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calculations

Abstract

The Standard Model-like Higgs boson, discovered at the CERN Large Hadron Col-
lider, provides an excellent setting for the indirect search of New Physics, through the
study of its properties. In particular the Higgs boson mass is now measured with an
astonishing precision � of the order of 0.1% � while being predicted in some models
of Beyond the Standard Model Physics, such as supersymmetric (SUSY) models. The
main purpose of this thesis is to push further the calculation of radiative corrections to
Higgs boson masses in models beyond the Standard Model, as well as the automation
of these calculations, in order to set or improve constraints on New Physics coupling
to the Higgs boson.

A �rst chapter is devoted to the computation of the leading two-loop O(αsαt) correc-
tions to neutral scalar masses in supersymmetric models with Dirac gauginos. We allow
both Majorana and Dirac mass terms for the gauginos (more precisely the gluinos),
and we derive results for top/stop parameters both in DR

′
and in on-shell renormali-

sation schemes. The analytic results we obtain are implemented in publicly available
numerical routines, and constitute the �rst explicit calculation of Higgs masses at two-
loop order in SUSY models beyond the NMSSM.

The core of this thesis is the investigation of the Goldstone Boson Catastrophe � a
case of infra-red (IR) divergences due to massless Goldstone bosons that plague the
calculation of e�ective potentials, tadpole equations, and self-energies � and of how
to address it. We begin by extending the resummation procedure, recently developed
for the Standard Model and applied to the MSSM, to obtain infra-red �nite tadpole
equations in general renormalisable �eld theories. We then demonstrate that adopting
an on-shell renormalisation scheme for the Goldstone masses would have made the
derivation of these results for the tadpoles simpler, and further allows the elimination
of all IR divergences in generic neutral scalar mass computations as well. We devise
a generalised e�ective potential approximation to �nd IR-safe closed-form expressions
for all loop functions involved in mass corrections, and we also present a perturbative
expansion of parameters that allows for a direct � instead of iterative � solution of the
tadpole equations.

Afterwards, we illustrate the numerical implementation of our solution to the Gold-
stone Boson Catastrophe in the public tool SARAH. We compare the results we obtain
in the Standard Model to existing calculations, �nding remarkable agreement, and we
also study new corrections in Split SUSY, the NMSSM, Two-Higgs-Doublet Models
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(2HDMs) and the Georgi-Machacek model. In particular, we investigate the dan-
gers involved with the common habit of trading Lagrangian parameters for masses
using tree-level relations in non-supersymmetric models, and we show that loop cor-
rections grow out of control well before the naive perturbativity bounds on couplings
are reached.

Finally, in a last chapter, we consider the high-scale behaviour of (non-supersymmetric)
models with extended Higgs sectors. More speci�cally, we point out that the order
at which couplings are extracted from the physical spectrum before being run with
renormalisation group equations has strong e�ects on the values found at high energy
scales, and thus on the high energy properties of the models. We illustrate this state-
ment with both analytical and numerical results where the impact of the matching
order is sizeable, in the context of three minimal extensions of the Standard Model: a
singlet extension, a model with vector-like quarks, and �nally a 2HDM.
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Résumé

L'étude des propriétés du boson de Higgs, découvert au Grand Collisionneur de Ha-
drons du CERN, représente une excellente opportunité pour la recherche de Nouvelle
Physique. En particulier, la masse de ce boson est maintenant mesurée expérimen-
talement avec une précision impressionnante, de l'ordre de 0.1%, tandis qu'elle est
également prédite par certains modèles au-delà du Modèle Standard, notamment les
modèles supersymétriques. L'objectif de cette thèse est de faire avancer le calcul des
corrections radiatives aux masses des bosons de Higgs dans les modèles au-delà du Mo-
dèle Standard, ainsi que l'automatisation de ces calculs, a�n d'établir ou d'améliorer
les limites sur les couplages entre la Nouvelle Physique et le boson de Higgs.

Un premier chapitre est consacré au calcul des corrections dominantes à deux boucles,
de la forme O(αsαt), aux masses des scalaires neutres dans les modèles supersymé-
triques à jauginos de Dirac. Nous considérons à la fois des termes de masses de Dirac
et de Majorana pour les jauginos (plus précisement les gluinos), et nous établissons
des résultats pour des paramètres du secteur des tops/stops à la fois dans les schémas
de renormalisations DR

′
et �on-shell� (sur couche de masse). Les résultats analytiques

que nous obtenons sont inclus dans des routines numériques disponibles publiquement,
et constituent les premiers calculs explicites de corrections aux masses des bosons de
Higgs à deux boucles dans des modèles supersymétriques au-delà du NMSSM.

Le sujet principal de cette thèse est l'étude de la Catastrophe des Bosons de Goldstone,
un cas de divergences infrarouges dues aux bosons de Goldstones de masses nulles qui
a�ecte les calculs de potentiels e�ectifs, d'équations de minimisation du potentiel (dites
équations �tadpoles�) et d'énergies propres, ainsi que de comment surmonter ce pro-
blème. Nous étendons tout d'abord la procédure de resommation, développée récement
pour le Modèle Standard et appliquée au MSSM, pour obtenir des équations �tadpoles�
�nies pour des théories de champs renormalisables générales. Nous démontrons ensuite
qu'en adoptant un schéma de renormalisation sur couche de masse pour les masses des
bosons de Goldstone, l'obtention de ces résultats aurait été facilitée, et qu'il est aussi
possible d'éliminer toutes les divergences infrarouges dans les calculs de masses de sca-
laires. Nous présentons une approximation du potentiel e�ectif généralisée permettant
de trouver des expressions de corrections de masses libres de toute divergence infra-
rouge, ainsi qu'un développement perturbatif des paramètres de masses permettant de
résoudre directement (plutôt qu'itérativement) les équations �tadpoles�.

Ensuite, nous illustrons la mise en ÷uvre numérique de notre solution à la Catastrophe
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des Bosons de Goldstone dans le programme SARAH. Nous comparons les résultats que
nous obtenons pour le Modèle Standard aux résultats existants, et trouvons un ex-
cellent accord. Nous étudions aussi de nouvelles corrections aux masses des bosons de
Higgs en Split SUSY, dans le NMSSM, dans des modèles à deux doublets de Higgs, et
dans le modèle de Georgi-Machacek. Nous nous intéressons notamment aux dangers
encourus du fait du choix, habituel pour des modèles non-supersymétriques, d'échanger
les paramètres du Lagrangien contre des masses en utilisant des relations à l'ordre des
arbres, et nous montrons comment les corrections quantiques croissent hors de tout
contrôle bien avant que les limites perturbatives habituelles (naïves) ne soit atteintes.

Finalement, nous considérons dans un dernier chapitre le comportement aux hautes
énergies de modèles non-supersymétriques avec des secteurs scalaires étendus. Plus
spéci�quement, nous montrons que l'ordre (en théorie des perturbations) auquel les
couplages sont extraits du spectre de masse physique, avant d'être évolués avec les
équations du groupe de renormalisation, a des e�ets importants sur les valeurs des
couplages obtenues aux hautes énergies et par conséquent sur le comportement à ces
énergies des modèles considérés. Nous illustrons cette position avec à la fois des ré-
sultats analytiques et numériques, dans le cadre d'extensions minimales du Modèle
Standard : une extension avec un singlet, un modèle avec des quarks vectoriels, et
�nalement un modèle à deux doublets de Higgs.
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1PI One-Particle-Irreducible

2HDM Two-Higgs-Doublet Model

2PI Two-Particle-Irreducible

BSM Beyond the Standard Model

DR
′
Modi�ed Dimensional Reduction (Renormalisation Scheme)

DRED Dimensional Reduction

DREG Dimensional Regularisation
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EWSB Electroweak Symmetry Breaking
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GUT Grand Uni�ed Theory

IR Infra-red

LHC Large Hadron Collider

LO Leading Order
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MDGSSM Minimal Dirac Gaugino Supersymmetric Standard Model

MRSSM Minimal R-symmetric Supersymmetric Standard Model

MS Modi�ed Minimal Subtraction (Renormalisation Scheme)

MSSM Minimal Supersymmetric Standard Model

NMSSM Next-to-Minimal Supersymmetric Standard Model

N(N)LO Next-to-(Next-to)-Leading Order

OS On(-Mass)-Shell

QCD Quantum Chromodynamics

QED Quantum Electrodynamics

QFT Quantum Field Theory
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RGE Renormalisation Group Equation
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SM Standard Model of Particle Physics

SSB Spontaneous Symmetry Breaking
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Introduction

The discovery of a 125-GeV Higgs-boson-like particle at the Large Hadron Collider at
CERN in 2012 has been a ground-breaking event for Particle Physics. Not only did it
complete the �eld content of the Standard Model (SM), but it con�rmed the role of
Electroweak Symmetry Breaking (EWSB) as the origin of the masses of fermions and
gauge bosons. However, the quest to understand the microscopic behaviour of Nature
does not end here; indeed the Standard Model does not provide a quantum description
of gravity, so at best it can only be valid up to the Planck scale MPl ∼ 1019 GeV
(at which e�ects from quantum gravity must be taken into account). Furthermore,
a number of signs seem to point towards the existence of yet-unknown phenomena
that would also be at play in electroweak (and strong) interactions. These include
theoretical arguments such as the hierarchy problem, the question of the stability of
the SM electroweak vacuum, the strong-CP problem, the possibility of gauge coupling
uni�cation, and the hierarchy between the Yukawa couplings. Additionally there also
exist experimental results that are incompatible or con�icting with SM predictions: for
example the existence of neutrino masses; the cosmological observations indicating the
need for in�ation, for dark energy, and for some mechanism to explain baryogenesis;
the astrophysical evidence for dark matter; and tensions (some of them long-standing)
coming from the measurement of precision observables, such as the muon anomalous
moment, or more recently anomalies in B-physics. It is therefore very likely that the
SM is only the manifestation at currently accessible energy scales of a more fundamen-
tal underlying theory � or in other words that the SM is an e�ective theory valid until
some intermediate scale (i.e. between the Planck and electroweak scales) characterising
the New Physics.

A tremendous number of Beyond-the-Standard-Model (BSM) theories have been de-
vised to address some (or even all) of the de�ciencies of the SM and must now be
confronted with experimental results. Indeed, the search for BSM Physics has become
one of the major endeavours of modern High-Energy Physics and, among the di�erent
possible avenues, one can distinguish between direct searches � i.e. trying to detect
new particles or phenomena directly at experiments � or indirect searches, in other
words investigating possible e�ects of unknown Physics at higher scales on the proper-
ties (often masses or couplings) of presently observed particles. So far, potential new
particles have eluded observation. However, the �nding of the Higgs boson has opened
a new area for indirect searches through the study � both experimental and theoretical
� of its properties. In particular, the Higgs boson mass mh is now already measured
to an exceptional level of precision � of the order of one per mille � while it is also
predicted in certain BSM models.

A special class of BSM theories that exhibit a new type of symmetry relating bosonic
and fermionic degrees of freedom � called Supersymmetry (SUSY) � stands out be-
cause of several theoretical and phenomenological advantages they o�er: indeed, at
the price of greatly extending the �eld content of the theory (of which the enriched
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Higgs sector is then of particular interest), they can solve the hierarchy problem, allow
gauge uni�cation, provide candidates for dark matter particles, etc � to cite only a few
of the positive features. Another feature of supersymmetric models, of central impor-
tance here, is the fact that because of the relations between parameters of the theory
imposed by Supersymmetry, the quartic coupling of the Higgs boson, which controls
its tree-level mass, is actually determined in terms of the other couplings of the theory
(including the electroweak gauge couplings), unlike what is the case for instance in
the SM. The physical mass of the Higgs boson can then be evaluated by adding, to
the known tree-level value, quantum (or radiative) corrections that are computed in
the regime of perturbation theory, and it is therefore a prediction of these models.
As the radiative corrections to the Higgs mass involve, in principle, all particles that
couple to the Higgs, the comparison between the experimentally measured value and
the theoretical prediction for mh can constrain a large part of (if not the whole of)
the physical spectrum of the theory. This situation, combined with the realisation in
the early 1990's that the predicted Higgs mass could be compatible with early experi-
mental bounds, has triggered an active and long-lasting interest in the calculation of
corrections to the mass of the Higgs boson, in the context of minimal supersymmetric
extensions of the SM � i.e. the Minimal Supersymmetric Standard Model (MSSM),
and the Next-to-Minimal Supersymmetric Standard Model (NMSSM). Similar compu-
tations have also been performed in the SM itself, especially in recent years, because
they allow a precise extraction of the Higgs quartic coupling from its measured mass
in order to investigate the fate of the electroweak vacuum.

However, the �eld of Higgs mass calculations in BSM (SUSY) models is currently
confronted with a number of challenges. Among them, one can �rst mention the fact
that the accuracy to which the lightest Higgs mass is computed is quite far from the
precision with which it is measured experimentally: the theoretical uncertainty is at
best of the order of a few GeV in the MSSM, which has been studied extensively, but
is much larger for other models where fewer corrections are known. Another issue is
that the minimal SUSY models that have been studied most (especially the MSSM)
are becoming increasingly unnatural and therefore less attractive, thus increasing the
need to improve predictions in numerous other extensions of the SM. The aim of this
thesis is to participate in addressing these problems, and to increase the number of
models in which precise results for Higgs masses are available. We have done so in two
di�erent but complementary approaches, working both on explicit calculations of new
corrections in particular (non-minimal supersymmetric) models and on computations
for general renormalisable theories.

We begin this thesis with two introductory chapters that aim to provide a (pedagogical)
overview of the physical and technical setting in which the work presented here has
been carried out. In the �rst of these two chapters, we start by recalling basic notions
of the Standard Model and its Higgs sector, before turning to the e�ect of quantum
corrections on the SM Higgs sector. This allows us to introduce the Goldstone Boson
Catastrophe, which will be one of the central topics in the thesis, as well as to illustrate
the need for some BSM Physics that would couple to the Higgs. Afterwards, we present
the di�erent BSM models relevant for this thesis: on the one hand, the framework of
Supersymmetry and phenomenological SUSY models; and on the other hand, minimal
extensions of the SM with enlarged Higgs sectors. The second introduction chapter is
dedicated to a review of precision calculations of Higgs boson masses. After discussing
technical points, such as renormalisation schemes and the di�erent possible approaches
to computing mass corrections, we review existing results in BSMmodels � in particular
in supersymmetric ones � and we end the chapter by presenting the formalism and the

2



Introduction

tools that we will employ for generic calculations.

The third chapter is devoted to a particular class of supersymmetric theories, namely
models with Dirac gauginos. These models have been receiving growing interest in re-
cent years because of their rich phenomenology, of which some of the most favourable
features are: (i) the possibility to evade both current limits on the detection of squarks
(via the suppression of the production rates of coloured particles) and constraints from
�avour physics; and (ii) the increased naturalness of these models � due to an enhance-
ment of the lightest Higgs mass at tree level and to the milder dependence of correc-
tions to scalar masses on gaugino masses. We perform the �rst explicit calculation
of two-loop corrections to Higgs masses in theories beyond the NMSSM by deriving
the leading O(αtαs) contributions in general Dirac gaugino models, using the e�ective
potential technique. We then apply our results to the special cases of the MDGSSM
and the MRSSM, two of the most popular Dirac gaugino models, and we also provide
approximate expressions in several phenomenologically relevant limits. Moreover, we
obtain corrections in terms of top/stop sector parameters renormalised either in an
on-shell (OS) scheme and in the DR

′
scheme, and we observe how the OS scheme

avoids the appearance of large logarithmic contributions leading to a loss of accuracy,
or even of perturbativity, when gluinos become much heavier than stops. Finally, by
varying the scheme of the top/stop sector inputs, and by changing the determination
of the strong gauge coupling, we are able to estimate the theoretical uncertainty of our
results.

In the following chapters, we turn to generic calculations � i.e. for general renormalis-
able models � and investigate more speci�cally the Goldstone Boson Catastrophe and
its solution. This catastrophe is a case of infra-red divergence that plagues calcula-
tions of e�ective potentials, tadpole equations, and even self-energies in the SM and
most BSM models. It arises because of the masses of the Goldstone bosons, which
may run across zero under renormalisation group �ow. This problem is especially se-
vere and visible in the Landau gauge, where Goldstones have a vanishing tree-level
mass, but this is also the gauge in which many two-loop results for generic theories
have been derived (in MS/DR

′
renormalisation scheme), as it allows simpler calcula-

tions. Therefore, we wish to address the problem in the Landau gauge so as to obtain
infra-red-safe versions of these existing expressions. This is the subject of the fourth
chapter, where at �rst we generalise a resummation procedure that had been recently
devised and employed for the SM and the MSSM, before �nding a new solution by
using an OS renormalisation for the Goldstone boson masses � in practice, we �nd
modi�ed expressions for some of the loop functions that appear in tadpoles. Further-
more, for the self-energy diagrams, we combine our �on-shell Goldstone� prescription
with a generalised e�ective potential approximation (which we also devise) to obtain
easily calculable divergence-free expressions for the relevant loop functions. Lastly,
we also provide a way to solve loop-corrected tadpole equations directly instead of
iteratively.

In the �fth chapter, we implement our modi�ed loop functions in the public code
SARAH, opening the way for two-loop evaluations of neutral scalar (Higgs) masses in
non-supersymmetric models � including the SM � with SARAH generated SPheno spec-
trum generators. These were previously impossible because of the Goldstone Boson
Catastrophe, and of the absence of any work-around in SARAH that could be applied out-
side supersymmetric models. We �rst compare the Higgs mass found by SARAH/SPheno
in the SM to the state-of-the-art results (complete two-loop calculations), and �nd a
remarkable agreement. Then, we turn to the NMSSM and illustrate how our solu-
tion to the Goldstone Boson Catastrophe indeed eliminates the numerical instabilities
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in existing calculations in SUSY. Afterwards, we consider more BSM models � both
supersymmetric (Split SUSY), and non-supersymmetric (Two-Higgs-Doublet Models
and the Georgi-Machacek model) � and investigate previously unknown two-loop cor-
rections to scalar masses. In particular, we point out the dangers associated with the
common habit of using only tree-level relations to extract Lagrangian couplings from
the mass spectrum in non-SUSY BSM models.

Finally, in the last chapter, we continue to study the behaviour of non-supersymmetric
models, focusing more precisely on how the order in perturbation theory at which
the scalar quartic couplings are extracted at a low scale from the mass spectrum
a�ects the high-scale behaviour of the models � i.e. the possibility of an instability
of the electroweak vacuum vacuum, or of a loss of perturbativity or unitarity. We
consider three di�erent non-SUSY extensions of the SM � namely a singlet extension,
an extension with vector-like quarks and a Two-Higgs-Doublet Model. We show that
the threshold corrections to the quartic couplings at low scales can be signi�cant, and
moreover can have important e�ects after running the couplings to high scales. We
therefore advocate employing a loop-corrected matching together with two-loop RGEs,
which is possible using the corrections available in SARAH/SPheno.

For the reader's convenience, a list of abbreviations is provided on page xi in the
preface, and the de�nitions of all the loop functions that are used can be found in
appendix B.1.1. Let us mention here also that we shall, throughout this thesis, follow the
Einstein convention on summation of repeated indices (unless otherwise mentioned),
and that we will sometimes refer to mass-squared parameters simply as masses (thereby
committing a slight, but common, abuse) when there is no risk of ambiguity.

This thesis is based on the following publications:

• [1] Johannes Braathen, Mark Goodsell and Pietro Slavich, Leading two-
loop corrections to the Higgs boson masses in SUSY models with Dirac gauginos.
JHEP 09 (2016) 045, arXiv:1606.09213 [hep-ph],

that corresponds in most part to chapter 3;

• [2] Johannes Braathen and Mark Goodsell, Avoiding the Goldstone Boson
Catastrophe in general renormalisable �eld theories at two loops. JHEP 12 (2016)
056, arXiv:1609.06977 [hep-ph],

and

• [3] Johannes Braathen, Mark Goodsell and Florian Staub, Supersymmetric
and non-supersymmetric models without catastrophic Goldstone bosons. Eur.
Phys. J. C 11 (2017) 77: 757, arXiv:1706.05372 [hep-ph],

that constitute chapters 4 and 5; and �nally

• [4] Johannes Braathen, MarkGoodsell, ManuelKrauss, TobyOpferkuch
and Florian Staub, N -loop running should be combined with N -loop matching.
Phys. Rev. D 97, 015011, arXiv:1711.08460 [hep-ph],

corresponding to chapter 6.
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Chapter 1

The Higgs boson and Physics

beyond the Standard Model

This chapter aims at providing a brief overview of Physics in the Higgs sector, in the
Standard Model as well as in the models of new Physics that will be studied in the
course of this thesis.

1.1 The Standard Model and the Higgs sector

The Standard Model (SM) of Particle Physics is currently the most successful theory
of the fundamental interactions of Nature, unifying the descriptions of the strong,
electromagnetic, and weak forces and of matter, as an SU(3)C×SU(2)L×U(1)Y gauge
theory. Matter �elds are divided between quarks, which are charged under colour i.e.
under SU(3)C , and leptons, which are not. The study of the dynamics of quarks and
gluons, the gauge bosons of SU(3)C , is an immensely rich �eld by itself � Quantum
Chromodynamics (QCD) � that will not be considered in this thesis. Note, however,
that coloured particles � in particular top quarks (and in supersymmetric models their
superpartners, the stops) � will still have e�ects on Higgs Physics. The remaining
SU(2)L×U(1)Y part constitutes the electroweak (EW) sector of the Standard Model,
also referred to as the Glashow-Weinberg-Salam (GWS) model.

1.1.1 Mass terms of gauge bosons and fermions

The �rst step in the theoretical construction of the Standard Model is to �nd a way
to accommodate in the framework of a gauge � and therefore renormalisable � the-
ory the weak interaction, observed from the 1930's and described �rst by the non-
renormalisable Fermi theory. Some weak interaction processes, such as the muon
decay to an electron

µ− → e−νµν̄e

involve �avour changing charged currents and must therefore be mediated by charged
gauge bosons W±. A natural choice of gauge group from which charged gauge bosons
could be obtained is SU(2), but it cannot be considered by itself because it can be
shown that the neutral gauge boson associated with the third generator of SU(2) is not
the photon. An additional U(1) group, with the weak hypercharge Y as its associated
quantum number, thus needs to be introduced so that one can recover the photon
among the gauge bosons, to ensure that QED is contained within the SM. However,
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an important problem then arises from the requirement that all but one of the gauge
bosons associated with the SU(2)×U(1)Y gauge group be massive. Indeed, the weak
interactions only have a very short range, meaning that their mediators must be very
massive, but the gauge symmetry forbids mass terms, as we can illustrate in the simple
case of the gauge boson Bµ of U(1)Y :

(i) under a U(1)Y gauge transformation β(x), Bµ transforms as

Bµ(x)
β(x)−−−→ Bµ(x)− 1

q
∂µβ(x) (1.1.1)

Skipping a little ahead, one could easily show that requiring the gauge covariance
of eq. (1.1.9) gives q = YΦg

′.

(ii) if then we had a mass term for Bµ, it would transform as

1

2
m2
BBµB

µ β(x)−−−→ 1

2
m2
BBµB

µ − m2
B

q
Bµ∂µβ +

m2
B

2q2
∂µβ∂

µβ 6= 1

2
m2
BBµB

µ (1.1.2)

which clearly shows that gauge invariance would be broken by a mass term for
B. Similarly, the same applies to the gauge bosons of SU(2)L that cannot have
mass terms either.

Furthermore, the violation of parity in weak interactions (discovered in the 1950's)
means that only fermions of left-handed helicities couple to the SU(2) gauge bosons �
and for this reason the SU(2) gauge group is denoted with a lower index L. In turn,
this means fermions are chiral, i.e. transform di�erently under SU(2)L×U(1)Y gauge
transformations depending on their left- or right-handed helicity. However then, any
mass term of a fermion ψ (lepton or quark), that could be written

−mψψ̄ψ = −mψ

(
ψ̄LψR + ψ̄RψL

)
(1.1.3)

would also be forbidden because it would break gauge invariance. It is also sometimes
said that chiral symmetry protects fermion masses as it is the di�erent behaviour of
left- and right-handed helicities that makes mass terms non-gauge-invariant.

1.1.2 Electroweak Symmetry Breaking and the Brout-Englert-Higgs
mechanism

The solution to these two problems relies on the mechanism invented in 1964 by Brout
and Englert [5] and by Higgs [6, 7], for which a complex scalar Φ, transforming in the
(1,2, 1

2) representation of the SM gauge group, is added to the theory together with a
potential that allows the spontaneous breaking of electroweak gauge group

SU(2)L × U(1)Y
SSB−−−→ U(1)QED .

Let us now illustrate how spontaneous symmetry breaking occurs in the electroweak
sector and how this yields masses for gauge bosons and fermions. First, the Higgs
doublet Φ can be written

Φ =

(
G+

1√
2

(
v + h+ iG0

)) (1.1.4)
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with v the Higgs vacuum expectation value (VEV), h the physical Higgs state, and
G± and G0 respectively the charged and neutral would-be Goldstone bosons.1 For
convenience, we use some of the freedom that we are given by the gauge symmetry
to rotate away any phase of the Higgs VEV, thereby ensuring that v is real and non-
negative. The Higgs potential V (0) is taken2 to be

V (0)(Φ) = µ2|Φ|2 + λ|Φ|4 , (1.1.5)

where µ2 is the Higgs mass term and λ the Higgs quartic coupling. As the potential
need to be bounded from below, the Higgs quartic coupling must be non-negative
(actually, it must even be positive if µ2 is negative). One can then easily �nd the
minimisation condition of the scalar potential, also called the tadpole equation,

∂V (0)

∂h

∣∣∣∣
φ=0

= 0 = (µ2 + λv2)v . (1.1.6)

where we use φ = 0 as a shorthand notation for {h = 0, G0 = 0, G± = 0}. If µ2 (and
λ) are positive, this equation admits only one solution

v = 0 ,

and the electroweak gauge symmetry is not broken (this is the unbroken, or symmetric,
phase of the SM). However, if µ2 is negative, eq. (1.1.6) also admits the solution

µ2 + λv2 = 0 ⇒ v =

√
−µ2

λ
> 0 . (1.1.7)

Furthermore, it is then straightforward to verify that the solution with v > 0 is then the
true minimum of the potential, while the solution v = 0 corresponds to an unstable
local maximum of the potential. The non-zero value of the Higgs VEV breaks the
SU(2)L × U(1)Y : this is the broken phase of the SM. Because the VEV does not
carry electric charge, a residual U(1) symmetry is preserved in the minimum of the
potential, corresponding to the gauge symmetry of QED. The spontaneous breaking
of the EW gauge symmetry SU(2)L × U(1)Y down to the gauge symmetry of QED
U(1)QED, realised by the Higgs VEV, is called the electroweak symmetry breaking
(EWSB). Finally, the Higgs VEV can be related to the measured Fermi constant by
matching the electroweak sector of the SM onto the Fermi theory at low energies, and
one �nds

v =
1√√
2GF

' 246.22 GeV . (1.1.8)

When considering the gauge bosons W a
µ and Bµ, respectively of the groups SU(2)L

and U(1)Y , we obtain for the covariant derivative of Φ

(DµΦ)i = ∂µΦi − igW a
µ

σaij
2

Φj − iYΦg
′BµΦi, (1.1.9)

1As we will see in what follows, Goldstones do not remain part of the physical spectrum af-
ter the electroweak symmetry breaking, therefore they should in principle always be referred to
as would-be Goldstone bosons. However, there is almost never any confusion possible with real
Goldstone bosons from a spontaneously broken global symmetry, so we will very often to them as
Goldstone bosons, in a slightly abusive way.

2The �(0)� upper index denotes a tree-level quantity � this will become clearer in section 1.1.4.
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where g′ (g) is the gauge coupling for U(1)Y (SU(2)L), YΦ = 1
2 is the Higgs doublet

hypercharge, i, j are SU(2)L indices and σa are the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.1.10)

If we now expand the gauge-invariant kinematic term for the Higgs doublet

|DµΦ|2 ⊃ ∂µG
+∂µG− +

1

2
(∂µh)2 +

1

2

(
∂µG

0
)2

+
1

4
g2v2

(
W 1
µ − iW 2

µ√
2

)(
W 1µ + iW 2µ

√
2

)
+

1

8
(g′2 + g2)v2

(
gW 3

µ − g′Bµ√
g′2 + g2

)2

+ LφφV + LφV V + LφφV V + · · · (1.1.11)

LφφV , LφV V , and LφφV V contain interaction terms between the scalars and the gauge
bosons that we will not expand here. With the simple �eld rede�nition

W±µ ≡
W 1
µ ∓ iW 2

µ√
2

, Zµ ≡
gW 3

µ − g′Bµ√
g′2 + g2

, (1.1.12)

we can rewrite the second line of equation (1.1.11) as

|DµΦ|2 ⊃ 1

4
g2v2W+

µ W
−µ +

1

8
(g′2 + g2)v2ZµZ

µ. (1.1.13)

Through the EWSB the would-be Goldstone bosons G± and G0 become longitudinal
components of the gauge bosonsW± and Z, which then acquire massesmW = 1

2gv and
mZ = 1

2

√
g2 + g′2v respectively.3 This is the Brout-Englert-Higgs mechanism [5�7].

One last vector boson state, orthogonal to Zµ in �eld space

Aµ ≡
g′W 3

µ + gBµ√
g2 + g′2

, (1.1.14)

remains massless, and is the photon � i.e. the gauge boson of U(1)QED. The trans-
formation from {W 3

µ , Bµ} to {Zµ, Aµ} can be seen as a rotation of angle θW , the
Weinberg (or weak mixing) angle, de�ned by

tan θW =
g′

g
. (1.1.15)

The Weinberg angle also relates the couplings g′, g to the electric charge e of the
electron

e = g′ cos θW = g sin θW =
gg′√
g2 + g′2

. (1.1.16)

Fermions also obtain masses from the scalar sector, via Yukawa interactions that are
added by hand in the SM. Quarks and leptons come in both left-handed and right-
handed helicities, and it is known from experiments that W bosons only couple to
left-handed fermions. Therefore, fermions of di�erent helicities come in di�erent rep-
resentations of SU(2)L � singlet for right-handed fermions and doublet for left-handed
ones � as shown in table 1.1.

3This would be especially clear in the unitary gauge, in which the Goldstone bosons would not
appear any more after the EWSB. However, the unitary gauge is a very inconvenient choice for
calculations, and we will use instead Rξ gauges, as will be discussed in what follows.
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1.1 The Standard Model and the Higgs sector

QfL = (ufL, dfL) (3,2, 1
6)

Quarks ufR (3,1, 2
3)

dfR (3,1,−1
3)

Leptons LfL = (νfL, efL) (1,2,−1
2)

efR (1,1,−1)

Table 1.1 � Fermions and their representations under the SM gauge group SU(3)C ×
SU(2)L × U(1)Y . f = 1, 2, 3 is the family index. Indices L and R denote respec-
tively left- and right-handed states.

With these assignments, gauge-invariant Yukawa terms can be written for the fermions
as

L ⊃− Y fg
e (L̄fL)iΦiegR − Y fg

d (Q̄fL)iΦidgR − Y fg
u εij(Q̄fL)iΦ

†
jugR + h.c. , (1.1.17)

where εij is the antisymmetric tensor. Note that, by construction, the SM does not
accommodate neutrino masses and that there is no right-handed neutrino. The ob-
servation of neutrino oscillations by the Super-Kamiokande collaboration is a clear
experimental evidence that neutrinos (at least from two of the three families) are mas-
sive and therefore that there must exist some Physics beyond the SM in the EW sector.
However, it is possible to extend the SM in relatively minimal ways to generate small
neutrino masses (via e.g. the seesaw mechanism), but this lies beyond the scope both
of this introduction and of this thesis, and will not be discussed more here.

1.1.3 Electroweak gauge �xing

Something we have not considered yet is how to quantise the SU(2)L×U(1)Y theory.
At this point, the choice of gauge needs to be taken into consideration because the
functional integration of the path integral must be done while still obeying the gauge-
�xing condition. This is possible when following the quantisation procedure of Faddeev
and Popov [8], which will introduce gauge-dependent terms in the Lagrangian.

As mentioned above, a �rst possible choice of gauge � the unitary gauge � has the
advantage of eliminating the Goldstones altogether from the Lagrangian. However,
it causes at the same time great complications to calculations in perturbation theory,
therefore we will use instead Rξ gauges, which will prove to be signi�cantly more
convenient. Following the Faddeev-Popov procedure [8], the gauge-�xing terms for
SU(2)L and U(1)Y are found to be

G±SU(2)L
=

1√
ξ

(
∂µW±µ ∓ iξ

g

2
vG±

)
G3
SU(2)L

=
1√
ξ

(
∂µW 3

µ − ξ
g

2
vG0

)
GU(1)Y =

1√
ξ

(
∂µBµ + ξ

g′

2
vG0

)
(1.1.18)
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The Higgs boson and Physics beyond the Standard Model

and then we add to the Lagrangian additional terms

L ⊃− G+
SU(2)L

G−SU(2)L
− 1

2

(
(G3
SU(2)L

)2 + (GU(1)Y )2
)

=− 1

ξ

(
∂µW+

µ ∂
νW−ν +

1

2
(∂µW 3

µ)2 +
1

2
(∂µBµ)2

)
− i

2
gv
(
∂µW+

µ G
− − ∂µW−µ G+

)
+

1

2
vG0

(
g∂µW 3

µ − g′∂µBµ
)

− ξ g
2

4
v2G+G− − ξ g

′2 + g2

8
v2(G0)2 (1.1.19)

The gauge �xing (1.1.18) was actually chosen in such a way that the resulting terms
in the third line of eq. (1.1.19) would exactly cancel terms like v∂µG+W−µ or v∂µG0Zµ
that appear in the expansion of |DµΦ|2. The terms in the fourth line of eq. (1.1.19)
give gauge-dependent contributions to the Goldstone masses, and will be considered
as part of the scalar potential.

The Faddeev-Popov procedure also requires the introduction of ghosts ωa, ω̄b and one
can show that they obtain a Lagrangian

Lghosts = ω̄a
[
−(∂µD

µ)ab − ξ g
2

4
σaij〈Φj〉σbikΦk − iξ

g′2

8
vG0δab

]
ωb (1.1.20)

We see from the second and third terms in the above equation that the ghosts couple to
the scalar sector. It is then convenient to �x ξ = 0 to avoid couplings between scalars
and ghosts: this is the Landau gauge. Note that this does not prevent purely gauge
couplings between ghosts and gauge bosons, coming from the (∂µD

µ)ab operator in
the ghost Lagrangian. In the Landau gauge, the gauge boson propagator becomes [9]

(
∆µν
ξ

)ab
=

( −i
k2 −m2

[
gµν − kµkν

k2 − ξm2
(1− ξ)

])ab
→
(

∆µν
ξ=0

)ab
=

( −i
k2 −m2

)ab[
gµν − kµkν

k2

]
. (1.1.21)

Another popular gauge choice is the Feynman gauge ξ = 1, which makes the gauge
boson propagator even simpler

(
∆µν
ξ=1

)ab
=

( −igµν
k2 −m2

)ab
. (1.1.22)

The Landau and Feynman gauges are probably the two most common choices in the
context of perturbative calculations and throughout this thesis we will use these gauges
exclusively. Unless otherwise speci�ed, analytic expressions will be given in the Lan-
dau gauge although, on the other hand, numerical calculations in the SARAH/SPheno
framework � that we will present in chapter 2 � are performed in Feynman gauge.

Finally, note that in the limit ξ →∞, the Goldstone bosons decouple entirely from the
theory and can be eliminated from the Lagrangian: this is the quantised realisation of
the unitary gauge [9].
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1.1 The Standard Model and the Higgs sector

1.1.4 The Higgs sector at tree-level and beyond

The tree-level scalar masses are de�ned as the second derivatives of the potential with
respect to the scalar �elds:

(m2
h)tree =

∂2V (0)

∂h2

∣∣∣∣
φ=0

= µ2 + 3λv2

(m2
G)tree =

∂2V (0)

∂(G0)2

∣∣∣∣
φ=0

= µ2 + λv2 + ξm2
Z = µ2 + λv2 (1.1.23)

(m2
G±)tree =

∂2V (0)

∂G+∂G−

∣∣∣∣
φ=0

= µ2 + λv2 + ξm2
W = µ2 + λv2

where the ξ-dependent terms come from the part of the gauge-�xing terms � equation
(1.1.19) � that we have absorbed in the scalar potential V (0) (see the discussion below
eq. (1.1.19)). The last equalities for (m2

G)tree and (m2
G±)tree follow from our choice to

work in the Landau gauge ξ = 0.4 One can notice that the Goldstone boson masses
are are gauge dependent, however, this is not a problem because the Goldstones are
not physical degrees of freedom, having been absorbed by the gauge bosons. Moreover,
one can obtain the tree-level masses in the minimum of the potential by imposing the
minimum condition (1.1.7) and these read

(m2
h)tree = 2λv2 , and (m2

G)tree = (m2
G±)tree = 0 . (1.1.24)

Until now our discussion has remained only at tree-level, i.e. we have not been taking
into account quantum corrections. Now that we have quantised the theory, we do
not expect physical observables to be equal to results of tree-level calculations, but
of loop-corrected ones. The works presented in this thesis are done in the regime of
perturbation theory, i.e. when there is a small parameter (a coupling) with which one
can perform a series expansion of the quantum corrections, and physical quantities or
observables can then be written as

Θobs = Θ(0) +
1

16π2
Θ(1) +

1

(16π2)2
Θ(2) + · · · =

∞∑
n=0

1

(16π2)n
Θ(n) (1.1.25)

where Θ(n) denotes the n-loop correction to Θ.

First, we can consider the quantum corrections to the scalar potential, which are
contained in the e�ective potential, de�ned as follows (see e.g. [11]):

(i) for a theory with scalars {φi}, one starts with the generating functional of the
theory (analogous to a partition function), with a set of external sources Ji

Z({Ji(x)}) =

∫ ∏
i

Dφi(x) exp

[
i

∫
d4x
(
L({φi(x)}) + Ji(x)φi(x)

)]
(1.1.26)

(ii) from Z, one can then de�ne the generating functional of connected graphs W

W ({Ji(x)}) = −i logZ({Ji(x)}) (1.1.27)

4Note also that when we introduce quantum corrections, the value of the gauge parameter ξ in the
Landau gauge is not renormalised and remains 0 � see e.g. [10].

11



The Higgs boson and Physics beyond the Standard Model

(iii) The next step is to perform a Legendre transform in order to obtain the e�ective
action Γ, i.e. the generating functional of one-particle-irreducible (1PI) graphs

Γ({φ̄i(x)}) ≡W ({Ji(x)})−
∫
d4xφ̄i(x)Ji(x) , where φ̄i(x) ≡ δW ({Ji})

δJi(x)
.

(1.1.28)

(iv) It is common to further impose translational invariance of the φ̄i, and then one
�nds

Γ({φ̄i}) = −Ve�({φ̄i})
∫
d4x . (1.1.29)

This last new object Ve� is the e�ective potential. Note that because the �elds φ̄i
have been required to be invariant under space-time translations, they are often
referred to as background �elds.

One can show, following for example [11], that the one-loop contribution to Ve� is given
by the supertrace formula

V (1) =
1

4
STr
[
M4
(
logM2 − δ

)]
, (1.1.30)

with the supertrace de�ned as

STr[M2] ≡
∑
s

(−1)2s(2s+ 1)Tr[M2
s ] , (1.1.31)

where s = 0, 1
2 , 1 are the possible values of the spin of the particle � scalar, fermion or

gauge boson � that gives a contribution to Ve�, and with M2
s the mass-squared matrix

of the corresponding particle. The function logx denotes (see also eq. (B.1.2))

logx ≡ log
x

Q2
, (1.1.32)

where Q is the renormalisation scale. Both the regularisation and the renormalisation
of loop integrals will be discussed in section 2.2.1, and we will also show there how the
renormalisation scale is introduced. Finally, δ is de�ned as

δ0 = δ 1
2

=
3

2
, and δ1 =


3

2
in DR

′
scheme,

5

6
in MS scheme.

(1.1.33)

The di�erence between renormalisation schemes for δ1 arises from the fact that gauge
bosons have d = 4−2ε component when using dimensional regularisation together with
the modi�ed minimal subtraction (MS) scheme, while they still have 4 components in
the modi�ed dimensional reduction (DR

′
) scheme. The DR

′
renormalisation scheme is

devised to avoid breaking Supersymmetry as is the case in MS, by working in d = 4−2ε
for momenta and momentum integration, while keeping 4 components for the vector
�elds. Renormalisation schemes will also be presented in more detail in section 2.2.1.

It was observed already in [11] that the e�ective potential is not gauge-invariant, how-
ever, it can serve to derive physically meaningful � i.e. gauge invariant � quantities, a
very simple example of which is the value of the potential at its minimum. In partic-
ular, it was shown in [12] that the existence of a minimum of the e�ective potential
spontaneously breaking the gauge symmetry does not depend on the gauge � in other

12



1.1 The Standard Model and the Higgs sector

words, for the SM, the occurrence of the EWSB is gauge independent. The gauge
(in)dependence of observables computed from the e�ective potential has been investi-
gated extensively in the literature, but we will not discuss it further here � the reader
may refer e.g. to [13�15] for recent developments, as well as to references therein.

In the case of the SM, one �nds for the one-loop e�ective potential in the Landau
gauge and MS scheme [16]

V (1)(h) =
1

4
m4
h(h)

(
logm2

h(h)− 3

2

)
+

3

4
m4
G(h)

(
logm2

G(h)− 3

2

)
− 3

∑
q=u,d,c,s,t,b

m4
q(h)

(
logm2

q(h)− 3

2

)

+
3

2
m4
W (h)

(
logm2

W (h)− 5

6

)
+

3

4
m4
Z(h)

(
logm2

Z(h)− 5

6

)
(1.1.34)

where

m2
h(h) = µ2 + 3λ(v + h)2 , m2

G(h) = µ2 + λ(v + h)2 , mq(h) =
yq√

2
(v + h) ,

m2
W (h) =

1

4
g2(v + h)2 , m2

Z(h) =
1

4
(g2 + g′2)(v + h)2 , (1.1.35)

are the (Higgs-)�eld-dependent tree-level masses of the Higgs, Goldstones, quarks, and
W and Z bosons respectively (and the yq are the diagonal Yukawa couplings of each
quark). Generally, in the literature as well as in the remainder of this thesis, the �eld
dependence is not kept explicit, but is rather assumed implicitly. Moreover, in most
cases, only the top quark contribution is kept because the top Yukawa coupling yt
is much larger than those of the other quarks. Finally, it is common to express the
one-loop contributions to the potential with the loop function f(x) = x2/4(logx−3/2)
(also de�ned in eq. (B.1.3)), which will often be used throughout this thesis.

Higher-order contributions � of two-loop order and more � to Ve� are found by com-
puting 1PI vacuum bubble diagrams. The two-loop results for the Standard Model
were �rst computed by Ford, Jack, and Jones, in [16], and are written out in equations
(5.2)-(5.6) therein. More recently, leading results beyond two loops were calculated
by Stephen Martin, with the three-loop leading contributions involving the strong and
Yukawa couplings obtained in [17], and the four-loop part at leading order in QCD
in [18].

One important point to consider is that when working with the e�ective potential, the
minimum condition is modi�ed by the radiative corrections and becomes

∂Ve�
∂h

∣∣∣∣
φ=0

=
∂V (0)

∂h

∣∣∣∣
φ=0

+
1

16π2

∂V (1)

∂h

∣∣∣∣
φ=0

+
1

(16π2)2

∂V (2)

∂h

∣∣∣∣
φ=0

+ · · ·

= (µ2 + λv2)v +
1

16π2

∂V (1)

∂h

∣∣∣∣
φ=0

+
1

(16π2)2

∂V (2)

∂h

∣∣∣∣
φ=0

+ · · · , (1.1.36)

which, in turn, means the solution of the tadpole equation is changed. Actually,
there are di�erent possible choices of the parameter(s) for which to solve the tadpole
equation(s): the typical choices are either some mass parameter(s) of the Lagrangian
(the Higgs mass term µ2 in the SM), or some VEV(s) (v in the SM). Throughout this
thesis, we will choose the former option and we will consider the values of the VEV,
obtained by an independent calculation, as an input for Higgs mass computations. In
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the case of the SM, we �nd for example

µ2 = −λv2 − 1

v

∂∆V

∂h

∣∣∣∣
φ=0

(1.1.37)

with ∆V = Ve� − V (0). Moreover, the tree-level masses in the minimum of the loop-
corrected potential are also a�ected and are now

(m2
h)tree = µ2 + 3λv2 = 2λv2 − 1

v

∂∆V

∂h

∣∣∣∣
φ=0

(m2
G)tree = µ2 + λv2 = −1

v

∂∆V

∂h

∣∣∣∣
φ=0

(1.1.38)

In later chapters, we will be interested in calculations for generic models (both analyti-
cal and in relation to SARAH) and we will want to make use of existing results by Martin
� in particular [19, 20] � and by Goodsell, Nickel, and Staub [21]. In refs. [19�21], the
masses that are used in the expressions of the potential at its minimum, as well as in
the tadpole equation(s) and in the mass calculations, are the tree-level masses in the
minimum of the (loop-corrected) e�ective potential, and we will follow the same choice
throughout large parts of this thesis.

Finally, the scalar masses themselves receive radiative corrections that must be taken
into account. Indeed the physical mass of a particle is de�ned by the pole of its full
� i.e. loop-corrected � propagator (it is therefore also called the pole mass or on-shell
(OS) mass) and di�ers from its tree-level mass. The radiative corrections to the masses
are given by the self-energy diagrams, and the physical Higgs and Goldstone masses
are found by solving the equations

(m2
h)OS = (m2

h)tree + Πhh

(
p2 = (m2

h)OS
)
,

(m2
G0)OS = (m2

G)tree + ΠG0G0

(
p2 = (m2

G)OS
)
, (1.1.39)

(m2
G±)OS = (m2

G)tree + ΠG+G−
(
p2 = (m2

G)OS
)
,

which is typically done by numerical iterations.

In the Standard Model, the Higgs mass cannot be predicted theoretically as it depends
on the Higgs quartic coupling λ, which has not yet been measured experimentally.
But, the discovery of the Higgs boson in 2012 and the precise measurement of its mass
around 125 GeV means now that the value of the Higgs quartic can be extracted from
the knowledge of mh, at a given order in perturbation theory. In turn, the value of
the Higgs quartic extracted from mh � at the scale at which mh is computed, typically
mt � can be run to high scales in order to study the stability of the SM electroweak
vacuum (we will come back to this in a short moment).

The expression of the one-loop Higgs self-energy is fairly short and simple to write,
and reads in the Landau gauge (see e.g. [22])

Π
(1)
hh (p2) = 3y2

t (4m
2
t − p2)B(m2

t ,m
2
t )− 18λ2v2B(m2

h,m
2
h) + 3λ

p4 −m4
h

m2
h

B(m2
G,m

2
G)

+
1

2
(g2 + g′2)

[(
p2 − 3m2

Z −
p4

4m2
Z

B(m2
Z ,m

2
Z)− p2A(m2

Z)

2m2
Z

+ 2m2
Z

)]
+ g2

[(
p2 − 3m2

W −
p4

4m2
W

B(m2
W ,m

2
W )− p2A(m2

W )

2m2
W

+ 2m2
W

)]
(1.1.40)
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where the (one-)loop functionsA(x) andB(x, y) = B(p2, x, y) are de�ned in eqs. (B.1.6)
and (B.1.7) (these functions are sometimes called Passarino-Veltman functions [23]).
An equivalent equation in the Feynman gauge and gaugeless limit (i.e. g = g′ = 0) is
also given in eq. (6.2.5).

The three most complete calculations of Higgs mass corrections available currently are
by Buttazzo et al.5 [25], by Martin and Roberston for the public code SMH [22], and
by Kniehl, Pikelner, and Veretin [26,27].

1. The �rst [25] is a full two-loop computation in a mixed MS-OS scheme and in
the Feynman gauge, that serves as the �rst step of a study of the (meta)stability
of the electroweak vacuum. More precisely, the input parameters are GF , mW ,
mZ , mH , mt, taken as OS inputs, and the strong coupling constant αs that is
taken in the MS scheme and at renormalisation scale equal to mZ (i.e. αs(mZ)).
These are used to compute the MS values of λ, µ2, yt, g, g′ and gs at scale
Q = mt, which are then run up to the Planck scale. The result for the Higgs
quartic is given as an interpolating function of λMS(Q = mt) as a function of the
Higgs and top quark masses.

2. The second [22] contains all two-loop order together with leading three-loop
corrections to the Higgs mass, in pure MS scheme and Landau gauge. The
analytical results are implemented in the numerical code SMH, which computes
to the desired order in perturbation theory the Higgs mass as a function of the
Higgs quartic λ (and of the renormalisation scale Q, the gauge couplings g, g′, g3,
the Higgs VEV and the top Yukawa) or inversely the Higgs quartic as a function
of the Higgs mass.

3. The last [26] provides a complete two-loop extraction of the MS running param-
eters of the SM (in particular of the running mass of the Higgs) from the OS
inputs of GF , mW , mZ , mH , mt, mb and the MS input αs(MZ), and in a general
Rξ gauge. These analytical results are available numerically in the public code
mr [27].

The �rst and second of the computations described above are discussed in more detail
in section 5.2, where they are also compared to the result obtained with the latest
version of SARAH. We will also review the state-of-the-art of Higgs mass calculations in
BSM models in the next chapter.

1.1.5 The Goldstone Boson Catastrophe in the Standard Model

Before ending our review of Higgs physics in the Standard Model, we take the oppor-
tunity of discussing the Goldstone Boson Catastrophe � in the context of the SM �
and the �rst solutions that were found to address it in [28, 29] (see also [13�15] for
recent related work). First observed6 (and named) for the Standard Model in [17], the
Goldstone Boson Catastrophe is a case of infra-red divergence in the e�ective poten-
tial and its derivatives, as well as in scalar self-energies, due to the Goldstone bosons.
More precisely, if we look back at eq. (1.1.38), we see that the mass m2

G that appears

5Actually, this paper continues the work started in [24].
6For the sake of completeness, let us mention that similar infra-red divergences had been encoun-

tered from other states than Goldstones in [30, 31], and from Goldstones in a two-loop calculation of
the Higgs masses in the MSSM in the e�ective potential approximation [32].
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for the Goldstones in calculations � the tree-level mass in the minimum of the loop-
corrected potential � is not zero and depends on the renormalisation scale Q. This
comes from the renormalisation scale dependence of the corrections to the potential
∆V and means that under renormalisation group �ow the Goldstone mass m2

G can
vanish or run to negative values. The origin of the problem lies in the fact that the
`-loop contributions to the SM e�ective potential contain terms that can be expanded
in the limit m2

G → 0 in the form (m2
G)n log

m
m2
G (where n ≥ 3− ` and m ≤ `) and are

thus infra-red divergent. Let us consider the severity of such terms depending on the
order of n:

• �rst, terms of the form log
m
m2
G or log

m
m2
G/(m

2
G)p that appear from three-loop

and four-loop orders respectively diverge in the limit m2
G → 0, causing in turn

an unphysical divergence of the potential itself;

• then, terms likem2
G log

m
m2
G present at two-loop and higher orders are not diver-

gent � i.e. are IR safe � but if m2
G becomes negative, the logarithms will acquire

unphysical imaginary parts (these imaginary parts are deemed unphysical be-
cause they are not associated to any instability of the potential). Furthermore,
the derivatives of such terms appear in the tadpole equations, and are divergent
because

∂

∂h

(
m2
G log

m
m2
G

)∣∣
min.

=

(
∂m2

G

∂h

)
d

dm2
G

(
m2
G log

m
m2
G

)∣∣
min.

= 2λv
[
log

m
m2
G +m log

m−1
m2
G

]
, (1.1.41)

where we have used the derivative of the �eld-dependent Goldstone mass from
eq. (1.1.35).

• �nally, m4
G log

m
m2
G terms, present already from the one-loop order, are also IR

safe even if they can have imaginary parts, and it is only their second deriva-
tives that will have divergences. Second derivatives of the e�ective potential are
used to compute approximate scalar masses � sometimes called e�ective poten-
tial masses � corresponding to the vanishing external momentum limit of the
full calculation with self-energies. To illustrate this, one can consider e.g. the
one-loop Higgs self-energy given above in eq. (1.1.40) and take p2 = 0 in that
expression. The Goldstone term in Π

(1)
hh (p2 = 0) is then

−3λm2
hB(0,m2

G,m
2
G) = +3λm2

h logm
2
G (1.1.42)

which indeed corresponds to a second derivative of m4
G log

m
m2
G and diverges

in the limit m2
G → 0. The fact that such terms diverge from one-loop order

and beyond was not deemed a serious problem because, until recently [2], it
was believed that the inclusion of external momentum in the mass calculations
would cure all IR problems [32]. As will be shown in chapter 4 (section 4.3), this
statement holds at one-loop level (e.g. with the B(0,m2

G,m
2
G) term), but at two

loops the inclusion of momentum is actually not by itself su�cient to cure the
IR divergences because some two-loop self-energy diagrams still diverge in the
limit m2

G → 0 even with non-zero external momentum.

It is important to further remark that a simple change of gauge is not su�cient to
avoid the Goldstone Boson Catastrophe. Indeed, the tree-level masses of the neutral
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1.1 The Standard Model and the Higgs sector

Figure 1.1 � Examples of the most severely divergent contributions of the Goldstone
bosons to the e�ective potential at two, three, four and �ve loops. The black blobs
represent the insertions of the 1PI subdiagrams Γ(p2).

or charged Goldstones in the minimum of the loop-corrected potential are in a general
Rξ gauge

m2
G0,± = ξm2

Z,W −
1

v

∂∆V

∂h

∣∣∣∣
φ=0

, (1.1.43)

and can therefore still run to negative values under renormalisation group �ow (or
if the corrections in the derivative term are large). It is only the scale at which the
catastrophe appears that depends on the (Rξ) gauge, not its appearance. One could
also think of the unitary gauge, in which the Goldstones would disappear, but as was
mentioned earlier loop calculations in this gauge are complicated to such a level that
it is preferable to �nd a solution to avoid the IR divergences in the Landau (or general
Rξ) gauge rather than to attempt two-loop calculations in the unitary gauge.

It should also be emphasised that the Goldstone Boson Catastrophe does not arise
from a genuine physical problem, but is rather a technical issue of the perturbative
calculation with (unphysical) Goldstones. Indeed, Goldstone bosons are not part of
the physical spectrum of the SM (or of any spontaneously broken gauge theory) and
therefore they cannot cause a physical divergence in calculations. Furthermore, the
fact that the appearance of the divergences depends on the choice of gauge is also an
indication of their lack of physical meaning. But at the same time, it also means that
solutions must exist to cure the IR divergences in the calculations.

Initial methods to cure the Goldstone Boson Catastrophe in the e�ective potential and
its �rst derivative for the case of the Standard Model were found in references [28,29]
(and later applied to the MSSM in [33]). In both [28] and [29] the infra-red divergences
are eliminated through a resummation of contributions from the Goldstone bosons to
the e�ective potential, although the two methods di�er slightly in the precise way
the resummation is de�ned. The starting point of both methods is to observe that
the most divergent Goldstone contribution in Ve� at given order ` in the pertubative
series is the bubble diagram formed of a ring of ` − 1 Goldstone propagators with
`− 1 insertions of 1PI subdiagrams Γ(p2) involving mass scales much larger than the
Goldstone masses, as shown in �gure 1.1. Moreover, to �nd the leading divergence in
the limit of vanishing m2

G, it is su�cient to consider the zero-momentum limit of Γ(p2)
and then we can write the (divergent) `-loop Goldstone contribution to the e�ective
potential as

V
(`)
G =− 3i

2
C

∫
ddk(iΓ(0))`−1

(
i

k2 −m2
G

)`−1

=− 3i

2

(Γ(0))`−1

(`− 1)!

(
d

dm2
G

)`−1

C

∫
ddk log(k2 −m2

G)
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=
(Γ(0))`−1

(`− 1)!

(
d

dm2
G

)`−1[3m4
G

4

(
logm2

G −
3

2

)]
, (1.1.44)

where the factor 3 comes from the Goldstone multiplicity and the factor C is de�ned in
eq. (B.1.1). We �nd that we can sum these terms to all orders and obtain a corrected
Goldstone contribution in eq. (1.1.34)

V
(1)
G =

3

4

(
m2
G + Γ(0)

)2[
log
(
m2
G + Γ(0)

)
− 3

2

]
, (1.1.45)

and a resummed e�ective potential V̂e� at `-loop order

V̂e� = Ve� +
3

16π2

{
1

4

(
m2
G + Γ(0)

)2[
log
(
m2
G + Γ(0)

)
− 3

2

]
−

`−1∑
n=0

(Γ(0))n

n!

(
d

dm2
G

)n[m4
G

4

(
logm2

G −
3

2

)]}
. (1.1.46)

The term in the second line of eq. (1.1.46) avoids double counting of the Goldstone
diagrams and ensure that the original and resummed e�ective potentials are equal up
to terms of order higher than ` loops. With a well-chosen Γ(0) the above resummed po-
tential and its �rst derivative are both free of unphysical IR divergences and imaginary
parts (mass calculations were not studied in [28, 29, 33]), and it is then the de�nition
of Γ(0) that constitutes the di�erence between the procedures in [28] and [29], as we
will see now.

On the one hand, in the approach of [29, 33] the insertion Γ ≡ ∆ is obtained by an
expansion of the e�ective potential for small m2

G. In particular, if we loop-expand the
insertion as

∆ =
1

16π2
∆1 +

1

(16π2)2
∆2 + · · · , (1.1.47)

the leading term ∆1 can be found (together with another term denoted Ω) when
expanding the two-loop potential for small m2

G in the following way

V (2)(m2
G) = V (2)(m2

G = 0) +
3

2
∆1A(G) +

3

2
Ωm2

G +O(m4
G) , (1.1.48)

where A(x) is de�ned in eq. (B.1.6) and the factor 3 comes from the Goldstone multi-
plicity. Considering only ∆1 is actually su�cient because the three-loop terms in the
Standard Model potential that would correspond to ∆2 were not computed in [17].
In the end, the resummed potential at two-loop order can be written in a simple
expression

V̂e� = V (0) +
1

16π2

[
V (1)(m2

G = 0) + 3f

(
m2
G +

1

16π2
∆1

)]
+

1

(16π2)2

[
V (2)(m2

G = 0) +
3

2
Ωm2

G

]
(1.1.49)

up to two-loop terms of order m4
G that cause no divergence in the two-loop tadpole

equation, and where f(x) is de�ned in eq. (B.1.3).

On the other hand, [28] shows that the resummation of the Goldstone diagrams con-
tributing to the e�ective potential can be seen as similar to the construction of an
E�ective Field Theory describing soft Goldstones only, by integrating out heavy �elds
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and hard modes of the Goldstone bosons.7 Note that by soft and hard Goldstones we
mean Goldstones of small momentum k2 ∼ m2

G or large momentum k2 � m2
G respec-

tively. The divergent diagrams involving Goldstones then correspond in the theory
of soft Goldstones to a limited number of diagrams with soft Goldstones, and where
masses and couplings have received threshold corrections. In particular, the masses
of the soft Goldstones receive a threshold correction denoted Πg, from the integration
of the other (heavy) �elds, that is equal to the Goldstone self-energy evaluated at
vanishing external momentum, minus the soft Goldstones part. The contributions of
the Goldstone bosons to the e�ective potential of the SM can then be found in terms
of diagrams in the low-energy theory of soft Goldstones, and notably, to the two-loop
level the only such diagram is the one-loop vacuum bubble that reads

V
(1)
G =− 3i

2
C

∫
ddk log

(
k2 −m2

G −Πg

)
=

3

4

(
m2
G + Πg

)2[
log
(
m2
G + Πg

)
− 3

2

]
, (1.1.50)

which corresponds to eq. (1.1.45) with Πg playing the role of Γ(0). The separation
between soft and hard modes of the Goldstone bosons may, at �rst, seem non-trivial
and somewhat ambiguous, however, it was suggested in [28] that the splitting of the
momentum integrals of Goldstone propagators can performed consistently with the
method of regions [34, 35]. More recently, it was demonstrated in [36] that the sep-
aration with the method of regions works to all orders in perturbation theory, thus
(formally) extending this resummation prescription to any desired order. For more
details on how the method of regions works and how to split momentum integrals with
it, the reader may refer to the appendices of [36].

To solve the Goldstone Boson Catastrophe in the SM to two-loop order, only the one-
loop expressions of ∆ and Πg are needed, and both approaches to the resummation
method yield the same results, with

∆1 = Π(1)
g =− 6y2

tA(m2
t ) + 3λA(m2

h) +
3

2
g2

(
A(m2

W ) +
2

3
m2
W

)
+

3

4
(g2 + g′2)

(
A(m2

Z) +
2

3
m2
Z

)
. (1.1.51)

While providing accurate results for the two-loop e�ective potential and tadpole equa-
tion in the SM, these two methods are di�cult to extend to other models and to
automate, to a large part because of mixing among the Goldstones. Furthermore, a
resummation of the e�ective potential does not by itself su�ce to cure IR divergences
appearing in the calculation of mass corrections, because some diagrams diverge in the
p2 → 0 limit. This provides motivation to search for a solution to the Goldstone Boson
Catastrophe for general models and that can be applied to mass diagrams, which will
be the subject of chapter 4.

It is also worth mentioning that for the case of the SM an alternative solution to the
Goldstone Boson Catastrophe was found, relying on the use of symmetry-improved
two-particle-irreducible (2PI) e�ective action developed by Pilaftsis and Teresi [37�39].
The 2PI e�ective action was �rst introduced in [40], essentially by a generalisation of
the derivation of the 1PI e�ective action in the previous section by introducing bi-
local sources in the standard and connected generating functionals Z and W (c.f.

7Gluons and photons are also included in the low-energy part of this construction.
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eqs. (1.1.26) and (1.1.27)) and then by performing a double Legendre transform of
the connected generating functional (i.e. modifying eq. (1.1.28)). It is found to be
expressed in terms of background �elds and dressed (i.e. renormalised) propagators,
and is therefore free of IR divergences caused by massless particles in the loops by con-
struction. A further re�nement was introduced in [37] with the symmetry-improved
2PI e�ective action that is built so as to respect (global) symmetries at any order in
perturbation theory to which it is computed, by imposing on the dressed propagators
the Ward identities associated with the symmetries. In [38, 39], the use of this im-
proved e�ective action for the SM was shown to avoid the IR divergences from the
Goldstone bosons and the numerical results agree with those of [28,29]. Conceptually,
the 2PI e�ective action approach relates to the method we devise in chapter 4 because
it amounts to a resummation of the propagators of all particles, while our method cor-
responds to a resummation of Goldstone propagators only. However, as this approach
does not allow simple analytical calculations (instead the action and derived quantities
must be computed numerically) and is di�cult to apply to generic models beyond the
SM and thus to automate, we will not discuss it further here.

1.2 Going beyond the Standard Model

The Standard Model su�ers from a number of issues: on the one hand, theoretical
de�ciencies (some of which have been apparent since its conception) and, on the other
hand, experimental observations that are con�icting with the SM or that cannot be
accommodated by it. Among these problems, one could mention, for example, on
the theoretical side: the lack of explanations of in�ation, or of the mechanism of
baryogenesis; the strong CP problem; or the absence of a description of quantum
gravity. On the experimental side, signs that the SM is not a complete theory of
Nature include the observational signs of the existence of dark matter for which the
SM provides no candidate particle; the discovery of neutrino masses; or tensions that
have appeared between SM predictions and experimental results e.g. for the muon
anomalous moment or, more recently, in B Physics.

Complete lists of the problems of the SM can be found in the literature (see e.g. [41,42]),
and therefore it makes little sense to attempt to provide an exhaustive presentation
here. Instead, we will focus here on the two points that relate the most to the Higgs
sector: the hierarchy problem and the fate of the electroweak vacuum.

1.2.1 The hierarchy problem

The hierarchy problem has several formulations, of which the �rst and most straightfor-
ward one is to ask why the energy scales appearing in quantum theories of gravitational
and electroweak interactions, respectively, are so di�erent. More precisely, the typical
scale at which quantum gravity e�ects appear, the Planck scale MPl found as

MPl ≡
√

~c
G
' 1.22× 1019 GeV (1.2.1)

is seventeen orders of magnitude larger than the scale of electroweak interactions,
usually taken to be the Higgs VEV v = 246 GeV. As a matter of comparison, the
typical energy scale of strong interactions (the QCD scale) is only two to three orders
of magnitude smaller than the electroweak scale. This may seem as a simple matter
of aesthetics, but it comes with other more clearly worrisome consequences.
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1.2 Going beyond the Standard Model

One of them relates directly to the Higgs boson and to electroweak symmetry breaking:
to �nd a value of the Higgs VEV v compatible with the W and Z bosons masses (or
equivalently with the value derived from the measurement of the Fermi constant GF )
the Higgs mass term µ2 must be of order ∼ −(100 GeV)2. However, scalar masses are
not protected by either chiral or gauge symmetries as are fermion and gauge boson
masses respectively (see section 1.1.1) and therefore the corrections to the Higgs mass
term µ2 can be huge � actually they are proportional to the mass of the heaviest
particle coupling to the Higgs. Obtaining the required value of the loop-corrected µ2

would imply that some exceptionally precise cancellation occurs between its tree-level
value and the radiative corrections, which seems very strange.

To illustrate this, let us consider a toy model in which a heavy Dirac fermion ψ,
with a mass around the Planck scale Mψ ' MPl, couples to a (light) real scalar S �
corresponding to the SM Higgs � with a Lagrangian

L = ψ̄(i/∂ −Mψ)ψ +
1

2
(∂µS)2 − 1

2
m2
SS

2 − yψψ̄ψS (1.2.2)

Such a fermion can be thought of as a heavy particle appearing in a quantum theory
of gravity, of which the SM is (supposed to be) an E�ective Field Theory below MPl.
The one-loop threshold correction to m2

S when integrating out ψ can be found in
dimensional regularisation to be

δ(1)m2
S(p2) = −(−iyψ)2C

∫
ddktr

[
i(/k +Mψ)

k2 −M2
ψ

i((/k − /p) +Mψ)

(p− k)2 −M2
ψ

]

=
y2
ψ

4π2

[
A(M2

ψ)−
(

2M2
ψ −

p2

2

)
B(p2,M2

ψ,M
2
ψ)

]
. (1.2.3)

after performing an MS renormalisation, and with the loop factor C de�ned in eq. (B.1.1).
The natural value of the momentum �owing in the loop is mS , i.e. a mass scale much
smaller than the fermion mass Mψ, and furthermore, it is also common to perform
the matching at scale equal to (or of the same order as) Mψ. Therefore, we can set
p2 ≈ m2

S � M2
ψ and Q = Mψ, which greatly simpli�es the above expression, and we

�nd

δ(1)m2
S(0) = −

y2
ψ

4π2
M2
ψ . (1.2.4)

When considering heavy fermions interacting with the SM scalar sector, corrections of
the above form � referred to as quadratic divergences8 � also occur for the Higgs mass
parameter µ2, and can be much larger than the required value of ∼ −(100 GeV)2 for
µ2. The consequent problem of the necessary �ne-tuning of (µ2)tree � the technical
hierarchy problem � has, for a long time, been a strong motivation for the search of
mechanisms beyond the SM to protect scalar mass terms from (divergent) radiative
corrections. Among the models that have been shown to solve this problem (a large
number of which have been devised especially for the task) one can mention models
with new symmetries, such as Supersymmetry [43] or composite Higgs models [44,45];
models with extended space-time [46, 47]; or as was suggested more recently, new
mechanisms like cosmological relaxation [48].

An alternative point of view is not to regard the (technical) hierarchy problem as a
problem of the theory, and require for example some anthropic principle to explain the
value of µ2.

8 Original corrections to scalar masses from fermions were computed using regularisation with a
cut-o� scale ΛUV and were shown to behave like ∝ y2Λ2

UV (both for SM and new heavy fermions). The
scalar masses then diverge quadratically when ΛUV →∞, hence the name of quadratic divergences.
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1.2.2 The stability of the electroweak vacuum

Another puzzle of the Standard Model that relates to the Higgs sector is the question of
the stability of the electroweak vacuum. In the previous section, we have discussed the
existence of minima of the Higgs potential that break the electroweak gauge symmetry,
at tree-level (see eqs. (1.1.5) and (1.1.7)) or once quantum corrections have been taken
into account (see eq. (1.1.36)). Nevertheless, one could also ask if other minima may
exist, in particular for large Higgs �eld values, and whether such minima could be more
stable than the minimum associated with v ' 246 GeV. For large �eld values � i.e.
h � v � it is necessary to use a renormalisation-group-improved e�ective potential,
which can be approximated to be

Ve�(h) '
h�v

λe�(h)

4
h4 , (1.2.5)

where the e�ective Higgs quartic λe� is related to the tree-level quartic λ by the inclu-
sion of (Higgs-)�eld-strength renormalisation e�ects and of higher-order corrections to
the potential [24, 25]. However, the di�erence between λe� and λ becomes negligible
for large �eld values [24] and consequently the study of the behaviour of the potential
for large Higgs �elds amounts to studying the running of the Higgs (tree-level) quartic
λ at high scales. To be more speci�c, one must remember that λ is not predicted
in the SM but can, however, be extracted from the measurement of the Higgs mass
mh [49�52] using the known threshold corrections at the scale at which mh is measured
� typically taken to be Q = mt. Once λ(Q) has been extracted at some low scale,
its value at any large scale can be found through renormalisation group running, and
the renormalisation group equation (RGE) of λ is presently known to full three-loop
order [53,54].

One of the points of interest in a study of the running of λ is its sign9 at high scales. In
particular, for the Higgs quartic to become negative is a worrisome sign for the theory,
because it at least signals the existence of states of energy lower than that of the EW
vacuum, and moreover, if λ remains negative at high scales, the scalar potential is
not bounded from below. The EW vacuum in which we live is then not absolutely
stable: it will be metastable or unstable depending on whether its lifetime (i.e. the
typical time until the Higgs tunnels to the lower minimum of the potential) is larger
or smaller than the age of the Universe.

An in-depth study of the stability of the electroweak vacuum using the above-mentioned
state-of-the-art results was begun in [24] and continued in [25], and showed that if one
extrapolates the SM up to the Planck scale, the measured values of the Higgs and
top quark masses favour the vacuum being only metastable, as can be seen in �gure
3 of [25]. Interestingly, the Higgs quartic becomes negative at a scale Q ∼ 1010 GeV
and remains negative at higher scales, with a value at the Planck scale very close to 0
� λ(MPl) ' −0.014, c.f. equation (61e) of [25].

