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Résumé :

Dans cette these, nous étudions 1’équation parabolique non linéaire Oyu = Au+alz| ™" |u|%u, t >0, x €
RM\{0}, N>1,a€R, a >0, 0 <~y < min(2,N) et avec une donnée initiale u(0) = ¢. On établit
Iexistence et I'unicité locale dans LI(RY) et dans Co(R™). En particulier, la valeur ¢ = Na/(2 — )
joue un role critique.

Pour a« > (2 — v)/N, on montre l'existence de solutions auto-similaires globales avec données
initiales p(z) = w(z)|z|~ /% ot w € L>®(RY) homogene de degré 0 et ||w|so est suffisamment
petite. Nous montrons ainsi que si ¢(z) ~ w(z)|z|~2=7/® pour |z| grande, alors la solution est
globale et asymptotique dans LOO(RN ) & une solution auto-similaire de I’équation non linéaire. Tandis
que si p(x) ~ w(z)|x|”7 pour des |x| grandes avec (2 —v)/a < o < N, alors la solution est globale,
mais elle est asymptotique dans L®(RN) & 2 (w(z)|z|~7).

L’équation avec un potentiel plus général, dyu = Au + V(z)|u|, V(z)z]’ € L®°RY), est éga-
lement étudiée. En particulier, pour des données initiales ¢(z) ~ w(z)|z|~3="/®  |z| grande, nous
montrons que le comportement a grand temps est linéaire si V' est a support compact au voisinage de
Porigine, alors qu’il est non linéaire si V' est a support compact au voisinage de 'infini.

Nous étudions également le systéme non linéaire dyu = Au + al|z| 7 |v|P~ v, v = Av+b|z|P|ul 1y,
t>0, 2 RV\{0}, N>1,a,b€R,0<v<min(N,2),0 < p < min(N,2), p,¢ > 1. Sous des condi-
tions sur les parametres p, q,y et p nous montrons l’existence et I'unicité de solutions globales avec
données initiales petites par rapport a certaines normes. En particulier, on montre I'existence de solu-
tions auto-similaires avec donnée initiale ® = (@1, ¢2), ol 1, @2 sont des données initiales homogenes.
Nous montrons également que certaines solutions globales sont asymptotiquement auto-similaires.

Comme deuxiéme objectif, nous considérons I’équation de la chaleur non linéaire
up = Au A+ [ulP " ru — |uli (E)

avec t > 0 et z € , la boule unité de RV, N > 3, avec des conditions aux limites de Dirichlet. Soit
h une solution stationnaire a symétrie radiale avec changement de signe de (E). On montre que la
solution de (E) avec donnée initiale Ah explose en temps fini si |A — 1| > 0 est suffisamment petit et
sil<qg<p<ps= % et p suffisamment proche de pg. Ceci prouve que ’ensemble des données

initiales pour lesquelles la solution est globale n’est pas étoilé au voisinage de 0.



Mots clés : Equation de la chaleur non linéaire, Equation parabolique de Hardy-Hénon, Systéme
parabolique de Hardy-Hénon, Existence globale, Solutions auto-similaires, Comportement en temps

grand, Explosion en temps fini, Solutions stationnaires avec changement de signe, Opérateur linéarisé.






Abstract:

In this thesis, we study the nonlinear parabolic equation du = Au + alz| V|u|*u, t > 0, = €
RM\{0}, N>1,a€R, a>0, 0<~v < min(2,N) and with initial value u(0) = ¢. We establish local
well-posedness in LI(RY) and in Co(R™). In particular, the value ¢ = Na/(2 —~) plays a critical role.

For a > (2—)/N, we show the existence of global self-similar solutions with initial values ¢(x) =
w(z)|z|~ =M/ where w € L®°(RY) is homogeneous of degree 0 and ||w]||oo is sufficiently small. We
then prove that if ¢(z) ~ w(x)|z|~ =7/ for |z| large, then the solution is global and is asymptotic
in the L*-norm to a self-similar solution of the nonlinear equation. While if ¢(x) ~ w(z)|x|~? for
|z| large with (2 — v)/a < 0 < N, then the solution is global but is asymptotic in the L*°-norm to
e (w(a)|z| 7).

The equation with more general potential, dyu = Au + V(x)|u|%u, V(z)z|’ € L>®(RY), is also
studied. In particular, for initial data ¢(z) ~ w(z)|z|~ =7/ |z| large , we show that the large time
behavior is linear if V' is compactly supported near the origin, while it is nonlinear if V' is compactly
supported near infinity.

we study also the nonlinear parabolic system dyu = Au + a|z| 7 |v[P~1v, v = Av + blz|~P|ul? u,
t>0,2cRV\{0}, N>1,a,bcR,0<v<min(N,2),0 < p < min(N,2), p,¢ > 1. Under conditions
on the parameters p,q,v and p we show the existence and uniqueness of global solutions for initial
values small with respect of some norms. In particular, we show the existence of self-similar solutions
with initial value ® = (1, p2), where ¢1, w2 are homogeneous initial data. We also prove that some

global solutions are asymptotic for large time to self-similar solutions.

As a second objective we consider the nonlinear heat equation
ug = Au A+ [ulP " u — |u) , (E)

where ¢t > 0 and z € €, the unit ball of RN, N > 3, with Dirichlet boundary conditions. Let h be a

radially symmetric, sign-changing stationary solution of (E). We prove that the solution of (E) with

N+2
N—-2

and p sufficiently close to pg. This proves that the set of initial data for which the solution is global

initial value Ah blows up in finite time if |\ — 1| > 0 is sufficiently small and if 1 < ¢ <p < pg =

is not star-shaped around 0.



Keywords: Nonlinear heat equation, Hardy-Hénon parabolic equation, Hardy-Hénon parabo-
lic system, Global existence, Self-similar solutions, Large time behavior, Finite-time blow-up, Sign-

changing stationary solutions, Linearized operator.
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Chapitre 1

Introduction et résultats principaux

1.1 Motivation et présentation générale des problémes
Un nombre important de chercheurs sont intéressés par le probleme de Cauchy suivant :

up = Au+ |u|*u dans Q x (0,7
U0 =0 sur 002 x (0,7) (1.1.1)
u(0) = ug dans Q,

ott u = u(t,z) € R, up: Q — R, Q est un ouvert convexe borné régulier de RY ou Q = RV et 7' > 0.
(La condition de bord est remplacée par lim|,_, u(t,r) =0 si Q = RM).

Cette équation de réaction-diffusion constitue un modele pour plusieurs phénomenes physiques et
chimiques.

L’équation (1.1.1) présente un intérét mathématique puisqu’elle est le prototype des équations
paraboliques. Plusieurs questions autour des solutions de cette équation se posent :

— Pour quels espaces de données initiales le probleme est-il localement bien posé?

— Pour quels espaces de données initiales le probléme est-il globalement bien posé 7

— Quelle est la vitesse d’explosion des solutions non globales 7

— Que peut-on dire du comportement en temps grand des solutions globales ?

— Que peut-on dire sur la structure de I’ensemble des solutions globales ?

Rappelons que dans I’étude des équations d’évolution, les termes “globale” et "locale” font ré-
férence a existence de la solution pour tout ¢ > 0 ou bien dans des intervalles de la forme [0,T),
respectivement.

Afin d’établir 'existence locale ou globale , on peut chercher des solutions pour I’équation intégrale

suivante, qui est formellement équivalente a I’équation (1.1.1),

u(t) = S(t)uo + /0 S(t — o) (Ju(e)[*u(o)) do. (1.1.2)

11



CHAPITRE 1. INTRODUCTION ET RESULTATS PRINCIPAUX

S(t) désigne le semi-groupe (qu’on suppose exister) dont le générateur infinitésimal est égal a A.

Notons que les solutions de (1.1.2) sont des points fixes de 'opérateur
t
Fuo u(t) = S(t)uo + / S(t — o) (|u(o)|"u(o)) do.
0

On espere trouver des points fixes pour cet opérateur F,, dans quelques espaces de Banach bien
introduit. Remarquons que le bon choix de la donnée initiale et le choix de I’espace sont fondamentaux
pour 'obtention de solutions globales.

Le probléme de Cauchy (1.1.1) peut étre résolu dans plusieurs espaces fonctionnels. Citons par
exemple Cp(2), avec

~ Cp(92) est I'espace des fonctions continues sur  nulle sur 92 si Q est borné,

~ Cp(9) est I'espace des fonctions continues sur RV tendant vers 0 quand |z| — oo si Q = RV,
On peut aussi penser & le résoudre dans I'espace de Lebesgue L®°(RY) et d’une maniére plus générale
dans les espaces de Lebesgue L(RY).

Une des premieres études de I'équation (1.1.1) a été faite en 1966 par Fujita dans [20], ou il a
été prouvé que pour Q = RN et pour certaines données initiales dans LOO(RN ) positives et vérifiant

quelques propriétés de bornitude le probléme n’admet aucune solution non-triviale positive et globale
2

N>
positive dominée par une Gaussienne suffisamment petite. Ce résultat montre que ’exposant o a un

si0 < a<ap = alors que si @ > ap il existe une solution globale pour toute donnée initiale
effet direct sur les propriétés de la solution. ap est appelé 'exposant critique de Fujita.

En 1981, Weissler dans [51] considére des données initiales ug € LI(RY), il établit 'existence d’un
exposant critique ¢, = % tel que le probléme soit bien posé dans LI(RY) si ¢ > q., et mal posé si
q < qc par perte d’unicité locale. En 1996, Brezis et Cazenave dans [3] ont considéré le méme probléeme,
ils prouvent 'unicité des solutions dans une classe de solutions plus large que celle dans [51].

Parmi les objectifs dans I’étude du probléeme de Cauchy (1.1.1) c’est de construire des solutions

auto-similaires, les chercheurs sont donc obligés de traiter des données initiales singuliéres de type
_2
ug(x) = w(z)lz| "=,

avec w homogene de degré 0. 1l est facile de remarquer que |l‘|_% n’est dans aucun espace de Lebesgue
LI(RY) et donc la théorie standard dans les espaces LI(RY) ne s’applique pas. Afin de construire des
solutions auto-similaires Cazenave et Weissler dans [14] ont considéré des données initiales satisfaisant
la relation suivante

sup 7[|e" || ,r(mvy < o0,
£>0

avec
1< ! < Na <
e T
a+1 2 ’
et . N
=3 o



CHAPITRE 1. INTRODUCTION ET RESULTATS PRINCIPAUX

Ils ont prouvé l'existence de solutions globales pour 1’équation intégrale associée pour des données

initiales petites par rapport a la norme

N (up) := sup tﬂHetAUOHLT(RN)a
£>0

en plus, ils ont prouvé que si N (ug) est suffisamment petite et ug(z) ~ w(x)|a:|_% dans un sens
approprié, alors la solution résultante est asymptotique quand ¢ — co & une solution auto-similaire de
(1.1.1).
Plusieurs chercheurs ont étudié aussi la structure géométrique de I’ensemble G pour le probleme
(1.1.1) défini par
G = {uo € Co(Q), Ty, = o0} ,

ici T, désigne le temps maximal d’existence et Q un domaine borné régulier de RY. 11 ont montré
que G n’est pas étoilé dans plusieurs circonstances :
— N >3, Q= B la boule unité de RV, et oo < cvy = ﬁ suffisamment proche de ax, voir [8];
—~ N =3, Q= By la boule unité de RY, et a > 0 suffisamment proche de 0, voir [10];
— N >3, Q est un domaine général, et a < a, = ﬁ suffisamment proche de o, ou o = vy, voir
[29, 31];
~ N =2, Q = By la boule unité de R, ou bien 2 est un domaine général et o suffisamment
grand, voir [15, 16].
Voir [11, 12, 13, 21, 22, 28, 38| pour d’autres propriétés de I’ensemble G pour le probléme (1.1.1).
Cette these se compose en deux parties indépendantes. On va établir et améliorer quelques résultats
analogues aux résultats précédents établis pour I’équation (1.1.1).

Le but de la premiere partie est d’étudier ’équation de la chaleur singuliere
Ou = Au+al - |77 |u|u, (1.1.3)
u=u(t,r)eR, t>0, €RY, N>1, a€R, a>0, v> 0 et avec donnée initiale
u(0) = . (1.1.4)

Dans ce qui suit, nous notons ||.|[Lew~y par [|.[[g, 1 < ¢ < co. Pour tout ¢ > 0, et® désigne le

semi-groupe de chaleur

mf /‘Gtx— ) f(y)dy, (1.1.5)

G(t,z) = (4rt) N 2e i t >0, z e RV, (1.1.6)

et f € LYRYN), q € [1,00) ou bien f € Co(RN). Pour f € S'(RV), e!®f est défini par dualité. Une

solution ”"mild” du probléme (1.1.3) est une solution de I’équation intégrale

u(t) = etAw + a/ et=5)A (\ . ]*7|u(s)\au(s)) ds, (1.1.7)

0
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CHAPITRE 1. INTRODUCTION ET RESULTATS PRINCIPAUX

et c’est sous cette forme que nous considérons le probleme (1.1.3).

Le cas v = 0 correspond a I’équation de la chaleur non linéaire standard. Pour v < 0 elle est
connue dans la littérature comme une équation parabolique de Hénon, tandis que si v > 0 elle est
connue comme une équation parabolique de Hardy. Dans ce travail nous nous intéressons au cas v > 0.
Nous sommes intéressés par l'existence et 1'unicité de solution locale pour (1.1.3) avec donnée initiale
¢ € LYRYN), 1 < ¢ < oo, et dans Cy(RY). Nous étudions également l'existence de solutions globales,
y compris des solutions auto-similaires et nous prouvons l’existence de solutions asymptotiquement
auto-similaires. Les méthodes sont basées sur les articles [49, 51, 14, 43].

Nous allons étudié aussi le comportement asymptotique des solutions globales de I’équation para-

bolique non linéaire singuliére générale
u(t) = e + /0 t =AWV () u(o)|u(0)] do, (1.1.8)
u=u(t,r) ER, t>0, x € RN, a>0et pc S (RY). Le potentiel V vérifie
[V(2)| < Clz| ™7, V2 € RV\{0}, (1.1.9)

et satisfait 1’'une des hypotheses suivantes :
(H1) V(z) =a(l - f(x))|z]77,
(H2) V(x) = af(z)|z|7,

ol a € Ret f tel que

1 2y a+1 1 1 2«
e PRY), L<Z<2l ——, -<=-= 1.1.10
f@lal ™ e @), J<i< Tt tetot (11.10)
averc r > ¢, satisfaisant i - m <1< %, gc est défini dans (1.2.19) au dessous. A titre

d’exemple pour cette fonction f, nous pouvons prendre une fonction a support compact et f = 1 pres
de l'origine.

Nous avons considéré ensuite le systeme parabolique non linéaire suivant

() { Ou = Au+ al.| 7 |v|P~ Lo,
0w = Av + b|.| 7P |ul9 tu,
avec donnée initiale
uw(0,z) = ¢1(x), v(0,2) = p2(z), (1.1.11)
otu=u(t,z) ER,v=0(t,z) €R, t>0,2€RY a, b€ R, 0<vy<min(N,2), 0 < p < min(N,2),

p,q> 1.
Une solution "mild” du systéme (S)-(1.1.11) est une solution du systéme intégral

u(t) =e®p1 +a / =2 (|| u(o) P (o)) do,
O (1.1.12)

o(t) = ety + b / {2 (| [Plu(o)] 4 u(o)) do
0

14



CHAPITRE 1. INTRODUCTION ET RESULTATS PRINCIPAUX

Nous étudions I'existence de solutions globales "mild”, y compris des solutions auto-similaires pour le
systéme semi-linéaire (S). De plus, nous nous intéressons de leur comportement asymptotique.

En utilisant I’estimation clé établie par la Proposition 2.1 dans [2] nous pouvons adapter la méthode
de Fujita et Kato [18, 19] et récemment utilisé dans [2, 5, 6, 14, 7, 23, 30, 42, 43, 44]. Cette méthode
est basée sur un argument de contraction sur le systéme intégral associé (1.1.12). Précisément, nous
transformons le probleme de 'existence et de 'unicité des solutions globales en un probléme de point
fixe pour une fonction définie dans un espace de Banach approprié équipé d’une norme choisie afin
d’obtenir directement le caractére global de la solution.

La deuxiéme partie est reservée a I’étude de ’explosion en temps fini des solutions régulieres et

qui prennent des valeurs positives et négatives du probleme

e = A ful? =l (1.1.13)
U|aQ =0.
Iei, u =u(t,z) €R, t >0, x € Q, et
Q= By, (1.1.14)
est la boule unité ouverte de RY,
N > 3. (1.1.15)
En outre, nous considérons
1 <q<p<ps, (1.1.16)
ol N 49
_l’_
= _, 1.1.17
Ps = N5 ( )

Il est bien connu que le probléme (1.1.13) est localement bien posé dans Cp(€2), ot Cp(£2) est l'es-
pace de Banach des fonctions continues sur © et nulles sur 9. Plus précisément, étant donné
up € Cp(92), il existe un temps maximal 0 < T, < oo et une unique function u € C ([0, T, ), Co(2)) N
C ((0,T,),C%(2)) N C* ((0,Ty,), Co(2)) qui est une solution classique de (1.1.13) dans (0,Ty,) et tel

que u(0) = up. En outre, si T,,, < oo, alors tlim |u(t)]|co = 00, et nous disons que u explose en temps
uQ

fini. En plus, si v € C([0,T),Co(2)) N C ((0,T),C%(Q)) N C* ((0,T),Co()) est une sur-solution de
(1.1.13), i.e vy — Av > [v[P~Lo — [v[7 v, vjgq > 0 and v(0) > ug, alors v(t) > u(t) tant que u et
v sont définies. La notion de sous-solution est définie avec des inégalités inversées, ce qui donne une
conclusion analogue. Voir, par exemple, la Proposition 52.6 dans [40].

Nous définissons I’ensemble G par
G = {up € Co(Q), Ty = 00} .
Il est intéressant d’étudier les propriétés géométriques de I’ensemble G. Tout d’abord, nous notons que
chaque solution h de

—Ah = |hP~ h — |n|~1h,
(1.1.18)

hjaq = 0,

15



CHAPITRE 1. INTRODUCTION ET RESULTATS PRINCIPAUX

est une solution stationnaire, donc globale, de (1.1.13), dont la donnée initiale est évidemment uy = h,
est donc dans G. Comme la non-linéarité |s|P~1s — |s|971s satisfait les propriétés de [9, Theorem 1.1,
p. 15], il s’ensuit que ’ensemble G n’est pas convexe. Comme u(t) = 0 est une solution de (1.1.13) on
peut demander si G a la propriété la plus faible d’étre étoilé autour de 0. Le but de ce travail est de
montrer que G n’est pas étoilé. Pour cela, il faut adapter les méthodes de [8].

Dans la suite nous présentons les résultats obtenus pour chaque chapitre.

1.2 Etude des équations de Hardy-Hénon

Nous étudions d’abord l'existence et l'unicité locale pour ’équation intégrale (1.1.7). A notre
connaissance, il n’existe qu’un résultat précédent de ce type, Wang en 1993 [48], qui travaillait dans
'espace Cg(RY) de fonctions continues et bornées. Pour N > 3, a > 0 et v < 2, il a prouvé l'existence
locale de solutions pour (1.1.7) dans C([0,T]; Cs(RY)) pour tout ¢ € Cg(RY).

Dans ce travail, on montre 'existence et 'unicité locale dans Co(R”) et dans L4(R™) pour certaines
valeurs de ¢. Nous exigeons également la condition v < 2, et en fait 0 < v < 2. Tout au long du
document, nous posons, pour a > 0, 0 < v < 2,

N«

= —. 1.2.1
7 (1.2.19)

dc

L’exposant critique g, joue un role crucial. Nous dirons que ¢ est sous-critique, critique ou sur-critique,

selon que g < ¢., ¢ = g. ou q > qg.. Nous avons obtenu les résultats suivants.
Théoréme 1.2.1 (Existence et unicité locale). Soient N > 1 un entier, a > 0 et v tel que
0 <y < min(2, N). (1.2.20)

Soit q. donné par (1.2.19). Alors on a les résultats suivants.

(i) L’équation (1.1.7) est localement bien posée dans Co(RN). Plus précisément, étant donné ¢ €
Co(RN), alors il existe T > 0 et une unique solution u € C([0,T]; Co(RY)) de (1.1.7). En outre,
u peut étre prolongée a un intervalle mazimal [0, Tiyax) tel que s0it Tinax = 00 0U Tipax < 00 et

lim  JJu(t)||co = 0.
(ii) Si q est tel que
N(a+1)
>
N =~
alors léquation (1.1.7) est localement bien posée dans LI(RY). Plus précisément, étant donné
¢ € LYRY), alors il existe T > 0 et une unique solution u € C([0,T]; LY(RY)) de (1.1.7).

En outre, u peut étre prolongée a un intervalle maximal [0, Tnax) tel que s0it Thax = 00 ou

q>q. et q<oo,

Tmax < 00 et lim  [Ju(t)|q = oo.
t—Tmax
(iii) Supposons que q > q. avec 1 < q < oo. Il en résulte que (1.1.7) est localement bien posée
dans LYRYN) comme dans la Partie (i) sauf que l'unicité n’est garantie que pour les fonctions

continues u : [0, T] — LY(RYN) vérifiant également
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Nl_1 , . o 1 N—
(a) t2 (g r)Hu(t)Hr est bornée dans (0,T], ot r > q satisfait q(a1+1) — N(07+1) <2< N(aﬁl)’
q > qc;
N/ 1 1
(b) supye(o,1 tf(ﬁ_?)Hu(t)Hr est suffisamment petit, ou r > q satisfait q% - W <1<

N—ry _
Niat1)> 4= 4e-

En outre, u peut étre prolongée a un intervalle mazimal [0, Tiax) tel que, dans le cas q¢ > q,
500t Tinax = 00 0U Tnax < 00 et lim ||u(t)||, = oc.
t—Tmax

(iv) Dans tous les cas ci-dessus, sauf lorsque q = q., le temps d’existence minimal de la solution,

noté T, dépend uniquement de ||¢||« ou ||¢||lq respectivement.

Remarque 1.2.1. Wang montre I’équivalence des C5(R™) solutions de 1’équation intégrale (1.1.7) et
des solutions faibles continues de (1.1.3)-(1.1.4), qui sont aussi des solutions au sens des distributions.
Voir la remarque dans [48] juste aprés la Définition 2.1 de [48] dans la page 563. Les Co(R'V) solutions
ci-dessus sont comprises dans cette situation. Pour ¢ > 0 les LY(R”) solutions sont aussi des Co(R™)

solutions, et ont donc la méme régularité.

Remarque 1.2.2. Le probléme (1.1.7) n’est pas bien posé pour certaines valeurs g sous-critique. La
preuve est basée sur ’existence d’une solution auto-similaire strictement positive a décroissance rapide
[26, Theorem 1.1, p. 625]. Il résulte de ce résultat, quesil < ¢ < g, a >0, N > 3 et 2_77 <a< 2%,
alors il existe une solution strictement positive u de (1.1.7) avec donnée initiale ¢ = 0 dans LI(RY).
Ceci montre un résultat de non-unicité dans L¢(RY) et donc (1.1.7) n’est pas bien posé pour certaines

valeurs q < qc.

La preuve du Théoreme 1.2.1 est basée sur des arguments et des résultats dans [49, 50]. Pour
appliquer ces méthodes, un nouveau ingrédient clé est nécessaire. Ces solutions dépendent continliment
des données initiales dans un sens approprié. De plus, si ¢ appartient a deux espaces différents comme
décrit dans le Théoreme 1.2.1, alors les solutions résultantes dans les différents espaces coincident, et
en particulier, le temps maximal d’existence ne dépend pas de 'espace.

Récemment, nous avons amélioré la Partie (iii) dans le Théoréme 1.2.1, plus précisément, nous

avons obtenu le résultat suivant.

Théoréme 1.2.2. Sous les hypothéses du Théoréeme 1.2.1. Supposons que q > q. avec 1 < q < co. 1l
en résulte que (1.1.7) est localement bien posée dans Lq(RN) sauf que l'unicité n’est garantie que pour

les fonctions u : [0, T) — LY(RN) wvérifiant également
(a) we C([0,T],LYRY)) N C ((0,T], L"(RN)) , odb 7 > q satisfoit s — w25y < + < MaD)
q > qc;

(b) uedC ([O,T],Lq(RN)) nc ((O,T],L’”(RN)) , ou T > q satisfait q%—m < % < %, q=qe.

Pour la preuve, voir Proposition 2.3.1 et Remarque 3.4.2.

Nous passons maintenant a ’existence de solutions globales. Nous avons obtenu le résultat suivant.
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Théoréme 1.2.3 (Existence globale ). Soient N > 1 un entier, o, o, v > 0. Supposons que (1.2.20)

est satisfaite et que )
a > j, de maniére équivalente q. > 1,

N
ot q. est donné par (1.2.19). Alors on a les résultats suivants.

(i) Si ¢ € L%(RN) et ||p|l4 est suffisamment petite, alors Tpax = 00.
(ii) Si € Co(RN) tel que |p(x)] < c(1+ |x!2)_% , pour tous v € RN avec ¢ suffisamment petit et

2 _
o>—1 (1.2.21)
(6

alors Tpax = 00.
(iii) Soit o € L (RN) tel que |o(-)| < | - |

loc

_ 2= . . .
o, pour ¢ suffisamment petit. Alors, il existe une

solution globale en temps de (1.1.7), u € C ((0,00); LY(RY)) pour tout ¢ > qe. De plus u(t) — ¢
dans S'(RN) quand t — 0.

Remarque 1.2.3. En utilisant la solution auto-similaire construite dans [17, Proposition 3.1, p. 477]

et en utilisant la méthode de [45, Corollary 1.4, p. 659], nous pouvons prouver le résultat suivant.

9
N’Y < a< 2N7—72' Il existe C' > 0 tel que si ¢ €

Supposons que N > 3, a > 0 et « tel que
Co(RM), 0 > 0 et
lim inf |x\2%g0(:1:) >C,

|x|—o00

alors Tiax < 00.

