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Introduction

Préambule

Contexte

Ce travail de these porte sur l'analyse, le controle et la simulation numérique des équations
aux dérivées partielles. Plus précisément, nous nous sommes intéressés a la modélisation, I’ana-
lyse, la stabilisation et la simulation numérique d’un systeme d’interaction fluide-structure.
L’étude d’'un tel systéme, en plus d’appartenir a un domaine des mathématiques appliquées
en plein essor, répond a des enjeux tres variés. Par exemple, une application de ce type de
probléme est 1'étude du réseau sanguin [102, 103, 131, 64], le fluide étant le sang et la structure
le vaisseau sanguin. Dans ce cas, la structure contient le fluide.

Dans la suite, nous nous intéressons plutét a des applications industrielles. On les trouve
dans des domaines variés tels que I’automobile, la construction navale ou ’aéronautique. Dans
ces trois domaines, les industriels construisent des véhicules (voitures, bateaux, avions) qui
doivent se mouvoir au travers d'un fluide (air ou eau). Pour cela, les véhicules doivent déplacer
le volume de fluide devant eux, ce qui consomme de ’énergie et donc du carburant. La facon dont
les caractéristiques du véhicule (géométrie, vitesse, actionneurs) interviennent sur I’écoulement
de fluide et donc l'effort consenti par le véhicule n’est pas évident a déterminer. L’étude des
interactions entre fluide et structure peut donc potentiellement améliorer la performance de
ces véhicules. Notons que dans ces cas d’application, c’est la structure qui est contenue dans le
fluide.

Le lecteur pourra trouver d’autres exemples de systemes d’interaction fluide—structure dans
(136, 22, 39, 38, 73, 124, 123, 141].

Dans la suite, nous nous intéressons a un systéme d’interaction fluide—structure dans lequel
la structure peut se déformer et dépend d’un nombre fini de parametres scalaires. On modélise
le comportement de cette structure par I'application d’un principe des travaux virtuels, ce qui
nous amene a considérer une dynamique décrite par une équation différentielle ordinaire non
linéaire. Le fait d’avoir une équation représentant la dynamique d’une structure déformable
dépendant d’un nombre fini de parametres scalaires est original par rapport a la littérature.

Les thématiques abordées : Nous introduisons ci—dessous trois aspects que nous abordons
dans ce mémoire.

— Tout d’abord, une étude de modélisation du systeme que I'on souhaite étudier est né-
cessaire pour se doter d’un systeme d’équations représentant les phénomenes physiques
auxquels on s’intéresse. Ce systeme doit présenter une unique solution, au moins locale-
ment autour d’un état initial. Cette thématique sera abordée dans le Chapitre 1. Une fois
ces équations déterminées, on peut les étudier et notamment traiter les points suivants.

— Lorsque l'on considére un systéme physique, il est également possible de considérer des
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actionneurs capables d’agir sur le systeme, par exemple une gouverne d’avion agit sur
I’écoulement d’air environnant en se braquant dans une direction. Une question naturelle
est alors de déterminer la facon dont doit agir 'actionneur pour que le systéme ait
le comportement souhaité. Par exemple, on peut se demander de quelle fagon il faut
incliner un aileron pour que ’avion ait la bonne trajectoire. L’étude de la fagon d’agir des
actionneurs peut étre menée dans un cadre mathématique, on appelle cela un probleme
de controle. On utilise alors la modélisation du systeéme que I'on a précédemment établie
et on y ajoute les contributions représentant ’actionneur que l'on appelle le controle.
Un cas particulier de probleme de contrdle consiste a considérer un état d’équilibre
instable et a chercher a maintenir le systéme autour de cet état d’équilibre en utilisant
un contréle donné. On parle alors de probleme de stabilisation. Nous étudierons cette
problématique dans le Chapitre 2.

— Pour obtenir des résultats plus précis sur le comportement d’un systeme, on peut utiliser
des algorithmes adaptés permettant de simuler par ordinateur le phénoméne physique
qui nous intéresse. On parle de simulation numérique. Les résultats approchés fournis
par I'ordinateur servent a prévoir le comportement du systeme auquel on s’intéresse sans
avoir a faire des tests expérimentaux généralement plus cotiteux. On peut alors dimen-
sionner et valider un systeéme sur ordinateur sans avoir a le créer physiquement. Cette
technique permet de réduire les cotits de développement, en particulier pour les produits
industriels de haute technologie, et d’augmenter leurs performances. Cette thématique
sera abordée dans le Chapitre 3.

Notons que nous calculerons numériquement la loi de commande que nous aurons établie
dans le Chapitre 2 pour stabiliser le systeme autour d’un état d’équilibre stationnaire.

Le probleme étudié

’ S(0:(2), 02(1))

FIGURE 1 — La configuration du probleme.

On s’intéresse dans ce mémoire au comportement d’une aile d’avion fixée a l'intérieur d’une
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veine de soufflerie. Un fluide (I'air) se déplace dans cette soufflerie et interagit avec la structure
(l'aile d’avion). Pour simplifier notre étude, nous étudions une coupe de cette configuration,
le probleme est donc un probleme 2D et la structure correspond a un profil donné de aile
d’avion. La configuration étudiée est représentée sur la Figure 1.

Nous notons € = (0, L) x (0,1) le domaine global de la veine de soufflerie. Le bord d’entrée
de la soufflerie est noté I'y = {0} x (0,1), le bord de sortie I'n = {L} x (0,1) et les murs
Iy = (0,L) x {0,1}. L’écoulement d’air incident est noté u’, il correspond sur notre figure &
un écoulement de Poiseuille.

Nous considérons deux mouvements admissibles pour 'aile d’avion, elle peut effectuer un
mouvement de rotation autour d’un point O fixe dans le référentiel de la soufflerie. L’angle
entre un axe de référence du profil et ’axe horizontal de la soufflerie est appelé 'assiette, nous
le notons #; par la suite. Il correspond a la rotation du profil.

Le deuxiéme mouvement considéré est ’actionnement d’un aileron a I'arriere du profil. Cet
aileron est relié au corps du profil par I'intermédiaire d’une liaison pivot, il est donc en rotation
autour d'un point P fixe dans le référentiel du profil. On note 6, 1’angle de braquage de ’aileron.
La géométrie de la structure que nous souhaitons étudier est représentée sur la Figure 2a. On
consideére par la suite qu’a tout instant le couple de parameétres (0, ;) appartient & un domaine
admissible de R? noté Dg.

(a) Une structure avec une liaison pivot. (b) Une structure se déformant
contintiment.

FIGURE 2 — La structure pivot et son approximation.

Le volume occupé par la structure dépend des deux parametres ¢; et 65, on le note donc
S(01,6,) C Q. Le fluide occupe le reste du domaine 2, on note F(01,6,) = Q\S(0y,6) le
domaine du fluide. Remarquons que ce domaine dépend de I’état de la structure (6, 6;) € Dg
et peut donc varier au cours du temps. Il s’agit la d’'un couplage géométrique entre le fluide et
la structure. Il n’est donc pas évident de définir les espaces fonctionnels nécessaires a ’analyse.
C’est une difficulté classique qui est inhérente aux problemes d’interaction fluide—structure.
Nous la résolvons en suivant une approche désormais classique [147, 34] : nous introduisons un
difffomorphisme qui transporte le domaine mobile .# (61, 6,) sur un domaine fixe au cours du
temps.

Le modele de structure représenté sur la Figure 2a est comparable a certains modeles sim-
plifiés utilisés par les aérodynamiciens [57, 4, 95]. Il permet de rendre compte de phénomenes
physiques critiques dans la conception et I'utilisation d’aéronefs. Nous donnons deux exemples
de tels phénomenes concernant les ailes d’avion : la divergence statique [57, p.33] et le flotte-
ment, voir [57, p.81] et [4, 95].
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La divergence statique est une rupture statique de la structure. Elle se produit lorsque
I’écoulement incident dépasse une vitesse critique appelée vitesse de divergence entrainant des
efforts aérodynamiques qui deviennent plus intenses que les forces de rappel de la structure.

Le flottement est un phénomene de résonnance entre le fluide et la structure. Des vibrations
apparaissent au cours du temps. Pour des petites vitesses du fluide incident, ces vibrations
sont amorties. Cependant, il exite une vitesse du fluide, appelée vitesse critique de flottement,
a partir de laquelle ces vibrations s’amplifient. Ce phénomene, lorsqu’il se produit, a pour
conséquence la destruction de la structure.

Pour étudier la divergence statique, on peut ne considérer que le degré de liberté 6. Pour
étudier le flottement, il faut, en plus des degrés de liberté 6, et 65, ajouter un degré de liberté
traduisant la translation verticale du point O auquel est rattaché la structure (pilonnement).
Cela montre que le modele que nous utilisons pour la structure a des applications en aérody-
namique.

Notons que la Figure 2b représente une approximation de la Figure 2a avec un champ de
vitesse continu dans la structure, nous donnerons plus de détails la concernant dans la section
de modélisation.

Motivations

Le dimensionnement des ailes d’un avion résulte d’'un compromis entre les contraintes in-
duites lors des différentes phases de vol de I'avion (décollage, croisiere, atterrissage). Ce com-
promis fait que la géométrie de I’aile est sous optimale pour chacune de ces phases de vol. Ainsi,
en faisant évoluer la forme des ailes au cours du vol, on peut 'adapter et donc améliorer les
performances dans chacune des phases. Ceci permet notamment de réduire la consommation
de carburant.

On appelle morphing les technologies qui améliorent les performances d’un véhicule en
manipulant certaines de ses caractéristiques pour mieux 'adapter a son environnement [76, 12,
152, 91, 151]. Par adaptation des caractéristiques, on pense généralement a des changements
importants de la géométrie, ce qui n’est pas le cas de la structure représentée sur la Figure 2a.
Cependant, si I'on consideére une structure constituée d’un nombre fini (> 2) de solides rigides,
on peut obtenir des déformations plus complexes qui entrent dans le cadre du morphing. Si 1’on
souhaite étudier de telles structures, on peut alors utiliser les outils analytiques et numériques
que nous mettons en place pour deux solides rigides. L.’étude du modele que nous proposons
peut donc étre vue comme un premier pas vers ’étude du morphing.

Dans ce mémoire, nous nous concentrons sur le controle actif de I’écoulement fluide grace
a la déformation de la structure. Pour la gamme de Reynolds que nous considérons (Re ~
120), la solution stationnaire du probléme, représentée sur la Figure 3a, est instable. Ainsi,
une perturbation de I’écoulement stationnaire fait apparaitre des instabilités dans le sillage
de la structure (voir Figure 3b) appelés allées de Von Karman. Ces instabilités dégradent les
performances aérodynamiques de la structure. Nous cherchons donc un controle qui permet de
les faire disparaitre pour retrouver 1’état stationnaire.

Un tel contrdle semble tres difficile a mettre en ceuvre dans le cadre de conditions de vol
réelles, principalement a cause du nombre de Reynolds qui est beaucoup plus élevé (de I'ordre
de plusieurs millions). Cependant, 1’étude du controle actif & bas Reynolds est nécessaire avant
de pouvoir I'adapter a des écoulements a haut nombre de Reynolds. On peut voir cette étude
comme un premier pas vers le controle actif de I’écoulement d’air en vol, bien que la gamme de
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(a) La solution stationnaire considérée. (b) La solution perturbée.

FIGURE 3 — Les solutions stationnaire et perturbée (Re = 120).

Reynolds étudiée ici ne corresponde pas aux conditions réelles d’un vol d’avion.

Modélisation

Revenons au modele physique que nous avons présenté (Figure 2a). Comme introduit pré-
cédemment, nous notons (61,0;) € Dg les deux parametres représentant la position de la
structure. On note également (6, o, 60) € Dg leurs valeurs initiales respectives.

Nous modélisons le fluide par les équations de Navier—Stokes incompressibles :

' g—?(t, x)+(u(t,x) - V)u(t,x)—divor(u, p)(t,x) =f ¢, x) €[0,T], xeZ(041(t), 02(t)),
div u(t,x) =0 T], xeZ(0:(1),0:(1)),

(t X) (ta X)7 ] XEFi,
or(u,p)(t, x)n(x) = €l0,T], xely,
( ) - uO(X)7 XE?(@LO, 92’0),

oll u et p sont respectivement la vitesse et la pression du fluide, or(u,p) = v(Vu + Vu?l) — pl
est le tenseur des contraintes et v > 0 la viscosité du fluide. La normale unitaire sortante a €2
est notée n.

Par la suite, des conditions d’adhérence sont imposées entre le fluide et la structure. Pour
des raisons techniques liées a ces conditions d’adhérence, nous souhaitons que le champ de
vitesse a l'intérieur de la structure soit suffisamment régulier en espace (voir hypothese (6)
ci—dessous). Or ce champ n’est méme pas continu dans le cas de la structure de la Figure 2a
que nous avons proposée. En effet, en regardant la Figure 2a, si I'on fixe §; = 0 et que 'on fait
varier #,, alors la vitesse de la structure est discontinue a l'interface entre le premier solide au
repos et le deuxieéme solide en rotation.

Pour avoir un champ de vitesse continu a l'intérieur de la structure, on décide d’approcher
la structure de la Figure 2a par une structure se déformant de maniere continue en espace, il
faut donc “lisser” la déformation de la matiere proche de I'interface entre les deux solides. Nous
voudrions donc utiliser une structure comme celle représentée sur la Figure 2b.

La principale difficulté a 1'utilisation d’une telle structure est que nous ne pouvons obtenir
ses équations ni a partir des équations de 1’élasticité linéaire, puisqu’elle ne dépend que de deux
parametres, ni des lois de Newton, puisqu’elle n’est pas un assemblage de solides rigides. Il faut

<l
<lo,

u(t,x) = {O T, xel, (1)
el
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donc faire un travail supplémentaire de modélisation pour pouvoir donner des équations a la
structure de la Figure 2b.

On note Dg un connexe ouvert borné de R? qui représente le domaine admissible pour les
parametres 0 et 0. Nous considérons une fonction X : Dg x S(0,0) — S(61,62) qui & chaque
couple de parametres (01, 65) € Dg et a chaque point y dans la configuration de référence S(0, 0)
associe le point X (01, 05,y) correspondant & la méme particule de matiere dans la configuration
S(601,6,). On suppose également que pour tout (61,62) € Dg, la fonction X(6y,6;,.) est un
difféomorphisme de S(0,0) vers S(6;,62). On note Y (6y,0s,.), allant de S(6,,6>) vers S(0,0),

son difféomorphisme inverse. Ces fonctions sont représentées sur la Figure 4.

3°(0,.0,,.)
X (6,05, .)

@0(01,02,}’) , X(@l,e 7y/)

Y (61,0,

F1GURE 4 — Correspondance entre les configurations de référence et réelle.

Nous supposons les hypotheses suivantes sur X :
Hypotheses de modélisation.
e X :Dg x S(0,0) — Q. 2
3

4

(
e 5(0,0) est un sous—ensemble borné fermé et simplement connexe de €. (
Pour tout (61, 02) € lD@, on a 5(91, 92) = X(el, 92, S(O, 0)) C Q. (
Pour tout (1, 65) € Deg, (
(
(

X (4,09, .) est un € difféomorphisme de S(0,0) sur son image S(6;, 6s). g

e La fonction X est € sur Dg x S(0,0).

Les fonctions 0p, X (01, 02,.) et 0p,X(01,02,.) forment
une famille libre dans L?(95(0,0)) pour tout (;,6,) dans De.

L’hypothese (2) donne le domaine de définition de X, I'hypothese (3) permet de restreindre
I'étude a une catégorie de géométries, (4) porte sur Dg qui est supposé suffisamment petit
pour éviter tout contact entre la structure et 9. L’hypothese (5) implique que X (61,65, .) est
un difféomorphisme, ce qui garantit I'existence de Y. L’hypothese (6) permet de définir les
fonctions dp X (01,02, .) et 9,0, X(01,05,.). Finalement, (7) est utile pour définir les équations de
la structure. Nous supposerons ces hypotheses vérifiées pour I’ensemble des travaux que nous
présenterons dans ce manuscrit.

La vitesse d'une particule de matiere dans la structure est donnée en coordonnées lagran-
giennes par

Vte[0,T], Yy € S(0,0), vi(t.y)=01()3X(0:(t),05(1),y) + Oa(t)06,X(01(), Oa(t), ).

6

7
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Le fluide satisfait une condition d’adhérence avec la structure, celle-ci peut étre écrite en coor-
données eulériennes

Vt € [0,T], Vx€dS(bh,0s), u(t,x)=6,0X(01,0,Y(01,02,%x))+0209,X (01,62, Y (61,6,%)).
(8)

De plus, la dynamique de la structure est donnée par un principe des travaux virtuels (voir
Chapitre 1 et [22, p. 14-17]) et peut étre écrite sous forme matricielle comme suit

1

Vit € (07 T)? M91,92 < éQ > = MA<017 627 _UF<u7p>n91,92) + MI<917 627 917 02) + f57 (9)

ou les termes présents dans cette équation sont donnés par

M _ (891X<017 027 ) 7891X(917 027 ))S (892X(817 027 ) 7891
o102 <691X<01’ 027 ) 7392X(017 927 ))S (892X(01a 92a )78

MI 91702791762>
( (9269191 91, 92, .)+2919289192X(91, 92, .)—|—9289292X(91, 92, ) 5 0 IX(Ql, 92, ))S €R2 (11)
(0 69191 817 027 ')+2916286’192X(017 927 ) 9289202}((017 627 ) 9 a 2X<817 027 ))S ’

ou (.,.)s est le produit scalaire

X<917627')) 2x2
02)((91,927-))2 > SR, (19

(@, 0)s= [ ply)@(y) - B(y) dy. (12)

avec p(y) > 0 la masse volumique de la structure dans la configuration S(0,0) et

My (01, 02, —0F(u, p)ng, g,) =

! a1 01,02, Y (01,02,7,)) dye
65(9170;)01?( P)ne 0, ( ) (4 ( 1,02 ( 1, 02,7 )) Y c R? (13)
85(01,9;)O-F( 7p)n9 0y ( ) 802X<91’927 (9179277:1:)) d%

ou ny g, est la normale sortante a % (61, 6;) sur 9S(6y,62).
L’équation (9) est complétée par les conditions initiales

01(0) = 010, 02(0) = 0s9, 6,(0) =wio, 02(0) = wayp. (14)
On suppose de plus que les données initiales appartiennent au domaine admissible pour la

structure, c¢’est-a-dire (01 ,620) € Do.
Le systeme d’équations que nous allons étudier est formé des équations (1), (8), (9) et (14),
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c’est—a—dire

%l;(t,x)—i-(u(t,x)~V)u(t,x)—diV op(u(t,x),p(t,x))=fz(t,x), te(0,T), x€.Z(0:(t),0:(t)),
div u(t,x) = 0, te (OvT)7 Xeg(el(t%e?(t)%
u(t,x) = Zéj(t)89X(91(t),92( ), Y (01(t),05(t),x)), te(0,T), x€9S(61(t),0:(t)),
u(t, x) = wi(t, x), +e(0,T), xel,
u(t,x) =0, te(0,7), xely,
or(u(t,x), p(t,x))n(x) = 0, te(0,T), xel'y,
u(0,x) = u(x), X € (th,0,020),
M9192(§; — My (61, 0, 61, 6)

+MA(91,92,—O’F(u,p)ngl,%)—i-fs, tG(O,T),
61(0) =019, 02(0) = b,
6}1 (O) = W1,0, 02(0) = W2,0-

(15)

Remarquons tout de suite que la modélisation que nous venons de proposer pour la structure

de la Figure 2b dépendant de deux parametres peut étre étendue a des structures dépendant

d’un plus grand nombre de parametres. Par exemple, on peut considérer un solide rigide qui

dépend de trois parametres (la translation selon I'axe des abscisses, la translation selon 1'axe

des ordonnées et la rotation autour de son centre d’inertie). On peut alors montrer que la
modélisation précédente correspond aux équations de Newton.

Plan du mémoire

Nous nous intéressons au modele (15) ci—dessus. Nous menons une étude compléte du systéme
que nous avons introduit allant de I’étude du probleme de Cauchy a la simulation numérique
en passant par 1’étude de la stabilisation du systeme continu. Ce mémoire se compose de trois
chapitres décrits ci-dessous.

— Dans le premier chapitre, nous détaillons davantage la modélisation utilisée. Nous prou-
vons le caractere bien posé de ces équations notamment ’existence de solutions fortes
en temps petits.

— Dans le second chapitre, nous nous intéressons a la stabilisation de ce probleme autour
d’un état stationnaire, lorsque le controle considéré agit sur I’équation de la structure.
Nous prouvons qu’en prenant un controle de la forme d’une commande par retour d’état
(feedback par la suite), le systéme en boucle fermée est stable pour des perturbations suf-
fisamment petites. De plus, la décroissance au cours du temps de I’écart entre la solution
et I’état stationnaire est exponentielle avec un taux que 1’on peut choisir arbitrairement.

— Dans le dernier chapitre, nous nous intéressons a la simulation numérique en boucles
ouverte et fermée du systéme introduit précédemment et donc, entre autres, au cal-
cul effectif du contrdle. Apres avoir prouvé la stabilité du systeme discrétisé en boucle
fermée, nous présentons la méthode adoptée pour calculer a chaque pas de temps un
contrdle correspondant a celui introduit dans le Chapitre 2. L’évolution du systeme d’in-
teraction fluide—structure est simulée en utilisant une méthode de type domaine fictif
sur un maillage fixe indépendant du temps et de I’état de la structure. La méthode de
domaine fictif que I'on a choisie s’appuie sur des éléments finis coupés. Cette base d’élé-
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ments finis dépend de 1’état de la structure et permet de rendre compte de 1’évolution
du domaine fluide. Le couplage entre le fluide et la structure est traité de maniere parti-
tionnée : les systemes fluide et structure sont résolus séparément 1'un apres I'autre. Pour
assurer le bon comportement du schéma numérique, on ajoute un terme de stabilisation
localisé sur l'interface entre le fluide et la structure. Cette méthode est le prix a payer
pour permettre I'utilisation d’un maillage fixe. Nous présentons des simulations numé-
riques permettant de mettre en valeur efficacité du controle ainsi déterminé. A notre
connaissance, 'utilisation des éléments finis coupés avec un controle est originale.

0.1 Modélisation du probleme et existence de solutions
fortes

0.1.1 Présentation

On s’intéresse au probléme introduit dans le préambule. Dans un premier temps, nous
détaillons dans ce chapitre la modélisation que nous avons présentée. Nous prouvons ensuite le
caractére bien posé du probléme (15). Etant donné que nous avons déja présenté la modélisation
dans le préambule, nous ne traiterons dans cette section d’introduction que les points clés
concernant le caractere bien posé du probléme.

0.1.2 Résultats antérieurs

De nombreux travaux sur I'existence de solutions pour les probléemes d’interaction fluide—
structure consideérent un solide rigide immergé dans un fluide incompressible [147, 148, 31, 33,
88, 140, 37] ou compressible [29, 108, 105]. L’étude de structures plus complexes a été menée
par exemple dans [133] ou les auteurs ont étudié le probleme d’une plaque plongée dans un
fluide incompressible ou dans [102, 116, 107, 23] ou l'interaction entre une poutre 1D et un
fluide 2D a été traitée.

L’interaction entre un fluide compressible et une structure élastique a été étudiée dans [32,
30] et le cas d’une structure élastique déformable avec un fluide incompressible dans [28, 122].

Des structures déformables dont le changement de forme est donné et n’est pas calculé a
partir d'une équation de structure ont été étudiées par exemple pour modéliser la nage de
poissons [50, 51, 138, 106, 117].

Le cas d’une structure déformable dépendant d’'un nombre fini de degrés de liberté peut
étre trouvé dans [34], ou le modele de la structure est une approximation des équations de
I’élasticité linéaire dépendant seulement d’un nombre fini de degrés de liberté. Cependant, nous
n’avons pas trouvé d’étude de structures dépendant intrinsequement d’un nombre fini de degrés
de liberté avec une dynamique libre, a part le cas des solides rigides. En cela, la modélisation
que nous proposons semble originale.

Notons que les conditions mixtes sur le bord du domaine fluide imposent un cadre fonctionnel
qui a été étudié dans [111] et que nous exposerons plus loin.

0.1.3 Les conditions d’entrée et la configuration de référence

Dans la suite, nous considérons que les déformations de la structure restent dans un domaine
admissible : Vt € [0,T], (0:(t),62(t)) € Dg, ou Dg, le domaine admissible pour les parametres

19



de la structure, est un ouvert borné de R2. Pour que le probléme soit bien posé, il faut que
la donnée d’entrée du fluide vérifie certaines conditions de compatibilité. Plus précisément, on
suppose que

PR
0 Yo
/1 |05 (y2) |”
3/4 1 —1ys

4 4 u’ € H%(T)) avec ufan =0, dys < 400,
u eU =

dys < 400

Pour pouvoir étudier le comportement de u et p dans un cadre fonctionnel plus simple, on
ramene 1'étude dans un domaine de référence, F#y = % (610, 029) dans notre cas. Pour cela, en
suivant [34], on construit un difféomorphisme ®° qui est une extension de X dans le domaine
fluide. On liste ci-dessous les propriétés choisies pour ®°,

v(eb 62) € ]D®7 ¢0(917 92) S<01,07 62,0)) == S(elv 92)7
v(eh 02) S ]D@7 vy € Q? d<y7aQ) < €, ¢0<917 927y) =Y, (]‘6)
et Vy €, D°(010,020.y) =y,

ou ¢ est pris suffisamment petit pour avoir
V(é’l, Qg) € Deg, d(S(Ql, 92), 89) > 2¢.
0.1.4 Existence de solutions fortes

Le résultat principal du premier chapitre est ’existence de solutions fortes en temps petits
du systeme d’équations (15). Plus exactement, nous prouvons le théoréeme suivant
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Théoréme 0.1.1 (Théoréme 1.1.5 du Chapitre 1). Soient Ty > 0, u’ € H(0,Ty; U?),
uy € HY(F) et (010,020,w1,0,w20) € Do x R? satisfaisant les conditions de compatibilité

divuy =0 dans Fy = .7 (01,020),
2
o(-) = > w; 005X (01,0, 02,0, Y (010,020, -)) sur 0Sy = 05(01,0,02,0), (17)
uy = u’(0,.) sur [,
uy =0 sur ['y,.

Soient £7 € L2(0,To; W (Q)) et £, € L2(0,Ty; R?). Alors il existe un temps final T €
(0, Ty] et une constante C' > 0 tels que le probleme (15) admet une unique solution (u,p, 6y, 0s)
avec la régularité suivante

(91,92) - H2(0,T; lD@),
u(t, B0(0, (1), 0a(1). y) € L2(0, T: EV2(F,)) N 600, T]: H'(F5)) 1 HA(0, T LA( ),
p(t, ®O(0:(t),05(), ) € L*(0, T; H/*(F)).

De plus, cette solution satisfait [’estimée suivante

[u(t, ®°(01(t), 02(t), ) llr20.7:503/2(70))n0 (0,7] 1 (o)) OH (0,TL2(F0))
+lp(t, @(01(t), 02(t), ¥)) lr20.7:11/2 (7)) + 101, 02)[[152(0,7:06)
< C([Jaoll (70) + lwrol + lwaol + [£7||L20,mm2(70))
2 0113720y T slLz 0,782 ) -

Remarque 0.1.2. Le résultat d’existence établi ci-dessus est en fait prouvé dans un cadre fonc-
tionnel qui fait intervenir les espaces de Sobolev L*(0, T'; H3 (%)) pour la vitesse et L*(0, T'; Hy (%))
pour la pression. Ils correspondent aux espaces de Sobolev classiques auxquels on a ajouté un
poids pres des coins du domaine pour prendre en compte d’éventuelles singularités. On notera
quon a en particulier les inclusions H3(%) C H¥?(%,) et Hy(F) C HY2(F). Pour plus
d’informations, le lecteur peut se reporter au Chapitre 1 ou a [111].

0.1.5 Plan de la preuve

La preuve du Théoreme 0.1.1 que nous proposons contient les étapes suivantes :

— réécriture du systéme (15) dans le domaine fixe .y,

— étude de l'existence de solutions au systeéme linéarisé en domaine fixe. Cette étape utilise

I’écriture du systeme linéaire sous la forme d’un semi-groupe,

— existence de solutions au probleme non linéaire par un argument de point fixe.
L’argument de point fixe s’appuie sur les résultats obtenus pour le systeme linéarisé. Il est
donc nécessaire que les constantes dans les estimées obtenues sur le systeme linéaire soient
indépendantes du temps. Il s’agit 1a de la principale difficulté de cette preuve. Le plan suivi est
le méme que dans [34].

Pour simplifier les notations, nous menons cette preuve avec 01y = thy = 0 et nous sup-
posons que (0,0) € Dg. Ce choiz ne restreint pas la généralité de notre propos puisque nous
pouvons retrouver le cas général a l’aide d’un changement de variables.
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0.1.5.1 Réécriture du probléme en domaine fixe

Une difficulté classique rencontrée dans le cadre des problémes d’interaction fluide—structure
est que le domaine fluide dépend de I'état de la structure et peut donc changer au cours du
temps. La méthode la plus utilisée pour surmonter cette difficulté, celle que nous avons choisie
pour cette étude, est de définir un difféomorphisme qui relie le domaine fluide a l'instant ¢ avec
un domaine fluide de référence et d’effectuer un changement de variables avec ce difféomor-
phisme. Nous utilisons le changement de variables suivant

0(t,3) = of(Taal6h(0),8(0).1))Tult, RO B0, (15
P(1.¥) = p(t. B0 (1). 0:(0).)).

olt Jgo(01(t),05(t),y) = V®O(0,(t),0(t),y) est la matrice jacobienne de ®°. Ce changement de
variables a été choisi pour assurer a u une divergence nulle. Apres avoir déterminé le systeme
d’équations vérifié par le nouvel état (u,p,0;,6,), nous gardons les termes linéaires et nous
regroupons tous les termes non linéaires dans les termes sources et les termes frontiere f, g et
s. Nous obtenons le systeme suivant

Vyéﬁo, Vt € (O,T), {

({;t—uAu—l—Vp—f dans (0,7T) x Zo,
diva =0 . dans (0,7") x Fo,
u= 01891<I>°(0, 0, ) + Q2892(I)0(0, 0, ) +g sur (0, T) X 850,
u=u sur (0,7) x I,
a= O sur (0,7) x I'y,
=0 sur (0,7) x I'y, (19)
= uo ) dans %,
pI v(Va+(Va)")|ng-9,,92°(0,0,7,) dvy,
Mo o GS‘) +s sur (0,7),
651 v Vu+(v )1)ng-99,2°(0,0,7,) dv,
0
1(0)
0,(0) = w10, 05(0) = wayp,

ol ng est la normale sortante a %, sur 0.5, et les termes sources sont donnés par

f=F(0),0,,1,p) + £z (t, 2°(0,(t), 05(1),y)),
g = G(917‘92’91792)7 (20)
s = S(0,,0,,1,7) + fy.

Les termes non linéaires F, G et S sont définis dans le Chapitre 1 en (1.66).

0.1.5.2 Etude du semi-groupe associé au probléme linéarisé

Pour étudier le probléeme (19) avec f = 0, g = 0 et s = 0, on introduit les espaces fonctionnels
suivants qui sont adaptés a notre probleme :

(@, 0,0y, w,,w,) € L2(F)) x R* avec diva = 0dans .%,, u-n=_0surlp,
]HO = u- ng = ijagjq)(’(o, 0, ) + g sur 850 ’
J
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et

{ (@, 0,0y, w,,w,) € H (F)) x R? avec  diva = 0dans .%,, u = 0surp, }
Vo=

0 =Y w;0s,2°(0,0,.) sur 95y
j

Nous définissons ensuite un opérateur Ay sur Hy par

D(Ay) = (@,0,,0,,wy,w,) € Vg avec  Ip € L2(H) tel que
0/ divop(u,p) € L*(%) et op(,p)n =0sur Iy [’
et
u div op(q, p)
AO 02 — H]HO w2 5
“ Mah ([ —ow( pmo- 9,8°(0,0,%,) o,
Wy S0 j=1,2

ott Iy, est la projection orthogonale de L?(.%) x R* sur Hy,.
Nous prouvons que Ay engendre un semi—groupe analytique sur Hy, ce qui implique que,
pour toute donnée initiale zy dans V et tout terme source F dans L?(0, T’; Hy), le probléme

{ z/(((;g)):;é(l)?z(t) +F(t), te(0,7), (21)

admet une unique solution z € H'(0,7; Hy) N L%(0, T; D(Ay)).

0.1.5.3 Etude du probléme linéarisé

On s’intéresse a l'existence de solutions au probleme linéarisé (19) avec des termes source
donnés dans

f € L*(0, T H3(F)) N €°([0, T); HY (F)) N HY(0, T; L*(F)),
g € H'(0,T; H*?(0S))),
s € L2(0,T;R?).

De telles solutions sont cherchées sous la forme (u,p,0,,6,) = (4,p,0;,0,) + (4,0,0,0) ou @
est un relévement des données frontieres u’ et g, c’est-a—dire

diva=0 dans (0,T) x %,
u=g sur (0,7) x 95y,
u=u’ sur (0,7) x T,
u=20 sur (0,7) x I'y,
(Va+Vvu')n=0 sur(0,7) x 'y

L’existence d’un tel relevement u est établie dans le Lemme 1.2.8.

On peut alors montrer que z = (4, 6,,6,,6,,60,) est solution du probléme (21) pour un F
bien choisi. L’existence d’un tel z a été prouvée dans la Section 0.1.5.2. Cela établit ’existence
d’une solution (1, p, 6, 0,) au probléeme (19) dans Uy x Py x Or, ces espaces étant définis par

Ur = L*(0, T Hi(F0)) N €°([0, T H' (F)) N HY(0, T3 L*(F)),
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P =L*(0,T; Hy(H)),
@T = HQ(O, T; ID@),

ol H%(L%J) et Hé(ﬁo) sont des espaces de Sobolev auxquels on a ajouté des poids pour consi-
dérer des solutions présentant des singularités pres des coins du domaine. Le lecteur trouvera
plus d’informations en Section 1.1.2.1.

0.1.5.4 Traitement des termes non linéaires par un argument de point fixe

La derniere étape de la preuve du Théoreme 0.1.1 consiste a traiter localement les termes
non linéaires grace a un argument de point fixe. On définit I'espace

N — (ﬁ,ﬁ,@lﬁz) € Ur x Pr x Op avec Vt € (O,T), (91,02)<t) S ID@, )
T 0,(0)=0, 6,(0)=0, 6,(0)=wyo, O5(0)=cwap[’

et I'application
AT : Ny — Nt
par AT (q,p,0;,0,) = (a,p,0,,0,) ou (4,p,0;,0,) est la solution du systeme (19) avec

f = F(QT, (972, ﬁ,ﬁ)—i— f?i(t; QO(?M 9727 y))7
g = G’Ql£2791792)7
s = 8(917927ﬁ7ﬁ)‘

Nous montrons, grace a des estimations sur les termes non linéaires F, G, S que, pour R

suffissamment grand et un temps final 7" suffisamment petit, 'application AT est une contraction
sur la boule

Br(T) = {(0,p,6,,6,) € Ny avec [[afu, + [|pller + [[(61,65)ler < R}

Le point clé de cette démonstration est que les estimées de la partie linéaire ont des constantes
indépendantes du temps 7. Ceci permet alors de montrer que A est une contraction pour T
assez petit.

Ainsi, d’apres le théoreme du point fixe de Picard, pour des données initiales vérifiant les
conditions (17), il existe un temps final 7" tel que le systéme (19)—(20) admet une unique solution
dans Bg(7T). Un changement de variable permet alors de conclure la preuve du Théoréeme 0.1.1.

0.2 Stabilisation locale du systeme fluide—structure

0.2.1 Présentation

Dans cette section, nous construisons un opérateur de feedback qui permet de stabiliser le
systeme du chapitre précédent autour d'un état d’équilibre a priori instable, avec un controle
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agissant sur la structure. Le systeme d’équations que nous considérons est le suivant :

?;(t,x)—l—(u(t,x) Vu(t,x)—div op(u(t,x),p(t,x)) =fz(x), t€(0,00), x€.F(0:(t),0:(t)),
div u(t,x) = 0, te (07 OO), XEﬁ(elﬁ% 92<t))7
u(t,x) = zéj(t)89X(01(t),62( ), Y (01(t),04(t),x)), te(0,00), x€dS(01(t),0:(t)),
u(t,x) = il_i(x), te(0,00), x€l,
u(t,x) =0, te(0,00), x€Tly,
or(u(t,x),p(t,x))n(x) = 0, te(0,00), xel'y,
u(0,x) = ug(x), x€F (010,020),
M91,92<§;>=MI<91,92,91,92>

+MAa(01, 02,—0 {1, p)1y, 9,) + s+, te(0,00),
61(0) =019, 02(0) = b,
0:(0) = wio,  62(0) = wap,

(22)
ol My, p,, Ma, My sont définis par (10)-(13), (fz,u’,f;) € WH>*(Q) x U’ x R? sont des
données stationnaires et h est le controle.
Nous considérons une solution stationnaire (w, py,0,0) € H¥2(.Z(0,0)) x H/2(.%(0,0)) x
R?, satisfaisant le systéme suivant

(w-V)w —div op(w,py) = f2 dans .7 (0, 0),

divw =0 dans .7 (0, 0),

w =10 sur I'y, U 0S(0,0),

w=u’ sur I, (23)
op(W, pw)n =0 sur I'y,

</as(o,o) o7 (W, Pw)ns - 90 X(0,0.7) d%>j=1,2 —

ol n; est la normale unitaire sortante a .%; = .%(0,0) sur 05(0,0). La configuration cible est
Ss = 5(0,0) pour le domaine de la structure et .#; = .%(0,0) pour le domaine du fluide.

Le but du Chapitre 2 est de construire un opérateur de feedback KCs tel que (W, py, 0, 0) soit
un équilibre stable du systeme (22) avec un controle h déterminé a partir de Ks.

Pour cela, on s’intéresse a I’évolution de I’écart entre la solution écrite en domaine fixe et
la solution stationnaire

z v(t,y) =cof (Tas(0:1(1), 0>(t), y)) "u(t, 20, (1), 0(t), y)) —w(y),
Vy € Z,, Vt € (0, 00), {q@, y) = p(t, ®5(01(t), 05(),¥)) — puw(y)- (24)
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Le quadruplet (v, q,0;,605) est alors solution du systéme

ov

o T (W- V)V + (v-V)w — Lg(6,,0,,0,,0,,y) — divop(v,q) =f  dans (0, 00) x.Z,,
div v=0 . dans (0, 00) X Z,
v = 0,05,95(0,0,7,) + 0,00,85(0,0,7,) + & sur (0, 00) x 95,

v =0 sur (0,00) x I'p,
(Va q) 0 sur (0, OO) X FN,
V( Y) =vo(y) = COf(jq)S(91 0:02,0,¥)) o (®5(010,020,y)) — w(y) dans .7,

( ) . —or(v,a)n, - 0, 85(0,0,7,) dy,
2 _UF(Va Q)ns : 892(1)8(07 0, PYy) d’Yy
+Lg(0,,0,) +s+h sur (0, 00),
01(0) = 0, o, 9_2(0) 0,01
0,(0) 100 02(0) = wyy,
(25)

ou les termes Ly et Lg sont linéaires en 6y, 65, 0, et 0y

Lg(61,0,01,602,y) = Ly (y)0h + Lo(y)82 + Ls(y)6: + Lu(y)ba,
Ls(eh 05) = Lis0; + Lgbs,

et ou les coefficients Lj—Lg sont donnés en (B.1)—(B.6). De plus, on a

f=fN(0,,0,,v,q),
g =g""(0,,0,), (26)
s =sME(0,,0,,v,q),

ot les termes non lindaires £V, gV et sVL sont donnés en (2.67).
Stabiliser le systeme (22) autour de 1’état stationnaire (w, py, 0, 0) revient a stabiliser (25)—
(26) autour de I’état nul (0, 0,0,0).

0.2.2 Résultats antérieurs

La stabilisation d’équations représentant un fluide a été étudiée par exemple dans [67, 20,
18, 16, 77, 78, 115]. Une stratégie largement utilisée pour obtenir ce résultat de stabilisation
consiste a calculer la valeur du controle a partir de 1’état du systéme, on construit alors un
opérateur de feedback [68, 58, 69, 70, 15, 19, 17, 98, 149, 132]. Cet opérateur de feedback peut
étre déterminé a partir de la solution d’une équation de Riccati [118, 128, 129]. Pour pallier
d’éventuelles conditions de compatibilité, on peut calculer le controle comme étant la solution
d’une équation prenant en compte 1’état du systeme [7, 8.

La stabilisation d'un systeme d’interaction fluide—structure a été étudiée par exemple dans
[143, 6, 48, 148, 11, 50, 51, 9, 116, 131]. On peut, une fois de plus, déterminer l'opérateur de
feedback que nous utilisons a partir de la solution d’une équation de Riccati [9, 116, 131].

En particulier, dans [9], les auteurs stabilisent par feedback la solution d’un probléme d’inter-
action fluide-structure mettant en jeu un solide rigide couplé aux équations de Navier—Stokes.
La structure est donc donnée, comme dans notre cas, par un nombre fini de degrés de liberté.
Nous nous inspirons donc de cette étude par la suite pour construire notre preuve. Le carac-
tere déformable de la structure génere un terme non linéaire a l'interface entre le fluide et la
structure.
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Notons également que, contrairement a [9], le controle agit comme une force sur 1’équation
de la structure au lieu d’agir en tant que donnée de Dirichlet sur le bord du domaine fluide.

0.2.3 Propriété de continuation unique et résultat de stabilisation

Comme dans le chapitre précédent, nous introduisons un difféomorphisme ®5(6,,60,,.) :
Q2 — Q qui lie respectivement les domaines de référence Sy et %, aux domaines a l'instant ¢,
S(6y,05) et F(0,0,). Ce difféomorphisme présente des propriétés similaires a celles de ®° :

V(‘gl,gg) S ]D®7 (1)8(01792a5(070)) 25(91792)7
v(eh 62) S ID@7 vy € Qv d(Y’ aQ) < €, (PS(HL 927Y) =Y, (27)
et Vye, &50,0,y)=y.

Pour prouver notre résultat, nous devons d’abord admettre le résultat de continuation
unique suivant qui dépend d’un taux de stabilisation d > 0 arbitrairement choisi. Notons
que des termes L;—Lg apparaissent dans cette hypothese, ces termes sont des linéarisations de
termes non linéaires, ils sont définis dans I’Annexe B en (B.1)-(B.6).

Hypothese (#); (Propriété de continuation unique). Tout vecteur propre (v, g, 01, 02, w1, ws2) €
H'(Z,) x L*(Z,) x R* du probléme adjoint associ¢ a (25) pour la valeur propre A avec

Re(A) > =9, c’est—a—dire toute solution de

divop(v,q) — (VW) v+ (w-V)v=JAv dans .7,
divv =0 dans %,
v = w195, ®5(0,0,.) + w25, ®5(0,0,.) sur 0,
v=20 sur FD,
orp(v,gn+ (w-n)v=0 sur Iy,
Ly
Li(y) - v(y) wa 5[ O
d =A
/%<L2(Y) -v(y) v+ L w1 b2 )’
6
)
LS(Y) ’ V(Y) UF(Va Q)ns(,}/ ) . 69 (PS(Oa 07 g ) 91 BY !
dy — Y ! o) d =M :
/?3<L4(Y) : V<y> y /85'3 UF(V> Q)ns (P)/y) : 692¢S<07 07 'Yy) ’Yy"_ 02 0.0 %)

qui appartient au noyau de I’adjoint de I'opérateur de controle, ¢’est—a—dire qui satisfait
W1 = O,
Wo = 0,

est nécessairement nul, c’est—a—dire (v, q, 61,02, w1, ws) = (0,0,0,0,0,0).

Un exemple de résultat de continuation unique est disponible pour le systeme de Stokes avec
une observation locale [61]. Ici, I'observation (w;,ws) correspond aux dérivées des parametres
de la structure. L’information que nous obtenons sur le fluide est le fait que l'intégrale de la
force que celui—ci exerce sur la structure est nulle. Cette information est non locale et le résultat
de continuation unique dont nous avons besoin est, a notre connaissance, indisponible dans la
littérature. Méme si rien ne laisse penser que cette hypotheése peut ne pas étre vérifiée, prouver
un tel résultat nous semble hors de portée a moyen terme.

