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Abstract

Monte Carlo Markov chain methods MCMC are mathematical tools used to simulate
probability measures 7 defined on state spaces of high dimensions. The idea is to construct
a Markov chain P easy to simulate which converges to the measure w. The speed of
convergence of this Markov chain X to its invariant state 7 is a natural question to study
in this context.

To measure the convergence rate of a Markov chain some authors use the asymptotic
variance, while other authors use the total variation distance. It is well known that the
convergence rate of a reversible Markov chain depends on its second largest eigenvalue in
absolute value denoted by 5*. An important part in the estimation of 5* is the estimation
of the second largest eigenvalue which is denoted by ;. Diaconis and Stroock (1991)
introduced a method based on Poincaré inequality to obtain a bound for ; for general
finite state reversible Markov chains.

Recently Shiu and Chen (2015) are able to obtain explicit value for the bound of Diaconis
and Stroock in case of the 1—D Ising model with two states (spin down, spin up). This
result improves the one introduced by Ingrassia (1994) and it is considered to be the best
existing bound in the literature for this model.

In the second chapter of this thesis we use the Chen and Shiu approach to study the
case of the Gibbs sampler for the 1—D Ising model with three and more states which
is also called Potts model. Then, we generalize in the third chapter the result of Shiu
and Chen to the case of the 2—D Ising model with two states. Our method is based on
some generalization of the techniques introduced by Shiu and Chen (2015). The results
we obtain improve the ones obtained by Ingrassia (1994).

In the last chapter of this thesis, we introduce some method to disrupt the Gibbs sampler
in order to improve it’s convergence rate to equilibrium. From this idea we are able to
improve the result introduced by Shiu and Chen (2015) at high temperatures. However,
at low temperature we did not succeed to improve the geometric bound, although an
improvement should be expected.



Résumé

Les méthodes de Monte Carlo par chaines de Markov MCMC sont des outils mathéma-
tiques utilisées pour simuler des mesures de probabilités 7 définies sur des espaces de
grandes dimensions. Le principe consiste a construire une chaine de Markov P facile a
simuler qui converge vers la mesure 7. Une des questions les plus importantes dans ce
contexte est de savoir a quelle vitesse converge la chaine de Markov P vers la mesure
invariante 7.

Pour mesurer la vitesse de convergence de la chaine de Markov P vers sa mesure invariante
7 certains auteurs utilisent la variance asymptotique alors que d’autres auteurs utilisent
la distance de la variation totale. Il est bien connu que la vitesse de convergence d’une
chaine de Markov réversible P dépend de la deuxieme plus grande valeur propre en valeur
absolue de la matrice P notée S*. Une partie importante dans I'estimation de §* con-
siste a estimer la deuxieme plus grande valeur propre de la matrice P, qui est notée (3.
Diaconis et Stroock (1991) ont introduit une méthode basée sur 'inégalité de Poincaré
pour estimer ; pour le cas général des chaines de Markov réversibles avec un nombre fini
d’état. Récemment Shiu et Chen (2015) ont réussi a obtenir une expression explicite de la
borne de Diaconis et Stroock dans le cas d’un modele d’Ising unidimensionnel avec deux
états. Ce résultat améliore celui introduit par Ingrassia (1994) et il est considéré comme
la meilleure borne existante dans la littérature pour ce modele.

Dans le chapitre deux de cette these, nous utilisons la méthode de Shiu et Chen pour
étudier le cas de I'algorithme de I’échantillonneur de Gibbs pour le modele d’Ising unidi-
mensionnel avec trois états ou plus appelé aussi modele de Potts. Puis, nous généralisons
dans le troisieme chapitre le résultat de Shiu et Chen au cas du modele d’Ising deux-
dimensionnel avec deux états. Notre méthode est basée sur une généralisation des tech-
niques introduites par Shiu et Chen (2015). Les résultats obtenus minorent ceux introduits
par Ingrassia (1994).

Dans le dernier chapitre de la these nous avons pensé a perturber I’échantillonneur de
Gibbs afin d’améliorer sa vitesse de convergence vers I’équilibre. En partant de cette
idée, nous avons réussi a améliorer le résultat introduit par Shiu et Chen (2015) a haute
température. Cependant, a basse température, nous n’avons pas réussi a améliorer la
borne géométrique, méme si une amélioration est a prévoir.



Motivation

Image processing and dynamics of magnetic materials are studied by means of similar

theoretical structures. This similarity follows from a common underlying situation. They
are both constructed from many elements which interact between each others. On one
hand, the classical spin system has a lot of spinning particles and each spin interacts with
its neighboring spins. The ordered state is determined from interactions and external
fields. On the other hand, images are constructed from a lot of pixels. Output of each
pixel is determined from the values of the neighboring pixels. The resulting images are
determined from a priori information and given data. As a result, the conventional image
processing theory and the classical spin system have some common structure which in
both cases can be described by the Ising model.
The Ising model is a model from statistical mechanics, which is used to model different
phenomena in which collective effects are produced by local interactions between neigh-
boring spins on the sites of a lattice. The measure m which represents the probability of
occurence of a given configuration x of spins in the space of all possible configurations y
is given by:

m(z) = 1 exp {

7P {FH ()

Sl=

where
e T > 0 is the temperature of the system,
e /p is the normalizing constant,
e H :y — R is the Hamiltonian function.

In the case of configurations with spins z € {—1, 1}, which describe spins in a solid, the
Hamiltonian H has the form:

H(z) = inxj - Z O (x;)

inj i
where

° Z x;x; introduces dependence between neighboring spins favoring equal spins,

i~vj

o Z ®(x;) introduces an external force field (magnetic field).

(2



One major task in statistical mechanics is to estimate the normalizing constant Zr.

In image analysis, let y € x be a data sample representing the colors of the pixels of a
given image. The task is to clean up the image from transmission errors. One wants to
assign a likelihood to each configuration x € y according to its conformity with the data
y and some further quality requirement.

The maximum likelihood estimator is then the configuration x € x which maximizes

with a suitably chosen hamiltonian function. In a two color situation y = {—1,1}" the
Hamiltonian may take the form:

H(z) = wix; —cy wy; —hy

inj inj inj
where

° Z x;x; gives a penalty to configurations with to rough behavior,

i~vj

° CZ x;y; ensures proximity of the configuration z to the data sample y,

i~vj

o h Z x; drives towards one of the colors black or white.

i~j

To solve the inverse problem to find the maximum of the function H one uses the fact
that this maximum coincides with the maximum of 7 for any choice of T

If T is chosen sufficiently small the the probability law 7 concentrates around its maximum
xo. Direct sampling is impossible in the case of image analysis because the set x is too large
and since the partition function is computationally intractable. In this context the idea
of Monte Carlo Markov chain method, MCMC was introduced in statistical mechanics to
numerically integrate the normalizing constant Zr. This method consists in constructing
a Markov chain which converges to the measure 7 we want to simulate.

Thus a Markov chain which has 7 as its invariant law should stay a long proportion of time
in the neighborhood of z after time 7. One can then use a large number of independent
realizations X, ... X of the Markov chain and the law of large numbers to compute:

E. [f] = lim E. [f(X,)

1 & :
= lim lim — ) f(xX1).
=1

T—00 N—00 N, 4
A natural question in this context is to study the distance between E,. [f(X,)] = P"f
and E, [f]. The convergence rate of the Markov chain to its equilibrium depends on the
number of sites n. There are many approaches to measure the convergence rate of the
resulting Markov chain to its equilibrium 7.

Frigessi and his collaborators proved in [9] that the convergence rate of the MCMC method
for the 1—D Ising model (without phase transition) is O(nlog(n)). But for example in the

4



case of 2—D Ising model or the Curie Weiss model the convergence rate is O(e") at low
temperatures (T' < T.) and it is of order O(nlog(n)) for T" > T, where T, is the critical
temperature and n is the size of the lattice. In these results the constant of proportionality
isn’t known which means that we can’t compute a precise bound for the convergence time.
In the following we will study existing results that include proportionality constants.
Diaconis and Stroock (see [5]) considered the total variation distance and prove that the
rate of convergence of some reversible Markov chain on a graph (I', £') which is associated
to some transition matrix P to its equilibrium 7 can be controlled as follows:

1 —7(x)

4| P*(x, ) — 7|2 . <
1P ) =l <

< ( ﬁ*>2k7

where £* = max {|ﬁi|; Bi € Spec(P)\{l}}.

Later, they use Poincaré inequality to bound the second largest eigenvalue of the matrix
P as follows:

1
b <1——
K

where

k=max Q)" Y Faylr(@)n(y).

eckE
Yoy D€

Here E is the set of all edges e linking two neighbors in the graph and |v,,| designates
the length of the path v,,.

Shiu and Chen (see [25]) study the case of the Gibbs sampler for the 1 — D Ising model
where the Hamiltonian function H for a configuration z € x = {£1}" is:

n—1
H(l’) = Z TiTit1-
i=1

They use some symmetry argument in order to compute the Diaconis and Stroock bound
for (8, explicitly in this case. They obtain the smallest bound in the literature for this
model. A natural question is whether one can use this technique in the case of other
statistical mechanics models. In this thesis we will study this question for the case of the
1—D Potts model, where for a configuration x € y = {cy,- - ,cy}" the Hamiltonian is:

—_

H(z) = (]l{xk=xk+1} - ]l{xk#ﬂﬂk+1})
1

3

B
Il

and for the 2—D Ising model where for z € y = {#1}"" the Hamiltonian is:

n n—1 n n—1
_ J JJ+1
H(x)—EE xzxz+l+§§$zxz .
j=1 i=1 i=1 j=1



Introduction

The genarelized Ising model which is also called Potts model is a spin model that can
be defined on any graph. An atom is assumed to lie on each vertex of the graph and to
have a spin of either x; = ¢, -+ ,cy where N is the number of orientations that each
site can take; the case when N = 2 is called the Ising model with spins equal to +1 or
—1. Atoms are allowed to interact only with their nearest neighbors on the graph as well
as with an external magnetic field. The Hamiltonian function H is defined on the state
space x = {c1,---,cn}* as follows:

H:x — R
r — Z (]l{a:i:zj} - ]l{x#xj})

i~j

where 7 ~ 7 means that ¢ and j are neighbors and A is the size of the lattice. This
Hamiltonian describes a situation where no external field is assumed.

We define a probability measure on the space of all possible configurations depending on
the configurations energy level. According to this the probability of occurrence of a given
configuration x € y is:

w(2) = - exp { £H() ). 1)
where

e T is the temperature;

o U= Z exp {%H(x)} is the normalizing constant.

rEX

Many relevant physical quantities are integrals of certain functionals with respect to the
distribution 7. However this integration is difficult to do explicitly due to the high di-
mensionality of the state space .

One way to solve this problem is to simulate the probability measure 7 through a Markov
chain which distributes according to the measure 7 and which is easy to simulate. This
method is called Monte Carlo Markov Chain method (MCMC). MCMC method is a very
useful technique to draw samples from the Ising model. The Gibbs sampler introduced
by Geman and Geman (see [11]) and the Metropolis-Hastings algorithm introduced by
Metropolis et al. (see [21]) and Hastings (see [13]) are the most popular Monte Carlo
Markov chain methods used in this context. Those two algorithms use an aperiodic



Introduction

and irreducible Markov chain which is reversible with respect to the measure w. The
reversibility follows from the following detailed balance equation:

Qz,y) =m(x)P(x,y) = (y) Py, ) == Qy,x) Vax,y€ X

Under the previous conditions (aperiodicity, irreducibility and reversibility) the measure
7 is the unique invariant measure for the matrix P. The eigenvalues of P can be arranged
as follows:

1=60> 62> 2By > L

There are several criteria to measure the convergence rate of a Markov chain. For example
the asymptotic variance as in Sinclair (see [26]), Frigessi et al. (see [10]), Ingrassia (see
[20]), Chen et al. (see [3]) and Chen and Hwang (see [4]) and the total variation distance
as in Diaconis and Stroock (see [5]). Diaconis and Stroock proof the following inequality:

1—
4| Pz, ) —x|? < ——2
1P ) =l <

where £* = max{f1, |By-1|}-

Many authors as Sinclair and Jerrum (see [27]), Diaconis and Stroock (see [5]) and Sinclair
(see [26]) introduced bounds for the eigenvalues (; and f},|—1. Ingrassia (see [20]) shows
that the result of Diaconis and Stroock (see [5]) leads to the tightest bound. This motivates
us to have a closer look at the explicit bounds that one can obtain from the approach of
Diaconis and Stroock.

In order to do so, let us first remind the upper bound for 5; that was obtained in Diaconis
and Stroock (see [5]) for finite state reversible Markov chains with transition matrix P.
Let G(P) = (x, E) be the graph constructed from the transition matrix P, where the
state space x is the vertex set and E = {(z,y) | P(z,y) > 0} is the set of edges. Then,
for each pair of distinct configurations x and y we choose a path 7,, in G(P) linking z to
y . The irreducibility of the matrix P guarantees that such paths exist. Finally, we define
the set I' = {v,, : =,y € x}. Note that only one path ~,, for each pair of configurations
x, y is chosen. According to Diaconis and Stroock the second largest eigenvalue 3, is then
bounded from above as follows:

o< 1- (2)
where
v =max Q)™ Y b r(a)(y). (3
Yry D€

and where |y,,| designates the length of the path .

In equation (3) the maximum is over all directed edges in the graph G(P) and the sum is
over all paths from the set I' passing through the fixed edge e. It is clear that x measures
the bottlenecks (charged edges) in the graph G(P) . We notice that a small x gives a
better result. So, in order to obtain the tightest bound for ; on one hand we should
choose the shortest path to link some pair of configurations (x,y) and on the other hand
we must avoid that many paths pass through the same edge.

In this thesis we consider the situation, where a probability measure 7 is fixed on the

7



Introduction

configurations over a finite set. We study the Gibbs sampler which chooses a random
coordinate to be updated according to the conditional probabilities given the other coor-
dinates.

The associated matrix for the Ising model is defined as follows:

A
P(z,y) = 1— %Zﬂ(yl\x) if x=y

i=1

0 else
where
m(yi|z) = T(21, L1, Yis Tig1, 0, TA)
Z (L1, i, Yis Tig1, 5 TA)
yi€{c1,,en}

is the probability to move from a given configuration z to its nearest neighbor y. Note
that x and y differ only in one coordinate.

To be able to use the result of Diaconis and Stroock [5] to calculate the bound of the
second largest eigenvalue, we should fix a collection of paths. For a pair of configurations
(x,y) let dy,- - ,d,, be an increasing sequence such that:

° I, #yz for i € {dl,“‘ ;dm};
e 1; = y; otherwise.

We use the technique introduced by Shiu and Chen in [25] to define a path from z to y
as follows:

(xla"' 7'7:71) = (y17"' yYd1 =15 Tdyy Tdy4+15 " 5y Ldo—15 Loy Lda415 " " ° 7xA)
— (yl,“' s Ydy—1,Ydys Tdy+15 " 5 LTdo—15 Ldyy Lda+15 " " ° 7xA)
- (y17"' yYdi—1,Ydy> Ydi+15 " 5 Yda—15 Ldgs Lda+15 " " * 7$A>
— <y17'.. 7yd1717yd17yd1+17'.' 7yd2*17yd27xd2+17“' 7xA>
= (Y1, Ya)-

After fixing the paths connecting each pair of configurations (z,y) in the state space x we
turn to the computation of k£ defined in (3). We begin by introducing the result of Shiu
and Chen (see [25]) who study the case of the Gibbs sampler of the 1—D Ising model with
two states. The measure 7 given in (1) becomes:

n—1
1
k=1

where

e x ={—1,1}" is the state space,
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e T is the temperature,

n—1

o /= Z exp {% Z xkka} is the normalizing constant.

TEX k=1

The probability to move from z to its nearest neighbor y is:

7[_(3:17”' 7xi—17yi7wi+l7"' 73;71)
77(1'1,"' s Li—1,Yiy Tig1, " " ° 7'rn) —|—7T(._'E1,"' s Li—1y —Yir Tig1, - 7'In)

m(yi | z) =

Shiu and Chen (see [25]) give the following result:

Theorem 0.0.1. [ Shiu and Chen 2015] The second largest eigenvalue of the Gibbs sam-
pler on the 1—D Ising model satisfies:

6 <1-— e~ T2,

We turn now to present the results obtained in this thesis. In the second chapter
we are interested in the study of the Gibbs sampler for the 1—D Ising model with three
states. The measure 7 given in (1) becomes:

1
7T({lf) = Z_TeXp {% (]l{mk=l”k+1} - ]l{lk?ékarl})} Vo= (3717 e ,an) €X,

where
o x ={c1,c9,c3}" is the state space,

e T is the temperature,

n—1
o I = Zexp {% Z (]l{xk:zkﬂ} — ]l{ccngkﬂ})} is the normalizing constant.
k=1

reX

The probability to move between two neighbors of configurations x and y which differ by
only one site is:

W(yl‘x) — 37T(I1,._. ST 1, Yiy Tia 1y ,an)

E W(.Tl,"' 7xiflucl7xi+17”' 7xn>
=1

Then the first result of this thesis is:

Theorem 0.0.2. [ Helali 2018] The second largest eigenvalue of the Gibbs sampler for
the one-dimensional Ising model with three states satisfies :

Sl

By <1—3xn?

(4)

Sl

e
14+ 2e~
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After that, we think to generalize the previous result to the case of the 1—D Ising
model with multiple colors called also Potts model. The measure 7 given in (1) can be
written as:

S
—

1
7T($) = Z_TeXp {% (]l{fﬂkzwkﬂ} - ]l{mk7é$k+l})} Vo= (:Cla T 7‘7711) €X,
1

e
Il

where

e x ={c1, - ,cn}" is the state space where N is the number of colors,

e T is the temperature,

n—

1
o /r = Zexp { ]l{xk:zkﬂ} — ]l{xk#kﬂ})} is the normalizing constant.
TEX k=1

Similarly, the conditional probability 7(y;|x) is
W(I’l, X1, Yiy Tk, axn>
m(yilz) = N

E 71—(5171,"‘ 7mi—1aclaxi+17”' 73:71)

=1

Then the second result of the second chapter is:

Theorem 0.0.3. [ Helali 2018] The second largest eigenvalue of the Gibbs sampler for
the one-dimensional Ising model with N states satisfies:

e

Sl

61<1—N><n_2

)
1+ (N—-1)e T ©)
A theorem proved by Ingrassia (see [20], Theorem 5.3) gives the following lower bound
for the smallest eigenvalue:

2

Bij-12 —1+——%
= 1—|—(c—1)e%

where ¢ is the number of orientations that a spin can have and A is the size of maximal
discontinuity of the Hamiltonian.

The application of this theorem to the case of the 1—D Ising model with three states and
more gives an upper bound for |3j,|—1| which is smaller than the bound we obtain for /3.
Then the upper bound of 5* is given in the following corollary:

Corollary 0.0.4. The upper bounds for By given in theorem 0.0.2 and theorem 0.0.3 are
also upper bounds for the absolute value of all eigenvalues {f1,- -, Bjy-1} of the Gibbs
sampler for the one-dimensional Ising model with three states and more respectively.

In the third chapter we study the Gibbs sampler for the 2—D Ising model with two
states. The distribution of the two-dimensional square lattice Ising model is:

n n—1 n n—1
W(JJ):ZLTGXP{ (ZZI 1+1+szj j“)} Vo = (a])1<ij<n € X,

10
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e x ={—1,1}"" is the state space,

e T'is a positive real number representing the temperature,

n n—1 n n—1
o I = Z eXp { (Z xz i+ Z ZIJ Hl) } is the normalizing constant.

TEX 7j=1 =1 =1 j5=1
The transition between two neighbors x and y is:
1 J J d n
J _ 71-(‘/Elv"' v Vi1 Yi Tigq, ’xn)
m(yilzr) = — ;

Joo.J 1 J J oo )
7T(SL’1,"' y L1 Yis Tippy 7xg) +7T(Z‘1,~~- v i1 Y Vig1y "7 7xg)

Then we have the main result of the third chapter:

Theorem 0.0.5. [Franke and Helali 2018] The second largest eigenvalue of the Gibbs
sampler for the two-dimensional Ising model with two states satisfies:

Bi<l—ntexp{—202n+1)}.

Due to the upper bound for |3},|—1| presented in Theorem 5.3 by Ingrassia in [20] we
obtain the following bound for g*:

Corollary 0.0.6. The second largest eigenvalue in absolute value of the Gibbs sampler
for the two-dimensional Ising model with two states satisfies:

Br<l-ntexp{—2(2n+1)}.

In the fourth chapter we study the case of some perturbed Gibbs sampler for the 1—D
Ising model with two states. The distribution of the 1-D Ising model is:

W(I):—GXP{ Z$k$k+1} Vo= (1, m0) € X,

where
e x ={—1,1}" is the state space,

e T is the temperature,

n—1

o /p = Z exp { Z xkka} is the normalizing constant.

TEX

One expects an acceleration of the convergence rate of the Gibbs sampler to its equilibrium
once one adds some edges to the graph underlying the initial Markov chain. However only
few edges should be added in order to keep the computational cost low.

Starting from this philosophy, we propose some perturbation of the Gibbs algorithm based
on some permutation o of .

