N
N

N

HAL

open science

Study of the large time behaviour of partial differential
equations using probabilistic methods

Florian Lemonnier

» To cite this version:

Florian Lemonnier. Study of the large time behaviour of partial differential equations using prob-
abilistic methods. Analysis of PDEs [math.AP]. Université de Rennes, 2019. English. NNT:

2019REN1S027 . tel-02316120

HAL Id: tel-02316120
https://theses.hal.science/tel-02316120
Submitted on 15 Oct 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-02316120
https://hal.archives-ouvertes.fr

UNIVERSITE —
UNIVERSITE DE%

RENNES 1

THESE DE DOCTORAT DE

Rapporteurs avant soutenance :

Frangois DELARUE Professeur, Université de Nice Sophia-Antipolis
Huyén PHAM Professeur, Université Paris Diderot

Composition du Jury :

Examinateurs : Paul-Eric CHAUDRU DE RAYNAL Maitre de conférences, Université de Savoie Mont-Blanc

Francois DELARUE Professeur, Université de Nice Sophia-Antipolis
Monique JEANBLANC Professeur, Université d’Evry
Huyén PHAM Professeur, Université Paris Diderot

Dir. de thése : Ying HU Professeur, Université de Rennes 1






Table des matiéres

1 Introduction 5

1.1 Quelques rappelssurlesEDSR . . . .. ... ... .. ... ... .. . 5

1.1.1  Explications sur la forme généraledes EDSR . . . . ... .............. 5

1.1.2  Théoreme fondamental . . ... ... ... ... .. .. ... ... . .. 6

1.1.3 Passage al'horizoninfini . . ... ... ... ... .. .. .. .. .. 7

1.1.4 EDSRmarkoviennes . . . ... ... ... ... 8

1.1.5 Des motivations diverses pour I'étude des EDSR . . . .. ... ... ....... 8

1.2 EDSRergodiques . . . .. ... ... ... ... e 13

1.2.1 Résultatsconnus . . . . ... ... L 13

1.2.2 Résultatsnouveaux . . . . . .. ... .. L 16

1.3 EDSRasauts. . . . . . .. e 19

1.3.1 Résultatsconnus . . . . ... ... L L 19

1.3.2 Résultats nouveaux sur les systtmes d’EDP . . . . . ... ... ... ...... 22

1.3.3 Résultats nouveauxsurlesEIDP . . . .. ... ... ... ... ... ........ 24

2 EDSR ergodiques dont 'EDS sous-jacente est a bruit multiplicatif et non-borné 27

2.1 Introduction . . . . . . ... 29

2.2 Notations . . . . . . . . L e e 31

23 TheSDE . . . . . e 31

24 TheEBSDE . . . . . . . e 36

2.4.1 Existenceofasolution . . . .. ... ... ... 37

2.4.2 Uniqueness of thesolution . .. ... ... ... .. ... .. .. .. .. .... 43

2.5 Largetimebehaviour . . . . .. ... ... .. 46

2.6 Application to Optimal ergodic problem and H]B equation . . ... ........... 55

2.6.1 Optimal ergodic problem . . . .. ... .. ... ... .. .. .. .. .. .. .. 55

2.6.2 Large time behaviour of viscosity solution of HJB equation . ... ... ... .. 57

2.7 Appendix about the Lipschitz continuity of o* . . . . . ... ... ... ... ..... 58
3 EDSR ergodiques randomisées et application au comportement en temps long de la solu-

tion de viscosité d'un systeme d’équations HJB 67

3.1 Introduction . . . . ... 69

32 TheSDE . . . . . e 71

3.3 Theinfinite horizon BSDE . . . . . .. . ... ... .. L o 75

3.4 TheergodicBSDE . . . . . .. .. ... .. ... 85

3.5 Largetimebehaviour . . .. .. ... ... .. .. ... L o 90

3.6 Someapplications . . . . ... ... L 102

3.6.1 Optimal ergodic control problem . . . . . ... ... ... ... .. .. .. .. ... 102

3.6.2 Large time behaviour of viscosity solution of a system of coupled HJB equations 104

3.7 Appendix . ... 106

3.7.1  Some standard estimates for SDEsand BSDEs . . . . . ... ... ... ...... 106

3.7.2 L* estimate for finite horizon BSDES . . . . . . . ... . ... .. ... .. ..... 107

3.7.3 About the regularity of the function u for finite horizon BSDEs . . . . . . . . .. 108



3.7.4 About theestimateof VY . . . . ... .. L 112

4 EDSR ergodique a bruit Lévy et application au comportement en temps long de la solution

de viscosité d"'une EIDP 119
4.1 Introduction . . . . . . ... 120
42 Theforward SDE . . . . . . . ... ... 121
43 Thebackward SDEs. . . . . . . ... .. ... . 126
4.3.1  Theinfinite horizon BSDE . . . . . . .. .. ... ... ... ... .. ... ... 126
432 TheergodicBSDE . .. ... ... ... ... ... .. . .. ... . . 131
4.4 Link with viscosity solutions of PIDEs . . . . . . ... ... ... .............. 136
4.4.1 Finite horizoncase . . . . . . . . ... . L 136
4.4.2 Ergodiccase . . . ... .. ... 138
4.5 Largetimebehaviour . . .. ... ... ... .. ... . o 140
4.6 Application to an Optimal control problem . . . . . ... .................. 148
47 Appendix . ... e 150
4.7.1 Some standard estimates . . . . . ... L Lo 150
4.7.2  Regularity of the solution of a finite horizon BSDE . . . .. ... ... ... ... 151



Chapitre 1

Introduction

1.1  Quelques rappels sur les EDSR

1.1.1  Explications sur la forme générale des EDSR

Considérons un mouvement brownien W, k-dimensionnel, défini sur un espace probabilisé com-
plet (), F,P), dont on note (Ft),c[o,r) la filtration naturelle augmentée. Il serait alors naturel d’ap-
peler équation différentielle stochastique rétrograde (abrégée en EDSR) le probléme suivant :

{ dY; = —f(t,Y¢)dt, te[0,T], (1.1)

Yr =¢,

ol ¢ est une variable aléatoire réelle Fr-mesurable, c’est-a-dire, une variable aléatoire réelle dont la
valeur est connue lorsqu’on dispose de I'information disponible a I'instant T. Cet instant T est appelé
horizon de 'EDSR (1.1). Parmi les EDSR de cette forme, on peut, par exemple, souhaiter résoudre :

{ dYy; =0, te€|[0,T], (1.2)

Yr =¢.

Le processus constant Y; = ¢, t € [0, T| semble étre un bon candidat pour étre solution de 1'équa-
tion (1.2). Pourtant, il présente l'inconvénient majeur de ne pas étre adapté, des lors que la variable
aléatoire terminale ¢ n’est pas JFyp-mesurable. En effet, cela signifierait alors que la valeur prise par
le processus Y au temps 0 dépendrait d’événements postérieurs a cet instant. Il s’agit d"une situation
qu’on souhaite éviter, et, par conséquent, on impose au processus solution d'une EDSR d’étre adapté
a la filtration (F%)¢(q,7)- Pour considérer un processus adapté a une filtration sans modifier sa valeur
terminale (au temps T), une méthode possible est de considérer son espérance conditionnellement a
l'information disponible & chaque instant. Définissons donc un nouveau processus Y’ par la formule :

Y[:]E[Yt\]:t] :]E[‘:‘]:t]‘

On souhaiterait alors pouvoir différentier temporellement Y} ; mais ceci n’est pas immédiatement
possible, au vu de sa définition. Néanmoins, le théoréme de représentation des martingales brow-
niennes de carré intégrable nous fournit l'existence d’un processus (Zt)te[o 7}, @ valeurs dans R™*K,

prévisible par rapport a la filtration (F}),co 71, et tel que :

ot
E (¢ Fi] :E[€]+./o Z, dWi,

si on suppose préalablement que E [¢?] < co. Ainsi, le couple (E [¢|F}], Z;) résout 'EDSR :

dY; = Z;dW;, te [0, T],
{ W/ 1.3



Cette difficulté liée a ’adaptabilité de la solution rend donc naturel le fait d’appeler EDSR toute
équation du type :

T T
Yt:§+/t F(5,Ys, Zs) ds—/t Z,dW,, tel0,T], (1.4)

ot la fonction f : Q x [0, T] x R™ x R"™*k — R™ est mesurable pour les tribus P ® B(R™) @ B(R"*k)
et B(R™), P désignant la tribu des événements prévisibles. On dit que la fonction f est le générateur
de 'EDSR (1.4).

Définition 1.1. On appelle solution de 'EDSR (1.4) tout couple de processus (Y, Z) a valeurs dans
R™ x R™ kot Y est continu et adapté, out Z est prévisible, et tel que P-p.s., pour tout ¢ € [0, T], on
a:

T T T
/O (1 (5% Z0) | +|ZsP] ds < oo et Yt:§+/t F(s,Ye Zs) ds—/t 7, dW,.

1.1.2 Théoréme fondamental

La premiere apparition des EDSR dans la littérature remonte a un article de Bismut [7], dans
lequel était traité le cas des EDSR a générateur linéaire. Toutefois, le résultat fondamental dans la
théorie des EDSR a été prouvé par Pardoux et Peng dans leur article [49], et permet de traiter le cas
d’équations dont le générateur n’est pas linéaire, mais seulement lipschitzien en y et en z.

Théoreéme 1.2 (Pardoux, Peng - 1990). Supposons le générateur f lipschitzien par rapport a (y,z), unifor-
mément en (t,w), et

{§|2+/ £(5,0,0) |2ds] <. (1.5)
Alors 'EDSR (1.4) admet une unique solution telle que le processus Z soit de carré intégrable.

On constate une grande proximité entre les hypotheses du théoreme 1.2 et celles du théoreme de
Cauchy-Lipschitz pour la résolution globale d’équations différentielles ordinaires. La preuve qui en
est faite dans [49] est principalement basée sur l'utilisation du lemme de Gronwall. Néanmoins, il est
possible d’utiliser un argument de point fixe, en considérant un espace complet adéquat (voir a ce
propos l'article [25] d’El Karoui, Peng et Quenez en 1997).

Par la suite, ce résultat a pu étre amélioré par divers affaiblissements d’hypotheses. Par exemple,
dans [52], en utilisant notamment des arguments de point fixe et le lemme de Gronwall, Pardoux
remplace dans les hypotheses le fait que le générateur soit lipschitzien en y par une hypothese de
continuité en y et la condition de monotonie suivante :

y—v. f(ty,z) — f(ty.2) < —uly—y'|>, P-ps, (1.6)

ol u est un nombre réel indépendant de ¢, y, ¥’ et z. L'approche de Pardoux a ensuite été généralisée
au cas L7, avec p > 1, dans [8], c’est-a-dire, lorsqu’on remplace la condition (1.5) par :

[|§P+/ £(5,0,0) |”ds} < .

II est a noter que le cas p = 1 est également étudié dans [8].

D’autres améliorations ont pu étre menées dans le cas unidimensionnel (k = 1). En effet, quand
Y est un processus a valeurs réelles, on dispose du théoreme de comparaison, dont la premiere
apparition remonte a [55].

Théoréme 1.3 (Théoréme de comparaison - Peng - 1992). Soient (&1, f1) et (&2, f2) deux couples vérifiant
les hypotheses du théoreme 1.2 ; on désigne par (Y1, Z1) et (Y?, Z?) les solutions associées a ces jeux de données.
Si on suppose que :

e 1> Pps.;
o fL(,Y2Z7) = f2 (Y2, Z2) dP@dtpp.;



alors P-p.s., pour tout t € [0,T], Y} > Y?. De plus, la comparaison est stricte : si Y3 = Y, alors Y! = Y?
P-p.s.

A T’aide du théoreme de comparaison, Lepeltier et San Martin construisent dans [39] des solu-
tions maximales et minimales dans le cas ol le générateur est supposé uniquement continu et a
croissance linéaire selon y et z. Aussi, c’est ce résultat qui a permis I'émergence de la théorie des
EDSR quadratiques. On appelle EDSR quadratiques les EDSR dont le générateur est supposé non
plus lipschitzien en z mais a croissance quadratique en z. Les premiers travaux dans ce domaine sont
dus a Kobylanski [38]. N’ayant pas travaillé sur ce sujet, le lecteur est renvoyé vers la these [31] pour
une introduction détaillée a ce domaine.

1.1.3 Passage a 1’horizon infini

Une autre source d’enrichissements du théoreme 1.2 de Pardoux et Peng a consisté a s’intéresser
al'horizon T de 'EDSR.

En utilisant '’hypothése de monotonie (1.6), Peng s’intéresse dans [54] a une EDSR d’horizon
aléatoire, c’est-a-dire une EDSR dont la condition terminale est Y; = ¢, olt T est un temps d’arrét;
autrement dit : . .

Y=o+ [ fleYoZ)ds— [ Zedw, te[oT. (1.7)
tAT tAT

Les travaux de Peng sur les EDSR d’horizon aléatoire ont été ensuite poursuivis par ceux de
Darling et Pardoux [21]. En supposant que le générateur satisfait I’hypothese de monotonie (1.6),
qu’il est lipschitzien en z, continu en y et qu’il vérifie une majoration du type :

VtE Ry, Vy € R, Vz € R™, |f(t,y,2)| < fi + C(ly| + |z]),
ot la constante C et le processus positif (fi)¢>o vérifient les conditions suivantes :

T C2
]E[|g2+/0 ffdt]<oo et y>7,

ils montrent que I'EDSR :

T T
Y, = g+/ F(5 Yo Z)ds— [ ZodW,, 320, (1.8)
tIAT INT

admet une unique solution telle que Z est un processus de carré intégrable sur [0, T].

Mentionnons également le résultat de Briand et Hu [9], obtenu dans le cas unidimensionnel. En
supposant que ¢ = 0, que f est uniformément lipschitzienne en y et z, et monotone en y et que
'application f(e,0,0) est bornée, ils montrent que I'EDSR (1.8) admet une unique solution telle que
Y est continu borné et Z est de carré localement intégrable sur [0, 7]. Il est & souligner que, dans leurs
travaux, Briand et Hu supposent seulement # > 0, hypothése de monotonie plus faible que dans
[21]. Par la suite, ceci a été généralisé par Royer [57].

En prenant une condition terminale nulle et un horizon infini, on obtient I'EDSR suivante :

—+o0 —+o0
Yo= [ f(sYZ)ds— / Z,dW,, > 0. (1.9)
t t
Par soustraction, la formulation (1.9) équivaut a :
T T
Y, =Yr +/ f(s,Ys,Zs) ds —/ ZsdW;, 0<t<T<oo, (1.10)
t t

et cette derniere écriture permet notamment de n’avoir a évoquer qu'une intégrabilité locale pour le
processus |Z|2, a la maniére du résultat de Briand et Hu [g].



1.1.4 EDSR markoviennes

Un autre champ largement étudié est celui des EDSR markoviennes. Ici, le générateur et la condi-
tion terminale ne dépendent de l'aléa w que par le biais d'un processus solution d’une EDS. Consi-
dérons I’EDS issue de x a I'instant ¢ :

S S
Xt =x+ [ bl X dr+ [Co(r, X aw, s>t (11)
t t

Pourvu que b et o soient globalement lipschitziens, on sait que cette EDS admet une unique
solution (a ce propos, voir par exemple [19]). En se donnant deux fonctions déterministes f et g, on
souhaite considérer 'EDSR :

T T
vir =g (Xi) + /S F(r, XU, YE¥, Z6) dr — /s ZE5dW,, s e [t T). (1.12)

Pardoux et Peng se sont intéressés a ces EDSR dans [50]. La qualification d’EDSR markovienne
provient du fait qu’en utilisant 1'unicité de la solution a ’'EDSR, et la propriété de Markov vérifiée
par le processus X, la solution de (1.12) vérifie les relations :

£X* X0
Y, :YS”" et ZJ

_ r,X
= 717,

Par ailleurs, le systéme formé par les équations (1.11) et (1.12) est dit découplé, car les processus
Y et Z n’apparaissent pas dans I'EDS; le cas de systémes couplés a également été étudié (voir l’article
de Ma, Protter et Yong [42]). Les EDSR markoviennes sont également étudiées en horizon infini (voir
par exemple [36]).

1.1.5 Des motivations diverses pour I'étude des EDSR

Les différentes applications des EDSR (résolution d’EDP, de problemes de contrdle stochastique
ou de mathématiques financieres) ont contribué a apporter davantage d’intérét a 1'étude des EDSR
depuis le théoreme fondamental de Pardoux et Peng [49].

Résolution d’EDP de Hamilton-Jacobi-Bellman via la formule de Feynman-Kac

Considérons I’EDP linéaire :

{ osuu(t, x) + Lu(t,x) + K(t, x)u(t,x) =0, t€]0,T], x € RY,

u(T,x) = g(x), x € RY, (1.13)

ot L est un opérateur différentiel du second ordre, agissant sur les fonctions suffisamment régulieres
par la formule :

Lh(t,x) = %tr (08,208, 2)" P2t x)) + (bt x), Vit x)), (1.14)
etotb: R — R et 0 : RY — R¥*¥. Par la formule d’It6, I'opérateur différentiel £ est relié¢ a 'EDS :
X = x + '/t.s b(r, XF) dr+ ./t.s o (r, XF*) dW,. (1.15)

Alors, si les entrées b, 0, K et g vérifient certaines hypotheses, on peut montrer que la fonction :
u:(t,x)—E {efrTK(r'Xi'x)drg (Xth” (1.16)

est solution classique de I’'EDP (1.13). Ce résultat a été démontré bien avant le développement de la
théorie des EDSR (voir [37]).

Pardoux et Peng [50] font le lien entre les EDSR markoviennes et les EDP semi-linéaires parabo-
liques du type :

{ Ou(t, x) + Lu(t,x) + f(t,x,u(t,x),(Vu.o)(t,x)) =0, tc]0,T], x € RY,

u(T,x) = g(x), xR, (.17)



Théoréme 1.4 (Pardoux, Peng - 1992). Si u € C12 ([0, T] x ]Rd,]R) est solution de 'EDP (1.17), alors,

pour tout (t,x) € [0,T] x R, le couple (Yst'x, Zé'x) = (u (s, Xé’x) , (Vo) (s, ngx)) est solution de
I'EDSR :
t,x T t,x T
Y=g (X¢)+ [ f Xz dr— [ zodw,, selyT) (1.18)
S S
oit X est la diffusion de générateur infinitésimal L (voir (1.15)). Réciproquement, sous de bonnes hypothéses

de régularité sur 'ensemble des parametres, la fonction u : (t,x) v+ Y™™ est une fonction déterministe et est
solution classique de I'EDP (1.17).

Remarque 1.5. On retrouve effectivement la formule de Feynman-Kac (1.16) dans le cas olt on prend
pour générateur la fonction f : (¢, x,y,z) — K(t,x)y.

Le sens direct du théoréeme 1.4 se prouve a I'aide de la formule d’Itd. Les hypotheses de régularité
du théoreme précédent peuvent étre assouplies; cela impose en contrepartie de travailler avec des
solutions de viscosité, et cela nécessite d’avoir démontré au préalable un théoréeme de comparaison
(comme le théoreme 1.3).

Définition 1.6. On appelle solution de viscosité de 'EDP (1.17) toute fonction u satisfaisant :
e u est continue et vérifie u(T,e) = g;

e pour toute fonction ¢ € C'? ([0, T] x ]Rd,lR), et pour tout point (g, x9) de maximum local de
u—¢,ona

9t (to, x0) + L (to, x0) + f (to, x0,u (to, x0) , (V$.0) (to, x0)) = 0;

e pour toute fonction ¢ € C12 ([O, T] x IRd,]R>, et pour tout point (g, x9) de minimum local de
u—¢,ona

0t (to, x0) + L (to, x0) + f (to, xo, u (to, X0) , (Vo) (to, X0)) < 0.

La justification de cette définition repose sur le principe du maximum; on renvoie a [2] pour
plus de détails. L'obtention d'une formule de Feynman-Kac est une problématique présente dans la
plupart des articles traitant d’EDSR déja mentionnés.

Application a un probléme de contréle stochastique

Les problemes de controle stochastique (voir par exemple [27]) consistent généralement en la
minimisation du cotit d"un processus solution d"une EDS sur laquelle on a la possibilité d’exercer un
contrdle. Plus précisément, considérons I'EDS suivante :

an:x+/ 5, X) 4 R (s, X, a5) ds+/ s, X5 dWs, te[0,T],  (1.19)
ol le contrdle qu’on peut exercer se traduit par le processus (at)te[O,T] prenant ses valeurs dans un

espace métrique séparable U, et ol1 R est la fonction traduisant I'impact de notre contrdle au sein de
I’EDS. On définit une fonction appelée cofit (et qu’on souhaite donc minimiser) :

T
J(x,a) = E {g (XF") +/0 L (s, X", as) ds} :

Dans le cas o1 ¢ ne prend que des valeurs inversibles, on définit 1’'hamiltonien de ce probleme de
controle stochastique par :

f(t,x,z) = inf { (t,x,a) +z¢7(t,x)*1R(s,x,a)}.

acl



On considere alors le processus X*, solution de I'EDS (1.19) avec R = 0, et 'EDSR markovienne
générée par I’hamiltonien f et de condition terminale définie par g :

T T
Y;f:g(x§)+/t Fs, X5, 72) ds—/t ZXdW,, te0,T). (1.20)

En remarquant que Yjj est égal a son espérance (car non-aléatoire), on montre facilement que
§ < J(x,a) pour tout controle a. De plus, a ’aide de quelques hypotheses supplémentaires, le lemme
de Filippov (voir [45]) permet de montrer 1’existence d’un contrdle optimal @ vérifiant J(x,7) = Y{,
et exprimer a; comme fonction déterministe de X} et Z}.
Avant I’émergence des EDSR, et dans un cadre plus restreint, de tels problemes avaient déja été
étudiés a 1’'aide d’EDS (voir a ce titre [1]).

Application en mathématiques financieres

Considérons ici un investisseur souhaitant répartir sa richesse parmi différents actifs. Le marché
auquel il a acces est constitué :

e d’une obligation sans risque, de rendement r; et de valeur unitaire PY, satisfaisant 'EDS :
dP? = ;PP dt;

e de k actions, cotées en continu, et de valeurs unitaires notées P1,. .., Ptk satisfaisant, pour tout
1<i<k:
k.. .
dpi = Pi (b:; dt+ Y o/ dW{) .
j=1
Les processus 7, b et o sont supposés bornés et prévisibles, et, par ailleurs, la fonction t + ;!
est bornée. On suppose également que l'investisseur est suffisamment petit pour que ses transactions
n’affectent pas le marché. On note V; la valeur totale de ses investissements a la date ¢ et, pour tout
1<i<k 7T§ désigne la somme investie sur l'action 7. Enfin, la somme investie sur 1’obligation est
notée p;. On suppose que l'investisseur n’effectue ni retrait ni versement (stratégie auto-financée) et
sa richesse vérifie donc 1’équation :

n

ﬁ dpi.

Pt 110
Pto i:lPtl

Dans [25], les auteurs montrent que le processus V vérifie alors I'EDS :

dVi = Vi dt + mrf oy (0, dt + dWy), (1.21)

ot1 le processus 6 est appelé prime de risque et vérifie dIP ® dt p.p. I'égalité 6; = o, (b — 1), 1 étant
le vecteur de R¥ dont toutes les composantes valent 1.

Définition 1.7. On appelle stratégie auto-financée tout couple (V, 7r) satisfaisant P-p.s. :
T
dVv; = r Vi dt + N?Ut(gt dt+th) et / |7T?<(Tt‘zdi’ < 00,
0

Cette stratégie est dite réplicable lorsque la richesse V; est IP-p.s. positive ou nulle a chaque instant.

Une option européenne est un contrat qui paie un montant ¢ & une date de maturité fixée T (ou1 ¢
est une variable aléatoire F7-mesurable). La valeur d"une telle option est fixée suivant le principe sui-
vant : si on investit la valeur initiale de I'option parmi les actifs proposés, le montant du portefeuille
a l'instant T doit étre juste suffisant pour garantir le paiement de ¢.

10



Définition 1.8. On appelle stratégie de couverture de ¢ toute stratégie auto-financée réplicable (V, 77),
et telle que Vr = §. On note H (&) 'ensemble des stratégies de couverture de ¢ ; si cet ensemble est
non-vide, on dit alors que ¢ est couvrable. Le prix équitable de 'option européenne payant ¢ a
maturité T est défini, lorsque ¢ est couvrable, par :

Xy =inf{x > 0|3(V, ) € H({), Vs = x}.

Avant méme le théoreme fondamental de Pardoux et Peng en 1990, il était possible de résoudre
des EDSR linéaires d’horizon fini, ce qui menait au résultat qui suit (démontré dans [25]).

Proposition 1.9. Soif ¢ une variable aléatoire positive, Fr-mesurable et de carré intégrable. Alors, il existe
une unique stratégie de couverture de &, notée (X, 1), c’est-a-dire vérifiant :

dXt = (I’tXt + 7T;<0’t9t) dt + 7T;k9t th et XT = (;’
Le processus X désigne a chaque instant le prix équitable de I'option européenne payant ¢ a maturité T.

Par la suite, ce modele a été enrichi. Par exemple, Cvitanic and Karatzas [18] ont considéré le cas
d’un investisseur ayant le droit d’emprunter de I’argent a chaque instant a un taux R;. Ce processus R
est supposé prévisible et borné; par ailleurs, R; > 7, ce qui traduit le fait qu’il n’est pas raisonnable
d’emprunter de l’argent pour l'investir sur 'obligation. En conséquence, la stratégie (V, 7r) satisfait
alors 1’équation :

p\
dv; = Ytthf+7T;<Ut(9t dt+th) — (Rt—i’t) (Vt — ZTL’;) dt,
i=1

le montant emprunté a l'instant ¢ étant (V; — Y/, i) .
Le résultat suivant est énoncé dans le cadre présenté dans l'article de Cvitanic et Karatzas; et il
se prouve a l’aide du théoréme de résolution des EDSR non-linéaires de Pardoux et Peng.

Proposition 1.10. Soit ¢ une variable aléatoire positive, Fr-mesurable et de carré intégrable. Alors, il existe
une unique stratégie de couverture de &, notée (X, 1), c’est-a-dire vérifiant :

no\
dX; = | 1 X: + 71'?(7,59,} + <Xt — Z 71';) dr + 71’?9,5 dW; et Xr=2¢.
i=1

Le processus X désigne a chaque instant le prix équitable de I'option européenne payant & a maturité T,
I'émetteur de I'option étant autorisé a emprunter de I'argent au taux Ry.
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1.2 EDSR ergodiques

On a déja évoqué en section 1.1.3 les EDSR d’horizon infini. Une hypotheése cruciale dans 1’étude
de ces EDSR est la condition de monotonie (1.6). Evidemment, lorsque le générateur f ne dépend
plus de y (comme c’est le cas, par exemple, pour I'EDSR (1.20) visant a traiter le probleme de controle
stochastique d’horizon fini), cette condition de monotonie n’est plus vérifiée. Les EDSR ergodiques,
introduites par Fuhrman, Hu et Tessitore [26], font apparaitre une nouvelle inconnue A, appelée
constante d’ergodicité, et sont de la forme :

T T
Yt:YT—i—/ [F (Xe, Z5) — A] ds—/ ZodW,, 0<t<T < co. (1.22)
t t

La solution d’'une EDSR ergodique est donc un triplet (Y,Z,A); 'apparition de l'inconnue A
peut-étre congue comme un relachement compensatoire a la perte de monotonie en y de f.
Sous certaines hypotheses, Fuhrman, Hu et Tessitore font le lien entre ces EDSR ergodiques, et
des EDP ergodiques :
Lo(x)+ f(x,Vo(x)o) = A, x€E, (1.23)

d’inconnue (v, A), et ot l'opérateur différentiel £ a été défini en (1.14). Notamment, ils construisent
une solution mild a cette EDPE a partir d'une solution de I'EDSRE (1.22), et réciproquement, ob-
tiennent une solution de I’'EDSRE a l'aide d’une solution de I’'EDPE. La notion de solution mild
(faisant intervenir une fonction seulement Gateaux-différentiable comme solution a un opérateur
différentiel du second ordre) en dimension infinie peut étre remplacée en dimension finie par celle
de solution de viscosité, déja abordée dans la définition 1.6.

Dans [26] sont également évoquées des questions d’unicité. On peut déja remarquer que le pro-
cessus Y peut varier librement d’une constante et rester solution de (1.22); tout comme la fonction
v dans (1.23), cette équation ne faisant apparaitre que les dérivées de v, et jamais la fonction v en
elle-méme. Ainsi, sous de bonnes hypotheéses, il est possible de montrer l'unicité de la constante A
et 'unicité a une constante pres du processus Y (et en parallele, l'unicité a une constante pres de la
fonction v).

Les EDSR ergodiques permettent également de traiter des problemes de contrdle stochastique
ergodique, consistant a minimiser une fonction cotit de la forme :

T
J(x,a) = limsup %IE [/ L(X?,as) ds} .
T—o0 0
Plus tard, Hu, Madec et Richou [35], ont montré 'utilité des EDSR ergodiques dans la compré-
hension du comportement en temps long d’'EDSR d’horizon fini.
Les EDSR ergodiques sont également utilisées pour leurs applications en mathématiques finan-
cieres (voir a ce propos [13], [33] ou encore [41]).

1.2.1  Résultats connus

Le premier article portant sur les EDSR ergodiques est celui de Fuhrman, Hu et Tessitore [26].
L’EDS sous-jacente est la suivante :

dX; = AXydt+ F(Xy) dt+GdAW;, t>0,
{ t t (Xt) t (1.24)

Xp = x,

ol1 le processus solution prend ses valeurs dans un espace de Banach E, ol1 A est le générateur d'un
semi-groupe de contractions fortement continu (e'4) 1o F est une fonction mesurable bornée, G
désigne un opérateur linéaire borné et W est un process/us de Wiener.

La dérive doit vérifier une hypotheése assez forte : pour un certain 7 > 0, A+ F + #ld est un
opérateur dissipatif; sans rentrer dans le détail de la définition de la dissipativité d’opérateurs sur
les espaces de Banach généraux, ceci signifie, dans le cas particulier E = R* que

Vx,x' € E, (x —x', A(x —x') + F(x) — F(x')) < —n]x — x'|2.
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Ceci permet alors de montrer que les trajectoires prises par X se resserrent a vitesse exponentielle :

Vt >0, Vx,x' € E, |X{ — Xf/ <e Mx -« (1.25)

Puis, ils introduisent I’EDSR auxiliaire d ’horizon infini :
T T
Yt =Yt 4 / [f (X, ZX%) — a Y3 ds — / Z¥ AW, 0<t< T < oo, (1.26)
t t

ot la fonction f est supposée lipschitzienne par rapport a x et z et o1 f(e,0) est supposée bornée.

L’EDSR (1.26) est donc une EDSR d’horizon infini a générateur monotone en y. Ce type d’'EDSR
a déja été étudié par Briand et Hu [9], puis par Royer [57]. On sait donc qu’elle admet une unique
solution telle que Y** est un processus continu borné et Z** est localement de carré intégrable. De
plus, on dispose d'une borne explicite sur Y** : w. Ils définissent la fonction v* : x — Yj*,
puis, en utilisant la continuité de v* et la structure markovienne de I'EDSR, ils obtiennent la relation
)

L’étape suivante de leur raisonnement consiste a montrer que les fonctions v* sont uniformément
lipschitziennes (et forment donc, par conséquent, une famille équicontinue). Pour ce faire, apres un
changement de mesure de probabilité adéquat, et aprés avoir calculé d(e ™ |Y}¥ — th/ ), ils montrent
que, sous une certaine mesure de probabilité IP, pour tout T > 0,

]+1E [/OTe“S

ce qui permet de conclure en faisant tendre T vers l'infini, en utilisant le fait que f est lipschitzien
selon x et le resserrement exponentiel des trajectoires de X.

Par une extraction diagonale, il est alors possible de construire une suite (), de limite nulle,
telle que :

v -

<eE HY% — vy

Foxs e - (x20)| )

7 (x) 1= v*(x) — 0*(0) — B(x) et wa,v*(0) — A,

(x) = 0" (x) ~ 0 (0) — B(x) et @w*(0) —

pour un réel A convenable et une certaine fonction 7 : E — RR. Réécrivons alors I'équation (1.26) sous
la forme :

T T
7Y (XF) = 7% (X)) + / [f (XF, Z2%n) — @, 5% (XT) — ayo*(0)] ds — / ZXndW,, 0<t< T < oo.
Jt Jt

(1.27)
En utilisant la formule d’It6, les auteurs montrent alors que le processus Z**" admet lui aussi

une limite et, par convergence dominée, ils obtiennent :
T _ T
T(XY) =7 (XE) +/ [f (X¥,2%) — A] ds —/ 7AW, 0<t<T < e, (1.28)
t t

et ont donc construit une solution a I'EDSR ergodique (1.22).

Par la suite, Debussche, Hu et Tessitore [22] ont cherché a affaiblir 'hypotheése de dissipativité.
Considérant toujours I'EDS sous-jacente (1.11) (a valeurs cette fois dans un espace de Hilbert H), ils
ont supposé que seul A + yld était dissipatif (pour un certain # > 0), et que F était lipschitzien et
borné. L'opérateur A + F est alors dit faiblement dissipatif, et on perd le resserrement exponentiel
des trajectoires (1.25). Pour y remédier, les auteurs établissent un basic coupling estimate, par des
arguments de couplage :

Pg)(x) = Pelgl ()] < C (1+ |xP + ¥]2) e, (1.29)
ol ¢ est une fonction mesurable bornée quelconque et ot P désigne le semigroupe de Kolmogorov

de X, c'est-a-dire, P;[¢p](x) = E [¢p (X])]. Par ailleurs, ils expliquent qu’il n’est pas nécessaire de
supposer que F soit lipschitzien : il suffit que F soit borné et limite simple d’une suite de fonctions
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lipschitziennes bornées par une constante commune pour conserver un tel résultat. Dans ce cas,
I'EDS (1.11) admet seulement une solution faible (si 'espace de Hilbert H est de dimension finie)
ou une solution de martingale (si H est de dimension infinie). Le basic coupling estimate devient : si

(X¥, W¥) et (X*, W) sont deux solutions de martingales sous des probabilités respectives P* et PY,

alors :
B g (x5) ] - B [ ()] | < e (14 x4+ ¥ P) e,

Le basic coupling estimate permet de montrer (sans avoir a supposer que le générateur f soit lip-
schitzien en x) que les fonctions v* : x — Yy vérifient :

3C>0,Va >0, Vx,x' € H,

o (x) —o*(x")| < C (1 + |x|2 + |x’|2) . (1.30)

Il est alors possible (moyennant quelques hypothéses supplémentaires : inversiblité de G et Gateaux-
différentiabilité de F), par une formule de Bismut-Elworthy (voir [28]), d’en déduire une borne sur
la différentielle de Gateaux de v*, puis, apres utilisation du théoréeme des accroissements finis, d’ob-
tenir :

3C >0, Va >0, Vx,x' € H,

v (x) —v*(x')| < C (1 + |x[2 + |x'|2) |x — x| (1.31)

La construction d’une solution a 'EDSR ergodique (1.22) est alors similaire a celle de l’article [26].

Sous des hypotheses proches (le seul changement réside dans le fait que la fonction f(e,0) n’est
plus supposée bornée, mais a croissance polynomiale de degré u), Hu, Madec et Richou poursuivent
I'étude des EDSR ergodiques dans [35]. Ils relient le comportement en temps long de 'EDSR d’hori-
zon fini :

T T
Y=g+ [ f(x520) ds— [ zIFaw, telo ], (132)

ol g est une fonction mesurable & croissance polynomiale de degré y, a celui de I'EDSR ergodique :
T T
V=i [ IFOXEZE - A ds— [ ZEdW, 0<t<T <o, (1:33)
t t

En effet, la différence entre les équations (1.32) et (1.33) s’écrit :

T T
Y Y AT =g (X)) —o(xi) + [ [F (x5, 207) = f (x5, z)] ds— [ [z - zx] aw..

(1.34)
Par un changement de probabilité (il est possible d’appliquer le théoreme de Girsanov, car f est

supposée lipschitzienne selon z), et en prenant 1’'espérance, ils montrent alors que :
g =g AT < ca+ ), (135)

avec une constante C indépendante de T, ce qui permet de conclure sur le comportement au premier
ordre de Y, " :

Tx
Woo

CQ+x[")
T :

T

Al <

Pour obtenir des résultats plus fins, ils définissent une nouvelle fonction par la relation :
wr(0,x) =Yy * — AT — Y§.
L’équation (1.35) rend licite une extraction diagonale, et donc permet d’exhiber une suite (T;); crois-
sante et de limite infinie, telle que, sur un sous-ensemble dénombrable dense D de H, les fonctions

wr, convergent simplement sur D vers une certaine fonction w. L'utilisation de la formule de Bismut-
Elworthy fournit :

|wr(0,x) —wr(0,x")] < C (1 + |x|"HH + \x’|1+ﬂ) lx — x|,
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et permet dans un premier temps d’étendre cette convergence simple a ’espace H tout entier. Ensuite,
le basic coupling estimate :

|wr(0,x) — wr(0,x')] < C (1 T a2+ |x/|2) e T,

permet de montrer que la fonction limite w est forcément une constante (notée L dans la suite). Le
théoreme d’Ascoli, le basic coupling estimate et un changement de probabilité permettent de passer de
la convergence de la sous-suite (wr,) a celle de toute la famille (wr), et d’obtenir le comportement
au second ordre : .

Yo" —AT—-Yy — L. (1.36)

T—o0

Enfin, les mémes outils permettent d’obtenir le comportement au troisiéme ordre :
T, —
‘%x—AT—maw,gca+umeT (1.37)

Ce comportement en temps long peut ensuite s’appliquer au comportement en temps long de la
solution de I'EDP (1.17), qu’on peut réécrire, apreés changement de temps t <+ T — ¢ :

{ orur(t,x) = Lur(t,x) + f(t,x,ur(t,x),(Vur.G)(t,x)), t€[0,T], x € RY, (1.38)

ur(0,x) = g(x), x € RY,

ainsi qu’a la solution du probléme de controle stochastique présenté en section 1.1.5.

1.2.2 Résultats nouveaux

Dans le chapitre 2, nous étendons les résultats de [35] au cas ot1 'EDS sous-jacente (a valeurs dans
un espace de dimension finie) posséde un bruit multiplicatif non-borné. La démarche est similaire.
On consideére I’EDS a valeurs dans R? :

t t
r = x+/0 E(XT) ds+ /0 o (X)) dws, t=0, (1.39)
ol la dérive E est supposée lipschitzienne et faiblement dissipative ; en particulier :

(E(x),x) <1 —malxf%

etott 0 : R — GL;(R) est lipschitzienne et telle que la fonction x + o(x)~! est bornée. Notamment,
o est a croissance au plus linéaire et vérifie une inégalité du type :

o (0)[F <1+ r2lxf?,

ol | e |p désigne la norme de Frobenius sur 1’'ensemble des matrices de format d x d. Remarquons
que la derniere majoration peut étre obtenue avec un coefficient r, aussi proche de zéro que 1'on
souhaite dans le cas particulier ol1 o est a croissance sous-linéaire :

lo()[F <CA+[x]%), a€]01],

en vertu de I'inégalité de Young.

Le principal changement dans 'étude de 1’'EDS demeure dans l'obtention du basic coupling esti-
mate. En effet, la méthode de couplage telle qu’utilisée dans [22] ou [35] échoue dans le cas d'un
bruit multiplicatif. Notre preuve est basée sur l'utilisation d'un théoreme de mélange exponentiel
démontré dans [24]. Quand r; est suffisamment petit par rapport a #;, c’est-a-dire, quand la faible
dissipativité de E I'emporte sur la croissance linéaire de ¢, nous montrons que les fonctions x — |x|#
sont des fonctions de Lyapunov pour l'opérateur £ défini comme le générateur infinitésimal du se-
migroupe de Kolmogorov associé a I'EDS (1.39). On rappelle que £ agit sur n'importe quelle fonction

¢ de classe C? par :

Lop(x) = %tr (0(x)o(x)* V2p(x) ) + (E(x), V().
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L’autre propriété nécessaire a I'application de [24] est l'irréductibilité de X ; ce résultat bien connu
est par exemple démontré dans [20].
Nous résolvons ensuite 'EDSR ergodique :

T T
V=i [ WOz -Alds— [ ZEdw, 0<t<T <, (1.40)
t t
ot1 la fonction 1 est globalement lipschitzienne par rapport a (x,zo(x)™!) :

lp(x,z) — p(x,2")| < Kylx — o] + Ky|zo(x) "t = 2o (x) 7.

La raison pour laquelle on ne suppose pas  lipschitzienne par rapport a z trouve sa justification
dans I'étude du comportement en temps long, voir ci-aprés. A cause de ce changement par rapport
a [22] ou [35], 'utilisation d'une formule de Bismut-Elworthy devient plus technique et nécessite de
supposer que 1P est aussi lipschitzienne par rapport a x (hypothese absente de [22] et [35]). Remar-
quons que dans le cas o1 ¢ est borné, cela revient exactement a supposer que 1 est lipschitzienne
par rapport a (x,z). Par ailleurs, on suppose que /72K [c1||e + %1’2 < 12 (hypothese quantitative
permettant de s’assurer que la fonction x + |x|? est une fonction de Lyapunov pour L).
Notre méthode emploie des arguments similaires & [35] : I’étude se fait via 'EDSR auxiliaire :

T T
Y[ =yt +/t [p (XF,Z5%) —aYd™] ds _/t ZEFAW;, 0<t< T <o, (1.41)

dont la solution vérifie les mémes estimées et converge de la méme maniére. Certaines preuves
nécessitent comme ingrédient supplémentaire une approximation des coefficients par des fonctions
plus réguliéres (ou par une suite de fonctions bornées en ce qui concerne o).

Le comportement en temps long des EDSR de la forme :

T T
=g (i) [ (X 2) ds— [ 2 A, refoT) (1.42)

demande, pour les second et troisieme ordres, d’approximer les coefficients de I'EDS (1.39) et de
I'EDSR ergodique (1.40), ce qui rend la preuve plus technique. Par ailleurs, la preuve du second
ordre nécessite de pouvoir majorer une quantité du type :

sup |¢(x, Vu.o(x)) — ¢(x, Viro(x))|,

xeR4

ce qui justifie, la fonction o n’étant pas supposée bornée, notre hypothése sur le caractere Lipschitz
de 9. Sous de bonnes hypothéses sur la fonction g, on montre la vitesse de convergence :

Y — AT —Y§ —L| < C(1+|x|P)e T

Une fois obtenu ce résultat, il nous est possible de I'appliquer a la résolution d’un probleme de
contrdle stochastique, ou au comportement en temps long de la solution d'une EDP.

Ce chapitre est organisé de la maniere suivante. En section 2.3, nous étudions I'EDS (1.39), dont
la principale nouveauté réside dans l'obtention du basic coupling estimate. Dans la section 2.4, nous
montrons l'existence et 1'unicité de la solution a I’'EDSRE (1.40). Puis, la partie 2.5 est dédiée au
résultat de comportement en temps long des EDSR de la forme (1.42). En 2.6, nous évoquons deux
applications : un probleme de controle stochastique ergodique, puis le comportement en temps long
de la solution de viscosité d'une EDP. Enfin, la section 2.7 est un appendice consacré au caractére
lipschitzien de la fonction v* définie a I'aide de 'EDSR auxiliaire (1.41).
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1.3 EDSR a sauts

Les EDSR évoquées depuis le début de cette introduction ont toutes un point commun : leur
solution fait apparaitre un processus Y continu. La deuxiéme partie de cette these s’intéresse a des
EDSR ergodiques a sauts; nous mentionnons donc dans cette section ce qu’est une EDSR a sauts et
quels sont les résultats principaux s’y rapportant.

