N

N

Localization of admissible locally analytic
representations

Andrés Sarrazola Alzate

» To cite this version:

Andrés Sarrazola Alzate. Localization of admissible locally analytic representations. Algebraic Ge-
ometry [math.AG]. Université de Strasbourg, 2019. English. NNT: . tel-02289490v1

HAL Id: tel-02289490
https://theses.hal.science/tel-02289490v1
Submitted on 16 Sep 2019 (v1), last revised 17 Dec 2019 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-02289490v1
https://hal.archives-ouvertes.fr

These

présentée pour obtenir le grade de docteur de
I'Université de Strasbourg
Spécialité MATHEMATIQUES

Andrés Sarrazola Alzate

Localisation de représentations localement
analytiques admissibles

Soutenue le 26 Juillet 2019
devant la commission d’examen

Christine Huyghe, directrice de thése
Tobias Schmidt, co-directeur de thése
Matthias Strauch, rapporteur

Daniel Caro, rapporteur

Adriano Marmora, examinateur

INSTITUT DE
RECHERCHE
MATHEMATIQUE
AVANCEE

UMR 7501

Strasbourg

irma.math.unistra.fr

Université

IZIMA

Institut de Recherche
Mathématique Avancée

de Strasbourg




Université mSIi %

LE DOGTORALE

de Strasbourg

UNIVERSITE DE STRASBOURG

ECOLE DOCTORALE MATHEMATIQUES SCIENCES DE L' INFORMATION ET DE L' INGENIEUR
(ED 269)

THESE PRESENTEE PAR :
Andrés SARRAZOLA ALZATE

Soutenue le : 26 juillet 2019

Pour obtenir le titre de : Docteur de I’Université de Strasbourg

Discipline : Mathématiques

LOCALISATION DE REPRESENTATIONS LOCALEMENT ANALYTIQUES
ADMISSIBLES

Directrice :

Christine HUYGHE Chargée de recherche au CNRS, Université de Strasbourg
Co-directeur :

Tobias SCHMIDT Professeur a I’université de Rennes 1, Université de Rennes 1
Rapporteurs :

Matthias STRAUCH Professeur a I’université d’Indiana, Université d’Indiana

Daniel CARO Professeur a I’université de Caen, Université de Caen.
Examinateurs :

Adriano MARMORA Maitre de conférences, Université de Strasbourg






This thesis is dedicated to the memory of:

Gabriel Sarrazola Zapata
Father: your memory will live eternally in the heart

of your wife, your children and grandchildren.






Université mSI' %

LE DOGTORALE

de Strasbourg

Andrés SARRAZOLA ALZATE

LOCALISATION DE REPRESENTATIONS LOCALEMENT ANALYTIQUES ADMISSIBLES

Résumé :

Soit G un schéma en groupes réductif, connexe et déployé sur 1’anneau d’entiers d’une extension finie L du corps de
nombres p-adiques Q,,. Un théoréme important dans la théorie des groupes c’est le théoreme de localisation, ce qui a été
démontré par A. Beilinson et J. Berstein, et par J.L. Brylinsky et M. Kashiwara. Il s’agit d’un résultat de D-affinité pour la
variété de drapeaux X; du groupe algébrique G (la fibre générique de G). En caractéristique mixte un progrés important
se trouve dans les travaux de C. Huyghe et T. Schmidt. Ils donnent une réponse partielle en considérant des caracteres
algébriques. Les premieres quatre chapitres de cette thése sont consacrés a étendre cette correspondance (le théoréeme de
localisation arithmétique) pour des caracteres arbitraires.

Dans les chapitres cing et six, nous traiterons I’objectif principal de cette thése qui concerne les représentations localement
analytiques. Nous montrerons que si 4 est un caractere algébrique, tel que A+ p est de plus dominant et régulier (p en étant
le caractere de Weyl), alors la catégorie des représentations admissibles localement analytiques du groupe L-analytique
G := G(L), a caractere central A, c’est équivalente a la catégorie des Z(4)-modules arithmétiques coadmissibles G-
équivariants sur la famille des modeles formels de la variété de drapeaux rigide de G.

Mots-clés : Z-modules arithmétiques, localisation, représentations localement analytiques admissibles, variétés de dra-
peaux, modeles formels, Z(4)-modules arithmétiques coadmissibles G-équivariants.

Summary:

Let G be a split connected, reductive group scheme over the ring of integers o of a finite extension L of the field of p-
adic numbers Q,. An important theorem in group theory is the localization theorem, demonstrated by A. Beilinson and
J. Berstein, and by J.L. Brylinsky and M. Kashiwara. This is a result about the D-affinity of the flag variety X; of the
algebraic group G; (the generic fiber of G). In mixed characteristic an important progress is found in the work of C.
Huyghe and T. Schmidt. They give a partial answer by considering algebraic characters. The first four chapters of this
thesis are dedicated to extending this correspondence (the arithmetic localization theorem) for arbitrary characters.

In chapters five and six, we will treat the principal objective of this thesis, which concerns admissible locally analytic
representations. We will show that if 4 is an algebraic character, such that A + p is furthermore dominant and regular
(p being the Weyl character), then the category of admissible locally analytic representations of the locally L-analytic
group G := G(L), with central character 4, it is equivalent to the category of coadmissible G-equivariant arithmetic

2(4)-modules over the family of formal models of the rigid flag variety of G.

Key words: Arithmetic 2-modules, localization, admissible locally analytic representations, flag varieties, formal models,
coadmissible G-equivariant arithmetic 2(4)-modules.
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Introduction

Version en Francais

Un résultat important dans la théorie des représentations est le théoréme de Beilinson-Bernstein [3]. Rappelons brievement
son énoncé : Soit G un groupe algébrique complexe semi-simple et g- := Lie(G) son algebre de Lie. Soit - C gc une
sous-algebre de Cartan et 3 C U(gc) le centre de 1’algebre enveloppante de g-. Pour chaque caractere 4 € t;‘: i=
Homc(t, C) on note m, C 3 I'idéal maximal correspondant, qui est induit via I’homomorphisme d’Harish-Chandra [22,
Theorem 7.4.5]. On définit U/, := U(gc)/m,. Le théoréme affirme que si X est la variété de drapeaux de G et Dy,
le faisceau des opérateurs différentiels A-tordus (cf. [3, Théoréme principal]), alors on a une équivalence de catégories
Moqu(D x.2) = Mod(U,) a condition que 4 soit un caractere dominant et régulier (2.5.3). Ici Moqu(D x.2) estla catégorie
des Dy ;-modules qui sont O y -quasi-cohérents. De plus, dans cette équivalence de catégories, les Dy ;-modules qui sont

cohérents correspondent aux I{;-modules qui sont de type fini.

Le théoreme de Beilinson-Bernstein a été démontré indépendamment par A. Beilinson et J. Bernstein dans [3], et par
J-L. Brylinski et M. Kashiwara dans [17]. Il a été un outil important dans la preuve de la conjecture de la multiplicité de
Kazhdan-Lusztig [42]. En caractéristique mixte, un progres important se trouve dans les travaux de C. Huyghe [34, 35] et
Huyghe-Schmidt [39]. Dans ce cas, si 0 est]’anneau des entiers d’une extension finie L du corps des nombres p-adiques Q,,
et G est un groupe réductif, connexe et déployé sur o, alors ils utilisent des opérateurs différentiels arithmétiques introduits
par P. Berthelot dans [6] pour montrer une version arithmétique du théoréeme de Beilinson-Bernstein pour la variété de
drapeaux formelle sur o. Dans ce contexte, les sections globales de ces opérateurs sont canoniquement isomorphes a une
version cristalline de 1’algebre de distribution classique Dist(G) du schéma en groupes G (cf. [39, Théoréme 3.2.3 (i)] et
[38, Proposition 5.3.1]).

Avant de présenter les objets construits et les résultats montrés dans ce travail, nous remarquons tout au long de ce travail,
si e est I’indice de ramification de L, alors e < p — 1 (pour plus des détails sur cette condition technique le lecteur est
invité a regarder I’exemple 1.1.1 et la proposition 5.3.1 de [38]). Soit B C G un sous-groupe de Borel et T C B un tore
maximal et déployé de G. Nous noterons X := G/B le schéma de drapeaux associé a G. Notre but sera d’introduire des
faisceaux des opérateurs différentielles tordus' sur le o-schéma de drapeaux formel X et nous montrerons un équivalent
arithmétique du théoréme de Beilinson-Bernstein, introduit dans le premier paragraphe. Ici le «twist» est fait par rapport
a un morphisme d’algebres 4 : Dist(T) — o, ot Dist(T) est I’algebre de distribution au sens de [21]. Ces faisceaux sont
notés 9; ,- En particulier, il existe une base S de X constituée d’ouverts affines, tels que pour chaque U € S nous avons

gt

Dy ilu =2y
En d’autres termes, localement nous retrouvons le faisceau des opérateurs différentiels introduits par P. Berthelot 2. Pour
calculer ses sections globales, nous utiliserons la description de Dist(G), donnée par Huyghe-Schmidt dans [38], comme

une limite inductive des o-algébres noethériennes Dist(G) = h_r)n N D'(G), telle que pour tout m € N nous avons
m

IParfois on utilisera son équivalent en anglais «twist».
2Cette propriété clarifie pourquoi ils sont appelés «tordus».

11
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D™(G) ®, L = U(Lie(G) ®, L), I’algebre enveloppante de g; := Lie(G) ®, L. En particulier, chaque caractere A :
Dist(T) — o induit, via produit tensoriel avec L et I’homomorphisme d’Harish-Chandra, un caractére central y,; : 3 — L.
Notons ﬁ(’")(G) , la complétion p-adique de la réduction centrale D(’")(G)/ (D™(G) n Ker( X +p)) et DT(G) ; la limite
inductive du systtme D™(G), ®, L - D™)(G), ®, L. Avant d’énoncer notre premier résultat, considérons le décalage
suivant. Tout d’abord, la représentation adjointe [40, I, 7.18] induit une structure de T-module sur g := Lie(G) telle que
g se décompose de la forme :

a="Lie(M & Pa.

aEA

Ici A C X (T) représente les racines de G par rapport & T. Nous choisissons un systeme positif des racines AT C A et nous
considérons le caractere de Weyl p 1= % Y wea+ @. Dans le chapitre 4 nous montrerons le théoréme suivant (théoreme
4.2.1).

Théoréme 1. Soit A : Dist(T) — o un caractére de 1’algebre de distribution Dist(T) tel que A+p € t’z = (Lie(®, L)*3
est un caractere dominant et régulier de t; := Lie(T) ®, L. Le foncteur sections globales induit une équivalence de
catégories entre la catégorie des @; A—modules cohérents et la catégories des D(G),-modules de présentation finie.

Comme nous expliquerons dans la suite, le théoréme est basé sur une version plus fine pour les faisceaux (des opérateurs
différentiels tordus de niveau m) 9;’"/)1 o Comme dans le cas classique, le foncteur inverse est déterminé par le foncteur
de localisation

gOC;J(O) = '@;,i ®D"'(G)A (o)

avec une définition completement analogue pour chaque m € N.

Le chapitre 1 a pour but de fixer quelques constructions arithmétiques (elles sont introduites dans [6], [34] et [38]). Dans
le chapitre 2 nous construisons notre faisceau des opérateurs différentiels tordus de niveau m sur le schéma de drapeaux
formel X sur o. Pour cela, nous notons t := Lie(T) ’algebre de Lie dutore T ett; :=1t®, L. Ce sont des sous-algebres
de Cartan respectives de g et de g; . Soit N le radical unipotent du groupe de Borel B et considérons les o-schémas lisses et
séparés X:=G /Net X := G/B (I’espace affine basique et le schéma de drapeaux). La projection canonique & : X - X
est un T-torseur localement trivial pour la topologie de Zariski de X et, comme dans [12], nous considérons [’algéebre
enveloppante de niveau m du torseur comme le sous-faisceau des T-invariants de &, Dg%"):

~ T

D) <§*D§;”)) _
Comme nous 1’expliquerons, c’est un faisceau de D" (T)-modules qui localement, sur un ouvert affine U C X qui
trivialise le torseur, peut étre décrit comme le produit tensoriel Dg'(") ly ®, DU)(T). D’autre part, si A : Dist(T) — o est

un morphisme de o-algebres (qu’on appellera un caractere de Dist(T)) alors, grice aux propriétés juste annoncées, nous

définirons un faisceau d’opérateurs différentiels arithmétiques tordus sur X par
Dg;rj)/l = D(m) ®D(m)('|]') 0. (1)

Ceci définit un modele entier du faisceau des opérateurs différentiels tordus D, sur la variété de drapeaux X; 1= X Xgpec(o)
Spec(L). Dans la derniere partie du chapitre 2 nous allons explorer quelques propriétés de finitude de la cohomologie des

Dg"l-modules cohérents. Un cas important est le cas ol A+ p € t] est un caractére dominant et régulier de t; . Sous cette

(m)
X,

dans ce travail. Dans le chapitre 3 nous considérerons la complétion p-adique de (1) que nous désignerons par @;mj, et

hypothése, les groupes de cohomologie de tout DY,”, -module cohérent sont a p-torsion bornée, ce qui est un résultat central

3Nous notons également par A le caractére de I’algébre de Lie Lie(T) induit par (2.26)
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nous étudierons ses propriétés cohomologiques lorsque le caractére 4 + p € 1) est dominant et régulier. Finalement, le
chapitre 4 est consacré a I’étude du passage a la limite inductive

[T 2, (m) A(m) . _ Sm)
-@x,/l '= lim @x,,{,@’ 935,,1,@ = 935,,1 ®, L.
meN

et a démontrer un théoréeme de Beilinson-Berstein pour les 9; A—modules arithmétiques (Theorem 4.2.1).

Les travaux développés par C. Huyghe dans [35] et par D. Patel, T. Schmidt et M. Strauch dans [49], [50] et [36] montrent
que le théoreme arithmétique de Beilinson-Bernstein est un outil important dans le théoréme de localisation suivant [36,
Theorem 5.3.8] : si X note le schéma de drapeaux formel du groupe G, alors le théoréme fournit une équivalence de
catégories entre la catégorie des représentations admissibles localement analytiques de G := G(L) (a caractere trivial !)
et la catégorie des Z-modules arithmétiques coadmissibles G-équivariants (sur la famille des modeéles formels de la variété
de drapeaux rigide de G). Notre motivation a été d’étudier ce théoréme de localisation dans le cas tordu. Pour cela, dans le
chapitre 5, nous introduirons un faisceau d’opérateurs différentiels 9; k. dvecun niveau de congruence k € N (définition
5.20). Moralement, nous suivrons la philosophie décrite dans [36] pour introduire un faisceau d’opérateurs différentiels
sur chaque éclatement admissible de X. Plus précisément, si pr : ¥ — X est un éclatement admissible de X et k >> 0%,
alors

‘%T),k,,{ o= pr*‘@;,k,i = Oy @10, pr ‘@;e,k,/l @)
est un faisceau des anneaux sur ). Dans ce travail nous considérerons le cas algébrique, c’est-a-dire, A € Hom(T, G,,).

Dans cette situation, 4 induit un faisceau inversible .Z’(4) sur 9 et @;) devient le faisceau des opérateurs différentiels

kA
qui agissent sur .Z(4). A partir de maintenant nous noterons ce faisceau @;) (4) pour tenir compte de I’action sur Z(A),

et nous supposerons que A+ p € t7 est un caractere dominant et régulier de t; . Dans le chapitre 6 6.2 nous démontrerons
que le foncteur pr, induit une équivalence de catégories entre la catégorie des @; k(l)—modules cohérents et la catégorie

des @; (4)-modules cohérents. De plus, nous avons pr, 9;) (A= 9; (), ce qui implique notamment que
0 il —_ o0 T — nT
H', 7y, (0) = H'(X, 7 (1) = D'(G(K)),.

Ici, G(k) est le k-iéme sous-groupe de congruence de G. En particulier H%(%), ) = H(¥,+) o pr,, est un foncteur exact et

nous avons le théoréme suivant.

Théoréme 2. Soit pr : ¥ — X un éclatement admissible. Supposons que A € Hom(T, G,,) est un caractére algébrique tel
que A+p € t] estun caractere dominant et régulier de t; . Le foncteur H 0(9), ») induit une équivalence entre les catégories
des @;) k(/l)—modules cohérents et des DT (G(k)) ,-modules de présentation finie.

Comme dans le théoreme précédent, le foncteur inverse est déterminé par le foncteur de localisation suivant :
i =gt
focg),k(/l)(O) .= @2)’]((}.) ®DT(G(k))A (‘)-

Décrivons maintenant les outils les plus importants dans notre théoréme de localisation. Du co6té algébrique, nous sup-
poserons d’abord que G, = G(o) et que D(G, L) est I’algebre de distribution du groupe analytique compact G,. Le point
clé sera de construire une structure d’algebre de Fréchet-Stein faible sur D(Gy, L) (au sens de [25, Definition 1.2.6]) qui
nous permettra de localiser les D(G(), L)-modules coadmissibles (par rapport a cette structure d’algebre de Fréchet-Stein
faible). Pour cela, nous commencons par remarquer que d’apres les travaux de Huyghe-Schmidt dans [39] nous pouvons
identifier 1’algébre D'(G(k)) ; avec la réduction centrale D*(G(k)°), de I’algebre des distributions D*"(G(k)°) (au sens

4Cette condition technique est clarifiée dans la proposition 6.1.2
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d’Emerton [25]) du groupe rigide analytique G(k)° («the wide open rigid-analytic k-th congruence subgroup» décrit dans
la sous-section 6.4.2). On a donc un isomorphisme

DY(G(k)),— D™ (G(k)°),.

De plus, d’aprés les travaux de Huyghe-Patel-Schmidt-Strauch dans [36], si C*®(G,,, L)y
calement G(k)°-analytiques de I’espace des fonctions continues a valeurs dans L et D(G(k)°, G)) := (C*®(G, L) kyo—an )2

_an €St1’espace des vecteurs lo-

est son dual fort, alors nous avons un isomorphisme

D(Gy, L)— lim D(G(K)°, Gy)
keN

qui définit une structure d’algebre de Fréchet-Stein faible sur D(G, L), telle que

D(G(k)°, Gy) = @ D™ (G(k)*)d,- 3
8€Gy /Gy,

Ici G, := G(k)(0) est un sous-groupe normal de G, la somme directe décrit un ensemble de représentants de la classe de
Gy dans G et 6, est la distribution de Dirac supportée dans g. Nous noterons CGU, ; la catégorie des D(G(, L)-modules
coadmissibles a caractere central A (D(G, L) ;-modules coadmissibles, ou D(Gy, L), est la réduction centrale).

Or, du coté géométrique, nous considérerons pr : ¥ — X un éclatement admissible G(-équivariant tel que le faisceau
Z(A) est muni d’'une Gy-action qui nous permet de définir une Gy-action a gauche T, : @; k(/l) - (pg)*@;) k(/l) sur
9;'”((/1)5 , au sens que pour chaque g,h € G, nous avons la propriété de cocycle Ty, = (pg), T, © T,. Nous dirons
donc qu’un 9;) k(i)—module cohérent .# est fortement Gy-équivariant s’il existe une famille ((pg)geGO d’isomorphismes
®g M~ (pg)*/// de faisceaux de L-espaces vectoriels, qui satisfont les propriétés suivantes (conditions (1)) :

* Pour tout g, 1 € G, nous avons (pg),. @y © Py = Ppg-

e Sild C 9 est sous-ensemble ouvert, P € .@; k(/l)(Z/{) etm € A (U) alors @ (P e m) =T,(P)+ @, (m).

« % Pourtout g € G4 lapplication @, .4 — (p,),.# est égale ala multiplication par 6, € D*(G(k));.

Un morphisme entre deux @gj,k(i)-modules fortement G-équivariants (4, ((pg” )geG,) Ct (/& ((p;,”/ )geG,) est un mor-
phisme y : .# — A quiest Qg’k(/l)-linéaire et tel que, pour tout g € G, on a (pg‘/ oy = (p)w o (pg/‘. Notons
Coh(@;’ k(/l), G) la catégorie des 9;’ k(ﬂ)-modules cohérents qui sont fortement G-équivariants. Nous avons le résultat
suivant 7 :

Théoréme 3. Soit A € Hom(T, G,,) un caractere algébrique tel que 4 + p € 1} est un caractere dominant et régulier de
t;. Les foncteurs .& oc;’ (et H 0(9), ») induisent des équivalences des catégories entre les catégories des D(G(k)°, G)-
modules de présentation finie (a caractére central 4) et Coh(@%h (D), Go).

Toujours du coté géométrique, considérons I’ensemble . des couples (), k) tels que 2 est un éclatement admissible de
Xetk> kg), ou

) :=m}nmin{k€N|wkEﬂ}

et .7 est un faisceau d’idéaux de Oy, tel que 9 ~ V(#). Cet ensemble est ordonné par la relation (', k") > (9, k)
si et seulement si %)’ est un éclatement admissible de 9) et k¥’ > k. Comme il est montré dans [36] le groupe G,-agit

Sci g € Gy et Py © 9 — Y est le morphisme induit par Gj,-équivariance
%Nous identifions ici H%(9), @; k(/l)) avec D*(G(k)°), et nous utilisons le lemme 6.3.3 pour donner un sens a cette condition.

7Nous utilisons la relation (3) pour donner du sens a 1’affirmation du théoréme.
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sur J . et cette action respecte le niveau de congruence. C’est-a-dire, pour tout couple (), k) € F 4 il existe un couple
(Y-8, ky ) € J , muni d’un isomorphisme p, : 9 — 9).g et tel que kg = kg ,. Nous dirons donc qu'une famille
M= (///2,, D@ 50 Fy des .@;)7 (A)-modules cohérentes est un 2 (4)-module coadmissible G-équivariant sur ./ . si pour
tout g € G, avec morphisme p, : 9 — 2).g, il existe un isomorphisme

Og My g i = (Pg)sMly i

qui satisfait les conditions (1) et tel que, si (', k") = (9, k) avec = : 9’ — 9, alors il existe un morphisme de transition
My o — My i, qui satisfait des conditions de transitivité évidentes. De plus, un morphisme .# — /" entre deux tels

modules est un morphisme .y, — Ay, de 9; k(/l)—modules qui est compatible avec les structures supplémentaires.
Gy

(. G .
Nous noterons cette catégorie C,°, et pour chaque objet M € C,°,

nous considérerons la limite projective

L) = lim  HOQ, My,

Q.k)ef
au sens des groupes abéliens.
Or, soit M un D(G, L),-module coadmissible et V' := M ; sa représentation localement analytique associée. L’espace
des vecteurs G(k)°-analytiques Vg xyo_o, C V est stable sous I’action de Gy, et son dual My := (Vg(yo_ay) est un

D(G(k)°, Gy)-module de présentation finie. Dans cette situation, le théoréme 3 produit un @; k(/l)—module cohérent

foc;,k(ﬁ)(Mk) ‘= .@;’ku) ®paniry), Mi

pour chaque €lément (9, k) € F . Nous noterons cette famille

G . i
Loc (M) := (i’oc MM, ) .
(M) 2 D) o
Théoreéme 4. Soit 4 € Hom(T, G,,) un caractere algébrique tel que 4+ p € t] est un caractére dominant et régulier de t;.
Les foncteurs . ocfo (e) et I'(») induisent des équivalences des catégories entre la catégorie CGO, ; (des D(Gy, L),;-modules

. L. 4G
coadmissibles) et la catégorie Cx(’l.

Finalement, la derniére partie de ce travail est consacrée a I’étude de la catégorie des D(G, L),;-modules coadmissibles,
ouG = G(L)S. Pour cela, nous considérerons I’'immeuble de Bruhat-Tits B de G ([18] et [19]). Il s’agit d’un complexe
simplicial équipé d’une action de G. Pour tout sommet spécial v € B, la théorie de Bruhat et Tits associe un groupe
réductif G, dont fibre générique est canoniquement isomorphe & G Xgpec () Spec(L). Soit X, le schéma de drapeaux
de G,, et X, sa complétée formelle le long de sa fibre spéciale. Nous considérons 1’ensemble F composé des triples
(9. k, v) tels que v est un sommet spécial, 9, — X, est un éclatement admissible de X, et k > kg . D’apres (6.6.2)
F est muni d’une relation d’ordre partiel. De plus, pour chaque sommet spécial v € B, chaque élément g € G induit

un isomorphisme pz X, - X,,, tel que si (pg)” : Oxug - (pg)*OxU est le comorphisme etz @ 9, — X, est un

vg’
éclatement admissible le long de V' (.¥), alors I’éclatement au long de V((pg )1 (pg)*ﬂ ) produit un schéma g)vg muni d’un

isomorphisme p; 1Y, > Yy tel que ky, = k%g et pour tout g, h € G nous avons ng ) p; = p;h.

Un Z(4)-module arithmétique coadmissible G-équivariant sur F, est une famille (.#(y ko), koeF de @; (4)-modules
cohérents satisfaisant la condition (1) plus certaines propriétés de compatibilité (définition 6.6.4) permettant de former la

81ci Gy est un sous-goupe (maximal) compact de G. Cette propriété de compacité permet de définir la structure d’algebre de Fréchet-Stein faible
remarquée avant.
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limite projective suivante :

L#) = lim Ho(g)v,///@,wk,u)).
9,k vEFE

Cette dernicre, comme nous le montrerons, porte une structure de D(G, L),;-module coadmissible. D’autre part, étant
donné un D(G, L) ;-module coadmissible M, on considere V:= M ; son dual continu, qui est une représentation localement
analytique de G. Soit ensuite M, Iespace dual du sous-espace Vg ()
tout (%), k, v) € F, nous avons le 72 . k(/l)-module cohérent

C V des vecteurs G, (k)°-analytiques. Pour

—an

foc;wk(ﬂ)(Mv’k) = 923”’,((1) ®'Da“(GU(k)°)A Ml),k'

On note cette famille . ocf(M ). Nous montrerons le résultat suivant (théoréeme 6.6.6) :

Théoréme 5. Soit A € Hom(T, G,,) un caractere algébrique tel que 4 + p € 1} est un caractere dominant et régulier de
t;. Les foncteurs .,iﬂocf(o) et I'(») donnent des équivalences quasi-inverses entre les catégories des D(G, L),-modules
coadmissibles et des Z(A)- modules arithmétiques coadmissibles G-équivariants.

P A

La derniere tache a consisté a étudier la limite projective

Xy i= lim 9,.

o0 —
(Dy.k0)

Il s’agit de I’espace de Zariski-Riemann associé 2 la variété de drapeau rigide X"'€. On peut aussi former la limite projective
P(4) des faisceaux @;’k(/l) qui est un faisceau des opérateurs G-équivariants des anneaux p-adiquement completes sur
X . De méme, si (A i), .k0er estun Z(4)-module arithmétique coadmissible G-équivariant, alors on peut former
la limite projective .#,. La donnée .#y i er > # induit un foncteur fidele de la catégorie des Z(4)- modules
arithmétiques coadmissibles G-équivariants sur F vers la catégorie des 2(4)-modules G-équivariants sur X (théoreme
6.6.8).



Introduction

English version

An important result in representation theory is the so-called Beilinson-Bernstein theorem [3]. Let us briefly recall its
statement. Let G be a semi-simple complex algebraic group and g := Lie(G) its Lie algebra. Let t- C g be a Cartan
subalgebra and 3 C U/(g¢) the center of the universal enveloping algebra of g.. For each character A € tE := Hom¢(t, C)
we denote by m; C 3 the corresponding maximal ideal, which is induced via the homomorphism of Harish-Chandra [22,
Theorem 7.4.5]. We define U, := U(gc)/m ;. The theorem states that if X is the flag variety of G and Dy , is the sheaf of
A-twisted differential operators [3, 2. Main theorem], then we have an equivalence of categories Modqc(D x.1) = Mod(U),
provided that 4 is a dominant and regular character of t¢ (2.5.3). Here Mod, (Dy ;) is the category of Dy ;-modules that
are O y-quasi-coherent. In addition, in this equivalence of categories, coherent Dy ;-modules correspond to the I/;-
modules that are of the finite type.

The Beilinson-Bernstein theorem was independently demonstrated by A. Beilinson and J. Bernstein in [3], and by J-L.
Brylinski and M. Kashiwara in [17]. It has been an important tool in proving Kazhdan-Lusztig’s multiplicity conjecture
[42]. In mixed characteristic, an important progress can be found in the work of C. Huyghe [34, 35] and Huyghe-Schmidt
[39]. In this situation, if o is the ring of integers of a finite extension L of the field of p-adic numbers Q, and G is a split
conneccted, redactive group scheme over o, then they use the arithmetic differential operators introduced by P. Berthelot in
[6] to show an arithmetic version of the Beilinson-Bernstein theorem for the formal flag o-scheme X. In this context, the
global sections of these operators are canonically isomorphic to a crystalline version of the classical distribution algebra
Dist(G) of the group scheme G (cf. [39, Theorem 3.2.3 (i)] and [38, Proposal 5.3.1]).

Before presenting the objects built and the results shown in this work, we remark for the reader that troughout this work,
if e denotes the index of ramification of L, then e < p — 1 (for more details about this technical condition the reader is
invited to look at the example 1.1.1 and the proposition 5.3.1 of [38]). Let us take B C G a Borel subgroup and T C B
a split maximal torus of G. We will denote by X := G/B the flag scheme associated to G. Our major goal will be to
introduce sheaves of twisted differential operators on the formal flag o-scheme X and we will show an arithmetic equivalent
of the Beilinson-Bernstein theorem, introduced in the first paragraph. Here the twist is made in relation to a morphism of
o-algebras A : Dist(T) — o, where Dist(T) is the sense of [21]. These sheaves are denoted by ‘@;e e In particular, there is
abase S of X made up of open affine subsets, such that for each i/ € S we have

gt
936’ u = @U.
In other words, locally we find the sheaf of differential operators introduced by P. Berthelot °. To calculate its global
sections, we will use the description of Dist(G), given by Huyghe-Schmidt in [38], as an inductive limit of noetherian
o-algebras Dist(G) =1i_1)n N D™)(G), such that for every m € N we have D")(G) ®, L = U(Lie(G) ®, L), the universal
m
enveloping algebra of ¢; := Lie(G) ®, L. In particular, each character 4 : Dist(T) — o induces, via tensor product

9This property clarifies why they are called "twisted".

17
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with L and the Harish-Chandra homomorphism, a central character y; : 3 — L. We denote by D™(G) ; the p-adic
completion of the central reduction D'™(G)/(D"™(G) n Ker(y,,,)) and by D¥(G), the inductive limit of the system
ﬁ(’")(G) 1®, L — ﬁ(’"/)(G) 4 ®, L. Before stating our first result, let us consider the following shift. First, the adjoint
representation [40, I, 7.18] induces a T-module structure on g : = Lie(G) such that g breaks down as follows

g =Lie() & P ..

aEA

Here A C X(T) represents the roots of G respect to T. We choose a positive root system At C A and we consider the
Weyl character p := % > wen+ @. In chapter 4 we will show the following theorem (theorem 4.2.1).

Theorem 1. Let A : Dist(T) — o be a character of the distribution algebra Dist(T), such that A + p € t’z 1= (Lie(T) ®,
L)*'% is a dominant and regular character of t; := Lie(T) ®, L. The global sections functor induces an equivalence of

categories between the category of coherent .@; , modules and the category of finitely presented D'(G) ,-modules.

As we will explain later, the theorem is based on a finer version for the sheaves ( of twisted differential operators of level
m) .@(xm/)l Q" As in the classic case, the inverse functor is determined by the localization functor
)= gt
focx’ﬁ(‘) = @Z'f,/l ®DT(G)/1 (¢

with a completely similar definition for each m € N.

Chapter 1 is dedicated to fixing some arithmetic constructions (they are introduced in [6], [34] and [38]). In Chapter 2 we
construct our sheaf of twisted differential operators of level m on the formal flag o-scheme X. To do this, we will denote by
t := Lie(T) the Lie algebra of the torus T and by t; :=t®, L. These are Cartan subalgebras of g and g; , respectively. Let
us consider N the unipotent radical of the Borel subgroup B and consider the smooth and separated o-schems X :=G /N
and X := G/B (the basic affine space and the flag scheme). The canonical projection & : X > Xisa locally trivial
T-torsor for the Zariski topology of X. As in [12], we will consider the enveloping algebra of level m of the torsor as the
subsheaf of T-invariants of &, D;"):

D = (:f*D;"))T.

As we will explain, it is a sheaf of D" (T)-modules which locally, over an open affine subset U C X that trivializes the
torsor, can be described as the tensor product D;") ly ®, D™(T). On the other hand, if A : Dist(T) — o is a morphism
of p-algebras (which we will call a character of Dist(T)) then, thanks to the properties just announced, in section 2.5 we
define a sheaf of twisted arithmetic differential operators on X by

D()?j)/l 1= D) ®D(m)(‘|]') 0. “4)

This defines an integer model of the sheaf of twisted differential operators D, on the flag variety X; 1= X Xgpec(o)Spec(L).
The final part of chapter 2 is consecrated to exploring some finite properties of the cohomology of coherent Dg:")ﬂ—modules.
An important case is the one where 4 + p € t] is a dominant and regular character of t;. Under this assumption, the

cohomology groups of any coherent Dg;";-module are of bounded p-torsion, which is a central result in this work. In

chapter 3 we will consider the p-adic completion of (4) which we will denote by @;mi, and we will study its cohomological

properties when the character 4 + p € t} is dominant and regular. Finally, chapter 4 is dedicated to the study of the
inductive limit

oo 2 (m) ASm) L SH(m)
Dy =M Py o D0 = 7%, ® L.
meN

10We also denote by A the character of the Lie algebra Lie(T) induced by (2.26)
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and to demonstrate a Beilinson-Berstein theorem for arithmetic 9; A—modules (Theorem 4.2.1).

The work developed by C. Huyghe in [35] and by D. Patel, T. Schmidt and M. Strauch in [49], [50] and [36] shows that
the arithmetic Beilinson-Bernstein theorem is an important tool in the following location theorem [36, Theorem 5.3.8]:
if X denotes the formal flag scheme of the group G, then the theorem provides an equivalence of categories between
the category of admissible locally analytic representations of G := G(L) (with trivial character!) and the category of
admissible G-equivariant arithmetic Z-modules (on the family of formal models of the rigid flag variety). Our motivation
was to study this localization theorem in the twisted case. To do this, in Chapter 5, we will introduce a set of differential
operators @;! . with a congruence level k£ € N (definition 5.20). Morally, we will follow the philosophy described in
[36] to introduce a sheaf of differential operators on each admissible blow-up of X. More specifically, if pr : 9 — X is
an admissible blow-up of X and k >> 01 then

9;),1@/1 = pr*@;,k,z = Oy Bp-10, pr_lgi',k,/l ®)
is a sheaf of rings on ¥). In this work we will consider the algebraic case, i.e., 4 € Hom(T, G,,). In this situation, A induces
an invertible sheaf .Z(4) on g and @;, K

will denote this sheaf by @; k(ﬂ) to take into account the action on .Z(4), and we will assume that A+p € ti is a dominant

becomes the sheaf of differential operators acting on .Z(4). From now on, we

and regular character of t;. In chapter 6 we will demonstrate that the functor pr, induces an equivalence of categories

between the category of coherent .@;) (A)-modules and the category of coherent .@; (A)-modules. In addition, we have

pr, @;’ ROE @; (4). which implies that
0 ¥ _ 0 ot — Nt
HO®, 7y () = H' (¥, 7 (1) = D'(G(K)),.

Here, G(k) is the k-th congruence subgroup of G. In particular H 09, 0) = HO%, ) o pr, is an exact functor and we have

the following theorem.

Theorem 2. Let pr : ¥ — X be an admissible blow-up. Suppose that A € Hom(T, G,,) is an algebraic character such
that 4+ p € t} is a dominant and regular character of t;. The H 0(9), ») induces an equivalence between the categories of
coherent .@;) k(/l)-modules and finitely presented DY (G(k)) ,-modules.

As in the previous theorem, the inverse functor is determined by the localization functor
Locy (D) 1= Dy (D) @piaay, (-

Let us now describe the most important tools in our localization theorem. On the algebraic side, we will first assume
that G, = G(o) and that D(G, L) is the distribution algebra of the compact analytic group G,. The key point will be
to build a structure of weak Fréchet-Stein algebra on D(G,, L) (in the sense of [25, Definition 1.2.6]) that will allow us
to localize the coadmissible D(G, L)-modules (relative to this weak Fréchet-Stein structure). To do this, we start by
remarking that according to the work developped by Huyghe-Schmidt in [39], we can identify the algebra DT(G(k)),; with
the central reduction D*"(G(k)®), of the algebra of analytic distributions D*"(G(k)°) (in the sense of Emerton [25]) of the
rigid analytic group G(k)° (the wide open rigid-analytic k-th congruence subgroup described in subsection 6.4.2). So we

have an isomorphism
D' (G(k)), — D™(G(k)°),.

Moreover, according to the work developped by Huyghe-Patel-Schmidt-Strauch in [36], if C*(Gy, L)g e —an iS the vector

—an
space of locally analytic vectors of the space of continuous L-valued functions, and D(G(k)°, G)) := (C®(G, L)G(k)o_an);

H'This technical condition is clarified in the proposition 6.1.2
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is its strong dual, then we have an isomorphism

D(Gy, L)— ]1:16% D(G(k)°, Gy)

which defines a structure on D(G), L) of weak Fréchet-Stein algebra, such that

DG(K)°,Gy)= @@ D™ (G(Kk))3,. ©6)
8€Gy /Gy

Here G, := G(k)(o) is a normal subgroup of G, the direct sum runs through a set of representatives of the cosets of G, in
G and 6, is the Dirac distribution supported in g. We will denote by CGO’ , the category of coadmssible D(G(, L)-modules
with central character A (coadmissible D(G), L),-modules, where D(G,, L), denotes the central reduction).

Now, on the geometric side, we will consider pr : ) — X a Gy-equivariant admssible blow-up such that the invertible sheaf
£Z(4) is equipped with a Gy-action that allows us to define a left Gy-action T, : @?B L) = (pg)*@;) (4 on 9; k(ﬂ)lz,
in the sense that for every g, h € G, we have the cocycle condition Tj,, = (p,), T}, © T,. So, we will say that a coherent
@;’k(/l)—module M is strongly Gy-equivariant if there is a family (®g)geq, Of isomorphisms ¢, : M~ (pg)y M of
sheaves of L-vector spaces, which satisfy the following properties (conditions (7)) :

« Forevery g, h € Gy we have (p,),. @) © @3 = @y,
o If U4 C 9 is an open subset, P € @; k(/l)(bl) and m € .#(U) then @g(P em) =T,(P)eq@y(m).
« 13 For any g € Gy, the application @g : M — (py),# is equal to the multiplication by 5, € D*(G(k)),.

