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SOLUTIONS OF THE TWO-STATE P OBLEM 
IN TE MS OF THE GENE AL HEUN FUNCTIONS 
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APPLICATIONS TO NON- ELATIVISTIC AND  ELATIVISTIC WAVE EQUATIONS�
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 A78t1.; s.t 8/ 8u; ;.su5ts ,87s2sts 8/ t1. .A9a7s287s 8/ t1. s85ut287s 8/ t1. 0.7.;a5, s2705.-

,87/5u.7t, a7- b2-,87/5u.7t H.u7 .:uat287s 27 t.;6s 8/ t1. 27,8695.t. B.ta (78), Ku66.; 

,87/5u.7t 1B9.;0.86.t;2, (79), a7- 787-27t.0.; 8;-.; H.;62t. (80) /u7,t287s. T1. ,87-2t287s /8; 

t.;627at287 8/ t1.s. s.;2.s, 27 8;-.; t8 9;8-u,. /272t.-su6 ,58s.--/8;6 s85ut287s, a;. -2s,uss.- 27 

-.ta25. A ;.6a;4 1.;. 2s t1at t1. 0.7.;a5 27t.;.st 27 H.u7 .:uat287s a7- /u7,t287s a;2s. b8t1 /;86 

/u7-a6.7ta5 a7- ,869utat287a5 /2.5-s: 27 9a;a55.5 t8 t1. /u7-a6.7ta5 ;.s.a;,1 87 t1. 9;89.;t2.s 8/ 

s85ut287s 8/ t1.s. .:uat287s va;28us ,869utat287a5 a508;2t16s /8; 7u6.;2,a5 ,a5,u5at287s 8/ t1. 

H.u7 /u7,t287s a;. b.270 -.v.589.-. Cu;;.7t5B, t1. aut18; 8/ t12s t1.s2s 2s w8;4270 87 t1. 9;83.,t 8/ 

2695.6.7tat287 8/ t1. H.u7 /u7,t287s 27t8 t1. 68-.;7 ,869ut.; a50.b;a sBst.6  at1.6at2,a.  

 A t12;- s.t 8/ 8u; ;.su5ts ,a6. 8ut -u. t8 t1. a9952,at287 8/ t1. -.v.589.- s.;2.s .A9a7s287s 

t8 2-.7t2/B t1. 9a;t2,u5a; tw8-stat. sub-68-.5s t1at -.s,;2b. 27t.;.st270 91Bs2,a5 91.786.7a (su,1 

as t1. 9.;28-2,a55B ;.9.at.- 8; asB66.t;2,-27-t26. 5.v.5-,;8ss270 9;8,.ss.s, .t,.) a7- 1av. .Aa,t 

,58s.--/8;6 s85ut287 27 t.;6s 8/ s2695.; 6at1.6at2,a5 /u7,t287s (81-83). 

 T1. 6at1.6at2,a5 a99;8a,1.s t1at a;. -.v.589.- 27 t1. /;a6.w8;4 8/ t1. 9;.s.7t t1.s2s a;. 

;at1.; u72v.;sa5 a7- ,a7 b. a9952.- t8 .A958;. a v2-. s.t 8/ -2//.;.7t 91Bs2,a5 9;8b5.6s. T12s 5.a-s 

t8 t1. /8u;t1 s.t 8/ 8u; ;.su5ts. BB a995B270 t1. -.v.589.- a99;8a,1.s t8 787-;.5at2v2st2, a7- 

;.5at2v2st2, wav. .:uat287s, w. 1av. -.;2v.- s.v.;a5 7.w .7.;0B-27-.9.7-.7t :ua7tu6-6.,1a72,a5 

98t.7t2a5s /8; t1. S,1;D-270.; .:uat287 t1at a;. s85v.- 27 t.;6s 8/ t1. /u7,t287s 8/ t1. 

