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Titre: Processus de diffusion sur 'espace de Wasserstein: modeles coalescents, pro-
priétés de régularisation et équations de McKean-Vlasov.

Résumé: La these vise a étudier une classe de processus stochastiques a valeurs
dans ’espace des mesures de probabilité sur la droite réelle, appelé espace de Wasserstein
lorsqu’il est muni de la métrique de Wasserstein Ws. Ce travail aborde principalement
les questions suivantes : comment construire effectivement des processus stochastiques
vérifiant des propriétes diffusives a valeurs dans un espace de dimension infinie 7 existe-
t-il une forme d’unicité, forte ou faible, satisfaite par certains processus ainsi construits ?
peut-on établir des propriétés régularisantes de ces diffusions, en particulier le forcage
stochastique d’équations de McKean-Vlasov ou des formules d’intégration par parties de
Bismut-Elworthy ?

Le chapitre I propose une construction alternative, par approximations lisses, du sys-
teme de particules défini par Konarovskyi et von Renesse, et appelé ci-apreés modele
coalescent. Le modele coalescent est un processus aléatoire a valeurs dans l'espace de
Wasserstein, satisfaisant une formule de type It6 sur cet espace et dont les déviations en
temps petit sont régies par la métrique de Wasserstein, par analogie avec les déviations en
temps court du mouvement brownien standard gouvernées par la métrique euclidienne.
L’approximation réguliere construite dans cette these partage ces propriétés diffusives et
est obtenue par lissage des coefficients de 1’équation différentielle stochastique satisfaite
par le modele coalescent. Cette variante présente ’avantage principal de satisfaire des
résultats d’unicité demeurant ouverts pour le modele coalescent. De plus, a de petites
modifications de sa structure pres, cette diffusion lissée possede des propriétés régular-
isantes : c’est précisément 'objet de ’étude des chapitres I a IV. Dans le chapitre II, on
perturbe une équation de McKean-Vlasov mal posée par une de ces versions lissées du
modele coalescent, afin d’en restaurer I'unicité. Le lien est fait avec les résultats récents
(Jourdain, Mishura-Veretennikov, Chaudru de Raynal-Frikha, Lacker, Réckner-Zhang) ot
I'unicité d’une solution est démontrée lorsque le bruit est de dimension finie et le coefficient
de dérive est lipschitzien en distance de variation totale en la variable de mesure. Dans
notre cas, la diffusion sur ’espace de Wasserstein permet de régulariser le champ de vitesse
en 'argument de mesure et ainsi de traiter des fonctions de dérive de faible régularité a
la fois en la variable d’espace et de mesure. Enfin, les chapitres III et IV étudient, pour
une diffusion définie sur I'espace de Wasserstein du cercle, les propriétés de régularisation
du semi-groupe associé. Utilisant dans le chapitre III le calcul différentiel sur I’espace de
Wasserstein introduit par Lions, on établit une inégalité de Bismut-Elworthy, controlant
le gradient du semi-groupe aux points de I’espace des mesures de probabilité qui ont une
densité assez réguliere. Dans le chapitre IV, la vitesse d’explosion lorsqu’on fait tendre la
variable temporelle vers zéro est améliorée sous certaines conditions de régularité supplé-
mentaires. On déduit de ces résultats des estimations a priori pour une EDP posée sur
I'espace de Wasserstein et dirigée par la diffusion sur le tore mentionnée ci-dessus, dans
le cas homogene (chapitre III) et avec un terme source non trivial (chapitre IV).

Mots-clés: diffusion de Wasserstein, systeme de particules en interaction, partic-
ules coalescentes, propriétés de régularisation, équation de McKean-Vlasov, équation de
Fokker-Planck, restauration de 'unicité, notion de solution faible, formule de Bismut-
Elworthy:.



Title: Diffusive processes on the Wasserstein space: Coalescing models, Regulariza-
tion properties and McKean-Vlasov equations.

Abstract: The aim of this thesis is to study a class of diffusive stochastic processes
with values in the space of probability measures on the real line, called Wasserstein space if
it is endowed with the Wasserstein metric 5. The following issues are mainly addressed
in this work: how can we effectively construct a stochastic process satisfying diffusive
properties with values in a space of infinite dimension? is there a form of uniqueness, in
a strong or a weak sense, satisfied by some of those processes? do those diffusions own
smoothing properties, e.g. regularization by noise of McKean-Vlasov equations or e.g.
Bismut-Elworthy integration by parts formulae?

Chapter I introduces an alternative construction, by smooth approximations, of the
particle system defined by Konarovskyi and von Renesse, hereinafter designed by coalesc-
ing model. The coalescing model is a random process with values in the Wasserstein space,
following an It6-like formula on that space and whose short-time deviations are governed
by the Wasserstein metric, by analogy with the short-time deviations of the standard
Brownian motion governed by the Euclidean metric. The regular approximation con-
structed in this thesis shares those diffusive properties and is obtained by smoothing the
coefficients of the stochastic differential equation satisfied by the coalescing model. The
main benefit of this variant is that it satisfies uniqueness results which are still open for
the coalescing model. Moreover, up to small modifications of its structure, that smooth
diffusion owns regularizing properties: this is precisely the object of study of chapters II
to IV. In chapter II, an ill-posed McKean-Vlasov equation is perturbed by one of those
smooth versions of the coalescing model, in order to restore uniqueness. A connection is
made with recent results (Jourdain, Mishura-Veretennikov, Chaudru de Raynal-Frikha,
Lacker, Rockner-Zhang) where uniqueness of a solution is proved when the noise is finite
dimensional and the drift coefficient is Lipschitz-continuous in total variation distance
in its measure argument. In our case, the diffusion on the Wasserstein space allows to
mollify the velocity field in its measure argument and so to handle with drift functions
having low regularity in both space and measure variables. Lastly, chapters IIT and IV
are dedicated to the study, for a diffusion defined on the Wasserstein space of the circle,
of the smoothing properties of the associated semi-group. Applying in chapter III the
differential calculus on the Wasserstein space introduced by Lions, a Bismut-Elworthy
inequality is obtained, controlling the gradient of the semi-group at those points of the
space of probability measures that have a sufficiently smooth density. In chapter IV, a
better explosion rate when time tends to zero is established under additional regularity
conditions. This leads to a priori estimates for a PDE defined on the Wasserstein space
and governed by the diffusion on the torus mentioned above, in the homogeneous case
(chapter I1I) and in the case of a non-trivial source term (chapter IV).

Keywords: Wasserstein diffusion, interacting particle system, coalescing particles,
regularization properties, McKean-Vlasov equation, Fokker-Planck equation, restoration
of uniqueness, notion of weak solution, Bismut-Elworthy formula.



«ﬂ«ram(: de <ommwemcen .colfe ,ftagxz de nerenciesmanly .
,je Mcha.bs vows écnine a Coun Que ,j'a{ .{IOAAQ’ Eroin ’Mo.gwf«?uvs
amwncer au fonc Vadnosw . Ridiger cor quellguer Qgrer appantient
o TV n‘tb.@Q de toul momuncrdt de Ehexe , macA 1‘@ PIT=1P ) »/mtwoia.
écrine ue je rAMA o niel f.QaWA a & Ea;m. o,u,j'ou/!c( bl
et ?ua_ Lo 1\0,6«(‘)5 PYIPR Y 7«41 vk auire nemb Sencts onec Amcende .
S¢ 1 ‘cwdlienal mécepsaingmant wn Joun cetbaing de car Fovn
momenbs eb do con fch‘&% amecdoker gui ouk AﬂM e vie
Mo , ,je AuwiA Aca o ‘e nellisamt cen Qire,s daM. 7&97‘*&
oamees ) 1}2 e owviendia: de Aounines d ‘onndies ot do 10&

T ot ce,Qou, Je vour adreme w@@ecémmé e el

JJ()Q/LCc‘ .
Vickor

ga)wenciwh :

Jhom Nwlez\ Ameact A 'qc(nuae a fb«'., ./):/\l.ansco'm ) 7u" o Jznigz’
<e branvad et R'a newmda ,ftowe'ez s (‘:ac{IAflw{-e)«'Qc'f‘e', Ees
,’\Azfde.uac eorveds ob b c'no;ovaﬂroe cellewns. amalhbmatiqua T o
Lriem roument ébe W{Me' pon bom abuibion, Ea nigueua ,
ta ca.fw.cil'e' 5 trowven de mowsellen 1\&‘?@\ : 1'@;1@«2 avoin Leauwa
01\1\/&'\): de cqu. Om e » commairrac o crant de d&buben
celfe anenbtive ef d‘?. CM\C(G\/UZ, a aom ferunne , que Jlai ewde Lo
naunce C({Mwe)av\?ue/l clams Eom nadeac 00‘1 a boiy ans . Saw bom
dévouemant aw fﬁu #‘”’6 e Qa W& uQ«.d a C(u-bQ?uﬂA MOIA
,j‘e,m 'en NeN@iA fced onrind Qo on :! ‘en Auin dérorvmain ¢ A Lrom
1‘\01(:‘ et {fw\ do chemin fanconu .

Te, ne/wmde E_?G&Mé AAnauc( Gu:@&\. e(? Ha.x wm Rene)—\e



‘awcin a.cce,,&é de nelice altewbivesmenl et d'Evaluen ce Erano?.
T ‘admine ceffe 7uo.9i(.‘e’ o Encuiovai kaiein e mmmsely de B
nedhandha M%maét?w_ P reand f\ow'@pe e ﬁa;‘" que clea
,ergoMew\A Enea fé,\.:.-.(:& Comnaceut wn t@vw./% M\m('&w(’ aumic
fromien noa des jewmen Shenchhown . Teh freue widh auch
Al Q«F UAARNR Mol Zu.uammo.now@e&/ dic Derstimwant rcha
%udaww\ rein wind . Ten 1~4pr-2 Qo fioun neamenc'@n
HMirelle Boray, Djolil Ehofsi of Bejomin Joundain d st
Cu:cz,\fé d ‘Shha mambron do o fury - To voulkia QUM R
CYMO/QTAQA ol | raluan 0'escndle des imbbubeuns  de 7&/\%@6«%
?\L; Aw el fo:l' gﬂcwc(i/\ af 2 cinpen Ko Et Dricn ron ma fw'gﬁe/
Cabheie o (%,vw«ain fN1oun nvobie roubiom Arawa fal@e a weA
qu(/s 7443 PR = Kaif M 'ejo}ffwu fou a 2 c(uﬂﬂoy.m /éa.«»w'e'a.Q,
et Floria oF Hgom fon awon fwo.g?/é Qe J«'.A(‘w«cr.,tobjowu
%wxc(e’ d ‘interser Ricn g2 1'9,“ Auis cenlain~ moun /v\a’w/ublm

G aule , {2 Voudngin Laiden aw o cewn qui em€
01& c(a ce.ttQ. %2 “n ’W\awmmt aﬂ/u'fc»g‘e& et‘ g\emum. . UouA
cilen tules eb Eovn renad ﬂoeaﬂw(' Crop Qa\«g, ef /\&iepewx,
Anais vous Qe ’W‘EAu'Q/é b Wermamt qu= je. WJA ce Nixgua .
Je commenca fon Qe ?ch(g yw‘& c(n.?—-:'gg%, 74»:2.4‘2-}
AV ?Aaw\c('m e«l")\,a%(wJ'IA 7%0}.\"»‘4&«(’ JaftaiA red ddubs . Top mcty -
crowss ab oy Enigawan du widi ok prograssisvmant devenur L
M'@-moua n cu«to:mnaue ,{\,Ovvx Qﬁcwgcguf\ d ‘e,«f'/\e MOUL Ui
fﬂ/\c\nc( wenci a toufe o boamde : Marcella, (qt'uQ(q, Lavrena
L/"Gcwc'vma., Stellle. ; gz@(md de £ 'ebe Occo']\?-/c(aVau('anz des
mots - crciar que d Hudla), Theman (Guomd on € affewcloit) .
Armesdina , Kaaim (c(ul ouvaart f:o«.jow A 7\mf‘2 auw Bem Wmuu}),



Aloscomdna . Ul mmenci Af\.éc?a.g erﬁagwf & Diefen e B o
O lor, momdnaums %M"Afohé a fﬂﬂ:f\am MOy oA 11?
cu toqjowu TA'IA Emommenant de 1LQa:AEA ; :Efzeau, ce Aml™ @
cer vomdnewsen bounan roaxker o discben, a débolfa, a Couken
Amdft{/ a nfaaQ?A Ll | mevan; a Cechic, Réw;,Rafala-E—O,
Mewjekome | Andrd, Didien , Tullie | Yvor, Auua et Dinntar
gp}AauQﬂ"e\ , ’Um &ceﬁ 1\.Quu. 614...::{@, M) ,F’ ,/mai«‘s tbufow
f\ga'm'm a éanau?gA avec Vouy Mmazaci o Gilller e Menbine.
Hec! a wes aAmaM% co- bunaawn , rnbout Gillia wma W@fa'/ée/
d ‘awoin/olf en sonba g ce Dungau OS-040 rot C'oujauzvs 1an—cn
do v of d Emobian! U 1@1:&' copucou a boun ceux Gui
ot cte de fomage & ‘Qltzf(’qge : A wboing : DO“"? , CU.C'AA?, H?“‘(fj/
\JQQ@/)CMC\/\Q. €l:‘ Eocn QQA aut2) . ngf;u' 1:'2-9.0.\4, ¢! /a.lt
Crumnt fou/voi/\ Aurmmmentn Me,‘w@ee Qe,a Q?V\Qu/ue); - ,jfai “Une
reraée fm(’.‘g&te\m fon Chiana ef Saftwn. GARC 20 WAL
Cex Aigf«‘q@a rewcimen ca 1‘@.@1— 2016 . SBerci d awoin ke 2!

o Llo Dieudowné | Ul awni Aom Grualde ,f\aw\e-ca.g{,
au cowa de oa?uo,Q,QQ j;'oi Lind bomt de Ut awec doctorasbr el
auber wQQe‘JuQL Tout d 'o.p.yoxc‘, ) y @ eum g m’?. b accue il
G v CNIVER jB' halen , T, Antbrn ' Reine ,'37.4,0(9«  Acua
oulfier Tulia Bladel gu:, & U'acceeil du lalbenatoing, a bowjouns
Aty ;’\Qcﬁh’m a /l.sz\o‘ﬂdﬂl auc ?MEM cle chacaun , dent & AUy
anvec b rounve . Jeun - Mene of Mant{l Do Zue(/la/ta%/ g
jo wlicloin néqulisiemak poun salangen @ iumprimente do Faaau,
Armandive | Vedinie | Nengimman , bow lon pomomels acluminirbaifs
du Cllo | o aney tououns €5 dispenmibles 3 mon Ggand ot
M% G ve du Cabo /"Q“* Bonmaine af a?,\éa% CEt P g a our
Lor ,,—m\— -docs eb dockmanta Pt ,j'ai ou {an'\,aiA a Cg‘ogﬂn aw



Cuge/) dm QQA Coqum): O Qm c(.fcuu.l’/m Qct[o:.l':{A ek -
Md’g":"‘“&‘?“% ~ '4&3 ou e comcamba | Lo iate e QW?“Q’ !

>auh
Tulenm Tl Medhd . ;
Gutes G e Ve ™t ey Gl Gach
g:"‘“fQ ania Kevin A0 Alis L. w.‘"\“ /I; o AQZQ(MQ
dpeich Ha daiesm R"}Am Halo, A5G "4"‘1 Bochna D?Qfa' @ ca et

En Twh‘o&m,wc: 5 (Gankie oF B dnmi
accenfd da neprsmdra Yo rérsimainn . T ‘ajoke avas & ceffe
Li vk 2@?7«.. , {10rn 1o nenbien Poo‘—l U:Lcc(uu floun oA nemdhocnen
dincoasions 720.51\«.3 ; Francexa poun "«?ZMH‘QQM eF G inubahion
aw comconl, Enwman poua fu geariom aﬂ{?cm de o m}rwb )
ﬂ;uw; {104n Mo discuprons agaag Nobder , Younick | Patricia Challoy
ar mox discerony, auwfzan da Ae/m«'(ma.}/\n./ Moac M., /IQQA‘LOu;A) Monc A,
G?,‘;Q& , GinQeal) fromn mon activke) File de G Scieuce, /.P-Q«[Qﬁx.z flow\
tem aide donn Q‘%olme der contrala clfwei?mwﬁ‘ . EF
ruantoul 'j@- ARUK Nemencin  Sortin fown b Ecoulz au.f\/&ni den
doctorambs . Merci da mousr amoin q'«c(ef' Giuldia ot moi , N
Lown can QQ Al mimoing den c(cxfoﬂwl?s {1.‘1& Eroin cart Aa
nevibe tiewt Q)QO.ucouT\ = N
Volo., onec vous tows , mer broin commées da He ok
it exceenker . Moir excaank, =2k flon wn weel carey
{d\" froun AN cn.?un.,je/w Gu Mcanlul clo. 70;:&'0\
Mcﬂ. c\u-jOW\C‘(a“: . Je ducia 1\»@.«5;6 e xhiasidimaines , inouloliaen .
Et wale , o GO@ & Vo m2s Gmih:
Jfaaém&, 2o dernien veuun de la bomde ) j‘e me A erccedrna
/jowwai); o.»\(’/é A 'a/uou',/\ Q?'Q/ a @ {01«? ma. do Cow AMHO\M‘C(EM;uuhl?.
T o (‘au.iawm et dann Eowr QM /Y Coupr awec o .{10»4

rQQA Cac{eawx & );ou_l’wmcg_ OA QQA 110:4&0% c({Mﬂ;Q, Q"‘ Al jéu



au.jouac('g\ui wr nafrtu&a.b‘a»\ Ao conteus do Bews je,wn de 'u«obs/
c ‘of em f\o.A‘v'e ?l;ce & bo biwve Womce Ea.cg Q ey 7“”’07"‘""
é'o()m_u . TQM );EAIQMF, mQAci f.o.y\ b Aoulien Acea fo«'cQQea
ces demmien mon jurqua daur Con Amomadts Loy fQuu; f\o'm@@_,g
e fa ﬁm de thire .

Leais | e T-Quas Agmapo doy comandy, R 'otrevaleun der
moulowsy b Amainmenl des TLO'W\M, G tai (:o«iou/u; VU ae
G aouniva, b dandher bocjoun & podlen, & inkigeen boutle
e dr (c(ui— ?Aaq a Eoi Fer ‘om aﬂau- Qo commar Mcmcsa
d"Enic du RCA)/ € 2 Eoujom 1«/\26 a ramdie Aewia . Je ma
Acu )y f\oo; Commmmant (:ufav; [\ Cpuju.jua/\ o avec Coul b
Dodot | ter inberin inady  dormomdn e vise , ta viv coTQn.
/r\am Qa.cruzmt aje L CTINN Aougw.ml'a. tout Lo 60\«.0\.@.«4 du monde .
Henci pomm Louter Ly ronties au Au\?Jl au Alecde | & Haneda
et rcnar doute Dienkst o BRalin ou O‘ZQ.;fL?l}!

Jorcela , A doute Ca f»Qu-s fc'mn. e/;CfJsz des ﬁ/\u:bs
clu Carmpea, bee dinenabion me E'z,mf&‘.cho.l' fLeh de veilllen & ca
que 1‘0.1\1%%”& QAL ACAIRUK. Aeom MOCOQ,OQQ.l’\Q J:‘ch.eM A
;oM't Airmcatea 1\(.;- a wa?o ol Q@Q?o’\o.('onio-, 1\oquQAa.
oneVa.‘Qf-QwMéQ 1\%&.&%&2 L lt:l‘a.,oiame ademo ! T‘@V@AA
Arerten emcoa X (b/\w’q em comfack anec boi eb davoin

im ol anbrer occoncrs de ;at,\p_c(.u ek -ends embie comia

%é 1‘,% beraming cusec Ameh dewnc. 7~Qub f/\a&u qu#«'c(wﬁ'@,.
/I;C'c(mf'—,i’a]—ﬁm-c(‘éo{tm— Qa.-fv\z’.mm da 2o qua bu ra e
,'Q&za, 2n ,W.QQU, dos Lsehren ?uo.aa vais ening, bom f\fous
breaun Ao_ao/\d mon (jq_ ‘;(QN\Q,WOAQQ et Pepi Aroun guiten P2 lon
%e,w; ma. rochant cle ?u'u 12 ,f\che} . O« Eout cﬂ{ceu.vuél thAIJ),
,(laux*'a%zf QMM»Q’QQ. donent @ bion can /Je. 'o’lyow-l):a.é‘ i dw



~ . .

remimaine awe débubs daw Q(Mei?,mwl- , de G gmafid\«
& ammmn tn COUA > aunc c.oo’?du de Aeize Reunas ) do Eom
WHM&}Q ‘/\.a{\fc(l' du g/\aw.faja G Mca aﬁ/thMo.a,a_ ~bo- -
de (A.w\obsaﬁ'\ (je we AQA fbuj@uws,flm fo'vuz wm@& Acary &«?c{«u
Ao (ng{f\g\m)l da votre Aedactim do Chase & mor soulrmomcan
Lo mame rmon . Tor domk ,i’ai ini fron doniven £ Rumaun niem
qu ‘o Scoutont (ea Craiks & [ aprivn & wakin dawy Lo
coa.Qoi/\/ Ew o Aama dou ga;\— La, fa(ua goise enen o ba Chare
e chommonl do neuin dewa™ b2 o fe ™ rea;
Jormcivs € ’r‘y\rom e 1 @ Tafauc(efmf' :u'»w{ @rn momerdy . Je
Ee 1\/\21 l a?,u{e/\, a%a_:*‘ue.uw", £ ?4:1vm4'nm da amen
c(o"nc}bs d ‘Yermmrean c(ml':maun(/s .
Et e hine Leconannce | é'é'mi/\a_ comBien ta ca«f-‘?}s

1«0M Mo «\?Aa'tt' '8.'24« 1~0w Qa:«} 7«4@ ca /\.&(17)& ce ’MMMOI('['.

Ahor Eout AIMT.Q%«M : fe E aime .

Vicdton



JL C@» gemd qui e ron- L
me vofaieal qua A(W:@U\
C(QAJ'QM('.' A gﬂ_u C( ‘O'A'&f (\ce/






Contents

0

11

Introduction 7
0.1 Diffusion processes on the Wasserstein space . . . . . . .. ... ... ... .... 10
0.2 Smoothing properties of stochastic diffusive processes. . . . . . . ... ... ... 14
0.3 Contents of the chapters . . . . . . . . . . . . ... . ... ... .. 20
0.4 Toolbox: Lions’ differential calculus on the Wasserstein space . . . . .. .. ... 34
A new approach for the construction of a Wasserstein diffusion 37
I.1 Imtroduction . . . . . . . . . . . 37
I1.1.1  Konarovskyi’smodel . . . . . . ... ..o oo 38
1.1.2  Approximation of a Wasserstein diffusion . . ... ... ... ... .... 39
[.2 Singular representation of the processy . . . . . . .. .. ... L. 42
[.3  Construction of a process with short-range interactions . . . . . . .. .. ... .. 44
1.3.1 Existence of an approximate solution . . . . . . .. ... .. ... ..... 45
1.3.2 Non-decreasing property . . . . . . . . . .. . L oo 48
[.4  Convergence of the process (YJ )oecQy - « « « + « = =« v v v v e 51
I.4.1 Tightness of the collection (Yo c)o>0.e>0 in Lo([0,1],C[0,T]) . . . . . . .. 51
1.4.2 Estimation of the inverse of mass . . . . . . .. .. .. ... ... ... 53
1.4.3  Proof of Proposition 1.20 . . . . .. ... ... o o 58
.44 Convergence whene — 0 . . . . .. . ... .. oo 63
1.4.5 Convergence when o — 0 . . . . .. . ... ..o 68
.5 Properties of the limit process Y . . . . .. .. ..o Lo 68
1.5.1 Coalescence properties and step functions . . . . . ... .. ... ..... 68
1.5.2  Quadratic variation of y(u,-) . . .. . . ... ... Lo 71
1.5.3  Covariation of y(u, ) and y(u',-) . . . . .. ... 82
.6 Appendix: Itd’s formula for the Wasserstein diffusion . . . . . . .. . .. ... .. 85

Restoration of uniqueness for a Fokker-Planck equation with irregular drift

coefficient 89
IL.1 Introduction . . . . . . . . . . o o e 89
II.1.1 Regularization by noise . . . . . . . .. .. .. L o L. 91
11.1.2 Fourier shape of the diffusion term . . . . . . ... .. ... ... ..... 94
I1.1.3 A balance of regularity . . . . . . . . . . . ... ... 96
I1.2 Regularity of a diffusion on the Wasserstein space . . . . . .. .. ... ... ... 97
11.2.1 Existence, uniqueness and continuity of the diffusion . . . . . . ... ... 98
I1.2.2 Construction of a non-blowing solution on the global time interval [0, 7] . 102
11.2.3 Higher regularity depending on the decay at infinity of f . . . . .. ... 104
I1.3 Fourier inversion with respect to the interaction kernel . . . . . . . . ... . ... 110
11.3.1 Assumptions on the drift function . . . . ... .. ... ... ... .... 111
11.3.2 Statement of the inversion Lemma . . . . . . . .. .. .. ... ... ... 112
I1.4 Regularization of an ill-posed Fokker Planck equation . . .. .. ... ... ... 114

5



6 CONTENTS
11.4.1 Existence of a weak solution up to a stopping time . . . . . . . ... ... 115
11.4.2 Uniqueness in law of a solution up to a stopping time . . .. .. .. ... 117
I1.4.3 Existence and uniqueness on the interval [0,7] . . . ... ... ... ... 119

I1.5 A continuum of admissible drift functions . . . . . . . ... ... ... .. ..., 123
11.5.1 Description of the class of admissible drift functions . . . .. .. .. ... 123
11.5.2 Definition of the problem . . . . . .. .. ... ... ... ......... 125
11.5.3 Resolution of the SDE when the drift is Lipschitz continuous . . . . . . . 127
I1.5.4 Resolution of the SDE when the drift is general . . . . . . .. ... .. .. 135

III Bismut-Elworthy inequality for a Wasserstein diffusion on the torus 145

III.1 Introduction . . . . . . . . . . o o e 145
II1.1.1 A diffusion on the Wasserstein space of the torus . . . . . ... ... ... 146
II1.1.2 Bismut-Elworthy inequality: a regularization result . . . . . . . . .. ... 147
II1.1.3 Integration by parts formula and addition of an idiosyncratic noise . . . . 149

II1.2 Probability measures on the torus . . . . . .. .. .. .. . ... ... 151
II1.2.1 Density function and quantile function on the torus . . . . . .. .. ... 152
I11.2.2 Functions of probability measures on the torus . . . . . . ... ... ... 153

II1.3 A diffusion model on the torus . . . . . .. .. ... ... ... ... ... 158
I11.3.1 Construction of a diffusion on the torus . . . . . .. ... ... ... ... 158
II1.3.2 Integrability of the solution and of its derivatives . . . . . . . . ... ... 161
111.3.3 Parametric SDE and Kunita expansion . . . . ... ... ......... 166

II1.4 Smoothing property of the diffusion on the torus . . . . . .. .. ... ... ... 168
II1.4.1 Definition and properties of the semi-group (P)coz] - - - - - - - - - - - 169
1I1.4.2 Fourier inversion on the torus . . . . . . .. .. .. .. ... ... ..... 175
111.4.3 Behaviour of the remainder term for smalle . . . . . . .. ... ... ... 187
[I1.4.4 Bismut-Elworthy inequality for the semi-group (P)icor) -« - - -+« - - 198
II1.4.5 Regularization of the function ¢ . . . . . . ... ... ... ... . .... 202

IV Gradient estimate for an inhomogeneous SPDE 207

IV.1 Introduction . . . . . . . . . . 207

IV.2 Interpolation argument . . . . . . . . . . .. L L Lo 210

IV.3 Integrability of the dominant term and of the remainder . . . . . .. .. .. ... 217
IV.3.1 Construction of the splitting . . . . .. .. .. .. .. ... ... .. ... 217
IV.3.2 Integrability of A% and of AY . . . . ... ... ... ... .. ... .... 219

IV.4 Application to an inhomogeneous SPDE . . . . . . ... ... ... ... ... .. 233

Bibliography 235



Chapter 0O

Introduction

Outline of the manuscript

The purpose of this manuscript is to address a class of stochastic processes with values in the
space of probability measures on the real line and to investigate some of their main features,
including possible routes to the existence and the effective construction of such processes, various
forms of uniqueness and related smoothing diffusive properties. All these questions have been
studied in details for finite-dimensional diffusion processes since the early days of the theory of
stochastic analysis (which certainly goes back to the earlier works of Kolmogorov himself and
maybe even before) and have branched into a wide collection of topics and of techniques, the
exhaustive description of which would be out of scope of any reasonable introduction. Let us
say, to draw a simple parallel with the finite dimensional setting and to illustrate in a quite
comprehensive manner the spirit of the thesis, that our original desire was to investigate the
analogue of a Brownian motion but on the set of probability measures and to understand,
not only the pathwise behaviour of it, but also its fine statistical properties among which the
regularization properties it may have.

In finite dimension, the Brownian motion (or Wiener process) is a central object in stochas-
tic analysis, as it directly appears as the limit of a standard simple random walk with inde-
pendent and identically distributed increments. Meanwhile, it is directly connected, through
Kolmogorov’s formula, to the heat equation. As a matter of fact, the regularizing effect of the
Brownian motion and more generally of various forms of diffusive processes may be tackled by
many ways, which include among others: semi-group theory in functional analysis, regularity es-
timates and parametrix method in PDE theory, It6 and Malliavin calculus in probability theory.
From the sole purely probabilistic point of view, many people have contributed to the field, but
to make the picture clear, we may choose, among all the applications and refinements, one which
we feel very striking (and which remains, even after the numerous papers that have appeared
on the subject, absolutely fascinating): uniqueness of solutions to an ill-posed ordinary differen-
tial equation (ODE) in dimension d may be restored by forcing the dynamics with a Brownian
motion of the same dimension as the ambiant space. This phenomenon is called restoration of
uniqueness and the reader may find a very nice overview in the textbook of Flandoli [Flall]. As
we have just alluded to, this phenomenon is in fact deeply correlated to the properties of the heat
equation itself or, equivalently, to the properties of the semi-group (Pt)te[o,T] generated by the
finite-dimensional Brownian motion: in short, for a bounded measurable function f : R — R,
P, f is a C*°-function for every t > 0. In fact, restoration of uniqueness is continually switching
back-and-forth between pathwise and statistical analysis. We will face similar features in the
manuscript, including cases where uniqueness eventually holds in a statistical sense only: this
is another facet of the finite-dimensional theory, which leads to the notion of weak solutions to
stochastic differential equations (SDEs) and the analysis of which has been carried out in an

7
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elegant manner by Stroock and Varadhan in their seminal monograph [SV79].

Although it comes as a quite natural object in the limit form of a simple random walk, the
finite-dimensional Brownian motion is in fact intrinsically connected to the underlying Euclidean
structure. Extensions to infinite dimensional cases (and in particular to Hilbert spaces) have
been also intensively studied, see for instance the textbook of Da Prato [DP04], but our desire
to handle a similar object on the space of probability measures faces a prior choice: which
topology do we consider on the space of probability measures on R? Several distances between
probability measures may be indeed used in practice. To quote a few of them: Lévy-Prokhorov,
Wasserstein, total variation distances... Actually, as the title of the manuscript suggests it, we
will make an intense use below of the Lo-Wasserstein metric (even though, at some point, we
will also need other distances). We will denote by Pa(R) the Lo-Wasserstein space on the real
line, which is the space of probability measures with a finite second-order moment endowed with
the La-Wasserstein distance. There are many reasons for explaining our main interest in the Lo-
Wasserstein distance: inspired by the aforementioned restoration of uniqueness problem in finite
dimension, we may wonder about the analogue of an ordinary differential equation but on the
space of probability measures. It turns out that a corresponding object is, from the analytic point
of view, a Fokker-Planck partial differential equation (PDE) and, from the probabilistic point of
view, a non-linear McKean-Vlasov equation. As explained in the review we provide below on the
topic, the Wasserstein distance is a natural distance when addressing these kinds of dynamics.
Another reason to justify our need for the Wasserstein distance is that our desire to study the
regularizing properties of a possible Brownian motion with values in the space of probability
measures may lead us, exactly as in the finite dimensional setting, to handle PDEs on the set
of probability measures. Again, it turns out that the differential calculus that has been used on
the space of probability measures in optimal transportation theory, in the analysis of gradient
flows or more recently in the theory of mean-field games is directly connected to the geometric
properties of the space of probability measures when equipped with the Lo-Wasserstein metric.
We use below the so-called Lions’ approach to the Wasserstein differential calculus, which is
based on a lifting procedure from P3(RR) onto an Lo-space defined on a rich enough probability
space carrying random variables with any possible distribution on R (see Section 0.4 for a brief
introduction to it). In this regard, it must be stressed that our manuscript is restricted to the
study of diffusion processes taking values within the space of probability measures on the real
line (so, d = 1) or (to avoid any boundary conditions) on the torus (see for instance Chapters I1I
and IV).

Actually, several diffusions on the Lo-Wasserstein space have been constructed recently, see
Section 0.1 for an overview. Our work is based on one of them: we indeed decided to work with
the model due to Konarovskyi, see [Konll, Konl7b, Konl7a, KvR18]. The latter describes a
system of coalescing massive particles starting (say) from a uniform distribution on [0,1]. It
shares some of the features of other Wasserstein diffusion processes: the large deviations in
small time are given by the Wasserstein distance and the martingale term that arises when
expanding any smooth function ¢ of the measure argument along the coalescing process has
exactly the square norm of the Wasserstein gradient of ¢ as local quadratic variation. In words,
the objective of the thesis is to understand some qualitative and quantitative properties of this
form of Wasserstein diffusion or of related P2(IR)-valued processes of a similar type. As a starter,
we provide an alternative construction of Konarovskyi’s model in Chapter I. As explained therein,
uniqueness in law remains an open question but the alternative construction we provide below
shows that uniqueness holds for a variant of it, in which the particles may get really close one
to each other but never meet.

Our variant of Konarovskyi’s coalescing model will serve as a basis for constructing other
Pa(R)-valued processes sharing a similar structure but featuring additional interesting proper-
ties. Most of those additional properties are in fact related with a possible smoothing effect of
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the Wasserstein diffusion. In this regard, it is worth mentioning that our motivation to pur-
sue our research in this direction was twofold. Despite we are not able to prove any form of
uniqueness for the original Konarovskyi model, our initial guess was that, to do so, a convenient
weak approach d la Stroock-Varadhan would have been needed. Recall indeed that unique-
ness in the aforementioned Stroock-Varadhan martingale problem relies in fact on non-trivial
quantitive results on the smoothing effect of parabolic equations. Addressing the analogue for
the Wasserstein diffusion was our first motivation to investigate the regularization properties of
Konarovskyi’s process or, more precisely, of the variant that is constructed in Chapter I. Another
motivation was to use the Wasserstein diffusion as a random forcing acting on McKean-Vlasov
dynamics or, equivalently, acting on Fokker-Planck dynamics. To make it clear, we are indeed
interested below in restoring well-posedness of ill-posed dynamics defined on Py(R) by means
of a random forcing inspired from the Wasserstein diffusion introduced in Chapter I. This is
part of the thesis to explain why we cannot do so with the original Konarovskyi’s model nor
with the variant we introduce in the first chapter. So, the last three chapters are dedicated to
the analysis of new modifications of the original model: these modifications are used to restore
uniqueness to ill-posed McKean-Vlasov equations or to obtain quantitative semi-group gradient
estimates.

Adopting the particle point of view, the common feature of all the Py(IR)-valued processes
that we will study in this manuscript is that they are constructed in the form of an infinite dimen-
sional particle system driven by a common infinite dimensional noise. In particular, the latter is
in contrast to idiosyncratic noises acting independently on each particle like it is often the case in
standard McKean-Vlasov equations. Put it differently, we are looking for Py (R)-valued random
processes (fit);e(o,r) through their quantile (or increasing rearrangement) functions (z):c(o,77:
for each u € [0, 1], (z¢(u))¢e[o,7] is then required to be a continuous real-valued process satisfying
a one-dimensional SDE, interpreted as the trajectory of the random particle with label u on the
real line. Hence, the process (ut)icpo,r) represents the time-evolution of the distribution of a
random system of infinitely many particles, each one being indexed by a number u € [0, 1]. This
point is very much in the spirit of Lions’ approach to the differential calculus on the Wasserstein
space: u — x¢(u) is here understood as a lift of u, but, importantly enough (and this is in fact
our guideline throughout the manuscript), this lift is canonical in the sense that, once again,
x4(+) is precisely the quantile function of p.

In the following sections, we give an overview of prior results related to the aforementioned
problems. In Section 0.1, we recall the definition of the Wasserstein distance on P2(R) and we
give a short description of the topics where this metric plays a significant role. In particular,
we focus on some models of diffusions on the Wasserstein space, constructed and investigated
by von Renesse, Sturm and Konarovskyi among others. In Section 0.2, we introduce some
regularization properties of stochastic differential equations, starting by fundamental results
in finite dimension. Some recently obtained extensions to infinite dimensional spaces are also
presented in this section, in particular regarding McKean-Vlasov SDEs. In Section 0.3, we
describe, chapter by chapter, the contents of this thesis and we state the main results obtained
in this manuscript, with some comments on remaining open problems. Finally, we give in
Section 0.4 a toolbox recalling a few basic definitions and fundamental properties that we will
later use on two notions of differential calculus on Pa(R).
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0.1 Diffusion processes on the Wasserstein space

Let us start by introducing the Lo-Wasserstein space on R. It is the set of the probability
measures p on R such that [ |2|2dp(z) is finite. This space is usually denoted by P2(R). Let
us define on Py(R) the following distance; for every probability measures u, v € P2(R),

1/2

Waluw) = (_int [ Jo—yPantey) o
mell(p,v) JR2

where II(u,v) is the set of the probability measures 7 on R? with marginals ¢ and v, that is

such that for every Borel set A of R, m(A x R) = pu(A) and 7(R x A) = v(A). Wy is called

Lo-Wasserstein distance, sometimes also called Lo-Kantorovich distance.

Wasserstein space and optimal transportation

The Wasserstein distance Wy has an interpretation in terms of optimal transportation. The
Monge-Kantorovich problem addresses the optimal transportation of a measure u into a mea-
sure v, where the optimization is relative to a cost function ¢(x,y) which represents the cost of
transporting a unit mass from x to y. If the cost function is quadratic, i.e. if ¢(x,y) = |z — y|?,
then Monge-Kantorovich problem is equivalent to determine a measure m minimizing the right-
hand-side of (1). Benamou-Brenier’s formula (stated e.g. in [BB00]) states that the optimal
transportation map is the gradient of a convex function and

1
Wi, p11)? = inf /0 /]R V&P dpgdt,

where the infimum is taken over every £ : [0,1] Xx R — R such that there is a continuous function
2 [0,1] = P2(R) satistying u(0) = po, p(1) = pu1 and

Oppey + div(pe V&) = 0,

the latter being interpreted as a first-order Fokker-Planck equation and pointing out, if needed,
the various uses of the Wasserstein distance in the analysis of Fokker-Planck equations and
vice versa. Otto (in [Ott01] among others) has given a Riemannian interpretation of Benamou-
Brenier’s formula. Furthermore, Jordan, Kinderlehrer and Otto [JKO98] have proved that
the diffusion equation dyp = Ap is the gradient flow equation for the relative entropy H in
(P2(R), W3), where H(u) := [g plnp if du(z) = p(x)de and H(u) := 400 if p is not absolutely
continuous with respect to the Lebesgue measure on R. The result of [JKO98] states more
generally that the gradient flow for the free energy functional associated to some potential ¢
writes in the form of a certain Fokker-Planck equation, where the gradient is understood rela-
tively to the Lo-Wasserstein distance. The interested reader may find further developments of
the metric theory of gradient flows in the book of Ambrosio, Gigli, Savare [AGS05]. See also
Villani’s book [Vil09] for an extensive overview of the problems in optimal transportation.

Therefore, dynamics on the Wasserstein space P2(R) have become an important issue of
research in recent years. Along with the subjects of gradient flows and optimal transportation,
the theory of Mean-Field Games (MFG) has also led to research around stochastic differential
equations on Py(R). Pioneer work were simultaneously released by Lasry and Lions [LLO6a,
LLO6b, LLO7] and by Huang, Caines and Malhamé [HMCO06] on this topic. In short, the MFG
theory describes Nash equilibria in games with a continuum of players that arise as the limit
of games with finitely many particles, called players, interacting with one another through the
distribution of the whole population. In order to study these systems, Lions has introduced a
suitable approach to the differential calculus on the Wasserstein space P2(RR), see Section 0.4.
In MFG theory, the differential calculus on P(R) permits to define properly the Nash system,
namely the system satisfied by the equilibrium values of the players.
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A first example of a Wasserstein diffusion: von Renesse and Sturm’s model

In this thesis, we are interested in stochastic processes on P2(RR) that are infinite dimensional
counterparts to the Brownian motion on RY. There is not a unique way to construct this
kind of diffusions on the Wasserstein space. Let us introduce two different constructions which
have led to two diffusions having very different features. On the one hand, von Renesse and
Sturm [vRS09] constructed a Wasserstein diffusion on P2(R) with the aim, among others, to
improve the understanding on the Riemannian structure of P»(R) and to construct a kind of
Riemannian volume measure on that space. The construction is based on the machinery of
Dirichlet forms (see [FOT11]) on Lo(P,P), where P is a set of probability measures, either
P([0,1]) or P(T), where T is the one-dimensional torus (or unit circle), and P is a certain
entropic measure on that space. This theory leads to the construction of a Markovian stochastic
process (fit)ejo,1], either on P([0, 1]) or on P(T), which is reversible with respect to the entropic
measure. As it is shown in [vRS09], the dynamics of (p¢)eo,7] have similar features as the
dynamics of a Brownian motion. First, they satisfy an Ito-like formula: for a certain class of
sufficiently smooth functions u : P([0,1]) — R (or P(T) — R),

(1tp0) = utpo) = 5 [ Lt @)

te[0,7

is a martingale, where IL is a certain second-order differential operator. Moreover, the quadratic
variation of the martingale is given, as for the Euclidean Brownian motion, by the square of the
gradient of u, where gradient is understood here relatively to the Wasserstein metric on Pa(R).
Second, von Renesse and Sturm also stated a Varadhan-like formula for the Markov process
(1¢)eejo,r: for any Borel subset A of P2(R)

) 1
lim elnPuye € Alpu] = —§W2(Mtw4)27 3)

e—0t

which shows that the Wasserstein distance W5 plays a similar role for the Wasserstein diffusion
as the Fuclidean distance for the finite-dimensional Brownian motion.

Von Renesse and Sturm’s contruction of a Wasserstein diffusion is quite abstract, but some
recent papers improve the understanding of this process. Finite-dimensional approximations
of the Wasserstein diffusion has been proposed, in terms of a system of particles [AvR10] or
interacting systems of Brownian motions [Stul4]. The geometry of the entropic measure has
been studied in [Chol2, DS09]. One of the reasons why it is difficult to deal with this diffusion is
that, in the case where pg is the Lebesgue measure on [0, 1], then almost surely for every ¢ > 0,
W is a probability measure with no continuous part and no discrete part. That makes a big
difference with the second model introduced in next paragraph, which is constructed starting
from a particle system and for which p; is a discrete measure almost surely for every ¢ > 0.

The starting point of our work: Konarovskyi’s model

In this thesis, our starting point is a diffusion model on P2(R) that has the benefit of having a
nice representation in terms of its quantile function (or inverse distribution function or increasing
rearrangement function), which stems from the fact that it is constructed starting from a system
of particles on the real line. That model has been proposed by Konarovskyi in a series of
papers [Konll, Konl7b, Konl7a, KvR18]. Konarovskyi’s model is inspired from the Arratia flow
(see [Arr79]), sometimes also called Coalescing Brownian flow, which is a system of Brownian
motions that coalesce, that is that they stick together after collision and move together like
a single Brownian particle. Konarovskyi’s diffusion, also called modified massive Arratia flow,
introduces a mass to the model.
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Let us briefly introduce Konarovskyi’s construction. First, fix N > 1 and fix NV distinct
starting points x(l)’N << xév N on the real line ranged in an increasing order. Then construct
. . . kN
the following system of N coalescing particles (2, )i>0, 1<k<nN:

1) start by considering N independent standard Brownian motions (3F)¢=q, for k =1,..., N,
and denote for each k by (xf’N)t>0 the process xf’N = xlg’N + ﬁﬁf; associate to each

EN _ 1.

particle a mass m™" = ;

2) define the stopping time 7 as the first (random) time where two processes :chfc 0N and :Uf o+LN

collide: 7:=inf{t >0:3k,le{1,...,N},ai™ = N,
3) replace, after time 7, the trajectories (:(:fo’N)t>T and (a:fOH’N)
motions which have collided by their mean trajectory

ko,N ko+1,N
( m"o ko,N mFot k;0+1,N>
)
t>T

+> of the two Brownian

T T
mk’o,N + mko-i—].,N t + mko,N + ka"FLN t

and give a mass m*oN 4 mFotLN to that new particle;

4) repeat the same procedure with the remaining N — 1 particles after time 7: find the next
collision time, replace the trajectories of the colliding particles after that time by their
weighted average, etc...

5) stop the procedure when there remains only one particle.

These particles have coalescing trajectories: when two particles collide, they remain together
and move like a single particle, but with a different diffusion rate. Indeed, the mean of two
Wiener processes behaves like a Wiener process divided by v/2. That is the main difference with
Arratia’s model, in which the diffusion rate was constant for each particle. A noticeable feature
of this coalescing model is that the fluctuations of each particle can be described by its mass:
initially, every particle has a mass of % and when two particles collide, the resulting particle
get a mass equal to the sum the masses of both incident particles. With this representation, the
quadratic variation of every particle increases like the inverse of its mass.
Moreover, we associate to that system of particles the process of empirical measures:

N 1 al
m:ﬁg%m

where § .~ denotes the Dirac measure at the (random) position :Ef N Thus for each time ¢,
t

pd is a random probability measure. We associate to ui¥ its quantile function ¥ : [0,1] — R,
defined by

N(y) = {inf{l' ER: Y ((—o00,2]) > u} if u € [0,1);
T Vit (e € R ¥ ((—o0a]) > u} ifu=1.

With this convention, ;" is a right-continuous function with left limits (cadlag) and is continuous

k M)_

at point u = 1. Moreover, for each time ¢, yiv is a step function, equal to xf N on every [+, %

Reversely, uY = Lebyg 1 o(yM)~ L.

The introduction of a mass to the model allows to obtain nice properties for the limit process
when N tends to infinity. To fix ideas, let us for instance assume that for each N, the initial points
are regularly distributed on the unit interval [0, 1]: xB’N = ﬁ In this case, the sequence of prob-
ability measures (12 )n>1 tends for the Lo-Wasserstein distance to o = Lebp,1). In [Konl7b],
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Konarovskyi proves that the sequence of processes ((yi¥)i=0)n>1 is tight in D([0, 1],C[0,T]) and
consequently that a subsequence converges to (y;):>0, and proves that almost surely for each
time ¢ > 0, the cadlag function u — y.(u) is a step function. In other words, the probability
measure ;= Lebyg ) o(y;)~! is an atomic measure, with a finite number of atoms. The be-
haviour when t tends to +oo is not interesting for our study, since almost surely, there is a time
from which u; is a Dirac mass, or equivalently y; is a constant function, or equivalently there
remains only one Brownian particle. Thus we fix in all our work a final time 7" and we study
the processes on [0, T7.

In [KvR18], Konarovskyi and von Renesse proved that the process (u)ie[o,r) introduced
above enjoys similar properties to the Wasserstein diffusion. In particular, it also satisfies an
Ito-like formula, like (2) and a Varadhan-like formula, like (3). Moreover, the flow of that
process preserves the monotonicity of the initial quantile function, so that (Mt>te[0,T] has a
canonical representation as a process of quantile functions (y;)¢c[o,77- Most of the time, we will
take the point of view of the quantile function representation, because it has an interpretation
as a particle system and it is more convenient to work on Lo[0, 1] than on Py(R). As we already
mentioned, the latter is very much in the spirit of Lions’ approach to the differential calculus
on Pz(R).

Nevertheless, Konarovskyi’s model remains partially misunderstood. This may be rather
surprising because the dynamics look quite simple at first sight. In particular, the question of
uniqueness (not only pathwise uniqueness but also uniqueness in law) remains an open question.
The major difficulty is that it suffers from a tough singularity at time ¢ = 0™ since the solution
may pass instantaneously from a probability with a density with respect to the Lebesgue measure
on the real line to a discrete measure with a finite weighted sum of Dirac masses. Coming back to
the previous example, this is precisely what happens if o = Lebg 1}, but this feature is actually
general: it happens for each initial absolutely continuous measure with respect to the Lebesgue
measure. We believe that any attempt to prove uniqueness would require a better understanding
of the way the particles coalesce at t = 07. For sure, this is part of our research program for
the future to (re)attack this problem, see the list of open questions on page 23. As for the rest
of the thesis, we overcome lack of uniqueness (obviously, it is a serious drawback for addressing
more quantitative questions) by modifying Konarovskyi’s original model, see Section 0.3 and
Chapter I. Among others, the new model does not coalesce and, whenever it starts from a
regular density, the solution itself remains a density. Subsequent variants are addressed in the
last three chapters, see also Section 0.3 for a first overview.

Recent new developments

Several classes of stochastic partial differential equations (SPDEs) for measure-valued pro-
cesses have been recently studied. For instance, the interested reader may find in the work of
Xiong [Xiol3], together with the references that are cited therein, a detailed analysis of SPDEs
arising in the study of the super-Brownian motion and of the Fleming-Viot process. More
recently, Konarovskyi and von Renesse have proposed a new model of reversible Coalescing-
Fragmentating Wasserstein dynamics [KvR, Kon]. Instead of coalescing, the particles of that
system stick together when they collide and remain together during a certain (random) time,
before fragmentating. It is reversible in time, by opposition with Konarovskyi’s modified mas-
sive Arratia flow where the number of particles decreases with time. Moreover, Konarovskyi,
Lehmann and von Renesse [KvR18, KLvR19, KLvR] have shown that every processes described
above can be considered as a solution of a certain Dean-Kawasaki PDE of the form

O = alp+E(p) + div(y/aw),

where Z is a non-linear operator and W is space-time white noise. The Wasserstein diffusion
of von Renesse and Sturm corresponds to the case a > 0, while the modified massive Arratia
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flow and the Coalescing-Fragmentating Wasserstein process correspond to the case a = 0; more
precisely, the two latter processes satisfy exactly the same equation, with a = 0 and

== Y @)

z€Supp(p)

This shows that the martingale problem associated to that equation is not well-posed. According
to [KLvR19], the correction term Z is necessary to get non-trivial solutions of Dean-Kawasaki
equation.

Of course, the above SPDE should be regarded as a stochastic Fokker-Planck equation, the
stochasticity accounting for the fact that W here plays the role of a common noise according to
the terminology we introduced in the outline of the thesis. Although we do not make any real
use of the SPDE approach in the manuscript (somehow, our point of view is mostly Lagrangian),
it must be stressed that we use quite systematically a similar white noise W to drive the various
particle systems at hand. In particular, we spend some time in Chapter I explaining how W
shows up in the original Konarovskyi model. As for the Laplace term of viscosity «, we introduce
at the end of Chapter II and in Chapters III and IV variants of the Konarovskyi process featuring
a similar diffusive behavior: in short, our strategy therein is to introduce, in addition to the
common noise W, an independent idiosyncratic noise 3, the effect of which manifests precisely
in the corresponding Fokker-Planck equation in the form of a Laplacian.

0.2 Smoothing properties of stochastic diffusive processes

One of our purposes in this thesis is to study regularization properties of Pa(RR)-valued processes.
Let us introduce some fundamental results on this topic, first in a finite dimensional framework
and then for processes defined on infinite dimensional spaces, e.g. on Hilbert spaces. We will
particularly focus on equations with mean-field interaction, in particular McKean-Vlasov SDEs.

In fact, regularizing effects of stochastic processes may manifest in several ways, but certainly
the phenomenon may be easily understood when considering the semi-group generated by the
underlying process. Basically, the semi-group has some smoothing effect if it maps, in positive
time, a class of input functions into a class of more regular output functions. For instance, the
semi-group may map bounded measurable functions onto Hélder-continuous functions, which is
for instance what happens in the so-called Krylov-Safonov theory [KS79] for (finite-dimensional)
diffusion processes with coefficients of lower regularity. As made clear below, stronger forms of
regularization may occur: for example, the semi-group may send bounded measurable functions
onto differentiable functions. All and all, these kinds of properties are deeply connected with
regularity results for solutions to parabolic or elliptic PDEs, in finite or infinite dimension
depending on the state space of the underlying process itself. As we already alluded to in the
outline of the manuscript and as we explain in a more detailed fashion below, the regularity
properties of the semi-group have many applications, one of which is remarkable for us: it is
widely used for restoration of uniqueness results, a review of which we also provide below. In
this regard, it must be stressed (and this is a key fact in the thesis) that, although we prove
below some restoration of uniqueness for McKean-Vlasov equations, we do not make use of any
semi-group approach to do so: instead we make a systemic use of Girsanov’s transformation.
We will pay some price for it. This forces us to work with weak instead of strong uniqueness.
Anyway, using Girsanov’s transformation should not come as a surprise since it is in fact one
of the basic ingredient to address regularity of semi-groups by probabilistic arguments. So, to
sum-up, the results of restoration of uniqueness we show below do not rely on any semi-group
estimates but they do rely on Girsanov’s Theorem, see for instance Chapter II, and the same
Girsanov transformation is widely used in Chapter III to address semi-group regularity. We
make a detailed review of our results in Section 0.3 below, and we explain in this context the
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role of the Girsanov transformation. For sure, other forms of regularization could be addressed,
but we won’t tackle them in the text; say for instance: regularity of the transition kernels of
the stochastic processes under study, long time behavior and in particular ergodicity of those
stochastic processes...

Regularization results in finite dimension

Smoothing properties of diffusive processes and in particular of the Brownian motion itself is
a key ingredient in stochastic calculus and stochastic analysis. In particular, the semi-group
associated to the standard Brownian motion in R? is the heat semi-group and thus this process
inherits from the regularizing effect of the Laplace operator.

As for the aforementioned application to restoration of uniqueness, one of the first break-
through is due to Zvonkin [Zvo74] in the 1970s, who showed that adding, in dimension 1, a
small Brownian perturbation to an ill-posed ordinary differential equation (ODE) was suffi-
cient to guarantee strong existence and uniqueness of a solution. To clarify, let us consider the
following ODE in dimension 1:

da

e b(t,x¢); xy=ap € R. (4)

Cauchy-Lipschitz theory states that existence and uniqueness of a solution to the Cauchy prob-
lem (4) hold if b : R — R is a Lipschitz-continuous function. Peano’s Theorem adds that
local existence still holds even if b is only continuous. Nevertheless, uniqueness does no more
necessarily hold out of Cauchy-Lipschitz’s assumptions. Indeed, in the case of Peano’s counter-
example b(t, ) = 3sign(x)|z|?/3, where sign(z) = 1 if z > 0 and sign(z) = —1 if z < 0, the
Cauchy problem (here with initial condition zy = 0) has infinitely many solutions, among which
=0, 2, =13, 2, = max(t — 1,0)3. In [Zvo74], Zvonkin proved that for a certain class of func-
tions b, including Peano counter-example, adding to the equation a Brownian motion (W¢)e(o,7]
allows to restore uniqueness: as we alluded to above, restoration of uniqueness happens when
uniqueness does not hold for the deterministic equation and is satisfied by the stochastically per-
turbed equation. More precisely, Zvonkin proved that pathwise uniqueness, meaning that the
trajectories of two solutions are indistinguishable, holds for the following SDE in dimension 1:

dXt = b(t, Xt)dt + O'(t, Xt)th, (5)

where b : [0, 7] x R — R is measurable and bounded and where o : [0,7] xR — R is bounded by
above and by below (far from 0) and is Holder-continuous. Zvonkin’s result has been generalized
to higher dimensions by Veretennikov [Ver80] and later to the case of drift functions b which are
no longer bounded but which are sufficiently integrable in time and space, the right exponents
of integrability depending upon the dimension of the state space (see Krylov-Réckner [KR05]).
The basic proof of all these results is to solve a parabolic PDE, driven by the generator of (5),
with the drift itself as source term. Expanding by It&’s formula the resulting solution of the
PDE along any solution of (5), this permits to get rid of the drift, at the price of getting a more
intricate diffusion coefficient. Hopefully, this diffusion coefficient remains sufficiently regular to
get pathwise uniqueness if the solution of the PDE itself is sufficiently regular: this is a typical
instance of the fact that regularity and uniqueness are correlated.
In the case where the diffusion matrix o has less regularity, Tanaka’s example

dXt = SigH(Xt)th,

shows that two solutions may share the same distribution (uniqueness in law) even though there
is no pathwise uniqueness; also there may be existence of a weak solution, but the solution
may not be strong, i.e. it may not be measurable with respect to the filtration generated by



16 CHAPTER 0. INTRODUCTION

the Brownian motion W. Of course, it strongly suggests that restoration of uniqueness may
be obtained in a weak sense under weaker assumptions on the coefficients, and in particular on
the diffusion term o, which is in fact the precise purpose of the Stroock and Varadhan theory:
in the case of It6’s SDE (5) in RY, Stroock and Varadhan [SV69] proved that weak existence
and uniqueness in law hold when b is bounded and measurable and when ¢ is continuous,
bounded and uniformly elliptic. Furthermore, Stroock and Varadhan developed in [SV79] the
correspondance between PDEs and so-called martingale problems, showing that properties of
the SDEs are closely related to properties of PDEs driven by the generator of (5): in short,
those properties are weaker than those needed in the pathwise uniqueness results; somehow,
pathwise uniqueness requires pointwise estimates on the derivatives of the solution of the PDE
whilst Stroock and Varadhan theory allows to work with Sobolev solutions. Since these pioneer
works, restoration of uniqueness results have been obtained in various frameworks, for noises
less regular than Wiener processes and is still a source of active research.

This prompts us to say a few words on the regularity properties of the semi-group itself
(assuming to simplify that existence and uniqueness hold in a strong sense). So, let us denote
by (X¥)te[o,r] the solution to (5) with initial condition X§ = z. For any bounded and continuous
¢ : R — R and for any time ¢ € [0, 7], let us denote by P.¢ the following function:

Fio(z) = E[op(X7)].

The collection (P;).¢(o,7) is called semi-group associated to the stochastic process (X{);c(0,7,zeR>
since it owns the properties P; o P = P,y and Py = id by Markovian properties of the solution
(X )teo,r)- A regularization effect is characterized by the fact that for each time ¢t > 0, F¢ is
more regular than ¢. For instance, in the case of the standard Wiener process (b = 0 and o = 1),
Pip = ¢ * g, where g; is the normal density g;(x) = (%tl)dm e_”x”2/2t; thus P¢ is a C*°-function
for every t > 0 and for every bounded and continuous ¢.

Smoothing effects of 1t6’s SDEs have been intensively studied, in particular using Malliavin
calculus, especially in the hypoelliptic setting, that is when the diffusion rate is degenerate
(for an introduction to Malliavin calculus, see [Nor86, Nua06]). In this thesis, we will focus
on a parallel method, proposed by Bismut in [Bis81], relying on Girsanov’s Theorem and for
which it is not necessary to apply the machinery of Malliavin calculus. This method leads to
an integration by parts formula, often called Bismut-Elworthy formula, or Bismut-Elworthy-Li
formula, after the studies [Bis81, Elw92, EL94|. It can be written in the form of an integration
by parts (very much in the spirit of Malliavin calculus):

P)as(w0) = 1 [6060) [ (Voo (Xa73)]. ()

where V5 is a certain stochastic process starting at vy (see [EL94]). It follows from Bismut-
Elworthy formula (6) an inequality on the gradient of P;¢: more precisely, under some bound-
edness and regularity assumptions on the coefficients b and o, the gradient of P.¢ is uniformly
bounded by % ||l L., for every bounded and continuous ¢. Of course, since ¢ is not necessarily
locally Lipschitz, the control tends to infinity when ¢ tends to 0 by positive values. But that
gradient estimate provides a diffusive rate of explosion ¢~/2, typical of Brownian fluctuations,
which is important for applications. For instance, gradient estimates deriving from integra-
tion by parts formulae are used in finance for computing price sensitivies, called Greeks (see
e.g. [FLL199, MT06]). In the case of finite-dimension, Bismut-Elworthy formula has impor-
tant applications in geometry, in particular concerning gradient estimates of PDEs on manifolds
(see [Tha97, TW98, ATWO06]) and in the probabilistic analysis of non-linear PDE, like Kolmoro-
gorov backward equation and Forward-Backward SDEs [Del03, Zha05].
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Regularization results in infinite dimension

The zoology of stochastic processes in infinite dimension is really wide. The Pz(R)-valued
processes that we address in this manuscript are infinite-dimensional processes and hence fall
within this class. Obviously, we cannot provide an exhaustive overview of the field and we
just give a short account of it here, pointing out some connections with the content of the
manuscript. In particular, regularization results for equations on infinite-dimensional spaces
have been carefully studied for several years and for various types of equations. Let us cite
among others some works on Kolmogorov equations on Hilbert spaces by Da Prato, Elworthy,
Zabczyk and Cerrai [DPEZ95, Cer01, DP04].

Restoration of uniqueness of PDEs is a more recent subject. The first results have been ob-
tained for transport equations by Flandoli, Gubinelli and Priola [FGP10]. For Holder-continuous
functions b, the transport equation on [0, 7] x R¢

dyu(t, z) = (b(t,x) - Du(t,z)) dt

is not necessarily well-posed (following [FGP10], b(¢,z) = ﬁ([:ﬂ A R)7Y for a fixed R > 0 and
for a fixed v € (0,1) is a counter-example). By adding a noise, uniqueness can be restored, as
Flandoli, Gubinelli and Priola showed for the following equation (where the stochastic integral
is here considered in the sense of Stratonovich):

d
diu(t,x) = (b(t,z) - Du(t,x))dt + Z e; - Du(t,z) o dWy}.
i=1
Let us mention that the noise is called here multiplicative, since it depends on the value u(t, x)
of the solution (by opposition with an additive noise that depends only on ¢ and = but not on
u(t,x)). Many further investigations have been made for SDEs on Hilbert spaces. In a series
of papers [DPF10, DPFPR13, DPFPRI15|, Da Prato, Flandoli, Priola and Rockner proved that
pathwise uniqueness holds for an SDE on a Hilbert space H of the form

dX; = (AX, + B(X,))dt + dW,, (7)

for a certain class of self-adjoint, negative definite operators A : D(A) ¢ H — H, for W a
cylindrical Wiener process on H and for B : H — H only measurable and locally bounded. For
an interesting introduction and a survey of results on regularization by noise phenomena, see
Flandoli’s seminal lecture notes [Flall]. Various other equations in infinite-dimension have also
been studied, like e.g. kinetic equations [FFPV17].

Interestingly enough, we quote in this context the recent result of Delarue [Dell9] in which
some of the above results are used to restore uniqueness to a mean-field game by means of
an infinite dimensional common noise of Ornstein-Uhlenbeck type. Although this work shares
some motivation with ours, it must be stressed that the dynamics of the particle therein obey
an operator A similar to the one that appears in (7). Equivalently, this says that uniqueness is
restored but at the price of an extra layer of interactions which is, in contrast to the mean-field
one, purely local, arising from the Ornstein-Uhlenbeck noise. The models that we address in
the rest of the text do not have the latter feature.

Regularization results for systems with mean-field interaction

Let us focus now in a more detailed fashion on a certain class of equations, namely the SDEs
with mean-field interaction called McKean-Vlasov equations. Let b : [0, 7] x R? x Po(R%) — R?
be a drift function, o : [0, 7] x R% x Py(R?) — R¥™ be a diffusion matrix and (Bt)iejo,m be a
Brownian motion in R™. McKean-Vlasov equation reads as follows

{dXt = b(t> Xta :ut)dt + O-(t’ Xtv /Lt)dBta

e = L(Xy), ®)
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where £(X;) denotes the law of X;. The coefficients in the stochastic differential equation (8)
depend on the distribution of the solution X;. That dependence is called mean-field interaction,
due to the link with a particle system. Indeed, the McKean-Vlasov equation should be regarded
as the limit when N — +o0o of a system of particles of the following form:

dX} =b(t, X}, i )dt + o(t, X}, )dB], i=1,...,N, 9)

where i)Y = % Zj-v:l dy; and (Bf)te[QTL 1<i<n are independent Brownian motions, the latter
being usually referred to as idiosyncratic noises in order to stress the fact that there are somehow
proper to a given particle. The trajectory of each particle (Xf)tG[O,T] depends on time, on the
current position of the particles and also on the positions of the other particles, but only via the
empirical distribution 7" ; that is why this system is called mean-field.

Well-posedness of McKean-Vlasov SDEs has been widely studied. We here provide a tiny
example of all the existing references in the field. Generally speaking, existence and uniqueness
may be proved by a Picard fixed point argument on the process (Mt)te[o,T] provided that the
coeflicients are sufficiently regular, say for instance that they are Lipschitz-continuous in both
variables, Lipschitz-continuity with respect to the measure argument being understood with
respect to the Lo-Wasserstein distance. This strategy is made clear in the seminal lecture notes
of Sznitman [Szn91|. Variants may be found, see for example (to quote earlier ones) the works
of Funaki [Fun84], Girtner [G88] or Oelschliger [Oel84]. Interestingly enough, the proof of
existence and uniqueness extends to models with a common noise of the form

dXt - b(ta Xt7 ,ut)dt + U(ta Xt7 ,u't)dBt + 00(t7 Xt7 /'Lt)tha (10)

with the constraint that p; now matches the conditional law of X; given the realization of W,
where (W});c(o,r) is @ new Brownian motion, independent of (By);c[o,r) and of dimension my,
and og stands for a new volatility coefficient defined in the same manner as ¢. Importantly, p
becomes random under the presence of W. The terminology common noise is better understood
when we write down the analogue of (9), which reads:

dX{ = b(t, X, )dt + o(t, X{, 1 )AB; + oo(t, X{, iy )JAWs, i =1,...,N. (11)

The key fact here is that all the particles are driven by} the same noise (Wt)te[O,T]a which is of
course assumed to be independent of the collection (B})cio,7], 1<i<n- The reader may have a
look at the works of Vaillancourt [Vai88], Dawson and Vaillancourt [DV95], Kurtz and Xiong
[KX99, KX04] or Coghi and Flandoli [CF16] for more details on (10) and (11). We will also
come back to it later on in the text: in particular, McKean-Vlasov equations with a common
noise are addressed with care in Chapter II.

The passage from (9) to (8) should be understood in the following way. Assume that the
initial positions of the particles X{, ..., X{ in (9) are independently distributed with the same
law on R%. Of course, due to the mean-field interaction, X}, ..., XN are not necessarily in-
dependent at a fixed time ¢ > 0. Nevertheless, if & € IN\{0} is fixed, then the distribution
of (th,...,Xf)te[()’T] is expected to converge in law when N tends to +oo to (,u{@k)te[o’ﬂ,
where (f1t);c(0,7] is the law of the solution to McKean-Vlasov equation (8) (at least whenever
it is uniquely solvable). In other words, asymptotically when the number of particles tends
to infinity, two given particles (or more, as long as the number is fixed) have approximatively
independent trajectories. This phenomenon is called propagation of chaos.

The concept of propagation of chaos for McKean-Vlasov equation (8) has been introduced
in the early works of Kac and McKean [Kac56, McK66, McK67] and is proved in the case where
b(t,z,p) = [ B(t,z,y)du(y) among others in Sznitman’s course [Szn91]. Along with propaga-
tion of chaos results, authors are also interested by the rate of convergence of the particle system
to the limit. For instance, this question was addressed by Sznitman in [Szn91] using a coupling
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argument under the same Lipschitz assumptions as for proving existence and uniqueness. Appli-
cations and instances are numerous, including models from fluid mechanics or statistical physics
that go beyond the scope of Sznitman’s coupling result: for instance, Bossy and Talay [BT97]
also obtained a rate of convergence for a particle system converging to Burgers’ equation. More
recently, Guillin and Fournier [FG17] proved a quantitative result of convergence of a conser-
vative particle system to the solution of the homogeneous Landau equation for hard potentials;
this includes cases where propagation of chaos is shown to be uniform in time. The rate of
convergence may be also addressed in the form of a central limit theorem or of a large deviation
principle, see for instance [TH81, HM86, DG87, JM98, Fisl4]. Lastly, notice that propagation
of chaos may be also established but without any rate by using compactness arguments, see for
instance Méléard [Mé96].

Let us describe restoration of uniqueness phenomena for McKean-Vlasov equations. Well-
posedness may fail to be true for the "deterministic" equation (i.e. o =0 in (8) in which case the
randomness only comes from the initial condition) when the drift term b is not regular enough.
Let us consider a counter-example that is intrinsically finite-dimensional:

{dyt(u) = b(yi(u), pe)dt,
pe = Leb g1y 0y

with again Peano counter-example: b(y, u) := 3sign(m)m?? and m = [ adu(z). Then the
Cauchy problem with initial condition pug = dg has infinitely many solutions, e.g. u; = g or
fy = 0. In this framework, the noise B has been shown to help for uniqueness, but in some
cases only, which leave the latter counter-example out of reach. Typically, the drift b may have
low regularity in the space variable x, which is consistent with the results we recalled before for
standard diffusion processes. However, as for the regularity in the measure argument, b cannot
be reasonably expected to be merely measurable in . Indeed, the noise B is finite-dimensional
only, whereas the measure argument is of infinite dimension. Anyhow, existing results in the
field show that it is possible to require b to be Lipschitz-continuous but with respect to the finer
topology generated by the total variation distance drv, defined by

drv(u,v) :=sup {/d fdu —/d fdv; f: R* —» R measurable, || f||1.. < 1}.
R R

In particular, Jourdain [Jou97] has proved that restoration of uniqueness holds in a weak sense
for McKean-Vlasov equation in a case where o0 = 1 and b is bounded, measurable and Lipschitz-
continuous with respect to its measure variable, with respect to the distance in total variation.
Recently, several papers have improved the results, proving well-posedness for more general coef-
ficients o, but in cases where o does not depend on p [MV, Lac18, CARF, RZ|. In [MV], Mishura
and Veretennikov have in particular shown pathwise uniqueness under Lipschitz-continuity as-
sumptions on b with respect to the measure variable and on o with respect to the space variable.
Rockner and Zhang [RZ] have extended the results to the case of unbounded coefficients with
suitable integrable properties, in the sense of Krylov-Rockner [KR05]. In all these results, b is
assumed to be Lipschitz-continuous with respect to the measure-variable in distance of total
variation. Importantly, we will revisit these models in Chapter II when addressing restoration
of uniqueness under the action of a forcing by a Wasserstein diffusion.

Moreover, let us describe some results on semi-group regularity, in particular gradient esti-
mates. Denoting by X? the solution to the SDE (8) starting at 6, let us introduce the so-called
decoupled equation associated to (8):

X = bt X7, LX)t + ot X7, L(xX0))aws,

(12)
Xg’[g] =z.
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Here, the notation [f] is used to indicate that the solution only depends on the law of 6. As for x,
it is implicitly required to be deterministic; anyhow, it may be easily randomized, in which case
we may obtain the identity Xf 101 X! by choosing = §. We say that the system is decoupled
because we first solve for the McKean-Vlasov equation (8) and then we use the law of the solution
to freeze in (12) the dependence of the coefficients b and o with respect to the measure variable.
Therefore, (12) becomes a simple 1t6’s SDE once the solution of (8) is known. In practice, both
X*1% and X% are useful. For instance, Buckdahn, Li, Peng and Rainer [BLPR17] determined
that the semi-group of the pair (X*[, X?) satisfies a second order PDE, involving the first and
second derivatives with respect to the space and the measure variables, in the sense of Lions’
differential calculus (see section 0.4). This result is extended to nonlinear equations as those
arising in mean-field games in the work of Chassagneux, Crisan and Delarue [CCD19]. From a
different prospect, Crisan and McMurray [CM18] obtained an integration by parts formula, like

Bismut-Elworthy formula, for the derivatives of the expectation of functions of X’ 1 hoth in
the direction of variable x and in the direction of the law of 8. They deduced estimates for the
derivatives of the density associated to the law of the solution to (12). Similar forms of integration
by parts have been also obtained by Bafios [Bnl8]. Moreover, Chaudru de Raynal [CdR19]
and Chaudru de Raynal and Frikha [CdRF] implemented a parametrix method to address the
regularity properties of the transition kernel of the solution to (12) under various assumptions,
including those used for the aforementioned result of restoration of uniqueness. Related results
were recently obtained by Rockner and Zhang [RZ], under integrable properties.

0.3 Contents of the chapters

Let us now introduce the main results of this thesis.

Chapter I - A new approach for the construction of a Wasserstein diffusion

Recall that we are interested in Konarovskyi’s model of coalescing particles on the real line,
which has been introduced in [Konll] and [Konl7b] and whose diffusive properties have been
identified in [KvR18]. Recall also that this model is intrinsically very singular, due to the
fact that two colliding particles switch instantaneously from having independent trajectories to
sharing the same trajectory. The aim of Chapter I is to construct on the Wasserstein space a
close relative to Konarovskyi’s diffusion (p).ejo,r) with the following two constraints: it should
be more regular and it should also admit a canonical representation in the form of a tractable
process of quantile functions. Regularization properties of that new model will be studied in the
subsequent chapters.

In Chapter I, we introduce a smooth approximation of Konarovskyi’s model, consisting
in a system of particles interacting at short range. In that model, two given particles have
independent trajectories up to the moment where their relative distance becomes smaller than a
fixed o > 0; then the closer to zero the relative distance is, the bigger the correlations between
both trajectories are. Two particles never collide in that model: when they are very close one to
another, they have almost parallel trajectories, although with a small probability, two particles
that are very close one to each other may move away again. We will prove in this Chapter 1
that our model converges in some sense to Konarovskyi’s model when the parameter o tends to
zero (see a numerical simulation on figure 1).

To fix ideas, let us introduce more precisely Konarovskyi’s process. Let (2, G, P) be a prob-
ability space. Let us denote by Eg +[0,1] the space of cadlag and non-decreasing functions
g :[0,1] = RU {£oo} such that there is p > 2 for which g belongs to L,[0,1]. It describes
the space of initial conditions. Konarovskyi has constructed (see [Konl7a]) a stochastic process
(y(u,t))ueo,1),tcl0,7) starting from a fixed g € E£+ [0,1] and belonging to D(]0,1],C[0,T]), the
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space of cadlag functions from [0, 1] with values in the space of continuous functions C[0, T,
satisfying the following properties:

() for every u € [0,1], y(u,0) = g(u) ;
(73) for every u < v and for every ¢ € [0, T, y(u,t) < y(v,t);

(iii) for every u € [0,1], the process (y(u,t))icjo,q is @ square-integrable martingale relatively
to the filtration generated by the process y;

(iv) for every u,u’ € [0, 1], the quadratic variation is given by
t/\’r'u“,u/ 1

ds,

o M(3)

where 7, . is the collision time between u and «’, defined by 7, ,, = inf{t > 0 : y(u,t) =
y(u', )} AT, and m(u, s) = Leb{v € [0,1] : 7, < s}.
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Figure 1: On top, a numerical simulation of Konarovskyi’s model with five initial particles. On bottom, a
simulation of a particle system with interaction at range o, with the same underlying noise. The horizontal axis
represents time, the vertical axis represents the positions of the particle on R.

It follows from properties (i2i) and (iv) that two distinct particles behave like independent
Wiener processes with diffusion rates given by the inverse of their respective mass m, up to the
moment of collision, from which their trajectories become equal. By property (ii), for a fixed
time ¢, the map u — y(u,t) can be seen as the quantile function (or increasing rearrangement
function) associated to a probability measure p; defined by p; = Lebjo 1] oy(-,t)~ 1. Konarovskyi
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and von Renesse [KvR18] showed an It6-like formula for the process (uu)ejo,r)- In an appendix
to Chapter I, we extend this formula to a more general class of twice differentiable functions
on P(R), using Lions’ differential calculus.

We show in Chapter I that the process (y(u,t))ue(o,1]tefo,7) Satisfies a stochastic differential
equation, where the noise is written in the form of a Brownian sheet w on [0, 1] x [0,T]. Given a
space-time white noise W on [0, 1]x [0, T'], w is defined by w(u, t) = W ((0, u]x (0, t]). Denoting by
(Gt)iejo,r the filtration generated by w, namely G; := o(w(u, s),u € [0,1],s < t), the Brownian
sheet w satisfies the following properties:

e for each (Gi).c(o,r)-progressively measurable function f defined on [0,1] x [0, 7] such that

fOT fol f?(u, s)duds < 400 almost surely, the process (fg fol f(u, s)dw(u, s))te[o 7 is a local

martingale ;

e for each fi and f, satisfying the same conditions as f,

</0./01 f1(u, s)dw(u, 8)7/0./01 fo(u, s)dw(u, s)); = /ot/ol f1(u, s) fa(u, s)duds.

Let us state our result:

Theorem 1. Let g € E;r [0,1]. Let y satisfy (i) — (iv) and m be defined as in (iv) above. Then
there exists a Brownian sheet w on [0, 1] x [0,T] such that almost surely for all u € (0,1] and
for allt € [0,T],

t 1] o,
{y(uvs)_y(u 75)} /
y(u,t) g(u)+/0/0 i, 5) dw(u', s) (13)

Therefore, Konarovskyi’s process y is a weak solution to SDE (13). Nevertheless, uniqueness
of solutions to (13) is an open problem. There are two difficulties. The first one is that the
inverse of the mass is not bounded. In particular, the mass m(u,s) tends to 0 for each fixed

€ (0,1] when s — 0. The second problem comes from the indicator function, which is not
smooth enough to apply a classical Lipschitz theory.

In order to overcome these two issues, we introduce a mollification based upon two parameters
o >0ande > 0. Let ¢, : R — R be a C*°-function approximating 1: assume that ¢, is bounded

by 1, equal to 1 on [~%, §] and with support included in [~%, §]. Let us define the following
SDE:
y (’LL t _g +// SOO' yO'E ’LL S ya&(ulvs))dw(u/ S) (14)
7€ €+ my.(u,s) T
where mgc(u,s) = fol 02 (Yo e (1, 8) — Yo (v, 8))dv. The map ¢, is Lipschitz-continuous and

the inverse of the mass is bounded by %, so we prove by a standard fixed-point method that
there is a unique solution to (14) in Ly([0, 1],C[0,T]) and that for each time ¢, u — yo . (u,t) is
non-increasing. In other words, equation (14) preserves the monotonicity of the initial condition.
Therefore, for each time ¢ € [0, 7], we can regard u — yo(u,t) as the quantile function of the
probability measure p;* = Lebyg, 1) Yo (-, t)~! and we get a stochastic process (M?’E)te[o,T] on
the Wasserstein space.

Remark that studying the convergence in Wa-distance of a sequence of measures is equivalent
to studying the convergence in Ly of the associated quantile functions (see e.g. [vRS09, Prop.
2.1]). We will then focus on proving convergence of (Yo )occqn(0,400) i L2([0,1],C[0,T]). We
prove tightness of that sequence, which lies mainly on the following control of the inverse of the
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mass. Let p > 2 be such that g belongs to L,[0,1]. Let 5 € (O,% — %) Then there is C' > 0

depending on 5 and g but independent of o and e such that for every t € [0, 7],

t rl 1
EVO/O Wdudt] < CVit, (15)

5. Inequality (15) is similar to the inequality given in [Konl7b, Prop 4.3]

— Mo.e
(5+m0,5)
for the coalescing process.

Let us state the main result of Chapter I.

1
where M,

Theorem 2. Let g € E;r [0,1]. For each o > 0 and for each € > 0, there is a unique solution
Yoe to equation (14) in Lo([0,1],C[0,T]) and almost surely uw — yq-(u,t) is non-decreasing and
cadlag for each time t € [0,T].

Furthermore, there is a subsequence of (Yo.e)oeccqn(o,+o00) that converges in distribution to
a limit y in L2([0,1],C[0,T]). The limit process y satisfies properties (i) — (iv), belongs to
D((0,1),C[0,T)) and for each time t € (0,T], u > y(u,t) is a step function.

Recall that it is equivalent to say that the quantile function y(-,¢) is a step function and
that the associated measure p; is a finite weighted sum of Dirac masses. Thus for every positive
time ¢, the limit process consists of a finite (and random) number of particles. Therefore, the
limit system satisfies the same features as Konarovskyi’s process, thus by Theorem 1, it satisfies
equation (13). In other words, Theorem 2 provides an alternative construction of Konarovskyi’s
model of coalescing particles: Konarovskyi’s construction is based on a particle system, ours is
based on an infinite dimensional SDE with a mollified diffusion coefficient. Of course, we cannot
state that both constructions lead to the same process, since we have not proved uniqueness of
the solution to SDE (13).

Open problems related to Chapter I. Several properties of the smooth approximation
of Konarovskyi’s model introduced in Chapter I will be studied in Chapters II-IV, in particular
regularization results. There remains some properties that we would be interested in studying.
Among others, we expect the large deviations in short time of our process to have the same
behaviour, up to a possible correction term, as those of the coalescing particle system, the large
deviations being given by the Wasserstein metric (see Varadhan formula (3) and Konarovskyi-
von Renesse [KvR18]).

Trying to prove (even in a weak sense) uniqueness of a process satisfying conditions (i) — (iv)
remains a challenging question. Actually, this is precisely lack of uniqueness that prompted us to
introduce a smooth approximation of Konarovskyi’s process. Of course, there is no reason why
well-posedness of any approximation of (i) — (iv) should guarantee well-posedness of (i) — (iv);
note that the particle system used by Konarovskyi himself to construct a solution to (i) —(iv) may
be also regarded as a well-posed approximation. Still, it is worth recalling that the Stroock and
Varadhan approach to the martingale is precisely based upon a similar picture: weak uniqueness
for an SDE with coefficients of lower regularity is checked locally by regarding this latter SDE as
the perturbation of a well-posed model, but the machinery therein works at the price of having
additional properties on the well-posed model, including regularization properties. We tried to
implement similar ideas, but, unfortunately, our attempts to derive uniqueness to (i) — (iv) from
the well-posed approximation failed. Certainly, we paid a high price for the fact that the model
is in infinite dimension. Let us briefly explain one of our ideas: given two solutions of (13)
starting from the same initial condition, let us say uo = Lebyg 1), we tried to add a drift term
to one of these two solutions (which we call solution #2, the other one being referred to as
solution #1) in order to force the coalescences of solution #2 to happen identically (or at least
very closely) to the coalescences of solution #1. In other words, we wanted that at a fixed time
t > 0, both processes have approximatively the same number of particles, and that the particles
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of both processes have almost the same position and the same mass. Obviously, the key tool to
modify the drift in the dynamics of the solution #2 is Girsanov’s transformation. This should
not come as a big surprise: as we recalled earlier in the text, Girsanov’s transformation indeed
plays a key role in the analysis of weak existence and uniqueness to SDEs. Nevertheless, in our
own framework, our attempts to apply Girsanov’s Theorem failed because we were not able to
obtain sufficient integrability for the additional drift. At the end of the day, uniqueness for (13)
seems to be a quite difficult problem and we are not sure at that stage that it actually holds.
On a different prospect, we will see that Girsanov’s Theorem is at the core of the subsequent
chapters.