Considérons un espace de Wiener-Poisson, c’est-a-dire un espace probabilisé complet, muni d'un
mouvement brownien W et d’une mesure aléatoire de Poisson homogene A (sur [0, T] x R'\{0}),
indépendante de W. De plus, on définit (F}),c[r) comme étant la filtration engendrée par W et
N et augmentée de fagon a satisfaire les hypotheses habituelles. Il est alors possible de définir un
processus N;(A) (parfois aussi noté N(t, A)), pour tout A C R'\{0} mesurable, comme étant le
nombre aléatoire de “sauts de taille A” jusqu’au temps ¢, c’est-a-dire, N;(A) = N(t,A) = N([0,t] x
A). De plus, on définit 'intensité du processus N par la relation :

v(A) =E[N(1,A4)], (1.43)
et, dés que la quantité v(A) est finie, 'homogénéité de A assure que le processus :
(N(t, A) = tv(A)) (o1

est une martingale. On appelle v la mesure intensité de N et on définit le processus de Poisson
compensé par :
N(t,A) := N(t,A) — tv(A).

Adapté a ce cadre, le théoreme de représentation des martingales nous invite a résoudre des
EDSR de la forme :

T T T ~
Yt=g+/t F (5 Ye) Zs, Us) ds—/t ZSdWs—/t /RI\{O} Us(e) N(ds,de), te[0,T],  (1.44)

et dont on cherche des solutions (Y, Z, U) vérifiant :

e Y est un processus adapté, cadlag et tel que E | sup |Ys 2

s€[0,T)

< o0;

T
e Z est un processus prévisible et tel que [E [ / |Zs)? ds} < o0;
0

e U est un processus P ® B(R\{0})-mesurable et tel que IE [/[ IXRI\(0) |Us(e)]? v(de)ds| < oo,
0,T] xRN\ {0
out P désigne 'ensemble des événements prévisibles sur () x [0, T].

1.3.1 Résultats connus

Similairement au théoreme 1.2 de Pardoux et Peng, Tang et Li [58] démontrent l'existence et
"unicité pour des équations de la forme (1.44).

Théoreéme 1.11 (Tang, Li - 1994). Supposons le générateur f lipschitzien par rapport a (y,z, u), uniformé-
ment en (t,w), et

T
E [|g|2 +/0 £(5,0,0,0)]*ds | < co. (1.45)

Alors 'EDSR (1.44) admet une unique solution.
Par la suite, d’autres résultats connus dans le cadre d’EDSR d’horizon fini sur un espace de

Wiener ont été étendu aux EDSR a sauts.
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Buckdahn et Pardoux [11] se sont intéressés a 1’étude d’EDSR markoviennes a sauts. En se don-
nant des fonctions suffisamment régulieres et la solution d'une EDS :

X":x+/tb(Xx)ds+/t(T(X")dW +/t/ B(X*,e) N(ds,de), t=>0 (1.46)
t 0 S 0 S S 0 IRZ\{O} s—7 7 7 = Uy .

la formule d’It6 fournit une passerelle entre I'EDSR :

T T T ~
=g (Xh)+ [ FOgziu s [ ziawe- [ /1\{ U Nids,de), 1€ (0T
t t t R*\{0

(1.47)
et ’équation intégro-différentielle partielle (EIDP) :

{ Opu(t, x) + Lu(t,x) + f (x,u(t,x), (Vu.o)(t,x),u(t,x + B(x,)) —u(t,x)) =0, te[0,T],x € RY,
u(T,x) = g(x), x € RY,

(1.48)
et o1 £ désigne le semigroupe de Kolmogorov de I'EDS (1.46), c’est-a-dire, pour tout ¢ de classe C? :

£9(x) = 3t ()02 T29()) + (b(x), V()
o [0+ B~ 03) = (B(re), Tp()] vide)

Comme dans le cas des EDSR définies sur un espace de Wiener, I'étape suivante consiste a affaiblir
les hypotheses de régularité et a considérer des solutions de viscosité. C’est ’objet de 'article [3]
de Barles, Buckdahn et Pardoux. La preuve du théoréme de comparaison qui suit est basée sur la
formule d’Itd et s’obtient de la méme maniére que la preuve du théoréme 1.3.

Théoréme 1.12 (Barles, Buckdahn, Pardoux - 1997). Soit i : Q x [0, T] x R x RY x R — R une fonction
P @ B(R x R? x R)-mesurable, satisfaisant les hypotheses suivantes :

T
I.JEU Ih(,0,0,0)2dt| < co;
0

2. g h(t,y,z,q) est croissante, quel que soit (w,t,y,z);
3. h est lipschitzienne par rapport a (y,z,q) uniformément en (t,w).

De plus, soit v : Q x [0, T] x R'\{0} — R une fonction P @ B(R'\{0})-mesurable vérifiant :
Ve € R\{0}, 0 < vi(e) < C(1AJe|).

On pose

fezn = (Lyz [ aemlevide) ),

\{0}
et on considere deux conditions terminales de carré intégrable &' et &2 On désigne par (Y, Z', U') la solution
de 'EDSR associée au jeu de données (&', f), pour i = 1 ou 2. Si &' > ¢% P-p.s., alors P-p.s., pour tout
te[0,T], Y} > Y?

Ce théoréeme de comparaison impose le fait que le générateur f doive dépendre du processus
U d’une fagon bien spécifique; les auteurs de [3] fournissent un contre-exemple qui montre que ce
théoreme de comparaison n’est pas vrai si on autorise f a dépendre de U de fagcon quelconque. Des
lors, sans supposer que les entrées de I'/EDSR markovienne (1.47) soient de classe C3, ils obtiennent
'existence et 'unicité d"une solution de viscosité, en se plagant dans un cadre permettant l'utilisation
du théoréme de comparaison 1.12.
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Dans leur article [53], Pardoux, Pradeilles et Rao traitent d’un cas particulier d’EDSR a sauts oit
la mesure intensité de N ne charge que les entiers compris entre 1 et k. IIs définissent un processus
de Markov par la relation :

k—1
Nst'” =n+ Z IN(Jt,s] x {I}) modulok, s>t (1.49)
=1

et considérent 'EDSR markovienne a sauts :

T T
Y = g (XY [ g (1, X0, X0, 28050, W) e — [ 2 d
k=1 ,T _
-Y [ PO NEs A1), selT), (50
I=1"¢
ot le processus X" est solution de ’'EDS :

S S
Xbon = x —0—/t bN;f,n (r, XpX") dr +/t N (r, XpY") AW, s>t (1.51)

Comme a l’accoutumée, 1'unicité de la solution de 'EDSR (1.50), permet de montrer que :

YIM = u i (s, X,

N
ou la fonction u, est définie par u,(t, x) = Ytt - puis d’en déduire l'identification :
HE ()

= UNI (s, X5™") = N (s, X5™") -

Ensuite, a la maniere du théoréme 1.4, ils montrent que la famille de fonctions (uy, ..., uy) est la
solution de viscosité du systeme d’EDP couplées :

Aeui(t,x) + Llui(t, x) + f; (f/ x, ui(t, x), (Oxu;.07) (¢, x), (i (t, x) — u;(t, x))lgzgk—l) =0,
te[0,T],x e R%,1<i<k,

ui(T, x) = gi(x), xeRL1<i<Kk,

(1.52)

dont I'écriture peut étre simplifiée moyennant le changement de variable :
fi <t/ X, YirZ, (Yisl — yi)lglgkfl) = fi (t, X (yl)1<1<klz) ’ (1.53)

et ot L est le générateur du semigroupe de Kolmogorov de I'EDS :
s S
Xs = x+/ bi (r,Xy) dr+/ o; (r,Xy) dW,, s>t (1.54)
t t

1.3.2 Résultats nouveaux sur les systemes d'EDP

Dans le chapitre 3, nous nous inspirons du cadre de Pardoux, Pradeilles et Rao [53], et nous
faisons une étude similaire a celle du chapitre 2.
On considere I’EDS suivante (oi1 le processus N” est défini en (1.49)) :

t t
X = x+ [T () ds+ [ o (X) AW, £20, (1.55)
otl, pour tout 1 < i < k, les fonctions b; sont lipschitziennes et faiblement dissipatives et ot les
fonctions ¢; sont lipschitziennes, a valeurs inversibles et telles que les x + 0;(x)~! sont bornées.

Comme dans le chapitre 2, on dispose donc des inégalités suivantes :

(bi(x),x) < —malx? et oi(x)|E <4 ralxf
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Le point important dans 1’étude de I'EDS (1.55) est ’obtention d'un basic coupling estimate. Cloez
et Hairer [14] se sont déja intéressés a des résultats de mélange exponentiel pour des processus
de Markov avec random switching. Ici, ce random switching provient du processus de Poisson N",
indépendant de W, qui provoque ponctuellement une modification des fonctions intervenant dans
I'équation suivie par le processus X*"*. De fagon résumée, leur théoreme indique que si chacun des
états 1 < i < k est récurrent pour N” (c’est le cas : N" est un processus de Poisson) et que s’il existe
un certain état 1 </ < k pour lequel I'EDS non-switchée :

t t
Gl _ o, 51,
X fx+/0 b (%) ds+/0 o (X:) dw,, +>0, (1.56)

admet un basic coupling estimate (résultat déja démontré dans le chapitre 2), alors on dispose d'un
résultat similaire pour ’'EDS (1.55), a savoir :

[Pilg])(x,m) = Pilgl (v, m)| < C (1+ 22+ y?) e, (157)

ott Pi[¢](x, n) = E[p(Xi")].

Ce résultat s’avere crucial dans la résolution de 'EDSR ergodique : pour tous 0 <t < T < oo,

T T k=1 ,T
Yo =y /t { frur (X571, Z50 HEM) — A} ds — /t ZEM AW, — Y /t HE(1)dM(D),  (1.58)
=1

otl, de fagon semblable au chapitre 2, les fonctions f; sont supposées lipschitziennes par rapport a
(x,z0;(x)~1, ). Dans ce chapitre, on a noté M la mesure de Poisson compensée. La encore, le fait
de ne pas supposer f; lipschitzienne par rapport a (x,z, /) est une conséquence du fait que o; n’est
pas bornée. On maintient 'hypothese quantitative /72|| f||1ip,- 0 Yoo + 372 < 1. Néanmoins, pour
pouvoir utiliser le théoreme de Girsanov, on a besoin d’une hypothese supplémentaire pour traiter
I'intégrale selon la mesure de Poisson compensée : pour tous [, x, z, h et I, les coordonnées du

vecteur (k — 1)-dimensionnel :
. /
o) = fiw )

h— 12

sont toutes strictement supérieures a —1.
Encore une fois, I'étude de 'EDSR ergodique (1.58) se fait a 'aide d’une EDSR auxiliaire mono-
tone : pour tous 0 <t < T < oo,

T T k=1 .1
VP =Y [ g (X7, 250, HY) — ey ds— [ zemnawe— Y [ (1) dML(),
1=1

(1.59)
et les démarches sont similaires en tout point au chapitre 2. La seule réelle innovation dans la dé-

monstration de l'existence d’une solution a I'EDSR ergodique est la suivante. Comme dans [26], par
une extraction diagonale, on exhibe une suite («,) qui tend vers 0 et telle que :

0,1
pour tout 1 < I <k, ocng """ converge.

Cependant, la limite obtenue dépend, a priori, du parametre [. Par passage a la limite dans 1’équation
(1.59), le long d'une certaine sous-suite, on construit trois processus Y*", Z*" et H*" tels que :

T T k=1 ,T
Y = Y 4 /t {Fap (X3, 231, HE) — Ay } ds — /t ZEM AW, — Y /t HY(1) dMs(1),  (1.60)
1=1"

pour tous 0 < t < T < co. En multipliant I’équation (1.59) de part et d’autre par a, puis en prenant la
limite le long de la bonne sous-suite, on obtient alors que, pourtous 0 <t < T < o0, A Ny = A N/ c’est-
a-dire : Ay = -+ = Ag; d’ot1 l'existence d’une solution a 1’équation (1.58). Comme précédemment,
Y*" s’exprime comme fonction de X*" :

V>0, V" = onp (X,
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et cette méme famille de fonctions (v, ..., vx) permet d’exprimer le processus H*" en fonction X*" :
Vit >0, Hf’n(l) = UN" 4] (X;C’n) — UNn (Xf’n) .
t— t—

Par la suite, 'unicité de la solution se démontre comme au chapitre 2. Puis, on démontre un
résultat de comportement en temps long qui relie 'EDSR ergodique (1.58) a 'EDSR d’horizon fini
suivante :

T T k=1 .T
Y=gl [ (xam, 28, D) ds = [Czenaws— Y [CHI () aMs(), e 0T
I=1

(1.61)
Enfin, nous montrons ’existence et l'unicité de la solution de viscosité du systéeme d’EDP ergo-
diques suivant :

Livi(x) + f; (x, (Vv;.09)(x), (v;11(x) — Ui(x))lglgkq) =A tel0,T,xeR,1<i<k (162

Cette solution (v, A) s’obtient en résolvant 'EDSR ergodique. Par ailleurs, le théoréme de comporte-
ment en temps long permet de relier ce systeme d’EDP ergodique au systéme :

orui(t, x) + Llui(t, x) + f; (x, (Vuioi)(t,x), (wig (8, x) —ut, X))1<1<k—1> =0,
tel0,T,xeR,1<i<k (163)
ui(T,x) = gi(x), xeR,1<i<k

On remarque que 'absence du processus Y dans 'EDSR ergodique (1.58) se traduit par I'absence
de la fonction v; dans I'EDP ergodique (1.62). En conséquence, il n’est pas possible ici de réaliser un
changement de variable esthétique dans les équations (1.62) et (1.63), alors que c’était le cas dans les
travaux de Pardoux, Pradeilles et Rao [53] (voir (1.53)).

Ce chapitre est organisé comme suit. En section 3.2, nous étudions I’EDS (1.55) et obtenons un
basic coupling estimate. La section 3.3 est dédiée a 1’étude de I'EDSR auxiliaire (1.59), qui nous permet
d’établir I'exitence et 1'unicité de la solution a I'EDSR ergodique (1.58) en section 3.4. On démontre
dans la partie 3.5 un théoréme de comportement en temps long. La section 3.6 s’intéresse a deux
applications de ces résultats : un probléeme de contrdle stochastique et la résolution d'un systeme
d’EDP de Hamilton-Jacobi-Bellman couplées entre elles. Enfin, la section 3.7 est un appendice pré-
sentant divers résultats techniques.

1.3.3 Résultats nouveaux sur les EIDP

Le chapitre 4 s’intéresse a un autre type d’EDSR ergodiques a sauts. Comme dans le chapitre 3,
I’EDS sous-jacente fait intervenir une mesure aléatoire de Poisson; cependant, ici, elle est a 'origine
de sauts dans I'EDS elle-méme. Plus précisément, on considére 'EDS a bruit additif :

t t
X;f:x+/ & (XY) ds+/ cdls, 30, (1.64)
0 0

ol L désigne une martingale de Lévy, c’est-a-dire un processus de la forme :

t ~
Ly = QWt—I—/O /}Rd\{o}yN(ds,dy).

Le jeu d’hypothese reposant sur cette EDS est le suivant : la dérive & est une fonction lipschit-
zienne et faiblement dissipative, les matrices o et Q sont inversibles et la mesure v (définie en (1.43))
est finie et admet un moment fini d’ordre 2. Ces hypotheéses de travail nous permettent a la fois d’ob-
tenir des propriétés essentielles (déja utilisées dans le chapitre 2) sur la norme S? de X par exemple;
mais aussi d’utiliser directement le basic coupling estimate déja démontré par Cohen et Fedyashov [17],
dans leur pré-publication consacrée a 1'étude d’EDSR ergodiques a sauts.
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Le but est ensuite de démontrer 1’existence et l'unicité de la solution de 'EDSR ergodique :

X(y)N(ds,dy), 0<t<T< oo,

(1.65)
oil le générateur f est une fonction lipschitzienne en ses trois parametres x, z et u. Aussi, on suppose
que f vérifie la propriété :

Y = YT+/ {f (X5, 25, u5) - A} ds‘/ Zs dWs - //d\{O}

flx,z,u)— f(x,z,u') < (u—u')- 'yf””, (1.66)

ott le point central - désigne le produit scalaire dans L?(v) et oli 7 est une fonction mesurable et telle
qu’il existe deux constantes C; €] —1,0] et C; > 0, vérifiant :

Ci(LAlel) < 77" (0) < Ca(1A Jo)-
Cette nouvelle hypothése nous permet de construire un processus -y qui, étant donnés des processus
X, Z, U et U, satisfait :
f(Xe, Ze, W) = f(Xe, Ze, Up) = (Ur = Up) -,
égalité qui s’avere utile lors de l'utilisation du théoreme de Girsanov pour changer de mesure de

probabilité. Encore une fois, ’étude de 'EDSR ergodique (1.65) est réalisée par le biais d"'une EDSR
auxiliaire monotone, vérifiée pour tous 0 <t < T < o0 :

T
YRS [ 00,280, U Y ds - /t Z8% AW, / /. ooy U ) N (s, ).

(1.67)
Similairement a ce qui est démontré au cours du chapitre 3, la fonction v intervenant dans 1’ex-

pression de Y* en fonction de X* :
VE=0, Y =v(X}),

intervient également dans I'expression de U* en fonction de X~ :
V>0, Ui (y) = v (X +oy) —o (XE).

Apres avoir établi existence et unicité de la solution de I'EDSR ergodique (1.65), on s’intéresse
aux équations intégro-différentielles partielles :

Osuu(t, x) 4 Lu(t, x) + f (x, (Vu.o)(t,x), (u(t,x +ce) —u(x))-8) =0, te[0,T],x € R, 68
{ u(T,x) = g(x), x € RY, (1.68)
et Lo(x)+ f(x,Vo(x)oQ, (v(x +oe) —v(x))-8) =A, x€RY, (1.69)

ot I'opérateur L est le générateur du semigroupe de Kolmogorov de I'EDS (1.64), agissant sur les
fonctions ¢ de classe C? par la relation :

Lo(x) = (2(), V() + 5tr (0QQ 0" P9(x)) + S oy 100 09) = 6(x) = (V9(0),9)) .

On remarque l'apparition d’une nouvelle donnée J dans 1'équation (1.69); ceci est dii au fait qu'il
est nécessaire d’ajouter une hypothese supplémentaire sur la facon dont f dépend de u, pour pouvoir
utiliser un théoreme de comparaison et démontrer 'existence d’une solution de viscosité.

Le chapitre 4 est organisé de la facon suivante. La section 4.2 s’intéresse a 1’étude de I'EDS (1.64).
En section 4.3, nous montrons l'existence et 1'unicité de la solution de 'EDSR ergodique (1.65). La
partie 4.4 est consacrée a l'existence et 1'unicité de la solution pour les EIDP (1.68) et (1.69). Le
théoreme de comportement en temps long est démontré dans la partie 4.5 et directement appliqué
aux deux dernieres équations. La section 4.6 aborde un probleme de controle stochastique, et enfin,
la partie 4.7 est un appendice ot sont développées quelques preuves techniques.
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Chapitre 2

EDSR ergodiques dont ’EDS
sous-jacente est a bruit multiplicatif et
non-borné

Résumé

Nous étudions dans ce chapitre des EDSRE pour lesquelles le bruit de I'EDS sous-jacente est sup-
posé multiplicatif & croissance linéaire. Le fait que ce bruit ne soit pas borné est contrebalancé par
une hypothese de dissipativité faible portant sur la dérive de cette EDS. De plus, cette EDS est non-
dégénérée. Nous étudions l'existence et l'unicité de la solution de 'EDSRE et nous appliquons nos
résultats a un probleme de contrdle ergodique optimal. En particulier, nous obtenons le comporte-
ment en temps long de la solution de viscosité d"une équation de Hamilton-Jacobi-Bellman, avec une
vitesse de convergence exponentielle.

Mots-clés : équation différentielle stochastique rétrograde ergodique; bruit multiplicatif et non-
borné; équation HJB; comportement en temps long ; vitesse de convergence.

Abstract

We study in this chapter some EBSDEs such that the noise of its underlying SDE is assumed multi-
plicative and of linear growth. The fact that this noise is unbounded is balanced with an assumption
of weak dissipativity for the drift of the SDE. Moreover, this SDE is non-degenerate. We study exis-
tence and uniqueness of the solution of the EBSDE and we apply our results to an ergodic optimal
control problem. In particular, we obtain the large time behaviour of the viscosity solution of an
Hamilton-Jacobi-Bellman equation, with an exponential rate of convergence.

Key words: ergodic backward stochastic differential equation; multiplicative and unbounded noise;
HJB equation; large time behaviour; rate of convergence.

This chapter will be published in Stochastic Processes and their Applications
(article currently in press and available online),
under the title: Ergodic BSDE with unbounded and multiplicative underlying diffusion and
application to large time behaviour of viscosity solution of HJB equation.
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2.1 Introduction

We study the following EBSDE in finite dimension and infinite horizon: for all ¢, T € Ry such
that 0 <t < T < oo,

YF=Yi+ /tT {9 (X2, Z2) — A} ds — /tT ZX AW, (2.1)

where the unknown is the triplet (Y*, Z*, 1), with:

e Y* areal-valued and progressively measurable process;

e Z* an (R%)*-valued and progressively measurable process;

e A areal number.
The given data of our equation consists in:

e W, an R?-valued standard Brownian motion;

e x € RY

e X*, an R%valued process, starting from x, and solution of the SDE: for all t € R,
t t
XF = x+/ E(XY) ds+/ o (XF) dWs; (2.2)
JO 0

e : R x (R%)* — R a measurable function.

This class of ergodic BSDEs was first introduced by Fuhrman, Hu and Tessitore in [26], in order to
study optimal ergodic control problem. In that paper, the main assumption is the strong dissipativity
of 5, that is to say:

Iy >0, Vx,x' € RY, (E(x) — E(x), x — x') < —p|x — 2.

The strong dissipativity assumption was then dropped off in [22] and replaced by a weak dissi-
pativity assumption: in other words, & can be written as the sum of a dissipative function and of a
bounded function.

A few years later, in [35], under similar assumptions, the large time behaviour of BSDEs in finite
horizon T: for all ¢ € [0, T],

Y —gx)+ [ (x2,22%) s - "z aw, (
t =8 T ; l)b 57 &g S ] s S/ 23)

was studied and linked with ergodic BSDEs. The authors prove the existence of a constant L € R,
such that for all x € R9,
Yi* AT - Y§ — L;
T—c0
moreover, they obtain an exponential rate on convergence.
Those BSDEs are linked with Hamilton-Jacobi-Bellman equations. Indeed, the solution of equa-

tion (2.3) can be written as YtT’x =u (T —t,X}), where u is the solution of the Cauchy problem

oru(t, x) Lu(t,x) + 9 (x, Vu(t,x)o(x)) V(tx) € Ry x RY,
{ u(0,x) = g(x) Vx € RY, (2.4)

and where £ is the generator of the Kolmogorov semigroup of X*, solution of (2.2). Also, the ergodic
BSDE (2.1) admits a solution such that Y;* = v (X}) satisfies

Lo(x)+ 9 (v, Vo(x)o(x)) —A=0 VxeR% (2.5)
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Because the functions # and v built by solving BSDEs or EBSDEs are not, in general, of class C2, we
only solve these equations in a weak sense. In [35], the authors prove that, under their assumptions,
the function v is of class C! and they are able to work with mild solutions. But in this article, we only
prove the continuity of v, so we link the solution of the EBSDE (2.1) with the viscosity solution of the
ergodic PDE (2.5). Viscosity solutions of ergodic PDEs have already been widely studied (see [29]).

The large time behaviour of such PDEs has already been widely studied, for example in [12] and
the references therein: but we do not make here the same assumptions. The authors work on the
torus R"”/Z", and they need the Hamiltonian ¢ to be uniformly convex; on the other hand, they are
less restrictive about the matrix o(x)o(x)* which only needs to be nonnegative definite. They prove
the convergence of u(t,e) —v — At as t — oo, but they do not have any rate of convergence. The
same method has been used in [48] to study the large time behaviour of the solution to the obstacle
problem for degenerate viscous Hamilton-Jacobi equations.

But in [26], [22] or [35], the diffusion coefficient ¢ of the forward process X* is always supposed
to be constant. The main contribution in this article is that the function ¢ is here assumed to be
Lipschitz continuous, invertible, and such that o~ ! is bounded. Moreover, we will need the linear
growth of ¢ to be small enough, with respect to the weak dissipativity of the drift Z: consequently,
in average, the forward process X* is attracted to the origin. The key point is a coupling estimate for
a multiplicative noise driven diffusion X* obtained by the irreducibility of X* (see [20], [16] or [24]):
the proof (see Theorem 2.7) is different from [44], where the author used a bridge in equation (B.6)
and assumed o to fulfil (y,o(x +y) —o(x)) < Aly| with A > 0 not too large. Then, we apply this
result to auxiliary monotone BSDEs in infinite horizon:

T T
V= [y (28 — ey s — [ Zitdws,

where a € R’ (see [9] or [57]); we get that Y is locally Lipschitz with respect to x, and it allows
us to prove the convergence of (Y** — YS"O, VALS tng'O) to a solution (Y*,Z*, A) of the EBSDE, for
every x € R%. We can prove uniqueness for A, but we can only expect uniqueness of (Y*,Z*) as
measurable functions of X*.

In [35], the large time behaviour is obtained when ¢ is assumed to be Lipschitz continuous with
respect to z only. But we could not extend this result when ¢ is unbounded: we need here ¢ to be
Lipschitz continuous with respect to zo(x) ! (it is not equivalent to being Lipschitz continuous with
respect to z when ¢ is unbounded). The price to pay is that we also require the existence of a constant
K such that:

[p(x,2) — (&', 2)| < Kel = | + Kz |z0(x) 1 = o)1

in order to keep the implication “Yj"* has quadratic growth, so its increments have also quadratic
growth”. This part of our work is somewhat technical and is presented in the appendix.

The paper is organised as follows. Some notations are introduced in section 2.2. In section 2.3, we
study a SDE slightly more general than the one satisfied by X*: indeed, it will be the SDE satisfied
by X* after a change of probability space, due to Girsanov’s theorem. In section 2.4, we prove that,
in a way, our EBSDE admits a unique solution, which allows us also to solve an ergodic PDE. The
link between this solution and the solutions of some finite horizon BSDEs is presented in section 2.5.
Section 2.6 is devoted to an application of our results to an optimal ergodic control problem. Finally,
the appendix presents how we keep the estimates of the increments of Y"* with respect to x, despite
our twisted Lipschitz assumption on .

2.2 Notations

Throughout this paper, (W;),-, will denote a d-dimensional Brownian motion, defined on a prob-
ability space (Q), F,P). For t > 0, let F; the c-algebra generated by W;, 0 < s < t, and augmented
with the P-null sets of F. We write elements of R as vectors, and the star * stands for transposition.
The Euclidean norm on RY and (R?)* will be denoted by | e |. For a matrix of M (RR), we denote
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by | e | its Frobenius norm, that is to say the square root of the sum of the square of its coefficients.
The Lipschitz constant of a function is written || e [|;;, and we also write | f[|c = sup, |f(x)| for

a bounded function f. Finally, for any process, | ® |:%’ stands for sup |e;|, and the exponent p is
’ se[t,T]
omitted when equal to 1.

2.3 The SDE

We consider the SDE:

dXy E(t, X)) dt+ o (XF) dW,
Xy = x

Assumption 2.1. We suppose that

e Z:R; xR? = R? is Lipschitz continuous w.r.t. x uniformly in t: precisely, there exist some
constants & and & such that for all t € Ry and x € R, |Z(t,x)| < & + &|x;

e T is weakly dissipative, i.e. E(t,x) = ¢(x) + b(t,x), where ¢ is dissipative (that is to say
(&(x),x) < —#|x|?, with 7 > 0) and locally Lipschitz and b is bounded; this way, there exists
71,12 > 0, such that Vt € Ry, Vx € RY, (E(t,x),x) <1 —malx|%

e 0 : R? = GL4(R) is Lipschitz continuous, the function x + c(x)~! is bounded and for all
x € RY, |o(x)|2 < rp +ro|x %

Remark 2.2.
1. Later on (from Proposition 2.5), we will need to assume that r; is sufficiently small.

2. If o has a sublinear growth, i.e. |o(x)|p < C (1 + |x|*) with « € (0,1), then, by Young’s inequal-
ity, we have |o(x)|2 < 71 + r2|x|?, and r; can be chosen as close to 0 as possible. For example,
we can choose o(x) = ((1+ |x[) 1y <1 + (1 + [x]*)L}y>1)1s, where a € (0,1).

3. o(x) = %(1 + |x|)1; is another example of function satisfying Assumption 2.1. Indeed,

e for any x € RY, o(x) € GLy(R) and o(x) ! = \/T(\{z:%ld is bounded;
2

e o is Lipschitz;

e moreover, ¢ is unbounded and |o(x)[% = %2(1 + |x])2 < rp 4 1o |x)?.

Theorem 2.3. Under Assumption 2.1, for all p € [2,+c0) and for all T € (0, +c0), there exists a unique
process X* € LI, (Q, C([0, T], R)) strong solution to (2.6).

Proof. See Theorem 7.4 of [19]. O

Proposition 2.4. Under Assumption 2.1, for all p € (0,400), and T > 0, we have:

sup E[|Xi["] <E
o<t<T

sup |XF["| <C(1+[x[F),

0<t<T

where C only depends on p, T, rq, 12, §1 and C.
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Proof. This is a straightforward consequence of Burkholder-Davis-Gundy’s inequality and Gronwall’s
lemma. O

Proposition 2.5. Suppose that Assumption 2.1 holds. Let p € (0,+00), T > 0and 7y : Ry x R? — R a

- t
bounded function. The process Wi = Wy — / v (s, X}) ds is a Brownian motion under the corresponding
0

Girsanov probability P*T, on the interval [0, T]. When /72| ||eo + %1’2 < 172, we get:

sup BT [|XF["] < C(1+[xfP),
T>0

where C only depends on p, 171, 2, 11, 2 and ||y || o-

Proof. We start the proof with the case when p > 2.

We will suppose that we have /72|y + (p — 1)%2 < 1. By It0’s formula,
d ~
]EX,T Xx p

= pB*T [IX{1P 7 (XL B (4 XE) + o (XE) y (6, X)) + BBV [1x5 2 o (x0)IE]
i 2
—92) - B d d
+P(P2 >]Ex,T | XF|P 42 <Z(Xf)j‘7(xf)i,j> ]

i=1 \j=1

= -2 -1 1 = -2 2
< PEST [y [XF1P 2 =2 X 1P+ 1XEP o (X e by (8 XE) ] + BEXT [1X21P72 | () ]

—2)~ _
f P D e (12 1o () 3]

-1 - ~ _
< (= pvlr o+ PEZ R ) BT (1517) 4 pymil BT 5177

—1 ~ _
4 <P771 + p(pz)1’1> EXT [|Xf|p 2] ‘

But, using Young’s inequality, we can show, for every & > 0:

d ~ ~ _ _r
SET X SAET [IX1P] + VAlrllee ™ + @+ (p —~ Dra) e 5.

p

We set Ae i= —pii2 + py/Ta 7o + EBr + (p = 1) il lwe T + ((p = 21 + L2000 ) 72
(for € small enough) and this quantity is negative. Hence, for ¢ small enough,

d / 4~ _ _ _r
3 (BN 1)) < e (Vrllvlloe ™ + 21+ (p—Dm) e )
p

~ 1 _ _r
BT (G < 0P i (VA 7+ @+ (p = Dr)e ).

We have been able to conclude the case p > 2 because A, < 0. For the case when p = 2, Itd’s formula
gives:

d 2 = - ~ 2
FET 1P| = 2B (X5 B (4 XF) + 0 (X)) 7 (6, X)) + B [Jo (XD F] -
And we conclude the proof in the same manner as that in the case when p > 2. When p € (0,2), and
under the Assumption /72 ||y||e + %2 < 17, we have
sup E*T [|X§[7] < C (14 |x/7),
T>0
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by use of Jensen’s inequality (with the concavity of x — |x| %) and the inequality (1+z)" <1+ 2%
forz>0and a € (0,1). O

Proposition 2.6. Under Assumption 2.1, the process X* is irreducible, that is to say:

Vt>0,Vx,ze R, Vr >0, P(|XF—z| <r)>0.

Proof. The proof is very similar to Theorem 7.3.1 of [20]. O

u—1
2

Theorem 2.7. Suppose Assumption 2.1 holds. Let y > 2 be such that rp<npand ¢ : RT — RY q

measurable function, satisfying |¢(x)| < cg (1 + |x|*). Then we have,

Va,y € RY, Vi >0, |Pegl(x) — Pelg] ()] < Gep (1+ |2 + [y*) e ™™,

where Py[p](x) = E [¢ (X])] (Kolmogorov semigroup of X) and € and v only depend on 11, 2, 1, 2 and pu.

Proof. For reader’s convenience, we recall here Theorem A.2 of [24].
Lemma. Let X be an hypoelliptic diffusion on R?. Suppose the following additional conditions hold.
1. There exists a function V : RY — R satisfying:

(a) V(x) = coas |x| — oo;

(b) the level sets {x € IRd‘V(x) < c} are precompact for all positive c;

(c) there exist positive constants a and b and a compact set C so that

Vx € RY, LV(x) < —aV(x) + blc(x),
where L is the generator of the Kolmogorov semigroup of X.

2. There exists a point x* such that for any open neighbourhood U of x*, there exists a sampling rate h > 0,
so that for any x € R there exists an n > 0 with P(X*, € U) > 0.

Then the diffusion X has an invariant measure v and this measure is unique. Furthermore, there exist positive
constants B and r so that for all x,

[Pt(x, @) — 7|y := sup
Fev

Jou P Pildy) = [ £(0) wlay)| < B+ Ve,

where V = {measurable f with |f(x)| <1+ V(x)}.

First, hypoellipticity is a consequence of the boundedness of ¢~!. Secondly, we choose the func-
tion V : x — |x|#, and we have:

. |x\” — 00 as |x| — 00,

o {x € R? ‘ |x|# < c} is the closed ball, centred in the origin and of radius c!/#, so it is a compact
set;
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2
-wa—uu“2mamm»+gm”ﬂd@@+”ﬂ;”uw4f<fkwum>

-1 -1
< (= P Y g (o ) a2

-1 -1 o |xf? _
< <—l“72+ le)r2> x| + <P”71 +le)r1) (Ix” 2%ﬂ|x\>R+R” 21x|<R)

-1 -1 -1 _
< (—Mz + wm + L5+ y(}leZ)“) |x|* + (W?l + V(VZ)H> R'215 <k

p(p—1) p p(p—1)
and —Un2 + fi’z + ﬁﬂl + T

The last condition of Theorem A.2 of [24] is satisfied because of the irreducibility of X* (we can take
x* =0, see Proposition 2.6). Then, we get:

r1 < 0 for any R large enough.

P[] (x) — Pe[¢p](y)] < Ecg (1+ |x|F + [y|*) e ™.
Finally, ¢ and ¥ only depend on 71, 172, 71, 2 and p (see [46] and [47]). 0

Assumption 2.8. We write Z(t, x) = ¢(x) + p(t, x) where ¢ and p satisfy the following:
e pis a bounded function;

e ¢ is Lipschitz continuous and satisfies (Z(x),x) < 11 — #72]x|2, with #; and 7, two positive
constants;

e o is the pointwise limit of a sequence (p,) of C! functions, with bounded derivatives w.r.t. x
and uniformly bounded by ||p||co-

As before, we still suppose the following:
e 0:R? — GL4(R) is Lipschitz continuous;
e the function x — (x)~! is bounded;

o Vx € RY, |o(x)|2 < 11+ rax %

Corollary 2.9. Suppose Assumption 2.8 holds. Let y > 2 be such that \/73||p]|ec + ¢ ; L
¢ : R — R measurable with |¢(x)| < cg (1 + |x|*). Then we have,

ry < 1o and

Vx,y € R, Wt > 0, [Pigl(x) = Pelgl(y)] < op (14 [xfF + ly[*) e,
where € and U only depend on 111, 12, r1, 12, w and ||p||co-

Proof. We set 0, a function close to o on the centered ball of R? of radius 7, equal to I outside the
centred ball of radius 1 + 1 and of class C! with bounded derivatives on RY ; on the ring between the
radius n and n + 1, 0, is chosen in such a way that o~ 1o, is bounded, independently from n. This
way, the function &, : (¢, x) — &(x) + 0, (x)pn(t, x) is Lipschitz continuous w.r.t. x. We denote X"*
the solution of the SDE:

dX* =B, (8 X) dt + o (X)) dW;,

Xp" = x.

We can write, for every & > 0:
€2

- 2r
(@t 3), ) < = gl 4 (V7 + VERlD el < o+ D157 — [ = VRl = 5| o
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Then, when ¢ is small enough, for any ¢ with polynomial growth of degree y, Theorem 2.7 tells us
that ¢;; and 7, are independent of n, and we have:

36,7 >0, ¥n € N*, Vx,y € R%, Vi > 0, [E [ (X"¥)] — E [4; (X;W)] ‘ < ey (1+ |xf# + [y|F) e ™

Our goal is to take the limit; let us show that E [¢ (X]")] —2 E[p(X{)]. Let U be the solution of
the SDE

uz = x+/0tg(u;() ds+/0ta(u;‘) AW,
We can write: Xj'"* = x + /Ot E(XP¥) ds + /Ot o (XI) dW.", where
Wi = Wi [ (X2 (X0 s (s, X2) d
is a Brownian motion under the probability P(") = Pt (X™*)P on [0, T] and where
P X = exp (= [ (o (X0%) 3 (XE) (5, X2) AN

_,/ ‘ an an)pn( ’Xg,x)

2
ds> .

t t t

Similarly, X; = x —i—/ ¢(X7) ds +/ o (X7) dW ™), where Wt(°°) =W, —1—/ p (s, X7) ds is a Brow-
0 0 0

nian motion under the probability P(*) = p% (X*) P on [0, T] and where

t
(6 = exp (= [ (o050, W) = 5 [ lp(s XD ).
0
By uniqueness in law of the solutions of the SDEs, we get the equalities:
E[p (X)) =E™ |pf (X)) o (Xp)] = E [p (U)oU)

Efp (X)) = B [ (x) ¢ (xD)] = E [ () o up)].

But 0,(t, x) = o(t,x), so we have p (U*)™! L, pe (u) !

n—oo

. We just have to show that the

sequence (p}' (U*) ™), e+ is uniformly integrable, in order to show that E [¢ (X})] — Efp (X{)]-
We have:

B ()]

1)2
¢ t
— exp (2 [ (0 (0% 0 (X0 i 5,0 W) [ [ (X0%) (X0 o 5, 30°)

? ds)]
’ ds)
? ds)

t
< [ewp ([t (X070 (30 o 5, 30%) ) = 3 [ (0) L () (5, 22%)
0

t
E {exp <10 | o () o (x2) (5, X2%)

< exp (St (d2 + HUIHi) ||P|oo> < o0.
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2.4 The EBSDE
We consider the following EBSDE:
T T
vo<t<T<oo,y;‘:Y%+/ 9 (X, Z5) — A] ds—/ Z¥ dW, (2.7)
t t
and we make the following assumptions.

Assumption 2.10.
e Vx € RY, |p(x,0)] < My(1+ |x|);

o Vx,x' € RY, Vz,2 € RY, |(x,2) — 9 (¥,2')| < Ky |x — X'| + K, |zo(x) ™! — 2o (x')71;

4

e Z:R? — R is Lipschitz continuous, |Z(x)| < & + &|x|;

°
[1]

(x) = &(x) + b(x), with ¢ dissipative and locally Lipschitz and b bounded;

(E(x),x) < 51 — n2|x|? for two positive constants 77, 17;

o : R? — GL,(R) is Lipschitz continuous;

x — o(x) ! is bounded and |o(x)|2 < 11 + ra2|x|?;

VrK;

r
U*1H +2< 2.
o 2

Remark 2.11. In most papers, the function ¢ is assumed to be Lipschitz continuous. We make
a slight modification of this assumption in order to have some information about the second and
third behaviour (we refer to Theorem 4.4 of [35] for the meaning of these behaviours). But ¢ is still
Lipschitz continuous w.r.t. z, with a constant equal to K, Ha’l || .- Moreover, ¢ is still continuous
w.r.t. x.

2.4.1 Existence of a solution

Theorem 2.3 ensures that the process X* is well defined. We introduce a new parameter « > 0
and we consider a new BSDE of infinite horizon:

T T
WO <t < T < oo, YM¥ = YMF 4 / [ (X5, Z8%) — aY®¥] ds — / 7% AW, (2.8)
t t

Lemma 2.12. Under Assumption 2.10, for every x € R and a > 0, there exists a unique solution (Y&*, Z%¥)
to BSDE (2.8), such that Y** is a continuous process bounded in L' and Z*~ € L% 1oe(Q, L2(0, 00; (RH)*)).

C

Also, for every t > 0, < o (14 |X7|), P-a.s., where C only depends on My, 11, 12, 11, 12, K; and

o,x
Yt

lo= Y|, The function v™ : x — Y§* is continuous, and for every t > 0, Y* = v* (X}) P-a.s.

Proof. For the upper bound for Y**, see Theorem 2.1 of [57]. The main difference is that we do not
require (e,0) to be bounded. Uniqueness only needs boundedness in L' and not almost surely
boundedness. The continuity of v* is a consequence of a straightforward adaptation of the Theo-
rem 2.1 of [57] when (e,0) is no more assumed to be bounded and proposition 2.1 of [25]. The
representation of Y** by X* comes from Lemma 4.4 of [57]. O
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Lemma 2.13. Under Assumption 2.10, for every a € (0, 1], we have:

Vx, x' € ]Rd,

o (x) —v*(x")] < C <1 + i) (1+ [x|+ |x']) [x — x|, (2.9)

where C only depends on Ky, Kz, My, 11, 12, 11, 12,

o !

oo’ 61/ 1E1ip and [|o[|yip-

Proof. See Theorem 2.35, given in the appendix, with f : (x,y,z) — ¢(x,z) —ay and g = v*. It uses
the estimate of Lemma 2.12. O

Remark 2.14.

1. If o and (e, 0) are bounded and E and ¢ are of class C!, then, Theorem 3.2 of [36] tells us that
0" is of class C!. Then, we can apply Theorem 3.1 of [43] and write Z{"* = 9,0* (X}) o (X}).

2. The Lipschitz constant given by the last lemma depends on &, and this constant goes to infinity
as « goes to zero.

Lemma 2.15. Let ¢ : R? x (RY)* — R continuous w.r.t. the first variable and Lipschitz continuous w.r.t.
the second one. Let {,{' : Ry x RY — (R%)* be such that for every t > 0, {(t, ®) and {'(t, ®) are continuous,
and set:

=] o gop OV TEED) T A,
0, (%) = (8, ).
Then, there exists a uniformly bounded sequence of C' functions w.r.t. x with bounded derivatives (Ty),>1

(ie. for all n, T, has bounded derivatives w.rt. x — the bound of derivatives can depend on n — and
sup,;5q |[Tn(t, ®)||eo < co for every t > 0), such that T, —2 I pointwise.
= n—oo

- { ¢(xr é(t/ x)) — 1,[](9(, g’(t,x))

Proof. See Lemma 3.7 of [35]. O

Proposition 2.16. Under Assumption 2.10, there exists a constant C, such that for every « € (0, 1], we have:

Vx,x' € RY,

v (x) —o*(x')| < C (1 +x2+ |x’\2).

The constant C only depends on 111, 112, 11, 12, K5,

Proof.

o Y|, and My.

1. We approximate o by a sequence (¢°), of functions satisfying:

e 0 converges pointwise towards ¢ over R

e 0° is bounded (the bound can depend on ¢) and |U€(x)|%_- < +ralxf?
; 1 .

o ofisof class C* and |||y, < [[ol1ps

e x 5 ¢(x)~! is bounded, the bound is independent of .