Le résultat de continuation unique que nous admettons porte sur I'adjoint du systeme linéa-
risé (25) associé au probléme non linéaire (23). Par exemple, les termes —(Vw)Tv + (w - V)v
proviennent du terme non linéaire u - Vu.
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Remarque 0.2.1. Les coefficients L;-Lg présents dans (#H)s dépendent du choix du difféomor-
phisme ®5. Cependant, 'hypothese (H); est indépendante du choix de ce difféomorphisme du
moment qu’il satisfait les propriétés (27) et est donc intrinseque au modele considéré. Le lecteur
peut se reporter a I’Annexe C pour plus d’information.

Dans la suite, nous travaillons sous I'hypothese (H);. Il est a noter que nous pouvons vérifier
cette propriété lors de simulations numériques sur chaque cas étudié. Le lecteur peut se reporter
au Chapitre 3 ou cette question est abordée.

Nous obtenons le résultat suivant.

Théoréme 0.2.2 (Théoreme 2.1.5 du Chapitre 2). Soit 6 > 0 tel que l’hypothése (H),
est vérifiée. Soient 7 € Wh(Q), u’ € U, f, € R?, et (w,pw) € HY?(Z,) x H/?(ZF,)
satisfaisant (23). Alors, il existe un opérateur de feedback K5 € L(L?(.Z,) x R* R?), ¢ >0
et C > 0 tels que pour toutes données initiales (W, 01 0, 090, w10, w20) € H' (F(010,620)) X
De x R? satisfaisant les conditions de compatibilité

divuy =0 dans 7 (61,0, 620),
2
110(-) = Z wj,oaejx(el,(), 92,0, Y(91,07 92,0, )) sur 85(91,0, 92,0)7 (28)
j=1
ug = ui sur Fi,
u, =0 sur 'y,

et la condition de petitesse

||U0(‘I)S(91,0, 20,.)) — W(-)HHl(«%) + 1010

+ |0,0] + w10

+ |wa | <,
la solution (u,p,6,02) de (22) avec
h(t) = ;cé([cof(jq,s(el(t), Bo(t), ) u(t, BS(01(1), 0(t), ) — W], 01 (), Ba(t), 61 (1), 92(t)),

(29)

satisfait pour tout t dans (0, 00),

lut, @5(01(1), 02(2), ) = W)l ) + 101(O] + 102(8)] + [02(2)] + 102(2)] < Ce™".

0.2.4 Plan de la preuve

La preuve du Théoreme 0.2.2 est composée des étapes suivantes :
— on construit un opérateur de feedback qui stabilise le systeme linéarisé (22) autour de
I’état nul,
— on prouve que 'opérateur de feedback construit dans la partie linéaire stabilise aussi le
systeme non linéaire pour des perturbations suffisamment petites.
La principale difficulté de cette preuve est de trouver le bon cadre fonctionnel qui permet de
ramener le probleme sous contrainte (la continuité des vitesses a l'interface et la divergence
nulle) & un probleme de controle classique pour pouvoir utiliser la littérature.
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0.2.4.1 Etude du semi-groupe associé au probléme linéarisé en boucle ouverte

En suivant une démarche semblable a la Section 0.1.5.2, nous définissons un cadre fonctionnel
adapté a notre étude. Les espaces suivants y sont similaires, seuls changent le difféomorphisme
utilisé¢, @5 au lieu de ®°, et le domaine fluide de référence, .Z, au lieu de .%,.

Nous définissons les espaces suivants

(v, 01,05, w1, w0) € L2(F,) x R* avec div v =0dans .#,, v-n=0sur[p

Hg = V- N, :ijagj@s(o, 0,.)-ng sur S, (> (30)
J
et
(v, 01,0y, w1, w0) € HY(.Z,) x R* avec divv =0dans.#,, v=_0surlp
Vg = v =" w;d®%(0,0,.) sur 45,
J
Nous définissons l'opérateur Ag sur Hg par
D(Ag) — (v,01,05,w1,w0) € Vg avec  dq € L2(.Z,) tel que
5 divop(v,q) € L*(Z;) et op(v,gn=0sur 'y [’
et
\' div op(v,q) + Ly (01,02, w1, w2, y) — (V- V)W — (w- V)v
91 w1
As | O | =1lg, | w2 ,
1 Mis ((/ —or(v,q)n, - 9,2%(0,0,,) dvy) + Lg(01, 92)>
) dS;s j=1,2

ot [Ty est la projection orthogonale de L?(.%,) x R? sur Hg. On montre ensuite que 'opérateur
Ag engendre un semi—groupe analytique et qu’il est & résolvante compacte. Notons que, contrai-
rement au Chapitre 1, nous nous intéressons a la résolvante de 'opérateur pour en déduire des
informations sur le spectre de Ag. Ces dernieres seront utilisées pour construire un opérateur
de feedback.

Notons que Ag contient des termes supplémentaires par rapport a Ag. Il s’agit des termes
linéaires supplémentaires présents dans (22).

0.2.4.2 Construction d’un opérateur de feedback
L’opérateur de contréle B est borné et est donné par

0
Bh = ,

ou My est donné en (10).
Nous considérons donc le systéme
z'(t) = (Ag + dD)z(t) + Bh(t), t>0,
z(0) =z

0-
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Le but est alors de construire un opérateur de feedback KCs tel que la solution du probléeme (31)
avec h(t) = KCsz(t) décroit au cours du temps.

Pour cela, on définit J, 1'ensemble des indices j € N tels que la valeur propre \; de Ag
vérifie Re(\;) > —6. On définit également G(\;) l'espace propre généralisé de Ag associé a la

valeur propre \; et
Z, = P G())),
J€Ju
I’espace engendré par les vecteurs propres généralisés instables de Ag+dI. On peut alors utiliser
la décomposition

Hs = ZU®ZS7

ou Z, peut étre défini de maniere similaire a 7, comme ’espace engendré par les vecteurs
propres généralisés stables de Ag + d1.

On peut noter que d’apres la Section 0.2.4.1, 'opérateur Ag engendre un semi-groupe
analytique sur Hg et est a résolvante compacte. Ainsi, J,, est fini et pour tout j € N, G()\;) est
de dimension finie. L’espace Z,, est donc de dimension finie que 1’on note d,.

Stabiliser le systeme (31) revient alors a stabiliser sa projection sur Z, :

{ 7z, (t) = (A, + D)z, (t) + B,h(t), t>0,
(32)
Zu(o) = HuZ07

ou z, = Iz, A, =11,As, B, =1I,B et ou I, est la projection de Hg sur Z, parallele a Z,.
L’hypothese (H); correspond & un test d’'Hautus [150, Proposition 1.5.1] sur 'adjoint du
systeme (32). Ainsi, sous cette hypothese, le systeme (32) est contrdlable et donc stabilisable.
On peut alors construire un opérateur de feedback qui le stabilise.
La méthode adoptée pour construire cet opérateur de feedback consiste a trouver Rs solution
de I’équation de Riccati

Rs = Rs > 0,
Rg(Au + (SI) —+ (AZ -+ (51)7?,5 +1-— R(;BUBZR(; =0,

ou 'opérateur de feedback K5 = —BRsIl, permet de stabiliser le probleme (32). On montre
alors que l'opérateur en boucle fermée Ag + 0l + BKs engendre un semi—groupe analytique
stable sur Hg. Ceci implique que le systeme en boucle fermée

{ z/(t) = Agz(t) + BKsz(t) + F(t), t>0, (33)

z(0) = zo,

admet une unique solution z dans {z avec €z € L%(0,00; D(Ag)) NH(0, 00; Hg)}, pour tout
7o € Vg et F € {f avec e’'f € L2(0,00;Hg)}.
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0.2.4.3 Etude du systéme linéarisé en boucle fermée

Dans cette section nous prouvons 'existence d’une unique solution au systeme linéaire en
boucle fermée. Le systéme suivant correspond a (25) avec h = Ks(v, 0y, 65,61, 05)

88\; +(w- V)V +(v- V)W —Lg(6,,60,,60,,0,,y) —vAv +Vg =f dans (0, 00) x .Z,,
divv =0 dans (0, 00) X F,
v = 0,05,85(0,0,7,) + 0,05,85(0,0,7,) + g sur (0,00) x 95,
v=0 sur (0,00) x I'p,
op(v,q)n =0 sur (0,00) x I'y,
v(0,.) = v,(.) dans %, (34)
(1) [ s

"\ by —0r(V,q)n, - 95,25(0,0,7,)

+Ls(60,,0,) +s + Ks(v,0,,0,,0,,0,) sur (0, 00),

91(0) = 01,07 Q2(0) = 9270,

(S

91(0) =

1,00 05(0) = W20
ou les termes f, g et s appartiennent respectivement aux espaces
F* = {f avec ’f € L*(0,00; L*(.%,))},

Gy® = {g avec e”g € H'(0,00;H**(05,))},
2 ={s avec edts € L*(0, 0o; R?)}.

Comme en Section 0.1.5.3, nous recherchons une solution de (34) sous la forme (v, ¢, 01, 65) =
(¥,q,01,02) + (vg,0,0,0), ot vy est un relevement de g

Vg =8 sur (0,00) x 08,
div Vg = 0 dans (0, OO) X ysv (35)
ve =0 sur (0,00) x I'p,

(Vvg +Vvin =0 sur (0,00) x I'x.

On montre alors que z = (¥, 91,92,91,92) est solution du probleme (33) pour zy et F bien
choisis.

On peut ainsi, moyennant quelques détails techniques supplémentaires, construire une so-
lution (v, ¢, 61, 02) au probleme (34) qui appartient aux espaces suivants

v e U = {v avec e’'v e L*(0,00; H3(.Z,)) N€°([0, 00); H'(Z,)) N H(0, 00; L2(.F,)) },
q € PP = {v avec e’q € LQ(O,oo;H};(?s))},
(91,92) S @go = {(91,92) avec €6t<81,92> € HQ(O, OO,R2>},

ou H(.7,) et Hj(.%,) sont des espaces de Sobolev pondérés pres des coins A et B (voir Figure
1), ils sont précisément définis en (2.26)—(2.27).
0.2.4.4 Traitement des termes non linéaires a ’aide d’un argument de point fixe

La derniere étape de la preuve du Théoreme 0.2.2 consiste a traiter localement les termes
non linéaires par un argument de point fixe. Soient I'espace
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0 {(V,Gl,QQ,wl,wg) GUEO X IPgO X @go avec Vit > 0, (61,92)(t) € Dg }
s ] )

B 61(0) =019, 62(0) = b, 91(0) =wi, 02(0) =wyy

et 'application A>® : N — N qui est définie par A (v, q, 0,,05) = (v,q,01,0-) ot (v, q,01,05)
est la solution du probléme (34) avec

f=£Y5(0,,0,9.79),

g =g""(0:,0),

5 = SNL(ela 027v7 Q)a
ces termes étant définis en (2.67).

Nous montrons, grace a des estimations sur fV*, gVt sV que pour R et e suffisamment
petits (e est la taille maximale de la perturbation initiale), A* est une contraction sur la boule

B = {(v,q,01,02) € N§° avec [|[v]luz + |lgllpe + [|(01,02)loz < R}.
Le Théoreme 0.2.2 est alors une conséquence du théoreme du point fixe de Picard.

NL

0.3 Simulations et stabilisation numériques du probleme
d’interaction fluide—structure

0.3.1 Présentation

On s’intéresse au systeme précédemment introduit en (22). On souhaite simuler numéri-
quement la stabilisation par feedback de ce systeme et pouvoir observer le résultat établi dans
le Théoreme 0.2.2. Pour cela, il faut d’'une part une méthode numérique capable de capturer
I'évolution en temps du probléme fluide-structure (15) et, d’autre part, il faut calculer une
approximation de l'opérateur de feedback K5 et montrer que cette approximation est capable
de stabiliser le systéme considéré. Ce dernier calcul est difficile car, sans traitement particulier,
il nécessite I'inversion d'une matrice pleine de la taille du systeme global et la résolution d’une
équation de Riccati de dimension le carré de la taille du systeme global. Notons que le controle
que nous utilisons est calculé a partir du systeme linéarisé et que nous I’appliquons au systeme
non linéaire. Dans ce chapitre, nous présentons les réponses que nous apportons a ces différentes
difficultés ainsi que des résultats de simulations numériques originaux.

0.3.2 Résultats antérieurs

Nous présentons les travaux antérieurs concernant la simulation numérique d’un systéme
d’interaction fluide—structure puis ceux concernant sa stabilisation numérique par feedback.

0.3.2.1 A propos de la simulation numérique d’un systéme d’interaction fluide—
structure

La difficulté principale de la simulation numérique d’un systéme fluide—structure est que
le domaine du fluide change au cours du temps. Pour des raisons de temps de calcul, nous
préférons ne pas reconstruire entierement le maillage & chaque pas de temps. Il faut donc utiliser
des méthodes spécifiques qui permettent ou bien d’assurer que le maillage reste conforme au
domaine sans générer trop de surcotit de calcul, ou alors utiliser une méthode qui fonctionne
sur des maillages non conformes.
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La premiere option est la plus présente dans la littérature, principalement sous le nom de
méthode ”Arbitrary Lagrangian Eulerian” (ALE) (voir par exemple [87, 100, 137, 139]). Elle
permet avec un surcoit réduit de déformer le maillage pour coller au bord du domaine a chaque
instant. Cependant, pour de grandes déformations du domaine fluide, elle peut conduire a un
maillage de mauvaise qualité.

Une autre méthode consiste a mener les simulations dans le domaine fixe en résolvant
numériquement (25)—(26) au lieu de (22). Cette méthode a pour inconvénient de contenir de
tres nombreux termes non linéaires du type de ceux de (26), elle a été néanmoins utilisée avec
succes dans [116].

Enfin, la méthode que nous avons choisie repose sur I'utilisation de domaines fictifs. Ainsi, il
n’est pas nécessaire que le maillage s’appuie sur la frontiere du domaine et on peut donc choisir
d’utiliser un maillage fixe (qui ne change pas au cours du temps). On peut citer une liste non
exhaustive de travaux utilisant ce type de méthode [126, 55, 113, 75, 74, 82, 44, 40].

Etant donné que le maillage ne s’appuie pas sur la frontiére du domaine, il faut modifier la
formulation variationnelle du probleme pour pouvoir imposer les conditions de Dirichlet sur le
bord du domaine. Plus précisément, nous introduisons des multiplicateurs de Lagrange. Pour
assurer la stabilité du schéma ainsi obtenu, nous devons ou bien choisir correctement les espaces
d’approximation des différentes variables, ou bien ajouter au probléme discrétisé un terme de
stabilisation. Une alternative aux multiplicateurs de Lagrange est d’utiliser la méthode de
Nitsche [119]. Celle—ci est cependant moins intéressante dans le cas d'un systéme d’interaction
fluide-structure, en effet les multiplicateurs sont une variable utile du probleme correspondant a
la force exercée par le fluide sur la structure. Le paradigme consistant a combiner une méthode
de domaines fictifs s’appuyant sur un maillage fixe avec des multiplicateurs de Lagrange, ou
la méthode de Nitsche, a été utilisé pour résoudre des problémes d’interaction fluide—structure
dans [142, 3, 43, 109, 53]. Des avancées récentes dans ce domaine ont été présentées dans [27].

A notre connaissance, le contrdle par feedback d’un systéme fluide-structure simulé par des
méthodes de type domaines fictifs est nouveau.

0.3.2.2 A propos du calcul numérique d’un contréle par feedback

L’utilisation d’une équation de Riccati pour déterminer un controle est classique dans le
cadre des équations différentielles ordinaires. Cependant, dans le cas d'une équation aux dérivées
partielles, il est plus rare que cette méthode soit utilisée. En effet, la dimension de la solution
du probleme de Riccati correspond au carré de la dimension du probleme semi—discrétisé et le
systeme considéré est de grande taille, ce qui est prohibitif.

Pour pouvoir résoudre 1’équation de Riccati, il faut une méthode de réduction de modele,
voir par exemple [2, 85, 116]. La matrice de feedback est calculée en suivant la méme démarche
que celle exposée au Chapitre 2 pour le systéeme continu. On étudie la matrice associée aux
équations linéarisées en domaine fixe (25) et on calcule la matrice de feedback a partir d’une
équation de Riccati de petite dimension, grace a une projection sur ’espace instable associé
au probleme. Ces travaux prouvent que la matrice ainsi calculée stabilise le systeme discrétisé.
Dans [116], les simulations sont ensuite menées en domaine fixe.

Dans notre cas, nous utilisons cette méthode pour calculer la matrice de feedback et pour
prouver qu’elle stabilise le systeme (25)—(26). Cependant, étant donné que nous voulons simuler
le systeme en domaine mobile (22), nous ajoutons a la méthode précédente une manipulation
qui permet a chaque instant de mener tous les calculs dans le domaine mobile .7 (6, 6,). Le
seul calcul qui est effectué dans la domaine fixe .%, est celui de 'opérateur de feedback.
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L’originalité de notre travail vient de la modélisation que nous utilisons pour la structure et
du fait que I'on calcule I’évolution en temps du systeme fluide—structure en boucle fermée non
pas dans un domaine fixe mais dans le domaine fluide au temps t. Par rapport a [116], nous
proposons également une autre version de la démonstration du fait que la matrice de feedback
stabilise le probléme en domaine fixe.

0.3.3 Stabilisation du probleme semi—discrétisé en domaine fixe

On s’intéresse a la discrétisation par éléments finis du probleme (22). On considére une
solution stationnaire de ce probléme (W, py, 1, &) € HY?(F,) x HY2(.Z,) x De, qui est solution
du probleme discrétisé correspondant a (23). Notons que contrairement au Chapitre 2, nous
considérons que (£, &z) est a priori non nul.

Stabiliser la solution de (22) autour de (W, pw, &1, &) revient a stabiliser (25)—(26) autour de
(0,0,0,0). Dans la suite, nous nous intéressons au probléme linéarisé, nous discrétisons donc le
probléme en domaine fixe (25). Les conditions de Dirichlet sont mises en ceuvre en utilisant un
multiplicateur de Lagrange A. On note U les coordonnées de I'approximation de u, P celles de p
et A celles de A. On regroupe I'état du systéme z = (UT ) 0y w; wy)T et ses multiplicateurs
n = (PT AT)T. Nous obtenons alors une approximation numérique de (22), avec des termes
sources f, g et s nuls, qui s’écrit sous la forme suivante

M,,7 (t) = Agaz(t) + Auyn(t) + Bh(t), t€[0,T],
An,z(t) =0, te€l0,T], (36)
z(0) = zo,

ol M,, € RN=*N= est la matrice de masse du probleme, A,, € R¥*N= la matrice de rigidité,
Ay € RN=xNy et Ay € RN7*N= sont des matrices couplant I’état z € R+ et le multiplicateur
de Lagrange n € RV, enfin B € R=*2 est la matrice de contrdle.

Dans la suite de ce chapitre, on se place dans un cadre ou les équations discrétisées (36)
sont bien posées, ce qui correspond a supposer une condition inf-sup portant sur les espaces
des fonctions discrétisées. Cette condition sera explicitée dans le Chapitre 3. Elle implique que
les matrices A, et A,, sont de rang plein [60, Lemme A.40] (voir aussi [36]) et donc que la
matrice A,, M, 'A,, est inversible. Nous utilisons cette propriété par la suite.

0.3.3.1 Résultat

Le but de cette étude est de prouver que, dans le systeme (36), on peut choisir h sous la
forme d’'un feedback de maniére a ce que la solution z décroisse vers 0 au cours du temps a
vitesse exponentielle. Plus précisément, on choisit arbitrairement un taux de décroissance § > 0
et on suppose que 'hypothése suivante est vérifiée.

Hypothése (H),. Tout vecteur propre (z,7) € RY: xR du probleme adjoint de (36), associé
a une valeur propre [ telle que Re(5) > —J, qui appartient au noyau de 1’adjoint de I'opérateur
de controle est nul. C’est-a—dire

AL AT z —( My, 0 z T
ZZ nz zz
( rog )(77)—6( 0 O)(n) and B'z=0 — (z,m) = 0.

Cette hypothese, vérifiable numériquement, correspond a la version discrétisée de 1’hypo-
these (H);. En 'admettant, on peut montrer le résultat suivant.
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Théoreme 0.3.1 (Théoreme 3.3.19 du Chapitre 3). Pour N, > 0 fivé. Soit 6 > 0 tel que
Uhypothése (H); soit vérifiée. Alors on peut construire une matrice Ks,, € R**M= telle que
pour toutes données zo vérifiant les conditions de compatibilité Ay,zo = 0, une solution du
systéme (36) avec le controle donné sous la forme d’un feedback

h(t) = Ks,z(t),
décroit exponentiellement au cours du temps avec un taux § arbitraire :

vt € (0,T], |z(t)| < Ce™.

Ce résultat est 'analogue pour le probleme discrétisé de la Proposition 2.2.1. Notons que la
condition de compatibilité A,,z, = 0 correspond a une version discrétisée de la condition de
compatibilité continue en domaine fixe.

0.3.3.2 Plan de la preuve du Théoreme 0.3.1

La preuve du Théoreme 0.3.1 comporte les étapes suivantes :
— on projette d’abord (36) selon une projection II définie en (37) afin d’éliminer les mul-
tiplicateurs 7,
— on effectue ensuite la décomposition spectrale des matrices obtenues,
— enfin, la matrice de feedback est obtenue a partir de la solution d’une équation de Riccati
de petite dimension.
Notons que la preuve suit les mémes étapes que celle du Théoreme 0.2.2, a 'exception de
I’argument de point fixe que nous n’utilisons pas ici puisque notre résultat porte sur un systeme
linéaire. Etendre le résultat au cas non linéaire ne devrait pas poser de difficulté.
Etape 1 : Probléme projeté direct.
Nous voulons écrire un systeme équivalent a (36) qui ne porte que sur I'état z, c’est—a—dire qui
ne fait pas intervenir les multiplicateurs 7. Pour cela, nous définissons la projection II de RY=
sur Ker(A,,) parallelement & Im(M,,'A,,),

M=1-M_'Ap(Ap M, Ayp) t App. (37)

Il s’agit d’une approximation numérique de I, (la projection orthogonale sur Hg défini en
(30)) et nous étudions le systéme projeté

IIz'(t) = Allz(t) + Bh(t), te[0,T],
(I-1)z(t) =0, te][0,T], (38)
11z(0) = Iz,

o A =IIM, ' A,, et B = IIM,' B. Pour z, vérifiant la condition de compatibilité A4,,zq = 0,
le probleme (38) est équivalent au probleme (36) au sens ou pour toute solution Ilz de (38), il
existe m choisi convenablement tel que (I1z,n) est solution de (36). La réciproque est vraie.

Pour pouvoir appliquer les résultats classiques de la littérature en controle, par exemple
(24, 54], nous devons travailler avec le systéme projeté (38) car la contrainte A,,z = 0 ainsi que
le multiplicateur de Lagrange i n’y apparaissent pas. C’est donc ce que nous faisons dans la
suite de la preuve.
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Etape 1 bis : Probléme projeté adjoint.
On peut de la méme fagon montrer que le probleme adjoint

— M, ®'(t) = AL ®(t) + ALL(t), te[0,T],
AL ®(t)=0, tel0,T], (39)
‘I’(T) = ®r,

est équivalent au systeme projeté

—1I®'(t) = A*TI®(t), t €[0T,

I—-M)&(t) =0, tel0,T], (40)
®(T) = &,

ot IT est un projecteur associé au probleme adjoint et A# = IIM_ LA .
Etape 2 : Décomposition spectrale des opérateurs.
On considere les vecteurs propres de A, c’est-a-dire les vecteurs f de CV= vérifiant

AF = BE,
{ Apf =0, (41)

ou [ est la valeur propre associée a ce vecteur. On considere également les vecteurs propres
généralisés de A associés a une solution (f, 3) de (41) et & un entier naturel k, c’est—a—dire les
vecteurs f* de CN= vérifiant

{ (A — BI)FfF = £, (42)

Apaf* = 0.

On construit une matrice ¥ dont les colonnes sont les vecteurs propres et vecteurs propres
généralisés de A. On construit aussi de la méme facon une matrice T dont les colonnes sont
exactement les vecteurs propres et vecteurs propres généralisés de A7, B

Les colonnes de W (respectivement W ) forment une base de Im(II) (respectivement Im(II)
). De plus, quitte a les réordonner et a les normaliser, on montre les relations

Ac = UTM,AT et AL =0TM,,A*T,

ou Ac est une matrice diagonale par blocs issue de la décomposition de Jordan de A, et on a
la relation de biorthogonalité B
UM,V =1y,

ou N, est la dimension de Im(II).

Dans la suite, on parlera de vecteurs propres généralisés pour désigner aussi bien les solutions
de (41) que celles de (42). Les vecteurs propres généralisés de A et A# sont a priori a valeurs
complexes et les matrices U et ¥ le sont aussi. Nous introduisons les matrices E et E qui sont
a valeur réelle et dont les colonnes sont obtenues a partir des parties réelle et imaginaire des
colonnes de W et W. Ces matrices vérifient les propriétés suivantes

— FE est une base de Im(II),

— E est une base de Im(II),
— on a les décompositions

Ag = ETM,AE et AL =FE"M,A*E,

ou Ag est une matrice réelle diagonale par blocs,
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— on a la relation de biorthogonalité
E"M,,E =1y .

Les matrices E et E sont utilisées dans la suite de la preuve. Le lecteur pourra trouver plus
d’informations dans la Section 3.3.3.
Etape 3 : Projection du probléme sur un espace de petite dimension.
On note (3;) les valeurs propres de A et J, I'ensemble d’indices j associés a des valeurs propres
B; vérifiant Re(5;) > —d. On note G(f;) l'espace propre généralisé de A associé a la valeur
propre 3;. On construit alors l'espace engendré par les vecteurs propres et vecteurs propres
généralisés instables de A + 01 :
Z, = D G(B)).

J€Ju
On note d,, la dimension de Z,,. De la méme fagon, on peut définir Z, I’espace engendré par les
vecteurs propres généralisés stables de A + 41,

Z, = @ G(ﬁ]):

JEN\Ju

on a alors la décomposition
Im(IT) = Z, P Z..

Stabiliser (38) revient a stabiliser sa projection sur 'espace instable Z,, :

{ z,(t) = Auzu(t) + Buh(t), t €[0T, (43)

Zu(()) = HuZ07

ou z, = Iz, A, = II,A, B, =II,B et ou II, est la projection de R¥* sur Z, parallélement &
Zs® Ker(II). On peut de plus écrire 11, a partir des familles introduites précédemment

Hu - EuEEMzm

ot les familles F et E ont été décomposées en E = [E, E] et E :~[E~Ju Es], E,, contenant les
vecteurs de E' dans Z, et E; ses vecteurs dans Z, et de méme pour E. Notons que les colonnes
de E sont soit dans Z,, soit dans Z,. On peut montrer une propriété similaire pour E.

Etape 4 : Construction d’une matrice de feedback stabilisante.
L’hypothese (’i—tv) s correspond a un test d’Hautus pour le systeme adjoint de (43), elle implique
donc que (43) est stabilisable. On peut donc construire une matrice de feedback stabilisant le

probleme (43) comme
K., = =Bl Rs. 11, (44)

ou on trouve R, € RN=XN= en résolvant I’équation de Riccati

=RI >
{ Rsw =RE, >0, (45)

Risw(Ay +wl) + (AL + W) Rs,, + TOITL, — R4 BuBIRs., = 0.

Dans cette équation w > 9 est un parametre permettant de régler la force du controle. Plus w
est grand, plus le controle par feedback sera fort.

Nous pouvons ensuite prouver que le controle h = K;,z calculé a I'aide du feedback Kj,,
stabilise le probleme (38) et donc aussi le probleme (36). Ceci prouve le Théoreme 0.3.1.
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0.3.4 Calcul numérique de la matrice de feedback

Nous traitons dans cette section des difficultés liées a la mise en ceuvre numérique du calcul
de la matrice de feedback Ks,,. L’expression proposée pour Ks, en (44) nécessite le calcul
de TI, ce qui demande l'inversion de la matrice A,,M_'A,, (voir (37)), qui est une matrice
pleine de taille RV=*"=_ Cette opération nécessite un temps de calcul trés important et il est
donc préférable de trouver une autre stratégie pour résoudre les problemes aux valeurs propres
généralisés dont nous avons besoin pour calculer les matrices F et E. Ce point est encore plus
critique en dimension 3 que nous ne traitons pas dans cette étude.

De plus, la résolution de I’équation de Riccati (45), dont la solution Rs, appartient a
RN=XN= "3 un cofit prohibitif. Dans cette section, nous présentons une technique basée sur une
réduction de modele permettant de calculer Ks,, & moindre cofit.

0.3.4.1 Réécriture des problémes aux valeurs propres

Nous pouvons calculer les valeurs propres 3; de A, ainsi que ses vecteurs propres et vecteurs
propres généralisés, de maniere plus efficace en considérant le probleme aux valeurs propres

(ﬁf; Ao)(f7>:5(Mog)(f,) (46)
au lieu de (41).

Le point fondamental de cette section est que les deux problémes (41) et (46) sont mathé-
matiquement équivalents. Cependant, le calcul de A nécessite le calcul de II et donc l'inversion
de la matrice A,, M, A,,, qui est pleine. Ainsi, nous préférons résoudre le probléme aux valeurs
propres (46), la résolution de (41) n’étant pas envisageable.

Une équivalence similaire est établie pour le probléme aux valeurs propres de A# et pour
les problémes aux valeurs propres généralisés.

0.3.4.2 Réécriture de la matrice de feedback K;,,

L’expression (44) ne permet pas un calcul efficace de Ks,,. En effet, la résolution de I'équa-
tion de Riccati (45), dont la solution appartient a RY=*N=est bien trop cofiteuse en pratique.
Il est donc préférable de calculer K, comme suit

Ks, = —BTE,Rs,El M,y (47)
ol 7’557“, € R%*du egt ]a solution de 1'équation

{ ﬁ&,w = ﬁ/}jw > 07

N —~ - ~ 48
’R(s’w</\u + wIRdu) + (As + wIRdu)'R&w + E};Eu + 'R(;’WEEBBTEUR(;M = 0. ( )

Nous insistons sur le fait que la solution ﬁ(ng de 'équation (48) appartient & R%*du elle est
donc de dimension bien plus petite que Rs,, solution de (45) qui appartient a R=*N= (en
pratique, d,, < 10). La petite dimension de 73570, est un point essentiel de la méthode de calcul
puisqu’elle permet la résolution de 1’équation (48), qui est alors tres simple, en un temps tres
raisonnable.

En manipulant les équations (45) et (48), on peut montrer que Ry, est solution de (45) si
et seulement si ﬁ&w = EI'R; ., E, est solution de (48). Ainsi, les deux expressions (44) et (47)
proposées pour Ks,, coincident. Pour plus de détails, on peut se reporter a la Section 3.4.
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0.3.5 Simulations numériques du systeme fluide—structure

La méthode utilisée repose sur des domaines fictifs, I’ensemble du domaine €2, incluant la
partie fluide et la structure, est maillé. L’interface 0S(61, 63) entre le fluide et la structure peut
a priori couper les éléments du maillage. On illustre ci-dessous une telle méthode (Figure 5)
pour un maillage cartésien. En pratique, nous utiliserons un maillage triangulaire.

FIGURE 5 — Le domaine fictif.

On s’appuie sur la méthode présentée pour un cadre stationnaire dans [52, 65| ou instation-
naire dans [53]. Les conditions de Dirichlet sont prises en compte par des multiplicateurs de
Lagrange. Ces mémes multiplicateurs de Lagrange sont ensuite utilisés pour calculer la force
exercée par le fluide sur la structure. Pour obtenir une valeur plus précise du multiplicateur
de Lagrange, on ajoute a la formulation variationnelle associée au probléeme (22) un terme de
stabilisation sur le bord de la structure et on fait une correction sur les éléments dont la partie
appartenant au domaine fluide est trop petite (voir Chapitre 3, Section 3.6.2.3). Le terme de
stabilisation permet également d’améliorer le conditionnement du probleme.

Le controle h est calculé a partir de 1’état du systeme et de la matrice de feedback que I'on
a précédemment construite :

h(t) = Ko (v, 01 — &, 00 — &, 01,05),

ot v(t,y) = cof (Tas(61(t), 02(t), ) u(t, @5(0:(1), 02(t), y)) — w(y).

Tous les calculs sont effectués avec la bibliotheque libre GetFEM++ écrite en C++. Un des
avantages de cette approche est de pouvoit utiliser tous les outils qui y sont développés. En
particulier, nous pourrons utiliser la calcul parallele avec MPI si nous souhaitons poursuivre
cette étude en 3D.

Le calcul de la marche en temps se fait de maniére partitionnée. Nous mettons d’abord a
jour la position de la structure, puis nous calculons le nouvel état du fluide. A chaque pas de
temps,

— nous calculons la valeur du contréle h (lorsque nous sommes en train de simuler 1’évo-

lution du systéme en boucle fermée),

— nous calculons la valeur des parameétres de la structure,

— nous mettons a jour la position de l'interface fluide—structure, ainsi que les méthodes

d’intégration qui en dépendent,

— nous calculons I'état du fluide.

Bien que ce travail de these ne contienne pas de réelle nouveauté concernant le fonctionne-
ment de la méthode numérique employée, la mise en ceuvre faite dans le cadre de la modélisation
considérée a demandé un réel travail de développement d’outils numériques. Parmi ces outils,
nous avons développé une méthode de calcul numérique du difféomorphisme ®5(6;,6,,.) et
de son inverse ®5(0,6,.)"! qui, dans le Chapitre 2, ne sont pas donnés par une expression
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explicite. Nous avons de plus développé une méthode permettant de calculer précisément la
valeur de la fonction level-set en s’appuyant sur une liste de points positionnés exactement sur
I'interface entre le fluide et la structure.

Les efforts consentis pour développer ces outils leur permettent d’étre relativement géné-
riques et donc d’étre réutilisables pour des géométries différentes.

De plus, de nombreuses améliorations du code permettent de réduire les cotits de calcul.
Par exemple, a chaque pas de temps, les coefficients des matrices correspondant a des régions
loin de la structure, et qui donc ne changent pas, n’ont pas a étre réassemblés.

Notons que le feedback calculé numériquement est a priori utilisable pour stabiliser le sys-
teme continu tant que le maillage utilisé pour la discrétisation est assez fin.

0.4 Perspectives

Plusieurs perspectives peuvent étre envisagées suite a ce travail de these.

— Tout d’abord, il serait intéressant d’essayer de traiter le cas ou la structure est constituée
d’un nombre fini de solides rigides reliés entre eux par des liaisons mécaniques (voir Figure 2a
pour le cas d'une liaison pivot). Ce type de structure est courant dans le monde industriel.
Comme nous 'avons évoqué dans la section de modélisation, dans ce cas, la vitesse peut étre
discontinue a l'interface entre les différents solides. Du point de vue de la modélisation, cela
revient a retirer ’hypothese (6). Cette hypothese est essentielle dans 'approche que nous avons
utilisée. En effet, combinée a la condition d’adhérence (8), elle impose a la vitesse du fluide
d’étre tres réguliere sur 05(6y, 62).

Si cette donnée est discontinue, alors nous ne pouvons pas utiliser la méme approche. En
effet, si la trace de la vitesse sur 0S5(0y,6;) est discontinue, alors la vitesse a l'instant ¢ ne
peut pas appartenir a I'espace de Sobolev H?(.Z(6y,0,)). 1l faudrait donc changer le cadre
fonctionnel que nous utilisons pour pouvoir traiter ce cas. On pourrait par exemple envisager
de travailler avec des solutions faibles comme dans [11, 114, 112]. Une autre piste serait de
régulariser I'assemblage de solides rigides en une structure se déformant continiment avec un
parametre de régularisation € > 0 et de retrouver 'assemblage de solides quand € — 0. On
ménerait alors l'analyse sur le probléeme ayant un champ de vitesse continu et on pourrait
essayer de retrouver des estimées par passage a la limite sur 'assemblage de solides.

— Une autre suite a ce travail serait de travailler sur I'hypothese (#);. Nous avons déja montré
qu’elle était intrinseque au modele considéré. Cette hypothese est une condition essentielle a la
preuve de la stabilisation du systeme. Il serait donc bon d’essayer de déterminer dans quelles
conditions cette hypothese est vérifiée. On peut par exemple se demander si cette hypothese
est satisfaisante génériquement par rapport au domaine.

De la méme fagon, on pourrait étudier I’hypothese (#),. En particulier, on pourrait se
demander pour quels espaces d’approximation I’hypothese continue (#)z implique 'hypothese
discrétisée (H),.

— Un autre axe d’approfondissement serait de stabiliser le systéme par feedback avec une
information partielle uniquement. On pourrait, pour calculer le contrdle, au lieu de se donner
I’état complet du systeme, ne considérer qu'une mesure partielle, par exemple I'état de la
structure. Il faudrait alors construire un observateur pour estimer ’état global du systéme. Le
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contrdle serait alors calculé a partir de ’état estimé en utilisant 1'opérateur de feedback Cs
que nous avons construit dans le Chapitre 2. Notons que cette étude pourrait étre menée aussi
bien sur le systéeme continu du Chapitre 2 que sur le systeme discrétisé du Chapitre 3. Cette
question a déja été abordée pour d’autres modeles. On citera notamment les constructions
d’observateurs fournies par [49] pour un modele de réaction—diffusion, par [45, 78, 86, 90, 115]
pour un fluide seul et [25, 26] pour le cas d'un systéme d’interaction fluide-structure.

— On pourrait étudier la convergence de la matrice de feedback K, du systeme discrétisé
vers l'opérateur de feedback K5 du systeme continu quand le pas de maillage tend vers zéro.
Cela permettrait d’estimer le raffinement de maillage nécessaire pour approcher correctement
Ks par K;,, et ainsi utiliser ce dernier pour stabiliser le systeme continu.

— Emnsuite, mener la méme étude en considérant des angles sur la géométrie de la structure
viendrait renforcer la pertinence des résultats que nous avons présentés. En effet, les profils
d’aile d’avion classiques possedent de tels angles a l'arriere (leur bord de fuite), par exemple
un profil NACA est représenté sur la Figure 6.

FI1GURE 6 — Un profil d’aile de type NACA.

Traiter la présence d’un angle sur la structure représente une réelle difficulté aussi bien du
point de vue théorique que numérique. En effet, d’'un point de vue théorique, un angle sur
la structure est en mouvement, il est donc plus difficile a traiter que les angles aux coins du
domaine €2. Par ailleurs, d’un point de vue numérique, il est bon que le maillage s’appuie sur
I’angle au bout du profil. Il faudrait donc adapter le code pour permettre cela.

— Nous pourrions également étendre les outils numériques que nous avons développés. Le
cas d’une structure dépendant de plus de deux parametres serait une premiere extension. Elle
permettrait de traiter des structures déformables disposant d’une plus grande liberté de dé-
formation. Dans un second temps, étudier le probléme en dimension trois comporterait des
difficultés liées au fait qu’il faudrait résoudre des systémes de grande taille. Ainsi, de nouvelles
problématiques liées au calcul haute performance devraient étre abordées. L’étude théorique
que nous avons menée, ainsi que les outils numériques que nous avons développés pourraient
étre réutilisés pour traiter ces problémes (voir les hypotheses faites sur X lors de la modélisation
et les hypotheses faites sur les espaces d’approximation dans le Chapitre 3).

— Enfin, on pourrait mener une analyse numérique propre de I’algorithme de simulation utilisé
dans le Chapitre 3. Ceci permettrait de garantir la convergence de la solution approchée vers
la solution continue. Cette analyse présente plusieurs difficultés. D’abord, il faut étre capable
de traiter le fait que le couplage fluide-structure est mis en ceuvre de maniere partitionnée. On
peut se reporter pour cela a [62]. De plus, la présence d’éléments coupés complique l'analyse.
On pourra s’inspirer des études [52, 65] analysant la convergence de la solution pour le probleme
de Stokes stationnaire, et de [121, 120] ou I'analyse d'un probléme instationnaire différent du
notre a déja été menée pour des méthodes non conformes.
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Chapitre 1

Existence de solutions fortes au
probleme d’interaction fluide—structure
en temps petits

Abstract. We study the existence of strong solutions to a 2d fluid—structure system. The
fluid is modelled by the incompressible Navier-Stokes equations. The structure represents a
steering gear and is described by a finite number of parameters and its equations are derived
from a virtual work principle. The global domain represents a wind tunnel and imposes mixed
boundary conditions to the fluid velocity. Our method reposes on the analysis of the lineari-
zed system. Under compatibility conditions on the initial conditions, we can guarantee local
existence in time of strong solutions to the fluid—structure problem.

MSC numbers : 74F10, 74H20, 74H25, 74H30, 76D03.

1.1 Introduction

The goal of this study is to prove the existence of a solution to a fluid—structure problem. The
fluid is modelled by the incompressible Navier—Stokes equations and the structure, immersed
in the fluid, is governed by a finite number of parameters.

For the sake of simplicity, only two parameters 6; and 6, are considered to describe the
motion of the structure. However, all results remain valid for any finite number of parameters.

1.1.1 Modelling of the problem

The considered structure lies inside an open bounded domain Q C R? and deforms itself
over time. The couple of parameters (6;,6s) lies in an admissible domain Dg which is an open
connected subset of R2. Let S.f, a smooth closed connected subset of €2, be the reference
configuration for the structure (for instance Si¢f is the volume occupied by the structure for
01 = 0, = 0). We consider a function X defined on Dg x Sie that computes the position in
the structure according to the reference position in S, and to the value of the parameters
(91, 92) € De.

The volume occupied by the structure for the parameters (6;,62) € Dg is a closed bounded
connected subset of Q0 denoted S(61,60:) = X (01,02, Sier). We further assume that for every
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(a) A pivoting link P. (b) A structure continuously (¢) A limit configuration.
deforming.

FIGURE 1.1 — Three different kinds of structure deformation.

(01,05) € Dg, S(01,605) C €, i.e. there is no contact between the structure S(6,6,) and the
boundary of the domain 0f2.

1.1.1.1 Motivations

Structures depending only on a finite number of parameters arise in the field of aeronautics.
For instance, let us consider a steering gear structure. In a first approach, we can model this
structure by two rigid solids. Solid \5; is tied to the fixed frame by a pivoting link O and solid S,
is tied to solid S by a pivoting link P. The whole model is represented in Fig. 1.1a. Note that
Sp can be thought of as the aerofoil of a wing and S5 as a steering gear such as an aileron. For
a given Spef, the function X* representing the motion of this structure with respect to (0, 6s)
is given below

X*(01,02,y) = x5, (y)Ro,y + x5,(¥)(Ro, Y5 + Roy40.(y — ¥5')), Vy € Seet, V(61,06,) € Do,

cosf) —sinf
sinf  cos6
coordinate of the point P in the reference configuration S, and y g is the characteristic function
over a set £ C R? given below

ref

where Ry = is the rotation matrix of angle 6, y's' = (yp1,yp2)? is the

1 ifyekFE,

Vy €9, xely) = { 0 else. (1.1)

In the previous example, the domain of definition Dg of (01, 65) is chosen such that no overlaps
of the structure occur.

