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Abstract - English Version

The object of this thesis was to create models for two applications which readily appear in

separation chemistry, namely the solid-liquid and the liquid-liquid extractions. The bene�t

of modelling in both cases is twofold. Studying the fundamental properties of ions and their

solvation properties in the complex media, and simplifying the expression for important e�ects,

enables us to construct the framework which can be used by both chemists in the laboratory,

as well as the chemical engineers in the process design. For two applications we adapted two

di�erent systems, both of which can be considered as complex. The model system to study

the solid-liquid separation was the suspension of TiO2 nanotubes dispersed in the aqueous

solution. This system was studied by the means of Classical Density Functional Theory coupled

with the charge regulation method, within the Grand-canonical ensemble. Indeed, the method

proved to be successful in establishing the full description of the charge properties of TiO2

nanotubes. In this case, we were interested in obtaining the description of ion inside the

charged nanotubes under in�uence by the electric �eld (exhibited by nanotubes). Calculations

predicted e�ects such as the di�erence in surface charge between the outer and the inner surface,

or the violation of electroneutrality inside the nanotubes. It was demonstrated that the model

was in the agreement with the experimental data. Moreover, the method can be directly used

to predict titration for various techniques. A simple generalization of the proposed approach

can be used to study the actual adsorption e�ciency of the solid-liquid separation process.

The model system to study the liquid-liquid extraction process included three distinct parts.

The three parts were devoted to the cases on non-ionic, acidic ion exchangers, and �nally the

synergistic mixtures of extractants. Simple bulk statistical thermodynamics model, in which

we incorporated some of the well-established concepts in colloidal chemistry provided a soft-

matter approach for the calculation of actual engineering-scale processes. Were have expanded a

classical simple equilibria approach to broader, more intuitive polydisperse aggregates formation

that underlines the liquid-liquid extraction. The key �nding can be presented as a current

opinion or newly-proposed paradigm: at equilibrium, many aggregates completely di�erent in

composition but similar in free energy coexist. With obtained polydispersity, we were equipped

with tool to study a more 'global' behavior of liquid-liquid extraction. This urged us to pass

our considerations of historical extraction isotherms to extraction 'maps'. Great care was

devoted to the study of synergy since it is a 60-year old ongoing question in the separation

industrial and science community. To our best knowledge, the �rst quantitative rationalization

total synergistic extraction was proposed within this thesis. Underlying e�ects of enthalpy
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and entropy control on the organic phase structuring were decoupled and studied in detail.

Hopefully, this thesis demonstrated the importance of mesoscopic modelling to assist both

chemists and chemical engineers in practical examples.
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Résumé � Version en français

Le but de cette thèse était de créer des modèles pour deux applications qui apparaissent couram-

ment en chimie séparative, à savoir la séparation solide-liquide et la séparation liquide-liquide.

L'avantage de la modélisation est manifeste dans les deux cas. L'étude fondamentale des pro-

priétés des ions et de leur solvatation dans les milieux complexes, en tenant compte de façon

simpli�é des di�érents e�ets mis en jeu, nous a permis de construire un cadre qui utile aussi

bien aux chimistes en laboratoire qu'aux ingénieurs lors de la conception des procédés. Nous

avons adapté cette stratégie sur deux systèmes di�érents, qui peuvent tous deux être considérés

comme complexes. Le premier système modèle pour étudier la séparation solide-liquide était

des nanotubes de TiO2 dispersés dans une solution aqueuse. Ce système a été étudié au moyen

de la Théorie de la Fonctionnelle de la Densité Classique couplée à une méthode de régula-

tion de charge, au sein de l'ensemble Grand-Canonique. La méthode s'est avérée e�cace pour

établir la description complète des propriétés de charge des nanotubes de TiO2. Dans ce cas,

nous nous sommes intéressés à obtenir la description de l'ion à l'intérieur des nanotubes chargés

sous l'in�uence du champ électrique (créé par les nanotubes). Les calculs ont prédit des e�ets

tels que la di�érence de charge de surface entre la surface externe et la surface interne, ou la

violation de l'électroneutralité à l'intérieur des nanotubes. Il a été démontré que le modèle était

en accord avec les données expérimentales. De plus, la méthode peut être utilisée directement

pour prédire diverses techniques de titrage. Une simple généralisation de l'approche proposée

permettra d'étudier l'e�cacité d'adsorption réelle du procédé de séparation solide-liquide. Le

second système modèle concerne l'étude du procédé d'extraction liquide-liquide et il comprend

trois parties distinctes. Les trois parties ont été consacrées aux cas des extractants non ion-

iques, puis acides (échangeurs d'ions), et en�n aux mélanges synergiques d'extractants. Un

modèle simple de thermodynamique statistique, dans lequel nous avons incorporé certains des

concepts bien établis en chimie colloïdale, a fourni une approche de type matière molle pour

calculer le processus à l'échelle de l'ingénieur. Nous avons développé une approche classique

d'équilibres simples pour une compréhension plus large et plus intuitive de la formation des

agrégats polydisperses dans l'extraction liquide-liquide. La principale conclusion présentée est

que l'on doit proposer un nouveau paradigme pour la chimie : à l'équilibre, de nombreux

agrégats de composition très di�érente mais similaires en énergie libre, coexistent. Avec la

polydispersité obtenue, nous avons ainsi proposé un outil pour étudier un comportement plus

"global" de l'extraction liquide-liquide. Cela nous a poussés à passer des considérations clas-

siques d'isothermes d'extraction à celles plus précises des " cartes " d'extraction. Un grand
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soin a été apporté à l'étude de la synergie puisqu'il s'agit d'une important question depuis 60

ans dans la communauté scienti�que et industrielle de la séparation. A notre connaissance, la

première rationalisation quantitative de la synergie d'extraction a été proposée dans le cadre de

cette thèse. Les e�ets sous-jacents des contrôles enthalpique et entropique sur la structuration

des phases organiques ont été découplés et étudiés en détail. Nous espérons que cette thèse a

démontré l'importance de la modélisation mésoscopique sur des exemples pratiques utilisés à

la fois par les chimistes et les ingénieurs.
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Chapter 1

General Introduction

Sustainability of chemical industry is important, and ongoing issue for the science community

[1]. While chemical industry is the link between industrial growth and fundamental research,

its sustainability has di�erent manifestations which involve entire branches of chemistry. Cur-
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Figure 1.1 � Criticality graph illustrating the importance of some REEs relative to other com-

mon metals currently in intensive usage worldwide. Figure is replotted and adjusted from

reference [2].

rently, one of the key manifestation is the selective chemical separation of rare earth metals

(REEs) from aqueous solutions, especially in dilute cases [3]. This strongly emerging �eld

of hydrometallurgy is the consequence of the fact that REEs have a major role in sustaining
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Chapter 1. General Introduction

the green, low carbon economy. Their numerous applications involve production of permanent

magnets, lamp phosphors, batteries for hybrid cars, etc [4, 5, 6]. Application of REEs, in

the opposite way, means also a potential for recycling from production scraps and end-of-life

products [7, 5, 2, 6]. It must be emphasized that only small part of annually created waste is

recycled in order to recover REEs [6]. Huge demand, constrained market, and lack of recycling

place some of REEs metals into the critical group of elements in terms of importance to the

clean energy and the supply risk. This is demonstrated in Figure 1.1. Therefore, the improve-

ments of separation methods are in the core of sustainability of chemical industry. Indeed, the

necessity was also recognized by European Union in the form of grant: European Research

Council (ERC) REE-CYCLE (2013-2018)1.

Out of numerous already established methods, the solid-liquid (adsorption) and liquid-liquid

extractions (solvent extraction), along with �otation are still considered as a reference tech-

niques. Although mature technologies in terms of predicted usage and improvements already

applied in practical cases, their simplicity and scale-up potential urges the need for further de-

velopment [8]. Within the scope of this thesis, cases of solid-liquid and liquid-liquid extraction

methods will be addressed.

Indeed, it can be recognized that ions and their solvation properties are re�ected on the

overall process e�ciency. Now the subject of this thesis comes into play, since we will model the

properties of ions in these complex media that will unable us, with respect to used theory, to

rationalize the e�ects responsible for the transfer of ions between domains. Two examples will

be made: 1) the transfer of ion from bulk aqueous solution to the organic phase in a form of

weak aggregate, 2) transfer of ion from bulk aqueous solution to the interior of solid adsorbent

cavity under in�uence of the electric �eld. Knowledge concerning the behavior of ions and their

solvation is thus in the core of sustainability of chemical industry.

1.1 Liquid-Liquid Extraction of Metals from Aqueous So-

lution

In metal ions separation, liquid-liquid (or solvent) extraction involves two non-miscible phases

in contact, namely the aqueous phase with dissolved salts and the organic (solvent) phase

with dissolved extractant molecules [9, 10]. The principle is schematically presented in Figure

1.2, as a simple representation of actual process in the mixer-settler device. The aqueous
1ERC REE-CYCLE (2013-2018) grant funded this thesis.
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Chapter 1. General Introduction

solution containing target salts is sometimes referred as 'feed', and it is pumped in the mixing

chamber along with the fresh organic solvent with dissolved extractant. After certain mixing

time, heterogeneous mixture is left separate in settling chamber. After settling, aqueous phase,

now called the ra�nate, and the loaded organic phase are separated. Organic phase is now

saturated (loaded) with target salts and is transferred to striping chamber. Depending on

the nature target metal, di�erent classes of extractants2 can be utilized, such as: chelating,

solvating, or ion exchangers [4, 11].

Organic solvent + 

dissolved extractant

Loaded

extractant

Aqueous 

raffinate

SettlingMixing

∞
Feed

solution

Figure 1.2 � Schematic representation of a mixer-settler for continuous operation of solvent

extraction.

Beside in hydrometallurgy, liquid-liquid extraction is also a reference technique in nuclear

industry, where it is utilized to separate minor actinides from REEs in used nuclear fuels

[12, 13, 14, 15, 16]. Practical scheme involves the PUREX (Plutonium Uranium Extraction)

process, followed by the DIAMEX-SANEX (Diamide Extraction � Selective Actinide Extrac-

tion) process, just to mention a few [17, 18, 19].

Typical extractants related to hydrometallurgy and nuclear industry of spent fuel repro-

cessing are N,N�-dimethyl-N,N�-dioctyl-2-(2-hexyloxyethyl)-malonamide (DMDOHEMA), and

(2-ethyl-hexyl) phosphoric acid (HDEHP) [17, 20, 21, 5, 7, 16]. DMDOHEMA corresponds to

the class of solvating non-ionic extractants, whereas HDEHP is a part of a class of acidic ion-
2Note that distinction between classes is somewhat unclear and that is why we will point out only few of

them.
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exchange extractants, since they dissociate upon binding of the target cation3. The mixture

of DMDOHEMA and HDEHP is particularly interesting since at certain conditions it exhibits

synergistic behavior.

We have stated that sustainability requires improvements of current liquid-liquid extraction

processes. In fact, improvements are possible to achieve by utilizing the phenomenon of synergy

in case of mixtures of extractants which exhibit non-linear e�ects. The existence of strong non-

linearities in solvent extraction is actually known since more than �fty years. Up to now, the

diversity of behavior has never been predicted, and separation industry relies on robust �tting

procedure which generated a large number of adjusted constants [9].

Within the ERC REE-CYCLE project, green chemistry aspects in the solvent extraction

are considered as lowering the amount of e�uents used by almost one order of magnitude. A

way to overcome this consists in combining the supramolecular complexation and the solvent

reorganization, as in �ienaics� approach which is described in the reference [22].

1.2 Current Modelling State-of-the-Art: Solvent Extrac-

tion

The e�ciency of the liquid-liquid extraction process is in�uenced by many di�erent parameters.

For example, it was shown that the type of extracted solutes, the type of extractant head group,

the branching and the chain length of extractants used, the type of solvent as well as the mole

ratio of the two extractants (in the case of the synergistic mixtures) have a strong impact on the

e�ciency [9, 23, 24, 25]. This high complexity governs the cost of employing newly developed

types of extractant molecules. In addition, it makes the optimization of system conditions

robust. Therefore, there is an urgent need to develop a predictive theory to assist the chemical

engineering to reduce experimental plans. Here we present a short overview of the currently

employed theories in liquid-liquid extraction.

1.2.1 Quantum Chemistry Calculations

The advantage of quantum chemistry calculations in liquid-liquid extraction modelling is the

accurate description of the �rst coordination sphere between target cation and the particular

extractant head group in form of optimized geometries [27, 28]. This is particularly useful in

3HDEHP extractant is often referred under other names such as D2EHPA, DEHPA or P204, depending on

the �eld of the application.
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Figure 1.3 � Schematic representation of levels of theory that are currently employed in sol-

vent extraction. Figure on the left represents atomistic studies of phenomenon underlying the

solvent extraction. Snapshot obtained from MD simulations has been reprinted by the per-

mission of authors and it corresponds to reference [26]. Sketch in the middle represents the

mesoscopic models e.g. pseudo-phase model. Figure to the right is simpli�ed representation of

multiple equilibria approach utilized by chemical engineers. It corresponds to simple extraction

of europium nitrate.

order to establish the trend in selectivity of series of metals e.g. lanthanide series [27, 29].

Density Functional Theory (DFT) calculations show that there is maximum occupancy of the

�rst coordination sphere [19, 30, 31, 32, 33]. In the case of DMDOHEMA extractant, character-

ized by robust malonamide head group, due to the steric constraints complexed lanthanide can

accommodate two DMDOHEMA molecules in its �rst coordination sphere. To complete the

octahedron (or similar geometry) coextracted nitrate anions and water molecules �ll remaining

sites. This was hinted also by experimental Extended X-Ray Absorption Fine Structure (EX-

AFS ) study [34]. Diglycolamide types of extractants show simmilar behavior as malonamides,

and octahedral coordination structre is usually preferred [35]. In the case of HDEHP, similar

composition of the �rst coordination sphere was obtained [36, 29]. Seven-coordinate lanthanide

structure was also predicted, but energy di�erence compared to six-coordinate structure is not

large. This is a consequence of smaller HDEHP phosphate head group. Furthermore, the con-

servation of six-to-seven coordination number was also reported when dealing with synergistic
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mixtures of extractants [37]. We have stressed this since the usual coordination number of

lanthanides in the bulk aqueous solution is more than that [38, 39, 40]. This fundamental

di�erence suggests that there is an excess enthalpy contribution associated with complexing

the cation with extractant head groups compared to the case in bulk aqueous solution. An

attempt is often made to establish the relation between overall extraction e�ciency and the

free energy of the complex [11, 41]. It must be noted that these considerations can only pro-

vide the trend, but fail completely in quantitative assessment. For example, unrealistic 1:1

cation/extractant couples are reported as a reference chemical reaction describing the overall

extraction e�ciency4. We will address this important question at the end of every chapter

devoted to liquid-liquid extraction.

To sum up: Quantum chemistry calculations have shown that complexation is important.

Moreover, it is the leading force that governs the transfer of the target ion between aqueous

and organic phases. Still, calculations are limited to small number of atoms in the system. For

example, even the extractant chains are not included, and truncated analogues are used for

calculations. Therefore, to study the in�uence of solvent e�ect we need another description at

higher length scales.

1.2.2 Molecular Dynamics Simulations

Molecular Dynamics (MD) simulations have proven extremely useful when studying liquid-

liquid extraction systems. Simulations have shown that extractant molecules in the organic

phase self-assemble into structures that resemble reverse micelles [42, 43, 44]. In the case

of DMDOHEMA the core of this weak aggregate retains character of general complex, as

predicted by DFT calculations, but also resembles a 'small pool' �lled with ions and water

molecules [26]. This �nding has been schematically demonstrated in Figure 1.3. Furthermore,

some of water molecules present in the core of the aggregate are labile and constitute a second

coordination sphere along with the residue of DMDOHEMA which are non involved in the direct

complexation with the central cation. The minimum number of self-assembled extractants

also called aggregation number is around four [42, 26, 45]. Also, it was demonstrated that

coextracted acid can bene�t the stability of DMDOHEMA aggregate [46]. Studies concerning

HDEHP showed that minimum aggregation number is six [44]. It must be noted that these

�ndings are consistent with experiment data. In the case of very 'bulky' extractants, such as
4Every colloidal aspect is therefore neglected. Luckily, we know that this reaction is probably only possible

for highly concentrated systems, where additional cation/extractant couple is incorporated into higher-order

pseudo-domain e.g. lamellar structure.
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N,N,N,N -tetra(n-octyl)diglycolamide the aggregation numbers can be as low as three (3). It

must be noted that accompanying counterions and water molecules are needed to stabilize the

cation in the apolar environment[35].

MD simulations are convenient and very accurate when studying the solvent and extractant

e�ects. Calculations in explicit n-heptane penetrating solvent have shown that DMDOHEMA

extractant mean chain length in aggregated form is constant on average [47]. This is an impor-

tant �nding, which we will exploit when constructing our model for the micelle aggregation.

Solvent e�ects on the shape of the aggregate can be further studied simply by running calcula-

tions for di�erent solvents (if the force �elds are known)[35]. Furthermore, HDEHP dimerization

can be estimated [48]. Moreover, for larger calculation boxes used, it is possible also to obtain

a proper structure (e.g. transition from small spherical to worm like or cylindrical aggregates)

and the hierarchical organization of the solvent phase (e.g. superclusters of small aggregates,

as recently reported) [49, 44, 33].

Still, MD simulations cannot yet be used to calculate extraction isotherms, especially the

overall phase diagram.

1.2.3 Mesoscopic and Thermodynamic Models

Mesoscopic models operate on the verge of macroscopic world. Their advantage is the fact that

they retain some degree of microscopic picture underlying the phenomenon of interest, but are

manageable to be used for prediction of a real experiment5.

Pseudo-phase model

Probably the most widely used model is so-called 'pseudo-phase model'. It was �rst proposed

by Charles Tanford and became the cornerstone in colloidal self-assembly of surfactants [50].

The model assumes that individual aggregates are distinct phases. Aggregated extractants are

in equilibrium with free extractants dispersed in the solvent, as demonstrated schematically in

Figure 1.3. The aggregated extractant exists at and above the Critical Aggregate Concentration

(CAC). It can be written as

µ0
A = µ0

L + kT ln CAC (1.1)

µ0
L is the standard chemical potential of the free ligands, and µ0

A is the chemical potential of L in

the pseudo-phase. The model was originally introduced for cases of direct micelles in aqueous

solution. Within the free energy approach, it was possible to include additional e�ects and
5Along with all model approximations and adjusted parameters.
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generalize pseudo-phase model for various morphologies [51, 52]. In the case of liquid-liquid

extraction and reverse aggregates in the organic solvent, the model was used to establish the

relation between electrolyte activity and the experimental CAC [53]. Another example was

the relation between head groups interactions in extractant �lm composed of dissociated and

undissociated HDEHP molecules [54]. The strength of this model is the fact that in the free

energy approach, the calculation of standard chemical potential of the particular aggregate

can be made if the relation of some energetic contribution as a function of the composition is

known e.g. the energy of curved extractant interface, or the lateral head groups interactions

[55, 56]. Still, pseudo-phase model was not yet ripe to predict overall extraction e�ciency

since it assumes already created aggregate with certain aggregation number. Moreover, it gives

a sharp transition in aggregation after CAC, which states that addition of extractant in the

system must be incorporated in aggregates.

Langmuir-like model

At the very borderline with models based on chemical equilibria are Langmuir-like adsorption

models [57, 58]. The relation is given as

K = Vae
−β∆G0

(1.2)

for which Va is the accessible volume of one site and β = 1/kBT . Thus the constant K has the

dimension of volume. ∆G0 can be de�ned as the change of Gibbs free energy from the aqueous

phase to the organic phase. In a way, Langmuir-like models are o�spring of pseudophase model

since it is needed to consider the aggregates in the organic phase as either: 1) single accessible

sites to accommodate (or bind) the cation, or 2) or set of sites in extractant �lm. In either

case it is assumed that aggregates already exist. The di�erence between aggregated and free

extractant would correspond to mostly enthalpic contribution due to the binding of cation to

accessible site [59]. To conclude, Langmuir-like models can be used to predict the extractant

saturation. At high concentrations of target electrolyte in the aqueous solution, extraction

isotherms show asymptotic behavior towards saturation limit.

1.2.4 Modelling Based on Establishing Possible Chemical Equilibria

So far, we have covered atomic description and mesoscopic-to-macroscopic models. Very im-

portant, and the only approach that can predict extraction process, is based on establishing

every possible chemical equilibria [60]. Example of non-ionic extractants equilibria is usually
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written6 as

Eu3+ + 3NO−3 + xH2O + yL 
 Eu (NO3)3 Ly (H2O)x (1.3)

where L denotes ligand (or the extractant) and y is the particular aggregation number, and

Eu (NO3)3 Ly (H2O)x denotes the aggregate of the particular composition. Eq. 1.3 can be

written in terms of equilibrium constant K◦ as

K◦ =
[Eu (NO3)3 L4 (H2O)x][

La3+
] [

NO−3
]3

[H2O]x [L]y
. (1.4)

This chemical reaction is a part of larger system of possible equilibria that are simultaneously

solved within the minimisation procedure (see Figure 1.3). The closure of the Mass Action Law

(MAL) along with the method to minimize it then provides directly the extraction isotherms,

as is readily done in chemical engineering [61]. The procedure works and provides a cornerstone

for the actual plant process design e.g. implemented PAREX code for PUREX process [62]. In

the case of HDEHP and its synergistic mixtures with additional extractant, modelling based on

multiple equilibria provided acceptable description of solutes speciation in the organic phase.

In the case of mixture of extractants, a synergistic peak in extraction isotherm was obtained

[63, 64, 65].

Even though the method works, there are few issues with the approach. The minimization

procedure requires large amount of experimental data and yields high number of adjusted

constants [9, 10, 61, 66]. From Eq. 1.4 it can be seen that every composition yields additional

constant. Sometimes, constants cannot be justi�ed from molecular simulations. Moreover, the

solvent interactions are idealized and the water coextraction e�ects are often neglected [31].

Synergistic mixtures are especially di�cult to model. Strong non-linearities observed in Job's

plots are often impossible to predict. To overcome the issue, the chemical engineering utilizes

procedures for extra parametrization [9]. Therefore, there is a room to improve and to bridge

the two approaches (molecular simulations and chemical engineering).

1.2.5 Our Approach

In order to propose a model that can be used by chemists as well as chemical engineers, we need

to be able to calculate actual extraction isotherms. Therefore, multiple equilibria approach is

useful. Still, we want to avoid �tting the large number of constants. Furthermore, we wish

to account for a colloidal aspect of liquid-liquid extraction. Best tactics is to take be�ts of

both extremes (atomistic descriptions and multiple equilibria modelling), while minimizing

6Example is given on the extraction of europium.
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their drawbacks. From atomistic descriptions we can take structures and particular solvent

e�ects, whereas from chemical equilibria approach we take the MAL closure and minimization

procedures. The only way to do that is to take approach similar, but not equal, to pseudo-

phase model, as was done by Leontidis and coworkers in a series of papers dealing with the

extraction of amino acids [67, 68, 69, 70]. Our approach is similar because we need to calculate

the free energy of the particular aggregate in the organic solvent. Di�erence is the fact that we

want to create di�erent possible aggregates at equilibrium, as de�ned by MAL. The free energy

of the particular aggregate is the sum of di�erent energy contributions (terms), which will be

described in Chapter 4, 5, and 6. The free energy of an individual aggregate is by de�nition

its standard chemical potential. When standard chemical potential is known, it allows us to

complete MAL, but now not only one: if we know functionality of energy terms we can calculate

every possible aggregate. This is the key idea of this part of the thesis and it can be written

in more general colloidal chemistry vocabulary: every aggregate is possible and can coexist at

equilibrium with its probability being determined by its composition.

Yet, it must be added that the idea is not original, only the way we put it to use. It was

demonstrated on a series of papers7 that the methodology is intuitive in its core and that can

predict overall extraction isotherms [71, 72, 73].

To conclude, this mesoscopic model is between the two extremes: quantum chemistry and

molecular simulations at one end, and the chemical equilibria-based engineering approaches at

the other [32, 44, 64, 65]. The approach consists in calculating the free energy of all the possible

aggregates. This route is opposite to the traditional approach of establishing a few chemical

equilibria, since we do not �t the reaction constants: constants are among the output of the

model. The systematic calculation of the Gibbs energy of self-assembly in liquid-liquid extrac-

tion is the path to understand these systems and the path to an e�cient chemical engineering.

Another advantage is that the system can be studied as function of any independent variable.

It is possible to explore the complex two-phase multicomponent system as a function of all the

thermodynamic variables.

1.3 Solid-liquid separation

The simplest case of the solid-liquid cations separation is the dispersion of the solid adsorbent

in the aqueous matrix containing target solutes. The procedure describing a typical laboratory

experiment is presented as a sketch in Figure 1.5. Suspended solid adsorbent interacts with
7Although papers dealt with much simpler systems.
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aqueous solution. As a result, solutes adsorb to it8. In the context of metals separation, the

relevant chemical process is the cation exchange which occurs at the exposed surface of the solid

adsorbent. After the system reaches the equilibrium, the supernatant and the solid residue are

separated. It must be noted that this now again disrupts the equilibrium between (mostly)

ions adsorbed to the solid and ions in the aqueous solution in contact.

In order to have e�cient exchange of ions between aqueous phase and solid adsorbent, two

conditions must be met: 1) the surface of adsorbent exposed to the aqueous solution needs to be

highly hydrophilic, 2) the speci�c surface area of adsorbent needs to be large. If two conditions

1) Addition of the solid adsorbent

2) Mixing 3) Separation

≡ Target solute ≡ undesired solute ≡ solid adsorbent

Figure 1.4 � Schematic representation of selective laboratory scale solid-liquid separation.

are met, then large accessible surface can sustain high rate of ion-exchange reactions. Currently,

numerous materials display desired properties. Class of e�cient solid adsorbents of metal cation

is not only restricted to historical metal-oxides [74, 75, 76, 77]. Nowadays, mentioned metal-

oxides are also available as highly ordered structures at nano-scale and are characterized with

high degree of porosity. These nanomaterials readily synthesized, and already at use. Silica

nanoparticles, titanates nanoparticles (or various morphologies, some of which we are interested

in!), carbon nanotubes, various oxide nanorods, and many more fall into category of e�cient

adsorbents [78, 79, 41, 80, 81]. Not directly connected with subject of this thesis, but still

8Adsorption can be of chemical nature (chemisorption), or mediated by weaker forces (physisorption).
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important solid adsorbents already used for decontamination applications, are metal-organic

frameworks (MOFs), composite MOFs/ligand materials, porous aromatic frameworks (PAFs),

polymer nano-traps, etc. [82, 83, 84, 85, 86].

Within French Alternative Energies and Atomic Energy Commission (CEA) the main appli-

cation of solid-liquid separation corresponds to both selective and non-selective decontamination

of wastewater from radioactive contaminants. It was identi�ed that the wastewater can contain

up to 40 radioactive species after the �ssion. Materials like zeolites, titanates, silicotitanates,

and hexacyanoferrates have already been used as e�cient ion-exchangers and thus as a tool

for the decontamination of wastewater containing radioactive cations of Cs+, Sr2+, Ru3+ etc.

[87, 88, 89, 90, 79, 91, 92, 93]. The advantage of the solid adsorbents for decontamination

of radioactive wastewater is the fact that only aqueous phase is needed. Avoiding the usage

of organic solvents (as in liquid-liquid extraction) is in the core of the green chemistry of in-

dustrial processes [1]. Another advantage is enhanced resistance to radiolytic cleavage of the

used material, compared to extractants used in liquid-liquid extraction, or compared to soft

membranes9.

Solid-liquid separation of metal is conducted in the aqueous medium. Therefore, it is under-

standable that charge properties of materials have a large impact on the e�ciency of separation.

It must be emphasized that the expression 'charge properties' is somewhat ambiguous. In con-

text of materials which surface groups build up charge upon dissociation when contacted with

aqueous solution, the charge properties in fact assume two main contributions: the bare surface

charge of material and the non-uniform cloud of ions surrounding it. The two contributions are

mutually dependent since ions organize to counter the electric �eld exhibited by the charged

surface, and surface charge in most cases depends on ion concentration at the interface10. There-

fore, to predict e�ciency of the solid-liquid separation, we need to have a proper description of

charge properties. The situation is of twofold importance:

1) Study of ions in con�ned media and its surface charge density are important

questions in colloidal chemistry of porous materials. Processes like ions asso-

ciation, or water di�usion (and many other) are not completely understood in

complex medium, such as charged cavity of porous nanomaterials.

2) Increasing employment of nanomaterials for adsorption applications lacks a proper

modelling which can distinguish what happens at the outer surface of nanoma-
9This is a major drawback of soft-matter applications in nuclear industry.
10Note that this is the case for pH-dependent surface charge densities. Some materials like clays have constant

charge so the statement is not true.
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terials exposed to medium, and what happens inside the nanopores. Theoretical

modelling should address this issue in order to provide chemical engineering with

tools for more e�cient process design.

Issues mentioned above will be addressed within this thesis from theoretical point of view,

and to some extent (quite modest extent) experimental point of view. The following section

provides a short overview of the current theories employed to study the solid-liquid interface

and separation processes. Note that we will consider only the case of charged interfaces since

it is relevant to the separation of cations.

1.4 Current Modelling State-of-the-Art: Adsorption of Ions

by Solid Adsorbents

The simplest system we can imagine to represent the suspension of solid nanoparticles adsorbent

is a single macroion (nanoparticle) immersed into aqueous solution. This simplest system is

still not 'simple' enough for chemical engineering considerations. Why is that? In fact, we

can immediately notice that described simple system is already quite di�cult to model and

numerous e�ects need to be understood and quanti�ed.

Within the scope of multi-scale modelling it is possible to obtain a proper description of

the phenomena occurring at the interface, which can then combine with mesoscopic theories

to recover global behavior of macroions in suspension [94, 95, 96]. As a result, thermodynamic

models can be derived that can in principle bridge with chemical engineering. The schematic

representation of the multi-scale modelling employed for the systems of solid-adsorbents is

presented in Figure 1.5. It can be seen how description of the ions, water molecules and surface

groups of the nanomaterial can be transferred to meso-scale. Theories of inhomogenous liquids

can then be used to correct MAL crucial for chemical engineering. As a result separation

e�ciency can be predicted. Here we present a short overview of the levels of theory used in the

�eld of charging phenomenon in cavities of complex porous materials.

1.4.1 Quantum chemistry calculations

Usage of quantum chemistry calculations is limited to systems made of small number of atoms.

In context of nanomaterials, quantum chemistry calculations are mostly Density Functional

Theory (DFT). Furthermore, DFT is usually used to obtain the structure of material at the
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Figure 1.5 � Schematic representation of levels of theory that are currently employed in solid-

liquid separation. Figure on the left represents atomistic studies of ions association phenomenon

at the interface. Snapshot obtained from MD simulations has been reprinted by the permission

of authors and it corresponds to reference [97]. Sketch in the middle represents the mesoscopic

models e.g. Poisson-Boltzmann theory. Figure to the right is simpli�ed representation of

equilibria approach utilized by chemical engineers. Example is made on hypothetical Cs+ and

Na+ exchange equilibria decontamination applications.

interface i.e. to recover the proper chemical structure of exposed atoms at phase boundary

[98]. A well described structure of exposed surface atoms can be used to create the concept

of surface site which is one of key-ingredients for surface site models. Site models are can be

used to regulate the charge of the surface. Furthermore, quantum chemistry calculations can be

used to study the structure of species at interface, or the adsorption with the clear distinction

between created covalent and coordinate bonds.

1.4.2 MD simulations

MD simulations are powerful tool to study interfacial phenomena, and behavior of ions and

water molecules inside the cavity of porous materials [99]. The schematic representation of

typically study of ion in con�ned medium via MD simulations is given as a snapshot on the left

in Figure 1.5. Some of key prospects/advantages for using MD simulations are:

a) Association of counterion and the surface group i.e. explicit charge regulation.
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b) Ion pair formation (counterion and coion association) in the cavity of porous

material can be identi�ed (if association occurs).

c) Explicit solvent simulations can elucidate behavior of water molecules con�ned

inside the cavity.

d) Mesoscopic models can be validated by MD simulations for certain conditions of

the system.

The association of counterion and the charged surface group can be understood as typical ion

association, as proposed by Bjerrum [97]. The constant of association K0 can be written as

K0 =

∫ d

0

dr4πr2 exp [−βVint(r)] (1.5)

where r is the distance, Vint is the interaction potential, d is the arbitrary de�ned limit of

integration. K0 depends on the choice of d. In most cases it is su�cient to account the contact

ion pair (CIP) and solvent separated ion pair (SSIP) with K0. CIP and SSIP correspond to

two minima in calculated Vint. A properly calculated K0 is important because it can be used

in charge regulation method within continuum theories of liquids, but can also be used to

represent one of competing reactions to establish multiple MAL in chemical engineering.

We have mentioned that some mesoscopic models can be validated via MD. Indeed, it was

shown that Poisson-Boltzmann theory is valid once the description of counterion/surface site

association is properly accounted for [100, 101]. After the �rst layer (the Stern layer) the

aqoueous solution behaves as predicted by Poisson-Boltzmann theory. With some advantages

described, one can imagine how to now use bene�ts of simulations as apart of multi-scale

approach, and incorporate them into continuum solvent models to even further close the gap

towards chemical engineering.

Before proceeding, it is important to stress the limits of MD simulations. A major drawback

of MD simulations is the proton exchange and surface regulation governed by ambient pH.

Proton is a small ion and its surface charge density is quite large which makes it di�cult to

model. A big portion of MD-based studies therefore assume constant charge and pH in�uence is

neglected. Furthermore, low electrolyte concentration aqueous systems with immersed macroion

are in most cases not possible to calculate. The reason is the fact that long-range electrostatic

interactions are not fully screened [102]. The relevant measure of electrostatic interactions is

so-called Debye length, which is de�ned as

λD =

(
4πlB

∑
α

z2
αc

0
α

)−1/2

(1.6)
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where c0
α and zα are respectively the reservoir concentration and the charge number of ion z.

lB is the Bjerrum length de�ned as lB = e2/4πkBTε0εr. In the case of low concentration of 1:1

electrolyte, λD has the magnitude of tens of nanometers. This means that in order to guarantee

the electroneutrality, a huge simulation boxes need to be used, which is in most cases undesired.

1.4.3 Monte Carlo simulations

To describe the interaction between the colloids (in our case nanomaterial particles) useful

method is Monte Carlo (MC) simulation. Accurate description of multivalent ion distribution

can be obtained, even in the case of small cavities. Additional degree of freedom, such as angular

dependency on free energy of rod-like ions [103], is easily incorporated11. Additional bene�t

is the fact that MC gives insights into structure of the suspensions in terms of mean distance

and orientations between macroions [104, 105]. This is then allows to draw the conclusions

concerning properties of real macroscopic systems such as cohesion of cements[106]. Still, MC

simulations cannot be used to predict e�ciency of metal cations removal from suspension due

to the robustness of the procedure. MC simulations are often used to validate predictions by

classical Density Functional Theory (cDFT)12[107].

1.4.4 Classical Density Functional Theory

At the beginning, we need to emphasize that the level of theory that we used for the study

of solid nanomaterials in aqueous solution corresponds to cDFT. For that reason, in the next

chapter we will go in details of derivation and its approximations. Here we present only short

overview on examples employed and the main �ndings. We are in the domain of continuous

solvent models (but not necessarily). cDFT (DFT in general) is convenient since it gives energy

of the overall system. If we can construct the system functional as a function of particle, or

in our case ion distributions, then by �nding its minimum value by variational procedure we

can recover description of the system at equilibrium. The description comes in the form of

particle distribution functions that can be integrated over volume of the system to obtain the

free energy [108]. It has been showed that ion distribution functions can be obtained in the

case of nanochannels, dense layered clay, and other porous materials [109, 110]. Advantage of

the cDFT is that is is compatible with the surface charge regulation method (which will be

11This increases computational time but the bene�t of inclusion of additional degree of freedom increases

prediction power of the method.
12DFT explained at the beginning of the chapter was in the �eld of quantum chemistry. To avoid possible

confusing we denote mesoscopic theories of inhomogenous liquids by cDFT.
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further expanded within the scope of this thesis). This opens the route for the modelling of

pH-governed process.

cDFT is in between MD and MC simulations, and ion-exchange equilibria approach. It

preserves the properties of inhomogenous liquids and yields acceptable description of ion dis-

tributions in con�ned medium, but also corrects the ions concentrations at interface. Surface

complexation then takes hold in form of established exchange equilibria (cation exchange MAL)

and we can predict the e�ciency of adsorption or decontamination. Furthermore, surface com-

plexation can be justi�ed either through cDFT or MD simulations as Bjerrum contact ion

pair.

Probably the most widely used example of cDFT is the Poisson-Boltzmann (PB) theory.

Minimization of the grand potential functional (solvent as dielectric continuum) when ion-ion

correlations are neglected, yields the ion distributions that depend only on electrostatics. Induc-

ing them into relevant electrostatics relations yields PB level of description. The big advantage

is the fact that it is easily solved numerically of even in some cases analytically. The example of

this level of theory is given as the sketch in the middle of Figure 1.5. In order to understand the

behavior of charged colloids in aqueous electrolyte solution Poisson-Boltzmann theory is often

used since in low salt condition, it provides satisfying explanations [111]. Poisson-Boltzmann

theory is often coupled with charge regulation method to explain various phenomena in col-

loidal chemistry [112]. Advancements towards more realistic descriptions of colloidal systems

include interactions between dissimilar surfaces, rod-like polyions, mobile surface groups and

even the interactions between soft multi-layered particles [113, 114, 115, 116]. Another ad-

vantage is the fact that PB can be easily improved by including additional potentials in the

variational procedure. The modi�cations that have the largest impact are in the form of size

of ions. Those can be included if we divide the accessible volume for ions into cells of �nite

size. Mean-�eld approximation then yields ideal gas-like entropic part of free energy functional

which does not allow oversaturation of the interface with ions [117, 118]. In principle, one can

go beyond single macroion considerations and achieve a description of the overall behavior of

the suspension [96, 119, 120].

Advanced classical Density Functional Theory simulations made considerable progress about

the description of ion density pro�les inside con�ned media and about the evaluation of surface

charge of porous materials [109, 110].

Yet, to our knowledge, there is no model that can quantitatively describe the charge dif-

ference between the inner and outer surfaces of porous materials, and quantify the extent of

ion-exchange at each surface. Currently, it is not clear where does the adsorption of ions takes
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place. As stated before, we will address such problems further in the thesis.

1.4.5 Ion-exchange equilibria approach

The usual approach in modelling of solid-liquid separation that chemical engineers use is the

�tting of the free energy of transfer of ion from aqueous bulk solution to solid phase. From the

free energy of transfer the constant of transfer is obtained [88]. The procedure is demonstrated

schematically in the sketch to the right in Figure 1.5. If we imagine a simple hypothetical

decontamination of wastewater from Cs+ by some solid (based on the exchange Na+) then

associated equilibria can be written as

Cs+ + Na+ 
 Na+ + Cs+ (1.7)

which can be written in form constant of the ion exchange

K0
exchange =

a
Na+

aCs+

aCs+aNa+
=

[
Na+

] [
Cs+

][
Cs+

] [
Na+

] γNa+

γCs+

γCs+

γNa+
. (1.8)

Now is the question how to obtain K0
exchange? It is usually done by taking the logarithm of Eq.

1.8 [92]. The experimental data can be plotted in a linear form. Then by identi�cation, we can

recover K0
exchange. There are multiple issues with dealing with logarithmic form of Eq. 1.8:

1) The calculation of activity coe�cients in solid phase can be troublesome (note that at this

point we are not even concerned with activity coe�cients in the concentrated aqueous phase,

even though that itself is a huge issue). Practically what is done is stating that γCs+ = γNa+ = 1

i.e. activity coe�cients in the solid phase are neglected. If the exchange includes monovalent

cations in the same accessible volume, this is not that severe approximation [89].

2) The concentration of cation that is released in the competition exchange, in this case[
Na+

]
is unknown. What is practically done again is to declare

[
Na+

]
equal to the Cation

Exchange Capacity (CEC) [88]. CEC represents the maximum amount (or concentration) of

cation to be exchanged within competition reactions. It is assumed to be property of the

material and thus constant. The approximation of
[
Na+

]
= CEC is often used. It must be

emphasized that CEC is more of a hypothetical concept than the real scienti�c argument since

it is only valid if the exact number of ions able to participate in the exchange is known at given

pH and temperature. Instead of this concept, a site model (which we will use later) is probably

more accurate since it connects surface site density and local ion association

Recently there were mesoscopic models that battled issues above. In particular, activity

coe�cients in solid were calculated as well as the ones in the aqueous solution. It was shown
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that calculatedK0
exchange depends on the level of theory (description of the system) [89]. Another

example on what be done is employing cDFT. This can improve the calculation of Eq. 1.8 since

by di�erentiation of thermodynamic functional, we can obtain activity coe�cients. Moreover,

a surface site models are probably more adequate since it is more intuitive to understand

the complexation of ions to the interface (a local phenomenon giving a cation/surface site

pair). Moreover, one can estimate number of sites in the system (to more satisfactory accuracy

compared to CEC) based on the combination of experimental techniques e.g. BET, HR-TEM,

etc.

1.4.6 Summary and prospects of multi-scale modelling

Multi-scale modelling can in principle serve as a powerful tool for the prediction of various ma-

terials. By systematic procedure which involves atomistic modelling of the ion-surface group

and ion-ion associations, the calculation of acceptable ion distributions inside the cavities of

porous materials, along with the multiple equilibria ion-exchange MAL, one can predict the

e�ciency of the solid-liquid separation process. Then delicate e�ects such as stability of sus-

pension or ion speci�c e�ects can be included to even further correct calculated constants of

transfer.
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A Toolbox of Physical Concepts

We start with the basics of thermodynamics by de�ning the fundamental relation for the full

description of the system in study. We will show how it is useful to transform the fundamental

relation into thermodynamic potentials as a function of extensive and intensive variables. This

general procedure allows for adjustments to whatever framework is needed in order to study

a phenomenon at hand. Later we will introduce a famous Boltzmann relation that bridges

equations of state and the statistical mechanics. This, along with a few modi�cations, can be

used to elegantly evaluate properties of system by building a microscopic model in an appropri-

ate ensemble. Furthermore we will expand our considerations to the concept of inhomogenous

liquids in the scope of density functional theory. Finally, we will add separate sections dealing

with the concepts that are used in constructions of our models.

2.1 Thermodynamics

The strength of thermodynamics comes in the form of choosing a representation which best

suits our considerations. We can de�ne a fundamental equation as the internal energy U of the

system

U = U (S, V, {Nα}) (2.1)

as a function of solely extensive thermodynamic quantities namely the entropy S, the volume

of the system V , and the chemical composition N (multiple species present are represented by

generalized symbol {Nα}). In di�erential form U can be written as

dU = TdS − PdV +
∑
α

µαdNα . (2.2)
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From Eq. 2.2 we obtain the de�nition of equations of state[121] in the form of

T =

(
∂U

∂S

)
V,{Nα}

, P = −
(
∂U

∂V

)
S,{Nα}

, µα =

(
∂U

∂Nα

)
S,V,{Nβ}

. (2.3)

2.1.1 De�nition of Thermodynamic Potentials

As we have stressed in the �rst sentence of this section, that the strength thermodynamics comes

in the form of choosing a representation which best suits our considerations. This implies that

we can write a fundamental relation given by Eq. 2.1 in the form of inverse relationship i.e.

the entropic fundamental relation S (U, V, {Nα}). Both fundamental relations are functions of

extensive variables and contain a full description of the system. Choosing of the representation

is arbitrary, but once adopted, must be respected throughout the procedure. In fact we have

presented this alternative representation in terms of entropy because this view is consistent

with statistical thermodynamic, which will be presented in following sections.

Even though this is somewhat intuitive U (S, V, {Nα}) representation1, its practical use is

somewhat less appealing since it requires the measurement of S. Luckily, by utilizing Legendre

transformation procedure, we can switch extensive quantities to their conjugate counterpart.

This leads to the de�nition of thermodynamic potentials. By eliminating the entropy S from

U we obtain the Helmholtz energy

F (T, V, {Nα}) = U (S, V, {Nα})− TS (2.4)

which can be written in di�erential form as

dF = −SdT − PdV +
∑
α

µαdNα . (2.5)

Helmholtz energy or the free energy is manageable since we need only to control measurable

quantities. Thermodynamic potentials are extensive quantities i.e. functions of at least one

extensive quantity. According to Euler's theorem for �rst-order homogeneous functions2, it

follows that

F (T, V, {Nα}) = V

(
∂F

∂V

)
T,P,Nα

= −PV +
∑
α

µαN (2.6)

Another thermodynamic potential is obtained if we further replace {Nα} by its conjugate

variable i.e. the chemical potential µα. This yields the Grand potential de�ned as

Ω (T, V, {µα}) = F (T, V, {Nα})−
∑
α

µαNα (2.7)

1Same probably follows for S (U, V, {Nα}).
2Let f (x1, ..., xN , X1, ..., XN ) be a homogeneous function of order n. xi and Xi are respectively extensive

and intensive variables, just like in thermodynamic potentials. Euler's Homogeneous Function Theorem states

that
∑N
i=1 xi

∂f
∂xi

= nf .
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and its di�erential form

dΩ = −SdT − PdV −
∑
α

Nαdµα . (2.8)

Euler's theorem again gives

Ω = −PV (2.9)

since the Grand potential is function of only one extensive variable, namely the volume V .

Another very useful potential is semi-grand potential where one or more variables describing

the compositions of the system are converted into chemical potentials[122], but the rest are kept

in their extensive form (for example Ω (T, V, µα, {Nβ})). In fact, we will use this framework

in our considerations of the liquid-liquid extraction where we will �x the chemical potential of

ions and water in the reservoir, while the chemical potential of organic ligands is allowed to

�uctuate.

Still, probably the most used thermodynamic potential is Gibbs energy G (T, P, {Nα}).

G (T, P, {Nα}) is de�ned as a double Legendre transformation of U (S, V, {Nα})

G (T, P, {Nα}) = U (S, V, {Nα})− TS + PV (2.10)

with its di�erential form given as

dG = −SdT + V dP +
∑
α

µαdNα . (2.11)

Gibbs free energy is the function of natural variables which are easily controlled in terms of

laboratory experiments. Euler's theorem yields

G =
∑
α

µαNα (2.12)

2.1.2 The Gibbs-Duhem Relation

An important and widely used application of Euler's theorem is to derive a di�erential form of

relation among equations of state. A di�erential form is known as the Gibbs-Duhem relation.

By taking a in�nitesimal variation of Eq. 2.12 and identifying with Eq. 2.11 we obtain

SdT − V dP +
∑
α

Nαdµα = 0 (2.13)

If T and P are constant their variations are equal to 0 (dT = dP = 0), we obtain∑
α

Nαdµα = 0 . (2.14)

Eq. 2.14 states that if we know the functional form of all chemical potentials but one, we can

obtain the functional form of the last one, to a given constant.
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To demonstrate the bene�t of Gibbs-Duhem relation, we will derive the chemical potential

of water in a mixture of water and salt i.e. a simple aqueous solution. This part will be used

in the derivation of our model, so it is quite pleasant to have a twofold bene�t at this stage: 1)

demonstration of Gibbs-Duhem procedure for obtaining the functional form of the dependent

equation of state, and 2) to shorten the derivation in later stages of this thesis where there will

be enough equations already. We consider ideal aqueous solution where activity coe�cients γ

are equal 1. In that case the chemical potential of ions j in aqueous solution can be written as

µj = µ◦j + kBT ln

(
mj

m◦j

)
(2.15)

where µj is the chemical potential of ion j, µ◦j is the standard chemical potential of ion j, m◦j

is the molality at standard state, and mj is the molality of j. mj is de�ned as

mj =
nj

nwMw

(2.16)

where nj, nw, and Mw are respectively the amount of ions j, the amount and the molar mass

of water molecules. We can now employ Eq. 2.14 for the case of a simple mixture of water and

ions. We write ∑
j

njdµj + nwdµw = 0 (2.17)

where µw is the chemical potential of water molecules. Variation of Eq. 2.15 (for the given

de�nition of molality) with respect to nj yields

dµj = RT d ln nj = RT
dnj
nj

. (2.18)

R is the gas constant. After inserting Eq. 2.18 into Eq. 2.17 we obtain

dµw = −RT
nw

∑
j

dnj. (2.19)

Integration yields

µw = −
∑
j

RT
nj
nw

+ C(nj) (2.20)

where C(nj) is integration constant. If we consider a pure water, then �rst term in the expres-

sion for chemical potential of water goes to 0 and we can identify the integration constant with

the standard chemical potential of water C(nj) = µ◦w. Finally we have

µw = µ◦w −RT
∑

j nj

nw

(2.21)

which is the a consequence of Gibbs-Duhem procedure. If µw is de�ned in terms of Gibbs free

energy µj = ∂G
∂Nj

∣∣∣
T,P,Ni 6=j

= 1
NA

∂G
∂nj

∣∣∣
T,P,ni 6=j

we have

µw = µ◦w −
RT

∑
j xj

xw

(2.22)
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where NA is the Avogadro constant.

2.2 Basic Principles of Classical Statistical Thermodynam-

ics

Statistical mechanics, a branch of physics, provides a link between the macroscopic level of

phenomenological thermodynamics, and a microscopic level of description. With macroscopic

state of the system at equilibrium uniquely de�ned by a (small) number of experimentally

controlled state variables (as described in previous section), the microscopic level of description

in principle includes speci�cation of a point ΓN in 6N -dimensional space, where N denotes the

total number of particles in the system. The coordinates of ΓN are generalized position vectors

ri, and momenta pi of N particles. Statistical averaging reduces the detailed microscopic

description involving an untractable number of rapidly varying degrees of freedom. According

to Gibbs ensemble theory, the probability of occurrence of such a state is given by a phase

space probability density P (ΓN). It is in fact the ratio of the particular state of the system

and all possible states. All possible states represent a normalization factor called the partition

function3. Once the partition is known the link to the calculation of thermodynamic potentials

is straightforward, as we will see in the following text. Here we shortly present and describe

some of widely used ensembles and corresponding relations between partition functions and

thermodynamic potentials. Note that for the sake of simplicity we will deal with one-component

systems, but generalization to mixtures is straightforward.

