

∑
n=1

w(xm · k̂, tn)u(xm, tn)e−2πi( pm
M + qn

N )

∣∣∣∣∣= ∣∣FFT2D[w(xm · k̂, tn)u(xm, tn)]
∣∣ (3.10)

where p = kL is the normalizedwave-number and q = f T is the normalized frequency. To
avoid the presence of side lobes and reduce leakage, a bi-dimensional Tukey (tapered cosine)
window function w(xk, t) was applied [105, 170].

In many examples described in this paper, the maps cited above are computed as averages
of such functions using P lines of output positions, and NMC realizations of the random
medium (to be discussed later). In that case, the formulas above are computed for each
line and each realization independently, and the average is computed dividing by P×NMC.
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FIGURE 3.4: Amplitude (in time and frequency) of the load used in Sec-
tion 3.2.3 (Ormsby function).

Also note that the source used for the construction of the maps has a very flat spectrum so
the solution u(x, t) can be used directly. However, all results will be de-convolved (actually
normalized by the source in the Fourier space of frequencies) before computing the maps.

3.2.3 Verification of the methodology in the unbounded isotropic case

This last part of the section is devoted to a verification of the methodology introduced in
Section 3.2.2 in the isotropic case, for which the dispersion curve is known. We therefore
consider a cube with side L = 5λmax = 50 m, where λmax is the longest wavelength in the
model. The mesh is composed of hexahedral elements with side λmin/2 = 0.3125 m. Each
element uses 4th-order Lagrange polynomials in each direction, for a total of 375 degrees of
freedom per element and 4096000 elements in the mesh. On all sides, 5 layers of PMLs with
total thickness 0.255λmax and power degree in the PML equal to p = 3 (not the discretization
of the spatial domain) and amplitude equal to 9.87 were added to absorb outgoing waves
and mimic an unbounded domain [75]. The mechanical properties are Vp = 200 m/s, Vs =
100 m/s, and ρ = 1450 kg/m3. The model required around 140 h of CPU time on 144
processors.

A point force polarized in the x direction, is positioned at [1,1,1]λmax. Its amplitude is
given by an Ormsby function (see Fig 3.4):

A(t) =
[
(π f4 sinc(π f4t))2

π( f4− f3)
− (π f3 sinc(π f3t))2

π( f4− f3)

]
−[

(π f2 sinc(π f2t))2

π( f2− f1)
− (π f1 sinc(π f1t))2

π( f2− f1)

]
. (3.11)

with (for the example treated here) f1 = 20 Hz, f2 = 25 Hz, f3 = 160 Hz, and f4 = 165 Hz.
This function displays a quasi-plane spectrum between frequencies f2 and f3, with a low-cut
frequency f1 and a high-cut frequency f4.

In order to evaluate the Eq. 3.10, output positions are placed along different lines and
record the displacement field. Three groups of 5 lines of output positions were placed aligned
with the cube axes. Each line has a total length of 3.5λmax, with separation between output
positions equal to λmin/10. Finally, the distance between two parallel lines is λmin/2. The
general setting of output positions is represented on Fig. 3.5.

Fig. 3.6 presents the time history in the domain (PML is not represented). There are
no apparent reflection coming out of the PML. We can clearly see the P and S waves with
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FIGURE 3.5: Output positions (blue lines), the red dot is the source posi-
tion, the 15 lines are presented here, 5 in each direction lying in the source
plane. The exterior cube represent the numerical domain used to simulate

the unbounded domain.

different velocities. The P wave, faster then the S wave, presents large amplitudes along the
x-axis and vanishing amplitude along the y and z axes. This is due to the polarization of the
source along the x-axis. As the P-wave is a pressure wave, it is indeed strongly excited by
the source. On the other hand, such a source does not generate pressure perpendicular to its
polarization. For the S-wave, the opposite is logically observed, with large amplitudes along
the y and z axes and vanishing amplitude along the x-axis. The color scale represented in the
each snapshot was calculated dividing all the displacement magnitude field by the maximum
displacement magnitude value after the application of the source in the model, in this case
after 0.25 s.

Fig. 3.7 displays the dispersion curves obtained through the methodology of Section 3.2.2
using displacements obtained in the setting above. The colors indicate the values of ||Hpq||
in decibels. There is clearly an excellent agreement between the values obtained using the
proposed methodology and the analytical values of the dispersion curves. Because of the po-
larization of the source, the P-wave dispersion curve is only observed in the output positions
aligned along the x-axis, while the S-wave dispersion curves are observed in the other two
directions.

3.3 Dynamic behavior of a ballasted railway track

In this section, we now present the construction of the dispersion curves for a ballasted rail-
way track. First, the model is set. Then, we provide some snapshots of the solution in time
and analyze them. Finally, the construction of the dispersion curve itself is presented and
discussed.

3.3.1 Randomly heterogeneous continuum model of a ballasted railway track

The ballasted railway track is modeled over a length of 84.375 m as an elastic half-space
topped by a wedge-shaped structure, whose geometry is invariant along one direction (see
Fig. 3.9). The geometry of the ballasted railway track was taken from [117]. The structure
represents the ballast while the elastic half-space represents the soil that supports it. The soil
is modeled as a bounded box with the following properties: Vs = 180 m/s, Vp = 1100 m/s,
and ρ = 1900 kg/m3 (see further down for the description of the ballast). The box of soil is
surrounded on five sides by a layer of PMLs, that allow the wave to exit the box with little
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(a) t = 0.000 s (b) t = 0.141 s (c) t = 0.282 s

(d) t = 0.423 s (e) t = 0.564 s (f) t = 0.705 s

FIGURE 3.6: Displacement fields in an unbounded homogeneous model.
The color scale represents the normalized magnitude of the displacement

field, the color scale goes from 1×10−5 (blue color) up to 1 (red color).

(a) Dispersion: axis x (b) Dispersion: axis y (c) Dispersion: axis z

FIGURE 3.7: Dispersion curves for an unbounded homogeneous media. The
color scale is the amplitude of Hpq evaluated in Eq. (3.10), limited to val-
ues above −25 dB. The dotted black line is the analytical solution for the
pressure waves dispersion relation. The dashed black line is the analytical

solution for the shear wave.



40 Chapter 3. Wave propagation in a highly heterogeneous medium

FIGURE 3.8: Geometry, loading (black arrows), and output positions (lines
of red dots) for the model. The insert displays the mesh. The ballast appears

in yellow, the soil in blue, and the PML region in green.

reflection, mimicking an unbounded medium. The PML uses 5 layers of elements with power
degree 3, amplitude 9.87 and total thickness of the PML equal to 2.45 m. The mesh, shown as
insert in Fig. 3.8, is discretized by 2.4 millions of non-structured elements, with 375 degrees
of freedoms (DOFs) in each element, which amounts to a total of ≈ 160 millions DOFs in
the entire model.

A series of point forces polarized in the [1;1;1] direction, are positioned at the top of the
ballast layer, 9 m away from the border of the model in a non-symmetric arrangement in the
transversal section. These sources are expected to excite both shear and longitudinal waves in
the model. Their amplitudes are given by an Ormsby function with a plane spectrum between
10 and 400 Hz ( f1 = 8 Hz, f2 = 10 Hz, f3 = 400 Hz, and f4 = 410 Hz in Eq. (3.11)). The
displacement is recorded in the output positions located along six parallel lines at the top
of the ballast layer and aligned with the axis of the track (see Fig. 3.8). The lines are 72
meters-long and the output positions are separated by 0.0732 m ≈ λmin/10. This sampling is
sufficient to be able to compute the Fourier transform in space accurately.

The ballast is modeled as a continuum-based randomly-fluctuating elastic medium, as
introduced in [5]. Following the polar decomposition of the strain-stress tensor [245]), the
density, ρ , and the shear, µ , and bulk moduli, κ , are taken as fully correlated stationary
random fields indexed in space. The first-order marginal density for each of these random
fields is taken as gamma law with averages ρ = 1570 kg/m3, κ = 179.60 MN/m2 and µ =

35.32 MN/m2, and standard deviations σρ = 3925 kg/m3, σκ = 449.02 MN/m2 and σµ =
88.31 MN/m2. This corresponds to a ballast layer with (arithmetic) average velocities Vs =
150 m/s and Vp = 380 m/s [117]. In such heterogeneous setting, the apparent velocities of
the homogenized waves are expected to be close to the harmonic averages, which are here
approximately V p = 280 m/s and V s = 110 m/s for the pressure and shear waves, respectively.
Note that the standard deviations are equal to 2.5 times the averages, so that the fluctuations
are very large. The correlation model [251, 190, 250] corresponds to that of a dense packing
of impenetrable spheres of uniform diameter d = 3.9 cm in void, with volume ratio φ =
0.583. The details, including identification and comparison with simulations with the discrete
element method, can be found in Section 2.1 and Section 2.2. Realizations of the random
fields can be obtained using a spectral representation method, specifically tailored for large
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FIGURE 3.9: One realization of the density field in a ballasted railway track
(PML not represented).

scale parallel applications [55], and made available as an open-source software [195]. One
sample of the random field is provided in Fig. 3.9.

3.3.2 Analysis of the wave patterns

Fig. 3.10 displays snapshots at different times of the normalized displacement field in the
ballasted railway track, with a similar normalization as in Fig. 3.6. The first observation is
that a large part of the energy seems to remain localized within the vicinity of the source.
This is not what is expected from a simulation in a homogeneous domain [69, 5], where
waves should propagate non-dispersively with the velocity of a Rayleigh wave. In a setting
including a homogeneous ballast layer, the situation would be more complex, and probably
involve dispersive waves in the waveguide [69]. However, the fact that part of the energy
remains localized close to the source is a specific feature of the heterogeneous model of the
ballast. On the snapshots at longer times (at t = 0.585 s for instance), there seems to be
a separation between waves with longer wavelengths that actually propagate away from the
source, and shorter wavelengths that remain localized around the source. This effect therefore
seems to be dependent on frequency. A possible explanation for this phenomenon, that seems
to be stationary in time, and strongly selective in frequency, is Anderson localization [14, 141,
140], which will be discussed in next section.

3.3.3 Construction of the dispersion curves

We now turn to the construction of the dispersion curves for our model, using the method-
ology presented in Sec. 3.2.2 and based on displacement field acquired along the output
positions indicated in Fig. 3.8. The maps Hpq are obtained for each of the 6 lines indepen-
dently and for 5 different random samples of the ballast layer. The final map is obtained as
an average over these 30 individual maps and is plotted in Fig. 3.11.

In this figure, three main frequency regimes are identified. Above about 100 Hz, no
energy seems to propagate, which is consistent with Anderson localization. Although no
color is seen on the dispersion curve in that regime, it of course does not mean that no
energy is present (the source contains frequencies up to 400 Hz). The energy just does not
propagate along the axis of the track (which is the direction that is being monitored here) and
actually remains mostly localized in the vicinity of the source. This is in accordance with the
separation observed between shorts and long wavelengths at later times in Fig. 3.10. Below
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(a) t = 0.135 s (b) t = 0.225 s (c) t = 0.315 s

(d) t = 0.405 s (e) t = 0.495 s (f) t = 0.585 s

FIGURE 3.10: Normalized displacement fields in the ballasted railway track.