Par des résultats d’explosion de type Fujita, la condition a > (2 — v)/N (g. > 1) est optimale
dans le Théoreme 1.2.3. En fait, si a > 0 et o < (2 — v)/N alors les solutions de (1.1.3) avec des
données initiales strictement positives explosent en temps fini. Voir [37, Theorem 1.6, p. 126]. Dans
[37, Theorem 1.2, p. 125], des exemples de solutions globales pour (1.1.3) avec des données initiales
strictement positives pour g. > 1 et a > 0 sont construits. Toujours pour a > 0, d’autres résultats
d’existence globale pour des données initiales strictement positives sont prouvés dans [48] et [26] mais
seulement pour N > 3 et avec des conditions supplémentaires sur a. Voir [26, Theorem 1.3, p. 626].
Nos résultats d’existence globale sont établis sans aucune restriction sur a ou sur les données initiales
(sauf une condition de petitesse). Dans [48], Wang a observé qu’en modifiant les arguments de Lee
et Ni [27], si (1.1.3) a une solution globale, alors nécessairement lim inf|y|_, \$|2?Tv<p(w) < o0. Nos
résultats dans le Théoréme 1.2.3 (ii) et (iii) sont compatibles avec cette condition. Pour v = 0, (i) est
connu, voir [18, Theorem 3, p. 32].

Nous passons maintenant a l'existence de solutions auto-similaires. Dans [26, 48] l’existence de
solutions auto-similaires a symétrie radiale pour Q_T“’ <a< 2% et N > 3 est établie. Ici, nous

n’imposons pas la symétrie radiale des solutions auto-similaires. Nous avons obtenu le résultat suivant.

Théoréme 1.2.4 ( Solutions auto-similaires). Soient N > 1 un entier, a, v > 0. Supposons que

0 <~y <min(2,N) et
2-7
> . 1.2.22
“ N ( )
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Soit p(x) = w(a;)|:c]_2?Tw, ot w € L®(RYN) est homogéne de degré 0 et ||w||oo est suffisamment petite.
Alors, il existe une solution globale "mild” auto-similaire us de (1.1.8)-(1.1.4). Cette solution vérifie
us(t) — ¢ dans S'(RY) quand t — 0.

Pour le comportement asymptotique des solutions globales, nous avons le résultat suivant.
Théoréme 1.2.5 (Comportement asymptotique). Soient N > 1 un entier, o, o, v > 0. Supposons

que 0 <y <min(2,N) et

2T <5 <N. (1.2.23)
a
Soit ¢ € Co(RYN) tel que
c
<—— VzeRY,

pour ¢ > 0 suffisamment petit, et
p(r) = wz)lz[7, |z| = A,

Pour une constante A > 0 et w € L¥(RY), homogéne de degré 0, avec ||wl||oo suffisamment petite.
Soit u 'unique solution globale de (1.1.7) avec donnée initiale ¢ donnée par le Théoréme 1.2.3.
Soit us la solution auto-similaire globale de (1.1.7) avec donnée initiale w(x)\x|_2?TW, donnée par le

Théoréme 1.2.4. Alors on a

(i) Comportement non linéaire : Si o = 2?%, alors il existe § > 0 tel que

u(t) — us(t)]|eo < Ct= 220, Yt > 0.

ou C est une constante strictement positive. En particulier, st w Z 0, il existe C1, Cy deux

constantes strictement positives telles que pour t grand
_ 2= _ 2=
15 < ) e < Cat ™5
(i) Comportement linéaire : Si o > QTTV, alors il existe 0 > 0 tel que

Hu(t) — e (w()|- 7)) H <OtE0 Vit >0,

o

ou C est une constante strictement positive. En particulier, si w # 0, il existe C1, Co deux

constantes strictement positives telles que pour t grand
C1t™5 < J[u(t)]loo < Cat 3.

Pour prouver les théorémes précédents, nous utilisons certains arguments de [14, 43] combinés avec

Pestimation clé établie par la Proposition 2.1 dans [2].
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1.3 Etude des systemes de Hardy-Hénon

Dans le Chapitre 3 nous cherchons des conditions sur les parametres N, p > 1,¢> 1,0 <y < 2 et
0 < p < 2 de sorte que nous avons 'existence globale d’une certaine classe de solutions, y compris des
solutions auto-similaires et le comportement asymptotiquement auto-similaire de ces solutions. Pour

cela, nous définissons k, a1, as, 81 et [Bo par

(2—=7)g+(2-p)

"= 2-pp+(2-17) (1-3.24)

01 = g2 = o+ 2= )] (1.3.25)

02 = g (2= e+ 2= ), (1.3.26)

B =aq — 2er — 2(ml_l)[(Z —pp+ (2—7)] - 2er ro>1, (1.3.27)
52:a2fm:%;_n[(2y)q+(2p)]2i, ro > 1, (1.3.28)

pour r1 = kro > 1 satisfaisant les conditions du Lemma 3.2.1.

Résumons les résultats obtenus. Tout d’abord, si I’on suppose que les conditions suivantes

. Py 2=7)g+(2-p)
201 < min <N, q(N p) 2+ @ pp— qu]+> ) (1.3.29)

et

(1.3.30)

200 < min <N,]q)(]\7’y) Q—pp+(2=7) )a

(24 (2 =7)q — ppa)+
sont satisfaites, nous prouvons ’existence de solutions globales pour certaines données initiales ¢ =

%) QOjZ [)ell[es par ra ort a la norme (]e“ 1€ pa
( ’ ) 1 pPp d N ¢ ni 1
N(i) = S>U~p t 1||€ (2 ||r1,t He 902”7“2 5 (1331)

ou (31 et B2 sont donnés par (1.3.27). Nous prouvons également, pour ¢1 homogene de degré —2ay et
2 homogene de degré —2as, ol a1 et o sont donnés par (1.3.25) and (1.3.26), que la donnée initiale
® = (1, p2) donne naissance a une solution globale auto-similaire. Ensuite, nous montrons comme
dans [2] que ces solutions avec des données initiales ¥ qui se comportent asymptotiquement comme
® dans un sens approprié, quand |z| — oo, sont asymptotiquement auto-similaires dans L>(R™Y).
La norme A donnée dans (1.3.31) est assez faible pour que la donnée initiale ® = (1, p2) avec des
composantes homogenes ait une norme finie. Nous démontrons enfin des résultats d’unicité plus fort
dans des espaces de Lebesgue avec des données initiales petite par rapport a certaines normes.
Yamauchi dans [53] a étudié le systéme parabolique (S). Dans [53, Theorem 2.1, p. 339] il est
montré que pour certaines données initiales positives sous les conditions v < min(N, 2), p < min(N, 2),

pg— 1> 0 et max(ag, ag) > %, il n’existe aucune solution positive non triviale.
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Le cas v = p = 0 a été déja couvert dans [44]. Dans le cas o p = g et v = p > 0, le systéme
parabolique (1.1.12) se comporte comme une équation parabolique avec une singularité dans la non
linéarité.

Fixons maintenant deux nombres 71 = kry > 1 satisfaisants les conditions du Lemma 3.2.1. Nous

avons obtenu le résultat d’existence globale suivant.

Théoréme 1.3.1 (Existence globale et dépendance continue). Soit N un entier non nul. Soient p,
g > 1. Soient 0 <y < min(N,2) et 0 < p < min(N,2). Soient a1, ao définis par (1.5.25) et (1.3.26).
Supposons que (1.3.29) et (1.3.30) sont satisfaites. Soient 51, P2 donnés par (1.5.27) et (1.3.28). Soit
M >0 tel que

v = max(MP vy, M7 ) < 1, (1.3.32)

ot 11 el vy sont deux constantes positives. Choisissons R > 0 tel que
R+ Mv < M. (1.3.33)
Soit ® = (1, p2) un élément de S'(RN) x S'(RN) tel que

N (@) = sup [tﬁlHet%lnn,tﬂ2||ef%2\|r2] <R. (1.3.34)
t>

Alors, il existe une unique solution globale U = (u,v) € C((0,00); L (RY) x L"2(RY)) du systéme
intégral (1.1.12) tel que
sup ¢4 [u(t) £ o D), | < M. (1.3.35)
De plus,
li t) = tli t) = des distributi t 2ré
(a) tgr(l)u( )=¢1 € tl\rf(l) v(t) = p2 au sens des distributions tempérées,
(b) u(t) — o1 € C ([0,00), L (RN)) pour 7 satisfaisant 22 < % <yt
(c) v(t) — etigpg € C ([0,00), L™(RY)) pour 75 satisfaisant % < % <Kt
(d) supt™ =2 ||u(t)||, < oo, Vr € [r1,00], et u € C((0,00), L"(RN) N Co(RY)),
>0
(e) suptaT?NTHv(t)Hr < oo, Vr€[ry, 00, etve C((0,00), L"(RN) N Co(RY)).
>0
En outre, si ® = (p1,p2) et ¥V = (¢1,12) satisfait (1.3.34), et si Uy = (u1,v1) et Uy = (ug,v2) sont

respectivement les solutions du systéme (1.1.12) avec données initiales ® et W, alors

up 174 us (1) = wa(®)l, % Joa (1) — w2(0)] ] < (0 =) N (@ = @) (1336)

De plus, si les données initiales ® et U sont telles que

Ni(® = 9) = sup [£747e!2 (1 = 1) 11, #7472 (2 = V)l ] < oo, (1.3.37)

pour 0 < § < dg, ot
0o = min {1 — p1q,1 — Bap}, (1.3.38)
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alors
Sup Oy (£) — g ()|, , 720 |0r (£) — U2(t)||r2} <(1-V)T'W5(@ - D), (1.3.39)

ot la constante positive M est choisie assez petite.

N N
Enfin, si l'on suppose aussi que ® = (o1, p2) € L21 (RY) x L22 (RYN) tel que

N'(®) := max [”(‘01”251’ H<P2H2aN2] <R, (1.3.40)

N
alors la solution U = (u,v) du systéme intégral (1.1.12) satisfait également U € C ([0, 00), L2e1 (]RN)) X
N

C ([o, o0), L3 (RN)) et
sup [0l o0 | < o (1.3.41)
tZO 201 2a9

ot M et R sont suffisamment petites.

Nous donnons maintenant le résultat suivant qui prouve 'existence de solutions auto-similaires.

Théoréme 1.3.2 (Solutions auto-similaires). Soi N un entier non nul. Soient p, ¢ > 1. Soient
0 <~ <min(N,2) et 0 < p < min(N, 2). Soient oy, ag définis par (1.3.25) et (1.3.26). Supposons que
(1.8.29) et (1.3.30) sont satisfaites. Soient p1(x) = wi(x)|z| 2%, @o(z) = wa(w)|x| 722, ot wi,ws €
L®(RN) sont homogénes de degré 0 et ||w1oo, |walleo s0nt suffisamment petites. Notons ® = (o1, p2),
alors il existe une solution globale auto-similaire Ug = (ug,vg) de (1.1.12) avec donnée initiale ®. De
plus Ug(t) — ® dans S'(RY) quand t — 0.

Nous passons maintenant au comportement asymptotique.

Théoréme 1.3.3 (Comportement asymptotique). Soit N un entier non nul. Soient p, ¢ > 1. Soient
0 <~ <min(N,2) et 0 < p <min(N,2). Soient a1, aa définis par (1.3.25) et(1.3.26). Supposons que
(1.3.29) et (1.3.30) sont satisfaites. Soient 51, So donnés par (1.3.27) et (1.58.28). Définissons ($1(q)

et Pa(q) par
N N

3 Balq) =0z — 5=, q>1. (1.3.42)

Bi(q) = aq — 5%

Soit ® donnée par
®(z) = (p1(2), p2(2)) = (wi(x)]a| 72, wa(z)|a]72°2)

avec wi, wy homogéne de degré 0, wi,ws € L¥(RY) et ||wi oo, [|willco sont suffisamment petites. Soit

Us(t, ) = (t—alusa, Ly topg(1, “"))

Vi Vi
la solution auto-similaire de (1.1.12) donnée par le Théoréme 1.3.2.
Soit U = (11,12) € Co(RY) x Co(RY) tel que

C

Trpe "2 ER @) =a@lal ™, fal 2 4,

[¢h1(z)] <
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Vo € RN, io(x) = wa(z)]z| 722, |2| > A,

[pa(z)] < W?

pour une constante A > 0, ot ¢ est une petite constante strictement positive. (On prend ||w1||so, ||w2|loo
et ¢ suffisamment petite pour que (1.3.34) soit satisfaite par ® et V).
Soit U = (u,v) la solution globale de (1.1.12) avec donnée initiale ¥ construite par le Théoréme

1.8.1. Alors il existe § > 0 suffisamment petit tel que
u(t) — us(t)]lq, < Cst™71@)=0 vt >0, (1.3.43)

lo() = vs(t)llg, < Cst™ @70, v ¢ >0, (1.3.44)

pour tous q1 € [r1, 0], g2 € [ro,0]. De plus, nous avons
[t u(t, V) —us(L, )|l < Cst™°, Vit >0, (1.3.45)

[t°20(t, V1) — vs(1,.)]lg < Cst™°, ¥t >0, (1.3.46)
pour tous q1 € [r1,00], g2 € [ra, 00].

Il a été prouvé dans le Théoreme 1.3.1 que pour une donnée initiale petite ® = (p1,p2) €
L%(RN) X L%(RN) par rapport a la norme N, il existe une solution Uy = (ug,vs) du sys-
téme intégral (1.1.12) et I'unicité est garantie uniquement parmi les fonctions continues U : [0, c0) —
L%(RN) X L%(RN) qui vérifient également sup [tﬂl||u(t)\|r1,t'82||v(t)Hr2} est suffisamment petit.
Notre objectif est de prouver que 'unicité est gag?ltie pour les solutions qui appartiennent a
c ([o,oo),L%(RN)) < ([0, oo),L%(RN)) N C ((0,00), " (RV)) x C ((0,00), LI (RN)) , ce qui
améliore le résultat de 'unicité dans les espaces de Lebesgue donné dans le Théoreme 1.3.1. On utilise

des arguments de type Brezis Cazenave [3]. Nous avons obtenu le résultat suivant.

Théoréme 1.3.4. Soit N un entier non nul. Soient p, ¢ > 1. Soient 0 < v < min(V,2) et 0 <
p < min(N,2). Soient oy, ag définis par (1.8.25) et (1.3.26). Supposons que (1.3.29) et (1.5.30) sont
satisfaites. Soient 51, Ba donnés par (1.3.27) et (1.8.28). Soient M, R > 0 suffisamment petites. Soit
O = (p1,p2) € L%(RN) X L%(RN) satisfaisant (1.3.40). Soit Up = (usp,ve) la solution du systéme
intégral (1.1.12) avec donnée initiale ® construite par la derniére partie du Théoréme 1.3.1. Soit V =
(v1,02) € C ([0, ), L%(RN)) x ¢ ([0,), L%(RN)) N C ((0,00), LT (RN)) x € ((0,00), L™ (RN))

une solution de (1.1.12) avec la méme donnée initiale ®. Alors

V() = Us(t), Vte[0,00).

1.4 Instabilité de certaines solutions globales

Le but principal du Chapitre 4 est d’établir le résultat suivant.
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Théoréme 1.4.1. Supposons (1.1.14)-(1.1.15). Etant donné 1 < q < ps = % Il existe 1 < g <p<
ps avec la propriété suivante. Sip < p < pg et si hy € Co(2) est une solution stationnaire a symétrie
radiale de (1.1.13) qui prend des valeurs positives et négatives, alors il existe 0 < A < 1 < X tel que si
A< A<\ et A#1, alors la solution classique de (1.1.13) avec la condition initiale u(0) = \h explose

en temps fini.

La premiére observation est qu’il existe une solution stationnaire & symétrie radiale de (1.1.13),
puisque la non-linéarité |s|P~1s — |s|971s satisfait les hypothéses de [32, Theorem 2 , p. 376]. Plus

précisément, si 'on considere le probleme :

(1.4.47)

B+ N=Lp! 4 |B|P=th — |h|77 R = 0,
h(0) =a >0, HK(0)=0.

Il est bien connu par [32] que (1.4.47) admet une solution unique h € C? (][0, 00),R), qu’on la note
parfois hy(r,a) pour mettre I'accent sur la dépendance par rapport a a. Sous ces conditions, par le
Théoreme 2 dans [32] pour tout entier m > 0, il existe a,, tel que

a) hp(1,apm) =0,

b) hy(r,apm) a précisément m zéros dans (0, 1).
En particulier, hy(-, apm), considérée comme une fonction sur {2 = By, est une solution & symétrie
radiale de (1.1.18) qui change de signe précisément m fois.

Maintenant, soit h, une solution non triviale de (1.1.18) et considérons 'opérateur linéarisé F,
dans L?(£2) défini par

{ D(F,) = H*(Q) N H (), (1.4.48)

Fpu=—Au— (p|hp[P~t = qlhy|T™1) w, u € D(Fy).
Rappelons le résultat suivant de [9)].

Théoréme 1.4.2 (]9, Corollary 2.5, p. 18]). Soit h, € Co(2) une solution qui prend des valeurs
positives et négatives de (1.1.18). Soit p, un vecteur propre strictement positif de l'opéateur auto-

adjoint Fy, donné par (1.4.48), associé da la premiére valeur propre. Supposons que

/ hppp # 0.
Q

Il en résulte qu’il existe € > 0 tel que si 0 < |1 — \| < €, alors la solution de (1.1.13) avec la donnée

initiale ug = \h, explose en temps fini.
Pour montrer le Théoreme 1.4.1, il suffit donc d’établir ce qui suit.

Théoréme 1.4.3. Supposons (1.1.14)-(1.1.15). Etant donné 1 < q < pg = % 1l existe 1 < q <
p < ps avec la propriété suivante. Sip < p < ps et si h, € Co(2) est une solution stationnaire a

symétrie radiale de (1.1.13) qui prend des valeurs positives et négatives, alors

/ hppp # 0.
Q
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Ot @, est un vecteur propre strictement positif de 'opérateur auto-adjoint F),, donné par (1.4.48),

associé a la premiére valeur propre.

La preuve du Théoreme 1.4.3 est basée sur un argument de changement d’échelle. Contrairement
au cas d’une seul puissance dans la non-linéarité, la fonction rééchelonnée v, définie en termes de h,,
ou h;, est une solution stationnaire & symétrie radiale de(1.1.13) ne satisfait pas la méme équation
différentielle satisfaite par h,, ce qui rend la situation plus difficile. En outre, contrairement au cas
d’une seul non-linéarité dans la puissance, il existe des solutions v,(r) qui ne tendent pas vers zéro

quand r — oo.
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Chapitre 2

Study of the Hardy-Hénon equations

2.1 Introduction
In this chapter we consider the singular nonlinear parabolic equation
Ou = Au+al - |77 u|, (2.1.1)
=u(t,z)€R, t>0, RN, N>1, a€R, a>0, v>0 and with initial value
u(0) = . (2.1.2)

The case v = 0 corresponds to the standard nonlinear heat equation. For v < 0 it is known in the
literature as a Hénon parabolic equation, while if v > 0 it is known as a Hardy parabolic equation.
In this chapter we are concerned with the case v > 0. We are interested in the well-posedness of
(2.1.1) with initial data ¢ € LI(RY), 1 < ¢ < oo, and in Co(RY). We also study the existence of
global solutions, including self-similar solutions and prove the existence of asymptotically self-similar
solutions.

In what follows, we denote |.[|zo@n~) by [|.lg; 1 < ¢ < oo. For all ¢ > 0, et® denotes the heat

semi-group

tAf / G(t,z —y)f(y)dy, (2.1.3)

where
G(t,z) = (4nt) N2~ "5 ¢ > 0, 2 € R, (2.1.4)

and f € LIRYN), ¢ € [1,00) or f € Co(RN). For f € S'(RY), et?f is defined by duality. A mild
solution of the problem (2.1.1)-(2.1.2) is a solution of the integral equation

t
u(t) = o + a / 9D (| u(s) | *u(s)) ds, (2.1.5)
0
and it is in this form that we consider problem (2.1.1)-(2.1.2).
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We first consider local well-posedness for the integral equation (2.1.5). To our knowledge, there
is only one previous result of this type, Wang [48], who works in the space Cg(RY) of continuous
bounded functions. For N > 3, a > 0 and v < 2, he proves local existence of solutions to (2.1.5) in
C([0,T); Cp(RN)) for all ¢ € Cy(RY). See [48, Theorem 2.3, p. 563].

In this chapter, we prove local well-posedness in Co(R™), the space of continuous functions vani-
shing at infinity, and in LI(RY) for certain values of g. We also require the condition v < 2, and in

fact 0 < v < 2. Throughout the chapter we put, for a > 0, 0 < v < 2,

Na
_ ] 2.1.6
=5 (2.1.6)
The critical exponent ¢, plays a crucial role in this theory. We will say that q is subcritical, critical or

supercritical, according to whether g < ¢., ¢ = ¢ or ¢ > g.. We have obtained the following results.

Theorem 2.1.1 (Local well-posedness). Let N > 1 be an integer, a > 0 and v such that
0 <7 <min(2,N). (2.1.7)

Let q. be given by (2.1.6). Then we have the following.

(i) Equation (2.1.5) is locally well-posed in Co(RN). More precisely, given ¢ € Co(RY), then
there exist T > 0 and a unique solution u € C([0,T]; Co(RY)) of (2.1.5). Moreover, u can
be extended to a mazximal interval [0, Timax) such that either Tyax = 00 or Thax < 00 and

lim  ||u(t)||co = 0.
(ii) I];n;xz's such that
>M, q>q. and g < o0,
N -~
then equation (2.1.5) is locally well-posed in LI(RN). More precisely, given o € LI(RN), then
there exist T > 0 and a unique solution u € C([0,T]; LY(RY)) of (2.1.5). Moreover, u can
be extended to a mazimal interval [0, Tiax) such that either Tyax = 00 or Thax < 00 and
lim (9, = o

(iii) Assume that q > q. with 1 < q¢ < oo. It follows that equation (2.1.5) is locally well-posed in

Lq(]RN ) as in Part (ii) except that uniqueness is guaranteed only among continuous functions

u:[0,T] — Lq(]RN) which also verify
E(l
(a) t24

)|» is bounded on (0,T], where r > q satisfies (2.3.6), ¢ > qc;
(b) SUDPte(o,1) (

(¢

1
qc

T)||u(t)Hr is sufficiently small, where r > q is given in (2.4.19), ¢ = q..

Moreover, u can be extended to a mazimal interval [0, Tynax) such that, in the case q > q., either
Tiax = 00 01 Tipax < 00 and  lim  |lu(t)|l; = oo.
t—Tmax

(iv) In all the above cases, except where ¢ = q., the minimal existence time of the solution, denoted

by T, depends only on ||¢||le or |¢|lq respectively.
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Remark 2.1.1. Wang shows the equivalence of Cg(RY) solutions of the integral equation (2.1.5)
and weak continuous solutions of (2.1.1)-(2.1.2), which are also distribution solutions. See the remark
in [48] just after Definition 2.1 of [48] on page 563. The Cy(RY) solutions above are included in this
situation. For ¢t > 0 the LI(R™) solutions are also Co(RY) solutions, and therefore have the same

regularity. See Part (i) of Proposition 2.3.2.

Remark 2.1.2. Well-posedness of (2.1.5) breaks down for ¢ subcritical. The proof is based on the
existence of a positive forward rapidly decaying self-similar solution [26, Theorem 1.1, p. 625]. It
follows from this result, in analogy with [25], that if 1 < ¢ < ¢., a > 0, N > 3 and 2777 <a< 2%,
then there exists a positive solution u of (2.1.5) with initial data ¢ = 0 in LI(RY). This shows a

non-uniqueness result in LI(R™) and thus the ill-posedness for some values ¢ < g..

The proof of Theorem 2.1.1 is based on arguments and results in [49, 50]. To apply these methods,
a key new ingredient is needed. See Proposition 2.2.1. As the proofs will show, these solutions depend
continuously on the initial data in an appropriate sense. Moreover, if a given ¢ belongs to two different
spaces as described in Theorem 2.1.1, then the resulting solutions in the different spaces coincide, and
in particular, the maximal existence time does not depend on the space. In addition we have the

following lower estimate for the blow-up rate.

Theorem 2.1.2 (Lower blow-up rate). Under the hypotheses of Theorem 2.1.1, let ¢ € Co(RY),
respectively ¢ € Lq(]RN), q > 1 with ¢ > q., and suppose that Ty, < 00, where Tiax 1S the existence

time of the resulting mazimal solution of (2.1.5). It follows
N_ 2=y
[u(®)llg = C (Tmax —t)2a 2, V£ € [0, Tinax), (2.1.8)
where C' is a positive constant.

We are unaware of any previous lower blow-up estimates. On the hand, the following upper blow-up
estimate has been established by [1, Theorems 1.2 and 1.3] and [33, Theorem 1.6] in the case ¢ = 0o

(with various restriction on «):
_1
lut)]loo < C (Tmax —t) @, YVt € [0, Tinax)- (2.1.9)

Note that there is a gap between the above lower and upper estimates (2.1.8) and (2.1.9), in particular
for solutions blowing up at the origin. The blow-up rate (2.1.8) can in fact be realized as shown by the
existence of a backward self-similar solution in [17, Theorem A, p. 470 and Proposition 3.1, p. 477].
We believe that the techniques of [52] can be adapted to show that, under certain conditions, (2.1.8)
gives an upper bound for the blow up rate. To carry out these arguments in the present context seems
nontrivial.

Recently we have improved Part (iii) in Theorem 2.1.1, more precisely we have obtained the

following.
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Theorem 2.1.3. Under hypotheses of Theorem 2.1.1. Assume that ¢ > q. with 1 < g < co. It follows
that equation (2.1.5) is locally well-posed in LI(RY) except that uniqueness is guaranteed only among
functions w : [0, T] — LYRY) which also verify

(a) we C([0,T], LYARN)) N C ((0,T], L"(RY)) , where r > q satisfies (2.3.6), q¢ > qc;
(b) we C([0,T], LYRY)) N C ((0,T],L"(RN)) , where r > q is given in (2.4.19), ¢ = q..

Moreover, u can be extended to a mazximal interval [0, Tinax) such that, in the case q > q., either

Tax = 00 07 Tinax < 00 andt lim ||u(t)|lq = oc.

For the proof see Proposition 2.3.1 and Remark 3.4.2.

We now turn to the global existence of solutions. We have obtained the following result.

Theorem 2.1.4 (Global existence). Let N > 1 be an integer, a, o, v > 0. Suppose that (2.1.7) is
satisfied and
2—7 ,
a > ——, equivalently q. > 1,
N
where q. is given by (2.1.6). Then we have the following.
(i) If ¢ € LI(RY) and ||p|q, is sufficiently small, then Trax = co.