Micro-Canonical ensemble

Micro-Canonical ensemble is used to describe the closed isolated systems, where the energy E,

chemical composition Nα, and volume V are �xed. The di�erences within states originate only

from di�erent ri, and pi of particles. Since energies of the states are equal we can write the

probability density as

P (ΓN) =

 constant if HN = E

0 otherwise
(2.23)

where HN is the Hamiltonian de�ned as

HN = KN + VN + Φ (2.24)

3The example of calculation of the partition function will be provided in the following section.
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KN is the kinetic energy, VN is the interaction energy between particles, and Φ is the arbitrary

potential exhibited by the external generator. In this case there is no external potential,

thus Φ = 0. We can write micro-canonical partition function W accounting for all possible

microstates as4

W =
1

N !h3N

∫
dΓδ(HN − E) (2.25)

where h3N is a measure of the accessible phase space 'volume' (makes a partition function di-

mensionless), factor 1/N ! accounts for indistinguishability of particles. Finally, the link between

thermodynamics and statistical mechanics is given by Boltzmann relation as

S(U, V,N) = kB lnW . (2.26)

The relation is a direct link between number of possible microstates of the system and the

macroscopic entropy. As described in previous section, if the fundamental relation is known,

we can derive equations of state. In the case of Micro-Canonical ensemble we have

dS =
1

T
dE +

P

T
dV − µ

T
dN

1

kBT
=

(
∂ lnW

∂E

)
N,V

,
P

kBT
=

(
∂ lnW

∂V

)
E,N

,
µ

kBT
=

(
∂ lnW

∂N

)
E,V

(2.27)

Even though intuitively simple, a Micro-Canonical ensemble is in fact di�cult to manage

since it involves computing the every possible microstate. To overcome this di�culty, the

macroscopical constraints are either established or removed which generates various Gibbs

ensembles corresponding to various thermodynamic potentials. The choice of ensemble can be

thus made so it simpli�es the comparison with the reference experimental setup.

Canonical ensemble

We have described an ensemble for description of an isolated closed system. We can now imagine

that thermal insulator is removed and the energy can �uctuate between di�erent systems, each

one characterized by corresponding P (ΓN). They are in contact with a thermostat which �xes

the temperature T . Volume and the number of particles remain �xed. In Canonical ensemble

the probability distribution represents the number of ways the total energy of the system can

be distributed among microstates. A way of obtaining the expression for P (ΓN) is by using the

Lagrange method of undetermined multiplier with respect to constraint of the system. In the
4The Dirac delta function δ(x) is used to give functionality to probability density in the case of equal energies

of di�erent microstates.
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case of Canonical ensemble, the Lagrange multiplier is β = 1/kBT . The probability distribution

follows Boltzmann distribution and can be written as

P (ΓN) =
1

N !h3N

exp (−βHN)

Z
(2.28)

where Z is canonical partition function de�ned as

Z =
1

N !h3N

∫
ΓN

exp (−βHN) dΓN (2.29)

Z will be derived in the following sections for the case of the ideal gas mixtures. The link with

thermodynamics is given by the statistical de�nition of the Helmholtz potential (recall Eq. 2.4)

as

F (T, V,N) = −kB T lnZ (2.30)

Grand-Canonical Ensemble

Grand-Canonical ensemble is very useful since it simpli�es description of various common phe-

nomena in chemistry. For example the adsorption of particles to a surface can be simply

understood if the we consider the medium containing the free particles as a in�nite reservoir

in contact to the surface. Another example can be aqueous solution of ions in contact to plane

describing the immersed electrode. Grand-Canonical ensemble can be generated if we open a

closed systems (described by Canonical ensemble) to exchange particles with the reservoir. To

account for the most probable distribution of the particles among systems we need to employ

Lagrange method once again. As will be seen in following section on a practical example, the

multiplier is equal to the chemical potential of the particular particle in the reservoir µ. The

probability distribution is again given as a Boltzmann distribution and has form of

P (ΓN) =
1

N !h3N

exp (−βHN +Nµ)

Ξ
(2.31)

where grand-canonical partition function Ξ is given as

Ξ =
∑
N

1

N !

eNβµ

h3N

∫
dΓe−βH(Γ) . (2.32)

Later we will see that factorization will yield the activity (or fugacity) of the particle. Finally,

the link with thermodynamics is given through relation

Ω(T, V, µ) = −kBT ln Ξ (2.33)
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2.3 Classical Density Functional Theory - cDFT

The complexity of dense �uids increases if there is an external potential source present. An

external potential a�ects molecules in liquid and therefore induces inhomogeneity of it. So

called non-uniform �uids are de�ned as �uids which number density exhibits spatial variation.

External potential can be, for example a Earth's gravitational �eld that creates variation by

height, or the source can be an electrode immersed in the aqueous solution that a�ects ion

distribution near electrode surface. To acquire description of macroscopic system, we divide it

into so called mesoscopic subsystems which are much smaller than the original system. Yet, its

size is enough for thermodynamics to apply.

Classical Density Functional Theory (cDFT), as a branch of statistical thermodynamics has

proven very convenient method of choice for description of inhomogeneous �uids. Not only

that it is computationally a lot less demanding and available to study larger systems compared

to for example Molecular Dynamics or Monte Carlo simulations, but it also directly provides

values of thermodynamic quantities of system in study, since functionals typically represent the

free energy. Canonical and Grand canonical ensemble are convenient, and frequently used in

cDFT, which will be demonstrated throughout this section.

2.3.1 General cDFT Framework

Let us begin with a �uid where there is no external potential source to create a �uid inho-

mogeneties. In�uence of one particle to another can be expressed as a pair interaction which

in turn can be separated into repulsive short-ranged and mostly attractive long-ranged inter-

actions. Former could be understood as excluded volume (�nite size) e�ects, while the latter

interactions can be introduced as Coulombic and van der Waals forces5, etc. We can decouple

the potential energy between species in the system U({ri} as

U({ri}) = V 0({ri}) +W ({ri}) (2.34)

where V 0({ri}) denotes short-ranged interactions, while W ({ri}) corresponds to long-ranged

interactions. In the absence of the external potential, the �uid density is uniform (ρ is constant),

and therefore we have bulk behavior. Density is then de�ned as

ρ =
N

V
(2.35)

5Note that the method is not restrained to small ions and molecules only. In principle, one can study the

suspension of macroions as a complex inhomogenous �uid[96].
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where V and N are again volume and total number of particles of the system.

Now let us impose arbitrary external potential Φext(r). Since there is spatial di�erence in

densities a convenient way of description is by the functional6 of one-particle density function.

If we name the functional F [ρ(r)] where ρ(r) is the one-particle density then we consider it as a

'intrinsic' functional. Term 'intrinsic' will be far better understood later in the text. For now,

maybe it would be better to refer it as a Helmholtz free energy functional F [ρ(r)].

Generally F [ρ(r)] depends on U({ri}) which is the total interaction energy among particles

of �uid. F [ρ(r)] is a property of many-body interactions, therefore it is di�cult to obtain

its functional form. By de�nition of U({ri}), even in simplest cases where no long-ranged

interactions (W ({ri}) = 0) are included, the F [ρ(r)] is hard to acquire. The only exactly

known form of F [ρ(r)] is the one for a ideal atomic gas, where only kinetic part of Hamiltonian

operator is taken into account. Few approximations can be useful such as the quadratic and

square gradient approximation. In following paragraphs we derive exact solution for ideal gas

from canonical ensemble.

Canonical partition function of the one-component ideal gas

Ideal gas hypothetical assumption is that there are no many-body interactions among particles

so even V 0({ri}) = 0 (then of course U({ri}) is 0 also). The canonical partition function when

there is no potential energy among particles is given as

Z =
1

N !

∫
drNdpN

h3N
e−β

∑
i

p2
i

2m (2.37)

which further yields

Z =
1

h3NN !

∫
drN

∫
dpN e−β

∑
i

p2
i

2m (2.38)

where β is Lagrange multiplier that corresponds to kBT , pi is momenta, h is Planck constant

and m is mass of the particle. The equation above is valid for single-component systems.

Since there is no potential energy among particles we can factorize the partition function. The

con�guration integral is equal to the volume of the system V . We have

Z =
V N

h3NN !

(∫ +∞

−∞
dp e−β

∑
i

p2
i

2m

)3N

. (2.39)

6Functional is de�ned as real-valued function on a vector space V , usually of functions.

f → I[f ] =

∫
f(x, y, y′)dx (2.36)

where f is element of V and y = y(x). Functional is conventionally denoted by square brackets.
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To solve integral of this type, we used Gauss integral7 given in footnote. After integration

we have

Z =
1

Λ3N

V N

N !
(2.41)

where

Λ =
h√

2πmkBT
(2.42)

is de Broglie thermal length. Λ is a measure whether gas (ideal gas) can be treated within

classical mechanics. If an average spacing between particles is approximately given by
(
V
N

) 1
3

then condition for applicability of classical mechanics is(
V

N

) 1
3

>> Λ.

Keeping this condition in mind, we proceed to evaluation of Helmholtz free energy from

relation F = −kbT ln Z in which we insert canonical partition function. Now we have

F = −kBT ln

(
1

Λ3N

V N

N !

)
. (2.43)

Since factorials are usually di�cult to compute, in order to 'clear the path' from natural

logarithm of N ! we use so called Stirling's approximation8. Problems which require small

number of particles can be addressed with model developed by Robert Evans and co-workers

and can be found in the reference [109].

Reorganization of the expression Eq. 2.43 yields Helmholtz energy in the following form

F

kBT
= 3N ln Λ +N ln

N

V
−N. (2.45)

It is clear that F is extensive. Rearranging and dividing both side of equation by volume V we

obtain
F

V kBT
= ρ ln(Λ3ρ)− ρ (2.46)

which after integration over volume yields familiar form

F = kBT

∫
V

dv ρ(ln(Λ3ρ)− 1) (2.47)

7Gauss integral de�ned as

I =

∫ +∞

−∞
dx e−

x2

α =
√
π (2.40)

for α = 1.
8Stirling's approximation for large N

lnN ! ' N lnN −N. (2.44)
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whereas for a mixture generalization is straightforward:

F = kBT
∑
α

∫
V

dv ρα(ln(Λ3ρα)− 1). (2.48)

which is valid when the interaction between di�erent particles is negligible.

Introducing the external potential to induce inhomogeneity of the �uid

By now we considered bulk, a region of �uid with no external potential present, or the region

very far form it. ρi are just number concentrations of species present in a �uid. From above

expression one can calculate thermodynamic property of interest. Not to get confused, this

derivation was made in canonical ensemble, or system in contact with far larger reservoir

of constant temperature, yet on the beginning of section we claimed that Grand-Canonical

ensemble is more convenient. The latter is still the case. Moreover, we will see later that

Helmholtz energy or 'intrinsic' energy of the �uid corresponds to one term of Grand potential.

Let us now consider case where we have a reservoir of constant temperature and chemical

potential. In such case, the uniform �uid from above is determined by the chemical potential

of species µi �xed in the reservoir. At this point we complicate system by adding an external

potential Φext(r) in a �uid (a simple example of this is rigid polyion in electrolyte solution).

Fluid can no longer be considered as uniform. The inhomogeneity induced by Φext(r) can

be described by non-uniform local density ρ(r). Comparing notation for particle densities with

or without Φext(r), it is immediately clear that there is a spatial variation in ρ(r) compared

to ρi in bulk. Particles near walls of polyion have di�erent chemical potential. The so called

'local' chemical potential Θ(r) of species di�ers form the one in the bulk as shown below. In

the case of one-component �uid, the 'local' chemical potential is de�ned as

Θ(r) = µ− Φext(r). (2.49)

Unlike in the equation that describes Helmholtz energy of ideal gas in absence of external po-

tential, which is function of concentrations, now we are considering functionals. Local densities

are now functions of distance from polyion. Grand potential and Helmholtz free energy are

functionals (or functions of higher order) of local densities. Moreover, by same analogy local

densities are functionals of Φext(r) because it is also function of distance from surface of polyion.

Helmholtz and Grand potential are uniquely described by external potential9.

It follows that slight perturbation in Φext(r) will result in slight change in Θ(r). To be

more accurate, if there is an in�nitesimal change δΦext(r) in external potential, then for a �xed

9Proof can be found in Appendix I of paper by R. Evans Advances in Physics, 28, 143− 200 (1979).
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µ there is an in�nitesimal change δΘ(r) in 'local' chemical potential. Above we stated that

functional is uniquely de�ned by the external potential, so after in�nitesimal change a linear

response yields a new functional de�ned at Θ(r) + δΘ(r). In a case in�nitesimal change of

Grand potential functional can be written as

δΩ = Ω [Θ(r) + δΘ(r)]− Ω[Θ(r)] = −
∫

drρ(r)δΘ(r). (2.50)

If we now take functional derivative of with respective to 'local' chemical potential, e.g. to

variate the Grand potential functional for a small change in Θ(r), we obtain local density

function ρ(r). We have
δΩ [Θ(r)]

δΘ(r)
= −ρ(r). (2.51)

Easiest way to understand it is to imagine how small perturbation in external potential in�u-

ences energy functional (of course mediated by change in local' densities). In previous section we

stated that Grand potential is Legendre transform of Helmholtz energy, following Eq. 2.7. Just

like N and µ are conjugate variables, same applies for ρ(r) and Θ(r). A general form of Grand

potential functional expressed as a Legendre transform of Helmholtz free energy functional, is

Ω [Θ(r)] = F [ρ(r)]−
∫

drρ(r)Θ(r) (2.52)

where F [ρ(r)] is 'intrinsic' property of the �uid, and Θ(r) is 'local' chemical potential in presence

of external potential Φext(r). The Grand potential functional is now completely formulated.

Next task is to �nd most stable state described by such functional. If this was the case with

functions, we would simply make a derivative with respect to variable of interest and equate it

with 0 to �nd extremum. For minimisation of functional, the calculus of variation techniques

are required 10. Minimising(or maximising) the Grand potential functional with respect to local

densities(slight variation in local density) can be expressed in following way:

δ

δρ(r)

{
F [ρ(r)]−

∫
drρ(r)Θ(r)

}
= 0. (2.54)

Equation above represents condition for local density to minimise Grand potential. After

variation of functional we obtain

δF [ρ(r)]

δρ(r)
−Θ(r) = 0. (2.55)

10The condition for y, where y = y(x) is function which minimizes functional I[y] is given by Euler-Lagrange

equation.
∂f

∂y
− d

dx

(
∂f

∂y′

)
= 0. (2.53)

where f is integrand of functional I[y]. More on variational principle can be found in work by P.C. Hohenbeg

and W. Khon, Phys. Rev. B 136, 864 (1964).
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Inserting de�nition for 'local' chemical potential yields

δF [ρ(r)]

δρ(r)
− µ+ Φext(r) = 0 (2.56)

which rearranges to
δF [ρ(r)]

δρ(r)
− Φext(r) = µ. (2.57)

Acquired expression is the fundamental equation in theory of non-uniform �uids. Chemical po-

tential µ, or any other parameter, can be found as a Lagrange multiplier in terms of constraints.

Such constraints are for example total number of particles in the Canonical ensemble, or sum of

probabilities in the Micro-Canonical ensemble. Besides being calculated as Lagrange multiplier,

chemical potential µ can be �xed to some value which seems either logical or convenient.

Just one more thing to add at this point. In order to make equations more general[119], we

split Helmholtz free energy functional into

F [ρ] = Fideal + Fexcess (2.58)

The ideal term for mixtures was derived in the previous section and is given as

Fideal[ρ] = kbT
∑
α

∫
V

dr ρα(r)(ln(Λ3ρα(r))− 1) (2.59)

and excess term is sum of various contributions, namely Coulombic but other contributions

may arise such as hard sphere repulsions, Leonnard-Jonnes attractions, MSA short-ranged

attractions, dispersion interactions, etc. Commonly it is written as

Fexcess = FCoulomb + Fcorrelations. (2.60)

Such generalization represents powerful approach because all the contributions to total energy

of �uid are just summed up. Of course, it should be always kept in mind that such form

of decoupled interactions is far from realistic, but since this is still an example of classical

mechanics, it has proven reliable and working approach. Minimization of F [ρ] yields Boltzmann

distributions of non-interacting particles in the presence of external potential.

Minimization of grand potential functional

We are interested in the free energy of ions arranged in an electric �eld exhibited by polyion.

We consider a continuous solvent model for which only solutes are speci�cally described. This

polyion will later be assumed as TiO2 nanotube, which is the subject of the next chapter.

Solutes densities are denoted as ρα. At the end of the calculation we will express results in

generalized form adequate for the study of mixtures.
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For convenience we make derivation in Grand canonical ensemble. In such case, Grand

potential functional Ω(r) is given by Eq. 2.52. After inserting the de�nition for the local

chemical potential given by Eq. 2.49 we obtain

Ω[ρα(r)] = F [ρα(r)] +

∫
ρα(r)Φextdr− µα

∫
ρα(r)dr (2.61)

We can now introduce the expression for the Helmholtz functional for ideal gas, as well as

replacing the arbitrary external potential Φext with electrostatic potential energy equal zαeψ(r).

We have

Ω[ρα(r)] = kBT

∫
dr ρα(r)(ln(Λ3

αρα(r))− 1) +

∫
ρα(r)zαeψ(r)dr − µα

∫
ρα(r)dr. (2.62)

where α denotes type of ion considered, zα its valency, µα is its chemical potential in the bulk,

and ψ(r) is electrostatic potential ψ(r) = 1
4πε0εr

∫
ρα(r′) zαe

|r−r′| . ψ(r) is the Coulomb potential.

Minimization procedure with respect to ρ(r) , results in

δΩ[ρα(r)]

δρα(r)
= kBT ln(Λ3

αρα(r)) + zαeψ(r)− µα = 0. (2.63)

Rearranging we obtain

kBT ln(Λ3
αρα(r)) = µα − zαeψ(r) (2.64)

which after dividing by kBT and exponentiating yields

eln(Λ3
αρα(r)) = e

µα−zαeψ(r)
kBT (2.65)

where we can now apply rules of logarithmic functions to obtain

Λ3
αρα(r) = eµα e−zαeψ(r). (2.66)

Finally, after dividing by Λ3
α the α-ion distribution take form of

ρα(r) =
e
µα
kBT

Λ3
α

e
−zαeψ(r)
kBT . (2.67)

Factor e
µα
kBT

Λ3
α

can be understood as fugacity of species[111]. At this point we need to de�ne value

of µα. Lagrange multiplier method with the Canonical ensemble constraint of the constant total

number of particles
∫
ρα(r) = Nα yields

µα = kBT ln
(
ρ0
αΛ3

α

)
(2.68)

where ρ0
α is bulk ion density. Typically it is a concentration of ion in the reservoir. After

insertion of chemical potential into 'local' ion density, we recover Boltzmann ion density.

ρα(r) = ρ0
α e

−zαeψ(r)
kBT . (2.69)
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We can now plug expression given by Eq. 2.69 into Eq. 2.62 which yields a full form of Grand

potential functional here, but now generalized for any mixture of electrolyte (not only for one

species α).

Ω[ρα(r)] = kBT
∑
α

∫
dr ρα(r)(ln(Λ3

αρα(r))− 1) +

∫
%el(r)ψ(r)dr −

∑
α

µα

∫
ρα(r)dr. (2.70)

where sum goes over all species, and %el(r) =
∑

α zαeρα(r) is volume charge density. This

functional can be written in a more neat form. By rearranging the terms and keeping in mind

de�nition of µα we obtain:

Ω[ρα(r)] = kBT
∑
α

∫
dr ρα(r)

(
ln

(
ρα(r)

ρ0
α

)
− 1

)
+

∫
%el(r)ψ(r)dr. (2.71)

Calculation of energy can be conducted as a numerical integration of functional integrand over

the whole volume. A simple rectangle rule or a composite rule method which is slightly more

accurate11 can be used, depending on the mesh.

11Mentioned numerical integration techniques are basically sum of interpolating functions which are easy to

integrate. The rectangle rule follows∫ b

a

f(x)dx ≈ (b− a)f

(
a+ b

2

)
; x ∈ [a, b] (2.72)

whereas for composite rule, the di�erence is only that interval [a, b] is divided by some integer and the results

are summed.
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2.3.2 Poisson-Boltzmann Theory

In previous section we have obtained the generalized expression for ion distributions in the

presence of the external �eld, typically originating form charged polyion. As a result after

variational calculus on Grand potential functional, or better to say after the minimisation of

Grand potential functional, Boltzmann ion (microion) distributions were acquired. We consider

this electrostatics problem as one-dimensional along the normal from the surface. Therefore

Eq. 2.69 is simpli�ed to

ρα(r) = ρ0
α exp

(
−zαeψ(r)

kBT

)
(2.73)

where ρ(r)α describes equilibrium ion density of species α, ρ0
α ion number density of species α

in the bulk (reservoir). The charge density % is given as

%(r) = e

N∑
α=1

zαρα(r) (2.74)

where N is number of di�erent species (ions) in a solution. The potential ψ(r) is given by

Coulomb law or equivalently by Poisson equation:

∇ · E(r) =
%(r)

ε0εr
(2.75)

with vacuum dielectric permittivity ε0 and permittivity of medium εr. If E(r) = −∇ψ(r)r̂ is

inserted Eq. 2.75, we get

∇2ψ(r) = −%(r)

ε0εr
. (2.76)

We can now insert charge density relation along with ion distributions into the Poisson equation

to get

∇2ψ(r) = − e

ε0εr

N∑
α=1

zαρ
0
α exp

(
−zαeψ(r)

kBT

)
. (2.77)

which is the Poisson-Boltzmann equation. SI units are understood throughout. Ion densities

are given in particle per cubic meter (particle/m3). Eq. 2.77 is a second order non-linear

function which solution requires knowledge of two boundary conditions.

2.4 Additional Concepts in Physical and Colloid Chem-

istry

This section is devoted to the concepts that are needed for the reader, to simplify later un-

derstanding of our models derivation. Some concepts are readily found in graduate-oriented

textbooks, whereas some are not. To make sure that the reader is equipped with appropriate

knowledge, here we present few of those concepts.
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2.4.1 Regular Solution Theory

This section deals with the simple model that can explain the excess free energy associated

with mixing of di�erent chemical species. We will provide a short derivation, which is enough

to capture a physical interpretation of interactions governed by the contact of species.

To represent a dense �uid made of two-component, we can imagine a �nite total volume V

divided into cells i.e. a lattice model. The schematic representation of lattice model is given in

Figure 2.1. Framework of choice is de�nitely the canonical ensemble where only temperature

wαα

wββ

≡ α

≡ β

wαβ

Figure 2.1 � Schematic representation of the lattice model. The red circles denote the particle

α, whereas blue circles denote the particle β. wα,α, wβ,β, and wα,β are respectively the contact

energies, as described in the text.

is �xed by the reservoir. For for two-component mixture, the total number of particles reads:

N = Nα +Nβ (2.78)

where Nα and Nβ are respectively numbers (or amounts) of species α and β. Since we are

dealing with the dense �uid, the total volume V is �lled in a manner described by Eq. 2.78.

The total number of possible α and β arrangements in V (or the number of microstates in

entropy vocabulary) is then given as

W =
N !

Nα!Nβ!
. (2.79)
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We can now use previously de�ned relation to obtain the entropy of mixing the two components

Smix. We have12

Smix = kB(NαlnN +NβlnN −NαlnNα −NβlnNβ) . (2.80)

By introducing the mole fractions xα and xβ into the above expression, we recover

Smix = NkB (xα lnxα + xβ lnxβ) (2.81)

which clearly has maximum value at xα = xβ = 0.5.

To derive the Helmholtz potential, we need the internal energy contribution Umix. We can

imagine that Umix is the sum of all contact energies between species α and β arranged in the

lattice which represents volume of the system. In this simple representation, we have

Umix = nα,αwα,α + nβ,βwβ,β + nα,βwα,β (2.82)

where nα,α, nβ,β, and nα,β are respectively the total numbers of particular contacts, whereas

wα,α, wβ,β, and wα,β are associated contact energies. At this point we can simply count the total

number of cell 'walls' of particular contact as an product of the number of particular species

i.e. cells (Nα or Nβ) and the maximum number of accessible walls z i.e. �rst neighbours

constrained by geometry of the cell. This yields expressions

nα,α =
zNαxα

2
(2.83)

and

nβ,β =
zNβxβ

2
. (2.84)

Still, nα,β is unknown. The factor 1/2 is inserted to avoid double counting of contacts. To obtain

an approximate expression, we employ the mean-�eld approximation, where we have assumed

the completely random mixing of cells, irrespective of the magnitude of the interaction energies.

The procedure is described in detail in reference [123]. Reported nα,β can be written as

nα,β =
zxαNβ

N
. (2.85)

Finally we can insert expressions given by Eq. 2.83 - 2.85 into Eq. 2.82 to obtain

Umix =
(zwα,α

2

)
Nα +

(zwβ,β
2

)
Nβ + kBTχα,β

NαNβ

N
. (2.86)

where χα,β is the exchange parameter de�ned as

χα,β =
z

kBT

(
wα,β −

wα,α + wβ,β
2

)
. (2.87)

χα,β is a dimensionless quantity and is adjusted parameter. The physical meaning of χα,β can

be understood the measure of interactions between particles:
12Again with the use of Stirling's approximation.
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1. When χα,β < 0 the interactions between species are favorable.

2. When χα,β > 0 the interactions between species are unfavorable.

If we now wish to obtain the expression for the di�erence between mixture and pure phases

we combine Eq. 2.81 and Eq. 2.86. By subtracting the pure phases internal energy terms, we

obtain a familiar expression

∆Fmix = NkBT (xα lnxα + xβ lnxβ) +NkBTχα,βxαxβ . (2.88)

where ∆Fmix is the free energy di�erence. From this expression one can further derive many

interesting properties, such as the activity coe�cients by di�erentiating with respect to the

number of species, etc..

We have used the described concept when we needed to account for interactions between

di�erent extractant head groups in mixed �lm. As will be explained in later chapters, we simply

generalized Regular Solution Theory to 2D plane.

2.4.2 The Free Energy of Curved Amphiphile-Filled Water/Oil Inter-

face

E�ects of packing the amphiphilic molecules onto the water/oil interface are some of dominant

contributions in the free energy of the colloid self-assembly. The curvature of the interface

matters and based on it, some generality among the occurring shapes and associated free

energy was introduced[124, 56]. Still, approximating the interface simply as the in�nitely

thin �lm could not capture the e�ect entirely, which lead to improvements that included a

geometrical properties of amphiphilic molecules.

A useful and manageable concept came in the form of de�ning the preferred, optimum,

or the spontaneous packing properties of the amphiphile in the �lm[125]. The spontaneous

packing parameter p0 is de�ned as

p0 =
Vchain

a0lchain

(2.89)

where Vchain is the partial molar volume of the hydrophobic chains, a0 is area per head group,

and lchain is the average length of chains in a given solvent. p0 is sort of equation of state since

it depends on system variables such as temperature, chemical potentials of salts in the system,

etc. Important is also the choice of organic solvent since it a�ects the value of both Vchain and

lchain. Based on this concept the value of p0 sets:
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1) The preferred curvature of the extractant �lm towards the water. By convention

the curvature towards the water is positive, whereas negative towards the oil.

2) An approximate morphology of the self-assembled aggregate.

a0

lchain

Vchain

p0 < 1 p0 = 1 p0 > 1

Figure 2.2 � Schematic representation the spontaneous packing parameter p0 and preferential

geometry of aggregates.

The concept is illustrated in Figure 2.2 (quite simpli�ed representation). We can see that on

opposite regions of p0 scale (black arrow), the two distinct morphologies are identi�ed. For

the case of p0 ≤ 1, spherical direct micelles (oil-in-water) are preferred, whereas p0 > 1 the

reverse micelles (water in-oil) are preferred. Between the two extremes, a myriad of structures

is predicted to exists. In the context of this thesis, those structures are not required, and are

therefore excluded from further considerations. As will be demonstrated, we will deal with the

reverse micelles characterized by p0 > 1.

So far, we have de�ned p0, but de�nition itself is inadequate to calculate the associate free

energy of the bent extractant �lm i.e. we do not have a functionality to compose a thermody-

namic potential. To overcome this di�culty the following idea was proposed. Each amphiphile

molecule for each distinct morphology at given conditions of the system, has associated equi-

librium state de�ned by p0. In practical case the extractant is in a similar but not exactly the

same 'ideal' state. The current, practical state is described as the packing parameter p. We can

study this departure from 'ideal' state in a form of harmonic approximation, which is quadratic

by nature. If we furthermore multiply this factor by a number of such extractants in the �lm
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and the proportionality constant of energy units[126], we obtain the following expression

F =
NAggκ

?

2
(p− p0)2 (2.90)

where NAgg is the number of amphiphiles is the �lm, and κ? is generalized bending constant

i.e. the proportionality constant. The analytical expression for p will be given in later in this

thesis manuscript, along with appropriate references where full derivation can be found.
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Charge Properties of Nanotubular

Adsorbents in an Aqueous Solution: an

example of TiO2 Nanotubes
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Figure 3.1 � Approach to study charge proper-

ties of porous materials

We have studied the charge properties of TiO2

NTs from both experimental and theoretical

aspect. The surface charge properties of ti-

tania nanotubes in NaNO3 solution were in-

vestigated through electrophoretic mobility

and polyelectrolyte colloid titration measur-

ing techniques. In addition, we used HR-

TEM imaging to determine the morphology

of TiO2 NTs. A theoretical model based on

the classical Density Functional Theory cou-

pled with the charge regulation method in terms of mass action law was developed in order

to understand the experimental data and to provide insights into charge properties at di�er-

ent physical conditions, namely pH and NaNO3 concentration. Rationalization of the pH, the

reservoir salt concentration and the inner nanotube radius in�uences was discussed. At low

reservoir salt concentrations our calculations reported surprising result of accumulation of the

charge at the outer surface of nanotube, which was attributed to the ine�cient screening of the

inner surface charge by ions con�ned inside the pore.
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3.1 Proposition of new type of material: TiO2 nanotubes

Over the past few decades, titanate nanomaterials and their application in adsorption and sep-

aration nanotechnology constitute a fast-growing �eld of interest[127, 128, 129, 130, 131, 132].

Among a variety of possible titanate morphologies, we focus on the one-dimensional (1D) ti-

tanate nanoparticle morphologies, namely titanium dioxide nanotubes (TiO2 NTs) do to their

enhanced properties. TiO2 NTs represent a versatile material with already well-established

applications[133]. TiO2 NTs are possibly an e�cient adsorbent for separation (decontamina-

tion) of radioactive cations from wastewater. There few aspect that come into play. For exam-

ple, economical aspect and industrial scale-up potential of TiO2 NTs is due to the fact that the

material is synthesized via inexpensive optimized hydrothermal method[134]. Conveniently, the

method provides mostly anatase phase solid which is suitable for the study of decontamination

e�ciency due to the well-exposed surface groups (towards the aqueous media). Furthermore

TiO2 NTs are multilayered structures with the radius up to a few tens of nanometers, char-

acterized by very high speci�c surface (from 200-300 m2 g−1), synthesis-tuneable number of

walls and radius lengths, high electrical conductivity, hydrophilicity which governs a stability

(ageing) of suspensions, pH tuneable adsorption of heavy ions, one-step functionalization with

organic amphiphilic molecules. The above-mentioned properties make TiO2 NTs extremely ef-

�cient ion-exchangers which also makes them the ideal tool in the context of decontamination

sciences and industrial processes.

But before any application for separation or decontamination, we need to properly describe

the charge properties of TiO2 NTs. Electrostatics of the system impact the e�ciency of applied

processes in the aqueous solution. To describe charge properties, we have made a study which

involved experimental and theoretical part, as will be presented within this chapter. The

bene�t of doing so is twofold. First, the fundamental science of ions behavior inside cavities of

porous materials will be studied. Second, in the attempt to clarify the phenomenon at hand

with simple and manageable theories, we simultaneously provide chemical engineering with the

framework for more accurate separation process design. Here we focus on a simple case of TiO2

NTs suspended in a dilute NaNO3 aqueous solution.
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3.2 Experimental support: ingredients for the development

of the mesoscopic model

We start by presenting the results of the experimental support, made within the scope of the

project. The experimental measurements were, based on our planning, conducted by collabora-

tors, which were appropriately acknowledged in the Acknowledgments section. For the purpose

of the completeness of the work, we have provided a details of conducted experiments in Ap-

pendix A. Details are left to the reader, and not described in the main body of the thesis

manuscript.

HR-TEM imaging

From HR-TEM images presented in Figures 3.2a-d, it was concluded that TiO2 NTs were

few hundreds nanometer long and around 12 nm thick. Structures were double walled and

showed faint and di�use electron di�raction pattern indicating very poor crystallinity. After the

synthesis the analyzed TiO2 NTs were not annealed at high temperature, therefore a substantial

amount of the amorphous mass present within the raw TiO2 NTs sample. Two visible circles in

di�raction pattern could be indexed as (101) and (200) planes of anatase (inset Figure 3.2b).

Still, other lines are missing which is characteristic of incomplete crystallinity. The same could

be concluded from EELS spectrum (inset Figure 3.2a) where Ti L3 and L2 edges were observed

without crystal splitting, characteristic for fully crystalline material with +4 valence state of

titanium (like in anatase, rutile or brookite). Evidence that we successfully functionalized

the TiO2 NT surface with polyelectrolyte is seen in Figure 3.2d where 1 - 2 nm thick layer

of organic material with di�erent contrast could be observed (inset is showing the surface at

higher magni�cation). The sample of polyelectrolyte functionalized TiO2 NT corresponds to

residue after charge determination in Mutek-PCD05. Non-functionalized TiO2 NT has a clean

and smooth surface as shown in Figure 3.2c.

Electrophoretic mobility as a function of bulk pH

Figure 3.3 represents the electrophoretic mobility of the TiO2 NTs as a function of pH with

c(NaNO3)=0.001 mol dm−3 as a supporting electrolyte. Results of electrophoretic mobility

measurements are given for a qualitative purpose only and only the correlation between the

mobility and surface charge is considered[74, 135, 136]. The reason is in the fact that we have

investigated a hollow cylindrical particles of various sizes for which the evaluation of ζ-potential
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Figure 3.2 � HR-TEM micrographs of TiO2 NTs sample. a) few hundreds nanometer sized TiO2

NTs with characteristic EELS spectrum of poorly crystalized titania (inset), b) TEM image

of functionalized nanotubes with selected area electron di�raction pattern in upper-left and

distribution curve in terms of the inner and outer radii of TiO2 NTs in the lower right corner

inset. Two visible circles were indexed as 101 and 200 anatase planes, c) pure TiO2 NT with

clean and �at surface and d) functionalized TiO2 NT surface with polyelectrolyte where rough

1-2 nm sized layer could be observed at the surface (inset).

through Smoluchowski equation is not valid. Therefore no quantitative conclusion about the

surface charge properties can be drawn. Yet, few things can be noted. First, the shape of the

mobility µ as a function of pH reveals the asymmetry with respect to the isoelectric point, pHiep,

which is probably a consequence of the asymmetric charges of anatase phase surface groups.

The isoelectric point pHiep is around pH = 3.6. When pH is higher than pHiep the outer

surface of the TiO2 NTs is negatively charged. When pH is below pHiep the surface is positively
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charged. This is a consequence of the proton exchange equilibria, which is governed by the

change in pH. One more thing to add here is the plateau of measured µ at pH values higher

than 9. Such regime is a consequence of high surface charge of TiO2 NTs, which is typical for

fully deprotonated surface sites. High electric �eld at the interface causes an e�cient screening

by counterions, so far from the surface, the apparent charge remains constant[137]. Further

increase of bulk pH does not increase electrophoretic mobility.

2 3 4 5 6 7 8 9 1 0 1 1

- 3
- 2
- 1
0
1
2

� /
 V-1 �m

 s-1 cm

p H

 e x p e r i m e n t  1
 e x p e r i m e n t  2

p H i e p

Figure 3.3 � Electrophoretic mobility of the TiO2 NTs in NaNO3 aqueous electrolyte solution

as a function of pH at γ = 0.1 g dm−3, c(NaNO3) = 0.001 M, and T = 298 K. The results of

the two independent measurements are presented.

Surface charge as a function of bulk pH

TiO2 NTs bare charge was measured by the titration with strong (fully dissociated) poly-

electrolyte as a function of pH[138, 129]. This method is especially accurate at low salt

concentrations[139, 140]. Results presented in Figure 3.4. Data show continuous increase in

positive charge of TiO2 NTs when pH is decreased (left of point of zero charge), while negative

charge builds up with increasing pH (right of the point of zero charge). The increase in TiO2

NTs charge (for pH higher than the point of zero charge) is a consequence of the deprotonation

of surface groups. Compared to electrophoretic mobility measurements presented in Figure

3.3, there is no leveling-o� of the surface charge. This distinction will be further addressed

in the following section, in Figure 3.6. It is the wish of the authors to provide a reasonable

explanation for the experimental chemists who often try to recover protonation constants, but
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rarely succeed in providing consistent data. It is convenient to summarize the experimental

Figure 3.4 � Determination of TiO2 NTs total charge by polyelectrolyte titration. The data are

expressed in charge per unit of mass of the sample as a function of pH at γ = 0.1 g dm−3, and

c(NaNO3) = 0.001 M, T = 298 K.

indications and ingredients on which we based our model.

Ingredients for the model: a summary of experimental support

1. Di�raction patterns indicated anatase phase (along with amorphous material) in

the sample: we can use protonation reactions for the charge regulations depicted

by eq 3.14 and 3.15 (Figure 3.2b).

2. Geometrical parameters: the inner and the outer TiO2 NTs radii we taken as

an average obtained form polydispersity curves of the analyzed sample, hence

Ri = 4 nm and Ro = 6 nm (Figure 3.2b).

3. Asymmetries in electrophoretic mobility and surface charge density versus sus-

pension pH indicated asymmetry of surface site charge upon protonation/deprotonation

reaction (Figures 3.3 and 3.4).

4. Assumed 1:1 stoichiometry of the surface site/polyelectrolyte monomer unit

charge compensation upon colloids condensation, is based on the HR-TEM mi-

crograph showing a monolayer of polyelectrolyte backbone attached to the nan-

otube surface(Figure 3.2d).
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3.3 Theoretical Section

The TiO2 NTs are modeled as in�nitely long cylinders so the electric �eld edge e�ects are

neglected, as presented in Figure 3.5. Based on the structural characterization presented in the

inset of Figure 3.2b, the inner cylinder radius is taken as Ri = 4 nm and the outer radius as

Ro = 6 nm. Both the inner and outer cylinder surfaces are in contact with an aqueous solution

of univalent electrolyte. The origin of a cylindrical coordinate system is placed at the center

of the cylinder with the abscissa axis being radial coordinate r and ordinate axis being along

the cylinder axis. Both electrolyte solution and TiO2 layer are considered as dielectric continua

with dielectric constants being respectively εr,1 and εr,2. The schematic representation of our

model is provided in Figure 3.5.

The inner cylinder surface is characterized by the uniform surface charge density σi and the

outer surface with the uniform surface charge density σo.

3.3.1 Bulk Model for Electrostatics of Cylindrical System

Within the framework of classical Density Functional theory, described in previous chapter,

we can construct the grand-canonical functional. For the case of ions considered as point-like

charges with only electrostatic interactions and no additional correlations taken into account,

the grand canonical potential for the change in only radial component can be written as[119]

Ω[ρα(r)] = kbT
∑
α

∫
d3r ρα(r)

(
ln

(
ρα(r)

ρ0
α

)
− 1

)
+ kBT

∫ ∑
α

zαρα(r)Φ(r)d3r (3.1)

where ρα(r), zα are respectively one-body ion densities and the charge (or the valency) of the

ions α. ρ0
α is reservoir ion concentration while Φ(r) = eΨ(r)/kBT is the 'dimensionless' potential

calculated from the Coulomb law. Ψ(r) is the electrostatic potential, e is the elementary charge,

kB is the Boltzmann constant and T is the thermodynamic temperature. The only di�erence

between Eq. 3.1 and 2.71 is the fact that 3.1 is de�ned through the 'dimensionless' potential.

Minimization of grand canonical functional yields usual Boltzmann distributions:

ρα(r) = ρ0
α exp (−zαΦ(r)) (3.2)

The system satis�es Poisson equation. Note that experiments made for this study are with

0.001 mol dm−3 concentration of NaNO3 therefore the validity of this approach is assured.

Inserting Eq. 3.2 into Poisson equation (introduced in previous chapter by Eq. 2.76) leads

to Poisson-Boltzmann equation which can be solved for any mixture of electrolyte. In the
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cylindrical coordinate system with respect to symmetry the Poisson-Boltzmann equation reads

d2Φ(r)

dr2
+

1

r

dΦ(r)

dr
= −4πlB

∑
α

zαρ
0
α exp (−zαΦ(r)) (3.3)

where d2

dr2
+ 1

r
d
dr

being radial component of the Laplace operator1, lB = e2/4πkBTε0εr,1 is

the Bjerrum length and ε0 is the vacuum permittivity. κ = (4πlB
∑

α z
2
αρ

0
α)

1/2 is the inverse

Debye length (λD = 1/κ). Since both inner and outer cylinder surfaces are in contact with

an electrolyte solution the problem of �nding an electrostatic pro�le consists in solving two

coupled nonlinear second-order di�erential equations with two sets of boundary conditions. The

boundary conditions are given by Gauss's Law[141, 142]. Due to the symmetry, in the center

of cylinder the electric �eld goes to zero. The �rst boundary condition for the dimensionless

potential is therefore
dΦ(r)

dr

∣∣∣∣
r=0

= 0 (3.4)

Note that even though the electric �eld along the cylinder axis is zero, the ions can still di�use

inside TiO2 NTs due to the gradient of concentrations. Even if we consider the length of TiO2

NTs on micrometer scale, the system is fully equilibriated within few milliseconds. If the Gauss

surface encloses volume very close to inner cylinder surface (r → Ri) then second boundary

condition states
dΦ(r)

dr

∣∣∣∣
Ri

= −
e
∫ Ri

0
%el,1 r

ε0εr,1kBTRi

(3.5)

where %el,1 is the electrolyte charge density inside of cylinder. Factor 1/kBT in denominator

of Eq. 3.5 is a consequence of the fact that we are dealing with dimensionless potential Φ (r).

The electrolyte charge density is de�ned by

%el,j(r) = e

N∑
α=1

zαρα(r) (3.6)

where index j de�nes inner or outer cylinder cases. Consequently, %el,1(r) denotes the elec-

trolyte charge density of con�ned aqueous solution, whereas %el,2(r) denotes the aqueous solu-

tion outside the outer nanotube surface. Throughout the text the charge per unit length will

be discussed, as was earlier mentioned by stating that edge e�ects are neglected. Consequently,

there is no 2πL factor in Eq. 3.5 (and in following equations), where L is the length of the

1Laplace operator applied on arbitrary function f in cylindrical coordinates reads ∆f = 1
r
∂
∂r

(
r ∂f∂r

)
+ 1
r2
∂2f
∂θ2 +

∂2f
∂z2 where r, θ, and z are respectively the distance from the cylinder axis, the azimuthal angle, and the height

(or the length) describing the cylinder. For our practical case, only radial component is necessary, since we

consider an in�nitely long cylinder.

67



Chapter 3. Charge Properties of Nanotubular Adsorbents in an Aqueous Solution: an
example of TiO2 Nanotubes

cylinder. The dimensionless electrostatic potential through neutral TiO2 layer is obtained by

applying the integral form of the Gauss Law

dΦ(r)

dr
= −

e
∫ Ri

0
%el,1 r

ε0εr,2kBTr
− eσiRi

ε0εr,2kBTr
. (3.7)

We can now use separation of variables method to obtain

dΦ(r) = −
e
∫ Ri

0
%el,1 r dr

ε0εr,2kBTr
− eσiRidr

ε0εr,2kBTr
. (3.8)

The integration of Eq. 3.8 gives2

Φ(r) = −
e
∫ Ri

0
%el,1 r

ε0εr,2kBT
ln (r) − eσiRi

ε0εr,2kBT
ln (r) + A (3.9)

where A is the undetermined integration constant. But A can be calculated such that Φ(r) is

continuous at r = Ri. It follows

A = Φ (Ri) +
e
∫ Ri

0
%el,1 r

ε0εr,2kBT
ln (Ri) +

eσiRi

ε0εr,2kBT
ln (Ri) . (3.10)

We can now insert Eq. 3.10 into Eq. 3.9 and rearrange the expression to obtain

Φ(r) = Φ(Ri) +
e
∫ Ri

0
%el,1 r dr

ε0εr,2kBT
ln

(
Ri

r

)
+

eσiRi

ε0εr,2kBT
ln

(
Ri

r

)
(3.11)

for Ri ≤ r ≤ Ro. Note that in TiO2 NT layer we have neglected the polarization �eld P

part of the displacement �eld D. TiO2 NT layer is assumed as a material without additional

polarization.

Up to this point, the dimensionless potential inside the cylinder and through its walls is

obtained. Next thing is to set boundary conditions for the outer surface which is in contact

with the outer electrolyte solution. At the outer cylinder surface (r → Ro) the Gauss theorem

expresses the electric �eld as a function of the total charge. The latter is a sum of volume

integral of the inner cylinder electrolyte charge density %el,1(r), the charge on the inner and

outer surfaces. Consequently, the boundary condition for the potential outside the cylinder

reads
dΦ(r)

dr

∣∣∣∣
Ro

= −
e
∫ Ri

0
%el,1 r dr

ε0εr,1kBTRo

− eσiRi

ε0εr,1kBTRo

− eσo

ε0εr,1kBT
(3.12)

Far from the cylinder's outer surface the potential goes to zero, which guaranties that the

overall system is electroneutral (con�ned aqueous solution + nanotube + aqueous solution in

contact to the outer surface of nanotube). The boundary condition is thus

Φ(r >> κ−1) = 0 . (3.13)

2
∫

1
rdr = ln |r|
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The solution of Eq. 3.3 for both cases (inside and outside) with respect to four boundary

conditions yields the dimensionless potential which is at the end converted to the electrostatic

potential Ψ(r) = kBT Φ(r)/e. For the purpose of easier reproducing of the model results, the

summary of four boundary conditions are provided in the following text.

Boundary conditions summary.

1. At the cylinder axis of symmetry:

dΦ(r)

dr

∣∣∣∣
r=0

= 0.

2. At the inner surface:
dΦ(r)

dr

∣∣∣∣
Ri

= −
e
∫ Ri

0
%el,1 r dr

ε0εr,1kBTRi

.

3. At the outer surface::

dΦ(r)

dr

∣∣∣∣
Ro

= −
e
∫ Ri

0
%el,1 r dr

ε0εr,1kBTRo

− eσiRi

ε0εr,1kBTRo

− eσo

ε0εr,1kBT
.

4. Far from cylinder's outer surface:

Φ(r >> κ−1) = 0.

The procedure of �nding a solution of a system of two coupled non-linear PB equations

with regulated surface charge densities are described in detail further in the text as a separate

section.

3.3.2 Surface Charge Regulation

In order to obtain boundary conditions, the charging phenomenon was taken into account

through charge regulation method which assumes ion exchange equilibira between local sites

and ions at the interface.

The charge of TiO2 NTs is pH-dependent which means that there is an equilibrium between

amphoteric surface groups and ions in the solution. The surface charge density is regulated via

mass action law[143]. Figure 3.5 shows the schematic representation of the charging processes

that take place at both TiO2 NT surfaces. According to the experimental data the anatase

planes were identi�ed in the sample. In anatase phase the Ti4+ is coordinated in octahedra

with six oxygen atoms. As a surface site we have chosen to consider only singly coordinated

sites. By using Pauling concept to estimate bond valence we can estimate the charge of ions

consituting the surface sites[144]. Fully deprotonated surface oxygen atom bonded to one Ti4+
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Figure 3.5 � Schematic cross section of TiO2 NTs. The cross section is perpendicular to cylinder

axis of symmetry. Ri and Ro respectively correspond to the inner and outer cylinder radii. εr,1

and εr,2 correspond respectively to electrolyte solution and TiO2 layer dielectric constants. Sur-

face groups ≡TiO−
4
3 , ≡TiOH−

1
3 and ≡TiOH

+ 2
3

2 are in equilibrium with surrounding electrolyte

solution. KH,1 and KH,2 are surface reactions constants. Proton ions H+ are distinguished from

other ions only because of surface equilibria and autoprotolysis of water. Within the model all

ions are point-like charges.
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has −4/3 e charge in anatase[145], where e is the elementary charge. For such surface groups

the following equilibrium protonation reactions are obtained[146]

≡TiO−
4
3 + H+ 
 ≡TiOH−

1
3 (3.14)

and

≡TiOH−
1
3 + H+ 
 ≡TiOH

+ 2
3

2 (3.15)

The two equations can be expressed through intrinsic equilibrium constants KH,1

KH,1 =
{≡TiOH−

1
3}

{≡TiO−
4
3}[H+]loc

(3.16)

and KH,2

KH,2 =
{≡TiOH

+ 2
3

2 }
{≡TiOH−

1
3}[H+]loc

(3.17)

where [H+]loc is the local proton concentration at surfaces, {≡TiOH
+ 2

3
2 }, {≡TiOH−

1
3}, and

{≡TiO−
4
3} are surface site concentrations[147]. The in�uence of surface groups is taken into

account indirectly through mean �eld approximation[115].

The autoprotolysis of water has been taken into account in order to adjust the reservoir

proton and hydroxide ion concentrations. The reaction

H2O 
 H+ + OH− (3.18)

can be expressed in the form of the chemical equilibrium constant

Kw = [H+]0[OH−]0 (3.19)

where the subscript 0 denotes the bulk equilibrium concentrations, Kw is the autoprotolysis

constant for water[148].

Since our experimental salt concentrations are around 0.001 mol dm−3 while molar concen-

trations of surface groups is around 0.0001 mol dm−3 it is safe to assume the ideality of the

solution and all its species. Throughout the model the activity coe�cients γ are chosen to be

1[149]. With such formulation the surface site density Γ is the sum of all equilibrium surface

site concentrations[150].