A morphism between two strongly G-equivariant 993’ , (A)-modules (A, ((Pg//[)gego) and (1, ((P;V)gego) is a morphism
v . .# — A whichis Qg’k(ﬂ)-linear and such that, for every g € G,), we have q);‘/ oy =(py)y o (pgfl. We denote by
Coh(@; (1), Gy) the category of strongly G-equivariant @; (A)-modules. We have the following result 14

Theorem 3. Let A € Hom(T, G,,) be an algebraic character such that A + p € t’z is a dominant and regular character of
t; . The functors .Z oc;) k(ﬂ) and H 0(2), ») induce equivalences between the categories of finitely presented D(G(k)°, G)-

modules (with central character A) and Coh(@% k(ﬂ), Gy).

Still on the geometric side, let us consider the set F x of couples (%), k) such that ) is an admissible blow-up of X and
k> kg), where

ky :=min min{k €N | ok e 7}

and .¢ is an ideal subsheaf of Oy, such that ) ~ V' (.#). This set is ordered by the relationship (%', k') > (9, k) if and
only if 9)’ is an admissible blow-up of 9 and k¥’ > k. As shown in [36] the group G, acts on F x and this action respects the
congruence level. This means that for every couple (%), k) € . there is a couple (9).g, ky) ,) € F x with an isomorphism
pe + Y — 2.g and such that kg = kg ,. So we will say that a family .# := (//lz),k)@,k)ezx of coherent _@;’k(ﬁ)-modules
is a coadmissible Gy -equivariant Z(4)-module on F , if for any g € G, with morphism p, : 9 — 9).g, there is an
isomorphism

(/3 %Q).g,k - (pg)*%g

12Here g € Gy and p, : 9 — 9 is the morphism induced by Gy-equivariance.
13We identify here Ho(g), 9;) k(A)) with D*(G(k)°), and we use lemma 6.3.3 to give sense to this condition.

14We use the relationship (6) to give a sense to the assertion of the theorem.
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that satisfies the conditions (1) and such that, if (9, k") > (2, k) with z : 9’ — 9, then there is a transition morphism
m My o — My ;. Which satisfies obvious transitivity conditions. Moreover, a morphism .# — .4 between two such a
modules is a morphism ///2) P </Vg) « of 2 T (/l)-modules which is compatible with the additional structures. We will

note this category CaGe and for every M € C we will consider the projective limit

xnN
e : 0

N#) = lim  HQ, My ,)

Q0EFy

in the sense of the Abelian groups

Now, let M be a coadmissible D(G, L);-module and V' := M [; its associated locally analytic representation. The vector
space of G(k)°-analytic vectors Vg e,y C V' is stable under the action of G, and its dual My := (Vgx)o_a,)’ is a finitely

presented D(G(k)°, Gy)-module. In this situation, theorem 3 produces a coherent @; k(/l)-module

Oc;’k(i)(Mk) = ‘@;—),k(ﬁ) ®'Dan(@(k)o)/L Mk

for each element (), k) € F x- We will note this family

Gy . ( i )
oc,'(M) :=(ZLoc,), (A)(M .
L (M) gk (D(M) DeE,
Theorem 4. Let A € Hom(T, G,,) be an algebraic character such that 4 + p € t] is a dominant and regular character
of t;. The functors £ ocf"(-) and I'(e) induce equivalences of categories between the category CGO’ ; (of coadmissible
D(Gy, L);-modules) and the category Cgol

Finally, the last part of this work is devoted to the study of coadmissible D(G, L),;-modules, where G := G(L)3. To
do this, we will consider the Bruhat-Tits building B of G ([18] and [19]). It is a simplicial complex equipped with a
G-action. For any special vertex v € I3, the theory of Bruhat and Tits associates a reductive group G, whose generic fiber
is canonically isomorphic to G Xgpec(o) Spec(L). Let X, be the flag scheme of G, and X, its formal completion along its
special fiber. We consider the set / composed of triples (%), k, v) such that v is a special vertex, ¥, — ¥, is an admissible
blow-up of X, and k > kg, - According to (6.6.2) F is partially ordered. In addition, for each special vertex v € B, each

element g € G induces an isomorphism pg : X, - X,,, such that if (p”)t‘ an - (p” )*(995 is the comorphism map

vg’
and z : %), —» X, is an admissible blow-up along V' (.#), then the (admissible) blow—up along V((pg )~ (pg )..¥) produces

a9),, scheme with an isomorphism pg 09, > Y, suchthat kg = k%g and for every g, h € G we have ng o pg = pg "

A coadmissible G-equivariant arithmetic Z(4)-module on F, consists of a family (///@ k)@, k0)eF of coherent @T L (D)-
modules satisfying the condition (7) plus some compatibility properties (definition 6.6.4) that allow us to form the prOJec—
tive limit

L) = lim  HQy My, i)
Qy.k.v)EX

Which, as we will show, has a structure of coadmissible D(G, L);-module. On the other hand, given a coadmissible
D(G, L),-module M, we consider V' := M l: its continuous dual, which is a locally analytic representation of G. Then let
M, ;. be the dual space of the subspace Vg (xyo_an S V' of G, (k)°-analytic vectors. For every (2),,k,v) € F, we have a
coherent @;}w k(ﬂ)-module

Loc 2) k(l)(Mu k) 2) k()’) ®D‘m(G ,(k)°) MU’

5Here G, is a (maximal) compact subgroup of G. This compactness property allows to define the structure of weak Fréchet-Stein algebra.
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We note this family .i”ocf(M ). We will show the following result (theorem 6.6.6).

Theorem 5. Let 4 € Hom(T, G,,) be an algebraic character such that A + p € tz is a dominant and regular character of
t;. The functors .Z ocf(-) and I'() give an equivalence between the categories of coadmissible D(G, L),-modules and

coadmissible G-equivariant arithmetic 2(4)-modules.

The last task was to study the projective limit

Xy = l(ﬂ 2,
@y:k.0)

This is the Zariski-Riemann space associated to the rigid flag variety X"'€. We can also form the projective limit Z(4) of
the sheaves 9;”((/1) which is a sheaf of G-equivariant differential operators on X,. Similarly, if (Z(g 1))@, kv)eF isa
coadmissible G-equivariant arithmetic Z(4)-module, then we can form the projection limit ./Z,. The data .#Z(g) ; yer ~
M, induces a faithful functor from the category of coadmissible G-equivariant arithmetic Z(4)-modules on F to the
category of G-equivariant Z(4)-modules on X, (theorem 6.6.8).



Chapter 1

Arithmetic definitions

In this chapter we will describe the arithmetic objects on which the definitions and constructions of our work are based.
We will give their functorial constructions and we will enunciate their most remarkable properties. For a more detailed
approach, the reader is invited to take a look to the references [47], [34], [38] and [6].

1.1 Partial divided power structures of level m

Let p € Z be a prime number. In this subsection Z,) denotes the localization of Z with respect to the prime ideal (p).
We start recalling the following definition [8, Definition 3.1].

Definition 1.1.1. Let A be a commutative ring and I C A an ideal. By a structure of divided powers on I we mean a

collection of maps y; : I — A for all integers i > 0, such that
(i) Forallx € I, yo(x) =1, yy(x) =xand y;(x) € I ifi > 2.
(ii) Forx,y € I and k > 1 we have y;(x + y) = Zi+j=k y,»(x)yj(y).
(iii) For a € A and x € I we have y,(ax) = akyk(x).
(iv) For x € I we have yi(x)yj(x) = ((i,j))yi+j(x), where (i, j)) := (G + NG~ IGHL
(v) We have yp(yq(x)) = Cp’qypq(x), where Cq = (! (pH~YghH>.

Throughout this work we will use the terminology: "(I,y) is a PD-ideal", "(A, I, y) is a PD-ring" and "y is a PD-structure
on I". Moreover, we say that ¢ : (A, 1,y) — (B, J,0) is a PD-homomorphism if ¢ : A — B is a homorphism of rings
such that ¢(I) C J and 6, 0¢|; = ¢poy,, for every k > 0.

Example 1.1.1. /8, Section 3, Examples 3.2 (3)] Let o be a discrete valuation ring of unequal characteristic (0, p) and
uniformizing parameter w. Let us write p = uw®, with u a unit of 0 and e a positive integer (called the absolute ramification
index of v). Then y,(x) := x*/k! defines a PD-structure on (w) if and only if e < p — 1. In particular, we dispose of
PD-structure on (p) C Z - We let xIK1 ;= 7, (x) and we denote by ((p), [ 1) this PD-ideal.

Let us fix a positive integer m € Z. For the next terminology we will always suppose that (A, I,y) is a Z,-PD-algebra
whose PD-structure is compatible (in the sense of [6, subsection 1.2]) with the PD-structure induced by ((p), [ ]) (we recall
to the reader that the PD-structure ((p), [ ]) always extends to a PD-structure on any Z p)—al gebra [8, proposition 3.15] ).

Definition 1.1.2. Let m be a positive integer. Let A be a Z,-algebra and 1 C A an ideal. We call a m-PD-structure on
I a PD-ideal (J,y) C A such that I?") + pI C J, where I'?") is the ideal generated by the powers x?" with x € 1.

23
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We will say that (I, J,y) is a m-PD-ideal of A. Moreover, we say that ¢ : (A,1,J,y) —» (A’,I',J',y") is a m-PD-
morphism if ¢ : A — A’ is a ring morphism such that ¢(I) C I’, and such that ¢ : (A,J,y) = (A", J ,y")isa
PD-morphism.

For every k € N we denote by k = p™q + r the Euclidean division of k by p™, and for every x € I we define x¥lm :=
x’(yq(xpm)). We remark for the reader that the relation g!y,(x) = x4 (which is an easy consequence of (i) and (iv) of
definition 1.1.1) implies that g!xF}m = xk,

On the other side, the m-PD-structure (I, J,y) allows us to define an increasing filtration (1 {”})neN on the ring A called

the m-PD-filtration. This is the finer filtration, which satisfies these following properties [7, 1.3]:
A 1'%t =4, 1t =7,
(i) Forevery n > 1, x € I'™ and k > 0 we have x{k} e 1k},
(iii) For every n > 0, (J + pA) n I'"} is a PD-subideal of (J + pA).

Proposition 1.1.3. /8, proposition 1.4.1] Let us suppose that R is a Z ,-algebra endowed with a m-PD-structure (a, b, a).
Let A be a R-algebra and I C A an ideal. There exists an R-algebra P,,(I), an ideal I C P, (I) endowed with a m-
PD-structure (I,[ 1) compatible with (b, a), and a ring homomorphism ¢ : A — P(m)(I) such that ¢p(I) C 1. Moreover,
(P WNARS @) satisfies the following universal property: for every R-homomorphism f : A — A’ sending I to an
ideal 1" which is endowed with a m-PD-structure (J',y") compatible with (b, a), there exists a unique m-PD-morphism
g: (P(m)(I)j, LD = (A, I, Jy) such that gop = f.

Definition 1.1.4. Under the hypothesis of the preceding proposition, we call the R-algebra P, (I), endowed with the
m-PD-ideal (I, L[, the m-PD-envelope of (A, I).

—(n+1
Finally, if we endow P (I) 1= P, (I)/1 U Gith the quotient m-PD-structure [6, 1.3.4] we have

Corollary 1.1.5. [6, Corollary 1.4.2] Under the hypothesis of the preceding proposition, there exists an R- algebra P(?n )(1 )

_ . —{n+1
endowed with a m-PD-structure (I, 1,[ 1) compatible with (b, a) and such that 1 e = 0. Moreover, there exists an R-

homomorphism ¢, @ A — P(”’n)(I) such that ¢(I) C 7 and universal for the R-homomorphisms A — (A’ 1',J',y")
sending I into a m-PD-ideal I' compatible with (b, @) and such that I''"*1} = 0,

1.2 Arithmetic differential operators

Let us suppose that o is endowed with the m-PD-structure (a, b, [ ]) defined in example 1.1.1. Let X be a smooth o-scheme
and Z C Oy a quasi-coherent ideal. The presheaves (defined over a basis of affine open subsets of X)

UCXw P,y(C(WU,T) and UC X P! (NU,T))

are sheaves of quasi-coherent O y-modules which we denote by P,,,(Z) and P{’m) (2), respectively. In a completely analo-
gous way, we can define a canonical ideal Z of P(m)(I), a sub-PD-ideal (f, [ c Z, and the sequence of ideals (Ztn DneN
defining the m-PD-filtration. Those are also quasi-coherent sheaves on X [6, subsection 1.4].

Now, let us consider the diagonal embedding A : X < X X, X and let W C X X, X be an open subset such that

X C W is aclosed subset defined by a quasi-coherent sheaf Z C Oy,. For every n € N, the algebra P} m = P(”m)(I) is

quasi-coherent and its support is contained in X. In particular, it is independent of the open subset W' [6, 2.1]. Moreover,

by proposition 1.1.3 the projections p;, p, : X X, X — X induce two morphisms d;,d, : Ox — P} - endowing P} -

of a left and a right structure of O y-algebra, respectively.
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Definition 1.2.1. Let m, n be positive integers. The sheaf of differential operators of level m and order less or equal to n
on X is defined by

(m) . _ n
DX,n .= éfomOX(PX’(m),

Oy).

If n < #’ corollary 1.1.5 gives us a canonical surjection P;’;’(m) - P;’(’(m) which induces the injection D;”L — ’Dg;"’l, and

the sheaf of differential operators of level m is defined by

(m) . _ (m)
DY = DY

neN

We remark for the reader that by definition D(};") is endowed with a natural filtration called the order filtration, and like the

sheaves P} my’ the sheaves Dg;"l are endowed with two natural structures of O y-modules. Moreover, the sheaf D;") acts

onOy: if P € D(;"jl, then this action is given by the composition O 4, ”P;’(,(m)—li Oy.

Finally, let us give a local description of Dg;”; Let U be a smooth open affine subset of X endowed with a family of local
coordinates xy, . ..,xy. Letdx;, ... ,dxy be abasis of Qx(U) and 9, , . .. ,0, a basis of Tx(U) (as usual, Ty
and Qy denote the tangent and cotangent sheaf on X, respectively). Let k € NV. Let us denote by |k| = Zfil k; and
a}"f] = d,,/k;! forevery 1 <i < N. Then, using multi-index notation, we have okl = Hl]\il a}"f] and 9<% = ¢, 19, Tn

this case, the sheaf Dg?"l has the following description on U

DPW) =9 D a0 | g € Oy(U)and k e NN . (1.1)

|k|<n

1.3 Symmetric algebra of finite level

In this subsection we will focus on introducing the constructions in [34]. Let X be an o-scheme, £ a locally free module
of finite rank on X, Sy (L) the symmetric algebra associated to £ and Z the ideal of homogeneous elements of degree 1.
Using the notation of the first section we define

Cxm(L) 1= Psy @) and T (L) = Ty L)/ I, (1.2)

Those algebras are graded [34, Proposition 1.3.3], and if #, ..., 7y is a local basis of £, we have

n _ 1
Dy L) = @ OXE{'}'

|l|<n

As before pl} = Hl]il nl.{l"} and qi!n{l"} = ni. We define by duality

i

Sym(L) 1= ] Homo, (T, Ox ).
keN

By [34, Propositions 1.3.1, 1.3.3 and 1.3.6] we know that Sym™ (L) = EB,,GNSym;’")(E) is a commutative graded algebra
with noetherian sections over any open affine subset. Moreover, locally over a basis 7, ..., 15 we have the following
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description

L <> 1
Sym"(L) = @ OXQ<£>, where q_,l|"i T=nl
!

|Z|=n

Remark 1.3.1. By [47, A.10] we have that Sym©)(L) is the symmetric algebra of L, which justifies the terminology.

We end this subsection by remarking the following results from [35]. Let Z be the kernel of the comorphism AP of the
diagonal embedding A : X — X Xgpe(p) X . In[34, Proposition 1.3.7.3] Huyghe shows that the graded algebra associated
to the m-PD-adic filtration of Py, it is identified with the graded m-PD-algebra ['y ,,(Z JI*) =T X,(m)(Qﬁ(). More
exactly, we dispose of a canonical morphism of O y-algebras

Sx(Qx) - g".PX,(m)

which extends, via universal property of the divided power, to a morphism F’;( (m)(Q}() = gr,(P;’( ). By definition, it

J(m)
induces a graded morphism

Sym™(Ty)— gV.Dg;") (1.3)

which is in fact an isomorphism of O y-algebras.

1.4 Arithmetic distribution algebra of finite level

As in the introduction, let us consider G a split connected reductive group scheme over o and m € N fixed. We propose
to give a description of the algebra of (arithmetic) distributions of level m introduced in [38]. Let I denote the kernel
of the surjective morphism of o-algebras eg : o[G] — o, given by the identity element of G. We know that I /I Zisa
free 0 = o[G]/I-module of finite rank. Let ¢#;, . . . ,#; € I such that modulo 12, these elements form a basis of I/Iz.

The m-divided power enveloping of (I, o[G]) (proposition 1.1.3) denoted by P,,(G), is a free o-module with basis the
(k) — t{kl} t{k/} {k;}
t PR

i

= t:.(", for every k; = p™q; +r; and 0 < r; < p™ [6, 1.3.5.2]. These algebras
k

elements , where g; !t

are endowed with a decreasing filtration by ideals 7"} (subsection 1.1), such that I{"} = Dk|>n? 5{ }. The quotients
P(’r”1 )(G) = P, (G)/1 {n+1} are therefore o-modules generated by the elements 5{5} with |k| < n. Moreover, there exists

an isomorphism of o-modules

~ {k}
Py~ @ o

|k|<n

Corollary 1.1.5 gives us for any two integers n, n’ such that n < »n’ a canonical surjection o P(”,; )(G) — P(’:n )(G).
Moreover, for every m’ > m, the universal property of the divided powers gives us a unique morphism of filtered o-

algebras y,, .y © Pyy(G) > P, (G) which induces a homomorphism of o-algebras t//;’hm, : P(’:n ,)(G) - Pgn )(G:). The

module of distributions of level m and order » is D,(f")(G) = Hom(P(’:n )(G), 0). The algebra of distributions of level m is

D(m)(G) :=li_r)n D[(qm)(@),

n

where the limit is formed respect to the maps Homo(n"”", o). The multiplication is defined as follows. By universal

property (Corollary 1.1.5) there exists a canonical application snn’ P(’:';"/(G) - P('r’n )G)®D P(f:l )(G). If (u,v) € Dﬁ,m)(G)x
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D(',") (G), we define u.v as the composition
n

5n,n’

. pn+n’ n n' u®u
u.v . P(m) (G)— P(m)(G) ®, P(m)(G)———> 0.
Let us denote by g := Hom (I /1 2, o) the Lie algebra of G. This is a free 0-module with basis &, . . ., &, defined as the
dual basis of the elements ¢, . . . ,#,. Moreover, if for every multi-index k € N, |k| < n, we denote by 5<5> the dual of

the element 5{5} € P(’:n )(G), then Dflm)(G) is a free o-module of finite rank with a basis given by the elements §<5> with
|k| < n [38, proposition 4.1.6].

Remark 1.4.1. ! Let A be an o-algebra and E a free A-module of finite rank with base (x|, ..., xy). Let (y, ..., yn) be the
dual base of EV := Hom 4(E, A). As in the preceding subsection, let S(E) be the symmetric algebra and I(EV) the aug-

— 1
mentation ideal. Let T, (EV) be the m-PD-envelope of (S(EV), I(EY)). As usual we put F?m)(EV) i= 1“(”,)(EV)/I{'Hr }.

These are free A-modules with base yikl} y%cN} with Y k; < n [35, 1.1.2]. Let {£<K>}|k|gz be the dual base of
HomA(FE’m)(EV), A). We define

Sym"™(E) := U Hom (F?m)(EV),A) .

neN

This is a free A-module with a base given by all the §<li>. Moreover, it also has a structure of algebra defined as follows.
! .
- F’(’;)” (EV) > F?m)(EV) ®4 FE’;I)(EV), which allows to define
/
the product of u € HomA(F?m)(EV), A)andv € HomA(F?m)(EV), A) by the composition

By [35, Proposition 1.3.1] there exists an application A

uuv Fn+n,(EV)i> r (EV)® Fn, (EV)ﬂ A
T m) (m) AT (m) ’

This maps endows Sym™(E) of a structure of a graded noetherian A-algebra [35, Propositions 1.3.1, 1.3.3 and 1.3.6].
We have the following important properties [38, Proposition 4.1.15].
Proposition 1.4.2. (i) There exists a canonical isomorphism of graded o-algebras gr.(D(G)) ~ S ym(’")(g).

(ii) The o-algebras gr.(D"(G)) and D™ (G) are noetherian.

1.5 Integral models

In this section we will assume that X is a smooth o-scheme endowed with a right G-action.

Definition 1.5.1. Let A be an L-algebra (resp. a sheaf of L-algebras). We say that an o-subalgebra A (resp. a subsheaf
of v-algebras) is an integral model of A if Ag ®, L = A.

Remark 1.5.2. Let us recall that throughout this paper ¢ denotes the Lie algebra of a split connected reductive group
o-scheme G and U(g) its universal enveloping algebra. As we have remarked in the introduction, if §; denotes the L-Lie
algebra of the algebraic group Gy = G Xg,,.) Spec(L) and U(gy) its universal enveloping algebra, then U(g) is an
integral model of U(g; ). Moreover, the algebra of distributions of level m, introduced in the preceding subsection, is also

an integral model of U(g;) [38, subsection 4.1]. This latest example will be specially important in this work.

I This remark exemplifies the local situation when X = Spec(A) with A a Z p-algebra [35, Subsection 1.3.1].
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Proposition 1.5.3. The right G-action induces a canonical homomorphism of filtered o-algebras
@™ : p"™(G) > HOX, D).

Proof. The reader can find the proof of this proposition in [38, Proposition 4.4.1 (ii)], we will briefly discuss the construc-
tion of @, The central idea in the construction is that if p : X X, G — X denotes the action, then the comorphism
o Ox = Ox ®, o[G] induces a morphism

p(n) . fpn

m o Pxm ™ Ox ®, P(’:n)(G)

for every n € N. Those applications are compatible when varying n. Let u € DE{")(G) we define @ (u) by

()

(m) . n Pm n 1d®u
QW) 1 Py Ox ®, PG — Oy.

Again, those applications are compatible when varying n and we get the morphism of the proposition. O

Remark 1.54. (i) If X is endowed with a left G-action, then it turns out that ®™ is an anti-homomorphism.

(ii) In [38, Theorem 4.4.8.3] Huyghe and Schmidt have shown that if X = G and we consider the right (resp. left)
regular action, then the morphism of the preceding proposition is in fact a canonical filtered isomorphism (resp. an
anti-isomorphism) between DY (G) and H(G, Dme))G, the o-submodule of (left) G-invariant global sections (cf.
definition 2.2.7). This isomorphism induces a bijection between Df,m)(G) and HO(G, Dgt'r)l )C, and it is compatible
when varying m.

We will denote by
o : Oy ® D™(G) - DY’
the morphism of sheaves (of o-modules) defined by: if U C X is an open subset and f € Ox(U), u € D™(G), then
(m) .
Y, (f ®u) 1= f(@W)y).

Let us define .A();") = Oy ®, D"(G), and let us remark that we can endow this sheaf with the skew ring multiplication
coming from the action of D™ (G) on O x Vvia the morphism d)(;(") . This is

SO (g®v) 1= fOLWg @ v+ fg @ uv. (1.4)

This multiplication defines over .A();") a structure of a sheaf of associative n-algebras, such that it becomes an integral model
of the sheaf of L-algebras U° := O x, ®r U(g;). To see this, let us recall how the multiplicative structure of the sheaf
U° is defined (cf. [49, subsection 5.1] or [44, section 2]).

Differentiating the right action of G; on X; we get a morphism of Lie algebras
T g~ H'(X,, Tx) (1.5)
This implies that g; acts on O x, by derivations and we can endow U° with the skew ring multiplication

(feME®) =frmg®@L+feg@n¢ (1.6)

forn € ¢;,¢ € U(gy) and f,g € OXL. With this product the sheaf /° becomes a sheaf of associative algebras [44,
Section 2, page 11].
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Remark 1.5.5. As in (1.4) we can define a morphism (called the operator-representation)
Yx, 1 Ox, ® U(gy) > Dy,
of sheaves (of L-algebras) by the rule
Yy, (f®n) 1= f z(n),

where f € O x, (isa local section) and n € g;. We get the following commutative diagram

D"(G) 25 HOX, DY)

L, 0

X
Ug) —= HX, Dx,).
Given that D™ (G) is an integral model of the universal enveloping algebra /(g 1), then by (1.4) and (1.6) we can conclude
that .A(;”) is also a sheaf of associative o-algebras being a subsheaf of /°.
Proposition 1.5.6. [38, Corollary 4.4.6]
(i) The sheaf .A();") is a locally free O y-module.

(ii) There exists a unique structure over .A();") of filtered Oy -ring, compatible with the structure of algebra of D' (G).
Moreover, there is a canonical isomorphism of graded O y-algebras gr(.A(;")) =0x®, Sym™(g).

(iii) The sheaf .AE;”) (resp. gr(.Ag;”)) ) is a coherent sheaf of O y-rings (resp. a coherent sheaf of O x-algebras), with

noetherian sections over open affine subsets of X.
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Chapter 2

Integral twisted arithmetic differential
operators

In [35] Huyghe introduced sheaves of twisted differential operators on the smooth formal flag o-scheme X, which depends
of an algebraic character of t. The objective of this chapter is to use the ideas of Borho-Brylinski in [11] to introduce
(integral) twisted differential operators associated to an arbitrary character of t. In the next chapter we will discuss their

properties when we pass to the formal completion.

2.1 Torsors
Let us suppose that T is a smooth affine algebraic group over o with Lie algebra denoted by t, and that X and X are smooth
separated schemes over o, such that X is endowed with a right T-action ¢ : X Xspec(o) T = X. We will also assume that

T acts trivially on X. !

We say that a morphism & : X — X is a T-torsor for the Zariski topology, if & is a faithfully flat morphism such that the

diagram
X ><Spec(n) T % X
\Ll’l 4
X —»x
is commutative and the map (induced by the previous diagram)
X Xspec(o) 1 = X xx X; (x,h) > (x,xh) 2.1

is an isomorphism.

Let U C X be an affine open subset and pr; @ U Xgpee(p) T = U the first projection. We say that U trivializes the torsor &

if there is a T-equivariant isomorphism ag; @ U Xgpec(o) T— €' (U), where T acts on U Xgpec(o) T by right translations

on the second factor, and such that

For example if T C B and X = G/B is the flag variety.

31
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a
U ><Spec(n) T - ) g_l(U)

/ pry = €Ele-1w) © ay- 2.2)
pry ¢le-1)
U

Remark 2.1.1. As X is separated, the set S of open affine subschemes U of X that trivialises the torsor and such that
Ox(U) is a finitely generated o-algebra, it is stable under intersections. Moreover, if U € S and W is an open affine
subscheme of U, then W € S.

Definition 2.1.2. We say that & is locally trivially for the Zariski topology if X can be covered by opens in S.

Notation. Let £ : X — X be a locally trivial T-torsor. In what follows, we will always denote by S the basis for the
Zariski topology on X consisting of open affine subschemes that trivializes the torsor.

Lemma2.1.3. Leté : X - Xbea locally trivial T-torsor and let M be a quasi-coherent O g-module. Then R! EM=0.
Proof. We recall for the reader that R'&, M is the sheaf associated to the presheaf [30, chapter III, prop. 8.1]

UcCXw H'(@E'(U), M.

As €& is locally trivial, the set S of affine open subsets of X that trivialises the torsor is a base for the Zariski topology of
X. Moreover, if U € S then by definition £~!(U) is an affine open subset of X and given that M is a quasi-coherent
Of—module, we can conclude that H(&~1(U), M) = 0. O

2.2 T-equivariant sheaves and sheaves of T-invariant sections

Throughout this section, we will keep the notation of the preceding section and we will denote by X asmooth and separated
o-scheme endowed with a right T-action o : X Xspec(o) 1 = X. Letus denote by m : T Xspec(o) | — T the group law of
T and by

D - X ><Spec(n) T—-X and P12 X ><Spec(o) T ><Spec(n) T->X ><Spe(:(r:)) T
the respective projections. We will also denote by
15 s f3 7 X Xgpeeo) T Xspece) T = X

the morphisms defined by f;(x,11,1,) = x, fo(x,#;,t,) = xt; and f3(x,t,t,) = xt;t,. Following [46, chapter 0, section
3], we say that a sheaf M of O g-modules is T-equivariant if there exists an isomorphism

piM—> 6" M 2.3)

such that the following diagram is commutative (cocycle condition [32, (9.10.10)])

i,
(idg X my*pi M = fEM = pt pE M —— pt 0" M = ff M = (0 X idy)*pi M
id & xm)*¥
(id g xm) (oxidp) ¥ (2.4)

(idg xm)*e* M = frM = (6 X idp)*e* M.
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From now on, we will say that a couple (M, ¥) is a T-equivariant quasi-coherent O g-module, if M is a quasi-coherent

O z-module endowed with an isomorphism ¥ : pj M — ¢*M making commutative the diagram (2.4).

We will need the following lemmas. First of all, we recall for the reader that the category of T-equivariant quasi-coherent

O g-modules is an abelian category [31, Lemma 2.17]. In particular it is complete and cocomplete.

Lemma 2.2.1. Let M be an O g-module filtered by a family (M), ey of T-equivariant O g-modules such that the inclu-

sions M,, = M, | are T-equivariant. Then M is also T-equivariant.

Proof. The exactness of the functors ¢* and p’l‘ allows us to conclude that ¢*(M) and p*l‘(./\/l) are endowed with canon-
ical filtrations (¢*(M,)),en and (pT(M))neN, respectively. Since the components of this filtration have compatible T-

equivariant structures, we can conclude that M is also T-equivariant via a filtered isomorphism. O

On the other hand, since the category of T-equivariant quasi-coherent O -modules is an abelian category, the cokernel
of a T-equivariant morphism M — N between two T-equivariant quasi-coherent O w-modules is again a T-equivariant
quasi-coherent O gz-module. As we will demonstrate below, we can give an independent proof of this result. We will use
the following lemma in subsection 5.1.1.

Lemma 2.2.2. Let (M, ®,) and (N, ®,) be T-equivariant quasi-coherent Of-modules. Let L be a quasi-coherent (9)?—
module such that

0o MINL LSO

is an exact sequence and ¢ is a T-equivariant morphism. Then L is also T-equivariant.

Proof. To define the right vertical morphism, we consider a basis <7 of X consisting of affine open subsets, which can be

assumed stable under intersections because X is separated. We have the following commutative diagram

Letus fix U € /. To soft the notation we will assume that M () := o*(M)(U X, T) (resp. N(c) := o*(N)(U X, T) and
L(o) :=6"(L)YU %, T)) and M(p,) : pT(M)(U X, T) (resp. N(py) := p’f(/\/’)(U X, T)and L(p;) := pT(E)(U X, T).
Also, we will suppose that ¢; 1= pj(P)U X, T) (resp. y; = pi(w)(U X, 1)), ¢, 1= c*(@)(U X, T) (resp. y, :=
o (W)U X, 1), @,y 1= D (U X, T)and @, ; := D,(U X, T). In such a way that we have the following commutative

diagram

0 — M) -2 Ny —23 Lp,) — 0

\L‘DI,U \L‘I’z,u

¢

0 Y M(6) — N(o) —=

> L(o) >0

Let x € L(p;). By surjectivity of y; we can find y; € N(p;) such that y(y;) = x. We define then @y (x) :=
(@, (¥1)) € L(o). Let us see that @ is well-defined, this means that it does not depend of the choice of y; € N(p)).
Lety, € N(p,)such thaty,(y,) = x. We want to see O (x) 1=y (D, ;(¥))) = wo( Py y (1)) Lety 1=y, -y, € N(py).
By definition y € Ker(y;) = Im(¢,) and we can find z € M(p;) such that ¢,(z) = y. Let z/ = @, y(z) € M(o). By
commutative of the diagram we have

$2(2) = (@) y(2)) = @y 1y (h1(2)) = Py y(») = Py y(y) — Py y(12)
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and therefore

0= Wz(‘f’z(z,)) = Wz(q)z,U(yl)) - lllz((bz,U(J’z)) =Qy(x) — lllz(q)z,U(J’z))-

Moreover it is straightforward to see that @y is in fact a morphism of Ok, (U X, T)-modules, which by the well-known
five lemma becomes an isomorphism. From the preceding reasoning, and the quasi-coherence of the sheaves involved we
get an isomorphism &, : PT(N)|U><T — 0*(L)|yxt of sheaves of Oy, -modules, for every U € <.

To complete the construction of the right vertical isomorphism we need to globalize the preceding reasoning. This means
that if we chose U,V € o7 then we have @ |,y = @y |ynqy- As & is stable under intersections we can construct, in
the same way as before, an isomorphism @, over U N V. Let us see that @ |7 = @y (the reader can fallow the
same reasoning to proof that @ |;;;, = @) We consider the following cube

Pi)(UXT)
PN %, T) ‘ > pi(L)U X, T)
, res p*(l[/)(UﬂVXT) res
PiNU NV %, T) : > LU NV X, T) oy
\LCDZ(UXT)
c* T
o, UnY) S* AU x, T) — WD S G*(L)U X, T)
Pyny
res res

* (W) UNV XT)
FNYUNV x, T

> (YU NV %X, T)

Except for the right lateral face, all the other faces form, by construction or hypothesis, commutative diagrams which
implies that also the right lateral face forms a commutative diagram. This shows that ®; |4, = @yny. We have
constructed an isomorphism @ : pT(ﬁ) — o6*(L) of quasi-coherent O XXJ-modules. Let us show that @ defines a

T-equivariant structure. To do that we consider the following diagram

(idg % m)*p’l‘/\/ —> (o X idv)*PTN

-~ * ok
\LudXXm) v

py,®
(idg x my*e* N = (o X idy) o* N (idg X my*ptL ——— (o X idy)*p:L

(oxidy)*®

(idg xm)*c* L = (o X idy) o™ L

The triangle on the top is commutative and by functoriality the lateral faces of the prism are also commutative. Its is
straightforward to show from this that

(idg X m)*® o (idg X m)*pjy = (6 X idy)*® o pT’Z‘P o (idg X m)*py,

and as (idgy X m)* p*l‘q/ is surjective we can conclude that the triangle on the bottom is also commutative. Therefore @
defines a T-equivariant structure for L. 0

Lemma 2.2.3. Let (L, ) be a T-equivariant locally free O g-module of finite rank. Then its dual LY is also T-equivariant.
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Proof. Given that L is a locally free sheaf of finite rank, we dispose of two canonical and functorial isomorphisms

o LY —s ‘%ﬂomogxov (c*L, O)?x,ﬂ]') and pi‘ﬁv—> ji”omo)?xoT (PTﬁ, O}?xDT)

This implies that (‘P‘l)v, the dual of ¥~!, defines the T-equivariant structure on LV, O

Lemma 2.2.4. Let (L, ®) and (L', ®") be two T-invariant quasi-coherent O -modules, then L ®O§Z L' is a T-equivariant
quasi-coherent O g-module.

Proof. The functorial isomorphisms
"= ’ NI cr ot
pi(L ®0)7 L)— pi(L) ®(9)?ﬂ py(L") and ¢*(L ®0)7 LHY— 6" (L) ®0)?xv " (L")
tell us that ® ® ®' defines a T-equivariant structure on £ ®0)7 L. O

2.2.5. Equivariant sheaves of p-adic complete Ox-modules. We recall for the reader that we have denoted by X ;=

X X spec(o) SPEC(0/ @) the reduction module w'™'. Under the preceding hypothesis, the scheme X ; is endowed with a

right action of the (o /w'*')-group scheme T, :=T Xspec(o) Spec(o/w'*1). If% denote the completion 0f)7 along it special
fiber, then we will denote by y; : X; = X and 0; : )?,» Xspec(o/mi+) Ti = §i+l Xspec(ojwi+?) Nig1 the closed embeddings,
and by o; : X i Xspec(o/mi+1y Ti = X ; the induced action. Let T denote the formal completion of T along its special fiber.

Definition 2.2.6. Let & be a sheaf of complete Oi-madules for the p-adic topology. We will say that & is T-equivariant,

if for every i € N, the sheaf &; .=y (&) is a T;-equivariant O g -module, and the following diagram is commutative

P (6) ———% 6H(&)

) L
07 (@),

9,»*1’1,i+1(5;+1) —_— 9;‘5;11(51‘“)‘

Let (M, W) be a T-equivariant O z-module. By the Kiinneth formula [28, Theorem 6.7.8] we have a canonical isomor-
phism

H(X %, T, pf M) = HY(X, M) ®, o[T]

which composing with the application

0% 0¥ s W 0w «
H'(X,M)— H (X X, T,6"M)—— H"(X X, T, py M)
(the first application is induced via the canonical map M — o,.6* M) gives us a morphism
A HY(X, M) —» H(X, M) ®, o[T],

defining a structure of T-comodule on H (X, M). The co-module relations are given by the cocycle condition [46, chapter
0, definition 1.6].

Definition 2.2.7. The T-invariant elements of H 0()? , M) are the elements P € H 0()? , M) such that A(P) = P ® 1.
This subspace will be denoted by H 0()’(7 ,M)T.

Now, let us suppose that X can be covered by a family S of affine open subsets, which are stable under finite intersection
and invariant under the right action of T. This means that for every U € S the morphism o, inducing the right T-action on
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X, induces a right T-action & := olgx,t : UX, T — U onU. By pulling back ¥ under the inclusion U x, T < Xx,T
we get an isomorphism ¥| : 6* My — pTM o which satisfies the respective cocycle condition (2.4), and, as before, we

obtain a comodule map
Ag :TUO, M) - T(U,M)Q, o[T].
As in definition 2.2.7, we can define the o-submodule of T-invariant sections on U by
N0, M)" :={Pel(U,M)| Ag(P)=PQ1}. (2.5)

Finally, let us suppose that M is also quasi-coherent. By [30, Chapter II, Corollary 5.5] on every affine open subset U € S
we can define a subsheaf

(Mlg)" :=T@, M)T T, M) = M|g.

By definition, and giving that S was supposed to be stable under finite intersections, the preceding sheaves glue together
to a subsheaf (M)T c M which does not depend of the covering S. We sum up the preceding construction in the next

definition.

Definition 2.2.8. Let X be a smooth separated o-scheme endowed with a right T-action, and covered by a family of affine
open subsets S stable under finite intersections and the T-action. For every T-equivariant quasi-coherent O g-module
M, the subsheaf (M) is called the subsheaf of T-invariant sections of M.

As in section 2.1, let us suppose that X is another smooth and separated o-scheme, such that & : X > Xisa locally trivial
T-torsor. We recall for the reader that this means that ¢ is a faithfully flat morphism, such that the diagram

>0

X ><Spec(p) T L>

Jr

¥ty

Ea

S

is cartesian (cf. (2.1)), and there exists a covering S of X, consisting of affine open subsets that trivializes & (cf. (2.2)).