1B9.;0.86.t;2, ,5ass (80, 84), a7- 1av. ;.v.a5.- t1. 727. 98t.7t2a5s /8; w12,1 t1. stat287a;B K5.27-

G8;-87 .:uat287 ,a7 b. s85v.- 27 t.;6s 8/ t1. ,87/5u.7t H.u7 /u7,t287s (85). T1.s. ;.su5ts 

-.687st;at. t1. w2-. a9952,ab252tB 8/ t1. 6at1.6at2,a5 t885s t1at w. 1av. -.v.589.- w1.7 s85v270 

t1. :ua7tu6 tw8-stat. 9;8b5.6. 
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 H.;. a;. t1. 6a27 ;.su5ts 8/ t1. t1.s2s 27 -.ta25: 

1. W. 1av. s18w7 t1at t1.;. .A2st t12;tB-/2v. 27/272t. ,5ass.s 8/ 68-.5s /8; w12,1 t1. s.62,5ass2,a5 

t26.--.9.7-.7t tw8-stat. 9;8b5.6 ,a7 b. s85v.- 27 t.;6s 8/ t1. 0.7.;a5 H.u7 /u7,t287s. 

2. W. 1av. 9;.s.7t.- a s9.,2/2, ,87sta7t-a6952tu-. 9.;28-2, 5.v.5-,;8ss270 68-.5 b.5870270 t8 a 

0.7.;a5 H.u7 ,5ass 8/ /2.5- ,87/20u;at287s.  

3. W. 1av. ,87st;u,t.- s.v.;a5 s.;2.s .A9a7s287s 8/ t1. 0.7.;a5 H.u7 /u7,t287 27 t.;6s 8/ t1. 

27,8695.t. B.ta /u7,t287s a7- 8/ t1. s2705.-,87/5u.7t H.u7 /u7,t287 27 t.;6s 8/ t1. Ku66.; 

,87/5u.7t 1B9.;0.86.t;2, /u7,t287s.  

4. W. 1av. 27t;8-u,.- a7 .Aa,t5B s85vab5. ,87sta7t-a6952tu-. La6b.;t-W 5.v.5-,;8ss270 

,87/5u.7t 1B9.;0.86.t;2, tw8-stat. 68-.5.  

5. W. 1av. -.;2v.- 27 t8ta5 .5.v.7 27/272t. ,5ass.s 8/ t1. tw8-stat. 9;8b5.6 s85vab5. 27 t.;6s 8/ t1. 

6u5t2-,87/5u.7t H.u7 /u7,t287s.  

6. W. 1av. ,87st;u,t.- a7 .A9a7s287 8/ t1. s85ut287s 8/ t1. b2-,87/5u.7t H.u7 .:uat287 27 t.;6s 

8/ t1. 787-27t.0.;-8;-.; H.;62t. /u7,t287s 8/ a s12/t.- a7- s,a5.- a;0u6.7t.  

7. W. 1av. 27t;8-u,.- t1. t12;- /2v.-9a;a6.t;2, 8;-27a;B 1B9.;0.86.t;2, .7.;0B-27-.9.7-.7t 

:ua7tu6-6.,1a72,a5 98t.7t2a5 /8; t1. S,1;D-270.; .:uat287, a/t.; t1. E,4a;t a7- PDs,15-T.55.; 

98t.7t2a5s.  

8. W. 1av. 9;.s.7t.- t1. 0.7.;a5 s85ut287 8/ t1. 87.--26.7s287a5 S,1;D-270.; .:uat287 /8; t1. 

/2v. 27-.9.7-.7t s2A-9a;a6.t;2, b2-,87/5u.7t H.u7 98t.7t2a5s.  

9. W. 1av. 9;.s.7t.- 27 t8ta5 727. 27-.9.7-.7t 98t.7t2a5s /8; w12,1 t1. stat287a;B K5.27-G8;-87 

.:uat287 2s s85vab5. 27 t.;6s 8/ t1. ,87/5u.7t H.u7 /u7,t287s. 

 T1. t1.s2s t1us su00.sts a s.t 8/ t885s t1at ,a7 b. v2.w.- as a7 a-va7,.- t1.8;.t2,a5 0;8u7- 

/8; /u;t1.; ;.s.a;,1 87 :ua7tu6 sBst.6s -B7a62,s' 9;.-2,t287, a7a5Bs2s a7-, 1.7,., .//.,t2v. ,87t;85 

27 ;.a5-w8;5- .A9.;26.7ts.  

  a7B :u.st287s a;. 89.7 a7- 1av. 78t b..7 ,87s2-.;.- 27 t1. /;a6.w8;4 8/ t1. t1.s2s. F2;st 

