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0.1 Introduction (Francais)

Cette thése traite deux problémes issues de la théorie de l’intégration non-
commutative : les inégalités de Khintchine et les opérateurs de Calderén-Zygmund.
Elle se concentre sur I’étude d’inégalités de type faible et plus généralement fait
souvent intervenir des espaces quasi-Banach. La théorie de l'interpolation y
joue un role prépondérant et multiple. Le premier chapitre est d’ailleurs en-
tiérement dédié & des questions d’interpolation des espaces L, classiques. La
majeur partie du travail présentée est extraite de deux articles ([5], [4]) et d’une
prépublication [3]. Le chapitre 2 est principalement dédié aux définitions de
base de l'intégration non-commutative et & des résultats techniques tandis que
les chapitres 3 et 4 contiennent les résultats principaux de cette thése, sur les iné-
galités de Khintchine non-commutatives et les opérateurs de Calderén-Zygmund
respectivement.

Analyse harmonique non-commutative

Les espaces L, non-commutatifs ont été définies pour la premiére fois au début
du développement de la théorie des algébres de von Neumann par Segal [56] et
Dixmier. Cependant, seuls les espaces Ly, Lo et Lo, sont réellement pertinents
au sein de cette théorie et il fallut attendre une vingtaine d’années pour que le
sujet recoive une véritable attention, venue tout d’abord de la physique mathé-
matique ([18],[40]). Depuis lors, ils ont été 'objet d’un intérét soutenu, a la fois
pour étudier le paralléle que 'on peut établir avec ’analyse classique et pour
comprendre leurs propriétés spécifiques. Bien que ceci ne soit pas immédiat, ils
sont similaires en de nombreux points aux espaces L, classiques. Ils vérifient les
méme propriétés de dualité, de convexité, d’interpolation et certaines propriétés
géométriques, justifiant le fait de les considérer, sur un plan intuitif, comme des
espaces L, ot les fonctions auraient été remplacées par des opérateurs et par con-
séquent ne commutent pas toujours. Notons donc que les espaces d’intégration
non-commutatifs ne proviennent pas en général d’espaces mesurés au sens clas-
sique, la notion de point et d’ensemble mesurable y disparait et tout est exprimé
au niveau purement fonctionnel. Cette idée se retrouve par exemple dans la déf-
inition des groupes quantiques (généralisation non-commutative de 1’algébre des
fonctions sur un groupe), permet aussi de considérer les C*-algébres comme des
espaces topologiques non-commutatifs et apparait de facon générale comme un
des concepts unificateurs de la géométrie non-commutative de Connes. Se placer
dans un cadre plus général a évidemment un prix et des inégalités évidentes dans
le cas classique deviennent fausses dans le cadre non-commutatif. Par exemple,
le fait que |z + y| < |z| + |y| n’est plus vrai, en général, pour des opérateurs z
et y. Par conséquent, généraliser des résultats classiques, en commencant par
I'inégalité de Holder, demande souvent d’inventer de nouvelles techniques.
Rappelons maintenant quelques résultats et concepts fondamentaux qui per-
mettent de contourner les difficultés posées par la non-commutativité. Pre-
miérement, la décomposition polaire énonce que tout opérateur = peut s’écrire
de fagon essentiellement unique sous forme d’un produit w|z| ou u est unitaire
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et |z| est positif. Cela est une fagon par exemple de réduire de nombreux prob-
lémes au cas des opérateurs positifs. Deuxiémement, la théorie spectrale et le
calcul fonctionnel permettent de manipuler les opérateurs normaux, considérés
individuellement, comme des fonctions et par exemple de définir la distribu-
tion d'un opérateur ou sa norme dans L,. Le troisiéme point est un concept
général de la théorie des algébres de von Neumann : les projections orthogo-
nales y jouent un role analogue a celui des fonctions indicatrices d’ensembles
mesurables dans la théorie de l'intégration classique. Une partie de 'intuition
spatiale de la théorie de la mesure classique est ainsi transférée a ce cadre pure-
ment fonctionnel. De facon beaucoup plus concréte, cela est aussi un moyen
de construire des fonctions étagées non-commutatives (combinaisons linéaires
de projections orthogonales) qui forment un ensemble dense dans les opérateurs
normaux (pour n’importe quelle norme L,,) et sont bien plus faciles & manipuler
que des opérateurs quelconques. Le dernier point est la méthode d’interpolation.
Contrairement aux trois premiers, elle ne provient pas de la théorie des opéra-
teurs mais de celle des espaces L, classiques. Elle sera présentée dans plus de
détails par la suite. Grossiérement, elle permet d’obtenir des résultats sur tous
les espaces L, & partir d’inégalités dans des espaces spécifiques (souvent L, Lo
ou Lo).

Parmi différents points de vue que ’on peut choisir de prendre pour I’étude
des espaces L, non-commuattifs, cette thése se place dans le cadre de I’analyse
harmonique non-commutative. Le but de ce domaine est de comprendre le com-
portement et en particulier les propriétés de bornitude de certains opérateurs
naturels sur les espaces L, non-commutatifs : la transformée de Fourier, les mul-
tiplicateurs de Fourier et de Schur, le calcul fonctionnel ... Une premiére étape
est de généraliser au monde non-commutatif les outils utilisés en analyse har-
monique classique. Parmi ceux-ci, nous sommes particuliérement intéressés par
les opérateurs de Calderén-Zygmund et les inégalités de Khintchine. Ces deux
notions ont été vastement étudiées en analyse réelle et en probabilité, et admet-
tent méme des généralisations & valeurs vectorielles. Cependant, elles possédent
aussi des comportements spécifiques dans le contexte non-commutatif : les iné-
galités de Khintchine prennent une nouvelle forme introduite par Lust-Piquard
dans [36] et les opérateurs de Calderén - Zygmund admettent une inégalité de
type faible particuliére [41].

Interpolation des espaces L, classiques

A partir de cette sous-section et tout au long du texte, on manipulera de nom-
breuses inégalités mais on ne sera intéressé que par le caractére qualitatif des
résulats obtenus et on ne tentera pas de calculer les constantes qui apparais-
sent dans ces inégalités. Ainsi, pour deux quantités A(z) et B(z), on notera
A(z) £ B(z) ou A(z) Se¢ B(x) si il existe une constante C' telle que pour tout
x, A(z) < CB(z) et de méme, A(z) ~ B(z) ou A(r) ~¢ B(z) si il existe une
constante C'telle que pour tout z, £ B(z) < A(z) < CB(x).

L’étude d’inégalités de type faible, alors méme que le comportement des
objets considérés est bien connu dans les espaces Ly, est principalement motivée
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par la théorie de l'interpolation. Pour expliquer cette idée, commencons avec
un théoréme d’interpolation fondamental dans la théorie des espaces L,,. Soit 2
un espace mesuré o-fini et 7' un opérateur sur les fonctions mesurables sur 2.

Théoréme 0.1.1 (Riesz-Thorin). Soitp < g € (O, 00]. SiT est borné de L,(12)
vers L, () et de Ly(S2) vers Ly(2) alors T est borné de L, () vers L.(S2) pour
tout r dans (p,q).

Cela signifie que l’ensemble des valeurs p pour lesquelles T" est borné de L, (€2)
vers L,(€2) est un interval. Une motivation pour l'introduction de nouvelles
normes et, espaces en analyse harmonique est I’étude d’opérateurs T aux bornes
de cet interval. Par exemple, si T' est un opérateur de Calder6n-Zygmund ou
plus particuliérement la transformée de Hilbert, T' est borné sur L,(R) pour
p € (1,00) mais pas pour p = 1 ou p = oo. Cependant, T est borné de L;(R)
vers L1 o(R) (on dit que T est de type (1,1)-faible) et de Lo, vers BMO.
Connaitre ce type d’inégalités aux bornes est ensuite traduit par la théorie de
I'interpolation en des inégalités sur les espaces L,. L’exemple premier d’un tel
résultat est le théoréme suivant :

Théoréme 0.1.2 (Marcinkiewicz). Soitp < g € (0,00). Si T est de type (p,p)-
faible et de type (q,q)-faible alors T est borné de L.(Q2) vers L,.(Q2) pour tout
€ (pq)-

Ainsi, les inégalités de type faible peuvent étre suffisantes pour montrer la
bornitude de certains opérateurs. C’est par exemple le schéma de preuve qui a
été utilisé par Calderén et Zygmund pour démontrer la bornitude des intégrales
singuliéres. Une autre application possible qui motive la recherche d’inégalités
4 une borne p est qu’elles peuvent permettre d’obtenir un contréle optimal sur
la norme de T" sur L, lorsque ¢ tend vers p.

Définie abstraitement, la théorie de I'interpolation traite de couples généraux
(A, B) d’espaces quasi-Banach et, sans donner de définition rigoureuse, un es-
pace interpolé E entre A et B est un espace quasi-Banach tel que pour tout
opérateur T borné sur A et sur B, T est automatiquement borné sur E. Pour
appliquer les résultats de cette théorie, il est donc utile de savoir décrire les
espaces interpolés des couples d’espaces qui nous intéressent. Ceci n’est pas
possible en général mais peut étre accompli de facon relativement satisfaisante
pour le couple (L,(0,00), Ly(0,00)) pour p,q € (0,00] en utilisant la notion de
K-fonctionelle et en particulier de K-monotonicité.

Définition 0.1.1 (K-fonctionnelle). Soit (A, B) un couple d’espaces quasi-
Banach telle que ’'on puisse définir leur somme A+ B. Soit © € A+ B alors la
K-fonctionelle de x pour le couple (A, B) est une fonction (0,00) — R définie
pour tout t > 0 par :

Ki(e, A, B) = inf {ly[l,+1ll=]l5}-

y+z=x

Cette notion a plusieurs applications en théorie de 'interpolation. Elle per-
met de définir la méthode d’interpolation réelle et ainsi de voir les espaces de
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Lorentz comme des interpolés d’espaces L,. Nous sommes plus intéressés pour
le moment par ses applications & la théorie de l'interpolation abstraite.

Définition 0.1.2 (K-monotone). Soient A, B, E des espaces quasi-Banach tels
que E C A+ B. On dit que E est K-monotone pour le couple (A, B) si pour
tout x dans E et tout y dans A+ B,

}((y714713) :5 f(($,14713> ’ <:‘|x|LE'

Il est facile de voir que tout espace K-monotone pour un couple (A, B) est
une espace interpolé pour ce couple. Dans certains cas, la réciproque est aussi
vraie. Le théoréme suivant rassemble certains résultats que 'on peut trouver
dans la littérature allant dans cette direction.

Théoréme 0.1.3. Tous les espaces interpolés des couples suivants sont K-
monotones :

(Lorentz-Shimogaki) p > 1,

(Sparr) p,q > 1, (Lp(2), L

(Lp(0, @), Loo (0, )) et (L1(0, ), Ly (0, @),
q
(Sparr, Cwikel) p,q € (0,00),
)-

2)) pour tout espace mesuré o-fini 2,
(L

p(0; @), Lg(0, ),

(Cwikel) p € (0,00], (¢P, £

Nous nous sommes intéressés & une généralisation au cas quasi-Banach du
théoréme de Lorentz et Shimogaki et avons obtenu le résultat suivant :

Théoréme 0.1.4. Soit o € (0,00] et p € (0,00). Alors tous les espaces inter-
polés du couple (L(0, ), Loo(0, v)) sont K-monotones.

La démonstration ne pose pas de difficultés majeures. Elle consiste, pour
tout couple de fonctions f, g tel que K(f, L, (0, @), Lo (0, ) < K (g, L,(0, &), Loo (0, cv)),
& construire explicitement un opérateur 7" borné sur L, et Lo, tel que T'f = g.
Notons que dans ce cas, la K-fonctionnelle peut se calculer explicitement [21].
En effet, on a, pour tout t > 0 :

tP 1/p
K(f,Ly(0,), Loo(0, ) = (/o f”) .

Nous donnons aussi une caractérisation des espaces interpolés pour le couple
(Lp, Ly), p,q € (0,00) qui fait intervenir deux notions de monotonicité.

Définition 0.1.3. Soit E un espace de fonctions sur (0,00). On dit que E est
p-monotone G gauche St pour toutes fonctions f € E et g € Lo(0,00) telles que

pour tout t > 0, fo P>f P alors g € E et ’|gHE§HfHE
De méme, on dit que E est p monotone a droite si pour toutes fonctions
f € E et g€ Ly0,00) telles que pour tout t > 0, [ (f*)P > [(g*)P alors

geEet|glz 5 |/lls
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Nous prouvons le théoréme suivant :

Théoréme 0.1.5. Soit E un espace de fonctions sur (0,a), a > 0 et soit
0<p<q<oo. Alors E est p-monotone a gauche et g-monotone 4 droite si et
seulement si E est un espace interpolé entre L, (0, ) et Lq(0, ).

Notre preuve se base sur le résultat de Sparr. Nous prouvons en réalité quun
espace est p-monotone & gauche et p-monotone & droite si et seulement si il est
K-monotone pour le couple (L,, L,). Nous montrons aussi que si I’on suppose
de plus que ’espace E a la propriété de Fatou alors si E est p-convexe, E est p-
monotone a gauche et si E est g-concave, E est g-monotone a droite. Rappelons
qu’un espace E est dit naturel si il existe p > 0 tel que F est p-convexe. Nous
obtenons le corollaire suivant :

Corollaire 0.1.6. Soit E un espace naturel de fonctions sur (0,«), ayant la
propriété de Fatou. Alors E est g-monotone a4 droite si et seulement si il existe
0<p<qtel que E € (Ly(0,0a),Ly(0,)).

Ceci résoud, sous des hypothéses qui son mineures en pratique, une conjec-
ture de Levitina, Sukochev et Zanin [34] dans le cadre des espaces de fonctions.
Notons que le probléme reste pleinement ouvert pour les espaces de suites. En
effet, on ne sait méme pas si tous les espaces interpolés du couple (¢7,¢7) sont
K-monotones.

Inégalités de Khintchine non-commutatives

La motivation originale pour étudier les problémes d’interpolation abstraite
présentés dans la section précédente vient des inégalités de Khintchine non-
commutatives. Celles-ci sont essentielles pour comprendre les suites incondi-
tionnelles dans les espaces L, non-commutatifs. Elles ont joué un réle impor-
tant dans le développement de ’analyse harmonique non-commutative ces trente
derniéres années, a la fois en tant qu’outil et en apportant la bonne définition des
fonctions carré dans ce contexte qui est & l'origine de développements majeurs
comme les inégalités de martingales non-commutatives [49]. Commencons par
rappeler les inégalités de Khintchine classiques. Soit (£;) une suite de variable
de Rademacher inépendentes définies dans Lo (0, 1) et (a;);en une suite finie de
nombres complexes. Alors pour tout p € (0,00):

I3 asill, e, 152 astill

Cette équivalence s’étend immédiatement & des sommes dont les coefficients
prennent leurs valeurs dans des espaces L, classiques. Soit §2 un espace mesuré,
p € (0,00) et (fi)ien une suite finie dans L,(£2). Alors :

1/2
I Zizo'fi&HLp(Q@(O»l)) ~e, || (Zizo |fi|2) Hme)' ©)

Sous cette seconde forme, les inégalités de Khintchine apparaissent fréquem-
ment en analyse harmonique, pour évaluer des fonctions carrés ou étudier la
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R-bornitude de familles de fonctions, un probléme qui est essentiel lorsque
I'on essaie de comprendre les propriétés du calcul fonctionnel sur les espaces
L,. Notons que le terme de gauche de I’équivalence peut étre défini dans
tout espace de Banach X plutot que L,(Q2) en voyant .., f; comme un
élément de L,((0,1),X), et une version des inégalités de Khintchine (inégalités
de Khintchine-Kahane) s’appliquent a ce niveau de généralité. Plus précisément,
pour toute suite finie (x;);>0 dans X, et tout p € (1, 00),

H ZiZO xi&iHLp((O,l),X) e, H Zizo figiHLz((o,l),X)

Cependant, nous sommes d’avantage intéressés, dans le contexte de I'intégration
non-commutative, a trouver un analogue du terme de droite de (1), qui est
plus facile & calculer ou majorer que le terme de gauche. Notons tout de suite
que la méme formule ne peut pas fonctionner dans le cadre non-commutatif
car il y a deux notions possibles de fonctions carrés (ligne et colonne) qui ne
sont pas équivalentes dans L, dés que p # 2. Soit M un espace mesuré non-
commutatif, M. C M les opérateurs & support fini et S(M) 'ensemble des
suites finies de M. On rappelle qu'un espace symétrique est un espace quasi-
Banach de fonctions tel que la (quasi-)norme ne dépende que de la distribution
du module de la fonction. Puisque 'on peut définir la distribution du module
d’un opérateur, ces espaces admettent des généralisations non-commutatives
[31] similaires & celles des espaces L,. En effet, soit £ un espace symétrique de
fonctions sur (0, 00), notons par u(z) la réarrangée décroissante d’un opérateur
x (i.e. une fonction sur (0,00) ayant la méme distribution que |z|). On peut
alors définir :

||$||E(M) = ||“(17)HE7

et ainsi Pespace E(M). Par abus de notation, on notera ||z||, := HxHE(M).

Définition 0.1.4 (Normes ligne et colonne). Soit x € S(M), E un espace
symétrique. On définit les normes colonne et ligne comme suit :

lzllc, = 1| (Cieniw:)

Un équivalent peut tout de méme étre trouvé en combinant les deux fonctions
carrés.

v HE and HHCHRE = H (Zz‘eN xix;‘k)lﬂ HE

Théoréme 0.1.7 (Inégalités de Khintchine non-commutatives). Soitp € [2,00).

Alors :
H ZieN % ® &HP ~ max (HzHRP’ HxHCP) '
Soit p € (0,2]. Alors :
13 6l int {ll, + ol }-

Ce résultat est du a Lust-Piquard pour p € (1,00) [36], Lust-Piquard et
Pisier pour p = 1 [37] et plus de vingt ans plus tards, Pisier et Ricard [47] pour
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p < 1. Par la méthode d’interpolation réelle, le résultat s’étend a la plupart
des espaces de Lorentz qui sont des espaces de Banach mais pas & La o ou
L. Pour Ly o, cela est du au fait que pour écrire Ly o, comme un espace
d’interpolation de L, et L, il est nécessaire que p < 2 et ¢ > 3 et donc d’utiliser
les deux formules qui ne s’interpolent pas bien. De méme, pour écrire L
comme un espace d’interpolation de L, et Lg, il est nécessaire que p < 1 ce
qui est problématique puisque la fermeture de I’espace vectoriel généré par les
& n’est pas complémenté dans L,(0,1) pour p < 1. Ces deux exemples, qui
sont des espaces relativement communs, furent la motivation originale de notre
travail. Supposons maintenant que les §; sont une suite de variables aléatoires
orthonormales arbitraires dans un espace de probabilité non-commutatif. Nous
obtenons le théoréme suivant :

Théoréme 0.1.8. Soit p < 1. Supposons que pour tout x € S(M),

1oz @l, 2 it {llzllo, + vz, }-

Alors pour tout espace interpolé E entre L, et Lo, et x € S(M),

I3 woalsz it e, + bl }

De plus, la décomposition dans le terme de gauche peut étre choisie indépendante
de E.

Ce théoréme implique que pour des variables de Rademacher indépendantes
ou des unitaires de Haar libres, les inégalités de Khintchine sont vérifiées dans
L1, puisque, comme nous ’avont précédemment mentionné, les inégalités de
Khintchine non-commutatives sont vraies dans L, pour p < 1 pour ces variables
(par [48]).

Corollaire 0.1.9. Soit (§;);en une suite de variables de Rademacher inépen-
dantes et x € S(M). Alors :

13w @6l it {llle,  +[la,}-

La preuve du théoréme est basée sur l'idée de considérer des décompositions

T = y+z qui sont presques optimales dans le sens ou elles minimisent la quantité

Hny% + HZHZ . Pour ces décompositions, il n’est pas difficile de montrer, en
P P

utilisant les inégalités de Khintchine dans L, pour des suites de la forme (ex;);en
ou e est une projection dans M, que la K-fonctionnelle en ligne de y pour le
couple (L, L) est dominée par la K-fonctionnelle de », yz; ® & pour le
couple (L,, L ). De méme, par dualité, on majore la K-fonctionnelle en colonne
de z par la K-fonctionnelle de ),y #; ® &. Une fois une majoration de la K-
fonctionnelle obtenue, le théoréme de Lorentz-Shimogaki généralisé permet de
I’étendre & tous les espaces interpolés entre L, et L.

Dans le cas particulier de L;, on peut montrer qu’il existe toujours des
décompositions optimales. Cela simplifie la preuve du théoréme précédent et
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permet aussi de pousser plus loin I’étude de ces décompositions et d’obtenir une
certaine indentité algébrique qui les caractérise. A I’aide de cette derniére, qui
semble jouer le role d’une décomposition polaire pour les suites, nous retrouvons
la plupart des résultats connus sur les inégalités de Khintchine dans le cas libre.

Théoréme 0.1.10. Soit z = (x;);>0 une suite finie d’éléments de M. Il existe
a,B e MF, et u= (u;)i>o € MY tels que :

e s(a) < ZiZO uiug <1,
d S(ﬁ) < Zizoujui <1,
e pour tout i > 0, x; = u; B + au;.
De plus, supposons que :
o les & forment une suite de variables orthonormées dans Lo(A)

e les &; vérifient l'inégalité de Khintchine dans Lo, i.e pour toute suite finie
€T = (xi)iZO S MN.'

max (HmHROO’ HxHCOO) Fes H leo T ® é-'LHoo

Alors pour tout p € (0,00) et E un espace interpolé entre Ly, et Lo :

ladle + 11815 = 132, % @ &l

ol ¢ dépend seulement de p et coo.

La preuve du théoréme s’effectue en deux étapes. Premiérement, l’identité
algébrique est obtenue par un argument de dualité. On considére une décom-
position optimale x = y + z et 'on écrit les décompositions polaires de y et
z. L’optimalité se traduit par le fait que ces décompositions saturent certaines
inégalités, et donc vérifient une relation qui donne l'identité attendue. Dans
un second temps, on utilise cette identité pour obtenir une nouvelle fois des
majorations en terme de K-fonctionnelle, qui impliquent le théoréme ci-dessus.
Notons que pour p > 1, les calculs sont élémentaires mais pour p < 1, nous de-
vons utiliser une inégalité de Holder pour les commutateurs, prouvée récemment
par Ricard [54]. Il s’agit d’un résultat technique trés similaire a celui utilisé par
Pisier et Ricard dans [48] pour obtenir les inégalités de Khintchine pour p < 1.
Il est important de remarquer que le théoréme donne un équivalent déterministe
de la norme de Zi>0 z; ® & dans Lg o et répond ainsi d’'une certaine fagon a
une question posée par Lust-Piquard et Xu dans [38]. Cet équivalent semble
difficile & manipuler en vue d’applications mais il a I'avantage de prendre la
méme forme dans tous les interpolés d’espaces L,. En particulier, les cas p < 2
et p > 2 sont traités de la méme facon, ce qui est une nouveauté dans ’étude
des inégalités de Khintchine non-commutatives.

Finalement, nous donnons, sous des conditions techniques sur les espaces
considérés et dans le cadre des unitaires de Haar libres, une charactérisation des
espaces dans lesquels les formules usuelles pour les inégalités de Khintchine sont
valides.
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Théoréme 0.1.11. Soit E un espace symmétrique ayant la propriété de Fatou
et M = B({?)®Lw(0,1). Alors E est 2-monotone a gauche si et seulement si
pour toute suite finie v € MY, xHREmCE ~ H > >0 Ti ®§iHE.

Supposons de plus qu’il existe p > 0 tel que E est un espace interpolé entre
L, et L. Alors E est 2-monotone a droite si et seulement si pour toute suite

finie z € MY, HOEHRE+0E ~ || 2 iz0 T D& -

Ceci vient en complément a la formule déterministe donnée dans le théoréme
précédent, montrant par exemple que dans le cas de E = Lj o, aucune des deux
formules usuelles ne fonctionnent. La preuve du théoréme se base essentielle-
ment sur 'utilisation du théoréme de Schur-Horn.

Inégalités de type faible pour les intégrales singuliéres

Dans le dernier chapitre, nous présentons le travail qui apparait dans l’article
[5]. Il est presque indépendant du reste de la thése, si ce n’est pour les définitions
de base et une petite application des inégalités de Khintchine dans L; o, donnée
ala fin du chapitre. Il traite des opérateurs de Calderén-Zygmund ou intégrales
singuliéres i.e. un certain type d’opérateurs T définis de facon informelle par
des expressions de la forme :

Tf) = [ k) )y,

oin>1 2 € R"et k:R™ = C est appelé le noyau de T et vérifie des
conditions (que nous appellerons "conditions de Calderén-Zygmund" bien que
cette terminologie ne soit pas standard) qui permettent de controler les varia-
tions de k mais laissent la possibilité d’avoir une singularité sur la diagonale.
Une source d’exemples de tels noyaux est donnée par les noyaux de convolu-
tion, c’est-a-dire ceux pour lesquels il existe une fonction K : R™ — C telle que
k(x,y) = K(x —y). Dans ce cas, une condition de Calderén-Zygmund typique
est :

1
VK (2)| < W
Cette condition est rarement optimale mais facile a vérifier en pratique. Elle est
vérifiée par les noyaux de la transformée de Riesz et de la transformée de Hilbert,
qui sont des exemples fondamentaux de la théorie des intégrales singuliéres.
Nous sommes intéressés par les potentielles généralisations non-commutatives
du théoréme suivant, que nous citons de facon informelle.

Theorem 0.1.12 (Calderén, Zygmund). Si T est borné sur Lo(R™) et est asso-
ci€ a un noyau k vérifiant des conditions de Calderon-Zygmund alors T s’étend
en un opérateur borné de L (R™) vers Ly o (R™).

Ce théoréme implique par interpolation - plus précisément par le théoréme
de Marcinkiewicz cité plus haut - et par dualité que les opérateurs de Calderén-
Zygmund sont bornés de L,(R™) vers L,(R™) pour tout p € (1,00). Par la
méme expression, T’ pourrait définir un opérateur de L,(R", X) vers L,(R", X)
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pour chaque espace de Banach X. Les conditions qu’il faut imposer sur X pour
que la bornitude de T soit alors conservée ont été étudiée, la condition clé étant
que X soit UMD. Les espaces L, non-commutatifs sont justement UMD pour
p € (0,00) et donc les intégrales singuliéres peuvent y étre utilisées. Cependant,
la théorie des opérateurs de Calderéon-Zygmund & valeurs vectorielles ne pro-
duit pas un analogue non-commutatif du théoréme de Calderén-Zygmund qui
permettrait d’obtenir des bornes optimales pour la norme de 7' dans L, vers
L, lorsque p tend vers 1. Dans [41], Parcet a généralisé le théoréme 0.1.12 au
cadre non-commutatif. Notons que dans le cadre non-commutatif, les méth-
odes directes ou d’interpolation faisant intervenir les espaces BMO peuvent étre
préférées aux inégalités de type faible qui sont parfois techniques. Toutefois, le
résultat de Parcet a trouvé de nombreuses applications, parmi lesquels une en
théorie de la perturbation.