As an an application of the preceding construction let us point out that if & : X > Xisa locally trivial T-torsor, then
we actually dispose of a subsheaf of T-invariant sections of the direct image sheaf &, M, with M a T-equivariant quasi-
coherent O i-module. In fact, if S denotes the collection of all affine open subsets that trivialises the torsor &, then for
every U € S we know that E~1(U) is stable under the right T-action and, as in (2.5), we can define

(e M@)" = (M(:—I(U)))T c MEN(U)). (2.6)

As X is noetherian &, M is quasi-coherent and therefore from (2.6) we have a subsheaf

—_—

(€M) = (M) € (EM)WU) = (EM) |y
Since S is stable under finite intersections, those sheaves glue together to define a subsheaf
(M) ceM. 2.7)

For the rest of this subsection we will always suppose that & : X > Xisa locally trivial T-torsor.

Lemma 2.2.9. The morphism & © X — X induces an isomorphism & : Oy — (f*@)?)T.
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Proof. As this is a local problem, we can take U € S and suppose that & : £~'(U) = U Xspec(o) 1 — U is the first
projection. Since rational cohomology commutes with direct limits [40, Part I, Lemma 4.17] and Oy (U) is a direct limit
of free o-modules, we can conclude that (5* ) ) = ((’)X(U) ®, o["l]'])1T = Oy (). O

2.3 Relative enveloping algebras of finite level

Let us fix a positive integer m € Z. As in the preceding subsections X and X will denote smooth separated o-schemes,
and T a smooth affine commutative algebraic group over o. We will also assume that & : X > Xisa locally trivial T-
torsor. We start this subsection recalling the construction of the T-equivariant structures of the sheaf of level m differential
operators ’D;") (cf. [38, Proposition 3.4.1]).

Letp, : X Xspeco) 1 Xandp, : X Xspeco) 1 = T be the projections. For every n € N the universal property of the
m-PD-envelopes (proposition 1.1.5) gives us two canonical morphisms

d"py : pPL = PL and d"p, : pSPy . = PL .
X,(m) XXspec(o) T:(m) »(m) XXspec(o) T:(m)

Let J be the m-PD-ideal of the m-PD-algebra 771’} Ny We have a canonical m-PD-morphism

5P = pr /T
XXSpec(o)T’(m) XXSpec(o)T’(m) 2

and p := sod”p, is a m-PD-isomorphism. Then we dispose of a canonical section of d”p;, named q;’ := p~los [38, (14)].
On the other hand, by functionality, we obtain a morphism d"¢ : ¢*P?2L  — P~ and the T-equivariant structure

X ,(m) Xx,T,(m)
for P’l is defined by ®" := q"od”a [38, Proposition 3.4.1]. Definition 1.2.1 and lemme 2.2.3 allow us to conclude that

for every n € N the sheaf D™ s T- -equivariant and the inclusions D( " e Di;") | are T-equivariant morphisms. In
X.,n h+

particular, by lemma 2.2.1, the sheaf of level m differential operators is T-equivariant.

Remark 2.3.1. (Notation as at the end of subsection 1.3) Following the preceding lines of reasoning we can also show

that, for every n € N, there exists a m-PD-morphism

'n .

n L /]
q - FXXT,(m) —p 1r)”(,(m)'

which is a section of the canonical m-PD-morphism pTF’)‘( o = F’}%XT - induced by p, [38, Subsection 2.2.2]. Let
n R n . _PD. y 'n ._ Jnorn ; _ R
M) : o FX,(m) - FXxT,(m) be the canonical m-PD-morphism induced by o. Then ® " : q, ol"(o) is a T-equivariant

structure for F”X oy As before, this implies that S ym(’")(T)g) is T-equivariant.

Remark 2.3.2. Although it is well-known that the tangent sheaf T is a T-equivariant quasi-coherent sheaf, we point out

to the reader that this can be proven using the preceding discussion. In fact as 77?7( ) = Oy and 'P)l? o =030 Q} [38,
sim ,(m

Subsection 2.2.3 (18)], we can apply the lemma 2.2.2 to the sequence

1 1
0—>O}7—>O§€BQ§—>Q§—>O

and lemma 2.2.3 gives us the T-equivariance of Tg. In particular, we dispose of the sheaves (Tp)" and (5*7})1{

Let us recall the following discussion from [1, 4.4]. Let us suppose U € S and = € 7}(5‘1(U))T. This assumption in
particular implies that 7 is a T-invariant vector field on &~!(U) and therefore a T-invariant endomorphism of O b E1)).
Hence it preserves O X(f_l(U))T and by lemma 2.2.9 it induces a vector field v(z) € Tx(U). We get then a map of
O x-modules

vi(ETz) - Tx.
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On the other hand, differentiating the right T-action on X we obtain an o-linear Lie homomorphism t — 7, which
induces a map of O y-modules

T
We get a complex of O y-modules

T Vv

t®, 0y = (£T3) — Tx

which is functorial in X [1, subsection 4.4].
Lemma 2.3.3. 2 If& : X > Xisa locally trivial T-torsor, then the preceding complex is in fact a short exact sequence

T Vv

0-1Q,0x - (£,Tf) — Tx — 0.

Before starting the proof we recall for the reader the following relations, which come from the T-equivariant structure of
T+ [12, Lemma 2 ]

HYT,Tp) =»o[TI®,t and HT,Tp' =t 2.8)
Moreover, by [30, Section II, exercise 8.3] we also dispose of the local description
Tux,T = (Ty ® O1) ® (Oy ®, Tr) - (2.9)

Proof of lemma 2.3.3. As the sheaves in the sequence are quasi-coherent it is enough to check exactness over an affine
open subset U € S. First of all, since Tx(U) is a locally free Oy (U)-module and O (U) is a flat o-algebra, we can

conclude that Ty (U) is an inductive limit of free o-modules. Therefore
(Tx(U) ®, o[T)" = Tx(U) ®, (o[ TD)' = Tx(U).
This relation, together with (2.8) and (2.9), allow us to conclude that
T WUNT = Tx(U) ® (Ox(U) ®, 1) (2.10)
O

Remark 2.3.4. The preceding lemma shows that (f*TX)T is a locally free Oy-modules of finite rank. In particular,
Sym™M (&, Tz)") is well-defined.

Definition 2.3.5. Let & : X > Xbea locally trivial T-torsor. Following [12, page 180] we define the level m relative
enveloping algebra of the torsor to be the sheaf of T-invariants of &, Dg;") :

D) = (gD%’”)T.

The preceding sheaf is endowed with a canonical filtration

Fil, (%) - (g*D;"’L)T, d € N). @.11)

2The reasoning is as in [1, Lemma 4.4].
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Proposition 2.3.6. For any U € S there exists an isomorphism of sheaves of filtered v-algebras
D™, — Dy ®, D™(T).

Before starting the proof of the proposition let us consider the following facts. Let n € N fix and i < n. For the next few
lines we will suppose that X and Z are smooth o-schemes and that Y = X Xge.(p) Z. Let p; and p, be the projections.
By following [38] we have defined in page 37 two canonical applications

Pi

X (m)

Pl

Ym) = and ¢y Py i 73" i

Y (m) Z,(m)"

Locally, if (t{,...,#5) and (t’l, e t;],) are coordinated systems on X and Z, respectively, then we obtain a coordinated
system on Y by putting (pj(t), ...,p*l‘(tN),p;(t’l), ...,p;(t;\[,). We have

P;, @ pr (T{ll})p2( 12}) (r; ' =1Q®t; — ti®1and‘ri':=l®t'1—t;®1).

|1_1|+|1_2|<l
In this case [38, subsection 2.2.2]

qll Z all 12p (T )pz( }) Zall 0]) (T{ 1})

il 1y

(with a similar description for qg_i ) and we have an isomorphism

Py = €D PiPim B0, 1Py 2.12)
0<i<n
Moreover, since 77;( ™) and P (’ , are locally free O-modules of finite rank, taking duals in (2.12) we get a canonical
isomorphism
(m) (m) (m)
DY — @ PPy ®, 13D, (2.13)
0<i<n

Proof of proposition 2.3.6. LetU € Sandleté~'(U) ~ U Xspec(o) | be a trivialization of £ over U. We have the following
isomorphisms of filtered o-algebras

(@Dﬁ’;”)1T ) =D E U = DU x D' = DY) @, HT, D) = DY) ®, D™(T),

where the first isomorphism follows from the fact that U trivializes the T-torsor &, the second isomorphism becomes from
(2.13) and the Kunneth formula [28, Theorem 6.7.8]), and the third isomorphism is given by (i7) in remark 1.5.4. Since
the previous isomorphisms are compatible with restrictions to open affine subsets contained in U, we obtain the desired
isomorphism of sheaves of filtered o-algebras. O

The inclusions (&, D()i(": W oc f*D%"; induce a graded monomorphism gr, (D) — gr,(é‘*D;T)).
Proposition 2.3.7. If£ : X — X is a locally trivial T-torsor, then there exists a canonical and graded isomorphism
(m) (T = (m)
Sym (6, T3) )— g&r.(D .

Proof. We will divide the proof into two cases. We will first consider the case m = 0 and then we will generalize for all
me Z>0.
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Case 1. Let us suppose that m = 0. By the remark given after the proposition 1.2.2 in [34] we know that if £ is a locally
free O y-module of finite rank then Sym(ﬂ)(ﬁ) = S(L) is the symmetric algebra of £. By (1.3), which is true for every
m € N (cf. [34, Proposition 1.3.7.3]), we have a canonical isomorphism of graded O -algebras

S(Ty)—> e, <D§?)) .

Applying the direct image functor &, to the preceding isomorphism and then taking T-invariants sections (both functors
being exact by lemma 2.1.3 and the fact that T is diagonalisable [40, Part I, Lemma 4.3 (b)]) we get an isomorphism

€8 (7) = e ((22)).

We remark for the reader that the left-hand side of the previous isomorphism is well defined by remark 2.3.1. To complete
the proof of the first case, we need to show that (&, S(T);))T =S ((é* T)?)T). To do that, we start by considering the
canonical map of O y-modules

T

T
(&.T%) - (&.8(Tx))
which induces, by universal property of S(s), a canonical morphism of graded O y-algebras

T

s((&.7%)7) > (&5(7%))

Let us see that ¢ is indeed an isomorphism. Let us take U € S. We have a commutative diagram
U:=&'U) ——=—> Ux,T
U
which tells us that (cf. [30, Section II, exercise 8.3])
Ty =Ty @psTr =Ty & (O ®, t). (2.14)

By (2.10), we have

(7)) @) =8 ((&Tz)") =8 (TyW) & (0y V) 8, 1))
On the other hand, by (2.14) we have the following relation

S(Tg) =S (&"Ty) ®o, S (O ®, t) = &S (Ty) ®0; S (Of @, t) (2.15)

which implies, by the projection formula [30, Chapter II, section 5, exercise 5.1 (d)] that

ES(Ty) =& (&8 (Ty) @0, S (05 &, 1))
=S(Ty) ®o, &S (OF ®, 1) . (2.16)

Taking T-invariants and sections on U we get

(&STH) ) =S (Ty W) ®pyw) S(OyU) ®, b).
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Summing up, we have the following commutative diagram

s((&70)") M (&8T) )

! !

S(TuW) ® (OyU) ®, t)) —— S(TyV)) B, w)S(OyU) ®, 1)

which ends the proof of the first case because S is a base for the Zariski topology of X.

Case 2. Let us suppose now that m € Z.,. Exactly as we have done at the beginning of case 1, applying &, to the
isomorphism (1.3) and then taking T-invariant sections, we get a canonical isomorphism of graded O y-algebras

(e.sm® (7)) = e ((60%) ).
We want to see that the map ¢, built in case 1, induces an isomorphism
sym™ ((&.75)") = (&.Sym™ (T5)) "
To do that, we take U € S and we begin by noticing that analogously to case 1 the relation (2.10) gives us
Sym®™ ((:*T,;)T) U) = Sym™ (T,(U) ® (Oy(U) ®, t)). 2.17)
Moreover, the relation (2.10) and [34, Proposition 1.3.5] give us
Sym®™ (Ty) = Sym® (£°Ty) @0, Sym®™ (O ®, 1)
which, following the same arguments that in (2.15) and (2.16), implies that
(&,Sym™ (T; g))v ) = Sym™ (Ty(U)) o, w) Sym™ (Oy(U) ®, t). (2.18)

Again, by [34, Proposition 1.3.5], we have that (2.17) and (2.18) are canonically isomorphic, so in order to globalize this
map, which we denote by (pg"), we need to check that the following diagram is commutative

Sym™ (Ty(U) @ (Oy(U) ®, t)) —————— S (Ty(U) & (OyU) ®, 1)) ®, L

\L(P({,") \L(pU@nlL

Sym™ (Ty (V) ®o,w) Sym™ (OyU) ®, 1) — S (Ty()) ®o,w) S (OyU) ®, t) ®, L.

Shrinking U if necessary, we can suppose that U is endowed with a set of local coordinates x;, ..., X, in such a way
that if 7;;(U) is generated as Oy (U)-module by the derivations axl, ey de, and if {;, ..., {; denotes an o-basis of t,
then Sym™ (T, (U) @ (Oy(U) ®, t)) is generated (as Oy (U)-module) by all the elements of the form 9<&> . <> 3,
In particular,

k! v!

oy (60 ) =0y @1, (0% ¢ ) = = e,
- = K 4! =

which shows that the preceding diagram is commutative. This ends the proof of the proposition. O

3Here we use the multi-index notation introduced in sections 1.2 and 1.4.
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2.4 Affine algebraic groups and homogeneous spaces

Let us suppose that G is a split connected reductive group scheme over o and T is a split maximal torus in G. As we know,
the Lie algebra ¢ = Lie(G) is a T-module via the adjoint representation [40, I, 7.18] and the decomposition into weight

spaces has the form

Lie(G) = Lie(T) & @D Lie(G)),.

aEA

Here A is the subset of X(T) = Hom(T, G,,) of non-zero weights of Lie(G), this means the roots of G with respect to T.
For each a € A there exists a homomorphism x, : G, — G satisfying

t xg(a) 7! = x,(a(?) a), (2.19)

for any o-algebra A and all 1 € T(A), and such that the tangent map dx, : Lie(G,) — (Lie(G)), is an isomorphism [40,
I, 1.2]. This homomorphism defines a functor A — x,(G,(A)) (A being an o-algebra) which is a closed subgroup of G
and it is denoted by U,. By definition we have Lie(U,) = (Lie(G)), and by (2.19) it is clear the T normalises U,,.

Now, let us choose a positive system At C A. Itis known that A™ and —A™ are unipotent and closed subsets of A4 [40, IT,
1.7]. Let N be the closed subgroup of G generated by all U, with @ € A*. As we have remarked T normalises N. We set

B=NXT (2.20)
a Borel subgroup of G. With this terminology N is called the unipotent radical of B. We put
X :=G/N, X :=G/B

for the corresponding quotients (the basic affine space and the flag scheme of G [1, subsection 4.7]). As o is a discret

valuation ring these are smooth and separated schemes over o [1, Lemma 4.7 (a)].

Remark 2.4.1. Fortechnical reasons (cf. Proposition 1.5.3) in this work we will suppose that the group G, and the schemes
X and X are endowed with the right regular G-action. This means that for any o-algebra A and g, g € G(A) we have

B0o8=8 '8, 8 N(A)eg=2g gy NA) and g, B(A)+g =g g B(A.
Under this actions, the canonical projections G — X and G - X are clearly G-equivariant.
Now, as T normalises N we have NT = TN and therefore
(gN(A)).r € gT(AN(A),

for any o-algebra A, g € G(A) and ¢t € T(A). This defines a right T-action on X which clearly commutes with the right
regular G-action (cf. Remark 2.4.1). Moreover, this right T-action makes the canonical projection & : X — X a T-torsor
for the Zariski topology of X . To see this we recall first that from (2.20) the abstract Cartan group H := B/N is canonical
isomorphic to T. Let us consider the covering of X given by the open subschemes U,,, w € W := Ng(T)/T (the Weyl
group) where

U, :=image of wNB

under the canonical projection G — X. For every w € W we can find a morphism =, : U, — G splitting the projection

AT N (=AT) =@ and Na +Nf) N A C A* forany a, § € A*.
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map G — X. These maps givesamapr,, : U, — X such that om,, = idy,. The map (u, bN) — 7, (u)bN is the

required T-invariant isomorphism U, X T = U, % H— &1(U,,). Now we can apply [45, Chaper III, Proposition 4.1
(b)]. As in definition 2.1.2 we denote by S the set of all affine open subsets of X that trivialise the torsor £. This forms a
base for the Zariski topology of X.

2.5 Relative enveloping algebras of finite level on homogeneous spaces

In this section we adopt the notation of the preceding section. In particular, we recall for the reader that the set S, of
all affine open subsets of X that trivialise the torsor & forms a base for the Zariski topology of X. Let us recall that by
proposition 1.5.3 and remark 2.4.1 the right regular G-action on X (introduced in remark 2.4.1) induces a homomorphism
o™ : pm(G) - HO <)? , D%")> which equals the operator-representation (notation in section 1.5 (remark 1.5.5))

wy U@ — H° (J?L,Dg)

if we tensor with L (D %, denotes the usual sheaf of differential operators on X 1). Let us consider the base change
Ty :=T X, Spec(L). We know by [40, Part I, 2.10 (3)] that

HO ()?L,DEL)TL - H° ()? Dii("))1T ®, L. 2.21)

Given that the right regular G-action on X commutes with the right action of the torus T, the vector fields by which g; acts
on X ¢, must be invariant under the T, -action [11, Lemma 4.5]. This means that the operator-representation y  satisfies

wg(er) € H'(X, Dy )™
The relation (2.21) tells us that for every x € D (G) there exists k(x) € N (a natural number that depends of x) such that
@M (x) c HO(X, D;"))T
Since the T-action on H 0()? , D;")) is o-linear, for every on-algebra A and every t € T(A) we have
VoM (x) = 1. (w* V0" (x)) = " (1.O™(x)). (2.22)

Since X is a smooth o-scheme, the local description (1.1) tells us that the sheaf D;") is w-torsion free. In particular,

H 0()? , D%")) is also w-torsion free and therefore, from (2.22), we have that ® induces the filtered morphism

o™ : p(G) —» HO ()? DQ"’)1T = H° (X,i*D(L"))F.
X X
From the preceding reasoning we have an O y-morphism of sheaves of filtered o-algebras
o+ AY - D), (2.23)

The sheaf A(Xm) =05 ®, D'(G) of associative o-algebras has been introduced in the subsection 2.5. We recall for the
reader that this is an integral model of the sheaf U° := Oy, ®; U(g).

To twist the sheaves 5(75 introduced in section 2.3 (definition 2.3.5), we consider the classical distribution algebra as in
[21, Chapter II, 4.6.1]. To define it, we suppose that € : Spec(o) — T is the identity of T and we take J = {f €
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o[T]| f(e) =0}. Then o[T] = 0@ J. We put
Dist,(T) := (o[T]/J"”)* = Homo(o[T]/J”“,o) Co[T]*

the space of distributions of order n, and then Dist(T) := ElneN Dist,(T). Moreover, if Ay : o[T] = o[T] ®, o[T]
denotes the comorphism associated to the multiplication of T, e : o[T] — o is the counit associated to the identity

element and iTT : o[T] — o[T] is the coinverse (these maps defining a structure of Hopf algebra on o[T]), then the product

Ay u®u s
uv : o[T]— o[T] ®, o[T]—> o u,v € o[T]

defines a structure of algebra on o[T]* and Dist(T) is a subalgebra with Dist,(T).Dist,,(T) C Dist
Furthermore, Dist,(T) ~ o & (J/J"'H)*.

(T) [40, Part I, 7.7].

m+n

Proposition 2.5.1. [38, Subsection 4.1]

(i) The applications Homy(y,, ,v,0) : DU(T) - D(”’,)(T]'), with y,, ,» as in subsection 1.4, induce an isomorphism
_ ~ m(TY—s Di
of filtered o algebms_lllllmeN D"")(T)— Dist(T).

(ii) The distribution algebra Dist(T) is an integral model of U(} ), this means that Dist(T) @, L = U(t}).

Example 2.5.1. Let us suppose that T = G,, = Spec(o[T,T~')). In this case J is generated by T — 1 and the residue
classes of 1, T =1, ..., (T = 1)" form a basis of o[T]/J"*\. Let 8, € Dist(T) such that 6,(T —1)") = 0, ; (the Kronecker
delta). By [40, Part I, 7.8] all 6,, with n € N form a basis of Dist(T) and they satisfy the relation

n!s, =616, — D...(6; —n+1). (2.24)
Therefore Dist(T) ®, L = L[8,]. Since t = (J /J?)* we can conclude that Dist(T) ®, L = U(t;).

The preceding proposition in particular implies that every morphism of o-algebras A : Dist(T) — o induces for every
m € N a morphism of o-algebras A : D(T) - o.

2.5.2. Let us clarify the mysterious characters A : Disi(T) — o. Let us suppose first that L = Q, and that T = G,, =
Spec(Z,[T, T~'). By the preceding example we know that the set of distributions {8, ) peny Where 6,(T — 1)) = 0 if
i <nando,(T —1)") =1, is a basis for Dist(T). Moreover, Dist(T) ®Z,, @p = Qp[él]. Now, let us take A € t*, which
induces a morphism of algebras A : U(t) — Z,. Taking the tensor product with Q,, and using the canonical isomorphism
Dist('lT)Qp ~ U (t@p) we obtain a character A . Dist(T) — QP (of course, here we assume Dist(T) C Dist('ﬂ')@p ). To see
that its image is contained in Z ,, we need to check that A(5,) € Z,,. By (2.24) we have

w-s((9)- ()
n n

Where we have used the fact that the binomial coefficients extend to functions from Z,, to Z,, and the fact that 6, € t. In
the case of an arbitrary split maximal torus T = G,, Xspec(z,) +++ Xspec(z,) G,, (n-times), the reader can follow the same
reasoning using the canonical isomorphism Dist(T) = Dis«(G,,) ®Zp ®Z,, Dis«(G,,) (n-times) [40, Part I, 7.9 (3)]. We
have therefore, in the case L = Q,, a correspondence between the characters of t (the Lie algebra of a split maximal
torus T C G) and the characters of the distribution algebra studied in this text. Moreover, we have an isomorphism of

VA p-modules

Homy, _yoas (£ Z,) — Homy _, (Dist(T), Z,) (2.25)
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Now, let us take a finite extension L|Q,, and let us suppose that T is a split maximal torus of G (and therefore a group
scheme over o). Let T be a split model of T over Z, Ift' denotes the Z ,-Lie algebra of T/, then the relation (2.25) gives

us an isomorphism of o-modules
Hom,_, 4 (t’ ®; o, o) > Hom,_y, (Dist (wr’ Xspec(z,) Spec(o)) ,o) = Hom,_y, (Dis(T),0),  (2.26)

and we can conclude that we also have the stated correspondence for finite extensions of Q,,.

2.5.3. Let us consider the positive system At C A C X(T) (X(T) the group of algebraic characters) associated to the
Borel subgroup scheme B C G defined in the preceding subsection. The Weyl subgroup W = Ng(T)/T acts naturally on
the space t’z := Hom;(t;, L), and via differentiation d : X(T) < t* we may view X (T) as a subgroup of t* in such a
way that X*(T) ®, L = ti. Let p = 3 ¥ pep
element of t;. An arbitrary weight A € t] is called dominant if A(&) > 0 for all a € A*. The weight A is called regular if
its stabilizer under the W -action is trivial.

+ a be the so-called Weyl vector. Let & be a coroot of a € A viewed as an

NOTATION: In the sequel we will refer to a character 4 € t] as an L-linear application induced, via base change, by a
character A : Dist(T) — o of the distribution algebra of the torus T.

We recall for the reader that D"(T) is also an integral model of the universal enveloping algebra L/(t ).

Definition 2.5.4. We say that a morphism of v-algebras A . Dist(T) — o is a character of the distribution algebra Dist(T).
We say that a character A . Dist(T) — o is a dominant and regular character if the L-linear map induced by tensoring

with L is a dominant and regular character of t.

Let A : Dist(T) — o be a character of the distribution algebra of T. For every m € N we denote by o, the ring o
considered as a DY) (T)-module via A",

The reader can easily verify the following elementary lemma.

Lemma 2.5.5. Let A be an L-algebra and Ay C A an o-subalgebra such that Ay ®, L = A. If Z(A) denotes the center
of A (resp. Z(Ag) denotes the center of A), then Z(A) = Z(Ay) ®, L.

Let us consider Dy, the usual sheaf of differential operators [29, 47] on X, =X Xspec(o) SPec(L) (resp. X =
X XSpec(o) Spec(L)and T; =T XSpec(o) Spec(L)). By [40, Part I, 2.10 (3)] we have

T - -
HO (XL, EX, idL)*DXL> = H'(X,.Dg)" = H'X. D) ®, L. 2.27)
On the other hand, we know by 1.5.3 that the right T-action on X induces a canonical morphism of filtered o-algebras
oy : D"(T) - HO(X, DY)

and by [4, page 7] (Dgrm) ®, L factors through the center of H Ox 1, (EX,id;), D X, )Tz, By (2.27) and the preceding lemma
we have the following morphism

Kb(m)®nL .
DT & Uty ——— Z (H'X. D)) ®, L

(we recall for the reader that t; := Lie(T) ®, L and that DU(T) ®, L =U(t;), for every m € N). Following the same

lines of reasoning that in page 43 we can conclude that d)grm) induce a morphism of filtered o-algebras

o™ : D(T) - HOX, Z(D™)). (2.28)
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Here Z(D) is the center of D™ and its filtration is the one induced by (2.11). We have the following definition.

Definition 2.5.6. Let A" : DY(T) — o be an integral character. We define the sheaf of level m integral twisted arithmetic
differential operators Dg:")/1 on the flag scheme X by

D;’f)ﬂ = D(m) ®D(m)('|]') DA(m) .

Remark 2.5.7. For every m € N, the sheaf Dg'(")ll has clearly a ring structure coming from the ring structure of D,

Moreover, by (2.28) we know that Ker(A™)YD™) is a two-sided ideal of D™ and we have a canonical isomorphism of

sheaves of rings
DY, = D [Ker(A™)Dm.

Tensor product filtration. Let A be a filtered sheaf of commutative rings on a topological space Y [10, A: III. 2]. Let M
and N be filtered A-modules [10, A: III. 2.5]. The sheaf of A-modules M ® A N carries a natural filtration called the
tensor product filtration and it is defined as follows. Let n € N fix. For every U C Y we let F,(M(U) ® AWU) N(@U)) be
the abelian subgroup of M(U) ® AW) N (U) generated by elements of type x ® y with x € M, (U), y € N (U), and such
that / + s < n. This process defines a presheaf on Y and we let F,(M & 4 V) be its sheafification. The sheaf M ® 4 N
becomes therefore a filtered sheaf of .A-modules

FAM@4N)C .. CFM@uN)C..C MR N.
Moreover, for every open subset U C Y we have a canonical map
gr. (MU) @y, awy & N (U) > gr(MU) ® 4y N(U))

by putting X, ®ys) = (X®Y),4,. where x € FMU)-F,_iMU),y € FNU)-F,_ N (U)and x, := x+F,_ M(U),
Vi) '=y+ F_ 1N (U). Furthermore, these morphisms are compatible under restrictions and therefore, by the universal
property of the sheafification, we get a morphism of graded sheaves

gr,(./\/l) ®gr.(A) gr.(N) - gr. (M ®A N) .

Taking stalks, we finally see that the previous morphism is surjective by [33, Section I, 6.13].

If we endow 0 with the trivial filtration as a D" (T)-module, this means 0 =: F_; 0, and F;0,m := 0,um for all
(i > 0), then using (2.11) we can view Dg;”)l as a sheaf of filtered o-algebras, equipped with the tensor product filtration.

Proposition 2.5.8. LerU € S. Then Dg;")/llu is isomorphic to D(;(") |y as a sheaf of filtered o-algebras.

Proof. Let us recall that by proposition 2.3.6 for every U € S we have an isomorphism of filtered o-algebras
Dy, — DYy ®, D™(T)

which induces an isomorphism Dg;")/l ly— Dg;")h] of filtered o-algebras. O
Remark 2.5.9. This proposition justifies the name of "twisted arithmetic differential operators".

Let us recall that, as X is a smooth o-scheme, the sheaf of Berthelot’s differential operators Dg;") is a sheaf of O y-rings
with noetherian sections over all open affine subsets of X [6, corollary 2.2.5]. As & is locally trivial, the family S forms
a base for the Zariski topology of X and therefore the preceding proposition implies the following meaningful result (cf.
[37, Proposition 2.2.2 (iii)]).
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Proposition 2.5.10. The sheaf Dg'(")i is a sheaf of O x-rings with noetherian sections over all open affine subsets of X.

Proof. Let U C X be an affine open subset. Let us denote by D := ’DE;")/{IU, D, :=T'(U,D))and R :=T(U,Oy). Let
U = U, U, be a finite cover of U by open U; € S. Since by propositions 2.3.6 and 2.5.8 the sheaf D is an inductive

limit of coherent Op;-modules, we have
D, =0y ®r D,

and D, is a flat D ;-module. Moreover, the preceding proposition tells us that D, (U,) is noetherian for each /. Let (J;) be

an increasing sequence of (left) ideals of D, and let us consider
Ji=D;®p, Ji =0y ®rJ;

which is an increasing sequence of sheaves of (left) ideals of D, by flatness of D, over D,. By noetherianess, the increasing
sequence of ideals I'(U;, J;) of I'(U;, D,) is stationary. Furthermore, given that J; is an inductive limit of finite type R-
modules, J; is an inductive limit of coherent O -modules, thus for every 1 < I < s we have

Tily, = Oy, ®rw,.0,) F'U T,

which implies that for each 1 < / < s there exists k(/) € N such that J;|y, = Jyq)ly,. for every i > k(I). Therefore,

if k := max{k(/) € N|| 1 </ < s}, we have that J, = J, and J; = J;, for every i > k, and thus both sequence are
stationary. This ends the proof of the proposition. O

Definition 2.5.11. We will denote by

9 =lim DY, /p DY (2.29)
J

(m)
X.2

work, the sheaf @(xmi Q will denote our sheaf of level m twisted arithmetic differential operators on the formal flag scheme
X.

the p-adic completion of D", and we consider it as a sheaf on X. Following the notation given at the beginning of this

Proposition 2.5.12. (i) There exists a basis A of the topology of X, consisting of open affine subsets, such that for

every U € A the ring .@(xm/)l(l[) is twosided noetherian.

(ii) The sheaf of rings .@(xm/)l Q is coherent.
Proof. To show (i) we can take an open affine subset U € S and to consider U its formal completion along the special
fiber. We have

01 SN _ 170017 T — 170017 TN — 50p S
H (u’-@x’i)_HO(U7DX’A)_HO(U’DX )_H (uy-@x )

The first and third isomorphisms are given by [26, (0, 3.2.6)] and the second one arises from the preceding proposition.
As we have have remarked the ring H 0(l[, @;m)) is twosided noetherian. Therefore, we can take 4 as the set of affine
open subsets of X contained in the p-adic completion of an affine open subset U € S. This proves (i). By [6, proposition
3.3.4] we can conclude that (ii) is an immediately consequence of (i) because H o, .@(xmig) = HO, @x ) ®, L6,
(3.4.0.1)]. O
Using the morphism @g;") defined in (2.23) and the canonical projection from D™ onto D;")A we can define a canonical

map

(m) . 4(m) (m)
o+ AP - DY (2.30)
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We recall for the reader that if U € S then
Sym®™ ((.»:*T);)“) U) = Sym™ (Tx(U)) ®, Sym™(¢). (2.31)

Proposition 2.5.13. (i) There exists a canonical isomorphism S ym(m)(TX) o~ gr,(Dg:'f)A).
(ii) The canonical morphism d)();")/1 is surjective.
(iii) The sheaf Dg'(")ll is a coherent Ag'(n)-module.

Proof. In the preceding section we have constructed a canonical morphism

ar. (D(m)) ®gr_(]_)(m>(1r)) g".(o/l(m)) — 8r. <D§:;> .

By proposition 2.3.7 we know that gr,(D™) ~ § ym(’")((é‘*Tg)T). Moreover, by definition, we know that gr,(0,m) = 0
as a gr,(D™(T)) (= Sym™(t) proposition 1.4.2)-module. We obtain a morphism of sheaves of graded o-algebras

Sy (€. T5)") @5y 0 = 7. (DY)

(the structure of Sym(”’)(t)-module is guaranteed by (2.31)). Using the short exact sequence 0 > O ®,t — (é‘* 7};)1T R

Tx — 0 of lemma 2.3.3 we see that

Sym™ (1)1
Sym™ (T ® gymim(ty 09— Sym™(Ty)

is an isomorphism and we get a canonical morphism of o-algebras
- S (m) 7— D(m)
@ Sym"™(Ty) — gr, X))
By proposition 2.5.8, we have a commutative diagram for any U € S

Pu

Sym™ (T (V) > er. (DY)

/

er. (DY),

here the left diagonal arrow is given by (1.3). As S is a basis for the Zariski topology of X we can conclude that ¢ is an
isomorphism.

For the second claim we can calculate gr,(dDE;(")A). By the first part of the proof and proposition 1.5.6 this morphism is
identified with

Ox ®, Sym™(g) » Sym™(Ty)

which is surjective by [35, Proposition 1.6.1]. Finally, item (iii) follows from (ii) and proposition 1.5.6. O

(m)

Remark 2.5.14. (a) By construction D XAQ

X1 [12, page 170].

= D, is the sheaf of usual twisted differential operators on the flag variety

(b) Let us recall that the right regular action of G on X induces a natural map ®, : U(g;) — HO(XL, D,). This
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implies that if (I);m) denotes the canonical map induced by dD();")/l by taking global sections, then d)im) QL=0,/[12,
Page 170 and 186].

— T
The relation given in (2.26) tells us that, as in the classical case (see for example [2] or [11]), the sheaf D™ = (5* D;’”)
can be regarded as a family of twisted differential operators on X parametrized by t* := Hom(t, o).

2.6 Finiteness properties

Let A : Dist(T) — o be a character. In this section we start the study of the cohomological properties of coherent
Dg;")ﬂ—modules. We follow the arguments of [35] to show a technical important finiteness property about the p-torsion of

the cohomology groups of coherent Dg;")i-modules, when the character A + p € t? is dominant and regular (proposition
2.6.4). To start with, let us recall the twist by the sheaf O(1). As X is a projective o-scheme, there exists a very ample
invertible sheaf O(1) on X [30, chapter II, remark 5.16.1]. Therefore, for any arbitrary O y-module £ we can consider the
twist

8(7’) = €®0X O(I‘),

where r € Z and O(r) means the r-th tensor product of O(1) with itself. We recall to the reader that there exists r, € Z,
depending of O(1), such that for every k € Z, and for every s > ry, H k(x,O(s)) =030, chapter II, theorem 5.2 (b)].

We start the results of this section with the following proposition which states three important properties of coherent
A()’(") -modules [38, proposition A.2.6.1]. This is a key result in this work. Let £ be a coherent .A(;(") -module.

Proposition 2.6.1. (i) H(X, Ag'(")) = DY(G) is a noetherian o-algebra.
Da
(ii) There exists a surjection ofA(;')-modules <.A(;(")(—r)> — & — 0 for suitable r € Z and a € N\.
(iii) For any k > 0 the group H*(X, £) is a finitely generated D™ (G)-module.

Inspired in proposition 2.5.13, in a first time we will be concentrated on coherent A(Xm)-modules. The next two results will

play an important role when we consider formal completions.
Lemma 2.6.2. For every coherent A(};")-module &, there exists r = r(E) € Z such that H*(X, E(s)) = 0 for every s > r.

Proof. Letus fix ry € Z such that H*(X,O(s)) = 0 for every k > 0 and s > ry. We have,
H*X, AY(5) = H*(X, O(5)) ®, D™ (G) = 0.

Now, by the second part of proposition 2.6.1 there exist ay € Nand s, € Z together with an epimorphism of A(Xm) -modules

@a
& = (A(;(")(so)> ‘LE.
If r > rg — s we see that
HM(X, Ey(r) = HY(X, O(r + 50)®% ®, D' (G) = 0.

We can now end the proof using a classical inductive argument as follows. Let £; be the kernel of the epimorphism
& — € — 0 and let us consider the statement (g;): for every coherent .A()?") -module F, there exists r;(F) € Z such
that for all r > r;(F) and all i < k one has H k(X,F) =0. Fori > dim(X) the statement follows from Grothendieck’s
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vanishing theorem [30, chapter III, theorem 2.7]. Now, let us suppose that (g;, ;) holds. Taking r > max{ry—sq, r; 1 (€}
and regarding the long exact sequence in cohomology we have

0=H(X,E(r) » H(X,E(r) - HY (X, £,(r) =0

So we can take as r;(£) any of those r which are larger than the max{rq — s, 7;,1(€)} to obtain the statement (g;). The

statement (a;) shows the proposition. 0

Lemma 2.6.3. For every coherent D(m) -module &, there exist r = r(E) € Z, a natural number a € N and an epimorphism
of D b A-modules

< (m)( r)) a—)E—)O.

Proof. Using the epimorphism in proposition 2.5.13 we can suppose that £ is also a coherent .Ag'(")-module. In this case,
by the second part of proposition 2.6.1, there exist r = r(£) € Z, a natural number ¢ € N and an epimorphism of
A();")—modules

©a
(APn) " =€ =0
Taking the tensor product with D(m) we get the desired epimorphism of Dg?")i—modules

<D§n’)ﬁ(—")) D(m) ®A(m) (A();")(—")> D( W ®A<m> E~E 0.
O

We recall for the reader that the distribution algebra of level m, which has been denoted by D" (G) in subsection 1.4,
is a filtered noetherian o-algebra. Moreover 4 € t; is an L-linear application induced, via base change, by a character
A : Dist(T) — o of the distribution algebra of the torus T.

Proposition 2.6.4. Let us suppose that A+ p € tz is a dominant and regular character (cf. 2.5.3).

(i) Letusfixr € Z. For every positive integer k € 7, the cohomology group H kx, Dg;")ﬂ(r)) has bounded p-torsion.
(ii) For every coherent D;;")/l-module &, the cohomology group H*(X, ) has bounded p-torsion for all k > 0.

Proof. To show (i), we recall that Dg;")l Q= D, is the usual sheaf of twisted differential operators on the flag variety
X (remark 2.5.14). As D(m) @(r) is a coherent D,-module, the classical Beilinson-Bernstein theorem [3] allows us to
conclude that H¥(X, D(m) (r)) ®, L = 0 for every positive integer k € Z. This in particular implies that the sheaf
D x 4(r) has p-torsion cohomology groups H k(X D x4, forevery k> 0andr € Z.