It should be noticed that uniqueness for Konarovskyi’s process is known when the initial
condition is a finite weighted sum of Dirac masses (see [Konll]). In the general case, for each
time t > 0, there remains only a finite number of particles. So the issue to prove uniqueness is
to understand what happens between time ¢t = 0 and t = 0. A new approach to tackle this
problem could be to reverse the time and to understand the law of the reverse process conditioned
to be equal to Lebp ;] at final time. We expect this reverse process to consist of some Bessel
processes fragmenting at random times uniformly distributed on the remaining time.

Chapter II - Restoration of uniqueness for a Fokker-Planck equation with
irregular drift coefficient

In Chapters II-ITI-IV, we want to prove smoothing properties of some diffusion processes con-
structed like the smooth approximation of Konarovskyi’s diffusion described in Chapter I.
In Chapter II, we will focus on a restoration of uniqueness phenomenon. We prove a well-
posedness result, in the weak sense, for a certain kind of McKean-Vlasov SDE with irregular
drift coefficients. In contrast with the equations studied by Jourdain [Jou97] and more recently
by [MV, CdRF, Lacl8, RZ|, where the noise is finite-dimensional, we use here an infinite-
dimensional noise derived from the Pa(IR)-valued diffusion constructed in the first chapter. This
allows us to obtain restoration of uniqueness for a drift coefficient b that has strictly less regular-
ity in the measure variable than Lipschitz-continuity with respect to distance in total variation,
which is the typical assumptions used in the above-mentioned papers; the connection between
our own results and the latter ones is made at the end of Chapter II.
Let us consider the following McKean-Vlasov equation:

dye(u) = blye(w), pe)dt;
pe = Leb|p 1 0 il (16)
Yo =g
The unknown is the quantile function process (yt)te[o,T} or equivalently the measure-valued

process (f1t);e[o,7], Which satisfies the following non-linear Fokker-Planck equation, the unknown
taking values in the Wasserstein space P2(R):

O + div(pe b(-, pe)) = 0. (17)

As we already accounted for, a standard fixed-point method shows that both equations are well-
posed if b : R x P2(R) — R is Lipschitz-continuous (the proof is completely similar to [Szn91,
Thm 1.1]). Recall that by Peano’s counter-example, uniqueness for (16) does not necessarily
hold for too irregular functions b. Inspired by our preliminary analysis in Chapter I, we will add
a stochastic diffusive process to equation (16) in order to restore uniqueness. To make it clear,
let us introduce the following equation defining the diffusion:

t 1
/0 (fol o(ys(u) — ys(v))dv)

) = glu) + i [ IERE O, ()
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for v € [0, 1], where w is a complex-valued Brownian sheet and R denotes the real part of a
complex number, namely R(e~ %W dw(k,s)) = cos(kys(u))dw®(k,s) + sin(kys(u))dwS(k, s),
or equivalently w = w”® + w?, where w”® and w® are two independent (real-valued) Brownian
sheets and i = /—1. That equation is slightly different from the smooth approximation of
the coalescing particle system introduced in Chapter I. Let us describe the different coefficients
appearing in (18), explaining why we made some modifications with respect to diffusion (14) of
Chapter I and comparing those two diffusions in order to show that they share a lot of common
properties.

We refer to Section I1.1 for a detailed introduction to the different functions appearing in (18).
Let us just mention that f : R — R is a sufficiently integrable function, a typical instance of

which is f, (k) = W for « large enough; ¢ is a bounded smooth function with values in
1 —x2/2

(0, 400), as the Gaussian density ¢(x) = orsd or the constant function ¢ = 1. The initial

condition ¢ is a strictly increasing C'-function. If o > %, we prove that equation (18) has a
unique strong solution. Furthermore, the order of regularity of the solution y depends on the
regularity of the initial condition g and on the integrability of f: if g is a C’-function with a
derivative of order j that is 0-Holder continuous for a certain # > 0, and if a > j+ %, then almost
surely, for every time ¢, u — y;(u) is a C?-function. The solution to equation (18) is a close
relative to the smooth approximation of Konarovskyi’s model introduced in (14). It shares in
particular two important properties: on the one hand, almost surely for every time ¢, u — y;(u) is

strictly increasing and, on the other hand, (y(u))ic[7] is @ martingale with quadratic variation
proportional to the inverse of the mass m, defined by ms(u) = fol ©(ys(u) — ys(v))dv. In words,
the role of ¢ is here to tune the local variance of the particle. This is similar to the model
presented in Chapter I except for the fact that the function ¢ therein also drives the interaction
kernel between the particles; i.e. ¢ also appears in the numerator of the integrand of the
martingale part of y; in (14). In order to make the comparison more precise, we may compute
the local covariation field of the martingale component in (18), namely, for any two u,u’ € [0, 1],

Mwmﬂwwfﬂmwwimww%éﬂ%ﬁ%@@W%ﬂMW»Mdt
_R(P) (elw) — me(w)

mt(u)l/th(ul)l/Q

dt, (19)

where ﬁ stands for the Fourier transform of f2. For sure, we recover d(y.(u),y.(u)) .= #(u)dt
by choosing uw = u/. Interestingly enough, formula (19) may be compared with (iv) in the

definition of Konarovskyi’s process on page 21. For instance, whenever (say to make it simple)

f(k) = fi(k) = W, 12(x) behaves like exp(—|z|), which shows that the range of interaction
in (18) is infinite but decays exponentially fast. By computing the Fourier transform with
a residue formula, the latter may be shown to remain true whenever f(k) = f,(k) for any
integer n > 1, which proves that this new model shares some of the features of (14) but has
a longer interaction range. Anyway, we must admit that, in the rest of the text, we do not
spend more effort in tuning ¢ and f accordingly to make the local covariation of (18) be a good
approximation of (iv) on page 21. Most of the reason is that the computations we perform below
on the smoothing effect of (18) do not seem subtle enough to capture finely the joint effect of ¢
and f. Instead we focus now on the reasons why we decided to switch from (14) to (18).

Indeed, following our program, let us consider the McKean-Vlasov equation (16) perturbed
by the diffusion introduced in (18):

1 .
dyi(u) = b(ye(u), pe)d k)R(e~ W du(k, t));
" (“)”)Hkﬁwmw—mwwwﬂéﬂ)( U )

p = Leb g1y 0y
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with initial condition yo = g. The process (f1t);c(0,7] satisfies the following SPDE:

C ¢ t —ik -
dy, = 7f &ip (‘Pi:ﬁb) dt — 9, (b(',,ut) ut)dt — O (W /]Rf(k)% (6 F dw(k,t))() |
21

where Cy = [ f(k)?dk and ¢ * u(x) = [g o(z — y)due(y). In the same vein as before, let us
remark that if ¢ is close to a Dirac mass at zero, then W is close to /¢ This should be
compared with the SPDE obtained by Konarovskyi and von Renesse for their model [KvR18]

without drift b:

dpy = F(ut)dt + le(\//Ttth),

where I' is defined as follows:

ST =5 X 1),

x€Supp(v)

The main result of this chapter is the following theorem stating restoration of uniqueness for

equation (20). The assumptions on the velocity field b are simplified, we refer to Paragraph I1.3.1
(

for a complete discussion on the class of admissible drift functions. We denote by alj )b, 71=12
the first two derivatives of z +— b(x, u) at fixed p.

Theorem 3. Let g be a strictly increasing C'-function. Let f : R — R be defined by f(k) =

W, with « > 3. Let b: R x Po(R) — R be a bounded measurable function such that for

each 1 € Po(R), x — b(x, ) is twice continuously differentiable and 8§j)b, for j = 1,2, are
uniformly bounded on R x P2(R). Then there is a unique weak solution to equation (20).

The proof of Theorem 3 relies on Girsanov’s Theorem. The main issue is to write the drift
term b as a perturbation of the noise. To achieve this goal, we have to inverse the diffusion
coefficient; more precisely, we will resolve the following equation: find a complex-valued process

(ht)eelo,) satistying
1

b(w, py) = f(k)%(e_ikxht(k))dk:,
g (fol o(x — yi(v))dv) 1/2 /]R

Thanks to the fact (and this is our rationale for it) that we chose an interaction kernel in the
diffusion term of (18) in a Fourier-like shape, h can be defined as a Fourier transform. To apply
Girsanov’s Theorem, h should belong to La(RR; C); that is why we have to assume some regularity
of b with respect to the variable  in Theorem 3. Remark that the higher « is, the more difficult
it is to inverse the kernel. It highlights a balance between the regularity of the process y and
the integrability of the Fourier inverse of h. We refer to the introduction of Chapter II for a
more detailed discussion on the method of proof and on the reasons why we chose to modify the
shape of the diffusive term.

Theorem 3 gives a result of restoration of uniqueness for a McKean-Vlasov equation with
an infinite-dimensional noise and with a drift coefficient that is only bounded and measurable
with respect to the measure variable. This makes a clear difference with the results of [Jou97,
MV, CdRF, Lacl8, RZ] in which b is assumed to be Lipschitz-continuous in total variation with
respect to the measure variable. However, in all these references, b is just assumed to be bounded
and measurable in the space variable z, whereas we need it to be of class C? in z. It seems that,
with our approach, a minimal regularity is needed to ensure a restoration of the uniqueness
property. To go beyond and to reach the results obtained in [Jou97, MV, CdRF, Lacl8, RZ],
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we prove in Section II.5 a new result of restoration of uniqueness for a continuum of admissible
drift functions b that somehow interpolates the assumptions of [Jou97, MV, CdRF, Lacl8, RZ]
and ours in Theorem 3. Importantly, we succeed to do so at the price of relaxing in a dramatic
manner the structure of the noise in hand and of the related notion of solution. In particular,
as we explain below, the diffusion used to obtain the latter interpolation result does not fit
the main features of the other models addressed in the thesis. Among others, we lose here
the underlying property of monotonicity, meaning that the solution can no longer be seen as
the quantile function of the associated measure-valued process. Nevertheless, we feel that this
interpolation argument is important to make the connection between the regularity assumptions
of Theorem 3 and those used in the pre-existing literature. Also, it has also some common
features with the diffusion studied in Chapters III and IV (although the latter enjoys the property
of monotonicity): in particular, for both models, we introduce in addition to the common noise w
a new idiosyncratic noise denoted by S.

Here is our new model. Let po € P2(R) be an initial condition and £ a random variable
with law po. Let (8t)ico,r) be a Brownian motion independent of (w,&). Let us consider the
following McKean-Vlasov SDE with constant mass:

dzy = b(zg, pu)dt + [ f(K)R(e”**tdw(k,t)) + dB,
=L |GE), (ww) 1L (5,€) (22)
z0 =&, LP(&) = Ho;

where (G}' ’W)te[(LT] is the filtration generated by the Brownian sheet w and by the measure-
valued process (i)ic(o,r) itself. The Brownian motion 3 is seen here as an idiosyncratic source
of randomness and u; can be seen as the law of z; with respect to the randomness carrying both
the initial condition and the idiosyncratic noise. The addition of the new source of randomness 3
is easily understood: similar to the Brownian motion in standard SDEs, it allows to mollify the
drift in the space variable z. As for the conditioning in the identity p; = LF (|G} ’W), it must
be compared with our presentation of McKean-Vlasov equations with a common noise, see (10).
The main difference between both is that the conditioning now involves p itself: this comes from
the fact we will allow for weak solutions, namely for solutions for which p may not be adapted
with respect to the common noise w. In fact, the latter causes some technical difficulties in the
proof. In particular, it requires to work with solutions that satisfy an additional compatibility
condition, in the sense that the observation of z cannot bias the future realizations of u, w and f.
We feel better to postpone to Section I1.5 the discussion on the precise role of this compatibility
condition.

Here is our result. Let n > 0 and ¢ € [0, 1]. Let us consider the drift function b : R x Py(R) —
R in the class (H",C°%). The definition of that class of admissible drift functions is given in
Paragraph I1.5.1, but roughly speaking, it contains functions b such that for every fixed pu,
x +— b(x, 1) belongs to the Sobolev space H"(R) with a Sobolev norm uniform in p, and for
every fixed x, p — b(x,n) is §-Holder continuous in total variation distance, the Holder norm
being uniform in x. Then, we have the following statement:
Theorem 4. Letn > 0 and § € [0,1] be such that n > 3(1—38) and let b be of class (H",C°). Let
f:R = R be defined by f(k) := W, with % < a < 1%5. Then existence and uniqueness
of a weak compatible solution to equation (22) hold.

The condition n > %(1 — 0) quantifies the minimal regularity that is needed, with our
approach, to restore uniqueness. If b is Lipschitz-continuous in total variation distance with
respect to p (6 = 1), then almost no regularity of b in z is needed (n > 0): it is close to the
assumptions of [Jou97, MV, CdRF, Lacl8, RZ]. If b is only uniformly bounded in u (6 = 0),
then z — b(x, 1) should belong to H"(R) for some 7 > %, which is slightly stronger than the
assumption made in Theorem 3.
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Open problems related to Chapter II. In the proof of Theorem 4, there are two different
applications of Girsanov’s Theorem: the first one with respect to the noise w in order to deal
with the lack of regularity of the drift b in the variable u; the second one with respect to the
noise § in order to deal with the lack of regularity of the drift b in the variable . That second
application of a Girsanov transformation destroys the monotonicity property of the diffusion.
Obtaining a regularization result for a drift of class (H", C‘s) with a diffusion of the same type
as Konarovskyi’s model is maybe possible if we find an alternative way to add an idiosyncratic
source of randomness that does not break the monotonous structure of the diffusion.

Another question lies in the importance of the mass m;(u) = fol ©(yt(u) — ye(v))dv in equa-
tion (20). In Konarovskyi’s model, the normalization by the mass allows to reduce the fluctua-
tions of heavy particles and to pass to the limit when N tends to infinity. In the argument of
restoration of uniqueness presented in Chapter II, the mass has a minor role, since the proofs
work in the case where ¢ = 1, that is in the case where the mass is constant. However, it could
be that the presence of mass helps to improve our results. Indeed, the mass can be rewritten as
my(u) = [ (ye(u) —z)pe(x)de = (@*p;)(yi(u)), where p; is the density of the law of v — y;(v).
In the case of Konarovskyi’s coalescing system, ¢ is replaced by a Dirac mass in zero, thus

mtl(u) = pt(yi(u)) = Oyyt(u). The presence of a derivative in the equation might bring some
additional regularity, but so far, we do not know how to deal with the convolution by a smooth
function .

Moreover, one of our original motivations for looking for regularization results of smooth
approximation of Konarovskyi’s model was to tackle the problem of uniqueness of equation (13)
through a new point of view. So far, uniqueness remains unreachable, but we hope that a better
understanding of the smoothing properties of diffusions on the Wasserstein space will lead to
some progress in the problem of uniqueness. A better identification of the role of the mass in
the regularizing effect would surely be a first step in that direction.

Chapter III - Bismut-Elworthy inequality for a Wasserstein diffusion on the
torus

Following our original objective, we study in Chapter III further regularization properties of
the diffusion introduced in Chapters I and II, or more precisely of a new variant of it, all the
modifications that we introduce being justified by our desire to obtain other forms of smoothing
effect. Precisely, we give a gradient estimate, obtained in the form of a Bismut-Elworthy-like
formula, for the semi-group generated by a P2(R)-valued stochastic process that should be
regarded as another smooth approximation of the original Wasserstein diffusion introduced in
Chapter I. In comparison with the SDE (18) introduced in Chapter II, the process addressed
in this chapter enjoys two modifications. First, we work in Chapter III on the one-dimensional
torus instead of the real line and second, we add to the equation an idiosyncratic source of
randomness 3 very much in the spirit of (22). Despite these changes, this diffusion (j1):e(0,7)
shares with the previously constructed processes a similar representation, in the sense that the
representation we provide in the form of a particle system preserves the respective order of the
particles, here on the torus.

Let us introduce the stochastic differential equation studied in Chapter III: for every u € R
and for every t € [0,7],

zi(w) = g(u) + 3 fi / cos(kad(u))AWRE + 3 £ /O ' sin(kaf () AW + 4,

t
kez 70 keZ

which can be rewritten as follows,

t g
o) = glu) + 3 fic [ R HOawE) + 5, (23)

keZ
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where for every k € Z, Wk := W%k 4 i/WS*_ Up to the introduction of the additional noise j3,
equation (23) is exactly the counterpart on the torus of equation (18) on R, when the mass
function is constant. In that equation, (W%*)cz, (WS#)cz, B) is a collection of independent
standard Brownian motions on R; more precisely, (W¥)iez is defined on a probability space
(QW,GW PW), B is defined on a probability space (Q?,G?,P?) and equation (23) is defined on
the product of these two spaces. The sequence (fx)rez is typically of the form f = (14—5%’
with C,, chosen so that >",., f2 = 1. The initial function g : R — R is of class C! and satisfies,
for every u € R, ¢’(u) > 0 and the pseudo-periodic assumption

glu+1)=g(u)+2m, (24)

so that its restriction to [0,1] can be seen as a function from [0, 1] into the one-dimensional
torus T, identified with the interval [0, 27]. Moreover, for every time ¢, z{ will be regarded as
the quantile function associated with a certain probability measure on the torus T; this notion
of quantile function for probability measures on the torus will be explained in Paragraph I11.2.1,
since the notion of increasing rearrangement is a priori unclear on the circle T.

We will prove the following properties for the SDE (23). If a > %, there exists a unique
(strong) solution (x7)cjo,r) on C(R x [0, T]). Moreover, this solution satisfies for every time ¢ the
pseudo-periodic property (24) and is strictly increasing. As for the solution to equation (18),
the regularity of the solution depends on the order o of summability of the sequence (f)kez-
Indeed, if a > j + % and if g is j-times differentiable with 81(3 ) g being #-Holder-continuous for
some 6 > 0, then u +— xf(u) is j-times continuously differentiable. In particular, the fact that
for each u € [0,1], O, xf(u) > 0 is equivalent to say that the density of the associated probability
measure is strictly positive everywhere on the torus. We take here benefit of the compactness
of the torus to consider probability measures with both a compact support and a non-vanishing
density.

For all the above-mentioned properties, the addition of the Brownian motion 5 does not play
any substantial role since /3 just acts on the whole system in the form of a translation independent
of u. However, the role of 8 becomes crucial in the study of the semi-group associated to (23).
In the previous chapters, we associated to 2§ the pull-back measure v/ = Lebjg 1 0(z{) . Now,
we include an extra layer of averaging in the definition of the measure of interest. Precisely, we
consider the law of zJ with respect to the randomness that carries both the initial condition
and the idiosyncratic noise, hence letting pf = (Lebyg 1] @P?) o (2{)~!. In other words, since we
assume that § and (Wk) rez are independent, it is equivalent to say that uf is the conditional
law of z{ given (W*),cz. Furthermore, the process (u )eelo,7) satisfies the following SPDE:

Cr+1
duf — =5

92, (uf)dt + ax< > feR(e™ awf) ug) =0,
keZ, (25)
g _ 9
M ‘t:o = Mo
which is the equivalent on the torus of the SPDE (21), in the case where the drift b is zero
and the mass is constant ¢ = 1. In (25), C; = Y ,cz f7, which may be in fact chosen as 1,
as explained before. The idiosyncratic noise $ manifests in the additional term % in front of
02, (uf); as we will see hereafter, this extra % is crucial to get a regularization result.

Let us associate to SPDE (25) a semi-group (P;)ejo,7]- Let us consider a bounded and
uniformly continuous function ¢ : P2(R) — R with respect to the Wasserstein distance, such
that ¢(pn) = ¢(v) if p, v € P2(R) have the same trace on the torus, i.e. if for every Borel set A of
[0,27], p(A+277Z) = v(A+27Z). Let us call that last property T-stability of ¢. We will prove a
correspondance between bounded, uniformly continuous and T-stable functions ¢ : Po(R) — R

on the one hand, and bounded functions ¢ : P(T) — R that are continuous with respect to
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the Lo-Wasserstein distance on the torus on the other hand. Let us consider the semi-group
(Pt)tcjo,r) on that class of functions ¢, defined as follows:

Pig(pf) :=E" [p(uf)],

where EW is the expectation associated to the probability measure PV,

The introduction of the idiosyncratic noise S may seem rather artificial, but actually it is
consistent with Theorem 4 and with the standard smoothing effects of finite-dimensional SDEs,
see Section 0.2. It is also consistent with earlier results in SPDE theory. Indeed, we can
draw a comparison with the results of Denis, Matoussi and Stoica [DS04, DMS05] on nonlinear
SPDEs. Recall that } ;. f,? = 1 and denote by p{ the density associated to the quantile
function u € [0,1] = zf(u), where (27);c(o.7] is solution to equation (23). Then, rewriting (25),
(0 )ecjo,r) satisfies the following SDE:

dp{ (v) = =0, (pt(v) Z fk%(e_ik”thk)> + A\py (v)dt,

keZ

with A = 1. If we consider now equation (23) without $-term, then the corresponding (pf)te[o’T]
satisfies the same equation, but with A = % According to [DS04, DMS05], A > % is actually the
critical threshold for SPDEs of the above type to get an energy estimate of the solutions.

The two main results of Chapter I1I describe a regularizing effect of the semi-group () ejo,7)-

First, let us assume that ¢ : Po(R) — R has some additional regularity: let us consider (2, F,P)
any probability space such that €2 is Polish and P is atomless; denote by H the Hilbert space
Ly (2, F,P); we say that ¢ satisfies the ¢-assumptions if ¢ is T-stable and if the map X
d(L(X)) defined on H belongs to C;’I(H), the class of bounded C!-functions on H with bounded
and Lipschitz-continuous derivatives on H. We denote by €779, for some integer j and 0 € [0, 1)
the class of C’/-functions whose derivative of order j is #-Holder continuous. We also denote
by VW the variance associated to the probability measure P". The first statement addresses
directional derivatives of the semi-group:
Theorem 5. Let ¢ : Po(R) — R satisfy the ¢-assumptions. Let 6 € (0,1) and let fr, = (ng,
with o > % + 6. Assume that g : R — R satisfies the pseudo-periodic assumption (24), is
strictly increasing and is of class C3t?. Let h : R — R be a 1-periodic and C'-function. Then
p— Pt¢(ug+ph) is differentiable at p = 0 and there is C' > 0 independent of h such that for
every t € (0,77,

VW ()]

d h
Ptgb(Mngp ) 1240

- <C
dpp=0

[ler-

Moreover, C depends polynomially on ||¢" ||z, 19"l 191, and H;HLOO.

The direction of perturbation h should be at least C! in order to preserve the class of initial
conditions that are strictly increasing: for values of p close to zero, ¢’ + ph > 0. Accordingly,
the above result reads as an upper bound for the derivative of the semi-group along certain
directions h and at some initial conditions g. Although the latter ones do not cover the entire
P(T), observe anyhow that the admissible initial conditions are dense in P(T). Also, the fact
that the bound just holds in sufficiently smooth directions h is reminiscent of the fact that the
process 29 in (23) remains regular in the variable u, see for instance further comments in (26)
below.

To state our second result, let us now assume that ¢ : P2(R) — R is bounded, uniformly con-
tinuous and T-stable. Then, the next theorem provides another point of view on the smoothing
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effect: for each time t > 0, p — Ptqﬁ(ugﬂ)h) is locally Lipschitz at p = 0, if we assume that the

quantile functions g on the torus is sufficiently smooth and that the direction of perturbation A
is also sufficiently smooth. Furthermore, we have an explicit Lipschitz bound.

Theorem 6. Let ¢ : Po(R) — R be a bounded, uniformly continuous and T-stable function.

Let 0 € (0,1) and let fi, = (ng, with « > % + 0. Assume that g : R — R satisfies the

pseudo-periodic assumption (24), is strictly increasing and is of class C3*?. Let h: R — R be a
1-periodic and C3T0-function. Then there is pg > 0 and C > 0, depending on g and h such that
for every p € (—po, po) and every t € (0,77,

O Lo
[P ™) — Pus(uf)| < Clof Zhkee

Moreover, C depends polynomially on [lg" Lo, 9" Loc: 19'|Loc- 17 ||Lo and [|hllcs.

The method of proof of both results is based on a Bismut-Elworthy like integration by parts,
which in turn relies on Kunita’s expansion of processes with time-dependent initial condition,
see [Kun90, Chap III, Thm 3.3.1], and on Girsanov’s Theorem. As in Chapter II, the main
idea consists in inverting the interaction coefficient in front of the noise (W*)gez; due to the
discrete setting of equation (23), the inverse is now based on Fourier series instead of a Fourier
transformation. More precisely, we need to find a collection of C-valued adapted processes
(()\f)te[o,T])keZ such that 3., fOT |\¥|2ds is almost surely finite and such that for every t € [0, T
and for every x € R,

By (w)h(u) = > fkafe(e—ikzé’wuf). (26)
keZ

We refer to the introduction of Chapter III for a more precise explanation on the derivation
of (26). In order to satisfy the square-integrability condition on (A\¥).cz, we need some regularity
on the left-hand side of (26). As in the previous chapter, the bigger « is, the smoother the
solution (xf )telo,7] 18, but the more difficult it becomes to get Lo-integrability of (AF)rez because
of the division by fi. In Theorem 5, we assume that h € C!: it is not smooth enough to obtain
the aforementioned integrability. Thus, our strategy is to regularize the left-hand side of (26) by
a convolution kernel, to get the desired result for the regularized term and then to deal with the
remainder term. The latter will be shown to be small with the regularization parameter: this
claim will be checked by using another Girsanov’s transformation, that time using the additional
noise f.

Lastly, it is worth mentioning that the rate of explosion in the upper bound is ¢~ 29 in
both theorems, which is much worse than the usual rate of the heat semi-group, which is t=1/2.
Obviously, it is not integrable, which may be a serious drawback for practical applications. Still,
it should not come as a surprise: as alluded to in the discussion of equation (26) above, our
model is not elliptic; in this regard, the non-diffusive rate obtained in Theorem 5 is reminiscent
of the rates that may be observed in finite-dimensional hypoelliptic SDEs, see for instance
[KS84, KS85, KS87]. Notice that the bound will be improved in Chapter IV under stronger
conditions on g and h.

Chapter IV - Gradient estimate for an inhomogeneous SPDE

Chapter 1V is in fact the continuation of Chapter III and consists in improving the explosion

rate obtained in Theorem 5, when g and h are more regular. Let us state the main result of
Chapter IV.

Theorem 7. Let ¢ : Po(R) — R satisfy the ¢-assumptions. Let § € (0,3) and assume that
f is of the form f(k) = W, with o = %—I— 0. Assume that g : R — R satisfies the
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pseudo-periodic assumption (24), is strictly increasing and is of class C*0 Leth:R — R bea
1-periodic and C*+0-function. Then there is C > 0 depending on g and independent of h, ¢, 6
and t such that for every t € (0,T],

VW ()]

d h
a, Fi¢(pg 6 ) +1+30

<C
dp|p 0

[Pllgare- (27)

Assuming more regularity on h helps to increase the regularity of the left-hand side of (26).
Nevertheless, we will show that if o = %—1—0, the left-hand side of (26) has to be of C**?-regularity
in order to achieve the inversion and to prove that (\*)cz is square-integrable. But at the same
time, if a = % + 6, the map u +— 9y, xf(u) is only of order C2tY% for some #' < 0. Therefore, we
will need a new interpolation method in order to regularize the derivative. Using the following
explicit form of the derivative:

Ouzd (u) = ¢'(u) exp < Z fk/ ( ike~ s (u )de) - - Z fkk2> (28)

kEZ keZ

we will replace it by the following function:

u— g'( exp( Z fk/0 ( ikea( u)de) Z fkk2> (29)

|k|<Ne keZ

where NV is some fixed integer depending only on ¢. Notice that we also replaced z9 by ¢ in
the exponential. We will prove that the function (29) is of class C*?, which will allow us to
apply the inversion (26). We will then have to deal with the difference between (28) and (29)
and interpolate the two terms.

Theorem 7 is interesting since it improves our regularization result for the semi-group
(Pt)tefo,r) associated to the diffusion (u)icpo,r) that solves (25). Moreover, we easily deduce
from that result a gradient estimate for an inhomogeneous SPDE of the form

Cf—l-

duf — 92, (ud)dt + 0, < Z HR(e™ ™ dwf) M?) = F(t,ui),
keZ (30)

I

= g.
‘t:O Ho
Let (Qt)sec(o,r) denote the semi-group associated with equation (30). We consider the following
regularity-assumption on the source term F' : [0,T] x Pa(R) — R: there is C' > 0 such that for

every t € [0, T] and for every u,v € Pa2(R),
IF(t, 1) — F(t,0)] < CWalu,v)". (31)

for some 1 > 0.
We will prove the following gradient estimate:

Theorem 8. Let ¢ : Po(R) — R satisfy the ¢-assumptions. Let 0 € (0, é) and assume that
f is of the form f(k) = m, with « = %—i— 0. Assume that g : R — R satisfies the

pseudo-periodic assumption (24), is strictly increasing and is of class C*T?. Let h : R — R be
a 1-periodic and C*T0-function. Assume that F satisfies (31) with n = 80. Then there is C' > 0
depending on g, ¢ and F and independent of h, 0 and t such that for every t € (0,T],

C
t1+39 |

L Q| <

|hllgare.
dpp=o
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The regularity assumption on F' is connected with the fact that we need the function s —
WVW [F(s,u;‘LS)]l/2 to be integrable on [0,¢] for every ¢ € [0,7]. Thus, the Holder-
regularity of F' compensates the fact that ¢ — ¢t~(113%) is not integrable on [0, T7].

Open problems related to Chapters III and I'V. In Chapters III and IV, we give results
for a stochastic diffusive process with a constant mass. A natural question is to determine the
influence of a non-constant mass on the model. The massive version of the model would write

t 1 epd
o) = glu) + 3 fu | —gem R OAWE) 4 5,
t 257 by mi t

with mg(u) = [g e(4(v) — y)u(dy) = EP Uol o(xd(u) — $g(v))dv], where ¢ : R — (0, +00) is a
2m-periodic smooth function, taking its maximal value at points of 277 and its minimal value
at points of m+ 27Z. Nevertheless, like in Chapter 11, our preliminary intuition is that the mass
does not seem to have any effect on the result. Hence, this question remains open.

As demonstrated in [CD18a, Chapter 5], regularity properties of the semi-group in the style of
Theorems 5 and 7 may be helpful to obtain propagation of chaos with rates for finer topologies
(or equivalently for functionals of the empirical measure of lower regularity). Here, we are
particularly interested in obtaining a convergence rate for the system of particles associated with
equation (23). The main difficulty arising in that direction is the fact that we only obtained
a gradient estimate at smooth points g, whereas we would need locally Lipschitz bounds at
points g associated to empirical measures; these functions g are step functions and of course,
they are neither strictly increasing nor continuous.

We are also interested in improving the rate obtained in Theorem 7, since it remains far from
the Gaussian case, where the rate is of order t~1/2. Obtaining a rate of order t~(1=% would allow
to extend the application given in Theorem 8 to source terms F' which are only bounded and
continuous. Furthermore, we also need a better rate if we want to extend the results obtained
in Chapters III and IV to the case of a drifted diffusion, as we studied in Chapter II. Let us
introduce the following SDE:

t t g
vt(w) = g(w) + [ b, v)ds + 3 fi [ ROt + 5, (32)

keZ

where v{ = (Lebjg ®P?) o (y9)~! and where the drift function b : R x P2(R) — R is of lower
regularity. Let us explain a possible strategy to tackle this problem. As we have already done in
Chapter II, we first apply Girsanov’s Theorem to compare the solution (x{ )eelo,7] of the equation
with zero drift to the solution (y{);c(o.71- Then we prove the existence of a semi-group (R¢)ieqo,r]
associated to (32); probably, we need here to replace b by a smooth approximation b™ in order
to ensure that equation (32) is strongly solvable. Using the Girsanov transformation, we expect
to be able to show an energy estimate, in other words to prove that the gradient of (R;)c(o,1]
applied to the process (27)icjo.r) (With b = 0) is in Ly(€2 x [0,T]). This energy estimate would
then be used in a Duhamel formula to deduce a Bismut-Elworthy-like inequality for (R;):c(o,1)-
Nevertheless, that strategy seems unreachable with a rate of order t~(*% in inequality (27).
Indeed, we need a rate which is square-integrable on [0, 7]. With a rate of order to t—(1/2+0)
it would be possible to get a result, since we could apply the following improvement of the
aforementioned strategy: we start by extending Theorem 7 to the case of a drift b(go(u), u°),
where gg is a fixed frozen function, so that the drift is constant. Then, if we assume in addition
some Hoélder-continuity assumption on b, we can take benefit from the fact that for s close
to zero, b(z(u), u°) — b(go(u), ul®) is small with s: this could help in Duhamel formula to
compensate for the fact that s—(2/2+) is not square-integrable. Nevertheless, there remains an

important gap in this strategy, since we are not able for now to improve the rate of Theorem 7
to t(~1/2+0),
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Other extensions concern the d-dimensional case, although it is not entirely clear what we
would mean in such a case by a canonical representation of an SPDE of the type (25) in the
form of an infinite particle system. Anyway, depending on the possible applications of the results
obtained in these two chapters, having gradient estimates for the semi-group would be certainly
interesting. In this respect, another route would be to address the SPDE itself directly. Notice
that this would be complementary to what we have exposed in this introduction, as all the
subsequent proofs are purely probabilistic.

0.4 Lions’ differential calculus on the Wasserstein space

This is a toolbox section recalling important definitions and properties of the differential calculus
introduced by Lions on the Lo-Wasserstein space (P2(R),W2) at his lectures at College de
France [Lio]. Notes on those lectures can be found on Cardaliaguet’s webpage [Car13]. This
approach to a differential calculus has been developed by Lions since it is particularly appropriate
in the study of mean field games and more generally of any particle system with mean field
interaction. Indeed the point is that Lions’ derivative at u € Pa(R) of a function ¢ : Po(R) — R
has a nice representation if p is an empirical measure, i.e. if p is of the form

1 N
M:N;d’ﬂw (33)

where ¢, is the Dirac measure at point z; € R.

Let ¢ : P2(R) — R be a continuous function (with respect to Wa-distance). In order to write
It6’s formula for processes on Py(IR) or in order to study regularity properties of associated semi-
groups, we have to differentiate ¢. There is no a single way to do this. We will describe in this
paragraph two notions of differentiability of ¢. In fact, there are other notions, see e.g. [CD18a,
Chapter 5], but, at the end, we know how to connect all of them!

Remark. The results shortly presented below are taken from Cardaliaguet’s notes [Carl3] and
from Carmona and Delarue’s book [CD18a, Chapter 5]. We refer to those works for the proofs
of the propositions stated below and for a complete overview of differential calculus on P2 (R).

L-derivative (or Lions-derivative)

Let (Q,F,P) be a probability space. In order to insure that the probability space is rich
enough, we assume ) to be a Polish space and P to be atomless (or equivalently since Q is
Polish, assume that every singleton has zero measure). Let La(Q2) := L2(Q2, F,P) be the space
of square-integrable random variables on (€2, F,P). Then the Lo-Wasserstein distance, defined
by (1), is also given by

1/2
Wa(,v) = infE[|x — Y] "*
where the infimum is taken over every couple (X,Y’) of elements of Ly(f2) such that X has
distribution p and Y has distribution v. Let us define the lifted function ¢ : Ly(©2) — R by

$(X) = $(L(X)),

where £(X) denotes the law of X. On Lo(f2), we will take advantage of the differential calculus
given by the Hilbert structure of that space.

Definition. A function ¢ : P2(R) — R is said to be L-differentiable at u € Pa(R) if for every
X € Ly(2) with law p, the lifted function ¢ : La(€2) — R is Fréchet differentiable at X.
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If the derivative exists, an important property is that the law of (X, Dgg(X )) does not depend
on the random variable X as long as £(X) = p. Let us say that ¢ is C' on P(R) if the Fréchet
derivative D¢ : La(Q2) — Lo(2) is continuous.

Proposition-Definition. Let ¢ be a C' function on Po(R). Then for any p € Po(R), there
exists a measurable function £, : R — R such that for every X € Lo(f2) with law p, we
have Do(X) = £u(X) almost surely, or more precisely for almost every w € €, [Do(X)](w) =
£u(X (w)). The map &, will be denoted by 0,,¢(1) and be called L-derivative (or Lions-derivative)
of ¢ at u.

Remark that this proposition implies that the L-derivative of ¢ at u is independent of the
choice of the space (€2, F,P) and of the random variable X chosen to express p. Therefore, the
L-derivative of ¢ has a meaning independently of the chosen lifted function.

Let us give some examples:

Example 1. Let us consider

mmzémmwmx

with o € C'(R;R), A’ being at most of linear growth. Then for every u € Pa(R), the
L-derivative 0,¢(u) is equal to h'. In particular, the L-derivative of ¢ is constant in this
case.

Example 2. Let us consider

o) = [ (@) = [ [ e =p)dudp(a).
where h € C1(R;R), b’ being at most of linear growth. Then for every u € P2(R),
Oue(p) = (W' + h') * p,
where B/ (z) = —h/(—x).
Example 3. Let us consider
o) = [ vl dute),

where ¢ : R X P2(R) — R is continuous, differentiable in x € R for every fixed u, with a
bounded derivative jointly continuous in (z, 1) and L-differentiable in p for every fixed z,
such that (z,2’, u) — Outp(z, p)(2’) is measurable, bounded and continuous. Then

0,0(0)() = 9,10 + [ Oubla’s ) ()an(a).

We refer to [CD18a, Paragraph 5.2.2] for a list of further examples and for the proofs of the
derivatives computed above.

As we already mentioned, the L-derivative is particularly well suited in the case of functions
of measures of the form (33). More precisely, given ¢ : Po(R) — R, let us define ¢* : RV — R
by

o (z Ly
1,...,33‘N)b—>¢ N; z; |-

Let us state the following relation between the partial derivatives of ¢V (for the classical differ-
ential calculus on RYV) and the L-derivative of ¢:
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Proposition. Let ¢ be C'-function on P2(R). Then ¢V is differentiable on RYN and for every
i=1,...,N,

N 1 1
[0 (:L‘l,...,xN):NOMqZ) NZ(S%‘ (x5).

j=1
Moreover, following [CD18a], we say that ¢ is fully-C? on Pa(R) if
(A1) ¢ is a Cl-function on Py(R) and (p1,v) € P2(R) xR — 8,6(1)(v) € R is jointly continuous.

(A2) for each fixed p, the version v € R — 0,¢(p)(v) € R used in (Al) is differentiable and its
derivative (p,v) € P2(R) x R+ 0,0,¢(1)(v) € R is jointly continuous.

(A3) for each fixed v, the version u € Pa(R) — 9,6(11)(v) € R used in (A1) is C! on P2(R), and
its derivative given by (u,v,v") € Pa(R) x R x R+ 2¢(u)(v,v’) is jointly continuous.

Then, we have the following computation for the second-order derivatives of ¢™:

Proposition. Let ¢ be fully-C?> on Po(R). Then ¢V is C? on RN and for everyi=1,...,N,

1 1Y
a,%hqubN(zl, ce,IN) = N&,@MQZ) (N 2590!) (x)1; N2 u < Z‘%) Tj, Lj).
=1

Flat derivative (or Linear Functional derivative)

As announced, we may compare the notion of L-derivative with another notion of differen-
tiability for ¢ : Po(R) — R: the linear functional (or flat) derivative. Basically, it is nothing
but the notion of differentiability we would use for ¢ : M(R) — R if it were defined on the
whole M(R), where M(R) is the linear space of signed measures on R. Note that a subset K
of P»(R) is said to be bounded if there is M such that for every p € K, [ |z[*du(z) < M.

Definition. A function ¢ : P2(R) — R is said to have a linear functional (or flat) derivative if
there exists a function

90 . py(R) xR - R

om
5
(m.2) > 22 (m)(a),
jointly continuous in (m,x), such that for any bounded subset K of P2(R), the function x —

g—i(m)(z) is at most of quadratic growth in  uniformly in m for m € K, and such that for all
m,m’ € Pa(R),

o(m’ //]R (Am/ 4+ (1 = N)m)(x) d(m’ — m)(z)dA.

Note that g—m is uniquely defined up to an additive constant only.

In the case of example 1 given above, %(m)(m) = h(x) for every m € P2(R) and for every
x € R. This highlights the fact that the two notions of differentiability are not equivalent.
Nevertheless, we can give the following relation between the two notions:

Proposition. Let ¢ : Po(R) — R be L-differentiable on P2(R), such that the Fréchet derivative
of its lifted function D : Ly(QY) — Lo(Q) is uniformly Lipschitz. Assume also that for each
p € Pa(R), there is a version of v € R +— 0,¢(u)(v) such that the map (v, ) € R x Po(R) —
O0ud(p)(v) is continuous.

Then ¢ has a linear functional derivative and for every p € Pa(R),

0,6() = 0. {£2 ()} ()



Chapter I

A new approach for the construction
of a Wasserstein diffusion

This chapter has been published as [Mar18]:
V. Marx. A new approach for the construction of a Wasserstein diffusion. FElectron. J. Probab.,
23: Paper No. 124, 54, 2018.

Abstract. We propose in this chapter a construction of a diffusion process on
the space P2(R) of probability measures with a second-order moment. This
process was introduced in several papers by Konarovskyi (see e.g. [Konl7b])
and consists of the limit as N tends to 400 of a system of N coalescing and
mass-carrying particles. It has properties analogous to those of a standard
Euclidean Brownian motion, in a sense that we will specify in this chapter.
We also compare it to the Wasserstein diffusion on Py(R) constructed by von
Renesse and Sturm in [vRS09]. We obtain that process by the construction of a
system of particles having short-range interactions and by letting the range of
interactions tend to zero. This construction can be seen as an approximation
of the singular process of Konarovskyi by a sequence of smoother processes.

I.1 Introduction

This chapter introduces a new approach to construct the stochastic diffusion process studied by
Konarovskyi (see [Konll, Konl7a, Konl7b, KvR18]). It is a close relative to the Wasserstein
diffusion, introduced by von Renesse and Sturm [vRS09]. Our interest is to construct an analo-
gous process to the Euclidean Brownian motion taking values on the Wasserstein space P2(R),
defined as the set of probability measures on R having a second-order moment.

In [vRS09], von Renesse and Sturm construct a strong Markov process called Wasserstein
diffusion on Po(M), for M equal either to the interval [0, 1] or to the circle St. Two major features
of that process illustrate the analogy with the standard Brownian motion on a Euclidean space.
First, the energy of the martingale part of the Wasserstein diffusion has the same form as that
of a k-dimensional standard Brownian motion, up to replacing the Euclidean norm on R* by
the Lo-Wasserstein distance:

1/2
Wa(,v) = infE[|x — Y] "*

where the infimum is taken over all couplings of two random variables X and Y such that X
(resp. Y) has law p (resp. v). It should be noticed that the geometry of Po(M), equipped

37
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with the Wasserstein distance, for M a Euclidean space, was the subject of fundamental studies
conducted by Ambrosio, Gigli, Savare, Villani, Lions and many others (see [AGS05, Carl3,
Lio, Vil03, Vil09]), which led to important improvements in optimal transport theory. Second,
the transition costs of the Wasserstein diffusion are given by a Varadhan formula (see [vRS09],
Corollary 7.19). The formula is identical to the Euclidean case, up to the replacement of the
Euclidean norm by Ws.

Although the existence of a Wasserstein diffusion was initially proven by von Renesse and
Sturm using Dirichlet processes and the theory of Dirichlet forms (see [FOT11]), it can also be
obtained as a limit of finite-dimensional systems of interacting particles, see [AvR10, Stul4].
Nevertheless, we will focus in this chapter on a construction of a system of particles which seems
more natural and simpler and which is due to Konarovskyi in [Konll, Konl7b].

I.1.1 Konarovskyi’s model

In [Kon17b], Konarovskyi studies a simple system of N interacting and coalescing particles and
proves its convergence to an infinite-dimensional process which has the features of a diffusion on
the Lo-Wasserstein space of probability measures (see also [Konll, Konl17a, KvR18]). However,
even if it has common properties with the diffusion of von Renesse and Sturm, there are also
important differences between the two processes. An outstanding property of Konarovskyi’s
process is the fact that, for a large family of initial measures, it takes values in the set of
measures with finite support for each time ¢ > 0 (see [KonlT7a]), whereas the values of the
Wasserstein diffusion of von Renesse and Sturm are probability measures on [0,1] with no
absolutely continuous part and no discrete part.

The model introduced by Konarovskyi is a modification of the Arratia flow, also called
Coalescing Brownian flow, introduced by Arratia [Arr79] and subject of many interest, among
others in [Dor04, LJR04, NT15, Pit98]. It consists of Brownian particles starting at discrete
points of the real line and moving independently until they meet another particle: when they
meet, they stick together to form a single Brownian particle.

In his model (see [Konl7b]), Konarovskyi adds a mass to every particle: at time t = 0,
N particles, denoted by (zx(t)) ke{l1,..,N}, start from N points regularly distributed on the unit
interval [0, 1], and each particle has a mass equal to % When two particles stick together, they
form as in the standard Arratia flow a unique particle, but with a mass equal to the sum of the
two incident particles. Furthermore, the quadratic variation process of each particle is assumed
to be inversely proportional to its mass. In other words, the heavier a particle is, the smaller its
fluctuations are.

Konarovskyi constructs an associated process (y™ (u,t))yefo,1,ef0,7] in D([0,1],€[0,T]), the
set of cadlag functions on [0, 1] taking values in C[0,T], by defining:
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In other words, y™V(-,#) denotes the quantile function associated to the empirical measure
% Zé\[:l 0z, (t)- Konarovskyi showed in [Kon17b] that the sequence (yN)n>1 is tight in the space
D([0,1],C[0,T]). Hence, by passing to the limit upon a subsequence, there exists a process
(y(w,t))uelo,1),tc(0,r) belonging to D([0, 1], C[0, T]) and satisfying the following four properties:

(ig) for all u € [0, 1], y(u,0) = u;
i1) for all u < w, for all t € [0, T, y(u,t) < y(v,t);

(7it) for all w € [0,1], y(u,-) is a square integrable continuous martingale relatively to the
filtration (]:t)tG[O,T] = (U(y(v,s),v € [Oa 1],8 < t))tG[O,T];
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(iv) for all u,u" € [0,1],
t s, <o)

)y, = [ s,

m(u, s)
where m(u,t) := fol L gect: y(u,s)=y(v,)3dV 5 Tup = inf{t > 0: y(u,t) = y(u', 1)} AT.

By transporting the Lebesgue measure on [0, 1] by the map y(-,¢), we obtain a measure-
valued process (it)iejo,r) defined by: p; := Leb |19 110 y(:, t)~1. In other words, u — y(u,t) is the
quantile function associated to u¢. An important feature of this process is that for each positive
t, u¢ is an atomic measure with a finite number of atoms, or in other words that y(-,¢) is a step
function.

More generally, Konarovskyi proves in [Konl7a] that this construction also holds for a greater
family of initial measures 1. He constructs a process y9 in D([0, 1], C[0, T]) satisfying (ii) — (iv)
and:

(7) for all uw € [0,1], y9(u,0) = g(u),

for every non-decreasing cadlag function g from [0,1] into R such that there exists p > 2
satisfying fol lg(w)[Pdu < oo. In other words, he generalizes the construction of a diffusion
starting from any probability measure pg satisfying [p |z[Pdug(z) < oo for a certain p > 2,
where po = Leb|j ) o ¢!, which means that ¢ is the quantile function of the initial measure.
The property that y9(-,¢) is a step function for each ¢ > 0 remains true for this larger class of
functions g.

The process y9 is said to be coalescent: almost surely, for every u,v € [0,1] and for every
t € (Tuw, T, we have y9(u,t) = y9(v,t) (recall that 7,, = inf{t > 0: y9(u,t) = y9(v,t)} ANT).
This property is a consequence of (i), (i7i) and of the fact that for each ¢ > 0, y9(-,t) is a step
function (see [KvR18, p.11]). Therefore, we can rewrite the formula for the mass as follows:

1 1
m(u,?) :/0 (St 4o (u,5) =y (0,5} 40 = /0 Ly ()= (v, V-

Moreover, we can compare the diffusive properties of the process (Ht)te[O,T] in the Wasserstein
space P2 (RR) with the Wasserstein diffusion of von Renesse and Sturm. To that extent and thanks
to Lions’ differential calculus on Py(R) ([Lio, Carl3]), we give in Appendix 1.6 an It6 formula
on P2(R) for the process (Mt)te[o,T} in order to describe the energy of the martingale part of this
diffusion. Appendix 1.6 also contains a small introduction to the differentiability on P2(RR) in
the sense of Lions.

1.1.2 Approximation of a Wasserstein diffusion

In this chapter, we propose a new method to construct a process y satisfying properties (i)-
(1v), by approaching y by a sequence of smooth processes. Finding smooth approximations
of processes having singularities has already led to interesting results, typically in the case of
the Arratia flow. Piterbarg [Pit98] shows that the Coalescing Brownian flow is the weak limit
of isotropic homeomorphic flows in some space of discontinuous functions, and deduces from
the properties of the limit process a careful description of contraction and expansion regions of
homeomorphic flows. Dorogovtsev’s approximation [Dor04] is based on a representation of the
Arratia flow with a Brownian sheet.

We propose an adaptation of Dorogovtsev’s idea in the case of Wasserstein diffusions. First,
we show that a process y satisfying (¢)-(iv) admits a representation in terms of a Brownian
sheet; we refer to the lectures of Walsh [Wal86] for a complete introduction to Brownian sheet
and to Section 1.2 for the characterization of Brownian sheet which we use in this chapter.
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Theorem I.1. Let g : [0,1] — R be a non-decreasing and cadlag function such that there
exists p > 2 satisfying fol lg(w)[Pdu < 400. Let y be a process in La([0,1],C[0,T]) that satisfies
conditions (i), (i1), (iii) and (iv). There exists a Brownian sheet w on [0,1] x [0,T] such that
for allu € [0,1] and t € [0,T]:

t 1]1 _ ,
{y(u,s)=y(v',s)} /
pr— _— I.l
v t) = glu) + [ [ O qul, ) (L1)

1
where m(u, s) :/ Lty (u,s)=y(v,5)}dv-
0

Remark 1.2. We refer to Appendix 1.6 to justify the use of the term "Wasserstein diffusion" for
a process satisfying equation (I.1). Indeed, we can write an It6 formula for this process for a
smooth function u : Po(R) — R. As in the case of the standard Euclidean Brownian motion, the
quadratic variation of the martingale term is proportional to the square of the gradient of u, in
the sense of Lions’ differential calculus on P2(RR), which is the same as the differential calculus
on the Wasserstein space (see [CD18a, Section 5.4]).

The aim of this chapter is to construct a sequence of smooth processes approaching ¥ in the
space Lo([0,1],C[0,T]). Therefore, we use the representation (I.1) in terms of a Brownian sheet
of y and, given a positive parameter o, we replace in the latter representation the indicator
functions by a smooth function ¢, equal to 1 in the neighbourhood of 0 and whose support is
included in the interval [—%, %] of small diameter o. Fix o > 0 and € > 0. Given a Brownian

sheet w on [0, 1] x [0, 7], we prove the existence of a process y, . satisfying:

trl u,8) — Yoo, s ,
Yore(u,t) = g(u) —i—/o/o wa(yai(—kjm)m(z,’s)( ))dw(u ,S), (1.2)

where mg < (u, s) := fol 02 (Yo e (1, 8) —Yoe(v, 8))dv can be seen as a kind of mass of particle y,. . (u)
at time s. Remark that, due to the fact that the support of ¢, is small, only the particles located
at a distance lower than § of particle u at time s are taken into account in the computation of
the mass meyc(u, s).

The smooth process (Yo (u,t))ucio]tefo,r] Offers several advantages. First, we are able to
construct a strong solution (Y., w) to equation (I1.2), whereas in equation (I.1), we do not know
if, given a Brownian sheet w, there exists an adapted solution y. Second, in Konarovskyi’s
process, the question of uniqueness of a solution to (1), even in the weak sense, or equivalently
the question of uniqueness of a process in Lo ([0, 1], C[0, T) satisfying conditions (4)-(iv), remains
open. Here, pathwise uniqueness holds for equation (I.2). Moreover, the measure-valued process
(17" )iejo,r) associated to the process of quantile functions (ys.c(-,t))icpo,r] does generally no
longer consist of atomic measures. For example, if g(u) = u, (M?’E)te[o,ﬂ is a process of absolutely
continuous measures with respect to the Lebesgue measure.

Let L2[0, 1] be the usual space of square integrable functions from [0,1] to R, and (-,-)z,
the usual scalar product. We denote by L}[0,1] the set of functions f € Ly[0, 1] such that there
exists a non-decreasing and therefore cadlag (i.e. right-continuous with left limits everywhere)
element in the equivalence class of f. Let D((0,1),C[0,T]) be the space of right-continuous
C[0, T]-valued functions with left limits, equipped with the Skorohod metric.

We follow the definition given in [GM11, p.21]:

Definition I.3. An (F).c(o,r)-adapted process M is called Lg [0, 1]-valued (F)ie(o,r)-martingale
if M, belongs to L1[0,1] for each ¢ € [0,T], if E[|M;z,] < oo and if for each h € L0, 1],
(Mg, h)r, is a real-valued (ft)te[O,T}—martingale. The martingale is said to be square integrable
if for each ¢t € [0,T], E [||Mt|]%2} < 400, and continuous if the process ¢t — M; is a continuous
function from [0, 7] to Ls[0, 1].
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Let us denote by £g +10,1] the set of all non-decreasing and cadlag functions g : [0,1] — R,
where R := R U {—00, 400}, such that there exists p > 2 for which [ |g(u)Pdu < +oo.
Let Q+ = QN 0,1]. The following theorem states the convergence of the mollified sequence
(Yo,e)o>0,e>0 to a limit process satisfying properties (i) — (iv). It uses the framework introduced
by Konarovskyi in [Konl7a]:

Theorem 1.4. Let g € C;_[O, 1]. For each positive o and €, there exists a solution Yy, to
equation (1.2) such that (Yo.e(u,t))ue(o,1),tejo,r) belongs to L2([0,1],C[0,T]) and almost surely,
for each t € [0,T], yore(-,t) € Lg[(), 1].

Furthermore, up to extracting a subsequence, the sequence (Yo.c)e>0 converges in distribution
in Ly([0,1],C[0,T]) for every o € Q4 as € tends to 0 to a limit y, and the sequence (Yo)oecq,
converges in distribution in L2(]0,1],C[0,T]) as o tends to 0 to a limit y. Let Y(t) := y(-,t).
Then (Y (t))tejo,r) 5 @ Lg[O, 1]-valued process such that:

(C1) Y(0) = g;

(C2) (Y(t))ie,1) is a square integrable continuous LE[O, 1]-valued (Ft)ieo,r)-martingale, where
Fii=0(Y(s),s<t);

(C3) almost surely, for every t > 0, Y (t) is a step function, i.e. there existn > 1, 0 = a1 <
ag < -+ < ap < apy1=1and z1 < z2 < -+ < zy, such that for all u € [0, 1]

Y(t)(u) = y(u, t) = Z Zk]l{ue[ak,ak+1)} + Zn]l{u:l};
k=1

(C4) y belongs to D((0,1),C[0,T]) and for every u € (0,1), y(u,-) is a square integrable and
continuous (Ft)se(o,r)-martingale and

P [Vu,v € (0,1),Vs € [0,T],y(u, s) = y(v, s) implies ¥t = s,y(u,t) = y(v,t)] = 1;

(C5) for each u and u' in (0,1),

t1 Ty <8
() (el ) = [ D

0 mlu,s)

1
where m(u, s) = / Liy(u,s)=y(v,s)ydv and 7 = inf{t >0 :y(u,t) = y(u', )} AT.
0
Remark 1.5. More precisely, the filtration (F).e(o,7) is given by:
Fi=0((Y(s),h)r,,s <t h € Ls0,1]).

Remark 1.6. By property (C4), the limit process y is said to be coalescent: if for a certain time o,
two particles y(u, tg) and y(v, tp) coincide, then they move together forever, i.e. y(u,t) = y(v,t)
for every t > tg.

It is interesting to wonder how the coalescence property of the process y translates to its
smooth approximation y,: two paths (yse(u,t))icp,r] and (Yoe(v,1))ie(o,7), starting from two
distinct points g(u) and g(v), do not meet, which means that y, (-, t) is non-decreasing for each
fixed t. If ysc(u,-) and ysc(v,-) get close enough, at distance smaller than o, they begin to
interact and to move together, whereas as long as they remain at distance greater than o, they
move "independently": more precisely, the covariation (Ys(u, "), yoe(v,-)): is equal to zero for
every time ¢ < 77, == inf{s > 0: |[ys.c(u, 5) — Yoe(v, )| < o} (see figure 1 in the introduction).
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Organisation of the chapter

We begin in Section 1.2 by proving Theorem I.1, which states that a process y satisfying prop-
erties (7)-(iv) admits a representation in terms of a Brownian sheet. In Section 1.3, given
a two-dimensional Brownian sheet, we prove the existence of a smooth process in the space
L»([0,1],C[0,T]) intended to approach Konarovskyi’s process of coalescing particles; this smooth
process can be seen as a cloud of point-particles interacting with all the particles at a distance
smaller than o, and in which two particles have independent trajectories conditionally to the
fact that the distance between them is greater than o¢. When the distance becomes smaller
than o, both trajectories are correlated, mimicking the coalescence property.

Section 1.4 is devoted to the proof of convergence when the parameter ¢ and the range
of interaction o tend to zero, using a tightness criterion in Lo([0,1],C[0,7]). In Section L.5,
we study the stochastic properties of the limit process, including the convergence of the mass
process. The aim of this final part is to prove that the limit process y satisfies properties
(C1)-(C5) of Theorem 1.4, in other words that our sequence of short-range interaction processes
converges in distribution to the process of coalescing particles.

In Appendix 1.6, we give an Itd formula in the Wasserstein space for the limit process y, after
having recalled some basic definitions and properties of Lions’ differential calculus on Pa(R).

I.2 Singular representation of the process y

Let (Q,F,P) be a probability space. Let us consider on (£2,F,P) a random process y €
L2((0,1),C[0,T7]) satisfying properties (i)-(iv). We refer to [Konl7a] for a comprehensive con-
struction of y. We will give another one later in this chapter.

The aim of this paragraph is to prove Theorem I.1. Before that, we recall the definition of a
Brownian sheet given by Walsh in [Wal86, p.269]. Let (E, &, v) be a Euclidean space equipped
with Lebesgue measure. A white noise based on v is a random set function W on the sets A € £
of finite v-measure such that

e W(A)is a N(0,v(A)) random variable,
o if ANB =g, then W(A) and W(B) are independent and W(AN B) = W(A) + W(B).

Let T'> 0. Consider E = [0,1] x [0,7] and v the associated Lebesgue measure. The Brownian
sheet w on [0, 1] x [0, T] associated to the white noise W is the process (w(u, t)),c(0,1]x[0,7] defined
by w(u,t) := W((0,u] x (0,t]).

Define the filtration (Gt)icpo,r) by Gt := o(w(u, s),u € [0,1],s < t). Then in particular,

(i) for each (Gi)iepo,r]-progressively measurable function f defined on [0, 1] x [0, 7] such that
T f2(u, s)duds < +o0o almost surely, the process ( [ 1f u, s)dw(u, s is a local
0 Jo 0Jo te[0.T]

martingale (we often write dw(u, s) instead of w(du,ds));

(ii) for each fi and f, satisfying the same conditions as f,
.ol - rl t rl
</0/0 fl(u,s)dw(u,s),/o/o fg(u,s)dw(u,s))t:/o/o fi(u, s) fa(u, s)duds.

By Lévy’s characterization of the Brownian motion, a process w satisfying (i) and (i) is a
Brownian sheet. Let us now prove Theorem I.1.

Proof (Theorem 1.1). We take a Brownian sheet n on [0,1] x [0,7] independent of the pro-
cess y, constructed by possibly extending the probability space (€2, F,P). Then, we define
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(w(u, ))ueo,1),te0,m) Py w(0,-) =0, w(-,0) =0 and:

1 1
w(du, dt) = n(du, dt) + y(u, dt)du — m(u,t)/o ]l{y(uﬂt):y(u/’t)}n(du', dt)du.

We denote by H; the filtration o ((y(u, 5))uejo,1],s<t> (1(%; 8))uefo,1],s<t)-

In order to prove that w is an (H),c(o,71-Brownian sheet on [0, 1] x [0, T, let us consider two
(Ht)te[O’T]—progressively measurable functions f; and fo and compute, using independence of n
and y:

(/0./01 fi(u, s)dw(u, 8)7/0‘/01 fa(v,s)dw(v, 8))y = Vi + Vo — Vg — Vy + Vs,

= ([ [ st syintus), [ [ s)anw sy = [ [ ) st spduds,

since 7 is an (H¢).e[o,r-Brownian sheet;

where

Voim ([ [ A syt sida, [ [ (o s)u(o, o)
- /t/l/l fl(uvs)fQ(vﬂs)MdUdvds’
0J0 JO )

m(u, s

using property (iv) of process y;

- s [
:<// fl(u,s)dﬁ(ms),//o njgv,si/o 1y 0y —y(vrs)p A0 (0, 5)d0);
B /// Alw.? f2 )]l{y(v,s):y(u,s)}dudvds =V,

since m(u, s) = m(v, s) whenever y(u, s) is equal to y(v, s). By similar computations,

/ fl / {y(us)=y(u,)}dn (W', s)du, // fa(v, 8)dn(v, s))¢ = Va,

and
fiu,s) 1
B </0/0 m(u, s) / ]l{y(uvs):y(UCS)}d??(ul,S)du,
f2 | ;
m(v, s) (y(v.s)=y (0,53 ANV, 8)dv)y
f1 U, S f2 )
// / / ) {y(uys):y(UI7S)}1{y(v75):y(ul,s)}duldud’ljds
fl f2(v, s
// / )2 </ ]l{y (u,8)=y(u', 5)}du ) ]l{y(u s)=y(v, s)}dudvds
fl u,Ss f2 (’U’ 5)
// / u, ) Ty Ly(us)=y(v,s)ydududs
= Vs.
To sum up,

</0./01 fi(u, s)dw(u, S)’/o./ol fo(v, s)dw(v, s))y = Vi = /Ot/ol fi(u, s) fa(u, s)duds,
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whence w is an (H¢);e[o,r)-Brownian sheet. Finally, we show that (y,w) satisfies equation (I.1):

t rl ]1 _ , t rl ]1 _ ,
{y(u,s)_y(u 73)} ! —_ {y(uvs)—y(u 75)} ! —.
/0 /0 e () / / SRyl ) (=: Vo)
/ / ey s)du! (= 1%)

11 1
{yus (w S} {y(u 8) va)} /
B e )
(=: V&)

The result follows from the two below equalities:
¢
vi- | / Sy, ) = | dwtuss) = (u,t) = y(w.0) = gl 1) = glw)
//1 ]l{yuS) y(u/, S}/ ]l{y(u 5) (Us)}dn(v s)du'

1]1{<u> ( )}
_// TnyusS e (/ ]l{yuS) (vs)}du>d77(v s)

! ]l{yus:yvs>}
= %d v, S),
/0/0 . n(v, s)

which implies that Vg = Vi and consequently equation (I.1). O

Therefore, every solution of the martingale problem ()-(iv) has a representation in terms of a
Brownian sheet. In the next section, we will construct, given a Brownian sheet, an approximation
of the process y.

I.3 Construction of a process with short-range interactions

Let (Q, F,P) be a probability space, on which we define a Brownian sheet w on [0, 1] x [0, T]. We
associate to that process the filtration G; := o(w(u, s),u € [0,1],s < t). Up to completing the
filtration, we assume that Go contains all the P-null sets of 7 and that the filtration (Gy)sejo,7)
is right-continuous.

Fix ¢ > 0 and € > 0. Let ¢, denote a smooth and even function, bounded by 1, equal to 1
on [0, ¥] and equal to 0 on [§,+0oc). Recall that E; +[0,1] represents the set of non-decreasing
and cadlag functions ¢ : [0,1] — R such that there exists p > 2 satisfying fol lg(w)[Pdu < +o0.
The aim of this section is to construct, for each initial quantile function g € Eg +[0,1], a square
integrable random variable yg _ taking values in L2([0,1],C[0,77]) such that almost surely, for
every t € [0,T], the following equality holds in Ls|0, 1]:

o (Yo (-8) —yd (v, ) ,
1) = : dw(u', s). .
voelnt) =g+ / /o s — oo ) (15)

Remark 1.7. We add the parameter ¢ to the denominator in order to ensure that it is bounded
from below. We also point out that relation (I.3) has to be compared with equation (I.1), where
x +— 1y,—0y is replaced by the function ¢,.

More precisely, we will prove the following proposition. Recall that Lg[O, 1] represents the
set of functions f € L9[0,1] such that there is a non-decreasing and cadlag element in the
equivalence class of f.

Proposition 1.8. Let g € E;r [0, 1].
There is an L;[O, 1]-valued process (YZ.(t))ico,1) = (¥5.:(s1))iejo,r) such that:



I.3. CONSTRUCTION OF A PROCESS WITH SHORT-RANGE INTERACTIONS 45

(A1) Y2.(0) = g;

(A2) YJ_ is a square integrable continuous Lg [0, 1]-valued (F{"°)iejo,r-martingale, where Fy*° :=
o(Y7e(s),s <t);

(A3) for every h,k € L2|0,1],

trlorl mZ _(u,u',s
<(Yaa7h)L2a( 0,e7 L2>t:/0/0/0 h(u)k(u’) g ’ ( )g 7 dudu’ds,

(e + mde(u,s))(e +mge(u,s))

where mg _(u, v, 5) = [o 0oyl (u,s) — Y2 (v,5))ps (yd (v, s) — yd (v, s))dv and
1
mg (u,s) = [o 02 (ys.(u,s) — yd (v, 5))dv.

I.3.1 Existence of an approximate solution

Denote by M the set of random variables z € L2(€2,C([0, T}, L2(0, 1))) such that (2(w, -, t))sejo,m)
is a (Gt)re[o,r]-progressively measurable process with values in L2(0,1). We consider the following
norm on M:

1 1/2
HzHM:EEng / |z<u,t>|2du] . (L4)

Throughout this section, o and ¢ are two fized positive numbers. To begin, we want to prove
that the map ¥ : M — M, defined below, admits a unique fixed point. Fix g € E;r [0,1] an
initial quantile function. For all z € M, define:

P(2)(w,u,t) // Pol2(w,u,8) = 2w, UI’S))dw(w,u’,s), (I.5)

e+ me(w,u,s)

where m,(w,u,s) = fol 02 (2(w,u,8) — 2(w,v, s))dv. We start by making sure that v is well-
defined.

Proposition 1.9. For all z € M, (z) belongs to M. Furthermore, (¢ (2)(:,t))iejo,r] 95 an
L2(0,1)-valued continuous (Gt)ie[o,r)-martingale.

Remark 1.10. The definition of an Lg [0, 1]-valued martingale was given in Definition 1.3. Up to
replacing Lg by Lo, the definition of an Lo(0, 1)-valued martingale is exactly the same.

Proof. We want to prove that (1(2)(-,t)):c(o,r) is an L2(0, 1)-valued (G¢);e[o,rj-martingale. Since
z belongs to M, the process (2(:,t))ejo,r) i (Gt)te[o,r-progressively measurable. Therefore
(Mo (+,t))iejo,r is also (Gt)iepo,r)-progressively measurable and we deduce that (¢(2)(+,t))eo,7]
is (gt)te[07T]-progressively measurable.

Then, we check that for each ¢t € [0,T], ¥(2)(-,t) € L2(0,1) and E[||¢(2)(+,t)| L,] < co. We
deduce this statement by recalling that ||g||z, < 400, because g € Eg +[0,1], and by computing:

2
[ Voo (2(-,8) — 2(u, 8))dw E [ ] :
Lo

Lo (2(0,8) — 2(u, 5)) !
E—I-mo 9 dw(u', s)

€+ mg(:5)

(', 5)
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Il g
~ [ [ 2 ]du
(e ) o

Cleollet _ t
\

T2 g2

and

d

L oo(2(c8) — 2(u, 5)) /
0/0 e E a9 dw(u’, s)

Po(z —2(u;s)) /
/ €+m(,u s) dw(w’, )

‘Pcr (u s)) /
5—|—mg u, ) dw(v’, 5)

Thus

bl SDU(Z(WS) — z(u’, 8)) /
0/0 5 dw(u', s)

+mes (-, 8)

d

Furthermore, for each h € L3]0, 1],

t
] < - < +oo. (1.6)
L 8
2

60 = oh)ss + [ [ [ ha £ =D gy,

Mo (u, )

is a (Gt)sejo,r)-local martingale. Then, we compute the quadratic variation:

E[{(¥(2), k) Lo, (¢ Lo)t]

9o (2(u1,s) — 2(v, 5)) s (2(uz, 5) — 2(v, 5)) /
_////h ()b (e + Mo (u1, 8))(€ + mo(us, 5)) durduzduds

<3 Sl

Since it is finite, the local martingale is actually a martingale.
Moreover, by Doob’s inequality (see Theorem 2.2 in [GM11, p.22])

1 1/2
[(2)lm = E [sup/ Iw(Z)(u,t)qu]
t<T Jo

Pof (,5)) >l
< E ud dw(u’,s)| d
Hﬂm+-[gg [ et 2D g 4
5 71/2
Po(2 z(u', s)) /
< 2E dw(u',s)| d .
lollz. + [ A )
The last term is finite by (1.6). Thus ||¢(2)|| A is finite and 1)(z) belongs to M, which completes
the proof. O

Let us now prove that 1 has a unique fixed point:

Proposition 1.11. Let 0 > 0 and € > 0. Then the map ¥ : M — M defined by (1.5) has a
unique fized point in M, denoted by y ..

Proof. For all n € N, denote by " the n-fold composition of 1, where 1)° denotes the identity
function of M. We want to prove that " is a contraction for n large enough.
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Let z1 and z9 be two elements of M. We define

B ( lsup/ [0 (21) (u, 8) — V™ (22)(u, s)[2du .
s<t

Let us remark that by, (T) = |[¢™(21) —¢™(22)||3 and recall that, by Proposition L9, (1(21)(,t)—

Y(22) (- ) )ejo,m 18 @ (Gt)iejo,r-martingale. We denote by mg 1 and m, 2 the masses associated

respectively to z; and z3. By Doob’s inequality, we have:

[sup/ [ (21)(u, ) — ¥(22)(u, s)\Qdul

s<t

sup o(z1(u,r) —z1(W',7))  po(22(u,r) — 20(u/, 7)) dw(u ) 2du
s<t €+ mg1(u,7) €+ mg2(u,T)
_ !/ _ / 2
< 4E o(z1(u,s) —z1(u',8))  wo(22(u, s) — 20(v, 5)) duldsdu|
e+ mq1(u,s) e+ me2(u,s)
Furthermore, we compute:
2
Gol21(uy8) = 21(1,5)) o (2a(u, ) — 204!, 5))
e+ mgi(u,s) € +mg2(u,s)
2

Po(21(u,s) — 21(u', 5)) — po(22(u, s) — 22(u, 5))
e+ mg1(u,s)

<2(

o (221, 8) — 22(u, 5)) ’

(€ + mo1(u; 8))(e + moa(u, s

)

M (mo1(u, s) — Mg 2(u, s))

Moreover, we have:
1
Imo,1(u, s) — moa(u, s)| < /0 |05 (21(u, 8) = 21(v, 8)) = @5 (22(u, 5) = 2(v, 8))|dv
1
<Lip(e) [ I(1u8) = 21(0.5)) = (2l ) = 20, ) |dv

1
< Lip(¢?) <\z1(u, s) — za(u, s)] -l—/o |z1(v, s) — 2z2(v, s)|dv> )

We obtain the following upper bound:

polz1(u,s) = z1(u,5))  polzalu,s) — 2, s)) |
e+ mg1(u,s) € +mg2(u,s)

. . 2
< (4 (LW)+4 (Llpsf?’)) ) (1210,5) = 2l 5) P

1
+ ’ZI(UI7 S) - 22(,“/7 S)P +/ ‘Zl(U, S) - 2’2(1), S)Pd'l)) :
0

Finally, we deduce that there is a constant Cj . depending only on ¢ and ¢ such that

hi(t) < CyE [/Ot/ol |z1(u, ) — z2(u, s)\Qduds]

t 1 t
< C’U,E/ E [Sup/ |21 (u, 1) — 29(u, 7‘)|2du] ds = C’U,E/ ho(s)ds
0 r<s J0 0
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Applied to 9"™(z1) and 1™ (z2) instead of z; and z9, those computations show that for every
t €[0,T), hnt1(t) < Coe [§ hn(s)ds. Using the fact that hg is non-decreasing with respect to t,

it follows that h,(T) < (CoeT)" ET) ho(T), whence we have:

67 (e1) — g (a3 < 22T

21 — 22|54

Thus, for n large enough, the map ™ is a contraction. By completeness of M under the
norm || - ||p (remark that M is a closed subset of La(£2,C([0, 7], L2(0,1))), it follows that ) has
a unique fixed point in M. O

We denote by yJ . the unique fixed point of 1. Remark that by construction it satisfies
equation (I.3) almost surely and for every t € [0, 7.

I.3.2 Non-decreasing property

Define, for each t € [0,T], Y7 () := yJ.(-,t). So far, by Proposition I.11, we have established
that (Y7.(t))ico,r) is an L2[0, 1]-valued process, satisfying property (A1) of Proposition LS.
Since Y7 belongs to M, and by Proposition 1.9, (Y_(t)).c[o,r] is a square integrable continuous
L»[0,1]-valued martingale, with respect to the filtration (Gt);co,r)- Therefore, it is also an
(F7% )tejo,r-martingale, where F;° := o(Yg_(s),s < t).

In order to obtain property (A2), it remains to prove the following statement:

Proposition 1.12. (YZ.(t))ico,) is an L1[0,1]-valued process.

We will start by proving three lemmas and then we will conclude the proof of Proposition 1.12.
For every = € R, we consider the following stochastic differential equation:

- ) )
=t [ €+fo 2 (o( ) — v, sydo ) &7

where yg  is the unique solution of equation (I.3).

Lemma 1.13. Let = € R. For almost every w € Q, equation (1.7) has a unique solution
in C[0,T], denoted by (z(w,z,t))cor]- Moreover, (2(z,t))icio,r) is a real-valued (Gi)iejo,r)-
martingale.

Proof. We get existence and uniqueness of the solution by applying a fixed-point argument. The
proof is the same as the proof of Proposition I.11. We obtain the martingale property by the
same argument as in Proposition 1.9. O

Then, take 1, o € R. After some computations similar to those of the proof of Proposi-
tion .11, we have for every t € [0, T):

¢
E lsup |z(x1,8) — Z($2,8)|2] < 2|z — 902|2 + C’U’E/ E [sup |z(x1,7) — z(a:Q,r)\z ds.
s<t 0 r<s

By Gronwall’s Lemma, we deduce that:

E [sup |2(21,t) — 2(22,1)[*| < Cyelrr — 2]

t<T

By Kolmogorov’s Lemma, there is a modification z of z in C(R x [0, 7). We define g . (u,t) :=
Z(g(u),t). In particular, u + ¥4 _(u,-) is measurable and, since g is a cadlag function, yJ .
belongs to D((0,1),C[0,T]).
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Remark 1.14. In the case where g is continuous, it is straightforward to see that y7 . belongs to
C([0,1] x [0, TT]).
Furthermore, g7 . belongs to M. Indeed,

1 1
E sup/ / sup
t<T JO 0 t<T

By Lemma 1.13, for every u € [0,1], (94 .(u,t))e[o,) is @ martingale, we have by Doob’s inequal-
ity:

<E

N 2
78 (u, )| du

t<T

Yg e (u, t)‘ dU] :/ol lsup‘yg8 u t)( ]du.

2 _ 2
E [sup Y5 e (u, t)‘ < CE “yﬁ,a(%T)‘ }

t<T

Po yae(u S) yo—s(u, S))

< 2Cg(u)? + 2CE
€+ fO 90(7 yaé(u 5) - yaa(U 8))d1}

Ik

2
du’ds}

< 2Cg(u)? + 20—2.

Therefore, |79 llm < 2C|gll7, +2CT < +00. Moreover, (94 .(-,t))icpo,r] is an L[0, 1]-valued
(Gt)iejo,r-martingale. Indeed, for every h € L»[0,1], for every ¢t € [0,T], the expectation

E [(gjgﬁ(-,t), h)Lz] is finite. Fix 0 < s <t < T, and A; € G5. We have:

B[([ e 0n00du— [5G ) 1,

= [B [(800.0) ~ e )10, B0 = 0.
0

2
Lemma I1.15. We have E [supth fol ‘gg,g(u,t) — ygs(u,t)‘ du} = 0. Therefore, y3 . = y3.
in M.
Proof. Since (99 (-, 1) —yJ -(-,t))tcjo,r is an L2[0, 1]-valued martingale, then by [GM11, p.21-22]

fo

2
U9 (u,t) — yg (u, t)‘ du is a real-valued submartingale. By Doob’s inequality,

[S;gg/ ]yae u,s) — yg . (u, 8)’2014 < CE Uol
Elo 2du]

1 pt r1 2
g CE |:/ // ‘€0—75 (§g75 (U, S)’ u/’ S) — 90-75 (yg-,s ('Uz7 8)7 u/7 3)‘ du/deu] 5
0J0J0

oo (r— yg s(u )
€+f0 2(x—ydc(v,8))dv
Proposition 1.11, we have:

Egr;/ ]yae u, 8) — y3 (u, 8)’2dU] < G E [/1/t
<Cpo [ & [

By Gronwall’s Lemma, we deduce that E {supsgt fol

2
75 (. t) — v t)

(e (U5 < (1, 8), 0", 8) = b (yF o (u, 5), 0/, 5))dw (v, 5)

where 0, (z,u,s) = Using the same constant C,. as in the proof of

2
781, 8) =y o(u, ) dsdu]

2
9 o,7) — 8,7 du] as.

2
Yg.(u,s) — yg,e(uvs)‘ du} = 0 for every
t € [0,T]. This implies the statement of the lemma. 0
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Lemma 1.16. Almost surely, for every uy,us € Q such that u; < ug, we have for every t > 0,
yg - (u1,t) < g (uz,t). Furthermore, if g(ui) < g(uz) (resp. g(u1) = g(uz)), then for every
t =0, gg,&(ulﬂ t) < gg,e(u% t) (resp. gg,&(uh t) = gg,e(u% t))

Proof. Let (u1,uz) € Q2 such that 0 < u; < up < 1. For u = uy, uz, we have:
B t 1 ~ / /
Belu,t) =9+ [ [ 0@ 5), 0 ) duli, ),

o (a—yd,. (u5))
T
et [ o2 (a— o (v,9))dv

where 0, (z,u,s) = . Therefore, we have (writing y instead of g . and ¢

instead of 0, ):
iz, t) = 1, ) = 9(u2) — glar) + [ [ @Gu2,),,5) = (3, 51,00, )l 5
= g(u2) — g(uwr +/ y(uz,s) — y(ui, s))dM; (1.8)

0(y(us,s),u’,s)—0(y(u1,s)u’,s
where My = J§ Ji L s it gy sy dw(w/,s). Observe that:

5(“275)

0(y(uz, s),u’,s) — 0(y(u, s),u’,s) = /~ 0.0(z, ', s)dz,
Y

(U1,S)

o (@—y(',9)) [ (©2) (z—y(v,s))dv

and that 0.0(z,u',s) = “le’(m_y(“/’s)) — o . Therefore, 0,0 is
et ] 92 (e—y(0,8)dv (o [T o2 (o—y(o,5))dv)?
bounded uniformly in (z,v,s) € R x [0,1] x [0,T] by Cy. ”%!L‘X’ + H%”Lmﬂ(%) lree Ve

deduce that

E[(M [/ / {y(uz,s)#y(u1,5)} (9 e Y(ug, s ; - gizi?;’)s)’U/’s))QduldS]

// Coe) 2 du/ds

and thus M is a (Gt)sc(o,r)-martingale on [0,7]. We resolve the stochastic differential equa-
tion (L8): . (u2,t) — F(ur,t) — (g(uz) — glur))exp (M; — SO M), I glur) < glua)
(resp. g(u1) = g(u2)), then almost surely for every ¢ € [0,T], 4 .(u1,t) < g4 . (u2,t) (vesp. =).
Thus it is true almost surely for every (uy,uz) € Q? such that u; < us. O

T (Coe)’,

Therefore the proof of Proposition 1.12 is complete:

Proof (Proposition 1.12). For each t € [0,T], YJ.(t) = yJ.(-,t) has a modification g7 _(-,t)
belonging to L}[0,1]. O

We specify the properties of yJ . in the following corollary, which derives directly from Propo-
sition 1.12. From now on, we will always use this version of the process.

Corollary 1.17. The following two statements hold:

e for almost every u € (0,1), (99 (w,u,t))iem is a (F{)iepp,r-martingale, and it is con-
tinuous for almost every (u,w) € (0,1) x €.

e almost surely, for every t € [0,T], u > yg (u,t) is cadldg and non-decreasing.

We complete the proof of Proposition I.8.
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Proof (Proposition 1.8). Thanks to Proposition 1.12, the proof of properties (A1) and (A2) has
been completed. It remains to compute the quadratic variation. Recall that for every u € [0, 1],
(¥4 - (u,t))rejo,r) 18 @ (Gi)refo,r-martingale and that

t rl
3o00.0) = g) + [ [ 0ne(@ ()00 )du(l ).
0/0

Therefore, for every u,u’ € [0, 1],
1
(8. (), 0. (0 «iﬂ%%MSMMWS/%%MﬁvMW@M
00

// O, (U2 (1, 5),0,8)05. (52 (', 5), v, s)dvds.
Therefore, for every h, k € L2[0, 1],
(Ve ) Loy (Yoe, KLy
/// h(u)k(u') /01 Oo.c (9 - (1, 5), 0, )00, (Y5 (', 5), v, s)dvdudu’ds
:/0/0/0 h(u)k(u') /01 HU,E(yf,’,a(u,s),v,s)Hg,e(yg’E(u',s),v,s)dvdudu’ds
t 1l md _(u,u', s
:/0/0/0 h(u)k(u') (5+mgyg(u(,”sg)()(g+n)1g,g(u’,s))dudwds’

which completes the proof. O

We conclude this section with a property on the quadratic variation of two fixed particles,
which will be useful to obtain lower bounds on the mass in the next section.

Corollary 1.18. For almost every u,u’ € [0,1],

g 9 (u,u,s)
(U9 (u, ), 75 (v, ) // i ))(€+m075(u,78))dvds. (1.9)

Proof. This statement follows clearly from the proof of Proposition 1.8, from the fact that for
almost every u € (0,1), (94 (u,t))ejo,r) is a continuous martingale. O

I.4 Convergence of the process (ng‘i’,s)g’gqu+

From now on, for the sake of simplicity, we fix a function g in Eg +[0,1] and y, . will denote the
version yg _ starting from g. We denote by p a number such that p > 2 and g € L,(0,1).

We begin by proving the tightness of the sequence (ys.)sccq, in L2([0,1],C[0,T]) in Para-
graph 1.4.1. We will then pass to the limit in distribution, first when ¢ — 0 and then when
o — 0 and prove, in Paragraph 1.4.5, that the limit process is also a martingale.