Les interactions entre la théorie de la perturbation et I'anayse harmonique
non-commutative ont débuté lorsque Potapov et Sukochev ont résolu un prob-
léme posé par Krein et resté longtemps intouché sur le calcul fonctionnel Lips-
chitzien dans les classes de Schatten [51]. Ils ont prouvé que pour tout p dans
(1,00), il existe une constante c, telle que pour toute fonction Lipschitzienne
f:R — R et tous opérateurs auto-adjoints z et vy,

1@ = £, < el Fll i llz = w1l @)

P

ot l'on suppose que z —y € L,(M) et on définit :

— qup LD = TG
1£] sy 3= sup :
p t#s |t — S‘

Récemment, les deux auteurs, dans une collaboration avec Caspers et Zanin,
ont donné une nouvelle preuve de (2) qui passe par une inégalité de type faible
et décrit le comportement optimal de la constante ¢, quand p tend vers 1. Elle
est basée sur la théorie de Calderén-Zygmund et en particulier sur le théoréme
de Parcet. Le schéma de preuve employé - de réduire un probléme a la borni-
tude d’un opérateur de Calderén-Zygmund - pourrait étre appliquée a d’autres
questions. C’est la raison principale pour laquelle le théoréme de Parcet regoit
ces derniéres années une attention importante. Cependant, la démonstration
donnée par Parcet dans [41] est difficile et par conséquent difficile & adapter si
I’on rencontre une situation dans laquelle le théoréme ne s’applique pas immé-
diatement. Ceci a motivé notre travail. Nous présentons une preuve simplifiée
de l'inégalité de type faible pour les intégrales singuliéres noncommutatives, en
s’appuyant sur les mémes idées que Parcet.

Commencgons par donner un énoncé précis du théoréme. Les conditions de
Calderon-Zygmund nécessaires pour faire fonctionner la démonstration dans le
cadre non-commutatif sont les suivantes :

Définition 0.1.5 (Lissité et Taille). On dit que T' a pour paramétre de Lipschitz
v (0 < v < 1) si pour tout x,y et z dans R" tels que |x — z| < 3|y — 2], les
inégalités de lissité suivantes sont vérifiées :
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|z — 2|
k$7 —kZ, 5 ’
o)~ he )| £ 0 T
|z — 2|
k(y,z) — k(y,2)| < .
k(y, =) = k(y, 2)] T

On dit que T vérifie ’hypothése de taille si pour tout x,y € R™,

|
Ikl <

Théoréme 0.1.13. On suppose que T a pour paramétre de Lipschitz v (0 <
v < 1), vérifie Uhypothése de taille et est Lo(R™) borné sur Lo(R™). Alors T
s’étend en un opérateur borné de Li(M®Ly(R™)) vers Ly o (M®Lo(R™)).

La preuve de ce théoréme, dans le cas classique, repose sur une décomposition
de fonction f = g + b, qui peut étre interprétée dans le language des martin-
gales. Cette interprétation permet de construire une version non-commutative
de la décomposition, en utilisant la théorie bien développée des martingales
non-commutatives et en particulier les projections de Cuculescu. Cependant,
la décomposition obtenue dans le cadre non-commutatif ne satisfait pas toutes
les bonnes propriétés de la décomposition classique. De nouveaux termes appa-
raissent et pour les majorer, le théoréme de pseudolocalisation Lo suivant est
nécessaire. On définit N’ = M® Ly, (R") et N}, la sous-algébre de N composée
des fonctions constantes sur les cubes dyadiques de coté de longueur 27%.

Théoréme 0.1.14 (Pseudolocalisation dans Ls). Soit f € La(N) and s € N.
Pour tout k € Z, soient Ay, et By, des projections dans N, telles que A-dfyis =
df;HSB,ﬁ = 0. Pour tout entier positif impair d, on définit :

A = ZQGQk AQIQ, AQ € M and define dAy, := VQGQk AQIdQ.
De méme, on définit dBy,. Soit :
Af,s = \/ 5Ak and Bf’s = \/ 5Bk
kEZ kEZ

Soit T un opérateur associé a un noyau k de parameétre de Lipschitz y, vérifiant
la condition de taille, et borné de Lo(N') vers Lo(N). Alors pour tout s € N et
feLyN)ona:

147, (THl, s27%

I, and [(TH)Brl, S27%

~

Il

Ce théoréme est cité pour des fonctions prenant leurs valeurs dans un es-
pace mesuré non-commutatif mais il est en réalité de nature commutative. Il
quantifie la vitesse de décroissance des intégrales singuliéres loin de la diagonale.
Ceci n’avait jamais été utilisé auparavant en analyse harmonique classique mais
est crucial lorsque 'on traite le cas non-commutatif. La preuve de la pseudolo-
calisation Lo revient & démontrer un résultat de presque-orthogonalité. Dans
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cette thése, seules des techniques élémentaires sont employées : le lemme de
Schur pour contréler la norme sur Ly d’un opérateur associé a un noyau et une
décomposition judicieuse de T'. La principale nouveauté de notre approche, par
rapport & celle de Parcet, est que nous interprétons les calculs fait en terme de
"modification de noyau". Par exemple, si le calcul montre que :

Aps(@)Tf(x) = Aps(a) | k(z,y)fy)dy = Aps(x) | K (2,9)f(y)dy,

Rn R

nous introduisons un nouvel opérateur 7’ associé au noyau k’. Ceci permet
de travailler & la fois au niveau des opérateurs et au niveau des noyaux et
ainsi d’améliorer la lisibilité de la démonstration et de la raccourcir. Comme
conséquence de cette simplification, nous pouvons rapidement retrouver une
version de la pseudolocalisation L,, un résultat similaire & celui obtenu par

Hytonen dans [22].

Théoréme 0.1.15. Avec les méme hypothéses que le théoréme précédent, pour
tout 1 <p <oo, seN et feL,(N), il existe 6, > 0 tel que :

147 T, < 277 |7l et [THBF, S 27|11,

Les simplifications de la preuve permettent aussi de repérer précisément
I’utilisation de chaque hypothése pendant la démonstration. On en déduit ainsi
une version du théoréme pour des noyaux a valeur opérateur, a condition que
les valeurs prises par le noyau commutent avec celles prisent par la fonction.
Ceci n’est qu’une petite amélioration du résultat original de Parcet mais, en la
combinant avec les inégalités de Khintchine dans L o, on retrouve directement
I'inégalité de type faible pour les intégrales singuliéres avec un noyau a valeur
dans un espace de Hilbert, obtenues pour la premiére fois par Mei et Parcet
dans [39].

Théoréme 0.1.16. Soit T un opérateur associé & un noyau k ¢ valeurs dans ¢2.
On suppose de plus que T est borné de Lay(N) vers Ro(N) et que k satisfait les
hypotheses de lissité et de taille. Alors T est borné de Ly(N') vers Ry oo(N) +
Cl,00(N) et de L,(N) vers R,(N) + Cp(N) pour 1 < p < 2.
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0.2 Introduction (English)

This thesis mainly deals with two different topics in the theory of noncommu-
tative integration: Khintchine inequalities and singular integrals. It focuses on
weak type inequalities and the quasi-Banach theory. Interpolation theory plays
an important role in this text, as a mean of proof or as an incentive and is
even the main topic of the first chapter. The major part of the material pre-
sented is extracted from two articles ([5],[4]) and a preprint [3]. Chapter 2 is
mainly dedicated to basic definitions in noncommutative integration and tech-
nical results whereas chapter 3 and 4 contain the main results of the thesis on
noncommutative Khintchine inequalities and singular integrals, respectively.

Noncommutative harmonic analysis

Noncommutative L,-spaces were introduced as a byproduct of the theory of
von Neumann algebras by Segal [56] and Dixmier in the 50s. They serve so far
no purpose as an invariant of von Neuman algebras but found applications in
mathematical physics in the 70’s ([18],[40]). From there on, they have been the
object of sustained interest, both to investigate the parallel they hold with clas-
sical integration and harmonic analysis and to understand their specific prop-
erties. Though not at first glance, noncommutative L,-spaces bear remarkable
similarities with classical L,-spaces. Their duality, convexity, interpolation and
some geometrical properties remain the same and so they can be intuitively
thought as classical L,-spaces, where the functions are replaced by operators
and therefore do not commute. However, some basic identities that are true in
the classical setting become false in the noncommutative world. For example,
the fact that |« 4+ y| < |z| + |y| is not longer true in general for operators z and
y. Hence, generalising classical results - starting with Hélder’s inequality - to
the noncommutative setting, often requires to invent new techniques.

Let us mention a few tools which are fundamental in doing so. The first one
is the polar decomposition, which states that any operator x can be written as a
product u |z| of a unitary u and a positive operator |z|. It allows for example to
reduce many problems to the case of positive operators. The second one is spec-
tral theory and functional calculus, which enables to manipulate a single normal
operator as a function and for example to define its distribution. The third one
is more of a general idea in the theory of von Neumann algebras that orthog-
onal projections are the noncommutative equivalent of measurable sets (more
precisely, characteristic functions of measurable sets since noncommutative in-
tegration only exists on the functional level). This allows to translate some of
the intuition gained in classical integration in the noncommutative world or,
on a purely technical level, provides a useful dense subset of normal operators
given by linear combination of orthogonal projections (noncommutative step
functions) which is used as a starting point for numerous proofs. Finally, the
method of interpolation: contrary to the three other points, it does not come
from the operator world but from the classical theory of L,-spaces and it enables
to obtain results on all L,-spaces from the study of a few. More will be said
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about it later in this introduction.

Among various points of view that can be taken when studying noncommu-
tative Ly-spaces, this thesis belongs to noncommutative harmonic analysis. The
goal of this branch is to understand the behaviour and in particular the bound-
edness properties of certain natural operators on noncommutative L,-spaces:
Fourier transform, Schur and Fourier multipliers, functional calculus ... A first
step in doing so is to generalize tools from the classical setting. As mentioned
before, we are particularly interested in singular integrals and Khintchine in-
equalities. Note that vector-valued versions which apply to noncommutative
L,-spaces have been inverstigated. But in this noncommutative context, more
can be said: Khintchine inequalities take a new form first introduced by Lust-
Piquard in [36] and singular integrals admit a particular weak type inequality
proved by Parcet in [41].

Interpolation theory of L,-spaces

A motivation to push further the investigation of these tools, whose behaviour
is already well-understood on L,-spaces, comes from interpolation theory. To
explain this idea, let us start with a fundamental interpolation theorem in the
theory of L,-spaces. Let € be a o-finite measure space and T" an operator acting
on measurable functions on (.

Theorem 0.2.1 (Riesz-Thorin). Let p < q € (0,00]. If T is bounded from
L, () to L,(Q) and from Lg(Q) to Ly(Q) then T is bounded from L.(Q) to
L,.(2) for all r € (p,q).

This means the set of values p such that T is bounded from L,(f2) to L, ()
is an interval. One motivation for the introduction of various spaces in harmonic
analysis is to study the behaviour of T' at the endpoints of this interval. If T
is a Calderon-Zygmund operator for example or more particularly the Hilbert
transform then T is bounded on L,(R) for p € (1,00) but not for p = 1 and
p = oo. However, T is bounded from L; to L1 (we say that T is of weak
type (1,1)) and from L., to BMO. Knowing such endpoint inequalities is then
translated by interpolation theory into inequalities on L,. The prime example
of such interpolation theorem is the following.

Theorem 0.2.2 (Marcinkiewicz). Let p < q € (0,00). If T is of weak type
(p,p) and of weak type (q,q) then T is bounded on L.(2), r € (p,q).

This means that weak type inequalities can be enough to prove the bound-
edness of certain operators. This is for example the way the boundedness of
singular integrals was originally proved by Calderén and Zygmund. Another
motivation for obtaining endpoint estimates at a point p is that they often give
an optimal control on the norm of 7" on L, when ¢ goes to p.

Abstractly, the theory of interpolation deals with couples (A, B) of quasi-
Banach spaces and, informally, an interpolation space between A and B is a
quasi-Banach space E such that if an operator T is bounded on A and B,
it is automatically bounded on E. To apply the machinery of interpolation,
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it is therefore useful to know how to describe the interpolation spaces of a
given couple. There is no effective way to accomplish this in full generality
but it can be done for the couple L,(0,00), L,(0,00) with p,q € (0,00] by
using the notion of K-functional and in particular K-monotonicity (1.2.4). For
the remainder of this text, for two quantities A(z) and B(z), we will write
A(z) < B(x) or A(z) Sc¢ B(x), if there is a universal constant C' such that
for all z, A(x) < CB(z), and similarly A(z) = B(x) or A(z) ~¢ B(x) if there
exists C' such that for all z, 5B(z) < A(z) < CB(z). Roughly, we say that a
space E C A+ B is K-monotone for a couple (A, B) ifforall z,y € E,x =4 p Yy
implies that ||9:HE pe ||y||E, where >4 p is an order depending on (A B). It
is a basic fact that for any couple, every K-monotone space is an interpolation
space. In certain cases, the converse is also true.

Theorem 0.2.3. FEvery interpolation space of the following couples of quasi-
Banach spaces is K-monotone:

(Lorentz-Shimogaki) p > 1, (L, (0, @), Lo (0, @) and (L1(0, ), L,(0, @),

(
(Sparr) p,q > 1, (Lp(S2), Ly()

) (

)-

for any o-finite measure space €.

)
Ly (0, @), Ly (0, ),

(Sparr, Cwikel) p,q € (0,00),

(Cwikel) p € (0, 00], (€7, £

We extend Lorentz and Shimogaki’s result to the quasi-Banach setting with
the following theorem.

Theorem 0.2.4. Let o € (0,00] and p € (0,00). Then every interpolation
space of the couple (L, (0, @), Lo (0,)) is K-monotone.

The proof does not present any major difficulty, it consists, for any two
functions f,g such that f >~p r. g, in explicitely constructing an operator
T bounded on L, and L such that T'f = g. Note that it is also known by
Sparr [57], that every interpolation space of the couple (L,(0,«), Ly(0,)) is
K-monotone for p,q € (0,00). We give an alternative characterization of those
spaces in terms of two notions of monotonicity.

Definition 0.2.5 (p-monotonicity). Let E be a function space on (0,00), we
say that E is left-p-monotone if for all functions f € E and g € Ly(0,00) such
that for all t > 0, fo p>f *)P then g € E and HgHENHfHE

Similarly, we say that E is mght -p- monotone if for all functzons feFE and
g € Lo(0,00) such that for all t > 0, [[(f*)P > [~(g*)" then g € E and

l9ll 2 = 1171 -
We prove the following.

Theorem 0.2.6. Let E be a function space on (0,a), a > 0, and let 0 < p <
q < 0o. Then E is left-p-monotone and right-g-monotone if and only if E is an
interpolation space between L,(0, ) and Ly(0, a).



20 CONTENTS

Our proof relies on Sparr’s result. We concentrate on proving that a space E
is left-p-monotone and right-g-monotone if and only if it is K-monotone for the
couple (L,, L,). We also show that for a function space with the Fatou property,
p-convexity implies left-p-monotoncity and similarly ¢g-concavity implies right-g-
monotonicity. Recall that a space E is said to be natural if there exists a p > 0
such that E is p-convex. Then we obtain the following corollary.

Corollary 0.2.7. Let E be a natural function space on (0,«) with the Fatou
property. Then E is right-g-monotone if and only if there exists 0 < p < q such
that E € (L,(0, ), Ly(0, @0)).

This solves, under assumptions which are minor in practice, a conjecture of
Levitina, Sukochev and Zanin [34] in the setting of function spaces. Note the
K-monotonicity of the couple (¢, ) is not known and the conjecture remains
fully open for sequence spaces.

Noncommutative Khintchine inequalities in symmetric spaces

The original motivation for this work on abstract interpolation theory comes
from the study of noncommutative Khintchine inequalities. Noncommutative
Khintchine inequalities are essential to study unconditional sequences in non-
commutative L,-spaces. They played an important role in the development of
noncommutative harmonic analysis over the last three decades, both as a tool
and by providing the "right" definition for square functions in this context which
is at the origin of major developments such as noncommutative martingale in-
equalities [49]. Let us start by recalling the statement of classical Khintchine
inequalities. Let (&;);en be a sequence of Rademacher variables in L, (0, 1) and
(ai)ien a finite sequence of complex numbers. Then for all p € (0, c0):

I Zizo aifi”p ~e, | Zizo ai&i,-

This equivalence extends immediately to sums whose coefficients take values in
classical L,-spaces. Let © be a measure space, p € (0,00) and (f;)ien a finite
sequence in L,(£2). Then:

1/2
|| Zizo figi”Lp(Q(X)(O,l)) ey || (Zizo ‘fi|2> ||L,,(Q)' (3)

Under this second form, Khintchine inequalities appear frequently in harmonic
analysis to estimate square functions or study the R-boundedness of families of
functions, a problem which is essential when trying to understand the properties
of functional calculus on L,-spaces. Note that the expression on the left hand
side of the equivalence can in fact be defined for any Banach space X instead
of L,(€2), by seeing >, fi& as an element of L,((0,1),X), and a version of
Khintchine inequalities called Khintchine-Kahane inequality holds at that level
of generality. More precisely, for any finite sequence (x;);>0 in X, and any
p € (1,00),

| Zizo migiHLP((O,l),X) ~e, || Zizo fi&i ||L2((O,1),X)
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However, we are more interested, in the context of noncommutative integra-
tion, in finding an analog of the right hand side of (3), which is more easily
computed or estimated. Note right away that the same expression cannot work
in the noncommutative context since there are two possible "square functions"
(row and column) which are not equivalent in L,, for p # 2. Let M be a noncom-
mutative measure space, M. the finitely supported operators in M and S(M)
the set of finite sequences of M.. Recall that a symmetric function space F
is a (quasi-)Banach space of functions such that the norm only depends on the
distribution of the functions. These spaces can be transfered to the noncommu-
tative setting with the same definition [31]. This construction generalizes the
one of noncommutative L,-spaces.

Definition 0.2.8 (Row and column norms). Let z € S(M), E a symmetric
space. Define the column and row norms as follows:

* / <\ 1/
el = 1 (Sienwtzn) Ml and 2]l p,, = | (Sienzswt) " | -

Theorem 0.2.9 (Noncommutative Khintchine inequalities). Let p € [2,00)

then:
I3 e @&l ~ max (Jl2] 5, 1l ) -

Let p € (0,2] then:

H ZieN T @ gin = yirzlf:z {HZHCp + HyHRp} '

This result is due to Lust-Piquard for p € (1,00) [36], Lust-Piquard and
Pisier for p = 1 [37] and more than twenty years later Pisier and Ricard [47]
for p < 1. By the real interpolation method, the result extends to most Banach
Lorentz spaces but not to Ly o 0r L . For Ly o, it is due to the fact that to
write Lo o as an interpolation space of L, and L, one must have p < 2and ¢ > 2
and therefore use the two formulas which do not interpolate nicely. Similarly,
to write L o as an interpolation space of L, and L, one must have p < 1
which is problematic since the closed vector space generated by the &; is not
complemented in L,(0,1) for p < 1. These two examples which are relatively
common spaces prompted our investigation. Suppose now that the &; are an
arbitrary orthonormal sequence of elements in a noncommutative probability
space. We obtain the following theorem:

Theorem 0.2.10. Let p < 1. Suppose that for all z € S(M),

1o @l, 2 it {Ilzllo, + vz, }-

y+z=x

Then for any interpolation space E between L, and Lo, and x € S(M),

13, woalsz it {lzlo, + bl }-

Yy+z=x

Furthermore, the decomposition on the left hand side can be chosen to be inde-
pendent of E.
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This theorem implies the noncommutative Khintchine inequalities in L1 o
for Rademacher variables as a corollary, since for those variables, as mentioned
before, the noncommutative Khintchine inequalities are valid for p < 1.

Corollary 0.2.11. Suppose that the §; are Rademacher variables (or free Haar
unitaries). Then for all x € S(M):

DI R {E e T P

The idea of the proof of the theorem is to take a decomposition z = y + z
which is close to being optimal in the sense that it almost minimizes the quan-
tity Hy”% + HzHg and to show by applying the noncommutative Khintchine

P p

inequalities in L, to sequences of the form (ex;);cn, where e is a projection,
that the row K-functional of y for the couple (L,, L) and the column K-
functional of z for the couple (L,, Lo,) are dominated by the K-functional of
> ien Ti ® & for the couple (L,, L). Then, by applying the extension of the
Lorentz-Shimogaki theorem, we obtain a control in every interpolation space.
By pushing further the idea of studying optimal decomposition in the par-
ticular case of L;, we obtain an algebraic decomposition for sequences which
seems to play the role of a polar decomposition and enables us to recover most
known results on Khintchine inequalities in the case of free Haar unitaries.

Theorem 0.2.12. Let x = (x;);>0 a finite sequence of elements in M.. There
exist a, 3 € M}, and u = (u;);>0 € MY such that:

¢
o s(@) <30 5owiui <1,
e s(8) < ZiZO uju; < 1,
e foralli>0, x; = u;f + au;.
Furthermore, suppose that:

e the &; are orthonormal in Lo(A)

o the & verify the Khintchine inequality in Lo i.e for any finite sequence
xr = (Z‘i)izo S MN:

ma (|2 s 7] ) mew | D000 7 @&l

Then for any p € (0,00) and E an interpolation space between L, and L :

ladlz + 11815 e 132,y % @ &ll

where ¢ only depends on p and cs .
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This theorem is proved in two independent steps. First, the algebraic de-
composition is found by considering an optimal decomposition of z = y + z in
L1. By writing the polar decomposition of y and z and their optimality in terms
of duality, we obtain the algebraic identities we need. Then, using these alge-
braic properties of the decomposition, we prove once again a control in terms of
K-functionals which delivers the result claimed in the theorem. For p > 1, the
computations do not require any complex tool but to treat the case of p < 1,
we crucially need a form of Hoélder’s inequality for commutators recently proved
by Ricard [54]. Note that the theorem gives a deterministic equivalent of the
norm of Y .. x; ® & in La o though its very particular form may not make
it suitable for applications. Another notable fact is that the formula for this
deterministic equivalent, contrary to previously known ones, unifies the cases
p<2andp>2.

Finally, we give, under some technical assumptions on the spaces and in the
setting of free Haar unitaries, a characterisation of spaces in which the usual
formulas for noncommutative Khintchine inequalities hold.

Theorem 0.2.13. Let E be a symmetric space with the Fatou property and
M = B({*)®@L(0,1). Then E is left-2-monotone if and only if for all finite
sequences v € MY, |xHR nep X H Eizo i ® leE

Suppose furthermore there exists p > 0 such that E is an interpolation space

between L, and L.,. Then E is right-2-monotone if and only if for all finite

sequences © € MY, ||5FHRE+CE ~ H ZiZO T; @ &HE'

This provides a complement to the deterministic formula given by the pre-
vious theorem. Showing for example that in the case of £ = Ly o, none of the
usual formulas can work.

Weak type inequality for singular integrals

In the last chapter, we present the work which appears in [5]. It is almost
independent from the rest of the text, apart from a short application of the
noncommutative Khintchine inequalities appearing at the end. It deals with
singular integrals i.e. a certain type of operator T' informally defined by an
expression of the form:

Tf(a) = [ k)i

where n > 1, z € R", k : R?" — C is said to be the kernel of T and verifies
conditions that allow a singularity on the diagonal (near z = y) but control
its speed of variation (which we will call Calderén-Zygmund type conditions).
If there exists a function K : R™ — C such that k(z,y) = K(x — y), k is
said to be of convolution type and in this case, if K € C'(R" \ {0}), a typical
Calderén-Zygmund condition would be:

1
VK(z)| S ——-
VK@) S
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This condition is verified by the Riesz and the Hilbert transform which are some
of the motivating examples for introducing the notion of singular integral. We
are interested in noncommutative generalisations of the following theorem, that
we state here informally.

Theorem 0.2.14 (Calderén, Zygmund). If T is bounded on Lo(R™) and is
associated to a kernel k wverifying Calderon-Zygmund type conditions then T
extends to a bounded operator from Li(R™) to Ly o (R™).

This theorem implies by interpolation and duality the boundedness of singu-
lar integrals from L,(R™) to L,(R™) for all p € (1,00). By the same expression
T could define an operator from L,(R™, X) to L,(R", X) for any Banach space
X. Conditions on X for the boundedness of T' to remain true when consider-
ing X-valued functions have been studied, the key condition being that X is
UMD. Noncommutative L,-spaces are UMD for p € (1,00) and hence singu-
lar integrals can be used in this context, however a noncommutative analog of
Calderén and Zygmund theorem was missing to obtain optimal bounds for the
norm of T from L, to L, when p tends to 1. In [41], Parcet generalized theorem
0.2.14 to the noncommutative context. Note that in the noncommutative set-
ting, when studying singular integrals, BMO methods or direct proofs can be
prefered to with weak type inequalities which can be technical. Nonetheless, the
theorem has now found various applications, among which an important one in
perturbation theory.

The interaction between perturbation theory and noncommutative harmonic
analysis started in [51] where Potapov and Sukochev solved a longstanding prob-
lem on operator Lipshitz functions in the Schatten classes. They proved that for
any p € (1,00), there exists a constant ¢, such that for any Lipschitz function
f: R — R and self-adjoint operators = and y,

1£G@) = F@ll, < enll £l il = vl 4

p

where we assume that z —y € L,(M) and:

o ) = F(s)]
HfHLz -= Sup :
Po tets |t — s

Recently, the two authors, joined by Caspers and Zanin, gave a new proof of
(4) which describes the optimal behaviour of the constant ¢, when p tends to
1. It relies on Calderon-Zygmund theory and in particular on Parcet’s theorem.
The scheme of proof they employ - to reduce a question to the boundedness of
a Calder6én-Zygmund operator - could be applicable to other problems. This is
the main reason why a particular interest has sprung towards Parcet’s theorem
in the last few years. However, the proof given in [41] is difficult and therefore
not easy adapt if one should encounter a situation where the theorem does
not immediately apply. This is what motivated our work. We present a new
simplified proof of the weak boundedness of singular integrals, relying on the
same idea as Parcet’s.
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Let us first give a precise statement of the theorem. We start by introducing
the conditions we impose on the kernel.

Definition 0.2.15 (Smoothness and Size). Say that T has Lipschitz parameter
v (0 <~ < 1) if for all z,y and z in R™ verifying |z — z| < %|yfz|, the
following smoothness estimates hold:

jz =2
kl’, —k'Z, 5 )
o)~ ) S 7
|z — 2
k(y,x) — k(y,2)| < .
(y2) K, S T

We say that T verifies the size estimate if for all x,y € R",

1
<

Theorem 0.2.16. Assuming that T has a Lipschitz parameter v (0 < v <
1), verifies the size estimate and is bounded from Lo(R™) to Lo(R™). Then T
extends as a bounded operator from L1 (M®Ls(R™)) to L1 00 (MRLs(R™)).

The proof of this theorem, in the classical setting, relies on a decomposition
of functions f = g 4+ b, which can be interpreted in the language of martin-
gales. This interpretation allows to construct a noncommutative version of this
decomposition, by using the well-developed theory of noncommutative martin-
gales and in particular Cuculescu’s projections. The decomposition obtained
in the noncommutative setting however, does not enjoy all the good properties
of the classical one. New terms appear and to estimate them, the following
Lsy-pseudolocalisation theorem is needed. Denote by A the noncommutative
measure space M®L.,(R") and by N the subalgebra of A/ composed of func-
tions constant on dyadic cubes of edge length 27%, k € Z.

Theorem 0.2.17 (Ly-pseudolocalisation). Let f € La(N) and s € N. For all
k € Z, let Ay, and By, be projections in N}, such that Aﬁdf;ﬁs = dkaBkL =0.
For any odd positive integer d, write:

Ak::E:QEQkAQZQ,/QQE.N1anddqﬁnedAk:::VQerAQZQQ.
Define dBy. the same way. Let:
Age:=\/ 54, and By, :=\/ 5B;.
keZ kEZ

Let T be a Calderon-Zygmund operator associated with a kernel k with Lipschitz
parameter vy, verifying the size condition, taking values in C and bounded from

Ls(N) to La(N). Then for all s € N and f € Lay(N) we have:
AL (TH, S 27 %, and ||(TF)Bf,||, S2°%

1SH2 ~

Il
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This theorem is stated here for functions taking values in a noncommutative
measure space but it is commutative in nature. It gives a quantified estimate of
the rate of decrease of singular integrals outside of the diagonal. This had never
been needed before in the classical theory but such estimates are crucial when
dealing with the noncommutative case. The proof of Ly-pseudolocalisation boils
down to showing an almost orthogonality result. In this text, only elementary
techniques are employed: Schur’s lemma to estimate the Lo — Lo norm of a
kernel operator and a careful decomposition of 7. The main novelty of our
approach compared to Parcet’s is that we interpret the computations made in
terms of "kernel modifications" i.e. if we manage to prove that

Apa(@)T () = Apa(w) | k) F)dy = Apala) [ K o) i)y,

we introduce a new operator 1" associated to the kernel k’. This allows to work
both on the level of operators and kernels thus to improve the readability of the
proof and to shorten it. As a byproduct of this simplification, we can quickly
recover a version of Ly-pseudolocalisation, a result similar to the one obtained
by Hytonen in [22].