Now, by proposition 2.5.13, we know that D /1(’) is in particular a coherent .A( )_module and hence, by the third part

of proposition 2.6.1 we get that for every k > 0 the cohomology groups H*(X, D(m) () are finitely generated D (G)-
modules. Consequently, of finite p-torsion for every integer 0 < k < dim(X) and r e Z.
To show (ii) we may use before lemma 2.6.3 to obtain a surjective morphism of D(m) -modules

co:=( DY (- r)> “Leso

for suitable r € Z and a € N. As in lemma 2.6.2, we will follow an inductive argument to end the proof. For every i > 0
we consider the statement (g;): if £ is a coherent Dg:")/l—module, there exists a positive integer r; = r;(£) € Z such
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that for every i < k the cohomology group H¥(X, £) is annihilated by p’i. For i > dim(X) the statement follows from
Grothendieck’s vanishing theorem [30, chapter III theorem 2.7]. Now, let us suppose that (a; ;) holds and let us denote by
C, the kernel of the morphism a. This is a coherent Dg;”,)ﬂ-module by [6, proposition 3.1.3 (i)]. The long exact sequence
in cohomology gives us the short exact sequence

) ) 5.
H(X, CO)—ﬂ> H(X,&)— H*\(X,C)). (2.32)
Let ¢ € N such that p¢ annihilates the image of § (of finite p-torsion by (i)) and, according to (g, ), letus take r, | (C;) € Z

such that p"+1 1 annihilates the image of 6. So we may take r,(£) := max({r, +1(&), e +r,1(Cy)} to obtain the statement
(a;). In particular (a;) proves the proposition. [
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Chapter 3
Passing to formal completions

We recall for the reader that X := G/B denotes the flag o-scheme of G and ¥ its completion along its special fiber. From
now on, we consider A : Dist(T) — o a character of Dist(T) such that A + p € t’il is a dominant and regular character of
t; (we point out to the reader that A induces via tensor product with L a character of t; (2.5.3)). We have introduced the

following sheaves of p-adically complete o-algebras on the formal p-adic completion X of X

Zm) . _ (m) /s j+17y(m)
Dy, =MDy 3 /P Dy
J

The sheaf @(xm/)l Q is our sheaf of level m twisted arithmetic differential operators on the smooth formal flag scheme X.

3.1 Cohomological properties

Our objective in this subsection is to prove an analogue of proposition 2.6.4 for coherent @(xm/)l—modules and to conclude

that HO(X, ) is an exact functor over the category of coherent @;’"I){ Q—modules.
Proposition 3.1.1. Let £ be a coherent Dg?)/l-module and € 1= 1(£r_n_7 E/p*E its p-adic completion, which we consider

as a sheaf on X.
(i) Forall j > 0 one has H (%, &) = lim HI(X,E/pH1E).
(ii) Forall j > 0 one has H/(%,&) = HI(X, ).
(iii) The global section functor HO(X, ) satisfies HO(%, (‘?) = l(l_r_p_k HYX,&)/p* T HO(X, E).

Proof. The arguments exhibit in this proof follow word for word the arguments given in [34, Proposition 3.2] and we do
not claim any originality here. Let &, denote the torsion subpresheaf of £. This is, for any open subset U C X we have

EW), := EU),yy> Where the right-hand side denotes the group of torsion elements of £(U). As X is a noetherian space,
(m)
XA

(;(")/l-module. This submodule is thus

generated by a coherent O y-module which is annihilated by a power p¢ of p, and so is £,. The quotient G := £/&, is

this is indeed a sheaf and furthermore a D;"i—submodule of £. Because the sheaf DY, has noetherian rings of sections

over open affine subsets of X (proposition 2.5.10), the submodule &, is a coherent D

again a coherent Dﬁ:”)/l-module and therefore we can assume, after possibly replacing ¢ by a larger number, that p°&, = 0
and p° H/(X,&) = p°H/(X,G) =0, forall j > 0.

We abuse of the notation and we denote again by 4 the character of t; specified by (2.26).

53
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Let k, [ be integers which are great or equal to ¢ and let v, : G — & be the map induced by multiplication by p'*. We have
the following exact sequence

0—»g—”’—>5—>5,—>0

where & := £ /p'*t1E. Now, let us consider the complex

g \ \
l”" id i 3.1)

=
~
Q
~
™
~
Ln
~
o

which induces a morphism of long exact sequences

Hix,G) L0 micx, ey Ly Hix.€,,) ——3 H(X.0)

\ka \Lid \Lal+k,1 \ka 3.2)

H(v))

HI(X.G) ——s gix,&) — 2 Hi(X.&) — 21— HI(X.Q).

Given that k > c the right-hand vertical map is zero, and hence 7; o «; skt =0, which implies, by exactness, that
im(a; ) € im(v,). Since i,y © a;4,, = v; we find that im(e;, ;) = im(v)) for all k¥ > c. In consequence, the projective
system (H’(X, &;));, with transition maps given by a4 With k' > k, satisfies the Mittag-Leffler conditions for any j > 0.
Furthermore, the transition maps of the system (£, ), are clearly surjective and if U C X is an affine open subset, then
HI(U, &) = 0for j > 0, because &, is in particular a quasi-coherent O y-module. Hence, the exact sequence

k
0—’51L’511+k—>5k—’0

stays exact after taking sections over U, and therefore the projective system (H(U, &) satisfies the Mittag-Leffler
conditions. The preceding lines imply that we are under the hypothesis of [28, Chapter 0, 13.3.1], which implies that for
allj >0

j AT j k+1
Hf(x,é')—l(lkﬂHf(X,S/p &).

We have proved the first assertion. For the second assertion we may consider the diagram (3.2) and the fact that H/ (vp=0
for j > O and / > 0. In consequence, f; is an isomorphism onto its image for these j and /. Therefore, the projective limit
of the system (H/(X, &)y 18 equal to H/(X,E) when j > 0. This property together with (i) gives us (ii). Finally, to

verify (i) we take two integers /, k > c. We consider the short exact sequence

p1+l
0-&->E— & -0

which splits into two exact sequences
0—»5,—»5—”>g—>0 and 0—>gi>5—>5,—>0
inducing long exact sequences in cohomology

0— HX,E) - H'(X,E)— H'X,G) » H'(X,E)
0 - HYX,G)—5 HOX,E) — HYX.&) - H'(X,G).
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From the second exact sequence and the morphism of exact sequences (3.1) we obtain the following morphism of exact

sequences

0 —3 HOX,E) —5y HOX, &) 2 HOX,&,,,) — HO(X.G)

1» lid Lo l”k (3.3)

0 — HOX, &) =23 HOX, &) —2y HOX, &) —3 HOX,Q).

I+1

Given that v; o v = p'™", we get a canonical surjection

v HOXCEO M HYX,E) - HOX, ) /o, (H(X,G)).
These morphisms form a morphism of projective systems. Now, as v; is injective, we have a canonical isomorphism

ker(y) = v, (H'(X, Q) /p H'X, &)
= v, (H'X,Q)) [v; (v (H'(X,E)))
~ H'X,0)/v(H(X,&))
= coker(H(u)),

and coker(H(u)) embeds into H'(X, G) which is annihilated by p¢. Moreover, the morphism of exact sequences

pl+k+l

0 > & > & > & > Elek > 0
C b b
pl+1
0 > & > & > & > Elek > 0

induces a morphism of short exact sequences

0 — coker(H(v)) — H(X,&)/pH M HOX,E) — HOX,&) /v (H'(X,G)) —> 0

I y "

0 — coker(H’(w)) —— H(X,&)/p*'HO(X, &) —— H(X,E) /v, (H'(X.G)) —— 0.
Thus, the projective limit l(gl ker(y;) vanishes and the system (y;); induces an isomorphism

lim HO(X, &)/ HO(X, &) [v, (H'(X,9)) .
i

Looking at (3.3), we can conclude that right-hand side is canonically isomorphic to l(ﬂl HO(X, E)=H 0%, 3 ), by the

first assertion. ]

The next proposition is a natural result from lemmas 2.6.2 and 2.6.3. Except for some technical details, the proof is exactly
the same that in [36, proposition 4.2.2].

Proposition 3.1.2. Let & be a coherent @;mi-module.

(i) There exists ry = ry(&) € Z such that, for all r > r, there is a € Z and an epimorphism o 2 modules
2= 2 X4

(9;,?;(_r)>®a - & - 0.
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(ii) There exists r3 = r3(&) € Z such that, for all r > r3 we have HI(X,£(r) =0, foralli > 0.

Proof. We start the proof of the part (i) by remarking that the torsion subsheaf &, of & is a coherent @a(emj-module. As X
is quasi-compact, there exists ¢ € N such that p°&; = 0. Defining ¥ := &/, %, := 9 /9, and &; := &P+ &, we have
for every j > c an exact sequence

j+1
O—)%O——)é’j_'_]—)é;—)O_

Viewing X as a closed subset of X and denoting by y this topological embedding, we can suppose that v, %, is a coherent

Dg”l-module via the canonical isomorphism of sheaves of rings Dg")ﬂ ng;")/l ~ oy, (@;mz / p@é’"ﬁ) (similarly, we can

consider &, as a coherent D;")/l—module). By using the fact ¥, is also a coherent A(;")—module, lemma 2.6.2 gives us an
integers r’2 (%) such that the canonical maps

HY%,8,,,(") » HY X, &6,")) (3.4)

are surjective for ' > /(%) and j > c. Moreover, lemma 2.6.3 gives another integer r}(&,) such that, for every ' > r’ (&)
there exists a € N and a surjection

®Da
b1 (DY /DY) = 60" = 0.

Letusfixr>ry 1= max{r;(éac), rg(%)} and let e, ..., e, be the standard basis of the domain of ¢. We use (3.4) to lift
each ¢(e;), 1 <1 < s, to an element of

lim HO(X, &,(r) = HO(X, &),
J

by the first assertion of the preceding proposition. By [6, 3.2.3 (v)] we have 67(7) = IZ"\a(r) and & = &, and therefore we
have a morphism

(7)) = 6w o,

which is surjective because, modulo p, it is a surjective morphism of sheaves coming from coherent D;"}-modules by
redaction modulo p¢. To show the part (ii), we remark that if we fix ry € Z such that H kK(X,O@)) = 0 for every k > 0
and r > rg, exactly as we have done in lemma 2.6.2, then via the second part of proposition 3.1.2 we also have that

H*(x%, .@;mi(r)) = 0 and the rest of the proof can be deduced exactly as in the proof of lemma 2.6.2. O

Corollary 3.1.3. Let & be a coherent @(xmjl-module. There exists ¢ = ¢(&) € N such that for all k > 0 the cohomology
group H*(¥, &) is annihilated by p°.

Proof. Letr € Z. By the first assertion of proposition 3.1.1 we have for k > 0

k Z5(m) ~ Ik (m)
H*X, 9)(=r) = H*(X, D (=)
which is annihilated by a finite power of p, by part (i) of proposition 2.6.4. The proof now proceeds by descending induction
exactly as we have done in the proof of part (i7) of proposition 2.6.4. O
Now, we want to extend the part (i) of the preceding proposition to the sheaves 9?;”’/)1 o To do that, we need to show that

the category of coherent ‘@(xmi @—modules admits integral models (definition 1.5.1).
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Let Coh(@;m;) be the category of coherent @(xmz-modules and let Coh(_@(xmi)@ be the category of coherent @;mi—modules

up to isogeny. This means that Coh(@;mz)Q has the same class of objects as Coh(@;mi) and, for any two objects M and
N in Coh(@;mj)Q one has

H (M. N) = Homg, som (M N) @, L.
A

om ~
Coh(@;"ji)@ Coh(

Proposition 3.1.4. The functor M — M®, L induces an equivalence of categories between Coh(.@;m/)l)@ and Coh(@(xm/)1 @)'

Proof. By definition, the sheaf _@;m/)l o satisfies [6, conditions 3.4.1] and therefore [6, proposition 3.4.5] allows to conclude

the proposition. O

The proof of the next theorem follows exactly the same lines than in [36, theorem 4.2.8]. We will reproduce the proof

because it is a central result for our goal.

Theorem 3.1.5. Let & be a coherent @;mi @—module.

(i) There is r(&) € Z such that, for every r > r(&) there exist a € N and an epimorphism of @(xm/)l Q-modules

(@;’f’i@(—r)>$a - & - 0.

(ii) Foralli > 0 one has H(X,&) = 0.

Proof. By the preceding proposition, there exists a coherent @;m/){-module F such that # ®, L ~ &. Using the first part
of proposition 3.1.2 we can find r(F) € Z, such that for all » > r(.%) there exist a € N and a surjection
A~ @a
(m)
(@x’i(—r)) - Z > 0.

Tensoring with L we get the desired surjection onto &. Furthermore, as X is a noetherian space, the corollary 3.1.3 allows
us to conclude that

H'(¥,6)=H'Z*,7)®,L=0

for every k > 0 [6, (3.4.0.1)]. L]

3.2 Calculation of global sections

We recall for the reader that throughout this chapter A : Dist(T) — o denotes a character of the distribution algebra Dist(T)
such that A + p € tzz is a dominant and regular character of t; (cf. (2.26)). In this subsection we propose to calculate
the global sections of the sheaf @;miQ Inspired in the arguments exhibited in [39], we will need the following lemma (cf.
[39, lemma 3.3]) whose conclusion is an essential tool for our goal.

Lemma 3.2.1. Let A be a noetherian o-algebra, M, N two A-modules of finite type, w : M — N an A-lineal application
and - M > N the morphism obtained after p-adic completion. If y @ ,1 : M @, L - N ®, L is an isomorphism,
then ®,1: M\ ®,L— N ®, L is an isomorphism as well.

Proof. Let K be the kernel (resp. the cokernel) of y. Since the w-adic completion is an exact functor over the finitely
generated A-modules [6, 3.2.3 (ii)], the w-completion K is the kernel (resp. the cokernel) of . But K = K because K
is of w-torsion, and therefore K ®, L = K ®, L = 0. O

2p =1 Tpeps a,of. 25.3).
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Let us identify the universal enveloping algebra /(1) of the Cartan subalgebra t; with the symmetric algebra S(t; ), and
let Z(g; ) denote the center of the universal enveloping algebra {/(g; ) of g;. The classical Harish-Chandra isomorphism
Z(g;) =~ S(t;)" (the subalgebra of Weyl invariants) [22, theorem 7.4.5], allows us to define for every linear form 4 € tz
a central character [22, 7.4.6]

X, - Z(@g)—~ L

which induces the central reduction U(g; ), := U(g;) ®z(g))z,40 L If Ker(x)4,), 1= D™(G) n Ker(y;4,), we can
consider the central redaction

D"(G), := D"(G)/ D™ (G)Ker(x;,,),

and its p-adic completion ﬁ(m)(G) ;- Itis clear that D(G) ; is an integral model of U/(g; ).

Theorem 3.2.2. The homomorphism of o-algebras d)im) : D(G) > HY(X, DEI(")A), defined by taking global sections in

(2.30), induces an isomorphism of 0-algebras

b™@), @, L= H"(2.97),).

Proof. The key of the proof of the theorem is the following commutative diagram, which is an immediate consequence of
remark 2.5.14

(m)

D(G) — HX, D}
(6) —— HX. DY)

Lo 1

(o}
DMG)®, L -— H'X,D")®, L

| ;

Ulay) —— HYX,.D,).

By the classical Beilinson-Bernsein theorem [3] and the preceding commutative diagram, we have that d)am) factors through
the morphism 6(;”) : D"(G), - HUX, Dg;")/l) which becomes an isomorphism after tensoring with L. The preceding

. . —(m) . . . .
lemma implies therefore that @, gives rise to an isomorphism

—

~ =~ ( )
D™ (G); ®, L— HX, DY) ®, L,

and proposition 3.1.1 together with the fact that X is in particular a noetherian topological space end the proof of the
theorem. N

3.3 The localization functor

In this section we will introduce the localization functor. For this, we will first fix the following notation which will make
more pleasant the reading of the proof of our principal theorem. We will consider
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Now, let E be a finitely generated ]A)(xmi1 0

defined by

-module. We define . oc(xml){(E) as the associated sheaf to the presheaf on X

S5(m)
UCX - .@x%@(l[) ®ﬁ¥”l@ E.

(m)
x4

(m)

is a functor from the category of finitely generated ﬁx 10

It is clear that Zoc

@;m/)l o-modules.

-modules to the category of coherent

3.4 The arithmetic Beilinson-Bernstein theorem

We are finally ready to prove one of the main results of this work. To start with, we will enunciate the following proposition.
3

Proposition 3.4.1. Let & be a coherent 9™ _module. Then & is generated by its global sections as 2 _module.

X.,4,0Q x.4,Q
Furthermore, every coherent .@;m/)l @-module admits a resolution by finite free .@(xmi Q—modules.
A~ a
Proof. By theorem 3.1.5 we know that & is a quotient of a module (.@(xm/)l D(—r)) for some r € Z and some a € N.
We can therefore assume that & = (@(xm/)l Q(—r)) for some r € Z. Let F := HO(X, D;")A(—r)), a finitely generated

(m)

D (G)-module by proposition 2.6.1. Let us consider the linear map of D X

-modules equal to the composite
(m) (m) (m)
Dy, ®pm) F = Dy, ® ocxpimy F = Dy (=1 (3.5)

where the first map is the surjection induced by the map CD(;") of theorem 3.2.2. Let F be the cokernel of the composite map.
(m)
XA

torsion because D();")A(—r) ®, L is generated by its global sections [3]. Now, let us take a linear surjection (D™ (G))

Since D™ (G) is noetherian, the source of this map is a coherent D" -module and so is F. Moreover, this module is of p-

@Da
=

F. By tensoring with Dg")i we obtain the exact sequence of coherent modules

m @(l m
(D;D ~ DY (=r) = F = 0.

Passing to p-adic completions (which is exact in our situation [30, chapter II, proposition 9.1]) and inverting p yields the
linear surjection. O

Theorem 3.4.2. Let us suppose that A . Dist(T) — o is a character of Dist(T) such that A + p € tz is a dominant

and regular character of t;. The functors £ oc(xmi1 and H(X, ) are quasi-inverse equivalence of categories between the

" modules and coherent @(m) -modules.

abelian categories of finitely generated Dx’ 20 X0

Proof. Letus take E a finite generated ]3;"1 Q-module and & a coherent @(xm; @-module. There exist canonical morphisms

E - HY(%, & oc;m;(E)) and ¥ oc;m}(H 0(%,&)) — &. Moreover, given that E is a finitely generated ]5;"; Q-module,

the third part of both propositions 2.6.1 and 3.1.1 allow us to find a resolution of

@b ®a
. ([ Rm) ~(m)
E: <D3€,A,@> - <Dx,1,@) - E-0

Therefore, by the preceding proposition, we get an exact sequence

A ®b A ®Da
<@(x"f/1’@> — (@(xmi@> — foc(x"ji(E) - 0.

3This proof is exactly as in [36, proposition 4.3.1].
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From this resolution we derived the following diagram of short exact sequences

Nm @b s ANm  \@a \ \
(Dx,l,Q) (Dx’l’@) V4 E 7 O

| ) |

B )8 — B )8 —3 HOE. Loc)(E) — 0.

By the preceding proposition, we know that the first two arrows are in fact isomorphisms thus, the canonical map £ —

H%, & oc(xml(E )) is an isomorphism as well. To see that the another canonical morphism is an isomorphism, the reader

can follow a completely analogous reasoning (we recall for the reader that theorem 3.1.5 tells us that H(X, ) is an exact

functor, over the category of coherent @(xm; Q—modules).

(m)
XA

an injective morphism between two finitely generated ]/j(xmi1 Q-modules and let % be the coherent .@(xm/)l Q—module which

is the kernel of the morphism ¥ ocgn i(u/). By the preceding proposition, we know that H?(X, %) is the kernel of the

(m)
X,

Finally, let us show that the functor .Zoc.. " is fully and faithful. It is enough to show that it is faithful. Let y : E — F be

application HY(¥, Zoc."” (y)) which is zero. But % is generated by global sections and therefore .#" = 0. O

Given that any equivalence between abelian categories is exact, theorems 3.2.2 and 3.4.2 clearly imply

Theorem 3.4.3. (Principal theorem) Let us suppose that A . Dist(T) — o is a character of Dist(T) such that A+ p € tz

is a dominant and regular character of t.

(i) The functors £ ocgemj1 and HO(¥, #) are quasi-inverse equivalence of categories between the abelian categories of

finitely generated (left) ﬁ(m)(G) 1 ®, L-modules and coherent @(Xm}l Q-modules.

(ii) The functor £ oc(xmj1 is an exact functor.



Chapter 4

.}.
The sheaves @x, )

In this chapter we will study the problem of passing to the inductive limit when m varies. Let us recall that & : X :=
G/N — X := G/B is a locally trivial T-torsor (subsection 2.4). For every couple of positive integers m < m’ there exists

a canonical homomorphism of sheaves of filtered rings [6, (2.2.1.5)]
P D;”) - D;” ), @.1)
Let us fix a character A : Dist(T) — o. As we have remarked for m < m’ we have a commutative diagram

DU(T) o
| w> 0. (42)

D("’/)('I]')

. . . " "
Moreover, by [6, (1.4.7.1)] we dispose of a canonical morphism PX,(m’) - PX,(m)'

In section 3.3 we have defined a T-equivariant structure C[J?m) : p’l‘P;‘? - 0*73;’? on P;’? (w recall for the reader
Sh S N

that o denotes the right action of T on X and p, is the first projection). By universal property of 73;‘2 - the preceding
(m
T-equivariant structures fit into a commutative diagram

q)"
("),
PP = P

X,(m") X, (m')

l l 4.3)
o

p* pn (m) O'*P(m)
1P H "

X,(m) X (m)

This implies that the morphisms P;’? o 73;’? oy 2T T-equivariant and therefore by lemma 2.2.1 and lemma 2.2.3, we
can conclude that the canonical maps in (4.1) are T-equivariant. In this way, we dispose of morphisms D™ — D) The

(m)

() : :
X4~ D X and therefore an inductive system

diagram (4.2) implies that we also have maps D

)T 2 T P, (44)
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Definition 4.0.1. We will denote by 9; 1 the limit of the inductive system (4.4), tensored with L

A TS ()]
Dy = (h_r>n@x,x> ®, L.

m

4.1 The localization functor . oc; A

As in the subsection 4.3 let us denote by D; ,=H 0%, 9; ,)- Ina completely analogous way as we have done in the
subsection referred above, we define the localization functor .# oc; , from the category of finitely presented D; ,-modules

to the category of coherent @; A—modules. This is, if E denotes a finitely presented D; A—module, then .2 oc; J(E) denotes
the associated sheaf to the presheaf on X defined by

UCX— T, 8, E

¥
DI,A

It is clear that .Z oc; 1 is a functor from the category of finitely presented D; ,-modules to the category of coherent 9; i

modules.

4.2 The arithmetic Beilinson-Bernstein theorem for the sheaves .@; .

In this subsection we will concentrate our efforts to show the following Beilinson-Bernstein theorem for the sheaf of rings
@; I To do that, we will fix throughout this section a character A : Dist(T) — o of the distribution algebra Dist(T) such

that 4 + p € t is a dominant and regular character of t;. We want to show

Theorem 4.2.1. Let us suppose that A : Dist(T) — o is a character of Dist(T) such that A + p € tz is a dominant and

regular character of t.

(i) The functors £ oc; ; and HO(¥, ) are quasi-inverse equivalence of categories between the abelian categories of

finitely presented (left) D; A-modules and coherent 9; A-modules.
(ii) The functor £ oc; , is an exact Sfunctor.

To do this, we recall the following facts.

Remark 4.2.2. (i) Let us recall that in remark 1.5.4 we have stated that DY (T) is isomorphic to the subspace of T-
invariants HO(T, D%m))r. The isomorphism is in fact induced by the the action of T on itself by right translations
[38, theorem 4.4.8.3] and is compatible with m variable. This means that if Q,, and Qin denotes those isomorphisms

for m < m', then we have a commutative diagram

DTy =25 HO(T, DI

\L‘ﬁm’,m \L(ym’,m)T

O
DTy =L HO(T, D%M'))v
where the morphisms ¢,y , are obtained by dualizing the canonical morphisms y,y ,, in subsection 1.4 and the
morphisms y,, ,, are defined in (4.1).
(ii) Again by remark 1.5.4 the isomorphism of proposition 2.5.8 are compatible for varying m.

Let us recall the following proposition.
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Proposition 4.2.3. [6, Proposition 3.6.1] Let Y be a topological space, and {D,};cy be a filtered inductive system of
coherent sheaves of rings on Y, such that for any i < j the morphisms D; — D; are flat. Then the sheaf DF :=_1i_r_r)1ie] D,
is a coherent sheaf of rings.

Proposition 4.2.4. The sheaf of rings @; LIS coherent.

Proof. The previous proposition tells us that we only need to show that the morphisms &, m)T o are flats. As this is a
local property we can take U € S and to verify this property over the formal completion 2. In this case, remark 4.2.2 and
the argument used in the proof of the first part of proposition 2.5.12 give us, by functoriality, the following commutative

diagram
o LT A
‘@X,A,Q(u) ‘@x,a,@(u)
\bl \bl
A(m) ﬁmrm@(u) A
el y Z¢0an
The flatness theorem [6, theorem 3.5.3] states that the lower morphism is flat and so is the morphism on the top. O

Notation: From now on we suppose that A : Dist(T) — o induces a dominant and regular character of t;, under the
correspondence (2.26).

Lemma 4.2.5. For every coherent 9; ,-module & there exist m > 0, a coherent 9™

M Q-module &,, and an isomorphism
s
of @x, A-modules

.ot =
T:9. Qrm &,— &.
X2 " P "

Moreover, if (m', &,y,7') is another such triple, then there exist | > max{m,m'} and an isomorphism of 9;51)/1 Q-m()dules

.50 = 50
% Z2a0 ®sm = 720 ® " St

5
'@x, Q

)

such that v’ o (id@+ ® T,) =T

Proof. This is [6, proposition 3.6.2 (ii)]. We remark that X is quasi-compact and separated, and the sheaf 9?(;1/)1 Q satisfies

the conditions in [6, 3.4.1]. O
Proposition 4.2.6. Let & be a coherent 9;; ,-module.

(i) There exists an integer r(&) such that, for all r > r(&) there is a € N and an epimorphism of @; A-modules
i Ba
(@m(—r)) &0

(ii) Foralli > 0 one has H(X&) = 0.

Proof. ! Let & be a coherent 9; ,-module. The preceding proposition tells us that there exist m € N, a coherent @(xm/)l Q

IThis is exactly as in [36, theorem 4.2.8]
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module &), and an isomorphism of .@; ,-modules
. gt =
T:D,, Qsm Ep— &.
EN L

Now we use theorem 3.1.5 for &), and we get the desired surjection in (i) after tensoring with @; ;- To show (ii) we use
the fact that, as ¥ is a noetherian topological space, cohomology commutes with direct limites and
—_ gt
&= @x, 1 ®

. ad
&, :h_r)n@” ®@(xm?a &y

Z(m)
7 x40
x40 I>m

Being &, a coherent 2™ _module we can conclude that 79 ®

£10 1.0 &,, 1s a coherent 29 _module for every I > m.

Z(m)
93“@ X,4,0

Then for every i > 0

i T i 7.0 . —
H (x, éa) —}I?IEH <&’, QX,A,@ ®9<xm,)1@ (g) > = 0,

by part (i) and theorem 3.1.5. 0

Proposition 4.2.7. Let & be a coherent @; ,-module. Then & is generated by its global sections as @; -module. More-
over, & has a resolution by finite free @; &-modules and HO(X,&) is a D; A-module of finite presentation.

&,,- Moreover, &, has a

Proof. > Theorem 3.1.5 gives us a coherent .@(xmi Q-module &, such that & =~ .@; , ®

SHm

%40
resolution by finite free @(xm; @-modules ( proposition 3.4.1). Both results clearly imply the first and the second part of
the lemma. The final part of the lemma is therefore a consequence of the first part and the acyclicity of the the functor

HO(X, o). O

Proof of theorem 4.2.1. Allin all, we can follow the same arguments of [35, corollary 2.3.7]. We start by taking (D; /1)59“ -

(D; /1)@” — E — 0 afinitely presented D; ,-module. By localizing and applying the global sections functor, we obtain a
commutative diagram

(D}, )@ — (D}, )® > E

| | |

(D}, )@ — (O}, )@ — HOX, Zoc, (E) — 0.

~
=]

T

which tells us that E — HY(%, & ocy A(E)) is an isomorphism. To show that if & is coherent @; A-module then the
canonical morphism @; i ®DT H 0(%, &) — & is an isomorphism the reader can follow the same argument as before.

As we have remarked, the second assertion follows because any equivalence between abelian categories is exact. 0

Calculation of global sections

Let us recall that in the subsection 4.2 we have used the fact that associated to the linear form A € t’i there exists a central
character y; : Z(g;) — L, where Z(g;) denotes the center of the universal enveloping algebra /(g; ). In this case, if
Ker(y,4,)o := D™(G) nKer(y,), we can consider the central redaction

D"(G), := D"(G)/ D™ (G)Ker(x;,,),

2This is exactly as in [34, theorem 5.1]
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and its p-adic completion D™ (G),. Following the notation introduced in subsection 3.1 we have D(G),®, L = U(g;);.
We have shown that there exists a canonical isomorphism of o-algebras

b"©), ®, L= 1" (2,90 ).

Taking inductive limits we can conclude that if

D), = li_r)nﬁ(m)(G)g ®, L,

m

then we also have a canonical isomorphism of o-algebras
D(6),— H(X,7; ).

Theorem 4.2.1 and the preceding calculation complete the Beilinson-Bernstein correspondence. We end this chapter with
the following remark.

In [35] and [39] C. Huyghe and T. Schmidt studied the algebraic case. This means that A is induced via derivation by a
character A € Hom(T, G,,). In this setting, the consider arithmetic differential operators acting on the line bundle £(4)
induced by A (cf. section 5.5). Let us denote those sheaves by 92(;%(/1) and the inductive limit by @;(/l). They have
showed analogous results to theorem 4.2.1,if A + p € t*L is a dominant and regular character of t; ([39, Theorem 3.2.5]
and [35, Theorem 3.1]). This in particular implies that if A’ : Dist(T) — o is the character of the distribution algebra

Dist(T) induced via the correspondence (2.26), then
0 i _ i _ 0 T
H (x %(A)) - D'G), = H (35 @M).
ForA'+p=A+p€ t7 dominant and regular.’ Therefore, we have the following equivalence of categories

0(%,0) Zoc!

HO% ' A
{Coherent @;(/1) — modules } —(> {Finitely presented D'(G) 2= modules} = {Coherent 9; v modules} .

3By construction, if we tensor with L the characters A and A’, then they induces the same character of t 1, cf. (2.26).
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Chapter 5

Arithmetic differential operators with
congruence levels

In this chapter we will introduce congruence levels to the constructions given in the preceding chapters. This means,
deformations of our (integral) twisted differential operators. This notion will be a fundamental tool to define differential
operators on an admissible blow-up of the flag o-scheme X. We also point out to the reader that we could have started
this work by considering differential operators with congruences levels because, as we will explain later, the case "k = 0"
naturally recovers all our preceding definitions. We have decided to treat this case apart because this is already a meaningful
constructions which generalizes [35] and [39]. Many of the results in this chapter are analogues to the results obtained in
our previous work and their proofs follow the same lines of reasoning. In all these cases we will refer to the respective

analogue.

5.1 Congruence levels

In this section we retake the notations of sections 2.1 and 2.4. This means that X and X will denote smooth separated
schemes over o, such that X is endowed with a right T-action 6 : X Xgpec(o) T = X. We will also denote by & : X — X
a locally trivial T-torsor for the Zariski topology and by S the set of open affine subschemes U of X that trivialises the
torsor (Remark 2.1.1).

Finally, as usual, we will denote by D?) (resp. by ’Dg;")) the usual sheaf of level m differential operators on X (resp. on

X). As we have remarked in the first chapter, those sheaves come equipped with a filtration

0z cDY c..cD? c..c DY,
X,1 X,d X

with D;"L the sheaf of level m differential operators of order less or equal than d.

5.1.1 Associated Rees rings

! Let A be a sheaf of o-algebras endowed with a positive filtration (F,.A) ey and such that o C Fy.A. The sheaf A gives
rise to a subsheaf of graded rings R(A) of the polynomial algebra .A[¢] over A. This is defined by

RA) :=PFA-7

ieN

IThis digression can be found before the proof of [36, Proposition 3.3.7].

67



68 CHAPTER 5. ARITHMETIC DIFFERENTIAL OPERATORS WITH CONGRUENCE LEVELS

its associated Rees ring. This subsheaf comes equipped with a filtration by the sheaves of subgroups

R,(A) ;== FA-1 C R(A).

d
i=0

Specializing R(.A) in an element u € o we get a sheaf of filtered subrings .4 u of A. More exactly, A , equals the image
under the homomorphism of sheaves of rings ¢, : R(A) — A, sending t — p, and it is equipped with the filtration
induced by A. Moreover, if the sheaf of graded rings gr(A), associated to the filtration (F,;.A) ¢y is flat over o, then?

d
FiA, =Y WFA 5.1)
i=0
If y : A — B is a morphism of positive filtered o-algebras (with 0 C F,.A and o C FB3), then the commutative diagram

agt®yagt?

R(A) —— R(B)
12 12
A—X B
gives us a filtered morphism of rings y/,, : A 4 = B, This in particular implies that for 4 € o fixed, the preceding process

is functorial.

Remark 5.1.1. The previous digression is well-known for rings. In this setting we have results completely analogues to

the ones presented so far ([43, Chapter 12, section 6]). We will use these results in the next sections.

Finally, under the hypothesis (5.1), if we endow Ker(¢ ”) with the filtration induced by R(.A), then for every d € Z, we
have F;Ker(¢,) = (1 — p)Ry_, (A). To see this, we take a local section p(t) = Z?:o a;it’ € F,Ker(¢,) and a polynomial
q(t) = Zd_l b;#/ such that p(t) = (t — u)q(t) + ¢, with ¢ € A. As 0 = p(u) = c, we conclude that

j=0 i
d-1 d-1
Py =t = wa@) = Y bt/* = ubjt.
i=0 Jj=0
The previous relation implies for example that aq = —ub, and therefore by € Fy.A. Furthermore, an inductive argument

allows us to conclude that b; € F; A for every 0 < j < d — 1. In other words ¢(t) € R;_;(A).

The short exact sequence

by
0 - Ker(¢,) = Ry (A)— F;A, =0

implies that F;(A,) = R;(A)/(t — w)R,_,(A) for every d € Z. Of course, by (5.1), we have Fy(A,) = Fy(A).
The following lemma is completely formal.

Lemma 5.1.2. Ler f : Y — Z be a morphism of schemes and let A be a sheaf of algebras on Z. Then there exists a

canonical isomorphism of sheaf of algebras on'Y
FAM= AL 18 (Y ar) - Ydaear.

Letp, : X Xspec(o) 1 = X denote the first projection. Let us retake the notations in 5.1.1 and let us also assume that
(A, @) is a T-equivariant quasi-coherent O -module ((2.3) and (2.4)) via a filtered isomorphism ®. By lemma 5.1.2 and

2This is [36, Claim 3.3.10.].
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the T-equivariant structure of .4 we have a canonical isomorphism
@y 1 pl (Al — o (Alf); 1® (2 aiti> - 1® (2 @(ai)ti), 5.2)

which defines a T-equivariant structure on A[f]. Moreover, the positive filtration (Fd.A) gen Of A induces two positive
filtrations (p%(F,.Alt])) Jen A0d (o*(FyAltD)) sen» OVer pi(Alr]) and o*(Al1]), respectively. Those filtrations make of @,
a filtered isomorphism, and therefore it induces T-quivariant structures over the Rees ring R(A), the ideal (t — u)R(A),
and the subgroups R;(A) and (t — p)R;_; (A).

5.1.2 Congruence subgroups

Let us denote by [, := o/(w) the quotient field of 0. We start this subsection by recalling the following notion.

5.1.3. Dilatations In the following digression we will suppose that Z = Spec(A) is an affine o-scheme of finite type. Let
us recall the following definition [60, Definition 2.1].

Definition 5.1.4. Let Z; = Z Xg,,.(y) Spec(L) = Spec(A ®,, L) be the generic fiber. We say that an o-scheme Z, =
Spec(B), such that B C A ®, L is an o-subalgebra of finite type, is a model of Z ifBlw~'1=A ®, L. Amodel Z is
smooth if Zy — Spec(o) is smooth.

Let us recall the construction of the dilatation of a closed subscheme Z of the special fiber Z[Fq = Z Xgpec(o) SPec(lF,)
[15, Chapter 3, Section 3.2]. Let J C A be the proper ideal of A defining Z,. As A is noetherian, we can suppose that
J is generated by finitely many elements f, = @, fi, ..., f,, of A. We define the dilation of Z, as the affine A-scheme
Z () = Spec(A(g)), Where

Ay = A [% g] = (A[T,...T,] /(fi - ®Ty, ... f, — ®T,)) /(w-torsion).

In particular, we see that Z ,, is always flat over o, it is a model of the generic fiber Z; [59, Proposition 1.1] and we have
a canonical morphism

Zieyy = Z. (5.3)

As before, let G be a split, connected and reductive group scheme over 0. We denote by G; 1= G Xgpec(o) Spec(L) the
generic fiber of G and by G[Fq 1= G Xgpec(o) SPec(F,) the special fiber of G. For every k € N, there exists a smooth model
G(k) such that Lie(G(k)) = wkg. In fact, we take G(0) := G and we construct G(1) as the dilatation of the trivial subgroup
of G[Fq on G. By the preceding construction, this is a smooth model of G; . Moreover, if we write o[G] = o[ f1, ..., f,,] with
fi(e) = 0 forevery 1 < i < n (e being the identity element), then (f; mod @), ;, is the ideal of the trivial subgroup of

G(1) = Spec <o [ﬁ - &]> .
w w

This in particular implies that Lie(G(1)) = wg.

G[Fq . By construction

We can now construct G(k) inductively as follows. As before, we put G(0) = G, and G(k + 1) equals the dilatation of the
trivial subgroup of G(k)[pq. For every k € N the o-group scheme G(k) is again smooth, its Lie algebra is wkg and it is a
smooth model of G;. We also point out to the reader that, by (5.3), we have for every k € N a canonical morphism

Gk + 1) = G(k). (5.4
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5.1.5. Arithmetic distribution algebras of finite level.

Let us start this digression by recalling the following two facts from [38]. Let N € N. Let G, = Spec(o[t]) be the additive
group o-scheme and let us consider the group G(JIV endowed with coordinates ?{, ...,#5. If f1,..., fy denotes a base of
Lie(GiV ), then using the notations introduced in section 1.4 we have the following relation. For every multi-index k € NV
we have [38, Proposition 4.1.11]

k!
L= (5:5)
k™ -

On the other side, let us consider the multiplicative group o-scheme G,, = Spec(o[t,#']) and let us take the group Gﬁ It
hy, ..., hy denotes a base of Lie(Gg ), then using the preceding notation, we have the following relation [38, (50)]

h
ﬁ</_€> = qE! <£> 5.6)

Now, let us recall that in this work B C G denotes a Borel subgroup of the split connected reductive group o-scheme
G, that T C B denotes a split maximal torus of G and N C B the unipotent radical of B (Section 2.4). Let N be the
opposite unipotent radical.> By [38, Proposition 4.1.11, (ii)] the open immersion N Xspec(o) T Xspec(oy N = G induces an

isomorphism of filtered o-modules
D™ (G)— D™(N) ®, D™(T) ®, D™ (N).