Γ = {≡TiO−
4
3}+ {≡TiOH−

1
3}+ {≡TiOH

+ 2
3

2 } (3.20)

Combining equations 3.16, 3.17 and 3.20 yields expressions for equilibrium surface concentra-

tions of each group. Eq. 3.20 is typical Langmuir-like competitive adsorption equation[76]. For
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the convenience, it is desirable to write the equilibrium surface concentrations as a product of

total site density and the factor called the fractional coverage fl. The fractional coverage fl

de�nes the ratio of the particular charged group l in the total number of sites on the surface for

a given conditions T , pH, etc. In our case, for three types of surface groups (sites) we obtain

f1 =
1

1 +KH,1[H+]loc +KH,1KH,2[H+]2loc

(3.21)

f2 =
KH,1[H+]loc

1 +KH,1[H+]loc +KH,1KH,2[H+]2loc

(3.22)

f3 =
KH,1KH,2[H+]2loc

1 +KH,1[H+]loc +KH,1KH,2[H+]2loc

(3.23)

where f1, f2, and f3 are respectively fractional coverages of the ≡TiO−
4
3 , ≡TiOH−

1
3 , and

≡TiOH
+ 2

3
2 surface groups. Sum of fl-s is always 1. This fact can be used as a indicator of

accuracy within calculations. If sum of fl is not equal to 1, there is an error in calculations or

there is severe numerical noise. In either case, it is convenient to preform this control. Surface

charge density expressed through fl reads

σj = eΓ
3∑
l=1

zlfl (3.24)

where index j = i or o de�nes inner or outer surface, zl is the charge of the surface group l. σi

and σo are functions of electrostatic potentials at the two solid/electrolyte solution interfaces.

We can write the full expression of the surface charge density (for our case of anatase-based

surface groups) of individual surfaces as

σj = eΓ

[
z1

1 +KH,1[H+]loc +KH,1KH,2[H+]2loc

+

z2KH,1[H+]loc

1 +KH,1[H+]loc +KH,1KH,2[H+]2loc

+

z3KH,1KH,2[H+]2loc

1 +KH,1[H+]loc +KH,1KH,2[H+]2loc

] (3.25)

3.3.3 Autoprotolysis of Water

The autoprotolysis of water (Eq. 3.19) occurs everywhere in space. In the present algorithm it is

assumed only in the reservoir. Nevertheless, considering the mathematical form of the equation

it is in fact valid anywhere in space, as can be understood from the following argument.

When the potential Ψ is not zero, the generalization of the mass action law is:

µw = µH+ + µOH− = µ◦H+ + kBT ln
ρH+

ρ◦
+ eΨ + µ◦OH− + kBT ln

ρOH−

ρ◦
− eΨ (3.26)
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where µw, µH+ , µOH− are respectively the chemical potentials of water, H+ and OH−. µ◦H+ and

µ◦OH− are standard chemical potentials of H+ and OH−, while ρ◦ is the concentration of the

standard state. Consequently, because H+ and OH− have an opposite charge, the mass action

law (Eq. 3.19) is not modi�ed. The autoprotolysis of water is valid if the equality

ρH+ρOH− = Kw (3.27)

is true everywhere in the system. The latter equality is automatically satis�ed by the Poisson-

Boltzmann equation because

ρH+(r) = [H+]0 exp (−eΨ(r)/kBT ) (3.28)

while the local hydroxide concentrations are equal to

ρOH−(r) = [OH−]0 exp (eΨ(r)/kBT ) (3.29)

so that we recover the same equilibria as the one in the reservoir.

3.3.4 Algorithm for Finding a Solution of Coupled Non-linear PB

equations system

After establishing appropriate boundary conditions, next step is to solve the system of non-

linear equations. The solution of system was obtained by numerical integration. The length

of the system, or the interval of concern was discretized. The interval was considered starting

from the cylinder's axis of symmetry (the center of the coordinate system) and ranging to a

value for which boundary condition in Eq 3.13 is ful�lled. For r being the distance from the

center of the coordinate system, we de�ne ∆r as step in numerical propagation. In our work,

∆r was taken as a quantity 1000 times smaller than the smallest physical lengths in the system

(cylinder radii Ri and Ro, Bjeruum length lB, and Debye length λD. On a discretized interval,

the next thing is to de�ne potential derivatives. If ∆r is su�ciently small (∆r → 0), then the

derivative of the potential Φn around a given point n in discretized interval is de�ned as:

dΦ

dr

∣∣∣∣
n

=
Φn+1 − Φn−1

2∆r
(3.30)

where Φn−1 and Φn+1 are respectively potentials at positions n-1 and n+1. In similar fashion

the second derivative around point n is derived and expression is

d2Φ(r)

dr2

∣∣∣∣
n

=
Φn+1 + Φn−1 − 2Φn

∆r2
. (3.31)
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Note that derivatives could be derived from expansion by Taylor series. In that case we would

obtain following expression for the �rst derivative.

dΦ

dr

∣∣∣∣
n

=
4Φn+1 − Φn+2 − 3Φn

∆r
(3.32)

We must emphasize that for su�ciently small ∆r, there are almost no di�erences in calculated

electrostatic potential pro�les, therefore, we adopt former, simpler de�nition of derivatives on

discretized interval. We can now insert Eq 3.30 and 3.31 in Laplace operator. Again, considering

only radial component d2

dr2
+ 1

r
d
dr
, we recover

∆Φn =
Φn+1 + Φn−1 − 2Φn

∆r2
+

1

rn

Φn+1 − Φn−1

2∆r
(3.33)

where rn is the distance at point n on discretized interval. From this stage �nding a solution

to Poisson-Boltzmann equation is straightforward. Combining Eq 3.3 and Eq 3.33 yields

Φn+1 + Φn−1 − 2Φn

∆r2
+

1

rn

Φn+1 − Φn−1

2∆r
= −4πlB

∑
α

zαρ
0
α exp (−zαΦ(r)). (3.34)

In order to isolate Φn+1, which represents every subsequent point in the propagation, we rear-

range Eq 3.34 to obtain

Φn+1 =

(
−∆r24πlB

∑
α zαρ

0
α exp (−zαΦ(r))− Φn−1 + 2Φn + ∆r Φn−1

2rn

)
(

1 + ∆r
2rn

) . (3.35)

As can be seen from Eq 3.35, a new Φn+1 value is estimated from last previous two values.

To start a propagation, the initial guess of potential at the center of the coordinate system is

given arbitrary and the rejection method is utilized until all boundary conditions are ful�lled.

We must emphasize that in our model, we have regulated surface charge densities as a function

of bulk pH. The charge regulation was explained in detail in the previous section. In terms

of �nding a solution of our system means that potentials at the inner and the outer surface

depend on surface charge density, and vice versa. Due to that fact the developed rejection

algorithm of �nding a solution of two coupled second order nonlinear second-order di�erential

equations (Eq. 3.3) is based on self-consistent approach. The calculations have been made on

pH-scale in order to decrease the numerical noise which can be severe when dealing with proton

concentrations. The rejection algorithm is the following:

1. Calculate σi(Φi) and σo(Φo) for inner surface potential Φi(Ri) = 0 and outer

surface potential Φo(Ro) = 0 (for the �rst three points only).

2. Find Φi(Ri) and Φo(Ro) with propagation method described by eq 3.35, where

boundary conditions are previously calculated σi(Φi) and σo(Φo).
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3. Calculate again σi(Φi) and σo(Φo) but now with newly acquired values of surface

potentials Φi(Ri) and Φo(Ro).

4. Repeat the procedure until two consecutive calculations do not provide di�erent

σi and σo (up to the convergence limit).

5. When the convergence is achieved calculate again the electrostatic potential.

It must be noted that even on pH scale, the numerical noise is severe when system is dilute

in terms of bulk salt concentrations. The numerical noise can be observed as large number of

cycles within convergence loop are generated before the unique solution of potentials is found.

Moreover, the subsequently calculated σi(Φi) and σo(Φo) showed a sort of alternating series

sequence trend, which interfered with convergence loop performance. In order to guarantee and

accelerate the convergence of the calculated surface charge densities, the Aitken's δ2 numerical

accelerator was used[151].

The problem of numerical noise was even more pronounced when titration curve, and its

accompanying electrostatic properties were needed to be calculated for pH values approaching

the point of zero charge. Detailed analysis of the problem showed that the initial guess of the

surface charge density also matters. To overcome this di�culty, the initial guess for surface

charge densities at given pH was predicted as extrapolated value, based on previously calculated

correct values of surface charge density at given pH. The second-order Lagrange polynomial

was constructed on previously calculated surface charge densities. It must be clari�ed that

even though Lagrange polynomial is usually used to interpolate data, in our case it provided a

satisfying guess for the surface charge density of subsequent calculation.

This concluded the framework for the calculation of electrostatic potentials and ion dis-

tributions in con�ned media. In the following sections, the experimental work made by our

collaborators is described, as well as the results of various techniques are discussed in detail.

Moreover, the model was compared with the experimental data and the insights into behavior

of ions in con�ned charged media were obtained.

3.4 Model Predictions and Discussion

3.4.1 Comparison of the Model and Experimental Data

Results of polyelectrolyte titration (Figure 3.4) have been replotted and presented in Figure

3.6. The propagation of the experimental error was not taken into account. The experimental
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data of total charge per unit of mass are transformed to charge per unit of length. In this way,

we avoided dealing with polydispersity in terms of length of TiO2 NTs, which is substantial

for this type of the materials. Similar considerations have already been reported[152]. The

multiplication of charge per length (ordinate axis) and the average length of TiO2 NTs provides

the total average charge. The charge per unit of length can also be converted to surface charge

density, if the polydispersity is taken into account. The order of magnitude for measured charge

at pH= 10 is only around 30 mC m−2 or 0.18 e nm−2. TiO2 NTs are therefore weakly charged.

Figure 3.6 shows transformed titration data along with the predictions of the model for three

di�erent sets of adjusted parameters: Γ, logKH,1, and logKH,2.
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Figure 3.6 � Determination of TiO2 NTs total charge by polyelectrolyte titration. The data are

expressed in charge per unit of length as a function of pH. Black squares denote experimental

data whereas solid and dashed curves present possible �ts. Schemes representing charging

process are added for intuitive purpose. Both experimental data and model calculations are

made at/with T = 298 K and c(NaNO3) = 0.001 M.

The choice of the protonation constant value

Before proceeding, it must be emphasized that experimental data obtained by polyelectrolyte

titration, ζ-potential, potentiometric acid-base, and mass titration measurements provide an
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average total charge of examined samples. In the case of porous materials (including TiO2 NTs),

besides the total charge, no other conclusion can be accurately drown about the fractions of

charge in the pores. It follows that the results of these methods can be safely interpreted for

charge determination of nonporous materials only i.e. the ones that have a simple shape and

well-de�ned surface planes (e.g. a single crystal). For all other cases, a theoretical description

of charging is needed to elucidate the charge distribution in the entire system.

In the special case of dispersed cylinders, like TiO2 NTs, the total compensated charge

during the polyelectrolyte titration is the sum of three terms: the charge of electrolyte solution

con�ned inside of TiO2 NT, the charge at the inner surface and the charge at the outer surface

of the TiO2 NT (recall Gauss Law). We have

Qtot = 2πL

∫ Ri

0

%el,1 r dr + σi2πLRi + σo2πLRo (3.36)

with L being the average length of TiO2 NTs, σi and σo being the inner and outer surface charge

densities. The �rst term is volume integral of electrolyte charge density inside of TiO2 NTs.

The second and the third terms are the charge on the inner and the outer TiO2 NTs surfaces

and are obtained by multiplying surface charge densities with appropriate surface areas. The

�rst term is always of opposite sign compared to the surface charge densities and it lowers total

charge that is compensated during the titration. If we divide both sides of Eq. 3.36 by L the

total compensated charge per unit of length is obtained.

QtotL
−1 = 2π

∫ Ri

0

%el,1 r dr + σi2πRi + σo2πRo (3.37)

A charge per unit length is plotted in Figure 3.6 as a function of pH. It is crucial to emphasize

that interpretation of data we report here is speci�c to the experimental setup, as should be

always done when dealing with complex porous systems. During the titration inside of Mütec-

PCD03 titration cell the polyelectrolyte binds to the outer surface of TiO2 NTs under the

in�uence of moving piston creting the pressure and strong electrostatic forces between these

colloids[153, 154]. The polyelectrolyte is under the in�uence of the electric �eld created by the

total charge Qtot enveloped by Gauss surface (Eq. 3.36 and 3.37). The schematic representation

of the polyelectrolyte condensation onto the nanotube, and the total charge compensation is

given in Figure 3.7.

In measurements, we used high molar mass polyelectrolyte at 0.001 mol dm−3 NaNO3

solution. In this way, we are sure that the polyelectrolyte cannot penetrate inside the TiO2

NTs thus violating Eq. 3.36. Moreover, at 0.001 mol dm−3 salt concentrations (which are

the physical conditions of our system), the polyelectrolyte has fully stretched conformation
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condensation

cationic

polyelectrolyte

TiO2 nanotube

No net charge!

Figure 3.7 � The schematic representation of the phenomenon underlying the polyelectrolyte

titration of solid colloids. The charged nanotube along with the ions con�ned in its interior

and charged cationic polyelectrolyte interact via electric force, which governs the condensation

thus the charge neutralization.

so it is safe to assume the accuracy of the method. It is worth to mention that HR-TEM

measurements of titrated sample show that polyelectrolyte binds to TiO2 NTs outer surface in

monolayer. This �nding is important to justify the assumed 1:1 stoichiometry of the charge

compensation during the titration experiment. Results can be found in Figure 3.2. Results

presented here (the point of zero charge and low charge per length values) are in accordance

with those obtained by previous studies of TiO2 NTs system[80]. Interestingly, in both present

and past studies, the charge of TiO2 NTs is typically one order of magnitude smaller compared

to other TiO2 nanomaterials, namely nanowires or nanosheets[80].

Fitting the experimental data with the model can provide di�erent sets of parameters. Using

obtained sets of parameters can lead to di�erent explanations of the system behavior. Yet, a

prior knowledge of similar systems points to the fact that only few explanations physically make

sense. To ensure that we made a proper choice of parameters, we have identi�ed and described

three distinct cases and presented them in Figure 3.6. The calculated point of zero charge,

pHpzc, is in our model determined by the second intrinsic protonation constant logKH,2 = 3.

Therefore, according to the experiment we �xed this value for all three possible �ts. This

reduces the number of simultaneously �tted parameters to two, namely the surface site density

Γ and the �rst intrinsic protonation constant logKH,1. In the literature, the variety of �tted

protonation constants were reported and the di�erences between them (the di�erence between

logKH,1 and logKH,2) were ranging from 1 up to 20[155, 75]. This inconsistency urged the study

to make a clear distinction on how experimental data can be interpreted. Therefore, we have

decided to describe three distinct sets of �tted parameters separately. The �rst case is when

logKH,1 and logKH,2 are close and it corresponds to the blue dashed curve in Figure 3.6. If one

assumes such parameters then the interpretation of data would be that already at pH= 7 there
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is a saturation of surface charge since all surface groups are in fact fully deprotonated ≡TiO−
4
3

groups. f1 dominates the sum in Eq. 3.24. The charge of TiO2 NTs is constant throughout

all higher pH values. Although interesting, this way of �tting cannot properly account the

measured values of charge at high pH. The opposite case is presented as a gray dashed curve.

Now the logKH,1 equals 13. Even if the logKH,1 is much higher, results are globally the same. If

this set of parameters is used, then there is again the plateau after pH= 6.5, but now it does not

represent the population of ≡TiO−
4
3 but ≡TiOH−

1
3 surface groups. Now f2 dominates in the

sum in Eq. 3.24. Since logKH,1 is high, an extremely high pH (unreachable by an experiment)

is needed in order to deprotonate ≡TiOH−
1
3 surface groups. As in the previous case, it can be

seen that the grey dashed curve cannot properly describe experimental data at high pH.

The third case is the green solid curve in Figure 3.6 which corresponds to logKH,1 = 8.1. As

can be seen, the green curve predicts a steep increase of the TiO2 NTs charge with increasing

pH. When pH is little less, but still near 8, the population of ≡TiO−
4
3 increases and so the

overall charge of TiO2 NTs increases. The small plateau in the region between pH= 6 and

8, corresponds to the region where ≡TiOH−
1
3 surface groups dominate in the expression for

surface charge density (Eq. 3.24).

Protonation constant with MUSIC-like model

Since the green curve provided the best �t of the experimental data, we considered that Γ =

0.28 site/nm2 and logKH,1 = 8.1 is the most accurate (i.e. realistic) set of parameters that

uniquely describe the experimental data. Furthermore, this choice of logKH,1 has been justi�ed

from a small theoretical argument. If the association of ions at the site is driven mainly by

electrostatic force, e.g. as in Born model or the MUSIC approach, we can estimate the di�erence

logKH,2−logKH,1[75]. Indeed within the framework of McMillian-Mayer theory the protonation

constants can be written as a typical Bjerrum association constants[156, 157, 97]. In section

Theory, we identi�ed surface groups made of oxygen (O−atom) covalently bonded to titanium

atom. The O−atom can associate with the proton from the reservoir. The maximum number

of protons that can be associated with O−atom (adsorbed to surface site in terminology of

colloid chemistry) is determined by the accessible volume for protons. Allowing the successive

two-step protonation of site written as

≡TiO−
4
3 + H+ 
 ≡TiOH−

1
3

and

≡TiOH−
1
3 + H+ 
 ≡TiOH

+ 2
3

2
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the fully deprotonated O−atom (corresponding to the ≡TiO−
4
3 surface group) therefore has

accessible volume two times the O−atom with already bonded one proton (corresponding to

the ≡TiOH−
1
3 surface group). The statistical mechanics derivation already reported by our

group justi�es the use of following expression for the de�nition of association constant K◦H,l

between ions[156]

K◦H,l =

∫
Vsite,l

e−βU(r) d3r (3.38)

where K◦H,l represents protonation constants, Vsite,l volume of sites accessible to protons, index

l again denotes type of surface group, β = 1/kBT , and U(r) is interaction potential for a paired

anion and cation (O−H). We treat protonated surface groups like a contact ion pairs. The

center of O−atom has been chosen as a center of coordination system, with RO−H being the

distance between O−atom and associated proton. For simplicity, we ignore any change of Ti−O

and O−H bond lengths upon the association of proton (or any other structural change). This

is important to emphasize since it simpli�es the calculation. Upon division of two protonation

constants, the short-ranged part of potential cancel out and only Coulomb part remains (all the

equal terms cancel upon division of the partition functions of two successive reactions). This

works because we are only interested in O−H bond. Therefore the interaction potential U(r)

between the pair is by nature considered as Coulombic only, and can be written as

U(r) =
zsite,l e

2

4πε0εr,1RO−H

(3.39)

where zsite,l is the charge of site l. Dividing the two protonation constants yields

K◦H,1
K◦H,2

=

∫
Vsite,1

e−βU(r) d3r∫
Vsite,2

e−βU(r) d3r
(3.40)

We have already stated that RO−H does not change, so the two integrals on the right side can

be factorised. We obtain

K◦H,1
K◦H,2

=
e
−β

zsite,l e
2

4πε0εr,1RO−H

e
−β

zsite,2 e
2

4πε0εr,1RO−H

∫
Vsite,1

d3r∫
Vsite,2

d3r
. (3.41)

Writing the U(r) in terms of Bjerrum length lB we have

K◦H,1
K◦H,2

=
e
−β

zsite,1 lB
RO−H

e
−β

zsite,2 lB
RO−H

∫
Vsite,1

d3r∫
Vsite,2

d3r
. (3.42)

Note that we did not specify the type of coordinate system. The important fact is that radii

vectors describing positions of both particles have the same origin. Taking the natural logarithm

of the expression above yields

ln

(
K◦H,1
K◦H,2

)
=
lB (zsite,2 − zsite,1)

RO−H

+ ln

(∫
Vsite,1

d3r∫
Vsite,2

d3r

)
(3.43)
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The second term is a ratio of accessible volumes for proton. It is assumed to be equal to

ln 2, since we are investigating the two successive protonations (the fully deprotonated surface

group ≡TiO−
4
3 has twice as much volume for proton, compared to the ≡TiOH−

1
3 group). After

rearrangement of the former expression, we obtain the value of O−H bond.

RO−H =
lB (zsite,2 − zsite,1)

ln
(
K◦H,1
K◦H,2

)
− ln 2

(3.44)

Preforming a simple calculation to determine the RO−H values for the sets of intrinsic protona-

tion constants obtained from the �tting procedure yields:

a) RO−H(logKH,1 = 4.5, logKH,2 = 3) = 2.5 Å

b) RO−H(logKH,1 = 8.1, logKH,2 = 3) = 0.63 Å

c) RO−H(logKH,1 = 13, logKH,2 = 3) = 0.31 Å

The set of intrinsic protonation constants logKH,1 = 8.1 and logKH,2 = 3 yields the length

of O−H bond equal to 0.63 Å. This is a reasonable bond length and it does justify the use of

logKH,1 = 8.1 and logKH,2 = 3 for further calculations and exploration of charge properties

of TiO2 NTs. It must be noted that constants are obtained with the mean-�eld approximation

for surface sites, which guaranties smeared, uniform charge of polyion (nanotube).

Surface site density in semi-amorphous materials

Before passing our considerations to the study of TiO2 NTs electrostatics, there is another

thing worth addressing. Within the �tting procedure, the obtained surface site density Γ was

rather low. In fact, in every possible �t, the value of Γ was always below 1 site/nm2. In case

of anatase phase colloid particles, a majority of previous work reported surface site densities

larger than 1 site/nm2[77]. It must be noted that these studies were made for the materials

with �at surfaces and well de�ned crystalline structure. In our study, we examined materials

characterized by highly curved interface on nanometer scale and high degree of amorphous

solid within the samples. Conveniently, the low site density results in values of normalized

surface charge densities that are usually used in classical Density Function Theory calcuations,

Molecular Dynamics simulations, etc.[101, 158, 159].

In fact, in order to predict experimental data one may take a few possible routes. One route

is to �x the point of zero charge according to the experimental data and to assume a priori high

surface site density and then to �t the intrinsic protonation constants for one or more surface

groups. This approach has proven useful in predicting ζ-potential of colloids. Still, we argue
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that it is not a proper way of �tting, since Γ, logKH,1 and logKH,2 are mutually dependent[149].

Sometimes, in order to achieve the steep increase of charge the additional type of surface groups

is introduced. This way imposes additional two parameters, namely new intrinsic protonation

constant and the site density of new surface group. The third approach consists in allowing the

association of supporting electrolyte with charged surface groups as usual competition reactions.

Higher association constant of metal cations (compared to anions) causes decrease of the total

charge and thus higher surface site densities Γ can be obtained in the �tting process. Note that

this approach also adds two additional adjusted parameters.

Results obtained by this study arose from the intent of authors to make a model with the

lowest possible number of parameters. A shape of the titration curve, values of total charge

and the point of zero charge are the consequence of solution of two coupled nonlinear Poisson-

Boltzmann equations along with charge regulated boundary conditions with logKH,2 = 3 �xed

accordingly to experimental data and two adjustable parameters Γ = 0.28 site/nm2, logKH,1 =

8.1.

It must be noted that from the practical point of view the preparation of samples for charge

determinations in case of TiO2 NTs is a di�cult task. Apart by study made by our group,

the mechanical damage of TiO2 NTs upon the ultrasonic treatment was previously reported

by other authors[80, 160]. The breakage of TiO2 NTs was re�ected on their properties in an

aqueous solution i.e. ion-exchange kinetics. However, it is not completely clear if the mechanism

is associated with the cleavage of nanotubes, or simple fragmentation of larger agglomerates

causes a release of various particles, besides nanotubes themselves. In order to overcome that

di�culty, the ultrasound was applied during short intervals (the procedure can be found in the

Experimental data section). Within such procedure it is intuitive that a large portion of TiO2

NTs remains attached into a larger agglomerate. This can be seen from topography graph

obtained from Atomic Force Microscopy measurments (AFM) of our post-dispersion sample

(Figure 3.8). Topography images show that our short ultrasound treatment did not cause a

mechanical breakage of nanotubes, but in turn also enabled a large portion of nanotubes to

remain agglomerated. Still, the extent of agglomeration was not quanti�ed, since it demands

a robust investigation in order to obtain consistent statistics. Note that DLS measurements

also suggested that large agglomerate exist, if ultrasound treatment is to short (see Figure

3.17d). This issue will be mentioned again in the Conclusion and Prospects section (Figure

3.17). Agglomeration caused decrease of speci�c surface exposed to aqueous solution results in

lower total charge measured. In this manner the Γ values obtained through �tting procedure

are lower. These results are consistent with �nding known from literature[160]. Also, it was
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Figure 3.8 � AFM topography of TiO2 NTs sample taken from suspension after three minute

sonication treatment by bath sonicator.

noted at the beginning of this section that the sample analyzed by HR-TEM has shown a

high degree of an amorphous phase. With such an experimental evidence we understand that

the value of Γ cannot be predetermined and it has to be somewhat adjusted. Moreover, the

choice we made (not to �x Γ) has another advantage. If the intrinsic protonation constants are

known and their values can be assumed to be reliable, then the model can predict a surface

site densities for porous materials. A vice-versa deduction also applies. A predictive method is

crucial for the study of any ion behavior in con�ned media.

The main objective of this work was to exploit the utility of the set of nonlinear Poisson-

Boltzmann equations in order to understand the charge properties of TiO2 NTs. Therefore,

in the following subsection, we present results of calculations for the system of in�nitely long

cylinder immersed in the aqueous solution for various physical conditions (pH, reservoir salt

concentrations). All subsequent calculations were made with values of parameters Γ =0.28 site

/ nm2, logKH,1 = 8.1 and logKH,2 = 3 at T = 298 K. Once again we must emphasize that using

other two sets of parameters would greatly in�uence the interpretation of charge properties.
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3.4.2 Ions in Con�ned Medium Under the In�uence of the Electric

Field

The solution of the system of coupled nonlinear Poisson-Boltzmann equations (Eq. 3.3) is pre-

sented in Figure 3.9. The electrostatic potentials, counterion and coion pro�les are plotted for

�ve di�erent pH values. The supporting electrolyte concentration is 0.001 M. In the experi-

ment we used NaNO3, but within the model, no ion speci�city is taken into the account. Debye

length κ−1, for such conditions is around 96 Å.
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Figure 3.9 � Results of the calculation: a) electrostatic potential pro�les; b) equilibrium coun-

terion pro�les; c) equilibrium coion pro�les; T = 298 K, c0 = 0.001 M, Γ = 0.28 site/nm2,

logKH,1 = 8.1, logKH,2 = 3. The inner radius is Ri = 40 , while the outer radius is Ro = 60

Electrostatic potential and ion distributions

Figure 3.9a shows the electrostatic potentials from the center of the cylinder up to some point

away from the outer surface. The calculations have shown that there is a non-zero electrostatic

potential along the cylinder axis but the electric �eld is equal to 0. Therefore, the boundary
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conditions are satis�ed. The region from 40 Å to 60 Å represents the electrostatic potential

through TiO2 layer and is described by a monotonic increasing function (Eq. 3.11). The dif-

ference in surface electrostatic potentials at the inner and outer surfaces causes asymmetry in

ion distributions (as shown in Figure 3.9b). The Figure 3.9c shows the equilibrium concentra-

tions of coions inside of the cylinder. At high pH, the negatively charged TiO2 NTs exhibit an

electric �eld which attracts counterions (Na+) near the surface and repels coions (NO−3 ). Since

Debye length is more than twice the inner radius of TiO2 NTs, it is understandable that at

high pH calculated coion concentrations are negligible. At lower pH values, closer to the point

of zero charge, the counterion concentrations near the surface are still higher compared to the

bulk, but now the coion concentrations are greatly increased. Such results are expected since

with lowering of surface charge, the electric �eld diminishes and NO−3 coions can approach the

interface. In order to solve Poisson-Boltzmann equation the overall electroneutrality condition

must be ful�lled.

2πL

∫ Ri

0

r%el,1 dr + 2πRiLσi + 2πRoLσo + 2πL

∫ ∞
Ri

r%el,2 dr = 0 (3.45)

At 0.001 mol dm−3reservoir salt concentration, the electroneutrality is not ful�lled inside of the

cylinder. Similar results have already been obtained reported[161]. The excess charge is then

compensated at the outer surface by electrolyte solution and overall the system in neutral. We

made calculations with the higher value of the inner TiO2 NTs radius Ri. The thickness of the

TiO2 layer was kept constant at 2 nm and reservoir salt concentration at 0.001 M. As the inner

radius is increased, the asymmetry in terms of electrostatic potential and ion distributions is

lost and the system starts to behave like a charged plate immersed in the electrolyte solution.

Note also that the asymmetries in ion distributions are lost in the limit of zero-thickness of

TiO2 layer.

3.4.3 Donnan E�ect in the Case of Charge-Regulated Nanotubular

Structures

We have mentioned the e�ect of the pH and the electric �eld on the ions distributions inside

nanotubes. But the system is more complex than that, since there is the e�ect of the curvature

expressed through the inner radius, Ri. In this sense, it is suitable to study the Donnan

e�ect. The study of the Donnan e�ect, presented in Figure 3.10 enabled us to rationalize the

conditions of the inner radius and the reservoir salt, as well as pH for which the NO−3 can �ll

the interior of nanotubes. We have plotted the ratio of the mean concentration of nitrate coions
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Figure 3.10 � Study of Donnan e�ect. <ρNO−3
>/ρ0 is the ratio of mean coion (NO−3 ) concentra-

tion inside TiO2 NTs and the reservoir coion concentration. The results are shown for various

reservoir pH values.

< ρNO−3
> inside the cylinder and the reservoir salt concentration as a function of κRi. The

mean concentration of NO−3 is de�ned as

<ρNO−3
>=

2
∫ Ri

0
ρNO−3

(r) r dr

R2
i

. (3.46)

κRi parameter varies either when the reservoir salt concentration is modi�ed (the inverse Debye

length κ is proportional to ρ1/2
0 ), or when inner radius Ri is greatly increased. Results show that

at high pH and low Ri, the electric �eld does not permit the penetration of NO−3 ions inside

the nanotube. Moreover, the reservoir salt concentrations need to be very high in order to have

mean coion concentration < ρNO−3
> equal to the reservoir salt concentration. It is the case

when the surface charge is completely screened by counterions, namely Na+. With a decrease

of reservoir pH, surface charge density also decreases. When the electric �eld at TiO2 NTs

inner surface is diminished (near the point of zero charge) NO−3 ions can more easily penetrate

inside. Just to emphasize how the strength of electric �eld e�ect the ion distributions, let us

once again study the two extreme cases of pH. For pH = 9 in 0.001 M NaNO3 system, there

are almost no NO−3 ions inside of the TiO2 NTs at T = 298 K, whereas at pH = 3.5 for the

same conditions around 35% of the total amount of NO−3 ions is already inside. Brie�y, there

are three major conditions for which the mean coion concentration < ρNO−3
> is equal to the

reservoir salt concentration are: 1) high reservoir salt concentration that guaranties an e�cient

inner charge screening, 2) very high Ri for lower reservoir salt concentrations, 3) pH close to

the pHpzc. Variations and combinations of mentioned conditions are possible, but the global
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behavior of nanotubes (nanochanels in general) predicted by PB theory is summarized within

the three noted cases.

3.4.4 Predicting the Polyeletrolyte Titration Curve for Di�erent Sys-

tem Conditions

Simulation of the titration curve: a salt e�ect
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Figure 3.11 � Calculated titration curves for three di�erent reservoir salt concentrations: black

line corresponds to c(NaNO3) = 0.001 M, red line to c(NaNO3) = 0.01 mol dm−3 and blue line

to c(NaNO3) = 0.1 mol dm−3. The inset shows the enlarged pH region near the point of zero

charge.

Besides reproducing the experimental data, the model was used to give insights into charge

properties at di�erent conditions. The titration curves were calculated for di�erent reservoir

salt concentrations. The results are shown in Figure 3.11. The shape of the curves does not

change considerably with the increase of the bulk salt concentrations. As known from the

literature, the increase in reservoir salt concentration is followed by the increase in charge of

colloids[162]. Our calculations have shown the same trend. The origin of such increase in charge

is just a question of more e�cient screening of the surface charge. For higher salt concentrations

the calculated surface potentials Ψi and Ψo are less negative (when discussing only the case

where TiO2 NTs are negatively charged). In this manner, the proton concentrations at the

surface are decreased and most of the surface groups remains deprotonated e.g. more charge is
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detected. Practically, it means that within the titration experiment (polyelectrolyte titration

or some other technique) the consumption of titrans increases when more salt is added into

the system. From Figure 3.11 it can be seen that in�ection points that describe the shape

of charging curve are at di�erent positions (pH values) for di�erent salt concentrations. The

origin for such phenomena is the same as written previously. The change in calculated surface

potentials governs the ratio of the population of charged surface groups and thus determines

the value of charge at particular pH value.

The inset in Figure 3.11 shows that all three curves have the same point of zero charge. In

real systems, pHpzc depends on reservoir salt concentrations and on the type of salt, as was

found experimentally [80]. Our calculations showed no such di�erence. The explanation for

such phenomena is rather simple. In section Theory, we assumed the ideality of the solution.

The (electro)chemical potential of ion H+ is de�ned as: µH+ = µoH+ +kBT ln
(
γ

H+ c
H+/c

o
)

+eΨ.

At the point of zero charge Ψ is equal to zero so the last term disappears. Since coe�cients of

activity are equal to 1 the intrinsic protonation constants are independent bulk salt concentra-

tions and thus the point of zero charge does not change.

Simulation of acid-base titrations

Within this study, we did not simulate the charge versus pH-curve in the case of acid-base

titration experiment due to the fact that we did not have experimental support. Still, it must

be noted that the procedure for the simulation of acid-base titration is straightforward and quite

simple. Instead of using Eq. 3.37, which is valid when polyelectrolyte is condensed onto the

outer nanotube surface, in the case of direct acid-base titration for the 1:1 charge compensation

of surface sites we have following expression for the total charge per unit length:

QtotL
−1 = σi2πRi + σo2πRo. (3.47)

It is clear that the acid-base titration is sensitive only to the charge on surface, when compared

to the polyelectrolyte titration. The H−1 and OH− ions penetrate inside the nanotube interior.

In�uence of εr,2 through TiO2 layer

Even though we have neglected arising of the displacement �eld P (recall Theory section),

it is still needed to justify the usage of the dielectric constant εr,2 through TiO2 layer. The

in�uence of εr,2 on the overall simulated titration curve has been studied so that calculations

were made with εr,2 values 40, 80 and 120 for entire pH region. Results are presented in

Figure 3.12. The choice of dielectric constant trough TiO2 layer does not provide signi�cant
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Figure 3.12 � In�uence of a dielectric constant of TiO2 layer on the titration curve.

change in overall titration curves. The di�erences in total charge per unit length as a function

of pH for those three values were very small and namely in the region of high pH. A better

knowledge of crystal structure of TiO2 NT layer would motivate further investigations about

the in�uence of the dielectric constant on overall system charge properties. A possibility is to

use the Clausius�Mossotti relation to estimate εr,2, but again, this is a macroscopic level of

estimation. In our case of the high degree of amorphous mass within the examined sample,

the attempt to correct this this e�ect is useless. Still it needs to be emphasized that further

lowering εr,2 bellow 40 would de�nitely in�uence the charge behavior. In this domain the solvent

averaged Coulombic interactions would be very strong. Luckily, within this study we haven't

dealt with such system, although it might be important for biological systems such as lipid

bilayers or vesicles.

3.4.5 Charge Dissimilarities Between Surfaces Exposed of the Aque-

ous Solution

One of the major motivation of this work was to quantify the charge on both surfaces of tubular

porous materials in contact with an aqueous solution. To address this, we have calculated

the absolute value of σo and σi and plotted them as a function of pH. Results are presented

in Figure 3.13. At �rst glance, the surface charge curves are globally similar and no major

di�erence can be observed. Yet, closer look reveals that there is always more charge on the

outer surface compared to the inner surface. This �nding is a consequence of the di�erences
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Figure 3.13 � Calculated inner and outer TiO2 NTs surface charge densities, σi and σo at

c(NaNO3) = 0.001 M, T = 298 K. The average length of TiO2 NTs assumed to be 100 nm

(Figure 2b and S3).

in the curvatures of the two surfaces (Ro > Ri). The surface charge density scales with the

radius of TiO2 NTs: there are always more charges on the outer surface because the area is

larger. Also, our calculations have shown that proton concentrations at the inner surface are

higher when compared to the outer surface i.e. the higher proton adsorption/desorption at the

inner surface. This means that there are less deprotonated surface groups, and therefore, less

amount of charges. The two e�ect account for the di�erences in the amount of charge between

the surfaces. But, as we have mentioned earlier, di�erences globally seem small. To properly

demonstrate and elucidate the di�erence in charging phenomenon between the two surfaces, we

have replotted the data from Figure 3.13 in a more informative way. The ratio between two

surfaces is plotted as a function of pH. The charge at the surface is understood as the sum of

charges from the surface groups only, since we did not consider the association of supporting

electrolyte.
2πLRoσo

2πLRiσi

=
σoRo

σiRi

(3.48)

The ratio of charge between the outer and the inner cylinder surface (Eq. 3.48) plotted as a

function of pH in Figure 3.14, shows that there is a pronounced increase of the charge at the

outer TiO2 NTs surface near the point of zero charge, pHpzc. The factor is around 2.4. A smaller

increase can be seen also in the region above pH = 8. Besides the increase of the charge at the

outer surface, there is also the leveling of charge regime, as can be seen in the inset of Figure
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3.14. It is in the region of pH between 6 an 8, depending on the reservoir salt concentrations.

This leveling has a value 1.5 (roughly) and corresponds to the ratio of inner and outer TiO2

NTs radius. It is the region where ≡TiOH−
1
3 surface groups are most populated ones for both

inner and outer surface (fractional coverage f2 dominates the sum in Eq. 3.24). In fact, Figure
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Figure 3.14 � Fraction of the charge between the outer and the inner surface as a function of pH.

The results are given for three di�erent reservoir salt concentrations: the black line corresponds

to c(NaNO3) = 0.001 M, the red line to c(NaNO3) = 0.01 M, and the blue line to c(NaNO3) =

0.1 M.

3.14 is the central �nding of this study and requires more care to dismantle the phenomenon.

First, we examine the curve calculated for reservoir salt concentration equal to 0.001 M. The

accumulation of charge at the outer surface when pH is close to values of intrinsic protonation

constants can be understood from the following argument. We have already stated that surface

charge density depends exponentially on the Ψi and Ψo (Eq. 3.28). The pronounced change

in the population of particular surface groups occurs in the case when pH is near the value of

intrinsic protonation constants. In those conditions even small di�erences between calculated Ψi

and Ψo cause pronounced di�erences in surface charge densities, which can be simply understood

since the functionality is exponential. Practically, this phenomenon means that the asymmetry

in proton adsorption between the two surfaces is even more pronounced when pH is close to

the value of intrinsic protonation constants. The largest di�erence is found for pH near pHpzc

(or logKH,2). The explanation of the phenomena is simple. At high pH the surface groups are

already mostly deprotonated and therefore less sensitive to the changes in surface potentials.
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This is re�ected in small di�erences of charge between the inner and the outer surfaces. When

pH approaches pHpzc, we are comparing almost no charge on the inner surface, and more charge

(more than twice) on the outer surface. This in turn generates such a pronounced di�erences

in charge. On more thing to notice in Figure 3.14 are the charge ratio curves for 0.01 mol dm−3

and 0.1 mol dm−3 reservoir salt concentrations. The increase of reservoir salt concentrations

reduces di�erences between the amount of charge on the inner and the outer surface due to the

more e�cient screening (Eq. 3.11). The case of c(NaNO3) = 0.1 mol dm−3 in large pH intervals

collapses to the dashed black line i.e. the ratio of surface areas (or the ratio of the outer and

the inner nanotube radius). An e�cient screening of both surfaces by high salt concentrations

provides similar surfaces groups populations, thus the only di�erence in charge between two

surfaces is naturally given by the surface area.

Convenience of our model is the fact that we can quantify fraction of the compensated

charge. The amount of charge con�ned inside the nanotube and normalized of the inner surface

area can be written as

σel,i =

∫ Ri

0
%el,1 r dr

ε0ε1rkBTRi

(3.49)

where σel,i in the normalized charge. The ratio σel,i/σi is plotted in Figure 3.15 as a function

of pH for three salt contractions. In low reservoir salt regime the calculation has shown that

around point of zero charge, only 30% of inner surface charge is screened by the inner cylinder

electrolyte solution (black line). This is in accordance with previous discussion that electric �eld

(or the pH since it �xes boundary conditions) plays important role in the screening e�ciency.

An increase in reservoir salt concentrations induces screening, which can be seen as the increase

of σel,i/σi for c(NaNO3) = 0.01 mol dm−3 (red line). After a certain threshold (not shown here)

the screening no longer depends on pH and it is always roughly around 95 %. This can be

noticed if the case of c(NaNO3) = 0.1 mol dm−3 is examined (blue line).

To sum up, the phenomena of the asymmetry in accumulation of charge between two surfaces

predicted by our model can be decoupled to two major contributions: 1) trivial ratio of surface

areas, 2) excess population of surface groups governed by screening of the supporting electrolyte.

Still, the question arises: is this intriguing result a consequence of the intrinsic default by PB

theory where ions are point-like charges? Moreover, can this �nding be con�rmed by some

experimental technique? It must be noted again that due to the relatively large radius of the

cylinder, and low salt concentration in the system, Molecular Dynamics simulations are not

applicable to study this e�ect. We will address this core question for ions in con�ned media in

the prospects discussed in the next section.
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Figure 3.15 � Screening of inner surface charge as a function of pH for di�erent reservoir salt

concentrations.

3.5 Conclusion and Prospects

Chapter Conclusion

Within this chapter, we addressed on of the core questions concerning ions in con�ned media

under in�uence of the electric �eld. Within this study we have presented a framework for

quantifying a charge properties of TiO2 NTs and other porous material in low salt aqueous

solution.

With the HR-TEM we have obtained the distributions of the inner and the outer TiO2

NTs radii. The electrophoretic mobility measurements at 0.001 mol dm−3 NaNO3 showed that

pHiep of TiO2 NTs is around 3.6. With the particle charge detector we have measured the

charge of TiO2 NTs in 0.001 mol dm−3 NaNO3. The measurements showed that TiO2 NTs

are weakly charged and pHpzc is around 3.2. Polyelectrolyte condensation onto TiO2 NTs in a

monolayer supported an assumption of 1:1 stoichiometry of surface site/PDDA monomer unit

charge compensation.

The theoretical model was developed in order to understand and interpret the experimental

data. The basis of the theoretical model includes Poisson-Boltzmann equation (which is the

simplest case of classical Density Functional Theory for electrolyte solutions) and surface charge

regulation method via the law of mass action. A system of two coupled nonlinear second-

order di�erential equations was solved numerically in a self-consistent manner with respect
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to four coupled boundary conditions. The proposed algorithm involves the prediction of the

initial guess of the pH-dependent surface charge by extrapolation using Lagrange second-order

polynomial, and rejection methods for calculation of both σo,i and Ψi,o.

Fitting of experimental results with theoretical model yielded the surface site density Γ and

intrinsic protonation constants logKH,1 and logKH,2. The three possible �ts were addressed

and discussed separately. As the best �t we considered the one obtained for Γ = 0.28 site/nm2,

logKH,1 = 8.1 and logKH,2 = 3 (note that logKH,2 was �xed by the surface charge density

measurements and not simultaneously �tted). Plausibility of using this set of parameters was

justi�ed with a theoretical calculation based on Bjerrum-like contact ion pair formation model

where only a solvent-averaged Coulombic interaction is considered. Obtained constants are

only valid when mean-�eld approximation for sites and smeared charge is assumed.

The calculation of total TiO2 NT charge with �tted values of Γ, logKH,1 and logKH,2,

predicts continuous increase of the charge as a function of reservoir pH. A steep increase of

the surface charge is predicted after pH= 8. At low salt concentrations in the system (e.g.

c(NaNO3)=0.001 mol dm−3) the inner TiO2 NTs surface charge is not fully compensated by

the electrolyte solution con�ned inside TiO2 NT. The overall electroneutrality of TiO2 NTs

system for those conditions is achieved by the electrolyte solution outside of TiO2 NTs. The

story is slightly more complicated than simple salt screening e�ect since the pH determines

the surface charge density. The surface charge density sets the slope at the interface (recall

boundary conditions), and thus the screening by ions. The screening of both TiO2 NTs surfaces

is more e�cient at high reservoir pH. The total charge of TiO2 NTs increases with the increase

of the reservoir NaNO3 concentration. Within the study of Donnan e�ect, it was found that

the in�uence of NO−3 coions on TiO2 NT surfaces is negligible at high pH since strong electric

�eld repels them from TiO2 NT surface. When the pH is close to the pHpzc, the screening

becomes ine�cient and there is a pronounced penetration of NO−3 coions into the interior of the

TiO2 NTs. Furthermore, our calculations show that the di�erence in charge between the inner

and outer surfaces is also pH-dependent and is not always equal to the ratio of TiO2 NT radii.

The di�erence in charge between the two surfaces is diminished by an increase of the reservoir

NaNO3 concentration. With this being the central �nding of this chapter, we ask ourselves is

this the consequence of the fact the PB approach treats ions as a point-like charges?
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Prospects

If the size of the ions is accounted, like in Modi�ed PB approach one obtains smaller concen-

trations of ions at the interfaces and in con�ned media[161]. This consequently changes the

calculated surface charge densities as the accessible volume for ions reduces upon the increase

of the lattice parameter a which de�nes the length of the unit cell. Here we will only provide

a �nal expression for ions distributions in Modi�ed PB approach in the case of 1:1 electrolyte.

ρα(r) =
ρcellρ

0
α exp

(
− eψ(r)

kBT

)
ρ0

w + 2ρ0
α cosh

(
eψ(r)
kBT

) (3.50)

where ρα(r), ρ0
α, ρ

0
w, and ρcell are respectively local, and reservoir ion number density, wa-

ter molecules number density, and density of cells equal ρcell = 1/a3 with a being lattice

parameter[141]. Furthermore, it was demonstrated that classical Density Functional Theory

can be used instead of Molecular Dynamics or Monte Carlo simulation to obtain satisfying

distributions of con�ned ion distributions[108, 109, 107]. Since surface complexation of an ion

to the surface site can be justi�ed form �rst principles, just as an ion-pair analogue in the

solution, there is a hope that our methodology can be improved for more accurate quanti�ca-

tion of the charge properties of porous materials. Also, one of the possible improvements is to

couple Mean Spherical Approximation (MSA) with the PB in order to obtain semi-empirical

McMillian-Mayer framework in Grand Ensemble which takes into account ion-ion correlations

via activity coe�cients. Coupling between MSA and PB, as proposed by Prof. Dufrêche, results

in the following expression

ρα(r)γα (ρα(r)) = ρ0
αγα

(
ρ0
α

)
exp

(
−eψ(r)

kBT
− Vwall

)
(3.51)

where γα (ρα(r)) is the local spatial activity coe�cient distribution as a function of ion dis-

tributions, and Vwall is in�nite well potential to ensure ions cannot penetrate inside the rigid

interface.

At the end it is worth a while to shortly focus on the prospects and current open ques-

tions. As stated in previous sections, the literature is �lled with di�erent values of dissociation

constants KH,x obtained though �tting procedures on apparently similar materials. Through

our work, we have noticed that the bare charge or the electrophoretic mobility in fact varies

from measurement to measurement. Depending on the synthesis, suspension preparation in

terms of type of devices used to apply ultrasound, and the length and the frequency of applied

ultrasound all exhibit in�uence onto the overall charge measurement. If this is so, then �tting

the experimental data with the same model yields di�erent values of KH,x. The concept of this
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Figure 3.16 � Concept graphs: a) In�uence of the experimental procedures on the total measured

charge of solid sample dispersed in the aqueous solution. b) In�uence of the level of theory

used create a model and to �r the experimental charging data.

is illustrated in Figure 3.16a, where for example the raw TiO2 NTs sample, annealed sample,

and the change in dispersion procedure are �tted with the same model and di�erent KH,x are

obtained. The consequence of this ambiguity is severe in terms of fundamental science, but

losses its relevance when one goes to the chemical engineering level, where details sometimes

get lost or are counterbalanced by other e�ects. As long as for the material in focus �tted

protonation constants are able to reproduce reference data and to accurately predict process

beyond that, it is credible to use them. If the experiment a�ect the outcome of the �tting

procedure, could the same thing happen if the di�erent level of theory is used e.g. di�erences

between PB and Modi�ed PB. This scenario is illustrated in Figure 3.16b, where PB, Modi�ed

PB, or the MSA-PB theory is used to �t the experimental charging data.

It must be added that in beside the extension of our model to account size and ion corre-

lations, the greater care is devoted to purifying the crude sample by annealing, as well as to

optimize the extent of dispersion by ultrasound treatment, as presented in Figure 3.17.
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Figure 3.17 � a) PXRD patterns of nanotubes after post-synthesis treatment for di�erent anneal-

ing temperatures. b) HR-TEM micrograph of raw TiO2 NTs sample. c) HR-TEM micrograph

of raw TiO2 NTs sample annealed at 500 ◦C. d) Hydrodynamic radius of TiO2 NTs suspension

as a function of time, for di�erent suspension preparation techniques e.g. ultrasound probe or

ultrasound bath.
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Chapter 4

Modelling of Liquid-Liquid Extraction: a

Case of Non-Ionic DMDOHEMA

Extractant

From a micelle model… ...to the prediction of the extraction
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Figure 4.1 � Modelling liquid-liquid extraction:

DMDOHEMA case

We develop a minimal model for the pre-

diction of solvent extraction. It accounts

for spherical micelles and takes into account

competition complexation, mixing entropy of

complexed species, di�erences of salt concen-

trations between the two phases, and the sur-

factant nature of extractant molecules. We

consider the practical case where rare earths

are extracted from iron nitrates in the pres-

ence of acids with a common neutral complex-

ing extractant. The solvent wetting of the reverse aggregates is taken into account via the

spontaneous packing. All the water-in-oil reverse aggregates are supposed to be spherical on

average. The minimal model captures several features observed in practice: reverse aggregates

with di�erent water and extractant content coexist dynamically with monomeric extractant

molecules at and above a critical aggregate concentration (CAC). We will demonstrate that the

free energy of the transfer of an ion to the organic phase is lower than the driving complexation.
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4.1 How to Interpret a Laboratory-Scale Experiment?

