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Title : Compressible-incompressible transitions in fluid mechanics:
waves-structures interaction and rotating fluids

Abstract : This manuscript deals with compressible-incompressible transitions
arising in partial differential equations of fluid mechanics. We investigate two
problems: floating structures and rotating fluids. In the first problem, the intro-
duction of a floating object into water waves enforces a constraint on the fluid and
the governing equations turn out to have a compressible-incompressible structure.
In the second problem, the motion of geophysical compressible fluids is affected by
the Earth’s rotation and the study of the high rotation limit shows that the veloc-
ity vector field tends to be horizontal and with an incompressibility constraint.
Floating structures are a particular example of fluid-structure interaction, in which
a partially immersed solid is floating at the fluid surface. This mathematical prob-
lem models the motion of wave energy converters in sea water. In particular, we
focus on heaving buoys, usually implemented in the near-shore zone, where the
shallow water asymptotic models describe accurately the motion of waves. We
study the two-dimensional nonlinear shallow water equations in the axisymmetric
configuration in the presence of a floating object with vertical side-walls moving
only vertically. The assumptions on the solid permit to avoid the free boundary
problem associated with the moving contact line between the air, the water and
the solid. Hence, in the domain exterior to the solid the fluid equations can be
written as an hyperbolic quasilinear initial boundary value problem. This couples
with a nonlinear second order ODE derived from Newton’s law for the free solid
motion. Local in time well-posedness of the coupled system is shown provided
some compatibility conditions are satisfied by the initial data in order to generate
smooth solutions.

Afterwards, we address a particular configuration of this fluid-structure interac-
tion: the return to equilibrium. It consists in releasing a partially immersed solid
body into a fluid initially at rest and letting it evolve towards its equilibrium po-
sition. A different hydrodynamical model is used. In the exterior domain the
equations are linearized but the nonlinear effects are taken into account under the
solid. The equation for the solid motion becomes a nonlinear second order integro-
differential equation which rigorously justifies the Cummins equation, assumed by
engineers to govern the motion of floating objects. Moreover, the equation derived
improves the linear approach of Cummins by taking into account the nonlinear
effects. The global existence and uniqueness of the solution is shown for small
data using the conservation of the energy of the fluid-structure system.

In the second part of the manuscript, highly rotating fluids are studied. This
mathematical problem models the motion of geophysical flows at large scales af-
fected by the Earth’s rotation, such as massive oceanic and atmospheric currents.
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The motion is also influenced by the gravity, which causes a stratification of the
density in compressible fluids. The rotation generates anisotropy in viscous flows
and the vertical turbulent viscosity tends to zero in the high rotation limit. Our
interest lies in this singular limit problem taking into account gravitational and
compressible effects. We study the compressible anisotropic Navier-Stokes-Coriolis
equations with gravitational force in the horizontal infinite slab with no-slip bound-
ary condition. Both this condition and the Coriolis force cause the apparition of
Ekman layers near the boundary. They are taken into account in the analysis by
adding corrector terms which decay in the interior of the domain. In this work
well-prepared initial data are considered. A stability result of global weak solu-
tions is shown for power-type pressure laws. The limit dynamics is described by
a two-dimensional viscous quasi-geostrophic equation with a damping term that
accounts for the boundary layers.

Keywords : Fluid Mechanics - Floating structures - Nonlinear shallow water
equations - Hyperbolic PDEs - Rotating fluids - Boundary layers
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Titre : Transitions compressible-incompressible en mécanique des fluides: inter-
action vagues-structures et fluides en rotation

Résumé : Ce manuscrit porte sur les transitions compressible-incompressible
dans les équations aux dérivées partielles de la mécanique des fluides. On s’intéresse
a deux problemes : les structures flottantes et les fluides en rotation. Dans le
premier probleme, l'introduction d’'un objet flottant dans les vagues induit une
contrainte sur le fluide et les équations gouvernant le mouvement acquiérent une
structure compressible-incompressible. Dans le deuxiéme probléme, le mouvement
de fluides géophysiques compressibles est influencé par la rotation de la Terre.
L’étude de la limite a rotation rapide montre que le champ vectoriel de vitesse
tend vers une configuration horizontale et incompressible.

Les structures flottantes constituent un exemple particulier d’interaction fluide-
structure, ot un solide partiellement immergé flotte a la surface du fluide. Ce
probléeme mathématique modélise le mouvement de convertisseurs d’énergie ma-
rine. En particulier, on s’intéresse aux bouées pilonnantes, installées proche de la
cOte ou les modeles asymptotiques en eaux peu profondes sont valables. On étudie
les équations de Saint-Venant axisymétriques en dimension deux avec un objet
flottant a murs verticaux se déplagant seulement verticalement. Les hypotheses
sur le solide permettent de supprimer le probléme a bord libre associé avec la ligne
de contact entre I'air, le fluide et le solide. Les équations pour le fluide dans le
domaine extérieur au solide sont donc écrites comme un probleme au bord quasi-
linéaire hyperbolique. Celui-ci est couplé avec une EDO non-linéaire du second
ordre qui est dérivée de I’équation de Newton pour le mouvement libre du solide.
On montre le caractére bien posé localement en temps du systeme couplé lorsque
que les données initiales satisfont des conditions de compatibilité afin de générer
des solutions régulieres.

Ensuite on considere une configuration particuliere: le retour a I’équilibre. 11 s’agit
de considérer un solide partiellement immergé dans un fluide initialement au repos
et de le laisser retourner a sa position d’équilibre. Pour cela, on utilise un modele
hydrodynamique différent, ou les équations sont linearisées dans le domaine ex-
térieur, tandis que les effets non-linéaires sont considérés en dessous du solide. Le
mouvement du solide est décrit par une équation intégro-différentielle non-linéaire
du second ordre qui justifie rigoureusement I’équation de Cummins, utilisée par
les ingénieurs pour les mouvements des objets flottants. L’équation que 'on dérive
améliore 'approche linéaire de Cummins en tenant compte des effets non-linéaires.
On montre l'existence et 1'unicité globale de la solution pour des données petites
en utilisant la conservation de 1’énergie du systeéme fluide-structure.

Dans la deuxieme partie du manuscrit, on étudie les fluides en rotation rapide. Ce
probleme mathématique modélise le mouvement des flots géophysiques a grandes



échelles influencés par la rotation de la Terre. Le mouvement est aussi affecté
par la gravité, ce qui donne lieu a une stratification de la densité dans les flu-
ides compressibles. La rotation génere de ’anisotropie dans les flots visqueux et
la viscosité turbulente verticale tend vers zéro dans la limite a rotation rapide.
Notre interét porte sur ce probleme de limite singuliere en tenant compte des
effets gravitationnels et compressibles. On étudie les équations de Navier-Stokes-
Coriolis anisotropes compressibles avec force gravitationnelle dans la bande infinie
horizontale avec une condition au bord de non glissement. Celle-ci et la force de
Coriolis donnent lieu a ’apparition des couches d’Ekman proche du bord. Dans ce
travail on considére des données initiales bien préparées. On montre un résultat
de stabilité des solutions faibles globales pour des lois de pression particulieres.
La dynamique limite est décrite par une équation quasi-géostrophique visqueuse
en dimension deux avec un terme d’amortissement qui tient compte des couches
limites.

Mots-clés :  Mécanique des fluides - Structures flottantes - Equations de Saint-
Venant - EDPs hyperboliques - Fluides en rotation - Couches limites

Laboratoire d’accueil : Institut de Mathématiques de Bordeaux UMR 5251,
Université de Bordeaux, 351 Cours de la Libération - 33405 Talence, France
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Résumé

L’objectif de ce manuscrit est I'analyse des modeéles mathématiques avec transi-
tions compressible-incompressible qui apparaissent en mécanique des fluides. En
océanographie et en météorologie, le mouvement des fluides est décrit par différents
modeles, dépendant les caractéristiques et les propriétés du flot. D’une part, il est
connu qu’en mécanique des fluides, les flots compressibles satisfont 1’équation de
continuité, dérivée du principe physique de conservation de la masse. D’autre
part, le mouvement des fluides incompressibles est décrit par un champ vectoriel
de vitesse avec une contrainte de divergence nulle.

Malgré cette différence qualitative, il se trouve que parfois I'introduction d’un ac-
teur extérieur, comme des structures flottantes ou la rotation de la Terre, donne lieu
a une “transition” du caractere compressible au caractére incompressible. Cette
transition peut étre interprétée de différentes fagons selon la situation considérée:
structure compressible-incompressible des équations, limite incompressible de flots
compressibles pour des parametres qui tendent vers zéro, etc.

L’intérét de ce manuscrit porte sur deux problemes. Dans la premiere partie
du manuscrit, on étudie l'interaction des vagues avec des structures flottantes, qui
est un probléme particulier d’interaction fluide-structure ou le solide est partielle-
ment immergé dans le fluide. Ce probleme mathématique décrit le mouvement des
bateaux ou des convertisseurs d’ énergie marine. Dans un régime particulier, la
présence de l'objet donne lieu a une contrainte sur le fluide et les équations qui
gouvernent son mouvement acquierent une structure compressible-incompressible.
Dans la deuxiéme partie du manuscrit, on étudie les fluides en rotation. Cette
branche de la mécanique des fluides étudie des modeles qui décrivent les flots géo-
physiques, dans les océans ou dans 'atmosphere, a larges échelles en considérant

xiii
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I'influence de la rotation de la Terre sur leur mouvement. Quand la limite en
rotation rapide est considérée, le mouvement de ces fluides compressibles devient
horizontale, avec une contrainte d’incompressibilité.

Structures flottantes

Le probleme mathématique des structures flottantes a été formulé en premier par
John en [75], [76]. Tl s’agit d’un exemple particulier d’interaction fluide-structure,
ou un corps partiellement immergé flotte a la surface du fluide. Deux problemes
a bord libre sont a traiter. Le premier vient de la surface libre du fluide et le
deuxieme est dii au fait que la portion de 'objet en contact avec le fluide varie en
temps et la ligne de contact est donc un bord libre. Le but de la premiere partie
du manuscrit est de décrire les caractéristiques de cette interaction avec un modele
mathématique rigoureux et qui puisse tenir compte des effets non-linéaires et des
variations de la ligne de contact entre I’eau et le solide.

On s’inspire du travail de Lannes, qui a modelisé dans [83] le probléme de structures
flottantes en considérant ces deux derniers aspects et en utilisant une formulation
a moyenne verticale, déja utilisée pour des modeles asymptotiques des équations
des vagues en océanographie cotiere. Motivés par son approche, on veut étendre
I’analyse non-linéaire de ce probléme a une configuration axisymétrique en deux
dimensions horizontales (un modele 2+1-D). On considere un régime d’eaux peu
profondes (en anglais shallow water) ou le rapport entre la profondeur typique et
la longueur d’onde typique de la vague est tres petit.