Let o be a two cyclic permutation defined for z € x as follows:

o: X —X
r — —T.

11
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For some 0 < a < 1 we denote by P, the matrix which is defined for z,y € x as:

a if y =o(x)
P(z,y)=¢ 1—« ife=y
0 else.

The idea behind this construction is that the permutation we want to introduce should
not add many edges to the graph underlying the Markov chain of the sampler. Further,
the fact that o is a two-cyclic permutation guarantees the reversibility of the Markov
chain which allows us thereafter to use the geometric bound introduced by Diaconnis
and Stroock (1991) in [5]. Furthermore, the computational effort to run a simulation for
this simple permutation is relatively cheap since we add just one further option at each
transition. For 0 < § < 1, we introduce the perturbated Gibbs algorithm P as follows:

P(z,y) =0 P(x,y)+ (1 =90) P,(x,y) Vuz, y € x.

Remark 0.0.7. We remark that p(:c,y) is reversible as a convex combination of two
reversible matrices. Their eigenvalues can be arranged as follows:

> By >0 > By > L

;%2

1=ﬁ~o>

To be able to use the result of Diaconis and Stroock [5] and to compute the bound
for the second largest eigenvalue, we should fix a collection of paths linking any two
configurations x and y from Y.

For a given pair (z,y) € x, let dy,--- ,d,, be an increasing sequence satisfying that z; # y;
for i € {dy, -+ ,dn} and z; = y; otherwise.
The choice of the paths linking configurations will depend on the distance between x and

Y.

L. If m < § we use the path introduced by Shiu and Chen in [25] then:

(xla"' 7$n) = (ylv"' s Yd1—1, Xdy sy Tdy4+1y """ 5 Lda—1, Ldyy Tdy+1, 7xn)
— (yh"' yYdi—15Ydys Xdy4+15 " s Tdg—15 Ldyy Lda+1, " " ° 7xn)
- (yh“' ?ydlflyyd17yd1+17“' 7yd2717:[;d27xd2+17"' ,.Tn)
- (yla"' s Ydy—15Ydys Ydi+15 5 Ydo—15 Ydo s Lda+1, " " ° 7$n)
— (yla"' 7yn)-

2. If m > 4, as the configurations differ by more than % sites we change to —z in the
first step and we continue with the path introduced above:

12
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(wla"' 7'TTL) = (yl7“' 7yd1—l7wd17:1:d1+17“' 7$d2—17$d27$d2+17"' 73371)
— (_y17' oy T Ydi—15 —Xdyy, —Xdy415 7 s T Ldy—1y —Ldyy —Lda41, " 7_xn>
= (_yh' s T Yd -1, Ydyy —Tdy 1,0 s T Xda—15 Ydoy —Ldy1, 0 7_:6%)
— (ylf‘ “y T Ydi -1, Ydyy —Tdi41y 00y T Lda—15 Ydoy —Ldat15 " 7_3:71)
= (Y1, Yn)-

Then the principle result of the fourth chapter for a suitable choice of o and ¢ is:

Theorem 0.0.8. [Franke and Helali 2018] The second largest eigenvalue of the perturbed
Gibbs sampler for the 1—D Ising model satisfies at high temperature:

b <1-— o 2eT.

13
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Le modele d’Ising généralisé qui s’appele aussi le modele de Potts est un modele
constitué par des spins avec des interactions locales. Il peut étre défini dans un graphe.
Un atome est supposé se trouver sur chaque sommet du graphe et avoir des spins x; =
c1,- -+ ,cy ou N est le nombre des orientations que peut prendre chaque site; Le cas N = 2
est appelé le modele d’Ising avec des spins qui prennent les valeurs +1 ou —1. les atomes
sont supposés d’interagir seulement avec leurs proches voisins dans le graphe et avec un
champ magnétique externe. La fonction Hamiltonienne H est définie sur I'espace des états
x = {c1,- ,en}? comme suit:

H:x — R
v — Y (Lamayy — Larray})
i

avec ¢ ~ j signifie que 7 et j sont des voisins et A est la taille du réseau. Avec cet
Hamiltonien, aucun champs extérieur n’est supposé.
On défini la mesure de probabilité sur l'espace de toutes les configurations possibles.
La probabilité dépend du niveau d’energie de chaque configuration. D’apres cela, la
probabilité qu'une configuration x € y apparait est:

n(e) = - exp {H ()} (6)

avec

e T est la température;

o /= Zexp {%H(m)} est la constante de normalisation.
reX

De nombreuses quantités physiques pertinentes sont des intégrales de certaines fonction-
nelles par rapport a la loi m. Cependant, cette intégration est difficile a réaliser explicite-
ment en raison de la forte dimensionnalité de I’espace des états.

Une maniere pour résoudre ce probleme consiste a simuler la mesure de probabilité 7 a
I’aide d’une chaine de Markov qui se répartit selon la mesure 7 et qui est facile a simuler.
Cette méthode est appelée la méthode de Monte Carlo par Chaine de Markov (MCMC).
La méthode MCMC est une technique pour échantillonner a partir du modele d’Ising.
L’échantillonneur de Gibbs introduit par Geman et Geman (voir [11]) et I'algorithme de
Metropolis-Hastings introduit par Metropolis et ses collaborateurs (voir [21]) et Hast-
ings (voir [13]) sont les méthodes MCMC les plus populaires, utilisées dans ce contexte.
Ces deux algorithmes utilisent une chaine de Markov apériodique et irréductible qui est

14
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réversible par rapport a la mesure 7. La réversibilité est contenue dans ’équation suivante
appelé detailed balance equation:

Q(v,y) =n(x)P(z,y) =w(y) Py, z) == Qy,z) Vaz,y € x.

Sous les conditions précédentes (apériodicité, irréductibilité et réversibilité) la mesure 7
est I'unique mesure invariante pour la matrice P. Les valeurs propres de la matrice P
peuvent étre arrangées comme suit:

1=08>B12>2pB2>" 2> B-1>—1

Il existe plusieurs criteres pour mesurer la vitesse de convergence d’une chaine de Markov
vers sa mesure d’équilibre 7. Par exemple la variance asymptotique comme dans Sinclair
(voir [26]), Frigessi et ses collaborateurs (voir [10]), Ingrassia (voir [20]), Chen et ses
collaborateurs (voir [3]) et Chen et Hwang (voir [4]) et la distance de la variation totale
comme dans Diaconis et Stroock (voir [5]). Diaconis and Stroock ont montré I'inegalité
suivante:

4P (w,) = 72, < 1;<—7;(>x)<6*>%

avec 8* = max{fh, By 1]}

Plusieurs auteurs comme Sinclair et Jerrum (voir [27]), Diaconis et Stroock (voir [5]) et
Sinclair (voir [26]) introduisent des bornes pour les valeurs propres 3 et 3}, _1. Ingrassia
(voir [20]) montre que le résultat de Diaconis et Stroock (voir [5]) conduit a la borne la
plus étroite. Ceci nous motive a examiner de plus pres les bornes explicites que ’on peut
obtenir de ’approche de Diaconis et Stroock.

Pour ce faire, rappelons d’abord la borne supérieure de 5, établie par Diaconis et Stroock
(voir [5]) pour les chaines de Markov réversible a nombre fini d’états dont la matrice de
transition est P.

Soit G(P) = (x, E) le graphe construit a partir de la matrice de transition P ou 'espace
des états y est l'ensemble des sommets et £ = {(x,y) | P(z,y) > 0} est I'ensemble
des arrétes. Ensuite, pour chaque paire de configurations distinctes = et y on choisi
une trajectoire v,, dans G(P) qui lie z & y. L’irréductibilité de la matrice P garantie
que chaque trajectoire existe. Finallement, on définit 'ensemble I' = {v,, : z,y € x}.
Notons qu'une seule trajectoire v,, pour chaque paire de configurations z, y est choisie.
La deuxieme plus grande valeur propre ; est majorée comme suit:

i< 1- (7)
avec
£ = max Qe)™! Z [Vay|m(2)7(y), (8)

et |7.y| désigne la longueur de la trajectoire 7,, (c’est a dire le nombre de sites qui different
entre les configurations x et y).

Dans (8) le maximum est sur toutes les arétes orientées dans le graphe G(P) et la somme
est sur toutes les trajectoires dans I' qui passent par 'aréte e fixée. Il est clair que &
mesure les goulots (arétes chargées) dans le graphe G(P). On remarque qu'un k petit
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donne un meilleur résultat. Donc, afin d’obtenir la meilleure borne supérieure de i, et
d’une part, nous devrions choisir les trajectoires les plus courtes pour relier une paire de
configurations (z, y) et d’autre part, il faut éviter que de nombreuses trajectoires passent
par la méme aréte .

Dans cette these, nous considérons la situation ou la mesure de probabilité 7 est définie sur
les configurations sur un ensemble fini. Nous étudions I'algorithme de 1’échantillonneur de
Gibbs qui choisit aléatoirement un site a changer en fonction des probabilités condition-
nelles, compte tenu des autres sites. La matrice associée a I’algorithme de I’échantillonneur
de Gibbs pour le modele d’Ising généralisé est:

(57 (yil) si x~y
A
P(z,y) =< 1—1> 7w(ylr) si x=y
=1
L 0 sinon
ol
ﬂ-(xlu'” s Li—1,Yiy Tit1, " " 7'1:/\)

m(yi|r) =
Z 7T('Ilv"' s Li—1, Yir Tig1, " " al‘/\)

yi€{c1, - ,en}

est la probabilité de se déplacer d'une configuration x vers sa proche voisine y. Notons
que les configurations x et y different par un seul site.

Pour pouvoir utiliser le résultat de Diaconis et Stroock [5] afin de calculer la borne
supérieure de la deuxieme plus grande valeur propre, nous devrions fixer une collection
de trajectoires. Pour une paire de configurations (x,y) nous sélectionons 1'une parmi les
trajectoires les plus courtes. Soit dy,- - ,d,, une suite croissante tel que:

o z; Ayisii€{d, -, dn};
e I; = y; sinon.

Nous utilisons la technique introduite par Shiu et Chen dans [25] pour définir une trajec-
toire de x a y comme suit:

(3:17"' ,an) = (ylf" yYdi—1yXdy s Tdy+15 "y Ldy—1y Ldyy Tdg+1, " *° axA)
— (yl,"' yYdy—1,Ydys Tdy+15 " 5 Lda—15 Ldg Lda+15 " " ° 71:/\)
= (yh'" yYdi—15Ydys Ydi4+15 " s Ydo—15 Tdys Tdo+15" " * 756/\)
— (yl,“' s Ydy—1,Ydy> Ydi+15 " 5 Ydo—15 Ydos Ldo+15 " " * ,iL'A)
— (yla"' 7yA)-

Apres avoir fixé les trajectoires reliant chaque paire de configurations (x,y) dans 'espace
des états x nous nous intéressons au calcul de x défini dans (8). Nous commengons par
donner le résultat de Shiu et Chen (voir [25]) qui ont étudié le cas de l'algorithme de
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I’échantillonneur de Gibbs pour le modele d’Ising unidimensionnel avec deux états. La
mesure 7 donnée dans (6) devient:

W(l'):—eXp{ Zxkﬂikﬂ} Vo= (21, - ,2) €X,

avec
o x ={—1,1}" est l'espace des états avec A =n et N =2,

e T est la température,

n—1

o /r = Z exp {% Z xk:ckH} est la constante de normalisation.

TEX k=1
La probabilité de se déplacer d’une configuration x vers sa configuration voisine y est:

ﬂ-(xh”' y Li—15Yiy Tit1, " " ,Z‘n)
71—(:617"' y Li—1,Yir Tig1, " " * ,I’n) +7T(]}'1,"' y Li—1, —Yir Lig1, """ ,I’n)

m(yi | v) =

Shiu et Chen (voir [25]) ont donné le résultat suivant:

Théoréme 0.0.1. [Shiu and Chen 2015] La deuziéme plus grande valeur propre associée
a l'algorithme de ’échantillonneur de Gibbs pour le modele d’Ising unidimensionnel sat-
isfait: ,

B <1—eTn™2

Nous présentons maintenant les résultats obtenus dans cette these. Dans le deuxieme
chapitre nous sommes intéressé a I’étude de 'algorithme de I’échantillonneur de Gibbs
pour le modele d’Ising unidimensionnel avec trois états appelé aussi modele de Potts. La
mesure 7 donnée dans (6) devient:

—_

1 -
7T(ZL') = Z_TeXp {% (1{mk:xk+1} - ]l{zk;zékarl})} Vo= (Ila T 7$n) € X,
1

B
Il

avec
o x = {c1,c9,c3}" est espace des états,

e T est la température,

3
,_.

o /= Zexp {% (]l{xk:zkﬂ} — ]l{xk#kﬂ})} la constante de normalisation.
1

B
Il

TEX

La probabilité de se déplacer entre deux configurations voisines (qui different par un seul
site) x et y est:

(l’l, C 5 Ti—1,Yiy Tig, - axn>

m(yilx) =

3
§ ™ xla * Ly Li—1,Cly Tig1, 7:En)
=1

Nous citons le premier résultat du deuxieme chapitre:
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Théoreme 0.0.2. | Helali 2018] La deuziéme plus grande valeur propre associée a l’algorithme
de I’échantillonneur de Gibbs pour le modele d’Ising unidimensionnel avec trois états sat-
isfait:

Bi<l-3xn2—"" _ 9)
1+2e 7

Sl

Par la suite, nous généralisons le résultat précédent au cas du modele d’Ising avec
plusieurs couleurs appelé aussi modele de Potts. La mesure m donnée dans (6) peut
s’écrire comme suit:

3
—

1
7T(SL’) = Z_TeXp {% (]l{%:wkﬂ} - ]l{$k7£$k+l})} Vo= (331, T 73771) € X,
1

i

avec

X = {c1, -+ ,en}" est Pespace des états ou NV est le nombre de couleurs,

T est la température,

—_

S

Jr = Zexp {% (]l{xk:xkﬂ} — ]l{xk¢xk+1})} est la constante de normalisation.
1

B
Il

reX

De méme la probabilité conditionnelle 7(y;|z) est égale a:

7T($1, L1, Yy Tig1, ,fEn)

T(yilz) =
ZW(m, Ly Li—1,Cy Lgg1, 0 0 ,In)
=1

Alors le deuxieme résultat du deuxieme chapitre est:

Théoréme 0.0.3. | Helali 2018] La deuziéme plus grande valeur propre associée a l’algorithme
de l’échantillonneur de Gibbs pour le modele d’Ising unidimensionnel avec N états satis-
fait:

e
14+ (N —1)e”

Sl

Bi<1—Nxn? : (10)

Sl

Un théoreme prouvé par Ingrassia (voir [20], Théoréme 5.3) donne le minorant suivant
pour la plus petite valeur propre dans ce modele:

By > —1+ 2
-1 = — - A
X 14 (c—1)eT

ou ¢ est le nombre d’orientations que peut prendre un spin et A est le saut maximal de
I’Hamiltonien.

L’application de ce théoreme au cas du modele d’Ising avec trois ou plusieurs états donne
une borne supérieure de |fj,—1| qui est plus petite que la borne obtenue pour ;. La
borne supérieure de $* est donnée dans le corollaire suivant:

18



Introduction

Corollaire 0.0.9. Les bornes supérieur de 1 données dans thépréeme 0.0.2 et thépréme
0.0.3 sont ausst des bornes supérieures pour la valeur absolue de toutes les valeurs propres
{B1,--+ , Biy-1} de Uéchantillonneur de Gibbs pour le modéle d’Ising unidimensionnel avec
trois €tats et plus respectivement.

Dans le troisieme chapitre, nous étudions 1’échantillonneur de Gibbs pour le modele
d’Ising deux-dimensionnel avec deux états. La loi du modele d’Ising deux-dimensionnel
est:

n n—1 n n—1
W(I’) - 7> exp { <Z xz 7,+1 + Z Z'T] ]+1>} Vo= (mg)lﬁl}jﬁn €X,
7j=1 =1 =1 j=1
avec
o v ={—1,1}" est I'espace des états,

e T est la température,
n n—1 n n—1
o Ip= E exp ( wlal |+ alalt! > est la constante de normalisa-
TEX 7j=1 =1 i=1 j=1

tion.

La loi de transition entre deux configurations voisines x et y est:

1 J J d n
W(yj|a:) _ 71-(‘/Elv"' Y i1 Yy T ,:En)
(= T 1 j i '
7T(SL’1, T Y T 7IZ) + 7T($1, T Y Ty 7IZ)
Ensuite, le résultat principal du troisieme chapitre est:

Théoreme 0.0.4. [Franke et Helali 2018] La deuxiéme plus grande valeur propre associée
a l'algorithme de l’échantillonneur de Gibbs pour le modele d’Ising deuz-dimensionnel avec
deux €états satisfait:

B < 1—n*4exp{ —2@2n+1)}.

En raison de la borne supérieur de |3},|_1| présentée dans le théoreme 5.3 introduit
par Ingrassia dans [20] nous obtenons une borne supérieure de §* comme suit:

Corollaire 0.0.10. La deuxieme plus grande valeur propre en valeur absolue associée a
lalgorithme de ’échantillonneur de Gibbs pour le modéle d’Ising deux-dimensionnel avec

deux €états satisfait:
B*<1-ntexp{—-2(2n+1)}.

Dans le quatrieme chapitre, nous étudions le cas de I’échantillonneur de Gibbs perturbé
pour le modele d’Ising unidimensionnel avec deux états. La distribution du modele d’Ising
unidimensionnel est:

W(x)z—exp{ Zxk$k+1} Vo= (21, - ,24) €X,
avec
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e x ={—1,1}" est l'espace des états,

e T est la température,

n—1
o /= E exp {% E mkxkﬂ} la constante de normalisation.
TEX k=1

On s’attend a une accélération de la vitesse de convergence de 1’échantillonneur de Gibbs
vers son état d’équilibre une fois que 'on ajoute des arétes au graphe sous-jacent a la
chaine de Markov initiale. Cependant, seuls quelques arétes doivent étre ajoutées afin de
limiter les cotits de calcul.

Partant de cette philosophie, nous proposons des perturbations de I'algorithme de Gibbs
basées sur des permutations o de y.

Soit ¢ une permutation a cycle deux d’une configuration x € y comme suit:

o X —X
r — —T.

Pour certains 0 < a < 1 on note par P, la matrice qui est définie pour z,y € x comme
suit:

o siy=o(x)
P (r,y)=¢ 11—« six =y
0 sinon.

L’idée a la base de cette construction est que la permutation que nous voulons introduire
ne doit pas ajouter de nombreuses arétes au graphe sous-jacent a la chaine de Markov
de I’échantillonneur de Gibbs. Davantage, le fait que la permutation ¢ est a cycle deux
garantit la réversibilité de la chaine de Markov ce qui nous permet d’utiliser la borne
géométrique introduite par Diaconnis et Stroock (1991) dans [5]. De plus, 'effort de calcul
pour exécuter une simulation pour cette simple permutation n’est pas trop cotiteux. Pour
0 < § < 1, on introduit I'algorithme de I'échantillonneur de Gibbs perturbé P comme
suit:

P(z,y) =0 P(x,y)+ (1 —=90) P,(z,y) Vzx,y € x.

Remarque 0.0.11. On remarque que f’(:v, y) est réversible comme une combinaison con-
vexe de deux matrices réversibles. Leurs valeurs propres peuvent étre organisées comme
suit:

1=0>p>pB>+2P-1>-L

Pour pouvoir utiliser le résultat de Diaconis et Stroock [5] pour calculer une borne
supérieure de la deuxieme plus grande valeur propre, il faut fixer une collection de tra-
jectoires reliant toutes paire de configurations x et y de 'espace y. Pour une paires de
configurations (x,y) donnée, soit dy, - - - , d,, une suite croissante satisfaisant x; # y; pour
i€{dy,---,dy} et x; =y; ailleurs.

Le choix des trajectoires qui relient les configurations dépendra de la distance entre x et
Y.
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1. Sim < % on utilise le chemin introduit par Chen et Shiu dans [25] alors:

(xla"' 73771) = (yla"' yYdi—15yLdys Tdi+15 " 5 Lda—1, Ldgs Ldo+15 " *° 73371)
— (yh"' yYdi—1,Ydy s Tdy+1y " 5 Ldy—1, Ldyy Tdg+1, " 7xn)
= (yla"' yYdy—15Ydyr Ydi+15 " 3y Ydo—1, Loy Tdg+15 " " ° 7xn)
— (yla'" yYdi—15Ydyy Ydi4+15 " s Ydo—1) Ydoy Ldo+15 " " ° 7£En)
= (Y1, Yn)-

2. Sim > %, comme les configurations different de plus de § sites, on change de x a
—z dans la premiere étape puis on continu avec le chemin introduit dans [25]:

(wla"' 73371) = (?/17"' yYdi—15 Tdyy Tdy+15 5 Ldag—15 Ldyy Lda41, " ° 73:71)
— (_yh' oy T Ydi -1, —Tdy, —Xdi4+1y 0y —Xde—1y T Ldyy —Ldy41, """ 7_xn)
= (_ylv' oy T Ydi =15 Ydyy —Xdi 4100y T Xdg—15 Yday T Lda+15 7_xn)
— (ylf‘ T Ydi—15Ydys —Tdi4+15 00 T Xdy—1) Ydoy T Xda+1, 070 7_xn)
- (ylv”' ;yn>

Ensuite, le résultat principal du quatrieme chapitre pour un choix bien précis de « et d
est:

Théoreme 0.0.5. [Franke et Helali 2018 | La deuxiéme plus grande valeur propre de

I’échantillonneur de Gibbs perturbé associé au modéle Ising unidimensionnel satisfait a
haute temperature:

01 <1-— o 2eT.
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Chapter 1

Preliminaries

In this chapter we present some basic definitions and properties used to prove our
results. We indicate references for more details.