8/ a55, t12s ,87,.;7s t1. 9a;t2,u5a; a9952,at287s 8/ t1. -.;2v.- tw8-stat. 68-.5s 8/ 5as.;-/2.5- 

,87/20u;at287s t8 ,87,;.t. 91Bs2,a5 s2tuat287s. N.At, 27 t1. /;a6.w8;4 8/ t1. t1.s2s, w. 1av. 

bas2,a55B ,87s2-.;.- 875B t1. s2695.st lossless :ua7tu6 tw8-stat. 68-.5, w125. 2t 2s w.55 u7-.;st88- 

t1at t1. 2;;.v.;s2b5. 58ss.s 8/ -2//.;.7t 7atu;. a;. a5waBs ava25ab5. 27 a7B 91Bs2,a5 sBst.6. T18u01 

t12s :u.st287 2s 78t .A952,2t5B -2s,uss.- 27 t1. t1.s2s, 2t s18u5- b. 78t.- t1. /8558w270. A55 61 ,5ass.s 

8/ tw8-stat. H.u7 68-.5s -.;2v.- 27 t1. t1.s2s 0.7.;a55B a558w ,8695.A 9a;a6.t.;s. T12s 27-2,at.s 
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t1at t1. 68-.5s 6aB 27 /a,t -.s,;2b. t1. -2ss29at287. W. 1av. .A952,2t5B -.687st;at.- t12s 27 

Chapters 1 a7- 2 bB 9;.s.7t270 a /.w 9a;t2,u5a; tw8-stat. H.u7 68-.5s t1at -8 -.s,;2b. 5.v.5-

,;8ss270 9;8,.ss.s w2t1 -2ss29at287. T1us, w. 1av. s18w7 t1at 2t 2s 98ss2b5. t8 ,87st;u,t 91Bs2,a55B 

;.a52st2, a7- 27t.;.st270 68-.5s w2t127 t1.s. 61 tw8-stat. H.u7 ,5ass.s. T1. 2-.a52C.- 58ss5.ss tw8-

stat. ;.9;.s.7tat287s a;. 78t 269.;at2v. /8; t1. 9;.s.7t.- 68-.5s. I698;ta7t5B, t1. -2ss29at2v. tw8-

stat. 68-.5s 9;.s.7t s18;t,uts t8 t1. S,1;D-270.; 98t.7t2a5s. T12s 2s a7 ass.;t287 -87. 27 t1. s.7s. 

t1at t1.;. 2s 87.-t8-87. 6a99270 b.tw..7 t1. -2ss29at2v. tw8-stat. 68-.5s a7- t1. ;.a5 98t.7t2a5s /8; 

t1. S,1;D-270.; .:uat287 (..0., t1. w.55 478w7 La7-au-'.7.; 68-.5 2s -2;.,t5B t;a7s/8;6.-, 2/ 

,8695.A 9a;a6.t.;s a;. assu6.-, t8 t1. 1a;6872, 8s,255at8; 98t.7t2a5). It 2s a5s8 w8;t1 6.7t287270 

t1at t1. -2ss29at2v. tw8-stat. 68-.5s 6aB 89.7 7.w 18;2C87s 27 t1. stu-B 8/ 787-H.;62t2a7 

Ha625t872a7 sBst.6s. W. 27t.7- t8 stu-B t1.s. 2698;ta7t t892,s 27 8u; /utu;. ;.s.a;,1. 

 O7. 68;. 27t.;.st270 9827t 2s t1. :u.st287 8/ t1. 272t2a5 ,87-2t287s T18u01 a55 t1. ;.su5ts 

9;.s.7t.- 27 t1. t1.s2s a;. a7a5Bt2,, a7- 1.7,., 27 9;27,295. 87. 2s ab5. t8 a7a5BC./9;.-2,t t1. 

b.1av28; 8/ t1. sBst.6 u7-.; a7B 5as.;-/2.5- ,87/20u;at287 /;86 t1. 52st.- 61 tw8-stat. H.u7 

68-.5s, 2t 2s s86.t26.s -2//2,u5t t8 ,87st;u,t t1. .A952,2t s85ut287 w12,1 sat2s/2.s t1. 9;.s,;2b.- 

272t2a5 ,87-2t287s. T12s 2s b.,aus. t1. t1.8;B 8/ t1. H.u7 /u7,t287s 2s st255 27su//2,2.7t5B -.v.589.-. 