Chapitre 1

Dans le chapitre [I} on s’intéresse au caractére bien posé des équations de Saint-
Venant avec une bouée pilonnante. Ce type de convertisseur d’énergie marine est
souvent mis en place proche de la céte. En cette zone, les modeles asymptotiques
en eaux peu profondes décrivent d’un maniére précise les mouvements des vagues.
On considere une structure avec symétrie cylindrique et des murs verticaux et
qui a un mouvement seulement vertical dans un fluide homogene, non-visqueux,
incompressible et irrotationel. Les hypotheses sur la forme et le mouvement du
solide permettent de supprimer le probleme a bord libre associé a la ligne de contact
et le probleme se simplifie. On suppose que le flot soit axisymétrique et sans swirl,
c’est a dire qu’on considére un champ vectoriel de vitesse invariant par rotation
et avec une composante azimutale nulle. Pour simplifier, le fond du domaine du
fluide est supposé plat. Les équations de Saint-Venant avec une structure flottante
sont écrites en forme axisymétrique. Les inconnues du probleme sont 1’élévation de
surface (, la composante radiale du débit horizontal ¢, définie comme l’'intégrale
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sur la profondeur du champ de vitesse horizontale, et la pression de surface en
dessous de 'objet. Cette derniere est un multiplicateur de Lagrange associé a la
contrainte de contact entre le fluide et solide qui est imposé dans le modele et
qui tient en compte la présence du solide dans les équations. Cela donne une
structure compressible-incompressible aux équations. Les hypotheses sur le flot
font du débit horizontal une inconnue scalaire d’une seule dimension. On note u
le couple (., q.) des inconnues dans le domaine extérieur au solide et par d¢ le
déplacement de la position verticale du centre de masse de sa position d’équilibre.
Les équations pour le fluide dans le domaine extérieur (R, +00), ot R est le rayon
du solide, peut étre écrit comme le probleme quasi-linéaire hyperbolique a valeur
initiale et au bord

Ou+ A(uw)oyu+ B(u,r)ju=0 dans (R,+o0)
R

SR 0
u(t = 0) = uo,
avec 1
0 1 0o -
Alu) = 7 2qe B(u,r) = "
he — L : ) .
e ™2 T, .

rhe

ol h, = hg+ (. est la hauteur du fluide, égale a hy au repos. De plus, a cause de la
présence des murs verticaux, un terme correcteur doit étre ajouté dans la condition
au bord pour la pression intérieure afin que le systéme couplé fluide-structure soit
conservatif. D’autre part, la loi de Newton pour la conservation de la quantité de
mouvement linéaire peut étre écrite comme

(m + mq(06))0a(t) = —cdg(t) + cey - uy,_, + (b(u) + B(da)) 0% (1),

5g(0> - (51
4
avec ¢ = pgrR%, b= WP8R et
b b b
a d = ) 0 = 579/ V0 b = )
m ( G) hw((SG) /8( G) 2h121)(6G) (U) (el . u|r:R + h0)2

ol hy(0¢) = hy.eq + O est la hauteur du fluide en dessous du solide. Le résultat
principal du Chapitre [1| est le caractére bien posé localement en temps du systeme
couplé - dans des espaces de Sobolev pour données initiales régulieres et
compatibles. On introduit un symétriseur a la Kreiss pour transformer le systéme
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en un systeme symétrique avec une condition au bord maximal dissipative, qui per-
met de controler la trace de la solution au bord par ’estimation d’énergie standard
pour des systemes hyperboliques quasi-linéaires. Ce symétriseur est construit grace
& la dérivation d’une formulation équivalente de la condition de Kreiss-Lopatinskii
uniforme.

Chapitre 2

Dans le chapitre [2| on étudie un cas particulier du probleme de structures flot-
tantes, le retour a [’équilibre. Il s’agit de considérer un solide partiellement im-
mergé dans un fluide initialement au repos et le laisser “retourner” a sa position
d’équilibre. L’intérét du probléme vient du fait qu’il peut étre facilement reproduit
expérimentalement et qu’il est utilisé en ingénierie pour déterminer plusieurs car-
actéristiques importantes des objets flottants. D’abord, on montre que 1’équation
différentielle pour le mouvement du solide peut étre écrite sous une forme fer-
mée en introduisant un opérateur d’extension-trace, qui prend ¢ _, et retourne
Ce|,_p- Ensuite on considére la configuration du retour & I'équilibre dans un cadre
axisymétrique avec les mémes hypotheses sur 'objet que dans le chapitre (1] et
les conditions initiales appropriées sont données. Les conditions de compatibilité
nécessaires pour appliquer le résultat du Chapitre [1| ne sont pas satisfaites avec
ces conditions initiales particulieres. On propose donc un modele hydrodynamique
linéaire-nonlinéaire pour le probleme de structures flottantes. Les équations pour le
fluide dans le domaine extérieur deviennent les équations de Saint Venant linéaires

Qe
0/, +0,q. +— =0
e q , (3)

atQE + ghoarCe =0
alors que dans le domaine intérieur les mémes équations nonlinéaires et la méme
condition de transition sont considérés.

Le résultat principal du chapitre[2est la dérivation de I’équation intégro-différentielle
non-linéaires de deuxieme ordre

t
(m +ma(0¢))de = — ¢bg — vdg + c/ F(s)da(t — s)ds + (b(da) + B(da)) 3¢ ,
0
- (4)
avec ¢, b, my(0¢), B(d¢) comme dans ([2), v = ;— pour vy = /gho,
Vo

b

b(d¢) = ——— : 5
(fy F(s)da(t = s)ds — £5a(t) + ho)
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et le noyau de convolution F'(t) défini par
iRHél) <Z(C + zw)R>
m ( j_fo' )R + ZR eletiwlt 1,
v—+00
™ 2U0H1(1) <Z C T 1w > Vo

Vo

pour tout ¢ > 0 avec Ho(l),Hl(l) des fonctions d’Hankel. Un résultat d’existence
pour le probleme de Cauchy associé aux données initiales du retour a 1’équilibre
est aussi obtenu. La linéarisation de (4)) est I’équation de Cummins, une équa-
tion linéaire intégro-différentielle largement utilisée par les ingénieurs pour décrire
le mouvement verticale du solide. Elle a été dérivée empiriquement par Cum-
mins dans [34] a partir de la conservation d’énergie et de I’équilibre des forces.
L’équation que 'on dérive est la premiere justification rigoureuse de 1’équation de
Cummins avec terme de retard et, de plus, elle améliore son approche linéaire en
tenant compte des effets non-linéaires sur le mouvement du solide. Ceux-la ne sont
plus négligeables dans des mouvements a grandes amplitudes.

Fluides en rotation

Les océans et I'atmosphere sont liés d’un point de vue de dynamique de fluide.
Ils présentent des analogies et propriétés communes qui ont été constatées dans
des expériences réelles. En particulier, c¢’est dans les flots a grande échelle que ces
similarités entre flots océanographiques et atmosphériques sont les plus évidentes
et faciles a comprendre. Dans ce manuscrit, les flots a grande échelle sont ceux in-
fluencés par la rotation de la Terre. La présence de cette rotation affecte la vitesse
du fluide a travers la force de Coriolis. 1l s’agit d’une force fictive qui apparait
dans les équations qui décrivent le mouvement du fluide quand elles sont consid-
érées dans un systeme de référence en rotation. Le parametre dont la taille décrit
I'influence de la rotation planétaire sur le mouvement de fluides géophysiques est
le nombre de Rossby.

Le but de la deuxiéme partie du manuscrit est I’étude du comportement asympto-
tique de solutions des équations qui gouvernent le mouvement de fluides visqueux
compressibles en rotation lorsque le nombre de Rossby et autres nombres sans di-
mension (nombre de Mach, nombre de Froude et nombre d’Ekman) tendent vers
zéro. Ce fait donne lieu a des problemes a limite singuliere.

Chapitre 3

Le travail présenté dans le chapitre 3| s’agit d'une collaboration avec Francesco
Fanelli et Christophe Prange. Le probleme mathématique traité ici permet de
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décrire le plus précisément les propriétés physiques des mouvements de fluides a
grande échelle sous I'influence de la rotation terrestre et de la force gravitationnelle.
On prend en considération le fait que I’anisotropie a lieu pour des fluides en rotation
rapide, en particulier la viscosité verticale est tres petite et du méme ordre que
le nombre de Rossby. On considere la condition de non-glissement au bord du
domaine R?x (0,1). Cela cause 'apparition de couches limites horizontales proches
du fond et du sommet du domaine. De plus, on tient compte aussi des effets de
stratification sur le profil de densité dus a la force gravitationnelle. Le cas bien
préparé est étudié, en négligeant I'analyse de la propagation des ondes soniques.
On considere le systeme suivant

Op°+ V- (pu’) =0,
h(pu) + V- (p°u" ®@u’) — Ay uf — AV(V - uf) (5)

1 1 1
- % (oS uc il v/ )= —p°VGE
+Zes (p7u )+82 p(p°) P

ou p° est la densité du fluide, u® est la vitesse du fluide, p est la pression du fluide et
G est le potentiel gravitationnel. Ici A, . désigne 'opérateur de Laplace anisotrope.
Les nombres de Rossby, de Mach et de Froude sont proportionnels a un petit
parametre €. On s’intéresse au comportement asymptotique des solutions a la limite
€ — 0. Le résultat principal du chapitre [3| est constitué d’un résultat de stabilité
pour des solutions faibles de qui rend la convergence quantitative et montre la
structure des solutions, pour des lois de pression du type p € C([0,00)) NC3((0, c0))
satisfaisant
: _P(p)
p(0) =0, P'(p)>0 Vp>0, lim =a>0

p—00 p’Y_l

avec v > 3/2. En particulier, on utilise la méthode de I'entropie relative pour
dériver une estimation quantitative sur la différence entre la solution de et une
solution approchée, qui contient de termes de couches limites correctifs. De plus,
on montre que la vitesse limite formelle est du type u = (V;-¢q,0) ot ¢ est I'unique
solution réguliere de I'équation quasi-géostrophique visqueuse en dimension deux

L 5 5 VA0 +/5(1)
0 () 4 — (7) Baa) — (7) Viq- Vil + pdrdq — YEUNID N0 o (6)

avec donnée initiale gy € H®(R?). Cette régularité est nécessaire pour controler le
terme de source dans l'inégalité d’entropie relative.



Preface

The objective of this manuscript is the analysis of mathematical models with
compressible-incompressible transitions arising in fluid mechanics. In oceanog-
raphy and in meteorology the motion of fluids is described via different models
depending on the characteristics and the properties of the flow. On the one hand,
it is known in fluid mechanics that compressible flows satisfy the continuity equa-
tion, which is derived from the physical principle of the conservation of mass. On
the other hand, the motion of incompressible fluids is described via a velocity vec-
tor field which is constrained to be divergence free.