Theorem 0.2.18. Using the notations introduced above, let T be a Calderon-
Zygmund operator associated with a kernel k with Lipschitz parameter v, veri-

fying the size condition, taking values in C and bounded from La(N') to Lay(N).
Then for all1 <p < oo, s € N and f € L,(N), there exists 0, > 0 such that :

147 O, < 2770 (| £, and [(THBr, |, < 2770 [|f]]
where the implied constant depends on p.

The simplifications made also allow us to precisely track the use of each
hypothesis during the proof. We obtain this way a version of the theorem for
operator-valued kernels, as long as the values taken by the kernel commute
with the values taken by the function. It is but a small improvement of the
original paper but combining it with noncommutative Khintchine inequalities
in Ly o, we recover without effort the boundedness of singular integrals with a
Hilbert-valued kernel, originally obtained by Mei and Parcet in [39].

Theorem 0.2.19. Let T be a Calderén-Zygmund operator associated to a kernel
k taking values in (>, Suppose furthermore that T is bounded from Lo(N) to
Ry (N) and that k satisfies the smoothness and size condition. Then T is bounded
from Li(N) to Ri,oo(N) + C1,00(N) and from L,(N) to R,(N) + Cp(N) for
l<p<2.



Chapter 1

Interpolation spaces between
L,-spaces

1.1 Introduction

In this chapter, we study characterizations of interpolation spaces between L,-
spaces. One of the first results of this kind is due to Calderén [6] and deals with
the couple (L1, L ). Lorentz and Shimogaki extended the result to the couples
(L1, Lp) and (L, L) [35]. Since then, tools have been developed to give, when
possible, systematic descriptions of the interpolation spaces of a given couple of
Banach spaces, see for example [2]. In the simplest cases, the knowledge of the
K-functional associated to the couple is enough to provide satisfying results.

One of the motivations behind many of the statements compiled in this
chapter is that we encountered some difficulties in finding suitable references
that deal with the case of quasi-Banach spaces. Some results can be generalised
without modifications to the proofs, others require more work and some become
false. In particular, we generalise the Lorentz-Shimogaki theorem to the couple
(Lp(0,), Lo (0,0)), p < 1, @ € (0,00]. A result that does not require new
techniques but that we could not find in the literature.

The second motivation for this chapter is to provide a new characterisation
of interpolation spaces for the couple (L, (0, &), Loo(0, cv)), which will be used in
chapter 3. It is expressed in terms of p-monotonicity, a notion that will appear
naturally when studying noncommutative Khintchine inequalities. Further mo-
tivation is given by a recent conjecture of Levitina, Sukochev and Zanin (LSZ).
When investigating Cwikel estimates, they stumbled upon a condition for a se-
quence space that we will call right-2-monotonicity and which will be defined
later. In those terms, their conjecture can be formulated as follows:

Conjecture 1.1.1 (Levitina, Sukochev, Zanin). A symmetric sequence space
E is right-2-monotone if and only if there exists p € (0,2) such that E is an

interpolation space for the couple (¢P,(?).

27
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Neither of the two implications are known. In the Banach case however,
the problem was almost completely solved by Cwikel and Nielson. Indeed, they
showed that if £ a Banach sequence space with the Fatou property then E is
left-2-monotone if and only if it is an interpolation space for the couple (¢!, ¢?).
Substantial difficulties appear when considering quasi-Banach sequence spaces.
We are more interested in function spaces. In particular, if they are supposed
to be natural, a notion introduced by Kalton and later defined in the text, awe
obtain:

Proposition 1.1.2. Let « € (0,00] and E a natural symmetric function space
on (0, ) with the Fatou property. E is right-2-monotone if and only if there ex-
ists p € (0,2) such that E is an interpolation space for the couple (LP(0, ), L*(0, )).

1.2 Some results from abstract interpolation

In this section we give a brief introduction to the theory of interpolation. A
detailed exposition of this topic can be found in various books [1]. Nonetheless,
we will recall some definitions and basic properties both to obtain a more self-
contained text and to fix some potentially non-standard terminology.

1.2.1 First definitions

Interpolation theory allows on one hand to construct new spaces which lie "in
between" two given quasi-Banach spaces and on the other to deduce properties
of these "in between" spaces from those of the end-spaces. It is one of the main
techniques employed in L,-spaces theory. Indeed, since for any p < ¢ < r €
(0,00], L, is an interpolation space between L, and L,, many inequalities for
Ly-norms can be deduced by studying only the cases of L, Lo and L, which
are often more tractable.

We will say that a couple of quasi-Banach spaces (A, B) is compatible if it is
associated to a topological vector space C' and embeddings of A and B into C.
This enables us to consider the sum A 4+ B and the intersection AN B of A and
B.

Definition 1.2.1. Let (A, B) be a compatible couple of quasi-Banach spaces.
We say that a quasi-Banach space E is an interpolation space (with constant
C) for this couple if AN B C E C A+ B and there ezists a constant C > 0
such that for every bounded operator T : A+ B — A+ B whose restriction to A
(resp.B) is a contraction from A to A (resp. B to B), T is bounded from E to
E with norm less than C. E is said to be an exact interpolation space if C = 1.

Both for explicit constructions of interpolation spaces with the real method
and for the general theory of interpolation, the K-functional is a fundamental
tool. It is defined as follows:
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Definition 1.2.2. Let (A, B) be a compatible couple of quasi-Banach spaces
and x € A+ B. For allt > 0 define the K-functional of x by:

Ki(z, A, B) = inf{||y|| , +t||2]| ; : v € A,z € B,y + 2z =z}

Remark 1.2.3. Let (4, B) be a compatible couple of Banach spaces and ¢ > 0.
Then A + B equipped with the quasi-norm H.||A+tB = K(.,A, B) is an exact
interpolation space for the couple (A, B) that we will denote by A + ¢B.

It enables to state a simple sufficient condition for a space to be an interpo-
lation space.

Definition 1.2.4 (K-monotone). Let (A, B) be a compatible couple of quasi-
Banach spaces. We say that a quasi-Banach space E is K-monotone for (A, B)
if ANB C E C A+ B and there exists a constant C' such that for all x € E
and y € A+ B, verifying

vVt > O,Kt(x7A,B) 2 Kt(y7A,B),

then y € E and
91l < Cllall -

The following fact is well-known, we prove it here in the context of quasi-
Banach spaces for completion.

Proposition 1.2.5. If E is K-monotone with constant C' for the couple (A, B)
then E is an interpolation space between A and B with the same constant.

Proof. Let T: A+ B — A+ B be a bounded operator such that its restriction
to A (resp. B) is a bounded operator with norm 1 on A (resp. B). Let z € E
and let y = Tx, y € A+ B. Let t > 0, as noted in remark 1.2.3, A + tB
is an exact interpolation space for the couple (A, B). This means that for all
t >0, Ki(z,A,B) > K;(y, A, B). Hence, by K-monotonicity of E, y € E and
HyHE < CHac||E So T defines a bounded operator of norm less than C on E. O

If, reciprocally, every interpolation space of a couple (A, B) is K-monotone,
(A, B) is said to be a Calderén couple. If the unit ball of A and the unit ball
of B are closed in A + B (for its natural norm i.e Ki(., A, B)) then the couple
(A, B) is said to be a Gagliardo couple or Gagliardo complete.

1.3 K-monotonicity for the couple (L,, L,)

1.3.1 Definitions and overview of the literature

We start by introducing some notations. Fix a € (0,00]. Denote by L (0, a)
the set of measurable functions f on (0, «), such that 1,4~ is finite for some
t € R. For f € Ly(O, ), denote by f* the non-increasing rearangement of f.
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Definition 1.3.1 (Symmetric space). We call quasi-Banach symmetric func-
tion space a nonzero subspace of Lo(0, ) which is rearrangement invariant (the
quasi-norm of a function only depends on its distribution) and equipped with an
increasing quasi-norm. Similarly, o quasi-Banach symmetric sequence space is
a subspace of £>° enjoying the same properties.

A symmetric space FE is said to have the Fatou property if for every increasing
net (fn)ner of elements of E such that (||fn||E)n€1 is bounded and f,, 1 f a.e.,

then f € F and anHE T HfHE An introduction to symmetric spaces can be
found in [32].

Recall that E is said to be p-convex with constant C' if for all n € N and
(73)i<n € E™,

1/p

L ) <o (20 )

Similarly, E is said to be g-concave with constant C if for all n € N and (z;);<n €

E™,
n 1/q n 1/q
(0 Jlly) < el (20 Jwat®) g

A symmetric space is said to be natural if it is p-convex for some p. This includes
Lorentz spaces and Orlicz spaces. There exists symmetric function spaces which
are not natural but constructing one is not easy, see for example [29] for an idea
of how to do it. Remark that all Banach spaces are natural since they are
1-convex.

Characterizations of symmetric function spaces which are interpolation spaces
of the couple (L,, L,) relie on its K-functional. It was computed by Krée and
can be found in [21].

Proposition 1.3.2. Let p < g € (0,00], then for all f € L,(0,a) + Lqy(0, ):

Kilf, Ly L) = ( / te(f*)p) e ( /;(f*w)”q. (1)

with § = (p~! — ¢~ )7L, If ¢ = oo, the formula is to be understood as follows:

tP 1/P
Ki(f, Ly, Loo) ~a, (/O (f*)p) , (1.2)

In view of this second formula, we introduce the following definitions.

Definition 1.3.3 (Majorization). For two elements x,y € Lo(0,a), we write
x > y and we say that x left-majorizes y if and only if for all t > 0, fg z* >
t o«
Jov"
Similarly, we write x>y and we say that x right-majorizes y if and only if
forallt >0, [ x* > [ y*
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These notions already appear in the literature [9]. The order given by left-
majorization is particularly useful since for two functions f, g, there exists an
integral preserving positive subunital operator T on L;(0,00) 4+ Lo (0, 00) such
that Tf > ¢ if and only if f >~ g [6].

In many cases, the couple (Ly, Ly) is known to be a Calderén couple. This
is summarized in the following proposition ([35],[57],[9],[10]).

Theorem 1.3.4. The following couples of quasi-Banach spaces are Calderén
couples:

o (Lorentz-Shimogaki) p > 1, (Ly(0, ), Lo(0,a)) and (Ly(0, ), L,(0,a)),
e (Sparr) p,q > 1, (Ly(2), Lq(S2)
o (Sparr, Cwikel) p,q € (0,00), (
o (Cwikel) p € (0,00], (£7, ).

for any o-finite measure space €.

)
Ly(0,@), Ly(0,@)),

1.3.2 The couple (L,(0,a), L-(0,®)), p <1
For the remainder of this section, fix p € (0, c0).

Theorem 1.3.5. Every interpolation space of the couple (L, (0, ), Lo (0,))
15 K -monotone.

We will deduce the theorem above from the following proposition:

Proposition 1.3.6. Let f,g € L,(0,) + Loo(0, ) and d > 0. Suppose that
f and g are non-negative, non-increasing, left-continuous, take values in D =
{d"}nez U {0} and fP = gP. Then there exists an operator T : L,(0,a) +
Lo(0,a) = Ly (0, ) + Loo (0, @) and a positive function h such that:

o h<2l/rf
« Th* =g,
o the restrictions of T on L,(0, ) and Lo (0, ) are contractions.

Proof. Define h := 21/Pf12fp2gp. Let ¢t > 0, let us show that fot h? > fot gr.
Note that gP > 2fP < gP < 2(gP — fP).

t t t
/ P — / gp — / 12fngp(2fp _ gp) — 12fp<gpgp
0 0 0

¢
> / Loprsgn2(f? — g%) — Loprcgr2(g” — f7)

0
t
/ fp_gp
0

=2
>0

Denote X := ||ng € (0, 00]. Define:
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H:t»—)fothpandG:t»—)fOtgp.

Let z € [0,X), note that G~!(z) is well-defined since G is continuous and
increasing on [0, 3], the support of g. Define also H~!(z) = min H ' ({z}) (H
is continuous). Note that h(H ~!(z)) # 0. Indeed, by definition of ¢, := H~*(z),
foralle > 0, |, t:_g h # 0 so there exists an increasing sequence (t,,) converging to
t, and such that h(t,) # 0. This means that 2f(t,) > g(t,). Using the fact that
f is left-continuous and g is non-increasing, we obtain 2f(t,) > g(t,). And since
we showed that H > G, H 1(z) < G~(x), hence g*(H 1(x)) > ¢g*(G~1(x)).
In conclusion:

(Y (2) > ¢"(G (). (1.3)

Consider now h* and H, : t — fg (h*)P. By construction, h restricted to {h > 0}
is non-increasing and h* is non-increasing too. Since h and h* also have a
countable range, they are of the form ), _ a;1;, where the I; are intervals. Let
t in the support of h so that ¢ is not an end point of one of those intervals then
since h is non-increasing:

t
/ h < / h < / h.
h>h(t) 0 h>h(t)

Similarly, if ¢ is in the support of A* and not at an end point,

tl
/ h* </ h* </ h*.
R*>h* () 0 R*>h* (1)

Since h and h* have the same distribution, this means that for all s > 0,

fh>s h = fh*>s h* and ths h = fh*Zs h*.
By the previous inequalities, we deduce that except for a countable number of
t and ¢, if H(t) = H.(t') then h(t) = h*(¢'). Since H. is strictly increasing
on H'((0,X)), this implies by (1.3) that for all = € (0, X), except maybe a
countable number,

W (H (@) = h(H™ (2)) > g(G™' (@) (1.4)

Let ¢ = H; ' oG on (0, 3). Remark that since 2* and g have range in 2!/ and
D respectively, H, and G are piecewise affine on every compact of (0, ). Since
H, o ¢ = G, by derivating, for all ¢ € (0, «), except maybe a countable number,

¢'(t)(h" 0 )P(t) = g" (1) (1.5)

Hence define T': L, (0, &)+ Loo (0, @) = L, (0, )+ Lo (0, ) by T'(u) = (¢'*/P-uo
®)o1(,p)- By the change of variables formula, T is a contraction on L,,. Indeed,
one can apply the formula on any compact of (0, 3) and obtain the p-norm as a
limit. Let ¢ € (0,a) and write t = G~'(z), then by (1.4):

) ety — PO (9@ @) Y
40 = 20610 = Gy ~ () 5*
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except for a countable number of values of . So T is also a contraction on
L+ (0, ). Finally, by (1.5), Th* = g. 0

Proof of theorem 1.8.5. Let E be a interpolation space for the couple (L, (0, @), L (0, &))
with constant C. Let f € E and g € L, + L such that for all ¢ > 0,
Ki(f,Ly(0,c), Lo (0, ) > Ky(g,Lp(0,a), Loo(0, ). By (1.2), we can replace

this condition by f? = gP. Let d € (1,00) and define f, = dll°ga(/)+1 and

go = dlloga(d™)] . We have f* < fo < df*, g* < dgs < dg*, hence fg o gg‘
Furthermore, fo and go take values in D = {d"},ez U {0}. Take h and T

given by proposition 1.3.6. Since h < 2Y/?f,, h € FE so by the definition of an
interpolation space, Th = g» € FE and finally g € E. Furthermore:

l9ll z = llo*[lz < dllgell p < O]

< dC2?||fo| p < PC2VP| ||, = d*C2VP| £ -

This is true for any d € (1, c0) so,

9llx < €27 (||| M

1.4 p-monotonicity

In this section, we introduce the notions of left-p-monotonicity and right-p-
monotonicity. This allows us to find an equivalent formulation for the K-
monotonicity of the couple (L, (0, @), Ly(0, c)).

Definition 1.4.1 (p-monotonicity). A symmetric quasi-Banach space E is said
to be left-p-monotone if there exists C > 0 such that for oll f € E and g €
Lo(0, ),

' =g€B gz <Clflp
It is said to be right-p-monotone if there exists C > 0 such that for all f € E
and g € Ly(0, @),

fPrg?=g€E,|

9l < Clfllp-

Remark that by (1.1), left-p-monotonicity is (almost) a particular case of K-
monotonicity i.e. K-monotonicity for the couple (L,, L) (the only difference
lies in the fact that we do not suppose E to be an intermidiate space).

We will denote by F' the set of non-negative dyadic step functions:

N
F = {f € Lo(0,00) : In €N, AN €N, Ja e RN, f=3" ) ai1[(i_1)2n,i2n)} .
1=

Note that this space will also be useful later in this text.
Lemma 1.4.2. Let f,g € F and p € (0, 00).

o If fP > gP then there exists h € F such that h > g, fP > h? and ||f||p =
12,
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o If fP > gP then there exists h € F such that h > g, h? > fP and Hpr =
1],

Proof. We believe that it is not difficult to convince oneself that this lemma is
true. However, for completeness, we construct explicit expressions for h. Write:

N M
f=201210il(i-1)eie) and g = 3050 bil{(i-1)e i)

By changing the order of the a; and b;, we can suppose that f and g are non-
increasing and replacing f by f? and g by ¢g” we can suppose that p = 1.
Suppose also that none of the a; nor b; are 0

Suppose that f > ¢g. Let § = min(ay,by) and D = ||fH1 — Hng Choose
n € N such that end > D and let b = D/en. Define h = Zfiir” Cil{(i—1)e,ie)
with ¢; = b; for i < M and ¢; = bfor i > M+1. Since b < §, h is non-increasing.

M+n
Inlly =e> 2y e = oll, +neb= o], + D = || 7],
To prove that f > g define:
F:t»—>f0tf,G:tHfggandH:tHfoth.

For t < Me, F(t) > G(t) = H(t). Since F and H are affine on intervals of the
form [ie, (i + 1)e],i € N, it suffices to prove that F(ic) > H(ie) for all i € N.
Let us argue by induction on i. We can initialise at ¢ = M. Let « > M and
suppose that F(ic) > G(ie) then they are two possibilities: either a; = 0 then
F((i+ 1)) = Hf”1 = HhH1 > H((i+ 1)e) or a; # 0 then by hypothesis on b,
a; > band F((i + 1)e) = F(ie) + a;e > G(ie) + b = G((i + 1)e).

Suppose now that frg. Define h = Zivzl Cili(i—1)e,ic)- With ¢; = b; for all
i>2and ¢; ;= YN a; — Y2, b is chosen so that Y~ ja; = Yo b To
verify the majorization condition, define:

Fites [XF, Gt [Cgand H:ts [ h.
For t > e, F(t) > G(t) = H(t). Furthermore, F(0) = H(0) by construction,
F(e) > H(e) and F and G are affine on [0,¢] so F(t) > H(t) for all t € [0,¢].
This completes the construction of h. Note that for all ¢ > 0:

[ n=lnll, - m0 = 1, - Fo = [ 1
0 0

Hence, h > f. O

1.4.1 Suflicient condition for p-monotonicity

In this subsection we prove some lemmas linking p-convexity (resp. g-concavity)
and left-p-monotonicity (resp. right-g-monotonicity). First, we show that p-
convexity implies some weak form of the left-p-monotonicity. Then, we show
that under the assumption that E has the Fatou property, this weak form of
left-p-monotonicity is, in fact, equivalent to left-p-monotonicity by a simple
approximation argument.
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Convexity implies left-monotonicity

Our first lemma is a direct consequence of the geometric form of the Schur-Horn
theorem.

Lemma 1.4.3. Let E be a quasi-Banach symmetric function space, p-convex
with constant C. Let f,g € F,

179" = gz < Cllfl -

Proof. Let f,g € F suppose that fP > gP. Since HHE is increasing, we can also
assume that ||pr = Hg”p by lemma 1.4.2. Since f and g belong to F, there
exist N,n € N and vectors a = (a;);<n and b= (b;);<n in (R*)Y such that:

N N
[= Zi:l ail[(i—l)Q—",iQ—") and g = Zi:l bil[(i—l)Q—”,iQ—")~

The hypothesis on f and g means that a? > b” and ||a||p = ||b||p. This means
by the Schur-Horn lemma that b” is in the convex hull of the permutations a?
of a? where for o € Gy, we write o := (ai(i))lﬁiSN- Let

N
fU = Zizl ao’(i)1[(i_1)2—rrl7i2,,,L).

This means that there exist nonnegative coefficients (A, )scs, adding up to 1

such that v
P _ P _ 1/p ‘
g ZUGGN /\Ufa ZUGGN ’A fU ’

Hence, by p-convexity of E and noting that since F is rearrangment invariant,

o lle = 171l

1/p
lally <€ (3, o INFll) ™ =Cllf ]

Let us now state the key approximation lemma.

Lemma 1.4.4. Let p > 0 and ¢ > 0. Let f,g € Lo(0,«) be positive non-
increasing functions such that fP > gP. There exist sequences (f,) and (g, ) of
functions in F such that f, 1 f a.e. and g, 1T ¢ a.e. and (1 +¢)fP >~ ¢P for all
n € N.

Proof. For any t > 0 and n € N, consider the interval of the form [i27", (i +
1)27™) containing ¢ and denote by a,(t) its right extremity. Define

{0 458

By construction, g, € F and g, is non-increasing. Moreover, g,(t) T g(t) for
all points of continuity of g. Since g is non-increasing, it has only countably
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many points of discontinuity and g,, 1 g a.e. Consider also the sequence (fy,)nen
similarly defined. Now fix n and let us find m,, such that (1 +¢)f, > gn. To
do so, note that since for all m:

t
Fm:tl—>/ Jis
0
¢
Gn:tw/gﬁ
0

is affine on intervals of the form [22 " (i + 1)27™) and constant for t large
enough, it suffices to check that (1 4 ¢)F,,(i2") > G,(i2") for finitely many

1 € N. Since
t
t)%/ fP
0

@wgffgfﬂ,

for m,, large enough, we have (1 + ¢)f,,, = gn. Let i,, = max(my,,n), the
sequences (f; ) and (gp) verify the requirements of the lemma. O

is concave and increasing and

and

Lemma 1.4.5. Let p > 0 and C > 0. Let F be a quasi-Banach symmetric
function space with the Fatou property such that:

V.9 € F f7 - g" = |lgllp < Cllf || -
Then F is left-p-monotone.

Proof. Since F is rearrangement invariant, we can suppose that f and g are
positive non-increasing functions by considering f* and ¢g*. Let € > 0. Take
(fn) and (gn) two sequences given by lemma 1.4.4. For all n € N: ||gnHE
1+ E)CanHE (1+e¢ C||f||E So by the Fatou property, g € F and HgHE
1+ E)CHfHE Slnce this is true for all £ > 0, ||gHE < CHfHE

L1 IAIA

By combining the results above, we obtain the following:

Corollary 1.4.6. Let E be a quasi-Banach symmetric sequence space with the
Fatou property. If E is p-convex then E is left-p-monotone.

Concavity implies right-monotonicity

The same kind of proofs can be reproduced to obtain results on concavity and
right-monotonicity. The approximation lemma, similar to lemma 1.4.4, is given
by:
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Lemma 1.4.7. Let ¢ > 0 and € > 0. Let f,g € Lo(0,00) be positive non-
increasing functions such that f?> g?. There exist sequences (f,) and (g,) of
functions in F such that f, 1 f a.e., g, T g a.e. and (14¢)fIp>g? for all n € N.

And we have the following:
Lemma 1.4.8. Let F be a quasi-Banach symmetric function space.

e if F is g-concave with constant C then for all f,g € F,
feg* = lgllp < Ol fl 5

e if £ has the Fatou property and there exists C' > 0 such that for all
f[ig€eF,
rreg' = lgllz < €l

then E is right-g-monotone.
e if F is g-concave and has the Fatou property, E is right-g-monotone.

Remark 1.4.9. The reverse of the lemma above and corollary 1.4.6 are not
true. Indeed, consider for example the space L; . It will be proved later that
it is right-g-monotone for all ¢ > 1 but it is not g-concave for any ¢q. Constructing
symmetric spaces which are not p-convex for any p is not an easy task. We are
indebted to F. Sukochev for indicating the following reference to us ([30]). It
is possible that similar techniques can be used to construct a left-1-monotone
space which is not p-convex for any p.

1.4.2 Equivalence between K-monotonicity and p-monotonicity
Function spaces

In this section, we prove the main theorem of this chapter, a characterization of
interpolation spaces between L, (0, 00) and L,(0,00). To lighten the notations,
we set L, := L,(0,00) for all » € (0,00]. The proof uses a strategy similar as
[8]. Let us first state the result precisely.

Theorem 1.4.10. Let 0 < p < g < oo and E be a quasi-Banach symmetric
function space on (0,00). Then E is left-p-monotone and right-g-monotone if
and only if E is an interpolation space between L, and L,.

Proof of the reverse implication. Suppose that E is an interpolation for the pair
(Lp, Ly). Then by reiteration, E is an interpolation space for the pair (L,, L)
and by proposition 1.3.5, E is left-p-monotone. Let f € E and g € L, + L,
such that f?>g?. Assume that f and g are positive by taking if necessary their
modules. We will show that ¢ € ' and ||g||E < HfHE Since E is K-monotone
by 1.3.4, it is enough to show that for all ¢ > 0,

Kt(ngpan) S Ki(f, L;qu)-
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Recall also that by (1.1), for all h € L, + Ly and t > 0:

Ki(h,p,q) ~ </Ota (h*)p> " +t (/:(h*)q)l/q,

where a = (p~! — ¢71)71. Let t > 0. First, since f9v g9,

; (/:(g*)Q>1/q <t (/:(f*)q>1/q < Ki(f.p,q)-

We now have to estimate the second term i.e to prove that:

o 1/p
(/0 (g*)p> S Ki(f, Ly, L)

Suppose now that f and g are bounded so that f¢ and g? belong to L;. Since
f9>g%, by lemma 1.4.2, there exists ¢’ > ¢ such that Hg’”q = ||f||q and ¢'? = f4.
Then by [6], there exists a subunital, positive, integral preserving operator T'
such that T'((¢™)?) = (f*)?. Hence T((9*)?) < (f*)?. Define e = 1(g 4oy and
write,

</Ota(g*)p> 1/1’: </0°° e(g*)p)l/p_ </OOOT(e(g*)P)>1/p,

Note that there is an Holder type inequality for positive unital operators i.e, for
7’ such that 1 = 7= + /=1, T(ab) < T(a”)/"T(b"")'/"". We apply it to our
situation with r = ¢/p and r’ = «/p and obtain:

)< ([rerereyp)”
J :

< ( / tﬂ(f*)f’T(eW) e ([ wrrere) W

To estimate the left summand, we use the fact that HTeHOO < 1 and for the
right summand, we apply the usual Holder’s inequality.

< ( / tu(f*)”) ", ([T ([ raeen)”

S/ Kt(fa Lpa Lq)

where we used that ([ T(l(o,ta)))l/a < ([ T(l(ojta)))l/a = t. To conclude
for unbounded functions, it suffices to approximate ¢* and f*. A way to do it
is to apply the previous inequality to g*(. — ¢) and f*(. — ¢) and let € go to 0.