Note that for 65 # 0, the function X%(6y,6s, .) is not a diffeomorphism as it is discontinuous
through the interface 95, NS, between the two solids. In the same way, for 65 # 0, the velocity
field is discontinuous inside the structure (we denote 6, the time derivative of 6,). In other words,
if we keep Sy at rest and rotate Sy around P, a discontinuity of the velocity appears through
the interface between the two solids. This discontinuity can reduce the regularity expected for
the fluid velocity. Indeed, if we assume no—slip boundary conditions between the fluid and the
structure and if at time ¢ the trace of the velocity is discontinuous on 95(6,(t),62(t)), then a
Sobolev injection argument shows that we cannot hope for a better regularity in space for the
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velocity of the fluid than the Sobolev space L2(0,T; H'(Q\S(6,(t),05(¢)))) !, while for strong
solutions we usually expect the velocity in the Sobolev space L2(0, T; H2(Q\S(01(t),0:2(1)))) *
This loss of regularity would harm the estimates of the nonlinear terms (see Appendix A).
That is why we consider a smooth approximation X° of the deformation X2.
In the sequel, y = (y1,¥2) is the Lagrangian coordinate and y= = (—ys, 1) is normal to y.
The behaviour of the smooth structure is represented in Fig. 1.1b, we give X° below

N(y
Xb(eh 927}’) = gl(yl)erl + 92(y1)8r2 + Yo HNE ;H Y € Sref, (‘91, 92) € De, (1-2)

where ¢g; and ¢y are real-valued functions. We use the notations : e,; = (cosfy,sinf,), e.o =
(cos(6y + 62),sin(6; + 62)), N(y1) = gi(v1)eor + gh(y1)ega, where eg; = €5 and egps = €.
Moreover, we have ||[N(y1)|| = ((N1(y1))? + (Na(y1))?)/2, where N; is the i coordinate of N.

The function y; — g1(y1)er1 + g2(y1)er gives for (01, 6,) € Dg the position of a reference
curve. Every fibre of matter that is normal to this curve in the reference configuration stays
normal when (6, 6;) changes. The normal direction to the curve for abscissa y; is given by
N(y1). This model is inspired from the fish-like model described in [138, Section 7].

To enforce smoothness of X° ¢, and g, are taken as 4> functions which are smooth
approximations of respectively yp1 + (Y1 — ¥p1)X[0,yp1] (Y1) a0d (Y1 — YP1) X[yp1,ymax] (Y1), Where
X7 is defined in a similar way as (1.1) for I C R. For instance, let € > 0 and consider . a ¢
cut—off function such that

,us(yl) = 17 fOI' U1 < Yyp1,
:U’a(yl) S [07 1]7 for Ypa S U1 S Ypa + &,
pe(y1) = 0, for yp1 +¢ < 1.

Then, we can use
g1(y1) = yp1 + pe(y1) (1 — yp),
92(y1) = (1 — pe(y1)) (1 — ypa),

in (1.2) to get a smooth deformation as in Fig. 1.1b. The velocity field of the structure is not
any more discontinuous, we can thus expect the fluid to have the usual regularity of strong
solutions.

Remark 1.1.1. When ¢ tends to 0, these functions become

91(Y1) = Xjan{(¥1)Y1 + Xp.g (Y1)YP1,
{ 92(Y1) = Xp.d (Y1) (Y1 — yp2)- (1.3)

In this case, we recover the behaviour of a pivoting structure with two rigid solids (see Fig. 1.1c),
corresponding to a transformation denoted X°. However, with this definition, the two solids
overlap each other, so that we will not use it either in the sequel. Also let us remark that the
limit X¢ of our smooth approximation X’ is not the original model X¢.

Now, let us show that we can choose Dg such that for every (01,6,) € Dg, X%(6;,0,,.)
is a € diffeomorphism. We can compute the jacobian Jxu(0y,0s,.) of X°(0y,0,,.), it fulfils

det(Jxs(61,02,.)) = [|IN]|| + sin(02)(g{ g5 — g597). This shows that for a given reference

||N||2

1. These spaces are given here in an informal manner. They will be defined more precisely later.
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configuration and for 6, small enough, det(Jxs(01,0s,.)) > 0 everywhere. Hence this proves
that X°(0y,60s,.) is a € diffeomorphism for f, small enough.

We shall therefore keep in mind only the example of X? (see Fig. 1.1b), though our original
motivation was to deal with X (see Fig. 1.1a). More generally, our approach will be applicable
to many more choices of deformations X. Let us list below the assumptions used in the sequel.

Modelling Assumptions.
e For every y € Sier, X(0,0,y) =y.

Sref = S(0,0) is a smooth simply connected closed subset of €.
For every (6,0,) € Do, we have X (0, 65, Sief) C €.
For every (01,6,) € Do, X(01,02,.) is a € diffeomorphism
from S, to its image S(61,65).
The function X is € on Dg X Sief.

The functions 9y, X (61, 02, .) and 99, X (61, 02, .) form
a free family in L?(9S,¢) for every (6, 65) in De.

In (1.4), we have assumed that S, = S(0,0) to ease the study. Assumption (1.7) enables
us to use a change of variables. This is a crucial step in our approach, as we shall see in Section
1.3.1. Assumption (1.9) has been chosen to ensure continuity of the velocity field inside the
structure and on its boundary. This assumption could be weakened, as €™ would be sufficient
for n large enough, but we keep € for simplicity. In our approach, Assumption (1.10) is
natural and mandatory to determine the equations of the structure, as we shall see below in
Section 1.1.1.2.

The inverse diffeomorphism of X(61, 6, .) whose existence is guaranteed by (1.7) is denoted
Y (0y,6,,.), we have

e N e e N N
— = = = =
©O© 00 ~J O Ot

)
)
)
)
)
)
)

(1.10

v(eb 92) € ID@) vy € Sref7 Y(ela 927 X(eb 927 y)) =Y. (111)
The diffeomorphisms X (61, 6,,.) and Y (6;,0s,.) are illustrated in Fig. 1.2.

B°(0,.65,.)
X (61,05, .)

X y

T
i

S, ref

N

ref

Y (64,09,

Q WO (6:.0..) Q

FI1GURE 1.2 — Correspondance between real and reference structure configurations.

1.1.1.2 Dynamics of the structure

In order to simplify the equations of the structure, we consider the following assumption for
the dynamics of the structure.
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Modelling Assumption.

e No friction and no elastic energy are considered in the structure.
(1.12)

The equations satisfied by the structure are obtained by a virtual work principle [22; p. 14—
17]. We know that the admissible parameters of the structure are (61,6,) € Dg, and that the
admissible velocities satisfy

Vg € VeCt(891X<01, 92, .), GQZX(Ql, 92, ))
Thus, the virtual work principle can be formulated for every time ¢ € [0, T] as

Find (6,(t),02(t)) € Dg, such that
for every w € Vect(0p, X (601(t), 02(t), .), 09,X(01(t), 02(1), .)),

/ref <§t22( (61(2), 02(1),y)) —fbody(t,X(91(t),92(t),y))> -w(y) dy (1.13)

05001 (0000 fros(Va) - W(Y (01(t), 02(2), 72)) dyz = 0,
where fj,q, is a distributed source term in the body (modelling for instance the gravity), p
is a positive constant that represents the mass per unit volume of the structure in the re-
ference configuration S and fr_.g is the force exerted by the fluid on the structure along
0S(01(t), 02(t)).

Note that the presence of f}44, is compatible with Assumption (1.12), as this term represents
external forces. It does not depend on 6y, 6, and their derivatives.

Remark 1.1.2. Assumption (1.12) has been used in (1.13) as no interior works have been consi-
dered.

Let us denote respectively 8 and 6 the first and second time derivatives of the function 6.
Then, the velocity of the structure can be written as

d

vi(t,y) = —X(0:(2),

a 22:93 1(t),0:(),y), Vte[0,T], Vy€ Swt, (1.14)

<.
—_

and its acceleration as

ivs(t,w %2( (0:(2). 0a(2).y)) 2

= ZQJ 1(1),62(1),y) + > 9j(t)9k(t)aajekx(91(t)a92(75),}’)-

k=1
Now, problem (1.13) can be rewritten as follows

Find (0, 0,) € Dg, such that for i € {1,2}, we have,
P Z éja@jx(ela 02,y)-0oX (01, 02,y) dy
J

= — / pz éjékagjgkX(el, 92, y) : 8‘92}((61; 927 y) dy
i,k

+/S £o0ay (t, X (01,02,y)) - 05 X(01,02,y) dy
ref

fro(7e) - 00.X(61,02,Y (01,05,7,)) dv,.
85(91702)}'3(7> 0; (1 2 (1 2’7)) o

ref
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Let us denote the structure body source term

(fs)z = /S fbody(ta X(eh 027 y)) ’ 892‘)(<917 927 y) dy (115)
ref
On a matrix form, the equations of the structure read
0 .o
Mo, 0, ( 0; ) = My (6,,05,01,05) + Ma (01,02, fr.5) + £ on (0,7), (1.16)

where fs = ((fs)1, (fs)2) and

_ <891X<91,92)7891X(01,92))5 (89%(61792)7891)((91792))5 2x2
Movo, = < (00, X (01, 02),0,X(01,02))s (00, X(01,02),00,X(01,02))s ) <R )

Ml(eh 927 '917 92)

:<—(Q§89191X(91,92)+2é1é26919;((91,92)+é§8929;((91,92),891X(91,92))5>6R2 (1.18)
—(6709,0,X (01, 02) +2010505,0,X (01, 02) +0509.9,X (61, 02) ,09,X (01, 602) ) 5 ’
where (.,.)s is the scalar product
(®,%)s = [ p®(y)- ¥(y) dy, (1.19)
Sref
and
Lo 00X (01,62, Y (81,02,7)) - fr5(%) s
My (61,605, fr_5) = | 729000 cR?  (1.20)

g X (01,04, Y (01,02,7)) - £ ) Ay
(0r.02) b:X (01,02, Y (61, 02,72)) - £7-5(72) d.

The matrix My, g, in (1.17) is the Gram matrix of the family (0pX(61,02), 09, X(61,65))
with respect to the scalar product (.,.)s. It is invertible due to Assumption (1.10) (if two €
functions are colinear in L?(S,) then they are colinear in L?(9Ser)).

We also consider the following initial displacement and velocity for the structure

01(0) = 610, 02(0) = bay,
' P ’ 1.21
{ ‘91 (0) = W1,0, 62(0) = Wwa2p0. ( )

1.1.1.3 Equations of the fluid

In our study, the global domain Q = (0, L) x (0, 1) represents a wind tunnel of length L > 0,
see Fig. 1.3. Hence its boundary is composed of four regions : an inflow region I'; = {0} x (0, 1),
a bottom region I, = (0,L) x {0}, a top region I'y = (0,L) x {1} and an outflow region
I'n = {L} x (0,1). We denote I'y, = I'y UT', the part of the boundary corresponding to walls
and I'p = I'; U T, the part of the boundary where Dirichlet conditions are imposed.

At time t, the structure occupies the volume S(6(t),02(t)), therefore the fluid fills the
domain Z(01(t),0:(t)) = Q\S(01(t), 0(t)).
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| \\ Ft A

| / S(01(t),62(¢))

e I'y B

FI1GURE 1.3 — The geometrical configuration.

The velocity of the fluid is modelled by the incompressible Navier—Stokes equations

8—u(zf, x)+Hu-V)u(t,x)—divequ(t,x), p(t,x)) =fz(t,x), t€

ot » XEF(0(1), 6:(1)),

u(t,x) = u'(t, x),
u(t,x) =0,

u(0,x) = up(x),

UF(u(t7 X)a p(ta X))l’l(X)

div u(t,x) =0, te

=0,

, XEF(04(t), 0o1)),

x ey,
x ey,
x eIy,
X 69(91,0, 9270),

(1.22)

where u(t,x) and p(t,x) are velocity and pressure of the fluid at point x and time ¢, and
or(u,p) = v(Vu+ (Vu)") - pl,

is the stress tensor of the fluid, where v > 0 is the kinematic viscosity of the fluid. The vector n
denotes the unitary outward normal to 2. The term fz(¢,x) in (1.22), is a force per unit mass
exerted on the fluid. Moreover, a nonhomogeneous Dirichlet boundary condition u’ is imposed
on the inflow region I'; and we consider an initial condition ug for the fluid velocity. Of course,
these equations should be completed with suitable boundary conditions on 0S5(0;(t), 62(t)) that
will be made precise in Section 1.1.1.4.

1.1.1.4 Interface between the fluid and the structure

The velocity u of the fluid fulfils an adherence condition with the boundary of the structure
whose velocity is given in (1.14),

u(t’ X(91 (t>’ 92(t)’ Y)) = Z éJ'(t)aGJX(el (t)v 92(t)7 Y>’ te (07 T)? yc& aSref-

j=1

49



Note that this no—slip boundary condition corresponds to the continuity of the velocity through
the interface between the fluid and the structure and can also be rewritten as
2

u(t,x) = SV;(£)96X(01(£), 02(t), Y(01(), 02(t), X)), t€(0,T), x€S(0(t),0a(t)). (1.23)

j=1
The forces exerted by the fluid on the structure are given by the stress tensor of the fluid
f]:—>S - _O-F(uap)nelﬁza te (OaT)v X € as(gl(t)a 02(t))7 (124)
where ng g, (x) is the outward unitary normal to the fluid domain .7 (6, (t), 2(t)) on 9S(6,(t), 2(2)).

1.1.1.5 The complete set of equations

The full set of equations is given by (1.16), (1.21), (1.22), (1.23) and (1.24). Note that the
coupling between the fluid and the structure appears in equations (1.22) (as the fluid domain
depends on 6, and 6,), (1.23) and (1.24).

The final considered system is given by the following set of equations

aaltl(t,x)—l—(u(t,x) Vu(t,x)—div op(u(t,x),p(t,x))=fz(t,x), t€(0,T), x€.F(0:1(t),0:(t)),
diV U_(t,X) = O, te (07T>> Xeﬁ(el(t)a(g?(t)%
u(t,x) = Z Q'j(t)ﬁng(Ql(t), 02(t), Y (61(),0-(t), %)), te(0,T), x€dS(0:(t),0(t)),
u(t,x):il_i(t,x), te(0,7), xeTy,
u(t,x) =0, te(0,7), xely,
or(u(t,x), p(t,x))n(x) = 0, te(0,7), xely,
u(0,x) = ug(x), X €F (010,020),
Mo ) =M01.62, 012

+Ma (01,02, —or(u, p)ng 4,)+fs, te(0,7),
61(0) =019, 62(0) = bqp,
61(0) = W1,0, 62(0) = W2,0-

(1.25)

1.1.2 Statement of the main result

In this section, after setting up the functional framework, we present our existence result for
solutions to problem (1.25). In the sequel, .Fy = # (01, 620) denotes the initial fluid domain
and Sy = S(01,620) the initial configuration of the structure. For the sake of simplicity, the
initial displacement of the structure is taken equal to zero,

9170 - 9270 - 0
This can be done without loss of generality by the change of variables
(91, 92) — (91 - 91,0, By — 92,0)'

Moreover, the reference configuration for the structure S, and for the fluid %, are taken as

the initial configuration,

Sret = Sp = 5(0,0), Fret = Fo = F(0,0).
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1.1.2.1 Functional spaces

Sobolev spaces. In the sequel, H*(.%,) is the usual Sobolev space of order s > 0. We
1dent1fy L2(g0) with Ho(yo) We will denote Lz(ﬁo) = (L2(ﬁ0))2’ Hs(ﬁo) = (Hs(go»Q and
SO on.

Corners issues. The domain considered for the fluid has four corners of angle 7/2. The
ones that are located between Dirichlet and Neumann boundary conditions induce singularities,
we denote them A = (L,1) and B = (L,0) (see Fig. 1.3). We also denote _#;,, = {A, B} the
set of these corners and we define the distance of a point x from these corners

for j € Zin, forxeQ, r;i(x)=d(x,j). (1.26)

Note that corners between two Dirichlet boundary conditions do not induce singularities as
soon as suitable compatibility conditions are satisfied. We report to [111] for more details.

Weighted Sobolev spaces. The strong solution to the Stokes problem in the domain with
corners A and B and with a source term in L%*(.%;) belongs to a classical Sobolev space of
lower order than what we usually have with smooth domains. In order to get the usual gain
of regularity between solutions and source terms, we have to study the solution in adapted
Sobolev spaces. As the loss of regularity is located around corners A and B, we can recover
the usual regularity if we consider norms that are suitably weighted near these corners. The
weighted Sobolev spaces are then defined for g > 0 as

(o) = {u with [ullss s < +o0},
H5(Fo) = {p with [[pllus (s, < +oo},

where the norms ||. HH2 (70 and ||. HH1 7,) are given by

falf = 33 //0(6/ >) () dy. (1.27)

=0 i=1

and

Wl = 3 /. ( 1 >) 0Dy dy. (1.28)

|a|=0

Here the sum is on all multi-index « of length |a| < 2 for (1.27) and || < 1 for (1.28) and r;
is defined in (1.26).

Steady Stokes problem with corners. Let us denote ng the outward unitary normal
to #y on 0S;. The following lemma from [118] explains how and why the spaces H} and Hj
appear in the context of corners. It gives the result expected for the steady Stokes problem in
Fo with weigthed Sobolev spaces and the regularity obtained in the classical Sobolev spaces.

Lemma 1.1.3. [118, Theorem 2.5.] Let us assume that £z € L*(%). The unique solution
(u,p) to the Stokes problem

—div op(u,p) =fz in Z,
divu=0 in %,
u=0 on I'p U 0Sy,
orp(u,pn =20 on I'y,

(1.29)
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belongs to H3(Fo) x Hy(Fo) for some € (0,1/2) and to H?Te0(Fy) x HY2Te0(Fy) for some
g0 € (0,1/2). Moreover, we have the following estimate

[ullerz (zoynmer2ec0 () + IPllay 7o) nmr/2ez0(75) < Clifzl|L2(0)- (1.30)

Note that the regularity proven in Lemma 1.1.3 gives a meaning to all integrations by parts
as poz, and On,ujsz, are well defined traces for (u,p) € H32t0(F,) x H/* =0 (%).

Also note that according to [80, Theorem 1.4.3.1], there exists a continuous extension opera-
tor from H*(.%#;) to H*(R?) for every s > 0. This implies that all the classical Sobolev injections
and interpolations are valid despite the presence of corners as they can be led in R2.

1.1.2.2 Local existence of a strong solution to the problem

The diffeomorphism ®°. A classical difficulty in fluid-structure problems is that the fluid
domain changes over time. The classical way to get rid of this difficulty is to use a change of
variables on u and p in order to bring the study back into a fixed domain. This procedure uses
a diffeomorphism that we have to define properly. When the state of the structure depends
only on a finite number of parameters, it is convenient to construct this diffeomorphism as an
extension of the deformation of the structure into the fluid domain.

The diffeomorphism used is defined as an extension of the diffeomorphism X given for the
structure. Hence, we need the extension operator defined below.

Lemma 1.1.4. There exists a linear extension operator £ : W>>(Sy) — W3°(Q) N HL(Q)
such that for every w € W3>(Sy)

(1)  E(w)=win Sy,

(17)  &(w) has support within 2. = {x € Q | d(z,09) > €} for some ¢ > 0
such that d(S(61,02),00) > 2¢ for all (04,0) € Deg,

(ii1) ||W|lwseo() < C||Wlws.o(sy), for some C' > 0.

Proof. Extension results are classical, we can for instance find an extension result for smooth
domains in [104, Lemma 12.2]. We can get the result by multiplying the extension function of
[104, Lemma 12.2] by a cut—off function in D(€2.). O

Then we define the following function

B°(0,,05,y) =y + 5<X(91,02, )— Id) (y), V(6:,6:) € Do, VyeQ, (1.31)

where Id denotes the identity function.

We have V®°(0,0,y) = I for every y € , hence det(V®°(0,0,y)) = 1. Then for every
(61,62) € Dg small enough, the function ®°(6,6,,.) is a diffeomorphism close to the identity
function. We denote ¥°(6,6,,.) the inverse diffeomorphism of ®°(6,,6,,.)

v<61, 92) € ]D@, Vy c Q, \110(01, 92, @0(61, 92, y)) =Y. (132)

We can prove that ®° and ¥° belong to ¢>°(Dg, W>>(Q)). These diffeomorphisms are repre-
sented in Fig. 1.2.
The properties of £ imply that

fOI' every (‘91, 62) GID@, ‘130(91, ‘92, So) = 5(81, 02) and Vy € Q\QE, @0<91, ‘92,}’) =Y. (].33)
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The inflow boundary conditions. We use the following space to define the admissible
boundary conditions on the inflow part of the boundary T7,

. . 1/419, ub 2
u e H3/2(Fi) with ufari =0, /0 de < 400,

in 2
/1 Oy (2)]
3/4 1 —1ys

U’ = (1.34)

dys < +00

The conditions with integrals in the definition of U’ are chosen to match the homogeneous
boundary conditions on I'y,. We now state the following existence theorem.

Theorem 1.1.5 (Local existence in time of a solution). Let Ty > 0, let u* € H'(0,Ty; UY),
uy € HY(Z)) and (w1 0,ws20) € R? satisfying the compatibility conditions

divuy =0 in %,
2
up(.) = ) w;009X(0,0,.) on 05y,
j; 7096 (1.35)
uy = u'(0,.) on T,
uy =0 on Iy,.

Let £7 € L*0,Ty; Wh>(Q)) and fs € L*(0,Ty;R?). Then there exists a time T € (0, Ty
such that problem (1.25) admits a unique solution (u,p,0y,60s) with the following reqularity

(91, 92) € HZ(O, T; ]D@),
u(t, BO(6(1),6:(1), y)) € L2(0, T; H3(F)) ([0, T); H(F)) 1 HY(0, T LA(F),
p(t, 0(61(t), 02(t),y)) € L*(0, T Hy(F0)).

Moreover, we have the estimate

[a(t, @°(01(1), 02(1), ¥)) |2 0,752 (70)) w0 (013101 (Fo))nmt (0.7:12(55))
+p(t, ®2(01(1), 62(t), ¥)llr2 (0711 (70)) + (61, 62) [[12(0,7:m6)
< C([[uollm (zoyt w0l +lwaol + | E2[[L2(0,m5m2(20) 1011 (070588372 (0 sl [2 0,70m2) )-

The proof of Theorem 1.1.5 mainly follows the one in [34] and is presented in Section 1.3.3.

1.1.3 Scientific context

Existence of strong solutions to fluid—structure problems is already available for several
cases. For instance the problems of a fluid coupled with rigid bodies [79, 147, 148], a plate [133]
or a beam [102, 116] have already been investigated.

Existence of a weak solution has also been proven for a fluid coupled with a plate [47].

In the current study, we focus on a deformable structure depending on a finite number of
parameters. A close situation has already been investigated for a finite dimensional approxi-
mation of a plate [34], where the functions 9y X fulfil a relation mandatory to ensure the null
divergence of the fluid.

In contrast to [34], the case considered in the current paper deals with an intrinsically finite
dimensional structure. Hence, the functions 89JX do not fulfil such a relation and some parts
of the proof in [34] have then to be modified.

Additional difficulties are induced by the corners on 02, more information can be found in
[111, 118].
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1.1.4 Outline of the paper

In Section 1.2, we study the linearized problem in the fixed domain .%,. We prove existence
of strong solutions to this linearized problem. Then, in Section 1.3, we prove local existence
of solutions to the nonlinear system. The proof of the estimates of the nonlinear terms can be
found in Appendix A.

1.2 Existence of solution to the linearized problem

In this section we study the linearization of the problem (1.25), first with only source terms
f and s and then with all source terms and boundary data. These equations are written in the
fixed domain %, using a change of variables explained in Section 1.3.1. In the sequel, (@, p)
denotes the velocity and the pressure of the fluid in the fixed domain .%,. We denote T' > 0 the
considered final time.

1.2.1 Linearized problem with nonhomogeneous source terms

Let us study the following problem

ot _

E—I/Aﬁ—FVﬁ:f in (0,7)x %,
diva =0 ‘ in (0,7)x %,
@t = 6,0,8°(0,0,.) + 6,9,8°(0,0,.) on (0,7) x9S,
i=0 on (0, T)x T},
u=0 on (0,7)x Ty,
ap(ﬁ,ﬁ)n:() on (O,T)XFN, (136)
ﬁ(O, ) = Llo(.) in 907

j / 51 — v(Via + (Vid)T)|ng - 35,8°(0,0,7,) dv,
Moo <91) =% N o o +s on (0,7),

2 8[51 —v(Va + (V)" )ng - 95,2°(0,0,7,) dv,

0,(0) =0,  6,(0)=0,
01(0) = w10, 0,(0) = way,

where the unkwnows are (4, p,60,,0,) and the source terms are (f,s) € L%*(0,T;L?(.%)) x
L%(0, T;R?). We will show later that this system corresponds to the linearization of the nonlinear
problem (1.25) transported in the fixed initial configuration %.

Remark 1.2.1. The state (@, 7, 6,,60,) of problem (1.36) can be reduced to (1,7, 6, 6,). Consi-
dering the velocity of the structure instead of its position is sufficient to solve (1.36). However,
we prefer to consider the full state (u,p,0;,0,), as it is useful in the sequel to deal with the
nonlinear problem.
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In the sequel, the following spaces are used

Ur = L*(0, T; Hj(F0)) N €°((0, T); H' (Fo)) N HY(0, T; L*(H0)), (1.37)
IPT:L2<07T; Hé(ﬁo)), ( )
Or = H*(0, T; R?), (1.39)
Fr = L*0,T; L*(%)), (1.40)
Gr = H'(0,T; H*?(95y)), (1.41)
Sr = L*(0, T;R?). (1.42)
We endow ©7 with the following norm

1001, 02)llor = 1101, 0)llsx2(0,7) + 1101, 0)lloeo,7) + 1(B, 6) = 0.1,

the other spaces are endowed with their natural norms. The norm ||.||e, has been chosen so
that we have the estimate ||(6;, 0,)||r~(.1) + || (61, 02) L0y < C|/(6;,65)||e, Where C does not
depend on T'. Note that with the natural norm of ©7, C' would depend on T

Let us fix an arbitrary time T > 0, e.g. Ty = 1. We want to prove the following result.

Proposition 1.2.2. There exists a constant C' > 0 such that for all T € (0,Ty), C does not
depend on T, for all ug € HY(Fy) and (w1, wa0) € R? satisfying the compatibility conditions
(1.35) (with u* = 0) and every (f,s) € Fr x Sz, problem (1.36) admits a unique solution

(ﬁ,ﬁ,6’1792) € Ur x Pr x Or.
Moreover, the following estimate holds
[alluy + 15]ler + (01, 65)llor < Cllluollar(z) + [wiol + [w2ol + [Iflles + lIsllsy). (1.43)

In order to prove Proposition 1.2.2, we will study the problem (1.36) under its semigroup
formulation. Let us define the space

{(ﬁ,el,QQ,wl,%)eL%%)xR4, diva=0in.%, u-n=0onTlp, } (144
. (1.44

H = u- g = ZWjagj(I)O(O, 0, ) * Ilg O1N (95()
J

where ng is the unitary outward normal to the fluid domain .%,. The space H is endowed with
the scalar product (.,.);; of L*(%) x R* defined by

~ ~ ~ ~ eb b
(e, 67,03, wt,wg), (8", 600, 08, wt b)) = /ru i dy+(0f 05) (@) +(wf w§) Moy (‘”i) :
Z0 2

We also define

(a,0,,0,,w,,w,) € H(F)) x R*, diva =0in.%,, 1 =0onT[p,
V= i = Y w;3,9°(0,0,.) on S, , (L45)
J
endowed with the scalar product (.,.)y, of H'(%) x R* defined by

((ﬁa,9‘1‘,Hg,wf,wg),(ﬁb,911’,93,wl1’,wb))vz ﬁ(ﬁ“-ﬁb—i-Vﬁ“:Vﬁb) dy

(; a gll) a a wl{
+(07 03) 93 + (wf MQ)MO,O b -

In the sequel, we denote (f;)j=12 = ( ? )
2
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Lemma 1.2.3. The orthogonal space to H with respect to the scalar product (.,.)y is

(H)* = {(VP,O,O, —M&é%spno-é’e °(0,0,) d%) ) with peH'(F) , p=0on FN},
0

12
where Moo is defined in (1.17).
Proof. Let (0%, 0¢,05,w w$) € L?(.Zy) x R* such that for every (u®, 6%,05, wb W) € H,

~a na pna a a ~b nb b b b
((u ,91,92,(,«}1,@02),(11 701792’w1’w2))m = 0.

By taking @’ = 0 and w? = W} = 0, we easily obtain §¢ = 02 = 0. With w® = w§ = 0, we also
get

/ -’ dy =0, va’ e L*(.%) such that div i’ = 0in .%; and @° - ny = 0 on I'p U 95,
Zo

which implies, according to [118, Lemma 2.2], u® = Vp, where p € H'(%#;) and p = 0 on I'y.
Now,

/ﬁ Vp- il dy + 3wl (95,X(0,0,.),05,X(0,0,.))s = 0,
- .

becomes with the divergence formula and the compatibility condition in (1.44)
b 0 a, b _
> W /85 png - 99, 8°(0,0,7,) dyy, + D wiwi(95,X(0,0,.),06,X(0,0,.))s = 0,
J 0 Ik

then
s png - a&fI)O(Oa 0> PYy) dey + Z wZ(89JX<O7 07 ')780kX(O7 07 ))S = 07
0 k

which yields a first inclusion. The converse inclusion is obtained via an integration by parts. [

We define the operator (A, D(A)) on H as

D(A) (@, 0,, 0, w,,w,) € V, it € HY?*750(Fy), Ip € HY/?+50(.F) such that
N div op(q,p) € L*(Z) and (0, p)n = 0 on 'y

b

where g¢ is introduced in Lemma 1.1.3, and

u div op(1, p)

Al 6, | =1k | o, , (1.47)
“ Mg ([ —owt pmo - 908°(0,0,7,) o, )
Wy 950 j=1,2

where Iy is the orthogonal projector from L*(.%;) x R* onto H with respect to (.,.)y-

Lemma 1.2.4. The operator A is uniquely defined.
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Proof. Let (@, 0,,0,,w,,w,) € D(A) and consider two functions p, ¢ € HY/?*%0(.%,) satisfying
the conditions appearing into the definition of D(A). Then, div or(0,p —q) = —V(p — q) €
L?(.%,) implies p — q € H (%), and 0x(0,p — ¢)n = 0 on I'y implies p — ¢ = 0 on I'y.

Now,
div op(1,p)
Wy
Wy
Mob ( [=or(a,pmg - 0,2°(0,0,7,) d,
950 7=1,2
div op(1, q)
Wy
— | w,
My </_UF(ﬁ7 q)no - 95,2°(0,0,7,) dvy)
950 =12
Vip—q)
0
= O Y
~Map (/ (p — q)no - 9,2°(0,0,7,) d%)
950 j=1,2
which belongs to H* according to Lemma 1.2.3. Therefore A is uniquely defined. O

We define the bilinear form a; on V x V for every (a%, 0%, 0%, w{, ws) and (0®, 02,05, wb, wh)
in V by

(008,05, ), (0%, 00, 0., o)) = 7 [ (V0 4 (F0)7) < (V' + (V)" dy.
We define the operator (A;, D(A)) on H by

D(A;) ={z €V with z— ay(z,z) is H — continuous },

and

Vz € D(Ay), VzeV, (Az,2)y=—a1(z 2).
Lemma 1.2.5. We have

D(Ay) = D(A),
and
u div op(0,p)
9, 0
Al 92 — H]H 0
1 MG ([~ pno- 9,8°(0,0,%,) d
Wy 950 =12

Proof. The inclusion D(A) C D(A;) comes easily. Moreover, for every z = (u, 6y, 02, w;,ws) €
D(A), an integration by parts yields

div op(Q, p)
0
Vi € V, (Alz,i)]H = 0 i

Ma’é (/ —or(T, p)no - 89J.<I>0(07 0,7) dVy)
950 j=1,2 o
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Let us now prove the reverse inclusion D(A;) C D(A). Let z = (0,0, 05, w;,w,) € D(A;).
According to Riesz representation theorem, there exists f € H such that

VzeV, a(zz)=(f,z)y.

We write f = (£, fy,, fy,, f.,, £.,). For v € Dyiy = {u € (€>(%))? with div u = 0}, we know
that (v,0,0,0,0) belongs to V, and an integration by parts yields

a1(z, (¥,0,0,0,0)) = / (—div op(@2,0)) -V dy = [ fu-vdy.
5’70 370
Then, according to [146, Lemma 2.2.2], there exists § € L?(.%;) such that
—div O'F(ﬁ,(/D :fu in y(), (148)

and thus div op (1, g) belongs to L?(%), which gives a meaning to or (1, §)ng on 0.%.

Now, let us prove that or(Q,g)n is constant along I'y. Let g € (4°°(T'y))? fulfilling / g -

I'n
n dv, = 0. According to [72, Theorem IV.1.1], there exists vy € H'(%)) satisfying
div vg = 0 in .Fy,

vg = 0on I'p UJS),
vg = gon I'y.

We know that (vg,0,0,0,0) belongs to V. An integration by parts yields

a1(z, (v, 0,0,0,0)) = /

(—div op(Q,q)) - vg dy —|—/ op(Q,q)n-gdy, = / fu - vg dy,
3’70 I'y ngo
and with (1.48) we get

/ op(a,q)n-gdy, =0.
I'n

The previous equality holds for every g € (¢/>°(I'x))? fulfilling / g -n dvy, = 0, then there
I'n
exists a constant ¢ such that op(@1,¢)n = ¢ n on I'y.
Let ¢ = ¢ — ¢ € L3(%), we have div op(1,q) = div or(1,q) and or(a,q)n = 0 on I'y.
Moreover, (1, q) satisfies

div O'F(fl,q) c LQ(L?(D,
diva=0 in %,
ﬁ - 0 on FD)

0= w;05,®°(0,0,.) on Sy,
J

or(@,gn =0 on I'y.

We finish this proof with a lifting of the boundary datum on 0S5 [118, Theorem 2.16] and
Lemma 1.1.3. We get D(A;) C D(A), thus concluding the proof of Lemma 1.2.5. O

The key point of this section is the following lemma.

Lemma 1.2.6. The operator A generates an analytic semigroup on H. Moreover, for A € R
large enough, N — A is positive and D((A\ — A)Y/?) = V.
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Proof. We first prove the properties of Lemma 1.2.6 on the self-adjoint operator A; and then
we extend it to A with a perturbation argument.

The bilinear form a; is coercive and symmetric then —A; is non—negative and self-adjoint,
so we can easily conclude that D((—A;)/?) = V.

Moreover, according to Korn’s inequality [59, p. 110], there exists ¢ > 0 such that

~ ~ ~ v, . ~
‘v’(u, 917 ‘92?("}17(")2) S V? al((u7 ‘917 0270.]1,(,02), (u7 917 927("}17(")2)) + 5”11“%2(350) 2 CHuH%-Il(ﬂo)v

so that,

V(@, 0,0, w,w,y) €V,
- ~ v - ~
al((u> 917 ‘927 Wi, w2>7 (U., 017 827 Wis WQ))+maX (27 C) ” (u7 917 027 Wis WZ)H%{ Z CH (U., 617 827 Wi, WQ)H%/
Hence, according to [24, Theorem 2.12, p. 115], A; generates an analytic semigroup on H.
Now, we use the fact that A—A; € L(H), then according to [125, Corollary 2.2.], A generates
an analytic semigroup on H.

A consequence of the previous result is that there exists A > 0 such that A\I — A is positive.

Moreover, D(Al — A) = D(A);), then by interpolation, D((Al — A)Y/2) = D((—A)Y?)=V. O
We are now in position to prove Proposition 1.2.2.

Proof of Proposition 1.2.2. Let us denote F = IIy(f, 0, O,M&és) and zo = (up, 0,0, w0, wsyp).
We have F € L2(0,T; H) and zy, € D(AY?) = V.
According to [24, Theorem 3.1, p. 143] and Lemma 1.2.6, the problem

{ Z/(t) = Az(t) + F(t), >0,

2(0) = 7, (1.49)

admits a unique solution z € L?(0,T; D(A)) N H'(0, T; H) and there exists C > 0 such that
HZHL?(O,T;D(A))mHl(o,T;H) < C(”FHLQ(O,T;IH) + [|zo||v)- (1.50)
With the Sobolev embedding
L2(0,T; D(A)) nHY(0,T; H) — €°([0,T]; V),

we have
2] L2(0,7;D(a)) g0 (0, 11v)nm 0,75y < C(||F (|2 (0,mm) + [|Z0]|v)- (1.51)
Moreover, C' is independent from T € (0, Tp). To prove this last statement, we consider

F(t) ifte0,7],

Vi€ [0,Tp), F(t)= { 0 ift €T, Ty

If z is the solution on [0, Ty] of )
7 = Az +F,
2(0) = Zy,

then for ¢ < T, z(t) = z(t). And we have the inequality

112|120 70: DAY A0 (0,700 v (0.70:1) < C (I F||L20.m0m) + 1Z0]lv),
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where C' does not depend on T'; while

12| L2(0,7:D(a)) g0 (017w )nm 0,758 < || 120,705 D(A)) 0 ([0,70)v)NH (0,70 ) »
and 3
IE L2008 = [1FlL20mm)-
We get (1.51) with C' independent from 7'
Now, if we write z = (@, 6,, 6,, w,, w,), problem (1.49) becomes

u divop(a,p) +f
0 w
d 1 1
& 92 - H]H Wo ’
51 Mas (s + </ —op(, p)ny - 05,2°(0,0,.) dvy) )
2 S0 7j=1..2

where p€ L2(0, T; H/?*50(.%;)). Then, Lemma 1.2.3 implies that there exists ¢ € L2(0, T; H' (%))
such that (a,p+ q,0,,0,) satisfies the linear problem (1.36). Moreover, according to (1.51), we
have (6,,60,) € H2(0,T;R?), @ € H'(0, T; L2(%)) N €°([0, T); H(F,)) N L2(0, T; H3/2+%0 (%)),
p=p+qeL?0,T;H/**%0 (%)) and

10|20 7588372 20 (7)) 160 (0,792 (F0)yrmt (0712 70)) T P20 mmm1 /2420 (50)) + (015 02) lor
< C(lluollsr(#) + lwrol + w20l + IF 2,2 70)) + lIsllLzorz2)-
We still have to show u € L*(0,T;H3(%)) and p € L*(0,T;Hj(%)). According to [118,
Theorem 2.16], there exists v € HY(0, T; H?(.%,)) satisfying

divv=0 in (0,T) x F,

v =>0;0,,9°(0,0,.) on (0,7) x 0y,
J

v=0 on (0,7) x I'p,

(Vv+(Vv)')n=0 on (0,7) x 'y,
with
[Vlar o.rm2(20)) < Cll(61,05)]|e,-
The velocity @ — v and the pressure p satisfy for almost every ¢ in (0,7

—vA(—v)+Vp=f—-0ua+vAv in (0,7) x %,

div(a—v)=0 in (0,T) x Fy,
ua—v=_>0 On(O,T)X(FDuaSO),
op(@—v,p)n =10 on (0,7T) x I'y,

then, according to Lemma 1.1.3, & — v € L*(0, T; H3(.%)) and p € L*(0,T; H(%)), where 3
is introduced in Lemma 1.1.3. Moreover, (1.30) yields

[a — V||L2(0,T;H§(%)) + ||15||L2(0,T;H§3(%)) <|[f -ou+ VAV||L2(07T;L2(3“0))'
With the estimate ||1”1||L2(0,T;H%(,%)) < |la - V||L2(0’T;H%(%)) + [Vl[r2 0,782 (7)), We get
||ﬁ”LQ(O,T;H%(ﬁo))_'—|’]§”L2(O,T;H}3(ﬁo))

< O([[Ell2 0,270+l 0,270 V1 07:82(5))
S CO(If]|L20,mim2(20)) T 10l e 0,002 20)) 1 (01, 02) [ 120,7m2) ) -

This concludes the proof of Proposition 1.2.2. n
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1.2.2 Linearized problem with nonhomogeneous boundary data

Let us now consider two more source terms : one source term g on the boundary of the
structure Sy and one source term u’ on the inflow boundary region I';. Let Ty > 0, we study

a.l:._l/Aﬁ_'_VﬁZf in (0,7) x %y,
div @ = 0 | in (0,7 x %,
i = 0,05 8°(0,0,.) + 6,0,9°(0,0,.) + g on (0,T) x9Sy,
u=u on (0,T)xTj,
u=0 on (0,7) x Ty,
op(t, p)n =0 on (0,T)xT'n; (1.52)
u(0,y) = uo(y) in F,
i ([Ip— v(Va e+ (TR))ng - 0, 8°(0,0,7,)d,
L) — 1795
Mo,o( ) ’ +s on (0,7),
92 /19[SP~I N V(Vﬁ + (Vﬁ) )]1’10 ’ 892(1)0(07 0, ’)/y)d")/y
0,(0) =0, QQ(O) =0,
01(0) = w10,  65(0) = wap,

where the source terms are f € L2(0,T;L2(%)) , g € H'(0,T; H*?(0S,)), u’ € H(0, Tp; U?)
and s € L2(0,T;R?).
We have the following result :

Proposition 1.2.7. There exists a constant C' > 0 such that for all T € (0,Tp), for all
u' € HY0,Ty; UY), ug € H'(H) and (w10,wap0) € R? satisfying the compatibility conditions
(1.35) and every (f,g,s) € Fr x Gy x Sy with g(0) = 0, problem (1.52) admits a unique
solution

(a,p,0,,60,) € Up x Pr x Or,

with

[alluy + 1Bller + 1061, 02)llor < Clluolla (70 + lwiol + |wal

. 1.53
e ey + lelen + lIslse + [0 lmomon). 2

Proposition 1.2.7 is proven at the end of the section. The proof uses the following lifting
result for the terms g and u’ :

Lemma 1.2.8. For every g € H>?(0S,) and every u’ € U?, there exists © € H?(.%,) satisfying

diva=0 in %,

u=g on Sy,

u=u on I, (1.54)
u= on 'y,

0
(Va+ (Va)')n =0 on I'y,

with A
[0lle2(7,) < C[u'[[ue + I8 las20s,))- (1.55)

Note that despite the presence of corners, we recover the expected regularity of the lifting
for smooth domains.
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Remark 1.2.9. For the sake of readability, from this point onwards all terms dy and d~, are
omitted in the integrals.

Proof of Lemma 1.2.8. The lifting result has been established for the condition u’ = 0 on the
inflow region in [118, Theorem 2.16]. We first lift the inflow boundary condition u* # 0 in Q
and then we use the aforementioned result.

Lifting of the inflow boundary condition. Let us look for a function v defined on the entire
domain €2 and satisfying

divv =0 in €2,
v=u on I,
v=0 on ['y, (1.56)

(Vv + (Vv)Iin=0 on I'y.

As v is divergencefree and ) is simply connected, we look for it under the form v = V+,

where 1 is a scalar—valued function. In the geometry considered, I';, I'y, I', and I'y are straight

lines, hence 0y, is written as £9,, or £9,, according on the considered part of the boundary.
We can prove that ¢ has to satisfy the conditions

Db = —u and 0y, 1 = ub on I,
Oy =0 and 0,7 =0 on I'y,
Oy =0 and 0,79 =0 on I',

Dy, Oyt = 0 and 97 ¢ — 921 =0 on I'y.

We choose to meet these conditions in the following way :

Y2
W(y2) = — /u’l and 0,1 = u} on I,
0
Y = —/ uy and 0y, =0 on I'y.
I
w@ﬂ:ﬂMQA%j%W:O MM%MZ—%ﬂ@JA% on T,

i

where 7 is a € function on [0, 1] satisfying

O lf y2€[0,1/4],
vy2 € [07 1]7 U(yz) = € [07 1} if Y2 6]1/47 3/4[7 (158)
1 if y, €[3/4,1].

The theorem [80, Theorem 1.6.1.5, p.69] with m = 3 and d = 2 gives the existence of
v € H3(Q) fulfilling (1.57) under the compatibility conditions :

/a1 |8y2u§|2 < too
)
0

g2 P2
/1 ’81/2“2' < 400
l—az 1 — 1o

there exist oy and ay > 0 such that (1.59)

These conditions are the ones in the definition of U in (1.34) with a; = ap = 1/4. Moreover
we have the estimate .
IVllgz@) < cllvllmse) < Cllullmar)- (1.60)
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The divergence-free field v = V4t € H%(Q) satisfies (1.56).
Lifting of the structure velocity. Now, v.=1U — v|, has to satisfy

divv =0 in %,
V=g-—-vV on 095,
v=_0 on Fi,
v=0 on 'y,
(Vv +(Vv))n =0 on I'y.

According to [118, Theorem 2.16], such v exists in H?(.%) as soon as g — v € H¥2(dS)).
Moreover, we have the estimate

[VIle2(70) < Cllg — Vimsrzosy) < CUlgllasr20sy) + IVIIEH2(Q)- (1.61)

This yields the expected result since W = v + v|,, the estimate (1.55) comes from (1.60)
and (1.61). O

We can now prove Proposition 1.2.7 in the following way.