In spite of this qualitative distinction, sometimes the introduction of an external
actor, such as floating structures or the Earth’s rotation, in the system governing
the fluid motion causes some “transition” from the compressible to the incompress-
ible property. This transition can be understood in different ways with respect to
the situation considered: compressible-incompressible structure of the equations,
incompressible limit of compressible flows as some parameter goes to zero, etc.
Moreover, this phenomenon can happen regardless of the scale of the problem in-
vestigated. Indeed, this effect may appear either in water waves motions at the
coastal (beach) scale or in large-scale oceanic and atmospheric currents.

The focus of this manuscript is twofold. In the first part of the manuscript, we
study the floating structures problem, a particular fluid-structure interaction prob-
lem in which the solid is partially immersed in the fluid. This mathematical prob-
lem describes the motion of boats or wave energy converters floating on the sea
water. In a particular regime, the presence of the object causes a constraint on the
fluid and the governing equations turn out to have a compressible-incompressible
structure.

Xix
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In the second part of the manuscript, we address rotating fluids. This mathemat-
ical subject provides models which describe geophysical flows, in oceans or in the
atmosphere, at large scales taking into account the influence of the Earth’s rota-
tion on their motion. In the high rotation limit, the motion of these compressible
fluids tends to be horizontal and with an incompressibility constraint.
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I Wave energy converters

In recent years, the need of free and renewable energies has brought hydrodynam-
ical engineers to focus on the implementation of wave energy converters (WEC)
which are devices that allow to convert the kinetic and the potential energies as-
sociated with a moving wave into useful mechanical or electrical energy. A large
variety of examples of WECs can be found in hydrodynamical engineering. How-
ever, they are substantially classified in three different ways: by the distance from
the shore, by the size and orientation with respect to the wavelength and by how
they act (see Figure [1f for the different families of WECs). In the case when the
implementation is in the coastal region we call them onshore. Close to the shore,

3
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they are called nearshore and typically exploit the ocean bottom. When they are
far from the coast, for instance when the water depth is 100 m or more, they are
called offshore.

The second classification deals with the size and the orientation of the structures.
When their dimensions are equal or bigger than the order of magnitude of the
wavelength, we call them terminators and attenuator depending on the fact that
the principal direction of the structures is transversal to the waves motion or par-
allel. If the converter is small compared to the wave we call it point-absorber. We
remark that the terminators can also be seen as a coastal defense technique: the
waves coming towards the coast are absorbed and the environmental impact of the
coastal erosions can be reduced.

Finally, the systems are divided into three macro-families according to how they
act. We distinguish wave energy converters in oscillating water columns, which
behaves like an oscillating liquid piston compressing the air in a closed chamber,
overtopping devices, which transform the kinetic energy of overwhelming waves
into potential energy, and wave-activated bodies, whose motion is created by the
wave. This last group covers a wide range of WECs and can be separated into two
subgroups. The oscillating wave surge converters move essentially horizontally
and the heaving buoys move essentially vertically. The focus of this manuscript
lies in heaving buoys. For the other wave energy converters, we refer the interested
reader to the recent monograph [9], from which this presentation takes inspiration.
Let us focus on heaving buoys and in particular on the case when they are im-
plemented in regions where the water depth is relatively small, which normally
happens in the nearshore region. The exploitation of the vertical motion of the
floating structures, which is called heave, is the simplest and most direct way to
absorb waves energy. Moreover, the costs of their implementation are sustainable
and a direct intervention or maintenance is possible. These buoys are cylindrically
symmetric with a vertical axis of symmetry and their diameter is usually between
5 and 10 m. While they are floating at the water surface, cables connect them to
anchorage points at the bottom of the ocean. Here, the energy conversion system
transforms the kinetic energy of the structure into electric energy. In contrast with
their simple implementation, heaving buoys do not provide a satisfactory amount
of energy. Indeed, since they are usually small compared to the wavelengths, their
periods of resonance are so much shorter than the periods of the wave that they
have a weak energetic performance (10 to 20% for structures of 5 to 10m). The
introduction of an ad hoc acting system, though its effective application is not
clear at this day, permits to control the responses and significantly increase the
performance of heaving buoys (see [21]).

A better comprehension of the interaction between WECs and the water waves
may guarantee an effective implementation (prediction of the surface) and maxi-
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Offshore Nearshore Onshore

Terminator

Attenuator

Point absorber

©

‘Wavelength 4
—
Overtopping device QOscillating water column
overtopping Turbine
N

Floating OWSC

Heaving device Fixed OWSC

Figure 1 — (from Babarit [9]) Classification of WECs by the distance from the shore (top), by the
size and the orientation with respect to the wavelength (middle) and by how they act (bottom).
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mize the ratio of the produced energy to the energy spent for the implementation.
Hence, engineers and oceanographers reproduced tests in wave tanks and did nu-
merical simulations. In order to understand the behavior of the wave-structure
interaction and to have a general description of the phenomenon, a rigorous math-
ematical model is needed. The goal is to describe the features of this interaction,
taking into account nonlinear effects and the variations of the contact line between
the water and the solid.

Although the analysis of WECs is quite recent, floating structures have been al-
ready studied in the last century in order to describe the motion of ships. Froude
in 1861 discussed in [55] the rolling of ships and Krylov in 1898 presented a method
to compute the hydrodynamic loads for ship motions in waves, neglecting the in-
fluence of the ship on the waves.

The first formulation of the floating body problem appeared in two famous papers
[75], [76] of John. It is a particular example of fluid-structure interaction, when a
partially immersed body is floating at the fluid free surface. In this problem two
free boundary problems need to be treated. The first free boundary problem is the
one coming from the free surface elevation. The second free boundary problem is
given by the fact that the portion of the body in contact with the fluid depends
on time, so that the contact line is a free boundary.

The difficulty of the problem brought John to study a more simplified problem.
He considered a linear one-dimensional model in order to describe the evolution
of the free surface waves and he used a potential velocity formulation. Then, he
assumed that the motion of the solid is of small amplitude and he neglected the
variations of the contact line in time. These assumptions permitted him to avoid
the free boundary problem associated with the contact line. The linear approach
was used also by Ursell in [120] and Maskell and Ursell in [90] to describe the heave
of a floating body.

Though the model of John is oversimplified, it was extensively adopted in hy-
drodynamic engineering. In particular, we refer to Cummins who, dealing with
ship motion, proposed in [34] his celebrated delay differential equation on the six
modes of response: surge, sway, heave, roll, pitch and yaw. We will comment on
this equation in Section [[II.2] The linear potential model is still used in present
days and represents the principal method in the literature related to floating struc-
tures, such as wave energy converters [04]. For instance, the well-known solvers
WAMIT and NEMOH, used for the analysis of wave interactions with offshore
structures, are based on this model.

Recently, Lannes addressed the modeling of floating structures in [83], where he
took into consideration the nonlinear effects and the evolution of the contact line.
The author showed that the resulting equations have a compressible form in the
domain where the waves are not in contact with the solid and an incompressible
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form in the contact region. The same structure was shown for reduced asymptotic
models. Moreover, a reformulation of the Newton’s laws for the free solid motion
was given. His work motivated the first part of this manuscript. Section [[11] follows
the analysis in [83].

To have a better comprehension of this fluid-structure interaction, let us first
deal only with the motion of the waves, in the absence of a floating body. In this
case the problem reduces to the well-known water waves problem, whose theory
and results are briefly presented in the next section.

II Water waves problem

The water waves problem consists in describing the motion, under the influence
of the gravity, of a fluid in a domain with a fixed bottom and a free surface at
the top that separates it from vacuum or another fluid whose density can be ne-
glected. One particular example of this mathematical problem is the motion of
ocean waves, where the free surface is the interface between the water and the
air. We consider a homogeneous inviscid incompressible fluid with an irrotational
flow. The particles do not cross neither the surface nor the bottom of the domain,
which can be both parametrized as graphs of some functions. Since the domain
considered is infinite, the fluid velocity is assumed to vanish at infinity. The water
depth is always bounded from below by a nonnegative constant. Moreover, the
surface tension is neglected and the external pressure assumed constant.

Let us comment on the previous assumptions. Here we are interested at the scale
of a beach. The density of seawater does not show significant variations at this
scale and the homogeneity assumption is justified. On the other hand, the density
of the air is neglected. In general it is small but not zero and we should deal with a
two-fluids interface problem, in which two fluids of different densities are separated
by an interface and Kelvin- Helmholtz instabilities may appear. In [81] Lannes
showed that the density of the air can be neglected in the asymptotic models used
in coastal oceanography to describe the propagation of waves and our assumption
is justified.

The inviscidity assumption is introduced to neglect energy dissipations at the bot-
tom, in the interior of the domain and at the surface. The presence of viscosity
causes the apparition of two different type of boundary layers, one close to the
bottom and one close to the surface. While handling the bottom boundary layer is
still an open problem, the uniform (with respect to the viscosity) boundedness of
the Lipschitz norm of the velocity in the surface boundary layer allowed Masmoudi
and Rousset to justify in [93] the inviscid limit of the free-surface Navier-Stokes
equations to the water waves equations in infinite depth. This result was extended
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to the case with surface tension by Elgindi and Lee in [42]. Moreover, this as-
sumption is motivated by the typical scales of the configuration we are interested
in. Indeed, the typical size of the boundary layer due to the molecular viscos-
ity between water and a solid boundary is approximately 10~3m, which is much
smaller than the scales we are interested here. For instance, the damping effects
experienced by a freely floating object are mainly due to the energy it looses by
creating waves, and not to viscous effects.

The incompressibility assumption comes from the fact that the ratio of the typical
wave celerity to the speed of sound is very small unless the characteristic depth is
of the order of 200 km, which is not the case.

The irrotationality assumption is introduced here since rotational effects are of-
ten negligible up to the breaking point of the waves. The vorticity was taken
into account by P. Zhang and Z. Zhang in [I3I] and by Constantin in [30] using
Lagrangian coordinates. Recently, Castro and Lannes derived a new formulation
of the rotational case in [23], showing its local well-posedness, the Hamiltonian
structure and uniform bounds allowing the shallow-water limit.

The assumptions on the fluid behavior at the top and the bottom provide bound-
ary conditions. The first is a kinematic condition at the surface and the second
one is that the normal component of the velocity must vanish at the bottom. We
will show later the explicit expressions.