We also approximate Z by a sequence (&f),., of C! functions which converges uniformly.
One can check that the functions &¢ are “uniformly weakly dissipative”, because the functions
Ef — ¢ are uniformly bounded. Moreover, ¢ is approximated by a sequence (¢°) of functions
satisfying:

o [Yf(x,z) — (¥, 2))| < Ky|x — X'| + K, |za‘€(x)’l — 2ot (x)71;

7
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e )*(e,0) is bounded;
o [ (x,0)] < My (1 + |x[);
e (1*) converges pointwise towards .

We consider the BSDE:
T T
Yts,zx,x — Y’?OL,X +/t {lps (Xg,xl Z;l,ﬂt,x) _ D(YSS,U(,X} ds _ /t Zg,a,x dWs,
where the process X** satisfies the following equation:

t t
Xpt = [ E () ds+ [ of (X) al

This BSDE has a unique solution (see Lemma 2.12), and |Y;**| < = (1+|X}|) P-a.s. and for
every t > 0. Thanks to Theorem 3.2 of [36], we have Z;** = Vo** (X{*) 0* (X;*) PP-a.s. and
for a.e. t > 0, and v®* is of class C!. We define:
¥* (x, Vot (x)o (x)) — $*(x,0)
It (x) = [Voss (x) ()
0, otherwise.

20O

Vot (x)of(x), if Voo (x) #0,

Then, thanks to Lemma 2.15, we can approximate I'** in such a way that we can use Corollary
2.9.
We can rewrite:

—dYet = {qf (X%, 0) + ZOFTeR (Xo¥)* — ayfr‘*fx} dt — Z&* dW,.

But I'“* is bounded by K. [|c™1|,,, and there exists a probability P T under which the

. t
process Wi = W; — / % (X%*)* ds is a Brownian motion on [0, T]. Finally, we get the
0
equality:
A T
vs,zx(x) — ]Ee,uc,x,T |:e—1xTU£,tx (XST,X) +/() e—aslps (X?x/ 0) dS:l )

On the one hand, using proposition 2.5:

‘I’Es,oc,x,T [efaTvs,zx (X%x)} ‘ < efucT%]’Es,lx,x,T HX%x

| —o.
T—o0

On the other hand, X¢ satisfies the following SDE under P&**T:
dX( = [E° (X7) +0° (XP) T (XPY)'] de+ o (XY) dWE,
Thanks to Corollary 2.9, we get:
‘]’Ee,tx,x,T [l[)e (Xf/x,O)] _ feax,T [IPE (Xf,x’,o)} ’ < 2M¢Ee*ﬂ (1 + |x|2 + |xl|2> )
where ¢ and ¥ only depend on 17, 112, 11, 12, Kz and [|c™1|| .. As a consequence, we get:
|.0€,zx (x) e (xl)| — lim /T e—ut (I/Es,zx,x,t [IPS (Xe,x 0)] B ]’Es,tx,x’,t [l[)s (Xs,x’ 0)}) dt
T—o0 | JO £ b
< /00 e*lxt

0
. N M
< 2/ e McMye " (1 +x2 |x’|2) dt < 27"’ (1 +x2 |x’|2) .
0

(2.10)

Bty (50 -5y (.0)]
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2. Now, our goal is to take the limit when ¢ — 0. Let D be a dense and countable subset of
RY. By a diagonal argument, there exists a positive sequence (g, ), such that (v°»*) converges
pointwise over D to a function 7*. Because the constant C in equation (2.9) does not depend on
g, 7" satisfies the same inequality. Let (K;) be an increasing sequence of compact sets whose
diameter goes to infinity. The function 7* is uniformly continuous on K, N D, so it has an
extension, still called 7* for simplicity, which is continuous on Kj,. Passing to the limit as 1 goes
to infinity, we get a continuous function on RY, and it is the pointwise limit of the sequence

_ - C
(ve%), . We denote thx,x = 7" (X}); we have Y?'x

< =
«
[43], we have, for every T > 0 :

(1+|Xf]). Using the Lemma 2.1 of

E [| X% - X*

*,2 = me )2 T en (X xy (2
i) <cilE—= L T+E| [ o™ () — o (xP)P at] |

By dominated convergence, this quantity goes to 0 as n goes to infinity. Also by dominated
convergence, we get:

]EUOT

3. We will show that there exists a process Z"" belonging to L%?,loc(Q/ L2(0, 00; (R%)*)) which

€n,0,X XX €n,0,X X
Yt Y Yt — Yy

n—o0

2 2
dt}—>0and]E{ }—)0.
n—o0

. T X —a,x|? —0,X Sa,x\ . .
satisfies [E [/ ’Zt”’ T =7y dt ? 0, for every T > 0. Indeed, (Y A ) is solution of
0 n (o)

BSDE (2.8); by uniqueness of the solution, v* = 7* and taking the limit in the equation (2.10)
gives the result.

Let n < m € IN, we define Y = Y&w&* — Yem®X and 7 = Zen®X — Zem®X We have:

dY; = aYedt + (yom (XEme*, ZemX) — gin (XEm¥, ZE*Y)) dt + Zy W,
=

Thanks to Itd’s formula, we obtain:
T 2 ~ 12 T
E [/0 ‘zt‘ dt} <E UYT‘ } _2E [/0 Ytlptdt} .
But, we have:
W’t| < Ml[) (2 + |Xf"”x’ + |Xf”x|) +K, (‘Zf””xa‘g”’ (Xfm,x)fl‘ + ’an,xaen (an,X)ﬂD '
So:

E UOT ‘Zt‘z dt} <E U?Tﬂ +2TMyE “?

(25 ey 1)
o 2 [T, f 0z
t
) 0,T Jo

*,2 T E1,0,X
OT} and for E [/ |z
! 0

Sﬂ < C(1+|x[?), where C only

*
0,T

+ 2K,

[z

)dt}.

Now, we need to estimate the bounds for IE {|X€""‘

2 dt} indepen-

dently of n. Thanks to Proposition 2.4, we have [E {|X8"'x
depends on T, rq, r2, ¢1 and ¢». Also, we have:

T T
]E{ [ 1z dt}gm[|y;w|ﬂ+zm {/ Yo g (Xf”'x,Zf”""'x)|dt].
0 0
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But, using the estimate of Lemma 2.12,

Py (X5 2 ) | < (X5 ) (Mg (1 [X5) + K

CM 2K2 —1/2
14 4

-1 €n,0,X
M)

1 a2
) djgnsp

Finally,

T C? CMy  C2KZ[jo |3
X |2 o ns
JEM | ZEwa| dt}<{4a2+8T< 4 zllo”] )}(H]E[p(e x

*,2 .
o,T]|)

it proves, after using Proposition 2.4, that the sequence (Z®**) is a Cauchy sequence in
L%(Q,L2([0, T], (R%)*)); we can define its limit process zZ" e L%,IOC(Q, L2(0,0; (R%)*)), and
it satisfies the convergence we claimed.

o

O

Proposition 2.17. Under Assumption 2.10, there exists a constant C, such that for every « € (0, 1], we have:

Vx, x' € RY,

o (x) —o*(x)| < C (1 +x2 |x’|2) x — x|

The constant C only depends on 11, 112, 11, 12, K,

oY My, Ky, [|E]|1ip and || ||ip-

Proof. See Theorem 2.35 given in the appendix, with f : (x,y,z) — ¥(x,z) —ay and g = v~ O

Theorem 2.18 (Existence of solutions to the EBSDE). Under Assumption 2.10, there exist a real number
3 . . . — . . e — X

A, a locally Lipschitz function o, which satisfies v(0) = 0, and a process Z~ € ngllocﬁﬂ, L2(0, 00; (R%)*))
such that if we define Y; = ©(XY), then the EBSDE (2.7) is satisfied by (Y',Z",A) P-a.s. and for all
0 <t < T < oo. Moreover, there exists C > 0 such that for all x € R?, [5(x)| < C (1 + |x|?), and there
exists { measurable such that Z; = { (X¥) P-a.s. and for a.e. t > 0.

Proof. The strategy is the same as in Theorem 4.4 of [26]. We give a sketch of the proof here for
completeness.

Step 1: Construction of 7 by a diagonal procedure.
For every & > 0, we define 7"(x) = v*(x) — v*(0); we recall that [7*(x)| < C (1+|x|?) and
lav®(0)| < C, with C independent of . Let D be a countable dense set in RY; by a diagonal
argument, we can construct a sequence («,), such that ("), converges pointwise over D to
a function 7 and a,v* (0) ’H—go A, for a convenient real number A. Moreover, thanks to the

previous proposition:

3C >0, Va € (0,1], Vx, ' € RY,

7*(x) — 2% (x)| < C (1 + x4 |x'|2) x — «'].

Because it is uniformly continuous on every compact subset of D, 7 has an extension which is
continuous on R?. Then, we can show that 7 is the pointwise limit of the functions 7** on RY,
and then 7 is locally Lipschitz continuous and has quadratic growth.

Step 2: Construction of the process Z.
We will show that (Z%*), is Cauchy in L% (Q; L2([0, T}; (R9)*)) for every T > 0. Then, we will

N Am X

be able to define Z* € L% 1oc (B L2(0, 00; (R?)*)). Whenn < m € N, weset Y = Y —Y
and Z = Z%* — 74X we have:

dY; = —prdt + (Y[ — ap YY) dt + Zi dW,
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where ¢; = ¢ (XF, Z{"*) — ¢ (XF, Z{""). Thanks to Itd’s formula:
T .2 ~ |2 5 T _ . T ~
E [/ 17| dt} —E UYT‘ } — Yo? +2E [/ l/Jthdt} _2E [/ (cn Y27 — ayy YEY) Ytdt]
0 0 0

T, |~ T, .
R Uo Y| |2 dt} +4MyE [/0 id dt} .

By the Cauchy-Schwarz inequality, and noting that

~ 12
<E UYT] } 12K,

~ |~ ~ 2 1 -2
0| [21] < |l I+ g 2]
we obtain:
el [ 2] af <2m[[af] aeo L] [ ] @] +smpvre] [ |5] dtf.

Dominated convergences (using Propositions 2.16 and 2.4) give us the result claimed.

Step 3: (?x,fx,X) is a solution to the EBSDE (2.7).
Taking the limit in the BSDE satisfied by (Y*»*, Z%%) gives us:

Y :?’}Jr/tT v (x5,7) -2 ds—/tTZCdWs.

Step 4: Z' can be represented as a measurable function of X*. We fix T > 0. Here, we denote
Ao := %% — t¥ By standard calculations, for every a € (0,1], x,x" € R

T 2
E U IAZ| dt]
0

<E [|AY

53]+ 2K TE [|aY (s 7 18X 1] + 2K

T
R U AY[E 1 |AZ)] dt]
] JO 4
T
o ]EU AY[] dt}
(] 0 ’
-1 2 *,2
o e o)
,1 T *
- Hw]E{/O NG dt}

But, using the Cauchy-Schwarz inequality and the estimate at the end of the proof of Proposi-

tion 2.16, we get:
T
][,
0 )

Using Lemma 2.1 of [43] and Propositions 2.4 and 2.1y, we finally get:

]E[/OT

where C is independent of x and x/, but depends on a and T. For every x € R?, the sequence

T
(IE { / |z — Zgm |2 dt} ) is bounded (it converges). By a diagonal procedure, there
0 n<meN

14K, ze

<2E {|Ay|gﬂ + 4K, TE [|AY\3T |AX|3/T} +2K?

+8K; ze

1
Zx dt} < CE [|Ay|gﬂ2 (1+ |x]).

/
A
Zt Zt

2
dt} <C (1 + |x|* + \x’|4) lx —x|2, (2.11)

exists a subsequence (a;,) C («) such that:

T ! !
VxeD,Vn<meN,E [/ ‘Z:"l'x_z:‘m,x
0

2
dt] <270
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Equation (2.11) extends this inequality to R?. The Borel-Cantelli theorem gives that for a.e.
t€[0,T), Zi"* — Z; P-as. Set
n—oo

- lim,, C% (x , if the limit exists,
I = { e

0, elsewhere.

For a.e. t € [0, T], X¥ belongs IP-a.s. to the set where lim,, {% (x) exists; Z; = { (X¥) P-a.s. and
fora.e. t € [0, T].

O
2.4.2 Uniqueness of the solution
Theorem 2.19 (Uniqueness of the parameter A). Let p > 0; we suppose that
VrKs
and that Assumption 2.10 holds. We suppose that, for some x € R?, (Y',Z',\") verifies the EBSDE (2.7)
P-a.s. and for all 0 < t < T < oo, where Y' is a progressively measurable continuous process, Z' €

L%,,IOC(Q, L2(0, 00; (R%)*)) and A’ € R. Finally, we assume that there exists cy > 0 (that may depend on x)
such that

| +lpv-1F <

Ve 0, Y]] < cx (14 XG1).
Then A' = A.
Proof. We define A=A —A,Y =Y ~Y and Z = Z' — Z. We have:

A= Mz - (x07)] - X [ Ziaw,
We denote:

§ (X0, 2D - r (42) 5 7,40

X _ ~
T = ’ Zs
0, otherwise.

- ~ t
There exists a probability P*7 under which W} = W; — / ¥2* ds is a Brownian motion on [0, T].
0
Then,

7= L5 V-] < Len (2 P+ BT )+ (2 e+ B x5 )) ).

We conclude by taking the limit T — oo and using Proposition 2.5. O

Theorem 2.20 (Uniqueness of the functions v and (). Let p > 0; we suppose that

VraK;

| _+lpva -1Z <

and that Assumption 2.10 holds.

Let (v,¢) and (v, {) be two couples of functions with:
e 1,7 : R = R are continuous, |v(x)| < C (1+ |x|P), |5(x)| < C(1+ |x|P) and v(0) = (0) = 0;

e 7,0 :R¥ — (RY)* are measurable.
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We also assume that for some constants A, A, and for all x € R, the triplets (v (X}), (X¥),A) and

(5(X}),T(XF), A) verify the EBSDE (2.7).
Then A = A, v =9 and { (X)) = { (X¥) P-a.s. and for a.e. t > 0 and for all x € RY.

Proof. By Theorem 2.19, we already know that A = A. We denote Y} = ou(X}), Z¥ = {(X¥),

l?tx = 9(X¥) and ZF = ~(Xj‘). We approximate the functions &, o, ¢, v and 0 by sequences (EZ°),

(0), (¥%), (v) and (7°) of C! functions with bounded derivatives that converge uniformly (only on
every compact set for the approximations of v and 7). We require that for all € > 0, the bounds on the
derivatives of E¢, 0 and ¢° are independent of € and v*, v* have polynomial growth (with constant
C and exponent p, all independent of €). In the sequel, x € R?, T > 0 and & > 0 are fixed. Let us
consider the following BSDEs in finite time horizon:

dY;* = —[p*(X7", Z;") — Al dt + Z7* AW,
Yy = o (XYY),

dY5* = —[pf(XE*, Z%) — A]dt + Z8* dW,,
Ve = (X5,

t ot
where X{* = x + / EE(XEY) ds+ / o® (X&) dWs. We denote
0 0

AYF =YF = Y7, AZF = ZF = ZF, A" = YP¥ = Y[ and AZ]Y = 2% — Z

This way, we get:
T ~
a5 -B vy = | [ o052z -y (30, 2)) @,
0

; _
AYS* —E [AYH] = E M v (X7, 257 =y (X, 27| dt} '

By subtraction, it leads us to:

NGNS

<1E[ Lotz -y (Xf”SZ?")\dt}%{/;\w(ﬁ,fi‘)—ws (xi*z7) dt]
+ E [J[o(X7) — o°(XF)|] + E [|o(XF) — 7°(XF)]] -

Set 6X{" = XF — X;*, 6Y;* = Y[ — Y[  and 6Z;"* = Z} — Z;"*. We have:

+Kello™ oo [6Z5] + 119 — 97| -

[ (X5, 28) = 9 (X5, 207) | < (Ko + Kel 23l g lo 12 ) 05
Using Lemma 2.1 of [43], we get:

E [jox**|57] <Cr (I8~ &% + llo - o*|1%)
T
Our next goal is to estimate E [ / |6z~ |2 dt} . We see that (6Y;*,6Z;) is solution of the BSDE:
0

A0V = — [y (X, 20) - (X7, 207)] de + 625 d,
M=o (X3) - (X7).

Using Lemma 2.2 of [43], we get:

T T
E [/ 675 |? dt} < CrE {|v(x§) — o (X%"){ZJF/ g (XF, ZF) — ¢ (XE5, Z5)|* dt| .
0 0

We need to prove that E “v (X7) — o (XF) |2] —0:

e—0
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o on the one hand, using uniform local Lipschitz property,

E UUS(X%) _ UE(X%X)F} <C (1 + E [|X" S:ﬂl/z +E {|X£'x|8:ﬂl/2) E {|5X8'x|(>§:ﬂ v 3 0,

o on the other hand, for any R > 0, we have
2
E [0~ v) (X0 P Lgran] < o~ oI o
2 4)1/2 1/2
E [|(0— o) (X5 Uz o] <E [[(0 =) (XD P (X5 > R)Y

1/2 ~
<C (1 +E [IX%|8]1/2> E[X3F] °  CO+ )

R h R

S 5
For any R > 0, limsup E {|(v - vg)(Xﬁﬂ < C(I%M)

e—=0

,ie E U(v - vs)()@)ﬂ — 0.

e—0

Finally, we obtain: |AYJ — AY(”| e 0. By Theorem 3.1 of [43], because ¢, v* and ©* have
£—

bounded derivatives, there exist continuous functions {5 and % such that: Z&* = 5 (t, Xi"*) and
Zf’x = 5 (t,X}”") P-as. and for a.e. t € [0, T]. As usual, we linearise our BSDE; so we set:

¢ (x, 05 (4, x)) —f{f (xréi(t"”) (g5t 2) = (b, 0) i85 (t0) # Gt %),

Irltx) = 25 (t,x) — o (t, )

0, otherwise.

The process T (t, X;*)" is bounded by K. o~}

o Dy Girsanov’s theorem,

t
werT — Wy — /0 T5 (s, X¥%)" ds

is a Brownian motion on [0, T] under the corresponding Girsanov probability Q7. AY** is a Q7"-

martingale and we get:
AYy* =B [AYE] = B [(of - %) (X)) = P5 [of - ] (),
where P7 is the Kolmogorov semigroup of the SDE:
duy = [E°(Uf) + o (UF) T (1, UF)*] dt +0° (Uf) dW,.
Using Lemma 2.15 and Corollary 2.9, we get:
[P5 [of = ] (x) = P [0 = 3] (0)] < C (14 [x["2) ™7,

where v and C are independent of & (because the polynomial growths of v* and 7* do not depend on
¢). Finally,

Ve >0, VT >0, Vx € RY, [AYS™ — AYSY

<C(14[x2) e

By taking the limit as & goes to 0:
VT >0, Vx € RY, |(v — %) (x)| = ‘AYS‘ - AYS’ <C (1 + |x|W2) e T,

Taking the limit as T goes to infinity leads us to v = ¥. Then, uniqueness of { is the consequence of
Itd’s formula. O

39



2.5 Large time behaviour
In this section, we always suppose that

p—1

VAK: .

1y < 7]2/

0'71H +

with p > 2, and we keep working under Assumption 2.10. Indeed, we have seen in the previous
section that, under this assumption, there exists a unique triplet (v, {, A) such that (v (X7), (X7),A)
is a solution to EBSDE (2.7), v is continuous with quadratic growth, v(0) = 0 and { is measurable.
Let ¢T be a real random variable Fr-measurable and such that ]Q’T‘ <C(1+ ’Xﬂp ). It will allow us

to use Proposition 2.5. We denote by (Y;*, Z]*) the solution of the BSDE in finite horizon:

T T
=gt [y (x5 20 as— [ zEran.

Theorem 2.21. We have the following inequality:

T,x
Yo

C(l |x|P)
< - 7
A

~X T 7

T,x

where the constant C is independent of x and T, and in particular: OT . A, uniformly in any bounded
—00

subset of RY.

Proof. For all x € R? and T > 0, we write:

T,
Yoo
T

Yo —Y§ — AT
T

i}

T

Al <

B

First of all,

Y§| = |v(x)| < C (1+ |x|?). Also, by the usual linearisation technique, we have:

T,x X T X T T,x X Tx T Tx x
YI¥ Y AT =¢ —v(XT)+/O (78 - zF) . ds—/o (287 - 72 aw,

where
T,
v (X520 —w (X3, 25)

T 2
:Bt ‘ZtT,X _ ZZY

(2l -z), itz]l* # 73,

0, otherwise.

The process BT is bounded by K ||U_1Hoo and by Girsanov’s theorem, there exists a probability

_ t

measure QT under which W/ = W; — / BI* ds is a Brownian motion on [0, T]. This way, we can see
0

that:

Yo =Yg = AT| = [EQ &7 —o(x)]| <EQ [[e7|] + B o (xp)l] < € (1+EQ [IX517]).

Thanks to Proposition 2.5, we get: sup EQ" [IXF|"] < x(1+ |x|P), where « is independent of x. [
T>0
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Theorem 2.22. We suppose that T = g (X%), where g : R? — R has polynomial growth:
Vx € R, [g(x)] < C(1+ x]?)

and satisfies:
vx,x' € RY, |g(x) — g(x')] < C(1+ |x|P + [¥|F) |x — ).
Then, there exists L € R, such that: Vx € IRd, YOT X AT — Yy T—> L. Furthermore,
—00

Vx € RY, VT >0, [V — AT - v§ — L‘ <C(1+]xP)eT,

Proof. We will consider the following equations:

dYJ" = (XY, Z) ds + 2 AW Y = ur(s, Xg),
YT,t,x _ Xt,x — Th £ .
T = g(Xy") see Theorem 4.1 of [25];
dYe* = —{p(Xy", Ze") — Abds + ZoNdWs | YEY = o(xEY),
YRS = o(XY) solution of the EBSDE;
dYPr = (X, 28 ds + Z8 AW Y = ul (s, X,
YR = g (XY where u® is C! (see appendix);
dlzs”'t'x = —y"(XPPY, ZE) ds + Z AW, . Y = it (s, XY,
Y = o(XERY) where i is C! (see appendix);

where ¢",v" € C} converge uniformly on every compact towards g and v; also, we take (E"), and
(0™), some sequences of C} functions that converge uniformly towards Z and ¢ and define X"'* as
the solution of the SDE

{dxg'” = B(XIY ds 4 o (XE) AW,
X:”t’x xX.

Step 1: Approximation of the function .
We set p(x,9) = ¢(x,q0(x)) ; p is Lipschitz, and we approximate it by a sequence of C} func-
tions (p") which converges uniformly on R? x (R?)*. Then, we define a function " satisfying;

. "(x,q), if x)| <mn,
B (m)={ 8,( 7 if }Zggxgbf(n),

where f () is chosen such that " and p" have the same Lipschitz constant. This way, p" v

uniformly on every compact, and p" € C}. We set ¢ (x,z) = B"(x,z0"(x)"1) and 9" € C}.
Moreover, we have the following:

B = ") (0,2)] < [(p = 0") (x,20() ™) Ly + 20p(x,20() ) Lo
B (x,20(x) ") = B"(x,20" () 71)|
< llo = p"llo +2(Mp (1 + [2) + Kz [0 ool 2D Lapon + Kl 2 o = 0" o2

+

Step 2: Growth of wf.
We set wl.(t,x) = ut(t,x) — !t (t,x) and wr(t,x) = ur(t,x) — A(T —t) — v(x). By uniqueness
of viscosity solutions (see [25]), we have u7.(0,x) = u’t, ¢(S, x) and u7.(0,x) = w7 (S, x).
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Lemma 2.23. We have: Ve > 0, VT > 0, HGT >0, Vx € RY, Vn € N*,
lo(x) — (0, x) + AT
<Cr {113 (o () = o (X)) + llp — 0" 1%, + (IIE — B2+ [lo— o3 + ;) (1+ 1xpe+9) } :
Proof. We set 6Y!" = YX — YI* + A(T —s) and 6Z! = Z¥ — Z!"*; then,
doVy! = AV — AV — Ads = {y" (X0%, Z0) — 9 (X2, 25) } ds+ 677 dW..

We will use [8]; to use the same notations, we set f(s,y,z) = ¢ (XF, Z¥) — " (X, Z¥ — z). We
have:

£(5,9,2)| < llo = 0"l + (2My (14 |XE)) + 2Kz 07| 1221) Y7215

2
o7 Ml = 0"l + K X3 — X2

+ K- |ZZ|

2
+ K 122 Nl ||| 1% = X2 + K o™

| =t fot Alzl.
[e¢]

T _ -
We define F = / fs ds; because F € LZand 6Y" € S2, we get, E “(SY”
0

2 ~
i } < Ce?VTE “(sygz
0,T

‘ H 52 (/ 12| ds)zl
(1 x03) ( 11|ZX>nds>2]
</0T 1251 zg) 5 ds)

Thanks to Lemma 2.1 of [43], we have:

2
+P2}.

We just need an upper bound for E [F?]:

E [FZ} < 6T*K2E [\X’f

2
i3] + 62l o

| X* =

+6T2|jp— p"[12, + 48MZE

2 4
+24K2 a*lH E + 6K> a*H o — o || A E
[ee] o

(f =10 |

Vi >2,3Cr, > 0, E [|X* = X"¥|5h] < Cry (I - &l + o — o).

Moreover, we have, for every a € (0, 2]:

&

T]l d i I ! (12} — Zx i E ! 7Y% d ’
x < ds <
(/0 |ZE|>n 5) /0 (1Z5| > n) d / | T [/0 1Z5 ] 5]

|4
T 2
We also recall - see [8] — for p > 1: E [(/ \Z;‘|2 ds> ] < Cur (1 + |x|2ﬂ), because v has
0

quadratic growth. Using the Cauchy-Schwarz inequality and the above remarks, we get:
2 _ —_1112 5 1
E [1—“2} <Cr (|P ="l + <||a — 2|2+ |lo— ™A + — (1 n |x|2(2“)) ,
for every £ > 0. -

Lemma 2.24. We have: Ve > 0, VT >0, 3C7 >0, Vx € RY, Vn € N*,

Jur (0, x) — uf (0, )|
X n n,x n L =n 1 t
<cr{E[lsn - )]+ lo -1+ (12— 21 + 1) (1+1210P) ).
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Proof. The proof is essentially the same; the main difference is that the exponent p appears in
2
T 2 2 14
(f ) ). o

We keep in mind the following results:

the following inequality (see [8]): E zI0x

<Cpr (14+E [|y70

[} (0,%) —wr (0, ) < Cr {E |[g (X§) — " (X§*) [* + o (x§) =" (X)) ?]
_ony2 n n 1 (2+e)p
o= e+ (2 -2+ o= o1 + 57 ) (1411007 ],
[wr(0,%)] < C(1+ |x|?).

Step 3: Variation of w.(0, e).
We write:

~ T ~
Ynx Ynx _ Ynx Yner/ X? X,Zn x) 71/)71 (X;q,xrzsn,x)} dsi/o {Zgl,x 7ZSn,x} dW..

We have Z{"* = o,ult (s, X¢" x) (XE¥) and ZI* = 9,k (s, X&) o (XU"¥) (see Theorem 3.1 of
[43]). Consequently, ZI* — ZI"* = d,w! (s, X{™¥) 0" (X&*). We define the following function:

P (x, 05 ult(t, x)o" (x)) — " (x, 05k (¢, x)0" (x)) - ; .
|axw%(t, x)o’”(x)’z ( wa(t, x)(f (x)) ’
if t < T and o,w!(t,x) # 0,

Bi(t ) = § 9" (5,2 (T, 000" (1)) = 9" (1, DTHT ") sy

9520 (T, %) ()
if t > T and o,w’ (T, x) # 0,
0, otherwise.

The function 7} is bounded by K, HO'_l‘

o’ Wi = Wy — /t BT (s, X2*) ds is a Brownian motion
on [0, T] under the probability Q.. Because ’
P (XU, ZE) g (X, Z0) = (20 = Z8) B (5, X2,

we have:

wh(0,%) =Yg — Vo' = B9 [yt - V| = B [g" (X§) —o" (XfY)] = PRIg" "] (),
where P" is the Kolmogorov semigroup of the SDE:

du; = &" (Uy) dt + " (Uy) (AW + B7 (¢, Uy) dt).

By Lemma 2.15 and corollary 2.9, we get:

|wh(0,x) = wh(0,y)| = [P} [g" — "] (x) = PE[g" = 0"] ()| < Cucgron (1+ [x]7 + [yl") e,
where ¢, and v, depend only on %y, #2, 11, 12, K; and |e~|eo; also cgn_on is the constant
appearing in the p-polynomial growth of ¢" — v": it only depends on ¢ — v and is independent
of n. So:

36,7 >0, VT >0, Vx,y € R?, ¥ € N*, |wh(0,x) — wh(0,y)| <1+ |x|P +|y|P) e "T.

(2.12)
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Step 4: Upper bound for o,w (0, e).
We use Theorem 4.2 of [43]; for every T' € (t, T], we have:

axu’]{(t,x):]E|: (T/ Xntx Nntx+/ Xntx Zntx)Nntde:|
axfﬂ%(t,x):]E[ (T’ Xntx Nntx+/ Xntx Zntx)Nntxds]
1 s
where N/"t* = p— ( / (a” (Xf't'x) v X!t x) dWr> . By subtraction:
- t
axw’%(t, X) —E [Uﬁr (0 Xntx Nntx + / Xntx Zntx) o 1/)” (Xg,t,x’Z;fl,t,x) } Nsn,t,x d5:| ]

By Itd’s formula, we prove that:
2 —_ 2 2
F < (212 lhp + o1, ) VX247

with M a martingale starting at 0. We set A = 2||E||y;p + ||¢7||12ip and we get:

d|vXxyh ds +dMs,

E [| VX[

} < d2eMsh),

Then, for any s € [t, T'],

T () = [

Recalling that (x,q) — ¢"(x,q0"(x)) is Lipschitz, we obtain:

9w (t, x)|
T
[+« =

1 T 1
1 4 Kz/t E [ |00 (s, X04%) /] B [ | N2t

[ 2d|jo | ar
A, ©q T
<E||lw_p (O,X;/ x) ] e 1)

@ H‘leooe/\(TLt).

e
E UNQ ! s—t

Xn A, x vxn,t,x 2
"oIF

dr] <

<E [|wf_p (0,X3%) | |Ngt

n (Xg,t,xl Z;q,t,x) _ l[)n (X;z,t,x, Z’g,t,x)

[N | ds

2}% ds

- 1
n n,t,x 2|2 nt,x
<E||wt 5 (0, X% E || N2

_ art (T 3 ds
+1<de01HooeAzT/t E [[oxw} (s, x04%) 7] =

Thanks to Step 2 and Proposition 2.5, we have the following upper bound (for any & > 0):
|

2 - =2 2 1
C(1+1) + Cror (87 4o ="+ (IE =W + e =012 + 52 ) (1 W20P) ),

0, ntx ,O,X”’t’x 2 O, ntx ’O’Xn,t/x 2
where A} = E | v (XT 5 ) —o" <X;T,T' ) + ’g (XT e ) —g" (X?T/T' ) . So, for
any ¢ > 0,
|0 (¢, x)|

<{ear )+ crn (Var + o=l + (12 =l +llo = 0"l +n78) (14 [4{0H7) ) |

dlle™ o a0 _ ar T 217 ds
xiT/_?ez(T t>+szHc7 1Hme2/t IE“wa%(s,X;'x)‘ }2 —
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dywi(t,
Let us take { > p; we set ¢7(t) = sup W Using the appendix, we see that:
x€R4 x

|0xwr (£, x)| < [9xur(t, )| + [xtip (£, x)[ < C(1+ [x[F).

This proves that ¢/ is well defined on [0, T); moreover, it is bounded on every set [0, T’], for
1

every T' < T. Also, for every s € [t, T'], [|awa (s, Xb¥) ﬂ P gh(s) (1 + |x|§) where C is

independent of T and x. We get, for € small enough

[t (¢, )|

1+ |x|¢
d HU*lHooeg(Tut)

An,x
&~ Bl + [lo = 0" oo +17?)
T —t

<{c+cT_T/<1+x‘g+||p 0"l + (1
T ol
Pr(s)
cr [ ds.
+or t s—t ’

We can take the supremum when x € RY, and by a change of variable, it can be rewritten as

Pr(T' —t)
AT oIy 20
<{C+Crp | su + ot (IE=E" |+ o= 0"l +n72 e ot
{ roT <x€]151+|x|g lo=#"leo + (12 = &"ll + llo = "] ))} Y
=a(t)

+ CT// L)T ’7t_u >d-M/

T' < T. We use the Lemma 7.1.1 of [30]; indeed, the function a is locally

where 0 < t < .
/ATZ X
integrable on (0, T'), since sup 15 | |€ is bounded independently of . We get
x€R?

t
(1) +Cr [ E'(Cp(t =) a(u) du,

PH(T 1) <a

and the integral is well defined, since E(z n;) T %Z :_ 0 is C! and E'(z) L os N Choose
t =T and get:
|97 (0, x)|
du
n ! _ ¢
(-} F| (1+1F).

T/
C+ CT—T’,T"Y?"/ (0) +Cp /O E’ (CT/(T, — u)) {C + CT—T”YT’

ATZ,X
t
T el C (12 =2 o+ o = o+ 7).

where we denoted 7/, () = sup
x€R?
Step 5: Taking the limit when n — co. From Theorem 2.21 and equation (2.12), we get easily
3C >0, YT >0, Vx € RY, |wr(0,x)| < C(1+|x|7), (2.13)
(2.14)

36,7 >0, YT >0, Vx,y € RY, |wr (0, x) — wr(0,y)| <E(1+|x|P +|y|P)e T
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The function wt has no reason to be C!, so we use the mean value theorem:

Wi (0, x) — wi(0,y)]
(1+ |x¢ + [y[) |x —y|

!

< |:CT’/O E" (Cp(T" —u)) {C+ Cr_py (T } +C+CT 17 (0 )]~

Our next goal will be to get an upper bound for 7,. Let R > 0; we denote &« = { — p;

1,0, X% 2 1n,0,X"t*
E (|- (x5 ) - (57

4
1

n,t,x
nOXT

T-T/

1

2 n,t,x
n,0,X."
A

P(’XT—T/

1
2
>R>

1

th‘| 2

>R

n,t,x
n,O,XT,

% E T-T

x

< CE

nOXntx

1+ |x|2P+e
< CT—T’,T’|R7,X

p>4

Rﬂt

By Proposition 2.4 and Lemma 2.1 of [43], we get:

0 Xn/t,x n0 Xn,t,x
7! ARy

We can do exactly the same with g and g"” replaced by v and v". This way, for any R > 0:

2
E

<Crpp (14 1x2) (I2—&")% + o = o"|1%,)

Anx
sup 1+| ‘C S

d <Crpr (R 412 = Bl + 10 = 0" lles ) 118 = 8" o 0,0 + 1l =
xeR

B(0,R) -

To sum up, we have:

Ya >0, VT >0, 3Cp >0, VT > T/, 3Cr_p v >0, Vx,y € RY, VR > 0, ¥n € N*¥,
w0, x) = wh(0,y)] (1+ |x|"** + |y|P**) " x —y| !
SC+Crpr (R’% FE=E"lo + 0= 0"l + 118 = 8" llooB(0,r) + v — v”IIm,s(o,R))

— " ||oo,B(o,R)> }

E' (Cp(T' —u))

T ®
+ [ {er+crmp (R +I2-2 o +llo ="l

ES

We take the limit as 7 and then R go to the infinity: for every a« > 0,
YT’ >0, 3Cp >0, VT > T/, Vx,y € RY, |wr(0,x) —wr(0,y)| < Cpv (1 + |x[PF% + |y|P+) [x —y].

Step 6: Convergence of wr(0,e) when T — oo.
Thanks to Equation (2.13), by a diagonal argument, there exist an increasing sequence (T;);cn
with limit +o0; a function w : D — R, with D ¢ R? countable and dense, such that (wTi(O, °))i
converges pointwise over D to w. Equation (2.14), with x,y € D, tells us that w is equal to
a constant L on D. The same equation, with x € RY and y € D, gives us that w = L on
the whole R?. Let K be a compact in R?; we define A = {wr(0,e)[¢|T >1} C C(K R); it
is equicontinuous, because wr (0, ®) is uniformly Lipschitz. For all x € K, the set A(x) =
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{wr(0,x)|T > 1} is bounded (see equation (2.13). By Ascoli’s theorem, A is relatively compact
inC(K,R). Let x € K,

|wr,(0,x) — L| < |wr,(0,x) — wr,(0,0)| + |wr,(0,0) — L| < &(1+ |x[") e " + |wr,(0,0) — L],

which proves that the functions wr, (0, ®) converge uniformly to L on K. So L is an accumulation
point of A. Since A is relatively compact, if we prove that L is the unique accumulation point
of A, then, we get the uniform convergence of wr(0,e) to L on K. It works for any compact
K C R, and L does not depend on K. We conclude:

Vx € RY, wr(0, x) — L.

—00

Step 7: L is the unique accumulation point of A.

Let weo x be an accumulation point of A, i.e. HwT_/(O, ®)|y ~ Weok| —0, for a sequence (T7).
1 (e

| =
Again, the equation (2.14) tells us that we x is equal to a constant Lx on K. Our goal is now to
show that L = Lg. Now, Y" and Y" will follow the same equations as before, but their terminal

conditions will be given at time T + S. So,

_ s _
Wl o(0,%) = Y — Y = YI — Y7 +/ o,z — gt (g, 7)) dr—/o {zp -7} aw,.
We define the function:

lpn (X, axu;%_‘rs(t, x)o.n(x)) _ wﬂ (JC, axzﬁ'%+s(t, X)O'” (x)) (axw%_;,_s(tr x)o,n(x))* )

dxwh g(t, x)o"(x)
if t < Sand axw’%+s(t,x) #0,

Prs(tx) = #" (x,0xtth5(S, ¥)0" (x)) — ¢" (v, E)XZuN’ﬂS(S,X)U”(x)) (Oxw, (S, x)0" (x))",

0xwWh, (S, x)o™(x)
if t > S and d,wh (S, x) #0,
0, otherwise.

_ t
Ul Wi =W; — /0 B (r, X;) dr is a Brownian motion on

This function is bounded by K ||o~
[0, S] under the probability QT-5"**. This way, we can write:
wh(0,x) = BQ" Y8 - V8| = BO" [whys (S, X47)] =B [wh (0, X¢7)]
= Ps [wr (0, 0)] (x),
where P" is the Kolmogorov semigroup of the SDE:
dUy = 8" (Uy) dt +o" (Up) (dW: + B (t, Uy) dt) .

Without loss of generality, we can suppose that T; > T/, for every i € IN. We take T = T/ and
S = T; — T/. This way:

vx e RY, Py, [wT/(O )] (x) = wh(0,x) —» wr,(0,x) — L.

1—00

Now, to prove that L = L, it suffices to show that lim lim sup Pp. T {wT,(O )} (x) = Lg. We

i=00 00
have:

‘PT T! {wT'(O )] (x) = LK’
< [Ph g [0, 0)] (%) = w0, )| + [l (0,%) = wrs(0,%)| + |y (0, %) — L],
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1mwmﬂpﬁqyp%axq]u>—L4suquﬁpgqy@@«Lq}u)—w%mﬂﬂ+¢wﬂww)—LK.

n—oo n—oo
Thanks to Lemma 2.15, ,B’%S is the limit of C!-functions, uniformly bounded, with bounded

derivatives (B}Y) 1oy We define L™ as the solution of the SDE:
AUy = & (U) de+ o™ (U (dWe+ B (1, Up) dt).
Thus,
P o0 (- 0.0] - i B o (028%,)] -t 05
<t ot (0037,) w00

T,—T!

m—ro0 1
14 s
J+ 1) e,

and the constants ¢ and v are independent of n, m and Ti’ . Thanks to Proposition 2.5, we have
E UU;"’J‘ p} < C(1+ |x|P), with C independent of 1, m and t. So,

< E(l +limsup E Hu"“‘

T,—T!
m—o0 !

Py [ (0,0)] () =@l (0,2)] < C (1 + [x]?) e,
with C and v independent of # and T/. And we can conclude that L = Lg.

Step 8: Speed of convergence. Let x € R and T > 0. We have:

[or(0, ) = L| = lim Jwr(0,x) — wy(0,x)] = lim lim [0} (0,x) — w} (0,

T : n _ pn n
= ‘}l_fgonlg{}o |w'(0,x) — Py _1 [wh(0,0)] (x)],

where P is the Kolmogorov semigroup of the SDE:
du; = &" (Ut) dt + o (Ut) (th + :Brll",V—T (t, Ut) dt) .

Like before, we use Lemma 2.15 and Proposition 2.5, and we get:

[wr(0,x) ~ L = lim_lim [} (0,%) — lim E [} (0,Uj")]|

< limsup limsup limsup E [|w% (0, x) — w (0, Up*p)|] < C(1+ |x|P)e T
V=00 n—oo m—»oo

2.6 Application to Optimal ergodic problem and HJB equation

2.6.1 Optimal ergodic problem

In this section, we apply our results to an ergodic control problem. The proofs of the following
results are so similar to the ones of [35] that we omit them. As before, we consider a process X*
satisfying:

ot ot
X =x+ / & (XY) ds—i—/ o (XX) dWs,
JO 0
where E and ¢ are Lipschitz continuous, Z is weakly dissipative with (E(x),x) < 51 — 72|x|?, the

function x — o(x)~! is bounded and |o(x)|% < rq + r2|x[%. Moreover, we pick u > 2 such that
u—1

rp < 172. Let U be a separable metric space; we call “control” any progressively measurable
U-valued process. We consider some measurable functions satisfying the following assumptions:
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e R:U — R? is bounded;

e L:RYxU — R satisfies : 3C > 0, Va € U, Vx,x’ € R?, |L(x,a) — L(x,a)| < C|x — x/| and
[L(x,a)| < C(1+[x]);

e g:R? — R is continuous, has polynomial growth and is locally Lipschitz continuous: for every
xand ¥’ in RY, [g(x)| < C(1+|x[) and |g(x) — g(x')] < C(1+ [xf + [x'|F) [x — '|.

Let X* be the solution of the SDE (2.6); for any control a2 and horizon T > 0, we set:

T T 2
p7" = exp (/o o (XH) 'R (ap) dW; — % ‘(T(Xf)_l R (at)’ dt) and P}" = p7"IP over Fr.

We define the finite horizon cost as:
T
P (x0) =7 | [T L0 ) &t + B3 s ()],

and the optimal control problem is to minimise |7 (x,a) over the controls a’ : Q x [0, T] — U. We
also define another cost, called “ergodic cost”:

1 T
J(x,a) = limsup —E7* [/ L(X},at) dt] ,
T—oo T 0
and the associated optimal control problem is to minimise J(x,a) over the controls a2 : Q x Ry — U.
t
Due to Girsanov’s theorem, W/ = W; — / o (X¥) "' R (as) ds is a Brownian motion on [0, T] under
0

P7" and
dX{ = [E(X]) + R (ar)] dt + o (XF) AW,

We define the Hamiltonian in the following way:

P(x,z) = inf {L(x,a) +za(x)_1R(a)}. (2.15)

acl

We recall that, if this infimum is attained for every x and z, by Filippov’s theorem (see [45]), there ex-
ists a measurable function y : R x (R%)* — U such that: ¢(x,z) = L(x, y(x,z)) +zo(x) "'R(y(x, 2)).

Lemma 2.25. The Hamiltonian ¢ satisfies:
o Vx € R, |p(x,0)] < C(1+|x|);
e Vx,x' € RY, Vz,2/ € (RY)*, |p(x,z) — p(x/,2')| < [ Llltip % — x| 4 [ Rl |zo(x) ™! = 2o (x) 7.