In the light of the concept of this thesis, we ought to show how derived model can be used to

interpret both laboratory and engineering experiments.

In this chapter we will present the full derivation of the minimal thermodynamic model for

the prediction of extraction e�ciency. The model is �rst of its kind, and will be expanded

and generalized in next two chapters. Therefore, here we will present a bottom-up derivation,

starting from partition function, and so forth. Moreover, in this chapter we will be dealing with

the 'simplest' extractant system i.e. non-ionic extractants. Also it is useful to make a clear

distinction between laboratory and engineering scale experiments since both require appropriate

way of modelling. If we imagine the simple experiment in the laboratory, as described in Figure

Mixing Settling

≡ Target electrolyte ≡ Supporting electrolyte

Figure 4.2 � Schematic representation of selective laboratory-scale solvent extraction experi-

ment. The system is made of two non-miscible liquids, namely organic solvent (pale yellow

color), and aqueous phase (pale blue color). Red circles represent target solutes e.g. Eu(NO3)3,

whereas green circles represent background solutes e.g. Fe(NO3)3

4.2, the fact the we have small vessel urges the need to make calculations in canonical ensemble.

Practically, what we need to do is to minimize Mass Action Law for every component in the

system. On the laboratory scale, the extent of reaction, and thus the di�erence between the

�nal and the initial state of the system are transparent. The total number of particles is �xed

in the vessel. This is not the case when there is for example a pump which forces a constant

�ux of concentrated brine into mixer-settler device, as presented in Figure 1.2. In that case,

we can consider a �xed chemical potentials of ions by in�nite reservoir.

To demonstrate how we can battle the situation at hand (to mimic the laboratory exper-

iment), we will describe a multicomponent system: a non-ionic extractant is dissolved in the

organic phase, whereas the aqueous phase contains namely HNO3, Eu(NO3)3, and Fe(NO3)3.
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It must be noted that in the case of non-ionic solvating extractants, achieving the equilibrium

assumes only the transfer of solutes from the aqueous to the organic phase. There is no re-

lease of solutes in opposite direction like in the case of ion-exchanger extractants (the subject

of the next chapter). This is convenient from the aspect of the program code development,

since it simpli�es convergence of the multicomponent Mass Action Law. Furthermore, it is

this convenience that enabled us to study the system involving three salts. Two salts, HNO3

and Eu(NO3)3 (red circles in Figure 4.2), are readily extracted, while Fe(NO3)3 serves as a

background (green circles in Figure 4.2), just like in a typical experiment.

4.2 Theoretical Section: Deriving the Droplet Model

4.2.1 Establishing the Model System for Liquid-Liquid Extraction

To study the liquid-liquid extraction by the non-ionic extractant dissolved in the organic solvent,

we constructed the model system made of two phases in contact. The two phases are namely the

aqueous and the organic phase (i.e. the solvent). We consider a bulk model for the formation

of reverse micelles i.e. aggregates responsible for the transfer of ions between two phases.

Aggregates are considered as a gas of spherical droplet-like particles of di�erent compositions

present in equilibrium, hence the name the Droplet model. The schematic representation of

the model is presented in Figure 4.4. Spherical reverse micelles are adequate approximation in

dilute regime, especially in the case when constituting extractants have more than one chain

and when chains are branched[163, 164]. The combined study of X-ray re�ectivity at the

n-dodecane/ aqueous solution (containing REEs), MD simulations and mesoscopic modelling

showed that initially, the spherical micelles are preferred in the case of bulky extractants[163].

The extractant considered in this chapter is N,N�-dimethyl-N,N�-dioctyl-2-(2-hexyloxyethyl)-

malonamide (DMDOHEMA). DMDOHEMA chemical structure is presented in Figure 4.3.

This is the type of extractant that has three chains. The branched extractant is the subject

of the next chapter. The aqueous solution contains multiple ion species, whereas the organic

phase is made of monomeric DMDOHEMA extractants, and self-assembled water-in-oil (w/o)

'reverse micelles' (shortly aggregates). In our approach, the aggregates are only a solute-

�lled self-assembled structures in the organic phase. All species are in the thermodynamic

equilibrium. The aqueous solution represents the brine whereas the organic phase is the solvent

phase in some industrial process e.g. DIAMEX process. A model system is applicable to

any hydrometallurgical recovery or nuclear fuel reprocessing which utilize non-ionic solvating
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extractants. We have neglected the solubility (i.e. the aqueous partitioning) of DMDOHEMA

in water[165, 166]. The dimerization of DMDOHEMA is neglected[167].

Figure 4.3 � DMDOHEMA extractant chemical structure.

4.2.2 Free Energy of the Spherical DMDOHEMA Aggregate

Aggregates are considered as spheres with two distinct parts. The outer part is assumed as

a layer of extractant molecules chains (resembling a corona) with the average length, lchain,D.

The inner part, or the core of the aggregate, consists of extractant polar head groups immersed

in the pool of an aqueous solution. The core is characterized by the volume, Vcore. The free

energy of such aggregate of particular composition, FAgg,x, can be written as

FAgg,x = Fchain + Fcore (4.1)

where Fchain is the free energy associated with the layer (or a highly curved �lm) of extractant

molecules (shortly the chain term) and Fcore is the free energy of the core of the aggregate.

Fcore is de�ned as

Fcore = Fdroplet + Fcomplex (4.2)

where Fdroplet is free energy of a droplet of aqueous electrolyte solution and Fcomplex is the

complexation term which describes interactions between cations and extractant head groups.

We start by deriving the expression for the free energy of a single droplet of aqueous solution,

Fdroplet, immersed in the medium characterized with low dielectric constant. The partition

function Z̃ in canonical ensemble for a single droplet of the aqueous solution can be written

as[168, 169]

Z̃ =
1

NH2O!
∏

j Nj!
· 1

h
3NH2O

H2O

∏
j h

3Nj
j

∫
· · ·
∫

drNH2O drNjdpNH2O dpNj e
−β
(
V+
∑
k

p
2
k

2mk

)
(4.3)

where index j accounts for all ions present in the core of the aggregate, k accounts for all ions

and water molecules present in the core, h is the Planck's constant, rk and pk are respectively

the position and momenta of each particle in the droplet, β is de�ned as β = 1/kBT , kB is
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Figure 4.4 � Schematic representation of the bulk model for the liquid-liquid extraction using

non-ionic extractant. Various types of aggregates are present in the organic phase (solvent

phase), and their probability at equilibrium is determined by the composition of their cores and

extractant �lm. Considering the surfactant nature of the extractant, the interface is at least

partially covered by the extractant molecules (not shown here). The zoomed region shows the

core of the aggregate with the europium cation (red), the nitrate anion (pink), water molecules

(pale blue), and DMDOHEMA malonamide extractant head groups (dark blue). Extractant

hydrophobic chains are presented in black.

the Boltzmann constant, T is the thermodynamic temperature, mk is the mass of k-th particle

and V is the interacting potential among particles. The factorials in the denominator of Eq.

4.3 account for the indistinguishability of particles. In such formulation the integral of Eq. 4.3

over momenta of the particles gives

Z̃ =
1

NH2O!
∏

j Nj!
· 1

Λ
3NH2O

H2O

∏
j Λ

3Nj
j

∫
· · ·
∫

drNH2O drNj e−βV (4.4)

where ΛH2O and Λj are the e�ective de Broglie thermal wavelengths of water molecules and

ions. Eq. 4.4 holds for large number of particles. In contrast to such conditions, our droplet is

composed of typically up to 10 particles, with small variation depending on the composition of

polar core. Therefore Z̃ needs to be corrected for such a small number of particles. If Stirling's
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approximation is written as N ! ' NNe−N then

Z̃approx =
N
NH2O

H2O e−NH2O
∏

j N
Nj
j e−Nj

NH2O!
∏

j Nj!
Z̃ (4.5)

where Z̃approx is the canonical partition function for a droplet of aqueous electrolyte solution,

corrected for the small number of particles. By taking a negative logarithm of the Eq. 4.5 and

multiplying with kBT we obtain

−kBT ln Z̃approx = −kBT ln
N
NH2O

H2O e−NH2O
∏

j N
Nj

j e−Nj

NH2O!
∏

j Nj!
− kBT ln Z̃. (4.6)

By identi�cation we have Fdroplet = −kBT ln Z̃ which is the free energy of the macroscopic

droplet in the bulk, and the correction term Fcorrection, due to the small number of particles has

following expression

Fcorrection = kBT ln

(
NH2O!

∏
j

Nj!

)
− kBT

(
NH2O lnNH2O +

∑
j

Nj lnNj −NH2O −
∑
j

Nj

)
(4.7)

Fdroplet is considered as equivalent system in the bulk. It follows that ions and water

molecules inside the core of the aggregate have the same standard state de�ned as the ones in

the aqueous phase in contact[170]. In the case of the liquids, where PV -term is negligible we

can equalize Fdroplet ' Gdroplet. Gdroplet can be written as

Gdroplet = NH2Oµ
org
H2O +

∑
j

Njµ
org
j (4.8)

where Gdroplet is the Gibbs energy of the droplet of the aqueous solution, µorg
H2O and µorg

j are

respectively chemical potentials of water molecules and ions present in the core of the aggregate.

Both aqueous solutions inside the core of the aggregate and in the aqueous phase are considered

as ideal, thus ion activity coe�cients and the osmotic coe�cient are equal to 1 (γorg
j = φorg =

1)[67]. We have

µorg
j = µ◦j + kBT ln

(
morg
j

m◦j

)
(4.9)

and

µorg
H2O = µ◦H2O − kBT

∑
j x

org
j

xorg
H2O

(4.10)

where µ◦j , µ
◦
H2O, m

org
j , m◦j , x

org
j , xorg

H2O are respectively the standard chemical potentials of ions

and water molecules in the core of the aggregate, molalities and mole fraction of ions of species

j and of water molecules in the core, and m◦ = 1 mol kg−1 is the standard molality. The

Eq. 4.10 is the consequence of Eq. 4.9 when Gibbs-Duhem relation is used (recall derivation
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of Gibbs-Duhem relation and the integration of the di�erential form presented in the second

chapter of this manuscript). By taking into account the ideal behavior of the ions and water

molecules, we are only dealing with entropic part of the free energy i.e. the accessible volume

in the aggregate polar core.

In our approach the excess energy contribution to account for non-ideality of the aqueous

solution inside the core of the aggregate, is given as a complexation energy Fcomplex. For

example, we can imagine this as the energy di�erence between the state that lanthanide would

have in weak association by extractant molecules while retaining partiality its hydration sphere

and the state with its full hydration sphere in the bulk aqueous solution. Fcomplex is the energy

term which describes interaction between complexed ion and extractant head groups. In our

formulation it is taken into account as a primitive general description of the complex between

cation and electron donor atoms, which is sometimes referred as a basis of the extraction[11] and

it typically represents the bond energy measured in the EXAFS measurement. In our approach

Fcomplex is a quantity independent to the accessible volume of monolayer of the extractant head

groups and is assumed to be additive by nature[171, 172]. It reads

Fcomplex = −kBT lnNcomplex −
∑
i

Ni,DNbond,i,DEi,D (4.11)

where subscript D depicts DMDOHEMA extractant, Ncomplex is the number of microstates

associated with the binding of cations to the 2D array of sites (a monolayer of extractant

head groups), Ni,D is the number of particular cations i in the core bonded to extractant �lm,

Nbond,i,D is the number of sites of type D (or the number of DMDOHEMA extractants) oc-

cupied by a particular cation i (created a bond), Ei,D is the internal energy parameter and

represents the energy contribution for each bond created between particular cation i and ex-

tractant head groups. It is adjusted parameter (�tting procedure is described in later in the

text). In the case of Eu3+ or Fe3+, we have the number of DMDOHEMA sites bonded per one

cation Nbond,Eu3+,D ∈ [1, 2]. This practically means that there can be maximum of two DM-

DOHEMA in the �rst coordination sphere of metal cation. For the acid (the proton), we have

occupancy of only one site, Nbond,H+,D = 1[34, 43]. There is a often neglected 'hidden' entropy

associated with the binding of the cation to 2D array of sites, but it needs to be derived in a

proper way. It must be noted that this e�ect is intrinsically included in molecular simulations,

but in these kind of modelling it needs to be included by hand.

A general formula for Ncomplex can be derived from basic combinatorics[172]. We approx-

imate a spherical �lm of extractant molecules as a 2D array of sites. The schematic repre-

sentation of this process is given in Figure 4.5. Sites corresponding to non-ionic extractant
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Figure 4.5 � Schematic representation of the calculation of the number of microstates (the

entropy) associated with the binding of mixed extractant head group �lm Ncomplex. The ex-

tractant head groups �lm is approximated with 2D array of sites - an expanded lattice model.

Eu3+ cation (red), and DMDOHEMA malonamide extractant head groups (dark blue). Gray

dashed lines connecting the cation with the head groups serve as guideline for bonding. It can

be seen that Eu3+ can be bonded to on or two extractant head group.

DMDOHEMA remain unchanged upon binding of any cation. Sites that bind the cation are

mutually indistinguishable, but are distinguishable from empty sites (no cations bound), and

the one that bind the extracted acid. Acid can take up only one site. The number of microstates

associated with binding of di�erent cations to extractant �lm Ncomplex has a form of

Ncomplex =
ND!∏

iNi,D! (ND −
∑

iNi,DNbond,i,D)!
· 1∏

iNbond,i,D!Ni,D
(4.12)

where factor 1/
∏

i Nbond,i,D!Ni accounts for intra-indistinguishability of DMDOHEMA sites that

bind a particle[26, 172]. Note that 1/
∏

iNi,D! is omitted form the calculation since the factor

is already intrinsically included within the calculation of Fdroplet (in order to recover Eq 4.8, we

need to take negative value of the natural logarithm of the partition function for the droplet of

the aqueous solution).

In the perspective of the statistical thermodynamics in order to justify the usage of Fcomplex

we can write the corrected partition function given in Eq. 4.13 with the additional potential

independent to the accessible volume of the extractant �lm. We have

Z̃approx =
N
NH2O

H2O e−NH2O
∏

j N
Nj
j e−Nj

NH2O!
∏

j Nj!
·

1

NH2O!
∏

j Nj!
· 1

Λ
3NH2O

H2O

∏
j Λ

3Nj
j

∫
· · ·
∫

drNH2O drNjdpNH2O dpNj e−β(V−Ni,DNbond,D,iEi,D)(4.13)

At this point we need to multiply Eq. 4.13 with the number of microstates when we have
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complexed ion in the system Ncomplex. We obtain

Z̃approx,tot =
N
NH2O

H2O e−NH2O
∏

j N
Nj

j e−Nj

NH2O!
∏

jNj!
·Ncomplex ·

1

NH2O!
∏

jNj!
· 1

Λ
3NH2O

H2O

∏
j Λ

3Nj

j

∫
· · ·
∫
Vdroplet

drNH2O drNj e−β(V−Ni,DNbond,D,iEi,D) (4.14)

If the additional potential is independent of the accessible volume, we now factorize expression

in Eq. 4.14 and we recover

Z̃approx = Ncomplex · e−Ni,DNbond,D,iEi,D ·
N
NH2O

H2O e−NH2O
∏

j N
Nj
j e−Nj

NH2O!
∏

j Nj!
Z̃ (4.15)

Finally, by taking a natural logarithm of the Eq. 4.15, multiplying by −kBT , and identifying

already de�ned terms, we obtain

Fcore = Fdroplet + Fcomplex + Fcorrection . (4.16)

Indeed, this was a desired outcome when we de�ned Fcore since it ensures the generality of the

method.

Next thing is to calculate the free energy of the highly curved �lm of the extractant

molecules. We adopt already established formulation where Fchain has a form of a harmonic

approximation and can be written as[47, 173]

Fchain =
κ?D
2

(∑
i

Ni,DNbond,i,D (p− p0,i,D)2 + (ND −
∑
i

Ni,DNbond,i,D) (p− p0,H2O,D)2

)
(4.17)

where κ?D represents the generalized bending constant of DMDOHEMA extractant �lm in a

particular solvent, p is the packing parameter of the particular aggregate, p0,i,D is the spon-

taneous packing parameter for a certain type of DMDOHEMA extractant/cation pair in a

particular solvent (e.g. Eu3+ to DMDOHEMA in n-heptane), p0,H2O,z is the spontaneous pack-

ing parameter of DMDOHEMA extractant when no cations are bound to it i.e. in contact to

pure water[126, 174, 175]. Upon a binding of the acid (the proton) the spontaneous packing

parameter is the same as for the water in contact (p0,H+,D = p0,H2O,D). This approximation is

based on the argument that binding of the proton does not impose severe structural changes of

the malonamide polar head groups. The same property is not met when multivalent (Eu3+ or

Fe3+) is bound to the extractant head groups, thus we have a di�erent values of spontaneous

packing parameter. It must be noted, that generalized bending constant of DMDOHEMA κ?D,

is kept constant with respect to binding of di�erent cations. We assume that κ?D re�ects the

property of the organic solvent used. It was shown that on average, conformations of chains are
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mostly dominated by the interactions with the organic solvent[47]. In our study κ?D, p0,H2O,D

and p0,i,D are adjusted parameters.

If we assume the �xed chain length lchain,D in the case of spherical reverse micelles, the

packing parameter can be written in the explicit form as [47]

p = 1 +
lchain,D

Rcore

+
1

3

l2chain,D

R2
core

. (4.18)

The full derivation of the expression above can be found in references [176, 177]. The radius of

the core Rcore is

Rcore =
3

√
3Vcore

4π
(4.19)

with

Vcore =
∑
j

NjVm,j +NH2OVm,H2O +NDVm,D (4.20)

whereNj, Vm,j, Nm,H2O, Vm,H2O, ND and Vm,D are respectively stoichiometry numbers and partial

molar volumes of ions, water molecules, and DMDOHEMA head groups that constitute the core

of the aggregate. Partial molar volumes that appear in Eq. 4.20 are measured quantities and

are taken form the literature[178, 47].

When all terms from expressions for Fcore and Fchain are summed (Eq. 4.1), the free energy

of the aggregate of particular composition FAgg,x at in�nite dilution is obtained. It follows

that FAgg,x is by de�nition the standard chemical potential, µ◦Agg,x of the reverse micelle in the

particular organic solvent (recall that the partition function was written for a single droplet of

an aqueous solution with complexation)[26]. We obtained a key equation of the model:

µ◦Agg,x = FAgg,x (4.21)

4.2.3 Analytical Expression of Standard Chemical Potential of the

Particular Pure DMDOHEMA Aggregate

Here we summarize the derivation form previous section. A full expression for the standard

chemical potential of the particular aggregate self-assembled from DMDOHEMA extractant

molecules reads
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µ◦Agg,x = FAgg,x = Fcomplex + Fcorrection + Fdroplet + Fchain =

−kBT lnNcomplex −
∑
i

Ni,DNbond,i,DEi,D+

kBT ln

(
NH2O!

∏
j

Nj!

)
− kBT

(
NH2O lnNH2O +

∑
j

Nj lnNj −NH2O −
∑
j

Nj

)
+

NH2Oµ
◦
H2O − kBTNH2O

∑
j x

org
j

xorg
H2O

+
∑
j

Njµ
◦
j + kBT

∑
j

Nj ln

(
morg
j

m◦j

)
+

κ?D
2

(∑
i

Ni,DNbond,i,D (p− p0,i,D)2 + (ND −
∑
i

Ni,DNbond,i,D) (p− p0,H2O,D)2

)
(4.22)

The expression is valid for any composition of an aggregate, under the condition that the elec-

troneutrality is preserved since Born energy of maintaining charged species in the low dielectric

medium is too high.

4.2.4 Global Equilibrium: Establishing a General Mass Action Law

To represent ensemble of all possible chemical reactions in HNO3/Eu(NO3)3/Fe(NO3)3 liquid-

liquid extraction system utilizing DMDOHEMA extractant, we establish the following relation[53,

9]:

NH2O ·H2O +NM3+ ·M3+ +NH+ ·H+ +NNO−3
·NO−3 +ND ·D 
 ANH2O

;NM3+ ;NH+ ;N
NO−3

;ND
(4.23)

where H2O, M3+, H+, NO−3 , D, NH2O, NM3+ , NH+ , NNO−3
, and ND are respectively symbols and

stoichiometry numbers for the water molecules, the multivalent cations (Eu3+ or Fe3+), the

proton, the nitrate anion, and DMDOHEMA. ANH2O
;NM3+ ;NH+ ;N

NO−3
;ND

is the general symbol

for any type of the aggregate. Species present in the organic solvent are denoted by overlined

symbols. Note that DMDOHEMA is neutral extractant which means that the cation is always

transferred from aqueous phase to solvent along with appropriate number of nitrate anions

(NO−3 ) to balance the charge. The chemical potentials of species involved in the chemical

reaction described by Eq. 4.23, can be written as

µAgg,x = µ◦Agg,x + kBT ln
(cAgg,x

c◦

)
(4.24)

µD = µ◦D + kBT ln
(cD

c◦

)
(4.25)

µaq
j = µ◦j + kBT ln

(
maq
j

m◦j

)
(4.26)
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and

µaq
H2O = µ◦H2O − kBT

∑
j x

aq
j

xaq
H2O

(4.27)

where µAgg,x, µD, µ◦D, cAgg,x, cD, and c◦ are respectively the chemical potential of aggregate of

the particular composition in the solvent, the chemical potential of monomer DMDOHEMA

in the solvent, the standard chemical potential of monomer of DMDOHEMA in the solvent,

the equilibrium molar concentrations of aggregates, molar concentration of DMDOHEMA ex-

tractants in the solvent. Concentration at standard state is: c◦ = 1 mol dm−3. It can be seen

that we have neglected the activity coe�cients in the organic phase. This is a consequence

of our bulk model for the dilute regimes in aggregation. Therefore, we dealt with the ideal

gas of dispersed aggregates in the organic phase. Supramolecular aspect of the self-assembly is

neglected. µaq
j , m

aq
j , µ

aq
H2O, x

aq
j , and x

aq
H2O are respectively the chemical potentials and the mo-

lalities of ions, the chemical potential of water molecules, and mole fractions of ions and water

molecules in the aqueous phase. To complete the calculation we need to write the chemical

reactions (Eq. 4.23) in terms of chemical potentials of all involved species. We have

µAgg,x = ND · µD +NH2O · µaq
H2O +

∑
j

Nj · µaq
j (4.28)

which is equal to

µ◦Agg,x + kBT ln
(cAgg,x

c◦

)
= NH2Oµ

◦
H2O −NH2OkBT

∑
j x

aq
j

xaq
H2O

+
∑
j

Njµ
◦
j + (4.29)

kBT
∑
j

Nj ln

(
maq
j

m◦j

)
+NLH +NDµ

◦
D +NDkBT ln

(cD

c◦

)
At this point, it is convenient to de�ne

µ◦
′′

Agg,x = µ◦Agg,x −NH2Oµ
org
H2O −

∑
j

Njµ
org
j (4.30)

where µ◦
′′

Agg,x is reduced standard chemical potential of the aggregate, obtained by subtracting

the chemical potentials of ions and water molecules con�ned in the aggregate's core form µ◦Agg,x.

µ◦
′′

Agg,x still contains the all other terms, namely the chain, the complexation, terms for the

correction of statistics for small number of particles. After inserting Eq 4.30 into Eq 4.29, all

the standard chemical potentials of ions and water molecules cancel out. We obtain

kBT ln
(cAgg,x

c◦

)
= −µ◦′′Agg,x + kBT

∑
j

Nj ln

(
maq
j

morg
j

)
+NH2OkBT

(∑
j x

org
j

xorg
H2O

−
∑

j x
aq
j

xaq
H2O

)
+NDµ

◦
D +NDkBT ln

(cD

c◦

)
(4.31)
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Now we multiply Eq. 4.31 with β, with β = 1/kBT , and apply exponential function to the

whole expression. We obtain

cAgg,x = DAgg,x c
ND
D (4.32)

where DAgg,x is de�ned as

DAgg,x = exp

(
−βµ◦′′Agg,x +

∑
j

Nj ln

(
maq
j

morg
j

)
+NH2O

(∑
j x

org
j

xorg
H2O

−
∑

j x
aq
j

xaq
H2O

)
+ βNDµ

◦
D

)(
1

c◦

)ND−1

(4.33)

with

µ◦
′′

Agg,x = Fcomplex + Fcorrection + Fchain (4.34)

Eq. 4.32 and 4.33 constitute the analytical expression for calculation of the equilibrium con-

centration of the particular aggregate.

4.2.5 Algorithm for Finding a Numerical Solution of Multiple Equi-

librium System

The calculation were preformed in a semi-grand canonical ensemble (we only considered a reser-

voir of water molecules)[169]. Therefore, in order to obtain a correct equilibrium concentrations

of the extractant and aggregates in solvent and ions in aqueous phase, we need to minimize

MAL for all components simultaneously. Since Eq. 4.32 is a monotonic increasing function, the

root of it was found using the bisection method[179]. The algorithm for �nding the solution for

the described system of equations was based on the self-consistent approach. Each component

in the system represents additional dimension for the minimisation. The algorithm to calculate

the equilibrium concentrations of all species is as follows:

1. Calculate equilibrium aggregate concentrations using initial concentrations of

species which are provided as an input.

2. Find the root of Eq. 4.32 using the bisection method.

3. Calculate equilibrium aggregate concentrations again using newly calculated

equilibrium extractant concentrations (the root of Eq. 4.32).

4. Use bisection method to �nd equilibrium concentrations of each ionic specie

present in the system.

5. Repeat the procedure until the two consecutive calculations do not provide

di�erent values (up to convergence limit).

6. Calculate thermodynamic properties of the system.
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Algorithm is presented as a �owchart in Figure 4.6, and developed program has been named:

DropEx. To reduce a numerical noise, the minimization cycles were ordered in a such a way

that extractant and the species with the lowest value of concentrations (such as Eu3+ or Fe3+)

were calculated until the relative di�erence of calculated equilibrium concentrations between

two subsequent calculations was less than 1×10−8. For the species with higher concentrations

(such as NO−3 ) the relative di�erence was set to 1×10−5. To satisfy MAL, the root of the

polynomial of degree ND (Eq. 4.32) needs to be solved.

Calculated cAgg,x are normalized over the sample. We state that aggregates are only species

�lled with solutes. Therefore, probabilities of particular aggregate PAgg,x are de�ned as

PAgg,x =
cAgg,x∑
x cAgg,x

. (4.35)

It must be noted that this algorithm was used for studies described later in Chapters 3

and 4. There is only a slight di�erence since in those studies, only extractant equilibrium

concentrations are minimized.

4.3 Input for the Droplet Model

As was highlighted in previous section, there are certain measurable quantities and adjusted

parameters needed as an input for the model. First for Eq. 4.20 we require: Vm,j, Vm,H2O,

and Vm,D which are respectively molar volumes of ions, water, and DMDOHEMA extractant

head groups and are taken from the literature[178, 47]. In the case of Eu3+, as well in the

case of many trivalent cations, the partial molar volume is close to −40 cm3 mol−1. This

value is the consequence of the electrostriction phenomena[180]. In the case of very high ion

concentrations, or in the con�ned media, this property is not valid. Therefore, due to the loss

of the electrostriction in the core of the aggregate we neglect Eu3+ contribution.

Also, we need the length of the extractant molecule chains averaged over all conformations

(shortly average length) lchain,D to assemble the extractant �lm enclosing the core of aggregate.

There is the choice for obtaining lchain,D. It can be assessed through a combination of Small

Angle Neutron Scattering (SANS) and Small Angle X-ray Scattering (SAXS) pattern �ts[181],

or obtained from MD simulations as an average over time[47]. In the light of the multi-scale

modelling, we have taken the value obtained from MD simulations where lchain,D = 9.6Å and

it corresponds to typically 80% of fully stretched chain length. The length of the extractant

molecule chains is considered not to change for di�erent compositions of the core of the aggre-

gate. Note that the solvent in simulations was n-heptane. In our bulk model, organic solvent
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START
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Figure 4.6 � Flowchart of the developed code

does not appear explicitly in MAL. In fact, we have taken solvent into account through lchain,D

and κ?D which speci�c and depend on the choice of the solvent. Therefore, the in�uence of
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penetrating and non-penetrating solvents on the overall extraction process can therefore easily

be included in this model[182].

The model also requires the initial concentrations of all species in the system, namely the

initial extractant concentration cD,initial, the initial nitric acid molality mHNO3,initial, the initial

europium nitrate molality mEu(NO3)3,initial, and the initial iron nitrate molality mFe(NO3)3,initial.

Beside measurable quantities and initial compositions of the system, our model requires a set

of parameters, namely the standard chemical potential of monomeric DMDOHEMA extractant

µ◦D, the spontaneous packing parameter p0,i,D or particular cation/extractant couple, the rigidity

constant κ?D particular extractant in a given solvent, and the complexation parameter Ei,D for

solutes (except water) that can be extracted to solvent phase. Among these values, only

µ◦D is accessible by experiments. p0,i,D and κ?D can generally be assessed by �tting a whole

three-component phase diagram[183]. Ei,D can be associated with the di�erence in �rst-sphere

coordination sphere of complex cation in the core of the aggregate and fully hydrated cation in

the aqueous phase. Fitting procedure is described in detail later in the Chapter.

Also, it is important to emphasize that our model is made entirely for the case of spherical

micelles meaning that quantitative interpretation is possible for systems up to cD,initial = 0.6

mol dm−3 of DMDOHEMA (where worm-like micelles usually do not exist) and up to 0.5 mol

dm−3 Eu(NO3)3 concentration (before the experimentally observed formation of the third phase

occurs)[184].

4.4 Fitting of the Experimental Data

This section is deals with the procedure of adjusting the model parameters. First let us point

to issue of choosing the reference data upon to base our �tting procedure. In this section we

are dealing with the system of n-heptane solvent with dissolved DMDOHEMA extractant in

contact to the aqueous solution containing respectively HNO3, Eu(NO3)3 and Fe(NO3)3. Since

the system is complex, it is di�cult to �nd the consistent sets of data from various authors.

We have chosen the work of four di�erent working groups, materialized within available thesis

manuscripts and published articles. References are given here [185, 184, 186, 54, 187]. Also,

it must be noted that experimental error upon the determination of the metals extraction can

be in the same order of magnitude as the value itself. The situation is especially bad for

determination of the water by Karl-Fisher method. Furthermore, the measurements are done

in a way that two phases are separated, which means that equilibrium is disrupted! With this

in mind, the objective was to recover the trend in the extraction e�ciency.

113



Chapter 4. Modelling of Liquid-Liquid Extraction: a Case of Non-Ionic DMDOHEMA
Extractant

First thing to note is that the minimum aggregation number ND was set to 4, with the

argument that it is minimum needed to enclose a volume of con�ned ions and water[56].

The model parameters are: κ?D, p0,Eu3+,D, p0,H+,D, µ◦D, and Ei,D. We performed �tting under

constraints in order to reduce the number of possible sets of parameters that reproduce the

experimental data.

Constraints for �tting procedure:

1. Experimental values of extraction of all solutes.

2. Experimentally determined Critical aggregate concentration CAC.

3. Realistic aggregate compositions based on experimental structural data.

4. Convergence of the mass integral: calculations ought to be invariant to the choice

of upper limit of ND and NH2O used as an input of the model.

These constraints are de�ned by authors, and their purpose is to obtain a reliable set of

parameter that is able to reproduce trend of experimental data of various sources. Indeed, it

was shown that these constraints help in doing so, as will be demonstrated throughout this

and latter Chapters. By satisfying these three crucial conditions, we end up in the small

domain of possible sets of parameters which means that the predicting power of the model is

greatly enhanced. The prediction of extraction process for various species is then a consequence

of satisfying those conditions. Moreover, it is crucial to start the �tting from the simplest

system of pure water extraction only, and then to consider more complex systems containing

respectively HNO3, Eu(NO3)3 and Fe(NO3)3. Note that the parametrization has been made

step-by-step, which means that κ?D, p0,H2O,D and µ◦D are adjusted for the extraction of water

and are therefore considered �xed in later �tting of Ei,D for each solute. This is the only way

to preserve reproducibility. Therefore, the �rst system to �t is pure water extraction[185, 184].

We have obtained p0,H2O,D = 3.5, κ?D = 16 kBT per extractant molecule, and µ◦D = 2.5 kJ mol−1.

p0,H2O,D and κ?D will be discussed in detail in the next section. The value of µ◦D determines the

transition energy between a monomeric to an aggregated state of the extractant. In our study,

the aggregated state has a form of reverse micelles. It is accessible by experimental methods

that can determine the mole fraction of the unbound extractant e.g. NMR shift techniques,

scattering extrapolated to zero micelle concentration or derivatives analysis of liquid-liquid

surface tension[50]. In the case of common extractants, the three techniques provided the same

result[24]. The increase of µ◦D lowers the transition energy between the two states (Eq. 4.33)
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thus favouring the micellization and the extraction of solutes. A favoured micellization is seen

as lowering of CAC and increase in distribution coe�cients. A notable property is that the

calculated equilibrium aggregate probabilities are invariant to the change of µ◦D since it does

not appear in the expression of the free energy of the particular aggregates, but only in the

MAL. µ◦D was �tted accordingly to the experiments and obtained value in our study was 2.5

kJ mol−1[66].

In order to obtain Ei,D for each solute, namely HNO3, Eu(NO3)3, and Fe(NO3)3 we made

a �tting based on di�erent known studies. First, we �tted the model to the data concerning

the extraction of HNO3 alone[58, 188, 185, 184]. This yielded EH+,D = 5 kBT , which is a

typical order of magnitude for the hydrogen bond formation. In order to obtain the EEu3+,D we

�tted the experimental data of HNO3 / Eu(NO3)3 system using EEu3+,D[186]. Fitting resulted

in EEu3+,D = 7.8 kBT per Eu3+/site bond. The same procedure was made for system HNO3

and Fe(NO3)3, which in turn yielded EFe3+,D = 6.5 kBT per Fe 3+/site bond[189]. This way of

�tting was proposed in order to 'isolate' the complexation parameter of each particular cation

(i.e. particular solute molecule). By doing this, of course, we neglected any type of interaction

between di�erent solutes in the organic phase and also, we forbid the existence of mixed-solute

aggregates. Obviously, we made a very crude approximation, but this still makes a good starting

point for a study of complex multicomponent systems. Ei,D in our study can be associated with

the extraction free energy ∆G0 from previous studies. ∆G0 was de�ned as a di�erence between

the free energy of an ion complexed by extractant molecules in the core of the aggregate and

the ion in an aqueous phase along with its full hydration shell[71]. Such de�nition enabled

a measurement of ∆G0 by a combination of calorimetry and EXAFS measurements (coupled

with ab initio calculations).

With all the parameters determined and discussed, we have preformed the calculation in

attempt to quantitatively describe a properties of the extraction systems. All the following

results are obtained from the calculation with p0,H2O,D = 3.5, κ?D = 16 kBT per extractant

molecule, µ◦D = 2.5 kJ mol−1, EH+,D = 5 kBT , EFe3+,D = 6.5 kBT and EEu3+,D = 7.8 kBT per

bond.
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4.5 Testing the Harmonic Approximation for the Calcula-

tion of the Curved Extractant Film Free Energy

Within this section we will demonstrate how to practically use the expression for the free energy

of the highly curved extractant �lm given by Eq. 4.17. As can be seen, the expression is in fact

a harmonic approximation. The minimum in free energy is obtained when packing parameter

p is equal (or very close) to the spontaneous packing parameter of an extractants in the �lm

p0,i,D. The squared di�erence between p and p0,i,D guaranties that the e�ect of creating a highly

curved extractant �lm is repulsive by nature and the chain free energy Fchain is always positive.

The scaling factor κ?D describes the slope of Fchain upon the change in packing parameter of

the particular aggregate. Further in the text, we will elucidate how the choice of geometrical

parameters p0,i,D and κ?D in�uences the formation of aggregates and we will hint their e�ect on

the overall extraction e�ciency.

4.5.1 In�uence of the Spontaneous Packing Parameter p0,i,DMDOHEMA
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Figure 4.7 � a) Calculated packing parameter, p as a function of the composition of the core

of the aggregate (i.e. map of packing parameter for the reverse micelle). b) Squared di�er-

ence between calculated parameter p and spontaneous packing parameter p0,Eu3+,D = 3.5 as

a function of composition of the core of the aggregate. In both �gures the core contains one

salt molecule, namely Eu(NO3)3, ND depicts number of extractant (DMDOHEMA aggrega-

tion number), whereas NH2O depicts number of water molecules present in the core (the water

content).

In order to understand the concept of Fchain, it is convenient to show mapped values of p
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as a function of DMDOHEMA aggregation number ND and water content NH2O. For constant

lchain,D and independent of the composition of the polar core of the aggregate, we can calculate p

using Eq. 4.18. Results are presented in Figure 4.7a. Note that these values are a consequence

of the assumed n-heptane solvent, since lchain,D depends on it. p continuously decreases with

lowering ND and NH2O due to the swelling of the aggregate's core. Moreover, in Figure 4.7a

it can be seen that p asymptotically approaches a value p ≈ 2.6 for ND and NH2O. Note that

if we were to calculate p for a very large number of extractant and water molecules (when

ND, NH2O → +∞), p would approach a value 1 (Eq. 4.18), which means that by huge swelling

of the aggregate we would end up in the lamellar phase (plane-like structure)[190].

A map of p provides an insight into curvature e�ects upon swelling (or contracting) the

aggregates, but to obtain quantitatively the energy cost for the departure from the equilibrium

curvature, we need to study squared di�erences between calculated p (each p corresponds to a

particular composition of the core of an aggregate) and p0,i,D, as plotted in Figure 4.7b. Results

represent the case p0,Eu3+,D = 3.5. The choice of p0,Eu3+,D positions the 'valley' of low Fchain, as

depicted with white dashed lines in Figure 4.7b. It can be seen that the potential well is not

perfectly symmetrical with respect to p0,Eu3+,D. At low aggregation numbers and water content

(p -p0,Eu3+,D)2 rapidly increases, whereas a moderate increase is observed when following the

diagonal. Still, the approach works �ne since the borderlines of the map are of no interest since

they represent unrealistic compositions of spherical aggregates that are not expected in the

organic phase at equilibrium[191, 59, 52]. At low ND the aggregation number is not su�cient

to even create a spherical aggregate by enclosing the core (this major drawback of the approach

is rarely reported!), whereas at large ND and NH2O the aggregates are too large to maintain

spherical morphology. That region would be more suitable for cylindrical shape.

The choice of p0,Eu3+,D = 3.5 was made based on the large number of calculations, and was

found to be a good choice[72, 192, 47]. Here we present only one example of badly positioned

low Fchain valley and its sensitivity to the choice of p0,Eu3+,D. In the case of p0,Eu3+,D = 3 graph

of departures from the equilibrium curvature is presented in Figure 4.8. The radical change in

the shape of Fchain is evident. The sensitivity is governed by quadratic nature of Eq. 4.17 which

states that wrong choice of p0,Eu3+,D leads to completely unrealistic aggregate compositions as is

also demonstrated in Figure 4.9. The unrealistically high NH2O is a consequence of the fact that

for p0,Eu3+,D = 3 the plane of calculated Fchain does not even have a parabolic behavior when

p ≈ p0,Eu3+,D. When p0,Eu3+,D = 3.5, the preferred compositions correspond to 4 extractant

molecules and the number of water molecules varies between 1 and 7, depending on the type of

solute present inside the core (as we will see in Figure 4.11). This outcome of the model is in
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Figure 4.8 � Squared di�erence between calculated parameter p and spontaneous packing pa-

rameter p0,Eu3+,D = 3 as a function of composition of the core of the aggregate.

the agreement with experimental reports and theoretical studies[26, 43, 167, 23, 66, 53, 47, 188].

The choice of p0,Eu3+,D = 3.5 is re�ected on the overall liquid-liquid extraction property in a way

that allows a moderate transfer of H2O to the organic solvent. Furthermore, there is another

limitation for usage of p0,Eu3+,D. For p0 = 2.5 and 3, the method is not self-consistent. It means

that the range of ND and NH2O e�ects the prediction of overall extraction (for all solutes present

in the system). The result of the calculation ought to be invariant to the upper limit of ND

and NH2O. That is another constraint which may as well be a crucial condition when deciding

what p0,Eu3+,D value to take for the calculation.

The case of p0,Eu3+,D = 3.5 gives a self-consistent calculation where large ND and NH2O do

not contribute to the result of the calculation and can, therefore, be neglected. This will be

further addressed in section devoted to the �tting procedure.

4.5.2 In�uence of the Generalized Bending Constant κ?DMDOHEMA

Another geometrical parameter in our model is generalized bending constant κ?D. We have al-

ready stated that κ?D represents a scaling factor to adjust the slope of Fchain towards (or away)

from equilibrium. Therefore, we made a study of the in�uence of κ?D on the 'valley' of low

Fchain and the equilibrium aggregate probabilities. Previously reported values of adjusted κ?

for reverse aggregates were 2.5 kBT per DMDOHEMA molecule[176, 177]. Recently, the MD

simulations study made by Duvail et al. reported a value of 16 kBT per DMDOHEMA extrac-
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Figure 4.9 � Aggregate probabilities as a function of the composition of the core for p0,Eu3+,D = 3.

Figures show respectively the equilibrium aggregate probabilities for H2O, HNO3 and Eu(NO3)3

(solutes inside the core, from top to bottom). Inset shows probabilities at di�erent scale with

purpose of easier understanding for the reader.

tant molecule in n-heptane solvent[47]. In the work, the Potential of Mean Force (PMF) was

�tted with harmonical function as a function of curvature or the packing parameter analogue.

The minimum was attributed to the spontaneous packing parameter, whereas the slope was

identi�ed as a constant κ?D. The value of κ
?
D = 16 kBT per DMDOHEMA extractant molecule

points to very high curvature towards water (in the reverse micelles) and was attributed to

the strong interactions of Eu3+ and DMDOHEMA molecules. Indeed, the explanation they

provided seems reasonable since heptane-like solvents constitute a class of penetrating solvents,

which can then stabilize this high curvature needed to solubilize Eu3+ cation in the apolar

medium. To test and to incorporate this formalism in our approach, we used the value κ?D = 16
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Figure 4.10 � Chain term free energy and aggregates probabilities as a function of the compo-

sition of the core for κ? = 6 kBT per extractant molecule. The upper right and the two bottom

�gures show respectively the equilibrium aggregate probabilities for H2O, HNO3 and Eu(NO3)3

(solutes inside the core).

kBT per DMDOHEMA extractant molecule, and preformed calculations to obtain free energy

pro�les and to elucidate its in�uence on the compositions of the aggregates. Then we changed

the value of rigidity constant to further explore its in�uence and to validate a choice used for the

latter calculations. Contrary to the sensitivity recovered when dealing with the spontaneous

packing parameter, the in�uence of κ?D is less pronounced. In that sense the change demon-

strated here is for ± 10 kBT per extractant molecule. Fchain pro�le, as well as the probabilities at

equilibrium in the case of κ?D = 16 kBT are presented in Figure 4.11, whereas lower case (κ?D = 6

kBT ) and high case (κ?D = 26 kBT ) are respectively presented in Figures 4.10 and 4.12. The

case when κ?D = 16 kbT shows that here is a optimum for the self-assembly of small spherical

aggregates when aggregation number ND is less than 6. With increasing ND, the steep increase

in Fchain blocks the formation of aggregates. Yet, there is polydispersity in the NH2O, which is

the consequence of the small molar volume of water molecules. Inclusion of the additional water

molecules in the core of the aggregate induces a small energy penalty which is compensated
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Figure 4.11 � Chain term free energy and aggregates probabilities as a function of the composi-

tion of the core for κ? = 16 kBT per extractant molecule. The upper right and the two bottom

�gures show respectively the equilibrium aggregate probabilities for H2O, HNO3 and Eu(NO3)3

(solutes inside the core).

by favourable dilution e�ect (dilution e�ect will be addressed later in the text). Increasing

the rigidity constant to κ?D = 26 kbT (Figure 4.12) decreases water content polydispersity, but

also reduces the overall probability of cation-�lled aggregates, thus quenching the extraction

below the reported values. Understandably, the case of κ?D = 6 kbT favors polydispersity and

high dilution, and is thus quickly discarded form consideration. It must be emphasized that

the order of magnitude of Fchain is that of the complex formation. This is indeed a desired

outcome since it backs up the idea that the transfer energy di�erence of only few kbT is in fact

the residue of counterbalancing energy terms that are in mutual competition. In our approach,

the energy penalty of formation of the highly curved interface is opposing a pure complexation

energy of DMDOHEMA / cation couple[71, 171, 193]. At the end, we provide a sort of hint of

the in�uence of geometrical parameters on the overall extraction e�ciency. This paragraph is

probably better suited later in the text, but it is the wish of the authors to constantly emphasize

how the molecular scale theories are re�ected on the chemical engineering aspect. By varying
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Figure 4.12 � Chain term free energy and aggregates probabilities as a function of the compo-

sition of the core for p0 = 3.5, κ? = 26 kBT per extractant molecule. The upper right and the

two bottom �gures show respectively the equilibrium aggregate probabilities for H2O, HNO3

and Eu(NO3)3 (solutes inside the core).

κ?D from 26 to 6 kBT , the calculated Eu3+ distribution coe�cient varied from 14.6 to 5.6 i.e; for

nearly a factor of 3. This counter-intuitive variation of extraction e�ciency with the branching

of the chains is always observed in industrial applications but has never been predicted by any

model of extraction to our best knowledge[182] . The variation of κ?D was also re�ected in the

self-assembly threshold which was decreased form 0.08 mol dm−3 to 0.06 mol dm−3 with the

decrease of rigidity. It follows that the self-assembly is favored for �exible extractant �lms,

rather than for rigid, highly curved �lms.
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4.6 Prediction of Liquid-Liquid Extraction Properties and

Self-Assembly

4.6.1 Self-Assembly Behind Liquid-Liquid Extraction: the Critical

Aggregate Concentration

De�nition of the Critical Aggregate Concentration - CAC

The self-assembly is the motor behind liquid-liquid extraction. To study it, means to study the

conditions for which micellization occurs. The micellization threshold is often referred as the

Critical Micelles Concentration (shortly CMC). The term is initially introduced for the case of

the direct surfactant-made micelles in the aqueous phase. In our case, we refer to micellization

threshold as the Critical Aggregate Concentration (shortly CAC). CAC is generally understood

as the concentration after which some macroscopic property of the system changes, which means

that in nanodomains, the change in structure occurred. Experimental chemists try to determine

the change in the macroscopic property of the system, but in theoretical means, the thing is a

bit mode delicate. In fact, the simplest route to take for the theoretical determination of the

CAC is to �rst de�ne the the aggregation phenomena, and then obtain a proper speciation of

the organic phase. In the work by Bley et al. the two methods for calculation of the CAC in

the organic phase were described[72]. Both have underling assumption that the addition of the

extractant in the system is basically used to create aggregates.

The �rst method is to calculate the equilibrium monomeric extractant concentration as a

function of the initial extractant concentration in the system, cLH,initial. Then, the beginning of

the calculated curve and the end are �tted with the linear functions. The intersection of the

two is de�ned as CAC. Beginning of the curve, at low cLH,initial corresponds to the case where

there is no self-assembly and the system behaves as a gas of monomeric extractant molecules.

The case of high cLH,initial corresponds to high self-assembly regime, for which the concentration

of monomeric extractant should be constant. This method provides good results as long as the

free extractant do not interact e.g. form dimer, trimers or adducts with di�erent extractants in

the system. We have adopted this method and to study the case of pure water extraction system

and presented it in Figure 4.13. The method works since DMDOHEMA as a weak extractant

remains mostly in monomeric form if there is no multivalent cations present in the aqueous

phase. In the case that there is a strong dimerization of the extractant, method is not good,

since it does not distinguish between the self-assembly of larges structure and dimerization.
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Figure 4.13 � De�nition of the critical aggregate concentration (CAC) for weak extractant

systems

The second method to calculate CAC is to calculate the concentration of aggregated extrac-

tant as a function of cLH,initial and �t it again with the linear function. Now, �tting is only in

the region where aggregated concentration is in linear regime. This is useful since it guaranties

that self-assembly of larger structures is dominating dimerization or adducts formation. This

approach will be used in the next two chapters, where we have HDEHP extractant that readily

forms dimers in the organic phase.

It is the opinion of the authors that de�ning CAC in organic solvents can be arbitrary, but

once de�ned, it should be used as a reference when comparing deviations from it (comparable

to the standard state in general thermodynamics).

In�uence of the aqueous phase composition to DMDOHEMA self-assembly

We have already stated that one of the crucial properties of extraction system is measured CAC

since it governs the transfer of solutes from the aqueous to the organic phase, but also determines

the viscosity of the macroscopic system[56]. Figure 4.14 shows the calculated equilibrium

concentrations of both monomeric and aggregated extractant molecules as a function of initial

(or total) extractant concentration. Based on the presented speciation of the organic phase, we

have calculated CAC for each system. Figure 4.14 a) shows the concentrations of the extractant

for LiNO3 aqueous solution in contact with a solvent, which represents a typical background

non-extracted salt system. As pointed in the �gure, CAC for such system is evaluated to be
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Figure 4.14 � Calculated concentrations of monomeric and aggregated extractant as a func-

tion of the initial (or total) extractant concentration cD,initial. The self-assembly properties

of DMDOHEMA system. Solvent phase in contact to: a) mLiNO3,initial = 3 mol kg−1 (non-

extracted salt). b) mHNO3,initial = 3 mol kg−1. c) mHNO3,initial = 3 mol kg−1, mEu(NO3)3,initial =

mFe(NO3)3,initial = 0.05 mol kg−1. Intersection of the black dashed line with the abscissa axis

shows the calculated critical aggregate concentration.

at 0.13 mol dm−3 initial extractant concentration and only water molecules are present in the

aggregates. Figure 4.14 b) and c) show respectively, the system of HNO3 aqueous solution

and mixture of HNO3, Eu(NO3)3 and Fe(NO3)3 in contact with solvent phase. The detailed

concentrations of each system are written in the caption of Figure 4.14. Upon the addition

of acid and cations in the system, CAC decreased to 0.07 mol dm−3 and 0.06 mol dm−3,

respectively.