Since we are interested to the description of the wave behavior as it approaches
the shore, the wave does not enter the breaking zone and hence can be assumed to
be parametrized a graph. However, the wave can be considered as a parametrized
curve or surface as Wu did in [124] and [125]. This approach is required for the
study of splash singularities by Castro, Cordoba, Fefferman, Gancedo and Gémez-
Serrano in [22]. It is not necessary that the bottom is a graph either. Indeed,
the bottom affects the dynamics of the surface only at lower order. For instance,
rough bottoms (with any regularity) were considered by Alazard, Burq and Zuily
in [3].

The bound on the water depth excludes vanishing depths configurations such as
beaches. The analysis of the vanishing depth problem was tackled by de Poyferré
in [37] and by Ming in [99] for the Euler equations. Lannes and Métivier recently
addressed the shoreline problem in [84] for reduced asymptotic models.

The surface tension was considered in many works, for instance by Coutand and
Shkoller in [31], by Ming and Zhang in [I00] and by Alazard, Burq and Zuily in
[3], but for the same reason as the viscosity (see above) we neglect it here.

II.1  Free surface Euler equations

The previous assumptions can be reformulated using a mathematical language.
Let us first introduce the following notation:
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« The domain occupied by the fluid at time ¢ is denoted Q(t) C R4, where d
is the horizontal dimension (for oceanography applications d = 1, 2).

o The velocity of the fluid at (X, 2) € Q(¢) at time ¢ is U(t, X, z) € R¢TL. The
horizontal component is V (¢, X, z) € R? and the vertical one is w(t, X, z) €
R.

o P(t,X,z) € Ris the pressure at time ¢ at the point (X, z) € Q(t).

o The acceleration of gravity (constant) is denoted by —ge,, where g > 0 and
e, is the upward unit vector in the vertical direction.

e The constant fluid density is p.

The motion of a homogeneous, inviscid, incompressible, and irrotational fluid is
governed by the Euler equation, with constraints on the divergence and the curl
of the velocity field:

1
8tU + (U . VX7Z)U = —;VXVZP — ge, in Q(t), (IIl)
V-U=0 in Q) (11.2)
VxU=0 in Q). (T1.3)

We assume that there exist two functions b : R? — R and ¢ : [0,7) x R — R for
T > 0 such that

Vvt e[0,T), Qt)={(X,z) € R —hy +b(X) < 2z < ((t, X)}, (I1.4)

where hg > 0 is a constant reference depth; the hyperplane z = 0 corresponds to
the still water level. Denoting by N, and by N the normal unit vector pointing
upwards to the bottom and to the surface, the boundary conditions at the bottom
and at the free surface read

U-N, =0, N, = (=Vb, 1) at z= —ho+b(X), (IL.5)
0¢—U-N=0, N=(-V,1)" at z=((tX), (I1.6)

where (IL.5) and (1.1.4) are called the non-permeability and the kinematic equa-
tions respectively. Denoting by Py, the constant atmospheric pressure, the pres-
sure at the surface is given by

P = Pym at z=((t,X), (I1.7)
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_HO

\J)@d

Figure 2 — (from Lannes [82]) Main notations: X is the horizontal variable, z is the vertical
variable, Q(t) is the domain, —hg + b(X) is the bottom, ¢ is the free surface, n is the normal
unit vector and g is the gravity.

while the non-vanishing shoreline and the rest-at-infinity assumption are

t T li t. X U(t, X, 2)| = 1.
vt € 10,7, (X,z)egaﬁff%x,z)HooK( X))+ |U(t, X, 2)| =0, (IL8)
Fhmin >0, V(t,X) €[0,T) x RY,  ho+ C(t, X) = b(X) > Auin. (I1.9)

The equations ([1.1]) - (I1.9) are called free surface Euler equations. They conserve
the fluid energy Fpq defined as

1 1
Fuiq = / U + / g2, (I1.10)
2 Q(t) 2 R4

where the first term of the sum is the kinetic energy and the second is the potential
energy.

Zakharov-Craig-Sulem formulation

We present in this section the Zakharov-Craig-Sulem formulation of the water
waves equations. Zakharov [I30] remarked that the free surface elevation ¢ and
the trace of the velocity potential at the surface ®|__ fully define the flow. Craig,
Sulem and Sulem [32] and Sulem [33] gave a formulation of the equations introduc-
ing the Dirichlet-Neumann operator. More precisely, from assumption , there
exists a mapping ® : [0,7) x R¥! — R such that U = Vx_,®. Replacing the po-
tential expression in the incompressibility condition (II.2]), in the non-permeability
condition and denoting by ¢ the trace of the velocity potential at the surface,
we get the following Laplace equation

AX,zq) =0 in Q(t)
(blz:C = w’ an(p‘z: = O

—ho+b

(IL.11)
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with Dirichlet and Neumann boundary conditions respectively at the free surface
and at the bottom. For (, b regular enough satisfying the non-vanishing shoreline
assumption (IL.Y) and U = Vx ,® satisfying the rest-at-infinity assumption ,
the system (II.11]) admits a unique variational solution ® for any Dirichlet condi-
tion ¢ using the Lax-Milgram theorem (see Chapter 2 of [83] for details). Then
the velocity field U is recovered and the pressure P follows from . Therefore,
the problem can be formulated via two evolution equations on ¢ and 1), since these
are all the relevant quantities. For this purpose, Craig and Sulem introduced the
Dirichlet-Neumann operator, defined as

GG sy = 14 VoD, (IL.12)

where @ solves . This operator is linear with respect to ¥ but highly non-
linear with respect to the free surface ( and the bottom b. We refer to Chapter
3 of [83] for all the details and the properties about this operator. Therefore, the
water waves problem can be written as a system of two scalar evolution equations:

atc - G[CJ b]l/) - 07

1
o) + gC + §W¢\2 -

(GG blv + V¢ V)P _ (11.13)
20+|vep)

Note that, written under this form, the problem ceases to be a free boundary
problem in terms of ({,%) and the domain of the problem is d-dimensional, while
the primitive problem is a free boundary (d + 1)-dimensional problem in terms of
(¢,U). Moreover, the system has a Hamiltonian structure: indeed it can
be written under the form

P I 9¢ Euia
"\ -1 0 OpFhvia |’
with the fluid energy Ej,q, which is conserved by the equations, given by

1 1
B =5 [ wolc.Hu+ 3 [ ot (1114)

Well-posedness of the problem

The well-posedness theory of the water waves problem is well-known for different
formulations. All the early works were set in a Lagrangian framework which allows
to consider the surface waves that are not graphs. Nalimov in [T01] showed first
the local well-posedness result for Sobolev small initial data in the one-dimensional
case using a formulation in which the velocity is a vector field complex-valued. The
author considered the case of infinite depth and the result was extended to the finite
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depth case by Yosihara in [129]. The smallness condition on the initial data was re-
moved by Wu in [124]. She modified the Nalimov formulation in the infinite depth
case and she was able to treat also the two-dimensional case in [125]. Moreover,
using the same formulation the author proved an almost global existence result
in [126] for the one-dimensional case and a global well-poseness result in [127] for
the two-dimensional case. Differently from the previous works, Lannes considered
the Eulerian framework proving in [80] the well-posedness of the Zakharov-Craig-
Sulem formulation (II.13]) with finite depth (flat or space-dependent bottoms) in
any dimension. The author established the well-posedness result without assum-
ing any smallness condition on the initial data. Alazard, Burq and Zuily in [4]
required less regularity for the initial data in any dimension using a paradiffer-
ential approach. More precisely, they showed the well-posedeness of for
initial surface with unbounded curvature and for initial velocities with only Lips-
chitz regularity. Recently in [5] the same authors improved the result to cover also
non-Lipschitz initial velocities using Strichartz estimates.

The interest of this manuscript does not lie in the analysis of the full water waves
equations, but in the study of asymptotic models deriving from it. To do this, we
write the dimensionless water waves equations and look at the different regimes
depending the size of some dimensionless parameters.

II.2 Dimensionless equations

We introduce here the dimensionless parameters, derived from the characteristic
scales of the problem, in order to study the qualitative properties of the solutions
to . For the sake of simplicity, the bottom of the domain is assumed to be
flat, i.e. b(X) = 0. Thus, the main length scales of the water waves problem are:

1. The typical water depth hg
2. The typical wavelength L
3. The order of the free surface amplitude agy.¢
Then, we can define the following independent dimensionless parameters

Qsurf o h(z)
he ' M L2

(IL.15)

called respectively the nonlinearity, shallowness parameters. According to the
regime considered, assumptions on these parameters are made. For example, in
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the case of small amplitude waves the nonlinearity parameter ¢ is assumed to be
small. The dimensionless Dirichlet-Neumann operator becomes

GuleClyy = 1+ [V(eQ)POn®| (IL.16)

with ® satisfying the nondimensionalized version of ([I.11))

204 0,6=0 f —1<z2<
{,ua,p +0 0 for <z < e, (1L17)

Q.. =v, w®.__,=0.

—1

Rewriting (II.13]) with the new dimensionless quantities, the water waves equations
in the dimensionless form become

1
¢ — ﬁgu[56]¢ =0,

2
e e (EGuleC, BbJY + V() - V)
0@+C+g\v¢\2— 7 2(1+82u’VC|2) ’

(I1.18)

with v ~ 1 if p is small. In [6] Alvarez-Samaniego and Lannes proved the well-
posedness of uniformly with respect to €, u and other dimensionless param-
eters related to the topography and the transversal character of the waves. The
authors established a large time existence result (of order O(1/¢)), in the sense
that it does not shrink as p goes to zero, which provides a uniform energy control.
They exploited this fact to rigorously justify the main asymptotic models used in
coastal oceanography. We write here the regimes and the approximation orders
corresponding to some of the different reduced models they justified:

o Shallow water models p < 1:

— Large amplitude € ~ 1:
Nonlinear shallow water equations O(pu)
Green-Naghdi equations O(u?)
— Medium amplitude € ~ \/pu:
Serre equations O(u?/e)
— Small amplitude € ~ u:
Boussinesq systems O(g?)

e Deep water models p > 1

— Small steepness ¢,/ < 1:
Full dispersion model O(e\/)
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Let us focus on the nonlinear shallow water equations, also called Saint—VenantE]
equations. They read

OV +V(+e(V-V)V =0,

where V = ffi V&, with ® satisfying ([L.17)), is the vertically averaged horizontal
component of the velocity and h = —1 + ¢ is the fluid depth. Although the
latter is a reduced model, the first equation in is exact, in the sense that
no approximations with respect to p or the other parameters are made. Hence,
it appears also in the other models listed before. To derive it, we only use the
incompressibility condition (II.2]) and the boundary condition . We notice
that the irrotationality assumption does not play any role here. Moreover,
it is evident that the divergence operator obtained is easier to work with than the
complex Dirichlet-Neumann operator. The aim at closing the equations in terms of
the free surface and this new vertical integrated quantity motivates the derivation
of a different formulation, which can deal also with the rotational case. It is called
the depth averaged formulation.