FIGURE 3.11: Dispersion curve for a heterogeneous ballast resting on a
homogeneous soil. Dispersion relations for the homogenized ballast shear
wave (black solid line) and soil shear wave (black dashed line). The color
scale is the amplitude of the average Hpq in Eq. (3.10), averaged over 6 lines
of output positions and 5 random realizations of the ballast layer. The color

scale is limited at −40dB.

about 50 Hz, there seems to be mainly an S-wave (or more probably a Rayleigh wave, whose
velocity is slightly smaller) propagating in the soil. At such long wavelengths (compared
to the thickness of the ballast), the wave does not really interact with the ballast layer and
propagates as if in a homogeneous soil without ballast. Between about 50 Hz and 100 Hz, the
soil S/Rayleigh wave starts interacting with the ballast, and its apparent velocity is strongly
reduced, approximating that of the ballast layer. A P wave also seems to appear in the ballast
(faster than in the soil), bending rapidly with increasing frequency. This general behavior is
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(a) Two lines for the same ballast realization (b) Two ballast realizations

FIGURE 3.12: Dispersion curves for individual maps: (a) for two different
lines in the same realization of the ballast layer (no average), and (b) for two
different realizations of the ballast layer (averaged over the 6 lines for that
realization). Dispersion relations for the homogenized ballast shear wave
(black solid line) and soil shear wave (black dashed line). The color scale is

limited at −40dB.
.

consistent with experimental observations in unconsolidated granular packings [120].
To get an idea of the fluctuations among the different independent maps (before aver-

aging), the maps corresponding to two different lines for the first realization of the random
ballast are plotted in Fig. 3.12, along with the maps corresponding to the average over the 6
lines for two different random realizations of the ballast layer. The few maps presented here
are representative of the entire set. Although the average on the lines and the realizations
reduces noise, the main features discussed above are present in each and every individual
curve. These features are therefore not a chance effect obtained from averaging but really a
characteristic behavior of ballasted railway tracks.

3.4 Strong localization analysis

In the previous section, appearance of Anderson localization in ballasted railway tracks was
hinted at, with its classical stationary character and a clear frequency dependence. However,
there is a possibility that this localization might be some type of guided wave effect, due
to the particular geometry of the ballast. This section aims at removing the ambiguity by
showing that the same feature would be present in an unbounded domain, composed only of
ballast material. Before move on a a few words about Anderson localization were presented.

3.4.1 Anderson localization

The physics Nobel prize of 1977 was given to Philipp Anderson, Nevill Mott, and John van
Fleck for their explanation about the metal-insulator transition phenomena in non perfect
crystals [14]. The prediction of a localized regime and the transition between the extended
mode to a localized mode were presented in the Andersons paper. The localization cor-
responds to a total absence of energy diffusion in the crystal when some disorder level is
present. In the Drude model of electrical conductivity, the electrons are scattered by im-
purities, bouncing inside the metal and behave as particles. This model captures the finite
electrical resistance presented in the metals. However, at lower temperatures, the quantum
interference effects become dominant and electrons behave more as waves than as classical
particles. This dominance is present at sufficiently strong disorder also, as predicted by An-
derson. When the electrons lose their mobility (high leve of impurities) the metal became an
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insulator. However, as an interference phenomenon, Anderson localization is not restricted
to electrons, it should occurs for any type of wave [138].

In 1959 the first experimental evidence of the Anderson localization was present in spin
diffusion [85]. Other works studying light waves [265, 217, 242, 222, 6], microwaves [68,
57, 185], and Lamb waves [261, 145] and acoustic waves [110] also present this behavior.
In order to model this phenomena, selfconsistent theory [2, 1, 258, 255, 235, 234, 60] and
scale theory [3] were used, but no consensus about the mathematical treatement was found.
Another model should be stressed here due to similarity with this work: Leibig proposed a
random network of springs and masses to reproduce the wave propagation in granular me-
dia [141], one of the results found was localized modes in this network. A similar model was
proposed in [48]. In the recent years the development of metamaterials increased the interest
into “trapping waves" mechanism using negative equivalent mass and stiffness (see [42] for
exemple).

3.4.2 Description of the numerical model

To remove the effect of the ballast geometry and its interface with the underlying soil, we
consider an unbounded domain, as in Section 3.2.3. This domain is modeled as a cube of
edge 10.98 m, with PMLs all around. The mesh is discretized with a uniform grid of ≈ 7.2
millions cube elements with edge 0.06 m. Polynomials of 4th order are used, inducing close
to 1.4 billion DOFs in the entire model. The PML uses 3 layers of elements with power
degree 2, amplitude 3.71 and total thickness of the PML equal to 1.69 m. A point force
polarized in the x direction, is positioned at [0.66,0.66,0.66] m. The time history of the
source is that of Eq. (3.11) with a plane spectrum between f2 = 40 Hz and f3 = 140 Hz, and
cutoff frequencies at f1 = 35 Hz and f4 = 145 Hz.

Two different media will be considered in this section, and the corresponding two dis-
persion curves will be constructed. The first medium is homogeneous, with mechanical pa-
rameters corresponding to the (arithmetic) average of the ballast in the previous section, with
κ = 179.60 MN/m2, µ = 35.32 MN/m2, and ρ = 1570 kg/m3. The second medium is the
same heterogeneous ballast as in the previous section and in Section 3.3.1, with average val-
ues of κ = 179.60 MN/m2, µ = 35.32 MN/m2, and ρ = 1570 kg/m3, and standard deviations
σρ = 3925 kg/m3, σκ = 449.02 MN/m2 and σµ = 88.31 MN/m2. The correlation model is
identical to the one used above to describe the ballast layer and the fields correspond to av-
erage velocities of Vp = 380 m/s and Vs = 150 m/s, and apparent velocities of V p = 280 m/s
and V s = 110 m/s.

Since the geometry is this time isotropic, the lines of output positions for the construction
of the dispersion curves can be set in all directions before averaging. Fig. 3.13 shows the
position of the output positions, along lines separated by angles of 10o in both the horizontal
and vertical directions, and with output positions along the lines separated by distances of
0.066 m, from 0 m to 10.98 m from the source. The monitors record the displacement in x,
y, and z directions.

3.4.3 Analysis of the wave patterns

For each of the two cases considered, Figs. 3.14 and 3.15 display snapshots of the displace-
ment magnitude at different time instants. In the homogeneous case, the expected symmet-
rically spherical waves are observed. As in Section 3.2.3, P and S waves are observed with
different velocities, and with polarizations matching that of the source. On the other hand, in
the heterogeneous cases, there is no clear coherent pulse propagating away from the source
and the energy remains localized in the vicinity of the source.
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FIGURE 3.13: Position of the monitors (blue line) and the source (red point).

(a) t = 0.094 s (b) t = 0.188 s (c) t = 0.282 s (d) t = 0.329 s (e) t = 0.470 s

FIGURE 3.14: Normalized displacement field in a homogeneous unbounded
medium.

(a) t = 0.094 s (b) t = 0.188 s (c) t = 0.282 s (d) t = 0.329 s (e) t = 0.470 s

FIGURE 3.15: Normalized displacement field in a heterogeneous unbounded
medium.
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(a) homogeneous (b) heterogeneous

FIGURE 3.16: Dispersion curves for unbounded homogeneous and het-
erogeneous media. The color scale is the amplitude of Hpq evaluated in
Eq. (3.10), limited to values above −40 dB. The dotted black line is the ana-
lytical solution for the homogenized pressure waves dispersion relation. The
dashed black line is the analytical solution for the homogenized shear wave.

3.4.4 Dispersion curve for an unbounded medium of ballast material

Eq. (3.10) was evaluated as an average over the 100 lines monitored for both the homoge-
neous and heterogeneous cases and Fig. 3.16 present the obtained maps Hpq. The reference
value used to evaluate the decibel scale was picked from the maximum value of the homo-
geneous case for both the map in the homogeneous and heterogeneous cases. As expected, a
good agreement is obtained in the homogeneous case with both the analytical shear wave and
pressure wave modes. Turning to the heterogeneous model, the filtering effect at 100 Hz is
clearly observed as in the ballasted railway track of the previous section. This shows that it is
indeed an intrinsic property of the heterogeneous material, and not a wave guide effect due to
the geometry of the ballasted track. Below 100 Hz, however, the material behaves as a purely
isotropic material, which shows that the velocity reduction observed in the previous section
was indeed the consequence of the combination of ballast and soil at different wavelengths.

3.4.5 Characterization of Anderson localization

In this last section, we provide additional evidence that the filtering effect above 100 Hz is
indeed Anderson localization. Anderson localization is characterized by its strong frequency
dependence, which is already apparent in the dispersion curves constructed previously. It is
also characterized by the stationarity in time of the localized energy, which means that the
energy remains in the vicinity of the source rather than slowly diffusing away. To illustrate
this, the displacement magnitude is therefore averaged over all monitors at the same distance
from the source and plotted in Figs. 3.17 and 3.18 as a function of time and distance from
the source, filtered in three frequency bands (using a second order bandpass Butterworth
filter). In the homogeneous case, the energy clearly propagates along a straight line, whose
slope is controled by the velocity of the medium. As expected in a non-dispersive medium,
this effect is independent of frequency. On the other hand, in the heterogeneous medium, the
behavior is strongly dispersive. Below 50 Hz, an isotropic homogenized behavior is retrieved.
Above 50 Hz, the energy seems to propagate along vertical lines, which clearly indicates
that it remains localized in time at the same distance from the source. The normalization
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(a) 0−50 Hz (b) 50−100 Hz (c) 100−150 Hz

FIGURE 3.17: Displacement magnitude in an unbounded homogeneous
medium. The color scale is the amplitude of the displacement field, limited

to values above −80 dB.

(a) 0−50 Hz (b) 50−100 Hz (c) 100−150 Hz

FIGURE 3.18: Displacement magnitude in an unbounded heterogeneous
medium. The color scale is the amplitude of the displacement field, limited

to values above −80 dB.

factor for the decibel scale is the maximum displacement magnitude for complete spectra of
frequencies.

3.5 Concluding remarks

In this chapter dispersion curves were constructed to analyze the dynamical behavior of a
ballasted railway track set on a homogeneous soil. The model proposed in the Chapter 2
was used to model the ballast. The dispersion curve of the ballasted railway track shows a
tremendous influence of the heterogeneity. The behavior is dispersive with higher frequency
waves going slower than lower frequency waves. Above 100 Hz, Anderson localization
sets in, where the higher frequency waves remains trapped in the vicinity of the source.
Although very widely studied in the physics literature, this phenomenon has been studied
in the acoustical literature only from the experimental angle, trying to discriminate between
dissipation and localization in measurements [110]. To conclude, the results presented here
seem to indicate that the higher part of the energy generated by the passage of trains on
a ballasted railway track remains trapped in the ballast rather than being dissipated in the
surrounding soil, contrarily to the common knowledge in the field [180].
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Chapter 4

First analyses of experimental
measurements on the ballast

In this chapter we start to fill one of the missing points of the Chapter 2. In that chapter
the model was fitted using numerical data in a time-independet regime. The main goal of
the present chapter is preparing a time-dependent data (used as reference) as an input to
the inverse problem in order to take into account the dynamic behaviour. This procedure
was done in a similar way in Section 2.1.1. We want use data from physical testing, not
numerical. A preliminary analysis of the data is presented in this chapter. It will be used
to feed an inverse problem. Unfortunately, due to lack of time, the full identification of the
mean and variance of the mechanical parameters could not be completed, despite that, the
ongoing work is still performed for publication in articles in the near future. A preliminary
identification of the velocity is however presented.