As ;.0a;-s t1. 9a;t2,u5a; ,as.s 8/ .Aa,t ,58s.--/8;6 s85ut287s w;2tt.7 27 t.;6s 8/ 527.a; 

,86b27at287s 8/ t1. 1B9.;0.86.t;2, /u7,t287s, t1. 272t2a5 ,87-2t287s /8; w12,1 t1.s. s85ut287s a;. 

a9952,ab5. 2s 78t -2s,uss.- 27 t1. t1.s2s. T12s 2s 87. 68;. 9827t t1at w. su998s. t8 -2s,uss 27 t1. 

/utu;.. 

 Su66a;2C270, us270 t1. t885s -.v.589.- 27 t1. ,u;;.7t t1.s2s w. 27t.7- t8 6a4. t1. 7.At st.9 

27 t1. ;.s.a;,1 87 :ua7tu6 ,87t;85 8/ /.w-stat. sBst.6s /8,us270 87 t1. u7-.;5B270 91Bs2,s. It 2s 

u7-.;st88- t1at t1. H.u7 /u7,t287s a7- ;.5at.- 6at1.6at2,a5 -.v.5896.7ts a;. 6.;.5B 

27t.;6.-2a;2.s. 
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QUANTUM TWO-STATE LEVEL-CROSSING MODELS 
IN TERMS OF THE HEUN FUNCTIONS 

Abstract 
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-3-. '-, havi(g di-c, .   ( ,g3 -p c.,u', via  2. ,(al la- , fi ld-. W   2a'i(  .h  - 'icla--ical .i' -
d p (d (. qua(.u' .1)--.a.  p,)bl ', 1h ( .h   2. ,(al  l c.,)'ag( .ic fi ld i- , -)(a(. ), qua-i-, -)(a(. 
f), -)'  .1) )f 'a(3 l v l- )f .h  -3-. '. Th  f)cu- )f .h  .h -i- i- )( .h  a(al3.ic d -c,ip.i)( )f .h  ()(-
adiaba.ic  v)lu.i)( )f qua(.u' -3-. '- -ubj c. .)  2ci.a.i)( b3 l v l-c,)--i(g fi ld-c)(figu,a.i)(-. I( .h  
p, - (. .h -i- 1  cla--if3 .h  c)'pl .  - . )f .h  - 'icla--ical .i' -d p (d (. qua(.u' .1)--.a.  ')d l- 
-)lvabl  i( . ,'- )f .h  fiv  fu(c.i)( )f .h  H u( cla--.  
Mai( , -ul.- )f .h  .h -i- a, : 
1. I( .).al 61 i(fi(i.  cla-- - )f .1)--.a.  ')d l- (i. .  2. ,(al la- , fi ld c)(figu,a.i)(-) -)lvabl  i( . ,'- 

)f g ( ,al a(d c)(flu (. H u( fu(c.i)(- a,  d ,iv d. 
2. I( .h -  i(fi(i.  cla-- - .h,   ),igi(al l v l-c,)--i(g -ub')d l- a,  id (.ifi d: )(  d -c,ib - i(fi(i.  

(p ,i)dical) c,)--i(g- )f , -)(a(c , )(  d -c,ib - a-3'' .,ic , -)(a(c  c,)--i(g 1i.h a fi(i.  .i'  )f 
p,)c -- a(d .h  la-. )(  d -c,ib - i(fi(i.  a-3'' .,ic , -)(a(c  c,)--i(g p,)c --. Th  b havi), )f .h  
.1)--.a.  qua(.u' -3-. ' u(d , .h -  fi ld c)(figu,a.i)(- i- c)'p, h (-iv l3 a(al34 d. 

3. S)lu.i)(- )f .h  H u(  qua.i)(- i( . ,'- )f i(c)'pl .  B .a fu(c.i)(-, Ku'' , c)(flu (. 
h3p ,g )' .,ic fu(c.i)(- a(d ()(-i(. g ,-),d , H ,'i.  fu(c.i)(- )f a -hif. d a(d -cal d a,gu' (. a,  
c)(-.,uc. d. 

4. A(al3.ic -)lu.i)(- )f .h  qua(.u' .1)--.a.  p,)bl ' a,  p,)j c. d )( .h  , la.ivi-.ic a(d ()(-, la.ivi-.ic 
1av - qua.i)(-: ( 1 p). (.ial- f), .h  Sch,ödi(g , a(d Kl i(-G),d)(  qua.i)(- a,  d ,iv d a(d -)lv d. 