There are several possible interpretations of this result of metastability: at �rst, one
may argue that a metastable vacuum is not su�cient to require the presence of some
BSM Physics below the Planck scale, and that we may well live in a vacuum that is
not the absolute minimum of the Higgs potential, because the characteristic tunnelling
time to the absolute minimum is much larger than the age of the Universe. In turn,

9As was noted in [25], λ is the only SM coupling whose β-function is not proportional to the
coupling itself and therefore only λ can change sign. In terms of symmetries, this comes from the fact
that the case λ = 0 does not have an enhanced symmetry with respect to λ 6= 0.
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di�erent options are available to explain the value of λ(MPl) found close to zero, and
in particular one of them is that the small negative λ(MPl) only arises from threshold
corrections to a matching condition between a high energy model and the SM, at some
high scale, possibly as high as the Planck scale. For other possibilities, and further
discussion of interpretations of the metastability of the electroweak vacuum for Particle
Physics and Cosmology, the reader may consult [24,25] and references therein.

Another possibility is to consider the metastability of the electroweak vacuum as an
indicator of the existence of New Physics, at some scale below or around where λ
becomes negative, that is able somehow stabilise the potential and prevent λ from
vanishing. In this context, the SM is viewed as an e�ective theory below the New
Physics scale, or in other words, the scale at which λ runs to negative values (in the
SM) can be seen as a cut-o� scale up to which the SM can be considered valid.

1.2.3 Building models beyond the Standard Model

Before turning to the presentation of some BSM models, let us �rst make a short
comment on the two possible approaches to model building.

On the one hand, one can try to devise a complete theory � valid up to high energies,
possibly even up to the Planck scale � that would solve some (or all) of the de�cien-
cies of the SM, and then study the consequences of such a model at energies around
the electroweak scale. One of the best known examples of this approach � called the
top-down approach � is the class of supersymmetric theories, in which fermionic and
bosonic states are related by a new symmetry valid at high scales, but spontaneously
broken at lower energies. In coming section 1.3 we will consider di�erent Supersym-
metry models studied in the course of this thesis, namely the MSSM, the NMSSM,
and Dirac gaugino models.

On the other hand, another approach to the construction of models of New Physics
is also possible: the bottom-up approach. The idea is to extend the Standard Model
by new �elds and/or new terms in the Lagrangian, at energy scales around or slightly
above the electroweak scale, in order to address some of the issues of the Standard
Model, or sometimes simply to study the phenomenological consequences of such an
extension. We will be more speci�cally interested in models with extended Higgs
sectors, which we will review in section 1.4 (extensions of the SM by a singlet, by a
doublet, or by two triplets).

1.3 Supersymmetry

This section aims at introducing, from a phenomenological point of view, some key
notions about Supersymmetry and some supersymmetric models � in particular Dirac
gaugino models � that will appear throughout this thesis. The reader may refer e.g.
to [41,42,55,56] for reviews of SUSY.

Supersymmetry (SUSY) extends the Poincaré group of space-time invariance by a new
symmetry that relates fermions and bosons. We will now recall elements of the SUSY
formalism that will be required in this thesis, before showing how in principle SUSY
helps solve the hierarchy problem � one great success of Supersymmetry � and �nally
discussing the supersymmetric extensions of the SM that will be studied in this thesis.
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Note that in what follows we will only consider Supersymmetry to be a global sym-
metry,10 and we will not be considering gravity.

1.3.1 Some basics of SUSY

1.3.1.1 Fermions in two-component notation

In the context of SUSY, the use of two-component Weyl spinors will prove greatly
useful, instead of four-component Dirac spinors. Any Dirac spinor ψ can be written as

ψ =

(
ξα
χ̄α̇

)
(1.3.1)

where ξα and χ̄α̇ are the complex and anti-commuting (Grassmanian) components of
Weyl spinors ξ and χ̄ of left- and right-handed helicities respectively. Dotted and
undotted indices correspond to the two possible helicities of the spinors and take
values 1 and 2. Non-barred and barred Weyl spinors correspond to two di�erent
representations of the Lorentz group SO(3, 1) ∼= SU(2)L ⊕ SU(2)R, more precisely
to the (1

2 , 0) and (0, 1
2) representations. These two representations can be related by

complex conjugation, i.e.
χ̄α̇ ≡ (χα)† , (1.3.2)

hence the bar on right-handed spinors.

One can change from upper to lower indices using the two-dimensional antisymmetric
tensors εαβ or εα̇β̇ with the relations

ξα = εαβξβ , ξα = εαβξ
β ,

ξ̄α̇ = εα̇β̇ ξ̄β̇ , ξ̄α̇ = εα̇β̇ ξ̄
β̇ , (1.3.3)

having chosen to take ε12 = −ε12 = 1. Spinor indices will also often be contracted,
with the following conventions

ξχ = ξαχα = −ξαχα ,
ξ̄χ̄ = ξ̄α̇χ̄

α̇ = −ξ̄α̇χ̄α̇ . (1.3.4)

The Dirac conjugate of the four-component spinor ψ can be written

ψ ≡ ψ†γ0 = (χα, ξ̄α̇) (1.3.5)

and with this, one can easily introduce the left- and right-handed projectors, using the
identity 14 = PL + PR = P2

L + P2
R, in order to rewrite a Dirac mass term as

mψψψ = mψ

(
ξχ+ ξ̄χ̄

)
. (1.3.6)

Furthermore the charge conjugate of the Dirac spinor ψ is

ψC ≡ iγ0γ2ψ
T

=

(
εαβ 0

0 εα̇β̇

)(
χα

ξ̄α̇

)
=

(
χα
ξ̄α̇

)
(1.3.7)

so one �nds that the Majorana condition

ψCM = ψM (1.3.8)

10Local Supersymmetry is subject of research on its own, namely Supergravity.
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implies for the Weyl spinor components that ξ = χ. Then one can write a Majorana
spinor and a Majorana mass term in two-component language as

ψM =

(
ξα
ξ̄α̇

)
, and

1

2
MψψMψM =

1

2
mψ

(
ξξ + ξ̄ξ̄

)
. (1.3.9)

1.3.1.2 Supersymmetry, the SUSY algebra and its representations

Symmetries play an important role in the study of Quantum Field Theories, and no-
go theorems � most famously the Coleman-Mandula theorem [57] � were established,
greatly limiting the possible space-time symmetries of physical theories. Actually,
Coleman and Mandula showed in [57] that if one considers a physical theory in four
dimensions, with only local interactions, and further supposes the states are in �nite
number and that some of these are massive, then the largest possible symmetry group
� when allowing only bosonic symmetry generators � is the Poincaré group. However,
Haag, �opusza«ski, and Sohnius [58] showed that it is possible to extend Poincaré sym-
metry by additional fermionic symmetry generators, i.e. generators that carry spin-1

2 ,
and therefore transform as spinors under transformations of the rest of the Poincaré
group and have spinor indices (undotted or dotted). These generators will be denoted
QAα � where index A labels the possible multiple generators � and the Supersymmetry
transformations they generate turn bosons into fermions and vice versa. Furthermore,
because the fermions are complex states, the complex conjugates of the generators �
Q̄Aα̇ � will also be generators of di�erent supersymmetric transformations.

From the above considerations, and with the additional requirement of having a closed
algebra, one can derive the SUSY algebra � see e.g. section 3.1 of [55] for a derivation
in the N = 1 case. In the presence of N supercharges labelled A, B, · · · ∈ [1, · · · ,N ],
the complete SUSY algebra is

{QAα , Q̄Bα̇ } = 2σµαα̇Pµδ
AB

{QAα , QBβ } = εαβZ
AB

{Q̄Aα̇ , Q̄Bβ̇ } = εα̇β̇(ZAB)∗

[Pµ, Q
A
α ] = [Pµ, Q̄

A
α̇ ] = 0 (1.3.10)

where σµ = (12, σ
i), Pµ is the generator of translations, and ZAB are anti-symmetric

tensors called the central charges. Note that we will also use σµ = (12,−σi).
While theories with several supersymmetries are studied, e.g. in the context of String
Theory, most phenomenologically interesting SUSY models only have a single Super-
symmetry (N = 1 SUSY). One important exception is the case of Dirac gaugino
models � which we will consider in depth in section 1.3.5 and in chapter 3 � in which
Supersymmetry in the gauge sector is extended to N = 2. However, even these models
can be studied in the language of N = 1 SUSY,11 and for this reason we will now only
discuss representations of the SUSY algebra in the N = 1 case.

11The states in the gauge sector that would live in a hypermultiplet in N = 2 SUSY � namely
the gauge boson, the gauginos and the (complex) adjoint gauge scalar � can also be seen as one
gauge supermultiplet, containing the gauge boson and one gaugino, plus a chiral supermultiplet in
the adjoint representation of the gauge group, that will contain the other gaugino and the adjoint
scalar.
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One-particle states in a SUSY theory live in irreducible representations of the SUSY
algebra, called supermultiplets, containing both fermionic and bosonic states that will
be referred to as superpartners. Because gauge symmetries are internal and not space-
time symmetries, their generators must commute with SUSY generators and hence
all particles of a given supermultiplet belong to the same representation of the gauge
group. Moreover, it can be shown [41, 55, 56] that the numbers of fermionic and
bosonic states in a given supermultiplet must be the same, which will �x the structure
of representations. Indeed there will be two possible ways to construct supermultiplets,
as summarised in table 1.2: either a Weyl spinor (two fermionic degrees of freedom
when on-shell) together with a complex scalar (two bosonic degrees of freedom) forming
a chiral supermultiplet ; or a massless gauge boson (with two helicities hence two bosonic
degrees of freedom when on-shell) together with a Weyl spinor forming a gauge (or
vector) supermultiplet.

Supermultiplet Spin-0 Spin-1
2 Spin-1

Chiral supermultiplet Complex scalar Weyl fermion -

Gauge supermultiplet - Weyl fermion Massless

(gaugino) gauge boson
Table 1.2 � Possible representations of the SUSY algebra (not including gravity).

An important remark should be made here about the above counting of bosonic and
fermionic degrees of freedom. The number of degrees of freedom that we considered
both for fermions and gauge bosons is only valid on mass-shell, i.e. when the equations
of motion of the given �eld applies. O�-shell this counting has to be modi�ed, with
four degrees of freedom for fermions and three for gauge bosons, which appears to
contradict the requirement of having the same number of fermion and boson states in
each supermultiplet. We can solve this problem by introducing new bosonic auxiliary
�elds to match the number of fermionic degrees of freedom in both chiral and gauge
supermultiplets. For the chiral supermultiplet, we add a complex scalar F that vanishes
on-shell and therefore has a non-propagating Lagrangian

Laux. = F ∗F . (1.3.11)

Similarly, for the gauge supermultiplet we add a real scalar Da � a being the gauge
group index � with a Lagrangian

Laux. =
1

2
DaDa . (1.3.12)

Another argument requiring the introduction of these �elds is that the SUSY algebra
would not close o�-shell without them. The auxiliary �elds are then introduced with
SUSY transformation rules ensuring that the complete Lagrangian remains invariant
under SUSY transformations.

1.3.1.3 Superspace formalism and super�elds

The superspace formalism is a powerful tool that simpli�es the construction of su-
permultiplets and of Lagrangians in a SUSY-invariant way. Superspace is an eight-
dimensional manifold formed of normal space-time with its four bosonic coordinates xµ

to which are added four fermionic coordinates as two two-component anticommuting
spinors θα and θ̄α̇ (having mass dimension −1/2).
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We can then build new �elds on the superspace, super�elds, that will contain all the
components of supermultiplets, and to obtain their explicit expressions we can perform
a power series expansion in terms of θ, θ̄, which must end at a �nite order since the
components of θ, θ̄ are Grassmanian variables. A general super�eld can be written [55]

S(x, θ, θ̄) = a+ θξ + θ̄χ̄+ θθb+ θ̄θ̄c+ θ̄σµθvµ + θ̄θ̄θη + θθθ̄ζ̄ + θθθ̄θ̄d . (1.3.13)

In this expansion, a, b, c, d are scalar components, ξ, η (χ̄, ζ̄) are left-handed (right-
handed) fermionic components and vµ is a vector component. This number of compo-
nents is obviously much larger than the number of degrees of freedom in a supermul-
tiplet so there must exist criteria to constrain or relate the components.

Before considering the di�erent types of super�elds, let us however �rst mention brie�y
the formulation of SUSY transformations in the superspace formalism. The SUSY
generators can be written as di�erential operators acting on super�elds

Q̂α = i
∂

∂θα
−
(
σµθ̄

)
α
∂µ , Q̂α = −i ∂

∂θα
+
(
θ̄σµ

)α
∂µ ,

ˆ̄Qα̇ = i
∂

∂θ̄α̇
− (σµθ)α̇∂µ ,

ˆ̄Qα̇ = −i ∂
∂θ̄α̇

+ (θσµ)α̇∂µ . (1.3.14)

Then the transformation of a super�eld S under a SUSY transformation of parameters
ε and ε̄ is

√
2δεS = S(xµ + iε σµθ̄ + iε̄ σµθ, θ + ε, θ̄ + ε̄)− S(xµ, θ, θ̄)

= −i
(
εQ̂+ ε̄ ˆ̄Q

)
S(xµ, θ, θ̄)

=

(
εα

∂

∂θα
+ ε̄α̇

∂

∂θ̄α̇
+ i(ε σµθ̄ + ε̄ σµθ)∂µ

)
S(xµ, θ, θ̄) . (1.3.15)

With the above equation, it is possible to derive the transformations of the component
�elds, either for a generic super�eld or for a particular type of super�eld � chiral or
real as we will see now.

To de�ne super�elds for chiral supermultiplets, we need to introduce a last type of
object: chiral (SUSY-)covariant derivatives. These are necessary to constrain chiral
super�elds and are de�ned as

Dα =
∂

∂θα
− i
(
σµθ̄

)
α
∂µ , Dα = − ∂

∂θα
+ i
(
θ̄σµ

)α
∂µ ,

D̄α̇ =
∂

∂θ̄α̇
− i(σµθ)α̇∂µ , D̄α̇ = − ∂

∂θ̄α̇
+ i(θσµ)α̇∂µ , (1.3.16)

where the derivatives with respect to an anti-commuting variable are themselves de-
�ned by

∂θβ

∂θα
= δβα ,

∂θ̄β̇
∂θα

= 0 ,
∂θ̄β̇

∂θ̄α̇
= δα̇

β̇
,

∂θβ

∂θ̄α̇
= 0 . (1.3.17)

A chiral super�eld Φ is then de�ned by the condition

D̄α̇Φ = 0 , (1.3.18)

that strongly constraints the components of Φ. One can show that this gives

Φ = φ+
√

2θψ + θθF + iθ̄σµθ∂µφ−
i√
2
θθθ̄σµ∂µψ +

1

4
θθθ̄θ̄∂µ∂

µφ , (1.3.19)
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with ψ a left-handed fermion, φ its complex scalar superpartner, and F the auxiliary
�eld. Taking the complex conjugate of Φ we can also obtain an antichiral super�eld.

In turn, gauge supermultiplets are described by real super�elds, i.e. super�elds V that
verify the condition

V = V ∗ . (1.3.20)

Applying this in eq. (1.3.13), we �nd12 for a general gauge group of index a

V a = θ̄σµθAaµ + θ̄θ̄θλa + θθθ̄λ̄a +
1

2
θθθ̄θ̄Da , (1.3.21)

where Aaµ is a gauge boson, λ
a its associated gaugino, andDa is the auxiliary super�eld.

1.3.1.4 Superpotential and supersymmetric Lagrangians

With the superspace formalism, one can easily form a SUSY-invariant Lagrangian for
a given theory. For chiral supermultiplets Φi alone, the Lagrangian is

Lchiral =

∫
d2θd2θ̄Φ∗iΦi +

(∫
d2θW ({Φi})

∣∣∣
θ̄=0

+ h.c.
)
, (1.3.22)

where W ({Φi}) is a holomorphic function of the chiral super�elds Φi called the su-
perpotential. This object contains supersymmetric mass terms and self-interactions
of the scalars as well as the interactions of fermions with scalars. The most general
renormalisable superpotential that can be written for a generic theory is

W ({Φi}) = LiΦi +
1

2
MijΦiΦj +

1

6
yijkΦiΦjΦk . (1.3.23)

The requirement of gauge invariance means that Li terms are only allowed when Φi is
a gauge singlet (we will see that this is possible in the NMSSM and in Dirac gaugino
models, but not in the MSSM).

If one introduces vector super�elds V a associated with some general gauge group
(which we will again index with a), the �rst term in eq. (1.3.22) must be modi�ed
to remain supergauge invariant. Furthermore, another purely gauge term must be
added containing kinetic terms of gauge bosons and gauginos. For this we need to
introduce a �eld-strength chiral super�eld, de�ned as

Wα ≡ −
1

4
D̄D̄

(
e−VDαe

V
)
, (1.3.24)

and its components in the adjoint representation of the gauge group (and Wess-Zumino
gauge) Wa

α

Wα ≡ 2gaT
aWa

α (1.3.25)

Wa
α = λaα + θαD

a − i

2
(σµσνθ)αF

a
µν + iθθ(σµDµλ̄

a)α . (1.3.26)

12In eq. (1.3.21), we have adopted the Wess-Zumino (super)gauge which enables us to eliminate
additional bosonic and fermionic auxiliary �elds that would be present in the expression of V a in a
general gauge. This choice being for the supergauge, the ordinary gauge is not �xed. The reader can
refer to e.g. section 4.5 of [55] for more details.
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Here T a are the generators of the gauge group in the adjoint representation, F aµν the
usual �eld-strength tensor and Dµ the (gauge-)covariant derivative. In the end, one
�nds that, in all generality, the renormalisable terms that one can write are [42,55]

Lchiral+gauge =

∫
d2θd2θ̄

[
Φ∗i (exp(2gaT

aV a))ijΦj

]
+

(∫
d2θW ({Φi})

∣∣∣
θ̄=0

+ h.c.
)

+

(∫
d2θ

[
WaαWa

α

]∣∣
θ̄=0

+ h.c.
)
. (1.3.27)

Note that for an Abelian gauge group, an additional type of term � a Fayet-Iliopoulos
term � of the form

LFI = −2κ

∫
d2θd2θ̄ V (1.3.28)

is also allowed.

Recalling that integration over a Grassmanian variable amounts to taking a derivative,
we can �nd∫

d2θd2θ̄
[
Φ∗i (exp(2gaT

aV a))ijΦj

]
=F ∗i Fi + |Dµφi|2 + iψ̄iσ

µDµψi

−
√

2gaφ
∗
iT

a
ijψ

α
j λ

a
α −
√

2gaλ̄
a
α̇ψ̄

α̇
i T

a
ijφj

+ gaφ
∗
iT

a
ijφjD

a (1.3.29)∫
d2θW ({Φi})

∣∣∣
θ̄=0

+ h.c. =− 1

2

∂2W

∂Φi∂Φj

∣∣∣∣
Φi=φi

ψiψj +
∂W

∂Φi

∣∣∣∣
Φi=φi

Fi + h.c.

=− 1

2
(Mijψiψj + h.c.)− 1

2

(
yijkψiψjφk + h.c.

)
+
∂W

∂Φi

∣∣∣∣
Φi=φi

Fi + h.c. (1.3.30)∫
d2θ

[
WaαWa

α

]∣∣
θ̄=0

+ h.c. =
1

2
DaDa + iλ̄aσµDµλ

a − 1

4
F aµνF aµν (1.3.31)∫

d2θd2θ̄ V =
1

2
D (1.3.32)

We can immediately recognise the usual kinetic terms for scalars, Weyl fermions (in-
cluding gauginos) and gauge bosons, as well as SUSY masses for fermions and Yukawa
interactions between scalars and fermions. New SUSY interactions also appear in the
second line of eq. (1.3.29) between scalar and fermions. The auxiliary �elds can then
be eliminated using their equations of motion that read in the non-Abelian case

F ∗i = −∂W
∂Φi

∣∣∣∣
Φi→φi

,

Da = −gaφ∗iT aijφj . (1.3.33)

Using the above equations of motion, terms in the Lagrangian containing the auxiliary
�elds can be rewritten, and one �nds the (tree-level) scalar potential to be

V (0)({φi, φ∗i }) =

∣∣∣∣∂W∂Φi

∣∣∣
Φi→φi

∣∣∣∣2 +
1

2

∑
a

g2
a

(
φ∗iT

a
ijφj

)2
, (1.3.34)

where the two terms will be referred to as the �F -term(s)� and the �D-term(s)� re-
spectively. It is interesting to note that, both terms being squares, this potential is
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automatically semi-positive de�nite (however, once SUSY breaking terms are added, it
is necessary to verify that they do not destabilise the potential). In the Abelian case,
the equation of motion contains an additional term coming from the Fayet-Iliopoulos
term

D = −gQφiφ∗iφi + κ , (1.3.35)

Qφi being the charges of the �elds φi under the U(1) group. With respect to the
non-Abelian case, this yields an additional contribution to the scalar masses due to a
term

LFI ⊃ gκQφiφ∗iφi , (1.3.36)

plus some constant terms. In the models considered in this thesis however there will
be no Fayet-Iliopoulos terms in the low-energy part of the spectrum.13

If we furthermore compute explicitly the F -terms for a general theory, with the super-
potential as de�ned in eq. (1.3.23), we �nd

V
(0)
F -terms = |Li|2 +M∗ijMikφ

∗
jφk +

1

4
(yijk)∗yilmφ∗jφ

∗
kφlφm

+

(
L∗iMijφj +

1

2
L∗i y

ijkφjφk +
1

2
M∗ijy

iklφ∗jφkφl + h.c.
)
. (1.3.37)

Once we have de�ned the gauge group we are considering and the representations in
which the scalars (or equivalently the chiral supermultiplets) are, we can compute the
D-terms explicitly as well (see sections 1.3.4 and 1.3.5). It is worth noticing that from
the structure of terms in 1.3.34 and the requirement of gauge invariance ofW and L we
know that the two scalars in the term (φ∗iT

a
ijφj)

2 must be in the same representation,
while φj and φk in the (yijk)∗yilmφ∗jφ

∗
kφlφm term can live in di�erent representations

of the gauge group.

In the end, we see that for a theory in which SUSY is unbroken it is su�cient to
give the (super)�eld content (and the gauge group) together with the superpotential
to �x entirely the Lagrangian. However, as we will now see, Supersymmetry cannot
be an exact symmetry of Nature and new SUSY-breaking terms will appear in the
Lagrangian.

1.3.1.5 R-symmetry

The above description of supersymmetric Lagrangians can still, in some cases, accom-
modate an additional global U(1)R symmetry � called R-symmetry � under which the
(chiral) super�elds can be charged and the superspace coordinates θ, θ̄ transform as

θ
R−→ eiαθ, θ̄

R−→ e−iαθ̄ , (1.3.38)

where α is the parameter of the transformation (in other words θ and θ̄ respectively
carry R-charges +1 and −1). From this it can be shown (e.g. using their represen-
tation as di�erential operators acting on superspace) that the SUSY generators have
respective charges −1 and +1 under R transformations, and hence

[R,Q] = −Q, [R, Q̄] = Q̄ . (1.3.39)

13Fayet-Iliopoulos terms may appear in some mechanisms of spontaneous SUSY breaking at high-
scales as we will brie�y discuss later.
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Super�elds can be assigned additive charges under the R-symmetry � called R-charges
� and then transform as

S(x, θ, θ̄)
R−→ eirSαS(x, e−iαθ, eiαθ̄) . (1.3.40)

The super�eld S∗ has R-charge −rS , and therefore real (i.e. gauge) super�elds can
not carry an R-charge. In the case of chiral super�elds, as both the super�eld itself
and the superspace coordinates can carry an R-charge, the di�erent components of
the super�eld will not have the same charge assignments: if the chiral super�eld has
an R-charge rΦ, then the scalar, fermion and auxiliary components have charges rΦ,
rΦ−1, and rΦ−2 respectively. Moreover, one can �nd from the charge assignments of
θ and θ̄ and the de�nitions in eq. (1.3.16) that the SUSY-covariant derivatives Dα and
D̄α̇ have R-charges −1 and +1 and in turn one can deduce from this that �eld-strength
super�elds have rW = 1.

As for any symmetry, the Lagrangian cannot carry any R-charge, which constrains
the allowed terms and couplings in an R-symmetric SUSY model (depending on the
charge assignments of the super�elds in the model). The �rst and third terms in the
Lagrangian of a general SUSY model � eq. (1.3.27) � (as well as the Fayet-Iliopoulos
term in eq. (1.3.28)) are always R-symmetric however, the second term will only be so
provided that the superpotential W has an R-charge equal to 2.

We will encounter R-symmetry in the MRSSM � a Dirac gaugino model devised to
preserve a continuous R-symmetry � as well as the particular subgroup Z2 of U(1)R
under which the MSSM and the NMSSM are built to be invariant. In both cases (U(1)R
R-symmetry or R-parity), we will see that the new symmetry strongly constrains the
superpotential and soft SUSY-breaking Lagrangian of the models.

1.3.2 SUSY breaking

An important observation one can make from the last equation in (1.3.10) is that as
the momentum operator Pµ commutes with the SUSY generators, the squared-mass
operator P 2 will commute as well and therefore particles in a same supermultiplet
must have the same mass. This would mean that if Supersymmetry was not broken,
a Standard Model particle and its superpartner would have the identical masses; but
this would imply for example selectrons (scalar superpartners of electrons) with a
mass of 511 keV! As these would necessarily have been observed a long time ago,
Supersymmetry has to be broken, at least at low energies.

The study of SUSY breaking and of the possible mechanisms at work is a vast subject,
which partly lies beyond the scope of the phenomenological approach to Supersymme-
try. It is well accepted that Supersymmetry is broken spontaneously, or in order words
that the complete Lagrangian of the theory is SUSY invariant but that the vacuum
of the theory is not. In fact, it can be shown that SUSY is spontaneously broken if
any of the (scalar) auxiliary �elds Fi or Da have non-zero VEVs. The proof of this
statement is simple and is as follows [55]

• �rst if one takes the �rst line of eq. (1.3.10) for (α, α̇) = (1, 1̇) or (2, 2̇) one can
recover the Hamiltonian in terms of SUSY generators

{Q1, Q̄1̇}+ {Q2, Q̄2̇} = 2σµ
11̇
Pµ + 2σµ

22̇
Pµ = 2 tr(σµ)Pµ = 4P0 = 4H (1.3.41)

where the trace is in spinor space, and H ≡ P 0 is the Hamiltonian.
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• from the above equation, it follows that if a vacuum state |vac〉 is not invari-
ant under some SUSY transformation, i.e. if there exists an α or α̇ such that
Qα|vac〉 6= 0 and/or Q̄α̇|vac〉 6= 0 then the energy of the vacuum state is non-zero

〈vac|H|vac〉 > 0 (1.3.42)

• if we further consider that there are no space-time dependent e�ects (and no
fermion condensates) then

H =

(∫
d3x

)
V (0) =

(∫
d3x

)[
F ∗i Fi +

1

2
(Da)2

]
(1.3.43)

and therefore

〈vac|H|vac〉 =

(∫
d3x

)[
〈F ∗i 〉〈Fi〉+

1

2
〈Da〉2

]
(1.3.44)

which indeed shows that if SUSY is broken, at least one of the Fi or Da �elds
must have a non-zero VEV.

The requirement of not breaking gauge symmetries further constrains which auxiliary
�elds may acquire VEVs, as the supermultiplets that contain them must be gauge
singlets. Di�erent scenarios of SUSY breaking exist taking this into account, the two
main one being

• D-term (or Fayet-Iliopoulos) breaking, in which an auxiliary �eld D of a U(1)
gauge supermultiplet obtains a VEV from a Fayet-Iliopoulos term in the La-
grangian; or,

• F -term (or O'Raifeartaigh) breaking, in which it is the auxiliary �eld F of a
gauge singlet chiral super�eld that acquires a VEV.

In neither case is it possible to accommodate the super�elds required for SUSY break-
ing with the low-energy spectrum of a physically realistic SUSY theory. The SUSY
breaking must then occur in some hidden sector and later be propagated to the ob-
served sector by some new mechanism, such as for example14 gauge mediation or
Planck-scale suppressed mediation, typically at a very high-scale.

To study SUSY theories at phenomenologically accessible scales (MSSM, NMSSM,
etc.), it is more convenient to work in an e�ective �eld theory approach and con-
sider an e�ective low-energy Lagrangian for the model in which all the hidden and
mediation sectors are integrated out. The information about the precise mechanism
of SUSY breaking is then contained in new non-renormalisable operators that arise
from the matching with the complete SUSY theory and break Supersymmetry explic-
itly. A subset of these terms have the additional property of not spoiling the solution
that SUSY provides to the technical hierarchy problem by reintroducing quadratic
divergences in scalar masses [59], and are hence called soft terms (because they only
reintroduce soft, i.e logarithmic, divergences). More precisely, soft terms can be Ma-
jorana mass terms for gauginos, mass terms for scalars, bilinear and trilinear couplings
between scalars, and tadpole terms, i.e.

Lsoft = −1

2
Maλ

aλa + h.c.−m2
ijφ
∗
iφj −

[
1

6
aijkφiφjφk +

1

2
bijφiφj + tiφi + h.c.

]
.

(1.3.45)

14One could also mention mediation through anomalies or extra-dimension. See e.g. section 7 of [55]
for further discussion of how SUSY breaking can be mediated.
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A further type of terms, of the form

Lsoft ⊃ −1

2
cijkφ

∗
iφ

jφk , (1.3.46)

can be soft provided that there is no gauge singlet in the theory (the reason for this
condition is that the above terms may generate divergences in singlet tadpoles). The
possible soft terms in a given model are of course restricted because of gauge invariance,
but it is interesting to note that Majorana masses for gauginos, as well as diagonal
scalar masses (i.e. taking i = j in the second term of eq. (1.3.45)) are always allowed.
Soft terms are yet further constrained in models that also respect an R-symmetry (as
discussed in the previous section), however without specifying the R-charge assign-
ments of the super�elds, one can only observe that on the one hand, any diagonal
soft scalar mass term is R-symmetric while, on the other hand, a Majorana mass term
always breaks the R-symmetry (because the �eld-strength super�elds, and thus the
gauginos, have R-charge +1).

As soft mass terms and couplings are all produced through the same SUSY breaking
process, they are expected to lie around a common mass (or mass-squared) scale,
usually called the (soft) SUSY breaking scale, which is also the energy scale around
which SUSY particles should be found if they exist. As we will see in more detail in
the next chapter when reviewing Higgs mass calculations, the SUSY scale was �rst
believed to be around, or a little above, the electroweak scale, however, as there is not
yet any evidence of SUSY in experiments, it is currently expected to be of the order
of a few TeV, or possibly much higher.

As a very brief example, let us now examine the case of an operator coupling a �eld-
strength super�eld Wa of the observed sector to a chiral super�eld X of the hidden
sector

L ⊃ −
∫
d2θ ca

[
X

M
WaαWa

α

]∣∣∣∣
θ̄=0

(1.3.47)

with ca some coupling and M a (heavy) mass scale, required to keep the coupling
dimensionless � this scale can be for example the Planck scale MPl in models with
Planck-scale-mediated SUSY breaking. If we now suppose that the scalar and fermion
components of X vanish and that only the auxiliary �eld FX remains and obtains a
VEV 〈FX〉, then the above operator gives a contribution to the Lagrangian

L ⊃ −
∫
d2θ ca

[
θθ〈FX〉
M

WaαWa
α

]∣∣∣∣
θ̄=0

+ h.c. = −1

2
Maλ

aαλaα + h.c. . (1.3.48)

Hence, through this toy model of F -term breaking, we have generated in the low energy
theory a Majorana mass term Ma ≡ 2ca〈FX〉/M for the gauginos.

Similarly, we can obtain a soft mass term for the scalar component of a chiral super�eld
Φ through an operator

L ⊃ −
∫
d2θd2θ̄ f

X∗X
M2

Φ∗Φ = −m2
φφ
∗φ (1.3.49)

where m2
φ = f〈FX〉∗〈FX〉/M2. Such soft masses will appear for squarks, sleptons and

Higgses (see e.g. eq. (1.3.61) in the case of the MSSM).

Finally, other types of SUSY breaking terms can exist in models of extended Super-
symmetry, for example supersoft terms in Dirac gaugino models, which we will study
in section 1.3.5.

33



The Higgs boson and Physics beyond the Standard Model

(A) (B) (C)

Figure 1.2 � One-loop diagrams contributing to the light scalar self-energy. Thick lines
represent heavy states (scalars and fermions) while thin lines are for light states.

1.3.3 The hierarchy problem and Supersymmetry

In this section, we will show how Supersymmetry solves the hierarchy problem, pre-
sented in section 1.2.1. It is important to note, however, that Supersymmetry was not
invented for the purpose of solving the hierarchy problem and that the fact that it does
is only a fortuitous by-product of the extended symmetry. More precisely it is a con-
sequence of one of the non-renormalisation theorems that have been proven for SUSY.
In particular it has been shown that the superpotential is not renormalised [60,61].

Let us investigate the cancellation of scalar mass corrections a bit more explicitly
by considering a very simple toy model of a massless chiral super�eld L interacting
with another heavy chiral super�eld H. In order to avoid mixing among the two
super�elds, we require the model, and hence the superpotential, to be invariant under
the Z2 transformation H→ −H. The superpotential is then

W (Φ) =
1

2
MH2 +

1

2
Y LH2 . (1.3.50)

Using the results of the previous sections, and assuming M and Y to be real, we �nd
the Lagrangian of this model to be

L = |∂µL|2 + |∂µH|2 + iψ̄Lσ
µ∂µψL + iψ̄Hσ

µ∂µψH

−M2|H|2 − 1

2
M
(
ψHψH + h.c.

)
− 1

2
Y
(
ψHψHL+ 2ψLψHH + h.c.

)
− YM

(
L|H|2 + h.c.

)
− Y 2|L|2|H|2 − 1

4
Y 2|H|4 (1.3.51)

There are three diagrams that will contribute to the radiative corrections to the light
scalar mass, as shown in �gure 1.2. We can compute each contribution and we �nd15

Π
(A)
LL∗(p

2) =− (−iY 2)

∫
ddk

i(2π)d
i

k2 −M2

=
Y 2

16π2
A(M2) , (1.3.52)

Π
(B)
LL∗(p

2) =− (−iY M)2

∫
ddk

i(2π)d
i

k2 −M2

i

(p+ k)2 −M2

=− Y 2M2

16π2
B(p2,M2,M2) , (1.3.53)

15Note that the coe�cient of the M2 × B term in Π
(C)
LL∗ di�ers from the result in section 1.2.1

because a loop of Weyl fermions with mass insertions is not allowed here, as there is no ψ̄H ψ̄HL term.
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Π
(C)
LL∗(p

2) = +
(−iY )2

2

∫
ddk

i(2π)d
iσµαα̇kµ
k2 −M2

i(σν)α̇α(kν + pν)

(p+ k)2 −M2

=Y 2

∫
ddk

i(2π)d
k · (k + p)

(k2 −M2)((p+ k)2 −M2)

=− Y 2

16π2

[
A(M2)−

(
M2 − p2

2

)
B(p2,M2,M2)

]
(1.3.54)

where we used σµαα̇(σν)α̇α = tr
[
σµσν

]
= 2ηµν (the reader may refer to [62] for details

on calculations with two-component spinors). The typical momentum at which these
diagrams are is the tree-level light scalar mass, or in other words p2 = 0, and we have
then

Π
(A)
LL∗(0) + Π

(B)
LL∗(0) + Π

(C)
LL∗(0) = 0 (1.3.55)

showing that the light scalar mass does not receive any correction, neither a quadrat-
ically divergent correction like existed in the SM, nor actually any �nite correction.

The above discussion was in the case of unbroken Supersymmetry, but we will now
show that the cancellation of quadratic divergences in scalar masses is not spoilt by
soft SUSY breaking. For this purpose, let us suppose that the scalar component H of
the super�eld H in our toy model receives a soft mass, that we denote m2

soft. H then
has mass m2 = M2 +m2

soft and consequently the expressions of the (A) and (B) parts
of the L self-energy must be modi�ed with the replacement of the masses in the loop
functions M2 → m2 (note that the factor M2 in front of the B function in eq. (1.3.53)
is not changed because it comes from the L|H|2 coupling in the Lagrangian). In turn,
the neat cancellation of the quadratic divergences of each term in eq. (1.3.55) is also
modi�ed, however, because we are interested in the behaviour of the light scalar mass
corrections for large M and because we expect the soft SUSY-breaking scale msoft to
be much lower, we can obtain

A(m2)−A(M2) =m2 logm2 −m2 −M2 logM2 +M2

= (M2 +m2
soft)

[
logM2 + log

(
1 +

m2
soft

M2

)]
−M2 logM2 −m2

soft

=m2
soft logM

2 , (1.3.56)

to leading order in m2
soft/M

2. Similarly, we have in the limit p2 = 0

M2
(
B0(M2,M2)−B0(m2,m2)

)
= −m2

soft + · · · . (1.3.57)

The one-loop corrections to the light scalar masses are in the end

Π
(A)
LL∗(0) + Π

(B)
LL∗(0) + Π

(C)
LL∗(0) =

Y 2

16π2

(
m2

soft logM
2 −m2

soft

)
. (1.3.58)

This equation does indeed show new terms with respect to the unbroken-SUSY case
of equation (1.3.55), however, the dependence on the heavy mass M is logarithmic,
and not quadratic as we might have feared and as is the case in the SM. Such a
logarithmic divergence in the scalar mass is far less severe than a quadratic one, and
it is therefore referred to as a soft divergence (which also explain the name of soft
SUSY breaking terms). A complete discussion, for a realistic model and taking into
account the di�erent types of soft terms that are allowed, was done in [59], showing
that quadratic divergences are not reintroduced because of soft SUSY breaking.

We have here shown that Supersymmetry is able to solve the technical hierarchy prob-
lem, and for this it was not necessary to suppose that the SUSY breaking scale is
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around the electroweak scale. We did assume msoft � M , which served in particular
to simplify the termM2 log(1+m2

soft/M
2), but if we imagine once more thatM ∼MPl,

there is ample space for msoft to be small with respect to M but large with respect to
the EW scale v. However, as the SUSY scale is being driven higher up by experiments
comes the problem of explaining the hierarchy between the electroweak and SUSY
scales: currently the ratio of these scales is expected to be of the order of or larger
than 10. This is called the little hierarchy problem and currently poses a challenge to
Supersymmetry, at least in its minimal versions (as the MSSM).

1.3.4 Minimal models

There are numerous ways of extending the Standard Model into Supersymmetric the-
ories, and SUSY model building is an extremely active domain nowadays. In this
section, we will start the discussion of the Supersymmetric models considered in this
thesis by minimal extensions of the SM, the MSSM and the NMSSM.

1.3.4.1 The Minimal Supersymmetric Standard Model

The �rst and most natural way to extend the SM in the context of a (low-energy) SUSY
model is to �nd the simplest way to assign SM �elds in chiral and gauge supermul-
tiplets, while adding only the smallest possible number of additional states to ensure
the theoretical consistency of the model. This can actually be done quite simply: �rst,
the SM fermions � quarks and leptons � are part of chiral supermultiplets and their
superpartners � called squarks and sleptons � belong to the same representations of
the SM gauge group (c.f. table 1.1). Then the gauge bosons are put in gauge su-
permultiplets and have fermionic superpartners � respectively gluinos, Winos and the
Bino � that transform in the adjoint representation of the corresponding component
of the gauge group. Finally, the Higgs boson is also part of a chiral supermultiplet but
here the situation requires a little more care, because if there were only one fermionic
partner of the Higgs � a higgsino � the electroweak gauge symmetry would be anoma-
lous. Furthermore, with only one Higgs chiral super�eld, there would be no way to
write a holomorphic superpotential leading to Yukawa interactions for both up- and
down-type quarks, nor any possibility to obtain a (supersymmetric) mass term for the
higgsino. To avoid these three problems, two Higgs doublet super�elds � with oppo-
site weak hypercharges � are needed and we will call them Hu and Hd, the subscripts
u and d indicating which type of quarks (up-type or down-type) that each doublet
couples to. Moreover, to forbid interactions that violate16 B − L, the model can be
required to be invariant under a discrete symmetry, called R-parity, de�ned by a new
quantum number

RP ≡ (−1)3(B−L)+2s , (1.3.59)

that takes values +1 for SM particles � including the Higgs bosons � and −1 for all the
new superpartners. A very interesting consequence of this R-parity is that the lightest
particle with RP = −1, i.e. the lightest superpartner (LSP), must be stable, which can
obviously have strong phenomenological implications such as the LSP being a possible
candidate of dark matter particle.

The model one �nally obtains is theMinimal Supersymmetric Standard Model (MSSM),
and its complete (super)�eld content is summarised in table 1.3 (on page 49) together

16B and L are respectively the baryon and lepton numbers.
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with the assignments of each super�eld in representations of the SU(3)C × SU(2)L ×
U(1)Y SM gauge group.

The superpotential of the MSSM is

WMSSM = µHu ·Hd + yfgu Qf ·Huuc
g − yfgd Qf ·Hddc

g − yfge Lf ·Hdecg (1.3.60)

where we denote all super�elds in bold to avoid confusion with their component �elds,
and we use a dot � · � to indicate contracted SU(2)L indices as Hu ·Hd = εijHuiHdj ,
and wrote family indices as in section 1.1. The MSSM Lagrangian also contains several
soft SUSY breaking terms, that can be written in all generality as

LsoftMSSM =−m2
HuH

∗
uHu −m2

Hd
H∗dHd − (BµHu ·Hd + h.c.)

− (m2
Q)fgQ̃

∗
fLQ̃gL − (m2

ū)fgũ
c
fR(ũcgR)∗ − (m2

d̄)fgd̃
c
fR(d̃cgR)∗

− (m2
L)fgL̃

∗
fLL̃gL − (m2

ē)fg ẽ
c
fR(ẽcgR)∗ (1.3.61)

−
(

1

2
M3g̃

ag̃a +
1

2
M2W̃

aW̃ a +
1

2
M1B̃B̃ + h.c.

)
−
(

(au)fgũ
c
fRQ̃gL ·Hu + (ad)fgd̃

c
fRQ̃gL ·Hd + (ae)fg ẽ

c
fRL̃gL ·Hd + h.c.

)
.

In the above soft Lagrangian, au, ad, and ae are 3×3 complex matrices in family space,
while m2

Q, m
2
ū, m

2
d̄
m2
L, and m

2
ē are 3× 3 Hermitian matrices in family space. We will

follow the commonly choice of expressing soft trilinear couplings as the corresponding
(dimensionless) superpotential coupling times a (mass-dimensional) term, which means
here that the trilinears au, ad, ae are related to the Yukawas by matrices Au, Ad, Ae
such that au = yuAu, etc. Moreover, the bilinear coupling Bµ can always be chosen to
be real and positive, through a rede�nition of the phase of one of the Higgs doublets.
Mostly because of the SUSY breaking terms, the number of additional free parameters
(masses, mixing angles, and phases) in the MSSM with respect to the SM is huge �
it found in [63] to be larger than a hundred. Fortunately, many of these parameters
are severely constrained, especially by experimental data from �avour physics (one
could mention bounds on the µ→ eγ process or on mixing between neutral kaons for
example). Also, simplifying assumptions are often made from a theoretical point of
view: for example when studying radiative corrections, it is common (as in chapter 3)
to neglect17 the e�ects of all leptons and of lighter quarks (i.e. quarks other than the
top), and therefore assume that

yu =

0 0 0
0 0 0
0 0 yt

 , au =

0 0 0
0 0 0
0 0 ytAt

 , yd = 0 , ye = 0 , ad = 0 , ae = 0 .

(1.3.62)

In some cases, such as phenomenological studies of models where parameters are
scanned over to determine the regions of parameter space that are still allowed by
experimental results, stronger assumptions are made to reduce the number of free
parameters to one that allows numerical scans. One strategy is to impose uni�ca-
tion conditions on parameters at some Grand Uni�ed Theory (GUT) scale (MGUT),
together with some particular mechanism of SUSY breaking at high scales. One ex-
ample of a variant of the MSSM in this setting is the Constrained MSSM, or CMSSM

17However, as we will see at the end of the next subsection, neglecting the bottom and tau Yukawa
couplings is only possible when the ratio of Higgs VEVs � tanβ � is not too large, because of the
tanβ enhancement both Yukawas receive (see eq. (1.3.84))
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(often called mSUGRA because the SUSY breaking is Planck-scale mediated in this
model) in which there are only �ve free parameters: common masses of all sfermions
m0(Q = MGUT) and of gauginos m1/2(Q = MGUT); a common soft trilinear coupling
for all sfermions A0(Q = MGUT) (i.e. Au = Ad = Ae = diag(A0, A0, A0)); the ratio
of the Higgs doublet VEVs tanβ (we will de�ne this ratio properly in what follows)
and �nally the sign of the SUSY Higgs mass µ. Similar models also exist assuming
anomaly-mediated or gauge-mediated SUSY breaking, respectively the mAMSB and
the mGMSB. Another possible strategy is to use phenomenological assumptions to
limit the possible terms in the low-energy Lagrangian, an example of this being the
phenomenological MSSM (or pMSSM) relying on three assumptions: that there are no
new sources of CP-violation with respect to the SM, that there are no �avour changing
neutral currents and that there is �rst and second generation universality. With these
assumptions (motivated by experimental data), the pMSSM has 19 free parameters
(see e.g. [64] for more details). Additional constraints can be considered, limiting the
number of parameters and to distinguish the variants of the pMSSM it is common to
refer to the variant with the number of parameters (e.g. pMSSM11, pMSSM17, etc.).
Such versions of the MSSM, with constraints from the GUT scale or from phenomeno-
logical assumptions, are under intense scrutiny from theorists and experimentalists and
several studies with likelihood analyses and global �ts have been performed in recent
years, mostly by the GAMBIT [65, 66] and MasterCode [67�69] groups.

1.3.4.2 The Higgs sector of the MSSM

Let us now investigate further the Higgs sector and how the electroweak symmetry is
broken in the MSSM. First, each of the scalar components of the two doublet chiral
super�elds can be decomposed into their charged and neutral components

Hu = (H+
u , H

0
u) , Hd = (H0

d , H
−
d ) . (1.3.63)

Using eq. (1.3.34) one can compute the tree-level scalar potential in the MSSM. In
principle it would contain not only terms involving the Higgs bosons but also terms
with squarks and sleptons, however, points in parameter space associated with sfermion
VEVs � e.g. with negative soft squared masses or very large values of trilinear cou-
plings � will not be considered because they lead to phenomenological problems. More
speci�cally, VEVs for squarks would break SU(3)C and U(1)QED gauge invariances,
and selectron, smuon, or stau VEVs also break U(1)QED. Only sneutrino VEVs would
in principle be allowed on grounds of preserving gauge invariance, but these would vio-
late both lepton number and R-parity,18 and have phenomenological e�ects on EWSB.
We therefore do not consider squark and slepton terms in the scalar potential and �nd

V (0) =

∣∣∣∣ ∂W∂Hu

∣∣∣
Hu→Hu

∣∣∣∣2 +

∣∣∣∣ ∂W∂Hd

∣∣∣
Hd→Hd

∣∣∣∣2
+

1

2
g′2
[
YHuH

∗
uHu + YHdH

∗
dHd

]2
+

1

8
g2

[(
H−u (H0

u)∗
)( 1 1− i

1 + i −1

)(
H+
u

H0
u

)
+
(
(H0

d)∗H+
d

)( 1 1− i
1 + i −1

)(
H0
d

H−d

)]2

− LsoftMSSM

∣∣
Hu,Hd

(1.3.64)

18Note that spontaneous R-parity violation is actually excluded by experiments for the standard
version of the MSSM [70].
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= |µ|2
(
|H0

u|2 + |H+
u |2 + |H0

d |2 + |H−d |2
)

+m2
Hu

(
|H0

u|2+ |H+
u |2
)

+m2
Hd

(
|H0

d |2+ |H−d |2
)

+Bµ
[
(H+

u H
−
d −H0

uH
0
d) + h.c.

]
+

1

8
(g2 + g′2)

(
|H0

u|2 + |H+
u |2 − |H0

d |2 − |H−d |2
)2

+
1

2
g2
∣∣H+

u (H0
d)∗ +H0

uH
+
d

∣∣2 .
In principle, we need to verify that we can break the electroweak gauge symmetry
without also breaking U(1)QED with this potential. Actually this is quite straightfor-
ward [55]: �rst with an SU(2)L gauge transformation it is possible to rotate away the
VEV from one of the components of one of the doublets, say 〈H+

u 〉. Once that is done,
one can take the derivative

∂V (0)

∂H+
u

∣∣∣∣
min., with 〈H+

u 〉=0

= Bµ〈H−d 〉+ g2〈H0
d〉∗〈H0

u〉∗〈H−d 〉 = 0 (1.3.65)

If we suppose for a moment that 〈H−d 〉 6= 0, then the above equation implies that

〈H0
d〉∗〈H0

u〉∗ = −Bµ/g2 ∈ R , (1.3.66)

and this means that H0
u and H0

d must have opposite phases. At this point we can use
the remaining U(1)Y gauge freedom we have to ensure � without loss of generality �
that 〈H0

d〉 and 〈H0
u〉 are both real and positive (because H0

u and H0
d have opposite

weak hypercharges), but this contradicts the result of eq. (1.3.66).

Finally this shows that 〈H−d 〉 = 0 and that U(1)QED indeed remains unbroken in
the minimum of the MSSM tree-level potential. Only H0

u and H0
d can obtain VEVs,

denoted vu/
√

2 and vd/
√

2 respectively from now on, which are related to the SM
Higgs VEV v through the Z boson mass

v2
u + v2

d = v2 =
4m2

Z

g2 + g′2
. (1.3.67)

Another very useful quantity is the ratio of the Higgs VEVs

tanβ ≡ vu
vd
, (1.3.68)

which will appear on many occasions.

In order to study the electroweak symmetry breaking, it is then su�cient to consider
only the terms in the potential involving H0

u and H0
d , i.e. use the potential

V (0) =
(
|µ|2 +m2

Hu

)
|H0

u|2 +
(
|µ|2 +m2

Hd

)
|H0

d |2 −Bµ
[
H0
uH

0
d + h.c.

]
(1.3.69)

+
1

8
(g2 + g′2)

(
|H0

u|2 − |H0
d |2
)2
.

We notice at �rst that along the direction H0
u = H0

d (called the D-�at direction) the
potential may not be bounded from below, unless [55]

2Bµ < 2|µ|2 +m2
Hu +m2

Hd
. (1.3.70)

Furthermore, as there are two states that can acquire VEVs, there remains two (non-
trivial) minimum conditions for the potential given by its derivatives with respect to
H0
u and H0

d . One can then ensure that vu = vd = 0 is an unstable maximum of V (0)

by requiring that the Hessian matrix of V (0) at vu = vd = 0 must have at least one
negative eigenvalue, which gives the additional condition on Bµ [55]

B2
µ > (|µ|2 +m2

Hu)(|µ|2 +m2
Hd

) (1.3.71)
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Under these assumptions, the tadpole equations at tree-level read
√

2

vu

∂V (0)

∂H0
u

∣∣∣∣
min.

= m2
Hu + |µ|2 −Bµ

vd
vu
− 1

8
(g2 + g′2)(v2

u − v2
d) = 0

= m2
Hu + |µ|2 −Bµ cotβ − m2

Z

2
cos 2β = 0 ,

√
2

vd

∂V (0)

∂H0
d

∣∣∣∣
min.

= m2
Hd

+ |µ|2 −Bµ
vu
vd

+
1

8
(g2 + g′2)(v2

u − v2
d) = 0

= m2
Hu + |µ|2 −Bµ tanβ +

m2
Z

2
cos 2β = 0 . (1.3.72)

The two most common choices for these tadpole equations are to solve for the soft
Higgs doublet masses m2

Hu
and m2

Hd
, or to solve for |µ|2 and Bµ.

Now that we know what the vacuum expectation values of the doublets are, we can con-
sider how to relate the gauge eigenstates H+

u , H
0
u, H

−
d , and H

0
d to the mass eigenstates.

First of all, as the electroweak symmetry breaking is still SU(2)L×U(1)Y → U(1)QED
the number of Goldstone bosons is the same as in the SM, i.e. two charged Goldstones
G± and a neutral (pseudoscalar) one G0. G+ must then be expressed in terms of H+

u

and (H−d )∗, together with another charged state H+, a charged Higgs boson(
H+
u

H+
d

)
=

(
sβ± cβ±
−cβ± sβ±

)(
G+

H+

)
(1.3.73)

where we use the short-hand notations cx ≡ cosx and sx ≡ sinx. Turning now to H0
u

and H0
d , we know that they must contain the neutral Goldstone G0 as well as another

CP-odd (pseudoscalar) Higgs A and two CP-even Higgses h and H. Conventionally,
the mass eigenstates are de�ned by(

H0
u

H0
d

)
=

1√
2

(
v sinβ
v cosβ

)
+

1√
2

(
cα sα
−sα cα

)(
h
H

)
+

1√
2

(
sβ0 cβ0

−cβ0 sβ0

)(
G0

A

)
. (1.3.74)

In general the lightest CP-even Higgs h is assumed to correspond to the Higgs boson
found at the LHC, although scenarios exist in which it is the heavy Higgs H that
corresponds to the observed state, and the lighter h escapes detection in a very narrow
range of masses not probed by the LEP or the LHC (such scenarios are becoming
increasingly restricted as experiments further probe the possible parameter space).

At tree-level, a straightforward calculation shows that β0 = β± = β and that α �
conventionally taken in the interval

[
−π

2 , 0
]
(for m2

A > m2
Z) � is related to β by the

relation
sin 2α

sin 2β
= −m

2
H +m2

h

m2
H −m2

h

, (1.3.75)

or equivalently
tan 2α

tan 2β
=
m2
A +m2

Z

m2
A −m2

Z

. (1.3.76)

The tree-level scalar masses are (at the minimum of the tree-level potential)

m2
A =

2Bµ
sin 2β

,

m2
h,H =

1

2

[
m2
A +m2

Z ∓
(
(m2

A −m2
Z)2 + 4m2

Zm
2
A sin2 2β

)1/2]
,

m2
H± = m2

A +m2
W , (1.3.77)
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while the Goldstone masses are zero as expected. The m2
Z terms in the CP-even Higgs

masses arise from the fact that, as opposed to the SM (and many of its non-SUSY
extensions) the Higgs quartic couplings are not free parameters in Supersymmetry, but
are related to the electroweak gauge couplings by the D-terms. A major consequence
of this is that there is an upper limit in the MSSM on the lightest Higgs mass at
tree-level [71,72], namely

m2
h ≤ m2

Z cos2 2β , (1.3.78)

while the masses of the other Higgs bosons can grow in principle to arbitrarily large
values with Bµ. Note that this bound can be derived easily by taking the derivative of
m2
h from eq. (1.3.77) with respect to m2

A and observing that it is always positive and
only tends to zero in the limit m2

A � m2
Z . At �rst sight, equation (1.3.78) seems to be

incompatible with the observed Higgs mass of 125 GeV, but it was shown in the early
1990's [73�75] that radiative corrections � from top and stop loops � can be huge and
pull the lightest Higgs mass up by a signi�cant amount (we will discuss this in more
detail in the next chapter). The bound (1.3.78) on m2

h is saturated in the so-called
decoupling limit in which m2

A � m2
Z so that the states H, A, H± become very heavy

and decouple from the model. At lower energies, only the light state h is then left, and
it becomes Standard Model-like � i.e. its interaction to SM particles become the same
as in the SM. Such a situation, where one of the CP-even Higgs mass eigenstates is
aligned in �eld-space with the (complete) Higgs VEV v � therefore becoming SM-like
� is called alignment. In terms of the above de�ned mixing angles, alignment implies
that

β =
π

2
− α , (1.3.79)

and this can occur even without decoupling (e.g. because of some symmetry) � one
then talks of alignment without decoupling. Alignment, whether through decoupling or
without it, is a powerful tool to relax experimental constraints, as signs of new Physics
in the Higgs sector are hidden. If furthermore there is decoupling, then an extended
Higgs sector cannot be distinguished from the SM one at currently accessible energy
scales.

As was the case in the SM, the previous discussion of the Higgs sector is modi�ed when
one takes into account radiative corrections to the potential. First of all the tadpole
equations (1.3.72) are modi�ed by the inclusion of the derivatives of the radiative
corrections to the potential ∆V = Ve� − V (0) with respect to H0

u and H0
d respectively.

This in turn changes the parameters for which the tadpole equations are solved (either
m2
Hu
, m2

Hd
or |µ|2, Bµ) and therefore the Goldstone tree-level masses as well. Unlike

the SM, however, the tree-level masses in the minimum of the loop-corrected potential
are not the same for the neutral and charged Goldstone bosons. These were shown
in [33] to be (up to a di�erent choice of convention for the VEVs)

m2
G0 = −δus2

β − δdc2
β −

(δu − δd)2

8Bµ
s3

2β + · · ·

m2
G± = −δus2

β − δdc2
β −

(δu − δd)2

8(Bµ + g2vuvd/4)
s3

2β + · · · (1.3.80)

with the shorthand notations

δu ≡
1√
2vu

∂∆V

∂H0
u

∣∣∣∣
min.

, δd ≡
1√
2vd

∂∆V

∂H0
d

∣∣∣∣
min.

. (1.3.81)

In section 4.1.2, we will see how to extend the procedure for deriving the Goldstone
tree-level masses in the minimum of the full potential in a general theory and we will
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give explicitly the expressions of the leading (i.e. one-loop) terms � see eq. (4.1.26). As
we had found for the SM in eq. (1.1.38), the Goldstone masses are formally of one-loop
order, but can vanish or become negative leading to a Goldstone Boson Catastrophe in
the MSSM as well. This was �rst addressed in Ref. [33] where the resummation method
of [29] was applied to the MSSM to obtain an e�ective potential and tadpole diagrams
free of infrared divergences. It is worth mentioning here that many calculations of
Higgs masses in the MSSM have been performed in a so-called gaugeless limit, in which
the electroweak gauge couplings g, g′ are set to zero, and where the Goldstone Boson
Catastrophe does not appear. The reason for this is that, as we saw earlier, the Higgs
quartic coupling in the MSSM is related to the electroweak gauge couplings, therefore
in the gaugeless limit the Higgs quartic coupling also vanishes and the Goldstones
decouple from the Higgs bosons.

Finally, let us consider the interactions of the Higgs bosons with fermions and sfermions,
and in particular the generation of fermion and sfermion masses. We saw in eq. (1.3.30)
that the Yukawa interactions, between fermions and the Higgs doublets, are found via
the second derivatives of the superpotential, which in this case gives

L ⊃− yfgu
(
ufLu

c
gRH

0
u − dfLucgRH+

u

)
+ yfgd

(
ufLd

c
gRH

−
d − dfLdcgRH0

d

)
+ yfge

(
νfLe

c
gRH

−
d − efLecgRH0

d

)
. (1.3.82)

If we only consider the third generation fermions, we �nd their tree-level masses to be

mt =
yt√

2
vu =

yt√
2
v sinβ , mb =

yb√
2
vd =

yb√
2
v cosβ , mτ =

yτ√
2
vd =

yτ√
2
v cosβ ,

(1.3.83)
where yt, yb, and yτ � the top, bottom and tau Yukawas � are the largest eigenvalues
of the three Yukawa coupling matrices respectively. With respect to the SM case, the
top (or bottom and tau) Yukawa coupling is modi�ed by a new factor sinβ (cosβ).
This is especially noticeable when tanβ � 1 where (at tree-level)

yMSSM
b

yMSSM
t

=
mb

mt
tanβ =

ySMb
ySMt

tanβ (1.3.84)

while yMSSM
t = ySMt / sinβ ≈ ySMt . This means that in the large tanβ limit of the

MSSM, the bottom Yukawa (and similarly the tau one) can be much larger than their
SM counterparts, so that even if it is still possible to neglect mb,mτ � mt it is not
possible to neglect consistently yb (and yτ ) before yt.

If we then turn to couplings between the Higgses and the sfermions, these can arise
from di�erent sources. The �rst one is via the squared �rst derivatives of the same
Yukawa terms in the superpotential, giving quartic interactions of the form |sfermion-
Higgs|2. To this are also added cross terms between the derivatives of the Yukawa and
SUSY Higgs mass terms of WMSSM and soft trilinear couplings, both giving sfermion-
sfermion-Higgs interactions. Finally, a last type of terms come from the D-term part
of the scalar Lagrangian yielding terms of the form |sfermion|2|Higgs|2. To study the
masses of sfermions it actually su�ces to compute couplings between sfermions and
the neutral Higgses only. Furthermore, in order to simplify the discussion, we will not
consider �rst and second generation sfermions that have very small (and hence usually
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neglected) couplings to the Higgs sector. We obtain in this case

L ⊃− y2
t (t̃Lt̃

∗
L + t̃Rt̃

∗
R)|H0

u|2 − y2
b (b̃Lb̃

∗
L + b̃Rb̃

∗
R)|H0

d |2 − y2
τ (τ̃Lτ̃

∗
L + τ̃Rτ̃

∗
R)|H0

d |2

+ µ∗
(
ytt̃Lt̃

∗
R(H0

d)∗ + ybb̃Lb̃
∗
R(H0

u)∗ + yτ τ̃Lτ̃
∗
R(H0

u)∗
)

+ h.c.

−
(
ytAtt̃Lt̃

∗
RH

0
u + ybAbb̃Lb̃

∗
RH

0
d + yτAτ τ̃Lτ̃

∗
RH

0
d + h.c.

)
+

1

2
(|H0

u|2 − |H0
d |2)

[(
1

2
g2 − 1

6
g′2
)
t̃Lt̃
∗
L +

2

3
g′2t̃Rt̃∗R

+

(
−1

2
g2 − 1

6
g′2
)
b̃Lb̃
∗
L −

1

3
g′2b̃Rb̃∗R

+

(
−1

2
g2 +

1

2
g′2
)
τ̃Lτ̃

∗
L − g′2τ̃Rτ̃∗R

]
, (1.3.85)

where we use (au)33 = ytAt, (ad)33 = ybAb, (ae)33 = yτAτ . Here we included the con-
tribution from the D-terms for completeness, however these are sometimes neglected
as will be the case in chapter 3 (moreover they vanish in the gaugeless limit).

The �eld-dependent stop mass matrixM2
stops is de�ned as

L ⊃ −(t̃∗L t̃
∗
R)M2

stops

(
t̃L
t̃R

)
. (1.3.86)

In the notations of chapter 3 (themselves taken from [76, 77]), and neglecting the
D-term contributions, the stop mass matrix in the MSSM are found to be

M2
stops =

(
m2
Q + |X|2 X̃∗

X̃ m2
U + |X|2

)
, (1.3.87)

where m2
Q = (m2

Q)33 and m2
U = (m2

ū)33 � see eq. (1.3.61) � and

|X|2 = y2
t |H0

u|2 , (1.3.88)

X̃ = yt
(
AtH

0
u − µ∗(H0

d)∗
)
. (1.3.89)

This matrix can be diagonalised to give two �eld-dependent mass eigenvalues

m2
t̃1,2

=
1

2

[
(m2

Q +m2
U + 2|X|2)±

√
(m2

Q −m2
U )2 + 4|X̃|2

]
, (1.3.90)

and similarly mass eigenvalues can be derived for sbottoms or staus. We will return
to and re�ne the discussion of the stop masses in chapter 3 in the context of Dirac
gaugino models. Before we end this section there is a last quantity that we need to
de�ne, for the discussion of radiative corrections to Higgs masses, namely the stop
mixing, that we de�ne at the minimum of the potential as

Xt =
〈X̃〉
mt

= At − µ∗ cotβ . (1.3.91)

Finally, note that in many cases (e.g. the real MSSM, or in our study of Dirac gaugino
models in chapter 3) the supersymmetric Higgs mass parameter µ is taken to be real,
which also has consequences for X̃ and Xt. For a squark in general, the mixing
parameter can be de�ned as

Xq = Aq − µ∗F(β) , (1.3.92)

where F(β) = cotβ for q = u, c, t, and F(β) = tanβ for q = d, s, b.
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1.3.4.3 Gauginos in the MSSM

As we will shortly turn our focus to models with Dirac masses for gauginos, it is useful
to �rst shortly review gauginos and their masses in the context of the MSSM. Every
gaugino in the MSSM comes as a Weyl spinor � i.e. two complex degrees of freedom
� in the adjoint representation of the di�erent components of the SM gauge group as
the gauge bosons. Unlike SM fermions, fermionic superpartners of SM gauge bosons
obtain masses from soft SUSY breaking terms � such terms being allowed because
gauge super�elds, and hence the gauginos, are not chiral. More speci�cally, these are
Majorana mass terms � see the fourth line of eq. (1.3.61) � that can be generated by
high-scale operators such as those shown in eqs. (1.3.47) and (1.3.48).

After the electroweak symmetry breaking, the neutral electroweak gauginos B̃, W̃ 3 mix
with the neutral higgsinos h̃0

u, h̃
0
d to form four neutralino mass eigenstates, while the

charged electroweak gauginos W̃± = (W̃ 1∓ iW̃ 2)/
√

2 form, together with the charged
higgsinos h̃+

u , h̃
−
d , two chargino mass eigenstates. The neutralino and chargino sector

can have a rich phenomenology: most importantly, the lightest neutralino is often the
LSP and consequently a possible candidate of Dark Matter � however its couplings to
the Higgs scalars are always related to the electroweak gauge couplings and are hence
small and negligible for our concern.

Therefore, we will in what follows not consider the electroweak gauginos, but only the
gluinos g̃a, that do not mix with fermions from the Higgs sector (because they are the
only fermions to transform as octets under SU(3)C). They couple to squarks with
the strong gauge coupling, and for this reason their contributions to the neutral scalar
masses from two-loop and beyond can be large and must be taken into account.

1.3.4.4 Shortcomings of the MSSM

One serious theoretical issue of the MSSM is the so-called µ-problem, i.e. the problem
of generating the supersymmetric Higgs mass term µ that must be of the order of the
SUSY breaking scale MSUSY (the scale of the SUSY breaking terms). The reason why
µ must be of the order of MSUSY can be explained as follows [78]: on the one hand, µ
cannot be zero, because (among other reasons) there is a lower bound on the possible
value of |µ| coming from the experimental lower bound on chargino masses. On the
other hand, if µ is too large then the extremum of the potential at Hu = Hd = 0
becomes a stable minimum and EWSB cannot take place (e.g. relation (1.3.71) cannot
be veri�ed). Therefore, the only scale that µ can be related to is the SUSY breaking
scale MSUSY, which is also apparent from eq. (1.3.71) but is contradictory for a SUSY
preserving parameter. As we will see in what follows, this problem can be solved in
both the NMSSM and Dirac gaugino models [79], by generating the µ term through
the VEV of a dynamical �eld having the same quantum numbers as µ, i.e. a singlet.

Another issue of the MSSM is to �nd a way to have su�ciently large radiative cor-
rections to the Higgs mass to obtain a Higgs mass of 125 GeV even if the tree-level
mass has a low upper-bound (1.3.78). As will be shown in the next chapter where
we will discuss Higgs mass calculations, for the radiative corrections to be su�ciently
large in the MSSM either of the following conditions needs to be ful�lled: large stop
masses, or large stop mixing. Again the NMSSM and Dirac gaugino models improve
the situation on this matter, by relaxing the upper-bound on mh (more precisely, the
equivalents of eq. (1.3.78) contain additional terms, due to the singlet or the adjoint
super�elds respectively).
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Figure 1.3 � Summary of lower limits on masses of SUSY particles, obtained by the
di�erent SUSY searches of the ATLAS collaboration by December 2017. This plot,
along with other summary from ATLAS can be found on the web page: https://
atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CombinedSummaryPlots/SUSY/. A
similar plot for CMS, updated for the Moriond 2017 conference, can be
found at https://twiki.cern.ch/twiki/pub/CMSPublic/PhysicsResultsSUS/

Moriond2017_BarPlot.pdf.

Experimental searches have so far not yielded any sign of supersymmetric particles and
thus raise the exclusion limits on possible masses for the superpartners � e.g. �gure 1.3
shows for a summary of SUSY searches from the ATLAS collaboration. In particular,
the stops were thought to be among the �rst superpartners to be observed at the LHC
� being coloured particles, with strong couplings to other particles due to the large
gS and yt, and being lighter than �rst and second family squarks in some models of
SUSY breaking19 � but Runs 1 and 2 have only been able to set a lower limit on their
mass. Figure 1.4 provides an example of the limits on mt̃1

obtained in the case of stop
pair production. More generally, the latest public results for lower bounds on stop
masses are � at 95% con�dence level � 1150 GeV from ATLAS [80], and 1000 GeV
from CMS [81] � in the case of compressed spectra the bounds are weaker, namely 430
GeV for ATLAS [82] and 510 GeV for CMS [83].

As mentioned earlier, this then poses questions as to whether Supersymmetry, if it
exists, provides a satisfactory answer to the hierarchy problem, because even if it
can protect scalar masses from quadratic divergences, it appears to be reintroducing
a little hierarchy problem between the electroweak and the SUSY breaking scales.

19In the CMSSM, for example, the soft squark masses unify at the GUT scale, and under RGEs
running the soft mass of the stop decreases slower than for the other squarks because the contribution
from yt.
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Figure 1.4 � Exclusion limits, at 95% con�dence level, on stop and neutralino masses,
resulting from the stop pair production search of the ATLAS collaboration. Di�er-
ent decay channels of the stops are considered, with quantities of data comprised
between 3.2 and 36 fb−1 from Run 2 of the LHC at

√
s = 13 TeV. A com-

parison with results from Run 1 (light blue) is also provided. This plot can be
found on the web page: https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/

CombinedSummaryPlots/SUSY/ .

In this pessimistic context, one of the very interesting phenomenological features of
models with Dirac gauginos is that stop production is suppressed (as we will discuss
in section 1.3.5.3) therefore allowing such models to evade some of the current collider
bounds.