1.1 Markov chains and some properties

Definition 1.1.1. Let y be a finite set. A family {P(x,.) cx € X} of probability
distributions on Yy is called a transition probability or a Markov kernel.

The space x is called the state space. A Markov kernel P can be represented by a
matrix denoted by P as well: P(z,y) is the element in the z—th row and the y—th column.
Then the matrix P is a square matrix with probability vectors in its rows. Each number
P(x,y) present the probability that the process changes from the state = to the state y.

Definition 1.1.2. A kernel is said to be primitive if there exist an integer 7 such that
P7(z,y) > 0 for all z,y € x.

Definition 1.1.3. An homogeneous chain which reaches after a finite number of steps
from each state to each other state with positive probability is called irreducible.

The following properties can be found in the book of Winkler (see [28]):
Properties 1.1.4. o A kernel is primitive if and only if it is irreducible and aperiodic.
o A Markov kernel P and a distribution 7 fulfill the detailed balance equation if
m(x)P(z,y) = 7w(y)P(y,x) for all x,y € x.

Then the Markov chain with initial distribution ™ and transition kernel P is called
reversible in time, and P is called reversible with respect to .

o The matrix P has 1 as its biggest eigenvalue which is associated to the constant
function as associated eigenfunction. The spectrum of the matrix P can be arranged
i the reversible case as follows:

1=8By>p =2 By-1=—1
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o If the Markov chain P is aperiodic then, the smallest eigenvalue By -1 is different
from —1.

Lemma 1.1.5. If the matrix P s reversible with respect to the measure w then m is
P —invariant.

Proof. For all configurations z,y € y we have:

TP(x) =Y 7(y)Py.x) =Y m(x)P(z,y)

— () P(a,y) = ()
= 7(z).

1.2 Diaconnis and Stroock’s approach

Diaconnis and Stroock (see [5]) prove that the convergence rate of a reversible Markov
chain to its equilibrium with respect to the total variation distance depends on its second
largest eigenvalue in absolute value denoted by $*. Further, they give an upper bound
for 8. More details are given in the following paragraph.

Theorem 1.2.1. [Diaconis and Stroock 1991] If P is a reversible Markov chain and 7 its
unique invariant measure if also P is irreducible then for all x € x and k € N we have:
1 —7(x)

*\ 2k
o B

Al P ) =7 (= (301 Py) =7 |) <

YEX

Proof. The following proof can be found in [5].
According to the definition of the total variation distance we have:

4|l PHz,.) = 7() |Far = (Z | P*(x,y) — 7(y) I)

YyeEX

_(yex 7r(y) |P( ay) (y) |)

Using Cauchy-Schwarz inequality we obtain:

2

4] Poa,) = 7o) |G <D ﬁ ((P™(z,9))* = 2P™(x, y)7(y) + 7 (y)*) -

From the fact that the Markov chain P is reversible we have the following identity:

S (P y)) = —— P(z,y).

2 7(y) ()
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24 1.2. DIACONNIS AND STROOCK’S APPROACH

It follows that:

4] P, ) = 7() [y € 30 = (PH(a,y)” — 1

= m(y)

= %P%(:c,y) -1

Let D be a diagonal matrix where the x — th diagonal position takes the value \/m(x).

Then the matrix DPD~! takes the value %P(x, y) in position (z,y). As a result the

matrix DPD™! is symmetric. There exists an orthogonal matrix © (i.e.: with ©0! = I)
such that DPD~! = ©BO! where B is a diagonal matrix containing the eigenvalues of the
matrix P on its diagonal. All entries of P are real numbers between —1 and 1. Moreover
the value —1 is never reached. Then, the transition matrix P?" can be written in the
following form:

P> = D'OB*e'D.

We obtain in each entry (z,y):

(v) 2
p?" = CowBin,
() =\ ) 2o

By the fact that $**" is an upper bound of B?" and the orthogonality of © this finishes
the proof. n

In what follows we turn to give an upper bound for 5. Let V = (x, E) be a graph
where x is the set of vertices and F = {(z,y) | P(z,y) > 0} the set of edges.
Let I' = {7.y; 2,y € x} be a collection of paths 7,, joining = to y (only one path for each
pair of configurations).

Proposition 1.2.2. [Diaconis and Stroock 1991] The geometric bound of the second largest
eigenvalue for reversible Markov chain is,

6 < 1-— % (1.1)
with
p=max Q)™ Y by r(e)n(y) (12
YzyS€

where |Vy,| designate the length of the path 7., and the sum is over all paths v, € T’
passing through the edge e.

Remark 1.2.3. The previous proposition is a discrete version of the Poincaré method
for estimating the spectral gap of the Laplacien on a domain. More details are given by
Bandle in [2]. Related ideas where used by Landau and Odlyzko (see [17]), by Holley and
Stroock (see [15]) and by Mohar (see [22, 23]).
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CHAPTER 1. PRELIMINARIES 25

Proof. We present the proof that can be found in [5].
Horn and Johnson (1985) (see [16], page 176) prove that

_ &0, 0)
A1 = inf { Var(d) O F# Constant} (1.3)

where Var(¢) designate the variance of ¢ relative to the measure 7. and € is the quadratic
form which is defined as follows:

£(6.6) = 5 3_(6(s) — 92)) Q).

CE7y

On the other hand we have:

Var(¢) = 5 Y (é(x) = ¢(y))* n(z)m(y)

2

_! Q(e)% e) | w(x)mw
52 [ (39) v mwnw

T,YEX e€Yzy

Here ¢(e) = ¢(e™) — ¢(e™) is the oriented edge from e~ to e in a given path. From
Cauchy-Schwarz inequality we obtain:

Var(®) < 5 3 halom(@)nln) 3 Qo)

(1.4)
Finally, for all edges in the graph we have:

Var(6) < 5 3 Q)6 3 halar()n(y).

T,YyeX

From the definition,  is the upper bound for Z |Yaylom(z)7(y), then we obtain
z,yEx

Var(¢) < kE(0, d).

The result is finally obtained by the variational characterization in (1.3). [

1.3 Ingrassia’s approach

The method of Ingrassia (see [20]) consists in giving an upper bound for the second

largest eigenvalue denoted by 3; and a lower bound for the smallest eigenvalue denoted by
By|—1 in order to bound $*. This yields some informations about the speed of convergence
of the Markov chain P to its equilibrium 7.
Let us first introduce the notations used by Ingrassia: T is the temperature, Zp is the
normalizing constant, S is the lattice of sites, I' the collection of paths, 41 is the maximum
length of each path 7,, € I', br is the maximum number of paths containing any edge I', ¢
is the number of configurations that differ by only one site, m is the least total elevation
gain of the Hamiltonian function in the sense which is described by Holley and Stroock
(see [15]).

25



26 1.3. INGRASSIA’S APPROACH

1.3.1 Upper bound for j;

Ingrassia also uses the bound for f; from Diaconis and Stroock and he obtain the
following result:

Theorem 1.3.1. [Ingrassia 1994] Let P be the transition matriz for the Gibbs sampler.
Then the second largest eigenvalue satisfies:

ZT —m

B <1——2T o7
! bryrclS|

Proof. The following proof is from Ingrassia (see [20]).
Let T" be the set of paths linking each pair of configurations and e € E some edge where
P(e) = P(e ,e™) > 0. We obtain:

eylom(@)m(y) = Y Qo)™ n(2)n(y)

= 3" (n(e7)P(e) 'm(a)m(y)
=D |1| ZW@)PS(@)L(@)> ()7 (y)
€€Yzy ses

For all edge e the sum in (Z ---)7! contains only one term different from zero, which
seS

lorem(u) = DL ST ST S exp (M)

BE'Yzy seS BEN.S( )
X exp (H(e_%h;(z)*H(y)) 1,(e).

gives:

Also, the choice of paths guarantee that for all edge e € v,, we have:

H(e™)—-H (é)> X exp (H(e—)ffgx)fmw) m

< e
exp < B < exp T

Then

Z Z exp( € (5)> X exp (H(ef)_HT(x)_H(y)) Ts(e) < cexp (%)

SES EeNs(e™)

which gives:
5]
[Yaylom(@)m(y) < 7 E ce

T EE’Yzy

I3
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CHAPTER 1. PRELIMINARIES 27

From the definition of 4 the previous definition becomes:

Veylom(@)m(y) < Zcer.
T

Then we obtain:

brVFC\S| m
= max Z Yaylom(z)m(y) < Z—TeT-
Yoy €€’
Using equation (1.1) we obtain the result:
ZT -m
fr<l———1eT.
' broyrelS]|

1.3.2 Lower bound for 3},

We turn now to give a lower bound for the smallest eigenvalue associated to the matrix
P. In order to do, we define A the maximum jump of the function H for all transitions:

A = max max |H(y) — H(z)| (1.5)

zEX yEN(z)
where N(z) ={y € x : P(z,y) > 0} is the set of neighbors of x.

Theorem 1.3.2. [Ingrassia 1994] Let P be the transition matriz of the Gibbs sampler.
Then the smallest eigenvalue satisfies:

2
Bx-1 2 ——=,
X 14 (c—1)eT

where A is defined in (1.5).

Proof. The details of the proof can be found in Ingrassia (see [20], page 371). O

1.4 Shiu and Chen’s result

In this section we present the result of Shiu and Chen (see [25]) for the Gibbs sampler
in the case of the 1—D Ising model using the geometric bound proved by Diaconis and
Stroock (see [5]) for reversible Markov chains.

1.4.1 Description of the model

The distribution associated to the one-dimensional Ising model is:

n—1
1
m(x) = 7 exp {% Z xkka}
k=1
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28 1.4. SHIU AND CHEN’S RESULT

for all z € x where x = {—1,+1}" is the state space, T" is the Temperature and Zr is
the normalizing constant. We consider the Gibbs sampler which chooses randomly a site
to be updated with given conditional probabilities. Explicitly, for a given configuration

r = (21, -+, x4 ,2,), we chooses randomly a site z; who is to be updated to y; with
probability:
o 71'(*Tla"' s Li—1, Yiy Li1, " " 7xn)
m(yilz) = :
7-‘-(3;17"' y Li—1,Yiy Lit1, " ,.Tn)+7T($1,"' s Li—1y —Yiy Tit1, " 7'CETL)

The matrix of the Gibbs sampler is defined as follows:

%W(yi | z) if z; # y; for all j #1
Pz,y) = 1—1> w(yi | o) if =y
i=1
0 else.

1.4.2 Main result

To be able to use the result of Diaconis and Stroock (see [5]) to give an upper bound of
the second largest eigenvalue of the matrix P, we must first of all fix a collection of paths
linking each pair of configurations (x,y) € x*. The best bound is obtained for small x.
For a given pair of configurations z,y € x there exists an increasing sequence dy, - - - , d,,
such that z; # y; for i € {dy,--- ,dn} and z; = y; else.

We define a path linking any pair of configurations (x,y) as follow:

(xla"' ,I’n) = (yb'“ yYdi—15Ldys Tdy4+15 " 5 Ldg—15 Ldyy Ldp+1, " " ° 7xn)
— (yh“' 7yd1—1>yd1,$d1+1>"' 7$d2717xd27xd2+17"' ,33”)
= (yla"' s Ydi—15Ydys Ydi+15 " 5 Ydo—15 Ldy s Lda+1, " " ° 7$n)
— (yh"' yYdi—15Ydy s Ydi 415 s Ydo—15Ydas Lda+1, " " ° 7*Tn)
— (yla"' 7yn)‘

The principal result of Shiu and Chen (see [25]) is given in the following theorem:

Theorem 1.4.1. [Shiu and Chen 2015 The second largest eigenvalue of the Gibbs sam-
pler for the one-dimensional Ising model satisfies:

Bl < 1-— nfzef%.

In what follows, we give a sketch of the proof of the main result of Shiu and Chen.
One can find more details in [25].

Proof. We define the edge e = (e™, e™) as follow:
€ = (21,7, 21, Zis Zi1, 5 %n) €6 €7 = (21,000, Zic1, — %0 Zivl, 0 Zn)-
We consider at the beginning the case where ¢ ¢ {1,n}. Then

1

P(e ,et) = .
( ) n(1+ exp {%(zi—lzi + Z¢Zi+1)}
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CHAPTER 1. PRELIMINARIES 29

According to the selection of our paths, for a path +,, passing through e the configurations
x and y take the following form:

r = (xla"' y Li—1, iy Zi+1, """ 7Zn) et Yy = (zla"' y Ri—1y TRy Yit+1, ayn>-

Which gives

- ’I’L2 i—2 n—1
Ve |Q(e) ()7 (y) < - &XP {% Z$k$k+1 tTi12i + 2iYip t Z YkYk-+1 }

k=1 k=i+1

X exp {_%(zi—lzi + Ziyi-i-l)}
2 i—2 n—1
T exXp {% Z TpTe1 — Ti-12i — Zilit1 + Z YkYk+1 }
T k=1 k=i+1

X exp {%(«Zz’—lzi + Zz‘yz‘+1)}- (1.6)
We define the configurations x @& y and x © y as follow:

r@®Y = (1, Tic1, 2y Yit1, s Yn) AU TSy = (T1, -+, Tim1, =2, Yitds > Yn)-

We have:
U {zovzoy=x

(%y)"Yzy Se

Combining equation (1.6) and the previous notations we obtain:

Q(e)™! Z Vay |7 (2) 7 (y) = 0 Z 7 (w)e— 3 Girst i)

Yzy e WEX, Wi=2;

+n? Z W(w)e%(zi‘lzﬁziwi‘l). (1.7)

WEX, W;=—2;

Note that for a given pair of configurations (z,y), the max over all edges of equation (1.6)
is reached for an edge e where —z;_1 = z; = z;.1. Suppose that z; = 1 then equation (1.7)
becomes:

Q)" Y @)y <20” Y w(w)erTH), (1.8)

Yoy D€ weyx,w;=1
Remark 1.4.2. Equation (1.8) can also be obtained in the case where z; = —1.

A symmetry consideration gives that:

Then equation (1.8) becomes:

max Q(e) 1 Y aylm(@)m(y) < n2e. (1.9)

Yoy D€
YeyD€

In the case of i € {1,n} we obtain similar results.
Finally, we put the result from (1.9) in equation (1.1) to finish the proof.
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30 1.5. ALISON GIBBS’S APPROACH

1.5 Alison Gibbs’s approach

Alison Gibbs (see [12]) uses coupling in order to measure the convervence rate of the
Gibbs sampler for the 1—D and the 2—D Ising models. We explain briefly in this section
her approach. More details and explicit proofs can be found in [12].

1.5.1 Explanation of the approach

The convergence time of the Gibbs sampler is defined to be:

To = maxmin{t : Dyo (t') <€ forallt' >t}

where D,o(t') is the total variation distance at time ¢’, 2° is the initial configuration and
€ is the pre-specified error tolerance. Let

7" = min{t : X} = X?|Xg = 2!, X} =27}

the coupling time of two Markov chains X! and X7 starting respectively in z! and 2.
The maximum mean coupling time 7' is

T = maxE(T" ).

Aldous (see [1]) proves that the convergence time depends on the max mean coupling
time T and the pre-specified error tolerance e. His result is given in the following theorem:

Theorem 1.5.1. [Aldous 1985 The convergence time of a Markov chain depends on the
mazimum mean coupling time as follows:

To < 2eT(1+loge ™).

Alison Gibbs used some coupling idea from Luby, Randal and Sinclair (see [18]) and
Propp and Wilson (see [24]) to obtain explicit bounds for the coupling time in Aldous
result.

Theorem 1.5.2. [Alison Gibbs 2000] Suppose there exist two coupled realizations, X},
X2, for a Markov chain where X} = x' and X3 = 2*. Also suppose a constant a > 0
can be found such that B(A¢(t) | X}, X2) < —a for all t for which X} # X?, and the
distance between the initial states is ¢$(0) = N. Then the following bound ezists on the
mean coupling time

where ¢(t) is the number of different sites between two configurations at time t and

A(t) = 6(t +1) - (1).

Proof. The following proof is from [12].
Define the stochastic process Zp = ¢(t) + at. Then Z; is a supermartingale up to time
T since

E(Zy| X} X2) — Z, = BE(AG| X}, X2) +a < 0.

30



1.5. Alison Gibbs’s approach

Also, T%"*" is a stopping time. Since Z; is nonnegative, we can apply the optional stopping
theorem (see Theorem 7.6 page 274 in [6]) giving

E(Zpu122) = E(Z),

which gives
aE(T**") < N.

which finishes the proof. O

To avoid confusion in the notation of T" between the temperature and the mean cou-
pling time we give the result in term of inverse temperature 5.
Based on the previous theorem, Alison Gibbs proves the following results:

1.5.2 Main results

Theorem 1.5.3. [Alison Gibbs 2000] The convergence time of the Gibbs sampler for the
1—D Ising model with N sites is

e + e

2
t <2eN )

(1+1loge™).

Theorem 1.5.4. [Alison Gibbs 2000] The convergence time of the Gibbs sampler for the
1—D Ising model with N sites, where each site is influenced by its n nearest neighbors, is

e’ + e

t <2eN?
= (n 4 2)e="8 — nend

(1+1loge™)
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Chapter 2

The convergence rate of the Gibbs
sampler for generalized 1—D Ising
model

The rate of convergence of the Gibbs sampler for the generalized one-dimensional Ising
model is determined by the second largest eigenvalue of its transition matrix in absolute
value denoted by *. In this chapter we generalize a result from Shiu and Chen (2015) for
the one-dimensional Ising model with two states which gives a bound for 5*. The method
is based on Diaconis and Stroock bound for reversible Markov processes. The new bound
presented in this chapter can be found in Helali (2018) and it improves Ingrassia’s (1994)
result.

La vitesse de convergence de 1’algorithme de 1’échantillonneur de Gibbs pour le modele
d’Ising unidimensionnel généralisé est derterminé par la deuxieme plus grande valeur pro-
pre en valeur absolue de sa matrice de transition notée *. Dans ce chapitre nous avons
généralisé un résultat obtenu par Shiu et Chen (2015) pour le modele d’Ising unidimen-
sionnel avec deux états qui donnent une borne de $*. La méthode est basée sur la borne
introduite par Diaconis et Stroock pour les chaines de Markov reversibles. La nouvelle
borne présentée dans ce chapitre est donné dans Helali (2018) et elle améliore les résultats
classiques de Ingrassia (1994)
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2.1. Introduction

2.1 Introduction

The Ising model is a crude model for ferromagnetism. It is the simplest model of
statistical mechanics and it has been applied in many other fields like chemistry, molecular
biology and image analysis. The distribution of the one-dimensional Ising model with
three states is:

—_

n—

1
7T(SL’) = Z_TeXp {% (1{9%:3%-‘-1} - ]1{$k7£$k+1})} Vo= (Ilv e ,Qin) €X,
1

T

where x = {c1, ¢, c3}™ is the state space, T is the temperature and

[y

ZT = Z exp {% (]l{a:k:a:;H_I} - ]]‘{$k7£$k+1})}

TEX 1

3

T

is the normalizing constant. Monte Carlo Markov chain M CMC' method is a very useful
technique to draw samples from the Ising model. Suppose that the transition probability
P(z,y) for an irreducible Markov chain has 7 as its invariant measure. The pair (P, 7) is
said to be reversible if it verifies the detailed balance equation:

Qz,y) =n(z)P(x,y) =n(y)P(y,x) := Q(y,xz) Vx,y€ x.

The Gibbs sampler introduced by Geman and Geman and the Metropolis-Hastings algo-
rithm introduced by Metropolis et al. and Hastings (see [11], [21] and [13]) are the most
popular Monte Carlo Markov chain methods. The matrix P satisfies detailed balance
and thus is symmetric with respect to the scalar product introduced by the measure 7.
Therefore its eigenvalues are real and can be arranged as follows:

1=60> 62> 2 By > L.

Let 5% = max{f, |By|-1|}. By using the total variance distance, the second largest eigen-
value in absolute value determines the convergence rate of the Markov chain. Ingrassia
gives a lower bound for f3|,|—1 and an upper bound for 3; (see [20]).