I.4.1 Tightness of the collection (y,.),>0.>0 in Lo([0,1],C[0,T7])

Recall that for all o > 0, the map ¢, is smooth, even, bounded by 1, equal to 1 on {O, %}
and equal to 0 on [%, +00), where 7 is chosen so that n < Z- Recall that y, . is solution of the

following equation:

/
Yoe(u,t) = g(u // Yo (Yoe(U, 8) — Yo (U, 5)) dwd.s)
0 €+ fO QPO' yUE(u S) yg'jg(v, S))d'U
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We begin by proving that the collection (yo.c)o>0,>0 satisfies a compactness criterion in the
space La([0,1],C[0,T]). We recall the following criterion (see [Sim87, Theorem 1, p.71]):

Proposition 1.19. Let K be a subset of L2([0,1],C[0,T7).
K s relatively compact in L2([0,1],C[0,T]) if and only if:

(H1) for every 0 < uj < ug < {f;f f(u,-)du, f € K} is relatively compact in C|[0,T],
. —h
(H2) limy,or suppere Jo " 1 (w+ hy-) = fu, ) |30 ydu = 0.
By Ascoli’s Theorem, (H1) is satisfied if and only if for every 0 < uy < ug < 1,

- for every t € [0,T], [, f(u,t)du is uniformly bounded,

JaZ (f (u,t2) — f(u,tl))du‘ =0.

- hmnHoJr SupfeK sup|t2 —t1]<n

In order to prove tightness for the collection (ys.c)o>0.>0, we will prove the following Propo-
sition:

Proposition 1.20. Let § > 0. The following statements hold:
(K1) there exists M > 0 such that for all o, >0, P [fol Yo, (u, -)||(23[0 mdu < M| >1-4,

(K2) for all k > 1, there exists np > 0 such that for all o >0, ¢ > 0,

1 1 0
P [/ SUp  |Yoe(u,t2) — Yoe(u, t1)|du < —| 21— —,
0 k 2k
[t2—t1]<nk
(K3) for all k > 1, there exists hy > 0 such that for all o > 0, € > 0,
1-h 9 K}
P |vh € (0, hk),/o [Yoe(u+ D) = Yoelu, ')HC[O,T]du < > 1- k"

Proposition 1.20 will be proved in Paragraph 1.4.3. It implies tightness of (yJ.)o>0.e>0 in
Ls([0,1],C[0,T7]):

Corollary 1.21. For all g € C;_[O, 1], the collection (Y3 .)o>0.>0 48 tight in La([0,1],C[0, T7).

Proof (Corollary 1.21). Let 6 > 0. Let M, (hi)g>1, (Mk)k>1 be such that the statements of
Proposition 1.20 hold with 4.
Denote K the closed set of all functions f € Ly([0,1],C[0,T]) satisfying:

(L1) / 1 (s ) 3g0 79l < M.

1 1
(L2) for all k > 1, sup | f(u,t2) — fu,t1)|du < —
0 [ta—t1]<mk ke
1-h 1
(L3) for all k> 1, Vh € (0, hk),/ IRy ) = £, Ny < -
0 bl
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Let 0 < u; < ug < 1. We deduce from (L1) that for every t € [0,T], and every f € Ks,

1/2 1/2
Ju? f(u,t)du‘ < (f;‘f f(u,t)2du) / < (fol Hf(u,~)Hg[0 T}du) / < VM. We deduce from (L2)
that for every k > 1,

sup  sup

1 1
< sup / sup | f(u,t2) — f(u,t1)|du <
FEKS |ta—t1|<mg 0

FeKs JO [taty|<ny, k

[ tste) = pat)du

1

Therefore, by Ascoli’s Theorem, condition (H1) of Proposition 1.19 is satisfied.

Furthermore, by (L3), condition (H2) is also satisfied uniformly for f € Kjs. Therefore, K;
is compact in Ly(]0, 1],C[0,T]). By Proposition 1.20, for all o > 0, ¢ > 0, P [y, € Ks] > 1 — 36.
This completes the proof. ]

To prove Proposition 1.20, we will first give in the next paragraph an estimation of the inverse
of the mass function (see Lemma 1.24). This lemma is an equivalent in our case of short-range
interacting particles of Lemma 2.16 in [Konl7b], stated in the case of a system of coalescing
particles.

[.4.2 Estimation of the inverse of mass
Recall that mg(u,t) = fol 02 (Yo e (U, 1) — Yoo (v,t))dv. We define a modified mass
(e + mpye)?

MU,€ (U, t) = Mo e
+ oo otherwise.

(u,t) if mye(u,t) >0,

Clearly, My (u,t) = mgy.(u,t) for every u € [0,1] and ¢ € [0,T7].

By Corollary 1.17, there exists a (non-random) Borel set A in [0, 1], Leb(.A) = 1, such that
for all u € A, (Yo.(u,1))e(o,r) is almost surely a continuous (F;°);c[o,7)-martingale. Recall also
that almost surely, for every ¢ € [0,T], u — Yo(u,t) is cadlag and non-decreasing. Moreover,
we assume that for every u,u’ € A, equality (1.9) holds.

Lemma 1.22. There exist C > 0 and v € (0,1) such that for each o,e > 0, t € (0,T] and for
every u € A and every h > 0 satisfying u — h € (0,1),

h

T
PVO Laty (s omyds > | < Clgw) — glu— 1)/ 5. (1.10)

Proof. Fix o > 0and e > 0. Let A > 0 be such that u—h belongs to A. If g(u—h) = g(u), then for
every t € [0,T], Yoe(u — h,t) = Yo (u,t). By the non-decreasing and cadlag property, for every
v € (u— h,u), we have Yoo (v,t) = yoe(u,t). We deduce that me.(u,t) = [} @2 (Yoe(u,t) —
Yore(v,t))do = [, ©2(0)dv = h. Therefore, My (u,t) = h > ~h for every t € [0,T], and (1.10)
is satisfied.

Consider now the case where g(u — h) < g(u). Choose k in (%, %) such that v — k € A.
Denote by N and N the following two (F7 )iefo,r)-martingales:

Ny = ya,s(uat) - yo,e(u - hvt)7
Nt = yma(uat) - ya,a(u - kat)

Denote by G5 and Hj respectively the events {Mg,e(u, s) < 2%} and {Ns > %”7} We want to

prove the existence of a constant C; independent of i and w such that for all ¢ > 0, € > 0 and
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t>0,

< C1 o) — glu— )]\ ™. (111)

T
P [/0 ]l{Gs}dS >t

Decompose this probability in two terms:

<P +P : (L12)

T t
/0 ]l{GSﬂHE}dS 2 5

T t
1 ds > =
/0 {GsnH}AS 5

T
P [/0 ]l{G’S}dS >t

where E denotes the complement of the event H.

e First step: Study of Gs N H;.
Fix s € [0,T]. Under G5 N Hy, we have M, -(u,s) < 2% and N > UTJF” We want to show
that it implies the following inequality:

2Mmge(u,uw — h, s) o 1
(e +Moe(u,8))(e+ moe(u—h,s)) ~ Mye(u,s)3*Myo(u— h,s)1/4

(1.13)
Assume, by contradiction, that (I.13) is false. By Cauchy-Schwarz inequality, mq (u, v —
h,s) < mge(u, s)l/QmJ,S(u — h,s)"/? and we would deduce that:

1 2
< ;
My e(u, 8)3/* My o(u — b, $)V4 = My (u,8)Y/2 My (u — h, s)1/2

and thus M, (u — h,s) < 24M075(u, s). Using the fact that M, . > mgy ., we can deduce
that

Mo (U, 8) + Mo e(t—h,8) < My o(u,8) + Mye(u—h,s) < (1+2HL8 < % (I.14)

[}

We distinguish three cases depending on the value of Ng = yyo(u, $) — Yo c(u — h, s).

e Ny <o —mn: For each v € [u — h,u|, one of the two terms yy(u,s) — yoc(v,s) and
Yo,e(V,8) — Yoe(u — h,s) is lower than 757, which means that one of those terms
belongs to the preimage of 1 by the function ¢,. Hence

Mee(t,s) +me(u—h,s)

1
= [ (2 0relt:9) = 9oc(0,)) + 2 U = . 5) = yoe(v.)) o

>/ dv = h.
u—nh

This is in contradiction with (I.14). Therefore inequality (I.13) is satisfied in this
case.

o N, € (0 —n,0): Introduce Med := {v : Yoo (u, s) — Yo,c(v,5) € [Z52, ZE1]}, which is a
set of particles more or less at half distance between particle u and particle u — h.
Since n < %, we have Ny > o —n > 23 and thus Med C [u—h, u]. Let v € [u— h,u].

We distinguish three new cases:
- i Yoo (U, 8) = Yoe(v,8) < TFL, then Yo (Yo (U, 5) — Yoe(v,s)) = 1.

- i Yoe(u, $) = Yoe(v,s) > UTJ“", and since Ny < 0, Y5.(v, 8) — Yo (u—h, s) is lower
than %57 and thus ¢, (Yee(u — h,s) — yoe(v,s)) = 1.

- otherwise, v belongs to Med.
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It follows that:
h= / e 05 =one (09)< 552} T Ly e (5) oo (05> 751} T Lventear)dv

< /7h(¢0(y075(u ) = Yoe(v,8)) + @g(ya,s(u —h,8) = Yor(v,s)) + ]l{veMed})dU
< Moe(u, s) +mee(u — h, s) + Leb(Med).

By inequality (I.14), we deduce that Leb(Med) > 2h . As Med is an interval included
in [u— h,u] and since k € (4, 22) we deduce that u — k € Med, i.e. N, € (252, 2k,
which is in contradiction with the hypothesis N, > o1 Thus inequality (I.13) is
also true in this case.

o N, > o: In this case, the two particles v and ©— h do not have any interaction. In other
Words, since the support of ¢, is included in [~§, §], Yo (Yoe(, 5) — Yoc(v,s)) and
Yo (Yge(w — h,s) — yoe(v,s)) can not be simultaneously non-zero, whence we deduce

that me o (u,u — h,s) = 0. Inequality (I1.13) follows clearly.
Therefore, inequality (I.13) is proved. By Corollary 1.18, it follows that, on G5 N Hy:

d 1 1 2my.e(u,u — h, )
N,N - :
SN = S T M hs) T Gt mas(w,9)(e + e =R s))
N S 1 - 1
Mye(u,s)  Mye(u—h,s) My (u,s)3/4 My (u— h,s)l/*
1 3 1 24

> > Z —,
AMy . (u, 5) + AMye(u—h,s) = 4My.(u,s) ~ h
where we have applied a convexity inequality: Va,b > 0, a3/*p1/* < 3a. 4 b
To sum up, we showed that G5 N Hy implies %(N,N); 24 If fo Lig,nm,ds > , we
get

23¢

T d T d 4 T
<N N> ]l{G NH, }dS /0 ]l{GsﬂHs}ds 2 T

(N, N)yds >

N, N)p=
<’>T0d o ds

Hence, since N is a continuous square integrable (F; ’6)t€[O,T]—martingale, there exists a
standard (F;°)seo,r)-Brownian motion § such that we have the relation N; = g(u)—g(u—
h) — B((N, N);). Since N remains positive on [0,7] by Lemma 1.16 (because g(u — h) <
g(u)), we deduce that supp vy, 8 < g(u) — g(u — h). Therefore,

] :
P| [ Uaomyds > o| <P | sup 6 g(w) — glu—h)
0 s 2 [0, 23t]

23 ~
=P |\ 7 sup 5 < glw) — glu— 1)
VDo

where B is a rescaled Brownian motion and C does not depend on u, h, o, € and t.

e Second step: Study of G4 N HE
Under this event, we have M, . (u, s) < 2% and N, < U—;r” In particular, by the assumption

n < g, we have N,<o— 1. We claim that the following inequality holds true:

2mee(u,u —k, s) . 1
(e +moe(u,8))(e+mpe(u—k,s)) My (u, 8)3/* My o (u — k, s)1/4

(L.16)
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To prove it, it is sufficient to imitate the proof of the case Ns < o —n of the previous step.
We should notice that we did not use the hypothesis Ny > Z£ in that case.

Using inequality (I.16) as in the first step, we show that < (N Ny %. Therefore,
Uo L, ch}ds %} [ > %} There exists a (]—"t )te[O’T]—Brownian motion
f such that Ny = g(u)—g(u—Fk)—p3 ((N N)). Finally, we obtain the existence of a constant

Cs independent of u, h, k, o, € and t such that:

T t -
P [/0 Lig,nmtyds > 21 <P [ sup B < g(u) — g(u — k‘)]
[

0,27]
< O [o(u) — gfu— k)2
< Gy lo(u) — glu— W)+ (117)

Putting together inequality (I.12) and inequalities (I.15) and (I.17), we conclude the proof
of inequality (I.11). Thus inequality (I.10) is proved for every h such that u—h € A. Let h > 0
be such that u — h € (0,1). Let hy € (2, h) be such that u — by € A.

T
]P) /0 j”‘{‘Z\4U,z~:(’UI,S)<fyhl}dS 2 t

T
v [/0 ]I{Mo,s(u,s)<"/7h}d8 >t

< Clolu) — glu—m)y

< Clolu) — glu— )/~

Up to replacing v by 3, inequality (I.10) follows for every h > 0 such that u — h € (0,1). O

Remark 1.23. Similarly, there exist C' > 0 and v € (0, 1) such that for each o,e > 0, t € (0,7]
and for every u € A and every h > 0 satisfying u + h € (0, 1),

h

T
P [/0 ]l{Ma,E(u,s)<'yh}dS >t| <C [g(u + h) - g(u)] Z

Thanks to Lemma [.22 and to the above remark, we obtain the following result, which has
to be compared with Proposition 4.3 in [Konl7a]:

Lemma 1.24. Let g € L,(0,1). For all 3 € (0,3 — %), there is a constant C' > 0 depending only

on 3 and ||g||z, such that for all o,e >0 and 0 < s <t < T, we have the following inequality:

[// B ——dudr
Maur

Remark 1.25. Observe that by the assumption p > 2, made at the beginning of Section 1.4, there
exists some 3 > 1 such that (I.18) holds.

< CVt—s. (I.18)
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Proof. By Fubini-Tonelli Theorem, we have:

[// dudr ] / {/ /+Oo () >I}dxdr} du
2P(t —s) + //2 E [/ ]l{MU’E(%Tle/g}dr} dzdu

t
<PVTVE= s+ / / [/ ]l{Mm(uy,,,KW_l/g}dr] v Pdzdu.

Furthermore, we compute:

t t—s t
E { / ]l{Mg,s(u,r)ml/ﬁ}dT‘} = /0 P [ / Leay e (ury<ya1oydr > 0‘} da

t—s T
S /0 P l/o ]l{Ma,s(U,T)<'yw—1/ﬁ}dr > Oé] da.

Using Lemma 1.22, we obtain a constant C; independent of o and e such that for all z > 2°:

1 t 1 pt—s 18 x—1/8
/é E {/8 ]].{Ma’s(u,,’,.)<,yxl/5}d7{| du < /§ Cq g(u) —g(u—= )} - ——dadu

Jia(g(w) — g(u — z7V/8))du
- 21/ 0F) Vi=s.

Moreover, we have for each z > 28, using Holder’s inequality:

[ (ot = gtu =) du= [ (1300 = s s vy @) o)t

<204

0
< llgllz, (2271/8) 5. (L.19)
Therefore,

+2 gz, V=5
J, S Bttt awau < s 7000 S

2698 2B 1B

< GsllgllL, vV —s,

where Cs and C3 are independent of o, £, and ¢t. The last inequality holds because % (% — 1%) >

We conclude the proof of the lemma by using a similar argument for u belonging to [0,
and using g(u 4+ z~'/#) — g(u) instead of g(u) — g(u — z~1/#).

P

Ows =

Corollary 1.26. There is a constant C such that for every t € [0,T] and for every o,e > 0,
1
E [/ ygs(u,t)du} < C.
O 9y
Proof. We have:

B[ [ 40 s [ owran] B[ [ et t) - gl

Since g belongs to L2(0, 1), the first term of the right hand side is bounded. Furthermore, by
Corollary 1.18 and Fubini-Tonelli Theorem:

E [/Ol(ya,s(u,t) — g(u))2du} = /OlE [(Yoe(Uy )y Yo e (1, +))e]du = /OlE [/Ot Mds] du
< CVA,
by Lemma 1.24. O

1/2 1/2
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1.4.3 Proof of Proposition 1.20
We will now use Lemma 1.24 and its Corollary 1.26 to prove Proposition 1.20. We start by (K1):

Proposition 1.27. Let g € £g+ [0,1] and § be positive. Then there exists M > 0 such that for
allo >0 ande>0,P [fol Y. (u, ')Hg[oﬂdu > M] < 0.

Proof. Using again Fubini-Tonelli Theorem,

1 1
E [/ sup |y075(u,t)|2du] = / E lsup ]yg,g(u,t)|2] du.
0 t<T 0 T

i<

i<

Moreover, for almost every u € [0,1], yoc(u,-) is a (ff’s)te[OvT]—martingale. Hence by Doob’s
inequality, there is a constant C] independent of u, ¢ and € such that:

E [sup (o t>|2] < O1E lyoc(w,T) ]
t<T

Therefore, by Corollary 1.26,

1 1
E l | suplymetut)Pdu) < 1 [ E[lyocu. 7)1 du < G (1.20)
0 0

t<T

where C5 is independent of o and €. We conclude by Markov’s inequality: there is a constant
C > 0 such that for all o, > 0,

! 2 E [fol SUP;< 1 |Yo,e (U, t)lzdu}
g Uo 1yore (us o, rydu > M} s M <

=

For M large enough, that last quantity is smaller than 6. O
Then, we show criterion (K2):

Proposition 1.28. Let g € Ly[0,1] and § > 0. Then for all k > 1, there exists n > 0 such that
for every o, > 0,

1 1 0
P / sup |yo,a(uvt2) - ya,a(%h)\du P E < ok
0 [ta—ta]<m 2
Proof. By Markov’s inequality, it is sufficient to prove that:
1
lim sup E / SUP  |Yoe (U, t2) — Yoe(u, t1)|du| = 0. (I.21)
n—0% 6>0,e>0 0 |ta—t1|<n

Fix § >0 and 8 € (1,3 — %) For every u € (0,1), define

K1 () = E [lgo. (4, )llepor]
T
Ks(u) :=E [/0 Mds] .

Since Yo is uniformly bounded for ¢ > 0 and € > 0 in Ly([0, 1],C[0,T]) (see inequality (I1.20))
and by Lemma 1.24, [ K;(u)du and [ Ko(u)du are uniformly bounded for o > 0 and ¢ > 0.
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Therefore, there exists C' > 0 such that fol 1x, (wyzcydu < 6 and fol Ly uy=cydu < 0. We
define:

Ky :={ue(0,1): Ki(u)
Ky :={ue(0,1): Ko(u)

}7
}-

The collection (Yo.c (U, ))5>0,650,uc KinK, 1S tight in C[0, T']. We use Aldous’ tightness criterion
to prove this claim (see [Bil99, Theorem 16.10]). We prove the following two statements:

C
C

NN

- limg—e0 SUPs>0,6>0,uc K1NK2 P [Hya,a(ua ')HC[O,T] = a} =0.

- for all @« > 0 and r > 0, there is 79 such that for all n € (0,79), for all ¢ > 0,
e > 0and u € Ky N Ky, if 7 is a stopping time for y,.(u,-) such that 7 < T, then

P[[Yoe(w, 7 +1) = yoe(u, 7)| Z 7] < .
By Markov’s inequality, for all @ > 0, 0 > 0, & > 0 and u € K1 N Ko,

Kl(u)<€
a a’

1
P [llgee(w, e > a] < ZE [lyoe(u, epr) =
whence we obtain the first statement. Moreover, for all v € K1 N Ko, by Holder’s inequality,

1 q_
< Ko(u)?Pn

E[|yg7g(u,7+n) Yoe(u, T)] [/ Mﬁus —ds

whence we obtain the second statement.

By Aldous’ tightness criterion, there exists a compact L of the set D[0, T'] of cadlag functions
on [0, 7] such that for all 0 >0, ¢ >0 and v € K1 N K2, P[y,-(u,-) € L] > 1 — 6. Since C[0,T]
is closed in D[0,T] with respect to Skorohod’s topology, and y,.(u,-) € C[0,T] almost surely,
we may suppose that L is a compact set of C[0,T].

Back to (I.21), we have:

1 1
E [/ sup |y076(u7t2) - ya,e(uatl)‘du] = / E [ sup |ya,s(uat2) - ya,e(uatl)‘] du
0 |ta—t1|<n 0 [ta—t1]|<n

—/ [ {u€EK1NK2 Yo (u, ) EL}C " Sltll‘) Yore(u, t2) — ya,a(uytlﬂl du
2l (L.22)

+/ lﬂ{ueKlﬂKg,ya,E(u,-)eL} sup |ya,e(U,t2)ya,5(U,t1)|l du.
[ta—t1|<n

The first term on the right hand side of (1.22) is bounded by:

1 12 / 1 1/2
</0 E []l{U€K1OK2,ya,a(u,')€L}c} du) (/0 E [ sup |y0',8(u7t2) - yU,a(u7t1)|2] du) :

|t2—t1‘<77

We have:

1
/0 E |: {UEKlﬂK%yUE(u, )EL}C / ]}-{HGKlﬂKz}P [yO'E( ) ¢ L] du

+ /0 Lk, (wyzcpdu + /0 Lk, (wy=cydu
< 36.
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Moreover,

1
/OE[ SUp Yoo (U, t2) — Yoo (u, t1)| du < 4M,

[ta—t1]<n

4/ lsup Yoe (u t)|2

where M is a constant independent of o > 0 and € > 0 by inequality (I.20).

It remains to handle the second term on the right hand side of (I.22). Since L is a compact
set of C[0, 77, there exists 17 > 0 such that for every f € L, ws(n) 1= supj,_y<, [f(t) — f(s)] < 4.
Therefore, there exists n > 0 such that:

du < 6.

1
/Eﬁmmmwﬂmd}wpmwwm—%wmm
0 [ta—t1]<n

Back to equality (I.22), we have proved that there is 7 > 0 such that for every ¢ > 0 and ¢ > 0:

1
E l/ SUp Yoo (U, t2) — Yoo (u, t1)|du| <+ V126M.
0 [ta—t1|<n
This proves convergence (1.21) and thus completes the proof of the proposition. O

Then, to obtain criterion (K3), we state the following Proposition:

Proposition 1.29. Let g € E;L[O, 1] and § > 0. Then for all k > 1, there is hy > 0 such that
for all o,e > 0,

1—hy ) 1
g /0 1t (1 4 Py ) = W (s ) lepo e >

If fol_h’“ 1Yo (u+ i, ) — Yoo (u, ~)||%[0 rdu < 1, we deduce by monotonicity of u — Y. (u, t)
for every ¢ € [0, T] that for every h € (0, hy),

1—-h
A 1ore () = Yo () |30,y

1—hy 1-hg
< / [Yoe(u+h,) = Yoelu, ')H%[O,T]du + / Yo, (u+ g, +) — Yoe(w + Iy, — b, ')H%[O,T]du
0 1—2hj+h

1—hk 9 2
<2 [ el + he,) = e, ) e < 5

Therefore, the latter proposition implies the following corollary, which is equivalent to crite-
rion (K3):

Corollary 1.30. Let g € [,;r [0,1] and § > 0. Then for all k > 1, there is hy, > 0 such that for
all o, > 0,

2

1-h )
themepL o (w+ b ) = e (1,310 gy < 5

21—27.

k

Proof (Proposition 1.29). Let h € (0,1). By Corollary 1.17, for almost every u € (0,1 — h),
Nut = Yoe(u+h,t) —yoc(u,t) is a martingale. By Fubini-Tonelli Theorem and Doob’s inequal-
ity, we have:

1-h 9 1-h
H/ wmmqu/ E [N, |2
0 0

Let us split E {NiT} in two terms E {NZ,T]I{NM,T@}} +E [NQ T]l{Nu,T>1}:|'

u,

<C / " du. (1.23)
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Study of fl "E [Nu 1N, T<1}} du. Let u € (0,1 — h) be such that N, . is a martingale. By

Lemma 1.16, if g(u+h)—g(u) = 0, then N, 7 = 0 almost surely, thus E [NiTllNu’T@} =0.
From now on, we suppose that g(u+h) — g(u) > 0. N, is a square integrable continuous
martingale, starting from g(u+h)—g(u) > 0 and positive by Lemma 1.16. Therefore, there
exists a standard Brownian motion 3, such that Ny = Ny o+ Bu({(Ny,., Ny,.)t). Recall
that N, o = g(u+ h) — g(u) is a deterministic quantity. If N, o > 1, then the inequality

E |:N’3,T]1{Nu,T<1}:| < Ny 0 is obvious. Otherwise, we have

E|[NZrlx,  <1p] = /[)+OOIP> N2 Ly, ety = A dA < /011@ (N2> ]

1
Nio+ / , P [Nu,T > )\1/2] dX. (1.24)
Nu,O

Let us estimate P [NV, 7 > | for a real number x > N, 9. We define the following stopping

times:
T_Nuo inf{t > 0: Nyo+ Bu(t) <0}
Th—Nyo o= inf{t = 0: Nyo + Bu(t) 2 £}
Ti=inf{t >0: Ny >k} AT

On the first hand, we know that almost surely, for all ¢ € [0,T], Ny > 0, hence 7_n, , >
(Ny,., Ny.)7. On the other hand, if N, 7 > k, Ny - is equal to & by continuity of NV, .,
hence (Ny.,Ny.)r = Th—Nyo- 1t follows from both inequalities that 7, n,, < 7-n,,

Therefore,
Nu,O
P[Nur > 8 S P[ren,y < 7-n,) = =22, (1.25)

by a usual martingale equality. Using inequality (1.24) and N, ¢ < 1, we obtain:

,0
E[NuT]I{NuTq} u0+/ Af‘/zdx NZo+ 2Ny < 3Nyy.

Therefore, we have: folthE {NQ T]l{Nu,T@}] du <3 folfh Nyodu.

u,

Study of fol_hIE [N2T]I{N T>1}] du. Recall that g belongs to L,(0,1) for some p > 2. Fix

u

el s— 5) We compute:

/l_hE (N2 Jd
0 uw,TL{N, r>1}| AU

1- h
2/ NuT_Nu 021N, 1) du+2/ N olw, T>1}] du

1-h 5/ r-h 1-3 1—h
<2 /0 E [(Nur = Nug)?| du | P[Nur > 1du) 42 /0 N2 odu.

Furthermore, we have P [N, 7 > 1] < Nyo: that inequality is obvious if N,9 > 1 and
otherwise, it is a consequence of inequality (1.25).

Then, we are willing to give an upper bound for E [(NU’T — Nmo)m] Using Burkholder-
Davis-Gundy inequality, there is Cg such that E {(NU,T — Nu,D)Qﬂ} < CBE [(N%., Nu>':ﬂ
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We compute the quadratic variation of the martingale Ny ¢ = yoc(u + h, t) — Yo (u,t):

E [(Nu,, Nu )| = El

/T ( 1 N 1
0 \Mye(u,s)  Myc(u+h,s)

B 2Mmg e (u, u + h, s) )ds
(e + mge(u,s))(e + mge(u+ h,s))

]
1/2

By Cauchy-Schwarz inequality mg«(u, u+h,s) < m},/f (u, s)mo's (u+h,s), we deduce that
the sum of the three terms in the integral is non-negative and thus that it is bounded by

Mf,,gl(u,s) + M(,,E(}H‘h:s)’ whence we obtain:
B
ds

T ds T ds
< Csr (E VO Z\Jf(us)] *EVO Mf(u+hs)D

By Lemma 1.24, we deduce that fol_hE [(Nu,., Nu>gﬂ} du is bounded, because 8 < 3 —
Therefore, we can conclude that there is a constant Cr g such that:

1
M, e (u, s) + My e(u+h,s)

E [(N.,, Ny )7 < TP7'E [/T
0

1
>

1-h 1-h 1-1/8 1=h
/ E [NgT]l{N T>1}} du < 2Cr Nu,o du +2 Ny du.
0 s u, ’ 0 ’ 0 '

Conclusion: Putting together the studies of both cases, we have proved that there is a positive
constant C' satisfying, for all o, ¢ and h € (0, 1):

1-h 1-h 1-h 1-1/p 1-h
/ E|[Nlz|du<C [ Nypdu+C ( Nuo du) +C | N2ydu.  (126)
0 0 0 0

Recall that there is p > 2 such that g € L,(0,1). As for inequality (1.19), we get:

1-h
Nu,O du = /
0 0

Furthermore, define a := 2=2 € (0,1). We have

1-h L1
(g9(u+h) —g(u))du < |lgl|L, (2h)" 7.

bS]

1-h 1-h
NEodu= [ (gluth) = g(u))" (g(u+ k) = g(w)* “du

<<Akﬂmu+m—yw»m0 (AkWMu+m—gw»i&m>

< (llgllz, 2n)' %) (Cpllgllz,) '™

0
11—«

because %:—g = p. Therefore

-h 1-h ) - p=2
NZgdu= [ (glun+h) = glu))*du < G}~ glle, "5 (127)

It follows from (I.26) that there is Cz such that for each o,e > 0,

1=h 2 p—1 =l p—2
LB el + 1 T) = (. D] du < Cillgls, (5 + 1500 405
0
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for every 8 < % — %, i.e. such that 0 < 1 — % < %. Thus, there is ¢ > 0 depending on p (e.g.

q= % by choosing 1 — % = 2(@%32)) and a constant C' such that for each o,¢ > 0,
1—h )
/0 E (e (u+ b, T) = e (u, T))*| du < Cllg]| 1, b (1.28)

Therefore, by (1.23) and Markov’s inequality, there is C' such that for each o, > 0,

1

1-h
P L/O Hya,a(u + h, ) - yU,S(uﬂ )H(%[O,T}du Z E < kCHgHLphq?

whence it is sufficient to choose hy, so that kC||g| 1, h} < %. O

I.4.4 Convergence when ¢ — 0

Fix ¢ € Q4. By Prokhorov’s Theorem, it follows from Corollary 1.21 that the collection of
laws of the sequence (ys.)ecq, is relatively compact in P(L2([0,1],C[0,77)). In particular,
up to extracting a subsequence, we may suppose that (y,c)ccq, converges in distribution in
L»([0,1],C[0,T7]) to a limit, denoted by y,.

For every t € [0,7T], let us denote by e;(f) := f(-,t) the continuous evaluation function:
L»([0,1],C[0,T]) — L2[0,1]. We define Y, (t) := e:(ys) = yo(-,t). Under the same model as
Proposition 1.8, we obtain:

Proposition 1.31. Fiz 0 € Q4. Suppose that g € £g+[0, 1. (Yo(t))ieo,) s a Lg[O,l}—valued
process such that:

(B1) Y5(0) = g;

B2) (Y,(t))icior s a square integrable continuous Ll 0, 1]-valued martingale relatively to the
€[0,7] 2
filtration (F7 )iejo,r), where FY = o(Y5(s),s < t);

(B3) for every h,k € Lo[0,1],

!/
Mo (U, ¥, 5) dudu’ds,

(0 Wi oK = [ [ [ bk

(u, s)mqy(u', s)

where my(u,u’, s) = fol Vo (Yo (U, 8) — Yo (v, 8)) o (Yo (U, 8) — Yo (v, $))dv and
o (1,5 = J2 @2 (oot 5) — 30 (0, ).

Proof. Fix t € [0,T]. We want to prove that Y, (¢) belongs to Lg[O, 1]. For each € € Q4, Y, (%)
belongs with probability 1 to the set K :=

1 futr 1 v+
{fELg(O,l):Vu,u’,Vr,r’,ifO<u<u+r<u'<u'+r'<1,then fg—,/ f}
T Ju ™ Juw

which is closed in L(0,1). Recall that the sequence (yoc)-cq, converges in distribution to y, in
Ly([0,1],C[0,T]). Therefore, (Y5..(t))ecq, converges in distribution to Y, (¢) in Ly[0,1]. Because
K is closed, the limit Y, (¢) also belongs to K with probability 1.

Therefore, almost surely, for every ¢t € [0,7] N Q, Y,(t) € K. Let w € ', where ' is
such that P[Q] = 1 and for every w € (| fol Supy<r |Yo (v, 8)|?(w)dv < 400 and for every
t € [0,7T)1NQ, Yo(t)(w) € K. Let t € [0,T] and (t,) be a sequence in [0,7] N Q tending
to t. For every n € IN and each u,v/,7,7" such that 0 < v < u+r < v < v +71" <1,
LTy (v, t) (w)dv < %f;ﬁuﬂ/ Yo (v, tn)(w)dv. Since y,(w) belongs to Ls([0,1],C[0,T]), and

1 rutr

since [y (v,tn)2(w)dv < [y supser Yo (v, )2 (w)dv < 400, L Yo (v, ) (w)dv tends to

’orJu



64 CHAPTER I. CONSTRUCTION OF A WASSERSTEIN DIFFUSION

LUy, (v, t)(w)dv (and the same is true for u’ and r'). Thus almost surely Y, (¢) belongs to K
for every ¢ € [0,T]. It remains to prove that it implies that Y, (¢) belongs to L1[0,1].

Let f € K. Define, for each u € (0,1), f(u) := liminf,_o+ %féwh)/\l f(v)dv. First, re-

u+h

mark that f is non-decreasing. Then, since h + 3 f is non-increasing, we have f(u) =

limy,_,q+ + 7 f (uth)Al f(v)dv. Choose a sequence (u,) \, u. By monotonicity, f(u) < f(un)

Fix 6 > 0. There exists h > 0 such that u + h < 1 and |[f(u) — 3 $+hf\ < 6. Since
f € Lo, there exists N such that for all n > |hf“"+h - %f5+hf| < 4. Therefore,

Flun) < . ;Z”Lh f < f(u)+26 for all n > N. Thus f(un) — f(u). In addition, f has left limits
because of its monotonicity. Hence f is a cadlag function.

Furthermore, f = f almost everywhere. Indeed, for every 6 > 0, there exists F' € C[0, 1]
such that [[f — F|1,(0,1) < 0. Define F(u) = limy,_,o+ + 5 f (wtMAL B(y)dv. By continuity of F,
F(u) = F(u) for every u € (0,1). Thus we have:

1 . 1
[ 15 = Fldu < [ 1) - Flda+ / Flw) = P
(u+h) /\1
<o+ ; hg%l+ﬁ/ — F(v)|dvdu
5—|—hm1nf/ |f(v v)|dv <

where we used Fatou’s Lemma to obtain the last line. Thus fol |f(u) — f(u)|du = 0, whence
f = f almost everywhere. Thus f belongs to Lg[O, 1: Y, is a Lg[O, 1]-valued process.

Property (B1). (Y;.(0))-cq, converges in law to Y,(0) in L2[0,1]. Therefore, Y;(0) = g.

Property (B2). By inequality (1.20), E [HY,

We deduce that for every t € [0,T], E {||Yg(t)||%2([o’l])} < +o00, thus the process Y, is square
integrable.

Furthermore, Y, is a continuous L}[0, 1]-valued process. Indeed, for each sequence (t,)n>0
converging to a time ¢, [|Yo(t,) — Yo ()||7, = fol (Yo (u, tn) — Yo (u,t))?du 2.0 by dominated

([071},C[0,T])} is bounded uniformly in € € Q.

convergence Theorem, since for almost every u € (0,1), y,(u,-) is continuous at time ¢, and
(Yo (U, tn) — Yo (u, t))?* < 4sup,<r |yo(u, t)|* which is almost surely integrable.
Moreover, we know from property (A2) that for each h € L2(0,1),each I > 1,0 < 51 < s2 <
. < 51 < s <t and each bounded and continuous function f; : (L2(0,1))! — R:

1
E [/ h(w) (Yoe (U, t) = Yoo (u, 8))du fi(Yoe(-551)s-- s Yoe(-s51))| = 0. (1.29)
0

Since ’fol h(u)b(u,t)d ’ 1Rl L, (fo supo, 7] |0(u, )|2du) 2 for every b € Ly([0,1],C[0,T]), the
function ¢ : b € Lo([0,1],C[0,T]) — fo h(u)(b(u,t) — b(u,s))du fi(b(-,s1),...,b(-,s;)) is contin-

uous. Furthermore, we prove that (¢(yo,c))ccq, is bounded in Ly:
1
E [o(0r)?] < IAIRIMIEE | [ (el t) = et 5) P
< ClAIIRIL,,

where C' is independent of € by Corollary 1.26. We deduce that (¢(ys.))ceq, is uniformly
integrable. By continuity of ¢ and since (yoc)-cq, converges in law to y, in Lo([0,1],C[0,T7),
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we get: E[@(Yoe)] = E[p(ys)]. Since by equality (1.29), E[¢(ysc)] = 0 for each € € Q4, we

have:

E [/1 h(w)(yo(u, t) — yo(u, s))dufi(Yso(s1), ..., Yo(s1))| = 0. (1.30)
0

Therefore, Y (-) is a square integrable continuous (F{);c(o,r)-martingale.

Property (B3). We know, by property (A3), that for every I > 1, for every 0 < s1 < s2 <
. < 5 < s < t, for every bounded and continuous f; : (L2(0,1))! — R and for every h and k
in Ls(0,1):

B[ [ hk ) (o6 ~ g0 el 1) = g0
— Wore (1, 8) — () (e (0 5) — gkt (Voo (51),. .Yo,5<sl>>}

_ L N[t Mee(u, v, ) drdudu’
_E[/O/O h(U)k?(U)/S (e—l—mms(u,r))(s—I—mg,g(u/,r))fl(YU’s(Sl)’""YU’E(Sl))]' (1.31)

First, we want to obtain the convergence of the left hand side of (I1.31). We proceed in the
same way as for the proof of equality (I.30); to get a uniform integrability property, we have
now to prove the existence of 5 > 1 such that

sup E l(/ h(w)(Yo,e(u,t) du/ k() (yoe(u',t) — g( /))du/>6] (1.32)

c€Q+

is finite. Therefore, it is sufficient to prove the existence of 8 > 1 such that

sp & [( [ ) ot ) ~ gl 26]

is finite for every h € L]0, 1]. By Cauchy-Schwarz inequality,

E [(/01 h(u) (Yo (u,t) — g(u))du)w E Hh\lif (/Ol(ya,e(u,t) _ g(u))szY]

IS [ octwt) ~gt)Pan] . (53

We deduce by Burkholder-Davis-Gundy inequality and Fubini’s Theorem that there are some
constants independent of & such that

1

B[ [ oetw.0) ~ 90)¥u] < O ['B [t 0ot )] v

1 rt 1
< CRE // —5——drdu/|.
0J0 Mpye(u,r)

By Lemma 1.24, there exists 5 > 1 such that E { fo Ja W) drdu} is bounded uniformly for

( r)
e € Q4. Thus (1.32) is finite. It is also finite if we replace t by s.

To obtain the convergence of the right hand side of (1.31), we start by using Skorohod’s

representation Theorem!: there exists a sequence (Uo,e)ecq, defined on a common probability

1L5([0,1],C[0,T]) is a Polish space. Its separability can be proved using the separability of C([0,1] x [0,7T7])
and the density of C([0,1] x [0,T7]) in L2(]0, 1],C[0,T7).
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space (Q,P) that converges to g, in Lo([0,1],C[0,T]) almost surely, where J,. (resp. ) has
same distribution as y, . (resp. y,). We denote by m, . (resp. m,) the mass associated to Jy e
(resp. Ys)- R R

Furthermore, on the probability space (€2 x [0,1],P® Leb [ 1)), Ur,c converges in probability
in the space C[0,T] to J,. Indeed, for every ¢ > 0, we have:

P Leb |o{(w, u) : [[(Joc = Fo) (@, ) lcio.zy > 6}
= & [Leb{u : || (e — o) (@ w)lcoz) > 3)]

SB[ [ 1o~ B e )it

We know that, for every fixed § > 0, 1 A 55 fol | (Yo.e — Uor)(w, U)Hc{o,:qdu converges to 0 almost
surely, and it is bounded by 1, so we deduce that the latter term tends to 0. We deduce from the
convergence in probability that there exists a subsequence (ey,)n, £, — 0, such that for almost
every (w,u) € 2 % [0,1], | (e, — ) (@, 0)lleory — 0.

We want to prove that,

trt N Mee, (u,u',r) drdudu’ ~ .
E [/0 / h(u)k(u )/8 ( = — fl(Yo—76n(81)7 .. 7Y0’€"(Sl))l

En + Mg En (u T))(‘ETL + Mg En (u/’ ’I”))

= [// h(w)k(u) /mamguu r)/ drdudu’fl(f/g(sl),...,170(5;))}. (1.34)

(u, )My (u',r)

On the one hand, almost surely and for almost every u € (0,1), e, (u,-) = Uy (u,-) in C[0,T].
Then for almost every u,u’ € (0,1),

1
Mo e, (u, u/’ r) = / (Po(ﬂo,sn (u,7) — Yoen (v, T))SOO'(?/JU,ETL (u/, ) — Yoen (v,r))dv

= Mo (u,u’,7), (1.35)
En + P, (U, 7) = en + / % [ (07) = Gy (0,7))dv — g, 7). (1.36)
0 n—oo

Therefore, in order to obtain (I1.34), it remains to justify that there exists § > 1 such that:

Ll t Mo e, (W, u', 1) ?
supE // h(u)k(u’)/ — b —drdudu/’
neN 0Jo s (En+ Mo e, (u,7))(en + Mo, (W,1))

is finite. By Cauchy-Schwarz inequality, Mg, (u,u’,7) < mg/gn (u, r)m}y/gn (u/,r), so that it is

sufficient to prove that there is 5 > 1 such that

([ w0 o)
U m — — raudu
0J0 s ;éi(u,r)M;,g(u’,r)

is finite, and thus that sup,,cy E [fo N Mﬁi()
o,en \(UST

as in the proof of (1.33). By Lemma 1.24, this statement holds. We conclude that we have the
following equality:

B[ [ hka) (o, 0) — o) o', 1) — 9(a0)
- (yg(u, 5) - g(u))(yo(ula 8) - g(u,))]dUdulfl(Ya(Sl)v cee aYU(Sl))]

supE
neN

drdu] is finite, using Cauchy-Schwarz inequality

_IE[// h(u)k(u') /mgm”uu 1)) deUdu/fl(Yo'(Sl)u-..,Yo'(sl)):|’ (1.37)

(u, 7)mg(u',r)
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whence we obtain property (B3), since [y [i h(u)k(u') 3 %drdudu’ is (F{)iefo,r)-
measurable.
Property (B3) implies the following Corollary:

Corollary 1.32. Let 1 be a non-negative and bounded map: [0,1] — R. Then for every l €
N\{0}, 0 < s1 < s2 < ... < 5 < s < t and for every bounded and continuous function
fi: L2[0,1)" — R, we have:

] [ vt ((wot) ~ 907~ ot9) 90 - [ Ear) aw
fl(Ya(sl),...,YU(sl))} 0.

Proof. Let us introduce the following notations. First z(u,-) := y,(u,-) — g(u) and second
F, = fi(Yy(s1),...,Y5(s;)). Let us consider an orthonormal basis (e;);>1 in the Hilbert space
La(3(x)dx). We denote by [-,-]r,(y) the scalar product of Lo (v (x)dx): [h, k], = fol hkiy. By

Parseval’s formula, we have:

E [/01 () (2, )2 — 2(u, s)z)duFl] — B | S0t el — [0 5), el B

i>1
—g;E[ 0, ei)i, = (2 5), et)),) Fi
E [/01/01 ei(u)h(u)e;( / manlejrunz, Z) rS drdudu’Fl} ,

by applying equality (1.37) with h = k = e;. By definition of m,(u,u’,r), we have:

E [/01 Y(u)(z(u, 1) = 2(u, s)Q)duFl] =E // ; [% Yols7) = y)g(v T)),ei] i;:l(zc)irFl
_E / / / 2 (U 3; o(v, T))w(u)dudvdrFl]
—E /0/ Wdrw(u)duﬂ] ,
since my(u,r) = fol 02 (yo (u, ) — yo (v,7))dv. O

We deduce the following estimation, by analogy with Lemma 1.24:

Lemma 1.33. For all 8 € (0,% — %), there is a constant C > 0 such that for all o > 0 and
0<s<t<T, we have the following inequality:

t rl 1
E // Bidudr
sJ0 mg(u,r)

Proof. We use again the sequence (¥, )nen Obtained by Skorohod’s representation Theorem,
as in the proof of convergence (I1.34). Therefore, by Fatou’s Lemma,
t rl 1
E // ﬂidudr < liminf E // =5 dudr < CVt—s,
5J0 fho(u,r) n—eo Maen

where C' is obtained thanks to Lemma 1.24. O

< CVt—s.

By Burkholder-Davis-Gundy inequality, we obtain immediately the following Corollary:

1
Corollary 1.34. For each 8 € (0,3 — %), sup supE / (Yo (u, t) — g(u))%du] < 4o00.
0

ceQ4 t<T
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I.4.5 Convergence when o — 0

Recall that by Corollary 1.21 and Prokhorov’s Theorem, the collection of laws of the sequence
(Yo,e)o,ccq, is relatively compact in P(L2([0,1],C[0,T7])). By construction, the collection of laws
of the sequence (y,)seq, inherits the same property.

Thus, up to extracting a subsequence, we may suppose that (y,)scq, converges in distribu-
tion to a limit, denoted by y, in La([0, 1],C[0,T]). As before, we define Y (¢) := y(-,t). We state
the first part of Theorem 1.4 in the following Proposition:

Proposition 1.35. Suppose that g € cL[o, 1. (Y(t))iep) s a LI[0,1]-valued process such
that:

(C1) Y(0) = g;

(C2) (Y(t))ieco,1) is a square integrable continuous L0, 1]-valued (Ft)tefo,r)-martingale, where
Fi=0(Y(s),s <t).

Proof. We refer to the proof of Proposition 1.31. O

Remark 1.36. It should be noticed at this point that a new difficulty arises when we want to
obtain a property analogous to (B3). Indeed, whereas it was straightforward to prove (I1.35)
and (1.36), the convergence of the mass my,(u,t) = fol 02 (Yo (u,t) — yo(v,t))dv to m(u,t) =
fol Ly (u,t)=y(v,t)3dv is not obvious, due to the singularity of the indicator function. It will be the
main goal of the next section to prove this convergence.

In Section 1.5, we will study the martingale properties of the limit process Y and compute
its quadratic variation (property (C5) of Theorem 1.4). To obtain this, we will first prove that
for every positive t, Y (t) is a step function (see property (C3)). It implies that y has a version
in D((0,1),C[0,T]) (see property (C4)) by an argument given in ([Konl7a, Proposition 2.3]).

I.5 Properties of the limit process Y

The aim of this section is to complete the proof of Theorem I1.4. Properties (C3) and (C4) will
be proved in Paragraph 1.5.1 and property (C5) will be proved in two steps in Paragraph 1.5.2
and Paragraph 1.5.3.

I.5.1 Coalescence properties and step functions

In this paragraph, we will prove the following Proposition:
Proposition 1.37. Almost surely, for every t > 0, Y (t) is a step function.

Recall that Y (0) = g is not necessarily a step function, since g can be chosen arbitrarily in
Eg +[0,1]. If we denote for each ¢ € [0,7] by u; the measure associated to the quantile function
Y (t), that is y; = Leb|jo )0 Y (t) ™!, Proposition 1.37 means that for every positive time t, j; is a
finite weighted sum of Dirac measures. We begin by the following lemma. Recall the definition
of the mass: m(u,t) = fol Ly ut)=y(v,0)ydv-

Lemma 1.38. There exists a probability space (Q,Iﬁ’) on which the sequence (¥, )ocq, converges
almost surely to y in La([0,1],C[0,T]) and where, for each o € Q+, Yo (resp. y) has same law
as Yo (resp. y). Furthermore, there is a subsequence (oy)n, 0n — 0, such that for almost every
(w,u) € @ x (0,1) and for every time t € [0,T],

lim sup my,, (u,t) < m(u,t).
n—oo
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Proof. Recall that (y,)seq, converges in distribution in Lo([0,1],C[0,T]) to y. By Skorohod’s
representation Theorem, we deduce that there exists a sequence (Js),cq, and a random vari-
able § defined on a common probability space ((NZ, ]?’) such that for every o € Q4+, the laws of g,
and y, are the same, the laws of 77 and y are also equal and the sequence (¥,)scq, converges
almost surely to y in Lo([0, 1],C[0, T7).

For every € > 0, we get by Markov’s inequality:

P ® Leb{(w,u) : [|(§o — §)(w, )l > €} = E [Leb{u : [|(§s — §) (@, w)llepory > €}

[m/ 1o — ) (w u)HC[OTdu}. (1.38)

Since (¥s)ocq, converges almost surely to y in La([0,1],C[0,T7), the right hand side tends
to 0. Therefore, (Js)scq, converges in probability to y in C[0,7] on the probability space
(Q x [0,1],P ® Leb). Thus there exists a subsequence (0y,), tending to 0 along which 7y,
converges on an almost sure event of € x [0,1] to 7 in C[0,T]. Therefore, there is ', P[Q] = 1,
such that for every w € €, there exists a Borel set A = A(w) in [0, 1], Leb(A) = 1, such that
for all u € A, [|Uo, (u,) —y(u, -)|lcjo,r) tends to zero. Remark that the extraction (0,), does not
depend on w. From now on, we forget the tildes and the extraction in our notation.

Let w € Q. Fix u € A(w) and ¢ € [0,7]. We set v € A such that y(v,t) # y( ,t). Then
there exist o9 > 0 and 6 > 0 such that for all ¢ € (0,00) N Q4, |yo(v,t) — yo(u,t)| > 6. For
all 0 < min(oy,d), we have |y,(v,t) — y,(u,t)| > o and thus ¢, (ys(v,t) — ys(u,t)) = 0. Hence,
limy—0 (1 — 92 (yo (v, ) — yo(u,t))) = 1. Thus we have shown that for all v € A,

Lywnzy(uny < limint (1= 2o (v,8) = o (u,1)))

since 1 — 2 is non-negative. By Fatou’s Lemma and since Leb(A) = 1, we deduce that:

1 1
1 —m(u,t) = /0 L iy (0,0 2y(upydv < lign_;[r}f/o (1 — gp?,(yg(v,t) — yg(u,t))> dw,

whence for all u € A and ¢ € [0, 7], limsup,,_, Mo, (u,t) < m(u,t). O

du
- 0 m(u,t)

combinatorial argument, N(¢) is the number of equivalence classes at tlme t relatively to the
equivalence relation u YU = y(u,t) = y(v,t). In other words, if N(t) < oo, Y (t) is a cadlag

We deduce from Lemma 1.38 the following corollary. Set N (¢ . By a classical

step function taking N (t) distinct values: there exist 0 = a1 < az < -+ < ay() < ay)41 = 1
and y1 < ya < -+ < yn(y) such that for all u € [0, 1]

N(?)
Y () () = Y vkl iuefap.ans)} + YN Lumt}-

Corollary 1.39. For every time t € [0,T], E Ug N(s)ds} is finite.

Proof. By Lemma 1.38, there is a subsequence (0,) such that almost surely, for every t €
[0,7] and for almost every u € [0,1], limsup,,_,o, Mo, (u,t) < m(u,t). Therefore, m <

liminf —=——. By Fatou’s Lemma, we deduce that:
n—00 on (U:)

{/ N(s ds] < {/ lim inf 1duds] < liminf E {// dUdS ] < C\/IE,
n—o00 mo_n(u’ t) n—00 Mg

by Lemma 1.33. O
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Corollary 1.40. Almost surely, for every t > 0, N(t) is finite and t — N(t) is non-increasing
on (0,T].

Proof. We begin by proving the coalescence property. Let ui, us, h € Q be such that 0 <
up <ul+h <wus <ug+h <1. Define yh(ul,t) = % EHL y(v,t)dv = (Y (¢), %]l(uhuﬁh))h and
y"(ug,t) = (Y (1), %]l(u%uﬁh))h. By Proposition 1.35, Z(t) = y"(us,t) —y" (u1,t) is a continuous
R-valued (F;)¢cpo,rj-martingale, almost surely non-negative. As a consequence, Z(t) = 0 for
every t > 19 = inf{s > 0, Z(s) = 0}. In other terms, the following coalescence property holds:
for every uy, us, h € Q such that 0 < uy < uy +h < ug < ug +h < 1, y*(u1,to) = 3" (u2,to)
implies y"(u1,t) = y"(ua,t) for every t > to almost surely.

On a full event Q' of (2,P), the latter statement is true and fOT N(s)ds is finite (by Corol-
lary 1.39). Fix w € €. In particular, for almost every ¢ € (0,7), N(¢) is finite. Let to € (0,7
be such that N(tp) < +o0o. There exist 0 = a1 < az < --+ < an(,) < an()+1 = 1 and
21 < 22 <+ < ZN(4), depending on w, such that for all u € [0, 1],

N(to)

Y(to)(uw) = > 2kliuciapars)}t T 2N (ko) Luz1}-
k=1

Fix k € {1,...,N(t9)}. By the coalescence property, almost surely, for all ui, uas, h € Q
such that ap < u1 < uy +h < ug < us + h < ag41, since y"(u1,ty) = zx = y"(uz,to), we have
y"(uy,t) = y"(ug,t) for every t > tq. Fix t > to. By monotonicity of Y (t), we deduce that Y (t)
is constant on (uy,u2 + h). Thus Y (¢) is constant on (ag, ar+1). Therefore, since Y'(¢) is cadlag,
there exist 21 < 22 < ... < Zn(y), depending on w, such that for all u € 0, 1],

N(to)

Y(t)(u) = Y Zeliucfapan, )} + 2N (o) Liuzt)-
s

We deduce that N(t) < N(tg) < +oo, for every ¢ > ty. Therefore, for every w € ', t — N(t) is
finite and non-increasing on (0, 7]. This completes the proof of the lemma. t

Therefore, Corollary 1.40 completes the proof of Proposition 1.37. Then, Proposition 1.35
and Proposition 1.37 imply the following property, by applying Proposition 2.3 of [Konl7al:

Proposition 1.41. There exists a modification § of y in L2([0,1],C[0,T]) such that y belongs
to D((0,1),C[0,T]). In particular, for every t € [0,T], y(-,t) and y(-,t) are equal in L2[0, 1]
almost surely. Moreover, for every u € (0,1), y(u,-) is a square integrable and continuous
(Ft)iejo,m-martingale and

P [Vu,v € (0,1),Vs € [0,T],y(u, s) = y(v, s) implies ¥t > s,y(u,t) = y(v,t)] = 1.
From now on, we denote by y (instead of §) the version of the limit process in the space

D((0,1),C[0,T7).

Remark 1.42. The proof can be found in Appendix B of [Konl7a]. It should be noticed that the
difficult part of the proof relies on the construction of a version y such that for every u € (0, 1),
y(u,-) is continuous at time ¢ = 0.

This completes the proof of properties (C3) and (C4) of Theorem 1.4. The aim of the next
two Paragraphs is to prove property (C5), in two steps.
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I.5.2 Quadratic variation of y(u,-)

The following proposition shows that the quadratic variation of a particle is proportional to the
inverse of its mass:

Proposition 1.43. Let y be the version in D((0,1),C[0,T]) of the limit process given by Propo-
sition I.41. For every u € (0,1),

ot e = [ s

where m(u, s) fo Ly (u,s)=y(v,s)3d0-

Proof. By Corollary 1.32, for every positive ¢ € Ly (0,1), we have:
B[ [l st) — 90 = (o 0,5) — g Yo o), Yool

_E [/01¢(u) /: Wdr fl(Yo(sl),...,Yg(sl))du} . (1.39)

To obtain the convergence of the left hand side of (I1.39), we proceed in the same way as
for the proof of equality (I1.37). The uniform integrability property follows from Corollary 1.34.
Therefore, the left hand side of (1.39) converges when o — 0 to

B[ [ 0ll0,0) — g()? ~ (o5) — gAY (1), Y ()]
0

We also get a uniform integrability property for the right hand side of (1.39) by the same
argument as in the proof of property (B3) (see Proposition 1.31). Assume that there exists
a sequence (oy,) of rational numbers tending to 0, a probability space (Q,P), a modification
(Mo, s Yo )JneN Of (Ma, s Yo, Jnew on L1 ([0, 1], C[0,T7) x La([0, 1],C[0, T']) and a modification (m, y)
of (m, y) on the same space such that for almost each w € © and almost every (u, t) € [0, 1]x]0, T,
the sequence (Mg, (W, u,t), Ys, (W))new converges to (Mm(w,u,t),y(w)) in R x La([0,1],C[0,T]).
This will be proved in Lemma 1.44.

It follows that for every ¢ € Lo (0,1):

e[ [ o) [0.0) - 900 = @09) - 90 = [ =] 5T, P 0.

By Fubini’s Theorem, we deduce that for almost every u € (O 1),

B [(@0.0) ~ 90 = @Glws) ~ 9 = [ =) AT ), T =0, (140

We want to prove that (1.40) holds with every u € (0, 1). Let uw € (0,1). Choose 6 > 0 such
that v € (6,1—0). Let (up)pen be a decreasing sequence in (4, 1—9) converging to u such that for
every p € IN, equality (I.40) holds at point uy, (Yo, (up,t))ic[o,1] is @ square integrable continuous
(F7™%)iejo,r-martingale for every n € IN and € € Q4 and limsup,, ., M, (Up, ) < M(up,t)
almost surely for all ¢ € [0,7]. Such a sequence exists by Corollary 1.17 and Lemma 1.38. We
will use these different properties later in this proof.

Almost surely, for every r € (0,71, y(-, ) is right-continuous at point u and is a step function.
Therefore, m(-,r) = fol 1 {§(~,r)=§(v,r)}dv is also right continuous at point w for every positive

time r. In order to prove (1.40) at point w, it is thus sufficient to show the following uniform
integrability property: there exists 5 > 1 such that

U —uz—Aus—UQ—tLB
(((m) o)) = (g 5) = gw))* = [ m@p,?«))

supE
peN

< +o00. (1.41)
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First, by monotonicity, for all p € IN, E [g(up)w} < g(0)% + g(1 — 6)?2. Then, the following

statement holds: there exists 8 > 1 such that for every t € [0, 7], sup,ep E [@(up,t)w} < Ho00.
Indeed, for every p € IN, by monotonicity,

19 1/t
5 | oo < gt <5 [ gt
) 0 0 1-6

Therefore, we have:

B [j(u )] < B K; [ 3om) (5 eo)”

< %E [/01 @(v,t)%dv] , (L.42)

2
+E

by Holder’s inequality. By Fatou’s Lemma

1 1
E [/ y(v, t)%dv} < liminf E [/ @Un(v,t)wdv} ,
0 0

n—o0

which is finite by Corollary 1.34, for a 3 chosen in (1, % — %)
3 1

Let us keep the same exponent 8 € (1,5 — 5). It remains to show that for every ¢t €

B ~ .
[0,T7], suppen E [(fo T ) < +o00. Since limsup,, o, Mo, (Up,t) < Mm(up,t) and by Fatou’s
psT i
5]
B]
Because (Yo, ,c(Up,t))icjo,r] is a square integrable martingale relatively to (Fy™)ico,r] and
dr

<:/y\0'n75(up7.)7 ?/J\o'n,g(up;' fO M ?

on,€ (uP7T)

B
( Aana up, >

We have already seen that E {g(u/p)w} is uniformly bounded for p € IN. By the same argument

as for inequality (1.42), E {ﬂgme(up,t)w} < 2E [fo g?an,e(v,t)wdv], which is uniformly bounded
for n € IN and € € Q4. This completes the proof of (1.41).
Therefore, equality (1.40) holds with every u € (0,1), for every bounded and continuous f;

and for every 0 < s1 < ... < s; < s < t. Thus for every u € (0, 1), the process ((gj(u, t)—g(u))?—

Lemma,

t
lim inf — dr

0 10 Mg, (Up,T) (up, )

5 _
] < liminfE
n—oo

< liminfE
n—oo
ecQ+

an € Up:

we obtain by Burkholder-Davis-Gundy inequality:

< CE [(Z/J\Un,e(upat) - g(up))%] )

I m)te[o,T] is an (F);e[o,rj-martingale. This completes the proof of the proposition. O

In the proof of Proposition 1.43, we used the following Lemma:

Lemma 1.44. There exists a sequence (oy,) of rational numbers tending to 0, a sequence of
processes (Mg, , Yo, )nelN and a process (m,y) defined on the same probability space such that

e for all m € N, (My,,Ys,) and (Mg, ,Ys,) (resp. (M,y) and (m,y)) have same law on
Ll([oa 1]76[07T]) X LQ([Ov 1]aC[O’T])
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e for almost eachw € Q and for almost every (u,t) in [0, 1]x[0,T], the sequence (M, (w,u,t),
Yo, (W))nen converges to (m(w,u,t),y(w)) in R x La([0,1],C[0,T]).

Remark 1.45. The Borel subset of [0,1] x [0,7] on which we have the convergence can depend
on w.

Before giving the proof of Lemma 1.44, we give the following definition and state the following
Lemma, which will be useful in the proof. Let us define in L;([0, 1] x [0, 1],C[0, T):

t
Co(u1,u2,t) ::/0 <m (1 + : _ _Imo(u,uz ) ))ds.

u178) mo’(u278) mg('LLhS)mo—(UQ,S

Lemma 1.46. There exists a sequence (oy,) in Q4 tending to 0 such that (Y, , Cy, JneN converges
in distribution to (y,C) in La(]0,1],C[0,T]) x L1([0, 1] x [0,1],C[0,T]). For almost every uy, us €
[0, 1], the limit process C(u1,ug,-) is the quadratic variation of y(ui,-) —y(usa,-) relatively to the
filtration generated by Y and C.

We start by giving the proof of Lemma .44 and then we give the proof of Lemma 1.46.

Proof (Lemma 1.44). By Skorohod’s representation Theorem, it follows from Lemma 1.46 that
there exists a sequence (Yy,, C’Un) and a random variable (. C) defined on the same probability
space such that

e foralln €N, (§s,,Cy,) and (ys,,Cy.,) (resp. (§,C) and (y,C)) have same law,

~

e the sequence (Jy, , Cy, ) converges almost surely to (7, C) in Ly([0, 1],C[0,T]) x L1 ([0, 1] x
[0,1],€[0,T7).

We apply to (¥,, )n the argument in the proof of Lemma 1.38 and we prove that, up to
extracting another subsequence (independent of w), for almost every u € [0,1] and almost
surely, lim sup,,_, . My, (u,t) < m(u,t) for every t € [0,T].

For each t € [0,7T], we may suppose that for each n € IN, g, (-,t) is a cadlag function, so
that for every u € (0,1),

1
g (1,8) = [ 02, G (0.0) = i (0.8))dv

i (u—i—;)/\l 0 , R dod
= Jimp [ G2 G0 8) = G 0, )
is a measurable function with respect to ¥y, (-,t). We deduce that (m,,, (u,t), 9y, ) has the same
law as (mq, (u,t), Yo, ) for every u € (0,1).

From now on, we forget the hats in our notation. We may suppose that y is the version in
D((0,1),C[0,T)) given by Proposition 1.41. Let Q" be such that P[] = 1 and for all w € ', we
have the following convergences in R:

1
/ sup [y, (1, 1) — y(u, )[2(w)du —s 0, (1.43)
0 t<T n— o0
// sup |Cy,, (u1, u2,t) — C(uy, ug, t)|(w)dusdug — 0. (I.44)
0 t<T n—o00

Fix w € €. Thanks to (1.43), we already have the convergence of (y,, (w)), to y(w) in
L»([0,1],C[0,T7]). It remains to show that for almost every (u,t) € [0,1] x [0,T], (mq,, (w,u,t))n
converges to m(w, u,t) = fol Ty (ut)=y(v,0)} (W)dv. We already know that for every w € @', every
t € [0,T) and almost every u € (0, 1), limsup,,_,o, Mg, (W, u, t) < m(w,u,t).
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Proof of inequality: liminf, o me, (w,u,t) = m(w,u,t).

By the coalescence property given by Proposition 1.41, for every w1, u2 and for all ¢t > 7, 4,,
y(u1,t) = y(ug,t). Therefore, since C(uy,us,-) is the quadratic variation of y(u1,-) — y(us,-),
t — C(u1,u2,t) remains constant on (7, u,,7"). Thus we obtain:

1 2my,, (u1,ug,t)

+ _
Tuq,ug (man (Ula t) Mg, (u27 t) me, (ul) t)man (UQ) t)

1 r1
= /0‘/0 (Cg—n(U1,U2,T) _Co'n(ubuQvTul,uQ))dUldUQ

) dtdulduQ

(Can ('LLl, ug, T) - C(Ul, ug, T) + C(Ul, ug, Tul,ug) - CO'n (ula ug, Tu1,u2))du1du2

2// sup |Cy,, (u1, uz, t) — C(u1, ug, t)|duidus.
0 t<T

By (1.44), the latter term tends to 0. We also recall that

1 N 1 ~ 2mg, (u1,ua,t)
ma’n (Ul,t) mo’n(u2ﬂt) ma’n(u17t)m0'n(u27t)

_ f[)l |()00'n (yo'n ('U/l, to) - yUn (U’ to)) - ()Oa'n (yo'n (UQ, to) - yU'n (U’ to))|2 d/U
Mg, (u1,t0) Mo, (uz, to)

is non-negative.
We define f,, (t,u1,us2) ::( 1 + 1 — _2mop (w1 ,up)t) )n{t>ru1,u2}- For every

Moy, (u11t) Moy (u27t) Mop (ulvt)mﬂn (u27t)

we Y, fOT fol fol Jon (t,ur, u2)(w)dusdusdt — 0. Therefore, for every ¢ > 0, using Markov’s
n—oo

inequality as in (I1.38), and since f,, > 0:

1
P® T Leb |7 @ Leb [[g1) ® Leb |jo 1 {(w, t, u1,u2) : fo, (¢, ur, u2)(w) = €}

1 (Tl
E 1/\*/ // fon (t,u1, uz)durdugdt |
el Jo Jo Jo

which tends to 0 when n — oo, whence we obtain a convergence in probability with respect to the
probability space © x [0,7] x [0,1] x [0, 1]. Up to extracting another subsequence (independent
of the choice of w), we deduce the existence of an almost sure event on which (f,,) converges
to 0.

Let Q" P[Q"] = 1, be such that for every w € Q" we have fy, (t,u1,us)(w) — 0 for almost
every (t,ui,uz) € [0,T]x[0,1]x[0,1]. Fixw € Q”. Let us consider a Borel set B = B(w) in [0, T,
Leb(B) = T, such that for every t € B, f,, (t,u1,u2) — 0 for almost every (u1,us2) € [0,1] x [0, 1].

Let to € B. Let us consider a Borel set A (depending on w and tp) of measure 1 such that
for all uy,us € A,

Jon (to, u1, uz) — 0. (1.45)

Let v € A. We want to prove that liminf,, o me, (u,tg) = m(u,tp). Define ug,, = sup{v €
[0,1] : y(v,to) = y(u, to)} and uiys the infimum of that set. Since v — y(v,%p) is non-decreasing,
m(u,ty) = Usup — wint- If m(u,tp) = 0, then we clearly have:

lim inf m,,, (u,to) = m(u,to).

Suppose now that m(u,ty) > 0. Choose 6 > 0 such that § < w Let Umax € AN (Usup —
0, Usup), Umin € A N (Uinf, Uint + 0) and Umeqa € AN (“mi“'gu“”" — 90, u“‘i“'gu“‘“ +4). We have:
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Umax — Umin = Usup — Wint — 20 = m(u, tg) — 20 and by definition of usyp and uiys and since umax,
Umin and Umed belongs to (uint, Usup), We have tog = Ty, 4, for (ui,u2) = (4, Umax), (U, Umin),
(umaxa umin) and (u, umed)-

We deduce from (I.45) and the fact that u, umax, Umin, Umed belongs to A that there exists
N such that for each n > N, f,, (to,u1,us) < 9§ for (u1,us) = (U, Umax), (U, Umin), (Umax, Umin)
and (u, Umeq). It implies that for each n > N,

Jo 100 War,, (W1, t0) = Yar,, (v, %0)) = o, (Yor, (U2, t0) — Yor, (v, 10)) | dv
My, (U1, to) M, (U2, to)

= fo, (to, u1,uz) < 0.
(L46)

Since the mass m,,, is bounded by 1, we deduce in particular that for all n > N,

1
/0 (Lo Yo (11, 0) — b (0 £0)) — G (o (112, t0) — Yors (v, 1)) Pdv < 6. (L14T)

Inequalities (1.46) and (1.47) are satisfied for (u1,u2) = (4, Umax), (U, Umin), (Umax, Umin) and
(U, Umed )-
Let n > N and d := y,, (Umax, t0) — Yo, (Umin, to) = 0. We distinguish three cases:
® d > o, Recall that ¢, is equal to 0 on [%*,400). Thus for every v € [0,1], the terms
Con (Yo, (Umax, t0) — Yo, (V,t0)) and ¢4, (Yo, (Umin, to) — Yo, (V,t0)) can not be simultane-
ously different from 0, because d > o,. Therefore, selecting (u1,u2) = (Umax, Umin),
inequality (I1.46) implies:

fol @gn (Yo (Umax, t0) — Yo, (v, t0))dv + fol ‘P?rn (Yo, (Umin, to) — Yo, (v, t0))dv
Mg, (umaX7 to)mon (umin7 tO)

<9,

that is:
1 1

4
me, (Umin, tO) me, (umaXu tO)

Thus, we obtain § > 2, which is excluded by definition of 4.

<.

® d < o0, —n: Recall that 7 is chosen so that < %. Define the following two sets

Vinax = {'U S [umina Umax] Yo, (umax, tO) — Yo, (U, tO) < Gn;n},

Vinin = {'U S [umina umax] Yo (Umax7 tO) — Yon (U, tO) > Uni;”}

Clearly, we have: Leb(Vipax) + Leb(Vinin) = Umax — Umin = m(u, o) — 26. Recall that ¢,
is equal to 1 on [0, Z%-1]. Thus, for each v € Vinax, Yo, (Yo, (Umax; to) — Yo, (v, t0)) = 1, and
for each v € Vigin, using d < 0, — 1, Yo, (Yo, (Umin, to) — Yo, (v,t0)) = 1. We have

Mo, (U t0) = [y, o, (Yo (U t0) = Yo, (v, 20))dv + [y 07 (Yo, (4, t0) = Yor,, (v, T0) ).
(L.48)

We can deduce from inequality (1.47) applied to (u1,u2) = (u, Umax) that:

fvmax @ (Yo (U t0) = Yo, (V5 20)) — Yo, (Yo, (Umaxs L0) — Yo, (thO))‘Q dv < 6.

By Minkowski’s inequality ||| f1llz, — || f2llz.] < [|f1 — f2llz,, we obtain:

max

1/2
| (/ Sagn (Yo, (U, t0) = Yo, (v, tO))dU> - Leb(vmaX)1/2 < \/37
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whence
< (Mm% (u, to) + Leb(Vinax) Y?)V5
< 2V6.

| o s t0) = g, (02 10)dv — Leb(Vina)

Similarly, applying inequality (1.47) to (u, umin), we obtain:

< 2V0.

v #2, W (1:t0) = Yo, (v, 0))dv — Lieb(Viin)
Thus, by inequality (1.48), we conclude:

Leb(Vinax) + Leb(Vinin) — 4V/8

>
> m(u, to) — 20 — 4V/6.

e de (0, —n,0,): We now define three distinct sets

Vinax = {U € [Umina umax] ‘Yoo, (Umam tO) — Yo, (U’ to) < Ung_n}’

Vined = {v € [Umin, Umax] * Yo, (Umax; t0) — Yo, (v, t0) € [Un2ﬂ7a Un;n]}7

Vinin = {'U S [umina umax] Yoo, (uma)uto) — Yon (thO) > an;n}'
By definition of those sets, and since d € (o, — 71, 0,), we have
Vv € Vinaxs @o, (Yo, (Umax, to) = Yo, (v, t0)) = 1,
Vv € Viin, Yo, (yon (Uminato) ~ Yo (UatO)) =L

Moreover, we have Yo, (Umax, t0) = Yo, (Umed, to) € [Z252, U"TM]

Indeed, if y,, (Umax,t0) — Yo, (Umed, to) Was greater than U"; 1. we would have, for all

RS [umim Umed]y Pon (yan (UmaX7 tO) — Yo, (Ua tO)) =0 and Por, (yan (umina ZL/O) — Yo, (U7 tO)) =1
By inequality (1.47) applied to (u1,u2) = (¥max; Umin), we would deduce that:

1
5 > /0 |900'n (ya'n (umaX7 to) - yo'n (’U7 to)) - <pa'n (yo'n (umh’U tO) - ya'n (’U, to))|2 dv

Umed u — Umi
max min
P> / dv = Umed — Umin = — 0.
u

Vv

2

min

However, since § < and Umax — Umin = Usup — Uinf — 20, We have Upax —
Umin > 40, which is in contradiction with the above inequality. Similarly, vy, (4max, to) —
Yo, (Umed; to) can not be smaller than 721, otherwise y,,, (Umed; t0) = Yo, (Umin, to) would be
greater than U"Tﬂ and we would obtain the same contradiction. Therefore, ¥, (Umax, to) —

Yo, (Umed; to) € [P52, U”; 1], which implies that umeq € Vined and in particular that

Usup —Uinf
6

Vv € Vineds ®on (yﬂn (umedv to) ~ Yoo, (vv tU)) =1
As in the previous case, we deduce that

Me, (1, t0) = Leb(Vinax) + Leb(Vined) 4 Leb(Vinin) — 6V/6
= Umax — Umin — 6\/5
> m(u, to) — 20 — 6V/6.
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Actually, putting all the cases together, we have proved that for each n > N, m, (u,tg) >
m(u, to) — 28 — 61/6. Hence, for all § < foup it we have:

lim inf mq,, (u, to) = m(u, to) — 20 — 6/6.

n—oo
By letting § converge to 0, we have for every tg € B, liminf,,_, o m,, (u,tg) = m(u,ty) for every
u € A. Therefore, there exists a subsequence (o,,) such that for almost every w, for almost every
t € [0, 7] and almost every u € [0, 1], mq, (w, u,t) —n—oo m(w,u,t). O

It remains to give the proof of Lemma 1.46.

Proof (Lemma 1.46). The first step will be to prove that the sequence (Yo, Cs)seq, is tight in
Ly([0,1],C[0,T]) x L1([0,1] x [0,1],C[0,T]). We have already proved that (ys)scq, is tight in
Ly([0,1],C[0,T]). We will use a tightness criterion to prove that the sequence (Cy)scq, is tight
in L1(]0,1] x [0,1],C[0,T]). The space changed in comparison with Ls([0,1],C[0,T7]), but the
criterion remains very semilar to the one of Proposition 1.20.

We have, similarly to Proposition 1.20, three criteria to prove. We want to show the following
criterion:

First criterion: Letd > 0. Thereis M > 0 such that for every o in Q4+, P[||Cy|| = M] < 6,
where [|C, || == [3 [} supyer |Co (U1, ug, t)|dug dus.

That statement follows from Markov’s inequality and the existence of a constant C' indepen-

dent of o such that:
/ /T dtdu, ] L oR [ / /T dtdus ]
Mme ulu mo’ 'U,Q,

l/ / sup |Cy (ug, ug, t)|duidus | < 2E
0 t<T
The existence of C' is a consequence of Lemma 1.33.

Then, we prove the following criterion:
Second criterion: Let 6 > 0. For each k& > 1, there exists n; > 0 such that for all o

in Q+a

< 5

1
[// sup |Cy(ur,ug,ta) — Cp(ur, ug, t1)|duidug > %
0

t2— t1|<77k

The proof is very close to Proposition 1.28. We start by defining for every u;, ug € (0,1):
Ki(ui,uz) :=E {HCg(ul,uz, ')HC[O,T]} and Ky(up) :=E [fOT e ds]. Fix 0 > 0. There exists

mg(u1,s)

C > 0 such that fol fol Tk, (urug)>cydurdus < 6 and fol T, (w)=cydu < J. Define the following
set K := {(uy,u2) : Ki(uj,uz) < C,Ko(u1) < C, Ko(u2) < C}.

By Aldous’ tightness criterion, the collection (Co(u1,u2;))oeq,(u1,us)ex 18 tight in C[0,T7.
This fact relies on the following inequality, where nn > 0 and 7 is a stopping time for Cy (uq, ug, -):

|

E [|CU(U17 U2, T + 77) - Co'(ulﬂ Uz, T)H
/r+n ( 1 N 1 B 2me (ug, ug, s) ) ds
. me(ut,s)  me(uz,s) me(ut,s)me(us,s)
T+n 1 1
B [ ——_)
T mU(“la 5) mo(u27 S)

and the rest of the proof is an adaptation of the proof of Proposition 1.28.

=K

Finally we show the third criterion:
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Third criterion: Let § > 0. For each k > 1, there is H > 0 such that for all ¢ in Q,
P[Vh = (h1,h2),0 < hy < H,0 < hg < H,

1—h1 pl—ho 1
/ / sup |C u1 + hy,ue + ho, ) C’U(ul,UQ,t)|du1du2 < E >1—- —. (149)
t<T

Let h; > 0 and begin by estimating

1-hy
—E[/ / sup |Cy(ug + h1,ug,t) — Cg(ul,uz,t)\duldugl.
0 t<T

We compute (for the sake of simplicity, we will write from now on y,(u) instead of y,(u,-) if
there is no possibility of confusion):

Co(ur 4 hy,ug,t) — Cylur, ug, t) = (Yo (u1 + h1) — Yo (u2), yo (w1 + h1) — yo(u2))s
— (Yo (u1) = Yo (u2), Yo (u1) — Yo (u2))e
= (Yo (u1 + h1) = yo(u1), Yo (u1 + h1) — yo (u2)):
+ (Yo (u1) — Yo (u2), yo (w1 + 1) — (U1)>t-

Therefore,

sup |Cy(u1 + hi,u2,t) — Cy(ur, uz, t)|
t<T

< sup (Yo (u1 + 1) — Yo (ur), Yo (u1 + h1) — yo(u2))e|
t<

+sup (Yo (u1) = Yo (u2), Yo (w1 + h1) — yo(u1))e-

(L.50)

Then, we use Kunita-Watanabe’s inequality on the first term of the right hand side:

| (Yo (u1 + h1) — Yo (u1), Yo (u1 + h1) — yo (uz))|
< (Yo (ur + h1) = Yo (), Yo (w1 + h1) — o (ur))|2
|(Yo (u1 + h1) — Yo (u2), Yo (u1 + h1) — yo (uz))4|
< (o (ur + h1) — Yo (ur), yo (ur + h1) — yo(ur))r|2
(o (w1 + h1) — Yo (u2), g (ur + 1) — o ()12

N

By doing the same computation on the second term of the right hand side of (I1.50), by Cauchy-
Schwarz inequality and by the substitution of u; + h1 by u1, we obtain:

1-hy /1 1/2
E, <2E /0 /O (Yo (u1 + h1) — yo(u1), Yo (u1 + h1) — ya(ul)>TdU1dU21

x E [/01/01<ya(u1) — o (u2), Yo (u1) — yo(u2)>:rdu1du2] 1/2
1/2

1—hy
< 2E /0 (Yo (u1 4+ h1) — Yo (u1), yo(ur + h1) — ya(ul»Tdul] cl2,
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where C' is the same constant as the one in the first criterion. By Fubini’s Theorem:

1—hy 1/2

E, <2C'Y°E [/ (Yo (ur + b1, T) — yo(u1, T) + g(wr) — g(ug + hy))*duy
0

1—hy 1/2
< 201/2]E [/ (yo(ul + h1, T) - ya(ulv T))zdul‘|
0

—h, 1/2
+ 202k l/ (g(uyr + hy) — g(ul))Qdull
0
We recall inequalities (I.27) and (1.28). Therefore, there are a > 0 and C > 0 such that for each
o € Q4 and each hy > 0,
- < ChY.

We deduce that for each n € N, by Markov’s inequality,

Dp =P / / sup |Cyp(u1 + 2n,u2,t) Cy(u1,ug, t)|dujdus > M <22 C ()
0 0 t<T 2 2"

Since a > 0, >, - pn converges. By Borel-Cantelli’s Lemma, for each k£ > 1, there is ng > 0

o for all n > ny,

such that, with probability greater than 1 — o,

—_

/ /SUP|C (w1 + 50, u2,t) — Co(ug, ug, t)|duydus <
0

t<T 2%

Furthermore, up to choosing a greater ng, we can suppose that for all n > ng, we also have:

—_

1_7
/ / sup |C Uy, U2 + 2n7 ) - CO'(ula uz, )’dU1d’U,2 na
t<T 2 5

We will now extend these estimations to more general perturbations. Let h = (hq, h2) be such
that 0 < hy < 545, 0 < hy < 745. We decompose:

1—h1 pl—ho
/ / sup |Co(u1 + hi,u2 + ha, t) — Co(u1, uz, t)|duidus
t<T

1—hy
/ /sup|C’ (ug + hy,ug,t) — Cy(ug, ug, t)|dusdusg
0 t<T

1—ho
+// sup |Co (ug, ug + ha,t) — Co(ug, ug, t)|dusdus. (1.51)
t<T

Suppose hy > 0. Since hy < zno , there exists a sequence (€, )n>n, With values in {0, 1} such that
h1 =3, 5ny+1 55~ Moreover, we have for every ¢ > 1:

1-hy
/ /0 Su¥ ‘C ul + hb Uz, ) Ca(ul + Zn2n0+q %7 Uz, t)‘duldUZ
t<

1—h1
/ /0 SUD o (01 s 511021 8) = Coltn + S 502 Dldund

(152)

1— 1 E
n0+k —
S Z /0 2 /0 sup |Cy(ug 2n0+k yuz,t) = O (ur, uz, t)|durdus < ”°+k)a '

k=1 T k=1
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We want to let ¢ tend to +oo in (I1.52). To do that, we prove that:

1—hy
/ /0 §1<11T) |Co(ur + > n>no+q S, ug,t) — Cy(uy, ug, t)|durdusg q_?oo 0. (1.53)

By definition of C,,

1—hq
/ / sup |C u + Zn>n0+q on, U2, t) CO' (Ul, uz, t) |du1du2
0 t<T
1

1-hy
s -
= 0 0 ma(ul + Zn2n0+q %7 3) mU(ulﬁ S)

17h1 1 /T 2
L
0 0.J0 mo(ums)

For each s € [0,T], my(-,s) is right-continuous. Therefore, mq(u1 + 32,5014 555
to mey(u1,s) when ¢ — 4o00. Furthermore, there is 8 > 1 such that almost surely,

/M/ R

(u1 +u,s)  mg(ui,s)
2n0 1

dsduq

(L54)

mo(ul + Zn>n0+q %’ Uz, S) mg(UI, U2, S) dsduidu
_ 1du2.

mU(ul + Zn>n0+q %7 S) ma(ulv 8)

s) converges

dsduy < +o00.

Indeed,

1—u /T
E sup / /
0 0

1
ue {O,W]

1 1

B
dsd
me(uy +u,s)  mgy(ug,s) st

1 0T 1
< CgE // ﬁdsdul < 400,
0Jo mg(u1,s)
by Lemma [.24. Therefore, since 3°,,-,, 1, 5% < h1 < 2n0 =1 for every q > 1,
/l—hl/T 1 1 B
— dsduy
0 0 mo’ uy + Zn>n0+q %7 8) mo—(U1, S)
ED DN 1 1
g/ snota ? - - dsduy
0 0o |me(u;+ 2 n>no+q 2—2, s)  mg (ul, s)
1—u B
— dsduy,
(u1 +u,s)  mg(ug,s) !

2n0 1

which is almost surely finite. Thus the first term of the right hand side of (I1.54) tends almost
surely to 0 for every hy < 2%0. A similar argument shows that the second term of the right hand
side of (I.54) also converges to 0. Hence we have justified convergence (1.53).