1.3.4.5 The Next-to-Minimal Supersymmetric Standard Model

As we have just seen, the MSSM, while solving some of the issues of the SM, still
has a number of shortcomings. To address some of these and also because nothing
prevents the Higgs sector from being extended, it is common to study extensions of
the MSSM, and the simplest and most popular among them is the Next-to-Minimal
Supersymmetric Standard Model or NMSSM, which provides a solution to the µ-
problem of the MSSM and enhances the tree-level mass of the lightest Higgs boson
with respect to the MSSM (therefore reducing the size of the radiative corrections
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required to have a 125 GeV Higgs). The NMSSM extends the MSSM by a gauge-
singlet chiral super�eld S, and comes with a superpotential that reads in all generality

WNMSSM = (µ+ λSS)Hu ·Hd + TSS +
1

2
µSS2 +

1

3
κS3

+ yfgu Qf ·Huuc
g − yfgd Qf ·Hddc

g − yfge Lf ·Hdecg , (1.3.93)

while for the soft terms

LsoftNMSSM = LsoftMSSM +

(
aλSSHu ·Hd +

1

3
aκS

3 +
1

2
BSS

2 + tSS + h.c.
)
−m2

S |S|2 .
(1.3.94)

We choose to denote the superpotential coupling between the new singlet and the two
Higgs doublets as λS instead of λ (as is often written in the literature) to avoid risks of
confusion with the SM Higgs quartic coupling λ. Note also that linear (tadpole) terms,
both in the superpotential and in the soft SUSY-breaking Lagrangian are allowed for
the new state because it is a gauge singlet. The new trilinear couplings are de�ned
such that aλS = λSAλS and aκ = κAκ. While the above equations describe the
general NMSSM, one often prefers to consider a restricted version of the NMSSM
with a scale-invariant superpotential (i.e. without any mass-dimensionful parameters)
obtained by imposing an additional, global, Z3 symmetry to the theory under which all
chiral super�elds transform with a phase ei

2π
3 . This signi�cantly reduces the number

of allowed parameters of the theory and the superpotential and soft Lagrangian are
then

WNMSSM =λSSHu ·Hd +
1

3
κS3

+ yfgu Qf ·Huuc
g − yfgd Qf ·Hddc

g − yfge Lf ·Hdecg ,

LsoftNMSSM =− (m2
Q)fgQ̃

∗
fLQ̃gL − (m2

ū)fgũ
c
fR(ũcgR)∗ − (m2

d̄)fgd̃
c
fR(d̃cgR)∗

− (m2
L)fgL̃

∗
fLL̃gL − (m2

ē)fg ẽ
c
fR(ẽcgR)∗ −m2

HuH
∗
uHu −m2

Hd
H∗dHd (1.3.95)

−
(

1

2
M3g̃

ag̃a +
1

2
M2W̃

aW̃ a +
1

2
M1B̃B̃ + h.c.

)
−
(

(au)fgũ
c
fRQ̃gL ·Hu + (ad)fgd̃

c
fRQ̃gL ·Hd + (ae)fg ẽ

c
fRL̃gL ·Hd + h.c.

)
+

(
aλSSHu ·Hd +

1

3
aκS

3 + h.c.
)
−m2

S |S|2 . (1.3.96)

The absence of any term inWNMSSM with a non-zero mass dimension means that there
will be no situation analogous to the µ-problem of the MSSM, and moreover we see
that, if the singlet scalar acquires a VEV 〈S〉 = vS/

√
2, e�ective µ and Bµ terms can

be generated as

µe� =
1√
2
λSvS , (1.3.97)

Be�
µ =

1√
2
λSAλSvS +

1

2
κ∗λSv2

S = µe�

(
AλS + κ∗

vS√
2

)
. (1.3.98)

As in this scenario the only parameters in the scalar potential with a mass dimension
are soft SUSY-breaking terms, the singlet VEV and in turn the e�ective µe� and Be�

µ

must also be of the order of the soft terms, therefore eliminating the possibility of an
MSSM-like µ-problem.
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1.3.4.6 The Higgs sector of the NMSSM

The NMSSM has a vast and rich phenomenology, which we will not try to describe
here, but instead we will now discuss some aspects of the Higgs sector of the NMSSM
that will be useful for later chapters. First, the Higgs potential in the (Z3-invariant)
NMSSM is

V (0) = |µ+ λSS|2
(
|H0

u|2 + |H+
u |2 + |H0

d |2 + |H−d |2
)

+m2
S |S|2

+m2
Hu

(
|H0

u|2+ |H+
u |2
)

+m2
Hd

(
|H0

d |2+ |H−d |2
)

+
∣∣λS(H+

u H
−
d −H0

uH
0
d) + κS2

∣∣2
+

1

8
(g2 + g′2)

(
|H0

u|2 + |H+
u |2 − |H0

d |2 − |H−d |2
)2

+
1

2
g2
∣∣H+

u (H0
d)∗ +H0

uH
+
d

∣∣2
+

[
λSAλSS(H+

u H
−
d −H0

uH
0
d) +

1

3
κAκS

3 + h.c.
]
, (1.3.99)

having used the same decomposition of the Higgs doublets as in the MSSM. The precise
determination of the vacuum state of the NMSSM is a long and di�cult task � which
we will not consider here (the reader may refer to [78, 84] for more details) � but it
can be shown that vacua can exist with non-zero VEVs for both doublets and the
singlet.20 There are then three non-trivial tadpole equations that are typically used to
eliminate m2

Hu
, m2

Hd
, and m2

S . The free parameters left to describe the Higgs sector
of the NMSSM at tree-level are then

λS , κ, AλS , Aκ, tanβ, vS (or equivalently µe�) . (1.3.100)

It is worth mentioning �nally that the condition A2
κ & 8m2

S(9m2
S) ensures the existence

of an (absolute) minimum with vS 6= 0.

The three complex neutral scalars appearing in the above potential can be decomposed
into mass eigenstates as three real scalars (CP-even) and three pseudoscalars (CP-odd)
� one of them being the neutral Goldstone � while the two charged components of the
Higgs doublets give a charged Higgs and a charged Goldstone boson. The upper bound
on the lightest Higgs mass becomes in the NMSSM

m2
h ≤ m2

Z cos2 2β +
1

2
λ2
Sv

2 sin2 2β , (1.3.101)

where the second term shows an enhancement with respect to the MSSM, thanks to
the presence of the additional singlet.

Another important consequence of the additional singlet and of its coupling λS is that
the NMSSM is the simplest SUSY models in which the Goldstone Boson Catastrophe
is apparent even in the gaugeless limit. Indeed, as can be seen in eq. (1.3.99), λS
contributes to the Higgs triple and quartic couplings which then do not depend solely
on g, g′. The NMSSM hence provides an excellent setting to compare the numeri-
cal workarounds �rst developed to circumvent the Goldstone Boson Catastrophe in
SARAH/SPheno with the general solution presented in chapter 4.

1.3.5 Dirac gaugino models

Many options are available to go beyond the minimal supersymmetric extensions of the
Standard Model � MSSM and NMSSM � and among them one of the most promising

20Actually, depending on the parameters, the Z3-invariant NMSSM can allow several stable vacua
which leads to a problem of domain walls in Cosmology, but once more this is far beyond the scope
of this short review.
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Supermultiplet Spin-0 Spin- 12 Spin-1 SM gauge group

state state state representation

Matter sector

MSSM chiral superfields

(S)quarks Qf Q̃fL =(ũfL, d̃fL) QfL =(ufL, dfL) - (3,2, 16 )

uc
f ũcfR ucfR - (3̄,1,− 2

3 )

dc
f d̃cfR dcfR - (3̄,1, 13 )

(S)leptons Lf L̃fL =(ν̃fL, ẽfL) LfL =(νfL, efL) - (1,2,− 1
2 )

ec
f ẽcfR ecfR - (1,1, 1)

Higgs/ Hu Hu =(H+
u , H

0
u) (h̃+u , h̃

0
u) - (1,2, 12 )

Higgsinos Hd Hd =(H0
d , H

−
d ) (h̃0d, h̃

−
d ) - (1,2,− 1

2 )

NMSSM singlet superfield

Singlet/singlino S S s̃ - (1,1, 0)

MRSSM Higgs-like superfields

Higgs-like Ru (R+
u , R

0
u) (r̃+u , r̃

0
u) - (1,2,− 1

2 )

states Rd (R0
d, R

−
d ) (r̃0d, r̃

−
d ) - (1,2, 12 )

Gauge sector

MSSM gauge superfields

Gluons/Gluinos G - g̃a ga (8,1, 0)

W/Winos W - W̃ a W a (1,3, 0)

B/Bino B - B̃ B (1,1, 0)

MDGSSM/MRSSM adjoint chiral superfields

Adjoint octet O Oa χa
O - (8,1, 0)

Adjoint triplet T T a χa
T - (1,3, 0)

Adjoint singlet S S χS - (1,1, 0)

Table 1.3 � Field contents and representation assignments of the MSSM, the NMSSM,
the MDGSSM and the MRSSM. For the models beyond the MSSM, the �eld
content is that of the MSSM plus the relevant additional states. In the MDGSSM,
additional Higgs-like lepton and fake electron super�elds are sometimes added to
ensure the uni�cation of gauge couplings (see e.g. [85]), but we will not consider
these states in the context of the calculation of leading corrections to neutral scalar
masses � in chapter 3 � so we do not mention them in this table. Finally, R-charges
of the di�erent states in the MRSSM are given separately in table 1.4.

is the class of models that allow Dirac masses for the gauginos [86�91], in particular
instead of � but possibly in addition to � Majorana ones. Such models have drawn
attention from the community in recent years because of various advantages that they
provide with respect to the MSSM or NMSSM, from both theoretical and phenomeno-
logical points of view. On the theory side, Dirac gaugino models have the attractive
feature that they increase the naturalness of the model, because Supersymmetry is bro-
ken by supersoft operators [89] and the SM-like Higgs boson mass is enhanced at tree
level [79, 92]. Moreover, from a phenomenological perspective, Dirac gaugino masses
are also interesting as they relax constraints on squark masses (through suppressing
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production) [93�95] and �avour constraints [96�98].

Dirac gaugino masses require the addition of two fermionic degrees of freedom (i.e., an
extra Weyl spinor) for each gaugino. We can then write a mass term that respects
a global chiral symmetry, which in SUSY models is promoted to a global U(1) R-
symmetry. In turn, Supersymmetry requires the same number of extra scalar degrees
of freedom as fermionic ones; this implies that after electroweak symmetry breaking
(EWSB) we have four new neutral scalar degrees of freedom compared to the MSSM,
which may mix with the neutral scalars of the Higgs sector. The new states are
packaged in an adjoint chiral multiplet for each gauge group, which should also have
couplings to the Higgs scalars, possibly enhancing the SM-like Higgs boson mass at
both tree and loop level.

We devote this section to an overview of Dirac gaugino models, for the needs of the
study of two-loop corrections to neutral scalar masses in this context in chapter 3.

1.3.5.1 Extended Supersymmetry and supersoft SUSY breaking

The starting point for the construction of models with Dirac gauginos is to ask how
much Supersymmetry (i.e. how many supercharges) can be allowed without encoun-
tering a theoretical inconsistency. First of all, the chiral nature of the SM fermions is
a strong indication that, if it exists, Supersymmetry in the matter sector must have
N = 1 � because in N = 2 SUSY, hypermultiplets cannot be chiral. Furthermore, the
number of matter states in a theory with N = 2 SUSY is so large that it would lead to
Landau poles at low energies (well before the GUT or Planck scales), for example for
the strong gauge coupling. However, in the gauge sector the situation is di�erent and
N = 2 Supersymmetry can be considered without encountering problematic Landau
poles [89] (although they would occur for N = 4). The extension of Supersymmetry
for gauge states can be realised in an N = 1 language by adding chiral super�elds
Σa transforming in the adjoint representation of the gauge group (called more shortly
adjoint chiral super�elds).

The enriched structure of the gauge sector allows for new SUSY breaking terms, from
which the eponymous Dirac masses of the gauginos result. More precisely, in the
context of soft SUSY breaking21, the new D-term breaking operators can appear with
the form [89]

Lsupersoft =

∫
d2θ
√

2
W′αWa

αΣa

M
+ h.c. (1.3.102)

where W′ = λ′ + θD′ + . . . is the �eld-strength super�eld associated with some
spurious vector super�eld of the hidden sector, whose auxiliary D′ component acquires
a VEV 〈D′〉, and Wa = λa + θDa + . . . is the regular �eld-strength super�eld of the
gauge group. Upon spontaneous breaking of Supersymmetry, the above operator can
be rewritten in terms of the auxiliary �eld VEV as

Lsupersoft =

∫
d2θ
√

2
〈D′〉θαWa

αΣa

M
+ h.c.

=

∫
d2θ
√

2mDθ
αWa

αΣa + h.c.

⊃−mDλ
aχaΣ +

√
2mDΣaDa + h.c. , (1.3.103)

21It has also been suggested, e.g. in ref. [99], that Dirac masses could arise through other operators,
but we do not consider them as they potentially correspond to a hard breaking of SUSY.
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where we de�ned mD = 〈D′〉/M and expanded the adjoint chiral super�eld as Σa =
Σa +

√
2 θχaΣ + . . . . We recall that to derive the last line in the above equation, we

made use of the following spinor algebra relation [55]

(θξ)(θχ) = −1

2
(θθ)(ξχ) . (1.3.104)

The �rst term in the above equation (1.3.103) is a Dirac mass term for λa and χaΣ �
having the same form as equation (1.3.6) for a Dirac spinor made of λa and χ̄aΣ � while
the second term will generate, for the scalar components of the adjoint chiral super�elds
(the adjoint scalars), mass terms as well as trilinear interactions with Higgses and
sfermions, which we collectively denote as φ. Indeed, integrating out the auxiliary
�eld Da gives for the adjoint scalars

L ⊃ −(mD Σa +m∗D Σa ∗)2 −
√

2 g (mD Σa +m∗D Σa ∗)φ∗ ta φ , (1.3.105)

where ta are the generators of the gauge group in the representation appropriate to φ,
and a sum over the gauge indices of φ is understood.

The reason why these new SUSY-breaking operators are called supersoft is actually one
of the major features of models with Dirac gaugino, which is that these new operators
do not reintroduce any logarithmic (i.e. soft) divergence in scalar masses. The only
possible corrections are then �nite ones, hence the name supersoft. A simple argument
to prove this statement is provided in [89]: suppose �rst that the gaugino, having
acquired a mass below the scale M , gives a logarithmically divergent contribution
to the mass of a given scalar φ. If we use a cut-o� regularisation (see footnote 8)
this correction takes the form m2

D log Λ2 and the natural cut-o� scale is Λ ∼ M .
Then there must exist a counter-term operator that regulates this divergence in cut-
o� regularisation, and it can be shown that the only possible supersymmetric and
gauge-invariant operator associated with D-term SUSY breaking is of the form [89]∫

d2θd2θ̄
(W′αW′

α)∗W′βW′
β

M6
Φ∗Φ

W′→ θ〈D′〉−−−−−−−→
∫
d2θd2θ̄

θ2θ̄2m4
D

M2
Φ∗Φ =

M∼Λ

m4
D

Λ2
φ∗φ , (1.3.106)

where Φ is the chiral super�eld containing the scalar φ. There is however no way that
this operator can cancel a logarithmic � log Λ2 � divergence, and moreover it vanishes
in the limit Λ → ∞. Therefore, we can conclude that our original assumption must
have been wrong and that corrections to scalar masses from a Dirac gaugino must be
�nite. In terms of diagrams contributing to the mass of the scalar φ, this corresponds
to a cancellation of the divergence of the fermion loop involving the fermionic partner
of the scalar and a gaugino (left side of �gure 1.5) against that of the new scalar
diagram involving the scalar itself and the adjoint scalar (right side �gure 1.5).

1.3.5.2 A brief overview of Dirac gaugino models

There is more than one way to construct a Dirac-gaugino extension of the MSSM.
The minimal choice, which we will denote as the Minimal Dirac Gaugino Supersym-
metric Standard Model (MDGSSM), consists in simply adding to the �eld content
of the MSSM chiral multiplets that transform in the adjoint representations of each
component of the SM gauge group, and allowing for all gauge-invariant terms in the su-
perpotential and in the soft SUSY-breaking Lagrangian. The reader should note that
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φ φ φ φ

φ

φ̃

λ, χΣ

Σ

Figure 1.5 � Diagrams contributing to the mass of a scalar φ: on the left hand side with
φ̃, i.e. the fermionic superpartner of φ, and a Dirac gaugino (λ and χΣ in terms of
Weyl spinors); and on the right hand side with the scalar φ and the adjoint scalar
Σ. The logarithmic divergences from both diagrams cancel out when the gauginos
only have Dirac masses.

in recent works [85,100,101] the term MDGSSM has also been used to describe a uni-
�ed scenario where extra lepton-like states are added to ensure natural gauge-coupling
uni�cation, but the distinction will be irrelevant for the discussion in chapter 3.

Models with Dirac gauginos also provide a possible setting for building low-energy
supersymmetric models that preserve a U(1)R symmetry � or R-symmetry � and not
only an R-parity. First, one can realise that in an R-symmetry preserving extension
of the MSSM, the usual Higgs doublets must have R-charge 0 � otherwise their VEVs
would break the R-symmetry � and in turn from the structure of the Yukawa terms in
the superpotential the quark and lepton super�elds can be found to have R-charges +1
(because all terms in the superpotential must have total charge +2, see section 1.3.1.5).

If we then wish to construct a theory without large Majorana masses for the gauginos �
and to be able to bene�t from simpler SUSY-breaking scenarios [102] � we should avoid
R-symmetry breaking in the soft terms, which also means removing the MSSM-like A-
terms. Indeed, both Majorana mass terms for gauginos and A-terms are forbidden by
R-symmetry because they correspond to Lagrangian terms with total R-charge +2, but
it is important to note that the supersoft operator in eq. (1.3.102) is R-symmetric. Such
a low-energy e�ective SUSY model with R-symmetry then naturally comes with Dirac
gaugino masses and furthermore embeds into gauge-mediated scenarios [91, 103�108].
Moreover, the supersymmetric mass term µ is also forbidden by R-symmetry, but we
may retain a Bµ term (allowed by the symmetry) since it is required for EWSB and
will not generate Majorana masses through renormalisation group evolution.

An early variant of an R-symmetric SUSY model, with an approximate R-symmetry,
is the /µSSM or µ-less MSSM [90], however, it should be noted that, as studied in
ref. [109], the /µSSM is currently challenged by electroweak precision measurements. On
the other hand, if we choose to retain the R-symmetry as exact (possibly broken only
by gravitational e�ects) then one popular construction is the Minimal R-symmetric
Supersymmetric Standard Model, or MRSSM [96]: two additional Higgs-like super-
�elds are included, which have R-charge +2 and couple in the superpotential to the
regular Higgs doublets but obtain no expectation value. They allow the Higgs �elds
Hu and Hd to both have non-zero supersymmetric mass terms (see e.g. eq. (1.3.124)
in the following) and contribute to the EWSB without violating the R-symmetry [96]
(the R-charge assignments of all super�elds of the MRSSM are given in table 1.4). An
even more minimal realisation is the MMRSSM [110,111], where the down-type Higgs
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Hd and its R-partner are missing, a sneutrino then playing the role of Hd. Another
option to preserve R-symmetry is the supersymmetric one-Higgs-doublet model [112]:
starting from the �eld content of the MDGSSM, the singlet adjoint super�eld is miss-
ing and the down-type Higgs does not develop an expectation value, therefore the bino
is massless up to anomaly-mediation contributions.

1.3.5.3 Some aspects of the phenomenology of Dirac gaugino models

Dirac gaugino models also have several phenomenological properties that are especially
attractive with respect to the MSSM (and NMSSM). The �rst one can mention is that
these models can naturally accommodate a relatively large hierarchy between gaugino
(in particular gluino) and squark masses. The rationale for this is that, as we saw at
the end of section 1.3.5.1, gaugino contributions to scalar mass parameters are smaller
in models with Dirac gauginos than with Majorana gauginos (like in the MSSM) [94].
Therefore the Dirac masses for gauginos can be taken to much larger values than in the
case of Majorana masses without spoiling the naturalness of the model � i.e. without
increasing the necessary tuning, between tree-level values and radiative corrections,
for scalar and in particular Higgs masses.

A second advantage is the suppression of the production rates of coloured SUSY par-
ticles [93�95, 113], which helps evade bounds from experimental searches. On the one
hand, as Dirac gluinos can be heavy, both the gluino pair and the associated gluino-
squark productions at colliders (e.g. the LHC) are typically suppressed by kinematics.
On the other hand, the total production of squark pairs � either a squark plus an anti-
squark or two squarks � is also suppressed because (i) processes with two squarks of the
same handedness are absent when the gluino has a Dirac mass (these processes require
a chirality �ip,22 which is only possible with a Majorana fermion), and furthermore
(ii) several other channels involving the exchange of a gluino in a t-channel � such as
for example pp → q̃Lq̃R, q̃

∗
Lq̃
∗
R � are more suppressed than in the MSSM (because the

gluino is a Dirac instead of a Majorana fermion). The remaining contributions then
give a much lower squark pair production cross-section compared to the MSSM, and
therefore the constraints obtained for squark masses in the MSSM are relaxed.

Finally, Dirac gaugino models also have favourable properties with respect to �avour
constraints [96, 97, 114, 115], in particular when R-symmetry is preserved. More pre-
cisely, supersymmetric models are strongly constrained by experimental results on
�avour violating observables, among which the most constraining is kaon-antikaon
(K − K̄) oscillations. This is sometimes referred to as the supersymmetric �avour
problem and in general SUSY models it is assumed to imply that the mechanism
that mediates SUSY breaking between the hidden and observed sectors is �avour-
blind. However, the possibility of constructing R-symmetric models of SUSY at low
energies [96] lifts this requirement, and allows parameter points with large �avour vio-
lation to avoid current experimental results. A �rst reason for this is that all left-right
mixing terms (i.e. A-type trilinear couplings), and therefore in particular left-right
�avour violating terms, are forbidden by the R-symmetry. Moreover, if we take the
example of kaon oscillations, it is known that new Physics contributions must be very

22If one considers the expansion of the supersoft operator in eq. (1.3.103) and integrates out the
auxiliary �elds, one can �nd that the fermion component of the adjoint super�eld χaΣ does not couple
to Higgses and sfermions, while the �MSSM-like� gaugino state λa does. For a (purely) Dirac gaugino
this means that only one of its helicity states couples to Higgses and sfermions and hence chirality
�ip diagrams cannot exist. On the other hand, if the gaugino is a Majorana fermion, the two helicity
states are equal � see eq. (1.3.9) � and the chirality �ip is possible.
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small, but in minimal SUSY models (e.g. the MSSM) with Majorana gauginos, poten-
tially large and dangerous contributions arise from box diagrams involving e�ective
operators between quarks and squarks like [96]

1

mg̃
d̃∗Rs̃

∗
Ld̄RsL (1.3.107)

Such a dimension-5 operator comes from integrating out the Majorana gauginos, but is
forbidden in R-symmetry preserving models where the gaugino must be purely Dirac
fermions. The leading operator obtained from integrating out a Dirac gaugino is a
dimension-6 operator of the form

1

m2
g̃

d̃L∂µs̃
∗
Ld̄Lγ

µsL (1.3.108)

which is clearly more suppressed than the dimension-5 operator. Furthermore, as
Dirac gauginos can naturally be signi�cantly heavier than Majorana ones, the poten-
tial SUSY contributions to kaon mixing become strongly suppressed, and much larger
amounts of �avour violation become acceptable. Other contributions to �avour viola-
tion observables are also suppressed in models with Dirac gauginos: e.g the µ → eγ
process requires a chirality �ip [96,97] either in a gaugino or in a lepton line and, as we
have discussed already, chirality �ips are not possible with Dirac gauginos. Similarly,
bounds on CP violation (for example from electric dipole moments) are weakened as
well with Dirac gauginos [96, 114]. We must emphasise however that these attractive
results rely heavily on the gauginos being purely Dirac, and it was shown in [98] that
if gauginos have both Majorana and Dirac masses (as is the case in the MDGSSM
for example) the suppression of dangerous contributions to �avour or CP violating
processes is reduced in most of the parameter space.

Let us now consider more closely the setting of our calculation in chapter 3, by dis-
cussing the properties of the adjoint scalars and of the gluinos in general Dirac gaugino
models, before turning to the two models that will be studied, namely the MDGSSM
and the MRSSM, and their respective Higgs sectors.

Supermultiplet R-charge

(S)quark multiplets Qf , uc
f , dc

f 1

(S)lepton multiplets Lf , ecf 1

Gauge multiplets G, W, B 0

Adjoint chiral multiplets O, T, S 0

MSSM-like Higgs multiplets Hu, Hd 0

Extra Higgs multiplets Ru, Rd 2
Table 1.4 � Supermultiplets of the MRSSM and their charges under the U(1)R sym-

metry.

1.3.5.4 Properties of the adjoint scalars

We have already seen that Dirac masses for gauginos as well as masses and couplings
for the adjoint scalars are generated by the supersoft operator � see eqs. (1.3.103)
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and (1.3.105). Considering now all sources of mass terms for the adjoint scalars Σa,
we obtain

L ⊃ −(m2
Σ + 2 |mD|2) Σa ∗Σa − 1

2
(BΣ + 2m2

D) Σa Σa − 1

2
(B∗Σ + 2m∗ 2

D ) Σa ∗Σa ∗ ,

(1.3.109)
where m2

Σ includes in general contributions from both the superpotential and the
soft SUSY-breaking Lagrangian, and BΣ is a soft SUSY-breaking bilinear term. In
addition, mixing with the MSSM-like Higgs scalars may be induced, upon EWSB, by
the D-term interactions in eq. (1.3.105), as well as by superpotential interactions.

We shall denote the adjoint multiplet for U(1)Y as a singlet S = S +
√

2 θχS + . . . ,
the one for SU(2)L as a triplet Ta = T a +

√
2 θχaT + . . . , and the one for SU(3) as

an octet Oa = Oa +
√

2 θχaO + . . . . In chapter 3 we shall be interested only in the
two-loop corrections to the Higgs masses involving the strong gauge coupling gs, thus
the relevant trilinear couplings in eq. (1.3.105) will be the ones involving the octet
scalar (also called sgluon) and the squarks.

We shall make the additional restriction that the octet scalar only interacts via the
strong gauge coupling and the above trilinear terms, equivalent to the assumption that
it has no superpotential couplings or soft trilinear couplings other than with itself. This
shall simplify the computations, and it is true for almost all variants of Dirac gaugino
models studied so far. To have renormalisable Yukawa couplings between the octet and
the MSSM �elds we would need to add new coloured states (such as a vector-like top).
However, in the most general version of the MDGSSM there could also be terms that
violate the above assumption � which have only recently attracted attention [85, 116]
� namely couplings between the singlet and the octet of the form

W ⊃ 1

2
λSO S OaOa, L ⊃ −1

2
TSO S O

aOa + h.c. . (1.3.110)

The coupling λSO is typically neglected because it violates R-symmetry and leads to
Majorana gaugino masses: for example, in the restricted version of the MDGSSM or
the /µSSM the R-symmetry violation is assumed to only occur in the Higgs sector
and possibly only via gravitational e�ects. On the other hand, there is no symmetry
preventing the generation of TSO, but it is typically di�cult for it to obtain a phe-
nomenologically signi�cant magnitude, hence it has been neglected � see [85] for a full
discussion (and for cases when it could be large). Furthermore, TSO is irrelevant in
the decoupling limit (when the singlet S is heavy) that we shall employ later in our
simpli�ed formulae.

With the above assumptions, we can make a rotation of the super�eld Oa such that
we can take mD to be real without loss of generality, but we cannot simultaneously
require that the soft SUSY-breaking bilinear BO be real without additionally imposing
CP invariance. The octet mass terms are then

L ⊃ −m2
O O

a ∗Oa − 1

2
BO O

aOa − 1

2
B∗O O

a ∗Oa ∗ −m2
D (Oa +Oa ∗)2 . (1.3.111)

If BO is not real, the real and imaginary parts of the octet scalar mix with each other.
Their mass matrix can be diagonalised with a rotation by an angle φO ,

Oa =
eiφO√

2
(Oa1 + i Oa2) , φO = −1

2
Arg

(
BO + 2m2

D

)
, (1.3.112)

to obtain the two mass eigenvalues

m2
O1,2

= m2
O + 2m2

D ± |2m2
D +BO| . (1.3.113)
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Then the trilinear couplings of the octet mass eigenstates Oa1,2 to squarks q̃L and q̃R
read

L ⊃ −2 gsmD (cosφO O
a
1 − sinφO O

a
2) (q̃∗L t

a q̃L − q̃∗R ta q̃R) , (1.3.114)

where ta are the generators of the fundamental representation of SU(3). These cou-
plings lead to new (compared to MSSM and NMSSM) contributions to the two-loop
e�ective potential involving the octet scalars which will a�ect the Higgs masses. We
remark that, since in eq. (1.3.111) the superpotential mass term m2

D a�ects only the
real part of the octet scalar, the mixing angle φO is suppressed by m2

D in the limit
where the latter is much larger than the soft SUSY-breaking mass terms. In particular,

cosφO ≈ 1 + O
(
m−4
D

)
, sinφO ≈ −

Im(BO)

4m2
D

+ O
(
m−4
D

)
. (1.3.115)

For the remainder of this thesis, we shall restrict our attention to the CP-conserving
case. This is motivated by clarity and simplicity in the calculations, and also physically
in that there are strong constraints upon CP violation, even in the Higgs sector [117�
120]. However, we shall make an exception in allowing a non-zero angle φO, because
it is particularly simple to do so, and its e�ects are only felt at an order beyond that
considered here: it generates CP-violating phases in the stop mass matrix at two loops,
and in the Higgs mass at three. This is because the couplings in eq. (1.3.114) are real,
and phases only appear in the octet scalar-gluino-gluino vertex.

1.3.5.5 Gluino masses and couplings

In the case of Dirac gauginos, there is mixing between the Weyl fermion of the gauge
multiplet λa and its Dirac partner χaΣ. We shall allow in general both Majorana and
Dirac masses which, in two-component notation, we write as

L ⊃ − 1

2
Mλ λ

aλa − 1

2
MΣ χ

a
Σχ

a
Σ − mD λ

aχaΣ + h.c. . (1.3.116)

As mentioned in the previous section, we can de�ne mD to be real. In general we
cannot remove the phases from both Mλ and MΣ; however, as also mentioned above,
we shall not consider CP violation in the gluino sector, and thus take all three masses
to be real. We then rotate λa and χaΣ to mass eigenstates λa1 and λa2 via a mixing
matrix Rij , so that

λa = R11 λ
a
1 + R12 λ

a
2 , χaΣ = R21 λ

a
1 + R22 λ

a
2 . (1.3.117)

In four-component notation, this leads in general to two Majorana gauginos with
di�erent masses. In the case of a pure Dirac mass, however, we obtain two Majorana
gauginos with degenerate masses |mλ1 | = |mλ2 | = |mD| , which can also be combined
in a single Dirac gaugino, written in terms of Weyl spinors as

Ψa
D =

(
λa

χ̄aΣ

)
. (1.3.118)

We recall that in the models of interest here there are no Yukawa couplings of the
additional octet super�eld, therefore the two gluino mass-eigenstates only couple to
quarks and squarks via their gaugino component λa. In particular, the couplings
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of each (four-component) gluino g̃ai are simply related to the couplings of the usual
(N)MSSM gluino by an insertion of the mixing matrix:

L ⊃ −
√

2 gsR1i

[
q̃∗L t

a (g̃ai PL q) − (q PL g̃
a
i ) ta q̃R

]
+ h.c. , (1.3.119)

where a sum over the SU(3) indices of quarks and squarks is again understood. Con-
sequently, as we shall see below, the gluino contribution to the two-loop e�ective
potential in Dirac-gaugino models can be trivially recovered from the known results
valid in the MSSM and in the NMSSM.

1.3.5.6 The MDGSSM and the MRSSM

We now consider the Higgs sector of the theory. Dirac gaugino models extend the
(N)MSSM, so we shall assume that we have at least the usual two Higgs doublets Hu

and Hd. To these we must add the adjoint scalars S and T a mentioned above, which
mix with the Higgs �elds. The couplings of the adjoint scalars, as well as the presence
of any additional �elds in the Higgs sector, will, however, depend on the model under
consideration. In the following we shall focus on the minimal Dirac-gaugino extension
of the MSSM, the MDGSSM, and on the minimal R-symmetric extension, the MRSSM.

In the MDGSSM there are no additional super�elds apart from the adjoint ones, and
the superpotential reads

W =WYukawa + WMDGSSM , (1.3.120)

WYukawa =Y fg
u uc

fQg ·Hu − Y fg
d dc

fQg ·Hd − Y fg
e ecfLg ·Hd, (1.3.121)

WMDGSSM = (µ+ λS S) Hu ·Hd + λT Hd ·Ta σa Hu + WΣ , (1.3.122)

where σa are Pauli matrices, and the dot-product denotes the antisymmetric contrac-
tion of the SU(2)L indices. In addition to the terms explicitly shown in eqs. (1.3.121)
and (1.3.122), the most general renormalisable superpotential contains terms involv-
ing only the adjoint super�elds � namely, mass terms for each of them, all trilinear
terms allowed by the gauge symmetries, and a linear term for the singlet � which we
denote collectively as WΣ. The most general soft SUSY-breaking Lagrangian for the
MDGSSM contains non-holomorphic mass terms for all of the scalars, as well as Ma-
jorana mass terms for the gauginos, plus A-type (i.e., trilinear), B-type (i.e., bilinear)
and tadpole (i.e., linear) holomorphic terms for the scalars with the same structure as
the terms in the superpotential. With the assumption, discussed in section 1.3.5.4, that
we neglect the couplings λSO and TSO de�ned in eq. (1.3.110), the superpotential WΣ

and the soft SUSY-breaking terms that involve only the adjoint �elds are not relevant
to the calculation of the two-loop O(αtαs) corrections to the Higgs masses presented
in chapter 3, apart from contributing to the masses and mixing of the adjoint �elds as
discussed in sections 1.3.5.4 and 1.3.5.5 above.

In the case of the MRSSM, we must add two super�elds Ru and Rd with the same
gauge quantum numbers as Hd and Hu, respectively, but with di�erent charges under
a conserved R-symmetry. The superpotential reads

W =WYukawa + WMRSSM , (1.3.123)

WMRSSM = (µd + λSd S) Rd ·Hd + λTd Hd ·Ta σa Rd

+ (µu + λSu S) Hu ·Ru + λTu Ru ·Ta σa Hu , (1.3.124)
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while all terms involving only the MSSM-like Higgs super�elds and/or the adjoint
super�elds, such as those in eq. (1.3.122), are forbidden by the R-symmetry. The most
general soft SUSY-breaking Lagrangian for the MRSSM contains non-holomorphic
mass terms for all of the scalars, plus all of the holomorphic terms involving only the
MSSM-like Higgs scalars and/or the adjoint scalars (which, as mentioned above, have
no equivalent in the superpotential). In contrast, the R-symmetry forbids Majorana
mass terms for the gauginos, and holomorphic terms for the scalars with the same
structure as the terms in the MRSSM superpotential. The requirement that the R-
symmetry is conserved also means that the scalar doublets Ru and Rd do not develop
a vacuum expectation value (VEV), and do not mix with either the MSSM-like Higgs
scalars or the adjoint scalars.

Due to the larger number of additional neutral scalar states, both in the MDGSSM
and in the MRSSM, a presentation of the Higgs sector would become quite lengthy,
and we refer instead the reader to [79,85,92,109] for discussions of the Higgs sector in
the MDGSSM, and for calculations of the Higgs potential at tree and loop level. We
however recall here one important result, namely the modi�ed upper bound on the
lightest Higgs mass, which reads in the MDGSSM

m2
h ≤ m2

Z cos2 2β +
1

2
(λ2
S + λ2

T )v2 sin2 2β . (1.3.125)

This shows a possible enhancement of the tree-level Higgs mass with respect to the
MSSM and NMSSM, once more demonstrating the increase naturalness of models with
Dirac gauginos.

1.4 Non-supersymmetric extensions of the Standard Model

We will now devote the last section of this chapter to a brief presentation of the non-
supersymmetric models that will be considered in this thesis. More speci�cally, we will
only consider here theories with extended Higgs sectors � respectively extensions with
a singlet scalar, with a second Higgs doublet, and with two triplets (one real and one
complex). Such minimal extensions of the Standard Model (SM) are invaluable tools
in the pursuit of physics beyond the SM (BSM). They o�er the possibility of studying
di�erent e�ects at energy scales testable by the Large Hadron Collider (LHC) in a
comparably clean environment � i.e. the models typically contain the minimal numbers
of new �elds to exhibit novel phenomenology.

1.4.1 Singlet extensions of the Standard Model

The simplest and most straightforward way to extend the SM is to add a gauge singlet
scalar, which can be either complex or real. Phenomenological motivations for the
study of models with singlets include the fact that they can provide candidates for
dark matter [121�124], that they can also accommodate a strong �rst order phase
transition [125] (one of the necessary conditions for electroweak baryogenesis), or that
they could help stabilise the EW vacuum [126�128]. It is worth noting �nally that
models with gauge singlet scalars could arise also as low energy limits of theories at
higher energies, such as e.g. the NMSSM from which all superpartners (sfermions,
gauginos, higgsinos) and one Higgs doublet would have been integrated out.
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In chapter 6, we will consider a real singlet extension, which we will refer to as the
Singlet-extended SM (SSM), with the following scalar potential

V (0) = µ2|Φ|2 +
1

2
M2
SS

2 + κ1|Φ|2S +
1

3
κ2S

3 +
1

2
λ|Φ|4 +

1

2
λSHS

2|Φ|2 +
1

2
λSS

4 .

(1.4.1)

A linear (tadpole) term for the singlet should in principle be present, however, we have
the freedom to rede�ne the parameters of the potential by shifting the singlet by a
constant (see e.g. Ref. [125]) and we use this to remove the linear term. Furthermore,
one should also note that the conventions for the SM-like Higgs quartic λ, and the
other quartics λS , λSH , are chosen so as to match with the model �le used in SARAH

(having in mind the study of the SSM in chapter 6). In particular, λ is de�ned with a
factor 2 with respect to the SM (eq. (1.1.5)). The Higgs doublet can be decomposed
in the same way as in the SM � see eq. (1.1.4) � as a real CP-even Higgs scalar that
here we denote φ, together with neutral and charged Goldstones G0, G±, while the real
scalar could in principle also be split into a VEV vS plus a real CP-even scalar s � in
practice, however, we will almost never be required to use such a decomposition, so we
will mostly work with S. There are then two tadpole equations in the SSM, reading
at tree-level

∂V (0)

∂φ

∣∣∣∣
min.

= 0 =µ2v + κ1vvS +
1

2
λv3 +

1

2
λSHvv

2
S (1.4.2)

∂V (0)

∂s

∣∣∣∣
min.

= 0 =M2
SvS +

1

2
κ1v

2 + κ2v
2
S +

1

2
λSHv

2vS + 2λSv
3
S (1.4.3)

One immediate change with respect to the SM is that in order for the neutral compo-
nent of the Higgs doublet to obtain a non-zero VEV, it does not su�ce any more that
µ2 < 0, but instead the condition for EWSB is that

µ2 + κ1vS +
1

2
λSHv

2
S < 0 (1.4.4)

The singlet also obtains a VEV from the above potential � interestingly eq. (1.4.3)
does not even admit vS = 0 as a solution when κ1 6= 0. The usual choice, which will
be followed here, is then to solve the tadpole equations for µ2 and M2

S , which leaves
as free parameters of the SSM

λ, λSH , λS , κ1, κ2, vS . (1.4.5)

The neutral CP-even component φ of the Higgs doublet mixes together with the singlet
s to form two mass eigenstates, which we denote h and H. The scalar mixing angle α
is de�ned by the relation (

φ
s

)
=

(
cα −sα
sα cα

)(
h
H

)
(1.4.6)

and can be found with the relation

cot 2α =
m2
φφ −m2

ss

2m2
sφ

=
κ1v

2 + 2λv2vS − 2κ2v
2
S − 8λSv

3
S

4κ1vvS + 4λSHvv2
S

(1.4.7)

When studying the SSM (as is also the case for other non-SUSY BSM models), it is
common to take the two mass eigenvalues m2

h, m
2
H and the mixing angle α as inputs,
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and use them to compute the quartic couplings λ, λSH , λS . At tree-level, one can �nd
the quartic couplings to be

λ =
m2
h +m2

Ht
2
α

v2(1 + t2α)
, (1.4.8)

λS =
κ1v

2

8v3
S

− κ2

4vS
+

(m2
H +m2

ht
2
α)

4(1 + t2α)v2
S

, (1.4.9)

λSH =− m2
Htα −m2

htα + κ1v + κ1t
2
αv

vvS(1 + t2α)
. (1.4.10)

Moreover, in chapter 6, we will show how to extract � at one- or two-loop order �
λ, λS , and λSH from an on-shell scalar spectrum, and the impact on the high-scale
behaviour of the model of the order at which this matching is performed.

It is also possible to restrict the allowed couplings of the model by imposing a Z2

symmetry under which the singlet is charged, or in other words transforms as S → −S.
This new symmetry then forbids the dimensionful couplings κ1 and κ2, reducing the
scalar potential to

V (0) = µ2|Φ|2 +
1

2
M2
SS

2 +
1

2
λ|Φ|4 +

1

2
λSHS

2|Φ|2 +
1

2
λSS

4 (1.4.11)

When M2
S > 0 (as we will ensure), the Z2 symmetry cannot be broken spontaneously

and the singlet does not acquire a VEV (as can be seen from eq. (1.4.3)). We will use
the acronym Z2SSM for this restricted version of the SSM (in reference to the additional
Z2 symmetry and to distinguish it from the general SSM). The fact that vS and κ1

vanish means that there is only one useful tadpole equation, eq. (1.4.3) becoming
trivial, and furthermore that there is no longer any mixing among the scalars � which
greatly simpli�es the derivation of an analytical formula for the two-loop extraction of
the Higgs quartic λ (c.f. section 6.2.2.1).

1.4.2 Two-Higgs-Doublet Models

Another popular way of extending the SM Higgs sector is to add a second Higgs dou-
blet, once again without modifying the remainder of the SM �eld content. The resulting
models are called Two-Higgs-Doublet Models (2HDMs, or sometimes THDMs), and
come in di�erent variants (or types) depending on how the two Higgs doublets couple
to fermions, as will be discussed below. The reader may refer to [129] or [130] for
complete reviews of 2HDMs.

The most general renormalisable scalar potential that one can write for a model with
two doublets � de�ned with equal hypercharges � takes the form

V (0) = m2
11Φ†1Φ1 +m2

22Φ†2Φ2 +m2
12

[
Φ†1Φ2 + Φ†2Φ1

]
+ λ1

(
Φ†1Φ1

)2
+ λ2

(
Φ†2Φ2

)2
+ λ3

(
Φ†1Φ1

)(
Φ†2Φ2

)
+ λ4

(
Φ†1Φ2

)(
Φ†2Φ1

)
+

1

2
λ5

[(
Φ†1Φ2

)2
+
(

Φ†2Φ1

)2
]

+ λ6Φ†1Φ1

[
Φ†1Φ2 + Φ†2Φ1

]
+ λ7Φ†2Φ2

[
Φ†1Φ2 + Φ†2Φ1

]
. (1.4.12)

Note that our sign convention for m2
12 di�ers from most de�nitions in the literature.

When including fermions and their Yukawa interactions with the Higgs sector, we want
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to avoid tree-level Higgs-mediated �avour-changing neutral currents (FCNCs), which
would be con�icting with experimental results. These arise because if a certain type
of fermions (leptons, or up- or down-type quarks) couples to both Higgs doublets the
�avour eigenstates do not in general correspond to the interaction eigenstates. We
therefore choose to impose a Z2 symmetry under which the scalar doublets transform
as

Φ1 → +Φ1 , Φ2 → −Φ2 . (1.4.13)

This forbids the couplings λ6 and λ7, and in principle m2
12 as well. The mass coupling

m2
12 is however left in the potential as a soft Z2-symmetry breaking term � in the

sense that a non-zero value of m2
12 does not by itself reintroduce phenomenologically

dangerous FCNCs.

This {Φ1,Φ2} basis is sometimes called the Z2 basis and the scalar potential then reads

V (0) = m2
11Φ†1Φ1 +m2

22Φ†2Φ2 +m2
12

[
Φ†1Φ2 + Φ†2Φ1

]
+ λ1

(
Φ†1Φ1

)2
+ λ2

(
Φ†2Φ2

)2
+ λ3

(
Φ†1Φ1

)(
Φ†2Φ2

)
+ λ4

(
Φ†1Φ2

)(
Φ†2Φ1

)
+

1

2
λ5

[(
Φ†1Φ2

)2
+
(

Φ†2Φ1

)2
]
. (1.4.14)

One or both doublet(s) Φ1 and Φ2 may acquire VEVs if m2
ij has one or two negative

eigenvalues, and we write the doublets and their VEVs as

Φi =

(
Φ+
i

Φ0
i

)
and 〈Φi〉 =

1√
2

(
0
vi

)
, for i = 1, 2. (1.4.15)

Through a �eld rede�nition, it is always possible to make m2
12 and λ5 real, but then

the doublet VEVs may have complex phases which would lead to CP violation (see
e.g [131]). However, in the following we will consider only scenarios in which CP is not
violated in the Higgs sector � i.e CP-conserving 2HDMs � and therefore we assume
vi ∈ R, for i = 1, 2, here. We then de�ne the angle β through the usual relation

tanβ =
v2

v1
⇔
{
v1 = v cosβ
v2 = v sinβ

(1.4.16)

where v is de�ned by v2 = v2
1 + v2

2. The mass parameters m2
11 and m2

22 can be
determined using the tadpole equations, which read at tree-level
√

2

v1

∂V (0)

∂Φ0
1

∣∣∣∣
min

= 0 =m2
11 +m2

12 tanβ +

(
λ1 cos2 β +

1

2
(λ3 + λ4 + λ5) sin2 β

)
v2 ,

√
2

v2

∂V (0)

∂Φ0
2

∣∣∣∣
min

= 0 =m2
22 +m2

12 cotβ +

(
λ2 sin2 β +

1

2
(λ3 + λ4 + λ5) cos2 β

)
v2 ,

(1.4.17)

and the 2HDM scalar sector is thus left with seven free parameters which are

λi (for i ∈ {1, 2, 3, 4, 5}); m2
12; tanβ . (1.4.18)

As in the case of the (real) MSSM, the two Higgs doublets of the (CP-conserving)
2HDM can be decomposed in terms of mass eigenstates, namely two CP-even Higgses,
h and H, a CP-odd pseudoscalar Higgs A, and a charged Higgs H±. A common
practice, similar to what we saw in the previ is then to take as inputs the four masses
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mh, mH , mA, mH± as well as the mixing angle of the CP-even mass matrix α (or
tα ≡ tanα), instead of the quartic couplings λi (i ∈ {1, 2, 3, 4, 5}). The latter can in
turn be computed at tree-level using the following relations

λ1 =
1 + t2β

2(1 + t2α)v2

(
m2
ht

2
α +m2

H +m2
12tβ(1 + t2α)

)
, (1.4.19)

λ2 =
m2

12(1 + t2β)

2t3βv
2

+
(1 + t2β)

(
m2
h +m2

Ht
2
α

)
2t2β(1 + t2α)v2

, (1.4.20)

λ3 =
1

(1 + t2α)tβv2

[(
m2
H −m2

h

)
tα(1 + t2β)

+ 2m2
H±(1 + t2α)tβ +m2

12(1 + t2α)(1 + t2β)
]
, (1.4.21)

λ4 =
1

tβv2

(
−m2

12(1 + t2β) +m2
Atβ − 2m2

H±tβ
)
, (1.4.22)

λ5 =
1

tβv2

(
−m2

12(1 + t2β)−m2
Atβ
)
, (1.4.23)

using the shorthand notation tβ = tanβ.

Finally, assuming that one still wants to avoid tree-level FCNCs, there are several
possible ways to assign transformation rules of the fermion under the Z2 symmetry
(see e.g. table 1 in [132]), and these correspond to di�erent ways of coupling the Higgs
doublets to fermions, i.e. to di�erent types of 2HDMs. The two main types of 2HDMs
that one then �nds � and that will be considered in chapter 5 � are

• type I, in which only one of the doublets � taken to be Φ2 � couples to the
fermions, with a similar structure of couplings as the SM doublet;

• type II, in which the top quarks acquire masses from the doublet Φ2 while the
down quarks and leptons obtain theirs from the other doublet Φ1. This actually
corresponds exactly to the Higgs-fermion couplings of the MSSM, and therefore
one of the many motivation for the study of such 2HDMs is that they may appear
as low energy limits of SUSY models, once all superpartners have been integrated
out.

Other variants of 2HDMs exist with di�erent Z2 charge assignments for the fermions
(one can mention lepton-speci�c or �ipped 2HDMs for example) and, furthermore, if
one abandons the requirement of suppressing FCNCs at tree-level then one obtains
a 2HDM where all (gauge invariant) Yukawa interactions between fermions and the
two Higgs doublets are allowed, called type III � but we will not consider any of these
possibilities further in this thesis.

Before concluding this section, let us mention that it has been shown that a low energy
Two-Higgs Doublet model with alignment in the Higgs sector can originate naturally
from Dirac gaugino models at higher energies � this, and the fact that including loop
corrections does not spoil the alignment, was discussed recently in [133]. As mentioned
earlier in the context of the MSSM, alignment can further help avoid the experimental
detection of an extended Higgs sector, by making one of the CP-even Higgses Standard
Model-like � and we will return to alignment in the Higgs sector of 2HDMs in chapter 5.

1.4.3 The Georgi-Machacek model

The Georgi-Machacek Model [134] extends the SM by one real scalar SU(2)L-triplet
η with Y = 0 and one complex scalar SU(2)L-triplet χ with Y = 1, in a way that
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preserves custodial symmetry. Custodial symmetry is an accidental symmetry that
appears in the SM, noticed because the Veltman ρ parameter, de�ned as

ρ ≡ m2
W

m2
Z cos2 θW

(1.4.24)

is exactly equal to 1 at tree-level. Although this equality does not hold when radiative
corrections are included, the ρ parameter has been measured to be extremely close to
1, indeed

ρexp. = 1.0048± 0.0022 . (1.4.25)

While the above result provides a strong constraint for BSM models, it also tends
to indicate that some additional (approximate) symmetry exists to protect ρ from
receiving large quantum corrections. In fact, it turns out that the SM Higgs kinetic
term (1.1.11) and potential (1.1.5) exhibit an approximate symmetry under SU(2)L×
SU(2)R transformations � which becomes exact in the limit g′ → 0. Upon electroweak
symmetry breaking, it is broken down to an approximate SU(2) symmetry, called the
custodial symmetry. The Georgi-Machacek model is built to maintain this symmetry
in presence of an extended Higgs sector � and in particular of doubly charged Higgs
bosons that may have rich phenomenological properties.

The two additional triplet scalars η and χ can be written as

η =
1√
2

(
η0 −

√
2(η−)

∗

−
√

2η− −η0

)
, χ =

1√
2

(
χ−

√
2(χ0)∗

−
√

2χ−− −χ−
)
, (1.4.26)

however, a very compact form to write the Lagrangian in a SU(2)L×SU(2)R invariant
form is instead to express the SM doublet and the triplets as a bidoublet Φ and a
bitriplet ∆

Φ =

(
φ0∗ φ+

φ− φ0

)
, ∆ =

 χ0∗ η+ χ++

χ− η0 χ+

χ−− η− χ0

 . (1.4.27)

Here, φ+ and φ0 are the charged and neutral components of the SM doublet (de�ned
in eq. (1.1.4)) and φ− = φ+∗. Using this notation, the scalar potential of the Georgi-
Machacek model reads

V (0)(Φ,∆) =
µ2

2

2
TrΦ†Φ +

µ2
3

2
Tr∆†∆ + λ1

[
TrΦ†Φ

]2
+ λ2TrΦ†Φ Tr∆†∆

+ λ3Tr∆†∆∆†∆ + λ4

[
Tr∆†∆

]2
− λ5Tr

(
Φ†σaΦσb

)
Tr
(

∆†ta∆tb
)

−M1Tr
(

Φ†τaΦτ b
)

(U∆U †)ab −M2Tr
(

∆†ta∆tb
)

(U∆U †)ab ,

τa and ta are the SU(2) generators for the doublet and triplet representations respec-
tively, while U is given for instance in [135] as

U =

−
1√
2

0 1√
2

− i√
2

0 i√
2

0 1 0

 . (1.4.28)

The doublet and the triplets obtain VEVs as

〈Φ〉 =
1√
2

(
vφ 0
0 vφ

)
, 〈η〉 =

1√
2

(
vη 0
0 −vη

)
, 〈χ〉 =

(
0 vχ
0 0

)
, (1.4.29)
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where the custodial symmetry enforces vη = vχ ≡ vT , and there are no tree-level
contributions to the ρ parameter. They further ful�l v2

φ + 8v2
T = v2, which allows us

to de�ne

sH = sin ΘH =
2
√

2vT
v

, cH = cos ΘH =
vφ
v
. (1.4.30)

The free parameters of the model are then

λ1 . . . λ5 , M1 , M2 , sH (1.4.31)

since µ2
2, µ

2
3 can be eliminated by the tadpole equations. The physical eigenstates can

be organised into representations of the custodial symmetry as

• a �veplet consisting of a doubly charged, a singly charged, and a neutral CP-even
scalar;

• a triplet consisting of a singly charged and a CP-odd neutral scalar; and,

• two CP-even singlets � typically denoted h and H � where the Standard Model
Higgs-like boson is the lighter of the two.

Tree-level expressions for the triplet mass m3, �veplet mass m5 and singlet masses are
given, for example, in [136] and read

m2
5 =

M1v
2
φ

4vT
+ 12M2vT +

3

2
λ5v

2
φ + 8λ3v

2
T ,

m2
3 =

(
M1

4vT
+

1

2
λ5

)
v2 ,

m2
h,H =

1

2

[
m2

11 +m2
22 ∓

√
(m2

11 −m2
22)2 + 4m4

12

]
, (1.4.32)

with

m2
11 = 8λ1v

2
φ ,

m2
12 = −

√
3

2
vφ[M1 − 4(2λ2 − λ5)vT ] ,

m2
22 =

M1v
2
φ

4vT
− 6M2vT + 8(λ3 + 3λ4)v2

T . (1.4.33)
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Chapter 2

Precision calculations of the Higgs

boson mass

The Higgs boson and its properties provide an excellent setting for indirect searches of
Physics beyond the Standard Model. Indeed, as we have seen in the previous chapter,
many BSM models exhibit an extended Higgs sector, or contain additional states that
have noticeable e�ects on it (e.g. stops in SUSY).

In particular, the mass of the observed (SM-like) Higgs boson is sensitive to radiative
corrections from heavy particles and is actually a prediction in numerous extensions of
the SM, such as Supersymmetry, while it is now measured to an impressive precision
� of the order of 0.1% � making it the ideal tool for BSM searches.

After recalling the available measurements of the Higgs mass, we will in this chapter
review some of the main results from the past three decades of activity on Higgs mass
calculations in BSM models.

2.1 Measurements of the Higgs mass

The SM-like Higgs boson was discovered by the ATLAS and CMS collaborations at
the CERN Large Hadron Collider (LHC) [49, 50] as an excess in the distribution of
reconstructed Higgs decay products � for the h → γγ and h → ZZ∗ → 4` channels �
as a function of their invariant mass. Already from the moment of its �rst discovery
the Higgs boson mass was known to a precision of the order of one GeV, which have
since been improved to the remarkable level of about 0.2 GeV. At the time of writing,
the most accurate experimental determination of mh comes from the combined result
of ATLAS and CMS using 5 fb−1 of data at

√
s = 7 TeV and 20 fb−1 at

√
s = 8 TeV,

obtained during Run 1 of the LHC and reads [51]

mexp.
h = 125.09± 0.21 (stat.)± 0.11 (syst.) . (2.1.1)

A more recent measurement was obtained by the ATLAS collaboration with 36.1 fb−1

of Run 2 data at
√
s = 13 TeV [52], see �gure 2.1.

2.2 Scalar mass calculations

In the Standard Model, the Higgs quartic coupling λ is a yet-unmeasured free pa-
rameter, and thus the tree-level Higgs mass cannot be predicted from a theoretical
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Figure 2.1 � ATLAS results for the SM-like Higgs boson mass, obtained from LHC
Run2 data with an integrated luminosity of 36.1 fb−1 at

√
s = 13 TeV, in the h→

γγ and h → ZZ∗ → 4` channels, as well as the combined result and comparison
with the combined ATLAS and CMS measurement from Run 1. This plot is taken
from [52].

calculation. The computation of quantum corrections to the Higgs mass in the SM
then serves to improve the precision of the extraction of the Higgs quartic from the
measured value of the Higgs mass � as discussed in section 1.2.2. However, some BSM
models do constrain a (tree-level) value for λ and allow a theoretical determination of
the Higgs mass. Among them are supersymmetric theories and, although the tree-level
Higgs mass typically has a low upper bound in SUSY � see equations (1.3.78), (1.3.101)
and (1.3.125) for the bounds in the MSSM, NMSSM and Dirac gaugino models respec-
tively � it was shown already in the early 1990's that the one-loop corrections from
stops could be large enough to raise the Higgs mass to an experimentally acceptable
value [73�75]. This result sparkled a strong e�ort, still ongoing today, for the calcu-
lation of corrections to scalar masses in SUSY, mostly for the MSSM, but also more
recently for the NMSSM and models beyond.

2.2.1 Regularisation and renormalisation schemes

Calculations in Quantum Field Theory are notoriously associated with ultra-violet
(UV) divergences and before we discuss loop corrections, we should clarify how we
regularise these UV divergences (i.e. how we separate the divergent and regular parts)
and how we renormalise the theory. Numerous methods exist to regulate UV divergent
loop integrals, such as �xing a UV cut-o�, dimensional regularisation (and its variants),
Pauli-Villars regularisation, etc. The �rst and simplest solution is to impose a UV cut-
o� Λ on the loop integrals, or in other words substract the part of the integral for high
momentum which causes the divergence. Let us illustrate this with the example of the
one-loop integral A, which appears in tadpole equations and self-energies: in terms of
Euclidean momentum it reads

A(x) = (16π2)

∫
d4k

(2π)4

1

k2 + x
= 2

∫ ∞
k=0

k3

k2 + x
dk

Cut-o� Λ−−−−−−→ 2

∫ Λ

k=0

k3

k2 + x
dk = Λ2 + x log

(
x

Λ2 + x

)
. (2.2.1)
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2.2 Scalar mass calculations

However, this type of regularisation has several disadvantages, chief among which the
fact that it explicitly breaks Lorentz invariance. It is therefore preferable to employ
dimension regularisation (DREG) [137], because it preserves both Lorentz and gauge
invariance as well as unitarity, and is of simple use.1 The idea is to consider the
dimension of spacetime as a complex variable d that is expanded in the form d = 4−2ε.
The momentum integration is then not performed in 4 but in d dimensions, with the
replacement (for Euclidean momentum)

(16π2)

∫
d4k

(2π)4

DREG−−−−→ (16π2)µ2ε

∫
ddk

(2π)d
. (2.2.2)

The new parameter µ is an arbitrary (and unphysical) mass scale, sometimes called
the regularisation scale, introduced to preserve the mass dimension of the integral and
to be able to keep the usual dimensions of couplings. The UV divergence of a loop
integral (coming from the large k region of the integration) is made apparent in DREG
as poles of the form 1/εn � with 1 ≤ n ≤ `, ` being the loop order. If we return to our
example of the A function, its expression becomes in DREG

A(x) = (16π2)µ2ε

∫
ddk

(2π)d
1

k2 + x
= (16π2)

πd/2µ2εΓ
(
1− d

2

)
(2π)d

xd/2−1

=x

[
−1

ε
+ γE − log 4π − logµ2 + log x− 1

]
(2.2.3)

where the 1/ε pole is the translation of the UV divergence in 4 dimensions (as it
divergences when ε→ 0, i.e. d→ 4), and γE is the Euler-Mascheroni constant.

Still, new problems will appear when considering supersymmetric theories because
in DREG the number of components of a vector boson is also changed to d and thus
SUSY is broken explicitly by the regularisation, as a gauge super�eld would not contain
the same number of bosonic and fermionic components (4 − 2ε and 4 respectively).
A solution was found in [138, 139] with regularisation through dimensional reduction
(DRED), of which the principle is to reduce the number of spacetime dimensions to d =
4−2ε, similarly to DREG, but at the same time to maintain the number of components
of vectors (and of tensors in general) to 4. This ensures that SUSY is preserved,
in particular meaning that supersymmetric relations between couplings and SUSY
Ward identities still hold, and a di�erence between DREG and DRED only appears in
diagrams involving vector bosons. In the language of DREG, DRED corresponds to
the splitting of 4-component vectors into d-component vectors plus new (unphysical)
ε-scalars that correspond to the remaining 2ε components, and the mass and couplings
of the ε-scalars are related to those of the vector bosons by Supersymmetry.

Once the divergent integral has been regularised, a choice remains on what condition to
impose to eliminate the divergence � or in other words on the choice of renormalisation
scheme � in order to derive the required counter-term(s). As an illustration, let us
consider that the parameter that we compute is a mass, with the example2 of a scalarX
whose tree-level mass is equal to its Lagrangian mass parameter. For this calculation,
we will only need wave function and mass renormalisations and it therefore su�ces
for us to write here the kinetic and mass terms of the Lagrangian describing the

1It does however lead to complications when considering the fully antisymmetric tensor εµνρσ, in
particular when de�ning the matrix γ5, but we will not encounter this problem in what follows and
therefore we will not say more about it.

2A more detailed discussion of renormalisation (and in particular on-shell renormalisation), taking
into account mixing between several scalars can be found e.g. in [140].
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behaviour of the scalar X. We start by writing this Lagrangian in terms of bare � i.e.
non-renormalised � quantities, as

Lbare ⊃ 1

2

(
∂µX

0
)2 − 1

2
m2

0,X(X0)2 . (2.2.4)

Then, �eld-strength renormalisation is introduced by relating the bare �eld X0 to the
renormalised �eld X with the rescaling

X0 = Z
1/2
X X , (2.2.5)

after which the bare Lagrangian terms in equation (2.2.4) can be expressed as

Lbare ⊃ 1

2
ZX(∂µX)2 − 1

2
m2

0,XZXX
2 . (2.2.6)

The �eld-strength renormalisation counter-term δCTZX can now be de�ned as

δCTZX = ZX − 1 . (2.2.7)

In turn, we can introduce mass renormalisation, replacing the bare mass parameter
m2

0,X by the renormalised mass parameter m2
X and the mass renormalisation counter-

term δCTm2
X , as

m2
0,X = m2

X + δCTm2
X . (2.2.8)

While we only present here �eld-strength and mass renormalisations, the same can be
done for other couplings, and in the end it is possible to rewrite the bare Lagrangian
as a renormalised Lagrangian L plus a counter-term Lagrangian δCTL

Lbare = L+ δCTL , (2.2.9)

with here,

L ⊃ 1

2
(∂µX)2 − 1

2
m2
XX

2 , (2.2.10)

δCTL ⊃ 1

2
δCTZX(∂µX)2 − 1

2
δCTm2

XX
2 − 1

2
δCTZXm

2
XX

2 . (2.2.11)

Two comments should be made here about the above equation for δCTL. First, it
should be noted that the above expression is the one-loop result of the counter-term
Lagrangian (as we neglected a term δCTZXδ

CTm2
X that appears from two-loop order),

but for the discussion in this section a one-loop discussion is su�cient. Moreover,
it would in principle have been possible to reabsorb the third term of δCTL into a
rede�nition of δCTm2

X .

The experimentally measurable pole mass M2
X of X is then found in terms of the

renormalised mass parameter m2
X and of the renormalised self-energy ΠX as

M2
X = m2

X + ΠX(p2 = M2
X) , (2.2.12)

with,
ΠX(p2) = ΠX(p2) + δCTm2

X − (p2 −m2
X)δCTZX , (2.2.13)

and where ΠX is the non-renormalised self-energy. It is important to note that, in the
above equations, both m2

X and ΠX are scheme-dependent.
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2.2 Scalar mass calculations

A �rst natural choice of scheme is to �nd the counter-term by relating the quantity
(mass, coupling, mixing angle, etc.) that is being computed to a physically meaningful
observable. This is usually referred to as an on-shell (OS) renormalisation scheme, as
it often corresponds to computing n-point functions or vertex functions with external
legs set on-shell. Note however that for a generic quantity (e.g. a mixing angle) there
may be more than one way to de�ne OS renormalisation conditions. The on-shell
renormalisation scheme is de�ned here by the two following conditions

ΠOS
X (p2 = M2

X) = 0 , (2.2.14)

lim
p2→m2

X

ΠOS
X (p2)

p2 −m2
X

= 0 . (2.2.15)

This �xes the two counter-terms to be

δCTOSm
2
X = −ΠX(p2 = M2

X) , (2.2.16)

δCTOSZX =
d

dp2
ΠX(p2)

∣∣∣∣
p2=M2

X

. (2.2.17)

and the Lagrangian mass parameter is in this OS scheme simply equal to the pole mass

(m2
X)OS = M2

X . (2.2.18)

Another option is minimal subtraction, where one only demands that the counter-
terms cancel the divergences while leaving the �nite part unchanged. In other words,
the equations (2.2.14) and (2.2.15) are replaced in minimal subtraction by the sole
condition that

Πmin.sub.
X (p2) = Πreg

X (p2) . (2.2.19)

where Πreg.
X is the �nite part of the self-energy. This condition must hold for all p2, and

renormalisation schemes based on minimal subtraction are said to be mass-independent
schemes. One can �nd of the counter-terms in these schemes to be

δCTmin.sub.m
2
X = −Πdiv

X (p2 = m2
X) , (2.2.20)

δCTmin.sub.ZX =
d

dp2
Πdiv
X (p2)

∣∣∣∣
p2=m2

X

. (2.2.21)

Finally, equation (2.2.12) becomes in minimal subtraction schemes

M2
X = (m2

X)min.sub. + Πreg
X (p2 = M2

X) , (2.2.22)

and furthermore, by comparing eqs. (2.2.18) and (2.2.22), we can relate the values of
the mass parameter m2

X in OS and minimal subtraction as

(m2
X)min.sub. = (m2

X)OS −Πreg
X (p2 = (m2

X)OS) . (2.2.23)

Both the results for the renormalised self-energy and the mass parameter retain a
dependence on an unphysical scale Q, the renormalisation scale. We choose to de�ne
it di�erently from the regularisation scale µ in order to eliminate the constant piece
−γE + log 4π always associated with a term 1/ε. In this modi�ed minimal subtraction,
Q is found � following [141,142] � as

Q2 = 4πe−γEµ2 . (2.2.24)
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Depending on whether DREG or DRED is used, the renormalisation schemes obtained
with modi�ed minimal subtraction are referred to as MS and DR respectively � the bar
di�erentiating them from the MS and DR schemes obtained with the normal minimal
subtraction.

A comment on the distinction between minimal subtraction and modi�ed minimal
subtraction is at hand here. In many QFT textbooks, the MS (DR) scheme is de�ned
by starting from MS (DR) and requiring that the counter-term that cures the 1/ε
pole also cancel the constant −γE + log 4π � see e.g. equation (11.77) of [9] � while
the renormalisation scale Q is always equal to the regularisation scale µ. However
the prescription that we use, coming from the original paper on modi�ed minimal
subtraction [141] (see in particular eq. (5.4) therein), is slightly di�erent in that the
counter-term is not modi�ed (it only cancels the pole), but instead the distinction
between MS (DR) and MS (DR) comes from the de�nition of Q, that is equal to µ for
minimal subtraction but given by eq. (2.2.24) for modi�ed minimal subtraction, i.e.

Q2
MS (DR) = µ2 and Q2

MS (DR)
= 4πe−γEµ2 (2.2.25)

Note that, while they may seem di�erent, these two de�nitions of modi�ed minimal
subtraction are actually equivalent and do not lead to any di�erence in the results that
one obtains.

The parameters computed in either one of these schemes are said to be running because
of their renormalisation scale dependence, and the relations between parameters in MS
or DR schemes, which di�er already from one-loop order, can be found in [143] � these
are obtained by relating parameters in both schemes to their physically meaningful
OS counterpart, as we did with our toy example in eq. (2.2.23). Although running
parameters are not directly measurable quantities, minimal subtraction schemes are
widely employed because they signi�cantly simplify calculations with respect to the
OS scheme.

A last subtlety pertaining to the DR scheme needs to be pointed out before we end this
discussion. As mentioned already, DRED implies the addition of ε-scalars to ensure
the equality of the numbers of fermionic and bosonic degrees of freedom in a gauge
supermultiplet while working in d dimensions, and these will appear in calculations.
When Supersymmetry is unbroken, it relates their properties to those of the physical
gauge bosons and no artefacts are left in the �nal result of the computation, but once
one considers soft SUSY breaking terms, the situation is altered and independent ε-
scalar soft mass terms m̃2 arise. In particular, the two-loop β-function of soft scalar
masses and the one-loop correction to scalar masses exhibit an unwanted dependence
on the unphysical m̃2 parameters [144�147]. Fortunately, it has been shown that a
simple rede�nition of the renormalisation scheme, more precisely a one-loop shift to
the soft scalar masses as de�ned in equation (9) of [147], is su�cient to eliminate all
dependence on the ε-scalar masses. The resulting renormalisation scheme is denoted
DR
′
so as to distinguish it from the regular DR scheme [147].

Throughout this thesis, we will employ dimensional regularisation or reduction for
calculations in non-supersymmetric or supersymmetric theories respectively, and we
will provide results for both when considering generic theories. As for renormalisation
schemes, we will employ OS, MS and DR

′
schemes.
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2.2 Scalar mass calculations

2.2.2 Calculations beyond leading order and choice of inputs

In the previous section, we have discussed how we regularise and renormalise a given
calculation, but without considering its type or its context, and without discussing
complications that arise when computing higher-order corrections (i.e. beyond one
loop). Indeed, when considering a two-loop diagram we actually encounter two types
of UV divergences:

• genuine two-loop divergences, which are cancelled by purely two-loop counter-
terms (e.g. by the two-loop contributions to δCTm2

X and δCTZX in our example
of the previous section); and,

• divergences that come from subdiagrams, and that must be cancelled by a one-
loop diagram with insertion of a one-loop counter-term. This can be interpreted
as the need to renormalise the parameters that enter the one-loop corrections
when performing a two-loop calculation.

The situation is similar, although even more complicated, when going to yet higher
orders. In this thesis, we are interested in Higgs mass calculations, in the sense that
we want to relate the Higgs mass(es) to the fundamental parameters of the theory
we work in. When calculating corrections at two loops, we will obtain the genuine
two-loop counter-terms using minimal subtraction, however, we remain free to choose
di�erent ways of renormalising the parameters in the contributions at lower orders,
or in other words we have the liberty to choose the renormalisation scheme in which
these parameters are derived, either an OS scheme or minimal subtraction (MS/DR

′
).