By construction (section 2.4), there exist Ny, N, € N such that N and Nare isomorphic to GZIV‘ and by definition T =~ G,],\[ 2,
Moreover, if we fix basis elements (f));<i<n,> (hj)1<j<n, and ()<, of the o-Lie algebras n, t and n, respectively,
then by (5.5) and (5.6) we can conclude that D" (G) equals the o-subalgebra of 2/(g, ) generated as an o-module by the
elements

I h e
qu!_—qv/!<—>qv//!_—. (57)
Lo\ )t

EI,!

This relation implies that D™ (G(k)) equals the o-subalgebra of /(g; ) generated as an o-module by the elements

f h eV’
kol =_ k'l = Kl =_
qﬂ!w = U!qy/!w <U,>qg//!w U"!' (58)

An element of the preceding form has order d = |v| + |v|’ + |v|”, and the o-span of elements of order less or equal that d
forms an o-submodule ijm)(G(k)) C D™(G(k)). In this way D)(G(k)) becomes a filtered o-algebra. This construction
also tells us that

D™(G(0)) i = D™ (G(k)). (5.9)

5.1.3 Level m relative enveloping algebras of congruence level &

Now, let k be a non-negative integer called a congruence level [37, Subsection 2.1]. By using the order filtration (D;"))deN

of the sheaf D%"), we can define the sheaf of arithmetic differential operators of congruence level k, D(;’k), as the subsheaf

31n the notation of section 2.4 N is the closed subgroup of G generated by all U, with a € —At.
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of D%") given by the specialization of R(D;") )in w* € o. This means

DU = Y kD
X deN Xd

By (1.3) and [34, Proposition 1.3.4.2] we can also conclude that, if (D(Xi"f) )aen denotes the order filtration induced by
DY then
X

(m, k) ki y(m)
D Zw D)?,i'

In local coordinates we can describe the sheaf D;"’k) in the following way. Let U C X be an open affine subset endowed

with coordinates xi, ..., xy. Let dx, ...,dxy be a basis of Qz(U) and 9, , ..., d, the dual basis of T5(U). By using the

XN
notation in section 1.2, one has the following description [37, Subsection 2.1]

<oo
DIOW) = { Y @"l%a,0%| a, € O X(U)}.
v

Of course, we have analogue definitions on X.

On the other hand, using the short exact sequence

0 (t— wk)R(D;T)) - R(Dg(’f’)) - R(D;"))/(t k)R(D(’")) D("' K S0, (5.10)

and the fact that all the terms in the sequence are quasi-coherent O z-modules, we can use proposition 2.2.2 and the final
commentary of subsection 5.1.1 to get the following result.

Proposition 5.1.6. For every non-negative integer k, the sheaf of arithmetic differential operators of congruence level k,

D ’k), is a T-equivariant quasi-coherent O g-module.
X

Remark 5.1.7. If X is also equipped with a right G-action, then we can use the preceding reasoning to show that the

sheafD(i"’k) is a G-equivariant quasi-coherent O g-module.
X

Furthermore, for every d € Z the short exact sequence
0= (1= @Ry (DY) = Ry(DY) = Ry(DL)/(t = w")R, 1(D“")) D(’" Y50

and again the final commentary in subsection 5.1.1 Imply that every term in the filtration (D(m )) Jen (being D(m ® =0 %)

is a T-equivariant coherent O g-module.

Definition 5.1.8. Let & : X - Xbea locally trivial T-torsor. Following 2.3.5 we define the level m relative enveloping
algebra of congruence level k of the torsor to be the sheaf of T-invariants of &, D(}?’k):

—_—

T
(mk) - — (m.k)
D = (@'D}? )

The preceding sheaf is endowed with a canonical filtration

—_— T
Fy (D0 2= (5*7);”’:)) . (deN.
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Proposition 5.1.9. For any U € S there exists an isomorphism of sheaves of filtered v-algebras

Db, = DI, @, DT (K)).

Proof. Let U € S. We recall for the reader that this means that there is a T-invariant isomorphism &~1(U) Svu Xp T
such that the diagram

&) ————= UX,T

S,

is commutative. We apply the same reasoning that in proposition 2.1.2 to get
D) = DIOE W)
~ (DIw) @, D)
= D"OW) @, ((D%””(T))wk)T

~ DIV U) @, ((Dﬁ{”m)“) k

~ DY) ®, (D™(M)
~ DY) ®, D™ (T (k).

The first equality is by definition. By (2.13) the isomorphisms in proposition 2.1.2 preserves the subsheaves D(}?"’k) and

D%m’k) which gives the first isomorphism. The second equality is again by definition. The second isomorphism is just the

fact wk € o and the T-action is o-linear. The last two isomorphisms are given by the first assertion in remark 1.5.4 and

(5.9), respectively. O

Let us recall that the tangent sheaf 7 is a T-equivariant coherent O ¢-module (remark 2.3.2) and therefore we can consider
the subsheaf wk (S*T)?)T of the sheaf of invariant sections (S*TE)T. If U € S, then applying the same reasoning as in
2.3.3 we have

ot (£,Tz) () = o*T; (') = o* T () ® (Ox(U) ®, wt).

Here t = Lie(T). As X is smooth, the preceding relation implies that w* (é*T;z)T is a locally free O y-module of finite

rank, and therefore we can consider the level m symmetric algebra .Sym (w" (é*TX)T) Moreover, for U € S, we
have

Sym™ (wk (&.T; X)T) U) = Sym™ (@ T, (U)) @, Sym™ (w*t). (5.11)

The proof of the following proposition follows word for word the arguments given in the proof of proposition 2.3.7.

Proposition 5.1.10. If¢ : X — X is a locally trivial T-torsor, then there exists a canonical and graded isomorphism

Sym™ (wk (f*TX)T> = gr. <D<’"~")) .
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5.2 Relative enveloping algebras with congruence level on homogeneous spaces

We recall for the reader that in this work G denotes a split connected reductive group scheme over o, B C G is a Borel
subgroup, T C B is a split maximal Torus of G and N C B is the unipotent radical subgroup of B. We have also denoted
by X=6 /N, the basic affine space, and by X := G/B, the flag o-scheme. Those are smooth and separated schemes
over o (section 2.4). As we have remarked X is endowed with right commutating (G, T)-actions (resp. X is endowed with
right commutating (G, T)-actions, being trivial the right T-action). We also recall that & : X — X denotes the canonical

projection, which is a locally trivial T-torsor (Subsection 2.4).

Let us consider the morphism given by proposition 1.5.3
o™ : pm(G(0)) - HO(X, D(}%")).

We recall for the reader that this comes from functoriality from the right G-action on X. This map induces a morphism

between the associated constant sheaves of filtered o-algebras

D™ (G(0)) —» HO(X, D;'”).

By composing with the canonical map of sheaves H 0(X, D%")) - ’D;”), we get a homomorphism of sheaves of filtered
o-algebras D' (G(0)) — D;") . Specialising in w* € o gives rise, by functoriality, to a filtered morphism of sheaves of

filtered o-algebras

p"@Oy , ~ (DY)

e
By (5.9) we have that D/(G(0)),,« = D" (G(k)) as filtered subrings of /(g ). We thus obtain a morphism

D™ (G(k)) — D;"’k), (5.12)
which induces a homomorphism of filtered o-algebras

o™h : D(G(k) — HOX. DL

Now, if X L= X Xspec(o) SPec(L) , then given that D%"’k) | %, = D %, is the usual sheaf of differential operators on X I
we can apply the same reasoning that in section 2.5 to show that ®(™K) factors through the homomorphism of filtered

o-algebras

~ T T
@™ : DGk - HO (X, D0) = 1O (x,6,D) (5.13)

Let us put Ag'("’k) := Oy ®, D™ (G(k)), and we equip this sheaf with the skew ring multiplication coming from the action
of D™(G(k)) on Oy via ®™K) (we recall that, by lemma 2.2.9, we have an action of D% on (£,05)" = Ox). The

map @K induces a unique O y-linear map
mk) . Amk) _ mk)
R (S
which is also a morphism of sheaves of filtered o-algebras (the filtration on .A();"’k) is given by proposition 1.5.6).

Let 4 : Dist(T) — o be a character of the distribution algebra (2.5.2) and for every level m € N, let us also denote
by 4 : D")(T) — o the induced character of D™ (T). As before, we endow o with the trivial filtration (0 = F_io
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and F;0, = o forall i > 0) and we consider it as a filtered D (T)-module via A. By remark 5.1.1 and the fact that
D(T) .« = D™ (T(k)), (5.9), we have a character A : D (T(k)) — o. 4

As in (45) we have
T, 5 T, > v
HO (XL»(f X, idL)*D)?L> L= HO (XL,D)?L> L= HO (X,D%”M) ®, L.

By proposition 1.5.3 and the same reasoning that we have given at the beginning of this section, the right T-action on X
induces a canonical morphism of filtered o-algebras d)grm’k) : D(T(k) - H 0()? , D(Xi"’k) ) and exactly as in page 45, we

can show that d)%m’k) factors through a morphism
T —
o0 ; p(T) 7 <HO <X, @D%”’“) ) — H° (X, z (D(m»k))).

Here Z (DK denotes the center of D"k, We have the following definition.

Definition 5.2.1. Let 4 : DY (T(k)) — o be a character of the distribution algebra DU(T(k)). We define the sheaf of
(m,k)

level m integral twisted arithmetic differential operators with congruence level k, D X 42

on the flag scheme X by
DY 1= D) @ ey 0-

By 5.1.9 we have the following result.

Proposition 5.2.2. Let U € S. Then Dg:'f’f)IU is isomorphic to Dg"’k) | as a sheaf of filtered o-algebras.

By using the preceding result, we can conclude as in proposition 2.5.8.

Proposition 5.2.3. The sheaf ’DE:””;‘) is a sheaf of O x-rings with noetherian sections over all open affine subsets of X.

Definition 5.2.4. We will denote by

Smk) . _ 1 (m,k) s _j+1y(m,k)
Des = LEDX,A /P Dy
j

the p-adic completion ofD;"f) and we consider it as a sheaf on X. Following the notation given at the beginning of this

work, the sheaf ‘@(xm/lkép will denote our sheaf of level m twisted differential operators with congruence level k on the formal

flag scheme X.

Using proposition 5.2.2, we can conclude, as in proposition 2.5.12, that

Proposition 5.2.5. (i) There exists a basis A of the topology of X, consisting of open affine subsets, such that for every
U € A the ring @;m/’lk)(l[) is twosided notherian.

(ii) The sheaf of rings @;tm,l% is coherent.

Using the morphism dbg;"’k) and the canonical projection from D) onto Dg:"’f) we can define a canonical map

(k) . gmk) _ )
oY) T AY - DY (5.14)

The same reasoning given in proposition 2.5.13 shows the following result.

4We have abused of the notation and we have called all this maps 1. The reasons is that by 2.5.2 all these maps induce the same character of t; .
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(m,k)

Proposition 5.2.6. (i) There exists a canonical isomorphism Sym"™ (w*Ty) ~ gr,(DX 3

(m.k)

(ii) The canonical morphism @'~

is surjective.
(iii) The sheaf D;"’f) is a coherent A(;(n’k)-module.

Notation: From now on, we will fix again a character 4 : Dist(T) — o of the distribution algebra Dist(T), such that

A+ p € t7 is a dominant and regular character of the Lie algebra t; (cf. 2.5.3). By abuse of notation we will denote by
A : DY(T(k)) — o the character induced by specialising in the parameter t = w*.

(m,k)
X,A
The preceding proposition and the same arguments given in proposition 2.6.4 give us the following result

By construction, we know that D lx, = D, is the usual sheaf of twisted differential operators on the flag variety X .

Proposition 5.2.7. Let us suppose that A . Dist(T) — o is a character of the distribution algebra Dist(T), such that
A+ p €t} is a dominant and regular character of 1.

(i) Letusfixr € Z. For every positive integer | € Z, the cohomology group H' (X, D;"’k)

(1) has bounded p-torsion.

(ii) For every coherent Dg:"’f)—module &, the cohomology group H (X, £) has bounded p-torsion for all | > 0.

5.2.1 Passing to formal completions and cohomological properties

Let & be a coherent @;mik) -module. By applying the same result as in proposition 3.1.2 we can find r{(&’) € Z such that,
for all » > r;(&) there is a € Z and an epimorphism of ﬁ@;m/’lk)-modules
A @a
(.@;mi’”(—r)) ~ & 0. (5.15)
Moreover, there exists (&) € Z such that, for all r > r,(&£’) we have
H'(%,8(r)) =0 forall >0,

The same inductive argument exhibited in the second part of proposition 2.6.4 and (5.15) give us (cf. corollary 3.1.3)

Corollary 5.2.8. Let & be a coherent @;mik) -module. There exists ¢ = ¢(&) € N such that for all | > 0 the cohomology
group H'(X, &) is annihilated by p°.

Let us fix a coherent .@;m/’l%—module % . By definition, the sheaf @;m/l% satisfies [6, Conditions 3.4.1] and therefore by [6,
Proposition 3.4.5] we can find a coherent @;m/’lk)—module & such that # = & ®, L. This relation and (5.15) allow us to

find r(.%#) € Z such that, for every r > r(.%) there exist a € N and an epimorphism of 20 _modules

%40
PN Sa
(m,k)
(7% m(—r)) =7 =0 (5.16)
Moreover, corollary 5.2.8 implies that
H'(X,.7)=H'(X,6 ®,L)= H(X,6)®, L =0 forall I>0. (5.17)

5.2.2 Calculation of global sections

Let y; : Z(g;) — L be the central character induced by 4 € t* via base change and the classical Harish-Chandra
isomorphism (section 3.2). As before, we denote by Ker(y, p),J 1= D"(G(k)) n Ker(y g p), and we consider the central
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redaction
D"(G(k)), := D"(G(k)/ D" (G(k)Ker(¥;4,)o-

which is clearly an integral model of U(g;); :=U(g;) ® 2@ Hie L. Let ﬁ('")(G(k)) , be the p-adic completion.

Let us consider d>(im’k) : D (G(k)) » HO(X, D;"’f)) defined by taking global sections in (5.14). This morphism induces,

by construction, the following commutative diagram

(m.k)

D
DM(G(k)) ——S HO (X,D()'("f)>

| [

Ulg)) —2—y HO(X,.D,).

As before, by the classical Beilinson-Bernstein theorem [3] and the preceding commutative diagram, we have that (D;m’k)

—(mk
factors through a morphism CDilm = D™(G(k)), —» H(X, D0

Y., ) which becomes an isomorphism after tensoring with

k)L . . .
L. Then lemma 3.2.1 implies that 5;’" ) gives rise to an isomorphism

~ >~ - ,k)
P™(G(k)), ®, L— HO (X,D()’Zi ) ®, L.
Proposition 3.1.1 together with the fact that X is in particular a noetherian topological space gives us

D™ Gk, ®, L— H (2.575). (5.18)

5.2.3 The arithmetic Beilinson-Bernstein theorem with congruence level

5.2.9. Let E be a finitely generated ﬁ(m)(G(k)),L@ = 5('")(G(k))/1 ®, L-module. As in section 4.1 we define foc;m;lk)(E)

as the associated sheaf to the presheaf on X defined by

£5(mk) ~
UC X+ Qx’i,@(u) ®D(”’)(G(k))z,@ E.
It is clear that foc;m;lk) is a functor from the category of finitely generated ﬁ(’”)(G(k)) s.0-modules to the category of

(m.k)
coherent @x’ A’@-modules.

Following the same lines of reasoning in theorem 3.4.2 we have

Theorem 5.2.10. Let us suppose that A : Dist(T) — o is a character of the distribution algebra Dist(T), such that

A+pe tz is a dominant and regular character of t.

(i) The functors £ oc(xm;lk) and HO(X, s) are quasi-inverse equivalences of categories between the abelian categories of

finitely generated ﬁ(’")(G(k)) a.0-Mmodules and coherent @(xm/’{%—modules.

(ii) The functor & oc(xm;lk) is an exact functor.

;
5.3 The sheaves ‘@x,k ;

Thorough this section we will suppose that A : Dist(T) — o induces, under the correspondence (2.26), a dominant
and regular character of t;. We recall for the reader that the induced character of D)(T(k)) will also be denoted by
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0. We will study the problem of passing to the inductive limit when m varies. First of all, let us recall that the canonical
morphism D(),;") - Dg;"“) is T-equivariant (5.36) and by construction, the induced map between the Rees rings R(D;")) —

R(D;”H)) is T-equivariant. We have the following diagram

i (4() (77°)

Lk
i (P)

=
—_
/N
=
/N
)
<y
R
N
/

- (r(27)) > o (D)
)/ /

o (D19)
X

~

o (in (o)

Except for the right lateral face, the other faces of the cube form commutative diagrams either by T-equivariance of the

map R(D;T)) — R(D%"H)) or by functoriality on the commutative diagram (which comes from the exact sequence (5.10))

(m) (m,k)
(o) — o8

! l

(m+1) (m+1,k)
R(o2) — 5

but, by construction (cf. proposition 5.1.6), this forces the commutativity on right lateral face, which means that the
canonical map Dg"’k) - D;"’k) is also T-equivariant. We dispose therefore of a morphism DK} — Dm+lL.k)  The
commutativity of the diagram

D™ (T (k)) ,
=2
DmD(T (k)

N (m.k) (m+1,k) . : :
implies that we also have maps D Xa = D XA and in consequence an inductive system

Smk) | Smrlk)
‘@x,/l e@x’ﬂ . (5.19)

Definition 5.3.1. We will denote by DL the limit of the inductive system (5.19), tensored with L

X k,A
Dy, = (h_r)n @gg’”) ®, L. (5.20)
m

Let & be a coherent 2. -module. As in lemma 4.2.5 we can find m > 0, a coherent @;’"&%

Xk -module &), and an isomor-
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. +
phism of .@x,k’ ,-modules

D @ & — &
Xk, A @x,&@ m

Using this isomorphism and (5.16) we can conclude that there exists r(&) € Z, such that for all r > r(&) thereis a € N

and an epimorphism of 7, , _-modules

¥ ®a
(@:{,k,ﬂ(_r)> - & - 0.
Moreover, by (5.17) we have for every i > 0

H'(%, &) = lim H' <3€ DL ® s g;,,) =0.

x,4,0Q
Iom A0

Let D(G(k)), i=lim D™ (G(k)), ®, L. By (5.18) and using the same reasoning that in theorem 4.2.1 we have

Theorem 5.3.2. Let us suppose that A : Dist(T) — o is a character of the distribution algebra Dis(T), such that A+p € t}

is a dominant and regular character of t1.

(i) The functors £ oc;€ i and HO(X, ) are quasi-inverse equivalence of categories between the abelian categories of

coherent (left) 9; -modules and finitely presented DY (G(k)) ,-modules.

Sk, A

(ii) The functor £ oc; i 1s an exact functor.

5.4 Linearization of group actions

Let us start with the following definition from [30, Chapter II, exercise 5.18] (cf. [16, Definition 3.1.1]).

Definition 5.4.1. Let Y be an o-scheme. A (geometric) line bundle over Y is a scheme L together with a morphism

7w . L =Y such thatY admits an open covering (U,),c satisfying the following two conditions:
(i) Foranyi € I there exists an isomorphism y; : ﬂ_l(Ui)i» Ab.

(ii) Foranyi,j € I and for any open affine subset V- = Spec(A[x]) € U; N U; the automorphism 0;; : u/jou/i_l ly :
A:, - A%, of A{, is given by a linear automorphism Hiuj of A[x]. This means, H?j(a) = a forany a € A, and
by .
Hij(x) = a;;x for a suitable a;; € A.
In the preceding definition, the scheme L is obtained by glueing the trivial line bundles p; ; : U; X A}) — U, via the linear

transition functions (g;;). Thus, each fibre L, is a line, in the sense that it has a canonical structure of a 1-dimensional

affine space.

Definition 5.4.2. Given a line bundle = : L — Y and a morphism ¢ : Y' — Y, the pull-back ¢*(L) is the fiber product
L xy Y’ equipped with its projection to Y.

Now, let 7 : L — Y be a line bundle over Y, then a section of x over an open subset U C Y is a morphisms : U — L

such that wos = idy;. Moreover the presheaf £ defined by
UCY — {s:U—->L| s isasectionover U}

is a sheaf called the sheaf of sections of the line bundle L. This is an invertible sheaf (i.e., a locally free sheaf of rank 1).
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On the other hand, if £ is a locally free sheaf of rank 1 on Y and we let

V(©) :=Spec, (Symo, (©))

be the line bundle over Y associated to £ [27, 1.7.8], then we have a one-to-one correspondence between isomorphism
classes of locally free sheaves of rank 1 on Y and isomorphic classes of (geometric) line bundles over Y [30, Chapter II,
Exercises 5.1 (a) and 5.18 (d)]

{Isomorphism classes of locally free sheaves of rank 1} <« {Isomorphic classes of line bundles}
& — V(EY) (5.21)
L “ L

Let # : L — Y be a line bundle over Y, let £ be its sheaf of sections and ¢ : Y’ — Y a morphism of schemes. Let
us calculate the sheaf of sections of the pull-back line bundle ¢*(L) := L Xy Y’ — Y. First of all, under the previous
correspondence we have L = V(LV). Therefore by [27, Proposition 1.7.11 (iv)] there exists canonical isomorphisms

¢*(L) = ¢*(V(LY) = V(¢™ (L) = V(@" (L)),

where the third isomorphism is just the fact that £ is free of finite rank. Again, by the preceding correspondence we can
conclude that the sheaf of sections L ) equals ((¢*(£))")" = ¢*(L).

We end this digression about line bundles by pointing out to the reader that if # : L. — Y is a line bundle over Y and
¢1,¢, 1 Y = Y are two morphisms from a scheme Y’ to Y such that q’)’f(L) ~ d);(L), then d)T(ﬁ) ~ d);(ﬁ).

Let us suppose now that Y is endowed with a right G-action, this means that we have a morphism a : Y Xgpe00) G = Y.

In particular, for every g € G(o) we dispose of a translation morphism
idyXg a
pg Y=Y XSPCC(D) SpeC(D)—-—> Y XSPCC(D) G—Y

In the next lines we will study (geometric) line bundles which are endowed with a right G-action.

Definition 5.4.3. Let = : L — Y be a line bundle. A G-Linearization of L is a right G-action p @ L Xgpe.0) G = L
satisfying the following two conditions:

(i) The diagram

I
L Xgpee(0) 6 —> L

\LﬂXidG \L”

Y ><Spec(r)) G % Y

(ii) The action on the fibers is linear. This means that for every x € Y and g € G(o), the morphism on the fibers

L, — L,.,, induced by the commutative diagram

LL)[J

is o-linear.
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Let g € G(o) and let us suppose that ¥ : (L) — p}(L) is a morphism of line bundles over Y Xgp..(,) G. Let us consider
the translation morphism

idyXg a
pg Y=Y XSpec(o) Spec(o)—> Y XSpec(o) G—Y.

We have the relations (idy X g)*a*(L) = pZ(L) and (idy X g)* pT(L) = L. So every morphism of line bundles ¥ : a*(L) —
p’f(L) induces morphisms ¥, : p;‘(L) — L for all g € G(o). The following reasoning can be found in [23, Page 104] or
[16, Lemma 3.2.4].

Proposition 5.4.4. Let 7 : L — Y be a line bundle over Y endowed with a G-linearization f @ L Xgp,.5y G = L. Then
there exists an isomorphism

¥ a*(L) - piL)

of line bundles over L Xg,.(oy G, such that ¥, = ‘PgOp;‘(‘I‘h) forall g, h € G(o).

Proof. By definition of linearization we have the following commutative diagram

aXidg

O{*(L) sz Y xSpCC(D) G
]
L— " \vy.

By universal property there exists a unique morphism of line bundles y : pj(L) — a*(L), which is linear on the fibers
since so is f. Let g € G(o). To see that y is an isomorphism we can use the correspondence (5.21). In this case, if x € Y,
g € Gand y,, : L, — L,, denotes the respective morphism between the stalks, then y/, , is an isomorphism being
W(xg,g-1) the inverse.

Let g,h € G(o). Applying (idy X g)* to y we get the morphism v, 1 L — pZ(L) and given that g is a right action
(Pn © pg = pgp), it fits into the following commutative diagram

L —— M)

V/gh \L”Z’ (Wh )

pep (L) = py, (L.

Moreover, since v, ! L- ij(L) is an isomorphism for every g € G(o) (the fiber over x € Y coincides with l[/(x’g)) then

we can consider the morphism ¥, := Illg_l : pZ(L) — L which coincides with the fibers of the morphism
Y=y a*(L) - piL).

By construction, these morphism satisfy the cocycle condition of the proposition. This means that for every g, h € G(o),

we have

Yo =, 0 1)),
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Remark 5.4.5. Let ¢ : L — Y be a line bundle endowed with a G-linearization. Let L be the sheaf of section of L.
The morphism of the preceding proposition induces in a canonical way an isomorphism ® : a*(L) = p’l‘(ﬁ), and the
cocycle condition for ¥ implies that ® makes commutative the diagram (2.4) (to see the discussion at the beginning of [38,
Subsection 3.2]).

Let us suppose now that X := G/B is again the smooth flag o-scheme. Let us recall that by (2.19) we have a canonical
isomorphism T ~ B/N. This in particular implies that every algebraic character A € Hom(T, G,,,) induces a character of
the Borel subgroup 4 : B — G,,. Let us consider the locally free action of B on the trivial fiber bundle G X o over G given
by

b.(g,u) := (gb_l, Abu); (g€ G, beB, u € o).

We denote by L(1) := B\ (G X o) the quotient space obtained by this action.

Let # : G — X be the canonical projection. Since the map G X 0 — X, (g,u) — x(x) is constant on B-orbits, it induces
a morphism z; : L(4) — X. Moreover, given that x is locally trivial [40, Part II, 1.10 (2)] z; : L(4) — X defines a line
bundle over X [40, Part I, 5.16]. Furthermore, the right G-action on G X o given by

(o) e g~ (g 'go,u) (g €G, (gy,u) €G X 0)

induces a right action on L(4) for which L(A) turns out to be a G-linearized line bundle on X. By the preceding remark, the
sheaf of sections £(A) of the line bundle L(A) is a G-equivariant invertible sheaf. In fact, we can give a local description
of the sheaf £(A). If U C X is an affine open subset, then [40, Part I, 5.8 (2) and 5.15 (1)]

_ B
LAU) = (0, ®, olz~'(W)]) "
Here 0, = o is viewed as a B-module and the B-action is given by the action on o via 4 and the operation on o[z~1U]
derived from the action on z7~1(U) C G.
5.5 Arithmetic differential operators acting on a line bundle

We start this section by recalling to the reader that the sheaf Dg;") is endowed with a left and a right structure of O -

module. These structures come from the canonical morphisms of rings d;, d, : Oy — 771’;( (m)’ which are induced by

universal property (proposition 1.1.3) and the projections p;, py @ X Xgpee(p) X —= X. We have the following definition.

Definition 5.5.1. Let A € Hom(T, G,,) be an algebraic character. For every congruence level k € N, we define the sheaf
of level m arithmetic differential operators acting on the line bundle L(4), by

DW= L) @0, DY @0, L),

The multiplicative structure of the sheaf Dg;"’k)(/l) is defined as follows. If &V, ¥ € L(1)V, P,Q € Dg;"’k) anda, f € L(A)
then

t®@PRa’fRO®F =a®P(a’.f)0®p". (5.22)
Moreover, the action of Dg;"’k)(/l) on L(4) is given by
(1Q@PQ1")es = (Pe<t¥,s>)1 (s,1 € L(A) and 1V € LDY).

Remark 5.5.2. Given that the locally free O y-modules of rank one L(4)Y and L(A) are in particular flat, the sheaf
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plm k)(/l) is filtered by the order of twisted differential operators. This is, the subsheaf D(m k) of Dg'("’k), of differential
operators of order less that d, induces a subsheaf of twisted differential operators of order less than d defined by

k k
DY) i= L(A) ®o, DYy ®0, LAY,
and given than the tensor product preserves inductive limits, we obtain

DO = 1im DY (D).
d

Moreover, the exact sequence

(mk) ) (m ) am(m.k)
0Dy = Dyy »DPxy/Pxy =0

induces the exact sequence

0 DY (D) = DY) — L) ®p, DY /DY ®0, L)Y =0

which tells us that
&r (D;n’k)(/l)) =~ L(A) ®o, & (D?’“) ®0, L)Y = gr (Dg;n,k)> '

The second isomorphism is defined by a @ P ® a” +— aV(a)P. This is well defined because gr (Dggn’k)) is in particular

a commutative ring.

Proposition 5.5.3. There exists a canonical isomorphism of graded sheaves of algebras

gr. (Dg:,"’k)(/l)) = Sym(m)(wk’ﬁ().

Proof. By (1.3), and the fact that D(}?’k) and wk’7}( are locally free sheaves (and therefore free w-torsion) we have the
following short exact sequence

0— D;":)l Dg;"j) N Symg") (wkTX) -0

which gives us the isomorphisms
Sym™ (w*Tx) ~ gr. (Dg"’k)) ~gr, <D§"’k)(ﬂ)> .
O

Proposition 5.5.4. Let A € Hom(T, G,,) be an algebraic character. For every congruence level k € N, the sheaf D();"’k)(/l)

is a G-equivariant quasi-coherent O y-module.

Proof. The proposition is an immediately consequence of remarks 5.1.7, 5.4.5 and proposition 2.2.4. O
5.5.5. Sheaf of differential operators.

Let us briefly recall the construction of the sheaf of differential operators over the smooth o-scheme X [29, 16.8.4].> If T
is the ideal of the diagonal embedding X — X X, X, we denote by P;'( =0 X, X /Z"*! the sheaf of principal parts. We

SThis construction is in fact more general and is made for an arbitrary smooth o-scheme.
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put

Dy :=|J Homo, (Py.Ox).

neN

The reader can take a look to [29, 16.8.10] to check that Dy is in fact a sheaf of rings. What will be important for us is
the following local description. As before, let us suppose that U C X is an affine open subset endowed with coordinates
Xy,..., Xy Let axl Y eees axM be the dual base of the sheaf of derivations, and for every 1 < i < M and / € N we denote by
0)[61[] € Dy (U) the differential operator defined by / !0)[!’_] = di - Finally, using multi-index notation, for [ = (/y,...[,,) € NM |

we put 9! = HZZ ) ai’,_"]. One has the following description [29, 16.11.2.2]

<o
Dy(U) =1 a0 | a; € Ox(U)
]

Furthermore, if p, : X X, X — X denotes the second projection, then we have a canonical map d, : Oy — P} which
induces a structure of (left) D y-module on Oy. This is given by

dy P
Ox—> PL— Oy (P € Dy).

Finally, by [6, Proposition 1.4.5] we dispose of canonical morphisms Py — PY ()’ from the sheaf of principal parts to

the sheaf of level m divided powers. Taking duals we get O y-linear homomorphisms Dg'("il — Dy and passing to the
inductive limit we get a canonical morphism of filtered rings [6, (2.2.1.5)]
DY - Dy. (5.23)

In particular, by construction, we have a canonical homomorphism of filtered rings

DU - Dy (5.24)

Let .Z(4) be the formal w-adic completion of the sheaf of section £(4) of the fiber bundle L(4). We regard this sheaf as

an invertible sheaf on Oy. As before, we will consider the following sheaves of w-complete algebras

N * A P ) . & A~ .
I = lim DY@ DEE, g = <11_r>n 24 >> ®, L and Jx :=limDy/o/*'Dy,  (525)
JEN meN JjeN
Let U C X be an affine open subset of X endowed with local coordinates x, ..., x, and let I/ be the formal completion

of U along the special fiber U[Fq. By using multi-index notation, every section P € @;m’k)(bl ) (resp. P € @x(u )) can be
written in a unique way [6, (2.4.1.2)]

P=

wklel 4,0  (resp. P = aUQ[E]) (5.26)

=M 8
|cM8

where the sequence (a;) € T'(U, Ox) tends to 0 for the w-topology. Furthermore, if | « | is a Banach norm on the affinoid
algebra (935’@ [6, 2.4.2] then by [37, Subsection 2.1] we have

5, U = {Z @t%a,d¥ | a, € Ox o), and 3C >0, n<1 |la,| < cnlﬂl} :
L
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The sheaves (5.25) define the twists
@;m,k)(ﬂ) =2 ®0, @(xm,la ®0, L)Y and -@x 1= 2(A) ®0, -@x ®0, 20y,
and we can define
Py D) 1= L B0y, Vs B0y LW

Remark 5.5.6. The preceding sheaves can also be defined as the w-completion of the sheaf of arithmetic differential

operators acting on the line bundle L(A). This means that
.@;,k(ﬂ) = lim <1(£ Dgg”’k)(/l)/wf“Dg;"”‘)(z)) ®, L.
meN \jeN

We will use this isomorphism in the next subsection.

Remark 5.5.7. IfU C X is an open affine subset of X, then proposition 5.5.3 tells us that the graded algebra gr, <D;”’k)(/l)(U ))

is isomorphic to Sym™ (wk'TX(U)) which is known to be noetherian (subsection 1.3). Therefore, the sheaf D(}'("’k)(l) has
noetherian section over all open affine subset. By using the same reasoning that in lemma 2.5.12 we can conclude that the

sheaf @g’g )(/l) is coherent.

5.5.1 Local description

We have the following local description for the sheaves D;"’k)(/l).

Lemma 5.5.8. There exists a covering P of X by affine open subsets such that, over every open subset U € 2 the rings
Dg”’k)(/l) and D;]m’k) are isomorphic.

Proof. Let’s first recall the following relations from [6]. First of all, for v = v/ + v", with v/, 0" € N, let v = p™q + r,
v = p"q + 7 and v = p"q"" + '’ be the euclidean division of v, v’ and v" by p™. We define the modified binomial

coefficients [6, 1.1.2.1]
vl ._ ¢
o q'g" :

. M
For multi-indexes v, v/, v" € NM such that v = v/ + v we can define v! = [],Z, v;! and

v q'
o T g

Finally, if U C X is an affine open subset endowed with local coordinates x, ..., X, for every v € NM and f € 0x)
we have the following relation [6, proposition 2.2.4, iv]

Ivf= ) { 9,}2<2/>(f)2<2”> e D" = p.

v+=y \Y

Now, let’s take an affine covering % of X such that for every U € %, U is endowed with local coordinates and there
exists a local section & € L(A)(U) such that L(1)|y = aOy and Z(1)Y |y = a¥ Oy, where aV denotes the dual element
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associated to a. Let’s show that

Dgn’k)(/l) _ @ wk|g|an ® 9 ®a. (5.27)
L

It is enough to show that for every v € NM and f,g € Oy the section a ® wklel 0°Y> @ ga" belongs to the right side
of (5.27). In fact, from the first part of the proof

a®wk|£|fg<2> ® gaV
=« ® wk|2|fg<g>g ®a\/
— k|| v 0<U> 0<U >
a@wtllf Y {2 } ()9~ ®a”

2,+E”=E

Z wklvlf{ }a<l} >(g)a®a<v >® \/

v+v'=v

Let’s define 0 : Dg"’k)(/l) - Dg"’k) by 0 (wk|2|fa ®IY ® aV) = wk|2|fg<5> and let’s see that 8 is a homomorphism
of rings (the multiplication on the left is given by (5.22)). By (5.27), the elements in D(L'["’k)(/l) are linear combinations of
the terms w*% fa ® 0<% ® a" and therefore, it is enough to show that 6 preserves the multiplicative structure over the
elements of this form. So, let’s take v,u € Nand f, g € Oy. On the one hand

0w fa @ 0P ®a e o il gq @ I @ aY)
= e(wk|2|fa ® a<2>wk|2|ga<g> ®aY)

=0 Z wk|U|f{ }a<U >(wk|u| )(X ® a<U >a<u> ® a

v'4v=v

and on the other hand

0" fo ® 0 @aY). 0(wlga @ I ®aY)
— wk|g|fg<£> . wk|ﬂ|ga<ﬂ>

2 wk|U|f{ }a<v >(wk|u|g)a<v >a<u>

v+u'=v

Both equations show that 6 is a ring homomorphism.
Finally, a reasoning completely analogous shows that the morphism 6~! : Dg" ) Dg"’k)(/l) defined by

07! (@ o) = o'l fa @ 9 @ a¥

is also a homomorphism of rings and #of~! = =10 = id. This ends the proof of the lemma. O
By [37, Proposition 2.2.11] the morphisms of sheaves @;’"g ) are left and right flat. Using this fact and the same arguments

given in proposition 4.2.4 we can conclude the following result.

Proposition 5.5.9. The sheaf of rings .@; (4 is coherent.

Remark 5.5.10. The cohomological properties of the sheaves .@(m 0) (A) and ;0(/1) have been studied in [35] and [39].
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By definition Dg;"’k)(/l)b(L = L(41) ®OXL Dy, ®OXL L(Ap)Y, where A; := A ®, 1;. Then in order to apply the
arguments of Huyghe-Schmidt in [35] and [39], as we have done in section 5.1.3, we need to find an explicitly description
of gr,(Dg'("’k)(/l)) and a canonical epimorphism of filtered o algebras .A(;"’k) - Dg?"’k)(l) asin (5.12).

Proposition 5.5.11. There exists a canonical homomorphism of filtered o-algebras
®™h : D (G(k)) — HO <X, D(};””‘)(A)) .
Proof. By proposition 1.5.3, there exists a morphism of sheaves of filtered o-algebras
A0 DO ), (5.28)

Let’s first show that after specialising in w* the Rees ring associated to the twisted order filtration of Dg;"’(? we get D(;("’k)(/l).
0>

To do that, we consider D(;("’O) filtered by the order of differential operators and we define the following homomorphisms
of O x-modules

0
LA ®o, R(DYY) &0, LU T; R(DYO). (5.29)

0<a®21’iti®av>=2(a®l’[®av)ti

with ord(P;) = i for every i in the sum, and

6! (Z(aj ® P, ®a}/)tj> = Zaj ®Pjtj ®a}/
J J

with ord(Pj) = j for every j. It’s clear that 000~ = #~1ob = id and therefore (5.29) is an isomorphism of O y-modules.
We remark that an easy calculation shows that (5.29) is in fact an isomorphism of rings.

Let’s denote by 6, : R (Dg:"’o)(ﬂ)> - Dg?"k)(l); t+— wkandbyo, : R <D();"’O)> - D(;"’k); t — wk, and let’s consider
the following diagrams

L) ®o, R (DY) &0, LU (;%; R(DY)

id)®02®id v \Lﬂl
m,k
DY ()

It is straightforward to check that both diagrams are commutative and given that  and #~! are isomorphisms we can
conclude that

(D(}'(’:)’O)(ﬂ)>wk = Im(0,) = Im(id ;) ® 0, ® id ;)
= L) ®0, Im(y) ® 0, LI
= LW ®o, (DY) | @0, LB
=D (A).
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On the other hand, taking the natural filtration of A(Xm’O) we have
R(AG) = Ox ®, R(D™(G(0))

and therefore (A();"’O))wk = A(;"’k). The above two calculations tell us that passing to the Rees rings and specialising in
w* the map (5.28), we get a homomorphism of filtered sheaves of o-algebras

O s AP - DO ). (5.30)
Taking global sections we obtain the morphism ®"-K)(}) of the proposition. O

We recall that the right G-action on X (cf. remark 2.4.1) induces a canonical application
Ox®,9—- Tx (5.31)

which is surjective by [35, Subsection 1.6]. By using proposition 5.5.3 and the fact that gr(.A(;"’k)) =0y ®, Sym™(g)
. (mk) . L .
imply that @', "™ is also a surjective morphism.