This data comes from two different datasets. The first dataset comes from a laboratory
experiment on a small box of ballast made at Laboratoire d’Acoustique de l’Université du
Maine (LAUM) by Vincent Tournat and Laurianne Barguet, in a project funded by SNCF
I&R. From this dataset we extracted a very preliminar identification of wave velocity. This
dataset is described in Sec. 4.1. The second dataset consists of measurements on an instru-
mented segment of a ballasted HSL on commercial exploitation. The results are presented in
Sec. 4.2.

4.1 Measurement of the mobility curve in a ballasted box in a
laboratory

In order to better understand the dynamical behaviour of the ballast layer, a controlled ex-
periment was performed in a laboratory condition. A project lead and funded by SNCF was
conducted at Laboratoire d’Acoustique de l’Université du Maine (LAUM) by Vincent Tour-
nat and Laurianne Barguet. The main goal of this project was to characterize the dynamical
behaviour of the ballast layer. One of the tools used in the railway domain to characterize
the dynamical behaviour is the mobility. The mobility Ymn(ω) is a spectral ratio between the
velocity Vm(ω) measured in a point m as a consequence of the application of a point source
Fn(ω) in position xn [82]:

Ymn(ω) =
Vm(ω)

Fn(ω)
. (4.1)

The next section presents the experimental setup, the measurements made in the ballast box,
and finally the mobility curves derived from this test.
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FIGURE 4.1: Experimental setup. Wooden box filled with ballast grains
with 1.8× 2.4 m2 and variable thickness. Concrete block, placed at source
position 1, (see Fig. 4.2), and impact hammer used in the tests are indicated

by the red arrows.

4.1.1 Experimental setup - Ballast box

A ballasted box of 1.8× 2.4 m2 was used to perform the mobility measurements. The tests
were performed using two different thicknesses for the ballast layer: 0.255 or 0.29 m. The
box configuration is presented in the Fig. 4.1. The box consists of wood planks walls fixed
in the ground by bolted steel profiles. The bottom part of the box is the concrete floor. The
box was filled with fresh ballast grains (these grains were never used in railways tracks). The
density provided by the LAUM was ρ ≈ 1450 kg/m3. On the top of the ballast grains a small
block (0.265× 0.125× 0.08 m3) made of concrete was placed in three different positions.
It was used to provide a better distribution of the load onto ballast grains, see Fig 4.1. To
obtain the mobility curves, an instrumented impact hammer was used to hit the centre of the
concrete block (KISTLER 9726A20000 with a sensibility of 0.221 mV/N, and head mass
of 500 g). The acceleration produced by the impact was measured simultaneously by a pair
of uni-axial accelerometers attached on ballast grains (PCB M352C68 with a sensibility of
100 mV/g and 10 dB of gain). As noted in Fig. 4.1, the surface of the grains are not perfectly
flat and/or aligned with the horizontal plane. This difference will introduce an error in the
measure, however, we assume that the acceleration measured is vertical. The data acquisition
was made with a 6 seconds retangular time window using a sampling rate of 30 KHz.

The variables analyzed in the experimental setup were: thickness of the ballast layer
(0.255 m, and 0.29 m); the impact source position (source positions 1 (red), 2 (green), and
3 (blue) in Fig. 4.2); and the distance between the source and the sensor (0.1 m, 0.25 m,
0.79 m, and 1.17 m). Each combination of those variables was tested 10 times to ensure the
stability of the results. We summarise these experimental sets in Table 4.1.
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TABLE 4.1: Description of the different experimental setups. See Figure 4.2
for a description of the source positions. Ten experiments are realized for

each setup.

Set name Source position Distance source-sensors [m] Thickness [m] Trials
S1d10h25 1 0.10 0.255 10
S1d10h29 1 0.10 0.29 10
S1d25h25 1 0.25 0.255 10
S1d25h29 1 0.25 0.29 10
S2d10h25 2 0.10 0.255 10
S2d10h29 2 0.10 0.29 10
S2d25h25 2 0.25 0.255 10
S2d25h29 2 0.25 0.29 10
S2d79h29 2 0.79 0.29 10
S2d117h29 2 1.17 0.29 10
S3d10h25 3 0.10 0.255 10
S3d10h29 3 0.10 0.29 10
S3d25h25 3 0.25 0.255 10
S3d25h29 3 0.25 0.29 10

FIGURE 4.2: Schematic representation of the position of the sources and
accelerometers in the x− y plane. The red rectangle represents the position
of the concrete block for all the sets with source position 1 (S1), the green
and blue one represent the same information for source positions 2 (S2) and
3 (S3), respectively. The filled circles are the positions of the accelerometers,

the red ones for the set S1, the green ones for S2 and blue ones for S3.
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(a) Time history (b) Frequency history

FIGURE 4.3: Force recorded by the impact hammer for the 5th trial of sets
S1d10h25 and S1d25h25. Fig. 4.3(a) presents the time history recorded in
the impact hammer, Fig. 4.3(b) presents the amplitude of the FFT of the
time signal. The solid line is the filtered signal and the dashed line is the non

filtered signal.

4.1.2 Recorded data

The obtained signals have a significant low frequency contribution, as shown in the insert of
the Fig. 4.3(b) (dashed line is the non filtered signal and solid line the filtered signal). It was
removed only for the time-dependent plots by Butterworth [47] high pass filter with a cutoff
frequency set at 10 Hz. However, the analysis in Sec. 4.1.3 uses the original recorded data.

Fig. 4.3 presents the force measured by the impact hammer, for a representative case, with
the time history shown in Fig. 4.3(a), and the force amplitude vs. frequency in Fig. 4.3(b).
The solid line is the filtered data and the dashed line is the non filtered data. Regarding the
spectral power introduced by the source in the ballasted box, we can check that the hammer
hit is capable to introduce −3 dB up to 300 Hz. The power injected at 300 Hz is close to 2
times lower than at the peak frequency, which is around 50 Hz, with a linear decrease in the
amplitude of the excitation.

Fig. 4.4 shows the accelerations obtained in a representative case. The acceleration am-
plitude time histories for both accelerometers are plotted on Fig. 4.4(a). Fig. 4.4(b) presents
the acceleration amplitude vs frequency for the respective time history. Regarding the time
histories we observe the presence of two regimes: The first one is dominated by the wave
propagation phenomena; and the second one by the modal behavior of the ballast layer. The
beginning of those signals present a clear phase difference between the pair of accelerom-
eters, see the insert at Fig. 4.4(a). This phase difference between the sensors reduces over
time and around 2.22 s they start to move in phase. In the figure we can see a period of the
order of 0.02 s, which corresponds to the main peak at 50 Hz in Fig. 4.4(b). The small size
of the box brings up the vibration modes of the structure since the ratio λ/L≈ 1, where L, in
this case, is a characteristic dimension of the box. In the frequency domain, we can see some
peaks (indicating the resonances frequencies) and a lower amplitude overall for the furthest
sensor.

The dispersion of the recorded data for each configuration was checked through an anal-
ysis in the frequency domain. The acceleration magnitude vs frequency for a representative
case are presented in Fig. 4.5. The blue solid lines correspond to the trials for the distance of
0.1 m and the magenta one to the distance of 0.25 m. We can check that the dispersion in the
data increases with frequency, probably linked with the scattering of the smaller wavelength
travelling in the medium. For the low frequency only small variation is observed, the peak
frequencies are clearly marked and the dispersion is quite low. We can note, that at high fre-
quencies the accelerations amplitudes are smaller when the distance increase. This behaviour
was presented in the literature about wave propagation in granular media as filter effect [140].
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(a) Time history (b) Frequency history

FIGURE 4.4: Acceleration recorded by the sensors for the 5th trial of sets
S1d10h25 (solid line) and S1d25h25 (dashed line). Fig. 4.4(a) presents the
filtered time history recorded in the accelerometers, the Fig. 4.4(b) presents
the amplitude of the FFT of the filtered time signal. Those acceleration his-

tories correspond to the force presented in Fig. 4.3

FIGURE 4.5: Acceleration amplitude vs. frequency, each solid line repre-
sents one experiment. The blue lines represent the set S1d10h25, with the
black dashed lines as the average. The solid magenta lines represent set

S1d25h25, with the black dash-dotted line as the average.

Regarding the source variability no major influence was noted, only some variations in the
amplitude, as we can see in the Fig. 4.6. All sets were analyzed and have similar results to
those presented here.

4.1.3 Mobility curves

In this section the mobility curves obtained from the experiments are presented. Based on
the recorded data, acceleration and force, only the inertance/accelerance can be calculated.
The inertance can be expressed by:

Imn(ω) =
Am(ω)

Fn(ω)
= Ymn(ω)iω (4.2)

where Imn(ω) is the inertance, Am(ω) is the Fourier Transform of the acceleration am at the
point m, Fn(ω) is the Fourier Transform of the force fn, Ymn the mobility, and i is the imagi-
nary number. Those curves allows us to find out the resonance frequencies of the structure.
This measurement is better than a acceleration signal to analyse the resonances, since the
influence of the source is removed by the de-convolution. Unfortunately the sensors used
in the measurements were able to measure only the vertical component. All the vibrational
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FIGURE 4.6: Force amplitude vs. frequency, each blue solid line represents
one experiment. The solid black line is the mean between the realisations.

modes captured by the mobility curve are therefor linked with the modes that produce vertical
displacements.

The mobility analysis made here is based on two hypothesis: the system is assumed Lin-
ear Time Invariant (LTI); The soil has a very large stiffness compared with the ballast. The
first analysis performed is coherence analysis in the data. Then a complete set of mobil-
ity curves are presented. Finally, the influence of the source position and thickness on the
mobility curves is analyzed.

Coherence analysis

The coherence is a statistic tool that estimates the power transfer between the input and output
in a Frequency Response Function (FRF) (defined at Eq. 4.1), in this case the mobility of a
linear system. It can be computed as:

C(ω) =
|Ga f (ω)|2

Gaa(ω)G f f (ω)
(4.3)

where Ga f (ω) is the cross-spectral density between the acceleration, a, and the force, f ,
|Ga f (ω)| is the magnitude of the power spectrum densities, and Gaa(ω) and G f f (ω) are the
autospectral density of a and f respectively. When the value of C(ω) is high, it means that we
have a good repeatability of the experiment. This range of frequencies where we have high
coherence corresponds to a reliable region for the interpretation of the FRF. Fig. 4.7 shows the
mean coherence, in the solid black line, for all the different distances from the source, and the
shadow, in gray, represents one standard deviation above and below the mean value. Roughly
all measurements present a mean coherence between 0.9 and 1, for frequencies above 20 Hz.
However, the measurements at 0.79 and 1.17 m present some frequencies regions with lower
coherence. This result is due to the low number of trials for this configuration.