Proof of Proposition 1.2.7. Let u* € H'(0, Tp; U?), ug € H (%) and (w; 0, ws2) € R? satisfying
the compatibility conditions (1.35). Let (f,g,s) € Fr x Gy x S with g(0) = 0.
Let w € H'(0, T; H?(%,)) be the solution to (1.54), it fulfils

[l 0,82 70y < CUN 0007 + &l (0.751372(050)))- (1.62)
The lifting u also belongs to €°([0, T]; H?(.%)), and as g(0) = 0, we have

[l oo, 1m2 (7)) < CUW m 0,007 + 1181w 0,7:1372(050))): (1.63)

where C' does not depend on T
Let (1, p, 6,,0,) be the solution to

ot ou

E—VAﬁ—l—Vﬁ:f—a%—uAﬁ in (0,7) x o,
leﬁZO ] in (OaT)Xyﬂa
a= 01891(1)0(0, 07 ) + 02692(I)O<0, O, ) on (0, T) X 880,
a=0 on (0,7) x Iy,
=0 on (0,7) x I'y,
op(l,p)n =0 on (0,7) x I'y,
a(0,.) = up(.) —1(0,.) in %,

G\ ([ P = (V@ )+ (V @+ ) Dlng- 0020 (0,0, )
Mo,o(g'l) = [72% L o 0 +s  on (0,7),

o)\ [ [ = (9 (@ + 0)+(V (@ + 0))ng-0,.2°(0, 0. 7,)
91(0) =% 62(0) =0,
0,(0) = wio,  6(0) = w2y
We have

f— %1: +vAu € L0, T;L*(%)),
up(.) —u(0,.) =0on I},

s; + /as —v(Vi+ (Vi) )ng - 35,2°(0,0,7,) € L2(0, 7).
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Then, according to Proposition 1.2.2, ({,p,0,,6,) € Ur x Pr x Or and we have (1.43) with
i =u.

Now, we consider 1 = Gi+ 1, then (q, p, 6;,0,) € Ur x Py x O and (1.53) is a consequence
of (1.62)~(1.63) and (1.43). O

Note that a larger space than H'(0,Ty; U?) could be considered for u’. Indeed, we use a
lifting in space only, inducing the requirement u’ € H'(0, Ty; U?). Using a space-time lifting
would be slightly more complicated (see [130]), but would allow a larger space for the inflow
boundary datum u’.

1.3 Local existence of solution to the full problem

In this section, we study the nonlinear problem. We recall that 6,y = 029 = 0. At first, we
rewrite the equations (1.25) in the fixed domain .%;, then we prove existence of a solution to
this problem.

1.3.1 The equations in a fixed domain

Our goal is to write the equations (1.25) in the fixed domain %,. To do so, we use the
diffeomorphism defined in (1.31). We denote Jgo its Jacobian matrix and cof (Jgo) the cofactor
matrix of Jgo. We use the change of variables

(t,y) = cof(Tao (01 (1), 0(£), y))Tu(t, (01 (£), 6a(t), ),
vtelo T, vyeH, { 5(t.y) — plt, BOGL (1), 020). ). ’

This choice is motivated by the fact that, according to [34, Lemma 3.1], we get div a = 0.

In the sequel, v; denotes the i*® component of the vector v. We recall that ¥°(6,,0s,.) is
the inverse diffeomorphism of ®°(6;,6,,.). To compute the equations satisfied by (a, p, 8;, 0),
we use the following explicit formula :

u(t,x) = cof (Jgo(01(t), 0o(t), x)) 0 (t, B0, (1), 0:(t),%)),

we have
T

dyu(t,x) = cof (ij‘yo(% (t), 0o (1), )) Q(t, TO(0, (1), (1), x))
+eof (Two (01(1), 02(t), x))T O (t, O(0:(t), 02(t), x)) .
+eof (Fwo (01(t), O2(t), )T Vya(t, BO(0:(t), 02(t), X))&‘I’O(Ql (t),02(t), %),

Oz, u(t,x) = cof (0, Jwo (01(t), 02(t),
+cof (Jwo (6:1(1), 02(t), x))

ﬂx

)Tt WO 61 (t), 02t
Vyu(t, ®O(0,(t)

and
8§ju(t,x) = cof(8§jjq,o( (1), 0:(8), x))Ta(t, ¥
+200f(3mj~7\p0(91(t) 02(t), %)) Vyu(t,

2(61(2), 62(t), x)
u t
+C0f(jq,0(91(t , Ug ),X Zay V

)

t, WO(0:(t), 02(t), %)) 0, ©° ,
a(t, (60, (t )ﬁz(t),x))@ TO(0:(t), 0

0 (

+cof (Two (61(1), 02(t), %)) Vyu(t, ®O(0:(t), 02(t),x)) 0z, ®O (01 (¢ j( ,6s(
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Problem (1.25) in the fixed domain reads (1.52) where f, g, s are defined by

f= F<917 927 ﬁ7ﬁ> + f7<t7 i)O(el(t)a 62@)7 Y>)7

g = G(91a92791702)7 (164)
s = S(6,,05,0,p) + £,

and we can decompose F(0,,0,,0,p) = F! + F2 + F? + F* + F°, where F’, G and S are given

below in (1.65)—(1.66).

We write ®°(6,,0,,.) under the simpler notation ®°. The nonlinear terms are given as
follows :

F'(6,,0,,1) = (I — cof (Jgo(61, 02, ®°))" )8f1

F2(0,, 0, 6) =—cof (6, V05,%0(0,, 0, ) + 0,V 05,8°(0,, 0,, ®5)) Tt (¢, y)
—cof (Tgol01, 0,8°)) (V1) (91891\110(01, 0,89+ 0,05,°(0), 0, <1>°)) ,

P \

~ 0%, OV 0wl
F3(0,,0,,1); =v Y cof(Jgo (61,02, ®°))ki By a’f A (el,ez,cx)‘))a (0,0,, ®°)

.k lm Yi Lj

20 Lot (Tao 61, 0, B°)) 0, 0 (01, 05, B°) e
ijlax wol|U1, U2, kzayl E)xj 1, U2,

o1y, 0>

+1/zk:lcof (Two (01,02, ®°))ps auk 027 L6y, 0,, ®°)

s

+VZ 2COf j\I;O 91,92, q) ))kzdk - I/Ayfbi(t,y'),

]

. 0
]:—“4(017 92, Ll)i = — Z COf(j\I;O (01, 02, @0)) COf(j\pO (91, 92))muku

kj
7.k,r ]60
,0®; 0t
— " det(Jgo (6, 0, ®°))*—L10
kz; ¥ ( b )) oy, kayk
F5(01702aﬁ) = (I - \27\110(9170% (I)O))Tvypa

G<917 627 w1, w2) = Z Wy (COf(j‘PO (917 02))T89 '(1)0(017 927 y) - a@j(I)O((L 07 y)) )
j=1

r

(1.66)

/BSijq)Otoy [ﬁI—V(g 917 2, W)+ (‘917 927 u)IﬂIIQIﬂQ((I)O)'aﬁHq)O(QD 927 fYy)

S(6,,0,,0,p) = —(Ma, 9, — Moy) ( ) + My(6,,6,,6,,6,)
a)
+
)+

(
6S|Jq>oto| [pI=v(G(0,, 0, G(6,,0,,1)")ng, o, (®°)-09,2%6,,60,,7,)
[p1 — v(Vi + (Vi)")|ng - 95,2°(0,0,7,)
S [ﬁI o V(Vﬁ + (V )T)]no : 892(1)0(0? 0, ’Yy)

where t is a unitary tangent vector to 05y, My and My, 4, are defined in (1.17), (1.18) and
G(6,,0,,1); Zcof (02, T0 (0, 65,.)) 0 @°| i,

9So

Y

Oity, OV (1.67)

+ ) cof( jwo(el,ez,q)“))ma 92, (91,92,<I>°).

k1

We can state the following theorem.
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Theorem 1.3.1. Let Ty > 0. Let u’ € H*(0,Tp; U?). For every (ug,w;o,w20) € H' (F) X
R? satisfying the compatibility conditions (1.35), there exists T € (0,Tp] such that for every
(f7,f) € L2(0,T; Wh>°(Q)) x L2(0, T;R?) problem (1.52) where the source terms are given by
(1.64) admits a unique solution (Q,p,0,,0,) € Ur x Pr x (O NL*0,7;De)) satisfying the
following estimate

[aluy + IBller + 11(61, 62)ller < Cl[wollm (7o) + [wiol + w20| + |[E£2[[L20,mm2(50))
+||ul||H1(0,To;Ui) + ||fs||L2(0,To))7

where C' does not depend on T, £z, f5 and u’.

This theorem is the rewriting of Theorem 1.1.5 in the fixed domain .%,. To prove Theorem
1.3.1, we use the results of Section 1.2 and a fixed point argument.

1.3.2 Proof of Theorem 1.3.1

Proof. We work in the fixed fluid domain .%,. Let Tj > 0.
Let u* € H'(0, Tp; U?) and (ug, w1 0, wa0) € HY(Fy) x R? satisfying the compatibility conditions
(1.35).

We define the space

]NT = {(ﬁ>ﬁ791792) € IUT X IPT X @T With 91(0) = 92(0) = 07 Vt € [OaTL (91792)(t) € ID@}7
endowed with the norm

(@, 9,01, 65) w7 = [[allur + [[Pller + 11(61,65)ller- (1.68)

We also define an application AT on Ny such that for every (u,p,01,0,) € Ny, (a,5,6,,0,) =
AT(Q,p,0,05) € Up x Py x O is the solution to problem (1.52), where the nonhomogeneous
terms are given by o o

f =F(01,0,,u,p) +£(t, ®°(01,0,y)),

g = G£91L92’ (91, 92),

s = S(61,02,1,p) + fs,

where F, G and S are given by (1.66). If (.,.,0;,0,) € Nz, then G(@l,%,él,ég)(t =0) =0,
then according to Proposition 1.2.7, the application AT is well defined. Note that AT depends
on the initial data (ug,ws 0, ws20) and on the source term u’.

We take

R = 2C (|0l 01000y + [[0ollmr(75) + |wrol + |wzol + €22 0.m0m2(50)) + [IfsllL20m0)
where C' is the constant of Proposition 1.2.7, so that Proposition 1.2.7 gives

1A7(0,0,0,0) Iy < CI0 [l 0:m50%) + lIWolrxt () + lewr 0] + [z o]

1.69
el omaeo + 6 leem) = B2, 1)

The strategy adopted is based on the existence of T' > 0 such that AT is a contraction on
Ba(T) ={ (0,5,0,,0,) € Ny with  [[(t, 5,60y, 0,)lln, <R }. (1.70)
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Remark 1.3.2. The domain Dg is an open subset of R2 and (0,0) € Dg, then there exists r > 0
such that B((0,0),r) C Deg. Then for T < r/R, if ||0;||L~(0.r) < R and 6,(0) = 0, we have

10101y < T, |0y < RT <,
and we have for all t € (0,7), (0,(t),0,(t)) € De. In the sequel we choose Ty > 0 such that
Ty < T’/R

The solution to the nonlinear problem will be obtained as a fixed point of the application
AT. We use the estimates of the following lemma.

Lemma 1.3.3. For every R >0, there em’sts a constant C' = C'(R') > 0, such that for every
T € (0,Ty), and every (W, ,6],6}) € , we have

¥ (6,05, 0", 5) — F (67,65, 0", " )||1FTSC’T”“(IIﬁ“—ﬁb|IUT+|I15 Pl #10°=0"lle), (1.71)
IG (67,05, 07,65) — G (67,03, 07,6) |6, <C'T|0" — 0" |le. (1.72)
1S(65, 05, 0%, 5) — (67, 05, 0", ")l <C"T"/ (|6~ 8" Ju H|5~ 2 lp 10— 0" }o), (1.73)
£ (t2°(07, 05, y) — £ (L2 (01, 03, y) [0, <C'T|6" — 0" |le- (1.74)

These estimates are proven in Appendix A.
For (0,7, 0,03) € Br(T), Proposition 1.2.7 yields the estimate

HAT( ‘" ‘9?79(1) AT( b’ p’ 611)70b>||UTXIPTX@T L. L
SC(HFW‘f,%‘f ) =F (0,05, 0, ") e, + | G(6F, 05, 07, 05) — G(67, 65, 67, 03) | e, (1.75)
HIS(O7, 65, 6, 5 =S (6], 65, 0", 7)|s, + £t (67, 65, y) —£=(t, 261, 03, ) ),

and with Lemma 1.3.3, we have

HAT( a ~a ‘9?79(1) AT(ﬁb7 ~b7011)’912’)”UT><IPTX®T < KT1/4(||ﬁa~_ﬁb~|l|)UT+ )
10 =P°[lpr 16" —6]l0),

where K = 4CC’'(R) depends on R but not on 7. Then, for 7' € (0,7}) such that

(1.76)

KTY* <1/2,
the application AT is a contraction on Bg(T'). Moreover, (1.76) and (1.69) yield

HAT( 7p70179 )H1UT><1PT><®TS HAT<O O 0 O)HWT + KT1/4(HUHUT + HpH]PT + H8H6T>
< R/2+ KRTV < R

According to Remark 1.3.2, we have proven that AT : Br(T') — Bg(T) is a contraction. Then,
according to the Picard fixed point theorem, there exists a unique fixed point to AT in Bg(T).
This fixed point is the solution to problem (1.52) where the source terms are given by (1.64).
This proves Theorem 1.3.1. O

1.3.3 Proof of the result in the moving domain, Theorem 1.1.5

We consider (@, p, 6,,0,) in Uy x Py x ©r the solution to problem (1.52) with (1.64) given
by Theorem 1.3.1. Let u(t,x) = cof (JTgo(6,(t), 05(t),x))Ta(t, ®2(6,(t),04(t),x)) and p(t,x) =
p(t, ¥0(0,(t),05(t),x)). Then the quadruplet (u,p,0;,6,) is solution to the problem in the
moving domain. This proves Theorem 1.1.5.
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Chapitre 2

Stabilisation locale du systeme
d’interaction fluide—structure autour
d’un état stationnaire

Abstract. We study the stabilization of solutions to a 2d fluid-structure system by a
feedback control law acting on the acceleration of the structure. The structure is described by a
finite number of parameters. The modelling of this system and the existence of strong solutions
has been previously studied in Chapter 1. We consider an unstable stationary solution to the
problem. We assume a unique continuation property for the eigenvectors of the adjoint system.
Under this assumption, the nonlinear feedback control that we propose stabilizes the whole
fluid—structure system around the stationary solution at any chosen exponential decay rate for
small enough initial perturbations. Our method reposes on the analysis of the linearized system
and the feedback operator is given by a Riccati equation of small dimension.

MSC numbers. 35Q30, 74F10, 76D55, 93D15

2.1 Introduction

The goal of this study is to stabilize a 2d fluid—structure interaction problem. The fluid is
modelled by the incompressible Navier-Stokes equations and the structure, immersed in the
fluid, is governed by a finite number of parameters. Such a kind of structure can be found for
instance in aeronautics [95]. Our goal is to design a finite dimensional feedback controller which
stabilizes locally the system around a given stationary state at any prescribed exponential decay
rate.

In order to simplify the study, we consider that the structure is described by only two
parameters 6; and 6,. However, all the results that we present in the sequel can be easily
extended to the case of a structure depending on N (> 1) parameters (see Remark 2.1.1).

2.1.1 Modelling of the problem

The fluid—structure configuration considered in this paper has already been investigated in
Chapter 1 where existence of strong solutions has been proven. We consider a bounded domain
Q=(0,L) x (0,1) (see Fig.2.1).
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/ S(01(t),62(1))

FI1GURE 2.1 — The geometrical configuration.

The volume occupied by the structure depends on two parameters denoted (1, 60s), it is
a closed subset of €2 that we denote S(6;,62) C €. The volume filled by the fluid is denoted
E(Ql, 02) = Q\S(@l, 92) o L L

The boundary 02 can be decomposed into 02 = I'; U Ty, U I'x, where I'; = {0} x (0, 1),
[y =(0,L) x{0,1} and 'y = {L} x (0,1). We also denote I'n = T'; UT, the part of 9Q where
Dirichlet conditions are imposed. We now introduce the equations modelling this system.

2.1.1.1 The equations of the fluid

The velocity of the fluid is assumed to fulfil the incompressible Navier—Stokes equations

(?)lzfl(t,x)+(u(t,x)-V)u(t,x)—divap(u(t,x),p(t,X)):f,,@(t,x) €(0,00), xEF(04(t),041)),
di(v u()t,x) :( 0, | 287 OO% XE?( 1(t),61)),
u(t,x) =u'(t,x), ;00), xXely,
u(t7 X) =0, (0, OO) xel'y, (2'1)
or(u(t,x), p(t,x))n(x) = 0, €(0,00), xely,
u(t,x) = vy(t,x), €(0,00), x€AS(0(t),04t)),
u(0,x) = up(x), x€.F (010, 020),

where u(t,x) and p(t,x) are the velocity and the pressure of the fluid at point x and time ¢,
or(u,p) = v(Vu+ (Vu)") — pl,

is the Cauchy stress tensor of the fluid and v > 0 is the kinematic viscosity. The term fz(¢,x)
in (2.1), is a force per unit mass exerted on the fluid, u’(¢,x) is a nonhomogeneous boundary
datum on Iy, v4(¢,x) denotes the velocity of the structure and n(x) is the outward unitary
normal to €. Dirichlet boundary conditions are imposed on I'p and Neumann type (free output)
boundary conditions are imposed on I'y. We also consider an initial datum ug(x) for the fluid
velocity.

70



2.1.1.2 Equations of the structure

We consider that the couple of parameters (6;,60,) lies in an admissible domain Dg which
is an open connected subset of R? containing (0,0). We consider a function X defined on
De x S(0,0) that computes the position of a point of the structure according to its reference
position in S(0,0) and the value of the parameters (6, 6:) € De.

Let us list below the assumptions that we make

Modelling Assumptions.

e For every y € 5(0,0), X(0,0,y) =y.
e For every (91,(92) S ]D@, X(91,927 S(0,0)) = 5(81,92) C Q.

For every (61,0,) € Do, X(01,0s,.) is a € diffecomorphism
from S(0,0) to its image.

e The function X is € on Dg x S(0,0).

e The functions 0p,X (01,02, .) and 9p,X (01,02, .) form
a free family in L*(05(0,0)) for every (61, 62) in Deg.

e No friction and no elastic energy are considered in the structure. (2.7

More information about these assumptions can be found in Chapter 1. The inverse diffeo-
morphism of X (61,605, .), whose existence is guaranteed by (2.4), is denoted Y (61, 65,.) and we

have
V(Hl, 92) c ]D@, Vy € S(O, 0), Y(Qh 02, X(Qh 02,}7)) =Y. (28)

The diffeomorphisms X (61, 65, .) and Y (01, 6,,.) are illustrated in Fig. 2.2.

X(b4,06,,.)

y\ y
Z(0,0) 5(0,0)
Y (64,65,
QO TS(61.65..) QO

F1GURE 2.2 — Correspondence between real and reference configurations.

In the sequel, we denote éj and GJ the first and second time derivatives of 8;. The equations
that are satisfied by the structure read on a matricial form

i o
Mo, 0, ( é; ) = Mi(01, 05,01, 02) + Ma (01,02, —op(u,p)ng, p,) +fs +h  on (0,7), (2.9)

where f; is a source term, h a control function,

_ (891X<01a 927 ) 7891X(‘917 927 ))5 (aer(elv 02a ')7891X(91a ‘927 ))S 2% 2
M01’02 B ((891X<917 0, ')7892X<617 02, ))S (892X(017 02, '))892X<017 0, ))S) e R (210)
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M;i (64, 02, 01, é2)
—(3%89191 (01, 02, .)—1-291(9289192)((91, 05, .)+925’9292X(91, s, ) g, X(01,0,.))s cR? (2.11)
—(6209,0,X (01, 03, .) +260,050p,0,X (01, 0, ) +030,0,X (01, 0, .) ,0p,X (61, 02, )5, ’

where (.,.)s is the scalar product

(@ 0)s= [ p(y) - W(y) dy, (2.12)

with p > 0 the mass per unit volume of the structure and

My (01,02, —op(u,p)ng o) =

— 0, 01,05, Y (01,05, v,)) dv,
85(01702)0?( 7]0)110 0( ) 01 (1, 2, (1, 2,7, )) v R (2.13)

85(91,92_)0F( 7p)n9 9( ) 892X(91,92’ (91’927fyx)) d,yx

where ny g, is the outward unitary normal to .7 (6, 02) on 9S(01, 05).
Moreover the velocity of the structure can be written

Vit € [0,00), Vo € S(:(t),05(1)), i ()35, X(01(1), 05(1), Y (61(1), 05(1), x)).

More information about the derivation of these equations can be found in Chapter 1.

Note that the matrix My, g, in (2.10) is the Gram matrix of the family (9p,X (61, 62), 05,X (61, 62))
with respect to the scalar product (.,.)s. It is thus invertible due to Assumption (2.6) (if two
%> functions are not colinear in L?(95(0,0)) then they are not colinear in L?(5(0,0))).

Remark 2.1.1. The proposed framework can be used to model other problems. For instance, in
the case of a rigid solid whose center of mass is given by (a1, a2) and corresponds to (0,0) in
the reference configuration and whose angle of rotation is given by 6 (so that three parameters
are considered), the diffeomorphism X now depends on three parameters and is given by

X(ay,as,0,y) = are1 + azes + Rpy,

cos(f) —sin(6)

where e; = (1,0), e; = (0,1) and Ry = ( sin(6)  cos(f)

). Moreover, we have

m 0 0 .
Mal,agﬂ - O m O ) Ml(alaa%@ualud%e) - Oa
0 0 I

f-e1
Ma (a1, a2,0,f) = /85(a1 526) f-e dx,

f- Re+gy

where m = / p dy denotes the mass of the solid and I = / py” dy its moment of
5(0,0,0) 5(0,0,0)

inertia. Hence the equation (2.9) corresponds to the usual Newton’s laws.
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2.1.1.3 The complete set of equations
The final system that we consider is given by the following set of equations

ou

S0 + (u(t,%) - V)u(t, )

—div op(u(t,x),p(t,x)) = f2(t,x), t€(0,00), x€.Z(01(t),02(t)),
div u(t,x) =0, t€(0,00), xeF(0(1),02(t)),
u(t,x) = ;éj(t)aQX(el(t),92(t),Y<61(t),92(t),X)), t€(0,00), x€dS(61(t),0:(1)),
u(t,x) = ]ui’(t,x), te(0,00), xeTj,
u(t,x) =0, te(0,00), xel'y, (2.14)
or(u(t,x),p(t,x))n(x) =0, te(0,00), xely,
u(0,x) = uy(x), x€F (b1,0,020),

M91,92<é;>:MI(617 927 él? 62)

+MA(017 927_0-"—(117 p)nebeg) +fs+ha te (07 OO))
01(0) = 619,  62(0) = 2,
01(0) = w0,  62(0) = wap.

Note that the fluid domain .#(0,(t), 02(t)) changes over the time. The control h can be unders-
tood as a force acting on the structure. The data (0 o, 620) and (w; o, wa o) respectively describe
the initial position and velocity of the structure.

2.1.2 Statement of the main result

Existence of strong solutions to (2.14) locally in time has been proven in Chapter 1. The
goal of the present study is to prove that, given a stationary state, we can choose h under a
feedback form such that a solution to (2.14) stabilizes exponentially around that stationary
state when ¢ tends to the infinity. In this section we present our stabilization result.

The stationary state. Let (w,pyw,&1,&) be a stationary state of (2.14) associated to
stationary source terms fz, f; and boundary datum u’, i.e.

(W(x) - V)w(x) — div op(W(x), pw(Xx)) = £2(x), x € F(&1,6),

div w(x) = 0, x € F(&1,62),

W(X> = 07 X688(517€2)7

w(x) = u'(x), x €Ty, (2.15)
w(x) =0, xely,

op(W(x), pw(x))n =0, xel'y,

0 :MI(&, 527 O, 0)+MA(517 £2a_OF(Wapw)n§1,€2)+fs-

Note that My (1, &2,0,0) = 0 and it can thus be withdrawn from (2.15).

In the sequel, we take (&1, &) = (0,0) to simplify the notations. This choice is not restrictive
as a change of variables can bring the stationary parameters to (0,0). We denote respectively
s and S, the fluid and solid domains associated to the stationary solution,

Fs=%(0,0) and Ss = 5(0,0).
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Rewriting (2.15), we consider nonhomogeneous terms fz, u’, f; and a velocity—pressure
profile (w, py) € HY?(%,) x HY/2(.Z,) fulfilling the equations

—div op(w,pw) = —(w - V)w + {5 in .,

divw =0 in 7,

w =10 on 0Sj,

W = U.i on Fi, (2.16)
w =20 on ['y,

or(W,pw)n =0 on I'y,

(£; = [ (r(w,pu)n,)(3,) - 96X (0.0,7,) dyy,

S

where n, is the outward unitary normal to .%; on 0S5,
fr € WH(Q) and
u’ € H32(I;) with ulyp, =0, /0

Y2 )
/1 |0y (y2)|
3/4 1 —1ys

14 |0y, us (y2)
—2 =222 dy, < +00 (
’ 2.17)

u' e Ul =
dys < +00

More information about stationary solutions can be found in [118, Appendix].

Remark 2.1.2. The regularity of the source term f7 € W*°(Q) is used for the estimation of
some nonlinear terms in Appendix D.

The diffeomorphism ®5. A classical difficulty in fluid-structure problems is that the fluid
domain changes over time. The classical way of getting rid of this difficulty is to use a change
of variables on u and p in order to bring the study back into a fixed domain. This procedure
uses a diffeomorphism that we have to define properly.

When the state of the structure depends only on a finite number of parameters, it is conve-
nient to construct this diffeomorphism as an extension of the deformation of the structure into
the fluid domain. The diffeomorphism used is defined as an extension of the diffeomorphism X
given for the structure. For that reason, we use the following extension operator.

Lemma 2.1.3. There exists a linear extension operator £ : W>>(S,) — W3(Q) N H}(Q)
such that for every ¢ € W3>°(S,),

(i) E(p) =pin S,

(i)  E(¢) has support within Q. = {x € Q | d(z,99Q) > €} for some ¢ > 0
such that d(S(6y, 62),08) > 2¢ for all (0;,05) € Do,

(ii1) ||ollwese () < Cllo|lws=(s,), for some C' > 0.

Proof. Extension results are classical, we can for instance find an extension result for smooth
domains in [104, Lemma 12.2]. We can get the present result by multiplying the extension
function of [104, Lemma 12.2] by a cut—off function in D(£2.). O

Let us denote Id the identity function, we then define the following function

B5(0,,0s,y) =y + €<X(91, 6y, ) — Id) (y), V(01,0:) € Do, ¥y € Q. (2.18)
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We have V®5(0,0,y) = I, the identity matrix in R**2, for every y € §2, hence det(V®5(0,0,y)) =

1. Then, we can restrict Dg such that for every (6;,6;) € Dg, the function ®5(6;,6,,.) is a dif-

feomorphism close to the identity function. We denote ¥S(6y,6,,.) the inverse diffeomorphism
of @S(Ql, 92, )

V(61,6:) € Do, Vy €, ‘1’8(91,92, ‘I’S(91>927Y)) =Y. (2.19)

If needed, we can once more reduce Dg to prove that ®5 and ¥S belong to €>°(De, W*°(Q)).
These diffeomorphisms are represented in Fig. 2.2.
The properties of £ imply that

for every (61,02) € Do, ®3(0y,0,,5,) = S(61,02) and Vy € Q\Q., ®5(61,00,y) =y. (2.20)

The stabilization problem. In order to prove a stabilization result on the nonlinear
problem, we first study the linearized problem around (w, pyw,0,0) and prove its stabilizability.
It requires the technical hypothesis (#), that is presented hereafter.

In the sequel, v can be thought of as the difference between the state u and the stationary
state w of the problem (see (2.64) for its precise definition). The linearized term in v in the fluid
equation is the usual Oseen term (v - V)w + (w - V)v. The linearized term in (61, 65, 0, 92) in
the fluid equation is denoted Lg. In the same way, we denote Lg the linearized term in (6, 05)
in the structure equation. Then we have

Lip(01,0s,01,05,y) = Li(y)01 + Lo(y)0y + Ly(y)0; + Lu(y)bs, Vy € Z, (2.21)

and
Ls(91, 92) == L501 -+ L692, (222)

where the exact expressions of the coefficients L; — Lg are given in Appendix B. The coefficients
L, - L, are functions and Ls — Lg are constant vectors of R%. They all depend on the non-
null stationary state (w,py) which is solution of (2.16), on the diffeomorphism @5 and on its
derivatives taken in (0, 6,) = (0,0).

Let 0 > 0 be a prescribed exponential decay rate in time for the difference between the
solution and the stationary state. In order to prove the main result of the study, we need the
following assumption that depends on ¢ and corresponds to a Hautus test.

Hypothesis (H); (A unique continuation property). Every eigenvector (v,q,01,00,w1,w2) €
H!(Z,) x L*(Z,) x R of the adjoint problem associated to the eigenvalue A with Re(\) > —d,
i.e. every solution of

divop(v,q) — (Vw)Iv+ (w-V)v = )v in .Z,,
divv=0 in %,
v = w109,95(0,0,.) + w200,85(0,0,.) on 0S;,
v=0 on I'p,
op(v,g)n+ (w-n)v=20 on I'y,
Ly
Li(y) - v(y) P\ W ~(
d = A
/y‘s ( Lo(y) - v(y) v+ L w1 br )’
.-
w2
Ls(y) - v(y) or (v, q)ns(7y) - 95,25(0,0,7,) 0\ _+ wr
dy — v ! Vil d = M :
/?5<L4(Y> : V(y) Y ~/8$5 UF<V7 Q)ns (’Vy) ' 892(I)S<07 Oa ’yy) Ty + 62 00 %)



that belongs to the kernel of the adjoint of the control operator, i.e. that satisfies
Wy = Oa
Wy = 07

is necessarily null, i.e. (v, q, 0,65, w1, ws) = (0,0,0,0,0,0).

This hypothesis is a unique continuation property for the adjoint system. Such a property
is proven for some problems, in particular for the Stokes problem with localized observation
[61]. However, in our case of study, the observation is nonlocal, and to our knowledge the
corresponding unique continuation property is not available in the literature. In order to lead
the study of the stabilization of our problem, we assume this unique continuation property to be
valid. Although we do not know how to prove it, we can reasonably think that it is generically
valid. Besides, it can be checked numerically on each particular instance.

Remark 2.1.4. The hypothesis (H); is independent from the choice of the extension operator
£ used in Lemma 2.1.3 to construct the diffeomorphism @3, see Appendix C.

In the sequel, Jgs (61, 02, .) denotes the Jacobian matrix of ®5(6;, 6,,.) and cof (Jgs (01, 02, .))
its cofactor matrix. The goal of the study is to prove the following theorem.

Theorem 2.1.5 (A stabilization result). Let § > 0 and assume that (H); is fulfilled. Let
fr € Whe(Q), u' € U, f, € R?, and (w,py) € H¥2(Z,) x HY2(Z,) fulfilling (2.16). Then,
there exists € > 0 such that for every (ug, 610,020, w10,ws0) € HY(F(010,020)) X Dg x R?
satisfying the compatibility conditions

divug =0 in .7 (01,0, 020),
2
110(-) = ij,oﬁejx(el,o, 92,0, Y(91,0> 92,07 )) on 85(91,0> 92,0)7 (2 23)
j=1 '
ug = ui on Fi,
110 — O on FW7

and
||Uo(‘I’S(¢91,07 620,.)) — W(-)HHl(ys) + 1010] + |02,0] + |w1,0] + |w20| <,

there exists a control h given under the feedback form
h(0)= s ([0t (Tas (61(1), Ba(1), ) Ta(t, B(61(0), 02(1), ) —w] 610, 02(0), (1), £:(1) ), (2.24)

for some linear operator K5 € L(L*(ZF,) x RY R?) such that a solution (u,p,0y,0) to problem
(1.25) fulfils for all t in (0, 00)

lu(t, ®5(01(¢), 02(1), .)) — W) llrr (2, + 101 (8)] + 102(8)] + |02(£)] + [62(1)] < Ce™™,
for some C' > 0 depending on the geometry, on & and on the initial and nonhomogeneous data.

Theorem 2.1.5 is proven in Sections 2.2 and 2.3.

Remark 2.1.6. The feedback law proposed in (2.24) does not depend linearly on the state
(u,p, 91,02).
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2.1.3 The functional framework

In this section we present the functional setting used in the sequel.

We denote by €°([0,00); X) the set of functions that are continuous on [0, 00) and valued
in X.

Sobolev spaces. We denote H"(.%;) the usual Sobolev space of order r > 0. We identify
L%(Z,) with H*(Z,). We will denote L?(.%,) = (L*(%,))?, H"(Z,) = (H"(%,))? and so on.

Corners issues. The domain considered for the fluid has four corners of angle 7/2. The
ones that are located between Dirichlet and Neumann boundary conditions induce singularities,
we denote them A = (L,1) and B = (L,0) (see Fig. 1.3). We also denote Z;, = {A, B} the
set of these corners and we define the distance of a point x from these corners

for j € Zan, andforxe, r;(x)=d(x,j). (2.25)

Note that corners between two Dirichlet boundary conditions do not induce singularities as
soon as suitable compatibility conditions are satisfied. We report to [111, Chapter 9] for more
details.

Weighted Sobolev spaces. The solution to the Stokes problem in the domain with corners
A and B and with a source term in L?(.%,) belongs to a classical Sobolev space of lower order
than the one we usually have in smooth domains. In order to get the usual gain of regularity
between solutions and source terms, we have to study the solution in adapted Sobolev spaces
that are suitably weighted near the corners A and B. The weighted Sobolev spaces are then
defined for g > 0 by

H3(#) = {u with ulusis, < +oo),  H3(Z) = {p with [pluss) < +oo).

where the norms ||. ||H2 y and ||. HHI(/ ) are given by

ey = X3 [ ( Il >> P uily)l? dy, (226)

=0 i=1
and
gy = 3 [, (H iy )ma )P dy. (227)
|a\ 0 ]G/dn

Here the sum is on all multi-index « of length || < 2 for (2.26), |a| < 1 for (2.27) and r; is
defined in (2.25).

Steady Stokes problem with corners. The following lemma from [118] explains how and
why the spaces H%(ﬁzs) and Hé(ﬁs) appear in the presence of corners. It gives the expected
result for the steady Stokes problem in .#, with weigthed Sobolev spaces and the regularity
obtained in the classical Sobolev spaces.

Lemma 2.1.7. [118, Theorem 2.5.] Let us assume that £z € L*(ZF;). The unique solution
(u,p) to the Stokes problem

—div O'F(ll7p) — f? in ﬁsa

divu=0 in .%,,
u=20 on I'p UAS,, (2.28)
orp(u,p)n =20 on I'y,
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belongs to H3(.F,) x HY(F,) for some € (0,1/2) and to H¥**0(F,) x HY/2*0(.Z,) for some
g0 € (0,1/2). Moreover, we have the following estimate

Hu“H%(,,@S)mH?’/%so(ys) + ’|p\|Hg(ys)mH1/2+so(9s) < CHfﬁHLQ(ﬁS)- (2.29)

Remark 2.1.8. A consequence of Lemma 2.1.7 is that the solution (w,py) of (2.16)—(2.17)
belongs to H3(.7) x Hy(Z,). This is the regularity that we will use for (w, py) in the sequel.
A proof of this statement can be achieved by lifting the datum u’, which is done in Chapter 1,
Lemma 1.2.8.

Keep in mind that n, is the outward unitary normal to .%,. Note that, according to the
regularity proven in Lemma 2.1.7, the traces pjpz, and Oy, uj9.2, are well defined, which gives a
meaning to all integrations by parts.

Also note that according to [80, Theorem 1.4.3.1], there exists a continuous extension ope-
rator from H"(Z,) to H"(R?) for every r > 0. This implies that all the classical Sobolev
embeddings and interpolations are valid despite the presence of corners.

2.1.4 Scientific context

There are several works providing stabilization results in the context of Navier-Stokes equa-
tions. For instance, the stabilization of a viscous fluid is treated for the wake of a cylinder in
[71, 77, 78, 118] and for a cavity in [115]. A first strategy used in [77, 78, 115] reposes on the
Proper Orthogonal Decomposition (POD) approach. Another approach consists in construc-
ting a feedback operator by means of a Riccati equation making the closed—loop system stable
[118, 128, 129]. If needed, it is possible to use dynamical controllers to meet compatibility condi-
tions between the fluid initial datum and the initial control value, the control is then computed
as the solution of an ODE [7, §].

When we consider fluid—structure interaction problems the same strategies can be used. The
reader can refer for instance to [143] for a stabilization by a POD approach of a fluid around
an airfoil. It is also possible to build a stabilizing feedback control that uses only the state of
the structure, see [48] for a 1D and [148] for a 2D fluid-solid interaction problems.

In the present study, we use a stabilizing control that is given under a feedback form and
uses the state of the fluid and the structure. The feedback operator is computed via the solution
of a finite dimensional Riccati equation. This is helpful when treating numerical simulations
which are not the point of the current paper and are a work currently in progress. The same
strategy has already been used to prove stabilization of strong solutions, which is what we aim
for, and more recently stabilization of weak solutions to a fluid-beam interaction problem [11].
In the literature, the feedback control can be a Dirichlet datum imposed to the fluid on some
part of the boundary [9, 116], it can be a change in the shape of the structure [50, 51] or a force
acting on the structure [116, 131].

Although the control that we use in the current study acts on the structure, the study
[9] is the closest one from what we want to prove. It treats the stabilization of a fluid-rigid
body system by a feedback control law acting on the boundary of the fluid domain. In the
current study, we follow its framework and account for the deformability of the structure and
the control acting on the acceleration of the structure. Additional difficulties are induced by
the corners on 052, more information about them can be found in [111, 118].
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2.1.5 Outline of the paper

In Section 2.2, we prove the existence of a feedback control law that stabilizes the solution
of the linearized system in the fixed domain %, around the stationary state (w, py,0,0). The
proof relies on the analysis of the properties of the linearized system. In Section 2.3, we extend
successively the previous result to the full nonlinear system in the fixed domain and in the
moving domain. The former is proven via a fixed point argument and the latter uses a change
of variables. The linearized terms are summed up in Appendix B. An idea of the proof of
Remark 2.1.4 is given in Appendix C. The proof of the technical estimates of the nonlinear
terms can be found in Appendix D.

Acknowledgement : The author wants to thank Mehdi Badra for fruitful discussions.

2.2 Stabilization of the linearized problem

In the whole Section 2.2 we consider stationary nonhomogeneous terms (f7, u’, f;) € Wh>(Q)x
U’ x R? and a stationary state (w,pw) € H3(%,) x Hi(F,) that fulfil (2.16). Our goal is to
find a control law h under a feedback form that stabilizes the linearized problem with a given
exponential decay ¢ in time.

2.2.1 The linearized problem

We study the linearized system associated to (2.14). The variables (v, g) correspond roughly
to the difference between (u, p) written in the fixed domain %, and (w, pyw). A proper definition
of these variables can be found in (2.64). Here is the linearized system around (w, pw, 0,0)

Z+(W-V)V+(V~V)W—LF(91,02,él,ég,y)—VAv—i—Vq:f in (0,00) X Z,
divv =0 in (0,00) X Z,
v = 0,05,95(0,0,.) + 0,05,85(0,0,.) + g on (0, 00) x S,
v=0 on (0,00) x I'p,
or(v,qn =10 on (0,00) x 'y,
v(0,.) = vo in %, (2.30)

<é1> B /aélsql — v(Vv+(Vv)")n,-0,,85(0,0,,) dv,
\/ Ji1 = VTVH(TY) )l 0025(0,0,,)

+Lg(01,02) +s +h on (0, 00),
01(0) =010,  02(0) = 2,
01(0) = w10,  02(0) = way,

where (f, g, s) are nonhomogeneous terms and v an initial datum for v. Here, Ly € L?(.%,, L(R* R?))
and Ls € L£(R? R?) depend on the stationary state (w,py) and on the diffeomorphism ®5,
they are given by

Ly (61,09, 91, 92; y) = Li(y)6h + La(y)02 + L3(}’)91 + L4(Y)927 Vy € Z,, (2.31)
Ls(el, 92) = L591 + L692, (232)

where the coefficients L;—Lg are properly defined in Appendix B ((B.1)—(B.6)).
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For any fixed 6 > 0 such that (#); holds, we use the following spaces

U ={v with v € L*0, o0; H (.7,
]Pf;o ={ ¢ with ¢ € L*(0, oc; Hé(ﬁs
{ (91,92) with eét(91,92) S H2(0,OO RQ) }

)N E°([0, 00); H (F,)) N H' (0, 00; L*(F,)) },(2.33)

(2.34)

(2.35)

E; ={f with ¢%f € L*(0,00;L*(.%,)) }, (2.36)
(2.37)

(2.38)

)
) 1

= { g with €’*g € H(0,00; H¥%(dS,)) },
S(; ={s with e’’s € L*(0,00; R?) }.

All these spaces are equipped with their natural norms, e.g. for ©%°,
161, 02)[lose = [|(61,02)e” |112(0,00:%2) -
The goal of Section 2.2 is to prove the following result.

Proposition 2.2.1. Let § > 0 and assume that (H), is fulfilled. There exists a feedback
operator Ks € L(L*(Fs) x R*|R?), such that for every (vo, 610,020, w10, wa0) € H(F) x R,
f e, g € GS° and s € S5° fulfilling the compatibility conditions

divvg =0 in %,
2
vo =Y w;005,85(0,0,.) + g(0) on IS, (2.39)
j=1
vop =0 on I'p,

problem (2.30) with the control taken as h = Ks(v,01,604,61,60,) admits a unique solution
(v,q,01,05) € U x P x O with the following estimate,

[V[luee + [lgllese + [[(61, 02)[lox < C([[vollmr(z.,) + 010 + [O20] + |wiof + |waol

2.40
HiEles + lalle +lsllsp).— *4)
where C does not depend on the initial conditions and on the source terms.
A consequence is that for every t € (0,00),
[V ()l 2+ 162 (£)] + 162 (£)] + 161 (£) |+ |62 (£)] < C(HVOHHl(ﬁS)Jr 161,01+ 02,0/ + |w1 0] (2.41)

Hunol+ 1€l + g e + 1 lsz) =

We first work on the homogeneous system associated to (2.30). In Section 2.2.2 we develop
the functional framework used to write the homogeneous system under a semigroup formulation.
In Section 2.2.3 we study the adjoint operator. In Section 2.2.4 we exhibit a feedback operator
ICs that stabilizes the homogeneous problem. We then prove Proposition 2.2.1 in Section 2.2.5.

2.2.2 Functional framework for the semigroup formulation

In this section, the linear problem considered in Section 2.2.1 is rewritten under a semigroup
formulation and closely follows Chapter 1. This enables us to use the classical strategy to derive
a feedback operator /s stabilizing the system (2.30) (see [24, Part V] and [54, Section 5.2] for
a full presentation of this method). We use the spaces
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(v, 01,05, w1, w0) € L?(ZF,) xRY, divv=0in.%,, v-n=0onIp,
H= vV-ng = ijﬁg]ﬁl)S(O, 0,.) - ng on OS; (2.42)
j
and
(v, 01,00, w1, w0) € HY(F,) x RY, divv=0in.%#,, v=0onTlp,
V= (2.43)

v =Y w;05,®5(0,0,.) on 98,
j
The spaces H and V are respectively endowed with the scalar products (.,.), of L*(%,) x R*
and (.,.), of H'(Z) x R* defined by
v(vj7917927w17w2) €L2< ) XR4
a a wb
((V“,@i‘,&%,wi‘,wg),(vb,011’,9’2’,w1,wg))0 = /y v®vPdy + Zé’ Hb + (w] wg) Moo ( wé ) ,
and
v(vjue 927w17w2) EHI( ) XR4
b
((V“,9%,Hg,w%,wg),(vbﬁll’,Og,wl,wg)) /(V VP+ Vv Vv dy+29a96 +(wi wg) Mo (5%) ,

2

where M is defined in (2.10) for 6; = 6, = 0.
In the sequel, for a better readability, we use the notation

([ h
(fi)j=12 = ( 1, > :

Lemma 2.2.2. The orthogonal space to H with respect to the scalar product (.,.), is

(H) = {(Vp, 0,0, = Mgy (/%pns-@ej‘I’S(O, 0,7y) d%) ) with p € H'(Z,), p=0on FN}-
o j=1,2
Proof. See Chapter 1, Lemma 1.2.3. O]

We adapt Rellich’s compact embedding Theorem to our functional framework.
Lemma 2.2.3. The embedding from V into H is compact.