(it) If ¢ € Co(RN) such that |o(z)| < ¢ (1+ |:E|2)_% , for all z € RN with ¢ sufficiently small and

o> : (2.1.10)

then Tpax = 00.
(iii) Let ¢ € L} (RY) be such that |o(-)| < c| - \_%, for ¢ sufficiently small. Then there exists a

global in time solution of (2.1.5), u € C ((0,00); LY(RYN)) for all ¢ > gc. Moreover u(t) — ¢ in
S'(RN) ast — 0.

Remark 2.1.3. Using the backwards self-similar solution constructed in [17, Proposition 3.1, p. 477]

and arguing as in [45, Corollary 1.4, p. 659], we can prove the following result. Suppose N >3, a > 0
2 — 2 —

and a such that T<a< 2N772' There exists C' > 0 such that if ¢ € Co(RY), ¢ > 0 and

lim inf |:1;\2?ng0(:1:) >C,
—00

||
then Tiax < 00.

By Fujita type blow-up results, the condition @ > (2 — v)/N (g. > 1) is optimal in Theorem
2.1.4. In fact, if a > 0 and a < (2 — 7)/N then the solutions of (2.1.1) with positive initial data
blow-up in finite time. See [37, Theorem 1.6, p. 126]. In [37, Theorem 1.2, p. 125], examples of global
solutions to (2.1.1) with positive initial data for g. > 1 and a > 0 are constructed. Still for a > 0,
other global existence results for positive initial data are proved in [48] and [26] but only for N > 3
and under supplementary conditions on «. See [26, Theorem 1.3, p. 626]. Our global existence results

are established without any restriction on a or on the initial data (other than a smallness condition).
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In [48], Wang observed that, by modifying the arguments of Lee and Ni [27], if (2.1.1) has a global
solution, then necessarily liminf,_ ]33\2%@(3:) < 00, so that our results in Theorem 2.1.4 (ii) and
(iii) are consistent with this condition. For v = 0, (i) is known, see [18, Theorem 3, p. 32].

We now turn to the existence of forward self-similar solutions. In [26, 48] the existence of radially
symmetric self-similar solutions for 22 < a < 2]%, 5 and N > 3 is established. Here we do not impose

radial symmetry of the self-similar solutlons. We have obtained the following result.

Theorem 2.1.5 (Self-similar solutions). Let N > 1 be an integer, a, v > 0. Suppose that 0 < vy <
min(2, N) and
22—y

> —. 2.1.11
0> (2.1.11)

Let p(x) = w(a:)|x\72?T7, where w € L®(RYN) is homogeneous of degree 0 and ||w||s 45 sufficiently
small. Then there exists a global mild self-similar solution us of (2.1.1)-(2.1.2). This solution verifies
us(t) — ¢ in S'(RY) ast — 0.

Concerning the asymptotic behavior of global solutions, we have the following result.

Theorem 2.1.6 (Asymptotic Behavior). Let N > 1 be an integer, o, o, v > 0. Suppose that 0 < v <
min(2, N) and

9 _
T <s<N. (2.1.12)
a
Let ¢ € Co(RYN) be such that
c
< 1 9N~ /9? \V/ € RNa

for ¢ > 0 sufficiently small, and
p(r) = w(z)|z]7, |z| 2 4,

for some constant A > 0 and some w € L®(RYN), homogeneous of degree 0, with ||w|s sufficiently
small.

Let u be the unique global solution of (2.1.5) with initial data gp gz’ven by Theorem 2.1.4. Let us be
the global self-similar solution of (2.1.5) with initial data w(x)|x|™ a , given by Theorem 2.1.5. Then
we have the following.

(i) Nonlinear behavior: If o = 2?77, then there exists 6 > 0 such that

lu(t) — us(t)|se < Ot~ 52 0, Wt > 0,

where C is a positive constant. In particular, if w Z 0, there exist Cy, Cs, two positive constants
such that for t large
2—
C1t~ 3 < ||u(t)]|oo < Cot™ 2o

(ii) Linear behavior: If o > Q?ij then there exists § > 0 such that

Hu(t) — e (w7 <ot E vieso,

‘ oo
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where C' is a positive constant. In particular, if w £ 0, there exist C1, Cy two positive constants

such that for t large
C1t72 < |Ju(t)||lso < Cot™ 2.

For v = 0, analogous results were obtained in [14] and [43]. For v > 0 the only known result to
our knowledge, is a decay rate of the sup norm. See [48]. To prove the previous theorems, we use some
arguments from [14, 43] (see also references therein), combined with the estimates of Proposition 2.2.1.

The rest of the chapter is organized as follows. In Section 2, we establish the estimate for the heat
semi-group needed to treat the singular potential in (2.1.1). See Proposition 2.2.1. In Section 3 we
prove Theorem 2.1.1, except the case ¢ = ¢., and we also prove Theorem 2.1.2. In Section 4, we prove
Theorem 2.1.1 for ¢ = ¢., Theorem 2.1.4 and Theorem 2.1.5. In Section 5 we prove the nonlinear
asymptotic behavior in Theorem 2.1.6. Section 6 is devoted to the proof of the linear asymptotic
behavior in Theorem 2.1.6. Finally in Section 7, we consider a more general equation where |z|~7 is
replaced by a function V(z). Throughout this chapter C' will be a positive constant which may have

different values at different places.

2.2 A Key Estimate

In this section we prove the new estimate which is needed for the proofs of essentially all the results
in this chapter. Let e/ be the linear heat semi-group defined by: e'®¢ = G(t, J*x@, t >0, where G is
the heat kernel defined by (2.1.4). We recall the well-known smoothing effect of the heat semi-group

on Lebesgue spaces,

N1 1
e ulls, < (dmt) ™2 5752 |y, (2.2.1)

for 1 < s1 < 89 Soo,t>0anduEL51(RN).
To treat the nonlinear term in Eq. (2.1.1), which includes the factor |-|~7, we establish the following

estimate, analogous to (2.2.1).

Proposition 2.2.1. Let N > 1 be an integer. Let v such that 0 < v < N. Let g1 € (1,00] and
g2 € (1,00] satisfy
1 1
0§£<%+E<L
Then, for all t > 0, the following are bounded maps
(i) €] -|77 : L0 (RY) — L®(RN), g2 < 00
(ii) B |77 1 LB (RN) — Co(RY), g2 = oo.

Furthermore, there exists a constant C' > 0 depending on N,v,q and qa such that

N4

(L_f)_

1
q]1 q2

wR

2 (7Tl < Ot lullg, ¥t>0, ¥ueLu(RY). (2.2.2)
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Proof. We set m = % Let €, > 0 satisfy

1 1 1 1

1
e<m, —<— 4+ < b <
@~ m+d @ m—e q

Let us consider the following decomposition
77 =d1 e 1 €LMTURY), g € LM RY),

Using the Holder inequality
[rullr, < flo1llm—cllullgs

where
11 1
n om—¢€ q
Similarly
b2ullry < [[Y2llmtsllullg,
where

1 1 1

) m-+4 q1 '
So that by the smoothing effect of the heat equation (2.2.1) we have

le 0l < e (@r)lles + e (620 s
Cllaully, + Cllaull,
C (It llm—c + Ib2llmss) el

IN

IN

where we used 1 < ry < r9 < ¢o. Therefore we obtain

e (|17 W) llge < C(N, 7, g1, 92) [l (2.2.3)

Since r; < oo and ro < 00, €2 (1h1u) and e (ou) are in Co(RY), and so therefore is e®(|.|™u).
We now prove (2.2.2) by a scaling argument. Given A > 0, we define the dilation operator D) by

Dyo(z) = o(Ax) for all ¢ € S(RY). This operator is extended by duality to S’(RY). Clearly we have
() Dr(¥**2p) = (D) for all p € S'(RY),

ii) D,\(D%gp) = ¢ for all p € S'(RY),

iii) [ Dagllr = A7 [|iplly for all p € L7(RN),r > 1,

iv) Dx(¢p) = DaxpDyip, for all o, ¥, o € Lj, (RY),
(v) Dx(|.|77) = A77].]77, for all v > 0.

It follows that e\1A¢p = D%etAD,\go, and so et = D\/ZetAD%gp for all p € S’(RY).
Then, from (2.2.3), we have that

(
(
(

HD\/ZetAD%(‘.‘JYU)H@ S C(Na%QhQZ)HUan
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and so

_N _
t 2q2H€tAD%(\-! Tu)lgy < C(N, 7, q1562) ||ullg, -
Therefore

_N _
¢ 2043 || e (| 7D%u)uqz < C(N,v,q1,42)||ullg, -

Replacing u by D su, we obtain
SN A
t 2zt "] )l < C(N,7,a1,02) 1D 5l g1

which gives
LN 4 _ _ N
t 22|17 u)llgy < C(N,v, g1, q2)t 24 [[ullg, -

Hence
1

_N _
12 (117 u)lgy < C(N, v, qu, g2)t 2 ar~32) 72 ||,

This shows (2.2.2) and the boundedness of the maps. O

Remark 2.2.1. The conditions on ¢; and g2 in the previous proposition can be expressed as

Nq

S N S
Q> @7
-7 N +vq1

N

Note also that for v > 0, we may take go < g1, unlike the case v = 0, where we must have gs > ¢1.

Finally, we mention that Proposition 2.2.1 can be proved, except in the cases ¢ = oo or g2 = o0,
using Holder’s inequality in weak spaces [24, p. 15] and the generalized Young’s inequality [24, p. 63].
The authors thank N. Chikami for pointing this out.

2.3 Local well-posedness

In this section we establish the well-posedness results for Eqgs. (2.1.1)-(2.1.2) in Lebesgue spaces
LYRY) and in Co(RY). We do this study via the nonlinear integral equation

_ tA ! (t—s)A —y @
u(t)y=€e“p+a [ e (|17 u(s)|*u(s)) ds, (2.3.4)
0

t>0,z€RY, a>0,a€cR,~>0. Our aim is to prove Theorem 2.1.1 for ¢ > ¢. and Theorem 2.1.2.
The proof of Theorem 2.1.1 for ¢ = g, is given in Section 4.

We first show that Theorem 2.1.1 Parts (i) and (ii) are immediate consequence of Theorem 1, page
279 in [49).
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Proof of Theorem 2.1.1, (i)-(ii). Let us define the maps
Ki(u) = e (|| |u|*u) , t > 0.

(i) Let u € Co(RYN). By Proposition 2.2.1, K;(u) € Co(RY). Moreover, by Proposition 2.2.1, for
each t > 0, K; : Co(R™) — Co(R¥) is locally Lipschitz with

1K (u) = Ki(v)|oo

IN

Ct72 |||ul®u — [v]®v] o,

0
Ct2 (Jlulloe + llvllso) v — vllo
< 20M°t 2 |lu — v||o,

IN

for ||ullec < M and |[v]lsc < M. We have also that t~2 € Ll (0,00), since v < 2. Obviously ¢ —

loc

|1K:(0)|loo = 0 € Li.(0,00), also e*2K; = Ky is for s, t > 0. Then the results of (i) follow by [49,
Theorem 1, p. 279].
(ii) Similarly, by Proposition 2.2.1, for each ¢ > 0 and if ¢ > NJE[a_J;D, K;: LY(RY) — LY(RN) is

locally Lipschitz with

N 1_1
TR Yl ol
a+1

VAN
Q
~

1K (u) = Ki(v)llg

_%_% (e (63
Ct 2 2 ([lullg + llvllg)llu = vllq

IA

Na

< 20MOt A fu — o,

Na
for [|ull; < M and ||v]|, < M. We have also, that e L} (0,00), since ¢ > q. = 2]\% Obviously

t = [[K¢(0)]|q = 0 € L}, (0, 0), also eSAK; = Kyys for s, t > 0. Then the proof of (ii) follows by [49,

loc

Theorem 1, p. 279]. O

We now consider the case where initial data are in LY(RY), ¢ > q., where . is given by (2.1.6).
We use the method introduced in [50]. However, the abstract Theorem in [50] does not directly apply
if v > 0. Thus we need to give the details of the proofs.

Proof of Theorem 2.1.1 (iii)-(iv) when q¢ > q.. Let ¢ be such that
qg>¢qg. and 1<gqg<oo. (2.3.5)

We begin with the observation that, since ¢ > 1, there exists r > ¢ satisfying
1 0% 1 N —v

datl) Na+D “r SNa+1) (2.3.6)

The two inequalities in (2.3.6) imply that we may apply Proposition 2.2.1 with g1 = ;%5 and ¢2 = ¢.
Also we may apply Proposition 2.2.1 with ¢1 = ;f7 and ¢2 = 1.
We then observe that, since ¢ > ., we have
1 2 1 5

¢ N+l “ga+l) N+l
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Hence any r > ¢ satisfying (2.3.6) verifies

This last inequality implies that

Bla+1) <1,
where NN
v 2.3.
2qg 2r (2:3.7)

This estimate is crucial to the local existence argument below.
In what follows we fix a value of r > ¢ satisfying (2.3.6), and let 5 be given by (2.3.7). Let M > 0,
p>0,T>0and ¢ € LY(RY) be such that

lellq < p, (2.3.8)

ol

ISP T
p+ KM T 2 2 <M and KMT" 2« 2 <1, (2.3.9)

where K is a positive constant. We will show that there exists a unique solution u of (2.3.4) such that
uwe C([0,T]; L1YRY)) nC ((0,T); L"(RY)) with

sup |[u(t)|ly < M and sup t°|lu(t)|, < M.
te[0,7) te(0,7

The proof is based on a contraction mapping argument in the set

Yar = {u € ([0, T); LYRN)) N C((0, T); L™ (RY)); max[ sup [[u(t)]lq, sup ¢”|u(t)[|,] < M}.
te[0,7] te(0,77]

Endowed with the metric

d(u,v) = max| sup [lu(t) —v(t)lly, sup t7|u(t) —v(®)l.],
te[0,7] (0,7

Y/ is a nonempty complete metric space. Given u € Yy, we set
t
Fo(u)(t) = ePp +a / U2 (|| u(s)[*u(s))ds, (2.3.10)
0

where ¢ € LI(RY). We will show that JF, is a strict contraction on Yjy.
Let ¢, v € LYRY) and u,v € Yj;. Using Proposition 2.2.1 with ¢, = 7/(a + 1), g2 = g, it follows
that

[Fio () (t) = Fy (0)(O)llg <
e (2 = ¥)llq + lal /0 le“=IA L7 (uls) [ *u(s) — o(s)[*v(s))]llds

N 1
F(eF

ST fuls)uls) — [o(s)u(s)]| . ds

a+1

t
SW—¢M+MCA@—@

a+1 1)7"/

t
<l —llqg + <2|a!(a + l)CMO‘/ (t— 3)7%( T2 sﬁ(aﬂ)ds) d(u,v).
0
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Using the fact that 8 = 2—]\2 — %, we get

|Fow)(t) — Fu@) D)l <
1 1y_ 7

o =l + (2\a|<a+ neaed =i E [ o) R Uﬁ(a*l’dff) d(u,v).
0

Since r > ¢ > 21\170; ‘= ¢, it follows that

v Na N (fa+1 1 v N /fa+1 1 v Na v
_1 %5y o)+l S N AT
2 2q ’2(7“ q+2 2 r 7‘+2 2T+2
Using also the fact that f(a+ 1) < 1, we get
_2_Na
IFa(0)(t) = Fo@)Ollg < o — bl + CrMT =35 d(u,0), (23.11)
1
where C = 2|a|(a + 1)0/ (1- U)_%( ST o %+ o is a finite positive constant.

0
Similarly, using the smoothing effect of the heat semi-group (2.2.1) with s; = ¢ < sy = r and
Proposition 2.2.1 with ¢ = 7/(a+ 1), g2 = r, we have

[Fo(u)(t) = Fy(0) (@)l <
\em(so—w)\ﬂrlal/ e IA L7 (uls)*uls) — o(s)|*0($))]l-ds
0

a+1 1)

t
N
St—ﬂuso—quﬂaw/o (t— 5)-F(eti-t

“E |u(s)|"u(s) — [o(s)|“0(s)]| - ds

a+1 1)7

t
< o=l + (2lalla+ noe [ (1- 9P
0

3 SB(O‘H)ds) d(u,v)

Nao

t
<t Pllp —|lq + <2|a|(a + 1)0Ma/ (t—s) 2 2 sﬁ<a+l>ds> d(u,v).
0
Hence, it follows that

]| Fy (u)(t) = Fyu(0) (@)l <

Na

t
o= vl + (2al(a+ vearee? [ - =83 500 d(uo)
0

y_Na 1 Na

<y =vlq+ (2[61\(04 +1)CMt 2 2 - o) = 2 a—ﬁ<a+l>da> d(u,v),
and so, by the conditions on 3, ¢ and r we have
1o w)(6) = Fp@) (D)l < llp = wllg + CoMT' 3 5 d(u,v), (2:3.12)
where Cy = 2|a|(a+1)C /1 (1- J)_%_% o P g, is a finite positive constant. From (2.3.11) and
(2.3.12) it follows that "
A(Fplw), Fy(v)) < [l = $llg + KMOT' 375 d(u,v), (2.3.13)
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where K = max(C1, Ca).
It is clear that if u € Y); and since 1 — 4 — ]\2% >0 (i.e. ¢ > ¢c), then Fy(u) € C ([0, T]; LIRN)) N
C ((0,T); L"(RY)). Setting ¢ = 0 and v = 0 in (2.3.13) and using (2.3.8) and (2.3.9), we obtain

d(Fp(u),0) < p+ KMOTIT375 < 01,
And so F, maps Y into itself. Letting ¢ = % in (2.3.13), we get
d(Fp(w), Fp(v)) < KMOT'™ 375 d(u, v).

Hence, using (2.3.9), it follows that F is a strict contraction mapping from Y); into itself. So F, has a
unique fixed point in Y3, which is solution of (2.3.4). The proof of uniqueness for arbitrary M follows
by taking T sufficiently small in (2.3.9). This solution can be extended to a maximal solution by well
known argument. The proof of Part (iv) follows by the previous calculations. We note also that by the
previous calculations, precisely (2.3.13) we have the following continuous dependence property: Let
@, ¥ € LI(RY) and let u and v be the solutions of (2.1.5) with initial values ¢ and respectively 1),
with supyejo 7y [u(?)llq < M and sup,eio 7 [[v(t)llg < M for some M > 0. Then

Na _
sup [[u(t) — v(t)lly < (1 — KMOT" 2 3) Yo — |, (2.3.14)
te[0,7
for t € [0,T] and for some positive constant K. O

Remark 2.3.1. Using a fixed point argument on

Yi; =<ueC((0,T];L"(RN)); sup t7||u(t)], < My,
te(0,77]
endowed with the metric d'(u,v) = supe(o 1 t#|lu(t) — v(t)||,, we can prove the local existence in Y7,
with initial data in LI(RY),
q>qe 1 <qg< . (2.3.15)

That is we may include the case ¢ = 1 if ¢, < 1. In fact, we can choose r > ¢ satisfying:

1 2 1  N-«y

¢ Na+D 7 “Na+D (2.3.16)

The inequalities (2.3.16) imply that we may apply Proposition 2.2.1 with ¢; = QLH and g2 = r, and
imply also that S(a + 1) < 1. Hence, we may perform a fixed point argument on Yj,. But it is not

clear that if ¢ = 1, the solution is still in L*(RY), for ¢t > 0.
To see how one can choose r > ¢ satisfying (2.3.16), note first that the inequality % — W <

N—vy . . N(at1) _ _ N — N
mlsequlvalenttoq> Nir—, = r- Ifg. = ﬁ < 1, then g, <1andsoq211 >qr2. Ifq.= ]QVTO’; >
1, then g. > ¢, and so ¢ > ¢. > ¢,. The conditions (2.3.15) therefore imply 7~ Nar) < N(aj?l)’

which means that there exists r > ¢ which verifies (2.3.16).
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We prove now that uniqueness is guaranteed for solutions which belong to C ([O,T], Li(RN )) N
C ((0,T], L"(RY)). We will use arguments of type Brezis Cazenave [3]. We have obtained the following

proposition.

Proposition 2.3.1. Let r > q satisfying (2.3.6), ¢ > q. and let Ty > 0. Let v € C([0,T1]; LY(RN)) N
C((0,T1]; L"(RN)) be a solution of (2.1.5) with initial data ¢ € LYRYN) and u, € Yy the solution
with initial value ¢ constructed by The previous fixed point argument. Then there exists € > 0 such
that v(t) = uy(t), Yt € [0,¢].

Proof. Since v e C ([0, T1], Lq(]RN)) , then there exists 0 < &1 < min(7,7}) such that
[v(s)llq < p, Vs €[0,e1], (2.3.17)

(p >0, T > 0 are defined by (2.3.8) and (2.3.9)). Let us define v; by v, (t) = v(t + 7), V7 € (0, 3],
Vvt € [0, 5L]. We have from (2.3.17) and since t° ||v-()||, " 0, V7 € (0, ]

(@) o O)lly = lo(r)lly < p, v € (0,%].

(b) supej e lo-(D)llg < p < M, V7 € (0, 5],

(c) There exists 0 < T < e such that SUPye (0, x| o ()]l < M, V1 € (0,%].
It follows then that v, € YM7T7, , and so by uniqueness in YM’% it follows that v-(t) = w, (o)(t),
vr € (0,%], vt € [0,%]. Hence v (t) = Uy, (0)(t), VT € (0,%], Vt € [0,%], where u, (g is the
solution of the integral equation constructed by the previous fixed point argument. By the continuous
dependence relation (2.3.14), we obtain v, (t) _— up(t), in LY(RN), vt € [0,%]. On the other hand
vr(t) =v(t+7) " v(t), in LY(RN), Vt € [0, %], (since v is continuous in [0,&1]). Finally, we conclude
by uniqueness of the limit that v(t) = u,(t), Vt € [0, 5].

U

We have also the following result.

Proposition 2.3.2. Let a > 0 and let v be such that 0 < v < min(2, N). Assume the hypotheses of
Theorem 2.1.1. Let Trax(p, q) denote the mazimal existence time of the solution of (2.1.5) with initial
data o € LY(RN). Then we have the following.

(i) If o € LYRN), then for t € (0, Tmax(¢,q)), u(t) € Co(RY).

(ii) If o € LP(RN)NLIYRY), 1 < g < p < oo and q¢ > qe. Then Tax(0,0) = Tmax(©, q).

Proof. (i) Let ¢ € LY(RY), ¢ > g. and ¢ > 1. Let » > ¢ and 3 be as in (2.3.6) and (2.3.7). Let p be
such that r < p < oco. Hence p > g,

v a4+l
0<—< — <1
- N+ r

K=
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and for 0 < T < Thax(p, q), we have

t _Natl_ 1y 7 N
lu@lp < le®pll, + lalC / (t— o) 3 T D F u(o) | do

< (rt) @Dl + ol 2T TIHEO qup (Pt u(s) 2t )

s€(0,7T
1
/ (1—0)7%(%7%)7%075(0‘“)&7
0
1

< (rt) FGD gl + lapretor TR [ o B R e,

0

Since r > q > q., it follows that if

— < =<
r N P

then u(t) is in LP(RY) for all ¢ € (0, Timax(,q)). The result for general p > ¢ follows by iteration.
Hence u(t) is in L=(RY), for t € (0, Tmax(¢, q)). The fact that u(t) € Co(RY), for ¢ € (0, Trmax(,q))
follows by Proposition 2.2.1.

a+l 2—- 1 1
,

(ii) To emphasize the dependence on ¢ let us denote the metric space (Yas,d) by (Yar(q),dq). Let
¢ € LP(RV)NLY(RY). Let u, be the solution with initial data ¢ € LY(RY). Let u,, be the solution with
initial data ¢ € LP(R"™). We can show, by similar calculations that the mapping defined by (2.3.10)
is a contraction on Yjs(q) N Yy (p) endowed with the metric d = max(dy, dp). This gives the existence
of a unique solution in Y3s(q) N Y (p). Hence the solutions u, = u, for ¢t € [0, 7], T small. We deduce
also, by well known arguments, that the maximal time of existence is independent of q. This finishes

the proof of the proposition. O

Proof of Theorem 2.1.2. Let ¢ € LY(RY) be such that Ty < oo and u € C([O,Tmax),Lq(RN)> be
the maximal solution of (2.1.5). Fix s € [O, Tmax) and let

w(t) =u(t+s), te [O,TmaLX — s),
with w(0) = u(s). Then we have, as in the proof of Theorem 2.1.1 Part (iii),
+1 1—Na_ vy
lu(s)|lq + KM (Trpax —s)” 2@ 2 >M, Y M>D0. (2.3.18)
In fact, if not, there exists M > 0 such that

lu(s)llg + KM (Tnax — 5) 2

w will be defined on [O, Trax — s] in particular u(Tax) is well defined, a contradiction. Hence (2.3.18)
is verified, for any t € [0, Tmax) fixed and for all M > 0. Let

M = 2[ju(t)]lq-
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From (2.3.18) we have
1—Na_ vy
lu(®)llg + K22 u®lI§™ (Tomax — 1) 20 72 > 2lJu(t)llg-

Then
¥
2

K2 ()T — ) 26 3 > 1, Vte|0.T
Hu( )”q( max ) > ’ E[ ’ max)-

Hence we derive a lower bound of the blow-up rate
N_2—y
[u(t)llqg > C(Tmax — )24 2, Yt € [0, Tax)-

The proof in the case where ¢ € Co(R") is similar. This finishes the proof of Theorem 2.1.2. O

Remark 2.3.2. By the same methods used to prove Theorem 2.1.1 (i), (ii) and Proposition 2.3.2,
one can show that (2.1.5) is well posed in

- CERN) :={u e Co(RY), Vue Co(RV)},if 0 < vy <1,

- Wha(RN), if0<7<1,q>%andq>%.
Moreover under some conditions on 7, «, and ¢, the solutions constructed in Theorem 2.1.1, are in

CHRY) and WH4(RN) for t > 0.

2.4 Global existence

In this section we prove Theorem 2.1.1 Part (iii) for ¢ = ¢, > 1, Theorem 2.1.4 and Theorem 2.1.5.