When ¢ — oo in inequality (1.52), we obtain:

1—hy R | Cy
Co( h1,ug, Co(u1,ug,t)|durdug < = < —wga-
/ /0 fﬂ?‘ (u1 + h1,u2,t) — Co(u1,uz, t)|durdus < kZ::l olnotk)g ~ 502

Then, we proceed similarly for the second term of the right hand side of (I.51) and we finally
obtain, for each h = (hq, ha) such that 0 < hy < 2%0 and 0 < hg < 2%0,

1—hy pl—hs C
/ / sup |Cy(u1 + hi,ug + ho,t) — Co(ur, ug, t)|duidug < —g=-
t<T 272
Choosing H = 2%

0

such that CH®/? < 1 we get (1.49) for each o in Q.
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Conclusion of the proof. By Simon’s tightness criterion on L;([0,1] x [0, 1],C[0,T7]), the
collection of laws of (Cy)scq, is relatively compact in P(L1([0,1] x [0,1],C[0,77])). Thus the
collection of laws of (yy,Cs)seq, is also relatively compact in P(Lz([0,1],C[0,T7]) x L1([0, 1] x
[0,1],C[0,T])). Thus there is a subsequence, (ys,,Cs, )n>1, Which converges in distribution in
L»([0,1],C[0,T]) x L1([0,1] x [0,1],C[0,T]). We denote by (y,C) the limit. We want to prove
that for almost every wuj,us € [0,1], C(u1,us,-) is the quadratic variation of y(ui,-) — y(ug, -)
relatively to the filtration generated by Y and C.

Let 1 >1,0<s <s2<...<sy<s<tand fi: (L2(0,1)) x L1([0,1] x [0,1])! — R be a
bounded and continuous function. For every non-negative 1,12 € Lo (0,1), we have for every
n>1:

IE[/Ol/Ol ¢1(U1)¢2(u2)((y0n (u1,t) — Yo, (u2, t) — g(ur) + g(us))?
= Wou (w1, 8) = Yo, (U2, 8) = g(ur) + Q(UQ))2 — Cy, (u1,ug,t) + Cy,, (u1, uz, S))du1du2

fl(YO'n(Sl)v . ,Yan (Sl), Can (81), . ,an (81))] = 0,

since the process (Co,, ())1ejo,1] := (Co, (-5 5 ))tcio,r) 18 (F{ ™ )iejo,r-adapted. By the convergence
in distribution, we obtain when n goes to oco:

El/ol/ol ¢1(u1)¢2(u2)((y(u1,t) — y(uz, t) — g(u1) + gluz))?
— (y(u1,8) — ylua, s) — g(ur) + g(u2))® — C(u1,u2,t) + C(u1, ug, S))duldu2

fiY(s1),...,Y(s),C(s1),..., C’(sl))] =0.

By Fubini’s Theorem, we obtain that for almost every ui,us € (0,1), for all rational numbers
(S1,...,5,8,t) such that 0 < 81 <s9 < ... << s< b

E[((y(ul, t) = y(uz,t) — g(ur) + g(u2))* — (y(uy, s) — y(uz, ) — g(u1) + g(u2))*
— Cur,up, ) + Clug, uz, ) ) fi(Y (s1), -, Y (51), C(s1), -, Cs1)) | =0,

By continuity in time, the latter equality remains true for every 0 < s1 < s9 < ... < s < s < ¢
Furthermore, for almost every u1, uz, (Cs, (u1, u2,t)):e[o,r) is @ non-decreasing bounded variation
process. This remains true for the limit (C'(u1,u2,t))icpo,7]- Therefore, we deduce that

Clur, ug,t) = (y(u1) — y(u2), y(ur) — y(u2))e,
for almost every uy,us € (0, 1), with respect to the filtration generated by (Y, C). O

We conclude this paragraph by using Fatou’s Lemma to extend the statement of Lemma 1.33
to the limit process:

Proposition 1.47. Let g € L,(0,1). For all B € (0, % — %), there is a constant C > 0 depending
only on B and ||g||r, such that for all0 < s <t < T, we have the following inequality:

t 1
E[// ;dudr < CVt — s.
sJo m(u,r)?
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By Burkholder-Davis-Gundy inequality, we deduce the following estimation:

1
Corollary 1.48. For each 3 € (0,3 — %), supE {/ (y(u,t) — g(u)?Pdu| < +oo0.
t<T  LJo

I.5.3 Covariation of y(u,-) and y(u/,-)

In this paragraph, we want to complete the proof of property (C5) of Theorem 1.4. It remains
to prove the following Proposition:

Proposition 1.49. Let y be the version in D((0,1),C[0,T]) of the limit process given by Propo-
sition 1.41. For every u,u’ € (0,1),

<y(u7 ')7 y(ula ')>t/\7’u7u/ = 07 (155)
where T, =1inf{t > 0: y(u,t) =y, )} AT.

As in the previous paragraph, we will need to prove the convergence of the joint law of y,
and a quadratic covariation. More precisely, define:

me(u,u’, s
o(u,u’ 1) / ) ds.
Mo (U, $)me (U, s)

We state the following result:

Lemma 1.50. For every sequence (oy,)yn of rational numbers tending to 0, we can extract a
subsequence (Gy,), such that the sequence (ygn,Kgn)n_)oo converges in distribution to (y, K) in
L([0,1],€[0,T]) xL1([0,1] x [0,1],C[0,T]), where

K(“: ’U,/, t) = <y(u7 ')7 y(u/7 )>t

Proof (Lemma 1.50). We follow the same structure as in the proof of Lemma 1.46. First, we
define Koo = (Yoc(t,-), Yoo (/) = fg G +mgﬁ?};’5§?€’i :L)” (u/’s))ds. We show that K, . satisfies
the three criteria of tightness in L;([0,1] x [0,1],C[0,T]). For the first criterion, we want to

bound

l// sup | Ky« (u, v, t)|dudu’
0 t<T

uniformly for g, € Q4. This follows from Kunita-Watanabe’s inequality:

| Ko (1,1 8)] = [ Wore (1), Yo () )] < (Wi (1), Yorie ()1 (e (), e ()1
< (Yo, e (U), Yo,e u)>%r/2<yaa(ul ) Ue(u/)>1T/2

and from Cauchy-Schwarz inequality:

[//0 sup | Ky (u, v t)ldudul <E Uol<ya7a(u)7ya,a(U)>Tdu

t<T
=& [ [ (el ) ~ g

which is bounded uniformly for g, € Q4 by Corollary 1.26.
We refer to the proof of Lemma .46 for the second and the third criteria of tightness, and for
the rest of the proof, which follows in the same way. It remains to explain why (K (u,u,t))c(o,7]
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is a bounded variation process for almost every u,u’ € (0,1). It follows from Kunita-Watanabe’s
inequality that:

p—1 p—1
Z ’Km&(uv u/7 tk+1) - Km&(uv u/7 tk)’ = Z ’<y0,8 ) Yo, 8( )>tk+1 - <y078(u)7 yJ,S(ul»tk‘
k=0 k=0
p—1 tht1 % tet1 %
<X ([ e vmew)) ([ e, el
k=0 1k b
L[t 1 [t / /
<= / d(ya,a(u)’ ya,a(u»s + = d<y0,€(u )7 ya,s(u )>s
2 Ji, 2 Ji
1 [t ds 1 [t ds

= — 7_’_7 _—
2ty Moe(u,s)  2Jyy Mye(W,s)

Therefore for every p land 0 < tp <t < ... < by, pfé |K (u, o, tgr1) — K(u, o/ tg)| <

é tto” m(u 513 fto (a5 . By Propos1t10n 1.47, we know that almost surely and for almost every

u € (0,1), fo % is finite. Thus for almost every w and v’ in (0,1), K (u,v’,) is a bounded
variation process. This completes the proof of the lemma. ]

We use the latter lemma to prove Proposition 1.49.

Proof (Proposition 1.49). By Lemma 1.50 and Skorohod’s representation Theorem, we may sup-
pose that (y,, Ks)scq, converges almost surely in Lo([0,1],C[0,T]) x L1([0,1] x [0, 1},C[0,T7)
o (y,K). As previously, up to extracting a subsequence, we deduce that for almost every
(w,u,u’) € Qx1[0,1] x [0, 1],

sup |yo (u, t) — y(u, t)|(w) — 0, (1.56)
t<T o—0
and
sup | Ky (u, v, t) — K (u, ', t)|(w) — 0. (L.57)
t<T o—0

Therefore, there exists a (non-random) subset A of [0,1], such that for every u,u’ € A, (1.56)
and (I.57) holds almost surely.

Let u,v/ € A. If g(u) = g(u') then 7,, = 0 almost surely, thus (I.55) is clear. Up to
exchanging u and v/, assume that g(u) < g(u'). Let § < 2(g(u') — g(u)). Almost surely,
by (1.56), there exists og such that for all o € (0,00) N Q+,

5
sup |y0(u7 t) - y(ua t)| < Z?
t<T
/ / 6
sup ’yo(u 7t) - y(u 7t)’ < g
t<T 4
Define 75 =1inf{t > 0: |y(u,t)—y(u,t)| < S}AT. Therefore, for all t < T{iu/ and for all o < 0y,
Yo (u, t) — ( )\ > %, Let o < min(oy, 3). For all t < 7°_,, we have |y, (u, t) - yg(u',t)] >0
and thus m,(u, ', t) = 0, hence K,(u,u’,t) = fo #ﬁgs))ds =0 fort < 7),. By (1.57),
we obtain

sup |K(u,u',t)] = 0.

t<7’5 o

Thus for every § > 0, for every u,u’ € A and t < uu,, (y(u),y(u’)) = 0. Since Tg’u/ — Ty
when § — 0, we have for each u,u € A:

(y(w), y(u))inr, ., = 0. (1.58)
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It remains to show that (I.58) holds with every (u,u’) € (0,1)2. Let (u,u’) € (0,1)%. As
previously, we may assume that g(u) < g(u’). By continuity of the processes (y(u,t))cjo,r ]
and (y(u',t))ejo,r); the first time of coalescence 7, is almost surely positive. Fix [ > 1,
0<s1<53<...<s5 <s<tand a bounded and continuous function f; : (L2(0,1))" — R.

Suppose that s > 0. We want to prove that:

E [(y(u, t A Tu7u/)y(u', tA Tuw) —y(u, s A Tu,u/)y(u/, SA Ty ) fi(Y (s1),... ,Y(sl))] =0. (I.59)

Let € > 0. For each v € (u,u+¢)N.A and v € (v/,u' +¢) N A (since A is of plain measure
n (0,1), both sets are non-empty), since we have equality (1.58),

0 =E[(y(v,t A Tv,v/)y(v’, tATy) — y(v, s A Tvmr)y(v', SATpu ) fi(Y (s1),...,Y(s1))]. (1.60)
Let ¢ty € (0,s). We define
n:=sup{h = 0:y(u+ h,to) = y(u,to) and y(u' + h,tg) = y(u', to)}.

By the coalescence property given by Proposition 1.41, under the event {7, ., > to}, we know
that for every r > tg, for each v € (u,u +n) and v € (v, ' + 1), y(v,r) = y(u,r) and
y(v',r) = y(u',r), whence 7,,» = 7. Thus, by equality (I1.60), we deduce that for each
veE (uyut+e)NAand v € (v, u +e)NA,

0= E[]l{nx}]l{m’u,»o}(y(u, tA Twu/)y(u', t A Tu,u’)
- y(u, EA Tu,u’)y(u/> ERA Tu,u/))fl(y(sl)a cee 7Y(Sl))}
+ E[]I{WQE}U{TWU/ gto}(y(va A va/)y(’ul, (A Tv,v/) - y(va EA Tv,v’)y(vla ERA Tv,v’))

Y (s1),---. Y (s))]. (161)

Let h > 0 be such that (u,u + ¢) and (v/,u’ + €) are contained in (h,1 — h). Thus for every
v € (u,u+¢e)NA, for every r € [0,T], by inequality (I.42) and by Doob’s inequality, we deduce
that:

2 1 C
<EIE [/ supy(z,r)?Pdz| < ﬁE [/ yxdezL} \78
0

r<T

E [sup y(v, r)%
r<T

» 2
E [(y(v, tA Ty )y(V' EA Tvﬂ,/)ﬁ} is uniformly bounded for v € (u,u+¢) and v' € (v/,u' +¢). Let
a =1— L. Therefore, we deduce from (I.61) that there is a constant C' depending only on u, v’
and « such that:

for a (8 arbitrarily chosen in (1,3 — 5) (by Corollary 1.48). Thus, there exists 5 > 1 such that

IE[]I{DE}]I{T%“,MO}(y(u, EA Tuw )Y EA Ty w) — y(u, s A Ty )y, s A Ty )
fiY (s1),...,Y ()] SC(Pn<e]® +Plruw <to]”). (162)

We divide the left hand side of inequality (1.62) into two parts by writing

]1{77>€}]1{Tu7u/>t0} =1- ]l{ngs}u{ru,u,gto}

and we estimate the second term in the same way as above. We deduce that there is a constant
C’ such that:

E [(y(u, ¢ A Ty )y(u', t A Ty ar) — y(u, 8 A Ty )y, s Auw)) fi(Y (51), ..., Y (s1))]
SO (Pl < el +Prw <to]).
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Let § > 0. Since 7, > 0 almost surely, we choose oy € (0,s) such that P [r,. < to]” < 6.
Since tg > 0, we know by Proposition 1.37 that y(-, o) is almost surely a step function, so n > 0
almost surely. Therefore, we can choose € > 0 so that P [n < €] < §. This completes the proof
of equality (1.59).

Recall that we suppose that ¢ > s > 0. By continuity of time of y(u,-) and y(v/,-), equal-
ity (1.59) also holds with s = 0. Therefore, y(u,t A 7y )y(u', t ATy) is a (Fi)ejo,r)-martingale
and (y(u), y(u'))iar, ., = 0. This completes the proof of Proposition 1.49. O

1.6 Appendix: Ité’s formula for the Wasserstein diffusion

Let g € Eg +[0,1]. We assume, to simplify the notations, that g(1) is finite, but the proof can
be easily adapted to functions g with g(u) 4 Foo. Let y be a process in D([0,1],C[0,T])
satisfying (i) — (iv) (see Introduction).

Recall that the process y(+,t).c[o,7] can be considered as the quantile function of (p¢).e(o,77, by
setting p = Leb [j911 0 y(-, t)~!. The latter process has every feature of a Wasserstein diffusion.
We describe in this paragraph the dynamics of the process (ut)icpo, 1], after having introduced
a differential calculus on P2(R) due to Lions (see [Lio, Carl3]). We prove that, for a smooth
function U : P2(R) — R, the process (U(pt))sejo,7) is a semi-martingale with quadratic variation
proportional to the square of the gradient of U (see Theorem 1.53). This result is a generalization
of the formula given by Konarovskyi and von Renesse in [KvR18]. We compare it to a similar
result obtained by von Renesse and Sturm [vRS09] for the Wasserstein diffusion on [0, 1] (see
Remark 1.54).

In order to describe the dynamics of (/,Lt)te[oyT], we begin by a discretization in space and by
writing the classical Ito formula for that discretized process. Let introduce pf' := % >keln] 5y( E s

where [n] denotes the set {1,...,n}. Fix U : Po(R) — R a continuous function, with respect to
the Wasserstein distance W on Po(R). Let define U™ (z1, ..., 2,) := U(L > jeln] 0z;)- Remark

that U(py) = U™ (y(%,t),y(%, t)y..., y(l,t)). Assuming that U™ belongs to C2(IR"), and using

that y(%, -) is a square integrable continuous martingale on [0, 7], we have (recall that g(1) is
finite):

U@Er) =Un(g(), .. + Y / AU (y(L,5),....y(1,5)) dy(E, 5)

ke(n]

D3 / OF U™ (y(E ), (1L ) dly(E, ) p(h ) (1.63)

klEn]

In order to write the derivatives of U™ in terms of derivatives of U, we should introduce
a differential calculus on P(R), well-adapted to the differentiation of empirical measures.
P.L. Lions introduces in his lectures at Collége de France (see Section 6.1 of Cardaliaguet’s
notes [Carl3]) a differential calculus on P2(R) by using the Hilbertian structure of La(€2). We
set U(X) := U(Law(X)) for all X € Ly(€).

A function U : P2(R) — R is said to be L-differentiable (or differentiable in the sense of
Lions) at a point pg € Po(R) if there is a random variable Xy with law po such that U is
Fréchet-differentiable at Xy. The definition does not depend on the choice of the representative
Xy of the law po, and if X and X, have the same law, then the laws of DU(Xy) and DU(X))
are equal (see e.g. [Carl13]). Furthermore, if DU : Ly(€2) — Ly(€2) is a continuous function, then
for all py € P2(RR), there exists a measurable function R — R, denoted by 0,U (1), such that
for each X € Ly(Q) with law pg, we have DU(X) = 0,U (110)(X) almost surely (see [Carl3]).

n [CD18a], Carmona and Delarue prove that the L-differentiability of U : P2(R) — R
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implies the differentiability of U™ on R"™, and that we have for each k € [n]:

1
akUn('rb s 73311) = ﬁauU(% Zje[n] 511)(xk)

Furthermore, assume that U is L-differentiable and that (u,v) € Po(R)xR — 0,U(p)(v) € R
is continuous. Moreover, we assume that for every p € P2(R), the map v € R — 9,U(u)(v) € R
is differentiable on IR in the classical sense and that its derivative is given by a jointly continuous
function (u,v) — 0,0,U(1)(v). We also assume that for every v € R, the map p — 9,U(u)(v)
is L-differentiable and its derivative is denoted by (u,v,v") = 95U (u)(v,v"). Then, U™ is C* on
R"™ and for all k,1 € [n]:

. 1 1
8,§JU (a:l, ‘e ,an) = E&,%U(% Zje[n] 5J;J)<$k)]l{k:l} + ﬁa‘iU(% Zje[n} (5xj)(33k, JIZ).

Therefore, we obtain from equation (1.63):

~n 1 t S
UGE) = UG ++ 3 [ oG ) + o 3 [ 00,06 6 )
ke [n] nke[n] 0 mles)
. IL{TE 1 Ss}
2 .Y /a UG w(E, ), 5L, )t ds. (1.64)
k,l€[n] n

By property of coalescence, if 7, : < s, we have y(%, s) = y(%7 s), so that the last term in the

L
n

latter equation is equal to:

% Ele[n] IL{T

m(%,s

E 1Ss}
nn o ds,
)

a2 ) ROk )

n ken

Observe that the difference between 1 % 2o1en) ]I{TE <s) and m(%, s) = fol 1i;, <syduis bounded

3\<~

by 2, since the set {u : Tk, < s} is an interval.

We want to let n tend to +oo in order to obtain an Itd formula for the limit process. We
start by proving the convergence of a subsequence of ((fi}'):c(0,77)n>1 t0 (11t)sejo,r] With respect
to the Lo-Wasserstein distance.

Proposition 1.51. There exists a subsequence ((ﬁf(n))te[o’ﬂ)n% of ((11%)tcjo,m))n>1 such that,

for almost every t € [0,T], the sequence (ﬁf(n))

the Wasserstein distance W.

n>1 converges almost surely to py with respect to

Remark 1.52. We point out that the extraction function ¢ does not depend on t € [0, 7.

Proof. To obtain the statement of the proposition, it is sufficient to prove that:
T
E /0 Wo (i, pi)?dt| — 0.

Let V be a uniform random variable on [0,1], defined on a probability space (KNZ,]? , Iﬁ’)
Therefore, p; is the law of y(V,t) and 7 the law of 37 ]l{ﬂ<vgﬁ}y(%, t). Hence we have:

2
Wo(fig, ue)? < (Z ]l{k Loyck }y(n, t) —y(V, t))

k€[n]

/0 Z ]l ol gk }Iy(n, t) — y(u,t)|*du.

k€[n]
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Therefore, it is sufficient to show that:

// > e ey luE 0) y(u,t)\Qdudt} 0 (165)

n—-+o0o
ke[n]

Fixing u € (0,1),t € (0,7, > ken] ]l{ﬂ<u<&}|y(%, t) —y(u,t)|? converges almost surely to 0 by
the right-continuity of y(+,¢) at point u. To prove (1.65), we have to show a uniform integrability
property, i.e. that for a certain § > 1,

B
supE / / 1<u<5}]y(%,t) —y(u,t)>dudt < 4o00.
n>1 0 keln n

We compute:
T ,1 B
(/ JADIEFERICR) —y(u,t>|2dudt>
keln]
/(28)
<TFE [/ / D My (5 1) — y(u,t)|2f8dudt]
O ke
1/(28)
// Z ]l ol gk }|MO‘ ﬁdUdt]

1/(28)
/ / 1<u<ﬁ}‘Mt - Mo\zﬁdudt 7
0 ke(n] "

1/(28)

<T2/3E

B-1
+TFE

where M; = y( ,t) — y(u,t). Recall that by property (i) of the process y, My = g(%) —g(u).
We deduce that:

T r1
E[/ |3 B ey o) = glw) PPauds
0 0 ]{,‘E[n] n n

< TCBE UOI g(u)z‘ﬁdu] .

Since g belongs to Eg 1[0, 1], there exists p > 2 such that g € L,(0,1). Therefore, we can choose
B > 1 such that 28 < p. By Burkholder-Davis-Gundy inequality and the martingale property
of M, we have:

E [(M; — Mo)*| < CoE [(M, M)]].

By property (iv),

t t ]]'{Tk u<8}
/Om /m - /om( 3 2m(u, 5) 2
t

/0 m - S m

so that there is a constant Cpg Satisfying:

funanf] <cww| [ [t
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To conclude, we use the following statement: provided 8 < % — %, there is a constant Cpg such
that for each t and w:

E [/Ol/ot m(z;sls)ﬁdu} < Cavi (L.66)

This statement is Proposition 1.47 for the limit process that we constructed in this chapter,
or in [Konl7a, Prop. 4.3] for the process constructed by Konarovskyi. This completes the
proof. O

By similar arguments of convergence, equation (1.64) leads to the following Ité formula for
(11t)eejo,r), by letting n tend to oo. The estimation (1.66) is the key of the proof of those
convergences.

Theorem 1.53. Let U : Po(R) — R be smooth enough so that U and its derivatives 0,U, 0,0,U
and 35U exist, are uniformly continuous and bounded. Almost surely, for each t € [0,T], we
have:

Ulue) =U(uo) + [ [ 0,0 (ue) (@l )y, s)du+ > [ 0,0,0 () (ylw, ) — 25—
0Jo 2 Jo Jo

m(u, s)

1 pt
b5 [ [ UG ). )dsdu

1 gt
where / / 0uU (1) (y(u, 5))dy(u, s)du is a square integrable continuous martingale with a
o Jo

1t
quadratic variation process equal to t — / / (5NU(H5))2 (y(u, s))dsdu.
0.0

Remark 1.54. Choose in particular U : p = V (g ardp, ..., [g amdy) =: V([ @du), where
V € C](R™) and a1, ..., ay, are bounded C?(R)-functions, with bounded first and second-order
derivatives. In this case, 9,U(u)(v) = Y7, 8;V ([ ddu) o(v) for all u € Pa(R) and v € R.
Computing the second-order derivatives, we show that

U(pe) = Ulpo) — % /Ot L1U(ps)ds — ;/Ot LU (ps)ds

is a martingale with quadratic variation process

t— /Dt /01 (g:l oV (/ ﬁdu5> o (y(u, s))>2 duds

and an operator £ = L1 + Ly of the form £1U(us) := >1% 0V ([ ﬁdus) 01 %du and
LU (ps) 1= S0y 02,V (D dpus) [y ol(y(u, 8))aj(y(u, s))du.

Remark that we have some restrictions on the domain of the generator £1. We know that for
measures with finite support, fol m(dzzs) is finite and is equal to the cardinality of the support (see
the paragraph preceding Corollary 1.39). The fact that the generator of the martingale problem
is not defined on the whole Wasserstein space is related to the fact that the process (Mt)te[o,T]
takes values, for every positive time ¢, on the space of measures with finite support.

We compare this result to Theorem 7.17 in [vRS09]. The generator of the martingale in the
case of von Renesse and Sturm’s Wasserstein diffusion is . = L 4+ Ly + pBL3, with Ly = Lo
and ILg similar to £1 up to the lack of the mass function, whereas Lo, which is the part of the

generator considering the gaps of the measure u, does not appear in our model.




Chapter 11

Restoration of uniqueness for a
Fokker-Planck equation with
irregular drift coefficient

Abstract. Restoration of uniqueness for McKean-Vlasov equations with non-
smooth coefficients has been intensively studied since the fundamental works
of Kac, McKean, Funaki and Sznitman [Kac56, McK66, Fun84, Szn91] among
others. Recent studies, motivated by various applications from fluid mechan-
ics to control or game theory, have led to more intricate problems driven by
singular coefficients or requiring finer regularity estimates. Among others, this
prompted several authors to push their own research towards new results of
well-posedness for McKean-Vlasov SDEs under lower regularity conditions. As
a typical instance, much effort has been spent on the case where the drift and
the diffusion coefficients are bounded and measurable in the space variable and
Lipschitz-continuous in the measure variable with respect to the distance in
total variation [Jou97, MV, Lacl8, CARF].

In this paper, we study the regularization properties of a diffusion on the Lo-
Wasserstein space inspired by [Konl7b, Marl8| and we show that this infinite-
dimensional noise restores uniqueness for Fokker-Planck equations with a non-
regular drift coefficient b depending on a space and on a measure variable.
In particular, we prove well-posedness of SDEs driven by a Wasserstein-type
diffusive noise and by a drift coefficient b that may be Holder-continuous in the
measure variable with respect to the distance in total-variation or even just
bounded and measurable in the measure variable, provided that a trade-off is
respected between the regularity in the finite-dimensional component and the
regularity in the measure-argument. In this regard, we show that the higher
the regularity of b with respect to its space variable is, the lower regularity we
have to assume on b with respect to its measure variable in order to restore
uniqueness.

II.1 Introduction

Let T € (0,400) be a fixed final time.
In this chapter, we will prove uniqueness in law of a solution (y:(u))ic[0,1],ucl0,1] to the

89



90 CHAPTER I1I. RESTORATION OF UNIQUENESS FOR A FOKKER-PLANCK EQUATION

following stochastic differential equation:

dy:(u) = bye(u), pe)dt + (fol(p(yt(u)_lyt(v))dv)m/]Rf(k)%(e""‘“yf(“)dw(k,t));

(IL1)
pe = Leb o0y,

As in Chapter I, equation (II.1) describes a particle system in interaction; for every u € [0, 1],
(yt(u))¢efo,r) denotes the trajectory of the particle indexed by u and for every t € [0,7], p is
the distribution of the cloud of particles. There is a mean-field interaction in SDE (IL.1), both
through a drift term b which takes as an argument the probability measure u;, and through the
diffusion term, since the denominator ( fol ©(yi(u) — y¢(v))dv)/? also depends on the distribution
of the particles on the real line.

Let us start by briefly describing the different terms appearing in equation (II.1).

- as in Chapter I, the unknown (yt)te[(LT] is a time-continuous stochastic process such that

for each t € [0,T], y; is a random variable with values in the space Lg [0, 1] of non-decreasing
functions f : [0, 1] — R such that fol f? < 4+o0. Recall that for each t € [0,T], u € [0,1] —
y1(u) can be seen as the quantile function associated to the measure u; = Leb |[071] oy, !
belonging to P2(R). If 1, describes the distribution at time ¢ of a cloud of particles indexed
by the interval [0, 1], y;(u) is the position at time ¢ of the particle indexed by w.

- the function b : R x L]0, 1] — R will be called the drift function, or velocity field. In (II.1),
the drift is distribution dependent: it depends both on the position y¢(u) of particle u but
also on the distribution u; of the whole cloud of particle. The type of SDE where the drift
and/or the diffusion coefficient depend on the law of the solution is often called mean-field
SDE, for a reason that we will explain hereafter.

- the second term appearing in (I1.1) is the diffusion term. It consists of several parts:

> we will denote by my(u) := fol ©(yi(u) —y¢(v))dv the mass function. As in Chapter I,
the quadratic variation of (y;(u))cpo,7] Will be proportional to fg m‘j(su). In order to avoid
problems of cancellation of the mass, we will only consider in this chapter functions ¢
which are positive everywhere on R. A typical example will be the Gaussian density. Our

results will also include the case with a constant mass, i.e. when ¢ = 1.

> the function f will typically be of the form f(k) = W Depending on «, the
diffusion term will be more or less smooth with respect to the space variable u. This
behaviour recalls the link between regularity of a function and decay at infinity of its
Fourier transform. It is not a coincidence since the shape of the diffusion term in (II.1) is

constructed in such a way that it is easy to deal with the Fourier transform of f.

> the complex-valued Brownian sheet w is defined by w := w® + iw®, where w® and
w® are two independent real Brownian sheets on R x [0,7]. Thus R(e~#¥%®dw(k,t)) =
cos(kye(u))dw® (k, ) + sin(ky:(u))dwS(k,t). By opposition with the diffusion introduced
in Chapter I, the Brownian sheet is no more indexed by the other particles, but by the
frequency k. We will explain hereafter why we decide to change the model.

One of the main specificity and interest of this diffusion model is that the solution (y:):c(o,1]
is a canonical representative of the measure-valued process (#t)te[o,T]~ Indeed, for each time ¢,
y¢ is the quantile function, or in other words the increasing rearrangement, of p:. In that
sense, the diffusion term appearing in equation (II.1) belongs to the same family of diffusions
as Konarovskyi’s model (see [Konll, Konl7b, KvR18]) and as the smooth approximation of
Konarovskyi’s particle system introduced in Chapter 1.
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By applying 1t6’s formula to F(y;(u)) for some F € C?(R,R) and by using the relation
fol F(yi(u))du = [g F(x)du(r), we get the following SPDE satisfied by the process (fit)sejo,1):

C ¢ 1 ik
duy = L 2, (@“M) dt — 0, (b(-, pe) pue ) dt = 0, (W /R FRR (7% duw(k, 1)) ut)
where Cy = [ f(k)?dk. The computation is detailled in the introduction of Section IL.3.

We are interested in the regularization properties of this family of diffusions; in this chapter,
we will wonder how far this Wasserstein-type diffusion may help for restoring uniqueness, in
other words for ensuring the well-posedness of the stochastic differential equation (II.1). In this
framework, we will divide our preliminary discussion into two parts. First, we will link our
problem to a large literature dealing with regularization by noise, in particular for McKean-
Vlasov equations, and explain which order of regularity we need on the drift function b. Second,
we will focus on the diffusion term, compare it with the diffusion studied in Chapter I and
explain why we have to slightly change the model.

II1.1.1 Regularization by noise

Let us take the diffusion term equal to zero and consider only the drift part of equation (II.1):

{dyt(U) = b(ye(w), pr)dt;

! (11.2)
p = Leb g1y 0y; .

Then the measure-valued process (Mt)te[o,T] satisfies the following non-linear Fokker-Planck equa-
tion on the Wasserstein space Pa(R):

Bt,ut + diV(Mt b(, /Lt)) =0. (113)

Let us remark that equations (II.2) and (II.3) are deterministic equations.

The problem of regularization by noise arises when we leave the framework of the Cauchy-
Lipschitz theory. If b: R x P2(R) — R is a Lipschitz-continuous function (with respect to the
Lo-Wasserstein distance on P2(RR)), then equation (II1.2) is well-posed: the proof is based on a
fixed-point method and is similar to the proof of [Szn91, Thm 1.1].

Let us now consider an example where b is not Lipschitz-continuous and where uniqueness
fails. This example is derived from the one-dimensional Peano counter-example. Let b be the
following function: for each p € Pa(R), b(n) := 2sign(m)y/|m[, where m := [ zu(dz) and
sign(z) = ]l{l.;éo}ﬁ. In particular, the restriction of b to the set of Dirac measures is, for each

z € R, b(6;) = 2sign(z)/|z|. Then the Cauchy problem with initial condition pp = dp has
infinitely many solutions of the form p; = 04 ((¢—¢y)+)2, where {p can be chosen arbitrarily on
[0,4+00). The function p; = dp for every ¢ > 0 is also solution.

Our aim is to restore uniqueness in law of (II.2) by adding a diffusion term. For ordinary
and partial differential equations in finite dimension, this idea of restoring uniqueness by adding
a noise comes back to pioneer works of Stroock and Varadhan [SV69], for weak well-posedness,
and Zvonkin [Zvo74] for strong well-posedness, which means that the solutions are adapted to
the filtration generated by the noise and that they are almost surely indistinguishable. In [SV69,
SVT79], Stroock and Varadhan have developed a correspondance between parabolic equations in
finite dimension and martingale problems. In particular, they have proved weak existence and
uniqueness in law for SDEs in finite dimension with bounded and measurable drift and uniformly
elliptic and continuous diffusion matrix. Zvonkin [Zvo74] has considered the following SDE in
dimension one:

dXt = b(t, Xt)dt + O'(t, Xt)th,
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and has proved that strong uniqueness holds if ¢ is Hélder-continuous, bounded by above and by
below (far from 0) and if b is only bounded and measurable. Veretennikov [Ver80] has extended
this result to the case of higher dimension d and Krylov and Roéckner [KRO05] have proved that
strong uniqueness still holds if b is only bounded in L?, for p > d.

More recently, restoration of uniqueness by stochastic perturbations has been obtained in
infinite-dimension. In [FGP10], Flandoli, Gubinelli and Priola have shown strong existence and
pathwise uniqueness of the following transport PDE

d
dyu(t,z) = (b(t, z) - Du(t,x))dt + Z e; - Du(t,z) o dW};  u(0,z) = ug(z),

=1

in a case where b is Holder-continuous. The introduction of a multiplicative noise, where the
stochastic integration is regarded in the Stratonovich sense, is necessary in this case to get
uniqueness; without noise, some counter-examples to uniqueness exist. Since this breakthrough,
several results [DPF10, DPFPR13, DPFPR15] have been obtained on pathwise uniqueness for
SDEs on Hilbert spaces of the following form

dX; = (AX; + B(X,))dt + dW,

where A : D(A) C H — H is an unbounded operator that satisfies certain properties, B : H —
H is required to be of minimal regularity and W is a cylindrical Wiener process. Pathwise
uniqueness is shown to hold for drift functions B that are only measurable and locally bounded.
Moreover, similar regularization results obtained for other types of PDEs, like for instance kinetic
equations perturbated by noise [FFPV17]. We refer to Flandoli’s book [Flall] for an extensive
introduction to restoration of uniqueness by noise in both finite and infinite dimension.

The question of well-posedness has also been intensively studied for McKean-Vlasov equation:

dXt == b(t, Xt, Ht)dt + O'(t, Xt, ,ut)th, (114)

where g is the law of X;. The drift function b : (¢, 2, u) € Ry x RExP(R?) ~ b(t, z, 1) € R? and
the diffusion matrix o : Ry x R x P(R?) — R¥*™ are measurable and (W;);>0 is a R™-valued
Brownian motion. This equation is closely linked to the system of particles

dX} = b(t, X}, )dt + o(t, X}, @Y )dW}, i=1,...,N, (IL.5)

where ﬁiv = % E;-V:l 5Xg and where the Brownian motions (WZ’)@O’ 1<i<n are independent.
Equation (IL5) is often described as a particle system with mean-field interaction, since the
coefficients depend on the whole distribution only via Y. The interest in McKean-Vlasov
equation dates back to the work of Kac [Kach6] and McKean [McK66, McK67], who have
introduced the concept of propagation of chaos. Propagation of chaos means, roughly speaking,
that if the particles (Xé)izl,...,N are initially independently distributed on RY, then for any
fixed k, the behaviour of k particles satisfying (I.5) is asymptotically close to the behaviour
of k independent solutions to (II.4) when N tends to +oo. In [Szn91|, Sznitman have proved
well-posedness and propagation of chaos of McKean-Vlasov SDE (I1.4) for a drift b of the form
b(t,z,u) = [ B(t,z,y)du(y). Since, more general particle systems with mean-field interaction
have been investigated, including their asymptotic behaviour when the number of particles
tends to infinity. For instance, propagation of chaos was also studied for Boltzmann equation
(see e.g. [Mé96]), for Burger’s equation (see e.g. [BT97]) or for homogeneous Landau equation
for hard potentials (see e.g. [FG17]). Let us also mention important results for McKean-Vlasov
equations with both common noise and idiosyncratic noise (see e.g. [Vai88, DV95, KX99, KX04]).

Existence and uniqueness of McKean-Vlasov equation (II.4), in a strong or a weak sense,
have been studied in very general settings and under various assumptions on the drift and
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the diffusion functions. We only give here a short overview of the first works on this topic
and of some recent developments that are interesting for our study. Funaki [Fun84] and Gért-
ner [G88] have proved existence of a solution to the martingale problem associated to (I1.4)
when b and o are continuous and satisfy some Lyapunov conditions. Under Lipschitz-continuity
assumptions over b and o, they have also proved unique solvability of the martingale problem.
Strong existence and uniqueness of a solution to (II.4) are also studied by Oelschliager [Oel84]
under Lipschitz-continuity assumptions over b and o. More recently, these results have been
extended to unbounded coefficients on a domain D of R? under a suitable Lyapunov condition
(see e.g. [HSS]).

Following Jourdain [Jou97], the question of restoration of uniqueness by noise has led to
recent developments in [MV, CdR19, Lac18, CARF, RZ]. The assumptions on the drift function b
require no continuity with respect to ¢ and x and Lipschitz-continuity with respect to u with
respect to the total variation distance drv, defined as

drv(p, v) == sup {/d fdu —/d fdv; f: R* - R measurable, || f]|1.. < 1}.
R R:

In [MV], Mishura and Veretennikov adapted estimates due to Krylov, established in the case
of Itd’s SDEs, to the case of McKean-Vlasov SDEs. Strong uniqueness is proved when o is
does not depend on u, is non-degenerate and is Lipschitz-continuous with respect to the space
variable and when b grows at most linearly and is Lipschitz-continuous with respect to the
measure variable. Lacker [Lacl8] gives a simple proof relying on a fixed-point argument, in
the case where o does not depend on p. The measure is initially frozen and is token as an
input in (IL.4): therefore, (I1.4) becomes an SDE with coefficients depending only on time ¢ and
position z and the equation can be solved by Girsanov’s Theorem. Then, under the assumption
that b is Lipschitz-continuous with respect to dtv, the map associating to every input the law
of (X¢)e[o,r] under the constructed Girsanov measure is a contraction. Chaudru de Raynal and
Frikha [CdRF] proved well-posedness under similar assumptions by a method relying on the
study of the transition kernel, which is close to a parametrix method and relies on results by
Buckdahn-Li-Peng [BLP09]. Rockner and Zhang [RZ] have recently proved that well-posedness
can be extended to the case of coefficients satisfying Krylov-Réckner’s conditions; here also, the
drift term b should be Lipschitz-continuous with respect to the measure variable.

In this chapter, we give a result of restoration of uniqueness for equation (I1.2) by an additive
infinite-dimensional noise, as described by equation (II.1). As in Chapter I, the dynamics of the
system preserve the monotonicity; more precisely, if the initial condition u € [0,1] — yo(u) € R
is strictly increasing, then almost surely, u +— y;(u) is strictly increasing for every ¢ € [0,7]. In
other words, if we see the system as a cloud of particles indexed by the interval [0, 1], particles do
not collide and preserve their respective order. The method of proof for existence and uniqueness
of a weak solution relies on Girsanov’s Theorem, e.g. as in [SV79].

The fact that the additive noise is of infinite dimension allows us to weaken the assumptions
of regularity of the drift function b with respect to the measure variable y. Roughly speaking,
we will assume that b : R x Pa(R) — R is twice continuously differentiable with respect to
its first variable and bounded and measurable with respect to its second variable. A precise
statement of the assumptions on b is given in Definition II.14 and some examples of admissible
drift functions b are given in Remark I1.15. Let us quote one particular example: let b be of the
following type

b(z, p) = b(p) :==a (/}R ydu(y)> ;

with a a bounded and measurable function, or even Holder-continuous. Then b is admissible
for our problem, whereas it is not necessarily Lipschitz-continuous with respect to the measure



94 CHAPTER I1I. RESTORATION OF UNIQUENESS FOR A FOKKER-PLANCK EQUATION

variable and the regularization results for McKean-Vlasov equation mentioned above do not
apply in this case.

The drawback of our approach is that we need a C?-regularity of the velocity field b with
respect to its first variable (or, as we will see, at least a H®-regularity for some s > %) In
Paragraph I1.1.2, we explain among others why we need this assumption on the regularity
of b with respect to its first variable. It is linked to the inversion of the diffusive part. In
Paragraph I1.1.3, we will describe a balance between the regularity in the space variable and the

regularity in the measure variable.

I1.1.2 Fourier shape of the diffusion term

The general idea of the method presented in this chapter starts by proving strong solvability
of (II.1) in the case where we only have a diffusion part (b = 0). Then we deduce weak solvability
of (IL.1) for general drift functions by writing the drift term as a perturbation of the noise and
by applying Girsanov’s Theorem. This method does not need regularity of b with respect to
the measure variable p. The main difficulty in applying this scheme of proof is to inverse
the diffusion coefficient and we have to assume some regularity of b with respect to the space
variable x. We will first explain the idea of the proof in the case where the diffusion term is the
process constructed in Chapter I. We will point out where this idea fails and how we modify the
model of Chapter I in order to be able to inverse the diffusion term.
Let us consider the following equation:

dye(u) = bye(u), pe)dt +

1
u)l— yi(0))dv | el = e Ndwil o)

Jo (i (IL6)

p = Leb |1y 0y

The diffusion term is similar to the diffusion introduced in (I.3), with the modification that we
are now considering a function ¢ which is positive everywhere on R instead of a function ¢ with
compact support, in order to avoid that the mass function is zero (and thus, the parameter e
introduced in (I.3) is not needed here). Let us assume that ¢ : R — R is an even Lipschitz-
continuous function, non-increasing on [0, +00) and such that ¢(x) > 0 for every z € R. We can
consider smooth functions ¢, like a Gaussian function p(z) = e=a°/ 2 or less regular functions ¢,
like p(z) = e~ 1*l,

As explained previously, the first step consists in proving strong well-posedness of (I1.6)
in the case where b = 0. If ¢ is smooth and ¢ > ¢ > 0, the proof is a standard fixed-point
argument since the diffusion term is bounded and Lipschitz-continuous. In the general setting,
we first prove existence and uniqueness up to a stopping time, defined as the first time where
the diameter of the cloud of particles becomes larger than a fixed level M. As in Chapter I,
the solution u — y;(u) owns the property to be increasing for every fixed time ¢, so that it is
the quantile function of the probability measure p; = Leb (g 1j0y; ! Furthermore, we will show
that, under some regularity assumption on the initial condition, for any ¢ € [0,T], u — x¢(u) is
smooth enough to ensure that p; has a continuous density, denoted by p;. We denote by F; the
c.d.f. associated to p.

Then we want to write the drift term b as a perturbation of the Brownian sheet w in order to
apply Girsanov’s Theorem. For this purpose, we want to construct an Lz[0, 1]-process (ht).e(o,7
satisfying for every z € R

1
fol @Q(l' — Yt

1
b, ie) = e | ola = mu)mu)a, (IL7)

and then construct a new probability measure under which dw(v/,t) + hi(u')du/dt is a the
infinitesimal increment of a Brownian sheet. Informally, we get by the substitutions y = y;(v)
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and z = y(u'):

1
b 1) = Tt Ja £~ )

That equation is equivalent, denoting by F the Fourier transform, to the following equation:

Fb(s ) - ((9%) % pe)) = F(p) - Fhe o Fy - pr).

F()
We see two major obstacles here. The first one is the division by the density p;, which
(b(wutf)~(((s)o2)*pt))
©

enough so that F~! (f(b("” ’}Z'((;‘)PQ)*I’ t))) has a compact support.
The second hindrance is the division by F(p). In the case where ¢ is a Gaussian density,
W behaves like e¥*/2. Even if b is C> with respect to its first variable, this would not be

Thus we want to define h;o F}; = p%}"*l (]:(b("m)'((ﬁ)*pt))) and prove that h; is square-integrable.

is equal to zero outside the support of u;, since z has no chance to be smooth

sufficient to obtain Lo-integrability on h. Let us try to reduce the regularity of ¢: if p(x) = eIzl
then m = 1+ k2. Nevertheless, the density p; cannot be of class C! with this choice of
function ¢ (we refer to Paragraph I1.2.3 for a justification of this statement). Thus even with
smooth functions b, the regularity of (?) * p; is not sufficient to compensate for the term %(p)
and to insure that h; belongs to Ly. Here, we point out that the question of the regularity 01S %
is crucial. If ¢ has high regularity, it will be difficult to inverse the interaction kernel. If ¢ has
low regularity, then the solution u — y;(u) and consequently the density p; will not be smooth
enough to allow h; to belong to Ly and therefore to apply Girsanov’s change of measures. The
problem is that there is not an intermediate regularity that we could impose on ¢ so that both
problems can be simultaneously solved.

This leads to the introduction of a new model of diffusion, which is used in equation (II.1):
1

172

(Jo elunw) = yr(w)dv)/

The question of inversion of the diffusion coefficient is now the following: by analogy with (I1.7),
we want to construct an La(IR; C)-valued process (h¢).e(o,r) such that

dys(u) = /R FOOR(e ™) du(k, 1)), (I1.8)

1 .
b(w, piy) = f(k.)e—lk’xh (k)dk. (1L.9)
g (fol o(x —yt(v))dv)1/2 /]R ¢

A solution to (I1.9) will now be of the form
he(k) = = F (00 ) - (0% pe)) (R). (IL.10)

In (I1.8), there are two major modifications with respect to the diffusion of (II.6), related to
the two obstacles mentioned above. First, in order to avoid the division by p;, we change the
model so that the integral in the right-hand side of (I1.9) is written as the Fourier transform of
f - ht. In this new setting, the Brownian sheet is now acting on the frequency k instead of acting
on the other particles.

The second modification brought to the model is related to the fact that we are now consid-
ering two different interaction functions at numerator and denominator, in order to be choose
different regularities. At numerator, the regularity will depend on the decay at infinity of f.
To fix ideas, let us take f of the form f(k) = m, for a certain @ > 0. Then the larger

« is, the higher the regularity of u — y;(u) is; nevertheless, we will also have to assume some
regularity on b with respect to its first variable so that h; defined by (I1.10) belongs to Ls. For
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the mass function at denominator, we consider a function ¢ which is very smooth, typically C*°
(actually, we only need that ¢ has at least the same regularity than x — b(z, u)). Let us remark
that a possible choice for ¢ is ¢ = 1. In that particular case, the model does not involve a mass.
In other words, the quadratic variation is the same for every particle. For a general function ¢,
(y(u),y(u)) = Cy fg %‘Eu), where C is a constant depending only on the Lp-norm of f.

Nevertheless, despite that those modifications, the process (y:).ejo,r) solution to (I1.8) still
has similar properties to the diffusion of Chapter I used in (II.6). It preserves the monotonicity
property: we will prove that almost surely, u +— y;(u) is strictly increasing. Moreover, if two
particles u and v’ are close at one time ¢, then their future trajectories will be very correlated with
high probability. Moreover, due to the presence of a mass function, the fluctuations of a particle
u will be large (resp. small) if there are few (resp. a lot of) particles in the neighbourhood of
particle u.

I1.1.3 A balance of regularity

Let us recap the assumptions made on the drift function b in the results described above.
In [Jou97, Lacl8, MV, CdRF, RZ], well-posedness holds for a class of drift coefficients b equal
or included in the space of b : R x P2(R) — R that are measurable, bounded and Lipschitz-
continuous in the second variable. The result that we state in Section I1.4 applies for functions b
that are measurable, bounded and twice continuously differentiable with respect to the first
variable. A natural question arises: can we obtain a regularization result for a drift function
which has at the same time low regularity in the space variable and in the measure variable?
In Section I1.5, we give an example of a diffusion restoring uniqueness for a velocity field b
which is neither Lipschitz-continuous in the space variable nor Lipschitz-continuous in the mea-
sure variable. That diffusion is inspired by (IL.8), but there are some modifications of the model
in order to deal with the lack of regularity of b with respect to its first variable. More precisely,
we give in Section II.5 a result showing that it is possible to regularize a Fokker-Planck equation
of type (I1.3) for a certain class of drift functions b such that for every p € Pa(R), b(-, 1) belongs
to H"(R) and such that for every x € R, b(z, -) is §-Holder continuous with respect to the total
variation distance, under the assumption 7 > %(1 —9). In particular, it holds if n = § = %, in
a case where b is not Lipschitz-continuous in any variable. It establishes a continuum of regu-
larity conditions interpolating the two classes of results described above. If § = 1, we assume
that b is merely bounded and continuous with respect to the first variable, which is close to the
assumptions of [Jou97, Lac18, MV, CdRF, RZ] and if § = 0, we recover the result of Section II.4.
This interpolation result is obtained by writing the drift function b as a sum of a function b
satisfying the conditions needed to apply Lacker’s proof and a function b — b on which we will
apply the same proof as in Section I1.4. The main modification of the model is the addition of a
new Brownian motion (8¢)¢c[o,1], independent of the Brownian sheet w, on which we will apply

a Girsanov transformation to deal with the drift b. Adding this second noise has a regularizing
effect in the direction of the space variable and allows us to prove well-posedness for this larger
class of drift functions described above. The form of the SDE, defined on a probability space
(£2,G, (Gt)iejo,m, P), will be as follows:

Qo = fyo S (BYR(e ™2 duo (e, 1)) + Ay + bz, ),
= CEIGEY),  (uw) L (5,€) (L)
20 =&, LP(&) = Ho;,

where (G} ’W)te[o,T} is the filtration generated by the Brownian sheet w and the measure-valued

process (jit)¢efo, 7] itself. Recall that previously, in equation (I1.1), the measure y; = Leb |[g 1j0y; !
was regarding the law of y; with respect to the randomness carrying the initial condition, in the
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form yo(u) = g(u) for every u € [0, 1]. Implicitly, that allowed to identify p; with the conditional
law of y; given the common noise (w(+, s))s<¢. In (I1.11), 1y denotes the conditional law of z; given
the realization of (w(-, s))s<; and p itself, provided that (i, w) is independent of (3, &). It is due
to the fact that we will allow for weak solutions, namely for solutions where pu is not necessarily
adapted with respect to w. This leads to another difficulty arising due to the lack of adaptness:
the observation of z may bias the future realizations of y, w and 5. Thus, we will consider weak
solutions of (II.11) satisfying a further assumption, called compatibility condition; namely, we
assume that for every ¢ € [0, T], the processes (£, w, u) and § are independent given G;.

Remark that equation (II.11) does not belong to the general framework of this thesis: until
now, we have only studied stochastic differential equations where the solutions can be written
as a quantile function, in other words SDEs preserving a monotonicity property. It is due to
Girsanov’s change of measure involving the noise S and the drift 5; this change of measure
destrois the monotonicity of the solution. That is why we consider in (II.11) as initial condition
a general random variable £ of distribution p and not anymore the quantile function u +— g(u)
associated with pg. We consider here no mean-field interaction in the diffusion coefficient; in
other words, the mass is here constant equal to one.

Organisation of the chapter

We will first address in Section I1.2 the question of well-posedness, continuity and monotonicity
with respect to the variable u of the diffusion process. Then we will obtain higher orders of
regularity, depending on the assumptions made on the function f. In Section II.3, we will
specify the assumptions needed on the drift term B and we will compute the Fourier inversion
of the kernel. Subsequently, in Section 1.4, we will prove existence and uniqueness of a weak
solution to equation (II.1). We will divide this problem into two steps. First, we will consider
the problem of well-posedness up to a stopping time depending on the size of the support of
measure f;. Then, we will prove well-posedness on the global time interval [0, 7T]. Finally, in
Section I1.5, we will prove well-posedness of SDE (II.11).

Notations. Throughout the chapter, we will always denote by Cjs the constants depending
on M, even if they change from one line to the next. We will also denote by (k) := (1 4 k2)'/2.

I1.2 Regularity of a diffusion on the Wasserstein space

Let (2,G,(Gt)iejor):P) be a filtered probability space. Let w” and w¥ be two independent
(Gt)tefo,r)-adapted Brownian sheets on R x [0,T] (see Section 1.2 for a definition). As in Sec-
tion 1.3, define Eg +[0,1] the set of non-decreasing and cadlag functions g : [0,1] — R U {fo0}
such that there is p > 2 satisfying fol lg(w)Pdu < +o00.

Let ¢ : R — R be an even function of class C*°. Furthermore, we assume that ¢ is decreasing
on [0,400) and that for every x € [0,400), ¢(x) > 0. Typical examples of functions ¢ are the
constant function ¢ = 1 and the Gaussian density ¢(z) = \/%e*ﬁ/z. Let f : IR — R be an even
and square integrable function.

Let us define the stochastic differential equation satisfied by a process (SUt)te[o,T] with values
in Ly([0,1],C):

t 1
o0+ (o (Raa(u) — Rea(v))dv) 2

xe(u) =

/]R =R @) (1) du(k, 5), (IL12)

where w is the complex Brownian sheet defined by w = w® 4 iw> and (R21)tepo,r) is the real
part of the process (zt):c[0,17-
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Actually, we will focus on the real part of equation (II1.12). Let y;(u) := Ray(u) for every
t €[0,7] and u € [0,1]. The process (y)e[o, 7] has to satisfy the following real equation:

yi(u) = g(u) + /Ot W /]RCos,(k‘ys(u))f(]{;)dwé)?(k7 5)
* /Ot ms(i)l/Q /]RSin(kys(u))f(k‘)dwg(k‘, s), (11.13)

where mg : u — fol ©(ys(u) — ys(v))dv denotes the mass function at time s and at point u. As
in Chapter I, the quadratic variation is proportional to the inverse of the mass. It is given by
the following computation

[t cos(kys(w)? + sin(kys(u))? B t o ds
wiw.wwh = [ [ FPdkds =[£I}, [ =S L)

ms(u) ms(u)

Moreover, let us compute the co-variation between two particles u© and v:

it = | e kb

_ /O : o /QLS(U,)I - /R cos(k(ys(u) — ys(u'))) (k) 2dkds. (IL.15)

The covariation reaches its maximum when ys(u) — ys(u') € 27Z, in particular when u = u/'.

Remark 11.1. Recall that in Chapter I, the covariation between two particles, given by Corol-
lary 1.18, was of the form

U )y, = ! fOl Po (ys(u) — ys(v)) Spo(ys(ul) —ys(v)) dv ds
e /0 (e + Jo ¥2(ys(w) = ys(0))dv) (e + fy @2(ys(w) — ys(v))dv)

Recall that, since ¢, had a support included in [-%, §], the covariation satisfied d(y(u), y(u')); =
0 at times t where the particles u and v’ were at a relative distance larger than o. In the
new model presented in this Chapter, particles do not satisfy this property of un-correlated
increments when they are far one to each other. Nevertheless, depending on the shape of f,
(y(u),y(u’))s may decrease exponentially fast when |y:(u) — y:(v')| tends to infinity. Let us
illustrate this phenomenon when f(k) = W; in that case, equality (II.15) reads as follows:

W0 = [ oy [ costhlun(u) = s (a) gl

t ﬂe_‘ys(u)_ys(ul)l

ds.
0 s () 2y () 172 §

In Paragraph I1.2.1, we will introduce an auxiliary equation where the function ¢ is replaced
by a function ¢,s so that the diffusion coefficient is bounded. We will prove strong well-posedness
of that equation, continuity and monotonicity with respect to the space variable u of the so-
lution. In Paragraph I1.2.2, we will deduce existence and uniqueness of a strong solution to
equation (II.13). Finally, in Paragraph 11.2.3, we will discuss higher regularity of the process
(Yt)iejo,r) depending on the decay at infinity of the function f.

I1.2.1 Existence, uniqueness and continuity of the diffusion

We will consider in this paragraph an auxiliary equation where the mass function is bounded from
below by a positive constant, so that the diffusion coefficient is bounded. For each M € IN\{0},
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we define ppr(x) := p(Jz| A M). In particular, for every x in [—M, M|, op(x) = p(z) and for
each z € R, pa(x) = (M) > 0. Let us consider the following equation

) = 90+ [ i [ costhud () (k)

U)

[ e st ) £ ) ), (L16)

where mM (u) = fol on (yM (u) — yM(v))dv. Since the mass function m is uniformly bounded

from below by ¢(M), this equation is easier to resolve and we expect that the solution also
satisfies equation (II.13) up to a certain stopping time.

Let us also recall (see Definition 1.3) that a (Gi).ejo,71-adapted process (My).e(o,7) is said to
be an Lo-valued (Gt).e(o,r-martingale if for each time ¢ € [0, 7], M; belongs to La([0, 1], R) and
E [||M¢||,] < +o0 and if for each h € Ly([0, 1], R), the scalar product (Mg, h)r, is a real-valued
(Gt)iejo,r-martingale.

Proposition IL.2. Let g € E;r[(), 1]. Assume that k — (k)f(k) is square integrable. There
exists a unique solution y™ in C([0,T], L2[0,1]) to equation (I1.16). Furthermore, the process
(yg”)te[m is an La-valued continuous (Gi)ic(o,r1-martingale.

Remark 11.3. In this proposition and in every following result, we assume, at least, that k —

(k) f(k) is square integrable on R. In the particular case of fo(k) = ﬁ = W’ this

assumption is equivalent to the condition o > % In particular, the assumption holds true for

the Cauchy density f(k) = ﬁ

Proof. We only give here the main elements of the proof, since it is very similar to the proof of
Proposition I.11. This proof is based on a fixed-point argument. Define (M, || - ||p1) the space
of all z € La(Q2, C([0,T], L2[0,1])) such that (2(w)t)secjo,r] is @ (Gt)iefo,r]-adapted process with
values in L3[0, 1]. The definition of || - ||o( is given by (I.4). Define

Y(2)i(u) = g(U)+AtW/]RCOS(k;ZS(U))f(k)dw%(k’S)
+/0t7nz(i)1/2/]RSln(kZS(u))f(k)dw%(ka3)7

where m?(u) = fol onm(zs(u) — zs(v))dv. For each z € M, (z) belongs to M, since by
Burkholder-Davis-Gundy inequality, there is C' > 0 such that

[sup/ (2 2du1 3|lgll2, + CE ///COS k;((lg Q(k)dkdsdu]
+CE l///sm ’”3 fQ(k)dk:dsdu
dsdu
u

< 2 2 //
3gllz, + Cllflz, E[ o Jo mz(w)

because m; > (M) > 0. Moreover, (¢(2)t)co,7] is an Lo-valued martingale and for each

< 3lgll, + CullfIIZ,
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€[0,7]
[ssgg / e >|2<u>du]
com|[[[] 1/2(k) —Cosﬁff(%)f/ﬁ(k) Qdkdsdu]
+CE / / / Smn’z;:‘ S(k) —Smi’jf((j))fg(’” 2dkdsdu].

For every u € [0,1] and every s € 0,71, | cos(kz2(u)) — cos(kzl(u))| < k|22(u) — z}(u)| and the
same Lipschitz estimate for the sine function. Furthermore, ¢j)s is bounded from below and
Lipschitz, since @ps is C* on (=M, M), continuous on R and constant on [M, +o00). Thus we
have:

1
mE ) mE ) fmi () + W"’

< Mlm/ JonrCa2 ) — 220) — par(2) — 20|

1 1
’\/mgwu) P

<Cu (|z )= 22 \+/ 121 (v )\dv) (I1.17)

It follows that:

Eglt) / e >|2<u>du] <oue|[ // Izsl(U)—Z§(U)!2(1+Ik!2)!f(k‘)l2dkdst]
C’M/ 21 £ (k)| d/{:/ ligg/ |2t (u (u)] du] ds.

Define h,(t) := E {supsgt fol [pem(2h)s — ™ (22)s] (u )du] There is a constant Cjy,; depending
on M and on [ (k)?|f(k)|*dk such that for all n € IN and for all ¢ € [0,T], we have hy41(t) <
Cirf Ji hn(s)ds. Therefore, hy,(t) < C”;{ ho(t) and we deduce that [|°"(2') — 9°"(2%) |54 <

MHZ z2|34- Let n be large enough so that L < 1, d.e. so that won is a contraction.
Then v admits a unique fixed point, which we denote by yM . Since y™ = (yM), it is an
La-valued continuous (Gy)ye[o,r)-martingale. O

In the following two propositions, we prove that the process (y} )telo,7] Preserves continuity
and monotonicity of the initial condition.

Proposition I1.4. Let g € E;r[(), 1] such that g is a-Hélder for some o > 0. Assume that
ks (k) f(k) is square integrable. There exists a version of yM in C([0,1] x [0,T7]).

Proof. Let u1,us € [0,1]. Let p > 2 such that p > -. For every ¢ € [0, T], by Burkholder-Davis-
Gundy inequality,

E[sup lyM (ug) — yé\/[(w)’p}

s<t
D
2

< Cylgtur) = gu)? + Coar[( [ [ 7002k (1) 2 ) as) .
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It follows that
E[sup [y (u1) — ' (u) "]
s<t
t
< Cplg(u) = gluz)” + Cp,M,ftp/Q’lE[/o lyd (ur) — yd (uz) Pds|

t
< Cplg(ur) — g(uz)[P + Cpar 771 /0 E [Sup lyM (ur) — yi”(ﬂz)\p] ds

r<s

By Gronwall’s Lemma, and using the a-Hoélder regularity of g, we have:

sup [y (u1) — 5" (u2)|”| < Cargpplur — uzf™.

t<T

Remark that pae—1 > 0. Let us apply Kolmogorov’s Lemma (e.g in [RY99, Theorem 1.2.1, p.26]
with d = 1, v = p and € = pa— 1). Thus there exists a version 3™ of y™ in C([0,1] x [0,T]). O

Proposition I1.5. Let g € £g+[07 1]. Let uy < ug € [0,1] be such that g(u1) < g(uz). Assume
that k s (k) f(k) is square integrable. Let y™ be the solution to equation (I1.16). Then almost
surely and for every t € [0,T], yM(u1) < yM (uz).

Proof. Let u1 < ug € [0,1] be such that g(u1) < g(ug). Thus the process Y; = yM (uz) — yM (u1)
satisfies
t
Yi = g(u2) — g(ua) + / YN}, (T1.18)
0

where we denote

08 (" (u2), b, 5) — O3 (yd" (w1), k., 5)
M M\YIs s vy M\Ys s vy R
N // Ty () (w2)} M () — yM (ur) f(k)dw™ (k, s)

95\‘2(3/?4(1@),]{:7 S) _ej\j/f(yy<ul)’k73) S
+ /O/R]l{yéw(m)#yé‘/[(uz)} yM (uz) — yM (uy) f(k)dw™ (k, s)

R _ cos(kx) & _ sin(kx)
and 603, (x,k,s) = (T om eyl (0)d0) 2 and 6y, (x, k, s) = a0 2 Thus we have

2
f(k)?dkds

0% (2 (u2), k, ) — 0% (Y2 (ua), k. s)
M

(NN, _// Lyt () (u2)) yM (ug) — yM(uy)
Oxr(yd" (u2), k, 5) — O3y (yd" (1), K, 5)
o

+//1{y ) ()} y ) — g ()

For every x1, x2 € R, for every k € R and for every s € [0,7T], we have the following two
estimates:

2
f(k)*dkds.

| cos(kxza) — cos(kxy)| < k|za — x1],

1 1
[ onrter = @)= [ onar — 42 (0)de] < Linfoan)foz - .
0 0

It follows, by the same computation as (I1.17), that

1 1
‘ < Cylza — 1.

(et onr(wa — g™ (@)d0) 7 (JL o (a1 — y2 (v))do) 2
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Thus for every x1, x2 € R,

0% (w2, k. 5) = ORr(w1, K, )

cos(kxa) — cos(kxy)

U em(ws —yM(v))do)/?
T leos(kan)| 1 ; /2, 1 1 1/2
(Jo @2 = g5 (v))dv) (Jo pum(@1 = yM(v))dv)

< Oplk) |z — 21,

Therefore, for every s € [0, 7],

2

O (" (u2). k. ) = O3 (3" (1) Kos) ° e

yM (ug) — yM (u1)

Ty )2y M (u2)}

We have a similar bound on 6. We deduce that % < Own [g(k)? f(k)?dk for each

s € [0,T]. Hence the stochastic differential equation (II.18) has a unique solution and it is
Y: = (g(u2) — g(u1)) exp (NtM — J(NM, NM>t>. In particular

i (u2) = " wr) = (glu) — glur))exp (N} = SN M), ).

Since g(u1) < g(ug2), we deduce that for every t € [0,7], Y; > 0. Thus for every ¢ € [0,T],
yi! (u1) < yp' (ug). u

Corollary I1.6. Let g € E;F[O, 1] such that g is a-Hélder for some a > % Assume that
ks (k) f(k) is square integrable. Then there is a version y™ of the solution to equation (I11.16)
in C([0,1] x [0,T]) such that almost surely, for each t € [0,T], u € [0,1] = yM(u) is strictly
increasing.

Proof. By Proposition I1.4, we know that there is a version y* of the solution to (II.16) jointly
continuous in time and space.

Furthermore, by Proposition I1.5, there exists an almost sure event Q under which y™ belongs
to C([0,1] x [0,77]) and for every ¢ € [0,7] and for every uj,us € Q N[0, 1] such that u; < ug,
we have yM (u1) < yM (ug). Since u — yM (u) is continuous under the event €, we deduce that
yM (u1) < yM (ug) holds with every uy < uz € [0,1]. O

I1.2.2 Construction of a non-blowing solution on the global time interval [0, T

Definition IL.7. For every j € IN, let G/ denote the set of C/-functions g : [0,1] — R such
that for all u < v, g(u) < g(v). Furthermore, for every j € IN and for every 6 € (0,1), let G/*+?
denote the set of functions g € GJ such that a&j ) g is §-Holder continuous, 4.e. there is a constant
C > 0 such that for every u,v € [0, 1], |81(Lj)g(u) - &(Lj)g(vﬂ < Clu — vl

Remark that every g € G! is the quantile function of a measure s, and po has a density pg
with compact support equal to [g(0), g(1)]. The set G7 should be seen as the set of constraints
on the initial condition of the SDE.

Let g € G!. Let us fix My an integer such that My > g(1) — g(0). We want to construct
a solution to equation (I1.13) starting at g, well-defined and continuous on the whole interval
[0, T]. We will construct it on the basis of the family (y* )1, of solutions to equation (I1.16)
for each M > M,. Since g belongs to G!, the assumptions made in Propositions I1.2 and
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I1.4 and Corollary I1.6 can be applied. Thus for every u,v € [0,1] and for every ¢t € [0,T],
lyM (u) — yM(v)| < yM (1) — yM(0). For every M, M’ > My, define

TM(yM/) := inf {t >0: yiw(l) — ng(O) > M} AT.

Since M > g(1) — g(0) and since the process y™ (1) — y™'(0) is continuous, 7a;(y™") > 0 almost
surely for every M, M’ > M. Assume that M < M’. Then for every s < 7 (y™’), for every
u,v € [0,1], [yM (u) — yM (v)] < M < M’ and thus

o (" (w) =y () = oyl (u) = 52" (0)) = oar (v (w) — 2" (v)).
MY A Tpr(y™"). We deduce from the latter equality that the processes (Yo )eeo )

and (yi\//{;)te[o,ﬂ are both solutions to the same stochastic differential equation:

Let 0 = 1y (y

) =glo) [ s (] costh () FB )+ sl () (R0 )

(11.19)

where m?(u) = fol onm(zs(u) — zs(v))dv.

Assume that k& — (k) f(k) is square integrable. Therefore, by pathwise uniqueness of the
solution to equation (I1.19), which follows from the same argument as in Proposition 11.2, we
have for all u € [0,1], for all t € [0,T], yM (u) = yM (u), whence 7 (y™) = 7ar(y™). From
now on, we will denote that stopping time by 737. The sequence of stopping times (7ar)ar>1 is
non-decreasing.

Setting Tar,—1 = 0, we define yi(u) := Ly—pyg(u) + ZE’;MO ]l{te(TMihTM]}y,f\/I(u) for every
t€[0,T] and u € [0,1]. Let 7oo := supy;spy, Tar- Clearly, 7o > 0 almost surely. Since 7py < T
for every M > My, we have 7o, < T. Furthermore, for each M > My, y = y™ on [0, 7] and on
the interval [0, 7oo ), (Yt)sejo,r) 18 solution to equation (II.13).

Let us remark that P-almost surely, u — y;(u) is strictly increasing for every t € [0,T].
Moreover, the following proposition states that it is the unique solution in C([0,1] x [0,77]) to
equation (II.13).

Proposition I1.8. Let g € G'. Assume that k — (k) f(k) is square integrable. There exists a
unique solution y in C([0,1] x [0,T]) to equation (I11.13) and this solution is defined on [0,T].
Furthermore, the process (yt)icjo,r) 5 (Gt)ielo,r)-adapted.

Proof. First, we prove that 7., defined above is almost surely equal to 7. Let M > Mj. Let
us estimate P [rp; < T]. Define zM = yM(1) — yM(0). Then (zg\/[)te[oj] is a continuous and
square integrable local martingale on [0,7] and thus there is a standard P-Brownian motion /3
such that zM = g(1) — ¢(0) + Biom oy, Moreover, 7y = inf{t : zM > M} AT. Under the
event {rps < T}, there is a random time ¢ € [0, T) such that z}/ > M whereas for all t € [0,T],
zM > 0 by Proposition I1.5. Let us define the process (v¢)¢=0 by V¢ := ¢g(1) —g(0) + B;. Under the
measure PP, it is a Brownian motion starting at g(1) — ¢(0) € (0, M). Moreover, under the event
{Tm < T}, (7)i=0 reaches the level M before it reaches the level 0. Therefore, P [y < T] <
P [(7¢)t>0 reaches M before 0] = %Mg(o). Since {Tar < T'}ar>n, is a non-increasing sequence of
events, we deduce that P [ﬂ (M> MO}{TM < T}} = 0. Thus P-almost surely, there exists M > M

such that 7y = T, whence y = y™ . It follows that 7o, = T  almost surely. Thus y is a continuous
solution to equation (II.13) defined on [0, T.

Let us now prove pathwise uniqueness. Let x! and z? be two solutions on (2,G,P) to
equation (I1.13) in C([0,1] x [0,T]). Let € > 0. For every M > My, let us define the following
event: A4, = {w e Q: SUPye[0,1],4€[0,T] |z (u)](w) < %}, i =1,2. Let Ay := A}, N A2,. The
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sequence of events (Ans) s>z, is non-decreasing and it follows from the fact that ! and z? are
continuous that P [Uys>ps, Arr] = 1. Thus there is M such that P[Ay] > 1 —e.
Let M be such that P[Apy] > 1 —e. Let 7§, := inf{¢ > 0:2}(1) —2{(0) > M} AT and

™ = 7']{/[ A T]%/[. For i = 1,2, the same argument as the one given in Corollary I1.6 im-
plies that almost surely for each ¢t € [0,T], u — x},,, (u) is strictly increasing. Therefore,
under the event Aps, the equality 7py = T holds. Moreover, the processes (a:%/\TM)tG[O,T]

and (fU%/\rM)te[O,T] satisfy equation (II.16) up to the same stopping time 7p;. By Proposi-
tion I1.2, pathwise uniqueness holds for equation (II.16), so P [ Ay T ATM} = 0. In particular,

=P [{x,l/\TM #a% o, 3N AM} =P [{z! # 22} N Ap]. Tt follows that P [z} # 2%] < & for every
e > 0. Since € > 0 is arbitrary, we conclude that P [xl #* a:z} = 0 and pathwise uniqueness holds
for (I1.13). O

I1.2.3 Higher regularity depending on the decay at infinity of f

In this paragraph, we discuss the regularity of u — y;(u) for a fixed ¢ € [0,T], depending on the
regularity of the initial condition g and the decay at infinity of f. Recall that in Introduction II.1
to this chapter, we announced that under suitable assumptions on f, the process u — y;(u)
admits a density p; and that the faster f decays to infinity, the higher regularity we will obtain
on pg.

Of course, if we assume that g belongs to C*° and that f decays faster to infinity than every
polynomial, the result stated below insures that u — y;(u) and consequently = — p(z) are
C*-maps. Nevertheless, we want to have a precise idea of how the order of regularity of p;
grows with the order of regularity of g and the integrability of f, because we want to assume as
low integrability as possible on f in order to implement a Fourier inversion in Section II.3.

We have seen in Proposition I1.8 that the assumption ¢ € G! implies that y is continuous
with respect to u. By differentiating formally y with respect to u, we expect that the derivative
of y is a solution to the following linear stochastic differential equation for every u € [0, 1]:

— () + /0 () /R " (u, &, 5) f (k) dw® (k, s) + /0 () /R 63 (u, b, 5) f(R)dwS(k, s), (I1.20)

where
Ry b s) —ksin(kys(u)) ~cos(kys(w)) fo @' (ys(w) — ys(v))dv 91
k) (Jo (ys(u) = ys(v))dv)1/2 Josoys ) = ys(v))dv)¥/2 (2
& k cos(kys(u)) sm(kys fo@ ys(u) — ys(v))dv
u, k,s) = . 11.22
- ) (Jo (ys(u) — ys(v))dv)1/2 2(fy (ys(u) — ys(v))dv)3/? (1-22)

Recall definition I1.7 of GJ+?.

Proposition I1.9. Let 0 € (0,1). Let g € Gt Assume that k — (k)10 f(k) is square
integrable. Almost surely, for every t € [0,T], the map u — y(u) belongs to G for every
0 <0 <0 and (Ouyt)ieio,r) satisfies equation (I1.20). Moreover, the derivative has the following
explicit form:

Ouyt(u) = ¢'(u) exp (// o®(u, k, s) f(k)dw” (k, s) —|—/Ot/R o (u, k, s) f (k)dw® (k, s)
— 2/O/R(gb%(u,k,s)?+¢3(u,k,s)2)f(k:)2dkds). (I1.23)

More generally, if for an integer j > 1, g belongs to GIt0 and k — (k)IT0f(k) is square
integrable, then almost surely, for every t € [0,T], the map u > y;(u) belongs to GItt for every
08 <0.
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Remark 11.10. Let us consider the case of fu(k) = ﬁ The assumption (k)j”fa( ) € La(R)
is equivalent to the condition @ > j + 0 + % If f is the Cauchy density f(k) = sz, then the
process u — y;(u) is differentiable and the derivative is ¢’-Hélder continuous for every ' < 5.

Remark 11.11. By the property of monotonicity of y;, we deduce that almost surely, for every
t €0, T], u > Oyye(u) > 0. Recall that the c.d.f. F; associated to y; is equal to F; = (y;)~! and
that the density of p; is the first derivative of F;. Therefore, for every u € [0,1], Fy(y:(u)) = u
and pg(y:(u))Oyye(u) = 1. Thus for every = € [y:(0), y:(1)],

1
pilw) = auyt(Ft(x)).

It follows that p; has the same regularity than J,y,. If f(k) = then p; is #’-Holder

el
continuous for every ¢ < %

As we did to prove well-posedness, we will first consider the auxiliary equation, where ¢ is
replaced by ¢y, so that the coefficient functions qu\%/f and gbi\]\} are bounded.

Recall that My is a fixed integer such that My > g(1) — ¢(0). Fix M > My. We consider the
following equation

A1) =g+ | "M () ( [ SRk, 9) 7)™y 5) + [ 63k 3) F () dw G, s>) ,

(I1.24)
where d)?c\e/[ and ¢3; are defined in analogy with (I1.21) and (I1.22) by:
M 1 M
qﬁ%/[(u k 8) = —kSlIl(kys (u)) o COS(kyS (u)) f[) @M(ys (u) Ys ( ))dv
(Jo err(yd (w) = yM (v))do)/2 2(Jy oar(yM (u) — yM (v))dv)?/2
sy e oo () sinrd () iy 02 () s ()
(Jo oy (u) = yM (v))dv)1/2 2(Jo oar(yd! (w) — yM (v))dv)3/?
The map ¢, is well-defined and bounded on R\{—M,M}. Because u — ys(u) is strictly
increasing, the Lebesgue measure of {v € [0,1] : ys(u) — ys(v) = —M or M} is equal to 0.

Furthermore, ¢js is bounded from below by ¢(M). Therefore, the functions %d)% and %(ﬁc‘]&
are bounded and there is a unique solution to equation (II.24), because k — (k) f(k) is square
integrable. The solution is given by an explicit formula, similar to (I.23).

Recall the definition of 73y = inf{t > 0 : y:(1) — y:(0) > M} AT for every M > My and of
TMo—1 = 0. Thus, if we define 2 (u) := Ly—o19'(u) + ZXfiMO ]l{tE(TM_MM}}ng[(u), z is solution
in C([0,T7], L2(0,1)) to equation (I1.20). In order to prove Proposition I1.9, we first prove the
following two lemmas.

Lemma II1.12. Let g € G0, Assume that k — (k)70 f(k) is square integrable. For every
M > My and for every u € [0, 1], we have Yoy (Fe) =4 gy (1) 3 B (u) in L2(2,C[0,T7).
E—

€

Proof. Let u € [0,1]. As previously, denote by mg(u) := fol ©(ys(u) — ys(v))dv. Recall that
REATM (u) = g/(u)

+/MTM %( 1/2/ kf(k [_Sm kys(u ))dw%(kws)+C°S(ky5(“))dw%(k’sﬂ

B /t/\‘rM zs(u) fo (p/(ys(u) - ys(v))dU/ F(k) [cos(kys(u))dw%(k‘, s) + sin(k:ys(u))dw%(k, S)] )
0 R

2mg(u)3/2
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Let £ # 0 such that u 4 ¢ € (0,1). Therefore, we have:

Yintm (u —+ 5) — Ytrnrtu (U) _ g(u —+ E) - g(u)

€ €
me coshkys(u +£)) — cos(ky,(w) |
k d k
N sin(kys(u + 5)2 — sin(kys(u)) dw (i, 3)1
tAT
[ ( L ) [ [ (kys(w))du™ (k. 5) + sin(kysm))dw%(k,s)].
0 € \ms(u+e)? )2
(IL.25)
By Burkholder-Davis-Gundy inequality, there is a constant C' such that
2 4
E [sglz) Yorray (14 + 62 Yorras (W) _ Zsary ()] | < CZEi, (11.26)
s< =1
where
B 2
By o= [
| cos(kys (u + €)) — cos(kys(u))  2z4(u) P
Ey, :=FE / / a1 )12 + e (u )1/2ksm(kys( u))| dkds| ;
s sin(kys (u + €)) — sin(kys(u)  z5(u) ol
Es:=E / / e mau £ )12 i )1/2kcos(kys( w))| dkds| ;
2
tATM 1 1 Zs(U 1
E, =E / / < T — 1>+ ( )§ / O (ys(u) — ys(v))dv| dkds]| .
(ute)r  maw?i) 2myw)i o

To obtain Ey, we used the fact that cos(kys(u))? + sin(kys(u))? = 1.
Study of E;. Recall that g € G'*9. Tt follows that

1
b= [ r9m g < [0 - @R < ol e
here [l o = llllz.. + 19l + supe, g
where ||g|[1+0 I Loo 9 llLoe T SUPyzy " 2@ -

Study of E5. Furthermore

costbyl ) = costhnul) _ 002D =0 [P ong, ot o) + (1= Ayl

9 9

Henceforth, denoting 05(\) = A\ys(u +¢) + (1 — N)ys(u), we have

2

/t/\TM/ f(k)z\folksin(kQS()\))d/\|2

ms(u £)

tATM
+ 3E / /
u+€

/t/\TM/ n u)k sin(kys(u)) <m8(ui€)1/2 B ms(i)lﬂ)

ys(u+¢) — ys(u)
. — zs(u)

FEy < 3E

dkds] (I1.27)

2

/ e sin(k0,(\))dA — k sin(kys (w)

dk:ds] (I1.28)

2
+ 3E

dkds] . (IL29)
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Let us first remark that for every s < 7as, ms is bounded from below by ¢(M). Moreover, in
order to give an upper bound to (I1.28), we note that there is C' > 0 such that for every z,y € R,
| sin(z) — sin(y)| < Clz — y|?. Thus we have,

/01 ksin(kfs(X))dX — ksin(kys(u))’ < Cle|"ys(u 4 €) — ys(u)’.

In order to estimate (II.29), remark that for every s € [0,7],

1 1

[ms(u+e€) — ms(U)l\ 1
ms(u~+e)2ms(u)2 (ms(u—+¢€)2 +mg(u)?)
7]1{S<TM} u+e — u) — ys(v))|dv
< L[ lotus(a+2) = (o)) = () ~ )
< Sque[—M,M] lw( z)|
2p(M)>

]l{S<TM} = ]l{S<TM}

[NIE
N

ms(u+ €) ms(u)

Tscryylys(u +€) = ys(u)].

It follows from (I1.27) that

t
By < Cyy /R (E)2f(k)?dk /0 E [sgp

4 Ou /R (k)22 £ (k)2dk Eaq + Cat /R (k)2 f (k)2dk Eaa, (11.30)

Yrntas (U + 5) — YrATar (u>
g

— RrATy (u)

where
tATM 9 2
Foi ::E[/O 120 (1) 2Ly (10 + €) — ()| ds];
tATM 9 9
Epsi—E [/0 120 (1) 2lys (0 + ) — s (1) ds}.

By assumption on f, [ (k)2f(k)?dk and [ (k)2*% f(k)?dk are finite. Let p > 2. By Burkholder-
Davis-Gundy’s inequality,
p/Q]

E ([2am, (W) < Gylg' P + Co | [ <k>2f<k>2dk\p/ ‘& U [ wpas

t
< Cutpllg' .. +OnTE™ [ Ellausoy (w)P] ds.

Similarly,

t
E Hyt/\TM (U + 5) — Yintu (u)|p] < CpHg/Hpoo |8|p + CM,PTg_l A E Hys/\TM (u + 5) — Ysntyr (u)‘p] ds.

Thus, it follows from Gronwall’s inequality that for every p > 2, there is Cjy ), independent of ¢
such that

Cmps (11.31)

E Hyt/\TM (u + 6) — Yinry (u) p] CM7P|5|p' (1132)

By Holder’s inequality,

t/\T]\/I L
Eys <E {/ |zs(u)|T-2 ds}
0

1-6 0

t/\TM 2 20
B[ lnatuto) — ww)Pds| < Ol
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Similarly, F21 < Carplel?. Finally, it follows from (I1.30) that

<ou 2

Study of Ej3. It is analog to FEs.
Study of Ej. Let us give an estimate for F;. We have

yT/\T]v[ (U + 6) - yT‘/\T]M ('LL)
£

— ZrATay (u)

2
] ds + Cprlel®.

1 1 1 _ ys(u+¢e) — ys(u) ! f x)\—ys( ))dv
- (wrvam ) T e v

where z) = A\ys(u+¢e)+(1—N)ys(u). We have to compare the latter term, for each time s < 7y,
to

zs(u)

1
—W/O 90/(95(10) —ys(v))dv.