By using the preceding proposition we can apply the arguments in [39, Subsection 3.2.4] (exactly as we have done in
sections 3.2 and 5.2.2) to obtain

Proposition 5.5.12. Let A € Hom(T,G,,) be an algebraic character such that A + p € t] is a dominant and regular
character of t;. Then

H° (35 _@%‘)u)) = D™ (Gk), ®, L and H° (35 9;(/1)> = D'(G(k)),

Remark 5.5.13. The preceding proposition implies that the operators introduced in this section and the ones introduced
in the preceding section have the same global sections if A € Hom(T,G,,) is an algebraic character such that A+ p € t*

is a dominant and regular character of the Lie algebra t*L.

By replying the same lines of reasoning given in section 5.3 we can define the localization functors Eoc; (4) and

Cocgeml’ck)(ﬂ) in the setting of this section and we have the following central result.

Theorem 5.5.14. Let A € Hom(T, G,,) be an algebraic character which induces, via derivation, a dominant and regular

character of the L-Lie algebra tp.

(i) The functors £ oc(xm’k)(/l) and HO(X,s) (res. £ oc; k(ﬂ) and HO(%,+)) are quasi-inverse equivalence between the

abelian categories of finitely generated 5('")(G(k)) 2 ®, L and coherent é(xméf )

D (G(k)) ;-modules and coherent @; (D).

(A)-modules (resp. finitely presented

(m,k) T

(ii) The functor gocx (A) (resp. gocx k(/l)) is an exact functor.

Remark 5.5.15. Let A € Hom(T,G,,) be an algebraic character and let A' : Dist(T) — o be the character of the
distribution algebra Dist(T), induced by A under the correspondence (2.26). For every k € N, we have built surjective
canonical morphisms of filtered o-algebras ((5.14) and (5.30))

(mk) . p(m.k) (m,k) (mk) . p(m.k) (m,k)
o ALY > DA and D DAY _)DX,/V‘

As before, we can conclude that

Zoc!

. HO(X, vy
{Coh. 9& k(/l) — modules } # {Finitely presented DT(G(k))ﬂ — modules} LN {Coh. @; P modules} .
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5.6 Group actions

We start this section with the following notation (cf. 2.2.5).

We recall that G acts on the right on the flag 0-scheme X = G/B. Letus denote by @ : X Xgpe (o) & — X this action. Asin
225, let X; 1= X Xgpec(o) Spec(o/w'*1). The scheme X; is endowed with a right G;-action a; : X Xspec(o/wit) B = Xj.
Letus denote by y; : X; & X and 0; : X; Xgpe(o/mi+l) Gi = Xit1 Xspec(o/mi+?) Giy1 the closed embeddings. Let ©
denote the formal completion of G along its special fiber G[Fq.

For every i € N let £(4); := y*(L(4)). By remark 5.4.5 the sheaf £(4) is endowed with a G-equivariant structure
® : pH(L()— a*(L(A)) such that

D;
P} (L)) ————— G (L))

\bl \bl
0; (@1y1)

07 P11 (L(A)iy1) ——% 07, (L)),

is a commutative diagram. This implies that Z(4) = l(i_lmEN yi*(ﬁ(/l)) is a B-equivariant line bundle over X.

As we have done in proposition 5.4.4 (cf. [38, 3.3.2]), for every g € ®(p) = G(o) there exists an isomorphism

idgXg a
Py i X—— X Xgpee(o) X— X.

This morphism and the ®-equivariant structure of -#’(4) induces an Ox-linear isomorphism @, : £(1) = (p,),(Z(4))

verifying the cocycle condition

Dy = () (@) 0 @, and (g, h € G(o)). (5.32)

Now, as X is locally noetherian its ideal of w-torsion is locally annihilated by a power of @ . By (5.26), for every m < m’

the morphisms @x Q < ‘@x Q induced by functoriality on the canonical morphisms D~ — D, ", are injective as

well as the morphism @;’"g ) o @x induced by (5.24) and we get the injections ([6, 2.4.1.5])

(0,k) 5 (1,k) S (m,k) i >
Do) = Gl o o GV o o gl o D, (5.33)

On the other hand by passing to the projective limit, the sheaf @x acts on Ox g (resp. Ox C Oy ) and therefore
Dx0d) = ZL(A)g xo %0 ®0 xo A (A)é acts on the line bundle .Z’(4)q (resp. the line bundle .Z’(1) C .Z(1)g) by

(s@P@sY)et:=Pe(sV.t)s (PETgq. s.1€L(Ag and s¥ € LY. (5.34)

By lemma 5.5.8 and (5.33) we can conclude that @; k(/l) C @x’@(i) and therefore the line bundle .#'(1)q is also a (left)
@; k(i)—module (resp. .Z(4) € £ (A)g). In particular, we have an induced G(o)-action on the sheaf @; (D

Tyt Dy (D) = (0 Ty (), Pr>®yoPo(@) (5.35)
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Locally, if { C X and P € @; k(/l)(l/l ) then Tg(Z/I )(P) is given by the following commutative diagram

LU --==-- > LU

-1
\ang, y D, MT

LU ——E— 2.

The cocycle condition (5.32) tells that the diagram

LHU-hgy™) = LDU-g~"h™h Ton e/B) . LU
lq);-lu-g“ =00 g1 = P, uT
LAHU.g™ LUg (5.36)
los o]
LA . > LU

is commutative and we get the relation

The = (pg), ThoT, (g.h€Gy). (5.37)
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Chapter 6

Twisted differential operators on formal
model of flag varieties

Through out this chapter X = G/B will denote the smooth flag o-scheme and 4 € Hom(T, G,,) will always denote an
algebraic character. As before, we will denote be L£(4) the (algebraic) line bundle on X induced by A. In this chapter
we will generalize the construction given in [36] by introducing sheaves of twisted differential operators on an admissible
blow-up of the smooth formal flag o-scheme X. The reader will figure out that some reasoning are inspired in the results
of Huyghe-Patel-Strauch-Schmidt in [36].

6.1 Differential operators on admissible blow-ups

We start with the following definition.

Definition 6.1.1. Let Z C Oy be a coherent ideal sheaf. We say that a blow-up pr : Y — X along the closed subset
V(Z) is admissible if there is k € N such that w*O C T.

Let us fix Z C Oy an open ideal and pr : Y — X an admissible blow-up along V' (Z). We point out to the reader that Z is
not uniquely determined by the space Y. In the sequel we will denote by

ky :=mIin min{k € N | w* € T},

where the first minimum runs over all open ideal sheaves 7 such that the blow-up along V' (Z) is isomorphic to Y.

Now, as Z is an open ideal sheaf, the blow-up induces a canonical isomorphism Y; =~ X; between the generic fibers.

Moreover, as w is invertible on X;, we have Dg;"’k)| x, = Dxlx, = Dy, the usual sheaf of (algebraic) differential

operators on X ; . Therefore pr~! (D;"’k)> ly, = Dy, . Inparticular, OYL has a natural structure of (left) pr—! (D;"’k)) ly, -
module. The idea is to find those congruence levels k € N such that the preceding structure extends to a module structure
on Oy over pr! (Dg;"’k)) Let us denote by

Dt = (DY) = 0y @0, pe DY @

The problem to find those congruence levels was studied in [36] and [37]. In fact, we have the following condition [36,
Corollary 2.1.18].

Proposition 6.1.2. Let k > ky. The sheafD;m’k) is a sheaf of rings on Y. Moreover, it is locally free over Oy.

91
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Explicitly, if 9;, d, are both local sections of pr‘1 (D(};"’k)>, and if f}, f, are local sections of Oy, then

(f1®01)+(f2®0y) = [10,(f2) ® 0, + [/, ® 0,0,.

We have all the ingredients that allow us to construct the desired sheaves over Y, this is, to extend the sheaves of rings
defined in the preceding chapter to an admissible blow-up of X. Let k > ky fix. Let us first recall that taking arbitrary
sections P, 0 € Dg:"’k), s,t € L(A)and sV,1¥ € L(A)V (the last two not necessarily the duals of s and ¢) over an arbitrary
open subset U C X, the multiplicative structure of the sheaf Dg"’k)(l) is defined by (cf. (5.22))

SOP®s"+1Q0®1"=s®@P(s',1)0Q1".
Now, if pr: Y — X denotes the projection, we put
DI () 1= pr* (D;"’k)(/l)) .
By the adjointness property of pr* and pr, we have a canonical isomorphism of O y-modules
pr.# omg (pr'&, F) =~ Homp (€, pr,F)
where £ is an O y-module and F is an Oy-module. In particular, we have the following isomorphism

Hom (pr*Dg;"’k) ®0, prL(A)Y, .7:> = Hom <pr* (Dg:"’k) ®o, E(/l)v) , .7:> ,

which tells us that pr* Dg;"’k) ®p, pr*L(4)" and pr (Dg;"’k) ®o, ﬁ(/l)v> are canonically isomorphic. By applying once

again the preceding reasoning we get
'D(m’k)(/l) = pr* L(4 *rD(mJC) =LY
Y =pr L) ®p, pr'Dy" Qp, prL(4)".

In consequence, the preceding isomorphism and proposition 6.1.2 allow us to endow the sheaf of Oy -modules D;m’k)(/l)
with a multiplicative structure for every k > ky. On local sections we have

SOP®s'+1®0Q®1" =s@P(s',1)0®1",

where 5,7 € pr*L(4), sV, 1V € pr*L(4)” and P,Q € Dgfm’k)'
Let %) be the completion of Y along its special fiber Yqu =Y Xspec(o) SPEC(0/@).

6.1.3. In this work we will only consider formal blow-ups %) arising from the formal completion along the special fiber of
an admissible blow-up Y — X (cf. proposition 6.3.1 below). Under this assumption we will identify k, = k).

Definition 6.1.4. Let pr : Y — X be an admissible blow-up of the flag variety X and let k > ky. The sheaves
A0mk . . & ‘ Kk e T SOmk
@;TQ)(A) = (m DO e DY >(,1)> ®, L and %’ku) 1= lim %"f@)(/l).
ieN meN
are called sheaves of twisted arithmetic differential operators on 9).

Proposition 6.1.5. (i) The sheaves Dg,m’k)(/l) are filtered by the order of twisted differential operators and there is a

canonical isomorphism of graded sheaves of algebras

g (DY) = Sym™ (wprTy)
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where k > ky.

(ii) There is a basis for the topology of Y, consisting of affine open subsets, such that for any open subset U € Y in this
basis, the ring Dg,m’k)(ﬁ) (U) is noetherian. In particular, the sheaf of rings Dg,m’k)(l) is coherent.

(iii) The sheaf @;méf )(/1) is coherent.

Proof. We have an exact sequence of O y-modules

0= D, = Dt Syl (T =0

Taking the tensor product with £(A) and £(A)" on the left and on the right, respectively, and applying pr* we obtain the

exact sequence (since Sym;m)(wk Tx) is a locally free O y-module of finite rank)
0— Dg/"zk_)l(/l) - D(Y"”(’jk)(i) - pr'L(d) ®p, Symfim) (w*pr*Ty) ®o, PriL(d)Y =0,
which implies (i) because

pr*L(A) ®p, Sym™ (w*pr*Ty) ®p, prL(A)" =~ Sym™ (w*pr*Ty)

by commutativity of the symmetric algebra.

Let U C X be an affine open subset endowed with local coordinates x, ..., x, and such that L(1)|; = sOy for some
s € L(A)(U). Then, by lemma 5.5.8 we have the following local description for Dg,m’k)(l) onV =pr-(U)

<o
DY) = {Z @Ma,0(0) v= (v)....v5) €NM and a, € (’)Y(V)} .

By (i), the graded algebra gr, (Dg,m’k)(i)(V)> is isomorphic to Sym('") (wkpr*TX(V)) which is known to be noetherian
[34, Proposition 1.3.6]. Therefore, taking as a basis the set of affine open subsets of Y that are contained in some pr~!(U)
we get (ii). We also remark that, as Dg,m’k)(i) is Oy -quasi-coherent, and by (ii) in the actual proposition, it has noetherian
sections over the affine open subsets of Y (cf. [37, Proposition 2.2.2 (iii)]), it is certainly a sheaf of coherent rings [6,
proposition 3.1.3]. Finally, by definition, we see that @g"’k)(/l) satisfies the conditions (a) and (b) of 3.3.3 in [6] and hence
[6, Proposition 3.3.4] gives us (iii). O

Let us briefly study the problem of passing to the inductive limit when m varies.

Let U C X such that D;"’k)(/l)w ~ Dg;”’k)h] and let us take V' C Y an affine open subset such that V' C pr‘l(U ). We
have the commutative diagram

<
~

U

iy
pr pr
iy

—

S
S

s

which implies that D;m’k) D]y = D;m’k)lV, as sheaves of rings. In particular, if 8 denotes the formal p-adic completion
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along the special fiber V[Fq we have the commutative diagram (cf. proposition 2.5.12)

Ty D) — Tyt (a)®)

@ \bz (6.2)

T —— e,

Given that the morphism of sheaves ‘@é)mcf ) S .@g’g 1) is left and right flat [37, Proposition 2.2.11], the preceding diagram

m,k)

allows us to conclude that the morphism .@(2 Q A1) - @g’g ]’k)(/l) is also left and right flat. By proposition 4.2.3 we have

the following result.

Proposition 6.1.6. The sheaf of rings @; (A is coherent.
As we will explain later, there exists a canonical morphism of sheaves of filtered o-algebras!
k) . k
A = 0y ®, D™ (G(K) - DI (4)

which allows to conclude the following proposition exactly as we have done in the proof of proposition 3.4.1 (cf. [36,
Proposition 4.3.1]).

Proposition 6.1.7. Let A € Hom(T,G,,) be an algebraic character such that A + p € tz is a dominant and regular

character of t.

m,k)

(i) Let & be a coherent @é)m@lf )(ﬂ)-module. Then & is generated by its global sections as @é’ o
X ) .
(A)-modules.

& has a resolution by finite free @é) Q

(A)-module. Furthermore,

(ii) Let & be a coherent @; k(/l)-module. Then & is generated by its global sections as @; k(l)-module. Furthermore,
& has a resolution by finite free 9;) (A-modules.

6.2 An Invariance theorem for admissible blow-ups

Let pr : 9 — X be an admissible blow-up along a closed subset V(.#) defined by an open ideal sheaf .# C Oy. Using
(6.1.3), we can suppose that ) is obtained as the formal completion of an admissible blow-up Y — X (we will abuse of
the notation and we will denote again by pr : Y — X the canonical morphism of this (algebraic) blow-up) along a closed
subset V(Z) defined by an open ideal sheaf Z C Oy, such that .7 is the restriction of the formal p-adic completion of Z.
i+1

Let us denote by Y; 1=Y Xgyec(o) Spec(o/ w'™*1) the redaction module @' and by y; : Y; = Y the canonical closed

embedding. In [37] the authors have studied the cohomological properties of the sheaves

Hmk) . 1. #y(m,k) T i Mk
92)’@ = lfl_r_n_yi DY ®, L and 92)’1( .—EI_I)I 92),@ .

ieN meN

Let us consider the commutative diagram

'We construct this morphism in (6.39). The arguments given there are independent and we won’t introduce a circular argument.
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Here pr; : Y; — X; denotes the redaction of the morphism pr module w'*!. We put £(1)V := lﬂ yipr*L(4)" and
L) = 1(1__11_1‘ y;pr*L(A). By using the preceding commutative diagram we have

7 DY) = (pr*ﬁ(/l) ®0, DI ®0, pr*ﬁ(/l)v>
=77 (Pr"LW) ®o, 17Dy @0, 17 (PrLA)).

Taking the projective limit we get the following description of the sheaves @(m k)(ﬂ)
5 (m,k) Zy(m.k) \
Dy = L), ®oya Ty’ B0y, LA,
and by taking the inductive limit we get the characterization
] _ ¥ \%
‘@@,ku) - &@ ®O$,@ ‘@@,k ®Og),@ &Q' (6.3)
As in the preceding chapter, the sheaf & (/I)Q is endowed with the following (left) .@; k(/l)—action

(1QP®1")es = (Pe<tV,s>)t (s, €Z(A) and 1¥ € L(A)Y).

We end this first discussion by remarking that the relation pri o y* =y’ o pr*, which comes from the preceding
commutative diagram, implies that
Ty B =P T (D). (6.4)

Let us suppose that # : Y’ — Y is a morphism of admissible blow-ups (abusing of the notation, we will also denote by
7 %Y — 9 the respective morphism of formal admissible blow-ups in the sense of [13, Part II, chapter 8, section 8.2,
definition 3]). This means that we have a commutative diagram

Y 5y Y ——9
7 or resp. o’ pr
Ny T

Let k > {ky/, ky}. Let us denote by D(m k)(/l) ;"’k)(/l) / p"“D;m’k)(/l) (we will use the same notations over Yi’ and

Y,) and by z; : Y/ — Y, the redaction module witl

. The preceding commutative diagram implies that
1

Dy () = (o)) DY () = 27 DY), (6.5)

In this way, she sheaf D(m k)(/l) can be endowed with a structure of right zri‘] Dg,'_”’k)(ﬂ)—module. Passing to the projective
limit, the sheaf @gf k)(/l) is a sheaf of right ﬂ_lé(ym’k)(/l)-modules. So, passing to the inductive limit over m we can

conclude that @;, (D is a right 77! @; k(/l)-module. For a @; k(ﬂ)-module &, we define
_ gt ) -1
- ggl’k(/l) ®ﬂ_—l Qi),k(ll) T éa,

with analogous definitions for @(m k)(/l) We will need the following lemma whose proof can be found in [37, Lemma
2.3.5].

Lemma 6.2.1. There exists N € N such that
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(i) Foralli > 0, the kernel and the cokernel of the canonical map OY, - n'i*(’)yl_/ is killed by @™ .

(ii) Foralli >0, forall j > 1, w" Rjni*(’)yif =0.
We have the following theorem whose proof follows word for word the reasoning given in [37, Theorem 2.3.4].
Theorem 6.2.2. Let & : Y' — Y be a morphism over X of admissible blow-ups. Let k > max{ky:, ky }.

(i) If & is a coherent @T,’k(/l), then Riz,& = 0 for every j > 0. Moreover, K*@T,’k(ﬂ) = .@;,k(i), so 7, induces an

exact functor between coherent modules over @T, k(/l) and 9;) (), respectively.

(ii) The formation ©' is an exact functor from the category of coherent @; k(/l)—modules to the category of coherent

i
.@2),’k(/1)-m0dules.

(iii) The functors m, and n* are quasi-inverse equivalences between the categories of coherent QT, k(ﬂ)-modules and

coherent .@; k(i)-modules.

We remark for the reader that this theorem has an equivalent version for the sheaves @g’b’f )(/1) and @gﬁl’g(ﬂ).

Proof. The question being local on ) we can suppose that 9) is affine. Let us first assume that & = .@T, (4). Since Rz,

commutes with inductive limits, we can even restrain our attention on the sheaves @;’g ) (4). By [58, Lemma 20.32.4]

Rl(i_'m_ D;","k)(,l) = m D;"/"k)(/l), and we have

S(m,k . Lk . k
Rn*%"} )(1) ~ R, R 1(93N1_ D‘Y'I_'} )(4) = Rl(l_n’\‘i Rz, *D;'i'} o
ie ie

the last isomorphism is [58, Lemma 20.32.2]. By the projection formula, there is a canonical isomorphism
k k
Rn,.*D(Y’:f () = Rz, Oy ®0, D(Y',-n (A
and the canonical map OYi — Rx;,, Oy induces a canonical map of complexes
. pmk) (m,k)
h: DY[ 1) - <R7ri*DY’/ (/1)) .
By applying Rl(i_lmEN to h, we get also a canonical map @é)m’k)(/l) - Rzr*@g/"k)(/l). Moreover, for every j > 0 and for
every i € N, we have
j k j k
an*D(Y’? )(A) =~ Ri7; Oy ®o, D%" (A),

which implies by the preceding lemma that the kernel and cokernel of 4 are annihilated by w?”, as well as the projective
systems (R/ x; *D;",Z’k)(ﬂ)) if j > 1. Let C := (C,) be the cone of A, then we have the exact sequence of projective systems

of sheaves

0~ (K7€) — (DY) = (2, DY () — HC)) = 0,

Yl
i

and for all j > 1

(Rm; DY () = (H/(C).
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In particular the cohomology of C is annihilated by @ so by [37, Lemma 2.3.3] we obtain a quasi-isomorphism

9“" “(2) = Rx 9;1)"7 o).

By passing to the cohomology sheaves we get the second part of (i) for the sheaf 9;',' g) (A) and hence for the sheaf 7 3 (A
To handle with the second part let us consider the following assertion for every j > 1. Let a;: for any coherent 7 'k (A)-
module & and for all I > j, R'z,& = 0. The assertion is true for j = dim(%)) + 1. Let us suppose that a j+1 18 true and
let us take a coherent @;)/, , (A)-module &. By proposition 6.1.7 there exists b € N and a short exact sequence of coherent

;
92),, (A)-modules

0—>ff—>< g),k(/l)) &0
Since Rz, 9;), k(/l) = 0, the long exact sequence for z, gives us
jﬂ'*g ~ Rj+17[*§,

which is 0 by induction hypothesis. This ends the proof of (i).

Let us show (ii) for the sheaves @;’ . (4). The case for the sheaves @(m k)(ﬂ) being equal. Given that 7' ; (A= @;,’ AN

and since the tensor product is right exact, we can conclude that 7' preserves coherence.

Now, we have a morphism 7~'& — 7'& sending m — 1 ® m. This maps induces the morphism & — z,z'&. To

show that this is an isomorphism is a local question on 9. If B C %) is the formal completion of an affine open subset

V Cpr-!(U),and U C X is an affine open subset such that D();"’k)(/l)w ~ D(;("’k)lu (lemma 5.5.8), then by (6.2) and [37,

Corollary 2.2.15] we can conclude that the previous map is in fact an isomorphism over . Finally, if .% is a coherent
(/1) module, then we have the map z'7z,.# — .Z, sending P ® m — Pm. To see that this is an isomorphism we can

use the preceding reasoning. O
Let us recall that if A € Hom(T, G,,) is an algebraic character such that A + p € t’i is a dominant and regular character of
t;, then by proposition 5.5.12 we have

H (2.7} (1)) = D'(G(k);.

The previous theorem implies

Corollary 6.2.3. Let A € Hom(T,G,,) be an algebraic character such that A+ p € tz is a dominant and regular character

of t;. In the situation of the preceding theorem we have
H(9.9},(0) = H* (%9, = DG, = H* (9. 75, ).

Theorem 6.2.4. Letpr: Y — X be an admissible blow-up. Let us suppose that A € Hom(T, G,,) is an algebraic character
such that A + p € t7 is a dominant and regular character of t.
(i) For any coherent 993 (A)-module & and for all ¢ > 0 one has H1(9), &) =
(ii) The functor H(9), ) is an equivalence between the category of coherent .@; k(l)—moa’ules and the category of
finitely presented D%(G(k))/l-modules.

The same statement holds for coherent modules over .@(m k)(/l)

Proof. The first part of the theorem follows from the fact that H%(9),¢) = H(X,+) o z,. Now we only have to apply the

preceding theorem and theorem 5.5.14.
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Let us denote by Coc; (4) the exact functor defined by the composition

ZLoc! . ! )
Finitely presented DT(G(k)) P modules——'g Coherent .@; k(/l) — modules — Coherent@;) k(l) — modules.

Let us compute this functor. To do that, we may fix a finitely presented D (G(k));-module E. Then
! i _ ot ~1 gt _ T
x (.i”ocx’ l(E)) = 7, D8 151 ()7 T Bpiainy, E = Locy ,(E)
Now, to show that
O (9.7 (Loc, (1)) = HO (9.7, (D ® ey, E) = E.
we can take a resolution
& @b + @
(D¥(G(k)),;)™" - (D' (G(k)),)"" = E -0,

to get the following diagram

(D(G(k)),)® — (D¥(G(k)),)®* S E )

l l l

(D'(6*KN,)®" — (D'(Gh),)® — H (9.2 () ®praay, E) — 0.

where the sequence on the top is clearly exact. By definition .# oc; (A)() is an exact functor and by (i) the global section
functor H%(9), ) is also exact. This shows that the sequence at the bottom is also exact and we end the proof of the
theorem. O

In the sequel we will denote by G, the compact locally L-analytic group G, := G(o).

6.3 Group actions on Blow-ups

We start this section with the following proposition whose proof is given in [36, Proposition 2.2.9].

Proposition 6.3.1. Let 9 — X be an admissible blow-up, obtained by blowing up an open ideal sheaf . C Ox. Then
there is an open ideal sheaf T C Oy such that .7 is the restriction to X of the w-adic completion of T, and ) is therefore
the completion of the blow-up Y of T along its special fiber.

Let ® be the formal completion of the group o-scheme G, along its special fiber Ger 1= G Xgpec(o) Spec(o /). Let us
denote by a @ X Xgps,) @ — X the induced right G-action on the formal flag o-scheme X (cf. section 5.6). For every
g € G(o) = G\, we have an automorphism p, of X given by

idgXg a
pg X=X XSpf(D) Spf(l))—) ). 4 XSpf(D) G— X.
As & acts on the right, we have the following relation

(pe), <Pi) op = pf,g (g, h € Gy). (6.6)

Here pg : Ox = (py), O denotes the comorphism of p,.
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Let H C G, be an open subgroup. We say that an open ideal sheaf .# C Oy is H-stable if for all g € H the comorphism

pz maps ¥ C Oy into (p,),-¥ C (p,),Ox. In this case pi,

D~ (pg)*<€|9fd>

deN deN

induces a morphism of sheaves of graded rings

on X. This morphism of sheaves induces an automorphism of the blow-up ¥ = Proj (EB den? d), let us say p, by abuse
of notation, and the action of H on ¥ lifts to a right action of H on %), in the sense that for every g, h € G the relation
(6.6) is verified and we have a commutative diagram

9 59

\Lpr lpr (6.7)

¥y x

Definition 6.3.2. Let H C G be an open subgroup and pr . %) — X and admissible blow-up defined by an open ideal
subsheaf % C Ox. We say that ) is H-equivariant if % is H-stable.

We will need the following result in the next sections. The reader can find its proof in [36, Lemma 5.2.3].

Lemma 6.3.3. Let pr : 9 — X be an admissible blow-up, and let us assume that k > ky = kg (this notation is justified
by proposition 6.3.1). Then ) is G, = G(k)(v0)-equivariant and the induced action of every g € G on the special fiber
of Y is the identity. Therefore, G, acts trivially on the underlying topological space of 9).

Let us recall that in the preceding chapter we have defined a G-action on .Z’(4). This means, for every g € G, we have
an isomorphism D, : L) - (pg)*.i”(i) satisfying the cocycle condition D, = (pg)*(bh o @, for every g, h € G,.
Let us consider the isomorphism (p,)*-#(1) — Z(4) given by adjonction on ®,. Let us suppose that H C G, is an open
subgroup and that pr : ¥ — X is an H-equivariant admissible blow-up. Pulling back the isomorphism (p,)* £ (1) —
Z(4), via (pr)*, and using the preceding commutative diagram we get pr*(p,)*-Z (1) = (p,)*pr*L (1) = (pg)*&
(notation given at the beginning of the preceding section). By adjontion we get the map

R, : Z(W)— (p,), L)
which satisfies, by functoriality, the cocycle condition
Rye=(pg), Rpo R, (g, heH). (6.8)
As in (5.35) we can define (from now on we will work on admissible blow-ups of ) so we will use the same notation)

Tyt P9 (D) = (pg), 7y (D

(6.9)
P = RgoPoR].

Locally, if 4 C 9) is an open subset and P € .@;)’ L(AU) then T, 1, (P) is given by the following diagram
LU —====== e > LU

-1
\L gU l/Rgu 5

LAWU) s s LU).
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and exactly as we have done in (5.36) we can conclude that

Thg = (pg), Th o Ty,

forevery g,h € H.

6.4 Complete distribution algebras and locally analytic representations

6.4.1 Locally analytic representations and locally analytic distributions

Let us recall that in this work L denotes a finite extension of Q,,. In particular, L is a nonarchimedian spherically complete
field in the sense that for any decreasing sequence of closed balls B; 2 B, 2 ... in L, the intersection N,¢p B, is nonempty.
We thus assume throughout this section that the so-called coefficient-field, over which the topological vector will be
defined, is equal to our base field L.

Let V be an L-vector space. Let us start by recalling that a lattice M in V is an o-submodule satisfying: for any vector
v € V there exists a nonzero scalar a € L* such that av € M. This means that the natural map L ® , M — V sending

a ® v+~ av, is a bijection.

In what follows, we will be always considering the category of Hausdorff locally convex topological L-vector spaces. This
means, the category of L-vector spaces V', endowed with a family of (nonempty) lattices (M) ;, which satisfies

(1) forany j € J and any a € L* there exists k € J such that M, C aM;.
(Iy) If i, j € J, then there exists k € J such that M, C M; N M.

These conditions imply that the sets v + M, with v € V and j € J, form a basis of a topology on V, which is called the
locally convex topology on V' (defined by the family (M) ;¢ ).

Definition 6.4.1. Let V' be a Hausdorff locally convex topological L-vector space. We say that V' is a BH-space if it

admits a complete metric defined by a norm, such that this induces a locally convex topology finer that its given topology.

In the preceding definition, if the metric topology equals the given locally convex topology, we say that V' is a Fréchet
space. Furthermore, if W is another locally convex L-vector space, then a continuous linear map between two Hausdorff
locally convex topological L-vector spaces f : V' — W is called a BH-map, if there exists an L-Banach space U such
that f admits a factorization of the form V' — U —» W.

On the other hand, the continuous map f : V' — W is called compact if there is an open lattice M C V such that m
is compact.

Definition 6.4.2. A locally convex vector space V' is called of compact type if it is the locally convex inductive limit of a

sequence

i
Vi—..»Vi— Vg — .

of L-Banach spaces with injective and compact transition maps (the topology on the inductive limit is the finest locally

convex topology such that all the natural maps V), — V are continuous [55, Chapter I, section 5 E.]).

We can define now an important class of topological L-algebras ([24, Definition 1.6] or [52, Section 3]).

Definition 6.4.3. Let A be a topological L-algebra. We say that A is a Fréchet-Stein algebra if there exists a sequence
(Ap)ren of Notherian Banach L-algebras satisfying the following conditions.
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(i) We can find an isomorphism

A— lim A,
am
keN

with flat transition maps Ay — Ay.

(ii) The maps A — A, have dense image.

If V is locally convex L-vector space, then we say that V' is a nuclear Fréchet space over L if there exists a sequence
(Vi)ren of Banach spaces , such that

V— limV,
—
keN

and the transition maps are compact (the right side is equipped with the projective limit topology [55, Chapter I, section 5
D]). We have [54, Theorem 1.3]

Proposition 6.4.4. Passing to strong duals yields an anti-equivalence of categories between the category of spaces of
compact type and the category of nuclear Fréchet spaces.

We say that a locally convex L-vector space V' is hereditarily complete if any quotient of V" is complete. In this work we
will use the following weaker version of the preceding definition.

Definition 6.4.5. Let A be a locally convex topological L-algebra. We say that A is a weak Fréchet-Stein L-algebra if

there exists a sequence (Ay);en of locally convex L-algebras satisfying the following properties.
(i) Forevery k € N the L-algebra A, is hereditarily complete.
(ii) For each k € N there exists an L-algebra homomorphism A | — A, which is a BH-map.

(iii) An isomorphism of locally convex topological L-algebras

A— lim A,.
—
keN

It is possible to show that any two weak Fréchet-Stein structures on A are equivalent [25, Proposition 1.2.7].

Definition 6.4.6. Let A be a weak Fréchet-Stein algebra, and let A = ljﬂkeN Ay, be a choice of a weak Fréchet-Stein
structure on A. If M is a locally convex topological A-module, we say that M is coadmissible (with respect to the given

weak Fréchet-Stein structure on A) if there exists a sequence (M} ),en Satisfying the following conditions.

(i) Forevery k € N, M, is a finitely generated locally convex topological Aj-module.

(ii) An isomorphism of topological A,-modules Ak® Aot Mt =M, « (the tensor product is understood in the sense
of [25, Lemma 1.2.3]).

(iii) An isomorphism of topological A-modules M — LﬂkeN M.

M l(iEkEN M, is a coadmissible A-module, we will say that (M), cn 1S an (A );en-SEquence.
Remark 6.4.7. Let A be a locally convex topological L-algebra.

(i) A Fréchet-Stein structure on A is a weak Fréchet-Stein structure A— lim i~ Ay on A, such that for each n > 1, the

algebra A, is noetherian L-Banach algebra, and the transition maps A, | — Ay are flat.
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(if) ? Let us suppose that A = lim Ay, is a Fréchet-Stein structure on A. If M Slim M x is a coadmissible
«—+keN «—+keN N
A-module, where (M), en is an (A ) en-Sequence, then every M is a Hausdorff quotient ofAk", for some r, >0,
and hence an A, -Banach module. By [14, Proposition 3.7.3 (6)] the natural map

A @y, My = My = A @y, My = My

is an isomorphism (this notation is introduced before the definition 6.4.11). Thus the notion of coadmissiblity for
topological A-modules as defined before coincides with that defined in [52, Second definition of section 3].

Let X be an affinoid rigid analytic space over L. We will denote by C**(X, L) := O(X) the Tate L-algebra of L-valued
rigid analytic functions on X. This is an Banach L-algebra [13, Part I, chapter 3, section 3.1, proposition 5].

Example 6.4.1. Let r € |LX| and a € L? be a fixed point. Let us consider the closed ball of radius r,
B.(a) := {xeLd | |x — al Sr}.

This can be identified as the set of L-points of a rigid analytic ball B,, and therefore the algebra of all L-valued rigid
analytic functions on B,(a) is the Tate algebra

O®,) := {f(x) = Zci(x—a)i [ ¢ €L and |'llim |c£|r|£| =0}.

1

This is a Banach L-algebra if we endow it with the norm

|f] := max |c£|r|£|.

Here i € N is a multi-index and (x — a)- := (x; — a;)'1..(x; — ay)'a.
6.4.8. Let M be a Hausforff space

A chart for M is an open subset U; C M together with a homeomorphism
@ 1 U — B, CL% (6.10)
where B,i is a closed ball. We say that two charts (U;, @;) and (U, @;) (with U; nU; # @) are compatible if both maps

—1 1
PicP; @jop;
0;(UinU)—= ¢;(U;nU)) and ¢U;nU)—— ¢,U;nU))

are given by a collection of convergent power series (locally L-analytic functions). We have:

(i) [56, 11, section 7, lemma 7.1] Let (U,, ¢;) and (U}, ;) be two compatible charts, such that U;NU; # @. Then using
the same notation given in (6.10), we have that d; = d .

We will say that a collection of compatible charts A = {(Uj, (pj)}jeJ is an atlas for M if M : U, U;. Two atlas A,
and A, are called equivalent if A, U A, is again an atlas of M. The atlas A, will be called maximal if any equivalent
atlas B satisfies B C A,.

(ii) [56, II, Section 7, remark 7.2 ] The equivalence of atlases is an equivalence relation. Every equivalence class contains
exactly one maximal atlas.

2This is as in [25, Page 26].
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We will say that an atlas A is of dimension d, if the charts of A have dimension d.

Definition 6.4.9. A locally L-analytic manifold (M, A) (or simply M) is a Hausdorff topological space M equipped

with a maximal atlas A. The manifold is called d-dimensional if the atlas A is d-dimensional.
A function f : M — L is called locally L-analytic iffO(pi_1 € O(Brl_)for any chart (U;, ¢;, B,.).
Lemma 6.4.10. [57, 8.6] Any locally L-analytic manifold is strictly paracompact.

Let V and W be Hausdorff locally convex topological L-vector spaces. If M CV and N C W are lattices of V and W,
respectively, then M @, N is a lattice of V- ®; W. The family of all lattices M @, N satisfies the conditions (I1) and ()
and defines a locally convex topology on the tensor project V- Q@ W, which is called the projective tensor topology. We
will denote by r® W its Hausdorff completion [55, Chapter I, section 7, proposition 7.5].

Definition 6.4.11. If X is an affinoid rigid analytic space over L, and if W is an L-Banach space then we write C*"(X, W) :=
can(X, L)@LW, for the space of W -valued rigid analytic functions on X.

In fact, if X is a closed ball centered at zero and || || denotes the norm of W then

C"X, W) = {Z a£x£ | a; € W and |i1|i—r>noo ||al_||r|£| = 0} .

i

Let M be a locally L-analytic manifold and V' a locally convex L-vector space. We say that a function f : M — V is
locally analytic if for each point x € M there is a chart (M;, ;, B,[) containing x, a Banach space W; equipped with a
1 1

continuous L-linear map y; : W; = V and a rigid analytic function f; € C””(Br’_, W;) such that flMi =y; o f; o @,
We let C"(M , V') denote the space of locally analytic L-valued functions on M. We have therefore an isomorphism

conM, V)= lim  []cmm, w).
(M;,0;,W;) i€l

We have the following result [53, Proposition 10.3].

Proposition 6.4.12. if M is compact and V is of compact type, then C*"(M, V) is again of compact type.

Let us suppose that V' is a compact type convex L-vetor space and let G, be a compact locally L-analytic group (or any
compact open subgroup of a locally L-analytic group). By the preceding proposition the space C**(Gy, V) of V-valued
locally L-analytic functions on G, is a compact type convex L-vector space, and hence its strong dual is a nuclear Fréchet
space by proposition 6.4.4. The space of V-valued locally analytic distributions is denoted by 3

DGy, V) := (C™(G,. V),

In particular, if V' = L then any element g € G, gives rise to a Dirac delta function 6, supported at g. This is defined by
5g( f) = f(g). In this way, if L[G] denotes the group ring of G, over L, we obtain an embedding L[G(] — D(G,, L)
whose image is dense [54, Lemma 3.1]. This implies that the L-algebra structure on L[G] extends, in a unique way, to a
topological L-algebra structure on D(G,, L).

Definition 6.4.13. A locally convex L-vector space V is called barrelled if every closed lattice in V' is open.

Examples of barrelled spaces are Fréchet spaces and vector spaces of compact type.
We can finally give one of the central definitions in this work.

3 As in [53] the subscript indicates the dual endowed with its strong topology.
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Definition 6.4.14. Let V' be a locally convex barrelled L-vector space, equipped with an action of Gy by continuous

L-linear automorphisms. We say that V' is a locally analytic representation of G if for any v € V, the orbit map
v . GO g |4

g = g0,
lies in C*(G, L).