If one for example computes (as we do in chapter 3) the two-loop O(αtαs) SUSY-QCD
corrections3 to Higgs masses, then one must specify in what scheme the parameters that
appear in the corresponding lower-order corrections, here the one-loop O(αt) terms,
are computed. For SUSY-QCD corrections, these involve only the quark/squark sector
and, for the more particular case of the O(αtαs) corrections, these are the top and stop
masses mt,mt̃1,2

, the stop mixing angle θt and the stop trilinear coupling At. As an
on-shell renormalisation relates fundamental parameters to experimentally measured
quantities, it is a natural choice for the mass parameters of observed particles, such as
the top quark mass mt. However, for properties of particles that have not (yet) been
detected, the choice is more open: on the one hand, one can relate them to quantities
that could in principle be obtained in an experiment; or, on the other hand, they can
be left as DR

′
parameters, which simpli�es the expressions of counter-terms and is

furthermore more convenient if said parameters are obtained through RGE running
from a high-scale boundary condition.

The most convenient strategy (which we also follow) is to �rst perform the two-loop
calculation in the DR

′
scheme, by which we mean that we compute (modi�ed-)minimal-

subtraction renormalised one- and two-loop corrections in terms of DR
′
fundamental

parameters. Then, once a DR
′
result has been obtained, it can be converted to an OS

scheme � i.e. expressed in terms of input parameters that are renormalised on-shell �
by adding to the parameters entering at lower orders a shift obtained by the di�erence
of the counter-terms in OS and DR

′
schemes � see e.g. eq. (2.2.23) for the conversion

of a generic mass parameter, and section 3.1.5 for details on the conversion of top/stop
sector parameters. Note that for parameters that only appear in the last order of a
given calculation, the choice of renormalisation scheme is irrelevant, as the conversion

3We recall that αt ≡ y2
t /4π and αs ≡ g2

s/4π.
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between schemes would correspond to a correction of higher order than the order that
is considered � for example in the case of the two-loop SUSY-QCD corrections to Higgs
masses, one does not need to specify the scheme in which the gluino masses4 mg̃i are
computed because they only enter the calculation at two-loop order, and therefore
shifting mg̃i between schemes would only give a correction at three-loop order.

2.2.3 Di�erent types of mass calculations

After our discussion of renormalisation and of input choices in the previous two sec-
tions, we can now consider scalar (or in particular Higgs) mass calculations. We will
�rst introduce the di�erent possible approaches to these calculations � �xed order (dia-
grammatic or with the e�ective potential) or EFT � in a simple setting before turning,
in the following section, to some of the results obtained for SUSY theories.

2.2.3.1 Fixed-order calculations

The standard procedure to derive the radiative corrections to masses of particles is to
rely on the de�nition of the physical (or pole) masses as the poles of the renormalised
propagator matrix � or equivalently as the zeroes of the renormalised two-point func-
tion matrix. In the diagrammatic approach, the corrections to the two-point functions
can be computed order by order in perturbation theory (hence the name of �xed-order
calculations) as one-particle-irreducible self-energy diagrams (i.e. two-point function
diagrams).

Together with the self-energies, one must also take into account the tadpole diagrams.
Two di�erent, although equivalent, points of view exist as to how tadpoles appear in
mass calculations, and can be explained as follows:

• Calculations must be performed at the minimum of the loop-corrected scalar po-
tential, as that is where (in �eld space) masses are de�ned. In turn, this imposes
relations between Lagrangian parameters � i.e. for each tadpole equation, one
parameter can be eliminated;

• In the process of renormalising the scalar sector of a given theory, tadpole
counter-terms appear, and the best way to �x these is to impose that the total
loop-corrected tadpoles (i.e. the renormalised one-point function) vanish.

Throughout this thesis, we take the �rst of these points of view, and we choose to
perform calculations at the minimum of the scalar potential Ve�, computed to the
same order as we work to for the mass calculations.

In the situation where one considers a scalar φ that does not mix with any other state,
neither at tree level nor when including loop corrections, the pole mass of φ is found
as the solution of the equation

M2
φ = m2

φ + Πφ(p2 = M2
φ) , (2.2.26)

where m2
φ is the Lagrangian mass parameter of φ, Πφ its renormalised self-energy.

4We use here the plural form, having in mind Dirac gaugino models where there are two gluinos
with masses that can a priori be di�erent. In the (N)MSSM there is only one gluino and the sentence
should then be changed to singular form.
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2.2 Scalar mass calculations

However, in the presence of mixing among scalar states φi, the situation becomes
technically more involved and one needs to use a loop-corrected scalar mass matrix,
which is obtained at n-loop order as(

M2
)loop
ij

(p2) =
(
M2

)tree
ij

+
(
∆M2

)
ij

(p2) = m2
0,ij + Πij(p

2) , (2.2.27)

where m2
0,ij are tree-level mass parameters, Πij are renormalised self-energies. The

pole masses of the scalars are then found by solving for p2 in the equation

det
[
p2δij − (M)loopij (p2)

]
= 0 , (2.2.28)

which is the generalisation of equation (2.2.26).

We show, as an example, in �gures 2.2 and 2.3 the topologies allowed respectively for
one- and two-loop self-energy diagrams, that contribute to mass corrections. Di�erent
loop functions are obtained depending on the type of particle (scalar, fermion, vector
boson, or ghost) that runs in each internal line of every topology, nevertheless it is
possible, using tensor reduction (and tools such as TARCER [148]), to express all the
functions corresponding to scalar self-energy diagrams in terms of scalar integrals �
i.e integrals that involve only scalar propagators � which can be computed in DRED
or DREG. There are two scalar functions at one loop, A and B de�ned respectively
in eqs. (B.1.6) and (B.1.7), and analytic expressions for both have been known for a
long time (see e.g. [23]). At two-loop order, there are three scalar functions S, U , and
M (de�ned in eqs. (B.1.18) to (B.1.20)) that appear, together with A and B, in the
expressions of all self-energy diagrams. However, their expressions are in general not
known analytically for non-zero external momentum and for di�erent masses of par-
ticles in the loops, but can be computed either by numerical integration (for example
with the program SecDec [149]), or by solving systems of di�erential equations that
relate the loop functions � such di�erential equations were derived in [142] and are
implemented in the C++ program TSIL [150].

A B

.

Figure 2.2 � Possible topologies of one-loop self-energy diagrams.

S M Z U

X W Y V

Figure 2.3 � Possible topologies of two-loop self-energy diagrams.
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However, numerical evaluations of loop integrals with tools like SecDec or TSIL are
costly (in terms of time, or equivalently computing power) and the e�ect of momentum
at two-loop order is generally expected to be small. Therefore, a simpler approach is
often taken by working in the limit of vanishing external momentum, which is actually
equivalent to a calculation using second derivatives of the e�ective potential. This last
statement can be proven as follows: we start from the e�ective action Γ de�ned in
eq. (1.1.28), and that we can expand as

Γ{φi(x)} =

∫
d4x

(
−Ve� +

1

2
Zij∂µφi∂

µφj + · · ·
)
. (2.2.29)

We furthermore know that by construction, Γ is the generating functional of 1PI
graphs: therefore the second derivative of Γ with respect to two �elds φi(x), φj(y)
corresponds to the inverse propagator in position space ∆−1(x − y), and its Fourier
transform is then the inverse propagator in momentum space i.e. i∆−1(p2) ≡ p2δij −
m2

0,ij −Πij(p
2). But from eq. (2.2.29) it follows that

∂2Ve�
∂φi∂φj

∣∣∣∣
min

= −i∆−1(0) = m2
0,ij + Πij(0) , (2.2.30)

or equivalently (with Ve� = V (0) + ∆V )

∂2∆V

∂φi∂φj

∣∣∣∣
min

= Πij(0) . (2.2.31)

The e�ective potential approach, or in other words using the second derivatives of
the e�ective potential, greatly simpli�es the computation of mass corrections, and in
particular, solving eq. (2.2.28) then amounts to �nding the eigenvalues of the matrix

(
M2

)e�
ij

= m2
0,ij +

∂2∆V

∂φi∂φj

∣∣∣∣
min

. (2.2.32)

2.2.3.2 The e�ective �eld theory approach

The Higgs mass computed at renormalisation scale Q from the �xed-order methods
described above can schematically be written as

m2
h =

∑
`

1

(16π2)`

∑̀
n=0

 ∑
{n(i)}∑
i n(i)=n

c`n({n(i)})
∏
i

logn(i) m
2
i

Q2

 , (2.2.33)

where ` is the loop order, the index i labels the di�erent particles that contribute to the
Higgs mass (m2

i are then the corresponding masses, etc.), and the factors c`n({n(i)})
can in general be found numerically.

When the hierachies between (some of) the mass scales in the loop corrections become
important, large logarithmic contributions may appear, causing the perturbative ex-
pansion done for �xed-order calculations to become inadequate. Indeed, it is natural
to compute the Higgs mass at a relatively low scale Q = m (most usually one takes
the top mass, m = mt) and if one or several particles have large masses, denoted M ,
then the `-loop corrections will contain terms of the form log`M/m, which are greatly
enhanced when M � m.
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The solution to this problem is to use an e�ective �eld theory (EFT) approach to the
calculation, which allows a resummation of the large log`M/m logarithms. The heavy
particles, i.e. those of mass higher than, or of the order of, M , are integrated out at
a high scale Q � typically one takes Q = M � and below the scale Q one works with
an e�ective �eld theory, i.e. a low-energy theory containing only light states. The
usual way to integrate out heavy states is to perform a matching of n-point functions,
computed (diagrammatically) respectively in the EFT and in the full theory at the
scale Q and at the desired loop order (say `-loop order), which reads

Γ̃`-loop(n) (Q) = Γ`-loop(n) (Q) , (2.2.34)

where Γ̃`-loop(n) and Γ`-loop(n) are functions of the parameters respectively in the low-energy
and complete theories. Note that one could equivalently have performed a matching
of the e�ective actions of the EFT and the complete theory to obtain the relations for
the couplings. The matching then de�nes the masses and couplings that will appear
in the EFT and the e�ects of heavy states at low energies come from two sources:

• via the matching conditions for the couplings that already existed in the full
theory and receive threshold corrections in the EFT;

• via new operators that arise in the EFT from the matching, and in particu-
lar higher-dimensional (in other words non-renormalisable) operators, which are
suppressed by powers of M (also obtained by the matching of n-point functions
between high- and low-energy theories).

Properties of the light particles are then computed using the parameters and �eld
content of the low-energy theory, and with the additional higher-dimensional operators
� the impact of the latter however decreases as the ratio m/M tends to zero (as these
operators are suppressed by powers of M). For example, one �nds that the (running)
mass m̃2

φ of a scalar φ (not considering any mixing here) in the EFT is related at the
matching scale Q to the mass parameter in the full theory by threshold corrections
∆m2

φ as
m̃2
φ(Q) = m2

φ(Q) + ∆m2
φ(Q) . (2.2.35)

The running parameter m̃2
φ(Q) can then be run to the scale at which one wants to

compute the pole mass of φ, and then, following equation (2.2.26), one �nds

M2
φ = m2

φ + Π̃φ(p2 = M2
φ) , (2.2.36)

where Π̃φ is calculated in the low energy theory.

In this EFT approach, radiative corrections are resummed to N`LL (i.e. (next-to-)`

leading logarithmic) order when performing the matching of couplings and the calcu-
lation of corrections at `-loop order, together with `+ 1-loop running of the renormal-
isation group equations.5

2.3 State-of-the-art of Higgs mass calculations

In this section, we will attempt to give a brief review of Higgs mass calculations in
SUSY models. Providing an exhaustive description of all results in this �eld during

5Note that this does not however capture non-logarithmic corrections � as we will return to in
chapter 6.
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the past three decades would be a near-impossible task, and would go well beyond the
scope of this thesis; hence we will instead only mention some of the main contributions,
relevant for the lightest Higgs boson mass.

2.3.1 Real and complex MSSMs

As we discussed in the previous chapter, in the MSSM the Higgs quartic couplings
are related to the electroweak gauge couplings and the tree-level mass of the lightest
CP-even Higgs boson is

(m2
h)tree =

1

2

[
m2
A +m2

Z −
(
(m2

A −m2
Z)2 + 4m2

Zm
2
A sin2 2β

)1/2]
(m2

h)tree ≤ m2
Z cos2 2β . (2.3.1)

The existence of an upper bound on (m2
h)tree is by itself a very important feature

of SUSY models. However, from the above equation it may seem that the MSSM
is excluded in view of the observation of a 125 GeV Higgs boson (and that it would
have been already from the early experimental bounds from LEP). Fortunately, the
tree-level Higgs mass is dramatically altered by radiative corrections.

The initial spark of Higgs mass calculations in SUSY was the study in refs. [73�75] of
the impact of the one-loop corrections from tops and stops on mh and its theoretical
upper bound, in the CP-conserving (i.e. real) MSSM. In these three references, the
dominant O(αt) (with αt ≡ y2

t /4π) corrections6 to the CP-even Higgs masses are
computed � in the e�ective potential approximation for [73, 74], and a diagrammatic
approach for [75] � and it is shown that for a large top mass7 (and thus a large
top Yukawa) the mass of lightest Higgs can become signi�cantly larger than mZ (the
tree-level bound) due to the radiative corrections. The reason for this is that, while
the top quark contributes negatively to scalar masses (because of the minus sign of
the fermion loop), the contributions from the heavier stops are positive and larger
in absolute value than those from the top. In fact, the one-loop corrections to the
lightest Higgs mass from stops and tops can be as large as the tree-level value. While
this may seem to contradict perturbativity, such huge corrections are actually not
a problem here as they are driven by the large top Yukawa yt that only enters the
computation at one-loop order. A major consequence of these papers is that not only
does Supersymmetry predict a value for the Higgs mass, but that this value can be
modi�ed by large radiative corrections, which should therefore be computed to higher
accuracy. This led to intensive work on the MSSM with real parameters in the 1990's,
and later on its complex counterpart, with numerous �xed-order and EFT calculations.
Chronologically, both approaches were considered from an early point, but for clarity
we will discuss them separately here.

2.3.1.1 Fixed-order results

In the early 1990's, numerous papers studied Higgs masses in the �xed-order approach,
either in the e�ective potential approximation [73,74,151�154], or with diagrammatic

6Let us specify here that the corrections we are referring to are actually of the formm4
t/v

2 ∝ αtm2
t .

We also note that some other notational conventions for radiative corrections may be slightly abused
in the following � e.g. O(αtαs) � as is commonly done in the literature.

7One must remember that when these three papers where written, the top quark had not yet been
detected and its mass was therefore not known. The value of the top mass that has been obtained
from Tevatron and LHC measurements around 173 GeV is indeed large for the discussion here.

76



2.3 State-of-the-art of Higgs mass calculations

computations [75, 155�163]. Once radiative corrections are introduced in the real
MSSM, mixing appears between the two CP-even Higgses h and H (de�ned in sec-
tion 1.3.4.2). The easiest way to proceed, for a diagrammatic calculation, is then to
compute a loop-corrected scalar mass matrix in the gauge-eigenstate basis {S1, S2} �
i.e. the basis formed by the two real components of H0

d and H0
u, decomposed respec-

tively as

H0
d =

1√
2

(vd + S1 + iP1) , and H0
u =

1√
2

(vu + S2 + iP2) . (2.3.2)

In the notations of section 1.3.4.2 we �nd

det
[
p2 · 12 −

(
M2

S

)loop
(p2)

]
= 0 , (2.3.3)

with (
M2

S

)loop
11

(p2) = m2
Zc

2
β +m2

As
2
β −

1

vd

∂∆V

∂S1

∣∣∣∣
min.

+ ΠS1S1(p2) ,

(
M2

S

)loop
12

(p2) = −1

2
(m2

Z +m2
A)s2β + ΠS1S2(p2) ,(

M2
S

)loop
22

(p2) = m2
Zs

2
β +m2

Ac
2
β −

1

vu

∂∆V

∂S2

∣∣∣∣
min.

+ ΠS2S2(p2) , (2.3.4)

and where m2
Z , m

2
A, and tanβ are running parameters. Note that in the above ex-

pression, the minimum conditions have already been used to eliminate the soft mass
parameters of the two Higgs doublets m2

Hu
and m2

Hd
. We recall that these are of the

form

1

vd

∂Ve�
∂S1

∣∣∣∣
min.

=
1

vd

∂V (0)

∂S1

∣∣∣∣
min.

+
1

vd

∂∆V

∂S1

∣∣∣∣
min.

= 0 ,

1

vu

∂Ve�
∂S2

∣∣∣∣
min.

=
1

vu

∂V (0)

∂S2

∣∣∣∣
min.

+
1

vu

∂∆V

∂S2

∣∣∣∣
min.

= 0 . (2.3.5)

Furthermore, as S1 and S2 are the real components of H0
u and H0

d , it is clear that

1

vd

∂V (0)

∂S1

∣∣∣∣
min.

=

√
2

vd

∂V (0)

∂H0
d

∣∣∣∣
min.

,

1

vd

∂V (0)

∂S2

∣∣∣∣
min.

=

√
2

vu

∂V (0)

∂H0
u

∣∣∣∣
min.

, (2.3.6)

and the right-hand sides of these two relations are given in eq. (1.3.72). When apply-
ing the minimum conditions to the diagonal terms in eq. (2.3.4), we have split them
between tree- and loop-level terms, as shown in (2.3.5), and we have simpli�ed the
expressions of the tree-level masses using the corresponding tree-level tadpole terms,
i.e. equation (2.3.6).

One advantage of this approach is that the expressions (2.3.4) can be used for any
desired order in perturbation theory, and that it also allows the de�nition of an e�ective
mixing angle α at any order with the relation (see section 1.3.4.2 for its tree-level value)

cot
(
2αloop

)
≡
(
M2

S

)loop
11
−
(
M2

S

)loop
22

2
(
M2

S

)loop
12

. (2.3.7)
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When de�ning a loop-corrected mixing angle as in the above equation, it is necessary to
specify which mass matrix

(
M2

S

)loop
(p2) the angle diagonalises � i.e. to what value of

p2 it corresponds. We will compute it for p2 = m2
h,m

2
h being the lightest loop-corrected

mass eigenvalue (corresponding to the lightest loop-corrected mass eigenstate that we
denote h).

Similarly, one can compute the corrections to the CP-odd states of the Higgs sector �
the pseudoscalar Higgs and the neutral Goldstone boson. As for the CP-even Higgses,
we can obtain a loop-corrected pseudoscalar mass matrix

(
M2

P

)loop
(p2) in the gauge

eigenstate basis {P1, P2}, formed of the two imaginary components of H0
u and H0

d , as(
M2

P

)loop
(p2)11 = m2

As
2
β −

1

vd

∂∆V

∂S1

∣∣∣∣
min.

+ ΠP1P1(p2) ,

(
M2

P

)loop
12

(p2) =
1

2
m2
As2β + ΠP1P2(p2) ,(

M2
P

)loop
22

(p2) = m2
Ac

2
β −

1

vu

∂∆V

∂S2

∣∣∣∣
min.

+ ΠP2P2(p2) , (2.3.8)

where m2
A is again the running pseudoscalar mass.

The leading corrections tom2
h at one-loop order are the O(αt) and O(αb) contributions

� where αb ≡ y2
b/4π. In the decoupling limit m2

A � m2
Z and for large degenerate soft

masses for the two stops m2
Q = m2

U = M2
S � m2

t , the one-loop corrections to m2
h can

be written in the very simple form

∆(1)m2
h =

3m4
t

2π2v2

(
log

M2
S

m2
t

+ X̂2
t −

X̂4
t

12

)
− y4

bµ
4 tan4 βv2

32π2M4
S

+ · · · , (2.3.9)

where we recall that Xt is the stop mixing Xt = At − µ cotβ (here for the real MSSM
in which µ ∈ R) and X̂t = Xt/MS . Complete results for the one-loop Higgs masses
were obtained in [159,162,163].

However, even with a full one-loop calculation, theoretical uncertainties remain large,
and higher-order corrections are needed to obtain precise predictions. The �rst two-
loop results were derived for the approximation of zero external momentum [32, 76,
164�175]. While the earliest of these papers have studied the O(αsαt) and O(α2

t )
contributions, ref. [32] gave the complete two-loop corrections to the lightest Higgs
mass in the e�ective potential approach, but encountered for the �rst time the Gold-
stone Boson Catastrophe (because computations were performed beyond the gaugeless
limit). More recently, the dominant momentum-dependent two-loop [176�178] and the
leading three-loop corrections [179,180] have also been calculated.

When considering the complex MSSM, the distinction between CP-even and CP-odd
Higgses cannot be made anymore, and one must therefore work with a 4 × 4 mass
matrix � for all neutral states in the Higgs sector � of the form

(
M2

n

)loop
(p2) =

( (
M2

S

)loop
(p2)

(
M2

SP

)loop
(p2)[(

M2
SP

)loop
(p2)

]∗ (
M2

P

)loop
(p2)

)
, (2.3.10)

where
(
M2

S,P

)loop are the 2 × 2 scalar and pseudoscalar mass matrices, obtained as

in the case of the real MSSM, while
(
M2

SP

)loop are new, CP-violating, corrections.
Results for calculations of neutral scalar masses in the complex MSSM were obtained
at one loop in [181�184], then the leading contributions at two loops with vanishing
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external momentum were found in [185�188], and more recently the complete two-loop
SUSY-QCD corrections were given with full momentum dependence in [189].

Since the late 1990's and early 2000's, results for �xed-order Higgs mass calculations
in the MSSM have been implemented in a number of public spectrum generators, i.e.
codes which determine the complete loop-corrected mass spectrum of the theory (and
often use these masses to derive other physical observables). Currently, several such
programs provide full one-loop and leading two-loop corrections to Higgs masses, and
among the most widely-used of them, one can mention FeynHiggs [190], SoftSUSY
[191, 192], SuSpect [193], and SPheno [194, 195]. FeynHiggs di�ers from the three
other mentioned codes because of the corrections it implements and of the choice of
renormalisation scheme it employs for the two-loop corrections: indeed it uses results
in the on-shell scheme from [76,171,172,174,177,184�187], while SoftSUSY, SuSpect,
and SPheno use results in the DR

′
scheme from [76, 163, 171, 172, 174, 196]. We will

return in more detail to SPheno, and especially to its extension to SUSY models beyond
the MSSM and to non-SUSY models, in section 2.4.3.2.

A brief remark on the evaluation of the theoretical uncertainties on the determination
of mh should be made here: in order to compare the result of a given calculation with
the measured value of mh in a meaningful way, it is necessary to provide an estimate
of the uncertainty in the theoretical computation. While crude estimates can be found
for example by varying the renormalisation scale at which a computation is done, or
by changing how parameters that enter the two-loop corrections are determined (these
two methods help give an idea of the size of missing three-loop terms), obtaining a
precise number is a di�cult task, and furthermore depends on the parameter point for
which the masses are computed. We will therefore only keep in mind the estimate of
about 3 GeV, obtained in [197, 198] for regions of the MSSM parameters favoured by
naturalness.

The observed value of the Higgs mass, at 125 GeV, and the tree-level bound on the
lightest Higgs massmh in the MSSM, imply that the radiative corrections ∆m2

h must be
of the same order as the tree-level mass-squared

(
m2
h

)tree. If we assume that we are in
the most favourable case in which the tree-level bound is saturated (this happens when
tanβ and mA are both large), the observed Higgs boson mass requires the stop masses
to be of the order of 1 TeV in a scenario with maximal stop mixing � i.e. Xt/MS ∼ 2,
although the precise number is somewhat dependent on the renormalisation scheme in
which Xt is computed � or stop masses larger than 10 TeV in the absence of mixing
(Xt = 0). In this regime, logarithms of the form log`MS/mt become large and cause
a (signi�cant) loss of accuracy in �xed-order calculations, which has led to a renewal
of the interest for the EFT approach.

2.3.1.2 EFT and hybrid results

E�ective Field Theory techniques have also been applied to Higgs mass calculations,
since the beginning of the 1990's, by matching the MSSM onto the SM or a (variant
of) 2HDM � early examples of these two options include e.g. [199�201] and [202,
203] respectively. When integrating out SUSY partners, higher-dimensional operators
are generated, which are suppressed by powers of v2/M2

S � where the Higgs VEV v
characterises the EW scale and MS denotes the mass scale of the SUSY particles.
However, SUSY particles were at �rst expected to be found at scales not much higher
than the electroweak scale, and in that case, �xed-order calculations would not be
su�ering from the presence of large logarithms while EFT calculations would require
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taking into account a large number of higher-dimensional operators to give a precise
prediction for mh. For this reason, the EFT approach was until recently seldom used
to compute complete radiative corrections to Higgs masses � let us mention however
ref. [204] where an EFT served to study of the leading two-loop contributions to the
Higgs mass in a scenario with a large hierarchy between the stops (the heavy stop being
integrated out), and where the e�ect of higher-dimensional (dimension-6) operators is
taken into account. Nevertheless, EFT techniques have been employed to extract the
logarithmic contributions to m2

h, with results obtained at one loop [199,200,202,203],
two loops [201,205�209], and also three loops [197,210].

In later years, the discovery of the Higgs boson with a relatively heavy mass and the
absence of signs of SUSY partners at the LHC have led the interest for EFTs to rise
again � in part because, for larger SUSY-breaking scale, �xed-order calculations exhibit
a loss of accuracy and at the same time the e�ects of higher-dimensional operators
become smaller. A �rst possible, purely EFT, strategy is to match the MSSM with
the SM, and take advantage of the current knowledge of three-loop RGEs and full two-
loop Higgs mass calculations in the SM � see [25,53,54]. More precisely, the idea is to
match at a scale Q the SM Higgs quartic coupling λ to its MSSM value (related to the
EW gauge couplings), with threshold corrections that can be expanded in perturbation
theory as

λ(Q) =
1

4

(
g2(Q) + g′2(Q)

)
cos2 2β +

∑̀
n=1

1

(16π2)n
δ(n)λ , (2.3.11)

where ` is the loop order to which the matching is performed. The threshold corrections
have been obtained to full one-loop order in [211�213], and leading two-loop (as well
as higher-order) contributions have been studied [170, 213�216]. Combined with the
above cited RGEs and corrections for the SM, this makes possible a full next-to-leading
and partial next-to-next-to-leading logarithmic order resummation of the corrections
to mh. Some of these results are implemented in public codes, such as SusyHD [215],
MhEFT (based on [214,217], and able to accomodate a 2HDM instead of the SM as low
energy model), or HSSUSY [218] (itself a module of FlexibleSUSY [219,220]).

Di�erent approaches, which we will refer to as hybrid approaches, have also been
developed recently in order to bene�t simultaneously from the advantages of �xed-
order and EFT calculations. One of these methods, devised in FlexibleEFTHiggs

[218, 220], constitutes a variation of the purely-EFT calculation described above in
which the matching condition of the quartic constant � as in equation (2.3.11) � is
replaced by a matching of Higgs pole masses between the SM and the MSSM, or
any general BSM model. Indeed, it should be noted that with the framework of
FlexibleSUSY/FlexibleEFTHiggs computations can be performed for a wide range
of BSM models � as is the case with the SARAH/SPheno framework, to which we will
return in section 2.4.3. As in the SM the tree-level mass of the Higgs boson � and in
turn its pole mass, see eqs. (1.1.38) and (1.1.39) � depends on the quartic coupling λ,
we can extract it at a scale Q from the pole mass matching and we �nd

λ(Q) =
1

2v2

[
(M2

h)MSSM +
1

v

∂(∆V )SM

∂h

∣∣∣∣
min.

−ΠSM
hh

(
p2 = (m2

h)MSSM
)]
. (2.3.12)

where, quantities on the right-hand side of this equation are also computed at the
matching scale Q. More speci�cally, (M2

h)MSSM is the pole mass of the Higgs com-
puted in the MSSM (or another BSM model), (∆V )SM denotes the loop corrections to
the SM e�ective potential and ΠSM

hh is the Higgs self-energy computed in the SM. The
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FlexibleEFTHiggs procedure now allows the combination of a full one-loop calcula-
tion of mh, together with the resummation of large logarithms up to next-to-leading
logarithmic order [220]. A similar calculation has also been made available (for generic
models as well) in SARAH/SPheno in [221].

For completeness, we should also mention that another hybrid approach has been
taken in [222�224]. The idea is to add to the Higgs mass computed in the Feynman-
diagrammatic way an additional term equal to the corrections to m2

h in the EFT
approach, but from which two types of terms have been subtracted to avoid double-
counting of corrections: (i) the one- and two-loop logarithmic terms in the �xed-order
calculation (i.e. the terms in eq. (2.2.33) for ` = 1, 2); and (ii) the non-logarithmic parts
of the EFT corrections. This approach then incorporates both the corrections obtained
in the �xed-order approach (and in particular takes into account terms of proportional
to powers of v2/M2

S) and the higher-order logarithms resummed to leading and next-
to-leading logarithmic orders in the EFT calculation � this method proves especially
useful for intermediate SUSY scales (where the theoretical uncertainties in the two
standard approaches, �xed-order and EFT, are large).

Recently, e�orts on the determination of Higgs masses in the MSSM have been con-
centrated on three main areas: (i) completing the computation of the full two-loop
momentum dependence in the diagrammatic approach (in the complex MSSM); (ii)
improving EFT and hybrid calculations (extend pole mass matching to two loops; in-
tegrate out SUSY states gradually, with a tower of EFTs between the MSSM and the
SM, etc.); (iii) obtaining the three-loop corrections to the scalar masses and making
these new results available in the existing automated tools.

2.3.2 Supersymmetric models beyond the MSSM

E�orts to derive corrections to neutral scalar masses in the NMSSM have, until re-
cent years, been somewhat more moderate and therefore the available results in these
models are less advanced than in the MSSM. However, one-loop corrections have been
studied in the CP-conserving NMSSM already since the 1990's, with corrections from
tops and stops as well as from bottoms and sbottoms obtained, at zero external momen-
tum, in [225�228], while leading logarithmic contributions from charginos, neutralinos
and scalars where given in [229]. Complete one-loop diagrammatic calculations � with
full momentum dependence � where carried out in [77, 230] (in a pure DR

′
scheme),

in [231] (both in a mixed DR
′
-OS scheme and a pure OS scheme) and in [232] (in

a mixed DR
′
-OS scheme as well) for the CP-conserving NMSSM. In the presence of

CP violation, �rst investigations of scalar masses at one loop were also performed in
the e�ective potential limit [233�237] and complete results were found in [238] with
a diagrammatic approach (previously one-loop and leading two-loop results had been
obtained with EFT techniques in [239]). Ref. [77] provided the �rst explicit two-loop re-
sults, by deriving the O(αtαs+αbαs) corrections to Higgs masses in the CP-conserving
NMSSM using the e�ective potential (and a pure DR

′
renormalisation scheme). These

results were extended in [240] to the case with CP violation, and with a mixed DR
′
-OS

scheme.

As for the MSSM, the analytic expressions that we have cited here have been im-
plemented in a number of public spectrum generators written speci�cally for the
NMSSM, namely SoftSUSY [191,241], NMSSMTools [242�244], and NMSSMCALC [245,246]
(for detailed discussions and comparisons of these codes, the reader may also refer
to [247, 248]). It should be noted that SoftSUSY and NMSSMTools also include some
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partial contributions that depend only on the third family Yukawa couplings, adapted
from the MSSM calculations i.e. adding corrections only to the 2×2 part of the NMSSM
CP-even mass matrix8 that corresponds to the states present in the MSSM. Moreover,
NMSSMCALC takes into account terms that arise from the extraction of the DR

′
running

VEV at two-loop order, and give e�ects on the scalar masses formally of the form
O(αtαs) (these contributions are not available in the other codes). New corrections to
Higgs masses in the NMSSM have also been obtained by employing results for generic
theories implemented in SARAH/SPheno and FlexibleSUSY/FlexibleEFTHiggs � in-
stead of performing explicit calculations. In particular, ref. [249] investigated contri-
butions beyond O(αtαs +αbαs), more precisely the e�ects of the complete corrections
of the form O(α2

t + α2
b + α2

τ ) (and not only the corresponding MSSM contributions),
and of terms involving the superpotential singlet coupling λS .

For supersymmetric models beyond the NMSSM, no explicit expressions for contri-
butions to Higgs masses at more than one-loop order had been obtained until the
calculation of the leading two-loop O(αtαs) corrections in models with Dirac gauginos
that we will present in chapter 3. It should be noted, however, that SARAH/SPheno has
allowed studies of Higgs masses at two loops since version 4.4.0 (see ref. [250]), and
has indeed been used e.g. for the MDGSSM [101] or the MRSSM [251,252].

2.3.3 Non-supersymmetric models

In most non-supersymmetric models, the scalar quartics are free parameters � this is for
example the case in BSM models, such as 2HDMs or the Georgi-Machacek model, but
also in the Standard Model. The tree-level Higgs masses are then also free parameters,
and it is often assumed that radiative corrections to scalar masses and mixing angles
can be reabsorbed into a shift of the Lagrangian parameters (in particular of the
quartics). There have therefore been very few studies of corrections to Higgs masses
in non-SUSY extensions of the SM, and instead e�orts have been concentrated on
the calculation of corrections to Higgs couplings or observables (decay widths, cross
sections, etc.), in terms of scalar (pole) masses � see for example [253�257].

There are nevertheless instances where it is useful to compute masses in such models.
On the one hand, in the context of EFT calculations it has become common to integrate
out part of the spectrum of a SUSY model, and consider at low energies an extension
of the SM with additional �elds, and in particular with extended Higgs sectors � e.g.
consider a 2HDM as a low energy limit of the MSSM. The quartic couplings in the low
energy model are then no longer free but are instead �xed by the matching condition
with the SUSY model (in which the quartics are related to the EW gauge couplings),
and this allows predictive results. On the other hand, one is sometimes interested
in deriving the values of the Lagrangian parameters of the scalar sector of a given
model from the input of the mass spectrum, and as we will discuss in chapter 6, it
is in general crucial to include the e�ects of quantum corrections in this extraction.
The simplest way to proceed is then to determine (typically by numerical iterations)
the Lagrangian parameters that correspond to the desired loop-corrected spectrum
through a calculation of the Higgs masses (see e.g. ref. [128] for an early example in
the case of a singlet extension of the SM, and chapter 6 for a more general discussion).

8We recall that in the CP-conserving NMSSM, there are three CP-even states: the real components
S1, S2 of H0

u and H0
d as in the MSSM, plus the real component S3 of the singlet scalar. Their masses

are described by a 3× 3 (loop-corrected) mass matrix. What SoftSUSY and NMSSMTools are doing is
to include the additional corrections only for the upper-left 2× 2 part of that matrix.
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2.4 Calculations in generic theories

In the previous sections, we have brie�y reviewed some of the results obtained since the
early 1990's on the calculation of Higgs boson masses in the minimal supersymmetric
extensions of the SM � mostly the MSSM but also to a smaller extent the NMSSM.
While considerable e�orts have been devoted to this task, achieving a remarkable
level of accuracy, there is no guarantee that the MSSM or the NMSSM are realised by
Nature, and a tremendous number of other phenomenologically viable models exist and
receive interest, such as non-minimal supersymmetric models (Dirac gaugino models
would for instance belong to this category) or non-supersymmetric theories. One
may wish to study scalar masses in a large variety of such models with a similar
level of precision as what has been obtained in the MSSM and NMSSM, and one
then arrives to the question of how to proceed to avoid long and painful calculations
for each model under consideration. The answer is automation, i.e. to perform the
di�cult computation of radiative corrections to an observable � e.g masses � once
for a general model, and afterwards apply these results to any number of particular
models as desired. The second step in this scheme involves translating the properties
(�eld content, Lagrangian parameters, etc.) of the given model(s) into the general
setting in which one has performed the calculation of the radiative corrections. This is
actually not a di�cult task, provided that suitable conventions are employed for the
generic models, and it can even be automated with computer programs � e.g. with the
Mathematica package SARAH, see section 2.4.3.

This section will serve to introduce �rst the necessary notations and the existing re-
sults for calculations of Higgs � or more generally neutral scalar � masses in general
renormalisable �eld theories, before presenting the framework provided by the pub-
lic tools SARAH and SPheno for the automated and precise study of a wide range of
BSM models. While we have already mentioned the fact that these two programs
have made possible studies of non-minimal supersymmetric models (more speci�cally
Dirac gaugino models), it is important to note that they have also allowed the study
of new two-loop contributions to Higgs masses in the MSSM and NMSSM � not de-
rived in explicit calculations. Such new corrections include the e�ects at two loops of
non-minimal �avour violation [258] or of trilinear R-parity-violating operators [259] in
the MSSM, as well as the additional results in the NMSSM [249] that we mentioned
previously.

2.4.1 Notations for general �eld theories

We begin by presenting our notations for the purely scalar sector of a generic theory,
following the procedure in [21] (itself in the setting established in [19,20]). We introduce
�rst the scalar Lagrangian and potential in terms of real scalar �elds ϕ0

i , for which the
Lagrangian mass parameters are not necessarily diagonal9

LS =
1

2
(∂µϕ

0
i )

2 − V (0)({ϕ0
i }) ,

V (0)({ϕ0
i }) = t̄iϕ0

i +
1

2
m̄2

0,ijϕ
0
iϕ

0
j +

1

6
λ̄ijk0 ϕ0

iϕ
0
jϕ

0
k +

1

24
λ̄ijkl0 ϕ0

iϕ
0
jϕ

0
kϕ

0
l . (2.4.1)

9This is not uncommon when considering some particular theory: the Lagrangian is typically not
written in terms of states with well-de�ned (i.e. diagonal) masses but in terms of interaction eigen-
states (i.e. gauge and/or �avour eigenstates). One then computes a mass matrix for the interaction
eigenstates that can be diagonalised to obtain the mass eigenstates and eigenvalues � see e.g. our
discussion for stops in the MSSM and equations (1.3.86) to (1.3.90).
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Note that the generic scalar index i can correspond in a given model to a collection of
�avour (or family) indices, gauge indices, etc., and that we will also imply a summation
on repeated indices. Also, unless otherwise speci�ed, we will in the following assume
all scalar couplings to be fully symmetric under the exchange of scalar indices. Fur-
thermore, we have expanded the covariant derivatives in the kinetic terms and we will
give the terms other than (∂µϕ

0
i )

2 separately as scalar�gauge-boson couplings in the
following (we will proceed similarly for the fermion and gauge-boson kinetic terms).

We can then expand the scalars as �uctuations φ0
i around vacuum expectation values

vi such that ϕ0
i ≡ vi + φ0

i and rewrite the above potential as

V (0)({ϕ0
i }) = V (0)(vi)+ t̂i0φ

0
i +

1

2
m̂2

0,ijφ
0
iφ

0
j +

1

6
λ̂ijk0 φ0

iφ
0
jφ

0
k+

1

24
λ̂ijkl0 φ0

iφ
0
jφ

0
kφ

0
l . (2.4.2)

with the rede�nitions

t̂i0 = t̄i + m̄2
0,ijvj +

1

2
λ̄ijk0 vjvk +

1

6
λ̂ijkl0 vjvkvl ,

m̂2
0,ij = m̄2

0,ij + λ̄ijk0 vk +
1

2
λ̂ijkl0 vkvl ,

λ̂ijk0 = λ̄ijk0 + λ̄ijkl0 vl ,

λ̂ijkl0 = λ̄ijkl0 . (2.4.3)

The tree-level tadpole equations here simply read t̂i0 = 0, and with the �rst equation
in (2.4.3) we �nd that these impose relations among the parameters in the original
basis � e.g. one can eliminate one mass parameter m̄2

0,ij per tadpole equation � and
we use these relations to simplify the expression of m̂2

0,ij . From this we can de�ne the
�eld-dependent masses and couplings,

m̂2
ij(φ

0) ≡ ∂2V (0)

∂φ0
i ∂φ

0
j

= m̂2
0,ij + λ̂ijk0 φ0

k +
1

2
λ̂ijkl0 φ0

kφ
0
l , (2.4.4)

λ̂ijk(φ0) ≡ ∂3V (0)

∂φ0
i ∂φ

0
j∂φ

0
k

= λ̂ijk0 + λ̂ijkl0 φ0
l , (2.4.5)

λ̂ijkl(φ0) ≡ ∂4V (0)

∂φ0
i ∂φ

0
j∂φ

0
k∂φ

0
l

= λ̂ijkl0 . (2.4.6)

We then introduce a new basis {φ̃i} and an orthogonal matrix R̃ to diagonalise the
tree-level mass matrix as

φ0
i = R̃ijφ̃j , (2.4.7)

and obtain the new masses and couplings

m̃2
i δij = m̂2

klR̃kiR̃lj (2.4.8)

λ̃ijk = λ̂lmnR̃liR̃mjR̃nk (2.4.9)

λ̃ijkl = λ̂mnpqR̃miR̃njR̃pkR̃ql. (2.4.10)

Next we need to de�ne what happens when we introduce the loop corrections to the
e�ective potential ∆V . Instead of t̂i0 = 0, the loop-corrected tadpole equations are
then

t̂i0 +
∂∆V

∂φ0
i

∣∣∣∣
φ0
i=0

= 0 . (2.4.11)
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As we mentioned in the case of the SM in the previous chapter, we shall take the
expectation values vi to be �xed inputs for the scalar mass calculations (i.e. we con-
sider that they are computed at the required order in perturbation theory through a
separate calculation), and instead we solve the tadpole equations for the mass-squared
parameters in the Lagrangian. This means correcting the mass parameters, passing
from m̂2

0,ij (which satisfy the tree-level tadpole equations) to new quantitiesm2
ij (which

obey the loop-corrected tadpole equations). Using the minimisation conditions, the
relationship between them is

m2
ijvj = m̂2

0,ijvj −
∂∆V ({m2

ij})
∂φ0

i

∣∣∣∣
φ0
i=0

. (2.4.12)

In order to be able to use the results for two-loop radiative corrections of [19�21], we
follow the choice of these papers and employ the parameters m2

ij as masses of scalars
in all loop calculations. Diagonalising these requires the introduction of a new basis
via φ0

i = Rijφj , having squared masses m2
i and couplings λijk, λijkl.

To illustrate what we mean by the above de�nitions, let us relate these to the case of the
Higgs boson in the SM, which we had discussed in section 1.1.4. First, the mass term
in the original Lagrangian is m̄2

0,hh = µ2, and then if we expand the SM Lagrangian

around the Higgs VEV (or equivalently if we compute the second derivative of V (0) with
respect to h) we obtain m̂2

0,hh = µ2+3λv2. Now, as we explained above, the expressions
of the m̂2

0,ij are modi�ed because of the relations among parameters imposed by the
tree-level tadpole equations. Solving the tadpole equation t̂h0 = µ2v + λv3 = 0 for µ2

(i.e. m̄2
0,hh), we have

m̂2
0,hh = 2λv2 . (2.4.13)

When introducing loop corrections to the scalar potential in the SM, the tadpole
equation is modi�ed and becomes

t̂h0 +
∂∆V

∂h

∣∣∣∣
min.

= 0 , ⇒ µ2 = −λv2 − 1

v

∂∆V

∂h

∣∣∣∣
min.

. (2.4.14)

With this relation, the mass parameter m2
ij for the Higgs boson (i.e. m2

hh) is �nally

m2
hh = µ2 + 3λv2 = 2λv2 − 1

v

∂∆V

∂h

∣∣∣∣
min.

= m̂2
0,hh −

1

v

∂∆V

∂h

∣∣∣∣
min.

. (2.4.15)

This is the equivalent of equation (2.4.12) for the SM (which we already found in
eq. (1.1.38)).

We can then consider fermions and gauge bosons, using the notation for a general
renormalisable �eld theory used in [19,20]. The fermions ψI are taken in Weyl notation
and their kinetic and mass Lagrangian terms are written as

LF = iψ̄Iσµ∂µψI −
1

2

(
M IJψIψJ +M∗IJ ψ̄

I ψ̄J
)
. (2.4.16)

Here we should point out that we have followed the choice of [21] to denote the complex
conjugation explicitly on M∗IJ � while in [19,20] complex conjugation is implied solely
by the lowering and raising of fermion indices. We assume the fermions to be de�ned
in a basis where all their squared masses are diagonal, i.e.

M IJM∗JK = m2
Iδ
I
K . (2.4.17)
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The Yukawa couplings are denoted collectively yIJk and are symmetric under the
exchange I ↔ J , and thus the scalar�fermion interaction terms read

LSF = −1

2
yIJkψIψJφk + h.c. . (2.4.18)

Finally, massive vector (gauge) bosons Aaµ can be introduced with kinetic and (diago-
nal) mass terms

LV = −1

4
F̄µνaF̄ aµν −

1

2
m2
aA

a
µA

µa , (2.4.19)

where we have expanded the standard (non-Abelian) �eld-strength tensor as

F aµν = F̄ aµν − gabcAbµAcν ,
F̄ aµν = ∂µA

a
ν − ∂νAaµ . (2.4.20)

We have expanded all kinetic terms and we can now give the interaction terms of gauge
bosons with scalars, with fermions, or with themselves (and ghosts), as found in [19]

LSV =− 1

2
gabiAaµA

µbφi −
1

4
gabijAaµA

µbφiφj − gaijAaµφi∂µφj ,

LFV = gaJI ψ̄IσµψJA
a
µ ,

Lgauge = gabcAaµA
b
ν∂

µAνc − gabegcdeAµaAνbAcµAdν + gabcAaµω
b∂µω̄c (2.4.21)

In the above interaction terms, the couplings gabi and gabij are symmetric under the
interchange either of two vector indices or of two scalar indices. Moreover, gaij is
antisymmetric under the exchange i ↔ j and gabc is fully antisymmetric. Details on
how to diagonalise the fermion and gauge-boson squared masses and how to relate
the couplings involving gauge bosons to the structure constants and generators of the
gauge group can be found in [19].

2.4.2 Two-loop neutral scalar masses in generic theories

To calculate the Higgs boson masses in general �eld theories we require the tadpole
diagrams and self-energies. Two-loop order expressions for the former were given
in [21], which were derived from the general expression for the e�ective potential
at two loops in the Landau gauge, given in [19]. Hence we must also use the self-
energies in the Landau gauge; these were given in [20], in terms of a basis of two-loop
functions de�ned in [142], up to order g2 in the gauge couplings. Afterwards, in [260],
these expressions were extended to order g4 for unbroken gauge groups (i.e. when the
gauge bosons remain massless). We therefore restrict ourselves to the �gaugeless limit�,
where we ignore the contributions of broken gauge groups for two-loop corrections�
for the SM gauge group this means setting g = g′ = 0. As the electroweak gauge
couplings g and g′ are smaller than the strong gauge coupling gs and the top Yukawa
coupling (and in some models and scenarios10, also the remaining third generation
Yukawa couplings), we expect the electroweak contributions that we neglect in this
limit to be subdominant. The gaugeless limit has a number of advantages, chie�y
simplicity and speed of the calculation; but also the fact that we can compute the
one-loop corrections in any gauge desired. Once we have dropped the electroweak
contributions, it is also tempting to disregard the momentum-dependence of the loop

10For example, in models with two Higgs doublets (2HDM, MSSM, etc.) when tanβ is large.
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functions, which is typically estimated to contribute at the same order (and indeed
is so for the MSSM [177, 178]) � hence the popularity of calculations in the e�ective
potential approach.

Note, however, that when addressing the Goldstone Boson Catastrophe in the con-
text of mass calculations for generic models in chapter 4, we will �nd it necessary to
go beyond the (standard) e�ective potential approximation because the inclusion of
external momentum is necessary to regulate the divergences of some of the two-loop
self-energy diagrams when m2

G → 0. We will therefore devise a generalised e�ective
potential approximation to cure the divergent behaviour of the diagrams, while still
bene�ting from the simplicity of calculations without the full momentum dependence
� see section 4.3.

2.4.3 The SARAH/SPheno framework

As discussed earlier, once expressions for the contributions to the e�ective potential,
tadpole equations and self-energies have been obtained for a generic model, there re-
mains to translate them for the model one is interested in. This is usually a simple,
although tedious, task and can be automatised with programs that handle formal cal-
culations. One � and actually the �rst � such program is the Mathematica package
SARAH [261�266], and in this section we will give a brief presentation of the framework
it provides, and in particular of how its interfacing with the Fortran spectrum gen-
erator SPheno [194, 195] allows the study of a wide range of BSM theories taking into
account higher-order corrections to physical quantities, including two-loop corrections
to neutral scalar masses. We refer the reader to standard references such as [266,267]
for more detailed explanations of how to use SARAH, and to [194, 195] for SPheno. For
completeness, we should also mention the existence of other codes that can compute
the vertices (i.e. the Feynman rules) of a given model, namely FeynRules [268] and
LanHEP [269]. It should be noted that FeynRules accomodates non-renormalisable
operators which is currently not the case in SARAH, but at the same time it does
not link to a spectrum generator code � a major advantage of SARAH. Also, a spec-
trum generator for a generic BSM model can also be obtained alternatively by using
FlexibleSUSY [219,220] (based in part on SARAH to create a C++ spectrum generator).
However we will not consider these options any further in this thesis.

2.4.3.1 Analytic calculations with SARAH

SARAH was written originally for supersymmetric models to derive the tree-level mass
matrices and vertices from the input of the superpotential (and soft SUSY-breaking
Lagrangian if necessary) of the model and to provide these results as inputs for other
codes calculating amplitudes (e.g. CalcHEP). However, it is now able to handle a wide
range of models, both supersymmetric (and not only de�ned at high scales) and non-
supersymmetric. Also, calculations of radiative corrections to physical observables
have been gradually included, and the current version of the code (4.12.3) provides:

• full two-loop RGEs, using results derived for general QFTs in [270�273];

• one- and two-loop corrections to the e�ective potential, implementing results
from [19];

• one-loop tadpole equations, and one-loop self-energies for all particles;
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• two-loop tadpoles and neutral scalar self-energies. These were �rst found by
taking numerical derivatives of the two-loop e�ective potential [250] (after in-
terfacing SARAH with SPheno), but, since version 4.5.0, analytic expressions are
computed directly in SARAH with results obtained for the tadpoles in [21], and
implemented from refs. [20,142,260] for the self-energies. Furthermore, since ver-
sion 4.12.0, the solution to the Goldstone Boson Catastrophe that we present
in chapter 4 is also implemented in SARAH, as will be discussed in chapter 5;

• one-loop corrections to two-body decays, using the analytic results from [274].

The procedure to investigate a given BSM model is illustrated in �gure 2.4 and can be
explained as follows. First, the model to study is de�ned : i.e. the user speci�es in a
Mathematica package �le (.m) the global and gauge symmetries of the model, the �eld
content (or super�eld content for a SUSY model), the Lagrangian (and superpotential
if relevant), as well as the VEVs of the states after spontaneous symmetry breaking
(EWSB usually) and the way in which states mix after SSB. Then, the SARAH package
can be called from a Mathematica notebook to compute and write out expressions
for tree-level properties of the model (mass matrices, vertices, potential, etc.) as well
as for the above-listed radiative corrections. All these expressions can be manipu-
lated directly as formal objects by Mathematica, which allows for example to check
the theoretical consistency of the model or to evolve with its RGE any Lagrangian
parameter.

2.4.3.2 Interfaces with SPheno and other HEP codes

Furthermore, since [195,275], SARAH can be interfaced with the Fortran code SPheno to
create a complete spectrum generator for the model under consideration. The program
SPheno is a spectrum generator written for the MSSM, �rst for variants de�ned at a
high scale (e.g. mSUGRA) [194], and later extended to various other scenarios. It
computes the loop-corrected masses and mixings of particles in the spectrum, and in
turn uses those to calculate other properties of the particles, such as their decay widths
(for two- and three-body decays), as well as low energy precision observables, such as
lepton anomalous moments or lepton dipole moments. To extend this program to more
general BSM models (including non-SUSY ones), SARAH writes new Fortran modules
that are then compiled together with the SPheno routines � in particular routines to
compute loop integrals. In the following, we will refer to the resulting program as a
SARAH/SPheno, or simply SPheno, spectrum generator. A further extension in SARAH,
called FlavorKit [276], makes possible calculations of numerous �avour observables in
the spectrum generator, for a wide range of models.

However, the computation of particle spectra and physical observables is not the �nal
step in the study of BSM theories, and there are numerous further avenues to inves-
tigate, both from the point of view of theoretical consistency and of phenomenology.
For this reason the numerical framework of SARAH/SPheno can be linked to more High-
Energy Physics codes: on the one hand, Mathematica routines in SARAH can write
input �les for a range of codes; on the other hand, SARAH/SPheno based spectrum gen-
erators employ the standard convention of the Supersymmetry Les Houches Accord
(SLHA) [277, 278] for their input and output formats. A �rst possible direction is to
determine whether the considered model can accommodate a vacuum state compatible
with electroweak symmetry breaking, and moreover to verify the stability of this vac-
uum if it exists. Finding the global minimum of the scalar potential for a model with
an extended Higgs sector is a priori a very complicated task, but it can be performed
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to one-loop order by the program Vevacious [279], which uses as inputs a model �le
created by SARAH, and spectrum �les from SPheno.

Moreover, comparing the theoretical predictions of a BSM model to experimental re-
sult provides additional criteria to rule in or out parameter points of the model. A
great wealth of experimental results is available from a wide range of contexts such as,
for example, collider phenomenology � in particular measurements related to Higgs
physics or �avour physics � or dark matter. To exploit these results for general
models, SARAH can be linked to a number of other codes made either: (i) to com-
pute amplitudes or cross-sections; (ii) to generate simulated collider events; or (ii)
to verify whether the properties of a model are compatible with data. Among pro-
grams that belong to the �rst and/or second of these categories, SARAH can create
input �les for CalcHEP [280], FeynCalc [281, 282] or WHIZARD/O'Mega [283, 284], as
well as create models �les in the standardised UFO (for Universal FeynRules Out-
put) format [285], used by MadGraph5_aMC@NLO [286], GoSam [287], Herwig++ [288], or
Sherpa [289]. Furthermore, SARAH/SPheno spectrum generators can provide the Higgs
sector predictions (e.g. masses, decays, cross-sections, etc.) required as inputs for
the programs HiggsBounds [290�292] and HiggsSignals [293, 294]. These two codes
examine whether a given parameter point is allowed by current data or whether it
is excluded at 95% con�dence level: the former by verifying whether the parameter
point is excluded by searches of additional Higgs bosons; and the latter by determin-
ing if the Higgs properties obtained for the considered parameter point are compatible
with currently available measurements for the observed Higgs. Lastly, the theoretical
prediction for the dark matter properties for a generic model (i.e. relic density, direct
and indirect detection rates, etc.) can be computed by using micrOMEGAs [295�298]
together with SARAH/SPheno. Indeed, implementing a new model in micrOMEGAs re-
quires a CalcHEP model �le, which can be generated automatically by SARAH together
with a main �le for micrOMEGAs. Once the executable micrOMEGAs program has been
compiled, the dark matter calculations can be performed, using as inputs spectrum
�les from SARAH/SPheno.

Finally, we must also mention the Mathematica package SSP [275] � SSP stands for
SARAH Scan and Plot � that makes possible parameter scans with SARAH/SPheno and
linked programs � some of the �gures in chapter 5 have been made with SSP.

2.4.3.3 Numerical set-up of the spectrum calculation

We end our presentation of the framework of SARAH and SPheno for Higgs mass calcu-
lations by describing how to calculate, in a �xed-order approach,11 the mass spectrum
with a SARAH/SPheno spectrum generator. First, it is necessary to distinguish two
types of inputs that will appear in the computations, namely SM parameters and ad-
ditional parameters of the BSM model, which are treated di�erently. The former are
given in a particular block of the SLHA input �le, called SMINPUTS, and consist of the
Fermi constant GF and the pole masses of the Z boson, the top quark and tau lepton;
together with three MS values: αMS

s (mZ), αMS(mZ) andmMS
b (mb). From these inputs,

the Higgs VEV as well as the gauge and third family Yukawa couplings, i.e.

v, gs, g, g
′, yt, yb, yτ , (2.4.22)

are extracted as MS/DR
′
parameters and run to the scale at which the calculation

of radiative corrections are performed. There are, in principle, two ways to do this

11Since [221], SARAH/SPheno also accomodates an EFT calculation, but we will not discuss it here.
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in SPheno, which can be explained as follows (see also appendix A of [221] for more
details):

• the �rst option follows the method from [163] and is referred to as one-scale
matching. The idea is to extract at the scale mZ the values of the couplings and
Higgs VEV in the BSM model under consideration, and in an MS or DR

′
scheme

(depending on whether the model is supersymmetric or not). These parameters
can then be evolved using two-loop RGEs in the BSM model. However, this
method encounters problems if some of the new states are heavy, because large
logarithmic contributions appear in the threshold corrections that are applied at
mZ ;

• another strategy, more suited for BSM models involving heavy particles, is the
so-called two-scale matching. The parameters in (2.4.22) are extracted at mZ

but this time as Standard Model parameters in the MS scheme. Afterwards,
these are evolved with the known three-loop SM RGEs to the scale at which
computations are performed, and are then converted to the BSM model (and
appropriate scheme) by applying one-loop threshold corrections.

In the numerical studies that follow, we shall employ the latter approach.

The new parameters of the BSM theories are given in one or several di�erent block(s)
in the SLHA input, often exclusively the MINPAR block, and are taken as MS or DR

′

parameters at some input scale, which can be varied freely � e.g. it can be a high
input scale for constrained SUSY models like mSUGRA, or simply be taken equal to
the renormalisation scale employed in the rest of the code (we will often choose this
when studying non-supersymmetric models). In the following we will call these extra
parameters Θ(Q) for a generic model.

The di�erent steps performed to compute the spectrum are then:

(i) The running couplings Θ(Q) are (if necessary) run the scale at which the masses
and tadpoles are computed � using two-loop RGEs generated by SARAH � while
the SM parameters are evolved to this same scale including all known SM cor-
rections, i.e. three-loop running and two-loop matching for strong coupling gs
and top Yukawa yt (following the second of the two methods discussed above).

(ii) The tree-level tadpoles Ti are solved to �x the remaining free parameters, which
in what follows are typically the mass parameters µ2

i |φ|2.

(iii) The tree-level mass are calculated by diagonalising the tree-level mass matrices

(iv) The n-loop corrections to the tadpoles δ(n)ti are calculated. The imposed min-
imisation conditions are:

Ti +
n∑
j

δ(j)ti = 0 , (2.4.23)

which cause shifts in µ2
i :

µ2
i → µ2

i +

n∑
j

δ(j)µ2
i . (2.4.24)
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(v) The one- and two-loop self-energies for real scalars are calculated for external
gauge eigenstates. The pole masses are the eigenvalues of the loop-corrected
mass matrix calculated as

M
(n)
φ (p2) = M̃

(2L)
φ +

n∑
j=1

Π
(j)
φ (p2) . (2.4.25)

Here, M̃ (2L)
φ is the tree-level mass matrix including the shifts eq. (2.4.24) com-

puted to two-loop order.
The calculation of the one-loop self-energies is done iteratively for each eigenvalue
i until the on-shell condition[

eigM (n)
φ (p2 = m2

φi
)
]
i
≡ m2

φi
(2.4.26)

is ful�lled. The renormalised rotation matrix is taken to be the one calculated
for p2 = m2

φ1
.
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User-de�ned model
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• (Super)�eld content and VEVs
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Figure 2.4 � Illustration of the study of a BSM model using SARAH and SPheno, and
links to other High-Energy Physics codes.
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Chapter 3

Leading two-loop corrections to the

Higgs boson masses in SUSY

models with Dirac gauginos

In this chapter we compute the leading corrections to neutral scalar masses in models
with Dirac gauginos (introduced in section 1.3.5). As we have seen in the previous
chapter, signi�cant e�orts have been devoted to Higgs-mass calculations in the MSSM
� and to a lesser extent in the NMSSM � but in contrast, in other supersymmet-
ric extensions of the SM, such as Dirac gaugino models, there have been no explicit
calculations of the Higgs masses beyond one-loop results.

Dirac gaugino models exhibit extended Higgs sectors with an interesting and varied
phenomenology, and from past experience in the study of the Higgs sector of the MSSM
and of the NMSSM, we expect the radiative corrections to the Higgs boson masses in
these theories to be crucial to obtain a reasonable precision and rule in/out scenarios,
or assess their naturalness.

Recently, SARAH has made it possible to analyse at the two-loop level the Higgs sector of
several non-minimal extensions of the MSSM, see [249,258,259,299,300]. Of particular
relevance for this work, it has allowed for Dirac-gaugino masses since version 3.2 [264],
incorporating also the results of ref. [301]. Indeed, SARAH has been used for detailed
phenomenological analyses of the MDGSSM at one loop in ref. [109] and at two loops
in refs. [100, 101]; and also for the MRSSM at one loop in ref. [302] and two loops
in refs. [251, 252]. However, while such a numerical tool for generic models ful�ls a
signi�cant need of the community, it is also important to have explicit results for
speci�c models, and not just as a cross-check.

Here, we shall compute the leading O(αtαs) corrections to the neutral Higgs boson
masses in both the MDGSSM and MRSSM, relying on the e�ective-potential tech-
niques developed in ref. [76] for the MSSM and in ref. [77] for the NMSSM. This has
the following advantages:

• We compute the O(αtαs) corrections in both the DR
′
and on-shell (OS) renor-

malisation schemes. The latter turns out to be particularly useful in scenarios
with heavy gluinos � a feature of many Dirac-gaugino models in the literature
(as was also discussed in section 1.3.5.3) � where the use of DR

′
formulae for the

two-loop Higgs-mass corrections can lead to large theoretical uncertainties.
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• We have written a simple and fast stand-alone code implementing our results,
which we make available upon request (indeed, a version of the code is already
included in SARAH).

• We use our results to derive simple approximate expressions for the most impor-
tant two-loop corrections, applicable in any Dirac gaugino model.

The outline of this chapter is as follows. We �rst present in section 3.1 our results for
the case of a general Dirac-gaugino model, and for the particular cases of the MDGSSM
and the MRSSM, then show how we compute the shift to the OS scheme, and give
simpli�ed formulae for the SM-like Higgs boson mass either for a common SUSY-
breaking scale or for a heavy Dirac gluino. In section 3.2 we give numerical examples
of our results, illustrating the advantages of our approach and also discussing the
inherent theoretical uncertainties. We conclude in section 3.3. Explicit expressions for
the derivatives of the e�ective potential are given in appendix A.

3.1 Two-loop corrections in the e�ective potential approach

In this section we adapt to the calculation of two-loop corrections to the neutral Higgs
masses in Dirac-gaugino models the e�ective-potential techniques developed in ref. [76]
for the MSSM and in ref. [77] for the NMSSM. We start by deriving general results
valid for all variants of Dirac-gaugino extensions of the MSSM, then we provide explicit
formulae for the MDGSSM and MRSSM models discussed in section 1.3.5.6.

3.1.1 General results

The e�ective potential for the neutral Higgs sector can be decomposed as Veff = V (0) +
∆V , where ∆V incorporates the radiative corrections. We denote collectively as Φ0

i

the complex neutral scalars whose masses we want to calculate, and split them into
vacuum expectation values vi, real scalars Si and pseudoscalars Pi as

Φ0
i ≡ vi +

1√
2

(Si + i Pi) . (3.1.1)

Then the mass matrices for the scalar and pseudoscalar �elds can be decomposed as(
M2

S

)eff

ij
=
(
M2

S

)tree

ij
+
(
∆M2

S

)
ij
,

(
M2

P

)eff

ij
=
(
M2

P

)tree

ij
+
(
∆M2

P

)
ij
, (3.1.2)

and the radiative corrections to the mass matrices are(
∆M2

S

)
ij

= − 1√
2

δij
vi

∂∆V

∂Si

∣∣∣∣
min

+
∂2∆V

∂Si∂Sj

∣∣∣∣
min

, (3.1.3)

(
∆M2

P

)
ij

= − 1√
2

δij
vi

∂∆V

∂Si

∣∣∣∣
min

+
∂2∆V

∂Pi∂Pj

∣∣∣∣
min

, (3.1.4)

where vi, which we assume to be real, denote the VEVs of the full radiatively-corrected
potential Veff , and the derivatives are in turn evaluated at the minimum of the poten-
tial. The single-derivative terms in eqs. (3.1.3) and (3.1.4) arise when the minimum
conditions of the potential,

∂Veff

∂Si

∣∣∣∣
min

= 0 , (3.1.5)
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are used to remove the soft SUSY-breaking mass for a given �eld Φ0
i from the tree-

level parts of the mass matrices. It is understood that those terms should be omitted
for �elds that do not develop a VEV (such as, e.g., the �elds Ru,d in the MRSSM).
Note that when using the minimum conditions in eqs. (3.1.2), (3.1.3) and (3.1.4), we
have proceeded as for the MSSM in section 2.3.1, i.e. we have split the tadpole terms
between tree- and loop-level, and the tree-level part has already been used to simplify
the tree-level mass matrices.

With a straightforward application of the chain rule for the derivatives of the e�ective
potential, the mass-matrix corrections in eqs. (3.1.3) and (3.1.4) and the minimum
conditions in eq. (3.1.5) can be computed by exploiting the Higgs-�eld dependence
of the parameters appearing in ∆V . We restrict for simplicity our calculation to the
so-called �gaugeless limit�, i.e. we neglect all corrections controlled by the electroweak
gauge couplings g and g′. At the two-loop level, we focus on the contributions to ∆V
from top/stop loops that involve the strong interactions. In Dirac-gaugino models, this
results in corrections to mass matrices and minimum conditions that are proportional
to αs times various combinations of the top Yukawa coupling yt with the superpotential
couplings of the singlet and triplet �elds. It is therefore with a slight abuse of notation
that we maintain the MSSM-inspired habit of denoting collectively those corrections
as O(αtαs).

As detailed in refs. [76,77], if we neglect the electroweak contributions to the stop mass
matrix the parameters in the top/stop sector depend on the neutral Higgs �elds only
through two combinations, which we denote as X ≡ |X| eiϕ and X̃ ≡ |X̃| eiϕ̃. They
enter the stop mass matrix as

M2
stop =

(
m2
Q + |X|2 X̃∗

X̃ m2
U + |X|2

)
, (3.1.6)

where m2
Q and m2

U are the soft SUSY-breaking mass terms for the stops. While

X = ytH
0
u both in the (N)MSSM and in Dirac-gaugino models, the precise form of X̃

depends on the model under consideration and will be discussed later. For the time
being, we only assume that X̃ is real at the minimum of the potential, to prevent CP-
violating contributions to the Higgs mass matrices. The top/stop O(αs) contribution
to ∆V can then be expressed in terms of �ve �eld-dependent parameters, which can
be chosen as follows. The squared top and stop masses

m2
t = |X|2 , m2

t̃1,2
=

1

2

[
(m2

Q +m2
U + 2 |X|2 )±

√
(m2

Q −m2
U )2 + 4 |X̃|2

]
, (3.1.7)

a mixing angle θ̄t̃, with 0 ≤ θ̄t̃ ≤ π/2, which diagonalises the stop mass matrix after
the stop �elds have been rede�ned to make it real and symmetric

sin 2 θ̄t̃ =
2 |X̃|

m2
t̃1
−m2

t̃2

, (3.1.8)

and a combination of the phases of X and X̃ that we can choose as

cos (ϕ− ϕ̃) =
Re(X̃) Re(X) + Im(X̃) Im(X)

|X̃| |X|
. (3.1.9)

Finally, the gluino masses mg̃i and the octet masses m2
Oi

do not depend on the Higgs
background, since we neglect the singlet-octet couplings λSO and TSO. In the following
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we will also refer to θt, with −π/2 < θt < π/2, i.e. the usual �eld-independent mixing
angle that diagonalises the stop mass matrix at the minimum of the scalar potential.

We �nd general expressions for the top/stop contributions to the minimum conditions
of the e�ective potential and to the corrections to the scalar and pseudoscalar mass
matrices:

∂∆V

∂Si

∣∣∣∣
min

= s2θt

∂X̃

∂Si
F +

√
2 ytmt δi2G , (3.1.10)

(
∆M2

S

)
ij

=

(
s2θt

∂2X̃

∂Si∂Sj
+

2

m2
t̃1
−m2

t̃2

∂X̃

∂Si

∂X̃

∂Sj
− s2θt√

2

δij
vi

∂X̃

∂Sj

)
F

+ 2 y2
t m

2
t δi2δj2 F1 +

√
2mt yt s2θt

(
δi2

∂X̃

∂Sj
+ δj2

∂X̃

∂Si

)
F2

+ s2
2θt

∂X̃

∂Si

∂X̃

∂Sj
F3 , (3.1.11)

(
∆M2

P

)
ij

=

(
1

m2
t̃1
−m2

t̃2

∂2|X̃|2
∂Pi∂Pj

− s2θt√
2

δij
vi

∂X̃

∂Sj

)
F

+

(
δi2
v2

X̃ +
√

2 i
∂X̃

∂Pi

)(
δj2
v2

X̃ +
√

2 i
∂X̃

∂Pj

)
tanβ Fϕ , (3.1.12)

where all quantities are understood as evaluated at the minimum of the potential, no
summation is implied over repeated indices, the �elds are ordered as (Φ0

1 ,Φ
0
2 , ...) =

(H0
d , H

0
u , ...) , and again the terms involving δij/vi should be omitted if Φ0

i does not
develop a VEV. The angle β is de�ned as in the MSSM by tanβ = v2/v1. Here and
thereafter we also adopt the shortcuts cφ ≡ cosφ and sφ ≡ sinφ for a generic angle φ.
The functions F,G, F1, F2, F3 and Fϕ entering eqs. (3.1.10)�(3.1.12) are combinations
of the derivatives of ∆V . Explicit expressions for most of those functions can be found
e.g. in ref. [77], but we display all of them here for completeness:

F =
∂∆V

∂m2
t̃1

− ∂∆V

∂m2
t̃2

−
4 c2

2θt

m2
t̃1
−m2

t̃2

∂∆V

∂c2
2θ̄t

, (3.1.13)

G =
∂∆V

∂m2
t

+
∂∆V

∂m2
t̃1

+
∂∆V

∂m2
t̃2

, (3.1.14)

F1 =
∂ 2∆V

(∂m2
t )

2
+

∂ 2∆V

(∂m2
t̃1

)2
+

∂ 2∆V

(∂m2
t̃2

)2
+ 2

∂ 2∆V

∂m2
t∂m

2
t̃1

+ 2
∂ 2∆V

∂m2
t∂m

2
t̃2

+ 2
∂ 2∆V

∂m2
t̃1
∂m2

t̃2

,

(3.1.15)

F2 =
∂ 2∆V

(∂m2
t̃1

)2
− ∂ 2∆V

(∂m2
t̃2

)2
+

∂ 2∆V

∂m2
t∂m

2
t̃1

− ∂ 2∆V

∂m2
t∂m

2
t̃2

−
4 c2

2θt

m2
t̃1
−m2

t̃2

(
∂ 2∆V

∂c2
2θ̄t
∂m2

t

+
∂ 2∆V

∂c2
2θ̄t
∂m2

t̃1

+
∂ 2∆V

∂c2
2θ̄t
∂m2

t̃2

)
, (3.1.16)

F3 =
∂ 2∆V

(∂m2
t̃1

)2
+

∂ 2∆V

(∂m2
t̃2

)2
− 2

∂ 2∆V

∂m2
t̃1
∂m2

t̃2

− 2

m2
t̃1
−m2

t̃2

(
∂∆V

∂m2
t̃1

− ∂∆V

∂m2
t̃2

)

+
16 c2

2θt

(m2
t̃1
−m2

t̃2
)2

(
c2

2θt

∂ 2∆V

(∂c2
2θ̄t

)2
+ 2

∂∆V

∂c2
2θ̄t

)
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Oi

t̃j

t̃k
Figure 3.1 � Novel two-loop contribution to the e�ective potential involving stops and

octet scalars.