Keywords: laser excitation; quantum two-state problem; level-crossings; Heun functions. 

MODÈLES QUANTIQUES - DEUX ÉTATS AVEC CROISEMENTS DE NIVEAUX 
DÉCRITS PAR LES FONCTIONS DE HEUN 

Résumé 
 La .hè-   -. c)(-ac,6  au p,)blè'  f)(da' (.al d  l' 2ci.a.i)(  . d  la 'a(ipula.i)( d  -3-.è' - 
qua(.iqu - à -p c.,  d'6( ,gi  di-c, ., via d - cha'p- la- ,-  2. ,( -. N)u-  2a'i()(- l  p,)blè'  - 'i-
cla--iqu  à d u2 6.a.- qua(.iqu -, d6p (da(. du . 'p-, l),-qu  l  cha'p 6l c.,)'ag(6.iqu   2. ,(   -. 
,6-)(a(. )u qua-i ,6-)(a(. p)u, d u2 d - ()'b, u2 (iv au2 du -3-.è' . La .hè-   -. c (.,6  -u, la 
d -c,ip.i)( a(al3.iqu  d  l'6v)lu.i)( ()( adiaba.iqu  d - -3-.è' - qua(.iqu - -)u'i- à u(   2ci.a.i)( pa, 
d - c)(figu,a.i)(- d  cha'p- av c c,)i- ' (.- d  (iv au2. Da(- la p,6- (.  .hè- , ()u- cla--ifi)(- 
l’ (- 'bl  c)'pl . d - ')dèl - qua(.iqu - à d u2 6.a.- - 'i-cla--iqu - d6p (da(.- du . 'p-, qui p uv (. 
ê.,  ,6-)lu-  ( ci(q f)(c.i)(- d  la cla--  d  H u(. 
L - p,i(cipau2 ,6-ul.a.- d  la .hè-  -)(. : 
1. Au .).al, 61 cla-- - i(fi(i - d  ')dèl - à d u2 6.a.- (i. . l - c)(figu,a.i)(- d  cha'p la- ,  2. ,( ) 

-)lubl -  ( . ,' - d  f)(c.i)(- d  H u( g6(6,al   . c)(flu (. - -)(. d6,iv6 -. 
2. Da(- c - cla-- - i(fi(i -, .,)i- -)u--')dèl - ),igi(au2 av c c,)i- ' (.- d  (iv au2 -)(. id (.ifi6-: l'u( 

d6c,i. l - c,)i- ' (.- i(fi(i- d  ,6-)(a(c  (p6,i)diqu -), l'au.,  d6c,i. l - c,)i- ' (.- d  ,6-)(a(c  
a-3'6.,iqu  av c u( . 'p- d  p,)c --u- fi(i  . l  d ,(i , d6c,i. l - p,)c --u- d  c,)i- ' (.- i(fi(i- d  
,6-)(a(c  a-3'6.,iqu . L  c)'p),. ' (. du -3-.è'  qua(.iqu  à d u2 6.a.- da(- c - c)(figu,a.i)(- d  
cha'p  -. a(al3-6 d  'a(iè,   2hau-.iv . 

3. L - -)lu.i)(- d - 6qua.i)(- d  H u(  ( . ,' - d  f)(c.i)(- bê.a i(c)'plè. -, d  f)(c.i)(- 
h3p ,g6)'6.,iqu - c)(flu (. - d  Ku'' ,  . d  f)(c.i)(- H ,'i.  d'),d,  ()(  (.i , -)(. c)(-.,ui. -. 

4. D - -)lu.i)(- a(al3.iqu - du p,)blè'  qua(.iqu  à d u2 6.a.- -)(. p,)j .6 - -u, l - 6qua.i)(- d')(d  
, la.ivi-. -  . ()( , la.ivi-. - : d  ()uv au2 p). (.i l- p)u, l - 6qua.i)(- d  Sch,ödi(g ,  . d  Kl i(-
G),d)( -)(. d6,iv6-  . ,6-)lu-. 

Mots cle s : excitation laser; système quantique à deux états; croisements de niveaux; fonctions de Heun.