Figure 4.15 demonstrates that the model captures a known decrease of CAC upon the

addition of acid in the system. The results of the CAC as a function of the initial HNO3

concentration in aqueous phase presented here are made for the system cD,initial = 0.6 mol

dm−3, mEu(NO3)3,initial = mFe(NO3)3,initial = 0.05 mol kg−1. The enhancement of the micellization

is due to the two factors contributing to the free energy of the aggregates. The �rst and

more dominant factor is the increase of the solute concentration able to make a weak complex

with the extractant molecule (de�ned by complexation energy E0,HNO3). The second factor

is an increase of NO−3 concentrations ratio between the aqueous phase and the core of the

aggregate (Eq. 4.33). The properties of the extracting systems shown in Figures 4.14 and
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Figure 4.15 � Critical aggregate concentration as a function of HNO3 concentration. The system

in study is: mEu(NO3)3,initial = mFe(NO3)3,initial = 0.05 mol kg−1.

4.15 correspond to experimental �ndings[58]. Based on the pseudo-phase model, the curve

very similar to one presented in Figure 4.15 was calculated. The decrease of the CAC with

increasing acid concentration in the aqueous phase was attributed to the increase of the activity

of solutes. In our model, we considered the ideal solution, which explains the small di�erences.

Note that ideality of the aqueous solution caused overestimation of the acid extraction for high

acid molalities in the system. This will be addressed in the next Chapter.

4.6.2 Predicting the Transfer of Solutes Between the Organic and the

Aqueous Phases: Speciation of Organic Phase and Polydisper-

sity of Probabilities

The basis of the Droplet model is to go beyond complexation energy considerations only. The

interplay of various energy contributions which are in the competition, then yields the energy

of transfer of solutes to the organic phase. In this section we will demonstrate the in�uence of

the composition of the aqueous phase to the transfer of solutes to the organic phase. Figures

4.16a-c show respectively the speciation of solutes extracted in the organic solvent as a function
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of cD,initial, for the three common cases of laboratory-scale experiments: a) lower acid case, b)

reference extraction from highly acidic medium, and c) the extraction from solution saturated

by the non-target salt. A detailed description of the composition in three cases is given in the

�gure caption.
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Figure 4.16 � Calculated equilibrium concentrations of all extracted solutes in the organic phase

solutes as a function of the initial extractant concentration, cD,initial. The system in study is: a)

mHNO3,initial = 1 mol kg−1, mEu(NO3)3,initial = mFe(NO3)3,initial = 0.05 mol kg−1. b) mHNO3,initial = 3

mol kg−1, mEu(NO3)3,initial = mFe(NO3)3,initial = 0.05 mol kg−1. c) mHNO3,initial = 3 mol kg−1,

mEu(NO3)3,initial = 0.02 mol kg−1 , mFe(NO3)3,initial = 0.05 mol kg−1. The legend describing the

solutes extraction is given in �gure a) and is valid for �gures b) and c). The point cD,initial = 0.6

mol dm−3 in �gure b) represents the reference experimental point by J. Rey et al.[54, 187].

Graphs presented in Figures 4.16a-c demonstrate a complexity of the liquid-liquid extraction

systems (and this is one o� the simplest systems) that appear in the industry. A display of

competition reactions within the multicomponent approach demonstrates the importance of

the tuning of the aqueous phase for the e�cient chemical engineering. In the case of lower

acid concentrations (Figure 4.16a), Eu3+ extraction (red line) is the dominant reaction in the

system, followed by the acid extraction equilibria (green line). Fe3+ extraction is poor (black),

due to the lack of so-called 'aqueous phase saturation e�ect'. Water coextraction is relatively

high, and serves as stabilizing agent of the target salt by hydration. A strong initial increase of

Eu3+ extraction re�ects its complexation a�nity towards DMDOHEMA. The aqueous phase

saturation e�ect appears when acid concentration is increased by the factor 3, as in Figure 4.16b.

In this case both Eu3+ and Fe3+ extraction is boosted due to the saturation of the aqueous phase,

as can be understood from Eq. 4.33. Also, an abrupt increase in water coextraction occurs.

Finally, for lower Eu3+ concentration in the system, the equilibrium is shifted towards the

extraction of acid. Surprisingly, Fe3+ extraction dominates Eu3+ extraction. this practically

means that even though Eu3+ generally forms a stronger complex with DMDOHEMA, the

decrease in its concentration in the aqueous phase allows for the Fe3+ competition reaction to
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emerge and system behaves as the dominant transfer of non-target salt.

An important feature is the low extraction of HNO3 compared to the literature. This is

a consequence of our approximation that only one type, acid or metal nitrate molecule, can

occupy the aggregate. This assumption was made only for the study in this chapter. In later

chapters the limit of occupancy is removed and model becomes fully general. A typical high

water uptake and an increased metal nitrate extraction with an increase in cD,initial correlate

extremely well with the experiments[184]. Also, it is worth to mention that before CAC the

aggregation is controlled by water extraction because of a smaller penalty in chain energy while

after CAC, the aggregation is entirely controlled by complexation of metal nitrates.

In the experimental approach to liquid-liquid extraction, we can study the competition re-

action by measuring the extraction e�ciency of components and then drawing the conclusions

about the mechanism, or we can use techniques that provide structural insights of the species

involved in chemical reaction e.g. IR, NMR, SAXS, SANS, etc.. The combination of these is

in the core of the multi-scale approach. With our Droplet model, we can provide the similar

insights. In fact, the three cases presented in Figure 4.16a-c can be discussed in terms of prob-

abilities of self-assembled aggregates. Probabilities in Figures 4.17, 4.18, and 4.19 correspond

to cD,initial = 0.6 mol dm−3 and the aqueous phase composition like in the three cases in Figure

4.16a-c. It must be emphasized that results are presented for the case where only one salt

molecule is inside the core of the aggregates since the calculations showed that addition of sec-

ond salt molecule pays the huge penalty in terms of chain energy thus making the probabilities

negligible.

Aggregates probabilities: Low acid case

The case of lower acid concentration in the aqueous phase (mHNO3,initial = 1 mol kg−1)1 cor-

responding to Figure 4.16a shows higher probabilities of aggregates occupied by HNO3 and

Eu(NO3)3. Fe(NO3)3 -�lled aggregates have small probability. The nanoscopic picture of self-

assembled aggregates elucidates the competition reactions observed in macroscopic system, or

in our case, on calculated extraction isotherms. Moreover, we can dismantle the total water

uptake to the organic phase by mapping the polydispersity in terms of water content NH2O.

Acid-�lled aggregates are characterized by compositions from 2 to 8 water molecules per ag-

gregate, whereas from 4 to 10 water molecules for Eu(NO3)3 and Fe(NO3)3 molecules. This is

a consequence of the di�erences in chemical potentials of ions and water between the aqueous
1mHNO3,initial = 1 mol kg−1 is in fact highly concentrated aqueous solution in terms of solution chemistry,

but in industrial processes it is considered as low to moderate acidity in the batch.
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Figure 4.17 � In�uence of the initial aqueous phase on calculated equilibrium aggregate prob-

abilities as a function of the composition of the core. The system in study: cD,initial = 0.6 mol

dm−3, mHNO3,initial = 1 mol kg−1 and mEu(NO3)3,initial = 0.05 mol kg−1, mFe(NO3)3,initial = 0.05

mol kg−1. This �gure is complementary to the Figure 4.16a.

and the organic (solvent) phases. The higher water content for Eu(NO3)3 and Fe(NO3)3 salts

is due to the higher number of particles in the core of the aggregate. The dilution of the core

is a highly favorable e�ect that stabilizes the aggregates core, but it works in opposite way

with respect to the Fchain because the inclusion of additional particles causes the increase in

core radius (an unfavorable swelling of the reverse micelle). An interesting information that is

only observable when studying this kind of probability maps is the non-negligible probability

of water-�lled aggregates (no salt), which formation can be represented by following chemical

reaction: NH2O ·H2O + 4D 
 ANH2O
;4D. In the absence of the aqueous phase saturation e�ect,

the conditions are ful�lled to have competition reaction of pure water extraction only. Part

of DMDOHEMA in the system is available to self-assemble around a droplet of pure water,

even without excess complexation term. It follows that the isotherm depicted by blue line in

Figure 4.16a, is in fact a superposition of coextracted water by acid and Eu, and by pure water

extraction isotherm. Indeed, this �nding shows the strength of the Droplet model, since we
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can, up to our best knowledge, for the �rst time decouple the total extraction of solutes into

contribution. The property will be further exploited in following chapters.

Aggregates probabilities: Reference case
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Figure 4.18 � In�uence of the initial aqueous phase on calculated equilibrium aggregate prob-

abilities as a function of the composition of the core. The system in study: cD,initial = 0.6 mol

dm−3, mHNO3,initial = 3 mol kg−1 and mEu(NO3)3,initial = mFe(NO3)3,initial = 0.05 mol kg−1. This

�gure is complementary to the Figure 4.16b.

The reference extraction case2 described by Figure 4.16b, can be interpreted as the increase

of Eu(NO3)3 and Fe(NO3)3 probabilities due to the saturation of the aqueous phase. Polydis-

persity of both aggregation numbers and water content is una�ected. Calculations show that

now the pure water-�lled aggregates have negligible probabilities. This is a consequence of the

strong cation-induced aggregation. The majority of the extractant is spent, CAC lowers, and

resulting water uptake to the organic phase originates form coextraction of HNO3, Eu(NO3)3

and Fe(NO3)3.

2It is called a reference from dual aspect: it is described in detail in the literature and it corresponds to the

conditions of an actual industrial process e.g. DIAMEX process in nuclear fuel reprocessing cycle.
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Aggregates probabilities: Low Eu3+ concentration
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Figure 4.19 � In�uence of the initial aqueous phase on calculated equilibrium aggregate prob-

abilities as a function of the composition of the core. The system in study: cD,initial = 0.6 mol

dm−3, mHNO3,initial = 3 mol kg−1 and mEu(NO3)3,initial = 0.02 mol kg−1, mFe(NO3)3,initial = 0.05

mol kg−1. This �gure is complementary to the Figure 4.16c.

The third case of low mEu(NO3)3,initial (presented in Figure 4.19), behaves similar to the

previous described system, with high acid molality favoring the assembly of aggregates con-

taining Eu(NO3)3 and Fe(NO3)3, again at the expense of pure water �lled aggregates. Since

mEu(NO3)3,initial is low, HNO3 and Fe(NO3)3 have highest probabilities.

To sum up, we have demonstrated how the self-assembly of polydisperse aggregates is re-

sponsible for the macroscopic property of the system, such as the speciation of extracted solutes

in the organic phase.

4.6.3 Cation Distribution Coe�cients and the Apparent Stoichiome-

try

Liquid-liquid extraction e�ciency is usually expressed as the distribution coe�cient of the target

metal between the organic and the aqueous phases[9]. The extraction e�ciency is then plotted
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as a function of some independent system variable, for example concentration of components

or temperature. We have de�ned the distribution coe�cient as

Di =

∑
x cAgg,xNi,x

maq
eq,i

=
corg

eq,i

maq
eq,i

(4.36)

where Di is the distribution coe�cient of target cation i between the aqueous and the solvent

phases at equilibrium, Ni,x is the number of cations i in the particular aggregate x, and corg
eq,i is

the total concentration of cation i in the organic phase. Usually, Di is a dimensionless quantity,

compared to our de�nition. The fact that we used our de�nition (Eq. 4.36) as a ratio of molar

concentrations and molality does not change the result. It is strictly out of convenience to

avoid additional transformation of the result. For experimental chemists, Di can be simply

converted to true, dimensionless distribution coe�cient by replacing molality in denominator

of Eq. 4.36 with relation: maq
eq,i = ρaq maq

i / (1 +
∑

im
aq
i Mi), where ρaq is the density of the

aqueous solution, and Mi is the molar mass of cation i.

Calculation of extraction isotherms

We start by establishing the extraction e�ciency as a function of HNO3 molality for di�erent

cD,initial. Figure 4.20 shows a dependency of DEu3+ as a function of HNO3 molality for the
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Figure 4.20 � Eu3+ distribution coe�cientDEu3+ as a function of nitric acid molality in the aque-

ous phase. The system in study is: cD,initial = 0.6 mol dm−3, mEu(NO3)3,initial = mFe(NO3)3,initial =

0.05 mol kg−1.
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mixture of salts. This represents a cut on multicomponent phase diagram along the fraction of

acid in the aqueous phase. The calculations are made for the extractant concentrations after the

CAC which ensures that the system is in the regime where the aggregates are dominant species

in the solvent. The results show that in fact, our model recovers typical Langmuir isotherms

that have already been reported by both experiments and modelling[58, 186]. For 0.1 mol dm−3

the extractant is entirely saturated and an additional increase of HNO3 concentration cannot

enhance the extraction. Contrary to that, when the concentration of the extractant is 0.6 mol

dm−3 there is a su�cient amount of monomers. Adding the HNO3 in the aqueous phase pushes

the equilibrium towards Eu3+-mediated self-assembly.

The extraction e�ciency as a function of the initial extractant concentration in the system

cD,initial was studied for di�erent mHNO3,initial (di�erent acidity of aqueous phase). Results are

presented in Figure 4.21 and show the nonlinear increase of distribution coe�cients with in-

creasing cD,initial. The increase in mHNO3,initial causes an increase in DEu3+ which means that the

extraction is enhanced upon addition of HNO3 the system. This is again the consequence of

an increase of NO−3 concentrations ratio between the aqueous phase and the core of the aggre-

gate. An important aspect is that below CAC calculated DEu3+ is negligible3. Therefore, below

the micellization threshold, the organic phase behaves like a gas of dispersed DMDOHEMA

monomers, there is not self-assembly, and thus no transfer of solutes between the aqueous and

the organic phases.

The apparent stoichiometry

Another way of plotting these results is by employing so-called 'log-log' plot, as it is traditionally

made in the slope method to investigate the apparent stoichiometry of the system[194, 195].

In this manner we have transformed the data from Figure 4.21 to decimal logarithms and

presented them in Figure 4.22. Figure 4.22 a) shows again the extraction for di�erent HNO3

concentrations. It can be noticed that depending on the region of cD,initial the slope of the

extraction lines changes and typically three regimes are observed. Moreover, the trend in

change of slope is dependent on the acidity of system i.e. on HNO3 concentrations. Bellow

typically mHNO3,initial = 2 mol kg−1 the calculations have shown a di�erent behavior than for

higher concentrations. In order to see the di�erences better, we have isolated the graphs for

mHNO3,initial = 0.5 (black line) and 5 mol kg−1 (red line) and plotted them separately in Figure

4.22 b). What is striking is the fact that slope changes substantially for mHNO3,initial = 0.5

3For this system, calculated CAC was 0.06 mol dm−3 (Figure 4.14).
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Figure 4.21 � DEu3+ as a function of cD,initial. The system in study is: mEu(NO3)3,initial =

mFe(NO3)3,initial = 0.05 mol kg−1, c◦ is the concentration at standard state. The results are

presented for various initial nitric acid molalities in aqueous phase. The equivalent curve for

the extraction of Fe3+ is presented in the inset.

mol kg−1, depending on cD,initial. A high initial slope of approximately 3.5 is followed by 1.8

and then 1.2. The case of mHNO3,initial = 5 mol kg−1 shows again the three regimes but in all

regions slope is around 1.7. This observation points to the fact that high salt concentrations in

aqueous phase tend to damp the �ne-tuning in�uences on the apparent extraction stoichiometry.

In practice, by considering a large concentration range the 'log-log' plots are usually not straight

lines. There is a deviation at both low and high extractant concentrations. The slope value

is reduced because the monomeric DMDOHEMA extractant is partially spent to extract acid

and iron.

When the central slope is used, the non-integer value is said to correspond to the average

e�ective stoichiometry. If the slope at a given range of concentrations is not an integer, several

di�erent complexes are invoked. Furthermore, the complexation at low extractant concentration

is higher. Obtaining a larger aggregation number is contrary to the Le Chatelier's principle.

This di�culty has been discussed in chemical engineering for di�erent types of adducts i.e.

molecules which participate in the aggregate but are not complexed. To overcome this di�-

culty, the extra parametrization is applied. Our calculations predict non-linearity on a simple

explanation of competition reactions between for example, pure acid concentration in compe-

tition with metal extraction[196, 197]. This �nding brings attention to the longstanding usage
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Figure 4.22 � a) Decimal logarithm of Eu3+ distribution coe�cient as a function of decimal

logarithm of cD,initial. The system in study is: mEu(NO3)3,initial = mFe(NO3)3,initial = 0.05 mol

kg−1. The results are presented for various concentrations of nitric acid in aqueous phase. The

equivalent curve for the extraction of Fe3+ is presented in the inset. b) Slope method results

for mHNO3,initial = 0.5 (black line) and 5 mol kg−1 (red line).

of slope method in determination of the stoichiometry for various hydrometallurgical processes.

We wish to emphasize that under a certain physical condition of the system, various regimes

in stoichiometry can be 'masked' by experimental error, thus leading to false simplicity in an

understanding of the behaviour of the system[198]. Besides the concentration of nitric acid,

we have varied the concentrations of the lanthanide. As expected, the apparent stoichiometry

is dependent on the initial concentration of target solutes. The results are shown in reference

[171].

Determining the apparent stoichiometry is non-trivial, in the sense that meaningful value can

be obtained only if the speciation of the organic phase is know and the MAL is set accordingly.

Everything else is simply rounding of numbers to the closest integer. In example shown above,
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the situation is somewhat simple, since DMDOHEMA does not dimerize4. In the next chapter,

we will be dealing with HDEHP extractant for which the situation is even more complicated.

There we will describe in detail how to approach the problem at hand and furthermore, how

to use Droplet model to obtain proper speciation of the organic phase.

4.7 Establishing Relation Between Complexation Energy

and Formulation Design: Is It Su�cient?

In hydrometallurgy, the extraction of a cation to solvent phase is often identi�ed as the com-

plexation of a cation by the chelating agent (the extractant molecule). In fact, the a�nity to

form the complex is indeed the leading force to extract the cation but it is only one of the terms

in the global free energy of transfer[71]. In our model complexation is counter-balanced by a few

opposing forces such as: energy cost for packing of extractant chains in ordered curved �lm (a

curvature e�ect), di�erences in ion concentrations between the aqueous and the solvent phases

(change in their con�gurational entropy in the scope of an ideal solution), the di�erences in

chemical potentials of water between two phases etc. (see full expression in Eq. 4.22). In order

to make a clear distinction between supramolecular complexation and the energy of transfer of

solutes, we plotted the negative value of the natural logarithm of the DEu3+ as a function of a

negative value of the complexation parameter EEu3+,D. EEu3+,D represents the enthalpic (or to

be more accurate: internal energy) contribution of complexation and by declaring it as a con-

tinuous variable, we mimic the strength (or a�nity) of the extractant molecule/target cation

couple. It follows that di�erent types of extractants are represented by a di�erent EEu3+,D.

−ln DEu3+ is often referred as an apparent energy of the extraction[177]. In Figures 4.23

a-c, the assumption that �rst neighbor complexation directly yields extraction (a green dashed

line) is plotted for purpose of easier understanding of the context. Figures 4.23 a) and b) show

the −ln DEu3+ for a system cEu(NO3)3,initial = 0.1 mol dm−3 and cEu(NO3)3,initial = 1 mol dm−3,

respectively. The extractant concentration was �xed to cD,initial = 0.6 mol dm−3. The two

di�erent initial Eu3+ concentrations represent the cases below and above the experimentally

observed limiting organic concentration of solutes (LOC).

Two immediate conclusions can be drawn. First, the extraction cannot be solely identi�ed

with the complexation energy, since solid and dashed lines are not collinear. Second, the
4DMDOHEMA does not dimerize substantially, which was described in the theoretical section at the begin-

ning of this chapter.
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Figure 4.23 � Negative value of natural logarithm of the distribution coe�cient −ln DEu3+ , as

a function of a negative value of the complexation energy parameter EEu3+,D. The negative

values of EEu3+,D are taken for the purpose of visually easier reading of the saturation limit. a)

System: cD,initial = 0.6 mol dm−3, cEu(NO3)3,initial = 0.1 mol dm−3. b) System: cD,initial = 0.6 mol

dm−3, cEu(NO3)3,initial = 1 mol dm−3. c) System: cEu(NO3)3,initial = 1 mol dm−3. The calculations

are shown for the two initial extractant concentrations, namely cD,initial = 0.6 mol dm−3 and

cD,initial = 0.3 mol dm−3.

choice of the extractant is also dependent on the concentration of the target metal cation and

not only on its nature. When a concentration of metal cation is su�ciently low compared

to the concentration of the extractant (Figure 4.23 a)), the EEu3+,D can be very high (typical

that of the ionic charged extractant) and saturation would still not occur. By saturation, in

this context, we address the case where most of the extractant molecules are in aggregated

form and the concentration of monomeric form is almost negligible. In Figure 4.23 b) for

cEu(NO3)3,initial = 1 mol dm−3, the saturation is achieved already for the type of the extractant

described by typically EEu3+,D = 10 kBT for one ion complexed to two extractant molecules, thus

showing an irreversible character of the formulation. This means that in practical formulation

it would be su�cient to use a lower concentration of salt or to change DMDOHEMA extractant

with some less e�cient one.

An important feature of this model is the usage of well de�ned and justi�ed parameters.
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The results presented in Figure 4.23 provide a sort of justi�cation of EEu3+,D in general. EEu3+,D

has a proper value if and only if, for a given de�nition (recall section Theory, Eq 4.15) provides

the result which is in accordance with the experimental values. A value of EEu3+,D = 7.8 kBT

(for 2 bonds created it gives 15.6 kBT , as pointed on the graph) is in fact a good value for the

description since it corresponds to approximately DEu3+ = 11 (Figure 4.23 a)). A conclusion

is that the system composed of cEu(NO3)3,initial = 0.1 mol dm−3 in 3 mol dm−3 nitric acid and

DMDOHEMA extractant in a solvent represents a desirable reversible formulation.

Figure 4.23 c) shows the in�uence of total extractant concentration, cD,initial = 0.3 and 0.6

mol dm−3. The important feature is that saturation is achieved for the same EEu3+,D value.

The only di�erence between the two is the fact that formulation with the higher cD,initial can

extract more of the target ion.

In hydrometallurgy, the supramolecular approach stipulates that the extraction free energy

corresponds to the complexation of the cation by one or more chelating agents (synonym for the

extractant molecules) associated to an entropy of mixing[11]. In the colloidal approach proposed

here, a more general view is now possible. That is why we propose Figure 4.23 to illustrate

this[71]. Since the negative value of the natural logarithm of DEu3+ represents the apparent free

energy of the electrolyte extraction, we plot this quantity related to the e�ciency on y-axis,

while x-axis shows the chemical motor driving the transfer towards the phase containing the

extractant. The latter is speci�c to each lanthanide/extractant couple. Figure 4.23a shows the

case where the mole ratio of the extractant to lanthanide is a factor of 6, and we see that in

these conditions, the usual supramolecular approximation holds. The two lines are separated by

around 7 kBT , which corresponds to the sum of various contributions included within our model,

namely di�erences in ion concentrations between the core of the aggregate and the aqueous

phase, the di�erences in chemical potentials of water between two phases, steric hindrance

of extractant chains etc. Opposite case is shown in Figure 4.23b where now the amount of

the lanthanide cation is in an excess towards the amount of the extractant molecules in the

system. In this case, the curves exhibit the typical Langmuir-isotherms behaviour since, after

the saturation of the extractants, the extraction e�ciency does not longer depend on the driving

complexation energy. We show order of magnitude for our practical case of DMDOHEMA/Eu3+

to which the complexation parameter has been attributed (via �tting procedure). Last but not

the least, in this case, monomers concentrations are negligible and this favours the danger of

going in the third phase formation where oil phase becomes unstable[199].

138



Chapter 4. Modelling of Liquid-Liquid Extraction: a Case of Non-Ionic DMDOHEMA
Extractant

4.8 Conclusion

In order to acquire the insight into forces that in�uence the aggregation process and to predict

the overall extraction of solutes to solvent phase, we proposed a minimal model for which the

parameters are experimentally accessible. The minimal model was derived from statistical ther-

modynamics within a framework of molecular self-assembly of the extractant molecules. With

this colloidal approach that goes beyond supramolecular complexation considerations only, the

e�ciency plots can be generated for any point of Winsor II regime where the dominant aggre-

gates are reverse spherical micelles. So-called Droplet model, in a global free energy di�erence

approach, takes into account the dominant term called complexation free energy, which is well-

known in organometallic chemistry of supramolecular self-assembly. The complexation free

energy is counter-balanced by weaker quenching terms associated with the packing of extrac-

tants chains i.e. curvature term, di�erences in ion concentrations between the two phases, the

activity of water, displacement of extractant from apolar solvent to the hydrophobic-hydrophilic

nanodomain etc.

The �tting of experimental CAC and extraction curves with the respect to the imposed con-

straints (described in detail in Fitting of the Experimental Data section), yielded the standard

chemical potential µ◦l = 2.5 kJ/mol, and the complexation energies namely, EH+,D = 5 kBT ,

EEu3+,D = 7.8 kBT and EFe3+,D = 6.5 kBT per created bond. With obtained parameters, we

studied a practical system composed of HNO3, Eu(NO3)3 and Fe(NO3)3 aqueous solution in

contact with a solvent containing DMDOHEMA extractant. The calculations showed that the

most probable aggregates contain typically one salt molecule, 4 extractants and from 4 to 8

water molecules inside the core (depending on the type of salt). Stable aggregates containing

Eu(NO3) 3 or Fe(NO3) 3, are formed with an increased number of water molecules since more

ions in the core require a higher dilution in order to reach a stable form. The probabilities,

and thus the concentrations of the aggregates at equilibrium are dependent not only on the

interaction of extractant and extracted solutes (i.e. on Ei,D), but also on the composition of

the entire system e.g. the initial acid and salt concentrations, temperature, etc.

Our model predicts a decrease of CAC upon the addition of target salts in the aqueous phase.

An increase of HNO3 concentration forces a higher water co-extraction and also enhances the

extraction of metal nitrates, namely Eu(NO3)3 or Fe(NO3)3. The extractant concentration,

especially above CAC for a particular system, plays a signi�cant role in the extraction of

target salts. The calculated distribution coe�cient versus extractant concentration results

shows nonlinear behavior which is even more pronounced upon an increase in bulk HNO3
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concentration. A slope method used to determine apparent stoichiometry complexation shows

di�erent trends that do not only depend on extractant but also on the acid and lanthanide

concentration.

The central message of this chapter is presented in Figures 4.16a-c and Figures 4.17, 4.18,

and 4.19. Combined, �gures give an insight into polydispersity of the self-assembly for DMDO-

HEMA extractant system. Furthermore, it was demonstrated how the change in independent

system variables a�ects the aggregates probabilities (or concentrations) at equilibrium. Change

of the composition of the aqueous phase is then accordingly re�ected in solutes extraction

isotherms.

In the context of reversible and therefore desirable formulations for the extraction systems,

we have performed calculations with varying E3+,D. Results show that choice of extractant is

dependent, besides on nature of the target salt, also on its total concentration in the aqueous

phase. The calculations show that there is a threshold of E3+,D after which the saturation of ex-

tractant is achieved (for a de�ned salt concentration) thus making an unfavorable formulation.

Upon an increase of the total extractant concentration, as expected, the extraction capacity

of used formulation increases, but the saturation threshold remains constant. Therefore, satu-

ration in terms of E3+,D is invariant to the total extractant concentration, cD,initial. Also, our

calculations show a clear distinction between extraction of the solute and the complexation

energy term.

General behavior of DMDOHEMA

DMDOHEMA as a part of non-ionic solvating extractants favors high dilution of the core of self-

assembled aggregate[11]. The overall extraction e�ciency is low, but can be enhanced by con-

centrating the aqueous phase, preferably with the non-extracted salt, or by acids5. Extraction

isotherms resemble Langmuir site occupancy isotherms, which means that simple Langmuir-

like model proposed is not bad at all[57, 58]. Before system CAC, the extraction is low, or

even negligible. Our approach thus points to the fact that colloidal self-assembly controls the

transfer of solutes between aqueous and organic phases in liquid-liquid extraction process.

5Note that increase in acid usage in industry violates the green chemistry aspect! Luckily, Chapter 4 provides

a solution.
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Acid controlled

aggregation

Europium controlled

aggregation

Optimized formulations

Figure 5.1 � Modelling liquid-liquid extraction:

HDEHP case

We propose extension of the Droplet model

for acidic extractants. Additional terms in the

free energy representation are namely, lateral

interactions between di�erent extractant head

groups in the �lm, the dimerization, and the

acidity of the HDEHP extractant. With the

model, we are able to establish the relation

between the extraction and general complex-

ation at any pH in the system. This further

allowed us to rationalize the well-de�ned opti-

mum in the extraction engineering design. Calculations show that there are multiple extraction

regimes even in the case of lanthanide/acid system only. Each of these regimes is controlled

by the formation of di�erent species in the solvent phase, ranging from multiple metal cation-

�lled aggregates (at the low acid concentrations in the aqueous phase), to the pure acid-�lled

aggregates (at the high acid concentrations in the aqueous phase). These results are contrary

to a long-standing opinion that liquid-liquid extraction can be modelled with only few species.
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5.1 How to Interpret the Engineering-Scale Experiment?

This chapter deals with the extension of the Droplet model to the case of acidic extractants. The

principal di�erence compared to the DMDOHEMA case, is the proton/metal cation exchange

reaction1. Therefore, the in�uence of the pH needs to be accounted for.

At this point, the calculations in canonical ensemble become computationally demanding.

Minimization of multiple-equilibria MAL (that assumes thousands of competition reactions)

can introduce a severe numerical noise. In order to avoid this, we switch from Canonical to

semi-Grand Canonical ensemble. Practically, what we do is to �x values of chemical potentials

of ions and water in the aqueous phase. We consider the aqueous solution in contact to the

organic phase as a in�nite reservoir of ions and water molecules. Consequently, we reduce

the number of variables that need to be minimized. Now the only variable is the monomer

concentration of the HDEHP extractant at equilibrium.

Another major di�erence (compared to the previous chapter) is the fact that in this and

the next chapter, we adopt more general approach in sense that di�erent cations can �ll the

same aggregate. There is no more constraint on which ions can occupy particular aggregate:

every composition is possible. This gives a raise to a huge number of additional competition

reactions. Obviously the system is more easily managed without minimizing many variables.

Furthermore the generality of the method is crucial for understanding synergistic mixtures of

extractants where stoichiometry varies with the independent system variables. The generality

of the model is already tested in this chapter, on much simpler pure HDEHP system. Within

this chapter, the example is made on experimentally well-studied system: aqueous solution of

HNO3/Eu(NO3)3 in contact to the n-dodecane with dissolved HDEHP extractant.

Since we are dealing with the extension of the Droplet model, which is described in detail

within previous chapter, we will only describe the modi�cations and novelties that are needed

for HDEHP case.
1HDEHP dissociation reaction: LH 
 L− + H+
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5.2 Theoretical Section: Extension of Droplet Model to

Acidic Extractants

5.2.1 Model System

The extractant considered within this study is bis-(ethylhexyl) phosphoric acid (HDEHP) and

its chemical structure is presented in Figure 5.2. Like in the previous chapter, the Droplet

Figure 5.2 � HDEHP extractant chemical structure.

model assumes all aggregates spherical on average (but they di�er in size), with aggregates be-

ing dispersed in the organic solvent, assumed as low dielectric continuum. The aqueous phase

can contain multiple ionic species and is considered as an in�nite reservoir which sets chemical

potentials of solutes. Organic phase, at equilibrium, is made of dispersed monomers, dimers

of the extractant and the self-assembled aggregates. We have neglected HDEHP aqueous par-

titioning since we will be dealing with a system of concentrated aqueous solutions of trivalent

cations. In those conditions, it was shown that HDEHP solubility is low and the equilibrium is

shifted towards the self-assembly of aggregates in the organic phase[165]. The schematic repre-

sentation of HDEHP liquid-liquid extraction system at equilibrium is presented in Figure 5.3.

The organic solvent considered in this study is n-dodecane. The initial di�erence of HDEHP

system, compared to DMDOHEMA, is dimerization of the extractant in the system. By in-

cluding dimerization as a competing chemical reaction that adjusts the equilibrium monomer

HDEHP concentration. We have following set of chemical equilibria:

2LH 
 LH2 (5.1)

NH2O · H2O +NEu3+ · Eu3+ +NH+ · H+ +NNO−3
· NO−3 +NLH · LH 
 (5.2)

ANH2O
;NEu3+ ;NH+ ;N

NO−3
;NL− ;NLH,R

+NL− · H+

where H2O, Eu3+, H+, NO−3 , LH, LH2, and ANH2O
;NEu3+ ;NH+ ;N

NO−3
;NL− ;NLH,R

are respectively

symbols for the water, the europium cation, the proton, the nitrate anion, the monomeric
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Figure 5.3 � Schematic representation of the bulk model for the liquid-liquid extraction using

acidic extractant. Various types of aggregates are present in the organic phase (solvent phase),

and their probability at equilibrium is determined by the composition of their cores and extrac-

tant �lm. Considering the surfactant nature of the extractant, the interface is at least partially

covered by the extractant molecules (not shown here). The zoomed region shows the core of

the aggregate with the europium cation (red), the nitrate anion (pink), water molecules (pale

blue), and undissociated HDEHP head groups (dark green), and dissociated HDEHP head

groups (pale green). Extractant hydrophobic chains are presented in black. Two connected

HDEHP extractants denote dimer.
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form of the extractant, the dimeric form of the extractant, and the aggregate of the particular

composition. NH2O, NEu3+ , NH+ , NNO−3
, NLH, NL− and NLH,R are respectively the stoichiometric

numbers of extracted water molecules, europium cations, hydrogen ions (protons), nitrate an-

ions, monomeric extractant (the aggregation number), dissociated extractant molecules in the

aggregated form, and undissociated extractant in the aggregated form. Species present in the

organic solvent are denoted by overlined symbols.

Note that the stoichiometry of the released proton is the same as of dissociated extractant,

NL− , since it originates from it. NLH,R is residue, or di�erence between the aggregation number

and dissociated extractant that forms a complex with the metal cation (NLH,R = NLH −NL−).

To preserve the generality of the model, every composition of the aggregate is allowed as long

as the electroneutrality of the aggregate is respected.

5.2.2 Free energy of Spherical HDEHP Aggregate

Again, like in the previous chapter, we start by deriving the analytical expression for the

free energy of the particular spherical aggregate. In Eq. 4.21 we have already de�ned is as:

µ◦Agg,x = FAgg,x for the case of non-ionic DMDOHEMA extractant. Calculation of µ◦Agg,x for

HDEHP requires an additional energy term. The term is a consequence of the dissociation of

the HDEHP phosphate groups (head groups). Dissociation creates a new distinguishable site in

the extractant �lmi.e. protonated and deprotonated phosphate groups. At this point, it must

be noted that binding of the acid to HDEHP head group does not cause any change, therefore

no additional site is created. It follows that the formation of highly curved acidic extractant

�lm needs, beside the curvature e�ect, description of the interactions between di�erent head

groups. Therefore, we have

FAgg,x = Fextr.film + Fcore (5.3)

where Fcore is again the free energy of the aqueous solution with complexation (Fcore = Fdroplet +

Fcomplex + Fcorrection), corrected for using Stirling's approximation. Fdroplet is given by Eq. 4.8,

whereas Fcomplex is given by Eq. 4.7. The free energy of the curved extractant �lm composed

of extractant which can dissociate, Fextr.film is de�ned as

Fextr.film = Fchain + Fextr.head (5.4)

where Fchain is again the free energy of curved extractant �lm (similar to Eq. 4.17) and reads

Fchain =
κ?LH

2

(∑
i

Ni,LHNbond,i,LH (p− p0,i,LH)2 + (NLH −
∑
i

Ni,LHNbond,i,LH) (p− p0,H2O,LH)2

)
(5.5)
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where κ?LH represents the generalized bending constant of HDEHP extractant �lm in a n-

dodecane, p0,i,LH is the spontaneous packing parameter for a certain type of HDEHP extrac-

tant/cation pair in a particular solvent, p0,H2O,LH is the spontaneous packing parameter of

HDEHP extractant when no cations are bound to it. Upon a binding of the acid (the proton)

the spontaneous packing parameter is the same as for the water in contact (p0,H+,LH = p0,H2O,LH).

This approximation is based on the argument that binding of the proton does not impose severe

structural changes of the phosphate polar head groups. Binding of Eu3+ causes the change in

p0,i,LH. Both bending constant κ?LH and the average HDEHP chain length in the �lm lchain,LH

that is needed to calculate packing parameter p are assumed constant for any composition of

the core of the aggregate: rigidity of �lm and stretching of chains are a consequence of inter-

actions with organic solvent. Just like in the case of DMDOHEMA model, κ?LH, p0,H2O,LH and

p0,i,LH are adjusted parameters. Another thing to add here is the expression for calculation of

the volume of the aggregate's core. We have

Vcore =
∑
j

NjVm,j +NH2OVm,H2O +NLH,RVm,LH,R +NL−Vm,L− (5.6)

where the two new terms in the sum are: Vm,LH,R, and Vm,L− are respectively partial molar

volumes of protonated, and deprotonated HDEHP extractant head groups.

Fextr.head is de�ned as the free energy of mixing two distinguishable head-groups into two-

dimensional array of site2 [123]. It reads

Fextr.head = kBT χLH,L−
NLH,RNL−

NLH

− kBT ln

(
NLH!

NLH,R!NL− !

)
(5.7)

where χLH,L− is the exchange parameter[123]. The �rst term in the Eq. 5.7 takes into account

the enthalpic part of the free energy of mixing of two types of polar head-groups (LH and L−) in

a monolayer. This excess energy term is derived from the regular solution theory. The approach

has been shortly described in the second chapter of this manuscript. Here we deal only with

the �nal expression. The positive values of χLH,L− describes unfavorable interaction, whereas

the negative favorable interaction of the LH-L− contact3. In our model χLH,L− is adjusted

parameter and we will recover its value within the �tting procedure, presented later in the text.

The second term in Eq. 5.7 is entropic part and accounts for all possible arrangements of two

distinguishable head groups in the �lm.

There is only one more issue to address at this stage. The complexation term is described
2We approximated the curved extractant �lm with 2D array of sites. Sometimes we will refer to it as: 'the

plane', or as 'the monolayer', but the meaning is the same.
3For example �tting of the phase two-component oil and water phase diagram yielded χLH,L− = 5.

146



Chapter 5. Modelling of Liquid-Liquid Extraction: a Case of Acidic HDEHP Extractant

Figure 5.4 � Schematic representation of the calculation of the number of microstates (the

entropy) associated with the binding of mixed extractant head group �lm Ncomplex. The ex-

tractant head groups �lm is approximated with 2D array of sites - an expanded lattice model.

Eu3+ cation (red), dissociated HDEHP head groups (dark green), and undissociated HDEHP

head groups (pale green). Gray dashed lines connecting the cation with the head groups serve

as guideline for bonding. It can be seen that Eu3+ can be bonded to two extractant head group.

as before, and its generalized version in HDEHP notation reads

Fcomplex = −kBT lnNcomplex −
∑
i

Ni,LHNbond,i,LHEi,LH (5.8)

where Ni,LH, Nbond,i,LH, and Ei,LH are respectively the number of cation i complexed by HDEHP

extractant, the number of extractants bonded to cation, and the complexation energy parameter

per bond. Ncomplex is again the number of microstates associated with mixing of the di�erent

sites, created by binding of multivalent cations (or any other cation that causes deprotonation

of phosphate group) and is de�ned as

Ncomplex =
NLH!∏

iNi,LH! (NLH −
∑

iNi,LHNbond,i,LH)!
· 1∏

iNbond,i,LH!Ni,LH
. (5.9)

Ncomplex for HDEHP case is presented schematically in Figure 5.4. From schematic representa-

tion of the complexation, it is obvious that binding the cation creates distinguishable group. It

is very important to emphasize that in both de�nition of excess �lm free energy Fextr.head, and

in complexation Fcomplex there is entropy term associated with arrangements, as presented in

Figure 5.4. By comparing entropic parts of two expressions (Eq. 5.7 and Eq. 5.8), we notice

that there is a di�erence. In fact, we can identify factor NLH,R in denominator from Eq. 5.7

with the factor (NLH −
∑

iNi,LHNbond,i,LH) from Eq. 5.9. It follows that entropic part of Eq.

5.7 and 5.9 di�er by the factor 1/NL− !. If we keep both expressions, we would double count the

number of microstates associated with complexing the cation and creation of distinguishable

site in 2D lattice. To resolve this issue, what we practically do is: we keep Ncomplex as is (given

by Eq. 5.9) and multiply it by the factor 1/NL− !. Another way of doing this would be by
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replacing the entropic term in Eq. 5.7 by −kBT ln (1/NL− !). By doing so, we guarantee that we

accounted for the phenomena accordingly.

This concludes a calculation of the standard chemical potential of the aggregate of particular

composition.

5.2.3 Analytical Expression of Standard Chemical Potential of the

Particular Pure HDEHP Aggregate

Here we give a summary of previous derivation in a form of full expression for the standard

chemical potential of the particular aggregate self-assembled from HDEHP monomers. We have

µ◦Agg,x = FAgg,x = Fcomplex + Fcorrection + Fdroplet + Fchain + Fextr.head =

−kBT lnNcomplex −
∑
i

Ni,LHNbond,i,LHEi,LH+

kBT ln

(
NH2O!

∏
j

Nj!

)
− kBT

(
NH2O lnNH2O +

∑
j

Nj lnNj −NH2O −
∑
j

Nj

)
+

NH2Oµ
◦
H2O − kBTNH2O

∑
j x

org
j

xorg
H2O

+
∑
j

Njµ
◦
j + kBT

∑
j

Nj ln

(
morg
j

m◦j

)
+

κ?LH

2

(∑
i

Ni,LHNbond,i,LH (p− p0,i,LH)2 + (NLH −
∑
i

Ni,LHNbond,i,LH) (p− p0,H2O,LH)2

)
+

kBT χLH,L−
NLH,RNL−

NLH

− kBT ln

(
1

NL− !

)
.

(5.10)

5.2.4 Completing MAL and Calculation of Equilibrium Aggregate

Concentrations: a pure HDEHP case

To derive the expression for the concentration of the particular aggregate at equilibrium, we

write the MAL given by Eq. 5.2 in terms of chemical potentials of all species involved. In

previous chapter, the ideal behavior of aggregates and extractants in the organic, and salts in

the aqueous phase was described (Eq. 4.24 - 4.27). Therefore, MAL given by Eq. 5.2 can be

written as

µAgg,x + NL− · µaq
H+ = NLH · µLH +NH2O · µaq

H2O +
∑
j

Nj · µaq
j (5.11)
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which is equal to

µ◦Agg,x + kBT ln
(cAgg,x

c◦

)
+NL−µ

◦
H+ + NL−kBT ln

(
maq

H+

m◦H+

)
=

NH2Oµ
◦
H2O −NH2OkBT

∑
j x

aq
j

xaq
H2O

+
∑
j

Njµ
◦
j + kBT

∑
j

Nj ln

(
maq
j

m◦j

)
+

NLHµ
◦
LH +NLHkBT ln

(cLH

c◦

)
.

(5.12)

where µ◦H+ is the standard chemical potential of proton in the reservoir. Following the same

tactics of keeping the expressions lengths as short as possible we de�ne

µ◦
′′

Agg,x = µ◦Agg,x −NH2Oµ
org
H2O −

∑
j

Njµ
org
j −NL−µL− (5.13)

where µ◦
′′

Agg,x is reduced standard chemical potential of the aggregate, obtained by subtracting

the chemical potentials of ions and water con�ned in the aggregate's core form µ◦Agg,x. µ
◦′′
Agg,x

still contains the all other terms, namely the chain, the complexation, terms for the correc-

tion of statistics for small number of particles, the excess internal energy of the mixed proto-

nated/deprotonated extractant �lm and the factor quantifying the di�erence between number

of Ncomplex and the number of microstates associated with arranging two distinguishable sites

in the 2D array. µL− is chemical potential of dissociated extractant (or head-groups) and is

de�ned as

µL− = µ◦L− + kBT ln aL− (5.14)

where µ◦L− and aL− are respectively the standard chemical potential and the activity of dis-

sociated extractant head-groups L−. After inserting Eq. 5.13 into Eq. 5.12, all the standard

chemical potentials of ions and water, except the one of the proton released to aqueous phase

during the chemical reaction, cancel out.

At this point we can write the aggregation number NLH as the sum of the dissociated

extractant with bound metal cation and the residual undissociated ones4. If we substitute NLH

in Eq. 5.12 with NL− + NLH,R (recall MAL from the beginning of the chapter), and collect

standard chemical potentials multiplied by NL− we obtain

µ◦
′′

Agg,x −NH2OkBT

(∑
j x

org
j

xorg
H2O

)
+ kBT

∑
j

Nj ln

(
morg
j

m◦j

)
+ kBT ln

(cAgg,x

c◦

)
+

NL−kBT ln

(
maq

H+

m◦H+

)
+NL−kBT ln aL− +NL−(µ◦H+ + µ◦L− − µ◦LH) =

−NH2OkBT

∑
j x

aq
j

xaq
H2O

+ kBT
∑

j

Nj ln

(
maq
j

m◦j

)
+NLH,Rµ

◦
LH +NLHkBT ln

(cLH

c◦

)
.

(5.15)

4NLH account for complexed acid or simply constitute a second-sphere of metal cation. They are depicted

by pale green color in Figure 5.4.
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where maq
H+ is the proton molality in the reservoir. We can identify the term µ◦H+ + µ◦L− − µ◦LH

as the standard reaction Gibbs energy of extractant head-group dissociation reaction ∆rG
◦
a,

which can be written as

∆rG
◦
a = −kBT lnK◦a = kBT ln(10) pK◦a (5.16)

where K◦a is the e�ective dissociation constant. By combining Eq. 5.15 and Eq. 5.16 we recover

kBT ln
(cAgg,x

c◦

)
= −µ◦′′Agg,x + kBT

∑
j

Ni ln

(
maq
j

morg
j

)
+NH2OkBT

(∑
j x

org
j

xorg
H2O

−
∑

j x
aq
j

xaq
H2O

)
−NL−kBT ln(10)(pK◦a − pH) +NLH,Rµ

◦
LH +NLHkBT ln

(cLH

c◦

) (5.17)

where pH is de�ned as

pH = −log

(
maq

H+

m◦

)
. (5.18)

It must be emphasized that we have discarded the term kBT ln aL− from calculation (the term

is present in Eq.5.15 whereas it is not present in Eq. 5.17. In fact, it can be shown that the

term is already intrinsically included within the de�nition of the complexation energy Fcomplex

(Eq. ??). A small phenomenological argument is provided here to support this claim.

Phenomenological Argument for Neglecting Activity of Dissociated Extractant

Head Group in the Core of the Aggregate

Droplet model describes a transfer of ion from aqueous to the solvent phase on a principle of

micellization. In our approach micellization is governed by self-assembly of extractant molecules

in the solvent, complexation of solutes to extractant head-groups, etc. Now for the sake of

simplicity, let us neglect various contributions that we have identi�ed and established, and

write the transfer of ions between the aqueous and the organic phases in a following way:

M3+
aq 
 M3+

org ; KT =
[M3+]org

[M3+]aq

(5.19)

LH 
 L− + H+ ; Ka =
[L−][H+]

[LH]

M3+
org + xL− 
 ML3−x

org ; KC =
[ML3−x]org

[M3+]org[L−]x

where KT, Ka and KC are respectively the transfer, the dissociation and the complexation

constant. Brackets depict equilibrium concentrations of species. By combining these equations

we can express the equilibrium concentration of formed complex as

[ML3−x]org =
KTKCK

x
a [M3+]aq[LH]x

[H+]x
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This expression shows that the term kBT ln aL− from Eq. 5.15 indeed cancels out since

[ML3−x]org does not explicitly depend on it. The term itself exists with its corresponding energy

contribution but based on this phenomenological argument we avoid calculating it explicitly.

Expression of the Equilibrium Concentration of Pure HDEHP

We can now continue with the derivation. If we multiply Eq. 5.17 with β and apply exponential

function to the whole expression. We obtain

cAgg,x = HAgg,x c
NLH
LH (5.20)

where HAgg,x is de�ned as

HAgg,x = exp

(
−βµ◦′′Agg,x +

∑
j

Nj ln

(
maq
j

morg
j

)
+NH2O

(∑
j x

org
j

xorg
H2O

−
∑

j x
aq
j

xaq
H2O

)
+

−NL− ln(10)(pK◦a − pH) + βNLH,Rµ
◦
LH

)(
1

c◦

)NLH−1
(5.21)

with

µ◦
′′

Agg,x = Fcomplex + Fcorrection + Fchain + kBT χLH,L−
NLH,RNL−

NLH

− kBT ln

(
1

NL− !

)
(5.22)

We have established a full framework to calculate thermodynamic properties of extrac-

tion systems by calculating the competition between di�erent aggregates. Calculations are

preformed in semi-grand canonical ensemble[169]. The adjustments of Droplet model were in-

cluded in DropEx code. The same minimization procedure was used, as described in previous

chapter (Figure 4.6).

5.3 Input Values for the Droplet Model

In previous section we emphasized that the derived model requires a certain set of measurable

quantities and adjusted parameters to perform calculations. Here we only report extra quan-

tities that appear within the derivation described in previous section. To assemble the core of

the aggregate, besides water and ions, the partial molar volumes of HDEHP polar head groups

are considered as similar partial molar volumes of phosphoric acid species. The partial molar

volume of the protonated form LH is equal to the molar volume of H3PO4, whereas L−1 is equal

to to the molar volume of H2PO−1
4 [178, 200]. To calculate the packing parameter of the par-

ticular aggregate (Eq.4.18) we need the average length of HDEHP chains in the �lm, lchain,LH.

The value used for calculations is lchain,LH = 4.3 Å, and was determined by the combination
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of SAXS and SANS measurements on the system identical to our study: dodecane solvent

containing HDEHP is in contact to the aqueous phase containing Eu(NO3)3 and HNO3[24]. In

previous section, for DMDOHEMA case, lchain,D was taken as a direct result of MD simulations

an explicit solvent. For HDEHP system in the explicit n-dodecane solvent, we did not �nd any

MD simulation study dealing with determination of the average chain length. In section Eq.