Mobility curves

The mobility curves presented in Fig. 4.8 and Fig. 4.9 were obtained using the Eq. 4.2.
Fig. 4.8 shows the 10 trials made for the source position 1, thickness of 0.255 m and distances
of 0.10 m and 0.25 m from source-sensor. They are plotted in solid gray lines, with the mean
value plotted in solid blue line. Regarding the mobility, we note that the overall behaviour of
the 10 trails are quite the same. In the low frequencies (between 20 Hz and 60 Hz) a small
dispersion of the data is observed, when the frequency increases the dispersion increases. The
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(a) Distance of 0.10 m (b) Distance of 0.25 m

(c) Distance of 0.79 m (d) Distance of 1.17 m

FIGURE 4.7: Coherence curves for the different sets. The solid black lines
correspond to the mean coherence. The gray surface represents one standard

deviation above and below the mean value.

mean mobility curve shows some resonance frequencies, for both distances. The predominant
resonance, around 40 Hz was already noted in Fig.4.4(a). Resonances around 55 Hz and
65 Hz are also visible. Regarding the predominant resonance at 40 Hz a low quality factor
can be noted.The energy of the system is almost all dissipated in this resonance. The low
quality factor introduces a large bandwidth in this peak, making the identification of the
other resonances in this area less evident. In the plots, an attenuation in high frequencies is
noted, this “filter effect“ is reported in the granular material literature [140]. The linear trend
present in the phase plot indicate the presence of group delay in our experiment. The group
delay is treated in explained in the next section.

Fig. 4.9 shows the 10 trials made for the source position 2, thickness of 0.29 m and
distances of 0.79 m and 1.17 m from source-sensor. They are plotted in solid gray lines, with
the mean value plotted in solid blue line, note that the scale is not the same as on Fig. 4.8
since the increase of the distance sensor-source reduced the energy captured by the sensors.
Resonance frequencies around 50 Hz are still present for this configuration of the test in both
distances, however their identification becomes more difficult due to the presence of many
vibrational modes.

Group delay analysis

The analysis of the phase response in Fig. 4.8 and Fig. 4.9 shows the presence of a group
delay in the phase mobility response of the ballast box. The group delay may be interpreted
as the time delay of the amplitude envelope of a sinusoid at frequency ω . It can be interpreted
as dispersion also, where each frequency propagates at a different speed. This behaviour is
common in the study of linear systems when propagation phenomena occurs [45, 172, 53]. It
means that the output, acceleration/velocity, has a delay compared with the input, the force.
The group delay can be evaluated using the following relation:

τ(ω) =−d[∠Y (ω)]

dω
(4.4)
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(a) 0.10 m away from the source

(b) 0.25 m away from the source

FIGURE 4.8: Amplitude and unwraped phase from mobility curves. The
gray solid lines correspond to the different trials . Those mobility curves
were extracted from the source position 1 and thickness of 0.255 m for both
sensor-source distance (0.10 m and 0.25 m). The blue solid lines represent

the mean between the experiments.
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(a) 0.79 m away from the source

(b) 1.17 m away from the source

FIGURE 4.9: Amplitude and unwraped phase from mobility curves. The
gray solid lines correspond to the different trials. Those mobility curves
were extracted from the source position 2 and thickness of 0.29 m for both
sensor-source distance (0.79 m and 1.17 m). The blue solid lines represent

the mean between the experiments.
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(a) 0.10 m away from the source

(b) 0.25 m away from the source

FIGURE 4.10: Group delay vs. frequency. The solid gray lines are the 10
tests performed for each setup (S1d10h25 and S1d25h25) . The blue solid

lines represent the average between the tests.

where ∠Y (ω) is the unwrapped phase of the mobility, and τ is the group delay.
The group delay can be seen in Fig. 4.10 where the Eq. 4.4 was evaluated for a represen-

tative case. The gray solid lines represent each test made, and the solid blue line represents
the mean value. The group delay presents a positive mean value, as expected, due to the
negative slope in the phase plot of the Fig. 4.8. We note the increase of the delay near the
resonance frequencies, as expected [172].

Influence of the source position

The Fig. 4.11 presents the influence of the source position on the mobility curve. Each line
in the graphs corresponds to the average of the 20 realisations of a given configuration. The
left figure is the sensor at 0.1 m and the right is the sensor placed at 0.25 m from the source.
The source position 1 presents, for all distances, the highest amplitude level for the mobility
peak. For the sensor placed at 0.10 m away from the source the amplitudes in the high
frequency regime are very similar for the positions 1 and 2, and lower for the position 3. At
the same time for the sensor placed at 0.25 m there is no significant difference between the 3
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(a) 0.10 m from the source (b) 0.25 m from the source

FIGURE 4.11: Influence of the source position in mobility vs frequency
curves. The solid lines stand for the position 1, dashed lines stand for the

position 2, the dotted lines stand for position 3.

(a) 0.10 m from the source (b) 0.25 m from the source

FIGURE 4.12: Influence of the thickness in the mobility response. The solid
lines represent the thinner case, 0.255 m, and the dashed lines the thicker

case ,0.29 m.

source positions. The resonance peaks are preserved at the same location for the three source
positions, around 42 Hz. The small variation between the main resonance frequency for each
source position are in the same level of variation between each measurement made in the 10
trails set, as shown in Fig. 4.8.

Influence of the thickness

In the Fig. 4.12 we check the influence of the layer thickness on mobility for the first set. Each
line in the graphs corresponds to the average of the 30 realisations of a given configuration.
The solid line represents the thinnest layer, 0.255 m, and the dashed line is obtained from the
thickest thickness, 0.29 m. The first analysis shows no significant difference in the position
of the resonance peaks, and a reduction in the amplitude of the peaks at a low-frequency
range, below 100 Hz. In the high frequency both curves are very similar, in shape and
amplitude. The phase information shows similar behaviour between the two thicknesses,
presenting almost no significant difference for both cases. The small variation between the
main resonance frequency for each thickness are in the same level of variation between each
measurement made in the 10 trails set, as shown in Fig. 4.8.
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4.1.4 Identification of shear wave velocity in the ballasted box

In this subsection we try to identify the wave velocity using two different methods. As
presented in Sec. 4.1.2, we take advantage of both physical phenomena (wave propagation
and modal resonance) to measure the velocity. The first approach is based on measurements
of the wave time-of-flight between between sensors at short times. The second one uses the
vibrational response of the structure, with a simple analytical model to identify the wave
velocity.

Measure of the time-of-flight

In order to obtain the velocity we treated our data using an interferometry technique [107].
The time delay, τmax, between two signals, f and g, is calculated using:

τmax = max
t
(( f ?g)(t)) (4.5)

where ( f ?g)(t) is the cross-correlation, expressed by,

( f ?g)(τ) =
∫

∞

−∞

f (t)g(t + τ)dt (4.6)

where τ is the the lag-time. In our experimental setup the time delay between sensors was
calculated. As we know the positions of the sensors, the velocity can be determined using:

Vs =
∆x

τmax
. (4.7)

Unfortunately, the propagation in uncertainty [202] in Eq. (4.7) is unknown. Informations
like the distance between the accelerometers and the instrument used to measure the distance
were not reported. The lack of this information makes it impossible to evaluate the error
propagation.

Sets in very early in Sec. 4.1.1, we saw that the modal behaviour influence of that regime
in the experiments. To avoid this influence only the first part of the signal is used. Fig. 4.13
shows the original signal in solid black lines, in dotted black line a signal after the application
of a Tukey window [105, 170]. This procedure was applied in all the signals. The process
of time-delay evaluation was performed evaluating the Eq. 4.5. This sequence is showed in
Fig. 4.13(c). The solid black line represents the evaluation of the Eq. 4.6. The solid blue
line represents the evaluation of the τmax. Unfortunately, some of the measurements pre-
sented anomalies that made their use difficult in the identification. As presented in Fig. 4.14,
the presence of an inversion of the first arrival between the two accelerometers of the same
experiment sometimes led to erroneous estimation of the velocity. These very high values
(above 2000m/s for instance) have been disregarded.

The Table 4.2 presents the measurements made for the ballast thickness of 0.255 m,
and Table 4.3 for the thickness of 0.29 m. The summary of those measurements can be
found in the Table 4.4. Those velocities are comparable with literature values, for exemple,
180 m/s [117].
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(a) Accelerometer signal at 0.1 m (b) Accelerometer signal at 0.25 m (c) Between accelerometers

FIGURE 4.13: Procedure to identify the time delay. The accelerometers
records and the correlation between them. For the accelerometer the original
signal is presented in solid line, the dotted line is the windowed signal. The

correlation is represented in solid line, and the blue line is the time delay.

TABLE 4.2: Velocity measurements: Thickness 0.255 m. V12 [m/s] is the
velocity between sensors.

Trial Source position 1 Source position 2 Source position 3
1 136.36 - 109.76
2 187.50 - 214.29
3 140.62 - 102.27
4 - - 236.84
5 180.00 264.71 -
6 187.50 - 95.74
7 155.17 - 72.58
8 321.43 - 195.65
9 173.08 - -

10 225.00 346.15 88.24
Mean 189.62 305.42 139.42

Standard deviation 56.37 57.59 64.93

TABLE 4.3: Velocity measurements: Thickness 0.29 m. V12 [m/s] is the
velocity between sensors.

Trial Source position 1 Source position 2 Source position 3
1 - 346.15 132.35
2 - - 150.00
3 195.65 204.55 109.76
4 187.50 - 145.16
5 204.55 321.43 140.62
6 128.57 - 160.71
7 - 321.43 155.17
8 300.00 264.71 150.00
9 - 321.43 321.43

10 264.71 250.00 346.15
Mean 213.49 289.95 181.13

Standard deviation 60.64 51.08 81.88
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(a) Accelerometer signal at 0.10 m (b) Accelerometer signal at 0.25 m (c) Between accelerometers

FIGURE 4.14: Illustration of the problem of using correlation for the esti-
mation of wave propagation velocity.

(a) Time history (b) Frequency history

FIGURE 4.15: A windowed signal of acceleration recorded. The solid lines
correspond to the closest sensor 0.10 m and the dashed-dot lines correspond
to the furthest sensor 0.25 m. The insert in the time history shows in detail

the acceleration signal.

TABLE 4.4: Mean velocity and standard deviation of the velocity. V12 is the
velocity measured between sensors.

V12 [m/s]
v 202.60

σv 80.42
trials 42

Identification on modal behaviour

In the previous section we windowed the signals in order to obtain only the part relative to
the transient behaviour. In this section, our analysis focuses on the vibrational behaviour.
Fig. 4.15 shows the time history and the frequency spectrum of the vibrational part of the
windowed acceleration. The insert shows that the two sensors are in phase.