I1.3 Depth averaged formulation

In the previous section we have presented the Zakharov-Craig-Sulem formulation
for the water waves equations, where the dimension reduction has been done using
the irrotational condition V x U = 0 which permits to write U = Vx .® and in-
troduce the trace of the potential velocity ¢ = @ _.. A set of evolution equations
(I1.13) on (¢,%) has been successively derived. Though this formulation has been
widely used in the analysis of the water waves equations, the asymptotic models
employed for applications in oceanography, as the ones cited at the end of the
previous section, are generally not expressed via this couple of unknowns. They
are derived using a formulation, present also in numerical simulations, which relies
on the integration along the fluid depth and permits, as in the Zakharov-Craig-
Sulem formulation, to get rid of the vertical dimension and reduce the problem to
a d-dimensional one.

Another reason for which it is useful to introduce the depth averaged formulation
is that, as we shall see later, in the presence of a floating structure it is easy to
reformulate the contact between the fluid and the object as a constraint on the
new unknown under the solid.

Let us introduce the new unknown, which couples with the free surface elevation
¢ in this formulation, as follows:

'Barré de Saint-Venant derived these equations in 1871 in [38] 39].
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Definition I1.1. Given U(t, X, z) the fluid velocity field , the horizontal discharge
Q is defined as

(,X)
Qt,X) = /C "~ V(t, X, z)dz, (I1.19)

ho

where V is the (d-dimensional) horizontal component of U = (V,w)T.

It is immediate that Q@ = hV and writing the quantities with dimensions, we
get the following set of evolution equations on (¢, Q):

{@C TV-@=0 (I1.20)

0Q+V - ([5, VeV)+ghV(+1[C VPu =0,

where h is the fluid depth defined as h(t, X) = ((¢, X) + hqg, p is the fluid density
and the non-hydrostatic pressure Pyy reads

¢(t,X)
Pau(t, X, 2) = ,0/ (Ow+ U - Vx w).

At this point, the reader may doubt if the system is in some sense a real
"reformulation" of the original water waves problem, meaning that the velocity
field U in Q(t) can be fully recovered if ¢ and @ are given. A rigorous justification
of this reconstruction was given by Lannes in [83]. He defined the average operator

Av(]: U — V

and the reconstruction operator
Rec[¢(]: V +— Vx,®

where @ satisfies the Laplace system with —G[¢]™" (V- Q) as Dirichlet
boundary condition. He showed that they are well-defined and that Rec[(] is a
right-inverse of Av[(]. In other words, given the horizontal discharge @) and the
free surface elevation (, the primitive velocity field U can be recovered by applying
Rec[¢] to V. This fact permits to write the system in a closed form, with
all quantities depending on ¢ or (). Indeed, using and integrating along the
depth the horizontal component of (II.1]), we can write the water waves equations
in the dimensionless form

atC + V. Q = 07
. (I1.21)
8,Q + eV - (hQ ® Q) +hV(+eV-R((,Q) + hayu(¢,Q) = 0.
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where

eC ¢
R(C,Q):/ (V-V)e(v-v), V:;/ 14

-1 -1

eC eC
hanu (¢, Q) = / \V4 (/ ow + eV - Vw + ;wazw> )
—1 z

with (V,w)? = Rec[¢]V and V = Q/h. It can be shown that the horizontal and
the vertical component of the velocity vector field take the form

V=V+0(u), w=O0(w),

hence we have
R(¢,Q) =O0(®),  haxu(¢,Q) = O(pu).

At order O(p) these two terms can be neglected and we obtain the nonlinear
shallow water equations in the depth averaged formulation

DC+V-Q=0,
) (11.22)
5,Q+V - (hQ®Q) v

For the sake of simplicity we have assumed ¢ = 1.

III Water waves equations with floating objects

Let us introduce here a floating object in the configuration considered in the previ-
ous section. A relevant difference with respect to the water waves problem relies on
the structure of the problem. In the absence of the structure, the fluid pressure at
the surface is constrained to be equal to the atmospheric pressure and the surface is
free. Conversely, in the presence of the structure, the fluid pressure under the solid
is free, in the sense that is not constrained but it is an unknown of the problem,
while the surface is constrained by the solid. Several issues come from the pres-
ence of the solid. One is the choice of appropriate boundary conditions: indeed,
according to the geometric form of the solid (vertical walls “boat-type”shape),
different conditions need to be assumed to write a valid model and ensure the
energy conservation of the fluid-structure coupled system. A very intricate point
is the evolution of the contact line between the fluid, the object and the air: this
increases the difficulty of the problem, which contains two free boundary problems
(the first is the one associated with the free surface not in contact with the fluid).

Let us introduce some notations which will be used later. We call C(t) the re-
gion occupied by the solid at time ¢, 9C(t) the boundary and 9,,C(t) the portion
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h(X,t)

- ————————

- M NNy €0

Figure 3 — (from Lannes [83])A floating object on water waves

of the boundary in contact with the fluid, called the wetted surface. As for the
fluid free surface, we assume that the wetted surface can be parametrized as the
graph of some function (, (¢, X) for X € Z(t). The velocity of the solid on the
wetted surface is denoted by U,,. The presence of the solid naturally allows to
divide the horizontal hyperplane R¢ into two regions, the projection Z(t) of the
wetted surface on it, and £(t) := R?\ Z(t) (see Figure [3). We call them interior
and exterior domain respectively. The boundary I'(t) := 0Z(t) = 0&(t) is called
the projection of the contact line, where the solid, the fluid and the exterior air
interact. For simplicity we call I'(¢) itself the contact line.

As written before, John treated a simplified problem: he considered the following
linear equations for the evolution of the free surface in the exterior domain:

8tC - 8Z®|z=0 - 0,
8<I)|Z:0 +g9¢ =0.
In addition, he assumed the solid motion to be of small amplitude and he neglected

the time variations of the wetted surface. In the interior domain, the continuity of
the normal velocity at the wetted surface was assumed,

oh®=U, n.

In the case of a free motion, in order to compute U,, via Newton’s laws, the pressure
exerted by the fluid on the wetted surface has to be known. Denoting it by P;,
John was capable to recover this quantity via the linearized Bernoulli equation

Bi - Patm

= 8tq)\z:¢w + g(w
p
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where P, is the constant atmospheric pressure.

The main issue of modeling floating structures is to take into account the non-
linear effects and the evolution of the contact line. As already said, John’s model
does not answer these questions. In recent years, these aspects have been consid-
ered in several numerical studies, such as [67] and [77]. The concern expressed is
the large computational cost, coming from the resolution of a (d+1)— dimensional
elliptic problem in the fluid domain to recover the interior pressure P; through the
Bernoulli equation.

In the next section we present a more accurate model based on the depth averaged
formulation in Section It was introduced by Lannes in [83] and it aims at tak-
ing into account nonlinear effects, the evolution of the contact line. The pressure
is recovered by solving a d-dimensional problem, reducing the computational cost
for numerical applications. In particular we are interested in the shallow water
regime with a precision of order O(u). It will be shown that in this regime the
transition conditions between the interior domain and the exterior domain are easy
to write down in terms of the discharge (). This fact can be seen as a confirmation
that this unknown is more suitable than the velocity potential ® to shallow water
models when a floating structure is considered.

III.1 Depth averaged nonlinear shallow waters equations
with a floating structure

Let us consider the same assumptions on the fluid as in Section [[I] and -
(1.1.4) as the equations governing the fluid motion. Differently from the water
waves problem, the fluid surface in the interior domain is constrained to coincide
with the parametrization of the solid wetted surface (,,. From a physical point of
view, this constraint represents the situation of a fluid completely attached to the
solid, that is a quite intuitive configuration. It reads

(=G in ZI(t). (I11.1)

On the other hand, in the interior domain the pressure at the free surface is an
unknown of the problem, depending on the dynamics of the solid. Contrarily, in
the exterior domain the same structure as in the water waves problem holds: the
surface of the fluid is free, an unknown of the problem and the pressure at the
surface is assumed to coincide with the atmospheric pressure, namely

P =Py in &) (111.2)

We distinguish now two different configurations, depending on the characteristics
of the solid side-walls: when they are non-vertical and when they are vertical.
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Non-vertical side-walls

In a configuration as the one showed in Figure [3] two boundary conditions at the
contact line I'(¢) are assumed: the continuity of the free surface elevation ¢, namely

Ce=¢ at I(t), (I11.3)
and the continuity of the pressure at the free surface P, namely

P

£

The equations (II.1]) - (1.1.4) together with (1.1.7]), the constraint ((1.1.6)) and the
boundary conditions ([11.3|) - (III.4)) are called constrained free surface Fuler equa-

tions.

= Pym, at D(b). (I11.4)

As done for the case without a floating object, we can derived the dimension-
less equations from and taking into account the new constraints and
boundary conditions. After having neglected the terms of order O(u), we dimen-
sionalize the equations obtaining the averaged nonlinear shallow water equation
with a floating structure

GtC + V : Q == 0,
1 h (I11.5)
The surface pressure P is given by
\Y (thP> 02Cy + aps(Cu, Qi) in IZ(t)
- T\ T vVLi; | — — w wy i m
P, = Pum and p ‘ " (IIL6)
B”F(t) = Patm
where

ars(6: @) = V- (V- (520 Q) + Ve

and the transition conditions at the contact line read

G=G  Q=Q at T(). (IIL7)

The interior pressure P, is a Lagrange multiplier associated with the contact con-
straint . Injecting the solution to the elliptic problem into the mo-
mentum equation of the constraint in the interior domain can be removed.
The same technique is used in the incompressible Euler equations which can be
reduced to an unconstrained equation by using the pressure to remove the incom-
pressible constraint. Thus, the system has an incompressible behavior in the
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interior domain, while in the exterior domain the absence of the pressure gradient
(P, is constant) provides a compressible form to the equations. This compressible-
incompressible structure of the equations typically characterizes congested flows
arising in different contexts. In the case when g = 0 this models appears in traffic
jams [I3], crowds motions [40], granular flows [105, [106], and compressible-low
Mach coupling in gaz dynamics [I04]. The transition conditions at the congested
zone, in our case the contact line, play a key role and the computation of the
evolution of the free boundary is intricate.

We remark that in the case with a floating structure, at this day the rigorous jus-
tification of the nonlinear shallow water equations as an asymptotic model
of the water waves equations, as Alvarez-Samanego and Lannes in [6]and Iguchi
in [72] did without objects, is not known in the literature.