5.17, by solving a general form of MAL, the derivation yielded the term which represents the ef-

fective dissociation constant pK◦a . For calculations, we used a value pK◦a = 2.79, obtained from

the literature[165, 201]. Note also that various sources report di�erent pK◦a values[202, 203].

As long as the proton exchange is considered to occur ar the macroscopic oil/aqueous solu-

tion interface, we can use some of the values from the literature. Recently, an independent

group reported similar approach for using deprotonation equilibria [204]. They focused coupled

cDFT with proton exchange to simulate inhomogenous �uid properties in vicinity of aqueous

solution/oil interface, with interface being occupied by partially dissociated extractants thus

providing the electric �eld. But this concept is not valid if we state that proton exchange occur

inside the core of the aggregate. In that case, pK◦a would be a �tted constant.

To account for the dimerization of HDEHP in the solvent (Eq. 5.1), we used logKD = 4.43,

with KD being the dimerization constant[205]. This value corresponds to the system HDEHP

dissolved in pure n-dodecane with no aqueous phase in contact. Only this value should be

used. Whenever there is a water phase in contact, there is certain aggregation which creates

an error upon determination of logKD[48, 206]. Moreover, reported values of logKD show a

strong dependence on both the composition of the aqueous phase and the type of the organic

solvent[207, 201].

In the next section, we will derived adjusted parameters and compare our model with

experimental data reported by di�erent group.

5.4 Fitting the Reference Data

With measured quantities described, we turn our intention to adjusted parameters of the model.

The physics and the in�uence of each of the parameter on the properties of the extraction

systems have been already described and discussed individually previous chapter. A detailed

description of the in�uences can be also found in reference[171]. For this study we have also

performed �tting under constraints in order to reduce the number of possible sets of parameters

that reproduce the experimental data. Details concerning the constraints and the step-by-step

�tting are described in detail in the previous chapter.
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We compared our model with the experimental study which dealt with an identical system

as ours. HDEHP is dissolved in the analytical grade n-dodecane and the aqueous phase is: 1)

pure H2O, 2) dissolved HNO3, and 3) dissolved HNO3/Eu(NO3)3[54, 187].
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Figure 5.5 � Extraction of solutes are a function of the initial extractant concentration cLH,initial.

The organic phase is in contact to: a) pure water, b) m(HNO3)aq,eq = 1 mol kg−1, c)

m(HNO3)aq,eq = 1 mol kg−1 and m(Eu3+)aq,eq = 0.032 mol kg−1. The comparison of the

experimental data by J. Muller et al.[186], and J. Rey et al.[54, 187], and predictions of the

model are presented. Symbols denote experiments while solid lines the model prediction.

First we �tted the model to the system of a pure water in contact to the solvent containing

HDEHP, as can be seen from Figure 5.5a. In order to recover the experimental value we needed

to adjust the HDEHP standard chemical potential to µ◦LH = 12.8 kJ mol−1, the generalized

bending constant to κ?LH = 14 kBT , and the spontaneous packing parameter to p0,H2O,LH = 2.6

of extractant exposed to the pure water. The minimum aggregation number was set to 4. Note

that κ?LH = 14 kBT is in the same order of magnitude as for DMDOHEMA case, but slightly
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smaller (κ?D = 16 kBT ). This is expected since DMDOHEMA has three extractant chains, and

the solvent was n-heptane, with pronounced penetration ability. HDEHP extractant �lm in

n-dodecane is somewhat more �exible.

Then we �tted the model with extraction data of the system of nitric acid,m(HNO3)aq,eq = 1

mol kg−1, as presented in Figure 5.5b. By using already obtained parameters, we can deduce

the complexation energy of the acid, EH+,LH. We obtained EH+,LH = 4.2 kBT , which is the

order of magnitude of the typical hydrogen bond. Still, compared to the DMDOHEMA, the

enthalpic values is smaller, pointing to the face that nesting (bonding) of the acid to phosphate

is less favorable than nesting it on larger malonamide group. In case of acid extraction, the

spontaneous packing and generalized bending constants are equal to the case of pure water

extraction based on an argument that additional binding of the acid to the extractant head

group does not impose any severe structural change of the extractant �lm (the phosphate group

does not dissociate). µ◦LH is by de�nition the free energy of a single HDEHP molecule in the

given solvent at the in�nite dilution. Therefore, µ◦LH is a constant for any multiphase system.

Third case of �tting is presented in Figure 5.5c. In this case we have Eu3+ extraction,

which causes dissociation of the extractant. Naturally, there is a change in the conformation

of the phosphate group attached to carbon backbone. This is re�ecting the change of p0,i,LH

and we need to �t it accordingly[208]. When Eu3+ is bound to the extractant, p0,Eu3+,LH = 3.5.

It can be concluded that HDEHP chains take up larger volume (the chains are more spread)

when there is trivalent cation present inside the core, compared to the case of aggregates �lled

with acids only. As before, we deduce EEu3+,LH = 20.4 kBT per bond. Note that upon the

dissociation of the head groups, we create a new type of sites in the extractant �lm. As was

described in theoretical section, the creation of distinguishable site has associated free energy

contribution, Fextr.head (Eq. ??). We have accounted for this phenomena by generalizing a

regular solution theory on a 2D �lm. With entropic part of the associated free energy already

being included within the Fcomplex, we needed to adjust the enthalpic contribution of Fextr.head

which is described by χLH,L− . Within the �tting procedure we obtained χLH,L− = 0.5 kBT which

points to the fact that there is a slight repulsive force between dissociated and undissociated

extractant head groups. This contribution, along with the energy associated with dense packing

of the extractant chains Fchain, works in the opposite direction compared to the complexation,

thus quenching the extraction of solutes. The minimum aggregation number for the case of

Eu3+ was 6. Such aggregation number is often reported in the literature (6 monomers or

3 dimers)[13, 44]. This monodispersity in terms of the aggregation number is contrary to the

case of non-ionic extractants where polydispersity is severe in both the aggregation number and
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Figure 5.6 � Negative value of natural logarithm of the Eu3+ distribution coe�cient, −lnDEu3+

as a function of the Eu3+ complexation energy parameter per bond, EEu3+,LH and the exchange

parameter, χLH,L− used in the calculations. A white region depicts the experimental data[54,

187].

the water content[53, 26]. The di�erence is due to the stronger interaction between dissociated

extractant groups and the trivalent cations in the case of acidic extractants.

For all subsequent calculations (the subject of the following section), we used the described

set of parameters at T = 298.15 K.

5.4.1 In�uence of Head Groups Interactions and Complexation on

the Free Energy of Transfer

To derive Eq. 5.10 we needed factorize the aggregate partition function. We did this by ignoring

any in�uence of the composition of the polar core of the aggregate on the lateral interactions

between extractant head groups. The only interaction potential is given as a complexation

energy and accounts for interactions of head groups and complexed multivalent cation or the

acid. This is a severe simpli�cation. Consequently it was mandatory to study the in�uence

of χLH,L− on the actual e�ciency of the extraction. Therefore, in Figure 5.6 we plotted the

negative value of natural logarithm of the Eu3+ distribution coe�cient −lnDEu3+ (the scale is

not prone to large variation) as a function of EEu3+,LH and χLH,L− used for calculations. The

distribution coe�cient is de�ned the previous chapter. A white region on the graph depicts
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Figure 5.7 � Speciation of the extractant in the solvent as a function of the initial extractant

concentration cLH,initial. The solvent phase is in contact to m(HNO3)aq,eq = 1 mol kg−1 and

m(Eu3+)aq,eq = 0.032 mol kg−1. Enlarged region at low cLH,initial is presented in the inset.

experimental values of the Eu3+ extraction. It can be seen that the choice of χLH,L− on the

extraction data is rather small and is easily compensated by EEu3+,LH i.e. complexation is

dominant factor in the free energy representation. We can choose χLH,L− from slightly positive

(repulsive character) to slightly negative (attractive character) value while EEu3+,LH per bond

still stays globally the same. This counter-intuitive result is convenient since it enables us to

omit χLH,L− from the model thus simplifying the �tting procedure.

5.4.2 De�nition of the Aggregation for Dimerizing Extractants

De�nition of aggregate

As suggested in previous chapter, the term 'aggregation' is somewhat ambiguous when deal-

ing with the extractants that readily associate to form dimers, trimers, tetramers, or mixed

adducts in case extractant mixtures. We have constructed our model, on the basis that HDEHP

monomers self-assemble into solutes-�lled aggregates. Dimerization of HDEHP is considered

as competition reaction that adjusts monomeric HDEHP concentration. Therefore, in our no-

tation, aggregates are only self-assembled structures which contain solutes extracted from the

aqueous phase. With this de�nition, we can use our model to obtain HDEHP speciation in

the organic solvent, for aqueous phase in contact same as in reference data set. In Figure 5.7
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we have plotted respectively concentrations of monomers cLH,monomer, dimers cLH,dimerized, and

the aggregated extractant cLH,aggregated as a function of the initial HDEHP concentration in the

system cLH,initial. In the case of m(HNO3)aq,eq = 1 mol kg−1 and m(Eu3+)aq,eq = 0.032 mol kg−1

we can see that monomeric HDEHP is globally small (orange line). This is a consequence of

the strong tendency of HDEHP (and most acidic extractants) towards the dimerization and the

aggregation[209, 13]. Recall that dimerization constant was quite large (logKD = 4.43). This

means that to break the HDEHP dimer, there is a penalty in energy for exposing polar head

group towards oil medium. Note that before experimentally observed CAC, which is reported

to be 0.21 mol dm−3, the concentration of the aggregated HDEHP is moderate. The major-

ity of extractant remains in the form of dimers. After CAC there is a pronounced increase

in the concentration of the aggregated extractant. This behavior was already reported by an

experimental study[210].

De�nition of the micellization threshold - CAC

The inset in Figure 5.7 shows the typical self-assembly pattern where concentration of aggre-

gated extractant increases after certain threshold. But this threshold is not really the proper

micellization threshold i.e. CAC. In principle, we can adopt it, but there is no real connection

to the macroscopic de�nition of CAC. This is because, in typical experiment it is not possible

to distinguish between monomers, or dimers. Both can come into contact with the interface by

simple di�usion. Example of such experiments are: a drop shape method for surface tension

measurement or vapor pressure osmometry (VPO), etc.[48] As hinted in the complementary

section in DMDOHEMA case, when dealing with strongly interaction extractants it is suitable

to locate the region in which aggregation is linear regime. This means that globally, 'free' ex-

tractant (the sum of dimerized and monomeric extractants) upon the addition in the system, is

spent to form aggregates[72]. In Figure 5.8, cLH,aggregated was plotted as a function of cLH,initial.

The red dotted line represents the linear function which was used to �t the linear aggregation

regime. The intersection of the �tting function with abscissa axis corresponds to CAC. The

de�nition is far from perfect, but it gives correct order of magnitude (like in experiments)[48].

Important features is to, once de�ned, interpret change in CAC only when same method for

calculating it was applied5. From now, all the CAC calculations were made with this method.
5This notation resembles a convention for the standard state of species.
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Figure 5.8 � De�nition of CAC for the case of interacting extractants e.g. dimerization or

adduct formation.

5.5 In�uence of the Independent System Variables on So-

lutes Speciation in the Organic Phase

In this section we will demonstrate how the change in independent system variables a�ects the

transfer of all solutes for the aqueous to the organic phase. Results are in the form of usual

isotherms. In following sections, we will enlarge the study to obtain the global overview of the

liquid-liquid extraction in form of maps, but �rst it is desirable to provide simple explanation

of the system. Two usual ways to study liquid-liquid extraction using acidic extractants are:

the dependence of the total extractant concentration, and the acid in�uence.

In�uence of the initial extractant concentration

We start by analyzing results presented in Figures 5.9a-c, where the concentration of extracted

solutes in the solvent phase is plotted as a function of cLH,initial. When comparing the results

from Figure 5.5a and b, it can be noticed that upon the addition of HNO3 to the system, the

extraction of water slightly increases. H2O is mandatory to stabilize the core of the aggregate

by the dilution e�ect, i.e. co-extracted water solubilizes the extracted acid. Figure 5.5c shows

a slight decrease in H2O and HNO3 extraction since now there is stronger competition reaction

of Eu3+ extraction present in the system. The model predicts the lower H2O uptake when

multivalent cations are present in the system. In the case of the Eu3+ extraction, there are only

few water molecules present in the core of the aggregate, whereas HNO3 occupied cores can
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Figure 5.9 � Extraction of solutes are a function of the initial extractant concentration cLH,initial.

The organic phase is in contact to: a) pure water, b) m(HNO3)aq,eq = 1 mol kg−1, c)

m(HNO3)aq,eq = 1 mol kg−1, and m(Eu3+)aq,eq = 0.032 mol kg−1.

contain from 2 to 7 water molecules. The water extraction and its in�uence on stabilization of

the aggregate core are often reported in the literature[36, 211, 212, 213, 186].

In�uence of the acid molality

Figures 5.10a shows the speciation of extracted solutes as a function of m(HNO3)aq,eq. Im-

mediately, we can observe the the sharp decrease in Eu3+ extraction with the increase of

m(HNO3)aq,eq. The high proton molality in the reservoir causes the shift of equilibrium to-

wards protonated form of HDEHP, thus quenching the extraction. More on this in�uence is

provided in the following section. Initially, water content in the organic phase. It corresponds

to water molecules coextracted with Eu3+. Our calculation showed that there a fraction of

self-assembly is due to the pure water extraction, characterized by following chemical reaction:

NH2O · H2O + NLH · LH 
 ANH2O
;NLH

. It ensures a non-negligible water content in the organic

phase. HNO3 concentration is initially low, but increases with saturation of the aqueous phase
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Figure 5.10 � Extracted solutes speciation in the organic phase as a function of m(HNO3)aq,eq.

Results are presented for the case of: a) m(Eu3+)aq,eq = 0.001 mol kg−1 and cLH,initial = 0.6 mol

dm−3 b) m(Eu3+)aq,eq = 0.05 mol kg−1 and cLH,initial = 0.6 mol dm−3.

(increase of m(HNO3)aq,eq) and acid extraction becomes dominant competition reaction.

So far we have demonstrated the in�uence of the total extractant concentration and the

acid in�uence. If we increase the m(Eu3+)aq,eq, as is presented in Figure 5.10b, the solutes

speciation changes drastically. Eu3+ extraction decay is less pronounced than in Figure 5.10a.

Higher m(HNO3)aq,eq is needed to fully damp Eu3+ extraction. At very high m(HNO3)aq,eq,

again the dominant competition reaction is the acid extraction.

Diversity of competition reactions was observed in Figures 5.9 and 5.10. The question arises:

are usual 2D extraction isotherms adequate for the proper prediction of the extraction since

there is diversity of extraction regimes. Identi�cation of these regimes is crucial for chemical

engineering since it can lower the expenses of method optimization.

5.6 Eu3+ Transfer to the Organic Phase

In this section, we will validate our model by comparing its predictions with the literature.

Furthermore, we will investigate the in�uence of m(HNO3)aq,eq and m(Eu3+)eq,aq on the overall

extraction e�ciency.

In�uence of m(HNO3)aq,eq

Figure 5.11 shows the dependence ofDEu3+ on the acid molality in the aqueous phase,m(HNO3)aq,eq.

Calculations for various cLH,initial are presented. Globally, our results are in agreement with
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the literature[11, 120, 214]. At low m(HNO3)aq,eq the extraction is high, whereas it de-
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Figure 5.11 � Eu3+ distribution coe�cient, DEu3+ as a function of m(HNO3)aq,eq. Results for

various initial extractant concentrations cLH,initial are presented. The solvent phase is in contact

to m(Eu3+)aq,eq = 0.05 mol kg−1.

creases upon an increase of m(HNO3)aq,eq. Within our model, this property is re�ected in

−NL− ln(10)(pK◦a − pH) energy term (Eq.5.21). It clearly shows that the di�erence between

the e�ective pK◦a and the pH in the reservoir governs the extraction e�ciency as one of the

leading terms in the free energy approach. When changing cLH,initial, from lower values up to

0.6 mol dm−3 isotherms shift towards higher DEu3+ . This happens due to the fact that higher

extractant concentrations in the system can take up higher cation loading. Upon examina-

tion of isotherms, we can see that there is still a pronounced Eu3+ extraction in the case of

cLH,initial = 0.15 mol dm−3. Recall that experimentally observed CAC is around 0.21 mol dm−3.

It practically means that even below the aggregation threshold, if the acid concentration is

su�ciently low, acidic extractants will still extract cations (as reported experimentally[215]).

The phenomena of the extraction below CAC is contrary to the case of non-ionic extractants

(e.g. amides, malonamides or diglycolamides)[194, 190, 216]. For non-ionic extractants, the

extraction e�ciency is strongly dependent on CAC[171].

Results from Figures 5.11 can be shown in the free energy representation. Instead of plot-

ting concentrations of cations in the solvent, we have plotted a negative value of the natural

logarithm of the distribution coe�cient, −lnDEu3+ as a function of m(HNO3)aq,eq. The value

−lnDEu3+ is historically referred as the apparent energy of transfer. Results are presented in

Figure 5.12. It can be seen that the apparent energy of transfer increases with m(HNO3)aq,eq.
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Figure 5.12 � Negative value of natural logarithm of the distribution, −lnDEu3+ as a function

of m(HNO3)aq,eq for m(Eu3+)aq,eq = 0.05 mol kg−1. Results are presented for various cLH,initial.

This �gure is an apparent energy of transfer analogue of Figure 5.11

In order to lower the apparent energy of transfer (i.e. to boost the extraction of the cation)

there must be a compensation in terms of an increase of either cLH,initial or m(Eu3+)aq,eq in the

system.

In�uence of m(Eu3+)aq,eq

We have studied the dependence of the extracted Eu3+ concentration in the solvent c (Eu3+)org,eq,

on m(Eu3+)aq,eq at cLH,initial = 0.6 mol dm−3. Results are presented in Figure 5.13 for three

di�erent m(HNO3)aq,eq. We can see that obtained curves have the shape of Langmuir isotherms

with asymptotic behavior at high m(Eu3+)aq,eq. Lower m(HNO3)aq,eq again favors higher ex-

traction (pale green lines). Our calculations also show that the acid concentration (or pH)

has a stronger in�uence on the e�ciency of the extraction compared to cation concentration

in the aqueous phase. This can be seen as moderate increase in c (Eu3+)org,eq with increasing

m(Eu3+)aq,eq, whereas di�erences in m(HNO3)aq,eq impose large di�erences in c (Eu3+)org,eq.

Plotting results from Figure 5.13 as −lnDEu3+ shows again the unfavorable in�uence of

m(HNO3)aq,eq increasing the apparent energy. Note that curves are divergent, since DEu3+

diverges at very low m(Eu3+)aq,eq. A steep decrease in the apparent energy of transfer clearly

demonstrates a loss of reversibility of extraction formulations (thus making it undesirable for
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Figure 5.13 � Eu3+ concentration in the solvent as a function of europium concentration in the

aqueous phase, m(Eu3+)aq,eq. Results for various m(HNO3)aq,eq and cLH,initial = 0.6 mol dm−3

are presented.
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Figure 5.14 � Negative value of natural logarithm of the distribution, −lnDEu3+ as a function

of m(Eu3+)aq,eq for cLH,initial = 0.6 mol dm−3. Results are presented for various m(HNO3)aq,eq.
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chemical engineering) at low m(HNO3)aq,eq and m(Eu3+)aq,eq and high cLH,initial.

5.7 Slope Method and the Apparent Stoichiometry

A so-called slope method is usually employed to study the apparent stoichiometry of the ex-

traction. The method is valid if one equilibria only is considered (no variation of aggregation

number, unless it is very dilute), if activity coe�cients of the species are constant and if loga-

rithm of the distribution coe�cient of target cation is plotted as a logarithm of free monomers

at equilibrium. If three conditions are ful�lled the slope corresponds to the apparent stoichiom-

etry i.e. to the stoichiometric ratio of average aggregation number and average number of

target cation[9].

In this section, we will demonstrate the actual meaning of the slope method for determina-

tion of the apparent stoichiometry. Moreover, we will present the framework, within the Droplet

model, for obtaining the proper stoichiometry of the system that experimental chemists can

use.

Our model is set in a way that it takes into account dimerization of the extractant and

aggregates are formed from monomers. In this case the slope method should be equal to 6.

Indeed, if we plot logarithm of the europium distribution coe�cient logDEu3+ as a function

of logarithm of free monomers log (cLH,monomer/c
◦), calculated slope is 6, as can be seen form

Figure 5.15d. The result is consistent with the calculations of aggregates probabilities where

polydispersity in terms of water content, whereas a monodispersity in aggregation numbers

were observed.

In the literature the MAL is often written such that HDEHP dimers are species that ag-

gregate and not monomers[120]. In this case the slope should be equal to 3. This was also

the result of our calculations for the plotted logDEu3+ as a function of logarithm of dimerized

extractant concentration log (cLH,dimerized/c
◦). Results are plotted in Figure 5.15c.

In terms of experiments, it is di�cult to measure dimerized and monomeric equilibrium

extractant concentrations, but the sum of the two can be measured. In that sense, we can

plot logDEu3+ as a function of the sum of the amount of monomeric and dimerized extractant

at equilibrium, log (cLH,equilibrium/c
◦) with cLH,equilibrium = cLH,monomer + 2cLH,dimerized. Results

show di�erent slopes depending on log (cLH,equilibrium/c
◦). The initial slope is now 4, and it

corresponds an average of the slopes for monomeric and dimerized extractants. In the case

that log (cLH,initial/c
◦) is plotted, then the di�erences in apparent stoichiometry regimes are even

more pronounced and more di�cult to interpret (see Figure 5.17a). Moreover, the situation
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Figure 5.15 � Interpretation of the Slope Method. Decimal logarithm of Eu3+ distribution

coe�cient as a function of decimal logarithm of respectively the initial, the sum of equilibrium

monomeric and dimerized extractant, the equilibrium dimerized extractant, and the equilibrium

monomeric extractant. The system conditions are noted in �gures of graphs.

is especially bad when the part of HDEHP (or any hydrophilic extractant) is involved in the

equilibrium with HNO3 and H2O[193]. To treat these complicated situations, one needs a

proper speciation of the organic phase for any experimental condition (Figure 5.17a and b).

Our model can help get a correct apparent stoichiometry in case of non-ionic extractants and

acidic extractants[193].

5.8 Overview of the Extraction and Desirable Formulations

So far in this thesis, on few occasion we have stressed the importance to study the in�uence

of independent system variables on the liquid-liquid extraction e�ciency. Because liquid-liquid

extraction systems are complex, it is convenient to study extraction e�ciency by simultaneously

changing few independent variables. Therefore, we pass our considerations of probability plots

and two- dimensional extraction isotherms to what we call: 'the extraction landscape maps'
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(shortly maps). These maps will provide us with a perspective of global behavior of liquid-

liquid extraction by identifying various regimes in extraction and the self-assembly behind it.

By the end of the chapter, we will be able to distinguish di�erent regime, quantify extraction of

corresponding solutes, and to (at least on a primitive level) provide chemical engineering with

the insights into more adequate liquid-liquid extraction formulation design.

In previous section, which was more of a -proof-of-concept that the Droplet model works

for acidic extractants, we have made a solutes and HDEHP speciation study as a function

of the change of one independent system variable, while other were kept constant. In this

section, we we go further and will presented results of the extraction of all solutes and HDEHP

speciation while changing simultaneously two independent system variables and keeping third

one constant.

5.8.1 Acid and Extractant in�uence

We start by studying the speciation in terms of cLH,initial, andm(HNO3)aq,eq for �xedm(Eu3+)eq,aq.

When cLH,initial is below CAC, the extraction is low. Eu3+ extraction increases while increasing

cLH,initial and keeping low acidity in the reservoir. At high cLH,initial and very low m(HNO3)aq,eq,

Eu3+ extraction increases signi�cantly. Just identifying extraction regimes, does not directly

provide insight into self-assembly. A complementary graphs of extraction speciation for the

same system conditions (Figures 5.17a-d) reveal that in high Eu3+ extraction the aggregation

is also at maximum, and free extractant (monomers + dimers) are very low. This is under-

standable since we already stated that 6 HDEHP is needed to assemble Eu3+-�led aggregate.

There is another regime identi�ed and it occurs at high cLH,initial and m(HNO3)aq,eq. Eu
3+

extraction is completely diminished due to the blocking acid e�ect, but once m(HNO3)aq,eq

is su�ciently high, HNO3 accompanied with H2O coextraction. Even though HDEHP does

not readily extract acid, when the aqueous phase is extremely saturated, the self-assembly will

occur. This is also demonstrated in Figures 5.17a-d.

At two extremes of phase diagram (low and high acid molalities), there is a solutes-induced

self-assembly. But what happens in the intermediate cases. The situation is especially inter-

esting around a so-called 'working point' in industrial applications[9]. A local maximum of the

dimerized and monomeric extractant concentrations (or a local minimum in terms of the aggre-

gated HDEHP), as can be observed in Figures 5.17a-d, occurs around m(HNO3)aq,eq = 1.5 mol

kg−1 for high cLH,monomeric. The solutes speciation maps give information that that region and

it corresponds to quenched Eu3+ extraction. There is slight pure HNO3 extraction but in insuf-
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Figure 5.16 � Maps of extracted solutes concentrations in the organic phase as a function

of m(HNO3)aq,eq in the aqueous phase and the initial extractant concentration cLH,initial, for

m(Eu3+)eq,aq = 0.032 mol kg−1. a) corresponds to Eu3+ extraction, b) to HNO3 extraction,

and c) to H2O extraction. The inset in �gure a) shows enlarged region of the pronounced Eu3+

extraction.

�cient to induce the aggregation. A slight decrease of m(HNO3)aq,eq increases Eu3+ extraction

but cuts the acid uptake. The aggregation is still weak, and monomers and dimers dominate

the organic phase. This is indeed a good solution for the chemical engineering since the Eu3+

extraction is non-negligible, but is far from irreversible character (at very low m(HNO3)aq,eq),

and the expected viscosity of the organic phase should be modest since the self-assembly is in

the weak regime and no large structures can be formed.

5.8.2 Acid and Europium Nitrate In�uence

Next thing to study is the speciation in terms of m(Eu3+)eq,aq, and m(HNO3)aq,eq for �xed

cLH,initial. This study is far more important since for �xed cLH,initial we can go ahead and
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Figure 5.17 � Speciation maps of the extractant in the solvent as a function of m(HNO3)aq,eq

and cLH,monomeric in the solvent for m(Eu3+)eq,aq = 0.032 mol kg−1. a) aggregated extractant,

b) dimerized, c) monomeric, d) equivalent to c), but scale is adjusted so that di�erences in

cLH,monomer can be clearly seen.

calculate CAC for each composition of the system. Figures 5.18a-c show respectively, the

extraction maps of Eu3+, HNO3, and H2O, whereas Figure 5.18d shows a map of CAC. It

can be seen in Figure 5.18a that a high Eu3+ extraction corresponds to m(HNO3)aq,eq lower

than 1.5 mol kg−1. A higher m(HNO3)aq,eq completely blocks Eu3+ extraction. The blocking

HNO3 e�ect can be partially compensated with the increase of m(Eu3+)aq,eq, as can be seen

by broadening of Eu3+ extraction region (a pale blue color). This is a �rst major di�erence

that is hard to detect by plotting a series of 2D graphs. By increasing the chemical potential

of Eu3+, we can increase a working range in terms of m(HNO3)aq,eq. Calculations also predict

that high Eu3+ extraction region is accompanied by small H2O uptake and HNO3 extraction

(Blue region in Figures 5.18b-c). Yet, when m(HNO3)aq,eq is su�ciently high (after 1.5 mol

kg−1) the acid extraction takes hold. Consequently, a water uptake increases. Practically, it
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Figure 5.18 � Organic phase concentrations of extracted solutes (a-c) and CAC maps (d) in the

solvent phase as a function m(Eu3+)aq,eq and m(HNO3)aq,eq for cLH,initial = 0.6 mol dm−3. The

inset in Figure a) shows enlarged region of the pronounced Eu3+ extraction.

means that the extractant is consumed not to extract the target cation, but is spent on the

pure acid extraction. This can also be observed in HDEHP speciation maps in Figure 5.19,

where aggregated extractant concentration increases, while dimers and monomers concentration

decreases. This case obviously represents an undesired industrial formulation. In the case when

both m(HNO3)aq,eq and m(Eu3+)aq,eq are high (right upper corners of extraction maps) HNO3

extraction is even more pronounced. At those conditions we have saturated aqueous phase

with salts. Therefore chemical equilibrium is shifted towards the relaxation in terms of HNO3

transfer to the solvent (since Eu3+ extraction is impossible due to the high m(HNO3)aq,eq). The

water uptake (Figure 5.18c) follows the same trend to stabilize the core of the aggregates with

multiple HNO3 present inside. It is worth to emphasize that water content around working

point (m(HNO3)aq,eq ≈ 1 mol kg−1, m(Eu3+)aq,eq ≈ 0.05 mol kg−1) stays globally constant up
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to moderate m(HNO3)aq,eq level. Upon the additional increase of m(HNO3)aq,eq, an abrupt

water co-extraction occurs. It must be emphasized that our model overestimates H2O and

HNO3 extraction, but the order of magnitude is correct. This is a consequence of the fact that

we neglected activity correction in the aqueous phase, which means that within the model,

these issues can be easily solved. Also, Eu3+ extraction at very low m(HNO3)aq,eq shows

abrupt increase. We have traced the issue down to the error of the Vcore calculation where we

have neglected partial molar volume of Eu3+. By doing so, we diminished the energy penalty

Fchain, upon swelling the aggregate core. This can also be solved by taking tabulated values of

molar volumes of mixed salts at �nite concentration, but then the method loses a part of its

generality. With drawback of the model emphasized, we must add that around working point

of the industrial processes, the model shows remarkable prediction power and results are in the

agreement with experimental data (as was seen from the previous section). These drawbacks

appear only at the borderlines of the phase diagram, where we cannot even apply the model of

the spherical micelles.

When it comes to the design of a desired reversible formulation, a knowledge of the aggre-

gation behavior is crucial since it a�ects other properties important for industrial applications

such as viscosity. In that sense, we have studied CAC dependence of the composition of the

system (Figure 5.18d). Note that this graph is complementary to graphs in Figure 5.19. While

inspecting Figure 5.18d it can be seen that the aggregation (regions of lower CAC) is con-

trolled by two di�erent competition reactions i.e. Eu3+ extraction at low m(HNO3)aq,eq and

pure HNO3 extraction at high m(HNO3)aq,eq. Around the working point CAC landscape has a

shape of a hill with slopes descending towards Eu3+ and HNO3 extraction regions. �The CAC

hill� (i.e. the minimum of the aggregation) corresponds to the case of poor Eu3+ extraction

due to the presence of HNO3, but HNO3 concentration itself is not high enough to induce the

aggregation by the pure acid extraction. This region of high CAC is manageable and therefore

appropriate in the industry since it should correspond to the formulation of a moderate viscos-

ity. The last thing to note here is that at highm(Eu3+)aq,eq and lowm(HNO3)aq,eq CAC is order

of magnitude on a milimolar scale (the blue region in Figure 5.19d). This means that we have

saturated completely the extractant and we are in the danger of the third phase formation. A

question also arises here, with this being thermodynamically strongly favored extraction, how

e�ective will be the stripping in the next stage of the cation recovery? Indeed, it was this issue

that induced a development of the less e�cient HDEHP extractant analogues[5].

Our model predicts that the design of the most appropriate extraction formulation would

correspond to region between m(HNO3)aq,eq ≈ 0.5 and 1 mol kg−1 and m(Eu3+)aq,eq ≈ 0.1 and
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Figure 5.19 � Extractant speciation in the organic phase as a function of m(Eu3+)aq,eq and

m(HNO3)aq,eq for cLH,initial = 0.6 mol dm−3. Figures a-c) show respectively concentrations at

equilibrium of aggregated, dimerized and monomeric form of the extractant in the solvent.

Figure d) is equivalent to �gure c), but scale is adjusted so that di�erences in cLH,monomeric can

be clearly seen.
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0.2 mol kg−1. Such formulations would have a reversible extraction character, while exhibit

moderate viscosity and no danger to the third phase formation i.e. around half of the extractant

is in form of dimers and not in fully aggregated form (see Figure 5.19a-d).

5.9 Complexation Energy and Formulation Design

In the previous section, we have discussed the e�ciency of the extraction and the aggregation

with the respect to concentrations of all constituents. Yet, we did not comment on the choice

of the extractant molecule itself.

Within the model, the interaction between the extracted cation and the particular extrac-

tant molecule is described by the adjusted parameter EEu3+,LH. It re�ects the a�nity of the

extractant molecule towards the target cation. Therefore, every cation/extractant molecule pair

has its associated EEu3+,LH. If we set EEu3+,LH as a continuous variable, then we can arti�cially

represent di�erent types of the possible extractants for the design of the extraction formula-

tion. Figure 5.20 shows the negative value of the natural logarithm of the Eu3+ distribution

coe�cient, −lnDEu3+ as a function of the negative value of the complexation parameter per

cation/extractant bond −EEu3+,LH for three di�erent m(HNO3)aq,eq, at m(Eu3+)aq,eq = 0.05

mol kg−1 and cLH,initial = 0.6 mol dm−3. The negative values of EEu3+,LH are taken for the

purpose of visually easier understanding of the context. As we wrote in the previous section

−lnDEu3+ is historically referred to as the apparent energy of the transfer of the cation be-

tween two phases. Results show two distinct regimes for any concentration of m(HNO3)aq,eq.

At low −EEu3+,LH (which which represents highly favorable interaction between extractant and

cation) the apparent energy of transfer is constant. This regime corresponds to the complete

saturation of the extractant i.e. the saturation threshold. It shows that practically we do not

need to use a stronger complexing agent (the extractant) in order to improve the e�ciency of

the extraction. The limit of the extraction is given by the m(Eu3+)aq,eq to cLH,initial ratio[171].

For higher −EEu3+,LH values (the lower a�nity of the extractant to cation) the apparent energy

of transfer increases, which means that these types of extractants will be less e�cient for the

extraction formulation design. Now if we change m(HNO3)aq,eq in the system, results show

that the saturation threshold will occur at lower −EEu3+,LH for higher m(HNO3)aq,eq in the

aqueous phase (the lower pH). By decreasing m(HNO3)aq,eq, the saturation threshold occurs

at higher −EEu3+,LH. These results are the consequence of the pK◦a − pH term which gives a

distinct functionality of extraction isotherms. Note that weak extraction regimes of all three

curves are equidistant after the saturation threshold (the curves are separated by the factor
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Figure 5.20 � The apparent energy of Eu3+ transfer as a function of the negative value of

the complexation energy parameter per bond, −EEu3+,LH. The negative values of EEu3+,LH are

taken for the purpose of visually easier reading of the saturation limit. Results for various

m(HNO3)aq,eq are presented at m(Eu3+)aq,eq = 0.05 mol kg−1 and cLH,initial = 0.6 mol dm−3.

The dashed orange line represents the assumption that the apparent energy of transfer is equal

to the total complexation energy in the aggregate.

−NL− ln(10)(pK◦a − pH)). A strong in�uence of m(HNO3)aq,eq on the apparent energy of the

transfer the gives the chemical engineering more liberty in the design of the extraction formu-

lation. If the goal is to extract the same amount of Eu3+ like around working point, one can

use a less e�cient extractant (characterized by higher −EEu3+,LH values) at the higher pH in

the aqueous phase.

Examining results in Figure 5.20 reveals another important aspect of the aggregation phe-

nomena leading the extraction of cations to the solvent. We have already stated that the

extraction is sometimes identi�ed as the complexation of the cation by the chelating agent,

where the chelating agent represents the extractant molecule. In that representation, the ap-

parent energy of transfer corresponds to the di�erence between the energy of similar complex

(cation and chelating agents) and the hydration energy of cation in the aqueous phase (the

�rst sphere interactions in both examples). If the extraction can be identi�ed as the simpli�ed

picture of the complexation only, then the calculated apparent energy would correspond to

the dashed orange line in Figure 5.20. The line has a value of 3 times −EEu3+,LH, since the
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mentioned assumption deals only with the total complexation energy (note that x-axis values

are in −EEu3+,LH per bond). The intersection of the dashed orange line with the horizontal

dotted black line represents the extraction around working point in the chemical engineering

and it corresponds to −EEu3+,LH less then kBT per the extractant/cation bond. Such a small

excess �rst sphere interaction energy between Eu3+ and dissociated HDEHP head group can-

not account for the transfer of cation to the solvent phase. It would completely neglect any

colloidal aspect, the self-assembly, or the in�uence of the organic solvent. Moreover, it would

imply that the energy of �rst sphere around multivalent cation which includes 3 charged ligands

(plus uncharged ligands and water molecules) is almost equal to the hydration energy of the

multivalent cation.

As we have emphasized throughout the article that the system in study shows a complexity

of extraction regimes. Therefore, we calculated complementary maps of the apparent energy

of transfer as a function of m(Eu3+)aq,eq and −EEu3+,LH for three m(HNO3)aq,eq. Results are

presented in Figures 5.21a-c. The white dashed region on the maps depicts extraction e�ciency

which is equal to the extraction e�ciency reported in reference experimental data (on which we

based our �tting). The low −EEu3+,LH and m(Eu3+)aq,eq region corresponds to the extractant

saturation threshold, as can be seen as a dark blue plateau for any m(HNO3)aq,eq. After the

working point region, the steep increase in the apparent energy of transfer occurs (as was

demonstrated also in Figure 5.20). Results again show that m(HNO3)aq,eq has a pronounced

e�ect on choice of −EEu3+,LH in order to achieve the extraction e�ciency of the working point.

By decreasing m(HNO3)aq,eq the higher −EEu3+,LH values (a weaker extractant) are su�cient

for the reversible formulation. Another aspect observed in Figures 5.21a-c is worth to comment.

The dotted rectangle enclosing the whited dashed is given as a guideline. It must be emphasized

that the working point region broadens upon the increase of m(HNO3)aq,eq. We have already

shown throughout the article that those conditions correspond to the �at top of the aggregation

'the hill'. This gives the chemical engineering even more liberty in the design of the extraction

process.

Naturally, we made a map of the apparent energy of transfer as a function of m(HNO3)aq,eq

and −EEu3+,LH. Results are presented in Figure 5.22. Once again results re�ect the complexity

of extraction systems since we have multiple solutions in the design of the extraction formulation

just by changing the concentration of the acid.

174



Chapter 5. Modelling of Liquid-Liquid Extraction: a Case of Acidic HDEHP Extractant

- 3 0 - 2 5 - 2 0 - 1 5 - 1 0 - 5 0

0 . 1

0 . 2

0 . 3

0 . 4

m ( H N O 3 ) a q , e q  =  1  m o l  k g - 1

m ( H N O 3 ) a q , e q  =  0 . 1  m o l  k g - 1

c )

b )

m(
Eu

3+
) aq

,eq
 / m

ol 
kg

-1

-  E E u 3 + , L H  /  k B T
- 8 . 2

1 . 8
1 1 . 8
2 1 . 8
3 1 . 8
4 1 . 8

- l n ( D E u 3 + )a ) m ( H N O 3 ) a q , e q  =  0 . 0 1  m o l  k g - 1

- 3 0 - 2 5 - 2 0 - 1 5 - 1 0 - 5 0

0 . 1

0 . 2

0 . 3

0 . 4

m(
Eu

3+
) aq

,eq
 / m

ol 
kg

-1

-  E E u 3 + , L H  /  k B T
- 8 . 2

1 . 8
1 1 . 8
2 1 . 8
3 1 . 8
4 1 . 8

- l n ( D E u 3 + )

- 3 0 - 2 5 - 2 0 - 1 5 - 1 0 - 5 0

0 . 1

0 . 2

0 . 3

0 . 4

m(
Eu

3+
) aq

,eq
 / m

ol 
kg

-1

-  E E u 3 + , L H  /  k B T
- 8 . 2

1 . 8

1 1 . 8

2 1 . 8

3 1 . 8

4 1 . 8
- l n ( D E u 3 + )

Figure 5.21 � Negative value of natural logarithm of the Eu3+ distribution coe�cient, −lnDEu3+

as a function of −EEu3+,LH and m(Eu3+)aq,eq. Results are presented for various m(HNO3)aq,eq

(�gures a-b) for cLH,initial = 0.6 mol dm−3. A white region depicts reference experimental data.

The dotted rectangle enclosing the white region is given as a guideline to depict its broadness.

Elucidating the observed free energy of transfer

In our approach of the aggregate free energy calculation and completing the MAL afterward, the

calculated apparent free energy of transfer corresponds to the interplay of the energy contribu-

tions. The leading complexation energy term (characterized by EEu3+,LH) shifts the equilibrium
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Figure 5.22 � Negative value of natural logarithm of the Eu3+ distribution coe�cient, −lnDEu3+

as a function of EEu3+,LH and m(HNO3)aq,eq. Results are presented for various m(Eu3+)aq,eq for

cLH,initial = 0.6 mol dm−3. A white region depicts reference experimental data.

towards the extraction of cation to the solvent but is counterbalanced by few terms. Terms like

the energy penalty for the formation of the highly curved �lm of the extractant chains Fchain

(Eq. 5.5), lateral head group repulsions in the extractant �lm Fextr.head (Eq. 5.7), di�erences in

ions and water molecules accessible volumes between the core of the aggregates and the aqueous

phase, the di�erence between between an e�ective pK◦a and low pH are opposing the complexa-
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tion, or the competing HDEHP dimerization. The sum of all contributions yields the apparent

energy of transfer (dotted black line). The apparent energy of transfer for any m(HNO3)aq,eq

is far from the assumption Extraction = Complexation (dashed orange line in Figure 5.20).

Once −EEu3+,LH is high enough and unable to push the equilibrium towards the solvent phase

with the respect to opposing quenching terms, the slope of the calculated apparent energy of

transfer is equal to the dashed orange line. This is the regime of the weak extraction no longer

interesting for the chemical engineering.

5.10 Conclusion

We have extended the Droplet model to predict the extraction e�ciency using acidic extractants

e.g. HDEHP. Moreover, we used the model to gain new insights in colloidal self-assembly

phenomenon behind the extraction.

Additional terms included in this extension of the model were: the extractant head groups

repulsions, the competing HDEHP dimerization, and the e�ect of reservoir pH given as a

di�erences between an e�ective pK◦a and the reservoir pH. Extractant head groups repulsions

and competing dimerization work in a way to quench the extraction. Low pH also quenches

the extraction, while high pH values favor extractant dissociation and thus the extraction

via complexation. A dominant term called the complexation energy is always favorable (by

de�nition) and it sets the equilibrium towards the transfer of ions from the aqueous solution

towards the oil phase. A small overall change of the free energy of the system upon the

extraction of the ion between two phases (order of few kBT or even less) is a consequence of the

interplay of described forces. This interplay of the forces governs the reversibility of extraction

systems and indeed allows them to be referred as a 'weak self-assembly'.

Obtained parameters for n-dodecane with HDEHP in contact to Eu(NO3)3 and HNO3

aqueous solution system are: the standard chemical potential of HDEHP in dodecane µ◦LH =

12.8 kJ mol−1, the generalized bending constant κ?LH = 14 kBT , the spontaneous packing

parameter for H2O and HNO3 p0 = 2.6, the complexation energy for acid EH+,LH = 4.2 kBT ,

the spontaneous packing parameter of the dissociated extractant in the �lm p0,Eu3+,LH = 3.5, the

complexation energy of europium cation EEu3+,LH = 20.4 kBT per bond, and the interaction

between dissociated and undissociated extractant head groups χLH,L− = 0.5 kBT . It must

be noted that χLH,L− can be omitted from the calculation since we have shown that the free

energy associated with lateral interactions of distinguishable head groups in the �lm are globally

small compared to the total complexation energy (around 60 kBT ). The minimum aggregation
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numbers found in our study correspond to 4 for aggregates cores �lled with only H2O and

HNO3, whereas the minimum aggregation number is 6 for cores containing at least one Eu3+.

Furthermore, we used the model to study the speciation of the extractant in the solvent

phase. Results show that the monomeric extractant concentration is globally small compared

to the aggregated and the dimerized extractant. Both acid and metal cation concentrations in

the aqueous phase exhibit a strong in�uence on the aggregation behavior. The low acid and

the high metal concentrations in the aqueous phase favor the aggregation at the expense of the

reduced dimer concentration.

The model predicts that the addition of the acid in the system diminishes the aggregation

and quenches the extraction of metal cations. For su�ciently high acid concentration, the

aggregation is again induced by the pure acid extraction. Our study also predicts the Langmuir-

like isotherms for the extraction dependence on the concentration of cation in the aqueous phase

as well as the fact that the apparent stoichiometry is not constant. It was quantitatively shown

that the apparent stoichiometry depends on concentrations of all constituents of the system

and that our model can be used to obtain the correct aggregation numbers of a given system

of highly hydrophilic extractants.

Observed high complexity of the extraction system forced a change in the representation

of results form traditional extraction isotherms to extraction and aggregation 'maps'. Such

multidimensional representation allows us to trace and quantify di�erent regimes in both the

extraction of all solutes present, as well as the aggregation and the speciation of the extractant

in the system. The Figure 5.18d is the central �gure of this chapter. It directly shows how

liquid-liquid extraction is complex, while at the same instant it provides a simple explanation for

observed complexity, based on the competition of chemical reactions. It also reveals the detail

concerning the speciation of the organic phase, which is the key for viscosity determination.

Calculations show that the choice of the extractant also matters, as was re�ected in the

complexation energy study. A lower pH in the aqueous phase demands the extractant with the

higher a�nity towards the target cation to balance the energy penalty for dissociation of the

extractant in the media of the high acidity.

General behavior of HDEHP

HDEHP as a part of class of acidic ion exchange extractants, does not favor high dilution in

the core of the aggregate. HDEHP is characterized by the strong dependency of the reservoir

pH. With contrast to the non-ionic extractants the overall extraction e�ciency increases with
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the decrease in acid concentration in the system. Another major di�erence compared to DM-

DOHEMA is the fact that HDEHP can extract (quite moderately though) even before CAC.

Similarly to non-ionic extractant, but now even more pronounced, the acidic extractants display

their amphiphilic nature by self-assembling into organized structures. This is the consequence

of the high energy associated in maintaining the single high dipole moment head group (in

HDEHP case it is phosphate group) in apolar medium, without any association.
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Chapter 6

Modelling of Liquid-Liquid Extraction: a

Case of Synergistic Mixtures

Figure 6.1 � Modelling liquid-liquid extraction:

mixtures of extractants

Droplet model was generalized to account the

mixtures of non-ionic and acidic extractants

showing synergistic character. It is based on

establishing the free energy contributions of

the spherical aggregate formation in the or-

ganic phase. Results show that contrary to

the current paradigm of simple stoichiometry

behind liquid-liquid extraction, there is a se-

vere polydispersity of aggregates completely

di�erent in compositions, but similar in the

free energy. The change of the system variables governs the self-assembly to the set of pos-

sible aggregates mutually competing to achieve equilibrium. Mapping the polydispersity of

self-assembled aggregates helped to rationalize the fraction of the synergy peak in metal cation

extraction due to the formation of mixed and pure extractant species. The global overview of

the complex nature of synergistic mixture shows di�erent regimes in self-assembly, and thus in

the extraction e�ciency which can be tuned with respect to the green chemistry aspect.
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6.1 Initial Remarks

The forth chapter of this thesis was devoted to establishing the colloidal thermodynamic model

for spherical micelles using non-ionic extractants. We named it the Droplet model. Then in the

following, �fth chapter, the Droplet model was extended to account for the speci�c properties of

the acidic extractants. With the framework set, we can now study of the most complex system

i.e. synergistic mixtures of extractants. Like in the previous section, the example is made

on experimentally well-studied system: aqueous solution of HNO3/Eu(NO3)3 in contact to the

n-dodecane with dissolved DMDOHEMA, and HDEHP extractant. Throughout the following

chapter we will emphasize the initial idea of the methodology: to abandon the paradigm of

simple (single!) stoichiometry and to adopt polydispersity of self-assembled aggregates similar

in free energy of formation that coexist at thermodynamic equilibrium.

The chapter will be organized such that in the end, it is a self-consistent unit able to be

used for any multicomponent mixture of non-ionic and acidic extractants1. Throughout the

theoretical section we will only describe the modi�cations and novelties needed in order to

generalize the Droplet model for mixtures of extractants.

6.2 Theoretical Section: Generalization of Droplet Model

to Mixtures of Extractants

The model system is the same as in previous two chapters and can be visualized using Figure

6.2. Schematic representation hints the variety of self-assembled structures that can in principle

coexist at thermodynamic equilibrium. To further stress the huge number of possible equilibria

needed to account for, we will provide (in contrast to previous two chapters) the chemical

reaction of only major types of aggregates formation. Furthermore, each of those aggregates

has its own polydispersity, as was demonstrated in detail in DMDOHEMA and HDEHP cases.

In the atempt to represent an ensemble of all possible chemical reactions that could par-

take in Eu(NO3)3/HNO3 liquid-liquid extraction system2 for the mixtures of extractants, we

establish the following relation[53, 23, 9]:

2LH 
 LH2

1With modi�cations, the model can be in principle used to for basic extractants also.
2Note that this only assumes formation of spherical aggregates and it was shown that additional higher-order

morphologies can be observed by experimental techniques[217, 56].
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Figure 6.2 � Schematic representation of the bulk model for the liquid-liquid extraction using

synergistic mixtures. Various types of aggregates are present in the organic phase (solvent

phase), and their probability at equilibrium is determined by the composition of their cores and

extractant �lm. Considering the surfactant nature of the extractant, the interface is at least

partially covered by the extractant molecules (not shown here). The zoomed region shows the

core of the aggregate with the europium cation (red), the nitrate anion (pink), water molecules

(pale blue), and undissociated HDEHP head groups (dark green), and dissociated HDEHP

head groups (pale green), and DMDOHEMA malonamide extractant head groups (dark blue).

Extractant hydrophobic chains are presented in black.