Lemma 2.26. For every control a, we have: ™ (x,a) > YOT *, where YT~ is part of the solution of the finite
horizon BSDE:

T
g (XY) +/ (xz,2%) ds—/ ZT¥dW,, vt e [0,T]. (2.16)
t

Moreover, if the infimum is attained for every x and z in equation (2.15), we have | (x, ET) = YOT *, where we
set al = y(X¥, Vu(t, XF)o(X7)).

Lemma 2.27. For every control a, we have: J(x,a) > A, where A is part of the solution of the EBSDE:
T T
G :Y%+/ (9 (X5, Z5) — A} ds—/ ZXdW,, YO<t<T < co.
t t

Moreover, if the infimum is attained for every x and z in equation (2.15), we have | (x,a) = A, where we set
= 71X, Vo(X[)o(X))-
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Theorem 2.28. For every control a, we have:

liminf
T—o0

M)

Moreover, if the infimum is attained for every x and z in equation (2.15), we have
]]T (x,ﬁT) —J(x,a) T - Y5 — L‘ <C (1 n |x|2) e,

Proof. This is a straightforward consequence of the previous lemmas and Theorem 2.22. O

Remark 2.29. All the results of this subsection can be rephrased in terms of viscosity solution of
PDEs (2.17) and (2.19).

2.6.2 Large time behaviour of viscosity solution of HJB equation

We consider the ergodic PDE:
Lo(x)+ 1 (x, Vo(x)o(x)) —A =0, (2.17)

where L is the generator of the Kolmogorov semigroup of X*, solution of (2.2). We recall that the
couple (v, A) is a viscosity subsolution (resp. supersolution) if:

e v:R? = R is a continuous function with polynomial growth;

e for any function ¢ € C? (le, ]R) , for every x € R? of local maximum (resp. minimum) of v — ¢

Lo(x)+¢(x, Vo(x)o(x)) —A >0 (resp. <0).

Proposition 2.30 (Existence of ergodic viscosity solution). Under Assumption 2.10, the couple (v, A)
obtained with the solution given in Theorem 2.18 is a viscosity solution of Equation (2.17).

Proof. Note that we already know that v is continuous and has quadratic growth. The proof of this
result is classical and can easily be adapted from Theorem 4.3 of [51]. O

Proposition 2.31 (Uniqueness of ergodic viscosity solution). Let p > 0; we suppose that

_ r
VrKzllo™ e + [(pV 2) —1152 <12

and that Assumption 2.10 holds.
Then uniqueness holds for viscosity solutions (v, A) of Equation (2.17) in the class of viscosity solutions such
that Ja € R?,v(a) = (a) and v and  have polynomial growth of at most degree p.

Proof. The proof is the same as in Lemma 3.18 of [34]. Let (v, A) and (3, A) be two viscosity solutions
of (2.17). We fix T > 0, and we consider the solution (Y, ZT*) of the BSDE

T T
Y=o (xh)+ [ {w (x5 207) —afas— [ zPraw, tefoT)
linked to the Hamilton-Jacobi-Bellman equation

{ Orut(t, x) + Lu(t, x) + ¢ (x, Vu(t, x)o(x)) = A VY(t,x) € [0,T] x RY, (2.18)

u(T,x) = v(x) Vx € RY.
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Because this PDE has a unique viscosity solution (see [51]), we can claim that v(x) = YOT *. We define
a couple (?T'X, VAL ) by replacing in the previous equation (v, A) by (3, A). Then, for any T > 0 and
x € R%:

(0-9) () = (0-) () + [ {0 (x5.25) g (x5, 20) b as— (= 2) 7 [ {205 - 70} aw,

We set
g (x5, 20%) -y (x2,207)
~ 2

zIx _zIx

0, otherwise.

~ * ~
. (2lx=zl), szl # 77,
-

Since the process 8 is bounded by K, Ha‘l || by Girsanov’s theorem, there exists a new probability
measure Q7 equivalent to IP and under which W — f(; Bs ds is a Brownian motion. Then:

(v—9) (x) EQW@—%(X%)]_(A_K).

T T

Thanks to Proposition 2.5 and the polynomial growth of v and 7, letting T — oo gives us A = A.
Applying the same argument as that in Theorem 2.20, we deduce the uniqueness claimed. O

We recall the Hamilton-Jacobi-Bellman equation:

opuu(t, x) + Lu(t, x) + v (x, Vu(t,x)o(x)) =0 V(t,x) € [0,T] x RY, (2.19)

u(T,x) = g(x) Vx € RY, 19
whose viscosity solution is linked to BSDE (2.16) via YtT’x =u (T —t,X{). We can rephrase Theorem
2.22 as:

Theorem 2.32. We consider Equations (2.17) and (2.19) and we suppose that Assumption 2.10 holds; more-
over, we assume that ¢ : RY — R? has polynomial growth and is locally Lipschitz continuous: for every x
and x' in RY, |g(x)| < C(1+|x|*) and |g(x) — g(x")| < C(1+ |x|F + |x'|M) |x — x| with p > 2 and
_ -1
VAKello oo+ E5 = <o
Then, there exists L € R, such that: Yx € RY, u(T,x) — AT — v(x) = L. Furthermore,
—

[ee]

Vx e R, VT >0, |u(T,x) — AT —v(x) — L] < C(1+ |x|#)e VT

Acknowledgment. The authors would like to thank both referees for their careful reading and
constructive suggestions, which helped them to considerably improve the presentation of the paper.

2.7 Appendix about the Lipschitz continuity of v*

We consider the forward-backward system, where X is a vector in RY, Y a real, Z a row with d
real coefficients, and W a Brownian motion in IR?:

X = [0 () are [ () am, (220)

T T
Y=g (X4) 4 [ (XY 20 dr - [z aw (221)

The first result is an adaptation to our case of the Theorem 3.1 of [43].
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Proposition 2.33. We make the following assumptions:
e 0 € C'(RY,GLy(R)) and b € C1(R?, R?) have bounded derivatives;
e the function o(e)~1 is bounded;
e ¢ € C'(RY R) has bounded derivatives;

o if we define h: (x,y,p) — f(x,y, po(x)), then h € C'(RY x R x (R?)*,R) has bounded derivatives
(the bounds of the derivatives of h will be denoted Hy, Hy and Hy w.r.t. x, y and p);

o Vx € RY, |f(x,0,0)] < My (14 [x[M).
Then, the function u : (t,x) — Ytt’x is of class Cl wrt. x and
Vs € [t, T], ZL* = 0yu (s, XI*) o (XIY) P-as.
Proof. We will prove the proposition in the case d = 1, to simplify presentation.

Step 1: We have, forall p > 1:

([ 1t o) ccomo e e (o)), o

where C comes from Lemma 3.1 of [8] and Cr depends only on p, u, T, r1, ||o||1ip, [6(0)], [|b|1ip
and M.

14
T 5
Step 2: We will show: Vp > 2, Vx € R?, E |ytate — yhx :;’ + </t |Zst"‘+£ — Zg"‘]z ds> 1 = 0.

Let (t,x) € [0, T] X R be fixed. We define, for any ¢ # 0,

t,x+e _ ytx t,x+e _ vix t,x+e _ 7tx
vxe = XX Gy YT YT e 2227
€ € £
We also define the solution of the variational system:
" "
VX =14 [ 0:b (X0) VX dr 4 [ 00 (X07) VX, AW (2.23)
Jt Jt

T
VYs = dxg (X5) VX + / [0:f (©1F) VX, 40, f (OLF) VY, +3.f (OLF) VZ,] dr
S
T
- / VZ, dW,, (2.24)
S

where O stands for (X, Y, Z). For every s € [t, T], we have:
T T
VY= giVXi+ [ [AVX+ VY + £OVZ] dr - [ VZiaw,  (@2s)
S S
1 1
where ¢ = / 0xg (X%x + wsVX%) dw, fi(r) = / Oxf (O +we(VXE,0,0)) dw,
0 0

1 1
fy(r) = / oyf (@ + we(VXE, VY, 0)) dw and fi(r) = / 0-f (O + weVO:) dw.
0 0

In order to apply Proposition 3.2 of [8] later; we set
1 1
i(r,y,z) ;:/ Oxf (OFF + weV (VXS 0,0)) dw vx§+/ Ay f (OF +we(VXE, VYE,0) dwy
0 0

1
+ /0 0-f (@Y + weVOE) dwz.
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This way, we can check that:

i(r,2)] < (Hx+Hp 7%

e ) VX[ +Hylyl + Hy ||| 12,
lp [o¢]

=i,

T T
I::/ irdr<C<1+/ |Z] dr) VXl s
t t ,
T P12 1
E[|I|p]<c<1+E[(/ |Z£’x|2 dr> ] ) [|VX€ *ZP}Z‘
t

By Step 1 and the convergence of VX® in S*, E [|I|?] is clearly bounded independently of «.
Using Proposition 3.2 of [8], we are now able to say that, for a great enough,

T NG
VYL 4 (/ vz dr)
’ t
Step 3: Some dominated convergences. Thanks to the previous step, we have, for all p > 2
T
: J
| (
T . T T
JEM (1) = £0) dr} — 0, lE[/t

In fact, the first, third and fourth convergences are easy to prove since f have bounded deriva-
tives. Also, the inequality

< CeTY (058l E [|[ VXS] + E[I7]) .

g — 89

p} ;;0' E

e—0

fer) — 20| drﬂ o,

g0 - 20 @] o

e—0

|02 f (O +we(VXE,0,0)) — dxf (OFF)| < 2Hy +2H, Ha—l th |28 |

allows us to use dominated convergence to prove the second convergence.

— 0.
e—0

T
Step 4: We will show that: Vx € R?, E [|VYS - VY|:’% + (/ IVZE — VZ|? ds)}
' t

Combining equations (2.24) and (2.25), we get:
AYS = giAXs + (g5 - 82) VXr
+ / ! (VX = fUNVX, + F(NAY; + f(AZ + BE(r)| dr — / " azzaw,,
where we set

B(s) = [f5() = 0] VY + [ - £ (0] vz,
AXE = VXE —VX;, AYE = VY —VY; and AZE = VZ¢

T
E [|Ay€ ;"%+/ AZE|? dr} < CIE{
’ t

— VZs. Lemma 2.2 of [43] gives:

geAXs + (85— 8b) VXT‘Z

+/

2
F(r)VX; = VX + () dr} .

First,

d

ZEAXG + (g5 gx)VXle}gznaxgll [lAX|}+zu«:[ ]1]E{|VXT|4F§)>O,

-8
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T
by Lemma 2.1 of [43]. By dominated convergence, we get [E [ / \BE(r) dr] = 0, and then
t e
1

([ ([ Lol )]
([

Step 5: We conclude that d,u exists and that d,u(t, x) = VY/**, for all (£, x). See Theorem 3.1 of [43].

2 1
FE(r)VXE— f(r) VX, dr} <2E [|AX€ ;*;;%] ’E

1
2

£ - d)] 0.

e—0

+2E [|VX°] ‘|

Step 6: We will show that d,u is continuous. Let (t;,x;) € [0,T] x RY, i = 1,2, with t; < t,. To
simplify, we write:

O = (XI,Y',2') = (X, Ylis, 2%) , filr) = 3xf (©}), fy(r) = 3yf (©}), filr) = 0:f (©}),

gh = 0xg (X&) , bi(r) = 0yb (X;) and 0l.(r) = 0,0 (X;) .

We set AX, = VX! — VX2, AY, = VY! = VY2, AZ, = VZ! — VZ2 and Apy[¢] = ¢* — ¢?, for
any ¢.

|0xu (£1,x1) — Oxut (£, x2)]

E [givx% +/ ' {A0VX + VY + vz} dr]

_E [g,%vx% + ! [F0)VR 1 RV + £V Z2) dr]
} dr_

+ ‘512 [fy] (7)‘ vY;

<E|

£ |vxr

+|fin| oy}

+

£||vz

§1VX}E - VX3 [ [
1

+1EU;{

f; (”)Zxr

+ B lf] (0] |V

+ [[3ufl [AY:

+10:S o [B2Z:| + [Bra [£2) ()] [V 2|} ar]
First of all, { /: {|[A0|[x] + 0uf ]l |V + o-f s [V 22 }dr] — 0, by dominated

*,2
convergence, because IE “VXl‘ + ’VYl

*,2 T 1
+ / vz
t, T t

71
tT §

2 T
ds—i—/
t

) 2 N
dS] <C {||axg||§olE “AXT‘ } +IE UAlz (8]

+]E[/t:<

+ )512 [fy] (r)‘z ‘VYE

2
ds} < oo. Using
Lemma 2.2 of [43],
*,2 T |
+ ANZs
t2, T ty

E “ZY : ‘vx%ﬂ
2

Aol 3] +]an s 0 |[vx2

B lg] 0] [v22

) el)

We can adapt Step 2, we replace (t, x) by (t2, x2) and x + h by Xg’xl and get:
* * T 2 %
Vp>2,E ‘Xl—x2 4 +‘Y1—Y2 Ty (/ 7zl — 72 ds) ] — 0.
tz,T tZrT tZ
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’

Using dominated convergence, for any function ¢ bounded, E [’lekp] T} — 0. Since

</t2T 2dr>2 <oowehavelE[/ {fx()ZX,2+

sum up, we have shown that |01 (t1, x1) — 9xu (f2,x2)| —> 0 when t; — t; and x; — x,. We
can prove it when t, — t; and xo — x;: dyu is continuous on [0, T] x R%.

ta,

, 2
E Z, } dr} — 0. To

Buz [ (VX2

Step 7: To show the relation Vs € [t, T], ZI* = 9yu (s, X¥) o (XL¥) P-as., we can do the same as
in Theorem 3.1 of [43]. We approximate b, o, h and g by functions b?, o, h®* and g* which
are of class C* with bounded derivatives (and the bound is independent of €), and converge

uniformly. Then, (¢¢) ! converges uniformly to ¢~ !. We define a function f¢ (we want it to
approximate f and to be smooth) by f¢(x,y,z) = hf (x,y,z0%(x) ") and this approximation sat-

isfies the inequality |f*(x,y,z) — f(x,y,z)| < ||h* — h|| + Hp|z| H (o5) ' — a‘lH . Like before,
results from [8] are useful to adapt the end of the proof in [43].

O

Lemma 2.34. Under the same assumptions, for every T > t, we have the following inequality:

1)

b(0)[, o (0)1, [[blliip, llollip and p.

Proof. Our proof is based on the ideas developed in Theorem 3.3 of [56]. In the following, we set
O = (XI*, Y™, ZV™). We can rewrite the equation verified by Y** and Z'*, under differential form:

|9xu(t, x)| < <1+|x|u +E “g (x4°)

where C depends on T, Hy, Hy, Hy, My,

o

d
dy!* = —f (OLY) ds + Z zfx ) aw, (2.26)

9] .
where [Zé'x} ! stands for the ]th coefficient of the row Z5*. By differentiation of (2.26) w.r.t. x and
discounting method,

d (efts ayf(®ﬁ"‘) drvyi,x)

. R d . d A ,
_ ofiuf(F)ar <_ax £(O4) vxlrds - Y a. £ () v 2] ds+ ) v [20+]Y) dwg) .
j=1 j=1

We set, for every j € [1,d], dW! = dw! — 0z, f (@f{x) ds; W is a Brownian motion under a new
probability denoted Q. Between s and T (for s € [t, T]), the integral form of this equation is:

i duf(OFF) TTYE - oli %f(0r) drgybe
_ —/ eli 0l (OF)duy, £ (@) VX dr + Z/ el M (OF) duy (2047 ai].
(2.27)

s X S X
We define FI¥ = eli uf(©r )drvyg‘f" + / eli 2uf (@ )d“axf (©*) VX[* dr, and then Equation (2.27)
t
becomes:

d T " x . o
EiY = FiT Z/S oJi 9 f(OF) duyy [Zi,x](]) dwi, (2.28)
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and it tells us that F'* is a Q-martingale. We recall, for every s € [t, T], that Y = u(s, XM,
VY = 0pu(s, XE¥) VXL and ZY° = d,u(s, X))o (X)) = VY (VXEY)"lo(XEY). Indeed, VXI*
is invertible. We can show that VX'* is the solution of the linear SDE (because b and ¢ are C! with
bounded derivatives):

da . .
dV XY = 0:b (XUY) VXE¥ds + ) oho (XUY) VXEYdWL,
j=1

whose solution is given by

VXSt’x:exp</st{8x b (X) — Za (Xi) [Bker (x| }dr+2/a (X dW]>

Ax[or(X¢™)] M)
where the notation &0 (X!*) stands for the (d x d)-matrix : , and where [o/(X5*)] ()
Ax[or(Xs™)] 1)

is the coefficient at line i and column j in the matrix o(X{). This way, we see that (VX2¥)~1 is
solution of the following linear SDE:

d(vxi*)—t = (vxi)-! { —9xb(XI¥) + Zaf (Xt [dher (XQX)}*} ds — (VXI¥)~ Za o (XE%) dWL.

(2:29)
In the following, for every s € [t, T], we set RYY = ZL¥o(X)~1 = Vth(Vth)_l = dyu(s, XIY),
'Bg,x :/t ejf ayf( )dua f(@fX)vxtxdr(vxtx> 1 fo _ FtX(VXtX) ejt 9y f (O drRtx+ﬁ§x.

Using the integration by parts formula, combining (2.28) and (2.29), one gets:

d . . " d .
dRbY = Rbx {—axb (XE%) + % Y oo (xt¥) [ohe (XE%)] " = Yo 0. f (@) e (x;m)} ds
j=1 j=1

- z el 2/ (07 arg 760 (U xt) T ol (X4¥) ds
+ 2{ frouf (@) drg (702D (vxt) ™ - Ri*aler (xt%) } dWL, (2:30)
Then, let us take a new parameter A € IR; we have:

12
d ‘e/\sRé'x (2.31)

d . . ~ *
— PR {ZAId 20 (X0¥) + Y e (XE) [ohor (x07)] " -2 Z 3z, f (©) dor (X X)} (Rt¥) ds
j:1 j=

2/\5 eff ayf ®r )dl’v th () vxtx agco. Xt,x ﬁt,x * ds
S S
j=1

d s - . - *
+2e2 Y feliuf(Or) drg [0 (vxt4) ! - Rirale (Xi4) b (REY) d]
j=1

d . i . o
12 y { {ef,‘ W f(er")dry (2] 9] (VXE) 1 Rt¥olo (X;xﬂ
=1

y {effs f(er")dry [Zt x}( 7 (VXM) _ ﬁéxaia (Xéfx)} *} ds. (2.32)

56



s X (j ~ :
If we denote v = elfuf(OF)dry {Zt’x} /) (VXL*)~1 and § = RY*0ko(XLY), we remark that we have
the equality —276* + |y — 6% = |y — 25|> — 3|6|. Thus,

(2:33)

. . d . N
2e2A51§§x{Mdax b (X4¥) — Zaf (Xt (o (xX09)] " = Yo 0, (0F) aﬂccr(Xst'x)}(R?x)*ds
j=1

2
Aspt,x
d ’e R

+2e Z {elius (@) arg 20D (vxtr) ! - REdo (xi7)} (REY) dW]
j=1

2As Z ‘eft ayf ®, )drv [th]( 7) (Vth) 21?;"‘3{((7 (Xé’x) 2

ds. (2.34)

This way, we can see that, for A great enough (that is to say bigger than something depending only

on Hy, |lo7| 2) is a
se(t,T)

« and on bounds over the derivatives of b and 0), the process <‘e/\sﬁé’x
Q-submartingale. So, we get:
2 T
(T— 1) < e MEQ {/ o2As
t

2
ds] .
But RY* = el %f(O1") drgtx | B¢* and 9, f is bounded by a constant H,, so

T T
? (T —t) < 2e?AHH) (T EQ U |RE)? ds} +2e2MT-HEQ V B4 ds] .
t Jt

t,x ptx ptx
‘Rt R R

2 T
ds| < MT-NEQ [
s} e /

tx
g

On the one hand, we have:

T . : . T
g0 [ R ] < o1 [ [ a0F L0 [T i
t o8} t

T » 2 %
t

T 2
We recall equation (2.22): E [(/ |Z£,x‘2 dr) ] < Ceta(T—H) {]E Uyt,x rﬂ +Cr (1 I |x|4“) } By
; .

2 _
<o} el lr0g

()

(2.35)

using the Lemma 2.2 of [43], we have, where C is a constant:

A < cm[[s () + [T 00 ]

But, using Proposition 2.4 and the assumption made on f(e,0,0), we get:

T
E [/ \f(xﬁf’&o,o)y‘1 dr] <C (1 + |x|4P‘) ,
t

where C only depends on y, My, T, |0(0)], [|o|lp, [b(0)| and [|b]|y;p. On the other hand, using the
Lemma 2.1 of [43], we can show that VX"* and (VX"*)~! are in S?, for all p < oo. Also, we have
|0 f(OL)]| < Hy + H, |ZE*(119x0 ! ||oo. Then, with Cauchy-Schwarz inequality and a priori estimates

T
of [8], we get that EQ [/ “Béx‘z ds} is bounded. We recall that R\ = 9,u(t,x). We have the
t

conclusion: 1
472
duu(t, ) < <1+|x|2”+lﬁﬂg(x”‘) } )

E ||y
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Theorem 2.35. We make the following assumptions:
o o and b are Lipschitz continuous;

the function o(e)~1 is bounded;

feC'(RY x R x (RY)*, R);

vx € RY, |f(x,0,0)| < My (1+ [x[F) and |g(x)| < Mg (1+ |x|");

e we can write f(x,y,z) = P(x,z) — ay, with « € (0, 1] and if we define h : (x, p) — (x, po(x)), then
h is Lipschitz continuous (with bounds denoted Hy and Hy, w.r.t. x and p).

Under those assumptions, the function u : (t,x) — Y/™* satisfies the following inequality, for every T > t:
lu(t, x) —u(t,x")| <C (14 |x""" + |X'["YY) [x — &',

where C depends on T, Hy, Hp, Mf, Mg,

o

oo [D(O)], [ (0) [, [[Bl1ip, [l [l and p.

Proof. We approximate the functions /1, g, b and ¢ by some uniformly converging sequences (h°),.,
(8)es0r (0%)gsp and (0¢), of functions of class C! with bounded derivatives. We can assume that
there exists a bound, independent of ¢, of all the derivatives of h*, b® and ¢%, for every ¢ > 0.
We define an approximation f¢ of f by f¢(x,y,z) = h®(x,zo(x)"!) — ay and we can assume that
f“(e,0,0) = h*(e,0,0) and g° have polynomial growth independently of ¢, with constants My and
M, and exponents y and v. For every (t,x) € [0, T) x R?, [9xu¢(t, x)| < C (1 + |x|#V"), where C does
not depend on ¢ or x. Using the mean-value theorem, it comes that :

Vt e [0,T), Vx,x' € RY,

ub(t,x) —ut(t,x")| < C (14 [x[VV + [x YY) |x — &) (2.36)

Then, for every T > 1, the set {u(t,®)|e > 0,t € [0,T — 1]} is equicontinuous; also it is pointwise
bounded: we can show it by writing the equation verified by Y** and using Lemma 2.2 of [43]. Let

K be a compact subset of R?. By the Arzela-Ascoli theorem, we get, for a sequence (s,(qK))@O which

has 0 as limit: » r
K
_ En LN
Vtel0,T—1], u (t,.)\KmuK(t,.).
(

(K) () .
Let x € K; we have: u®r (f,x) —2 ug(t,x) and uén " (t,x) = Y;" A —2 Y/”*. This way, we see that
n—oo n—oo

the limit ug(t,x) = Ytt’x does not depend on K; and the convergence of usn (t,®) is uniform on K.
The following triangle inequality gives the result claimed after taking the limit as n goes to infinity
(because C is independent of K): for every x,x’ € K, t € [0,T — 1] and n € N,

(K) (K)
lu(t, x) —u(t, x')| < |u(t,x) —u (t,x)| +C (T4 x|V + X' [FV) |x — x| + |un (8, x") —u(t, )|
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Chapitre 3

EDSR ergodiques randomisées et
application au comportement en temps
long de la solution de viscosité d'un
systeme d’équations H]B

Résumé

Nous étudions dans ce chapitre des EDSRE, dont les coefficients peuvent varier au cours du temps
suivant une mesure de Poisson. L'EDS sous-jacente a un bruit multiplicatif non-dégénéré et ne com-
porte aucun saut; la dissipativité faible de la dérive contrebalance la croissance linéaire du terme
diffusif. Nous étudions ’existence et 'unicité de la solution de 'EDSRE et nous appliquons nos ré-
sultats a un probleme de contréle ergodique optimal. Finalement, nous obtenons le comportement
en temps long de la solution de viscosité d'un systeme d’équations de Hamilton-Jacobi-Bellman
couplées, avec une vitesse de convergence exponentielle.

Mots-clés : équation différentielle stochastique rétrograde ergodique; bruit multiplicatif et non-
borné; mesure de Poisson; systéme d’équations HJB; comportement en temps long; vitesse de
convergence.

Abstract

We study in this chapter some EBSDEs, whose coefficients may vary from time to time due to a
Poisson measure. The underlying SDE has a multiplicative and non-degenerate noise and does not
have any jump; the weak dissipativity of the drift balances the linear growth of the diffusion term.
We study existence and uniqueness of the solution of the EBSDE and we apply our results to an
ergodic optimal control problem. Finally, we obtain the large time behaviour of the viscosity solution
of a system of coupled Hamilton-Jacobi-Bellman equations, with an exponential rate of convergence.

Key words: ergodic backward stochastic differential equation; multiplicative and unbounded noise;
Poisson measure; system of HJB equations; large time behaviour; rate of convergence.
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3.1 Introduction

We study the following EBSDE in infinite horizon: for allt, T € Ry, such that 0 <t < T < oo,
T T T
V=P [ (X 28 B <Ay ds— [ zenaws - [ HE ML, Ga)
t t t

where the unknown is the quadruplet (Y*", Z*" H*" A), with:
e Y*" areal-valued and progressively measurable process;
e Z%" an (R¥)*-valued and progressively measurable process;
e H*" an (R¥~1)*-valued and progressively measurable process;
e A areal number.

Let (Q, F, (Ft)t>0, P) be a right continuous and complete stochastic basis. The given data of our
equation consists in:

e W, a d-dimensional standard Brownian motion;

K = [[1, k], the set of integers between 1 and k, and IL = K\{k};

N, a Poisson random measure on R X I, independent of W, where IL is equipped with
the field £ of all subsets of L, such that, if we set M([0,t] x A) = N([0,t] X A) — tu#A,
M([0, ] x A) is a (F;)i-martingale for all A C £ and some fixed u > 0;

x € R"and n € K;

o foreverys >t >0and n € K, weset N/ =n+ Y IN(]t,s] x {I}) modulo k;
lell

e foreverys € Ry and I € I, we set M;(Il) = N(]0,s] x {I}) —

X*", an R%-valued process, starting from x and equation 7, which is the solution of the SDE:
forall t € R4,

t t
Xf’n =x+ A bNg" (X;C’n) ds + ‘/0 ONr (X;C'n) dw; (3-2)

e fi :RY x (RY)* x (RF1)* — R some measurable functions.

Ergodic BSDEs with an additive Brownian noise, and in the case k = 1, have already been widely
studied. This class of BSDEs was first studied by Fuhrman, Hu and Tessitore in [26] in order to study
optimal ergodic control problem; their main assumption was the strong dissipativity of b, that is to
say:

I >0, Vx,x' € RY, (b(x) —b(x),x —x') < —yp|x — &%

this assumption was then weakened in [22], where b can be written as the sum of a disspative
function and a bounded function. Under similar assumptions, the authors of [35] studied the large
time behaviour of finite horizon BSDEs:

T
YT* — g(X2) +/ F(XE, 770 ds _/ zIxdw,, telo,T], (3-3)
t

and they proved that it was linked with ergodic BSDEs. More precisely, they proved the existence of
a constant L € R, such that for all x € RY,

Yir AT —Y§ — L;

T—o00
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and they even obtained an exponential rate of convergence. More recently, the two authors of this
paper proved that this convergence and this rate still hold when the noise is multiplicative (see [32]).

Itd’s formula gives a bridge between those BSDEs and Hamilton-Jacobi-Bellman equations. In-
deed, the solution of equation (3.3) can be written as YtT'x = u(T —t,X}), where u is the viscosity
solution of the Cauchy problem:

{ osu(t,x) = Lu(t,x) + f(x,dxu(t,x)o(x)), (t,x) € Ry x RY, (3.0)
u(0,x) = g(x), x € RY, 34

and where £ is the generator of the Kolmogorov semigroup of X*, solution of a given SDE.
Also, the ergodic BSDE has a solution such that we can write Y = v(X}) where (v,A) is the
viscosity solution of:

Lo(x) + f(x, Vo(x)o(x)) = A, Vxe R (3-5)

Our goal in this article is to study coupled Hamilton-Jacobi-Bellman equations:

Opui(t, x) = Lluy(t, x) + fi(x, dxu;(t, )0y (x), (g (t,x) —u;(t, x))ier), (tx) € Ry xRY, i € K,
u;(0,x) = gi(x), xeRY, i €K,
(3-6)
and to see that its viscosity solution is related asymptoticly to the viscosity solution (v,A) of the
ergodic problem

Lloi(x) + fi(x, Voi(x)oi(x), (0i41(x) = vi(x))jer) = A, x€RY, i€ K. (3.7)

Such systems of equations have already been linked to finite horizon BSDEs (see [53]). A Poisson
random measure decides which dynamic to follow at any time: this fact implies a new dependance
of every coefficient of the BSDE and its underlying SDE, see equations (3.1) and (3.2).

In the case k = 1 (i.e. when there is only one equation), viscosity solutions of such PDEs and their
large time behaviour have already been investigated (see e.g. [29]). The case k > 1 has been consid-
ered in [40]. Ley and Nguyen in [40] look for the large time behaviour of nonlinear parabolic sys-
tems, such as (3.6), but we do not make here the same assumptions. The authors in [40] work on the
torus R" /Z" and they require the coupling between the equations to be linear. On the other hand,
they allow the parameters to depend on a new parameter 6, and they present some assumptions
on the Hamiltonians that permit to work with degenerate equations (only one ¢; needs to be uni-
formly elliptic, instead of every o; in our article). They prove the convergence of u;(t,®) —v; — At as
t — oo, but they do not have any rate of convergence. Similar results are obtained in [12], where the
Hamiltonians are convex, the equations defined on a torus and can be degenerate.

In [33], the authors get the large time behaviour of a system of PDEs, with quadratic growth
Hamiltonians; the coupling between the different equations has also a form more specific than in
(3.6). They make a link between such a system and a system of quadratic BSDEs, driven by a
forward process satisfying an SDE with additive noise and dissipative drift.

Compared to [32], the new contribution of this article is that we consider not only one Hamilton-
Jacobi-Bellman equation, but a system of coupled equations. In order to keep, in average, the process
X near the origin, we require the drifts b; to be sufficiently weakly dissipative regarding the linear
growth of ¢;. The method is close to the one adopted in [32]: first, exponential mixing for X is
obtained by irreducibility; then, it gives us the convergence of the solution of the discounted BSDE
of infinite horizon

T T T
YR = Y [ g (X, ZE B — a2y ds — [ 20 awe - [ HE M, 6.8)

i.e. the convergence of (Y**" — YS"O'”, VAZZN 5 L zng'O’”) to a solution (Y*",Z*", H*" A) of the
EBSDE, for every x € R? and n € K. We can prove uniqueness for A, and also for Y*", Z*" and H*",
but under certain conditions. Like in [32], the unboundedness of ¢; implies that we require f; to be
Lipschitz continuous with respect to zo;(x)~!: the price to pay is some technical difficulty which is
treated in the appendix.
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The paper is organised as follows. In section 3.2, we study an SDE slightly more general than
(3.2): indeed, it is the SDE satisfied by X after a change of probability space, due to Girsanov’s
theorem. Section 3.3 is devoted to the auxiliary discounted BSDE of infinite horizon (3.8). In section
3.4, we prove existence and uniqueness for the solution of the ergodic BSDE (3.1). The large time
behaviour of the solution of

T T T
Y = g (X5 + [ (7, 2050, 1T ds - [ zDvaw— [ D,

will be presented in section 3.5. Finally, section 3.6 applies the results of this paper to an optimal
ergodic control problem and to the solution of the system (3.6).

3.2 The SDE

We consider the SDE:

{de'” = by (£, X") dt + o (X") AW,
X = x.
0

Assumption 3.1.

e The functions b; : Ry x R* — RY and ¢; : R? — GL;(R) are Lipschitz continuous w.r.t. x
(uniformly in # for by), for all I € K. We write [|b||y;, and [|o[|y;p their Lipschitz constants.

e The function b has linear growth: 3¢, & >0, VI € K, Vt € R, Vx € RY, |by(t, x)| < & + &|x].

For any | € K, the function b; is weakly dissipative; that is to say b;(t, x) = b?(x) +by(t,x),

where bjli is 7-dissipative and locally Lipschitz continuous and blb is bounded. This way,
Iy, >0, VI € K, ¥t € Ry, Vx € R, (by(t,x),x) <1 — 2] x|

e The functions x + 0;(x) !, I € K, are bounded by a common constant ||c | co.

The function ¢ has linear growth: 3ry, 7, > 0, VI € K, |07(x)[2 < 11 + ra|x|?, with ra < 27.

Remark 3.2. We recall that, for any matrix A, |A|r denotes its Frobenius norm.

Proposition 3.3. Under Assumption 3.1, for all p € (0, 400), and T > 0, we have:

sup |XF["| <C(1+[x[F),

0<t<T

sup E[|Xi["] <E
o<t<T

where C only depends on p, T, r1, 12, §1 and C.

Proof. This is a straightforward consequence of Burkholder-Davis-Gundy’s inequality and Gronwall’s
lemma. O
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Proposition 3.4. Suppose that Assumption 3.1 holds true. Let T > 0 and v : Ry x R — R a bounded

_ t
function. The process W,"" = Wy — / v (s, X3") ds is a Brownian motion under a probability measure
0
12

X" T, on the interval [0, T). When /72|70 + 5

< 112, we get:

sup E¥"T “X;"ﬂ <C (1 + |x|2) ,
T>0

where C only depends on 11, 2, 11, 12 and ||y -

Proof. See the proposition 5 of [32]. O

Theorem 3.5. Let ¢ : R — RY be a measurable function, satisfying |¢(x)| < cg(1+ |x|?). Then, we have
Vx,y € RY, Vn,m € K, ¥t >0, |P[¢](x,n) — P[] (y, m)| < e (1+ [x|* + ly|?)e ™,

where P[] (x,n) = E[p(X;")] (Kolmogorov semigroup of X) and ¢ and vV only depend on 11, 12, 1 and r5.

Proof. For reader’s convenience, we recall here Theorem 1.7 of [14].

Lemma. Let (E,d) be a Polish space and F a finite set. Let (Z\")),,cF be a family of E-valued Markov processes
represented by their semigroups (P(")),cr. Finally, let (a(i, J))ijer be a family of non-negative numbers.
Given a starting point (x,i) € E X F and exponential r.v. T; of mean a(i,j)~!, weset T = minjer Tj. For
every t < T, we set X' = Zt(l)’x and I} = i. Also, X}' = X', there exists a unique j € F such that T = T;

and we set I% = j. We take (X;f'i, PT) as a new starting point at time T. We make the following assumptions:
1. the family (a(i, j)); jer yields the transition rates of an irreducible and positive recurrent Markov chain;
2. there exists K > 0, and a function V : E — R such that:
Vie F,IA({) €R, Vt € Ry, Vx € E, PV (x) < e MV (x) + K;
3. I has an invariant probability measure v verifying Y _v(i)A(i) > 0;
ieF
4. there exists iy € F such that the sublevel sets {x € E|V(x) < K} of V are small for P10, i.e.,

Jig € F,VK >0, 3t >0, 3¢ > 0, Vx,y € E, [V(x) V V(y) < K] = dry (6P, 6,P10)) <1—e.

Then there exists a probability measure 7t and positive constants C and A such that for all x and i,

ExF

1Pt ((x, i), 8) — 7|l := sup fW)Pe((x,1),dy) = | f(y) ﬂ(dy)‘ <CA+V(x)e™,
fev ExF

where V = {measurable f with |f(x)| <1+ V(x)}.

Here, E = RY and F = K. The process I is the Poisson process N and a(i,j) = p for any i and j
(a gives the transition rates of an irreducible and positive recurrent Markov chain). For any n € K,
Z(") is the solution of the SDE:

{dZt(")”‘ = bu(t, Z"FY dt + 0y (2) dW,

Zé")’x =X,
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and we need to prove that x — |x|? is a Lyapunov function for any of those underlying SDEs. Using
Itd’s formula, we easily obtain:

AZ R < (2 = 2|27 4 11+ 1| ZHR) a4 22, 0 (Z) aw).
Then,
% (6(2772—72)1‘]]3 [|Zt(”),x|2}> < (27]1 +rl)e(2r]2—r2)t
gives us
E “Zt(n)rx 2} < e—(2172—r2)t|x|2 + M
2 — 12

For any i, we get A(i) = 215, —rp > 0. To conclude, we recall that, for any n, we have exponential
mixing for the SDE satisfied by Z(")* (see the theorem 7 of [32]), which ensures that the balls are

small for the Kolmogorov semigroup of Z(")*. The dependence of the constants can be checked
using the articles [46] and [47]. O

Corollary 3.6. Let 7 : Ry x R? — R? be a bounded and progressively measurable function. Moreover, we
assume that vy is the pointwise limit of a sequence (7y¢) of functions of class C} w.r.t. x, and uniformly bounded

by ||7]|eo- Let ¢ : R — RY be a measurable function with |¢(x)| < cp (14 |x|?). There exists a probability
measure P*™T yunder which the process

t
W = Wi — / (s, X)) ds
0
is a Brownian motion on [0, T]. Then we have,

Vx,y € ]Rd, Vn,meK,Vt >0,

BV [p(xp)] — B [p(xt™)] | < cep (14 32+ |y?) e,

where € and U only depend on 11, 12, 11, 12 and ||y|| -

Proof. For every | € KK, we set 07, a function e-close (in uniform norm) to o; on the centered ball of
R of radius e !, equal to I; outside the centered ball of radius e~ 4 1 and of class C! with bounded
derivatives on IR?; on the ring between the radius e ! and e~ + 1, 01 is chosen such that al_lallg is
bounded, independently of . This way, the function ;. : (,x) — bj(x) 4 07 ¢(x)71(t, x) is Lipschitz
continuous w.r.t. x. We denote X*'** the solution of the SDE:

{ de’”’g _ :Ng',s (t, Xf’"’e) dr + Ny (Xic,m) dVNVix’”,
X3 =«
0

We can write, for every 6 > O:

— gor 52
(@1elt, 20,0 < = ol (Vi + Al bl < [+ L2050 — = 3 = 5] o

Then, when ¢ is small enough, for any ¢ with quadratic growth, Theorem 3.5 tells us that ¢; and 7,
are independent of ¢, and we have positive constants ¢ and v, such that for every (x,n) and (y, m) in
R? x K,

Ve>0,Vt>0,

B [ (X)) — B g (x3) || < ey (14122 4 Iyl?) e ™
Our goal is to take the limit; let us show that E¥! [¢ (X;"*)] = E¥™ [ (X7")].
e—

ot t
We can write: X;"* = x + / by (X5F) ds +/ onn (X3F) dWS, where
JO 0

-~ t
W = 5 [ o (X7 o (X59) e (5, X0 i
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is a Brownian motion under the probability P(¢) = p¢ (X*"¢) P¥"! on [0, t] and where
t _
Pt 00m) = exp (= [ tonr () o (X7 e (5, X57), )

1t 1
=5 | Lo (X2 g (X279) e 5, X)

2
ds) .
By uniqueness in law of the solutions of the SDEs, we get the equalities:
Ext [4) (Xic,n,s)] —E© [Pf (XX,YL,S)—l ¢ (Xf”s)} —E [pi (Xx,n)—l ¢ (X;(,n)} .
t . 1 gt
But 7. — v, so we have p§ (x¥m)~1 L exp (/ (y(s, XF™), dWI"y — f/ [v(s, X;"”)|2 ds). In
e—0 e—0 0 2 Jo

order to show that E¥" [¢ (X")] — E¥" [¢ (X;"")], the last thing to prove is the uniform

e—0

integrability of the family (pf (X"f”)_l) o We have:
e>

~ 2 ~ t .
Bt | (07| = B9 exp (2 [ oy (007) o (X e (5, X57) )

t
o (K)o (X3) e (5, XE)
0

)

2
ds)}
~ t . 5 i
x Emt {exp (10/ ‘UNSn (X3 onp e (XEE) ve (5, X3™°) dsﬂ
0
2 —1]?
<exp |5t(d —i—HU H |7l | < oo0.

The proof is complete. O

~ t ~
<B4 [oxp ( [ty (7)o (X079) 7 5, X07), W)

NI

1 rt _
5 | o (X g (X2 7 (5, X37)

3.3 The infinite horizon BSDE

We consider in this section the infinite horizon BSDE: for every 0 < ¢ < T < oo,

T T T
YR = Y [ (X, 25, ) — a2 ds = [ 28 aws — [ S dM. (310)

Assumption 3.7.
o The process X satisfies Assumption 3.1, with a drift b independent of time ¢.
o If we define p; : (x, p, h) — fi(x, poy(x), h), then p; is Lipschitz continuous for every | € K.

e As a consequence, the functions f; are Lipschitz continuous with constants denoted || f |1;p,. and
| flltip,» w-r-t. z and h, for every I € K (note that || f|lyip,. < Hp[|hp,p||¢7’l|\oo).

e Viel,Vze (]Rd)*, Yh,H € (Ikal)*, the vector

filx,z,h) — fi(x,z, 1)
=12

(h 1)

has all its coefficients in (—1, +00).
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e The functions f;(e,0,0) have at most linear growth: |f(x,0,0)| < Mf(1 + [x]).

n
* \/EHleip,z + E < 72.

Theorem 3.8. For every x € RY, n € Kand « > 0, Equation (3.10) admits a unique solution
(Ywxm zaxm HYEY such that Y% is continuous and bounded in L, zexm 12 (Q, LZ(O, 00; (IRd)*))

loc

and H**" € L2 _(Q,L2(0, co; (RK=1)*)). Moreover, we have

loc

C
(1+ X)),

Y < s
0

where the constant C only depends on 111, 112, r1, 2, || f l|1ip = and M.
Proof.

Step 1: We consider the finite horizon BSDE

T T T
Y = [ {pw(x, zE B —aXT)ds = [ zTawe— [* oI ams, te [0,T)
t t t

It has a unique solution (see [53]), we want a bound independent of T for Y. We set:

Fan (XE",2ZE HE) = fgn (X7 0,HT) .

B={ e (zl) iz} #0,
0 otherwise;
Fn (X7 0,HT ) = fyn (X777,0,0) .

b= ) D i H] £,

0 otherwise.

(3.11)

The processes  and <y are bounded; moreover, 1 + 7 is positive. So, we are able to define a

probability measure Q7 by the Doléans-Dade exponential:

Under Qr, we can write:

Ay = {ay] — fyp(X7",0,0)} dt + 2] dWPT + HT dMT,

where WQr and M®r are a Brownian motion and a compensated Poisson measure under Qr.

After using It6 and Tanaka formula (see [15]), we get

T
e YT < BQr sen(YT)e % N (XE",0,0) ds
t \ gni L' n\As

]:t:|/

and we finally obtain | Y| < £(1 + | X"
| fllip,- and M (see the proposition 5 of [32]).

Step2: (YT)risa Cauchy sequence. For t < S < T, we have:

S
Y =5 = YT+ [ (e (0, 20, HT) = T = fup (X2, 28, HS) = 0¥} ds

), where the constant C only depends on 71, 12, 11, 12,

S S
- [T -z)dw, — [ (HT - HE) dM.
t t
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We set: ( ) ( S )
fan (XF"ZE HEY) = fan (X7, 22 ,H .
L e T (zF - 79y it z] # 78,

LS = \ZT—Z52
0 otherwise;
Fon (X", 28 HE ) — fan (X", 23 HP)
t t T _ 7S\ T S
’YtTS — [HT—HS 2 (Hy —Hp)* if Hy #Hy,
0 otherwise.