O
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Proving the direct implication requires more work. The first lemma is an
easy check. We need to verify that F is an intermediate space for the couple
(Lp; Lg)-

Lemma 1.4.11. Let ¢ > p > 0 and C' > 0. Let E be a quasi-Banach symmetric
function space. Suppose that F is left-p-monotone and right-g-monotone. Then
L,NLy,CECL,+ L,

Proof. Let us prove the first inclusion. First note that since E is a symmetric

function space, it contains characteristic functions of sets of finite measure ([11]).

Let f € L, N Ly. Decompose f into fi = flj5>1 and fo = f15<;. Let

hi = 1(O,Hf1Hq). Since f; € Lg, hy € E and it is straightforward to check that
q

hiv> fi. Indeed, for all ¢ € [0, ||f1||2);

/too(ff)q =I5 _/Ot =l —/Otl = /too(h*{)q.

And for t > HleZ, [ =0< [(f1)9. So hi>fi, hence fi € E. Similarly

let hy = 1<0’Hf2||:)’ hy is in E and h} = f¥ so fo € E. Hence f € E.

Let us now prove the second inclusion. Let f ¢ L, + L,. Decompose f into
fi and f, as above. By assumption, fi; ¢ L, + Lq or fo & L, + Lg.

case 1: f1 ¢ L, + Lq. Then fi is not in L,, this means that f{" > aly ) for
all @ > 0, hence HfluE =00, f1 ¢ E.

case 2: fo ¢ L, + Lg. Similarly, fo ¢ Lq so fg >aljy) for all a > 0 so
f2 ¢ E. O

The following two lemmas constitute the heart of the proof. They will
be used to prove that left-p-monotonicity and right-g-monotonicity imply K-
monotonicity for the pair (L,,L,). For A a topological space and = € A, we
will denote by A(x) the connected component of A containing x.

Lemma 1.4.12. Let A and B be two open subsets of (0, c0) such that AUB =
(0,00). Then there exist intervals I,J C Z and sequences of open intervals
(Ai)iel and (Bj)je] in (0,00) such that:

e forallie I, A; = (a;,a}) is a connected component of A and for all j € J,

Bj = (bj,b}) is a connected component of B,

e foralln e Z,if ne INJ then a, € B, andif n € I and n+ 1 € J then
bn+1EAna

eifnelandn—1€I,thenn € Jand a,_1 < b, < a,. Similarly, if n € J
andn+1¢€ Jthenn e A and b, < a,, < byq1.

* Uies 4iUU;e; Bj = (0,00).
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These conditions, expressed in terms of indices, can be difficult to picture at
first. What we want to prove is essentially that the situation is similar to the
figure below.

Proof. Let us construct (Ay,), (Bp), I and J by induction. If A = (0, 00), there
is nothing to do so suppose that there exists xo € B\ A and define By = B(zo).
There is now essentially one possible construction sastisfying the conditions
above.

Let us detail the first step: if by # 0, then by € A and the second condition
implies that it belongs to A_;. Then, by the first condition, we have to define,
A_1 = A(by). If a_y; # 0, the extension to the left continues with B_; =
B(a_l)...

This leads to the following procedure, if a,, # 0 or b, # 0 is the point the
more to the left that has already been defined, extend to the left by defining
An—1 = A(by) and B,, = B(a,). The procedure stops if at some point a,, = 0
or b, = 0. Else, we always have a, ¢ A so a, € B (similarly, b, € A)
and the procedure is well-defined. The extension to the right is similar. If
bl, # oo or a,_, # oo is the point the more to the right, define 4,, = A(b,) and
B,, = B(al,_;). This time, the procedure stops if a/, = co or b/, = co and it is
still well defined. Let us check that the properties are verified.

Condition 1. It is true by definition.

Condition 2. We only give details for the first property. If n € I N J this
means that a, # 0. If n < 0, we have B, = B(a,) so a, € B,. If n =0,
Ay = A(b). So ag < b and by assumption on zg, ag > xo > by s0 ag € By.
Finally, if n > 0 then B,, = B(al,_;) and A4,, = A(b],) so b, < al,_; < ap < b},
an € B,.

Condition 8. Suppose that n € I and n — 1 € I. This implies that a,, # 0
and a/,_; # 0o0. So a, € B so, using the two previous properties, B,, = B(ay)
so b, < a,. And A,,_1 = A(b,) so an—1 < b,. The second property is proved
by a similar argument.

Condition 4. We only consider the case where I = J = Z since the other
cases are easier. It suffices to prove that the a} — oo when i — oo and a; — 0
when 7 — —oo since UnEN A, U B, is connected. Assume by contradiction that
the (al,)n>0 accumulates at some point z. Then the (b),) also accumulates at .
But € AUB which are open set so for n large enough we either have a!, € A(x)
or b}, € B(x) which is a contradiction. Similarly, we get a contradiction if we
suppose that the sequence (a,),<o accumulates at a point = > 0. O

We use the previous construction to obtain the following key lemma.
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Lemma 1.4.13. Let 0 < p < ¢ < o0, @ > 0 and f,g € (L, + Ly)" be non-
increasing right-continuous functions such that for all ¢ > 0:

() o) () o)™

then there exist nonegative functions h and [ such that h + 1 = ¢, h is non-
increasing, fP = h? and f9>19. More precisely, for all t > 0,

meqzlww

Proof. Let A :={t € RT: f(f P> fotgp} and B:={t e RT: [[7 f1> [ g9}.

A and B are open sets and AU B = (0,00). Let (Ap)nez and (By)nez be
obtained by the lemma above. We only consider the case of infinite families
of intervals in both directions, the other cases are similar. Define h and [ as
follows. For all n € Z,

(an) ift € [bn,an)
h(t) = { g(t) if t € [an, bpt1)

Let [ =g — h. g and [ are clearly nonegative.

Note that for all n € Z, f(an)? > g(a,)?. Indeed, since a,, is an extremity
of a connected component of A, foa" fF= foa" gP and for £ small enough so that
an +¢e < a,, foa"JrE P> foa"JrE gP. Hence, f;:“ P> f;:+5 gP. Since f and g
are right-continuous this implies that f(a,)? > g(a,)P.

Let us now check that the decomposition verifies what we claimed. For all
n e N, for all ¢ € [by,an):

t by t
[ s [
0 0 bn
by t
S/ 9p+/ g(an)

0 bn
by t

S/ fp+/ f(an)p
0 bn

t
<[r
0
and since a,, € B, t € B and:

[rsfesf
t t t

For all t € [an, byy1), since b, 1 € A,, t € A which implies that:

t t t
[refes[r
0 0 0
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oo o oo (o)
[ofoee el r
t bri1 bnt1 brt1

Moreover, note that h is non-increasing, so for all ¢ > 0:

/Ot<h*>p=/0thp</0tfpz/0t<f*>p.

And since [ is positive, for all ¢ > 0:

[ars [Te< [ [T

and

We are now ready to finish the proof of the main theorem.

End of the proof of theorem 1.4.10. By proposition 1.2.5, it suffices to prove
that E is K-monotone. We already know from lemma 1.4.11 that L, N L, C
E C L, + L,. Assume that f # 0. Suppose that for all ¢t > 0, K;(f, Ly, L,) >
Ki(g, Ly, Ly). By (1.1), this means that there exists a constant ¢ > 0 indepen-
dent of f and g such that for all ¢ > 0:

(o) " ern) ([Cor) " ([orn) "

So by lemma 1.4.13 applied to f* and g¢*, there exists two functions i and [
such that h + 1 = g*, (¢f)? = hP and (cf)?1>1%. Hence, by the assumptions on
E,hle Esoge E and

lolls = llg™llz S 1Pl o + 112 < 2¢K]£] -

O

Remark 1.4.14. The result can be extended, with the same proof, to symmet-
ric function spaces on the interval (0, a), « € (0, 00).

Remark 1.4.15. It is known that a g-concave space is automatically p-convex
for some p > 0, it is for example a consequence of theorem 4.1 in [28]. Conjecture
1.1.1 for function spaces, is now reduced to proving a similar fact for right-g-
monotonicity and left-p-monotonicity.

Remark 1.4.16. As a corollary of theorem 1.4.10 and corollary 1.4.6, we obtain
theorem 1.1.2 mentionned in the introduction.
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Sequence spaces

We will now prove the main theorem in the context of symmetric sequence
spaces rather than symmetric function spaces. In this setting, it is easy to see
that the approximation arguments made above still hold. We will also use the
fact that £*° can be embedded into L., by:

S
u—r Zi:l uil[i—l,i)'

Hence, we will identify /°° with the subalgebra of L, of functions a.e. constant
on intervals of the form [i,i+1), i € N. Denote by E the conditional expectation
from Lo to £°°. The notions of left and right majorization can be extended
without modifications to sequences and coincide with the usual notion. Let u
and v in £°°:

u-veVneN, YU jur >3 " jvfandubv e Vo e N, Y ur > 300 vf

= i=n "1
Let us now state the result of this subsection:

Theorem 1.4.17. Let 0 < p < g < oo and E be a quasi-Banach symmetric
sequence space. If E is left-p-monotone and right-g-monotone then E is an
interpolation space between ¢, and (.

Proof. By proposition 1.2.5, it suffices to check that F is K-monotone. Similarly
to the case of function spaces, the hypothesis of the theorem imply that /7 =
PN CECP+07=/7and that for any v € E and v € ¢4

wipvi =vek, HUHE < C’HUHE and uP? =P = v e F, H’UHE < C’||u||E

Let w € E and v € ¢9, uw # 0. Assume that for all ¢ > 0, K;(u,¢P, ¢7) <
Ki(v,¢P £7). The formula for the K-functional used previously still holds in
this context. Indeed, for any sequence w € ¢? and t > 0:

> l/p 0o 1/(1
Ku(w,p,) ~ ( i <w*)p> s [Tw)
0 te
So there exists a constant ¢ independent of u and v so that for all ¢ > 0:
1/p 1/p

() ") ([ o) " en)”

By lemma 1.4.13, there exists h and [ non-negative functions such that, h +1 =
v*, h is non-increasing, (cu)? = hP and (cu)? > 9. Let h = (E(hp))l/p and
1 =E(19)Y1,

We will start by showing that (cu)? = 1’ and (cu)?>g9. The functions:

t— fg(cu*)p and t — fot n’
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are affine on intervals of the form [i,i + 1], ¢ € N. So it suffices to check the
inequality at integers. Let n € N,

/ (cu*)pZ/ hp:/ n’.
0 0 0

The other inequality is proven in the same manner.

Recall that h and [ can be seen as sequences. Note that a, := max(1,2P~)
is the optimal constant such that for all a,b € R*, (a + b)P < a,(a? + b7). We
have:

v = (E((U*)p))l/Z’ < apE(hp+lP)l/P < apayyy (E(hp)l/p + E(lp)1/p> < apal/p(h+

And by hypothesis on E, h € E and [ € E with
17l < eKull  and 7] 5 < e&Jul] -

So v € E and H’UHE < HuHE with an implicit constant depending on F, p and
q. ]

Remark 1.4.18. Note that K-monotonicity is not known in general for couples
of fP-spaces. This is why we cannot show the reverse implication in theorem
1.4.17. However, note that for 1 < p < ¢ < 0o, the couple (¢?,¢?) is a Calder6on
couple (1.3.4) and we can recover the following:

Corollary 1.4.19. Let 1 < p < g < 0o and E be a quasi-Banach symmetric
sequence space. Then E is left-p-monotone and right-g-monotone if and only if
E is an interpolation space between £, and (.

This is close to the main result proved by Cwikel and Nilsson in [8].

I).



Chapter 2

Preliminaries in
Noncommutative Integration
Theory

This chapter is meant as a toolbox in view of the two following ones. In the
first section, we introduce the basic definitions of noncommutative integration.
In the second, we recall and prove properties of the K-functional for couples of
noncommutative L,-spaces. In the third, we introduce ultraproducts and prove
some of their properties. Finally, we detail the proof of an inequality which is a
consequence of [54] and will be crucial in the next chapter.

2.1 Definition and basic properties of noncom-
mutative L,-spaces

2.1.1 Definition

A noncommutative measure space is the data of a von Neumann algebra M
equipped with a semifinite normal faithful trace 7. Any element x in M admits
a polar decomposition z = u|z| where u is a unitary and |z| is positive. More
precisely, |z| = (z*z)'/2. For any p € (0,00), we can define the L,-norm (or
quasi-norm) on this space by Borel functional calculus and the following formula:

1], = (1)

The completion of {x € M : ||:ch < oo} with respect to HHP is denoted by
L,(M) and verifies properties similar to those of classical L,-spaces. We refer
to [50] for a more complete introduction of noncommutative L,-spaces.

The noncommutative analog of measurable functions is denoted by Lg(M)
and is the space of unbounded operators x affilated with M which are 7-
measurable (i.e there exists A\ € R* such that 7(1(x0)(|z])) < oo, where

45
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1(x,00)(|z|) is defined by the Borel functional calculus). This space Lo(M)
equipped with the measure topology continuously contains L,(M) for all p.
This makes any couple (L,(M), Ly(M)) compatible in the sense of interpola-
tion [60].

The support of any self-adjoint element x € Lo(M) is defined as the least
projection s(x) such that s(x)x = z. Let

M.={x e M:7(s(|z|)) < oo}

be the space of bounded, finitely supported operators in M. For any p € (0, c0),
M. is dense in L,(M).

Denote by P(M) the set of orthogonal projections in M and by P.(M) the
set of finite projections in M.

2.1.2 Generalised singular values

A crucial tool to understand and noncommutative Ly-spaces is the generalised
singular numbers p(zx) associated to any z € Lo(M). They can be defined by
the following formula [16]:

p(z) RY — RT
t > pi(x) = inf{||ez|| _ : e € P(M),7(1 —¢) < t},
=sup{a € R : 7(1(4,00)(|2])) > t}.

The meaning of these formulas may not be immediately clear but u(z) is to be
thought as a non-increasing non-negative function which has the same distri-
bution as x, in particular Hu(x)”p = ||x“p for all p. The generalised singular
values satisfy the following properties:

Proposition 2.1.1. Let x,y € Lo(M), t,s > 0, then:
1. ¥p € (0,00), if = is positive, p(zP) = p(zx)?P,

2. poye(r +y) < ps(@) + 11 (y),
3. p(x) is right-continuous.

Thanks to the generalised singular values, various classical notions can be
naturally translated to the noncommutative context. The interpolation of non-
commutative L,-spaces for example, can be reduced to the classical case (see
remark 2.2.7). The construction of noncommutative L,-spaces can also be gen-
eralised to any symmetric space [31] . Let E be a symmetric function space on
(0,00). Define:

EM) ={z € Ly(M) : u(x) € E}.

E(M) equipped with the (quasi-)norm ||xHE(M) = ||,u(:v)||E is a (quasi-)Banach
space. We say that F is a noncommutative symmetric space.
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2.1.3 Tensor product

Let (Mj,71) and (M, 72) be two noncommutative measure spaces, we can
define their tensor product (M, 7) in a natural way. First, consider the algebraic
tensor product M;® M. It is naturally equipped with a trace 7 := 71 ® 7% which
induces a scalar product on M; ® M,. This allows, by taking the completion
with respect to the norm associated to this tensor product, to define a Hilbert
space Ls(M) on which M; ® M acts by multiplication on the right. Define M
to be the weak closure of M1 ® My in B(L2(M)), 71 ® 72 extends uniquely to a
positive semifinite normal trace 7 on M. In general, the tracial tensor product
of M and Mj is denoted by M;®@Ma,.

This construction provides a general setting for various objects that will
appear in the following chapters. For example, some spaces of functions tak-
ing values in noncommutative L,-spaces can be seen as noncommutative Li-
spaces themselves. More precisely, for p € (0,00), and n € N, the spaces
L,(R", L,(M)) is canonically isometric to L,(M®L(R™)).

2.1.4 Noncommutative martingales

Martingales admit a noncommutative counterpart. We start by defining con-
ditional expectations. Let (M, 7) be a noncommutative measure space and A
a subalgebra of M. If 7 is semifinite when restricted to A then there exists a
conditional expectation E : M — A. E is unital, positive, trace preserving and
for any a,b € A and x € M, E(axb) = aE(x)b. It can be defined as the adjoint
of the inclusion map ¢ : L1(A) — Li(M). Note that for all p > 1, E can be
extended to a contraction from L,(M) to L,(A). This fact is no longer true
when p < 1.

A filtration F on M is an increasing sequence (potentially two-sided) of
subalgebras (M, ),en such that for all n € N, 7 restricted to M,,’s is semifinite
and J,, M, is weakly dense in M. Denote by E,, the conditional expectation
onto M,,. Let p € [1, c0], amartingale in L, (M), with respect to the filtration F
is a sequence (zy,)nen such that foralln € N, z,, € L,(M,,) and E, (zy,) = zp_1.
We say that a martingale converges in L,(M) if the sequence x,, converges to
an element zo, in L,(M). Note that in this case, E,(zs) = z,. We say that
(Zn)nen is bounded in L, if sup, Hman < oo. Similarly to the classical case,
we have the following proposition:

Proposition 2.1.2. Let p € (1,00). Every bounded martingale in L,(M) con-
verges.

Finally, if = is a martingale, we denote by (dz,) = (z, — z,—1) the sequence
of martingale differences of x. We will also use the notation A, =E, —E,_1.

2.1.5 Rows and columns

In classical harmonic analysis, a considerable amount of attention has been given
to square functions. They appear for example in Littlewood-Paley theory and
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in the theory of functional calculus for semigroups. These are expressions of
1/2

the form (EieN | fi|2) . In the noncommutative setting however, it is not

clear at first how to associate a square function to a sequence (z;);eny € MY,

1/2
. . 2
Indeed, the naive expression (ZieN ;] ) has no reason to be chosen over

1/2
(ZieN |xf|2) but the two do not have the same distribution in general. They

can, in fact, if M is a factor, be any two positive elements with the same norm
in Ly (as a consequence of [59], theorem 3.5). The answer to constructing
noncommutative square functions is given by the noncommutative Khintchine
inequalities which will be presented in the next chapter. For now, we will simply
introduce some useful terminology.

Denote by S(M) the set of sequences of elements of M,. For a,b € M and
x € S(M) we can naturally define the product azb by:

axb = (azpb)n>o0.

Let x € S(M). Denote by N € N its length and consider the projection,

N N
_ * . ¥
e=3s <Zi_0 T, xl> Vs (Zi—o xlxi) .

The fact that x € (eMe)" will be useful in various proofs in the next chap-
ter since it enables us to work with only finite sequences of finitely supported
elements.

Recall that the elements of B(¢?) can be identified with infinite matrices
and that B(¢?) is endowed with its canonical trace. We will denote by e,, ., the
element (8; ,0;,m)i jen € B(¢?). For z in S(M), we define Rz = Y . 2n ®e1.n,
Cx = Zn>0 Zn ® epn,1 which are understood as elements of the von Neumann
algebra Mp := M®B((?). Both algebras are equipped with the tensor product
trace. When it is convenient to us, M will be identified with M ® e; ; in Mp.
With this in mind, note that the two "square functions" can be obtained as the
moduli of Rz and Cz:

1/2 1/2
(R2)| = (Spsownas)  and |Cal = (S,n0whan) -

Fix E a symmetric space. Define ||x||RE = HRIHE(MB) (resp. ||;1:||CE =
HCxHE(MB)) and R (resp. Cg) the completion of S(M) with respect to HHRE
(resp. ||HCE) To lighten the notations, for p € (0, 0o, we write C), = C, and
R, = Ry,.

Note that R, and C, are continuously included in Lo(M)"N. Therefore, the
spaces R, + Cp and R, N C, are well-defined. They both contain S(M) as a
dense subspace (weak-* dense for p = 00).

Remark 2.1.3. Note that R, and C,. can be embedded into L,.(Mpg) by extend-
ing R and C. They can by this mean be identified with closed, 1-complemented
subspaces of L,(Mpg). This also makes the couples (R,, R,) and (C), Cy) com-
patible in the sense of interpolation.
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Let us now prove a lemma that will be useful when manipulating rows and
columns.

Lemma 2.1.4. Let p > 0, y,2z € S(M) and e, f € P(M) such that e commutes
with |(Ry)*|. Then,

e|(Ry)*[” = |(R(ey))*|",
ii. |Ry|7 = [R(ey)]];

iii. |C(fz)]> <|Cz|* and consequently HC(fz)Hp < HC’sz.

Proof. i. This is a direct computation:

e|(Ry)" " = e?2(|(Ry) ") = (e|(Ry)" )2 = (e(D_, ivi)e)"!?
= (ewi)(ey))"? = |R(ey) "

ii. Write f := et. Using i., this is again a direct computation:

[Ry|l? = 7(1(Ry)*|") = ((e +f)\(Ry)*|”):T(e\(Ry)*l”)+T(f\(Ry)*|”)
= 7([(R(en)* ") + 7(((R(f)) ") = [[Ren) ||} + [| RG]
iii. Indeed, |C(f2)]° =3, 25 fzi < X, 252 = |C2|”. O

2.2 Some properties of the K-functional

In the context of noncommutative integration, the K-functional does not de-
pend, up to universal constants, on the von Neumann algebra in which it is
calculated. This result was proved by Xu in his unpublished lecture notes ([62]).
We will give an alternative proof here using the following proposition which we
will also need in the remainder of the text. It is a version of the power theorem
(see [1]) in the particular case of noncommutative L,-spaces.

Proposition 2.2.1. Let a« > 0, z € (L,(M)+Ly(M))" and p,q € (0, 00] then:

[

Ki(, Ly(M), L(M)) < cpa [ Ko (2, Lya (M), Lya(M))]

where ¢, o = max(1,2'/P* 1) max(2071, 2179).

Remark 2.2.2. We will use this proposition under the following form. Let
a>0,z€ (L,(M)+ Ly(M))" and p, g € (0,00] then:

Ko, Ly(M), Ly(M) % [Kpr /o (2%, Lya(M), Laa(M))]
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We use the following routine operator inequalities, proved at the end of this
section.

Lemma 2.2.3. Let a,b € Lo(M)*, a > 1and 6 < 1.

i. if 0 < a < b then there exists a contraction ¢ such that a = cbc*,

ii. if 0 < @ < b then there exists a partial isometry u such that a? < ub’u*,

iii. there exists a partial isometry u € M such that:

(a+b)* <2 u(a® 4 b™)u*,
iv. there exist two partial isometries v and v such that:
(a+b)? <ualu* + vbv*,

Proof of proposition 2.2.1. For all » > 0, define a, := max(1,2"/7~1). Take

a € Lpa(M) and b € L,o (M) such that a + b = z'/*. We start by considering
the case a < 1. We need to find a’ € L, and b’ € L, such that o’ + b =z and:

(0%
e[l + '], < apa2t= (Jlall, o + £/ 0],.) "

Since x is positive, we can suppose that a and b are positive. Indeed, first note

that:
a+a* +ber"‘
:l::
2 2

and:

a—+a” b+ b
H 2 ||po¢+tHT||qo¢ Sapo‘(Ha'Hp(x—’_tHquOz)

using the triangular inequality for pa > 1 and the pa-triangular inequality for
pa < 1. So we can suppose that a and b are selfadjoint and write a = a4 —a—
and b = by —b_ their decompositions into positive and negative parts. It follows
that © < a4 + by so there exists a contraction ¢ such that x = cayc® + cbyc*
which yields a better decomposition than a, b.

Using lemma 2.2.3, we can find two contractions u and v such that:

x = ua®u* + vb*v* =:a’ + V.
And we have:
[la’[l,, + ¢llo'[], < lla]l,, + [16°]],
= [lall5, +t[bll,

< 21_0‘ (||a||pa +tHqua> :

Taking the infimum over all decompositions z'/® = a + b, and recalling that we
had to add a factor ap, to consider only a and b positive, we obtain:

Kt(x, Lp(M)v Lq(M)) < apazl_aKtl/a (xl/av Lpa(M)a an(M))a-
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Let us now consider o > 1. Continue to assume a and b to be nonnegative and
recall that we lose a constant a,, by doing so. Using lemma 2.2.3 there exists
a contraction u such that:
=2 u(a® + b)u* = 29 tua“u* + 2 tub®u* = d’ + V.
Now, we compute:
1 / a—1 @ @
la’1l,, + o]l < 22 (lall,, +#lll,.)
-1 1
§20‘ (‘|aHpo¢+t /aHqua)a

Taking the infimum over all decompositions, the proof is complete. O

We will now begin to prove the result mentioned at the beginning of this
section i.e. that the K-functional of an element only depends on its distribution.
The finite cas can be proved without much trouble by using conditional expec-
tations. For the semifinite case however, we need the following two lemmas.

Lemma 2.2.4. Let p,q € (1,00] and ¢ > 0. Let « € L,(M) + Ly(M), then

Kt(xaLp(M)qu(M)) = Sup Kt(exe7Lp(M)7Lq(M))'
eEP: (M)
Proof. Define E = Ly(M)Nt 'Ly(M) with p = (1 —p~')"t and ¢/ = (1 —
¢ 1)~! and note that L,(M) +tL,(M) = E*. Since p’ and ¢’ belong to [1, 00),
M. is dense in E. Hence,

Ki(w, Ly(M), Lg(M)) = sup{|7(zy)| : y € M, ||y|| ; = 1}
= sup{|7(zeye)| : e € Pe(M),y € M.,

= sup
e€P( M)

= sup Kt(exevLP(M)qu(M))‘
e€P.( M)

llz =1

||6176||L,,(M)+tLq(M)

O

Lemma 2.2.5. Let x € L (M), € > 0 and f € Pe(Loo(0,00)). There exists a
finite projection e € M such that:

p(p(@)f) < plexe) +e.

Proof. Let f € Pe(Loo(0,00)) and define T := [, f, then

wp(z)f) S M(x)l(O,T) = M(M(x)l(O,T))'

Hence, it suffices to consider projections of the form 17y, T' > 0. Let a =
pr(z) and let e = 1(4 00)(x). By definition of u, e; is finite, write ¢; = 7(ey).
Note that p:(z) = a for t; <t < T. Since a = u(T'), T(1(4—c,00)) > T, hence
T(1(a—c,a)) = T — t1. Let ey be a finite projection such that ey < 1(4_. 4 and
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T(ea) > T — t1. It is possible to find such a projection since 7 is semifinite.
Define e = e; 4 e5. By construction, for ¢ € (0,t1), pi(exe) = pe(z) = f(t)pe(x)
and for ¢ € [t1,T), us(exe) > a—e = f(t)u:(x) —e. So e satisfies the conditions
of the lemma. O

Proposition 2.2.6. Let x € L,(M) + Ly(M), p,q € R such that 0 < p < q
andt > 0:

Kt(u(m>7 LP(O’ 00)7 Lq(o’ OO)) e, Kt(x7 LP(M)7 Lq(M)),
where c, only depends on p.

Proof of proposition 2.2.6. Suppose that x is positive. We do not lose generality
here since multiplying by a partial isometry does not change the K-functional.