NH2O · H2O +NEu3+ · Eu3+ +NH+ · H+ +NNO−3
· NO−3 +NLH · LH 


ANH2O
;NEu3+ ;NH+ ;N

NO−3
;NL− ;NLH,R

+NL− · H+

NH2O · H2O +NEu3+ · Eu3+ +NH+ · H+ +NNO−3
· NO−3 +ND ·D 


ANH2O
;NEu3+ ;NH+ ;N

NO−3
;ND

NH2O · H2O +NEu3+ · Eu3+ +NH+ · H+ +NNO−3
· NO−3 +NLH · LH +ND ·D 
 (6.1)

ANH2O
;NEu3+ ;NH+ ;N

NO−3
;NL− ;NLH,R;ND

+NL− · H+

where only new symbol corresponds to the mixed extractant aggregate in the organic phase
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ANH2O
;NEu3+ ;NH+ ;N

NO−3
;NL− ;NLH,R;ND

. All other symbols and stoichiometry numbers were previ-

ously de�ned for respectively individual DMDOHEMA and HDEHP cases. The �rst three

chemical reaction (non-numerated) were already reported in previous chapters (Eq. 4.23, Eq.

5.1, and Eq. 5.2).

6.2.1 Free Energy of the Mixed Extractants Spherical Aggregate

To provide an analytical expression for the standard chemical potential of mixed extractants

aggregates, we need to generalize expressions Fcomplex, Fchain, and Fextr.head. Expressions Fdroplet

and Fcorrection are the same as before.

Generalized form of Fcomplex

Generalized complexation free energy contribution reads

Fcomplex = −kBT lnNcomplex −
∑
z

∑
i

Ni,zNbond,i,zEi,z (6.2)

where Ncomplex is number of microstates associated with the binding of cations to the 2D array

of sites in case of mixtures3, Ni,z is the number of particular cations i in the core bonded to

extractant type z, Nbond,i,z is the number of sites of type z extractant that bonded particular

cations take up, Ei,z is the internal complexation energy parameter and represents the energy

contribution for each bond created between cation and extractant head groups. It is adjusted

parameter (�tting procedure is described in later in the text). Index z accounts for di�erent

extractant head groups. Since in oure case we are dealing with HDEHP and DMDOHEMA

mixed aggregates, it follows that z = 2. In the case of Eu3+, the number of HDEHP sites

bonded per one cation can be from 1 to 3 i.e. Nbond,Eu3+,LH ∈ [1, 3], whereas for DMDOHEMA

we can have maximum of two sites per cation i.e. Nbond,Eu3+,D ∈ [1, 2]. For the acid (the

proton), we have occupancy of only one site, Nbond,H+,D = Nbond,H+,D = 1[43, 34, 218, 37].

The imposed condition is given by the composition of the �rst coordination sphere, taken from

quantum chemistry calculations[37]. Practically, it means that due to the steric constraints, we

cannot violate the maximum coordination of the cation with its �rst-sphere ligands. Schematic

representations of cation binding to multisite 2D plane was illustrated in Figure 6.3. We propose

a general formula to calculate the number of microstates associated with binding of di�erent
3In single mixed DMDOHEMA/HDEHP mixed aggregate, upon complexation of Eu3+ and dissociation of

HDEHP we have three di�erent sites.
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Figure 6.3 � Schematic representation of the calculation of the number of microstates (the

entropy) associated with the binding of mixed extractant head group �lm Ncomplex. The ex-

tractant head groups �lm is approximated with 2D array of sites - an expanded lattice model.

Eu3+ cation (red), dissociated HDEHP head groups (dark green), and undissociated HDEHP

head groups (pale green), and DMDOHEMA malonamide extractant head groups (dark blue).

Gray dashed lines connecting the cation with the head groups serve as guideline for bonding. It

can be seen that Eu3+ can be bonded to di�erent extractant head groups (bonded to HDEHP

only, bonded to DMDOHEMA, or bonded to both HDEHP and DMDOHEMA), in this case

to two deprotonated HDEHP and one DMDOHEMA head groups.

cations to mixed extractant �lm. It reads

Ncomplex =
(
∑

z Nz)!∏
z Nz!

·
∏
z

(
Nz!∏

iNi,z! (Nz −
∑

iNi,zNbond,i,z)!
· 1∏

iNbond,i,z!Ni,z

)
(6.3)

where the factor 1/
∏

i Nbond,i,z!
Ni accounts for intra-indistinguishability of sites binding a par-

ticle. In our particular case of mixed HDEHP and DMDOHEMA aggregates for synergistic

systems considerations, we have

Ncomplex =
(NLH +ND)!

NLH!ND!
· NLH!∏

iNi,LH! (NLH −
∑

iNi,LHNbond,i,LH)!
· 1∏

iNbond,i,LH!Ni,LH
· (6.4)

ND!∏
iNi,D! (ND −

∑
iNi,DNbond,i,D)!

· 1∏
iNbond,i,D!Ni,D

where NLH, ND, Ni,LH, Ni,D, Nbond,i,LH, and Nbond,i,D are respectively the aggregation numbers

of HDEHP and DMDOHEMA, the number of cations of type i bonded to HDEHP sites, the

number of cations of type i bonded to DMDOHEMA sites, the number of bonds that cation

of type i creates with HDEHP sites, and the number of bonds that cation of type i creates

with DMDOHEMA sites. From Eq. 6.4 it can be seen that Eq. 6.3 represents a general

and consistent way to calculate the excess entropy associated with the possibilities of the

arrangement of cations to multi-site 2D extractant �lm. It must be noted that in the case of

pure DMDOHEMA, or HDEHP, this general expression for Ncomplex (presented by Eq. 6.3)

reduces to respectively, Eq. 4.12 and Eq. 5.9.
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Generalized form of Fchain

Free energy due to the curvature e�ects Fchain can be written as

Fchain =
∑
z

κ?z
2

(∑
i

Ni,zNbond,i,z (peff − p0,i,z)
2 + (Nz −

∑
i

Ni,zNbond,i,z) (peff − p0,H2O,z)
2

)
(6.5)

where κ?z represents the generalized bending constant of the molecule of the type z in the

extractant �lm in a given solvent, peff is the e�ective packing parameter of the particular

aggregate, p0,i,z is the spontaneous packing parameter for a certain type of extractant/cation

pair in a given solvent (e.g. Eu3+ to DMDOHEMA or HDEHP), p0,H2O,z is the spontaneous

packing parameter for a certain type of the extractant z when no cations are bound to it i.e.

in contact to pure water. In the case of both HDEHP and DMDOHEMA, upon binding of the

acid (the proton) the spontaneous packing parameter is the same as for the water in contact

(p0,H+,z = p0,H2O,z for both HDEHP and DMDOHEMA).

In the case of aggregates containing di�erent extractants, as well as dissociated and undis-

sociated extractants, each aggregate is characterised by di�erent e�ective packing parameter

peff . If we assume that the length of the z extractant chains in the �lm is constant upon the

change of composition of the core of the aggregate in the given solvent, and that the average

length of the mixed extractant �lm is given through mean-�eld approximation, we can write

peff in the explicit form as[47, 176]

peff = 1 +
〈lchain〉
Rcore

+
1

3

〈lchain〉2

R2
core

(6.6)

where 〈lchain〉 is the average length of mixed chains extractant �lm, and is de�ned as mean-�eld

approximation of pure individual extractant chain lengths. It reads

〈lchain〉 =
∑
z

Nz∑
z Nz

lchain,z (6.7)

where lchain,z is the average chain length of pure extractant of type z in a �lm. lchain,z are

measured quantities.

Generalized form of Fextr.head

A multicomponent Fextr.head that takes into mixing and contact energies of di�erent types of

polar head-groups (in our case we have: LH, L−, and D) in 2D array of sites. We have

Fextr.head = (NLH +ND)(xLHxL−χLH,L− + xLHxDχLH,D + xL−xDχL−,D)− kBT ln
(NLH +ND)!

NLH,R!NL− !ND!
(6.8)
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where xLH, xL− , xD, χLH,L− , χLH,D, and χL−,D are the number ratio of protonated HDEHP

head groups, the number ratio of deprotonated HDEHP head groups, the number ratio of

DMDOHEMA head groups in the monolayer, the exchange parameter describing the contact

energy of LH-L− head groups contact, the exchange parameter describing the contact energy

of LH-D head groups contact, and the exchange parameter describing the contact energy of

L−-D head groups contact[123]. Like in the HDEHP case, the entropic part of Eq. 6.8 will

be omitted since the corrected Ncomplex accounts for all microstates of binding the multivalent

cation to the mixed extractant �lm, and creating the additional site by deprotonation.

6.2.2 A Full Analytical Expression for the Standard Chemical Poten-

tial of the General Mixed Aggregate

A full expression for the standard chemical potential of the particular aggregate reads

µ◦Agg,x = Fcomplex + Fcorrection + Fdroplet + Fchain + Fextr.head =

−kBT lnNcomplex −
∑
z

∑
i

Ni,zNbond,i,zEi,z+

kBT ln

(
NH2O!

∏
j

Nj!

)
− kBT

(
NH2O lnNH2O +

∑
j

Nj lnNj −NH2O −
∑
j

Nj

)
+

NH2Oµ
◦
H2O − kBTNH2O

∑
j x

org
j

xorg
H2O

+
∑
j

Njµ
◦
j + kBT

∑
j

Nj ln

(
morg
j

m◦j

)
+

∑
z

κ?z
2

(∑
i

Ni,zNbond,i,z (peff − p0,i,z)
2 + (Nz −

∑
i

Ni,zNbond,i,z) (peff − p0,H2O,z)
2

)
+

(NLH +ND)(xLHxL−χLH,L− + xLHxDχLH,D + xL−xDχL−,D)− kBT ln

(
1

NL− !

)

(6.9)

with peff being described by Eq. 6.6, and Ncomplex being described by Eq. 6.3. The expression is

valid for any composition of an aggregate, under the condition that overall the electroneutrality

is preserved. Depending on the input of maximum aggregation numbers of both types of

extractants, and the maximum water content (maximum number of water molecules present

inside the core) the calculation goes over thousands of distinct species. In calculations we have

accounted for the probabilities of almost 50000 di�erent aggregates.

Calculation of equilibrium aggregate concentrations

We will show the calculation for the case presented by Eq. 6.1, which represents the most

complex and most general example. We can write Eq. 6.1 expressed through chemical potentials
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to obtain

µAgg,x + NL− · µaq
H+ = NLH · µLH +ND · µD +NH2O · µaq

H2O +
∑
j

Nj · µaq
j (6.10)

in which we can insert de�nitions of chemical potentials (like in previous chapters) to obtain

µ◦Agg,x + kBT ln
(cAgg,x

c◦

)
+NL−µ

◦
H+ + NL−kBT ln

(
maq

H+

m◦H+

)
= (6.11)

NH2Oµ
◦
H2O −NH2OkBT

∑
j x

aq
j

xaq
H2O

+
∑
j

Njµ
◦
j +

kBT
∑
j

Nj ln

(
maq
j

m◦j

)
+NLHµ

◦
LH +NLHkBT ln

(cLH

c◦

)
+NDµ

◦
D +NDkBT ln

(cD

c◦

)
.

Following the same tactics as in previous chapters we can: 1) collect the terms in reduced

standard chemical potential µ◦
′′

Agg,x, to make Eq. 6.11 neat, 2) cancel the standard chemical

potentials of ions and water molecules, 3) collect standard chemical potentials multiplied by

NL− , 4) identify the standard reaction Gibbs energy of extractant head-group dissociation

reaction ∆rG
◦
a and rewrite it in the form of the dissociation constant K◦a , 5) rearranging the

�nal expression, 6) apply exponential function. Finally we recover

cAgg,x = SAgg,x c
NLH
LH cND

D (6.12)

where SAgg,x is de�ned as

SAgg,x = exp

(
−βµ◦′′Agg,x +

∑
j

Nj ln

(
maq
j

morg
j

)
+NH2O

(∑
j x

org
j

xorg
H2O

−
∑

j x
aq
j

xaq
H2O

)
+

−NL− ln(10)(pK◦a − pH) + βNLH,Rµ
◦
LH + βNDµ

◦
D

)(
1

c◦

)NLH+ND−1
(6.13)

with

µ◦
′′

Agg,x = Fcomplex + Fcorrection + Fchain+

kBT (NLH +ND)(xLHxL−χLH,L− + xLHxDχLH,D + xL−xDχL−,D)− kBT ln

(
1

NL− !

)
Calculations were made in semi-grand canonical ensemble for a �xed Eu(NO3)3, HNO3 and

H2O molecules chemical potentials in the reservoir (the bulk aqueous solution). MAL was

ful�lled by two-dimensional minimization of system variables cLH, and cD. Calculated cAgg,x

are normalized over the sample, with the exclusion of HDEHP dimers. Again, we emphasize

that aggregates are only species �lled with solutes.
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6.3 Input for the Model and the Fitting the Experimental

Data Set

To make calculations with generalized Droplet model, we take measured quantities and pa-

rameters obtained from previous studies, namely DMDOHEMA and HDEHP. The additional

parametrization is forbidden in order to validate methodology.

6.3.1 Input for the Model

The minimum aggregation numbers for HNO3 and H2O �lled aggregates were set to 4, for both

pure DMDOHEMA, pure HDEHP, and mixed aggregates. The minimum pure HDEHP aggre-

gation number for the case of Eu3+ was 6, while the minimum pure DMDOHEMA aggregation

number for the case of Eu3+ was 4. The minimum mixed extractant aggregation number for

the case of Eu3+ was 7. Such aggregation numbers are often reported in the literature [13, 44].

The maximum number of Eu3+-�lled mixed aggregates was set to 1. This is a drawback of the

model, and it originates form the fact that we have neglected the partial molar volume of Eu3+

and attributed the total volume of salt to the volume of the counterion only.

The occupancy and the composition of Eu3+ �rst coordination sphere were taken form

coordination chemistry considerations, as reported in the literature[37, 47, 43, 218]. The com-

positions of the �rst coordination sphere were plugged into the complexation free energy term,

again in a additive manner. Within the model, this action provides physical restraint needed to

block the unrealistic accumulation of Eu3+-coordinated ligands, and thus limits the in�uence

of Fcomplex.

6.3.2 Comparison of the Model and Experimental Data

For DMDOHEMA, the model parameters were derived, and discussed in detail in one of

our previous papers[171]. In the same manner, HDEHP was studied, and parameters were

obtained[193]. Now, in the case of the mixtures of aggregates, we may notice in the section

Theory, that additional two parameters appeared. Two parameters correspond to head group

interaction between HDEHP and DMDOHEMA χLH,D, and deprotonated form of HDEHP and

DMDOHEMA interaction parameter χL−,D. All other parameters, derived on individual pure

DMDOHEMA and pure HDEHP were not readjusted. This is the only way to preserve gener-

ality of the approach. If the approach works on the individual, simpler cases, then it must work

on more complex case. Therefore, synergistic case is sort of validation of our derived model.

188



Chapter 6. Modelling of Liquid-Liquid Extraction: a Case of Synergistic Mixtures

0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 00 . 0 0
0 . 0 5
0 . 1 0
0 . 1 5
0 . 2 0
0 . 2 5
0 . 3 0

c(s
olu

te)
eq

,or
g / 

mo
l d

m-3

x D M D O H E M A

 H 2 O  e x t r a c t i o n  -  E x p e r i m e n t s
 H N O 3  e x t r a c t i o n  -  E x p e r i m e n t s
 H 2 O  e x t r a c t i o n  -  D r o p l e t  m o d e l
 H N O 3  e x t r a c t i o n  -  D r o p l e t  m o d e l

a )

0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0
0 . 0

0 . 1

0 . 2

0 . 3

0 . 4
b )

c(s
olu

te)
eq

,or
g / 

mo
l d

m-3

x D M D O H E M A

 H 2 O  e x t r a c t i o n  -  E x p e r i m e n t s
 H N O 3  e x t r a c t i o n  -  E x p e r i m e n t s
 E u 3 +  e x t r a c t i o n  -  E x p e r i m e n t s
 H 2 O  e x t r a c t i o n  -  D r o p l e t  m o d e l
 H N O 3  e x t r a c t i o n  -  D r o p l e t  m o d e l
 E u 3 +  e x t r a c t i o n  -  D r o p l e t  m o d e l

Figure 6.4 � Extraction of solutes are a function of xDMDOHEMA at ctotal = 0.6 mol dm−3. The

organic phase is in contact to: a) m(HNO3)aq,eq = 1 mol kg−1 (left), b) m(HNO3)aq,eq = 1 mol

kg−1, m(Eu3+)aq,eq = 0.035 mol kg−1 (right). The comparison of the reference experimental

data by Rey et al. [54, 187] and predictions of the model are presented.

χLH,D was obtained by �tting HNO3 system, since in the absence of multivalent cations, there

is no HDEHP dissociation, thus no need for L−−D. Results of the �tting, when just χLH,D was

added to the model are presented in Figure 6.4a. For the value χLH,D = 4 kBT , we obtained

a very good �t of the experimental data (recall that solute concentration determination in

liquid-liquid extraction, the experimental error can easily be 100 % or grater!). χL−,D = 8 kBT

was obtained by �tting the extraction data of Eu(NO3)3/HNO3 system. Results are presented

in Figure 6.4b. There is discrepancy between the �t and the experimental data, but order of

magnitude on concentration (not log-log scale) is correct. Moreover, the results are within the

experimental error of the reference literature[54, 187, 186].

It must be noted that as long as the aggregation numbers of aggregates are small (which

indeed is the case), the in�uence of Fextr.head is small. Fextr.head is dominated by Fcomplex (see

study made in reference[193]), which means that χLH,D and χL−,D can almost be neglected (no

extra parameters for the mixed extractant case). Yet, we used the values obtained by �tting.
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6.4 Aggregates Diversity Behind the Self-Assembly: In�u-

ence of Independent System Variables

We start by presenting a direct output of calculations, i.e. aggregate probabilities at equilib-

rium. Calculations were made with equilibrium Eu3+ molality in the reservoir m(Eu3+)aq,eq =

0.035 mol kg−1, and the total concentration of extractant in the system, ctotal = 0.6 mol dm−3.

The total concentration is the sum of the initial concentrations of both extractants in the sys-

tem (ctotal = cLH,initial + cD,initial, where cLH,initial is the initial HDEHP, and cD,initial is the initial

DMDOHEMA concentration in the system). Results are presented in Figures 6.5a-c for three

di�erent equilibrium HNO3 molalities in the reservoir m(HNO3)aq,eq, and di�erent extractant

mole fraction, xDMDOHEMA. All the graphs presented in Figures 6.5a-c have been presented

individually with additional zoomed regions for quantitative assessment in Appendix B.

The idea of presenting the probabilities as a sort of mass spectroscopy graphs follows from

the wish of the authors to emphasize the diversity of self-assembled aggregates in a dilute

extractant saturation regime that dictates later organic phase structuring, phase transitions in

micro- or nanodomains, third phase formation, etc.

Figure 6.5a shows stacked probability PAgg,x plots as a function of the molar mass of

the aggregates, Magg,x for m(HNO3)aq,eq = 0.1 mol kg−1 and xDMDOHEMA ranging form 0

to 1. In the case of xDMDOHEMA = 0 (pure HDEHP system) the most probable aggregates

are [3LH;3L−;Eu3+;1-3H2O], which is in accordance with the literature[120, 13, 44, 36]. The

model also predicts a small probability of binuclear aggregates present at the equilibrium.

For xDMDOHEMA = 0.2, DMDOHEMA concentration is su�ciently high, which facilitates the

formation of mixed HDEHP/DMDOHEMA aggregates (shortly mixed aggregates), as can be

seen by the occurrence of multiple probability peaks at higher Magg,x. Formation of mixed

[2D;2LH;3L−;Eu3+;1-3H2O] and [3D;LH;3L−;Eu3+;1-5H2O] aggregates with the incorporation

of respectively 2 or 3 DMDOHEMA molecules in the extractant �lm, accompanied by the re-

placement of HDEHP by DMDOHEMA in the �rst Eu3+ coordination sphere comes at the ex-

pense of lowered [3LH;3L−;Eu3+;1-3H2O] aggregate probability. Therefore, the model predicts

that a sole change in xDMDOHEMA can induce a change in the stoichiometry of the aggregate for

�xed values of other independent variables of the system. Instead of a single competition reac-

tion, we obtained a severe polydispersity in aggregation. A further increase to xDMDOHEMA = 0.5

decreases the polydispersity as probabilities cluster around single �rst-sphere composition along

with 1 to 5 supporting H2O molecules ([3LH;3L−;Eu3+;1-3H2O] aggregate). In this case, pure

HDEHP aggregates have negligible probabilities, since HDEHP chemical potential is too low to
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Figure 6.5 � Calculated aggregate probabilities PAgg,x as a function of the molar mass Magg,x.

Results are presented for di�erent DMDOHEMA mole fraction, xDMDOHEMA in the system.

Symbol D stands for DMDOHEMA, whereas LH stands for HDEHP. Square brackets with text

depict particular aggregate assignation. Calculations were made for ctotal = 0.6 mol dm−3,

and m(Eu3+)aq,eq = 0.035 mol kg−1. The three cases of di�erent HNO3 in the bulk aqueous

phase are presented. a) m(HNO3)aq,eq = 0.1 mol kg−1, b) m(HNO3)aq,eq = 1 mol kg−1, c)

m(HNO3)aq,eq = 3 mol kg−1.

sustain them, especially since its complexation energy is quenched by the energy penalty to sus-

tain highly curved interface along with LH-L− head groups repulsion and low accessible volume

for the ions inside the polar core. Mixed aggregates, on the other hand, have highly favor-

able excess complexation energy of �rst-sphere interactions making their formation dominating

competition reaction.

At xDMDOHEMA = 0.7 the self-assembly is now governed not only by the formation of mixed

aggregates but also by the formation of pure DMDOHEMA aggregates �lled only by H2O
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molecules. This raises the water uptake in the organic phase. The trend of pure water uptake

further extends for the case of xDMDOHEMA = 1, where for the pure DMDOHEMA system, the

equilibrium is shifted to the formation of H2O �lled aggregates.

Figure 6.5b shows results of calculations form(HNO3)aq,eq = 1 mol kg−1. Like in the case for

lower bulk HNO3 molality, at xDMDOHEMA = 0 the most probable aggregates again correspond

to [3LH;3L−;Eu3+;1-3H2O]. But now there is an almost equal cumulative probability of pure

HDEHP aggregates �lled by H2O molecules ([4LH;1-8H2O]) which are in competition with

Eu3+-based aggregates. Remarkably, higher m(HNO3)aq,eq increases the polydispersity of the

aggregates in both aggregation numbers and the water content. This prediction of the model,

which is in accordance with the literature[218, 36], further stresses the in�uence of solutes

(e.g. m(HNO3)aq,eq) on the stoichiometry of mixed aggregate formation[193]. In terms of

thermodynamics, the unfavorable acid in�uence in the system lowers the probabilities Eu3+

�lled aggregates since dissociation of HDEHP in high acidity medium is needed to form the

stable complex. The same argument holds also in the case of xDMDOHEMA = 0.2, where only

mixed aggregates form, and [3LH;3L−;Eu3+;1-3H2O] have negligible probability.

A further increase of xDMDOHEMA form 0.5 to 1 follows the trend like in Figure 6.5a, with

a slight di�erence of additional probability of HNO3/H2O �lled aggregates at higher DMDO-

HEMA concentrations in the system, caused by the increased HNO3 chemical potential in the

reservoir. It must be noted that at xDMDOHEMA = 1, [4D;Eu3+;3NO−3 ;4-9H2O] starts to form,

which is always observed experimentally, and recovered theoretically[219, 37, 34, 43, 46, 45, 32].

Results on Figure 6.5c correspond to m(HNO3)aq,eq = 3 mol kg−1. High HNO3 molality

smears probability peaks over a wide range of Magg,x at both xDMDOHEMA = 0, and 1. At

xDMDOHEMA = 1, a small fraction of [4D;Eu3+;H+;4NO−3 ;4-9H2O] is observed (acid stabilization

e�ect was reported before[46]). Aggregates formed in both cases are made of pure HDEHP

or DMDOHEMA extractants, with several HNO3 molecules in the polar core, accompanied by

high dilution with H2O. The trend similar to the m(HNO3)aq,eq = 1 mol kg−1 case is observed

for intermediate xDMDOHEMA values.

Results from Figures 6.5a-c point to the fact that liquid-liquid extraction in the case of

synergistic mixtures, cannot be fully (or even partially) described by a simple chemical equilibria

where only a few aggregates form. Even the expansion of that concept in terms of variation

of the total aggregation and the water content numbers is still missing the huge amount of

information concerning the diversity of self-assembled aggregates. The presence of di�erent

species in the organic phase is a complex function of concentrations of all constituents in the

system. This was illustrated, within the scope of our model, just by variation of xDMDOHEMA,
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and m(HNO3)aq,eq independent variables while keeping other variables �xed (ctotal = 0.6 mol

dm−3, and m(Eu3+)aq,eq = 0.035 mol kg−1). Note also that the organic solvent considered was

n-dodecane. Changing the solvent would greatly a�ect the self-assembly phenomenon behind

the liquid-liquid extraction e�ciency even in the case of dilute gas-like dispersion of reverse

aggregates[24, 220].

6.5 Decoupling the Total Extraction E�ciency Into Con-

tributions

The advantage of the generalized Droplet model is the fact that it gives full distribution of

aggregates. Therefore we can study in detail how polydispersity of self-assembled structures in

the organic phase re�ects on the e�ciency of the liquid-liquid extraction system utilizing the

synergistic mixtures of extractants.

6.5.1 Job's-like plots: In�uence of Extractants Mole Fraction
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Figure 6.6 � Decoupling the extraction e�ciency into contributions - an enhanced Job's plot.

Calculated total Eu3+ extraction (black line), the contribution due to the mixed extrac-

tant aggregates (green line), the contribution due to the pure HDEHP extractant aggregates

(blue line), and the contribution due to the pure DMDOHEMA extractant aggregates (red

line) extraction as a function of DMDOHEMA mole fraction in the system, xDMDOHEMA, for

m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3. The results are presented for three

cases of HNO3 in the bulk aqueous phase, m(HNO3)aq,eq. a) m(HNO3)aq,eq = 0.01 mol kg−1,

b) m(HNO3)aq,eq = 1 mol kg−1, c) m(HNO3)aq,eq = 3 mol kg−1.

.

First thing is to study the e�ect of the DMDOHEMA to HDEHP mole fraction organic

phase[167]. In that sense, we have calculated Job's-like plots and presented results in Fig-
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ure 6.6a-c. To make a study complementary and consistent, we have plotted the concentra-

tion of Eu3+ in the organic phase (extracted amount) as a function of xDMDOHEMA for three

m(HNO3)aq,eq, at m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3. To improve

understanding of the current Job's plots, we have quantitatively decoupled the total Eu3+

extraction to contributions by pure HDEHP aggregates (e.g. [3LH;3L−;Eu3+;1-3H2O]), pure

DMDOHEMA aggregates (e.g. [4D;Eu3+;3NO−3 ;4-9H2O]), and mixed aggregates responsible

for synergistic behavior (e.g. [3D;LH;3L−;Eu3+;1-5H2O]) depicted by respectively the black,

blue, red, and green lines in Figure 6.6a-c.

Results presented in Figure 6.6a, at m(HNO3)aq,eq = 0.01 mol kg−1 represent so-called an-

tagonistic case where mixtures extract less than individual extractant for given conditions[167].

Due to the dissociation of HDEHP at low HNO3 molality (in our model the property has a

form of −NL− ln(10)(pK◦a−pH), see Eq.6.13) the extraction is highly favorable for pure HDEHP

system[193, 204]. The property is further re�ected for low xDMDOHEMA, where the system retains

HDEHP-like behavior. The decoupled contributions (blue line) state that at low xDMDOHEMA,

HDEHP pure aggregates constitute almost the entire extraction (see also xDMDOHEMA = 0 and

0.2 cases in Figure 6.5a). Now, with a further increase of xDMDOHEMA the extraction is becoming

more in�uenced by the formation of mixed aggregates with the loss of irreversible antagonistic

characteristics. Eventually, the total extraction curve collapses onto the extraction curve by

mixed aggregates. Note that at low m(HNO3)aq,eq in the system and high xDMDOHEMA, DM-

DOHEMA extractant is uselessly spent on the transfer of water molecules in the organic phase

(see cases xDMDOHEMA = 0.7, 1 in Figure 6.5a).

The overlap of the total and the mixed aggregates extraction isotherms is the main property

of the synergistic mixtures for the system conditions around working point (m(HNO3)aq,eq = 1

mol kg−1), as can be seen in Figure 6.6b. This extraction regime is often referred as the

synergistic regime[54, 167]. Only at low, or at high xDMDOHEMA we have contributions by either

HDEHP or DMDOHEMA pure aggregates. The synergistic peak provided by our calculations

is around xDMDOHEMA = 0.4. There is a slight discrepancy between calculations and reference

literature data, but result is within the experimental error[187].

With the further increase in bulk acid molality (Figure 6.6c) the maximum of the total

extraction i.e. the synergy peak slightly shifts towards higher xDMDOHEMA. Moreover, for

higher xDMDOHEMA a substantial pure DMDOHEMA aggregates extraction takes hold (red

line). Here we recover synergistic-to-linear regime. and it is a consequence of the acid-assisted

cation extraction in the case of non-ionic extractants. The saturation of the aqueous phase

with salts shifts the equilibrium towards the organic phase, as di�erences in molalities between
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the polar core and the reservoir are reduced. For lower m(Eu3+)aq,eq we would recover also the

so-called linear extraction regime.

To sum up, the three extraction regimes: the antagonistic, the synergistic, and the synergistic-

to-linear regimes (Figure 6.6a-c) are completely controlled by concentrations of solutes in the

aqueous phase and the extractant mole fraction for the �xed ctotal. The change of compositions

of the �rst- and second- Eu3+ coordination sphere induced by the change in independent system

variables, is re�ected in the extraction e�ciency as the three regime emerge[218]. It follows,

that it is the rule and not the exception.

6.5.2 In�uence of Acid Molality

Results of decoupling the total extraction as a function of m(HNO3)aq,eq for a given xDMDOHEMA

are presented in Figure 6.7a-c. Figure 6.7a shows represented the case of xDMDOHEMA = 0.2.
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Figure 6.7 � Decoupling the extraction e�ciency into contributions. Calculated total Eu3+

extraction (black line), extraction due to the mixed extractant aggregates (green line), extrac-

tion due to the pure HDEHP extractant aggregates (blue line), and extraction due to the pure

DMDOHEMA extractant aggregates (red line) as a function of m(HNO3)aq,eq. DMDOHEMA

mole fraction in the system for m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3.

The results are presented for the three cases of DMDOHEMA mole ratio in the system. a)

xDMDOHEMA = 0.2, b) xDMDOHEMA = 0.5, c) xDMDOHEMA = 0.7.

.

At low m(HNO3)aq,eq, the system is in high extraction regime. The total Eu3+ extraction

(depicted by the black line) shows a steep decrease upon increase of m(HNO3)aq,eq. This is

the typical phenomenon of the pure HDEHP system. In fact, the extraction contribution by

the formation of pure HDEHP aggregates (depicted by the blue line) constitutes majority of

the total extraction, while extraction by mixed aggregates formation is small. It follows that

the mixed extractants system, at low xDMDOHEMA and m(HNO3)aq,eq is controlled by pure
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HDEHP aggregates. Behavior is thus the same as described in third chapter of this thesis.

Pure DMDOHEMA contribution is negligible due to the small concentration of DMDOHEMA

in the system. This was also demonstrated in Figure 6.5a. With the increase of m(HNO3)aq,eq,

the pure HDEHP contribution is completely damped, and once again the total extraction curve

collapses onto the extraction utilized mixed aggregates.

The case of xDMDOHEMA = 0.5 (equal amounts of both extractants) presented in Figure 6.7b

follows expected trend with dominant extraction by mixed aggregates. Figure 6.7c shows the

case of xDMDOHEMA = 0.7. At low m(HNO3)aq,eq system is still completely controlled by the

formation of mixed aggregates. The increase of m(HNO3)aq,eq causes the total extraction to

increase. The increase was traced down to the extraction by pure DMDOHEMA aggregates

(depicted by the red line). Indeed, in high acidity and high xDMDOHEMA, the majority of

extractant in the system is DMDOHEMA, which allows the increase in the total extraction.

Now system is controlled by the DMDOHEMA, like in the second chapter.

6.6 Breaking the Synergy Paradigm

Within the abundant, and to some extent, scattered literature dealing with the liquid-liquid

extraction and its colloidal aspect, there are typically two main approaches to study the occur-

rence of the synergy. One approach is by looking at the extractant mole fraction, and the other

at the bulk acid concentration in�uence[187, 219, 37]. Therefore, the best way to elucidate what

is synergy, or what is not, is to examine both approaches. Figure 6.8a shows Eu3+ extraction

as a function xDMDOHEMA for m(HNO3)aq,eq = 1 mol kg−1, m(Eu3+)aq,eq = 0.035 mol kg−1, and

ctotal = 0.6 mol dm−3. The solid green line depicts the synergistic extraction governed by mixed

aggregates formation, whereas the dashed blue line depicts for the same system conditions a

hypothetical extraction when no mixed aggregates are allowed to form. When no mixed ag-

gregates are allowed, there is a minimum of the extraction at higher xDMDOHEMA, due to the

globally low HDEHP concentration in the system. The conclusion is that the entropy of mixing

of extractants alone cannot be responsible for the synergy, since there is no characteristic peak

at xDMDOHEMA = 0.5. Now, in the case when mixed aggregates are allowed (green line), we

obtain the characteristic peak. Moreover, to incinerate the claim that additional entropy asso-

ciated with the arrangements of di�erent extractant molecules in the extractant �lm of mixed

aggregates is sole factor to induce the synergy, we would like to emphasize that the peak in

synergy is not at xDMDOHEMA = 0.5. At xDMDOHEMA = 0.5 the number of microstates is at max-

imum, but we see that extraction behavior does not correspond to it[187]. The excess entropy
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Figure 6.8 � The calculated Eu3+ extraction isotherms as function of: a) xDMDOHEMA for

m(HNO3)aq,eq = 1 mol kg−1, b) m(HNO3)aq,eq, for xDMDOHEMA = 0.2. Both calculations

were made for m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3. Dashed lines in

both graphs represent the calculated Eu3+ extraction isotherms when no mixed aggregates are

allowed in the calculation i.e. only pure HDEHP or DMDOHEMA aggregates are present at

equilibrium. Green solid curves represent synergistic mixtures.

would entirely compensate the loss of entropy due to the bringing the equal numbers of extrac-

tants monomers into a single aggregate. The most probable (and the only) aggregate would

correspond to symmetrical occupancy of the �rst and the second Eu3+ coordination sphere e.g.

the hypothetical [4D;4LH;Eu3+] complex. Indeed, it is the enthalpic, or in our case, the inter-

nal energy contribution of the �rst-sphere complexation free energy that sets synergistic peak

to a certain xDMDOHEMA value. Furthermore, the case is even more complex than that, since

we have shown that complexation excess free energy is in competition with various quenching

energy terms, such as: the formation of curved extractant �lm, di�erent head groups repul-

sion, branching of the extractant chains, diluent penetration power, shrinkage of the accessible

volume of the ions and water molecules con�ned in the polar core, energy penalties due to the

breaking of stable HDEHP dimers, dissociation of HDEHP, etc. Only by considering all energy

terms that contribute to the formation of the particular aggregate, and all the independent

system variables, the free energy of the system can be properly minimized[221].

Figure 6.8b is less intuitive concerning the thermodynamics of the system, but still it clearly

demonstrates the di�erence between Eu3+ extraction driven by mixed aggregates (green line)

and only pure HDEHP or DMDOHEMA aggregates formation (dashed orange line). The en-

gineering aspect is notable here. Compared to rapid decrease of the extraction e�ciency with

increasing m(HNO3)aq,eq in the case when no mixed aggregates are allowed, the extraction

197



Chapter 6. Modelling of Liquid-Liquid Extraction: a Case of Synergistic Mixtures

e�ciency for synergistic mixtures stays globally the same. This broadens the search for new so-

lutions in extraction formulation design. Chemical engineering aspect will be further addressed

throughout the text.

To further demonstrate the acid in�uence on synergistic behavior of mixtures of extractant

we have calculated Eu3+ extraction isotherms versus m(HNO3)aq,eq for di�erent xDMDOHEMA

when mixed aggregation is allowed (Figure 6.9a), and when no mixed aggregation is allowed

(Figure 6.9b). The di�erence between two cases is evident. First let us examine case with no
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Figure 6.9 � The calculated Eu3+ extraction isotherms as function of m(HNO3)aq,eq or for

di�erent xDMDOHEMA when: a) the speci�c synergistic interactions are included (mixed aggre-

gates included), b) there are no speci�c synergistic interactions (pure aggregates only). Both

calculations were made for m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3.

mixed aggregates formation. In the absence of the speci�c interactions that exhibit synergistic

behavior, the acid molality controls competition between pure HDEHP and pure DMDOHEMA

aggregation. At lowm(HNO3)aq,eq, DMDOHEMA remains in form of monomers, whereas again,

HDEHP is involved in the self-assembly and thus extracts. Opposite phenomenon happens when

m(HNO3)aq,eq is high. Then, HDEHP remains in dimeric form, whereas DMDOHEMA supports

aggregation. Important aspect of the absence of speci�c mixed aggregation can be understood

by examining the shape of extraction isotherms. They are in fact, a simple superposition of the

pure DMDOHEMA and pure HDEHP extraction for a concentration of individual extractant

given by xDMDOHEMA and ctotal.

When mixed aggregates are allowed to form, wherever concentrations of individual extrac-

tant are su�ciently high (less than individual CAC), Eu3+ extraction is in moderate to high

regime. The individual character of pure HDEHP at low m(HNO3)aq,eq or pure DMDOHEMA

at high m(HNO3)aq,eq is almost completely lost. An important aspect of synergistic mixtures is
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balancing the pH change by speci�c enthalpic interactions. It can be revealed when comparing

isotherm corresponding to xDMDOHEMA = 0.5 from both �gures. When no speci�c mixed aggre-

gates are formed, the extraction due to the pure HDEHP diminishes with m(HNO3)aq,eq due

to the mentioned acid blocking e�ect. In the case of mixed aggregates formation, the model

predicts that there should not be a major di�erences in extraction e�ciency. Quantitative anal-

ysis yielded a explanation that the additional contribution due to the complexation Fcomplexation

is in fact able to overcome unfavorable acid blocking e�ect, which is in our model given by

−NL− ln(10)(pK◦a − pH) functionality (Eq. 6.13).

In order to understand what synergy is, we need to be sure what synergy is not. That is

why, throughout the chapter, we will constantly readdress this issue.

6.7 Global Overview of Liquid-Liquid Extraction Systems:

Towards the Mapping of the 'Extraction Landscape'

Like in the previous chapter, but now even more pronounced we can see the variety of extraction

regimes, governed by the polydispersity of the self-assembly of spherical aggregates. Due to

the complexity of the system, it is convenient to study extraction e�ciency by simultaneously

changing a few independent system variables. Therefore, we pass our considerations of probabil-

ity plots and two-dimensional extraction isotherms to what we call: 'the extraction landscape

maps' (shortly maps). These maps will provide us with a perspective of global behavior of

liquid-liquid extraction by identifying various regimes.

6.7.1 Extraction Maps - In�uence of Extractant Mole Fraction and

Acid Molality

We can extend operating Job's plots (isotherms) into 'Job's maps' by calculating Eu3+ extrac-

tion e�ciency as a function of m(HNO3)aq,eq and xDMDOHEMA at constant m(Eu3+)aq,eq = 0.035

mol kg−1, and ctotal = 0.6 mol dm−3. Results are presented in Figure 6.10a. Coextracted

HNO3 map is presented in 6.10b. Coextraction of HNO3 is important to quantify since it is

a strong competition reaction that can disrupt desirability of the chemical engineering formu-

lations. Immediately, we can notice a few regimes in extraction. The high Eu3+ extraction

is at low m(HNO3)aq,eq and low xDMDOHEMA(HDEHP controlled). The moderate extraction

regime expands for intermediate xDMDOHEMA values (controlled by the formation of mixed

aggregates). The low extraction regimes occurs at two cases, namely at high m(HNO3)aq,eq
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Figure 6.10 � The synergy hill. Concentrations of extracted solutes as a function m(HNO3)aq,eq

and xDMDOHEMA at m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3. a) Eu3+

extraction map, b) HNO3 co-extraction map.

and low xDMDOHEMA (acid quenched HDEHP extraction), or at low m(HNO3)aq,eq and high

xDMDOHEMA(DMDOHEMA controlled). Again, chemical potentials of solutes in the aqueous

phase, and of extractants in the organic phase play a decisive role in controlling the extraction.

Globally, Eu3+ extraction landscape presented in Figure 6.10a shows a type of hill, that corre-
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Figure 6.11 � The mountain pass. Concentrations of extracted solutes as a function

m(HNO3)aq,eq and xDMDOHEMA at m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3.

No mixed aggregates are allowed to form.

sponds to synergistic mixtures. This can be easily noticed when following the isotherm for one

particular m(HNO3)aq,eq. In the absence of mixed aggregates formation, instead of the hill, we

would recover a depression in the extraction landscape (Figure 6.11). It follows that speci�c,
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complexation governed interactions lead to formation of mixed aggregates that increase overall

Eu3+ extraction, especially when the mole fraction of extractants is similar. A complementary

HNO3 coextraction maps reveals the two regimes of high acid uptake to the organic phase (Fig-

ure 6.10b). One occurring at low xDMDOHEMA and high m(HNO3)aq,eq (see Figure 6.5c, case

xDMDOHEMA = 0), and the other at high xDMDOHEMA and low m(HNO3)aq,eq (see Figure 6.5c,

cases xDMDOHEMA = 0.7, 1). The former case corresponds to the formation of pure HDEHP

aggregates �lled with acid and water molecules only, whereas the later corresponds to the for-

mation of analogous pure DMDOHEMA aggregates. Acid coextraction maps resembles a sort

of mountain pass in the landscape analogy. Once more, the diversity of competing chemical

reactions is at display, this time on the expense of quenched Eu3+ extraction.

Speciation of the free extractant

The extraction e�ciency map itself is insu�cient to describe the self-assembly properties (recall

severe polydispersity of aggregates!). That is why we have calculated complementary speciation

maps of both extractants in the organic phase. Results are presented in Figures 6.12 a-d. Before

examining results, let us �rst de�ne the percentage of the 'free extractant' in the system. We

have the percentage of the free extractant in the system Φfree,extractant, is de�ned as

Φfree,extractant = ΦD,monomer + ΦLH,monomer + ΦLH,dimerized (6.14)

where ΦD,monomer, ΦLH,monomer, ΦLH,dimerized are respectively the percentage of monomeric form

of D, the percentage of monomeric form of LH, and the percentage of dimerized form of LH

and can be written as
ΦD,monomer = cD,monomer/ctotal

ΦLH,monomer = cLH,monomer/ctotal

ΦLH,dimerized = cLH,dimerized/ctotal

(6.15)

Speciation maps reveal that the synergy hill is accompanied by the high degree of micel-

lization. This would give very low V-shaped canyon of measured critical micelle concentrations

(or critical aggregate concentrations) in the organic phase, as fraction of free extractant in

the system is low (Figure 6.12d). Indeed this result was already hinted experimentally, where

strong aggregation was observed at the expense of free extractant concentration in the or-

ganic phase[54]. Figure 6.12a shows that HDEHP dimers dominate the mixture in the case of

low xDMDOHEMA and high m(HNO3)aq,eq, where HDEHP remains in protonated form. Dimers

concentration slightly decreases as pure acid extraction starts to induce self-assembly due to
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Figure 6.12 � Speciation of the extractant in the solvent as a function of xDMDOHEMA and

m(HNO3)aq,eq, at m(Eu3+)aq,eq = 0.035 mol kg−1 (pure HDEHP), and ctotal = 0.6 mol dm−3. a)

D in monomeric form, b) LH in monomeric form, c) LH in dimerized form, d) total percentage

of the free extractant.

the high HNO3 chemical potential in the reservoir. HDEHP monomers concentration is glob-

ally small for all conditions. DMDOHEMA monomers are abundant for the low acidity, but

decrease substantially upon the increase of m(HNO3)aq,eq. It is the region of Eu3+/HNO3 co-

extraction by pure DMDOHEMA aggregates. DMDOHEMA monomers are abundant at low

m(HNO3)aq,eq, since there is generally no aggregation. Concentrating the aqueous solution

by increasing m(HNO3)aq,eq, DMDOHEMA fraction decreases substantially, with aggregation

being induced by pure acid transfer to the organic phase (complementary to Figure 6.10b).

Expanding Job's maps

We can exploit the calculated polydispersity of self-assembled aggregates to quantitatively de-

couple the total Eu3+ extraction map (presented in Figure 6.10a) into contributions as was
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made on Job's plot in Figures 6.6a-c. Quantitative assessments of decoupled contributions is

presented on Figures 6.13a-c. Figure 6.13a shows the contribution by mixed extractants aggre-
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Figure 6.13 � Enhanced Job's map. Eu3+ concentration in the organic phase as a function

m(HNO3)aq,eq and xDMDOHEMA at m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3.

a) extraction by Mixed HDEHP/DMDOHEMA aggregates, b) extraction by Pure HDEHP

aggregates, c) extraction by Pure DMDOHEMA aggregates

gates. The synergy hill is now isolated. We can now observe the in�uence of the threshold of

minimum concentration of individual extractant in the mixture. If there is insu�cient concen-

tration of individual extractant in the mixture (when xDMDOHEMA → 0, or xDMDOHEMA → 1),

the in�uence of acid (which we sometimes referred as a crucial independent system variable) is

irrelevant and cannot induce a mixed aggregates formation. Calculated aggregate concentra-

tions at equilibrium are calculated in following manner: cAgg,x = SAgg,x c
NLH
LH cND

D (Eq. 6.12). It

can be seen the aggregate concentration is sensitive to the concentration of individual compo-

nents. The functionality is power law, with power being the individual aggregation number. If

the variation of the aggregation number is small, as is the case for pure DMDOHEMA type

of aggregate (recall, we have huge polydispersity of types of aggregates and water content, but
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not so much in aggregation number e.g. Figure 4.17), we can approximate true cAgg,x with one

equilibria. It follows that cAgg,x scales with equilibrium monomer concentration to the power of

the average individual aggregation number and is therefore very sensitive since we often have

individual aggregation of 4 or even more. Practically, this means that if the concentrations of

any of two extractants is su�ciently low, the system does not behave in synergistic manner,

since the conditions for mixed aggregates formations are not ful�lled.

Figures 6.13b and c, show that the total Eu3+ extraction at two extremes of phase dia-

gram are controlled by respectively pure HDEHP or pure DMDOHEMA aggregates. This was

expected result, as was shown earlier. One more thing to note is the overlap of high HNO3 co-

extraction and Eu3+ extraction by pure DMDOHEMA aggregates. Indeed, this was illustrated

in chapter dealing with DMDOHEMA, but on simple basis in form of apparent stoichiome-

try study. Normally, in this region the apparent stoichiometry �uctuates for the change of

independent system variables.

6.7.2 Extraction Maps - In�uence of Europium Nitrate and Acid Mo-

lality

The picture of extraction landscape is incomplete without the study of m(Eu3+)aq,eq in�uence.

Therefore we have calculated Eu3+ extraction as a function of m(Eu3+)aq,eq, and m(HNO3)aq,eq

for di�erent xDMDOHEMA, and ctotal = 0.6 mol dm−3. Results are presented in Figures 6.14a-e.

Figure 6.14a shows characteristic irreversible behavior of pure HDEHP system (xDMDOHEMA =

0). The behavior is the same as in previous chapter for HDEHP case alone[193]. Same applies

for the case for xDMDOHEMA = 1, where system is pure DMDOHEMA[171]. Two borderline

cases are given as a guideline for easier understanding of the in�uence of synergistic mixtures

on overall extraction e�ciency.

At xDMDOHEMA = 0.2 (Figure 6.14b) there is a substantial change in the extraction land-

scape. Now the green color dominates the graph, suggesting the moderate extraction e�ciency

due to the mixed aggregates formation. xDMDOHEMA = 0.2 case still maintains partial HDEHP

character, especially at low m(HNO3)aq,eq, and high m(Eu3+)aq,eq. This is not surprising at

all, since the total HDEHP concentration in the system is 0.42 mol dm−3. Note that insets in

Figures 6.14b-d are provided to simplify the determination of the di�erences in the extraction

regimes in the case of synergistic mixtures. The di�erences are globally small, compared to

the pure HDEHP and DMDOHEMA cases. When dealing with the synergistic mixtures, the

question is no longer how to design e�cient formulation, but to choose more e�cient among
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Figure 6.14 � Concentrations of extracted Eu3+ c(Eu3+)org,eq, as a function m(Eu3+)aq,eq and

m(HNO3)aq,eq for di�erent xDMDOHEMA, and ctotal = 0.6 mol dm−3 (a-e).

e�cient formulations. This represents the core of the sustainability in the industry of metal

cation recovery and the nuclear fuel reprocessing[3, 1]. The case of xDMDOHEMA = 0.5 shows

generally �at extraction landscape, but there is slight resemblance towards DMDOHEMA char-

acteristics. Recall that the synergistic peak reported experimentally was around 0.35, and our

experimentally observed was at 0.4. Therefore, an increase to xDMDOHEMA = 0.5 is responsible

for the slight resemblance of the DMDOHEMA behavior. Free extractant speciation shows that

aggregation comes at the expense of HDEHP dimers. Surprisingly, DMDOHEMA monomers
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still constitute around 10% of the free extractant in the system (Inset in Figure 6.15a). To

elucidate this particular property of the synergistic mixture at xDMDOHEMA = 0.5 we need to

back at the beginning of the chapter to study the aggregates probabilities in Figure 6.5. In

order to assemble the mixed extractant aggregate, we need less large DMDOHEMA molecules,

compared to HDEHP. Their role is, in terms of primitive explanation, to maintain the mixed

aggregate by enclosing the polar core, while HDEHP is involved in complexation. Therefore,

less DMDOHEMA is needed to boost the extraction. If there is no pure acid extraction by

DMDOHEMA, then a part of its total concentration remains diluted as monomers. Indeed,

when increasing m(Eu3+)aq,eq and m(HNO3)aq,eq, now fraction of monomeric DMDOHEMA

decreases and system is fully saturated. This state of the system is in principle characterized

as unstable, and there is a danger of the third phase formation. The increase of xDMDOHEMA
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Figure 6.15 � Speciation of the extractant in the solvent as a function of m(Eu3+)aq,eq and

m(HNO3)aq,eq, at xDMDOHEMA = 0.5 (mixture), and ctotal = 0.6 mol dm−3. a) D in monomeric

form, b) LH in monomeric form, c) LH in dimerized form, d) total percentage of the free

extractant.

towards 1 causes a moderate change in the extraction landscape. Gradually it ends up in the
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pure DMDOHEMA case, but the change itself is not so severe due to the constant probability

of mixed aggregates (recall the probability plots for di�erent xDMDOHEMA and m(HNO3)aq,eq).