Proof. The proof is an easy consequence of Rellich’s compact embedding Theorem [80, Theorem
1.4.3.2]. 0

We define the operator (A, D(A)) on H by

(v, 00,050, w,) € V,v € HY?*50 (7)) 3q € HY/*%0(F,) such that
D(4) = { divop(v,q) € L*(%,) and op(v,qn=00on Ty [’ (2.44)
v div O_F(V> q) + LF(917 927 Wi, Wy, y) - (V ’ V)W - (W ’ V)V
0, Wi
Alo, | =Ty | w, . (2.45)
" Moy (( [=or(v.an,-0,85(0,0,7,) dvy) + Ls(6), 02>>
Wa 98 j=1,2

where € is introduced in Lemma 2.1.7 and Iy denotes the orthogonal projection of L?(.%,) x R*
onto H. The next lemmas state some properties of (A, D(A)).
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Remark 2.2.4. The use of g in the definition of (A, D(A)) is useful to guarantee that divog(v, q)
belongs to L?(Z;) and then that the application of [Ty in the right hand-side of (2.45) makes
sense.

Lemma 2.2.5. The operator A is uniquely defined.

Proof. A similar proof is presented in Chapter 1, Lemma 1.2.4, we need to slightly adapt it in
order to take into account the terms coming from the linearization around a stationary solution.
Let (v, 01,05, w;,ws) € D(A) and consider two functions p, ¢ € HY/2+%0(.%,) satisfying the
conditions appearing into the definition of D(A). Then, div or(0,p—q) = —V(p—q) € L*(%,)
implies p — ¢ € H'(%,), and 07(0,p — ¢)n = 0 on I'y implies p — ¢ = 0 on I'y.
Now,
divor(v,p)+Lg(0,,0,,wy, wy,y)— (vV)W—(W-V)v
w1
)

Mgk ( / (v, p)n,-05, 85 (0,0, yy)dyy}Ls(el, 6,)
S, =12
div UF(V> q) +LF(61? 927 Wy, Wa, y) - (V V)W_ (WV)V

W1
— | Wwo

M(;’[l) <(/8;O.F<V7 Q)ns '80]'@5(07 07 'Vy)d’Yy LS(ela 62))

s j=1,2
Vip—aq)
0
= 0 Y
Mg (/ (p = g)n, - 35,9°(0,0, vy)d7y>
0S5 j=1,2
which belongs to H* according to Lemma 2.2.2. Therefore A is uniquely defined. O

Before going further, let us point out that D(A) can be characterized as follows.
Lemma 2.2.6. We have

D(A) = (v,0,,05,w,w,) € V,v € H(Z,), 3¢ € Hy(.F;) such that
divop(v,q) € L3(Z,) and op(v,g)n =0o0on 'y [~
Proof. Assume that (v,0,,6,,w,,w,) belongs to D(A) given by (2.44). Then (v, q) satisfies

div op(v,q) e L*(Z,),

divv =0 in 7,

v=>0 on I'p,

orp(v,q)n =0 on I'y,

v =2 w,;09,®5(0,0,.) ondS..

J

According to [118, Theorem 2.16], there exists v, € H?(.%,) such that

div op(vs,0) =0 in %,

divv, =0 in .%,,

v, =20 on I'p,

or(vs,0)n =0 on I'y,

Ve =2 w;05,®5(0,0,.) on d8s.
j
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Let f = —div op(v,q) € L*(Z;). Then (v — vy, q) satisfies

—divop(v —vs,q) =f in %,

div (v —v,) =0 in %,
v—-v,=0 on I'p U 98,
op(v —vs,qg)n =0 on I'y.

According to Lemma 2.1.7, v — v, € H3(F,) N HY**%0(Z,), ¢ € HY(F,) N HY*™=0(.Z,). This
ends the proof. O

We define the bilinear form a; on V x V for every (v, 0,,0,,w;,w,) and (v*, 8%, 65 wb wh) in
V by

14
al((v,91,92,w1,w2), (Vba 911)7012)7(*]11)7("11))) = 5 /(VV + VVT> : (va + (vvb)T) dy

h +/ys((v-V)w+(W-V)v)-vbdy.

(2.46)
We define the operator (A;, D(A;)) on H by

D(A,) ={z € V with z~ ay(z,z) is H—continuous },

and
Vz € D(Al), Vz € V, (Alz,i)o = —al(z,i).

Lemma 2.2.7. We have

D(A;) = D(A),
and
v divop(v,q) — (v-V)w — (w-V)v
91 0
“1 M1</— . 5585(0,0,7,) d )
wy 0,0 o5, UF(V7Q)n 0, ( ) 773/) Yy i—19

Proof. The inclusion D(A) C D(A;) comes easily. Moreover, for every z = (v, 6,02, w1, ws) €
D(A), an integration by parts yields

divop(v,q) — (v-V)w — (w-V)v
0
VZeV, (Awzz),=|| 0 7

0
Ma,(lJ </85_0F(V7 Q)ns : a&j@s(o’ 07 7y) d7y>

s Jj=12 0

Let us now prove the reverse inclusion D(A;) C D(A). Let z € D(A;). According to Riesz
representation theorem, there exists f € H such that

VzeV, a(z:z)=(fz),.

We write f = (fy, fy,, £y, f.,, £,,). For v € Dy, = {u € (€>°(%,))?> with divu = 0}, we know
that (v,0,0,0,0) belongs to V, and an integration by parts yields

a1(z, (v,0,0,0,0)) :/

[ (divop(v.0) + (v- V)w + (w-V)v) - ¥ dy = /? £, - dy.
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Then, according to [146, Lemma 2.2.2], there exists § € L?(.%,) such that
—divop(v,q) + (v-V)w+ (w - V)v =1{, in .7, (2.47)

and thus div op(v,q) belongs to L?(.%,), which gives a meaning to or(v,q)n, on 0.%,.
Now, let us prove that op(v, g)n is constant along I'y. Let g € (4/>°(I'y))? fulfilling / g-
I'n
n dv, = 0. According to [72, Theorem IV.1.1], there exists v, € H'(.%,) satisfying
div vg = 0 in .%;,
vg = 0onI'pUIS;,
vg = gon I'y.

We know that (vg,0,0,0,0) belongs to V. An integration by parts yields

a1(2, (vg,0,0,0,0)) = / (—div op(v,3) + (v- V)W + (w - V)V) - vg dy

Fs
+ /FNO-F(V’ ZDn g d’7y - /ys fv * Vg dY7

and with (2.47) we get
/ op(v,g)n-gdy, =0.
I'n

The previous equality holds for every g € (4 >°(I'x))? fulfilling / g -n dv, = 0, then there
I'n
exists a constant ¢ such that op(v,¢)n =cnon I'y.
Let ¢ = § — ¢ € L*(%,), we have div op(v,q) = div op(v,q) and op(v,q)n = 0 on I'y.
Moreover, (v, q) satisfies

div o (v, q) € L*(F),
divv=0 in %,
v=0 on I'p,

V= ij(?gjfﬁs(o, 0,.) on dS;,
J

op(v,gn =10 on I'.

We finish this proof with a lifting of the boundary datum on 95, and Lemma 2.1.7, like in the
proof of Lemma 2.2.6. We get D(A;) C D(A), thus concluding the proof of Lemma 2.2.7. [

Lemma 2.2.8. The operator A generates an analytic semigroup on H and has compact re-
solvent.

Proof. According to [118,; p.3015], there exists a constant ¢ > 0 such that for A > 0 large

enough, we have
Vz € V, a1(z,2) + N|z||f; > c|z|3. (2.48)

Moreover, according to [24, Theorem 2.12, p. 115], the estimate (2.48) implies that the operator
Aj generates an analytic semigroup on H.

Now, as A—A; € L(H), according to [125, Corollary 2.2], A generates an analytic semigroup
on H.

We have D(A) C V and, according to Lemma 2.2.3, the embedding from V into H is
compact. The operator A then has compact resolvent. This ends this proof. O
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2.2.3 Study of the adjoint operator

In order to simplify the notations, in the sequel we do not write dy or dv, anymore in the
integrals.

Lemma 2.2.9. The adjoint operator A} of Ay with respect to the scalar product (.,.), is given

by
D(A?) = (v,0,,0,,w,,w,) €V, v eHY?>0(Z,) Iqc HY/?**(ZF,) such that
v div op(v,q) € L?(Z,) and op(v,q¢)n+(w-n)v=0 on I'y
and
v div op(v,q) — (VW)Iv + (w-V)v
0, 0
“1 M(T,(l) </ _UF(Vv Q)ns . a@j(I)S(()? 07 7y)>
Wy 0S5 7=1,2

Proof. The adjoint A} of A; is defined by
D(A}) ={z €V with z~ a;(z,2) is H-continuous },
and
Vz eV, Vze D(A]), (z,412),= —ai(z,2).
Let us denote

7o (v, 0,05, w,,wy) €V, v el (Z,) Fq € HY/?**0(Z,) such that
N div op(v,q) € L?(Z,) and op(v,¢)n+(w-n)v =0 on 'y

For every z = (v, 0;, 52,&)1,@2) € E., we have

divop(v,q) — (Vw)Iv+ (w-V)v
0
Vz eV, -—ai(z,z)= 0 \Z

Mob ([ —or(am. - 0,250,0.4,))

Jj=12 0

Then, we have E C D(A}).
To prove the reverse inclusion, the same arguments as in the proof of Lemma 2.2.7 lead to
the existence of ¢ € L?(.%,) such that

div or(V, ) e L*(Z,),
divv=0 in %,
v=0 on ['p,

V= Z@jagjfﬁs((), 0,.) on 08,

or(V,g)n+ (w-n)v=0 onl\.

Then o(V, §)n belongs to H'/?(T'y), this implies that (v, §) belongs to H3/2*0 (.7, x H'/?+50 (%),
This regularity is a consequence of [111, Theorem 9.4.5] and the arguments used in the proof
of [118, Theorem 2.5]. This ends the proof. O
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Lemma 2.2.10. The adjoint of A with respect to (.,.), is given by

D(A") = D(Ay),

and
v divop(v,q) + (w-V)v — (Vw)lv
91 L1 %
L
A" [0, | =1k /T5<L2'V>+<k+4 ( ))k
Wy -1 L3 -V o (V7q ng- 891 (070772,() 91
w2 MO’O [A} ( L4 4 ) /853 < (V,q)ns 892 (Ovoa,yy) * 02

Proof. We have A — A; € L(H), then A* — A} € L(H) and D(A*) = D(Aj}).
A computation of (Az,z), for z € D(A) and z € D(A*) gives the explicit expression of
A*. O

2.2.4 Construction of a feedback operator

We define the control operator B € £L(R? H) by
Bh =TI (0,0,0, Mg gh). (2.49)

The linear system (2.30) with no source terms (f =0, g = 0, s = 0) can be rewritten under
the form

{ z/(t) = (t) + Bh(t), t>0, (2.50)

z(0) = 2o,
where z = (V, 01, 02, 917 92) and zy = (Vo, 91,0, 92,0,001,0,602,0)-

We want to exhibit a control h under a feedback form that stabilizes problem (2.50). In order
to guarantee a decay rate ¢ > 0 of the solution to this problem, we consider the stabilization

of zs = €%z, solution to the problem
z5(t) = (A + 0D)zs(t) + Bhs(t), t>0, (2.51)
zs(0) = 2z ’

where

hs(t) = e”h(t), t>0.
Our goal is to find a control h providing the stabilization of (2.51).

Lemma 2.2.11. The adjoint operator of B with respect to (.,.), is bounded, B & L(H,R?),
and is given by

* w
B <V701702aw1aw2) = ( w: ) '

Proof. The operator B is bounded, this is then a straightforward computation. O

We define the unstable space associated to the operator A + dI. Let J, be the set of eigen-
values \; of A such that Re();) > —0d. The set J, is exactly the set of all A € C such that A+§
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is an unstable eigenvalue of A + 1. According to Lemmas 2.2.10 and 2.2.11, Hypothesis (H);
can be rewritten as the following unique continuation property :

For every A € J, and all ¢ € V that obey (A* — )¢ = 0 and B*¢ =0, we have ¢ = 0,
(2.52)
where \ denotes the conjugate of \.
The goal of this section is to construct a feedback control operator which uses only a finite
number of scalar data to determine a control law that stabilizes problem (2.51), i.e.

Proposition 2.2.12. Let 6 > 0 such that hypothesis (H); is fulfilled. There exists K5 €
L(L2(Z,) x RY, R?) such that the operator A+ 61+ BKs generates a stable analytic semigroup
on H.

Lemma 2.2.8 implies that the spectrum of the operator A consists of isolated eigenvalues with
finite algebraic multiplicities, moreover it has no finite cluster point. In addition, the operator
A generates an analytic semigroup, the control operator B belongs to £(IR? H) and we assume
(2.52). Proposition 2.2.12 is then a consequence of the Fattorini criterion [10, Theorem 1.6].

In order to make the strategy clear, we provide a proof of Proposition 2.2.12.

Démonstration. We denote G(J;) the generalized eigenspace of A associated to the eigenvalue
A; and we define the unstable space for A 4 61 by

Z.,= P G

ey

As A + 01 generates an analytic semigroup on H and has compact resolvent (see Lemma
2.2.8), J, is finite and every G(),) is finite dimensional. Then the space Z, is finite dimensional
and we denote d,, = dim(Z,,).

Besides, we can construct in the same way a space Z, that contains all the stable eigenvectors
of A+ 41, that is invariant under (e');>o and such that

H=7Z,PZ.

We denote II, the projection of H onto Z, along Z, and II, the projection of H onto Z,
along Z.,. In the same way, we denote Z (respectively Z*) the direct sum of the generalized
eigenspaces of A* associated to an eigenvalue belonging (respectively not belonging) to J,.
According to [66, Lemma 6.2], there exist respectively two biorthogonal families (z;) =
(Vi, 014,02, w1, wa;) and (z;) = (V;, 9~1’j, éz’j,CDl,j,@Q,j) of Z,, and Z satisfying the condition

(Zi,2;)o = iy (2.53)

du o
and Hu(V; 01, 9276017602) = 21 ((V, 01,05, w1, W2>7(Vi; 91,17 92,17001,@, W2,i))0 (Vi7 91,1; 02,i7w1,i7w2,i>-
1=
We can also choose z; and z; to be respectively generalized eigenvectors of A and A*.
The adjoint IT} of I1, is the projection of H onto Z; along Z? as a straightforward calculation

gives
dy

=1
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Denoting z, = I1,z for every z € H, the projection of (2.51) onto Z, reads

{ z,(t) = Auzu(t) + 02,(t) + Bhy(t) >0, (2.54)

Zu(O) = HuZ07

where A, =I1,A, B, =II,B and h, = hs. Note that this formulation uses A, ((I —1II,)z) = 0,
which holds since Z, is stable under A + d1.

At this point, we use the following lemma that is proven just after the end of the current
proof.

Lemma 2.2.13. Under hypothesis ()4, the problem (2.54) is controllable on Z,.
Lemma 2.2.13 implies that the problem (2.54) is stabilizable. Then the feedback control law

hu = _BZ,R'JZua

stabilizes problem (2.54), where Rs € L(H) is the unique positive self-adjoint solution in £(H)
to the Riccati equation

Rs(Ay + 01) + (A% + 61)Rs +1— RsB,B:Rs = 0,

(for more information see [54, Section 6.2]).
Now we can construct a feedback law

Ks(zs) = h, = —B:RsI1,2s,

that stabilizes problem (2.51). The feedback operator K5 belongs to £(H,R?) and can be
extended to an element Kj of L(L?*(Z,) x R* R?),

Kszs = Kslluzs = —B:RsI1,Iuzs, for all z; € L2(.%,) x R (2.55)

The operator A, + 61 + B,Ks generates an analytic stable semigroup on Z,.
Finally, let us prove that the operator A + 0l + BKs generates an analytic stable semigroup
on H. We can use the decomposition zs = 11,z + [1,z5, where 11,z and Il,zs fulfil

HUZS = (Au + 5I)HUZ§ + BuIC5HuZ5 t >0,
HuZ5(O) = HuZ0>

HSZS = (AS + 5I)HSZ5 + B,KCs11,zs t >0,
HSZ(S(O) = HSZO7

where A, = II,A, B, = II,B and where we have used II,AIl, = II, AIl, = 0.

As the operator A, + 61 + BKs generates an analytic stable semigroup on Z,, we have
11125 12(0,00;51) < C'. Moreover, according to the definition of J,, the operator A, +4I generates
an analytic stable semigroup on Zj, then according to [24, Theorem 3.1.(i), p. 143], we have
11155 12(0,00;1) < C. Hence A + 61 4+ BKs generates an analytic stable semigroup on H. O

Proof of Lemma 2.2.15. According to the Hautus test (see for instance [150, Proposition 1.5.1]),
this result is equivalent to Ker( A + 01 — AI) NKer(B}) = {0} for every eigenvalue X of A, + 41,
i.e. Ker(Ar — M) NKer(B;) = {0} for every eigenvalue \ of A,,.
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The definition of Z, implies that this space is stable under A. Hence, for every z, € Z,,
Az, = Az,. Then, the eigenvalues of A, are the elements of .J,.
Now, we need to compute A and B, the adjoint operators of A, and B, with respect to
H. Let z; € Z; and z € I, we have
(A25,2), = (23,11, A2), = (A°22)

u“u (VR

and
(B;z;2), = (2,11, Bz), = (B'z,,2),

uu)
then Vz € Z:, we have Az; = A*z; and B}z, = B*z}.
Let us now prove the Hautus test on (A%, Bf). Let A € C be an eigenvalue of A,, then
A € J,. Let z¥ € Z* and assume that z; € Ker(A* — AI) N Ker(B;). We have (A* — M)z} = 0
and B*z! = 0. Thus, z! € D(A*) and the property (2.52) implies that z} = 0 and this ends the
proof. O

A consequence of Proposition 2.2.12 is the following lemma.

Lemma 2.2.14. Let zy € V and F € {f with ¢°f € L2(0,00;H)}. The solution z to the
closed—loop problem
[
{ 7 = Az+ BKsz+ F t>0, (2.56)

z(0) = 2y,

belongs to {z with ez € 1.2(0,00; D(A)) N HY(0, 00; H) N €°([0,00); V)}. Moreover, we have
the estimate

12| 20,0001 2 (0,000 (0.00):v) < Cl1Zollv + (€7 F 20 00:80))- (2.57)

Démonstration. We have 61+ BK; € L(H) , then D(A+014 BKs) = D(A) and by interpolation
for A > 0 large enough, D((Al — A — 61 — BKs)'/?) = D((Al — A)'/?) = V, for the definition of
these spaces see (2.43)—(2.44). Moreover, e’'F € 1.2(0, oo; H).

In addition, according to Proposition 2.2.12, A + dI + BKs generates an analytic semi-

group that is stable on H, hence according to [24, Theorem 3.1.(i), p. 143], there exists z; €
H'(0, +00; H) N L2(0, +oo; D(A)) satisfying

2 = (A+ 61+ BKj)zs + ' F  t >0,
z5(0) = 2.

By interpolation, z; also belongs to €°([0,00); V). Now, z = e~%z; belongs to {z with e’z €
L2(0, 00; D(A)) NHY(0, 00; H) N ([0, 00); V) } and is solution to (2.56). Moreover, we have the
estimate (2.57) as a consequence of [24, Theorem 3.1.(i), p. 143]. O

2.2.5 Stabilization of the linear system (2.30)

In this section we prove that the feedback operator ICs stabilizes the linear problem (2.30).
The velocity is decomposed as v = v+v, where vy is a lifting of g. We first prove this result for
distributed source terms only (i.e. on v) and then for boundary source terms (i.e. for v + vg).
The first part is a consequence of the study of the semigroup.
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2.2.5.1 Stabilization of the problem with nonhomogeneous distributed source
terms

In this section we prove a stabilization result for the following system that corresponds to
(2.30) with g =0,

ov ~ o~ X~ X ~

af‘tf"'(w V)VA+ (V- V)w — Lp(0y,0,01,05,y) —vAV + Vg =f in (0,00) x Z,

divv =0 . in (0,00) X Z,

V = 0,05,®5(0,0,.) 4 6,05,95(0,0,.) on (0, 00) x S,,
v=0 on (0,00) x I'p,
or(V,q)n =0 on (0,00) x I'y,
(0,.) = ¥ in Zs, (2.58)

M 0, /aS[QI — v(VV+(VV)")]n,-0,,85(0,0,7,) dv,
0 0 . S

| (52) ) /E)S[ql - V(V\N/—}-(VG)T)]HS.Q%(I)S (07 07 Vy) dfy?J
_ _ +Ls(61,65) +5+h on (0, 00),
01(0) =610, 62(0) = 2y,

51(0) = wLo, 02(0) = (,UQ70.

Proposition 2.2.15. Let 6 > 0 and let (H); be fulfilled. For every (Vo, 01,620, w10, w20) €
H(.Z,) x R4, fulfilling the compatibility conditions

div {’0 =0 in ys,
2
Vo = _ w005, 25(0,0,.) on dS,, (2.59)
j=1
vo=20 on I'p,

and every source terms f e F$° and s € S problem (2.58) with the control taken as h =
Kg(ff,gl,gg,gl,gg) admits a unique solution (v, q, 51,52) € Ug® x P x ©%° with the following
estimate

[¥lluze + lldllee + (61, 02) oz < C(|I¥ollm(2.) + 01,0 + 1620 + [wi0] + |wayol

N _ (2.60)
+HIE e + [I8llsz),

where C' does not depend on the initial data and on the source terms.

Proof. The initial data (Vg, 010,620, w1,0,w2,0) fulfil the compatibility conditions (2.59), that is
why zg = (Vo, 610, 02,0, w1,0,w20) belongs to V. Moreover, as f € F§® and § € S§°,

F = ,
Mls
0,08

belongs to {f with e%f € L2(0,00;H)}. Then, according to Lemma 2.2.14, the solution to
(2.56) belongs to {z with €%z € L2(0,00; D(A)) NHY(0, 00; H) N €°([0,00); V)}.
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Now, we use the identity z = (?1,51,52,&11,@2). According to Lemmas 2.2.2 and 2.2.6, v €
U, (01,602) € ©5° and there exists ¢ € P§° such that problem (2.56) reads

- div op(V,q) + Lp(0y, 0y, 01,00, y) — (V- V)W — (W- V)V + £

v
0 “1
d |2 Wy
- 0 — o ,
dt @21 1 /—UF(V,(])HS-891¢S(O,O,’)/Z/) o~ o~ o~ = _
~ Mo S _ +Lg(601,02)+Ks5(v, 01, 02,001, 02)+5
W2 /BS—O'F(V,EIV>HS'892@S<O,O,'}/y)

where Ly and Lg are defined in (2.31)(2.32). Then, (¥, §, 61, 6,) is solution to (2.58).
Finally, the estimate (2.60) is a consequence of (2.57). O

2.2.5.2 A first stabilization result for the problem with a nonhomogeneous boun-
dary datum

In the sequel, for g € G§° we consider vy € {v with ¢e%v € H'(0,00; H?(.%,))} that
satisfies

Ve =8 on (0,00) x S,
divvg =0 in (0,00) X Z,
vg =0 on (0,00) x I'p, (2:61)
(Vvg + (Vvg)')ngs =0 on (0,00) x I'y,
and
IVee” I 0 .c0m202.) < Cliglleg, (2.62)

see [118, Theorem 2.16] for a proof of the existence of vg.

The following proposition enables a stabilization of the problem (2.30) with g # 0. Howe-
ver, contrary to Proposition 2.2.1, the feedback control is KCs(v — vg, 01,09, 0:. 92) instead of
Ks(v,01,05,01,05).

Proposition 2.2.16. Let 6 > 0 and let (H); be fulfilled. For every (vo, 01,0, 6020,w10,w20) €
HY (Z,)xRY f e F, g € G° and s € $5° Julfilling the compatibility conditions (2.39), problem
(2.30) with the control h = Ks(v Vg,61,92,91,62) admits a unique solution (v,q,0;,603) €
Us® x P§° x ©5° with the following estimate,

[Vlluge + [lgllese + [[(61, 02)[loz < C([[vollrr(z,)+ 161,01+ 02,0 +[wr,0]+]waol

2.63
HiE et liglla +sllss), 26

where C' does not depend on the initial conditions and the source terms.

Proof. Let (v,q,01,02) be the solution to (2.30) with h = Ks(v — Vg,91,92,91,92). We now
consider (v, q,01,02) = (Vv — vg,q,01,02), it is solution to problem (2.58) where

{’0 = Vpy — Vg(O),

f=f—0vg— (W-V)vg — (vg - V)W + vAvg,
S—s— (/85 V(Vvg + VvT)n, - 8, @50, o,yy))

j=1,2
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The initial data (v, 01,0, 62,0, w10, wa ) fulfil (2.59), then all the terms have the good regularity
and we have the estimate (2.60). We now use (2.62) and get

[£][ree < [If][re + Cligllas
[Sllsze < lIsllsze + Cligllas-

All these estimates prove the estimate (2.63). O

2.2.5.3 Proof of Proposition 2.2.1

Proof. In Proposition 2.2.16, we have proven that the control h = Ks(v — Vg,01,92,91,92)
stabilizes the problem (2.30). We now want to prove that the control h = Ks(v, 6y, 05, 0;, 02)
also stabilizes the same problem.

Let (v,q,6;,05) be the solution to (2.30) with h = Ks(v — Vg,91,92,91,92). According to
Proposition 2.2.16, we have the estimate (2.63).

Let (v, 4, 01, 52) be the solution to (2.30) with h = ICs(v, 61, 0o, 51, 52) We now consider

~ o~

(‘77 qu 517 §2) - (V7 q, 917 92) - (i\,v q\a 017 62)7

it is solution to (2.58) with f =0, vo = 0, s = —K;(vg,0,0,0,0), 10 = 0, a9 = 0, w19 = 0,

wyo = 0 and h = Kg(?,gl,gg,gl,@). The initial data (0,0,0,0,0) fulfil the compatibility
conditions (2.59), hence we have the estimate (2.60). When combining the estimates (2.60) and
(2.63), we get

[¥[[uset |Gl pset1[ (61, O2) [[ox< [ V][wee + [[V][uze + [lgllpse + (|Gl + [[(01,02) [0 + [[(61,02)[los
<C([Ivollm (.t 101,0[+ 02,0 +[wr,0] +[wa,0H|E [ reHl gl azeHIs [ s50) -

This ends the proof of Proposition 2.2.1. O]

2.3 Stabilization of the nonlinear closed loop system

The proof of Theorem 2.1.5 will be developed in this section. As in Section 2.2 we consider
(fz,u’,f5) € WH(Q) x U’ x R? and a stationary state (w, pw) € H3(F,) x Hy(%,) that fulfil
(2.16) (see Remark 2.1.8).

2.3.1 The nonlinear problem in a fixed domain

In this section, we are interested in writing the equations fulfilled by the difference between
the solution to (2.14) and the stationary state. In order to do so, we consider the change of
variables

v(t,y) = cof (Tgs (01(1), 02(t),y)) u(t,®%(6:1(t), 02(t), y)) —w(y),
vy € i, Vi € (0, 00) {qa,y) — p(t. D5 (B,(1), 02(1).y)) — puly). (2.64)

where ®5 is the diffeomorphism defined in (2.18) fulfilling (2.20), moreover Jgs(0;,02,y) =
Vy®5(01, 0, y) and cof(Jgs) is the cofactor matrix of Jgs. This change of variables has been
chosen in order to have a divergence free velocity v in the fixed domain.
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One can show that under the feedback control h = KCs(v, 01, 65, 91, 92) defined in Proposition
2.2.1, (v,q,64,0,) is solution to the closed loop system

a@;,+(w V)V + (v- V)W —Lg(6,,6,,0,,0,,y) —vAv + Vg =f in (0,00) x .Z,,
divv =0 ' in (0,00) X Z,
v = 91891(1)8(07 0, 7y) + 92892(I)S<0a 07 71/) +g on (07 OO) X 8537
v=0 on (0,00) x I'p,
or(v,q)n =0 on (0,00) x I'y,
V( Y :Vo(Y)—COf(jQS(Gl 0,02,0,¥)) o (®%(010,020,¥)) —w(y) in s, (2.65)
( g > _UF<V7 Q)ns : 891(I)S<07 O? /Vy)
)\ [ —or(v.an, - 0,250,0,7,)
+LS(91782)+S+K§(V791792791792) on (0700)7
Ql(o) = 91,0’ 92(0) = 92,07
01(0) = W10 05(0) = Wa.0;

where the linear terms are
LF(91, 0, 91, 920’) :Ll(}’)91 + LQ(Y)92 + Ls(Y)él + L4(Y)92a Vy € &,
Ls(6;,62) =Ls0; + Lgba,

and the coefficients L;—Lg are defined in Appendix B. Moreover K5 is the feedback operator
given in (2.55) and the source terms are given by the nonlinear (at least quadratic) terms

f = fNL(Hl,QQ,V,q),
g =gV (0,,0,), (2.66)
S = SNL(QD 92a Va Q)a

defined below

V501,04, v,9) =F (01,02, WV, py+q) +(W-V)W+(W-V)v+(v-V)w
_LF(ela 027 917 927 ) + fff(@S(el) 927 )) - f;@?

. 2.67
&V(61,62) = G(01, 0,61, 6). (2.67)
NL(gla 927 Vv, Q) = S(ela 927 W+ V, Pw + Q) - LS(elv 02>a
where F, G and S are defined as follows
F(01,02,v,q) = F'(61,05,v) + F?(01,0,v) + F3(01,05,v) + F(01,02,v) + F°(61,65,q),
Fl(Ql, 92, V) = (I — COf(j‘I,S (91, 02, @S))T)aa‘t/,
F2(6y,05,v) =—cof (0, V09, ¥5 (0, 05, ®5) + 0,V 05,85 (01, 6, ®5))Tv
—cof (Tas (01,62, %)) (Tyv) ($100,95 (01,03, B%) 46,00, (61,05, 99) ).
(‘92vk @\I/S 8\115
F3(01,05,v); =0 cof (Tgs (01, 05, ®5)) £ (0,,0,, ®S 0;,6,, ®S
(01,03,9): = 3 co Tas(01, 00 8Dy L0108 5 200,08%)
+2V Z COf a \7\113 (917 927 QS))]CZ gvk aa\ljf (917 927 @S)
7,k,0
0 82\115
+VZCOf j\IIS(917927¢S))kZ Uk 2 (91a927¢8)
Yy Oy Ox
+VZC0f(a§j~7\pS(91, 03, ®°))ivi — VAin(t7 y),
ik
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(gla 927 ZCOf \7‘1’5 017 02a ))k]COf(ax \7\115 (917 92,@8))”'Ukvr

7.k,
, 0D? 8vr
—%det(j\ps (61, 0,,95))? o ay

F5(617927Q) = (I - j‘I'S<917627 (I)S))Tqu7

2
G(@l, 927 W1, w?) == Z w] (COf(j@S (ela 02))T89j¢8 (017 027 Y) - 89j¢8<0’ 07 Y)) )

st
S(01,02,v,4)= —(Mo, 9, = Moo) ( 0
/89;7@5 (01, 02,7, )] [T—1(G(01, 02,%) +G (01, 02,v) Vg, o, (B)-05, 85 (61, 02,7, (2.69)
/8 [Tas (61,0228 [61-0(G (01, 62:3) +G(61 02.v)")|ng, o(D%)-09,9°(61,62,7,)
/ass [al = (Vv + (Vv)")]n, - 9,8°(0,0,7,)
[q1 — v(Vv + (Vv)")]n, - 9,,8°(0,0,7,)

0
! ) + M1(91,92,91792)

where My and My, 4, are defined in (2.10), (2.11) and

G (61,05, V) Zcof (0, Tas(61,65,.)) 0 %] vy

+3 " cof (Tgs (01, 09, B5))pi—— (91,92, 5).

Y Oy, Ox;

For the sake of intelligibility, we have used the notation ®5 = ®5(0;, 0,, .).

2.3.2 Proof of the stabilization result in the fixed domain

In this section, we develop the fixed point argument used to prove the stabilization result
of the nonlinear problem (2.14) in the fixed domain %, (i.e. the stabilization result for (2.65)—
(2.66)).

Proposition 2.3.1. Let § > 0 and let (H); be fulfilled. There exists € > 0, such that for every
(vo, 010,020, w10, w20) € H' (F) x Dg x R? satisfying the compatibility conditions

div v0 =0 in .7,
ijgcof Tas (01,9, 050,.) 0, @%(0,4,0,0,.) ondS,, (2.71)
vy :6 1 on I'p,
and
[Volle(z,) + [010] + [02,0] + || + [wao| <, (2.72)

problem (2.65)—(2.66) admits a solution (v,q,0:,6s) that tends to zero with exponential decay
rate 6. For all t > 0, we have

IVl z + 10:1()] + 102(8)] + wr ()] + |wa(t)] < Ce™. (2.73)
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Proof. Let (v, 0,00, w; o, Wy ) in H'(F) x Dg x R* fulfilling the compatibility conditions
(2.71) and (2.72) for some € > 0. We consider the space

N — (v,q,0,,0,) €U xPg°x ©3° with (91>92791792)(0) = (91,0792,07%,070}2,0)7 (2.74)
0 for every ¢ in (0, 00), (6,(t),04(t)) € Do |

equipped with the natural norm of U x P§° x ©%°
(v, 4,01, 05)luzexpexeze = [[VIwe + [lgllese + [[(01,6) [l

where all the spaces used are defined in (2.33)—(2.38).

We define the application A* on N3 as follows. For (v,q,01,0,) € N, (v,q,0,,0,) =
A®(v,7,0,,0,) € UP x P x ©F° is the solution to problem (2.65) where the source terms are
f =1tN(0,,05,v,9), g = gV (0;,0,) and s = sV (;,0,,v,q) (defined in (2.67)). Note that A
depends on the initial conditions.

The boundary conditions (2.71) correspond to (2.39) with g(0) = G(0, ¢, 0, w g, wWa0)
and the conditions in (2.74) impose that gV (61,0, v,7)(0) = G(6, ¢, 0, 9, w; o, Ws ). Moreover,
we prove later in (2.75) that, for every (61,05, v,q) € N, we have fVL(0,0,,v,q) € Fy,
gNLt(0,,0,) € G° and sME(0,,0,,¥,q) € $5°. Hence, according to Proposition 2.2.1, A* is well
defined.

The domain Dg is open and (0,0) € Dg, then there exists Ry > 0 such that B((0,0), Ry) C
Dg. The application A> will be studied on a ball of radius R < Ry

IB%O = {(V7Q791792) € INgO with H(V7Q791702)HU§°><IP§°><®§° S R}
We also consider the space

g = § (V2@ 01, 0,) € U x Py x 05 with [[(v, 4,01, 0,)|luzexpyxex < R,
f A < (0700)7 (91792)(t> < ]D@ ’

in which the initial value for (61, 65, 0;, 92) is free. The following lemma will be used.

Lemma 2.3.2. There exists a constant C' = C'(Ry), such that for every R € (0, Ry), every
(v, q%,0%,03) and (v°, q°,6°,05) € BY, the following estimates hold

[£YE(07, 05, v, q) — £YE(67, 05, v", ¢") e < C'R([v* = vP[luz + [l0® = ¢’lleg + 1160° — 0°[log),
Ig™* (65, 05) — g™ (61, 03)lax < C'R[6° — 0°log,
Is™E(0F, 65, v, q°) — sYE(07, 05, v, ¢")Isz= < C'R(|[v* = v*[luz + llg® = ¢’llpge + [160* — 0°[log)-

This lemma is proven in Appendix D.2. We use the spaces H3(.%,) and Hj(.%,) in this
proof.

We now denote C' the constant in (2.40) and C’ the one in Lemma 2.3.2.

At this point, we use Lemma 2.3.2 with (v®,¢%, 6%, 65) = (0,0,0,0), we thus get for every
R > 0 and for every (v,q,0,,0,) in BY,

Y501, 02, v, )l + 1187 (01, o) Gz + 18™7(01, 0, v, @)llse < 3C"R. (2.75)

Let R = min (Ry,1/(6CC")) and e = R/(2C'), hence 3CC'R? < R/2.
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We can build (6, 6-) as the solution to

{ 0,(t) +200,(t) +26°0,(t) =0, >0,
9](O> =Uj0, 6](0) = wjjo.

For € small enough and |w,o|+160;0] < €, (0,0,61,65) belongs to Bf. Thus, taking € > 0 smaller
if necessary, we can assume that By # (). In the sequel, we choose such a ¢.
According to Proposition 2.2.1, we have for every (v,q,6,,6,) in BY,

1AV, 4,61, 05) [luze xpee xop< C(”VOHHl(ﬁf‘s)"‘wLo‘+|92,0JV“L"W1,0’+‘W2,0’+HJ{TJZL(GM 05,7, ) ||z
Hg (01, 605) ez +s™ (01,62, v, )l|s3),

we combine this result with (2.75). Then, by using (2.72), e = R/(2C) and 3CC'R* < R/2, we
have
[A*(v, q,01,0,) lug xprxer < R.

Hence, if we write (V,q, 01, 6,) = A>(8,,6,,v,q), then we have
”(éla é2)HL°°(O,oo) S ”AOO(917927V7(])H]N:§° S R S RO-

Then, (61, 6,) belongs to Dg. This proves that A™ : By — By.

For (v, q%,0¢,05) and (v® ¢, 05, 65) in B, A>®(v?, ¢, 07,05) — A= (v®, ¢, 0%, 605) solves pro-
blem (2.65) where the source terms are fVL(0¢,05,v® q%) — £VE(68,05,vb, ¢b), g™VE(6%,0%) —
gNL(05.05), sNL(99,09, v, q*) —sNE(68, 05, vP, ¢°) and the initial data are null. Then, according
to Proposition 2.2.1 and Lemma 2.3.2, we have

||Aoo(va7 q“, 9%7 9(21) - Aoo(vba qb> Qll)v 912))||U§° xPgoxO3° (2 76)
< 3CCR([|0° = 0llog +[Iv* = V¥llug+lla* = ¢ llpge). ™
As R < 1/(6CC"), the estimate (2.76) yields that A* is a contraction on Bj. Hence,
according to the Picard fixed point theorem, there exists a unique fixed point (v, q,0;,63) to
A% in BY. This fixed point solves the closed—loop nonlinear problem (2.65)—(2.66).
Estimate (2.73) is then a consequence of the fact that (v, ¢, 61,02) € B3 :

Ve llgoto,comt (7)) + 106 |1 0,00m6) + 10€™ [l (0,00%2) < R < Ro.

2.3.3 Proof of Theorem 2.1.5

Proof. The last step towards proving Theorem 2.1.5 is to use the change of variables (2.64) to
prove the result on (u, p) as a consequence of Proposition 2.3.1 that states properties of (v, q).
The only difficulty is to handle the nonlinear term cof(Jgs)? that is present in this change
of variable. This nonlinearity creates some difficulties for using the smallness assumption and
compatibility conditions on the initial data.

Let 6 > 0, we consider that (), is fulfilled and that the initial data satisfy the compatibility
conditions (2.23). Moreover, we consider that for some £; > 0 we have

||110(‘I’S(91,0; 620,.)) — W(‘)HHl(ﬂ‘s) + 101.0] + 020] + |wio] + |wao| < €1.
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Since vo(y) = cof (Tps (01.0,020,y)) ug 0 ®5(01 9, 020,y) — w(y), we have (2.71) and

Vol (7)< ||cof (Tas (01,0, 02,0, BF))T (ug 0 B — W)||112(5,)
+||cof (Tgs (01,0, 02,0, ®5) — I)TWHHl(fé‘S)
< Key + K| wilmz(s,)e1,

where K is the constant in (D.18). In order to fulfil (2.72), we choose

9
K+ KWl s,

€1

where € > 0 is the bound in Proposition 2.3.1, we have (2.72). Then, according to Proposition
2.3.1, the feedback h = Ks(v,8,,6,,0,,6,) stabilizes problem (2.65)—(2.66) at decay rate . We
denote (v, q,0,,0,) the solution to (2.65)—(2.66).

We use the identity

Vt € (0,00), Vx € F(01(t),04(1)),
{u(t,x>=cof<zps<el<t>, Au(0)3))" ({0 W61 0) () )+ w2501 0). 05(0). ) ).
p(t,x)=q(t, ¥3(01(t), 02(t), x)) + pw 0 W3 (01 (1), 02(1), x).

The quadruplet (u,p, 6y, 6) is solution to (1.25) where
h = K5 {(cof (Tas (61(2),65(6). )" u(t, @3(01(0), 82(2),.)) — w(.),61(0), () 61 (1), 6a(0) ).

Moreover, for ¢ small enough and for every ¢ > 0, we have the estimate

[u(t, ®5(01(t),02(t),.)) — Wl (7 < llcof (Tus (01(£), 62(1), ) — U2z IV(E) + Wl (2,

sMOIEIES
< K(|(01(2), 02(6)] + [[v(O) [l (2.))-
Hence the estimate (2.73) implies that
V0, [t ®5(0,(8),05(0),.)) — Wiz + (0] + [02(0)] + (1)) + a(0)] < Ce.

This concludes the proof of Theorem 2.1.5. O
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Chapitre 3

Simulations numeériques du systeme
d’interaction fluide—structure

3.1 Introduction

In this chapter, we study the stabilization of a finite dimensional system that corresponds to
the semi—discretization in space of an infinite dimensional fluid—structure interaction problem.
The continuous problem has already been studied in Chapters 1 and 2, it is recalled hereafter.
The strategy used to stabilize the discretized problem is the same as the one used for the
continuous problem. A similar approach to ours has been investigated in [85], the main difference
is that it uses a different reduced model obtained by a ’balanced truncation model reduction’.
Other similar studies have already been led for the Navier—Stokes equations [2] and for a fluid—
structure interaction problem [116]. Contrary to this latter work, in which the computations
are done in a fixed domain, all computations are run in the actual domain of the fluid. The
method used is a fictitious domain approach.

3.1.1 Modelling of the problem

We want to study the numerical approximation of the stabilization of a fluid—structure
interaction problem. The structure represents a wing airfoil that is immersed in a wind tunnel
Q2 (see Fig. 3.1).

The fluid is modelled by the Navier—Stokes equations, it fulfils mixed boundary conditions
on the boundary of the wind tunnel and an adherence boundary condition with the structure.
The structure is represented by two scalar parameters ¢, and 6, that can be respectively thought
of as the pitch angle of the wing airfoil and the aileron deflection angle (see Fig. 3.2).

These angles stay within an admissible domain Dg that is an open connected subset of R2,
we also assume that (0,0) € Dg. The structure equations are given by a virtual work principle
(see Chapter 1).

The domain filled by the fluid depends on the parameters of the structure (0;(¢), 62(t)) € De,
it is an open set denoted .Z(0;(t),05(t)). The domain occupied by the structure at time ¢ is
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FIGURE 3.1 — The domain 2 and the discretization of .7 (6;, 65) for the numerical simulations.

FIGURE 3.2 — The considered structure.

a closed set denoted S(6;(t),02(t)). For every value of 6,(t) and 6s(t), the global domain €2 is
divided between the fluid and the structure, i.e. Q = S(01(t),02(t)) U F (01(t), 02(1)).

In the present study, 2 = (0, L) x (0, 1) is a rectangular domain. We split its boundary into
three parts 002 = I'; UT'y, U I'y. Inflow boundary conditions are imposed on I'; = {0} x (0, 1),
homogeneous Dirichlet boundary conditions are imposed on I'y, = (0, L) x {0, 1} and Neumann
boundary conditions are imposed on 'y = {L} x (0,1). We also denote I'p, = Ty UT, the part
of 02 where Dirichlet boundary conditions are imposed.