−
8 c2

2θt

m2
t̃1
−m2

t̃2

(
∂ 2∆V

∂c2
2θ̄t
∂m2

t̃1

− ∂ 2∆V

∂c2
2θ̄t
∂m2

t̃2

)
, (3.1.17)

Fϕ = − 2 zt cotβ

s2
2θt

(m2
t̃1
−m2

t̃2
)2

∂∆V

∂cϕt−ϕ̃t
, (3.1.18)

where we de�ned zt ≡ sign(X̃|min).

3.1.2 Two-loop top/stop contributions to the e�ective potential

For the computation of the two-loop O(αtαs) corrections to the Higgs mass matrices
in models with Dirac gauginos we need the explicit expression for the top/stop O(αs)
contribution to ∆V , expressed in terms of the �eld-dependent parameters de�ned in
the previous section. In addition to the contributions of diagrams involving gluons,
gluinos or the D-term-induced quartic stop couplings, which are in common with the
(N)MSSM and can be found in ref. [76], ∆V receives a contribution from the diagram
shown in �gure 3.1, involving stops and octet scalars.

We assume that the gaugino masses are real so that the diagonalising matrix Rij is
real and R2

1i is positive, but allow mg̃i to be negative. Since R2
11 + R2

12 = 1, we can
simply write the top/stop O(αs) contribution to the two-loop e�ective potential (in
units of αsCFNc /(4π)3, where CF = 4/3 and Nc = 3 are colour factors) as

∆V αs =
2∑
i=1

R2
1i ∆V αs

MSSM + ∆V αs
octet , (3.1.19)

where ∆V αs
MSSM is the analogous contribution in the (N)MSSM,

∆V αs
MSSM = 2J(m2

t ,m
2
t )− 4m2

t I(m2
t ,m

2
t , 0)

+

{
2m2

t̃1
I(m2

t̃1
,m2

t̃1
, 0) + 2L(m2

t̃1
,m2

g̃i ,m
2
t )

− 4mtmg̃i s2θ̄ cϕ−ϕ̃ I(m2
t̃1
,m2

g̃i ,m
2
t ) +

1

2
(1 + c2

2θ̄) J(m2
t̃1
,m2

t̃1
)

+
s2

2θ̄

2
J(m2

t̃1
,m2

t̃2
) +

[
mt̃1
↔ mt̃2

, s2θ̄ → −s2θ̄

]}
, (3.1.20)

while ∆V αs
octet is the additional O(αs) contribution of the two-loop diagram shown in

�gure 3.1, involving stops and octet scalars. The latter can be decomposed as

∆V αs
octet ≡ m2

D

(
c2
φO

∆VO1 + s2
φO

∆VO2

)
, (3.1.21)
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with

∆VOi = −2 c2
2θ̄t

[
I(m2

t̃1
,m2

t̃1
,m2

Oi) + I(m2
t̃2
,m2

t̃2
,m2

Oi)
]
− 4 s2

2θ̄t
I(m2

t̃1
,m2

t̃2
,m2

Oi) .

(3.1.22)
The two-loop integrals J(x, y), I(x, y, z) and L(x, y, z) entering eqs. (3.1.20) and
(3.1.22) are de�ned, e.g., in eqs. (D1)�(D3) of ref. [77], and were �rst introduced in
ref. [16]. Explicit expressions for the derivatives of ∆V αs , valid for all Dirac-gaugino
models considered in this chapter, are provided in appendix A.

We remark that, by using the �minimally subtracted� two-loop integrals of ref. [16], we
are implicitly assuming a DR

′
renormalisation for the parameters entering the tree-level

and one-loop parts of the e�ective potential. Consequently, our results for the two-loop
top/stop contributions to mass matrices and minimum conditions also assume that the
corresponding tree-level and one-loop parts are expressed in terms of DR

′
-renormalised

parameters. We will describe in section 3.1.5 how our two-loop formulae should be
modi�ed if the top/stop parameters entering the one-loop part of the corrections are
expressed in a di�erent renormalisation scheme. For what concerns the parameters
entering the tree-level mass matrices for scalars and pseudoscalars � whose speci�c form
depends on the Dirac-gaugino model under consideration � they can be taken directly
as DR

′
-renormalised inputs at some reference scale Q, at least in the absence of any

experimental information on an extended Higgs sector. Exceptions are given by the
electroweak gauge couplings and by the combination of doublet VEVs v ≡ (v2

1 +v2
2)1/2 ,

which in general should be extracted from experimentally known observables such as,
e.g., the muon decay constant and the gauge-boson masses. As was pointed out for
the NMSSM in ref. [240], the extraction of the DR

′
parameter v(Q) involves two-loop

corrections whose e�ects on the scalar and pseudoscalar mass matrices are formally of
the same order as some of the O(αtαs) corrections computed here.1 However, a two-
loop determination of v(Q) goes beyond the scope of our calculation, as it requires
two-loop contributions to the gauge-boson self-energies which cannot be obtained with
e�ective-potential methods. Besides, ref. [240] showed that, at least in the NMSSM
scenarios considered in that paper, the O(αtαs) e�ects on the scalar masses arising
from the two-loop corrections to v are quite small, typically of the order of a hundred
MeV.

3.1.3 Mass corrections in the MDGSSM

The MDGSSM contains a singlet S and an SU(2) triplet T a which mix with the usual
Higgs �elds Hd and Hu. In this model, the stop mixing term X̃ de�ned in eq. (3.1.6)
reads

X̃ = yt

(
AtH

0
u − µH0 ∗

d − λS S∗H0 ∗
d − λT T 0 ∗H0 ∗

d

)
, (3.1.23)

where At is the soft SUSY-breaking trilinear interaction term for Higgs and stops. We
order the neutral components of the �elds as Φ0

i = (H0
d , H

0
u, S, T

0) and expand them
as in eq. (3.1.1). For the minimum conditions of the e�ective potential, eq. (3.1.10)
gives

∂∆V

∂S1

∣∣∣∣
min

= −yt
µ̃√
2
s2θt F , (3.1.24)

1These additional O(αtαs) e�ects arise from terms in the tree-level mass matrices in which v
appears in combination with the singlet or triplet superpotential couplings. In contrast, in the MSSM
all occurrences of v in the tree-level mass matrices are multiplied by the electroweak gauge couplings,
thus they are not relevant in the gaugeless limit.
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∂∆V

∂S2

∣∣∣∣
min

=
√

2 ytmtG + yt
At√

2
s2θt F , (3.1.25)

∂∆V

∂S3

∣∣∣∣
min

= −yt
λS v1√

2
s2θt F , (3.1.26)

∂∆V

∂S4

∣∣∣∣
min

= −yt
λT v1√

2
s2θt F , (3.1.27)

where we de�ned µ̃ ≡ µ+ λS v3 + λT v4. For the corrections to the mass matrices of
scalars and pseudoscalars, eqs. (3.1.11) and (3.1.12) give(

∆M2
S

)
11

=
1

2
y2
t µ̃

2 s2
2θt F3 +

y2
t At µ̃ tanβ

m2
t̃1
−m2

t̃2

F , (3.1.28)

(
∆M2

S

)
12

= − y2
t mt µ̃ s2θt F2 −

1

2
y2
t At µ̃ s

2
2θt F3 −

y2
t At µ̃

m2
t̃1
−m2

t̃2

F , (3.1.29)

(
∆M2

S

)
22

= 2 y2
t m

2
t F1 + 2 y2

t mtAt s2θt F2 +
1

2
y2
t A

2
t s

2
2θt F3 +

y2
tAt µ̃ cotβ

m2
t̃1
−m2

t̃2

F ,

(3.1.30)

(
∆M2

S

)
13

=
1

2
yt λSmt µ̃ cotβ s2

2θt F3 −
yt λSmt

(
At − 2 µ̃ cotβ

)
m2
t̃1
−m2

t̃2

F , (3.1.31)

(
∆M2

S

)
23

=− yt λSm2
t cotβ s2θt F2 −

1

2
yt λS Atmt cotβ s2

2θt F3

− yt λSmtAt cotβ

m2
t̃1
−m2

t̃2

F, (3.1.32)

(
∆M2

S

)
33

=
1

2
λ2
Sm

2
t cot2β s2

2θt F3 +
λSm

2
t cotβ
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At + (λS v3 − µ̃) cotβ

)
v3 (m2

t̃1
−m2

t̃2
)

F ,

(3.1.33)

(
∆M2

S

)
14

=
1

2
yt λT mt µ̃ cotβ s2

2θt F3 −
yt λT mt

(
At − 2 µ̃ cotβ

)
m2
t̃1
−m2

t̃2

F , (3.1.34)

(
∆M2

S

)
24

=− yt λT m2
t cotβ s2θt F2 −

1

2
yt λT Atmt cotβ s2

2θt F3

− yt λT mtAt cotβ

m2
t̃1
−m2

t̃2

F, (3.1.35)

(
∆M2

S

)
34

=
1

2
λS λT m

2
t cot2β s2

2θt F3 +
λS λT m

2
t cot2β

m2
t̃1
−m2

t̃2

F , (3.1.36)

(
∆M2

S

)
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=
1

2
λ2
T m

2
t cot2β s2

2θt F3 +
λT m

2
t cotβ
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)
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(3.1.37)

(
∆M2

P

)
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=
y2
t At µ̃ tanβ

m2
t̃1
−m2

t̃2

F + y2
t µ̃

2 tanβ Fϕ , (3.1.38)

(
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P
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=
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t At µ̃
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t̃2

F + y2
t µ̃

2 Fϕ , (3.1.39)
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∆M2
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2 cotβ Fϕ , (3.1.40)
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=
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F + yt λSmt µ̃ Fϕ , (3.1.41)
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=
yt λSmtAt cotβ
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t̃2

F + yt λSmt µ̃ cotβ Fϕ , (3.1.42)
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(
∆M2

P

)
14

=
yt λT mtAt
m2
t̃1
−m2

t̃2

F + yt λT mt µ̃ Fϕ , (3.1.44)

(
∆M2

P

)
24

=
yt λT mtAt cotβ

m2
t̃1
−m2

t̃2

F + yt λT mt µ̃ cotβ Fϕ , (3.1.45)

(
∆M2

P

)
34

=
λS λT m

2
t cot2 β

m2
t̃1
−m2

t̃2

F + λS λT m
2
t cotβ Fϕ , (3.1.46)

(
∆M2

P

)
44

=
λT m

2
t cotβ

(
At + (λT v4 − µ̃) cotβ

)
v4 (m2

t̃1
−m2

t̃2
)

F + λ2
T m

2
t cotβ Fϕ . (3.1.47)

3.1.4 Mass corrections in the MRSSM

The MRSSM is de�ned to be R-symmetric, and has �elds Ru, Rd which pair with the
Higgs �elds without themselves developing VEVs. In this model the gluino mass terms
are purely Dirac, therefore, in our conventions, R2

11 = R2
12 = 1/2 and mg̃1 = −mg̃2 =

mD . The trilinear Higgs-stop coupling At is forbidden, and the term X̃ de�ned in
eq. (3.1.6) reads

X̃ = −yt
(
µu + λSu S

∗ + λTu T
0 ∗
)
R0 ∗
u , (3.1.48)

and vanishes at the minimum of the scalar potential, hence the stops do not mix.
Moreover, the term proportional to cϕ−ϕ̃ in the second line of eq. (3.1.20) cancels out
in the sum over the gluino masses. As a consequence, the radiative corrections induced
by top/stop loops are remarkably simple. Ordering the neutral components of the �elds
as Φ0

i = (H0
d , H

0
u, S, T

0, R0
d, R

0
u), we �nd that the only non-vanishing contributions

to the minimum conditions of the potential and to the Higgs mass matrices are

∂∆V

∂S2

∣∣∣∣
min

=
√

2 ytmtG , (3.1.49)

(
∆M2

S

)
22

= 2 y2
t m

2
t F1 , (3.1.50)

(
∆M2

S

)
66

=
(

∆M2
P

)
66

=
y2
t µ̃

2
u

m2
t̃1
−m2

t̃2

F , (3.1.51)

where we de�ned µ̃u ≡ µu + λSu v3 + λTu v4.
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3.1.5 On-shell parameters in the top/stop sector

The results presented so far for the two-loop corrections to the neutral Higgs masses
in models with Dirac gauginos were obtained under the assumption that the parame-
ters entering the tree-level and one-loop parts of the mass matrices are renormalised
in the DR

′
scheme. While this choice allows for a straightforward implementation of

our results in automated calculations such as the one of SARAH, it is well known that,
in the DR

′
scheme, the Higgs-mass calculation can be plagued by unphysically large

contributions if there is a hierarchy between the masses of the particles running in
the loops [76]. In particular, the contributions of two-loop diagrams involving stops
and gluinos include terms proportional to m2

g̃i
/m2

t̃j
, which can become very large in

scenarios with gluinos much heavier than the stops. Since this kind of hierarchy can
occur naturally (i.e., without excessive �ne tuning in the squark masses) in scenar-
ios with Dirac gluino masses [89], it is useful to re-express the one-loop part of the
corrections to the Higgs masses in terms of OS-renormalised top/stop parameters. In
that case, the terms proportional to m2

g̃i
in the two-loop part of the corrections cancel

out against analogous contributions induced by the OS counterterms, leaving only a
milder logarithmic dependence of the Higgs masses on the gluino masses.

Since we are focusing on the O(αtαs) corrections to the Higgs masses, we need to
provide an OS prescription only for parameters in the top/stop sector that are sub-
ject to O(αs) corrections, i.e. mt, m2

t̃1
, m2

t̃2
and θt. In models that allow for a tri-

linear Higgs-stop coupling At � such as the MDGSSM, see eq. (3.1.23) � its coun-
terterm can be derived from those of the other four parameters via the relation
(m2

t̃1
−m2

t̃2
) sin 2θt = 2 X̃|min (in general, the stop mixing X̃|min contains other terms

in addition to mtAt, but they are exempt from O(αs) corrections). Finally, since the
VEVs vi are not renormalised at O(αs), the top Yukawa coupling yt receives the same
relative correction as the top mass. De�ning xDR

k = xOS
k + δxk for each parameter

xk ≡ (mt, m
2
t̃1
, m2

t̃2
, θt, At), the DR

′
�OS shifts of top and stop masses and mixing

are given in terms of the �nite parts (here denoted by a hat) of the top and stop
self-energies

δmt = Σ̂t(mt) , δm2
t̃i

= Π̂ii(m
2
t̃i

) (i = 1, 2), δθt =
1

2

Π̂12(m2
t̃1

) + Π̂12(m2
t̃2

)

m2
t̃1
−m2

t̃2

,

(3.1.52)
and the shift for the trilinear coupling reads

δAt =

(
δm2

t̃1
− δm2

t̃2

m2
t̃1
−m2

t̃2

− δmt

mt
+ 2 cot 2θt δθt

)
X̃|min . (3.1.53)

As in the case of the two-loop e�ective potential in eq. (3.1.19), the DR
′
�OS shifts

δxk can be cast as

δxk =
2∑
i=1

R2
1i (δxMSSM

k )i + δxoctet
k , (3.1.54)

where (δxMSSM
k )i are obtained, with the trivial replacementmg̃ → mg̃i , from the MSSM

shifts given in appendix B of ref. [76], whereas δxoctet
k are novel contributions involving

the octet scalar. In particular, δmoctet
t = 0, and the remaining shifts can be obtained

by combining as in eqs. (3.1.52) and (3.1.53) the octet contributions to the �nite parts
of the stop self-energies:

Π̂11(m2
t̃1

)octet =
g2
s m

2
D

4π2
CF c

2
φO

[
c2

2θt B̂0(m2
t̃1
,m2

t̃1
,m2

O1
) + s2

2θt B̂0(m2
t̃1
,m2

t̃2
,m2

O1
)
]
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+ (cφO → sφO , mO1 → mO2) , (3.1.55)

Π̂22(m2
t̃2

)octet =
g2
s m

2
D

4π2
CF c

2
φO

[
c2

2θt B̂0(m2
t̃2
,m2

t̃2
,m2

O1
) + s2

2θt B̂0(m2
t̃2
,m2

t̃1
,m2

O1
)
]

+ (cφO → sφO , mO1 → mO2) , (3.1.56)

Π̂12(p2)octet = −g
2
s m

2
D

4π2
CF c

2
φO
c2θt s2θt

[
B̂0(p2,m2

t̃1
,m2

O1
)− B̂0(p2,m2

t̃2
,m2

O1
)
]

+ (cφO → sφO , mO1 → mO2) , (3.1.57)

where B̂0(p2,m2
1,m

2
2) is the �nite part of the Passarino-Veltman function.

The change in renormalisation scheme for the top/stop parameters entering the one-
loop (1`) part of the corrections to the Higgs mass matrices induces a shift in the
two-loop (2`) part of the corrections:

δ
(
∆M2

S,P

)2`
ij

=
∑
k

δxk
∂

∂xk

(
∆M2

S,P

)1`
ij

. (3.1.58)

Analogous expressions hold for the shifts in the two-loop part of the minimum condi-
tions of the e�ective potential. The one-loop corrections entering the equation above
can be obtained by inserting in eqs. (3.1.10)�(3.1.12) the one-loop expressions for the
functions F , G, F1,2,3 and Fϕ . In units of Nc/(16π2), these read:

F 1` = m2
t̃1

(
ln
m2
t̃1

Q2
− 1

)
− m2

t̃2

(
ln
m2
t̃2

Q2
− 1

)
,

G1` = m2
t̃1

(
ln
m2
t̃1

Q2
− 1

)
+ m2

t̃2

(
ln
m2
t̃2

Q2
− 1

)
− 2m2

t

(
ln
m2
t

Q2
− 1

)
,

F 1`
1 = ln

m2
t̃1
m2
t̃2

m4
t

, F 1`
2 = ln

m2
t̃1

m2
t̃2

, F 1`
3 =

(
2−

m2
t̃1

+m2
t̃2

m2
t̃1
−m2

t̃2

ln
m2
t̃1

m2
t̃2

)
, F 1`

ϕ = 0 ,

(3.1.59)

where Q is the renormalisation scale at which the parameters entering the tree-level
and one-loop parts of the mass matrices are expressed. As mentioned above, the DR

′
�

OS shifts derived in eq. (3.1.58) cancel the power-like dependence of the two-loop
corrections on the gluino masses.

3.1.6 Obtaining the O(αbαs) corrections

Our DR
′
computation of the O(αtαs) corrections allows us to obtain also the two-loop

O(αbαs) corrections induced by the bottom/sbottom sector, which can be relevant for
large values of tanβ. To this purpose, the substitutions t → b, u → d, ∂∆V/∂S1 ↔
∂∆V/∂S2,

(
∆M2

S,P

)
11
↔

(
∆M2

S,P

)
22
,
(

∆M2
S,P

)
1k
↔

(
∆M2

S,P

)
2k

(with k > 2)

and tanβ ↔ cotβ must be performed in the formulae of sections 3.1.3 and 3.1.4. In
the case of the bottom/sbottom corrections, however, passing from the DR

′
scheme to

the OS scheme would involve additional complications, as explained in ref. [172].
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3.1.7 Simpli�ed formulae

Having computed the general expressions for the two-loop corrections to the neutral
Higgs masses in models with Dirac gauginos, it is now interesting to provide some
approximate results for the dominant corrections to the mass of a SM-like Higgs. We
focus on the case of a purely-Dirac mass term for the gluinos, which � as mentioned
earlier � implies that we can set R2

11 = R2
12 = 1/2 and mg̃1 = −mg̃2 = mg̃ , with

mg̃ ≡ mD. We also restrict ourselves to the decoupling limit in which all neutral
states except a combination of H0

d and H0
u are heavy, so that

H0
d ≈

(
v +

h√
2

)
cosβ + ... , H0

u ≈
(
v +

h√
2

)
sinβ + ... , (3.1.60)

where v ≈ 174 GeV, and all other �elds have negligible mixing with the lightest scalar
h, which is SM-like. We can then approximate the correction to the squared mass m2

h

as

∆m2
h ≈ cos2 β

(
∆M2

S

)
11

+ sin2 β
(
∆M2

S

)
22

+ sin 2β
(
∆M2

S

)
12
. (3.1.61)

Finally, we assume that the superpotential couplings of the adjoint �elds (e.g., the
couplings λS and λT in the MDGSSM) are subdominant with respect to the top
Yukawa coupling, so that we can focus on the two-loop corrections proportional to
αsm

4
t /v

2.

With these restrictions, we shall give useful formulae valid for a phenomenologically
interesting subspace of all extant Dirac gaugino models; while in the following we
refer to simpli�ed MDGSSM and MRSSM scenarios, this merely re�ects whether stop
mixing is allowed.

3.1.7.1 Common SUSY-breaking scale

We �rst consider a simpli�ed MDGSSM scenario in which the soft SUSY-breaking
masses for the two stops and the Dirac mass of the gluinos are large and degenerate,
i.e. mQ = mU = mg̃ = MS with MS � mt. Expanding our result 2 for the top/stop
contributions to ∆m2

h at the leading order in mt/MS , we can decompose it as

∆m2
h ≈

3m4
t

4π2v2

[
ln
M2
S

m2
t

+ X̂2
t −

X̂4
t

12

]
+
(
∆m2

h

)“MSSM”

2`
+ c2

φO

(
∆m2

h

)O1

2`
+ s2

φO

(
∆m2

h

)O2

2`
,

(3.1.62)
where X̂t ≡ Xt/MS , in which Xt = At − µ̃ cotβ is the left-right mixing term in the
stop mass matrix with µ̃ de�ned as in section 3.1.3. The �rst term in ∆m2

h is the
dominant 1-loop contribution from diagrams with top quarks or stop squarks, which
is the same as in the MSSM. The second term is the O(αtαs) contribution from two-
loop, MSSM-like diagrams involving gluons, gluinos or a four-stop interaction. Under
the assumption that the parameters mt, MS and At entering the one-loop part of the
correction are renormalised in the DR

′
scheme at the scale Q, it reads

(
∆m2

h

)“MSSM”

2`
=

αsm
4
t

2π3v2

{
ln2 M

2
S

m2
t

− 2 ln2 M
2
S

Q2
+ 2 ln2 m

2
t

Q2
+ ln

M2
S

m2
t

− 1

2We have veri�ed that, for MS = 1 TeV and for |X̂t| up to the �maximal mixing� value of
√

6, the
predictions for mh obtained with the simpli�ed formulae of this section agree at the per-mil level with
the unexpanded result. For largerMS the accuracy of our approximation improves, and for |X̂t| >

√
6

it degrades.
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+ X̂2
t

[
1− 2 ln

M2
S

Q2

]
− X̂4

t

12

}
. (3.1.63)

We remark that this correction di�ers from the usual one in the MSSM, see e.g. eq. (21)
of ref. [169], due to the absence of terms involving odd powers of X̂t. Indeed, those
terms are actually proportional to the gluino masses, and in the considered scenario
they cancel out of the sum over the gluino mass eigenstates, because mg̃1 = −mg̃2 .
If the parameters mt, MS and At are renormalised in the OS scheme as described in
section 3.1.5, the correction reads instead

(
∆m2

h

)“MSSM”

2`
= −3αsm

4
t

2π3v2

{
ln2 M

2
S

m2
t

+
[
2 + X̂2

t

]
ln
M2
S

m2
t

+
X̂4
t

4

}
. (3.1.64)

Note that the explicit dependence on the renormalisation scale Q drops out. Again,
this correction di�ers from the usual one in the MSSM, see e.g. the �rst line in eq. (20)
of ref. [170], due to the absence of a term linear in X̂t.

Finally, the last two terms on the right-hand side of eq. (3.1.62) represent the O(αtαs)
contributions of two-loop diagrams with stops and octet scalars, which are speci�c to
models with Dirac gluinos. In the DR

′
scheme they read(

∆m2
h

)Oi
2`

= −αsm
4
t

π3v2

{
1− ln

M2
S

Q2
+ f(xi)− X̂2

t

[
1− ln

m2
Oi

Q2
+ 2xi f(xi)

]
+
X̂4
t

6

[
1 + 3xi (1 + lnxi)− ln

m2
Oi

Q2
+ 6x2

i f(xi)

]}
, (3.1.65)

where xi ≡M2
S/m

2
Oi

, and the function f(x) is de�ned as

f(x) =
1

1− 4x

[
lnx+ xφ

(
1

4x

)]
, (3.1.66)

φ(z) being the function de�ned in eq. (45) of ref. [171]. Special limits of the function
in eq. (3.1.66) above are f(1/4) = −2 (1 + ln 4)/3 and f(1) ≈ −0.781302. In the OS
scheme the octet-scalar contributions receive � at the leading order in mt/MS � the
shift

δ
(
∆m2

h

)Oi
2`

=
αsm

4
t

π3v2

{
Bi −

(
X̂2
t −

X̂4
t

6

)[
3Bi + 2 ln

m2
Oi

Q2
− 2

]}
, (3.1.67)

where Bi ≡ B̂0(M2
S ,M

2
S ,m

2
Oi

) = − ln(m2
Oi
/Q2) + g(M2

S/m
2
Oi

) , with the function g(x)
de�ned as

g(x) =

{
2−

(
1− 1

2x

)
lnx− 1

x

√
4x− 1 arctan

√
4x− 1 (x > 1/4)

2−
(
1− 1

2x

)
lnx+ 1

x

√
1− 4x arctanh

√
1− 4x (x < 1/4)

.

(3.1.68)
Again, it can be easily checked that the explicit dependence on Q cancels out in the
sum of eqs. (3.1.65) and (3.1.67).

3.1.7.2 MRSSM with heavy Dirac gluino

The second simpli�ed scenario we consider is the R-symmetric model of section 3.1.4,
in the limit of heavy Dirac gluino, i.e. mg̃ � mt̃i

. This is a phenomenologically inter-
esting limit because Dirac gaugino masses are �supersoft�, i.e. they can be substantially
larger than the squark masses without spoiling the naturalness of the model [89].
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In the MRSSM the left and right stops do not mix, hence we set θt = 0 in our formulae,
but we allow for the possibility of di�erent stop masses mt̃1

and mt̃2
. In the decoupling

limit of the Higgs sector, where we neglect the mixing with the heavy neutral states, the
correction to the SM-like Higgs mass reduces to ∆m2

h ≈ sin2 β
(
∆M2

S

)
22
. In analogy

to eq. (3.1.62), the correction can in turn be decomposed in a dominant one-loop part,
a two-loop, MSSM-like O(αtαs) contribution and two-loop octet-scalar contributions:

∆m2
h ≈

3m4
t

8π2v2
ln
m2
t̃1
m2
t̃2

m4
t

+
(
∆m2

h

)“MSSM”

2`
+ c2

φO

(
∆m2

h

)O1

2`
+ s2

φO

(
∆m2

h

)O2

2`
. (3.1.69)

Assuming that the top and stop masses in the one-loop part of the correction are DR
′
-

renormalised parameters at the scale Q, and expanding our results in inverse powers
of m2

g̃, the contribution of two-loop, MSSM-like diagrams involving gluons, gluinos or
a four-stop coupling reads

(
∆m2

h

)“MSSM”

2`
=
αsm

4
t

4π3v2

{
2m2

g̃

m2
t̃1

(
1− ln

m2
g̃

Q2

)
+

2π2

3
− 2− 6 ln

m2
g̃

m2
t̃1

+ 2 ln
m2
t

Q2

+
2m2

t

m2
t̃1

(
1− ln

m2
g̃

Q2

)
+ ln2

m2
g̃

m2
t

+ ln2
m2
g̃

m2
t̃1

+ 2 ln2 m
2
t

Q2
− 2 ln2

m2
t̃1

Q2

+
2m2

t

m2
g̃

[
2π2

3

(
2 +

m2
t̃1

m2
t

)
− 2−

(
8 +

m2
t

m2
t̃1

)
ln
m2
g̃

m2
t

− 4 ln
m2
g̃

m2
t̃1

−
m2
t̃1

m2
t

(
2 + 6 ln

m2
g̃

m2
t̃1

+ ln
m2
g̃

m2
t

)

+ 2

(
2 +

m2
t̃1

m2
t

)
ln
m2
g̃

m2
t̃1

ln
m2
g̃

m2
t

]

+ O
(
m−4
g̃

) }
+

[
m2
t̃1
−→ m2

t̃2

]
, (3.1.70)

where the last term in square brackets represents the addition of terms obtained from
the previous ones by replacing m2

t̃1
with m2

t̃2
. From eq. (3.1.70) above it is clear that,

in the DR
′
scheme, the two-loop top-stop-gluino contributions to the SM-like Higgs

mass can become unphysically large when mg̃ � mt̃i
, due to the presence of terms

enhanced by m2
g̃/m

2
t̃i
. This non-decoupling behaviour of the corrections to the Higgs

mass in the DR
′
scheme has already been discussed in the context of the MSSM in

ref. [76]. Indeed, the correction in eq. (3.1.70) corresponds to the one obtained by
setting µ = At = 0 in the MSSM result. The terms enhanced by m2

g̃/m
2
t̃i
can be

removed by expressing the top and stop masses in the one-loop part of the correction
as OS parameters. After including the resulting shifts in the two-loop correction, we
�nd(
∆m2

h

)“MSSM”

2`
=
αsm

4
t

4π3v2

{
2π2

3
− 1− 6 ln

m2
g̃

m2
t

− 3 ln2
m2
t̃1

m2
t

+ 2 ln2
m2
g̃

m2
t̃1

+
m2
t

m2
g̃

[
4π2

3

(
2 +

m2
t̃1

m2
t

)
− 20

3
−

14m2
t̃1

3m2
t

+
28

3
ln
m2
t̃1

m2
t
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+
2m2

t̃1

m2
t

(
6 + ln
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m2
t

+ ln
m2
t̃2

m2
t

)
ln
m2
t̃1

m2
t

+
m2
t̃2

m2
t

ln
m2
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m2
t̃2

− 2

(
12 +

6m2
t̃1

m2
t

+ 4 ln
m2
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m2
t

+
3m2

t̃1
+m2

t̃2

m2
t

ln
m2
t̃1

m2
t

)
ln
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t

+4
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2 +

m2
t̃1
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)
ln2
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t

]
+ O

(
m−4
g̃

) }

+

[
m2
t̃1
←→ m2

t̃2

]
, (3.1.71)

where the last term in square brackets represents the addition of terms obtained from
the previous ones by swapping m2

t̃1
and m2

t̃2
. By taking the limit mt̃1

= mt̃2
= mt̃ in

the equation above we recover eq. (42) of ref. [76].

In the MRSSM, the contributions to ∆m2
h arising from two-loop diagrams with stops

and octet scalars allow for fairly compact expressions. If the stop masses in the one-
loop part of the correction are renormalised in the DR

′
scheme, those contributions

read

(
∆m2

h

)Oi
2`

= − αsm
4
t

2π3v2

m2
g̃

m2
t̃1

{
1− ln

m2
t̃1

Q2
+ f

(
m2
t̃1

m2
Oi

)}
+

[
m2
t̃1
−→ m2

t̃2

]
, (3.1.72)

where f(x) is the function de�ned in eq. (3.1.66). For OS stop masses, the octet-scalar
contributions to ∆m2

h read instead
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]
,

(3.1.73)
where g(x) is the function de�ned in eq. (3.1.68). It would appear from eqs. (3.1.72)
and (3.1.73) above that, independently of the renormalisation scheme adopted for
the stop masses, the octet-scalar contributions to ∆m2

h are enhanced by a factor m2
g̃.

This is due to the fact that the trilinear squark-octet interaction, see eq. (1.3.114),
is proportional to the Dirac mass term mD � i.e., to mg̃ . However, as discussed in
section 1.3.5.4, one of the mass eigenvalues for the octet scalars � to �x the notation,
let us assume it is m2

O1
� does in turn grow with the gluino mass, namely m2

O1
≈ 4m2

D

when m2
D becomes much larger than the soft SUSY-breaking mass terms for the octet

scalars. Expanding the corresponding contribution to ∆m2
h in inverse powers of m2

O1

we �nd, in the DR
′
scheme,
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, (3.1.74)

which does indeed contain potentially large terms enhanced by the ratio m2
g̃/m

2
t̃i
.

Note that those terms cancel only partially the corresponding terms in the MSSM-like
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contribution � see the �rst term in the curly brackets of eq. (3.1.70) � leaving residues
proportional to m2

g̃/m
2
t̃i

ln(m2
O1
/m2

g̃) . On the other hand, in the OS scheme we �nd
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. (3.1.75)

Thus, we see that in the OS scheme the contribution to ∆m2
h from two-loop diagrams

involving the heaviest octet scalar O1 does not grow unphysically large when m2
g̃ in-

creases, because the ratiom2
g̃/m

2
O1

tends to 1/4. In contrast, for the contribution of the
lightest octet scalar O2, whose squared mass does not grow with m2

g̃, the unexpanded
formulae in eqs. (3.1.72) and (3.1.73) should always be used. However, in the total
correction to m2

h � see eq. (3.1.69) � the m
2
g̃ enhancement of

(
∆m2

h

)O2

2`
is compensated

for by the factor s2
φO

, which, as discussed in section 1.3.5.4, is in fact suppressed by
m−4
g̃ in the heavy-gluino limit. In summary, we �nd that, in the MRSSM with heavy

Dirac gluino, neither of the octet scalars can induce unphysically large contributions to
∆m2

h, as long as the stop masses in the one-loop part of the correction are renormalised
in the OS scheme.

3.2 Numerical examples

In this section we discuss the numerical impact of the two-loop O(αtαs) corrections to
the Higgs boson masses whose computation was described in the previous section. As
we did for the simpli�ed formulae of section 3.1.7, we focus on �decoupling� scenarios
in which the lightest neutral scalar is SM-like and the superpotential couplings λS,T
are subdominant with respect to the top Yukawa coupling. Our purpose here is to
elucidate the dependence of the corrections to the SM-like Higgs boson mass mh on
relevant parameters such as the stop masses and mixing and the gluino masses, rather
than provide accurate predictions for all Higgs boson masses in realistic scenarios. We
therefore approximate the one-loop part of the corrections with the dominant top/stop
contributions at vanishing external momentum, obtained by combining the formulae
for the Higgs mass matrices given for MDGSSM and MRSSM in sections 3.1.3 and
3.1.4, respectively, with the one-loop functions given in eq. (3.1.59). We recall that a
computation of the Higgs boson masses in models with Dirac gauginos could also be
obtained in an automated way by means of the package SARAH [261�266]. That would
include the full one-loop corrections [264] and the two-loop corrections computed in the
gaugeless limit at vanishing external momentum [21, 250]. However, the computation
implemented in SARAH employs the DR

′
renormalisation scheme, and does not easily

lend itself to an adaptation to the OS scheme which, as discussed in section 3.1.7.2,
can be more appropriate in scenarios with heavy gluinos.

The SM parameters entering our computation of the Higgs boson masses, which we
take from ref. [303], are the Z boson mass mZ = 91.1876 GeV, the Fermi constant
GF = 1.16637× 10−5 GeV−2 (from which we extract v = (2

√
2GF )−1/2 ≈ 174 GeV),

the pole top-quark mass mt = 173.21 GeV and the strong gauge coupling of the
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SM in the MS renormalisation scheme, αs(mZ) = 0.1185. Concerning the SUSY
parameters entering the scalar mass matrix at tree-level, we set λS = λT = 0 and
push the parameters that determine the heavy-scalar masses to multi-TeV values, so
that (m2

h)tree ≈ m2
Z cos2 2β. We also set tanβ = 10, so that the tree-level mass of the

SM-like Higgs boson is almost maximal but the corrections from diagrams involving
sbottom squarks, which we neglect, are not particularly enhanced. For the parameters
in the stop mass matrices we take degenerate soft SUSY-breaking masses mQ = mU =
MS , we neglect D-term-induced electroweak contributions and we treat the whole left-
right mixing term Xt = At − µ cotβ as a single input. Finally, for what concerns the
parameters that determine the gluino and octet-scalar masses we focus again on the
case of purely-Dirac gluinos, with mg̃1 = −mg̃2 = mg̃ and R2

11 = R2
12 = 1/2 . We

also take a vanishing soft SUSY-breaking bilinear BO, so that φO = 0 and only the
CP-even octet scalar O1, with mass m2

O1
= m2

O + 4m2
g̃ , participates in the O(αtαs)

corrections to the Higgs masses.

3.2.1 An example in the MDGSSM

In �gure 3.2 we illustrate some di�erences between the O(αtαs) corrections to the SM-
like Higgs boson mass in the MDGSSM and in the MSSM. We plot mh as a function
of the ratio Xt/MS , setting MS = 1.5 TeV and mg̃ = mO = 2 TeV and adopting
the OS renormalisation scheme for the parameters mt, MS and Xt. We employ the
renormalisation-group equations of the SM to evolve the coupling αs from the input
scale mZ to the scale MS , then we convert it to the DR

′
-renormalised coupling of

the considered SUSY model, which we denote as α̂s(MS), by including the appropri-
ate threshold corrections (in this step, we assume that all soft SUSY-breaking squark
masses are equal to MS). The solid (black) and dashed (red) curves in �gure 3.2 rep-
resent the SM-like Higgs boson mass in the MDGSSM and in the MSSM, respectively.
The comparison between the two curves highlights the fact that, in contrast with the
case of the MSSM, in the MDGSSM with purely-Dirac gluinos the O(αtαs) corrections
to mh are symmetric with respect to a change of sign in Xt. As mentioned in sec-
tion 3.1.7.1, this stems from cancellations between terms proportional to odd powers
of the gluino masses. In the points where mh is maximal, which in the OS calculation
happens for |Xt/MS | ≈ 2, the di�erence between the MDGSSM and MSSM predic-
tions for mh is about 1 or 2 GeV, depending on the sign of Xt. Finally, the dotted
(blue) curve in �gure 3.2 represents the prediction for mh obtained in the MDGSSM
by omitting the contributions of two-loop diagrams involving the octet scalars. The
comparison between the solid and dotted curves shows that, in the considered point
of the parameter space, the e�ect on mh of the octet-scalar contributions is positive
but rather small, of the order of a few hundred MeV. Varying the parameters MS , mg̃

and mO by factors of order two around the values used in �gure 3.2, we �nd that this
is a typical size for the octet-scalar contributions to mh in the OS scheme.

A discussion of the theoretical uncertainty of our calculation is now in order. In our
numerical examples we are not implementing the full one-loop corrections to the Higgs
boson masses, nor the two-loop corrections beyondO(αtαs) that are available in SARAH,
in order to focus purely on the O(αtαs) corrections. Therefore the only sources of
uncertainty that we can meaningfully estimate are the uncomputed e�ects of O(αtα

2
s),

i.e. those arising from genuine three-loop diagrams with four strong-interaction vertices
and from SUSY-QCD renormalisation e�ects of the parameters entering the one- and
two-loop corrections. A common procedure for estimating those e�ects consists in
comparing the results of the O(αtαs) calculation of mh in the OS scheme with the
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Figure 3.2 � Mass of the SM-like Higgs boson as a function of (Xt/MS)OS, for tanβ =
10, MS = 1.5 TeV and mg̃ = mO = 2 TeV. The dashed curve represents the
MSSM result, whereas the solid (dotted) curve represents the MDGSSM result
with (without) the octet-scalar contributions.
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Figure 3.3 � Di�erent determinations of the SM-like Higgs boson mass in the MDGSSM
as a function of (Xt/MS)OS, for the same choices of parameters as in �gure 3.2.
The solid curve represents the original OS calculation; the dotted curve represents
the DR

′
calculation; the dashed and dot-dashed curves were obtained using α̂s(mt)

and αs(mt), respectively, in the OS calculation instead of α̂s(MS).
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results obtained by (i) converting the OS input parameters � i.e., the top mass and
the stop masses and mixing � to the DR

′
scheme by means of O(αs) shifts, and

(ii) computing mh using these DR
′
parameters in both the one-loop and two-loop

corrections, with the appropriate DR
′
formulae for the O(αtαs) corrections. The

two sources of O(αtα
2
s) discrepancies in such a comparison are the omission of terms

quadratic in δxk in the expansion of the one-loop part of the corrections, eq. (3.1.58),
and the di�erent de�nition of the top and stop parameters entering the two-loop part
of the corrections. In �gure 3.3 we illustrate the renormalisation-scheme dependence
of the O(αtαs) determination of mh, in the same MDGSSM scenario as in �gure 3.2.
The solid (black) curve represents the results of the original OS calculation, whereas
the dotted (blue) curve represents the results of the DR

′
calculation described above

(note that both curves are plotted as functions of the ratio of OS parameters Xt/MS).
The comparison between the solid and dotted curves would suggest a rather small
impact of the uncomputed O(αtα

2
s) corrections, of the order of one GeV or even less

(at least for the considered scenario).

Besides the top mass and the stop masses and mixing, there are a few more parameters
entering the O(αtαs) corrections to the Higgs boson masses whose O(αs) de�nition
amounts to a three-loop O(αtα

2
s) e�ect, namely the gluino and octet-scalar masses

and the strong gauge coupling itself. Concerning the masses, in an OS calculation
it seems natural to interpret them as pole ones. For αs, on the other hand, there is
no obvious �on-shell� de�nition available, and di�erent choices of scheme, scale and
even underlying theory � while all formally equivalent at O(αtαs) for the Higgs-mass
calculation � can lead to signi�cant variations in the numerical results. As mentioned
earlier, the solid curve in �gure 3.3 was obtained with top/stop parameters in the OS
scheme, but with αs de�ned as the DR

′
-renormalised coupling of the MDGSSM at the

stop-mass scale, i.e. α̂s(MS). However, since both stop squarks and top quarks enter
the relevant two-loop diagrams, it would not seem unreasonable to evaluate the strong
gauge coupling at the top-mass scale either. The dashed (red) and dot-dashed (green)
curves in �gure 3.3 represent the predictions formh obtained with top/stop parameters
still in the OS scheme, but with αs de�ned as the DR

′
-renormalised coupling of the

MDGSSM at the top-mass scale, α̂s(mt), and as the MS-renormalised coupling of the
SM at the same scale, αs(mt), respectively. The comparison of these two curves with
the solid curve shows that a variation in the de�nition of the coupling αs entering the
two-loop corrections provides a less-optimistic estimate of the uncertainty associated
to the O(αtα

2
s) corrections compared with the scheme variation of the top/stop pa-

rameters. In particular, for the considered scenario the use of αs(mt) would induce a
negative variation with respect to the results obtained with α̂s(MS) of about 4 GeV for
Xt ≈ 0 and about 7 GeV for |Xt/MS | ≈ 2. In contrast, the use of α̂s(mt) would induce
a positive variation of about 1 GeV for Xt ≈ 0 and about 2 GeV for |Xt/MS | ≈ 2,
i.e. more modest than the previous one but still larger than the one induced by a
scheme change in the top/stop parameters. While remaining agnostic about the true
size (and sign) of the three-loop O(αtα

2
s) corrections, we take this as a cautionary tale

against putting too much stock in any single estimate of the theoretical uncertainty of
a �xed-order calculation of mh in scenarios with TeV-scale superparticles.

3.2.2 An example in the MRSSM

In our second numerical example we consider the MRSSM, and illustrate the depen-
dence of the SM-like Higgs boson mass on the gluino mass. In ref. [251] it was pointed
out that, for multi-TeV values of mg̃, the contribution of two-loop diagrams involving
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Figure 3.4 � Mass of the SM-like Higgs boson as a function of mg̃ in the MRSSM, for
tanβ = 10, MS = 1 TeV and mO = 2 TeV. The meaning of the di�erent curves is
explained in the text.

octet scalars can increase the prediction for mh by more than 10 GeV. We will show
that such large e�ects are related to the non-decoupling behaviour of the DR

′
calcula-

tion of mh that we discussed in section 3.1.7.2, and that the octet-scalar contributions
are much more modest in an OS calculation.

The upper (blue) and lower (red) solid curves in �gure 3.4 represent the SM-like Higgs
boson mass obtained from the DR

′
calculation as a function of mg̃, with and without

the octet-scalar contributions, respectively. We set mO = 2 TeV andMS = 1 TeV. The
latter is interpreted as a DR

′
-renormalised soft SUSY-breaking parameter evaluated at

a scale equal toMS itself, which means that each point in the solid curves corresponds
to a di�erent value of the physical stop masses. Both curves show a marked dependence
on mg̃, and the comparison between them shows that, for the highest value of mg̃

considered in the plot, the e�ect on mh of the two-loop octet-scalar contributions does
indeed grow to about 9 GeV. However, as can be seen in the explicit formulae for
the two-loop corrections in the DR

′
scheme of eqs. (3.1.70) and (3.1.74), this marked

dependence of both the gluino and octet-scalar contributions on mg̃ is induced by
terms enhanced by the ratio m2

g̃/M
2
S . When that ratio becomes large, which in Dirac-

gaugino models can occur naturally, the size of the two-loop O(αtαs) corrections to
mh can grow up to a point where the accuracy of the perturbative expansion is called
into question. To visualise this aspect, we perform a change of renormalisation scheme
for the top and stop masses that mirrors the one represented by the dotted curve in
�gure 3.3. The upper (blue) and lower (red) dashed curves in �gure 3.4 represent the
values of mh obtained with and without octet-scalar contributions, respectively, after
converting the DR

′
stop masses into the physical ones and using the latter, together

with the physical top mass, in both the one-loop and two-loop corrections, with the
appropriate OS formulae for the O(αtαs) corrections. For our choice of the DR

′
input

parameter MS(MS) = 1 TeV, we �nd that the physical stop masses range between

111



Leading two-loop corrections to the Higgs boson masses in SUSY models with Dirac
gauginos

 50

 100

 150

 200

 250

 300

 350

 1  1.5  2  2.5  3  3.5  4  4.5  5

m
h 

[G
eV

]

mg~ [TeV]

DRDR → OS  

Figure 3.5 � Mass of the SM-like Higgs boson as a function of mg̃ in the supersoft limit
of the MRSSM, for tanβ = 10. The solid curve represents the results of the DR

′

calculation, in which the two-loop O(αtαs) corrections become unphysically large.
The dashed curve was obtained by converting the top and stop masses to the OS
scheme and using the corresponding formulae for the O(αtαs) corrections.

1072 GeV and 1392 GeV for the values of mg̃ shown in the plot. If the octet-scalar
contributions to the O(αs) stop self-energies are omitted, the stop masses range instead
between 1049 GeV and 346 GeV, i.e. they become smaller for increasing mg̃ (indeed,
in this case mg̃ cannot be pushed to values much larger than those shown in the plot
without rendering the stop masses tachyonic). The comparison between the solid and
dashed curves shows that the scheme dependence of the O(αtαs) calculation of mh

becomes increasingly worse at large values of mg̃, especially in the lower curves where
the octet-scalar contributions are omitted. Finally, the (black) dotted and dot-dashed
curves in �gure 3.4 represent the predictions for mh obtained directly from the OS
calculation with and without octet-scalar contributions, respectively. In this case the
input MS = 1 TeV is interpreted as an OS-renormalised parameter, meaning that
the physical stop masses correspond to (M2

S + m2
t )

1/2 ≈ 1015 GeV for all points in
the curves. We stress that direct comparisons between these two curves and the solid
(and dashed) ones would not be appropriate, because they refer to di�erent points of
the MRSSM parameter space. However, the dotted and dot-dashed curves show that,
when the physical stop masses are taken as input, the prediction formh in the MRSSM
depends only mildly on the value of mg̃, and the e�ect of the octet-scalar contributions
is below one GeV. This is explained by the fact that, as discussed in section 3.1.7.2,
in the OS scheme there are no terms enhanced by m2

g̃/M
2
S in either the gluino or the

octet-scalar contributions to the O(αtαs) corrections.

Before concluding, we note that there are extreme situations in which a DR
′
calculation

of mh is not workable at all, and a conversion to the OS scheme such as the one repre-
sented by the dashed lines in �gure 3.4 is necessary. In the so-called supersoft scenario,
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all soft SUSY-breaking masses vanish, and sizeable sfermion masses � proportional to
the Dirac-gaugino masses � are induced only by radiative corrections. Such a scenario
can be realised e.g. in the MRSSM by setting mO = 0 and MS = 0, where the latter
is interpreted as a DR

′
-renormalised parameter. At the scale where this condition is

imposed, the DR
′
stop masses coincide with the top mass, with the result that, in

the DR
′
calculation, the one-loop correction in the �rst term of eq. (3.1.69) vanishes,

while the two-loop corrections in eqs. (3.1.70) and (3.1.74) contain terms enhanced by
m2
g̃/m

2
t (concerning the octet-scalar contributions, we recall that mO1 = 2mg̃ in this

scenario). Since the Dirac-gluino mass needs to be in the multi-TeV range to generate
realistic values for the physical stop masses, the non-decoupling terms in the two-loop
corrections can become unphysically large. This is illustrated by the solid (red) curve
in �gure 3.5, which represents the SM-like Higgs boson mass obtained with the DR

′

calculation as a function of the gluino mass (here we �x the renormalisation scale as
Q = mt and use αs(mt) in the two-loop corrections). It appears that the DR

′
predic-

tion for mh becomes essentially proportional to mg̃, and quickly grows to nonsensical
values as the latter increases. In contrast, the dashed (blue) curve is obtained with
the same procedure as the dashed curves in �gure 3.4, i.e. by computing the physical
stop masses at O(αs) as a function of mg̃ and using them in conjunction with the
appropriate OS formulae for the O(αtαs) corrections to mh. In our example the stop
masses range between 302 GeV and 1272 GeV, while the SM-like Higgs boson mass
shows only a mild dependence on mg̃ and remains con�ned to values well below the
observed one.

3.3 Conclusions

Supersymmetric models with Dirac gaugino masses have attracted considerable atten-
tion in the past few years, because they are subject to looser experimental constraints
and require less �ne-tuning than the MSSM. Besides the extended gaugino sector,
such models feature additional colourless scalars which mix with the usual Higgs dou-
blets of the MSSM, as well as additional coloured scalars in the octet representation
of SU(3) which contribute to the Higgs boson masses at the two-loop level. In this
chapter we presented a computation of the dominant two-loop corrections to the Higgs
boson masses in Dirac-gaugino models, relying on e�ective-potential techniques that
had previously been applied to the MSSM [76] and to the NMSSM [77]. We obtained
analytic formulae for the O(αtαs) corrections to the scalar and pseudoscalar Higgs
mass matrices valid for arbitrary choices of parameters in the squark and gaugino sec-
tors, both in the DR

′
and in the OS renormalisation schemes, which we make available

upon request as a Fortran code. We also presented compact approximate formulae
for the dominant corrections to the mass of the SM-like Higgs boson, valid under a
number of simplifying assumptions for the SUSY parameters. Finally, we studied the
numerical impact of the newly-computed corrections on the predictions for the SM-like
Higgs boson mass in some representative scenarios. In particular, we elucidated the
di�erences between the predictions for mh in the MSSM and those in its Dirac-gaugino
extensions; we discussed the theoretical uncertainty of our predictions stemming from
uncomputed higher-order corrections; we stressed that a judicious choice of renormal-
isation scheme is required to obtain reliable predictions in scenarios where the gluinos
are much heavier than the squarks, which can occur naturally in Dirac-gaugino models.
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Chapter 4

Avoiding the Goldstone Boson

Catastrophe in general

renormalisable �eld theories at two

loops

We now return to the Goldstone Boson Catastrophe, which we already encountered for
the SM and the MSSM in sections 1.1.5 and 1.3.4.2 respectively, and in this chapter
we will demonstrate how to address it for general renormalisable �eld theories.

This problem of infra-red divergences appears in generic models as in the SM and
MSSM: for reasons of calculational simplicity, the e�ective potential beyond one loop
has been calculated only in the Landau gauge (as this allows to decouple the ghosts),
which means that the Goldstone bosons are treated as actual massless Goldstone
bosons. Once loop corrections are taken into account, the mass-squared Lagrangian
parameters of the Goldstone bosons determined from the tadpole equations1 are small
and can even be negative (as opposed to the pole mass, which is always zero) and
this causes the loop integrals for the tadpoles to diverge or be complex. While this
problem can in principle be circumvented by dropping the complex parts and changing
the renormalisation scale to attempt to �nd non-negligible positive squared masses,
this is not easy to implement consistently in the context of automated calculations.

We presented in section 1.1.5 a solution for the tadpoles that was �rst proposed in
[28, 29] for the Standard Model and later applied to the MSSM in [33]: (a subset of)
the terms involving the Goldstone boson should be resummed to all orders, roughly
speaking replacing its mass-squared parameter (which appears in the loop functions)
with the equivalent mass parameter derived from the loop-corrected e�ective potential
(i.e. zero, since it is a Goldstone boson). In section 4.2 we show how this can be
extended to general renormalisable theories.

In [28,29] it was noted that the Goldstone resummation would not regulate divergences
in the second derivatives of the e�ective potential, and so to have a divergence-free
calculation of the neutral scalar (i.e. Higgs) masses it would be necessary to include
the external momentum in the self energies rather than using an e�ective potential
approximation. This is particularly important because the zero momentum approxi-
mation is widely used to calculate the Higgs mass [1, 21, 32, 76, 77, 164�175, 179, 180,

1Note that we take the expectation values to be �xed and loop-correct the mass-squared terms
rather than vice versa � as explained in more detail below eq. (1.1.36).
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210,240,247,250�252,258,259,299,300] � indeed there are few publicly available imple-
mentations of diagrammatic calculations of the Higgs mass beyond one loop in BSM
theories which do not use it (some momentum-dependent diagrammatic calculations
are available for the MSSM [176�178, 189]). While the Goldsone Boson Catastrophe
can be avoided in the MSSM in the gaugeless limit (where the Goldstone boson does
not couple to the Higgs, and so generates no divergences) it is of pressing concern for
more general theories. Since the two-loop computation has become publicly available
through SARAH [21, 250, 261�266], the Goldstone Boson Catastrophe as it a�ects that
implementation has been discussed in [249, 300], and has recently manifested itself
in [85, 101, 218]. Indeed, while the numerical impact of the problem in the Standard
Model seems to be small (at least away from the divergent points, simply neglecting
the imaginary part of the potential seems to give results close to those of the full solu-
tions), in more complicated theories it can cause divergent contributions to the masses
for many regions of the parameter space; for example, in [85, 101] it was necessary to
restrict to only the two-loop corrections proportional to the strong gauge coupling for
those regions in performing parameter scans.

In section 4.3, we shall show that the inclusion of external momentum in the scalar
self-energies does not by itself avoid all divergences. In fact, it is necessary to resum
the Goldstone boson contributions in the mass diagrams too � to cancel the divergences
in a class of diagrams which do not depend on momentum. We will also show that the
resummation can be implemented most easily to two-loop order by using an �on-shell�
scheme for the Goldstone bosons. With these modi�cations to cure the remaining di-
vergences, the diagrammatic implementation in [21] could in principle be extended to
include the external momentum by changing the loop functions to those implemented
in TSIL [142, 150]. However, analytic expressions for general loop functions with mo-
menta are not known: they are in general obtained by solving di�erential equations,
which is numerically expensive. Therefore, in appendix B.2 we give a complete set of
analytic expressions for expansions of the necessary functions including all divergent
and constant terms in an expansion of the four-momentum-squared s around zero (ne-
glecting those of O(s)). This allows fast evaluation of a �generalised e�ective potential
approximation� for the neutral scalar masses � although for this part we shall be re-
stricted to the gaugeless limit (setting the couplings of all broken gauge groups to zero)
since the mass diagrams are known only up to second order in the gauge couplings.

A comment is at hand also about the gauge dependence of the results obtained in this
chapter: our calculations are performed in the Landau gauge, and we could in principle
expect results to di�er if we used another gauge � in particular the expressions we
obtain with the �on-shell� Goldstone method only apply in the Landau gauge where
the Goldstone �pole� mass is zero. However it should be noted that we use the gaugeless
limit for the mass calculations, which means that there is no longer any gauge, and
therefore we will not consider issues of gauge dependence further here.

Once the Goldstone Boson Catastrophe has been solved, using similar techniques it
was shown in [28,29,33] that it is also possible to improve the solution of the tadpole
equations for the other mass-squared parameters (not just the one corresponding to
the tree-level Goldstone boson mass). In general, the same mass-squared parameters
m2 appear both as solutions of the tadpole equations, and in the loop functions, in
the schematic form

m2 = m2
0 −

1

v

∂∆V (m2)

∂v

where m2
0 is the tree-level solution of the tadpole equation, v is some expectation value

and ∆V are the loop corrections to the e�ective potential. Although resummation
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is not required for them (except perhaps for the Higgs boson, where the quantum
corrections are so large that they force its tree-level mass to become negative � we shall
not discuss such a case here), these other mass-squared parameters can be expanded
perturbatively in the loop functions so that the equations can be solved directly rather
than iteratively. In other words, we �nd only the tree-level values of the parameters
on the right-hand side of the equation, and the loop-corrected solution on the left (as
opposed to the loop-corrected value on both sides):

m2 = m2
0 −

1

v

∂∆V (m2
0)

∂v
− δ
(

1

v

∂∆V (m2
0)

∂v

)
;

we shall refer to these throughout as �self-consistent equations�. In section 4.4, we will
show how to carry out this procedure in general, showing that the formulae can be
given in simpler form than in, e.g., [33] for the MSSM case. We shall also go further
and show how this shifts the mass diagrams.

Finally, a set of de�nitions of all the loop functions used throughout this chapter is
provided in appendix B.1.

4.1 The Goldstone Boson Catastrophe and resummation

4.1.1 Abelian Goldstone model

Let us begin by recalling the problem of the Goldstone Boson Catastrophe. For sim-
plicity we shall take the simplest Abelian Goldstone model de�ned by a complex scalar
�eld Φ (and no gauge group) with potential

V =µ2|Φ|2 + λ|Φ|4 (4.1.1)

and expand around an expectation value v as Φ = 1√
2
(v + h+ iG) to obtain

V (0) =
v2

4
(λv2 + 2µ2) + hv(v2λ+ µ2) +

1

2
(3v2λ+ µ2)h2 +

1

2
(µ2 + λv2)G2

+ vλ(h3 + hG2) +
λ

4
(h4 + 2G2h2 +G4). (4.1.2)

De�ning m2
G ≡ µ2 +λv2,M2

h ≡ µ2 + 3λv2, we can then compute the e�ective potential
up to two loops:

Ve�(v) ≡V (0)
∣∣
h,G=0

+
1

16π2
V (1) +

1

(16π2)2
V (2) + ...

=V (0)
∣∣
h,G=0

+
1

16π2
(f(m2

G) + f(M2
h))

+
λ

(16π2)2

[
3

4
A(m2

G)2 +
1

2
A(m2

G)A(M2
h) +

3

4
A(M2

h)2

]
− λ2v2

(16π2)2

[
3I(M2

h ,M
2
h ,M

2
h) + I(M2

h ,m
2
G,m

2
G)

]
+ ... (4.1.3)

where the one-loop functions f(x), A(x) and the two-loop function I(x, y, z) are de�ned
in the appendix, equations (B.1.3), (B.1.6), and (B.1.24). The potential is regular as
mG → 0 but does contain terms of order m2

G logm2
G (where logx is also de�ned in the
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appendix � eq. (B.1.2)) so that when we derive the tadpole equation and expand the
derivative of I(M2

h ,m
2
G,m

2
G) around m2

G = 0 we �nd2

0 =
∂Ve�
∂v

=m2
Gv +

2λv

16π2

[
1

2
A(m2

G) +
3

2
A(M2

h)

]
+

2λ2v

(16π2)2
logm2

G

[
3

2
A(m2

G) +
1

2
A(M2

h) +
2λv2

M2
h

A(M2
h)

]
+ other non− singular terms. (4.1.4)

The logm2
G terms on the second line are the manifestation of the Goldstone Boson

Catastrophe: we cannot insert the tree-level solution m2
G = 0 into them, and will have

a complex potential if we �nd m2
G < 0. The solution proposed in [28, 29] is to resum

the Goldstone boson propagators � in the one-loop e�ective potential we make the
substitution

V
(1)
e� ⊃−

i

2
C

∫
ddk log(−k2 +m2

G)→ − i
2
C

∫
ddk log(−k2 +m2

G + ΠGG(k2))

→− i

2
C

∫
ddk log(−k2 +m2

G + ΠGG(0)) + ... (4.1.5)

where C is a constant de�ned in equation (B.1.1), and ΠGG(k2) is the Goldstone boson
self energy, given here at one loop by

ΠGG(k2) =
1

16π2

[
3λA(m2

G) + λA(M2
h)− 4λ2v2B(k2,m2

G,M
2
h)

]
. (4.1.6)

With zero external momentum, this becomes

ΠGG(0) =
1

16π2

[
λA(m2

G) + 3λA(M2
h)

]
. (4.1.7)

The term involving only the Goldstone mass-squared will not have a well-de�ned
derivative, and this also leads to divergences when we resum the e�ective poten-
tial at three loops and above. The prescription of [28] is to drop it in favour of
Πg = 1

16π2 Π
(1)
g + ... where

Π(1)
g (0) = 3λA(M2

h) = λA(M2
h)− 4λ2v2B(0, 0,M2

h). (4.1.8)

Note that this does not correspond to dropping one particular class of diagrams (at one
loop it is a combination of the one- and two-propagator diagrams) but instead must
be de�ned in terms of dropping contributions from �soft� Goldstone bosons. De�ning

∆ ≡ Πg(0) ≡ 1

16π2
∆1 +

1

(16π2)2
∆2 + · · · , (4.1.9)

we then should use instead the resummed potential

V̂e� ≡Ve� +
1

16π2

[
f(m2

G + ∆)−
l−1∑
n=0

∆n

n!

(
∂

∂m2
G

)n
f(m2

G)

]
(4.1.10)

2Let us brie�y comment here on the choice of argument with respect to which we compute deriva-
tives. Until now we have been taking derivatives with respect to a real scalar �uctuation (or �eld) �
in this case it would be h � before setting all �uctuations to zero (here h and G). However, this is
exactly equivalent to setting �rst the �uctuations to zero and then taking a derivative with respect to
the VEV (here v), because the real part of the �uctuation and the VEV always come with the same
prefactor � in the present example, v and h always appear together in terms of the form (v + h).
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where l is the loop order to which Ve� has been calculated; the terms in square brackets
simply ensure that the potentials are identical up to l loops and only di�er at higher
orders. Performing this procedure for the potential above we �nd

V̂e� =V (0) +
1

16π2
(f(m2

G + ∆) + f(M2
h)) +

λ

(16π2)2

[
3

4
A(m2

G)2 +
3

4
A(M2

h)2

]
− λ2v2

(16π2)2

[
3I(M2

h ,M
2
h ,M

2
h) + I(M2

h ,m
2
G,m

2
G) +

1

λv2
A(M2

h)A(m2
G)

]
. (4.1.11)

With the above procedure, we have resummed the leading divergences at two loops,
i.e. the terms of order m2

G logm2
G for small m2

G (we expect m2
G it to be of order a

one-loop quantity at the minimum). If we are interested in the �rst derivative of the
potential then this is su�cient; to �nd the minimum to two-loop order we can expand
the potential to order m2

G with the help of eq. (B.1.54):

V̂e� =V (0) +
1

16π2

(
f(m2

G + ∆) + f(M2
h)
)

+
λ

(16π2)2

[
3

4
A(M2

h)2

]
(4.1.12)

− λ2v2

(16π2)2

[
3I(M2

h ,M
2
h ,M

2
h) + I(M2

h , 0, 0)− 2RSS(0,M2
h)m2

G

]
+O(m4

G),

making the regularity apparent, although note that the higher-order terms still contain
a m4

G logm2
G term. The tadpole equation, neglecting terms of three-loop order, is then

0 = v

(
m2
G +

1

16π2
∆1

)
+
λv + ∆′/2

16π2
A(m2

G + ∆) (4.1.13)

+
1

(16π2)2

{
λ

[
9λvA(M2

h) logM2
h

]
− 2λ2v

[
3I(M2

h ,M
2
h ,M

2
h) + I(M2

h , 0, 0)

]
+ λ2v2

[
6λv

(
9U0(M2

h ,M
2
h ,M

2
h ,M

2
h) + U0(M2

h ,M
2
h , 0, 0)

)
+ 4λvRSS(0,M2

h)

]}
.

Noting that the solution to the one-loop equation is m2
G + 1

16π2 ∆1 = 0, we see that
we can neglect the A(m2

G + ∆) term as it gives a correction of order three loops. We
ought then to �nd that we can identify the term in curly brackets with ∆2: for a
Goldstone boson we should �nd m2

G + ΠGG(0) = 0, so we expect that we should be

able in general to identify 1
v
∂V (`)

∂v = Π
(`)
GG(0), and therefore for our modi�ed potential

we should expect

1

v

∂V̂ (`)

∂v
= Π(`)

g (0). (4.1.14)

This leads to the prescription in [29, 33], which is somewhat simpler: we expand the
potential Ve� as a series in m2

G:

V (2) = V (2)|m2
G=0 +

1

2
∆1A(m2

G) +
1

2
Ωm2

G +O(m4
G). (4.1.15)

We can then use this as the de�nition of ∆1 instead of equation (4.1.9). We then
resum the e�ective potential as

V̂e� =V (0) +
1

16π2

[
V (1)|m2

G=0 + f
(
m2
G + ∆

)]
+

1

(16π2)2

[
V (2)|m2

G=0 +
1

2
Ωm2

G

]
.

(4.1.16)
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By doing this, we immediately �nd the expression in (4.1.12), with

Ω ≡ 4λ2v2RSS(0,M2
h). (4.1.17)

When we take the derivative and expand up to two-loop order then the minimum is
at m2

G + ∆ = 0 with

∆2 =

[
1

v

∂

∂v

(
V (2)|m2

G=0

)
+ λΩ

]
. (4.1.18)

We shall follow this second procedure to �nd the minimum condition in general renor-
malisable �eld theories at two loop order.

We shall also consider a hybrid approach, which is to adopt an on-shell condition for
the Goldstone boson: we de�ne

(m2
G)dim. reg ≡ (m2

G)OS −ΠGG((m2
G)OS) = −ΠGG(0). (4.1.19)

This is particularly e�ective at two loops, where we only need Π
(1)
GG; furthermore, since

(m2
G)OS = 0, at this loop order there is no di�erence between ΠGG and Πg. Making the

above substitution in the potential we �nd exactly the same result as our resummed
version in equation (4.1.12). However, we also have the advantage that we can make
this substitution directly in the tadpole equation:

0 = v(m2
G)dim. reg +

λv

16π2
A((m2

G)dim. reg) +
3λv

16π2
A(M2

h) +
1

(16π2)2

∂V (2)

∂v
(4.1.20)

= v(m2
G)dim. reg +

3λv

16π2
A(M2

h)

+
1

(16π2)2
lim

(m2
G)OS→0

[
∂V (2)

∂v
((m2

G)OS)− 3λ2vA(M2
h) log((m2

G)OS)

]
,

which gives exactly the expression that we found above in (4.1.13). We shall �nd in
the following that this simple approach is also exactly what we need for the mass
diagrams. However, we must �rst introduce some notation and formalism to handle
the general case when (potentially several) Goldstone bosons and neutral scalars can
mix.

4.1.2 Goldstone bosons in general �eld theories

In the previous subsection we considered the simplest possible model where there were
only two real scalars which cannot mix. Once we consider more general theories,
there can be more Goldstone bosons and, even when they have been identi�ed at tree
level, they can in general mix with other scalars (only pseudoscalars in the case of CP
conservation) once loop corrections are included. This problem does not arise in the
Standard Model as treated in references [28, 29], because all of the pseudoscalars are
would-be Goldstone bosons and the neutral and charged Goldstones cannot mix, so
can be treated as two separate sectors. In the MSSM, there are additional scalars and
pseudoscalars, but in the CP-conserving case considered in [33] the mixing is at most
among pairs of �elds, and could be written in each case in terms of mixing angles and
2× 2 matrices.

To deal with Goldstone boson mixing in general theories (using the conventions in-
troduced in section 2.4.1), we will need some notation and simple results. We start
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from a theory with a global symmetry such that the scalars transform under a set
of in�nitesimal shifts as φi → φi + εGαGi . Then the standard result is to expand
V (φi + εGαGi ) = V (φi) and di�erentiate the relation once:

εGαGi
∂V

∂φ0
i

= 0,
∂(εGαGi )

∂φ0
j

∂V

∂φ0
i

+ εGαGi
∂2V

∂φ0
i ∂φ

0
j

= 0 . (4.1.21)

When we sit at the minimum of the potential ∂V
∂φ0

i
= 0 but for a spontaneously broken

symmetry αGi is not zero for all i, and thus we have a null eigenvector of the scalar mass
matrix � i.e. the Goldstone boson. For more than one symmetry broken then there
will be multiple null eigenvectors and these should be formed into an orthonormal set.
Let us write the symmetry shifts as linear coe�cients αGi = aGijφ

0
j after this has been

performed so that
∑

i α
G
i α

G′
i = δGG

′
and then

GG = φG = RjGφ
0
j , where RjG = αGj . (4.1.22)

We use the index �G� now to refer to the Goldstone boson(s) in the diagonal basis.
The �rst identity that we need arises from taking a further derivative of the above
equations to give

εGαGi
∂3V

∂φ0
i ∂φ

0
j∂φ

0
k

+
∂2(εGαGi )

∂φ0
j∂φ

0
k

∂V

∂φ0
i

+
∂(εGαGi )

∂φ0
j

∂2V

∂φ0
i ∂φ

0
k

+
∂(εGαGi )

∂φ0
k

∂2V

∂φ0
i ∂φ

0
j

= 0

→ αGi α
G′
j α

G′′
k

∂3V

∂φ0
i ∂φ

0
jφ

0
k

∣∣∣∣ =0 ,

(4.1.23)

i.e. there are no three-Goldstone couplings.