First, assume that p > 1. Let e € P.(M) be a finite projection. Let us
prove the proposition for y = exe. To do so, we can work in the finite algebra
eMe which clearly does not modify the K-functional of y. Denote by M,
the von Neumann algebra generated by y € M which is abelian. There are
two conditional expectations E; : M — M, and Ey : Lo(0,7(e)) — M,y
and M, is canonically isomorphic to M, by y + u(y). Since conditional
expectations extend to contractions on L,, we have,

Kt(y,Lp(M)’ LQ(M)) = Kt(ﬂ’(y)’Lp(Oa OO), Lq(oa OO))

Let us consider x once again. Combining the equality above with lemma
2.2.4, we obtain:

Kt(xa LP(M)a Lq(M)> = E;u(}j\/()](}(u(@l‘e), Lp(07 OO)? Lq(07 OO)) (2-1)

and

Kt(,u(x),Lp(O,oo),Lq(O,oo)) = sup Kt(:u(f:u(x)f),l’;ﬂ(oaoo)an(OaOO))-
FEP(Loo(0,00)) (2 2)

Since for all e € P(M), plexe) < p(x) (see [16]):
Kt(xv L;D(M)7 Lq(M)) < Kt(M(x)v Lp(07 0, Lq(07 OO))

Conversely, by lemma 2.2.5, for every projection f € P.(Loo(0,00)) and € > 0,
there exists a finite projection e in M, such that u(exe) +¢& > p(fu(x)). This
implies that

sup Kt(,u(exe),Lp(O,oo),Lq(O,oo)) > sup Kt(fﬂ(x)fv Lp(O,oo),Lq(O,oo)),

EEPL-(M) fE’PL.(Loo(O,OO))

and enables us to conclude using (2.1) and (2.2).
Now take 0 < p < 1 and ¢ > p. The result follows from proposition 2.2.1:

Ki(y, Ly(M), Lg(M)) & (K2 (4%, La(M), Lag p(M))*/P
= Ktp/2 (N(yp/2)v L2(R+)v L2q/p(R+))2/p
~ Kt(ﬂ<y)7 LP<R+)’ LQ(R+>)'
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Remark 2.2.7. In [62], the result above is obtained by first proving that the
couple (L;(M), Loo(M)) is, in interpolation language, a partial retract of the
couple (L1(0,00), Lo (0,00)).

This enables us to define: K;(z,p,q) := Ki(u(z), Ly(RT), Ly(RT)).

Remark 2.2.8. The equivalence above also applies to the row and column
spaces. More precisely, for z € S(M) and p,q > 0,

K (z,R,, Ry) = K;(Rz,p,q) and K,(z,C,,Cy) = K;(Cz,p,q).

Proof. Using the fact that for all » > 0, R, and C, are complemented in
L, (M®B(£?)) and proposition 2.2.6,

Ki(x, Rp, Rg) = Ki(Rz, Ly(MBB((%)), Lo(MBB(¢%))) = K(Rz,p, q)

and similarly for columns.
O

As shown in the next proposition, the K-functional, K;(x,p,00), can be
expressed as a supremum over projections. This is crucial for the next chapter.

Proposition 2.2.9. Suppose that M is diffuse. Let p > 0. Then for all x €
M.:
Sup{Heme :7(e) <t e € P(M)} =a, Ki(z,p,00).

Proof. If t? > 7(1), we have:

sup{”ex“p :7(e) <tP,e e PIM)} = Hz”p
and the proposition is verified by proposition 1.3.2. So from now on, assume
that 7 < 7(1).

Since M is diffuse, there is a projection e in M with trace t?, commuting
with |z*|, such that:

tP
1
T(e|z*|P) :/O ws(z)Pds > A—Kt(x,p, 00)P.
p

Furthermore, since e and |z*| live in a commutative von Neumann algebra, they
can be represented as functions in a space Lo (2), thus:

(e |z*P) = 7(eP/?(wa*)P/2eP/?) = 7((exx*e)P/?) = Hew”i.
Hence:

Ki(z,p,00) < AI,Hepr <A, sup{”ex“p :7(e) =tP,e € P(M)}.

To prove the converse inequality, take e € P(M) such that 7(e) = ¢?. Note
that:

%) tP
Jeall” = / u(lexf?) = / n(lex])? < A K (ex, p, o).
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Furthermore for all s € R*, pg(ex) < us(z), see for example [16]. Hence,
Ki(ex,p,00) < Ki(x,p,00). Combining the two previous inequalities, we obtain:

lex]|, < ApKi(ex, p, 00) < ApKy(w,p, 00).
O

Remark 2.2.10. The proof yields a bit more than the proposition. Indeed,
it suffices to consider the supremum over projections e commuting with |z*| to
obtain the left hand side inequality. This will be of importance later on.

Let us mention one final lemma before moving on to the next section.

Lemma 2.2.11. For any x € M, t € R>¢, y, z € M, such that y+ 2z = z, there
exists ¢/, 2’ € M, such that y/ + 2’ =z, y’HOO < 2“1‘”00, Hz’”oo < 2Hac”DO and:

ly'll, + ell=1l, < Nlwll, + ell=,-

Proof. Suppose that z is positive, which is possible by multiplying by a partial
isometry. First, note that if p,q > 1, we can start by considering the decom-
position z = E,(y) + E,(z) where &, is the conditional expection onto M, a
semifinite commutative subalgebra of M containing z. Since M, is commuta-
tive, we are reduced to the commutative case which is direct so the argument is
complete.

Then, suppose for example that p < 1 (¢ < 1 is similar). Let A = Hz”oo and
define e = 1 4)(|y|). Consider y' = ye +xet and 2/ = ze. We have y/ + 2/ = z,
9]l < llell oo +llzet [ < 24 and [|]] = e =y'|], = [lee —ye, <24,
Since e is a contraction, Hz’”q < ||z||q Finally, recall that e = 1j9_4)(|y]) so

HyeLHi > 7(et)AP > H:z:eJ-Hz and e commutes with |y| so:

||?/||£ =7(lyl") = 7(|yl" e) + 7yl e™)
7(([y])Pe) + 7((ly[)Per)

= 7(|yel”) + 7(|ye*|")

= [lyell, + llve= |},

And we can conclude, by the p-triangular inequality:

p

l'lly < llvelly + llze 115 < llvell, + llve™ [, = llwll5-

We conclude this section by proving 2.2.3.



2.2. SOME PROPERTIES OF THE K-FUNCTIONAL 35

Proof. i. Define b, = b+¢. Set c. = al 20712 We only have to check that c
is a contraction.

cre=b"alPal Py = o Pab P < PP =1

Hence, c. is a contraction. Let ¢ be a weak*-limit of the c.. ¢ is a contraction
and a = cbc*.

ii. If @ < b then a? < a'/2ba'/?2. Now define u to be a partial isometry
appearing in the polar decomposition of a'/2b'/? i.e a'/?p'/?2 = u |a1/2b1/2|.
Then u*bY2aY/ 24 = /262 and a'/2ba'/? = ub'/2ab'/?u* < ub?u*.

iti. For a € [1,2], by operator convexity of the function x — x®, the result
holds with v = 1. Now we proceed by induction. Suppose that iii. is true for
a a > 1, we will show that it holds for o’ = 2a. By hypothesis, there exists a
partial isometry u such that:

(a+b)* <2 Tu(a® 4 b™)u*.
And by the ii. there exists v such that:
(a4 b)** < 229 2y(u(a® + b*)u*)*v*
(a+b)* < 2% 2pu(a® 4 b*)*(vu)*

< 2% pu(a® + b)) (vu)*

where the last inequality is a consequence of the operator convexity of x > 22
or more precisely the inequality (c + d)? < 2¢? + 2d? applied to ¢ = a® and
d=b*.

iv. Define x = a+0b and take two contractions « and g such that a'/* = ax
and b'/2 = B2'/2. We can suppose that a*a + $*B = s(z). The operator
T : M — M defined by T(c) = aca™ is positive and subunital. Hence, we
can apply the Jensen inequality for the operator-concave function ¢ — t’ and
we obtain T'(x)? > T(2?). Similarly, 32?5* < (BxzB*)’. Note also that, as
we have used in the previous proof, there exist partial isometries u and v such
that 2%/2a*az?? = uaz?a*u* and z%/26*Bx?/? = vBx? B*v* since adjoints are
always conjugated by a partial isometry. Now, we can conclude by the following
computation:

1/2 1/2

(a+b)° =2 = 222(a*a + B*B)a®/?
— 220*az®/? + 29123 B?/?
= waz?a*u* + vzl pro*
< w(axa®)ou* +v(Bzp*)0v*

=< uau* + vb?v*.
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2.3 Ultraproducts

Suppose in this section that M is finite. We will denote by M, the ultraproduct
of N copies of M. Here, w is an ultrafilter on N. See [44] for the detailed
construction of tracial ultraproducts, we only recall the definition here. Let
B=/{x(M)and I ={z € B:lim, 7(z,) = 0}. Iis a closed ideal of B and we
define M,, = B/I equipped with the trace 7,(x 4+ I) = lim,, 7(z,). (Muw,7)
is a noncommutative measure space and (M, T) can be isometrically identified
with the subalgebra of classes of constant sequences. In the next chapter, we will
need the following lemma to manipulate the K-functional in an ultraproduct.

Lemma 2.3.1. Let 2 = (2,)ney € My, p,¢ € (0,00] with p # ¢, then
K (24, Ly(M), Ly(M)) converges pointwise to K (z, L,(M,,), Ly(M,,)) along w.
Furthermore if p # oo, the convergence is uniform.

Proof. We treat the case p < ¢, the case ¢ > p is similar. Choose a decomposi-
tion £ = y + z such that ||pr + tHqu < Ki(z,p,q) + . Take a representative

(2n)n>0 of z such that lim, Hanoo = HZHOO We take this precaution in
case ¢ = co. We now have a natural representative for y which is (y,)nen with
Yn = Tn — 2n. Furthermore, by definition:

lyll, = 7(1yi")"/? = i 7(|yal”)'7? = lim [[ga]| -

Since the same is true for z and the g-norm (with the exeption of ¢ = co which
has been dealt with already), this means that there exists A; € w such that for
all n € Ay,

ol + tlzll, ~ lall, — 2l <=

This implies that:
Ki(2n,p,q) < Ki(2,p,q) + 2¢.

Reciprocally, for all n € N take a decomposition z,, = y, + z, € M such
that ||yn||p + t||zn||q < K¢(zn,p,q) + €. By construction, there exists a certain
constant M such that for all n € N, Hanoo < M. By lemma 2.2.11, we can
suppose that for all n € N, HynHw < 2M and HanOO < 2M. So (Yn)n>o and

(#n)n>0 define elements y and z € M,,. We have v = y + 2z, and we can find
As € w such that for any n € As:

<e

[9ll, +¢llzll, = llwnll, = ¢zl
since even for ¢ = oo, HzHoo < lim,, ||Z"||oo Hence,
Kt(x7pa Q) S Kt(xn7p7 Q) + 2e.

Which concludes the proof of pointwise convergence.
If p # oo, extend K(x,,p,q) at oo by letting Koo (2n,p,q) = ||man The
same can be done for K (x, p, q). Since p # oo, K (2, p, q) converges to K(z, p, q)
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at co. Note that the K-functional are increasing continuous functions and that
R*T U {oo} is compact. Consequently, by Dini’s theorem, the convergence is
uniform.

O

2.4 K-functional of commutators

This section is devoted to proving the following lemma.

Lemma 2.4.1. Let p € (0,00), g € (0,00], 8 € (0,1). For all t > 0, o, € MF
and be M :

1-6
Ko (a’b+b8%,p/0,q/0) S Ki(ab+b8,p,9)°||b]| ",
where the implicit constant only depends on p, ¢ and 6.

We recall the following proposition that is the main result of [54] (proposition
4.3).

Proposition 2.4.2. Let 0 < p < q¢ < o0, § € (0,1) and x,y € (L,(M) +
Ly(M))**. Then for allt >0 and f: x — |z|” or f: x — sgn(z)|z|®, we have:

Ko (f(z) — f(),p/0,q/0) < Ki(z —y,p,q)°.

The relationship between Mazur maps and anti-commutators has already
been explicited in [53]. The arguments rely on 2 x 2 matrix tricks and the
Cayley transform. We reproduce them in our context for completion but the
following proofs do not contain any new idea. We break it down into two steps,
the first one is given by the following lemma and uses the Cayley transform.

Lemma 2.4.3. Let p € (0,00), ¢ € (0,00, 0 € (0,1). Forall ¢t >0, f: z — ||’
or f: x> sgn(x) |x|9, a € M*® and b € M** :
1-6
Ko (bf(a) = ()b, p/0,a/0) S Ki(ba — ab,p,q)"[[B]]
where the implicit constant only depends on p,q and 6.

Proof. We can assume that ||b||OO = 1 by homogeneity. Since b = b*, the Cayley
transform is defined by

u=b+i)b—i)"" b=2i(1—u)"' —i.

Note that v is unitary and by the second formula H (1 —w) 1” 7 These
facts allow us to conclude by a computation using 2.4.2.

K (bf(a) = f(a)b,p/8,q/0) < 2K ((1 —u)~" fa) = f(a)(1 —u)~",p/0,q/6)
< 2|1 = w) 7|2 K (1 — u) f(a) — f(a)(1 - u),p/0,q/6)
< Ko (f(U'*au) - ( ),p/@, q/@)
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using proposition 2.4.2,

< Ky(ou — ua, p, )°
S =) K (b= i)alb +3) — (b+ (b — i), p,q)°
SJ Kt(ab - bOé,p, q)0

We can now conclude the main proof using a matrix trick.

Proof of lemma 2.4.1. Let b€ M and o, 3 € M. Consider:

= o) =6 %)
“\0)0* "o -8/

Note that in general, the matrix & has the same distribution as b @ b. Hence,
for all £ > 0,

Kt(b/ap7 q) ~ Kt(b7p7 Q)

Indeed, z — Ki(x,p,q) is a quasi-norm so K¢(b,p,q) < K (b, p,q) and p(d') =
(b b) > pu(b) so Ki(V,p,q) > Ki(b,p,q). It is now straightforward to check
that for all ¢ > 0,

Kt(ab + bﬁ»pv Q) ~ Kt(a/b/ - b/a/vpv q)
and that for f: z +— sgn(x) |m|0,

Ki(f(e)b+0f(B),p,q) = Ki(f( ) =V f(d), p,q).

Hence, it suffices to apply lemma 2.4.3 to ¥',a’,0 and f to conclude the proof.
]



Chapter 3

Noncommutative Khintchine
inequalities

3.1 Introduction

The work presented in this chapter is intended as a step towards completing
the study of noncommutative Khintchine inequalities in interpolation spaces
between L,-spaces. No satisfying results were known in L; o, and L o in spite
of the extensive literature on the subject which includes some variants in general
symmetric spaces. The remarkable growth of this topic in the last decades is to
be attributed to the central role Khintchine inequalities play in noncommutative
analysis. Similarly to their classical counterparts, they appear constantly when
the norm of an unconditional sequence has to be estimated, and they allow us to
describe the Banach space structure of the span of independent or free random
variables. They were a stepping stone to develop noncommutative martingale
inequalities which are essential and powerful tools to translate classical notions
to the noncommutative setting, as illustrated by the last chapter of this thesis.

The seminal result of Lust-Piquard [36] and then Lust-Piquard and Pisier
[37] who first fomulated and proved Khintchine inequalities in the setting of
noncommutative integration (for Rademacher variables and in L,-spaces) led
to generalisations spreading into different directions. In the context of free
probability or analysis on the free group, they were introduced by Pisier and
Haagerup in [20], and studied further in different works (see for example [42]
and [55]). As mentioned before, Khintchine inequalities are also the precursors
of noncommutative martingale inequalities ([49], [24], [26]), another pillar of the
theory, see for example [27], [12] and [52]. Closely related to our subject, for
more than a decade, attention has been given towards general symmetric spaces.
One can mention, for example, the work of Lust-Piquard and Xu ([38]), Le
Merdy and Sukochev ([33]) and Dirksen, de Pagter, Potapov, Sukochev ([13]).
But only recently the case of quasi-Banach spaces was tackled by Pisier and
Ricard in [48] who proved Khintchine inequalities in noncommutative L,-spaces

39
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for p < 1. The latter paper gives the final key inequality to apply the method
found in [45] by Pisier. Our method takes inspiration from [14] where Dirksen
and Ricard proved the upper Khintchine inequalities in a very efficient way.
We give a similar proof of the lower Khintchine inequality which is usually
obtained by duality. This partially explains the difficulty of proving Khintchine
inequalities in L,-spaces for p < 1 or in any quasi-Banach space.

We present two different results (Sections 3.2 and 3.3) with independent
proofs though they partially rely on the same idea. In the first one, we show
that the lower Khintchine inequality in L,, for p < 2 implies the lower Khintchine
inequalities for all interpolation spaces between L, and L, with a decomposition
that does not depend on the space. This, combined with known results, directly
implies Khintchine inequalities in L; o, which could not be reached before due
to the inapplicability of interpolation or duality techniques in this case. A
motivation to prove this last result was that it allows us to prove the weak-1-
boundedness of Calderén-Zygmund operators in the noncommutative setting for
Hilbert-valued kernels ([39]) directly from the scalar-valued kernel case ([41]),
see chapter 4., corollary 4.4.2.

The second theorem gives a deterministic equivalent for "free averages" in
every interpolation spaces between L,-spaces. The remarkable feature here is
that its formulation does not depend on whether p < 2 or p > 2. In particular,
it holds in L o which is a tricky case since neither of the two usual formulas for
Khintchine inequalities work (see Section 3.5). Note that a deterministic formula
was already found using interpolation methods by Pisier in [46]. Our equivalent
is less tractable than the usual formulas. It is obtained by first proving that
any sequence of operators (z;) admits a factorisation of the form a(u;) + (u;)8
where o and f3 are positive operators and (u;) has good properties. Then, if (&;)
is a sequence of free Haar unitaries, the norm of Y x; ® &; happens to coincide
with the norm of oo @ 8 in all interpolation spaces between L,-spaces. This
yields a new proof of free Khintchine inequalities for p < 1. It does not apply
to Rademacher variables since it relies on Haagerup’s inequality ([19]) together
with a Holder inequality for anti-commutators (2.4.1) found in [54].

Let us now state the main results of this chapter. We refer to the previous
chapter, for the definitions of most notations appearing thereafter.

Consider (A, 74) a noncommutative probability space (74(1) = 1) and & =
(&)ien a sequence of elements in A. For z in S(M), we define Gz =)~ . 2, ®
&, in M4 := M®A. Recall that M will be identified with M ® 1 in M 4.

Fix F a symmetric space. The quantity we want to estimate is ||x||”E =

HG:cHE(MA) which is a quasi-norm on S(M). Denote by (M) (7% if there
is no ambiguity) the completion of S(M) for HH%E (for p € (0,00], we write
J = %p).

Remark 3.1.1. Let p,q € (0,00], the couple (4, .7,) is a compatible couple
of Banach spaces in the sense of interpolation. Indeed, for all » > 0, .77, can be
identified with a closed subspace of L,.(M_4) by extending the map G.

With this notations, the first noncommutative Khintchine inequalities ([36],[37])
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state that, assuming that £ is a sequence of independent Rademacher variables,

w :{ R,+C, ifpel,2]
P R,NC, ifpel2,00)

with equivalent norms. This motivates the following definition.

Definition 3.1.2. Let E be a symmetric function space. Define the following
two properties of E, depending on the noncommutative measure space M:

Khy(E,M) & Yz € S(M), H35||3fE ~ HxHREncE’

and:
Kh_(E,M) & Vz e S(M),

2l e = N2l pprcp

The main results of sections 3.2 and 3.3 come from the study of optimal
decompositions. Let us give their definition right away.

Definition 3.1.3. For any x € S(M) and p € (0,1]. Define
my(x) = inf{HRyHZ + HCZHZ x=z4+y,y,z € SM)}

We say that y,z € S(M) is an optimal decomposition of x in L, if y+z ==
and || Ry|[} + (| C2[[} = my ().

The intuition behind this definition is that distributions of optimal decom-
positions of x should somehow approach the distribution of Gz. Though very
vague, this idea is partially confirmed by the theorem 3.1.8.

Our first result is a negative one, we exhibit counterexamples to prove the
following proposition:

Proposition 3.1.4. Suppose that the &; are free Haar unitaries or Rademacher
variables and that M = B((?). There is no constant ¢ such that for every finite
sequence T = (p)n>0 € MN:

|| ZZZO T gi”2,<><> =< C||x||R2,oo+ngoo'

Similarly, there is no constant ¢ such that for every finite sequence x = (x5 )n>0 €

MN-'
2l g, ncae S D g @i @ Eilly

We present two proofs of this proposition. In the first, we construct explicit
counter-examples. Proving the required estimate in this case is not immediate
and relies in paticular on [14]. In the second, we crucially use the Schur-Horn
lemma for the construction. The method works in a much more general setting
and combined with theorem 3.1.8, enables us to prove the following:
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Theorem 3.1.5. Let E be a symmetric function space with the Fatou property.
Suppose that the &; are free Haar unitaries and M = B({?)®Lo(0,1). Then,

Khi(E,M) & E is right-2-monotone

and if furthermore there exists p > 0 such that E is an interpolation space
between L, and L,

Kh_(E,M) & E is left-2-monotone.

The next theorem has the advantage of requiring very little conditions on
the variables considered. We prove that if the lower Khintchine inequality holds
for some p, it also holds for ¢ > p with the same decomposition.

Theorem 3.1.6. Let p € (0,1]. Suppose that:
o the & are orthonormal in La(A),

o the &, verify the lower bound of the Khintchine inequality in Ly, i.e Kh_(L,, M)
holds.

Then there is a decomposition y, z such that x = y + z and for all interpolation
space E between L, and Loo:

) 1/2 ) 1/2
(o v9?) o+ (e 2#) oo S 1 g i@l saney

The constant ¢ only depends on A and p.

The proof is a dual version of the argument used in [14]. We use the Khint-
chine inequality in L, not only for an element « € S(M) but also for elements of
the form ex where e is a well chosen projection in M. This enables us to obtain
a control in terms of K-functionals which, by proposition 1.3.5, immediately im-
plies the theorem above as a corollary. For this idea to work the decomposition
Y, z has to be close enough to an optimal decomposition.

Remark 3.1.7. The second condition on ¢ is actually independent of p for
p < 2. This is a consequence of [48] (to go from p to ¢ < p) and theorem
3.2.1 (to go from p to ¢ > p). This means that applying the theorem above we
can prove Khintchine inequalities in L; o for any sequence of variables §; that
verifies Khintchine inequalities in L, for some p < 2. More details are given in
Corollary 3.2.2.

Note also that by remark 3.2.9, theorem 3.1.6 also holds for p € (1,2).

The second theorem summarizes the results found in section 3.3. By pushing
further the properties of optimal decompositions in L; and together with the key
inequality due to Ricard (2.4.1) we obtain a new proof of Khintchine inequalities
in all interpolation spaces between L,-spaces if the variables are for example free
unitaries. We also have a "deterministic" equivalent of H Y im0 Ti®& which
is however less explicit than the usual Khintchine inequalities.

H2,oo
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Theorem 3.1.8. Let x = (z;)i>0 € S(M). There exist a, 3 € M} and v =
(us)i>0 € S(M) such that:

e s(a) < Zizo uuy <1,
o 5(f) < Zigo uju; <1,
o foralli>0, x; = w3 + au,.
Furthermore, suppose that:
o the & are orthonormal in La(A)
e the &; wverify the Khintchine inequality in Lo, i.e Khy (Lo, E) holds.

Then for all p € (0,00) and E an interpolation space between L, and L :

ol say + 181 meany e I 322026 @ &illansy

where ¢ only depends on p and the constant co, appearing in (?7).

Apart from the inequality found in [54], the proof is based on a short duality
argument and the fact that optimal decompositions always exist in L;.

3.2 Some properties of optimal decompositions
in L, for p <2

3.2.1 Main result and consequences

In this section, the variables £; will always satisfy the following conditions:
1. the &; are orthonormal in Lo (A),

2. the &; verify the lower Khintchine inequality for some p < 1. More pre-
cisely, there exists a constant B, such that for all z € S(M),

my(z) /P < Bp||Gpr. (3.1)

Typical examples of such variables include free Haar unitaries or Rademacher

variables. We focus on lower Khintchine inequalities i.e of the type:
2]l gyt S 11Gl g

for E a symmetric space and x € S(M). The converse inequality presents no
difficulty in the motivating example of L; o, as we will see later. In [14], it
is shown that by applying multiple times Khintchine inequality in L, for an
element x, one can obtain a majoration of yu(Gz). Though it is less direct,
our method is similar and by using the Khintchine inequality in L, for p < 2
we obtain a minoration of the K-functional of Gz. The main theorem of this
section is the following.
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Theorem 3.2.1. Let p € (0,1] such that (3.1) holds. There exists a constant
C, such that for all x € S(M) there exist y, z € S(M) such that y + z = = and
for allt >0,

K (Ry,p,0) < C,K(Gz,p,0) and K (Cz,p,0) < C, K (Gzx, p, o).

The constant C, only depends on A, and B, which appear in (1.2) and (3.1)
respectively.

Let us highlight some consequences of the theorem. Since we have a control
on the K-functional, it extends to all interpolation spaces between L,-spaces by
theorem 1.3.5 and thus we obtain theorem 3.1.6 mentioned in the preliminaries
as a corollary. It also allows us to prove the Khintchine inequalities in L .

Corollary 3.2.2 (The Khintchine inequality in L; o). For any x € S(M),

|Gl oo = llzllg, . scr

Proof. By remark 3.1.7, we can suppose that p < 1. The inequality:
nf{[|Ryll, ., +[[C2], o s 2 =y + 2.2 € SIM} S [Gal],

is given by theorem 3.1.6 applied to £ = L; . The converse inequality is
classical. We know that the map Ry — Gy is a contraction on L, and Lo,
hence, by interpolation, it is bounded on L; .. By adjunction, the same is true
for Cz — Gz. Hence:

1G]], oo S NGl oo +11G2l1 00 S (1 RYIly o0 + 11Oz,
O

Remark 3.2.3. We emphasized the previous corollary because it concerns a
special case that motivated our work but the exact same proof works for a
general interpolation space between L,, p < 2 and Ly using interpolation for
the upper bound and theorem 3.1.6 for the lower bound. More precisely, let
p < 2 and F an interpolation space between p and 2 then:

Hr =Rp+Cg
with equivalent quasi-norms.

Remark 3.2.4. As a consequence of the preceding remark and theorem 3.2.1,
we obtain the following. Let p,q € (0,2], p < ¢. Then for all x € S(M),

Kt(z7%"%1) S Kt(Gxap7 q)

Using the terminology introduced in [43], the couple (7, 74,) is K-closed in
(Lp(Moa), Lg(My)) (recall that 57, and S, are identified with subspaces of
L,(M4) and L,(M 4) by remark 3.1.1). This means that the .7%,-spaces behave
well with respect to interpolation for p < 2.
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Proof. Let t > 0 and note that L, + ¢tL, is an interpolation space between L,
and L,. Using the fact that L, is an interpolation space between L, and L, and
by applying the definition of an interpolation space, this means that L, + tL,
is an interpolation space between L, and Lo,. Let = € S(M). This means by
theorem 3.2.1 that there exists y, z € S(M) such that x = y + z and:

Ki(Ry,p,q) + Ki(Cz,p,q) S Ki(Gz,p, q).
Hence, by remark 2.2.8, we have:
Ki(y, Ry, Rg) + Ki(2,Cyp, Cg) S Ki(Ga, p, q).
Let y1, Y2, 21,22 € S(M) such that y = y1 + y2, 2 = 21 + 22,
[v1ll, +tlv2llp, S Ky, Ry, By) and ||21]| +t][22]|, S Kil=,Cp, C)
Let z; = y1 + 21 and 22 = ys + 29, combining the previous inequalities:

Hx1’|RP+Cp + tHx2||cp+cq S Ki(Gz,p, q).

Since, by the previous remark R, + C, = 4%, and R, + C, = 5, we obtain:

Kt(z7%a ‘%) 5 Kt(Gxapy q)

3.2.2 First steps towards the proof

In this part, we present the main ideas that will allow us to prove theorem 3.2.1.
The central one is contained in proposition 3.2.5. Starting with an element
x, we use the Khintchine inequality on e(Gz) for well chosen projections e €
P(M) and thanks to proposition 2.2.9 we deduce the expected control on K-
functionals. There are, however, two technical difficulties. The first one is that
we could not prove that an optimal decomposition always exists when p < 1.
To skirt this problem, in the next part, we will prove that the argument also
works for decompositions that are close enough to being optimal but in this
case we need an additional control on the operator norm of the decomposition
which is given by lemma 3.2.6. The second difficulty is that to use propositon
2.2.9, we need to work in a diffuse algebra. To that effect, we simply tensor
our base algebra M by L, (0,1) which fixes the proof immediately thanks to
lemma 3.2.7.