This chapter deals with the Gibbs sampler for the one-dimensional Ising model with mul-
tiple states. It chooses a random coordinate which is updated according to the conditional
probability given the other coordinates. The resulting Markov chain is reversible and the
associated transition matrix has the form:

Lr(y; | ) if x; # y; for all j #i

Ple,y)=2 1-2>" > r(ylz) if 2=y

i=1 y;e{c1,c2,c3}
0 else

where

m(yilz) = 37T($17"' Ty Yir Tig 1, Tp)
Zﬁ(m,... ST 1, Ly g1, L)
1=1
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Chapter 2. The convergence rate of the Gibbs sampler for generalized 1-D
Ising model

In theorem 1.2.1 Diaconis and Stroock (see [5]) give a bound for the total variation
distance to equilibrium in terms of 5*. : Moreover, Diaconis and Stroock (see [5]) develop
a method to calculate an upper bound for the second largest eigenvalue (3, for a reversible
Markov chain using geometric quantities such as the maximum degree, diameter and
covering number of the associated graph. Consider the graph G(P) = (x, F) where x is
the vertex set and F = {(z,y) | P(x,y) > 0} is the edge set. For each pair of distinct
points x,y € x we choose a path 7, from z to y, such that each edge appears at most
once in a given path. The fact that P is irreducible guarantees that such paths exist. Let
I' be the collection of all such paths 7,, (one for each pair). The geometric bound given
by Diaconis and Stroock is,

pr < 1—% (2.1)
with
k=max Q&) Y hylm(2)m(y) (22)
Yoy D€

where |7,,| designates the length of the path ~,, (see [5]).

In their paper Shiu and Chen (see [25]) present a method to explicitly compute the
Diaconis and Stroock (see [5]) bound of the Gibbs sampler for a two state one-dimensional
Ising model.

In this chapter we generalize the result of Shiu and Chen to the case of the one-dimensional
Ising model with three and more states (see [25]).

Our method is based on the idea from [25] which consists of defining suitable paths ~,,
linking each pair (x,y) from the state space y and then to explicitly compute x defined
in equation (2.2) with some suitable symmetry argument. In the discussion section of
the chapter we compare our bound to results from the literature. It turns out that the
result generalizes the bound given in [25] to the case of the Ising model with three states
(see Theorem 2.2.1) and also to multiple states (see Theorem 2.2.3). It also improves the
bound presented by Ingrassia in [20].

2.2 Main result

2.2.1 Selection of paths

To be able to use the result of Diaconis and Stroock (see [5]) and to calculate the
bound of the second largest eigenvalue, we have to fix a collection of paths joining any
configuration x € x to any y € x . To get a small upper bound for 3;, we seek a small
value for x and we should therefore use short paths 7, to link x with y. Moreover, we
have to keep the number of paths passing through a given edge low.

For a pair of distinct configurations x, y € x there exist some increasing sequence dy, - - - , d,,
such that z; # y; for i € {dy, -+ ,d,,} and x; = y; otherwise. In the same way as Shiu

34



2.2. Main result

and Chen (see [25]) we define a path linking a given pair (z,y) as follows:

(l’l,"' 71;71) = (ylv'" yYdi—15Ldys Tdy4+15 " 5 Ldg—15 Ldyy Ldo+1, " " ° 7xn)
— (ylv"' yYdi—15Ydyy Tdy+15 5 Tda—15 Ldyy Tda+1,5 " ° 7In)
= (ylv"' s Ydi—15Ydys Ydi+15 5 Ydo—15 Ldy s Ldo+1, " " ° 7xn)
- (yh'" yYdi—15Ydy s Ydi+15 s Ydo—15Ydos Lda+1, " " ° 7'Tn)
— (ylv"' 7yn)‘

We turn now to give an upper bound for the value of x defined in equation (2.2).

2.2.2 Geometric bound for the second largest eigenvalue

In what follows we will essentially follow the arguments from Shiu and Chen (see [25])
to find an upper bound for

r=max Q(e)™" Y |ylr(x)7(y):

ecE
YayS€

Let e = (e7,e™) be some edge from E where e~ and e are two configurations from y
which differ by only one coordinate. It follows then that there exists k,l € {1,2,3} with
k # 1 such that:

+ _
- (Zl,ZQ, e 7Z’Z—17clﬂzi+17 e 7Z7’l)‘

e = (21,22, ,2i-1,Ch, Zix1," 5, 2n) and e
Without loss of generality we consider the case where k = 1 and [ = 2. The transition
probability for a transition from e~ to e' can then be computed. A short computation
shows for i = 1:

1
P(ei76+> I 37T(027227 7Zn)

n
Z T\ Ck, 22, ) n)
k=1

. z—exp{ (11{02 oy~ Yooy + ) (Lizimain} — ]1{,2#2@-“})) }

i=2
- ﬁ n—1

Moo

(]l{zizzi+l} - ]l{zi#ziﬂ})) }

7 €XD {% (ﬂ{cﬁzz} — ey +
=2

B
Il

1

1 exp {%(Mww} - ﬂ{cgm})}
_1 , (2.3)
n

exp { & (Lieymaa) = Leymm) }

'Mw

7j=1
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Chapter 2. The convergence rate of the Gibbs sampler for generalized 1-D
Ising model

for i = n:
N 1 m(z1,29, 21, C2)
+ . b ) ) n b
Pe ,e") = ~ 73
Zw(zl, 2o, 2o, Cj)
k=1
n—2
) ZLT exXp {% ( (]l{ZiZZiJrl} Ly T Lzi=c) — ]l{zn—17502})) }
i=1
~ . 3 n—2
1 1
EE:Z;GXP{7=< (ﬂvfuwl}—]Mm¢nﬁ}4-1&w4=q}-1&m4¢q9) }
k=1 i=1
1 ©Xp {%(]l{zn—1102} - ]l{zn—17502})}
== (2.4)
Z exp {%(]l{znﬂ:%‘} - ]l{znﬂ#j}}
=1
and for i € {2,--- ,n—1}:
P(@,’ €+) _ l 37T<Zla 22yt 321,02, Zi41, 7Zn>
n
27(21, 22yttt 5 Ri1, Gy Ziply 7Zn)
k=1
- 1 ©XP {:lr(]l{zz'q:tlz} - ]1{Z¢717562} + ]1{62=Z¢+1} - ]1{027éz¢+1})} (2 5)

n 3
1
Z exXp {T(ﬂ{zz'—l:flj} = Loy + Ley=ziny — ]l{cj7ézi+1})}
=1

Then we turn to compute an upper bound of x defined in equation (2.2) for each class
of edges. The main conclusion of this chapter is given in the following theorem:

Theorem 2.2.1. [Helali 2018] The second largest eigenvalue eigenvalue of the Gibbs sam-
pler for the one-dimensional Ising model with three states satisfies :

b1 <1—3x n726—_4 (26)

The proof of this theorem is given in section 2.4. The above theorem can be generalized
to the case of multiple colors where the state space is x = {c1,- -+ ,cn}™ as follows:

Theorem 2.2.2. [Helali 2018] The second largest eigenvalue of the Gibbs sampler for the
one-dimensional Ising model with N states satisfies:

e
1+ (N —1)e

Sl

Bi<1—Nxn? : (2.7)

S

We give a sketch of the proof of this theorem in section 2.4.
To be able to quantify the convergence rate with Theorem 2.1.1 given by Diaconis and
Stroock (see [5]) we must control the smallest eigenvalue in order to bound the second
largest eigenvalue in absolute value. The answer is given in what follows:
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2.2.3 Bound for the absolute value of the second largest eigen-
value

A theorem proved by Ingrassia (see [20], Theorem 5.3) gives the following lower bound
for the smallest eigenvalue:

2

Biy—1 > 14+ ————.
bel=1 1+(c—1)e%

where ¢ is the number of nearest configuration - i.e.: configurations which differ by only
one site - and A is defined in (1.5).

For the one-dimensional Ising model with three states, ¢ = 3 and A = 2. This yields for
any natural number n > 3/v/2

4
2 2 2 e T
By <|—1+ =1- <l-ZeT<1l-3n2*——.
P2 < 1+26%| 1+ 2e7 3 27T + 1
In the general case where xy = {cy,- -, cy}", the parameter c¢ is equal to NV and Ingrassia’s
bound behaves for any natural number n > N/+/2 as follows:
2 2 2
Biyvi—1] < | —1+ =1- <1l— —e'T
Pl <1 1+(N—1)e%’ 1+ (N —1)er N
_4
<1—Nn? <’ -
1+ (N -1

The previous considerations prove the following corollary:

Corollary 2.2.3. The upper bounds for 51 given in Theorem 2.2.1 and Theorem 2.2.2 are
also upper bounds for the absolute value of all eigenvalues {f1,- -, Bjy-1} of the Gibbs
sampler for the one-dimensional Ising model with three states and more respectively.

2.3 Discussion

Ingrassia (see [20]) gives the following upper bound for the second largest eigenvalue
of the Gibbs sampler:
Zr

——6_
br vr ¢ |S]

In this expression Zr is the normalizing constant, S'is the lattice of sites, I" is the collection
of paths, 7r is the maximum length of each path ~,, € I', br is the maximum number of
paths containing any edge of I', ¢ is the number of configurations that differ by only one
site and m is the least total elevation gain of the Hamiltonian function in the sense which
is described by Holley and Stroock (see [15]).

In our case, we have: |S| =n, v =n, bp = 3"}, ¢ =3, Zp < 3(1+2¢72r)" ! and m = 2.

It gives that:
o [ 1+ 262_771 " —2
51 < 1—n" T eT.

I3

B <1
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This upper bound differ to the result introduced in Theorem 2 by the multiplicative factor

n—1
g_ €T +27T (142eer
B 3 3 '

By the fact that 1
1+2e 21 < 3,

0 is small for large n.

Remark 2.3.1. The application of Ingrassia’s bound to the one-dimensional Ising model
with multiple states gives:

—1 n—1
B/ <1l—n? (1+(N_1)62T> eT

N

which differ to the result introduced in Theorem 3 by the factor 8 defined as follow:

2 2 1 n—1
i— et + (N —1)e 7 (1 + (N — 1)6_2T>

N N

We notice that 6 is small for large n because 1+ (N — 1)e~2r < N.

2.4 Proofs of the main results

2.4.1 Proof of theorem 2.2.1

We have two principle cases:
a) If i # {1,n}: According to the selection of the paths in Section 2.2.1 any path -,
passing through the edge e = (e, e™) and connecting x with y, these extremities must
have the following form:

T = ($1,=’Ez,"' y Li—1,C1,y Zi41, " 7Zn) and y = (21,227"' y Zi—1,C2y Yit1, """ ,yn)-

This yields:

W(Z‘) = 7'['(371,.1'2, o, Ti—1,C15 Zig1, 7Zn)
1 i—2 n—1
_ 1
=7, P {7(2(]1{%,:%,“} — Ve tap,y) Z (Lzp=zp 1y — Lzpstzia})
k'=1 k'=i+1

+ (]1{901'—1101} - 1{%‘—1#61} + ]1{61:Z¢+1} - ]1{6176%4-1})) }7

ﬂ—(y) :7-‘-(217227"' y Zi—15C2, Yit1, """ ,?/n)
1 1—2 n—1
1
B Z_T b {T < Z(]l{zkfzzk’+1} - ]l{zk’7ézk’+1}) + Z (]l{yk/:yk’+l} - ]l{yk’#yk’ﬁ-l})
k'=1 k' =i+1

+ (e =y = Lioiieoy + Liepmyiiny — 1{c2¢yi+1})> }
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and
7T(€7) = 7T(217 22yt 3 Zi—1,C1, Zi41, " 0t ,Cn)
1 i—2 n—1
- Z_T eXp {%(Z(ﬂ{zk/mkql} - ]l{zk/7ézk’+l}) + Z (]l{zk/:ZkUrl} - ]l{zk/7ézk/+1})
k=1 K =i+1

+ (]1{21:—1101} - ]1{21:_1#1} + 1{61:Zi+1} - ]1{017£Zi+1})> }
From the expressions given previously and equation ( 2.5), it follows that:

m(2)7(y)
w(e")P(e~,et)

n
ZT {1 + exp { ( - ]l{zz'—1=02} + ]l{zi—lsﬁf:z} - ]1{02=Zz'+1} + ]1{027ézi+1})}

Q) 'm(x)m(y) =

X Z exp{ ]l{zz i=eiy = Lzazey T Ley=ziiny — ]l{cj#“l})}}

i—2 n—1
X CXp {% < Z(]l{zk/:mk/Jrl} - ]l{a:k,yémk,+1}) + Z (1{yk/=yk/+1} - ]l{yk'7’5yk/+1}>)}
k'=1 k'=i+1

exp {%(]l{x“lzcl} — Loy T L gzi=c) — ]]'{Zi717é02})}
exXp {%(]l{zi_lzcl} - ]l{zi—l?écl})}

X exp {%(]1{02:%'-&-1} - 1{C2¢yi+1})}'

X

We introduce the notation:

(xacl7y> = (xlaan s Ti—1, CL Y1, 7yn—17yn) (28)

for [ € {1,2,3}. The previous expression becomes:

Q(e)_lﬂ'(l’)ﬂ'(y) = mr(x, C1, y) exp {%( - ]l{cl=yz‘+1} + ]l{cliyiﬂ} + ]l{ZFl:Cz} - 1{%—17’562}
+ ]1{02=y¢+1} - ]]‘{CQ?éyiH} - ]l{zi71=01} + ]1{22.,17501}})}
+ nﬂ-(xa Ca, Z/) exXp {%( - ]1{11—1=62} + 1{%—17’562} - ]1{21'—1201} + 1{%-17501}

+ 1{%‘-1:01} - 1{%—17&61} - ]1{02:Z¢+1} + ]1{027£Zi+1} } exXp { ]l{zz 1=¢;}

7j=13
- ]l{zz'—HéCj} + ]l{Cj:ZiJrl} - ]I{C#Ziﬂ}) }
= naﬂ-(% C1, y) eXp {%( - ]1{61=yi+1} + ]1{61?5yi+1} + ]]‘{C2=yi+l} - l{cz#yiﬂ})}

+ nﬁﬂ(xa Ca, y) eXp {%( - ]]‘{-Ti71:C2} + ]1{901‘71?502} + ﬂ{wi71=61} - 1{%—17’501}) }
(2.9)

where
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1. ao=exp {%(]]‘{Zi—1102} - ]]‘{Zi—17£02} - ]l{Zi—1:C1} + 1{%-1#61}}) }

2. B=exp {%( =Lz =ey F Leizey = Leo=ziiny + ]1{027'5Z¢+1})} Z exXp {%(]l{zz'fl:%‘}
71=13

~ Leaey + Me=zi) = Liegpnin}) }

Remark 2.4.1. From the notation in equation (2.8) we have

U {(w,cl,y), (2, c2,9), (:E,CS,y)} = X

(CC,y): 'Yzyae

This yields

Q(e)_l Z |7xy|7r(x)7r(y) < an’ Z 7T(:L‘, C1, y) eXp {%( - ]l{cl=yi+1} + 11{6175yi+1}

(z,9): Yay D€ (%,y): Yoy De

+ ]1{02:yi+1} - 1{C2¢yi+1})} + BHQ Z 7'('(1‘, Co, y)

(ac,y),wzyae
X eXp {%( - ]1{1‘1'71=02} + :[L{xi—l?éCQ} + 1{%41201} - 1{%47501})}

= an? Z 7(w) exp {%( — T —wiiny + Lei2w, 0}

wex: w;=c1

+ ]]-{62:wi+1} - ]1{627£wi+1})} + BnQ Z ﬂ-(w)

WEX: w;=cC2
X exp {ilf( — Lpwici=co} + L, i ey + Lwia=cr} — ]l{wi‘ﬁécl})}
— Oé’)’LQA + /Bn2B

where «, (§ are defined previously and
1) A= Z m(w) exp {%( = Lermwipay T Lerzwinny + Lea=wi) — ]1{027éwz‘+1}) }’

wex: wi=c1
2) B= Z 7'('(11)) exXp {%( - ]l{wi—1202} + ]l{wi—ﬂécz} + ]l{wi—1=01} - IL{wi—l?écl}) }

weX: wi=cz
We now turn to the computation of the two terms A and B on the right side of the
previous equation separately:
In order to compute A we generalize some symmetry argument from Shiu and Chen (see
[25]) to the three state case. In this situation we define three spaces Wy, = {w € x, w; =
c1, wiy1 = ¢y for k € {1,2,3}. In order to compute their 7 measure we will establish
some equations between those numbers 7(W7), 7(Ws) and w(Ws).
We now establish some identification between the elements from W, with the elements of
W2 and Wg.
For any vertex &1 € Wy, there exist a unique vertex £2 € Wy such that:

o Ifk<i, & =g,

o If k> i+ 1, then:
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— If & = ¢; then & = c,.
— If & = ¢y then & = ¢;.
— If & = c3 then & = cs.

Let €' € W, be a configuration of the form

51 = {511, te 7511_1701701,51'1+2: T 75711,}
then there exist a unique configuration &2 € W of the from

52 = {5117 T 751‘1717 01762,f§+17 T 75721}

From this argument we obtain:

7'{'(51) = W(f%,' o Jgil—lachclafilJrlv” : 7£rlL)
(S)
T

i—2

n—1
1 1
- Z_ Xp {T(;(:ﬂ{&i/: It’-&-l} B ]1{511/7&511/4'_1}) + kz (]1{5;/2511/4'_1} o ]1{5;/75@4-&-1})
=1 =42

-+ ]l{gil_l:cl} - ]l{gil_l;écl}) + ]1{01101} - ]l{c1¢c1}> + (]l{c1:51,1+2} - ]l{c17é§i1+2}> }

i—2 n—1
1 1
= 7P {T ( Y Mgy~ Lz, )+ D (Lg—e, ) — Letra.,)
k'=1 k' =i+2

e oy — ]l{flz_ﬁécl}) + 1io=cs} — Lierten}) +2+ (11{02:512“} — H{CQ¢§§+2}>}

2
:6T7T<€%7"' 75@'2—1701762762‘2-4—27"' 76721,) (210)
Similarly, for any vertex ¢! € Wy, there exist a unique vertex £ € Ws such that :
o Ifk<i, &=¢.
o If k > i+ 1, then:
— If ¢} = ¢; then & = cs.
— If & = c3 then & = ¢;.
— If & = ¢y then & = cy.

With an argument like in equation (2.10) we obtain
2
m(€1) = eTm(€’).
Those relations yield that m(€') = e7x(£2) = ez 7(£3). Therefore, we obtain:
Soorw)=et D w(w)=et Y w(w). (2.11)
weWy weWs wEW3
On the other hand we have also:

Z m(w) + Z m(w) + Z m(w) = é (2.12)

weWy weWs weWs
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We put equation (2.11) in equation (2.12) then we obtain:

S wlw) +eF Y ww) o7 3 wlu) = -

weWy weW weWy

then

EE: m(w) (14—€%§—F6%§> ::%.

weWq

An elementary computation gives

= 3(1+2eT)
From equation (2.11) we deduce that
eT eT
Z m(w) = ————— and Z T(w) = ——————
et 3(1+2e7) S 3(1+2e7)

The subdivision of the sum in A to three sums over the sets Wy, Wy and W3 gives
A= Aw, + Aw, + Ay, (2.13)

where for k = 1,2, 3 we have

AWk - Z W(w) exp {%(1{62=wi+1} - ]1{02751014-1} - 1{01=wi+1} + ]1{0175’wz‘+1}) }

WEX: Wi=C1, Wi41=Ck

We turn now to compute the sums in equation (2.13) separately. For Ay, we have:

Aw, = Z m(w) exp {%(ﬂ{c2=w¢+1} — Lesrwipny — er=wipa} + ]1{617’5wi+1})}

WEX: Wi=C1, Wi41=C1

—eT Z m(w)

WEX: W;=C1, Wij4+1=C]
-2

er (2.14)
C3(142e7) |
Similarly, we have
Aw, = Z m(w) exp {;lp(]l{czzwm-l} — Lesrwipny — Ler=wipa}y + ]1{017’5wi+1})}
WEX: W;=C1, Wi41=C2
WEX: W;=C1, Wj41=C2
1

= (2.15)

3(1+2e7)
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and

Awy = Z ﬂ-(w) eXp {%(1{02=wi+1} - ]1{027’5wz‘+1} - ]1{01=wz‘+1} + ]1{013éwi+1})}

WEX: Wi=C1, Wi41=C3

—eT Z 7(w)

WEX: W;=C1,W;41=C3

e™ (2.16)
C3(142e7) '
By regrouping the results in equations (2.14), (2.15) and (2.16) we obtain
A=Ay, + Aw, + Aw,
eT 1 T

- 2 + —2 + -2
31+2e7) 3(1+27) 3(1+27)

1+ 2eT
3x (1+2eT)
1

- (2.17)

3

We turn now to the computation of the expression of B. In order to compute it, we
generalize some symmetry argument from Shiu and Chen (see [25]) to the three state
case. In this situation we define three spaces W] = {w € x, w; = ¢, w;i—1 = ¢} for

k € {1,2,3}. In order to compute their 7 measure we will establish some equations
between those numbers w(W7), 7(W3) and = (W3).
We now establish some identification between the elements from W] with the elements of

W3 and Wi.

For any vertex &' € W/, there exists a unique vertex £2 € W, such that:
o Ifh>i, &l =g
o If k <v—1, then:

— If & = ¢; then & = cy.
— If &} = ¢y then & = ¢;.
— If &} = c3 then & = cs.