In order to relate locally analytic representation with modules over the ring of locally analytic distributions we need to
introduce the exponential map. More exactly, the tangent space g := T,(G) to the identity of the locally analytic group
G has a structure of Lie algebra [56, Corollary 13.13]. The Campbell-Baker-Hausdorff formula converges p-adically in a
neighborhood U of zero in g, defining an analytic map [56, Corollary 18.19]

exp : U — G,
In particular, to each € g we can associate a linear continuous form

d
fi= S f(exptm)lizo (f € D(Go. L),
which induces a morphism of rings
U(g) — D(Gy, L). (6.11)

Now, if V' is a locally analytic representation of G, then V has a structure of D(G,, L)-module [54, Section 3]. For
example, if g € G and 5, is the Dirac distribution supported at g, we have 5, « v = gv. We have the following result [54,
Proposition 3.2]

Proposition 6.4.15. The map (g, v) — g e v is separately continuous. This structure extends the action of U(g) on V and

any continuous linear Gy-map between locally analytic G,-representations gives rise to a D(Gy, L)-morphism.

Let us denote by Rep2"(Gy) the category of locally analytic G- representations on L-vector spaces of compact type with
continuous linear G,-maps and by MFLr (Gy) the category of continuous D(G(, L)-modules on nuclear Fréchet spaces with
continuous D(G, L)-module maps.

Definition 6.4.16. An admissible G- representation over L is a locally analytic G-representation on an L-vector space
of compact type V' such that the strong dual Vb’ is a coadmissible D(G, L)-module (cf. (6.13)) equipped with its canonical
topology.

Let us denote by Repadm(Go) the category of all admissible G,-representations with continuous linear G,-maps and by CGO
the full subcategory of Mod(D(G,), L)) consisting of coadmissible modules. We have the following commutative diagram
of functors ([54, Corollary 3.4] and [53, Theorem 20.1])

Rep?™(Gy) ——> M (Gy)

T T (6.12)

Rep™™(Gy) —=— Cg,.

The horizontal maps are the anti-equivalences of categories defined by V' Vb’ and the structure of D(G(, L)-module on
V, is given by

(bem)(v) :=6 (g - m(g'1 . U)) (6 € D(Gy, L), me Vb' andv €V). (6.13)
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Finally, let us explain the concept of locally analytic vectors in an admissible representation. Let us suppose that G is
a locally L-analytic group and H C G is a compact open subgroup which is a chart. As we have seen, this means that
H = H(L) with H a rigid analytic closed ball. Let us take now an L-vector space V' endowed with a continuous G-action.
We put

Viican :=={VEV |0, : H—>V €C"(H,V)}.

Let us suppose for the moment that G is a rigid analytic group defined over L, which admits an admissible cover

6= J 6,

neZ

where (G,),cz_, is a decreasing sequence of admissible affiinoid open subgroups of G. We write G := G(L) and G, :=
G, (L) for every n € Z,. We also assume that G, is Zariski dense in G, for each n € Z, and thus G is Zariski dense in
G. In this case, we define

Vo-an = U VG,,—an'

n€Z

6.4.2 Complete arithmetic distribution algebras and distribution algebra of an analytic group

Let k € N be a natural number. Through this section (k) will denote the formal group o-scheme defined by the formal p-
adic completion of the congruence group G(k) along its special fiber GFq(k) = G(k) Xspec(o) SPeC(0/ @) (being G(0) = G).
As before, we will also denote by G;(k) := G(k) Xgpec(o) Spec(o/w'*!) the redaction modulo w*!. The morphisms
G, (k) = G;(k) induce a morphism D"(G,,,(k)) — D™ (G,(k)) [39, Proposition 4.1.11]. By [39, Corollary 5.3.2] we

have

Lemma 6.4.17. Let e be the index of ramification of L over Q,,. If e < p — 1, then the ring D (G(k)) is coherent.

By construction, the group o-scheme &(k) is topological of finite type. Let ®° be the completion of &(k) along its unit
section Spf(o) — ®(k). This is a group scheme over o, but not a formal o-scheme because wO@(k)o is not necessarily an
ideal of definition. Let us denote by G(k)° its associated rigid-analytic space in the sense of [5, (0.2.6)]. This is an analytic
group over L with Lie(G(k)°) = g;, which is not affinoid in general. This can be built as follows. Let # be the closed
point of o and let ¢, ...,y be a sequence of regular generators for the unit section of G(k) such that o[G(k)] = o[t{, ..., f 5]
and o[®(k)] = 0 {tl, s tN}. We have that o[@°] = o[[t}, ...t ]] and the space G(k)° is isomorphic to an open disk of
dimension N. In fact, if

A, = o[ty N I{Tys o Ty | /(@ = @yt — @ Ty),

with o[[?}, ...t 5]] {Tl, e TN} the p-adic completion of o[[?{, ...t 5 ]1[T], ..., T ], then A, in an o-algebra topologically of
finite type and therefore B, := A, ®, L is a Tate algebra [20, Lemma 7.1.2 (b)]. Moreover, for n’ > n we have a canonical

isomorphism

B, {T/,..T\ } [t} —&T|, ...t —wT}) - B,
T/ ~ t'/w
1 1
identifying G(k); := Spm(B,,) with the special domain of G(k):, defined by the equations |t;(x)| < || /1 (this means a
closed ball of radius r, = |w]| 1/ ") [20, Lemma 7.1.2 (c)]. We define G(k)° as the rigide analytic space defined by glueing
the affinoid spaces (G(k);)nez>0. By construction, the space G(k)° is the unit open ball. Furthermore, given that G(k):,

4This is a consequence of the remark preceding the definition 2.1.18 in [25].
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is already a closed ball of radius |w|1/ " we can conclude that the inclusion G(k); & G(k);01+1 is relatively compact ([55,
Final example of section 16]) and the algebra of analytic functions on G(k)° is given by [25, definition 2.1.18]

C*™(G(k)°, L) := O(G(k)°) = l(ﬂ B,.

n€Z

By [25, Proposition 2.1.6] and [55, Page 107 and proposition 19.9] we have that O(G(k)°) is a nuclear Fréchet algebra
over L (cf. [24, Example 1.7]).

Remark 6.4.18. By construction, ror any k' > k the canonical map G(k') — G(k) induces an open embedding of rigid
analytic spaces G(k")° < G(k)°. In particular, G(k)° is a rigid analytic subgroup of G° for every k € Z,.

Definition 6.4.19. The strong continuous dual
DMG(k)°) := O(G(k)®),
is called the analytic distribution algebra of the rigid analytic group G(k)°.

By [55, Proposition 16.5], if (Bn); (the strong dual of the Banach algebra B,)) is endowed with the Banach topology ([55,
Remark 6.7]) we have a canonical topological isomorphism

/

lim B, — lim (B,)}-

neZy n€Z

b

This means that D*"(G(k)®) is a locally convex space which is in fact a topological L-algebra of compact type (proposition
6.4.4). This reference also gives us a canonical ring morphism é : G(k)° < D*(G(k)°)*, where 6, 1= 6(g) is a "Dirac
delta function" supported on g. Furthermore, to each € Lie(G(k)°) we can associate a linear continuous form

d
fe d—f (exp(tm);=o
t
which induces a morphism of rings
ULie(G(k)%)) — D*™(G(k)°). (6.14)
We have the following result from [39, Proposition 5.2.1].
Proposition 6.4.20. The application U(Lie(G(k)°)) = D" (G(k)°) induces a topological isomorphism of rings
DY (G(k)— D (G(K)°).

Let 4 € Hom(T, G,,) be an algebraic character and y; : Z(g;) — L the central character induced by A via the Harish-
Chandra isomorphism. We put

D*™(G(k)°), 1= D*(G(k)°)/(Ker(x;))D*(G(k)°).
So, if A € Hom(T, G,,) denotes an algebraic character we have an isomorphism
DY(G(k));— D™ (G(k)°);. 6.15)

By proposition 5.5.12 we have
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Corollary 6.4.21. Now, let 4 € Hom(T,G,,) be an algebraic character such that 2 + p + t] is a dominant and regular
character of t;. Then

HO (35 7% W) = DGR

6.4.3 Locally analytic representations and coadmissible modules

Let us recall that G, denotes the compact locally L-analytic group G, = G(o). In subsection 6.4.1 we have introduced
the following notations. Let C**(G,,, L) be the space of L-valued locally L-analytic functions on G, and D(G, L) the
continuous strong dual of C*(G,, L). Given that G, is compact, this space carries a structure of nuclear Fréchet-Stein
algebra.

The following digression is an adapted version of the proof of [25, Proposition 5.3.1] to our work. First of all, let us recall
that G, acts on the space C“S(GO, L), of continuous L-valued functions, by the formula

g+ NX) 1= flg7'x) (g,x € Gy, [ €CU(Gy, L))

Letus consider the sequence (G(k)°),cz_, of o-affinoid rigid analytic open subgroups of G° (remark 6.4.18). We recall for
the reader that this notion was introduced in [25, Definition 2.1.17]. It states that if X is a rigid analytic space over L, then
Xis a o-affinoid if there exists an increasing sequence (X,),cz_, of affinoid open subsets of X such that X = U,z X,
is an admissible covering.

By definition, for each k € Z, there are continuous injections

C™(G,, L)gryo—an < C™(G,, L)Gk+1y°—an (6.16)
and
C*(Gps g(ryo—an = C*(Gy, L) (6.17)
The latter being compatible with the former. Passing to the inductive limit we get an isomorphism

lim C™(Gy, Lggrye—an— C*(Gy., L). (6.18)
keZ,

As in [25, Proposition 5.3.1], for each k € Z_ we put
D(G(K)°, Gy) 1= (C(Go. L)gy—an) -
Given that G, is compact, we can use [25, Proposition 3.4.11] to conclude that the restriction map induces
C(Go, Dghyo—an = C*(Gy, L)G(k)"—an—z) C*™(G(K)°, L) = O(G(k)*).

This yields a closed embedding D*(G(k)°) < D(G(k)°, Gy). The ring structure on D*"(G(k)°) extends naturally to a
ring structure on D(G(k)°, G), such that

DGR, Gy = @) D"GW1)s, (6.19)
8€Gy /Gy,

51n fact, strictly o-affinoid, meaning that the transition maps G(k): o G(k): 4 are relative compact in the sense of [13, Part I, chapter 6 section 6.3,
definition 6].
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Dualizing the isomorphism (6.18) yields an isomorphism of topological L-algebras

D(Gy, L)— lim D(G(K)°, Gy). (6.20)
keZ.,

Let us show that this defines a weak Fréchet-Stein structure on D(G, L). Each of the algebras D(G(k)°, G;) are of compact
type [25, Proposition 3.4.11] and the transition morphisms D(G(k+1)°, Gy) — D(G(k)°, G;)) are compact [25, Proposition
2.1.16]. Finally, for each k € Z the map (6.18) is a continuous injection of reflexive spaces, therefore the dual map
D(G, L) —» D(G(k)°, Gy) has dense image. This proves that D(G, L) is a weak Fréchet-Stein algebra.

LetV € Repadm(Go) and M := Vb' . By [25, Lemma 6.1.6] the subspace Vi 4)o_,y © V' is a nuclear Fréchet space and
therefore its strong dual M, := (VG(k)o_an); is a space of compact type and a finitely generated topological D(G(k)°, G)-
module by [25, Lemma 6.1.13]. By [25, Theorem 6.1.20] and the diagram (6.12) the module M is a coadmissible D(G, L)-
module relative to the weak Fréchet -Stein structure of D(G, L) defined in the previous paragraph.

We have the following result from [36, Lemma 5.1.7].
Lemma 6.4.22. (i) The D(G(k)°, Gy)-module M, is finitely generated.

(ii) There are natural isomorphisms

D(G(k — 1)°, Go) ® pG(kr,G,) My— M;_,.

(iii) The natural map D(G(k — 1)°, Gy) ®D@Gy.L) M — M, is bijective.

Now, let 4 € Hom(T, G,,) be an algebraic character such that 4 + p + t’z is a dominant and regular character of t; . Let us
recall that we have an isomorphism

D*(6(0)°),— D'(G(k);— lim (D™ (G(k); ) ®, L.

meN

The preceding relation and the fact that the ring structure of D*"(G(k)°) extends naturally to a ring structure on D(G(k)°, G,)
allow us to consider the ring

D(G(k)®, Gy); := D(G(k)°, Gp)/Ker(x,) D(G(k)°, Gy).

From now on, we will denote CGO the full subcategory of Mod(D(G, L)) consisting of coadmissible modules, with respect
to the preceding weak Fréchet-Stein structure on D(Gy), L).

Definition 6.4.23. We define the category CGO’ , of coadmissible D(G\y, L)-modules with central character A € Hom(T, G,,)
by

CGy1 = Mod (D(Gy, L) [Ker(y;)D(Gy, L)) N Cg, .

We point out that the preceding definition is completely legal because the center Z(g; ) of the universal enveloping algebra
U(gy) lies in the center of D(G,), L) [54, Proposition 3.7]. We also recall that the group G, := G(k)(p) is contained in
D*(G(k)°) as a set of Dirac distributions. For each g € G, we will write 6g for the image of the Dirac distribution

supported at g in
H (9.7 (0 = DGO,

(cf. corollaries 6.2.3 and (6.15)). Inspired in [36, Definition 5.2.7] we have the following definition.
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Definition 6.4.24. Let H C G be an open subset and %) an H -equivariant admissible blow-up of X. Let us suppose that
k > kg (notation as in 6.1.3). A strongly H -equivariant 9;) (A-module is a 9;) (A)-module M together with a family

((pg)ge g of isomorphisms
(pg : ‘% - (pg)*%
of sheaves of L-vector spaces, satisfying the following conditions:

(i) Forall g,h € H we have (p,), (@p) 00, = @y

(ii) For all open subsetU C 9), all P € @; k(/l)(Z/I), and all m € # (U) we have (P em) =T,(P)eqpy(m).
(iii) © Forall g € H N Gy, the map Qg M~ (pg)* M = M is equal to multiplication by 6, € HO (2}, .@;’k(ﬂ))

A morphism between two strongly H-equivariant _@;’k(l)-modules (A, ((P'g//[)ge ) and (A, ((Pg‘/V)ge ) is a 9;),1{()”)
linear morphism y : .# — .4 such that for all g € H, the following diagram is commutative

l‘f’g” l(/’;” 9, oy =(py)(w) o @7

Commentary 1. Let # € Coh(.@; k(l), Go). In what follows we will use the notation gm := @, 1,(m) € MU.gH,
SforU C % an open subset, g € Gy and m € M (U). This notation is inspired in property (ii) of the previous definition. In
fact, if g, h € Gy, then by (ii) we have h(g m) = (hg) m.

We denote the category of strongly H -equivariant coherent 9;) (4)-modules by Coh(@; D, GO).

Theorem 6.4.25. Let A € Hom(T,G,,) be an algebraic character such that A + p € 1t} is a dominant and regular
character of t;. Let pr : 9 — X be a Gy-equivariant admissible blow-up, and let k > ky. The functors £ oc;’k(ﬂ)
and H®(9), ) induce quasi-inverse equivalences between the category of finitely presented D(G(k)®, Gy) ,-modules and
Coh(_@;,k(ﬂ), Gy)

Before starting the proof, we recall for the reader that the functor .,%oc;) ,(4) has been defined in the proof of theorem
6.2.4. An explicitly expression is given in (6.21) below.

Proof. It # € Coh(.@; (s GO), then in particular .# is a coherent 9; (A)-module. Since by theorem 6.2.4, corollary
6.2.3 and proposition 6.4.21 we have that Ho(g), M) is a finitely presented D*"(G(k)°),-module, then by (6.19) we can
conclude that H%(9), .#) is a finitely presented D(G(k)°, Gy) ,-module.

On the other hand, let us suppose that M is a finitely presented D(G(k)°, Gy) ;-module. By (6.19) we can consider
M = Locy (M) = Dy (D) @pug), M- (6.21)
For every g € G, we want to define an isomorphism of sheaves of L-vector spaces

(Pg N (Pg)*-//

SThis conditions makes sense because the elements g € G, acts trivially on the underlying topological space of 9, cf. Lemma 6.3.3.
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satisfying the conditions (i), (ii) and (iii) in the preceding definition. As we have remarked, the Dirac distributions induce
an injective morphism from G, to the group of units of D(G, L), since by (6.20) M is in particular a G,-module, we have

an isomorphism
% g <(pg)* @?S’k(l)> ®Da"(ﬂ3(k)°)/«h M,

which on local sections is defined by ¢, /(P @ m) :=T, 1,(P) ® gm. Here P € @;) k(l)(?/{), U C 9 is an open subset,
m € M and T, is the isomorphism defined in (6.9).

One has an isomorphism

(pg), () — ((Pg)* 9;#(@) ®pun(Gk)e), M-

Indeed, (p,), is exact and so choosing a finite presentation of M as D*(G(k)°),-module reduces to the case M =

D*(G(k)°), which is trivially true. This implies that the preceding isomorphism extends to an isomorphism
Pg M~ (pg)*‘//{‘

Let g,h € Gy, U C %) an open subset, P,Q € @;) k(/l)(Z/I) and m € M. Then

Onug (Pg 1) POm) =@y 11Ty 1(P) @ g m)
=Ty Ty y(P) ® hg m
= Tjg. u/(P) ® (hg) m
= Qpg, (P @ m),

which verifies the first condition. Now, by definition Tg, u(PO) = Tg, uP)T, e, ©(Q) and therefore @, u(PO @ m) =
T, u(P)p, 14(O ® m), which gives (ii). Finally, given that the delta distributions 6, for g in the normal subgroup Gy, of
G, are contained in D*"(G(k)°) we have g.P := T,(P) =6, P 6,-1, and therefore

P u(POm)=g.PQ g.m
=6,P5,16,® m
= 5gP ® m.

and condition (iii) follows. O

Remark 6.4.26. If A € Hom(T,G,,) denotes the trivial character, then @; (A = @; i IS the sheaf of arithmetic dif-
ferential operators introduced in [36]. Moreover, by construction, if pr . %) — X denotes an H-equivariant admissible
blow-up, then .@; k(ﬂ) = .@; ) and for every g € H the isomorphism T, equals the isomorphism Ad(g) defined in [36,
(5.2.6)].

Now, let us take z : ¥’ — 9 a morphism of G-equivariant admissible blow-ups of X (whose lifted actions we denote
by pg” and p?), and let us suppose that k > kg and k' > max{k!,k}. By (6.5) and theorem 6.2.2 we have an injective
morphism of sheaves

. _ g ¥
¥ x 2y W =Ty (D) Dy (D). (6.22)
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Moreover, if g € G, we have the commutative diagram

7Dy (D) = Dy /(D) © > Dy D)

P
v 9
Je I

(0D).(P)

/ - .
7 (08) Ty = (1) 24,00 > (57) 24, D
which implies that ¥ : ﬂ*@T, k,(/l) = .9;) k,(/l) [ShS .9; k(/I) is Gy-equivariant, i.e. it satisfies
T2 0w = <p§’) ¥) o, (Tf’)

Now, let us suppose given two modules J/@’ € Coh (9;), k,(/l), Go) and ///2) € Coh (.@;) (D), Go) together with a

morphism
Yol ﬂ*.///gy d %g)

linear relative to ¥ : =, 9;), oA = .@; (4) and which is Gy-equivariant, i.e. satisfying

TC*%@/ v > %g)

. . M //lg)/
[ P )

, D).
7,02 ) My = (pD), 7, My 28 (D), My,
for all g € G). By using ¥ we obtain a morphism of 9; . (A)-modules

ggi),k()') ®7[.,@T ) ﬂ'*%gl g %@

* g)/,kl

o sy locally generated by all the elements of the form

PS5, @ m— P Q (he+m), where h € G, mis alocal section of ﬂ*//lgy and P is a local section of 9;) k(/l). As in [36,

Let us denote by J# the submodule of 7 DR _+
9.k ”*'@@’,k’

Page 35] we will denote the quotient @;,k(/l) ®ﬂ* % ) Mgy / by

Dy D@, n, My, (6.23)

Dy D G
Let us see that this module lies in Coh(@% k(ﬂ), GO). To do that let us first show that
% _ t
(ﬂg)* @g),ku) ®(pg)*ﬂ'*@;/’k,(ﬂ) (Pg)* 7 My = (ﬂg)* @gj,ku) ®n*@;,vk,(/1) My (6.24)
As .#yy is a coherent 728 (4 we can find a finite presentation of .y

(P (D) = (D, ()@ — My 0
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which induces, by exactness of (p,), and 7, the exact sequence

((pg)* 9;,,,4(1))% - ((pg)* @;‘,,k,w)@b ~ (pg), m My — 0.

By base change over the preceding exact sequence we obtain the following commutative diagram

@b

Da
((re). 79, @) — ((04), Z, D) > (2). 7 (DB, gy ety —— 0

k ’ !

®Da @b
(). 79,0) ™ = ((00). 74 D) " —> (0e). 7, D B0y 1t 13 (o) 7oty — 0

(of course, here we have used theorem 6.2.2 to identify z,, QT, k,(l) = 9; k,(/l)). This shows (6.24) and therefore the
diagonal action

05 Ty, (DB, 4

‘;’ @ ﬂ*//lgy - (pg>* ‘@é),k(/l) ®*7r*@;r oA ”*//12)’

defined on simple tensor products by
ge(P@®m):=gePQgem, (6.25)

for g € Gy, and P and m are local sections of .@;) (4) and My, respectively (in order to soft the notation we use the
accord introduced in the commentary 1 after the definition 6.4.24). Now to see that (6.23) is a strongly Gy-equivariant
@; k(/l)—module, we only need to check that ¢, (") C £". This is, the diagonal actions fix the submodule .%2". We have

ge(P6,@m—PQhem)=ge(P5,)@gem—gePQge(hem)
=(g+P)g+8,)@gem—g+P®(ghg")e(gem)
=(8*P)oypy-1 ®gem—ge P (ghg™)e(gom)

and Gy, is a normal subgroup we can conclude that ghg™! € G,,, and G, fix .#". Moreover, since the target of
the preceding morphism is strongly Gy-equivariant, this factors through the quotient and we thus obtain a morphism of
9;) k(/l)—modules

- . T
v . @g)’k(ﬂ) ®ﬂ_*@;}, kr(}“)v Gk+1 7[*%2)/ e %2) (626)

e ¥
By construction ¥ € Coh(@@! LA, G).

6.5 Admissible blow-ups and formal models

The following discussion is given in [36, 3.1.1 and 5.2.13]. Let us start by considering the generic fiber of the flag variety
X1 1= X Xgpee(o) Spec(L) (the flag variety). For the rest of this work X" will denote the rigid-analytic space associated
via the GAGA functor to X; [13, Part I, chapter 5, section 5.4, Definition and proposition 3]. Any admissible formal
o-scheme %) (in the sense of [13, Part II, chapter 7, section 7.4, Definitions 1 and 4]) whose associated rigid-analytic space
is isomorphic to X" will be called a formal model of X"€. For any two formal models %), and ), there exists a third
formal model ¥)’ and admissible formal blow-up morphisms 9’ — 9, and 9’ — 9, [13, Part II, chapter 8, section 8.2,
remark 10].
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Now, let us denote by Fy the set of admissible formal blow-ups 9 — X. This set is ordered by ¥’ > 9) if the blow-up
morphism ¥’ — X factors as the composition of a morphism ¥’ — %) and the blow-up morphism 2) — X. In this case,
the morphism %)’ — 9) is unique [13, Part I, chapter 8, section 8.2, proposition 9], and it is itself a blow-up morphism [41,
Chapter 8, section 8.1.3, proposition 1.12 (d) and theorem 1.24]. By [13, Part II, chapter 8, section 8.2, remark 10] the set
Fx is directed and it is cofinal in the set of all formal models. Furthermore, any formal model ) of X"i¢ is dominated by
one which is a G-equivariant admissible blow-up of X [36, Proposition 5.2.14]. In particular, if X . denotes the projective
limit of all formal models of X", then

X, = 1(111_1_2)
Fx

We will be interested in the following directed subset of F.

Definition 6.5.1. We denote by F y the set of pairs (%), k), where 9) € Fy and k € N satisfies k > kgy. This set is ordered
by (', k') > (9,k) ifand only if Y > Y and k' > k.

We will need the following auxiliary result. We will follow word for word the reasoning given in [36, Lemma 5.2.12]

when A € Hom(T, G,,) is equal to the trivial character. Our case is completely analogous.

Lemma 6.5.2. Let Y, 9 € Fx be Gy-equivariant admissible blow-ups (definition 6.3.2). Suppose (9, k") = (9, k)
with canonical morphism  : ) — %) over X and let M be a coherent D(G(k")°, Gy) ,-module with localization A =
.i’oc;), k,(/l)(M) € Coh(:@;, k,(/l), GO). Then there exists a canonical isomorphism in Coh(@;) k(i), GO) given by

.@;)’k(/l) ®” ﬂ-*%_:) zoc;’k(l) <D(G(k)°, Go) ®D(G(k’)°,G0) M) .

*9;/’,(/(}‘)’ Gk+1
Proof. Let X be a system of representatives in Gy, for the cosets in G, ;/Gs,;. By (6.19) we have a canonical map
D*™(G(k)°), — D(G(k)°, Gy), (6.27)

which is compatible with variation in k. Now, let us take M a D(G(k’')°, G,)),-module and let us consider the free
D*™(G(k)°) ,-module

DRGWE = D DVGHR); e
(mR)EMXE

whose formation is functorial in M. In fact, if M is another D(G(k')°, Gy) andif f : M — M’isa D(G(k')°, G,) ,-linear
map, then

Dan(G(k)O)i\/IXZ N Dan(G(k)O)il\/l/XZ

€m,h = € f(m),h

induces a linear map between the corresponding free modules. Me make the convention Dan(G(k)°)30} Xz - {0} is the
trivial submodule of D“‘“(G(k)°)i"[ XX Moreover, the free module D"‘“(G(k)°)i” XX comes with a linear map

fut DGRE — D™GK)®); @punryey, M
SummAmnemn = (Annp) ® m— Ay p & (6,.m).

Here M is considered as a D*(G(k’)°) ,-module via the canonical map (6.27). Let us note that, since M isa D(G(k")°, Gy) ;-
module, and because Gy is contained in D(G(k')°, Gy ,, the expression 6;,.m is defined forany h € Gy .|. If f : M —
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M’ is a linear map of D(G(k")°, G,) ,-modules, then we have a commutative diagram

f
DG} — D™ G(K)*); ®panirye), M

! !

DG M Ly DG, @iy, M
and we have a sequence of linear maps
D™ (G(k)°)Y xx 1, panGhyey, Gy, M DG, Gy), ® DGR .Gy, M = 0.
The final map being surjective by (6.27).

Claim 1. If M is a finitely presented D(G(k"), G,y) ,-module, then the above sequence is exact.

Proof. Let us start by remarking that if 4, , e,, , € D*J“‘((G(k)°)iu X% then

CanM(fM(ﬂm’h em’h)) = CanM(ﬂm,hﬁh ® m — Am,h ® 5hm)
= Am,héh @m— ’lm,h ® 5hm
=0.

For the last equality we have used the fact that §, € D(G(k"), Gy),. Let us show now that ker(can,,) C im(f,,). Let us
take a finite presentation of the D(G(k’), G) ;-module M

M, := (DGWK), Gp);) %' M, := (DG(K'). Gy),) ™" L M =0

which, by functoriality, induces the following commutative diagram

0 0 0

T A A

DMG(k)°) "> —— D™(G(K)*), ®puny), M — D(G(K)°,Go); ®py.cy, M — 0

T A A

D™(G(k)°)} ' —— D™G(K)°); @punarwrye), Ma — DGK)°, Go); ® paiirye.cyy, Ma — 0

T A A

D (G(k)°); S —— D™G(K)°); ®panauryey, My — DGK)°. G); ®pary oy, My — 0

The 3 X 3-lemma reduces us to the case of a finitely presented module of the form M, := D(G(k")°, GO)GB", and since
we need to show that ker(cany, ) lies in the submodule generated by the images of the elements e, , for generators
my,....m, € M, and h € ¥ we can even suppose that a = 1. In this case the claim follows from (6.19). O
Claim 2. If M is a finitely presented D(G(k')°, G;y) ;-module and we let .# := Eoc;, k,(/l)(M ), then the natural morphism

EOC;,k(ﬁ)(D(G(k)O, GO)A ®D(G(k/)°,GO)l M) i @;),k(l) ®”*@2)/,k’ ) 7[*%

is bijective.
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Proof. By theorem 6.2.2 the functor z, is an exact functor on coherent .@;, k,—modules. Taking a finite presentation of M
reduces to the case M = D(G(k")°, G), which is clear. ]

Now, let M be a finitely presented D(G(k")°, G,y) ,-module. Let my, ..., m, be generators for M as a D*(G(k")°) ,-module.
We have a sequence of D*(G(k)°) ,-modules

P o fﬂ P> o can o
@ an(G(k) ),{ emi,h—) Ddﬂ(G(k) )/1 ®'Da"(G(k/)°),1 M—M) D(G(k) . GO)/l ®D(G(k’)°,GO)A M -0
(i,h)

where f, denotes the restriction of the map f, to the free submodule of Da“(G(k)°)ﬁ"[ XX generated by the finitely many
vectors e, p, with 1 <i <aandh € Z. Since im(f,) = im(f},) the sequence is exact by the first claim. Since it consists

of finitely presented D*"(G(k)°),-modules, we can apply the localisation functor ﬁoc; k(/l) to it. As

Eoc;,k(/l) (@ D™ (G(k)°), eml_’h> - %,ku) ®pusryr), @ DM(GK)), e, 5 = %’ku)@f‘lzl
(i,h) (i,h)
the second claims gives us the exact sequence

gé’k(ﬂ)®a|2| e d @;),k(l) ®ﬂ*@¥)/,k/(/1) 7[*% = goc;’k(ﬁ) (D(G(k)O, GO)ﬂ ®D(G(k’)°,G0)A M> e 0
epn®P = (P8, ®m —P®b,m)

where A4 := Eoc;, o (AM(M). The cokernel of the first map in this sequence equals by definition

T
TgsN®, o e

’ k! (}‘)’ Gk+|

whence an isomorphism
f N T 0
@2)’]{(/1) ®75*@;,‘k,u~)’ Gra ﬂ'*<% =~ focg)’k(/l) (D(G(k) s Go) ®D(G(k’)°,G0) M) .
O

Now, let .# be an open ideal sheaf on X, and let g € G,. Then ¢ := (pg)_l((pg)*(f )) is again an open ideal sheaf on X.
Let 2) be the blow-up of . and 9).g the blow-up of _#, with canonical morphism pr, : ).g — X. We have the following
result from [36, lemma 5.2.16].

Lemma 6.5.3. There exists a morphism p, : %) — %9).g such that the following diagram is commutative

Pg

— 9g

pr prg

e x

(S

8

Moreover, we have ky) , = kg) and for any two elements g, h € G, we have a canonical isomorphism (%).g).h =~ 9).(gh),
and the morphism ) — 9.g — (9.8).h = 9.(gh) is equal 1o p,y. This gives a right action of the group G, on the family
Fx.

Letpr : 9 — X be an admissible blow-up and let us denote by .Z’(4) the invertible sheaf on ) induced by pulling back the
invertible sheaf on X induced by the character A. This is £ (1) := pr*Z(A). Furthermore, for g € Gy if p, : 9 > Y.g
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is the morphism given by the previous lemma and pr., : 9).g — X is the blow-up morphism, then we will denote

L) 1= prz.,?(/i).

The notation being fixed, we prevent the reader that in order to simplify the notation, in the rest of this work we will avoid
to underline these sheaves if the context is clear and there is not risk to any confusion.

Let us recall that in section 5.6 we have built for any g € G an Oy-linear isomorphism o, : L) > (pg)*.i”(l),
being p, = a o (idx X g) the translation morphism (a the right G-action on X). By pulling back this morphism
and using the commutative diagram in the previous lemma (pz o prz = prf o pZ) we an Og,-linear isomorphism
(pg)* pr;,iﬂ(i) — pr*£(4). By adjointness and following the accord established in the previous paragraph, we get an
Oy ¢-liner morphism

Ry 1 (D) = (p). L),

By construction R, satisfies the cocycle condition (6.8). This means that for every g, h € G, we have

Rg (ﬂg)*Rh
Rpg = Zpo(D)— (0g)Lp(A)— (1) L (D). (6.28)
In particular R, is an isomorphism for every g € G,

Exactly as we have done in (6.9), and given that by construction @; k(l) acts on Z(A) (resp. @; ‘ k(l) acts on fg(/l)),
we can build an isomorphism

Tyt Dy D = (07D
P — RgoPoRgl.

Locally, if 4/ C 9).g is an open subset and P € @; . k(/l)(Z/I) then T}, ,(P) is defined by the following diagram

Ty (P) .
LU -2 2U.g™)

—1
b wd

LUy —L— 2,
Exactly as we have done in (5.36) we get the following cocycle condition
Thg = (pg) Ty o T, (g, h € Gy). (6.29)

From the previous lemma we get [36, Corollary 5.2.18]

Corollary 6.5.4. Let us suppose that (), k') = (9, k) forY, W' € Fx andletx : Y — 9 be the unique morphism over
X. Let g € Gy. Then () .g, k") > (9).g, k) and if we denote by n.g : Y'.g — 9).g the unique morphism over X, we have a
commutative diagram
r _Pe '
Y — D
\Lﬂ' \L’f-g
Pg
) — s

Based on [36, Definition 5.2.19] we have the following definition.
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Definition 6.5.5. A coadmissible Gy-equivariant 2(A)-module on F consists of a family A := (///QJ k)
.@;) (A)-modules My i for all (), k) € Fy, with the following properties:

@0 of coherent

(a) Forany g € G\ with morphism p, : %) — 9).g, there exists an isomorphism

@y My i~ (0g), My
of sheaves of L-vector spaces, satisfying the following properties:

(i) Forall g,h € Gy we have (pg)*((ph) ° Py = Ppy
(ii) For all open subsetU C 9).g, all P € @;_g’k(/l)(b{), and allm € //lg).g’k(U) one has @ (P em) =T, 1;(P)+
(Pg,u(m)-
(iii) 7 For all g € Gy, the map g+ My = My — (pg)y My = My is equal to multiplication by
5, € H(9), %,ku)).
(b) Suppose 9,9 € Fx are both Gy-equivariant, and assume further that (%), k') > (9,k), and that = © Y - Y
is the unique morphism over X. We require the existence of a transition morphism yyy g @ n, My o — My,

linear relative to the canonical morphism¥ : r, .@;, k,(/l) - 9; «(A). By using the commutative diagram in the

preceding corollary, we required

(p )*(Wg/,g))
(7.8).(pg) s My 1 = (Pg) Mgy 1 ————> (), My

<n.g)*rpgT qogT Py 0 Way gm0 = (0)(Wyy g) © (1.2).(0,).

VY598 N
> My gk

(”'g)*'%g)’.g,k’
The morphism induced by yyy g

— . gf
l[/g)/,g) . ‘@@,k(i) ®”*@;,.k,(/1)’ Grui n*%Q’ i %sg) (630)

is required to be an isomorphism of 9;) ((A)-modules. Additionally, the morphisms yyy g are required to satisfy
the transitivity condition yyy g o 7, (Wyyr gy) = Wy g9 for (9", k") = (D', k") = (9, k) in F 5. Moreover, yryg) g =
id My i
A morphism .# — ./ between such modules consists of morphisms .#Zy) , — Ay of 9; (4)-modules, making com-
mutative the following diagrams

%g).g,k H (pg)*'%g),k ﬂ*%g)/’k/ H %@,k
JV?)‘g,k —> (pg)*f/Vg)’k ﬂ*c/@l’kl H '/Kg),k'

We denote the resulting category by C:OA.

Let us build now the bridge to the category CGO’ , of coadmissible D(Gy), L),;-modules. Given such a module M we have
its associated admissible locally analytic G,-representation V' := M ; together with its subspace of G(k)°-analytic vectors

Vekyo—an S V- As we have remarked, this is stable under the Gj-action and its dual M) := (VG(k)o_an), is a finitely
presented D(G(k)°, Gy);-module. In this situation we produce a coherent @; k(ﬂ)-module

XOC;J{(/D(M]() = A@;Lk(/l) ®Da“(G(k)°)A Mk

7 As is remarked in [36, Definition 5.2.19 (iii)], if § € Gy, then 9).g = %) and g acts trivially on the underlying topological space |9)].
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for any element (9, k) € /. We will denote the resulting family by

Gy e i
ZLoc'(M) := <$ch),k(ﬂ)(Mk)>(2),k)e£x ’

On the other hand, let .# be an arbitrary coadmissible G-equivariant arithmetic Z(4)-module on F. The restriction
morphisms yyy g * 7, My 1 — My ) induce maps HO (2)’, ///@’,k') - HY (2), L//lg),k) on global sections. We let

T(#) = lim  HO(9..dy,).
@.0EFy

The projective limit is taken in the sense of abelian groups. We have the following theorem. Except for some technical
details the proof follows word for word the reasoning given in [36, Theorem 5.2.23].

Theorem 6.5.6. Let us suppose that A € Hom(T, G,,) is an algebraic character such that A + p € t] is a dominant and
regular character of t;. The functors £ ocf0 and T'(e) induce quasi-inverse equivalences between the categories CGO’ 4 (of
coadmissible D(Gy, L) ;-modules) and C:OA.

Proof. Letustake M € CGO’ ,and A € C;;OA. As in [36, Proof of theorem 5.2.23] we will organise the proof in four steps.
Step 1. We have foch(M ) e C;O/1 and . och(M ) is functorial in M.
Proof. Let us start by defining
0g : Locy (DM = (p,), Locy (DNM) (g € Gy)
satisfying (i), (ii) and (iii) in the preceding definition. We recall for the reader that

gocg).g‘k(i)(Mk) - @Q.g,k(i) ®Dﬂ"(G(k)°)A Mk'

Let , : My — M), denote the map dual to the map Vgxo—an = Vegk)o—an giVen by w — g !

®p© Py = Ppg- LetU C 9).g be an open subset and P € @;g’k(ﬂ)(U), m € M. We define

w. By definition

Pg.u(P®m) =T, 1y(P)® pg(m).

Given that (p,), is exact we can choose a finite presentation of M as a D*(G(k)°) ,-module to conclude that we have a
canonical isomorphism

(0s), (Zocy , WMD) = ((6,), 73 (D)) ®pncaaory, Mi-

This means that the above definition extends to a map

. i
s * Dy kD) B, Mic = (g). (gocg),k,A(Mk)> :

For the first condition we need to show that the following diagram is commutative

T Pg T
Dy (g kD ®DnGkyey, M ——> (pg)x (92”,,,{(/1)) ®punGky), M

Ph,
¢ \L(pg)*<ph

(pg)*(ph)* (9;;”((/1)) ®Dan(@(k)o)A Mk'
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Let U C 9).(hg) be an open subset, P,Q € @; (A)U) and m € M. We have

.(hg).k

On g1 @g (PO M) = @ 11 (Ty 1/(P) ® Pg(m))
=T 1o Ty 11 (P) ® ¢(P4(m))
= The, 1u(P) ® Ppg(m)
= @pg, y(P @ m).