The model proposed in order to estimate the homogenized velocity in the medium is a
simple vibrational model for a rectangular block. To carry it out, it was assumed that in the
low frequency regime (below 100 Hz) the heterogeneity is homogenized. In other words,
the wavelength of the vibration is much larger than the size of the ballast grains, so the
medium can be seen as a homogenized continuum. We use a linear elastic isotropic medium
to model the ballast box. The Dirichlet boundary conditions were considered as: free-free
displacement in the axes x and y; and in z-axis a fixed-free displacement. A schematic view
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(a) x− y view (b) x− z view

FIGURE 4.16: Boundary conditions imposed to the model.

of the problem is presented in Fig. 4.16. The variable separation method was applied in the
solution of the equilibrium equation for the vibrations in a rectangular box leading to:

∂ 2w
∂ t2 = c2

sv

(
∂ 2w
∂x2 +

∂ 2w
∂y2

)
, (4.8a)

∂ 2u
∂ t2 = c2

p
∂ 2u
∂ z2 , (4.8b)

where w and u are the transversal and longitudinal displacement, respectively, the subscript
sv is to indicate shear vertical velocity and the p subscript is for longitudinal velocity. As
we stressed at the beginning of this section, only displacements in the vertical axis can be
measured. So, the only modes that were captured by the accelerometers are: transversal
modes in x and y-axis, and longitudinal modes in the thickness, z-axis. This restriction drove
us to this model. From Eq. 4.8 we derive the dispersion relation:

ω
2 = c2

svk2
x + c2

svk2
y + c2

pk2
z , (4.9)

with kx, ky, kz as the components of the wave-number in [rad/m]. The wavenumbers that
satisfy the boundary conditions are kx = a/2L, ky = b/2W and kz = c/4H, where a, b, and c
is the modal order for the x, y, and z-axis, respectively, L, W and H are the length, width and
height of the box, respectively. Rewriting the Eq. 4.9 we find:

f 2
i = c2

sv

(( a
2L

)2
+

(
b

2W

)2
)
+ c2

p

( c
4H

)2
, (4.10)

finally fi is the i resonance frequency. Each tripet (a,b,c) corresponds to one resonance
frequency fi, Fig. 4.17 shows the deformation shape of the box for some triplets (a,b,c).

Identification of the resonance frequencies and inverse problem

Now we turn our attention to the identification of the resonance frequencies of the box.
Fig. 4.18 displays all the 60 tests made for each inertance evaluated. The blue lines are
the inertances for the thinest ballast height 0.255 m and the red ones for the thickest 0.29 m.
Dotted lines were used to represent the closest sensor, 0.10 m, ands dashed line the sensor
placed at 0.25 m. The first behaviour that can be noted is the shift of the main resonance
peak. The peak moves to lower frequencies when the thickness of the layer increases (mean
value of −1.60 Hz). It can indicate the presence of a mode that is affected by the variation
of the thickness, as a longitudinal mode in the thickness. For this frequency we set the first
longitudinal mode in the thickness (assuming no coupling with the transversal modes the
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(a) (0,0,1) (b) (1,1,1) (c) (1,2,1)

(d) (2,1,1) (e) (2,2,1)

FIGURE 4.17: Transversal and longitudinal vibrational modes in a rectan-
gular box. The colour scale is an arbitrary vertical displacement.

triplet). The Eq. 4.10 can be simplified as:

f = cp

(
1

4H

)
. (4.11)

The inverse problem, in this case, is: cp = 4H f , where f is the resonance frequency. The
results are presented in Table 4.5. Fig. 4.18 shows also the resonance frequencies used to
evaluate the Eq. 4.11. The vertical green lines correspond to the resonance frequency for
the thickness of 0.255 m and the magenta one the resonances for the thickness of 0.29 m.
Regarding the dominant resonance, around 42 Hz, a low quality factor can be noted, in
other words, almost all the energy of the system is dissipated in this resonance. The low
quality factor introduces a large bandwidth in this peak, making the identification of the other
resonances in this area less evident. The other resonance frequencies (transversal modes and
the coupled modes) should be studied in further analysis.

TABLE 4.5: Mean velocity and standard deviation of the velocity, evaluated
in the Eq. 4.11. S1, S2, and S3 correspond to the positions of the source, 1,

2, and 3, respectively.

S1 [m/s] S2 [m/s] S3 [m/s] All [m/s]
cp 45.70 45.98 44.60 45.43
σcp 1.95 2.35 1.74 2.10

The histogram of the velocities obtained is presented in Fig. 4.19(b). Fig. 4.19 shows a
comparison between the methods used to measure the velocity. The histogram of the shear
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(a) Source position 1

(b) Source position 2

(c) Source position 3

FIGURE 4.18: Magnitude of the inertance for the ballast box. The blue lines
are the inertance for the thinest ballast height, 0.255 m, and the red ones for
the thickest, 0.29 m. Dotted lines were used to represent the closest sensor,
0.10 m, and the dashed line the sensor placed at 0.25 m. The vertical green
lines correspond to the resonance frequency for the thickness of 0.255 m

and the magenta one the resonances for the thickness of 0.29 m.
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(a) Time of flight (b) Vibrational response

FIGURE 4.19: Histogram for the measured velocity. In the left figure we
present in blue the shear velocities for the thickness of 0.255 m and in orange
the shear velocities for the thickness of 0.29 m. The right one present the
histogram velocity identified using the resonance information, the blue one
is the the pressure velocities for the thickness of 0.255 m and in orange the

pressure velocities for the thickness of 0.29 m.

velocity measured by correlation and the pressure velocity measure by the inverse vibrational
problem are plotted in this figure. Clearly, one huge discrepancy in the velocity measure-
ments performed by both methods was noted. The velocities have one order of magnitude
of difference. We expected to find a shear wave velocity lower than the pressure velocity
(around 28 m/s if we set ν = 0.22 [117]). While the correlation measurement lead to a much
higher shear wave velocity, around 160 m/s. First of all, the velocity measured by the vi-
brational method is a global measure, since it depends on a mode of vibration of the entire
structure. The correlation method measures a local property, only a few grains of ballast
were between the source and the accelerometers. This produces a much higher dispersion
in the results, once that the contact network, or force chains, changes significantly from one
configuration to another. Other variable very important in this case is the compactness. To
conclude, simulations should be performed to check this behaviour. The difference between
local and global velocities can be used to estimate the variance and mean of the stochastic
fields used to model the granular medium.

4.2 Acceleration measurements on a real ballasted HSL

This section describes one set of measurements made by SNCF Innovation & Research to
analyse the response of the ballast layer during the passage of a HST on commercial ex-
ploitation of the High Speed Line (HSL). During the experiment a few dozen trains circulated
with speeds between 206 and 320 km/h in one HSL. The campaign start on 31/03/2017 and
finished on 04/05/2017. The main goal of those measurements was to understand the effect
produced by the insertion of soft rail pads between the rail and the sleeper. A portion of a
LGV-EE (HSL between Paris-Strasbourg) received this type of component near the kilomet-
ric point 204. The analysis made in this section addresses the signals obtained during a HST
passage. The french HST had also two setups of trains, one composed by one simple unit
and the other configuration composed by two simple unit creating a multiple unit.
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FIGURE 4.20: Experimental setup position of the accelerometers used in
the measurements. The eight sensors placed at: the tail; sleepers; ballast;
and soil. The upper image shows the cut plane x− y, and the lower figure

shows the x− z plane.

We would like to stress that this data was collected not in the framework of this thesis.
Also, this initial analysis was developed mainly during the MSc project of Hadrien Pinault,
who is now a PhD student at Arts et Métiers ParisTech, funded by SNCF Réseau. This data
is object of the thesis of Patryk Dec now, student at CentraleSupélec and funded by SNCF
Innovation & Research. Finally, for intelectual property reasons all the data present here
were normalized between 0 and 1.

4.2.1 Experimental setup

The measurements were made through eight triaxial accelerometers. They were distributed
as follows: two in the middle top of the ballast layer (using a metal pile); two on the sleepers;
two in the middle of the rail web; and two near the ballast in the soil (using a metal pile).
Fig. 4.20 shows a schematic view of this setup. Two lines of sensors were identified "A" and
"B", they are distant of 6 m.

The measurement campaign recorded 237 trains in total. However, in this thesis only 148
measurements were analyzed. This dataset was chose because during this period the track
does not suffer any kind of maintenance operation. The railway track received, during the
test, french HST (TGV) and german one (ICE3). Three histograms to summarize the type of
the train speed, they can be found in the Fig. 4.21.

4.2.2 Recorded data

All the three components of the acceleration for the 148 train passages were recorded. One
set of measurements made for a simple unit TGV travelling at 302 km/h is plotted in the
Fig. 4.22, to Fig. 4.25. The spectrum responses at the accelerations in the accelerometers
placed at the rails are shown in Fig. 4.22. In the time domain the presence of the 11 packages
corresponds to the 11 bogies of this TGV. A high level of acceleration was observed in the
longitudinal acceleration. Regarding the frequency spectrum, the highest magnitudes are
around 0.35. Comparing the sensors A and B, an unexpected result is found. The sensor A
present the main component of the vibration in the longitudinal axis while the sensor B has
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(a) ICE3 (b) TGV: Simple unit (c) TGV: Multiple unit

FIGURE 4.21: Histogram of the train passages velocities during the mea-
surement campaign.

in the vertical direction. This might be due to a wrong labelling of the sensors in sensor A
on the rail and it appeared for almost all analyzed signals. Additional information about the
track and the experimental condition should be explored to better understand this behaviour
identified.

The spectrum responses at the acceleration in the accelerometers placed at the sleepers
are shown in Fig. 4.23. The time domain records show a reduction in the vibrational level
(compared with the acceleration in the rail) and the predominance of the vertical vibration.
Most of the energy was dissipated in the fastening system (especially in the rail pad). The 11
bogies are still present in the records. The frequency spectra show that the vertical compo-
nents concentrate the energy around 0.32 and 0.47, for sensors A and B, respectively. This
is probably a consequence of a slightly different position of the sensors A and B on their
respective sleeper. The sensor B presents some longitudinal and transversal vibration around
0.15 with some considerable energy, which is also present in sensors A at lower levels.

The spectrum responses at the acceleration in the accelerometers placed at the ballast
layer are shown in Fig. 4.24. There is presence of the 11 bogies in the records. The time
history of the records shows an equivalence acceleration level for the 3 components, be-
haviour that was not present in the rail and sleepers. The heterogeneous nature of the ballast
probably scatter the vibration, changing the energy from the vertical component to the other
components. The frequency spectrum shows that the energy that reached the accelerometers
contains only frequencies below 0.2.

The spectrum response of the acceleration in the accelerometers placed at the ground
are show, in Fig. 4.25. The time records show a very small amplitude. The vertical com-
ponent completely lost its predominant character. The energy still concentrates in the low
frequencies.