Let &' € W/ be a configuration of the form

1 1 1 1 1
§ = {fp“' 7€i—2a01762a§i+17”' agn}

then there exists a unique configuration £ € W, of the from

€2 = {537 e 7€i2727c27027€@'1+17 e 7571L}

43



Chapter 2. The convergence rate of the Gibbs sampler for generalized 1-D
Ising model

From this argument we obtain:

ﬂ-(fl) = ( 7&1’1727017627£i1+17"' 75711)
i—3 n—1
1 1
=7, &P {T ( > (Mgt~ Ligze, )+ D (Mg=e, 3= gtz )
k=1 k'=i+1

-+ ]1{51,172:(;1} - ]1{51,1727&(:1}) + ]1{01102} - ]l{cﬁécz}) <]l{cQ §Z+1} ]]-{C2§££i1+1}>}

-3 n—1
= ZLT exp { ; (;31(1{5 e 3~ Leze, 3+ k/;l(]l{é e, 1~ e za,0)
T lg mey — L) + Termes} = Teszen}) = 24 (Lgep=er, ) — 1{c2¢53+1}> }
TG, en e 6. (2.18)
Similarly, for any vertex £2 € W, there exists a unique vertex £ € Ws such that:
o Ifk>i, &=¢.
o If k <i—1, then:

— If & = ¢y then & = c3.
— If & = c3 then & = cy.
— If & = ¢; then & = ¢.

With an argument like in equation (2.18) we obtain
m(€) = eTm(e?).
Those relations yield that e m(£!) = 7(£2) = e T m(€%). Therefore, we obtain:
eT Z m(w) = Z m(w) = eT Z m(w). (2.19)
weW] weW) weW}
On the other hand we have also:
1
=—. 2.20
Yo ww)+ Y mw)+ Y w(w) 3 (2.20)
weWy weWs weWs
We put equation (2.19) in equation (2.20) then we obtain:
=2 = 1
D mw)+e™ Y ww)+eT Y w(w) =g
weW) weW) weW)

then
1

Z m(w) (1—}—6_72 —I—e_TQ) =3

weW)

44



2.4. Proofs of the main results

An elementary computation gives

—2
ey 3(1+2e7)
From equation (2.19) we deduce that
eT eT
Z m(w) = ————— and Z T(w) = ——————.
e 3(1+42e7) o 3(142e7)

The subdivision of the sum in B to three sums over the sets Wi, W3 and W} gives
B = Byw; + Bw; + Bw; (2.21)

where for kK = 1,2, 3 we have

BW,Q - Z W(w) exXp {%(]l{wi—lzcl} - ]]‘{wi—l7£01} - ]l{wi—1102} + ]]'{wi—17é02})}

WEX: W;=C1,W;—1=Ck
We turn now to compute the sums in equation (2.21) separately. For By, we have:

BW{ = Z 71'(11}) exp {%(ﬂ{wi—1:01} - ]l{wi—wécl} - ]l{wi—1:C2} + ]l{wi—lfcﬂ)}

WEX: W;=C2, W;—1=C1

=T Z m(w)

WEX: Wj=C2, Wi—1=C1

1
= (2.22)
3(1+2e7)
Similarly, we have
BWz' = Z W(w) exp {%(ﬂ{wiﬂ:m} - ]l{wz'fl?fCl} - ]l{w¢71=02} + ]l{wz'fﬁf@})}
WEX: W;=C2,W; —1=C2
—eT Z m(w)
WEX: W;=C2, W; —1=C2
e T
= (2.23
3(1427) )
and
BWé = Z W(w) exp {%(ﬂ{wFFCl} - ]l{wz'fl?fCl} - ]l{wi71=02} + ]l{wi&#z})}
WEX: W;=C2,W; —1=C3
= ) W
WEX: W;=C2,W;_1=C3
e T
= (2.24
3(1427) )
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By regrouping the results in equations (2.22), (2.23) and (2.24) we obtain

B = Bw; + Bw; + Bw;

1 6%2 6%2
= —_ + )
3(1+2eT ) 3(1 +2e7) 3(1+2eT)
B 1427 T
3x (142e7)
1
= 3" (2.25)

Using equations (2.17) and (2.25) we obtain:

Qe)™! Z Ve (@) (y) < an*A + Bn®B = %(a + ).

(w,y): 'Yl‘yae

The sum « + [ takes the following possible values:

2 -2 .
e ¢T + 2e7T if z;_1 =c; and 241 = ¢y,
=2 —4 .
® 2T +eT if z;_1 = ¢y and z;11 = c9,
-2 .
e 2+eT if 2,1 = ¢ and 2,11 = c3,
2 .
o T + 2 if 2,1 = ¢ and 2,11 = ¢y,
2 -2 .
o T +2e7T if 2,1 = ¢y and 2,11 = co,
2 .
o 2eT +1 if 2,1 = co and 2,11 = c3,
2 .
e 2eT +1 if 2,1 = c3 and 2,11 = ¢y,
—2 .
e 2+eT if 2,1 =c3 and 2,11 = co,
4 .
o 2+ eT if 2,1 = c3 and z;11 = c3.

By the fact that cosh (%) > 1 we have 2 + eT > %et + 1. Then, the worst value of o+ f3
is obtained when z; 1 = ¢3 = 2;;1 . In this case we have:

Q)" Y Pl <@+ et (2.26)

3
(z,y): Yoy de

b) If i = 1 then the configurations x and e~ coincide, from equations (2.2) and (2.3) we
obtain:

k =max (e Z Yy ()T (y) <10 Z m(z 7r(y)

ecE

’Yryae 'Yryaen
2
2 2 n 2
142 =—(2 . 2.27
2ed) Y )= @+ch 227
yeEX Yy1=C2
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For ¢ = n, then the configurations y and e coincide and some computation gives a similar
result as in equation (2.27) .

By regrouping the results in equations (2.26) and (2.27) we obtain an upper bound for x
defined in equation (2.2) as follows:

TL2

k=maxQ(e)™ Y ygylm(@)m(y) < —(2+e7). (2.28)

ecl 3
Yoy D€

Remark 2.4.2. The above computation was done for the situation where x; = ¢; and
y; = co. Obviously we obtain the same result in the other cases, ie.: x; = ¢; and y; = c3,
etc .- -.

Finally, from inequalities (2.1) and (2.28) we obtain an upper bound for §; which
finish the proof.

2.4.2 Proof of theorem 2.2.2

We follow the same approach as in the case where y = {cy, ¢a, c3}". We define an edge
e = (e7,e") as in section 2.2.1 and then distinguish two cases:
a) For i # {1,n}, we pass in equations (2.3), (2.8) and (2.9) from the case of three colors
where y = {c1, ¢2, c3}" to the case of multiple colors where y = {¢1,--- ,cy}"™. This yields:

Q(e>71 Z |’yxy|7T(I)7T(y) < O‘nQ Z ﬂ-(w) €xXp {%( - ]l{c1zwi+1} + ]l{c1¢wi+1}

(2,9): Yoy De WEX: W;=cC1
+ ]1{02:wi+1} - ]]'{627éwi+1})}

+ pn? Z 7(w) exp {%( = L=} T Lgwii 0}

WEX: W;=C2

Ly =er) — ]l{wifl;écl})}
= an’A’ + pn’B'.

2. f=exp %( - ]l{zi71=01} + ]l{zifl#ﬂ} - ]l{cz=zz‘+1} + ]1{02#Z¢+1})}
N
1
X Z exp {T(]l{zi_lzcj} - ]1{21'—1#61'} + ]]'{Cj:2i+l} - ]l{cﬁéziﬂ}) }
j=1
J#2

To compute the term A’ we define for k = {1,--- , N} the spaces
Wi =A{w € x :w; = c1, wip1 = ¢}

and we consider some symmetry arguments as above:
For any vertex &' € W, there exists a unique & € W, where [ € {2,---, N} such that:
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o Ifk<i, &=¢.
o If k> i+ 1, then:

— If & = ¢y then & = ¢
— If & = ¢ then & = ¢;.
— If € = ¢; where [ # {1,1} then & = ¢;.

Then equations (2.11) and (2.12) becomes in the case of N colors:

T3 r(w), (2.29)

weWi weWs wEWN

(]
A
E
[
)
S
(]
A
E
[
[
™

S w@) et S w(w) = % (2.30)

weWy weWnN
From equations (2.29) and (2.30) and with the same tricks used to obtain equation (2.17)
we get:

1
A = Z m(w)exp {%(]l{cgzwi.»,.l} = Leatwiny = Ter=winy T ]l{clfwiﬂ})} N

weX: w;=cy

—~

2.31)

With the same tricks, we obtain the same result for B’

B = Z W(w) exXp {%(]l{wiqiq} - ]]‘{wi—lfcl} - ]l{w¢71162} + ]l{wi—17£02})} =

wEX: w;=c2

=

(2.32)
The application of equations (2.31) and (2.32) gives:
2
Q)" Y hmdr()m(y) < an®A’+ 5n*B = (0 + B).
(xvy):’waae
The worst value of o 4 3 is obtained when z;_; = ¢; = z;4, for [ € {3,--- | N}. In this
case we have:
2
_ n 4
QO™ Y hmlr@)r(y) < TN —1+€). (2:33)
(@) Yoy 3e
b) For the boundary cases, when i = 1 equation (2.27) becomes
2
— n 2
Q)™ Y mlr(@)m(y) < (N —1+ef). (2:34)

Yoy D€

Also, we obtain a similar result for the case where ¢ = n.
Equation (2.33) and (2.34) together give an upper bound of x defined in (2.2) as follow:

7’L2

R=Q)™" Y |mlr@)r(y) < v N —1+e

(%,y): Yoy e

Sl

). (2.35)
Finally, we apply the upper bound given in (2.35) in equation (2.1) to finish the proof.
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Chapter 3

The Convergence rate of the Gibbs
sampler for the 2—D Ising model via
a geometric bound

We study the geometric bound introduced by Diaconis and Stroock (1991) of the Gibbs
sampler for the two-dimensional Ising model with free boundary condition. The obtained
result generalizes the method proposed by Shiu and Chen (2015) from dimension one to
dimension two. The new bound presented in this chapter can be found in Franke and
Helali (2018) and it improves the result given by Ingrassia (1994).

Nous étudions la borne géométrique introduite par Diaconis et Stroock (1991) de
I’échantillonneur de Gibbs pour le modele d’Ising deux-dimensionnel. Le résultat obtenu
généralise la méthode proposée par Shiu et Chen (2015) du dimension un a la dimension
deux. La nouvelle borne présentée dans ce chapitre est donnée dans Franke et Helali
(2018) et elle améliore le résultat donné par Ingrassia (1994).
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Chapter 3. The Convergence rate of the Gibbs sampler for the 2—D Ising
model via a geometric bound

3.1 Introduction

The Ising model is the most basic model in statistical mechanics having non trivial
interaction. It has many applications in pattern analysis, molecular biology and image
analysis. The distribution of the two-dimensional square lattice Ising model is:

n n—1 n n—1
7T(ﬂﬁ):—exp{ (Z wlel g+ Y Hl)} Vo = (a])1<ij<n € X
7j=1 =1 =1 j=1

where x = {—1, 1}”2 is the state space, T is a positive real representing the temperature

and R R
Ly = Zexp{ (ZZm z+1+ZZ$J J+1>}

TEX 7j=1 =1 =1 j5=1
is the normalizing constant. Monte Carlo Markov chain M CMC' method is a very useful
technique to draw samples from the Ising model. The Gibbs sampler introduced by Geman
and Geman (see [11]) and the Metropolis-Hastings algorithm introduced by Metropolis
et al. (see [21]) and Hastings (see [13]) are the most popular Monte Carlo Markov chain
methods used in this context. Those two algorithms use an aperiodic and irreducible
Markov chain which is reversible with respect to the measure m. The reversibility is
contained in the following detailed balance equation:

Qz,y) :==m(x)P(x,y) = n(y) Py, x) == Qy,x) Yo,y €X.

Under the previous conditions (aperiodicity, irreducibility and reversibility) the measure
7 is the unique invariant measure for the matrix P. The eigenvalues of P can be arranged
as follows:

1=0y>p12Pa=>-+ =B >—1L
There are two known criteria to measure the convergence rate of a Markov chain: On one
hand, many researcher as Sinclair (see [26]), Frigessi et al. (see [10]), Ingrassia (see [20]),
Chen et al. (see [3]) and Chen and Hwang (see [4]) use the asymptotic variance to study
the convergence rate of the MCMC algorithms. On the other hand, in theorem 1.2.1
Diaconis and Stroock (see [5]) use the total variation distance to quantify the convergence
of the MCMC algorithms to their stationary distribution.
Many authors as Sinclair and Jerrum (see [27]), Diaconis and Stroock (see [5]) and Sinclair
(see [26]) introduced bounds for the eigenvalues 3, and f|,|—1. Ingrassia (see [20]) shows
that the result of Diaconis and Stroock (see [5]) leads to the tightest bound. This motivates
us to have a closer look at explicit bounds that one can obtain from the approach of
Diaconis and Stroock.
In order to do so, let us first remind the classical result of Diaconis and Stroock (see [5]):
Let G(P) = (x, E) be the graph constructed with the dynamic P where the state space
X is the vertex set and E = {(x,y) | P(z,y) > 0} is the set of edges. Then, for each
pair of distinct configurations z and y we choose a path v,, in G(P) linking x to y . The
irreducibility of the matrix P guarantees that such paths exist. Finally, we define the set
I' ={v.y : =,y € x}. Note that only one path ~,, for each pair of configurations z, y is
chosen. The second largest eigenvalue 3 is then bounded from above as follows:

1

b 1—— (3.1)
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3.1. Introduction

where

k= max Q(e)” > Maylr(@)m(y), (3.2)
Yoy D€

and where |v,,| designates the length of the path .

In equation (3.2) the maximum is over all directed edges in the graph G(P) and the sum is

over all paths from the set I' passing through the fixed edge e. It is clear that x measures

the bottlenecks (charged edges) in the graph G(P) . We notice that a small k gives a

better result. So, on one hand we should choose the shortest paths to link some pair of

configurations x, y and on the other hand we must avoid that many paths pass through

the same edge in order to obtain the tightest bound for f;.

In this chapter we study the Gibbs sampler which chooses a random coordinate to be

updated according to the conditional probabilities given the other coordinates.

The associated matrix for the two-dimensional square lattice Ising model is

/

7yl |z) it d(w,y)=1 and ! #yf

n

P(z,y) =4 1- # Z W(yﬂx) it d(z,y)=0

ij=1

0 else

where

1 J J n
Tf(fﬂlf"7$¢,17y¢,93¢+17"',1n) .

1 J J J 1 J J J )
W(Ip'"7171-_172,!1-7%_‘_1"",IZ)-‘HT(%,”',fi_17—yi733¢+1,"',$ﬁ)

o m(ylz) =

e d(z,y) = ﬁ{i, al oyl forij=1,-- ,n} designates the number of sites that differ

between two configurations x and y.

We apply the bound for f; introduced by Diaconis and Stroock (see [5]) to the Gibbs
sampler for the two-dimensional Ising model with two states. The computation is based
on some method introduced by Shiu and Chen (see [25]). In their paper they treat the
one-dimensional lattice case.

The one-dimensional lattice case with multiple states which is also called Potts model was
investigated by Helali with the same techniques (see [14]).

In the first section, we first define a path for each pair of configurations (x,y) from the
state space y = {—1, —l—l}"Q. Then, we turn to compute explicitly the expression:

maxQ(e)” Y lr(@)n(y). (3.3)

eck
(z,y): Yayde

In Proposition 3.2.2, we give an upper bound for the expression in (3.3) for different classes
of edges (interior, corners, etc ---) in the square lattice {1,--- ,n}?. We notice that it
is difficult to complete exact computations for the bounds given in Proposition 3.2.2. In
Theorem 3.2.3 we present a bound for #; which results from some rough estimation of
the terms from Proposition 3.2.2. To be able to use Theorem 3.1.1 we are referring to
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Chapter 3. The Convergence rate of the Gibbs sampler for the 2—D Ising
model via a geometric bound

Ingrassia (see Theorem 5.3 in [20]) which gives a lower bound for the smallest eigenvalue
Bix—1- The main theorem is obtained by the fact that |3},,_1| is smaller than the upper
bound of B;. In the third section we compare our result with existing bounds from the
literature. We notice that the main result of this chapter generalizes the one introduced
by Shiu and Chen in [25] to higher dimension. It also improves the result of Ingrassia (see
[20]). The fifth section contains the proofs for the main results and in the sixth section
we give an asymptotic study for the upper bound for (.

3.2 Main result

3.2.1 Selection of paths

To be able to use the result of Diaconis and Stroock (see [5]) in the computation of
the bound for the second largest eigenvalue, we should fix a collection of paths linking
any x to any y from y. To get the best possible result, we should use the shortest paths
Vzy to obtain smallest possible x which gives smaller upper bound for 3;. An edge of the
graph G(P) takes the following form: e = (e~ e™) where

1 1 1
2] zZ, Z,
q—1 q—1 q—1 q—1 q—1
2 Zp1 2 Zpi1 22
- _ q q q q q
° Z}rl sz_& Zp1 Zpﬂ an
q q a+ q a+
2 Zpl1 2 Zpi1 zd
n n n
2] z, 2y

and et takes the same form except that we have —z% in the (p, q) — th position.
Without loss of generality we rearrange the lattice as a vector x = (1, ,x,2) then
we use the same kind of paths introduced by Shiu and Chen in [25]. For a given pair
(z,y) € x? there exist an increasing sequence dy, -+ ,d,, € {1,--- ,n?} such that:

o u; £y forie{d, -, d,}

e r; = y,; otherwise.

The path linking x to y is defined as follows:

(xla"' 7'Tn2) = (yb'“ yYdi—15Ldys Tdy4+15 " 5 Ldg—15 Ldyy Lda+1, " " ° 7xn2)
— (yh“' 7yd1717yd17xd1+17”' 7$d2717$d271‘d2+15"' >$n2)
= (yla"' yYdi—15Ydys Ydi+15 " 5 Ydo—15 Ldy s Lda+1, " " ° 7xn2)
— (yh"' yYdy—15Ydy > Ydi+15 s Ydo—15 Ydoy Tdo+15 " " ° 7*Tn2)
— (y17"' 7y'n2)'

Those paths subsequently update the differing sites in the configurations x and .
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3.2. Main result

3.2.2 Geometric bound for the second largest eigenvalue

In what follows we will find an upper bound for
ko =max Q(e)! Y ymylm(x)m(y).
Yoy De
First, let e = (e7,e™) be a fixed edge. The flux in equilibrium associated to this edge is:
Qe) =m(e")P(e,e")
and the transition matrix P(e™,e™) is described in the following lemma:

Lemma 3.2.1. Let x be a configuration. From the position of the site who s to be updated
we distinguish three principale cases:
1) If (p,q) € {2,--- ,n — 1}%, each configuration has four neighbors and

1
Ple,et) =
) 2.4 q, 9,49 q—1_q q_q+1y "~
n2(1_|_eT(Zp—1zp+szp+1+zp 2p+2p2p ))

2) If (p,q) € {2, ,n— 1} x {1}, each configuration has three neighbors and

1
2 a1 1
712(1 + 67<z(11 234272 +zfzg))

Ple™,et) =

and similar results hold for:

Ple,et) =

1
2 —1 i,
n2(1 + eT(Zh_1zntan amtanan ))

ii) (p,Q) € {1} X {2"" 777’_1}"

1
P(e_,e+) =

201 11,1 1,2))°
n2(1 + eT(zpflzp"'ZprH'*'zpzp))

i) (p,q) € {n} x{2,--- ,n—1}:
Pe™,et) = — !

2
n2(1 + eT(Zp—lzg+Z;LZg+1+ngP

71,71)) :
3) If (p,q) = (1,1), each configuration has two neighbors and
1

n2(1 4 erG:iz+=iaD)

Ple ,e") =

and similar results hold for:

i) (p,q) = (1,n):
1

Ple ,e") =
(e7e") n2(1 4 e A+ D)

Y

i) (p,q) = (n,1):

1
Ple,et) =
(e7.¢7) n2(1+6%(23b71'2%+z}l2%))’
iii) (p,q) = (n,n): )
P(e_7e+) = n—1

n2(1 + et Gaazitan 2y
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Chapter 3. The Convergence rate of the Gibbs sampler for the 2—D Ising
model via a geometric bound

The proof of this lemma is given in section 5.
For each class of edges, we give an upper bound for x defined in equation (3.2) in the
following proposition:

Proposition 3.2.2. The second largest eigenvalue of the Gibbs sampler for the two-
dimensional Ising model satisfies:

1
b1 <1—— where k is bounded as follow :
K

1) For (p,q) = (1,1) or (p,q) = (n,n) we have:

7’L4

Q)™ Y Iaylr(@)m(y) < o (1+e7).