We consider the solutions of the integral equation

u(t) = et® a te(t_s)A A7 u(s)|%u(s)) ds
(1) = e2gta [ 2 (1Tl u() ds

where ¢t >0, € RV, a € R, 0 < v < min(2, N) and a > (2 —7)/N, i.e. ¢. = % > 1. Given such an
a, one can choose r > ¢, such that
1 2 1 N-—n
@ Na+1) “r N+l
This relationship is analogous to (2.3.6) with ¢ = ¢.. In fact
1 2 1 ~
@ N(a+1) gqlat+l) N@+1)

The existence of such an r > g, follows from the fact that ¢. > 1.

(2.4.19)

While r is not uniquely determined, we consider r fixed and set
N N 2-~v N
2¢. 2r 2« 2r

(2.4.20)

One verifies that

Na v Na v
1 1, —+ =<1 1———+=) - 1) =0. 2.4.21
Ba+n <t 524 T <n pr1- (2+0) - plat 1 -0 (2.421)

We have obtained the following global existence result.
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Theorem 2.4.1 (Global existence). Let 0 < v < min(2,N) and a > (2 —v)/N. Let r and ( verify
(2.4.19) and (2.4.20). Suppose that p > 0 and M > 0 satisfy the inequality

p+ KM < M, (2.4.22)

where K = K(a,N,v,7) > 0 is a constant and can explicitly be computed. Let ¢ be a tempered

distribution such that
sup t®||e"2 o], < p. (2.4.23)
t>0

It follows that there exists a unique global solution u of (2.3.4) such that
sup tﬂ||u(t)||r < M. (2.4.24)
Furthermore,

(i) u(t) — e®p € O([0,00); L*(RN)), L <1< yarl
(ii) u(t) — e®p € L®((0,00); LS(RY)), L <1<

(i) }/irré u(t) = ¢ in the sense of distributions.
—
2-—y_ N
(tv) supt 2o 24 ||lu(t)]|y < oo, ¥ q € [r, 00].
>0
Moreover, let ¢ and v satisfy (2.4.23) and let u and v be respectively the solutions of (2.3.4) with

initial values ¢ and . Then

2— N
supt 54 u(®) — v(®) < Csupt?¢( = ¥)l ¥ g € [ro0] (2.4.25)

If in addition, '™ (¢ — 1) has the stronger decay property

iug 57012 (o — )| < o0, (2.4.26)
>

for some § > 0 such that S(a+ 1)+ < 1, and with M perhaps smaller, then

sup t779[u(t) — v(t)|» < Csup 7+ (o — v)]|, (2.4.27)
t>0 t>0

where C > 0 is a constant.

Remarks 2.4.1. (a) If we suppose that o — 1) € L3(RY), q—lc <1<ty X then (2.4.26) is

verified with 6 = QES — 22_—07 > 0. By the conditions on s we have § < &g where
Na+1) ~ 2—x
bp=—>+ - — . 2.4.2
0 o 2 2a (2.4.28)

Since f(a+ 1) + dg = 1, it follows that (2.4.27) holds for all § € (0,0d).
(b) If the hypotheses of Theorem 2.4.1 are verified on some finite interval t € (0,T), instead of
V't >0, the conclusion still holds, but only on the interval (0,T).
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The following corollary gives the proof of Theorem 2.1.1 Part (iii) for ¢ = ¢. > 1. The proof of
Parts (i)-(iii) below is similar to that in [42, Corollary 2.6, p. 1296], so we omit it. The proof of Part

(iv) is similar to that in [39, Theorem 20.19(iii)], so we likewise omit it.

Corollary 2.4.1. Suppose the hypotheses of Theorem 2.4.1 are satisfied.
(i) If ¢ € L9 (RN) and |||, is sufficiently small, then ¢ satisfies (2.4.23).
(ii) If p € L%(RN) (without any assumption of smallness), then there exists T > 0, such that ¢
satisfies (2.4.23), but only on (0,T).
(iii) In the above two cases, if u is the resulting solution of (2.1.5), then u € C([0,00); L% (RY)),
respectively, u € C([0,T]; L% (RY)).
(i) If o € LI(RY) and ||p|q. is sufficiently small and if u € C([0,00); L9 (RY)) is the resulting

solution, then ||u(t)|q. — 0 ast — oo.

Proof of Theorem 2.1.1 Part (iii) for ¢ = q. > 1. The proof follows by Theorem 2.4.1 and Corollary
2.4.1. The fact that u : [0,T] — L% (R") is continuous and the condition (iii) (b), imply (2.4.24) on

(0,T) and then is sufficient to guarantee uniqueness. [

Using now the previous results we give the proof of Theorem 2.1.4.

Proof of Theorem 2.1.4. Part (i) follows by Corollary 2.4.1 and Theorem 2.4.1.
(ii) By the condition on o, ¢ verifies the hypothesis of (i).
(i) Since ¢ € L} (RY) and |o(-)| < ¢| - |7QTTW, then ¢ € S'(RY). By writing | - \*QTTW = @1 + @2,
with o1 € L¥RY), 1 < s < Na/(2 —7), g2 € LT(RY), 7 > ¢. it follows by the smoothing
=

properties of the heat semigroup that et - |_QT L"(RY), V¢t > 0 and by homogeneity, we have
that sup t||e!?] - ]72%{\“ < 0. Since |¢(+)] < ¢|- \_%, ¢ verifies (2.4.23) for ¢ sufficiently small. Then
t>0

the first statement of Part (iii) follows by Theorem 2.4.1. The fact that u € C ((0,00); LY(R")) for
all ¢ > g, follows by iteration as in the proof of Proposition 2.3.2 and by Theorem 2.4.1 (i). The last
statement of Part (iii) follows by Theorem 2.4.1 (iii). This completes the proof of Theorem 2.1.4. [

Proof of Theorem 2.4.1. The proof is based on a contraction mapping argument. Let X be the set of
Bochner measurable functions u : (0,00) — L"(R™) such that sup,. t®||u(t)||, is finite. We denote
by Xy the set of u € X such that sup,.ot®|u(t)|l, < M. Endowed with the metric, d(u,v) =
iug t?||u(t) — v(t)||,, Xar is a nonempty complete metric space. Consider the mapping defined by

>

t
Fou)(t) =ePp+a /0 eC=IA (7 u(s)|“u(s))ds, (2.4.29)

where ¢ is a tempered distribution satisfying (2.4.23). We will show that F, is a strict contraction on
Xy
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Let ¢ and 1 satisfy (2.4.23) and u,v € X). It follows that
I Fp(w)(t) = Fo@) Ol < ¢7lle (0 = w)llr +
t
|a|156/0 eI (uls) [ *uls) = [o(s)|*v(s))] [l rds.

Using Proposition 2.2.1 with (q1,¢2) = ( ), we obtain

_r
a+1?
Nao

e 2 [T (fu(s) [ *u(s) = [o()|*v(s)] - < Clt=8)72 "2 [[Ju(s)*u(s) = |o(s)|*v(s)l| =,
P73 (@ D(llul)lF + o) 9 lu(s) = o(s)]lr

v

< 2(a+1)C(t —s)" 2 5Pt prag(y, v).

By (2.4.21), we obtain
t7]| Fo(u)(t) = Fy(0)@)lr < 7]l (@ = )l + KM*d(u, v), (2.4.30)
where K = 2|a|(a + 1)0/ (1- 0)_%_7 ~Blet1) dg is a finite positive constant.
Setting ¢» = 0 and v :00 in (2.4.30), we see that
iglgtﬂl\f@(U)(t)llT <p+ KM < M.
That is, F, maps Xy into itself. Letting ¢ = 1 in (2.4.30), we observe that
d(Fp(u), Fo(v)) < KM“d(u,v).

Since KM® < 1, we see that F, is a strict contraction on Xy, and so F, has a unique fixed point u
in X solution of (2.3.4).
We now prove that u(t) — e'®¢p € C([0,00); L*(RY)) for s satisfying
2—v 1 o+ 1

<7 —_
Na s N+ r

(2.4.31)

Since continuity for ¢ > 0 can be handled by well known arguments, we only give the proof at t=0.
Write

t
u(t) — S = a [ N (o) Pu(e)don
0
Then for s satisfying (2.4.31) and by Proposition 2.2.1 with (g1, g2) = (557, 8), we obtain
t
lu(t) = e®ells < |a|/O =2 [T u(o)*u(o)]]| sdo

t N(a+1)
lalC / (t— o) 35 (o) o do

IN

t
< |ayCMa+1/ (t— o) -3 2 s+t g,
0
1
_’a\CMa“téVs;N(g:l)Hﬁ(aH)/ (1_0)%*%*T0*5(a+1)d0.
0
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Therefore we obtain

2—y N _y_ N(atl)

u(t) — ePolls < ]a]CMaHtTNs_W (1—0)="2" "2 ¢ Pltlys, (2.4.32)

2—
3-=5 5t g is finite and that t3s~ 5a" converges to zero as t \ 0.

N _~y_ N(atl)
2s

By (2.4.31), [} (1 - o)
This proves the statements (i) and (iii) of Theorem 2.4.1. Statement (ii) with s = Na/(2 — ) follows
from (2.4.32) which still holds if s = Na/(2 — ) := ¢..

To prove the stronger decay estimate (2.4.27), we observe that, by the previous calculations we

have,
tA ! 2
[u(®) = v@)[lr < [l (e = Y)|lr + 2|a[M*Cla + 1) /0 (t = )72 2577 u(s) — o(s)||ds.
Let § > 0 be such that S(a+ 1) + § < 1. For arbitrary T' > 0, we have

0 u(t) v, < e (@ — )l + 2lalMC(a + 1) x

t
< sup t5+5||u(t) — v(t)HT) /0 (t— 3)_%_%S—ﬂ(a+l)—6d8

0<t<T

< t6+6H6tA((p _ 1/1)\\r + KMat5+5*%*%+lfﬁ(a+l)75 x
1
sup 90 [u(t) — v(t)|], / (1— o)~ 323 ,Alat)=dg,
o<t<T 0
< ) o — )l + KM sup t7(|u(t) — o(t)]l | x
0<t<T

Na v

1
/ (1—0) 2 20 Pt Vo<t <T.
0

Since the constants does not depend on T and finite by the hypothesis on 4, the result follows.
We now prove (iv) of Theorem 2.4.1 for ¢ = oo. The result for the other values of ¢ will then follow

by using the Holder inequality and (2.4.24). We need the following lemma.

Lemma 2.4.1. Let N be a positive integer and s, q be two real numbers, and suppose that

1 v a4+l N a+1 1
l<s<g<oo, 0<=< - <1, — - )<1-2.
ot TS A= T q N+ 5 2( S q) 2

Let u be the solution of (2.3.4) with initial data ¢ € S'(RY). Assume that
suptza 2 Ju(t)|s < oo
>0

It follows that

2=y _ N
supt 2o 24 |lu(t)]lq < oo.
>0
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Assuming this lemma for the moment, we continue the proof of the theorem. Let us consider the

solution of (2.3.4) constructed by the first part of Theorem 2.4.1. We have

2=y _ N
supt 2a 2 ||lu(t)]], < oo,
>0

for r satisfying the conditions specified in (2.4.19). We use the Lemma 2.4.1 with an iterative argument

as in [43]: s; will play the role of s, and s;4; will play the role of ¢, for i = 0,1,---. Let so = r, and

choose s; satisfy the hypothesis of Lemma 2.4.1. Then by Lemma 2.4.1 we get that
2=y N
supt 2 21 ||u(t)|ls, < 0.
>0

We iterate this procedure. For the next step it is clear we can choose s so that

1 1 N 1 1
04—|—1<51<52§oo,0§f<l+a+ <177(a+ i
ss N s1 2 s S2 2

Then we conclude that

2=y _ N
supt @ 22 ||u(t)|ls, < 00.
t>0

- —)<1l-—.

One can check easily that by this iterative procedure, we can reach s;;1 = oo for some finite i. This

proves (iv) for ¢ = co. The other cases follow by interpolation. The continuous dependence relation
(2.4.25) with ¢ = r, of the solution on the initial data can be easily deduced by setting in (2.4.30)
Fo(u) = v and Fy(v) = v. Formula (2.4.25) for all ¢ € [r, 00|, can be proved by using an iterative

procedure similar to the proof of (iv). In particular, one can prove a version of Lemma 2.4.1 with u

replaced by u — v. This completes the proof of Theorem 2.4.1.

Proof of Lemma 2.4.1. We use similar argument as in [43]. Set

2-y N
A = sup 96 Ju(t = oa 2w
st1>1%) [u(®)lls; B(s) 20 2s

We use the integral equation (2.3.4) from % to t:

u(t) = e7®u(t/2) + a / DA (7 u(o)|u(o))do.

2

O

(2.4.33)

It follows from the smoothing properties of the heat semigroup, with se = ¢, s; = s and (2.2.2) with
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@ =¢q, ¢1 =5s/(a+1), that

t
lu®)ll, < waﬁua/muq+way[ 18 (| (o) *u(o)) [ gdo
2
t N(at1)
< Ct¥@9mumms+cmhfu—aﬁil2f|mef%w
2
< Ot 0D u(t/2) s + ClajAoties 3G HISO )

1 [e%
/ (1- 0)%7%71\](2;1)U’B(S)(O‘“)do
1
3

1
< Ot atlyatai ey [ (1) g At
< C't A+ Cla|A* ¢t (1-0) o do.

1

2

Therefore we obtain
2— N
t2 aulu(t)], < C'A+ClajA*'Cy,

where

1 ]
G :/ (1 70)_%< Ho1) -3 B et gy,
3

By the conditions imposed on the parameters in the lemma, C; is positive and finite. Thus, we get
2=y _ N
supt = 3 Ju(t)], < C(A) < oo,
t>0

where C'(A) is a positive constant. Remark that C(A) — 0 as A — 0. This completes the proof of the

lemma. O

We now give the proof of Theorem 2.1.5.

Proof of Theorem 2.1.5. Due to the homogeneity properties of (2.1.1)-(2.1.2), and hence (2.3.4), it is
clear that the set of solutions of (2.3.4) is invariant under the transformation v — wy for all A >0,
where
2202 N
ur(t,x) = A u(At, A\x), t>0, zeR". (2.4.34)

A self-similar solution is a solution such that uy = u for all A > 0. We claim that solutions given
in Theorem 2.4.1 with homogeneous initial data of degree —(2 — ~)/« are self-similar.

In fact, let ¢ be a tempered distribution satisfying (2.4.23). Let u be the solution of (2.1.5) with
initial data ¢ given by Theorem 2.4.1. Now define the scaling function ¢, by

o) = )\2%@()\1‘) YA>0, zeRY.

This makes sense for distributions by duality. Since sup,qt?|[e/*@rlr = sup;sqt?[e!? |, for all
A > 0, it follows that ¢ satisfies also (2.4.23) for all A > 0. We can easily compute that the function
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uy given by (2.4.34) is the solution of (2.3.4) with initial data ¢). Finally, if ¢y = ¢, that is ¢
homogeneous of degree —(2 — )/a, and since sup,~q t?||ur(t)|l = supssot?|lu(®)|lr, ¥ A > 0, then
uy = u and thus u is self-similar. Let us denote it by us. The fact that us(t) — ¢ in S'(RV) ast — 0
follows by Theorem 2.4.1 Part (iii). O

2.5 Asymptotic behavior: Nonlinear case
In this section we give the proof of Theorem 2.1.6 Part (i). In fact, we will prove the following
more general version. In particular the asymptotic behavior is given in LI(RY) for all ¢ > r.

Theorem 2.5.1 (Nonlinear behavior). Let 0 < v < min(2,N), o > (2 —)/N. Let r and 5 verify
(2.4.19) and (2.4.20). Define B(q) by

Let @ be given by

®(x) = w(z)|e] "=

with w homogeneous of degree 0, w € L=¥(SN™1) and ||w||so is sufficiently small. Let

x

—)

Vi

be the self-similar solution of (2.5.4) with initial data ® given by Theorem 2.1.5.
Let ¢ € Co(RYN) be such that

2—y
us(t, ) =t 2o us(l,

C

Wa Vo eRY, o(z) :w(w)lﬂc\_%, lz| > A,
€T 2a

p(z)] <

for some constant A > 0, where ¢ is a small positive constant. (We take ||w|lo and ¢ sufficiently small
so that (2.4.23) is satisfied by ® and ¢).

Let u be the global solution of (2.1.5) with initial data ¢ constructed by Theorem 2.1.4. Then there
exists § > 0 sufficiently small such that

u(t) — us(t)]lq < Cst™ P D=0 v ¢ >0, (2.5.35)
for all q € [r,00]. Also, we have
5 ut, V) —us(1, g < Cst™, Yt >0, 2.5.36
q
for all q € [r,o0].

Remark 2.5.1. In the previous theorem, if ¢ is sufficiently small, then all the quantities on the right
hand side of inequalities (2.5.35)-(2.5.36) converge to zero as t — co. Also, the difference u — us goes

to zero as t goes to infinity more rapidly than each of them does separately.
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Proof. We have that |®(z)—p(z)| = 0 for |z] > A and |®(x) —p(z)| < (||w]leo + €) ]ac|_a%W for |z| < A.
Then
@ — @] < ([lwlloo +¢) @1,

with 1 = | - \_2% Lyjz|<ay € L*(RY), 1 < s < Na/(2 — 7). By the smoothing properties of the heat
semigroup (2.2.1), we have that e/®p; € L™(R") and
N 2—v

supt’ |2 |, < 00, for 0 <4 < 5 o
>0 a

From the latter part of Theorem 2.4.1, and, in particular, formula (2.4.27), we have that
sup 7 |[u(t) — us(t)[|» < Csupt’[e' (@ — @), = Csupt”+||e" Py .
>0 t>0 t>0

That is

sug P u(t) — us(t)||, < C, (2.5.37)
t>

for 6 > 0 sufficiently small and C a finite positive constant. This gives (2.5.35) directly, and (2.5.36)
by a simple dilation argument for ¢ = r.

We now turn to the asymptotic result in the L*°-norm. Write

u(t) — us(t) = e2® (u(t/2) — us(t/2)) + aﬁ DALY (Ju(o)[*u(o) — |us(o)|“us(0)) ]do.

2
Let T > 0 be an arbitrary real number. By using the smoothing properties of the heat semi-group and

Proposition 2.2.1 with (g1, g2) = (00, 00), we have that

() — us(t) oo < 5]

e (u(t/2) — us(t/2)|| +laltT= T x

[ 2 17 (o) uto) ~ usto)us )] do
< CPTu(t/2) — us(t/2)||r +

|a|0t22‘3+5ﬂ (t =) 2 (ul0)]1% + llus(@)[|%) [u(0) — us(0)||cdo-

2

Using (2.5.37) to estimate the first term and the fact that ||us(t)||c < th%w, |u(t)]|oo < ct =

to estimate the last term, we get
2_7"/4,5 o
t2a T u(t) —us(t)]|o < C(0) 4+ 2C%alC x

1 5 2—~ 5 22—~ 5
ﬁ (1—0)" 20" @D% 4o | sup (tW”L [|u(t) —Us(t)Hoo)-

3 te(0,T7]

This gives that, supc (.1 t%“"sﬂu(t) —us(t)|loo < C’(§). Since the constant C’(§) does not depend
on T > 0, one can take the supremum over (0,00). It follows that for all § > 0 sufficiently small there
exists a constant C’(d) such that

.

lu(t) = us(t)l|oo < C'(8)t 77,
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for all t > 0. This proves (2.5.35) for r = co. The general result (2.5.35) follows now by the interpolation
inequality. The estimate (2.5.36) follows by a simple dilation argument. O

2.6 Asymptotic behavior: Linear case

In this section we give the proof of Theorem 2.1.6 Part (ii). To prove the asymptotic linear behavior,

we need to establish an adequate global existence result.

2.6.1 More global existence results

We have the following lemma used to establish the needed global existence result. We denote, for

aeR,a+bya+::maX(a,O)andi:lifa>0,andooifa§0.

a

Lemma 2.6.1. Assume that 0 < v < min(2,N) and a > (2 —«)/N. Let ay be a real number such
that

a>op > —.
! N

Let 71 be a real number satisfying

N 1) N N 1
max < (o1 + ), a > <r < i +1) , (2.6.38)
N-—vy "2-9 (2—=7(c1 +1)),
Let
ro = 2py, (2.6.39)
aq
2—y N
- — 2.6.4
& 201 2r,’ (2.6.40)
2—v N
= —— — 2.6.41
B2 2 2r9 (2.6.41)
Define r1o and S12 by . )
a+ a1 +
= = . 2.6.42
12 [ B12 ] b1 (2.6.42)

Then we have the following

(Z) ﬁl >07 62 >07 Bl2>0;
(z‘i)%v<%+1%l<l,%<]\%+%l<1,
a+ ol a

- _ - 741
() S =) Ty =5, Tg<h
(Z?]) 62(04 + 1) < 1: 612(05_'_ 1) < 1;

N
(v) Bo— G — 3 — Pala+ 1) +1=0,
N a+1 1

¥
S 1)+1=0.
> s n) 5 Bra(a+1) +

The proof of Lemma 2.6.1 is given in Section 2.8. We now give the following global existence result.
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Theorem 2.6.1. Let 0 <y <min(2,N) and a > (2 —~)/N. Let aq be a real number such that

2 —
Oé>0(1>T’Y.

Let r1, ro, 712, 1 and By be real numbers as in Lemma 2.6.1. Suppose further that M > 0 satisfies
the inequality
KM <1, (2.6.43)

where K is a positive constant. Choose R > 0 such that

R4+ KM < M. (2.6.44)
Let ¢ be a tempered distribution such that
max [sup tﬁl||etA<pHr1,suptﬁQHetAgoﬂm} <R. (2.6.45)
>0 t>0

It follows that there exists a unique global solution u of (2.3.4 ) such that

max [suptﬁlHu(t)llrl,supﬁ?”u(t)um} < M. (2.6.46)
>0 >0
Furthermore,
(i) u(t) — et®p € C(]0,00); L*(RN)), for s satisfying ]2\,;71 < % <+ (ﬁ;
(i) u(t) — 6tA<P € Loo((oa 00); LS(RN)), for s satisfying 12\7_01 < % < % O;T;

(iii) %ir% u(t) = ¢ in the sense of distributions.
%
2=y N
(iv) sup 2 2flu(t)|lq < oo, Vg € [r1,o0].
>0

2— N
(v) supt 2= 2 ||u(t), < 00, Vq € [ra, 00].
>0
Moreover, let ¢ and 1 satisfy (2.6.45) and let uw and v be respectively the solutions of (2.3.4) with

initial values ¢ and 1) respectively. Then

max [suptﬁlnu(t) — () 1y, s fu(t) v<t>||r2] < (1-KM*) '
t>0 t>0
max [sup 11" (0 — ) sup 2" (g — wm} (2.6.47)
t>0 t>0

and

2— _
max [suthQ:Hu(t) — U(t)]]oo,supt%\\u(t) — v(t)”oo] <
>0 >0

C max [sup 11" (0 = )y sup 2 ! (o — wmm] . (2.648)
t>0 t>0
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Proof. The proof is based on a contraction mapping argument and uses some idea of [43]. Let X be
the Bochner of measurable functions u : (0,00) — L™ (RY) N L™ (RY) such that

max [sup P [w(t) |y, sup 72| u(t) ||, | < o0.
>0 >0
We denote by X the set of u € X such that max [sup,qt™||u(t)|lr,, supsg t72|lu(t)|lr] < M.
Endowed with the metric: d(u,v) = max {suptﬁlﬂu(t) — () ||r,, sup t72||u(t) — v(t)Hm} , Xy is a
t>0 >0

nonempty complete metric space. Let M, R be two real numbers satisfying (2.6.43)-(2.6.44). Consider
the mapping defined by

Fou)(t) =ePp +a /0 eE=D2 (1|7 u(0)|*u(0))da, (2.6.49)

where ¢ is a tempered distribution satisfying (2.6.45). We will show that F is a strict contraction on
X
Let ¢ and 1 satisfy (2.6.45) and u,v € X). It follows that

| Fp(w)(t) = Fyp(@) Ol < 17120 = 9)llr, +
!a\t’Bl/ =2 L7 (Julo)|*ule) = [o(a)[*0(e))] [l do
0

It follows, by Proposition 2.2.1 with (q1,q2) = (;fl,rl) due to Lemma 2.6.1 Part (ii) and Holder

inequality that

_E(a+1_i)_1
2 \ryg 1 2 X

e =2 1177 (Ju(o)[*u(o) — (o) [*v(@)] |l < C(t—o0)
lfu(o)[*u(o) = fv(o)|*v(a) | 21z

a+1

<C(t—0) 20 T E @+ 1) (Jul0) I3, + 100018, 14(7) = (@)l

Using the interpolation inequality

~ 4 , (2.6.50)

™ T2

[u(o)]]s < ||u(0)”f1 [u(o)]| 20

T )

16 1-96
=

where 6 = a%rl and s = rio along with the fact that u, v are in X; we see that

=% |7 (@) (o) ~ [ol@)"o(@)] |, < 2a+1)C X
%(ij; Tl)fgg'_ﬁm(a—‘rl)Mad(u’v).

(t—o)
Hence,

II/0 AL (u(0)[*u(o) — o(o)|*0(0))] dollr, < 2(a+1)CM® x

t «
U (t — o) 2 i) "3 g g | g(u, v)
0
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Then, using Part (vi) of Lemma 2.6.1, we obtain
) Fo(w)(t) = Fp@) Ol < 712 (0 = 9)llry + 2al (@ +1)OM* x
1 (o]
[/ (1-— 0)7%( e T T3 g hlet) gy d(u,v)
0

t71 1€ (0 = ) [lr, + C1Md(u, v), (2.6.51)

IN

where
a+1 1

' ety
€ =2al(a+ )0 [ (1) FEETH g ey
0

On the other hand, we have
t2(|Fop(w) (1) = Fp(@)Dllra < %[ (0 = )y + |alt™ x

/0 =2 [117 (lu(o)|*u(o) = |0(0)|*v(0))] llrydo

It follows by Proposition 2.2.1 with (¢1,g2) = (re/(a + 1),72) and with the fact that u,v are in Xy
that

X
2

€= [ (ju@)u(@) = (@) *o(@)] |, < Clt =) 52"
Ilu(@)[*u(0) = [0(2)|"0()] 22,

Ct— o) = a+ 1) (Ju@)I3, + o3, ) lu(e) = v(@)]l.