Using (I1.31) and (I1.32), we obtain by the same computations as for Fs:

t 2
By < CM/ E lsup Yrara (0 F 82 Yrza (¥) — Zrary, (W)] | ds + CM/ f(k)*dk Es1
r<s R
2
CM/ [ < Yrntys (u + 85 yr/\TM( ) — enras (u) ds + CM|5’2-

Back to (I1.26), there is a constant Cjs such that:

2
E lsup Ysntar (u + 5) Ysnty (’LL) — Zsnras (u) ] < CM|€’20
s<t 3
; _ 2
+Cu [ E [SUP Voo (W E) = rnna () ) 1 o

0 r<s e
It follows from Gronwall’s Lemma that:

2

E |jSllp Yintv (u + 8) Yinty (u) — Zipra (u) 1 < CM’€’29;
t<T €
whence we deduce the lemma. ]

Lemma I1.13. Under the same assumptions as Lemma I1.12, almost surely, for all M > My,
for all uw € ]0,1], for all € # 0 such that u+ ¢ € (0,1) and for all t € [0,T],

. 1
Yiaray (u + 83: Yintar (u) _ / ZtATy (u + )\E)dA
0

Proof. We use the following basic result: if F is a Banach space and if f,g : [0,1] — E satisfy
that

i) for all v € [0, 1], LEFD=I0) gy,

e—0

i1) g is continuous;
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then for all v € [0, 1], and for all € # 0 such that v+ ¢ € (0,1), M = fol g(v+ Ae)dA.
Let us apply this result to E = La(£2,C[0,T1), f : u+ y.ary, (u) and g = 2z.ar,,. The point 7)
is a consequence of Lemma II.12. It remains to prove i), that is the continuity of M. We have:

2y (U ) = zepmy, (u) = g'(u + h) = g'(u)
+ [ T ) — () [ 70 [+ ) (k) + 6% (- By s)du® k)|
[T ) [ W6+ ) — 6 k)
+ (6% (ut by kys) = 6 (u, b, ))dw? (k, 5)|.

First, since g € G, |¢/(u + h) — ¢'(u)| < ||gll1+0|h|’. Moreover, there is Cps such that the
following inequalities hold with every u, u + h € [0, 1], for every k € R and for every s < :

Ligeryy 10" (u,k, 8)| < Coy ();

(s<rary 105 (s, 8)| < Car(k);
Lpacryy 167w+ bk, 5) — % (u, k, 8)] < Oar (k)0 Lpaarny lys(u+h) — ys(w)|%;
Lacray 197 (04 ks 8) = 70 i 8)] < Car (077 Tgarmy (4 1) = ()

Thus by Burkholder-Davis-Gundy inequality, for every p > 2

s<t

E [Sup |Zsnryy (U 4 ) — Zsary, (1) ypl < Cyy|nf??

+ Cyr ‘/}R<k)2f(k)2dk

p/2 pt
/0 E |sup |zrary, (W + h) — 2par,, (w)[P| ds

r<s

o (IL.33)
+ o | [ w220 B | [T @Plyn(uct ) - ) ps).

By assumption on f, [p(k)2f(k)2dk and [ (k)*"??f(k)?dk are finite. Moreover, by Holder’s
inequality and by (II.31) and (II.32),

tATM 0
2| [T Pl ) - (s
0
tATM » 1-0 tATM 0
<B| [V @ras] B[ s ) - wu)Pds] < Culhl?,
0 0

Thus, by Gronwall’s Lemma applied to (I1.33), for all u € [0, 1] and all kA such that u+h € (0, 1),

E [sup |Ztnry, (U4 h) — ziary, ()P | < CM]h\pe. (11.34)

t<T

Let p be large enough so that pf > 1. By Kolmogorov’s Lemma [RY99, Theorem 1.2.1, p.26], we
deduce that there is a modification of z;s-,, which is y-Holder continuous for every v < 6 — %.
Taking p large enough, we deduce that zir,, is ¢’-Holder continuous for every ¢ < 6. In
particular, it is continuous. Hence the point i7) is satisfied.

We deduce that the following equality holds in Lo (2, C[0,T)):

_ 1
Yonry (U + 52 Ynry (1) _ / Znryy (U + Ag)dA. (I1.35)
0
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Therefore, almost surely, equality (I1.35) holds with every u € Q N[0, 1] and for every M > M.
Furthermore, u € [0,1] — y.ar, (u) € C[0,T] is continuous on [0, 1] by Proposition II.4 and we
have just seen that the same statement is true for u — z.5r,, (u). Hence equality (II.35) holds
almost surely for every u € [0, 1], for each M € IN\{0}. O

Proof (Proposition 11.9). Under the event {Tas = T'}, y.ary, = ¥ and z.ar-,, = z. It follows that
under {73; = T'}, for all u € [0,1], for all £ # 0 such that v+ ¢ € (0,1) and for all ¢ € [0, 7],

y(u+e) —
€

A0 = /01 ze(u + Ae)dA. (I1.36)

Recall that by Proposition IL8, P [Uysa, {7 = T'}] = 1. Therefore (I1.36) holds almost surely.
Since z belongs to C([0,1] x [0,T7), it is equal to the derivative of y.

The case of higher derivatives can be easily inferred by similar computations. Since no new
idea is needed there, the proof will not be detailled. ]

II.3 Fourier inversion with respect to the interaction kernel

In this section, we will introduce an important tool to determine the inverse function of the drift
term with respect to the interaction kernel previously defined.
More precisely, the aim of this chapter is to prove well-posedness of the following SDE:

dz(u) 1/2 / f(k COS (kzi(u ))dw%(k‘,t) + sin(kzt(u))dw%(k,t» + b(z¢(u), e )dt,
(11.37)

where my(u) = fol ©(z¢(u) — z(v))dv, where f, ¢, w® and w> are defined as in Section II.2,
where p; = Leb|[jg 1) 0 2, Land where b : R x P2(R) — R is a drift as general as possible. If
the drift b is equal to zero, this equation is exactly the one which was studied in Section II.2.
The question is now: do we keep well-posedness of this diffusion if we add a drift term with
low regularity? Typically, we will assume only measurability and boundedness of b with respect
to the measure variable, whereas we will assume that b is at least C? with respect to its first
variable.

Let us write the associated SPDE satisfied by the process (ut)ieo,r)- Let I € C*(R; R).
Denote by Cy := [ f(k)?dk. For every u € [0, 1], we have by Itd’s formula

dF (z(w)) = F'(z(u)) mt(i)l/? /}R F (k) (cos(ze(w))dw™ (k, £) + sin(kz (u))dw? (k, 1))

T F () bz (), )t + 2 F (2 () —S

dt.
2 m(u)

Moreover,

maw) = [ plea(w) — (o) = [ ol ~ 2)ule) = (o5 ) u(w)

Integrating over u € [0, 1], and using the relation fol F(z(u))du = [g F(x)du(z) for F and its
derivatives, we deduce that

d, ( /}R F(m)d,ut(x)> - / d% / £(k) (cos(ka)duw™(k, ) + sin(ka)dw® (k, 1)) dpu ()

C
+/F Vo(x, 1) d g () dt + = /F” 71”(1 z)dt.
Mt ,Ut( @*Mt)(l’) Mt( )
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By integration by parts, we deduce that (p).ejo,) satisfies the following SPDE:

o= G 02, () = 0, (b))t =0, (g [ SR (e dulht) )
(I1.38)

The main result of this section will be Lemma I1.18. We will construct the inverse process
(ht)iejo,r) described in (I1.9) and we will also specify the relation between the regularity of the
drift term B and the integrability of the function f. If B has low regularity, we will only be able
to proceed to this inversion for functions f with slow decay at infinity.

I1.3.1 Assumptions on the drift function

We will denote by B : R x Ly[0,1] — R the function defined by B(x,z) := b(z, Leb |10 271).
For every p € P2(R) with compact support, we denote by | Supp u| the Lebesgue measure of the
support of p.

Let us define the assumptions that we will make on b.

Definition IT1.14. A measurable function b : R x Po(R) — R is said to satisfy the b-hypotheses
of order j € IN\{0} if:

- for every p € Pa(R),  — b(x, p) is continuous and j-times differentiable on R;

- foreveryi € {0,1,...,j}, there is a sequence (C;(M))nr>n, such that ‘ay)b(x, ,u)’ < Ci(M)
for every x € R and for every u € Py(R) with compact support satisfying | Supp p| < M.

. Co(M)

- the sequence (Co(M))nr=n, satisfies =7~ Mot 0.
We say that B : R x L0, 1] — R satisfies the B-hypotheses of order j if the associated b satisfies
the b-hypotheses of order j.

Let us remark that, if z € L9[0,1] is a continuous and strictly increasing function, the

Co(M) i
Wi M::OO 0 will only

be necessary in the proof of existence of a weak solution to (I1.37) (see Theorem I1.33), in order
to insure that under the new measure given by Girsanov’s Theorem, there exists almost surely
a (random) level M so that the diameter of the cloud of particles remains bounded by M for
every t € [0, 7.

support of 11 = Leb[j 1) 0 27! is equal to z(1) — z(0). The assumption

Remark 11.15. Let us give a few types of examples of admissible drift functions:

1. Let b(z, pn) == [ga(z,y)du(y) or equivalently B(x,z) := fol a(z,z(u))du. If a: R? — R is
bounded and = +— a(x,y) is j-times differentiable with bounded derivatives, then b satisfies
the b-hypotheses of order j. For instance, b(z, 1) = [g(z — y)?p(x — y)du(y), where p is a
C*-function with compact support equal to 1 on [—1, 1].

2. Let b(z, ) := a(z)Var [Y]", where the law of Y is  and n < 3. If a is bounded and j-
times differentiable with bounded derivatives, then b satisfies the b-hypotheses of order j.
Indeed, if p has a compact support with | Supp p| < M, then Var [Y]7 < M?7; thus % =

//4
MTM. For instance, we can take b(z, u) := VarlVI /2 ) b(z, 1) = e Var [Y]1/4.

laol| 122

3. Let b(x,u) = a(x,E[p(Y)]), where the law of Y is p. If a is bounded and j-times differ-
entiable with bounded derivatives and if ¢(Y") is bounded and measurable, then b satisfies
the b-hypotheses of order j.
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4. Let b(x, ) = a ([g(x —y)du(y)). If a is bounded and j-times differentiable with bounded
derivatives, then b satisfies the b-hypotheses of order j. Indeed, for every ¢ € IN, we have
8§l)b(z, 1) = a® (fz(z — y)du(y)). Other similar examples are b(x, 1) = a ([ ydu(y)) and
b(z,p) = a(oyx), where o, = \/Var [Y] with Y of law p.

We will consider, for a function B satisfying the B-hypotheses, the following equation:

dzi(u) = mt(zlt)l/Q /Rf(k:) (cos(kzt(u))dw%(k,t) + sin(kzt(u))dw%(k,t)) + B(zt(u), 2¢)dt.
(11.39)

The usual technique to prove well-posedness of equation (11.39), following the method of [SV79],
is to use Girsanov’s change of measure in order to create a new probability measure on which
the process z is a diffusion without drift. For that purpose, we have to write the drift term as a
perturbation of the noise dw = dw”®+idwS. The key point is to be able to inverse the kernel, i.e.
to prove, for a given La([0, 1], R)-valued-process (x¢)c[o,77, the existence of a La(IR, C)-valued
process (ht)iejo,m) = (hF + ih?)te[o,T] such that

1
(i lae(u) — wo(v))dv) 2

or equivalently, taking the real part of (I1.40), to find two La(R, R)-valued processes (hiR)te[o,T]
and (h;‘\f)te[o,T] such that

cos(kzy(u)) f(k)
(fo e(ze(w) — z4(v))dv)

Note that the functions B, ¢ and f are real-valued.
For every M € IN\{0}, we define the following assumptions:

B(xi(u),zt) =

/R =) £ (k) hy (k) ks (IT.40)

sin(kze(W)FK) _po g

(fol o(x(u) — z¢(v))dv)1/2 t

Blay(u),z0) = [ hfdk+ [

Definition I1.16. A process (v¢)ic[o,r] With values in C[0, 1] is said to satisfy the Xj-hypo-
theses if:

i) (zt)iefo,1) 18 (Gt)eepo,r-adapted.
i1) almost surely, for every t € [0, T, u +— x(u) is strictly increasing.
i11) almost surely, for every t € [0,T7], |x¢(1) — 2+(0)| < M.
As a consequence of Corollary 1.6 and Proposition I1.8, the process (yiary, )iepo, 7] satisfies
the assumptions of Definition II.16.

Corollary I1.17. Let g € G'. Assume that k — (k) f(k) is square integrable. Let (y;)cpo,r] be
the unique solution to equation (11.13) given by Proposition I1.8. Let M > My and recall that
Ty = inf{t > 00y (1) —ye(0) = M} AT. Then (Yinry )icjo,r) Satisfies the Xyr-hypotheses.

I1.3.2 Statement of the inversion Lemma

We denote by F¢ the Fourier transform of a function ¢; if ¢ belongs to Li(R), Fo(x) =
\/% Jr e ¢(y)dy. Recall that Plancherel’s formula is given by: ||@||z, = | F¢||r,. We denote

by F~! the inverse Fourier transform.

Lemma I1.18. Let M > My, j € N and a > 0. Let us assume that

- there is ¢ > 0 such that for every k € R, f(k) > <kc>a ;
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- the function B satisfies the B-hypotheses of order 2j;
- the process (zt)ic(o,1] satisfies the Xnr-hypotheses.

If 2j > «, then there is a (Gi)ejo,r)-adapted process (hi)iejor) which is solution, for every
t € [0,7], to equation (I1.40) and such that there exists Cpy > 0 for which the inequality
fOT Jg |he(K)|2dkdt < Cas holds almost surely.

Proof. Let (w¢)ejo,r) be a process satisfying the Xs-hypotheses. Therefore, for a fixed ¢ € [0, 77,
the map u — z4(u) is a continuous strictly increasing function and can be seen as the quantile
function of a measure p; € P2(R). Let us denote by F; and p; respectively the c.d.f. and
the density associated to p;. More precisely, Fi(xi(u)) = w for all u € [0,1], Fi(y) = 0 for
all y < x4(0) and Fi(y) = 1 for all y > x4(1). Since almost surely, for every ¢t € [0,7],
x4(1) — x4(0) < M, the Lebesgue measure of the support of p; is bounded by M.

By the substitution y = z¢(u), equation (I1.40) is equivalent to

1/2

Bly, z) ( /0 1 cp(y—:ct(v))dv> - /R e Y £ () by () (I1.41)

for every y € [2+(0), z+(1)].
Let us fix a C*°-function ¥ : R — R that is equal to 0 on (—o0, 0] and equal to 1 on [1, +00).
For every a < b, we define the cut-off function 7,; : R —+ R by

1 on [a, bl
U(y—(a—1) on(a—1a)
Ub+1-—1y) on (b,b+1).
0 elsewhere.

Nab(y) = nt(y) (11.42)

Let us denote by 7 := 1y,(0),0,(1)- For every y € [14(0),z¢(1)], m(y) = 1. Moreover, n; has a
compact support included in [z;(0) — 1, 24(1) + 1]. Therefore, if a process (h:):c[o,1) satisfies

1 1/2 ,
Blyon) ([ ol —ale)dr) = [ ek (11.43)

for every y € R, then it satisfies (I1.41) for every y € [z+(0), z+(1)] and thus it satisfies (I1.40)
for every u € [0, 1].
Thus, equation (I1.40) is equivalent to

Fiph) = nzm ([ ot atonan)

Therefore, the process defined by

1 . 1 1/2
(k) = s P (B(-,:ct)nt </0 @(-—xt(v))dv) )(k) (I1.44)

is solution to equation (I1.40), provided h; is square integrable for every ¢ € [0,T]. Define ®; :=
B(-,xt)nt(fol o(- — x4(v))dv)/2. Note that for every t € [0,T], y nt(y)(fol oy — z¢(v))dv)/?
is a bounded C*°-function with compact support and y — B(y,x;) is a bounded continuous
function. Therefore, ®; belongs to L'(R,C) and h; is well-defined. Moreover, since (®¢)ejo 1]
is (Gt)iejo,r-adapted, (ht)icpo,r] is also (Gt)iefo,7-adapted.
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Furthermore, we know by assumption that f(k) > (k)a for every k € R. Therefore, f(k) <

c k) < c7{k)¥. Thus by Plancherel’s Theorem (and denoting by A the Laplace operator)
we have

9 24 1| F 1t (k)? i 2
1he]|Z, —/R‘ht(k)‘ dk—/R%de’éc/R‘(@ TF 1<I’t(/€)‘ dk

- c/}R P+ Ay e)H)|
=c|a+ayel

Then, on the one hand, we note that B satisfies the B-hypotheses of order 25 and, by the X -
hypotheses, almost surely for every ¢ € [0,T], | Supp p;| < M. Thus almost surely, we have for
every i € {0,1,...,25}, for every ¢ € [0,T] and for every y € R, |8{Z)B(y,:z:t)| < Ci(M). On the
other hand, y — nt(y)(fol oy — z4(v))dv)/? is a C™-function with compact support, thus this
function and all its derivatives are bounded on R. We deduce that for every ¢ < 2j, there is a
constant C'y; such that almost surely, for every t € [0, 7], ||0'®||1.. < Cur-

Recall that the support of 7, is included in [z4(0) — 1,2(1) 4+ 1]. Henceforth, almost surely
for every t € [0, 7], the Lebesgue measure of the support of ®; is bounded by M + 2. Therefore,
for every i < 27, there is a constant C; such that almost surely, for every t € [0, 7],

10°®4]l2, < | Supp De|"/?(|0°®4|| 1., < Cur.

We deduce that there is Cjy > 0 such that fo [|hel|7,dt < Cas almost surely, which completes
the proof. 0

Remark 11.19. Let us note that, by formula (11.44) defining h; for each ¢t € [0,T], there is a
measurable map H : C[0,1] — La(R, C) such that for each t € [0,T], hy = H(z¢). Indeed, H is
defined for every x € C[0, 1] by

1 - 1/2
H(x):kaF1<B( X) Th(0) x (/(p —x(v dv) )(k). (11.45)

Remark 11.20. We do not try to give here an optimal assumption on the regularity of B with
respect to the space variable. This question will be discussed in Section I1.5. Actually, we

need to know that k& — (1]6)]: 1®,(k) belongs to Ly(R), i.e. that ®; belongs to the Sobolev
space H*(R). Since 77t(fo o(- — z4(v))dv)'/? is a C*-function with compact support, a sufficient
condition to insure that we can apply the Fourier inversion is that there is a constant C; such

that almost surely for every ¢t € [0,T], ||B(+, )| e < Chyr.

I1.4 Regularization of an ill-posed Fokker Planck equation

Let g € G'. Let M > My > g(1) — g(0). Let B : R x L5[0,1] — R satisfy the B-hypotheses.
Let f: R — R be an even and square integrable function.

Definition II 21. We say that f R — Ris of order « if there exist two constants C' and ¢ > 0
such that Cpya < f(k) < Crm k)a for every k € R.

In order to insure that k — (k) f(k) is square integrable, we assume that o > 3.

The goal of this section is to prove well-posedness of equation (I1.39). We will assume in this
section that the order of regularity of B and the order of integrability of f are compatible, i.e.
that the condition o < 2j of Lemma I1.18 is satisfied. Therefore, this method operates for drift
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functions B which have at least C2-regularity in the space variable (in the light of Remark I1.20,
the method actually works for functions B which belong to H*(R) for a certain s > 3).

We will now use the Fourier inversion to apply a Girsanov argument and to be able to prove
weak existence and later weak uniqueness of a solution to the drifted SDE (I1.39). But we
want to stress here the fact that, according to Lemma I1.18, the Lo-norm of the inverse process
(ht)iefo,r) is bounded by a constant Cjs depending on M. This dependence on the size of the
support of u; can be removed for certain choices of drift functions B and mass kernels ¢, but
not in general. If we choose B =1 and ¢ = 1, we can see in the proof of lemma that we need
to multiply the product Bm; by a cut-off function 7; in order to obtain an Ls-function. Its
Lo-norm will therefore depend on the size of the support of 7, that is on M. The consequence
of this remark is that we will need to localize the SDE in order to control the size of the support
of Mt

We will first prove in Paragraph I1.4.1 existence of a weak solution to equation (II.39) up
to a stopping time. Then, in Paragraph I1.4.2, we will show uniqueness in law for the same
equation up to the same stopping time. Finally, in Paragraph 11.4.3 we will explain how we can
remove the localization in order to prove well-posedness on the global time interval [0, 7.

I1.4.1 Existence of a weak solution up to a stopping time

Let us consider the following stochastic differential equation:

Az (u) ZB{KCM}(W /]R cos(kzy(u)) £ (k) dw®(k, )

+ W/Rsin(kzt(u))f(k) dwS (k, 1) +B(Zt(u),zt)dt> (Eqyy)

zo(u) = g(u),

where my(u) = fol ©(zt(u) — z¢(v))dv and Cp :=1nf{t > 0: 2 (1) — 2(0) > M} AT.

Remark 11.22. If B = 0, the result of Proposition I1.8 states that (Eq,,) is well-posed: in
particular, pathwise uniqueness holds for this equation. Actually, if we assume that B is Lipschitz
continuous with respect to both variables on R x L[0, 1], then we can apply the same method
based on a fixed-point argument as in Section I1.2. Therefore, existence of a strong solution and
pathwise uniqueness still hold for equation (II.16) under these regularity assumptions. The aim
of what follows is to obtain existence and uniqueness of a weak solution under lower assumptions
on the regularity of the drift term B with respect to the measure variable, that is under the
B-hypotheses. Nevertheless, we will see that B needs to be at least of class C? with respect to
its first variable.

In accordance with [KS91], we give the following sense to a weak solution to the SDE (Eq,,).

Definition I1.23. A sextuple (2,3, (Gt)icp,1]; P, 2, w) is said to be a weak solution to equa-
tion (Eq,,) if

(2, G, (Gt)iejo,r), P) is a filtered probability space satisfying usual conditions,

- (2t)tejo,r 1s a continuous (Gy)¢ecpo,r1-adapted C[0, 1]-valued process,

w = (w® w) and (w%(k:7t>,w%(k,t))kekyte[oy’f‘} are two independent (Gy);e[o,7)-Brownian
sheets under P,

1 ¢ 1
- P // dtdu < +o00o| =1,
0oJo m(u)
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- P-almost surely, for every t € [0, 7],
tACM .
+/ 1/2/ cos(kzs(u)) f(k)dw™(k, s)
t/\CJ\/[ x t/\CM
+/ 1/2/ sin(kzs(u)) f(k)dw™ (k, s) +/ B(zs(u), zs)ds. (I11.46)
0

Proposition 11.24. Let g € G, M > My and j € N\{0}. Let f be a function of order o > %
Let B : R x Ls[0,1] — R satisfy the B-hypotheses of order 2j. If 2j > «, there exists a weak
solution to equation (Eq,;).

Proof. Let (2,G,(Gt)icp,1),P) be a filtered probability space and (w(u,t))uc(0,1]te[0,7] be 2
(Gt)tefo,r)-Brownian sheet. Since a > 3, the map k ~ (k) f(k) is square integrable. Thus, by
Proposition I1.8, there is a unique process (y:)¢c[o,7] satisfying equation (IL.13) for every u € [0, 1].
Furthermore, by Corollary I1.17, the process (Yiary, )iefo,r) satisfies the Xps-hypotheses.

Therefore, by Lemma I1.18, there is a process (ht)iejo,r] = (R + ih?)te[O’T] with values in
Ls(R, C) satisfying for every ¢ € [0,7] and u € [0,1]:

_ cos(kyinry, (v)) f (k)
B(Ytnry, (W), Ytnry, ) = /]R T oGy (1) — ey (0)d0)1 /Qh?(k)dk
(k

sin(kyinry, (w)) f(k) S
+/ (fﬂl (yt/\TZ\/[( )_yt/\TM( ))dv)1/2 e (k)

and such that there exists a constant Cjs such that almost surely,

T
/ / |he(E)2dkdt < Cyy. (11.47)
0 JR

Therefore, we can rewrite equation (II.13) as follows:

thta o cos(kys it rosin(kys f(k S
Yinrys (u +/ / B 1/2( dw” ks+/ / y 1/2 T8 403 1, )

+/WM (ys(), ys)ds
/t/\T]u/ cos kys(u ( )h% Bk — /tA‘rM/ sin(kys(w)) f(k) | o h“(k:)dk’

s () 172
EATM [ cos ky (u f(k) EATM [ sin k:yS f(k) , o
+/ / e ()12 dw™(k, s —I—/ / 1/2 dw®(k, s)
tATM
+ /0 B(ys(u), ys)ds, (11.48)

where we define for every k£ € R and every s € [0, 7]
dw™ (k, s) = dw™(k, s) — L{seryyhh (k)dkds,
dw® (k, s) = dwS (k, s) — Liseryyhs (k)dkds.

Let us consider the process (Gt).e(o,) defined by:

tATM tATM tATM
Gt—exp</ /hﬂ‘E Jduw® k:s+/ /h“ k)dwS (k, s) — / /|h |dkds)

By (I1.47), there is Cas > 0 such that exp(% [ [ |hs(k)[?dkds) < Car almost surely. Thus
Novikov’s condition holds and the process (Gt)te[o,T] is a P-martingale. Let us define the proba-

bility measure Q by the absolutely continuous measure with respect to P with density ‘é—P = Gr.
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Remark that the process (Gt)te[o,T} and the measure Q depend on M. For simplicity, we do not
mention this dependence in the notation.

By Girsanov’s Theorem, under the probability measure Q, (fD%(k‘,t),@%(k,t))kemte[oﬂ
are two independent Brownian sheets on R x [0,T] and the couple (y.ar,,w) satisfies equa-
tion (Eq,;). Furthermore, Q-almost surely, fol oM mtl(u) dtdu < Oy < +o0.

Thus (2, G, (Gt)ico,17> Q, Y-nry > W) is a weak solution of equation (Eqyy). O

I1.4.2 Uniqueness in law of a solution up to a stopping time

Definition I1.25. We say that uniqueness in law holds for equation (Eq,,) if for any two weak
solutions (2%, G¢, (gf)te[o’T],Pi,zi,wi), 1 = 1,2, the two processes (Ztl)te[(),T] and (z?)te[oﬂ have
the same law on C([0, 1] x [0, T7).

Lemma I1.26. Let us assume that (', G, (Q’t")te[O’T],P", 2L w'), i = 1,2, are two weak solutions

to equation (Eq,,) in the case where B = 0. Then (Y, w!) and (22, w?) have same law in

C([0,1] x [0,T]) x C(R x [0,T], R?).

Let us remark that the Brownian sheets w! and w? are seen here as taking values in R?, by
an identification of R? with C.

Proof. In the case where B = 0, equation (Eq,,;) has a unique pathwise solution by Propo-
sition II.8. By an infinite-dimensional version of Yamada-Watanabe result (see [KS91, Prop
5.3.20]), it implies that the law of (z!,w!) under P! is equal to the law of (22, w?) under P2. [

The proof of uniqueness in law for equation (Eq,,) is based on Girsanov’s Theorem. As
in the proof of Proposition I1.24, we will apply Lemma II.18 to the drift function B and to a
weak solution to equation (Eq;;). In order to apply it, we need to know that any weak solution
to (Eq,,) satisfies the Xj/-hypotheses (recall Definition I1.16 of these assumptions). It is the
statement of the next lemma.

Lemma I1.27. Let B : R x L2[0,1] — R satisfy the B-hypotheses of order 1. Let (zt);c(0,1) be
a solution to equation (11.46). Then it satisfies the X yr-hypotheses.

Proof. The process (2t):e(o,1) 18 (Gt)iefo,71-2dapted. Moreover, by definition of equation (Eq,,),
(2t)tej0,1] = (2taryr)iejo,r)- Therefore, we deduce that almost surely, for every ¢ € [0, T], 2(1) —
2¢(0) < M. It remains to check assumption ii) of the X/-hypotheses. We adapt the argument
given in Proposition I1.5. Let uy,ug € [0, 1] such that u; < ug. The process Z; = z;(ua) — z¢(u1)
is solution to

t
Zi = gluz) = gu) + | Z.AN2",
where N is the following semi-martingale:

tACm 0% (zs(uz), k,5) — 0% (2s(u1), k, 5)
NM ::/ /]1 M\~s ) 1Yy M\~s s Uy R
‘ y g Hes#m @) 2 () — 2s(un) f(k)dw™ (K, s)

tACM 03 (zs(u2), k, 5) — 05 (zs(uy), ky 5 S
+/0 /R]l{zs(ul)#zs(m)} a2 2ls(u2§zfj@(ﬂ)( 1) )f(k)dw (K, s)
B(zs(u2), 25) — B(zs(u1), 2s)

zs(u2) — zs(u1)

tACM
+ /0 Lz ()20 (u2)} ds,

here 0% (z, k, s) = cos(kz) d 65 (z,k,s) = sin(kz) . As in th f of
where 63 (x, k, s) T ozt a0 2 and 0y, (z, k, s) T oa—za(u)de) s in the proof o

Proposition I1.5, we show that (Zt)te[o,T} admits the following exponential form:

Zy = (glus) — g(ur)) exp (N} — (NM, NM),). (IL.49)
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As in Proposition II.5, equation (I1.49) relies on the fact that almost surely, for every s € [0, 77,
d(NM ,NJW>5

15 < Cu,r. Indeed, by assumption on B, for every s € [0,T7,
B(Zs(u2)7 ZS) - B(Zs(ul)y Zs)

2s(u2) — zs(uq) < Gi(M).

Ttsccrn Uz (un) 20 ()}

We deduce from (I1.49) that almost surely, for every ¢t < T, u — z/(u) is strictly increasing.
Thus, (zt):c(o,r) satisfies the X/-hypotheses. O

Theorem 11.28. Let g € G, M > My and j € N\{0}. Let f be a function of order o > %
Let B : R x L3[0,1] — R satisfy the B-hypotheses of order 2j. If 2j > «, uniqueness in law
holds for equation (Eqy;).

Moreover, if (0,G", (G})ielo T],]P)i 2t w'), i = 1,2, are two weak solutions of equation (Eq,;),
then the laws of (2, w!) and (z w?) are the same in C([0,1] x [0,T]) x C(R x [0, T], R?).

Proof. Let us consider two weak solutions (€2, G*, (gf)te[O’T],Pi,zi,wi), for ¢ = 1,2, to equa-
tion (Eqps). Let ¢ =1 or 2. Let (j; :=inf{t > 0:2{(1) — 2;(0) > M} AT.

By Lemma I1.27, the process (Zz)te[o,T} satisfies the X s-hypotheses. Thus by Lemma II.18,
there are for i = 1,2 (Gf)e(o,7)-adapted processes (hf)yepo, 7] such that fOT Jg |hi(k)|[*dkds < Cu
almost surely and for all ¢ € [0, 7] and u € [0, 1],

cos(kzt(u)) f

7 2\ ( i, R
Blei(u). <) = /]R (fol o(2i(u) — 2} (v))dv)1/2 (" (k)dk
in(kzj () f(

sin(kz;(u)) f (k)
+ANH¢@%U—%@»®V”

Furthermore, by formula (I1.45), there is a measurable map H : C[0,1] — Lo(R, C) such that
hi = H(z}) for every t € [0,7] and for i = 1,2.

Since (z{)sepo,7] is solution to equation (IL46), we have P-almost surely for every ¢ € [0, 7]
and for every u € [0, 1]:

tACh, . A ;
zi(u) = g(u) + / (1)1/2 / cos(kzL(u)) f (k) (dw" ™ (k, s) + h%™ (k)dkds)

tACE, ‘ - N
[ s [ s ) SR ) A (),

where mi(u) = [ ¢(zi(u) — 2i(v))dv. Let us define for every k € R and every s € [0, T
dw" " (k, ) 1= dw" " (k, s) + Ligeer 1o (k) dkds,

dw"S(k, ) 1= dw"> (k, s) + Liyees 1ho (k) dkds.

Let us consider the process (G});epo,r] defined by:

, tACS A tACE, tAC
G = eXp(—/ YRR () dw R (k, 5) / /h” k)dwS (k, s _7/ M/ B (k 2dkds>
0 R

Novikov’s condition applies because fOT Jg |hi(k)|[?dkds < Cp almost surely, so the process
(G})iefo,) is a P-martingale. We define the probability measure Q* by the absolutely continuous

measure with respect to P! with density i%%i = GiT. By Girsanov’s Theorem, under Q¢, @' =



1I.4. REGULARIZATION OF AN ILL-POSED FOKKER PLANCK EQUATION 119

~q ~7 <k
(’U)Z’ER, whS

t €[0,T],

) is a couple of two independent Brownian sheets and Q'-almost surely, for every

)+ /“CM HE / £ (k) (cos(kz} ()@ R (k, 5) + sin(kz} (u))d@" (k, 5)) .

Thus (9, G, (gg)te[o’T],Qi,zi,@i), for i = 1,2, are two weak solutions to equation (Eq,,) in
the case where B = 0. By Lemma II1.26, it follows that for every measurable function v :
C([0,1] x [0,7]) x C(R x [0,7],R?) — R such that E? [|s(z%,@")|] < +ooc for i = 1,2, we have

EY [p(z!, @")| = BY [p(=2, %)) . (IL.50)

Let ¢ : C([0,1] x [0,T]) x C(R x [0,T],R?) — R be a bounded and measurable function. We
have

EF [6(=',w')] = EY [6(z',w')(GE) ']
— g¥ [gb(zi, w') exp </0<}W/IR RR (k) dw® " (k, s)

¢ o o 1 < A
+ / M / 1S (k) dw S (k, ) + = / M / |h§(l<:)|2dkds>]
0o Jr 2Jo Jr

— EQ [gb(zz,w + fy Jo hi(k)dkds) exp ( /0 /]R RER (k) dw R (k, 5)

//hw ks - 1 [ /W |dkds>]
=E? [y(z', )] (IL51)

where ¢ : C([0,1] x [0,7]) x C(R x [0,T],R?) — R is a measurable function, because for each

€ [0,T], ht = H(z}) with H : C[0,1] — LQ(R C) a measurable function. By equality (I1.50),
we deduce that EF' [¢(z!, w!)] = EF* [¢(22, w?)]. Thus (2!, w!) and (22, w?) have the same law
and this completes the proof of the Theorem. O

I1.4.3 Existence and uniqueness on the interval [0, 7]

We consider the following stochastic differential equation:

dzi(u) = mt(tlt)l/Q /Rf(k)(cos(kzt(u))dw%(k,t) + sin(kzy (u))dwS (k, 1)) + B(z/(u), 2 )dt

(Eds)

where my(u) = fol o(z(u) — z(v))dv.

Definition I1.29. A sextuple (2, G, (Gt)icpo,1], P, 2, w) is said to be a weak solution to equa-
tion (Eqy) if the conditions of Definition II.23 are satisfied, except the last condition replaced
by: P-almost surely, for every t € [0, T,

22(u) :g(u)+/0tms(i)l/z/Rcos(kzs(u))f(k)dw%(k,s)
+ /0 tms(i)m /R sin(kzs () f(k)dwS (k, 5) + /0 " Blea(u), 22)ds.
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Let My > g(1) — g(0). For each M > My, we consider the solution to equation (Eq;;) on
the canonical probability space. Let Q@ = Qp x Qo, where Q; := C([0,1] x [0,7T]) and Q9 :=
C(R x [0,T],R?), equipped with the class B(f2) of Borel subsets of 2. To every z € ), we
associate (M = inf{t > 0: (1) — 2(0) = M} AT. If no confusion is possible, we will also write
¢M =l

Let GM be the o-algebra generated by the map 7 : 2z € Q; — zacm € (. Recall that by
Proposition I1.24, there is a weak solution to equation (Eq,,). Considering the law Q™ of that
solution on the space (Q,GM ® B(Q2)) constructed above, we deduce that for each M > My,
there is a weak solution (2, GM @ B(Q2), (Gt)eefo,)> QM, z.acm,w) to equation (Eqy,), where for
each w = (w1, ws2) € Q, (z,w)(w) = (w1,w2).

Let us prove that the family (Q)ys> s, is consistent, in the following sense:

Proposition I1.30. The family (Q™) =, is consistent, i.e. for each M' > M > My, for each
A € B(§1), for each B € B(£2)

QM [z,ACM cAwe B} — QM [z.ACM cAwe B} . (IL.52)
In other words, for each AM € GM | for each B € B(£s)
QM [z e AM we B} = QM [z € AM o € B} . (I1.53)

Proof. Let M" > M > My. Then (2,6 @ B(Q), (Gt)iepo,r1, QM zpcnr, w) and (Q,6M ®
B(£22), (Qt)tE[O,T],@M/, ZacM,w) are two weak solutions to equation (Eq,,). By Theorem I1.28,
the laws of both processes are the same, whence we deduce (I1.52). ]

We want to construct a probability measure Q on (€2, B(€2)) which is equal for every M > M,
to QM on GM x B(£s). For this purpose, we check in the following proposition the assumptions
of Theorem V.4.2 in [Par67, p.143].

Remark 11.31. We recall the definitions given in [Par67]. An atom of a Borel space (X, B) is a
set Ay € B such that the relations A C Ay, A € B imply that A = Ag or A= (. If Y is a metric
space, By denotes the Borel o-algebra of Y. A countably generated Borel space (X, B) is called
standard if there exists a complete separable metric space Y such that the o-algebras B and By
are o-isomorphic, that is if there is a one-to-one map between B and By preserving countable
sets operations.

Proposition 11.32. The family (Q,GM @ B(2)) s>, satisfies the assumptions of Theorem
V4.2 in [Par67, p.143], that is

i) M@ B(Q9) C M & B(Qs) for each M < M';

217

)
i) (2,6 @ B()) is a standard Borel space for all M ;
/) UM>MO(QM ® B(Qs)) generates B(Q);

)

iv) for any sequence (Ap)ns1 of sets such that Ag D Ay D ... and A, is an atom of GMn ®
B(Q2), where (My)n>1 s an increasing sequence, one has (,, An # 9.

Proof. Statements i) and #ii) are clear.

Let us check statement ii). Let x™ = {z € O : 2 = T.acm}, Le. the set of functions
z € Q = C([0,1] x [0,T]) which remain constant as soon as (1) — z4(0) reaches the level M.
Let FM be the class of Borel subsets of ™. The set x is a Borel set of Q1 (nevertheless, it
is not closed in €;). Since §; is a Polish space, it follows from [Par67, Theorem V.2.2] that
(x™, FM) is standard if and only if it is separable.
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Let us check that (XM ,FM ) is a separable metric space, with respect to the Loo-distance on
[0,1] x [0,T]. Let (f™)nen be a countable dense subset of €2;. Thus

<{f";n€]N}U{<1;> f”;nE]N,mG]N\{O}}) NxM

is a countable and dense subset of x™. Indeed, let 2 € x™. Remark that UM := {z € O :
sup;<r |¢(1) —24(0)| < M} is an open set of € contained in x™. Thus every z € UM is limit of
elements of {f" ;n € N} NxM. If 2 € xM\UM, then sup,cp |z:(1) — 24(0)| = M. Let € € (0,1).
There is n € IN such that || f* — x|, < §. Then sup,c7|f{*(1) — f{*(0)| < M +¢. Let m be the
integer satisfying % <m<1l+4 % Thus we have

(1= ) = (1= ) )| < (1= )suplr ) - £7(0)

m t<T

sup
t<T

< 1—l M+e)< M.
(1- ) 0r+s)

Thus (1 - %) f™ belongs to UM and therefore belongs to x™. Furthermore,
1 1 € 1 € € €
1——) - <f(1-=)z- -< = - <= =
H( m) ! * Lo H( m) v Lo + 2 m”xHL‘” * 2 M"$‘|L°° + 2

Thus (xM, FM) is a separable metric space.

We deduce that (Q1,GM) is also standard, since 7™ and GM are o-isomorphic. Indeed, let
prx € = xaem € M. Let p~' : FM — GM the map associating to every element of FM
its pre-image by p. Then p~! is a o-isomorphism, since GM = {(ﬂ'M)_l(A) tAe B(Ql)} =
{p‘l(A) A€ ]-'M}. Therefore, (€2, G™ ® B(£23)) is also a standard Borel space.

Let us check statement (iv). Let A, be an atom of GM» @ B(3). There exist w} € x» and
wh € Qy such that A, = 7, ({w}) x {wh}, where 7, = 7Mr. If n < n/, we have 4, D A,
thus wh = w} . Iy € 7, ({wp}) Nt ({w]'}) then

for every t < Cé‘/[nayt = (w)e;
for every t < Céw"/ JYt = (w?/)t-

In particular, (w}); = (w}'); for every t < (%”. By recursion, we construct a couple (y,z) €

Q1 x Q9 such that for every n, y; = (w); for every ¢ < Céw" and z = wy. Thus (y,z) € ), 4n
and (,, 4, is non empty. O

We deduce the existence and the uniqueness of a weak solution to equation (Eq.):

Theorem I1.33. Let g € G! and j € IN\{0}. Let f be a function of order a >
B : R x Ly[0,1] — R satisfy the B-hypotheses of order 2j. If 2j > «, there exists
solution to equation (Eq.,) and uniqueness in law holds for this equation.

%. Let
a weak
Proof. By Proposition 11.30, the family of probability measures (QM)ys>y, is consistent on
GM @ B(£). By Proposition I1.32 and by Theorem V.4.2 in [Par67, p.143], there is a probability
measure Q defined on (€2, B(2)) such that for each M > My, for each A € GM and for each
B € B(Q), Q[Ax Bl = QM [A x B).

In particular, since the event {z € Qy : sup,cp |2:(1) — 2(0)] < M} is equal to the event
{z € Q1 sup;cp |2acn (1) = 2zgpear (0)] < M} and belongs to GM, we have

@kM=ﬂ>@vam>zmm<M
t<T

=Q [SUP [2enca (1) = zgp e (0)] < M
t<T

S

=QM lsup |Zt/\CM(1) — ZpacM 0) < M|. (IL54)

X
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We want to prove that QM [supth |zepen (1) = zppen (0)] < M} tends to 1 when M — +oo.
Let us define 2, := 2z — [y B(2s(*), 25)ds and N; := Zinem (1) = Zipenm (0). We have

N =g(1 )+ / e / (COS kzsf/g) ) C(;i(lzg)l(?g) ) ) dw®(k, )

+ /MCM/ (sm kzsg/g)) - Sl;ilzgig/g))) dwS (k, s).

Therefore, (Ni)ic(o,) is a (Gt)iejo,r)-martingale under the measure QM. Furthermore, for each
t€[0,T7,

N, = g(1 /NdRéR /NdR

where

tACM ]l{zs . cos(kzs(1))  cos(kzs(0))
/ /R lis / (’“)< T~ ) )

tngM ;ﬁzs sin(kzs(1))  sin(kzs(0)) a5

\/Ve want to Check that
Z 7{5 0 S 1 S
]l{ s( ) s( )} p(l{}) <COS(I€Z ( )) COS(kZ (U))>’ ( k < C]M. (:[Iel){))

Locon /]R Z,(1) — ,(0) ms(1)1/2 m(0)1/2

As in the proof of Proposition I1.5, we can show that

2

cos(kzs(1))  cos(kzs(0)) < O {k)2|25(1) — 25(0) 2.

ms(1)1/2 - m8(0)1/2

On the one hand, [ (k)?f(k)?dk < oo by assumption on f. On the other hand, we have

tACM
znet (1) = Zipcar (0) = Zynenr (1) — Fypear (0) + /O (B(2s(1), 2) — B(25(0), 25))ds.

By assumption on B (recall Definition I1.14), for every s < (ar, |B(2s(1), 25) — B(25(0), z5)| <
C1(M)|zs(1) — 25(0)|. Thus almost surely, for every t € [0,7T], we have

’Zt/\CM (1) - RACM (0)] < ‘EtAgM (1) - Et/\cM )+ Cr(M / ’Zs/\CM — BsneM (0)[ds.
By Gronwall’s Lemma, we deduce that almost surely, for every ¢ € [0, T,

|2eacar (1) = zeacm (0)] < Cr|Zinear (1) = Zeacar (0)]-

Therefore inequality (I1.55) holds true. We deduce as in the proof of Proposition II.5 that Ny
has an exponential form, and then that Ny > 0 almost surely for every ¢ € [0, 7.

Therefore, under QM , (Nt)tepo,r) is a strictly positive (Gy).e[o,r-martingale; hence there is a
Brownian motion (8;)¢>0 under Q such that N; = g(1) — g(0) + Sy, ny,- We denote by (y¢)e=0
the Brownian motion (g(1) — g(0) + f¢)i=0. We have Ny = vy ny, for each ¢t € [0,T] and we
deduce that

9 =90 o (s

M
M

N> =
Q lsum t M/2  Moioo

t<T 2

M
<QM {(%)90 reaches - before 0| <
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Moreover, by assumption on B, for every s < (ur, |B(2s(1),25) — B(25(0), z5)| < 2Co(M).
Thus by Markov’s inequality

tACM M 2
QM sup/ (B(zs(1), 25) — B(25(0), 25))ds| > —| < —2TCy(M) — 0, (I1.57)
t<T [J0 2 M M—+o0
nee b " B Co()
since by assumption on B, =57~ M_)—+>OO 0

By (I1.56) and (II.57), it follows that

QM [sup |zenem (1) = zppene (0)] > M]

S

> — 0.

M
2 M —+o00

tACM
<Qv [sup |Ni| > % / (B(2s(1), 25) — B(25(0), 25))ds
t<T 0

+ QM lsup
t<T

Recalling inequality (I1.54), we conclude that Q {(M = T} M—J: 1.
—r+00

It follows that Q [U (V> MO}{CM = T}} = 1. We deduce that Q-almost surely, there is M >
My such that ¢M = T. Furthermore, let us define for each M > M

EM .= {z €MVt €[0,T],Yu € [0, 1], zppem (u) = g(u)

t/\Cl\J

_|_/OtACM/R msf((uk;)lﬂ (cos(kzs(u))dw%(k, s) + sin(kzy(u))dw” (k, s)) -I-/O B(zs(u), Zs)ds}'

The event EM is GM-measurable and QM {EM } = 1. It follows that Q [EM } = 1, whence we

obtain Q {ﬂ (M>Mo} EM } = 1. Therefore, Q-almost surely, for every ¢t € [0,T], equation (Eq.)
holds true. Thus (2, B(€2), (Gt)iepo, 1], Q, 2, w) is a weak solution to equation (Eqy,).

Furthermore, let (€2,G, (Gt)iepo, 1], P, 2, w) be a weak solution to equation (Eq,). Thus for
each M = My, (2,G,(Gt)ejo,r), Ps 2.0cm, w) is a weak solution to equation (Eqs). By Theo-
rem I1.28, we deduce that for each M > My, the law of (2, )eo, 7] is uniquely determined.
Furthermore, by the previous martingale argument, we have P [U (M>Mo) {C M — TH =1. We
deduce that the law of (2¢);c(0,7] is uniquely determined.

I1.5 A continuum of admissible drift functions

In this section, we make the connection between the result of restoration of uniqueness obtained
in the previous section and earlier results of existence and uniqueness for standard McKean-
Vlasov equations driven by a velocity field that is merely measurable in the space variable. The
connection reads in the form of a new existence and uniqueness result but for a suitable notion of
weak solution and for a class of admissible drifts. We address both in the next two subsections.

I1.5.1 Description of the class of admissible drift functions

Recall the definition of the distance in total variation between two probability measures. For

drv(u,v) =2 inf P[X #£Y]. 1158
vipr) =2 f PLXAY] (I1.58)
L(Y)=v
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The infimum is taken over every coupling (X,Y’) of random variables X and Y in Lo(Q, F,P)
with respective distributions p and v, where (2, F, P) is any fixed Polish and atomless probability
space.

Let us define the following space on which we will consider the drift function:

Definition I1.34. Let > 0 and ¢ € [0,1]. We say that b: R x P2(R) — R is of class (H",C%)
if there are measurable functions A®, AS : R x P(R) — R and A : R — R such that for every
z € R and u € P2(R),

b(x,pu) = /]R<k>_"(cos(k:n))\%(k, w) + sin(k:z:))\g(k:,u))dk,
where

e A := \® 4 4)\Y is bounded in the measure variable: for every k& € R and pu € Pa(R),
Ak, ) < A(R);

e )\ is 0-Holder continuous in the measure variable: for every k and for every u,v € P2(R),
Ak, 1) = Ak, v)| < A(k)dry (1, )%

o A c Ll(R) ﬂLQ(R).

In particular, if b is of class (H",C%), then for every u € Py(R), the map z — b(z, 1) belongs
to the Sobolev space H"(RR). Indeed, denoting by F(b(+, 1)) the Fourier transform of b(-, i), we
have

LR F b)) Pk < C [ INR Pk < C [ ARk < oo,
R R R

Moreover, if b is of class (H",C%), then for every x € R, u + b(x, 1) is 0-Holder continuous
in total variation distance:

bl ) = b )| < [ )N, ) = Ak < [ () TAGR) dr (1,

Since > 0 and A € Li1(R), [ (k) "A(k)dE is finite.
In order to apply our strategy, we need to assume the following minimal regularity assumption
on the drift b:
3
—(1—9).
n>5(1-9)
It describes a continuum of admissible drift functions b between the following two extremal
classes:

e if 6 = 0: the drift is only bounded in the measure variable. We have seen in Section 11.4
that we were able to restore uniqueness if the regularity in the space variable is C*(R). By
Remark I1.20, it actually works for drift functions b which are at least H"(R) in the space
variable, with n > % It is consistent with 7 > %(1 —0).

e if § = 1: the drift is Lipschitz-continuous in total variation with respect to the mea-
sure distance. Jourdain [Jou97], Mishura-Veretennikov [MV], Lacker [Lac18], Chaudru de
Raynal-Frikha [CdRF]| among others have proved results under this assumption if b is only
measurable and bounded in the space variable. Our result applies if b belongs to H"(RR)
for some i > 0 and if the Fourier transform of b belongs to Lq(R); it is a subset of the
space Co(R) of continuous functions vanishing at infinity.
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I1.5.2 Definition of the problem

Let us consider a new model, with the purpose to make a link between the results obtained in
this chapter and recent regularization by noise results for McKean-Vlasov equations obtained
among others by [Jou97, MV, Lac18, CdRF|. There are some important changes with respect to
the model (I1.37) studied in this chapter. The main modification consists in adding a Brownian
motion (3, independent of w, in order to take benefit from some additional regularizing effect.
In short, the role of 8 in the model below is to smooth out the (finite dimensional) space
variable in the drift coefficient. Obviously, this comes in contrast with the role of the Brownian
sheet w, the action of which is to mollify the velocity field in the measure argument, as made
clear by Theorem I1.33. Of course, we know from the standard diffusive case (i.e. w = 0 and
b(x,u) = b(x)) that, in order to fully benefit from the action of 5 onto the space variable,
we should average out over all the possible realizations of § (for instance, we may consider
the semi-group generated by the diffusion process). In the present context, this prompts us to
disentangle the roles of the two noises § and w in the mean-field interaction. Similarly to the
standard McKean-Vlasov model, we shall compute the law of the particle (i.e. the mean-field
component) with respect to the noise carrying 5 and the initial condition, but, similarly to the
model addressed in the previous section, we shall freeze the realization of w. According to the
terminology that has been used in the literature (see in particular the mean-field game literature
[GLL11, CD18b], see also the earlier references [Vai88, DV95, KX99, KX04, CF16]), 8 will be
regarded as an idiosyncratic noise acting independently on each particle and w as a common
(or systemic) noise. To sum-up, in the previous sections, we defined p¢ as 1 = Lebg 1 0(2¢) 7,
the space [0, 1] therein carrying the initial condition in the form zo(u) = g(u) for u € [0, 1].
Implicitly, this allowed us to identify jp; with the conditional law of z; given (w(k,s))reRr,s<t-
Now, u; will be understood as the law of the particle over the randomness carrying both 3 and
the initial condition. This remark is made more precise in Remark I1.36. Importantly, we will
address in Chapter III the regularization properties of the semi-group associated to a similar
model featuring both an infinite-dimensional common noise and a one-dimensional idiosyncratic
one.

There are two other modifications of the model introduced in this section. In the Girsanov’s
arguments that we will use in the following proofs, we will not be able to preserve the monotonic-
ity of the solution with respect to the variable u, which is the common point of the processes
studied in this thesis. So we decide to use the same framework as usual in the literature on
McKean-Vlasov SDEs, namely we take as initial condition a random variable & of prescribed law,
independent from § and w. Furthermore, we decide to consider the easiest possible assumption
on the mass, namely that it is constant equal to one.

Let n > 0 and § € [0,1] be such that n > 3(1 —6). Let b : R x P»(R) — R be of class
(H",C%). Let f: R — R be a function of order «, such that

3 n
Soag 1 I1.59
5 SUST S (IT.59)

(if 6 = 1, we just require that o > %) The condition n > %(1 — 0) insures that this choice of «
is possible. Let po be any given initial condition in Pa(R). Let us consider the following SDE:

dze = [ FUREdw (k) + A+ blews )t
e = L (26" as. (11.60)
20 :€7 EP(&) = Mo,

where the filtration (g#’w)te[oj‘] is defined by GI"" := o{w(-, s), s ; s < t} and where (u, w) is
independent of (3,&). Note: In that equation and in all this section, £F(X) denotes the law of
the random variable X under the probability measure P, that is the distribution Po X 1.
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Let us define the notion of weak solution to (II.60):

Definition I1.35. An element Q = (2,3, (Gt)ico,17, P, 2, w, 3, &) is said to be a weak solution
to equation (I1.60) if

- (2,G,(Gt)tepo,r); P) is a filtered probability space satisfying usual conditions,

- (w, B,€) are independent random variables on (£2,G), where

> w = (w%,w%), with (w%(ht))keR,te[o,T] and (w%(kat))keﬁ,te[o,ﬂ two independent
(Gt)iejo,m-Brownian sheets under P,

> (Bt)iejo,r) 18 a standard (Gy)e[o,r)-Brownian motion under P,

> for any ¢ € [0,7], the o-field o{w®(k,t') — w®(k,t), wS(k,t') — wS(k,t), By — Br;
k eR, t' €[t,T]} is independent of G; under P,

> ¢ has distribution pg under P;

- (2t)tejo,r is a continuous (G¢)sejo,rj-adapted process satisfying P-almost surely, for every
t € 10,7,

t ) t
w=Et /0 /R FR)R(e™ ™ dw(k, 5)) + By + /0 (%4 1)ds.

- (t)eepo,r) 18 a P2(R)-valued continuous (Gt)se(o,r1-adapted process such that, for every
t € [0, 7], P-almost surely, p = LF(2|G"), where GI" := o{w(k,s), s ; k € R, s < t},

- (p,w) is independent of (3, &) under P (and thus (4, w), 5 and & are independent) and, more
generally, for every ¢ € [0, 7], the processes (£, w, ) and [ are conditionally independent
given G;.

Remark 11.36. The last two conditions are certainly the most difficult ones to understand. In
fact, both are dictated by the fact that we are looking for weak solutions only: a priori, nothing
is said on the measurability of z and p with respect to the inputs £, w and 8. In particular,
at this stage, u may not be measurable with respect to w (which comes in contrast with the
intuitive explanations we gave in introduction of the section). This is the rationale for defining
the McKean-Vlasov constraint in terms of the conditional law of z; given the o-field generated
(up to time t) not only by w but also by p itself. Similarly, the last constraint is known as a
compatibility condition and has been widely used (in a slightly stronger manner) in the analysis
of weak solutions to stochastic equations, see for instance [Kur07, Kurl4]|. In short, it says
that the observation of z does not corrupt the independence property of (£, u, w) and 8. Quite
obviously, see for instance [CD18b, Remark I.11], compatibility is automatically satisfied if p
is adapted with respect to the completion of G, in which case the solution should be called
semi-strong.

We will prove weak well-posedness for the SDE (I1.60) in three steps: i) when the drift b is
equal to zero; i) when the drift b is bounded and Lipschitz-continuous in total variation distance
with respect to the measure variable; 7ii) in the general case, when the drift b belongs to the
class (H",C?%).

Let us first consider the case where the drift is zero:

dz = /R FR)R(e™™ = dw(k, t)) + dB,
20=¢ L) = po

In this case, well-posedness holds even in a strong sense.

(IL61)
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Proposition I1.37. Let f : R — R be a function of order a > % Then there is a unique

strong solution to equation (1L.61). Moreover, if Q1 and 92 are two solutions to (IL.61), then
£ wt, B) = L7 (2%, w?, 57).

Proof. Strong well-posedness can be proved by a classical fixed-point argument, as in the proof of
Proposition I1.2 for example (but the proof is now easier since the mass is equal to 1 everywhere).
The additional noise S does not change anything to this proof. Moreover, the assumption
o > 3 insures that the assumption of square integrability of k — (k)f(k) is satisfied (see
Proposition I1.2); in other words, it insures that the diffusive coefficient in front of the noise w
is Lipschitz-continuous.

Furthermore, by Yamada-Watanabe Theorem, the law of (z,w, ) solution to (II.61) is
uniquely determined. That result is stated and proved in [KS91, Prop 5.3.20, p.309] in a finite-
dimensional case, but the proof is the same for an infinite dimensional noise. Moreover, a
corollary to Yamada-Watanabe Theorem [KS91, Cor 5.3.23, p.310] states the following result:
if @ = (2,G,(G)c0,1,Ps2,w,3,§) is a solution to (I1.61), then P-almost surely, for every

t€[0,7],
2t = Zt(é-awa/ﬁ)a

where Z is a function defined on the canonical space

Z:RxC(R x[0,T],R?) x C([0,T],R) — C([0, T],R) (11.62)
which is progressively measurable with respect to the canonical filtration on C(R x [0, 7], R?) x
C([0,7],R). Remark that C(]0,T],R) represents here the canonical space on which we define

the Wiener measure of a standard Wiener process on [0, 7], and C(R x [0, T], R?) represents the
Wiener space associated to the measure of a R?-valued Brownian sheet (w®, w®) on Rx[0,T]. O

I1.5.3 Resolution of the SDE when the drift is Lipschitz continuous

Let us assume that b : R x P2(R) — R is uniformly bounded and uniformly Lipschitz-continuous
in the measure variable. We consider the following SDE with a drift b:

dz = /]R F)R(e ™ dw(k, 1)) + dBy + b(z, pu)dt,
e = L8 (]G, (11.63)
20=2¢& L€ = po,

with the same assumptions and the same interpretation as in Definition I11.35. Let us prove
existence and uniqueness of a weak solution.

Proposition 11.38. Let f: R — R be a function of order o > % Letb: R x Po(R) — R be a
function such that there exists C' > 0 satisfying for every x € R and for every p,v € Pa(R)

- |5(9U7M)| < C;
- [b(@, p) = bz, )| < Cdry(p,v).
Then there exists a weak solution to (11.63).

Proposition I1.39. Under the same assumptions as Proposition I1.38, if Q1 and Q2 are two
weak solutions to (I11.63), then LF' (21, w') = £F (22, w?). In particular, uniqueness in law holds
for the SDE (11.63). Moreover, for any weak solution §, (p1t).ejo,r) s adapted to the completion

of (gtW = o{w(-,s) ;s < t})tE[O,T]-
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Note that the statement of Proposition I1.39 shows that the weak solution of (II.63) is
adapted to the filtration generated by the noise w.

Remark 11.40. The question of the filtration under which the measure-valued process (uu)ejo,7] is
adapted is important here. Actually, we will see in the proof of existence that the weak solution
that we will construct is automatically adapted with respect to the filtration generated by w.
Nevertheless, we want to give a more general statement for uniqueness, i.e. we want to be able
to compare two weak solutions where (/Lt)te[(),T] is adapted with respect to a filtration generated
by w and possibly another source of randomness, provided (u, W) remains independent of (3, £).
This will be useful in the proof of Theorem I1.43, which states well-posedness for the SDE with
(H",C°%)-drift b, since for this general case, our proof based on Girsanov’s Theorem does not
imply that (u).c(0,r) is adapted with respect to the filtration generated by w (see Remark I1.45).

The assumptions on b are the same as in [Lac18]. We will essentially apply the same proof,
which we will recall hereafter.

I1.5.3.1 Existence of a weak solution to the intermediate SDE

Let us prove in this paragraph Proposition 11.38. We begin by constructing a weak solution on
the canonical space.

Proof (Proposition I11.38). Let us consider the filtered canonical probability space, denoted by
Q.6 (G )ie. ), BY), where QW := C(R x [0,T],R?), " is the Borel o-algebra on QW
G )tefo,r] is the canonical filtration on (Q",G") and PV is the probability measure on
(QW,G") such that the distribution of the random variable w" +— w" is the law of two
independent (real-valued) Brownian sheets on R x [0,7]].

Let (Q5%,GPE, (gf ’E)te[oj],]?ﬂ’f) be another filtered probability space on which we define
two independent random variables £ and (5 ).e[o, 7] such that (8:).c(o,7) is a (gf ’g)tE[O,T]—adapted
Brownian motion and such that the law of £ is uyg.

Let (22,0, (Qt)te[O,T],IP’) be the product space: © = QW x 0 g =W oo g =
a(GY, Qtﬁ"g) and P = PV @ PA<. In particular, w is independent of (3, &) under P. Up to adding
negligible subsets, we assume that the filtration (G¢)iejo7) is complete. Let (2¢)ieo0,m) be the
unique solution on (€2, G, (Gt)e[o,), P) of the SDE:

dz; = /R FR)R(e™™ = dw(k, t)) + dB,
0=¢  LEE) = po.

(IL.64)

Existence and uniqueness of a strong solution to (I1.64) is given by Proposition 11.37. Further-
more, by Yamada-Watanabe Theorem, there is a (Gi);c[o,7)-progressively measurable map 2; as
defined in (I1.62) such that P-almost surely, z; = Z;(&, w, 3).

Let us denote by C the space C([0,T],R) and by P(C) the space of probability measures on
C. For each time ¢ € [0, T, let us denote by 7; : 7 € P(C) + u' € P(C) the map associating to
pT the push-forward measure of u? by the map z € C +— z.5; € C. Let (X,d) be the complete
metric space of functions

p: QY =C(R x [0,7],R?) — P(C)

w = p! (w),

such that, for each ¢ € [0,T], (u* = 7" (u"))sepo,r) is G )telo,7)-Progressively measurable. The
1/2
distance d is defined by d(u,v) := EW {dTV(uT, VT)2] , where dpv is here understood as the
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total variation distance on P(C) (while we defined it before on P(R)). Furthermore, for p € X
and for ¢ € [0,T7], we call y1; the image of ;1 by the mapping z € C + x; € R.
Let v € X. Recall that b: R x P2(R) — R is uniformly bounded. Therefore

t__ t o
& = o [ Bewm)as— 5 [ BavoPas)
0 2 Jo

is a (gt)te[oﬂ—martingale. Let P” be the probability measure on (£2,G) absolutely continuous
with respect to P = PV @ P?£, with density:
dp”
dP
For every w € QW let us denote by P*%<(w) the probability measure on (Q%¢, G#¢) with the
following density with respect to P2+%:

PP (w) .,

= &v. (IL.65)

Equivalently, P#¢ : QW x GA¢ — R, is also defined as the conditional probability satisfying
for every (AW, AB€) € gW x GB<

PV (AW x AP€) = y PB4 (1w, ABE)APY (w).
A
Let us define d3? := df; — b(z, v;)dt. By Girsanov’s Theorem, (57 )telo,) is a Brownian motion
under the measure P”, (Bi,g,w) are independent under P¥ and, for any ¢ € [0,7], the o-field
o{w(k,t") —w(k,t),By — BY; k€ R, t' € [t,T]} is independent of G; under P¥. Moreover the
process (2¢)e(o,) satisfies:

At = [ IR dw(k,0) + dF} + Bz, )t

If v satisfies for every ¢ € [0, T], P"-almost surely,
vy = £PV (zt\gg/v), (1166)

then it also satisfies for every ¢ € [0,T], PW-almost surely, v, = L8 (2|G""), where G/ =
o{w(-,s),vs ;5 < t}. Furthermore, (v,w) is adapted to the completion of G'; hence un-
der PV, (v,w) is independent of (B”,g), and by Remark I1.36 the compatibility condition is
automatically satisfied. Thus if (I1.66) is satisfied for any ¢ € [0,7] P"-almost surely, then
(Q, 4, (Qt)te[()’T],IP’”,z,w,g”,f) is a weak solution to (II.63). Equivalently, it is solution if for
PW-almost every w € QW for every t € [0,T], vy(w) = LZ7*®)(Z,(-,w,-)) (the latter ob-
viously implying (I1.66) and the converse following from the fact that, in (I1.66), G}V can be
replaced by Q%V , which implies not only that, for any ¢ € [0, T], for P"-almost every w € QW
v(w) = Eﬂw’ﬂ'&(w)(Zt(-,w, 1)) but also that the quantifiers for all t and for PV -almost every
can be exchanged by a standard continuity argument). Notice in particular, that by Fubini’s
Theorem, w — L7 W)(Z,(-,w, ")) is GV -measurable.

Let us prove that there is a process v € X satisfying (I1.66). For every v € X, let us define
(V) = w— CPV’B’E(M)(Zt(-, w,-)). By construction, ¢(v) also belongs to X'. For every u! € X
and for every t € [0, T], let us denote by u! € P(C) the push-forward measure of p” through the
map z € C — x.n; € C. In particular, for every ¢ € [0,T], ¢(v)! = EFU’ﬂ’g(“’)(ZM(-,w, -)). For
p, v € Pa(C), let us denote by H(u|v) the relative entropy

H(ply) = /cln j—ﬁdu if p < v, H(ulv) = +oo  otherwise.

Let us apply the same proof as [Lacl8, Thm 2.4]. Let us state the following lemma, which
is shown at the end of the current proof.
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Lemma I1.41. For every p,v € X and for every t € [0,T],
61609 = 357 | [ B0 0) = Bews ) Pas|gt¥]
By Lipschitz-continuity of g, there is C' > 0 such that
H((w)' o) < C [ T [dry ([0 ds = € / dry(ue. s

t
gC’/ drv(p®, v%)%ds.
0

By Pinsker’s inequality, dpv(é(u)!, ¢(v)h)? < 2H(¢(p)t|é(v)t). Therefore, there is C' such that
for every t € [0, T,

BV [dry(6(n)' 6017 < © [ BY [dav (077 ds. (I1.67)

For every n € IN\{0}, let us write ¢°" for ¢po---o0¢. It follows from a simple recursion and
—_——

n times

from (I1.67) that for every t € [0,7] and n € N

EW {dTV(Gﬁon(M)tvqﬁon(V)t)ﬂ < CZTHEW {dTv(Mtth)ﬂ .

1/2
Recall that the distance d on X is defined by d(u,v) = EW {dTV(uT, VT)Q} . Thus for every

n > 1 and for every p,v € X,

C?’LTTL
—d(u.v)

n!

d(¢°" (1), ™ (1))* <

Therefore, for n large enough so that CZL!Tn < 1, ¢°™ is a contraction. Therefore, by Picard’s
fixed-point Theorem, there is a unique solution, called u® € X, of u® = ¢(u?). In particular,

there exists a weak solution to equation (I1.63). This completes the proof of Proposition I1.38.

O
Proof (Lemma 11.41). Let us first compute for every ¢ € [0, 7],
de(p)’ ol do(u)!
H(p(p)' t:/l dg(u)' =E™ |1 )G 11.68
(G('10()") = | In 3205 do(n) ol (IL68)
Let us prove that
d¢(/j’)t Pv |:CHP” zW:|
at) =E ’ 11.69
d¢(V)t (Z /\t) dIP)V t ? ( )
where Qtz’w = o{zs,w(-,s) ;s < t}. Indeed, for every measurable and bounded functions

f:C(0,T],R) — R and g : C(R x [0,T],R?) — R (recall that we denote by C the space
C([0, 7], R)):

P {d]P’“

o f o) =B [F(an)g(wrd]) =B | [ F(2)do(u) @) glw.n)]

— EP* [/Cf(x) do(u) (2)dé(v)!(z) g(w.At)l =E" ljﬁj cf(x)jzgl:;t (z)de(v)" (x) g(w./\t)]

_ g [EPU {d]P’“

61| [ 1@ S (@100 ) o)
c
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Moreover, recalling the relation df; = df” + b(zs, vs)ds,

P {d]P’/‘

dpP
. T - 1 /T - 1 T -

_ P o . 2 - 2 w

—E [exp (/O (e o) = Beasv)dBe = 5 [ o) Pds +5 [ bl ds) g/ ]

6" | = [erer) ol

T

Pv T~ = ~ 1 ~
=E lexp </0 (b(zsuus) - b(zs> Vs))dﬁsy - 5 0 |b(zsuus) - b(zsv 1/8)|2d5> ’gtI/V‘| :

For every bounded and measurable ¢ : C(R x [0,7], R?) — R

EP [exp (/()T(E(zs,us) — b(zs, v))dBY — ;/OT (25, p1s) — b(2s, Vs)|2d8)g(w./\t)}
_ g [EPV,B,E(,U)) [exp (/OT(Z(ZS,Ms) (e va)) B 1T 1b(2s, ) — b(2s, us),2ds)]g(w.m)]

2 Jo
=E" [g(w.nr)],

since under PV, ¥ and w are independent and since the exponential is a P¥24€ (w)-martingale
by Novikov’s condition (recalling that b is uniformly bounded). Thus

gtW] =1. (IL.71)
Using equalities (I1.70) and (I1.71), we get equality (I1.69).

Therefore, back to equality (I1.68), we obtain

dp#
dPv

Ho(w' o)) =B [ma™ | 2107 | gl

Recall that (2, G, (Gt)ejo, 1), P, 2, w, B, €) is a weak solution to (I1.63). Thus P”-almost surely,
B satisfies for every t € [0, T):

~ t . t
By :zt—zo—/O/Rf(k)ﬂ?(e_’msdw(k,s))—/0 b(zs, fs)ds.

z

Thus (B{tj)te[o,T} is (G; ’W)te[O’T]—adapted and we deduce that

" t _ ~ 1 t ~

g E[PJ _ln exp (\/0 (b(zs,ﬂg) - b(zs) Vs))d/Bs - 5/0 |b(ZS7l’LS) - b(ZS7 VS)|2dS) ‘gl}}V:|
e [ - ~, 1 [t~ ~ 2 1%

=B | /0 (b(zs, ps) = bz, vs))dBY — 5 /0 Bz, ) — bz, v) 5|6}

e [t _ ~ 1 [t~ ~ 2 w

=E /0 (b(zs, p1s) — b(zs,vs))dBE + 5/0 |b(2s, pts) — b(2s, Vs)| ds‘gt }

= EP# {% /Ot ‘5<257 IU’S) - 5<25’ VS)‘QdS‘gtVV}’

because d¥ — dBE = (b(zs, pts) — b(zs, vs))ds. This completes the proof of the Lemma. O
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11.5.3.2 Uniqueness in law for the intermediate SDE

Let us prove in this paragraph Proposition I1.39.

Proof (Proposition I1.39). Let Q! and Q2 be two weak solutions to (I1.63), often denoted by Q7,
n = 1,2. In particular, the process (Z?)te[o,T} satisfies P""-almost surely,

t _— t
=6 [ PR Fawn () + 57 + [ B ),

where for every t € [0,T], P"-almost surely u = LF"(2|GF "W and where (u", w") is inde-
pendent of (8™, &").
Let Q" be the probability measure on (2", G") with the following density with respect to P,

d@n T n ,n n 1T = n  ny2
=€exp| — / b(zs )y Mg )dﬁs -5 / |b(zs ) //“s)| ds | . (1172)
dpn 0 2 Jo

Let B{l =0+ fg E(ZQ,MZ;‘)ds. By Girsanov’s Theorem, £2" (w",B",ﬁ”) = L (w™, B, &™) and
for any ¢ € [0,7T], the o-field o{w"(k,t') — w"(k,t), B — A7, k € R, ¢’ € [t,T]} is independent
of G under Q™. It follows that on = (", G", (G ieio,m, Q" 2", w™, 5”,5") is a weak solution
to the SDE (IL61) with zero drift. By Proposition IL37, £2' (2!, w!, 31) = £9(22,w?, 32) and
Q"-almost surely, 2" = Z(£", w™, ), where Z is of the form (I1.62).

Moreover, recall that for n = 1,2, u = L (2]|G "W Recall also that ¢ is defined as
being the unique fixed-point of ¢ in X (see proof of Proposition I1.38). Let us state the following
lemma, which will be shown at the end of the current proof.

Lemma I1.42. Let n = 1,2. Then Q"-almost surely, for every t € [0, T] ul = p®(w);. In
particular, (u)iejo ) is adapted to the completion of (GI¥ )te[O,T]; where GV = o {w"(k,s) ; k €
R,s < t}.

Let us consider a measurable function 1 : C([0,T],R) x C(R x [0,7],R?) — R such that
EF" [Jy(2", w™)|] < +oo for n = 1,2. Tt follows from (I1.72) and from Lemma I1.42 that

P n . .n\l _ wQ" [ n n T n . n n 1 T~ n o ny\2
E W(Z , W )] - E 7/)(2’ , W ) €xp / b(zs ’ Ms )dIBS + 9 / ‘b(zs ) :U’s)’ dS
L 0 0

n T ~ 1 (T -
= EC w<z”,w”>exp</ b s -5 [ Ib(Z?,u?)IQdSﬂ

_ mQn n_l T~n bl n 2
— B (=", u) ex /bs,u o)A = 5 [ (e, (™)) s

p
:EQn{ 2" w ,ﬁ"]

where 1) is a measurable map such that E2" {|@Z(z”,w”, B”)ﬂ < +o00; the measurability of ¥
follows from the fact that u® belongs to X. Furthermore, u® does not depend on n = 1,2,
since it is the unique fixed-point of ¢. Recalling the equality £ (24, wh, Bl) = £Q2(22, w?, 52),
we conclude that EF' [y (21, w")] = EF* [1)(22, w?)]. Moreover, by Lemma I1.42, (1i)eejo,r) 1s
GV n)te[ojT]—measurable. This completes the proof of Proposition II.39. O]

Proof (Lemma 11.42). Let us forget about the exponent n in this proof. On the one hand, the
process (fit);e(o,7) satisfies for every t € [0,T], puy = LF(z|G! Wy and (p, w) is independent of
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(8,€). Moreover, it follows from equality (I1.72) that P is absolutely continuous with respect
to Q with a density given by

T _ T
j}g _ exp ( | B )iz, + s / |b<zs,us>|2ds>

T ~ 1 T -
_ exp < /0 bzs, ps)ABs — /O (s, ps)|2ds> . (IL.73)

On the other hand, since u® is the fixed point of ¢, the process (/,L(b(W)t)tE[O’T] satisfies

p?(w) = dp(u®)(w) = EPM¢’B’E(w)(Z(~,w, ). Since under Q, z = Z(£,w, ), we deduce that for
every t € [0,T], u?(w); = LR(2|G}V), where G}V := a{w(k,s) ;k € R,s < t} and R is defined
by

T _
X exp (/ Bz, 1 (w)s)dBs — = |b(zs,u¢’(w)5)|2ds> . (IL.74)

Let us prove that
(1) under the probability measure Q, (u,w) is independent of (B, €);
(2) for every ¢ € [0,T], R-almost surely, u®(w); = L% (z|G"");

(3) conclude the proof of the lemma by comparing, for every ¢ € [0,T], ¢ = LF(2,]G"") with
P(w)e = L (z/G1"™)
pu?(w)y 2t|Gy ).

Proof of (1). By definition of a weak solution, under probability measure P, w, § and £ are
independent random variables and (i, w) is independent of (3, ). Let us consider bounded and
measurable functions f : R — R and % : C([0,T],P2(R)) x C(R x [0,7],R?) — R and let g :
[0,7] — R be a deterministic square integrable function. Recalling that dj, = dB, —|—5(zt, we)dt,
let us compute

E? [w(n, w) £(€) exp ( f 9505 — 3 J g2ds )]
= E" [0(,w)f (&) exp (Jo 95dBs = § Ji g3ds) exp (= Ji Blzss s1s)dBs = § fi [B(zs, 1) 2ds ) |
= B [0(1t, w) (&) exp (S (95 — Bz 1)) — 3 [ 195 — Blzs, 1) 2ds) |

We now show that the last line is in fact equal to EF[1)(u, w) f(€)]. By expanding the exponential
martingale by [td’s formula, it is in fact sufficient to prove that, for any (Gy)cjo,r) progressively-

measurable and square integrable process (Hy)ic[o,7, the stochastic integral fOT H,dp; is orthog-
onal to ¥(u,w)f(§) under P. By a standard approximation, it is even sufficient to do so for
simple processes (Hy);cjo,r)- In other words, it suffices to prove that, for any 0 <t <t < T, for
any Gy-measurable square-integrable random variable Hy,

EF [y (1, w) f(€) Hy(By — Br)] = 0

By taking the conditional expectation given G; in the expectation appearing in the left-hand
side, it is sufficient to prove that, for any 0 <t <#¢' < T,

B [(,0)£(€) B — B)|G:] =0

Thanks to the compatibility condition in Definition I1.35,

B [1(,w) F(€) (B — 8)[Ge] = B [w(n, w) £(€)|Ge] B [(Br — B)[G:] =0
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because [y — B¢ is independent of G;. Therefore,

E2 [(,w) £(€) exp (S 950 —  Ji 92ds)] = EF [0, w) £(6)].

It follows that

B2 [, w) £(€) exp ( Jy 95dBe — § [y g3ds) | = B (. w)] - B [£(€)]
=E°[$(n, w)] - E® [£(€)]
= E? [y, w)] - EC [£(€)] - E? |exp ( fy 9,48, — § Jy ¢2ds)]

since (exp ( fOT gsdgs — % OT g?ds))t . is a martingale under the measure Q. Moreover, the

)

linear span of {exp(fOT 9sdfBs), g9 € Lo([0,T],R)} is dense in LQ(Q,QE, Q), where G7 is the o-
algebra generated by (Bt)te[O,T]' Therefore, (f(f),exp(fOT gsdBs)) generates the o-algebra G&¥

and thus (u,w) and (&, B) are independent under the probability measure Q.

Proof of (2). Recall that for every t € [0,T], u®(w); = L¥(2|G}"), and let us prove that for
every ¢ € [0, T], R-almost surely, u?(w); = LR (z|G""). Let f: R = R, g : C([0,T], P2(R)) = R
and h : C(R x [0,7],R?) — R be bounded and measurable functions. Fix ¢ € [0,T]. By (IL.74),

we have

ER [£(2¢)g(pne) h(w.ne)]
= B2 [ f(z1) exp (g bz, 19 (w),)dBs = 3 fi [z, 1% (w),) Pds ) g (1170w pe)] (IL75)
=E%[E2[F 161 ] gnne) hw )]

where (recall that z has the form z = Z(&, w, §))
Fy = f(z1) exp ( fi B(zs, 19(w)s)dBs — § [ [b(zs, 1% (w)5)[2ds)

= J(2&w, B) exp ( JB(Zs(€,w, ), 1 (w),)ABs — & 2 (24(6,w, B), u? (w),) Pds).

Note that Fy is G;" #€_measurable. By statement (1), under probability measure Q, (u,w) is
independent of (3, ¢). Hence E? [Ft |Gt ’W} is G}V -measurable. Thus it follows from (IL.75) that

E* (£ (z0)g(ne)h(w.n)] = E® [E2 [ |GV ] E? [g(up)IG | Alwnr)] -

Since EQ {g(u. )GV } h(w.a¢) is G}V -measurable and bounded, there is a bounded and measur-

able function k : C(R x [0,T],R?) — R such that E@ {g(u./\tﬂgg/v} h(w.at) = k(w.a¢). Thus,

redoing the same computations in reverse, we obtain:
E® [ () (pn)h(wn)) = B [B® [F 1G] k()] = B2 [Fi k()] = B [f(a0) buwe)]
— ER VIR F(2)dp® (w), (z) k(w./\t)} — ER [/}R f(@)dp? (w),(z) EQ {g(ﬂ,/\t)\gtw} h(w./\t)]

= B[ [ 1@)au? w)l@) gl )| o

Since the process (u®(w)e)sepo,r] i (Gi")iejo,r)-adapted, it is in particular (Qf’w)te[oﬂ—adapted,
thus equality (I1.76) implies that u®(w); = L®(2|G! W), It completes the proof of (2).
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Proof of (3). Let us denote for every t € [0,T], vy = p®(w);. We want to prove that
(1t)tep,r) = (W)eefo,r)- Recall that for every ¢ € [0, T], Q-almost surely, u; = Ep(zt|g“’ ) and,

by point (2), vy = L8(z|G""). By (I1.73) and (IL.74),

dP T

T n 7 2
@ = exp </0 b(zsa/‘s)dﬁs -3 |b(zsaﬂs)| dS) ;

0
dR T ~ 1 T -
— =€ bzs,ysds—f/ b(zs, Vs 2ds | .
i xp</0< e =5 [ bler) )

Let us apply the same computation as in the proof of Lemma II.41. Recall that for every
t €[0,T], ut denotes LF(z.4|G") and vt := LB (z.0|G! ’W). For every ¢ € [0, 7],

H(V b / ln—d b=

We use the fact that under P, § is independent of (u,w) in order to prove, exactly as in the
proof of Lemma I1.41, that for every ¢t € [0,T], [ ‘Qt’ } = 1. Again by mimicking the
proof of (I1.69), this leads to

duvt

dR
dTLt(Z-At) =E" {

z,u,W}

Therefore, we finally obtain

H('puh) *ER

/ |b ZSaVS - ZSaMs | ds'gt’ :|

Applying Pinsker’s inequality and using the fact that b is Lipschitz-continuous with respect to
the measure variable, we finally obtain for every t € [0, T,

T
¢ {dTV(Vt”ut)z} <EY [dTV(VtaMt)Q} < C/ EQ {dTV(Vs’Ms)Q} ds.
0

Thus by Gronwall’s inequality, we obtain that for every ¢ € [0, 7], EQ [drv (v, )% = 0. In
particular, Q-almost surely, the two continuous processes (ut)ico,r] and (¥t)icjo,r) are equal.
This completes the proof of the lemma. O

I1.5.4 Resolution of the SDE when the drift is general
Let us state the well-posedness result for the general case:

Theorem I1.43. Letn > 0 and § € [0, 1] satisfy the inequalityn > 3(1—5). Letb: RxPa(R) —
R be of class (H",C°). Let f: R — R be a function of order o € (3, 1L5].
Then ezistence of a weak solution and uniqueness in law hold for equation (I1.60).

Note: The assumption on « is the same as the one given by inequality (I11.59).

As a first step, let us prove that a drift function b satisfying the assumptions of Theorem II1.43
can be written as a sum b+ (b— b) where b satisfies the assumptions of Proposition I1.38 and
where b— b satisfies assumptions similar to Definition I1.14, and apply on b — b the same Fourier
inversion as in Section II.3.

Recall that by Definition 11.34, b can be written as

b(z, p) = /]R ()™ ((cos(ka) AR (k, 1) + sin(kx) A (k, 1) ) ds, (IL77)
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where A = A\® + i)\ satisfies for every k € R and for every p,v € Pa(R),

A(k); (I1.78)
A(k)dry(p,v)°, (IL.79)
and A belongs to L1(R) N L2(R).

Lemma I1.44. Let 0 := =51, There exists A=A 4iXS, where AR, A3 R x Py(R) — R, such
that for each k € R and for each p,v € Po(R),

Ak, ) — A, )] < aff%A(’“); (I1.80)

Ik, 1) = Ak, )| < CUR)P I A(k)dry (1, v), (I1.81)
where C' is independent of k, u, v and 0.

Proof. Let us fix kK € R. We will focus on the proof for the real part; the case of the imaginary
part is identical.

Let us define u : P2(R) — R by u(p) := /\i((’z’f). By (I1.78) and (I1.79), for every u,v €
Po(R), |u(p)| < 1 and |u(p) — w(v)| < dpy(p,v)’. Let (Q,F,P) be a Polish and atomless
probability space. Let us define v : Ly(2) — R by v(X) := u(L(X)).