The severe change would be observed if there were no mixed aggregates formation. To

emphasize the speci�city that mixed aggregates exhibit to the global extraction landscape,

we have calculated extraction maps with no mixed aggregation, and results are presented in

Figures 6.16a-e. In the case of no mixed aggregates formation, the change in the extraction

landscape is evident. The total extraction landscape in this case is a simple superposition of

pure HDEHP and DMDOHEMA extraction maps, scaled by mole fraction. Since we consider

ideal gas-like bulk micelle model, the change in extractant more fraction is the leading force for

the change in the extraction regimes. Speci�c nature of synergistic mixture is in our approach

given by generalized form of Fcomplex (Eq. 6.2) which is primitive additive potential for very

cation/extractant site couple. Still, recall that we have respected the �rst coordination sphere

on the basis of steric constraint. This argument was based on the reported set of optimized

structures by DFT[37]. Note that in those studies, energies associated with removing or re-

placing particular extractant molecule in cation's �rst coordination sphere was the same order

of magnitude as our reported complexation energy parameter Ei,z, obtained by �tting. Our

model predicts that this speci�c nature of complexation (with strong emphasize on enthalpic

contribution!) causes �attening of extraction landscape hence no major di�erence in extraction

e�ciency can be observed. This opens the question: are there multiple local maximums on

the extraction map. If so, can we trace them if the mesh in calculations is �ne enough. The

speciation maps presented in Figure 6.15b shows situation similar to this, but we cannot claim

if this is a consequence of the numerical noise within calculations. Still it is interesting aspect

of the synergistic mixtures. Again we stress that dealing synergistic mixtures means choosing

the more e�cient among e�cient liquid-liquid extraction formulations.

6.8 Complexation Energy Study and the Self-Assembly

In order to understand the internal energy (or the enthalpy) in�uence of coordination chemistry

onto the liquid-liquid extraction e�ciency of synergistic mixtures, as well as on its core phe-

nomena i.e. the colloidal self-assembly, we need to go beyond our present results4. We start by

de�ning the total Eu3+ distribution coe�cient as: DEu3+,total = DEu3+,LH+DEu3+,D+DEu3+,excess,

where DEu3+,LH, DEu3+,D, and DEu3+,excess are respectively the distribution coe�cients of decou-

4Due to the intent to represent general classes of extractants, like ion-exchangers and solvating class, we

abandon HDEHP and DMDOHEMA designations in this section and refer to extractants like LH and D.
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Figure 6.16 � Concentrations of extracted Eu3+ c(Eu3+)org,eq, as a function m(Eu3+)aq,eq and

m(HNO3)aq,eq for di�erent xDMDOHEMA and ctotal = 0.6 mol dm−3 (a-e). Eu3+ extraction

isotherms as a function of m(HNO3)aq,eq for di�erent xDMDOHEMA, at m(Eu3+)aq,eq = 0.035

mol kg−1, and ctotal = 0.6 mol dm−3. The extraction is attributed solely to the formation of

pure HDEHP and DMDOHEMA aggregates only.
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pled extraction by pure acidic extractant LH aggregates, extraction by pure non-ionic extractant

D aggregates, and the excess extraction due to the formation of mixed aggregates. Each distri-

bution coe�cient is de�ned as a ratio of extracted Eu3+ in the organic phase and Eu3+ in the

aqueous phase at equilibrium. DEu3+,total de�nition holds as long as there are no interaction

between two extractants, which is the case in our model (recall that we neglected formations

of mixed extractants adducts).

In the case of the synergy,DEu3+,excess > 0, whereas in the absence of the synergyDEu3+,excess =

0. Practically it means that we have larger extraction than what would be expected if only

individual pure extractants aggregates form. D represents any type of non-ionic extractant,

and its a�nity towards Eu3+ is characterized by complexation energy parameter EEu3+,D. In

the same manner LH represents any acidic extractant with its a�nity towards Eu3+ expressed

by EEu3+,LH. Hypothetically, we can set EEu3+,D and EEu3+,LH as a continuous variables to

arti�cially represent di�erent types of extractant/Eu3+ metal cation couples. This tactics was

made in every last section of previous two chapters, just on simpler cases. What we can fur-

ther do is to investigate the in�uence of EEu3+,D and EEu3+,LH on Eu3+ extraction e�ciency

i.e. the distribution coe�cients. Therefore, we have calculated DEu3+,total and DEu3+,excess as

a function of −EEu3+,D and −EEu3+,LH for xDMDOHEMA = 0.5, m(HNO3)aq,eq = 1 mol kg−1,

m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3. Negative values of EEu3+,D and

EEu3+,LH are chosen for easier understanding of the phenomena (negative values by convention

describe favorable contribution e.g. the enthalpy). Results are presented in Figure 6.17a-b.

From Figure 6.17a it can be seen that for the choice of two weak extractants in the sys-

tem, with −EEu3+,D and −EEu3+,LH larger than −10 kBT , there is almost no extraction, thus

DEu3+,total and DEu3+,excess are negligible. To obtain the additional information concerning the

self-assembly at those conditions, we turn to extractant speciation maps presented in Figure

6.18a-d. It can be seen that extractant D is in its monomer form, whereas LH remains in the

form of dimer (and monomer, as given by equilibrium). The percentage of free extractant (the

sum of all monomeric and dimerized extractants in the system) is approaching 80%, which

suggest that the conditions for substantial self-assembly are not ful�lled. A further inspection

reveals that there is a small aggregation due to the pure water molecules extraction, but the

fraction is rather small. That state of the system is characterised by the extractants present as

monomers, dimers or other mixed adducts (if known to exist).

Now, if we decrease both complexation energy parameters along the diagonal (increase in

a�nity towards the cation to represent moderate strength of extractants) there is a gradual

increase in DEu3+,total (pale blue to green color transition), which means we started a moderate
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Figure 6.17 � Eu3+ distribution coe�cient (a), and the excess Eu3+ distribution coe�cient

(b) as a function of the negative values of the complexation energy parameters per bond,

−EEu3+,D, and −EEu3+,LH. System conditions are: xDMDOHEMA = 0.5, m(HNO3)aq,eq = 1

mol kg−1, m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6 mol dm−3. Negative values of

EEu3+,D and EEu3+,LH are chosen for easier understanding of the phenomena (negative values

by convention describe favorable contribution e.g. the enthalpy). Figure (c) corresponds to

schematic representation of the enthalpy control in the self-assembly of extractant mixtures.

The abscissa corresponds to the complexation energy of extractant D, whereas the ordinate

corresponds to complexation energy of LH. Red squares depict non-ionic extractant D, whereas

blue squares depict acidic LH extractant. Merged squares depict aggregates.

extraction. On the other hand, its counterpart DEu3+,excess map for those values showed an

abrupt increase (red color). Very soon there is �at maximum recovered. This practically

means that most of extraction in that region is attributed to the formation of mixed aggregates

responsible for DEu3+,excess. The extractant is consumed for the formation of mixed aggregates

with larger aggregation numbers (see Figure 6.18d). The fraction of free extractants rapidly

diminishes. For the very low values of −EEu3+,D and −EEu3+,LH (in the case of very strong

a�nities that represent very strong extractants e.g. surfactants) DEu3+,total further increases,
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Figure 6.18 � Speciation of the extractant in the solvent as a function of the negative values of

the complexation energy parameters per bond, −EEu3+,D, and −EEu3+,LH. System conditions

are: xDMDOHEMA = 0.5, m(HNO3)aq,eq = 1 mol kg−1, m(Eu3+)aq,eq = 0.035 mol kg−1, and

ctotal = 0.6 mol dm−3. a) D in monomeric form, b) LH in monomeric form, c) LH in dimerized

form, d) total percentage of the free extractant.

but surprisingly DEu3+,excess for those conditions decreases. What does it mean? It means that

su�ciently strong extractants start to form pure D or LH aggregates. The restriction of the

composition of the �rst sphere complex around lanthanide cation blocks the further decrease

of the system free energy, since no additional extractant can be incorporated in the �rst Eu3+

coordination sphere due to the steric hindrance. As a consequence, additional extractants

are being spent to constitute a second coordination sphere. In the case of pure D, or LH,

the internal energy contribution is high enough to overcome all the quenching terms in the

free energy approach. Globally, it is more favorable to utilize most of the extractant for the

formation of the �rst-sphere in pure extractant aggregate complexes, than to maintain large

mixed aggregates with extractants in the second sphere around cation unable to make favorable

contributions. Note that in this region, we are approaching high cation loading conditions that
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may easily cause a phase splitting i.e. the third phase formation. It must be emphasized that

phase splitting cannot be directly predicted by our model, since aggregates activity coe�cients

are not included within MAL (recall the assumption of the ideal gas of aggregates in dilute

regime). Still, extractant saturation provided by our model can serve as an indication of the

phase instabilities.

Another very important core aspect of self-assembly of two extractant systems is lurking

among results in Figures 6.17a-b. In the case that one extractant is strong and the other

is weak, for a particular system conditions, there is a certain non-negligible extraction. The

percentage of the free extractant in the system ranges from 20 to 50 %, indicating weak to

moderate self-assembly properties. Conclusion is that we can have micellization even if one

extractant is weak. The common example of such weak amphiphile molecule is 1-octanol, part

of the class of phase modi�ers. The fact that 1-octanol acts sometimes as a cosolvent or as a

cosurfactant is nothing but the manifestation of its amphiphilic nature[222, 25]. If the overall

system free energy is favoring the micellization with another surfactant, phase modi�ers will

be incorporated in the mixed �lm of the aggregate (cosurfactant behavior). Otherwise, phase

modi�ers will be present in the organic solvent in the form of monomers, dimers or other types

of mixed adducts (cosolvent behavior).

Note also that these results are valid for certain system conditions (see Figure 6.17 caption),

and there is in�uence of other independent system variables. We have made a study of the

in�uence of di�erent acidities in the system. Results are presented in Figures 6.19a-e. The

lower acidity (m(HNO3)aq,eq = 0.1 mol kg−1) favor the LH dissociating, thus broadening the

region of maximum extraction. Contrary to that, high acidity (m(HNO3)aq,eq = 3 mol kg−1)

diminish LH working region, but increase the area of moderate extraction by boosting D-

governed extraction. A phenomenon of increasing DEu3+,total but at the same time decreasing

DEu3+,excess, is more pronounced for low m(HNO3)aq,eq. This is due to the fact that at low

m(HNO3)aq,eq = 3 mol kg−1, LH extractant can dissociate and more easily complex the target

cation. Once again, we can conclude that usage of mixtures provides chemical engineering with

variety of system conditions that exhibit properties of desirable formulation.

Summary of the self-assembly regimes governed by enthalpic contributions

To sum up, there were four major phenomena identi�ed in Figure 6.17a-b. In order to more

easily understand these separate cases, we have provided a small scheme in Figure 6.17c. In

the case that both hypothetical extractants are weak, there is no aggregation and the system is
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Figure 6.19 � Eu3+ distribution coe�cient (a-c), and the excess Eu3+ distribution coe�cient

(d-f) as a function of the negative values of the complexation energy parameters per bond,

−EEu3+,D, and −EEu3+,LH. Results are presented for three di�erent acid concentrations in the

bulk aqueous solution at xDMDOHEMA = 0.5, m(Eu3+)aq,eq = 0.035 mol kg−1, and ctotal = 0.6

mol dm−3. a),d) m(HNO3)aq,eq = 0.1 mol kg−1, b),e) m(HNO3)aq,eq = 1 mol kg−1, c),f)

m(HNO3)aq,eq = 3 mol kg−1.

governed by global entropy of system, as represented by scattered blue end red squares (upper

right corner of Figure 6.17c). There is no aggregation, hence extractants are dispersed as

monomers, dimers, or adducts. In the second case of moderate extractant pairs, the system
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was dominated by the formation of mixed aggregates, the extraction and self-assembly are also

in moderate regime. The system is enthalpy driven. This is represented as majority of blue

and red squares are connected (connected squares represent aggregates). The third case when

both extractants very strong caused formation on pure D and LH aggregates, as represented by

blue-blue and red-red connections (lower left corner of Figure 6.17c). The system approaches

the third phase formation and is strongly governed by enthalpy. Lastly, the case of combination

of strong and weak extractant provides weak extraction, and weak to moderate self-assembly

(pale green squares), depending on the properties of the aqueous phase. Together, these four

major phenomena underline the self-assembly in the case of the mixture of extractants. The

majority of squares are scattered with small connected fraction to represent weak aggregation.

Our calculations show that the synergy and mixed amphiphile aggregation in general, is simple

displacement of amphiphile from apolar environment to nanodomains characterized by dual

hydrophobic and hydrophilic nature i.e. reverse micelles. Therefore, the concept is not new,

and is simple[223]. The only di�erence is the inclusion of the generality. It must be noted that

idea for this study originates from, to some extent, similar studies but on di�erent applications.

Examples of the self-assembly to the surface of metal[172], or the protein stabilization and

conformational stability of macromolecules in solutions in general [224, 225], are in fact studies

of enthalpic or entropic control in the complex system.

6.9 Conclusion

We have developed a minimal thermodynamic model for the prediction of liquid-liquid extrac-

tion e�ciency. The basis of the model is to calculate the free energy of every possible aggregate

at in�nite dilution, by establishing the relation that accounts for various terms that are involved

in aggregation phenomena. The novelty is the fact that we consider every possible aggregate,

while no additional parametrization is required. Therefore, we have abandoned the historical

picture of simple stoichiometry involved in the extraction process.

The initial idea that the model should be general is re�ected in the result of calculations, as

we have identi�ed dozens of di�erent aggregates at equilibrium. The aggregates compositions

are under in�uence of system independent variables. It was shown that aggregates compositions

are prone to changes upon the change of independent variable e.g. the change of �rst, and

second coordination sphere by increase of the bulk acid concentration, or the mole fraction of

the extractants in the system. It follows that Figure 6.5 is the central �gure of this chapter. In

one composite �gure, the huge variety of aggregates di�erent in composition but similar in free
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energy can be observed. This variety is re�ected in every macroscopic property of the system.

Diversity of aggregates enabled us to quantitatively decouple the extraction e�ciency into

contributions. The most of the synergistic maximum in extraction isotherm was attributed

to the self-assembly of mixed extractant aggregates, but for some system conditions the total

extraction is partly controlled by creation of pure extractant aggregates also. The sum of

all contributions gives total extraction isotherm. The polydispersity of aggregates (mutually

competing reactions) at chemical equilibrium, suggests the change in current paradigm that

synergy is the occurrence of one particular mixed aggregate.

The severe di�erences in aggregates compositions induced by the change in system conditions

inspired a change from evaluation of historical extraction isotherms, to extraction �maps� in

three-dimensional representation. This enabled us to observed a system on more global scale.

As a results, di�erent regimes in self-assembly, and thus the liquid-liquid extraction e�ciency

have been investigated. Within the calculation of the speciation as a function of multiple

independent variables, a new aspect of �greener� chemistry emerged. Calculations show that

liquid-liquid extraction can be tuned, which in principle, can reduce the usage of e�uents or

lower the usage of expensive extractant molecules just by utilizing the mixtures. Furthermore,

proper speciation of the organic phase is crucial for the study of mass transfer, since viscosity

(one of crucial parameters of e�cient industrial formulations) depends on it.

A hypothetical study of global entropy and the internal energy (or enthalpy) in�uences,

showed that in the case of mixture of extractants there is a complex interplay that underlines

the self-assembly. We distinguished entropy driven weak association extractant systems at

one hand, and enthalpy driven strong association between strong extractants mediated by

coordination to multivalent cation.

A present work on micellization in dilute regime predates the organic phase structuring,

thus is complementary to it[33]. The enlightening view of liquid-liquid extraction proposes a

symmetric global maximum in the probability of observation landscape by taking into account

formation of aggregates, their morphology, size and further higher-order interactions[226]. We

take a liberty of expanding this view to a multiple maximum (with one global) probability map,

where the essential building blocks are polydisperse smaller structures that form in the dilute

regime.
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Summary of the behavior of mixture of HDEHP and DMDOHEMA

Mixture of HDEHP and DMDOHEMA represents the mixtures of acidic and solvating extrac-

tants. Simple prediction of the behavior of such system would correspond to superposition of

the two separate cases if both concentrations of extractants are above their individual CAC, like

presented in Figures 6.16a-e. Experimentally, and predicted by our model also, this is not the

case. Strong non-linear e�ects are observed that cannot be accounted simple equilibrium. De-

pending of the choice of variables to change, the occurrence of speci�c mixed aggregates causes

resilience of extraction e�ciency when changing the independent system variables (a slight to

moderate changes), as can be seen in Figures 6.14a-e. Analogy to this resilience is the bu�er,

which opposes the change to solution pH. In other cases it can causes a severe �uctuation of

extraction e�ciency (Figure 6.10). To conclude: the mixture does not always yield macroscopic

property which is the superposition of individual constituents i.e. we need model to elucidate

the phenomenon at hand.
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General Conclusion

In this work we have addressed two common problematic that are interesting from both funda-

mental science, as well as in chemical engineering, industrial aspect. We studied examples of

systems involving highly porous solid adsorbents dispersed in the aqueous solutions of ions, and

on liquid-liquid extraction assisted by weak amphiphiles i.e. extractant molecules. In order to

give tools and new insights for chemical engineering, in case of former porous materials, the

crucial issues is to quantify the adsorption inside pores. By experimental techniques, this is not

possible because of the high disorder of such systems. In the case of later, liquid-liquid extrac-

tion modelling, the important aspect is to provide a method for reducing experimental plans

that is of everyday work for chemical engineers. Moreover, by keeping the molecular picture of

constituents it is in principle possible to propose new solutions for the design of liquid-liquid

extraction processes.

We have focused on mesoscopic modelling since it is suitable to capture the physics and

chemistry of constituents of the system but also manageable enough to be scaled to engineering

scale. No theory is without drawbacks, same applies for the levels of theories we have used

throughout this thesis. Still, with well described approximations and limitations, microscopic

modelling is still a good framework to bridge the fundamental science and chemical engineering.

Study of TiO2 Nanotubes in an Aqueous Solution

In order to study the decontamination or any type of adsorption in case of nanotubular struc-

tures, the �rst thing is to obtain a proper description of the charge properties. Charge properties

assume two important parts (but mutually dependent), namely the charge of surface and the

ion distributions that characterize the medium in contact to surfaces. Since the surface charge

exhibits the electric �eld on the solution in contact and creates inhomogenities, and ions a�ect
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the surface charge by direct association, it is natural to couple a charge regulation method with

the theory of inhomogenous liquids.

In our approach, we have used the simplest case of the classical density function theory:

the Poisson-Boltzmann theory. The charge regulation was taken into account as two successive

protonations of surface site. Ion distributions set the concentration of protons at interface,

which regulates that charge. Since ions distributions and surface charge are dependent we cal-

culated the system of Poisson-Boltzmann non-linear di�erential equations with charge regulated

boundary conditions in a self-consistent manner.

The novelty of the approach was the fact that we studied the system as whole, starting

from the cylinder axis of symmetry (at which we set the origin of the cylindrical coordinate

system) towards the bulk solution far from the outer surface. If follows that we had to solve

two non-linear PB equations along with four regulated boundary conditions.

Fitting of the experimental polyelectrolyte titration data, we have obtained protonation

constants, which have correct order of magnitude. Moreover, by considering Bjerrum de�nition

of ion pair dielectric continuum with only electrostatic potential between surface site and proton

at the interface, it was shown that obtained constants have acceptable values.

With the parametrized model, we have studied the charge properties of TiO2 nanotubes

in an aqueous solution. We have shown the needed conditions in terms of the inner radius

of nanotubes and the salt concentration in the reservoir, for which the interior of nanotubes

behaves like bulk solution. The study was further expanded with the in�uence of reservoir pH.

As expected for the inner nanotubes radius equal 4 nm in the case of low salt concentration in

the reservoir, electroneutrality condition is not ful�lled inside the cavity and aqueous solution

in contact the outer surface is needed to equilibrate the overall system. In those conditions

the ions con�ned inside are under in�uence by the electric �eld. Increasing the reservoir salt

concentration, causes more e�cient screening and ions distributions show bulk-like behavior.

The key �nding proposed by our work is the dissimilarity of the total charge of two surface

which does not follow the ratio of their radii, in low salt regime. The unexpected accumulation

of the charge at the outer surface was attributed to the lack of electroneutrality inside the

nanotubes. This phenomenon is important from the fundamental point of view, but also for

any applications. Charge governed adsorption or photocatalysis would be more e�cient at the

outer surface, if our predictions are correct. In the absence of any experimental technique that

can provide enlightening proof, the only choice is to use some of the known and better theories

and see if the charge accumulation occurs. Keeping this in mind, we must be careful with

the choice of theory, since at low salt concentrations, MD simulations are particularly useful.
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Currently, the modi�ed PB and coupled PB-MSA approaches are being utilized to study this

issue.

Modelling Liquid-Liquid Extraction

Modelling liquid-liquid extraction presented in this thesis manuscript was split into three parts.

Three parts, even though intimately mixed, demanded a separate considerations.

In the �rst part we have introduced the model based on the idea that aggregates di�erent

by composition but similar in the free energy are coexist in chemical equilibrium. The idea

involves two major aspects: 1) establishing the multiple chemical equilibrium, 2) proposing

the framework in terms of analytical expressions to calculate the free energy of any possible

aggregate, as proposed by multiple chemical equilibrium. Practically, what we had to do is to

establish multicomponent general MAL, but not to try to �t the constants. Instead we had to

calculate the free energy of any possible aggregate at in�nite dilution i.e. its standard chemical

potential.

The developed model was named Droplet model. The model is ideal and no potentials

among aggregates are taken into account. We have demonstrated strengths and weaknesses of

the model on the example of non-ionic solvating DMDOHEMA extractant, which is important

for the nuclear industry of fuel reprocessing. The key �nding of the chapter was identi�cation

of di�erent types of aggregates present. The speciation was tuned by the change of system

variables, namely salts concentrations, pH, extractant concentration1. Furthermore, for each

type of aggregate a certain degree of polydispersity of the aggregation number and the water

content was predicted. It was then made clear that the change in the behavior (or the trend)

of the overall extraction e�ciency is in fact governed by the strong competing self-assembly of

aggregates di�erent by compositions, but similar in the free energy.

The second part involved the extension of the Droplet model to the class of acidic extrac-

tants. These extractants are especially interesting since upon the dissociation, they readily

complex the target cation. Extension required accounting for the dissociation, strong dimeriza-

tion, just to mention some of the e�ects. Again to demonstrate the validity of our approach,

we have chose industrially common and well documented HDEHP extractant. In contrast DM-

DOHEMA case, acidic extractants disfavored the acid in the system. Also, system was more or

less monodisperse. It was shown that strong complexation between HDEHP and target cation

is the leading force for the self-assembly in the organic phase. The key �nding came of in the
1We did not study the in�uence of the temperature.
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form of the mapping of the extraction and the self-assembly landscape for di�erent independent

system variables. This provided a global overview of the liquid-liquid extraction. Throughout

the manuscript, we have adopted this way of studying the overall liquid-liquid extraction.

The third part involved the combination of the previous two models, along with minor

adjustments to make the �nal model general but consistent. Combining the DMDOHEMA

and HDEHP cases was to yield the experimentally observed synergy. Without additional

parametrization but for a certain constraints, we have obtained the synergistic peak which

is in accordance with the reference experimental data. Our model predicts that behavior of the

synergistic mixture of the extractants completely di�erent compared to the individual DMDO-

HEMA and HDEHP cases. Out of few surprising �ndings, the most striking is the calculated

variety of aggregates coexisting at equilibrium. This underlining diversity of the self-assembly

of aggregates in the dilute regime that re�ects on extraction e�ciency is most likely the reason

for experimentally observed strong non-linearities. Moreover, we have addressed the current

paradigm, which states that combination of one or few chemical equilibria is responsible for

synergistic mixtures behavior. Quantitative decoupling the total extraction e�ciency into con-

tributions revealed that the peak of synergy is not solely attributed to the formation of mixed

extractant aggregates, but to the formation of pure extractant aggregates also. At the very

end of chapter, we made a hypothetical study to obtain insights into macroscopic enthalpy

or entropy in�uence on the complex two-extractant system self-assembly. Similar to recent

studies that show how delicate interplay of enthalpy or entropy control can lead to hierarchy

of self-assembly at metal substrate interface, or for example on protein conformation, in our

case the variety of regimes were identi�ed. Like described in the bachelor thermodynamic

courses, our study shows how entropy control favors no aggregation and uniform dispersion of

non-interacting extractants, while strong enthalpy favors ordered systems. In between is the

working point for the experimental chemists, where they can tune and choose desired system

conditions.

It is worth to add that we have also demonstrated how the simple choice of the ensemble in

which we perform calculations can be useful to interpret the di�erent the experimental scales

in liquid-liquid extraction. In particular, canonical ensemble is quite pleasant to interpret

laboratory-scale experiments which are usually done in small �ask, whereas inadequate for

large engineering systems. Grand-canonical ensemble on the other hand can elegantly solve

the problem by considering the aqueous phase as a in�nite reservoir that �xes the chemical

potentials of ions and water. This is also a good example for students who are taught that

some ensembles are better for some purposes, whereas bad for others. Our work provides a
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simple practical example.

Concluding remarks

At the very end, we need to make a realistic statement. This General Conclusion chapter

started with statement that no theory is perfect. Our models are far from perfect. Either the

subject is porous materials and ions in con�ned media, or the subject is liquid-liquid extraction,

currently it is impossible to account for every e�ect and, at the same instant, to make prediction

for the practical engineering scale. Still, improving current models and theories step-by-step,

does give a hope to include chemistry, not just numerical analysis, into engineering world.
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7.1 Experimental Support for TiO2 nanotubes part

7.1.1 Materials

For the synthesis of the TiO2 NTs the TiO2 P25 (75% Antase, 25% Rutil) from Degussa was

used. The NaOH solution used (c = 10 mol dm−3) was prepared by dissolving the NaOH pellets

(Reidel-de Haen) in the CO2-free deionized water (the CO2 was removed by boiling and bubbling

of the deionized water with N2). NaNO3 was analytical grade and was purchased from Fluka.

HNO3 (c = 0.1 mol dm−3) and NaOH (c = 0.1 mol dm−3) titrivals were obtained from Reidel-

de Haen. Tris(hydroxymethyl)aminomethane (TRIS) was obtained from Sigma Aldrich. Five

standard bu�ers, pH = 2, 4, 6, 8, and 10 that were purchased from Reidel-de Haen were used for

the potentiometric measurements, i.e. electrode calibration. Poly-diallyldimethylammonium

chloride (PDDA, molar mass 100 - 200 kDa; 20% wt , density 1.04 g cm−3) which was used as

titrant was purchased from Sigma Aldrich.

7.1.2 Synthesis of TiO2 NTs

TiO2 NTs were prepared by alkaline hydrothermal routine by suspending 2.0 g TiO2 P25 (75%

Antase, 25% Rutil) in aqueous 65 cm−3 NaOH solution (c = 10 mol dm−3)[134]. The suspension

was stirred with a magnetic stirrer and the ultrasound (1500 V, 20 kHz, Sonicator Ultrasonic

Processor XL, Misonix Inc.) was applied in order to achieve homogeneity, using the following

procedure: �ve minutes on followed for by �ve minutes o�. The procedure lasted for a total

of two hours. The prepared homogeneous suspension was placed to the Te�on lined autoclave.

Synthesis temperature was kept at Θ = 146 ◦C for 48 hours. The obtained sample was �ltered

and washed with de-ionized water respectively until the conductivity has approached to ap-

proximate conductivity of de-ionized water (κ < 10 µS cm−1). The sample was incubated with

0.1 mol dm−3 HCl for three hours to remove excess of the adsorbed sodium ions. The resulting
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sample was again �ltered and washed with deionized water respectively until the conductivity

of the supernatant �uid was below 10 µS cm−1. The TiO2 NTs were dried at 80 ◦C for six

hours in the air and stored in a glass bottle.

7.1.3 Characterization the TiO2 NTs: HR-TEM

The morphology and size of TiO2 NTs were studied by high-resolution transmission electron

microscopy (HR-TEM)[78]. A 200 kV Cs-probe-corrected cold-�eld-emission transmission elec-

tron microscope (Jeol ARM 200 CF), coupled with a Gatan Quantum ER electron energy-loss

spectroscopy (EELS) system and an energy-dispersive X-ray spectroscopy (EDXS) system Jeol

Centurio with a 100 mm2 SDD detector was used. Samples with TiO2 NTs powder were dis-

persed in ethanol and placed on a copper lacy-carbon grid. EELS and EDXS spectra and

mappings were collected in scanning-transmission mode.

7.1.4 Characterization the TiO2 NTs: AFM

Atomic force microscope (AFM) images of nanotubes were taken with JPK Nanowizard Ultra

Speed AFM under ambient conditions. Non-contact AC (tapping) mode was used for acquisition

with setpoint of 52%. AppNano silicon tips with a nominal spring constant of 45 - 90 N/m, a

tip radius less than 5 nm and a nominal resonant frequency of 160 � 225 kHz were used. Images

were processed with Gwyddion software[227].

7.1.5 Electrophoretic Mobility of the TiO2 NTs

Electrophoretic mobility of the TiO2 NTs was determined using the Zetasizer Nano ZS (Malvern,

UK) equipped with a green laser (λ = 532 nm). The intensity of scattered light was detected

at the angle of 173◦. For electrokinetic measurements the TiO2 NTs suspension with mass

concentration, γ = 0.1 g dm−3 was prepared in the 0.001 mol dm−3 NaNO3 aqueous solution.

Initial pH was adjusted with NaOH (c = 0.1 mol dm−3). Suspensions were sonicated for three

minutes using the bath sonicator (35 kHz, 320 W, Bandelin Sonorex Rk 100 H) before mobility

measurements[228]. The electrophoretic mobility of the TiO2 NTs as a function of pH was

measured where HNO3 (c = 0.1 mol dm−3) was used as a titrant. After each addition of

the HNO3, the system was left for equilibration for ten minutes to obtain stable pH electrode

signal response with the potentiometer accuracy of 0.01 mV. In order to prevent sedimentation,

stirring was applied during the measurement. Then pH was recorded with combined microglass

electrode (6.0228.010, Metrohm) which was calibrated with �ve standard bu�ers (pH = 2, 4,
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6, 8 and 10). All experiments were carried under a nitrogen atmosphere at Θ = (25 ± 0.1)◦C.

Data were collected with �ve runs per measurement for two measurements in total. All data

processing was done by the Zetasizer software 6.32 (Malvern instruments).

7.1.6 Surface Charge Density of the TiO2 NTs

Surface charge density of the NTs was measured with the Mütec-PCD03 (BTG Instruments,

Switzerland). 1 g dm−3 TiO2 NTs suspension was prepared by suspending 25 mg of solid NTs in

25 mL of aqueous NaNO3 (c(NaNO3) = 0.001 mol dm−3) solution. To increase homogeneity, the

suspension was shaken and then the sonication treatment was applied twice for three minutes.

The prepared suspensions for both polyelectrolyte titration and electrophoretic measurements

the sonication treatment of only two times three minutes was applied to lower the risk of

breakage of TiO2 NTs. The mechanical breakage of TiO2 NTs has been reported before[160,

80]. The pH of suspension was adjusted with NaOH (c = 0.1 mol dm−3). The suspensions

with pH between 2 and 10 were prepared. The suspension was added into the Mütec-PCD03

cell. The polyelectrolyte titrant solution, c(PDDA) = 1.3×10−4mol dm−3), was added in the

Mutek-PCD05 sample cell containing the suspension of TiO2 NTs. The streaming potential

signal was monitored as titration is conducted. The PDDA denotes concentration of monomer

(diallyldimethylammonium chloride) units. The titration was conducted manually. After the

streaming potential signal changed sign, the procedure was stooped and total charge σtot (C

g−1) of particles was computed from:

σtot =
Fc(PDDA)V (PDDA)

m(TiO2) s
(7.1)

where s is the speci�c surface area in m2 g−1, F is the Faraday's constant in C mol−1,

c(PDDA) is the concentration of the titrant, V (PDDA) is the volume of the titrant necessary

to obtain the point of the zero charge and m(TiO2) is the mass of the TiO2 NTs added in the

suspension. Speci�c surface s of TiO2 NTs sample is obtained from BET measurements and is

200 m2 g−1. The total charge per unit of mass was converted to charge per unit length QtotL
−1

in C m−1.
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7.2 Calculated Aggregate Probabilities
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Figure 7.1 � Calculated aggregate probabilities as a function of the molar mass for ctotal = 0.6

mol dm−3, m(Eu3+)aq,eq = 0.035 mol kg−1, and m(HNO3)aq,eq = 0.1 mol kg−1. Results are

presented for various xDMDOHEMA (a-e).
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Figure 7.2 � Calculated aggregate probabilities as a function of the molar mass for ctotal = 0.6

mol dm−3, m(Eu3+)aq,eq = 0.035 mol kg−1, and m(HNO3)aq,eq = 1 mol kg−1. Results are

presented for various xDMDOHEMA (a-e).

7.3 Speciation of the Extractant: a Mole Fraction Repre-

sentation
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Figure 7.3 � Calculated aggregate probabilities as a function of the molar mass for ctotal = 0.6

mol dm−3, m(Eu3+)aq,eq = 0.035 mol kg−1, and m(HNO3)aq,eq = 3 mol kg−1. Results are

presented for various xDMDOHEMA (a-e).
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Figure 7.4 � Speciation of the extractant in the solvent as a function of m(Eu3+)aq,eq and

m(HNO3)aq,eq, at xDMDOHEMA = 0 (pure HDEHP), and ctotal = 0.6 mol dm−3. a) D in

monomeric form, b) LH in monomeric form, c) LH in dimerized form, d) total percentage

of the free extractant. Figure a) does not have the inset since at xDMDOHEMA = 0 there is no

DMDOHEMA in the system.
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Figure 7.5 � Speciation of the extractant in the solvent as a function of m(Eu3+)aq,eq and

m(HNO3)aq,eq, at xDMDOHEMA = 1 (pure DMDOHEMA), and ctotal = 0.6 mol dm−3. a) D in

monomeric form, b) LH in monomeric form, c) LH in dimerized form, d) total percentage of

the free extractant. Figure b) and c) do not have the inset since at xDMDOHEMA = 1 there is no

HDEHP in the system.
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Résumé

7.4 Introduction

La durabilité est une question importante de l'industrie chimique et pour la communauté

scienti�que[1]. Si l'industrie chimique est le lien entre la croissance industrielle et la recherche

fondamentale, sa durabilité se manifeste sous di�érentes formes qui concernent des pans en-

tiers de la chimie. Actuellement, l'une des principales manifestations de cela est la séparation

chimique sélective des métaux des terres rares (REEs - pour Rare Earth Elements) à partir

de solutions aqueuses, en particulier dans les cas des grandes dilutions [3]. Ce domaine de

l'hydrométallurgie en plein essor est la conséquence du fait que les terres rares jouent un rôle

majeur dans le maintien d'une économie verte et à faible émission de carbone. Leurs nom-

breuses applications concernent les aimants permanents, les lampes à phosphore, les batteries

des voitures hybrides, etc[4, 5, 6]. L'application des terres rares, à l'inverse, signi�e égale-

ment un potentiel de recyclage à partir des déchets de production et des produits en �n de

vie[7, 5, 2, 6]. Il faut souligner que seule une petite partie des déchets produits annuellement

est recyclée a�n de récupérer les terres rares [6]. La demande énorme, le marché restreint et

l'absence de recyclage placent certains métaux de terres rares dans un groupe critique en termes

d'importance pour l'énergie propre et de risque dans l'o�re. Ceci est démontré dans la Figure

1.1. Par conséquent, l'amélioration des méthodes de séparation est au c÷ur de la durabilité de

l'industrie chimique, l'Union européenne ayant d'ailleurs reconnu cette nécessité en �nan�ant un

projet European Research Council (ERC) REE-CYCLE (2013-2018)2.

Parmi les nombreuses méthodes déjà établies, l' extraction solide-liquide (adsorption) et

liquide-liquide (extraction par solvant), ainsi que la �ottation sont toujours considérées comme

des techniques de référence. Bien que les technologies parvenues à maturité en termes d'utilisation

prévue et d'améliorations aient déjà été appliquées dans des cas pratiques, leur simplicité et

leur potentiel de mise à l'échelle poussent à la nécessité d'un développement plus poussé [8].

2ERC REE-CYCLE (2013-2018) est le projet qui a co�nancé cette thèse.
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Dans le cadre de cette thèse, des cas de méthodes d'extraction solide-liquide et liquide-liquide

seront traités.

En e�et, on peut reconnaître l'e�cacité globale du procédé dépend des ions et de leurs

propriétés de solvatation. Le sujet de cette thèse est ainsi la modélisation des propriétés des

ions dans ces milieux complexes pour permettre, grâce à la théorie utilisée, de rationaliser les

e�ets responsables du transfert des ions entre deux domaines. Deux exemples seront donnés : 1)

le transfert d'ions de la solution aqueuse à la phase organique sous forme d'agrégats faiblement

liés, 2) le transfert d'ions de la solution aqueuse à l'intérieur d'une cavité adsorbante solide

sous l'in�uence du champ électrique. La connaissance du comportement des ions et de leur

solubilisation est donc au c÷ur de la durabilité de l'industrie chimique.

7.5 Methodes

Pour trouver des solutions à ces deux problèmes, nous avons dû adopter deux méthodologies

di�érentes, comme nous le verrons dans cette section.

Modèle d'adsorbants solides en solution aqueuse

Dans ce chapitre, nous avons abordé l'une des questions centrales concernant les ions dans

les milieux con�nés sous l'in�uence du champ électrique. Dans le cadre de cette étude, nous

avons ainsi présenté un cadre pour quanti�er les propriétés de charge des nanotubes de TiO2

et d'autres matériaux poreux en solution aqueuse faiblement concentrées en sel.

Le modèle théorique a été développé a�n de comprendre et d'interpréter les données expéri-

mentales. La base du modèle théorique comprend l'équation de Poisson-Boltzmann (qui est

le cas le plus simple de la théorie de la fonctionnelle de la densité classique pour les solutions

électrolytiques) et la méthode de régulation de la charge de surface par la loi de l'action de

masse. Un système de deux équations di�érentielles non linéaires de second ordre couplées a

été résolu numériquement d'une manière cohérente par rapport à quatre conditions aux lim-

ites couplées. L'algorithme proposé prédit la dépendance de la charge super�cielle initiale en

fonction du pH par extrapolation à l'aide d'un polynôme de second ordre de Lagrange, et des

méthodes de réinjection pour le calcul couplé de σo,i et Ψi,o.

Les considérations générales sur le système, ainsi que la méthode de régulation de la charge

par des protonations de type grand canonique (adsorption à partir du réservoir) sont représen-

tées sur la Figure. 7.6.
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Figure 7.6 � Coupe transversale des nanotubes d'oxyde de titane TiO2. La section transversale

est perpendiculaire à l'axe de symétrie du cylindre. Ri et Ro correspondent respectivement aux

rayons intérieur et extérieur du cylindre. εr,1 et εr,2 correspondent respectivement aux constantes

diélectriques des couches TiO2 et de la solution électrolytique. Les groupes de surface ≡TiO−
4
3 ,

≡TiOH−
1
3 et ≡≡TiOH

+ 2
3

2 sont en équilibre avec la solution d'électrolyte. KH,1 et KH,2 sont

des constantes de réactions de surface. Les ions protons H+ se distinguent des autres ions

uniquement par les équilibres de surface et l'autoprotolyse de l'eau. Dans le modèle, tous les

ions sont considérés ponctuels.
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Modèle pour l'extraction liquide-liquide

Notre approche consiste à établir l'expression de l'énergie libre d'un agrégat particulier dans

le solvant organique. Nous permettons la formation de tous les agrégats sphériques possibles

à l'équilibre, tels que dé�nis par la loi de l'action de masse. L'énergie libre est la somme de

di�érentes contributions énergétiques, qui sont décrites aux chapitres 4, 5 et 6. L'énergie libre

d'un agrégat individuel est par dé�nition son potentiel chimique standard. Lorsque le potentiel

chimique standard est connu, il nous permet de compléter la loi d'action de masse, mais pas

seulement : si nous connaissons la fonctionnalité des termes énergétiques, nous pouvons calculer

tous les agrégats possibles. C'est l'idée maîtresse de cette partie de la thèse et elle peut s'écrire

dans un vocabulaire plus général de chimie colloïdale : tous les agrégats sont possibles et

peuvent coexister en équilibre, et leur probabilité est déterminée par la composition. Une image

simpli�ée du processus d'extraction à l'échelle nanométrique à l'équilibre peut être comprise à

partir de la Figure 7.7.

7.6 Résultats majeurs

Étude des nanotubes d'oxyde de titane TiO2

La principale conclusion proposée par notre travail est la dissimilarité de la charge totale de

deux surfaces qui ne suit pas le rapport de leurs rayons, en régime peu salin. Les résultats sont

présentés sur la Figure 7.8.

L'accumulation inattendue de la charge sur la surface externe est attribuée à l'absence

d'électroneutralité à l'intérieur des nanotubes. Ce phénomène est important d'un point de vue

fondamental, mais aussi pour toutes les applications. L'adsorption contrôlée par la charge ou

la photocatalyse seraient plus e�cace sur la surface externe, si nos prédictions sont exactes. En

l'absence de toute technique expérimentale pouvant fournir des preuves éclairantes, le seul choix

serait d'utiliser d'autres cadres théoriques et de voir si l'accumulation de charges se produit.

Le modèle de la goutte liquide pour l'extraction liquide-liquide

Le modèle développé a été nommé le modèle de la goutte liquide. Le modèle est idéal et

aucun potentiel entre les agrégats n'est pris en compte. Nous avons démontré les forces et les

faiblesses du modèle sur l'exemple de l'extractant DMDOHEMA solvant non-ionique, qui est

important pour l'industrie nucléaire du retraitement du combustible. La principale conclusion

de ce chapitre est l'identi�cation des di�érents types d'agrégats présents à l'équilibre, comme
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Figure 7.7 � Représentation schématique du modèle pour l'extraction liquide-liquide dans le

cas de mélanges synergiques. Di�érents types d'agrégats sont présents dans la phase organique

(phase solvant), et leur probabilité à l'équilibre est déterminée par la composition de leurs

noyaux et du �lm extracteur. Compte tenu de la nature tensioactive de l'agent d'extraction,

l'interface est au moins partiellement recouverte par les molécules de l'agent d'extraction (non

représentées ici). La région agrandie montre le noyau de l'agrégat avec le cation europium

(rouge), l'anion nitrate (rose), les molécules d'eau (bleu pâle), les groupes de têtes HDEHP non

dissociés (vert foncé), et les groupes de têtes HDEHP dissociés (vert pâle), et les groupes de

têtes malonamides DMDOHEMA (bleu foncé). Les chaînes hydrophobes des extractants sont

représentées en noir.

le montre la Figure 7.9. On peut voir que le paradigme de la st÷chiométrie unique de la loi

d'action de masse ne peut pas être responsable des phénomènes complexes tels que l'extraction

liquide-liquide puisque de nombreux agrégats sont probables. Les calculs ont en outre montré

que cette spéciation dans la phase organique est contrôlé par la valeur des variables du système, à

savoir les concentrations de sels, le pH et la concentration de l'extractant. De plus, pour chaque

type d'agrégat, un certain degré de polydispersité du nombre d'agrégats et de la teneur en eau

a été prédit. Il a ensuite été précisé que le changement de comportement (ou de tendance)

de l'e�cacité d'extraction globale est en fait régi par le fort auto-assemblage concurrentiel

d'agrégats di�érents en composition, mais similaires en énergie libre. La st÷chiométrie simple

doit donc être abandonnée au pro�t d'une cartographie des probabilités des agrégats.

La deuxième partie portait sur l'extension du modèle de la goutte liquide à la classe des

extractants acides. Ces extractants sont d'autant plus intéressants qu'en se dissociant, ils com-
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Figure 7.8 � Rapport de la charge entre la surface extérieure et la surface intérieure en fonction

du pH. Les résultats sont donnés pour trois concentrations di�érentes de sel dans le réservoir

: la ligne noire correspond à c(NaNO3) = 0,001 M, la ligne rouge à c(NaNO3) = 0,01 M, et la

ligne bleue à c(NaNO3) = 0,1 M.

plexent plus facilement le cation cible. L'extension exigeait de tenir compte de la dissociation,

de la forte dimérisation, pour ne mentionner que certains des e�ets. Encore une fois pour

démontrer la validité de notre approche, nous avons choisi un extractant HDEHP industriel

commun et bien documenté. Contrairement au cas du DMDOHEMA, les extractants acides

ont désavantagé l'extraction de l'acide. De plus, le système était plus ou moins monodispersé.

Il a été démontré qu'une forte complexation entre le HDEHP et le cation cible est la force

motrice de l'auto-assemblage en phase organique.

Avant cette étape de la thèse, la nouveauté principale était le passage de la st÷chiométrie

aux cartes de probabilité. Mais, à partir de cette étape, nous nous sommes également in-

téressés à la vue plus globale de l'extraction comme une sorte d'imitation des diagrammes de

phase puisqu'elle permet la prédiction pour l'ingénierie chimique. La principale conclusion est

venue de la cartographie du paysage d'extraction et d'auto-assemblage pour di�érentes variables

système indépendantes. Ceci a fourni un aperçu global de l'extraction liquide-liquide, tel que

présenté sur la Figure 7.10. Tout au long du manuscrit, nous avons adopté cette façon d'étudier

l'extraction liquide-liquide globale. Dans notre modèle, nous pouvons maintenant distinguer

l'extraction et la saturation de l'extractant en fonction de quelques variables indépendantes du

système.
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Figure 7.9 � In�uence de la phase aqueuse initiale sur les probabilités globales d'équilibre

calculées en fonction de la composition du noyau. Système étudié: cD,initial = 0.6 mol dm−3,

mHNO3,initial = 3 mol kg−1 and mEu(NO3)3,initial = mFe(NO3)3,initial = 0.05 mol kg−1. Cette �gure

est complémentaire de la Figure 4.16b.

La troisième partie consistait à combiner les deux modèles précédents avec des ajustements

mineurs pour rendre le modèle �nal général mais cohérent. La combinaison des cas DMDO-

HEMA et HDEHP devait produire la synergie observée expérimentalement. Sans paramétrage

supplémentaire mais pour certaines contraintes, nous avons obtenu le pic synergique qui est

conforme aux données expérimentales de référence.

Notre modèle prédit que le comportement du mélange synergique des extractants est com-

plètement di�érent par rapport aux cas individuels DMDOHEMA et HDEHP. Parmi les quelques

résultats surprenants, le plus frappant est la variété calculée d'agrégats coexistant à l'équilibre.

Cette diversité représente celle de l'auto-assemblage des agrégats dans le régime dilué et elle

se re�ète sur l'e�cacité de l'extraction en étant très probablement la raison des fortes non-

linéarités observées expérimentalement. De plus, nous avons abordé le paradigme actuel, qui

stipule que la combinaison d'un ou plusieurs équilibres chimiques est responsable du comporte-

ment synergique des mélanges. Le découplage quantitatif de l'e�cacité d'extraction totale
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Figure 7.10 � Concentration en phase organique des solutés extraits (a-c) et cartes de concen-

tration d'agrégation critique (CAC)(d) dans la phase solvant en fonction de m(Eu3+)aq,eq et

m(HNO3)aq,eq pour cLH,initial = 0.6 mol dm−3. L'encadré de la Figure a) montre un agrandisse-

ment de la région où l'extraction de Eu3+ est forte.

en contributions a révélé que le pic de synergie n'est pas uniquement attribué à la formation

d'agrégats d'extraction mixtes, mais aussi à la formation d'agrégats d'extraction à un seul type

d'extractant. A la toute �n du chapitre, nous avons fait une étude hypothétique pour obtenir

des informations sur l'enthalpie macroscopique ou l'in�uence de l'entropie sur l'auto-assemblage

complexe du système à deux extractants. Comme dans les études récentes qui montrent com-

ment le couplage des contrôles enthalpiques et entropiques peut conduire à une hiérarchie de

l'auto-assemblage à l'interface d'un substrat métallique, ou par exemple sur la conformation des

protéines, dans notre cas les di�érents régimes ont été identi�és. Comme décrit dans les cours

de thermodynamique, notre étude montre comment le contrôle de l'entropie favorise l'absence

d'agrégation et la dispersion uniforme des extractants non interactifs, tandis que la forte en-
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Figure 7.11 � Probabilités globales calculées en fonction de la masse molaire. Les résultats sont

présentés pour di�érentes fractions molaires de DMDOHEMA, xDMDOHEMA dans le système. Le

symbole D représente DMDOHEMA, tandis que LH représente HDEHP. Le texte entre crochets

représentent l'a�ectation d'agrégats particuliers. Les calculs ont été e�ectués pour ctotal = 0.6

mol dm−3, and m(Eu3+)aq,eq = 0.035 mol kg−1. Trois concentrations de HNO3 dans la phase

aqueuse sont présentées. a) m(HNO3)aq,eq = 0.1 mol kg−1, b) m(HNO3)aq,eq = 1 mol kg−1, c)

m(HNO3)aq,eq = 3 mol kg−1.

thalpie favorise les systèmes ordonnés. Entre les deux se trouve le point de travail des chimistes

expérimentaux, où ils peuvent régler et choisir les conditions de système souhaitées.

7.7 Observations �nales

Dans le cadre de cette thèse, nous avons démontré la nécessité d'une modélisation mésoscopique

des ions et de leurs propriétés de solvatation. Au-delà de l'aspect fondamental, nous avons
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essayé de fournir un cadre qui peut être utilisé par les ingénieurs chimistes pour la simpli�cation

des plans d'expériences. Même si elle est loin d'être parfaite, la modélisation mésoscopique a

un énorme potentiel pour faire le pont entre la description atomistique et la description par le

génie chimique du phénomène en question.
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