If we were able to work at the true minimum of the potential and with self-consistent
values of all the parameters then this would be su�cient. However, we must use
the minimum conditions to determine the parameters � a subset of the mass-squared
parameters, in our case � and this means that the above equations will be violated by
loop corrections. In particular, the mass-squared parameter � in the diagonal basis �
for the would-be Goldstone boson is no longer zero. To see this, let us de�ne the loop
tadpoles

δi ≡
1

vi

∂∆V

∂φ0
i

∣∣∣∣
φ0
i=0

(4.1.24)

so that we can solve (2.4.12) with the commonly-made choice of

m2
ij =− δiδij + m̂2

0,ij . (4.1.25)

Note that this is the value at the minimum of the potential � so δi is not regarded as
a function of {φ0

i } when we take derivatives below. Now

m2
G =(RTm2R)GG = −

∑
i

R̃2
iGδi +O(2 loops), (4.1.26)

i.e. we can use the tree-level rotation matrices to obtain the Goldstone mass from the
loop tadpoles up to corrections of two-loop order, which is all we shall require in the
following. This generalises, for example, equations (2.26) and (2.27) of [33].
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Following equation (4.1.23) above, we then see that

λ̃GG
′G′′ = 0, λGG

′G′′ = O(1 loop) (4.1.27)

in general. This is a crucial result in the following, even if in theories that preserve CP
both couplings are zero to all orders. For theories breaking CP that could generate
such a term at one or two loops, when we expand the potential as a series in m2

G

as in section 4.1.1 (justi�ed by it being a one-loop quantity) we shall also implicitly
expand the Goldstone self-coupling λGG

′G′′ for the same reason; implicitly because we
shall not need the higher-order terms and this just corresponds to setting λGG

′G′′ = 0
everywhere. Note that this is automatic once we also employ re-expansion of the
tadpoles and masses in terms of tree-level parameters to obtain consistent tadpole
equations in section 4.4.

In practice when we are considering the broken gauge groups to be SU(2) × U(1)Y
the unbroken U(1)QED allows the Goldstones to be separated into one neutral and
one (complex) charged Goldstone that cannot mix. Hence in the following to simplify
the notation we will restrict to a single neutral Goldstone boson and drop the lower
index G, but the treatment of the charged Goldstone is identical. In this case we
can also write εGαGi → aijφ

0
j and thus RjG =

aijvj√
aijaikvjvk

(where we now allow the

normalisation of aijvj to be arbitrary) for the linearly realised symmetries considered
here.

4.1.3 Small m2
G expansion of the e�ective potential for general theo-

ries

To close this section we can now apply the notation and machinery from the previ-
ous subsections to resum the general e�ective potential at two loops, generalising the
procedure of [28,29].

The total potential up to two loops expands as

Ve� = V (0) +
1

16π2
V (1) +

1

(16π2)2
V (2). (4.1.28)

For use in the elimination of the infrared divergences in the derivatives of the e�ective
potential, we expand Ve� for small m2

G. More precisely, we want to write the two-loop
part of Ve� as

V (2) = V (2)|mG=0 +
1

2
A(m2

G)∆1 +
1

2
m2
GΩ +O(m4

G), (4.1.29)

where the quantities ∆1 and Ω are to be determined.

The two-loop potential splits into contributions [19]:

V (2) =V
(2)
SSS + V

(2)
SS + V

(2)
FFS + V

(2)

FFS
+ V

(2)
SSV + V

(2)
SV + V

(2)
V V S

+

(
V

(2)
FFV + V

(2)

FFV
+ V (2)

gauge

)
(4.1.30)

where the subscripts denote the propagators in the loops as scalar, fermion or vector
(gauge sector). The terms in the brackets will not be resummed (since they contain no
scalars) and so can be taken to be unchanged from the expressions in [19]. The loop
functions appearing in the other terms are recalled in the MS and DR

′
schemes and

Landau gauge in appendix B.1.1.2.
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First, the scalar contributions to the e�ective potential at two-loop order V (2)
S ≡

V
(2)
SSS + V

(2)
SS read

V
(2)
SSS ≡

1

12
(λijk)2fSSS(m2

i ,m
2
j ,m

2
k), (4.1.31)

V
(2)
SS ≡

1

8
λiijjfSS(m2

i ,m
2
j ), (4.1.32)

and these functions can be expanded using formulae (3.7), (3.8) of [33]. Separating
terms with one or more Goldstone bosons from the terms without any, and using the
fact that λGGG vanishes at leading order � see the discussion around equation (4.1.27)
� we �nd the expansion of V (2)

S :

V
(2)
S =V

(2)
S |no GB +

∑
j,k 6=G

1

4
(λGjk)2fSSS(0,m2

j ,m
2
k) +

∑
k 6=G

1

4
(λGGk)2fSSS(0, 0,m2

k)

+A(m2
G)

( ∑
j,k 6=G

1

4
(λGjk)2PSS(m2

j ,m
2
k) +

∑
j 6=G

1

4
λGGjjA(m2

j ) (4.1.33)

+
∑
k 6=G

1

2
(λGGk)2PSS(0,m2

k)

)

+m2
G

( ∑
j,k 6=G

1

4
(λGjk)2RSS(m2

j ,m
2
k) +

∑
k 6=G

1

2
(λGGk)2RSS(0,m2

k)

)
+O(m4

G),

from which we can identify the scalar part of ∆1 and Ω

(∆1)S =
∑
j,k 6=G

1

2
(λGjk)2PSS(m2

j ,m
2
k) +

∑
j 6=G

1

2
λGGjjA(m2

j ) +
∑
k 6=G

(λGGk)2PSS(0,m2
k),

ΩS =
∑
j,k 6=G

1

2
(λGjk)2RSS(m2

j ,m
2
k) +

∑
k 6=G

(λGGk)2RSS(0,m2
k). (4.1.34)

Next, the terms in V (2) involving fermions and scalars are

V
(2)
FFS ≡

1

2
yIJkyIJkfFFS(m2

I ,m
2
J ,m

2
k), (4.1.35)

V
(2)

FFS
≡ 1

2
Re
[
yIJkyI

′J ′kM∗II′M
∗
JJ ′

]
fFFS(m2

I ,m
2
J ,m

2
k). (4.1.36)

Here, there are only two cases to consider, either k 6= G or k = G, and for the latter
case, we can use eqs. (3.9) and (3.10) from [33] to expand the loop functions for small
m2
G. We then obtain for (∆1)FS and ΩFS

(∆1)FS = yIJGyIJGPFF (m2
I ,m

2
J) + Re

[
yIJGyI

′J ′GM∗II′M
∗
JJ ′

]
PFF (m2

I ,m
2
J),

(4.1.37)

ΩFS = yIJGyIJGRFF (m2
I ,m

2
J) + Re

[
yIJGyI

′J ′GM∗II′M
∗
JJ ′

]
RFF (m2

I ,m
2
J). (4.1.38)

Finally, the terms with scalars and gauge bosons read

V
(2)
SSV =

1

4
(gaij)2fSSV (m2

i ,m
2
j ,m

2
a), (4.1.39)

V
(2)
V S =

1

4
gaaiifV S(m2

a,m
2
i ), (4.1.40)

V
(2)
V V S =

1

4
(gabi)2fV V S(m2

a,m
2
b ,m

2
i ). (4.1.41)
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As previously, we can expand these terms and separate the contributions of the Gold-
stone boson, and we �nd

(∆1)V S =
3

2
gaaGGA(m2

a) +
1

2
(gabG)2PV V (m2

a,m
2
b), (4.1.42)

ΩV S = (gaGj)2RSV (m2
j ,m

2
a) + (gaGG)2RSV (0,m2

a) +
1

2
(gabG)2RV V (m2

a,m
2
b).

(4.1.43)

The expansion (4.1.29) of V (2) enables us to rewrite the two-loop e�ective potential
after resummation of the leading Goldstone boson contributions as

V̂e� =V (0) +
1

16π2

(
V (1)|m2

G=0 + f(m2
G + ∆G)

)
+

1

(16π2)2

(
V (2)|m2

G=0 +
1

2
Ωm2

G

)
,

Ω = ΩS + ΩFS + ΩV S , (4.1.44)

∆G ≡
∑
i

R2
iG

1

vi

∂V̂eff

∂φ0
i

=
1

16π2

[
(∆1)S + (∆1)FS + (∆1)V S

]
+O(2 loop).

The minimum of this potential will be found at m2
G + ∆G = 0 (along with the min-

imisation conditions for the additional scalars) and clearly contains no logarithmic
divergences for small m2

G.

The above expression could now be used for studies of general theories: the simplest
would be for numerical studies where the potential is evaluated as a function of the
expectation values and the derivatives taken numerically, as performed for the MSSM
in [32,173] and implemented generally in [250]. However, there are potential numerical
instabilities when the expectation values of additional scalars are small, and for com-
plicated models many evaluations of the potential are required which can be slow: it
is therefore useful to have explicit expressions for the tadpoles, as were derived at two
loops in [21]. In the next section we shall compute these for the resummed potential.

4.2 Removing infra-red divergences in the minimum con-
dition

In the previous section we derived the resummed two-loop e�ective potential expanded
inm2

G that explicitly contains no infra-red divergences in its derivatives. In this section
we shall present these derivatives. However, we shall also present a new approach to
the problem which allows us to calculate the derivatives simply, and so we shall also
give our derivations. For the scalar-only diagrams we do this by three methods:

(i) The �rst method is to generalise the approach of [29, 33], and simply take the
derivatives of the resummed potential (4.1.44). However, this has the disadvan-
tage of requiring us to compute the derivative of the rotation matrix elements
∂Rij
∂φ0

r

∣∣∣
ϕ=v

and proves to be cumbersome: there are dramatic simpli�cations in the

�nal result.

(ii) To avoid the derivatives of rotation matrix elements, we instead take the deriva-
tives of V̂e� before diagonalising the mass matrix and singling out the Goldstone
boson and expanding the potential in m2

G. This leads to a simpler derivation of
the results.
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(iii) For our third method, we introduce a new approach: we set the Goldstone boson
mass �on-shell� in the (non-resummed) e�ective potential. We shall show that
this gives the same result as the other methods but (much) more simply, and does
not su�er from the problem of needing to exclude Goldstone self interactions by
hand. Furthermore, in the next section we shall employ this approach to com-
pute the mass digrams, which would be more complicated using the alternative
methods.

4.2.1 All-scalar diagrams

4.2.1.1 Elimination of the divergences by method (i)

Generalising the approach of [33] to extract the tadpoles we take the derivatives of
equation (4.1.33). Starting with the one-loop potential, we note that, sincem2

G+∆G =
0 at the minimum, the derivative of f(m2

G + ∆G) will vanish. Hence we only require

∂V̂
(1)
S

∂φ0
r

=
∑
i 6=G

1

2
A(m2

i )λ
iikRrk. (4.2.1)

Note that throughout we shall adopt the Einstein convention for summing repeated
indices when all indices are to be summed over; when there is an index that is summed
over only a subset (i.e. excluding the Goldstone boson indices) we shall write an explicit
sum symbol.

For the two-loop terms, recall the scalar part

V̂
(2)
S =V

(2)
SSS |no GB +

∑
j,k 6=G

1

4
(λGjk)2fSSS(0,m2

j ,m
2
k) +

∑
k 6=G

1

4
(λGGk)2fSSS(0, 0,m2

k)

+ V
(2)
SS |m2

G=0 +
1

2
ΩSm

2
G. (4.2.2)

Treating each of these pieces in turn we �nd:

∂V
(2)
SSS |no GB

∂φ0
r

=
∑

i,j,k 6=G

[
1

4
λiilRrl(λ

ijk)2f
(1,0,0)
SSS (m2

i ,m
2
i ;m

2
j ,m

2
k)

+
1

2
λijkλi

′jk(RT∂rR)i′ifSSS(m2
i ,m

2
j ,m

2
k)

+
1

6
λijkλii

′jkRri′fSSS(m2
i ,m

2
j ,m

2
k)

]
=Rrl

∑
i,j,k 6=G

[
1

4
λijkλi

′jkλii
′lU0(m2

i ,m
2
i′ ;m

2
j ,m

2
k)

− 1

6
λijkλiljkI(m2

i ,m
2
j ,m

2
k)

]
(4.2.3)
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and similarly we see

∂

∂φ0
r

∑
j,k 6=G

1

4
(λGjk)2fSSS(0,m2

j ,m
2
k) = Rrl

∑
j,k 6=G

[
− 1

2
λGjkλGljkI(0,m2

j ,m
2
k)

+
1

4
λGjkλGj

′kλjj
′lU0(m2

j ,m
2
j′ ; 0,m2

k)

]
,

(4.2.4)

∂

∂φ0
r

∑
k 6=G

1

4
(λGGk)2fSSS(0, 0,m2

k) = Rrl
∑
k 6=G

[
− 1

2
λGGkλGGlkI(0, 0,m2

k)

+
1

4
λGGkλGGk

′
λkk

′lU0(m2
k,m

2
k′ ; 0, 0)

]
.

(4.2.5)

Putting this all together we see that they combine to give the compact expression

∂V
(2)
SSS |m2

G=0

∂φ0
r

=Rrl
∑

i 6=G,j,k

[∑
i′

1

4
λijkλi

′jkλii
′lU0(m2

i ,m
2
i′ ;m

2
j ,m

2
k)

− 1

6
λijkλiljkI(m2

i ,m
2
j ,m

2
k)

]∣∣∣∣
m2
G→0

. (4.2.6)

Next we turn to the SS terms:

∂V
(2)
SS |m2

G=0

∂φ0
r

=Rrl
∑
i,j 6=G

[
− 1

4
λiijjλiilB(0,m2

i ,m
2
i )A(m2

j )

+
1

2
λii
′jj(RT∂rR)i′iA(m2

i )A(m2
j )

]
=

1

4
Rrl

∑
i,j 6=G

λii
′jjλii

′lPSS(m2
i ,m

2
i′)A(m2

j )
∣∣
m2
G=0

, (4.2.7)

where the two terms again combine into a single compact expression. The �nal piece
is

1

2
ΩS

∂m2
G

∂φ0
r

=λGGlRGl
∑

(j,k)6=(G,G)

1

4
(λGjk)2RSS(m2

j ,m
2
k)
∣∣
m2
G=0

, (4.2.8)

using the expression of ΩS from eq. (4.1.34). The total scalar tadpole is then the
sum of equations (4.2.6), (4.2.7) and (4.2.8). Clearly the simplicity of the �nal result
compared to the intermediate expressions implies that there should be a simpler way
of deriving it � as indeed we shall show.

4.2.1.2 Elimination of the divergences by method (ii)

From inspection it is clear that the one-loop tadpole is not divergent when we send
m2
G → 0. However, at two loops we found that the process of isolating the divergences

in the potential, expanding it in the Goldstone mass, and then taking the derivatives
was rather cumbersome due to the derivatives of the mixing matrix elements Rij .
Instead we could consider taking the derivatives before having cancelled out the diver-
gent parts, and then ensure the cancellations later. Hence we rewrite the resummed
e�ective potential as

V̂e� = Ve� +
1

16π2

(
f
(
m2
G + ∆G

)
− f(m2

G)
)
− 1

16π2

1

2
A(m2

G)∆G, (4.2.9)
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using formulae (4.1.29) and (4.1.44). We expect the terms from the derivative of
−1

2A(m2
G)∆G to cancel o� the IR divergences in the derivatives of Ve�. To show this,

we use the expression of ∆G derived in eq. (4.1.34). The relevant contribution to the
minimum condition at two-loop order is

16π2 ∂

∂φ0
r

(
−1

2
A(m2

G)∆G

)∣∣∣∣
ϕ=v

⊃ −1

2

∂m2
G

∂φ0
r

∣∣∣∣
ϕ=v

logm2
G(∆1)S (4.2.10)

= −1

2
Rrpλ

GGp logm2
G

 ∑
(j,k)6=(G,G)

1

2
(λGjk)2PSS(m2

j ,m
2
k) +

∑
j 6=G

1

2
λGGjjA(m2

j )

.
The purely scalar contribution to the non-resummed tadpoles is, at one-loop order

∂V
(1)
S

∂φ0
r

∣∣∣∣∣
ϕ=v

=
1

2
Rrkλ

iikA(m2
i ) (4.2.11)

and at two loops

∂V
(2)
S

∂φ0
r

∣∣∣∣∣
ϕ=v

= Rrp
(
T pSS + T pSSS + T pSSSS

)
, (4.2.12)

where [21]

T pSS =
1

4
λjkllλjkpf

(1,0)
SS (m2

j ,m
2
k;m

2
l ) =

1

4
λjkllλjkpPSS(m2

j ,m
2
k)A(m2

l ), (4.2.13)

T pSSS =
1

6
λpjklλjklfSSS(m2

j ,m
2
k,m

2
l ) = −1

6
λpjklλjklI(m2

j ,m
2
k,m

2
l ), (4.2.14)

T pSSSS =
1

4
λpjj

′
λjklλj

′klf
(1,0,0)
SSS (m2

j ,m
2
j′ ;m

2
k,m

2
l ) =

1

4
λpjj

′
λjklλj

′klU0(m2
j ,m

2
j′ ;m

2
k,m

2
l ),

(4.2.15)

with the notation f (1,0,0)
α de�ned in eq. (B.1.40).

In these formulae, we can then consider separately the Goldstone contributions and
investigate the divergent terms. We �nd two types of divergent terms in eq. (4.2.12) :

• The �rst type of divergent term comes from TSS , for j = k = G, and3 l 6= G,
and reads

∂V
(2)
S

∂φ0
r

∣∣∣∣∣
ϕ=v

⊃− 1

4
Rrp

∑
l 6=G

λGGllλGGpB0(m2
G,m

2
G)A(m2

l )

=
1

4
Rrp

∑
l 6=G

λGGllλGGp logm2
GA(m2

l ) (4.2.16)

• The other divergent terms, coming from T pSSSS with j = j′ = G, are

∂V
(2)
S

∂φ0
r

∣∣∣∣∣
ϕ=v

⊃ 1

4
Rrpλ

pGGλGklλGkl logm2
GPSS(m2

k,m
2
l ) (4.2.17)

3The term with l = G is proportional to logm2
GA(m2

G), which tends to zero when m2
G → 0.
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• A potentially more dangerous element of those terms, for the particular case
k = l = G is not present as λGGG = 0 (at least up to terms of one-loop order).

All the other terms in ∂V
(2)
S

∂φ0
r

∣∣∣∣
ϕ=v

are regular in the limit m2
G → 0.

After relabelling of the indices in the sums, we observe that the logm2
G divergences

from the terms in eqs. (4.2.16) and (4.2.17) cancel out perfectly with the ones from
eq. (4.2.10). We can then take the limit m2

G → 0 in the one-loop and two-loop parts
of the minimum condition: this limit is regular in the one-loop tadpole (4.2.11) so we
recover eq. (4.2.1), while we �nd

∂V̂
(2)
S

∂φ0
r

∣∣∣∣∣
ϕ=v

=
1

4
Rrp

 ∑
j,k,l 6=G

λjkllλjkpPSS(m2
j ,m

2
k)A(m2

l )

+ 2
∑
k,l 6=G

λGkllλGkpPSS(0,m2
k)A(m2

l )


+

1

6
Rrpλ

pjklλjkl fSSS(m2
j ,m

2
k,m

2
l )
∣∣
m2
G→0

+
1

4
Rrp

 ∑
(j,j′)6=(G,G)

λpjj
′
λjklλj

′klU0(m2
j ,m

2
j′ ,m

2
k,m

2
l )
∣∣
m2
G→0

+
∑

(k,l) 6=(G,G)

λpGG(λGkl)2RSS(m2
k,m

2
l )
∣∣
m2
G→0

, (4.2.18)

at two-loop order. It is important to notice that all three functions fSSS , U0 and RSS
are regular when one of their arguments goes to zero, hence the result we �nd is indeed
free of infrared divergences.

4.2.1.3 Elimination of the divergences by setting the Goldstone boson on-
shell

Here we shall introduce a new approach to the Golstone Boson Catastrophe: we shall
treat the Goldstone boson mass as an on-shell parameter and enforce that it is identi-
cally zero. This means replacing the dimensionally regularised (DR

′
or MS) Goldstone

mass by the on-shell (or pole) mass in the following way

(m2
G)dim. reg ≡ (m2

G)OS −Π
(1)
GG

(
(m2

G)OS
)

= −Π
(1)
GG

(
0
)

(4.2.19)

where the pole mass is (m2
G)OS = 0. Note that we only need the one-loop rela-

tion here, so any mixing in the mass terms between the Goldstone boson and other
(pseudo-)scalars is irrelevant � it would be proportional to (Π

(1)
iG )2 and thus a two-loop

e�ect. When we write the e�ective potential in terms of the on-shell Goldstone boson
mass we should �nd that it is free of divergences. To do this, we shall start from
the dimensionally regularised potential and substitute the Goldstone boson mass in
equation (4.2.19), expanding out to the appropriate loop order; this gives the result
that we would obtain by performing the calculation using the on-shell mass with the
appropriate counterterms. For our case, we only need to use the one-loop self-energy
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in the one-loop tadpole; the scalar contribution to the Goldstone boson self-energy at
one-loop order is

Π
(1),S
GG

(
p2
)

=
1

2
λGGjjA(m2

j )−
1

2
(λGjk)2B(p2,m2

j ,m
2
k) (4.2.20)

where we again require the result λGGG = 0 to leading order � although in this case
we could (if desired) make it an on-shell condition. Applying the above relation to the
tadpole in eq. (4.2.11) we obtain the following shift to the two-loop tadpole:

1

2
Rrpλ

GGpA(m2
G) =

1

2
Rrpλ

GGpA((m2
G)OS)− 1

2
Rrpλ

GGp log(m2
G)OSΠ

(1)
GG((m2

G)OS)

+O(3− loop) (4.2.21)

→ ∂V
(2)
S

∂φ0
r

((m2
G)OS) =

∂V
(2)
S

∂φ0
r

∣∣∣∣∣
m2
G→(m2

G)OS

− 1

4
Rrpλ

GGp log(m2
G)OS

(
λGGjjA(m2

j )− (λGjk)2B(0,m2
j ,m

2
k)
)
.

Since B(0,m2
j ,m

2
k) = −PSS(m2

j ,m
2
k), these shifts correspond exactly to the divergent

terms we saw in equations (4.2.16) and (4.2.17) and so when we formally take the
limit (m2

G)OS → 0 we �nd exactly the same tadpole given explicitly in (4.2.18) that
we found by the two other methods. This derivation is certainly much faster than the
�rst method, but note that the principle is di�erent to the previous calculations: there
is no ad-hoc resummation, nor are we required to expand the potential as a series in
m2
G. However, perhaps remarkably, we �nd exactly the same result for the tadpole

that remains, implying that, at least at two loops, the two approaches are equivalent.
This new approach will prove to be simpler than both previous methods when we turn
our attention to mass diagrams; for now we shall simply complete the set of tadpole
equations.

Before moving on to diagrams with fermions, we shall comment on the prescription to
follow when there is more than one Goldstone boson. In that case, since the Goldstone
bosons are all degenerate the mutual mixing between them becomes a leading-order
e�ect and we must diagonalise the self-energies ΠGG′ on the subspace of indices G,G′

which run over all Goldstones. However, we can also easily write this in the non-
diagonalised basis as a generalisation of (4.2.19):

(m2
GG′)

dim. reg ≡ (m2
G)OS −Π

(1)
GG′
(
(m2

G)OS
)

= −Π
(1)
GG′
(
0
)
, (4.2.22)

where formally all Goldstone bosons have the same mass m2
G which we set to zero.

Then we can rewrite the tadpole as

1

2
Rrpλ

GG′pA(m2
GG′) =

∑
G

1

2
Rrpλ

GGpA((m2
G)OS) (4.2.23)

−
∑
G,G′

1

2
Rrpλ

GG′p log(m2
G)OSΠ

(1)
GG′((m

2
G)OS) +O(3− loop).

If the gauge group of the model of interest is just that of the Standard Model, then
clearly the charged and neutral Goldstone bosons cannot mix, so this becomes trivial �
hence in the following we shall restrict for clarity to the one-Goldstone case. However,
we shall later write the full result in the general case.
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4.2.2 Diagrams with scalars and fermions

The one-loop tadpoles involving fermions are

∂V
(1)
F

∂φ0
r

∣∣∣∣∣
ϕ=v

=RrpT
p
F = −RrpRe[yKLpM∗KL]

(
A(m2

K) +A(m2
L)
)

(4.2.24)

and these do not present any divergence in the limit of vanishing Goldstone boson
mass. The two-loop contributions are [21],

∂V
(2)
FS

∂φ0
r

∣∣∣∣∣
ϕ=v

= Rrp
(
T pSSFF + T pFFFS

)
, (4.2.25)

where

T pSSFF =
1

2
yIJkyIJlλ

klpf
(0,0,1)
FFS (m2

I ,m
2
J ;m2

k,m
2
l )

− Re
[
yIJkyI

′J ′kM∗II′M
∗
JJ ′

]
λklpU0(m2

k,m
2
l ,m

2
I ,m

2
J), (4.2.26)

T pFFFS =2Re[yIJpyIKnyKLnM∗JL]TFFFS(m2
I ,m

2
J ,m

2
K ,m

2
n)

+ 2Re[yIJpyIKnyJLnM∗KL]TFFFS(m2
I ,m

2
J ,m

2
K ,m

2
n)

− 2Re[yIJpyKLnyMPnM∗IKM
∗
JMM

∗
LP ]TFFFS(m2

I ,m
2
J ,m

2
L,m

2
n), (4.2.27)

with the loop functions from eq. (II.38) of [21].

The second term TFFFS is regular when m2
G → 0, because the loop functions, B0, I,

U0, that appear in its expression are all regular when only one of their argument goes
to zero. However, the k = l = G terms in TSSFF are divergent:

T pSSFF ⊃
1

2
yIJGyIJGλ

GGp logm2
GPFF (m2

I ,m
2
J)

+
1

2
Re
[
yIJGyI

′J ′GM∗II′M
∗
JJ ′

]
λGGp logm2

GPFF (m2
I ,m

2
J). (4.2.28)

After either resummation or setting the Goldstone boson on-shell we �nd the total,
�nite, two-loop contribution T pSSFF in equation (4.2.41) and note that T pFFFS is not
modi�ed from eq. (4.2.27).

4.2.3 Diagrams with scalars and gauge bosons

The one-loop tadpole involving (massive) gauge bosons is

∂V
(1)
V

∂φ0
r

∣∣∣∣∣
ϕ=v

=RrpT
p
V =

1

2
Rrpg

aapA(m2
a), (4.2.29)

which contains no scalar propagators so has no divergences in the Goldstone boson
mass.

However, the gauge boson contribution to the one-loop scalar self-energy in Landau
gauge is [20]:

Π
(1,V )
ij =gaikgajkBSV (m2

k,m
2
a) +

1

2
gaaijAV (m2

a) +
1

2
gabigabjBV V (m2

a,m
2
b), (4.2.30)
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where the loop functions are given in [20, 142] but simplify for zero momentum in
Landau gauge to

BSV (x, y)|p2=0 =0,

AV (x)|p2=0 =3A(x) + 2xδMS,

BV V (x, y)|p2=0 =3PSS(x, y) + 2δMS. (4.2.31)

Recall that there are six scalar-gauge boson contributions to the two-loop tadpole [21]:

T pSSV =
1

2
gaijgakjλikpf

(1,0,0)
SSV (m2

i ,m
2
k;m

2
j ,m

2
a) +

1

4
gaijgbijgabpf

(0,0,1)
SSV (m2

i ,m
2
j ;m

2
a,m

2
b)

(4.2.32)

T pV S =
1

4
gabiigabpf

(1,0)
V S (m2

a,m
2
b ;m

2
i ) +

1

4
gaaikλikpf

(0,1)
V S (m2

a;m
2
i ,m

2
k) (4.2.33)

T pV V S =
1

2
gabigcbigacpf

(1,0,0)
V V S (m2

a,m
2
c ;m

2
b ,m

2
i ) +

1

4
gabigabjλijpf

(0,0,1)
V V S (m2

a,m
2
b ;m

2
i ,m

2
j ).

(4.2.34)

Of these only three are potentially singular � f (1,0,0)
SSV , f

(0,1)
V S and f (0,0,1)

V V S ; from shifting
the tadpoles we obtain

∆T pSV =− 1

2
λGGr logm2

G

[
gaGkgaGkBSV (m2

k,m
2
a)

+
1

2
gaaGGAV (m2

a) +
1

2
gabGgabGBV V (m2

a,m
2
b)

]
≡λGGrgaGkgaGk∆f (1,0,0)

SSV (m2
G,m

2
G;m2

k,m
2
a) (4.2.35)

+ λGGrgaaGG∆f
(0,1)
V S (m2

a,m
2
G,m

2
G)

+ λGGrgabGgabG∆f
(0,0,1)
V V S (m2

a,m
2
b ;m

2
G,m

2
G)

i.e. they correspond exactly to the potentially singular terms. However, note that BSV
term is zero � and indeed we �nd that f (1,0,0)

SSV (m2
G,m

2
G;m2

k,m
2
a) is non-singular; we

�nd

f
(1,0,0)
SSV (m2

G,m
2
G;x, y) =−RSV (x, y) +O(m2

G)

f
(0,1)
V S (x,m2

G,m
2
G) =(3A(x) + 2xδMS) logm2

G +O(m2
G)

f
(0,0,1)
V V S (y, z;m2

G,m
2
G) =−

(
3PSS(y, z) + δMS

)
logm2

G −RV V (y, z) +O(m2
G).
(4.2.36)

We give the �nal �nite tadpoles in equation (4.2.44).

4.2.4 Total tadpole

Here we gather the results of the previous subsections and rewrite them for the most
general case, that of multiple Goldstone bosons. The total tadpole, after curing the
Goldstone boson catastrophe and taking m2

G → 0 everywhere, is

∂V̂ (2)

∂φ0
r

=Rrp

[
T
p
SS + T

p
SSS + T

p
SSSS + T

p
SSFF + T

p
FFFS + T

p
SSV + T

p
V S + T

p
V V S

+ T
p
FFV + T

p

FFV
+ T

p
gauge

]
. (4.2.37)
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The all-scalar diagrams are

T
p
SS =

1

4

∑
j,k,l 6=G

λjkllλjkpPSS(m2
j ,m

2
k)A(m2

l ) +
1

2

∑
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l ),

(4.2.38)

T
p
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1
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λpjklλjklfSSS(m2

j ,m
2
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2
l )
∣∣
m2
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, (4.2.39)

T
p
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k,m

2
l ), (4.2.40)

where by (j, j′) 6= (G,G′) we mean that j, j′ are not both Goldstone indices. The
fermion-scalar diagrams are

T
p
SSFF =
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{
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yIJkyIJlλ
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+
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J), (4.2.41)

T
p
FFFS =T pFFFS

∣∣
m2
G→0

, (4.2.42)

while the gauge boson-scalar tadpoles are

T
p
SSV =T pSSV

∣∣
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,

T
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2
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(4.2.43)

+
∑

(i,j) 6=(G,G′)

1

4
gabigabjλijpf
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2
b ;m

2
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2
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4
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′
λGG

′pRV V (m2
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2
b).

Finally the gauge boson-fermion and gauge diagrams are not a�ected by the Goldstone
boson catastrophe, as scalar masses do not appear in them, and can be found in the
appendix C.2 of [21]

T
p
FFV = 2gaJI gKbJRe[MKI′y

I′Ip]f
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+
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2
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(0,0,1)
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2
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2
b), (4.2.44)

T
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FFV
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I′ Re[yII
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2
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T
p
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1
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2
d;m

2
b ,m

2
c). (4.2.46)
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4.3 Mass diagrams in the gaugeless limit

As discussed in the introduction, the scalar masses are among the most interesting
electroweak precision observables, and their calculation also su�ers from the Goldstone
Boson Catastrophe. Earlier literature pointed out that the calculation in the e�ective
potential approximation contains more severe divergences that cannot be solved by re-
summation, and thus the inclusion of the external momentum is necessary. However,
we shall �nd that there are also divergences that are not regulated by external momen-
tum � and thus both setting the Goldstone boson on-shell and external momentum
are required to obtain �nite, accurate results.

On the other hand, the e�ective potential approximation is still useful and has ad-
vantages over a full momentum-dependent result, chief among these being simplicity
and speed of calculation. In particular, the evaluation of the loop functions at arbi-
trary external momentum requires the numerical solution of di�erential equations [142]
which, although implemented in the fast package TSIL [150], is still much slower than
the zero-momentum functions, and when the functions must be repeatedly called can
lead to times orders of magnitude longer for complicated models. Hence we shall con-
sider expanding the two-loop self-energies as a series in s ≡ −p2 (for metric signature
(−,+,+,+)) as

Π
(2)
ij (s) =

log(−s)
s

Π
(2)
−1 l,ij +

1

s
Π

(2)
−1,ij + Π

(2)
l2,ij

log
2
(−s) + Π

(2)
l,ij log(−s) + Π

(2)
0,ij

+
∞∑
k=1

Π
(2)
k,ij

sk

k!
(4.3.1)

and we shall neglect terms of O(s), giving a �generalised e�ective potential� approxi-
mation: for loop functions where the singular terms Π

(2)
−1 l,ij ,Π

(2)
−1,ij ,Π

(2)
l2,ij

,Π
(2)
l,ij vanish

the result is identical to the second derivative of the e�ective potential. This approx-
imation is particularly good when the mass of the scalars considered is smaller than
the scale of other particles that they couple to; but even when they are similar we �nd
that typically the di�erence is only a few percent. This should then be within other
uncertainties in the calculation for most purposes.

We shall perform our calculations using our procedure of taking the Goldstone bo-
son mass(es) on-shell as before, working in the general case now of allowing multiple
Goldstone bosons throughout. We shall make heavy use of the existing expressions for
two-loop scalar self energies from [20]; however, these are only available up to second
order in the gauge coupling. Hence we shall be restricted to work in the very pop-
ular �gaugeless limit� where we neglect the gauge couplings of broken gauge groups
(including electromagnetism, since hypercharge and weak SU(2) are both broken so
their gauge couplings are neglected). The two-loop self-energy in this limit can be
decomposed as follows:

Π
(2)
ij =ΠS

ij + Π
SF (W )
ij + Π

SF4(M)
ij + Π

S2F3(M)
ij + Π

S3F2(V )
ij + Π

SF4(V )
ij + ΠSV

ij + ΠFV
ij .

(4.3.2)

This consists of scalar-only propagators, diagrams with scalar and fermion propaga-
tors, diagrams with scalar and vector propagators, and fermions and vectors. We
�nd that Π

SF4(M)
ij and Π

SF4(V )
ij are nonsingular as m2

G → 0 and s → 0, so the rel-
evant formulae in that limit are equations (B.15) and (B.28) of [21]. Furthermore,
in the gaugeless limit the Goldstone bosons do not couple to the vectors, so ΠSV

ij
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and ΠFV
ij are unchanged from (B.36) and (B.41) of [21]. However, the remaining dia-

grams require regulation: our new expressions for ΠS
ij are presented in section 4.3.1;

Π
SF (W )
ij ,Π

S2F3(M)
ij and Π

S3F2(V )
ij are derived in section 4.3.2.

4.3.1 All-scalar terms

The two-loop scalar self-energy contribution with only scalar propagators is given
by [20]:
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4
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+
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+
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(
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)
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k,m
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m,m

2
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+
1

2
λiklλjkmλlnpλmnpVSSSSS(m2

k,m
2
l ,m

2
m,m
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2
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+
1

2
λikmλjlnλklpλmnpMSSSSS(m2

k,m
2
l ,m

2
m,m

2
n,m

2
p). (4.3.3)

The loop integral functions are recalled in (B.1.52).

When at most one of the propagators is a Goldstone boson, we can set m2
G → 0, s→ 0

and use the simpli�ed expressions below (B.2) of [21]. However, for cases including
more Goldstone bosons we must look for singularities since, in general, only the SSSS
term is regular. Furthermore, we can divide the functions into those regulated by
the momentum and those that are not. In particular, by inspection we see that for
two or more Goldstone bosons W,X, Y, V can be divergent as m2

G → 0, even for
�nite momentum; this means those terms must be regulated by resummation � or, in
our case, by shifts from the one-loop self energy by putting the Goldstone bosons on
shell. On the other hand, the terms U,M and Z must be regulated by including �nite
momentum.

It should be noted that the divergences that are not regulated by momentum all
involve a Goldstone boson self-energy as a subdiagram. It is then logical to consider
how they relate to the divergent terms in the tadpole graphs. If we consider the
e�ective potential approximation and take the derivatives of the tadpoles as in [21],
then we see that the topologies X,Y, Z descend from the TSS graphs; S,U arise from
TSSS ; and M,V,W from TSSSS . Then it is clear that, since the TSSS graphs contain
no divergences, resummation is irrelevant for S and U , while TSS and TSSSS are both
divergent when there is part of a Goldstone boson self-energy as a subdiagram. We
also see that W and X topologies arise from TSSSS and TSS respectively by replacing
a three-point vertex with a four-point one, and likewise V and Y arise by adding a leg
connected directly by a propagator to the other leg; we illustrate this whole discussion
in �gure 4.1. Hence we expect that these special divergences should follow the same
pattern as the tadpoles, and be cured in the same way. However, we shall also �nd
below some subtleties remain in the V topology.
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Figure 4.1 � Divergent scalar-only diagrams that require regulation (by resummation or
using our on-shell scheme), even in the presence of external momentum. The light
blue dashed lines marked with a small red �G� denote Goldstone boson propaga-
tors. The dark blobs in the diagrams on the right-hand side represent full one-loop
one-particle-irreducible corrections inserted on the line. On the top line we show
the tadpoles (with their clear relation to the sunset and �gure-eight diagrams in
the potential); on the lower two we show the corrections to the self-energies, which
clearly follow the same pattern.
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4.3.1.1 Goldstone shifts

To determine the e�ect on the mass diagrams, let us make the shifts using the method
of an on-shell Goldstone boson. Recall that the contribution to the one-loop self-energy
is

Π
(1),S
ij (s) =

1

2
λijkkA(m2

k)−
1

2
λiklλjklB(s,m2

k,m
2
l ) (4.3.4)

so we can write ΠS
ij → ΠS

ij + ∆ΠS
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where B′ is de�ned in eq. (B.1.13), and
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These exactly cancel the divergent parts in the mass diagrams. In the case of the X
and Y diagrams, they go further and leave no �nite parts; for the W diagrams, what
remains is

WSSSS(m2
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2
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2
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n) + ∆WSSSS(m2
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2
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We have no further divergences in W (in particular, U0(x, y, 0, 0) is non-singular).

In the V diagrams there is also a �nite piece that remains, since
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we �nd that
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Now we can look at what divergences might remain and need regulating by the mo-
mentum. For future reference let us de�ne
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(4.3.11)

Since we take λGGG = 0, we never have a divergence from n = p = G. On the other
hand, when k = G we do have a divergence that needs regulating by the momentum;
recalling B(s, 0, 0) = −log(−s) + 2 we can write
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For the other cases we can set s = 0 and write
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4.3.1.2 Momentum-regulated diagrams

There are other VSSSSS diagrams that are not regulated by the Goldstone boson shifts.
While VSSSSS(x, y, z, 0, 0), VSSSSS(0, x, y, 0, z), VSSSSS(0, x, y, 0, 0), VSSSSS(x, 0, y, 0, 0)
are all regular, the diagrams VSSSSS(0, 0, x, y, z) and VSSSSS(0, 0, x, 0, y) are diver-
gent, and their expression may be found simply by using those for U(0, 0, x, y) and
U(0, 0, 0, x) given in appendix B.2:

VSSSSS(0, 0, x, y, z) =
1

x

[
U0(0, x, y, z)− U(0, 0, y, z)

]
. (4.3.14)

All other VSSSSS diagrams are either regular or vanish due to the prefactor λGGG.

The remining functions USSSS ,MSSSSS and ZSSSS require regulation by momentum:
we give expressions for the expansion of these in appendix B.2.
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4.3.2 Fermion-scalar diagrams

The potentially singular mass diagrams are Π
SF (W )
ij ,Π

S2F3(M)
ij and Π

S3,F2(V )
ij , but among

these there are only a subset once more that are regulated by the Goldstone boson
shifts; indeed, as in the purely scalar case we �nd that the topology M is purely reg-
ulated by momentum for which all of the limits of the loop functions are provided in
appendix B.2. For the other two, there are exactly four diagrams to regulate, which
will match exactly. They have the form [20]:
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λijklRe

[
yMNkyM

′N ′lM∗MM ′M
∗
NN ′

]
WSSFF (m2

k,m
2
l ,m

2
M ,m

2
N )

+
1

2
λijklyMNkyMNlWSSFF (m2

k,m
2
l ,m

2
M ,m

2
N ), (4.3.15)

Π
S3F2(V )
ij =λiklλjkm

(
Re
[
yNPlyN

′P ′mM∗NN ′M
∗
PP ′
]
VSSSFF (m2

k,m
2
l ,m

2
m,m

2
N ,m

2
P )

+ Re
[
yNPlyNPm

]
VSSSFF (m2

k,m
2
l ,m

2
m,m

2
N ,m

2
P )
)
, (4.3.16)

and the loop functions are de�ned in section B.1.1.2.
As in the scalar case, we look at the shift in the one-loop scalar mass contribution
involving Goldstone bosons:

∆ΠSF
ij =

[
− 1

2
λijGG

′
logm2

G + λiGlλjG
′lB′(s,m2

G,m
2
l )

]
×
[
Re(yKLGyKLG′)ΠFF (m2

K ,m
2
L) + 2Re(yKLGyK

′L′G′M∗KK′M
∗
LL′)ΠFF

]
≡λijGG′Re(yKLGyKLG′)∆WSSFF

+ λijGG
′
Re(yKLGyK

′L′G′M∗KK′M
∗
LL′)∆WSSFF

+ λiGlλjG
′lRe(yKLGyKLG′)∆VSSSFF

+ λiGlλjG
′lRe(yKLGyK

′L′G′M∗KK′M
∗
LL′)∆VSSSFF (4.3.17)

where

ΠFF (x, y) ≡−
[
(x+ y)PSS(x, y) +A(x) +A(y)

]
,

ΠFF (x, y) ≡− PSS(x, y), (4.3.18)

and compare to the relevant expressions for the loop functions:

WSSFF (m2
G,m

2
G, x, y) =− 2U0(m2

G,m
2
G, x, y), (4.3.19)

WSSFF (m2
G,m

2
G, x, y) =− (x+ y −m2

G)U0(m2
G,m

2
G, x, y)− I(0, x, y)

− logm2
G(A(x) +A(y)),

VSSSFF (k,m2
G,m

2
G, x, y) =− 2VSSSSS(k,m2

G,m
2
G, x, y),

VSSSFF (k,m2
G,m

2
G, x, y) =− (x+ y −m2

G)VSSSSS(k,m2
G,m

2
G, x, y) + U(k,m2

G, x, y)

+B′(s,m2
G, k)(A(x) +A(y)).

We should deal with each of these in turn. Firstly for the W topology:

WSSFF (m2
G,m

2
G, x, y) + ∆WSSFF (m2

G,m
2
G, x, y)→− I(0, x, y)− (x+ y)RSS(x, y),

WSSFF (m2
G,m

2
G, x, y) + ∆WSSFF (m2

G,m
2
G, x, y)→− 2RSS(x, y). (4.3.20)
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For topology V , the �rst combination is proportional to the scalar case in equations
(4.3.12) and (4.3.13):

VSSSFF (k,m2
G,m

2
G, x, y)+∆VSSSFF (k,m2

G,m
2
G, x, y)

=− 2VSSSSS(k,m2
G,m

2
G, x, y)− 2B′(s,m2

G, k)PSS(x, y)

→− 2Ṽ (k, x, y), (4.3.21)

while the second also contains an additional U function:

VSSSFF (k,m2
G,m

2
G, x, y) + ∆VSSSFF (k,m2

G,m
2
G, x, y)

→− (x+ y)Ṽ (k, x, y) + U(k,m2
G, x, y). (4.3.22)

For this case, when k 6= m2
G it is non-singular as in the scalar case, and when k = m2

G

we require the expansions with �nite s from equation (4.3.12) and for U(0, 0, x, y) from
appendix B.2.

4.4 Self-consistent solution of the tadpole equations

We have shown how to avoid the Goldstone Boson Catastrophe in general renormal-
isable �eld theories, and how this can be applied to calculating neutral scalar masses
in the gaugeless limit in a generalised e�ective potential approximation. However, we
still have two possible ways of calculating both tadpoles and self-energies, which di�er
in terms of how we solve the tadpole equations. The choice arises because the mass
parameters m2

ij appear on both the left- and right-hand sides of equation (2.4.12) �
or equivalently, because when considering equation (4.1.25) the m2

ij appear in the δi.
Therefore we can:

1. Numerically solve equation (2.4.12) to �nd the m2
ij exactly.

2. Perturbatively expand the m2
ij around the m̂2

0,ij so that

m2
ij = m̂2

0,ij + δ(1)m2
ij + δ(2)m2

ij + ... (4.4.1)

and solve for the desired loop order.

Since the e�ective potential ∆V will only be computed to a given loop order, the
two approaches are formally equivalent. For the �rst approach, in practice, this
means that we must iteratively solve the tadpole equations: at each iteration we
put m2

i = RkiRlim
2
kl for the tree-level mass parameters, computing a new R each

time and therefore modifying the couplings, and then set the Goldstone boson mass
to zero in the loop functions and compute the tadpole equations from the expressions
in section 4.2.

We �nd in this case that the couplings are no longer guaranteed to satisfy certain
relationships imposed by the broken symmetries; only the full on-shell amplitudes
will satisfy the appropriate Slavnov-Taylor identities. This is only a problem for the
coupling λGG

′G′′ between three Goldstone bosons, which is zero at tree-level and on-
shell; because the parameter in the Lagrangian will in general obtain a small non-zero
value (in theories with CP-violation) and yet leads to divergent Goldstone boson self-
energies we must impose that this is also on-shell (i.e. zero). Since this coupling does
not appear at one-loop in the calculation of the Higgs boson mass, taking this coupling
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to vanish causes no shift at two loops. On the other hand, if we want to calculate the
Goldstone boson self-energy at two loops then we do �nd a set of shifts when we take
this coupling �on-shell�: we would need to include the vertex corrections and de�ne a
set of shifted loop functions for those contributions (which, of course, only a�ect the
self-energies). We shall return to this in future work.

Instead, we will take the second approach in the list above, and while we cannot do
the same as we did for the Goldstone boson and put the other scalars on shell, we
can follow [33] and re-expand the masses m2

ij as a series in the couplings to one-loop
order in the one-loop tadpole. We then use the tree-level masses in the loop functions
and solve the tadpole equations perturbatively instead of iteratively as we have just
described. Let us de�ne a set of masses m̄2 = {m2

G, m̃
2
i 6=G} i.e. we use the on-shell

mass for the Goldstone, and the tree-level masses for the other scalars. To single out
the Goldstone boson we use the tree-level mixing matrix R̃kG which in any case should
correspond to the all-loop expression, depending as it does only on the symmetries and
VEVs. We can �rst de�ne a perturbation to the non-diagonal tree-level mass matrix
as

∆̃ij ≡ m2
ij − m̂2

0,ij , (4.4.2)

which can then be rotated to the diagonal basis � using rotation matrices R̃ � so that
we obtain a perturbation ∆ij in the basis that diagonalise the tree-level mass matrix.
If we use equation (4.1.25), we �nd that

∆̃ij = −δiδij , ⇒ ∆ij ≡− R̃kiR̃kjδk . (4.4.3)

However, this equation fails for pseudoscalars, and we will instead allow ∆ij to be an
implicit function of the tadpole shifts. Indeed, we solve the tadpole equations for some
variables {xi} with

xi = c0,i + cij ×
∂∆V

∂φ0
j

, (4.4.4)

and then

∆̃ij =
∑
k,l

∂m2
ij

∂xk
ckl
∂∆V

∂φ0
l

. (4.4.5)

For example, let us consider again the Abelian Goldstone model of section 4.1.1, with
a single complex scalar Φ = 1√

2
(v + h+ iG), and with a potential given in eq. (4.1.1).

We solve the tadpole equations for the parameter µ2 so that

µ2 + λv2 +
1

v

∆V

∂h
= 0 . (4.4.6)

However, both the mass of the Goldstone boson and the Higgs are controlled by the
µ2 parameter;

M2
h = µ2 + 3λv2, m2

G = µ2 + λv2 . (4.4.7)

So in our notation, xh → µ2, c0,h → −λv2, chh → − 1
v and so

∆hh =− 1

v

∆V

∂h
= ∆GG . (4.4.8)

We can expand ∆ij as usual in perturbation theory using ∆ij = 1
16π2 ∆

(1)
ij + 1

(16π2)2 ∆
(2)
ij +

... to �nd that we should shift the tadpoles according to

∂V̂ (2)

∂φ0
r

(m2) =
∂V̂ (2)

∂φ0
r

(m̄2) +
1

2

∑
(i,i′)6=(G,G′)

R̃rlλ̃
ii′l∆

(1)
ii′ PSS(m̄2

i , m̄
2
i′) . (4.4.9)
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By (i, i′) 6= (G,G′) we mean that the sum over (i, i′) excludes the cases where both i
and i′ are Goldstone boson indices. This allows us to express the ∆ii′ entirely in terms
of the tree-level m̃2 parameters and obtain a perturbative expansion for m2 � note
that we should also replace all of the couplings λijk, λijkl etc and rotation matrices Rij
with their tree-level values λ̃ijk, λ̃ijkl, R̃ij (we already implicitly used this to disregard
the λGGG terms). The only subtlety occurs when m̃2

i = m̃2
j for some i, j which is not

ensured by a symmetry so that ∆ii 6= ∆jj ; in that case as usual the R̃ matrix must

be modi�ed to diagonalise ∆
(1)
ij on those indices. However the expression above is

still valid in that case. Note that the shift only occurs for scalar propagators in the
one-loop diagrams, which is why there is no modi�cation of the fermionic or vector
tadpole diagrams.

We can apply the same procedure to use the tree-level masses in the mass diagrams:
after some algebra we �nd (in the gaugeless limit � otherwise we will have some addi-
tional shifts from scalar-vector diagrams) that

Π
(2)
ij (s,m2) = Π

(2)
ij (s, m̄2) +

∑
(k,k′) 6=(G,G′)

(
1

2
λ̃ijkk

′
∆

(1)
kk′PSS(m̄2

k, m̄
2
k′) (4.4.10)

−λ̃iklλ̃jk′l∆(1)
kk′C(s, s, 0, m̄2

k, m̄
2
l , m̄

2
k′)
)
,

where we used the usual C function de�ned in eq. (B.1.17). These together then allow
us to determine the scalar masses to be the values of s that give solutions to:

0 = Det

[
sδij −m2

0,ij + δi(m̄
2)δij −

Π
(1)
ij (s, m̄2)

16π2
−

Π
(2)
ij (s, m̄2)

(16π2)2
(4.4.11)

− δij
2

1

(16π2)2

∑
(j,j′)6=(G,G′)

R̃ilλ̃
jj′l∆

(1)
jj′PSS(m̄2

j , m̄
2
j′)

− R̃ii′R̃jj′

(16π2)2

∑
(k,k′)6=(G,G′)

(
1

2
λ̃i
′j′kk′∆

(1)
kk′PSS(m̄2

k, m̄
2
k′)

− λ̃i′klλ̃j′k′l∆(1)
kk′C(s, s, 0, m̄2

k, m̄
2
l , m̄

2
k′)

)]
.

Typically in spectrum generators the two-loop corrections are computed at �xed mo-
mentum and then the eigenvalues of the above matrix computed iteratively. Since we
have given the expansion of all the loop functions relevant for the two-loop corrections
up to terms of order O(s), this could be generalised to include our simple momen-
tum dependence for the two-loop part as in equation (4.3.1) without signi�cant loss of
speed since the computationally expensive parts of the two-loop functions would only
need to be evaluated once. However, since all of the expansions are strictly valid only
up to two-loop order, the equation above could be solved perturbatively itself with no
signi�cant loss of accuracy.

Now, let us end this discussion by a comment on the relation between the �on-shell�
method and the self-consistent solution of the tadpole equations. Since the Goldstone
boson is massless at tree-level, this means that we automatically have the Goldstone
boson �on-shell.� This means that the �on shell� and �consistent solution� approaches
are more closely related than �rst appears: since the Goldstone boson mass must be
zero on-shell and we can identify the Goldstone boson eigenstates using a matrix RkG
derived just from the broken symmetries (see sections 2.4.1 and 4.1.2) then the on-shell
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condition becomes

det(p2 −m2
ij −Πij(p

2)) = 0→ RkGRlGm
2
kl + ΠGG(0) = 0. (4.4.12)

and since m̂2
0,GG = 0 we have

δm2
G =RkGRlGm

2
kl = −ΠGG(0)

∆GG = δm2
G +O(2− loop)→ ∆GG = −ΠGG(0) +O(2− loop), (4.4.13)

i.e. the approach of adjusting the loop functions (as we do when setting the Goldstone
boson on-shell) or de�ning a set of shifts to the tadpoles and self-energies involving ∆ij

should give the same result when we just consider the shifts to the Goldstone boson
masses, even though the expressions look very di�erent.

4.5 Conclusions

We have presented a solution to the Goldstone Boson Catastrophe in general renor-
malisable theories to two-loop order. We showed that the approach of Goldstone boson
resummation is equivalent (at least at two-loop order) to an on-shell scheme for the
Goldstone boson(s), the latter being much more convenient calculationally. We then
showed how there are a set of self-energy diagrams that also exhibit the Goldstone
Boson Catastrophe even when external momentum is included � but that our solu-
tion naturally avoids those singularities. We were then able to give expressions for a
�generalised e�ective potential approximation� for neutral scalar masses in the gauge-
less limit, that are free of infra-red divergences and give a good approximation to the
full momentum-dependent result. This also included the re-expansion of the masses
in terms of the values obtained from the tree-level tadpole equations, allowing a self-
consistent solution of the tadpole equations (i.e. equations where no terms to be solved
for appear on both left and right hand sides).

The expressions obtained in this chapter now allow simple infra-red safe calculations
in a wide variety of theories. Most practically, it would be simple to implement them
in a package such as SARAH, to enable automated calculations for any model and
avoid the problems seen, for example, in [218,249,300], with the existing implementa-
tion. This should also enable more reliable and accurate explorations of the parameter
space of many models with the SARAH/SPheno numerical framework � in particular
for non-supersymmetric models (such as 2HDMs), where the existing �solution�4 to
the Goldstone Boson Catastrophe is not particularly successful, relying as it does on
there being a gauge-coupling dependent part of the scalar potential (as is the case in
supersymmetric theories). This will be the subject of the next chapter.

4We will review the previous approaches in SARAH in section 5.1. See also [250], appendix 2b of [249]
and especially section 2 of [300].
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Chapter 5

Supersymmetric and

non-supersymmetric models

without catastrophic Goldstone

bosons

In the previous chapter, we have presented a general procedure to cure the Goldstone
Boson Catastrophe in two-loop Higgs mass calculations for general renormalisable
theories. Our method is based on setting the Goldstone boson propagators on-shell,
and we have provided a complete set of modi�ed loop functions for the tadpoles and
self-energies that were �nite. Thus, combining these results with those of [20, 21, 142,
260] which provide fully generic expressions for the two-loop corrections to real scalar
masses in supersymmetric and non-supersymmetric models, all ingredients are present
to calculate Higgs masses up to two-loop order in any renormalisable model.

The generic expressions of [20,21,142,260] are already used by the Mathematica pack-
age SARAH [261�266] to calculate in combination with SPheno [194, 195] the Higgs
masses in supersymmetric models at the two-loop level [21,250,300] � for more details
see section 2.4.3. Before version 4.12.0 of SARAH, the workaround for the Goldstone
boson catastrophe in this setup was to introduce �nite masses for the electroweak
Goldstones by dropping the D-terms in the mass matrices. However, there were many
regions of parameter space where the divergences reappeared (see e.g. [85, 101, 218])
and this does not work at all for non-supersymmetric models, which have no D-term
potential. For this reason, we here implement in SARAH the results of chapter 4, and
�ll some additional technical gaps that we describe in section 5.1; in particular, we
complete the basis of required loop functions. New versions of SARAH � since 4.12.0

� therefore now o�er the possibility to calculate two-loop masses for neutral scalars
in non-supersymmetric models, as well as substantially improving the calculation in
supersymmetric ones. As the only non-supersymmetric model for which comparable
results exist is the Standard Model, in section 5.2 we compare our new calculation
against the public code SMH [22] and the results of Buttazzo et al. [25], �nding excel-
lent agreement (even if our results do not include all of the contributions included in
those references). In section 5.3, we show how our new approach improves our previ-
ous calculation for supersymmetric models through the example of the NMSSM, for
which our results should now be considered state of the art. We then illustrate our
new routines by computing some new results in Split SUSY in section 5.4.
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Momentum-independent renormalisation schemes are the most convenient choices for
applying to a large variety of models, and so all mass calculations in SARAH are per-
formed in the MS or DR

′
scheme. In contrast, on-shell schemes might o�er some model

dependent advantages. This is for instance the case in supersymmetric models with
Dirac gauginos, which we studied in chapter 3. In particular, we found that when
there is a large mass splitting between the stops and the gluino, an on-shell scheme
leads to an improved convergence of the perturbative series. It is also very useful
often if a DR

′
and on-shell calculation exists for the same supersymmetric model:

the di�erence between the results can be used as estimate of the missing higher-order
corrections; this can now be done for the MSSM and certain classes of NMSSM and
Dirac gaugino contributions. On the other hand, there has been hardly any discussion
in the literature about radiative corrections to Higgs masses in non-supersymmetric
BSM models. One reason for this, besides the technical hurdles, is that the additional
freedom in non-supersymmetric models introduces a large number of free parameters,
i.e. in some cases it might be possible to absorb any �nite correction in the scalar
sector into the counter-terms of these parameters. Thus, it is often implicitly as-
sumed that the masses, but also the mixing angles, in the extended Higgs sector in
BSM could be kept at their tree-level values. However, this is fraught with danger:
(i) not all non-supersymmetric models really have a su�ciently large number of free
parameters to absorb all radiative corrections. This is for instance the case in the
Georgi-Machacek model; (ii) if a low-energy model is combined with an explicit UV
completion (such as a GUT theory), the freedom to adjust the couplings is usually
lost; (iii) using masses instead of couplings as input hides the presence of huge or even
non-perturbative quartic couplings; (iv) even if parameters are checked with respect
to simple limits such as λ < 4π or tree-level unitarity bounds, this does not guarantee
that the considered parameter point is perturbative or that strongly coupled e�ects
do not appear at energy scales already explored at the LHC. Partly motivated by the
growing interest in exploring quantum corrections to non-supersymmetric models, we
explore here in sections 5.5 and 5.6 the corrections to the Two-Higgs-Doublet Model
(2HDM) and Georgi-Machacek model (GM), drawing attention to the fact that the
corrections pass out of control well before the naive perturbativity or unitarity bounds.

Finally, an MS calculation has the advantage that it can give an estimate of the
size of the theoretical uncertainty by varying the renormalisation scale. Moreover, to
obtain more reliable results for the vacuum stability by considering the renormalisation
group equation (RGE) improved e�ective potential, a translation of masses into MS
parameters is necessary. We show in this work how these aspects can be analysed in
non-supersymmetric models with the new calculation available now in SARAH.

5.1 The Goldstone Boson Catastrophe and its solutions

The Goldstone Boson Catastrophe appears because the mass-squared parameter(s) of
the Goldstone boson(s) in the Lagrangian is(are) zero at tree-level, but non-zero once
we take into account the loop corrections to the potential. Then at two loops and
higher we must calculate loop corrections with a small and/or negative mass-squared
parameter, which leads to large logarithms and/or phases � this can in fact be a
complete obstacle to a precise calculation..

This problem was only noticed in the �rst attempt to go beyond the gaugeless limit in
the MSSM at more than one loop [32]. Indeed, in the MSSM, the gaugeless limit turns
o� the Goldstone boson couplings to the Higgs, and the other (momentum-dependent)

144



5.1 The Goldstone Boson Catastrophe and its solutions

calculations that have been performed beyond this limit only consider the sector of
the theory without the Goldstones. However, as soon as one considers non-minimal
supersymmetric models in which trilinear interactions of the Higgs super�elds occur
in the superpotential, the gaugeless limit no longer o�ers much protection against the
problem, since the quartic coupling is not determined by the gauge couplings; and this
is also a generic feature of non-supersymmetric models (such as the Standard Model).

In the following we shall describe the previous approaches to the problem and the
implementation of our new results in SARAH.

5.1.1 Previous approaches in SARAH

Up until now, in SARAH the catastrophe appeared in an even more acute form because
all of the one- and two-loop tadpoles and self-energies are computed using the tree-
level masses in the loops, so without a solution to the problem, the Goldstone bosons
are massless and cause several loop functions to diverge. However, for supersymmetric
models the original workaround implemented in [21, 250] and explored in more detail
in [300] relies on the fact that that the electroweak gauge couplings appear in the
D-term potential.1 We therefore used the tree-level parameters that are solutions of
the full tree-level tadpole equations including the electroweak couplings to calculate
the tree-level masses (but set the electroweak gauge couplings to zero in the mass ma-
trices) used in the two-loop routines' loop functions. In other words, the masses in the
loop functions are not at the minimum of the potential, and are typically tachyonic2,
with a size of order the electroweak scale. Since we are neglecting two-loop corrections
proportional to these couplings, this error is acceptable. On the other hand, for mod-
els beyond the MSSM (in particular, the NMSSM) there are typically regions of the
parameter space where the Higgs sector masses still pass near to zero and cause the
loop functions to diverge; for example such problems were observed in [85,101,218].

A more recent approach was to introduce regulator masses. All scalar masses in the
two-loop routines which are below a certain threshold are set in terms of the renor-
malisation scale Q and a constant R:

m2
S,min = RQ2 (5.1.1)

This approach was introduced in SARAH to stabilise cases in which theD-term approach
fails. This could either be, as demonstrated in an example in sec. 5.3, if other scalars
arti�cially become very light, or if the supersymmetric scale is much higher than the
electroweak scale. However, in contrast to the D-term solution, this approach violates
the symmetries of the theory and can lead to non-zero masses for Goldstone bosons.
Furthermore, there is no a priori indication for the optimal size of R; too large and
the Goldstone/Higgs contributions are suppressed (because logarithmic contributions
including them are arti�cially reduced), too small and the results become numerically
unstable, and the user must use trial and error. Finally, it implicitly assumes that
the corrections coming from the Higgs/Goldstone bosons to the Higgs mass are small
(so that modifying them is benign). This is not a good approximation in many non-
SUSY models, and for this reason the newly implemented solution described in the
next subsection allows non-SUSY models to be studied accurately for the �rst time.

1Indeed, the gaugeless limit (turning o� the electroweak gauge couplings) completely cures the
problem in the MSSM by eliminating all of the Goldstone boson couplings to the Higgs.

2Since the mass was tachyonic and generally not small, we then neglected the imaginary part of
the self energies/tadpoles.
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5.1.2 On-shell Goldstone bosons, consistent tadpole solutions, and
the implementation in SARAH

In the previous chapter, a genuine solution was presented for generic �eld theories,
which we will now implement in SARAH. We should treat the Goldstone boson mass as
an on-shell parameter, and a set of modi�ed expressions for tadpoles and self-energies
were derived � indeed, it was shown that there were a class of loop diagrams that were
not made �nite purely by including external momenta. In addition, expressions for
the �consistent solution� of the tadpole equations were given.

For the evaluation of tadpoles and self-energies we proposed in section 4.3 a �generalised
e�ective potential limit,� where the self-energies are expanded in s = −p2 (= m2 on
shell) and all terms of order O(s) are neglected (but crucially retaining terms that
diverge at s = 0). We therefore require the following basis of loop functions, where
{x, y, z, u, v} 6= 0 are masses squared:

Momentum independent : J(x), PSS(x, y), PSS(0, y),

I(x, y, z), I(0, y, z), I(0, 0, z),

U0(x, y, z, u), U0(0, y, z, u), U0(x, y, 0, u),

U0(0, y, 0, u), U0(x, y, 0, 0), U0(0, y, 0, 0),

M0(x, y, z, u, v), M0(0, y, z, u, v), M0(0, 0, z, u, v),

M0(0, 0, 0, u, v), Ṽ (x, y, z) .

Momentum dependent : B(0, 0),

M(x, 0, 0, 0, 0), M(0, y, 0, u, v),

M(0, 0, 0, u, v), M(0, 0, 0, 0, v)

U(0, 0, x, y), U(0, 0, 0, y)

Ṽ (0, y, z), Ṽ (0, 0, z) . (5.1.2)

All of these functions are implicitly dependent on the renormalisation scale Q, typi-
cally containing factors of logx ≡ log(x/Q2). Expressions for all of these functions
expanded up to O(1) in the external momenta (or the reference for them) are given in
appendices B.2 and B.3. Note in particular that the functions Ṽ (x, y, z) are given in
terms of the regularised function V (u, 0, y, z) de�ned in [20]3; in appendix B.3 we derive
explicit compact expressions for this function � �rst with full momentum dependence,
and then expanded up to O(1) in the external momenta.

In our practical implementation in SARAH we have extended the available routines for
calculating two-loop integrals with the missing ingredients to address the Goldstone bo-
son catastrophe. Moreover, there are three loop functions involving fermions and gauge
bosons which needed modi�cation for the MS scheme as used for non-supersymmetric
models, as compared to the DR

′
for supersymmetric models; the tadpole and self-

energies contain

∂V̂ (2)

∂φ0
r

⊃RrpT pFV ,

T pFV = g2d(I)C(I)Re(MII′y
II′r)×

(
1

2
F ′FV (x)

)
,

Π
(2)
ij ⊃ ΠFV

ij = g2d(K)C(K)
[
Re(yiKLyjKL)GFF (m2

K ,m
2
L)

3Note that our Ṽ uses one fewer variable than the de�nition of V in [20] because in our case it
always appears in the form V (u, 0, y, z).
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+ Re(yiKLyjK
′L′MKK′MLL′)GFF (m2

K ,m
2
L)
]
, (5.1.3)

where V̂ (2) is the two-loop contribution to the e�ective potential, d(I), C(I) are the di-
mension and quadratic Casimirs of representation I of the gauge group having coupling
g, and the loop functions are:(

1

2
F ′FV (x)

)
=4x

[
6− 7 logx+ 3 log

2
x+ δMS

[
2 logx− 1

]]
,

GFF (x, y) =GDR
′

FF (x, y) + 2δMS

[
x+ y + 2J(x) + 2J(y)

− (x+ y)

(
2B(x, y) + xB(y, x′) + yB(x, y′)

)]
→
s→0

[
2(x+ y)[3U0(x, y, x, 0) + 3U0(x, y, y, 0) + 5PSS(x, y)]

− 6I(x, x, 0)− 6I(y, y, 0) + 10J(x) + 10J(y)− 16(x+ y)

]
+ 4δMS

[
x+ y + J(x) + J(y) + (x+ y)PSS(x, y)

]
,

GFF (x, y) =GDR
′

FF
(x, y)− 4δMS

[
2B(x, y) + yB(x, y′) + xB(y, x′)

]
→
s→0

4

(
3U0(x, y, x, 0) + 3U0(x, y, y, 0) + 5PSS(x, y)− 4

)
+ 4δMS

[
2PSS(x, y) + 1

]
. (5.1.4)

Here δMS is one for MS masses and zero for DR
′
.

We have also implemented in SARAH the consistent tadpole solution of section 4.4, under
the assumption that the variables {xi}, for which the tadpole equations are solved, are
dimensionful and there is no explicit dependence of the trilinear/quartic couplings on
them (only implicitly through the mixing matrices R); and also we assume that the
fermion mass matrices do not depend on these parameters. These assumptions are
ful�lled e.g. for {m2

Hu
,m2

Hd
} in the MSSM, but not {µ,Bµ} chosen as parameters to

solve the tadpole equations. On the other hand, we give expressions for the shifts to
the tadpoles and self-energies when fermion masses depend on the {xi} in appendix
C, and plan to implement these in future.

The routines to calculate the consistent tadpole solution are generated during the out-
put of SPheno code; this is fully automatised beginning with SARAH version 4.12.0 and
the user can obtain a SPheno version for non-supersymmetric models as before � with
the di�erence that two-loop mass corrections are now included. The only requirements
are recent versions of SARAH and SPheno which are available at www.hepforge.org.

The new features can now be adjusted in the Block SPHENOINPUT in the Les Houches
input �le:

1 Block SPhenoInput #

2 ...

3 7 0 # Skip two loop masses: True/False

4 8 3 # Choose two -loop method

5 150 1 # Use consistent tadpole solution: True/False

6 151 1 # Generalised effective potential calculations: ↪→
True/False
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7 410 0 # Regulator mass

Note that the solution to the Goldstone boson catastrophe exists only for the dia-
grammatic calculation (�ag 8 → 3), but not for the e�ective potential calculations
using numerical derivatives to obtain the tadpoles and self-energies (�ag 8→ 1,2). By
default, the new calculation is used now, but could be turned o� if demanded (�ag
151 → 0). In this case, it is usually necessary to include a non-zero regulator mass via
�ag 410 for non-supersymmetric models. In principle, there should not be any reason
to revert to the old calculation with regulator masses except for double-checking the
result.

The consistent tadpole solution is turned o� by default but can be turned on by setting
�ag 150 → 1. This is because, while strictly it is more accurate to include it, there is
also the possibility of numerical instability if the shift in the tree-level mass parameters
is large; for example, if the expectation values of some scalars are small (such as e.g.
the neutral scalar of an electroweak triplet which must have a small expectation value
from electroweak precision constraints) then the shift in the mass parameter can be
much larger than the tree-level value and the perturbative solution fails. In such cases,
it would be better to use a recursive approach which is currently not possible for the
reasons given in section 4.4.

5.2 Standard Model

5.2.1 A �rst comparison of our results with existing calculations

Now that two-loop corrections to scalar masses are available in SARAH, free of the
Goldstone boson catastrophe, it is important to compare the results we obtain to other
computations available in the literature, as a veri�cation of our results and as a way
to estimate the impact of missing corrections. We consider in this section the Higgs
mass calculations in the Standard Model, and we will compare the results obtained with
SPheno with the computations performed at complete two-loop calculation in [25], and
the full two-loop (plus leading three-loop) Higgs mass calculation implemented in the
public code SMH [22]. These works take into account two-loop electroweak corrections,
which are not available for generic theories and are not included in our code, hence
we will quantify the size of these e�ects, together with e�ects from momentum, and
investigate the discrepancy in masses coming from the di�erent determination of the
top Yukawa coupling.