In order to take into account the deformations of the structure, we consider a function
X € ¢>°(Dg; W*(5(0,0))) such that for every (3, 32) € Do, X(B1, 52,y) is the point in
S(5y, B2) that corresponds to the particule of matter that is present in y in the reference
configuration S(0, 0).

Moreover, for every (0, 6;) € Dg, X (61,02, .) is a diffecomorphism, whose inverse is denoted
Y (01, 6,.). An instance of such a function is given in Section 3.5.1.1 and, in this chapter, we
make the same assumptions on X as in the introduction of the manuscript, see (2)—(7).

In the sequel, we denote respectively éj and éj the first and second derivatives of ; with
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respect to time. The considered system of equations is the following one

aaltl(t,x)%—(u(t,x)-V)u(t,x)—divap(u(t,x),p(t,x)):fg(x), te(0,7), xeZ(0:(t),0:(t)),
div u(t,x) =0, te(0,T), xeF(0,(t),0:(1)),
u(t,x) = Zéj(t)ang(Ql(t),Qg( ), Y (01(1),05(t),x)), te(0,7), x€dS(0(t),0:(t)),
a(t, x) = w(x) + w(t, x), 1e(0,T), xeT),
u(t,x) =0, te(0,7), xely,
or(u(t,x),p(t,x))n(x) = 0, te(0,7), xely, (3.1)
u(0,x) = uo(x), X € F (bh,0,020),
M01,92<Z;>= My (61,605,601, 602)+Ma(6y, 02,—0x{u, p)ng, 4,)

#s—k<z;:§;>+h, te(0,7),

61(0) =01, 62(0) = a0,
61(0) = w1, 02(0) = wayp.

In the previous system, u and p represent respectively the velocity and the pressure of the fluid
that is contained in .Z (6, (¢), 02(t)). We have considered the source terms fz € Wh>(Q) and f; €
R?, a nonhomogeneous inflow boundary datum u’ + u? and initial data uy € H'(Z (61, 62,))
for the fluid and (61,620) € Do, (w10,ws0) € R? for the structure. The perturbation u? is
used in the sequel to destabilize a stationary state. We consider a control h € L2(0,T;R?)
modelling a force acting on the structure. We denote respectively n and ny g, the outward
unitary normals to 2 and .% (6, 62). Moreover, we have defined

UF(u7p) = V(Vll + VuT) —pL,

the Cauchy stress tensor of the fluid where v > 0 is the fluid viscosity.

In the equation of the structure, we use £ > 0 a rigidity coefficient that make the state of
the structure tend to the state (£, &2) around which we try to stabilize the structure. Moreover,
we have the following terms

My o — ( (00, X (01,02),06.X (01, 02))s (90, X(01,02),06,X(61,02))s ) c R2X2
o102 (09, X (01, 02),00,X(01,02))s (00, X(01,02),09,X (61, 02))s ’

(e:%aelelx(917 02)+29:19:289192X(017 92)—1_6:%89292)((917 92) 7891X(917 92))5 e RQ
(0%89191)((017 02)+2010289192X(017 02)%%89292)((917 02) 7892X(017 02))5 7

where (.,.)s is the scalar product

M1(91,92,91,92)= (:

(@ 0)s= [ pPly)-Wly) dy, (3:2)

and p > 0 is a constant that represents the mass per unit volume of the structure. Moreover,

- -0y X (6,05, Y (0,05, 7)) ds
/85(91,92)01?(11729)1191,02 0, X (01,02, Y (01, 02,7.)) dv .

- X (01,00, Y (01,62, 7,)) I,
85(91,92)0’F(u’p)n01’92 QZX( 1,02, ( 1, 02,7 )) v

MA(917 927 _UF(u7p)n91,92> =
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Remark 3.1.1. The scalar k can also be replaced by a positive matrix.

Existence and uniqueness of strong solutions to (3.1) have been proven for k = 0 in Chapter
1. The reader can report to this study to get further information about the modelling. The
results proven in Chapter 1 hold for k£ > 0 because it induces a bounded perturbation of the
original semigroup, hence all the proofs can be adapted.

3.1.2 Stabilization of the continuous problem

The stabilization of the solution (u,p,#;,6s) to (3.1) around a target state (W, pw,&1,&2)
has been studied for £ = 0 in Chapter 2. Let (£1,&) € Dg be the parameters corresponding to
the target position for the structure. We denote %, = .F(£1,&) and S5 = S(&1, &) the target
fluid and structure domains.

We consider the nonhomogeneous boundary datum u’ in

) ) 1/4 8 ] 2
= H3/2(Fi) with u|161“~ =0, / M dys < 400,
! 0

Y2 )
/1 |0y (y2) |
3/4 1 —1ys

U =
dys < +00

We denote n, the outward unitary normal to Z;.
Let (fz,u’,f,) € WH®(Q) x U* x R? and (w,py) € HY2(.Z,) x H/2(.Z,) fulfilling the
following stationary equations

(—div op(W,pw) = —(W- V)W + {2 in .,
divw =0 in 7,
w=20 onI'y, UJS,,
W = ui on Fi; (33)
op(W, pw)n =0 on I'y,
= ([, oewn - 9X (6,8, Y (6,607) dy)

7j=12

In our study, we choose (f7,u’,f;) and (W, py, &1, &) such that the solution (W, pyw, &1, &) of
(3.3) is an unstable stationary solution of (3.1). We represent the magnitude of such a w in
Fig. 3.3a. If a perturbation is introduced with no control, the state of the system starts to
oscillate as in Fig. 3.3b. This phenomenon is known as the von Karméan vortex street.

WK valeelty Mogniude
2 84ka 00 08 101 1,51 2.0182+00

(a) The stationary solution. (b) The open loop solution (t = 5s).

FIGURE 3.3 — The stationary and unstationary solutions (Re = 120).
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The goal of the study is to find a control h, in a feedback form, able to stabilize the system
(3.1) around the stationary solution with the arbitrary exponential decay rate § > 0. Providing
a numerical control to a fluid-structure interaction flow is an active research area [144, 46].

In the sequel, the initial state of the problem is taken as the stationary state ug = w,
010 = &1, bap = & and w9 = wap = 0. The perturbation u” is introduced on I'; and destabilizes
the system.

A difficulty that appears in all fluid—structure interaction problems is that the fluid domain
depends on (61, 6,). The usual way to overcome this difficulty is to bring the study back into a
fixed domain. This is done with the help of a diffeomorphism and a change of variables. In the
present study, the diffeomorphism used is an extension of X into the full domain 2. We define
a function ®5 by

v(9~17§2) € ]D9> Vy € Q7 q)s(§179~2ay) =Yy + 8<X<€1+§17£2+§27Y(§1a§2a ))_Id> (Y),

where Id is the identity function of Sy and £ : W3*°(S,) — W3>(Q) N H}(Q) is a continuous
extension operator that vanishes near 92 (see Chapter 2, Lemma 2.1.3). For Dg small enough,
the function ®5(6;,0s,,.) is a diffeomorphism.

We study the difference between the state of the system written in the fixed domain .%,
and the stationary solution defined in the domain .%,. We denote

()—91() SE

a ( ) = ( ) &2, _ -
vt e (0,T), Vy€ %, fi(ty) = co (j(bs( L(1),65(1), ) u(t, ®5(6, (1), 0,(1), y)) — w(y),
y) =

B(t,y) = p(t, 25(6;,65,)) — pu(y).

where Jps(0,,6,,.) = V,®5(6,,0,,.) stands for the Jacobian matrix of ®5(6,,6,,.). In Chapter
2, Section 2.3.1, we have proven that (u,p, 91, 6. 5) is solution to

65915+(w V)u+(a - V)w—Lg(6,, 0, 9 8 y)
—dlvap(u,p) = fN40,.0,,u,p) in (0,7 x.%,,
diva =0 . in (0,7)x Z,
i = 0,00,85(0,0,7,) + 0,0,85(0,0,v,) + g"*(6,,6,) on (0,7) xS,
u=u’ on (0,7)xTy,
u=0 on (0,T)xT,
orp(0,p)n=0 o o on (0,7)xI'y,
u(0,y) = uo(y) = cof (Jaes (61, 92,07)’))TU0(‘I’S(91,0, b20.¥)) — w(y) in 7, (3.4)
“ ( 3 |, —or(@pn, - 0,25(0,0,7,) v,
&2 | % = ° -
02 ~/8S —O'F(ILP)I'IS : 892¢S(0a 0773/) d’Yy
_k< gl > +LS(§17§2)+SNL(§17§27ﬁ75)+h on (O7T)7

B ~ B ~ 2
0,(0) = 610, QQ(O) = 020,
0,(0) = 010,  0,(0) = wap,

, g"* and s"* are nonlinear terms given in Chapter 2, Section 2.3.1. Moreover, Ly
and Lg are linear terms defined in Appendix B, ;¢ = 0,0 — §; and @; = wjo.
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In the sequel we focus on the linear system associated to (3.4) which is given by

ou ~ o~ XX
871; + (W : V)ﬁ + (ﬁ : V)W - LF(917 02a 917 027Y) — div UF(ﬁaﬁ) =0 in (OaT) Xﬁ&
diva=20 in (0,7) x .Z,
i = 0,05,95(0,0,7,) + 0,00,85(0,0,,) on (0,T)x S,
u=u’ on (0,7) T4,
u=0 on (0,7) x Ty,
OF ﬁ,ﬁ) =0 on (O,T)XFN,
u(0,y) = uy(y) in %, (3.5)

; | —or(@pn, - 0,85(0,0,%,) dv,
Meg | 9 )= Jos .

92 /195' _UF(uvp)nS : a@z(b (07 07 'Vy) d'}/y

—k ( ZJ ) +Lg(A,,0,)+h on(0,7),

N ~ N ~ 2
0,(0) = 610, QQ(O) = 02,0,
0,(0) = @10, 05(0) = @ap

In Chapter 2, we used a feedback operator ICs such that the control h = KCs(1u, 51, 52, 51, 0~2)
stabilizes the problem (3.5). We used the space

(W, 0,,0,,0,,0,) € L2(%,) xRY, diva=0in.%, u-n=0onlp,

o . (36)
u-ng = Z@jagj@S(O, 0,.) - ng on OS5
j

and ITy the orthogonal projector of L?(.%,) x R* onto H with respect to the scalar product
(-y.)y of L?(F) x R* defined by

v(ﬁ]7§{a§%7w{7®%) S LZ(ﬁs) X R47
~a Ja pa ~a ~a ~b b pb ~b ~ ~a = na pa gb
((@e, 62, 03, @8, 8) (8, 6%, 65, 0, &) ) = /yu w'dy+ (6 92)<g§> (3.7)

We then studied the semigroup formulation of the linearized problem (3.5). We used a spectral
analysis of the operator of the semigroup formulation and the resolution of a Riccati equa-
tion. Under a unique continuation property that we assumed (see Hypothesis (#);), we have
constructed a feedback operator ICs that stabilizes the continuous problem (3.5).

The detailed analysis of this stabilization problem has been done in Chapter 2. Here we
would like to develop a similar strategy for the semi—discrete system obtained by approximating
by a Finite Element Method (FEM in the sequel) the system (3.1).

We sum up our approach in the following steps.

— In Section 3.2, we present the matrix formulation of the semi-discrete Finite Element

approximation.

— In Section 3.3, we reformulate the finite dimensional problem as a control system by

eliminating the multiplier from the equations using a projector corresponding to the
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discretization of Iy, the projector onto H defined in (3.6). Then, we lead a spectral
analysis of the matrices obtained by the projection, we study the projection of the
system onto a low dimensional space that contains all the unstable eigenvectors of the
problem. We construct a stabilizing feedback matrix Ks,, by solving an Algebraic Riccati
Equation.

— In Section 3.4, we study the relationships between the eigenvalue problems involving
Lagrange multipliers and those without Lagrange multipliers. Using these relationships,
we are able to construct the feedback law without having to use the projector which
is difficult to construct numerically. We then show a more practical way to build the
feedback matrix Ks,, using the solution of a low dimensional Algebraic Riccati Equation.

— In Section 3.5, we give some details on the construction of the diffeomorphisms used and
we show the sprectra associated to our problem.

— In Section 3.6, we present the numerical tests that we ran using a fictitious domain
method to simulate the fluid—structure interaction system (3.1) with and without control.

Note that we use a conformal mesh in Sections 3.2 to 3.5 in order to construct a feedback
matrix and a non conformal one in Section 3.6 in order to run numerical simulations.

3.2 The semi—discretized approximations

In the sequel, the Dirichlet boundary conditions are implemented with Lagrange multipliers
A = (Ag; Ai, Aw)?. First, we exhibit the variational formulation of (3.5) with Lagrange multi-
pliers. Then, we discretize this variational problem in a basis of finite elements, which gives
the system (3.12). For the sake of readibility we drop the tildes in (1,7, 6,,6,) that we write
(u,p,01,05) from now on. In this section we consider the system without perturbation, i.e.
u? = 0. The goal of the comming sections is the construction of a feedback matriw K, that
stabilizes the system.
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3.2.1 A variational formulation of the continuous problem
We denote H™V2(T',) = H~Y2((0,L) x {0}) x H™Y/2((0,L) x {1}). The system (3.5) is

equivalent to the following variational formulation :

Find (91,92,w1,w2) S HZ(O T, ID@) X H1<O T Rz)
and (u,p, A, A\i, Ay) € (HY(0, T; L2(.%,)) ﬂL2(O T;H'(Z,))) x L2(0,T;L*(%,))
><L2(0,T,H 1/2(05) x HV2(I}) x H- 1/2( w)) such that

/j?;tl VdY+/2V Vu—l—Vu ) (VV+VVT)—pdiv V+(W'V)U‘V+(U~V)W~de
/LF(€1,92,W1,w2,y) de+/)\ V_|_/)\ V+/>\w —

/qdivudy:(),

Fs

o s (u— Zwﬁg (0,0 X)) dy, =0,

/“i'UdIszoa
T

MW.Ud’Yy:()?

for every (v, q, g, i, 1) in HY(F) x LA(.F,) x H™V2(S,) x H™V2(Iy) x HTV2(T,),

As(7y> ' a@l(I,S(Ou 07 fYy) dfyy

: 0
M&@(“.’l ) — | Jos. . —k< 91>+91L5+92L6+h,
As(’Yy) : 862¢ (Oa 07 rYy) d’Yy 2

s

(3.8)

0:1 = Wi,
92 = Wy,
11(0) = Uy, ‘91(0) = 91,0, 92(0) = 92,0, wl(o) = W10, W2(0) = W2,0-

Moreover, we can write Ly and Lg under the form

L; = /(?S Astatio * (901051)5(0, 0,7) — ZUF(W,pW)lk(LnQ 792);6189;1)[3(0, 0,7,)
s k,l

—(VyﬁéfI)S(O,O,’yy)ts t ) statio * aOQS(O 07711) (39)

—v Y ((Lg)r+(Lig)ur) () k027 (0,0, 7,) dry,
Kl

and

L6 / Astatlo 8926’Z 0 07 /yy Z UF 7pw Lk Ln9 92)192691-(1)29(0’ 07 7y)
l

) —
k,

(Vya Q(pS(O 07'7y>t t ))\statlo 86?@5(0 O,’Yy) (310)
((

v > ((Lg)mz+(Lg)ikz) (0:) k0627 (0,0, 7,) dy,
k,l

where Agpatio = —0r(W, pw)ng and L Lg are defined in Appendix B.

ng 6,
Remark 3.2.1. We have the relation 89]!1)5((),0, ) = 09 X(&1,82,Y(£1,62,.)) on OS,, this eases
the computation of 95 ®%(0,0,.) on dS;.

3.2.2 Discretization of the variational formulation

In this section we derive the semi-discretized problem associated to (3.8).
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3.2.2.1 The space discretization

We consider the finite element spaces :
Vi, cHY(Z,), Q,CL*(%), W,cH Y2dS,) x HV4I) x HV(T,,).

We denote N, = dim(V4), N, = dim(Q) and Ny = dim(W3) and uy, € Vi, pp € Qn, A =
(As.hs Aihy Aw.n) € Wi, the semi—discretization in space of u, p and A = (Ag, Aj, Ay) respectively.
It is solution to the following variational problem.

Find (01, 0s, w;,ws) € H2(0,T; Dg) x HY(0, T; R?)
and (up, pry Ashy Ain, Awn) € H(0,T; V) x L*(0,7T5Qy) x L?(0,T; W,) such that
d
A ;h Vi R20(Vu,+Vur) - (Vv + Vv —py div v+ (w-V)u, - vy, +(uy - V)w- vy, dy
—/ Ly(601,02,w1,w2,y) vy dy+/ Ash Vi + /Ai,h'vh + //\w,h'Vh =0,
Fs 0Ss T I'w

qn div uy, dy = 0,

Fs
- g, - (uh - ZWj89j¢S<O, O,X)) dy, =0,
s J
/ pop -y, dyy, =0, (3.11)
I

M dyy =0,
for every (Vfw qh, lJ’s,h7 y’i,h? l"l’w7h) in Vh X Qh X Wha

. / Aan(vy) - 90, @5(0,0,7,) dy

Me. e, <c91> _ [ s TR R <zl> +0,Ls + 02Lg + b,
- S Asn(Ty) '802<I)S(0> 0,7,) dvy 2

9:1 = W1,

92 = Wa,

u,(0) =ugp, 61(0) =019, 02(0) =00, wi(0) =wig, w2(0)=wop.

Remark 3.2.2. The variational formulation (3.8) is strong in time and weak in space. Since we
use finite elements in space and finite differences in time, this variational formulation is enough.
The same remark applies to the other variational formulations in the sequel. For variational
formulations of the Navier—Stokes equations that are weak in space and in time, the reader can
report for instance to [35, p.348|.

3.2.2.2 The matrix system

We introduce (U)g, (Pr)r and (W )k respectively the basis functions of the spaces Vj,, Qp,
and W}, so we have the decompositions

Nu Np Ny
w, = > Uldy, pn=>_ PPy, An = MW

k=1 k=1 k=1

We denote U = (Ui)i=1.Ny; P = (Pr)k=1.v, and A = (Ay)r—1.n, the coordinates of uy, p, and
Ap.

107



We denote wj, the numerical approximation of w and hq, hy the coordinates of the control
h. Then, the system (3.11) can be rewriten as follows

My 000 0 0 0 U

0 000O0O0 0 P

0000000 0|,|A

0 00100 0/|—=]|86

0o 00010 o|d]a

0 0000 w1

0 00 0 0 Mae Wo 319
Auu Aup Au)\ Au91 Au@g Auw1 Auwz U 0 ( ‘ )
AT 0 0 0 0 0 0 P 0
AL, 00 0 0 Ax, Are, | | A 0

=l 0 0 0 0 0 1 0 6, |+|0 |,

0 0 0 0 0 0 1 0, 0
0 OA;ML k L 0 0 0 w1 hy
0 0 A%, >\ Tk 0 0 ) \w ha

and u,(0) = ugp, 01(0) = b1, 62(0) = b2, wi(0) = wip, wa(0) = wap, where the matrices
involved are given by :

(Muyu)jk = /fis U; - Uy dy,
(Awa)j = /? —2u(VU; + VUL : (VU + VUT) dy— /0/_ (Wh - VU - U+ Uy - Vwy - U dy,

(Awlie = [ Pudiv @) dy,  (Aundie = [ Uy - Wi dyy,
Fs 0SsUI'p

(Aw)s = [ L) U dy. (A, = [ La) - U(y) dy.

(s = [ L) Us(y) Ay, (Au)y = [ Laly) -24(y) dy.

78

(AAM)J' - /BS 091(1)8(07 O’ﬂyy) ’ Wj(%/) d’Yya (AM&)J' = /85 892(1)8(07 07’72/) ' Wj(ﬂ}/y) d%/’

where L;-L, are defined in Appendix B.
The system (3.12) can also be rewriten in a more compact form as

d
Mzz&z = Aypz + Azym + Bh,

Aoz = 0, (3.13)
z(0) = 2o,
where
U Uy
91 P 91,0
z=| 06 |, "7:<A>7 zo=| bho |,
w1 W10
%) W20
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with Uy the coordinates of ugj and

Muu 000 0 Auu Au91 Au02 Auwl Auwg
0 100 0 0 0 0 1 0
My=]1 0 010 0], A,=1] 0 0 0 0 1
0 00 0 k 0 0 0
0 00 Me, ¢, 0 L5_<0> Lﬁ_(k) 0 0
Aup  Aur 00
0 0 00
AT 00 0 0
A= 0 0o |, A,,Z:Afn:< up ) B=1]0 0
O Ag:wl Au)\ 0 0 AAwl A)\w2 1 O
0 AL, 0 1

We denote N, = Ny +4 the number of state variables of this problem, where 4 accounts for
the degrees of freedom of the structure. We also denote N, = N, + Ny the number of multiplier
degrees of freedom. Finally, Ny, = N, + N, is the total number of degrees of freedom of the
system.

We assume that N, > N, + Ny and the following inf-sup condition

/ prdiv uy, dy + / A - uy, dyy
. _?b FDU85'5
inf sup

(p(;;}i&)he)i;{ég)vh ey lwnllvi, 1 ®r, An) |l @nx i,

>, (3.14)

where ¢ > 0 is a mesh independent constant. The approximation spaces chosen in Section 3.5.2
satisfy this property.

Remark 3.2.3. The inf-sup condition with a mesh independent constant ¢ > 0 is a classical
condition to prevent some numerical instabilities or locking effets like the checkerboard insta-
bility [60, p.186]. This is a classical condition to solve the Navier—Stokes equations [81, 36].

3.3 Feedback stabilization of the linearized system

In this section, we build a stabilization control law for (3.13) under a feedback form. The
strategy followed is the one of the continuous case. We get rid of the multipliers in Sections
3.3.1-3.3.2, so that we obtain an ordinary differential equation for the direct and the adjoint
systems. We decompose the direct and the adjoint operators in a basis of eigenvectors and
generalized eigenvectors. Then, the problem is projected on its unstable space. Finally, we find
a feedback control law that stabilizes (3.13) by solving an Algebraic Riccati Equation for the
projected system on the unstable space.

Remark 3.3.1. In the oncoming analysis we do not use the fact that A,, = Afgz. Using this
property would simplify the study, however we prefer to treat the more general case in which
it is not fulfilled. Note that the case A, # Agz occurs in some studies, see for instace [116].

3.3.1 The projected direct system

The goal of this section is to rewrite the system (3.13) as a system satisfied by z in which
the multiplier 7 is eliminated and to characterize the multiplier 7 in terms of the state and the
data.
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We define
H;, = Ker(A4,,). (3.15)

Lemma 3.3.2. The projector Il of R onto Hy, parallel to Im(M_,' A,,) is defined by
M=1- M, Au(ApMy, Ay) " A

In the same way, the projector II" of RN= onto Ker(A], M_,") parallel to Tm(A],) is defined

by
T _ T (AT a7-1 AT \=1 4T /-1
" =1— AL (AL M AL )T AL ML

Remark 3.3.3. In terms of the matrices defined above, the condition (3.14) implies that (Ay, Aux)
is full ranked. Hence, A,, and A,, are full ranked. The matrix M,, is a mass matrix and is
then invertible. This implies that A,,M,'A,, is invertible and the projector II is well defined.

Proof of Lemma 3.3.2. @ We show, with a direct computation, that (I1)*> = II, so that II is a
projector of RV=.

e Let z € Hj, = Ker(A4,,,), we then have IIz = z, hence H;, C Im(II).

e Let z € Im(II). Since IT is a projector, we have z = 11z, then M_' A, (Ap M, Agy) "t Apez = 0.
We compose this equality by A,,, we get A,,z = 0 and Im(II) = Ker(4,,) = H,.

e Let z € Im(M_'A,,), there exists n € R such that z = M_,'A,,m. We get Iz =
IIM,,' A,ym = 0. Then, we have Im(M,,' A,,,) C Ker(II).

e Let ze Ker(II), then we have z=M_A,, (A, M, Asy) 1 Aypz. We get Ker(I1) =Im(M,,' A,y).
e The proof on II is complete, we prove the properties on II7 in a similar way. O

The projection II is an approximation of the projector Il and Hj is an approximation of
the space H defined in (3.6).

Remark 3.3.4. We a priori have IT # II7.

Lemma 3.3.5. A pair (z,m) is solution to (3.13) if and only if it is solution to the following
system

thZ = Allz + Bh,
(I—Th)z =0, (3.16)
N =—(Ap M Apy) P Apa M} Agyz — (A M,  Agy) ~H Ay M Bh,

where

A =T1M_"A,,, and B =TIM_'B. (3.17)

Proof. e Let (z,m) € RN=x R fulfil the system (3.13). We have I-1I = M_,A,, (A, M,,'Azy) ™ A,
then equation (3.13), implies (3.16),. Now, we multiply (3.13), by IIM_,' and use z = I1z and
IM,,' A,y = 0, we get (3.16),. Finally, we multiply (3.13), by (AnM,, Aup) P Ay M, we use
A,z =0 and we get (3.16),.

o Let z € R fulfil (3.16),-(3.16), and let n € R*" be given by (3.16),. The equation (3.16),
implies (3.13),. The equation (3.16), implies that M_,' A,,n+(I-I1)M,,' A,,z+(I-11) M, Bh =
0, which combined with (3.16), yields (3.13),. O

The following lemma is used to prove some properties in Section 3.4
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Lemma 3.3.6. Ifz € R™: is a solution to

Az = [IM_'F,
{ ., (3.18)
then (z,m) € RY= x R s a solution to
Azzz + Az = Fa
{ Az =0 " (3.19)

where ) = (Apa M Agy) "t Ay MHF — Agyz).
Conversely, if (z,m) € RY= x R s a solution to (3.19), then z € R= is a solution to
(3.18).

Proof. The reader can adapt the proof of Lemma 3.3.5. O]

3.3.2 The projected adjoint system
The adjoint problem of (3.13) with respect to the natural scalar product of Rt defined

by (U, V)~ UTV is

d T T

—MZZ&@ — Azz@ + AnZC, (320)
AZT,]@ = 0.

Similarly as in the previous section, the goal is to rewrite the system (3.20) as a system satisfied
by ® in which the multiplier has been eliminated.
We define the space -
H,, = Ker(4;,), (3.21)

which is the space associated to the adjoint problem. We also define the following projectors.

Lemma 3.3.7. The projector I1 of RN+ onto Hy, parallel to Im(Mz_zlAr;';z) is defined by
I =1- M, AL (AL M, AT )t AL .
In the same way, the projector TIT of RN= onto Ker(A,,M_,") parallel to Im(A,,) is defined by
7 =1 — Auy(Aya M Agy) P A M
Moreover, we have the following relations
M = M0, MMT =TIM, M, =1"M,,, — Myl =1"M,,.

Proof. This proof is a direct adaptation of the proof of Lemma 3.3.2. For the proof of the
relations, we use a direct computation with the expressions of the projectors. O

Remark 3.3.8. In our case of study, because A], = A,,, we have IT = IL, 7 = 07 and H, = Hy,.

However, we do not use these relations since we want to treat the more general case in which
they are not valid.

We can show the following result
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Lemma 3.3.9. The system (3.20) is equivalent to
d

—&ﬁq> = A#II®,
(I—I)® =0, (3.22)
_ T Nf—=1 AT \=1 AT Aj—1 AT
C - _<Aanzz Anz) Aanzz Azz¢7
where A# = TIM, AL .
Proof. This proof is a straightforward adaptation of the one of Lemma 3.3.5. [

Remark 3.3.10. We have the relations (I — IT1)" M,, = M,(I —1I) and (AIT)" M,, = M, A#IL.
In that sense, the problem (3.22) is the adjoint problem of (3.16) with respect to the scalar
product of RM= defined by (U, V) — UT M,,V which is the discretization of the scalar product
(-,.), defined in (3.7). The problem (3.22) is then the discretized version of the adjoint problem
considered in the continuous case.

The following lemma is useful in Section 3.4.

Lemma 3.3.11. If ® € RY: is a solution to

A#® = [IM_'F,
{ sem. (3.23)
then (®,¢) € RY= x RN is a solution to
AT® 4 AT.C —F,
{ PR (3.24)
zn )

where ¢ = (AL, M' AL )Y AL M, (F — AL ®).
Conversely, if (®,¢) € RY= x RN is a solution to (3.24), then ® € RY= is a solution to
(3.23).

3.3.3 Spectral decomposition of the operators

We have already noticed in Section 3.3.1 that A], and A,, are full ranked. Hence their

kernels have the same dimension. We denote N, = dim(H},) = dim(H},). -

In what follows, we are looking for a decomposition of Hj (respectively Hy) into a sum of
the generalized eigenspaces of the operator A (respectively A#).

We say that £ € CN=\{0} is an eigenvector of A in Hj, associated to the eigenvalue 5 € C

if (8,f) is a solution to
Af = pf,
{ f e, (3.25)

We say that f € CN=\{0} is an eigenvector of A# in H, associated to the eigenvalue § € C
if (B,f) is a solution to

(3.26)

A = BE,
f e Hy,.
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We say that a vector f¥ € C=\{0} is a generalized eigenvector of order k for the problem
(3.25) associated with a solution (3,f) € C x Hj, of (3.25) if there exists k € N* such that

(A — BI)fF = f,
{ e, (3.27)

In the same way, we say that a vector f¥ € CN=\{0} is a generalized eigenvector of order
k for the problem (3.26) associated with a solution (3,f) € C x Hj of (3.26) if there exists

k € N* such that ( 4 )k i
A#* — pI)FfR = f,
{ Fe E (3.28)

We now build a family of eigenvectors and generalized eigenvectors of A (respectively A%).

Theorem 3.3.12. There exist two matrices U € CN=*Nr qnd ¥ € CN=* N« such that
— The columns of ¥ are eigenvectors and generalized eigenvectors of A and form a basis
of Hy,
— the columns of\i are eigenvectors and generalized eigenvectors of A* and form a basis
of Hy,
— we have the decompositions

A(C = CI}TMZZA\II e (C]\f7r><N7T and A% _ \IJTMZZA#\TJ € (CN”XN",

where Ac is a decomposition of A into complex Jordan blocks.
— We have the following biorthogonality condition

UM, U =1y (3.29)
The following lemma will be proven at the same time as Theorem 3.3.12.
Lemma 3.3.13. Let g € Hy,, then V' M,,g =0=g = 0.

Proof of Theorem 3.3.12 and Lemma 3.3.15.

eThe columns of U are generalized eigenvectors of A and form a basis of H;, : We know that
A € L(H},), then there exists a basis ¥ = (¥");<;<y, of H, composed of eigenvectors and ge-
neralized eigenvectors of A. -

eThe biorthogonality condition and the columns of U form a basis of Hy, : The matrix M,, €
RN=*N= is invertible hence there exist two basis (x;)1<j<n. and (Xi)i1<x<n. of RY: satisfying
the biorthogonality condition

Vi k € [1,N.], x| MyXyp = 0jy.
For every i € [1, N,], we write the coordinates of ¥" in (x;)1<j<n. :

Vi € [1, N, U= )" alx;.

1<j<N:

We consider the matrix A € CN=*¥ whose coefficients are Ay = af for 1 < i < N, and
1 < 5 < N,. The rank of this matrix is N,.
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The matrix ATA is the Gram matrix of (¥*) which is a basis of Hy, it is then invertible.
We consider AT = (AT A)71AT € CN=*N= the pseudo-inverse of A, it is of rank N,. We denote
bé»:A;iforlgjgNﬁandlgigNz and we define

. _N.
for every i € [1,N;], ¥ =13 bx;

Then ¥’ belongs to H, = Im(IT) and
N
()T M, T = Z (O M, 1%, = Z by (T T M, %, = Z by (ITH T M, %,
TV Zle ) N. =
=>4 My%e= Y abpds= Y ajby = b,
j,0=1 =1 j=1
since ATA = Iy,.

~ P —— ~ Nx —
We now prove that ¥ = (¥) is a basis of H, = Im(II). Let (¢x)1<k<n, such that > ck\Ilk =
k=1

N . — ~ N ~
0. Then, for every j, 0 = ck(\Il])TMzz\Ilk = ¢;. The family W is then a basis of H;, = Im(II).
k=1

eThe decomposition of A : If W' is an eigenvector of A, then we have AW’ = AW’ Let
(B W) be the generalized eigenvectors associated to (A, ¥*) such that (A — AI) ¥ =
Ul then AU = \TH 4 @,

Hence we have

AT = TAg,

where Ac is a Jordan block matrix. Now, with the biorthogonality relation (3.29), we have
UM, U = Iy, and B
Ac = V"' M,,AV.

eThe decomposition of A# : We start from A¢ = U7 M,, AU, we have

AL = OTATM,, U = OTAL M1 M, U = U AL 110,

Moreover, ¥ is a basis of H, = Im(II) and ¥ is a basis of H, = Im(II). Then, II¥ = ¥
IV = ¥ and

AL =TI AL O = 07 M, TIM AL & = 97 M, AT,

__ Ne
eProof of Lemma 3.3.13 Let g € Hy, then there exists (ax)i1<k<n, such that g = > ak\I!k.
k=1

Moreover, the biorthogonality condition (3.29) can be rewriten as ‘IITMZZEk = ej, where (ey); =
0 (for 1 <k < N, and 1 <j < N,). Then, U7 M,,g = 0 implies that a; = 0 for every k and
finally g = 0.

eThe columns of U are eigenvectors and generalized eigenvectors of A* : The last identity
can be rewriten as

U7 M, (A*T — TAL) = 0.
Lemma 3.3.13 implies that o
A*U = WAL
Then, the columns of T are ecigenvectors and generalized eigenvectors of A#. The proof is
complete. O
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The matrices U and ¥ a priori contain complex valued columns. We now build matrices
containing only real valued columns.

Theorem 3.3.14. There exist two matrices E € RN=*Nt qnd E € RN=*N~ such that
— the columns of E form a basis of Hy,
— the columns ofE form a basis of Hy,
— we have the decompositions

Ag = ETM,AE  and AL = ETM,,A*E,

where Ag € RN=*N«= s q real Jordan matriz (see for instance [96, p.16]),
— we have the biorthogonality condition

E"M,,E =1y .

Proof. We denote (fk)1<k<n, the eigenvalues of A which are counted as many times as their

multiplicity. We denote W" (resp. @k) the k™ column of U (resp. U) associated to 3, (resp. to
Br). For each 1 < k < N,

e if 3, is real, then we can consider that ¥* and A\I7k are also real. We then set E¥ = ¥*
and E’k = @k.

o If ; is not real, as A is a real matrix, there exists j # k such that 3; = §; and these
eigenvalues have the same multiplicity. We may assume that ¥* = W/ and S We then
set E* = V2Re(¥Y), E' = V2Re(®"), Bl = /2Tm(¥*) and E' = 2Im(T").

We denote E (resp. E) the matrix whose k™ column is E* (resp. Ek) for 1 <k < N;. The
properties of W and W which are stated in Theorem 3.3.12 imply the properties of £ and E. [

3.3.4 The projected systems

We denote (8;)1<j<n, the eigenvalues of the matrix A. We denote by Ggr(f;) the real
generalized eigenspace of A (obtained by considering real and imaginary parts of the complex
eigenvectors of A) and by Gj(53;) the real generalized eigenspace of A% associated to the
eigenvalue f3;.

Let § > 0, we define J, as the finite subset of N such that

Vije J, e —6 < Re(f;). (3.30)
We define the following spaces
Z,= €D Gr(B)) and Zj = P Gi(5)),

Jj€Ju JEJu

and d, = dim(Z,) = dim(Z;). '
The set J, and the families (E"),<;<n. and (E )1<i<x. can be chosen such that
Zu == VGCtR((Ei)lgiSdu) and ZZ = VeCtR((EZ)lgiSdu).
We also define

Z, = Vectp((E')g, 11<i<n,) and 23 = Vectg (B ), 11<i<n, ),
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and dy = dim(Z;) = dim(Z}).
We have -
]Hh:Zu@Zs and ]Hh:ZZ@Z:.

We define the following matrices :
— E, € R¥=%du ig the matrix whose columns are (E*);<;<q,,
— B, € RM:%4s ig the matrix whose columns are (E")g, 1<i<N,

7 . . —~1
— E, € RN=*du i the matrix whose columns are (E )i<i<q,,

~ . . (2
— B, € RN=%4s ig the matrix whose columns are (E )g,+1<i<n,

. A u Xdg
— A, € R**du and A, € R%*% are the matrices such that Ag = “ Opetu e ) .

ORdS X dy, As
Lemma 3.3.15. We have the following relations

E = [Eu Es]7 E - [Eu ES]7
E'M,,E, =1, EI'M,,Es = 04, x4,
ESTMzzEu = 04, xd, » ESTMZZES = lg,,
E'M,AE, =7\,  E'M,AE, =04,
ETM,,AE, =044, EfM,AE, = A,.

Proof. These identities are consequences of the relations

ET ~ = la O, EY
( ET) My, (E, E,) = <0dsxdu i and B M,,A(E, E,)

I
/
=
O:
Z o
~_—

We define I, € RY=*N= (respectively I, € RY=*N=) the projector of R onto Z, (respecti-
vely Z) parallel to Z, @ Ker(II) (respectively Z, @ Ker(II)).

Lemma 3.3.16. We have the following identities
I, = B,E'M,,, 1,=EE'M,, 1l=E,E'M,, + E,E"M,,.

Proof. e Let IT# = E,ET M,,. With the help of Lemma 3.3.15, we compute (I1#)? = IT#. Hence
I1# is a projection of RY:. We now compute its kernel and image spaces.

o Let z € Z,,. The family E,, is a basis of Z,, then there exists z, € R% such that z = F,z,.
The vector z, represents the coordinates of z in the basis E,. By using the relations of Lemma
3.3.15, we prove that [1#z = EUEEMZZEuzu = F,z, = z. Hence Im(I1,) C Im(I1#).

o Let z € Ker(I1,) = Im(M_,' A,,)) @ Zs, then there exist z# € R and z; € R% such that
z = M_'A,,z" + Fsz,. We compute 17z = EuﬁgMzz(MzglAznz# + Eyzg) = EuﬁgAznz# =0
as AZnEu = 0. Then Ker(IL,) C Ker(IT#).

e The dimensions of the spaces imply that II# = II,,.

e The same strategy can be used to prove the relation on Ilg, the relation on II is a conse-
quence of II = II,, 4 II,. This ends the proof. O

We have the following proposition.
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Proposition 3.3.17. The variable z € H' (0, T; Hy,) fulfils

d
{ d(toz)(t_) — Az(t) + Bh(t), t>0, (3.31)

if and only if z, = Il z and z, = 11,z satisfy respectively

dt (3.32)

d
—z,(t) = Ayz,(t) + B,h(t), t>0,
z,(0) = 11,20,

and

dt (3.33)

Zs<0) - HSZO7
where A, =T,M_'A,,, A, =0M_'A,,, B,=1,M_'B and B, =1I,M,'B. (3.34)

{ L gt) = Az (t) + Bh(D), >0,

Proof. e Let z fulfil (3.31). We use the projection I, and get

{ jtzu(t) = A,(T,z(t) + z(t)) + B,h(t), ¢>0,
z,(0) = 11,2,.

Moreover, A, Il,z = EUEEMZZAESESTMZZZ, and according to Lemma 3.3.15, we have E’EMZZAES =
0. Then, A, Il;z = 0 and we get (3.32).

We similarly get (3.33).

e Now, let z, and z, fulfilling (3.32) and (3.33). By combining the two systems and using
the fact that IT,AIl, = IT,AIl, = 0, we prove that z = z, + z, satisfies (3.31). H

3.3.5 Computation of the linear feedback
Let 0 > 0, we assume the following hypothesis to be valid.

Hypothesis (j-[) 5+ Every eigenvector (z,m) € RY: x R™ of the adjoint problem, associated to
an eigenvalue § such that Re(f3) > —4, that belongs to the kernel of the adjoint of the control
operator is null, i.e.

AT AT VA - M, 0 VA T
ZZ nz zz
(lfn 0 )<n>—ﬁ< 0 0)("7) and B'z=0 — z = 0.

The hypothesis (77) s corresponds to an Hautus test on the adjoint system of (3.32). Hence,
under this assumption, (3.32) is stabilizable.

In order to build a stabilizing feedback for (3.32), let w > 0, we consider R, € L(Z,) a
solution to the Riccati equation

=RT >
{ R.,=R, 20, (3.35)

R.(A, +wll,) + (AT + wIIT)R, — R,B,BIR, = 0.

The existence of such a solution is given by Lemma 3.4.4 that is proven in the sequel. The value
of the parameter w is chosen in Section 3.5.2, it tunes the intensity of the feedback control.
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This solution is used to construct the feedback control law
h = Ké,wzu = _]BZRuZU7

that stabilizes the problem (3.32) with the exponential decay rate 0.

Remark 3.3.18. Note that the feedback matrix K, does not depend on the choice of the
eigenvectors of (3.25) and (3.27).

We can prove that this feedback law also stabilizes the whole problem (3.13).
Theorem 3.3.19. For any z € Ker(4,,,), the solution to

d

&z(t) = Az(t) + BK;  I,z(t), t>0,

Anuz(t) =0, t>0, (3.36)
z(0) = 2.

satisfies the estimate
|lz(t)|| < C|lzolle™, Vt > 0.

Proof. According to Proposition 3.3.17, I,z satisfies (3.32) with h = K;,II,z. Hence, an
adaptation of [24, Section I.1, Theorem 3.1, p. 34] proves that A, + 0I + B,K;, generates a
stable semigroup, and then we have
Lz (t)|] < Clzolle™"
Moreover, according to Proposition 3.3.17, Iz satisfies (3.33) with h = K;,I1,z. And we
know that A, + ¢I generates a stable semigroup (see the definition of J, in (3.30)). Then,
ILz(t)| < Cllzolle™ + Cllzo|[|[ILuz(t)]| < Cllzolle™".

This ends the proof. m

3.4 Practical computation of the feedback matrix

The strategy developed in Section 3.3 cannot be run efficiently in practice mainly because the
matrices (Ay,M,,' Azy) ™" and (A, M ' AL )~" are heavy to compute and because the Riccati
equation (3.35) is of size N, x N,. In the present section, we show how to adapt the previous
strategy in order to compute numerically the matrix Ks,, in an efficient manner.

3.4.1 Equivalence between the eigenvalue problems

In what follows we show a practical way of computing the basis of complex valued eigen-
vectors and generalized eigenvectors of A (respectively A#).

Lemma 3.4.1. If the couple (3,f) € Cx CN= is a solution to (3.25), then the triplet (3,f,m;) €
C x CN= x CNn s a solution to the problem

Azz Az £\ M,, 0 f
G 5) ()= 08 ) () 01

where Mg = —(ApaM ) Agy) "t A M AL
Conversely, if the triplet (3,f,m;) € Cx CN= x CM is a solution to the problem (3.37), then
the couple (B3,f) € C x C™= is a solution to (3.25).
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Proof. This lemma is a consequence of Lemma 3.3.6 with F = SM,,f and the fact that, for
f € Hy, we have A, M ' M,,f = 0. O

Lemma 3.4.2. If the couple (3,f) € Cx C= is a solution to (3.26), then the triplet (3,f,(;) €
C x CN= x C™ s a solution to the problem

AT AT N £\ (M, 0\ [ f
()6 ) () (&) 63

where Cp = — (AL, M AL )P AL M PALE.
Conversely, if the triplet (3,f, ;) € Cx CN= x CM s a solution to the problem (3.38), then
the couple (B3,f) € C x C™= is a solution to (3.26).

Proof. This is a straightforward adaptation of the proof of Lemma 3.4.1, where we use Lemma
3.3.11. O

A similar result can be proven for the generalized eigenvectors. We state the following
theorem.

Theorem 3.4.3. Let (3,f,m;) € C x CN=\{0} x C™ be a solution to (3.37). A vector f* €
CN=\{0} is solution to (3.27) associated to (B,f) if and only if there exists 8f € CNn such that
(%, 8%) is solution to the problem

()= ) (5)- (5 3) (5)
Ay 0 0 0 of 0 0 ne |
Similarly, let (8,f,¢s) € C x CN= x CM be a solution to (3.38). A vector f¥ € CN=\{0} is

solution to (3.28) associated to (B,f) if and only if there exists uk € CNv such that (£*, uk) is
solution to the problem

() 0)) () - () (&)

Proof. We use Lemma 3.3.6 and an induction argument.