As summary: the main component of the train load, the vertical one, is transmitted
through the rail to the sleepers passing into the fastening system and ballast, finally the energy
is dissipated before it reaches the ground. The vibrational level decreases from the rail to the
sleeper, sleeper to the ballast, and ballast to the soil. This global behaviour was observed in
all the measurements. The high heterogenous characteristic of the ballast layer produces a
depolarization of the vibration, splitting energy from the vertical direction to all directions.
The spectral content was filtered, especially the high frequencies components in the fastening
system and ballast, so that only low frequencies reach the ground.

To better understand the global behaviour of the ballast three additional comparisons are
proposed. The first stresses the influence of the type of the train in the frequency response.
The second one consists in the influence of the speed of the trains, finally the influence of
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(a) Acceleration time history: sensor A. (b) Acceleration vs. frequency: sensor A.

(c) Acceleration time history: sensor B. (d) Acceleration vs. frequency: sensor B.

FIGURE 4.22: Acceleration records for the rail. The blue line is the ver-
tical acceleration component; the green line is the transversal acceleration

component; and the red one is the longitudinal acceleration component.

(a) Acceleration time history: sensor A. (b) Acceleration vs. frequency: sensor A.

(c) Acceleration time history: sensor B. (d) Acceleration vs. frequency: sensor B.

FIGURE 4.23: Acceleration records for the sleepers. The blue line is the
vertical acceleration component; the green line is the transversal acceleration

component; and the red one is the longitudinal acceleration component.
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(a) Acceleration time history: sensor A. (b) Acceleration vs. frequency: sensor A.

(c) Acceleration time history: sensor B. (d) Acceleration vs. frequency: sensor B.

FIGURE 4.24: Acceleration records for the ballast. The blue line is the
vertical acceleration component; the green line is the transversal acceleration

component; and the red one is the longitudinal acceleration component.

(a) Acceleration time history: sensor A. (b) Acceleration vs. frequency: sensor A.

(c) Acceleration time history: sensor B. (d) Acceleration vs. frequency: sensor B.

FIGURE 4.25: Acceleration records for the soil. The blue line is the ver-
tical acceleration component; the green line is the transversal acceleration

component; and the red one is the longitudinal acceleration component.
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(a) Sensor A: vertical. (b) Sensor A: transversal. (c) Sensor A: longitudinal.

(d) Sensor B: vertical. (e) Sensor B: transversal. (f) Sensor B: longitudinal.

FIGURE 4.26: Acceleration spectrum magnitude of 9 trains passagens, gray
line, the blue line represents the mean between the values. The upper line
corresponds to the vertical, transversal, and longitudinal accelerations for the
sensor A. The second line shows the same quantities for the accelerometer

B.

the monitor position is studied. For conciseness only the signals collected in the ballast will
be shown hereafter. A smaller frequency range is also considered, between 0.005 and 0.05,
to better visualize the data. Before, the repeatability of the ballast acceleration spectrum is
considered.

Repeatability of the ballast acceleration spectrum

In order to check the repeatability, one train speed is selected and analysed. The frequency
spectrum response of 9 trains (simple unit) passing at 314 km/h during 4 weeks are presented
in Fig. 4.26 in gray solid line. The blue solid line represents the mean between the trains
passages. The upper line corresponds to the vertical, transversal, and longitudinal acceler-
ations for the sensor A, the lower line for the sensor B. The insert in each figure presents
the same quantities in a specific range (the most energetic), between 0.021 and 0.024. The 9
trains recorded present a very similar acceleration spectrum, even though they are not equal
(different number/distribution of passengers, suspension, wheels, ballast condition, and so
on). The inserts show that the mean value can represent the global behaviour of the trains,
and improve the signal/noise ratio. So, the mean value is used in the forthcoming analyses.

Influence of the type of the train in the ballast response

As said before, two types of trains were recorded: the TGV; and the ICE3. The construc-
tion of those trains is different, with different weights, distance between wheels, suspension



72 Chapter 4. First analyses of experimental measurements on the ballast

(a) Sensor A: vertical. (b) Sensor A: transversal. (c) Sensor A: longitudinal.

(d) Sensor B: vertical. (e) Sensor B: transversal. (f) Sensor B: longitudinal.

FIGURE 4.27: Comparison between the spectrum response of the French
and German HST. The green lines represent the TGV while the blue ones
the ICE3. The upper line corresponds to the vertical, transversal, and lon-
gitudinal accelerations for the sensor A. The second line shows the same

quantities for the accelerometer B.

response, driving system. Fig. 4.27 presents the mean acceleration frequency spectrum for
the ICE3 trains in a blue solid line and TGV in a green solid line. In total, 3 trains for each
configuration were recorded at the same velocity of 312 km/h. As the number of passages of
the train ICE3 is quite low (15% of the records) the next section is dedicated to the analysis
of the TGV.

The amplitude acceleration response for a passage of a simple unit and a multiple unit
for the velocity of 318 km/h is shown in Fig. 4.28. The blue line corresponds to the multiple
units train and the green line the simple unit train. As can be seen in the inserts a quite
good agreement in the amplitudes were found. However in other regions the match in the
amplitudes was not so good, as expected. Using this result the simple unit passages cannot
be mixed with the multiple unities train passage in subsequent analyses.

Influence of the train speed in the ballast response

The influence of the train speed in the wavelength spectrum response is presented in Fig. 4.29.
In this plot three different train velocities Were analyzed, with trains going at 302 km/h (blue
line), 310 km/h (green line), and 318 km/h (red line). Since the trains have the same geometry,
driving system, and a very similar suspension system, a linear increase in the frequency would
be expected when the speed increase. In this figure the axis of the abscissa was modified to
the wavelength instead of the frequency. This change shows that the influence of velocity is
entirely taken into account through this linear rescaling of the wavelength.
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(a) Sensor A: vertical. (b) Sensor A: transversal. (c) Sensor A: longitudinal.

(d) Sensor B: vertical. (e) Sensor B: transversal. (f) Sensor B: longitudinal.

FIGURE 4.28: Influence of the train type in the amplitude acceleration re-
sponse.A passage of a simple unit is represented by the green line and a

multiple unit by the blue line for the train velocity of 318 km/h.
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(a) Sensor A: vertical. (b) Sensor A: transversal. (c) Sensor A: longitudinal.

(d) Sensor B: vertical. (e) Sensor B: transversal. (f) Sensor B: longitudinal.

FIGURE 4.29: Influence of the train speed in the wavelength spectrum re-
sponse of the acceleration in the ballast layer. The blue line is the train at

302 km/h, the green line at 310 km/h, and the red line at 318 km/h.

4.3 Concluding remarks

In this chapter two datasets were analysed. The ballast box experiment allows the study of
FRF. The measurement campaign of acceleration put in evidence the acceleration frequency
spectrum shift (to the high frequency) when the train speed increases, and the difference
between train type that passed in this HSL. The filter effect of each component of the bal-
lasted railway track was also stressed. The rail-pad/sleepers contribute to reduce the high
frequencies, once the wave enters the ballast, it ends up being depolarized with a reduction
of the amplitude of the vertical acceleration. The geometric effect contribute, also, for the
amplitude reduction of the acceleration.

The velocities evaluated for the medium in the ballast box in this chapter present a huge
discrepancy between them. This discrepancy is linked with the fact that they refer to different
velocities. The first values of the velocity are higher. This measurement is the direct wave
from the source to the sensor. It is affected only by the small path between source and sensor,
normally some grains (4 or 6 grains, more or less). On the other hand, the vibration analysis
showed a very slow velocity. It is expected because the wave is traveling in all the domain,
not only in a few grains, in other words, it refers to a homogenized velocity. As discussed, in
Chapter 3, the apparent velocity is lower than the average velocity [29]. However, a deeper
study should be applied to the vibration data in order to understand why such a low velocity.
This will be performed on the basis of wave propagation simulations using the model of
Chapter 2.
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Chapter 5

Conclusion and perspectives

In this thesis, we introduced a novel approach to model the behavior of the ballast during
the passage of trains on ballasted railway tracks. The model we proposed is a randomly-
fluctuating stochastic heterogeneous continuum model. It is intermediate between homoge-
neous continuum models that cannot reproduce the complex dynamical behavior of realistic
tracks, and discrete models that are difficult to simulate at the appropriate scale for dynamic
analyses. The randomly-fluctuating Young’s modulus, presented in Chapter 2, proved to be
a good alternative to discrete models to predict the stress distribution in ballast samples in
statics. The stress components directly used in the cost function of the inverse problem, as
well as those that had not been used, all proved to be accurate. Notably, these results were
achieved for a simple linear elastic isotropic, although heterogeneous. No non-linearity or
non-locality were introduced in the model.

The study of the impact of the proposed model in the wave propagation in ballasted
railway tracks was performed in Chapter 3. The dispersion curve of the ballasted railway
track showed a tremendous influence of the heterogeneity (with the higher frequency waves
going slower than lower frequency waves). Above 100 Hz, the waves remain localized in
the vicinity of the source through Anderson localization. Although very widely studied in
the physics literature, this phenomenon has been studied in the acoustical literature only
from the experimental point of view, which tries to discriminate between dissipation and
localization in measurements [110]. Additional simulations in unbounded media proved that
the observation of localization in the ballast layer was not related to the particular geometry
of the layer, but indeed Anderson localization.

Finally, in Chapter 4, experiments in a ballast box and in a real segment of ballasted HSL
were explored. Two methods were used to estimate the velocities in the ballast box. The
result velocities appear very different, but this is compatible with theory on wave propaga-
tion in heterogeneous media, where local velocities may be much larger than homogenized
velocities. As the difference is very large, further investigations should however be consid-
ered. In particular, simulations of propagation in the randomly-fluctuating ballast should be
proposed, at short times as well as at later times, when modal behavior hits in. The campaign
of acceleration measurements made during the passage of commercial trains was also pre-
sented. The inverse problem still has to be constructed, and the obtained velocities compared
with those of the ballast box. Note however that differences may be expected, in particular
because of the lack of compression in the ballast box.

Although the first results are extremely encouraging, several aspects of the model should
be improved. The small discrepancy observed in shear stress in Sections 2.2.2 and 2.3 should
be investigated, by considering for instance another first-order marginal law with different
behavior for smaller-than-average stresses.

Only Young’s modulus had its parameters estimated using an inverse problem, whereas it
might be more appropriate to estimate all the mechanical properties. The model could be ex-
tended to an entire constitutive tensor being random, possibly introducing anisotropy [245],
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and certainly considering constitutive non-linearities [121] for dissipation, fatigue and mod-
eling of long-term behavior of the track. Long-term behavior and degradation of the bal-
last grains may be partially taken into account also by evolving the average diameter of the
grains, which is a parameter of the correlation model. Pressure-dependence of the velocity
in granular media [169, 151, 127] is a well-documented phenomenon, that might be repro-
ducible within our model, either though an ad-hoc non-linear relation, or more interestingly
by playing with compacity (which is a parameter of the correlation model) or by making the
model non-homogeneous (in the statistical sense). Another known limitation of our heteroge-
neous randomly-fluctuating model is that it cannot deal with re-arrangements of grains [143].
Notwithstanding these limitations, we believe that it can be a first building block towards im-
proving ballasted railway tracks, providing insight into a physical phenomenon of Anderson
localization previously disregarded.