After a change of probability measure, one finds:
A7) = —a(Y —¥P)dt — (2] —ZF) dWP" — (H] — H7)dMP"e.

Taking the integral and the expected value, we obtain:

YF - F| < IR [V]]| A < e 14 xp

).
So, (YT)r is a Cauchy sequence in L?(Q), C(R+,R)), admits a limit Y and satisfies

VS >0, Vt<S, |V — Y| < e“<f*5)%(1 + X)),

The convergence of YT is uniform on every compact set of R, so Y is continuous.

Step 3: (ZT)r and (HT)7 are also Cauchy sequences. Using Ito’s formula, for every t € [0, S]:
e E(Y] — YSP — ¥ - P
=28 | [ (0T ) (2] - 2201 + (HT - HE) TS
+2E {/Ote%‘szf - Z§|2ds] + [/Ote2“5|HsT - H§|2ds] .
We recall the inequalities
20§ = YONZS = Z2)B° <z = Z2P2 + | fllEp 1Y — V2T
207~ ¥S)(HY — HE )T < BIHT — HEP 4 1Ry — ¥R,
that give us:
E [/Ot S VAR z§|2ds} + %]E Me—Z“S|H§ — Hf|2ds}
< 2B = VPP (Uf R+ 2B ) B | [ 20T~ ¥S2as).

We have proved that the sequences (Z7) and (H') are Cauchy, and their limits satisfy equation
(3.10).

Step 4: Uniqueness. Let (Y1, Z!, H!) and (Y?,Z2%, H?) be two solutions, such that Y! and Y? are
bounded in L. We write AY = Y! — Y?, etc. and we have the equality

T T T
AY; = AYT+/ {fNSn(X;"”,Zsl,Hsl)—stn(X;"”,ZSZ,Hsz)—aAYS}ds—/ AZ, dWs—/ AH, dM,.
t t t

We set:

AP AZ; if AZy #0,

0 otherwise;

Pt =

{ fN{l (Xi",zt H}) *th" (X{™", 23 HY})
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Frn (X723, 1)) = fan (Xi", 23, H7) .
D AR AH; if AH; #0,

0 otherwise.

Again, under a certain probability measure Qr, one has:
[AY;| = =D B9 [AYr| ]| < e,

for every T > t. So AY = 0 and by It6’s formula AZ = 0 and AH = 0.

For any a > 0, we define the functions v% : x — Y§*".
Proposition 3.9. The functions v} are continuous; moreover, we have the following representations

VE > 0, YPE = o (XP") and HE(1) = e (7)o (X7

Proof. Let (xm)m be a sequence of limit x € R?. We use the same type of approximations as in
Theorem 3.8:

Ty _ [T yn Ty gTy Ty T Ty Tyt
= [ e 2 ) ey ds = [z awe— [T HIYdm, e [o,T)
t : t t
Thanks to Step 2 of Theorem 3.8, we already know that:

C
Vm € N, VT > 0, |vy (xm) — o5 (x)] < |Y0T’x’” - YOT’X| —I—e_“T;(Z + x| + [xm])-

Then, due to Lemma 3.29, we get:
T
Y Y < CrE | [ U (X, 2% HEY) = g (37, 2% HIY) s
0 L

Finally, Lemma 3.28 and continuity of f with respect to x ensure

: o o —aT C

VT >0, limsup |05 (x) — 0% (x)| < e™* = (2 + |x| + |xm]),
m—oo [

which concludes the continuity of vj;. The representation of Y**" is somewhat classical and left to
the reader, who should have a look at [57] for further explanations. Finally, the representation of
H**" is a straightforward consequence of the lemma 2.2 of [53]. O

Proposition 3.10. The functions v} are locally Lipschitz continuous:

1
Vx,x' € RY, |[0%(x) —o8(x')| < C (1+“> (1+ |x| + |x])]x — /],

where C only depends on u, k,

o Y|, and the Lipschitz constants of p, b and 0.

Proof. We approach the functions b, o and f by uniformly converging sequences (b°), (¢¢) and (f¢) of
C} functions. We suppose that those approximations have the same Lipschitz constants as b, ¢ and f
respectively, and that b® and ¢ satisfy the same linear growth assumptions as b and ¢. Moreover, let
(8°) be a sequence of C} functions converging uniformly to v* on every compact set. The functions g
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are supposed to have the same linear growth as v*: g} (x)| < €(1+ |x|). We consider the following
BSDE, where 0 <t <s < 1:

1 1
et,xn € &t,xn € et,xn e t,xn et,x,n e,t,x,n et,x,n
Ys - gNt,n (Xl ) + / {th,n (Xr s Zr s Hr ) - “Yr } dr — / Zr dwf‘
1 s r s

1
_/ Hf’t’x’n dM,,
s

and where
Xstxn_x+/ b Xatxn dr+/

Due to [53], it has a unique solution, and, if we do the same calculations as in the first step of
Theorem 3.8, we get:

(XEH5) AW,

Ntn Ntn

C

|Y£txn|< (1+|Xetxn|)

Also, if we define 5 (t, x) = Y7, we have the followmg representations:

° Ystxn — yE M(S, X;a,t,x,n);
Ny’
bxn ,t, Jt,
° Z: x,n a uNtn( XE xn) Ntn(Xe Xi’l)
o YD) = S (5, X5 — g (5, X3P

C
In particular, the coefficients of H*"" are bounded by 2; (1+ |X&%1]). Using Lemma 3.32, we get:

|0xuy (£ x)| < C (\4/@4— W) {1 + \Xs't'x'”|:'l4] ,
where the constant C is independent of x, and where Q¢ is given by:

dQS

_5<2/ az Nf” Xstxn Zstxn Hstxn)dW]

4 Z / ah, N”‘ Xs,t,x,n, Zse,t,x,n, Hss,t,x,n)dMs(l)>

eclt,1]

But, using Lemma 3.28, we obtain, for all p > 2

E [|x5 ] < Clp, 1bllnp lolhip) { %17 + (1= (& + vi") } -

Moreover, doing the same as in equation (3.33), we find:

. ||f||12 ) +u(k—1) o2l lhip,nt1
t,ﬂéexp ip,z 5 ( )(11‘) IE“

*,8 172
t,1 :

EQ [|

We put everything together, then use the mean value theorem and find that
|, (8, x) — w3y (8, x7)| < C(1+ [x| + [x]) [x = ],

where C is independent of x and ¢. The last thing to prove is the pointwise convergence of u5 (0, )
to v5. Using Lemma 3.29, we have:
)

1
tE [/0 g (X, Z250, HEAM) — R (X5, 7850, HEA)

E [‘Ya,x,n _ Ys,O,x,n‘S:ﬂ < CE |:

o (X5) — g (X3)

2
ds} .
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It is easy to see that the second term converges to 0, due to the convergence of f¢ and Lemma 3.28.
For the first term, we can see that:
|

| ]| =

and again, the first term goes to 0 using Lemma 3.28, and dominated convergence along a subse-
quence. For the second one, let us take R > 0, we have:

d
which will go to 0, due to the uniform convergence of g* on compact sets, and
d

using Cauchy-Schwarz and Markov inequalities, plus Lemma 3.28; the constant C is independent of
e and R. We are able to conclude this proof. O

Uoziff (X7") — 8%1;1 (X"

O (X7 — 0 (X557

o (X57) — g (X5™)

2
vﬂfxqf(xi'x'n) - gily(xi'x'n) 11|X§~*/"<R] < 9" = 8 Mo,/

2 C(1+[xP)
o (X7) —gM(XT'x'n)‘ ]IIX?*'”>R} S— xR

Lemma 3.11. Let ¢ : RY x E* — R continuous w.r.t. the first variable and Lipschitz continuous w.r.t. the
second one, where E can be R? or RK-1, Let C, 0 Ry x R? — E* be such that for every t > 0, {(t, ®) and
' (t, ®) are continuous, and set:

P(x, ¢t x)) —9(x,¢'(t x)) , . )
f(t,x) = 120t %) — /(1 x) 2 (C(tx) = d'(tx)), ifC(t,x)#(tx),

0, if £(t, x) = '(t, ).

Then, there exists a uniformly bounded sequence of C* functions w.r.t. x with bounded derivatives (Ty)y>1
(i.e. for all n, T'y has bounded derivatives w.r.t. x — the bound of derivatives can depend on n — and
sup,>q |[Tn(t, ®)||eo < oo for every t > 0), such that T, —2 I' pointwise.

= n o0

Proof. See the Lemma 3.7 of [35]: we can approximate the Lipschitz functions by C! functions with
bounded derivatives and construct a new sequence having the required regularity. O

Proposition 3.12. Under Assumption 3.7, there exists a constant C, such that for every a € (0, 1], we have:

vl e K, Vx,x' € RY,

of (x) — o ()| < C (1+ 22 + ')
The constant C only depends on 111, 112, 11, 12, || fl1ip,- and M.
Proof.
1. We approximate 0 by a sequence ((Tf)s>0 of functions satisfying:
e 0} converges pointwise towards 0; over RY;
. |af(x)]§ <+ rnlxf%
e 0f is of class C! and Hathp < o1 hips

e x — 0f(x)~! is bounded, the bound is independent of ¢.
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We also approximate b; by a sequence (bf)g>0 of C! functions which converges uniformly.
One can check that the functions b can be chosen “uniformly weakly dissipative”. Moreover,

o1 : (x,2,h) — fi(x,z01(x) 1, h) is approximated by a sequence (pf) of C} functions converging
uniformly. We consider the BSDE of infinite horizon:

T T
Yf,oc,x,n _ Yis!vc,x,n + /t {ffirg (Xg,x,nl Z;,a,x,nl Hg,a,x,n) . aYSE,zx,x,n} ds — /t Zg,a,x,n dWS

T
— /t H&%5" M,

where the process X**" satisfies the following equation:
ot t
X =t [ b (x5 ds+ [ oy (XE5) AW,

This BSDE has a unique solution, and we can write Y;"**" = an w(X;*™"). Due to Proposition

3.10, we can find, for every ¢ > 0 a sequence (v>“*)s of C! functions converging uniformly to
v¥* and satisfying

VI € K, Vx € RY, [0)*" (x)| <

9\0

(1+]al).
We consider the finite horizon BSDE:
T
YtzS,T,s,tx,x,n _ U(]S\]sna(x%x,n) + /t {fls\];’ (Xg,x,n, Z;S,T,s,a,x,n, H;S,T,s,zx,x,n) _ “YS&,T,S,a,x,n} ds

T T
_ / ZSJ,T,e,oc,x,n dw, — / Hg,T,s,tx,x,n dMs.
t t

£ (14 i)
for every t > 0 and PP-a.s. Due to Lemma 3.31, we can write Y7'T&%%" — N (£, X5,
Z;S,T,s,tx,x,n _ axu?\]{s 'X(t, Xf'x'n)Uf\]tn (Xf,x,n) and Hf,T,e,a,x,n (l) 6,Ten (t/ Xf’x n) . uz})\}{e 0 (t, Xf X, n)

= ”N" +1
P-a.s. and for a.e. t > 0. We define:

2T (4, x) = 9,ul o (1, x) 0k (x),  hOTER(t,x) = (uiﬁf""(t,x) - u‘fn'T'S""(t‘,x))le]K ,

fe (x zflT”‘(t,x),O) — f£(x,0,0)

zi’T's”"(t,x), if Z(ST”‘(t, x) #0,

5T 2
Ly o5 (L x) = ’ ey, x)‘
0, otherwise,

fe (x 2 Te (¢ ,x),hi;T’e’“(t,x)> - ft (x ziT”(t,x),O) ST
gy o (¢, x)
6,Ten 2 " T

< (1,0) = it e.%)
if hg T (¢, x) £ 0,

0, otherwise.

We can rewrite:

dY;),T,e,a,x,n _ {f]e\lt” (Xf,x,n, 0, 0) + Zf,T,e,a,x,nr?\,]}’",s,a (t, Xf,x,n) HzS Ten,x, nl-}S\IIH“ Fj\]ﬂ; (t, Xf'x'n) *

_ “Y;S,T,s,rx,x,n} df + Zté,T,s,a,x,n dW; + Hf,T,s,a,x,n dM,.
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Due to Girsanov’s theorem, there exists a probability measure P%T#%%" under which:

~ T
ui,T,e,tx(O,x) — ]Eé,T,s,lx,x,n [ aTU?\]sna (X‘%x,n) +/Q eiasfls\ly (Xg,x,nlol 0) ds:| .

On the one hand, using Proposition 3.4: ‘]E‘S'T'S""'x'” [ *"‘TU‘IS\;"‘ (XSTX”)} ‘ <e *TC(1+ |x|).

On the other hand, thanks to Corollary 3.6, we get:

‘lﬁé,T,e,a,x,n {f]&\w (Xf,x,nl 0, 0)} _ ]’E&,T,e,rx,y,n [flilt” (Xf,y,nl 0, 0)} ‘ < E\efﬁt (1 + |x|2 + |y|2) ,

where ¢ and ¥ only depend on 71, 172, 71, 72, || f[l1ip,- and M. As a consequence, we get:

05" (x) — 03" (y)| (3-12)
= (lsig(l) ’ufl'T/E'“(O,x) — uf{T’E""(O,y)’ (see Lemma 3.29)
T
= i li ]E(S,T,s,zx,x,n —aT (5?}1113( Xs,x,n / —us sn Xs’x’n,0,0 d
Jim lim e TR () + [ i (X6, 0,0) ds

~ T
_ o Teayn |:e“TU?\}E¥’“(X§:y'”) + /0 efocs]c]e\m (X?y,nl 0, 0) ds:l

. . —aT |50, T.e,a,x,n |..0,e,0 ~s€Xn =6, Te,ayn |, 0,0/ EYMN
< limsuplimsupe ']E [an (X7 )} —E Y {UN;! (X{ )”
T—o0 6—0

T
+ limsuplimsup [ e™*
T—o0 6—0

0+/ SE(1+ |x? + yP)e P ds

[ Fip (xE5,0,0)] — BOTemwn [ £,(X2",0,0)] | ds

(1+ [« + [y[?). (3.13)

'i')\ o)

2. Now, our goal is to take the limit when ¢ — 0. Let D be a dense and countable subset of
R?. By a diagonal argument, there exists a positive sequence (¢,), such that (vf” ), converges
pointwise over D to a function 7}, for every I € K. Because the constant C in Proposition 3.10
does not depend on ¢, 7* satisfies the same inequality. Let (K,) be a sequence of compact sets
whose diameter goes to infinity. The function of is uniformly continuous on K, N D, so it has
an extension 7} which is continuous on K;. Passing to the limit as r goes to infinity, we get a

continuous function on R?, and it is the pointwise limit of the sequence (U‘;p 'a)p. We denote

PP 5’1"\][1()(;"”) we have [Y;"| < €(1+ |X"|). Using Lemma 3.28, we have, for every
T>0:
£, X, XN K2
E [|xeron — X0 20

Then, by dominated convergence, we get:

T
Ep,K,X,N XN
E [/ vy
0

3. We will show that there exist some processes 78" and HY" belonging to LP 1oc (Q, 0,12 (0,00, E )
(where E = R? or R¥~1) which satisfy

[/ ‘Zsp,txxn thx,

dt} — Oand E UY;P'“ — Yy

p—o0

2
]—>0.

p—o0

dt} +E U e |
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o,X,N —a,x,n XN

for every T > 0. Indeed, (Y JH
ness of the solution, v* = o* and taking the limit in the equation (3.13) gives the result.
Let us choose p < m € N, we define Y = Y45 — Yol 70 — ZEp XM _ ZEmMXM gnd
H = Hep%%m — Hem%n We have:

) is solution of the BSDE (3.10) ; by unique-

AYe = a¥ydt -+ (fig (Xim, Zgm s, Hma ) — o (X", 2 ) ) e Zy dW B dMy,

::ft
Thanks to Itd’s formula, we obtain:
Tyisn 2
B| [ {1202+ uar}
~ |2 T _
E “YT‘ } _2E U thtdt]
0
)
or 0,T 0,T
2l e L | [Y] \ZE"““"
f lip,z 0T

~ |k X, £y,
+ 2| f |l1ip n E UY‘O’T/O <|Hf “”H‘Ht”

*,2} and E {/ {‘ZE”’“"

*2] <C(1+ |x|2), where C only

<E UYTH +2TM{E

I

Ep,&,X,N

‘ +|z

) dt}
) dt} .

} dt} indepen-

XN

2
Now, we want to bound E {|X€Pf o

Ep
—l—y‘Ht”

dently of p. Thanks to proposition 3.3, we have E {|X€
depends on T, 11, 1, ¢ and ¢. Also, we have:

IE[/ {‘Zsptxxn ‘Zspaxn }dt:|
£, 0,1 2 T sp,zx xn ep,x N Ep X1 L Ep,0,X,N
<E|[YS +2F / Sl (X020, 25 g |
0

But we have the following upperbound:

o (

sp,a x,n sp,xn Ep,0,X N €p,0,X, N

)
) (o 1+ e

ZEP,IXXTZ
)3

XN

ep, XN ep,ac xX,n a,x,n

Ep
1 Flhipn | HE”

)

)+ I flhip2 |2

eptxxnz

<1+‘X

(1 + ‘Xep,x N

V}H

€p,0,X, M 2
t

T 2
Finally, E {/0 { -+ |HY } dt] <C (1 + |x|2), with C’" independent of p. The
sequences (Z°*") and (H®**") are Cauchy in L% (Q L% ([0, T], E*)); they admit limit

processes Z' " € L%D,IOC (Q, L2 (0, 0; (le)*)) and H"™" Ploc (Q L2 ( oo; (]Rk_l)*));
the convergence we claimed holds.

O
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Proposition 3.13. Under Assumption 3.7, there exists a constant C, such that for every a € (0, 1], we have:

VI € K, Vx,x' € RY, [of (x) — o (x))| < C (1 + x4 |x’|2) x — x|

The constant C only depends on 11, 112, 1, 12, M a0 k, ||l ||eo and the Lipschitz constants of b, o and p.

Proof. We set 7* = v* — v*(0). We approach 7° by a sequence (§°%); of C} functions, converging
uniformly on every compact set and satisfying the same quadratic growth:

I (x)| < C(1+ |x|?), where C only depends on 7y, 1, 11, 72, [l flltip,- and M.

We keep the same approximations of b, o and f as in Proposition 3.10. We consider the following
BSDE:

Ysg,a,x,nt _gNnt(sz,nt +/ N”f(sznt Zsocxnt Hgaxnt) (Ysaxnt+ant( ))} dr

1 1
e,un,x,n,t e,0,x,n,t
= / ZE dw, — / Ht dM,,
s s

and define uj*(t, x) = Yf’”"x'”'t, for t € [0,1]. Using Lemma 3.32, we obtain,

|93 (£, %))

C(%RLW)

1 4
1 [YORRM | o [HE 6 < /O | fRp (X7",0,0) — a0} (0)] dr> 1 :

where the constant C is independent of a. But, since & < 1, by It6’s formula,
E [ 2} dr}

€ e,xn,t e,0,x,n,t e,0,Xx,1,t
Nn,t(Xr /Zr /Hr )‘ + a
,

< gNnt(Xglxxnt)

1
1 2E [/S {| ;
1
} +E {/ {|Z;:,1x,x,n,t|2 +]1 |H;:,uc,x,n,t|2} di’} )
s

It leads us to E [|Y§’“'x'”'t|2} < C(1+ |x[?), with a constant C independent of « (note that av}(0)

is bounded independently of «). This way, we obtain |uy;*(t,x)| < C(1+ |x|?), and, due to the
representation of H***" in terms of u**, we find:

@ (t,1)] < C (VE+ VET) [1+ x5 4],

(0]} o

C(1+ |x2) + CE Ul

where the constant C is still independent of a. Mean value theorem tells us
(¢, x) — us (8, x")| < C(L+|x[* + [/ [2)[x — ).

To conclude, we just need to take the limit as € goes to 0. The key is the same as in Proposition 3.10;
denoting ;" = Ty (X}, we see that (Y, Z&%", H4%") is the solution of the BSDE

1
Vi = o (X +/ g (X7, 2 5 — o (V7 40y (0)) } dr = [ z20 aw,
1
- [ Hprram,,

so uy" — Th. O
e—0
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3.4 The ergodic BSDE

We consider the ergodic BSDE:

Y= Y ./tT{ng(x;fr",z;@", HEM) — A} ds — Q/th;fr" dW, — ./t'T H2"dM,, 0<t<T < oo.
(3.14)
Theorem 3.14 (Existence). Under Assumption 3.7, there exist:
o g real number A;
e a family of locally Lipschitz functions (v;);ck satisfying v;(0) = 0;
e a process Z*" € L%’,loc (Q,Lz (0, 00; (]Rd)*));

such that, if we define Y;"" = onn(Xy") and H"(1) = o (X)) —one (XP"), EBSDE (3.14) is
i "

satisfied by (Y*",Z*", H*", A) P-a.s. and for all 0 <t < T < oo.

Moreover, there exists C > 0, such that for all x € R? and I € KK, |v;(x)| < C(1+ |x[?).

Proof.

Step 1: Construction of v;, I € K, by a diagonal procedure.
For every « > 0 and | € K, we define 7f (x) = of(x) — v{(0). We know that there exists a
constant C, independent of a, such that [0 (x)| < C(1+ [|x|?) and [av#(0)| < C. Let D be a
countable subset of R?; by a diagonal argument, we can construct a sequence (ap) converg-
ing to 0, such that for every | € K, (ﬁllxp )p converges pointwise to a function v; over D and
zxpv;x”(O) FH—OZ Ap, for a convenient real number A;. Moreover, the functions o] are uniformly

locally Lipschitz:
3C >0, Va € (0,1], Vx, ¥’ € R, VI € K, [7%(x) — 7% ()| < C(1 4 |x|? + |¥'|*) |x — &'|. (3.15)

Then, v; is uniformly continuous on every compact subset of D, so it has a continuous extension
over RY (we still call it v;). Then, we can show that v; is the pointwise limit of the functions E;X”
over IR, v; is locally Lipschitz continuous and has quadratic growth.

Step 2: Construction of some processes Z*" and H*".
We will show that (Z*»*") , and (H"*"),, are Cauchy in L}, (Q, L* ([0, T], E*)), where E = RY

N Ap XN o *DCm,X,i’l’ Z’ _ Z“prxr” N Z“mrx/n

or RF-1 for every T > 0. When p < m € IN, we set Y=Y Y
and H = H%*" — H%%" By Itd’s formula, writing Rs = a,,, Y& — apY:p'x'n,

B[ [ 2P + plf) o
=E [\?TH —|Yo/?

Ap, X1

TS x,n r&pXn X 70, X L0, X1
+2E /0 Vo { g (X3, ZE7 B — g (X, 280, HEnm) 4 R} ds
- 2[I£I1E, T _ 1 T N
<SE Yol + | 20flfpz + —— = |E| [ 1Y%Pds| +SE | [ {IZ]* + plHs[*} ds
P U 0 2 0

T _ 1/2 T
+2E {/ |Y52ds} E U |Rs|2ds]
0 0

Using the fact that [Rs| < C(1+ |X3"|), we are able to prove the existence of the limits of
(z%%M) , and (H*") in L3, (Q, 1% (0,00, E*)).

1/2
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Wp, XN

Step 3: Taking the limit in the BSDE satisfied by (7 , 28, H”‘P'x'”) leads us to:

T T T
Y=Y+ /t {fne (X3, ZE", HE™) — Ang }ds — /t Z3" dWs — /t HY" dMs.

Step4: A = = A
For every « > 0, and for all 0 <t < T < oo, we can write:

T
0Ty (XI7) + 003 (0) = a0y (XE") + oy (0) + /t { (X2, Z2m, HE) — Y™} ds

T T
—a / 7 W, — o / HY d M.
Jt t

Taking the limit along the subsequence (xp), we get Ann = Ang forevery 0 <t < T < oo, 50

A== A =1 A
2
o)
p<meN

is bounded (because it converges). By a diagonal procedure, there exists a subsequence

(a,) C (ap) such that:
2
/ ! {‘Zf;""'” gz } dt] <27,
0

p
We claim that this result can be extended to every x € R% let us fix T > 0 and denote
Ao = o1 _ &X' for any a > 0 and x, x’ € R?. Then, by usual techniques:

T
E Uo {|AZt|2+y|AHt|2}dt}
4l 1% T
< 2E [|avr?] + (4||f|ﬁp,z ) E [ | |Am|2dt}

T
+4 | [ 185103 { ol + lellp ol 221} ).

We can use Lemma 3.28, Proposition 3.13 and the estimate of the end of the proof of Proposition
3.12, to prove that:

Step 5: Almost surely convergences.

Qp,xn

T
For every x € RY, the sequence (lE {/ {‘Zt =z
0

Qp,Xn

2
[ g

!
X, o xn

2
VxeD,Vp<meN,E —|—y’Ht”" — H;™

T
B| [ 1z + plsmP)dt| < Cu+ x4 ¥ ) - o,
0

2
b

with a constant C independent of x and x’. So, we are now able to write:

T ’ , 2
ol ,x,n
Z prrr Z‘Xm/xr”
/0 {‘ f t

Finally, Borel-Cantelli theorem gives us, for a.e. t € [0, T]:

VxeR, Vp<meN,E Y ’Hf‘”""" — H <2,

al,x,n

X, ol ,x,n
z,""" — Z;" and H,’"" — H", TP-as.
p—o0 p—o0

Step 6: Representation of H.
For every T > 0, (Y*",Z*", H*") is the solution the finite horizon BSDE: for every t € [0, T],

T T T
= o (X + [ (e (00, 25, ) =2} ds - [zt aws — [ HE dM
The formula H;"" (1) = oN (XE) = oN (X;"") comes from Lemma 2.2 in [53]. H
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Theorem 3.15 (Uniqueness for A). We suppose that:
o Assumption 3.7 holds;
o (Y¥M, ZXM HY" M) is the solution built in Theorem 3.14;

o forsomex € R4 andn € K, (Y, Z', H', \') satifies the EBSDE (3.14) P-a.s. for every 0 < t < T < o9,
where Y' is a progressively measurable process, Z', H' € 1%, (Q,1%(0,00; E*)) (with E = R or

RY)and A € R;

e doyy >0, VE>0, Y]] <cen(14 X"

2) P-as.
Then, A = ).

Proof. We define ® = ¢*" — o/, for e =Y, Z, H or A. We have:
Yr—Y

3 T o, 1 /T X0 XN pyX N xn ol gl 1T 1T
A= o [ e (0 2 W) = fp (X7, 2L, HY y ds = o [ Zeawo— o [ Hod

Thanks to Girsanov’s lemma, there exists a probability measure IP under which

1 1

— — C
E[Yr—Y] < T(l + [x[?),

with a constant C independent of T, due to Proposition 3.4. We conclude by taking the limit when
T — oo. 0

Theorem 3.16 (Uniqueness for Y, Z and H). We suppose that:
o Assumption 3.7 holds;
e forevery 1 € K, v;,9; : R? — R are continuous, have quadratic growth, and v;(0) = 9;(0) = 0;

o for every x € RY and n € K, 2", H" € 13, (Q,12(0,00; E*)) (with E = R? or R*~1);

o there exist A, A € R, such that, for every (x,n) € RY x K, the tuples (opyn (X*), Z*", H", ) and
(D (X¥M), Z%1, HY", A satisfy the EBSDE (3.14).

Then, A = A, v = 0, and for all (x,n) € R? x K, for a.e. t >0, Z'" = 7" and H*" = H*" P-a.s.

Proof. We already know that A = A. We write Y = = onr(X;") and Y = = Onp (X;"). We approach

b, 0, f, v and ¥ by Cl-functions which converge uniformly (on every compact set for v and 7).
Moreover, we can assume that b°, 0° and f* are uniformly Lipschitz continuous and that v* and 7*
are uniformly locally Lipschitz continuous, in the sense of equation (3.15). We consider the following
equations, for every t € [0, T]:

-t t
X =t [ by () ds+ [ ok () an,
T T
th,n,s _ Xx o, s + / N” Xx 1€ Zx 1,E Hx ne) _ )\} ds — / Z;c,n,s dW; — / H;c,n,s dMs,
Jt t
DX NnE e X,1,€ T € Xn,E FXMNE TFXME _ T Zx,n,e _ T Fyx,1,e
Y = 0N¥(XT )+ t frn (XM, 23, Hy™e) — A g ds t Z3"E AW t HI™* dMs.
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Step 1: Convergence of the approximations.
We set Ae = o — 8, and we get:

|AY8"” _ AYé‘fn,e| <E H0N¥ (X;") _ U%I%(X%n's)

} +E HZ/)\NT’E(X%H) - ?N%(X%n's)

]

T
wr [/0 g (X7, ZE HE™) = fi (X, 25, HE™)

5
dt} .

! 7 7 = ~
tE [/o g (X7, Z7, ) — i (X, ZE, )
Setting /e = ¢*" — ¢*/* we have the upperbound:

thn (X;C,I’l’ Zf,i’l, H;C,Tl) _ f]&\[tn (X;c,n,e/ Z;c,n,e/ H;C,?’l,f)

<If = felloo + Nlollip,x[6Xel + lolhip,p| ZE " N Z N lliplOXe | + 1l fltip,26Ze| + 11 llip, | O He -

But, thanks to the lemmas 3.28 and 3.29, we have:

B [16XI57] < Gy (b~ ¥l + llo — o°|&)  and

T 2 2
E { i {|5zt| + u|6Hy | }dt}

< CE |:‘UN]H_ (X%{f”) — Z)%]]n_ (X%{,n,g)

2 T 2
+ [ ez ) = g0,z | ).

Obviously, the same estimates hold with “onv, Zand H. To prove that fAYg'n — AYy"| = 0,
£

we only need to show that E UUI\W(X?”) — UM (XY

2
]—)0:

e—0

¢ on the one hand, using uniform local Lipschitz property,

d |

<C (1 cE[x ] e [lxxf"'EIS:ﬂlm) E [|6X

Dhen (XE") — 0 (X3)

1/2
*,4
’ — 0,
O'T} e—0
o on the other hand, for any R > 0, we have

2
E |0~ ooy (6 Vg | < o oI, and

2 41172 )
: , , /2
]EU(U—US)W(X;”)‘ ]1|X;,n>R] <]E“(v—v€)w(x§”) } P (|X3"| > R)

12\ E[IxE2)Y? ¢+ [xfs
2 S 5
For any R > 0, limsup E U(v— o°) N (XT) ] < w, ie.
e—0

E U (0— ve)w(xgﬂ)ﬂ —o0.

e—=0
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Step 2: Convergence of the approximations to the same limit.
Approximations have been made in such a way that Z*"* and Z*"* can be written as continu-
ous functions of X*¢; we write:

ZEmE = G, XE), 7R = B, X2,

HE = i (6, X07) and BE™ =Ty (6,55

We set:
frb;(xfgisz(t/x)ﬁfn(t/x))ffﬁ(eri(tlx)/ﬁin(t/x)) € 7e * 3 € 7e
S (%) = (RSO =G0 160 £ G ),
0 otherwise;
FE (0,85 () 1, (1,%)) = £ (3,85 (£,%), 16, (£,%)) (16 T % i e e
TS (k) = |5 ()2 (o = Hi ) (8, 6)" 38 i (8, ) 7 B (8, ),

0 otherwise.

There exists a probability measure P¥"»*T under which we can write:
Ayéc,n,s — lEx,n,s,T [AY%’"’E] — lEx,n,s,T [(vs o ﬁ)N% (X§,n,£)} )
Using Corollary 3.6, we get
‘]Ex,n,e,T [(Z)S _ 5€)N¥(X§~’n’s)] _ IEO,n,e,T [(Z)S _ ﬁe)l\#(X%n,s)} ‘ < C(l + |x|2)e7vT‘
Because ¢ and v do not depend on ¢, passing to the limit gives us:

(0 —9)n(x)] = [AYY" =AY < c(1+ [x[)e .

We finally obtain v = ¥ when T — co. Then, uniqueness for Z and H is the consequence of
Itd’s formula.

O

3.5 Large time behaviour

In this section, we keep working under Assumption 3.7. We already know that there exists
a unique solution (Y*",Z*" H*" A) to equation (3.14). Let &T be a real random variable Fr-
measurable and C a positive constant such that |¢7| < C(1 4 |X}"|?) P-a.s. We consider the solution
(YT’X'”, zTxn H T"‘f”) of the finite horizon BSDE:

T T T
P =g [ (xen 0o B ds — [ Z0omaws - [T HD M, te [0,T].

Theorem 3.17. We have the following inequality:

T,xn
Yoo

C(1+ |x?)
T Al <

\#/

T,x,n
0

where the constant C is independent of x, n and T; and in particular:

subset of R%.

2 A, uniformly in any bounded
— 0
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Proof. For all x € RY, n € K and T > 0, we write:

Yo N YA Y AT | Y
T = T T
First of all, |Y"| = [vx(x)| < C (1+|x|?). Also, by the usual linearisation technique, we have:

YOT,x,n o Yg,n AT =¢T - o (Xin) + /OT { (Z;F'x'” — Z;‘”) Bs + (HST’X’” — H;C’n) ’ys} ds

-/ ! (20— zer) aws - | ! (HEwn — 2 dM,

where
x,n T,x,n x,n XN XN x,n
fNS" (Xs , Zs , H; )_ng (Xs ,Zs"", H; ) Txn o) * . Txn on
Bs = T 5 (Zs” _Zs') , i ZgTT FE 2T,
s = ‘Zs i _ gxn
0, otherwise,
x,n T,xn T,xn XN T,xn XN
stn (Xs ’ZS ’HS )7fN“n (Xs ’ZS ’HS ) T,xn xn) ™ . T,xn x,n
o T 2 (HSH —Hs,) , if Hg"" # Hg"",
Vs ‘ HIxm _ g

0, otherwise.

- t
By Girsanov’s theorem, there exists a probability measure Q' under which W; = W; — / Bsds is a
0

}

Brownian motion on [0, T], and such that we can write:
Y =Yg = aT| = [EQ [T —ong (357 || < B [|67]] + B [[ong (x57)
1)

Due to Proposition 3.4, we get: sup EQ' [‘X;” ﬂ <K (1 + \x|2), where « is independent of x and 7.
T>0

<c(1+E [|xp"

O

Theorem 3.18. We suppose that &1 = SN (X3"), where all the functions g, : R — R have quadratic
growth: ¥(x,n) € R x K, |gu(x)| < C(1+|x|?) and satisfy the following local Lipschitz condition:
Vx,x' € RY, Vn € K, [gn(x) — gn(x")| < C (14 |x> + [x/?) |x — ).

Then, there exists L € R, such that: ¥(x,n) € R? x K, YOT’X’" — AT —Yy" T:z L. Furthermore,

V(x,n) e R* x K, VT > 0,

Y AT =G L < C (14 [a?) e

Proof. We will consider the following equations:

QYT = (X, 2D IR ds 4 2D AW, 4 BT A,
s
Ttxn t,x,n
YT — gN;,n (XT )

T

Ttxn __
— Y, = uNg,,,

(s, XL, see Lemma 2.2 of [53];
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A { Fap (Xt""”, zbxn, ng"f”) - /\} ds + Z*" AW, + HE" d M
Y’?x’n = Nt n (Xt X }’l)

— V¥ = v (Xi¥") , solution of the EBSDE;

dYse,T,t,x,n — Ntn (Xs Jtxn Zs LT txn Hs ,T,t,x, n) ds + Zs LT t,xn dWs Hg,T,t,x,n dMs
e Tt xn e,t,xn
Yy = gNt,n (XT )
yehtan — & (s, Xetx") here u®T is C! w.rt. x (see appendix);
5 = N”’ where is r.t. x (see appe ;
dYS&T,t,x,n — Ntn (XsTtxn ZsTtxn HsTtxn) ds +Z€Ttxndw +H€TtxndM
Y%T,t,x,n _ Nt . (Xs X, n)

yeTtxm — g X&) where #T is C! w.rt. x (see appendix);

Nt n (

where g¢,v¢ € C} converge uniformly on every compact towards g and v; also, we take (b¢) and (0¢)
two sequences of C} functions that converge uniformly towards b and ¢ and define X“'*" as the
solution of the SDE:

o (Xg,t,x,n) ds +0¢,, (Xg,t,x,n) dw.,
N N!

dXS’t’x’n B
s =
XeEn oy

Step 1: Approximation of the function f.

We set p;(x,p,h) = fi(x,poi(x),h) ; p is Lipschitz continuous, and we approximate it by a
sequence of C; functions (p*) which converges uniformly. Then, we define a function p* satis-
fying:

05 (x, p, ), if |poi(x)| < ¢,

o = { § if [poy(x)| > 7
where r(¢) is chosen in such a way that p* and p® have the same Lipschitz constant. Also, where
1 < |poi(x)| < r(e), p(x, p, h) is chosen such that p* is of class C} and |0(x, p, h)| < [pf(x, p, )|
This way, p* P uniformly on every compact set. We set ff(x,z,h) = p¢ (x,zof(x) "}, h) and
£—

fte Cg. Moreover, we have the following upperbound:

|(f = £9)i(x, 2, h)]|

NN

[0 = 7°)i(x,203(x) ™4 )| + 15, 205 (x) ™1, ) = B (x, 20 (x) 71, )|
(0 = p)i(,203(x) 1 1) 11 + 20, 203 (x) )

+ llolhip pl2l1o3(x) ™ = o ()|
< llp = 0¥lloo + 2 { Mp(1 + [x]) + lolip p 203 (6) 71 + N ipalh] } 11z
2 lo® = oo

Step 2: Growth of w®’.
We set w&T(t,x) = u®T(t,x) — T (t,x) and w’ (t,x) = u’(t,x) — A(T — t) — v(x). By unique-
ness of viscosity solutions (see Theorem 5.1 in [53]), we have u®T(0,x) = u&T*5(S,x) and
=T (0,x) = u&T+5(S, x).
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Lemma 3.19. We have: Vo € (0,2], VT > 0, 3Ct > 0, V(x,n) € RY x K, Ve > 0,

2 ~
on(x) — 57(0, %) —|—AT‘ <Cr {]E

2
oy (357) = oy () [[| 10 =112
(10 =815 + llo = 1% +/2) (14t |

Proof. We set 8Ys = Y& — YoTX" L \(T =), 6Zs = Z¥" — Z&T*" and 6H, = HX" — HYT",
then,

doYs = { fiy (X, Z&Tom, HETM) — g (X327, 25", HE™) b dis + 6Zs AW, -+ SH dM.
We will use Lemma 3.30; we set
Fls,2,h) = fu (X, Z3", HE™) = figp (XE¥, 25" — 2, HE" ~ h),

and we can write:
d&Ys = _F(S, 5Zs, 5H5) dS + 5ZS dWs + 5HS dMs.

We have:
|F(s,z,h)|
< |\ (X5, Z5", H™) — fe (X377, Z3", HY™)

+

S (X&T, 25", He™) — fan (X, Z$" — 2, H™ — h)
~1
< E+ llelhippllo™ lleolz] + llolhip,xlhl,
where we set

B = llo = plloo +2 { My (1 + | x2"

|0 Moo ZE™ |+ [l lip 1
Zxn
s

H?’"\}ﬂ\zgr"pe*l
—12
o™ 5lle® = olleo + [lollip [ X5 = X5

o lhip | ZE" g o™ o] X2 = X,

T 2
16Y7 2 + (/ Fsds> ].But,
0

T 2
(f a1 as)
T 2
(RC—
T 2
(1 e 05)

)+ Hp“lip,p
+ ”leip,p

We get E [|5Y|gﬂ < CrE

(Free)

E <7T|p — p°|1% + 28M3FE

+28[ol12, ,llo 2 E

+28||p||12ip,h]E

T 2

+ 7ol et~ 1 | (| |Z§,n|ds)]
T 2
7ol | ([ 1= x5 )

+ 7ol pllofp llo ™ IGE

T 2
(f e xeomas)
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T 2 A 12 T 471/2
2 ,
| (5 Jeerjio-ss (rom(reit) e | ([ harcrae) |
T 211/2 T 271/2
+E (/O |z st) E </0 1o oo ds) 1
1/2
1/2 T 4
4
el 5 ()
T
+ |lo = || % E {/0 |Zzim st} +E {|X"’” — X5 (’;ﬂ
2 - 471/2
+E [|Xx'” — XE ;;‘ﬂ E ( /0 |z ds) 1 :
We recall the following inequalities:
e from Proposition 3.4: E {|Xx'”|8'ﬂ < Cr(1+ |x[*);
e from Lemma 3.28: E [|Xx/" — X&5n 3?] <Cpr (||b — b5+ o — Us||fo);
e from quadratic growth of v: [E [|H"’” Sﬂ <C(1+ |x)®);
T » )
e from Lemma 3.30: E (/0 |ZzE" ds) < Cr(1+ |x%).
Moreover, we have, for every a € (0,2] and for p € {2,4}:
T y p—1 T xn -1 p—1.a T x,m |
E /O Vg ads) | <T /O P(|Z5 > 1) ds < TV le /O E [|Z"*] ds
N T a/2
< TP 3eE [/ |70 2 ds] .
0

The proof of the following lemma is exactly the same.

Lemma 3.20. We have: Yo € (0,2], VT > 0, 3C1 > 0, V(x,n) € RY x K, Ve > 0,

2 ~ 2
uf (0,x) — " (0,x)| < Cr {lE Ugw; (X7") — gy (XF™") ]+Ilp—p€|§o

(1o =02 + flo = 0|2, + /%) (14 [x[*+) }.
We keep in mind the following results:

2
o+ Jong (") = o (X5°)

’ 2
wiT(0,x) — wZ(O,x)‘ < Cr {]E “gw (x5 _gi]; (X557 ]
o =%+ (I =% + llo = 0% +€72) (1 [x4) |,

‘wZ(O,x)‘ <C (1+ |x|2).
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Step 3: Variation of w®T (0, ).
We write:

e, T,x,n e, Txn e Txn e T,xn
YO _YO - YT _YT
T
€ e,xn ¢, T,x,n e, T,x,n £ exn e TT,xn rye,T,xn
+/O {Fr (X, ZeTom, HETom ) — (X, Zemm, B ™) | ds

T ~ T ~
— /0 {ZS,T,x,n _ Zg,T,x,n} dw, — /0 {Hse,T,x,n _ Hss,T,x,n} dMs,.
We use Girsanov’s theorem exactly the same way as in the step 2 of Theorem 3.16, and we get:
100 5570 B [y ] [, (55 oy ()

By Lemma 3.11 and corollary 3.6, we get:

X 4 Y

T (0,x) — wiT(0,)] = [BQ [(g° — o*)ng (X5°") | B9 [(g° — o)y (X7
<E(1+ |xP+ lyP) e,

where ¢ and ¥ are independent of e. So:

36,7 >0,VT >0, Vx,y € R,

w7 (0,x) = wiT(0,y)| <& (14 |x2+ [y?) e
(3.16)

Step 4: Upperbound for 9,w®” (0, e).
We use the Bismut-Elworthy formula (see [59]); for every T” € (¢, T], we have:

T/
axui;T(t, x) —E |: Ntn (T/ Xs,tx n) Rs,tx n +/ f]e\[t,n (Xg,t,x,n, ZS,T,t,x,n’ H;a,T,t,x,n) Rg,t,x,n dS:l ,
t s

T - ~
axﬁ;’T(t,x) —E {uNm (T/ Xs X, n) Rs LExn + /t f;]t,n (Xg,t,x,n, Zg,T,t,x,n, H;:,T,t,x,n) Rg,t,x,n d5:| ,
S

T/
1 (s . *
where R¥A! = p— </ ( N (X&)~ VXﬁ't'x'") dWr) . By subtraction:
— t
o w T (t, x)
e, T—T' e,t,x,n e,t,x,n
—E [ Wi (o Dot )RT,

+/ N Xstxn ZsTtxn HsTtxn)_f N (Xetxn ZsTtxn HsTtxn)}Rs,t,x,ndS]
N" N s :

Using Itd’s formula, we can prove that E UVXﬁ’t’x’" |§] < d2e571), where k = 2115 ]|1ip + H(7||12ip.
Then, for any s € [t, T'],

2 20| —112
E [‘Rs,t,x,n 2} < 1 E (Xstxn) vxs,t,x,n 2 drl < d HU HooeK(T’—t)
s S \s—t t r F S s —t '
Recalling the Lipschitz continuity of f, we have:
Ntn(Xstxn ZsTtxn HsTtxn)_fNM(Xstxn ZsTtxn HsTtxn)
< ||P||1ip,p‘Zg'T’t’x’nUIi]gm(Xglt'x'n) Z£Ttxn0,£tn(Xstxn ""Hf”hph‘HSTtxn H£Ttxn

Hthp p watn( Xstxn

2)1/2

+ ”f”hph (Z ‘ Nt" Xﬁ’t’x’") - Nt”( Xetxn)
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Using Cauchy-Schwarz inequality, we find:

axwf{T(t, x) ’
Ao
! a ,
<E ‘w%T (O,Xs'f""”> ] AT Moo gr1'/2
Nt T T
T/
, T . 12 4s
+ llelp de(le el /2/ E {axw&m (s, Xetxm) ]
' °° f Ny N
,1/2
+ ||f“l hdHO-—lH eKT//Z /T,]E Z ws,T (S Xg,t,x,n) _ws,T (S Xs’t’x’n) ds
s o0 t lel Nsthrl 7S stf 7 g —

Thanks to step 2, we have the following upperbound (for any « € (0, 2]):

]

< C(1+Ial) + Cros (A7 llp = 0112 + (10 = I + lor = o¥11% +€72) (14 [x[*+%) )

|

E Uwi,T—s (0, X;,t,x,n)

where

2
ex,sm,l _ XEAxM | P £, XM | XEAxM | ¢ g, XM |
At =E UNITis (XT—S U\ XT—S + gNIT,s XT—s — 8Nt XT—s

T-s T—s

So, we obtain,

waf;T(t, x) ’

,T/, : /Nt’ln
<{C(1+|x|2)+cm( N A

@ dl|oc! /
+ (lIb Vot llo =l +€"‘/4) (1 + |x|2+2)> } H‘; ||:°eKT /2

2}1/2 ds

T/
+ = odlle! ooe"T,/Z/ IE[
lolhip,pdlle™" |l t Vool

+ CK2| fllip nd o oo™ /2 (1 + |x[2)VT
+ Cr_ V| flip o™ oo /2V/T?