((Azz AZ")—ﬁ( 3 0>><fk+l>_< 3 0><fk>
Ap 0 0 0 optt 0 0 of
is equivalent to

"1 € Ker(A,y), (A — BD)f* = f*,
with 0T = (A M  Apy) " Ay M (M, (B 4 £7) — A, £,
The proof is similar for the adjoint problem. O

3.4.2 A practical way to compute the feedback matrix

Another problem faced when computing numerically the feedback matrix is the high dimen-
sionality of the Riccati equation (3.35). In this section, we show how it is possible to transform
the problem to have only to solve a low dimensional Riccati equation to conclude.
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We construct the linear feedback law in the following way. We consider the solution R, to
the equation

__ i = ST
{ R, € L(R™), R,=R, >0, (3.39)

R, (Ay + wlga,) + (AL + wlga, )R, — R, ETBBTE,R, = 0.

Existence and uniqueness of the solution to (3.39) is given by [94].
We can link the solution of (3.39) and a solution of (3.35).

Lemma 3.4.4. If the matriz R, € RY=*N= is q solution to (3.35), then R, = EI'R,E, is the
solution to (3.39).

Conversely, if R, € R%*d s the solution to (3.39), then R, = MzzEuvauE;{Mzz is a
solution to (3.35).

Proof.
o If R, satisfies (3.35), then

ET'R,(A, +wll,)E, + EFN (AT 4+ wIl,)R,E, — E'R,B,B'R,E, = 0.

We use ET M,,AE, = A, (see Lemma 3.3.15) and I, = E,ET M,,, we get A, E, = E,ET M,,AE, =
E,\,. Moreover, B, = E,ET B, then R, = ETR,E,, is solution to (3.39).
o Let R: be the solution to (3.39). We multiply the equation on the left by MZZEU and on the
right by ETM,,, we get
My Eu Ry (Ay + wlgah )ET My, + My Ey(AT + wlga, ) RO ET M,
~M,,E,R,ETBBTE,R,ET M,, = 0.

We use the identites Iga, = ETM,,E, and EX M,,A,E, = \,, we get

My, E R, ET M, (AyE EX My, + WE,ET M,,) + M, E,ET(AT + wlgn. )M, E,R,ET M,,
—M,,E.R.(ET"M,,E,)ET BBTE, (ET M,,E,)R,ET M,, = 0.
We finally use the identities II, = E,EI M,,, A I, = A, and B, = II,B = E,E!B, this
proves that R, = M,,E,R,FELM,, fulfils (3.35). O

It is more convenient to solve the equation (3.39), which is of size d,, x d,,, than the equation
(3.35), which is of size N, x N,. Then, the main consequence of Lemma 3.4.4 is that we will
solve (3.39) instead of (3.35).

We have II,, = EUE'EMZZ (see Lemma 3.3.16) and B, = II,M_'B = EuEEB, then

K;s., = -B'R, = —-B"E,E'R,E,EL' M,,.
Now, Lemma 3.4.4 gives

Ks, = —BIR, = —BTE,R,EL M,,. (3.40)

3.5 Numerical computations in the fixed domain

In this section, we define properly the functions X and ®% that will be used in the numerical
simulations. Moreover, we study the numerical computation of the eigenvalues and eigenvectors

of the problem. Finally, we give some details about the computation of the feedback matrix
K., defined in (3.40).
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3.5.1 The diffeomorphisms used
3.5.1.1 The diffeomorphism X

Deformation considerations : We consider that every fibre of matter stays normal to the
mid-line of the structure in every configuration. Hence the deformation of the structure is given
by the deformation of the mid-line.

FIGURE 3.4 — The deformation of the mid-line.

The deformation of the mid—line : In the non—deformed configuration, the mid-line co-
vers the interval [0,1]. Let z, < z3 be in (0,1), we want the mid-line to be at rest in (0, z,)
and be a straight line of slope 05 in (x3, 1). We have to choose carefully its behaviour in (z,, x)
in order to make it a ¢! curve.

In order to have a smooth curve, we define it in the following way. Let =, = (z, + 23)/2 and

f(x) = a(zx — x.)* + bz — 2.) + ¢,

we want y = f(z) to be a parabola passing through (z,,0) and (z3,0) with a tangent angle of
respectively — tan(6,/2) and tan(y/2) (see Fig. 3.5).

FI1GURE 3.5 — Illustration of the function f.

We can compute the corresponding coefficients for f. We obtain the function

tan(fy/2) 2 Tp — Tq
= — — — 2
p— (x — z.)* — tan(fy/2) 1

f()

The next step is to rotate this parabola around (z,,0) of angle 65/2, to extend it on the left
hand-side by y = 0 and on the right by a straight line of slope 5. This will give the desired
deformation for the mid-line (see Fig. 3.6).

O A

FIGURE 3.6 — The deformation of the mid—line.
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The coordinates of the point B’ in Fig. 3.6 are given by

{ Tp = To+ (Tp — 24) cos(02/2),
Yp = (;Ub — .T}a) sin(02/2).

The expression of the mid-line is then

1 if £ < g,
g1(0) = ¢ zo+ (0 —x,) cos(02/2) — f(£)sin(0y/2) if £ € (x4, 1),
xp + (€ — xp) cos by if 0> ay,

and

0 if ¢ <z,
G2(0) =« (0 —x4)sin(02/2) + f(£) cos(B2/2) if £ € (x4, 1),
yp + (£ — 1) sin Oy if 0> 1.

Deformation of the structure : The following vector
—g1(0) )
N() =
@ ( %(0)

is normal to the mid-line. In the sequel, y = (y;,y2) denotes the lagrangian coordinates. We
define the following diffeomorphism

Ni(y1)
B 91(y1) + vo
X(bs,y) = ’]1\\72((%11))’
92(y1) + Yo

IN(y1)|

which is represented in Fig. 3.7.

Ro,

FIGURE 3.7 — The diffeomorphisms X and X.

We divide by |N| to have a unitary vector. Note that |N(¢)| = \/1 + (2a(f — x.) + ).
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The rotation — the diffeomorphism X(6,,6,,.) : We get the final diffeomorphism X (6, 02, .)
after a rotation of angle #; around the center O,

cosy —sinf; \ o
sinf); cosf, X(62,)

X(917027y) =
( Ni(w) Na(an)
() + cosel—(g (1) + o ) 06,

_ NG NG |
Y1 . Y1
) ) () ¢ ) o

it is represented in Fig. 3.7.

Deformation of the boundary of the profile : We consider a reference configuration for
the structure S,y = S(0,0). The boundary of this structure is described by two parametric
functions :

e v (¢) for the extrados,
e v (¢) for the intrados.

The boundary of S(6:(t), 82(t)) is then described by the two parametric functions X(61, 62,7(¢))
and X(6q, 05,7 (¢)), whose expression is

cosf); —sinb,

sinf; cos#b,

(
+ S (O) =t
) 91(71(5))*‘72<€ﬂrq(yf(€)ﬂ (3.41)

X(61,05,v7(0)) = (

and the expression of X(6;,02,~v~(¢)) is the analogy. In the sequel, for numerical tests, we
consider the case of an elliptic symmetric reference domain (see Fig. 3.8).

=  —

FI1GURE 3.8 — The case of an ellipse.

Its boundary is given by the functions :

where
{—z, 2
by|1— " if £ € [0, x,)
75 (0) = ; s (3.42)
b 1—(1_i“> if ¢ €7y, 1]
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In the sequel, we denote Y (01, 65,.) the inverse diffeomorphism associated to X (61,02, .).
We do not have a priori any explicit expression of it.

Remark 3.5.1. In the considered geometry of this Chapter, the point O is at the front of the
profile, while in Chapters 1 and 2, it is inside the structure.

Remark 3.5.2. The framework developed in this study can be used for more general geometries.

3.5.1.2 The diffeomorphism &%

We consider a stationary configuration S, = S(&1,&2). Let Q C Q be a domain such that for
every (61,0,) € Dg, we have S(6y,6,) C €2, see Fig. 3.9.

0 .

(I)S (‘91—51, 92_§25 .

FIGURE 3.9 — The diffeomorphism ®S.

Let (0, 602) € Dg, we consider sy, 9, the solution to

ASghgg = 0 n Q\Ss,
0,0, = X(&1 4+ 01,8 + 05, Y (61,6,.)) —Id  on 853, (3.43)
S6,,00 = 0 on 0f).

We define the diffeomorphism ®% as follows

X<§1+017£2+027Y(§17§2JY)) 1fy€€s,
V(01,0:) €De, YyeQ, ®5(01,05,y) =y +59,0,(y) if yeO\S,, (3.44)
y if y€Q\Q.

Remark 3.5.3. There exists X, 6; and 6, such that ®5(0;,6,,.) ¢ W3°°(Q). Hence, the diffeo-
morphism ®5(6y, 65, .) considered in this chapter do not have the same regularity as in Chapters
1 and 2.

Remark 3.5.4. Note that this formulation is close to the usual ALE formulation. Indeed, a

S0 (t+At),02(t+At) — S61(t),02(t)

linearity argument shows that v = is solution to

At
Av =0 in Q,
_ X(£1+91(t+At>7€2+92(t+At>7Y(€17§Q7Y))_X<€1+91<t)7£2+82(t)7Y(£17€27y>> on 9
A ~sa
v=0 ' on 0f).

Hence, the diffeomorphism is obtained as the solution of a Poisson problem, like for the position
of the mesh in an ALE approach.
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We now show that 89j<I>S(91, 0,,.) can also be obtained by the resolution of a Poisson pro-
blem. Let € > 0 small enough such that (6; + ¢,605) € Dg. We have

@S(el —+ 8,927}7) - @S(@h 927Y)

X(E1+01 ¢, E0+02,Y (€1, 62.5)) — X (E1+01, E2+02.Y (61, £, )

if yesS,,
€
= S@1+€,92 (Y)E_ 591,92 (y) 1f y e Q\SS,
0 if yeQ\Q,
where v, = 501,62 (Y)g_ S61,62(Y) is the solution to
Av, =0 in Q\SS,
X 0 05, Y ) —X 0 05, Y )
v. = (&1 +01+¢e,6 +0, (6,6, )2 (&1 401,86 +02,Y(61,6,.)) on S,
v.=0 on 99).
By passing to the limit, we get
Do X(&1 + 01,6+ 02, Y(&,&,y) iy €S,
a@fps(el) 927 Y> - a9]~891,92 <Y) if y € Q\‘§S7

0 if y € O\,

where 0y, sy, g, is the solution to

A((’?gjs@l,%) =0 in Q\SS,
0o,86,.6, = 0, X (1 + 01,80 + 02, Y (§1,&2,.)) on 95,
89j 561,00 = 0 on 0f).

Remark 3.5.5. In the sequel, we need to compute Y (1, &s,.). In order to simplify this comm-
putation, we set £ = 0. In that case, the diffeomorphism Y (;,0,.) is a rotation and can be
computed explicitly.

The case & # 0 could be considered, then we would not have a priori any explicit expression
of Y(&,&,.). Its computation would be still feasible by the use of the technique described in
Section 3.6.4.

3.5.2 The numerical eigenvalue problem

Let T, be a conformal triangulation of the fluid domain .%;. In the present section, we use
the mesh represented in Fig. 3.1. It has 34530 cells. We use Py—IP1—IP; Taylor-Hood spaces for
uy, pp, and Ay, respectively to compute the feedback matrix Ks,,,

Vh = {Uh € %O(ys) with up |1 - (IPQ(T))Q,VT € 771},
Qh = {ph c (50(325) with Ph|T - IPl(T),VT € E}, B
Wi, = {)\h € ‘50(853) + %D(FD) with Ah\Tﬁ(@SSUFD) € IPl(T N (853 U FD)),VT € 771}

The total number of degrees of freedom is then 153880. Note that with this discretization, the
inf-sup condition (3.14) is satisfied [81].
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The goal of this section is to numerically compute the feedback matrix K;, defined in
(3.40). This requires the computation of the spectrum of the fluid—structure system.

One of the specifities of our study is that the feedback matrix is computed in the fixed do-
main .%; by studying the equations (3.13), while the time stepping process is done in the moving
domain 7 (0,(t), 6(t)) with a CutFEM approach detailed in Section 3.6 and the partitioned
process described in Section 3.6.2.1.

Those two numerical processes are two different approximations of the same continuous
system (3.1). That is why we expect that the feedback

h = K;.z, (3.45)

stabilizes the partitioned process for a mesh fine enough, even if it has been computed with a
different approximation of the continuous problem.

Moreover, the two discretizations correspond to the same configuration given by the para-
meters (61,602) = (&1,&). In that sense, the discretized equations (3.13) are a linearization of
the time-stepping process described in Section 3.6.2.1.

In the sequel we compute the spectrum of the fluid problem

Mg 0 0\ [ U Aga A Aur \ [ U
gl o oo ||l P |=|AL 0 o0 P |, (3.46)
0 00/)\A AT 0 0 A

where these matrices are given in Section 3.2.2.2, and the spectrum of the fluid—structure
problem (3.37). The results are reported in Fig. 3.10. This is done with an Arnoldi method
(size of the Arnoldi space : 400) and a shift-inverse transformation (shift : 3) implemented in
the Arpack library [101].

G
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(a) The fluid alone. (b) The fluid—structure problem in open loop.

FI1GURE 3.10 — Spectra of the problem for Re = 120, k = 12, p = 5.

The spectrum of the fluid—structure problem is very close from the one of the fluid problem.
The coupling with the structure has slightly modified the eigenvalues. In both cases, there are
only two conjugated unstable eigenvalues. These unstable eigenvalues will be the one considered
in Z, to compute the feedback matrix.
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After the computation of the eigenvalues and the eigenvectors of the fluid—structure problem,
we get the matrices E,, E, and A,. We solve the equation (3.39), with the unstable space given
by the only couple of unstable eigenvalue and with a shift w = 6.

We get the feedback matrix Ks,, € R*>*Mutd) a5 in (3.40). We compute the kernels of
the feedback matrix as follows. We assume that the continuous feedback operator is a kernel
operator, if

h
(h;) = ’ng = IC(;(uh ‘91 92 w1 LUQ).

then, we have

hj = /y kj(y)un(y) dy +m;(61, 02, w1, wo),

where m; € L(R*,R?) and k; is a continuous kernel. In the sequel, we want to emphasize the
sensitivity of the control to the fluid state. In order to do so, we focus on the kernels k; and k.
We can discretize k; in the finite element basis Vj,, we denote K its coordinates. We denote
K1, K, € RV such that KT = (Ksw)iz1j=1.n, and KT = (Ksw)iz2,j=1.n,- The coordinates
K, Ky € R of the kernels are obtained as

177 177

Ky =M, Ky, Ky = M, K,

the discretization of these kernels are represented in Fig. 3.11.

(a) The kernel K. (b) The kernel K.

FIGURE 3.11 — The kernels of the feedback matrix for Re = 120, k = 12, p = 5.

These kernels have their highest values concentrated around the structure. Hence, the control
will be the strongest when the perturbation will reach the structure.
We represent in Fig. 3.12 the spectrum of the closed loop problem

6<MZZO><z>:<AZZ+BKM Az,,)<z>
0 0 n Ay, 0 n )

We observe that the spectrum of the closed loop is the same as the one of the open loop but
with all the unstable modes sent in the stable part of the spectrum.

Note that all the terms L;—Lg are heavy to implement numerically. All the computations
presented in the present chapter are done with the free library GetFEM++ [134].
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FIGURE 3.12 — The spectrum of the fluid-structure problem in closed loop.

3.6 Numerical simulations

In this section, we report the method used to run numerical simulations of the fluid—structure
system in open and closed loops. Those runs are used to assess the efficiency of the feedback
control procedure. Note that contrary to the previous sections, we study here the full nonlinear
system. Similar studies have already been led in [2, 85] for a fluid system and in [116] for a
fluid—structure interaction system.

Contrary to the latter study in which all the numerical simulations are run in the target
fluid domain %y, i.e. in which the system (3.4) is solved numerically, we run all the numerical
tests in the fluid domain at time ¢, i.e. we solve (3.1).

Computing the evolution of a fluid—structure interaction problem is a challenging task. The
coupling between the fluid and the structure can be implemented either in a monolithic approach
[84, 135], i.e. the fluid-structure system is solved as a unique problem, or in a partitioned
approach [87], i.e. the fluid and the structure are solved separately and a specific method can
be used for each system. In the sequel, we use a partitioned approach that seems to be more
natural to take into account the control.

The main difficulty to solve (3.1) is that the computational domain, i.e. the fluid domain
F(01(t),02(t)), changes over time. We then need to apply some special techniques to handle
this characteristic of the problem. A much used algorithm consists in deforming the mesh at
every time step in order to make it fit the moving boundary. An efficient and classical way of
deforming the mesh is the Arbitrary Lagrangian Eulerian (ALE) technique [89]. At each time
step, a Poisson problem is solved in order to deform the mesh in a very smooth manner. The
boundary conditions of this Poisson problem are imposed by the deformation of the structure.
A non exhaustive list of works using this technique can be found in [100, 137, 139]. A review
of partitioned approachs that use a conforming mesh can be found in [87].

The conforming methods have some drawbacks, for instance an actual remeshing cannot be
avoided when the deformations are too large and it is then time-consuming. That is why, in
the present study, we are interested in a non—conforming method. We use a fictitious domain
approach, i.e. the simulation can be run with the boundary that cuts the mesh. Several methods
are included in this framework, for instance the immersed boundary method [126, 55, 113] or
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the penalization method [99, 110, 5].

In the present study, we use a XFEM type method that can be found in the litterature
under the name of cutFEM. This kind of methods has been developed in the context of crack
propagation in fatigue mechanics [82, 56]. The main characteristic of this method is the use of
a level-set function to locate an interface in the domain and an enrichment of the finite element
basis with functions depending on the position of the interface. In the crack propagation context,
the interface is the crack, while in the fluid—structure context the interface is the boundary
between the fluid and the structure.

In the present study, we use 'cut’ elements, i.e. some elements of the finite element method
are cut by the boundary of the fluid domain. We then consider only their surface that is
contained in the fluid domain. It has already been used for instance in [21, 44, 41, 40, 92] and
in the context of fluid-structure interaction problems in [3, 109, 142]. Recent progress about
this method can be found in [27]. A review of the cutFEM technique can be found in [93].

3.6.1 The basis functions

We define a background mesh covering 2 = .% (0, 05) U S(01,02). The interface between the
fluid and the solid can arbitrary cut this mesh, see for instance Fig. 3.13.

(c) Near the inter-

_ ’ - : face

i : - for integration
i -4 (b) Near the structure. only.

(a) Global domain.

FIGURE 3.13 — The fictitious domain.

Some cells of this mesh are in the fluid only, some others are in the structure only and the
other cells are shared between the fluid and the structure. The mesh is fixed and the structure
moves over time.

We use Lagrange multipliers to enforce the Dirichlet boundary conditions. We define a
triangulation 7, of € and a background finite element method with Po—IP1—IP; Taylor—-Hood
elements for the velocity, the pressure and the multipliers respectively,

Vh = {uh - %O(Q) Wlth uh‘T - (]PQ(T))Q, \V/T S 771}7

Qn = {pn € €°(Q) with pur € P1(T), VT € Tp},
Wy = { A € €°(Q) with Ayp € (P(T))%, VT € Tr}.
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The basis functions that are considered in the sequel are traces of the background basis functions
of Vi,, Qn and W),. These traces are taken over the fluid domain .% (6, 6) for the basis functions
of the velocity and the pressure and on the interface 0S(6y,6s) for the Lagrange multipliers.
More precisely, we consider

V= {uh@(oy,eg) with uy, € ‘//71}7

Qp = {pn#@orop) With pp € Qu},
W,? = {)‘hIBS(e?,egL) with A, € W;L},
where the superscript n emphasizes the dependence of these spaces on the parameters (67, 05) =
(01(t™), 05(t™)) at time t". - -
A basis for the space V" (resp. Q}) is obtained as follows. The elements of V}, (resp. Q)
whose trace on Z(07,05) is null are discarded. The elements that are cut by the interface
become ’cut elements’, i.e. we consider only their trace over .7 (07, 603). The elements strictly
inside .7 (67, 0%) are left unchanged. In that way, we have built a basis of V;"" (resp. Q). We

represent these elements in Fig. 3.14b for P1 elements in a 1D configuration.
We represent the degrees of freedom associated to a 2D-IP1 basis in Fig. 3.14a.

O Standard degree of freedom (dof)

. dof with a cut element C . *
* fictitious dof

m—interface - ~

element C .

(a) Degrees of freedom represented on a (b) 1D representation of the cut ele-
mesh. ments.

FIGURE 3.14 — The degrees of freedom for IP1 elements.

The degrees of freedom that are away from the structure are associated to unchanged
elements. The degrees of freedom inside the structure that are not attached to any cut element
are discarded. The degrees of freedom inside the structure that are attached to cut elements
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are called 'fictitious degrees of freedom’. They require specific attention in the sequel since their
values do not correspond to any actual fluid velocity or pressure values.

Hence, the classical finite element method basis for the fluid domain has been completed by
cut elements near 9S(67,05). In that sense, we can consider this method as a XFEM method.

It is a little bit more delicate to find a basis for the space Wj'. Indeed, the traces on
0S(07,05) of the basis functions of W), may be linearly dependent, especially if 0S(07,0%) is
locally rectilinear. In practice, the redundant functions are eliminated in the GetFEM++ code.
Remark 3.6.1. These Taylor—-Hood elements coincide with the elements of Section 3.5.2 in case
of a conformal mesh.

3.6.2 The time stepping process

The weak formulation of problem (3.1) that we use in the sequel is the following one.

Find (6y, 02, w;,ws) € H*(0,T;Dg) x H'(0, T; R?)
and (wp.\) € (H'(0, T; LA(F (6. 6,))) N L2(0, T; H(# (6,.6,))))

KL2(0, T;T2(.F (61, 6))) x L2 (0, T; (H‘1/2(85(91, 6)) x H‘l/Q(FD))) such that

ou v T T :
. . v — : —nd d A-vdy, =0,
/9(01,92)& v+(u-V)u V+2(Vu+Vu ) (Vv+Vv')—pdiv v dx+ FDuas(‘gl,e’J)

qdiv u dx = 0,
F (61,02)

u-p d%:z/ (0’ +uf)-p d%ﬂr/ g%:wja%x(elv 02, Y (01,09, 72)) - dve,
FDU85(91,02) T 35(91, B

for every (v,q, ) eHY(F (01, 05)) x L2(F (0y,6,)) x (H_l/Q(aS(Ql, 05)) ><H_1/2(FD)> and

Mo () = ([ X001 000100, Y 01, ,5.)) 0 ) 4 Mt B .0) -

(3.47)

7=1,2

It is completed with initial conditions.

In the sequel, we add a stabilization term in the fluid part of this variational formulation
and we use a partitioned approach (see [62, 42, 43]), which means that we treat the update
with two steps : a fluid step and a structure step.

3.6.2.1 The partitioned process

At each time step, we use the procedure described in Algorithm 1.
Note that the coupling between the fluid and the structure is explicit. This is less time—
consuming than an implicit coupling and is still very efficient [63, 97].
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Algorithm 1 The splitting scheme used

Require: (UZ, pZJ7 Z’ 0?_17 93—1’ 9111> g? W?, wg)

1 Compute h (if a closed loop run is considered), see Section 3.6.2.6.
2 Compute (677, 05 Wit with) with the structure step (3.48).

3 Update .Z (07, 05, Virtt Qutt and Wt

4 Compute the matrices M1, A"+l and Fn+t,

5 Compute (uj ! pp™™ APT!) with the fluid step (3.51).

6 Compute the next time step At with (3.53).

3.6.2.2 The step for the structure

We use a backward difference scheme to approximate the velocity and displacement of the
structure. We assume that 671, 6571, 67, 62, w?, wl and A} are known and we compute

9?4’1 5 9711 B 6?71
2 05) \o3~
HA)E M g (MA(H?, 05, Ap)+My (07, 03, Wi, wh ) +h'—k (g;_?)) , (348
172 2 —&2
wy 07 —&

w"+1 — n nn n n Agn n n n
<wiz+1> = (wg>+AtMeyl,eg éVIA( T, 05, An)+Mi (07,03, wi', wy ) +h"—k (93_@)) -

3.6.2.3 The stabilization term

In order to guarantee the optimal convergence of the Lagrange multipliers, we add to the
approximated variational problem a stabilization term. Such a technique has been introduced
in [14] for conformal meshes. It has been adapted for non conformal meshes in [82] for the
Poisson problem and in [52] for the stationary Stokes problem.

This term can be chosen in several ways [65], for instance we can add in (3.47) the term

—Yoh (An + or(un, pr)ng, 6,) - (B, + o (Va, gn)ng, 0,) dVe, (3.49)
85(61,02)
with a mesh—independent constant vy > 0.

The derivation of this term uses an augmented Lagrangian approach [52, Section 2].

The goal of this term is to enhance the convergence of A; to —UF(uh,ph)ngp%. Note that
a good approximation of Ay is very important since this term is used to compute the forces of
the fluid acting on the structure.

The choice of the parameter 7, has to respond to a compromise between the coercivity of
the system and the weight of the stabilization term [52].

This stabilization term enables us to recover the optimal convergence rate for the multiplier
Ap, provided that all the cut mesh elements 7" are such that % (6, 02)NT is a big enough portion
of T. We call bad elements’ the elements T" such that .#(0;,602) NT is too small compared with
T'. More precisely, we have the following definition and assumption.

Assumption A. We fix a threshold a,;, € (0, 1] and declare any cut element 7" a good element

¢ | TNZ (6.0 TN.Z (01,0
if W > Quin (TESp. m/‘(#f”l < Qmin). We assume that one can

choose for any bad element 7" a ’good neighbor’ T” € T, such that w > amin and such

that 7" and 7" share at least one node (see Fig. 3.15).

(resp. a bad element)
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FI1GURE 3.15 — A bad element T and a good neighbor T".

We now define the 'robust reconstruction’ of a function.

Definition 3.6.2. For any v, € Vh”+1, we define vy, the robust reconstruction of vy, on any
element 7" of Tp, such that T'N .7 (0y,605) # 0 by

e v, =v,on T if Tis a good element,

o (Vi)ir = (vu)jrr on T'if T' is a bad element. Here, T" is a good neighbor of 1" whose existence
is given by Assumption A. The relation should be understood in the sense that (v)r is taken
as the same polynomial as (v3)|7.

Remark 3.6.3. We define pj, in the same manner. See [65] for more information.

In order to ensure that only good elements are considered, we use the robust reconstruction
in the stabilization term that becomes

—Yoh (An + ok (Qn, Dr)ng, 6,) - (B, + 0 (Va, Gn)1g, 0,) Ve
85(61,02)

More information about this stabilization term can be found in [65, 52].

3.6.2.4 The step for the fluid

We assume that uf, 07, 057 W™ and wit! are known at this point. We use an Euler

scheme to estimate the time derivative of the fluid velocity. The nonlinear term (u - V)u is
approximated with the semi-implicit term (u}-V)u}**. Note that in order to ensure the stability
of the scheme, we use the same CFL condition as for the explicit discretization (u} - V)uj
[127, 83] (see Section 3.6.2.7). Moreover, because of the adherence between the fluid and the
structure, this CFL condition also constraints the displacement of the structure which can not
cross several cells during one time step. The fully discretized variational formulation for the
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fluid is the following one.
Find (up™, pptt APt € Vet x @t x W such that
/ M . Vh+(un . V)un+1 Vh
FOp+ oty At h h
(Vu’”rl (Vupth?) o (Vv +VvE) —ppttdiv vy, dx

+/ A vy, Ay, — b ()\"+1+0 u) il )
FDU85(9?+1,9;+1) h h G o 85’(0?""1,0;""1) F( h Py ) 01,0,
(VY + Vi g, g, dy =0, (3.50)
div u} ™ dx + yoh ()\ +op(uptt 7+ )An dvy, =0,
/7(9n+1 9n+1q)h o 85(9?4'1,0;”'1) h F< by, ) 0,0 dn 04,0, .

dry, — h/ ()\—i—a i ) dr,
"My, Yz — 0 ps(en+ on ) h Fup™, pp )91,92 Ky A7,

n+1 gn+1 n+1 gn+1
S, 9n+1)§: w]@gJX(Hl ?92 ,Y(91 a02 a’yl‘))l“l’h d7x7

for every (Vi qn. pus) € Vi x @t s Wi,

/rDuaSw"“ 9"“)
:/ (u'+u?) -, d’yx—l—/
r )

i

We denote respectively (), (Py), (W) the basis functions of V;*** Qi Wt and U,
P, A the coefficients of uy,, pn, Ax in those basis. So that we assume that U”, 9”“ 9"+1 "+1
and w"“ are known and the above variational formulation reads :

(Mn+1 4 AtAn+1)zn+1 AtFnJrl ]\4n+lzn7 (351)

where those vectors and matrices are given by

Muu 0 0 Awu Aup Aux Uk 0
M= 0 0|, A" =|AL A, Ax|, Z'=|P*| and F''=|0|,

with

Z/{k dX
9n+1 9n+1

/ 7o, Wl we VU - U + < (vu + VU (VU + VU ) dx

—120h 65(6?+170;+1)(vuj + VU g, g, - (VU + VU, 0 o, d7a,
(Aup)sh = — /@Wlﬁgﬂ) Prdivtly dxtwnoh [ Pea,o, - (V8 + VU, 0y, 4, ds,
(Aur)jp = — /FDUBS(9?+179;+I)UJ- Wi de = 90h | e Wi (VU; + VU g, g, d7a,
(App)jr = —0h /{95(9?+1’9;+1) 73\375; dvaz,
(Apa)jk = 7071/85(0?“79;“) 75\]'n01,02 Wi dva,
(Axx)jk = —0h /85(0;”’1,0;”'1) Wi - Wy ds,

and

(Fai= [ (u' + w) - Wy dys + ST A X (O 05 Y (0057 7)) - Wi o

+1 gnt1
95077 ,05 ;
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Remark 3.6.4. The diffeomorphism Y appears in the expression of Fy. The computation of this
term uses the technique explained in Section 3.6.4 afterwards.

Remark 3.6.5. When the mesh is conformal and vy = 0, we have a classical Taylor-Hood FEM

Auu Aup Au)\
(see Section 3.5.2) and we recover the classical matrix A= | AL, 0 0
AL, 00

3.6.2.5 Computation of the previous time values for the fluid velocity

When solving (3.51) we need U", the coordinates of u}’ written in the basis of the space
Vh”+1. Far from the interface, where there are no cut elements, those coordinates are the same as
the coordinates of uj, written in V}'. However, near the interface, the shape of the cut elements
can change at each time step. Then, the coordinates can also change.

Moreover, some new degrees of freedom can appear since some nodes that were attached
only to discarded elements at ¢t = t" can be attached to a cut element at ¢t = t"!, see Fig. 3.16.
We have to give a numerical value to such nodes. The method chosen is to give them the velocity
of the structure.

We represent in Fig. 3.16 the apparition of new degrees of freedom in the fluid in the time
marching process.

B degree of freedom (dof)
appearing at t =t™*?!

[] fictitous dof becoming
real dof at t =t™*!

- = = = interfaceatt=1"

interface at t = t"*

FI1GURE 3.16 — The update of the freshly cleared cells.

The value of the velocity uj at a node for the time ¢" is computed in the following way. If
the node was in the fluid for the time t", we assign the value of the fluid, if the node was in
the structure, we assign the velocity of the structure.
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The velocity of the structure

Vn(x) ZW?891X( ?7 gaY( ?? S,X)) +w3892X( ?7 7217Yv( ?7 ;,X)),

S

requires a special treatment to be computed because of the fact it uses the inverse diffeomor-
phism Y (see Section 3.6.4).

3.6.2.6 Computation of the control function

The main originality of our work compared with other fluid—structure interaction problem
stabilization studies is that the simulation is run in the actual domain .#(0,(t), 65(t)) instead
of the reference domain .%,. However, the feedback matrix K, (see (3.40)) has been computed
in .Z; (see Section 3.5), then the feedback control is computed as h" = K, ,2z", where z" =
(U™ 07 07 w? w)T, and U™ are the coordinates in Vj, of

VvV, = cof(V<I>S(91 — 51, 92 — 52, .))Tuh o) <I>S(91 — 51, 92 — 52, ) (352)

In order to get the value of vy, for every base node y of the mesh in .%,, we compute
x = ®5(0;,0,,y). The point x belongs to .7 (6,(t),6.(t)), we then obtain the value of u(x)
by interpolation. We assign this value to y and we get an approximation of u; o ®5(6y,6,,.) in
Z,. This enables us to compute h at each time step. This process is represented in Fig. 3.17.

/ \H;X
e

®S(0,—€1, 05—Es, )

v

FIGURE 3.17 — Interpolation to compute the velocity in the reference domain.

3.6.2.7 A CFL condition

The time step At is computed as the minimum between a CFL condition and a maximum
time step, i.e.

h
A — min <c f1% s Atmax> : (3.53)

max

where V' is the maximum velocity of the fluid in .#(0},60%), cfl € (0,1) is a CFL coefficient
and Aty is a fixed upper bound for the time step. Note that this CFL condition meets two
constraints : the fluid must not cross several cells in one time step and the structure must not
cross several cells in one time step (otherwise the explicit coupling during the fluid and the

structure could encounter difficulties).
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3.6.3 Level-set function and integration method over the cut ele-
ments

The matrices of Section 3.6.2.4 are computed via some integrations over % (6q,0y) and
05(01,02). The associated integration methods need a well-defined interface 05(6;,6-) and a
method to integrate functions over the cut elements. The interface is defined as the null level
of a level-set function and the integration over the cut cells is done by dividing those cells into
sub—cells by the use of the 'qhull’ library [13].

3.6.3.1 Computation of the level-set function

Defining the interface as the zero level of a level-set function is a classical way to compute
its position in the XFEM litterature. Most of the time, the level-set function is computed as
the solution of a PDE [145].

In the present study, in order to locate more precisely the interface, we compute the exact
values of the level-set function where this function is the signed distance to a polygon approa-
ching the structure. This is done with the use of a cloud of points that are located on the actual
position of the interface. Those points are the vertices of a polygon approximating the structure
and, for each node of the mesh, the distance to this polygon is computed (see Fig. 3.18).

FIGURE 3.18 — The set of points representing the interface and the method to compute the
distance function.

In order to reduce drastically the computational cost of this method, at each time step, we
compute the distance to the level-set only for the mesh nodes that are needed, i.e. the nodes
near the interface.

Note that we can choose the number of points representing the interface. Then, we can
ensure an accuracy of high order that does not limit the final approximation of the solution.
The choice of the number of points used to represent the interface is a balance between the
computational cost and the precision of the computation. We can use more points near the
leading edge and the trailing edge of the structure to get more precision in these regions.

137



3.6.3.2 Integration over the cut cells

The position of the interface is found by solving an optimization routine that identifies the
zeros of the level-set function. Every cut cells are divided into sub—cells (see Fig. 3.19), all the
points that describe the position of the interface are taken as vertices of some of these sub—cells.
When integrating over .% (01, 65), we integrate over all the sub—cells that are in % (61, 65).

FIGURE 3.19 — Cut elements and sub—cells (used only for integration).

3.6.4 The inverse diffeomorphism

The goal of this section is to show how to compute f(Y(6y,60,,.)) where f is a function
defined on S(0,0), for instance f = 0y X(01,0,.). The difficulty comes from the fact that,
contrary to X, we do not have any explicit expression for Y.

We select all the degrees of freedom y; of the cut elements and structure elements in the
configuration (0,0) and we compute x; = X(61,602,7;). The set {x;} forms a cloud of points
covering S(01, 6,). For each y;, we also compute f(y;) and we assign its value to x;.

We have constructed a list of points {x;} covering S(6y, 65) assigned with the values of f(y;).
Note that there is a correspondance between the points x; and y;, we have x; = X (61, 02, y;) and
yi = (X(01,62)) 7 (x;). The function defined on the list of points {x;} is then f(X (01, 0:) 7 (x;)).

Now, for every degree of freedom x/ linked with S(6y, 65), we can compute fo(X(60y,0s,.)) (%]
as a weigthed mean of the values of the closest points x;. In the sequel, we use barycentric co-
ordinates [60, p.21]. In that way, we have defined an approximation of f o (X(6;,6,,.))"".

3.6.5 Numerical results

We consider the configuration represented in Fig. 3.9 with Q = (—1.0,8.0) X (Ymin, Ymax)
where ymin = —2.4, Ymax = 2.1 and where the structure domain is given by (3.41) and (3.42).
The initial position of the structure is (&;,&) = (—25°,0), the initial inflow boundary datum
is given by the Poiseuille profile

6Um

m<_x§ + (Ymax + Ymin)T2 — YmaxYmin),

ui(@) =
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Un
where U, is the mean speed of the inflow datum. The Reynolds number Re = C—, where

v
¢ = 1 is the chord of the profile, is taken as Re = 120. In the sequel, we use U, = 1 and v = ﬁ.
The initial state of the fluid is computed as the stationary state associated to the datum u’.
The numerical computations are led on a triangular mesh of 35731 cells locally refined near
the boundary, near the structure and near the wake of the structure (see Fig. 3.20). We use the
finite element spaces and the time stepping process defined above. The total number of degrees
of freedom is equal to 153880 at the initial time and varies according to the number of elements

that are discarded.

A AT AT AT el Lo o o T A A e e T P
F1GURE 3.20 — The mesh used for the fictitious domain approach.

We consider a boundary perturbation of the form
u’(t,z2) = Byzp(22)(0p(V, ¢)ns - 1y, 0)7 e~ (=05,

where v and ¢ are respectively the velocity and the pressure associated to the most unstable
eigenvector of the adjoint problem, z,(x2) is a smoothing function defined by

L2 — Ymin Ymax — L2
Zp(xo) = F —F(1- ,
P( 2) <<ymax - ymin)f) < (ymax - ymin)f)

where
0 if x <0,
F(x) =14 (622 — 15z + 10)z® if z € [0,1],
1 o> 1,

and f = 0.125 is a parameter.

Moreover, 5, > 0 is the maximum value of the perturbation, in the sequel, we use 3, =
0.2. Since, the maximum value of the inflow fz is 1.6, the perturbation size worths 12.5% of
the inflow. This perturbation corresponds to one of the most destabilizing normal boundary
perturbation, see Fig. 3.21.
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FIGURE 3.21 — The perturbation profile oz (v, §)n; - n,.

The parameters of the structure are taken as p = 5 and k£ = 12. We also use the coefficients
Omin = 8.1073 and 7y = 5.1072 (defined respectively in Assumption A and (3.49)).

The time step is given by the CFL condition (3.53) with a coefficient ¢fl = 0.8 and a
maximum time step Atyax = 5.107%s.

We run a first simulation in open loop (without any control). The evolution of the magnitude
of the velocity is represented in Fig. 3.22.

We also run a simulation in closed loop (with the feedback control). In that way, we can
compare the results with and without the control, and assess the efficiency of the feedback
control. The results are reported in Fig. 3.23.

In Fig. 3.23a and Fig. 3.23b, we observe that the structure is much more mobile in closed
loop. This is understandable because the feedback control tries to stabilize the fluid flow by
acting through the structure. The fact that the structure moves shows that the control is active.

In Fig. 3.23c, we represent the difference between the state of the fluid and its stationary
solution vy, defined in (3.52). It has, at first, the same behaviour in closed and open loops, it is
even better in closed loop near ¢t = 1s. However, after t = 1.5s, we see that the control do not
manage to stabilize the fluid. Its action perturbs even more the state of the fluid.

If we plot the magnitude of the velocity for the closed loop system, the figures are really
close from the one of Fig. 3.22. The instabilities in the wake of the structure are not stabilized
by the feedback control.

We use a linear control to stabilize a nonlinear system. Hence, we can obtain the stabilization
of the system only for small perturbations. In order to control the flow in a better way, we
consider a smaller perturbation (3, = 0.005). We finally get the following results (see Fig. 3.24).

We observe that

— the control seems to be efficient when the perturbation reaches the structure,

— the control does not stabilize the flow.

Several perspectives can be considered to improve this situation. We can

— take higher value for the shift w in (3.39) (considering w = 10 instead of w = 6),

— take an invariant subspace of higher dimension, i.e. increase § in (3.30),

— decrease even more the amplitude of the perturbation f3,.
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(e) t =4s.

FIGURE 3.22 — The open loop solution (Re = 120).

with control +
without contr

0 1 2 3 4 5 6 e 1 2 3 4 5 B 0 1 2 3 4 5 6

(a) The evolution of ;. (b) The evolution of 5. (c) The L2-norm of vy.

FIGURE 3.23 — Evolution of the numerical system in open (blue) and closed (red) loops (8, =
0.2).
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a) The evolution of 6. b) The evolution of 6. ¢) The L2—norm of vy,.
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FIGURE 3.24 — Evolution of the numerical system in open (blue) and closed (red) loops (5, =
0.005).
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Annexe A

Proof of Lemma 1.3.3

This section is devoted to the proof of Lemma 1.3.3. We start with some intermediate
lemmas that will be used to decompose the intricate terms of Lemma 1.3.3 in smaller pieces.

A.1 Technical Lemmas

The following lemma contains Lipschitz estimates on several terms.

Lemma A.1.1. For R > 0, there exists a constant C' = C(R) > 0 such that for every T €
(0,Ty) and every (.,.,07,60%) € Br(T), the following estimates hold

|D°(65, 65) — ®°(67, 05)]|o< (0,7:L.(2))
| T0 (07, 605) — T (67, 65) |1 0.msm2(00) < CT||0°— 6"l
| Two (65, 05) — Fwo (67, 05) |0 0,782 (02 < CT 0“6 o,
(B Twol 05, 05)) 0 ®XOT, 03 ) — (D Twro( 07, 05)) 0 ®X6Y, 05) || Lo 111302 < CTN|0°—0° |,
(2 Two(67, 05)) 0 @67, 05) — (92 Two( 8, 65)) 0 @YY}, 03) || Low(o. 1im20) < CT(|0—6° |,
[ Mg 05 — Mgp gt |1 (0,7) <CT|0"-0"|e,,
15 05 (@ (0, 65)) — 1gp g1 (BO(67, 65)) [[os (0,71 (250)) < CT[16°=6"[| o,
| det(Two (07, 05)) — det(Tgo (67, 05))||Loe 0.1 () <CT 0= 6|0,
106,@°(65, 03, .) — 09, ®°(67, 65, )| (0,7511200)) < CTN|0°— 6" ..,
106,0,8° (67, 65, .) — Do,0,@°(6, 65, )Los (0.7:02 () < CT[16°= 6|0, (
| [0 (05, 05)t0] — | Two (65, 05)to| [|r (0,750 050)) < CT|0°—6°|| 0, (

T)|6°=6"lle.,

C
C
C
C

AN VAN VAN VAN VAN

e e e
© 0 J O Ot = W N =~

M Y N ~— ~— ~— ~— ~—

=
_ =
S

1
and

10:To( 07, 03) — 0, Tao( 01, 03) ||x0,7182(52)) < C10° =] o, (A.12)

Hat(lIIO(Q‘f7 9(21))0(1)0(9(11’ 9%) _at(l];’()(ell)v 912)))0(1)0(91177 93) ||L°°(07T;L°°(Q)) < CHQa_ebH@T? (A13)

10 (Twol 07, 05)) 0 RAG, 05) — i (Twol 07, 05)) oBUGY. 05) [ Loc(o,rm=()) < Cl10°—6"||o- (A.14)

Moreover, for every (W, .,6,63) € Br(T), the following estimates hold on G defined in (1.67)

1G(67,05,0) — G(67, 03, 0°) 20720500 < C(10°~0lopt [0 =W|wr,), (A.15)

VG075, 6%) — VE+G(0}, 05,5 |20 rn050) < CT(6°— 6 oyt |6~ ). (A.16)
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In particular, as a direct application of Lemma A.1.1, using that (0,0,0,0) € Bgr(7T), we
obtain the following lemma.