2
'Yzyae

2) For (p,q) = (1,n) we have:

Q™ X (o) <2t S a(wjesp

’Yzyae wEX: w}L:]_
n—1
E 1 2 1,2
=1

and a similar result holds for (p,q) = (n,1).
3) For (p,q) € {2,--- ,n— 1} x {1} we have:

Sl=
/N
DO
—~
[a—y
|
S
3 N
N—

+ Z (wi™ —wf — wfflwiq)) }

A similar result holds for (p,q) € {2,--- ,n—1} x {n}. Moreover with the same tricks we
obtain an upper bound in the cases where

(p:Q) € {1} X {27"' vn_l} or (pa(.I) € {n} X {27"' 7n_1}‘

4) For (p,q) € {2,-+- ,n — 1} we have:

( —wi + wi™ — w?wqﬂ)

p—1
% 4

Q)™ Y heylm(@)m(y) < 2n'et™D 37 w(w) exp{%(

YayS€ wexwh=1 i=1

—2(wl, +with) + Z (wi™" —wf — wfflwf)> }
i=p+1

o4



3.3. Comparison

The proof of this proposition is given later in section 5.
After this step, we notice that it is difficult to give an exact value for the sums in the
previous proposition. So, in what follows we give an upper bound for those sums in order
to obtain an upper bound for k defined in equation (3.2). The main result is given in the
following theorem:

Theorem 3.2.3. [Franke and Helali 2018] The second largest eigenvalue of the Gibbs
sampler for the two-dimensional Ising model with two states satisfies:

Bi<l—-ntexp{—2(@2n+1)}.

The proof of this theorem is given in section 5.
To be able to use Theorem 3.1.1 given by Diaconis and Stroock [5] we must give an upper
bound for the second largest eigenvalue in absolute value. Until now, we have given an
upper bound for the second largest eigenvalue. So we turn now to control the smallest
eigenvalue of the Gibbs sampler for the two-dimensional Ising model.

3.2.3 Bound for the second largest eigenvalue in absolute value

Theorem 5.3 introduced by Ingrassia in [20] gives a lower bound for the smallest
eigenvalue as:

By—1 = -1+ ——.
: 14 (c—1)ed
For the two-dimensional Ising model one has ¢ = 2 and A = 4. Therefore for large n:
2 2 2 - _
1Bix—1l <[ =1+ =1~ <l < l—eT <1—nleT @D
1+er 1+er eT +eT

An upper bound for g* is given in the following corollary:

Corollary 3.2.4. The second largest eigenvalue in absolute value of the Gibbs sampler
for the two-dimensional Ising model with two states satisfies:

Br<l-ntexp{—2(2n+1)}.

Proof. We give an upper bound for |3},_1| in the above computation. Then, combining
this result with the result given in Theorem 3.2.3 finishes the proof. O]

3.3 Comparison

Ingrassia (see [20]) develop a method to give an upper bound for the second largest
eigenvalue of the Gibbs sampler for the general Ising model and he obtains:

ZT _m

<l————¢T
Az b”/F“/C|S|€ ’

where Zr is the normalizing constant, S is the lattice of sites, I' the collection of paths, ~r
the maximum length of each path 7., € I, br is the maximum number of paths containing
any edge of I', ¢ is the number of configurations that differ by only one site and m is the
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model via a geometric bound

least total elevation gain of the Hamiltonian function in the sense which is described by
Holley and Stroock (see [15]).

For the two-dimensional square lattice Ising model with two states we have:
r,= n?, by = 2n2_17 c=2 m=4, |5 = n? and Zp < 2(1 4 e—ﬁ)rﬂ_l.
Which leads to:

Bt — et (LY
1 > - - .

2
4
The comparison of the two results amounts to compare f(7') = e7 and g(T) = . 2 .
+e 2T
The following figure represents the two graphs.
I
1f(T)
|
30 |
|
I
|
25 |
}
I
|
]
20 |
I
1
1
15 1
1
1
]
10 1
]
|
\
5 1
\
N
N
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. . 4
We notice that for non-zero temperature, i.e.: T > 0 we have e > —2——. However for

14+e™ 2T
all sufficiently large natural numbers n holds:

e {3n 0} <o ()= () = (125)

14+e 27

This is quite natural to consider because MCMC method is used to give samples from
probability measures defined on large spaces (n ~ 10?3). Then the main result of this
chapter improves the one introduced by Ingrassia (see [20]) for large n.

Let ¢ indicate the time. From Theorem 3.2.3 and the mathematical property: 1 —x <

e~" we obtain:

_ 2(2n+1) —Q(LTH)
T

(1 —n e )Qt < e—ztn*‘le <

where € is the pre-specified error tolerance. An elementary calculus gives that:

n4 2(2n+1)

t>—e T 1
_26 og €

-1
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3.4. conclusion

Gibbs (see [12]) used coupling to bound the convergence time and he obtains the following
bound: s »
T T 8
2en*(1 + log €_l>:+—6T2 for all T >
6beT — 4eT log ( )

The result of Alison Gibbs (see [12]) improves the main result of this chapter but it is
valid only for high temperature 7' > 20. On the contrary, we success to proof in this work
a convergence result of the Gibbs sampler for the 2—D Ising model for all temperature 7.

~ 20.

3.4 conclusion

This chapter deals with the bound of the second largest eigenvalue in absolute value
of the Gibbs sampler for the two-dimensional Ising model with two states +1. The main
result generalizes some methods of Shiu and Chen (see [25]) obtained in dimension one
to dimension two. It also improves Ingrassia’s bound (see [20]).

3.5 Proof of the main result

3.5.1 Proof of Lemma 3.2.1

We concentrate on the case where (p,q) € {2,--- ,n — 1}2. We have:

q—1
m(e”) = —exp{ (Z
7=1
n p—1 q—2
+ZZ +1ZZ]J+1 g—1q qq+1+z ]]+1

=q+1 i=1 =1 j=1 q+1
q72 n—1 n
J,J+1 q—1 4 q,q+1 J i+l J J+1 -1 ¢
+ E 22y Tz, 2y 22 F g 22yt E E Zizy Az 2
j=1

J=q+1 i=p+1  j=1
n—1
1 i1
+ 282 E 22" ))}
J=q+1

n—

1
2 q q q, E
xz H—l + Zz H—l 1’2 + ’Z p+1 + Zz z+1
i=1 i=p+1

and 7(e*) takes a similar form except in the (p,q)—th position which is equal to —z{.
This yields:

oy 1 m(et)
Ple”,e) = n?m(et) + mw(e™)

—1/.4 q, 9,9 q—1_q, q_g+1
eT(Zp71Zp+Zpr+1+Zp zptapzp )
= 1.9 9.4 9.9 q—1 _q, q_qg+1 —1/.49 94 9.9 q—1 _q, q_q+1
eT(zp71Zp+szp+1+Zp 2p+2p2p )+ eT(zp71Zp+zpzp+1+Zp Zptepzp )
= 2 (.4 9., .9,49 q_q+1
1+ ef(zpflzp+zpzp+1+zp zp—i-z,,z )’

With similar techniques we can compute the transition matrix for each class of edges and
the results are presented in lemma 3.2.1.
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Chapter 3. The Convergence rate of the Gibbs sampler for the 2—D Ising
model via a geometric bound

3.5.2 Proof of proposition 3.2.2

Depending on the position of the site who is to be updated we distinguish several
cases.
Lets first assume that (p,q) € {2,--- ,n — 1} Then the transition matrix is:

1
Ple,et) =
2 q—1_q, _q_q+1
ng(l_‘_eT( zp+zpzp+1+zp z2p+2p2g ))

According to the selection of the paths done in section 3.2.1.; if a pair (x,y) satisfies
Yzy 2 €, then the configurations x and y must have the following form:

1 1 1
Ty T, z,
q—1 q—1 q—1 q—1 q—1
Ty Ty 1 T Tpi1 Tk
— q q q q - q
€r = xll xpf% Zp Zp+% z
q+ q q+1 [ q+1
Z1 Zp_1 Zp Zpi1 Zh
n n n
Z 2y Z,
and
1 1 1
21 2 Z,
q—1 g—1 g—1 -1 q—1
21 Zp_1 Zp Zpi1 Z5
_ q q _~q q q
Yy = 21 Zp—l Zp yp+1 n
q+1 q+1 q+1 ot q+1
yl yp—l yp yp+1 n
n n
yl yp yn

We then have:

n—

1
J nd q q q
xz$z+1+g x l—l—xp_lz —|—z p+1+ E zzzHl

") = o exp{%(;i

i=1 i=p+1
n - q—
+ Z Z Z £+1+Z(Z J J+1+xq 1 q+xqzq+1+ Z J J+1
j= q+1 i=1 i=1 j=1 J=q+1
n—1 n
Zm]x’+1+xq 20+ 2220 + Z 22t + Z Zaﬂ Il gt
J=q+1 i=p+1 j=1

q q+1+ Z z] J+1 )}

j=q+1
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3.5. Proof of the main result

and
1 qg—1 n—1
71-(y) Z exXp {%( 1 z—i—l + ZZ Zz—i-l - ; IZq - qup+1 + Z yz yz-i—l
T j=1 i=1 i=p+1
n p—1 q—2
+ D Z%ym Z(Zzizmﬂq Ry Z vy
j= q+1 i=1 =1 j=1 gt

n q—
J+1 q—1_4q q+1 J+1 i J+1 q—=1,4q
+ E Z — 2, Zp— + yp ( Z12T 4 2y

Jj=q+1 i=p+1 j=1
+ oyttt + Z vyl ™) )}

Jj=q+1

Similarly, we can compute the expression of the measure 7(e~). We then obtain:

exp %(zg 1zq)} +exp{ (Zlzpq + 217 1zq+zgzg+1)}>

1 JJ § : qa_ 49,4
T< Tyl + T z+1 +xp 1%p ~ “pYp+1

n

+ Z yzyz+1+ Z Zyzyz+l+z Zl’] J+1 q 1'];?

i=p+1 j=q+1 i=1 i=

1 1 1 1
_'_IZZZ{H _Zq q+ +Zq q+ + E : yfyf +§ :xja:”l—i—xq lzq
Jj= q+1

n q—2
_ a-1,q9 _ q-1.q q+1 J+1 J nJ+1
“p Fp T Ap Ap T + 2: yp + E : (E ,xlxz

J=q+1 i=p+1 j=1

n—1
+af Tl = 2 A T ) yfyf“))} (34)
J=q+1

Following the line of arguments of Shiu and Chen (see [25]) we define the configurations

1 1 1
xl DRI DR xp .. DY a’/‘n
q—1 q—1 q—1 q—1 q—1
xlq .Tg_l xg x’(;“ xk
— q q
T ® Y= $1 xp—l Zp yp+1 n
q+1 q+1 q+1 atl q+1
yl yp—l yp yp—i—l n
n
yl yp yn
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and z&y with the same expression expect that in the position (p, ¢) we have —2z1. Equation
(3.4) becomes:

Qe) 'n(x)m(y) = n’*r(x @y)exp{ (—2( 2 20 20712 +Z Y A Z e
i=p+1

n

p—1

E : q q+1 q q+1 q, q+1 q,,d q,,9+1 q—1 _q q—1, 4q
+ + Z —Z; yz ) - 2(Zpyp+1 +z yp >+ (xz Zi + Zz yz

i=1 z’—p+1

- lyf)>}+n27r(x@y)exp{%<2(zq 21+ 2220t +Z PR

p—1

— Z zf_lzf + Z (xq ol 4 qufJrl :pqny) + Q(xg_lzg + xg_lzg)
i=pt1 i1
£30 @ =) | (35

i=p+1

Remark 3.5.1. We notice that the right side in equation (3.5) reaches its maximum

value if

— 9 _ g+l -
—2 =zl = =2 forv=1,---,n.

Without loss of generality we can consider the situation where 2] = 1.
This yields:

Qe n(oyn(y) < e’ ato @) exw {13 (= ot 48— ™) = 20+ o)

p—1

+ Z (:c?l—yz-q—:cglyfn}%—n e W(x@y exp{ ( — a4yt

=1

) £ 2l el )+ D 0 =g 1y3>>)}
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3.5. Proof of the main result

Like in Shiu and Chen (see [25]) we notice that

U {zoy zoyr=x

() : Yay2e

With new notation w for the elements from y the previous expression becomes:

p—1
- n-1
Q" S halrlont) <nte™ S0 wlwesp {H( 3 (—ut +uft — ufug)
YzyS€ wexwh=1 i=1

-2 bug + D - - o)) |

i=p+1

p—1
i T Z m(w) exp {% ( Z (—w! +wl* — whwf™)

wex: wngl

n

+ 2wl Al )+ ) (i —wf - wg—lwg))) }

1=p+1
If we look to the nearest neighbors of the site (p, ¢), for each configuration wy € {w € x :
w] = 1} there exist a unique configuration w_ € {w € x : wi = —1} such that:
m(wy) = m(w_) exp {%(wg_l +wl™ +wl_ | + wzﬂ)}.
This yields the following equality:

> atwen{Rgaru b= T sweo {3 6o

wex: wh=1 wex: wh=-1

Then, it follows that:

p—1

QO™ Y halrla)a) < 2teh 50 wwyenn {1( 3 (-t + uf™ - wlul
Yeyd€ wexwh=1 =1
— 20wl )+ ) (Wi —wf — wg—lwg)) } (3.7)
1=p+1
Remark 3.5.2. We obtain the same result by considering the case where 2] = —1.

We turn now to remaining cases where the site (p,q) lies on the boundary of the
square:
i) For (p,q) = (1,1) we have that x and e~ coincide and

1

Ple,et) = .
(6 € ) n?(l_i_e%(z%z%-l-z%zf))

This yields:
Qo) ' m(@)m(y) = n*(1+ er Gt )m(y)
<n?(1+e™)r(y)
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and it follows:

TN aylr(@)r(y) <ntdder) > w(y)

Ywy€ yEX yI=1
4
n

For (p,q) = (n,n) we notice that y and e coincide and we obtain the same kind of result
as for (p,q) = (1,1).
ii) For (p,q) = (1,n), we have from lemma 3.2.1

1
n2(1 + et Grazntarai))’

Pe™,e") =

According to the selection of paths in section 3.2.1 for any pair (x,y) where v,, > e the
configurations x and y must have the following form:

) Tpo1 2 Ao G A
22 2 -
r=|: : and y=| : :
2 Zn yr Yn
As in the case where (p,q) = {2,---,n — 1}? we find:
2
-1 _n 2 zL_ z,ll—i-z,lbzn 1 1 1
Qo) rla)m(y) = 51+ eFEh D) o {T(sz L+l
n n—1 n—1
— 22,12, +Zzyzyz+l+z z; +Z¢1y¢2+zygyzj+l
7j=2 i=1 j=2

—227) = Y + Z ynyj“) } (3.9)

Following the line of arguments from Shiu and Chen (see [25]) we define configurations:

1 1 1 1 1 1

Ty 0 Tpy 2y Ty 0 Tyl TRy

2 2 2 2

yl e yn yl e e yn
rdy=|: : and zoy=|: :
n n n mn

yl ' yn yl y’n
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Then equation (3.9) becomes:
Q(e)'m(x)m(y) = n*m(z & y) exp {%( = 2(2p 120 + Zn¥)

n—1
1.2 1 9 1.2 12
+ E (xizi T2V — %% _xiyi))}
i=1
n—1
1.2
(xizi

i=1

+4ﬁ_4ﬁ_@ﬁn} (3.10)

+n’m(z O y) exp {%(2(23@2 + a2y _12,) +

Remark 3.5.3. We notice that equation (3.10) reaches its maximum if the following two

points hold:

o 2/ =—22=—1fori<n-—1

ezl =2 =+4land 2z} | =2l =-1

This yields:

Qe)"'m(x)m(y) < n’m(x & y)exp {%(2(1 —w) Y (w1 wy?)) }
Fotale o g e {3 (20 b )+ X (ot -+ 1-ali)) .

(3.11)

Summing over all pairs (z,y) where the path ., passes through the edge e of equation

(3.11) gives:

Q™ X hlrto)rly) < nte’™ 3 a(eo e { £(200-12)

Yoy D€

n—1
Y (ot -2 - ali?)) )
=1

4 e Z 7(x © y) exp {%(2(1 + k)

Yoy D€

n—1
Y (ot -2 - ali?) )
=1
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Then

—i—jz; w; — w; —w1w2)>}.

The last equality is given by a symmetry argument similar to the one introduced in
equation (3.6). For (p,q) = (n,1) we use the same technique and we obtain a similar
result.

iii) For (p,q) € {2---n — 1} x {1}, we have from lemma 3.2.1

1
2 —1 +1 ‘
wo(L+ ed G AT

Pe,et) =

As before, a pair of configuration (x,y) where v,, > e must have the following form:

1 1 1 1
L’El “ e . .« . xn zl P .« o . Z/)’L

1 _ —1 _
x({ {Egl 1 Zi] PRI PREPI Z'rql 1

_ q q — _ 4 q q
T = z}rl 22 and y= zll Y yd
4q q+1 q+ q+1
Zl Zn yl yn
n n n n
Zl Zn yl o o o o o o yn

It follows that:
2

Q) r(a)ay) = (1 4 A )

T
q—1 1

XeXp{ (Z Q?Z z+1_21y2+zyzyz+1+ Z Zyzyz+l

=1 i=1 =q+1 i=1

J+1 q— q+1 Jj+1 q—1 _gq
+ § $1 + 5151 21 — % 751 - 2191 + ?J1y — X A1
j=1 J=q+1

n
E:E:Jfrl qlq qlq qq+1 }:JJ-H q—1 _q
+ ;T Zi + Zz’ yz 1yz + yzyz Zi Zz)
=2 = Jj=q+1

n—

(3.12)
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Following the line of arguments of Shiu and Chen (see [25]) we define the configurations:

z§ gt G g
roy=| 2 y3 - Y and 2rSy=|-2 Y3 - Yl
y<11+1 q+1 y111+1 g+1
Yi Yn Y1 Yn
Equation (3.12) becomes:
() _ o _
T —weno @ y)exp {4 (- 2etif + 47+ )+ D (@ T
i=2
I x‘f_lyf))} +n’m(r ©y)exp {%(Q(Zfzfﬂ + 2028 4 27120
Y (@ Ty = 2 ) } (3.13)
i=2

Remark 3.5.4. The maximum in equation (3.13) is reached once the following conditions
hold:

~1 1 .

o 2t =20=20" fori=2--+,n.
—1 1

o —2f :zf:zf+:1andz‘1’:zg:1.

Then equation (3.13) becomes:

Q(e)'m(x)m(y) < n’m(z @ y)exp {%( =20yl — 14yl + ) (@ i+ 1 - wq_lyf)) }
+n?m(z © y) exp {%(2(1 + 14287+ Z (x‘g_l —yl+1- x‘?_lyg)) }
As in Shiu and Chen (see [25]) we notice that

U {x@y,x@y}zx.

(I,y)5 Yy Se
In the previous expression we change the notation of an element x @y or  © y to w with
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w), = +1 or w) = —1 respectively. This yields:

Y mlr@)w(y) <0t ) (e @ y)exp {%(2(1 —yi =yt +> (@ -yl
Yzy D€ Yzy D€ 1=2

+1—a! 1yf))} +nt Z m(x ©y)exp {%(2(1 +1 4287

Yoy D€
D Gy T ey 1y§’)>}
i—2
= nle"T exp & ( —2(wd 4w + wi™!
P T 2 7
wex: wi=1 i=2

We obtain the same result for (p,q) € {2---n — 1} x {n}. With similar techniques we
can do the same calculus for (p,q) € {1} x {2---n — 1} then we obtain:

n—1
L+1
Z Yy ()T (y) <10 7(w) exp{%<—2(w;+1+w§)+2(w
i=1
—w? —w}w?))} + ol Z m(w) exp{%(2(1 +w,_y)

A similar result is obtained in the case where (p,q) € {n} x {2---n —1}.
We turn now to give the proof of the main theorem of this chapter:

3.5.3 Proof of Theorem 3.2.3

Since for all sites (p,q) € {1,--- ,n}* we have w! = %1 it follows that
max {w! ' —w! —w! 'wl} = max {—w] + wi™ — wlw?™} =3,
€{l,,n} i€{l, ,n}

Analyzing the worst cases yield the following inequalities

i) 2(1 —w?) —1—2 (w] — w} —ww]) <3n+1.

i) —2(wd +wi™) + ) (W —w! —w! wd) < 3n+ 1.
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iii) 2(1 4+ w?™ +Z T —wfTMw!) < 3n+ L

p—1 "
=+l —wlef ™) = 2w et + Y el -l -l Te) <30+ 1
i=1 i=p+l
By the fact that
1
S = Y =}
wex: wp=+1 wex: wig=-1

we conclude that

which finishes the proof.

3.6 Asymptotic study

We now argue otherwise and the main goal is to obtain better bound of the second
largest eigenvalue for the two-dimensional square lattice Ising model. We turn to study
the asymptotic of k for each class of edges. We gives a detailed calculus only for the case
(1,7) =4{2,--- ,n—1} x {2,--+ ,n — 1} then we do similar reasoning for the other class
of edges.

3.6.1 For (i,j) ={2,--- ,n—1} x{2,--- ,n—1}

First of all we will introduce some notations that are necessary for further calculus.
Denote by:

p—1 n
o ap=> (—w!+w™ —wlwf™) 2wl +wl™)+ > (W —w! —w! w)
i=1 i=p+1

0(w) the number of signs changes in a given configuration, ie:

1 .
9(’11]) = 5#{(27]) € {17 7n}2 : 3(k>l> € {17 ,Tl}2 : wf = _wgf and wi ~ wé}

e 0; the number of sign changes of w € x where wi = 1 and n(w) = (, ie: for
1<id,j,k1<n
1 A A
0, = #5{(Z,j) s w! = —w! and w! ~ wi}.
e L the different energy levels. ie:

L ={0(w) : w € x with w} = +1}.