Vertical side-walls

The boundary conditions - obviously do not permit to model the
interaction between water waves and structures with vertical walls at the contact
line. These particular structures are often considered in numerical simulations
and, as described in Section [, heaving buoys have this geometrical property. The
main difference with the situation in Figure [3|is the jump of the surface elevation
at the contact line. In order to justify the boundary condition chosen later, let us
show how to derive the transition condition on the discharge in ([IL.7]). Using the
continuity of the free surface at the contact line (, = (; = (, it yields

¢
Qe — Qi = / (Ve =Vy)dz at T(¢). (TI1.8)

—ho

Due to the incompressibility and irrotationality conditions (II1.2)) and (IL.3)), elliptic
estimates provide the smoothness of the vector filed U in the interior of the domain
Q(t) and (I.7) follows. On the other hand, in the presence of vertical walls, the

smoothness of the fluid velocity can be used only under the solid and we have

Ce
Qe — Qi = / Vdz at T(t). (I11.9)

Gi
On the wetted part of the vertical walls, we assume the continuity of normal
component of the velocities, namely

Vevr="Ve-v (I11.10)

where v is the unit normal vector to I'(¢) pointing outside the solid and V.V, are
the horizontal component of the fluid and solid velocity respectively. Therefore,

taking the scalar product of (I11.9) with v and using ([I1.10)), we get
(Qe— Qi) v=(C—G)Ve-v at T(t) (II1.11)
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since Vg - v does not depend on the vertical variable. In the two-dimensional
axisymmetric case, the transition condition takes a simpler form. Indeed, the
normal component of the discharge () reduces to the radial component of the
discharge ¢ and, assuming that the structure is moving only vertically (Vo = 0),
the transition condition becomes the continuity condition

g =¢q; at T.

where the contact line I' is fixed.

The boundary condition for the interior pressure at the contact line is not known
since ceases to hold in the vertical side-walls case. Hence, one more condi-
tion is needed to recover the appropriate boundary condition, such as the conser-
vation of the energy of the system. This property is required in the axisymmetric
case considered in this manuscript, see Section for more details.

State of the art

The well-posedness theory of the complete water waves equations with a floating
object is not known in the literature. It does not seem evident to provide an
existence result and a fortiori one that provides bounds allowing to handle the
shallow water limit. The difficulty relies on the presence of the tensor R and
the acceleration axy, which account respectively for the “turbulent”(understood
as the nonlinear interaction of the fluctuation of the velocity around its average
V) and the non-hydrostatic effects. However, the same approach (consider the
pressure as a Lagrange multiplier associated with the constraint on the surface
elevation under the object) can be carried out for asymptotic models. Here we
present the recent works who dealt with floating structures using the depth av-
eraged formulation for different configurations and models. The one-dimensional
nonlinear shallow water equations with a floating object were showed by Lannes in
[83]. Although the author did not investigate the well-posedness of the equations,
he modeled the problem in general dimensions and considered both the cases of a
solid with vertical and non-vertical walls. Considering vertical walls he wrote the
one-dimensional equations under a conservative form with explicit source terms.
In the case of non-vertical walls, the evolution of the contact line was written ex-
plicitly and its singular nature was discussed.

As a continuation of this study, Iguchi and Lannes in [73] solved this free bound-
ary problem by developing a general theory of one-dimensional hyperbolic initial
boundary value problems with fully nonlinear boundary conditions. Their ap-
proach was used to solve other problems such as the case of vertical walls and
other transmission problems and to improve some results on the stability of one-
dimensional shocks. We will detail their work in the next section.

We refer to [88] for the one-dimensional viscous case. In this paper Maity, San
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Martin, Takahashi and Tucsnak studied the motion of a floating structure with ver-
tical walls constraint to move only vertically. With these assumptions the contact
line is a fixed boundary. Using a Hamiltonian formalism, they modeled the fluid
motion with the viscous nonlinear shallow water equations and the well-posedness
of the coupled fluid-solid system was established, local for any initial data and
global for small initial data.

The one-dimensional Boussinesq regime was addressed by Bresch, Lannes and Mé-
tivier in [20], where the configuration of a fixed partially immersed structure with
vertical walls was considered. It corresponds to an initial boundary value problem
for a dispersive perturbation of hyperbolic systems and the apparition of a new
phenomenon, dispersive boundary layers, was exhibited. The authors reformu-
lated the problem as a transmission problem which is written as one ODE which
is locally well-posed with a blow-up criterion dependent on some parameters. In
order to get a uniform bound on the quantity appearing in the criterion and prove
the local well-posedness of the problem, a control on the boundary layer and the
oscillations generated was required.

To the best of our knowledge, the two-dimensional nonlinear shallow water case
has not been studied yet. The difficulty of working with two dimensions relies
on the loss of different properties (Riemann invariants, construction of a Kreiss
symmetrizer, ...). As a first step, it can be interesting to address the axisymmetric
configuration in order to reduce the two-dimensional problem to a one-dimensional
problem and adapt the existent theory to provide a well-posedness result. Differ-
ently from the one-dimensional case, in the two-dimensional axisymmetric case
dispersion occurs and this permits to recover the delay terms present in the Cum-
mins equation. More details on this delay effect are given in Section [[V.2] More-
over, the axisymmetry appears in several experimental data from hydrodynamical
engineering and the study of this configuration can improve the comprehension of
the wave-structure interaction reproduced in tests.

One-dimensional problem

From a physical point of view, the one-dimensional model describes the case when
water waves are moving mostly along one direction, for instance the longitudinal
one. This problem has also a mathematical interest because in this case the com-
putations are simpler and the quantities can be made explicit. In particular, the
evolution of the contact line and the well-posedness of the system can be investi-
gated. In one dimension the interior domain Z(¢) and the contact line I'(¢) take
respectively the form of an interval and two points, namely

Z(t) = (x- (1), 24(1)), T(t) ={z-(t), 2 (0)}
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with z_(t) < x4 (t). The equation that governs the time evolution of the contact
line in the one-dimensional case, which reduces to only two contact points x4 (%),
is derived from the implicit condition

C(ta xi(t)) = Cw(tv xi(t))'

Using the subscript + for the evaluation at x4 (t), the time evolution is given by
the ODE

(0G)= 1) (uat) + w(t) (G (1) — 6(1))
(0.C0)=(0) — (0:G)= (1) i)

we(t) —w(zs(t) — z(t)) + (02ge)+ (1)
(axge) ( ) - (833Cw) ( ) '

It depends on the position (z¢, z¢) and the velocity (ug, wg) of the center of mass,
on the angular velocity w of the solid and on the traces of the spatial derivative
of (., q. and (,. The presence of these derivatives makes more singu-
lar than the kinematic equation describing the evolution of the shoreline. The
evolution equation for the contact line in the two-dimensional case, which can
be parametrized by a closed curve in the plane, was written explicitly by Lannes
n [83]. However, no existence results are known in the literature for the initial
boundary value problem with a free boundary of this type.

As already said before, Iguchi and Lannes established in [73] a well-posedness
result for the one-dimensional nonlinear shallow water equations with a floating
structure solving the free boundary problem . More precisely, the authors
proposed a general approach to one-dimensional hyperbolic initial boundary value
problems with two types of evolution equations at the boundary.

In the first one, called of “kinematic type 7, the velocity of the interface has the
same regularity as the trace of the solution at the interface. The interaction of
waves with a lateral piston was shown to fall into this category. Moreover, two
examples of transmission problems were considered. The first one, with a fixed
interface, is given by a conservation law with a flux which is discontinuous across
the interface. This is the case of the nonlinear shallow water equations over a
discontinuous topography. The second application is a free boundary problem:
the stability of shocks. Using the specificities of the one-dimensional case, the
regularity threshold from the general theory was improved.

The second type of evolution equations considered is the “fully nonlinear”case,
when the velocity of the interface is one derivative more singular than the trace of
the solution. In this case loss of two derivatives occurs and the standard procedure
in free boundary hyperbolic systems does not work. A second-order Alinhac good
unknown is introduced to remove this loss and new sharp estimates are established

By(t) =

+
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for one-dimensional hyperbolic initial boundary values problems. Then, the result
was applied to the one-dimensional nonlinear shallow water equations with a float-
ing structures since, as shown before, the evolution equation of the contact line
have is fully nonlinear.

II1.2 The Cummins equation and the return to equilibrium
problem

The return to equilibrium problem is a particular configuration of the floating
structure problem. It consists in releasing a partially submerged solid body into
a fluid initially at rest and letting it evolve towards its equilibrium position. The
interest of this problem is that it can easily be done experimentally and it is used
in engineering to determine several important characteristics of floating objects.
More precisely, engineers assume that the solid satisfies a linear integro-differential
equation, the Cummins equation. It was empirically derived in [34], in which the
author dealt with ship motions using a linear model, supposing the conservation
of the energy and the balance of forces. The experimental data coming from the
return to equilibrium problem, called decay test in the hydrodynamical engineering
context, are then used to identify the coefficients of this linear equation.

John in [75] studied the problem in shallow water in one horizontal dimension for
an object with flat bottom: he considered the linearized fluid equations for small
amplitude waves and he wrote an explicit expression for the solid motion under
linear approximation. Ursell in [120] and Maskell and Ursell in [90], using like John
the linear approach, obtained an explicit solution in integral form for the vertical
displacement of the object. From Wehausen and Laitone [123] we know that also
Sretenskii, several years before Cummins, obtained an integro-differential equation
for the vertical displacement which he solved numerically. The Cummins equation
for the vertical displacement reads

(M + aso) 0cs(t) = —cde(t) — /Ot K(1)0a(t — 7)dr, (I1.13)

where 0¢(t) = 2¢(t) — 2ag,eq is the displacement from the equilibrium position of
the vertical position of the center of mass, m is the mass of the structure, a., is
the added mass at infinity frequency, ¢ is the hydrostatic coefficient and K is the
impulse response function (also known as retardation function and fluid memory).
It appears in naval architecture and hydrodynamical engineering literature and it
is used to study the motion of ships or wave energy converters. In [83] Lannes
modeled the return to equilibrium problem using the depth averaged formulation
presented before taking into account nonlinear effects. He wrote the explicit equa-
tions of the one-dimensional nonlinear shallow water model and he showed that
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the position of the solid is fully determined by the nonlinear second order damped

(m + ma(66))8c(t) = —cda(t) — v(de) + B(6a)82 (L), (I11.14)

where v(0¢g) is the nonlinear damping term. Numerical simulations for the one
dimensional model proposed by Lannes are made in [I2I]. An important point
is the presence of the added mass term m,(dg) which can be explained by the
fact that, in order to move, the solid has to accelerate itself and also a portion of
fluid around it. The added mass effect can also be found in other fluid-structure
interaction problems: for instance, in the case of a totally submerged solid it was
shown by Glass, Sueur and Takahashi in [63] and by Glass, Munnier and Sueur
n [62]. Moreover, this effect has an important role for the stability of numerical
simulations as show in [24] by Causin, Gerbeau and Nobile.