Lemma A.1.2. For R > 0, there ezists a constant C = C(R) > 0, such that for every
T € (0,Ty) and every (.,.,0,,0,) € Br(T), the following estimates hold

| T (0y,05) — UL 0,mim2(0)) < CT, (A.17)
| Two (6,05, ®°(6;,6,)) — IlLeormz@) < CT, (A.18)
||axjj\1;0 (01, 92) @) @0(91, 02)||LOO(O7T;H1(Q)) S CT (Alg)
||8§j~7\110(917 0,) o ®°(6,, 02)llre<0,r;m20)) < CT, (A.20)
Mo, 0, — MoollL=om) < CT, (A.21)
||n91792(<1>0(01, 05)) — ngl|Lee0,riL<(050)) < CT), (A.22)
I T@oto] — L= o r=0s0)) < CT, (A.23)
and
10:(Tpo (01, 05)) |l 0,512 < C, (A.24)
H (B°(6,,6,)) 0 ®°(6,,0,) <, (A.25)
Lee(0,T;Lo° ()
|57 0,00 8°00,.8) <c (A.20
Leo(0,T3L°(Q))

Moreover, for every (u,.,0,,60,) € Bgr(T), we have the following estimate on G
IVa —G(0,,0,,u)||L> 0112080 < CT (A.27)

Proof of Lemma A.1.1. Three kinds of estimates have to be proven. First estimates (A.1)—
(A.10) are of the type

le(07,05) — (01, 03) L= 0.r3) < CT (07, 65) — (05, 65) o

where « is a differentiable function defined on Dg and valued in X. We thus use Taylor series
and get

l (87, 03) — (07, 05) Loy < sup ([ Voo, 05) Lo 107 — 0°l|e 7).

6,,0,)eDe
According to the definition of Bg(T) in (1.70), 84(0) = 6°(0) = (0,0), we finish with
16 = 0|y < TN0" = 0]l
The second type of estimates (A.12)—(A.14) is of the form
(65, 65, 67, 65) — (8], 65,67, 03) | L=(o,m3) < CII(65,65) — (63, 65)ller

where o is now a function defined on Dg x R? with values in X. We use the same strategy and
get
||O‘(9[1170(21>é%79'%) _a(gll)v9127’9?793)HL°°(07T§X) . .
< SUPHVQ,MO&((%, 927wl?W2)||L°°(0,T;X)(Hea_ebHLw(O,T)+Hea_‘ngLm(O,T))'

(01,92)61139
lwi|+|w2|<R
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Note that contrary to the first type of estimates, we do not have the decay in T because we did
not enforce 6(0) = 6°(0).

Estimate (A.15) is a direct consequence of (A.16). The last estimate to prove is (A.16). We
do it via the computation

(G(01,03,0")-G (61,05, 0°) — Vu + V')
_Z(cofa T (05,05,.) 0 &) — cof (0r, Tu (60}, 03, .) 0 B°) ) i

+ Zcof(ﬁxjj‘y(ﬁl{, 05,.) o ®°) (g — ab)
k

oug O
3 Cof (T (68, 02, ) — Ta (67, 08, ) s 2 OV (e o )
o Oy, Ox;
ov oue  oub
+ ; <cof (T (68,65, ®°))p—— o, L2, 09, @) — 5ki5l]~> (ay’; — a;j)
oub [ OV ov
£ b pb (I)b k lipa pa H° Linb b (I)b
%;CO j\Il 917927 ))kl 3yz <(9.%'J (017927 ) 89@- (61?92? ) )

and with the use of estimates (A.3), (A.4), (A.18) and (A.19) we get estimate (A.16). O

A.2 Detailed proof of Lemma 1.3.3

Proof. In all the estimates we use Lemmas A.1.1 and A.1.2.

e Estimate (1.71) : using (A.18) and (A.3), we get

HFl(ellla 9(217 Va) _Flwll)a egv Vb)HIFT

ove  ovP
a pa\\T
SHI—COf(j\PO(elaHQ)) HLoo(Loo) ot Ot |12 we)
ov?
b ob\\T a pa\\T
ot 61,097 — cof Fan (68,65 | 31|

< KT([|6° = 0lles + Iv* = v*lw)-
Now, using (A.26), (A.25), (A.14), (A.13), (A.3) and the estimate

1V lle2ormz0)y) < T2V Il o8 (50)),
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we obtain

HF2(9¢11’957 Va) - F2<01177 937 Vb)HIFT
< [lcof (DyFan (6. 05) o BO(65,65) — 0, Tan 6%, 05) 0 D65 05))7 1oy [V 20
lcof (3, Tao (02, 08) 0 BO(B?, B))T [l e zooy IV — v l2rs

lcof (T (6}, 6)0BO(65, 05) — Tan (65, 03) 08007, 03))
v e 0,20 (67, 65) © B0 [

llcof (o (62, 83) 0 BO(82, 04)) 7 luoe ooy VP — v e 9O (65, 65) © @O e

ot (o (67, 65) 0BO(88, 05)) e o |V e
10, (W07, 65)) 0 B0 — 0, (W06, 65))0 8O |~ 1)

< KT'2(|[v* = v'|lug + [16° = 0°[le.)-

In the following estimate we use the Sobolev embedding : H'/2*% — L* (see [1, Theorem

7.58]). We also use the fact that Jgo is the identity near the boundary, i.e. £ has support in
Q. (defined in Lemma 1.1.4), then Jgo(6,,0,, ®°(0,,60,,y)) — 1= 0 for y € Q\Q.. Hence,

oY 9wl oY 9p?
£(Tgo )i L S 5, 5, 50 £(Tgo ) L S 5, 5,6
cof (Jgo )k dz; O, k015 Omyj 3 cof (Jwo ) Jz; O, %i010m;
v} B v}
J J
Loo(Loo(0) Leo(Lee ()
oAV AL AN
<=3 COf(j\IIO)mM—(Skifszﬁmj .
[1r} dx; O; Loo(Los(2))
i ey
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We have

“F?’(@f,eg,va) - F3(911)793> 0)H]FT 0 0 0
oV, ov,, ov; v,
‘COf(j‘I’O(eilaeg)) 8 (9?76(1) o (9%9&) COf(j‘I’O(Qllyaeg)) a (611)79b) O (611)7917)
< Lj Lj J
_]szl: ‘ 1
0 no LoAL>)
ov; ov,,
b nb b nb b pb S
><|| aQUZ cof(jq,o((‘)l,QQ))gx] (07,0) oz, 07, 03) = O1mOkiOui ‘ 821),‘; - 32”2
aylaym LQ(L%) 1;[’/’11 aylaym 8y18ym LQ(L%)
0 L°°((I)J°°)
0 ov; 0 ov;
— o0, 605 ¢ 05 f 0 (0,05 i Qb,éb “i2wia
#2085t (a0t 05 508 05) = 5 oot (a0 ) 3 00D vl
b 81110 b b a b
+ 7COf (Jwo (67,65 ))sz (67, 65) [V = v*[|r2(wiay
i Lo (L4)
82\110 0*wY
tv Z COf(j‘I’O)ki<0%>0§> 12 (0(117‘93) _COf(j‘PO)ki(elf>€g) P 2l (911)"9[2]) ”VCLHLQ(WL‘*)
Iy x5 i Loo(L4)
b b 82\110 b nb a b
+ |[cof (Two ) ki (67, 63) 52 -6, 65) [V = V7 |lrz2ewiay
Ly Lo (L4)
82 a fa b nb a 82 b pb a b
+VZ (f)QCOf(j‘I’O(QD92)_‘7‘1’0(91792)) ' ”V HL2(LOO)+ WCOf(j\II(](HlaeQ))ki ”V —V HL2(LOO)'
Gk || 05 il oo (1,2) X Lo (L2)
Moreover,
8\110 (9\110 3\1/0 8\110
of (Two(05, 05) ) kig (05, 05) 0%, 05) — cof (Two (67, 05)) i (0%, 05) (6, 63)
"Ox Lj Ox; Ox; O Loo(Lioe)
< |lcof (Tgo(67, 05) — Tao(05, 05) ) illLocwoe) | Two(05, 03 ) || Los(roe | Two( 05, 03 ) || Lov(roe)

+lcof (Two(07, 03)) | Los(roe) | Two(0F, 05) — Twol 07, 03) || Los(roe) | Twol 07, 03) [ oc(roo)

+|cof (Two(07, 03)) |os(ro=) || Tao(07, 03)|[Lowqre) | Two(6F, 05) — Taol 07, 03) || vz

< KT)|6* - 6°|le,,
and with similar estimates, we get

IF2(65, 05, v*)

—F%(0,05,V") ||, < KT(]|6°
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The estimate on F* can be obtained by the decomposition
HF4(9[117 9(21, Va) - F4(011)7 937 Vb)H]FT

0
< .%:J’COf(j\IIO)M(@?, 05) =—(Two)ki (07, 03) — cof (Tgo)ri (67, 05)
‘77 9

0
oz, —(Two)ii(6%, 05)

8:1:]-

lvgvs|lLz w2y

Loo(Loe)
0
+ COf(j\I'O)ki(elL93)87(7\1:0%(9'{»93) [vgog — vRoll|Le
xjo R 0
0P 0P ov®
+Z }det(j\pO(@% 0(21»24(&(117 05)_det(\7‘1’0(0l1)7 9127))2 (91177 03) UZ -
kor ayr ayr Loo(Loo 8yk L2(L2
) 90 8 8 X (L) (L?)
U v
+ (|det(Tgo (62, 05))? 02, 0% — ) )
( v ( 1 2)) ayr ( 1 2) Loo(Lo0 kayk 8ykz L2(12)

At this point we use estimates (A.17), (A.18), (A.S), (A.2), (A4), (A.19), (A.8) and the Sobolev
embedding HY/?*%0 < L* to obtain
L2(L2> .

Ot o

r

'U —U
kay oy

I¥(63, 05, v*) —F*(61, QS,VZ’)IIFTSC(T\IQ“—QI’II@#llvﬁvﬁ—vivfllwmﬂr

Holder inequalities yield

Lovs L od < H( . b>8v;} N (80 81}53)
Uk ¢ Uk — Vg
Oyr "0y |2l i |2 (0.7:12(70)) Oy Oy L2072 (F0)
<7 ( | - )80 N vy Ov;
> k o 0 a
Yk L4(0,T;L2(%)) Yk Yk L4(0,T;L2(F0))
o ot

<CT1/4 U —v T v oo ( 10 L .

kHLOO (0.7L1)| Jyy, LJLO’;“LI;/Q)OTL Noye oy LA(0,TL5/2

To estimate the previous terms, we adapt the proof of [34, p. 298]. We use the Sobolev inter-
polation

‘ v, < C’ Jv, v,
8yk H/4(F) ayk H/2(F 5% L2(% )’
and we compute
. 2 2
‘8“ —/ ar<ct | Ovr ool gy
8yk L4(0,T;HY/4(F0)) ayk H/4( %) 0 ayk H/2(F) ayk LQ(%O)
<0l v, ‘(%T .
Ayi L2(0,T;H/2(Fy)) Ik Lo (0,T;L2(F0))

The same technique can be used on the term [[vfv? — vfv?||12(2). Then the Sobolev embeddings
HY4 (%) — L*?(%,) and H'(.%,) — L'°(.%,) yield the estimate

1465, 05, v*) = F(63, 05, v") [, < CTYA(|6° = 6lloy + v = V')
The following estimate uses (A.18) and (A.14),

HFs(eiLu 957 qa) _F5(6l1)? 937 qb)HFT
Tyo(07,03) = Tgo (67, 05)
IIv}

J Loe
< KT([|0° = &llo, + l4* = ¢"lle,)-

I_‘~7\Ij;c' (911)7 012))
Ir;
J

llg*

|’anL2(H}3)+ _qb‘|L2(H}3)

LOO
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e Estimate (1.72) : we use the fact that H?*(.%;) is an algebra and estimates (A.17), (A.2),
(A.9), (A.24), (A.12) and (A.10),

0 . o
Hat (G(05.03.01.03) — G(6%.05,6%.0%))

L2(0,T;H3/2(8S0))

Lo (0,75H2(F0))

2
<3005 = Blleaoy [eof (Tao (67, 05))7 05, 065,05, ) — 0, 2°(0,0, )|
j=1

cof (Tpo (07,02, y))" 0, 2°(07, 62, y)

2
+ 2 105l
j=1

—cof (Jgo (68, 65, y))Té?gj(I)O(@ll’, 05, y)

Lo (0,T;H2(%0))

0
a()Of(jq;.O (01, GS))T&;].(I’O(G?, 05,y)

2
+ 31165 = 62 0m)
=1 Lo (0,7 H2(F0))

0
aCOf(j@O (07,05, y))T89j<I>O(9?, 05,y)

2
+ 21167201y
j=1

0
_QCOf(j@O (‘911]’ 91277 Y>>T89jq)0(011)’ 012)7 Y)

2
+ > 116968 — 656} ||r20,m)l|cof (Two (67, 05,y)) 090,20 (07,05, y) | Lo (0.7:182(50))
k=1

2
+ 2 1050k lIe20,m) llcof (Tao (65, 65, )" 0o, 2° (67, 65, y)

k=1
—cof (Jpo (*9?7 93, Y))Taejakq’o(@lfa 9}5, y) “L"O(O,T;HQ(P/‘O));

Lo (0,T;H2 (%))

and ||0}1€g — 9?912||L2(0,T;R) S T1/2||9593 — 9?92”]_,00(077“;]1{).
a pa Ha pa b gb pb b a
We have proven that |0, (G (6%, 03,6, 03) — G(6%, 92,.91,‘92)) o E (o5 S KTV2|g —
0’|le,. With the same technique, we also prove |G (65,05, 07, 05)—G (65,65, 6%, 03)|| L2 0. r-13/2(850)) <
KT'Y?0* — 0°||e, and we get estimate (1.72).
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e Estimate (1.73) : we use the following decomposition

[S(Q?’ 057 ﬁavﬁa) - 8(9?7 Qb Nbvp )] . .
- [(M@b gb - M@aﬂa) <0:>‘| + |\(M0£ - M@b Gb) (Qg N 92)]

1:Y2 172 02 ; . 17.2 92_02 i

+ (M6, 65 67 65) — M6, 63,64 63)]
+/ ’j@OtO’ |:p I — V(g<0?7 9047 Na) + g(e?, a, Na)T):| (ngfllygg @) Qoa)
'(aejq)o(elllv 037 /yy) - 893'@0(911)7 012]7 72!))
+ /g)goto\ [P 1= (G005, 59+ G (05, 03,6 T)] (1igg 05 0 B myp g1 0 B°") - 9y @(62, 65, 7,)
+ [ vl Taotol G068, 05.50) +G(67. 65, 5T - G0}, 05, &)
-G(61,603,0")" —V(a'—u’) —V(ﬁ“—ﬁb>T] (ngy g3 © @) - 05 2°(67, 03, ,)
~a__ a_ =~ b
+ [ Taotal [PV (@) + V(@ 0))] (g y02"")
'(893‘@0(9(1)7 937 ’Yy) _09j(1)0<07 07 'Yy))
[ 1Tgotal [ = 7)1 = (V@ — ) + V(" 0)7)] (g 50 8"~ ) - 5,2°(0.0.7,)
. (1 Tgotol = 1) (7" = )= w(V(@" - &) + V(@ —a")")| ng - 9,8°(0,0,7,)
0

+ /8 6QO\Jq.‘?otol—\Jq’lotol) [B'T—0(G(6}, 05, 0°)+ G0}, 05, 0))| (ngy 4y 0B°") - Oy, BO (61, 605.,7,),

and we use the estimate

||MI(0%70579(11)9(21) - MI(Q anelfueb)lhﬁ 0,7 . ) ) )
< K([| (07 - 65) HL4+H(9“ 0%) (05 — 03) |2+ 11 (05 — 03)*[Is)
< KTY2(||05 — 08112 +11(65 — 69)(05 — 605)[lLoe + 165 — 65117,

and (A.9), (A.21), (A.22), (A.6), (A.27), (A.7), (A.11), (A.23) and (A.16) to conclude and
obtain (1.73).
e Estimate (1.74) : we use the Lipschitz regularity of £z and estimate (A.1),

||fg (t’ (1)0(0%7 0(217 Y)) —fz (t’ (1)0(0?7 Qg’ Y)) ||L2(0,T;L2(90))

< Clfz ||r20,mwroo ) | RO(0F, 05, y) — ®O(0, 05, y)| Lo (0,751 (70))
< CT)|0* — 6°[|oy-
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Annexe B

The linearized terms

In what follows we give the explicit expression of the functions L;—L, and of the constants
Ls-Lg. We denote t, = nt = (—(n,)s, (n,);) a unitary tangent vector to 9Ss. We have

Li(y): = (vLps(y) + Lps(y) + Lis(y)) | + (VE#(v)96,85(0,0,%))s, (B.1)
Lo(y)i = (vLws(y) + Les(y) + Ls(y)) , + (VE5(y)9.25(0,0,3))s, (B.2)
Ls(y): = (LF2 y )“7 (B.3)
Ly(y): = (LF2 y )227 (B.4)
L) = [ (=or(w.pun.) - 00@5(0.0.9,)
—ZUF(W Pw)er(Lin,_, )110627(0,0,7) (B5)
(V 99, 25(0,0, 7 )ts ts)or(W, pw)ng-0p,25(0,0,7,)
_sze: (Lg)ker+ (Lg)an1) (1) 0927 (0, 0,7y, ) dyy,
(Le)s = /ass(_UF(W’pW)HS) 'aezei‘I’S(Oa 07%)
— > 0p(W, pw)ek(Ln,_, 120097 (0,0,7,)
kot v (B.6)

—(Vy892<1>5(0, 0,7y)ts ts)or(W, pw)n, -0p@5(0, 0, V)

—v > ((Lg)kez + (Lg)ek2) (1) 05,27 (0,0,7,) doy,
ket

where the terms used are defined in (B.7)—(B.12). In the previous paragraph, we denoted by

(LFk) _for 3 < k <5, the linearization of (F*); (defined in (1.66)) around the stationary state

(W, pw, 0, 0) solution of (2.16) with respect to the parameter 6, and (LF2) is the linearization
ij

of (F?); with respect to Hj. These terms are given below

(L (y))i; = (@;1:5(0, 0,y) - Vy)w + cof (W 05,®5(0, 0, y))TW) , (B.7)

7
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(Lps(y))i; = —2Vy0p,85(0,0,y) : VZw;(y) — (cof (Vy05,25(0,0,y)) " Aw(y));
+22C0f (8?64 (V (99\115( ))) ‘aal;j(y)

+Z ﬁwZ 82 (06,25(0,0,y))e (B8)
+kz;ncof (;;2% (angle’S(O, 0, y)))kl wi(y),
(Lpa(y Zcof( (V0O \I’S(O 0 y))) wi(y)we(y)
ti S (B.9)
+3 (2Tr Vy05,85(0,0,y))8i — (Vy0s,2°(0,0, Y))z‘e) wi(y) 5, ~(¥),
k.l Yk
and
(Lis(y))i; = <(vyaejq>8(o, 0, y))TVypw(y))i. (B.10)

We also define the linearization of ng g, (the unitary outward normal to 7 (6, 6,)) and G
(defined in (1.67)) with respect to 6, by

(L o, ()50 = (COF(Vy D, 85(0,0,7,))m,); — (cof (Vy05,85(0,0,7,))m, - m)(n.)y,  (B.11)

and

0
(LQ(% ijn = Zwk '7y )cof (C«M(vann‘I's(oaOaVy))>

J Owy, ki ow (B.l?)
- Z cof Vy@Gn(I)S(Oa 0, 'Yy))kii'(%/) + Z VyaGn(I)S(Oa 0, Vy)kjil(%/)-
k ay] k Oy
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Annexe C

Independence of the hypothesis (H);
with respect to the diffeomorphism

Let ®%(0y,0,,y) and ®°(0;,0,,y) be two diffeomorphisms from .Z, to .Z(0;,0,) that are ex-
tensions of X(6;,6s,y) into the fluid domain. We also assume that ®¢(0,0,y) = ®°(0,0,y) =
y, Vy € Z,. Let us denote ¥%(6;,0,,.) and ¥°(f;,0,,.) the inverse diffeomorphisms of, res-
pectively, ®%(0;,0,,.) and ®°(6;,0,.). We also denote J&(01,02,y), Ta(01,04,y), T&(01,05,x)
and J& (61, 02,%) the corresponding Jacobian matrices.

We define the difference between the velocity at time ¢ in %, and the stationary velocity
for each of these diffeomorphisms

(< )) - c?fw@gl(@) )gw,y))Tu)(t B(0,(1). 6a(t). y)) — wiy),

ar “ Yy 1,V2,Y)) —Pw\Y),

vy e T e, § oy — COf (T3 (61 (1), (0, ) u(t, @610, 62(0) ) = w(¥),
b( 7y) = (t @ ((917927 )) _pw(y)

We have the relations
V(1Y) = Ol (T4 (01,02, ¥)) O (TG 01, 0o, (01,00, y)” (v (1, 961,02, 861,62, ¥)
(01,0, 801, 02,¥)) ) — W),
¢t y) = q*(t, O (0,02, (01, 02,y))) + pw (¥ (01,02, R (01,02,Y))) — Pw(y)-

Of course, (v, q%,01,0,) satisfies the nonlinear system (2 65) (2.66) corresponding to the dif-
feomorphisms ®%(6y,0,,.) and ¥(f,6,,.). Similarly, (v, ¢, 0y,6,) fulfils (2.65)—(2.66) given
by <I>b(6’1, 92, ) and lIlb(Hb 92, )

We are interested in the following system

8(;;,; (W V)VE+(vE - V)W—Lg (01, 05,01, 00,y) —vAVE+VgF =0 in (0, 00) x.Z,,
divvy =0 in (0, 00) X .Z5,
V¥ = 0,0,8%(0,0,.) + 02,05,9(0,0,.) on (0, 00) X 8S,,
vi=0 on (0,00)xI'p, (C.1)
or(vE.qp)n =0 on (0,00)xI'y,

é (03 (0% e (e
M&,&(ég = (/ (1= vi+ TV ). 0,97(0.0,) d3y)
s J=1
+Lg(01,65) on (0,00),
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where oo = @ or b, and L§ and Lg are given respectively by (2.31) and (2.32) corresponding to
the choice of diffeomorphism ®5(6;,6,,.) = ®2(0y, 65, .).

We can then show that (v, q¢) fulfils the linear system (C.1) with o = a if and only if
Vit y)=vi(t,y)+>_0; (COf(aequli(O’ 0,¥))"w(y) + cof (95, 7 (0,0,y))" w(y)
J
VW % (9, B(0,0,y) + 95, B0, o,y))), (C.2)

Q%(ta Y) = Q%(tv}I) + Zejva : (893'(1)&(07 07Y) - aejq)b(07 073’))’

J

fulfils the linear system (C.1) with o = b.
The proof is a direct computation, for instance

ovel . . OV . T
L L~ L = S E 4500 (cof (90, 740, 0,5) 00, T30, 0.)) w
J

1w x (3,8"(0,0,y) — 98°(0,0, y))) ~Lbd, — LA,
ovg

= — L46; — L%6,.

Moreover by using div w = 0, cof (9p, J5(0,0,y))" : Vw = 0y, T2 (0,0,y) : Vw = =0, J5(0,0,y) :
Vw and the Piola identity, we get

div vl = div v = 0.

This implies that the solution (v4,¢%, 61, 60,) to the system (C.1) written with the diffeomor-
phism ®° can be derived from the solution to the system (C.1) written with the diffeomorphism
®“ via the relation (C.2). Then the stabilizability of (2.30) is independent with respect to the
choice of the diffeomorphism ®. As the Hautus test (), is equivalent to the stabilizability of
(2.30), the hypothesis (H); is independent from the choice of ®.
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Annexe D

Proof of Lemma 2.3.2

We first prove some technical lemmas that are used later to decompose the intricate terms
of Lemma 2.3.2.

D.1 Technical lemmas

Lemma D.1.1. Let Ry > 0 be small enough, then there exists a constant K, such that for
every R < Ry and every (.,.,0{,0%) in BS, the following estimates hold

<KR||0“ 0"llo=, (D.1)

Lo°(0,00;H3(02

< KR[|0°—0"||los, (D.2)
L0 (0,00;H2(0))

e <(I)S(8(lla 6)(21) _(I)S(Qll)a 012))_2<05_ 02)8971(1)8(07 0, )>

n

edt (‘Zps (09, 09)—Tws (68, 05)—> (65— 0° )V 405,250, 0, .))

n

et <j\ps(9i‘, 03) 0 S(07,02) — Tas (67, 65) 0 BS(67, 01)

+Z —01)V,0,@5(0,0, )) (D-3)

< KR||0“—05||@§0,
Lo° (0,00;H2(2))

ot <axj Tus(0%,02) 0 BS (02, 03) 0, Tus (00,05) 0 ®5(82, 03)

D.4
—Z (02 —6°)0,, V05,25 (0,0, )) gKRHQ“—Q”H@gc,( )

Lo (0,00;H' (2))

(32 Tas (6,65 0 B (67.05) ~ 02 Tus (61, 08) 0 B (61,6

—Z —05)02 V5, W5(0, 0, )) (B:5)

< KR[|0°—0°||ox,

Lo (0,00,L2(2))
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o (g oy (961, 03)) o (901 ),

—Z(@Z— 92) (Lnel 0 )JE”)

n

. (D6)
< KR[|6"—0"|lex,
L°%(0,00;L°° (9S5))

1 ( det(Tus (67, 03, %))~ det(Tus (0}, 64, 2°"))

(D.7)
3008 TH(V, 20, 85(0.0, )))

< KR[|0°—0"||ox,
L2 (0,005L7 ()

e“(u@swzes>ts|—|J@s<9f;,es>ts|

D.8
= (07 —0}) V05, 25(0, 0,.)ts.ts) < KR||0°—0°||ox, (D)
k Lo°(0,00;L> (8S5))
where L, , is defined in (B.11) and

(D067, 08)) 0 BS(07,08) — (U581 64)) o (6%, 1)
D.9
+Z (6 —0%)95,25(0,0, . ) < KR[|6*—6"||ox, (D)

Lo% (0,00:L>° Q)

(O Tus (67, 08)) 0 B5(85,08) ~01( Tus (6%, 02)) o B5(61, 6

D.10
+Z —0%)V4,05,85(0,0, )) < KR[|0*—6"||ox, (D-10)

L2 (0,00;L>°(02))

and

ot
(Mo o5~ Moy )

< K[0"—0"llox, (D.11)

L0 (0,00)

ot (aHJ@S(e‘;, 03, ) — 0, @5 (02, 05, )

(D.12)
~ 526} — 6400 25(0.0. .))

< K6 —6"||og,

L°(0,00;H2(2))

6& (agjgk@s(e%, 6;, ) —aeje,fI’S (9?7 937 ))

< K[6"~0lop,  (D.13)
L0 (0,00;H2(Q2))

(01T (07, 03) ~ 01 Taws (61.65))

< K||0°—6"|loxe.  (D.14)
Lo (0,003H2(92))

Moreover for every (v7,.,01,605) in B, we have

ot (vva—g(eg, 63, v*) —VvP + G688, vb)>

L20ooL2@50) . (D.15)
< KR([|0°—0°[|egt |V =V [luge),

(G107, 08, )iy ~ G684, 64, W)y~ (02~ 02) (L) in )

n

L2(0,400;L2(05.)) (D.16)
< KR\|9“—9’7H@§c,

where Lg is defined in (B.12) and G is defined in (2.70).
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A direct application of Lemma D.1.1 obtained by taking (6%,65) = (0,0) is the following

lemma.

Lemma D.1.2. Let Ry > 0 be small enough, then there exists K > 0 such that for every

R < Ry and for every (.,.,0,,0,) € B, the following estimates hold

and

and

% (agjcbs(el, 0,..) — 9,@5(0.0, .))

0t (Jq,s(el, 0,) — 1) < KR,

L2 (0,00;H?(Q2))

ot (j@s(el,QQ,@S(el,QQ)) _ 1) < KR,

L2 (0,00;H?(Q2))

[6 (00, T (01.02) 0 @5(6,.0,) < KR
Lo (0,00;HL(Q2))

< KR,

L2 (0,00;L2(2))

e’ (Q%jqus (0,0,) 0 (I)S(el» 92))

< KR,
L>°(0,00)

6& (Mel,(g? — M&,&)
&t <n91792(‘I>S(91, 6,)) — ns)

(7w (6,.0,)t.] ~ 1)

< KR,

L2°(0,00;L>°(0S5))

< KR,

Lo (0,00;L>°(8S5))

< KR,
Lo (0,00,H3(©)

1€° 0, Tps (0, 05) |12 (0.00m2(02)) < KR,
Heét(at‘I’SWU 92)) o ‘I)S(91> 92)”L°°(0,oo;L°°(Q)) < KR,
€% (0eTws (61,05)) 0 @3(6;,05)| < (0,00m () < KR,

%t <VW - §G(0,,0,, w))

< KR,

L2(0,00;L2(8S5))

where G is defined in (2.70).

(D.17)
(D.18)
(D.19)
(D.20)
(D.21)
(D.22)
(D.23)

(D.24)

(D.25)
(D.26)
(D.27)

(D.28)

Proof of Lemma D.1.1. Let X be some Banach space. All functions in Lemma D.1.1 can be
written as o = «(0,,0,,6,,0,) valued in X. The proof of estimates (D.11)—(D.14) uses the
mean value theorem,

e (07, .07, 08) — (6, 64.0%.03))

Le°(0,00;X)
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< sup || Vowa(fy, 0y, wy, o)L (0,00) (He‘”(@“— 0°)||ox(0,00y+ [l € (8°—6") |\L°°(0,oo)>
(‘91»92)61])@
|w1|+|w2|[<R
<20 sup  ||Vpwa(y, 0y, wy, ws)llLee (0,005 107 — ebHGE"-
(0,,8,)€De
|w1|+|w2|[<R



To prove the other estimates (D.1)—(D.10) and (D.16), we do a Taylor expansion of order 2
and use the mean value theorem. We get

2

e5t<a(9‘f,9§,93‘,9;)—a(9§’,93,91{,Hb Zae a(0,0,0,0)(65—6") Z a(0,0,0,0)(64— 9"))

Jj=1 Jj=1

. . L°°(0,00;X)
< sup ||V (0,0, wi, w2) 10,0000 R(1[€ (0= 0) [LLox(0.00H 1€ (07— 0°) | Lov(0,00) )
(91,92)€]D@
|wi|+|w2| <R
The estimate (D.15) is proven by using the previous estimates. ]

D.2 Detailed proof of Lemma 2.3.2

Proof. The weights in time €% of the nonlinear terms can be easily handled. All the difficul-
ties then come from space regularity issues, which can be handled as in Appendix A for the
terms F (07,02, v, ¢*) —F (62,05, vP, ¢"), G (62,602,609, 09) — G (82, 65,6, 05) and S(62, 02, v, ¢*) —
S(0%,65,v", ¢°) using the estimates of Lammas D.1.1 and D.1.2 :

IF (67,05, v",¢") = F (67,05, V" ")z < KR(IV = V'[lug + lla" = ’llee + 116 — 0 lez),

HG(9(11?(9579.(1179.(21) - G(elfaeg’el{aeg)”‘@g" < KRHHQ - 9b”®§°7
and
IS5, 05, v, ¢") = S(67,05,v". ¢")lsz < KR(IV* = V[l + lla" = ¢[lege + 110" — 0°]lo),

where the terms F, G and S are defined in (2.68)-(2.69).
Now, it remains to prove

IF (05,05, W+ v, pw + ¢*) —F (00,05, w + v°, pw + ¢") —F (05, 05, v*, ¢*) +F (63,05, v, ¢")
+(W-V) (v V) +((v*=v*)-V)w
_LF(Q?_9?>gg_ega0(11_9?795_912))+f9(q)s(9[1179%))_f§(¢s(9l{793))||ﬁ‘§°

< CR(||[v* = v’|Juz + [|6* — 6°[lox),

(D.29)

and

HS(Q(f? 957W + Vaapw + qa) - 8(9?7 QSJW + Vbapw + qb) - S(G%v eg7va7 qa) + S(elfv 937"67 qb)
—Ls(07 — 07,05 — 03)[lsz < CR[[0* — 0°]| oz,

(D.30)
and then the proof will be complete.
The estimate (D.29) is a consequence of the following relations
Fl(e(llu 9(217 W+ Va) - F1<0l177 ‘937 W+ Vb) - F1<9(117 ega Va) + F1<92177 637 Vb) =0, (D31)
‘ F2(05, 03w+ v*) — F2(00, 05, w + v*) — F2(02, 03, v*) + F2(6}, 63, v")
(D.32)

=769 — 6% ((agps(o, 0,y) - Vy)w + cof (V9,25 (0,0, y))TW>

J

< KR|6" — eb||@go,
Fge
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H<F3<e%,es,w+va>—F3<esxes,w+vb)—FS(@%,es,va>+F3<ef;,es,vb>>i

—VZ (62 —6%)(Lps);; 5 KR||0— 6°[|ox, (D-33)
F3
H(F‘*(e)g,eg,w+va)—F4(9g,eg,va)—w(ef;,eg,w + V) FA(62, 05, vh)
H(V* = V") - V)W (w-V)(v*=v"));=> (0 —6,) (Lga)in . (D.34)
< KR([v* "oz +]6°~0" o).
‘ F5(05, 05, pwtq®) —F°(07, 05, q“)—FS(Ql{a 03, pwtq") +F5(6}, 65, ¢°)
ST 0.0.9) ] < KRl Py,
5
and
f7(®5(01,05)) — £(25(67,63)) — %;(913 — 0;)Vy£70,8%(0,0,.) - (D.36)

< K|[fz|lwioe@R]0° — 0°[log-

In the sequel, we use the compact notations Jgs = Jgs (0,05, ®5(0¢,05,y)) and Jos =
Jas (00,05 ®5(0°,65.y)), and similarly for other functions. We now prove the estimates (D.30)-
(D.36). We keep (D.30) for the end.

e Identity (D.31) : the proof is immediate.

e Estimate (D.32) : we use the decomposition

Fz(e%v ‘9(217 w -+ Va) - FQ(ell)a 037 W+ Vb) - FQ(Q%v an a) + FQ(ell)a 012]7 Vb)
_ Z (60 — ( (9,85(0,0,y) - Vy)w + cof(vyaajqﬁ(o,o,y))Tw)
= _C0f<at(j‘l’s (Q%’ 05)) o (I)S(eilv 03, Y> - at(j‘l’s (011)7 912))) © (I)S(Qllja 912)7 Y)
T
+Z HbV 89@3(0 0y)> w
T

—cof<jgs - jgs> V,w(0,TS (02,02, ) 0 B(62, 02, y)

—COf(j\%S)TVyW(at(\IlS(HiL, 6(217 ,))0@5(6%7 637 y) - at(\I,S(ellj’ 81277 ))O@S<911)7 612)7 )
+Z 619, @5(0, 0 y))

. . T
+ 376 — 6%)cof (j;s _ 1) T, ws, ®5(0,0, ),

J
and the estimates (D.18), (D.26), (D.3), (D.9) and (D.10) yield (D.32).
e Estimate (D.33) : we use the decomposition

(FS(Q‘f,Qg,w—i—v“)—F?’(G’l’,63,w+vb)—F3(6‘f,95,v“)+F3(0’1’,93, )—I/Z ) (Lgs)s,
_ <F3(6’%,0‘5,W)—F3(9l{,93,w)> — 1307~ 0") (L),
g j
= A+ Ao + Az + Ay,
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where

ovg ove, 8\Ilb (9\1117
= f( — cof
f,;m<eo (Tshuig, v 0m; (Tas)iig, s
+> (62-6%) <3yj39n@z(07 0, ¥)0kiOmj+ 0y, 06,Pm (0,0, y) 616 +cof (O, Tes (0, 0, }’))kiémj(séj)
! ) 02wk
ovy a\I/b ayénaye
AQJ:QVZ (cof(@x.j&is)ki—cof(@ TS kit Z(G Gb)cof(8 09, Jgs(0,0 y));ﬂé@) wk,
Gkt ’ Oz, dr; “3 Oy
. . O0PUY 0*wh . 0? owy,
Ag; = V]Zk:e (cof(jq,s)kiax; — cof(jgs)kiax?f — Xn:(@n — 0°) O o 2agnxlfg(o 0 y)> o
and
Ag; =v)_ | cof ﬁja — cof a—ij —Z(@“—é’b)a g, Tws (0,0, ¥ )i
M 0227 ) ga2 ¥ ) L s
Js J ki J ki n
The term Ay ; is of the form Y a;jrem(y) X O where
1,3 S ijkem Y 0ymayg’
ovs ove owb owb.
Aijrem(y) = (COf(J Yei s — cof (Tgs ) kim—
g Y Oa; O Y Oa; O;
#3020 (0,0 (0,0, g+ 3y O B 0,0.3)usis - (B, Tos (0,0, ) )iidmti ) )

Moreover, according to (1.33), ¥5(0y,0,,y) =y in Q\Q., then ajrem = 0 in Q\Q. (€2 is defined
in Lemma 1.1.4). We then estimate A;; as

82wk Clwkzm szk B 1
Qjikpm X =———=—— < 2 < |@Qiikem | Lo w Z-
X e oo | TL 2 Dy L1757 < llairemllueo 0. [wlla2 ()
L2(Fs) J€Fdmn L2(Fs) . J
JG/dn Lo (%) JE€ELdm Lo (Q\Qe)

Moreover, we get the estimate ||a;jrom| Lo (@) < K R||6°— 9b||@oo by using three times the estimate
(D.3). We then use estimates (D.3), (D.4) and (D.19) for Agz and Aj,; and estimate (D.5) for
Ay ;. We obtain (D.33).

e Estimate (D.34) : we have the decomposition

<F4<0(11> 03, W +v?) — F4(07,05,v") — F4(6],05, w + v°) + F4(07,05,v") + ((v* = V") - V)w
HW - V)V =) ) = 500 02 (L

g n

= DB+ By;+ B3; + By + Bs; + Bs,
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where

Bl,i = — Z (COf(j‘%s)ijOf(arjj‘;s)gi — COf(j‘%s)ijOf(amjj‘gs)ﬁ

gkl

—Z Qb COf 8 89 j\ys(o 0 y))gldk])wkwg,
By, = — Z <C0f(j£s)k;jCOf(anj£s)gi - COf(j\I,s)ijOf(axjj\%s)gi> (wrvg + viwy),

3,k
Byi =~ cof(Ths)kjcof (9, Ths )ui (wi(vf — vf) + (vf — vh)w),
7.k,
0P OPP
B == (det ja 2 ) e jb 2 3
4, %g: ( \IJS) ay[ ( ‘I’S) ayz

0
+ 3005 — 08 (2T5(0n, Tas (0,0, 9))8i — 00, Tas (0,0,¥)ic) )5

n ayk,
0d¢ L, OB\ 7 Owy oy
Bs; = — (detj“ 270 et(JS )( vl 4 = )
5, %; ( \Ils) ayﬁ ( \I's) 8 ayﬁ ayé
and
Ot Owy ovy 81}
Bg; = — (detjbs2 Z—(Si)(v“—vbjt £ Zw)

Now, we use

estimates (D.3), (D.4), (D.18) and (D.19) for By,
estimates (D.3), (D.4) for By,

— estimates (D.18) and (D.19) for Bs;,
estimates (D.2), (D.7), (D.17) and (D.18) for By, and Bs,,
— estimates (D.17) and (D.18) for Bg ;.

We get (D.34).
e Estimate (D.35) : we have

F? (01,05, putq®) —F3(05,05, ¢*) —F>(65, 05, putq°) +F>(65, 05, ¢°)
=D (02 —602)(Vy05,25(0,0,y)) Vypw
F5 ‘9(117 0%7 pw) F5(011)7 012)7 pw) - Z(Qz_engya&yﬂ)s(ov O’ y))Tvpr

n

( as — TLs +Z ")V, 2% (0,0, ))TVypw,

and estimate (D.3) gives (D.35).
e Estimate (D.36) : it is a consequence of (D.1).
e Estimate (D.30) : we have

(S008. 08, w+v, pu-a") = S(07,08,v*,4°) —S (8, 68, W', pu-+0)
(604,04, v", ¢")~Lis (63 —0%. 05 —03))

J
= D1j+ Daj+ D3+ Dy,
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where

D= [ (1 Tast] = |Tasta) (pul = (6" +(G°)7)) (nf, 4, 0 @) - 5, 25"
+ (05— 07) /as ((Vy0,85(0,0,7,))ts - to)or (W, pu)n, - 9,85(0,0,7,),
D2,j — _l//as |j£,sts‘ (ga+ (ga)T_ gb_ (gb)T) (ngl,ez o @Sa) . aejq)sa
v S0 =0 [ (Lohuon + (Lo)ern) ()10 2e(0,0, %),
k,@,n 0S5
Day= [ 178t (pud = 1@+ (G)1)) (g, 0 8" — 1, 0 85") 0@
+ Z ea - eb / UF<W7pW)Zk(Ln91192)knaejq)f(oy 0; ’Vy),
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We use

— estimates (D.8), (D.28), (D.22) and (D.24) for D, ;,

— estimates (D.23), (D.16), (D.22) and (D.24) for D, ;,

— estimates (D.23), (D.28), (D.6) and (D.24) for Dj j,

— estimates (D.23), (D.28), (D.22) and (D.12) for Dy ;.
Combining these estimates yields (D.30). O
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Résumé : Ce travail de these porte sur ’étude d’un systeme d’interaction fluide-structure.
Nous en traitons de nombreux aspects allant de sa modélisation jusqu’a I’étude de sa stabilisa-
tion et de sa simulation numérique.

Le premier chapitre du manuscrit aborde la modélisation du systeme ainsi que 1’existence
de solutions fortes en temps petits. Le fluide est représenté par les équations de Navier—Stokes
incompressibles. La structure est déformable et dépend d’un nombre fini de parametres. Nous
obtenons ses équations en appliquant un principe des travaux virtuels. Le systeme d’équations
final est non linéaire.

Nous prouvons l’existence locale d'une solution a ce systéme, dans un premier temps sur
le systeme linéarisé autour de I’état nul. Puis, nous prouvons 'existence de solutions en temps
petits au systéme non linéaire grace a un argument de point fixe.

Le deuxieme chapitre traite de la stabilisation par feedback autour d'un état stationnaire
non nul du systéme présenté dans le Chapitre 1. L’opérateur de feedback est déterminé a partir
de 'analyse du probleme linéarisé autour de 1’état stationnaire et de la résolution d’une équation
de Riccati. Le résultat de stabilisation portant sur le systeme non linéaire requiert des données
petites et est obtenu par un argument de point fixe.

Le troisieme chapitre se concentre sur les aspects numériques de ce probleme. La construction
de I'opérateur de feedback correspond a la version discrétisée de celle proposée dans le Chapitre
2. Le systeme fluide—structure est simulé en utilisant une méthode de domaines fictifs.
Mots—clés : équations de Navier—Stokes, interaction fluide—structure, stabilisation, méthodes
numériques, domaines fictifs.

Abstract : This PhD thesis deals with the study of a fluid—structure interaction system. We
are interested in several aspects such as modelling, stabilization and numerical simulation.

In the first chapter of the manuscript, we show the modelling of the system and prove the
existence of strong solutions in small times. The fluid is modelled by the incompressible Navier—
Stokes equations. The structure is deformable and depends on a finite number of parameters.
The equations are obtained with a virtual work principle. The final system of equations is
nonlinear.

We prove local existence of a solution to this system, first on the linearized system. Then,
existence of solutions in small times to the full nonlinear system is obtained with a fixed point
argument.

In the second chapter, we prove feedback stabilization of the problem around a non—null
stationary state. The feedback operator is computed with the solution to a Riccati equation
obtained by the analysis of the linearized problem around the stationary state. The stabilization
result holds on the full nonlinear system and requires small data. It is proven by a fixed point
argument.

In the third chapter, we focus on the numerical aspects of the problem. The feedback ope-
rator used corresponds to a discretization of the feedback operator of Chapter 2. The solution
to the full nonlinear system is computed by the use of a fictitious domain method.
Keywords : Navier—Stokes equations, fluid—structure interaction, stabilization, numerical Me-
thods, fictitious domains.