Nao

< 2(a+1)C(t — o) 22 2gPaletD pragiy o),

X

IN

This together with Part (v) of Lemma 2.6.1 gives

t72 | Fop(u) (1) = Fy (0) () lry < 1722 (0 = P)llry + C2Md(u, v), (2.6.52)

! _Na_ 73
where Coy = 2|a|(a + 1)0/ (1—0) 2 3 o B2(atl) g

Due to Parts (iii) and (iv) of Lemma 2.6.1, C and Cy are finite positive constants. Now we get by
(2.6.51) and (2.6.52) that,

IN

max [sup 0| Fip () () = Fp(0) (8) 1y, sup 872 | Fp () (£) — fw(”)(t)”m]
t>0 t>0
max [sup 1€ (o — ) ||y, sup 72| (p — ) \m} + KM%d(u,v), (2.6.53)
t>0 t>0
where K = max(Cy,C3). Setting ¢» = 0 and v = 0, and using (2.6.45), (2.6.44) we obtain
i [sup | 7)) sup £ |7 ()0 | < ot KM < 0
> >

Then F, maps X, into itself. Letting ¢ = v, we get
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d(Fo(u), Fo(v)) < KM*d(u,v).

Hence inequality (2.6.43) gives that F is a strict contraction mapping from X, into itself. Then F,
has a unique fixed point u in X which is solution of (2.3.4).
We now prove that u(t) — e'®p € C([0,00), L*(RY)) for s satisfying
2—vy 1 a+1

gl
< - < = . 2.6.54
Naoy s N + 12 ( )

First, the existence of such s is insured by Part (iv) of Lemma 2.6.1. Write

u(t) —ePrp=a te(t_”)A A7 u(e)|%u(o))do.
(0 =0 = [ DA (o) ") d

Then for s satisfying (2.6.54), we obtain by Proposition 2.2.1, with (g1, ¢2) = (C%fl, s),

ut) —ePolls < la te(t_(")A A7 u(o)|%u(o)) || sdo
Ju() — 2o, < HAH (117 u(o) () [

t 7ﬁ(a+1,l _x 1
< ol [0 BE D o)l o
0
t a
< |a\CMa+1/ (t—0)7%(T1+217%)7%a_512(°‘+1)d0
0

_Neatl 1y _y_ 1)+1
= |a|CM*“T1t 2 (hp —3)m 3 AletHL

1
/ (1—0) 22~ 73 (ot gy,
0

Therefore we obtain

w2

(a+1 1

Ha 52 g Baletl) g, (2.6.55)

N _2- 1
lu(t) — e ells < |G|CMa+lt2s_2a¥/ (1-0)
0

1
Owing to (2.6.54) we can see that / (1—-0)

ﬂ(a+l 1
2

_a N _ 2=y
2 372 5B+ 45 is finite and that £ 2e1

0
converges to zero as t N\, 0. This proves the statements (i) and (iii) of Theorem 2.6.1. Statement (ii)

with s = ]2\[_0‘; follows from (2.6.55) which still holds if s = 12\/_%1

The proof of Parts (iv)-(v) for r = oo follows by iterative argument as in the proof of Theorem

2.4.1 Part (v) so we omit it. The result for the other values of r will then follow by using the Holder
inequality and (2.6.46).

The continuous dependence relation (2.6.47) of the solution on the initial data can be easily deduced
by (2.6.53) with F,(u) = u, Fy(v) = v. Formula (2.6.48) can be proved starting with (2.6.47) and

using an iterative procedure. This completes the proof of Theorem 2.6.1. O

We now turn to establish the linear behavior.
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2.6.2 Linear behavior
The following technical lemma will be needed in the proof of the linear asymptotic behavior.

Lemma 2.6.2. Let 0 < v < min(2, N). Let the real numbers oy and o be such that

o> o > —.
177N

Let vy and ro be two real numbers as in Lemma 2.6.1. Let 51 and B2 be given by (2.6.40) and (2.6.41).

Then there exists a real number 69 > 0 such that, for all 0 < § < dg, there exists a real number
0<0s <1, (2.6.56)

with the properties that, the two real numbers ' and 3’ given by

1 0 1-46 2 —)[0s(a— 1) + N
o o 201 2r

satisfy the following conditions
(a) £ < F+2t <1,
() 46— F(H — L)~ F - Fla+1)+1=0,

(c) (& - +3<1, Blat+1) <l

T

Moreover, the real number 05 satisfies

1 2001«

05 = a+1 + (2—7)(04—041)(a+1)5'

(2.6.58)

The proof of the previous lemma is given in Section 2.8. We now give the asymptotic behavior
result. We have the following more general version. In particular the asymptotic behavior is given in
LI(RN) for all g > r1.

Theorem 2.6.2 (Linear behavior). Let 0 < v < min(2, N). Suppose that

2 —
CY>O[1>TPY.

Let r1, ro be two real numbers as in Lemma 2.6.1. Let 1, 2 be given by (2.6.40), (2.6.41) and define

Bi(q) by , N
Bilq) = 2;: “oy 171 (2.6.59)

2—

Let ¥(z) = w(x)|z|” °1 , where w € L>®(SN™1) is homogeneous of degree 0. Let ¢ € Co(RYN) be such
that

C _ 2=
o(x)| < ———=, Vz e RY, p(z) =w(@)lz|” =1, |z| > 4,

(1 +]af2) =
for some constant A > 0, where c is a small positive constant and |w|| s sufficiently small.

Let u be the solution of (2.3.4) with initial data ¢, constructed by Theorem 2.6.1 and let w be the
self-similar solution of (2.8.4) constructed by Theorem 2.6.1 with a = 0, and with initial data V. Then
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there exists 01 > 0 such that for all §, 0 < § < 61, and with M perhaps smaller, there exists C5 > 0
such that
[u(t) = w(t)]lg < Cst™ @70, v >0, (2.6.60)

2= B
[£255 v (t, V) —w(l, )]l < Cst™°, ¥t>0, (2.6.61)

for all q € [r1,00]. In particular, if w # 0, there exist dy > 0, da > 0 two constants, such that
it < Ju(t)lly < dot= @,

for large time and for all r1 < q < 0.

Proof. By writing | - \_717 = f1 + fo, with fi € L¥(RN), 1 < s < Nai/(2 —7), fo € L"(RY), it
follows by the smoothing properties of the heat semigroup that /¥ € L™ (RV) and by homogeneity,
we have that sup,. t’||e!®¥||,, < oo. Since |p(x)| < (¢ + Hw||oo)\a:| alw, and because oy < a, and
by conditions on ¢, we have also |o(x)| < (¢ + ||w]loo)|z|”™ & , then sup;.qt?|e!?p|l,, < oo and

Sup;so 72|t ¢l|, < oo. Hence ¢ verifies (2.6.45) for ¢ and ||(,u||OO sufﬁ(nently small. We have also that
| (z) — p(z)] =0 for |[x] > A and |¥(x) — ¢(x)| < ([|w|leo + ¢) |x]_? for |z] < A. Then

W — ¢l < ([wlloo +¢) 1,

2=y
with o1 = [ 21 1q<ay € L*(RY), 1 < s < Nai/(2 — 7). By the smoothing properties of the heat
semigroup (2.2.1), we have that e!2p; € L™ (RY) and
N 2—7

sup tP119 et 1 ||, < 00, for 0< 6 < 5 " e
t>0 a1

Let v be the solution of (2.3.4) with a = 0 and with initial data ¢. We have

u(t) = o(t) =a [ (7 (o) ")) don
and so .
) = o0l < el [ 162 (1 o) (o) (2.6.62)

Let 0 < 0 < &g, where dg is as in Lemma 2.6.2 and consider the two real numbers 7’ and 8’ given by
(2.6.57). Then thanks to (a) of Lemma 2.6.2, we obtain

Ju(t) = o), < lalC /0 (t—0) 27 73 u(o) | do (2.6.63)

Using the fact that v and v belong to X, and the interpolation inequality (2.6.50) with s = 7’ and
05, given by (2.6.58), we deduce from (2.6.63) that

_Nyatl 1\_y_ pr
P ) — o)l S oM R G

1
0
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a+1 1 )77
2

1 N )
By Lemma 2.6.2 / (1-— 0)77( )72 =8 @) 4 is finite. Now by (b) of Lemma 2.6.2 we deduce
0

that
0 u(t) = o(®)]lr, < Cs.
And so
|u(t) —v(t)]l,, < Cst™™70, V0. (2.6.64)
Then, we obtain
[u(t) = w(®)llry < lJu(t) = v@)llr, + [l (0 = W), < Cst™H70 4 Cjt= 7, (2.6.65)

where ¢ > 0 sufficiently small. Hence (2.6.65) gives (2.6.60) for ¢ = ry.

We now turn to the asymptotic result in the L°°-norm. Write

u(t) = w(t) = e2* (u(t/2) - (t/2))+aﬁ R u(o)|*ul0))do.

2

N)

Let § > 0 sufficiently small. Let 65 be given by (2.6.58), where § > 0 is chosen such that 65 < 1. By
using the smoothing properties of the heat semi-group and Proposition 2.2.1 with (q1,¢2) = (00, 0),

we have that

2= .5 2=v 465t 5
t250 O u(t) — w(t)lo <t lleéA(lb(t‘/?)—w(75/2))||oo+|a|1t2°*1+

ﬁ 142 (LI u(0)|*u(0)) loodo

< Ct61+6||u(t/2) w(t/2)|r, +
la|Ct3 / (t = 0) "% u(o) || do
%
Using the fact that [u(o)]|o < Co —[05 552 3a; +(1— 05) %] , to estimate this last term, that is ||u(o)|| &t <
Ca—f—lo. 2a1 6+W , We get
2— ! -
tﬁz+5|’u(t) _w(t)Hoo S 0(5)+Ca+1’a’0/ (1 _0— 20— 2041Y 5+171d0'-
1
3

Thus, it follows that for all 6 > 0 sufficiently small there exists a constant C’(d) such that

’ -2
[u(t) —w(t)]o < C°(0)t 217,
for all t > 0. This proves (2.6.60) for ¢ = co. The general result (2.6.60) follows now by the Holder
inequality. The estimate (2.6.61) follows by a simple dilation argument. The proof of the theorem is
now complete. U

We now give the proof of Theorem 2.1.6 for the linear case.
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Proof of Theorem 2.1.6 Part (ii). Let a; be as in Theorem 2.6.2. Put o = (2—1y)/ay. Since a > a1 >
(2 —7)/N then (2 —v)/a < 0 < N. Then (ii) follows by Theorem 2.6.2, precisely by (2.6.60) with

2.7 General singular problem

In this section we study the general singular nonlinear parabolic equation

u(t) = e + /0 DAV () u(o)|u(0)] do, (2.7.66)

u=u(t,r) ER, t>0, x € RN, a>0and ¢ € S'(RY). The potential V verifies
|V (x)] < Clz|™7, Vo e RM\{0}, (2.7.67)

and satisfies one of the hypotheses:
(Hy) V(z) =a(l - f(x))]=]77,
(H2) V() =af(z)lz[7,

where a € R and f is such that

f(@)|z|77 € LS(RY), = < - S < ==, (2.7.68)

1 2y a+1 1 1 2 «
-< + ;
s N T @ s N r

A
N
with » > g. satisfies (2.4.19). As an example for such function f we may take a cut-off function
compactly supported and f = 1 near the origin.

It is clear that Proposition 2.2.1, the Cy-well-posedness, L9-well-posedness and the global existence
results hold as for the case V (z) = a|z|~”. In particular, we can prove similar results of global existence
as in Theorem 2.1.4. Here, we are mainly concerned with the asymptotic behavior of global solutions
with initial values p(x) ~ w(:v)|x|72?77 as |r| — oo, where w € L®(RY) is homogeneous of degree 0
and ||w||eo is sufficiently small. We show that for the case (H;), we have the same asymptotic behavior
as for the equation (2.1.1). While for the case (Hz2) the behavior is linear, in particular it is different

from the case of equation (2.1.1). Precisely, we have the following result.

Theorem 2.7.1 (General Potential). Let 0 < v < min(2, N). Suppose that

2—7
_— 2.7.
a>— (2.7.69)

Let o € Co(RYN) be such that
(@) £ ————=, Yo e RY,

for ¢ > 0 sufficiently small, and
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for some constant A > 0 and some w € L®(RY), homogeneous of degree 0, with ||w||s sufficiently
small. Assume that V' satisfies (2.7.67).

Let u be the global solution of (2.7.66) with initial data . Let us be the global mild self-similar
solution of (2.1.1)-(2.1.2) with initial data ®(x) = w(:c)|m]_2?Tv, given by Theorem 2.1.5. Then we
have the following.

(i) Nonlinear behavior: If V(z) = a(1 — f(x))|z|™", where f satisfies (2.7.68), then there exists

0 > 0 such that
u(t) — us(t)]|, < Ct~ 2 3, ¥t >0,

(ii) Linear behavior: If V(x) = af(x)|z|~7, where f satisfies (2.7.68), then there exists § > 0 such
that
Hu(t) _etA (w(-)| - \—Z’TT”) H <Ot =m0 V>0,

where C is a positive constant.

One should emphasize that Eq. (2.7.66) has no self-similar structure in general, but the previous
result shows that global solutions are asymptotically self-similar. In [36], Pinsky considers all positive
solutions to Eq. (2.7.66) where 0 <V € C%(RY) and that for large |=| and constants c¢;, ¢y > 0,

cale]™? <V(z) <elz|™?, 0< vy <min(N,2).

He shows that if 0 < o < (2 — v)/N, then (2.7.66) does not have global solutions, for any choice of
initial data uo(x) > 0. This shows that the condition (2.7.69) is optimal.

Proof of Theorem 2.7.1. Let r and ( verify (2.4.19) and (2.4.20). Define 3(p) by

2-~4 N
= — . Vp>1l.
Blp) = =, 2 VP>

Let ¢ > 1 and &' > 0 be such that

1 1 2y 2a+1) 2-
voetl 1 2 2etl) 2-9 (2.7.70)

N r qg N r Na '’
5’:]§<;—0‘j1)—;, Z(;—i><1. (2.7.71)
Proof of Part (i). We will show the following;:
u(t) — us(t)|, < CtPP= v p e [r, o). (2.7.72)
We have
ut) —us(t) = (- @)+ / =3 [V () u(o) (o) — al. 7 us(o)Pus(0)] do

= =B [ AT fulo)u(o) ~ fus (o) us(o))do
0
—a [ D2 [OL (o) )] do
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Then using Proposition 2.2.1 with (q1,q2) = (5%7,7) we obtain
P u(t) —us@®)lr < B (e — @) +
t
e | He(t—")A (-7 (o) u(or) ~ Jus ()| us ()]

L laltB+ / |2 L  u(o)u(o)]| do

@

<t (p — @) + O / (t=0)"2 7 ([u(o)lIf + [lus(@)[2) [[u(@) - us(o)||,do

do

r

Hall [0 SOt u(o)] | do
We begin by estimating the first term on the left hand side of the previous inequality. Since ¢
satisfies (2.7.70) it follows that 0 < ¢’ < 5 — 22;& and so as in the proof of Theorem 2.5.1 we obtain

the estimate of the first term
2 (o — @), < C.

We now estimate of the second term. Let T' > 0 be an arbitrary real number. Since sup;~g ||u(t)|l, <

M and sup,~q |lus(t)||r < M and by using the expression of 3, we have
B8 t _Na_ v o o
Ct ; (t—o) 22 (u(o)[ + llus(@)[7) lulo) — us(o)|lrdo <

t
20 M (tﬁ”' / (t—o)]ﬁlaﬁ(aﬂw’d(;) < sup 919 ||u(t) —ug(t)\h)
0

te(0,17]

1
< 20M© <t5+6’_1;’;1_;/—5(a+1)—6/+1/ (1 _ O_)—];’f—;a_—ﬂ(a—&-l)—éldo_) y
0

( sup 7+ |lu(t) — us(ﬂlh)
te(0,7T

1
< 20M° ( / (1— g)-%ﬁ‘—la—ﬂaﬂ%yd(;) ( sup 71 ||u(t) — ug(t)Hr>
0

te(0,T]

<’ | sup 7 fu(t) —us(t)], | ,
te(0,7]

where C' = 20 M* fol(l — 0)_%_%0*5(°‘+1)*5/d0. By the hypotheses on r, ¢ and the expressions of

B and ¢, C’ is a finite positive constant.

We turn now to estimate the third term. Let 7' be such that

1 1 a+1
o1y , (2.7.73)

q T r

By the assumptions on f we have that f(.)|.|~7 is in L" (R"). Using the Hélder inequality

LF QL ul@)*u(@)llg < IO e llulo) 7
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By the smoothing effect (2.2.1) with (s1,s2) = (¢, 1),

e =2 £ O[T u(@) (@), < Ct—o)” 2G| ulo)*ulo)],

IA

INA
Q
-
|

Q
il
¥l
+
[
|
2
£
Q
-
S0
+
. —

Then, by (2.4.21) and (2.7.71), we obtain

1
< C’MCH'I/ (1—0)" 2 27V Bty < C.
0

Since the constants in the estimate of the three terms do not depend on 7', we obtain the asymptotic
behavior (2.7.72) for p = r.
We now turn to the asymptotic result in the L*>°-norm. Write

u(t) —us(t) = eéA(U(t/Q)—US(W))Jrﬁ IRV () u(0)|*u(o) = al-| 7 (lus(o)|*us(o))] do

2
t

= 2% (u(t/2) — us(t/2)) +a/5 R (Ju(0)*ulo) — fus(0)|*us(0))ldo

2

a / =8 £()] | u(0)|*u(0)do.

2

By using the smoothing properties of the heat semi-group, we have that
2— / /
7 fu(t) —us(loo < O fu(t/2) — us(t/2)ll +

jalt 5=+ [ 1“2 (117 (Julo)|*u(o) — us(0)|*us(9))) lscdo +

gt T2+ / et D2 (L1 (F () (o) |*u(@))) [lscdo.

2

. _2-7 2=
Using the fact that ||us(t)]|ecc < Ct™ 22, ||u(t)||co < Ct™ 22 we get

¢
2— 7
£t [ =2 (1177 (Ju(0)|*ulo) = |us(0)|*us(0))) ledo < C x
t
1 — ’ - !/
/ (1—0) 3o~ @D 45| sup (t%ﬂ” lu(t) — us(t)||oo) .
1 t€(0,T)
We turn now to estimate the last term. Let 7’ be given by (2.7.73). By the smoothing effect
_N _ o
=2 (O @) u(0)lle < Ct—=0) 27 || F()]| 7 ulo)*u(o) |
_N _ o
Ot —o)27 | FOL T lfu(o) 15

C' M (t — U)_%J_%(Q—H).

IN

IN
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Since ' satisfies (2.7.73) and ¢’ satisfies (2.7.71) we have,
t
2 ! —o - a
t“’au‘s[ =2 (L7 (F Olulo)*u(0))) lcdo < C.
2

Finally we can conclude that, sup,e(o )t 3 Tt |u(t) — us(t)|lso < C'(8"). Since the constant C'(8')
does not depend on 7' > 0, one can take the supremum over (0,00). It follows that there exists a
constant C’(4") such that

lut) — us(t)l|se < C'(8) 2 7,

for all ¢ > 0. This proves (2.7.72) for r = oo. The general result (2.7.72) follows now by the Holder
inequality.
Proof of Part (ii). Let v(t) = et® (w()] . |_L> We will show the following:

u(t) — v(t)]l, < Ct PP v p e [r, o).

We have

t

u(t) —ov(t) = )+ [ e ()|u(o)|*u(o)]do

= )+ e afH Nu(o )]O‘u(a))da.

o)+ [

t
o)+ [
Then we obtain

[u(t) —o@)], < ||€'5A(s0—<1>)!|r+Ial/0 12 (FOHT) (@) *u(o)]rdo.

The rest of the proof is similar to that of Part (i), so we omit the details. O

2.8 Auxiliary lemmas

The proof of Lemma 2.6.1 follows by the following two lemmas.

Lemma 2.8.1. Let N > 1 be an integer. Let vy be a real number such that 0 < v < min(2, N). Let the
real number o1 be such that

2
Oé1>7N .

Given such v and oy one can always choose r1 such that
(i) &+ <1,
(i) 5 No‘l +3 <1,
(117) (E — ﬁ)(al +1) < 1.

Proof of Lemma 2.8.1. Note that (i)-(iii) are equivalent to
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N N
(i) Mgt <,

(i) 5 <,
(ifi) 71 < 3R if 2 — (a1 +1) > 0.
Since a1 and 7 satisfy the conditions of Lemma 2.8.1 we can easily show that if 2 — y(a; + 1) > 0,

that is ag < 22 , then

N(Oél +1) < NOél(Oll + 1)
N —~ 2 —y(a; +1)’
Noy Naj(a; +1)

2 7 "2 (a1 1)

And so we can choose ry satisfying Lemma 2.8.1. O

Next, we set

Lemma 2.8.2. Let N > 1 be an integer. Let v be a real number such that 0 < v < min(2, N). Let the

9 _
real number o be such that o« > le Let the real number aq be such that

9 _
a> o > T’y
Choose 11 satisfying (2.6.38) and ro satisfying (2.6.39). It follows that
(i) r < ra,
(i) F+9H <1, L+ <,
(iii) fgg; +3<1, 2 +3<,
(iv) (ﬁ - ﬂ)(al +1) <1, (7 - %)(0‘4' 1) <1,
(v) % Nar <Xt +—<1
(vi) 251 < 7+C”+—<1
Proof. The proof of Lemma 2.8.2 is obvious and can be omitted. g

We now give the proof of Lemma 2.6.2.

Proof of Lemma 2.6.2. One verifies, using the expression for ', 8" and f31, that condition (b) is equi-

valent to (2.6.58). Since § > 0, one must have 05 > —. Write now
1
05 = .
6= 1 +e

In the limiting case € = 0, we see that 05 = a%rl, r" =ri9, B/ = B12 and § = 0; and so conditions (a),
(b) and (c) are consequences of Lemma 2.6.1. Since conditions (a) and (c) are open, it is clear that
they still hold for small € > 0, assuming (2.6.58).
In order to get a specific bound on allowable € > 0, note that (a)-(c) are equivalent to
N +1 11
(@) & <X +55 +tela+1)(;; —5) <1,
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(b)) § = eC=Dlet(a—ar)

201 ?
() Yo peMet(L Ly 221 Brp(a+ 1) +e(a+1)(B—f2) < 1,
where 712 and 12 are as in Lemma 2.6.1. We clearly have 65 < 1, for small ¢, and thanks to (ii)-(iv)

of Lemma 2.6.1, (a’)-(c’) are satisfied for

0 < € < emin = min{ey, e9,€3,64}, (2.8.1)
where
o Q
1 — Oé-{—l’
1 a+1 .1 1. _
o = ——(1-L-STh - )
a—+1 N 712 71 9
2 (2—7 Na,, 1 1.4
€3 = - (== =)
3 N(a+1) 2 2r9 "1y 9 ’
1
= 1-— 1 — Bo| L.
€4 a+1( Brz(a+1))|B1 — Bo|

That is (2.6.56), (a)-(c) are satisfied for 0 < § < dy, where

22—+ D(a—a)

S0 = Evs 2.8.2

0 €min 20[10& 5 ( )

and e,y is given by (2.8.1). O
. . 1

Remark 2.8.1. One can verify easily that % = a%rl% + O%rl%, B2 = a+1ﬁ1 + o 162 =

2—vya;+1 N

— 2 and By = 9.
200 a—+1 2r12 and f; al@l

64



Chapitre 3

Study of the Hardy-Hénon Systems

3.1 Introduction

In this chapter we consider global in time solutions of the following nonlinear parabolic system

(9) { O = Au + al.| 77 |v|P~ Lo,
O = Av + b|.| P |u|? u,
with initial data
u(0,z) = @1(x), v(0,2) = pa(x), (3.1.1)
where u = u(t,r) e R,v =v(t,z) R, t > 0,2 € RV, a,b € R,0 < v < min(N,2),0 < p < min(N, 2),
D, q> 1.
In what follows, we denote ||| @~y by [l.[|r. For f,g : I — R, we denote when there exists
supser [f(1), g(t)] = max [superf(t), supierg(t)]. For all t > 0, ' denotes the heat semi-group, that
is

(1) ( / Gtz — y) f(y)dy.

where
N lal? 2
2 e

G(t,z) = (4nt)"2e 4t , t >0, z € RY,

and f € L"(RN), 7 € [1,00) or f € Co(RY). For f € S'(RY), €' f is defined by duality.
A mild solution of the system (S5)-(3.1.1) is a solution of the integral system
t
u(t) = e®p; +a / =2 (117 u(0) P (o)) do,
0

) (3.1.2)
v(t) = ePoy + b / =2 (117 |u(0) |9 u(o)) do.
0

We investigate the existence of global solutions, including self-similar solutions for the semilinear
system (3.1.2). Moreover, we are concerned with estimating the decaying rate in time of some global

solutions and their asymptotic behavior.
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Using the key estimate established by Proposition 2.1 in [2] we can adapt the method in Fujita
and Kato [18, 19] and recently used in [2, 5, 6, 14, 7, 23, 30, 42, 43, 44].

This method is based on a contraction mapping argument on the associated integral system (3.1.2).
Precisely we transform the problem of existence and uniqueness of global solutions into a problem of
a fixed point for a function defined in a suitable Banach space equipped with a norm chosen so that
we obtain directly the global character of the solution.