0, the number of configurations of a given level of energy is:

= #{w € x with w! = +1: suth that O(w) = (}.

67



Chapter 3. The Convergence rate of the Gibbs sampler for the 2—D Ising
model via a geometric bound

Then the probability measure of a configuration takes the following form:
exp 7 (Qn(n —1) — 20(w))
QZ(SgeXp (2n(n —1) — 295)

Lel

m(w) =

For an asymptotic study, we need to know the configuration that achieves the maximum

for
ﬂ_(w)e%(n—l—i-aé)

We notice that the number of signs changing between the neighboring sites of a configu-
ration has a direct effect on the energy level of a given configuration. We look to the lines
from j = ¢ — 2 to j = ¢+ 2 in the given configuration w € {—1,+1}"" and we call by A
its energy level, then:

q—2_ q—2 q+1, g+1 q+2 q+2
A= E Wy z+l+§ wj z+1+§ Wy Z+1+§:w Wit1
n—1

q,.q q q q,.q
+ E Wi Wiy + Wy +Wy,q + § W; Wiy
i=1 i=p+1

—2 -1 -1 +1 +1 q+2 —2, q-1 -1
- E (W™ w! +w! w! + wlw!™ +w!T W) + (Wi Pwd T+ wd
n
Z —2 -1 1 1 g+2
HUZH + wg+1wg+2) + (w? w;z + w w + wqwq+ + wq+ wq+ )

1=p+1

n

+ Z (—w! +wi™ — wiw*) - —2(wl; +wi™) + Z (wi™ —wf —wiwd)
i '=p+1

n—1
. q—2 q 2 q—l q+1 q+1 q+2 q+2
§ w; Twig + § w Wi + Wy Wiy + Wy Wiy
i=1

q,,.49 q q q,. 9
+ § wiw] | + Wy~ Wy + § W; W,y
=1 i=p+1

~2 g-1 -1 1 1 q+2 —2 - _
+ E (wiw? + wi ™ wl—w! + w4+ w4 (wi Pl wd

n
—wt + wtwit?) + Z (wi 2w ! = w! + wiof™ 4wl t?)
i=p+1
We will build the maximum configuration in three steps. In the first step we notice that
a first observation gives that the previous expression reaches its maximum value if :

q _ ,,q+1 _ S
o —w' =w/" =1lfori=1,---,p—1
g—1 _ q _ P
o w =-—w/=1fori=p+1,---.n
— e+l —
opr—w 1.
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Then in the second step, the sums of the near neighbors is maximal if they have similar
signs which is illustrated in the following three points:

q: (I71:_._: 1: q+1: q+2:: TL:_
o wl =wl w, 1 and w} wy wy 1
.wqil:wquZ---:wlzlfOI‘i:p—i_l... n

1 (A A ) )

q _ ,,.qt1 __ o s
o w/=w " =---=w'=—-1fort=p+1,--- n.

Finally, in the last step, we notice that the choice of small p gives the best result. By
the fact that we study the case beyond the board, we consider that p = 2 and the max is
reached for:

-1 -2 1
N _ _
[ wl = W = =w, = 1
q+2 __ q+3 _ _oan
° .
wy wy wy, 1.

A natural candidate takes the following form:

T P |
+1 41 41 +1
+1 +1 +1 +1
w=|-1 +1 -1 ~1
-1 -1 ~1
-1 -1 -1 ~1
-1 -1 -1 ~1

Let
Omax =N+ 5, max =3n+ 1 and pax = #{w : O(w) = Opax }-

Then for all w € x, wl = +1, an elementary calculus gives:

1 1
W(w)e%("_“ra’f) < —exp—(2n(n—1)+2(n —5)).
Zp T

Zégexp{%@n(n—1)—29g+n—1+a£)}

Q)" S Jaylm@)m(y) < 2mt x ‘-
%yzae . ] X 5 ZCSZ exp {% (2n(n — 1) — 26,) }
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By the fact that —20, +n — 1+ ay < 2(n — 5) for all [ € L there exist a non-negative
relative (, such that:
-
S et

Q)™ D Iaylm(@)m(y) < 2nler D x =

—20)

in fact
G=2(n—>5)—(n—1)+20, — ay.
We notice that:

—¢
([ ot Z bec T
(€L\ {max} o — 1 if T — 0,
Z(Seeiqie 20max+2 Z 6€e 5
= eL\{max}
TN . 20,
2) 0T
eezm ¢ Z Se T Z 0
¢eL ST _teL =1 it T — +o0.
Z5z€ T 2X Zéf
\ Lell tel
Finally we obtain:
N Paylm(@)m(y) < nlet O, (3.14)
REVEL

3.6.2 For (i,j) =42,--- ,n—1} x {1}

According to Proposition 3.2.2 we have:

1Y alr@a) <0t T +eF) 3 e {F( - 2ug +uf)

Yoy € wex: wi=1

+ Z (wg_l —wi — wf_1w§)> }
i=2

As previously, a candidate that realizes the max of

7(w) exp {%( —2(wd + with) + Z (wg_l —w! — wf_lw?)>}
i=2

takes the following form:

+1 41 41 e e 41

+1 +1 +1 +1
~ +1 +1 +1 +1
w =

-1 -1 -1 —1

-1 -1 -1 —1

-1 -1 -1 —1
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With the same tricks as previous, an asymptotic analysis gives for high and low temper-
ature:

TL4 2
2: Yy |7 () §.§4efm n_%eT)
Yoy D€
<nleT. (3.15)
We obtain the same result for (i,7) = ( --n — 1,n). Then with similar techniques we
can do the same calculus for (7,j) = (1,2---n—1) and (¢,5) = (n,2---n —1).

3.6.3 For (i,j) = (1,n)

From proposition 3.2.2 we have

TS bl <20t S0 wlw) e {3 (20 - wd)

Yzy D€ wex: wi=1
n—1
1 2 1,2
+ E (wi —w; +1 —wiwi))}.
1=1

A natural candidate that realize the max of

[y

n—

7T(w)exp{%(z(l —w?) + ‘ (wf —w} +1 —w}wf)>}

takes the form:

R . |
~1 =1 =1 - oo
+1 41 1 e e 4
o= . . . .
1 -1 =1 -+ - -

k is bounded for high and low temperature as follow:
2n

N Pylr(a)n(y) < nte. (3.16)

Yoy D€

We obtains the same result for (i,5) = (n,1).
By regrouping the results in (3.14), (3.8), (3.15) and (3.16) we obtains the following upper
bound for Si:

Theorem 3.6.1. The second largest eigenvalue of the Gibbs sampler for the 2—D Ising
model satisfies at high and low temperature:
4 —2n

bi<l—n"eT.

Then, for all Temperature T', we have the following result:
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Corollary 3.6.2. There exists a real number T, such that the second largest eigenvalue
of the Gibbs sampler for the 2—D Ising model satisfies:

Bi<l—ntrt e (),
Remark 3.6.3. From Theorem 3.6.1 and Corollary 3.6.2 we deduce that 7,, is bounded

as follows:
0<Tt, < eT(n+2)
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Chapter 4

The convergence rate of some
perturbed (Gibbs sampler for the
1—D Ising model

In this chapter, We study the geometric bound introduced by Diaconis and Stroock
(1991) of some perturbed Gibbs sampler for the one-dimensional Ising model. Shiu and
Chen (2015) studies this problem for the classical Gibbs algorithm and obtained the best
geometric bound in the literature for this case. We observe that the disruption of the
Gibbs sampler improve the result of Chen and Shiu (2015) at high temperature. How-
ever, at low temperature we did not succeed to improve the geometric bound, although
an improvement should be expected.

Dans ce chapitre, Nous étudions la borne géométrique introduite par Diaconis et
Stroock (1991) pour l'algorithme de ’échantillonneur de Gibbs perturbé pour le modele
d’Ising unidimensionnel. Shiu et Chen (2015) ont étudié ce probleme pour le cas de
I’échantillonneur de Gibbs classique et ils ont obtenu la meilleure borne dans la littérature
pour ce cas. On observe que la perturbation de I’algorithme de ’échantillonneur de Gibbs
améliore le resultat de Shiu et Chen (2015) a haute temperature. Cependant, a basse
température, nous n’avons pas réussi a améliorer la borne géométrique, méme si une
amélioration est a prévoir.
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1—D Ising model

4.1 Introduction

The Ising model is a basic model for ferromagnetism. It is the simplest model of
statistical mechanics and it has been applied in many other fields like chemistry, molecular
biology and image analysis. The distribution of the 1-D Ising model is:

n—1
1
m(z) = Z—TGXP {%chkwkﬂ} Vo= (21, - ,2) €X,
k=0

where y = {—1,1}" is the state space, T' is the temperature and

n—1
Zr = Z exp {% Z xkxk+1}
k=1

xTEX

is the normalizing constant. Monte Carlo Markov chain M CMC method is a very useful
technique to draw samples from the Ising model.

Suppose that the transition probability P(x,y) for an irreducible Markov chain has 7 as
its invariant measure. The pair (P, 7) is said to be reversible if it verifies the detailed
balance equation:

Q(r,y) =m(x)P(z,y) =7(y) Py, x) == Qy,z) Vaz,y € x.

The Gibbs sampler introduced by Geman and Geman (1986) (see [11]) and the Metropolis-
Hastings algorithm introduced by Metropolis, Rosenbluth, Rosenbluth, Teller and Teller
(1953) (see [21]) and Hastings (1970) (see [13]) are both the most popular Monte Carlo
Markov chain methods. The Gibbs sampler chooses a random coordinate which is updated
according to the conditional probability given the other coordinates. The resulting Markov
chain is reversible. The associated transition matrix has the form:

L7y | ) if d(z,y) =1

n

Plagy)={ 1=+ n(u|2)  itd(zy) =0

=1

0 else

where

(L1, i 1,Yi,Tid 1, ,Tn) .
TL, e i 1,YiTid 1, @0 ) F( L1, T 1,— Y, T 1, Tn)

o 7lyi|7) = =

o d(x,y) = card{i, z; #y; for i =1,--- n} designates the number of sites that differ
between two configurations = and y.

One expects an acceleration of the convergence rate of the Gibbs sampler to its equilibrium
once one adds some edges to the graph underlying the initial Markov chain. However only
few edges should be added in order to keep the computational cost low.

Starting from this philosophy, we propose some perturbation of the Gibbs algorithm based
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on some permutation o of y.
Let o be a two cyclic permutation defined for x € y as follow:

o: X —X
r —> —&.

Remark 4.1.1. We remark that:
e o(o(x)) ==
e 7 is o-Invariant.

For some 0 < a < 1 we denote by P, the matrix which is defined for z,y € x as:

a if y =o(x)
P,(z,y)=¢ 1—a ifr=y
0 else .

The idea behind this construction is that the permutation we want to introduce should in
one hand not add many edges to the graph underlying the Markov chain of the sampler
and in the other hand the previous remark guarantees the reversibility of the Markov
chain which allows us thereafter to use the geometric bound introduced by Diaconnis and
Stroock (1991) in [5]. Furthermore, the computational effort to run a simulation for this
simple permutation is very cheap.

For 0 < § < 1, we introduce the perturbated Gibbs algorithm as follows:

P(z,y) =0 P(x,y)+ (1 —=90) P,(x,y) Vuz, y € x.

We remark that P(x,y) is reversible as a linear combination of two reversible matrices.
Their eigenvalues can be arranged as follows:

1:BO>5~12622"'ZB|X\_1>—1.

Let 8* = maX{Bl, ] B|X|_1]}. Then the second largest eigenvalue in absolute value can be
used to measure the distance between P™ and . This follows from the Perron-Frobenious
Theorem [19]. Suppose that IT = (r,...,m)" a n X n matrix where 7 is a n x 1 vector

then we have: .
P T = O(m™(5")")

where ~ is the multiplicity of 3*. It P is reversible we have a stronger result. In theorem
1.2.1 Diaconnis and Stroock [5] gives a bound on the variation distance to equilibrium in
terms of (3*.

Moreover, Diaconnis and Stroock [5] develop a method to calculate an upper bound for
the second largest eigenvalue B, for a reversible Markov chain using geometric quantities
such as the maximum degree, diameter and covering number of the associated graph.
Consider a graph with a vertex set x and an edge set E = {(x,y) | P(z,y) > 0}. For
each pair of distinct points x,y € x we choose a path 7., from z to y, such that each
edge appears at most once in a given path. The fact that P is irreducible guarantees that
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such paths exist. Let I' be the collection of ~,, (one for each pair). The geometric bound
given by Diaconnis and Stroock [5] is,

B < 1—% (4.1)
where
R = max Q€)™ Y Naylm(@)m(y) (4.2)
Yoy D€

and |7,,| designates the length of the path ,,.
A suitable choice of the trajectories v,, linking x and y was proposed by Shiu and Chen
in [25]. They obtained the following bound:

Theorem 4.1.2. [Shiu and Chen 2015 The second largest eigenvalue of the Gibbs sam-
pler on the 1—D Ising model satisfies:

6 <1-— e~ Tn 2,

In this chapter we discuss the improvement obtained by the passage from P to P in
terms of the bound of Diaconnis and Stroock for low and high temperature asymptotic.
The chapter is organized as follow. At the beginning, we define a suitable path for each
pair (x,y) of vertices in the state space y; we distinguish two cases:

n

e If the couple (z,y) differs by less or equal than % sites we use the same paths as

Shiu and Chen in [25].

o If d(x,y) > % then + first passes from x to —r and then follows the trajectory
proposed by Shiu and Chen as previous.

Then, we use the result introduced by Diaconnis and Stroock in [5] to give a bound of
the second largest eigenvalue associated to the perturbed Gibbs sampler for the 1—D
Ising model; Indeed for each edge e we calculate separately the sum of the couples (z,y)
where d(z,y) < § and d(z,y) > § passing through e. The main theorem is that at low
temperature, we obtain the same result as Shiu and Chen in [25] but at high temperature,
we double the convergence rate to equilibrium. Finally, by referring to [20] we give a
bound for the second largest eigenvalue in absolute value. Some notations and elementary

remarks which are used in the end of the proof of the main result are given in the appendix.

4.2 Main result

4.2.1 Selection of paths

To be able to use the result of Diaconis and Stroock [5] to calculate the bound of the
second largest eigenvalue, we should fix a collection of paths. To get the best result, we
should use the shortest paths 7,, to obtain smallest x which gives smaller upper bound
of 1. Then, for each pair (z,y) we select one of the shorter paths.

We have two classes of edges:
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e ¢ = (e,e") such that d(e™,e") = 1.
e ¢ = (e ,e") such that d(e™,e") = n.

Let dy,--- ,d, be an increasing sequence, for any pair (z,y) € x* suppose that x; # y;
for i € {dy, -+ ,dn} and z; = y; otherwise.

The choice of path linking configurations depends on the distance between them, so we
have:

L. If m < % we use the technique introduced by Shiu and Chen in [25] then:

(xla"' ,ZL‘n) = (yla"' yYdi—15Ldys Tdyi+15 " 5 Lda—1, Ldgs Ldy+1, " *° 7$n)
— (yla"' yYdi—1,Ydy s Tdi+1y " 5 Ldy—1, Ldyy Tdg+1, rTn)
- (yla"' yYdi—15Ydys Ydi 415 s Yda—15 Ldgs Lda+1, " " ° 7'rn)
— (yla"' yYdr—15Ydyy Ydi4+15 " s Ydo—1) Ydoy Ldo+15 " ° axn)
- (ylv"' 7yn>

2. If m > %, as the configurations differ by more than § sites we change to —x in the
first step and we continue with the technique introduced in [25]:

(mla"' 7'1771) = (yl:"' yYdy—15Ldys Tdy4+15 " 5 Ldg—15 Ldyy Ldo+1, " " ° an)
— (_y17' oy T Ydi -1, —Xdyy, —Tdy415 00y T Lda—1y —Ldys " Lda+15 " 7 ,—.an)
= (_yl7' oy T Ydi—15Ydy s —Xdi+15 00y T Xdg—15 Ydoy T LXdp+15 7 7_xn)
— (yh" T Ydi—15Ydys —Xdi415 00 T Xdy—15 Ydoy T Lda+1 7 7" 7_:L‘n>
— (ylv'" ayn)-

4.2.2 Geometric bound for the second largest eigenvalue

In what follows we will find an upper bound of

:meae

Let e = (e7,e™) defined as previously. Then we have:
. no no
{@ 9z 3 e} ={(z,y) 1 d(z.y) < 5 | Tay 3} U{(2,9) 2 dl2,y) > 5 [ Tay > €}
Classical edges ¢ = (e, e™)
Let e = (e, e™) with
e = (Zl7 22yttt 3 Zi—1yRiy Rit1y """ 7Zn> and €+ — (Zl7 2oyttt 3 Ri—1y R4y Rit1y " J’Z'I’L)'
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Chapter 4. The convergence rate of some perturbed Gibbs sampler for the
1—D Ising model

First we consider the case that ¢ # 1 or n. The transition matrix is:

Qe) = W(e_)p(e_, et) = dm(e”)Ple,eh),

and
1w
Pl ) = e 7 )

n(l + 6%(%—1%-&-%21‘4-1)) '

We remark also that: |7,,| < § Define

x® Yy = ('Tla L1, Ry Y1, 7yn) and S Yy = (371, L1, TR Yid1, 7yn)
According to the selection of paths in section 4.2.1(1). For any 7,, > e, where d(z,y) <
x and y must have the following form:

|3

Y

T = ($1,l‘27"' y Li—15 Ziy Zig1, " " ;Zn) and y = (217227"' y Zi—1y —Zis Yit1, " 7?Jn)-

Then we obtain:

dm(e”)P(e~,ef)
n—1 n—1
exp (% Z xkxk+1> + exp (% Z ykyk+1>
<1 + 6%(Zi—1zi+zizi+1)> % k=1 k=1
n—1
exXp <:lf Z ekek+1>
k=1

i—2 o
, -2 2i—1%2i+2iVi
= 570 { exp% (Z TpTr41 + Ti12i + ZilYit1 + Z ykka) e~ 7 (Fi-1zit2iyig1)

. n
Y

k=1 k=i+1
i—2 n—1

T 7 7 1Yi+1 kYk+1
k=1 k=i+1

It gives that:

Qe) 'm(x)m(y) = %{W(ZE Dy)exp{ — Z(zim12i + 2iip1) | + 7@ © y) exp {F (21241 + %—1%)}}
(4.3)

According to the selection of paths in section 4.2.1(2). For any 7,, > e, where d(z,y) < 3,
x and y must have the following form:

T = ($1,$2"" y Li—1, —Riy —Zit1," " 7—Zn) and y = (21722,"' s Zi—1y — R0 Yit1, " ,yn)-
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4.2. Main result

Then we obtain:

Q0 rlayaty) = 5

n—1 n—1
exp <% Z xkka) X exp (% Z ykka)
1 k=1 k=1
0Zr

n—1
L X exp 1 E €, ¢,
n(1+6%(zi—1zi+zizi+l>) T — k “k+1

1—2
n 2 —2
_ =(2zi—12i+2i2; —F2Zi—1%; 1
_§(1+€T( ' e eXP{T(E ThTh+1
k=1
n—1
— Ti12; — ZiYiy1 T E ykyk+1)}
k=i+1

n -2
= g(e T 1% +eT”l+1 exp{ E TpThr1 — Tio1%i

n—1

— ZilYit1 + Z ykyk-i-l)}
k=i+1
It gives that:
Qo) m(a)m(y) = ST - eF e m(z & y). (4.4)
Let
X1 = U {roy,roy}
{(zy):d(@,y) < F |yay e}
X2 = {zoy,zoy}
{(z,y):d(z,y)>5|vyde}

According to equation (4.3) we have:
Z Q(e)_lﬂ'(x)ﬂ'(y) = % Z (W(m fan) y)e_%(zi—lzi‘f'ziyi-ﬁ-l)
Yay3e,d(z,y) <5 {Awye, d(z,y)<2}

+ gﬂ'(l‘ o y)e?(ziziﬂﬂiqzi))

— %( Z (w)e T(Z’L 1Z7,+Z7,wz+1)

WEX1,W;=2;

+ Z (w)eT(ZzZz+1+wz lzz)) (45)

Also we have:
- n S 2, .
Y Q7w = Y B (e et x e ey)
FzyDe,d(z,y)> 5 FayDe,d(z,y)>5

%(e%z"‘m + e%ziz"“) Z m(w). (4.6)

WEX2,W;=—2;
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Chapter 4. The convergence rate of some perturbed Gibbs sampler for the
1—D Ising model

By examining the equations (4.3) and (4.4) we notice the max is reached for
—Zi-1 = 2 = Zitl-

We assume that —z;_1 = 2z; = z;11 = 1. Using (4.5) and (4.6) we obtain:

max Q(e) ™ Y Fuyl7(@)(y) < 5 x Q)™ Y wla)m(y)

eck

:Yzyae ’~Yg;y98
2
<2l S et S et
wex1,w;=1 wEeEX1,w;=—1
+ 27 Z W(w)}
wex,w;=—1
n? 2 (1—wig1) 2
=5 Z m(w)er TV 4 eT Z m(w) | .
wex1,wi=1 wex2,wi=—1