The following approximation method is inspired by the inf-convolution techniques. Let € > 0.
Let us define v° : L2(Q2) — R by

1
“(X):=  inf V) 4+ —(P®Lebp ) [X # Y] ¢. 11.82
cO0) =it fo(V)+ 5P e Leboy) [X £V (1152)
We consider here the infimum over random variables in a larger probability space in order to

be enseure the existence of a random variable Y independent of X. In (I1.82), the map v is
extended to La(Q2 € [0,1]) x R by v(Y) := u(L(Y)). Let us prove that

(1) v°(X) depends only on the law of X; thus we can define u®(u) by letting u®(u) := v*(X),
whatever the choice of the random variable X with distribution pu.

(73) for every p € P2(R), |uf(p) —u(p)] < C’g%,

(7i1) for every p,v € Po(R), |u(p) — us(v)| < Ceg%dTv(u, v).

Proof of (i). Let X, X' € Ly(92) with same law. We want to prove that v*(X) = v*(X’).
Remark that by definition of v, v(X) depends only on the law of X. Fix n > 0. There is
Y e Ly(€2 x [0,1]) such that

oY) + 21 (P ® Lebyy)) [X # Y"* < v°(X) + . (11.83)

£
Let v : RxB(R) — R be the conditional law of Y given X; in other words, for every fixed z € R,
v(x,-) belongs to P2(R), for every fixed A € B(R), x — v(z, A) is measurable and for every f :
R? — R bounded and measurable, (E® Leby 1)) [f(X,Y")] = (E®Leby 1)) [Jg f(X, y)v(X,dy)].
Furthermore, for every fixed x € R, let us denote by u € [0,1] — g(z,u) the quantile
function associated to the probability measure v(z,-). For every t € R and for every u € [0, 1],
{z : g(z,u) <t} ={z: v(z,(—o00,t]) < u} € B(R), so we deduce that for every u € [0,1],
z — g(x,u) is measurable. Moreover, u — g(x,u) is a cadlag function. It follows from [KS91,
Proposition 1.13] that (x,u) — g(z,u) is measurable.
Let U € Ly(]0,1]) be a random variable with uniform law on [0, 1]; in particular, it is
independent of X’ (remark that we have considered a larger probability space in order to ensure
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the existence of U independent of X’). Let Y’ := g(X’,U). Then for every f : R? — R bounded
and measurable

(E ® Lebp 1)) [f(X',Y')] = (E® Leby i) [f(X', 9(X",U))]
1
— (E®Leby,y) [ /0 FX, g(X, u))du}

= B o Lebyya) | [ SO n(X'dp)].
Since X and X’ have same law, we deduce that
(E ® Lebyg 1)) [f(X',Y")] = (E ® Lebyg 1) {/E F(X,yv(X, dy)] = (E® Leby 1)) [f(X,YT)].
Therefore, the pair (X', Y”’) has same distribution as (X, Y™"). It follows that

(P ® Lebjg 1)) [X # Y"] = (P® Leby yj) [X' # Y]

and v(Y") = v(Y”’) since v depends only on the law of the random variable. Thus by inequal-
ity (IL83),

1
—(P® Leby ) [X' # Y’]2 <v*(X) + 1.

v(Y') + 5

By definition (I1.82) of v%, v*(X’) < U(Y’)—i—i(P@Leb[o,”) (X' # Y%, thus v°(X') < v°(X) +1.
We proved that the inequality holds with every n > 0, thus v*(X’) < v*(X). By symmetry,
v (X) < v°(X’), hence the equality holds true.

Proof of (ii). Let us prove that for every X € Ly(Q), [v°(X) — v(X)| < Cez5. Fix
X € Ly(R2). By definition (I1.82), it is obvious that v*(X) < v(X). Thus it is sufficient to prove

that v(X) — v°(X) < Ce7
Fix 7 > 0. There exists Y such that (I1.83). It follows that

v(Y') 4+ 52 (]P’®Leb01)[X7éY"] v(X) + 1.

By definition of v, |[v(X) —v(Y")| = [u(L(X)) — u(LY™))| < dpyv(L£(X),L(Y™))°. Therefore,
by (IL.58),

drv(£(X), £(Y™)? < 4(P @ Lebpg 1)) [X # V") < 8¢ [drv(£(X), L)’ +7] . (1184)

Let [ := limsup, o drv(£(X), £L(Y™)). Thus I* < 8c1%, hence we get 1279 < 8. Tt follows that

lim sup dpy (£(X), L(Y)) < 27575 (IL.85)
n™\0

By inequality (I1.83),

o(X) = (X) < o(X) = v(¥"") — (P Lebyg ) [X # Y7 47
< [o(X) = (Y] + 1 < drv (LX), LY 4.

By passing to the limit n N\, 0, we obtain v(X) — v*(X) < Caﬁ, which completes the proof of

(i4).
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Proof of (iii). Let us first prove that u® is also 0-Holder continuous. Let u, v € P2(R). Let
X and X' € Lo(Q) with respective distributions p and v. Fix n > 0. Let Y satisfying (I1.83).
Then

1
V(X)o7 (X) < 0*(X') = oY) = - (P@ Lebgy) [X # Y] 4+
oY+ X' — X) + 2%(1@ ® Lebyg ) [X' # Y7 + X' — X

1
—o(Y") - 275(]1) ® Lebp 17) [X # Y 4
<Y+ X' — X) = oY) +n <dpv (LY + X' = X), L(Y™))’ + 1.

By definition of the distance in total variation, dpy(L(Y"7 + X' — X)), L(Y")) < 2P[X’ # X].
Thus for every n > 0, v°(X’) — v°(X) < 2°P[X’ # X]6 + n. By letting n tend to zero and by
symmetry, we deduce that there is C' > 0 depending only on § such that

[0 (1) — wF ()] = |0 (X) — o7 (X)] < CP [X' £ X]°.
By taking the infimum over every coupling (X, X’) of (u,v), we finally get
[0 () — ()] < Cy (1, v’ (11.56)

Therefore, u® is also J-Holder continuous.
Keep X, X’ € Ly(€?) two random variables with laws p and v. Let (Y7),¢ satisfy (IL.83).
It follows from (I1.84) and (I1.85) that

limsup(P ® Lebjg 1)) [X # Y] < V2e22-5¢2-3 = 22325,
7™\0

For every n > 0, let us define

S {Y € Lo(2 x [0,1]) : (P® Lebyg p)) [X # Y] < 25577 1

Jun
-
9

1

or (P®Lebyy) [X'#Y] <2702 —H]}.
Fix > 0. Thus there is Y € S7 such that (I1.83) holds true. We deduce that

v (X') — v (X) <o (Y") + %(]P’@ Leby.1)) [X' # ik
—o(Y") — %(P ® Lebyg 1)) [X # Y”]2 +n
< o (B o Lebgy) [X £V — (o Lebyy) [X £Y7) 40

By symmetry, we deduce that

1
[v*(X) = v*(X)] < 5= sup
2¢ yegn

(P& Lebyg 1)) [X' # Y]* = (P@ Leby 1)) [X # Y| + 1.
Moreover,
‘(IP’ ® Lebp ) [X' # Y]* = (P® Lebyg 1)) [X # Y]z’
< ‘(IP ® Lebyg 1) [X' # Y] — (P ® Leby 1)) [X # Y]‘
|(P® Leby ) [X' # Y] + (P& Lebyg 1)) [X # Y|
<P[X' # X] - |(P @ Lebyg ) [X' # Y] + (P® Lebjg 1)) [X # Y]
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For every Y € S, we have
)
‘(IP’ ® Lebyg 1)) [X' # Y] + (P @ Lebyg 1)) [X # Y]‘ <P[X #X'] +2 (2%3525 + n) .

By passing to the limit n \, 0 it follows that there exists C' > 0 depending on ¢ such that for
every X, X' € Lo(Q) with respective distributions p and v,

Lpx' 2 x] (P[X'# X] +Ce75).

[ (1) = w* ()] = o5 (X) =" (X) < o

Let us distinguish two cases:

o if dpy(p,v) <e?- 7, by definition (I1.58), there exists a coupling (X, X”) of law (u, v) such
that P[X # X'] < 75, Thus

1

6—1

(1) — u* (V)] < C?P (X' # X] < CeShdpy(u, v).

o if dpy(p,v) > 75 recall that ¢ is 6-Holder continuous (see (I1.86)). Thus

dTV(/‘v ) o-1

[u(p) —u (V)| < CdTV(MvV)6 < CW Cez=3dry (i, V).

This completes the proof of (ii7). _
Let us conclude the proof of Lemma I1.44. Let us define A®(k, 1) := A(k)u®(p), with ¢ =
W%&. For every p,v € Pa(R), we have

1 .
(k)P

W2k, 1) — A (k, )] < A(R) [ () — ()] < CA(R)= 55 depy (11, v) < CAGR) (B) )y (. ).

It completes the proof of (I1.80) and (I1.81) for the case of the real part. The proof for the
imaginary part is the same. O

WR(h, 1) = ARk, )| < AR () — u(p)] < CA(R)EZS < CA(K)

In particular, it follows from (I1.78) and from (I1.80) that there is C' > 0 such that for each
ke R, (k)| < CAK).
Let us define

bla, ) == /]R (k)™ ((cos(ka) AR (k, 1) + sin(kx) A3 (k, 1) ) ds (I1.87)
For every z € R and u € Pa(R),
c/ 1Nk, )] + NS (k, ) ) dk < C/]R<k>‘”A(k)dk <C,
since n > 0 and A € Li(R). Furthermore, by (I1.81), for every z € R and for every p, v € P2(R),
b, 1) = b, v)| < / (k)" (W’*(k: 1) = Xk, )] + X3 (k, ) = A% (b, w)] )k
c/ O0=0) A (k)dk dov (1, ).

Moreover, 7 — 6(1 — ) > 0. Indeed, n —0(1 —9) =n+60 —0 = a — 5! = "_0‘551_5) >0
by inequality (I1.59). Since A belongs to L;(IR), it implies that [ (k)" (k)?=0)A(k)dk < +oc.
Therefore, the drift function b is uniformly bounded and uniformly Lipschitz-continuous in the

measure variable.
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I1.5.4.1 Existence of a weak solution to the SDE with drift function b.

Let us prove existence of a weak solution to equation (I1.60). We follow the same idea as in
Paragraph 11.4.1.

Proof (Theorem 1I.43, existence part). Let € be a weak solution to the SDE (IL.63) with drift b
given by (I1.87). In particular, P-almost surely and for every t € [0, T,

t ) t
a=§+Aéﬂ@M€mﬂth+&+Ab%ﬂwh

where for every t € [0,T], us = LP(%|GV) and G}V := o{w(k,s),k € R,s < t}. Recall that
Proposition I1.39 states that every weak solution has this form, i.e. (f1¢).ejo,7) is adapted to (the

completion of) (G )te[OT
Let (ht)iepo,r) = (R + Zh?)te[O,T] be a process with values in Lo(RR, C) satisfying for every
t € [0,7] and for every z € R,

(b—b)(x, ) = /R £ (k) (cos(ka) Rt (k) + sin(ka)hg (k) ) dk. (I1.88)

y (II.77) and (I1.87), the unique solution to (II.88) is given, for every k£ € R and for every
€ [0,T], by

ho(k) = <2 (k) 7Tk, ) = Ak, p))-

Since puq is a (gfv)te[oﬂ—adapted process, the process (h¢)iejo,r) is also (QZV)tE[O’T]-adapted.
Furthermore, by (I1.80) and since f is of order a,

//\ht )|?dkdt < C// kY22 N (K, i) — Mk, )| > dkdt
<C / / (k)20 2=200 § ()2 d ket
0 JR

Since a = n+6§ and A € Ly(R), we deduce that fOTflR |h¢(k)|>dkdt is bounded by a deterministic
constant. Therefore, the measure Q on (2, G) with the following density with respect to P

—exp<//hﬂFE Ydw® (k, 1) +//h“ )—;/OT/]R|ht(k:)|2dkdt>

is a probability measure. Let us define w(k,t) = @™ (k,t) + iw° (k,t), where

" (k,t) == wh(k, t) — / / RE(1) dids, (I1.89)

(k1) = w / / K3 (1) dids. (I1.90)

By Girsanov’s Theorem, L2(w, 8, €) = LF(w, 3, €) and for any t € [0,T], the o-field o{w(k,t') —
w(k,t), By — P, k € R, ' € [t,T]} is independent of G; under Q. Moreover, Q-almost surely,
the process (zt).c(o,7] satisfies

. §+/0t/Rf(k> e~ *=da(k, s) —|—// f(k cos (kzg)hi (k) —i—sin(kzs)htg(k))dkds
t__
+ Bt +/0 b(ZSaNs)dS
¢ , t ~ t
:§+/O/Rf(k)%(e‘”“3dw(k,s))+/0 (bfb)(zs,us)derﬁtJr/o Bz, 1s)ds
t A t
=5+AAﬂMWKWHMhm+@+Ab%m¢m
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Furthermore, recall that for every ¢ € [0,T] P-almost surely, u; = LF(%|G}Y). We want
to prove that for every ¢ € [0,7] Q-almost surely, u; = L£2(z]G""), where the filtration

(G Vieror) is defined by G/*" = o{w(k,s), s ;k € Rys < t}. Let ¢ : R —» R and ¢ :
C([0,T],P2(R)) x C(R x [0,T],R?) — R be bounded and measurable functions. Fix t € [0,T].
Then

E? [1h(2t) @(pt.nt, W.nt)]

= EP [4(z) go(u.m,mt)exp(/Ot/RER(ht(k)dw(k,t)) - ;/Ot/Rht(k)Pdkdt)]

Recall that the process (ht):c(o,1] is (gg’v)te[oﬁp]—adapted. It follows that the process (w.at):e(0,7]
is also (G}")se(o,7)-adapted, since w.np = w.pp — S J5 hs(D)dids. Thus

EC [V (2t) o(pnt, Wat)]
=E {EP’ (60019 (p.ns ) exp / / R(FFIdw (k1) — /0 /lR |ht(k)|2dkdt)]

0J/R

— &P { [ (@) (o) go(,u./\t,ﬁ./\t)exp(/t/R R (e (k) dw(k, t)) —% Ot/]R|ht(k;)|2dkdt>}
|

0

(IL.91)

Therefore, for every t € [0,7], EQ [w(zt)lgf’w] = Jr ¥(x)dpe(x). We deduce that for every

t € [0,T], Q-almost surely py = £2(z|G"").

Furthermore, the pair (u, w) is G -measurable and, subsequently, % is also G"-measurable.
By independence of (§,w, ) under P, we deduce that (u, w) and (3,&) are independent under
Q. By the same argument and by the compatibility property under P, we deduce that, under Q,
for any ¢t € [0,T], (£, w, ) and S are conditionally independent given G;, which is the required
compatibility condition.

Therefore (£2,G, (Gt)ejo, 1), Q, 2, w, B, &) is a weak solution to (I1.60). This proves the first
statement of Theorem I1.43. O

Remark 11.45. In Remark I1.40, we emphasized the importance of the filtration under which
(11t)eejo, 18 adapted. It makes sense in (IL.91), because in order to identify [ ¢ (x)dp:(z) with

EQ [¢(zt)|gt ’W], we need to know that p; is G W _measurable. This is obviously true, but it is

not necessarily true with Q,}/V instead of G, W

11.5.4.2 Uniqueness in law for the SDE with drift function b.

Let us conclude the proof of Theorem 11.43 by showing uniqueness in law for equation (II.60).
We follow the same idea as in Paragraph 11.4.2.

Proof (Theorem I1.43, uniqueness part). Let Q' and Q2 be two weak solutions to (I1.60). We
want to prove that EPl(zl) =[P (2%). In particular, for n = 1,2, P"-almost surely, the process
(21 )efo,1) satisfies

t . t
Sy /0 /R FER(e 2 dw (k, 5)) + B2 + /0 b(=", u)ds,
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where for every ¢ € [0,T], u? = L (201G ""), gV = o{w"(k,s), " k € R,s < t} and
(u™,w™) is independent of (8", &™) under P™.

For n = 1,2, define the process (h)cor) by hi'(k) = %(k)fn()\(k,u?) — Xk, i) for

every k € R and for every ¢t € [0,T]. It is (gfn)te[O,T}—adapted, fOT Jg 1A (k)|?dkdt is bounded
and (h{)ic[o,1) satisfies for every x € R and for every t € [0, 7]

(b —b)(z, uy) / f(k cos (kz)h) (k) + sin(ka:)h?’i(k))dk.

Let us define Q" as the absolutely continuous probability measure with respect to P" with

density
dQ" m n
pn —exp< / / (hp (k)dw™ (k,t)) / / |hi (k)| dkdt)

Let us denote dw™(k,t) = dw"(k,t) + hi(k)dkdt. It follows from Girsanov’s Theorem that
LY (@, g, em) = LF" (w™, 7, €") and that, for any t € [0, T], the o-field o {@w"(k,t') —w"(k,t),
Bl — B, k€ R, t' €[t, T} is independent of G under Q". Moreover, (z{')¢c[o,) satisfies

¢ o t
=6 [ PRE T Faw (b s) + 57+ [ B ).

Let us remark that (exp(— fg Jg R(R2(k)dw™(k,s)) — %fg Ir \h’;(k:)|2dk:ds)>t o and W', =
€

wy, — [ [ h2(1)dlds are (G n’Wn)tE[O,T]—adapted. Let us consider the same function ¢ and ¢
as in equality (I1.91). We obtain by a similar computation:

EY" [ (2f") @(uine, W)

=7 [wlel) ot @t esp (= [ [ RO o)) = 5 [ [ 2 Paas)

—E7[B7 [0cI0 ] ol @)

-exp(—/ot/R%(fde”(k,@) -3/ t/ (0 Plvas)|
=EM {/}Rw(x)du?(fv) O(plng, W) €exp // hr(k)dw"(k, s) —f// |h2 (K 2dk:ds }

B9 | [ w@duf (@) eluth 0|

and thus for every t € [0,T], Q"-almost surely, u* = £L2" (2|G}' .
Moreover (u",w™) and d]P: are G*" """ _measurable and under P", (", w") is independent
of (5",&™). Thus for any bounded and measurable functions g : C([O, T|,R) x R - R and

£:C(0,T), P2(R)) x C(R x [0,T], R?) — R, we have

B (1, @) 9(8", €M) = B [ 1" @) o 9(8"€")
=57 [ a") ] BT la(om )

=E [f(u",@")]-E¥" [g(8",€")]-
Thus under Q", (u",w™) is independent of (8",£™). By the same argument and by the com-

TL~TL

patibility property under P", we get that, under Q", for any ¢ € [0,7T], (£",w™, u") and " are
conditionally independent given G;*, which proves compatibility under Q™.
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Thus we deduce that for n = 1,2, (2", G", (G")iepo,1], Q", 2", 0", ", &™) are weak solutions
to the SDE (I1.63) with drift b. By Proposition I1.39, it follows that £2' (2!, @') = £ (22, @?)

and that for every t € [0,T], up = ﬁ@"(zmg;”). Then, we apply the same computation
as (IL.51): for each bounded and measurable ¢ : C([0,T],R) — R,

EP" [¢(:")] = E2" [(b(z”)exp( /0 T/R %(de”(k,t))—% OT/R yhg(k)ﬁdkdt)].

Recall that hl(k) = ﬁk)(kf”(/\(k:,,u,?) — Xk, 1)) and that p? = E@n(zf\gﬁ/n). Hence the

process (h{');c(o,1] 18 GV n)te[()’T}—progressively measurable. It follows that there is a measurable
map ¢ : C(R x [0,T],R?) — R, independent of n, such that EQ" [|¢)(@")|] < 400 and

E” [6(z)] =B [o(z")u(@")] = E® [¢(=2)u(@?)| = B [¢(=7)] .

We conclude that £F' (z1) = £P*(22). This completes the proof of Theorem I1.43. O

Remark 11.46. As the last computation right above shows it, we have in fact that c¥ (24, @' =
L¥ (22, @?) and then £F' (21, ub) = £ (22, 12).






Chapter 111

Bismut-Elworthy inequality for a
Wasserstein diffusion on the torus

Abstract. In the previous chapters, we introduced a family of diffusions on
the Wasserstein space with smooth volatility coefficient. Moreover, adopting
the particle point of view, those measure-valued processes (jt):c[o,7] shared the
property of being associated with a canonical lift (2):c[0,71, where for each ¢,
x; is the quantile function of 4, and where (z4(u))cjo,r is a continuous real-
valued process representing, for a given u € [0, 1], the path of the particle with
label w. In all those dynamics, the interactions between particles were ruled
by a common infinite-dimensional noise. In Chapter II, we were interested
in restoration of uniqueness for a certain diffusion with the above-mentioned
features. In the current chapter, we prove another regularization property
for a process of that family, namely a gradient estimate often called Bismut-
Elworthy or Bismut-Elworthy-Li inequality after [Bis81, Elw92, EL94|. There
are two main modifications with respect to the previously studied diffusions:
on the one hand, the processes of this chapter are defined on the probability
space of the one-dimensional torus, instead of P2(R), and on the other hand, we
add to the dynamics an idiosyncratic noise 8 and the law p, is now considered
with respect to both the noise carrying the initial condition and the Brownian
motion 3, as it is standard in McKean-Vlasov theory and as it has also been
done in Section I1.5.

I11.1 Introduction

In Chapter I [Mar18], we introduced a smooth version of Konarovskyi’s diffusion on the Wasser-
stein space (see [Konll, Konl7b]) and we have shown in Chapter II that this kind of diffusion
has a regularization effect, namely that it restores uniqueness of Fokker-Planck equation with
non-smooth drift. Recall that we had to slightly modify the shape of the diffusion in order to
invert the interaction kernel. In this chapter, we are interested in a smoothing property of a
Wasserstein diffusion on the torus; more precisely we will prove a Bismut-Elworthy-like inequal-
ity. Let us first introduce in Paragraph III.1.1 the diffusion studied in this chapter; we will
describe the two main differences with the diffusion studied in Chapter II, i.e. the fact that
we are now considering a particle system evolving on the one-dimensional torus, that is on the
circle, instead of the real line, and the fact that we add an idiosyncratic source of randomness (3
as we did in Section II.5. Then in Paragraph I11.1.2 we will link our result to the original works
of Bismut, Elworthy and Li on gradient estimates and to recent developments around gradient
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estimates for McKean-Vlasov SDEs. In Paragraph I11.1.3, we will explain the general strategy of
proof followed in this chapter and highlight the reasons that have led us to modify the structure
of the diffusion with respect to the previous chapter.

II1.1.1 A diffusion on the Wasserstein space of the torus
Recall SDE (I1.12), studied in Chapter II:

1 4
dys(u) = / k)R (e HvW) qQu(k, t 111

" et — o) O o e
In this chapter, we study the regularization properties of a diffusion process close to the solution
to (ITI.1). First, we consider processes with constant mass, i.e. we take ¢ = 1 in (IIL1).
Moreover, we introduce two major modifications with respect to the previous chapter. First,
we consider a system of particles evolving on the one-dimensional torus, instead of the real
line. Tt allows us to construct a process (fit)e[o,7] having a density vanishing nowhere on the
state space. The second change is the introduction of an idiosyncratic noise, with an additive
Brownian motion (f)e[o,7], which allows us to obtain a regularizing effect of the diffusion. This
effect has already been noted in Section II.5, where we have also added a noise (ﬁt)te[O,T] in
order to restore uniqueness of a Fokker-Planck equation with a non-regular drift function b both
in the space and in the measure variable. It allowed us to regularize the space component of the
drift: a similar phenomenon occurs in this chapter.

Let us introduce the diffusion process (z¢(u))icio,1],uelo,1] With constant mass on the one-
dimensional torus T, which we will identify with the compact interval [0,2x]. This diffusion
process describes a system of infinitely many particles covering the torus and evolving according
to a common infinite-dimensional noise. That diffusion process on the torus is the counterpart
of (IIL.1) on the real line. It will be defined as the unique solution (7 (u))¢c|o,1],ucf,1] to the
following equation

¢
() = g(w) + 3 fi / R(e k0 quHy, (IT1.2)
kEZ B
Let us briefly describe equation (II1.2). As in the first two chapters, g : [0,1] — T is an
increasing initial condition, viewed as the quantile function of a probability measure po on the
torus. We should give a precise meaning to the notion of monotonicity on the torus. The notion
of quantile function on the torus will be defined in Paragraph I11.2.1; at this stage, the reader can
simply see g as the restriction to [0,1] of a strictly increasing C!'-function § : R — R satisfying
g(u+1) =g(u) 4+ 27 for each u € R.

Remember that the flow of the diffusion (III.1) introduced in Chapter II preserves the mono-
tonicity of the solution (see Proposition I1.5). The flow of SDE (III1.2) shares this property. It
implies that the solution to equation (III.2) can be seen as a process (i )¢eo,r] With values in
the Wasserstein space P(T) of the one-dimensional torus and that for each ¢t € [0,7], the map
u +— x4(u) is a canonical representative of the probability measure p, since it is the quantile
function associated with p;. Therefore, it makes sense to see equation (I11.2) as the counterpart
on the one-dimensional torus of the diffusion (IIL.1) on R.

Moreover, (fx)rez is a given sequence of real and deterministic numbers. It plays the same
role as the function f appearing in (III1.1): the regularity in the variable u of the solution
(z¢(u))re(0,1),uelo,1) 18 linked to the decay at +oo and —oo of (fx)kez. In (IIL.2), (Whez =
(WHRk 1 WSHk) ez is a sequence of complex-valued independent Brownian motions: equa-
tion (III.2) may be rewritten as

29 () = g(u) + foW,0 + l;)fk (/Ot cos(kad(u))dWIF 4 /Ot sin(kxg(u))dwsg’k) . (IIL.3)
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In that equation, we remark that the term fthéR’O is common for every particle; it does not
depend on the variable uw. Let us rewrite it as fthﬂ%’O + Bt, where (Bt)ejo,r) is a Brownian
motion independent of the collection (Wf),eqo. 1] kez:

wf(u) = g(u) + Y fr / “R(e O awE) 4 6, (ITL.4)
keZ 0

The addition of a Brownian motion (5;),c[0,7] is equivalent to change the diffusion rate of Wg“:’o,
since we can rewrite the equation with fth%’O + By = fof/[v/tm’o.

The interest of dissociating W and 8 is that we will see W as a common noise with re-
spect to the diffusion and that § will be seen as an idiosyncratic source of randomness. More
precisely, we consider two distinct probability spaces: (2", GW ,PW) carrying the collection of
Brownian motions (W*)cz and (29, G% PP) carrying the Brownian motion 3. Then we define
equation (IIL.4) on the product space (€, G,P), where Q = QW x Q8 P =P @ P? and G is the
product of the o-algebras ¢W and GP completed with the null sets of P. We associate to the
solution (z{);c[0,r) to SDE (II1.4) a measure-valued process (uf )icjo,r] defined for every ¢ € [0, T]
as

pf := (Lebyg 1) QPP) o (x9)7L. (IIL.5)

In other terms, 4 is the conditional law of z{ given (W*)rcz. The interest of adding /3 is to add
a level of regularization to that equation: this phenomenon will be explained in more details in
Paragraph II1.1.3.

I11.1.2 Bismut-Elworthy inequality: a regularization result

The aim of this chapter is to prove a regularization property satisfied by the measure-valued
process (pf )tefo,r] defined by (IIL.5). In Chapter II, we have already proved that this type of
diffusion processes on the Wasserstein space allows to restore uniqueness of PDEs defined on
spaces of infinite dimension, e.g. Fokker-Planck equation. Bismut-Elworthy inequality focuses
on the smoothing effect of the semi-group and also provides a rate describing how fast the
regularization happens.

Roughly speaking, we will define a class of bounded functions ¢ : P(T) — R that are
continuous with respect to the Wasserstein distance and we will construct a semi-group (F;).e(o,7)
on that space by letting Pio(ud) := EW [¢(uf)], where uf is the probability measure pf =
Lebyg 1] og~! associated with the initial condition g. If ¢ is sufficiently smooth with respect to u
(typically, we will need a regularity slightly better than C?), then we will prove that we can
differentiate P.¢ in certain smooth directions: Theorem I11.45 states that for each p sufficiently
close to 0 and for every 6 € (0,1),

Ol Lo
Polu™) — Pus(uf)| < lolCyn A (I1L6)

where Cy 5, is a constant depending on g and on the direction of perturbation h. Of course, the
locally Lipschitz bound tends to +o0o when ¢ becomes close to zero, since ¢ is not necessarily
Lipschitz-continuous. Before giving more comments on the rate t~(+%) appearing in that for-
mula, let us come back to historical results around Bismut-Elworthy inequality and comment
on its usual applications.

Bismut-Elworthy inequality derives from an integration by parts formula for the heat semi-
group on R™ or on a compact manifold, obtained by Bismut [Bis81], Elworthy [Elw92] and
Elworthy-Li [EL94]. Roughly speaking, for a stochastic differential equation on R™ of type

dX; = O'(Xt)th + b(Xt)dt
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with initial condition Xy = xg, Bismut’s integration by parts formula has the following form:

A(Pi)ey(v0) = - & [qb(Xt) / Waro(X,)dW,)] | (111.7)

where Vj is a certain stochastic process starting at vg (see [EL94]). Bismut-Elworthy inequality
is a corollary to that integration by parts formula and consists in estimating the right-hand-side
of (IIL.7). It provides a gradient estimate for the heat semi-group. Let us note that for the heat
equation on R”, the upper bound for the gradient estimate is of order ¢~/2. Bismut-Elworthy
inequality is part of the general framework of Malliavin calculus (see [Nua06, Nor86| for an
introduction to Malliavin calculus), but it can be shown independently.

An important domain of application of Bismut-Elworthy inequality is geometry. The tech-
niques inspired by the works of Bismut, Elworthy and Li have led to the obtention of gradient
estimates for PDEs on manifolds, among others by Thalmaier, Wang and Arnaudon [Tha97,
TW98, ATWO06]. It has improved gradient estimates obtained by a coupling method of two
Brownian motions (see Cranston [Cra91]). Furthermore, Bismut-Elworthy inequality has led
to get gradient estimates for non-linear PDEs, for instance Kolmogorov backward equation or
Forward-Backward equations, see [Del03, Zha05]. The integration by parts formula is useful to
compute price sensitivities, so-called Greeks, in finance; e.g. in [FLLT99] the authors used Malli-
avin calculus techniques to obtain an integration by parts formula and obtain better convergence
rates than Monte-Carlo methods. Bismut-Elworthy-Li integration by parts formula is also used
in [MTO06] to compute Greeks. The work of Bismut, Elworthy and Li allows to improve numer-
ical methods of resolution of SDESs, since it provides a convergence rate for finite-dimensional
approximations of a solution.

The pioneer results of Bismut, Elworthy and Li have been extended to the case of SPDEs
in infinite-dimension. In a large survey [Cer01], Cerrai has recalled smoothing results for Kol-
mogorov equations in finite dimension and has extended Bismut-Elworthy formula to the case of
reaction-diffusion systems in bounded domains of R™ and of Kolmorogov equations on Hilbert
spaces, following results previously obtained in [DPEZ95]. For the reader interested in smooth-
ing properties of Kolmogorov equations on infinite dimension, let us mention the Da Prato’s
textbook [DP04].

More recently, smoothing properties have been obtained for McKean-Vlasov equation:

{dxt = b(t, Xy, pr)dt + o (t, Xo, py)AW, (TIL.8)

e = £(Xt)
Let us introduce the decoupled equation associated to (II1.8): it is called decoupled since we
first fix X{ the solution to (II1.8) starting at # and then solve the SDE given by

{dva[ﬂ = b(t, X7, LX)t + (e, X, L(x0)) s, (111.9)

Xg’[g] = .

In [BLPR17|, Buckdahn, Li, Peng and Rainer have proved that the function V(¢,z,L(§)) :=
E [QS(X;L[&] , E(Xfp’[ﬂ))} has some regularity and satisfies a classical second order PDE, involving
the first and second derivatives with respect to the space and the measure variable. Chassagneux,
Crisan and Delarue [CCD19] have studied similar smoothing properties of the stochastic flow
generated by a forward-backward stochastic system of McKean-Vlasov type; it is linked to the
theory of Mean-Field Games, where these equations arise and describe the asymptotic behaviour
of a large population of players with mean-field interaction. The equation followed by the flow
of the decoupled equation associated with the forward-backward system is called the master
equation. In [CM18], Crisan and McMurray have shown some integration by parts formulae,
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using Malliavin calculus, for the decoupled equation (III.9), for derivatives in the directions
of both z and the measure variable. Using those integration by parts formulae, Crisan and
McMurray have obtained estimates on the derivatives of the density associated to the solution
of the decoupled equation. In the case where the mean-field interaction is scalar, i.e. when
b(t, X¢, ) = b(t, X, E[f(Xy)]) and o(t, X¢, ) = o(t, X¢, E[g(X¢)]), Banos [Bnl8] proved a
Bismut-Elworthy-Li integration by parts formula, in the case where both b and ¢ are continuously
differentiable with bounded Lipschitz derivatives in both variables. Let us also cite a result
obtained by Chaudru de Raynal [CdR19] using parametrix techniques under the same kind of
assumptions. In [CdRF], Chaudru de Raynal and Frikha have proved smoothing properties of
the densities of the solution to equation (IIL.8).

II1.1.3 Integration by parts formula and addition of an idiosyncratic noise

In this chapter, we prove an inequality of Bismut-Elworthy-Li type, namely inequality (I11.6). In
this paragraph, we briefly explain the strategy of proof followed in this chapter by highlighting
the reasons why we are considering a diffusion on the torus and why we add an idiosyncratic
source of randomness [ with respect to the diffusion studied in Chapter II.

Without justifying the computations done hereafter, we want to give an idea of how we obtain
an integration by parts formula for the semi-group associated to the measure-valued process
(uf )telo,r) defined by (IIL.5). The strategy is based on Kunita expansion and on Girsanov’s
Theorem. Recall that Pé(ud) = EV [¢(uf)]. Using Lions’ differential calculus, the computation
of the derivative of Pi¢ at point g and in direction g’h (where ¢’ denotes the derivative of g) is:

d Po(udtrIhy — gpWgs 18 9\ (9 9, 29(w) hiw)d
T ol =BV | [ 0,00)(at (1) Duaf (u) hu)du).
lp=0 0

Note that we choose here to differentiate in the direction ¢’h instead of h in order to be co-
herent with the computations made later in the chapter. Of course, replacing h by 2 7 it is
straightforward to obtain the results corresponding to a differentiation in direction h.

Let us denote, for every t € [0,T)], A} := (Dyz - ) o FY, where F} denotes the inverse map
of z{, that is the c.d.f. associated with the measure uf. Then we have

d

4 " A (x(u))
dpjp=0

Pt = 188 [ [ 0l at ) duat(w) [ H

dsdu]

l'g u
— 12w | [ duottietion 2 e
0

where af (u) = [ ag () Ag 9(x9(u))ds. Following the method of proof of [Tha97], let us expand

g
the equation satisfied by the trajectory (xf tear )te[oﬂ, where the initial condition is also evolving
with time:

t
27 () = g(u) + 3 / me( ikt >dwf)+/3t+p / AY(271795 (u))ds + O(p?).
keZ 0
(I11.10)

That expansion is due to Kunita [Kun90]. As we did in Chapter II, we want to define a collection
of square-integrable processes (()\f)te[o,T})keZ such that for every s € [0,7] and for every x € R

I(x) = fuR(e7™ D). (IT1.11)

keZ
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Using (II1.11), we can rewrite (II1.10) into:

af t —1 mg+mg u
o ) = gla) + 3 [ (T O@WE 4 pAks)) + 51+ O(P),
ez’
and by Girsanov’s Theorem, EWVE? [¢(Mf+paf)&g] = EV [¢(1f)], where (f)seqo,r] is an expo-

nential martingale. Thus the left-hand-side of the latter equality does not depend on p and we
obtain the following equality by differentiating with respect to p:

O] (u)

EWRS [/01 8“¢(M?)(xf(u)) o () af(u)du] — EWERS

)y [ %(A';dW;“)] ,

keZ

where )\7’; is the complex conjugate of A\¥. Finally, we get the following Bismut-Elworthy inte-
gration by parts formula:

4 1
dpjp=0 t ke,

g+pg'hy _ Low B g ! Nk k
Pt¢(#0 ) E"E ¢(Nt)z 0 RAEAWY)

Unfortunately, the strategy detailled below cannot be applied directly. The key point of the
proof is, similar to Chapter II, the Fourier inversion given by (II1.11). Let us recap: given a direc-
tion of perturbation h, does there exist a collection of C-valued adapted processes ((Af)e(o.1])kez
such that for each s € [0,7] and each z € R,

(0uzd - h)o FI(z) =Y fiR(e *AF), (I11.12)
keZ

and ez [o |NF|?ds is almost surely finite?

A first problem to get (II1.12) is that we have to make sure that the derivative 0,29 of the
quantile function does not tend to +o0o. Recall that it tends to +oc if and only if the density of
the measure pf tends to zero. That explains why we decide to consider a diffusion on the torus
in this chapter. Indeed, if the initial condition u{ is a probability measure on the torus which
is absolutely continuous with respect to the Lebesgue measure and with a density positive
everywhere on the torus, then we will prove that the flow of the SDE (III.4) preserves this
property and we will be able to obtain controls on the integrability of the process (9,7 )eelo,1]-
The fact that we consider the diffusion (III.4) on the torus allows us also to take advantage of
the compactness of the torus.

Nevertheless, working on the torus is not sufficient to resolve (I11.4). Actually, we get to the
same problem as in Chapter II, namely we will have a balance between the order of regularity
of (zf )tefo,r) and the decay at infinity of (fy)rez. Let us assume to simplify the discussion that
fe = W In order to insure some Lo-integrability for ((Af)te[o,T})keZ, « should be as

small as possible. But the regularity of u — x{(u) for any ¢ increases when « becomes larger.
Unfortunately, as it will become clear with the computations of Lemma II1.30, there is not an
exponent « for which (()\f)te[O,T]) kez 1s square-integrable.

In order to avoid that problem, we will add a step of regularization. We will consider a
sequence (A9°).so of smooth approximations of A9. On the one side, we will apply to A9*®
the previous method. The bound in Bismut-Elworthy inequality will depend on ¢ and explode
when e — 07. On the other side, we deal with A7 — A%¢; we will apply once more Girsanov’s
Theorem, but this time with respect to the Brownian motion (ﬁt)te[O,T}‘ This emphasizes the
regularizing effect of 3.

Of course, we may wonder if adding [ is necessary to get a regularizing effect. The following
computations may give an idea why it seems reasonable to add a new source of randomness. Let
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us denote by p{ the density of the measure associated with the solution z{ of the SDE (III.2) with-
out A-term. For every 2m-periodic function ¢ : R — R, we have [} ¢(2f (u))du = fp 4 (v)p{ (v)do.
Formally, we get that (p});c(o,r satisfies the following SDE: for every v € T,

dpf(v) = =0, (pt(v) > fk%(eik”thk)> + Apj (v)dt.

keZ

If we assume that 3 ,cy f7 = 1, then A = % Following the work of Denis, Matoussi, Sto-

ica [DS04, DMS05], there is, at least for noises of finite dimension, a critical threshold at A > %
to obtain a regularizing effect for nonlinear SPDEs where the coefficients depend on the deriva-
tives of the solution. Adding the noise 3, the equation followed by the density process (p{ )te[O,T]
becomes:

dpf(v) = =0, (pt(v) Z fkﬂ%(e_ik”thk)> + py (v)dt,
keZ

and thus the condition of Denis-Stoica is satisfied.

That idea of adding an idiosyncratic noise § will allow us to prove a Bismut-Elworthy-
like inequality. However, due to the interpolation argument, more precisely due to the choice
of & which will depend on t, we cannot expect to obtain a rate of order ¢t~%/2. As previously
announced, the best rate that we are able to get with that strategy is of order t=27¢, for 6 as
close to zero as desired. We will devote Chapter IV to the optimization of that rate and we will
give an application of this result to a gradient estimate of a PDE on the Wasserstein space with
source term.

Organisation of the chapter

Before introducing the diffusion model, we will devote Section III.2 to the introduction of some
useful tools needed in this chapter, namely the notion of quantile functions of probability mea-
sures on the torus and a differential calculus for functions of probability measures on the torus.
Then, in Section III.3, we will construct the diffusion on the torus and prove its properties of
differentiability and integrability. The core of the chapter is Section III.4, in which we will
introduce the semi-group associated to the diffusion process and prove a Bismut-Elworthy-like
inequality. The proof will be based on the scheme given in this introduction, taking into account
the difficulties raised above. We will first assume that ¢ is smooth and finally get the result for
every bounded and continuous ¢ : P(T) — R by a regularization argument.

II1.2 Probability measures on the torus

Let T be the one-dimensional torus, that we will identify with the interval [0, 27]. Let P(T) be
the space of probability measures on the torus. Let us consider the Lo-Wasserstein metric W'

on P(T):

1/2
Wi )= nt ([ d" @y an(ey)
m€ll(p,v) \JT2

where IT(u, v) is the set of probability measures on T2 with first marginal y and second marginal v
and where d" is the distance on the torus: for every x,y € R, d*(x,y) := infyez |z — y — 2kn|.
Before defining in the next section a diffusion on the torus, we will focus in this section on a
few properties of the topology of T that are useful for our purposes. Recall that the diffusions
constructed in the previous chapters shared the property of preserving the relative order of
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the particles, i.e. particles do not collide. In other words, the dynamics of these diffusions
on the space of probability measures Po(RR) can be described as dynamics of the associated
quantile functions. We want to construct in this chapter a diffusion on P(T) that preserves
also the structure of quantile functions. In Paragraph III.2.1, we will introduce a notion of
quantile function on the torus. We will show that there is a canonical way to associate to every
probability measure pu € Py(R) with positive density on T an equivalence class of increasing and
pseudo-periodic functions.

In this chapter, we are interested in regularizing properties of that diffusion process on P(T).
More precisely, we will study the regularity of the semi-group associated to this diffusion. To
that purpose, we will define in Paragraph II1.2.2 a particular class of functions ¢ : P2(R) — R
satisfying both a periodicity and a regularity assumption. First, ¢ should be constant on every
equivalence class of measures on R having same traces on T. Second, ¢ should be differentiable
with bounded and Lipschitz-continuous derivative, in the sense of Lions’ differential calculus.
We will show a periodicity property of Lions’ derivatives of functions ¢ belonging to that class.

I11.2.1 Density function and quantile function on the torus

We will focus on a class of probability measures on T having a density with respect to the
Lebesgue measure on T, and more precisely densities that are continuous and positive everywhere
on the torus. The following definition makes it precise.

Definition III.1. Let PT be the set of continuous functions p : T — R such that for every
z €T, p(x) > 0 and [;p = 1. In other words, PT is the set of 2m-periodic and continuous
functions p : R — (0, +00) such that f027r p(z)dz = 1.

As in the previous chapters, we want to associate a quantile function to each measure on
the torus. Since we work here on a periodic domain, we will carefully define this notion in what
follows.

Let p € PT. Let g € T be an arbitrary point on the torus. Let us define a cumulative
distribution function (c.d.f.) Fp: R — R as follows: for each z € R,

Fo(z) = L “py)dy. (I11.13)

0

Since p is 2w-periodic and fo%p = 1, Fp satisfies Fy(x + 2m) = Fy(z) + 1 for each z € R. It
follows from the continuity and the positivity of p that Fy is a C'-function and for every z € R,
Fj(x) = p(x) > 0, so that Fj is strictly increasing. Therefore, we can define an inverse function
go == Fy 1. R — R. The following properties of gy are straightforward:

- for every z € R, go o Fy(z) = x and for every u € R, Fj o go(u) = u;

- go is a strictly increasing C!-function and for each u € R, gf(u) = p(gol(u));

- 90(0) = zo and for every u € R, go(u + 1) = go(u) + 27 (we sometimes say that go is
pseudo-periodic);

- ¢, : R — R is positive everywhere and is a 1-periodic function.

Moreover, let us choose another point x; on the torus and let us associate to x1 the c.d.f.
Fy defined by Fi(z) = [ p for every € R. Then

F@) = [ p=F@)+e

1
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where ¢ := f;lo p. Therefore, if g1 = Fl_l, we get for every u € R,

go(u —¢) = go(F10g1(u) — ¢) = go(Fo(g1(u)) + ¢ —¢) = go o Fo(g1(u)) = g1(u).
It becomes natural to define the following equivalence relation.

Definition ITI.2. Let j € IN\{0} and 6 € [0,1]. Let &7 be the set of C/-functions g : R — R
such that &(f ) g is 8-Holder continuous and such that for every u € R, ¢'(u) > 0 and g(u + 1) =
g(u) + 2m. Let ~ be the following equivalence relation on &/+%: g, ~ gy if and only if there
exists ¢ € R such that g2(-) = g1(- + ¢).

We denote by G719 the set of equivalence classes 779/ ~ and by g the equivalence class of
an element g of &I+

Proposition II1.3. There is a one-to-one correspondence between the set PT and the set G1.

Proof. Let + : P — G! be the map such that for every p € PT, g = «(p) is the equivalence
class given by the above construction. Let us show that ¢ is one-to-one.

First, ¢ is injective. Indeed, let p1,p2 € PT such that ¢(p1) = ¢(p2). Let zp € T and define,
for i = 1,2, Fi(z) = [; pi(y)dy and g; = F7 . Then by construction g7 = ¢(p1) = ¢(p2) = Fa.
Therefore, there is ¢ € R such that g2(-) = g1 (- + ¢). Thus for every x € R,

Fi(x) = Fi(g2 0 F2(z)) = Fi(g1(F2(x) + ¢)) = Fa(z) +c.

Thus F} and F> share the same derivative: p; = po.

Second, ¢ is surjective. Let § € G'. Let g be a representative of the class g. It is a C!-
function such that ¢'(u) > 0 for every u € R and, since g(u + 1) = g(u) + 27 for every u € R,
g’ is 1-periodic.

Let F := ¢g~' : R — R. In particular, F is a C'-function such that F’ > 0 and for every
z €R, F(x+27r) = F(x)+1. Thus p := F’ is a continuous function with values in (0, +00) and

for every x € R, p(z) = m. Thus for every z € R,

1 1 1
PEtm = et gF@ D) - gE@) P

and

/0 7 p(@)ds — 0% F'(z)de = F(2r) — F(0) = 1.

Therefore p belongs to P*. Let us check that g = «(p). Let xp be an arbitrary point in T and
let Fy be defined by (IT1.13) and go := F, '. Since F) = p = F’, there is ¢ € R such that
Fy(-) = F(-) + c. Therefore, go(-) = g(- + ¢), whence gy ~ g. This completes the proof. O

Remark II1.4. The map ¢ induces naturally a bijection between G/+¢ and P+ N CIH(R).

II1.2.2 Functions of probability measures on the torus

In order to study the flow of an SDE defined on the torus, we define in this paragraph an
appropriate class of functions from P(T) to R. Nevertheless, since we need to differentiate these
functions, it is be more convenient to define a class of functions from P2(R) to R with a certain
periodicity condition.
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Definition ITL.5. Let us define the following equivalence class on P2(RR). We say that p ~ v if
for every A € B([0,27]), u(A + 27Z) = v(A + 27Z); in other words if the traces of y and v on
the torus T are the same.

We say that a function ¢ : Po(R) — R is T-stable if ¢p(u) = ¢(v) for every p, v € Po(R) such
that u ~ v. For every u € P2(R), we define fi the measure satisfying fi(A) = u(A + 27Z) for
every A € B([0,2n]). Clearly, i belongs to P(T) and i = v for every pu ~ v. Thus ¢ induces a
map from P(T) to R.

Let (Q, F,P) be a probability space rich enough so that for any probability measure p
on any Polish space, we can construct on (2, F,P) a random variable with distribution ;
a sufficient condition is that (€2, F,P) is Polish and atomless. Let L2(€2) be the set of square
integrable random variables on (€2, F,P), modulo the equivalence relation of almost sure equality.
Let us define ¢ : Lo() — R by ¢(X) = ¢(£(X)), where £(X) denotes the law of X. If
¢ : Ly(Q) — R is Fréchet-differentiable, we will denote by D¢(X) its derivative at X and
we will identify it with an element of Ly(£2). Recall that DqAS is independent of the choice of
the probability space Q (provided that € satisfies the condition mentioned above): there is a
measurable function d,¢(u) : R — R such that for every X with distribution p, D(Z(X ) =
O0ud(11)(X) (see Section 0.4).

For every = € R, let {z} be the unique number in [0, 27) such that z — {z} € 27Z. For each
X € Ly(R2), we construct {X } € La(£2), defined by {X }(w) := {X(w)}. For every A € B([0, 27]),
P[X € A+27nZ] =P[{X} € A+ 27Z], whence we deduce that the laws £(X) and L({X}) are
equivalent in the sense of Definition IIL.5. In particular, for every X € Lo(2), for every T-stable
function ¢,

H(X) = ({X}). (1I1.14)
Let us quote two classes of examples of T-stable functions:

- if h: R — R is a 27-periodic function, the map ¢ : p € P2(R) — [i h(x)dpu(x) is T-stable.
The 27-periodicity condition ensures that ¢(X) = E [h(X)] =E[h({X})] = o({X}).

- if h: R — R is a 2m-periodic function, the map ¢ : p € Po(R) — [r2 h(z—y)d(p® p)(x,y)

~

is also T-stable. We have ¢(X) = EE'[h(X — X’)], where X’ is a copy of X defined on
(Q, F',P"), copy of the probability space (2, F,P).

In this chapter, we will first get results for a class of regular functions ¢ and then extend those
results by a regularization argument to a more general class. The class of smooth functions that
we will consider in the first instance is the set of functions ¢ such that ¢ belongs to Cé’l(Lg(Q)).
More precisely, ¢ should satisfy the following assumptions:

Definition ITI.6. A function ¢ : P2(R) — R is said to satisfy the ¢-assumptions if the following
three conditions hold:

(¢1) ¢ is T-stable, bounded and continuous on P(R).

(¢2) ¢ is L-differentiable (differentiable in the sense of Lions, see Section 0.4) and

sup [ 10,000 (x) Pdp() < +ox.
peP2(R) /R

(#3) D(Z is Lipschitz-continuous: there is C' > 0 such that for every X,Y € Lo(Q2),

E[|D&(X) ~ Do(Y)| < CE [|IX — YT



II1.2. PROBABILITY MEASURES ON THE TORUS 155

Remark TI1.7. Tt follows from (¢2) that qg is a Lipschitz-continuous function, by the following
computation:

300 =801 = [E [ [ D30X + 1 -1 (x - v)an]

— /01 E [0,6(COX + (1— NY)AX + (1 - A)Y) (X — V)] dA

1/2
1X =Y.

<| sup / 10,6(40) (@) dpa()
neP2(R)

We want to show that every function ¢ satisfying the ¢-assumptions has a 2m-periodic L-
derivative. Let us first recall the following result, which applies more generally to every function
¢ : P2(R) — R with Lipschitz-continuous L-derivative.

Lemma II1.8. Let ¢ : Po(R) — R be a function satisfying the ¢-assumptions. Then there is a
constant C > 0 such that for every p € P2(R), we can redefine 0,¢(1)(-) on a u-negligible set
in such a way that for every v,v' € R,

9ub(1)(v) — Bud () (V)] < Clo — v, (ITL15)

and (p,v) — 0up(p)(v) is continuous at any point (p,v) such that v belongs to the support of .
Furthermore, there is C > 0 such that for every p € Pa(R), for every v € R,

|0up(p) (V)] < C(1+[v]) + C/ |zl dp(z). (IT1.16)

Proof. By [CD18a, Proposition 5.36], inequality (III.15) is a consequence of assumption (¢3).
The proof of the continuity of (u,v) — d,¢(p)(v) at any point where v belongs to the support
of p is given in [CD18a, Corollary 5.38]. Integrating (III.15) over v’ under the measure u, we

get
o [

/ |0,b(11) (v) = Bpp(p) (V)] dpa(v’

< C/ lv — | dp(v") < Clo] + C'/ 0| dp(o
R R

By assumption (42), | [ 9,6(1) (") du(v")| < (fg 10,6 (1) (v")[2dp(v'))/? < C. Thus we deduce
inequality (II1.16). O

Proposition III.9. Let ¢ : Po(R) — R be a function satisfying the ¢-assumptions. Let u €
Pa(R). Then, up to redefining 0,¢(1)(-) on a p-negligible set, the map v — 0,¢(p)(v) is 27-
periodic.

Proof. Let X € L2(€2) be a random variable with distribution .
For any Y € Ly(€2) and for any random variable K with values in Z, we have

d

e :0$(X + 2K +Y) = E | D(X +2K7) Y| = E[0,6(L(X + 2K7))(X + 2K7) V].

Moreover, for any e, ¢(X +2K7 +£Y) = ¢(X +Y) because L(X + 2K +cY) ~ L(X +¢eY).
Therefore,

d

— X +2K Y
de e 0¢( +2Km+¢eY) =

S(X +eY) = E[0,6(L(X))(X) Y].

d€|a 0
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Thus for any Y € La(2), E[0,¢(L(X 4+ 2K7))(X +2K7)Y] =E[0,¢6(L(X))(X)Y]. We deduce
that for any Z-valued random variable K, almost surely,

Aud(L(X +2K7))(X + 2K7) = 8,0(L(X))(X). (I11.17)

First, assume that the support of y = £(X) is equal to R. For every ¢ € (0,1),
let K% be a random variable on (2, F,P) independent of X with a Bernoulli distribution of
parameter . Thus it follows from (III.17) that

1= (1-08) P [0,0(L(X +2K°m))(X) = 8,6(L(X))(X)]
+ 8P [0u6(L(X + 2K m))(X + 27) = ub(L(X))(X)] .

We deduce that P [9,6(L(X + 2K°m))(X + 27) = ,6(L(X))(X)] = 1 for any 6 € (0,1). Since
the support of £(X) is equal to R, it follows from Lemma IIL.8 that (v,z) — 0,¢(v)(z) is
continuous at (u,x) for every x € R. Moreover £(X + 2K%7) tends in Lo-Wasserstein distance
to L(X) = p when 6 — 0. So, there exists an event Q of probability one such that for every
w e Qand every § € (0,1) N Q, ud(L(X + 2K°7))(X (w) + 27) = 9,6(L(X))(X (w)). Thus
for every w € Q, 0ud(p)(X(w) + 27m) = 0uop(p)(X(w)). Since P [Q} = 1 and the support of p
is R, we deduce that 0,,¢(u)(x +27) = 0,¢(1)(x) holds with every x in a dense subset of R. By
continuity, of 9,¢(x)(-), the last inequality holds with every € R. We deduce that 0,¢(u)(-)
is 2m-periodic.

Then, let us consider a general p € Py(R). Let Z be a random variable on (2, F,P)
independent of X with normal distribution N (0,1) and let (a,),en be a sequence such that
for all n € IN, a,, € (0,1) and a,, —n—+00 0. For every n € IN, the support of the distribution
L(X 4+ anZ) is equal to R. Thus for every n € N, v = 0,¢(L(X + apZ))(v) is 2m-periodic.

By (II1.15), the sequence of continuous functions (0,¢(L(X + anZ)))nen is equicontinuous.
Furthermore, (II1.16) implies that for every v € [0, 27],

|0up(L(X + an2))(v)] < C(1+ |v]) + CE[|X + anZ]] .

Since (ay) is bounded by 1 and X € L9o(2), there exists C' > 0 such that for every n € IN and
for every v € [0, 27]

10, 6(L(X + anZ)) ()] < C(1 + [v]) < C(1 + 27). (II1.18)

Recall that v — 0,¢(L(X + anZ))(v) is 27-periodic for every n € IN. Thus the sequence
(Oup(L(X+anZ)))nen is uniformly bounded on R. By Arzela-Ascoli’s Theorem, up to extracting
a subsequence, (0,¢(L(X +anZ)))nen converges uniformly to a limit v : R — R. In particular,
u is a 2mw-periodic function.

Moreover, let us prove that the following quantity tends to zero. Let Y € Lo(€2).

[E[0,6(L(X + an2))(X + anZ)Y] ~ E[u(X)Y]|
< |E[0u0(L(X + a0 2))(X + an2)Y] = E[0,6(L(X + a,2))(X)Y] |
+ [E[0u6(L(X +an2))(X)Y] - E[u(X)Y]|

)

< CauE[|ZY || + | [0,6(L(X + an2))(X)Y] — E[u(X)Y]

by inequality (III.15). Since ZY is integrable, Ca,E[|ZY|] =n—+00 0. Moreover, let us show
that |E [0,0(L(X 4+ a,2))(X)Y] — E[u(X)Y]] 2n—t00 0. Remark that (9,¢(L(X 4+ anZ)))nen
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converges uniformly to u, hence it converges pointwise to u. Moreover, we have a uniform
integrability property. Indeed, by 27-periodicity of 9,¢(L(X + a,Z)) and by (II1.18)

E [|0,6(L(X +an2))(X)Y 2] <E [10,6(£(X + a,z2)(X)P] " E [y ]

1/4
=B [|0,0(L(X + an2)){X D] " E [V
< ce [y

2]3/4

Since Y is square integrable, sup, . E [|8H¢(£(X+anZ))(X)Y|3/2} < 4o00. Thus the se-
quence (9,¢(L(X +anZ))(X)Y )nen is uniformly integrable. By Fatou’s Lemma, if follows that
E [|u(X)Y]3/2} < 400, thus we conclude that E [0,¢(L(X + a,2))(X)Y]| =nst00 E[u(X)Y].
Therefore,

E[0u¢(L(X + anZ))(X + anZ)Y] —nio0 E [u(X)Y].
On the other hand,

E[0,6(L(X + a2 2))(X + aaZ)Y] = E [DG(X +a,2)Y| — E[DG(X)Y]

n—-+0o

because D¢ is Lipschitz by assumption (¢3). We deduce that E[u(X)Y] = E {Dqg(X )Y} for
every Y € Ly(12), hence almost surely, u(X) = 0,¢(1)(X). Recall that u is continuous and 27-
periodic. Therefore, up to redefining 9,¢(u)(-) on a p-negligible set, v — 0,0 () (v) is continuous
and 2m-periodic. O

Recall that, as explained in Definition II1.5, we can associate to every u € Py(R) the measure
f € P(T), defined by fi(A) = u(A + 27Z) for every A € B([0, 27]).

Corollary III.10. Let ¢ : P2(R) — R be a function satisfying the ¢-assumptions. Let p €
P2(R) be such that [i has a density belonging to PT. Then there is a unique 2m-periodic and
continuous version of 0,¢(p)(-). Furthermore, for every v € [0,2r], 0,¢(1)(v) = 0,p(fi)(v).

Proof. Let X € L2(€2) with distribution p. Then the law of {X} is [, seen as an element of
P2(R) with support included in [0,27]. Since i € PT, the support of i is equal to [0,27],
because the density of [i is positive everywhere on [0, 27r].

Furthermore, by equality (II1.17) applied to K = ({X} X), i.e X +2Km = {X}, the fol-
lowing equality holds almost surely: Gugb(ﬁ({X}))({X}) L, 0(L(X))(X). By Proposition IIL.9,
0ud(L(X))(-) is 2m-periodic, so 9,¢(L(X))(X) = 0,0(L ( ))({X}). Since the support of
L({X}) is equal to [0, 27], we deduce that for every v € [0 27, 0,P(L(X))(v) = 0ud(L{X}))(v).
This shows that there is a unique 27-periodic and continuous version 9,¢(L(X))(:). O

In Section 0.4, we introduced another notion of differentiability on the Wasserstein space,
the linear functional derivative (%' Moreover, for any ¢ satisfying the ¢-assumptions, there is a
simple relation between the linear functional derivative and Lions’ derivative. Indeed, for every
p € Pa(R), 0ud(p)(-) = O gfl( )(). Let us prove that the linear functional derivative is also
2m-periodic.

Proposition IIL.11. Let ¢ : Po(R) — R be a function satisfying the ¢-assumptions. Let
p € P2(R) be such that i has a density belonging to PT. Then [30,¢(u)(v)dv = 0. In other

words, v — M’ = (1) (v) is 2m-periodic.
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Proof. By Corollary II1.10, it is sufficient to prove that [} d,¢(fi)(v)dv = 0. Let Y; be a random
variable on (2, F,P) with distribution equal to . Let p : R — R denote its density, extended
by 2m-continuity. By assumption, p(v) > 0 for every v € [0, 27], hence for every v € R.

Let us define the following ordinary differential equation:

. 1
Y P’

with initial condition Yp. Denoting by F := x + [ p(v)dv and g = F~! respectively the
c.d.f. and the quantile function associated to p, we have %F(Y}) = 1. Thus for every t > 0,
F(Y;) = F(Yy) +t and Y; = g(F(Yp) +1) = gi(F(¥p)), where go() = g(- +1).

Fix t > 0. Since F(Yp) has a uniform distribution on [0,1], Y; = ¢:(F(Yp)) implies that g;
is the quantile function of the random variable Y;. By Definition III.2, g; ~ g, thus we deduce
that the law of {Y;} is i. Since ¢ is T-stable, o(Yy) = o({Yi}) = (Yp) for every ¢t > 0. Thus
%‘t:(p(}/;) = 0. Thus

d -~ S - 1
= — Y) =E |Dop(Yo)Yo| =E |Dp(Yo) ——
P10 = E[DIY0)T] = E | DoY)
= [ 00 aiw) = [ 0@ = [ 0,0 )
- R 12 24 p(v) u - 0 12 2 p(U) - 0 14 1% ’
since p is the density of the measure fi. The statement of the proposition follows. O

I11.3 A diffusion model on the torus

Let us define the probability spaces and the noises that we will use in this section.
Let 7 > 0 be a fixed final time. Let (Q",G%, (QtW)te[o’T],IPW) be a filtered probability
space satisfying usual conditions. Let us define on this space a (G}" )eefo,r1-adapted collection

((WgR’k)te[oﬂ, (Wt%’k)te[o,T})keZ of independent real standard Brownian motions on [0,7]. We

denote by W* the C-valued Brownian motion WhE LSk,

Let (07,65, (gf’ )telo,1]» PPA) be another filtered probability space. Let us define on this space a
(gf )tefo,r-adapted standard Brownian motion (8;)¢ejo77. Let (27, G P°) be another probability
space rich enough to support Gl-valued random variables with any distribution that could be
introduced later in this chapter. We will denote by EZ, EW and E° the expectations respectively
associated to P?, P and P°.

Let us now define (€2, G, (G¢)sejo.r), P) the filtered probability space defined by € := QW x
B x, G:=6"23°236° G = a((GV)s<t, (G2)s<t, G°) and P := PV @ PP @ PV. Without
loss of generality, we assume the filtration (Qt)te[oﬂ to be complete and, up to adding negligible
subsets to gO, we assume that Gy = GO.

I11.3.1 Construction of a diffusion on the torus

The diffusion on the torus is very close to the diffusion on the real line constructed in Section II.2.
In this paragraph, we define the SDE on the torus, we show its well-posedness and we justify
that the main properties of the process (v )te[O,T] constructed in Section II.2 are preserved by
this diffusion on the torus.

Let f := (fx)rez be a real sequence (indexed by Z). We say that f is of order a > 0 if there
is ¢ >0 and €' > 0 such that 75 < | fi] < & for every k € Z, where (k) := (1 + |k|?)1/2.

Let g be an element of &', or equivalently a representative of a class § € G'. Recall that g,
f and the Brownian motions 3, (W"").cz and (WS*).cz are real-valued. Let us define the
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following SDE satisfied by the real-valued process (zf Jiclo,r): for everu u € R,

dzi(u) = Z T cos(k::vf(u))th%’k + Z fr sin(k:acf(u))dVV?’}c + dp, (I11.19)
kEZ keZ

with initial condition zj = g. Recalling the notation Wk = Wk iW%’k, the SDE may be
rewritten:

drf(u) = 3 fiR (e—i’m? <U>th’f) +dB, (I11.20)
kEZ

with initial condition z{ = g.
If f is of order o > %, then ),y f,g < oo and we can compute the quadratic variation of
the particle (z7(u));ep0,1), for a fixed u € R:

d{x?(u),z9(u)); = Z f,?(cos%k:cf(u)) + sinz(kxf(u)))dt +dt = (1 + Z f,?)dt.
keZ keZ

Since the mass function is equal to one in this chapter, the quadratic variation is constant for
each variable; in other words it does not depend on the variable u. Let us also compute the
covariation between two particles: for every u,v € R,

d{z9(u),x?(v)) = (1 + > ficos (k(xf (u) — xf(v))))dt.

keZ

In the following two propositions, we will show that the SDE (II1.20) is well-posed, that
its unique solution is continuous, strictly increasing in v and that its regularity depends on
the regularity of the initial condition g and of a. These statements are not new: they are the
adaptations of the results of Section II1.2 to the case of a diffusion on the torus.

Proposition IT1.12. Let g € &'. Let f be of order a > % Then for each u € R, strong existence
and pathwise uniqueness hold for the stochastic differential equation (111.20). Furthermore, there
is a unique version of the solution in C(R x [0,T]). Also, P @ PP-almost surely, for every
u € [0,1], (xf(u))icpo,r satisfies SDE (I11.20) and for every t € [0,T], u — x{(u) is strictly
increasing.

Proof. We do not give details of this proof, since it is very close to the proofs of Proposition II.2,
I1.4 and I1.5 and Corollary I1.6. We just need to adapt the proofs to the case of the torus. The
additional Brownian motion (Bt)te[O,T} does not add any difficulty, since it does depend neither
on the initial condition g nor on the variable .

We only give the analogous formula for (I1.18): if u;, us € R satisfy u; < ug, then the process
Y; = 2 (u2) — x{(u1) satisfies the SDE: V; = g(ug) — g(u1) + [3 Ysd N, where

—ikad (uz) —ikzd (u1)

—e

t e
Ne=3Y fk/o ﬂ{ximz)#x;’(ul)}%( de)-

= 22 (uz) — x2(uq)

We show that z{(us2) — 2 (u1) = (9(u2) — g(u1)) exp(Ny — 3(N, N);) as in the proof of Proposi-
tion IL.5. 0

For every j € IN and 6 € [0,1), C7*? denotes the set of C/-functions whose derivative of
order j is #-Holder continuous.
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Proposition ITL.13. Let j € N\{0} and 0 € (0,1). Let g € &% and f be of order a > j+1+6.
Then PV @ PP-almost surely, for every t € [0,T], the map u — z(u) is a CItY _function for
every 0 < 0. Moreover, its first derivative has the following explicit form: PV @ P8-almost
surely, for every u € [0,1] and for every t € [0,T],

Oy (u) = ¢'(u) exp ( Z T /Ot R (—ike_ikxg(“)de> - % Z f,?k2> (I11.21)

kez keZ

Proof. We refer to Proposition I1.9 for a complete proof of an analogous statement. Let us just
write the SDE satisfied by 9,z7:

0wz (u) = ¢'(u) + Z T /Ot Ouxd(u) {—k: sin(kzd(u))dWIF kcos(k:cg(u))dWS’k}

keZ
t .
g+ / Durd(u)R (—ike I E) (IT1.22)
keZ 0
We also remark that this equation does not involve the Brownian motion (3¢).e(o,7)- O

In the next proposition, we show that the dynamics of the SDE preserve the structure of
quantile functions.

Proposition IT1.14. Let 0 € (0,1), g € &' and f be of order a > %+9. Then PV @PP-almost
surely, for every t € [0,T], the map u — z(u) belongs to &1.
Moreover, if g1 ~ g2, then PV ® P8-almost surely, zf' ~ xf* for every t € [0,T].

Proof. By Propositions II1.12 and III.13, it is clear that u +— 27(u) belongs to C' and that
Oy (u) > 0 for every u € R. Furthermore, let (y7).cpo,r) be the process defined by yf (u) =
x(u+ 1) — 2m. Then for every t € [0,T], for every u € R,

t .
W) = glut 1) =20+ 3 fi [ R (T E0awE) + g,
keZ 0

Let us recall that by definition of &8¢, g(u + 1) — 27 = g(u) and remark that e~#=2(u+l) —
e~ M (W) for every k € Z. Thus

t i
() = gw)+ 3 /0 R (e O + 6,

kez

Therefore (y{ (u))icjo,r]uer and (27 (u))icp0,1),uck satisfy the same equation and belong to C(R x
[0,77). By Proposition III.12, there is a unique solution in this space. Thus for every t € [0, 7]
and every u € R, zf(u + 1) — 2m = z{ (u). We deduce that x] belongs to &! for every t € [0, T].

The proof of the second statement is similar; if there is ¢ € R such that g2(u) = g1 (u+c) for
every u € R, then the processes (2{*(u))ic(o.r]ucr and (27" (u + ¢))iejo,r]ucr Satisfy the same

equation and are equal. O

By Proposition I11.14, we are able to give a meaning to the equation (II1.20) with initial
value g € G!'*?. Indeed, for each t € [0,T], the solution 27 will take its values in G!*? for
every # < . More generally, by Proposition II1.13, if the initial condition g belongs to GJ+¢
for j € N\{0} and @ € (0,1), then for each ¢ € [0,T], z{ belongs to GIt? for every 0 < 6.

Recall that by Proposition I11.3, there is a one-to-one correspondence betwenn G! and the set
P*. For every t € [0,7], let us denote by ¢/ the element of PT associated to x{ € G!. In other
words, ¢/ = t~(z{) , where ¢ is defined in the proof of Proposition II1.3. Moreover, denoting
by FY the c.d.f. associated to z{, we have by definition that for every x € R, xf o F{(z) = =,



II1.3. A DIFFUSION MODEL ON THE TORUS 161

_ 1

T Oun{(F{(x))
equivalently for every bounded measurable 27-periodic function T : R — R), we have by the
substitution u = F (v):

whence ¢/ () . Then, for every bounded measurable function T on the torus T (or

b =) 9 _ 9
/0 T (xf (u))du:/xf(o) T (v)g; (v)dv—/TT(x)qt (x)dx. (II1.23)

I11.3.2 Integrability of the solution and of its derivatives

In this paragraph, we are interested in controlling the integrability of the derivative (9,2 )eeclo,1]>

of the inverse of the derivative ( ﬁ) and of the higher derivatives (&Sj )xf Jeelo,1), for j = 2.
Ut

t€[0,T]
We will give upper bounds for the L,-norms in space and Lo-norms in time of those different

processes and we want to obtain a precise dependence of these bounds with respect to the initial
condition g.

Let us start with the process (9ua{)icp.r- If ¢ € G and if f is of order a > 3 + 6 for
some § € (0,1), recall that the derivative process (9uaf )icjo,r] satisfies for every t € [0,T] and
for every u € R the SDE (II1.22):

t o
Outf(u) = ')+ 3 fic [ uatlwR (—ike BEOawk)
kez, 70

In Proposition I11.14, we proved that u — z7(u) belongs almost surely to G In particular,
the map u +— 9yxf(u) is a 1-periodic function. In the next proposition, we give a control on the
L,(QY x Q8 ,C([0,T], L,[0,1]))-norm of d,z{ with respect to the L,[0, 1]-norm of 9,z = ¢'.

Remark 111.15. In the following proposition and in the next statements of this paragraph, we
will consider an initial condition g that is random, the randomness being carried out by the
probability space (Q°, G% PY). Recall that in this framework, g is independent of ((W*)rez, 3).

Proposition II1.16. Let 6 € (0,1). Let g be a Go-measurable random variable with values
in G110, Assume that f is of order o > %4— 0. Then for every p > 2, there exists a constant C),
independent of 0 and g such that P°-almost surely,

1
EVE’ [sup/o 10,z (v)|P dv| < CpHg’Hip[&H. (I11.24)

t<T

Moreover, there exists a constant C), independent of 6 and g such that PO-almost surely,

EVE? lsup|6uxf(0)|p] < Cpg' (0)P. (I11.25)

t<T

Proof. Fix p € [2,+00).

Note: in this proof and in the following proofs of this paragraph, we always denote by C),
a constant depending on p (and possible on f and on T), even if it changes from a line to the
next.

Let M > 0 be strictly larger than fol |g'(v)[Pdv. Let us define the stopping time o
inf{t > 0 : fol |0uzf (v)[Pdv > M}. By equation (II1.22), the following inequality holds with

M
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every t € (0,77,

1
EVES { sup / |aug;g(v)|pdv}
0

s<tAaM
1 1 s . p
<C’p/ |g/(v)‘Pdv+CpEWEﬁ[ sup / ka/ O (v)R (_ike—zkmg(y)dwf>‘ dv}
0 sStAGM IO | oy 0
1 s . p
S Gollg' Iz, 10,17+ Cr / EWEﬁ{ sup | > fi / Duad ()R (ke *H O AW F) ]dv.
P 0 s<tAoM kEZ 0
(I11.26)
Thus by Burkholder-Davis-Gundy inequality,
1
IEWIE’B{ sup / lau:rg(v)\pdv}
s<tAoM JO
1 thaM - p/2
<GlgIE 1]+cp/ EWW[ Zf,z/ B9 ()2 | — ke a0 24 }dv
o 0 keZ 0
1P 2,2\ 2wyt [t aws ot
<Collg I oy + Co( X0 1282) T /0 EVE [/0 ]8Ux§(0)|pds}dv (I11.27)
keZ

p/2 L[t 1
< CpH!J/HI]ip[O,l] + Cp( Z f,?k2> TP/? 1/0 EWEE{ sup /0 \c%xﬁ(v)ﬁ’dv} ds.
keZ

r<sAoM

Since f is of order o > %, Skez f7K? converges. By Gronwall’s Lemma, we deduce that there
is a constant C), such that for every M large enough,

1
w
EVES Lilj_% /0 Duaf () dv| < Collg' I o (IT1.28)
Moreover,
PW ]P)ﬁ M T<PW ]P)ﬁ 189 Pd > M <Cp 1P
oF [0V <T] <PV o | sup [ Duaf )] dv > M| < TR o

hence we deduce PV  P? {UM{O'M = T}} = 1. Thus, we let M tend to +oo in (II1.28) and
inequality (II1.24) follows.
Similarly, we prove that for every ¢ € [0, 7],

EVES [sup |0y, 29 (0)|P

s<t

/2 t
< Cpg' (0)P + C’p( Z f,fk?)p Tp/2_1/0 EVES [sup|8ux$(0)]p] ds

kez r<s

and we deduce (I11.25) by Gronwall’s Lemma. Note that rigorously, we should localize as we
did with o™ since the right-hand side can be equal to +00. We omit this part of the proof since
there is no difference with the previous case. O

In the following proposition, we will control the L,-norm of the density. Recall that we
associate to the map u + x7(u) a density function ¢/ on the torus T. For every ¢ € [0,7] and for
every € R, we have xf o F/(z) = z, whence ¢/ (z)0,z](F{(x)) = 1. Therefore, the substitution
v = F/(x) leads to the following equality

1 1 zd (1) qg(x) z (0)+27
7dv:/ 1t—dac:/ qf (x p“da::/qg(a: P g,
Il PN 7 ol A O



II1.3. A DIFFUSION MODEL ON THE TORUS 163

Proposition II1.17. Let § € (0,1). Let g be a Go-measurable random variable with values
in G110 Assume that f is of order a > %—i— 0. Then for every p > 2, there exists a constant Cp,
independent of 0 and g such that P°-almost surely,

1P

1 1
EVE?S |su / ——dv| < C ’
L&’ 0 [0ual () Qi

Moreover, there also exists a constant C), independent of 0 and g such that PY-almost surely,

(I11.29)

me,ﬂ'

1 1
EVE? |sup ———— | < Cp——. I11.30
s o] < .
Proof. Recall that P @ PP-almost surely, for every t € [0,T] and for every v € [0, 1], 9] (v) > 0.
By Itd’s formula apphed to z € (0, +oo) — it follows from equation (II1.22) that
L / 9 =ik () quph
()R (—ike "= dW,
8ux?(v) lgz Burd(v)? ( s )

+ = ng’“/ax 29(v)2k%ds
ka/

keZ
Fix p € [2,+00). Therefore, by the same computation as (II11.26)-(II1.27), we obtain

ikxd (v k 2
—ike” ()dW)+kak/8xs ds.

3uazs = (v)

1P

1 1
EVE? |su / ——dv gC‘
s Jo 10zl (0)P ar

"

Ly[0,1]
p/2 p 1 1
C f2E2) T 4 f2k? Tp1>/ EVE? lsup/ dv] ds.
(e s (5 ) ), e
The sum Y ,cy f2k* converges because o > % By Gronwall’s Lemma, we deduce (II1.29). A
very close argument shows that (II1.30) holds true too. O
We deduce estimates for higher derivatives of (7)yeqo,1-

Proposition ITI.18. Let j > 2 be an integer and let 6 € (0,1). Let g be a Go-measurable
random variable with values in GI0. Assume that f is of order a > j + % + 6. Then for every
p = 2, there exists a constant C), ; independent of 0 and g such that PY-almost surely,

1
EVES [Sup/ ‘8&3%9

7j—1
. (9) 4112 (k) .11Jp
gy <Cp,3{1+H8u gIILp[0,1]+k§::1||au g!LOO[Oyl]}. (111.31)

Moreover, there exists a constant Cp, j independent of 0 and g such that PY-almost surely,

t<T

j—1
p . .
EVE? lsup 092 (0)| ] < Cp i {1+1009(O)F + 3 1100917 o }- (I11.32)
k=1

Proof. Let us start by proving (II1.31) for j = 2. In Proposition II1.13, we have seen that if ¢

belongs to G?*? and o > 2 + 6, then the second derivative (8&2):1:? )iefo,) exists. It satisfies the
following equation:

P! (u) )+ > fr / Pz (u ike—ikx5<“>dwf)
keZ
LY / D3R (K% O )

keZ
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For every p > 2, for every t € [0,T], we have

1
EVES lsup/ ’6&2)332(0)’73 dv]
s<t JO

<Collg" I oy + Co / EVE?

Zf2/ ’a |2| ke ik:pg(v)|2d5
keZ
p/2
dv
1",p 2 N\ pra—1 [Pawrs [ (1152 000
<Gl ||Lp[071]+cp(szk) T /E E /|au 29(v)|Pds| do

(Zf2ki4) Tp/2 1/ EVE? {/ |0y xd (v |2pds]

keZ

p/2
dv

+C, / EVES

552 [ 0t | - R Oa

keZ

Thus

1
EVES lsup/ ’8&2)333‘97(0)’]3 dv]
s<t JO

t 1
< Collg" 0.9 + Collg 17, o + C | EVE? [sup / \852>x$<v>|pdv] ds

r<s J0

Note that we use inequality (II1.24) applied with 2p instead of p to obtain the last term. We also
use the fact that f is of order o > g so that » ;. f,fk:4 converges. Remark that ||gl||L2p[071] S
19'l Lo 0,17 Thus (II1.31) follows by Gronwall’s Lemma.

Let us now prove (II1.31) for j = 3. We obtain by similar computations

1
EVE? [sup/ ‘8&3)mg(v)’p dv}
s<t JO

t 1
< Gollg”I7, 0,17+ Co /0 EVES [Sul) / yag?’)a:g(vﬂpdv] ds

r<s J0

1 1
+ C,EVE? [sup / 1029 (0) 2P dv] + C,EVE? [sup / 0P x4(0)[” 10uzd(0) " dv] .
0 0

s<t s<t

Since |8£2)$§(v)|p|8uwg(v)]p < %|8&2)1‘§(v)|3p/2 + 2|0uzd (v)|?P, we deduce that

1
EVES [Sup/ ’8&3%9 o)[f
0

s<t

//H3P/2 )

Cp (9”1 o0y + 1617 00y + 8" 1%

t
+Cp / EVES
0

1
sup/ |81(L3)x$(v)\pdv] ds.

r<s J0

Moreover, Hg”H?ﬁﬁO gy S 1+ ||g”HL j0,1]> thus (IT1.31) follows from Gronwall’s Lemma. The
proof for higher orders of differentiation (j > 4) follows recursively. As previously, the proofs

for (II1.32) are similar. O

Corollary III.19. Let j > 1 be an integer and let 6 € (0,1). Let g be a Gyp-measurable random
variable with values in GIt1T0 " Assume that f is of order o > j + % + 0. Then for every p = 2,
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there exists a constant Cp, j independent of 0 and g such that PY-almost surely,

- V4
Oaf|
L

Moreover, if g belongs to G2 and o > g + 46,

EVE? lsup
t<T

<Gy {1 + (109 Vgl + Z X% gHL“)p} (111.33)

p 1 |14p

g/

1
Oy

EVE? lsup
t<T

4
+llg"17, + 9117 }- (I11.34)

]gcp{u ! +‘

Loo g/(o)p L4p

Proof. Note that for every 1-periodic function f, [|f||L. = supyejoq[f(u)], and for every u €

[0,1], f(u) = £(0) + J5' 0uf(v)dv. We deduce that ||f]|r., < |f(O) + fy [0uf(v)|dv.
Applying this remark, we obtain for every p > 2,

< C,EVEP sup|a<ﬂ 9(0)[P

EVES lsup H@&j)xf Hioo sup

t<T

1 )
+ C,EWE? [sup/ ‘%jﬂ)mf(v)’p dv} .

If g belongs to GIT1*% and o > j + 3 + 6, we have by (II1.31) and (IIL.32)

EVE? [sup 09)ad (0) P
t<T

Jj—1 )
< Coi{1+ 109907 + 3 10Pgl? o)
k=1

<

J .
,j{l + Z |’8£¢k)9H]Lpoc[o,1]}§

D

1 )
EVES [sup/ ’%ﬁl)xf(v)‘p dv

t<T JO

Cp,j{l + ||ajJrl ng [0,1] + Z 10,/ k)9‘|%:101 }

We deduce (II1.33).
Moreover, by the same observation, we have

P 0Pz O xf (v)

+ C,EVE?
Oy (v)2

8uxt t<T |Ouzi (0)[P

EVE? lsup
t<T

] < CPEWEB lsup

sup / dv} .
t<T J0

<Gy 7 (%))p. By Cauchy-Schwarz inequality and by (I11.29)

Loo

By (II1.30), EVEP [sup,cr - 3
and (I11.31), we have

EVE? [sup/
t<T JO

()\P}

o) g(v

o  (1/2 1 1 1/2
< EVES g d / 5
“2 t(”’ of e | o
Waf 0229 (v Y 8 ! 1 2
<E"E su/ dv EVE su/ dv
or | e IO

1
g’

}.

We deduce (II1.34). O

2 4p
<G{1+1g17, + 917, + | 2

<1+ g"IE,, + 19157) \ .
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I11.3.3 Parametric SDE and Kunita expansion

The aim of this paragraph is to study the evolution of the process (a:ermt)te[O’T], where for each

time t € [0,7], we are considering the value at time ¢ of the solution to the equation starting
at a point g + €a; depending on ¢t. The small perturbation a; : R — R is a 1-periodic function.
In order to apply Kunita’s expansion, which is stated in [Kun90] for initial conditions in RY, we
will introduce the following parametric SDE. For every z € R, let us consider

Z=u+Y i / (=% awk) + 5. (I1.35)

keZ

Formally, we see that for each g € G!, Z} ) — = zJ(u). We will prove this equality in (IIL.40).

Let us start by giving some controls on the regularity and on the integrability of the process
(Z¥)teo,r) and of its first derivative (0,Z{)icjo,r]- The next two propositions are very similar
to the statements obtained in the previous paragraph. In this prospect, it would have been
possible to prove first the former two propositions and then to derive the latter inequalities of
Paragraph I11.3.2, but we felt better to show that the inequalities of Paragraph I11.3.2 could be
obtained directly with explicit bounds depending on g.