In this chapter we seek conditions for the following parameters p, ¢, v and p such that we have the
global existence of some class of solutions, including self-similar solutions and the nonlinear asymptotic

self-similar behavior of these solutions. For this we define k, a1, ao, 81 and 2 by

(2—=7)g+(2-p)

k= , 3.1.3
2=pp+(2-17) (3.1
1
0= —— (2= p)p+(2—7), 3.1.4
= 552~ P+ 2= ) (3.1.4)
1
= ——[(2=7)g+ (2 - ), 3.1.5
= 50— (2= M1+ 2= p) (3..5)
N 1 N
= ——=——/(2— 2 — - — 1 3.1.6
pr=ai o 2(pg— 1) [(2=p)p+ (2—7)] o 17 h (3.1.6)
N 1 N
= ——=— (2 — 2 — - — 1. 3.1.7
fa = az s 2pg—1) [(2=7)a+(2-p)] 5 127 (3.1.7)
Note that a1 and as verify the following system
2 — 2000 = 2
Y SGL = Sdap, (3.1.8)
2 —p+2a =2a1gq,

and that

kp>1, ¢g>k and 22 =k
aq

Let us summarize the results of this chapter. First of all if we suppose that the following conditions

. Py 2=7)g+(2-p)
21 < min <N’ PR P s ’YPQ]+> ’ (3.1.9)

and

. Qin o (2=pp+(2—7)
20 < min <N, p(N v) 2+ (2—)q— ppq]+) , (3.1.10)

are satisfied, then we prove the global existence of solutions for some initial data ® = (¢1, ¢2) small

with respect to the norm N defined by
N(®@) = sup 17 A1y, % [ palls ] (3.1.11)

where 81 and [y are given by (3.1.6) and (3.1.7), r1 and 7o are defined in Lemma 3.2.1 below. See

Theorem 3.2.1 below. We also prove, for ¢; homogeneous of degree —2c; and @3 homogeneous of
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degree —2ap, where a; and g are given by (3.1.4) and (3.1.5), that the initial data ® = (@1, p2) gives
rise to a global self-similar solution. See Theorem 3.2.2 below. Next we show as in [2], that solutions
with initial data ¥ which behaves asymptotically like ® in some appropriate sense as |x| — oo, are
asymptotically self-similar in the L>-norm. See Theorem 3.2.3 below. The norm A given in (3.1.11)
is weak enough so that initial data ® = (¢1, ¢2) with homogeneous components have finite norm. We
prove finally stronger uniqueness results in Lebesgue spaces for initial values small with respect of
some norm. See Theorem 3.4.1 below.

Yamauchi in [53] studied the parabolic system (S). In [53, Theorem 2.1, p. 339] it is shown that
for some nonnegative initial values under the conditions v < min(N, 2), p < min(N, 2), pg—1 > 0 and
max (i, ag) > %, that no nonnegative nontrivial solutions exist.

The case v = p = 0 has been already covered in [44]. In the case where p = ¢ and v = p > 0, the
parabolic system (S) behaves like a parabolic equation with singularity in the nonlinearity. For more
reading about Hardy-Hénon equations see [2, 33, 35, 48].

The rest of the chapter is organized as follows. In Section 2, we state the main results. In Section
3, we give the proofs of the main theorems. Finally, in Section 4, we give stronger uniqueness results.
Throughout this chapter C' will be a positive constant which may have different values at different

places. We denote sometimes u(t) by u(t,.).

3.2 Main results
We now state the main results of the chapter. Let e'® be the linear heat semi-group defined by

() (@) = (G(t,.) * ¢)(2),

where G is the heat kernel
N _|z)?
2

G(t,z) = (4nt) 2z e 4, t>0, zecRY,

We recall the smoothing effect of the heat semi-group

i S
e fllsy < (dmt) ™2 i3 1)l (3.2.12)

for1 <s1<s9<oo,t>0and f € le(RN ). We recall also the following key estimate from [2]

_N
2

1 _1y_ 2o
12 (L Pllgs < C(N s ar,a2)t ™ 2 @) 72 £l (3.2.13)

for 0 <~ < N, ¢1 and g9 such that 0 < q% < %+ q% <1,t>0and f € L9(RY). We note that if
g2 = 00, then e'®(|.|77f) € Co(RN).

We begin with the following technical lemma.

Lemma 3.2.1 (Technical lemma). Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N, 2)
and 0 < p < min(N, 2). Let k be given by (3.1.3). Let a1, aa defined by (3.1.4) and (3.1.5). Suppose
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that (3.1.9) and (3.1.10) are satisfied. Let 51, B2 be given by (3.1.6) and (3.1.7). Then there exist
r1 > 1 and r9 > 1 satisfying

T = k’l“g, (3214)

such that

(i) B1 >0, B2 >0 and B2 = kph,

(i) =< F+LE<land L <{+L<1,

(iii) Pop < 1 and Pf1q < 1,

(iv) 5= -1+ < 27 gnd Y (—14 2¢) < 252
2ry p 2 2rg qu 2

(v)%<2"‘1<7+%andi<2%<ﬂ+%

(vi) ——(——%)—f—ﬁzp—i-l—i—ﬁl—Ocmd (L - L) =L —Big+1+ P =0.

T1 T2

We prove this lemma in the Section 3.5.

Theorem 3.2.1 (Global existence and continuous dependence). Let N be a positive integer. Let p,
g>1. Let 0 <y < min(N,2) and 0 < p < min(N,2). Let aq, oo defined by (3.1.4) and (3.1.5).
Suppose that (3.1.9) and (3.1.10) are satisfied. Let By, P2 be given by (3.1.6) and (3.1.7). Let r1 and
r9 be as in Lemma 3.2.1. Let M > 0 be such that

v = max(MP v, M7 ) < 1, (3.2.15)

where v1 and vy are two positive constants given by (3.5.37) and (3.3.38) below. Choose R > 0 such
that

R+ Mv < M. (3.2.16)

Let ® = (1, p2) be an element of S'(RN) x S'(RN) such that
N (®) := sup [tﬁlHemg01||rl,tﬁZHetAQOQHTQ] <R. (3.2.17)
>0

Then there exists a unique global solution U = (u,v) € C((0,00); L™ (RN) x L"2(RN)) of the integral
system (3.1.2) such that

sup (£ (), £ |0 ()], | < M. (3.2.18)
t>0
Furthermore,
(a) %1\% u(t) = @1 and }{% v(t) = @2 in the sense of tempered distm’butions,

(b) u(t) — Py € C ([O,oo),LT1 (RN)) for Ty satisfying =5 299 <7< &+ p
(c) v(t) — Py e C ([O, oo),LTZ(RN)) for T satisfying 2% < E < f+ rql,
(d) %gto‘l_%\\u(?ﬁ)m < oo, Vré€(r,o0], andu € C((0,00), L"(RYN) N Co(RY)),

(e) supto‘r%ﬂv(t)HT <00, Vre€[rg, 0], and v € C((0,00), L™ (RY) N Co(RY)).
>0
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In addition, if ® = (p1,92) and ¥ = (Y1,2) satisfy (3.2.17), and if Uy = (u1,v1) and Uz = (uz,v2)

respectively are the solutions of the system (3.1.2) with initial values ® and ¥, then

up |17 s (1) = w2 (1) ey ¢ 1(8) = w20)] ] < (L= 0) N (@ = W), (3:219)

Furthermore, if the initial data ® and ¥ are such that

N5((I) - \Il) = iug [tﬁﬁ_(sHetA((Pl - wl)HTUt/BQ—i_(sHetA((pQ - 77/}2)“7"2] < 00, (3‘2'20)
>

for some 0 < § < &g, where
0o = min {1 — S1q,1 — Bap}. (3.2.21)

Then

Sup [t51+5\|m(t) =z (1)l 201 (8) = v2(t) Iy | < (1= V)T ING(® — ), (3.2.22)
>

where the positive constant M is chosen small enough so that 0 < v/ < 1, where V' is given by the
relations (3.8.45)-(3.3.47) below.
N N
Finally, if we suppose also that ® = (p1,pa) € L21 (RYN) x L2 (RYN) such that

N'(®) := max [Hmlmzvl, ""2”22’2] <R, (3.2.23)

N
then the solution U = (u,v) of the integral system (3.1.2) satisfies also U € C <[O, 00), LE(RN)) X
N
c([o,oo),LE(RN)) and
sup (0] .. [o(0)] . | < 1. (3224
t>0 207 2aip
Where M and R are sufficiently small.

Now we give the following result which proves the existence of self-similar solutions.

Theorem 3.2.2 (Self-similar solutions). Let N be a positive integer. Let p, ¢ > 1. Let 0 < v <
min(N,2) and 0 < p < min(N, 2). Let ay, ag defined by (3.1.4) and (3.1.5). Suppose that (3.1.9) and
(3.1.10) are satisfied. Let ¢1(z) = wi(x)|z| 72, 0o(z) = wa(z)|z| 292, where wi,ws € L¥(RY) are
homogeneous of degree 0 and ||w1]|co, |w2llco are sufficiently small. Denote ® = (¢1,p2), then there
exists a global self-similar solution Us = (ug,vs) of (3.1.2) with initial data ®. Moreover Ug(t) — ®
in 8'(RN) as t — 0.

We turn now to the asymptotic behavior.

Theorem 3.2.3 (Asymptotic behavior). Let N be a positive integer. Let p, ¢ > 1. Let 0 < v <
min(N,2) and 0 < p < min(N, 2). Let o, oz defined by (5.1.4) and (3.1.5). Suppose that (3.1.9) and
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(3.1.10) are satisfied. Let 51, B2 be given by (3.1.6) and (3.1.7). Let r1 and ro be as in Lemma 3.2.1.
Define 1(q) and Ba2(q) by

N N
2’ Ba(q) = az — 2

Bi(g) = a1 — q>1 (3.2.25)

Let ® be given by
o(z) = (p1(2), p2(2)) = (wi(@)]a| 7>, waw)]a|722)
with wy, wy homogeneous of degree 0, wi,ws € L®(RY) and ||wi s, [|willeo are sufficiently small. Let

Us(t,z) = <t_a1uS(1, %),t—%gu, \2))

be the self-similar solution of (3.1.2) given by Theorem 3.2.2.
Let W = (1,12) € Co(RN) x Co(RN) be such that

C —2a

|¢1($)’ < W, Vo e RN7 P1(x) = wi(z)|z| 2 Loz > A,
C —2«

)] € s Vi € B, ale) = el 2%, o] 2 A

for some constant A > 0, where ¢ is a small positive constant. (We take ||wi|loo, [|w2|lcc and ¢ suffi-
ciently small so that (3.2.17) is satisfied by ® and ¥ ).

Let U = (u,v) be the global solution of (3.1.2) with initial data U constructed by Theorem 3.2.1.
Then there exists § > 0 sufficiently small such that

u(t) — us(t)|lq < Cst™P1=0 v ¢ >0, (3.2.26)
[0(t) — vs(t)]lg < Cst™2(@2)=0 "y ¢ > 0, (3.2.27)
for all 1 € [r1,00], g2 € [ra2,00]. Also, we have
[t u(t, V) —us(1, )| < Cst™%, ¥Vt >0, (3.2.28)
[t (t, Vt) —vs(1,)|lg < Cst™%, ¥Vt >0, (3.2.29)
for all q1 € [r1,00], g2 € [r2,00].

To close this section we give the conditions on p, q,~, p which guarantee that the relations (3.1.9)
and (3.1.10) are satisfied.

Proposition 3.2.1. Let N be a positive integer. Let the real numbers p, ¢ > 1. Suppose that

N
max[p, ¢] +1 < —-(pg - 1).

Then there exist vy, po > 0 such that for all 0 < v < 59, 0 < p < po, (3.1.9) and (3.1.10) are
satisfied.
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Proposition 3.2.2. Let N be a positive integer. Fix 0 <y < min(2, N) and 0 < p < min(2, N). Let
p,q > 1 such that

2—’y+2—p 2—~v 2
N N pp)’

p>max<

and

2—p 2—v 2—p 2
> 1 — .
q_max( N + N +1, 5 +7>
Then (3.1.9) and (3.1.10) are satisfied.

The proof of those two propositions is given in the next section.

3.3 Proof of main results

We look for global solutions of the system (3.1.2) via a fixed point argument. Let us denote
U = (u,v), ® = (¢1,¢2) and

Fo(U) = (Fa(U),Ga(U)), (3.3.30)

where .
Fp(U)(t) =21 +a /0 =2 (1| w(0) P~ Lu(0)) do, (3.3.31)
Go(U)(t) = ey + b /0 =2 (1] 7Plu(0) |9 u(o)) do, (3.3.32)

with ¢1 and @9 being two tempered distributions, a,b € R, 0 < v < min(V,2), 0 < p < min(N,2),
p,q > 1.

Proof of Theorem 3.2.1. Let X be the set of continuous functions

U : (0,00) — L”(]R{N)XLT?(RN),
t e (u(t),v(t))
such that
011 = sup [t e}, 1% [0 ()] | < o,
t>0

where 1,79 are two positive real numbers satisfying conditions in Lemma 3.2.1 and 31, B2 are respec-
tively given by (3.1.6) and (3.1.7).
Let M > 0 and define the closed ball in the Banach space X by

Xur = {U € X, |Ullx < M},

X, endowed with the metric d(Uy,Us) = ||U; — Us||x, is a complete metric space.
Consider the mapping Fg defined by (3.3.30), where ® = (p1,p2) € S'(R") x S'(R™) satisfies
(3.2.17). We will show that Fo = (Fp,Gg) is a strict contraction mapping on X ;.
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Let ® = (¢1,¢2) and ¥ = (1)1, 12) belong to S'(R™) x S'(R™) satisfying (3.2.17). Let Uy = (ug,v1)

and Uz = (ug,v2) be two elements of Xj;. Then we have

t9 | Fo (U1)(t) — Fu(U2)(t)|lr, < ™ Hemt(sm =1,
+|a\t51/0 2L for ()P~ or(0) — [02(0) P~ 02 (0)] [ dor

It follows, by the key estimate (3.2.13) with (q1,¢2) = (%,rl) that

t7| Fo (U1)(t Fxp(Uz)( ey < e (01 = 1) Iy
1

B1 12v (E-7)—3 p—1 _ p—1
+lalt C 2 702 || [or (o) P i (o) — Jva(0) [P e (o)

Using the fact that, forr >p>1,

(3.3.33)

p

AP~ =g glleyp < pULFIRTY + HglZ=HIF = gy,

we obtain by (3.3.33) and the fact that U; and Us belongs to X, that

9| Fo(Ur)(t) = Fa(U2) () ]lr, < 7| (@1 = 1) [lr, + 2plalCt™
x[/ot(t—a) 2oy (CLERP=F —Bap o 1d0]||U1 Us|x-
It follows that
t9| Fo(U1)(t) — Fo(U)()lry < 7)€ (01 — 1) |1ry + 2]a|CpMP~LEH
x[/ot(t—cr) 2oy (CIHP) =3 o ﬂwda]nUl Us| x

< 7 (o1 — ¥1)|lr,
+2[a|CpMP~ 4= S (B =)= F—bap 1+

1
X [/ (1—0)" 2y (S P) 2U_ﬁ2pda} U — Us]|x- (3.3.34)
0
Similarly using estimate (3.2.13) with (¢1, g2) = (“}, 72), we obtain an analogous estimate of t72||Go (U (1) —
Gy (U2)(t)||ry- Thus
2| Ga(U1)(t) = Gu(U2) ()l < %] (02 = ¥2)llr, +2[0|CqM T~ %
t N ,
x U (t - a)—zrz“lﬂ?q)—?oﬁwda] Uy — Us| x
0

< 7" (g2 — ¥2)lIr,
+2|b|C’qu—1t—%(%—%)—é—ﬁlqﬂwz

1
x [/ (1= o) 2RO~ Za—ﬂlqcla] Uy — Uallx.  (3.3.35)
0
Now, due to Part (vi) of Lemma 3.2.1, inequalities (3.3.34) and (3.3.35) we obtain
[Fe(U1) — Fu(Ua)llx SN (@ =) +v||U; - Usllx, (3.3.36)
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where
v = max(MP vy, M9 1),
with )
vy = 2]a\Cp/ (1-0) 2oy (C1HP)- QO'_ﬁdeJ (3.3.37)
0
' R (14229)-
vy = Q\bycq/ (1—0) 22 1978 =P, (3.3.38)
0

Finally, from Parts (iii)-(iv) of Lemma 3.2.1, we see that both quantities 11 and v, are finite.
Setting W = 0 and Uz = 0, the inequality (3.3.36) becomes

[Fa(U1)llx < N(®) + v[[Ui] x- (3.3.39)

If we choose M and R such that (3.2.16) and (3.2.17) are satisfied then by (3.3.39), Fo maps X, into
itself. Letting ® = ¥, we observe that (3.3.36) becomes

|Fa(Ur) — Fo(Uz)|x <v||Up — Usl|x.

Hence inequality (3.2.15) gives that Fg is a strict contraction mapping from X, into itself. So Fgp
has a unique fixed point U = (u,v) in X which is solution of (3.1.2). This achieves the proof of the
existence of a unique global solution of (3.1.2) in Xy.

We now prove the statements (a)-(c). Let 71 be a positive real number satisfying

2¢ 1 v p
— < — < =+ = 3.3.40
N n N + ry’ ( )

then by (3.2.13) with (q1,¢2) = (%2, 71), we have

[u(t) — €21l < |l / =2 (1.1 o(@) P 0(a)) || do
ﬂ L_L

<lol [ Ct-o) FE D T uio)ldo

1

< la|CMPE™ %(TQ Tl) 52p+1—§/ (1_0)—%(%—%)—%0—5210610_
0
Therefore
N 1 2—
lu(t) — e r|lr, < Cit~ 22— m) PR (3.3.41)

where
1 N
01:|aCMp/ (1—0) 2 i P g,
0

is a positive constant. Owing to (3.3.40) and Part (iii) of Lemma 3.2.1, the constant C; is finite.
Similarly using (3.2.13) with (¢1,¢2) = (%,7‘2), we obtain for 75 satisfying

20 1 _p g
— < —< =4+ = 3.3.42
N T2 N + ’I“1’ ( )

73



CHAPITRE 3. STUDY OF THE HARDY-HENON SYSTEMS

the following inequality
N
lo(t) — epallr, < Cot™ AT IS, (3.3.43)

where C is a positive constant given by
— . [ ~ 3 GE=5)=5 ,—ha
= [b|CM /0 (1—-o0) 1 2’ 207 P g,
which is finite by (3.3.42) and Part (iii) of Lemma 3.2.1.
Owing to the conditions (3.3.40) and (3.3.42), the right hand sides of (3.3.41) and (3.3.43) converges
to zero as t \, 0. This proves statements (a)-(c) of Theorem 3.2.1.
Finally, the continuous dependence relation (3.2.19) of Theorem 3.2.1 follows by considering
Fo(Uy) = Uy and Fy(Us) = Us in the inequality (3.3.36).
Now, if in addition ® and ¥ satisfy (3.2.20), then following the same steps as above but with the
norm
I = (. v)llxs = sup 0 ()l 2 N0 () s |

we obtain by the key estimate (3.2.13) with (q1,¢2) = (2, r1), the fact that Uy and Uz belongs to Xy
and the estimate |[v1(0) — v2(0)|lr, < o 7270||U; — Us||xs

| Fo(Un)(8) = Fo(U2)Olry < 7%l (@1 — ¥1) Iy + lat™

< [ -0 FE D o (o) - o) (o

QdU
P

< P —zmnm+2|aGCfWH'fM

1
[ (t— o) vy (=14 7Lp)— —62p—6d0]||U1—U2||X,5
< PR (o1 — 1) Iy

1

2alCphri ¥ i

! — gy (=14 71p)— 5
[ [a-0 3o da} 10— Ul
0

We obtain also
20 G (U1) (1) — G (Ua) (t)||r, < 72102 (02 — 2) |1,
+2|b\CqM‘1_1t_%(%_%)—g—ﬁhqﬂwg
1 T
X |:/ (]_ — o')_2]7§72(_1+7€q)_50'_ﬂlq_6d0':| ||U1 — U2||X75.
0

Then

[Fo(U1) = Fu(Ua)llx,5 < Ns(® — W) + /' ||U; — Us (3.3.44)

where

V' = max(MP~1W], MI71), (3.3.45)

74



CHAPITRE 3. STUDY OF THE HARDY-HENON SYSTEMS

with )
N ™
v, = 2]a|Cp / (1= o) B I EPF B0, (3.3.46)
0
1 _l(_l_ﬁ_ﬂ )_B 5
v, = 20b|Cq / (1— o) 2RO pra=s (3.3.47)
0

Since Fo(Ur) = Uy and Fy(Usz) = U, then (3.3.44) becomes
sup [¢774[u (8) — ua(t) |, 2 or () — v2(t)llry | < (1 =)' WG(@ — 0).
>0

Now, since 0 < § < &y with g given by (3.2.21), v] and v/ are finite. Thus, (3.2.22) holds by choosing
v < 1 (this choice is possible for M small enough), where v/ is given by (3.3.45)-(3.3.47).

We now prove statements (d)-(e) of Theorem 3.2.1 for r = 0o, we use some arguments of [43]. Let
us consider two real numbers r and 7’ such that r = kr’ and

l<r<r <oo 1<r <7 < oo,
p 1

0<%<g—;)<2‘77, 0<%(i—i)<%’. (3.3.48)

r1 r!

Remark that such a choice is possible owing to Lemma 3.5.1. Write now,

u(t) = ez®u(t/2) + a/t =2 (1| w(0) P~ (o)) do.

2

Then by using the smoothing properties of the heat semigroup (3.2.12), the estimate (3.2.13) with
(q1,q2) = (*2,7), (3.3.48) and the estimate (3.2.18), we obtain

__N
S u(t)l, < Csup [ fu(b)]
t>0

+laltor

3
_N t _E(L_l)_w
< CM+Ct™ 2r/(t—a) 2
3
N t _E(L_l _
< C’M+CMptal‘2rﬂ( ) 2
2

1 _N(p_1)_7
< C’M—i—CMp/ (1—0) 2\ /" 2g Prdy
1
3
which leads to

sup [tm—%nu(t)ur} < O(M) < .
t>0

Analogously, we obtain the following estimate on the second component v:

sup [to‘z_%ﬂv(t)Hw} < O(M) < .
t>0
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We iterate this procedure, for the next step we replace in (3.3.48) r1 by r, ro by ' and we consider

two real numbers sy and s, such that s = ks), and

l1<r<s; <oo 1 <1 < s < oo,
N(p _ 1 2=y N (g _ 1 2=p
0<7<7 52>< 2 0< 2 (7‘ s’2>< 2

We obtain

N

25,2””(75)\154 < C(M) < oo,

ag—

o
sup [t 252 ||u(t)||s,, t
t>0

We therefore construct two sequences (s;); and (s)); with s = r1, s, = re, s1 = r, 8§ =’ and such
that s; = ks}, Vi =0,1,2,... and

1 <s; <sip1 <00, I <s; <8541 <00,
N(p _ _1 2—y N(g _ _1 2—p
0<3 <s; s,-+1)< 7, 0<3 (si s§+1)< 7 -

We prove that
_N -
sup [ a0l H Ju(0)lly] < 0N <0, ¥i=0.1.2..

Now by Lemma 3.5.1, one can choose the sequences (s;); and (s)); such that they reach oo for some
finite ¢. We finally obtain

sup [t [lu(®)[loo, 2 [[0(8) [l o] < C(M) < o0,

with C(M) \, 0 as M \, 0.
Finally, if in addition ® satisfies (3.2.23), the fact that the solution U = (u,v) of the integral
N N
system (3.1.2) with initial value ® belongs to C ([0, oo),LE(RN» x C ([0, oo),LE(RN» and the
proof of the affirmation (3.2.24) are based on a contraction mapping argument in the set
N N
Yir = {U = (u,0) € C ([o,oo),Lm(RN)) x C ([0, oo),L@(RN)) N C ((0,00), L™ (RY))

x C ((0,00), L™ (RN)) ;max [sup[[|u(t)]| s, [v(t)]| a_], sup[t™ [u(t)|lr, , 720 (£)[lr,]] < M}-
t>0 201 202 >0
Endowed with the metric

d(Ut, Uz) == d((u1,v1), (u2,v2)) = max [iglg[”ul(t) - u2(t)|!%7 [[v1(t) — 02(t)H%],

iug[tﬂl ur (8) = wa ()4, 17 o1 (£) = v2(8) 1]
>

Y is a nonempty complete metric space.
N N
Consider the mapping Fg defined by (3.3.31)-(3.3.32), where ® = (1, p2) € L?1 (RY) x L2202 (RV)
satisfies (3.2.23). We will show that Fp = (Fp,Go) is a strict contraction mapping on Y.
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N
Let ® = (p1,¢92) and ¥ = (¢1,%3) belong to L2e1 (RY) x

N
L% (RYN) satisfying (3.2.23). Let
U=

(u1,v1) and Uy = (ug,v2) be two elements of Y. Then we have

1Fe(U1)(t) = Fu(U2) ()] x < le" (o1 — 1)l v

+\a!/ e "AH lor(o) P~ i () — !vz(ff)\p_lw((f)]!\%da-

It follows, by the key estimate (3.2.13) with (q1,q2) = (2, %) that

1 (U1)(t) — Fo(U2)(0)]] o < [lor = nll o

_N(p_ 20y g . . (3.3.49)
-Ha|/ C(t—o) 2w )2 H|v1(a)]p v1(0) — |va(0)|P~ va(0)|| ry do,
P

we obtain by (3.3.49) and the fact that U; and Us belongs to Yay, that

[ Fa(Ur)(t) — F\I/(U2)(t)H% < o1 — le% + la|C

_E(L_Qal)_l iy 1
X (t—o) 22 N7 22pg” PP MP ™ do | d(Uy, Us),
0
it follows that

[ Fa(U)(t) — F@(Ug)(t)\\% < ler — le% + 2|a|CpMP~!

t _E(P_ﬂ)_l _
x{/(t—a) 2 N2y ﬁdea]d(Ul,Ug)
0
< llpr—ll
o1

21

+2lajCpmr-te T (R E At

1 N _2o0y 3y
X /(1—0) 2y N 2o 52pd0- d(Ul,UQ).
0

Owing to (3.1.7), we get

2
1Fe(U)() = Fo(U2)()]| v < flor =] v + 2|a|CpMP o1 Pozt
aq @l

1 E(i_Qal)_l _
X /(1—0) 2 TN T2 B g | (U, Us).
0

Since a1, ay satisfy (3.1.4) and (3.1.5), using the fact that r; > % and due to Part (iv) of Lemma
3.2.1, it follows that

2 — N 20 N 1
*pa2+77:0’ Np 7 p g

= - <= - <1
2 2 ]\7)+ 2(7“2 7"1)+2

O |

Using also the fact that Bop < 1, we get

HFq>(U1)(t)—Fq,(U2)(tH% < N'(® =)+ MP~Lld(Uy, Us), (3.3.50)
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with v{ is a finite positive constant defined by

1
v] = 2|a|Cp x [/ (1—0) 22 N )_ga_ﬁzpda}.
0
Similarly, we get
|Ga(Ur)(t) — G\p(Ug)(tH% < N'(® =)+ M 1ld(Uy, Us), (3.3.51)

with v/ is a finite positive constant defined by

q _2a3

1
vy = 2|b|Cq x [/ (1-— a)g(ﬁN)go_quda} .
0
Owing to (3.3.50) and (3.3.51) we get

sup ||| Fa(Ur)(t) — F\y(Uz)(tH%, |Ga(Ur)(t) — qu(U2)(tH%J.\[2] <N'(®—0) +"d(Uy,Us), (3.3.52)

t>0
where

V' = max(MP~YW], ML),
We can conclude now from (3.3.36) and (3.3.52) and from the estimate N (® — ¥) < N'(® — ), that
d(Fo(Uh), Fy(Uz)) < N(® — W) + max(v, V" )d(Uy, Us). (3.3.53)

N N
It is clear that if U € Yy, then Fg(U) € C ([O, ), LE(RN)) xC ([O, 00), LE(RN»(WC ((0,00), L' (RY)) x
C ((0,00), L™ (RY)). Hence, by choosing M and R such that

R+ M max(v,v") < M, (3.3.54)

it follows that Fg is a strict contraction from Y}, into itself. So F, has a unique fixed point in Yjs
which is solution of (3.1.2).