. {Z VAT k(o = pllo+ (b= 8l + 1 = o¥lleo & £74) (14 1x+2)) }

leK

8xw§$n (s, Xﬁ't""”)
S

axws (¢, x)'

Let us take { > 2; we set ¢”' () =  sup 1+ [xff

(x,n)€RTxK

. Using the appendix 3.7.4, we see

that:

a.wiT (1, %)| <

aai" (1) +

axﬁf,'T(t,x)‘ <C (1 v |x|2) :

This proves that ¢®T is well defined on [0, T); also, for every s € [t, T'],

d

ast,T (S, Xg,t,x,n)

,71/2
o | <c(ieid) ¢,
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where C is independent of T and x. We get:

2.0 ()|

1+ |x|¢

AS,T/,x,n,N;,”
CT/ CT i t
< + .

_ ¢ b— bt _ £ o/4
=t = | g e et b= Fl o= ol e

T ¢T
9= (s)
—|—C/ dS+C
T t /s—t T/
e, T ,xn,l
t
Cr s vyt _ € b— bt o — ot o/4
+Crar § T S o=l + b= Bl flo =l e

When 2 + 5 < {, we can take the supremum for x € R? and 1 € K, and by a change of variable,
it can be rewritten as:

te,TT/_M)
eT(T — 1) < t—i—C//Ld,
oI =) < alt) +Cp [ B du

where 0 < t < T/ < T and

1 Crqr
o(t) 1= Cp (1+ ) + (T + Crpasr ) (I =l + 1= ¥l + llr =¥l + /)

Vi Vi
s,T’,x,n,NTL‘%'" T ]
n Crr VAT LC 3 VAT
: sup ———————— +Cr iy sup .
Vi (x,n)€ERI XK 1+ |x|€ IeK (x,n)eRIXK 1+ |x|C

t
Lemma 7.1.1 of [30] gives us 9“7 (T' —t) < a(t) + Cpr / E' (Cy/(t — u)) a(u) du, and the integral
0

n 1
. . . > z2 ] / T (2) / :

, e ~ . = 1 .
is well defined, since E(z) Z - isC"and E'(z) Choose t = T’ and find

n=0 r (j + ].) z—0F \/E

,T 1

M < Cp+Crp S'T(T’)+/T E'(Cr(T' = ) {Cpr + Crpdl ()} 1+ 1) qu
1+ %[0 ST T,T' Y71 Jo T T T,T' Y11 i ’

where we denoted
Vi () = [lo = p%lleo + 1 = b [0 + o — 0% [|oo + &/

T —un
/AS,T’/X/W/NT/ As,T’,x,n,l
T —u T —u
+) PTG

sup
1+ |x|¢ I€K (x,n)€RIxK 1+ |x[¢

+  sup
(x,n)eRTxK

Step 5: Taking the limit when ¢ — 0. From Theorem 3.17 and equation (3.16), we get easily:

3C >0,YT >0, Vx € RY, vn € K,

w,{(o,x)‘ <C (1 + |x|2) ) (3.17)

35,7 >0, VT >0, Vx,y € RY, Vn € K,

wl(0,x) — wZ(O,y)‘ < 5(1 + x| + |y|2) e T, (3.18)
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The function w] has no reason to be C!, so we use the mean value theorem:
‘wZ’T(O, x) — wﬁ,’T(O,y)‘
(14 2]+ [y[¢) Jx = ]

T 1
< CT/ + CT’T/’)’?,T<Tl) _|_/O E/ (CT/(T/ — u)) {CT/ + CT’T/’)/%,T(M)} <1 + \/a) du.
Our next goal will be to get an upperbound for 'ygT,T .Let R > 0;
S,Xs,t,x,n’l 2
E ’(8 - gS)NlTiT, (XT_T%/ ) 1 s,Xiﬁf’x’",l
>R
1/2
S’Xs,/t/x,n’l 4 S,Xs/f/x’",l 1/2
<E ’(8 _gg)N'T,T/ (XT_TT, ) P (‘XT_TT, > R)
e xopon 262712
4 T/ 7!
14 |x|>*+¢
X R€72 .

Using that g is locally Lipschitz continuous and Lemma 3.28, we get:
Xs,t,x,n 1 e Xs,t,x,n 1 2

T/ ’ 4 T/ ’
‘gNITT’ (XTT/ > - gNITfT' (XTT/ > ]

We can do exactly the same with g and g° replaced by v and v*. This way, for any R > 0:

E

< Cropmp (14 11*) (Il = b3 + o = o*I1%)

_¢
S CRTE 4 Cror,rr (I = Bloo + llo = 0%lo0) + 118 = 8 leo,50,8) + 17 = 0%l 30,8 -

It leads us to:

4
V() < Crpr (o = 1l + 16 = Blloo + 1= 0 oo €4 + RYE o+ lg = ¢l mo

+ [Jo — o]

oo,B(O,R)) :

To sum up:

VYa >0, VT >0,3Cy >0,VT > T, ACr >0, Vx,y € RY, Vn € K, VR > 0, Ve > 0,

-1
@570, %) = wiT (O, y)| (14 %2 4 yPHe)  x -yl

_¢
< Cr+Crr (llo = plleo + 16 = B lloo + [l — 0%loo + /4 + R'~2 + || — |

00, 3(0,R)

+ v = v€||oo,B(0,R)>

!

T s
+ [ {er+Cam (o=l + 110 = ¥llo + o = lls 274 4+ RIS

1
+ 18— &lleosor) T lv— UEHoo,Bm,R)) } E'(Cr(T" —u)) (1 + ﬁ) .
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We take the limit as ¢ — 0 and then R — oo: for every « > 0 and T" > 0,

3Cp > 0,YT > T, ¥x,y e RY, Vn € K, |w!(0,x) — wZ(O,y)‘ < Cp (1 + x> 4 \y|2+"‘) |x —yl.

Step 6: Convergence of w’ (0, 8) when T — co.

Thanks to equation (3.17), by a diagonal argument, there exist an increasing sequence (T;);c
with limit +oc0; some functions w, : D — R, with D C R? countable and dense, such that the
sequences (w,f"(O, e)); converge pointwise over D to the functions w,. Equation (3.18), with
x,y € D, tells us that the functions w, are equal to the same constant L on D. The same
equation, with x € R? and y € D, gives us that w, = L on RY, for every n € K. Let K be
a compact subset of R?; we define A = {(w}(0,0),...,w](0,0)) \K|T > 1} C C(K,RK); it is
equicontinuous. For all x € K, the set A(x) = {(w!(0,x),..., 0 (0,x))|T > 1} is bounded
(see equation (3.17). By Ascoli’s theorem, A is relatively compact in C(K, RK). Let x € K and
n €K,

7

wh (0, x) — L’ < ‘w,{f(o,x) - w,{i(o,o)’ + \w,{f(o,o) - L‘ < 6(1 + |x|2) e 7T 4 |wr,(0,0) — L

which proves that the functions wZ" (0, ) converge uniformly to L on K. So (L,...,L) is an
accumulation point of A. Since A is relatively compact, if we prove that (L,...,L) is the
unique accumulation point of .4, then, we get the uniform convergence of w} (0,e) to L on K.
It works for any compact set K C R?, and L does not depend on K. We conclude:

Vx e RY, Vn € K, wl(0,x) — L.

T—o0

Step 7: (L, ..., L) is the only accumulation point of .A.
Let w™X be an accumulation point of 4, i.e. there exists an increasing sequence (T!) with limit
+00, such that

!
v € K, |wy (0,)], — wffKH —0.
(9]

i—oo

Again, Equation (3.18) tells us that w*X is equal to a constant (L, ..., Lx). Our goal is now to
show that L = Lg. We consider:

wfz,TJrS (0/ x) _ YS’T+S’X’” _ YS’T+S’x’n

_ veT+Sxn _ e T+S,x,n
- YS YS
S
X, ,T+S,x, ,T+5,x, xn e T+Sxn 17, T+S,x,
+/0 {flg\lf (Xﬁxn,zﬁ + rn,Hﬁ + xn) 7f]£\];1 (Xﬁxn,zﬁ + xn,Hﬁ + xn)} dr
S - S -
_/ {Z§'T+5""” _ Zﬁ,TJrS,x,n} dw, _/ {Hf,TJrS,x,n _ H;,T+S,x,n} dM,.
0 0

We define the function:

fi (e 0ty (6, )5 (), w0 8, 0) ) = £ (98 (1, ) (x), 1575 (1, )
2
axfy" 5 (1,2 ()|
T (x) = T+S * T+S
o X (axwf{ + (t,x)afl(x)) ,if t < Sand 9w T2 (¢, x) # 0,
0, if t <Sand d,ws (¢, x) =0,
rs15(s, x), ift >,

m+1
probability measure Q under which we can write:

where u§T 5 (t,x) = (us'T+S (t,x) —us o (¢, x))l r Using Girsanov’s theorem, there exists a
€
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- t
o W, =W, — /0 F;,Z:?V:L (r, Xe*™) dr is a Q-Brownian motion over [0, S|;
. w;,T+S (0/ x) — EQ [Yg,T+S,x,n i ?;,TJrS,X,Tl] ]
This way, we can write:
w7750, x) = EQ [ ™ (5, X¢") | = EQ [y (0,X¢™)] = P§ [wiT(0,0)] (x,m),
where P¢ is the Kolmogorov semigroup of the SDE:

U™ = bRy (UF™) dt -+ ogp (UF") <th + T?&?ﬁv;«, (t, U™ dt> :

Without any loss of generality, we can suppose that T; > T/, for every i € N. We take T = T/
and S = T; — T/. This way:

Vx e RY, Vn € K, Pr._ [wi’T" (0,0)] (x,n) = wf{T" (0,x) — w,{’(O,x) — L.
i—4i e—0 i—o0
Now, to prove that L = Lg, we only need to show that
lim limsup Py, _ 1/ [wi’Ti (0,0)} (x,n) = Lg.
=00 o 40 ! i
We have:
!
s g[8 0, )] () = L
e, T/ e, T/ e, T/ T/
< %*T{ [w. (0,0)} (x,n) —E wN;ZrTi’ (0,x)| |+ |E wN%.le! (0,x)| — E wN%.,T; (O,x)”
+ |E w (0,x)| =L
N%_Ti/ 7 K 7
lim sup ’P%,T/ [wf’T" (O,o)} (x,n) — LK’
e—0 v
. T/ T/ T/
< limsup %va/ [wi 1(0,0)} (x,n) —E wi]nl /(O,x) + |E |wyn /(O,x)l — Lg|.
e—0 ! T;=T; T;=T]

Thanks to Lemma 3.11, FZ’;;S is the limit of C1-functions, uniformly bounded, with bounded

derivatives (Fi,’;,;s’p . We consider the SDE:

>p>0

QU =gy () ar et () (amw TS (1UF) ar).

Thus,
13 S’Til i,
T we 1(0,0)| (x) —E wN;.,T/ (0, x)
[
. e, T/ xX,n,p e, T/
=|lim E |w,,; (OU”)—]E Wt 0,x
p—roe N%-—T.’ ! Ti_TiI NTn"j—T.’( ! )
1 1
. e, T/ i, e, T!
<limsupE | |w, (0, U;’i;,) — W (0, x)
p—o0 Tl-fTi’ [ T,-—T’.’

<cC <1 +limsup [E “ U%_’i’;,
p—o0 !

2 -
] + |x|2> e*VTi,/
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and the constants ¢ and ¥ are independent of ¢, p and T/. Thanks to Proposition 3.4, we have
E HUf’n’p H} <C (1 + ]x\z), with C independent of ¢, p and ¢. So,

e, T/
Wt 0,x
Nﬁ—T{( /%)

Pry [0 )3

<C (1 + |x|2> e VT,

with C and v independent of € and T;. And we can conclude that L = Lg.

Step 8: Speed of convergence.
Letx € R%, n e Kand T > 0. For any V> T, we set m(V) = n — N‘O,fT, and we get the

equality N;"(VT) =m(V)+N)_; = n. We have:

T — = i T — 14 — 3 : e, T _ e,V
w, (0, x) L’ ‘}13010 ‘wn(O,x) E [wm(v) (O,x)} ‘}grgolg%‘wn (0,x) —E {wm(v)(o,x)”
T . T T x,m(V)
= ‘;13;0 11310 wy” (0,x) —E {w;mwg (0, Uy "7 )] ,

where dU;"" = b§\]t11 (up") de+ (718\,;, (u;m) (th + FS’?’K[ZT (£, uy™) dt). Like before, we use
N

Lemma 3.11 and proposition 3.4, and we get:

0,x) —L| = lim li
or(0,x) = L= i, 1oy

w00 — i B [wf” (0.U37577)

< limsup lim sup lim sup E wa{T(O, x) —wsT (0, u{?;,iﬂ;V),p) H
V—oo e—0 p—roo

<C (1 + |x|2) e VT,

3.6 Some applications

3.6.1 Optimal ergodic control problem

We consider in this subsection a process X*"* satisfying the SDE

t t
X5 = x 4 / by (XE) ds + / oy (X AW, £30,
0 0 ‘

under the following assumptions, for all i € K:
e b; and 0; are Lipschitz continuous, with |0;(x)|% < 71 + r2|x|?;
e b; is weakly dissipative, with (b;(x), x) < 51 — 112|x|?;
e x s 07(x)~! is bounded.

Let U be a separable metric space; we call “control” any progressively measurable U-valued process.
For every i € K, let us take:

e R;: U — (R%)* a bounded function, with /73 ||R||eo||c ! [|co + %2 <1

e L; : R x U — R such that: 3C > 0, Va € U, Vx,x’ € RY, |L;(x,a) — L;(x',a)| < C|x — x’| and
Li(x,a)] < C(1+ |x]);
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e g :RY - R satisf%/ing: 3C >0, Vx,x' € RY, |gi(x) — gi(x')] < C(1+ |x|® + |x']?)|x — «'| and
18i(x)[ < C(1+[x]%).

For any control 2 and horizon T > 0, we set P73 = p’{:”’”l[’ over Fr, where

T 3 1 rT _ 2
pyjcﬂ,n,a = exp (/O O_NF(X;C,H) 1RN,” (ar) dW; — 5 | ‘O'Nt" (Xicln) 1RNtn (at)‘ dt> .

We define the finite horizon cost as
T
I (x,n,a) = E3™ UO Ly (X", ar) dt] +Ex™ {81\1;(}(;'”)} ,

and the associated problem is to minimise J7 (x,7,a) over the set of controls a : Q x [0, T] — U. We
also define the ergodic cost as

T
J(x,1,a) = limsup %]E’}’"’“ [/0 Ly (X", ar) dt}

T—o00

and the goal is to minimise J(x, n,a) over the set of controls a : O x Ry — U. We define
t
th’n’a = Wt — /0 O'Nsn (Xéc’n)_lRNsn (LZS) dS;

due to Girsanov’s theorem, W*"? is a Brownian motion under P on [0, T], for every T > 0. We
define the Hamiltonian, for any i € K, x € R¥ and z € (R¥)*:

filx,2) = inf {Li(x,0) + 203(x) "Ri(a) ..

We recall that, if this infimum is attained for every x and z, by Filippov’s theorem (see [45]), there
exists a measurable function 7; such that f;(x,z) = L;(x, vi(x,z)) + zoi(x) "' R;(7i(x, 2)).

Lemma 3.21. The Hamiltonian f; satisfies, for every i € K:
e Vx € RY, [fi(x,0)] < C(1+ |x|);
e Vx,x' € RY, Vz,2' € (RY)*, |fi(x,z) — fi(x,2')] < C|x — &'| + || R][eo|z07(x) ™1 — 2o (x) 1.

Proposition 3.22 (Optimal control in finite horizon). For every control a, we have JT(x,n,a) > YOT'x'”
where YT comes from the finite horizon BSDE:

T T T
Y = g G + [ g (7, 2P ds = [ ZDoraw - [T D M, te (0,7,
Moreover, under Filippov's condition, we have | (x,n,a’) = Y3™", for al = N (X", Z .
Proof. Under the probability measure P73, we can write:
T
VP =B oy ()] B | [ { (X, Z58) = 255y () R ()}
And then:
T T,xn x,n,a T x,n T,xn x,n\—1 xn 7T,xn
TG 0) = 30 | [ (X0, + 2oy () Ry ) = fp (57, Z5) | |
T,x,
=Yy,

thanks to the definition of f. We see that we even have an equality if we take a = a’. O
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Proposition 3.23 (Optimal ergodic control). For every control a, we have J(x,n,a) > A where A comes
from the ergodic BSDE:

T T T
Y = YR 4 /t { g (X2, Z3) — A} ds — /t 751 dW, — /t HY"dM,, 0<t<T < co.

Moreover, under Filippov’s condition, we have [(x,n,a) = A, for a; = TNy (X", Z7).

Proof. Under the probability measure P}, we can write:
T
Yéc,n _ IEJ%,n,u I:Y]Jf,n] + IEJ%,n,u |:/O {stn (X;C/”, Z;‘,”) — Z;C'”U'NS” (X;‘rn)—lRNS,, (gs)} ds:l —AT.
And then:

YU XA [yxn
J(x,1,a) = A+ lim sup —2 Y]

T—o0 T
. 1 x,n,a T x,n x,n x,n\—1 XN 7XxXn
+111;1sup T]ET /0 {LNSn(XS' ,as) + ZF O'Ng(Xs’ ) RN;t(lls) —stn(Xs' ,ZY )} ds
— 00 .

Z A,

because we can apply Proposition 3.4, and thanks to the definition of f. We see that we even have an
equality if we take a = a. O

Theorem 3.24 (Large time behaviour for optimal control problem). For every control a, we have:

T
lim inf M A.
T—o0 T

WV

Moreover, under Filippov’s condition, we have:
T, @) = JGem, @)T = V3" = L] < C(1+ [xP)e T

Proof. This is a straightforward consequence of the previours results of this subsection and of Theo-
rem 3.18. O

3.6.2 Large time behaviour of viscosity solution of a system of coupled HJB
equations

In this subsection, we keep working under Assumption 3.7. If we consider the finite horizon
BSDE: for every s € [t, T},

T T T
Ttxn __ t,x,n t,x,n Ttxn T,txn Ttxn Ttxn
YA — g (XE) + /S fpn (XU, Z T, e dy /S ZThxn q, — /S HIA dM,,

and if we set ul (t,x) = YtT A% then uT is the unique viscosity solution of the system of the following
PDEs (see [53]): for every i € K,

Orut;(t, x) + Llui(t, x) + f; (x, 0xu;(t, x)0i(x), (uiyi(t,x) —ui(t,x))ep) =0, (t,x) € [0, T] % R4,
ui(T,x) = gi(x), x € RY,
(3.19)
satisfying
JA>0,Vt€[0,T], ‘lim |u(t, x)|eAUnIxD* = o,

x| —00
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We recall that £/, for any i € KK, stands for the generator of the Kolmogorov semigroup of the SDE:
du;” = b (U;") dt + o;(U;"") dW;. We also consider the system of ergodic PDEs:

Lio;(x) + fi (x, Voi(x)0i(x), (011 (x) —0;(x))jep) = A, x€RY i€ K. (3.20)

We recall that the couple (v, A) is a viscosity subsolution (resp. supersolution) of the system (3.20) if,
foralli € K:

e v;: RY = R is a continuous function with polynomial growth;

e for any function ¢ € C2(R%,R), for every x € R? of local maximum (resp. minimum) of v; — ¢:

Lip(x) + f; (x, Vo(x)3(x), (vr1(x) = 01(x))jep) > A (resp. < A).

Proposition 3.25 (Existence of ergodic viscosity solution). The couple (v, A) obtained with the solution
given in Theorem 3.14 is a viscosity solution of the system (3.20).

Proof. We fix i € K and ¢ € C2(RY,R). Let xyp € R? be a local maximum of v; — ¢. By contradiction,
we suppose:

Lip(x0) + fi (x0, Vop(x0)0i(x0), (vis1(x0) = 0i(x0))jep) — A =1 =8 < 0.

Without any loss of generality, we assume that v;(x9) = ¢(xg). By continuity, there exists « > 0, such
that

¥ € Bu(xo), 0;(x) < @(x) and L'p(x) + fi (x, Vp(x)o(x), (0741 (x) = 0i(2))je) — A =2 i(x) < *g-

We define a stopping time T by:
T= inf{s € IR+‘|X§°’i — xp| > a} /\inf{s € ]R+’Nsi #+ i} Aa.
Before the stopping time 7, we can write the EBSDE as:
. . T . . . T .
YRy = 0i(X) + / Fri (X7, 25, By —A} dr— [ Z"dw,
AT SAT
T .
o X0, i XO i XO i X0\ _ X0,1 _ _ X0,1
=o(x)+ [ {f, (x5, 2207, (0 (650 = 0y (X5)) ) = A} ar /W 750 .
We set Y; = YSXAOTZ and Z; = Z;‘O'i]ls@. We get, for every s € [0, a],
v X0,1 @ X0,i & X0,1 X0,1 e
Y. = 0; (X200 4 /S Ve {fi (X5, Z0, (0050 = (X0 ) = A} dr = /S Z, dW,.
Applying It0’s formula before T, we get, for every s € [0, a]:
P = 9000 = [ Lipxi)dr— [ Tp(X)a(X1) AW,
We set Ys = ¢(X2%) and Zs = V(X20)0;(X20" )4y Thus, for every s € [0,a],
~ . o . . TN
Yy
S JSs
. o
— (X2 / Z,dW,
* s X0,1 X0,1 X0,1 i X0,1
[ e £ (350, T30 (X), (o001 (X70) = (X0
X0,1 @ X0l 5 X0,1 X0,1
= o)+ [y { £ (X5, 20, (070 (067 = 0,67
S

le]L) —A (X )} dr

X0,1 * s
ZG]L)—A—gbi(X, )} dr—/s 7. dW,

Using the comparison theorem (see [51]), we get 1?0 > Yy, which yields a contradiction. O
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Proposition 3.26 (Uniqueness of ergodic viscosity solution). Uniqueness holds for viscosity solutions
(v, A) of the system (3.20) in the class of viscosity solutions such that v(0) = 0 and v has quadratic growth.

Proof. Let (v,A) and (7, A) be two viscosity solutions of (3.20). We fix T > 0, and we consider the
solution (Y1, zTxn HTLXM) of the BSDE: for every t € [0, T],
T T T
Y = oy (7) + [ { g (330 280, HEP) <2} as— [z awe = [ HEO M

Using [53], YtT'x'” = u{];, (t, Xi"), where u is the unique viscosity solution of the system of PDEs:
forany i € K,

{ Opui(t, x) + Liui(t, x) + f; (x, 9xui(t, x)oi(x), (wiry (t,x) —ui(t, %)) = A, (t,x) € [0, T] x RY,
u;(T,x) = v;(x), x € R%.

But v is solution of the same system of PDEs, so we can claim that YOT A = v, (x). We define a triple
(YTxn, zTxn HTAM) by replacing in the previous equation (v, A) by (7, A). Then, for any T > 0 and
(x,n) € RY x K:

(0=9), () = (0= D)y (X5") + | (0, 200 1) g (0, 2000, ) ) s
(- A) T [T zmer o zmer ) aw, - [ (D BT v,

By Girsanov’s theorem, there exists a new probability measure QT under which we can write:

<v—?nw>_EQ[@—?mdxﬁﬂ__@_x)

Thanks to proposition 3.4 and the quadratic growth of v and 7, letting T — oo gives us A = A.
Applying the same argument as that in Theorem 3.16, we deduce that v = ©. O

We can formulate Theorem 3.18 as:

Theorem 3.27. We consider the systems (3.20) and (3.19).
Then, there exists L € R, such that: Vx € RY, ul (0, x) — AT — v,,(x) = L. Furthermore,
_)

[e)

Vx € RY, Vn € K, VT > 0, [ul(0,x) — AT — v, (x) — L‘ <C (1 + |x|2) e T

3.7 Appendix

3.7.1 Some standard estimates for SDEs and BSDEs

The following results are well-known in the literature, and can be found for example in [43].

Lemma 3.28. We consider the SDE:
t t
X = x+/0 {B(s, X:) +h2}ds+/0 (5(s, Xo) + 1} AW,

with adapted coefficients. We suppose that b and & are Lipschitz w.r.t. x and that b(t,0) = 0 and &(t,0) = 0
a.s. Then, for every p > 2, there exists a constant Cp, depending only on T, ||b||yp and ||0||yp, such that:

E[|X

T
<o (1 +E | [ (0 + hyas])
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Lemma 3.29. We consider the BSDE:
T _ T T
Yi=g+ [ {F(s, Y 2 H) +h}ds— [ Zoaw.— [ Hodm,

with an adapted driver. We suppose that j‘vis Lipschitz w.r.t. y, z and h and that f(t, 0,0,0) = 0 a.s. Then,
there exists a constant C depending only on T and || f||yp, such that:

T T T
E [|y|;;;§+/o ZiP g [ |Ht2dt} < CE {|§|2+/0 |h5|2ds]

3.7.2 L* estimate for finite horizon BSDEs

The following lemma is inspired from the lemma 3.1 of [8].
Lemma 3.30. We consider the BSDE
T T T
Y, =&+ / £ Yy, Z,, Hy) dr — / Z, dW, — / H, dM,,
t t t

with the following conditions:

o f and ¢ are such that this BSDE admits a unique solution;

o this solution satisfies |E {|Y S’ﬂ < ocoand E [\H 8"%] < o0;

o f(t,y,z,h) < fr +aly| + Bl|z| + v|h| with «, B,y € R and f a non-negative progressively measurable
4
process and E {(fOT fr dr) } < 0.

2
Then, there exists a numerical constant C, such that for any a > « + ,82 + ;’—y,

T 2
(/ ez‘”|Zr|2 dr)
0

2 ~ ~ ~
Proof. Let us choose a > a + B2 + g—y and set Y; = e™Y;, Z; = e™Z; and H; = ™ H;. We have

T 4
E < C(1+uT)E | sup e |yy* + (/ e fr dr) + sup e4”t|Ht|4] .
0

t€[0,T) te[0,T]

~ ~ T . . . - T _ T _
yt:ng/ f(r,Yr,Zr,Hr)dr—/ Z,dWr—/ H,dM,,
t t t
where & = €T and f(t,y,z,h) = e f(t,e "y, e *z,e %h) — ay. The function f satisfies the hy-

potheses with f; = % f;, # = « —a, f = p and 7 = 7. So, by a change of variable, we can reduce our

problem to the case 2 = 0 and « + B2 + % < 0. For every n € IN*, we define the stopping time:

t
Ty = inf{t € [o,:r]‘/ | Z, |2 dr > n} AT.
0
Using It0’s formula, we get:

Tn Tn Tn Tn
|1/0|2+/0 \z,|2dr+y/0 |Hr|2dr:|YTn\2+2/0 er(r,Yr,Zr,Hr)dr—Z/O Y, Z, dW,

k=1 of
+5 | (e + B2 =y, 12) amy ).
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But we have 2yf(t,y,z,h) < 2|y|fi + % + p|h|?, and we get:

1 /T ) ) T Tn k=1 7t )
E/o \Z, 2 dr < [Ya | +2/0 |Y,|frdr—2/0 Y, Z, dW, + 2/0 (2%, H,- (1) + Hy (D7) dM; (1),
=1

After standard calculations, it can be reduced to:

Tn 2 Tn
/o |Z,|?dr < 4|Y|OT+2</0 f,dr) +4’/0 Y, Z, dW,

1 dM, ()| + 2 Z/ )2 dM,(1)] .
And then
Tn Ty 4 T 2
|Zr]2dr < 20[Y[¥% + 10 frdr) +20 Y, Z, AW,

0 0T 0 0

k=1 pct 2
+20 2/ Y, H, (1) dM, (1) +10 2/ )2 dM, (1)

=170

Using the BDG inequalities,

Tn 2 Tn 2 Tn 2
20E ’/ Y,Z,dW,| | < CE U |Yr|2|Zr|2dr} \91}3 (115 }+11E </ |Zr|2dr> ,
0 0 2 0
2
20E (1) dM, (1) ] 2/ Y, [2H,- (1)*dN,(1)| < CuTE {|Y|3;§|H|gﬂ,
[ 2 o
T Ty
10E { 2/ H,— (1)2dM, (1) ] < CE Z/ H,(l)4dNr(l)] < CuTE [|H|;;fﬂ.
=170 =170 ’

Finally, we obtain:

1
~E
2

Tn 2
(/0 |z,|2dr) 1 < C(1+ uT)E

And Fatou’s lemma implies

4 T ¢ 4
|Y‘S:T+ (/0 frd”) + |H|ST1 .

T 2 T 4
E </0 Z,|2dr> ] <C(1+uT)E \Y|§;§+ (/0 f,dr) +|H|3§].
O
3.7.3 About the regularity of the function u for finite horizon BSDEs
We consider the following forward-backward system:
S S
XEO = x4 /t by (XE5") dr + /t O (XI) dW, (3.21)
T T
VI — g (X) / Fgr (X5, Y5, 2250, i) dr— [z dw, — [ Y .
S S
(3.22)
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Lemma 3.31. We make the following assumptions:
e b, o and g are of class C' with bounded derivatives;
o ifwe define p; : (x,y,p,h) — fi(x,y, poi(x),h), then p is also of class C};

e foralll €L, 0j(RY) C GL4(R) and x + oy(x) ™" is bounded;
4
o the solution of (3.21, 3.22) verifies E ||Y*57 [ 4+ | Hb "2 (ftT ’th,n(Xﬁ'x’”,O, 0,0)‘ dr) ] < oo,

Then, the functions uy : (t,x) = Y/ are of class C* w.r.t. x, for every n € K, and

Vs € [t T], Zg™" = dattgun (5, X" )y (XE™).

Proof. We will prove this result in the case d = 1.

Step 1: Let (t,x,n) € [0,T] x R x K and ¢ # 0. We set: Vet = =" =¢""" 'fo o — XY, Z or H.

€

Also, we define ® = (X, Y, Z, H). We consider the variational system:

s S
VX; =1+ / Oxbyun (X)) VXpdr+ / 00yt (XP") VX, AWy (3.23)
t r t r

VY = dgyen (XF) VX7

T
+ / [ax Frin (OF") VX, + 9y frin (©") VY + 0, fyim (O7Y") VZ,
s r r r
+nfypr (OF") VH,| dr

T T
- / VZ, dW, — / VH, dM,. (3.24)
S S

Moreover, for every s € [t, T|, we have,
T

VY= giVXi+ [ [FVXE + F()VYE + £(IVZE + fi(r)VHS] dr
S

T T
. / VZEdW, — / VHEdM,, (3.25)
S S

where we use the following notations
3 ! t,x,n €
gt = /o ang%n (X" +weVXT) dw,
1
Fir) = [ ufygn (Xetem, lsten, Ziwson, gian 4 we 1Y) do,
0 r
1
fze(r) = /0 9, N:,’Z(Xﬁ,ere,n’ er%,x+e,n,Z£,x,n + ZUEVZ,‘CZ, Hrt,x,n) dw,
1
fi(r) = /0 Ay frgtn (XEAten yhxm 4 wevYE, 7B, HA™) dw and
1
Fo(r) = /O B fryon (XE 4 weV X, YIHM, ZE, HE) dap,
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Then, we set Ae® = V o —Ve, for ¢ = X, Y, Z or H. We have:
AYE = gEVXE — g0V Xy — / AZEdW, — / AHE dM,
+ [ [AOVXE— ROV AV + £IAZE + AR + ()]
S

where we set B¢(s) = [f;(r) —f;(r)} VY, + [f(r) — f2(r)] VZ, + [fi(r) — f(r)] VH,. Using

Lemma 3.29, we get the upperbound:
T
B |16v2 + [ (12 + ot ds
’ t
T
< CE g2V~ 29X+ [ R ()VX = 0VX + 0P .

Step 2: Behaviour of VX and AX®.
Due to Lemma 3.28, E [\VX |:{3 } is bounded by a constant depending only on p, T and the
Lipschitz constants of b and ¢. Moreover, we can write:

S S
VX =1+ [ B()VXidr+ / oE () VXE dr,
Jt Jt

where B (r) = [ dxbyun (X" + weVXE) dw and 05(r) = [y dx0yn (X7 + weVXE) dw. So
we have AXS = /t {bE(r)VXE - B(r) VX, } dr —i—/t {(Tx (r)VXE — a)(r)VX,} dW,, and after

Lemma 3.28:
T
E [|6X°[}] < CE [ I ) = B TX NP + (o) — ) VX, P dr| — 0,
’ ¢ e—

by dominated convergence.

Step 3: Behaviour of AY?, AZ® and AH®.
Using Step 2, the fact that ¢ € C} and dominated convergence, one finds:

£
[‘ngXT + (g gx)VXT| } ;; 0.

Also, by dominated convergence,

E| ([ 150 mﬂ 0

o T - 2
(the domination is 16 ( J;"([lpllip,e + 0l Z2" =2 o]15p)2dr) ", and Lemma 330 al-
lows us to claim that it is integrable). Again Lemma 3.30 and Cauchy-Schwarz inequality are
useful to prove that

T
E[ [ 509X - fnvxpar] —o
t -
Also, using the dominated convergence theorem, and the Lipschitz continuity of f w.rt. y, z

T
and h, E {/ |,B€(r)|2dr} — 0. Finally,
t e—0
) T T
E {mw ;fT+/ |AZ§|2ds+y/ |AH§|2ds] 0.
’ t t e—0
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Step 4: we conclude that 0,1, exists and that dyu,(t,x) = VY;, using the Blumenthal o-1 law (see
e.g. [43]).

Step 5: we will show that d,u, is continuous. Let (t;,x;) € [0, T] x RY i=1,2, witht; < t. To
simplify, we write:

@i — (Xi, Yil Zi, Hl) — (Xti,xl‘,l’lryti,x,‘,}’l, Zti,xi,n’ Ht,',xi,n) ,

F0) = Bxfyon (81)  £i(1) = 0ufyun (1), fir) = Bafyyun (1), Sir) = nfign (1),
gl = ang;i,n (X’T> , bi(r) = abe:i,,, (Xi) and oi(r) = axU—N:i,n (X;) .
We set Ae, = Vol —Ve? for e = X, Y, Z or H, and for any function ¢, App[¢] = ¢! — ¢?.

|ax”n (tlr xl) — Oxliy (tZr x2>|

_[E {g}(VX%—I—/T {AOVXE + £V + £V ZE + £ () VH] dr]

—E [ng;@ +/ F VX + fo(NVY? + f2(r)VZ7 + fi(r )VHZ} dr]

<E|

gtV X} — V3|

+E [/:{f,}(r

+E [/tT{ fH(rBX,

)| [V

+’fy1(r)’ ’VY} +

‘| |vz!

+ ||| v

o

+ |Bez [f] (0] [V¥2

L |1AY,

+ |Br2 [f] (VX2

11 iz [32e| + Brz [£:] ()] |22 o |BH| + [Bra i) ()] [VHE |} ar].
First,
E Mz {|A0][vx: %% vz A |vHl} dr} =0
since
“vxl\ + || +/ \vz1 } < oo
t,T

(by dominated convergence). Using Lemma 3.29,
%2 T (1~ |2 2
“AY {‘AZS } ds]
t2, T ty
~ 12 ~ 2 5|2 T
<c il B[|axif’] + & Bt v ]+ [ [ (

’Alz [f2] (r ‘ ’VZZ

+,14‘ZHS

)512 [fa] (r) VX7 ’

ely

and get, for every p > 2,

>]1t1 n:|—>0'

i +

’Au [£,] ( ‘ ’vyz

’Alz [fn] ( ’ ’VHZ

ty,x1,1n

We can adapt Step 2, we replace (f, x) by (f2,x2) and x + & by X,

o [( -

zl 22 H2

+‘Y1 y2|”

+
t, T ty
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Also, for every p > 2,

*!

*,p

2 T 2 T 2
E ‘Xl—XZ ‘Yl—w 7zl 727 a / H -2 ds )1,
[( tz,T+ tz,T+.t2 s s st g I0° 5 s Nle #n
%2 x4 T 2 2 T 2 2)1/2
<2E |[x =324 [yt - v2 +</ 7l 72 ds> +;42(/ H — H? ds”
t2, T t2,T ty to

x P(N" # n)1/2.
—_———

—0

By dominated convergence, for ¢ = f,, f; or fj,, E Ullz[(p] ‘j'pT] — 0. Since
2

<[ )] <
we have E VT { FUOBX | +[Baa 1] () V2 2} dr} 0

(using Lemma 3.28 for AX, and a convergence dominated thanks to Lemma 3.30). To sum up,
we have shown that [0yxuy, (f1,x1) — Oxtty (t2,x2)|] — 0 when t; — t, and x; — xp. We can
prove it when t, — t; and xp — x7: dyut,, is continuous on [0, T| x RA.

Step 7: to show the relation Vs € [t, T], ZE*" = dyupun (s, XZ") oy (XE™") P-as., we can do
the same as in the Theorem 3.1 of [43]. We approximate b, o, p and g by functions b%, o*, p*
and g°® which are of class C* with bounded derivatives (and the bound is independent of ¢),

and converge uniformly. Then, (¢¢) "' converges uniformly to c~!. We define a function f*
(we want it to approximate f and to be smooth) by ff(x,y,z,h) = pf (x,y,z0f(x)"}, h) and it

satisfies | £(x,y,2, 1) — £(x,9,2,1)] < ||0* — pll + Hy 2| H (@) - Hw Like before, Lemma
3.30 is useful to adapt the end of the proof in [43].

O

3.7.4 About the estimate of VY

Lemma 3.32. We make the following assumptions:
e band o are of class C' with bounded derivatives;
e if we define p; : (x,y,p,h) = fi(x,y, poi(x),h), then p is of class C* with bounded derivatives;
e g is of class C1 with derivatives which grow at most polynomially;
e f(e,0,0,0) and g have at most polynomial growth;
e foralll €L, 0;(R?) C GLy(R) and x > o7(x) " is bounded;
o foralll € 1L, oy, f takes its values in (—1,+oc0).

Then the functions u, are differentiable w.r.t. x and when the right hand side is finite, we have :

[Bxitn(t, %)| < € (VE + VIEQ)

T 4
14+ |Yt,x,n|:f,,% + ‘Ht,x,n“# + (/t ‘stt’n (xt¥m0,0, O)‘ dS> ] ,

100



where the constant C depends on ||pllip,x, |0 llip,p [1fllipy: |flipr 1 Yleor 10lip and [l
The probability measure Q is defined by the Doléans-Dade exponential (where ® = (X,Y,Z, H)):

dQ d e . k—1 o
@ = 5 (Z‘/t azijst,ﬂ (@é,x,l’l)dws] + Z /t ahlstt’n (@é'x'n)dMs(l)
j=1 1=1

oct,T]

Proof. In what follows, we write @ = (Xﬁ’x M oytan ghan Hf’x’"). We can write equation (3.22),

under differential form:
d . k=1
AYPY = = fren (@) ds + ) ZEO(j) dWE+ ) HEY (1) dM (D), (3.26)
) j=1 I=1

where Z.*" () stands for the j™ coefficient of the row Z*". Due to the regularity of the coefficients,
we are allowed to differentiate (3.26) w.r.t. x and after a use of discounting method,

4 <efts anyr,,n (@i'x’”) drVYst’x’n)

Sa n @i/x,n d d .
_ (@) ar <_afo;,n (©) VX" ds = ), 9z fyen (OF™") VZH"(j) ds
j=1

k-1 d . k-1
= Y O fyn (O") VHI (1) ds + ) | VZE¥" () dWE + ) VHE" (1) dMs(l)> :
I=1 j=1 1=1

After a change of probability measure, between s and T (for s € [t T]), the integral form of this
equation can be written as:

jt ayf tn( ) jt a/f tn(@)txn) r

vyt XM vyst,xﬂ

X d T rr tx,n .
0 n a n u d . A
/ Iy Gufyn (93" ) Oxfyyer (OF") VX[ dr + Y /S I M O g gy 4]
k=1 ,T r tx,n -
by [ M O g gy ain ), (3:27)

) °o o) dr s [la @) du
We define F/*" = ol of i (OF") vyl —l—/ e Whygn (@) Ixfgen (@) VX" dr, and then
t r

equation (3.27) becomes:

d T [Ty t,x,n p) X, ~
pren = gy [l Wi TG e ] - / P O ) as ),

(3-28)
and it tells us that F/*"" is a Q-martingale. We recall that for every s € [t, T], we have the following

expressions:
t,x,n t,x,n
(s, X&) VX",

1

t,xn __ t,x,n t,xn __
Yo =y (s, X)), VYO = BxuNst,n

Z" = 0ty (5, X4™") oyen (X™1) = VY (VX
and H"(1) = u Xy — tpgn (s s, XLOM).