To look a little bit further ahead, the results presented in Chapter 3 indicate that the
ballast layer is a very efficient wave trap. It seems capable to impede propagation of waves
whose wavelength is rather large with respect to the thickness of the ballast layer. Anderson
localization might therefore be a good ingredient to consider for vibration isolation purposes.
A master student is currently considering this option to reduce the impact of railway-induced
ground vibration on the buildings close to the tracks.
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Appendix A

Generation of hexahedral mesh
following geophysical features

The results presented in this appendix were made in collaboration with Professor Alvaro
Coutinho and José Camata from NACAD/UFRJ - Núcleo de Atendimento a Computação de
Alto Desempenho - Universidade Federal do Rio de Janeiro. This collaboration is a CAPES-
COFECUB (Brazilian and French research promotion agency) joint project. NACAD is a
laboratory that focuses on High-Performance Computing (HPC), working on efficient mesh
generation algorithms, adaptive meshes, adaptive time step, in-situ visualization, and many
others HPC subjects. This collaboration resulted in several publications in conferences, and
one journal article is in preparation.

A.1 Scalable parallel mesher for geophysical applications

Research effort has been devoted to the development of high performance schemes for large
scale wave propagation. Solvers can now scale efficiently over very large clusters [33, 131,
115]. The pre- and post-processing steps have not necessarily followed the same pace. Al-
though various techniques and algorithms have been developed [56], octree-based mesh-
ing has recently demonstrated improved capabilities for scaling over today’s largest ma-
chines [254, 244, 46, 49, 95, 118]. Recent advances in in-situ visualization showed the
capability to deal with a huge amount of data, and scalability of the post-processing. The
scalability of the entire wave propagation workflow is limited by its slowest link, thus the de-
velopment of a scalable hexahedral mesher able to deal with larger meshes (e.g. geophysical
meshes) is essential.

Meshing is particularly hard considering high-resolution wave propagation problems us-
ing conformal hexahedra in realistic Earth geometries [56]. Here, high resolution means
meshes containing several billions of elements. For such large meshes, octree-based algo-
rithms seem to be particularly successful [46, 49]. Octrees are spatial data structures used
in various problems in computer science and engineering, e.g., object representation, im-
age analysis and unstructured meshing [208]. Standard octrees divide a cell into eight new
cells [270, 175, 176]. However, it has been shown that a 3-octree [182, 119], defined as a
data structure where a cell is divided into 27 new cells [220] is more suitable for hexahedral
mesh generation. Reviews about the subject can be found in [247, 227].

For wave propagation problems, the main parameter controlling the size of the elements
is the wave velocity. In geophysical problems, there is on average a gradient of this velocity
with depth, with lower velocities closest to the surface of the Earth. In this first step of our
procedure, we, therefore, aim at constructing a mesh where the elements are homogeneous
along the horizontal planes and are larger in depth than close to the surface. One exemple is
present in Fig. A.1. The construction must also avoid hanging nodes. The procedure to create
the hexahedra starts with the finest cells, and every m meters a transition layer is introduced.
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This layer is composed of cells shown in Fig. A.5 (and based on [203]), that allows reducing
the size of the elements between two layers. The whole process is done in parallel. The
ghosts elements share the information (global identification) between processors through an
MPI protocol [89]. The domain is initially partitioned in a 2D grid among processes, and the
construction is done independently by each process, as can be seen in Fig. A.2. The output
of this step of the construction is a structured mesh.

In order to represent realistic Earth geometries, a smooth scheme [221] is used to fit the
octree mesh with a surface triangulation (STL) generated from SRTM3 topography data [84]
sampled at 3 arc-seconds, and obtained from United States Geological Survey [232]. This
STL file includes the topography (inland heights) and the altitude is set to zero over oceans
and seas. Fig. A.3 shows a mesh of the Kefalonia region in Greece and an image obtained
from Google Maps of the same region, approximately. The output of this step of the con-
struction is still a structured mesh, but with deformed elements.

Realistic meshes of the Earth must also include the representation of the bathymetry, as
well as various materials interfaces [269] inside the Earth (e.g. basins inducing strong site
effects, Moho discontinuity, or others). With respect to the mesh constructed at the previous
step, the bathymetry can be seen as material discontinuity (between solid and fluid) so we
only describe in this paper the inclusion of bathymetry. The bathymetry is defined through an
STL surface, constructed from the SRTM30_PLUS model [37], a 30-arc second resolution
global topography/bathymetry grid obtained from Scripps Institution of Oceanography, Uni-
versity of California San Diego [233]. This STL surface is defined on a regular grid and is
modified in the following manner: nodes at vanishing altitude are added along the coastline,
using the information stored in the SRTM water body database [240], and inland nodes are
removed. A 2D Delaunay triangulation is then used to construct a new STL containing only
the fluid-solid interface. Other types of material or interface discontinuity can be treated sim-
ilarly, through the definition of an appropriate STL file. The intercepted elements are refined
following the approach proposed by Ruiz [203], then the nodes are moved to the bathymetry
surface.

Some of the hexahedra constructed at the previous step are intercepted by the STL sur-
face. For the final mesh to conform to the material interface, these hexahedra should be
further divided. All the 256 possible types of intersection, by symmetry considerations, can
be reduced to 15 cases [133]. Fig. A.4 shows all the 15 possibilities. Some of those elements
can be easily divided into new hexahedrons, without hanging nodes (like templates 3, and
9). However, the complexity for some of then (templates 6 and 10, for example) turns this
simple geometrical problem in a very hard problem to answer using templates. As suggested
by Kudela et al. [133] the application of an octree refinement, at this time making the pro-
jection of the nodes in cut surface, can be one way to overcome this problem. On the other
hand, the presence of hanging nodes still a problem. To overcome the new hanging nodes
in the mesh, the transitions templates as those proposed by Ruiz [203] can be used, Fig. A.5
presents them. Moreover, the refinement level of this mesh could be controlled by the user
in different regions of the domain. A simple example was presented in Fig. A.6, where the
templates proposed by Ruiz [203] were used to refine a region and remove hanging nodes.
One example is present in Fig A.7 and Fig A.8. Kashiwazaki coastal region in Japan was
discretized with 18M elements. The bathymetry surface was used to reproduce a realistic
interface between water and soil. The blue elements represent the water, the brown ones
represent the soil.

The mesh quality is a critical parameter for the accuracy and efficiency in the solution of
Partial Differential Equations using numerical methods, like wave propagation phenomena.
After the entire process, some elements with low quality can be generate. The MESQUITE
library [44] may be used to relocate vertices and improve the mesh quality.
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A.2 Weak scalability analysis

We perform a weak scalability analysis of the parallel mesh generator on Occigen for a mesh
of the Kefalonia region in Greece (between N 38o00’00 E 20o00’ and N 39o00’ E 21o00’)
in a cube of approximately 110×110×110 km3. Fig. A.9 shows the final mesh considering
8 levels of refinement and 4 transition layers. We analyse how the CPU time varies with
the number of cores for a constant amount of data per core. In our analysis, this amount of
data is defined by the number of elements resulting from the meshing algorithm. Table A.1
shows the growth in problem size according to the number of cores. Note that, for each
increase in the octree refinement level, the mesh size grows by a factor of 9, reaching 62
billions of hexahedra at level 10. Table A.1 also presents the overall CPU time (in seconds)
for runs instrumented by TAU performance analysis system [226, 246] on Occigen, using its
standard configuration on this system. Although the run time increases almost 3 times when
refinement levels increase from 7 to 9, note that, for each level, the mesh size grows by a
factor of 9, while the number of cores increases only by a factor of 3. From 9 to 10 refinement
levels, we observe that both the mesh size and cores grow by the same factor. In this case,
the additional refinement level increases run time in about 20%. Table A.1 also reveals that
increasing the number of octree levels does not increase the computation/communication
ratio, which stays below 30%.

TABLE A.1: Weak scaling of the mesh generation for the Kefalonia region
in Greece.

Cores Levels Nodes Elements Time (s) Comm(%)
81 7 85,602,744 83,102,679 12.061 21 %

243 8 769,790,232 747,937,476 32.994 20 %
729 9 6,926,153,724 6,731,438,013 105.188 25 %

6561 10 62,330,385,168 60,583,119,264 123.066 29 %

A.3 Examples of mesh generation

The final mesh is a non-structured hexahedral mesh, conformal to the topography, bathymetry
and coastlines and with coarsening of the elements with depth. Two examples of meshes
generated with the proposed scheme are presented in Fig. A.10 and Fig. A.11. These meshes
were generated on Occigen (at CINES, France), a BULL machine equipped with 2106 com-
puting nodes. Each Occigen node has two Intel Haswell (E5-2690) processor (12 cores
per node), totalizing 50544 cores. The first example considers the Cadarache inland re-
gion in France (between N 43o48’ E 4o30’ and N 44o05’ E 5o00’) in a cube of approxi-
mately 40×32×35 km3. There is no solid-water interface and the topography goes up to
276 m. The second example considers the Kashiwazaki coastal region in Japan (between
N 37o10’ E 138o15’ and N 37o40’ E 138o55’) in a cube of approximately 59×56×55 km3.
The bathymetry goes down to 995 m and the topography up to 920 m. On both examples,
the mesh grading with depth, as well as the features of the topography and bathymetry can
be clearly seen.
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FIGURE A.1: Mesh refinement with the depth. From up to down: no refine-
ment in the depth, one refinement level, and two refinement level
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FIGURE A.2: Processors grid domain. The colour scale represents the pro-
cessor associated to each element vertex.

FIGURE A.3: Mesh of the Kefalonia region in Greece and a snapshot ob-
tained from Google Maps of the same region
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FIGURE A.4: Intersection of the cut surface in the hexahedra element, ex-
tracted from Kudela et al. [133]).

FIGURE A.5: Transition template for 27-trees, extracted from Ruiz [203].
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FIGURE A.6: Exemple of mesh refinement in a corner using 27-tree tem-
plates.

FIGURE A.7: Example of deformed mesh taking into account the
bathymetry. In blue the elements that represent the water, the brown ones

represent the soil.
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FIGURE A.8: Example of deformed mesh taking into account the
bathymetry. In blue the elements that represent the water, the brown ones

represent the soil.
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FIGURE A.9: Mesh of the Kefalonia region with 8 levels of refinement and
4 transition layers.
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FIGURE A.10: Mesh of the Cadarache inland region in France.
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FIGURE A.11: Mesh of the Kashiwazaki coastal region in Japan.
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Appendix B

Micromechanical Approach in
Granular Materials

B.1 Equivalent stress in granular material

The Eq. (2.3) can be deduced using the contact forces and the Gauss theorem [52, 51, 132].
A “derivation“ of this equation is repeated here. It consists in two steps: (i) the first step
the average stress is evaluate on the contacts in the boundary that enclose the assembly of
particles; (ii) the second step evaluate the average stress on the internal forces.