Which implies that the diagram is commutative, and therefore the condition (i) is satisfied. Second condition follows from

0g(Q+ P®m) =T, ,(OP) ® py(m) = Ty y(Q)T, 1y (P) ® #o(m) = Ty /(@) /(P @ m).

Finally, condition (iii) follows from the fact that if g € G, then @4 (m) = 5gm. Let us verify condition (b). We suppose
that 9)’, 9 are G-equivariant and that (), k) > (2, k) with canonical morphism 7 : 9’ — 9 over X. As =, is exact we
have an isomorphism

7, (Loch, (M) 7, ( Dy (3)) ®pnceiiory, M-

(This is an argument already given in the text for the functor (p,),). On the other hand, we have remarked that G(k"° C
G(k)° and we have a map gy g) © My — M, obtained as the dual map of the natural inclusion Vi xyo_an = Vk/yo—an-
Let U4 C 9 be an open subset and P € ﬂ*.@T, k,(/l)(Z/{), m € M,;,. We define

wyy 9 (P @ m) 1= Wy 9)(P) ® Wy 9(m),

where W is the canonical injection x,, .@Jr, oA = @; «(4). By using the preceding isomorphism we can conclude that
this morphisms extends naturally to a map

vy 7, (foc;/’k/(/l)(Mk,)> —~ Loc) (HM,).

The cocycle condition translates into the diagram

(o), var

(2) 7. (Zocy, DM = ). (57) (Locy, o DM) ——5 (52) (ZLoch (M)

(ﬂ.g)upgT <ogT (6.31)

vy,
(7.8), (foc;,vg,k,(ﬂ(Mk/)) 22 > Lok | (DM

By construction, the diagrams

(P?)*Tg/,g)

(7.8). (P?’)* @;,’k,(/l) = (pg))* n*.@;,’k,(i) — <p§))* 9;’1((1) M, M M,

<n.g>*TgT rgT 1 1l ©3

¥ , Wy,
¥ 2 .¢.9.g T M, M
CAR e > 7 D) v = M,

are commutative and therefore (6.31) is also a commutative diagram. The transitivity properties are clear. Let us see that
the induced morphism gy g) is in fact an isomorphism. As in [36, Page 42] the morphism y gy g corresponds under the
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isomorphism of lemma 6.5.2 to the linear extension

D(G(k)°, Go) @ piiy,cp Mir = M,

+
9.k,4°

We conclude that .Z och(M ) € Cg&. Given a morphism M — N in CGO, 4 We get, by definition, morphisms M; — N,

of gy g via functoriality of £ oc By lemma 6.4.22 this linear extension is an isomorphism and hence, so is ygy 9.

for any k € Z,, compatible with @, and fyy . By functoriality of &’ oc;) (4), they give rise to linear maps
Locy (DMy) = Locy (AN
which are compatible with the maps ¢, and yyy g).

Step 2. I'(.#) is an object in Cg_ ;.

Proof. For k € N we choose (), k) € Fx and we put N, := H°Y, ///(2),k))- By (6.26), lemma 6.5.2 and the fact that

M € Cg‘; we get linear isomorphisms
D(G(k)°, Gy) @ pye,6y) Niw = Ni

for kK’ > k. This implies that the modules N, form a (D(G(k)°, Go)) ren-Sequence and the projective limit is a coadmissible

module.
Step 3. T o Loc* (M) =~ M.
Proof. TV =M [;, then we have by definition compatible isomorphisms

-
i

G ]
HO (g) XOCAO(M)@’,(J — HO (2},$ocgj’k(ﬂ)(Mk)> = (Votp—an) -
which imply that the coadmissible modules I" o .Z ocf“(M ) and M have isomorphic (D(G(k)", GO)) ren-Sequences.

Step 4. & ocf0 oI M)~ 4.

Proof. Let N :=I'(#)and V := N 1; the corresponding admissible representation. Let .4 := foch(N ). According
to the lemma 6.4.22

Ny 1= D(G(k)°, Gy) @p(G,.) Niw > N

produces a (D(G(k)°, Gp)) oy
(H ), <//2)»k))(¥),k)efx from step 2. Now let (9, k) € Fx. We have the following isomorphisms

-sequence for the coadmissible module N which is isomorphic to its constituting sequence

N = foc;)’k(/l)(Nk) ~ .i’oc;)’k(/l) (HO, Ay ,)) = My,

By T,-linearity the action maps ¢, 2% and ®q Pk constructed in step 1, are the same. Similarly if (), k") > (9, k) are
G-equivariant then the transition maps y %9 and y"2'9 coincide, by Wy g-linearity. Hence A" =~ .# in Cg"[ O

6.5.1 Coadmissible G-equivariant Z(1)-modules on the Zariski-Riemann space

Let us recall that X, denotes the projective limit of all formal models of X"’ (the rigid-analytic space associated by the
GAGA functor to the flag variety X ;). The set Fy of admissible formal blow-ups 9 — X is ordered by setting 9’ > 9)
if the blow-up morphism ¥)’ — X factors as 9’ N %) — X, with 7 a blow-up morphism. The set Fy is directed in the
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sense that any two elements have a common upper bound, and it is cofinal in the set of all formal models. In particular,
X, = l(i_r_n_fx 9). The space X, is also known as the Zariski-Riemann space [13, Part II, chapter 9, section 9.31%. In
this subsection we indicate how to realize coadmissible G-equivariant Z(A)-modules on F as sheaves on the Zariski-
Riemann space X . We start with the following proposition whose proof can be found in [36, Proposition 5.2.14].

Proposition 6.5.7. Any formal model %) of X"¢ s dominated by one which is a G-equivariant admissible blow-up of X.

Remark 6.5.8. As Fy is cofinal in the set of all formal models, the preceding proposition tells us that the set of all G-
equivariant admissible blow-ups of X is also cofinal in the set of all formal models of X. From now on, we will assume

that if 9) € Fy, then 9) also Gy-equivariant, and we will denoted by p? 1Y) — 9 the morphism induced by every g € G,

For every ¥) € F we denote by spy : X, — ¥ the canonical projection map. Let 2 > 9 with blow-up morphism
7' :9 — 9 and g € G;. Let us consider the following commutative diagram coming from the G-equivariance of the

family Fy
) 2
X, — 2 9 —" o9
2)/
Ql Pg } g)l'
This diagram allows to define a continuous function
ppt X o & ¥o

v 633)
(aglger, = (pg(ag)yer,-

which defines a Gy-action on the space X .

Let U4 C 9 be an open subset and let us take V' := s.p_g)1 (U) c X,. Using the commutative diagram

we see that

5p g/ (V) = 5p g (spy (L))
= 5p g/ (5P gy ('~ U))
="',

which implies that sp g (}') is an open subset of 2)’. Now, let us suppose that 9"’ AN 9’ = %) are morphisms over %).

81n this reference this space is denoted by (X > cf. [37, subsection 3.2].
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The commutative diagram

X 2V := sp_g)l(l/{)

[Se]

Py

Sp gt Py

ﬁ\
S
/

implies that
7" Y(sp g (V) = "1 (sp 9(V))) = sp g (V). (6.34)
In this situation, the morphism (6.22)

s i
lpg)//’@/ . ”;,'@Q”,k"(l) i gyf,k/(/l)

induces the ring homomorphism

*

. ‘1’2]//,2)/
Dayr i DP g (V) = 7! Dy (AP oy (V) —— Dy, (A)(sP g (V)
and we can form the projective limit as in [36, (5.2.25)]

PAWV) 1= lim 7y, (AP gy (V)
2'-9

By definition, the open subsets of the form V' := sp‘z)1 (U) form a basis for the topology of X and Z(4) is a presheaf on
this basis. The associated sheaf on X to this presheaf will also be denoted by Z(4).
Now, relation (6.34), and commutativity of the diagrams

Y
g}/l g ; 2)//
l/n,// pg}, l/n,//
Yy —— Y

and the first one in (6.32) tells us that

Fsp gy )

Dygr 11D (0 90 (V) = 7 Dy (D) (5P 9y (V) > Dy oD (5P (V)

2)!/ g)l
ng’ Py (V) ng, spyy (V)

=1 / ¥, (g ) / 4
@;,,,k,,w((p? ) (Spgyl(V))> = (o) #9300 (99 ) == () 73, /D (sp 9 )
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is also a commutative diagram. Let us identify

@(ﬂ)(V) =< P = (Pg)r’k/)(2),’1(,)6]__;E (S H @;,,k/(/l) (Sp g/(V)) | ‘Pg’/l’g)l(Pg)H,kN) = ng’k/
(Y K" Fx

and let us consider the sequence

7 . 7\ —1
P= <Tg’ (Pyy ,,)> c 78 ,,(/1)<< ? ) s ,,(V)>.
¢ &y I gy e (2)”,!:!6}'35 o a hY

Using the commutativity of the preceding diagram we see that

/"

9 Y
Yooy o710 <Tg, (x"~1)(sp g,,(V))(Pg)”»k”)) =T, spy (V) <\Psp g,/(V)(PZ)”,k")>
g)/
=T, 0 Pore?)

and therefore, for g € G, the actions ng‘) assemble to an action

T, : 2= () 2D,
This action is on the left, in the sense that if g, 1 € G, then

(pg)*Th o Tg = Thg'

Let us suppose now that .27 = (My ) € %; %. We have the transition maps wyy gy : 7 My jn — My ;o Which are
linear relative to the morphism (6.22). As before, we have the map

Vsp gy (V)
%@/r,ku (Sp g)//(V)) = ﬂ';’.ﬂg}u,k// (Sp 2}/(1/))-—2)—) %@/,k’ (Sp @’(V))

which allows us to define .Z_, as the sheaf on X associated to the presheaf

Mo(V) 1= lim Myy o (spgy (V).
9'-9

By definition, we have the following commutative diagram

" V'sp gy (V)
./%2)//’,(// (Sp sg)u(V)) =r, //@//’k//((sp @/(V)) > %@’,k/ (Sp 2)/(V))

2)” %,
l"’g P g7 (V) l(”g, spgy (V)

. m\ —1 ’ Yy (g (7)) ’
%‘é)”,k” ((p? ) (Sp Q//(V))) = < ? >*ﬂ:%¥)”,k” (Sp g)/(V)) & (p? )*%2)/,](/ (Sp @/(V)) .

Identifying

%OO(V) =<{im .= (mgy’k/)(g,’k,)e}_x S H %@’,k’ (Sp @/(V)) | l//g)//q@/(mg)n’ku) = Mmyy
QK Fx
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we see as before that if

/"

-1
m = . Mgy 1 nr) S Myt 11 spoyr(V) ),
& ((/)g’ SPQ/’(V)( vk Q" KNEFE (g g)[e]:x v < Pe Py

then the preceding commutative diagram implies that

4

R Y
WSP“Z” (g ") <(pg, (#'"=1)(sp @/(V))(mg)”sk”)> - (pg, spyy (V) (WSP gy(V)(mg)”,k”))

e, spg,,(V)(mQ’,k’)’

and therefore we get a family (¢, ),¢g, of isomorphisms
@yt Moy~ (pg) M. (6.35)

of sheaves of L-vector spaces. By definition 6.5.5 we have that if g,h € G then ¢,, = (p,).¢, © ¢,. Further-
more, under the preceding identifications, if P = (Pgy ;1) € P2A)V)and m = (m 9 k) € My(V), then P.m =
(P jr-m gy 1)y k) F, and therefore

(Y )
(pg, V(Pm) = <(pg, spg)/(V)(ngsk,‘m 2)/’](/) W KTy

(7Y 2 )
- <Tg, spyy ) PP sy ) () @ K)eFy

= Tg, V(P)'(pg’ V(m)'

In particular, .#_, is an equivariant Z(4)-module on the topologial G-space X . Let us see that the formation of .# is
functorial. Lety : .# — .4 be a morphism in ‘Kg (; Then, in particular we have the following commutative diagram

" W;’!"W
T, %@”,k" % %2)/’](/

lﬂ';’(yg//’ku ) l}’g)’,k’

Vory
E*Ji/g)’k % JI/?),/('

Letm = (mg)’k)(g)!k)e}'x € ‘%OO(V) and

s = (yg)”,k”(ng”,k”))(g)'/,k”)efx (S (2)/,!1) . J‘/g)u’ku (Sp 2)"(1/)) .
ke x

Commutativity in the preceding diagram implies that

N N
lI/spgu(V) (Sg)//’k//) - lI/sp g1 (V) <ysp2)/(V) (mg)”,k"))
_ M
= Yspy (V) <‘Vsp 2),a/)(m?)”,k"))
= Vspy (V) (may )
= Sﬁ’,k’?

therefore s € 4, (V) and y induces a morphism y,, : .#, — .4#..This shows that the preceding construction is

functorial. The next proposition is the twisted analogue of [36, Proposition 5.2.29].
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Proposition 6.5.9. Let A € Hom(T,G,,) be an algebraic character which induces, via derivation, a dominant and regular

character of ] . The functor M w My, from the category ‘ng i to Gy-equivariant Z(A)-modules is a faithful functor.

Proof. We start the proof by remarking that sp 9)(X,) = 9 for every 9 € Fx. By remark 6.5.8, the global sections of
M, equal to

HYX, M) = lim  HO,.dy,) =T(A).
D.EF

Now, let f, h.#/ — .4 be two morphisms in ‘Kg i such that f, = h,,. By theorem 6.5.6, it suffices to verify I'(f) = I'(h)
which is clear since HO(XOO, foo) = HO(XOO, hg). O

If (»), denotes the previous functor, the we will denote by Eocgo(/l) the composition of the functor £ocf° with (e), 1.e.,

EocoGoO A)

{Coadmissible D(G, L), — modules} ——— {G( — equivariant Z(4) — modules}.

Since Eocf‘) is an equivalence of categories, the preceding proposition implies that CocoGOO(A) is a faithful functor.

6.6 G-equivariant modules

Thorough this section we will denote by G = G(L) and by B the semi-simple Bruhat-Tits building of the p-adic group G

([18] et [19]). This is a simplicial complex endowed with a natural right G-action.

The purpose of this section is to extend the above results from G(-equivariant objects to objects equivariants for the whole
group G.

We start by fixing some notation.” To each special vertex v € B the Bruhat-Tits theory associates a connected reductive
group o-scheme G,, whose generic fiber (G,); = G, Xgpec(o) Spec(L) is canonically isomorphic to G;. We denote
by X, the smooth flag scheme of G, whose generic fiber (X,); is canonically isomorphic to the flag variety X;. We
will distinguish the next constructions by adding the corresponding vertex to them. For instance, we will write Y,, for
an (algebraic) admissible blow-up of the smooth model X, G, for the group of points G,(o) and G, for the group
of points G,(k)(0). We will use the same conventions if we deal with formal completions. This means that we will
denote by X, the smooth formal flag o-scheme obtained by formal completion of X, along its special fiber (X U)[Fq i=
X, Xgpec(o) SPeC(0/ ). Moreover, 9),, will always denote an admissible formal blow-up of X,,. We point out to the reader
that the blow-up morphism %), — %, will make part of the datum of ),,, and that even if for another special vertex v’ # v
the formal o-scheme 9),, is also a blow-up of the smooth formal model X/, we will only consider it as a blow-up of X .
We will denote by F, := Fy , the set of all admissible formal blow-ups 9, - X, of X, andby £ : F x, the respective
directed system of definition 6.5.1. By the preceding accord, the sets F,, and F,, are disjoint if v # v’. Let

F=||F
v

where v runs over all special vertices of 3. We recall for the reader that X is equal to the projective limit of all formal
models of X",

Remark 6.6.1. The set F is partially ordered in the following way. We say that 9, > 9, if the projection sp 9, - X, -

9This is exactly as in [36, 5.3.1].
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) factors through the projection sp g, Xe ™ 2,

%20

Definition 6.6.2. We will denote by F := | |, F » Where v runs over all the special vertices of B. This set is par-
tially ordered as follows. We say that (9),k") > (9,,k) if 9, > 9, and Lie(G, (k")) C Lie(G,(k)) (or equivalent
wk,Lie(GU/) C kaie(Gu), cf. subsection 5.1.2) as lattices in g; .

For any special vertex v € B, any element g € G induces an isomorphism
pg P Xy o Xy,
The isomorphism induced by pg on the generic fibers (X,); = X; ~ (X, ), coincides with right translation by g on X

idx, Xg
P X = X Xgpee(r) Spec(L)——— X[ Xgpee(r) SPCC(GL)—> Xy

where we have used G(L) = G (L). Moreover, pg induces a morphism X, — ¥, ,, which we denote again by p’g’ , and

v.g°
which coincides with the right translation on ¥, if g € G, (of course in this case vg = v). Let (p, ¥ Oxvg -
(pz)*(’)xv be the comorphism of pg. Ifz : 9, - X, is an admissible blow-up of an ideal Z C Ofu’ then blowing-up
((pg)h)‘l((p;)*I) produced a formal scheme ¥, (cf. lemma 6.5.3), together with an isomorphism pg 29y = Dy
As in lemma 6.5.3 we have ke, = k%g. For any g,h € G and any admissible formal blow-up %), — X,, we have
ng o p; = pg n Do = Dy This gives a right G-action on the family F and on the projective limit X . Finally, if
Yy = 9, with morphism = : 9, — %, and g € G, then 9,4, = ¥,,. and we have the following commutative diagram
(cf. corollary 6.5.4)

@u’ # 2)0

l,,;/ lp; (6.36)

Dy —— g

Now, over every special vertex v € B the algebraic character A induces an invertible sheaf £,(4) on X, such that for
every g € G there exists an isomorphism

Ry Lyg(A) = (0 Ly(A),
satisfying the cocycle condition

h
R = (,;;h)* R0 R™  (hg€G). (6.37)
As usual, for every special vertex v € B, we will denote by .Z,(4) the p-adic completion of the sheaf £, (4), which is
considered as an invertible sheaf on X,. Let (¥,,k) € F with blow-up morphism pr : %, — X,. At the level of
differential operators, we will denote by @; . (4) the sheaf of arithmetic differential operators on ¥),, acting on the line

bundle ,,S”U(/l)lo we have the following important properties. Let g € G. As in (6.9) the isomorphism (6.37) induces a left

10Here we abuse of the notation and we denote again by %, (1) the invertible sheaf pr*.Z,(4) on 9),,.
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action

. i = t
T gy () = (p‘g)*%wku)

P ~ RYP(RY)L
g g
Now, we identify the global sections I'(),,, .@; k(ﬂ)) with D*(G,,(k)°), and obtain the group homomorphism

Gurr = T(975 @)

g [

Where G, ;| = G,(k)°(L) denotes the group of L-rational points (or o-points of G,(k + 1)). We will follow the same
lines of reasoning given in [36, Proposition 5.3.2] to prove the following proposition.

Proposition 6.6.3. Suppose (9),,k") > (9, k) for pairs (D, k"), (Y, k) € F with morphismz : 9,y — 9,. There
exists a canonical morphism of sheaves of rings

. i i
Y ﬂ*@%“k,(l) - .@g)wk(ﬂ)

which is G-equivariant in the sense that for every g € G the following diagram is commutative

-9 %, *) 2 > Dy, D)

l(n.gu(Tg) ng

’ + _ + (p:,)*(‘P) +
(”g)*(pg )*-@g)vl’k/(/l) - (pg)*”*gg)ul,k,(i) % (p;)*-@@wk(/{)

Proof. Let us denote by pr’ : 9, — X, and pr : 9, — X, the blow-ups morphisms, and let us put pr := pr o z. We
have the following commutative diagram

I I
x, X,

Letus fix m € N. Asin [36, Proposition 5.3.6] we show first the existence of a canonical morphism of sheaves of o-algebras
(m,k) ~ x~y(m,k)
DYU/ (A) - pr DXL- (A). (6.38)

Here Y,/, Y,,, X,y and X, denote the o-scheme of finite type whose completions are 9,s, 9,, X, and X, respectively.
The morphisms between these schemes will be denoted by the same letters, for instance pr : Y, = X,. We recall for the
reader that the sheaf Dg,m,’k )(A) is filtered by locally free sheaves of finite rank

! ’
Dg:/,f{d)(/l) = pr'*ﬁvr(/l) ®OY,/ pr,*D(;:/]fd) ®OY,, pr,*ﬁu’(ﬂ)v
=pr"* (DY) (/1)) :

and therefore by the projection formula [30, Part II, Section 5, exercise 5.1 (d) ] and given that pr’, OYM =0 X, (cf. [36,
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Lemma 3.2.3]) we have for every d € N

o, (D)) =pr, (Oy, @0, , PP DY)
=pl(Oy,) ®0, , DY)
= D)),

Xr.d

which implies that
or, (DY) = DPX )

because the direct image commutes with inductive limits on a noetherian space. By proposition 5.5.11 and the preceding

relation we have a canonical map of filtered o-algebras
DG, (k")) — H° (XU,, D(X”Z’,k/)(l)> - H° <XU,,pr; (D;'l'j;k')(/l))) - H° (YU,, D;’:’;"”(/l)) ,
in particular we get a morphism of sheaves of filtered o-algebras (this is exactly as we have done in (2.23))
O L AT = Oy, @, DGy (k') — DY (2). (6.39)
Applying Sym™(s) o wk’pr’ *() to the surjection (5.31) we obtain a surjection
Oy, ®, Sym™ (Lie(G, (k') — Sym™ (wk’pr’* Tx)

(mk")

which equals the associated graded morphism of (6.39) by proposition 6.1.5. Hence ®, ™ " is surjective. On the other

hand, if we apply pr* to the surjection

o7 L AT = Oy ®, DG, (k) — DY (A)

we obtain the surjection OYU/ ®, D(’”)(Gv(k)) - er*D;"U’k)(/l). Let us recall that (9,4, k') > (9, k) implies, in particular,
that Lie(G, (k")) C Lie(G,(k)) and therefore wk Lie(G,) C kaie(Gv). By (5.8), the preceding inclusion gives rise to
an injective ring homomorphism D(m)(GU,(k’ )) & D(’")(Gv(k)). Let us see that the composition

Oy, ®, D™ (G (k') = Oy, ® D™ (G,(k) » pt* DY (1)

factors through Dg:,':,kl)(ﬂ)-

Oy, ®, D™(G, (k) — pi* Dy (4)

-1
~
-
—
-
_-

D(mk )(ﬂ)

Since by lemma 5.5.8 all those sheaves are w-torsion free, this can be checked after tensoring with L in which case we
have that D(m 2 ®, L ~ pr D(m %) ®, L is the (push-forward of the) sheaf of algebraic differential operators on the
generic ﬁber of w (cf. d1scuss1on given at the beginning of section 6.1). We thus get the canonical morphism of sheaves

(6.38). Passing to completions we get a canonical morphism @é)m/k )(/1) - pr @(xm k) (4). Taking inductive limit over all

m and inverting w gives a canonical morphism 9;) ) oA = pr’ 9; «(4). Now, let us consider the formal scheme 9,/
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as a blow-up of X, via pr. Then 7 becomes a morphism of formal schemes over X, and we consider pr* @; k(/l) as the
sheaf of arithmetic differential operators with congruence level k defined on 9),, via pr*. Using the invariance theorem
(theorem 6.2.2) we get 7, (ﬁr*@; k(/l)) = 9;) .- Then applying z, to the morphism @; I ﬁrx.@; () gives

the morphism

gt i
¥in Dy, D= Dy,

of the statement. As in [36, Proposition 5.3.8], making use of the maps <I>§:"’k), as above, the assertion about the G-

equivariance is reduced to some obvious functorial properties of the rings D" (G ,(k)). O

Definition 6.6.4. A coadmissible G-equivariant arithmetic 2 (A)-module on F consists of a family # = (//lz)v,k)(g)u,k)e}'
of coherent @; k(i)-modules with the following properties:

(a) For any special vertex v € B and g € G with isomorphism P; 09y = Dy there exists an isomorphism

(l)g . (%g)ug’k g <p§>* %Q),k
of sheaves of L-vector spaces, satisfying the following conditions:
(i) Forall h,g € G we have !
(05")ut)y © B4 = -

(it) For all open subsets U C 9,,, all P € @; k(/l)(U), and all m € ///%g’k(U) one has qbgu(P.m) =
T, (P).¢" /(). '

(iii) For all g € Gy, the map qﬁg DMy — (P;)*///g),k = My is equal to the multiplication by 6, €
HQ,. 7y (A).

(b) For any two pairs (9),,k") = (9,,k) in F with morphism = : 9, — 9, there exists a transition morphism
vy, 9, - n'*e///g)u, — e///%, linear relative to the canonical morphism ¥ 71'*9; ) k,(l) - @;) k(/l) (in the

preceding proposition) and making commutative the following diagram

WZ)U/‘g»g)ug
(”'g)*(%g)u’g > %@vg

’
\L(ﬂ'.g)*(ﬁ;, \L¢g ¢Z ° wg’u’g’g)vg = (pg)*wg]u/sg)v ° (”g)*(bg (640)
(GRS

(), tly , = (7.8).(pY )y My, ———— (p1),. My,

for any g € G (where we have use the relation (pg)* orx,=(n.g),o (pg/)* coming from the commutative diagram
(6.36)). If V' = v, and (Y, k') = (Y. k) in F, and if Y, Y, are G, y-equivariant, then we require additionally
that the morphism induced by Wy ), (cf- (6.26))

Ve, P Ty (DO, 4

’
9y.k!

(DGysort ”*%@L,k’ - ./%g)wk (641)

is an isomorphism of @; ((A)-modules. As in theorem 6.5.6, the morphism vy, 9, - ﬂ*%g)u,,k/ - ///2)0’,{ are

Here we use the fact the action of G on B is on the right and therefore (pgh)* o (pZ)* = (ng)x.
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required to satisfy the transitive condition

, " L/ TR
@U” % 2)1}, ﬂ* ﬂ*’%g)vn,k” = ﬂ* %2)”//,](” 4 %2)”,1(
W@,/sg)/'
\t l/ ”Wm
ﬂ'*%g);’ k!

vy,9, ° %Wy, 9,) =¥y, 9,

whenever (9) 1, k") = (D, k") = (. k) in F. Moreover, vy, 9, = idk,,,g) g

A morphism M — N between two coadmissible G-equivariant arithmetic 2(A)-modules consists in a family of mor-
phisms My, — Ny of @93 ((A)-modules, such that for any couple of special vertex v, V' € B we have the following
commutative diagrams

’%g)ug’k % (p;)*%g)’k ”*%@Uhk, H %g)wk
S e AR L T W

We denote the resulting category by ‘gg I

We recall for the reader that D(G,,, L) is a Fréchet-Stein algebra [52, Theorem 5.1]. Moreover, a D(G, L)-module is called
coadmissible if it is coadmissible as a D(H, L)-module for every compact open subgroup H C G (cf. remark 6.4.7 (ii)).
Given that for any two compact open subgroups H C H’ C G the algebra D(H’, L) is finitely generated free and hence
coadmissible as a D(H, L)-module, it follows from [52, Lemma 3.8] that the preceding condition needs to be tested only

for a single compact open subgroup H C G. This motivates the following definition where we will consider the weak
Freéchet-Stein structure of D(G, L) defined in (6.20).

Definition 6.6.5. We say that M is a coadmissble D(G, L)-module if M is coadmissisble as a D(G, L)-module.

Let us construct now the bridge to the category of coadmisible D(G, L),-modules. Let M be such a coadmissible
D(G, L);-module and let V' := M,. We fix v € I3 a special vertex. Let Ve, e
vectors and let M, , be its continuous dual. For any (9),, k) € £ we have a coherent 7 k(l)-module

12 be the subspace of G, (k)°-analytic

—an

2) k(ﬂ)(MU k) 2) k(j') ®D“"(G (k)°)j Mv,k
and we can consider the family

G - i
Loc (M) := (ﬁocg)v,k(/l)(M”’k)>(2)U,k)e£.

On the other hand, given an object .# € €7

¢y We may consider the projective limit

D) = lim  HOY,.dy,)
®.eF

with respect to the transition maps yyy 9. Here the projective limit is taken in the sens of abelian groups and over the
cofinal family of pairs (9),, k) € F with G, j-equivariant 9),, , cf. remark 6.5.8.

2Here we use the fact that (G,); = G.
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Theorem 6.6.6. Let us suppose that A € Hom(T,G,,) is an algebraic character such that A + p € t is a dominant and
regular character of t;. (and therefore, a dominant and regular character on every special vertex of B). The functors

Eocf(-) and I'(e) induce quasi-inverse equivalences between the category of coadmissible D(G, L) ;-modules and ‘KG]: e

The proof follows the same lines of reasoning given in [36, Theorem 5.3.12].

Proof. The proof is an extension of the the proof of theorem 6.5.6, taking into account the additional G-action. Let M be
a coadmissible D(G, L),;-module and let .#Z € ‘5}6_ i The proof of the theorem follows the following steps.

Claim 1. One has ﬁocf(M) € ‘ng and £ocf(-) is functorial.

Proof. Let g € G, v € B a special vertex and p; : 9, — 9,, the respective isomorphism. For conditions (a) for
Eocf(M ) we need the maps

¢ : LocT(M)y , := Eoc;mk(/l)(Mv’k) = (p),Loc (Mg 4

satisfying the properties (i), (i) and (iii). Let ¢} : Mg ) — M, denote the dual map to "

VG:U(k)"—an - VGUg(k)"—an

w = g‘1 w.

LetU C 9),, be an open subset and P € @;Ug’k(/l)(U), me€ M,, . We define

9L (P @m) i=T? ,(P)® GLm). (6.42)

Exactly as we have done in theorem 6.5.6, the family (gbé”, ) satisfies the requirements (i), (ii) and (iii). Let us verify
now condition (b). Given (9,,k") > (9,,k) in F, we have G, (k')° C G,(k)° in G"¢ and we denote by vy, .,
M — M, the map dual to the natural inclusion Vg (1)o_an € VG, (ke —an- Let U C 9, be an open subset and
Pe ﬂ*gg)vhk,(i)(U), m € M, ,r. We then define 14

vy, 9,(P®m) =Ty g (P)®yy g (m)

where ‘P%h% L, 9;) ) R @?B . (4) is the canonical morphism given by the preceding proposition. This definition
extends to a map ’

vy,9, ”*EOCAG(M)QU/,k’ - Eocf(M)g)wk

which satisfies all the required conditions. The functoriality of Eocf(o) can be verified exactly as we have done for the

functor Eocf“(o). O
Claim 2. I'(#) is a coadmissible D(G, L),;-module.

Proof. We already know that I'(.#) is a coadmissible D(G,, L),-module for any v (theorem 6.5.6). So it suffices to
exhibit a compatible G-action on ['(.#). Let g € G. The isomorphisms qbg : //lg)ug,k - (pg ) x> which are compati-
bles with transitions maps, induce isomorphisms at the level of global sections (which we denote again by ¢§ to soft the

notation)

¢% 1 H' Dy o My, 1) — HO Dty ).

3Here we use G, (k)° = g7'G,(k)°g in GE.
14We avoid the subscript ¢ in order to soft the notation.
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Let us identify
L(#) = lim Ho(g)vg,k,//z%g,k)

DogbEE,,

0

N (”’%*) e [ H'Ousty, 01 vay, oy, 0=my,

Qg lEF : :
g (Y kIEE,,

Where we have abused of the notation and we have denoted by wyy o) . the morphism obtained by taking global sections
vg* ¥,

on the morphism yy, ¢ (n.9), 9] ,Ug’k,(l) > @;Ug’k(/l). Forg € Gandm :=(my,_ o, wer, €T (A)wedefine

gm = (9Lmy, 1) [1 BQ. sy emg er, i=my o (6.43)

Dy () ier,
1 0 . . _ .
We want to see that g.m € I'(A) = @(%JOGEU H°Y,, (///%,k) and that this assignment defines a left G-action on T'(.Z).

Taking global sections on (6.40) we get the commutative diagram

Y9l Dug

HO(@/Ug’ %@Lg,k’) % Ho(myg’ '%2)”,]()

V! 9,

HOY,, My 1) ———> HD,, My, 1)
which implies that
V/gyu,gu(g-m %,k') = llfgyu,g)v(fl)g(m%g,kf))
= d’;(‘l’g)’ug,%g (mgyvg,k/))
A
=g.m gwk.

We obtain an isomorphism

DA = lim HOD g My 0= lim HOD My ) = TCA)
Log v

According to (i) in (a) we have the sequence

uh i

8
Gy + HOQDupgs My, 10— H' Doy My, )—> HOD, My 1)
which tells us that h.(g.m) = (hg).m, for h,g € G and m € I'(.#). This gives a G-action on I'(.#') which, by construction,
is compatible with its various D(G,,, L)-module structures. O

Claim 3. T o LocS(M) ~ M.

Proof. By theorem 6.5.6 we know that this holds as a coadmissible D(G), L) ,;-module, so we need to identify the G-action
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on both sides. Let v be a special vertex. According to (6.42), the action

I'o Eocf(M) ~lim Mg, —lim M, ~T o Eocf(M)
k v

of an element g € GonT o Eocf(M) is induced by (ﬁg ! Mygx = M, . By dualizing

V= U VGUg(k)O_an = U VGU(k)"—an
keN keN

we obtain the identification

M ~limM,, , ~lim M,
k k

and therefore we get back the original action of g on M. O
Claim 4. LocS o (M) =~ M.

Proof. We know that Eocf(l“(//l))g,wk = //lg)v,k as .@; . (A)-modules for any 2, k) € F, cf. theorem 6.5.6. It remains
to verify that these isomorphisms are compatible with the maps d); and vy, 9, on both sides. To do that, let us see that

the maps (l); on the left-hand side are induced by the maps of the right-hand side. Given
4’; : f//fg)v,k i (Pg)*///g)wk,
the corresponding map
Oy + Locf T(M )y, s = (P (Locf T (M )y, 1)

equals the map
t 0 i 0
@%g,k(/l) ®Da"(Gvg(k)°)j H (@Ug’ tﬂg)vg’k> b (p;)* <_@$mk(/1) ®'Dan(@u(k)o)/1 H <g)l)’ %g)v,k >>

given locally by Tgug) ® Ho(g)vg, ¢§), cf. (6.42). Let U/ C 9, be an open subset and P € 9;) k(/l)(l/{), me M, =
»¥gv v

H°(9),,. Ay, .x)- The isomorphism LocS (T (A )y, k = Ay, i are induced (locally) by P @ m + P.(m|y). Condition
(ii) tells us that these morphisms interchange the maps d)g, as desired. The compatibility with transitions maps vy, 9, for
two models (9),/, k) > (%, k) in F is deduced in a entirely similar manner as we have done in theorem 6.5.6 and the fact
that vy, is linear relative to the canonical morphism ¥ : z, 9;)0“ oA = Qg)w o O

This ends the proof of the theorem. O

As in the case of the group G|;, we now indicate how objects from ‘KGf , can be realized as honest G-equivariant sheaves
on the G-space X . The following discussion is an adaptation of the discussion given in [50, 5.4.3 and proposition 5.4.5]

to our case.
Proposition 6.6.7. The G-equivariant structure of the sheaf P(A) extends to a G-equivariant structure.

Proof. Let g € G and let v,0' € B be special vertexes. Let us suppose that (9),/, k") > (9,, k) in F. The isomorphism
pgl : Yy — 9, induces a ring isomorphism

VoL oot v’ i
7y, )= (pg )*@%’k,(x).
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On the other hand, and exactly as we have done in (6.33), the commutative diagram

U

Py Py

X, — 2, > Doe
P

9y —— D,

defines a continuous function

P X
(@) = (a,).

which fits into a commutative diagram

X, ——3 X,

oY
g
Dy —— Dy

In particular, if V' C X is an open subset of the V' := pri1 (U) with U C 9, an open subset. Then

-1
() (o, ) =pra, (')
and so the map T;, induces the morphism
T + .
Qg)v,g,k/(/l) <Prg)vzg (V)) - %hk'u) (pr% (pg (V))) . (6.44)

Moreover, if (Y, k") = Dy, k") = (P, k) in F, and as before V' := prg)i U) C X, withf C 9, an open subset, then

the commutative diagram

@;v”g’k”(ﬂ) <prg)v“g(V)) — 9;[),/,]{,,(/1) (prg)v,, <p;1(V)>> :

1 l

0 {0, ) — 40, (5°0)

implies that if, by cofinality, we identify 2(4)(V') = lim f

M, e, 92)%, k(l) (prg)ug (V)) and we take projective limits in

(6.44), then we get a ring homomorphism
Ty : 2OV = (p), ZAV)

which implies that the sheaf Z(4) is G-equivariant. Furthermore, from construction this G-quivariant structure extends
the G-structure defined in (6.35). O

Finally, let us recall the faithful functor
M > My,

from coadmissible G,-equivariant arithmetic Z(4)-modules on Fy to G-equivariant Z(4)-modules on X . If .# comes
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from a coadmissible G-equivariant Z(4)-module on F, then .Z_ is in fact G-equivariant (as in (6.35), this can be proved
by using the family of L-linear isomorphisms (4); )geq- As in proposition 6.5.9, the preceding theorem gives us

Theorem 6.6.8. Let us suppose that A € Hom(T,G,,) is an algebraic character such that A + p € t”i is a dominant and
regular character of t;. The functor M ~ My, from the category ‘gg , 1o G-equivariant Z(A)-modules on X, is a
faithful functor.

We summarize the main results of this work with the following commutative diagrams of functors (cf. [50, Theorem
5.4.10])

Coadmissible Loc§ Coadmissible G — equivariant
D(G, L), — modules = arithmetic Z(A) — modules
Coadmissible L‘ocf" Coadmissible G, — equivariant
D(Gy, L); — modules = arithmetic 2(1) — modules
Here the left-hand vertical arrow is the restriction functor coming from the homomorphism

D(G,. L), — D(G, L),

and the right-hand vertical arrow is the forgetful functor.
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Soit G un schéma en groupes réductif, connexe et déployé sur I'anneau des entiers d’une exten-

sion finie L du corps de nombres p-adiques Q,. Un théoréme important dans la théorie des groupes
c’est le théoréeme de localisation, ce qui a été démontré par A. Beilinson et J. Berstein, et par J.L.
Brylisnsky et M. Kashiwara. Il s’agit d’un résultat de D-affinité pour la variété de drapeaux X du
groupe algébrique G (la fibre générique de G). En caractéristique mixte un progrés important se
trouve dans les travaux de C. Huyghe et T. Schmidt. Ils donnent une réponse partielle en considérant
des caractéres algébriques. Les premiéres quatre chapitres de cette thése sont consacrés a étendre cette
correspondance (le théoréme de localisation arithmétique) pour des caractéres arbitraires.
Dans les chapitres cing et six, nous traiterons I'objectif principal de ce travail qui concerne les représen-
tations localement analytiques. Nous montrerons que si A est un caractére algébrique, tel que A+ p est
de plus dominant et régulier (p en étant le caractére de Weyl), alors la catégorie des représentations
admissibles localement analytiques du groupe L-analytique G := G(L), a caractére central A, c¢’est
équivalente a la catégorie des D(\)-modules arithmétiques coadmissibles G-équivariants sur la famille
des modeles formels de la variété de drapeaux rigide de G.
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