Remark finally when the initial data ® belongs to L%(RN ) X L%(RN ) with respect to the
norm N, that the condition (3.2.17) is satisfied, since N'(®) < N’(®). We note also that by the
previous calculations, precisely (3.3.53) we have the following continuous dependence property: Let

N N
® = (p1,92), U = (Y1,¢s) € L1 (RN) x L22 (RY) and let Up = (ug,ve) and Uy = (uy,vy) be the

solutions of (3.1.2) with initial values ® and respectively ¥, with sup [Hmp(t)HN, chp(t)HN] <M
tZO 2aq 2a9

and sup |:”U\1;(t)”N, quj(t)HN} < M. Then
tzo 2a1 2(12

sup [ua®) ~ ww )] oa() —val)l | < (1= £)"

cma [lor vl de el | G359)

for some positive constant K = max(v, v”). This finishes the proof of Theorem 3.2.1.
Let us define the scaling operator dy by
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[drpl(z) = p(A2).

It follows that
etAdA = d/\e)‘2tA,V>\ > 0.

Proof of Theorem 3.2.2. We now construct self-similar solution with initial data ®. We adapt the
method used in [2]. Let us define @y, for A > 0, by

D) (z) := (A2 1 (Ax), \2** o (A1) .
It is clear that ®, satisfies
Oy(z) = P(x),VY A>0.

Let U be the solution of the integral system (3.1.2) with initial data ® constructed by Theorem 3.2.1
( remark that N(®) < oo, since 71 satisfies Parts (i)-(ii) of Lemma 3.5.1 below and by homogeneity,
also N(®) is sufficiently small since ||w1]/co and [Jw2||ec are sufficiently small). That is U belong to
Xpr. We want to prove that Uy = U, YA > 0, where Uy (¢, z) := (ux(t, z),vx(t,z)), YA > 0, with

ux(t, z) = A2 u(\%t, \x),

and

oA(t, ) = A2%20(N\%t, Ax).

To do this it suffice to prove that Uy is also a solution of (3.1.2) with the same initial data &) = ®
and that Uy belong to Xj3;. On one hand due the homogeneity properties of the system (3.1.2), if

U = (u,v) solves this system, then the scaled function solve it also. In fact
A%t
du(Zt) = dyeMpr +a / dreX DA (1|7 o(0) P (o)) do
0
At
= Py + a/ eltm2)A (dr(|.| (o) [P~ u(0))) do
0
A2t
= Py + a/ ATt (1.1 ]dyv(0) P dyv (o)) do
0
t
= Pdypr 4 a / A=A (1|7 dyo(M2o) [P dyu(M20)) do.
0
Hence by (3.1.8), we get
t
Nadau(Xt) = ePdy(A2Mg) +a / =B (| |77A277 20| 4w (A20) P L dyw(A\20) ) do
0
t
= Pd\(\p)) +a / =2 (11772202 dy0(N20) P INR2dy\0(N20)) do,
0
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we conclude finally that

t
ux(t) = o1 +a / =2 (1| ur ()P~ ur(0) do.
0

Similarly we obtain

t

o(0) = e2pa 4 b [ (1P ur(0) P (o) do
0

The affirmation follows from (3.3.56)-(3.3.57). On the other hand we have
lux@llr = A2 dau(A?8) I,y
21\~ o 2
= ATA (A |,y
= () uX*)r,
Hence

sup 7 lua(t)[lr, = sup (N7 [u(Nt)]|y,
t>0 A2t>0

= supt™ [[u(t)ln,,
t>0

(3.3.56)

(3.3.57)

similarly sup t%2||vx(t)||r, = sup t”2||v(t)|],. It follows so that ||Uy|lx = ||[U|x. Then by uniqueness in
>0 >0

X, we have Uy = U and thus U is self-similar. Let us denote it by Ug. The fact that Ug(t) — ® in

S'(RN) as t — 0 follows by statement (c) in Theorem 3.2.1.

0

Proof of Theorem 3.2.3. The proof is similar to the one of Theorem 5.1 in [2], we simply indicate that

(i) supt51+5H€m(<P1 — Y1), < o0, for 0 <6< % - al
>0

(i) sup t”20[|e"® (w2 — )|, < 00, for 0 < 6 < % - 2.
>0

By the formula (3.2.22), we have that

t>0

That is

up [ 1747 () = us (1) 17 o0) — ws (D) < C.

sup [£757 u(t) = us (1), 1% o (t) = vs (81| < CN3(@ — ).

for 6 > 0 sufficiently small and C a finite positive constant. This gives (3.2.26)-(3.2.27) directly for

q1 =711 and ¢ = ro.

We now turn to prove the asymptotic result in the L°°-norm. Write
u(t) — us(t) = e2® (u(t/2) — us(t/2)) +

t
2
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v(t) —vs(t) = €22 (v(t/2) — vs(t/2)) +

b [ B (o) (o) ~ fus (o)1 us () o

2
Let T" > 0 be an arbitrary real number. By using the smoothing properties of the heat semi-group
with (s1, s2) = (r1,00) and the estimate (3.2.13) with (g1, ¢2) = (00, 00), it follows that

() —us()lloe < 1€ (u(t/2) — us(t/2)) oo + alt* ) x
/t =2 117 (Ju(0) P o(o) = [us(0) P vs(0))] [loodo
CtA o) u(t/2) — us(t/2)],, + |a|CterT0 x

ﬂ (t=0) 2 (Jo(@)1% + llvs (@)% ) llv(0) = vs (o) |sodo.

2

IN

Using (3.2.22) to estimate the first term and the fact that ||vs(t)]|co < Ct™2, [[v(t)]|oo < Ct~*2 to

estimate the last term, we get

1 u(t) —us(t)llo < C(6) +alC x

![(1 - o)_ga_a”’_‘sda] sup (ta2+5uu(t) - vg(t)||oo) .

5 te(0,77]

Which leads to

t1 0 |u(t) — us(t)]lo < C(0) + Ctes(lll)pT] [t“1+5!\U(t) — us(t) oo, 172 u(t) — vs(t)Hoo} - (3358)

Similarly we have

20 |[p(t) — vs(t)]|oe < C(8) + ctes(%pﬂ [ta1+5uu(t) — s ()] ooy 122 [J0(t) — vs(t)uoo} . (3.3.59)

Using (3.3.58) and (3.3.59) we obtain

sup [taMIIU(t) — us(t)]oe, 2T 0(t) — vs(t)lloo] < C'(9).
t€(0,7T)

Since the constant C’(d) does not depend on T' > 0, one can take the supremum over (0,00). This

prove (3.2.26)-(3.2.27) for r; = oo and ro = oo. Using the interpolation inequality

lu(t) = us(®)llg, < lult) — us@} ut) — us®)|5"

where
1_m l-m_m
g 00 re
We get
lu(t) —us@llg < ult) —us@F ult) — us(t)]s*
< Opl=B1(r1)=0]+(1—p1)[=p1(o0) 3]

— Ot Pla)=4

81



CHAPITRE 3. STUDY OF THE HARDY-HENON SYSTEMS

‘We have also
() — vs(t)llg, < Ct2002)70,

Hence we obtain the results (3.2.26)-(3.2.27) in general case. The estimate (3.2.28)-(3.2.29) follows
by a simple dilation argument. We prove just the first estimate (3.2.28), the proof of the second

estimate is similar. We have

[u@) —us®)llg = [lult, -)—t*alu‘s(laﬁ)llql

= ||d%u(t7 \/%) - t_ald%uS(L ')”Ql

= Hd%[u(tmﬁ)—f(“US(lw)}qu

1 _~ B
= (%) qluu(t"\/i)_t alus(lv')HQr
Then by using inequality (3.2.26) and relation (3.2.25), we get (3.2.28). O

Proof of Proposition 3.2.1. If v = 0 and p = 0, then (3.1.9) and (3.1.10) are verified. Since these are
strict inequalities, they must hold for small v > 0 and p > 0. This finishes the proof of the proposition.
]

Proof of Proposition 3.2.2. Let a; and s defined by (3.1.4) and (3.1.5) respectively. Under the condi-
tions
T
Y v
and
p= 20 + 27
pp
we have that conditions (3.1.9) and (3.1.10) are equivalent to the conditions 2a;; < N and 2as < N.
Now, since q > %Tp + 2777 + 1, we see that 2ay < N and since p > 2777 + 2% + 1, we obtain that

2ap < N. This finishes the proof of the proposition. O

3.4 Stronger uniqueness results

N N
It has been proved in Theorem 3.2.1 that for small initial data ® = (1, @9) € L21 (RY)x 22 (RV)
with respect of the norm N, there exists a solution Up = (ue,ve) of the integral system (3.1.2) and
uniqueness is guaranteed only among continuous functions U : [0,00) — L2e1 (RY) x LZ22 (RY) which

also verify sup |t ||u(t)|r,, t%2||v(t)||, | is sufficiently small. Our aim in this section is to prove that
>0
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N N
uniqueness is guaranteed for solutions which belong to C' ([0, 00), L2e1 (RN)) xC ([0, 00), L222 (RN)) N
C ((0,00), L™ (RY)) xC ((0, 00), L (RY)) , which improves the result of uniqueness in Lebesgue spaces
given in Theorem 3.2.1. We will use arguments of type Brezis Cazenave [3]. We have obtained the

following result.

Theorem 3.4.1. Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N,2) and 0 <
p < min(N,2). Let ai, o defined by (3.1.4) and (3.1.5). Suppose that (3.1.9) and (3.1.10) are
satisfied. Let 51, P2 be given by (3.1.6) and (3.1.7). Let r1 and ro be as in Lemma 3.2.1. Let M,
R > 0 be such that (3.3.54) is satisfied. Let ® = (p1,92) € L%(RN) X L%(RN) satisfying
(3.2.23). Let Up = (up,ve) € Yar be the solution of the integral system (3.1.2) with initial data
& constructed by Theorem 3.2.1. Let V = (v1,v2) € C ([O, oo),L%(RND x C <[O,oo),L%(]RN)> N
C ((0,00), L™ (RY)) x C ((0,00), L"2(RY)) be a solution of (3.1.2) with the same initial data ®. Then

V(t) =Us(t), Vte|0,00).
The proof of this theorem relies on the following two lemmas.

Lemma 3.4.1. Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N,2) and 0 < p <
min(N,2). Let a1, ag defined by (3.1.4) and (3.1.5). Suppose that (3.1.9) and (3.1.10) are satisfied.
Let 1, B2 be given by (3.1.6) and (3.1.7). Let r1 and r2 be as in Lemma 3.2.1. Let M, R > 0 be
such that (3.3.54) is satisfied. Let ® = (¢1,p2) € L%(RN) X L%(RN) satisfying (3.2.23). Let
Us = (ugp,ve) be the solution of the integral system (3.1.2) with initial data ® constructed by Theorem
3.2.1. Then for all'T > 0, there exists a unique solution Up 7 = Up € Yrr 1 of (3.1.2) with initial data

P, where

Yirr = {U = (u,0) €C ([O,T),L%(RN» x C ([O,T),L%(RN)) N C((0,T), L (RY)) x

C((0.7), L7 (®Y)) smax [ sup [Ju(d)]l s . [o(0)] ], sup 2 u(t) 1y, % Jo0)],]] < M.
te[0,T) 201 202 1€(0,T)

Proof. The existence of the unique solution Ug 1 of (3.1.2) with initial data ® follows by a fixed point

argument in Yy; 7. Let Up € Yjs the solution of (3.1.2) with initial data ®. Owing to the fact that

Us € Yy C Yy,r and by uniqueness in Yy 7, we obtain Ug 7 = Us. O

Lemma 3.4.2. Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N,2) and 0 < p <
min(N,2). Let a1, as defined by (3.1.4) and (3.1.5). Suppose that (3.1.9) and (3.1.10) are satisfied.
Let M, R > 0 be such that (3.3.54) is satisfied. Let ® = (p1,p2) € L%(RN) X L%(RN) satisfying
(3.2.23). Let Up = (ugp,va) be the solution of the integral system (3.1.2) with initial data ® constructed
by Theorem 3.2.1. Let (®;) = ((¢1,7, p2,7)) be a family of functions satisfying (3.2.23) such that

N N
d, — ®, in L21 (RY) x L22(RY).
T—0

83



CHAPITRE 3. STUDY OF THE HARDY-HENON SYSTEMS

Then the family of solutions (Us,) = ((us,,vs,)) of the integral system (3.1.2) verify

N N
Us.(t) — Usp(t), in L21(RY) x L22 (RN),Vt € [0,00).

T—0

Proof. By continuous dependance (3.3.55) in Y}y, it follows that
e, () ~ w0y ow, (0~ ool | < (=)

cmax s = el lear = sl | Ve € 0,00)

By letting 7 — 0, we obtain the result. O

N N
Proof of Theorem 3.4.1. Since V. = (v1,v2) € C ([O,w),LE(RN» x C ([O, oo),L@(RN)) , then
there exists €1 > 0 such that

N’ (V(s)) = max [Hvl(s)HMz\rl, ||7J2(S)||N:| < R, Vse€l0,e]. (3.4.60)
]

Let us define V; = (vy,r,va,r) by Vo (t) = V(t+7), V7 € (0, 5], Vt € [0, 5]. We have from (3.4.60) and
since (7101 () [, £ vz () r,) — (0,0) as £ — 0, ¥r € (0, %]

@) mx [lon Ol o O | = max o1 (0] Joa()l L | < v € 0.5,

2a9

(b) sup {Ilvl,r(t)HN, ||vz,r(t)||N] <R <M, vr e (0,%],
te[O,%l] 2a7 2a9

(¢) There exists 0 < T < &1 such that sup [tﬁl ||v1,7(t)||m,tﬂ2||v2,T(t)||r2} <M, V7 e (0,%].
te(0,%5F]
It follows then that V; € Y, ., using now Lemma 3.4.1 we deduce that V;(t) = Uy, (o(t), V7 €
72

(0,%], vt € [0, Z], where Uy, (0) is the solution of the integral system (3.1.2) with initial data V7 (0)
constructed by Theorem 3.2.1. Hence V;(t) = Uy, (9y(t), V7 € (0, 5], Vt € [0,00). By Lemma 3.4.2, we
N N
dNMnL;@)——3U¢@%inLEH(RN)xLEE(RN;)Vteﬁxaﬁ.ontheoﬂmrhamivxw::th+r)—%
T— T—
N N
V(t), in L21 (RN) x L2 (RY), Vt € [0, 00), (since V is continuous in [0, 00)). Finally, we conclude by
uniqueness of the limit that V (t) = Us(t), Vt € [0, 00). O

Consider now the integral equation

u(t) = etAgo + a/ et=s)A (|.\*'Y]u(s)]p*1u(s)) ds, (3.4.61)
0

where u = u(t,z) €R, t >0,z € RV, a € R, 0 < v < min(V,2) and p > 1. Set
N(p—1)

3.4.62
- (3.462)

qc =

Suppose that
N(p—1)

o b (ie. g >1). (3.4.63)
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2 _ 24(2=9)p—p®

By choosing v = p, p = ¢ and r; = r in Lemma 3.5.1, using the fact that q—lc -~ Np(p?—T) and
the equivalence g. > 1 < (3.5.1), it follows that there exists r > ¢, satisfying

1 2 1 N-—

- <= 2 (3.4.64)

g Np r  Np
Corollary 3.4.1. Let N be a positive integer. Suppose that p > 1. Let 0 < v < min(N,2). let ¢,
defined by (3.4.62). Suppose that (3.4.63) is satisfied. Let r > q. satisfying (3.4.64). Let p € Li(RN)
sufficiently small. Then there exists a global solution of the integral equation (3.4.61), which is unique
in the class of functions u € C ([0, 00), L%(RY)) N C ((0,00), L"(RY)).

Proof. Let N be a positive integer. Suppose that p = ¢ > 1. Suppose that v = p with 0 < v <
min(N,2). Let a3 = «g defined by (3.1.4). Suppose that (3.5.1) is satisfied. Let (31, 52 be given
by (3.1.6) and (3.1.7). Let 1 = ry be as in Lemma 3.2.1. Let M, R > 0 be such that (3.3.54) is
satisfied. Let ® = (p1,p1) € L%(RN) X L%(RN) satisfying (3.2.23). Let Up = (ugp,uqp) € Yo be
the solution of the integral system (3.1.2) with initial data ® constructed by Theorem 3.2.1. Let V =
(mwﬁec(mamL%ﬂRm)chmmmL%aRm)mc«mmxvuRM)xc«QmLUWRM)
be a solution of (3.1.2) with the same initial data ®. Then by Theorem 3.4.1

V(t) = Us(t), Vte[0,00).

This finishes the proof. O

Remark 3.4.1. The previous corollary improves the class of uniqueness for the scalar Hardy-Hénon
parabolic equations given by Theorem 1.1 (iii)-(b) in [2].
Remark 3.4.2. Using the same steps as above we can improve the class of uniqueness for local

solutions of the scalar Hardy-Hénon parabolic equations in the critical case.

Remark 3.4.3. Using the same steps as above we prove that for initial data ® = (1, p2) € L9 (RY) x
L% (RN) such that % < g1 < rp and % < @2 < 79, there exists a local solution Up = (ug,vs)
of the integral system (3.1.2) and uniqueness is guaranteed in the class of solutions which belong
to C ([0, T], L1 (RN)) x C ([0,T], L2(RN)) nC ((0,T], L™ (RY)) x C ((0,T], L2(RY)) , for any fixed
0 < T < Tmax, where Ty is the maximal existence time. This improves the result of uniqueness in

Lebesgue spaces given by Theorem 1.1 (iii)-(a) in [2].

3.5 Auxiliary lemmas

Let us state the following result which will be needed in the proof of the technical lemma.

Lemma 3.5.1. Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N,2) and 0 < p <
min(N,2). Let k given by (3.1.3). Suppose that (3.1.9) and (3.1.10) are satisfied. Then there exists a

real number r1 satisfying the conditions

85



CHAPITRE 3. STUDY OF THE HARDY-HENON SYSTEMS

. —1
() Ne=ppra—y <"

(ii) Nkg=birt— <,
(iii) §=kp <1,

(iv) N 54 <71,

(v) 3 (k‘p—l) <ri,
(vi) 5 ( k) <y,

p(pg—1)
(vii) 11 < Nk [2+(2 I;%p Ypql+

q(pg—1)
(viii) 1 < NW'

Proof. We will treat the cases where 24 (2 — p)p—ypg > 0 and 2+ (2 —7)g — ppq > 0, the other cases
are simple. One can easily see that 7 exists if and only if the left-hand sides of inequalities (i)-(vi)

are less than the right-hand sides of inequalities (vii) and (viii). Since pg — 1 > 0 we verify easily

: pg—1 p(pg—1)
(1) N(2 p)p+(2 7) < Nk2+(2 p)P—pq’

(if) N m < Nk
(iii) 5 ( -1)< Nk%,
(iv) $2(q— k) < Nhg g2

(v) N (2— p)g+22 < N +(2(pg)ql)ppq’
(vi) N Wlép) <Nl
(vil) 2 (kp — 1) < N,
(viii) —(q —k) < N%

p(pg—1) o (2—7)q+(2—p)
Condition 2a; < N implies that + k‘p < Nkm, condition 207 < g(N — p)%
p(pg— 1)

m, condition 20(2 < N 1mplies that NLC] < N%

finally condition 2as < L(N — 'y)m% implies that —kp <N %. This finishes the

proof of the lemma. O

implies that N 24 < Nk and

Proof of Lemma 3.2.1. Owing to relation (3.2.14) and Lemma 3.5.1, the proof of Lemma 3.2.1 is

simple and can be omitted. O

Remark 3.5.1. In the case where v = p and p = ¢ it suffice to change the hypotheses (3.1.9) and
(3.1.10) by the hypothesis

2a; < N. (3.5.1)
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Chapitre 4

Instability of some global solutions

4.1 Introduction

This chapter studies finite-time blowup of sign-changing, regular solutions of the initial value

problem
up = Au+ |ulP~tu — |u)itu, (41.1)
U|3Q = 0.
Here, u = u(t,x) € R, t > 0, z € Q, and
Q= B, (4.1.2)
is the (open) unit ball of RY,
N > 3. (4.1.3)
Furthermore, we consider
1<qg<p<psg, (4.1.4)
where N9
+
= —. 4.1.5
Ps = w5 (4.1.5)

It is well known that the initial value problem (4.1.1) is locally well-posed in Cy(f2), where Cy(12)
is the Banach space of continuous functions on Q that vanish on 9, with the sup norm. More
precisely, given ug € Cp(2), there exists a maximal time 0 < T, < oo and a unique function u €
C ([0,Ty,), Co(2))NC ((0, Ty, ), C*(2)) NC* ((0, Ty ), Co(£2)) which is a classical solution of (4.1.1) on
(0,Ty,) and such that u(0) = ug. Furthermore if 73, < oo, then tlTlTI’n |lu(t)]|co = o0, and we say that

uQ

u blows up in finite time. In addition, if v € C ([0,T), Co(Q)) N C ((0,T), C*(2)) N C* ((0,T), Co(2))
is a supersolution of (4.1.1), i.e. v; — Av > [v|P~ v — v v, v)jgq > 0 and v(0) > ug, then v(t) > u(t)
as long as both u and v are defined. The notion of subsolution is defined with reversed inequalities,
yielding the analogous conclusion. See, for example Proposition 52.6 in [40].
We define the set G by
G ={up € Cp(N),T,, = o0}.
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It is interesting to study the geometrical properties of the set G. First of all we note that every solution
h of

—Ah = |hP~ h — |n|~1h,
(4.1.6)

hiaa =0,
is a stationary, hence global, solution of (4.1.1), whose initial value is of course ug = h, and so is in G.
Since the nonlinearity |s[P~1s —|s|97 s satisfies the properties of [9, Theorem 1.1, p. 15], it follows that
the set G is not convex. As u(t) = 0 is a solution of (4.1.1) one can ask if G has the weaker property
of being star-shaped around 0. The aim of this chapter is to prove that G is not star-shaped.

This result is already well-known in the case of a single power nonlinearity

(4.1.7)

up = Au + |uP~lu,
U|3Q =0.

In particular, it is proved in [8] that if A is a radially symmetric, sign-changing stationary solution
of the problem (4.1.7), with Q = By, then the solution of (4.1.7) with initial value Ah blows up in
finite time if [A — 1| > 0 is sufficiently small and if p is subcritical and sufficiently close to pg = %
More precisely, there exists 1 < p < ps = % such that if p < p < ps and if h € Cp(2) is a
radially symmetric, sign-changing stationary solution of (4.1.7), then there exists £ > 0 such that if
0 < |\ — 1| < ¢, then the classical solution of (4.1.7) with the initial condition «(0) = Ah blows up in
finite time. In particular, G, for the problem (4.1.7), is not star-shaped.

The fact that h changes sign is fundamental in this affirmation. In fact in the case where h > 0
it follows from the comparison principle of the heat equation that if 0 < A < 1, then the solution is
global and if A > 1, then u blows up in finite time. For an elementary proof of the case A > 1, see
Theorem 17.8 in [40]. We remark, as was done in [8], that if h changes sign, then h and Ah are not
comparable if A # 1.

In addition to the result in [8], it is known that G for the problem (4.1.7) is not star-shaped in
several other circumstances:

— N =3, Q= Bj and p > 1 sufficiently near to 1, see [10];

- N >3, Qis a general domain and p < pg sufficiently near to pg or p = pg, see [29, 31];

— N =2,Q= B or is a general domain and p sufficiently large, see [15, 16].

See [11, 12, 13, 21, 22, 28, 38| for other properties of the set G for the problem (4.1.7).
We now turn to problem (4.1.1), and we recall the following explosion criterion, see [8, Proposition

B.1, p. 447].

Proposition 4.1.1 ( [8, Proposition B.1, p. 447]). Let Q C RY be a smooth bounded domain. Let
g € CY(R,R) satisfy g(0) =0,
$2/(s) = (1+ €)sg(s), (4.18)

and
lg(s)] < C(1+]s]?), (4.1.9)
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for all s e R, where e >0 and 1 < 5 < % Let ¢ € Cp(2) be a solution of the equation

A =
¥ =g(¥), (4.1.10)
Ylaa = 0.
Let up € Cy(RQ2) and let uw € C ([0,Ty,); Co(2)) be the mazimal solution of
=A
ue = Au+glu), (4.1.11)
Ujpn = 07

with the initial condition u(0) = ug. If Y+ # 0 and ug > ¥, ug # ¥, then u blows up in finite time.
Stmilarly if v~ # 0 and ug < 9, ug # ¥, then u blows up in finite time.

Remark 4.1.1. Note that if 1 < ¢ < p < pg, then g(s) = |s[P71s — |s|77!s satisfies (4.1.8) with
e =q— 1 and (4.1.9) with C sufficiently large and 5 = p.

It is immediate that if A is a positive solution of (4.1.6) with 1 < ¢ < p < pg, and if u is the
solution of (4.1.1) with initial value u(0) = Ah, then for 0 < A < 1, u is global (by the comparison
principle) and if A > 1, then u blows up in finite time (by Proposition 4.1.1).

The question remains as to whether or not the result in [8], cited above, concerning sign-changing
solutions to (4.1.7) also carries over to sign-changing solutions of (4.1.1).

The point of view in this chapter is to fix a value of ¢ with
1< ¢g<ps, (4.1.12)

and then consider all p with

q<p<ps. (4.1.13)

In fact we will ultimately consider what happens as p — pg. The main purpose of this chapter is to

establish the following result.