In there is no delay effect on the motion of the solid due to the absence of
dispersion in the one-dimensional case. Contrarily, in the two-dimensional axisym-
metric configuration considered in Chapter [2] it will be shown that the dispersion
of waves provides a retarding effect on the motion of the solid. Indeed, in this case
a convolution appear in the damping term (as in ([I1.13)) and the motion of the
solid is governed by a delay differential equation.

IV Contributions of the thesis

Motivated by the works [83] and [73], we aim at extending the nonlinear analysis
of the floating structures problem to the two dimensional axisymmetric configu-
ration. In particular, the goal of the first part of this manuscript is to investigate
the well-posedness of the nonlinear shallow water equations in the presence of a
heaving buoy. This is a type of wave energy converters frequently implemented in
the nearshore zone (see Section [I)) in which the shallow water asymptotic model
accurately describe the motion of the waves.

In the second part, we propose an equation for the vertical motion of a floating
structure which justifies the Cummins equation, which was derived empirically
from the conservation of the energy and the balance of forces, via a rigorous math-
ematical analysis. The equation derived here is the first rigorous justification of
the Cummins equation with delay term and, moreover, it improves the linear ap-
proach of Cummins by taking into account the nonlinear effects on the motion of
the solid, which are shown to be non-negligible in large amplitude motions.

IV.1 Chapter 1

In Chapter [I] we consider a cylindrically symmetric structure with vertical side-
walls moving only on the vertical direction on an homogeneous, invicid, incom-
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pressible, irrotational fluid. The assumptions on the shape and the motion of the
solid permit to avoid the free boundary problem associated with the contact line
and to simplify the problem. Indeed, in this case the projection of the solid wetted
surface does not depend on time. We suppose the flow to be azisymmetric and
without swirl, i.e. we consider a rotation-invariant velocity field with no azimuthal
component. For simplicity, the bottom of the fluid domain is assumed to be flat.
The nonlinear shallow water equations with a floating structure are written in a
axisymmetric form. From the assumptions on the flow, the horizontal discharge
reduces to a scalar one-dimensional (radial) unknown. Let us denote by u the cou-
ple ((, q.) and by g the displacement of the vertical position of the solid center
of mass from its equilibrium position. The fluid equations in the exterior domain
(R, +00), where R is the radius of the solid, can be written as the quasilinear
hyperbolic initial boundary value problem

Owu+ A(w)o,u+ B(u,mr)u=0 in (R,+00)

€ U,_, = —§5g(t) (IV.1)
u(t = 0) = uy,
with
0 1 0 1
Au) = ghe — qé 2¢c |, B(u,r)= qre
©oh he 0 rhe

where h, = hg + (. is the fluid height. Moreover, due to the presence of vertical
walls, it is shown that a corrector term must be added in the interior pressure
boundary condition to make the coupled fluid-structure system conservative. This
addition does not influence the existence result in Theorem [[V.1] but it is necessary
for the global existence of the solution to the return to equilibrium problem, shown
in Chapter[2l On the other hand, using the elliptic system for the interior pressure
and adapting the elementary potentials argument used in [83] to the radial case,
Newton’s law for the conservation of the linear momentum can be written as

(m + ma(06))0a(t) = —cdg(t) + cey - uy,_, + (b(u) + B(da)) 0% (1),

dc(0) = dg (IV.2)
56(0) = &
4
with ¢ = pgrR?, b = 7T'08R and
b b b
Ma(66) = 1 B(0g) = g, blu) = |
( G) hw(éG) B( G) 2h12u(5G) ( ) (el . u|r:R + h0)2

where hy,(0¢) = hy.eq + 0¢ is the fluid height under the solid.
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Main result We state here the main result of Chapter [I} It is a local in time
well-posedness result for the coupled system (IV.1)) - (IV.2) in Sobolev spaces for
regular and compatible initial data (see Theorem for the rigorous statements).

Theorem IV.1. For k > 2, let ug = (o0, Ge0) € HF((R,+00)), do and &, satisfy
some compatibility conditions. Assume that there exists some Ceupyy Bnin > 0 such

that )
VT' € (R> +OO) he,O(T) Z hmin7 <ghe,0 - ZZ,O) (T‘) Z Csub-
e,0

with hey = ho + Ceo. Then, the coupled problem (IV.1) - (IV.2)) admits a unique

solution
k

(u,0c) € () C7([0, T], Hy (R, +00))) x H*1((0,T)),

J=0

where H*((R,4+00)) denotes the weighted Sobolev space H*((R,+00), rdr).

The proof of the previous result is based on the study of the linearized system
and an iterative scheme. Differently from the well-posedness theory for quasilinear
hyperbolic systems on the whole line, here the Friedrichs symmetrizability does
not guarantee that the initial boundary value problem is well-posed. To
ensure that, a Kreiss symmetrizer is introduced. It transforms the system into a
symmetric system with a maximal dissipative boundary condition, which, roughly
speaking, means that the boundary terms that appear in the energy estimate
have good sign properties so that the trace of the solution at the boundary is
controlled by the standard energy estimate for quasilinear hyperbolic systems.
This symmetrizer is constructed under the derivation of an equivalent formulation
of the so-called uniform Kreiss-Lopatinskii. We remark that this procedure is
made possible by the axisymmetric configuration, while it does not happen in the
general two-dimensional case. In addition, as usual for hyperbolic problems, the
initial data are required to satisfy compatibility conditions to generate smooth
solutions and this must be preserved by the iterative scheme.

Perspectives One first perspective is to take into account the vorticity in the
water waves equations without a floating structure. Adding an evolution equa-
tion for the vorticity w, the depth averaged formulation (¢, Q) considered in this
manuscript can be generalized to the rotational case showing that the equations
are closed in terms of (¢, @, w). This work is motivated by the study made by Cas-
tro and Lannes in [23], where the authors generalized the Zakharov-Craig-Sulem
formulation to the case with vorticity. Afterwards, the influence of the vorticity
on the solid motion can be investigated.

The study of shallow water asymptotic models for the floating structures problem
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in the presence of vorticity is more intricate. In the nonlinear shallow water equa-
tions vorticity does not appear for the size of the vorticity considered in [23] for
which the asymptotics are fully justified. Hence, we may consider the next order of
approximation and study the Green-Naghdi equations, where the vorticity effects
become apparent, but using these equations the wave-structure interaction is not
understood neither in the irrotational case. Another possibility is to consider vor-
ticity that go beyond the scope of [23], in which case the rotational effects appear
at the level of the shallow water equations that must be extended to a system
of three equations, the third equation being an equation on a "turbulent" tensor.
This model has not been rigorously justified but is of interest because it has been
proposed to model wave breaking by Gavrilyuk and Richard in [109, 110], and
validated experimentally in [109].

Outline

Chapter [1]is based on [14]. In Section |1.1|we write the free surface Euler equations
with the constraint that the solid must be in contact with the fluid during all
the motion, avoiding air holes between them. In Section we introduce the
nonlinear shallow water approximation for this floating structure problem using
the depth averaged formulation. In Section we introduce the axisymmetric
configuration and the problem is reformulated to get a one-dimensional set of
equations. In Section we write the fluid equations in the exterior domain as a
quasilinear hyperbolic initial boundary value problem, namely. The local existence
and uniqueness of the solution to the associated linear problem is established via
a standard iterative scheme. We address the solid motion in Section [.L5l We write
the vertical component of Newton’s law for the conservation of linear momentum
as a nonlinear second order ODE on the displacement of the solid vertical position
from its equilibrium position. We show that the ODE can be written under the
form . In Section we write the coupled system modeling the problem
and we show the local in time existence and uniqueness of the solution introducing
an iterative scheme and using a fixed point argument. In Appendix [A] we show
the details in the case of a non-flat solid bottom, considering that the contact
between the solid and the fluid is still on the vertical side-walls, and we derive the
corresponding solid motion ODE. In Appendix [B] we show the proof of a product
estimate.

IV.2 Chapter 2

In Chapter 2| we study the return to equilibrium problem. First we show that
the differential equation for the solid motion can be written in a closed form by
introducing an extension-trace operator, which takes g _ and gives ¢ _,. After-
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wards, we consider the return to equilibrium configuration, giving the particular
initial conditions on the unknowns of the coupled problem. It turns out that the
compatibility conditions, which are necessary in order to apply Theorem are
not satisfied for these particular initial conditions. Therefore, we propose a linear-
nonlinear hydrodynamical model for the floating structures problem. The fluid
equations in the exterior domain become the linear shallow water equations

atCe+arqe+ % =0

atQE + ghOaTCe =0

(IV.3)

while in the interior domain the same nonlinear equations are considered as well
as the transition condition.

Main result We state here the main result of Chapter It consists in the
derivation of a nonlinear second order integro-differential equation for the solid
motion and a well-posedness result for the Cauchy problem associated with the
return to equilibrium initial data (see Proposition and Theorem for the
rigorous statements).

Theorem 1V.2. Considering the linear shallow water equations (IV.3|) for the
fluid motion in the exterior domain, the solid motion equation (IV.2)) can be written
as the following second order nonlinear integro-differential equation:

t
(m +mq.(dg))dg = — ¢dg — VoG + c/ F(s)oa(t — s)ds + (5(50) + 6(5G)) o8
0
(IV.4)
with ¢ b7 ma(60>7 6(6G) as in " V= ;}% fOT Vo = v gh07
Vo

b
(f(f F(s)dg(t — s)ds — %&:(t) + ho)2

b(dg) =

and the convolution kernel F(t) defined by

Yo e(chiw)tdw

v—-+oo 27T 2U0H1(1) (Z(C + ZW)R) + TUO

—v Vo
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for any ¢ > 0 with Hél),Hl(l) some Hankel functions. Moreover, let us denote
by pm the density of the solid and by H its height. Then, the Cauchy problem
associated with the initial data

507&07 51:()7

admits a unique global solution g € C?*([0,+00), R) provided

WH 2o H | 4p2 H2  h3p,. H

|00] < min (ho P ; o R
To derive the integro-differential equation in Theorem [[V.2] we use the fact
that, considering in the exterior domain, the free surface elevation satisfies
a radial wave equation. Using a Laplace transform argument, the extension-trace
operator can be explicitly described. It becomes a convolution operator on the time
derivative of the displacement with the kernel given by the inverse Laplace trans-
form of some Hankel function. The linearization of around the equilibrium
position gives a reformulation of the Cummins equation for the vertical displace-
ment ([II.13)) shown in the previous section. A similar linear integro-differential
equation was derived by Maity, San Martin, Takahashi and Tucsnak in [88], where
they dealt with the vertical motion of a floating structure in the linear viscous
case.
By introducing an assumption on the convolution kernel justified by numerical re-
sults and extending it to zero in the past, the solid motion equation becomes
an infinite delay differential equation. This type of equation appears usually in the
context of population dynamics, for instance in [112] and in [8] and it was studied
using a semi-group formulation by Liu and Magal in [87]. We use their theory to
get the global well-posedness for small data using the conservation of the coupled
fluid-structure energy.