Proposition II1.20. Let f be of order a > % Then there is a collection (Z})ejo,r)zer Such
that for each x € R, (Zf)icpo,1] 5 the unique solution to (I11.35) and PW @ PP-almost surely, the
flow (t,x) € [0,T] x R — ZF is continuous. Furthermore, for every p > 2, there is a constant
Cp > 0 such that for every x,y € R,

EVE’ lsup \ZE — 7} |p] < Cplx — ylP. (I11.36)
t<T

Proof. Well-posedness of (II1.35) for a fixed € R under the assumption a > % is a consequence
of well-posedness of (I11.20) for a fixed u € R.

Moreover, fix p > 2. For every t € [0,T] and for every z,y € R, by Burkholder-Davis-Gundy
inequality,

p
EVE? |sup|Z® — ZV[P gC\x—y1p+CIEWE5 sup | 3 fi / (72" — e %2 )awk)
s<t s<t keZ
) p/2
< Clz —ylP + CEVE? (Z fk/ \ —ikZY _ ok ds)
keZ

Thus

EVES [Sup |Z& — ZY|P
s<t

p/2
<Cla—yP+0(Y f2k2> TP/2~ 1/ EVE? [sup|Zz Z}JP] ds.
kez rss

Since f is of order o > %, the sum ), f,?k:Q is finite. Therefore, by Gronwall’s Lemma,
we deduce (II1.36). By Kolmogorov’s Lemma, it follows from (II1.36) that (¢,x) — ZF has a

continuous version. O]

Proposition II1.21. Let f be of order a > %+ 9 for some 6 € (0,1). Then PV @ PP-almost
surely, the map x — Z7 is differentiable on R for every t € [0,T] and the partial derivative
(0:ZF )iejo,) satisfies the following equation:

i =14 fu / 0u ZER z’ke—“fzfdwf).
kez
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Moreover, there is a continuous version of the map (t,z) € [0,T] x R — 0;ZF and the following
exponential form holds true PV ® PP-almost surely for every t € [0,T] and for every x € R:

S f / "R (—ike ™2 aw) % 3 f,ka) . (IT1.37)

kez 70 keZ

Oz Zy = exp (
For every p > 2, there is C), such that for every z,y € R,

EVES [sup\afo\p <Gy, (I11.38)
t<T

EVE? [sup 0,28 — 0, ZY|P| < Cpla — y|P?. (I11.39)
t<T

If a > %, then (II1.39) holds with 0 equal to 1.
Proof. The proof of the differentiability of the flow with respect to the variable x € R and the
proof of (I11.37) are similar to the proofs of Propositions I1.9 and I11.13.
Moreover, for every p > 2, for every t € [0,7] and for every = € R, we have
P
EVEA lsup\@me\p ]
Thus by Gronwall’s Lemma, inequality (I11.38) follows. For every z,y € R, we also have

s<t

<Cp+ C'},IEWII-Zﬁ [sup

s<t

S f /0 0,28 (—ike M7 AW}

kEZ

/2 qt
<G+ G( Y f§k2)p /0 EVE? [sgpmeﬂp] ds.
ke TS

< CpEwEﬂ sup

s<t

EVES lsup |0, 25 — 0, ZY|P
s<t

> fe / S(afof — 0, Z))R (—ike—ik‘Zf de)
kez 7Y

p]
p
& L ZIR(—i e~ hZT _ omikZy -, .
Zf/aZ%( (e~ 27 ikZ )de) ]
0

s<U | kez

+ CpEwEﬂ [sup

By Burkholder-Davis-Gundy inequality, we deduce that

/2t
EWEP [sup\@xZ;” - azzgvﬁl <G( X s2w2) / EWEP [sup|8fo - angzp] dr
0

s<t keZ r<s

+ G (X Y™ [BVE [0,z 25 - 22) as.
keZ 0

Furthermore, by (II1.36) and (II1.38), we obtain for every s € [0,7T] and for every x and y,
1-0
EVE? (10,221 122 - ZU1P') <EVEP [|0.2¢177 | EVEP (128 - Z2P) < Cpolz — gl

Recall that f is of order o > 3 +6, so the sum 3z, f2|k[*72 is finite. By Gronwall’s Lemma,
we deduce (IIL.39). By Kolmogorov’s Lemma, it follows from (IIL.39) (with p larger than 3)
that there is a continuous version of (t,z) — 0, ZF. O

Proposition II1.22. Let g € G and f be of order o > % Then PV @ PP-almost surely, for
every t € [0,T] and for every u € [0,1],

79" = 29 (w). (I11.40)
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If we assume moreover that g € G0 and o > % + 0 for some 0 € (0,1), then PV @ PP-almost
surely, for every t € [0,T] and for every u € [0, 1],

0,28 = g,(lu)auwi’ (u). (I11.41)

Proof. Let us fix g € G! and u € R. Then the processes (Zf(u))te[o,T] and (z{(u))iejo,r) both
satisfy the same SDE (II1.20) with same initial condition. Since f is of order o > %, pathwise

uniqueness holds for this equation. Hence for every u € R, Z} @ = z{(u) holds almost surely.
Moreover, since u € R+ zf(u) and x € R+ ZF are P @ PP-almost surely continuous, and g
is continuous, we deduce that (I11.40) holds almost surely for every u € R.

By (II1.21) and (II1.37), we have P @ PP-almost surely, for every u € [0,1] and for every
t e [0,7],

t . t
g _ i1 —ikzd(u) AN 2721 .
Ouxi (u) = ¢'(u) exp ( g fk/o %( ike dWS) 5 E fik ) ;
kEZ keZ

Op Z = exp (

S h 0 (cikezawt) - Ly f,fk;?) .

kez 70 kEZ
Thus equality (II1.41) follows from (III1.40). O
Finally, we give the following expansion due to Kunita [Kun90, Chapter III, Theorem 3.3.1].

Proposition II1.23. Let f be of order a > %+ 0 for some 6 € (0,1). Let (Gt)ico,m be a
(Gt)iejo,r -adapted process such that t € [0,T] — G is absolutely continuous, (o = 0 almost

surely and E [f(;f |Ct|dt} is finite.
Then almost surely, for every x € R, for every t € [0,T] and for every € € R,

t . x+eCs t e
Zr = Z5 Y [ R (M W) 1 e [ 0,200 Cas, (IT1.42)
keZ

III.4 Smoothing property of the diffusion on the torus

Let ¢ € Gl. Recall that for every time ¢t € [0,7], ¢/ denotes the density function in P+
associated to the equivalence class of u +— zJ(u) by the one-to-one correspondence given by
Proposition III.3. Let us define for every ¢t € [0,7] and for every x € R, the following density

ph(e) =B [gf ()] = E [af ()| 6" v "]

By Fubini’s Theorem and by (II1.23), the following equality holds with every bounded measur-
able 2m-periodic function T : R — R:

E? [/01 T(xf(u))du} = /TT(x)pf(x)dx. (II1.43)

Definition I11.24. Fix t € [0,7] and w € Q" x Q% We denote by pf(w) the law of the random
variable zf(w) : (u,w?) € [0,1] x Q° = z{(w)(u,w?):

i (w) = (Leby 1 &P%) o (2 (w)) "
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Remark 111.25. For every t € [0,7T], pf is a random variable defined on Q" x Q0 with values in
Pa(R).

In this section, we will show that the diffusion process (Mt)te[o,T] has a regularizing effect.
In this regard, the role of the idiosyncratic noise § is similar to its role in Section II.5, where
it allowed to regularize the spatial component of the velocity field b. Here, the averaging over
the noise carrying 8 regularizes the spatial component of the derivative of ¢: it will be shown
in Paragraph I11.4.3 and in particular in the proof of Lemma II1.38.

IT1.4.1 Definition and properties of the semi-group (F,)cjo,r

In this paragraph, we will first define the semi-group (F),c[o,7) associated to the diffusion process
(tt)tefo,r)- Then, we will show in Proposition II1.26 that the class of functions ¢ : Po(R) — R
satisfying the ¢-assumptions (recall Definition I11.6) is stable by the action of (P).[o,r)- Finally,
we will give in Lemma II1.28 a useful formula expressing the derivative of the semi-group in terms
of Lions’ derivative of ¢ or in terms of the linear functional derivative of P;¢.

Let ¢ : P2(R) — R be a function satisfying the ¢-assumptions. Let us define $(X ) :
(L x0s (X)) for every X € Lo([0,1] x 0%, where Lio11x08(X) = (Lebp ®PF) o X
denotes the law of the random variable X defined on [0, 1] x Q7. In particular, for every g € G!
and for every t € [0,T], we have P -almost surely

—_

~

o(xf) = (L 11x0s(2])) = d(1f).

For every t € [0,T] and for every X € L9[0, 1], define
Pio(X) =E" [6(2))],
and for every pu € Po(R),

Pig(p) = Pip(X), Loy(X)=p, (IT1.44)

where L 17(X) = Lebp ;0 X 1.

Let us check that P;¢ is well-defined. Recall that the parametric SDE (I11.35) satisfied by
(ZF)tepo,m,zer s strongly well-posed. Thus, if X, X’ € L[0,1] satisfy the relation Ly 1)(X) =
Lio17(X"), then PY -almost surely for every t € [0, T, Lio1)x08 (Z¥) = Lo 1108 (ZX"). Tt follows
that BV [3(Z7)] = B [5(Z))], thus Pig(X) = Pig(X").

Moreover, for every deterministic ¢ € G, we know by Proposition I11.22 that PW @ P#-almost
surely, for every ¢ € [0, T] and for every u € [0,1], Z} () _ 2J(u). In particular, P -almost surely

and for every t € [0,T], Z} ® = {(u) holds true Leb | 1] ® PP-almost surely. Therefore,

Pig(f) = Pr(g) = BV [6(20)] = BV [6(af)] = B [p(uf)]. (I11.45)
Proposition II1.26. Assume that f is of order o > Let ¢ : Po(R) — R be a function

5
i-
satisfying the ¢-assumptions. Then for every t € [0,T], Pi¢p : P2(R) — R also satisfies the

¢-assumptions.

Proof. Let us fix t € [0,T].

Assumption (¢1): Let us start by proving that Pi¢ is T-stable. Let u ~ v in the sense of
Definition IIL.5. Let X,Y € L2[0, 1] satisfy Lj1(X) = p and Ly )(Y) = v. Recall that {z}
denotes the unique number in [0,27) such that x — {z} € 277Z. Since Ljg;(X) ~ Ly 1(Y),
we have Ly 1)({X}) = Ljo1j({Y'}). By Proposition III.14, it follows that PY -almost surely, the
laws of {Z;X} and of {Z}} under [0,1] x Q7 are equal. Recall that for any Z € Ly([0, 1] x Q7),
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#(Z) only depends on the law of Z under [0,1] x Q7 and qg({Z}) = ¢(Z) because ¢ is T-
stable. Thus P"-almost surely, o(ZX) = o({ZX } = o({ZY}) = ¢(ZY). By Definition (I11.44),
Pub() = Pod(X) = BV [5(2)] = EV [3(Z) )] = Bd(Y) = Pub(v). Thus Pug is T-stable.

By (I11.44), it is clear that Pi¢ is bounded on P2(RR), because ¢ is bounded. Furthermore,
P,¢ is continuous on Py(R), and even Lipschitz-continuous. Indeed, let pu,v € P2(R). Let
X,Y € L»[0,1] be the quantile functions respectively associated with p and v: p = Ljg1(X)
and v = L)y 1)(Y); in other words, X (resp. Y') is the increasing rearrangement of y (resp. v).
A classical result in optimal transportation (see e.g. [Vil03, Theorem 2.18]) states that (X,Y)
realises the optimal coupling in the definition of the Lo-Wasserstein distance: Wa(u,v)? =

Jo 1X (u) = Y () Pdu.

By Remark III.7, gg is Lipschitz-continuous, thus:

Pib(n) — Prb(w)| = | Pb(X) — Pp(V)| < BV [16(2%) — o(2))]
<10l BV (12 = 2 || Laoyxas)]

~ 1 1/2
< 16llup EVE [/0 ;zjf@)-zf(uw?du] |

By (II1.36), we have

1 1
EVES U 12K _ z,}”<">|2du] < 02/ X (u) — Y () 2du = Wa(u, v)2.
0 0

Thus |P;p(u) — Pip(v)| < CWa(u,v); in particular, P;¢ is continuous.
Assumption (¢2): Let us prove that P.¢ is L-differentiable. Let u,v € Po(R) and let
X,Y € L2[0,1] such that Ly 1;(X) = p and Ly;(Y) = v. Let us prove that the Fréchet

derivative of ]5@ at point X is given by
— 1 —~
DP)(X) Y = / EVES [ DO(Z%)u 0,2, "] ¥ (w)du. (ITL.46)
0
Remark that D@(Z;X) is an element of the dual of L ([0, 1] x Q%) and that we identify it with
an element of Lo([0,1] x Q7). Thus D¢(Z¥), denotes the value at point u € [0,1] of the

Lo(]0,1] x QF)-function D(Z5).
Let us assume that ||Y||z, < 1. Let us compute

PO(X +Y) - Ba(x) =BV [5(2)) - (2)] = |

:/1]EWE5
0

since qg is Fréchet-differentiable. Therefore

1 d ~
[ oz

1
/ DH(ZEYY, 9,25 F /\Y)(u)Y(u)du} dA,
0

(X +Y) - Bd(X /EWEﬁ [D3(2), 9.2 ¥ (u)du

< [Dy| +|D2l,
where
= EVE? U/ (Do(ZX ), = D(21)) 0.2 Y (u) d/\du};

Dy :=EVE? { / / DH(ZEN ), (0,27 — 0,28 ) v (u) d)\du} .
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Let us start by estimating D;. By Cauchy-Schwarz inequality,

1 1

1,1 N R ) 3 1 3

D1| < EVE? [ / / D32 ), — DO(Z¥) d/\durEWEB [ / 10,25y (u)2dul .
0J0 0

On the one hand, by assumption (¢3) and by (II1.36), we have (with constants modified from a
line to the next):

EVES [ /0 1 /O 1 DHZEY), — DO(ZY),

’ dAdu}
< CEWEP {/01/01 ’Zt(XJr)\Y)(U) _ ZtX(")‘Q d)\du}
< 0/01/01 N|Y (u)|PdMdu < C||Y |7,

On the other hand

1 1
EVE? [/ |8_,EZtX(u)Y(u)\2du} - / EVE? (10,2, 1] |Y (u)Pdu.
0 0
By (II1.38), there is C' > 0 such that for every u € [0, 1], EVE? {|8xZ,§X(u)|2} < C. Thus

1
EVES U |(9zZtX(u)Y(u)|2du} <OV,
0
Finally, we get
Di| < OV, (111.47)

Moreover, let us compute Dy. By Cauchy-Schwarz inequality, |Da| < |Da1|Y? - |Daso|'/?
where

1 rl - 2
Dy, = EVE? { / / DHZFY), ¥ () d)\du} :
0J0

1,1
Dy := EWEFP U/
0J0

o, Zt(X—l-)\Y)(u) o, Zf((u)

2
d)\du} .
On the one hand,
1,1 R 2
Dy = / / EWE? Uw(z,;’””)u\ } ¥ (u) 2dAdu.
0J0

Recall that ¢ is T-stable. It follows that for any random variables U,V € Ly([0,1] x QF),

o~ o~

D&(U) -V = lim._yo w = lim._,q ¢({U}+E‘Q—¢({U}) = DQAS({U}) - V. Hence for every

U € Ly([0,1] x Q%), DG(U) = DH({U}).
Let us denote by & := ,C[O,l]xm({ZfH"\Y}). Then

EVE? || Doz [

=8 [|p3zE D[] = BV ez ]

<EY [sup |au¢<g><v>|2] .

veER
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By Proposition II1.9, v — 9,¢(£)(v) is 2m-periodic. By (II1.16), it follows that

sup [9,6(§)(v)| = sup |9,6(£)(v)] <C(1+27T)+C/R!$|d€($)

veR veE[0,27]
1
— O(1+27) + CEP [ / {2y g,
0
< C(142m) + C2m,

since {Zt(XJ”\Y)(u)} takes values in [0,27). Thus EW [sup,cp |0,6(€)(v)|?] < C, where C is

independent of X, X and Y. We deduce that Do < [yfy C|Y (v)[PdAdu < C||Y][3,.
On the other hand, since f is of order a > %, inequality (II1.39) holds with # = 1. Thus

1,1
Das < c// 22)Y (w)2dMdu < CJJY |12,
0J0
We finally obtain
Dol < CIY2,. (111.48)

It follows from (II1.47) and (IIL.48) that for every ||Y||r, < 1,

D Y ! W8 X X (u) 2
Po(X +Y) - Pip(X) - / EVE® |Do(Z])u 0.2 | Y (w)du| < C|[Y13,

0

Thus E;]ﬁ is Fréchet-differentiable at point X and the derivative is given by (I111.46). Thus P,¢
is L-differentiable and its derivative is given by

— 1 —~
OuPH((X) Y = DRJ(X) Y = [ BVE? [D3(2¥), 0,21 ¥ (w)du.
0
Moreover, let us prove that

1 —
sup [ 10,F0(1) @) Pdpa(e) = sup [ DRG0, P < +oo.
peP2(R) VR X€L3[0,1] /0

Let us apply (IT1.46) with Y = DP,¢(X). We obtain
1 o 1 —
| IDPG(0 P =EVE? | [ D3(2), 0,2 DPo(X)
0 0

1 R 1 1 - 1
<EVES [/0 |D¢(ZtX)u]2durEWEB UO 10,25 DBB(X )u2du .
(I11.49)

By (IIL.38),
1 o 1 —
EVE? [/ \8mZtX(“)DPtq§(X)u]2du} :/ EVE’ (10,2, " | IDPig(X)ul*du
0 0
r
<C / |DP,é(X)y|*du. (IT1.50)
0

It follows from (II1.49) and (II1.50) that

/ | DB(X)[2du < CEVE? J 1 D32, du) = CBY | [ 18,000 (@) P (a)
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where § = £[071]X95(Zt‘){ (u)). The last term is bounded by a constant independent of & because

by assumption (¢2), sup,ep,®) Jg 100(1) (z)[Pdpu(z) < +oc.
Assumption (¢3): Let us prove that for every X1, Xo,Y € Ls|0, 1],

IDB)(X1) - Y — DPo(X2) - Y| < C|I X1 — Xol ooy 1Y | oo, (ITL.51)

By formula. (I1L46), [DP¢(X1) - Y — DPip(X2) - Y| < |Ds| + | Ds|, where
1 N ~
Dy = BVE? | [ (D32, - D(Z).)0, 2 Y ()
0
DN
Dy :=EVE? [/ D¢(ZtXQ)u<8thX1(u) - 89:ZtX2(U))Y(u)du} :
0

Up to replacing X and X 4+ A\Y by X; and Xo, D3 and D, are equivalent to D; and D>. Thus
we get by the same computations as for Dy and Ds:

D3| < Cl[ X1 = Xo| £, 0,1[1Y [ Laj0,1)

|Da| < Cl| X1 — Xo|| L0, 1Y [ Lfo,1-

This completes the proofs of (II1.51) and of the proposition. O

Let us consider ¢ : Po(R) — R satisfying the ¢-assumptions. We are interested in this
chapter in regularization properties of the semi-group (Pt)te[o,T} and more precisely, we will study
¢ Pré(g+ph)=Pi(g) Pub (")~ Pr(uf)

the behaviour o , or equivalently , when p tends to zero. In

other words, we will fix an initial condition, given by a quantile function g € G!, or equivalently
by the associated measure u and compare the law of the system at final time 7' with the law of
a system which started at a perturbed initial condition, of the form g + ph for p close to zero.
Let us remark that the point of view is, as in the previous chapters, to study the system in terms
of the process of quantile functions more than in terms of the process of probability measures,
which explains that we consider linear perturbations of the initial quantile function. If we see
the process as a system of particles, then for each u € R, ph(u) describes the direction and the
intensity of the perturbation of the initial position of the particle indexed by wu.

For now, we consider an initial condition g € G!, but we will need more regularity in order
to prove a Bismut-Elworthy-like formula. In Theorem II1.29, we will assume that g belongs
to G319, for some positive §. Concerning the direction of perturbation h, we assume that it
belongs to Al defined below:

Definition II1.27. We denote by A! the set of 1-periodic C'-functions h : R — R. We define
the following norm on A':

[hller :== sup |h(u)|+ sup |Ouh(u)l.
u€l0,1] u€0,1]

This ensures that for p close to zero, g + ph still belongs to G'.Indeed, the periodicity
assumption insures that g 4+ ph still satisfies the pseudo-periodic condition. Moreover, let ¢ :=
inf,er ¢'(u). Remark that ¢ does not depend on the representative g of the equivalence class g,
and that ¢ > 0, since ¢’ is continuous, positive everywhere, and 1-periodic. Thus for every
p € (—po, po), where py = m, we have ¢'(u) + ph/(u) > 0 for every u € R.

Let us compute d%|p:0Pt¢(ug+p ™). We will give in the following lemma the expression of the

derivative in terms of Lions’ derivative of ¢ and also in terms of the linear functional derivative
of P;¢. For later purposes, we will state the result considering random initial functions g and
h, with a randomness which is Gy-measurable. Recall that within this framework, g and h are
independent, of (W*)ez, 3).
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Lemma III.28. Let ¢ : Po(R) — R satisfy the ¢p-assumptions. Let 6 € (0,1) and assume that
f is of order a > % + 0. Let g and h be Go-measurable random variables with values respectively
in G0 and A'. For every t € 0,T],

d gtohy 1 Dl
apy ol = | uP) ) g(w) hu)d
_gvEs [ [ 9N (29 (u xguh(u)
—EVE UO Oud i) w (w)) Ou () 5

[ 2 ) gtwp 0 (1) (e

du} (I11.52)

Proof. Let us fix w” in an almost-sure event of Q° such that g = g(w%) belongs to Gt and
h = h(w®) belongs to Al. Let p € (—po,po), where pg = ”h,” inf ¢’. Thus g + ph belongs
to G1. Let us consider the process (ud"” h)te[o,T]- The first equality in (II1.52) follows from the

definition of Lions’ differential calculus.

P = = Blg+ ph) = DPid(g) - h = /DP@ B(u)du  (ITL53)

dpp=o dpp=0

= [ 0P ) o) Bl
It follows from (III.45) that for every ¢ € [0, T7,
o) -2 [ ) - 5[5

The second equality in (II1.52) is a consequence of formula (I11.46):

_— )
Pip(udt*") = EVE? | D2 8,29 )h(u)du}

Ip\p=0 -
e | [ Dé(ad). Duerf (1) h(u)du]
Jo '(u)
_ [t 9\ (.9 g h(u)
= BB | [ 0,00 af )0 )2 5]

by equalities (II1.40) and (III.41).
Let us compute the third equality in (I11.52). By Proposition 5.48 of [CD18a], Lions’ deriva-
tive is equal to the gradient of the linear functional derivative (see Section 0.4): for every ¢ and

t, Oudp(p)(-) = 8U§:;( )(+). Therefore,

[ o) amn = [0, {516} (guhtuida

= ["o {22 )00 } ()
1

om 9'(u)
_ [0P¢ h(u) L 5P h
= w5 ]~ [ o, (5 ) ma

by an integration by parts formula. Furthermore, by Proposition I11.26, P.¢ satisfies the ¢-
assumptions, and the probability measure u{ satisfies the assumption of Proposition III.11 since
¢ (u) > 0 for every u € R. Therefore, it follows from Proposition IIL.9 that v — 8, P (1) (v)
is 2r-periodic and from Proposition I11.11 that v ~— 22 t¢(u0)( ) is 2m-periodic. It follows that
5P*¢(MO)(g(1)) 5Pt¢(u0)(g(0) +27) = 5Pt¢(,u0)(g( 0)). Since % o is 1-periodic, we conclude that

= Jm

[3229 (u8) (g(w)) 2] = 0. =
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For every ¢, the linear functional derivative g—i

every l-periodic C!-function h, we easily see that

[ 22 ptatnon (4 e

om
= [ 52 o) - [ S ena] o, (5) (.

om 0o om

(w) is defined up to an additive constant. For

Let us introduce the following notation. [S—i} denotes the zero-average linear functional deriva-

tive; for every pu € Pa(R) and v € R,

2] o)

om
In particular, for every v € R,

[53‘1’} 1)) = 222 (8 (0) — EP Uol 6Pt¢(u8)(g(u))d“}

_%

~om

9

22 (1)) dn(e). (I1L54)
R OM

(1) (v) =

om om om
0P L5p,
=200 - [ 2 gt

Thus we also have the following writing for equation (I11.52):

/01 O (Pro) (1) (g(w)) h(u)du = — /01 {513,5(;5

om

} (1) (9(u)) Ou (h> (u)du. (I11.55)

g/

I11.4.2 Fourier inversion on the torus

The aim of the following three paragraphs is to prove this theorem. For every X € Ly(QW), we
denote by VW [X] the variance of the random variable X, i.e. VWV [X] := EW {(X —EW [X])ﬂ

Theorem II1.29. Let ¢ : P2(R) — R satisfy the ¢p-assumptions. Let § € (0,1) and f be of
order o = % + 0. Let g € G3*Y and h € A be two deterministic functions. Then there is Cy
independent of h such that for every t € (0,T]

VW ()]

1
Pl = | [ 0u(P) ) 9() hw)du| < G —GEA— s, (11850)

dp\pZO
where Cy is bounded when ||¢" (1. + 19" |1c +119'|lLo + H%HLOO is bounded.

Let us first explain the general strategy.

Let g and h be Gy-measurable random variables with values respectively in G*+? and A',
for some 6 € (0,1). Then g¢’h also belongs to Al, since ¢’ is a 1-periodic function with at least
Cl-regularity. By formulas (II1.52) and (II1.55) applied to g’h instead of h:

‘ / 0,(P0) (1) (9(w) g’(u)h(u)du' -/ 1 [ﬁﬂ (12)(9(w)) Duh(uw)du

N ‘EWEB [ /01 () (2 () Dz () thu}

. (1IL57)

We have the following writing for h:

) = [ s =5 [ 5ot (F D h(F et )

1t 1 90
= /0 vy e )as, (ITL58)
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where (A7);c(o.71 is defined by
A} = Oy (F{ () M(F (). (II1.59)

Recall that FY = (2))~! and that for each z € R, F/(x + 2r) = F/(z) + 1. Using the fact that
h and 9,27 are 1-periodic, we deduce that AJ is 2r-periodic:

Al(z + 27) = Oy (FY (z + 27))W(FY (z + 27)) = Oyzf (FY () + D)h(F! (z) + 1) = A(z).

Let us note that for each t € [0, T, it follows from Proposition II1.13 and from the assumptions
on g and h that AY is a C!'-function. This will not be sufficient in order to apply a Fourier
inversion of AJ. Of course, one could possibly assume that h is C? in order to increase the
regularity of AJ: in that case, it would be of class C?*? due to the derivative d,zJ. Even in
that case, this will not be sufficient for our purpose. So we will regularize the process (A7 )eelo,1]-

Let (¢e)e>0 be a collection of mollifiers, defined by ¢.(z) = %gp(f), where p(x) = \/%6_5’32/2.
For every ¢ € [0,T], let us define
APT = Al x . = /]RA?(- —y)p=(y)dy. (I11.60)
Observe that AJ“ is also 2m-periodic.
It follows from (II1.58) that
1
1=ee | [ amwf)<xf<u>>aux$<u>h<u>du]
EWIEB {/ 0, (1) (xf () Oud (u / 5z Z dsdu} =1 + I, (I11.61)
where
w Ouf (u)
I o= —]E A / / () (1) 58 A () dsdu (IT1.62)
Ouxd (u
w Ouf (u)
Iy = ]E E° / / 00 ) (o () 3 (A2 — AL aa) s (IT1.63)

In this paragraph, we will focus on ;. In Paragraph I11.4.3, we will focus on I». These two
studies will lead to Proposition I111.39, which provides a first estimate of I. In Paragraph 111.4.4,
we will complete the proof of Theorem I11.29 by interpolating the two results in e.

The aim of this paragraph is to obtain an upper bound for I;, depending on . It will be
given in Proposition II1.33. Of course, that bound explodes when € — 0, but it will be caught
up by the estimate of I5. The scheme of the proof is close to the strategy of Chapter II. In the
next two lemmas, we will define a Fourier inverse (Af)te[O,T},keZ of the process (AY ’E)te[ovT], by
analogy with Lemma II.18 but in terms of Fourier series instead of Fourier transform. Then,
we will see, for each k € Z, (Af)te[O,T] as a perturbation of the noise (Wf)te[o’T} and apply a
Fourier inversion.

In Lemma II1.30, we give a first estimate on the Lo-norm of (Af)te[o,T},keZ with respect to e
and to || AY||c1-

Lemma II1.30. Let 6 € (0,1), g € G**% and f be of order a = I + 0. Let us fiz e € (0,1).
Then there is a collection of (Gt);c(o,1-adapted C-valued processes (()\;’f)te[o,T])keZ such that for
every t € [0,T], the following equality holds

AP (y) = > fre ™AL, (IT1.64)
keZ
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and such that there is a constant C' > 0 independent of € satisfying the following inequality
PY @ PP-almost surely for every t € [0, T]

1/2

L
(Z/ N ds) < e (/0 ||A§’||glds> | (ITL.65)
keZ

Proof. Let us fix t € (0,T]. The map y + AY°(y) is a 27m-periodic C!'-function. Therefore, by
Dirichlet’s Theorem, that map is equal to the sum of its Fourier series; we have

AP () = X enlAf)e ™,

keZ

where for every 2m-periodic function A and for every k € Z, ci(A) := & 02” Ay)etvdy.

Let us define \f := %) Since (A7)ej0,77 is (G¢)-adapted, it is clear that for each k € Z,
()\f)te[o,T} is also (G;)-adapted. Equality (I11.64) clearly holds true. Moreover,

Z/ |)\k2ds_z/ cp(AD°) Ag’

kEZ kez

Let us compute the Fourier coefficient cg(A9<):

1 2 .
o (A) = (A ) = o [ [ sty — o)pcla)de) ety

1 e A
= [oae (5 [T At - )™ ay ) o
R 2m Jo

— p(A9) /]R () dz. (IT1.66)

Since [i ¢(z)e?***dz is equal to the value of the Fourier transform of ¢ (that is ¢ itself) at
point ke, we know in particular that there is C' > 0 such that for every k € Z\{0} and for every
e >0, ’fR o(z)e mmdx‘ W

Moreover, since g belongs to G**?, A9 is a C'-function. Indeed, by Proposition IT1.13, it
follows from the fact that g belongs to G**% and @ = I+6 that z{ (and thus F{) is a C2-function,
so we deduce that u + 9,2} (u) is a C'-function. Since h is also C!, AY is C! by product and
composition Thus there is C' > 0 independent of k and s such that for every k£ € Z\{0},
e (A9)] < 511102 AZ| 1. . Moreover, co(AL<)| = [eo(A2)] < [ A1

Since f is of order a = % 46, there is C such that for every k € Z\{0}, ﬁ < C|k:|%+0. Thus
we have

Agf Agf 5 Agv
/ iCk / |col( d / |Ck
kEZ

k40
<c / 4l as+ 3 [k W“ﬂk e a0 A2 s

k40
C t
< o [ |42,

and because the sum W converges. This completes the proof of the

1
€
lemma. O

because 1 <
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In Lemma II1.30, we have obtained a control in terms of the Lo-norm of ¢ — || A7||c1. That
quantity is almost surely bounded but not uniformly in (w",w?) € Q" x Q8. In Lemma II1.31,
we will obtain a uniform almost sure bound, after localization of the process (Af)te[O,T},keZ-
Here, we are not interested in the precise dependence of the bound with respect to €; thus, we
will get a bound in terms of the Lo-norm of A7 instead of the C'-norm and we only have to
bound uniformly the Lo-norm of ¢ — || A7||L,.

Let My be an integer large enough so that for every u € R, M%) < ¢'(u) < My. For every
M > My, let us define the following stopping times:

Tap =1inf{t > 0: |0yl > M} AT;
. 1 .

72 = 1inf{t >0 HWHLW > MYAT; (ITL.67)
™ = 7']%/‘, A 7']%4.

Remark that

PV @ P [ry < T <PV @ P° |1}, < T| + PV @ P 7}, < 7]

<PV o PP g > M —L > M
® Egllaumtlhm oup fmt()HLm ]

C
+ 28 o ], |) < 5

+P" o PP lsup

1
< — EVE? |sup ||0,27
i (2% [,

The last inequality holds by (IT1.33) and (III.34) because g belongs to G2 and f is of order
a > % We deduce that

PV @ PP [ry < T Fav il (IT1.68)

Lemma II1.31. Let M > My. Let 6 € (0,1), g € G**? and f be of order o = %4— 0. Let us fix

€ (0,1). Then there is a collection of (Gt)iec[o,r)-adapted C-valued processes (()\f’M)te[o,T])keZ
such that for every t € [0,T], the following equality holds

Ly AP () = D fre ™aP™M, (111.69)
keZ

and there is a constant Cpr > 0 depending on M and € such that PW @ PP-almost surely,
T |\, M
Ykez Jo AT Pdt < Ownr.

Proof. Define for every t € [0, 7], )\f’M = Lycryy

k(A7) _ k
k kt — ]]‘{th]\/[})\t .

The aim of this proof is to obtain an almost-sure upper bound for }- ;.. fOT IARM12q¢ . which
can depend on M and on e. Since we are not interested in the dependance on ¢ here, the
constant can be worse than in the proof of Lemma III1.30. Similarly as in that proof, there is a

constant C' > 0 such that for every k € Z\{0} and for every € > 0, (x)e lk”dw‘ W
Furthermore, for every k € Z, |cx(Af)| < [|AZ| 1,¢r)- Thus we have

c Ag7
Z/ M2t = / n{KTM}‘ i 72 I,
keZ

keZ

1
< C/ 1{t<TM}|CO( | dt + Z/ ]l{t<TM}‘k|7+20|k6|8+40|ck(A?)|2dt
0 k#0

C T 9112
< m/o ﬂ{t<TM}||At||L2(11‘)dt
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By Definition (II1.59), for every s € [0,7],
Litrt 149 ymy < Cliraray 1A 1y < Ol Il 190t < CM|IA]l
Since the constant does not depend on ¢, we deduce the statement of the lemma. O

Before proving the bound for I, we give in the following lemma two inequalities which follows
from the definition of the stopping time 73;. Let us define the (G;)-adapted process (a} )te(0,1]
by

t J'(u .
aM(u) ::/0 ]l{ngM}au:c(g()u) A% (29 (u))ds. (I11.70)

We easily check that for every u € R, ad!(u) = 0 and that @} (u) = %H{KTM}A?E(:U?(U))
Ut
is a 1-periodic and continuous function of v € R.

Lemma II1.32. Let ¢ € (0,1). For every M > My, there are two constants C{; (depending on
T, M, ¢ and h) and Car. (depending on T, M, € and h) such that for every t € [0,T]

lat | oo < Ch; (LIL.71)

tATM
/ 1A9<|12,ds < Che. (IT1.72)
0

Proof. By definition of 7, for every t € [0,T] and every u € R,

jar (w)] < Tllg'| L M sup [ A2 L,

S<TM

Since AJ< is 2m-periodic and A$® = AZxp., with [|¢c| 1, gy = 1, we have |
Recall that by definition (II1.59), [[AZ||, 1y < [|All; 0uzd] . We deduce that

< A2l L

oerart 12 ooy < Il Dacrn y 19l < M |10l (ITL73)

Thus for every t € [0,T] and for every u € R, |} (u)| < T|¢'||lz..M?||h|r... Therefore,
inequality (II1.71) holds with C¢; := T|¢|| .. M?||h| L. -
For every t € [0,T)], 0, A7° = AJ * O, p.. Since 102¢¢ll 1, () < € we obtain

- C M
Lipcryy 10:A7 " Ly < HhHLoo Lyery l0ua?lly, . < — IRl - (I11.74)

It follows from (IT1.73) and (IT1.74) that 3™ |AZ=]|2,ds < T€%M2H}1H%Oo for every t € [0,T],
whence we obtain (II1.72). O

Let us now state the main result of this paragraph.

Proposition IT1.33. Let 0 € (0,1), g € G3*Y and f be of order o = %—k@. Then there is C' > 0
independent of g, h and 0 such that for every t € [0,T], for every e € (0,1),

0wz (u Vi
|EW V [ dustut atn 2 szé‘(xz(u»dU] < OV ()] @)l
8
where C1(g) =1+ ||g’”||%4 + HQNH%OO + ||9/H6Loo + gl’ I

In particular, by definition (III.62) of I, we have

L] <~ VY [0 (u)]? C1(g) ||

\f 3+20
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Proof. Fix € € (0,1). Let u € R.

By inequality (IIL71), (G)ieor] i= (ai (u))iepo,r) satisfies E {fg |§t\dt] < Cp. Thus the
process ((t)secjo,) satisfies the assumptions of Proposition I11.23. Let us apply Kunita’s expan-
sion (I11.42) to = g(u) and ¢ = a} (u). Using equality (IT1.40), P" ® PP-almost surely, the
following equation holds true for every t € [0, T7:

(u)+pad (u) ¢ 1
Ztg(u)-l—pat w) + ka/ < —ikz 9 te de) +Bt+ﬂ/ ang(u)-&-paﬂf(u)as(u)ds
keZ 0
= g(w)+pal (u)
)+ 3 g [ (e awr) +
keZ

gw)+pad ()9 () g
I /0 0,78 5 Lo AL (a2 ).

Since both sides of the latter equation are almost surely continuous with respect to u, we
deduce that the latter equality holds almost surely for every u € R. Recall that by (II1.40) and
by (111.41), PV ® PA-almost surely for every s € [0,T] and for every u € R, 29(u) = 74" and
8,29 = ﬁ@umg(u). Thus we have

u a; My, i g(u)+paéw(u) t "
20 < g+ 3 g [ (e AWE) 4 6t 5 [ Lppany AZ5(220)ds
keZ
/
, 29w tpall(w) _ g 79(u) g'(u) 1 A9E (29 . L
+p /O (0.2 0.200) 5L g sen AL @ w)ds. (LT5)

Let us define an auxiliary process (Y ’M)te[o,T} solution to

t
v/t )+ fk/ ( ysp,M(u)dWsk) + Bt + ,0/0 Lisery ALE (VLM (u))ds.
keZ
(IIL.76)

Recall the constant C¢; from inequality (IIL71) and define pg := po(M) = 554
M
Let us state the following three lemmas (we prove them at the end of this proof).

Lemma II1.34. Assume that f is of order o > % There exists C depending on M, f, g', h, T
and € such that for every p € (—po, po) and for every t € [0,T],

1 1/2
BV | [ 1200 vV P < el (1mL.77)

Lemma II1.35. Let § € (0,1), g € G**? and f be of order a = % + 6. For every M > My and
for every t € (0,17,

Od(u)
g (u)

EVE’ [ /01 Ou(pi) (f (u)) e )dU] EVE? |4

o(uf) > / R(AP MdW’“)], (I11.78)

kEZ
where \*M denotes the complex conjugate of \FM

Lemma II1.36. Let 6 € (0,1), g € G3*Y and f be of order a = % + 6. For every t € [0,T],

o(uf) Z/ R( Adek)]

keZ

! xg u
EW RS [/01/0 3@(#?)@?@))23:6%&;14% (29 (u ))dsdu] EVES |4

(I11.79)
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Moreowver,
EVE Z/ RMRSE 6+49Hh\|c101( )?, (111.80)
keZ
8
where C1(g) =1+ [lg" 17, + l9"l%.. + 1% + | 7|,

Let us finalize the proof of Proposition II1.33. It follows from (II1.79) that

EVES [ / / (1) () 2 %Azﬁ(xz(u»duds]

ui) > / R( Akdwk] =E"E’

=EVE’ |¢

kEZ kez

(o) = B [p(1)]) > / %A’“dW’“)}

(111.81)

because EVEP [EW [6(uf)] Lyez 3 ROEAWE)| = EW [6(1f) EVE? [Speq fy ROEAWE)] = 0
By Cauchy-Schwarz inequality, it follows that

1 pt 27 (u
s | [ [ duotdiatn ek )Azf(xz(u))duds]

Ouzs (u)

1/2
)\kds
%ZZ/| | ]
Vi

e Cr() e,

< VY [p(u)]"?

by inequality (II1.80). It completes the proof of Proposition III.33. O
It remains to prove Lemmas I11.34, I11.35 and I11.36.

Proof (Lemma II1.34). Throughout the proof, C' is a constant depending on M, f, ¢’, h, T

and e. Its value can change from a line to the next. Recall that we want to prove that for each
M 1/2

p € (~po, po) and for each t € [0,T], EWE? [fol | Zf et _ypM ) Paul < O/t

The processes (Zt( Jrpail (u))te[o’ﬂ and (Ytp’M(u))te[O,T} satisfy equation (II1.75) and equa-

tion (II1.76) respectively. Thus for every t € [0, 7],

1 u aM u
EVES [/O | 9 FPa (W) _ Yf’M(u)Pdu} < 3(Ey + p*Ey + p2Es), (IT1.82)
where
- 2
B EWEB /1 Z /t fk% <(e_ikzg(u)+ﬂa£/1(u) B e—ikYSp’M(u))de) du
170 T kez 0 )
S 2
By = EVE | [ [ 0 cryy (42(2809) — A2 (V2 () ds du]
- 2
E3 :=EVE /1 /t(axZg(“Hpay(") — 9, 79W) g () Lis<ryyALS (2d(u))ds| du] .
Jo 0 s s auxg(u) {s<mm }¥%s s
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By It6’s isometry,

[ 1 u a u 2
E, =EVE® //t Z fr efikzéﬂ ot — MW qeqy
L 070 kez
W g 21.2 | g(uw)+pa (u) M, N2

<EVE // > | zgtoread )y e ()| dsdu

L 070 kez
t W 1 M M 2
<C / EWE? [ / | Zgtpatt )y ()| du} ds, (IT1.83)
0 0

because > ey fPk? < 400, since a > %
Let us estimate Ep. Recall that there is C' > 0 such that [3"\™ |8, A9*® H%m(m ds < C
by (II1.72). It follows from Cauchy-Schwarz inequality that
2
du}

<wVE [ [T [T jo,ase2 as 12800 — yeM () Pdsd
X o Jo T4ts N Loo(T) s 0‘ s s (’LL)| sdu

t 1
<C / EVES { / |z9W — ypM (u)\Qdu} ds.
0 0

1 t/\T]W
B <28 | [ [ b0,y 12200 - Ve o

Therefore,

t 1 M 2
B, <C / EVE? [ / |z et () _yp ()| du} ds
0 0

1t
effe]
0.0
Moreover, by inequality (IIL71), [pa}! (u)| < poC§; = % for every t € [0,T], u € R and p €
(—po, po)- Fix u € [0,1]. Let J, be the interval [g(u) — 3, g(u) + 3]. By inequality (IIL.36), there
is C independent of u such that for every x,y € J,,

Z9(w) _ zo(w)tpal(w)

2
] dsdu.

EWES [sup \ZF — ZV?| < Clz —yl*.

t<T

It follows from Kolmogorov’s Lemma (see [RY99, p.26, Thm 1.2.1] and take therein vy =2,d =1
and € = 1) that, up to considering a modification of the process (Z})ey,, there is a constant
Ckol independent of u such that

SUpPi<cT |Zf - Zty’2

EVE? [ sup

i < Ckol. (I11.84)

Thus, by (I11.84), we deduce that for every p € (—po, po),

2}
g(u) g(u)+pa (u)2

W8 SUpPy<T |z — Z, | M 1/2

=E"E |:]1{pa£\/1(u)7£0} !paé\/l(u)flﬂ \pat (u)‘ /

|2
< \p[l/Q(Cﬂ)lﬂEwEﬁ sup sup;<r | Z¢ 1_2Zt |
@Y€ Ju, T#Y |z =yl

EVES U 790) _ Zg()tpal! ()

< CCkallp|?,
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where the constants are independent of s and u. We conclude that for every p € (—pg, po)

t 1 2
B <C / EVES [ / | Zg@ead! ) _ypM ()| du} ds + C|p|V/2. (ITL.85)
0 0
Let us consider now E3. By Definition (II11.67) of 7']%/[, for every s < Ty, a%g() ’L < M.
Therefore, by (I11.72), =
1 tATM 2 T
E; < ||¢/|| .. MEVE? [ / / 0, 28 9, 79| || 49|, ds| du
0 0

1 ,t 2 tAT)M )
< |lg/llz. MEVE? [ | [ foszgtoweerter o, zg0 a5 [ HAé”aH%wdst]
0J0 0

< CEWEFP [ / 1 / t \ang(uwa?f(u) — 9,79 2
0J0

dsdu]

By inequality (I11.39) and the fact that f is of order a > %, we can apply similarly Kolmogorov’s
Lemma, replacing Z by 0,Z. And we get for every p € (—po, po),

EVES “ar Z9)tpal! ) _ g 7o(w)

2
] < CCxalp|2.

Therefore, for every p € (—po, po), F3 < C|p|*/2.
Putting together the last inequality with (II1.82), (III.83) and (II1.85), we obtain for every
te0,7T]

1
]EWEﬁ |:/ |Zf(u)+Pa1]gw(“) _ Y;p,M(u)|2du:|
0
t 1 M 2
< C/ EVE? [/ ]Z§<“>+P“s (w) _ Ysp’M(u)‘ du} ds + C|p| T2,
0 0

By Gronwall’s inequality, the proof of Lemma II1.34 is complete. O

Proof (Lemma II1.35). Let us take the real part of equality (I11.69) and apply this equality with
y = YPM(u). Recall that A% and f), are real-valued. We obtain for every M > My, for every
u € R, for every p € (—po(M), po(M)) and for every s € [0,T],

]l{s<TM}Ag E(Yp’ Z £R ( —ikYOM (u ))\k M)
kez
It follows from the latter equality and from (II1.76) that for every ¢ € [0, T

v M )+ > / fkéR kYN ) gk 4 p)\lj’Mds)) + Bt
keZ

Recall that for each k € Z and each s € [0,T], A is complex-valued. We denote \oM =
AEEM i ASEM et us define, for every t € [0, T],

! :exp( pZ/ AREM Qe | \SkM Sk Z/ M2 ds)

keZ keZ

_exp( pZ/ ROEM ak) —72/ |)\’“M|2ds).

keZ keZ
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Recall that by Lemma III.31, there is a constant C; > 0 such that P" @ P8-almost surely,
Y okez fOT |IANEM 1245 < Cyy. Tt follows from Novikov’s condition that the process (Ef )i 1s a
PV @ PP-martingale. Let P? be the probability measure on Q% x Q7 such that P is absolutely
continuous with respect to P ® P? with the following density

__dr =&
d(PV @ Ps) T
By Girsanov’s Theorem, (W} + p/\ig ’M)te[o,T]) kez is a collection of independent Brownian mo-
tions under P?, independent of (3,Gy). By uniqueness in law of equation (III.20), the law of
(Y;’)’M)te[oﬂ under P? is equal to the law of ({);c[o7) under PV & PP

Fix ¢t € [0,T]. We deduce that

dpr

~ M _ ~ oM
EVE’ [@b(ytp )gtp} =E"E’ {Cf’(Y}p )W

] = EVE’? [Js(mf)} :

Since EWEA [gg(xf )} does not depend on p, we deduce that

4

EVE? (v M)eP| =o. 111.86
e oy Mer] (I11.86)

Recall that by assumption (¢2) and Remark II1.7, ¢ is a Lipschitz-continuous function. By
Lemma I11.34, we have for every p € (—po, po)

EVE? |Gz et | - BV (G e

~ oM ~ 1/2 1/2
<EV [zt - s e | VR ]

2
gtpal < pM 1/2
Zy — Y

1/2
] EVE? €]
L2 ([0,1]xQ8)

< [P lipE™ U

1/2
< CuloPHEVE? [e0] .
Moreover, recalling that >,c fOT INeM 245 < Oy
EVE? [|6f°] = EVE? |exp (-~ 29 Sic i ROFTAWE) - 9 Ty J§ NV Pas)|
L A 2
=EVE’ {eXp <_ 202 kez fcf §R()\ISC’MGWVf) - @ 2 kez f(f |)\]§’M’2ds>
- eXp (P2 2 kez fé |A§’M’2d3)}

L A 2
< ePoCm EWEP {exp (f 20 vez Jo RO aw k) — % Ykez Jo |>‘];’M|2d5)]

= @pch7
since the exponential on the last line is a P @ PA-martingale. Therefore,

’EWW [g(zf”atM )Sf} —EVE [3")er)| < CuloP (ITL.87)
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d W | 2 z9tral’\ep|
It follows from (II1.86) and (III.87) that d—plpZOE EP |o(Z; )EF| = 0. Moreover, let us

compute that derivative:

S(ZITy — G(29)
p

fl) <IEWE5 [QAS(Z,?era?l)Ef] _EVE? [QAS(ZI:Q)D _ EWERS

+EVE? l&(zf““tM)gtp — 1] .
p

It follows from (II1.46) that

0= EVES Gz e
dpjp=0

1 R =N t R

— EVES [ / DH(ZP)a 8fo(u)aiV[(u)du} ~EVE? |(20) Y / RAEM gk
0 kez 0

_ mWmrB ! 9\ (.9 au:r:f(u) M W g t k,M k

—EVE | [ 0,0060) () 22 M (yau | — BVE? [o(u) 3 [ ROEMaw?))| .
0 g'(u) o

Therefore, equality (II1.78) holds true. O

Proof (Lemma III.56). Recall that for every t € [0,T], A\FM = Lit<ry3AF. In order to ob-
tain (II1.79), we pass to the limit when M — +o0 in (II1.78). Let us prove this convergence.

By (I11.68), PV @ P8 [ry; < T] =400 0. Since {Tyy < T}arsn, is a non-increasing se-
quence of events, it follows that PV ® PA-almost surely, there exists M; such that 73y = T for
every M > M;. In order to obtain (II1.79), it is sufficient to prove uniform integrability of both
terms. Hence it remains to prove the following two statements

1 B (u) 3/2
sup EVE? / <8u¢(uf)(:rf(u)) u/t a%(u)) du| < +o0; (I11.88)
M>Mo 0 g'(u)
¢ 2
sup EWIEB[ o(uf) > / m@’;%wj)) < +o0. (IIL.89)
M=Mo kez 0
Let us first prove (II11.88). For every M > My, by Hoélder’s inequality
1 Ay (u 3/2
2 | [ (900t 2 )
0 g'(u)
1 2 73/4 1 g 6 1/4
<EVES l / <8#¢(uf)(x?(u))> du] EWE? l / a“”f(t (;”ay (u) du] .
0 0 glu

2
By assumption (¢2), EWVE? [ fol <8“¢(uf ) (] (u))) du] is bounded. Moreover

119 29 6
EVE? / u%t(u)aiw(u) du
ol g'(u)
116 1 1/2 1 12 1/2
<H/H EVES [/ |8uxtg(u)]12du} EVES l/ aM (u) du]
9 Lo 0 0
1° e wwes | [T o 12 Y
<c|Z] nws.Eve | [l a)
9 Lo 0
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by inequality (I11.24). By definition (II1.70) of a}/, we have

1 t
EVE? [/ laM( \12du] < EVES U T“/
0 0

<Az < 10wl Lo l[Pl| Lo - Thus

12

5 (25(w)

Oyt (u)”

dsdu] .

Remark that for every s € [0, 7],

12
BB [ [ @]au] < I I EWEB[S“"”M”L&“PHM HL]

1/2

24 1/2
s, 1 <6

where the constant C' does not depend on M. The last inequality is obtained by inequali-
ties (I11.33) and (IIL.34), because g € G**? and a > 2 + 0. We deduce (IIL88).
Furthermore, for every M > M, for every t € [0,T], we have

< Olg' 12, In) 2, EY B [Sggllauxi’\%i

EVES lsup
t<T

58| (o) T [ ROETawh) )| < ol 5B b [ s
keZ kEZ
< |lgll2_EVE? Z/ INF] 2ds], (I11.90)
| kEZ

since \FM = ]l{ngM})\’;. By inequality (II1.65), we have

> [ hepas| < o5 [ BV [lagz ] as

kez
Recall that ||A2|L.. < |0ux?||lL||P]lL.- Thus for every s € [0,T],

EVES

2
EVE® [|l42]7., ] < nl7, EVES Egg 10uaf13.. | < ClRIE (1 + llg" 13, + g I14..).

by inequality (III1.33). Moreover, let us compute the derivative of AY:

(2)17 X
0, AY(2) = (DuhDud + hOP)2d) (F2 (x)) m = 0uh(F¥(x)) + h(Fg(x))m

We deduce that

1
10: A9 L < Cllhller {1+ 10828 o ‘ 7 : (IIL91)
OuTs Loo
Therefore, for every s < T,
1 4
EVE? (10,4912 ] < Clhl% (1 +EVE? lsupnaff)xfr%m +EVE? [sup . D
o t<T t<T | Ouly Il T,
n ! 1 16
< OlnlE <1+ g™ 17, + 9" 12, + 191122, ‘g, . ) (I11.92)

by (I11.33) and (IIL.34) and because because g belongs to G3*? and ov = £ +6. We deduce that

16
> [ piras )
Lo

keZ
which is inequality (II1.80). It follows from (II1.90) and (III.80) that inequality (II1.89) holds.
It completes the proof. O

p”

EVES [

1
6+49 12]1E: <1 + 19" Iz, + 9”12 + 19l ‘
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I11.4.3 Behaviour of the remainder term for small ¢

Let 6 € (0,1), g € G'*? and f be of order a > % + 6. Recall that, on (QY x Q8 ¢V ® G#),
(27 (u))iefo,1],uer 18 the unique solution to:

wf(u) = g(u) + Y / fi (e~ awk) + 6. (I11.93)

keZ

Recall that for every ¢ € [0, T, uf = Lo 1)xqe(2{) is a random measure. Let h € Al and recall
the definitions of A7 and A{*:

A] = 0ua] (F (1)) h(FY (1));
AP = A x ..

Let us fix € > 0 and let us define

Y (u) = (AY — A7) (2 (). (I1L.94)

auacf (u)

Let us define the canonical space (©,8(0)) by © = C([0,7],C)% x C([0,T],R) and B(0) =
B(C([0,T],C)%)®B(C([0,T],R)). Let P be the probability measure on (0, B(0)) deﬁned as being
the distribution of (W*)ez, 8) on QY x Q8. Let B;(C([0,T],R)) := o(x(s); 0 < s < t); in other
words (B¢(C([0,T],R)))sefo,r) is the canonical filtration on (C([0, 7], R), B(C([0, ] R))). Simi-
larly, let (By(C([0,T],C)%))sepo,r] be the canonical filtration on (C([0,T7], €)%, B(C([0,T], C)%)).
Let (gt(@))te[O,T] be the augmentation of the filtration (B;(C([0, T], C)%)®B;(C([0, T7, R)))telo,1]
by the null sets of P. We used here almost the same notations as Karatzas-Shreve [KS91, pp.308-
311].

Notation: we denote in bold elements of ©, e.g. ((W*)rez,b) € ©.

We want to prove that

(a) There is a B(R) ® B(©)/B(C([0,T], R))-measurable function

X:Rx0-C(0,T],R)
(u, (WH)rez, b) = X (u, (W*)iez, b)

which is, for every fixed t € [0, 7], B(R) ® B,(0)/B,(C([0, T], R))-measurable, such that X
is continuous in u for P-almost every fixed ((w*)rez, b) € © and such that P @ PA-almost
surely, for every u € R and for every ¢ € [0,T],

2 (u) = X (u, (W*)rez, B). (IT1.95)

(b) There is a B(C([0,T],C)%)/B(C([0,T], P2(R)))-measurable function

P :C([0,T],C)% — C([0,T], P2(R))

(Wk)keZ = P((Wk)kez)

which is, for every fixed t € [0, T], B;(C([0,T], C)%)/B,(C(]0, T], P2(R)))-measurable, such
that ]P’W—almost surely, for every t € [0, T,

1 = P((WH)kez). (IT1.96)



188 CHAPTER 11I. BISMUT-ELWORTHY INEQUALITY FOR A WASSERSTEIN DIFFUSION

(c) There is a progressively-measurable function H : [0,7] x R x © — R, d.e. for every
t €1[0,T],

0,t] x Rx© =R

(87 Uu, (Wk)k627 b) = HS(U, (Wk)kGZﬂ b)

is B[0,t] @ B(R) ® B,(0)/B(R)-measurable, such that PV @ PP-almost surely, for every
u € R and for every ¢ € [0,T],

HY*(u) = Hi(u, (W*)ez, B). (I11.97)

Proposition IT1.37. Let § € (0,1), g € G and f be of order a > % +0. Let h € A and
e > 0. Then there are three functions X, P and H such that statements (a), (b) and (c) defined
above are satisfied.

Proof. Let us consider the canonical space (0, B(0), (Et(@)>t€[O,T]v P). By Proposition III.12,
there is a strong solution to (I11.93) and pathwise uniqueness holds for that equation. Therefore,
for every fixed u € R, there is a unique solution (x{(u));cp,1) to

t _
x{(w) = g(w)+ 3 [ ik (e 0awt) + b,

keZ

Proof of (a). By Yamada-Watanabe Theorem, the law of (29, (W¥*)cz, 8) under PV @ P# is
equal to the law of (x9, (w*)rez, b) under P. This result is proved in [KS91, Proposition 5.3.20,
p.309] for a finite-dimensional noise, but the proof is the same for the infinite-dimensional noise
(WF)kez, b) € ©.

By a corollary to this theorem [KS91, Corollary 5.3.23, p.310], it follows that for every u € Q,
there is a B(©)/B(C([0,T], R))-measurable function

X0 - ¢([0,1],R)
(W")kez: b) = X*(WF)kez, b)

which is, for every fixed ¢ € [0, T], B:(©)/B,(C([0, T],R))-measurable, such that P-almost surely,
for every t € [0,T],

x{(u) = X((W")rez, b). (I11.98)

Moreover, again by Proposition III.12, there is an event A € B(0) of probability P[A] = 1
such that for every ((wF)irez,b) € A, the function (t,u) — x(u) is continuous on [0,7] x R.
Up to modifying the almost-sure event A, we may assume that for every ((w¥)rez,b) € A
and for every u € Q, equality (II1.98) holds. Therefore, we can define a continuous function
in the variable u € R by extending u € Q — X"“. More precisely, define for every u € R,
(WF)rez, b) € 6,

Jim X (Whgez,b)  if (WF)kez, b) € 4,

X(uv (Wk)k6Z7 b) = (u")"EQ]N
0 otherwise.

In the latter definition, the limit exists and for every ((w*)rez,b) € A, Xi(u, (W*)rez,b) =
x{(u) for every t € [0,T] and for every u € R. By construction, for every ((w¥)iez,b) € ©, u €
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R — X (u, (WF)gez, b) € C([0,T],R) is continuous. It remains to show that X is progressively-
measurable. Let us fix ¢ € [0,7]. By construction of X%, we know that for every u € Q,

0, x© =R
(s, (W)kez, b) = X (W*)ez, b)

is BJ0,1] ® By(©)/B(R)-measurable. Since X is the limit of X, := > keZ Xk/”]l{ue[ﬁ ki1, We
deduce that for every t € [0, T,

0,t] x Rx© = R
(87 u, (wk>k€Z7 b) — XS(U, (wk)kEZ') b)

is B[0,t] @ B(R) ® B(©)/B(R)-measurable.

Recall that £F" ©F (9, (WHF)rez, B) = LF (x9, (WF)rez, b). Since P-almost surely, for every
u € R and for every t € [0,T], x{(u) = X;(u, (W*)rez,b), we deduce that PV ® PP-almost
surely, for every u € R and for every t € [0,7T], equality (II1.95) holds. It completes the proof

of (a).
Proof of (b). Proving (b) is equivalent to find P : C([0,T], C)? — C([0,T], P2(R)) such that
for every bounded measurable function T : R — R, the function

(Y, P):C([0,T],C)% = C([0,T],R)
(Whez = (T, P(WHhez)) = [ Y(@)dP(W)iez) (a)

is, for every fixed t € [0, 7], B:(C([0,T],C)%)/B;(C([0, T], R))-measurable.
Let us fix a bounded measurable function Y : R — R. Then, by Definition IT1.24, P" -almost
surely, for every t € [0, T,

(T, ud) - /T 9(dz) = EF U T(x ))dv] =E° [/OlT(Xt(v,(W eez, B))dv| .

Let us define P by duality: for every T : R — R bounded and measurable,
1
CP(Wher)) = [ [T (WHkez: b)) do dpiwiene(B).
c([0,7],R) Jo
Thus PV -almost surely, for every t € [0, T,

(T, P(W*)iez)) = E [/01 Y (X (v, (WMkez, B))dv| = (T, pf).

Equality (I11.96) follows.
Moreover, for every t € [0,T], by composition of two measurable functions,

0,f)] x Rx© = R
(s,u, (WF)rez, b) = T (Xs(u, (WF)rez, b))

is BJ0,#] ® B(R) ® B,(©)/B(R)-measurable. By Fubini’s Theorem, it follows that for every
te[0,7],

[0,¢] x C([0,T],€)% - R

1
(5, (WF)kez) > /C - /0 T (X (0, (W)hez, b)) dv dpviener(b),
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is B[0,t] ® B:(C([0,T],C)%)/B(R)-measurable, where fiwiener denotes the Wiener measure on
C([0,77,R). This completes the proof of (b).
Proof of (c). Let us define, on the canonical space (0,B(0)), F} = (x/)~! and

A = 9,x] (F{(-))h(F](-));
AY* r=/ A (- —y)ee(y)dy;
R

1
H"(u) :

— g _ A9E Xgu .
T auxg(u) (At At )( t( ))

In order to prove that H9® can be written as a progressively measurable function of v and
((WF)rez, b), we will prove successively that this property holds for 9,x9, F9, A9 and A9¢ and
we will deduce the result for H9° by composition of progressively measurable functions.

Let us start with d,x9. By Proposition I11.13, since ¢ € G'*? and o > % + 6, P-almost
surely, for every ¢ € [0, 7], the map u + x{(u) is of class C'. Thus there exists a P-almost-sure
event A € B(f) such that for every ((w¥)rez,b) € A, x/(u) = Xi(u, (WF)rez, b) holds with
every (t,u) € [0,T] x R and u + xJ(u) belongs to C'. Let us define for every ((w*)rez,b) € A,
for every (t,u) € [0,T] x R,

X, k b) — X, k b
Oui(u, (W")kez, b) := lim sup (utm, (Whkez, b) t(u, (W)kez, b)
n\0 n

Thus for every ((W*)gez, b) € A and for every (t,u) € [0, T] xR, 9,x}(u) = 0uX;(u, (W*)rez, b).
If ((Ww*)rez,b) ¢ A, then define 0, X;(u, (W*)rez, b) = 0 for every (t,u) € [0,T] x R. Moreover,
by progressively-measurability of X'; it follows from the definition of 0,X is also progressively
measurable; more precisely, for every t € [0, 7],

0,t] x Rx© — R
(s, u, (W )rez, b) = OuXs(u, (W*)rez, b)
is B[0,1] ® B(R) ® B;(0)/B(R)-measurable.

Let us proceed with F9. Let us define for every = € [0, 27]

. 1
Ff(l’) Z:/O ]l{xtg(v)—xf(O)éa:}de' (11199)

Thus we have for every = € [x4(0),x:(0) + 27]

~ 1 1
Fi(z —x{(0)) = /0 Lo (vy<aydv = /0 Liyepy(a)ydv = F{ (2).
Therefore, since for every z € R, F{(z + 27) = F{(z) + 1, we have

F{(x) = > L{z—orkex (0)xi(0)+2m)} (Ff(x —2rk —x7(0)) + k‘) :
kez

Hence it is sufficient to prove that we can write f‘f as a progressively measurable function of x and
((W*)rez, b). Recall that P-almost surely, u + x9(u) = X (u, (W¥)gez,b) is continuous. Thus
there is Z such that P-almost surely, for every v € [0, 1], for every x € [0, 27], Lix9 (0)—x9(0)<a} =

Z.(v, z, (W¥)rez, b) and such that for every ¢ € [0, T,

[0,¢] x [0,1] x [0,27] x © = R

(57 v, T, (Wk)k€Z7 b) = Zs (U’ xr, (Wk)kEZa b)
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is BJ0,1] ® B(]0,1] x [0,27]) ® B,(©)/B(R)-measurable. It follows from Fubini’s Theorem and
from (II1.99) that for every t € [0, T,

[0,¢] x [0,27] x © = R
1 ~
(5,2, (WHhiezb) = [ (v, (wH)hez, b)dv = Fi(a)
0

is B[0, ] ® B([0, 27]) ® Bx(©)/B(R)-measurable.

Let us conclude with A9, A%° and HY9¢. First, remark that AY is obtained by product and
compositions of 9,x9, F9 and h, where h is a C'-function. Thus = — A9(z) is a progressively
measurable function of x and ((w*)rez,b). It follows also that (z,y) — A9(x — y)p:(y) is a
progressively measurable function of z, y and (w").cz, b. By Fubini’s Theorem, it follows that
x — A9¢(z) is a progressively measurable function of  and ((w*)rez,b). Again by products
and compositions, it follows that there is a progressively measurable function H such that P-
almost surely, for every u € R and for every t € [0, 7],

HY* (u) = Hy(u, (WF)iez, b).

It follows that P" ® PA-almost surely, equality (I11.97) holds. It completes the proof of (c) and
of the proposition. I

By definition (II1.54) of the notation [%}, we have for every v € R:

0¢ _ 09 g
LSm ~om o om

| Do) = s2 ) =B | [ 32 ()t ()]

Let us prove that for every t € [0,7], g € G! and p > 1, there is C, > 0 such that for every
vER,

2 | [22] who)|] < o (.100)
EW [av { {;ﬁﬂ (Mfg)} (v)ﬂ <C, (ITL.101)

By inequality (II1.16), there is a C' > 0 such that P"-almost surely for every z € [0, 27],

0. {[52] )} @] = Jo. { 52 ut)} @) = 19,0 )

1
< C(1 4 27) + CEP U \xg(u’)|du’] . (I11.102)
0

By Proposition IIL9, z — 9,¢(uf)(x) is 2m-periodic, thus inequality (II1.102) holds for every
z € R. Moreover, for every p > 1, EVES [ fol |2d (u) [Pdu’ } is bounded by a constant depending
on g, t and p. This implies inequality (II1.101).

By integrating inequality (I11.102) for x between v and v’, we deduce that there is C' > 0
such that P -almost surely, for every v, v’ € [0, 27],

ont- £

2 )0 - g )| < €+ om [ [ atniad].

By Proposition II1.11, v %(Mf )(v) is 2m-periodic, thus the latter inequality holds with every
v,v" € R. We deduce that there is C' > 0 such that P"-almost surely for every v € R,

[52] wh)

Inequality (I11.100) follows as previously.
Let us state the following Lemma.

1
<C+CE [/ |x§(u')|du’] .
0
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Lemma II1.38. Let 6 € (0,1), g € G' and f be of order o > % +0. Let he€ A and ¢ > 0.
Fizw e [0,1] and s <t € [0,T]. Thus the following equality holds true

Ve [o, {[22] ) wt )} ) 2=

=2 [ 22] ()t m2o) - [ durgas] . amos)

Proof. Letu € [0,1] and s <t € [0,T]. Let us define, for every r € (0,71, & := 7 [§ Lzefspd2.

For every v € [—1,1], denote by (2¥),e[0,7] the process (z47*"), (o 7]. By (111.40), PV ® PA-
almost surely, 2% (u) = z91¢ (u) = Z7 (UHV&T, where &, is independent of u. Let us apply (I11.42)
to x = g(u) and ¢; = &. We obtain for every u € R, PV @ PA-almost surely for every r € [0, T]
and every v € [—1,1]:

() = g(w)+ 3 fi /0 R (e L AWE) + B, + v /0 0, Z9W Ve .
keZ

Since both terms of the last equality are almost surely continuous with respect to u € R, that
equality holds almost surely for every u € R.
For every v € [—1, 1], us define the following stopping time

a”:—inf{r}O:

T .

y / angwwfzgzd,@'z‘ > 1} AT
0

Let us define the process (y;/),¢[o,7) solution to the SDE:

dy,‘,’ (u) _ Z R (e_iky:(u)de) +dj, + V]I{T<UD}ang(u)-f—uirérd?"-
keZ

Remark that the processes (z;)rcjo,r] and (y;)rejo,r] are equal until o”. In particular, they are
equal under the event {o” = T'}. Let us define for every r € [0, 7]

rAc? . p2 prioY
0 2 Jo

By definition of ¢, we have £/ < exp (—I/ for/\au (%ch(u)Jwngzdﬁz) < exp(1). In particular,
(& )TE[O’T} is a PV ® PP-martingale. Let us define PV as the absolutely continuous probability
measure with respect to PV @ P? with density % = &F. Thus by Girsanov’s Theorem,
the law under PV of (W*)rez, %) is equal to the law under PV @ P2 of ((W*)iez, ). It follows
that (€2, G, (Gt)iepp,17, P, v, (W*) ez, BY) is a weak solution to (II1.93).

By Yamada-Watanabe Theorem (see the proof of (a) in Proposition II1.37),

0,290, dz) .

£ (Whez, 87) = L7797 (o9, (WH)ez, ) = L7 (<, (wH)gez. b).
and P-almost surely, for every v € R and for every ¢ € [0, 7],
yr (u) = Xi(u, (WH)ez, B°). (I11.104)
Thus it follows from (II1.104) that

B [[52] Gt ) i< = B [ [32] () (s (WHyecz, ) 120

om
=EVE Hm (19 (X, (W) 7)) HE ()~

dPY © P9) |
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Furthermore, by Proposition I11.37,
e y
2 [ 52] (ut) ot w2 )]

_EVEP H ‘ﬂ (P(WF)kez)) (X (u, (WF)kez, 8)) Ha(u, (WF)rez, B) d(IPWCVuP;W)
- H 5¢] (Pd((WH*)kez)) (Xi(u, W*)rez, B)) Holw, (WH)kez, B)| -

om

Moreover, remark that the processes (8;),ejo,q] and (58/),cp, are equal, because & = 0 on
[0,s]. Since (Hs)sejo,r) is progressively measurable, PV-almost surely, Hs(u, (W*\ez, B) =
Hs(u, (WF)ez, BY). Therefore,

2 [[52] (et ot ) 270

om
= Hcf:ﬂ (PU(W )kez)) (i, (WF)kez, B7)) Ho (u (Wk)kezﬂy)]

= EVE? [[S2] (PUWH)iez)) (Hilu (WHhez, B) Halu, 0V )rcz, )

since the law of ((W*)zez,3”) under P¥ is equal to the law of ((W*)iez, ) under PV @ P5.
The last term of that equality does not depend on v, so

)

<l enuenmew] <o (L1L.105)
Furthermore,
B[00 () o () HE ()] = EVVEP H;fi] (ug)(y;(u))ﬂgf(u)gf]

= BVE [[22] () e o 2 e |

om s
(I11.106)
+EVE? [ﬂ{gua} ([ﬁ} (1) (it () — [(%fl] <u§><x$<u>>> Hﬁ’e(u)ﬁt”]

because 1 (,v_ry (2 (u) — y/(u)) = 0. By Holder’s inequality and by the fact that & < exp(1),
we have

EE (100 ey ([52] ut)02 ) - [52]
< exp(1) EVEP [Hgvf(u)ﬂ Y2 v o Py [a” < T]

(@ |2 wwron|] 2w [[[2)enerw]] )

By Burkholder-Davis-Gundy inequality, and by inequality (I11.38), for every p > 2,

o

()t () HE ()7

1/4

(111.107)

PV @P)|0" < T| = PV @ P) [sup\ / 0, 28 HEE.dB.| > 1

r<T

r<T

QEWEB lsup‘ /829 u) v, TIZEIS Y {Zesﬂ} ds,

< CylvP EVE? { r(u)""l’gr ‘ }
c, t
<G EE [ 8fo<“””5’“ dr] < GylvP,
— S s
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where the constant C), changes from a line to the next and depends on s and ¢. In particular,
there is C such that for every v € [-1,1], (PV ® P?) [a” < T} < C|v|®. Moreover, by (I11.100),
for every v € [—1,1],

411/4

BV || 2] e w)|] <e

where C' depends only on g and ¢ and is independent of v. Similarly, there is also C' > 0 for
every v € [—1,1],

EVES U {;ﬂ () ()| ]1/4 <cC. (II1.108)

Furthermore, let us compute

EVES [H9<(w?] " = EVE? {1 A9 — A9’6|2(x9(u))] "
S ’auxg(u)‘Q S S S
1/4
1 1/4
<EVES [ - ] EVES [|lag - aze|ls ],
4
By (I11.34), EWEFA [H Foad } is finite. Moreover, recall that A%° = AY x ¢.. Therefore, for
every x € R,
A3 = AZ7| (= ’/ (A3(x) — Af(z - )) - < )dy’ ‘/ (Ad(z) — A(x —&?y)w(y)dy’

< / ’ / 8xA§(x—€Ay)€ydA‘<p(y)dy
R I1J0
< Cel|0:AY| 1o s (I11.109)

where C = [ |ylo(y)dy. Thus EWE’ {HAg - 1 } < Ce'EVES [||axAg||‘ioJ, which is
finite. To show that last statement, we use (II1.91) and an analog to (II1.92), where we replace

the exponent 2 by an exponent 4. We deduce that EWE? [HI< (u)?] Y2 is finite.
Thus it follows from (II1.107) that for every v € [—1,1],

EVE [tary ([52] G0 - [22] (bt ) e igr ]| < clu. a0

Combining (I11.106) and (II1.110), this proves that there is C' > 0 such that for every v € [-1, 1],

< Ol

B [[22] ) ot =) - BV [[£2] () @t ) 2= et

om

Recalling (II1.105), we deduce that

-l weremew] = £ Ve 28] e mwe ]

dV|l/:0 om dv |v=0

- B[] wn@ e me e

dv|v=0 om

It follows from (II1.108) that ( [ ﬂ (u)(Z7? (u)+y&)) . is uniformly integrable. By inequal-

ity (II1.101), we prove in the same way that (av{ [(%] (uf)}(Ztg(tu&)) i is also uniformly
ve|—1,
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integrable. Recall that, by inequality (I11.38), (0,27 (u)+'/§t),,€[,1,1] is uniformly integrable. Thus
we get by differentiation:

_d w /3[[5(/5} o/ a(WAVEN 1rg.e V}
0= BB [[52] iz e &

6 u u
—EVE? [o,{ [ 32] ()} (20,206 11 (w) (IL111)
W 57¢ g g(u) g, ¢ g(u) ¢
—E"E Sm (Mt)(Zt ) Hs (U) 0 8IZ1“ grdﬁ’f’
On the one hand, using equalities (II1.40) and (II1.41), we have

Ve (o [$2] ()} (202 113 (w)

om
—EVES [av{ 22 ()} e 220, g

o
(I11.112)

g'(u)
— EVE? {&L{ L?:i] (1f)(2 () p(w) gr(lu) nga(u)] ’

because & = 1. On the other hand, by definition of &,

VB[22 (a2 mee) [ 0.209605,]

= 8VE? [52] et st [ 258as],

Putting together equalities (II1.111), (II1.112) and (III.113), we obtain equality (II1.103). O

Recall that h is a Gy-measurable random variable with values in A! and the definitions (IT1.59)
and (IIL.60) of the processes (A7)ico,r) and (A7)icjo.r]- Let us define the process (K7*°);cp0.17,
also depending on h, by

c t Héq@ t t Ags) _Ag,a g 1 t
K (u) ::/0 t—(:)/s Ouxd(u)dprds :/0 ( auxg()zif (U))t—s/s Oyxd (u)dprds.
(I11.114)

om

Thus we state the following proposition. Recall the notation [ap“ﬂ and [%} defined by (I11.54).

Proposition IT1.39. Let 6 € (0,1) and f be of order a = % + 6. Let g and h be Gy-measurable
random variables with values respectively in G3t? and A'. Let (th’s)te[o,T} be the process defined
by (II1.114). Then there is C > 0 independent of €, g, h and 6 such that P°-almost surely, for
every t € (0,77,

1 w gy11/2
/D [(ﬁﬂ (Hg)(g(u))auh(u)du’ < Cmcl(g)!h!\m
1/2
< t[s K<) o F
+%8||h||c102(9)EWE5 [/0 [5771} (Mf)(xf(U))mdu ] , (IIL.115)

where C1(g) = 1+ llg”l1Z, + 9”2, + I¢'ll7.. +
24

8
7 (L and Ca(g) = 1+ [lg” 12, + 9", +
1

12
lg'llz, + g

Lo
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5

— RWR8 ! 9\ (9 g _
[:=EVE { /0 0,(1?) (2 (1)) Buzd (w)h(w)du| = I} + I,

Proof. By (IIL.57),

2] (18) (9(w) Duh(u)du| = [1], where I is given by (IIL61):

where
I :1@@[ 1 tammmm»g;gggg;m <>>dsdu],
1= 1 | [ ot S (4 - 42 et s

where H?* is a 1-periodic function given by (II1.94). By Proposition I11.33,

VW ()]
£3+20, /¢

Furthermore, 0,¢(uf) = 0y { 3¢ (ut)}, thus

om
= 1B [ [ 0 { 220} (et )t ) < )t
= [ e fo {2 G eton | (g )] dsa

Recall Definition (II1.54) of [%}. We can remove the average of (ut)( 7(-)) since we are

Ll <C Ci(g)lhller-

considering the derivative with respect to u. Therefore

- 1 [ ou{[32] it} mze] asau

By equality (II1.103) proved in Lemma (II1.38), we deduce that

= [ e [[22] et o [ ousas] dsta

1 56
— _EVEP [/ [ } /H97 / Lz ( . ]
; = \om (ud)(z w) PR Oyxd (u)dprdsdu
= tevee [ [ [‘Sﬂ wg)(:cg(u))K”(u)du}
; o Lom | Wi t ;
where we recall that K7 (u) = [ HS®(u);; [! 0uzd(u)dB-ds, which is a 1-periodic random

function. By Cauchy—Schwarz mequahty,

EVES [ [ [22] () (0 () K2 ()
=[]

om

K§ ()

du
(e

[e’s}

57 1/2

2
<EVE |K¢73,) " EVES ” / (1) (f () ] .
Let us estimate EWE? [Hng im} By definition of K7 given by (II1.114), we have for

every u € [0, 1],

1
K<)l < [ 1142 - s | et a
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By (I11.109) and by (IIL.91),

1
147 = AZ*l., < CelldzAfllL,, < Cellhller 1+H<952)$§\\Loo‘g :
oo oo 8um5 Lo
Thus we obtain
o t 1 1 t
K2, < Cellbller | = 57| || duatras)  as
0ot— Leo Loo
9
+Cs\|h\|cl/ LJ 5 00| ds
< Cellh]] 1+su Ha su 1 + su LI
L -
¢ p Leo rgg)“ auxg Loo r<£)“ a i Loo

ds.

/0 t—s /sauxg(')dﬁr L

Recall that h is a random variable on QY. Thus, by Hélder’s equality, we obtain

e}

1/2
EVE? [||Kf’€!|iw} < C¢el|h||cr E1 B2 Es. (I11.116)
where
1/8
E, :=1+E"E? lsup 8(2)569 ;
r<T Lo
W - L8 1/8 Wi 1|6 1/8
Ey, :=FE"VE” |su +E"E” |su ;
2 _rgg)“ auxg Loo [ng)“ 8ux7q Loo‘|
Es :=EWE? / /auxﬁl(-)dﬁr ds
o t—slJs Loo

Recall that by assumptions, g belongs to G3t? and f is of order o > % + 6. By (I11.33) and
by (II1.34)

Ey
Es

CA+llg" s + 9" l7 + llg'l1Z.0)s
C+ 9" L + 'l + 5112

Furthermore, F3 < E31 + E32, where

Esy:=EVE? {(/ —

E ::EW]Eﬂ{/
3 () =

By Holder’s inequality, we have
4 3 t 1 1 t
_wW g

1 3t
WA
<EVE {(/0 |t st) /0 |t_8|5/2

3 t
< Cvt 7E E? {
f 0|_S|5/2

<
<

ux dBT

ds) ]1/4;

dsdv) 4} v .

v)dg,

)]

uJU dﬁr

as|

w27 (0)dBy

Tas
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By Burkholder-Davis-Gundy inequality, we obtain

EVE? [

7 (0)d 3y

4 t 2
} < CEVE? U / \auxg(())y?dr] ] < C(t - 5)2EVE? [supaux$(0)|41 .
s r<T

Thus

1/4

3 [t |t —s|? 1/4

Bor < O(VE [ o) RS sup aat )| < ovElg e
0 ‘t - 3‘ / r<T

where the last inequality holds by (II1.25). By the same computation,

1/4
B2 < CVIEWES lsup/ 02 !4011)] SCVEA+ 9" lLw + 1917.),

r<T

where the last inequality holds by (II1.31). We deduce that E3 < OVt (14 |l¢"[lL.. + l9'll7_)-
By inequality (II1.116) and the estimations on FE;, for i = 1,2, 3, we finally get:

1/2
EVE? [IIK?<N7 | < CViEllhller Calg),
where Ca(g) = 1+ [lg” I3, + 9”112, + llg'I12. + 1 217 O

I11.4.4 Bismut-Elworthy inequality for the semi-group (F;):cpo1

The aim of this paragraph is to complete the proof of Theorem II1.29. We start from the
result given in Proposition II1.39. In Proposition I11.41, we will choose a suitable value of e.
Those results give an estimation of the linear functional derivative of P;¢ in terms of the linear
functional derivative of ¢; in Proposition II1.42 and in Proposition I11.43, we compare Po;¢ to
P,¢. Finally, we will take a supremum over every t in order to get rid of the second term on the
right-hand side. This will achieve the proof of Theorem III.29.

Definition ITI1.40. Let /C; be the set of G;-measurable random variables taking P-almost surely
their values in the set of 1-periodic functions k : R — R satistying || k|1, = 1.

We denote by E [-|Go] the conditional expectation with respect to the o-algebra Gy. Note that
for each random variable X on , we have EWE? [X] = E[X|Go]. Indeed, for each Gy-measurable

random variable ¥, E[XY] = E°EWE? [XY] = E° [EWE/ [X]Y].

Proposition IT1.41. Let 6 € (0,1) and f be of order a = % + 0. Let g and h be Gy-measurable
random variables with values respectively in G3t? and A'. Let (Kf’a)te[O,T] be the process defined
on the basis of h by (I11.114). Then P°-almost surely, there is eg such that for every t € (0,T),

L[6P¢ 20 QY2 W g2
E[/O [5; } (18) (9(w))Duh(u)du| |G <CW Cs(g)lIhflet™
/ ) g(u))th’EWduQ‘g " (I1.117)
23+9 t Ty ||Kf750 HLOO 0 , .

where C3(g) = Cl( )CQ( )3+29 and C is independent of g, h and t. Moreover the random

K
variable u — |

7|Kg 9 belongs to K;.
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Proof. By (II1.115), we obtain

NAMCITT))
£3+20, /¢

oMl o, s [

C1(g)l[hllex

[ [52] it e

om

[ 59T (utyistunauntuia < c.

om

Vi

where C(g) and Cs(g) are given by Proposition I11.39 and C,, C}j, are two constants.

Let us choose g9 = m%”% We obtain
C

W 1/2
[ 1291 gy gt antan] < ¢ XL o gy gt

om \/%4—1-29
1 5 K7 (u)
+ —— EVE? [ /0 [&m} (/Lt)( ( )) HK??’SOHLOO du

971/2
23+0 ] )
where C3(g) = C1(g9)Ca(g)3t??. By the fact that g and h are Go-measurable and by the property
EWEP ] = E[-|Go], we deduce the result of the proposition. O

In the following proposition, we use the flow property to compare the derivative of Ps:¢ to
the derivative of P.¢.