Theorem 4.1.1. Assume (4.1.2)-(4.1.3). Given 1 < q < ps = % It follows that there exists
1 < q < p < ps with the following property. If p < p < ps and if h, € Co(Q) is a radially symmetric
stationary solution of (4.1.1) which takes both positive and negative values, then there exist 0 < A <
1 < X such that if A < A < X and \ # 1, then the classical solution of (4.1.1) with the initial condition
u(0) = Ah blows up in finite time.

The first observation is that there does exist a radially symmetric, sign-changing stationary solution
of (4.1.1), since the nonlinearity |s|P~!s — |s|7~!s satisfies the hypothesis of [32, Theorem 2 , p. 376].

More precisely, if we consider the problem:

B 4+ N=1p/ 4 pp—1h — |ple i =0
{ SR A ’ (4.1.14)

h(0)=a >0, K(0)=0.
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It is well-known by [32] that (4.1.14) admits a unique solution h € C? ([0,00),R), which we denote
sometimes by h,(r, a) to emphasize the dependence on a. Recall that we are fixing a value of g satisfying
(4.1.12) and letting p vary in the interval (4.1.13). Under these conditions, by Theorem 2 in [32] for
all integer m > 0, there exists ay,, such that

a) hy(1, apm) =0,

b) hy(r,apm) has precisely m zeros in (0, 1).
In particular, hp(-, apm), considered as a function on 2 = By, is a radially symmetric solution of
(4.1.6) which changes sign precisely m times.

Now, let h, be any nontrivial solution of (4.1.6) and consider the linearized operator F, on L?()
defined by

{ D(F,) = H*(Q) N Hj (), (4.1.15)

Fou=—Au— (]0]hp|p_1 — q|hp|q_1) u, u € D(F)).

We recall the following result from [9].

Theorem 4.1.2 ([9, Corollary 2.5, p. 18]). Let h,, € Cy(Q2) be a sign-changing solution of (4.1.6). Let
©p be a positive eigenvector of the self-adjoint operator F, given by (4.1.15), corresponding to the first

eigenvalue. Suppose that

/ hppp # 0.
Q
It follows that there exists € > 0 such that if 0 < |1 — \| < €, then the solution of (4.1.1) with the

initial value ug = Ahy blows up in finite time.
To prove Theorem 4.1.1, it thus suffices to establish the following.

Theorem 4.1.3. Assume (4.1.2)-(4.1.3). Given 1 < q < pg = % It follows that there exists
1 < q < p < ps with the following property. If p < p < ps and if h, € Co(Q) is a radially symmetric

stationary solution of (4.1.1) which takes both positive and negative values, then

/ hppp # 0.
Q

There @, is a positive eigenvector of the self-adjoint operator F,, given by (4.1.15), corresponding to

the first eigenvalue.

The proof of Theorem 4.1.3 is based on rescaling argument. Contrary to the case of single power
nonlinearity, a rescaled function v, defined by (4.2.19) below in terms of h,, where h, is a radially
symmetric stationary solution of (4.1.1) doesn’t satisfy the same differential equation satisfied by h,,
which make the situation more difficult. Also, unlike the case of the single power nonlinearity, there
exist some solutions vy () of the problem (4.2.20) below which do not tend to zero as r — oo.

The rest of the chapter is devoted to proving Theorem 4.1.3, which as already noted, implies
Theorem 4.1.1 when combined with Theorem 4.1.2. Our basic approach follows that in [8]. However
because of the differences just noted between the single power and the two power cases, many of the

arguments in [8] do not immediately apply for the current situation.
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Remark 4.1.2. The results in this chapter are equally valid for
up = A+ |ulP u — clu|? u,

for any ¢ > 0. The case where ¢ < 0 is not as clear, since in that case, the proof of Proposition 4.2.1

below is no longer valid.

4.2 Stationary solutions

The proof of Theorem 4.1.3 exploits strongly the radial symmetry of the stationary solutions. By
abuse of notation we will use the same letter, for example h, to denote a radially symmetric function
h : RV — R, and the corresponding function A : [0,00) — R such that, h(z) = h(|z|), V2 € RV,
Throughout this chapter, we will use this convention without further comment.

Any radially symmetric solution h, € Cp(€2) of (4.1.6) satisfies the ODE

(4.2.16)
h.(0) = hy(1) = 0.

{ B+ L, g Py = [yl = 0,
Since hy, # 0, it follows by uniqueness for the ODE (4.2.16) that h,(0) # 0. Therefore, since if u satisfies
(4.1.1) then —u satisfies the same problem, it suffices to prove Theorem 4.1.3 under the additional
assumption

hyp(0) > 0. (4.2.17)
In the rest of this chapter we set
hy(0) = ap > 0.

Clearly hy(r) = hy(r, ap), where hy(.,ap) is the solution of (4.1.14) with a = a,. We let A, > 0 be such
that

2

AN = ap, (4.2.18)
also we define

_2 ro 2

vp(r) = Xp P Ry <, )\5_1> . (4.2.19)
Ap
A simple calculation shows that v, satisfies
N-1 1 — 521 (p—a) 1
Rl (AR T W [v]97 v =0,

v(0) =1, /(0)=0. (4.2.20)

As such, v, may be considered as a function [0,00) — R. It is known by [32, Lemma 1, p. 371] that

1
ap > 1. In fact, if 0 < a), < (%) """ then hy(r,ap,) > 0 for all r > 0. Thus,

Ap > 1. (4.2.21)

We have also
vp(Ap) = 0. (4.2.22)
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Proposition 4.2.1. Let A, be defined in (4.2.18), then
Ap —> 00. 4.2.23
g ( )
Proof. Suppose to the contrary that A\, - oo as p — pg. It follows that there exists a subsequence

(px) such that pp — pg and
k—o00

A A 4.2.24
Pk kjo ) ( )
where 1 < X\ < oo, by (4.2.21). By continuous dependence it follows that

Uy — D, (4.2.25)

k—o0

uniformly on all compact intervals [0, M] C [0, 00), where T satisfies

n_ N—1—y ps—lz _ N ps1(PS~D) |=1g—1
a7 N=17 7|Ps—1lz PS— a1l =
v 4+ 5=+ (7 T— A\ Ps |7 =0, (4.2.26)
©v(0) =1, v(0)=0.
It follows from (4.2.22), (4.2.24) and (4.2.25) that
(X)) = 0. (4.2.27)
And so v satisfies the equation
2
_ AT — |7ylps—15 _ 777,1(p57q) —=lq—15
{ 7Av [7] T— M\ Ps |v|9~ 7, (4.2.28)
Voo = 0-

If we apply the Pohozaev identity as was done in [4, Remark 1.2, p. 442], and if we set g(u) =

2 _ pg+1 —__2 — q+1 .
lu|Ps~lu — X ps—1(Ps q)|u|q_1u and G(u) = [ulPsh Nmaemr@sTORIT  Ghtain

ps+1 q+1
2N (BT + N / G@) = X s [N —2_ N } / ]!
2 JBoy B(0.Y) 2 q+1]JBoyN
1 N\ 2
= / (z.v) <8v> > 0. (4.2.29)
2 JaBoox) v
From (4.2.29), one can conclude that
N -2 N\ =525 0s—0) | g+1
0< ( 5 _ s 1) N ps—1\PS HUH%HI(B(O,X))' (4.2.30)
Since ¢ < pg inequality (4.2.30) is possible only if ¥ = 0, which contradicts v(0) = 1. O

Let now w,, be the solution of

W+ Al o =0, 231
w(0) =1, w'(0)=0.
It is well-known and easy to verify that w,, given by
1 _N=2
2
wpg (r) = (1 TNV -2 2)7"2) (4.2.32)

is the solution of (4.2.31) with p = pg.
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Proposition 4.2.2. Let v, be defined by (4.2.19) and wyg by (4.2.32), then

Up p—>—p)s Wy, (4.2.33)

uniformly on bounded sets of [0, 00).

Proof. By Proposition 4.2.1 A\, — 00 as p — pg, and so by continuous dependence we can conclude
that

Vy — Wpe,
pp—>Ps ps

uniformly on bounded sets of [0, co). O

Proposition 4.2.3. Given 1 < ¢ < pg and 0 < n < ps — q. There exist M,C > 0 such that for all

p€lg+n.ps) andr >0,
lup(r)| < M and |, (r)] < C. (4.2.34)

Proof. Let 1 < g < ps and 0 < n < ps — q. Note first that by (4.2.20)

L2 1 p+1 1 =209 1] N-1 .,
ivp("”) + Dt 1 ‘Up("”)| ﬁAp |Up(7“)’ = " ’Up(T‘)‘ , (4.2'35)
so that
L 1 N = 1 1 —2
—on (1) 4+ —— v ()P = ——, (P q>|vp(r)|q+1 < — 1y 27 (p—q)
’ ptl g+1 p+1 q+1
1
S 7 4.2.36
- p+l ( )
Now since A, satisfies (4.2.21), it follows from (4.2.36) that
- < 4.2.37
p+1|7)p(7“)‘ q+1”l)p(7‘)| S o ( )

Suppose by contradiction that, there exist (p,) C [¢ + n,ps) and (r,,) C [0,00) such that

[0 (ra)| — oo,

Since (py,) is bounded we can suppose that p, — p. € [¢ + 1, ps], we apply now inequality (4.2.37),

which we note as

1 1 1
op(PH = = = lup() TP ) < ——,
p+1 q+1 p+1
with p = p,, 7 = ry. By letting n — oo, it follows that
1
oo < ——,
px+ 1

which is absurd. It follows so that there exists M > 0, such that for all p € [¢ +n,ps) and r > 0,
[op(r)] < M. (4.2.38)
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We turn now to prove the second assertion. It follows from (4.2.36), A, > 1, (4.2.38) and p > ¢ that

1, 1 1
Z < - 4= q+1
1 1
T¥1 +7q+1Mq“, Vp € [q+1n,ps), Vr >0,

so that

)
o (r)] < Vo ViMoo elgtnps), vr=0.

O

The following lemma is one of the key points which differ from the calculations in [8]. Compare Lemma

3.3 in [8]. Indeed, Lemma 3.3 in [8] cannot be true in the present context since not all solutions v, of

(4.2.20) tend to 0 as  — oco. We do obtain, however, a similar estimate, valid only for r < \,,.

Lemma 4.2.1. Given 1 < ¢ < ps and 0 <n < ps — q. There ezists a constant v = (N, q) such that

1 1
|up(r)[PH < v +
r+1 (7" + 1)%77

, 4.2.39
p+1 (4.2.39)

for allp € [q+n,ps) and for all 0 < r < \p.

Proof. Fix 1 < ¢ < ps and 0 <1 < pg — q. Let r be such that 1 <r <\, and p € [¢+ 7, ps). Define

now
1 1 1 =509 1
F(r)= 511;7(7“)2 + Pt |Up(7“)|p+1 - m)\p r |Up(7’)’q+1 + ;vp(r)v;,(r). (4.2.40)
It follows from (4.2.35) and (4.2.20) that
N-—-1 1 1 1
Py = =Nl 0 )+ )+ ()
N -2 1 1
= AR ) + Tl
N -2 1
= - v;,(r)2 - ﬁvp(r)v;(r) +
1 N -1 _ — 521 (p—q) _
—vp(r) | — ”;)(7’) — |vp(r)[? 1“29(7") +Ap " ' |up(r)]? 1”17(7")

r r

From (4.2.34), (4.1.3), the fact that 1 < r < \,, 1 < ¢ < p, Young’s inequality (applied twice) and
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denoting o := ;ﬁ + ]%(p — q), one can find the estimate

1 2N —5 N-1 .

/ _ 2 p +1
F)+ F0) = =200 = ol )P = =)
-2:(p—q) ¢
A\, P 1 q+1
+ P (q—{-l)’l"h)p(r)‘
2N -5, P b1 L[V =1)2 s 1,
S g () —7(p+1)r\vp(7“)|p to T ()T ()
1
gl
(N - 1)2 2 p
< _ oy p+1
< () - o)
q +1 qlp—q)  _artt
+———vp(r) [P + —————<1 " pe
TSI PRSP
—1)2 _
< W=7 a5 —4) —aztt
2r? (q+1)?
Now since a% =1+ 2% > 3, we obtain that for 1 <r <\,

1
F'(r) + ;F(r) < Ar~3.

One can conclude now for all s € [1, \,], for all p € [¢ + n,pg) that
d
- (sF(s)) = sF'(s) + F(s) < As™2. (4.2.41)
s

Integration of (4.2.41) on [1,r] gives

We can affirm for r € [1, A,] that

1
F(r) < B-. (4.2.42)
r
Using also (4.2.40), (4.2.42), (4.2.34), p € [¢ + n,ps) and the fact that 1 <r < \,, it follows that
1 1 1 -4 09 1 1
QU;(T)Z + pt1 |Up(7")’p+1 < q+71>‘p r ‘"Up(rﬂq“ - ;”p(’“)”z/a(r) + B;
< L1 pyen (MO Bl
q+1, 55=m T r

Finally, using (4.2.34) one can conclude that there exists v > 0 such that

L, 2 1 1

—v(r)* + v (r) [P < + ,

2P<) p+1|p<)’ > r+1 (T_'_l)ps%ln
for all 0 <r < A,. O
We set

if 0<r <A,
Tp(r) = oplr) TOS sy (4.2.43)
0 if r> A\,
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Corollary 4.2.1. Given 1 < ¢ < pg and 0 < n < ps — q. There exists a decreasing function j :
[0,00) — [0,00) satisfying j(r) — O such that
r—00

0p(r)| < j(r), Vr>0, Vpelg+n,ps) (4.2.44)
Proposition 4.2.4. ||v, — prHLOO(RN) — 0, as p — ps.

Proof. Fix 1 < qg<ps,0<n<ps—qand R>0. Let p € [¢g+n,ps), on the one hand it follows from
(4.2.44) and (4.2.32) that

[Tp(r) = wps ()] < [Tp(r)] + wpg (1)
< ) + wps(r)
< G(R) +wpg(R), ¥r> R

It follows that
sup [Up(r) — wpg ()| < J(R) + wpg(R) — 0.

r>R R—o0

Thus, there exists Ry > 0 such that

sup |vp(r) — wpy(r)] < (4.2.45)

r>Ro

[\D\(“)

On the other hand, since A\, — o0, by choosing pg sufficiently close to pg, we can assume that
p—ps

Ry < \p for pg < p < pg. It follows from (4.2.33 ) that there exists pg <P < pg such that if p < p < pg
then

~ €
sup [Ty(r) — wps (1) = 5D [op(r) — wp ()] < 5. (4.2.46)
r€[0,Ro) r€[0,Ro]
One can conclude from (4.2.45) and(4.2.46). O
4.3 The linearized operator
We consider now the self-adjoint operator F, defined on L?*(Q2) by
Fou=—Au— (p\hp|p_1 — q|hp|q_1) u, Yu € D(Hp).
We denote by
0, =0, (Fp), (4.3.48)
its first eigenvalue and by ¢, the corresponding eigenvector, i.e.
Fypp = —App — (plhplP ™" — alhp|™)p = bppp, (4.3.49)
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where we require

ep >0, lepllrz@) = 1. (4.3.50)
Since ¢, is radially symmetric, it satisfies the ODE
" N-1 ! p—1 qg—1
Pt T (plhoP~" = qlhp|T™") @p + Opipp = 0. (4.3.51)

In order to transform the operator Fj, into another operator we introduce /,, € R and 1, a positive,

spherically symmetric function on €, defined by
) N
Op = \lp, op() = A Yp( M), (4.3.52)

where
Q, = B(0,\p). (4.3.53)

It follows from (4.3.51), (4.2.19) and (4.3.52) that 1), satisfies the equation

_ -210-9), . .
—A% - [p|vp|p 1— qAp ' |Up|q 1:| Yp =lpYp in Qpa

(4.3.54)
Yp =0 on 08,
and that
2 N
/ hppp = Ap 7 / Upthp, (4.3.55)
Q P
and
Up >0, |[[¥pllrz,) =1 (4.3.56)

We have also that [}, is the first eigenvalue associated to the eigenvector 1, of the self-adjoint operator
L, defined on L%*(Q,) by

D(Lp) = HQ(Qp) N H&(Qp);

2 4.3.57
Ly === [plapp = =, Pl e DAL, (4357
Given 0 < p < pg, we set
2 1 52 (p=q) —1| 2
gow) = [ 10l = [ ol et o (4.358)
QP QP
for all w € H} (), so that
Iy = inf {Jp(u), u € Hy(Qp), |lull 120, =1} - (4.3.59)
Also we define the self-adjoint operator L, on L?(R™) by
D(L,) = H*(RY
(L) (R, B (4.3.60)
Liu=—Au—pswhs u, Vue D(L,),

97



CHAPITRE 4. INSTABILITY OF SOME GLOBAL SOLUTIONS

where wy, is given by (4.2.32). We set
A, = inf {J*(u),u e H'RY), |[u 2y = 1} : (4.3.61)

where
J*(w):/ waP—ps/ whs~w?, (4.3.62)
RN RN

for all w € H'(R™). We recall now the following proposition from [8].

Proposition 4.3.1 ( [8, Proposition 3.4, p. 439]). If L, is defined by (4.3.60) and \. is defined by
(4.3.61), then the following properties hold.
(i) A« <0 and A\ is an eigenvalue of L.
(i) There exists a unique eigenvector 1y of Ly corresponding to the eigenvalue A\ which is positive,
radially decreasing with |[1| 2@~y = 1.
(i4) If (up)n>1 C HY(RY) ds a minimizing sequence of (4.3.61) and un, > 0, then u, — s in
L2(RN) as n — oo.

We set
~ Yp(z) if 0 < x| < Ap,
z) = 4.3.63
e {0 o (4.3.63)
for all 1 < p < pg, so that
Jp € HI(RN)a H{EPHL?(RN) =1, 1’/;1) > 0. (4.3.64)

Lemma 4.3.1. Let v € H'(RY) such that 4[| L2y = 1. Consider a smooth radial cut-off function
n: RN —[0,1] such that n(r) =1 forr < 1 and n(r) =0 forr > 1. Set

”
kx(r) =mn (X) ¥(r), (4.3.65)
and B
Uy = —— (4.3.66)
1Fxll L2 @)
Then uy € HL(S2)) and
[ux = Yl g1 @ry — 0. (4.3.67)
A—00
There Q2 = B(0, \).
Proof. This follows by standard arguments, using the observation that [[kx|| 2~ N 1. O
—00

Lemma 4.3.2. Let l, be defined by (4.3.52), then
l, =X« as p— ps.
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Proof. We first use {/;p as a test function in (4.3.61). It follows from (4.3.64) that
~ ~ ~ 2 (P=a) < . Y s
A < J(Pp) = Jp(typ) + /]RN [p|vp|p - Q>\ vt |vp|? ! —pSW£§ 1] %%

~ 1p—1 —p%l(P—Q),v q—1 ps—1| 72
= I+ - | Up| —qXp |p| — PSWyy¢ lbp

(p—q) ~ g1
=iyt [t = psuls - [ et

It follows from (4.3.68), Proposition 4.2.3 and (4.3.64) that

2_(p—q)

A=l < [[I5pP 7 = pswhs 7| e ey + AN T YD € [g 41, p5).

One can conclude now by applying Proposition 4.2.4 and Proposition 4.2.1 that

limsup(Ax — 1) < 0.

pP—pPs

(4.3.68)

(4.3.69)

(4.3.70)

Next, we would like to use v, as a test function in (4.3.59), but ¢, ¢ HJ(€,). Thus, we need to

approximate 1, by a sequence in H& (€©p). Consider a smooth radial cut-off function 7 : RN

such that n(r) =1 for r < 3 and n(r) = 0 for r > 1. Setting

bt = (1 )m)

kp

[kl 2@y’

and

up =
it follows from Lemma 4.3.1 (since A\, — oo as p — pg) that
|up — ¢*HH1(RN) zH—p>s 0.
Moreover u, € H}(€,), so that
lp < Jp(“p) = — Ju(¥) + J*(up) - J*(“p) + Jp(“p)'

On the one hand we have by Proposition 4.2.4 and Proposition 4.2.1 that

~ p— 2 (p—q), . ,,_ -
= Al = '/]RN [pm‘p e o = pswh T
2
RN o
< Hp\v P~ 1 —pS’lUpS 1H +qu_1)\*p%1(pr) 0
) ’ L) P p—ps

On the other hand, using the fact that |J(¢4)—J«(up)| < ’HVupHL2 R — V|13, (RM) ‘+ps/
RN

it easily follows from (4.3.73) and the dominated convergence theorem that

| S () = Ja(up)| — 0.

pP—ps
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We deduce from (4.3.75) and (4.3.76) that

—liminf (A — ) = limsup (I, — Ax) < 0. (4.3.77)

p—ps pP—ps

We can confirm so by (4.3.70) and (4.3.77) that

liminf (A, — ) = limsup (A — ) = lim (A, —1,) = 0.

pP—Dps pP—Dps pP—Ps

The result follows now. O

Lemma 4.3.3. Given q € (1,pg) and n € (0,ps — q). There exists C > 0 such that

()] + s ()] < Oy < C (4.3.78)

roz

forallr>1 and g+n <p < ps.
Proof. Fix q € (1,ps) and n € (0,ps — q). We affirm first that

l, <0 forall pe(q,ps). (4.3.79)

In fact, since [, satisfies (4.3.52), it suffices to prove that 6, < 0. We have on the one hand since p > ¢

(/ hZ) 0 < [ 19k [ (ol = altyl 82
Q, Q Q

P P
< [ IR [ (Pt = ). (4.3.80)
P QP

On the other hand since h,, satisfies (4.2.16) it follows that

/ yVhp|2:/ (Jhp[PTY — |y 7T (4.3.81)

P QP
It follows from (4.3.80) and (4.3.81) since ¢ > 1 that 6, < 0.
We complete now our proof. Since [, < 0, we deduce from (4.3.59) and Proposition 4.2.3 that

IV @yl T2y < ps(MT 4+ MPS™Y), Vp € [g+n,ps). (4.3.82)

By (4.3.64), (4.3.82) and Strauss’ radial lemma [46] that

~ 1
Yp(r)] < e\/1+pg (Ma—1 4+ Mps—1)——, (4.3.83)

for all » > 1.

A similar argument applies to 1, which completes the proof. O
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Lemma 4.3.4. Given q € (1,ps) andn € (0,ps—q). There exist R, C > 0,0 >0 and ¢+n < py < ps
such that
|9p(r)] + |¢u(r)| < Ce™", (4.3.84)

for allr > R and pg < p < pg.

Proof. Fix q € (1,pg) and n € (0,ps — q). We start first by showing that there exist R, C > 0,60 > 0
and g + 71 < pg < pg such that
|4y ()| < Ce™, (4.3.85)

for all » > R (with » < A,) and py < p < pg. It follows from (4.3.54) that 1), satisfies

N -1
—(r) —

)= {pr = o e bt 0. a0

for all 0 < r < A,. We would like to use a method of energy in equation (4.3.86), but the term
— [p|5p(r)|p . 721 (p—a) |5, (r )|q—1} — 1, is difficult to handle so we may estimate it. On the one

hand, since |p|T,(r)[P~! — gAp 7~ e Q)\~ (r)]97t] < L(r) — 0 by Corollary 4.2.1 and the fact that
r—00
p € [q+ n,ps), it follows that there exists R > 0, such that for all » > R

A

P 1 > 4.3.87
plop(r)[P™ = gy 0o = 7 (4.3.87)

On the other hand, since —l, — —\, as p — pg by Lemma 4.3.2, it follows that there exists po €
[q + n, ps) such that for all py < p < pg
3
—lp 2 — 1A (4.3.88)

Finally one can conclude from (4.3.87) and (4.3.88) that there exist R > 0 and ¢+ n < pp < pg such
that N
ol =, e = - s, (4.3.80)

for all pp < p < ps and all » > R. By choosing pg possibly larger, we also may assume that A\, > R
for pg < p < pg. Since 1, > 0, we deduce from (4.3.86) and (4.3.89) that

As

N-1
Uyt = 5, (4.3.90)

for all R <7 < A,. We now claim that
Q,Z);(T) <0, (4.3.91)
for all pp < p < ps and all R < r < \,. We argue by contradiction and suppose that 1,/};)(7“,,) > 0 for
some pg < p < ps and some R < 1, < Ap. Since ,(A,) = 0, there exists r, < r, < A, such that
Y, (1) = 0 and ¢y (r;,) < 0. This is impossible by (4.3.90) since A+ < 0. Multiplying (4.3.90) by 1;, < 0,
see that \
T S, < S,
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which implies
Ae o)
<¢;,2 + 2¢§> <0, (4.3.92)

for R <r < \p. It follows from (4.3.92) that
p+?wp (7’)_’(/)])( P) — Y
for R < r < ). Since ¢, > 0 and ¢, < 0, we obtain that vy, + —%wp <0 for R <r < Ay, so that
Ax Ax
Up(r) < wp(R)eV 3 e VT,
for R < r < Ap. By choosing R > 1 we have ¢,(R) < C by Lemma 4.3.3 . The exponential decay

follows. As remarked in [8], the proof for v, is similar. This completes the proof. O

Lemma 4.3.5. 1’/;1, and 1, € LY(RY). Moreover, qup — il 1@y = 0 as p — ps.

Proof. The proof is similar to the proof of Lemma 3.7 in [8]. O

Proof of Theorem 4.1.3 . Fix g € (1,ps) and 0 < n < pg —q. Let h;, € Cp(€2) be a radially symmetric,
sign-changing stationary solution of (4.1.1). Let ¢, be the positive eigenvector normalized in L?(2)

of the self-adjoint operator Fj, given by (4.3.47), corresponding to the first eigenvalue. We have from

= ‘ANapJp_Aprs¢*
‘/IRN%(@ZP_@Z’*) +‘/RN(%_pr)w*

-

Proposition 4.2.3

[ o [ e

IN

IN

L1(RYN) + ||¢*||L1(RN) [op — wpsHLoo(RN) )

Vp € [q + n,ps). It follows so by Lemma 4.3.5, Proposition 4.2.4 that

/vacpp — Wpg s > 0.

pP—=ps JRN

We can now conclude from (4.3.55)that there exists 1 < ¢ < p < pg such that if p < p < pg, then

/ hppp > 0.
Q

This finishes the proof. (|
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