Ntn (thn)
Nt (S
S

Indeed, VX" is invertible. We can show that VX" is the solution of the linear SDE (because b
and ¢ are C! with bounded derivatives):

AV XE" = 9ebyen (XE") VXL ds + Z Boryen (XE*M) WXL AW,
j=1
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whose solution is

VXL = exp </ {8 by (Xpem) — = 23,47 o (X [8&0 (Xﬁ'x'”)r} dr
]

+Z/ B (XE) dWZ),

where the notation a{((TNf,n (Xst'x'”) stands for the (d x d)-matrix
s

2 oy (7))
3y [Ntn (Xf”)}(d’j)

i
and where [ Ty (Xt o ”)} g is the coefficient at line i and column j in the matrix - (Xt o ”) This

way, we see that (VXSt’x'”) ' is solution of the following linear SDE:
d (VXL = (wxben) { Ixbypn (X™") + 5 Za o (XE) [aﬁca b (Xf”)} } ds
] 1

—(vxirmy© Zax(r o (XL dwi. (3.29)

For every s € [t, T], we set

RES = Z8g (XEE) T = I (VXE) T = Byt (s, XEV),

txn7/ jt ayf tn(®{lln) fotn(®txn)vxtxndr(vxtxn) 1,

and finally we define the process

ﬁé,x,n _ Fst,x,n (vxé,x,n)*l _ efts any;’”(@?x/ ) Rtxn + Ithn‘

Using the integration by parts formula, combining (3.28) and (3.29), one gets:

dRE = Egrm{ — by (XU + 5 Zaxa o (XY Bl (x071)]
]

Za thn (@txn) 8&0 tn (thn)} ds

=

°d n £,x,n .
ft ny" (® )drvzé,x,n(]) (vxé,x,n) aéo. " (thn) ds

\A
,_.

d 9 , Ly g _ _ . .
o) { g O30 gy (o) R (xi7) ) )

k‘\
,_.>—\

Z E)jf tn )d’VHSt,x,n(l) (Vxé,x,n)_l dMS(l), (3-30)
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Then, let us take a new parameter A € IR; we have:

2
Aspt,xn
d ’e R

= e2MsRLY {mld—za bygen (XE1) + ):a e (XY [0y (X“f”)}
j=1

_223 P (@) dhryp (Xfxn)} (ﬁé,x,n)* ds

j=

d s t,x,n ~
2621yl W (g gy (e T Bl (x0) (R) ds
=1

d s txn _ % .
+ 2eZAs 2 {eft anyﬁ'” (®V ) drvzé,x,n (]) (VX;’X’H) Rt X na] (Xt X, n) } (Ré,x,n) de

=1
2As d I ouf, f/”(gi/x’n)d’ b txny—1 _ Shanai tx,n 2

+e*) e Ny VZFM(j) (VX)) — —Ry™ TN (X&¥™)| ds

j=1 ‘

=5 Ji 3y fen (07" dr N PO
+e? Y ‘Rﬁ’x'” +elt Ny VHEE (1) (VXP) | — \Réf"'” dM(1)

I=1

k—1 s tx,n 2

Ay forn (©F)d _

+pe?s Y I Wl (O G ptn (vxtem Tl ds. (3.31)

I=1

S p) " ®£,x,n d . -1 . .
If we denote 7; = ej’ g (€7°) rVZSt’x'”(]) (VXé'x'”) and 6; = Ré’x'”aﬂ(UNt,n (Xé""”), we remark
that we have the inequality —27;07 + |7; — 6i1* = |vj — 26j|* — 3|6;|*. Thus,

2
Aspt,xn
d ‘e R

= 2e2)\5§§,x,n {)\Id —0 bNtn thn Za Nrn (thn) [a] an (X;E,x,n)}*

: i ~ *
o ) ol (o) ()

j=1
2As d jfanym(@ﬁ/xr”)dr b txn Stx,n o) tx,n 2
+e Zl e : vZLEEm(j) (vxsff) — 2ROy (XSP) | ds
j=
k—1 s tx,n 2
Ay foen(OF)d _
+}1€2AS Z eft nyﬁ: ( ) TVHé’x’n(l) (Vxé,x,n) 1 ds
I=1
d S t,x,n
Ay f o in (O™ d . ~ o
+2e2/\5 Z {eft nyrf/ ( ) rvzg,x,n(]) (VXst,x,n) Rtxna] Ntn (thn)} (Ré,x,n) dWS{
j=1
27 s [ 3y fygtn (€FF") dr taxy—1 2 St |2 Y
e Y LR el N VH (1) (VX T - ]Rsfxf" dM,(1). (3.32)
1=1

This way, we can see that, for A great enough (that is to say bigger than something depending only on
16]11ip, [l [l1ip and || f [|1ip,- — note that f is Lipschitz continuous w.r.t. z and | f{|;p,. < o),

the process is a Q-submartingale. So, we get:

~ 2
’e)\s Réfxr"
se(t,T]

t,x,n ptxn
K R

2 T
(T—t) < e 2MEQ {/ o2As
t

2 T
ds] < MT-HEQ {/t ’Ré’x’n

2
ds} .
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effs anyf’" (o)

_ Y g
But R = ) "REAM 4 B and dyf is bounded by | f|liip,y, sO

‘Ri,x,n

2(T — 1) < 2620+ lipy) (T EQ [/ IRY ds]+2€2A(T HEQ U B d }

On the one hand, we have:

T
EQ { /t |RE 2 ds]

-1 2 T txn |2 T fxn 1 rT e 2
S HU HOOIE /t 2 ds ) exp /t Oz fyen (@) dWS*E/ 9z fypn (©")| ds
eXP(Z/ o, f Ntn(®tx” ) dM;( y/ (a’ltf”’ \n)_1> ds)]
T 211/2
el
t

T 2 T
E [exp </t zaZstt,n (@é’x'”) dw, — = IZBZme (@L*M) ds) exp </t

exp <Z/ zahlfo” (G)txn dM }l/ ( Zah[ tn / ’ ) _ 1) dS)
2 fy i (©57") O frtn (OF") 12
exp yZ/ —2e Ns +1]) ds
o e A G T 2]1/2
S HUAH xp ( e 5 ( )(T—f) E </t |zt dS) (3.33)

Using Lemma 3.30, we have (where C depends on the Lipschitz constants of f w.r.t. ¥, z and I, 4 and

T):
T 2
( | iz ds)
t

On the other hand, using Lemma 2.1 of [43], we can bound E {

<[]
[ee]

aZfN;f,n (@é/x,n )

2
ds)

E < CE

T 4
|thn| + |Htxn| </t ‘fon (Xsf,x/”,0,0,0)‘ dS) ‘| .

-1

/7] and E “ (VX

*,4
LT}’
independently of x. Also, we have |9, f(®F*")| < lolhip,x + llo]hip,p Zﬁ'x'” [leliplle =t |3, and we can

use Cauchy-Schwarz inequality to prove:

oo

< eZHfHIip,y(Tft)]EQ |:|v
1/2

T s 2
[Ee|(]f {2|p||ﬁp,x+zr|p|ﬁp,,,zi'xf"|2||a|ﬁpua1|3o}dr)] ds

C(ll flhipy- T — t, [1blhip, 1o llvip, 1. lltip,2)
T ,1y 1/2
2014 4 4 | —1)8 1Q S lotxn2
/ {8<T—t> ol +8llelt el 128 | (12 W)H ds.

1/4 «871/4
e e ] -

t,
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Due to Lemma 3.30, we have (where C depends on the Lipschitz constants of f w.r.t. y, z and h, u

and T):
T 2
< [ 1z dr>
t

|Yt,x,n

EQ

< CE®

*,4 t,x,n
;T +[H

T 4
it (/t {’fNYt,n(Xﬁ’x’”,Ol 0, 0)‘ + 1 f llip,= + ”f“lip,h} dr) ] :

We recall that RI*" = d,u,(t, x). We have the conclusion:

T 4
[9xttn(t, ) < C' (VE+ VEQ) |14 [Y" )1 4 |HV= |1t 4+ ( /t ‘ Fapn (XE57,0,0, o)‘ dr) ] ,
where C’ depends on ”f”lip,y/ ”f”lip,h/ H, kT, Hleipr ||U||lipr ||p||1ip,xr Hleip,p and ||U_1||°°' O
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Chapitre 4

EDSR ergodique a bruit Lévy et
application au comportement en temps

long de la solution de viscosité d'une
EIDP

Résumé

Nous étudions dans ce chapitre des EDSRE pour lesquelles le bruit de 'EDS sous-jacente a un bruit
donné par un processus de Lévy et une dérive faiblement dissipative. Nous étudions 1’existence et
"unicité de la solution de telles EDSRE et nous appliquons nos résultats a un probleme de controle
ergodique optimal. En particulier, nous obtenons le comportement en temps long de la solution de
viscosité d'une équation intégro-différentielle partielle, avec une vitesse de convergence exponen-
tielle.

Mots-clés : équation différentielle stochastique rétrograde ergodique ; bruit Lévy ; équation intégro-
différentielle partielle; comportement en temps long; vitesse de convergence.

Abstract

We study in this chapter an EBSDE whose underlying SDE has a Lévy noise and a weakly dissipative
drift. We study existence and uniqueness of solution of such EBSDEs and we apply our results to an
ergodic optimal control problem. Finally, we obtain the large time behaviour of the viscosity solution
of a partial integro-differential equation, with an exponential rate of convergence.

Key words: ergodic backward stochastic differential equation; Lévy noise; partial integro-differential
equation; large time behaviour; rate of convergence.
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4.1 Introduction

Let (Q), F, (Ft)t>0,P) be a right continuous and complete stochastic basis. The given data of our
equation consists in:

ot
e L, a Lévy d-dimensional martingale; it means that we can write Ly = QW; + / / yN(ds,dy),
Jo JB

where Q € M;(R), W is a standard d-dimensional Brownian motion, and N is the compen-
sated Poisson random measure of N (whose intensity measure can be written as v(dy)dt), well
defined on R x B, with B = R%\ {0} the Blackwell space;

oxE]Rd;

e X¥, an R%-valued process, starting from x, which is the solution of the SDE: for all t € R,
t t
Xf:x—i-/ E(X;‘)ds—i-/ odLs; (4.1)
0 0

e f:RY x (R%)* x L?(v) — R a measurable function.

We study the following EBSDE in infinite horizon: for all t, T € R4, such that 0 <t < T < oo,

T T T ~
Yi = Yi+ / (F(XE, ZX,UY) — A} ds — / 75 dW, — / /B Uz (y) N(ds, dy), 4.2)
t Jt t

where the unknown is the quadruplet (Y*, Z*, U*, A), with:
e Y* a real-valued and progressively measurable process;
e Z¥ an (RY)*-valued and progressively measurable process;
e U* an L2(v)-valued and progressively measurable process;
e A areal number.

Ergodic BSDEs, with an additive Brownian noise, have already been widely studied. This class
of BSDEs was first studied by Fuhrman, Hu and Tessitore in [26] in order to study optimal ergodic
control problem; their main assumption was the strong dissipativity of =, that is to say:

I >0, Vx,x' € RY, (E(x) —E(x),x — ') < —n|x — &' |%.

This assumption was then weakened in [22], where & can be written as the sum of a disspative
function and a bounded function. Under similar assumptions, the authors of [35] studied the large
time behaviour of finite horizon BSDEs:

T T
YT :g(x§)+/t f(X;‘,ZST'x)dsf/t ZT¥dw,,  teo,T], (4.3)

and they proved that it was linked with ergodic BSDEs. More precisely, they proved the existence of
a constant L € R, such that for all x € RY,

Yg* — AT - Y§ — L;
T—00
and they even obtained an exponential rate of convergence. More recently, the two authors of this
paper proved that this convergence and this rate still hold when the noise is multiplicative (see [32]).
Ergodic BSDEs with jumps have already been investigated by Cohen and Fedyashov in [17]. They
obtain existence and uniqueness of the solution of ergodic BSDEs using an auxiliary discounted
equation; for the reader convenience, we detailed here the proofs of some of their results. Moreover,
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due to Itd’s formula and a comparison theorem (see e.g. [23]), under some additional assumptions,
the ergodic BSDE

T T
Y;‘:Y%+/ {f(xg,zg,u;f-a)—A}ds—/ 75 dW; — //u N(ds,dy), 0<t<T<oo
t t

(4-4)
has a solution such that we can write Y;* = v(X}), where (v, A) is the viscosity solution of:

Lo(x) + f(x, Vo(x)oQ, Jv(x)) = A, VYx e R, (4-5)

where L is the generator of the Kolmogorov semigroup of X*, and J a jump operator.
Exactly the same way (see [11]), the solution of the finite horizon BSDE

T
YtT’x:g(X§‘~)+/t F(XE, 205, uTx - ) ds—/ ZT% AW, — / /u“ N(ds,dy), telo,T],

(4.6)
can be written as YtT'x = u(T —t, X}), where u is the viscosity solution of the Cauchy problem:

oru(t,x) = Lu(t,x)+ f(x,0.u(t,x)cQ, Ju(t,x)) V(tx) € Ry x RY,
{ u(0,x) = g(x) Vx € RY. 47)

Uniqueness of the viscosity solution of such PIDEs can be used in order to get the large time
behaviour of the solution of BSDE (4.6), with an exponential rate of convergence. These results can
be directly applied to the corresponding PIDEs, to get:

u(T,x) — AT —v(x) — L. (4-8)
T—oc0
In [6], Barles, Ley and Topp study the large time behaviour of PIDEs in a periodic setting; under their
assumptions, they prove a convergence similar to (4.8), but without any rate of convergence. This
topic is also investigated in [4] and [5].

Moreover, our results can also be applied to an optimal control problem.

The paper is organised as follows. In section 2, we study an SDE slightly more general than (4.1):
indeed, it is the SDE satisfied by X after a change of probability space, due to Girsanov’s theorem.
Section 3 is devoted to an auxiliary discounted BSDE of infinite horizon; then, we prove existence and
uniqueness for the solution of the ergodic BSDE (4.2). Section 4 consists of existence and uniqueness
of the viscosity solution for the problems (4.7) and (4.5). The large time behaviour of the solution
of (4.6) will be presented in section 5, and is directly applied to the large time behaviour for the
viscosity solution of (4.7). Finally, section 6 applies the results of this paper to an optimal ergodic
control problem.

4.2 The forward SDE
We consider the following SDE:

dX; = E(f, Xt) dt + odLy, Xy, =x (4-9)

and we make the following assumptions:

[1

e Z:R; x R — R? is Lipschitz continuous w.r.t. x, uniformly in t; |Z(t, x)| < & + &|x|;

e = is weakly dissipative, i.e. E(t,x) = ¢(x) + b(t, x), where ¢ is #-dissipative, locally Lipschitz
and b is bounded;

e Q€ GLd(]R);

e v is a finite measure and my, (v / ly|"* v(dy) < oo, for some py >
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Theorem 4.1. Forall p € [2,pg] and T € (to, o), there exists a unique process X'0-* € L;;(Q, C([to, T],RY))
strong solution to (4.9).

Proof. We fix T > ty, and we define X the set of predictable processes Y : [t, T] x Q — R¥ such that

IYllr:= sup E[[Yi|"]'/? < co.
tG[to,T]

For every f > 0 and Y € X, we set

IY||7p:= sup e PE[Y;|F]'/P.
te(to,T)

(Xt, || ®||T) is a Banach space, and for every B > 0, the norms || ® |75 and [ ® ||7 are equivalent. We

t t t ~
define the function I : Y — x+ [ E(s,Ys)ds + / cQdW; + / / oy N(ds,dy). When Y € X1, we
to to /B

t
have: ’

P —pBt P
V)l < sup e 7E| }

p
} + sup e PP'E {
tE[to,T]

telto,T]

t
/ (s, Ys)ds

to

t
/ oQdW,
to

t _ P
+ sup epﬁt]E{/ /UyN(ds,dy) }

te(to,T) to /B

t t 4
< sup e PPPIE [/ |.E(s,Ys)7’ds} +E | sup /O'QdWs
te(to, T to telto,T] 't
t - P
+E | sup / /ayN(ds,dy)
te(ty,T) /10 /B

T p/2
< sup e e | [+ eas] + 6, ([ logtas)
0

t
tG[to,T] 0
T p/2
2
(/to ./Blffyl N(ds,dy)> ]

+ CyE

T
<@rr | [ @+ ] + GlolfioT
Y10

+ Cplo|PE

(/ |y2N<[to,T1,dy>)p/2] ,

where the constant C,, is given by Burkholder-Davis-Gundy inequality. But, for ] ~ P((T — to)v(B))
v
v(B)

over B, we get, using Minkowski

(Exr)’

) p/2
<)Y P(J=)) (Z 1E[IXkI”]Z/”) < Y P(J = )P PE[ X 7]

k=1 =1

and X an independent ii.d.r.v. sequence of common law

inequality:

E|( [N man)"

(i |Xj|2>p/2] ~ Y P = E

e [

This way, we have, for a constant C depending only on p, T, |Q|r, v(B), {1, {2 and |o|f:
HI(Y)H%/s <C(1+ HYMJ",/S)'
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This proves that I(Y) € X7. In order to prove that I is a contraction, we see that, for Y, Z € X, we
have:

< sup epﬁttplj}g[ |E(5,YS)—E(S,Zs)pds]
telto, T fo

1Y)~ 1Z)|h5 = sup e "P'E H/{ (5,%) ~2(5,Z.)y ds|

tG[to,

t
<Yl sup e P [ B - ZiJ7] ds
t€to, T /1o

t
<TEIfIY ~ 215, sup e P [ erfeds
telty,T) fo
p—1(=P
I 1Bl
ph
Taking B large enough ends the proof. O

||Y_ZH;%,13

Proposition 4.2. Forall p € (0, po] and T > t(, we have:

sup_|X;""|"
te [to,T]

<C+x]P),

where C only depends on p, T, &1, Ga, |o|F, |Q|F, mp(v) and v(B).

Proof. This is a straightforward consequence of Burkholder-Davis-Gundy inequality and Gronwall’s
lemma. O

Proposition 4.3. Let T > to, B : Ry x R — R and v : Ry x R? — L2(v) be two bounded functions,
continuous in the second variable, and we suppose that 1 + v is non-negative. Using Girsanov theorem, we
define a new probability measure Qr by:

% .y (/t'm(s,xgof"),dws) +/t0./Bv(s,Xﬁf”’“)(y)N(ds,dy)> :

0 °C [tO/T]

where £ denotes the Doléans-Dade exponential. Then, for all p € [2, po], we have:

sup EQ7 {|XtT°x
T>ty

Pl<catial),

and the constant C only depends on p, 11, ||b||eo, |o|F, |Q|F, m1(v), ma(v), mp(v), ||Bllco and ||y ||co-

Proof. The case p = 2 is easier, so we will focus on the case p > 2.
By It6’s formula, we get, for 0 <t < T:

t to,x
p_|x|;7:p/t Xt
0

-2) rt B ot -
$ P22 [ oot (o) o ds + 2 [ e 2oft as
0 0

| X[o~ P=2(X0% - Q dW)

t
p72<X£0’x,E(S,X£O’X)>ds+p/t |X£o,x
0

N A
[ ] oyl — X0} (N(ds, dy) - vidy)ds)
to

t .
[ {1 oyl = X0 — pI X PR, o) fv(dy)ds
tO B B
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| X} P2(XL, 0Q (dWs — B(s, X¥)ds))

t
to,
Pl =p [ X0
0

t —2) rt
{120, 00p(s, X0 ds-t LD [ o) 0P
0 0
B t to,x
+ 2 [0 |XS

t+
to, to,
+/t0 /B{|Xse"+ay|ﬂ—|xsof

t
[T oy - xt
to /B

We can take the expectation, and then the derivative w.r.t. t:

t
P*2<Xéo,x,5(sl Xéo,x» ds + p/t |X§o,x
0

++
P oQrds+ [ [ {IX% oyl — X0} (s, X0 ()v(dy)ds
0

P} (N(ds,dy) = (147 (s, X27) (v))v(dy)ds)

P pl X"

P2(X0%, 0y) | v(dy)ds

BEQT ||X[**

P] = p]EQT {|X§°’x

p_2<X§0'x, E(t, XIO/X)>:| + p]EQT |:|Xl’f0/x

PX,0QB(t X))

) o] + B [IX 2ol

+ MEQT [leo,x

# 0 [ [ {10 4 oyt 16017}, X0 vt

B | [ {IXP7 oyl = X017 = plXP 20X o) vy

Using Taylor-Lagrange and Cauchy-Schwarz inequalities, we obtain:

to, to, to, — — to,X 1 p— _
[1X2" + oylP — X7 |P| < sup pIX(*" +woyl"oy| < p2* 2 (1X41P 1 + oyl 1) o]
wel0,1

P72<X:o/x,0y> < sup p(p—1)

wel0,1] 2

—1
< POV 1y 203) (10052 4 oy ) foy?

[1X1% oyl — X[ |P = pl X} X[ + woy | 2oy

This way:

OEQT [|X[0*

Pl = —pyEQ [1XF17] + p(lblloo + lolr QIE | Blles + 22l pma (v) 1 o) BT [ X[

- @m% (1013 + (1 v2r=2)yma(v) ) B [|xp

P*Z}
+ (72 2l + EE 02 ) o, ()

Using Young's inequality, we can show that, for some & > 0, we have:

O [|X[|P] < —eE [|X{*P] + .,
where C; depends only on p, 1, |[b||eo, |0|F, |Q|F, m1(v), ma(v), mp(v), ||Blle and ||7][co- So:
d (eﬁfuz [|x§0'f|ﬂ) < Cee®!, and then E [\x?"ﬂ < Ce(1+|x[P).
O

Remark 4.4. This result is still true when p € (0,2), using Jensen inequality and (1+z)* < 1+ 2z*
for z > 0 and a € (0,1). The only difference is that the dependence on m,(v) disappears.
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We recall the definition of the semigroup P of the SDE (4.9):
to,
Prig[9](x) = E[p(X,*")].
As usual, when only one time parameter is mentioned, it means that the initial time ¢ty = 0.

Theorem 4.5. Let ¢ : R — RY be a measurable function satisfying |¢(x)| < cg(1+ |x|?).
Then, we have:

vx,y € R, Wt >0, [Pg](x) — Prg](y)| < Cep(L+ |2 +|y[)e™™, (4.10)
where € and 6 only depend on 17, ||b||co, ||0||co, |Q|F and my(v).

Proof. See Theorem 5 of [17], with a weighted total variation. O

Corollary 4.6. Let f: R; x RY — R? and ¢ : Ry x R? — 12(v) be two bounded and progressively
measurable functions. We also assume that 1 + vy is non-negative. Using Girsanov theorem, we define a new
probability measure by:

d%t =< (/O.<ﬁ(sf X5), dWs) +/O./Bv(s, X;‘)(y)N(ds,dy)> )

oc [O,t]

where & denotes the Doléans-Dade exponential. Moreover, we assume that B and -y are the pointwise limits of
some sequences (Be) and (7ye) of functions of class C} w.r.t. x, and uniformly bounded by ||B|leo and ||7||co.

Let ¢ : R? — RY be a measurable function with |¢(x)| < cp (14 |x|?). Then we have,
v,y € RY V> 0, [B [p(X0)] - BY [p(X)] | <oy (14 52+ [yP?) e,

where € and 6 only depend on 1, ||b||co, ||0||lco, |Q|E, m2(v), ||Bllco and || ||co-

Proof. See Lemma 4 of [17]. O

*
Lemma 4.7. Let ¢ : RY x (]Rd> — R continuous w.r.t. the first variable and Lipschitz continuous w.r.t. the

*
second one. Let {,{' : Ry x RY — (IR”I) be such that for every t > 0, {(t, ®) and ' (t, ®) are continuous,
and set:

F(i’, X) — \C(t,x) _ g’(t,x)|2 (g(t/x) - gl(t/x))/ ifg(t/ x) 7& gl(t’ x)/

_ { p(x, 8t X)) —9(x, I'(t X))
0, ifg(t/x) = g/(t/x)'

Then, there exists a uniformly bounded sequence of C! functions w.r.t. x with bounded derivatives (fn) -
nz

(ie. for all n, T, has bounded derivatives w.rt. x — the bound of derivatives can depend on n — and
SUP,>1 ‘ fn(t,o)

< o for every t > 0), such that T, — T pointwise.
e8] n—oo

Proof. See the Lemma 3.7 of [35]: we can approximate the Lipschitz functions by C! functions with
bounded derivatives and construct a new sequence having the required regularity. O
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4.3 The backward SDEs

4.3.1 The infinite horizon BSDE

We consider the infinite horizon BSDE: for every 0 <t < T < oo,

T T T ~
Y =Yg [ 7 U — ity ds - [ zetawe— [ [ ust)N(ds,dy),  gan)
t t t JB
and we make the following assumptions, for all T > 0:

o the process X satisfies the assumptions of the previous section, with a drift = independent of f;
e f is Lipschitz continuous;
o f(x,z,u)— f(x,z,u') < (u—u')- 'yf’z’”’”/, (- is the scalar product in L2(v)) with 7 measurable

and there exist —1 < C; < 0 and C; > 0 such that C{(1 A |v]) < 'yf’z’”’”/ (v) < Co(1 A Jo)).

Lemma 4.8. Under those assumptions, there exists a process <y such that:

F(Xe, Ze, Uy) — f(Xp, Ze, U) = (Up — U}) - 4.

Proof. See Lemma 6 of [17]. O

Theorem 4.9. For every x € R and a > 0, equation (4.11) admits a unique solution (Y®¥*,Z%*, U%*),
such that Y** is a continuous and bounded process, and with Z** and U** progressively measurable and
square-integrable w.r.t. W and N. Moreover, we have:

3C>0,Va >0, Vx € RY, Y] < =(1+|XF)).

®0O

Proof. See Theorem 8 of [17]. The upperbound is somewhat classical (see e.g. [32]). O

For any « > 0, we define a function v : x — Yj".

Proposition 4.10. The function v* is continuous and we have the following representations:

Vt >0, Y = o"(X}) and U (y) = o™ (X +oy) — " (X}2) v-ae.

Proof. For continuity and representation of Y**, see [57]. Let us check the identification of U**. We
set
U (y) = o (X 4 oy) = 0" (X))

We get:
/B U (y) AN(t, dy) = AV = o*(Xf) — o (X} ) = /B U (y) AN(t, dy).

T ~
Hence, for any T > 0, E {/ / (U (y) — U (y))* N(dt, dy)} = 0 which implies:
o JB

B[ [ [ ) - a2 v a <o
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Proposition 4.11. For every o > 0, we have:

3C >0, Vx, &' € RY, [0%(x) — 0" ()| < C(1+ |x| + |&'|)|x — «/|.

Proof. We approximate v* by a sequence (v%*) of C}-functions converging uniformly on every com-

pact set. The functions f and Z are also approached by some sequences of C}-functions converging
uniformly. We consider the BSDE:

1 1 1 ~
Y = 0 (XY) + /t (FE(XE%, 25, U) — aYX)y ds — /t 75 dW, — /t /B UX(y) N(ds,dy), tel0,1],

and there exists a function u® such that Yj = u®(x). Using Girsanov’s theorem, there exists a proba-
bility measure Q under which we can write:

1
ut(x) = EQ {e“v“'s(Xi’x) +/ e “fE(X5,0,0) ds} .
0
Then, using a Bismut-Elworthy formula (see [59]):

T
9. (x) = EQ {e“v“’g(Xi’x)Ri’x—i— / e % f¢(XE¥,0,0)RY” ds},
t

1 S dz 0——1 2 =
where R{* = 5 / o1V X% dWQ. After standard calculations, E [|R§’x 2} < %&”“Hlip. Using
0

Holder’s inequality, we find:

-1
V2 dlo[F izl g

1/2 - 1
B ()] < B [0 (X7 ] dlo el 4 [ e BR[| £7(x2%,0,0) ] -

< C(1+ |x]).
Due to the mean value theorem, we have:
1 (x) — ()| < C(1+ [x] + [x'])x — ']
Finally, Lemma 4.33 gives us what we claimed, because, for any R > 0:
E [Juf(x) — 0" (x) 2] <E [Jo* (X{") = 0" (X)) 2+ |1 = f¥llo]

< o™ = 0*|%, 5, + C(L+ [ P)P(IXY*| > R)Y2 4 |If = fleo,

oo, Br

2
>R)<w. O

and by Markov’s inequality, P(| X}

Proposition 4.12. There exists a constant C > 0, such that for every a« > 0, we have:

Vx, x' € RY, |[0%(x) — o*(x")| < C(1 + |x|® + |«'|?).

Proof.

1. We approximate E by a sequence (Ef),., of C! functions which converges uniformly. One
can check that the functions E* can be chosen “uniformly weakly dissipative”. Moreover, f is
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approximated by a sequence (f¢) of C} functions converging uniformly. We consider the BSDE
of infinite horizon:

T T
YtE,lX,X — Y;,Dé,x + / {fS (Xg,x, Zg,oc,x, u;,‘,lX,X) _ aYSS,lX,X} ds _ / Z;_,Dé,x dWs
t t
T ~
— [ [ ) Nids, dy),
t JB
where the process X** satisfies the following equation:

t t

X = x+/ B (XY) ds+/ rdLs.
0 0

This BSDE has a unique solution, and we can write Y;"** = v%*(X{"). Due to Proposition 4.11,

we can find, for every ¢ > 0 a sequence (v”#%); of C! functions converging uniformly to v**
and satisfying

C
Vx € RY, [09%%(x)| < ;(1 + |x]).
We consider the finite horizon BSDE:

T
Yté,T,s,oc,x — vé,e,zx(X%x) + /t {fs(Xg,x, ZSJ,T,e,uc,x/ ug,T,s,a,X) _ aYSb‘,T,s,ac,X} ds

T T ~
— [ zeremraw— [ [ HIT () Ni(ds, ).

Y;S,T,S,oc,x

C
This BSDE has a unique solution and satisfies ‘ < 2 (1 + |Xfx ) P-a.s., for every t > 0.

Also, we can write

Y;),T,e,zx,x _ M(S,T,e,tx(tl Xf’x), Zf,T,E,lX,X _ axué,T,s,tx(tl Xf’x)o' and

uf,T,s,a,x (y) — u&,T,s,zx(t, Xfo + O’y) _ u(S,T,S,tX(t, X:Lx)

IP-a.s. and for a.e. £ > 0. We define:

Z‘S'T’E""(t,x) = axu‘S’T'S”"(t, x)o, h‘s'T’E'“(t,x) DY u‘s'T’E""(t,x +oy) — u‘s'T’E'“(t,x),

€ (x,ZJ,T,s,tX(t/x),O) ,sz'(x,0,0) 25,T,£,a (f, X), if ZJ,T,S,!X(t, X) 7,5 (),
F(S,T,e,zx (t, x) — |z5'T'W(t,x)|

0, otherwise,

fs (x,zo‘,T,s,nz (t,f) ,hé,T,e,ac (t,x) ) *fs (X,ZJ,T,s,a (t,f) ’0)
EOTeA (1, x,%) = rmea ol
0, otherwise.

h(S,T,&,a(t, x), if h&,T,s,oc(t, JC) 7é 0,

We can rewrite:
dYtzS,T,s,zx,x - _ {fs (Xf’x, O, 0) + Z;S,T,s,zx,xré,T,s,uc (t/ Xf’x)* + u;i,T,s,oc,xf&,T,s,zx (t, Xf’,x, Xf’x)*

_aYt&,T,s,a,x} df + ZtJ,T,s,a,x dw; + uf,T,s,a,x(y) N(dt, dy).

Due to Girsanov’s theorem, there exists a probability measure P T#%* under which:

~ T
ué,T,e,oc(Ol x) — ]Eé,T,s,tx,x [ethvé,e,ac (X%x) +/ eftxsjre (Xg,xl 0, 0) ds| .
0

116



On the one hand, using Proposition 4.3: ‘]EJ'T'&“"‘ {e*"‘Tvé's'“ (XSTX)} ’ <e TC(1+ |x]).

On the other hand, thanks to Corollary 4.6, we get:
’Eé,T,e,zx,x [ € (Xf'x,ol 0)} _ IE&,T,S,a,y [fe (szy/ 0, 0)} ‘ < Eef{?t (1 + |x|2 + |y|2> ,
where ¢ and 6 only depend on 7, |[b][co, ||, || fI|1ip,- and M. As a consequence, we get:

%% (x) = o™ (y)]

= (lsin}) udTem (0, x) — ud e (0, ) ’ (see Lemma 4.33)
%
- T
= lim lim |E%T&%x [e“TU‘S’E'“(X%x) + / e ¥ fE(XE,0,0) ds}
T—o0 5—0 0

~ T
_ESTeny l:e—szv(S,s,a (X;iy) + / e—ochs (ngy’ 0, 0) d5:|
0

< lim sup lim sup e—ucT ’]E(S,T,a,zx,x {vé,s,a (X;,X)} o IE(S,T,S,a,y {vo,e,a (X%y)} ‘
T—o0 0—0
T
+ limsuplimsup | e
T—o0 50 0

o+/ B+ [+ [y2)e* ds

I’E&,T,e,rx,x [f&(Xg,x, 0, 0)] _ I’E&,T,e,rx,y [fe (X:/]/’ 0, 0)} ’ ds

(1 + [x? + [y ). (4.12)

CD\ a)

2. Now, our goal is to take the limit when ¢ — 0. Let D be a dense and countable subset of
RY. By a diagonal argument, there exists a positive sequence (&), such that (v*7*), converges
pointwise over D to a function 7*. Because the constant C in Proposition 4.11 does not depend
on g, 7" satisfies the same inequality. Let (K;) be a sequence of compact sets whose diameter
goes to infinity. The function 7* is uniformly continuous on K, N D, so it has an extension
©* which is continuous on K;. Passing to the limit as 7 goes to infinity, we get a continuous
function on IRY, and it is the pointwise limit of the sequence (v*7"*),,. We denote Y, =" (X7);

we have |Y;"| < € (1+ |X7|). Using Lemma 4.32, we have, for every T > 0 :

[‘Xs,,x XX

*2:| 0.
p—o0

Then, by dominated convergence, we get:

JEUOT

3. We will show that there exist some processes Z' " and U""" belonging to L%?,l o (L2 (0,00;E))
(where E = (R%)* or L?(v)) which satisfy

[/ ‘Zep,txx _Z,:,x 2 dt:| L E |:/T Hufp,lx,x _Uzzé,x
0

for every T > 0. Indeed, (?”‘"‘,Z“"‘, Ua'x) is solution of the BSDE (4.11) ; by uniqueness of the

epzxxn NX,n

2
7, SpDCX ~,X,Nn
Y, -y CE

dt] —>0andIE{

p—

| =0

p—roo

2
dt] — 0,
v

p—rc0

solution, v* = 7" and taking the limit in the equation (4.12) gives the result.
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Let us choose p < m € IN, we define ¥ = Y®4% — YemlX 7 — Z&M&X _ ZEmX gnd
U = Ut~ — Uema* We have:

Ep0,X 4 1€p,0,X

B =Tt (7 (% 2 0) o (4200 ar e

::ft
+U; (y) N(dt, dy).

Thanks to Itd’s formula, we obtain:

E| [ {zP+ 10} o
~ 12 T _
<E “YT’ } —2E [/0 thtdt}
gm[ﬁ}r}+2TMﬂEUﬂ;T@%me“GJ+¢XW“%Jﬂ

£p,0,X

+|Z;

)d@
V) dt} .

2
} dt] independently
14

S T
20l E |[¥] [ 1z
2l E |7, [ (12
Y ' ! Em,K,X Ep X
+ 2 fllpaE [[T], [ (U], + o
’ T
S'T} and E [/ {
’ 0

éﬂ < C (14 |x[?), where C only depends

on T, |o|r and the linear growth of E. Also, we have:

e[ i8

<E|

2
Now, we want to bound E [|X£P'x " Hllfp'“'x

of p. Thanks to proposition 4.2, we have E [|X€P'x

Ep,0,X
Zp/r
t

ep,0,X

2+Hw

Ep,K,X
prrs
YT

ep,0,X ep, X Ep,M,X 5 Ep,NX

Yt fSp (Xt 4 Zt 4 ut )

2]+2E[AT

ml

But we have the following upperbound,

£p,0,X ep, X ,€p,0,X

Y fer (Xt 2y ’ utsp'a'x)

C Ep,X Ep,X Ep,NX,X Ep,K,X
<= (1 [x]) (My (14 X))+ iz | 2074 i |
€p,X 2 1 E€p,0,X 2 1 E€p,0,X 2
<c (v ) o o g ]

ep,0,X 2

Zy

p,0,X

T 2
Finally, [E [ / { +||U; } dt] < (1 + |x|2>, with C’ independent of p. The se-
0 v

quences (Zfr%¥) p and (Lepx )p are Cauchy in L%,(Q), L?([0, T}, E)); they admit limit processes

VA= L2, 1. (Q,L2(0, oo; (R%)*)) and U™ € L%?,loc(Q' L2(0,00;L?(v))); the convergence we
claimed holds.

O

Proposition 4.13. There exists a constant C > O, such that for every a > 0, we have:

Vx, ' € R, [0%(x) — o (x')| < C(1+ |x|* + |«'|?)|x — /).
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Proof. The proof is very similar to the one of Proposition 4.11. We make the same approximations,
and because & > 0, we have:

LIF glizhip g

1/2 4|
R

9, (x)] < EQ “che X5%)| ]1/2d|071|FeHEan +/()1 EQ [\fs(Xﬁ’x,0,0)|
<C(+x?),
with C independent of « and x. Due to the mean value theorem, we have:
(%) = uf(x')| < CL+ |2 + |2 P) |x — o]

And we conclude again using Lemma 4.33 and Markov’s inequality. O

4.3.2 The ergodic BSDE

We consider the following ergodic BSDE:

T T
ygf:y%+/ {f(X;‘,Z;‘,US")—/\}ds—/ 75 dW, — / /ux N(ds,dy), YO<t<T< oo,
t t

(4.13)
and we require f to satisfy the assumptions of the previous subsection.

Theorem 4.14 (Existence). There exist:
o g real number A;
e a locally Lipschitz function v satisfying v(0) = 0;
e aprocess Z* € L3, (Q,12(0, 00; (RY)*));

such that, if we define Y = v(Xf) and U} (y) = v(X;~ +oy) —o(X}"), the EBSDE (4.13) is satisfied by
(Y, Z*,U*,A) P-a.s. and forall 0 < t < T < oo.
Moreover, there exists C > 0, such that for all x € RY, |o(x)| < C(1 + |x|?).

Proof.

Step 1: Construction of v by a diagonal procedure.
For every a > 0, we define 7*(x) = v*(x) — v*(0). We know that there exists a constant C,
independent of a, such that [7%(x)| < C(1+ |x|?) and |av*(0)| < C. Let D be a countable
subset of IRY; by a diagonal argument, we can construct a sequence (ap) converging to 0, such
that (0"7), converges pointwise to a function v; over D and a,v"7(0) p_}—go A, for a convenient

real number A. Moreover, the functions v* are uniformly locally Lipschitz:

3C >0, Va >0, Vx, &’ € R, [7%(x) — 7 (/)| < C(1 + |x|? + [« |x — «/]. (4.14)
Then, v is uniformly continuous on every compact subset of D, so it has a continuous extension
over R? (we still call it v). Then, we can show that v is the pointwise limit of the functions 7

over IR, v is locally Lipschitz continuous and has quadratic growth.

Step 2: Construction of some processes Z* and U*.
We will show that (Z**),, and (U"**),, are Cauchy in L2 (Q,1?([0,T],E)), where E = (R%)*

or L2(v), for every T > 0. When p < m € N, we set Y = Y‘x” t Y™, Z = 7% — 74X and
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U = Ut — (Jem>, By Ito’s formula, writing Ry = a,, Y™ — Dcst'Xp'x,

T ~
E| [ 122+ 1012 o]
YRV YAV T X %pX g &Y X 70, X ] T8, X
=E [|Y7] - [Tl +2E /O Yo {FOG, 287, u) — F(X3, 2, Ut ) 4 Ry} ds
_ T _ 1 T ~
<E (97 + (211 + 207 ) B | [ W] + 3B | [UZ 2+ 11 as

T _ 1/2 T
1 2E U |Ys|2ds} 1EU |R52ds}
0 0

Using the fact that |R| < C(1 +[X{), we are able to prove the existence of the limits of (Z**),,
and (H*), in L% 1 (€, L% (0,00, E)).

1/2

Step 3: Taking the limit in the BSDE satisfied by (?X”’x, 7%, H* ) leads us to:

T T T ~

=Y [ FzE U - Ayds— [ zEawe - [0 [ uE(y) Nids, dy).

t t t JB

2
bal) s

v p<meN
bounded (because this sequence converges). By a diagonal procedure, there exists a subse-

quence («},) C (ap) such that:
T 2
/ dt
0 v

P
We claim that this result can be extended to every x € R let us fix T > 0 and denote
Ao = o¥* — o“'x,, forany « > 0 and x,x’ € R?. Then, by usual techniques:

Step 4: Almost surely convergences.

T
For every x € R?, the sequence (]E [ / {
J0

ap,x

&m , X
Zt - Zt

ap,x

2
|

% ol x 2 % ! x —
VxeD,¥p<meN,E 70 gt ur -t <27,

"

T T
B| [ 1oz + 18U ) de| <28 [18YeP] + (411, + 411 B | [ 1872t

T
4l | [ Ioviliaxi|a].

We can use Lemma 4.32, Proposition 4.13 and the estimate of the end of the proof of Proposition
4.12, to prove that:

T
E| [ (18212 + 18WlR) ] < O+ ol + ¥ ) -,

2
}df

with a constant C independent of x and x’. So, we are now able to write:
T
/0

Finally, Borel-Cantelli theorem gives us, for a.e. t € [0, T:

ol x

/ 2 U /
VxeR%, Vp<meN,E A L It Huf""x —uh <277,

ol xn

, &y, x
Z,"" — Zy" and U,"" — U}, P-as.
p—o0

p—c0

Representation of U comes from the same trick as Proposition 4.10.
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Theorem 4.15 (Uniqueness for A). We suppose that:
o (Y*,Z*,U*, A) is the solution built in Theorem 4.14;

e forsome x € R, (Y, Z',U’, \") satifies the EBSDE (4.13) P-a.s. and for every 0 < t < T < oo, where
Y is a progressively measurable process, Z',U' € 1%, (Q,1%(0,00; E)) (with E = (R%)* or L?(v))
and A € R;

e Jcy >0, Vt >0, |Y/| < cx(1+ |XF|?) Pras.
Then, A = M.
Proof. We define ® = ¢* — o/, for e =Y, Z, U or A. We have:

Yr—Yo

1 1t 1 (T 1T
=12 +f/0 {f(Xé‘,Zéf,U;‘)—f(X;‘,Z;,u;)}ds—i/o zsclws—i/0 /Bus(y)N(ds'dy)'

Thanks to Girsanov’s lemma, there exists a probability measure P under which

1

_ . C )
— _ < =
A= 7B [Yr Yo < 71+ ),

with a constant C independent of T, due to Proposition 4.3. We conclude by taking the limit T — oo.
O

Theorem 4.16 (Uniqueness for Y, Z and U). We suppose that:
e 1,0 : R — R are continuous, have quadratic growth, and v(0) = 5(0) = 0;
o forevery x € RY, Z*¥, U* € L%, (Q,12(0,00; E)) (with E = (R?)* or L2(v));

o there exist A, A € R, such that, forall x € RY, (v(X¥),Z2*,U*,A) and (z?(Xx),Z", lex,X) satisfy the
EBSDE (4.13).

Then, A = 7\, v =7, and for all x € le,for ae t>07Zf = Z;‘ and U} = lAlf P-a.s.

Proof. We already know that A = A. We write Y = v(X}) and Y} = 5(X¥). We approach E, f, v and
¥ by C}-functions which converge uniformly (on every compact set for v and 7). Moreover, we can
assume that Zf and f* are uniformly Lipschitz continuous and that v* and 9° are uniformly locally

Lipschitz continuous, in the sense of equation (4.14). We consider the following equations, for every
te0,T):

t t t ~
X :x+/ EE(X;"E)ds—i—/ adWS+/ /UyN(ds,dy),
0 0 0 JB
T T T ~
Y=ot (X5 + [, zEn ) — A ds— [ zetaws - [0 ure(n) Nids, ),

- T - R T T . .
Ve =otxp) + [ {roxes 2 — Ay ds— [ Zzawe— [ [ 02(y) Nids,dy).

Step 1: Convergence of the approximations.
We set Ae = o — s, and we get:

T
85 - Y| < B [Jo(h) — o)) + | [0, 28, Up) - £, 20U e

).