The last equality was obtained by the fact that:

i—2 n—1
s 1
Z 71_('(1))67(1 z+1) — Z Z_T exp {% (Z UJk;UJk+1 + Z /lUk-wk+1) }
k=1

wex1,w;=1 wex1,w;=1 k=i+1
1
X exp {T(Q + w1 — wz‘+1)}
1—2 n—1
1 1
= E Z— exp T E WpWh1 + E WEWE+1
wex,w;=—1 T k=1 k=i+1
1
X exp {7(2 + w1 — wi+1)}

S

wex,w;=—1
Remark 4.2.1. We obtain the same result by considering —z; 1 = z; = 2;,1 = —1.
It gives:

k< %e% X ( Z 7r(w)e%2w”+1 + Z m(w)).

wEXLwi:l ’wexz,wi:fl

Now, we will control the term:

Z 7r(w)e_72“““rl + Z m(w).

wex1,w; =1 weEX2,w;=—1

Denote by 4; the number of states in {x; : w; = 1} where:

w(w) ehun = ot
=7
and 07 the number of states in {x2 : w; = —1} where:
1 i
T(w) = — e T



4.2. Main result

By referring to the Appendix we have:

n—1

>0k +) =T+ Ixg| =2
k=0

and we obtain:

S et Y rwy= i

weX1,w;=1 weX2,w;=—1 n—1 n—1-—2k
2 T
> (")

k=0
n—1 o
> (Gh+a)eT
k=0
ol n — 1 2k
22 < I >e
k=0
n—1 o
B+ R+Y (Oh+6p)eT
. k=1
B 2 n—1 k
242 e_%
> (")

Then we have

n—1

O+ 03+ > (0h+ 0P)e T -

ARV >

2+2z<";1>e%k e o e
S

L k=0

At low temperature, there exist a unique configuration w € ;" that realizes the maximal
energy, ie: (w)e TV = ZLTe% and it takes the following form:

w=(+1,+1,--ee-- ,+1,4+1,—1) where i =n — 1.
It gives that the edge e = (e, e™) have the form:
e = (zla R2y" 0" 5 Bn—3, _17 +17 +1)
et = (2:17227"' 7Zn—37_17_17+1) )
and the couple (z,y) such that d(x,y) < § takes the following form:

r=(+1,------ ;41 4+1, 41, +1)
Yy = (Zla """ 7Zn737_17_17_1)'
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Chapter 4. The convergence rate of some perturbed Gibbs sampler for the
1—D Ising model

In the other hand, there exist a unique configuration w € y;, that realize the maximal
energy, ie= m(w) = Zl—TeT%l and it takes the following form:

x= (=1, ,—1,—1,—-1,-1)
Yy = (217 """ 7Zn737_17_17_1)-
It gives that at low temperature we have the following result:
& + 03 )
5 )
It gives that:
e At low temperature:
Qe Y bl < 5 of (4.7)
(@,9): Yay D€
e At high temperature:
N 1 Tl2 2
Q(e)” Z Paylm(@)m(y) < o €T (4.8)
(z,y): Yy D€
We turn now to the boundary cases.
e Fori =1, x and e~ coinsides and y = (—z1,92, -+ , ¥n). The transition matrix is

B(om o) — m(et) _ )
Pl ) = ) ¥ o (@)~ n(i g By

Then

Q) n(ayn(y) = LTI

The max is reached for z; = 25 which gives for all e € E:

Q) m()mly) < eFn(y).

Finally, we have:

Qe Y halr@)n(y) < 5 x et 3 wly)

Yoy € Yy D€

IA
|

9]
e

(4.9)
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4.2. Main result

The last inequality was given by the fact that:

1= Yy = 3 m(y) + > m(y)

Yoy {Ve—, e dle, y)<5} {Ve—y e dle™, y)>3}
and
> m(y) = > m(y)+ > ™(y)
{Ve—y2e dle™, y)<3} {Ve-,2edle™, Y)<5, y1=—2} {Ve—, e dle™, y)<5, y1==1}
Which leads to: .
m(y) < 5
(- e dle, <L, pr=—21}
e For i =n, we have © = (21, -+ , 2, 1, 2,) and y = e™ and with the same techniques

as previsiouly we obtain:

Qle) ' m(2)m(y) = =(1 + e T 1 )x(z).

)
Then the max is obtained if z; = —z;_1, so we have:
- n 2
Q) Y mlr(o)n(y) < gL +et) > w(x)
Yoy D€ TEX,Tn=2n
n2 2

non classical edges e = (e",0(e”) = e™)
The transition matrix is
Qe) =m(e7)P(e™,e) = a(l — &)m(e”).

As we applicate the permutation only in the first step of each path -,, then all paths that
passing through the edge e have the property that x and e~ coincides. It gives:

r(e)rly) _ w(a)m(y)
Qe)  a(l=d)m(e)
_ ()
all —96)

For e~ fixed, we have two disjoint sets such that:

{y:d(e,y) < SHU{y:d(ey) > 5} =x.

N3

Noticing that for all y € x such that d(e”,y) < § we have —y € x and d(e™, —y) >
with the property 7(y) = m(—y). Then we have:

1=>"aly)= >  wy+ >, =ww=2 Y 7y

YEX {y s d(e=,y)<%} {y :d(e=,y)>5} {y d(e=y)>%}
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It gives:

Sr= Y =y
sd(em,y)>5

Yayde {yex }

Then the sum

QO™ T Plr(@)n(s) <~ % 5 3 *)

e

Yzy e Yoy D€
B n » 1
2a(1—0) 2
n
- 4.11
4da(1 —0) (411)

4.2.3 Summary

By regrouping the previous results in (4.7), (4.8), (4.9), (4.10) and (4.11) we obtain
with a suitable choice of @ = e 7 and § = 7 that:

e v < nZer At low temperature;

2

o v < et At high temperature.

Theorem 4.2.2. [Franke and Helali 2018] The second largest eigenvalue of the perturbed
Gibbs sampler for the 1—D Ising model satisfies at high temperature:

b <1— 2e T N2,

4.2.4 Bound for the second largest eigenvalue in absolute value

Theorem 5.3 introduced by Ingrassia (1994) in [20] gives a lower bound of the smallest
eigenvalue as:
2

1+ (c—1)eT
For the 1—D Ising model, ¢ = 2 and A = 2. Therefore:

5|x\—1 > -1+

2 2 P _
Brg—1] = — 1+ Sl=1- <l <l—eT <1—2etn2
1+er 1+er eT +eT

Combining this result with the result obtained in Theorem 4.2.2 we have the following
proposition:

Proposition 4.2.3. The second largest eigenvalue in absolute value of the Gibbs sampler
on the 1—D Ising model satisfies at high temperature:

—2
max{ﬁh |B|X|—1|} <1- 26777,72.
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4.3. Comparison

4.3 Comparison

Frigessi and his collaborators prove in [9] that the convergence rate of the MCMC
method for the 1—D Ising model is O(n log(n)). In this case the constant of proportionality
isn’t known which means that we can’t calculate a precise bound. In this section we
compare our result to existing result that include proportionality constant.

The bound of Ingrassia [20] applied to the one-dimensional Ising model is:

o1 Ade T,

B<l-—e Tﬁ( 5 )

We remark that at low temperature

_2
(1 +26 T)'n,—l R 1

which is very small for large n but in our case we obtain the same result as Shiu and Chen

in [25].

But at high temperature

l+e 7
( 2

and the given bound is similar to the result of Shiu and Chen [25] on the other hand we

notice the appearance of a coefficient 2 in our case which doubles the convergence rate to

equilibrium.

Let t indicate the time. Combining Proposition 4.2.3 and Theorem 4.2.2 and the mathe-

matical property: 1 —x < e™® we obtain:

Tt —1

_2
(1 . 2n—26—%)t S 6—2tn72e T < e

where € is the pre-specified error tolerance.
An elementary calculus gives that:

n2 2
t > ?eT loge™ . (4.12)

Gibbs [12] used coupling to bound the convergence time and he obtains the following
bound: , B

2en?(1 + log e_l)eT—i_#

eT
Shiu and Chen proves in the comparaison section in [25] that the convergence time is at
most:
nZet log e ™!

which improve the convergence time proposed by Gibbs by at least %.
In this chapter we gives a similar bound as Shiu and Chen at low temperature but at high
temperature according to (4.12) we obtain that the convergence time is at most:

7’L22

—eT loge !
5 eT loge

which improve the convergence time to equilibrium by % compared to Gibbs [12] and by
3 compared to Shiu and Chen [25].
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4.4 Overall conclusion

We applied the geometric bound derived by Diaconnis and Stroock [5] to the Gibbs
sampler for the 1—D Ising model. Shiu and Chen in [25] gives a geometric bound that
depends of the class of paths passing through each edge e and their length. They used
this bound to proof that the convergence rate of the Gibbs sampler for the 1—D Ising
model is O(n?) with a proportionality constant of e7. Their result seems to be the best
bound that we can found in the literature. Our main result is that the perturbation of
the Gibbs algorithm with a suitable dynamic gives the same result at low temperature,
but at high temperature it doubles the convergence rate to equilibrium.

4.5 Discussion of the convergence rate at low tem-
perature

The following heuristic argument (at zero-temperature) seems to indicate that the

improved sampler P should have a very fast convergence compared to the Gibbs sampler
at low temperatures.
We remark that at low temperature, the evaluation of the convergence rate with the
Diaconnis and Stroock bound gives the same result with or without perturbation of the
Gibbs algorithm. Reffering to proposition 5.2.1 in [28], the Gibbs measure behaves at low
temperature as follows:

3 if z=(+1,------ ,+1)
TN ) (1 _
Tlinoﬂ- (i[') o 2 if Y ( ]-7 ’ 1)
0 else.
Forx = (+1,41,--- ,+1,+1) and y = (=1, —1,--- , —1, —1) the transition probability is:
- 1

P(x,y) =(1-06)P(z,y) = At 1)

which gives for e = (z,y):

Q)Y Palr@)rly) =20+ 1) w(y) =n+ 1.

YzyS€ Yy D€

Note that for 7' = 0 no other edges exists. Then the second largest eigenvalue has the
following bound:
B<1l—(n+1)""

4.6 Appendix

If n is even we have

X1 ={w € xi, w;=+1} = U {z oy}

{(z.y):d(z,y) < 5 [vay e}
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4.6. Appendix

n_g

% -1
By the fact that: |yi| =2 X Z (n f ) we obtain:
k=0

Also we have:

X2 ={w € x2, w; = -1} = U {z oy}

{(z,y):d(z,y)> 5 | Vay e}

n—1
-1
By the fact that: |xs| = 2 X Z (n i ) we obtain:

k=3
n—1
_ n—1
al=> ("),
It gives that:

. B n—1 n—1 -
|X1‘+|X2|: L =2""".

Similarly, if n is odd we have:
n—1
n < [n—1 B = /n—1
‘X1|:Z k and|X2|:Z k

= _n+1
k=0 k=552

and it gives the same result as previously.
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Discussion

In this paragraph, we give a summary of the results given in the thesis and we discuss
some open questions.

Summary

Diaconis and Stroock (1991) use Poincaré inequality to bound the second largest eigen-
value for finite state reversible Markov chains. Then Shiu and Chen (2015) used this result
to study the convergence rate of the Gibbs sampler for the 1—D Ising model. In the first
part of this thesis, we generalize the result of Shiu and Chen to the case of the 1—D Potts
model with three and more spin states (see Theorem 2.2.1 and Theorem 2.2.2). In the
second part we generalize their method to the case of the 2—D Ising model with two spin
states (see Theorem 3.2.3). In the third part, we prove that some perturbation of the
Gibbs sampler improves the result of Shiu and Chen (2015) at high temperatures (see
Theorem 4.2.2).

Open questions

We study in the second and third chapter of this thesis the rate of convergence of the
Gibbs sampler algorithm for some model from statistical mechanics. We obtain in the
case of the 1—D Potts model (see Theorem 2.2.1 and Theorem 2.2.2) the best bounds for
the largest eigenvalue. Note that in the case of the 2—D Ising model (see Theorem 3.2.3)
we did not succeed to compute the Diaconis and Stroock bound as explicitly in Theorem
3.2.3 as in the one dimensional case. We only obtained an upper bound for the bound
they give for ;. This raises the following question: Is there a way to use some symmetry
argument, like in the one dimensional case, to obtain an exact expression for the Diaconis
Stroock bound?

It is also interesting to study other methods for obtaining the convergence rate of the
Gibbs sampler.

One way of doing this is to use the Cheeger constant (see Section 3 in [5]). Diaconis
and Stroock (see Example 3.2 in [5]) proved that the Cheeger constant is realized on one
face of the hypercube {—1,1}* in the case of the Gibbs sampler at infinite temperature,
which is actually a random walk on {—1,1}*. The difficulty is to understand the Cheeger
constant at finite temperature for Ising model and Potts model.

Yet another method is to use coupling to bound the convergence time. Alison Gibbs (see
[12]) uses coupling to bound the convergence time of the Gibbs sampler for the 1—-D and
2—D Ising model. We think that we can use this approach in the case of the Potts model.
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This raises the following questions:

1) Can one compute the Cheeger constant in the case of the Gibbs sampler for those
models?

2) What should be a good coupling in the case of the Gibbs sampler?

In the last chapter of this thesis we study the convergence rate of some perturbed Gibbs
sampler for the 1—D Ising model (see Theorem 4.2.2). We observe that the disruption
of the Gibbs sampler improves the result of Chen and Shiu (2015) at high tempera-
tures. However, at low temperatures we did not succeed to improve the geometric bound,
although an improvement should be expected. This prompts us to ask the following ques-
tions:

1) Is this due to a bad choice of the perturbation of the Gibbs sampler?

2) What is the perturbation which leads to the best improvement of the convergence time
of the Gibbs algorithm for different models?
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Title: Vitesse de convergence de I’échantillonneur de
Gibbs appliqué a des modeles de la physique statis-
tique

V4 L4
Resume Les méthodes de Monte Carlo par chaines de Markov MCMC sont
des outils mathémtiques utilisées pour simuler des mesures de probabilités m définies sur
des espaces de grandes dimensions. Le principe consiste a construire une chaine de Markov
P facile a simuler qui converge vers la mesure 7. Une des questions les plus importantes
dans ce contexte est de savoir a quelle vitesse converge la chaine de Markov P vers la
mesure invariante 7.
Pour mesurer la vitesse de convergence de la chaine de Markov P vers sa mesure invariante
7 certains auteurs utilisent la variance asymptotique alors que d’autres auteurs utilisent
la distance de la variation totale. Il est bien connu que la vitesse de convergence d’une
chaine de Markov réversible P dépend de la deuxieme plus grande valeur propre en valeur
absolue de la matrice P notée $*. Une partie importante dans l'estimation de S* con-
siste a estimer la deuxieme plus grande valeur propre de la matrice P, qui est notée ;.
Diaconis et Stroock (1991) ont introduit une méthode basée sur 'inégalité de Poincaré
pour estimer 31 pour le cas général des chaines de Markov réversibles avec un nombre fini
d’état. Récemment Shiu et Chen (2015) ont réussi a obtenir une expression explicite de la
borne de Diaconis et Stroock dans le cas d’'un modele d’Ising unidimensionnel avec deux
états. Ce résultat améliore celui introduit par Ingrassia (1991) et il est considéré comme
la meilleure borne existante dans la littérature pour ce modele.
Dans le chapitre deux de cette these, nous utilisons la méthode de Shiu et Chen pour
étudier le cas de l'algorithme de ’échantillonneur de Gibbs pour le modele d’Ising unidi-
mensionnel avec trois états ou plus appelé aussi modele de Potts. Puis, nous généralisons
dans le troisieme chapitre le résultat de Shiu et Chen au cas du modele d’Ising deux-
dimensionnel avec deux états. Notre méthode est basée sur une généralisation des tech-
niques introduites par Shiu et Chen (2015). Les résultats obtenus minorent ceux introduits
par Ingrassia (1994).
Dans le dernier chapitre de la thése nous avons pensé a perturber 1’échantillonneur de
Gibbs afin d’améliorer sa vitesse de convergence vers ’équilibre. En partant de cette
idée, nous avons réussi a améliorer le résultat introduit par Shiu et Chen (2015) a haute
température. Cependant, a basse température, nous n’avons pas réussi a améliorer la
borne géométrique, méme si une amélioration est a prévoir.

Mots-clés : Méthode de Monte Carlo par chaine de Markov, Vitesse de convergence,
Echantillonneur de Gibbs, modele d’Ising, modele de Potts, Systemes de treillis, Permu-
tation.
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Title: The convergence rate of the Gibbs sampler for
some statistical mechanics models

AbStI‘aCt Monte Carlo Markov chain methods MCMC are mathematical
tools used to simulate probability measures 7 defined on state spaces of high dimen-
sions. The idea is to construct a Markov chain P easy to simulate which converges to the
measure 7. The speed of convergence of this Markov chain X to its invariant state 7 is a
natural question to study in this context.

To measure the convergence rate of a Markov chain some authors use the asymptotic
variance, while other authors use the total variation distance. It is well known that the
convergence rate of a reversible Markov chain depends on its second largest eigenvalue in
absolute value denoted by *. An important part in the estimation of 5* is the estima-
tion of the second largest eigenvalue which is denoted by ;. Diaconis and Stroock (1991)
introduced a method based on Poincaré inequality to obtain a bound for ; for general
finite state reversible Markov chains.

Recently Shiu and Chen (2015) are able to obtain explicit value for the bound of Diaconis
and Stroock in case of the 1—D Ising model with two states (spin down, spin up). This
result improves the one introduced by Ingrassia (1994) and it is considered to be the best
existing bound in the literature for this model.

In the second chapter of this thesis we use the Chen and Shiu approach to study the
case of the Gibbs sampler for the 1—D Ising model with three and more states which
is also called Potts model. Then, we generalize in the third chapter the result of Shiu
and Chen to the case of the 2—D Ising model with two states. Our method is based on
some generalization of the techniques introduced by Shiu and Chen (2015). The results
we obtain improve the ones obtained by Ingrassia (1994).

In the last chapter of this thesis, we introduce some method to disrupt the Gibbs sampler
in order to improve it’s convergence rate to equilibrium. From this idea we are able to
improve the result introduced by Shiu and Chen (2015) at high temperatures. However,
at low temperature we did not succeed to improve the geometric bound, although an
improvement should be expected.

keywords : Markov chain Monte Carlo, Rate of convergence, Gibbs sampler, Ising model,
Potts model, Lattice systems, Permutation.
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Résumeé : Les méthodes de Monte Carlo par
chaines de Markov MCMC sont des outils
mathématiques utilisées pour simuler des mesures
de probabilités 1 définies sur des espaces de
grandes dimensions. Une des questions les plus
importantes dans ce contexte est de savoir a
quelle vitesse converge la chaine de Markov P
vers la mesure invariante 1. Pour mesurer la
vitesse de convergence de la chaine de Markov P
vers sa mesure invariante 1 nous utilisons la
distance de la variation totale. Il est bien connu
que la vitesse de convergence d'une chaine de
Markov réversible P dépend de la deuxiéme plus
grande valeur propre en valeur absolue de la
matrice P notée B*. Une partie importante dans
I'estimation de B+ consiste a estimer la deuxiéme
plus grande valeur propre de la matrice P, qui est
notée B1.

Diaconis et Stroock (1991) ont introduit une
méthode basée sur I'inégalité de Poincaré pour
estimer (31 pour le cas général des chaines de
Markov réversibles avec un nombre fini d'état.
Dans cette thése, nous utilisons la méthode de
Shiu et Chen (2015) pour étudier le cas de
l'algorithme de I'échantillonneur de Gibbs pour le
modéle d'lsing unidimensionnel avec trois états
ou plus appelé aussi modele de Potts. Puis, nous
généralisons le résultat de Shiu et Chen au cas
du modeéle d’lsing deux- dimensionnel avec deux
états.

Les résultats obtenus minorent ceux introduits
par Ingrassia (1994). Puis nous avons pensé a
perturber I'échantillonneur de Gibbs afin
d’améliorer sa vitesse de convergence vers
I'équilibre.

The convergence rate of the Gibbs sampler for some statistical mechanics models

Keywords : Markov chain Monte Carlo, Rate of convergence, Gibbs sampler, Ising model, Potts model,

Lattice systems, Permutation.

Abstract : Monte Carlo Markov chain methods
MCMC are mathematical tools used to simulate
probability measures 1 defined on state spaces of
high dimensions. The speed of convergence of
this Markov chain X to its invariant state 1 is a
natural question to study in this context.

To measure the convergence rate of a Markov
chain we use the total variation distance. It is well
known that the convergence rate of a reversible
Markov chain depends on its second largest
eigenvalue in absolute value denoted by Bx. An
important part in the estimation of B* is the
estimation of the second largest eigenvalue which
is denoted by (1.

Diaconis and Stroock (1991) introduced a method
based on Poincaré inequality to obtain a bound
for 1 for general finite state reversible Markov
chains.

In this thesis we use the Chen and Shiu approach
to study the case of the Gibbs sampler for the
1-D Ising model with three and more states
which is also called Potts model. Then, we
generalize the result of Shiu and Chen (2015) to
the case of the 2-D Ising model with two states.
The results we obtain improve the ones obtained
by Ingrassia (1994). Then, we introduce some
method to disrupt the Gibbs sampler in order to
improve its convergence rate to equilibrium.