Proposition 3.2.5. Suppose that M is diffuse. Let p € (0,1], if z € S(M) and
r =y + z is an optimal decomposition in L, then for all t > 0, K;(Ry,p,c0) <
Af,BpKt(Gx,p, o0) and K¢(Cz,p,00) < AinKt(Gx,p, 00).

Proof. Let e be a projection commuting with |(Ry)*| and f =1—e. Takee >0
and y1,y2, 21,22 € S(M) such that ex = y; + 21, fo = y2 + 29, HRyle +
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HC,21||£ < mp(ex) + ¢ and HRngz + HC22||§ < mp(fr) + . We can write
x=ex+ fxr =1y + 21 +y2 + 22. Then by minimality of y and z:

[By[l, + [IC=[l, < R +w2)ll, + [[C 21 + 22)]}-
We use the p-triangular inequality and obtain that:
1R + w2)l[, + [|C e + 22)[[ < [[Ban[; + [|Cza [} + [ Bya[) + (| Calf
Combined with lemma 2.1.4, we get:
[B(en)ll, + [RUDI, +1C=1, < ([Bually +[[Czll, + | Buall) + [[Clly-

Now using the almost minimality of the couple (y2,22) and lemma 2.1.4, we
obtain:

1Ryel, + [1C21; < (1R, + U2, +2 < [RUI + €2, + =

Hence, combining the last two inequalities and then using the Khintchine in-
equality for p:

IRl < [[Runll, + [[Call} + € < Bp||Glex)|[) + 2e.
This is true for all € > 0 so:
[R(ex), < BR[|Gex)[,-

The previous inequality holds for all projections e commuting with |(Ry)*|.
Taking the supremum over all such e with 7(e) < ¢? and using proposition 2.2.9
and remark 2.2.10, we obtain:

Kt(Ryap7 OO) S AZBpKt(Gxap7 OO)

The case of z is exactly symmetrical by taking adjoints and so the proof is
complete. O

To prove the theorem without making any assumptions, the following lemma
is crucial.

Lemma 3.2.6. Let ¢ > 0 and z € S(M). There exist y and z in S(M)
such that z = y + z, RyHi + HCZHZ < my(x) + ¢, |RyHoo < 2HGxHOO and
€], = 2[|Ga]

Proof. With the notations of the lemma, choose y,z € S(M) such that y +
z = x and |Ry||§ + ||Cz||§ < my(x) + € and denote HG$||OO = A. Let e =
Liaoo)([(RY)*)), f = 1{a,00)(|C2]). We write z = etz f* + ex + etaf and
deduce the new decomposition: ¢’ = ety f+ + ex and 2’ = et zf+ +etaf. Let
us check that it satisfies the conditions of the lemma.
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Note that ||R(e;v)||oo < HR(x)HOO < A. The last inequality follows from
the fact that the & are orthonormal and that consequently the map Id ® 74 :
MBA — M sends |(Gz)*|* to |(Rz)*|*. Moreover, the left support of R(ex) is
less than e, indeed: |(R(ex))*|* = e(>,; ziz))e. Hence |R(ex)*| < Ae. Note also
that |(R(ey))*| > Ae. Indeed, since e and |(Ry)*| commute by lemma 2.1.4,
[(R(ey))*| = e|(Ry)*| > Ae by definition of e. By symmetry, we have the same
kind of estimates for the columns i.e |C(etzf)| < Af and |C(zf)| > Af. For

rows, we get:
1By, < 1By DI, + [[BE)]
< ||[R(e*y)][; +7(e)A”
< [|REe ), + 1R,
= ||yl

where the last inequality is given by lemma 2.1.4. Similarly, for columns, we
get:
le="]1; < lle=l5.
p p

Consequently:
1By'[[} + €215 < [IByll; + |C=|I} < mp() + &
The control in L., also follows quickly:
17yl = 1Ry )| + 1R (e
< [Re )l + 1| R=]l
<24

where the last inequality is a consequence of the definition of e. The case of
columns is as always symmetrical which concludes the proof. O

The following lemma is the key to remove the hypothesis that M is diffuse.

Lemma 3.2.7. Consider the noncommutative measure space N' = M®L ([0, 1])
equipped with the tensor product trace and identify M with M ®1 C N. Then
for any p > 0 and = € S(M):

my(z) = inf{HRsz + ||C’g||z cf+g=xf,geSWN)}.
Proof. Since M C N the inequality:
mp(@) > inf{||Rf||? + ||Cal]”: f + 9=, f,9 € SIN)}

is clear.
Let f,g € S(N) such that f+ g = z. Seeing f and g as functions from [0, 1]
to S(M) we write:

sl +licaly = [ IRG@I + [CG@a > [ mpear = m e

O
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Extend the notation my,(h) to elements h € S(N') by:
mp(h) = mt{||[Rf|]7 + [|Cyll : f+9=h.f.g € SN)}.

When z € S(M) is considered as an element of S(N), there are now two
definitions of m,(x). Either the decompositions can be taken is S(M) or in
S(N). Note that by the lemma above, these two definitions coincide.

3.2.3 Proof of the theorem in full generality

In this section, we present a proof of the main result using decompositions that
are close to be optimal rather than optimal. We essentially follow the proof of
proposition 3.2.5 but we need some additional care and lemma 3.2.6 to get the
final estimate. An alternative approach is to work in an ultraproduct where
optimal decompositions always exist, it will developed in the next subsection.
Note that the two strategies yield the same constants.

Lemma 3.2.8. Let 0 < p < 1. For all z € S(M), n > 0 and decompositions
x =y + z such that HRyHi + HCzH;; < my(z) + nP, we have:

Kt(Ryapv OO) < Ap (AngKt(vapv Oo)p + np)l/p
for all t > 0.

Proof. Let p € (0,00) and # € S(M). Take n > 0 and y,z € S(M) such that
y+2z =z and HRyHi—i— HC’zHi < my(z)+nP. To be able to use lemma 2.2.9, we
need to work in a diffuse algebra so we will now consider =,y and z as elements
of S(N).

We can now repeat the argument of the proof of proposition 3.2.5. Take e
a projection commuting with |(Ry)*| in S(M) and f =1 —e. Take ¢ > 0 and
ex = y1 + 21 , fr = y2 + 22 such that HRylﬂi + ||CleZ < mp(ex) + ¢ and
HRngi + HCZgHz < mp(fx)+ e. By definition of y and z, RyHi + HCzHi <
mp(z) + 1P, hence :

||Ry||i + HCZHIZZ < ||R(y1 + y2)||§ + ||C’(21 + ZZ)H;Z + 7P,
By the p-triangular inequality and lemma 2.1.4:
1Rl + IRGDI, + 1C=1, < 1Rl + Oy + [[Ryal; + [ Calfy + 7

Now using the almost minimality of the couple (y2,22) and lemma 2.1.4, we
obtain:

[Byaly + [C2 |y < |RGWI + [CE + 2 < RG], + |C=]7 + .
And we conclude using the Khintchine inequality:

1B, < Byl + [[Cl] + = +n” < BY[|Glea)[[] + 22 + 0",
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This is true for all € > 0 so:
[Rey)|, < BR[| Glea)|[, + .

Taking the supremum over all projections e € AN/ commuting with |(Ry)*|,
by proposition 2.2.9, we obtain that:

Ki(Ry,p,00) < Ap(ALBPK(Gx, p, 00)P + 1) /7.
O

Proof of theorem 3.2.1. Let x € S(M). We need to find y and z in S(M) such
that y 4+ z = =,
Kt(Ryap7 OO) S Kt(G'r7p7 OO)

and similarly for Cz. Write again A = HG:vHOO Define ¢ := T(1|Gx‘>A/2)1/p.
For ¢t < 4, (1.1) gives:

t:D
A K (G, p,00) > (/ Mu(Gx)pdu)l/p > %
0

Let n = K5(Gz, p,0). /

Take y,z such that HRyHZ + HC’zHi < my(z) + 0P, ||Ry||, < 24 and
||C’z||C>o < 2A. This is possible by lemma 3.2.6. For ¢t > 4, using lemma 3.2.8
and since t — K;(Gx, p,0) is increasing, we have:

Ki(Ry,p,00) < Ay(APBY K (G, p, 00)P + 17”)1/1’
< Ap(ADBEEK,(Gx,p, 00)? + K;5(Ga,p,00)")"/?
< Ap(APBE + 1)'/P Ky (G, p, 00).

tA
For t < §, we know that A,K;(Gz,p,c0) > > and since HRyHOO < 24, we

also have K (Ry,p,00) < 2At so K;(Ry,p, o) < 44,K(Gz,p,00).

Let Cp = max(Ap(Ang—l—l)l/p, 4A,). We have just proven that for all ¢ > 0,
K (Ry,p,0) < C,K¢(Gx,p,00). Since the argument is perfectly symmetrical,
we also have K;(Cz,p,o0) < C, K (Gz,p, 00). O

Remark 3.2.9. The theorem still holds when p € (1,2]. Indeed, the p-
triangular inequality is false in general but here, we only use it to prove in-
equalities of the type:

lez + fylly < lexll, + [l 791, (3.2)

where e is a projection, f =1 — e and z,y € M. This still holds for p € [1,2]
using the inequality, for all a,b € M:

p

lla—=b]]” + [la+b]
- < lalf + o] (3.3)

2
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Note that ex + fy = (e — f)(ex — fy) and that e — f is a unitary. Hence
Hex + fpr = Hem — fpr. Now take a = ex and b = fy in (3.3) to obtain

(3.2). To prove (3.3) one can for example apply the Riesz-Thorin interpolation
theorem to the application T': (z,y) — (z +y,z — y).

3.2.4 Proof using an ultraproduct argument

In this section, we prove the main result by reducing it to proposition 3.2.5. We
have already seen that we can get rid of the hypothesis that M is diffuse by
considering N’ = M®L(]|0,1]). Here, we reduce the problem to the case where
x has an optimal decomposition by placing ourselves in an ultraproduct. We
will denote by M., the ultraproduct of N copies of M. Since we only consider
sequences z € S(M), as mentioned before, once z is fixed, we can work in
(eMe)N where e = s(|(Rz)*|) V s(|Cz|). Hence, to simplify the exposition of
this subsection, we will suppose right away that M is finite. We also fix the
following convention:

o if z € S(M), since M is canonically embedded in M, x can also be
considered as an element of S(M,,),

e consider y a finite sequence of elements in B, y = (y(l), ...,y(N)) with
N € N. For i < N, write y(® = (yﬁf))neN and define, for all n € N,
o = (), y)) € S(M).

Lemma 3.2.10. Let p > 0 and = € S(M). Then:
mp(x) = if{||[Ry||” + [|C=|]} : 2 =§+ 27,7 € S(M.)}-

Furthermore, there exists g,z in S(M,,) such that m,(z) = ||Ry||§+ HC’EHi and

representatives y, z € S(B) such that for all n € N, y,, + z, = «, HRynHOO <
2/|Ga||, and [[Rzn|, < 2| Gl

Proof. Let 5,z € S(M,,) and choose representatives y and z in B such that
Yn + 2, = x for all n € N.

1B, + [|C=]; = tim w(| Rynl”) + lim (|C20”)
= lim (| Ryn|") + 7(|Cznl”)

> mp(x).

The other inequality is immediate since L,(M) is isometrically identified to a
subspace of L,(My,).

To prove the second part of the lemma take (y,, 2, )n>0 a bounded sequence
of elements in S(M) such that for all n € NV, y,, + 2, = @, RynHOO < 2HGCL’HOO,

HRanOO < ZHG:UHOO and lim,,_, HRynHi + ||Czn||i = my(x). This is possible
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thanks to lemma 3.2.6. Denote by 5 and Z the corresponding elements in S(M,,).
We have § + Z = x and:

[Rg|l} +[|CZ])7 = lim 7 (|Ryn[") + lim 7(|Cza|")
= li(?T(|Ryn|p) +7(|Cz, ")

=my(z).

O

Remark 3.2.11. Note that for all p > 0, x € M, lim;_, o, K¢(z,00,p) = ||9:Hoo
As usual, we can suppose that > 0. Since K (x, 00, p) is increasing and bounded
by Hx”oo, it has a finite limit [/ less or equal than Hx”oo Suppose by contradic-

tion that [ < Hx”oo Then for all ¢, there exists y € M such that Hy“oo <l and
Hac - y||p < I/t. Let e = 1¢ o)(2). Hx - pr > He(m - y)e”p. Now exe > el
by definition of e and eye < el so He(m — y)er > He(x — l)er. Hence for all ¢,
1/t > ||e(x — l)e||p > 0 which yields a contractiction taking limits when ¢ goes
to infinity.
Proof of theorem 3.2.1. By the previous lemma and lemma 3.2.7, we can apply
proposition 3.2.5 to x in the algebra N' = M, ,®L([0,1]). Hence, an opti-
mal decomposition 7,z given by the previous lemma verifies, for all ¢ > 0,
K;i(Ry,p,0) < Af)BpKt(Gz,p,oo) and K(Cz,p,00) < AngKt(Gx,p,oo).
Now, by lemma 2.3.1, applied to |Rg*|, we know that K (Ry,, L,(M), M) con-
verges uniformly to K(Ry, L,(M,,), M,). Note that lim;, Ki(Gz,00,p) =
HGxHoo so there exists tyg € RT such that for all ¢ > tg, Ki(Gz,00,p) >
3lG=||_. Now let e = K, (Ry, Lp(M.), M,,) and chose N such that for
allt >0,

|K¢(Ryn, Ly(M), M) — Ki(Ry, L,(M,), M) <e
Since the K-functionnal is increasing this means that for all ¢ > 1/ty, Ki(Ryn, Lp(M), 00) <
2K (Ry, L,(M,,), M,,). Now, note that K;(yn, L,(M), M) = tKy ;;(Ryn, M, L,(M))
and recall that HRyNHOO < 2”Gx||oo. For t < 1/to:

Ki(yn, Lp(M), M) = tK, ,(Ryn, M, L,(M))
< t||Ryn]|
< 2t Gzl
< 4tK, (G, 00, p)
< 4K (Gz,p,0).

Now, by applying theorem 2.2.6, we know that K;(Ryn, L,(M), M) =~ K;(Ryn,p, >0)
and that K,(Ryn, L,(M,), M) = K;(Ry,p,0). So, for t <1/ty:

Kt(RyN7p7 OO) S CpKt(RyN7 Lp(M)7 M) S 4CpKt(Gxapa OO)



72 CHAPTER 3. NONCOMMUTATIVE KHINTCHINE INEQUALITIES

And for t > 1/ty:

Ki(Ryn,p,0) < cp Ki(Ryn, Lp(M), M) < 2¢, K¢ (Ry, Lp(M,,), My,)
< QCth(Ry,p, o0) < QCIQ)AIQ,BpKt(Gm,p, 00).

O

3.3 Further results on optimal decompositions in
Ly

In this section, we investigate further the properties of optimal decompositions
in Ly. The first notable fact is that in this case, we can prove that an op-
timal decomposition always exists (see lemma 3.3.1). Knowing this, a simple
duality argument yields a factorisation for elements in S(M) (theorem 3.3.2).
Remarkably, this result is of purely algebraic nature and combined with [54]
which provides the necessary estimate on anticommutators, produces a new
proof of Khintchine inequalities. The main novelty is the emergence of elements
a,8 € M™T associated to & € S(M) which play the role of a "modulus" in
Jt,-spaces (theorem 3.1.8). In particular, there is no need in the proofs to dis-
tinguish between p < 2 or p > 2. The drawback of the method is that it relies
on Khintchine inequalities in L., and therefore does not apply, at least directly,
to Rademacher variables. Let us already assume that for all x € S(M),

G|

o Seoo maX(HRxHOO, }C’x“oo) (3.4)
We start by proving the existence of an optimal decomposition in L;. The
argument is straightforward by taking a limit of a minimising sequence of de-

compositions.

Lemma 3.3.1. Let 2 € S(M). There exist y,z € S(M) such that y +z =«
aud | Ry, + O], = mr &)

Proof. Consider a sequence (y, 2(9);5, such that:

dim ([ Ry + [[C2]) = ma (@),

and for all i > 0, y® 4 200 = 2. By lemma 3.2.6, we can suppose that the ys)
and 2\ are uniformly bounded in Lo (M). Recall that the sequence  is finite,
say of length NV and let:

e = s(|(Rx)"|) v s(|Cx).

By considering the sequences (eyff)e)ngN and (ez(Ve),<n We can also suppose
that 3@ and 2 are in (eMe)V. Since the y'” and 2\ are uniformly bounded
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in Lo, (eMe), by the criterion of weak compacity in L; ([58]), up to extraction,
we can suppose that for all n > 0, the sequence (Zh(zl))izo converges weakly in
Li(eMe) to an element y, € eMe and using Mazur’s lemma, taking convex
combinations we can even assume the norm-convergence in Lq(M).

Let y = (yn)o<n<n and z = (z)o<n<n. Since the sequences y and z
belong to (eMe)”V, they belong to S(M). Note that {a,b : a +b = z} is
closed and convex, so for all n > 0, y, + 2, = x,. Moreover, for 0 < n <
N, we have lim;_, oo yfll) ® e1n = Yn @ €1, in Li(eMe®B(£?)) and similarly
lim; o0 zy(f) ® en1 = zn @ ep,1. Hence, by summing over n, we obtain: m4(z) =
lim; oo | Ry @], +[|C=V], = || Ryl], +[|C=]],-

O

Theorem 3.3.2. Let x € S(M). There exist a, 3 € M} and u € S(M) such
that + = au + uB, s(a) < |(Ru)*| <1 and s(B8) < |Cu| < 1.

Proof. Using the same notations as in the previous proof, we can work in
(eMe)N which garantees that all sequences considered are in S(M) and op-
erators are finitely supported. Let y, z € S(M) be the elements given by lemma
33.1iey+z==zand HRyH1 + HCZH1 = my(z). Denote o = |(Ry)*|, e = s(«),
B = |Cz| and f = s(B). Write y = av, v € S(M) such that aRv is a polar
decomposition of Ry, in particular v can be chosen such that ev = v. Similarly,
z=wp with w € S(M) and wf = w.

By duality, there exists an element u € (eMe)Y such that HuHROOmC00 =1
and

T(Zizo uiTi) = HxHRH-Cl =my(z).

Let us rewrite the previous equality with the notations introduced previously:
mi(z) = 7( Zi>0 u; (av; +wifl))
() +7(8) = 7( Zizo aviuje) +7( ZiZO fuiwiB)

taking the real part on both sides of the equality, we get:

(o) +7(8) = T(%(Z'm aviu;‘e)) + T(?R(Zizo fuz*wlﬁ))

(3

and by the tracial property of 7:

(o) +7(8) = T(a%(zizo viuje)) + T(?R(Zizo fuiw;)B)).

Moreover,
H?R(Zizo viuje)Hoo = H?R(R(v)C’(u*e))Hw <1

and since ev = v:

s(?}?(zizoviu;‘e)) = s(R(e()_ _ viuj)e)) = s(ei}?(zizo viug)e) < e
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so R(> ;o viuje) < e. Similarly, since wf = w, R(>",+, fujw;) < f. Hence, we
must have N
%(Zz‘zo viule) =e.
This means that
Ir(R@)C el = [[R@),|Cwe)l,:
There is equality in the Cauchy-Schwarz inequality in Ly(M®B(£2)), so there

exists A € C, eu = Av. The only possibility is that ew = v. Hence, au =
aeu = av = y. Similarly, u8 = z. Therefore, x = au + uf. Let us now

verify the other required properties. First, since ||u||R o =L [(Ru)*| < 1.
Secondly, since eu = v, e = [(R(eu))*| and note that HRUHOO < 1 implies
that ||e(Ru)(Ru)* z < 7(e). Moreover, by orthogonality,||e( Ru)(Ru)* ; =

|e(Ru)(Ru)*el|;+||e(Ru)(Ru)* (1 —e)||5. Hence, 7(e) > 7(e)+ || e(Ru) (Ru)* (1~
e)| z, which means that e(Ru)*(Ru)(1—e) = 0. Symmetrically, (1—e)(Ru)(Ru)*e =

0 so

(Ru)(Ru)* — e = (Ru)(Ru)* — e(Ru)(Ru)*e = (1 — e)(Ru)*(Ru)(1 —e) > 0.
By adjunction, we obtain similar inequalities for columns. O

We are now going to show that we can obtain Khintchine-type inequalities
in a very general sense from the factorization found above.

Theorem 3.3.3. Let x € S(M), o, € MI and v € S(M) such that x =
au+ uB, s(a) < [(Ru)*| <1 and s(8) < |Cu| < 1. Then, for all t > 0 and
p>0:

Ki(a,p,00) + Ki(B,p, 0) . K¢(Gx,p,0),

where ¢ only depends on p and (§;) (more precisely on the constant ¢ appearing
in (3.4)).

Proof. Upper estimate. Let p > 0 and t > 0. Note that Gz = a(Gu) + (Gu)g
where « is identified with o ® 1 and 8 with 8 ® 1 in M®.A. By the Khintchine
inequalities in Lo, (i.e. estimate (3.4)), since HuHRmmcoo < 1 we have HGuHOO <
Cso- Hence,

Kt(Gxapa OO) S/ Kt(OL(GU),p, OO) + Kt((Gu)ﬁapv OO)
< Coo(Kt(a7paoo) + Kt(ﬁvpvoo))'

Lower estimate. Let t > 0. We only prove the theorem for p < 1, to obtain the
result for p > 1 it suffices to take § = 1 in the argument. Let us rewrite lemma
2.4.1, with 6 = p, g = oc:

Kin (a(Gu) + (Gu) 8P, 1,00) < K (G, p, 00)?||Gul| 2"
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With this inequality, we can conclude without too much effort. Indeed:
K (a?(Gu) + (Gu)pP,1,00) > HGuH:Ktp(((Gu)ﬁp + o?(Gu))(Gu)*, 1, ).

By (3.4), HGuHOO < HuHmeCm = 1. Let us now consider the conditional

expectation Id ® 74.

(Id @ 74)((Gu)B? + o (Gu))(Gu)*) = (Id ® TA)(Z 50 ui fPu; @ &5 + Zi,jzo aPuul @ §E7)

[
Rl * o0 *
= E wifPui + E AP
=0 =0

As a conditional expectation, Id ® 74 is bounded on L; and L., so
K ((Gu)B + o (Gu))(Gu)*", 1,00) 2 K (Y~ wifuj +a?(Y_ ~ wiuf),1,00),

note that > % u;fPuf > 0, and that since s(o) < > F uuf < 1, we get
aP (3252 uzul) = aP > 0. Hence,

Ktp (Zizo ulﬂpu? + OLP(ZZ_:O ulur)? 1’ OO) 5 Ktp (ap’ 15 OO) 5 Kt(a7p7 Oo)pa

where we used the power theorem (proposition 2.2.1) for the last inequality.
The same tricks work for 8 by multiplying Gz by (Gu)* on the left. O

Remark 3.3.4. Theorem 3.1.8 claimed in the introduction is obtained by a
combination of the two previous theorems and the characterisation of interpo-
lation spaces between L,-spaces given by proposition 1.3.5.

Remark 3.3.5. If we start with an x € S(M) such that for all i > 0, z; = =7,
the factorisation given by theorem 3.3.2 takes the following form. There exists
a € M* and u € S(M) such that

& r = ux + au,
o forall i >0, u; = uj,

o s(a) <X suf <1
Remark 3.3.6. From the results of this section, it is easy to recover the upper
and lower Khintchine inequalities. More precisely, if F is an interpolation space
between Ly-spaces, p € (0,00] and € S(M):

S |Gal

Hx’|RE+CE M) S HxHREﬂCE'

Proof. Let x € S(M). The left hand side inequality is obtained directly by
considering the decomposition y = au and z = uf and applying the lower
estimate in theorem 3.1.8.

To show the right hand side inequality, we make a computation similar to
what appeared in the proof of theorem 3.3.3. First, using again theorem 3.1.8,
we know that

HGxHE(MA) S maX(HaHE(M)’ ||ﬁHE(M))'
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Moreover, note that

||RxHE(MB) =~ HRx(‘Ru)*HE(MB) =+ (R“)ﬁ(R“)*HE(MB) Z HO‘HE(M)'

By adjunction, we also obtain

HCQ“"HE(MB) 2 HBHE(M)'

Hence,

CxHE(

1G] ganyy S max ([ R2]] - Moy

3.4 A remark about martingale inequalities

In this section, we recover a variant of a result first proved in [52] on martingale
inequalities. The novelty compared to the original noncommutative martingale
inequalities ([49]) is that we show that the decomposition appearing for 1 <
p < 2 can be chosen to be independent of p. Note that this result has also
been obtained, using a constructive approach, in a recent preprint ([23]). The
setting is the following, let F = (M,,),>0 be a filtration on M, and assume
that for all n € N, the conditional expectation E,, : M — M,, exists. Denote
by M := Up>oM,, the set of finite bounded martingales for the filtration
F. For any z in M__, denote by dx the associated martingale differences. For
the remainder of the section, suppose that the &; are independent Rademacher
variables.

Theorem 3.4.1. There exist constants (kp)p>1 such that for any x € MZ,
there exists y and z € M7, such that x =y + z and for all p > 1:

1B@)], + [[C@)]], < kpllell,-

Proof. By theorem 3.2.1 applied for p = 1, there exists 3’ and 2/ € S(M)
such that de = ¢’ + 2’ and for all ¢ > 0, Ky (Ry’,1,00) < C1 K¢(Gz,1,00) and
K (C7',1,00) < C1K;(Gz,1,00). By real interpolation, this means that for
all p > 1, ||Ry'Hp + HCZ/Hp < 2C’1||Gme. Define Ag = Ey and for n > 1,
A, =E, —E,_1. Let dy = (An(y;,))n>0 and dz = (Ayn(2,,))n>0- This way y
and z belong to M and they keep the same properties. Indeed, for all n € N,
dr, = Ap(dz,) = An(y), + 2),) = dyn + dz, and by Stein’s inequality ([49],
62]):
! /
|R(dy)|], + [[C@)], S [[Ry'[|, + |C=']], < [IG(dw)]],-

Moreover, by the the unconditionality of martingal differences [49], || G(dz) Hp ~

Hx”p. Hence, there exists a constant k, (independant of ) such that:

1R, + |C@=)]], < Kyl
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Remark 3.4.2. Since by interpolation, Burkholer-Gundy inequality stays true
in all interpolation space E between L,-spaces, oo > p > 1, the argument above
can be reproduced and the decomposition y, z constructed in the proof verifies

1By]| 5 + 11Ol 5 < kel -

3.5 On the properties Kh, and Kh_

3.5.1 Explicit counter-examples in L;

In this section, we construct two counter-examples to prove proposition 3.1.4.

3.5.2 Counter-example for H; ., = R2 + Co 00
The first counter-example is very simple to define. Fix NV € N, we are going to
construct a sequence of matrices = (2;)1<;<n such that ||Gx||2 o vVIn N

and ||RxH2 « = 1. In consequence, we get:

1
< |12l < =[Gl o

vVin N

([P

1
Lemma 3.5.1. Let z = (2;)1<i<n € B(H) with z; = 76171' for 1 <3 < N.
1

Then, |[Ga, ., > /(¥ —1) and ||Ca], . =1.

.l 700?. \We ha\/e:
G *|2 = E N *16 X 1 > 1 N —1e X 1
| T | i=1 7 1,1 A Z Il( ) 1,1 A

and:
N 1

‘CJC‘Q = Zi:l ;61'71‘.