Considering an average stress, σV
αβ

, in the volume, V , it can be written as:

σ
V
αβ

=
1
V

∫∫∫
V

σαβ dV, (B.1)

using the Gauss theorem and consider the equilibrium equation: σαβ ,β = 0, the average stress
tensor is now expressed by:

σ
V
αβ

=
1
V

∫∫
S

nισαιxβ dS (B.2)

where nι is the normal unit vector on the boundary, S, of the volume V , and the xβ is the
vector that points to the contact between the particle (in the boundary).

Considering that this boundary does not cut any particle and passes only at contact points,
the product nισαιdS represents all the forces applied at the contacts located on the boundary.
The Eq. (B.2) is then rewrite as:

σ
V
αβ

=
1
V ∑

c∗∈S
f c
αxc∗

β
, (B.3)

this relation express the external contact forces acting in the surface S at xc∗
β

on the boundary
of V to the average value of σV

αβ
defined for the value V .

Performing a similar analysis of the Eq. (B.3) the equilibrium between the particle in
the boundary S (particle A), and one particle inside of the surface (particle B) follows the
relation:

∑
B

f AB
α = 0. (B.4)

where f AB
α represents the contact force exerted by the particle B on particle A, see Fig B.1.

Then:
∑
A

∑
B

f AB
α xA

β
= 0, (B.5)

where xA
β

is the center of mass of the particle A.
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FIGURE B.1: Schematic representation used in the equivalent stress in dis-
crete model.

For each boundary contact c∗ with particle A:

xA
β

f Ac∗
α =

(
xAc∗

β
− `Ac∗

β

)
f Ac∗
α , (B.6)

where `Ac∗
β

vector that connect the center of mass of A to the boundary contact point located
at xAc∗

β
.

For each contact between the particles A and B two terms will appear in the summation
Eq. (B.5):

xA
β

f AB
α + xB

β
f BA
α = f c∗

α `c∗
β

(B.7)

with: f c∗
α = f AB

α =− f BA
α and `c

β
=
−→
AB

Considering the relation Eq. (B.7) on internal contacts and the relation Eq. (B.6) on ex-
ternal contacts, relation Eq. (B.5) can be written as:

∑
c∗∈S

f c∗
α xc∗

β
= ∑

c∈V
f c
α`

c
β
+ ∑

c∗∈S
f c∗
α lc∗

β
(B.8)

Then, considering the relation Eq. (B.6):

σ
V
αβ

=
1
V ∑

c∈S
f c
αxc

β
=

[
∑
c∈V

f c∗
α `c∗

β
+ ∑

c∈S
f c
α lc

β

]
(B.9)

Considering that branch vectors connected with boundary contact points lc∗ can be iden-
tified to the other branch vector `c, relation Eq. (B.9) can be written as:

σ
V
αβ

=
1
V ∑

c∈(V,S)
f c
α`

c
β

(B.10)
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FIGURE B.2: Domain division in a continuum media, extracted from
Bagi [32].

B.2 Equivalent strain in granular material

The equivalent strain prestented here is valid for 2D and 3D particles with arbitrary convex
shape [32] (despite other propositions that only are valid in 2D grains [132, 50]). A similar
procedure of the Section B.1 is made here. A “derivation“ of the equivalent strain is repeated
here. It consists in two steps: (i) the first step the average strain is evaluate on the contacts in
the boundary that enclose the assembly of particles; (ii) the second step evaluate the average
strain on the internal forces.

The strain tensor is taking from the symmetric part of the displacement gradient tensor.
The average continuum strain tensor is defined by:

ε
V
αβ

=
1
V

∫∫∫
V

∂uα

∂xβ

dV, (B.11)

where uα is the displacement vector. Using Gauss’ theorem we can found:

ε
V
αβ

=
1
V

∫∫
S

uαnβ dS, (B.12)

The Eq. (B.12) stills valid by subdomains, Fig. B.2, it can be write as:

ε
V L

αβ
=

1
V L

∫∫
SL

uαnβ dS. (B.13)

In order to evaluate this expression in a granular material Bagi [32] propose the dis-
cretization of the continuum media and after the discretization return to an expression of the
displacement gradient tensor that contains the discrete micro-variables only. In this approach
the application of the continuum mechanical formalism is a tool for the averaging of the
micro-variables.

Eq. (B.12) can be applied in a “geometrical features“ that can be divided into subdomains,
V L, and if a continuous displacement field is create on it.

Bagi creates an space cell system for the geometrical modelling. It is presented in com-
pression and simple shear loads, Fig. B.3, the global deformation of the assembly is well
represented by the deformations of the space cells since they characterise the distortions of
the internal structure itself, instead of an individual grain or contact. Other interest point of
this approach is that the deformation of the cells do not loose their meaning even if there are
topological changes, for example, contacts lost or created in the assembly.
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FIGURE B.3: Schematic representation of the geometrical model, extracted
from Bagi [32].

FIGURE B.4: Schematic representation of the vectors aβ and bβ , extracted
from Bagi [32].

The geometrical model allows us the definition of a displacement field or any finite set
of space cells in the following way. On the nodes of the simplexes let uα(xβ ) be equal to the
translation of the grain centre while inside the simplex uα(xβ ) is defined as the linear interpo-
lation of the node translations of that simplex. The uα(xβ ) field assigned to the assembly this
way is piecewise linear inside the simplexes and along the faces and edges, and continuous
throughout the whole system.

So consider now the L-th space cell whose average displacement gradient tensor is

ε
V
αβ

=
1
V

∫∫ L

S
uαnβ dSL (B.14)

which, using the fact that uα(xβ ) is linear along the boundary, can be written in the following
discrete form:

ε
V L

αβ
=

1
V L

D+1

∑
k=1

uk
αak

β
(B.15)

where V L and SL are the volume and boundary of the L-th simplex, the index k runs over the
nodes of this simplex, uk

α is the translation of node k, and ak
β

was defined as:

ak
β
=− 1

D
bk

β
(B.16)

where D is the total number of vertex in the geometrical model. These vector are ilustraded
in 2D in the Fig. B.4. Since the sum of ak

β
vectors belonging to a simplex is zero, Eq. (B.16)
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can be modified by distracting the same u0
α vector from each nodal displacement of the cell:

ε
V
αβ

=
1

V L

D+1

∑
k=1

(uk
α −u0

α)a
k
β

(B.17)

its means that the rigid-body translations do not change the deformation of the cell. Let u0
α

be chosen as the average translation of the nodes:

u0
α =

1
D+1

D+1

∑
k=1

uk
α , (B.18)

which gives that the average deformation gradient tensor of the L-th cell is:

ε
V L

αβ
=

1
D+1

1
V L ∑

m<n
(um

α −un
α)(a

m
β
−an

β
), (B.19)

so after introducing the notation ∆umn
α = um

α −un
α over the whole system and dmn

j = am
β
−

an
β

, the average displacement gradient tensor is expressed by the relative displacements of the
pairs of nodes forming the edges of the cells:

ε
V
αβ

=
1
V ∑

m<n
∆umn

α dmn
β
, (B.20)

the summation runs over all edges of the space cell system. Eq. (B.20) contains discrete
micro-variables only: relative displacements of neighbouring nodes and the corresponding
complementary area vectors. The skew-symmetric part of this tensor reflects the average
rigid-body rotation of the space cells. The symmetric part expresses the deformations of the
cells, and it is suggested to be the strain tensor of granular assemblies.
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Appendix C

Résumé

Une forte concurrence avec d’autres moyens de transport a poussé l’industrie ferroviaire à
se réinventer et rechercher des performances toujours plus élevées. De nos jours, l’obtention
de vitesses chaque fois plus élevées exige le développement de modèles numériques précis
pour concevoir et prédire le comportement des voies ferrées sous les contraintes mécaniques
imposées par le passage du convoi. Dans cette thèse, nous avons concentré l’étude sur la
couche de ballast. Ce composant présente un comportement mécanique complexe, lié à la
nature granulaire de ses composants, il peut être solide, liquide ou gazeux. Ce comportement
dépend de l’état de contrainte et de l’historique de déformation du milieu.

Deux classes de modèles numériques sont couramment utilisées pour prédire le com-
portement de ces systèmes : (1) les approches discrètes et (2) les approches continues. Pour
ces premières, chaque grain du ballast est représenté par un corps rigide et interagit avec ses
voisins par le biais de forces de contact non linéaires en utilisant, par exemple, la méthode
de dynamique non régulière des contacts. En raison des limites de calcul, ce type de méth-
ode ne peut résoudre que quelques mètres de longueur de ballast. Le couplage avec le sol
sous la couche de ballast et avec les traverses reste également un problème non résolu dans
la littérature. Pour les approches continues, le ballast est remplacé par un milieu continu
homogénéisé, de façon à permettre l’utilisation de la méthode par éléments finis classique
(EF). Cependant, ces modèles sont normalement utilisés avec des paramètres mécaniques
homogènes, de sorte qu’ils ne représentent pas complètement l’hétérogénéité des déforma-
tions et des contraintes dans la couche de ballast.

Nous étudions dans cette thèse une approche alternative, utilisant un modèle de contin-
uum hétérogène stochastique, qui peut être résolu avec une méthode par éléments finis tout en
conservant dans une large mesure l’hétérogénéité des champs de contrainte et de déformation.
L’objectif de ce modèle continu est de représenter statistiquement l’hétérogénéité du champ
de contraintes dans un modèle de milieu continu ainsi que dans un modèle granulaire discret.
Pour ce faire, les propriétés mécaniques sont représentées à l’aide de champs aléatoires. La
présente thèse est divisée en trois parties: (1) la construction du modèle et l’identification des
paramètres du matériau continuum (densité marginale de premier ordre, moyenne, variance,
modèle de corrélation) ; (2) la propagation des ondes dans une voie ferrée ballastée et (3)
l’exploration préliminaire de deux ensembles de données expérimentales. La première partie
définit le modèle du continuum à fluctuations aléatoires et identifie les paramètres de notre
modèle de continuum sur de petits échantillons cylindriques de ballast discret. Des modèles
continus équivalents aux échantillons discrets sont générés et résolus en utilisant la méthode
EF, et le champ stochastique utilisé pour fournir les propriétés mécaniques. Un processus
d’optimisation est utilisé pour trouver une variance normalisée pour le matériau hétérogène
stochastique. La deuxième partie de ce travail se concentre sur la résolution des équations
dynamiques sur un modèle à grande échelle d’une voie ferrée ballastée utilisant la méthode
des éléments spectraux. L’influence de l’hétérogénéité est mise en évidence et étudiée. En
conséquence, des courbes de dispersion sont obtenues. Enfin, la troisième partie présente
deux jeux de données distincts de mesures expérimentales sur le matériau de ballast : (1)
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une boîte de ballast ; (2) un passage de train dans un segment de voie ferrée ballastée. Les
courbes de mobilité ont été extraites de l’expérience sur les ballasts. Un problème inverse
a été résolu afin d’estimer la vitesse de l’onde homogénéisée et la vitesse de l’onde locale
et global dans le milieu. Les passages de trains enregistrés pour l’analyse de la vibration à
moyenne fréquences sont presentée de façon préliminaire.
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