Proposition II1.42. Let § € (0,1) and f be of order a = 7 + 6. Let g :R — R be a
deterministic initial condition belonging to G3%9. Fix tq € (0, T] Lett € (0,%]. Leth:R— R
be a Gy, —oi-measurable random variable with values in A' satisfying P- almost surely ||h|lcr < 4.
Then there is a constant Cy > 0 depending on the initial condition g and independent of to, t
and h such that

d

/01 {5P2t¢] (1 o) (@] 5 (w)Ouh(u)du

om

271/2 w 1/2
VW ()]
1 S Cg t2+;0

/01 {(5Rt¢:| () (@ (u)k(u)du

om

1
+W sup E[

271/2
] . (IIL118)

Proof. Let t € (0,%]. Apply inequality (IIL.117) to P;¢ instead of ¢. Remark that || P, <
¢l L. - We obtain that

1 2 1/2 w g \11/2
E[/O [%ﬂ (1) (9(w))Ouh(u)du \go gcw C3(g)||h)| 5%
1/2
1 1 6Pt Kgso
+23+9E[ [ 5] )t ) sy \go] .

Fix s =ty — 2t. Let us consider h a Gs-measurable random variable, taking almost surely
values in the set of 1-periodic C!-functions such that ||h|lcx < 4. We start again the whole
argument with this new h and after replacing the initial condition g by z¢, which is also G-
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measurable. The computations remains the same and we finally get

g 1/2
1P g 21 V)|
Hé[gﬂw%W%wmww 4 o ﬁﬂ} Cy(at)Ihl 5
, 712

5P¢> s K290 (u)
23+9 ‘/ ' Mt+s)( t—l—ss( ))H_—du Gs

HKS $e7€0
Lo

In the latter inequality, xffsg (u) denotes the value at time ¢t + s and at point u of the unique

solution to (III.20) which is equal to ¢ at time s. By strong uniqueness of (II1.20), we have

. .5 _ .9
the following flow property: z;:(u) = a7, (u). Similarly, p

s,z

Byt = pi, s Therefore,

E[/Ol

g
sxg $,T3

g
= pd, Horis = Moy and

0Py
om

V [6(131.)1Gs] "

$2+0

Cs ()[Rt

| (@ w)ouh(u)du

NS

S:E 60()

Here, the random variable u +— ’:Z}E
K7s? 0
t+s

2 1/2
gs] <C
1/2

G.| . (IIL119)

2
1

23+0

K750 (u)

5,27, du
K sLs5€0
’ t+s I

+

(i ys) (s (w)) )

belongs to Kis. Taking the expectation of the left

Lo

hand side of (II1.119), we obtain

ﬂéﬁwww@wMMWMu

om

271/2 1

< Cgg [V [0, )1G:] " C(a) hlIET]

t2+0
e o u[|[[222 7
23+9 ke/cgs 0o L om
1
2‘| 1/2

1/2
< OV [0 )] 7 E [ Ca(a?)? IRNIEH]
/ [513 + ¢
0o L om
Recall that almost surely ||h|/c1 < 4. Recall that the definition of C3(-) is given by Proposi-
tion IIT.41.
P\’
[..)

E[C5(29)°] = E [1(29)2Ca()*]

(Mngs) (x?Jrs (u) ) k(u)du

1/2

(I11.120)

(i o) (@ y s (w))R(u)du

1
+ —=— sup E
23+9 k‘E’Ct+s [

=E

(1 + 1022112, + 1057 dlI%,. + 19uad]}., +

6446
(1+Ha 28|13, + 0P, + 0uadll12. + 557 13 ) 1 (TI1.121)

We refer to (I11.31), (II1.33) and (II1.34) to argue that every term occurring in the right hand side
of (II1.121) are bounded by a constant depending polynomially on ||¢"”|| L., 9" |2 Il¢'l| L., and
H%HLM. The constant is finite since g belongs to G3+%. It depends also on T but is independent
of s. Therefore, there is a constant C; depending on the initial condition g and not on s such
that E [C3(29)] < Cy.

We conclude the proof of (II1.118) by replacing in (II1.120) s by its value s = to — 2t. O
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For every t € (0,to], let us define

om

2‘| 1/2

Proposition IT1.43. Let 0 € (0,1) and f be of order o = %—FH. Let g : R — R be a deterministic
initial condition belonging to G3T0. Fiz ty € (0,T]. For everyt € (0, %0], we have:

St:= sup E
kE’Ctoft

/01 [5Pt¢] (Mgoft)(x;?oit(u))k(u)du

where KC;,—; is defined by Definition III.40.

VW e(ud )] 1
t2+9 23+0

Sar < C, S,. (111.122)

Proof. Let t € (0, %0] Let k € K¢,—2t. By Definition I11.40, k£ : R — R is a 1-periodic function
and a Gy,—g-measurable random variable so that P-almost surely, [|k|| ., = sup,cjo 1) [k(u)| = 1.

Let us denote by h the map defined for every u € R by h(u) = [;'(k(v) — m)dv, where
m = fol k(v)dv. Clearly, h is G;,—o;-measurable. Furthermore, since k is 1-periodic, we obtain
for every u € [0, 1]:

h(u+1) — h(u) = /U"H(k(v) ~m)do = /Ol(kw) —m)dv = m —m = 0.

Thus A is also 1-periodic. Moreover

IAllp. = sup |h(u /"rk — mldv < /’/’\k u)|dudv < 2[K||L., <
uE 0 1
10uhll1 = sup [Ouh(u)] < sup |k(u) —m| < sup /’rk v)ldv < 2|k <
u€(0,1] u€(0,1] u€(0,1]

Therefore, ||h|lc1 < 4. Thus the assumptions of Proposition I11.42 are satisfied, hence we have
by inequality (III.118):

d

Moreover, 9, h(u) = k(u)—m and by definition of {5132@} Ik [5P2t¢] (1, _o0) (o4 (u)) mdu = 0.
Thus we obtain

1/2
<Gy

2 VW eV 1

12+0 + 93+0 St-

/01 [5P2t¢} (1 o) (@ 50 (w)Ouh(u)du

om

1/2 w 1/2
L [§Pyp ? VW [p(uf))] 1
E[A[dm}maﬂmﬁﬂmmuwm < O — + S
: . vWewd)]?
and by taking the supremum over all k’s in Ky 2, we get Soy < Cy t2+£ + 5370 S, O

Let us complete the proof of Theorem II1.29.

Proof (Theorem II1.29). By (I11.122), we deduce that for every ¢ € (0, %],

1
(20)7S0 < 200V [6(uf, )] + S,

Therefore, denoting by S := sup;¢ (g 4| 2495, we have S < 22+0C, VW [(b(ﬂfo)]lﬂ + £S. Since
S < 400, we obtain S < 23+0C, VW [qb(ufo)]l/z. Applying this for ¢t = ty, we proved that for
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every tg € (0,77, St, < 23+GCgt2£9VW [(;S(ufo)]l/Q. We deduce that there is C; > 0 such that
0

for every deterministic 1-periodic function & : R — R and for every t € (0,7, we have

|| [5] ttstanncoan

om
Since g and k are deterministic functions, we have

/01 [5%] (18)(9(w))k(u)du

om

1/2
<G,

2 VW [p(uf)] '/

.

VW ¢ Mg 1/2
<0 O

Let h € A'. Thus k = 9, (&) is a 1-periodic function and we deduce that

N|=

'[3P0 h LA A VW o))" | b
L [52] tptatunon (%) wan) < €, — o .. < €= |2
1
VW l(uf)]
<Gy lIhller
for a modified constant Cy. Let us apply equality (II1.55):
VY o)
= Po(ultM| <o, g
which is the result of the theorem. O

II1.4.5 Regularization of the function ¢

In Theorem II1.29, we have assumed that ¢ satisfies the ¢-assumptions, i.e. that $ belongs to
C’é’l(LQ(Q)). However, Bismut-Elworthy-like inequality (II1.56) does not involve any derivative
of ¢. In this paragraph, we show that a locally Lipschitz bound holds true for a larger class
of T-stable functions ¢ : P2(R) — R, namely for every bounded and uniformly continuous
function ¢. We start by showing that this class of functions is linked with the set of bounded
and continuous functions ¢ on P(T).

Recall that Wy is the Ly-Wasserstein distance on P(T). Let ¢ : P(T) — R be a bounded
and continuous function with respect to W' . For every p € P2(RR), we associate the probability
measure ;i € P(T) defined by i(A) = u(A + 27Z) for every A € B([0,27]). If X is a random
variable with distribution s, then the law of {X} is i. Let us define ¢ : P2(R) — R by

d(p) == p(fa).

Proposition I11.44. If 5 : P(T) — R is a bounded and continuous function with respect to
the Wasserstein distance WZT, then ¢ : Po(R) — R defined as above is T-stable, bounded and
uniformly continuous with respect to the usual Lo-Wasserstein distance on R.

Proof. The properties of T-stability and of boundedness are clear. Let us prove uniform conti-
nuity.

Let ¢ > 0. Since T is compact, it follows that P(T) is compact for the weak topology.
Moreover, again by compactness of T, the weak topology on P(T) is equal to the topology
induced by the distance W3. Thus the continuity of the map ¢ : P(T) — R with respect to
W3 implies its uniform continuity: there is § > 0 such that for every ji,7 in P(T) such that

W3 (i, 9) < 8, we have |¢(fi) — $(P)| < e.
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Let p,v € Pa(R) such that Wa(u,v) < §. Then there is a couple (X,Y) of random variables,

X with law 1, Y with law v, such that E [| X — Y|2]"/% < 6. Thus the law of {X} is /i and the
law of {Y'} is 7. Moreover, d* ({X},{Y}) < |X — Y|, thus we have

WEGD) < B[ (X ) <B[Ix-vE] P <o

Hence |$(i) — ¢(7)| < e and it follows by definition of ¢ that |¢(u) — ¢(v)| < . This proves
that ¢ is uniformly continuous. O

Let ¢ : Po(R) — R be a T-stable function, which is bounded and uniformly continuous on
Ps(R). Recall that by (I11.45), for every t € [0,T], for every g € G!,

Pip(uf) = BV [p(u)] = B [4(af)]

where ¢(X) = ¢(L 01]x08 (X)) for every X € Lo([0,1] x Q%). Moreover, ¢ is bounded and
uniformly continuous on Lg([0, 1] x Q7).
Let A%t be the set of 1-periodic C3+0-functions h : R — R.

Theorem II1.45. Let ¢ : Po(R) — R be a T-stable function, which is bounded and uniformly
continuous on Pa(R). Let 6 € (0,1) and f be of order o = £ + 0. Let g € G*™ and h € A3,
Then there is po > 0 and a constant Cyj, both depending on g and h such that for everyt € (0,T]
and for every p € [~ po, pol,

N 9] Lo
’Ptgb(,ugw ) — Pt¢(ﬂg)’ < [pCy,n 12+6

where Cy, is bounded when |lg" |1 + llg" . + 9l + | 21|z + [Blles is bounded.

Proof. Step 1: Let us assume that ¢ satisfies the ¢-assumptions. Let pg = ———1——. Then

2Hh’HLooll oo

for every |p| < po and for every u € [0, 1], ¢'(u) + ph/(u) > #. We have for every |p| < po

Pl — Potu) = [ - {Protu™™)}ar.

Let us apply, for every r between 0 and p, the result of Theorem III.29 to ugwh,

Pl Lo
2ot - Pt <| [ Cormn 2 I cra

g J,-'rh’ HLoo IS

where Cg+rh is bounded when Hg’" +rh" oo, + 19" + 7R L. + g + o + |5
1 )

2 ’
g/ Th/ g/

9™ + rh ™. < Ng™ i + poll B L

Thus, if we choose a constant Cy , being equal to [|h||c1 sup,¢|— Cytrh, We have

p05p0]

h 6.
P (") = Pig(1ah)| < 1plCynt s

and C, j, is bounded when ||¢"” || + 19" |z + 119l 10 + H%”Lm + ||h|¢s is bounded. Hence the
statement of the theorem is true in the case where ¢ satisfies the ¢-assumptions.
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Step 2: Let us assume now that ¢ is T-stable, bounded and continuons on Py(R). Recall
that ¢ is bounded and uniformly continuous on H := Ly([0, 1]x2%). Furthermore, ¢(X) = ¢(X)
if £L(X) ~ L(X') in the sense of Definition IIL.5. Therefore, let us apply the inf-sup-convolution
method introduced by Lasry and Lions [LL86]. Let us define for every 0 < § < ¢, for every
X e H:

e ._ - _i o .
5(X) = sup {3(V) = 3 IX = V|
Y / 3 1 /

5000 1= nt {& (V) + 251X = Y},

where || - | denotes the Lo-norm on [0,1] x Q°. Remark that for the sup-convolution we
should actually extend ¢ to Hy = Ly([0,1] x Q7 x [0,1]) and take a supremum over Y € Hy of
oY) — 3| X = Y|y, in order to ensure, for any X € H, the existence of a random variable
on Hj independent of X (and do the same for the inf-convolution). We refer to the proof of
Lemma I1.44 for details about this strategy; for simplicity, we will assume that for any X € H,
we can construct on H a random variable independent of X. Let (&,)nen be a sequence of
positive numbers converging to 0 and ™ := 55”’5"/2. By [LL86], for every n € IN, ¢" belongs to
Ckl)’l(H ), the set of bounded C!-functions defined on H such that the gradient is bounded and
Lipschitz on H. Furthermore, the sequence (¢™),cn converges to (E uniformly on H.

Let us check that for each n € IN, there is ¢" : Po(R) — R satisfying the ¢-assumptions
such that q/ﬁ’\“ = ¢™. First, we have to prove that if X, X’ € H are two random variables such
that £(X) ~ L£(X'), then 9" (X) = ¢"(X'). Recall that ¢" := ¢=m<n/2; thus we only prove that
property for d)e since the definition of d)E 9 is symmetric.

Let ¢ > 0. First of all, recall that there is a Z-valued random variable k(X) such that
X = {X} + 2k(X)7. Since X and {X} belong to H = Ly([0,1] x 9%), 2k(X)n also belongs
to H. Thus

o~

3(x3) = sup {30) = 3} =Yl | = sup {31 = 51X — 2K(X)m = lu

~ 1
= swp {87 + 2600m) = 1% - ¥}

~ 1 ~
= sup {3(V) = 1X =Vl p = 5(X)
YeH €
because ¢(Y + 2k(X)7) = ¢(Y).
Let X and X' be two random variables such that £(X) ~ £(X'). Then L({X}) = L({X'}).
Let us prove that ¢°({X}) = ¢°({X’}). Let § > 0. By definition of ¢¢({X}), there is Y € H
such that

FUXN o< oY) - 52 XY Y (IT.123)

Let us denote by 7 the conditional distribution of Y given {X}. More precisely, n : Rx B(R) —
R is a function such that for every z € R, n(z,-) belongs to P(R), for every A € B(R), z —

n(z, A) is measurable, and for every f : R? — R bounded and measurable, E [ fHX },Y‘S)} =

E[Jn F{X} p)n({X 3, dy)], where B[] =P [ [} - du].

Moreover, for every z € R, let us denote by u € [0,1] — g¢(z,u) the quantile function
associated to the probability measure n(z,-). For every ¢t € R and for every u € [0,1], {z :
g(z,u) <t} ={x:n(x, (—o0,t]) < u} € B(R), so we deduce that for every u € [0,1], z — g(z,u)
is measurable. Moreover, u — g(z,u) is a cadlag function. It follows from [KS91, Proposition
1.13] that (z,u) — g(x,u) is measurable.
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Let us define U be a random variable independent of { X’} and with a uniform distribution on
[0,1]. Let Y’ := g({X'},U). Then the following computation shows that the law of ({X'},Y”)
is equal to the law of ({X},Y?). Indeed, for every f:R? — R bounded and measurable

BLA(XLY) = E QX o(xh 0] =B [ [ 5D 00X )]
B[ [ S0 X))
=E /]Rf({X}jy)n({X},dy)] =E {f({X}vyg)] )

because L({X}) = L({X'}). Thus by (II1.123), for every § > 0,
F(XD) ~ 6 < B0 — o (X} = Vol = () — o IHX) — V]l < FUXD).

We deduce that #({X}) < ¢°*({X'}). By symmetry, it follows that ¢°({X}) = ¢°({X’}). Thus
F(X) = 6°(X).

Therefore, for every n € IN, ¢"(X) = ¢™(X') if L(X) ~ L(X'). Let ¢™ : P2(R) — R be the
unique function satisfying ¢" (L 1jxqs (X)) = ¢"(X) for every X € Lo([0, 1] x Q7). Therefore,
¢" is T-stable. Furthermore, the fact that ¢™ belongs to Cé’l(H ) implies that ¢™ satisfy the
¢-assumptions.

By Step 1, it follows that for every n € IN

n 3 ¢n o0
[P (g 7%) — Pus™ ()| < oIy Sl

Recall that (™),en converges to gg uniformly on H and that ¢" = cﬁb Thus for n large enough,
9", < 2[|¢]|L... Moreover, Pig"(ud) = EW [¢"(x])] for every g € G1. We deduce that

P ") = P(uaf)| = [EY (™) — BV [a(a0)]|
<[ [unad ] BV @] + 2 sup [0 (X) = 6(X)]
= |Pg" (") = Pio™ ()| + 2 sup [¥"(X) — G(X)|
XeH

18] £ n "
<1010 n =255 +2)S<21;I!1/1 (X) —o(X)|.

The statement of the theorem follows since sup x ¢ |[¢¥"™(X) — H(X)| = nsto0 0. O






Chapter IV

Gradient estimate for an
inhomogeneous SPDE

Abstract. This chapter consists in improving the explosion rate in the gradi-
ent estimate obtained in Chapter III for a diffusion on the Wasserstein space
on the torus. That rate is approximatively of order 2. Assuming more regu-
larity on the points at which we want to obtain a gradient estimate and more
regularity on the directions of perturbation, we obtain a rate approximatively
of order t~!. This is achieved by means of an interpolation method, which
allows us to overcome the lack of regularity of the derivative of the diffusion,
which was a hindrance in the previous chapter. As an application of this re-
sult, we give a gradient estimate for a related inhomogeneous SPDE featuring
a non-trivial source term.

IV.1 Introduction

In the previous chapter, we obtained a gradient estimate of Bismut-Elworthy-type for the semi-
group associated with a diffusion on the Wasserstein space on the torus. Recall that the explosion
rate of that estimate is of order t~(>*%) (see Theorems I11.29 and III.45), which remains quite
far from the explosion rate of order t~/2 of the heat semi-group and which is closer to the
rate observed for hypoelliptic models in finite dimension, see for instance [KS84, KS85, KS87].
In this chapter, our aim is to improve the rate by assuming more regularity on the admissible
initial condition g and on the admissible direction of perturbation h (see the aforementioned two
statements for the precise meaning of g and h). We obtain a new rate of order t~ (140 This is
enough, as we will see, to get a gradient estimate for the SPDE driven by the generator of the
diffusion and with a non-trivial source term.

Recall the framework of Chapter III. In Section III.3, we introduced the probability space
(22,6, (Gt)iejo,m, P), defined as the product space of Q. 6" PV, (9°,G%,PP) and (20, GO, P0).
Let g € G! (recall definition I11.2). We consider, as in (II1.20), the following SDE on the space
(2,9, (gt)tE[O,T] ,IP):

drf(u) = 3 filt (e Oawt) + dg,
kez (IV.1)

g __
J"O_g?

where the noises (W*)rcz and 3 are respectively carried out by (2", GW PW) and (27, G#, P%)
and hence are independent. Recall the definition of the process (uf )te[O,T]v given in Defini-

207
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tion III.24:
-1
ui = (Leb[OJ} ® Pﬂ) o(zf) .

In other words, i is the conditional law of 27 given (W*),cz. Let us write the stochastic partial
differential equation satisfied by the process (uf )te[O,T]v by the same method as the one used to
get (I1.38). Let T : R — R be a 27-periodic C2-function. By It6’s formula, for each u € [0, 1],

= 3 ) ik (e HHOAWE) 41 () B+ T () (O + D),
keZ
) (1v.2)

where Cy = Y cz f7. Recall equality (I11.43): E? [fol T(xf(u))du} = Jp Y(z)dp! (z), which also
holds with Y’ and Y”. Therefore, integrating equation (IV.2) with respect to P? @ Lebjg 1), we
get:

@ [Tt = X [ Ta@aretawhade + S [ 1@,

keZ

By integration by parts, using the periodicity assumption on Y, it follows that the process
(14 )ieqo,m) satisfies the following SPDE:

dui —L(pf) = 0,
7

. (IV.3)

_,,9

where

Cr+1
L(uf) := —5—

07, (uf)dt — 0, (Z fiR(e™ ™ awf) u?)~ (IV.4)

keZ

Recall that the semi-group (F)co, 7] associated to the SPDE (IV.3) is defined by

Pig(p) = EV [p(ud)] .

Let us introduce the main result of this chapter, which consists in an improvement of the
rate obtained in Theorem III.29. The assumptions on the initial condition g and the direction
of perturbation h are the following: we assume g to belong to G**? (recall definition III.2) and
h to belong to A**? the latter standing for the set of 1-periodic C**?-functions. The definition
of C**% and of the norm || - ||c4+o are given by:

Definition IV.1. For every p € IN and for every a € (0,1), we denote by CP** the set of
CP-functions f : [0,1] — R with an a-Holder-continuous derivative of order p. We define the
following norm on CP*:

4 a&p) u _67517) v
W llepse = S 0050+ sup 12 W =0T F(0)]
= u,v€[0,1] lu — vl
uFv
For every p € IN, we will denote by || - ||c» the usual norm: || f||zp := Z:o ||61(Lk)f”Loo[o,1]~

Under these assumptions on g and h, we obtain a rate of order ¢t~(1+30).
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Theorem IV.2. Let 0 € (0,1). Let f be of order o = L+ 0. Let g € G**? and h € A*0. Let
¢ : P2(R) — R satisfy the ¢-assumptions given by definition I11.6. Then, there is a constant

C' depending polynomially on ||g|lcsa+re and independent of h, ¢, 6 and t such that for every
t e (0,71,

Pip(ud)

C
< gV 160N [hleaso. (Iv.5)

dp |p=0

Recall that the hindrance in Theorem III.29, explaining why the rate therein cannot be
better than ¢~ (249 follows from the lack of regularity of AY = (9,27 - h) o Ff for any t > 0, the
latter matching the left-hand side of (II1.12). In order to obtain in (III.11) a square-integrable

\Ck(A )12
12

inverse process ()\f)te[o,T] ,weneed Y ;.7 to be finite, where ¢ is a genenc notation for

the kth Fourier coefficient of a periodic function. Thus, if f is of order a = 5 + 6, we need Af
to be at least of class C*? for every t € [0,T]. Here, we assume that h € C*t9: nevertheless, it
is not sufficient to ensure the desired regularity on AJ. Indeed, f being of order % + 0, it follows
from Proposition I11.13 that u — 8,27 (u) only belongs to C2t?, for some ¢ < 0. Again from
Proposition II1.13, recall that v — d,2zJ (u) may be explicitly represented in the form:

Buad (u) = ¢ (u) exp ( 3 f / (—ike Rt 0awk) — = Z fkk:2> (IV.6)

keZ keZ

The main idea of the proof of Theorem IV.2 consists in replacing 9z} (u) by

u—g'( exp( Z fk/ ( ike 9 “)de) Z fkk:2> (IV.7)

|k|<N; 2 i

Both modifications (replacing z¢ by g and truncating the sum at a finite range N; depending
on t) allows (IV.7) to belong to C*? for a certain @', as we will show in this chapter. Then, we
have to deal with the remainder term, consisting in the difference between (IV.6) and (IV.7),
and to interpolate both results to get (IV.5).

Let us now give an application of Theorem IV.2. We can easily deduce a gradient estimate for
the following SPDE, which is an extension of (IV.3) to the case of a non-trivial source term F:

dpf — L(pf) = F(t, i), s
pl| = uf '

t 0

)t:O

where F' : [0,T] x P2(R) — R. Let (Qt):cjo,r] be the semi-group associated to the solution
(uf Jtelo,r] to equation (IV.8). Then, under a uniform Holder-regularity assumption on F', we
prove a gradient estimate for (Q¢).c(o,7) in the form of a Bismut-Elworthy-like inequality:

Theorem IV.3. Let 6 € (0,1). Let f be of order a = 5+ 0. Let g € G and h € A*Y.

Let ¢ : Po(R) — R satisfy the ¢-assumptions given by definition II1.6. Let the source term F
satisfy the following Hélder-assumption: there is C > 0 such that for every t € [0,T] and for
every u,v € Pa(R), |F(t,pn) — F(t,v)] < CWa(u, )%

Then, there is a constant C depending on g, ¢ and F' and independent of h, 0 and t such
that for every t € (0,T],

C
t1+39 |

L Q| <

|hllgare.
dpp=o
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The Holder-regularity assumption on F' follows from the fact that the gradient of the semi-
group is nearly, but is not, integrable in small time. Somehow, the additional gap to get
integrability is here filled by the extra regularity of F. To make it clear, we need s —
WVW [F(s, uf,s)]l/ % to be integrable on [0,#]. In other words, the variance term has

to compensate the fact that ¢ — ¢t~(143%) is not integrable on [0,7]. The assumption on F is

tailored-made to force VW [F (s, uf_,)] 172 t6 be of order (t—s)* and hence to obtain the desired
result.

Organisation of the chapter

Sections IV.2 and IV.3 are devoted to the proof of Theorem IV.2. In Section IV.2, we will explain
and prove the interpolation method, assuming that we can split A7 = (9,z{ - h) o F{ into two
terms, the dominant one having sufficient regularity and the remainder term being small with ¢
when ¢ tends to 0. Then in Section IV.3, we will prove that the aforementioned splitting holds
true, with suitable controls on the decomposition (for a relevant choice of the underlying norms).
Essentially, such a splitting consists in replacing the derivative (IV.6) by (IV.7) and applying a
similar decomposition for the c.d.f FY. Finally, in Section IV.4, we will prove Theorem IV.3 as
an application of the previous result.

IV.2 Interpolation argument

Throughout this chapter, € is a fixed real number in (0, %) and f is given and of order o = %+9.

Every theorem, proposition, corollary, lemma hold under this assumption, that will not be
necessarily recalled. Moreover, for every k € Z, (k) denotes the quantity (1 + |k[?)/2.

We want to prove Theorem IV.2, using an interpolation method. Let us start by explaining
it. Let g € G*Y. Let h € A", Let t € (0,T]. Let ¢ : Po(R) — R satisfy the ¢-assumptions
(recall definition III.6). By (II1.52), we have

d 1 h(w)
il P, gt+phy _ EW RS [/ o 929 (u 3uxg u du
g, PO [ 00 et )0 )
Let us write h as follows:
9 rt/2 2 11/2 9,29 (u)
h(u) =3 ; h(u)ds =~ ; auxz(u)h(“)ds'
Therefore
d 2 1 pt/2 D! (1)
) P, g+ph :fEWEB // B g g uL .As dsd 7
G’ W0 =5 ) uold ) gt S As(u)dsdu

where Ag(u) := 8Zfﬁé"}u()u)h(u) for every s € [0,t/2] and every u € [0,1]. Let us remark that Aj

looks like A = (0yx9 - h) o F¥ introduced in the previous chapter, but is not exactly equal.
Assumption: all along this section, we will assume that the following splitting holds. We

will then prove it in Section IV.3. Let us assume that (As)sco,¢/2] can be written in the following

way:
As(u) = A(@(w)) + Ag(u), (IV.9)

where (AY)seq0./2] and (AL)seqo,t/2 are (Ge)iejo,r)-adapted processes, where for every s € [0,¢/2],
A% R — R is a 2m-periodic C*t/10_function and Al : R — R is a 1-periodic C'-function such
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that for every p > 2, there exists Cp, > 0 satisfying for every s € (0,t/2]:

1/p Cp
EVE’ |:||A0”c4+9/16:| S 1 20||h”c4+9, (IV.10)
1/p
EVE? [ A%02] " < Cpllblaro; Iv.11)
1/p _
EVES [JAYE ] < Cost | hce. (Iv.12)
Under that assumption, let us now prove Theorem IV.2. Let (¢:).>0 be a collection of
mollifiers, defined by ¢ (x) = %cp(%), where p(x) = \/%6*12/2. For every s € [0,t/2] and
u € [0, 1], we have Ay(u) = (A2 x ) (w9(u)) + (A0 — A% ) (29(w)) + AL (u). Thus
d h Oyl (w) ,
—  Po(pdtr EWEB // Oup(pd) (z (A% % dsdu
dp o’ 1Pl ) = ) () s (AL 0) a8 ()

ulL's

1 pt)2 29 (u
+ 2 [/0 [ ottt g§u§{(AS—ASws><xz<u>>+A2<u>}dsdu]. (v.13)

Let us first focus on the first term on the right-hand side of (IV.13).

Proposition IV.4. Let t € (0,T] and let (Ag)se[O,t/g] be a (Gt)iejo,r)-adapted process such that

for every s € [0,t/2], A% is a C*H9/2_function and (IV.10) and (IV.11) hold true. Then for every
te0,7]

2 L rt/2 g Oy (u)
= [EvE? [ L oot ) S (AL o) >>dsdu]
C

< gV () P Il grse. (1V.14)

Proof. The statement of this proposition is very similar to Proposition II1.33. Thus we will
follow the same strategy to obtain (IV.14). The process (]l{sgt/g}(Ag * s))sefo,r) Will play the
role of (A9%)scio ). We will first define processes (A¥)scjo7) and (AM) o7 and stopping
times (7ar)a>1 such that the statements of Lemmas I11.30, I11.31, II1.32 and III.36 still hold
with (1«23 (AY* s))sepo,r) instead of (AZ9)secpo.7- Then we will get for free the statement of
Proposition II1.33.

Definition of \* and statement of Lemma III.30. For every k € Z and for every
s € [0,T], define )\k = ]l{5<t/2}M, where ¢, is the kth Fourier coefficient. Following the
proof of Lemma II1.30, the collection of (Gs)scpo,r1-adapted processes ((Alg)se[o,T])keZ satisfies
the following equality for every s € [0, 7]

]1{5<t/2}(v4 * s) ( Z fre™ ’ky)\’“
keZ.

Furthermore

2
7/40 ) ds.

Z/ \)\’”dsz/

keZ keZ

Moreover, by the calculation made in (II1.66), there is C' > 0 depending on 7" such that for every
k € Z and for every s € (0,T],

C
e (A * o4)] < W\Ck(ftg)\-
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Recall that for every s € [0,t/2], A% is a C*t?/16_function. Recall the following property of
Fourier coefficients: for every j € IN and 6 € [0, 1), there is a constant C' depending only on
j and 6 such that for every 27-periodic C7T%-function f and for every k € Z, |ci(f)| < W%

Thus for every k € Z, |cx(A?)| < 725755 [ A2l gavos16. We deduce that

(k)
" C’“(Ag*%) i /2 7420 1 1 012
;%/0 T ds < CkZZ/O <k> <k>29329 <k>8+9/8 ”Ach4+0/16d5
€ €
1 12 || ARG avo s
<C Y frran | s,
€

The sum ZkeZ ——7 is finite. Therefore, it follows from (IV.10) that

(k)

Z/ INF|ds

kEZ

ds

< C’/t/2 EWES {HAOHCMG/M} ds < C/t/2 1 ||h||g’4+a
0

EW RS il
820 829 81—49

< C|h)|2aot®. (IV.15)

Definition of 7, and )\Ig’M and statement of Lemma II1.31. For every M > 1, let us
define 7py = 73, A T3;, where

Th::inf{ O/Z\A“dr>M}AT

0 kez

T&::inf{SZO:‘%;g.)HL ZM}/\T;

s/\t/2)
7' : 1nf{ O/ 0

The definition of 71%4 is the same as in (I11.67). Thus PV @ P8 [ < T| = M—+o00 0. Moreover,

2

dr}M}/\T.

PV o P 1) < T| < MEWEﬂ

> / \E|2 ds] — M—to0 0,

keZ
by inequality (IV.15). By inequality (IV.11),

w B |3 1 i2 WS 02 C
PV @ P [TM<T}<M [ EVE [||A5H51]dr<M||h||Cg+g M stoo O,

Therefore P @ P8 [ryr < T] = pr—s400 0.
For every k € Z and s € [0, T, let us denote by MM := 1, v AF. For every s € [0,T7,

]l{s<7'M/\%}(‘Ag * SOS)(y) - Z fke_iky)\lsﬁM'
keZ

Thus PV @ PP-almost surely,
/ > yAkMPds—/ D NEPds < / D> IAEPds <
keZ kEZ kEZ

Hence the statement of Lemma II1.31 holds with the process (]1{5@/2}(,42 * 0s))sclo,r] instead
of (A%S)SG[O,T}-
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Definition of ¢ and statement of Lemma II1.32. As in (II1.70), we define the
(gs)se[O,T}'adapted process (aé\/[)se[O,T] by

/

M 5 g (u) 0
=/ 1 1 ) (2 (w))dr. v.1
@) = [ L) gagtos Lirst/a) (A7 x £0) @(w)ar (IV.16)
It follows from the definition of 7%4 that for every s € [0,T],
a3 1w < 102 [ a2 ol

Recall that |¢,||z, = 1 for every r € [0,T]. Thus for every r € [0,T], [|A2 * .||, < A% L.
Hence,

SATS A(t/2)
0l < 9l [ 47

AT A(t/2) 1/2
<Ng'lp MTY? (/0 ||«42||%de> <N lpo MT' 2012

Therefore, for every s € [0,T), ||aM|| 1., < ||¢'|lz.. M3/>T/2. Furthermore, by definition of 73,

/Os/\TM/\(t/Q) HA? o Zl dr < /()5/\7']%4/\(75/2) HAO

T
Therefore, inequalities (II1.71) and (II1.72) of Lemma II1.32 are still satisfied with the process
(]l{sgt/z}(/lg * Sﬁs))se[o,T] instead of (Ag’g)se[o,Ty
Statement of Lemma III.36. Since we checked that the statements of Lemmas II1.30,
II1.31 and III.32 were true up to the aforementioned modifications, we can apply the same proofs

to obtain Lemma I11.34 and Lemma II1.35. Therefore we obtain the following equality for every
M > 1:

2
dr < M.

Cl

t/2 ./40* $) (a8

R T e e
:EWW[ Z/ ROEMawh) |

keZ

As in Lemma II1.36, we want to prove that we can pass to the limit when M tends to +oc.
Recall that P @ PP [1p; < T] =3/ 100 0. Furthermore, let us check that

1 e 3/2
up 5VE [/ ere <>>Wat%<u>) du| <o (VA7)
2
su WEs kM gk 0. .
sup EVE [( . ;;Z/ R(AE dWS)> <+ (IV.18)

In order to obtain (IV.17), we apply the same strategy as for proving inequality (II1.88). We
only have to check that EWE? { fol |ai‘72 (u)|12du] is uniformly bounded in M.

) 12 L t)2
EVE? | [ lalho) ] < 7192 BV E [SupHauxlg(.)HL I ”Ag”ﬁode“]
0 s<T s oo JO JO

1
sl | ([ e ] )

<T"|g| 2 EVE? [sup\
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which is bounded and independent of M by inequality (II1.34) and by inequality (IV.11). More-
over, inequality (IV.18) follows from inequalities (II1.90) and (IV.15). Thus we obtain

EVE” l/ol O () (2f (u)) Ou (u) /Ot/Q (A ws)((z)g( >)d5du]

— EVE’ [ > / ROEAWE ]

keZ

Therefore, substracting EV [¢(u)] in the right-hand-side as we did in (II1.81), we obtain

t/ x{ (u
s | [ [ 0,00 et SR A et

<V ()] P EVE

1/2
Z/ IAF)2 ds] . (IV.19)

keZ

Conclusion of the proof. Putting together inequalities (IV.19) and (IV.15), we obtain

t/ 2] (u
8 | [ [ 0,00 a8 SR 2 et

< VYD) Bl e
This completes the proof of (IV.14). O

Let us now focus on the second term on the right-hand side of (IV.13).

Proposition IV.5. Let t € (0,T] and let (A)sepo,/9 and (Ab)sepo/z) be (Ge)iejo,r)-adapted
processes such that for every s € [0,t/2], A is a C*T9/2-function and Al is a C'-function.
Assume that inequalities (IV.11) and (IV.12) hold true. Then for everyt € [0,T)

1 rt)2 2d (u
 EVE [ L/ mqswf)(x?(u))gzxggui{(AS—ASws><xz<u>>+A§<u>}dsdu]

Cg
t1+36

VW o(ud)]? [|Rlgsro.  (IV.20)

Before we prove Proposition IV.5, let us show the following lemma.

Lemma IV.6. Let t € [0,7]. Let © be a G;jp-measurable random variable with values in
Ly([0,1] x QW x QF). Then

1
BV | [ 0,0uf) (et (1) (w)O(u)du
1
— EWEA /0 8M(Pt/2qb)(,uf/z)(xf/Q(u))@uxtgﬂ(u)@(u)du}. (IV.21)

Proof. Recall (I11.46): for every g € G!*? and for every h € Ly(]0, 1]xQ7), the Fréchet derivative
of P3¢ at point g in the direction h is given by:

— 1
DPdl)- h=EE | [ Do(at,). 0.2 hwya

~ Oy
=EVE? l /0 1 Do(] ) g,(/i;)h(u)du] .
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Thus for every g € G'*? and for every G, /2-measurable random variable A in L ([0, 1] x 0%, we
have

— LN O] (u)

Therefore, for every g € G'*Y and for every G, /s2-measurable random variable © with values in
Ly([0,1] x QW x QF),

, —
EWVES [ /0 0,(P, /2¢)(utg/2)(:cf/z(u))auxfﬂ(u)(a(u)du} = EVE? [ DP,20(2),) - Dua) O]

: Lo Bl

_EVES BV V Dot 50 (uy Oy Ol g“?H
D, (u)

_ WS / A (ud) (9 () uxfﬂ(u)@uxf/z(w @(U)du]

=88 [ [ 9,0)o10)0270) O]

which completes the proof of the lemma. O

Let us apply this lemma to the left-hand side of (IV.20).

Proof (Proposition IV.5). Let ©(u) := 8/2 xl )((Ag — AV 05)(29(u)) + Al(u))ds. Clearly,
O is Gy /o-measurable. Let g := :Et/2 By (IV. 21) we have

1 pt)2
EVE? [ L ottt G (A = AL o)) + AL} dsdu]
=287 [ 0(0) 010 0hf ) O) ]
=BVE | [ 9(P20) () )7 () ©(u)].

By Bismut-Elworthy inequality (II1.56), we have

1/2
<C = W(“g) ~EV[0(u0))) |gt/2]

g (t/2)2+9 ||8U§@|’C1

|/ 0Py (140 5())3 () ©(u)du

We deduce that

1 rt/2 29 (u
2 EvE? [ L[ ot g2 ){(AS—AS*¢s><xz<u>>+A;<u>}dsdu]

Oyl (u)

= 21evB? [ [ 0,(P20) () 3()7 ) O]

1 1/2
< %EWEB [(t Ty B [(cb(utg) - EW[¢(utg>])2!gt%} 10,5 eucll (IV.22)
C

- /
< gV SO EVE? (52105 O]
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Furthermore,

- 1/2 ~ 1/2
EVE [(C520.5 012 ] < EVE? [(C5)%10.312 013

1/4 1/4
<EVE (O 0uaflls | EVES[log] "

g
t/2

We use the estimates given in Paragraph II1.3.2, similarly as in (II11.121), to argue that there is C,

1/4
depending on [|g"" || + 19"l e 19/l +] & || 1. such that EVE? [(ngm%uauxfmuél] <,
Moreover

4]

1/2
1/2
] EWEP [} (A9 — A * ) 0 2 + AL3] " d.
1

1

0 0 1
3270 |y A = A ) o atller + [ ALller } ds

t/2
2w o] <% | [

Cl
_1
8uxg(')

t/2 4
< Ct3/ EW RS U {H(Ag — A% % p5) 0 2|1 + HAgucl} ] ds
0

4
Cl
8

1
Oy (+)

r<T

t/2
< ct? / EVE? lsup
0 C
(IV.23)

1

1

ceo] R L

Remark that ‘

<|

2
1 . .
52270) HLOO' By inequality (II1.33) and by
8

C

o |

1/2
inequality (II1.34), we deduce that EWE? [suprgT 1} < Cy. Moreover, by assump-

o=
tion (IV.12) on the integrability of AL,
EVEP [|AL18] 7 < 0s' )| (IV.24)
Furthermore
I(A = AD * ps) 0 2dller < AT = AQ * @5 Loe + 10u{ (AT — AT * 05) 0 22} | 1.
IAS = A * sl Loe + 110028 o [(02AT) — (90.A) * 05| 1.
Cs)10 AL + Cl10ud | .o 105 AL .o

<
<
<
< Cs(1+ sup | 0uad]| .o )AL c2-

r<T
By inequality (I11.33) and by assumption (IV.11) on the integrability of A2,

1/4
1/2 1/4
EWES [[|(AS - A+ 5) 0a|lfs] T < CS'BVES <1+sgg||auw£uLm>16] EVE? [|.43)16]
T\

< Cys*||h|2se- (IV.25)
Putting together (IV.23), (IV.24) and (IV.25), we obtain

t/2
EVE? [[0]4] < €t [ Coshltniods < ot o

Back to (IV.22), we obtain

1 rt/2 290
2 EvE [ L[ st etan gy {(AS—A‘;*¢s><xz<u>>+A;<u>}dsdu]
< W (o) EVE [o)s]

C 1/2 —
< gV B 7 hllesso.
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Therefore, inequality (IV.20) follows. O

It follows from the previous two propositions that:

Proposition IV.7. Assume that the process (As)scio/2 = (8“mg(')h)se[0,t/2] can be written

as (IV.9), with (A2)sejo.1/2] and (AL)sepo,t/2) satisfying inequalities (IV.10), (IV.11) and (IV.12).
Then for every t € (0,T],

L Pyt <

¢ 1/2
v [o(ud hliga+o- V.26
dp|p—o Ho = 1130 [(u)]™" 7 [l ga+e ( )

Proof. Inequality (IV.26) follows immediately from Proposition IV.4 and from Proposition IV.5
applied to equality (IV.13). O

In other words, we have proved that Theorem IV.2 holds true, provided the assumption on
the splitting of A, is satisfied. In the next section, we will prove it.

IV.3 Integrability of the dominant term and of the remainder

Let us show that the assumption made in the previous section holds true. We first construct
the splitting in Paragraph IV.3.1 and then prove that inequalities (IV.10), (IV.11) and (IV.12)
are satisfied for that splitting in Paragraph IV.3.2.

IV.3.1 Construction of the splitting

In this paragraph, we fix the initial condition ¢ € G*t? and we denote by (zt)te(0,r) the solution
to (I11.20) starting from g. Let h € A%+,

For every t € (0,T] and for every u € [0, 1], let us denote by A:(u) := a;‘f(tg)h(u). The aim

of this paragraph is to find two processes (A?)ye(o.7) and (A} )se(o,7] such that for every u € [0, 1]
and for every u € [0, 1],

Out(u)
g'(u)
such that PV @ PA-almost surely, for every t € (0, 7], AY is a 27-periodic C*9/2_function and
A}l is a 1-periodic C!'-function satisfying for every s € (0,7] the inequalities (IV.10), (IV.11)

and (IV.12).
Splitting of the derivative. Let us start by writing 0,z as the sum of a main part, that

will belong to C*%/2 and a remainder term that is small in C'-norm when ¢ is small. Recall
that by (IIL1.21), we have for every u € R,

Z fkk/ —ikas( ”)de> szt) ;

Ap(u) = h(u) = A (ze(u)) + Af (u), (IV.27)

keZ

Ourt(u) = g'(u) exp (

where Cf := Y ,cp [EK?. For every t € (0,T), let N; := L%J, where |-] denotes the floor.
Recall that 6 € (0,1), thus IV, tends to +oo when ¢ — 0", Let us define a;(u) := af (u) + af (u),
where

=3 fik / i~ I AE) ; (IV.28)
|k|< Nt

Z fkk/ zkg(u de’) + Z fkk/ —zk:zs(u) _ e—zkg(u))dwf) ]
|k|>Ny kEZ

(IV.29)
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Clearly, we have 0,z¢(u) = ¢'(u) exp (at(u) - %) Moreover, the splitting preserves periodic-

ity: for every t € (0,T], u + a?(u) and u + a}(u) are 1-periodic functions. Furthermore, a
simple computation gives the splitting

Duzi(u) = g'(w) (BP(w) + b} (w)) , (IV.30)
where
b () = exp (abw) - L) (Iv.31)
b () s= exp (af(0) — L) (expat(w) — 1) s (1V.32)
e 2n (IV.33)

g (af0) - F) o

Remark that oY and b} are also 1-periodic functions almost surely for every ¢t € (0,7]. The
multiplication by 7; insures that the primitives of u + ¢'(u)b?(u) belong to G!. Indeed, it
follows from 1-periodicity that for every u € R

/uu+1 g’(v)b?(v)dv = /01 g'(v)b?(v)dv =% /01 g (v) exp (a?(fu) — szt> dv = 2. (IV.34)

Splitting of the cumulative distribution function. The splitting of the derivative
induces the following decompositon for the process (zt);c(o,7) into a dominant process (a:?)te(oyT]
that is of C*T%/2-regularity and a remainder process (x%)te(oﬂ that is small in C'-norm when ¢
is small. Let us define for every ¢ € (0,7] and u € R

20(u) = (0) + / " ()0 (v)du (IV.35)
0
2l (u) = /0 ¢ ()b} (v)dv. (IV.36)

For every t € (0,T] and for every u € [0,1], x(u) = 29(u) + 2} (u), because u — x;(u) and
u + 29(u) + 2} (u) share the same value at ¢ = 0 and the same derivative. Remark that almost

surely, for every t € (0,71, for every u € [0, 1], 9,29 (u) = v’ (u) exp(a? (u) — %) > 0. Moreover,
by equality (IV.34), the equality 9 (u+1) —29(u) = 27 holds with every u € R. Thus z¥ belongs

almost surely to G!. Furthermore, for every u € [0, 1],
act(u+1) =zt (u) = (ze(u+1) — z4(u) — (2P (u+ 1) — 2%(u)) = 27 — 27 =0,

thus z} is a 1-periodic function.

As we did in Paragraph I11.2.1, we denote by F; : R — R and F : R — R the inverse
functions associated respectively to z; and z¥; that is for every u € R, Fyoxy(u) = Flozd(u) = u
and for every v € R, x; 0 Fy(v) = 29 o F?(v) = v. Let us remark that almost surely, for every
t € (0,T], F; and F? satisfy the relation F(z + 27) = F(z) + 1 for every = € R.

Definition of A? and A}. Let us define for every u,v € R

AV (v) := (B) - h) o F2(v); (IV.37)
AL () = b (wh(u) + [(6] - h)(u) = (B - b) o F (ze(w))] - (IV.38)

Periodicity holds: almost surely for every ¢ € (0,7], A? is 2n-periodic and A} is 1-periodic.
Moreover, equality (IV.27) holds: for every u € R,

A} (2e(u)) + Af (u) = by (w)h(w) + b (u)h(u) = h(w),

where the last equality follows from (IV.30).
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IV.3.2 Integrability of A° and of A'
Recall the definition of a? and a}, given by (IV.28) and by (IV.29):

=3 fik / —ie kAW E) ;

|k|< N
= > fik / —ie”*IMAWE) 437 fik / (c7ihee) — emtho()qurk)
|k|>Ny keZ

where V; is the floor of tl/ﬁ

Lemma IV.8. Let g € G**?. Then almost surely, u — a(u) belongs to C*T%/2 and u — a}(u)
belongs almost surely to CY10/2 for every t € (0,T]. Moreover, for every p > 2, there is Cp > 0
such that for every t € (0,T]

C
EVE? [laf1uss] < ek (IV.39)
EVEP [0 10| < G (IV.40)
1/p _
EWEﬂ {Ha’t ||C1+9/2} < C’pt1 0- (IV41)

Remark IV.9. Informally speaking, Lemma IV.8 establishes that the cost of every further order

1/2.

of derivation is of order ¢~ In other words, the Ly-norm of ||a?¢; is controlled by 55

for every j = 0,1,...,4. Similarly, the Ly,-norm of ||a}|¢; is controlled by %3 for j=0or
j=1 The signs + (resp —) are 1ndlcat1ng that the control is a little bit better (resp. worse)
than ¢°7°.

Proof. All along this proof, we will write I [-] instead of EWE? [].
Regularity and integrability of aY. Recall that by Definition IV.1,

0 ad (w) — 0N ad(v)]

lu — v|0/2

”at Hc4+0/2 = Z ]8 at (0)[ + sup

§=0 u;ﬁv

For every u € [0, 1],

= > fuk / —ig{) {e ko 1AW k)

k| <Ny

By a simple computation on the derivatives of exp, there exists a constant C' > 0 such that
4,
{0} (0)] < O (k) g
Remark IV.10. Recall that ||g||cs denotes, by Definition IV.1, the C*-norm of the restriction of
g to [0,1], which is finite. Of course, since g(u+1) = g(u)+2m for every u € R, g is not bounded
on R.
Moreover, f is of order o = %+ 6. Thus |fz]? < C’Wﬁ Therefore, for every p > 2, by
Burkholder-Davis-Gundy inequality

E [[0{Va} (0) yp] < C,E

1/p
|5 [P 0y >r2ds\”/2]

|k|<N¢
. 1/2 1/2
<Cplt Y W<k>2<k>8 SCplt Y (k)*
|k|<N¢ |k|<Ne
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*, thus Z|k|<Nt(l€>3*20 < ONP2 < Ct(—2t0(4=20) Gince ¢

Recall that Ny — +0co when t — 0
—2+ 50 — 0 = —2 + 40. Thus for every

belongs to (0,3), (-2 +0)(4—20) = -2+ 50 — 20% >
< T, t3+0E=20) 0 y=2+40 Tt follows that

1/ 1/2
} P < C’p‘t't_ﬂwl < Cpt—%+2e‘

E [0V} (0)"

Similarly, we also have

E [0 a0)P] " < C,E ! > [ 1arkeoP

L [kI<N:

p/2 v
< GE ‘tz m@ kY2 (k)°| ]

/2 1/p
7zkg( }( )‘st‘p ]

L \k‘\<Nt
)1-20 2 20|1/2 0
<Gt Y (k \ <SGIINEH| T <Gt <G
|k|<N¢
A . () p] /P 3-j
ctually, we can prove that for every j, E [|8u a; (0)] } < Cpt 2. Thus
3 (IV.42)

E [Tl 07 a)p]" < o443,

1
E [$3_ 109af(0)[7] ”<ao, (IV.43)
Furthermore, let u,v € [0,1]. For every p > 2,
E [|0af (u) - oVad ()]
1/p
{e=ikal) (4) [ ,~ikg()y () 25"
> If 2[k[2105" (e *90} (u) — a0 {e 90} (v) ds|
|k|< Nt
Indeed,

For every 0’ < 6, ‘6&4){67%9(')}('&) —8&4){67%9(')}(1))‘ < Olg)|2uso (k)0 Ju — 0]
the dominant term appearing in the computation of o5 ){ k9()} (u) — 8&4){6*%9(')}(0) can be

bounded by:

‘k48£4)g(u)67ikg(u) - k481(14)g(,u)efikg( —ikg(u) efikg('u)

< ko g(u) — 0g(v)| + K gllcs |e

< klgllgase !u —o” + K gllea kI 19 (w) — g(v)[°

/ / /
< klgleasolu = vl” + K" glleallglie [u — o]

It follows that for every €' < 6,
1/p
B U|29/ p/2

E |0 a0 (u) - 9Vad ()] \Zt s (00 ()2
|k|< N

< Cp‘t Z <k>3+29’720’u —
[k|< Ny

‘29, 1/2

Let us choose 8’ = %9. Then

Z <k>3+29/—20 _

|k|<Ne

Z <k>3_9/2 < CNt4*9/2 < Ot(=1/2+0)(4-0/2) Cpt =249

|k|<Ne
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We obtain
E{]&&‘*)a (u) — 3(4) ( )|p} 1/p < Cpt_%+29|u—v|%9,
Therefore,

8&4)a0(u) 6&4)a0(v) p 30 30
e | | <Gl = Glu o TR (av.ag)

d

Let ¢ be chosen such that ¢ > %. We have 37? - % > g. Therefore, let us apply Kolmogorov’s
Lemma [RY99, p.26, Thm 1.2.1] to inequality (IV.44), with ¢ instead of p. We deduce that
u + al has a C419/2_version and that there is Cko such that

oMad(w) Ml (v)|?
t—%+29 — 1420

E |sup < Ckol-

uF#v |u — 'U|qg

8(4) 0 0 q
sup ‘ £(v) @i ‘ <Ot~
utv lu — v|

By Holder’s inequality, we deduce that for every p > 2

Thus for every ¢ > %,

E

4 1/p
O\ R
E | | sup < Cpt 277, (IV.45)
UFV |u — v| 5
Putting together (IV.42) and (IV.45), we obtain inequality (IV.39). Similarly, we prove that for
every p = 2
3 3 pq1/p
a5 )a?(u) — o )a?(v)‘
E | | sup - < Gy (IV.46)
UFEV |u — U’E

It follows from (IV.43) and (IV.46) that E {HG?H@M/J /p < Cp. This is inequality (IV 40)

Regularity and integrability of a}. Let us divide a} into two terms: a} = at 4 at ,
where

= X gk [ R (e o)

‘k‘>Nt

S [ (e .

keZ

Let us first consider the case of a% 1. For every p = 2,

1/p
£ [10ual 0]

|5 [ IRPRPL 030 >|2ds\p/2}

|k|>N
1/2 1/2
1 1
<SGCplt Y W<l<:>2(k;>2 <SGCplt Y AT
|k§|>Nt < > |]€|>Nt < >
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MOI'eOVeI', Z|k’|>Nt Wﬁ < CN;F?Q < Ct(%_e)(2+29) < Ct1797202 < Ct1720 because 9 c (0’ %)
t

Therefore,
1,1 1/p 1-6
E [[0ua; (0))F] 7 < Cpt .

Moreover, for every u,v € [0, 1], for every p > 2 and for every 6’ < 6,

E [[0ua)" (u) — dual (0)7]” < C,E

(Z 1Ak et g'(v)eiwﬁds) ]

|k|> Ny
) 1/2
k 2 1+9/ U —v 0’ ds
> !fkl ||

|k|>N¢

1/2
20/
(t Z 3+29 57 [U — | ) .
|k|>Nz
Choosing again 6’ = =7 we prove that

1 )
E [raua#(u) — 0,0l )] < Ot — o] .

By Kolmogorov’s Lemma (applied as previously for p large enough), we deduce that u +— atl s

a C119/2_function and there is Ckoj such that for p large enough

1
wap! (u) — Dua i%)\”] "
sup

UFV ’u—v’pﬁ

< Cpt' 0.

We deduce that

1
] P <o, (IV.47)

E [||a;"

Let us now consider the case of atl 2. For every u € [0,1],

Z fkk:/ Ous( u)efﬂms(“) - g'(u)eiikg(“))de) )

|k|<N,

For every p > 2,

1/p

p/2
1/p —ikx —i 2
E [|0,a;2(0)F] " < GE (Z / | fil? (K (0)e===(0) — g/(0) e~ ho(0)] ds) ]

keZ

p/211/P
<GE ( JATARERNC <o>|2ds)
keZ

p/2 1/p
(Z/rfkr B J2s(0) - <o>2ds> ] .

keZ

+ CE
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Since Y ez | fil* (k) < C iy W is finite, we obtain

= [l0.at* 0] < GE[( [ a0 - g0 )] + G [( [ 1) - a0y as)”]

t t 1/p
<G5 [ 200 - S0P 4157 [ B0 - at0)P)as)

Recall that (0,x5(0))scpo,r) satisfies (IT1.22) and that d,z0(0) = ¢'(0). Therefore, there is C,
such that E [|0,2(0) — ¢'(0)[P] < CpsP/2. There is also C, such that E [|z5(0) — g(0)[P] < CpsP/2.
It follows that

1 ¢ 1/
E[louat 2(0)]" < G, t%’l/ 23| < Cyt.
0

Moreover, for every u,v € [0, 1] and for every p > 2,

Ous (u)efikws (u) gl(u)efikg(u)

E []auatl’Q(u) — 8uat172(v)|p} v < GE “ > /Ot | fil? (k)

keZ

. . 2
— 8ux5(v)eﬂkxs(”) + g/(v)efzkg(v) ds

1/p
/2
[’ 1 . (IV.48)

On the one hand,

3u$s(u)e_ik$3(u) _ gl(u)e—ikg(u) _ auzs(v)e—ikxs(v) 4 g,(v)e_ikg(”)

< [Bums (e 0 — g (upe o)

+ ‘8ums (,U)efikxs(v) o g/(v)efikg(v)

<O+ g/l ) (K) (|8u333(u) — g W]+ |zs(w) — g(w)] + 0wz (v) — g' (V)] + |24(v) — g(U)I)-

(IV.49)
On the other hand,
auxs(u)e—ikxs(u) _ g/(u)efikg(u) _ 8ux8(v)efikxs(v) 4 g/(v)efikg(”)
< |0uzs(u e~ thas(u) _ Oy (v e ko) | 1| o/ ()e= k9w _ of (1)e~k9(v)
v v 7w gi) (IV.50)

< C(10P s o + 10wl + 119" 2o + 19170 ) (R fu = o],

Let 6’ € (0,1). By multiplying (IV.49)1_9/ with (IV.5O)9/, there is a constant C; depending on g
such that

auxs(u)e—ikxs(u) o g/(u)e—ikg(u) - &st(v)e_ikws(v) + gl(v)e—ikg(v)
< Cy(L+ 0P alIT. + 10us172) (k) u — o]

(0uaw) = g/ @)+ () — g+ |Buza(v) — g )+ foa(w) — g(0)*7).
(IV.51)

We insert the different terms of the right-hand side of inequality (IV.51) into the right-hand side
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of inequality (IV.48). For instance, let us compute

t ’ i YV p/2
EUZ 0 = o2 0P 3 0w w) = o () ds] ]
keZ

/ t / /
<O Nu— ol [ B[0P, 1 ou.(w) — ¢ ()P0 ds
0

, [t 11/2 n11/2
gCtg_llu—v\pe / E{Hal(?)xs”%iﬂ / E[[@uws(u) —Q,(u)Pp(l_e )} / ds
0

t

p_ ’ P1—p _ Dby’ /

< Ctz2 1]u—v\p9/s2(1 Mds < cr=2%|u — o7
0

We estimate the other terms of the right-hand side of (IV.51) in the same way. Back to (IV.48)
and choosing 0’ = %9, we get

1
E [[0ua) (u) — duat > ()] " < 150 u — o] 10,

Applying as previously Kolmogorov’s Lemma, we deduce that

1
] <o, (IV.52)

1,2
E [[la; ™ [B110/2
Finally, putting together (IV.52) and (IV.47), we obtain inequality (IV.41). O

Let us recall Definitions (IV.31), (IV.32) and (IV.33) of b?, b} and ~;:

Crt
() = e (ad(u) - 1)

b () i= exp (o) = 2 ) (explad ) — 20)
27
e (abv) - F) o

VMt -

Lemma IV.11. Let g € G**Y. Then almost surely, u — bY(u) belongs to C*+0/* and u s b} (u)
belongs almost surely to C*0/4 for every t € (0,T]. Moreover, for every p > 2, there is Cp, > 0
such that for every t € (0,T]

1/p C

EVE [[020esson] < (IV.53)
1/p

EVE? (|60 1Bs0s4] < Co (IV.54)
1/p _

EVE? (|6} 1ara] < Gt~ (IV.55)

Proof. All along this proof, we will write E[-] instead of EVE? [.].
Regularity and integrability of b). Since u — af(u) belongs to C*t%/2 the map u — b (u)
also belongs to the same space. Moreover, for every u € [0, 1],

OB (u) = 7 [0V af (u) + 2080l (u) - Duaf (u) + 3(0(P af (u))?

+ 68&2)a?(u) . (8uag(u))2 + (aua?(u))ﬂ exp (a?(u) — Cf) . (IV.56)
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We will focus on the term by (u) := 'yt&(fl) a?(u) exp (a?(u) - %), which is the dominant term:
it is the only one including the derivative of order 4 of a?. We will not estimate the other terms

but the proof is very close.
Let us consider bg’4. For every p > 2,

o [|b§’4(o)‘p]1/p <E [1%,37)}1/(317) E [’8&@@?(0”3}7}1/(3])) E U exp (ag(o) _ %> ‘3;1 1/(3p) |

1
< th%iw. Moreover, for every u € [0, 1],

1
Let g = 3p. By (IV.39), we have E [0 (0)/1] /i

let us denote by (M}) selo,7] the following process:

M = exp (q Z fkk:/ je—tkg(u de) — C'f,t8> ,

|k|<Ne

where Cy == > 1<, | fx|?|k|?. Recall that Cr = ¥z | fil?k|?. Thus Crs < Cy. By Novikov’s
condition, (M{)sejo.r] is a martingale. Therefore,

=E {Mﬂ =E [Mﬂ =E [exp (qag(u) — ngﬁt)} .

We deduce that for every u € [0, 1],

a)/a 20,6\ Cret Cyt
EUexp (a?(u)—cgt)” :E[exp (qag(u)—q;’t exp (qu’t_Qf)

- 1)C¢T
= exp (qCQf’tt - Cf) < exp (((]Q)Cf) . (IV.57)

Furthermore, since ¢’ > 0, we have:
1
: () _ Gt nf ) o) Cit
| g @ e (@@ - G dv > inf g ) inf e (af) - ).
It follows that

Cyt
Iv| <27 sup —— sup exp (—al(v) + =L
vel0,1] 9 (v) v€E[0,1] ( ! 2 )

1 1
< 27 sup 700 [exp (—ag(O) + %) —i—/o 0,02 (v)] exp (—a?(v) + %) dv] .

vel0,1] 9
Therefore,
q 1 0 Cft q 1/q
E [J:/7] gl E|lew (-al+F)|
1 1/(29) 1 2 1/(29)
E [/ |8ua?(v)|2qdv} E [/ ‘exp (—a?(v) + %) ‘ qdv} .
0 0
By (IV.40), there is C; > 0 such that E [fo |Ouay (V)] qdv] < Cy. Moreover, there is a

oy 4119
constant C; > 0 depending on f, T" and ¢ such that E U exp (—ag(O) + Tf> ’ } < Cy and
2 1/(2q)
E [fol ‘ exp (—a?(v) + %) ‘ qdv} < Cy. Thus

E (%7 < Cq. (IV.58)
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Finally, we obtain

1/p C
E [[b40))] " < t%j’%. (IV.59)

Moreover, let us compute the Hélder norm of bg’4. For every u,v € [0, 1], for every p > 2, we
have

E [16w) — 94 w)e]

p 1/1’
Dafwexp (af(w) ~ G) ~ oty exp () - ) [| T < B+ B

—E [w

where
1) 0 4) 0 0 ey 7"
By 1= |l 950 ) — 90w [exp (afu) - ) ]

= & [l 00800 e (100 — %) - e (s - ) []

To get an upper bound for E;, we use inequalities (IV.57), (IV.58) and (IV.39):

en
By <E [Juf"] " E |00 af (u) - 0Vaf (v) [

1/(3p) C
} ST —pze |
t2

T/(gp) t) ’31 1/(3p)

E U exp (a?(u) — CTf

v|?/2,

< Cp’u - UIG/QE [H ay HC4+9/2
Moreover, we use the fact that for every z,y € R, |e* — e¥| < |z — y|(e” + €¥) and the same
inequalities to obtain that

Ba <[] " E [l00 )] "B [[exp (o)~ §) - exp (ad0) - G 7] o

/AN
S
19
Ll
5
=
=
o
—
<
SN—
—
N—
o
R
—
~
=)
S
N
!
—
©]
]
i)
/N
Q
o
—
<
N—
|
ofQ
Iy
~—
=)
bS]
—_

<

% g [la21%]" ™ ju -

| <

Remark that the last inequality is a consequence of (IV.40). Therefore, we proved that for every
u,v € [0,1] and for every p > 2,

1
E (|80 () = 84 0)F] 7 < 2 ju— of?12,
(520
By Kolmogorov’s Lemma, it follows that for p large enough,
04 () — 04 p1/p
E [sup b () = b~ (v) < G (IV.60)
UFV |u—’u|1 t§729

Inequality (IV.60) also holds with every p > 2 by Hélder’s inequality. By (IV.59) and (IV.60),

1/p
we deduce that for every p > 2, E {Hb 1P 9} < 107”29 We obtain the same control on the
c1 13~

Cp

1 920

1/p
other terms appearing in (IV.56). Thus for every p > 2, E [\\8(4 boHp ] <
t2
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In the expansion of 8&3)11?, only the first three derivatives of a appear. Since the control

over the C3+%/2_norm of a?, given by inequality (IV.40), is independent of ¢, we deduce that for
: 1/p _
every p > 2, E [H(?&])b?Hpg] < Cpt3Tj. Thus we deduce (IV.53) and (IV.54).
c1

Regularity and integrability of b}. Since u — a} (u) belongs to C**+%/2, the map u — b} (u)
also belongs to the same space. For every u € [0, 1],

0.8} (u) = D) exp (o) — L) (explat () — )

+ 00t (u)exp (o80) - L) explat ().

Thus for every p > 2,
B [ 0P] " < & [0uaf0)] ¥ & | exp (a0) — %) 7] " | exotatio) — "]

+E ['3“‘%1(0)‘37)} b U exp (a?(o) - %) ‘3[)} ’ E U exp(ai(o))r)p} § :
(IV.61)

1 1
By (IV.40) and (IV.41), we have E [|0,a(0)|*] % < C, and E [|9,a} (0)?P]3 < Cytt=?. Further-

0 ct\ 3P é .
more, by (IV.57), E U exp (at (0) — Tf) ‘ } < Cp. Furthermore, recall that by construction,

a} = a; — aY. Therefore, for every q > 2,

1/q 1/q

E U exp(ag(O))’q} =E U exp (at(0) — %) ‘q ‘exp (—a?(O) + %) ﬂ

1 1
Cyt |24] 2 cyt 9] 2
<E U exp (at(O) - Tf) ‘ } E U exp (—ag(O) + Tf> ‘ ]
1
0 Cyt) |72
We have already seen that E U exp (—at (0) + T) ‘ ] < Cy. Moreover, recall that (as)sejo,r)
is a martingale and that its quadratic variation is equal to (a,a)s = Cys. Therefore, for every

2
r =2, (exp (ras(O) -z gfs>) o) is a martingale. We deduce that there is a constant Cj
S ’

depending on ¢, f, T such that

1
297 24
E U exp (at(O) - %) ‘ } "< Cy. (IV.62)
Thus for every g > 2, there is Uy > 0 such that

E U exp(a (0)) <, (IV.63)

Furthermore, for every q > 2,
q 1/(1 q 1/(]
[ explat0) '] " <& [[explat) -] "+ Bl -y,

On the one hand, we use the fact that for every x € R, |e* — 1| < |z|(e® + 1)

1

E U exp(a}(0)) — 1H v <E [|a%(0)|2q} % (1 +E U exp(atl(()))rq} 2q> < Ott?,
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by inequalities (IV.41) and (IV.63). On the other hand, we have fol g'(v) exp (at(v) — %) dv =
fol Ourt(v)dv = x4(1) — 24(0) = 27. Therefore

2w
@ ew (af(v) = ') dv
_ B9 (e () = F) — exp (o) - F)) do
Jy ¢ (@) exp (ad(v) — G ) do

= ;—:T 01 g (v) (exp (at(v) - %) — exp (a?(v) - %)) do.

v —1

Thus, using again that for every x,y € R, |e* — e¥| < |z — y|(e® + €¥), we obtain
1
1 1 2 7%
Cyt Cyt |79 a
E[J% — 111" < Cllg' | oo E [l E [ | lexp (arw) = %) = exp (afo) - ) | dv]

PN i
<CE| [ lawlay
0
by inequalities (IV.57), (IV.58) and (IV.62). By the control (IV.41) on the integrability of aj,

we deduce that E [|y; — l\q]l/q < C t'7?. Back to (IV.61), we finally obtain that for every p > 2,
there is C, > 0 such that

1
E[J0.610)] 7" < o6, (IV.64)
Moreover, for every u,v € [0, 1], we have

|9uby (u) — by (v)] <

Oua) () exp (af (u) — ") (expla (u)) — )

— 0yad(v) exp (a?(v) — %) (GXP(G% (v)) — ’Yt) ‘

C
+ |uaf (u) exp (af(u) — ) exp(af (u))
C
— Oyai (v) exp (a?(v) - Tft) exp(a) (v))‘ (IV.65)
s o ils mati 1 1 0 Crt 1
Let us give the details of the estimation of |0ya; (u) — Oya; (v)| exp (at (v) — T) exp(a; (v)). For

every p = 2,

E U(aﬂag (u) — Oyat(v)) exp (ag(v) - %) eXp(ag(U))‘p] 1/p < O,E [ dyal (u) — dyay (v)‘f’)p} 0

by inequalities (IV.57) and (IV.63). Furthermore, since we have the control (IV.41) on the
%—Hélder norm of d,a}, we deduce that

E U(@uag(u) — Oyat(v)) exp (ag(v) - %) exp(ai(v))‘p] o < Cpt' 0 — v|?/2.

We obtain similar bounds for the other terms appearing in the right-hand side of (IV.65). Finally,
we get for every p > 2,

"< Cpt' =0 u — v|?/2.

E [[0,5} () — .0} )]



IV.3. INTEGRABILITY OF THE DOMINANT TERM AND OF THE REMAINDER 229

By Kolmogorov’s Lemma, we deduce that

1 p71/p
usﬁv u— vl
Putting together (IV.64) and (IV.66), we finally obtain inequality (IV.55). O

Recall the Definitions (IV.35) and (IV.36) of 2 and x}:
2w =20 + [ @B () dv
ohw) = [ @bl ).

Moreover, Fy was defined as the inverse map of z.

Lemma IV.12. Let g € G**%. Then almost surely, the maps u — x9(u) and v — F2(v) belong
to C*0/4 and the map u — xf(u) belongs to C2t0/% . Moreover, for every p > 2, there is Cp,>0
such that for every t € (0,T]

1/p
EVE [|0uafBasora] < Ci (IV.67)
1/p _
EVE® (|2} Parara] < Gt (IV.68)
1/p
EVE? 19, F 2aross] " < Cpe (IV.69)

Proof. All along this proof, we will write E[-] instead of EWE? [].

Regularity and integrability of z¥ and ;. Note that 9,29 = ¢’ - 9. Both ¢’ and b) are
C3+0/%_functions. We deduce that 29 is a C*+%/4-function. Moreover, inequality (IV.67) follow
immediately from inequality (IV.54) on b).

Moreover, recall that x; is a 1-periodic function. Thus it follows from Definition (IV.36) of
x} that ||z} < < suPyepo) | Jo' g ()b} (v)dv| < ||¢'|lL |6t ]| Lo, - Therefore, by inequality (IV.55)

on b, we have for every p > 2, E [H He } Y < Cpt't~Y. Furthermore, d,x; = ¢ - bf, thus

it follows that d,z} is a C'*?/*function and by inequality (IV.55), EVE? {Hﬁ x HcHg/J <

Cpt'=?. Thus inequality (IV.68) follows.
Regularity and integrability of F. Recall that F = (2¥)7! exists and satisfies the
relation F(v + 2m) — F(v) = 1 for every v € R. Thus 0, F; is 27-periodic. Furthermore,

1

WF) = —5——51
vt (8ux9) ° FO?
2
p@po— O R g (0a)) o FY
vt (Qua?)? o FY (Qua)3 o K"
5 100
By further computations, 81()4)F 0 — % + Ft0’2, where the terms appearing in Fto’2 are
positive powers of (8&2)30?) o F, of ((91(‘3) 2Y) o FY and of W. We will focus on F'' =
Ut t

(8724)2?)0F?

~ Bual)oFy For every p > 2,

B[ o] <100 a7 |

_1
8ux?

(1,012 |7 107] 15
<E[|o0ad|2.]* U ] .

Lo
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a1
By (IV.67), E [||81(L4):E?Hipoo] * < Cp. Moreover, L

g/

1
24

. . For every u € [0, 1],

(M)~ (u) = v, exp (—a?(u) + %) We prove the inequality E “% K } < Cy in the same
way as we proved inequality (IV.58). Therefore, we obtain the same bound for (b?)~! as the

q 1/q
0 ] < Cy. Tt follows that

Lo

bound obtained for bY. Thus for every ¢ > 2, we have E {

e[l OF] "

<G,

Furthermore, for every z,y € [0, 27],

SRy (08729) 0 F(x)  (9Y2) 0 F(y)
‘Ft («’E) Ft (y)’ ’(8 ‘Tt) OFO(J:) (8 $t) OFO(y)
) —
7)

(029) 0 FO(x) — (9" a?) o FP (y)
(@ua0)? 0 FP(x)

+1@5a)) o F(y)

X

1 1
| ‘ (0,295 0 FO(z)  (8,29) o FY(y) ‘ '

Let us remark that

' 1 Cx wt o FY oy
— xZ
(0y2?)5 0 FX(z)  (Oux ) o FP(y (0y )7 o FO Y
<M@me@HmﬁL 5 —yl.

It follows that for every p > 2,

1/p L 10p7 105
E[IFP @) - F W)l] " < B [[00) o Fo(a) ~ (0f0ad) o F )] 7 B ||k
L 4p | 2
+5E (1000122 |7 B 1001, |5k .| ™ te - ol

Moreover, for every g > 2,

1/q ap11/a
E [|(0920) o FY(x) — (0$93) 0 FO(w)|?] ™ < B [I10 2011804 FO (2) — F2(3) (4]

1 a9 %
<E[10a?12%,.] 7 B [0, F21EL | 12 - i/t
By inequality (IV.67), it follows that for every x,y € [0, 27] and for every p > 2,

< Cplx — y|9/4.

B[R @) - B ]

1
By Kolmogorov’s Lemma, we deduce that E {HF0 1||cg/8} &

for F{?. Thus inequality (IV.69) follows. O

< Cp. We obtain the same control

Recall the Definitions (IV.37) and (IV.38) of AY and A}:

AD(v) = () - h) o F(v);
Ab(w) = b (wh(u) + [(6] - h)(u) = (B - b) 0 F (z(w))] -
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Proposition IV.13. Let g € G**? and h € A**Y. Then almost surely, v — A%(v) belongs to
CHO/3 and u — Al (u) belongs almost surely to CHO/4 for every t € (0, T]. Moreover, for every
p = 2, there is C, > 0 such that for every t € (0,T]

1/p Cp
EW RS [HAtHc4+9/1e] < tl 26||h||c4+9, (IV.70)
WmB 0 1/p .
EVE? [ A aross] < Collhllcaso; (IV.71)
1/p _
EVE? [ AH1ross] < Cot' |1l (1v.72)

Proof. All along this proof, we will write I [-] instead of EWE? [].
Regularity and integrability of AY. Note that b), h and F} belong to C4t9/8. By

inequalities (IV.53) and (IV.54), we deduce that E [Hbo h||c4+9/4} Vp |l ||ca+osa and that
E (|16 - h%ao/a

O AP (v) = (D FL ()" [0S0 - b)) o FY] (v) + O FY (0) [ (8] - ) o FY] (v) + AP (v),
(IV.73)

<
\129

} 1 < Cpllh||ps+osa. Furthermore, for every v € [0, 27],

where A% involves the derivatives oy )F Y and (&Sj ) (b9 - h)) o FY for j =1,2,3. We will focus on
the first two terms of the right-hand side of (IV.73).

Let AV (v) := (8,F°(v))* [(0&4)@? -h))o Fto] (v). For every p > 2, by inequality (IV.69)
on F?,
Cp
1320

1/p 1 1
E [JAF O)F] 7 <E [[0,F20) |7 E 1000 - W77 |* < s lIkllesoa.

Moreover, for every z,y € [0, 27,
E [|AM (z) — AP )P 7 <E[[(0F ()" = (0.F ()" E [1050 (] - )17 ]

1
L
B [0, F2@) ] B[ b2l FO(a) - FO)I5) ™

Cp 0
e o |Blleasosslz — %,

Let AY?(v) := 81(,4)Ft0(v) [(B) - h) o F?] (v). For every p > 2, by inequality (IV.69) on F},

1/p L oy 1%
B [14020)1] " < E IO F©) ] F B I 5IZ.]* < Cylible..
Moreover, for every z,y € [0, 27],

]l/p

1 1
E [|4)%(2) — AP w)lP] " <E 100127 1o -yl *E [16) - 1]

1 1
+E (|08 FR (@)1 B [[6) - BIIEIF () — B2 ()] >
< Gyllhllerlw —yl”®.

The computations on .,4,?3 are similar. Therefore, we obtain for every p > 2, for every x,y €
[0, 27],

1/p Cp
P
T

E [[0{VA7(0) [llearors

1/p Cp
E (804} (@) = o0 AP T < s hlleseonle =yl



232 CHAPTER 1V. GRADIENT ESTIMATE FOR AN INHOMOGENEOUS SPDE

]1/17

It follows from Kolmogorov’s Lemma that E [\\6(4 AY [ < t%%thchure/z;. In order to

bound &ﬂ )AQ for j = 0,1,2,3, we only need to diffentiate 3 times bY - h, thus we only need
inequality (IV.54) and we will obtain a control independent of t. Therefore, we obtain in the

same way that E [||(9v A0||Ce/16} v < Cp||h||patosa. Henceforth, inequalities (IV.70) and (IV.71)
hold true.

Regularity and integrability of A}. Every term appearing in Definition (IV.38) of A}
belongs to C119/4 so A} also belongs to C 1+0/4 1t follows directly from inequality (IV.55) on b}

that for every p > 2, E {Hb1 h||cl+9/4] v < Cpt ||| grso-
Let AP?(u) := (89 - h)(u) — (B9 - h) o F(z,(u)). For every u € [0, 1],
DA™ (u) = 0u(B] - ) () = Ou () FY (e (1)) (Db - 1) © FY (ws(w))
= 0u} (w)u FY (27 () (u (b7 - h)) o F (2} (u))
— Ouy (u)0 Y (e (w)) (Du (0] - h)) 0 FY (e (u)), (IV.74)
because for every u € [0,1], FP (29 (u)) = u and 0,29 (u)d, F(2?(u)) = 1. Recall that z; — 29 =
x;. Therefore, for every p > 2, E []8 A2(0 )]p} v < Ey + E3 + E3, where

By = E [0, 0) [0, F00) 1o, - moyp]

)

By = E [[0,00(0)? 10, F2(a(0)) — 0, F (@ (0))” 1.6 - my0)[] "

By = E [0, 0 [0,E0 (e 0) P |(0u(0) - 1)) o FD(0)) — (@8] - ) 0 B (0))P] "

The following three inequalities follow from (III.33), (IV.54), (IV.68) and (IV.69):
1 1 1
3p 3 3p 3p|3p —
Er <E ||t 1| E 10,12 B (167 - BIIE ] < Cot'llAllca.
Moreover,
1 1 1 1
3 3p 6p | 6p 6 6p 3p | 3p —
By <E [0 | B [10.F21%]™ E [t 15, ] E (18 - hIZ] ™ < Cot' O |B]r.
Furthermore,
1 1 1
3 3p 3 3p 6 6 6p
By <E [Jo.nl2.] ¥ E 10,212, ¥ B [I0u - 1) 0 FO%]* B [Hx%l! Ak
1 1 1 1
3 3p 3 3p 12p| 12p 12 6 6p
E [|0uz 7, | B [10.F21. ] B (189 - hllg3? ] ™ E [l0.F0122 ) ™ B (|21, ]
< Cpt O h|ce.

Thus for every p > 2,

E [l.A20)p] " <

Cpt' 0| A c2. (IV.75)
: 1,2 1,2 1/p
It remains to control E [|8uAt7 (u) — Oy Ay (v)|p] for every w,v € [0,1]. We use (IV.74)
to write the difference 9,4, (u) — 9, A;(v). Since the proofs are very similar for the different
terms arising in the expansion of that difference, we will only give the details for the following
term:

p 1/19
E,:=FE { L FP (29(w)) — 0y FX (x4 (u)) — 0, F (29 (v)) + 3th0<37t(U))‘ ] :
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On the one hand, it follows from inequalities (IV.68) and (IV.69) that
1 1 1
B <E [0, F%]) ™ (B [leh )] ” +E [lel@)P?]” ) < o', (1v.76)
On the other hand, it follows from inequalities (II1.33), (IV.67) and (IV.69) that

< [lo.stiE] (b ~ ab] 1 E [|au(u) - xt<v>2p];”>

L 1
E [0, F212]) ™ (B [I0uaf 2] + B (10wl )™ ) lu— vl < Cylu—sl. (V.77

Let us multiply (IV.76)'7%* by (1V.77)%/%:
E, < Cpt(1—9)(1—i9)|u _ U|0/4 < Cptl_%9|u _ U|0/4 < Cpt1_29|u _ U|9/4‘

Estimating the other terms in the same way, we finally obtain for every u,v € [0, 1] and for every
p=2

1
E [|0uAl? (u) — 0uA? (0) ] < O — o] e, (IV.78)
It follows from (IV.75) and (IV.78) that

E (A 0s] " < Ot =2 ]

This completes the proof of (IV.72). O

IV.4 Application to an inhomogeneous SPDE

Let us prove Theorem IV.3.

Proof (Theorem IV.3). Let 6 € (0, %). Let us consider the inhomogeneous SPDE (IV.8) with

source term F' : [0,T] x P2(R) — R. Let (Q¢)ieo,r) be the semi-group associated to that
equation. Let us assume that there is C' > 0 such that for every ¢ € [0, T, for every u,v € P2(R),
|F(t, 1) — F(t,v)] < CWa(u,v)8. By Duhamel’s formula, for every ¢ : Po(R) — R satisfying
the ¢-assumptions,

Qip(1l) = P +/ Py pd)ds.

Recall that Po(ud’) = P,d(go) for every go € G. Let us also define Q;é(go) := Qip(ud’) for
every go € G'. Thus we have

o —

@ible) = Pidlg) + [ {Pi-olF (s, )} o)

As in (II1.53), we have:

4 g+rhy — DOb(g) - h
ap OQ t¢(kg ) = DQio(9)

where D@(g) - h denotes the Fréchet derivative of Cjt\qb at point g in the direction h. For every
g € G* for every h € A*H?,

DQible) - h = DFdlg) b+ [ DIR-TFG, )}o) A,
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By Proposition IV.7,
— 1/2
DGibl0) b < gl llenss + [ —W,NW [F(s, 1 )]"2 [hllgsods. (1V.79)
For every ¢ € R, VWV [F(s, uf_,)] < EW [(F(s,p]_,) — ¢)?]. In particular,
VW F(s, )] <EY [(F(s, uf_) = F(s,1))?] < CEY [Wa(uf_, uf)*™|

1 860
< CEVE? [ /0 2] (u) — m%(u>l2du]

<Ot —5)%.
Back to (IV.79),
d gtohy t C
dp‘pZOQtéf)(M ’DQtéb h’ < t1+39”¢HLm||h||c4+9 +/ m( s)*||B]|ca+ods
c 0
< m”chLoloHcHG + Ct7||h|care

C
< gl

where the constant C' depends on g, ¢ and F'. This completes the proof of the theorem. O
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