Hence || [Gz*| > In(N —1) and || |Cz| =1

| °
1,00 1,00

3.5.3 Counter-example for H; = R2 o N Co o0

In this subsection, we will always assume that the (§;);>0 are free Haar unitaries.
We start by making the following observation that is easily deduced from [14]:

Lemma 3.5.2. Let z € S(M). If all eigenvalues of |Rz| are less are equal to
the positive eigenvalues of |Cz|, then

w(Gr) < 2u(Cx).
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Proof. Consider the element Rz ® Cz € (M ® B(£?)) ® (M ® B(¢?)) which
is no longer a noncommutative probability space but is still a noncommutative
integration space equipped with the sum trace. In [14] (p.3), it is proved that
Aot (Gx) < M (Rx @ Cx) for all ¢ > 0. Symmetrically, for all ¢ > 0, pu:(Gx) <
2u(Rx & Cx) which is the key inequality we will need.

Furthermore, recall that the conditionnal expectation Id ® 7 sends |Gz|? to
|Cz|* in M ® A. This implies that for all ¢ > 0:

/0 (O < / (G

In particular, for ¢y = 7(supp |Cz|), we obtain:

~(|Cal?) = / (O < / ' u(Gr)? < / " u(Ga)? = 1(1GxP) = 7(1Ca ).

Therefore, all terms appearing above are equal and p;(Gz) = 0 for all ¢ > .
Hence, 1 (Gz) < 1,<4,2p (R @ Cx).

Finally, by hypothesis, all eigenvalues of | Rx| are less are equal to the positive
eigenvalues of |Cz|. In this special case, u(Rx @ Cz) is very easy to compute.
Indeed, consider the function f defined by:

He—to (R(E) if t > to.

One can easily see that f has the same distribution as Rx ® C'xz, f is nonin-
creasing and left-continuous so f = pu(Rz & Cx). In consequence, for all ¢t > 0:

1(G) < Lyc 2f () = 2(C).
O

Using the previous lemma, we will be able to control the norm of Gx. What
is left to do now is to find a sequence such that the eigenvalues of Cxz dominate
those of Rz and HC’xH2 o K HRxH2 - In the remainder of the section, we

construct an explicit example with once again M = B(¢?).
Fix N € N. Consider the sequence:

n N N
tn = Zk:l i {kJ B {kJr IJ)
and define n; = inf{n : u, > j} with the convention n; = co if j > sup, >, u, =

Uun-.

Lemma 3.5.3. For all 4,

And for all j > 1,
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Proof. By definition of n;, (i < n;) < (j > u;—1). Hence,
1 1
1i n;, _— — -
Zj>0 sn n; Zj>ui71 n;
U 1
=22, -

j=uk—1+1 N
SRR

N
=7
The other equality is direct with the convention é =0. O

1
Let 2;; = licn,——e;,; € B((?) for i,j > 1.

N

Proposition 3.5.4. Let (& ;)i; be free Haar unitaries. Consider the x; ; de-
fined above. We have:

| Z” Tij ®§i,jH2’oo < 2V'N,

and:

I3, besal? | = /NG

Proof. Using the previous lemma, we have:
2 1 N
N
T S TR ) EVS P
Zm’ b i1 =Mt i1 i |

N 1
Consequently, for all £ >0, p (>, ; |x )= M’H‘HJ < —. Similarly,

’ Z :
E I 1<, e--:E licyv€ii.
”| il i1 S n; 3,3 o1 dsun©id

So we have (3>, |2i41%) = Loy -
The conditions of lemma 3.5.2 are satisfied so:

w32, w0 ® 6a) < 23, Jai, D7),

Zi,j T Q& Hz,oo < 2\/H Zi,j

Furthermore, note that:

uy = Zilk(wJ - LCJLJ) - Z:’_l VZJ ~ Nn(N).

2

*
]

Hence,

’ Hl,oo < 2\/N

.
Zij

So, as expected, we have || 37, ERk |, . ® NIn(N). O
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3.5.4 The systematic construction

In this section, we give a second proof of proposition 3.1.4 and more importantly,
we prove theorem 3.1.5. The proofs are based on the Schur-Horn theorem which
enables us to show that the distributions of Gz and Rx can be prescribed. For
now, the &; are only supposed to be orthonormal.

A finite sequence a = (ay, ..., a,) will be identified with the infinite sequence
a = (ay,...,a,,0,0,0,...). To any sequence a we associate the function

fa = Zzl ail(i—l,i]~

Proposition 3.5.5. Let M = B(¢?). Let a and b be two finite nonincreasing
sequences of positive reals such that for all n € N,

n n o0 o0
> ai=>  bland > ai=>» b
=1 =1 =1 =1

Then, there exists x € S(M) such that

w(Gz) = ju(Cx) = fu and p(Rz) = fy.

Proof. Let N € N be the length of ¢ and . The Schur-Horn theorem applied to
(a?) and (b?) produces a positive matrix M € My (C) such that the eigenvalues
of M are given by (a?) and the diagonal of M is given by (b?). Consider
T = (ei,iM1/2)0§i§N. Then

|G35‘2 = Z ,M1/26i,i€j7jM1/2 ®EE = ZZ Ml/z@i,iMl/z ®1l=M®I1.

0.
Similar computations give: |Cz|* = M®e; 1 and |(Rz)*|” = Diag(M)®ey,. O

Second proof of proposition 3.1.4. Fix N € N. Denote by uy the quantity
Uy = Zf;l 1/i. Let a = (a;)i<1 and b = (b;)i<n be defined by a; = \/un,
a; = 0 for i > 2, b; = \/T/iforigNandbi = 0 for ¢ > N. Ap-
plying the previous proposition, we obtain an element x € S(M) such that
HGtz,oo = Jun ~ /In(N) and HR.&?HZOO = 1. Hence, we cannot have

ot o S Wl e

Now define vy := SN, [N/i]. Let a = (v/[N/i])icy and b = (1)i<yy -
By applying, the previous proposition again, we obtain an element = € S(M)

such that ’|G$H2,oo = /N and HRtz’OO = /on ~ /N In(N) which denies the

possibility of having ||H/f2 N U

[ P

Let us now prove theorem 3.1.5. We divide the proof into three lemmas.
Recall the definition of the set F' of non-negative dyadic step functions:

N
F:={f€Ly(0,00):IneN,IN eN,Jac (RN, f= Z,_l ail{i_1y2-n i2-—n)}-

Lemma 3.5.6. Let M = B({2)®L4(0,1). Let f, g € F such that f? = g2 and
HfH2 = Hg”2 then there exists z € S(M) such that u(Gz) = f and p(Rzx) = g.
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Proof. This is a direct corollary of proposition 3.5.5. Write f = Zf\il a;1i—1)2-n i2-n)
and g = Zfil bilj(i—1)2-n i2-n). Since 2 = g2, a® = b%. Let x € S(B(¢?)) be
given by proposition 3.5.5 and define 2’ = (2; ® 1(g,2-n))i<n. Then u(Gz2') = f
and p(Rz') = g. O

Lemma 3.5.7. Let E be a symmetric function space and M = B({?)®Lw.(0,1).
Then,

Ehy (B, M) = (¥f,9 € F, f* = g* = |lg] s S || £ )
and

Kh (B,M)= (Vf.g € F f*>¢* = |lg], S /]l )-
Proof. Suppose Kh(E,M). Let f,g € F such that f? = g?. We can find
h > g € F such that f2 = h? and || f?|| = ||h?|| by lemma 1.4.2. Then by

lemma 3.5.6 there exists © € S(M) such that pu(Gz) = f and p(Rzx) = h.
Hence, by Kh(E, M),

1 lle = Gl 2 Rl 5 = [[Al] -

Suppose Kh_(E, M). Let f,g € F such that f2>g%. Wecanfindh >ge F
such that f2 > h? and ||h||2 = ||f||2 again by lemma 1.4.2. So by lemma 3.5.6,
there exists © € S(M) such that u(Gx) = h and u(Rx) = f. By Kh_(E, M),
|Gl < llollg, 4, I particular, ||Ga|; < || Rel| ;. Hence, [[Al]; < I f]] -

Recall that g < h so HgHE < HhHE and the proof is complete. O

Lemma 3.5.8. Let E be a symmetric function space. If E is left-2-monotone
then Khy(E, M) holds. If furthermore, there exists p > 0 such that E €
Int(L,, L), E is right-2-monotone then Kh_(E, M) holds.

Proof. Consider the conditional expectation E : M 4 — M defined by E :=
Id ® 74. Note that for any z € S(M),

E(|Ga|*) = |Ca|* and E((Gz)"|*) = |(Ra)"[*. (3.5)
Suppose that now that E is left-2-monotone. By (3.5), |Cz|> < |Gz|* and
|Rz|> < |Gz|? so HGJ:HE > HC:UHE and HGZ‘HE > ||Rx Reciprocally, by
remark 3.3.6 or [14], |Gz, < |||

x )
RgNCg
Suppose that there exists p > 0 such that E € Int(L,, L) and that E is

right-2-monotone. Fix z € S(M), then by theorem 3.1.8, wHRE+CE < HGJ:HE

Reciprocally, by (3.5), |Cy|* > |Gy|* and |Ry|* > |Gyl for all y € S(M). Now
fix y,z € S(M) such that y + z = z. Using right-2-monotonicity,

Gzl S lGyllp + G2l < 1Byl + €=l o
So E has Kh_(E, M). O

|5

Proof of theorem 3.1.5. The implications from right to left are given by lemma
3.5.8. The implications from left to right are obtained by lemma 3.5.7 combined
with the Fatou property and in particular its consequences given by lemmas
1.4.5 and 1.4.8. O
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Chapter 4

Weak type inequality for
singular integrals

4.1 Introduction

The main result of this chapter belongs to the now well developped theory
of singular integrals. The latter was initiated in the 1950’s by Calderén and
Zygmund who found a sufficient condition for a kernel operator to be bounded
on L, for 1 < p < oco. It can be expressed (without details about definition) by
the following theorem:

Theorem 4.1.1. Letn € N, p € (1,00) and k a measurable function from R?"
to C verifying the size and smoothness conditions. Then if the formal expression

Tiw) = [ ke iy

defines a bounded operator T on Lo(R™), it also defines a bounded operator (still
noted T') on L,(R™). T is called a Calderon-Zygmund operator and k its kernel.

Size and smoothness will be defined later in a more general context. For the
p = 1 case, only weak boundedness is true in general:

Theorem 4.1.2. With the same conditions and notations, T defines an operator
on L1(R™) and there ezists a constant C' such that for all f € L1(R™):

sup tu{Tf >t} < CHfH1
>0

where 1 is the Lebesque measure.

A motivation to show this second theorem is that it directly implies the first
one by real interpolation and duality.

The ideas behind these two theorems remain valid for kernels and func-
tions taking values in different vector spaces, which makes them a great tool

83
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to show boundedness of certain operators such as generalised Hilbert transform
or Littlewood-Paley inequalities. What we prove in this chapter is a generali-
sation of the second theorem to noncommutative integration. Furthermore, the
result has already proven to be useful since it is the main ingredient used in [7]
in which it is shown that there exists a constant ¢ such that for any Lipshitz
function f and for any self-adjoints operators x and v,

15@) = £y oo < el Nl el = vl

This inequality does not directly express the weak (1,1) boundedness of a
Calder6n-Zygmund operator but is reduced to it in the mentionned papers.
We also hope that our main result is a way to tackle generalisations of classical
inequalities on L, whose proof relies on Calderén-Zygmund theory. Another
approach for this kind of problem is to show BMO boundedness rather than
weak boundedness and conclude thanks to interpolation theory. This strat-
egy is often easier. It first appears in [25] to show the boundedness of some
Fourier multipliers. And has also been applied in [61], where L,-boundedness of
Calderén-Zygmund operators with operator valued kernels and column valued
functions is used to study Hardy spaces on quantum tori.

4.1.1 Main theorem

We will now introduce the notations that will allow us to state the main theorem

of this chapter. Let (./T/IJ7 7y) be a noncommutative measure space and M a
von Neumann subalgebra of M such that 75 restricted to M (denoted )

is semifinite. L,(M) is naturally included in L,(M) for all 1 < p < co. Let
M’ be the commutant of M. We will consider N and N the von Neumann
algebras of x-weakly measurable M- and M-valued functions on R" i.e the von
Neumann tensor products M®Ls(R") and M®L(R™), 7 will denote their
natural trace (with no ambiguity since N is naturally included in N ). Let T be

a Calderon-Zygmund operator associated with a kernel k£ : R” x R” — M'NM,
formally given by the expression:

Tf(x) = [, ern k() f(y)dy

Definition 4.1.3. Say that T has Lipschitz parameter v (0 <~ < 1) if for all
z,y and z in R™ verifying |v — z| < & |y — z|, the following smoothness estimates
hold:

|z — 2|
[k(esw) = bz )5 < 7 —
2= 2"

We will also suppose that T verifies the size condition, for all x,y € R™:
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|
(2, )| 57 < o

Remark 4.1.4. This size condition will never appear throughout the proof.
It is however used in remark 4.1.6. Moreover, it is implied by the smoothness
condition provided that k goes to 0 at infinity.

On the contrary, the smoothness condition will be crucial to many compu-
tations. A Hormander type condition:

sup / |k(z,y) — k(2. y)|dy < C
2€R™ J]z—y|>2|z—a’|

would not suffice to use the proof we present. We would at least need a decay
of the following type:

C
sup / |k(x,y)—k(m’,y)|dy< ne o> 2.
z€R™ J|z—y|>alz—2'| a

But we do not know if it is a strong enough condition since part of the proof of
pseudo-localisation relies on pointwise estimates of the kernel.

Define, for all t > 0 and f € N:
A(f) =7{f > t}).

The main theorem we are aiming to prove in this chapter is the following.

Theorem 4.1.5. There ezists a constant c, ~ depending only on n and v such

that for all Calderén-Zygmund operator T with (M’ N Mv)-valued kernel and
Lipschitz parameter 0 < v < 1, verifying the size estimate and bounded from

Ly(N) to La(N), for all f € Li(N):
SUP¢~o tAt(Tf) < Cn,'nyHl

To prove this theorem, we will need a pseudo-localisation result which con-
stitutes the first part of the chapter. This is where the most important sim-
plifications are made compared to J. Parcet’s work. In particular, our proof is
elementary and does not explicitely use the size condition. We decide to directly
show the result with noncommutative variables but the pseudo-localisation theo-
rem is essentially a commutative one. The second part, which is the proof of the
main theorem has been shortened and clarified thanks to more efficient organisa-
tion and computations but the underlying ideas all appear in [41]. In particular,
we use the same decomposition which relies on Cuculescu’s projections. It is a
natural noncommutative counterpart to the decomposition used for the classical
proof but unfortunately, new kind of terms appear which will necessitate more
refined estimates and in particular, the pseudo-localisation theorem. In a third
section, we show a boundedness result for singular integrals with Hilbert valued
kernels and operator valued functions. It was already shown in [39] by J. Parcet
and T. Mei but follows directly from theorem 4.1.5 and Khintchine inequalities.
We conclude the chapter by providing an L,-pseudo-localisation theorem simi-
lar to the one of P. Hytonen in [22]. The result follows mainly from our proof
of Ly-pseudo-localisation, martingale inequalities and interpolation.
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4.1.2 A technical remark and notations

The following remark allows us to manipulate the integral expression of T, in
particular to use the smoothness condition.

Remark 4.1.6. For any Calder6n-Zygmund operator T there exists a Calderon-Zygmund
operator T” such that Tf = T'f + gf for all f in Ly(N) and T” is the strong
limit in B(Ly(N)) of operators T; given by:

T, (x) = / Ry,

for any f € La(N). Here, k; can be taken as a truncation of k so that the
integral makes sense and g is a bounded function in N. This fact is explained
in more details in [17], proposition 8.1.11. As a consequence, it suffices to prove
the theorem for operators given by a converging integral formula on Lo (N).

The proof of the main theorem will rely on the use of dyadic martingales
which will require a few notations.

e Since we deal with cubes, the co-norm will be easier to manipulate than
the euclidean one. Hence, for all z € R”, we set |z| = HxHOO in the
remainder of the text.

e O will denote the set of all dyadic cubes and Qj the set of dyadic cubes
of edge length 27%. Let Vj, = 27" be the volume of such a cube.

e For all z in R”, @, ; will denote the cube in Qj containing x and c, j its
center.

e Let (Ei)rez be the martingale associated with dyadic filtration, i.e for all

f:
Ex(f)(@) = v Jq, , f(t)dt

For convenience, we will write fi := Ep(f) and Ag(f) = fr — fe—1 =:
dfi. The filtration associated with these expectations will be denoted by
(Nk)kez where N is the von Neumann subalgebra of N constituted of
functions that are constant on cubes of edge length 2%,

e For any odd positive integer ¢ and @ in Oy, Q) will designate the image
of ) by the homothety of center cg and parameter ¢ such that Q) is the
union of "™ cubes in Q.

e Notice that for all z,y e R" and k € Z, x € iQy 1 & y € iQz k-

The notation A < B will stand for "there exists a constant ¢ depending only
on n and v such that A < ¢B".

In the next section, we will frequently use "polar" changes of coordinates
with respect to the norm |.| since it is more adapted to our problem. The
spherical element of volume is replaced by the border of a cube which leads to
a similar formula:

Jen F2l)dz = [g. 2n(2r)" "1 f(r)dr.



4.2. PSEUDO-LOCALISATION 87

4.2 Pseudo-localisation

4.2.1 Theorem

A localisation result would be of the form supp Tf = supp f which is ideal
to show weak boundedness. The theorem that follows expresses in a way the
fact that singular integrals rapidly vanish outside of the support of the function
to which they are applied. A simpler result of this type appears in the com-
mutative proof in the Li-context and is enough to conclude in this case. But,
as mentionned before, the noncommutative case requires new tools such as the
Lo-version of pseudo-localisation that follows. Note that the proof is written
with operator-valued functions because we will need this result later but is al-
most a copy of the proof we had with scalar functions. So, suprisingly, the most
technical part of the proof of our main theorem is purely commmutative.

Theorem 4.2.1. Let f € Ly(N) and s € N. F or all k € Z, let Ay, and By
be projections in Ny, such that Aidfiys = dfy+sBi- = 0. For any odd positive
integer d, write:

Ak = ZQer AQIQ, AQ c M and deﬁne dAk = \/QEQk AQIdQ.

Define dBy, the same way. Let:

Af,s = \/ 5Ak and Bf7s = \/ 5Bk (41)
keZ kEZ

Let T be a Calderén-Zygmund operator associated with a kernel k with Lipschitz
parameter vy, verifying the size condition, taking values in M'NM and bounded
from La(N) to Lay(N'). Then for all s € N and f € La(N) we have:

147, @nl, $27%

Iy and [|(THBf[l, 277

Il

Throughout the course of the proof we will often use the following lemma:

Lemma 4.2.2 (Schur). Let T be an operator on Ly(N) given by a M-valued
kernel:

Tf@) = [ ke,
Let Si(2) = [gu |[F(2,y)|| dy and S2(y) = [z |[k(2,y)|| 5de then :

||THB(L2(N)) = \V HSlHooHS2||oo'

Proof. This is not different from the commutative case (see [41]). Let f €

LQ(N)i
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1711 = /R N /R k(@) f()dy|5dz
< /R (/Rn k(. 9) £ ()| dy) " da
< [ ([ el i)
= /Rn /]Rn G, )| e /Rn k. 9)|| | £ () || dydee
<l [ [ Il sl

< I\SlHooHszHooAn £ @llydy = i1l IS 1

O

It will also be important to note that by construction, for all z,y € R™ such

that © € 5Qk,y, we have Ax(y) < (5A4x)(z) < Afs(x) and A (y)dfr+s(y) = 0.
Consequently:

At (2)dfess(y) = (5AR) " (@)dfrrs(y) = 0. (4.2)

We will only show the pseudo-localisation theorem in the case of left mul-
tiplications since the exact same proof can be writen for right multiplication.
Another way of seeing it is that left and right multiplication are equivalent by
taking adjoints. The general strategy will be to find an operator T” verifying
A}:STf = A}-’ST’f and such that we can control ||T’HB(L2(N)) thanks to the
lemma above. By remark 4.1.6, we can also suppose that the integral defining
T converges. The result for any T follows then directly by approximations.

4.2.2 The s shift

Let f € Ly(N), fixed throughout the proof. Let s € N. To make use of the
construction of Ay, we immediately write 7" = >, ., TApys where the sum
converges for the strong operator topology on B(L2(N)). We will show in this
section that the constant 277° appears quite easily thanks to the smoothness
condition when estimating the norm of TAy,f. The tricky part will be to glue
these pieces back together in the following sections. Let k& € Z, note that :

[ keppee sy = [ B (ko) () )y = 0.

n

Therefore we can write:

AL (@) Tdfipa(z) = A, (2) / k(. 9)dfes () dy

n

— A}, (2) [ (k) = Koy ()dy
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A (y) commutes with k(z,y) and k(x, ¢y k4s—1) since k is M'-valued so:

At () Tdfirs(x) = Af () / (k(z,y) = k(z, ey prs—1)) (5AR) " (@) dfrss (y)dy

n

and by (4.2):

= A1,@) [ Togsan, ((0.9) = Kocyens))dies ().
Denote by T}, the operator associated with the kernel
ki (2,y) = Lugsq,., k(z,y) (4.3)
and T}, s the operator associated with the kernel
b (@,9) = Togsan, (K@, y) — k(@ ¢yre))- (4.4)

It will be useful to express the result of the previous computation in terms of
these operators:

Lemma 4.2.3. For all £ € Z and s € N:
Af,STAkJrsf = AisTkAkr«ksf = Af,sTk,sAHsﬁ (4.5)

and more precisely:
TkAkJrsf = Tk,sAk+sf- (46)

The introduction of T}, s is motivated by the following lemma.

Lemma 4.2.4. For all k € Z and s € N:
||Tk>5||B(L2(N)) S22 (4.7)
Proof. The smoothness hypothesis on T' (see definition 4.1.3) gives:

ks (2 0) || g = Zagsau, |k (@) — k(2 ey pre) || 5
ly — Cy,’f—&-s—lrY
ly — ="

9—(k+s)y

S Im%SQk,y

(4.8)

S«' II¢5Qk,y | n4-vy *

y — x|

The condition |y — ¢y kys—1] < & |z — y is verified even for s = 0 as long as

z ¢ 5Qy,y. This estimate is enough to apply Schur’s lemma and we obtain the
result by a direct computation using a "polar" change of coordinates.

O
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4.2.3 One more cancellation property

We introduce another kernel modification whose purpose is not immediately
clear but will be crucial in obtaining the estimates to apply Schur’s lemma
later.

Proposition 4.2.5. For all k € Z and s € N there ezists an operator Sy, s
associated with a kernel sy, s such that the three following conditions hold:

L AR TALf = AL Sy Aiof,
2. nyR" sk,s(x,y)dy = 0 for all x € R",

9—(k+s)y

3. Hskvs('r’y)HM§I|x7y\>27k71 —_

ly — |
Proof. Consider Ry, s an operator associated with the kernel 7,  defined by:

K ()2~ (F+s)

L ly — 33|n+7

where Ay, = {(z,y) : € 5Qyi,x & 3Qyi}, K(x) = — [pn krs(x,t)dt and
9—(k+s)y
I’I’L,’y = fR"L I_Ak (O,t)wdt

We claim that Sy s := T} s + Ry s satisfies the conditions above.
Condition 1. Aj;,SRk,sAka = 0 is verified since:

Tk,s(xa y) = I.Ak

supp 7x,s C {(7,y) 1 2 € 5Qy x} 1.6 ks = Lues5Q, . Th,s-

Indeed, the shift section shows that to compute Astk,sA;Hsf, and in particu-
lar (5Ak)LRk,SAk+Sf, we might as well replace the kernel 74 s by Z,¢50, ,7k,s =
To¢5Qu., Loesq, , Ths = 0.

Condition 2. It is direct by definition of K and I, . Let z € R":

Sy 55,09y = Ji Bio(,y)dy + K () = 0.

Condition 3. It suffices to show that ||K(x)||/\7 is bounded by a constant
depending only on n and 7. By a "polar" change of coordinates, there exists a
constant c,, such that:

9—(k+s)y .
HK(I)HM < f\t|>4.2—k Wdt =cp277".

The bound does not depend on z, as we needed.
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4.2.4 The decomposition

We are ready to decompose 7' into operators whose norms in B(L2(N)) are
controlled. Fix s € N, write:

Ap Tf = A7) TApiof = A7 Y (Th+ Ri o) Ao f

keZ keZ
= A7, DD AkrilTi + Rio) Do f
k€EZ i€Z

Note that for i > 1, (5A;)" commutes with A ; and recall that the first point
of Ry s’s construction implies that (5A4;)" Ry sAg1sf = 0, then:

AﬁsAkﬂ‘(Tk + Ris)Aptsf = A{SAk+i(5Ak)l(Tk + Ris)Aitsf
= AﬁsAkﬂTkAkJrsf

For any ¢ € Z, we have:

Af Apyi(Th + Ri ) Apys f = A Apyi(Ths + Ri o) gy f
= A}:SAk+iSk,sAk+sf

Now we can write our final decomposition:

AFTf = AT (D" @f+> " Wif) (4.9)
where:

Qi =3 per DryiTeAprs and Wy =37 0 Ap ;S o Dpys

We have then reduced our pseudo-localisation theorem to the following
proposition.

Proposition 4.2.6. The following estimates hold for i > 0:

_its its
<2

and H\IjiHB(Lz(N)) SVI4927772

H‘I’iHB(Lz(N))

The proof of this result will occupy the next two parts.

4.2.5 Estimate for o,

Let ¢ > 0. Note that T™ is also a Calder6én-Zygmund operator, associated with
the kernel k* where: k*(z,y) = k(y, z)*.

So k* satisfies the smoothness condition of parameter y, which means by
(4.7) that:

1Tk sl iy oaryy S 277
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Consequently :

||Ak+iTk||B(L2(N)) = HTI:AHZ'HB(LZ(N)) = H(T*)MAkHHB(sz)) S27,

where we used that (T)* = (T*); and (4.6).
By orthogonality of the Ay, we have on one hand:

|‘(I>i||B(L2(N)) < supy, HAkHTkAHSHB(LQ(N)) < supy, ||Ak+iTk||B(L2(N)) S27

)

and on the other hand :
H‘I’iHB(Lz(N)) < supy, HAHiTkAHSHB(L2(N)) < supy HT’VA’V'*‘SHB(Lz(N)) N
2775,

541
<27

By combining the two, H<I>i||B(L2(N))

4.2.6 Estimate for ¥,

Lemma 4.2.7. For all x € R", k € Z and i € N, the following estimate holds:

; —n)(k—1i
Lemekﬂ_ nyQ;,k%I‘t—belik \t7y|”+7dydt < (1 +Z)2('Y )(k—i)

Proof. Fix x € R", k € Z and i € N. Denote Q = Qg —;, c the center of @
and:

1
X = fteQ fych Ilt—y|>21fk Wdydt.

For every t in @ let §; be the distance from ¢ to Q¢ and notice that for any

1 1
ch I|tfy|>21*’“ Wdy < f\y—t|>5,, I|t7y\>21*"‘ mdy = f(ét)

Indeed, the term on the right only depends on §;. For r < 9—(k—i+1).
{teQ:6:=r}={teQ:|t— :2_(k_i+1)_7“227“/},
So by a "polar" change of coordinates:

2n(2 )L f (r)dr < 2 (=)= 2

o—(k—i+1)
X</ 0

0 f(rydr.