It is interesting to examine the way that the two calculations avoid the Goldstone
Boson Catastrophe. The calculation of Buttazzo et al. [25] was performed in Feynman
gauge and using certain parameters on-shell, whereas the results implemented in SMH

are in a pure MS scheme and Landau gauge, which is closer to our approach. In the
latter paper, some resummation is performed by hand to eliminate the divergence in the
mass calculation; it is perhaps surprising that the absence of the function V (0, 0, y, z)
from the basis in TSIL was not problematic, but there the calculation was performed
by computing the set of integrals explicitly using TARCER [148] rather than starting
from a set of generic expressions, so the result was found directly in terms of the other
basis functions. In principle this should agree with our equation (B.3.10).

A �rst approach for the comparison between SPheno and [25] is to compute the Higgs
mass with the quartic coupling λ ranging in the interval [0.125, 0.130], and only setting
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the SM inputs to the same values as in [25], which we recall here

GF = 1.16638× 10−5 GeV−2,

αs(MZ) = 0.1184,

MZ = 91.1876 GeV,

mt = 173.34 GeV. (5.2.1)

They furthermore took the experimentally determined central value of the Higgs mass
to be 125.15 GeV, which we shall take as a reference value rather than an input. The
use of consistent solutions to the tadpole equations � as derived in section 4.4 � has
also been implemented in the SPheno code and this comparison in the context of the
SM is a good occasion to study the e�ect of this additional shift to the tadpoles and
mass diagrams, thus we compute the Higgs mass in this �rst method both with and
without using the consistent tadpole solutions. A second approach to compute mh

with SPheno, which could potentially improve the comparison, is to use as well the
same values for the top-Yukawa yt and electroweak gauge couplings g1, g2 as those
given for each order in table 3 of [25].

We obtain another result for mh with SMH [22], and although this code is made to
perform Higgs mass calculations in the Standard Model to partial three-loop order,
we use it here with the three-loop corrections always switched o�, for the purpose
of our comparison with SPheno. We use the routine calc_Mh that gives for a given
loop order the value of mh from the inputs of the renormalisation scale Q, the quartic
coupling λ, the top-Yukawa yt, the Higgs VEV v, and the gauge couplings g3, g, g

′, all
given at scale Q. In order to improve the comparison, we take the same values for the
inputs as used at each order in SPheno. We give in table 5.1 the values we �nd for the
Higgs mass when taking the same values of λ as found in [25], with the two methods
described above for SPheno and with SMH.

Value of mh in 1st approach mh in 1st approach

Loop order λ found without consistent with consistent mh in 2nd mh with SMH

in [25] tadpole solutions tadpole solutions approach

Tree level 0.12917 125.79 GeV 125.79 GeV 125.79 GeV 125.79 GeV
One loop 0.12774 125.77 GeV 125.77 GeV 125.66 GeV 126.10 GeV
Two loops 0.12604 125.11 GeV 125.08 GeV 125.10 GeV 125.46 GeV

Table 5.1 � Values of the Higgs mass at scale Q = mt for the values of the quartic
couplings λ found in [25] at tree level, one loop and two loops, in the two ap-
proaches we used for SPheno, and with SMH. The �rst approach was to change
only the SM parameter inputs while letting SPheno determine the top-Yukawa
and electroweak gauge couplings, and the Higgs mass is then computed both with
and without the consistent tadpole solutions. The second method was to take
the same values of yt, g1, g2 in SPheno as in [25] (and switch o� the consistent
tadpole routines). For SMH, the values of the input parameters � the top-Yukawa,
the electroweak gauge couplings, the Higgs VEV and the strong gauge coupling �
were taken from the outputs of the SPheno scans. Computations are made with
SARAH-4.12.0, SPheno-4.0.3 and SMH-1.0 [22].

At tree-level, all the values we �nd with SPheno and SMH obviously match as the tree-
level Higgs mass only depends on λ and v which have almost the same values here,
and the divergence from the value of 125.15 GeV is solely explained by the Higgs VEV
which is not the same as in [25] since they take it as an on-shell parameter, while we
use the MS value as described in [221]. More importantly, the loop corrected values in
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the di�erent methods also agree quite well, thanks to the improved determination of
the top Yukawa coupling yt (including leading two-loop e�ects) recently implemented
in SARAH [221], and at each order in perturbation theory the Higgs masses we �nd are
less than a GeV away from 125.15 GeV. It is interesting to note that the values of mh

found using the SPheno code generated by SARAH version 4.9.3 � in which yt is only
determined at one-loop order � are approximately 2 − 2.5 GeV below those shown in
table 5.1, and hence illustrate the importance of the precise determination of the top
Yukawa coupling for calculations of mh. The small size of the di�erence between the
values found with the couplings computed by SPheno or taken from [25] � a few tens
of MeV at two loops � tend to indicate that the precision of the extraction of yt in
SPheno is now comparable to that in [25]. Considering now the e�ect of the consistent
tadpole solutions � that appears only in the two-loop masses � we observe a small shift
of about 30 MeV to mh, indicating that the perturbative expansion we perform in the
tadpole equation is valid for the SM. Finally, the reasons explaining the remaining
deviation of our results with respect to 125.15 GeV are the following:

(i) the di�erence in the calculation of the Higgs VEV;

(ii) the two-loop electroweak corrections that are not (yet) implemented in SARAH;

(iii) the momentum dependence currently missing at two loops in SARAH.

The di�erent value of the Higgs VEV is also quite certainly the main reason for the
discrepancies between the values we obtain using SMH and those from [25]. I.e. it is
because we use the VEV computed in SPheno in SMH, which does not correspond to
the same accuracy of parameter extraction as used in [25], which would be required
for a fair comparison directly between the two prior approaches: here our aim was to
compare our result separately with [25] and SMH.

A further way to compare our results to those of [22] and [25] is to �nd for each order
what value of the quartic Higgs coupling we need to obtain mh = 125.15 GeV, and our
results are given in table 5.2.

λ in 1st approach λ in 1st approach

Loop order λ found in [25] without consistent with consistent λ in 2nd λ with SMH

tadpole solutions tadpole solutions approach

Tree level 0.12917 0.12786 0.12786 0.12786 0.12786
One loop 0.12774 0.12647 0.12647 0.12669 0.12580
Two loops 0.12604 0.12613 0.12619 0.12614 0.12541

Table 5.2 � Values of the Higgs quartic coupling λ extracted from mh = 125.15 GeV,
at tree level, one loop and two loops. The methods we used are explained in the
caption of table 5.1. Values found using SARAH-4.12.0 and SMH-1.0.

We observe that the change of λ between each order of the perturbation expansion is
approximately the same in all four methods. Moreover, the value we extract at two
loops with SPheno is very close to the value found in [25], only di�ering by 0.1%.

5.2.2 A detailed comparative study of SPheno and SMH results

After this �rst comparison, we may now investigate in more depth the e�ects of the
three sources of di�erences on the Higgs masses listed above, using SPheno and SMH.
To begin with, we should consider the Higgs VEV and its calculation: in SMH, calcu-
lations are performed in the Landau gauge, while SPheno is by default set to use the
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Feynman gauge, and while the Higgs mass should in principle be gauge independent,
its vacuum expectation value is not, hence there is an inconsistency coming from the
use of a Feynman gauge VEV in SMH. The easiest way to correct this is to switch the
SPheno calculation to the Landau gauge � we set in the code the gauge parameter ξ
to a very small �nite value to approach the limit of the Landau gauge (the current
implementation gives a numerical divergence when ξ = 0) � and then to use the new
value of the Landau gauge VEV in SMH. The values we �nd for m2`

h with the two
codes for the two di�erent choices of gauge parameter and �xed values of Q and λ
are given in table 5.3. The �rst observation that can be made from these results is
that the Higgs mass shows residual dependence on the gauge � m2`

h varies by about
50 MeV between ξ = 1 and ξ = 0.01. This is explained mainly4 by the di�erence
in the calculation of the MS value for the electroweak VEV in SPheno between the
Feynman gauge and other gauges: in the case of Feynman gauge one-loop corrections
from δV B as well as two-loop corrections from δr are included which are not avail-
able in a general Rξ gauge (see the appendix A of [221] for details of the matching
in Feynman gauge). On the other hand, in an Rξ gauge, the VEV is calculated from

M2,MS
Z = 1/4(g2

1 + g2
2)v2 = M2,pole

Z − ΠT
ZZ where ΠT

ZZ is the transversal self-energy
of the Z-boson at one-loop. What is more interesting is that the agreement between
the two codes improves greatly once we use the Landau gauge in SPheno; indeed the
di�erence in the Higgs mass results is reduced from approximately 0.4 GeV to less than
0.05 GeV.

A second point we can study is the e�ect of the two-loop momentum dependence and
two-loop electroweak corrections. Let us introduce the notation for calculating the
pole mass via

m2
h = 2λv2 + ∆(1)M2

h(m2
h) + ∆(2)M2

h(m2
h) (5.2.2)

where

∆(`)M2
h(s) ≡− 1

v

∂∆V (`)

∂h

∣∣∣∣
h=G=G+=0

+ Π
(`)
hh(s)

≡ div

[
Π

(`)
hh(s)

]
+ ∆

(`)
M2
h(0) +O(s), (5.2.3)

where div

[
f(s)

]
denotes all terms in f(s) that diverge as s → 0. Our SPheno code

computes the one-loop corrections in any Rξ gauge with full momentum dependence,
but the two-loop corrections are performed in a generalised e�ective potential approach
� i.e. we keep only the divergent part of the momentum dependence (see section 4.3
for more details). The momentum in the two-loop routines is �xed (for speed of
calculation) whereas that in the one-loop routines is adjusted to solve the on-shell
condition:

s = 2λv2 + ∆(1)M2
h(s) + ∆(2)M2

h,SPheno(s),

∆(2)M2
h,SPheno(s) ≡ div

[
Π

(2)
hh,gaugeless(s)

]
+ ∆(2)M2

h,gaugeless(0). (5.2.4)

This begs the question of how to compare our result with SMH: ideally, we would like
to extract a result from SMH which is comparable to ours. However, this is confounded
by several factors:

4In practice, there is always an additional residual gauge dependence as the Higgs mass is computed
to �nite order in perturbation theory and as not all parameters used for to computemh are determined
to the same loop order.

151



Supersymmetric and non-supersymmetric models without catastrophic Goldstone
bosons

(i) It is impossible to remove or extract the electroweak contributions in SMH, because
the individual contributions in the computation diverge as the electroweak gauge
couplings become zero; and the total result is not �nite at vanishing external
momentum.

(ii) To avoid the Goldstone boson catastrophe and ensure cancellation between Gold-
stone boson and longitudinal gauge boson diagrams, in the two-loop corrections
in SMH the external momentum s has been replaced by 2λv2 wherever it appears
in a pre-factor (but not in the arguments of the loop functions).

(iii) The term

∆(1)M2
h ⊃

3λ

16π2
(s2 − 4λ2v4)

B(0, 0)

2λv2
, (5.2.5)

which is part of the one-loop correction coming from Goldstone bosons and lon-
gitudinal gauge bosons, is moved into the two-loop corrections, with the justi�-
cation that on-shell s = 2λv2 + ∆(1)M2

h so will give a contribution at two-loop
order when solving for the on-shell mass.

If it were not for point (2) above, it would perhaps have been possible to extract
the result for the generalised e�ective potential approximation for the electroweak
corrections. Instead, we will simply compare the results as we vary the momentum
in SMH; by modifying slightly the source code, we obtain a version of SMH without
the momentum dependence at two loops (but retaining the dependence at one loop).
Interestingly, the result of SMH is �nite even when s = 0 meaning that the divergence
as s→ 0 has been removed. It turns out that this is because of the term (5.2.5), which
has the e�ect of cancelling the divergences as s → 0 (even though this cancellation
is �ctitious). If we write δ(2)(s) for the missing momentum dependence in SMH from
setting the coe�cients of loop functions equal to 2λv2, then we have

∆(2)M2
h,SMH(s) =

6λ

16π2

(
∆(1)M2

h(s)
)
B(0, 0) + ∆(2)M2

h,gaugeless(s)

+ ∆(2)M2
h,electroweak(s) + δ(2)(s)

=
6λ

16π2

(
−6λ2v2

16π2
B(0, 0) + ∆(1)M2

h,SMH(0)

)
B(0, 0)

+ div

[
Π

(2)
hh,gaugeless(s) + Π

(2)
hh,electroweak(s) + δ(2)(s)

]
+ ∆

(2)
M2
h,gaugeless(0) + ∆

(2)
M2
h,electroweak(0) + δ̄(2)(0) +O(s),

=
12λ

16π2

(
∆

(1)
M2
h(0)

)
+ ∆(2)M2

h,gaugeless(0) + ∆(2)M2
h,electroweak(0)

+ δ̄(2)(0) +O(s).

The cancellations of the divergences imply that

div

[
Π

(2)
hh,gaugeless(s) + Π

(2)
hh,electroweak(s) + δ(2)(s)

]
?
=

1

(16π2)2

[
36λ2v2 log

2
(−s)− 72λ2v2 log(−s)

]
+

6λ

16π2

(
∆

(1)
M2
h(0)

)
log(−s),

(5.2.6)
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where

(16π2)∆
(1)
M2
h(0) ≡ (16π2)∆(1)M2

h,SMH(0)− 12λ2v2

=− 12λ2v2 + 18λ2v2 log(m2
h)− 12y2

tm
2
t log(m2

t )

+

(
g2
Y + g2

2

2

)
m2
Z

[
3 logm2

Z + 2

]
+ g2

2m
2
W

[
3 logm2

W + 2

]
.

(5.2.7)

On the other hand, by evaluating the diagrams for the Standard Model in the gaugeless
limit retaining only the top Yukawa coupling and the Higgs quartic λ we �nd

div

[
Π

(2)
hh,gaugeless(s)

]
=

6λv2

(16π2)2
log(−s)

[
λ2

(
− 14 + 18 log(m2

h) + 3 log(−s)
)

− 2y2
t

(
λ+ (y2

t − λ) log(m2
t )

)]
, (5.2.8)

so we can see there are several remaining pieces that must be cancelled by

div

[
Π

(2)
hh,electroweak(s) + δ(2)(s)

]
. But if we set s2

fixed = −Q2 in our routines we should

cancel the divergent part exactly, and leave us only with Π
(2)
hh,gaugeless(0). We can then

determine

∆
(2)
M2
h,electroweak(0) + δ

(2)
(0) = ∆(2)M2

h,SMH(0)−∆(2)M2
h,SPheno(−Q2)

− 12λ

16π2

(
∆

(1)
M2
h(0)

)
. (5.2.9)

We �nd that this residual di�erence is tiny; at Q = mt = 173.34 GeV with the Higgs
quartic λ = 0.12604, the top Yukawa yt = 0.9345, the gauge couplings (g3, g2, gY ) =
(1.1654, 0.6442, 0.2782), and the VEV v = 247.07 GeV we have:

∆
(2)
M2
h,electroweak(0) + δ

(2)
(0) ' −0.03(GeV)2 = −0.0002%m2

h ! (5.2.10)

This corresponds to a tiny value of the electroweak corrections; a similar observation
was made in [25].

Finally, we compare the more physically meaningful di�erences between the codes
when we take s = m2

h|tree in our routines. The values of the Higgs mass computed
with SPheno after turning o� the light SM fermion contributions and with the mod-
i�ed version of SMH is given in table 5.3, and strikingly they only di�er by 40 MeV
when we include the momentum dependence in SMH � in other words, for Q = 173.34
GeV, the momentum dependence and electroweak corrections amount to only 0.03% of
mh. We further examine the importance of both the momentum dependence and EW
corrections by varying now the renormalisation scale at which we compute the Higgs
mass: for this purpose, �gure 5.1 shows the di�erence of the two-loop masses between
the two codes � more precisely (m2`

h )SPheno− (m2`
h )SMH � with and without momentum,

as a function of the renormalisation scale Q (where the MS parameters are extracted
by SPheno at each value while keeping λ �xed rather than evolving the parameters:
the idea is to show the importance of the choice of scale rather than the stability of
the computation). While for large scales the two-loop momentum e�ects may become
large (1 GeV or more), the electroweak corrections represent at most 0.2 GeV and even
vanish for a scale close to the MS top mass.
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SPheno SMH

ξ 1 0.01 0.01 0
v [GeV] 247.494 246.914
yt 0.939 0.939 0.940

(g3, g2, gY ) (1.1654, 0.6452, 0.2780)

2` momentum partial partial partial full none
dependence s = m2

h|tree s = m2
h|tree s = m2

h|tree iterative s = 0

Light SM fermions yes yes no no no
m2`
h [GeV] 125.083 125.134 125.133 125.176 125.121

Table 5.3 � Comparison of two-loop Higgs masses calculated with the codes SPheno

and SMH, for di�erent choices of gauge in SPheno and switching on and o� the
two-loop momentum dependence in SMH. The renormalisation scale is �xed to
Q = 173.34 GeV, and the Higgs quartic coupling is λ = 0.12604 and is not varied
(the idea being to illustrate the importance of the choice of scale, rather than the
stability of the result). All other inputs for SMH are taken to the same values as
in SPheno. In SPheno the only two-loop momentum dependence is from pseudo-
scalar diagrams and only a generalised e�ective potential approach (see main text)
with s = m2

h|tree, while in SMH the full two-loop dependence is implemented and is
used to �nd mh iteratively.

5.2.3 Momentum dependence

Implementing the solution to the Goldstone boson catastrophe in SARAH has required
the insertion of external momentum in infra-red divergent loop integrals, and thus
we should also investigate the impact of the momentum s = −p2 on the Higgs mass
calculation in SPheno. In practise, we have set for the majority of scans the external
momentum for the two-loop calculations to be equal to m2

h|tree but we will now vary
the momentum to study its impact on mh. Table 5.4 shows the shift to the two-loop
Higgs mass � with respect to the value computed with s = (125 GeV)2 � for external
momentum in loops equal to s = α × (125 GeV)2, where α ranges from 10−6 to 106

and for λ = 0.126 and λ = 0.130. For all values of the external momentum considered
here, the variation of the Higgs mass remains small: at most they become of order
∼ 0.13 GeV for α = 10−6 (i.e.

√
s = 0.125 GeV), and while this e�ect is noticeable, it

is far from the divergences that could have been feared when approaching the limit of
s→ 0. All in all, although pole masses � as we compute here � are in principle found
as the zero of the inverse propagator, that has to be found iteratively as the self-energy
contains momentum dependence, we see from the minute e�ects of momentum in the
range α ∈ [1/2, 100], relevant for scalar masses, that we will not require an iterative
solution and that simply taking s = (125 GeV)2 in the loop diagrams with pseudo-
scalars will be a satisfactory approximation. In particular, changing s between m2

h|tree
and 125 GeV causes a di�erence in m2`

h of less than an MeV.

We emphasise however that the e�ect of momentum on Goldstone boson mass diagrams
discussed here is only a subset of the general momentum dependence of the two-
loop masses, which should in principle be taken into account, as seen in the previous
subsections.
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Figure 5.1 � Di�erence between the two-loop Higgs mass computed by SMH and SPheno�
(m2`

h )SPheno − (m2`
h )SMH � as a function of the renormalisation scale Q, with (blue

curve) and without (orange dashed curve) the momentum dependence at two loops
in SMH. The Higgs quartic coupling is here λ = 0.12604. In SPheno the contribu-
tions of the light SM fermions are turned o� and the external momentum in the
two-loop routines is set to s = m2

h|tree.

δm2`
h [GeV]

λ α = 10−6 α = 10−4 α = 10−2 α = 1/2 α = 1

0.126 0.1210 0.0655 0.0252 0.0028 0.0
0.130 0.1302 0.0704 0.0270 0.0030 0.0

λ α = 2 α = 100 α = 104 α = 106

0.126 -0.0025 -0.0100 -0.0048 0.0155
0.130 -0.0026 -0.0106 -0.0048 0.0560

Table 5.4 � Shift in GeV of the two-loop Higgs mass in the Standard Model � com-
puted with SPheno and with respect to the value obtained for p = 125 GeV �
for di�erent values of the quartic coupling λ, and of the incoming momentum
s = α× (125 GeV)2 in the two loop routines.

5.3 The NMSSM

As a second check of our new solution, and demonstration of its importance, we
shall compare the results for the three di�erent options to solve the Goldstone Boson
Catastrophe in the example of the Next-to-minimal supersymmetric standard model
(NMSSM) � see [78] and references therein for a detailed description of the model,
or section 1.3.4.5 for a brief introduction. Indeed, the NMSSM is the �rst supersym-
metric model for which the problems at certain points in the parameter space were
found in earlier versions of SARAH. Here we shall show that this is avoided, and have a
preliminary look at the impact of the �consistent tadpole solutions.�

We start with a test point de�ned by the following input parameters:

λS = 0.7, κ = 0.25, AλS = 1350 GeV, Aκ = −500 GeV, µeff = 600 GeV,

M1 = M2 = 1000 GeV, M3 = 2000 GeV,
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D R = 10−5 R = 10−4 R = 10−3 R = 10−2 R = 10−1 OS OS+Tad

h1 129.58 65.27 124.63 129.07 129.82 130.58 129.70 129.97
h2 315.64 312.84 315.39 315.59 315.55 315.67 315.09 315.60
h3 1632.28 1627.55 1631.77 1632.36 1632.63 1632.81 1632.51 1633.39
A1 582.02 582.61 582.31 582.02 581.74 581.63 580.94 581.23
A2 1631.98 1630.38 1631.15 1631.88 1632.43 1632.59 1632.04 1632.60

Table 5.5 � The Higgs masses in the NMSSM (in GeV) for the parameter point de�ned
by eq. (5.3.1) for di�erent choices for the two-loop corrections.

(mQ)33 = 1500 GeV, (mū)33 = 1000 GeV, (5.3.1)

and all other soft-masses set to 2 TeV. Table 5.5 gives the results for the Higgs masses
obtained with the following calculations:

(i) D-terms turned o� in mass matrices but retained in tadpole solutions (as in
previous versions of SARAH), labelled �D� in the table.

(ii) Regulator masses with R = 10−5�10−1.

(iii) Goldstones set on shell, with and without consistent tadpole solutions, labelled
OS and OS+Tad respectively.

We see from this table that there is an agreement in the light Higgs mass of about
0.4 GeV between all the calculations if R is chosen to be about 10−2.

While the new �on-shell� solution of the Goldstone boson catastrophe is optimal, be-
tween introducing a regulator R and the previous approach with neglected D-terms in
the scalar mass matrix, the latter is preferred because one does not need to check for a
suitable choice of R to stabilise the results. However, we can now consider parameter
points where the old method fails. This is shown for the point de�ned by
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Figure 5.2 � The lightest scalar mass squared for the parameter point de�ned by
eq. (5.3.2) when calculating with and without D-term contributions.

κ = 0.6, AλS = 200 GeV, Aκ = −200 GeV, µeff = 150 GeV (5.3.2)

M1 = M2 = 1000 GeV, M3 = 2000 GeV
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and all scalar soft-masses set to 2 TeV. The lightest scalar tree-level mass with and
without the D-terms as function of λS is shown in �gure 5.2. One can see that for
λS ' 0.5, 0.8, the lightest scalar becomes massless in the limit of vanishing D-terms.
Thus, for these values, divergences in the two-loop corrections can be expected which
are this time not associated with the Goldstone but with the lightest CP even state.
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Figure 5.3 � The lightest Higgs mass at the two-loop level for the parameter point
de�ned by eq. (5.3.2) for di�erent methods to regulate the two-loop corrections.

We show the lightest Higgs mass in �gure 5.3 as function of λS for di�erent methods to
regulate the two-loop corrections. Obviously, the approach of neglecting electroweak
D-terms fails for values of λS at which the masses entering the loop calculations become
very light. However, for very large values of λS which are away from the poles, the
agreement with the other calculations is also rather poor. In contrast, over the entire
range of λS we see a good agreement between the methods using regulator masses, if
R = 10−2 or 10−3 is chosen, and the method of treating the Goldstones on-shell. It is
interesting that for these values of R the minimum mass is

√
R×MSUSY ' 100 GeV,

i.e. logarithmic contributions involving the light scalars are being excised.

We note that the corrections from the consistent tadpole solution are small until λS
becomes large, at which point we see signi�cant deviations. However, as λS approaches
0.9 we see from �gure 5.2 that the tree-level lightest Higgs mass approaches zero, so
we expect our perturbative calculation of the �consistent tadpole solution� to break
down and become unreliable.

5.4 Split SUSY

In Split SUSY scenarios [211,212,304�307], the SUSY scalars are much heavier than the
gauginos and Higgsinos. Consequently, these models should be studied in an e�ective
approach where all SUSY scalars are integrated out at some matching scale. The
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Lagrangian below this scale is given by

L =LSM −
(

1

2
M3g̃

αg̃α +
1

2
M2W̃

aW̃ a +
1

2
MBB̃B̃ + µH̃T

u εH̃d + h.c.
)

(5.4.1)

−
[

1√
2
H†
(
g̃2uσ

aW̃ a + g̃1uB̃
)
H̃u +

1√
2
HT ε

(
−g̃2dσ

aW̃ a + g̃1dB̃
)
H̃d + h.c.

]
(5.4.2)

where LSM is the Standard Model Lagrangian with Higgs potential (1.1.5). Because
of the matching between the e�ective, non-supersymmetric model and the MSSM, the
quartic Higgs coupling λ as well as the new Yukawa-like interactions g̃(1,2)(u,d) are not
free parameters but �xed by the matching conditions at the scale MM . At tree-level,
the following relations hold

g̃2u(MM ) =g2(MM ) sinβ (5.4.3)

g̃2d(MM ) =g2(MM ) cosβ (5.4.4)

g̃1u(MM ) =

√
3

5
g1(MM ) sinβ (5.4.5)

g̃1d(MM ) =

√
3

5
g1(MM ) cosβ (5.4.6)

λ(MM ) =
1

8
(g2

1(MM ) + g2
2(MM )) cos2 2β (5.4.7)

Here, g1 and g2 are the running gauge couplings of U(1)Y and SU(2)L and β is
de�ned as the mixing angle of the two Higgs doublets in the MSSM (in contrast to the
de�nition in the MSSM as a ratio of expectation values). There are important higher-
order corrections to the matching conditions which are necessary to have a precise
prediction for the Higgs mass at the low scale. In particular λ has been calculated
including the two-loop SUSY corrections [213,215,216]. The numerical value of these
corrections depends on the many SUSY parameters at the matching scale; however,
a commonly taken useful approximation is to give the scalars a common mass Mmess,
in which case the corrections can be given in terms of just this scale and the squark
mixing. Moreover, in strict split SUSY where the fermion masses are protected by an
R-symmetry (or another symmetry in Fake Split SUSY [308,309]) near the electroweak
or TeV scale and well below Mmess, the squark mixing must by very small. In which
case, the leading corrections to the Higgs quartic coupling are purely electroweak at
one loop, and at two loops contain no logarithmic terms � meaning that they are very
small (in particular since the strong gauge and top Yukawa couplings run to small
values at higher scales), so using the tree-level relationship above can be good enough.

Below the scale Mmess, we must run to the scale of the fermion masses, before also
integrating them out, and then running to the electroweak scale in the Standard Model.
In some previous approaches, the running was performed all the way down to the
electroweak scale, before calculating the Higgs mass in the full Lagrangian (5.4.2);
however, it was found in [308] that in this approach it is necessary to include the three-
loop leading logarithm involving the gluino mass to obtain good agreement between the
two results � this is automatically resummed by the renormalisation group running in
the former approach. In either case, the full contribution of the gauginos and Higgsinos
to the matching conditions is only known in the literature to one-loop order [213].

Hence in this section we are interested in the e�ect of the two-loop corrections to the
Higgs mass stemming from the g̃(1,2)(u,d) couplings which have not been studied in the
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Figure 5.4 � The change in the Higgs mass in GeV due to the two-loop corrections
involving the new Yukawa-like interactions g̃(1,2)(u,d). On the top, we used tanβ =
1 at MM and on the bottom tanβ = 10. The left plots are with the consistent
tadpole solutions, the right ones without.

literature before. They are expected to be small since they originate from electroweak
interactions at the matching scale (and so, admittedly, one could argue that we should
neglect them in the gaugeless limit). We shall not discuss the absolute value of the
Higgs mass, for which we would need to include all higher-order corrections to the
matching that have been calculated elsewhere, but only on the impact of the new two-
loop corrections. The overall size of these corrections is rather insensitive to the exact
matching conditions and we will be using the above tree-level relations; but as we
noted earlier, these should be a particularly good approximation for larger matching
scales.

We make in addition the simplifying assumption that at MM the SUSY fermions are
degenerate, i.e.

µ(MM ) = M1(MM ) = M2(MM ) = M3(MM ) ≡MF (5.4.8)

and thus we are left with three free parameters:

MF , MM , tanβ.

SARAH uses two-loop RGEs for the running betweenMM and the renormalisation scale
Q that we set toMF , which as mentioned above is necessary to avoid large logarithmic
contributions from the gluino. The size of the two-loop corrections proportional to the
g̃(1,2)(u,d) couplings in the (MM ,MF ) plane is shown in �gure 5.4 for tanβ = 1 and
10 for a calculation with and without the consistent tadpole solutions explained in
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section 4.4. We show here results for MF up to 5 TeV. In order not to increase the
theoretical uncertainty in the presence of new fermions in the multi-TeV range, we
made use of the functionality in SARAH to perform the Higgs mass calculation in the
e�ective SM [221]. For this purpose, a second matching is performed to extract λ at
the renormalisation scale Q. The imposed matching condition is

mSM
h (MF ) ≡ mSplit

h (MF ) (5.4.9)

i.e. we perform a matching of the Higgs pole masses as suggested in [218], from which
an e�ective λ is derived. λ is then evolved to mt using three-loop RGEs of the SM. At
mt the Higgs mass is calculated within the SM at the two-loop level. The additional
loop-corrections discussed here enter the calculation of mSplit

h (MF ), and in turn that
of λSM(MF ).
We see that the additional corrections for SUSY fermions are always well below 1 GeV
once the consistent solution to the tadpole equations are included. However, if those
are not used, the misleading impression of sizeable corrections of a few GeV is given;
it would be interesting to investigate this phenomenon further.

5.5 Two-Higgs-Doublet Model

In this section we will be interested in the e�ect of two-loop scalar mass corrections
in the CP-conserving 2HDM. For most scans and �gures presented below, we worked
in the type-I 2HDM if not indicated otherwise. However as the di�erence with type-II
comes from the couplings of the scalars to the down-type quarks and to the leptons
which are light and give much smaller contributions to the lightest Higgs mass than
the top quark, we do not expect large e�ects on our results (even for large tanβ, since
the contributions typically involve the quark masses rather than just the couplings).

5.5.1 The alignment in Two-Higgs-Doublet Models

Instead of the Z2 basis de�ned in eq. (1.4.14), it is often more convenient to work in
another basis � the so-called Higgs basis {H1, H2} � where the neutral component of
the doublet H1 is aligned in �eld space with the total VEV v, with a rotation of angle
β {

Φ1 = H1cβ −H2sβ
Φ2 = H1sβ +H2cβ

⇔
{
H1 = Φ1cβ +H2sβ
H2 = −Φ1sβ + Φ2cβ

(5.5.1)

We choose to write these two new doublets as

H1 =

(
H+

1
1√
2

(
v +H0

1

)), H2 =

(
H+

2
1√
2
H0

2

)
. (5.5.2)

In this new basis, following the notation of [132], the potential can be written as

V (0) = Y1

(
H†1 ·H1

)
+ Y2

(
H†2 ·H2

)
+ Y3

(
H†1 ·H2 +H†2 ·H1

)
+
Z1

2

(
H†1 ·H1

)2
+
Z2

2

(
H†2 ·H2

)2
+ Z3

(
H†1 ·H1

)(
H†2 ·H2

)
+ Z4

(
H†1 ·H2

)(
H†2 ·H1

)
+

1

2
Z5

[(
H†1 ·H2

)2
+
(
H†2 ·H1

)2
]

+
[
Z6

(
H†1 ·H1

)
+ Z7

(
H†2 ·H2

)][
H†1 ·H2 +H†2 ·H1

]
. (5.5.3)
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The CP-even physical states are eigenstates of the mass matrix

M2
H =

(
Z1v

2 Z6v
2

Z6v
2 m2

A + Z5v
2

)
, (5.5.4)

where m2
A = −2m2

12

s2β
− λ5v

2 (5.5.5)

which is diagonalised with an angle α, and are given by{
h = (

√
2Re(Φ0

1)− v1)sα + (
√

2Re(Φ0
2)− v2)cα = Re(H0

1 )sβ−α + Re(H0
2 )cβ−α

H = (
√

2Re(Φ0
1)− v1)cα − (

√
2Re(Φ0

2)− v2)sα = Re(H0
1 )cβ−α −Re(H0

2 )sβ−α
.

(5.5.6)

The alignment limit is de�ned as the limit in which the neutral components of the
Higgs-basis doublets are also mass eigenstates, or in other words, the limit in which
one of the CP-even neutral scalar mass eigenstates is aligned with the VEV v. From
eq. (5.5.6) we see that this can be realised in two ways:

(i) sβ−α = 0 in which H carries the VEV and is identi�ed with the SM-like Higgs.

(ii) cβ−α = 0 which means that h is the SM-like Higgs.

We do not make any assumption on the size of the masses of the di�erent scalars i.e. we
do not suppose that we are in the decoupling limit as well. Consequently, at tree-level
we only require Z6v

2 → 0, and hence with the expression of Z6 derived in [132], we
have

Z6 ≡ −s2β

[
λ1c

2
β − λ2s

2
β −

1

2
λ345c2β

]
= 0 (5.5.7)

where λ345 ≡ λ3 + λ4 + λ5. The simplest, and tanβ-independent, way to ful�l this
condition is to have

λ1 = λ2 =
1

2
λ345, (5.5.8)

which we will use in the following to constrain tree-level alignment. Also, we will
require that the SM-like Higgs be the lightest mass eigenstate h (case (ii) above), by
ensuring that

Z1v
2 < m2

A + Z5v
2 (5.5.9)

This implies that cβ−α = 0, and thus, with the conventional choice that β ∈ [0, π2 ] and
|α| ≤ π

2 , we have that

β − α =
π

2
⇒ α ∈ [−π

2
, 0]. (5.5.10)

The constrain for tree-level alignment given in eq. (5.5.8) reduces the number of free
parameters of the model from seven to �ve, as two of the quartic couplings (eg. λ2

and λ3) can be found as a function of the three other ones.

5.5.2 Renormalisation scale dependence of the Higgs mass computed
with SPheno

The masses computed by SPheno are pole masses, which should in principle not depend
on the renormalisation scale at which they are computed. Evaluating the variation of
the masses with the scale Q hence provides a consistency check of our results and an
estimate of the theoretical uncertainty as the variation of the two-loop masses with Q
corresponds roughly to the three-loop corrections. For this purpose, we have tuned the
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Figure 5.5 � Lightest Higgs mass m2
h as a function of the renormalisation scale Q,

considering only the running of SM parameters. In other words, for this �gure,
the values of the BSM parameters λi, m2

12, and tanβ given in eq. (5.5.11) are
considered to be input values at the scale Q at which the Higgs mass is computed,
instead of being evolved from 160 GeV to Q. Red curve: tree-level; Blue dot-dashed
curve: one-loop order; Green dashed curve: two-loop order.

λi couplings to ensure a two-loop Higgs mass of 125.09 GeV, at scale Q = 160 GeV,
together with tree-level alignment and �nd the following values

λ1 = λ2 = 0.0911, λ3 = 0.3322, λ4 = 0.8000, λ5 = −0.9500

m2
12 =− 50 000 GeV2, tanβ = 50. (5.5.11)

Using HiggsBounds we have veri�ed that this point in parameter space is not excluded
by the current experimental constraints.

At �rst we only take into account the running of SM parameters, and we then consider
that the above input parameters (i.e. those in eq. (5.5.11)) are given to SPheno as the
values of the couplings at the scale Q at which the Higgs mass is computed, which we
vary in the range [100 GeV, 10 000 GeV]. We �nd the results shown in �gure 5.5 for
the tree-level, one-loop and two-loop Higgs mass mh. Since phenomenological analyses
typically supply the quartic couplings without reference to a higher-energy theory or
the scale where they are determined, this plot shows the importance of the choice of
that scale.

We have veri�ed that the renormalisation scale dependence ofmh|tree (that is computed
in terms of the parameters of the 2HDM scalar sector, i.e. the parameters in eq. (5.5.11)
and v) is entirely due to the scale dependence of the Higgs VEV v,5 as the running of
the quartic couplings is for the moment not applied. The renormalisation scale Q is
seen to have only a limited e�ect on the two-loop value of mh which varies of about 2
GeV on the range of scales considered here, while the one-loop result varies by about
15 GeV. Since the two-loop curve is so �at, this shows that most of the variation in

5We recall that SARAH/SPheno employs here a running VEV, extracted from the Z boson pole mass
at one-loop order. The reader may refer to appendix A of [221] for more details.
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Figure 5.6 � Lightest Higgs mass m2
h as a function of the renormalisation scale Q,

taking into account the running of all parameters � both SM and BSM ones �
with the RGEs included in SPheno. The di�erence between this �gure and �gure
5.5 is that here we do not consider the inputs given in equation (5.5.11) to be
taken at the scale Q at which we compute mh but at the scale mt, and then we
evolve them from mt to Q. Red curve: tree-level; Blue dot-dashed curve: one-loop
order; Green dashed curve: two-loop order.

the calculation of Higgs mass for the chosen quartics must come from variation of the
Standard Model parameters, and that a two-loop calculation (rather than one-loop) is
necessary not just for precision but also to ensure scale stability.

Using the two-loop RGEs implemented in SARAH/SPheno, we can also include the
evolution of the 2HDM parameters to obtain a more complete scale dependence of the
masses, as shown in �gure 5.6. To be more speci�c, here we do not consider the inputs
in eq. (5.5.11) to be given at the scale Q at which we compute mh, but instead we run
these values from mt to Q.

Once more, the two-loop value of Higgs mass depends less on the renormalisation scale
than the tree-level or one-loop values. This smaller dependence of the two-loop Higgs
mass on Q, compared with the one-loop mass, even for choices of parameters that give
large loop corrections is a �rst veri�cation of the validity of our new two-loop routines.
In the following we will therefore work at a �xed scale Q = mt, con�dent that the
results will be for the most part independent of this choice.

5.5.3 Quantum corrections to the alignment limit

The relations de�ning the alignment limit, in section 5.5.1, are only valid at tree level
and we expect them to receive corrections at one- and two-loop order, and in this
section we will discuss the importance of these e�ects on the mixing angle of the
neutral CP-even scalars α.

Scanning over the di�erent free couplings of the model � m2
12 and λi (i ∈ {3, 4, 5})

� we compare the values of the CP-even Higgs mixing angle α at tree level, one-loop
and two-loop order, as shown in �gure 5.7, and as expected, loop corrections cause
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Figure 5.7 � −1/tα as a function of the o�-diagonal mass term m2
12 (upper left), and

of quartic couplings λ3 (upper right), λ4 (lower left) and λ5 (lower right) at each
order in perturbation theory. For each plot we vary the parameters as follows:
we choose one parameter as the abscissa; the tree-level alignment condition λ1 =
λ2 = 1/2λ345 plus the requirement that the Higgs mass is 125.09 GeV �xes three
parameters, namely λ1, λ2 and either λ4 for the bottom right plot or λ5 for the
other three; the remaining parameters are held �xed at values λ3 = 0.5, λ4 =
0.5, m2

12 = −1000 GeV2 (when they are not otherwise varying). All plots are for
tanβ = 50. Red curve: tree-level; Blue dot-dashed curve: one-loop order; Green
dashed curve: two-loop order.

deviations from the tree-level relation tα = −1/tβ ⇔ cβ−α = 0. The observations we
can make from these plots are the following:

(i) in the ranges of parameters that we considered, the e�ect of loop corrections on
the value of α is small, at most of the order of 1%;

(ii) the one-loop corrections to α show very little dependence on the quartic couplings
λi=3,4,5;

(iii) it appears that for most parameter points, the two-loop corrections to α are of
similar magnitude than the one-loop ones � although somewhat smaller when
|λi| . 1.

(iv) for some parameter points however, the two-loop corrections to α become signif-
icantly larger than the one-loop corrections, see the lower right plot in �gure 5.7.
We have veri�ed that this happens when one of the quartic couplings λi becomes
large (typically |λi| & 1) � in the plot mentioned above of −1/tα as a function of
λ5 it is λ4 that becomes smaller than −1 . We may suspect the large two-loop
e�ects are due to a loss of perturbativity: this will be discussed in more detail
in the next section.
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5.5 Two-Higgs-Doublet Model

5.5.4 Perturbativity constraints

It is common in practice to use the physical scalar masses, the Z2 breaking parameter
m12 as well as the the angles α, β as input for the 2HDM in numerical studies. How-
ever, this input often hides that it corresponds to huge quartic couplings which spoil
unitarity and the perturbative behaviour of the theory. Therefore, the constraints that
all quartic couplings must be smaller than 4π as well as the tree-level unitarity con-
straints [310�312] are applied to sort such points out. However, it was already shown
in the SM that the limit of λ < 4π might be too weak [313].

We now have all the machinery at hand to impose another constraint on the 2HDM
model namely that the radiative corrections to the Higgs mass converge. We show here
in one example that this can be a much stronger constraint than tree-level unitarity,
while a more detailed analysis of this constraint on the parameter space of 2HDM
models is left for future work.

We consider here a point for type�II de�ned by 6

mH = 593.6 GeV, mA = 535.2 GeV, mH+ = 573.2 GeV,

m2
12 = −165675 GeV2, tanα = −0.235 , tanβ = 1.017 . (5.5.12)

Since the masses are treated as pole-masses and only tree-level relations are used in the
above work, no scale for the MS parameters is given. On the other side, it is usually
checked that the translation of these masses into quartic couplings results in parameters
which are allowed by tree-level unitarity. However, this treatment implicitly assumes
that one can de�ne at each loop level suitable counter-terms to renormalise the Higgs
sector in a way that the masses can be kept constant, and that this renormalisation
converges. This is however not the case for the parameter point de�ned by eq. (5.5.12)
as one can see as follows. Using the tree-level relations (1.4.19) to (1.4.23), the input
given in eq. (5.5.12) translates into the following7 set of quartic couplings:

λ1 = 2.831 , λ2 = −2.134 , λ3 = 7.974 , λ4 = −0.660 , λ5 = 0.753 , (5.5.13)

which ful�l the tree-level unitarity constraints [310�312].

To check the perturbative behaviour, we show the scale dependence in �gure 5.8. Here,
we used the values of the quartic couplings in eq. (5.5.13) as inputs � computed from
eq. (5.5.12) at scale mt, and evolved to the scale Q at which we compute the Higgs
mass � and checked the scale dependence of the Higgs mass at di�erent loop levels.

For the evaluation of couplings at the considered scale, we used the two-loop RGEs
calculated by SARAH. One sees that the scale dependence increases with increasing
loop-level. Of course, one might wonder if this is just an e�ect from our choice to
de�ne the quartic couplings at Q = mt as input. Therefore, we show in �gure 5.9 the
size of the loop corrections for di�erent choices of our input scale Q. We see that the
size of the loop corrections rapidly increases for Q > mt and the spread between one-
and two-loop becomes even larger. Also choosing Q ' 160 GeV where the mass at
one- and two-loop level seem to be roughly identical does not solve the problem: this
is just a numerical coincidence and the scale dependence at two loops is even larger
than at one loop.

6We used HiggsBounds [290,292] to check that this point passes all current collider limits.
7Note, negative λ2 is usually taken to be forbidden because the potential is unbounded from below.

However, this only holds for the tree-level potential. If RGE e�ects are included, λ2 becomes positive
after a few hundred GeV of running [314].
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Figure 5.8 � The dependence of the lightest scalar mass on the renormalisation scale
Q, considering that the quartic couplings of eq. (5.5.13) are used as input at
the scale Q = mt. Left: mh(Q) at tree-, one-loop, and two-loop levels; Right:
∆mh ≡ mh(mt)−mh(Q) at tree-, one-loop, and two-loop levels
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Figure 5.9 � The size of the one- and two-loop corrections of the lightest scalar mass as
function of the scale Qin at which the input masses of eq. (5.5.12) are translated
into quartic couplings (or in other words, the scale at which the quartic couplings
in eq. (5.5.13) are de�ned as inputs).

5.6 Georgi-Machacek Model

Finally, we turn to the Georgi-Machacek model, described in section 1.4.3, to investi-
gate the impact of the choice of inputs at di�erent orders in perturbation theory. The
free Lagrangian parameters in the Higgs sector, left after solving the tadpole equations,
are the quartic couplings λi (i ∈ {1, 2, 3, 4, 5}), the mass parameters M1, M2 and the
ratio of VEVs sH , but one can always use di�erent inputs.

In particular, mh, sH , m5 seem to be a suitable � and popular [136] � choice for the
input parameters and can be traded for λ1, λ5 and vT . In the following we shall do
this using tree-level relations derived from those presented in section 1.4.3 (or [136]).
However, the choice to use masses instead of couplings as input can have the danger
that one enters a non-perturbative regime without recognising it, as we already have
pointed out for the 2HDM. We will discuss the importance of higher-order corrections
in general in this model in the following: in contrast for instance to the 2HDM, it is
not possible to renormalise all mixing angles and masses on-shell in this model. One
reason for this is that the masses of the �ve-plet are only exactly degenerate at tree-
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5.6 Georgi-Machacek Model

tree one-loop two-loop
mh1 [GeV] 125.00 210.45 < 0
mh2 [GeV] 1000.00 950.56 916.96
mh3 [GeV] 1054.67 975.20 954.03
mA1 [GeV] 1049.31 998.41 896.13
mH+

1
[GeV] 1000.00 950.80 -

mH+
2
[GeV] 1049.31 998.21 -

mH++ [GeV] 1000.00 951.55 -
Table 5.6 � The scalar masses at tree- and loop-level for the parameter point λ2 =

λ3 = λ4 = 0, m5 = 1 TeV and sH = 0.75. The renormalisation scale was set to
m5.

level but the custodial symmetry is not protected against loop e�ects [315]. Therefore,
the number of mass parameters but also of rotation angles is extended at the loop
level: one needs three instead of two angles to diagonalise the loop-corrected CP-even
mass matrix, and also the CP-odd and charged Higgs mass matrix no longer share
the same angle. Therefore, an MS renormalisation of the scalar sector is the natural
option to check the impact of higher order corrections to the masses and angles. We
give in Tab. 5.6 the loop corrected masses for all scalars for the parameter point
λ2 = λ3 = λ4 = 0, m5 = 1 TeV, and sH = 0.75.

We see in these numbers that not only a mass splitting between the components of the
�veplet and triplet is induced at the one-loop level, but also that the loop corrections to
the SM-like Higgs scalar can be huge. One can understand these large loop corrections
for the chosen parameter point to some extent analytically: the one-loop corrections
to the (1, 1)-element of the CP even mass matrix are given in the e�ective potential
in the limit m5 � v by

∆m2
h ∼ v2 8m4

5s
4
H

9π2v4
. (5.6.1)

Thus, for large values of m5 and/or sH one can expect huge corrections to the mass.
Note, there are additional loop corrections to the o�-diagonal elements of the scalar
mass matrix which can have a signi�cant impact on the masses. Therefore, one needs
a full numerical calculation already at the one-loop level to obtain an accurate number
for the SM-like Higgs mass.

Before we further investigate the loop corrections, we want to comment brie�y on
the choice for the renormalisation scale Q. In the SM, but also in other models like
2HDMs, it is suitable to set Q = mt to give a good convergence and ensure that there
are no large logarithmic contributions from top loops. However, in the GM model the
dominant loop corrections involve often scalar �elds with masses of the order of m5.
Therefore, the overall size of the loop corrections is usually smaller for Q = m5 as one
can see in �gure 5.10.

We check now the Higgs mass in the (m5, sH) plane proposed in [136] always using
Q = m5. The other parameters are �xed in this plane to

mtree
h = 125 GeV , M1 =

√
2 sHv (m2

5 + v2) , M2 = 1
6M1

λ3 = −0.1 , λ2 = 0.4 m5
1000 GeV , λ4 = 0.2
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Figure 5.10 � The SM-like Higgs mass at tree-, one- and two-loop level for m5 = 1 TeV
and as a function of sH . The results are shown for two di�erent choices for the
renormalisation Q scale, namely Q = mt and Q = m5.

The light Higgs mass at the one- and two-loop level is shown in �gure 5.11. As
expected, we see that the two-loop corrections are large for large sH and m5. In order
to further demonstrate this, we show in �gure 5.11 also explicitly the size of the one-
and two-loop corrections for all three CP-even scalars.

We see that in the upper right corner in the (sH ,m5) plane the two-loop corrections
are much larger than the one-loop ones and the Higgs can even become tachyonic.
For m5 = 1 TeV, this already happens at sH > 0.5, while for m5 = 1.5 TeV the
upper limit of sH is as low as 0.25. For large m5 this limit is much stronger than
the one from perturbative unitarity of V V → V V scattering amplitudes which gives
sH < 667 GeV

m5
[316]. Thus, even if it might still be possible to obtain the correct Higgs

mass at two-loop level by adjusting the other input parameters or by absorbing �nite
corrections into counter-terms, the results in this parameter region should be taken
with a lot of care. Most likely, they are meaningless. However, also for the other
parameter regions with a reasonable hierarchy of the one- and two-loop corrections,
one would need large adjustments in the input parameters to compensate for these
loop corrections. These changes would then re�ect in the couplings and some decay
widths of the 125-GeV scalar will deviate for large sH and/or m5 clearly from the
tree-level expectation. Finally, one can also see in �gure 5.12 that the loop corrections
to the masses of other scalars are sizeable and can shift the masses easily by tens to
hundreds of GeV.

5.7 Conclusions

In this chapter we have presented several varied results relating to the calculation of
two-loop corrections to the Higgs mass in general models. Chief among these are:
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Figure 5.11 � First row: absolute size of the SM-like Higgs mass in the Georgi-Machacek
model as a function of sH and m5 and including one- (left) and two-loop (right)
corrections. Second row: the size of the one- (left) and two-loop (right) corrections.

(i) We completed the basis of necessary loop functions for our on-shell solution, with
a new expression for Ṽ (0, x, y) given in appendix B.3.

(ii) We extended the derivation of shifts to the tadpoles and Higgs mass from con-
sistently solving the tadpole equations by allowing fermion masses to be directly
dependent on the parameters (such as µ in the MSSM), with the expressions
given in appendix C.

(iii) We compared our results with those available for the Standard Model. In par-
ticular, this allowed a comparison within the same code of calculations in two
di�erent gauges, and we also found that the electroweak corrections are negligi-
ble, while those from momentum dependence are very small.

(iv) We showed that our new computation does indeed remove the instabilities (sharp
peaks in the Higgs mass for certain parameter choices) in the previous approach
for supersymmetric models; however, the reader should be aware that there are
still some limitations when scalar masses in the loops become small compared to
the renormalisation scale.

(v) We explored the corrections to the mixing angle in the alignment limit in the
Two Higgs Doublet Model using the MS couplings as inputs, and found that
provided the quartic couplings are chosen to be small, the loop corrections are
safely under control.
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Figure 5.12 � The size of the one- (left) and two-loop (right) corrections in the (sH ,m5)
plane for the second (�rst row) and third (second row) CP-even scalar.

(vi) We explored the 2HDM and Georgi-Machacek models with masses as physical
inputs and using tree-level relations to obtain MS couplings, as commonly done
in the literature. We �nd that in most regions of the parameter space these lead
to large quartic couplings, which rapidly lead to loss of control of the loop cor-
rections. Perhaps surprisingly, this often occurs well before the couplings reach
naive perturbativity bounds. In the next chapter we will continue investigating
the use of masses (and mixing angles) as inputs, but we will go beyond tree-level
relations and perform the extraction of the Lagrangian parameters at one- and
two-loop orders.

All of the shown results are available to the community with SARAH version 4.12.0, and
can hopefully contribute to an e�cient and more precise study of many extensions
of the SM; this should open the avenue to much future work. It would be particu-
larly interesting to explore more carefully the relationship between on-shell and MS
calculations in non-supersymmetric models, to better understand how the divergent
behaviour of the masses that we observe for the MS scheme translates into di�erences
in physical couplings � or even possibly ruling out certain parameter regions of models
as unphysical. Note that this programme was continued in [317], where the renormal-
isation of the Georgi-Machacek model and the possible perturbativity constraints in
that model were studied.
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Chapter 6

Matching and running

In this last chapter, we investigate the high-scale behaviour of Higgs sectors beyond
the Standard Model and in particular the importance of performing a proper matching
of couplings before applying the renormalisation group equations.

Additional states in models with extended Higgs sectors alter the high-scale behaviour
of the theory compared to the SM expectations. For instance, it is known today that
the SM becomes metastable if it is extrapolated to very high energies [24,25,318,319]:
at a scale of 109−11 GeV the Higgs quartic coupling λ runs negative. The scale at
which the potential becomes unstable could be signi�cantly a�ected by the presence
of new states � it could even completely disappear. This would then indicate that
the BSM model is valid up to the Planck scale. An opposite e�ect can occur if large
couplings are present. In this case, a Landau pole might be present which points
towards the breakdown of the theory. Both e�ects, the presence of Landau poles or
deeper vacua, can also be used to directly constrain the parameters of a new physics
model. A parameter point can be discarded if the model becomes strongly interacting
at energies already probed by the LHC, or if the life-time of the electroweak breaking
vacuum is too short on cosmological time scales.

Many of these e�ects have already been studied in the literature for plethora of di�erent
models such as singlet extensions [124,126�128,320], triplet extensions [321,322], Two-
Higgs-Doublet-Models (2HDMs) [323�331] or models with vector-like fermions [332].
These studies utilise the one- and sometimes even two-loop renormalisation group
equations (RGEs). However, less care was was taken in the determination of the
parameters which enter the RGE running. Often, two-loop RGEs were combined with
a tree-level matching.

A proper determination including higher-order corrections of the quartic coupling,
which enters the RGE running, was so far only performed for the SM [25].1 It was
shown that even the two-loop shifts to λ are important for determining the fate of the
model. This is remarkable, because it is well known that the loop corrections to the
Higgs mass are small if they are calculated at Q = mt: the corresponding shifts in λ
are only 2.5%. While the corrections from top quarks are of a similar order in many
BSM models, other corrections like the ones from Higgs self-interactions can be much
larger, as we found for example in the previous chapter for 2HDMs and the Georgi-

1Loop corrections in the scalar sector were taken into account in [333] for a singlet extension
and in [131,334] for a 2HDM. These studies did not however investigate the impact on the high-scale
behaviour of the model. In ref. [335] in turn, a one-loop matching has been performed for that purpose
in the context of a seesaw-II as well as a left-right symmetric model.
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Matching and running

Machacek model where the two-loop corrections to the Higgs masses were calculated
for the �rst time.

We show in this chapter that higher-order corrections can be very important for the
study of the UV behaviour of a theory leading to four main conclusions:

(i) The threshold corrections at low energies can lead to substantial shifts in the
running parameters of a model.

(ii) The change from one-loop to two-loop running can �atten the running at large
values of the coupling, preventing the onset of a Landau pole at high energies �
leading to a form of asymptotic safety.

(iii) Alternatively, in the case where the running drives some quartic coupling neg-
ative, higher-order corrections can lead to signi�cant changes to the predicted
scale of metastability.

(iv) As a by-product of the above, we �nd that new fermionic �elds at low energies
can stabilise the SM potential.

We illustrate the above with a detailed examination of three examples: a singlet ex-
tension, the SM extended by vector-like quarks and a Two-Higgs-Doublet Model.

This chapter is organised at follows: in section 6.1 we give a step-by-step prescription
for the general matching procedure including loop e�ects, as well as details into the
procedure used to obtain higher order-corrections to the quartic couplings in the dif-
ferent models considered. Afterwards, we discuss in section 6.2 the numerical results,
providing insights including approximate formulae.

6.1 Matching and Running

To extrapolate a theory from the electroweak scale to high energies, we require two
ingredients:

(i) The value of the couplings at the �low scale� where the running starts;

(ii) The RGE running of all parameters.

6.1.1 Renormalisation Group Equations

We shall always work in the MS scheme. In this scheme, the β-functions, which
describe the energy dependence of the parameters Θ, are de�ned as

βi = µ
dΘi

dµ
. (6.1.1)

Here, µ is an arbitrary mass scale. βi can be expanded in a perturbative series:

βi =
∑
n

1

(16π2)n
β

(n)
i (6.1.2)

β
(1)
i and β

(2)
i are the one- and two-loop contributions to the running which we are

mainly interested in. The expressions for the two-loop running of the parameters
appearing in a given model can be obtained from the generic expressions valid for a
general quantum �eld theory, given in Refs. [270�273].
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6.1 Matching and Running

6.1.2 Matching

The renormalised coupling constants Θi in d = 4 − 2ε dimensions, which enter the
running, are related to the corresponding bare couplings Θ0

i by

Θ0
iµ
−Ciε = Θi +

∑
n

a
(n)
i

εn
. (6.1.3)

Here, Ci are constant factors depending on the character of Θi.2 The coe�cients ai
are the result of a perturbative expansion. In general, two approaches are possible
to determine the Lagrangian parameters as function of physical observables such as
masses:

(i) In an on-shell calculation the physical observables are identical at each loop-level,
but all �nite and in�nite corrections are absorbed into the counter-terms of the
Lagrangian parameters (δΘOS

i ).

(ii) In an MS calculation the counter-terms of the Lagrangian parameters (δΘMS
i )

contain only the divergences. Therefore, the calculated masses depend on the
loop-level at which the calculation is performed.

The bare Lagrangian parameters are identical in both cases

Θ0
i = ΘOS

i − δΘOS
i = Θi(µ)− δΘMS

i . (6.1.4)

In an on-shell calculation, however, there is no generic set of renormalisation group
equations known, and therefore to explore a theory at high energies it is necessary to
use MS equations � i.e. to extract the underlying MS parameters of the theory, and
then run them. On the other hand, in an MS calculation, the physical parameters are
functions of the Lagrangian parameters: so if we are given the physical quantities, we
must invert these functions to extract the MS ones. This is where complications appear,
and why many studies in the literature resort to simply using tree-level matching.

For example, suppose that we want to extract the quartic coupling of the SM from
the Higgs mass (see eq. (1.1.5) for our de�nition of the Higgs potential). The Higgs
mass Mh is, however, calculated in terms of the underlying Lagrangian parameters as
a loop expansion via the on-shell condition

M2
h = 2λv2 +

∞∑
n=1

1

(16π2)n
∆(n)M2

h(λ) . (6.1.5)

This is in general a highly non-linear equation in λ, but fortunately since the series is
perturbative we can solve it through expanding

λ = λ(0) +
1

16π2
δ(1)λ+

1

(16π2)2
δ(2)λ+ . . . , (6.1.6)

to �nd

λ(0) =
M2
h

2v2
,

δ(1)λ = − 1

2v2
∆(1)M2

h |λ=λ(0) , (6.1.7)

δ(2)λ = − 1

2v2

[
∆(1)λ

∂

∂λ
∆(1)M2

h + ∆(2)M2
h

]
λ=λ(0)

,

2Gauge and Yukawa couplings have Ci = 1, quartic couplings Ci = 2.
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which is simple enough for the Standard Model and extensions without scalar mixing
� so we shall give analytical expressions in sections 6.2.2.1 and 6.2.3. We recall also
that the Higgs VEV v used in the above equations � and throughout this chapter � is
the running VEV (extracted from the Z boson pole mass in a separate calculation).

On the other hand, for more complicated models, we need to solve the equivalent
of eq. (6.1.5) through iteration, and we shall adopt this approach in general for the
numerical studies. More precisely, we will compute � with the SARAH/SPheno spectrum
generator created for the model at hand � the mass spectrum using a set of MS
parameters that we call in general Θ(Q) (for details on this, see the description of the
SARAH/SPheno setup in section 2.4.3). If a chosen set of input parameters Θ(Q) results
in the desired physical masses and mixing angles when using a N -loop calculation, we
refer to them asN -loop couplings. Thus, with tree-level relations we have leading order
(LO) parameters, while the one- and two-loop mass corrections result respectively in
the NLO and NNLO couplings. Finding the correct set of MS couplings corresponding
to the desired physical parameters at loop-level is non-trivial. In the numerical studies
presented in section 6.2, we use a simple �tting algorithm which varies the input
parameters until the desired masses and mixing angles are obtained.

6.2 Models and results

6.2.1 Singlet Extension

We start by studying the singlet-extended SM (SSM), which has been described in
section 1.4.1. For clarity, we recall that the scalar potential in the SSM reads

V (0) = µ2|Φ|2 +
1

2
M2
SS

2 + κ1|Φ|2S +
1

3
κ2S

3 +
1

2
λ|Φ|4 +

1

2
λSHS

2|Φ|2 +
1

2
λSS

4 .

(6.2.1)

After electroweak symmetry breaking (EWSB) the CP even scalar components mix to
two physical states h, H via a rotation angle α, as shown in eqs. (1.4.6) and (1.4.7)
(in these equations, v and vS are the VEVs of the Higgs doublet and singlet scalar
respectively). At tree-level we can use mh, mH and tα ≡ tanα as inputs to calculate
the quartic couplings λ, λSH , λS with relations (1.4.8)-(1.4.10). Interpreting mh, mH

and tα as physical on-shell parameters,3 the quartic couplings calculated via these
equations are the LO values.

Asides from the typical requirement that the quartic couplings remain perturbative,
the constraints from perturbative unitarity need to be taken into account. For that,
we can evaluate the scalar 2 → 2 scattering amplitude in the limit of high energies
and demand that the eigenvalues stay below 8π. The conditions for the model under
consideration read

|λSH | < 8π , (6.2.2)

|λ| < 8π , (6.2.3)∣∣∣∣−6λS − 3λ±
√

4λ2
SH + 9(λ− 2λS)2

∣∣∣∣ < 16π , (6.2.4)

3We recall that we choose to de�ne the loop-corrected value of α as the angle that diagonalises the
loop-corrected 2 × 2 mass matrix evaluated at p2 = m2

φ1
(m2

φ1
being the lightest mass eigenvalue) �

see eq. (2.3.7), and the text below. The tree-level value of α is given in eq. (1.4.7).
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Figure 6.1 � Values of the running quartic couplings at the scale Q = 106 GeV using
one-loop (left) and two-loop RGEs (right) as function of the matching scale at
which the quartic couplings were calculated. The labels (n,m) refer to n-loop
level matching of the quartics and m-loop RGEs. We choose the parameters of the
singlet extended SM at the matching scale to be mh = 125 GeV, mH = 400 GeV,
tanα = 0.3 and vS = 300 GeV. Cubic terms were set to zero to ensure a scale
invariant input. Note that the y-axes ranges are di�erent on each sub-�gure.

which leads to λS < 4π/3 for small λ and λSH . Although a seemingly weak constraint
at �rst sight, this can become a severe constraint particularly in the case of small vS ,
cf. eq. (1.4.9).
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(n,m) λ λS λSH Λ4π [GeV] Λunit.
4π [GeV]

(T, 1)
0.34 1.1 -1.1

6.4 · 103 3.2 · 103

(T, 2) 8.0 · 106 1.3 · 104

(1, 1)
0.33 0.24 -0.97

6.4 · 108 3.2 · 108

(1, 2) 1.3 · 1012 2.5 · 109

(2, 1)
0.32 0.18 -0.94

5.1 · 1010 2.5 · 1010

(2, 2) 1.0 · 1014 2.0 · 1011

Table 6.1 � Values of the quartic couplings and the cut-o� for di�erent combinations
of parameters, λ(n), and RGEs, β(m) at the loop-orders n and m respectively. Λ4π

is the scale at which the quartic coupling �rst exceed 4π while Λunit.
4π is the naive

4π cut-o� augmented by the unitarity constraint of Eq. 6.2.4. The observables
are �xed at the n-loop order to be mh = 125 GeV, mH = 700 GeV, tanα = 0.1
while the remaining input parameters are chosen as κ1 = 0 GeV, κ2 = 2000 GeV,
vS = 175 GeV.

In the following, we compare di�erent approaches for the matching of the quartic
couplings. In Fig. 6.1, we show the values of the quartic couplings at the scale 106 GeV
as a function of the scale Q where the matching is performed. This is done by �rst
running the SM RGEs to the scale Q where we then match the quartic couplings to
the spectrum at tree-level, one-loop as well as two-loop. The �nal step is the running
of the singlet-extended SM RGEs (both at one- or two-loop order) up to 106 GeV. On
the left-hand plots, we use one-loop RGEs for the cases of tree-level matching (dotted)
and one-loop matching (dashed). Although there is no dependence of the quartics on
the matching scale when using tree-level matching, the scale dependence induced by
the RGEs is larger than for the case of one-loop matching and one-loop RGEs. On the
right-hand planes, we show the quartics at 106 GeV, evaluated with two-loop RGEs,
when using one-loop (dashed) and two-loop matching (solid lines). Once again, the
scale dependence is decreased when the highest available order of matching is employed
(in this case, at two loops).

Also visible in Fig. 6.1 are the large di�erences between the eventual coupling values
when using the �traditional� approach of tree-level matching with one-loop RGEs and
the approach of including all available corrections to the matching and RGE running
(here two loops for both). This also means that large di�erences are expected when
evaluating the cut-o� scale of a theory, i.e. the scale at which the model becomes non-
perturbative or violates unitarity. In Tab. 6.1, we show the cut-o� scale of a particular
parameter point when using n-loop matching in conjunction with m-loop RGEs. We
show the scale at which the quartics become non-perturbative (Λ4π) separately from
the case where either perturbativity or unitarity is violated (Λunit.

4π ). The corresponding
running of the individual couplings is displayed in Fig. 6.2. Note that we only display
the cases (n,m) = (T, 1), (1, 1), (1, 2), and (2, 2) in this �gure as dotted, dot-dashed,
dashed and full lines corresponding to the comparison of N versus N − 1 matching.
The impact of the two-loop RGEs is a moderation of the one-loop RGEs: while the
one-loop β-function of λS is given by β(1)

λS
= 1

16π2 (36λ2
S + λ2

SH), so that λS tends to
grow very rapidly, there is a moderating term from the two-loop RGEs which goes with

1
(16π2)2 (−816λ3

S−20λSλ
2
SH). Therefore, using the one-loop RGEs only, λS grows large

very quickly � whereas the unitarity limit is reached at a much later scale when using
two-loop RGEs. Nevertheless, a complete stalling of the evolution is typically only
reached at λS values which already violate the unitarity limit according to Eq. (6.2.4),
see the black dashed (full) line between 109 and 1013 GeV (1012 and 1015 GeV). The
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Figure 6.2 � The running of the quartic couplings for the point given in Tab. 6.1. The
line-styles refer to the loop order of the matching and RGE running as described in
Tab. 6.1, namely (n,m) refers to the matching at n-loop order with m-loop RGEs.
The solid red line is the 4π perturbativity limit, while the dashed-red line is the
unitarity constraint of 4π/3 obtained from eq. (6.2.4) in the limit λS � λSH , λ.

moderation of the evolution of λSH and λ is not as pronounced. For λSH , the cor-
responding β-function grows with 1

16π2 12λSλSH with only a small moderating e�ect
from the two-loop RGEs. As a consequence, it becomes larger than 4π before λS and
then drags the latter with it. To summarise, in particular because of the large two-loop
contributions to βλS , there can be several orders of magnitude between the eventual
cut-o� scales when using one- or two-loop RGEs.

The e�ect of using a higher-order (two-loop) matching instead of a tree-matching, in
turn, is a reduction of the quartic couplings. The reason is the positive mass corrections
to mH , leading to smaller MS couplings when doing the proper loop-level matching.
As shown here, the impact can be large and we observe positive shifts in the eventual
cut-o� scale by several orders of magnitude when including the matching.

Finally in Fig. 6.3, we show in the mH -vS plane the di�erences between using N − 1-
loop and N -loop matching when applying N -loop RGE running. The cut-o� scale
here and in what follows is de�ned as the scale at which either one of the couplings
grows larger than 4π or any of the conditions for perturbative unitarity are violated,
each evaluated with the running MS quartic couplings. The grey contours in the left-
hand pane of Fig. 6.3 display the ratio of the evaluated cut-o� scales for N = 1. In
particular for small values of vS , which lead to large quartic couplings, the e�ects are
quite drastic as loop e�ects become very important. The di�erences between one- and
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two-loop matching (shown as blue coloured contours) are signi�cantly milder in this
region, the maximum di�erence is just a factor of three. For large vS , instead, the
quartic couplings are comparably small, leading to large cut-o� scales in general. This
also means, however, that during the long RGE running, small shifts in couplings can
lead to more drastic e�ects as is seen in the upper region in the plot with vS & 350GeV.
However, the cut-o� scale di�erences stay below an order of magnitude for N = 2.
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Figure 6.3 � Di�erence in the predicted cut-o� scale depending on the matching per-
formed as a function of the singlet VEV vS and the heavy CP-even Higgs mass
mH . Left: We show the ratio of the obtained cut-o� given matching at N versus
N−1 order using the RGEs at N -loop order. The coloured(grey) contours use the
two(one)-loop RGEs, therefore showing the ratio of the matching at two(one)-loop
versus one-loop(tree-level), respectively. Right: Ratio of the calculation performed
using both matching and RGEs at two-loop order versus the leading order (tree-
level matching and one-loop RGEs). The grey contours correspond to the ratios
of the quartic coupling λS for these two scenarios. Here we have �xed the physical
parameters such that mh = 125 GeV, tanα = 0.2, while the remaining parameters
are chosen as κ1 = 0 GeV and κ2 = 1000 GeV.

On the right-hand side of Fig. 6.3 we present the di�erence in cut-o� scales between the
most extreme cases, tree-level matching using one-loop RGEs versus two-loop matching
using two-loop RGEs. In particular for small values of the singlet VEV, the eventual
cut-o� scale can be many orders of magnitude larger than the cut-o� scale evaluated
with tree-level matching. In grey contours we show the ratios of the singlet quartic
couplings at Q = mt between the two matching approaches, λ(2)

S /λ
(T )
S . Already at

the matching scale, di�erences of an order of magnitude between tree and two-loop
matching can appear, emphasising the requirement for proper matching and running
when analysing the high-scale behaviour of a given model.

6.2.2 Singlet Extension with an additional Z2 symmetry

6.2.2.1 Analytical approximation

We may now make a further simpli�cation to the singlet extension studied in Sec. 6.2.1,
namely adding an additional Z2 symmetry under which the singlet scalar is charged �
this is the Z2SSM described in section 1.4.1. This symmetry forbids non-zero values
for the couplings κ1, κ2 and for the singlet VEV vS , and furthermore eliminates mixing
in the Higgs sector. Therefore, the derivation of analytic expressions for the radiative
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corrections to the matching of the Higgs quartic coupling λ, and their comparison
to numerical studies, are signi�cantly simpler, and follow the procedure outlined in
section 6.1.2. Here we will be interested in the part of the corrections that come on
top of the purely SM corrections due to the singlet scalar, and shall give expressions
including two-loop contributions.