T ~e o~ ~ ~
+E [J90) - 0G| + B | [ 708 28, 80 - o0 20, 0
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Setting /e = o* — *¢, we have the upperbound:

[F(XE, Z5,Uf) = fOXF 205, W) [ < I = felloo 4 11 f lip

But, thanks to the lemmas 4.32 and 4.33, we have:

5Xf‘ + Hf“lip,z

5Zt| + Hf”lip,u

(sut”l/.

E [|0X|5}] < Cpllz — =71,

T 2 2
B[ {1622 + low 2} o
2 T 2
< CE | Jo(x§) — o () + | [FOKF, 28, 0) = 0%, 25, up) P ]

Obviously, the same estimates hold with “on v, Z and U. To prove that |AY0" — AYg’e| —O> 0,
&—

we only need to show that [E UU(X%E) —v*(XTF) |2} — 0:
e—

o on the one hand, using uniform local Lipschitz property,

E [|of(x3) - o*(x5)|*] < C (1 T [Ixa] e [l IR

;;;BT}M> E [lox

o on the other hand, for any R > 0, we have
2
E [|(0 - ) (X3) 1z <r] < llo = o113 5,

E [|(0— o) (X5 P g o] <E[1(0 - o)) ] R (15 > R)12
]1/2

1/2\ E [|X%|? C(1+|x]?

~ 5
For any R > 0, limsup E |:|(y_v€)(x%)|2:| < M

e—0 R e E [’(U - vs)(x%)‘z} — 0.

e—0

Step 2: Convergence of the approximations to the same limit.

Approximations have been made in such a way that Z** and Z** can be written as continuous
functions of X*¢; we write:

L =X, ZF=T(XE), U =X and 07 = (, X2°).

We set:

FEOGE(82) (%)) = fE (G () B (L)) (e 7 R 7e
rg(t,x,x):{ (@~ E)(6)" 5 () # (e,

[(ge—2%) (t,x) 2
0 otherwise;

|(he—h#) (¢,X)[2
0 otherwise.

fs(x,ge(t,x),hs(t,f))7f€(x,§€(t,x),71\€(t,f)) e _ AE )k : £ kv AS ~
() { ) (=) (4, 7)° iE K, (4 7) £ T (5 7),

There exists a probability measure P*¢T under which we can write:
AYSE =BT [AYFE] = EYT [(of — 5°) (X}9)] -
Using Corollary 4.6, we get

BT [(of — 5) (X)) — B0 T [ (0 — ) (X3)]| < c(1+ x )T,
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Because ¢ and 6 do not depend on ¢, passing to the limit gives us:
(0= 9)(x)] = [AY§ — AY] < (1 + [x2)e "

We finally obtain v = ¥ when T — oco. Then, uniqueness for Z and U is the consequnce of Itd’s

formula.
0
4.4 Link with viscosity solutions of PIDEs
4.4.1 Finite horizon case
We consider in this section the forward-backward system:
dXi* = E(XEY) ds + cQdW; + / oy N(ds,dy), X =,
B
dYH = = f(XU, 2D, U ) ds + 2P W, + [ D) Nids, dy), Y] = g(X}),
B
(4.15)
where:
e 2,0, Q and v satisfy the assumptions of section 1;
e f and g are Lipschitz continuous;
e the mapping p — f(x,z, p) is non-decreasing for each (x, z);
o there exists a constant C > 0, such that for every y € B, 0 < d(y) < C(1 A |y)).
We introduce the following operators:
= 1 «
Lo(x) = (E(x), Vo(x)) + 5tr(eQQ " V2 (x)) + /B{(P<x +oy) = ¢(x) = (Vo(x), oy) pv(dy),
x) = [ {o(x+0y) - p(x)}oy) v(dy),
which are well defined for functions ¢ of class C2. We also consider the PIDE:
Osuu(t, x) + Lu(t,x) + f(x,dxu(t,x)ocQ, Ju(t,x)) =0, (t,x)€[0,T) x R, (4.16)
u(T,x) = g(x), x € R%. 4

Definition 4.17 (Viscosity solution). We say that u € C([0, T] x RY) is

1. a viscosity subsolution to (4.16) if

u(T,x) < g(x), x¢€ RY,

and for any ¢ € Cf:b([O, T] x R?), whenever (t,x) is a local maximum point of u — ¢, we have,
orp(t, x) + LP(t, x) + f(x,0xp(t, x)0Q, Tp(t,x)) = 0.
2. a viscosity supersolution to (4.16) if

w(T,x) > g(x), xeRY,

and for any ¢ € Cl »([0, T] x R?), whenever (t, x) is a local minimum point of u — ¢, we have,

0:p(t, x) + L(t,x) + f(x,0x¢(t, x)0Q, Tp(t, x)) < 0.
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3. a viscosity solution to (4.16) if it is both viscosity sub and supersolution to (4.16).

Remark 4.18. C3, ([0, T] x R?) is the set of real-valued functions continuously differentiable up to the
third order and whose derivatives of order 1 to 3 are bounded.

Proposition 4.19 (Existence of viscosity solution). The function u : (t,x) YtT’t’x defined by (4.15) is a
viscosity solution to the PIDE (4.16).

Proof. Let ¢ € C?/b([O, T] x R%) and (t, x0) a point of local maximum of u — ¢. We suppose that
9t (to, x0) + L(to, x0) + f(x0,9x¢p(to, x0)0Q, T P(to, x0)) = —& <0

and we will find a contradiction. Without any loss of generality, we suppose that u(tg, x9) = ¢(to, x0)-
By continuity, we have: 3a € (0, T — tg), Vt € [to, to + a], Vx € By(xo),

u(t,x) < p(t,x) and dip(L, ) + Lt x) + £ (x, 0t X)0Q, Tt %)) = $(t,%) < —.
We set T = inf {u > to‘ | X0 _ xo| > oc} A a. The solution of (4.15) satisfies, for all s € [tg, tg + «],

YT,to,X[) _ ( Xfo Xo) + f(Xto,xU ZTto,X() uTtOrXO 5) dr — T ZTf[) X0 dW

SAT
/ / U100 () N(dr, dy).
At

Setting Y, = YYT/\tTO X0 7. = ZVT ’to’xo]lr@ and U, = U,T ’to’xollr@ makes the last equation become:

- o, %0 to+a oo 5 1 to+a ~
Vs € [to, to +al, Yo = u(t, X'00) —/ F(X19%, Z, Ty - )10 dr — / 7, dw,
S

to+a
/ / T, (y) N(dr, dy).

Also, by It0’s formula, we find, for any s € [ty, tg + «],

T
‘P(S AT, X;(}éO) _ (P(Tr X;g,x0> _/ {at(P(T’, XﬁU,XO) + ﬁ‘l’(”/ Xﬁg,m)} dr
SAT
T
_ / (1, X1970)rQdW,
AT

00X ) — g X)) N ),

Setting Y, = ¢(r, X290, Z! = 9x¢(r, X1 )0 Qll,<r and U, : y — {¢(r, X:O,’xo +oy) —¢(r, X:”,’xo)}]lrgﬁ
makes the last equation become: Vs € [to, tg + «],

Y] = (7, X)) — /tOM {8 (1, Xp0) + Lop(r X*O’XO)}JI dr
s 7 AT s t 7 Ay 7 Ay r<T

to+a to+a
—/ Z.d / /U’ N(dr,dy)
s

to,X fota to,x to,x to,X to, X
= 4;(1-, XTOI 0) +/ {f(XrO' O,E)xgb(r, Xro' O)O-Q, jgb(r, Xro' 0)) _ l[J(i’, Xro, 0)} ﬂrgr dr
S

/t0+o< /0+ /U’ N(dr,dy)

fo, fota toxXo o1 77/ f0,%
= ‘P(T/XTO' 0) +/ {f(XrO' O,Zr,u ) (,, XO’ 0)} 7<Tdr
S
to+a
/ / /U’ N(dr,dy)
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Finally, we use the comparison theorem (see e.g. [23]), and we find that Yy < Y/, that is to say
v(x9) < ¢(xp), which is a contradiction. So v is a viscosity subsolution, and we show exactly the
same way that it is also a supersolution. O

Proposition 4.20 (Uniqueness of viscosity solution). The PIDE (4.16) admits a unique viscosity solution
in the class of solutions that satisfy the growth condition

Hm [u(t, x) e mMVIHRR? — 0 0< < T, ¢ >0,

[x|—o00

Proof. See theorem 5.1 of [10]. O

4.4.2 Ergodic case
We consider the ergodic PIDE:
Lo(x)+ f(x, Vo(x)oQ, Ju(x)) = A. (4.17)
We recall that the couple (v, A) is a viscosity subsolution (resp. supersolution) if:
e v:R? = Ris continuous;

e for any function ¢ € C?b(]Rd), and for every x € R of local maximum (resp. minimum) of
v —¢:
Lo(x) + f(x, Vo(x)oQ, Tp(x)) = A (resp. < A).

Proposition 4.21 (Existence of ergodic viscosity solution). The couple (v, A) obtained in Theorem 4.14 is
a viscosity solution of equation (4.17).

Proof. This proof is very close from the one of Proposition 4.19, so we omit it here. O

Proposition 4.22 (Uniqueness of ergodic viscosity solution). Uniqueness holds for viscosity solutions
(v, A) of equation (4.17) in the class of viscosity solutions such that 3a € R?, v(a) = v(a) and v and  have
quadratic growth.

Proof. Let (v,A) and (7, A) be two viscosity solutions of (4.17). We fix T > 0, and we consider the
BSDEs:

T T T ~
Y=ok + [ {Fxs I ulr o)~ aydr— [zl aw, - [0 [ ul(y) Nedrdy),

. T I _ T T p__ ~
Y=o + [ Z T o)~ Adu— [ 2w - [ [ T () Ndrdy).
We approach f, v and 7 by C} functions, and we suppose that f¢ converges uniformly to f on

RY x (RY)* x R and that v* and o° converge uniformly to v and @ on every compact set. We also
consider the following BSDEs:

T T T ~
YOI = o) + [ 2 U o)~ Abdr = [ zgmraw, = [ [ ugte(y) Near,dy),

. T . T T
Yo = 5o (XE) + /t (FE(xE, 27Ty 6) — Ay dr — /t Z;" aw, — /t /B ay " (y) N(dr, dy).
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We define the functions u% and % as in Lemma 4.34 and we set:
Fe(x,0xub (8,x)0Qub (1,x)-6)— f€(x,0xT5 (£,x)rQ,ub(£,x)-6) .
- \axu?T(t,x)anaxﬁsT(t,x)fTQ\z - ((0xufp(t, x) — 92107, X))o Q)*
Br(t, x) = if et (1, x) # 0yT15(E x),
0 otherwise.

FE(x,0:75 (£, x)0Q,u-(£,x)-6) — £ (x,0x75 (£,x) 0 Q,u5(t,x)-6) _
- TTLtfr(x)~5—ﬁ‘T(x)-§|2T — (u(t, x) —up(t, x)) - 6

77t x) = if (1, x) # 75 (t, x),
0 otherwise.

There exists a probability measure Q% equivalent to IP, under which we can write:
Y6 - Yy = B (of ) (XF)] - (A - A)T,
and then, dividing by T and doing T — oo, Proposition 4.3 leads us to A = A. So, we have
=Y = P - 2 (),

where P#T stands for the Kolmogorov semigroup of the SDE:

dv; = {E(Vt) +0Qp7(t, Vi) +0/By7‘%(t, Vt)(y)V(dy)} df+anWt+0/ByN(dt,dy)-

Using Lemma 4.7 and Corollary 4.6, we obtain:

—¢,T,x ¢, T,a

Yot =Yg =Yy =Y < C [ o faf)e T, (4:18)

where the constant C is independant of T, x and e. We would like to take the limit as € goes to zero;
T
T, Tx _ g p ,T, /T,
Y, =Y = (v - of)(XT) +/t {f(X7, Zz]x, ul> . 6) — f(XF, Zg B, ugt™ - 6) y dr

T T ~
- [zl zetyaw - [ [ ul - U (y) N dy).

Using Lemma 4.33, we have:

*,2

' } < Cr(E[l(e = o) (XP) P + [If = fII%),

T,x e, T,x
Yix _yel
0 0 0,T

2 < E UyT,x . Ye,T,x

but, for any R > 0, using Markov’s inequality, the polynomial growth of v — v* and Proposition 4.3,
we find that

1+ |x?
E[I(0 - o) (X)) < [lo - o, 5, + C 0L,
. T,x e, T,x 2 1+ |x|3 . e, T,x T,x . P
so, limsup | Y, — Y <Cr , for every R > 0. Finally, Y, —O> Y, . Taking the limit as
e—

e—0
e¢ — 0 in equation (4.18) leads us to

[0(x) = 3(x)| < C(L+ [x? +[af*)e",

because we assume that v(a) = (a). Taking the limit as T — oo ends the proof that v = 7. O
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4.5 Large time behaviour

In this section, we work under the assumptions made in the beginning of subsection 4.4.1.

Theorem 4.23 (First behaviour). We consider the unique solution (Y*,Z*,U¥, ) of the EBSDE (4.13).
Let ¢T be a real random variable Fr-measurable and such that |T| < C(1 + |X%|2). We consider the unique

solution (YT*, ZT* , UT*) of the finite horizon BSDE:

T
":CT+/ F(XE, Z0x, ule (Sds—/ ZI% dW, — / /u“ Ni(ds, dy).
t
Then, we have the following inequality:

T,x
Yo~

CL+[xP)
— Al <
T A

\#/

T,x

0

where the constant C is independent of T and x ; in particular, we get the convergence — A, uniformly

T—c0
in any bounded subset of RY.

Proof. For all x € R? and T > 0, we write:

YTX
T oAS

T,
YIF - YF - AT
T

Yy

T

First of all, | Y{| = |o(x)| < C(1 + |x/|?); we also have:
T
YN AT = 5T v+ [ POK 2D UTY 0) — XL 74U -0) ) ds

- [Tz zyaw - [ [ ) - us) Nids @)

We set:

T
|z, "=z}

x 7Tx 1yTx sy x 7x 17T,
'Bt _ FOXEZ07 U 0) - f(XE 28U -0) (ZtT,X _ Zf)* if ZtT,x £ 7%,
0 otherwise.

The function B is bounded by | f||j;p .- Moreover, thanks to the Lemma 4.8, there exists a process y
such that:
FOXEZE ™) = F(XE, ZE,UF) = (U = UF) -

This way, the last equation can be rewritten as:
T,x T T T
Y Y5 AT = &7 =i — [ {Z17 — 23} {dW — Buds)

[ [P ) X)) N (s, ) — (1 s )v(y)ds),

and we obtain, under a new probability measure Qr:
Y~y —AT = EQ 2T — 3.

Proposition 4.3 ends the proof. O
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Theorem 4.24 (Second and third behaviours). In addition, we suppose that {¥ = g(X%), where the
function g : RY — R has quadratic growth: ¥x € R?, |g(x)| < C(1 + |x|?) and satisfies:
v, 2 € RY, [g(x) —g(x)] < C(L+ [ + |2 ) |x — ']

Moreover, we require the measure v to have a finite moment of order strictly greater than 6.

Then, there exists L € R, such that: Vx € RY, YOT * AT — Yy T—> L. Furthermore,
—»00

Vx € RY, VT >0, [Y[* — AT —Y§ — L‘ < C(1+ |x[2+ ¥/ P)e .

Proof. We recall the ergodic BSDE:

Ay = —{f (XL, Z*, Ul* - 5) — Ads + ZL* dW; + /B Us*(y) N(ds, dy),

where dX!* = Z(XV¥)ds + cQdW; + (7/ yN(ds,dy) and X" = x, and whose solution satisfies
B

Y = o(XE¥). We want to approach the solution of this EBSDE by the following finite horizon
BSDE:

dY/H = = f(X0, 200, U ) ds + 20 dWs + [ Ul (y) Nids, dy), Y = g(X7),

and whose solution satisfies Y. "'* = ur(s, Xi*). We will need some regularity that the functions v
and ur may not have; we approach E, f, v and g by sequences of C} functions. We suppose that
f" and E" converge uniformly to f and E on their whole domain of definition and that g" and "
converge uniformly on every compact set of R?. We consider the following finite horizon BSDEs:

Ay e = — fr(xpbx, zmThx g i . §) ds + 2000 dW; + / u ¥ (y) N(ds, dy),
B

—n,Ttx =n,Ttx

n,T,tx o fn(Xn X ,Z a -(5) dS-l-Z:'T't'x dW, + /BU:,T,t,x(y) N(ds, dy),

S

dy,

: : . Tt,
with terminal conditions Y*"* = ¢"(X%'*) and Y7 = 0"(X}'*), and where

AXIAY = BM(XMY) ds + 0Q dWs + o / yN(ds,dy), XM =x
B

Lemma 4.34 gives us Cg’l functions uf and @} such that Y'Y = uf(s, X!'Y) and

YU = (s, XIHY). We set wr(t, x) = up(t, x) — o(x) — A(T — t) and wi(, x) = u(t,x) — (¢, x);

uniqueness for viscosity solutions of PIDEs tells us that we have the equalities u7.(0, x) = u’f, ¢(S, x)
and u% (0, x) = U, 5(S, x).
Step 1: Growth of wr.

Lemma 4.25. We have: VT > 0, 3Ct > 0, Vx € RY, Vn € N*,

[o(x) =740, %) + AT < Cr (E [lo(X§) — 0" (X§) 2] + I = 1% + |12 - E"]13.) .

Proof.
We set A"Y; = Y¥ — YnTx + AT —s), A"Zy = Z¥ — ZnTx AU = U} _UZ,T’X

A'Xs = X¥ — X", We have

and

dA"Y = —{f(XZ,ZX, U -6) — f(X*, ZW DX, U T . §)} ds 4+ A" Zs AW + /B A"Us(y) N(ds, dy).
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Using Lemma 4.33, we have

E {wy

T
2 VA T
G [ U828 T ) |
, 2
< Cr (B [lo0c5) ~ o )R] + 1 = £11B + 115 2 1A7XI53)

and Lemma 4.32 tells us
E [|a"x53] < chll=— 2|3,

which concludes. O
The following lemma can be proved exactly the same way as the previous one.
Lemma 4.26. We have: VT > 0, 3Ct > 0, Vx € RY, Vn € N*,
jur(0,%) = (0, ) < Cr (E [Ig(xF) = g" (X} + I1f = f11% + lE—2"|%) -
We keep in mind the following results:
@ (0, x) — wr (0, )|
< Cr (E [Jo(x§) — 0" (X5 P + |9(X5) — " ()] + 1f — 1 + |12 - 271,
lwr(0,x)] < C(1+ |x|>YP).

Step 2: Variation of w’.(0, e).
We write:

B T . T _ ~
Y=Yy [zt =2 aws [ ] que T ) Nids, dy)

T —n,Tx —nT,
= (g" —o")(X77) +/0 {1 (xpx, ze T, udte - 5) — fUXE, Zg Uy - 8) ) ds.

We set:
" (x,axu'%+5 (t,x)aQ,u’%JrS (t,x)-0)—f" (x,axﬁ';H (t,x)aQ,u’%Jrs(t,x)‘é)
[Oxut, o (£,%)0Q—0xHT, g(£,x)0Ql?
B (1 x) = x ((xu' g(t, x) — axu’hs(.t, x))oQ)* ) B
T,s\t if t < S and BquH(t,x) # oxur, gt x),
0 if t < S and axu’%+s(t,x) = Oyl ¢(t, x),
Ts(S,x) ift >8S.
(e, 0xt, g ()0 Quuit 5 (%)) = f" (x,0x1 g (£,x)0Q i, 5 (t,x)-6) _
W5 (%) 005 (5] 07 (up, s(t x) —up, g(tx)) -
’Y%S(t,X): ift<Sand u’%+5(t,x) #ﬁ¥~+s(t,x),
' 0 if t < Sand ull g(tx) =1k, g(tx),
V15(S,x) ift > S.

Because B  and g  are bounded, we have, under a probability measure Q7 equivalent to IP:
wh(0,x) = Y3 =Yg = B [(g" —o") (Xp)] = P [g" — "] (x),

where P™T is the Kolmogorov semigroup of the SDE:

Vi = {21V + 0 QB Vi) o [0 V)W) i) | de +oQaWi o [y N(a, ),
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Corollary 4.6 and Lemma 4.7 give us:
36,e>0,YT >0, Vx,y € RY, Vi € N*, [w(0,x) — wh(0,y)| <1+ x>+ [y[*)e T, (4.19)

indeed, the constants of polynomial growths of ¢" and v" can be assumed independent from n
(because their limits ¢ and v have polynomial growth). Note that the use of Lemma 4.7 requires
that the function x — u//(, x) is continuous; one can easily prove it when my(v) < co.

Step 3: Upperbound for 9,w’.(0, e).
We recall the Bismut-Elworthy formula (see Theorem 3.3 of [59]):

o wh(t,x) =E [w’%T, (0, X )N

T/
+ {fn(X;q,t,x, Zg,T,t,x, Ug,T,t,x . 5) fn(Xn X Z” T tx U:,T,t,x . 5)}Nsn,t,x ds|,
t

t
where NV~ = 1 Q) 'VXM*, dW,), and for every T’ € (t,T]. For all s € [t, T'], we
° s—tJs r y

have:

E [‘Nsn,t,)c|2} < |( ) 1‘F1E {|VXntx|tT’} .

But VX! = I, +/ 0 E" (X)X dr, so E {|VX”tx|tT,} < Crp, independently of x
t

and n. This way, we have shown that:

B[

Putting it in the equation given by Bismut-Elworthy formula gives us:

2} < CT'\(‘TQ)_”%

s—t

|0 (¢, x)|

[mTrwxfmﬂ |(eQ) 7

T t,
v Um@zﬁﬂ“x Zum

cT,

n,T,t,x

1/2 B
2} + [1£ lhip 16][ v IE {Husn,r,t,x T

2"

Cp _
X Si_Tt|(UQ) "pds
C,
<E[lorr xR [T 0Q) s
_ 172 ds
+wmmmmEEWle[EDwﬁ@w“W} =

S/ Cr|(eQ)
T 1
X/t E [/B yl? /0 |0xwit(s, XIH¥ + roy) [ drv(dy)

+ |l ell £ lhip,u
12 g

i

Because the derivatives of ¢ and v have polynomial, we can assume that the derivatives of g"
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and v" have the same polynomial growth. Using Lemma 4.33, we find that:

£ [

*2:| CT/]E |:|an (XntX)VX?/t,x 2

T/
Jr‘/t ‘axfn(xgt,t,x, Zg,T,t,x’ u;q,T,t,x . 5)V b, 2

2
<o [{C (141X E) 4 Uiy (T 0 9042
<Cp (1+ )

So, we get the inequalities |0xu.(t, x)| < Cpr (14 |x|?) and [9,1(t, x)| < Cp (1 + |x[?), so we
deduce [0,w!(t,x)| < Cpr (14 |x[?). Let { > 2, we are now able to define

Byt )|
"(t) = su ,
RO

and we have:

1/2
E [[9x0} (s, X2)?]

<E[gho? (14 )] < Coto) (14119,

where C is independent of s, n and x. Also:

1 1/2
B| [P [ s X2 +my>|2drv<dy>}
0
1/2
<E[ [ W2 [ o2 (14130 4 roald) drotay)

20| 2z 1/2
2 z i, ol [yl
|l <z+4 <|xs St ) ) v

< Col(s) (1+ ),

when ;57 (v) < co. Consequently,

< @r(s)E

CT’ n,t,xy\ |2 1/2 T’ ds z
()] < =B [lwh_p O X )R]+ Cp | o) T (1 1xfF).

But E [[w} 1, (0, X3 2] < C(1+ |x|*) + Cr_p (AP + 12— "% + | f — f"I|3), where

0 Xntx n,O,Xn’t’x 2 0 Xntx Yl,O,Xn’,t’x 2
() o () ) (45
We finally obtain successively:

Cr Crr_1
n < 2 , n,x = _ = n
duth(t,0)] < = (1 3?) + 2 (VA 12 = 2 s+ 1 = e
T ds
wop [ otls) (1+ 1)

Vs —t
o wh(t, x C Crr i A?'x
| x T( )’ < T’ T,T-T ( H:‘ HnH Hf an

A?’x =

1+ |x|¢ VT —t T —t

ds
Vs —t

T’
wcr [ ghs)



n,x
Crs Crr— VA - o
+ FHE=E" oo + [If = f"llo

() < sup ———
q)T( ) \/T/_t \/T/_t xe]de 1+|X|C
T d
“Cp [ e o=
; —
n,x
Cr | Cro_p VAT
(T —t) < \/Tng \/f Sugw+||~*&n”oo+||f*fn”oo
xeR
't du
+CT,/ P(T' — u)
JO t—u

Using Lemma 7.1.1 of [30], and chosing t = T":

|0xw7 (0, %)
1+ |x|¢

/An,v
0 = =n n
FIE = E oo + I1f = fMleo

1+ |o|¢

S Cp+Crop | sup
vERY

T A'%’fiu du
+ep [ ECn (T —w) (CT/+CTT/,T/(SUP V+IIE—E”|oo+||f—f”||oo)) :

veR4 1 + |U|§ ﬁ
=] Zn/2
where E is the function defined in [30], i.e. E(z) = ) —7——-
=I5+

Step 4: Taking the limit when n — co.
From Theorem 4.23 and equation (4.19), we get easily:

3C >0, VT > 0, Vx € RY, |wr(0,x)| < C (1 + |x|2) ,

36,e >0, YT >0, Vx,y € RY, |wr(0,x) —wr(0,y)| < E(l + |x]2 + |y|2) e T,

The function wr has no reason to be of class C!; so we use the mean value theorem before
taking the limit in the inequality obtained in Step 3. The interested reader should have a look
at Step 5 in the proof of Theorem 22 of [32] to know how we obtain, for every a« > 0 small
enough, and for every T" > 0,

ICy >0, ¥T > T', Vx,y € RY, |wr(0, x) — wr(0,y)| < Cp (1 Fx 2 |y|2+”‘) Ix — yl.

Step 5: Convergence of wr(0, ) when T — oo.
Let K be a compact subset of R?. We need to show that the set A = {wr(0,®)[¢|T > 1} has a
unique accumulation point to prove

Vx € RY, wr(0,x) — L,
T—oo
where L is the pointwise limit of wr, on RY, with (T;) an increasing sequence (see Step 6 of
Theorem 22 of [32] for further explanations). Note that L is a constant.

Step 6: L is the unique accumulation point of A.
Let weo x be another accumulation point of A, i.e. ||wys (0, o) P Weo k||eo — 0, for an increas-
1 1— 00

ing sequence (T/). Again, we can easily prove that we, x is equal to a constant Lx on K. Our
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goal is now to show that L = Lg. We have:

n,T+S,x v T+Sx
wr,s(0,x) =Yg — Y5

+ / (XX, 70 ,T+S,x ur ,T+S,x 5) — f (X xZ” T+5x u';l,T+S,x . 5)} dr

S _ S _ ~
- /0 {zpTesx — 7T qw, — /0 /B {upTesx T 5 (y) N(dr, dy).

Under a probability Q7% equivalent to IP, one can write:
wrps(0,3) = B Yp TS gt < B [ (5, X§M)] = B [wh 0, X3)]
=Py [wh(0,9)](x),

where PT51 is the Kolmogorov semigroup of the SDE:

dv; = {E”(Vt) +0QPrs(t, Vi) +0/Byﬁ,s(t, Vt)(y)V(dy)} dt +oQdW; +cf/ByN(dt, dy).

Without any loss of generality, we can suppose that T; > T}, for every i € N. We take T = T/
and S = T; — T/. This way:

T/, T, T/ n
vx e RY, P, [0, 0)] (x) = w},(0,%) — wr,(0,%) — L

Now, to prove that L = Lk, it suffices to show that lim lim sup PT T, T {w’%_,(O, o)} (x) = Lg.
=00 p_e0 i

We have:

TQT,»—T{,n T’-/,Tl‘—Tl-,,}’l

P fa0.9] 0 - ] < [P 0] - o)

+ ‘w?,(O, x) — leg(O,x)‘ + ’wTi/(O,x) — Lk,
! !
lim sup ”P; TT, Tin [wg,(o,.)} (x) — LK’ lim sup ‘”PT TT, T [w'%,(O,o)} (x) — w%(o,x)‘
n—00 i n—00 i i

+ ‘le_/(O,x) — LK‘ .

Thanks to Lemma 4.7, B¢ and 7 ¢ are the limits of C _functions, uniformly bounded, with
. . n,m m
bounded derivatives ( Ts )m>0 and (')/T S ) . We define V" as the solution of the SDE:

ave = {2 + cQBRL (W + [y VI W) () | i+ eQa

+0/ByN(dt,dy),

with V" = x. Thus,
PR 0] ) 0] = im, B[ 0.47.1)] - w0
<timsuplE[|af, (0, V) (0.
} + |x|2> e T,

and the constants ¢ and ¢ are independent of 7, m and T!. Thanks to proposition 4.3, we are
able to conclude that L = L.

m—o0

<1 +limsup E “
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Step 8: Speed of convergence. Let x € R? and T > 0. We have:

r(0,3) = L| = lim Jwr(0,x) — ws(0, )| = lim lim [} (0,x) — (0,

= lim lim ’w’%(o,x) — P T [wh (0, )] (x)]-

Like before, we use Lemma 4.7 and proposition 4.3, and we get:

wr(0,x) — L] = lim lim [w}(0,x) ~ lim E [w} (0, V)]

< limsup lim sup limsup E [|w/(0, x) — w’ (0, V¥ 7)|] < C (1 + \x|2) e T,

S—o0 n—co Mm—00

We can rephrase the previous theorem as:

Theorem 4.27. We consider the systems (4.16) and (4.17).
Then, there exists L € R, such that: Vx € RY, ur(0,x) — AT — v(x) = L. Furthermore,
—00

Vx € RY, YT > 0, |ur(0,x) — AT —o(x) — L| < C (1 + \x\z) e 0T,

4.6 Application to an Optimal control problem

We consider in this subsection a process X* satisfying the SDE

ot ot t ~
x;f:x+/ E(X§)ds+/ anws+/ /ayN(ds,dy), £>0,
JO JO 0 JB

under the following assumptions:
e = is Lipschitz continuous and weakly dissipative;
e 0Q € GLy(R).

Let U be a separable metric space; we call “control” any progressively measurable U-valued process.
Let us take:

e R : U — (RY)*and Ry : U — R, two bounded functions;

e L:R?x U — R such that: 3C > 0, Va € U, Vx,x' € R?, |L(x,a) — L(x’,a)| < C|x — «'| and
IL(x,a)| < C(1+ [x]);

e 6 € 12(v), such that Yy € B, 0 < d(y) < C(1 A |y|);

eg:R" 5 R satisgying: 3C > 0, Vx,x' € RY, |g(x) — g(x')] < C(1+ |x]2+ |x'|?)|x — x| and
()| < C(1 4+ [x]%).

For any control 4 and horizon T > 0, we set:

P ( / " Ry(ar) dW; + / / Ra(a)8(y) N(dt, dy)) and P% = o%P over Fr.
/0 J0 /B e[0T

We define the finite horizon cost as

7 oa) =B | [ L0, ar] + B 50X,
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and the associated problem is to minimise J7(x,a) over the set of controls a : Q) x [0, T] — U. We
also define the ergodic cost as

T
J(x,a) = limsup %]E% { /0 L(XF, ar) dt]

T—o0

and the goal is to minimise J(x, a) over the controls a4 : O x Ry — U. We define
t
WI = W, — / Ry (as) ds;
0

due to Girsanov’s theorem, W” is a Brownian motion under P4 on [0, T], for every T > 0. Also,
the compensator of the Poisson measure N under IP% is (1 — Rp(a:)d(y))v(dy)dt. We define the
Hamiltonian, for any x € R?, z € (R?)* and u € L?(v):

f(x,2,p) = inf {L(x,a) +2R1(a) + Ra(a)p} .

We recall that, is this infimum is attained for every x, z and u, by Filippov’s theorem (see [45]), there
exists a measurable function y such that f(x,z, p) = L(x, v(x,z,p)) +zR1(v(x,z,p)) + Ra(y(x, 2, p)) p.

Lemma 4.28. The Hamiltonian f satisfies:
e Vx € RY, [f(x,0,0)] < C(1+ |x|);
e Vx,x' € RY, Vz,72/ € (RY)*, Vp,p' €R,
f(x,2,p) = f(, 2, )] < Clx = ¥ + R [leo|z = 2'| + || Rallo|p = P'l;

e Vx € RY, Vz € (RY)*, p— f(x,z,p) is non-decreasing.

Proposition 4.29 (Optimal control in finite horizon). For every control a, we have J*(x,a) > YOT * where
YTX comes from the finite horizon BSDE:

T T T -
YI* :g(x§)+/t F(XE, ZT%, Ul . o) ds—/t ZST"‘dWs—/t /BUST"‘(y)N(ds,dy), teo,T).

Moreover, under Filippov's condition, we have | (x,a’) = Y3, foral = y(XF, z[*, ul* - 5).

Proof. Under the probability measure P4, we can write:
YOT,x =ET [g(XT)] + ET [/OT {f(X;‘,ZsTrxl Uul~.s) — zI*Ry(as) — Ro(as)Ul™ - (5} ds] .
And then:
T (x,0) = Yy + Ef [/OT {L(X;‘, as) + ZI Ry (as) + Ro(as) U™ -6 — f(XT, z2, ul~ - 5)} ds}
> Yy,

thanks to the definition of f. We see that we even have an equality if we take a = a’. O

Proposition 4.30 (Optimal ergodic control). For every control a, we have J(x,a) > A where A comes from
the ergodic BSDE:

T T T ~
Y;‘:Y%‘+/ (F(XE, 25, UZ - 6) — A} ds—/ z;fdws—/ /u;‘(y)N(ds,dy), 0<t<T < oo,
t t t B

Moreover, under Filippov's condition, we have J(x,a) = A, for ay = (X7, Z{, U} - 6).
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Proof. Under the probability measure P4, we can write:

T
Yy = E% [Y7] + ET {/0 {f(XF,Z5, U7 -6) — ZIRq(as) — Ra(as)UZ - 6} ds] —AT.

And then:
YN L [V
J(x,a) = /\+11msup—H
T—o0
+ lim sup lipa U (L(XZ, a5) + ZXRy (a5) + Ro(as)UF -6 — fF(XZ, 25, UF - )}ds]
T—o0

Z A,

because we can apply Proposition 4.2, and thanks to the definition of f. We see that we even have an
equality if we take a = a. O

Theorem 4.31 (Large time behaviour for optimal control problem). For every control a, we have:
T
lim inf I (x.a)
T—o0 T

= A
Moreover, under Filippov’s condition, and when v has a finite moment of order strictly greater than 6, we have:
‘]T(x,ET) —J(x,@)T — Y& — L| < C(1 + |x?)e*T.
Proof. This is a straightforward consequence of the previous results of this subsection and of Theorem
4.24. O
4.7 Appendix
4.7.1 Some standard estimates
Lemma 4.32. We consider the SDE:
X = x+ /t{’z?(s, Xq) + 0} ds + /Ot{&(s, Xq) + h1} dW; + /Ot/B{ﬁ(s, Xq) + 12} (y) N(ds, dy),

with adapted coefficients.

We suppose that b, & and § are Lipschitz w.r.t. the second variable and that b(t,0) = 0, &(t,0) = 0 and
p(t,0) =0a.s. B
Then, there exists a constant C depending only on T, ||b||yip, ||0|1ip and [|p]1ip, such that:

T
BN < C (I | [ U0F + 1P + 1213y as ).

Proof. The use of Burkholder-Davis-Gundy inequality gives us:

[ rt
BIXIE] <4+ E | [ (Bu1h2? + 322+ 32082 2

~ t
+ B1BIR, + 320515, + 3205, )E | [ 1%, s

r pT
<4|x]>+E /O{8Th2|2+32hg|2+32||h§||§}ds}

~ ~ ~ t *
+ (8T Bl + 321, + 321p13,) [ E(1X]52] s

and we conclude by Gronwall lemma. O
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Lemma 4.33. We consider the BSDE:

T T
ﬁ=§+/{ﬂ&%ly%ﬂwﬁﬁ—/]AM%—/(/m N(ds, dy),
t t

with an adapted driver.
We suppose that f is Lipschitz w.r.t. y, z and u and that f(t,0,0,0) = 0 a.s.
Then, there exists a constant C depending only on T and || f||yip, such that:

T T T
B vig [ zpaes [ juliar] < ce g [ inpas).

Proof. Using Lemma 19.1.4 and Theorem 19.1.6 of [15], we get:

T T
E| 1Y+ [ (22 + Iy ] <4 |ig+ [ o]

~ T
+4(I1f hsp +4)/O E[|Ys|? +|Zs* + | Us 7] ds

M1+Oﬁmm+4XT+2)[EH

||fH11p T 2
+4(1+ T (T+2)>1E[/0 N ds],

where = 4 fllyp + 3. 0

4.7.2 Regularity of the solution of a finite horizon BSDE

Lemma 4.34. We consider the forward/backward system:

X;f":er/sT , Xb¥) dr—i—/s r, XE¥) der+/ [ o, Xt%)y Nidr, dy),
Yst'x:g(th —I—/ fr, XE*, YEx, Z8 Uty dr — / Zb AW, — / /Utx N(dr, dy).
We make the following assumptions:
e beC)([0,T] x RY, RY) and o € €)' ([0, T] x RY, GL4(R));
o $€CHRY,R) and f € G ([0, T] x R x R x (RY)* x L?(v), R).

Then we can show that the function u : (t,x) v+ Y"* is of class Cl?’l([O, T] x R%,R). Moreover, we have the
following representations for a.e. t, w and y:

A dxu(s, Xé'x)a(s, Xé/x);

. Ust’x(y) =u(s, X +o(s, Xst'x)y) — u(s, Xi).

Proof. To simplify the presentation of the proof, we assume d = 1.
Let (t,x) € [0,T] x R and h # 0. We define Ve" = M for e = X, Y, Z or U. Using Lemma
4.33 and then Lemma 4.32, we get:

T
2 2
VXM R4 VYR [{IVZER + VUl ds| < c,
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where the constant C is independent of & and x (we use here the fact that f and g are Lipschitz
continuous). So, we have the following convergence, uniformly in x:

T
E |:|Xt,x+h _ Xt,x|;ﬂ,% + |Yt,x+h _ Yt,x‘;«,% + / {|Z§,x+h _ Zst,x|2 + ||U;’x+h _ u;f,xnizj} ds h_()) 0.
i’ 4 Jt —

Moreover, we have the following BSDE:

T T -
vY! 4 / VZIdW, + / / VU (y) N(dr, dy)

s s B
T
— F'vxh +/S {f}g(r)vxf + VY 4 fr(r) v 2!

dr,

SO X, 2 W - f(n XY, 2 W) }
h

where

= [ ag(Xi twhVXE)dw, F() = [ aef(r, XEF 4 wh VX!, YOO Zbeh e g
_.O x8 T w T) w, fx(r)—o Xf(r/r+w rsir s s )wr

1
fyh(r) = / oy f(r, X¥, Y + whVY!, 2 U dw  and
0
1
iy = / O, f (r, XE*, YH¥, 28X 4 whV ZI, Ul ) dw.
0

Similarly, we denote §9 = 0,g(X7"), f2(r) = dxf(r,©1"), f(r) = 3, f(r,O") and fO(r) = d.f(r, OF),
where © stands for (X, Y, Z, U). We define the variational system:

s S °S ~

VX =1+ / 3:b(r, X4 )V X, dr + / 9.0 (r, XEX)QV X, AW, + / / 3.0 (r, Xt¥VyV X, N(dr, dy),
T

VY, = ngxTJr/ (R(VX: + RV, + P)VZ, + Vauf(r, 04F) - VU}dr—/ vZ, dW,

—/ /vu, N(dr, dy),

where the dot - stands for the scalar product in the space L2(v). In the following, we set
Aol =V o' —Ve, fore =X, Y, Z or U. Using Lemma 4.33, we find that

T
E|18Y5+ [ (IaZi + a3 ds|
< CrE [@Axg-ﬂgﬁ X)VXT|2+/ (AX) +€"(r)dr|,

where

€'(r) = (A () = ANVX + (Fi(r) = RV + (fi(r) = (1) VZ,
flr, XP5 Y05, 205, U + hVUy) — f(n X0, 0, 205, 0pY)
h

+ Vuf(r,04) - VU,.

But E[|AX"|7] = 0, by dominated convergence, using the continuity of dxb and 0,0, and the fact
4 —
that m(v) < co. Then, using the Lipschitz continuity of f and g, we deduce that:

T
N *,2 h*,2 h h
E |[AX"[;2 +|AY ;jT+/t (I8ZE2 + AUy ds| — 0.
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Doing the same as in Theorem 3.1 of [43], we can write:
deu(t,x) = E [axg(xg:X)vxT
T
+ [ 0f (1,01 ) VX, + 3y (1, O VY, +0:f (1, ©1%)VZ, + Vuf (r,0/) - VU ydr|
t

The proof of the continuity of d,u is very similar to the Step 6 of Proposition 33 of [32], so we omit
here its proof. To conclude, we want now to prove the expressions of Z and U as functions of X.
First of all, we define p(t,x,y) = o(t, x)y.

e We approach b, 7, p, f and g by sequences of C§* functions which converge uniformly. Moreover,
we can suppose that the derivatives of b%, 0%, p?, f* and g¢® are bounded independently of &,
because b, o, p, f and g are Lipschitz continuous. We consider the forward-backward system:

—x+/ b (1, XY dr—l—/ rXSdeﬂL/ /p (r, X2, y) N(dr, dy),
Y = ¢5(XE) +/ F(r,©5) dr—/ 78 dW, — / /UE N(dr, dy).
S S

o We set u®(t,x) = Yf. Theorem 4.1 of [11] tells us that u® is the solution of the PIDE

orut(t, x) + Liut(t, x) + fo(t, x, ut(t, x), 0xu®(t, x)o (¢, x)Q, u*(t, x + p(t, x, ®)) — u®(t,x)) =0,
uf(T, x) = g°(x).
Then, using Theorem 19.5.1 of [15], we find that
£ =0,u’(s, X5)of(s, X5)Q and UL :y— u®(s, XS+ p(s, X5, y)) — u®(s, X5).

The conclusion consists on taking the limit as e — 0, which is similar to the end of the proof of
Theorem 3.1 of [43].

O
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Etude du comportement en temps long d’équations aux dérivées partielles par des méthodes

probabilistes
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Résumé : Cette thése s’intéresse a une étude
des EDSR ergodiques, avec pour principal
objectif leur application a [I'étude du
comportement en temps long de certaines EDP.
Dans un premier temps, nous démontrons des
résultats (qui sont déja connus dans le cadre ou
'EDS sous-jacente est a bruit additif) dans un
cadre de bruit sous-jacent multiplicatif. Par la
suite, l'introduction d’'un nouvel aléa via un
processus de Poisson nous permet de nous

intéresser non plus au comportement en temps
long d’'une seule EDP, mais au comportement
en temps long d’'un systéme d’EDP couplées.
Enfin, lorsque 'EDS sous-jacente est bruitée
par un processus de Lévy, le lien est fait avec
des équations intégro-différentielles partielles.
L’application de ces équations a la résolution
de problemes de controle optimal est
également présentée.

Study of the large time behaviour of partial differential equations using probabilistic methods

Keywords: BSDE, PDE, large time behaviour, optimal control.

Abstract: In this thesis, we are interested in
studying ergodic BSDEs, and our main goal is to
apply our results to the large time behaviour of
some PDEs. First, we prove some results
(already known in the case where the underlying
SDE has an additive noise) in the case of an
underlying multiplicative noise. Then, we

introduce a Poisson process and it leads us to
the large time behaviour of a system of coupled
PDEs. Finally, when the underlying SDE has a
Lévy noise, we make a link with partial integro-
differential equations. We also apply these
equations to solve some optimal control
problems.