By a direct computation:

7 for all r
<
fr) = { 27(=1) if moreover r < 2~ (1)

For 0 < v < 1 we only need the first estimate:
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g—(k—it1) g—(k—i+1)
XS 2_(k_i)(”_1)/ f(rydr S 2_(’“_“("_1)/ r~7dr
0 0
g 2—(k)—i)(n—l)2—(k—i+1)(1—“{) S 2—n(k—i)2v(k—i)

For v = 1 we have to decompose the integral according to the distinction
made above when estimating f:
o= (k—it1)

o—(k—1) o—(k—it1)

/ f(r)dr :/ f(r)dr —|—/ f(rydr
0 0 2—(k—1)
o—(k—i+1)
< 9= (k=19 (k=1) +/ L
2—(k—1) T

S1+1
Therefore:
X < 2-(k=(=1)(] 4 §) = (1 + )2~ k=)2v(k=0),
O
Proposition 4.2.8. For all k in Z and i > 0, we have the following estimate:

||5k—i5k,s||B(L2(N)) < V1 a2 (s+i/2)

Proof. For any function g : &Sk sg(x) = wi - Vk% Sz ks (ty)g(y)dydt.
So E_iSk,s corresponds to the kernel: ’

E: ((ﬂ, y) = Vkl,,i fo’kii sk,s(t7 y)dt = ﬁ fQ; s Sk,s(ta y)dtv

where we used the cancellation property on Sy s. We are looking to estimate
both integrals in order to apply Schur’s lemmma. Fix x:

E(z,y) ~dy=/ E(z,y) ~dy+/ E(z,y)|| gy
L el = e lud [ B

x,k—1i © iy
1
N v t,y)dt|| =d
/szL H QS s Vk—isk’s< ') HM Y
1
+/;k1 H Qo Vi Sk,s<t7y)dt’|ﬂdy

<! / / 7 2700
N _ 1-k —————dtdy
Vi Jau Jae, TR T gyt

z,k—i

Using lemma, 4.2.7 :

1 . .
_dy < N2 —n(k=i)gv(k—i)g—y(k+s)
/Rn | E(z,y)|| sdy < Vk—i(1+l)2 2 2

< (1 + Z‘)Q—’Y(i-&-s)
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The other estimate, with y fixed, is straightforward:

1
L el = [ g [ ettt e

1
S/n Vici Jo. . \|sk.s(t,9)|| ydtdx
:/Rn Hsk,s(t,y)Hﬂdt

< 9778

The proposition follows directly from the two previous computations and
Schur’s lemma.
O
We now have:

s+1i

||Ak—i5k»sAk+sH5(L2(/\/)) < ||£k—iSkaHB(L2(/\/)) SVI+i27rE.

We conclude once more thanks to the orthogonality between the Ay _; Sk sAgys:

H\PiHB(Lz(]\/)) S supy ||Ak—iSkaAk+SHB(L2(N)) SVITizH

This concludes the proof of the pseudo-localisation theorem.

4.3 Proof of the main theorem

4.3.1 The good and the bad functions

The idea of the following decomposition comes from the classical proof of the
weak type inequality for singular integrals. It has been noticed that the com-
mutative decomposition can be expressed in terms of martingales which is well
suited for a translation in the noncommutative setting. However, even with this
idea, the construction is not immediate and the estimates are more difficult to
obtain due to the appearance of new "off-diagonal” terms.

Fix t > 0 and f € Li(N). We will suppose that f is positive to avoid
unnecessary computations. This is possible because f can always be written as:

f=h—fotifs—ifa

with ||ka1 < ||f||1 for k = 1,2,3,4. Suppose also that {x € R™ : f(x) # 0} is
bounded (in other words, f, considered as a function, has a compact support),
and that fisin Ly(A)NAN. We can make these assumptions since the functions
satisfying them form a dense subspace S of L1 (A). Once the theorem is proven,
T can be defined on L;(N) as the only bounded extension of its restriction to
S.
Denote by (fn)nez the martingale associated with f and the filtration (N, )nez.

The main tools to decompose f into a good and a bad part are Cuculescu’s pro-
jections:
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Theorem 4.3.1 (Cuculescu). Let z = (z,,) be a bounded positive L1 -martingale
and t > 0. Then there exists a decreasing sequence (qn,) of projections in N such
that for every n > 1:

1. g, €N,,.

2. qn commutes with ¢, 1T, qn_1.
3. Qnrnqn < t.

4. moreover, if ¢ = /\ g, then :

=[],

qrng <t forn >1 and 7(qt) < ;

The boundedness hypothesis on f and its support imply that there exists
ng such that for all n < ng, f, <t. Without loss of generality, we will suppose
that ng = 0. From now on, let ¢, denote the projections given by Cuculescu’s
theorem, associated with ¢ and (fy)n>0. To complete this definition let ¢, =1
for all n < 0. Notice that for all n € Z, g, frngn < t.

Define :

Vn € Z,pn = gn—1 — qn and po, = q.
Let Z = Z U {oo}. By definition, p, € N, and:
Znezpn =1L
Which allows us to define the good and bad parts as follows :
9=2 iz 2jezPifivip; and b=3", 75,7 pi(f — fivj)p;-
By properties of the distribution function (see [16]):
M(Tf) S Aej2(Tg) + A2 (Th)

So it suffices to prove estimates of the form:

171,

M(Tz) < ;

for both z = g and = b. This is the purpose of the next sections.

Remark 4.3.2. The same formula for b and g works in the commutative case
except that only the diagonal terms are non zero. This explains why the commu-
tative proof can only be repeated for the diagonal terms and "shifted" diagonals.
What makes this decomposition work is that, due to the pseudo-localisation
lemma, the estimates for "shifted" diagonals get exponentially better as the
shift increases.

We will use the following notation: for all k and Q € Qi, pg := pi(z) for
any x € (). We will also need two lemmas which are directly deduced from the
construction.
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Lemma 4.3.3. For all k € Z, we have : fr11 < 2" fy.

Proof. This is straightforward from the definition of f;, and positivity of f.
Let x € R™:

2" fi(= J"Q,k t)dt > ka FO)dt = fisr ().

Lemma 4.3.4. Let d be an odd positive integer. Define:

1
¢ = (VgeoPaluq)
Then :

171,
4

T(¢p) < dn

2. For all cubes @ € Q, we have the following cancellation property:

z €dQ — (a(x)po = pgla(x) = 0.
Proof. The first estimate is a consequence of Cuculescu’s inequality:

7(C) < Xgeo @' 1(peZq) = d" 3232, T(pk) = d"7(g") < d” HftHl

Let @ € Q and = € dQ. By construction, ;- (z) > pq so (a(z) < pg. This
concludes the proof.
O
From now on, we fix d = 5 and denote (4 by (.

Remark 4.3.5. This projection ( is to be thought as a dilatation of the support
of the bad function which already plays a crucial role in the commutative setting.
4.3.2 Estimate for the bad function
The strategy of proof is to write:

Tb=CTbC+ (1 —)TbC+CTh(1—¢)+ (1 —¢)Tv(1 — Q).
Therefore, lemma 4.3.4 and Tchebychev’s inequality give:

||fH1 . lerec]ly

A(TB) S 7(1 = €) + N(CThC) S t

The estimate for the bad function is now reduced to the following proposi-
tion:

Proposition 4.3.6. We have the estimate: HCTbCHl < HfH1
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The proof will require three intermediate lemmas.
Define, for all ¢,j € Z : b j = pi(f — fivj)p;-

Lemma 4.3.7. Forall s € Z 1}, . Hbi:jH1 < HfH1
Proof. Let i,j € Z :

[bislly < llpitpslly + llpifivipsll,
By Holder’s inequality :

Ibs

IN

190l 205l + 17255245l

1

§(||p1fpz||1 + Hpjfijl + Hpifi\/jpiHl + Hpjfivjijl)
7(pif) + 7(p; f)

Consequently, for all s € Z:
Zi—j=s HbiJH1 < QZieZT(Pif) S Hle

JH1

IN

IN

Lemma 4.3.8. The following cancellation properties hold:
e foralli,j€Zand Q€ Q,yj: fQ b;; = 0;
e for all z,y € R™ such that y € 5Q in;: ((2)b;;(y)¢(z) = 0.

Proof. The first point is straightforward. Since @ € Q;v;: fQ bij =
Jo Bivj(biz) = 0.

The second one is a consequence of the construction of ¢ expressed in prop-
erty 4.3.4. Indeed, for all ,y € R"™ and k£ € Z such that y € 5@, we know
that ¢(z)px(y) = pr(y)¢(z) = 0. Recall that b; ; = p;(f — fiv;)p;, it is now clear
that {(z)b; ;(y){(x) = 0 for y € 5Q , and k = 4, j which concludes the proof of
the lemma. Note that Qur C Qux for k > k', so we do not lose anything by
taking k =i A j.

O

The following lemma is the core of the bad function estimate, it relies on a
computation which allows us to make use of the smoothness condition.

Lemma 4.3.9. For all i,j € Z : ||CTb; ;¢||, < 27171 |b; 5],

Proof. Note that b, ; is in Ly(N). Fix 4,j € Z and « € R", recall that k(z,y)
commutes with {(x) since ¢ takes values in M and & in M":

ameAm<w>=/" ko, 9)C ()b (9)C (2)dy

yERn

= [ (k) = ki) @b )Gy
YESQS in;



98CHAPTER 4. WEAK TYPE INEQUALITY FOR SINGULAR INTEGRALS

where we used both cancellation properties of b; ; (lemma 4.3.8) the first one to
make the term k(x, ¢, ;v;) appear and the second one to reduce the domain of
integration. Therefore, the smoothness condition (definition 4.1.3) applies and
gives :

HC(ZU)Tbi,j(»’C)C(I)Hl < /yemc - |k, y) — k(%Cy,ivj)||,\7||bi,j(y)||1dy

9—(iVj
S/yGRnIy%Qz,m;MH i,j )Hldy

It follows that :

lerbiscly= [ @ H iz
z€R
/ / T€5Qywj n+’yHbU )Hldmdy
yeR™ JxeR™ |
<[ el
yeR™
271 g,

O
Proof of property 4.3.6. The only thing left to do is to glue the pieces together
thanks to lemmas 4.3.7 and 4.3.9:

lerell, <>, Nembisclly <D0 > I<Tbis]l,

<YLY bl £ XL S 1

4.3.3 Estimate for the good function

This one is more involved and requires the Ls-pseudo-localisation theorem. The
same trick as for the bad function allows us to write:

Hle L lleraclly.

M(Tg) S 71 =€) + M(CTg0) S 2

Define the diagonal, left and right parts of g as follows:

9D =3 gpifipi, gV = (Zi<jezpifjpj) + ¢ fq and
9" = (Zicjenpifivi) + afa*

Note that the estimate for the good function can easily be deduced from the
following property:

Proposition 4.3.10. The following estimates hold :
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76z < il > 1eTa®lly S elifl, and |79l < el £1],

Proof of the g'¥) estimate. Since T is bounded on Lo(N) it sufices to prove
2
that [|gV [, S #[|f]],.
Notice that ¢g(? is positive.

9D, = iz Twifipi) = Y iz T0if) = T(Ciczpif) = || f]];-
By orthogonality, we have |g|| = sup||pxfipk|| < 2"t. Indeed, for k <
00, we have, by Lemma 4.3.3: re
Prfepe < 2"pr fr—1pk < 2" Q-1 fe—1qr—1 < 278

For k = oo, reasoning in Ly(N): t —qfq = klim t —qfrqg > 0 since Loy(N)T
—00

is closed. So ||gdHoo < 2"t
We conclude by Hélder’s inequality:

lgallz < llgall loall. < 2"l 71l

O
Proof of the gV estimate. This will conclude the proof of proposition 4.3.10
since the argument for ¢(") is similar.

Lemma 4.3.11. We have the following expression for g(V:

[eS) [eS) [eS) [eS) l
g(l) = Zk:l 25:1 pkdfk+sqk+s—1 = Zkzl Zszl gé)i-

Proof. This is obtained by an Abel’s transform. First, fix jo:
Zz’<j§j0 pifipj = Ziqgo pifi(gj—1—q;) = Zi§j<j0 pidfj+1q; — Ziqo Pifjo %o
1
= Ziéjqo Pidfj+195 — @Go—1Fio o
Letting jo go to infinity, we obtain:

Zi<jeZpifjpj = (Zigjelpidfj-i-lqj) - qJ—f(L

which is exactly what we needed.

Proposition 4.3.12. Define, for all s > 1:
o = > et Prf ks srts—1
Then: [(Tgl"|[; < 277 £]],-

This is, as for the bad function, the core of the proof and will require some
work.

Lemma 4.3.13. We have the following properties:
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L Aprs(o) = g0

2. Fix s, the g(l}c are orthogonal in Lo(N).

S

3. oll; < Allf,-

Proof. 1 is straightforward and 2 follows directly from 1 since martingale
differences are always orthogonal. Let us prove 3.

02 2 2
| ggi“z < 2(||pr frts@rrs—1 ||y + |PrSrers—1qess-1]]3)
< 27Dk St sQh+s—1FktsPk) + 27 (Pk frts— 10451 Frts—1Pk)
By Cuculescu’s theorem and recalling that f; < 2" f;_; from lemma 4.3.3:
1/2 1/2
kaJ/rS(Ik+571fkis||oo = ||grss—1frts@rrs|, St
1/2

||fkli2‘SQk+S—1fk+sfl||oo = HQk-‘rs—lfk-i-s—l(Ik-‘rs—lHoo <t

Therefore, for all s > 0:

1112 = Saoo l9LE S Shao trlonf) = ¢ £]],.

Lemma 4.3.14. We have the following estimate:
lcTgi?ll, < 27720

Proof. This is where we apply pseudo-localisation i.e theorem 4.2.1 to ggl).
Using the notations introduced for this theorem, we can take Ay = pj since
pé‘gili = 0. Then:

Af’S = \/k;>0 5pk - CJ_~
The theorem gives:

147,76, < 27716

~

which is exactly the expected estimate.

The proposition 4.3.12 is clear from the two previous lemmas.
It follows that :

lerg® I < (7 lkre®))* < (7
ST 2 s s el

which is the expected estimate for ¢ and concludes the proof of the main
theorem.

) ~s
272

a"|,)"
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4.4 Application to Hilbert-valued kernels

Let (M, 7) be a noncommutative measure space, N' = Lo.(R)@M. Let T be
a Calderén-Zygmund operator associated to a kernel k taking values in ¢2. For
all 1 < p < oo, we have a multiplication from 2 x L,(M) to L,(M)": for all
h = (hi)ien € €2 and x € M, define hx = (h;z);en.

Thanks to the multiplication we defined, T' can be seen formally as an op-
erator from L,(N) to L,(N)N by the usual expression :

Tf(z) = / Kz, y) f(y)dy.

We will show in this section that 7' is bounded from Lq(N) to Ry oo(N) +
C1,00(N).

To apply the theorem, we have to include M and ¢? in a von Neumann
algebra such that their images commute. Let us use the setting introduced in
the previous chapter. Let (&;);en be a sequence of free Haar unitaries defined
on a noncommutative probability space A. Define M4 = MRA, N4y = NRA
and the inclusion maps i; : N' — N4 and iy : £2 — M 4 by:

i1(z) = 1@z and is(h) = > g hk @ M(gk).

From now on M will be identified with M®1 C M 4 and can thus be considered
as a subalgebra of M since 757 coincides with To¢ on M. In this context, we
can again consider the map G : S(N) — N4 defined for any finite sequence
z = (xr)ken by G(x) = Y 1oy Tk ® M(gi). Note that for any symmetric space
E | G extends to #% and is an isomorphism onto its image that we will denote
by Vg and i; extends to E(N). Note that the image of is is in M’ N M 4.
Let k : (x,y) — i2(k(x,y)) be the kernel of a Calderén-Zygmund operator
T : Ly,(N) = L,(N4). Note that, since the range of T is included included in
the range of G, B _

T=GoTandT=G 'oT (4.10)

Proposition 4.4.1. Let T be a Calderon-Zygmund operator associated to a
kernel k taking values in €. Suppose furthermore that T is bounded from La(N)
to RoN and that k satisfies the smoothness and size conditions then the operator
T defined above is bounded from Li(N) to L1 o0(Na).

Proof. We only have to check that Theorem 4.1.5 can be applied to T. By
Haagerup’s inequality [19)], for all h € £2, ||h|| ~ HZ?(h)HM so k verifies the size
and smoothness conditions. Furthermore, by (4.10), T is bounded on Ly (N).
So all the hypothesis are verified and T is bounded from L;(N) to Ly o(N). O

Corollary 4.4.2. Let T be a Calderén-Zygmund operator associated to a kernel
k taking values in (>, Suppose furthermore that T is bounded from Lo(N) to
Ry (N) and that k satisfies the smoothness and size condition. Then T is bounded
from Li(N) to Ry oo(N) + C1.0(N) and from L,(N) to R,(N) + Cp(N) for
1<p<2.
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Proof. Let p € (1,2). By real interpolation, since T is bounded from Li(N) to
L1.00(Na) and from Ly(N) to La(N), T is bounded from L,(N) to L,(N.a).
This means by (4.10) that 7" is bounded from L;(N) to J# (N) and from
L,(N) to 7,(N). Recall that by the free Khintchine inequalities ([20] and
corollary 3.2.2), JA o(N) = RioN) + C1 oc(N) and J4,(N) = R,(N) +
Cp(N), concluding the proof of the corollary. O

Remark 4.4.3. T is not bounded from L,(N) to Cp(N), for 1 < p < 2. It is
necessary to consider R,(N) + Cp(N).

Proof. We will construct a counter-example thanks to the Littlewood-Paley ker-
nel (the same general idea can again be found in [41]).

Let 1 be a C* function supported in (1,2), bounded by 1 and constant
equal to one on (5/4,7/4). For any ¢ € N*, let ¢; : t — (it). Consider the
kernel k : R? — 2 defined by k;(z,y) = &;(z —y) where ¢; denotes the Fourrier
transform of ¢;. It is standard that k verifies the smoothness estimate for v = 1
and the size condition. The Calder6n-Zygmund operator T' associated to k is
bounded on Lo by Plancherel’s theorem.

Let M = B(¢{?). As always, let N' = Lo(R) ® M. For all p > 1, T can
be seen as an operator from L,(N) to C,(N). For all k > 0, let g, be the
Fourier transform of Zsgx-1 sgx-141/9). Notice that i gy =9. Fixm >0 an
integer. Let f,, = 221:1 gr ® €1k then Tfp, = (gk @ €1,k)epen+- 1t results that
HmeL,,(N) = m1/2H91Hp and HTmeC,,(N) = ml/PHglﬂp. So T is not bounded
for p < 2. U

4.5 L,-pseudo-localisation

In this section, we will recover in this context the main result from [22] which
is an Ly-version of pseudo-localisation. The proof heavily relies on estimates
and definitions introduced in section 2. Precisely, we will show the following
theorem, using notations from theorem 4.2.1.

Theorem 4.5.1. Let T be a Calderén-Zygmund operator associated with a ker-
nel k with Lipschitz parameter v, verifying the size condition, taking values in

M N M and bounded from La(N) to La(N). Then for all1 <p < o0, s € N
and f € L,(N), there exists 0, > 0 such that :

147 T O, < 27| £, and [(THBE, < 27| f]],
where the implied constant depends on p.

We will use the decomposition we obtained in the La-case in (4.9):

A7 Tf = AJ‘,S(ZZO ®if + Zzl vif).

The crucial result, proved in the next sections, is the following :
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Proposition 4.5.2. For all p € (1,00) the sequences of operators (®;);en and
(¥;)ien are uniformly bounded on L,(N).

Proof of the theorem. Fix p € (1,00). By complex interpolation there exist

1-20,
g € (1,00) and 0, > 0 such that [|®;[|,5, ;0 < | HB(L2(/\/’))H(I) [
Now, it suffices to plug in the prev10us proposition and proposition 4.2.6 to
get the expected estimate. We obtain: H(I)iHB(L W) < 279(+s) A similar
P
estimate is true for W;. This is enough to conclude thanks to the decomposition

(4.9) mentionned above. O

4.5.1 L,-boundedness of ®;

Lemma 4.5.3. Consider a Calder6n-Zygmund operator T' with kernel k, and
an integer m. Then, for any p € (1,00), the kernel &' : (z,y) = Zyesq, .. k(2,y)
defines a bounded operator 7" on L,(N).

Proof. We introduce a sequence of Rademacher variables indexed by the set
of dyadic cubes of size 2™ to express the kernel k¥’ in a suitable way. Let {2
be the probablhty space {—1,1}9m where Q,, is the set of dyadlc cubes of size

27 and N = N®Loo (). Consider A as a subalgebra of N'. We will take a
functional approach and work in N from now on. Denote by eg the Q-coordinate

in Q. Define g (z,w) = Y pecq, Zo(®)eq(W), ln(z,w) = Y oeq,, Lsg(¥)eq(w).
Let G, (resp. L,,) be the multiplication by ¢, (resp. l,,) and & be the
conditionnal expectation onto L,(\). Note that ||G

and HLmHB(Lp(N)) = HlmHoo = 5"
It is easily checked that T’ = £L,,TG,, since

K (z,y) = / Lo (2, ) k() g ()

So T" can be extended to a bounded operator on Ly (N). O

mHB(Lp(N)) = HQMHOO

Proposition 4.5.4. Let p € (1,00). The operators ®; are uniformly bounded
on Ly(N).

Proof. We identify L,(N') quasi-isometrically with a subspace of RC’p(J\7 ),
thanks to Burkholder-Gundy inequality (theorem 2.1 in [49]): Hpr R deHch(X/)‘
Recall that ‘I)i = ZkEZ Ak—s+iTk—SAk = ZkEZ Ak—s+i (T - ng_sTGk_s)Ak,
where the Ly and Gy, are given by the lemma above. We can write ®; = AT —
AELTG where Gx = (kasxk)kez, Lx = (kasxk)kez, Az = (Ak75+ixk)keZ
and Tax = (Txp)rez- L and G are still bounded multiplications by uncon-
ditionnality of RC,(N). T is completely bounded on RC,(N) as a diagonal
Calder6n-Zygmund operator, £ as a conditional expectation from RC’p(J\7 ) to
RC,(N) and A by Stein’s inequality ( Theorem 2.3 in [49]):

[|(En(2n) HL JWeg) S H(xn)HLP(J\?eL and [|(Ey(xn) HL SNy S H(xn)HLp(K/,zg)'

Hence, the ®; are uniformly bounded.
O
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4.5.2 L,-boundedness of ¥;

Recall that,
v, = ZkeZ Ap_i Sk, s Apts = ZkeZ Ap—i(Th,s + Rie,s) Apys = Aj + B;

where Az = ZkEZ AkfiTk,sAkJrs = ZkEZ Ak,iTkAkJrs (by 46) and Bl =
ZkeZ ARy sAgys. The previous section tells us that A; is bounded from
L,(N) to L,(N), with a control on the norm independant from . So what is
left to prove is the following proposition.

Proposition 4.5.5. Let p € (1,00), then B; is bounded from L,(N') to L,(N),
uniformly in i.

Proof. Using notations from the previous section, we will again consider B;
as a partial operator from RC),(N) to RCp(N). Let ¢ be a Schwarz function
from R™ to R such that T4, (2,y) < ¢(x —y) < Ljz—y>1/2 for all z,y € R™.
Let U be a smooth function from S*~! to the unit circle of C with average 0.
Such U exists, take for example Uy (z) = e?*2rtan(3=1)  Since arctan is an odd
function, the average of Uy is real. Now, note that Uy goes to —1 when X goes
to oo and to 1 when A = 0 so there must exist a suitable Uy. Extend U to R"

by U(0) =0 and U(z) = U(z/ |z|) otherwise. Write,

K(z)2—(k+s)y
rk:,s(xa y) = I-Ak (Z‘, y)L

In,'y |£E - y|n+’y
K(z)2=57 Uz —y)p(28(xz —y)) Uz —y
_ K@ ) Te =00 —y) U —y)
Iy 127(z — y) [z -yl
e K(.)27* : :
Denote by Mg the multiplication by , Mk is bounded (see section
n,y
2.3). Define:
Ulz)o(x)
F(z) = |.%'|’Y

Since ¢ is zero in a neighbourhood of the origin, F' has no singularity and is a
Schwarz function. So F' is the Fourier transform of an L; function F'. Note also
that Z4, = Zye5q,., — Zresq, ,» we will only prove the boundedness replacing
T4, by Tiesq, . since Tpesq,, is similar, denote the associated operator Bj.
Define also:

h(z) = U(z)

al”

and H the convolution operator associated to h. Since U has 0 average, H is

bounded from RC,(N) to RC,(N) for any p € (1,00). Indeed, H can then
be written as an average of directionnal Hilbert operators (see [15]). Using
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notations from the previous proposition and lemma;:

Toesq,  F (2" (@ = y)h(z —y) = /Qlk(w,W)F(Q’“(fc —y)h(x = y)gk(y, w)dw

- / / Py, w)e? = h(w — y)e™2 gy (y,w)dtduw.
(9] n

We will now translate this equality in terms of operators. Take again L and
G from the previous part, the diagonal operators associated to the multiplication
by (Ix)kez and (gx)rez, My defined by Myz = (eZk”‘zk)kez, £ the expectation

from RC,(N) to RCy(N'), and A such that Az = (Ap_s_;k)kez. Then,

B! = Mg | F(t)AELM,HM_,Gdt.
]R’n
As we have seen in thg previous proof, M;,M_,L. and G are bounded by uncon-
ditionnality of RC,(N'). More precisely, |MtHB(RCp(K/)) = HM_tHB(RCP(N’)) =
— — n 3 I
HGHB(RCP(K/)) = 1 and HLHB(RCP(N)) = 5". A is bounded tilanks to Stein’s
inequality and we have have constructed F' and H such that F'is L; and H is

bounded on RC,(N'). Consequently,

1Bels2, ) = 208 e, 05 IE I I e, o
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Inégalités de type faible dans les espaces L, non-commutatifs

Résumé : Cette thése vise & développer des outils d’analyse harmonique
non-commutative. Elle porte plus précisément sur les inégalités de Khintchine
non-commutatives et les intégrales singuliéres & valeurs opérateur. La premiére
partie est dédiée & des questions d’interpolation des espaces L, classiques. On
généralise et on énonce de nouvelles caractérisations des espaces interpolés en-
tre espaces L,. Dans une seconde partie, on démontre une forme des inégalités
de Khintchine non-commutatives valides dans tous les espaces interpolés entre
espace Lp. Celle-ci permet d’unifier les cas p < 2 et p > 2 ainsi que de traiter
les espaces Lp faibles, méme pour p = 1 ou 2. En s’appuyant sur la premiére
partie, on caractérise les espaces dans lesquels les formules usuelles pour les
inégalités de Khintchine sont valides. Dans une derniére partie, on donne une
preuve simplifiée de I’'inégalité de type (1, 1) faible pour les intégrales singuliéres
non-commutatives, un résultat précédemment obtenu par Parcet. Cette simpli-
fication nous permet de retrouver rapidement deux autres résultats connus : la
pseudolocalisation L, et I'inégalité de type faible pour les intégrales singuliéres
non-commutatives dont le noyau est & valeurs dans un espace de Hilbert.

* K %
Weak type inequalities in noncommutative L,-spaces

Abstract: The purpose of this thesis is to develop tools of noncommutative
harmonic analysis. More precisely, it deals with noncommutative Khintchine
inequalities and operator-valued singular integrals. The first part is dedicated to
questions of interpolation between classical L,-spaces. We generalize and state
new characterisations of interpolation spaces between L,-spaces. In a second
part, we introduce a form of the noncommutative Khintchine inequalities which
holds in every interpolation space between two L,-spaces. It enables us to unify
the cases p < 2 and p > 2 and to deal with weak L,-spaces even when p = 1 or 2.
By relying on the first part, we characterize spaces in which the usual formulas
for Khintchine inequalities hold. In a last part, we give a simplified proof of
the weak boundedness of noncommutative singular integrals, a result previously
obtained by Parcet. This simplification allows us to recover quickly two results:
the L, pseudolocalisation and the weak type inequality for noncommutative
singular integrals associated to Hilbert-valued kernels.