The one- and two-loop corrections to the Higgs mass in the SM are well-known and
small; however, in our model there may be large corrections from the singlet scalar.
In order to extract the two-loop contributions via eq. (6.2.1) we require the two-loop
mass correction, and also the derivatives of the one-loop part. However, our two-loop
calculation is performed in the gaugeless limit in Feynman gauge, so we require the
full one-loop Higgs mass correction in this limit

∆(1)M2
h(p2) = 3y2

t (4m
2
t − p2)B(m2

t ,m
2
t )−

3

2
λ2v2B(0, 0)

− 9

2
λ2v2B(m2

h,m
2
h)− 1

2
v2λ2

SHB(m2
S ,m

2
S) . (6.2.5)

Here we have de�ned m2
S ≡M2

S + 1
2λSHv

2, m2
h ≡ λv2 which are the tree-level squared

masses of the singlet and Higgs respectively, while a complete list of the de�nitions
for our loop functions can be found in appendix B.1 (based upon the basis de�ned
in [20,142]). This gives us

λ(0) =
M2
h

v2
,

δ(1)λ = δ
(1)
SMλ+

1

2
λ2
SHB(m2

S ,m
2
S) ,

δ(2)λ = δ
(2)
SMλ−

1

2v2

[
∆

(2)
Z2SSMM

2
h

]
λ=λ(0)

+
3

2
λ2
SHλB(m2

S ,m
2
S)

(
3B(m2

h,m
2
h) + 3m2

hB((m2
h)′,m2

h) +B(0, 0)

)
. (6.2.6)

where we use the shorthand notation B(x′, y) ≡ ∂
∂xB(x, y). We note that the infra-

red divergent piece B(0, 0) will cancel against an equivalent piece from ∆
(2)
Z2SSMM

2
h ,

similarly to the e�ect noted in [22].

For the Z2SSM , we obtain

δ(2)λ = δ
(2)
SMλ−

1

2
λSH

(
λ3
SHv

2MSSSSS(m2
S ,m

2
S ,m

2
S ,m

2
S ,m

2
h)
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SHv
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2
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+ 9λ2λSHv
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+ 2λ3
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MS [GeV] λSH λtree λ1` λ2`

200
0.25 0.2610 0.2627 0.2552
3 0.2610 0.2166 0.2099

500
0.25 0.2610 0.2623 0.2551
3 0.2610 0.1885 0.1794

1000
0.25 0.2610 0.2651 0.2546
3 0.2610 0.1548 0.1385

Table 6.2 � Values of the Higgs quartic λ obtained from matchings at tree-level, one-
loop and two-loop orders, for di�erent choices ofMS and λSH . The singlet quartic
coupling λS is set to be 0.1.

− 1

2v2
λ2
SH

(
SSSS(m2

h,m
2
S ,m

2
S)− I(m2

h,m
2
S ,m

2
S)

)
+

9

2
λ2
SHλm

2
hB(m2

S ,m
2
S)B((m2

h)′,m2
h). (6.2.7)

This expression is valid for the gaugeless limit but with generic external momentum (so
we can take the momentum in the loop integrals on-shell as the procedure demands,
if we wish). However, if we take the �generalised e�ective potential limit� introduced
in section 4.3 and employed in SARAH, then the penultimate line vanishes and the loop
functions simplify considerably. We can then obtain a further simpli�ed version of this
expression by replacing m2

h by its tree-level value λv2 and by performing an expansion
in powers of v2/m2

S and keeping only the leading and sub-leading terms, giving

δ(2)λ ' δ(2)
SMλ+

9

4v2
λSHλA(m2

S) + λ3
SH

[
1− 2 logm2

S + log
2
m2
S

]
+

1

4
λ2
SHλ

[
− 18− 6 log

2
m2
S + (36 logm2

h − 12) logm2
S

]
+ 3λ2

SHλS
[
− 1 + logm2

S + log
2
m2
S

]
. (6.2.8)

6.2.2.2 Numerical study

Because the Z2 symmetry forbids some couplings, the corrections to the matching
conditions can be understood in terms of only three parameters added to the SM ones:
λSH , MS , and (to a lesser extent) λS . The e�ects of using loop-corrected matching
and RGEs in the Z2SSM are similar to those observed in Sec. 6.2.1 for the SSM,
although for most values of λSH and MS the shift to the quartic coupling has only a
very small e�ect on the value of the cut-o� scale. We give in Tab. 6.2 our results for λ
obtained for the three di�erent orders of matching, for both small and large λSH and
for two choices of MS . For small λSH the one-loop shift to λ is small, because of a
cancellation between the purely-SM part � dominated by the e�ect of the top quark �
and the singlet part of δ(1)λ. If one then considers larger values of λSH , the term from
the singlet becomes dominant over the SM one, and δ(1)λ is a large negative shift �
the evolution of λ, extracted at di�erent orders, as a function of λSH is also shown in
Fig. 6.5, discussed below. At two loops however, there is no cancellation between SM
and singlet contributions, and δ(2)λ is always a negative shift to the Higgs quartic, as
was observed previously for the general SSM. On the other hand, it is always small,
showing � importantly � that perturbativity of the model is preserved.

Having fewer parameters allows for a more detailed study of the di�erent phases of the
theory. Indeed, there are two transitions that occur respectively
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Figure 6.4 � Running of the Higgs quartic coupling as a function of the renormalisation
scale Q, having taken λSH = 0.28, λS = 0.1 and mS = 500 GeV. The value of
λ(mt) is obtained by requiring mh = 125.15 GeV, with di�erent orders of match-
ings depending on the curve. The solid line corresponds to the use of two-loop
matching and two-loop RGE running, the dashed line to tree-level matching and
two-loop RGEs, and the dotted line to tree-level matching and one-loop RGEs.
Note that because of the cancellation that occurs in the one-loop correction for
small λSH (discussed in the main text), the curves we would have obtained using
one-loop matching would have been very similar to those with tree-level matching.

• between a metastable and a stable vacuum of the theory; for the physically
relevant values of λ around 0.25-0.26, this happens for λSH ∼ 0.3 and depends
very little on MS or λS .

• between a UV-complete model to a UV-incomplete one � in other words the
cut-o� scale of the model becomes smaller than the Planck scale for su�ciently
large couplings.

Fig. 6.4 shows an example in which the order of the matching performed to extract λ
causes di�erences in the stability of the vacuum of the theory. Indeed, while the curve
with two-loop matching and two-loop RGE running (solid line) crosses to negative
values of λ � for 1010 GeV . Q . 1016 GeV � the curve with tree-level matching
(dashed line) does not, because of the negative shift to the initial value of λ at scale
Q = mt at two-loop order. Two-loop corrections to the matching of λmay exclude some
parameter points that appear viable when only using a tree-level matching and are
therefore important in the discussion of allowed regions of parameter space. Comparing
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Figure 6.5 � Di�erent phases in the Z2SSM shown in the λSH − λ plane, where the
couplings are taken at scale Q = mt. The orange shaded region of parameter space
corresponds to UV-complete theories, i.e. none of the three quartic couplings (λ,
λSH , λS) become non-perturbative and the constraints from unitarity are not
violated before the Planck scale; the black shaded region corresponds to theories
with stable vacua. The thin blue lines give λ as a function of λSH when imposing
mh = 125.15 GeV with a matching condition at respectively tree-level (dotted
curve), one-loop order (dashed curve) and two-loop order (solid line). The other
parameters of the scalar sector are λS = 0.1, and MS = 500 GeV.

the dashed and dotted lines, we also observe the stabilising e�ect of the use of the two-
loop RGEs, as discussed in section 6.2.1.

Fig. 6.5 shows how both types of transitions occur in this model. The di�erent domains
in this �gure were obtained as follows: we start with values of the couplings, at scale
Q = mt, in the range λ ∈ [0, 0.35] and λSH ∈ [0, 4], and take λS = 0.1 and MS =
500 GeV. We then use two-loop RGEs to run the couplings up to the Planck scale,
and we verify whether the Higgs quartic λ becomes negative at any point, and whether
perturbativity or unitarity are lost below the Planck scale. The left pane of Fig. 6.5
presents the whole range of couplings that we considered, while the right pane shows
an enlargement of the region in which the transition between stable and metastable
phases occur.

We observe that the UV-complete phase of the model corresponds to smaller values
of the inputs at scale Q = mt � which can easily be understood as large values of the
couplings at mt naturally lead to even larger values at higher scales. Furthermore, we
can see that the phase of the model with stable vacua is associated with larger values
of λSH , and that when λ decreases, the value of λSH needed to ensure a stable vacuum
increases. While the SM part of the β-function of λ is negative and tends to drive it to
negative values, the additional piece in βλ in the Z2SSM is positive and is of the form
β

(1)
λ ⊃ 1

16π2λ
2
SH . When lowering λ(mt) a higher value of λSH is needed so that the

β-function of λ changes sign earlier, and that λ does not run negative at some scale.

The blue lines in Fig. 6.5 give λ(mt), obtained from the requirement that mh =
125.1 GeV, as a function of λSH . The di�erent curves correspond to the di�erent
orders at which the matching can be done: dotted for tree-level matching, dashed for
one-loop and solid for two-loop order. The most important point to notice is that,
as for the vacuum stability as we saw with Fig. 6.4, there is a value of λSH � here
around 0.65 � for which the UV-completeness � in other words whether perturbativity
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or unitarity are broken at some scale below MPl � of a given parameter point depends
greatly on the order at which λ(mt) has been extracted from the Higgs mass.

6.2.3 Vector-like quarks and stability of the SM

From the SM, it is known that the quartic coupling λ runs negative at a scale Q '
109−1011 GeV, leading to a metastable but long-lived vacuum [24,25]. While extensions
with a heavy singlet similar to the previous subsections can have a stabilising e�ect on
the potential [126,127], fermionic extensions typically have the opposite e�ect through
the negative impact of the vector-like (VL) fermions Yukawa coupling on the running
of λ, see e.g. [336, 337]. A model where the latter is compensated by the e�ect of the
former is discussed in ref. [332].

Here, we shall extend the SM by one generation of a VL quark doublet Q′ as well as
an up-type quark singlet t′ with their corresponding counterparts Q̃′, t̃′, with quantum
numbers under the SM gauge group of t′ : (3̄,1,−2

3), t̃′ : (3,1, 23), Q′ : (3,2, 16), Q̃′ :
(3̄,2,−1

6). The Lagrangian of the model reads (in terms of two-component spinors)

L = LSM −
(
Y ′tQ

′ ·Ht′ + Ỹ ′t Q̃
′ ·Ht̃′ +mT t̃

′t′ +mQQ̃
′Q′ + h.c.

)
. (6.2.9)

For simplicity we take mQ = mT ≡ MQ; we then �nd that, with the normalisation
L ⊃ −1

2λ|H|4, the one-loop matching of the Higgs quartic coupling at scale µ gives

λSM =λVLQ −
1

16π2

[
(Y ′t + Ỹ ′t )2(5Y ′ 2t − 2Y ′t Ỹ

′
t + 5Ỹ ′ 2t ) + 6(Y ′ 4t + Ỹ ′ 4t ) log

M2
Q

µ2

]
+

2λVLQ

16π2

[
(Y ′t − Ỹ ′t )2 + 3(Y ′ 2t + Ỹ ′ 2t ) log

M2
Q

µ2

]
. (6.2.10)

Let us �rst consider the impact of the new vector-like states on the running quartic
Higgs coupling. For simplicity, we consider here and in the following examples only
one extra non-zero Yukawa interaction Y ′t and consequently set Ỹ ′t = 0 as it does not
play a role in the following discussion.4 Then for matching at µ = mt with MQ < 1
TeV, the shifts to λ are less than 10% for Y ′t . 0.7, but grow rapidly to ∼ 50% for
Y ′t ∼ 1. On the other hand, the direct impact of Y ′t on the running of λ at one-loop is
given by

16π2β
(1)
λ ⊃ 12Y ′ 2t (λ− Y ′ 2t ) , (6.2.11)

which contributes signi�cantly to the negative slope of λ for large values but plays a
negligible role when Y ′t is small. In the latter case, the impact of the new fermions on
the running of the gauge couplings may outweigh their direct impact on λ. Consider
the potential of eq. (6.2.9). Due to the additional coloured fermions, the running of gs
changes at one-loop to

16π2β(1)
gs =

(
−7 +

4

3
nT +

2

3
nQ

)
g3
s → −5g3

s , (6.2.12)

i.e. it decreases more slowly when increasing the scale compared to the SM. In addition,
we also obtain a shift in αMS

S (mt) of

αMS
S → αMS

S

1− αMS
S
π log(MQ/mt)

(6.2.13)

4Although this leads to a stable lightest VL quark, there could for instance be couplings to a
hidden sector, leading to a relaxation of the direct collider constraints.
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Figure 6.6 � Simpli�ed comparison between the running of λ in the SM with and
without vector-like states. Here, we used full one-loop (dashed lines) and two-loop
RGEs (full lines) in both models and as starting point the SM best-�t values from
ref. [25]. For the purple (black) lines we use Y ′t = 0.3 (0.7).

with respect to the SM. In total, both e�ects increase the in�uence of the strong force
on the running of λ, adding positively to the slope. The impact on λ is shown in Fig. 6.6
where the running λ is computed using two-loop RGEs when assuming the pure SM
(blue) and the VL extension (purple and black). No matching was applied yet here
(i.e. the shift in αS was also neglected) � the changes in the VL case therefore entirely
stem from the altered running of the gauge couplings, most importantly eq. (6.2.12).
As starting value for λ we used the best-�t value from ref. [25]. The increased gs
throughout higher energy scales leads to a positive contribution to the slope of λ. One
can observe that it can even lead to a stabilisation of the potential at high energies
as long as the direct impact of Y ′t is kept under control by taking it small � this is
seen in the purple curve where we have chosen Y ′t = 0.3. For larger values, the known
destabilising e�ect can overcome the stabilisation from gs. As a consequence, the scale
of metastability would coincide with the SM for values of Y ′t ∼ 0.5 and decreases
quickly with larger values. This is also shown in the �gure for Y ′t = 0.7 (black line)
where λ enters the metastable region already at energies of ∼ 105 GeV. We remark
that the inclusion of the shift in αS according to eq. (6.2.13) would lead to an even
milder running of λ. In fact, just using the one-loop RGEs for the case Y ′t = 0.3 the
quartic coupling stays positive over the entire energy range. We will discuss the e�ects
of the proper matching, including the shifts in λ, in what follows.

Solving equation (6.2.10) for the matched λVLQ at µ = mt and keeping Ỹ ′t = 0,
we see that the shifts are slightly negative for small Y ′t . 0.45 and positive for larger
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Figure 6.7 � Contours of the scale Λ0 at which λ runs negative with full two-loop RGEs
and one-loop (dashed) or two-loop (full lines) matching, and for comparison when
using the best-�t value λSM = 0.25208 at the top mass scale (dotted). Black lines
correspond to Λ0 = 1018 GeV, blue lines to 1011 GeV. The background shows the
two-loop shift in λ(mt) in percent, de�ned as (λ(2) − λ(1))/λ(1).

Yukawa couplings. This has as a consequence that for low Y ′t where the VL quarks help
increasing the scale of metastability, loop corrections have the opposite e�ect. However,
the size of the shifts stays below 1%. In Fig. 6.7, we present as contour lines the
predictions for the scale of metastability as a function of Y ′t andMQ = mQ = mT using
tree-level (dotted), one-loop (dashed) as well as two-loop matching (full lines) while
applying two-loop RGEs. The colour code in the background quanti�es the relative
two-loop shift in λ(mt), (λ(2) − λ(1))/λ(1), which stays below roughly half a percent.
Nevertheless, the impact of these small shifts is non-negligible: the corresponding Y ′t
values at which λ crosses zero at a given scale typically change by more than 10%
between tree- and two-loop matching. That is, the scale at which metastability occurs
is very sensitive on the starting value of λ � meaning that matching is absolutely crucial
to make reliable statements. After including the shifts for λ at µ = mt, the picture
nevertheless remains the same as that for small Y ′t ; the impact of the VL quarks on
αS can be such that the scale of metastability is increased with respect to the SM,
leading to the possibility of absolute stability all the way up to the Planck scale.

The situation is reversed if Y ′t is large. In that case, we enter the known scenario in
which the additional impact of Y ′t on the RGEs of λ drives it negative faster when
compared to the SM, further destabilising the vacuum. We show this in Fig. 6.8. The
background shading indicates the scale Λ0 at which λ crosses zero as a function of
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Figure 6.8 � The stale of metastability Λ0 in the case of large Y ′t using two-loop running
with two-loop matching for λ. The black contours show the size of Λ0 with respect
to using one-loop matching.

Y ′t and MQ, using two-loop matching, whereas the contour lines represent the relative

changes with respect to using one-loop matching, Λ
(2,2)
0 /Λ

(1,2)
0 . As expected, Λ0 is well

below the pure SM prediction, and becomes smaller for larger Y ′t and smaller MQ.
The di�erences in Λ0 between one- and two-loop matching are quite mild here � �only�
O(100 %) � since the two-loop corrections to λ are small. We remark however, that
going one order lower and comparing tree-level with one-loop matching using one-loop
RGEs, we would see up to an order of magnitude di�erences in the eventual scale Λ0.

Summarising, we have shown that vector-like quarks can have both a destabilising but
also a stabilising e�ect on the SM Higgs potential, and that the inclusion of threshold
e�ects are crucial for obtaining precise predictions about the fate of the electroweak
vacuum.

6.2.4 Two-Higgs Doublet model

Finally, as a last example, we study the impact of loop-level matching on Two-Higgs
Doublet models. Here we will restrict ourselves to the CP-conserving version with a
softly broken Z2 symmetry � as presented in section 1.4.2. The scalar potential we
consider is given in eq. (1.4.14), and we recall that, after EWSB, we decompose the
scalar �elds � see eq. (1.4.15) � according to

Φk =

(
φ+
k

1√
2
(vk + φ0

k + i σk)

)
, i = 1, 2 , (6.2.14)
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where v2
1 + v2

2 = v2 and we de�ne tβ = tanβ = v2/v1. The charged (neutral CP-odd)
�elds mix to one physical charged Higgs H± (pseudoscalar A) and the corresponding
would-be Goldstone bosons. At LO, the angle β coincides with the mixing angle in
the pseudoscalar and charged Higgs sector. In the CP-even sector, there are two �elds
which mix to one light and one heavy eigenstate, with massesmh andmH . In the same
fashion as for the models considered above, we can relate the scalar masses and mixing
angles to the quartic couplings λi (i ∈ {1, 2, 3, 4, 5}), and corresponding tree-level
expressions are given in equations (1.4.19) to (1.4.23).

Analogously to the case of the singlet extension of the SM in section 6.2.1, we de�ne
the cut-o� scale of a particular scenario as the scale at which either one of the λi
becomes larger than 4π or the unitarity constraints using the running couplings are
violated. The latter are too long to show here but can e.g. easily be computed using
the SARAH implementation of the model in conjunction with appendix D of Ref. [317].

First we are going to look at the matching at the top mass scale. It has already been
pointed out in chapter 5 that the loop corrections to the mass spectrum of 2HDMs
can be signi�cant. In Fig. 6.9, we show on the left-hand side the size of the individual
couplings λi for the three matching orders as a function of the charged Higgs mass.
The leading order λi are simple linear functions of this mass according to eqs. (1.4.19)
to (1.4.23), whereas the λi evaluated with higher-order matching contain the shifts
due to self-energy and tadpole corrections. We see that large di�erences of O(100 %)
or even larger can appear between leading and next-to-leading order. The size of the
relative shifts is displayed on the right-hand side each. As expected for a converging
perturbative series, the di�erences between one- and two-loop matching are much less
pronounced, however they can still range around tens of percent. Obviously these
large di�erences necessarily have a signi�cant e�ect on the validity of the theory at
higher scales. In the following we will therefore investigate the changes in cut-o� scales
between the di�erent approaches.

As mentioned in the introduction, the two-loop RGEs are well-known but often ne-
glected in the literature � although it is known that large di�erences can appear,
see e.g. ref. [328]. Similar to the singlet-extended SM, the two-loop RGEs tend to
moderate the one-loop running. As a result, Landau poles typically appear at much
higher scales when including the two-loop e�ects. For instance, for both i = 1 and
2, 16π2βλi ⊃ 24λ2

i (1 − 13
16π2λi). The two-loop contribution thereby counteracts the

large one-loop slope, stalling the evolution for λi just below 4π. In contrast, the two-
loop RGEs to λ3 for instance do have a mitigating e�ect on the evolution, however a
complete stalling only occurs for values much larger than 4π. In Fig. 6.10 we show
for a particular parameter point the running of the couplings λ1 (black) and λ3 (blue)
for n-loop matching and m-loop RGEs. The in�uence of the two-loop RGEs can be
best gauged for the cases (n,m) = (1, 1) versus (1, 2), displayed in dot-dashed and
dashed lines, respectively. It is clearly seen that, while both quartic couplings run into
a Landau pole close to Q = 3TeV when using one-loop RGEs, the inclusion of the
two-loop terms leads to a signi�cant �attening and therefore splitting between the two
cases.

Let us look at the impact of the threshold corrections next. As shown in the example
of Fig. 6.9, the threshold corrections for the λi can be signi�cant. This can also be seen
in the starting values of the couplings at mt in Fig. 6.10: the values for λ1 using tree-
level (one-loop) [two-loop] matching are 1.88 (1.45) [1.14] whereas for λ3, the values
are 5.7 (4.5) [4.3]. The decrease in value at higher loop orders comes from the fact
that in this particular scenario, the average loop corrections to the scalar masses are
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Figure 6.9 � The size of the quartic couplings at mt at LO (blue dotted), NLO (grey
dashed) and NNLO (blue solid) as a function of mH± . Here, we set the other
physical masses and mixing angle to mh = 125 GeV, mH = 750 GeV, mA =
730 GeV and tanα = −0.71. The other model parameters are tanβ = 1.4 and
m2

12 = −5002 GeV2. On the right, we show the relative di�erences δλLO
i ≡ |(λ(T )

i −
λ

(1)
i )/λ

(T )
i | and δλNLO

i ≡ |(λ(1)
i − λ

(2)
i )/λ

(1)
i |. Note that for λi where i = 3, 4, 5 the

NLO di�erence have been multiplied by an additional factor of 10 to increase
visibility.
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Figure 6.10 � RGE running of the individual quartic couplings λ1 (black) and λ3

(blue) for the parameter point de�ned by mH = 511GeV, mA = 607GeV, mH± =
605GeV, tβ = 1.45, tα = −0.82, m2

12 = −(250 GeV)2, using n-loop level matching
and m-loop RGEs. The dotted lines stand for (T, 1), dot-dashed for (1,1), dashed
for (1,2) and full lines for (2,2). Coupling values of of ±4π are indicated by a
red solid line. In addition, we display the largest eigenvalue of the scalar 2 → 2
scattering amplitude in purple. The upper bound of 8π is indicated by a dashed
red line. We used the Yukawa scheme of type II.
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Figure 6.11 � Comparison of the cut-o� scales between using tree matching and one-
loop RGEs and both two-loop matching and RGEs for a 2HDM region with large
m2

12 = −(750 GeV)2. The loop-level spectrum was evaluated taking the tree-
level values mH± = 1.14TeV and tα = −0.95 as inputs. The ratio of the loop-
corrected charged Higgs mass to its tree-level input is shown as grey contour
lines. The quartic couplings for the case of tree-matching were obtained using the
leading order relations Eqs. (1.4.19) to (1.4.23), taking the spectrum of the two-
loop calculation as input. We further �xed tanβ = 1.14 and applied the Yukawa
scheme of type I.

positive. As a result, one obtains a negative shift in the λi at the matching scale when
imposing a given physical spectrum.

However, it need not be the case that the cut-o� scale is raised by higher loop e�ects.
Indeed, for large values of |m12| and therefore large heavy scalar masses, the mass
corrections can be large and negative � leading to the opposite e�ects, i.e. a decreased
cut-o� scale due to larger quartic couplings after the inclusion of the proper matching.
An example where this happens is presented in Fig. 6.11. For this �gure we have
evaluated the spectrum at the two-loop level while �xing the tree-level input values of
tα as well as mH± which enter the spectrum calculation at the loop level. Therefore,
the loop-corrected mH± varies over this plane. The grey contours show the ratio of the
loop-corrected charged Higgs mass over the tree-level input, m(1)

H±/m
(T )
H± . To obtain

the LO couplings, i.e. the case of tree-level matching, we take the scalar spectrum and
calculate λi according to eqs. (1.4.19) to (1.4.23). Finally, we run the couplings up
in scale using two-loop RGEs for the two-loop- and one-loop RGEs for the tree-level-
matched couplings in order to evaluate the cut-o� scale. The coloured contours show
the ratio of the cut-o� scales, Λ(T,1)/Λ(2,2), obtained with tree-level matching and one-
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loop RGEs and with two-loop matching and two-loop RGEs, respectively. In particular
in the region where all heavy scalar masses are approximately equal, we observe large
di�erences in cut-o� scales. In fact, while the tree-level matching approach suggests
a cut-o� at O(107 GeV), the full two-loop matching procedure demands new physics
restoring unitarity and perturbativity already at the TeV scale.

Concluding, the conventional approach of tree-level matching and one-loop RGEs can
both over- but also underestimate the cut-o� scale by many orders of magnitude. It is
therefore of crucial importance to (i) take into account the � known � RGEs beyond
one-loop and to (ii) perform a loop-corrected matching of the couplings before running.

6.3 Conclusions

In this chapter, we have investigated the impact that matching plays in the high-
scale validity of minimal extensions of the Standard Model (SM). While for most
non-supersymmetric models studies beyond tree-level matching and one-loop RGEs
are rare or even absent, we have analysed in di�erent scenarios the impact of both
loop-corrected matching as well as using two-loop RGEs, highlighting the di�erences
with respect to previous approaches. For simple models, we provide an analytical com-
putation of the matching conditions. We point out how sensitive the cut-o� scale of the
real-singlet-extended SM is on the loop order of both matching and RGE running and
show that the scale dependence decreases when all available corrections are included
in the matching. Imposing an additional Z2 symmetry to this model furthermore en-
ables us to study the fate of the electroweak vacuum as well as the UV completion
analytically. We highlight regions of parameter space where the model can in principle
be valid up to the Planck scale � a statement which crucially depends on the proper
matching of the quartic couplings at the low scale.

In a scenario where the SM is extended by vector-like quarks, we show that the im-
pact of the latter can actually increase the Higgs quartic interaction such that it does
not become negative at higher scales � an observation that we have not encountered
before in the literature. The reason is that, despite the negative impact of the addi-
tional Yukawa coupling on the running of λ, the presence of additional coloured states
modi�es the running strong coupling in such a way that it adds positively to the β-
function of λ. Also in this scenario, the matching of λ before the RGE evolution has
a signi�cant impact on the predicted high-scale behaviour of the model.

As a �nal example we show in a Two-Higgs Doublet model that the loop-level matching
of the quartic couplings can lead to signi�cant changes in both the MS values of scalar
quartic couplings and subsequently the cut-o� scale of the theory.

To conclude, we observe that robust statements about the UV-behaviour of non-
supersymmetric, weakly-coupled BSM models can only be made when including, at
the very least, loop-level matching. We stress that the required loop corrections, as
well as two-loop RGEs, are readily accessible with the computer tool SARAH for any
generic renormalisable �eld theory. In light of our results, we strongly encourage its
use when accurate high-scale predictions are required.

191





Conclusion

The 125-GeV Higgs boson, discovered at the CERN Large Hadron Collider in 2012,
represents an invaluable probe of BSM Physics, via the study of its properties. One
property that has received considerable interest is the Higgs boson mass mh. Indeed,
mh is now measured to a precision of about 0.1%, while intensive e�orts have been
spent on its computation, in the Standard Model, and in the BSM models � like Su-
persymmetry � where a tree-level value of mh is predicted by the theory. Adding then
radiative corrections (which involve all the particle spectrum) to the tree-level contri-
bution yields a result for the Higgs pole mass and allows to constrain the parameter
space of these models. However, corrections to Higgs masses have only been studied
(explicitly) beyond one loop in a limited number of BSM models (mostly in the min-
imal supersymmetric extensions of the SM, namely the MSSM and NMSSM), which
means that precise predictions are missing for most models. Furthermore, even in the
models that have concentrated most computational e�orts, the accuracy of theoretical
results is still not comparable to the experimental error on the Higgs mass measure-
ment. The work presented in this thesis has therefore been aimed towards making new
radiative corrections to scalar masses available in BSM models. We have done so with
two complementary approaches: (i) by deriving explicitly new corrections in SUSY
models beyond the MSSM and the NMSSM, and (ii) by addressing technical hurdles
in the calculation of Higgs mass corrections for generic models and in the automation
of these computations.

First, we have calculated the leading two-loop O(αtαs) corrections to neutral scalar
and pseudoscalar masses in supersymmetric theories with Dirac gauginos, in the ef-
fective potential approximation. These models constitute a very attractive class of
non-minimal SUSY extensions of the SM because of their rich phenomenology, and
some advantages they o�er � in particular their ability to evade experimental con-
straints and their increased naturalness. Our results have allowed us to compare the
predictions for the lightest (CP-even) Higgs mass mh between the MSSM and the
minimal Dirac gaugino model (the MDGSSM), and in particular we could investigate
the e�ects of the new coloured particles, the octet scalars (or sgluons), on mh. We
have also considered scenarios with large mass hierarchies between the gluinos and the
stops, which remain natural because of the lesser dependence of the scalar masses on
the Dirac mass of the gluinos. We could there point out the loss of accuracy associated
with the choice of a DR

′
renormalisation scheme for the parameters of the top/stop

sector, and the fact that an on-shell scheme is more suitable in such scenarios. In par-
ticular, the phenomenologically relevant supersoft limit (where all soft SUSY-breaking
terms vanish) can only be studied when using an OS scheme, as perturbativity is lost
with the DR

′
scheme.

In the remainder of the thesis, a particular emphasis has been put on the Goldstone
Boson Catastrophe and its solution for general renormalisable theories. By employing
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an on-shell scheme for the Goldstone boson masses, we have obtained infra-red-safe
expressions for the loop functions that appear in two-loop tadpole and self-energy
diagrams � in the gaugeless limit and a generalised e�ective potential approach for
the self-energies. We have also shown that by an expansion of the mass parameters in
the loop functions, we could solve the tadpole equations directly, instead of iteratively.
Nevertheless, several questions remain concerning this catastrophe, such as how to
extend its solution to higher orders. Recently, ref. [36] proved that the resummation
prescription �rst presented in [28] (see the description in section 1.1.5) can be extended
to all orders in perturbation theory. It would then be interesting to �nd out how
in practice to apply this method to general renormalisable theories, and to study
further the relation between this resummation and the �on-shell� solution presented in
chapter 4 (especially beyond two loops).

Our analytic results now allow investigating scalar masses at two-loop order in both
supersymmetric and non-supersymmetric theories (Standard Model or extensions of
it), without the numerical instabilities due to the Goldstones. This can be done either
by applying the results to the desired model by hand, or by using automated tools like
SARAH/SPheno, in which the modi�ed loop functions are implemented. An important
result we �nd is the very good agreement between the value of the Higgs mass in the
SM now obtained by SARAH/SPheno and the existing complete two-loop results from
dedicated calculations [22,25], indicating that � at least at the scale Q = mt at which
we performed the comparison � the purely-electroweak corrections and the two-loop
momentum e�ects are both small. We have also considered several BSM models, illus-
trating in the NMSSM how well our �on-shell� method cures all the numerical instabil-
ities caused by the Goldstone bosons, and investigating previously unknown two-loop
corrections in various other models. This has in particular enabled us to make sev-
eral �ndings for non-supersymmetric models, among which: (i) that loop corrections
often grow out of control well before the Lagrangian parameters (couplings) reach the
naive perturbativity bounds (in turn this signals the danger of trading Lagrangian
parameters for masses using only tree-level masses as is often done for these models);
and (ii) that the order at which the scalar quartic couplings are extracted from the
physical spectrum can a�ect their high-scale evolution signi�cantly, which can then
have consequences on whether the considered parameter point is deemed valid or not.

There are numerous further avenues of research from this point. First of all, our in-
vestigations in non-supersymmetric models have shown the need for a more precise
determination of perturbativity and unitarity constraints (note that in the continua-
tion of the work presented in chapter 5, ref. [317] studied perturbativity bounds in the
Georgi-Machacek model). For Higgs mass calculations, one should of course continue
to improve the precision of theoretical predictions. On the one hand, for explicit com-
putations, this is done by considering corrections in new models, as well as by deriving
additional corrections in already studied theories. On the other hand, in the context
of generic calculations, work is still needed to reach the level of precision currently
available for the MSSM. A natural next step (also needed for the MSSM) would be
to complete the set of two-loop mass contributions, by obtaining the momentum de-
pendence of the diagrams that are of quartic order in the couplings of broken gauge
groups (e.g. the electroweak couplings for a model with the same gauge group as the
SM), even if we showed in chapter 5 that these must be very small in the case of the
Standard Model. Moreover, in the context of numerical calculations in generic theo-
ries (for example in SARAH/SPheno), it would be desirable to �nd an applicable way of
going beyond the generalised e�ective potential approximation that is currently used.
Indeed, it would be important to work towards a fast implementation of the two-loop
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momentum dependence of general scalar mass corrections, in order for example to
allow parameter scans (which cannot be performed currently with full two-loop mo-
mentum dependence because of excessively long computing times). It is also worth
mentioning that in the last two years results have become available at three loops for
the e�ective potential of generic theories [338,339], which may at some point serve for
the calculation of tadpoles and mass corrections at three-loop order. Furthermore, in
this work we have only considered �xed-order calculations in generic models. How-
ever, as the scale of New Physics seems to be driven to higher values by experimental
searches, it appears necessary to make EFT calculations possible in general theories. In
particular, obtaining analytic expressions for the matching of scalar quartic couplings
between two generic models would be very important.

Finally, one should mention also that we have focussed here on the Higgs mass because
it is now extremely well measured, as opposed to other Higgs properties, e.g. couplings,
that are currently measured with a much worse accuracy or not even measured at all
(this is for example the case for the Higgs trilinear coupling). However, it remains
important to compute radiative corrections to these other properties, in expectation
of future experimental results.

When, hopefully, conclusive experimental signs of some New Physics coupling to the
Higgs sector are found, the analytic results and numerical tools developed to perform
precision calculations of Higgs properties both in speci�c and in generic models � to
which this thesis has contributed � will play a crucial role in understanding the nature
of the newly observed phenomena.
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Appendix A

Derivatives of the two-loop

e�ective potential in models with

Dirac gauginos

We present here the derivatives of the two-loop e�ective potential used to calculate the
Higgs masses in section 3.1. We recall that the e�ective potential and its derivatives are
expressed in units of αsCFNc/(4π)3. The derivatives of the �rst term in eq. (3.1.19)
can be trivially obtained by multiplying the formulae in appendix C of ref. [77] by R2

1i

and summing over the two gluino masses mg̃i , hence we do not repeat them here. The
only exception is the single derivative of ∆V αs

MSSM with respect to m2
t , which was not

needed in ref. [77]. Adapted to the Dirac-gaugino case, it reads

∂∆V αs

∂m2
t

=
2∑
i=1

R2
1i

∂∆Vg̃i
∂m2

t

, (A.1)

with

∂∆Vg̃i
∂m2

t

= 2m2
t

(
3− 4 ln

m2
t

Q2
+ 3 ln2 m

2
t

Q2

)
+ 2

[
m2
t ln

m2
g̃i

m2
t

+m2
t̃1

(
2− ln

m2
t

Q2
− ln

m2
g̃i

Q2

)]
ln
m2
t̃1

Q2

+

[
2 (m2

t̃1
−m2

t )−
mg̃im

2
t̃1
s2θt

mt

]
ln
m2
t

Q2
ln
m2
g̃i

Q2

− 2m2
g̃i

(
3− 2 ln

m2
g̃i

Q2

)
−m2

t̃1

(
4− 5mg̃is2θt

mt

)
− mg̃i s2θt

mt

[(
3m2

t −m2
g̃i

)
ln
m2
g̃i

m2
t

+ m2
t̃1

(
4− ln

m2
t

Q2
− ln

m2
g̃i

Q2

)]
ln
m2
t̃1

Q2

+ 2

[
m2
g̃i

m2
t

(m2
g̃i −m2

t −m2
t̃1

)− ∆g̃i

m2
t

+
mg̃i s2θt

mt

(
m2
t −m2

g̃i −m2
t̃1

+
∆g̃i

2m2
t

)]
Φ(m2

t̃1
,m2

g̃i ,m
2
t )

+

[
m2
t̃1
→ m2

t̃2
, s2θt → −s2θt

]
, (A.2)
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where Q is the renormalisation scale, the function Φ(x, y, z) is de�ned in appendix D
of ref. [77], and we used the shortcut

∆g̃i ≡ (m2
g̃i −m2

t −m2
t̃1

)2 − 4m2
tm

2
t̃1
. (A.3)

The derivatives of the octet-scalar contribution ∆VOi , computed at the minimum of
the potential, are

∂∆VOi
∂c2

2θ̄t

=− 2

[
I(m2

t̃1
,m2

t̃1
,m2

Oi) + I(m2
t̃2
,m2

t̃2
,m2

Oi)− 2I(m2
t̃1
,m2

t̃2
,m2

Oi)

]
, (A.4)

∂∆VOi
∂m2
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= 2
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ln
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− 1
)2

+ 2 s2
2θt ln
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Oi
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t̃1

ln
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t̃1
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,m2

t̃1
,m2
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2θt

m2
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−m2
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t̃2

m2
Oi

Φ(m2
t̃1
,m2

t̃2
,m2

Oi)

]
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(A.5)
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(
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+
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∆Oi
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Oi
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∂2∆VOi
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∂c2

2θ̄t
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ln
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Oi
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, (A.7)

∂2∆VOi
∂m2

t̃1
∂m2

t̃2

=
4 s2

2θt

∆Oi

[
m2
Oi ln

m4
Oi
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t̃1
−m2

t̃2
) ln
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t̃1
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t̃1
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t̃2
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t̃1
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,m2

Oi)

]
, (A.8)

where we used the shortcut

∆Oi ≡ (m2
Oi −m2

t̃1
−m2

t̃2
)2 − 4m2

t̃1
m2
t̃2
. (A.9)

The derivatives of ∆VOi that involve m
2
t̃2

can be trivially obtained from the ones in

eqs. (A.5)�(A.7) by means of the replacement m2
t̃1
↔ m2

t̃2
, while the derivatives with

respect to all other combinations of �eld-dependent parameters vanish.
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Appendix B

De�nitions and expansions of loop

functions

B.1 Loop functions

Throughout our work, we have followed closely the notations of [142], however we
present in this appendix the loop functions and the notations that were used. These
de�nitions of loop functions use Euclidean momentum integrals in dimensional reduc-
tion to d = 4− 2ε dimensions, and involve the loop factor

C = 16π2 µ2ε

(2π)d
. (B.1.1)

We also recall the following shorthand notations

logx ≡ log
x

Q2
, (B.1.2)

where Q2 = 4πe−γEµ2 is the renormalisation scale squared.

B.1.1 De�nition of loop functions

B.1.1.1 One-loop functions

In the expression of the one-loop e�ective potential, we make use of the function f
de�ned as

f(x) ≡ x2

4

(
logx− 3

2

)
(B.1.3)

Two important one-loop functions that will appear in the expression of the e�ective
potential, of its derivatives and in the self-energies are the �nite parts of

A(x) ≡ C
∫

ddk

k2 + x
(B.1.4)

B(p2, x, y) ≡ C
∫

ddk

(k2 + x)((p− k)2 + y)
, (B.1.5)
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namely

A(x) ≡ lim
ε→0

(
A(x) +

x

ε

)
= x(logx− 1) = 2

d

dx
f(x), (B.1.6)

B(p2, x, y) = B(x, y) ≡ lim
ε→0

(
B(p2, x, y)− 1

ε

)
= − log p2 − fB(x+)− fB(x−),

(B.1.7)

where

fB(x) = log(1− x)− x log

(
1− 1

x

)
− 1, (B.1.8)

and

x± =
p2 + x+ y ±

√
(p2 + x+ y)2 − 4p2x

2p2
. (B.1.9)

In two-loop order expressions, the function J is sometimes used, although it is equal
to A

J(x) = A(x). (B.1.10)

A limit of particular interest of B is the limit of vanishing external momentum, that
we denote B0, and is related to the PSS function we have used

B(p2, x, y) −→
p2→0

B0(x, y) = −PSS(x, y) ≡ −A(x)−A(y)

x− y . (B.1.11)

and furthermore, we have that

B0(x, x) = − logx⇔ PSS(x, x) = logx (B.1.12)

The derivative of the B function with respect to one of the mass arguments is also
used, with the notation

B′(p2, x, y) =
∂

∂x
B(p2, x, y). (B.1.13)

For the fermion and gauge boson contributions to the scalar self-energy we also use
the functions PFF , PFF and PV V related to A and PSS as

PFF (x, y) ≡ −2
xA(x)− yA(y)

x− y = −A(x)−A(y)− (x+ y)PSS(x, y), (B.1.14)

PFF (x, y) ≡ −2PSS(x, y), (B.1.15)

PV V (x, y) ≡ 3PSS(x, y). (B.1.16)

In the context of the reexpansion of the mass diagrams, we also make use of the one-
loop three-point function C(p2

1, p
2
2, (p1 + p2)2, x, y, z), which is the �nite part of the

following integral

C(p2
1, p

2
2, (p1 + p2)2, x, y, z) ≡ −C

∫
ddk

(k2 + x)((k − p1)2 + y)((k − p1 − p2)2 + z)
.

(B.1.17)
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B.1.1.2 Two-loop functions

We recall the de�nition of the following two-loop integrals

S(x, y, z) ≡ C2

∫
ddk

∫
ddq

1

(k2 + x)(q2 + y)((k + q − p)2 + z)
, (B.1.18)

U(x, y, z, u) ≡ C2

∫
ddk

∫
ddq

1

(k2 + x)((k − p)2 + y)(q2 + z)((k + q − p)2 + u)
,

(B.1.19)

M(x, y, z, u, v) ≡ C2

∫
ddk

∫
ddq

1

(k2 + x)(q2 + y)((k − p)2 + z)((q − p)2 + u)((k − q)2 + v)
.

(B.1.20)

of which we take the �nite parts

S(x, y, z) = lim
ε→0

[S(x, y, z)− (A(x) +A(y) +A(z))/ε

− (x+ y + z)/2ε2 − (p2/2− x− y − z)/2ε],
U(x, y, z, u) = lim

ε→0
[U(x, y, z, u)−B(p2, x, y)/ε+ 1/2ε2 − 1/2ε], (B.1.21)

U0(x, y, z, u) ≡ U(x, y, z, u)|p2=0 =
I(x, z, u)− I(y, z, u)

y − x , (B.1.22)

M(x, y, z, u, v) = lim
ε→0

M(x, y, z, u, v). (B.1.23)

We also require the related functions (where V di�ers slightly from [20])

I(x, y, z) ≡ S(x, y, z)|p2=0, (B.1.24)

V (x, y, z, u) ≡ − ∂

∂y
U(x, y, z, u), (B.1.25)

V (x, y, z) ≡ lim
u→0

[
V (x, u, y, z)− 1

s− x
∂

∂u
I(u, y, z)

]
. (B.1.26)

The integral I is symmetric on all three indices, and thus U0 is symmetric on x ↔ y
and z ↔ u separately etc; the I integral is fundamental for the two-loop e�ective
potential, all other functions being obtained from it and A(x). It can be written
explicitly although the expression is rather involved; it can be found in equations (D1)
to (D3) of [77] although it was �rst derived in [16]. Here we note the useful limiting
cases

I(x, y, 0) =
1

2

(
− 5x− 5y + (−x+ y) log

2
x+ 4y log y + logx(4x− 2y log y)

− 2(x− y)Li2(1− y/x)

)
,

I(x, x, x) =
3

2
x(−5 + 4 logx− log

2
x+ cxxx),

I(x, x, 0) =x(−5 + 4 logx− log
2
x),

I(x, 0, 0) =− x
(

1

2
log

2
x+ 2 logx− 5

2
− π2

6

)
, (B.1.27)

where cxxx ≈ 2.3439 is a constant.
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The two-loop functions appearing in the e�ective potential were de�ned in [19] and
read

fSSS(x, y, z) = −I(x, y, z), (B.1.28)

fSS(x, y) = J(x, y), (B.1.29)

fFFS(x, y, z) = J(x, y)− J(x, z)− J(y, z) + (x+ y − z)I(x, y, z), (B.1.30)

fFFS(x, y, z) = 2I(x, y, z), (B.1.31)

fSSV (x, y, z) =
1

z

[
(−x2 − y2 − z2 + 2xy + 2xz + 2yz)I(x, y, z) + (x− y)2I(0, x, y)

+ (y − x− z)J(x, z) + (x− y − z)J(y, z) + zJ(x, y)

]
+ 2
(
x+ y − z

3

)
J(z), (B.1.32)

where

J(x, y) ≡ J(x)J(y) = A(x)A(y). (B.1.33)

To these functions we must also add the scheme dependent functions fV S , fV V S ,
fFFV , fFFV and fgauge that we give for the DR

′
and MS schemes (slightly modifying

the notation of [19])

fV S(x, y) =3J(x, y) + δMS2xJ(y), (B.1.34)

fV V S(x, y, z) =
1

4xy

[
(−x2 − y2 − z2 − 10xy + 2xz + 2yz)I(x, y, z)

+ (x− z)2I(0, x, z) + (y − z)2I(0, y, z)− z2I(0, 0, z)

+ (z − x− y)J(x, y) + yJ(x, z) + xJ(y, z)

]
+

1

2
J(x) +

1

2
J(y) + δMS

(
2J(z)− x− y − z

)
, (B.1.35)

fFFV (x, y, z) =
1

z

[
(x2 + y2 − 2z2 − 2xy + xz + yz)I(x, y, z)− (x− y)2I(0, x, y)

+ (x− y − 2z)J(x, z) + (y − x− 2z)J(y, z) + 2zJ(x, y)

]
+ 2
(
−x− y +

z

3

)
J(z)− δMS

(
2xJ(x) + 2yJ(y)− (x+ y)2 + z2

)
,

(B.1.36)

fFFV (x, y, z) =6I(x, y, z) + δMS

(
2(x+ y + z)− 4J(x)− 4J(y)

)
, (B.1.37)

fgauge(x, y, z) =
1

4xyz

[
(−x4 − 8x3y − 8x3z + 32x2yz + 18y2z2)I(x, y, z)

+ (y − z)2(y2 + 10yz + z2)I(0, y, z) + x2(2yz − x2)I(0, 0, x)

+ (x2 − 9y2 − 9z2 + 9xy + 9xz + 14yz)xJ(y, z)

+

(
22y + 22z − 40

3
x

)
xyzJ(x)

+ δMS

(
4x3yz + 48xy2z2 + 8x2yzJ(x)

)]
+ (x↔ y) + (x↔ z) (B.1.38)
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where

δMS =

{
1 in the MS scheme
0 in the DR

′
scheme

(B.1.39)

Taking derivatives of these functions with respect to one argument is required for the
two-loop tadpoles, and we use the notations

f (1,0,0)
α (x, y; z, u) =

fα(x, z, u)− fα(y, z, u)

x− y

f (0,0,1)
α (x, y; z, u) =

fα(x, y, z)− fα(x, y, u)

z − u (B.1.40)

For the mass diagrams, we require the following loop integral functions:

WSSSS(x, y, z, u) = [I(x, z, u)− I(y, z, u)]/(y − x), (B.1.41)

XSSS(x, y, z) = J(z)PSS(x, y), (B.1.42)

YSSSS(x, y, z, u) = J(u)[B(p2, x, z)−B(p2, x, y)]/(y − z), (B.1.43)

ZSSSS(x, y, z, u) = B(p2, x, y)B(p2, z, u), (B.1.44)

SSSS(x, y, z) = −S(x, y, z), (B.1.45)

USSSS(x, y, z, u) = U(x, y, z, u), (B.1.46)

VSSSSS(x, y, z, u, v) = [U(x, y, u, v)− U(x, z, u, v)]/(y − z), (B.1.47)

MSSSSS(x, y, z, u, v) = −M(x, y, z, u, v), (B.1.48)

WSSFF (x, y, z, u) =
1

x− y [(z + u− x)I(x, z, u)−A(x)[A(z) +A(u)]]

+(x↔ y), (B.1.49)

WSSFF (x, y, z, u) = −2WSSSS(x, y, z, u), (B.1.50)

VSSSFF (x, y, z, u, v) =
(y − u− v)U(x, y, u, v) + [A(u) +A(v)]B(s, x, y)

y − z
+(y ↔ z), (B.1.51)

VSSSFF (x, y, z, u, v) = −2VSSSSS(x, y, z, u, v). (B.1.52)

B.1.2 Small m2
G expansion

For completeness, we recall equations (3.7)-(3.10) from [33] for the expansion of the
loop functions appearing in the two-loop e�ective potential

fSSS(m2
G, x, y) = fSSS(0, x, y) + PSS(x, y)A(m2

G) +RSS(x, y)m2
G +O(m4

G),
(B.1.53)

fSSS(m2
G,m

2
G, x) = fSSS(0, 0, x) + 2PSS(0, x)A(m2

G) + 2RSS(0, x)m2
G +O(m4

G),
(B.1.54)

fSS(m2
G, x) = A(x)A(m2

G), (B.1.55)

fFFS(m2
G, x, y) = fFFS(0, x, y) + PFF (x, y)A(m2

G) +RFF (x, y)m2
G +O(m4

G),
(B.1.56)

fFFS(m2
G, x, y) = fFFS(0, x, y) + PFF (x, y)A(m2

G) +RFF (x, y)m2
G +O(m4

G),
(B.1.57)

fSSV (m2
G, x, y) = fSSV (0, x, y) +RSV (x, y)m2

G +O(m4
G), (B.1.58)

fSSV (m2
G,m

2
G, x) = fSSV (0, 0, x) + 2RSV (0, x)m2

G +O(m4
G), (B.1.59)
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fV S(m2
G, x) = 3A(x)A(m2

G) + 2xδMSA(m2
G), (B.1.60)

fV V S(m2
G, x, y) = fV V S(0, x, y) + (PV V (x, y) + 2δMS)A(m2

G)

+ (RV V (x, y)− δMS)m2
G +O(m4

G), (B.1.61)

where the R functions are de�ned in [33] as

RSS(x, y) ={(x+ y)2 + 2A(x)A(y)− 2xA(x)− 2yA(y)

+ (x+ y)I(0, x, y)}/(x− y)2, (B.1.62)

RFF (x, y) =−
[
(x+ y){(x+ y)2 + 2A(x)A(y)− 2xA(x)− 2yA(y) + (x+ y)2}

+ 2(x2 + y2)I(0, x, y)

]
/(x− y)2, (B.1.63)

RFF (x, y) =− 2RSS(x, y), (B.1.64)

RSV (x, y) =
1

y

(
3(x+ y)I(0, x, y)− 3xI(0, 0, x) + 3A(x)A(y) + 2xy + y2

)
, (B.1.65)

RV V (x, y) =
1

4xy(x− y)2

[
3A(x)A(y)

(
x2 + y2 + 6xy

)
− 24xy

(
xA(x) + yA(y)

)
+ 14xy(x2 + y2) + 20x2y2 + 3(x+ y)3I(0, x, y)

− 3(x− y)2
(
xI(0, 0, x) + yI(0, 0, y)

)]
. (B.1.66)

One can see from the expression (B.1.24) that I(= −fSSS) is regular for any number
of its arguments vanishing. Using eq. (B.1.21) and (B.1.53), we can �nd the expansion
of U0(x, y,m2

G,m
2
G)

U0(x, y,m2
G,m

2
G) =− d

dm2
G

I(m2
G, x, y) =

d

dm2
G

fSSS(m2
G, x, y)

=PSS(x, y) logm2
G +RSS(x, y) + ... (B.1.67)

For the derivatives of the two-loop f functions, we use the following expansions

f
(0,0,1)
FFS (x, y,m2

G,m
2
G) =− logm2

G[J(x) + J(y)]− I(x, y, 0)− (x+ y)U0(x, y,m2
G,m

2
G)

=− logm2
G

[
(x+ y)PSS(x, y) +A(x) +A(y)

]
− I(x, y, 0)

− (x+ y)RSS(x, y) +O(m2
G), (B.1.68)

f
(1,0,0)
SSV (m2

G,m
2
G;x, y) =−RSV (x, y) +O(m2

G) (B.1.69)

f
(0,1)
V S (x,m2

G,m
2
G) =(3A(x) + 2xδMS) logm2

G +O(m2
G) (B.1.70)

f
(0,0,1)
V V S (y, z;m2

G,m
2
G) =−

(
3PSS(y, z) + δMS

)
logm2

G −RV V (y, z) +O(m2
G).

(B.1.71)

B.2 Diagrams regulated by momentum

When studying the mass terms, we encountered some diagrams for which the resumma-
tion of the Goldstone contributions provide no shift to regulate an infrared divergence
and hence these diagrams must be regulated by momentum. More precisely, this is
the case for the functions U , M , Z and for some of the V diagrams. In this section,
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B.2 Diagrams regulated by momentum

we give the expansions for small external momentum s ≡ −p2 of the diagrams that
diverge as s → 0, taken from expanding expressions in [142, 340] or found by newly
solving or expanding the integral equations in [142]. Hence we stress that (most of)
this section contains new results not found elsewhere.

B.2.1 Limits of the Z and U functions

First, for Z, we only need the fact that

B(p2,m2
G,m

2
G) −→

mG→0
2− log(−s). (B.2.1)

Then, for the U function, taking one argument to zero does not cause any diver-
gence, and we �nd, looking at the integral de�nition (B.1.19) of U , that U(x, y, 0, 0),
U(0, x, y, 0), U(x, 0, y, 0), U(x, 0, 0, 0) and U(0, y, 0, 0) are all regular so we can sub-
stitute them for U0 + O(s). The only divergent function is U(0, 0, x, y) that has the
form

U(0, 0, x, y) = AU (x, y) log(−s) +BU (x, y) +O(s) (B.2.2)

with

AU (x, y) =− 1 +
x logx− y log y

x− y = PSS(x, y)→ AU (x, x) = logx, (B.2.3)

BU (x, y) =
5

2
+

1

2(y − x)

[
− (x+ y) log

2
y + 4x logx− 4y log y

+ 2x logx log y − 2(x+ y)Li2

(
1− x

y

)]
=

5

2
+

1

2(y − x)

[
8(x logx− y log y) + (x+ y)

(
log

2
x− log

2
y
)

− 2(y − x) logx log y − (x+ y)

(
Li2

(
1− x

y

)
− Li2

(
1− y

x

))]
, (B.2.4)

BU (x, x) =− 3

2
− 3 logx− 1

2
log

2
x, (B.2.5)

where we have written the BU coe�cient in two ways, one for computational simplicity,
and the other to explicitly show the symmetry in x ↔ y. The limit as x → 0 can be
smoothly taken to give

U(0, 0, 0, u) = (logu− 1) log(−s)− π2

6
+

5

2
− 2 logu− 1

2
log

2
u+O(s). (B.2.6)

which matches an expansion of the full momentum-dependence expression in equation
(6.24) of [142].

Finally,

U(0, 0, 0, 0) =
1

2

(
log(−s)− 3

)2
+ 1

is not required, as it always appears with λGGG as a factor, which is zero up to higher
order corrections.
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B.2.2 Limits of the M function

Turning now to the M function, there are more cases to consider. In the case of only
one argument vanishing, we see from the integral expression (B.1.20) that the func-
tion is regular. From eqs.(6.28) and (6.31) in [142], we also �nd that M(x, y, z, 0, 0),
M(x, y, 0, 0, v) and M(x, y, 0, 0, 0) are �nite. Then we have

M(0, y, 0, u, v) = AM (y, u, v) log(−s) +BM (y, u, v) (B.2.7)

where

AM (y, u, v) =
u logu

(y − u)(u− v)
− y log y

(y − u)(y − v)
− v log v

(y − v)(u− v)
, (B.2.8)

BM (y, u, v) =− (2 + log v)AM (y, u, v)

+
u+ v

(y − u)(u− v)
Li2(1− u/v)− v + y

(y − u)(y − v)
Li2(1− y/v). (B.2.9)

AM is symmetric on all three indices, and as M(0, 0, 0, u, 0) or M(0, y, 0, 0, 0) have
prefactor λGGG, we only need to consider the following cases

AM (0, u, v) =
log(v/u)

u− v

BM (0, u, v) =− (2 + log v)AM (0, u, v)− π2

6u
− (u+ v)Li2(1− u/v)

u(u− v)

BM (y, u, 0) =
log u/y

[
4 + logu+ log y

]
2(u− y)

BM (y, y, 0) =
2 + log y

y

AM (y, y, v) =
v log y/v

(y − v)2
− 1

y − v
AM (y, y, 0) =− 1

y

BM (y, y, v) =− (2 + log v)AM (y, y, v) +
1

(y − v)2

[
(v + y) log y/v + 2vLi2(1− y/v)

]
AM (y, y, y) =− 1

2y

BM (y, y, y) =
1

2y
(3 + log(y)) = −(2 + log y)AM (y, y, y) +

1

2y

BM (y, u, u) =− (2 + logu)AM (y, u, u) +
2

u− y −
(u+ y)Li2(1− y/u)

(u− y)2
. (B.2.10)

The only additional case isM(0, 0, 0, 0, v) that we have to consider separately and that
we �nd to be

M(0, 0, 0, 0, v) =
1

v

(
log2(−s/v)− 2 log(−s/v) +

π2

3

)
. (B.2.11)

Finally, the expression ofM(x, 0, 0, 0, 0) with full momentum dependence can be found
in equation (6.31) of [142], and becomes when expanding to leading order for small s

M(x, 0, 0, 0, 0) =
1

6x

(
18 + π2 − 12 log(−s/x) + 3 log2(−s/x)

)
. (B.2.12)
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The approximate formulae for U(0, 0, x, y), M(0, y, 0, u, v) and M(0, 0, 0, 0, v) have
been checked against the numerical results from TSIL [150] and show excellent agree-
ment until s becomes of the order of the arguments in the functions � even when s
is of the order of the mass parameters, the di�erence between the approximate result
and the numerical from TSIL is about 10%.

B.3 Additional expressions for Ṽ (x, 0, z, u)

One of the key functions of the basis set is V (x, y, z, u). This is de�ned as

V (x, y, z, u) ≡− ∂

∂y
U(x, y, z, u). (B.3.1)

It is singular as y → 0, so we de�ne the regularised version (de�ned with one fewer
explicit index to [20]):

V (x, y, z) ≡ lim
u→0

[
V (x, u, y, z)− 1

s− x
∂

∂u
I(u, y, z)

]
. (B.3.2)

On the other hand, we require a slightly di�erent regularised function:

Ṽ (x, y, z) ≡ lim
u→0

[
− V (x, u, y, z) + PSS(y, z)B(u, x′)

]
. (B.3.3)

For the case x 6= 0, we can simply extract the result at vanishing external momentum:

lim
s→0

V̄ (x, z, u) = lim
y→0

[
− U0(x, y′, z, u)− 1

x
PSS(z, u) log y

]
=
I(x, z, u)− I(0, z, u)

x2
= −1

x
U0(x, 0, z, u). (B.3.4)

Then constructing Ṽ gives

lim
s→0

Ṽ (x, z, u) =− lim
s→0

V̄ (x, z, u)− 1

x

[
RSS(z, u) + PSS(z, u)(logx− 1)

]
=

1

x

[
U0(x, 0, z, u) +RSS(z, u) + PSS(z, u)(logx− 1)

]
. (B.3.5)

On the other hand, for x → 0 we cannot take the above limit. In principle we could
start again from the expressions for V (x, y, z) given in the appendix of [20] and take
the smooth limit x→ 0. Instead, here we provide two direct derivations of a compact
expression for Ṽ (0, z, u), with both general external momentum and then for our gen-
eralised e�ective potential limit. The starting point for the �rst derivation is the set
of di�erential equations given in [142], in this case

∂

∂y
U(x, y, z, u) =kUUU(x, y, z, u) + kUT1T (x, z, u) + kUT2T (u, x, z) + kUT2T (z, x, u)

+ kUS
[
S(x, z, u)− 1

2
(A(x) +A(z) +A(u) + I(y, z, u))

]
+ kUBB(x, y) + kU (B.3.6)

≡ kUUU(x, y, z, u) + ∆,

where the coe�cients of the loop functions are themselves functions of s, x, y, z, u.
However, here we encounter the problem that several of these coe�cients are actually
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singular as y → 0 � so we cannot simply evaluate the right-hand side of the equation
to determine V (x, 0, z, u)!

However, we can obtain such a closed-form expression by using the ansatz

U(x, y, z, u) = f0(s;x, z, u) + f(s;x, z, u)A(y) + f1(s;x, z, u)y +O(y2)

f0(s;x, z, u) = U(x, 0, z, u),

kU = −1

y
+ k0

UU +O(y)

∆ =
∆(−1)

y
+ ∆l log y + ∆0 + ... (B.3.7)

and substituting it into the above di�erential equation, to �nd f and f1:

f log y + f1 + ... =(−1

y
+ k0

UU )
(
f0(s;x, z, u) + f(s;x, z, u)A(y) + f1(s;x, z, u)y

)
+ ∆

=− f0

y
− f log y + (f − f1 + f0k

0
UU ) +

∆(−1)

y
+ ∆l log y + ∆0 + ...

→ ∆(−1) =f0, f =
1

2
∆l, f1 =

1

2

(
f + ∆0 + ∆(−1)k0

UU

)
. (B.3.8)

The form of f must correspond to the singularity; indeed we have

f(s;x, z, u) =
1

s− xPSS(z, u). (B.3.9)

However, f1 is more work; we eventually obtain in the limit x → 0 that we are
interested in

Ṽ (0, z, u) =

(
uz log z/u

(u− z)3
+

u+ z

2(u− z)2

)
B(0, 0)

+
1

s

[
2A(u)A(z) + (u+ z)2 + 2(u+ z)I(z, u, 0)

2(u− z)2

]
+

1

2

[
KUT2T (u, 0, z) +KUT3T (z, 0, u) +KUSS(0, z, u) +KU

]
(B.3.10)

and

f1(s; 0, z, u) =Ṽ (0, z, u)− PSS(z, u)

s
log(−s),

V̄ (0, z, u) =− f1(s; 0, z, u) +
1

s
RSS(z, u). (B.3.11)

The coe�cients de�ned in the above are

KUT2 =− 2uz(s+ u− z)
s(u− z)3

KUT3 =
2uz(s− u+ z)

s(u− z)3

KUS =− 2(u+ z)

s(u− z)2

KU =− (u+ z)2

(u− z)2s
+

5(u+ z)

4(u− z)2
. (B.3.12)
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If we then make our generalised e�ective potential expansion, we �nd

f1(s; 0, z, u) =− PSS(z, u) log(−s)
s

(B.3.13)

− log(−s)
2(u− z)3

[
u2 − z2 − 2uz log

u

z

]
+

1

4(u− z)4

[
5(u+ z)3 + 8uzI(u, z, 0) + 2z log z(2u2 − 11uz + z2)

+ 2u logu(u2 − 11uz + 2z2) + 4uz(u+ z) logu log z
]
.

We do not need the limit when u = z = 0 because in that case we have couplings
λGGG. However, for z = 0 or u = 0 we do see that there is a smooth limit of the
above.

Let us de�ne

f1 = −PSS(z, u)

s
log(−s) + f `1 log(−s) + f0

1 . (B.3.14)

We can then write

Ṽ (0, z, u) =f `1 log(−s) + f0
1 . (B.3.15)

We have

f `1(z, u) =− 1

2(u− z)3

[
u2 − z2 − 2uz log

u

z

]
f `1(z, z) =− 1

6z
, f `1(0, u) = − 1

2u
(B.3.16)

If we now substitute in the standard expressions for I(z, u, 0) then we can simplify the
above to

f0
1 (z, u) =

1

4(u− z)3

[
5(u2 − z2) + 2z log z(2u− z + u log z) (B.3.17)

+ 2u logu(u− 2z − z logu)

− 4uz

(
Li2(1− z/u)− Li2(1− u/z)

)]
.

We can also it in a shorter but less symmetric form

f0
1 (z, u) =

1

4(u− z)3

[
5(u2 − z2) + 2z log z(2u− z + 2u logu))

+ 2u logu(u− 2z − 2z logu− 8uzLi2(1− z/u)

]
. (B.3.18)

We can also take the limits:

f0
1 (z, z) =

11 + 3 log z
18z

, f0
1 (0, u) =

5 + 2 logu
4u

. (B.3.19)
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B.3.1 Integral representation

Our expression for Ṽ actually lends itself to an interesting �nite integral representation.
We start with the de�nition

Ṽ (0, z, u) ≡ lim
y→0

[
− V (y, y, z, u) +B(s, y, y′)PSS(z, u)

]
. (B.3.20)

Then, using C ≡ 16π2 µ2ε

(2π)4−2ε we have

V (x, y, z, u) =− ∂

∂y
U(x, y, z, u)

=− ∂

∂y
lim
ε→0

[
U(x, y, z, u) + 1/2ε2 − 1/2ε−B(x, y)/ε

]
(B.3.21)

= lim
ε→0

[
−U(x, y′, z, u) + B(x, y′)/ε

]
PSS(z, u) =−B(0; z, u) = − lim

ε→0

[
B(0; z, u)− 1/ε

]
. (B.3.22)

So then

V (x, y, z, u) = lim
ε→0

[
C2

∫ ∫
1

k2 + x

1

((k − p)2 + y)2

1

q2 + z

1

(q + k − p)2 + u
+

B(x, y′)
ε

]
Ṽ (x, z, u) = lim

y→0
lim
ε→0

[
−V(x, y, z, u)−B(x, y′)

(
PSS(z, u) +

1

ε

)
+ B(x, y′)PSS(z, u) +B(x, y′)PSS(z, u)

]
= lim
y→0

lim
ε→0

[
−V(x, y, z, u) + B(x, y′)PSS(z, u)

]
(B.3.23)

= lim
y→0

lim
ε→0

[
− C2

∫ ∫
1

k2 + x

1

((k − p)2 + y)2

1

q2 + z

1

(q + k − p)2 + u

+ C2

∫ ∫
1

k2 + x

1

((k − p)2 + y)2

1

q2 + z

1

q2 + u

]
= lim
ε→0

[
C2

∫ ∫
1

k2 + x

1

((k − p)2 + y)2

1

q2 + z

2q · (k − p) + (k − p)2

(q2 + u)((q + k − p)2 + u)

]
.

We can then integrate this expression. For the case x→ 0 we can simplify a little:

Ṽ (0, z, u) = lim
y→0

lim
ε→0

[
C2

∫ ∫
1

(k + p)2

1

(k2 + y)2

1

q2 + z

2q · k + k2

(q2 + u)((q + k)2 + u)

]
≡ lim
ε→0

(
− 1

z − uF(z, u)

)
F(z, u) ≡C2

∫ ∫
1

(k + p)2

1

k4

1

q2 + z

2q · k + k2

(q + k)2 + u
. (B.3.24)

This integral is �nite; we have checked that explicitly performing the integral using
TARCER [148] exactly yields expression (B.3.10).
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Appendix C

Consistent solution of the tadpole

equations with shifts to fermion

masses

Here we give the two-loop shifts to the tadpoles and self-energies due to shifts in
fermion masses when we solve the tadpole equations consistently.

We denote the undiagonalised fermion mass matrix as mIJ . The mass-squared matrix
is de�ned [19] as

(m2) J
I = m∗IKm

KJ , (C.0.1)

and is diagonalised by a unitary matrix N de�ned such that

m2
Iδ

J
I =NK

IN
∗ J
L (m2) L

K , M IJ ≡ N∗ IK N∗ JL mKL

→M IKM∗JK =m2
Iδ

J
I . (C.0.2)

Then if the tree-level matrices depend on some parameters {xi} for which we solve the
tadpole equations as in equation (4.4.4) we have

δM IJ =N∗ IK
∂mKL

∂xk
N∗ JL ckl

∂∆V (1)

∂φ0
l

. (C.0.3)

Then the shift to the fermion contribution to the tadpole is

δ(2)

(
∂V

(1)
F

∂φ0
r

∣∣∣∣∣
ϕ=v

)
=−RrpRe[yKLpδM∗KL]

(
A(m2

K) +A(m2
L)
)

− 2RrpRe[Y IJpM∗JK ]
(
δMKLM∗IL + δM∗ILM

KL
)
PSS(m2

I ,m
2
K),

(C.0.4)
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while the shift to the scalar self-energy is

δΠ
(2),F
ij =− 2Re[yKLiyK′Lj ]

(
M∗KJδM

K′J + δM∗KJM̄
K′J)

×
[
PSS(m2

K ,m
2
K′)−B(m2

K′ ,m
2
L)

−
(
m2
K +m2

K′ − s
)
C(s, s, 0,m2

K ,m
2
L,m

2
K′)

]
+ 4Re[yKLiyK

′L′jδM∗KK′M
∗
LL′ ]B(m2

K ,m
2
L)

+ 4Re[yKLiyK
′L′jM∗IK′M

∗
LL′ ](

M∗KJδM
IJ + δM∗KJM

IJ
)
C(s, s, 0,m2

K ,m
2
L,m

2
I). (C.0.5)

To illustrate this, consider the MSSM, where the tadpole equations read

(|µ|2 +m2
Hu)vu −Bµvd +

1

8
(g2
Y + g2

2)(v2
u − v2

d)vu =− ∂∆V

∂vu

(|µ|2 +m2
Hd

)vd −Bµvu −
1

8
(g2
Y + g2

2)(v2
u − v2

d)vd =− ∂∆V

∂vd
. (C.0.6)

Solving for |µ|2 we have

|µ|2 =− M2
Z

2
+

1

c2β

[
m2
Hus

2
β −m2

Hd
c2
β +

1

v
sβ
∂∆V

∂vu
− 1

v
cβ
∂∆V

∂vd

]
, (C.0.7)

so we have

δµ =
1

2µ∗vc2β

[
sβ
∂∆V

∂vu
− cβ

∂∆V

∂vd

]
. (C.0.8)

This in turn will lead to a shift in the neutralino and chargino masses, which lead to
a shift to the two-loop tadpoles.
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