Perspectives One first perspective is to relax the assumption on the convolution
kernel and to investigate the global well-posed of the nonlinear integro-differential
equation with a non-integrable kernel. Another interesting future work is the study
of other configurations of the wave-structure interaction using the hydrodynamical
linear model derived in our work. For instance, the case where incoming waves are
sent towards the solid with a wave creator or considering a bounded cylindrical
domain in which outgoing waves can be reflected and resonances may appear.
Our analysis can be applied in the case when a prescribed motion is enforced to
the solid in order to kill waves. This problem may have applications in coastal
oceanography when the size of the structure is significant, as for terminators and
attenuators presented in Section[l} From a mathematical point of view, it represents
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a particular example of control problems for floating structures, which started to
be investigated recently but it is not yet completely understood.

Outline

Chapter [2|is based on [I5]. In Section we show that the differential equation
for the solid motion can be written in a closed form by introducing an extension-
trace operator and we show the local well-posedness using a fixed point argu-
ment. Then, we consider the return to equilibrium configuration, giving the initial
conditions on the fluid and solid unknowns. It turns out that the compatibility
conditions, which are necessary in order to apply the existence theorem in Chap-
ter [1, are not satisfied for these particular initial conditions. In Section [2.2] we
neglect the nonlinear effects in the exterior region, but we keep them under the
object provided it does not touch the bottom of the fluid domain. We write a
linear-nonlinear model for the floating structure problem linearizing the equations
in the exterior domain but keeping the nonlinearities in the interior domain. In
Section we write the equation of the solid motion as a nonlinear second order
integro-differential equation. Its linearization around the equilibrium gives a re-
formulation of the Cummins equation for the vertical displacement . We
write the integro-differential equation as a functional differential equation with
infinite delay and the results of Liu and Magal [87] are applied to get the global
existence and uniqueness of the solution provided a smallness condition on the
initial datum. Moreover, we show that the equilibrium position is locally asymp-
totically stable. In Section we explain the numerical method used to plot the
time evolution of the the solid and we compare the numerical solution with the
solution to the Cummins equation, showing that nonlinearities are not negligible
for large amplitude motions. In Appendix [C| the Hankel functions are defined and
some properties and results are shown.
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This work is based on [17)].
1.1 Constrained free surface Euler equations

Let us consider a floating body, typically a wave energy converter, with vertical
side-walls and a cylindrical symmetry, forced to move only in the vertical direction.
We call C(t) the region occupied by the solid at time ¢, dC(t) the boundary and
0, C(t) the portion of the boundary in contact with the fluid, called the wetted sur-
face. The presence of the solid naturally allows to divide the horizontal plane R?

into two regions, the projection Z, of the wetted surface on it, and £ := R*\Z. We

call them interior and exterior domain respectively. The boundary I' := 0Z = 0€

33
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is called the projection of the contact line, where the solid, the fluid and the ex-
terior air interact. For simplicity we call " itself the contact line. These domains
do not depend on time since the solid is moving only vertically and is assumed to
have vertical side-walls. We consider a wetted surface that can be parametrized as
graph of some function (, (¢, X) for X € Z and, like in the water waves theory, we
assume that the surface of the fluid is the graph of a function ((¢, X) for X € R,
as shown in Figure[1.1]

We assume that the fluid is incompressible, irrotational, with constant density p
and inviscid. For simplicity we consider a flat bottom which can be parametrized
by —hgy with hg > 0 and the fluid domain is

Q) = {(X,2) € R* — hg < 2 < ((t, X)}.

Then, the motion of the fluid is given by the incompressible Euler equation

1
8tU +U- VX,ZU = —;VX7ZP — ge, in Q(t) (111)
V- U=0 (1.1.2)
V x U =0. (1.1.3)

The boundary conditions for the Euler equation on the velocity field U in the fluid
domain are the traditional kinematic equation at the surface and the imperme-
ability condition at the bottom, respectively

z=( 0(—-U-N=0 with N= <_1V<> (1.1.4)
2z = —hy, U-e,=0 (1.1.5)

We consider a configuration when the fluid is completely attached to the solid.
Hence we have the following contact constraint:

C(t,X) = Cuo(t,X) in T.

Let us denote the restrictions to the interior domain and the exterior domain of a
function f defined on R? as

fi ::f|z fe ::f|5'
According to this notation the contact constraint becomes the following
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Figure 1.1 — A cylindrically symmetric floating structure with vertical side-walls

Remark 1.1.1. Since the solid has vertical side-walls, the free surface is not
continuous across I', i.e.

Ce 7£ Cz on I

In the presence of a floating structure we have to change the standard condition
on the value of the pressure on the free surface. In the exterior domain it is given
by the constant atmospheric pressure Py, i.€.

P, = P (1.1.7)

with P = B _ o In the interior domain the pressure on the free surface is an
unknown of the problem, depending on the dynamics of the solid but we know
its value on I'. Indeed, by integrating the vertical component of Euler’s equation

(1.1.1) between z = (; and z = (., we have

Ce
Bz(tv ) = Patm + pg(Ce - CZ) + P/ (8,5’(1) +U- vX,zw) on F? (118>
Gi

where w is the vertical component of the velocity field U. The second and the
third term do not vanish due to the discontinuity of the free surface on I' (see
Remark .

Moreover one has the continuity of the normal velocity at the vertical side-walls,
i.e.

V'V:VC'V (119)

where v is the unit normal vector to I' pointing towards £, V and Vi are the
horizontal velocities of the fluid and the solid respectively.
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As in the standard water waves theory we suppose that the height of the fluid h,.(t)
does not vanish during all the motion. Hence we have the following assumption:

T b >0 he(t,X) > hyn Vte[0,T),VX €E. (1.1.10)

From the physics of the floating structure problem we suppose also that the solid
does not touch the bottom of the domain during its motion. This is equivalent to
assuming that the height of the fluid h;(¢, X') under the solid does not vanish, i.e.

3 i > 01 (£, X) > hoin V€ [0,T),YX € T. (1.1.11)
with hy (£, X) = hi(t,X) in Z due to (1.1.6). This assumption is completely

relevant for the situation investigated here; we refer to [37, [99] (Euler equation)
and [84] (nonlinear shallow water and Green-Naghdi equations) for the analysis of
the vanishing depth problem.

1.2 The shallow water regime

We are interested here in shallow water regime, when the horizontal scale of the
problem is much larger than the depth. In the water waves problem the horizontal
scale is given by the typical wavelength of the waves.

Remark 1.2.1. In the floating structure problem a third relevant length in the
floating structures problem is the solid width. In particular the ratio of the solid
width and the wavelength naturally appears in the adimensionalized equations.
Here we consider this quantity as a parameter independent of the other param-
eters, such as the shallowness and the nonlinear parameters, and it takes no role
in the derivation of the asymptotic model.

Following [83], we consider the following shallow water asymptotic model for
the floating structures problem:

Proposition 1.2.2. The nonlinear shallow water equations with a floating struc-
ture in the (¢, Q)-formulation are

0(+V-Q =0,
1 I (1.2.1)
9Q+V - (hQ ® Q) +ghV(=-"VP
with the surface pressure P given by
h
~V | =VP,; | = -0?C, +aps(h, in I
P, = Py and (p ) Vou+ ars(h Q) (1.2.2)

Bz’|F = Patm + pg((e - Cz)\p + Peors
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where 1
ars(h,Q) = V- (V- (;0©Q) +ghve)
coupled with the transition condition at the contact line

Qe-v=Q;-v on T. (1.2.3)

Differently from the case considered by Lannes in [83], where the jump of
pressure Bi\r( o P,tm at the boundary of the object is assumed to be only due to
t

the hydrostatic pressure, i.e.

— Patm = Py (Ce _Cz)

*i\r(t) Ire) ?

we add here a non-hydrostatic correction term P.,.. This corrector is determined
later in Proposition below to ensure exact energy conservation (the mathe-
matical analysis if we remove this term can be performed in the same way).

As for the kinematic condition ((1.1.4)), we have that

0Cw—Uy, N, in T with N, = <_V1<w> (1.2.4)

where U,, is the velocity of the solid on the wetted surface. Let us denote the
center of mass of the solid G(t) = (X¢(t), 2¢(t)) and Ug(t) = (Va(t), wa(t)) its
velocity and w the angular velocity of the solid. From the solid mechanics we have

X — Xal(t) )

Qw:Ug—i—erG with rg(t,X)Z <C (t X)—ZG(t>

Then, (|1.2.4) gives
0:Cw = Ug+wxrg) N, in Z. (1.2.5)

Because of the linearity of the elliptic problem we can decompose the interior
pressure as P; = E + B? + B?I where:

. E is the pressure we would have in the case of a fixed solid, solution to

v (hm) —aps(h,Q) in T,
p

pI _Patma

*7/|l" -

(1.2.6)

where apg(h, Q) is the free surface acceleration in the absence of a floating
structure;
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TZ
|
C(t,r |
|
. : /\/
I |
I |
1Ci | I
Q(t) : : C’w(tvr i h(t’r)
| .
| I
. I . I
z = —hg r>R ‘R TI<R R T’>Ri

Figure 1.2 — Vertical cross section of the axisymmetric configuration

. BP is the part of the pressure due to the acceleration of the solid

—V : (th?) = _8752611}7 in I?
p (1.2.7)

Pl =0,

=i |p

where wg is the vertical component of the velocity of the center of mass G(t)
of the solid;

 P"is the part of the pressure due to the pressure discontinuity at the contact

line
-V <hVP§”> =0 in Z,
p (1.2.8)
B?I‘F = pg(Ce - CZ)|F + Peor-

1.3 Axisymmetric without swirl setting

Without loss of generality we suppose the center of mass to have coordinates
G(t) = (0,0, 2¢(t)) and let R be the radius of the interior domain Z. Introducing a
cylindrical coordinates system with the z-axis coincident with the axis of symmetry
of the solid (see Figure we write the velocity field U as

U(t,r,0,z) = (u.(t,r,0,2),ug(t,r,0,z),u,(t,r,0,z)).
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From now on and throughout the paper we consider an axisymmetric low without
swirl, which means that the flow has no dependence on the angular variable 6, i.e.
U = U(t,r,2), and uyp = 0 respectively. Hence the horizontal discharge can be
written as

Q(t,r) = (¢:(t,),0)
with

¢
q-(t,r) :/ up(t,r, 2)dz

_ho
and the tangential component vanishes since

¢
qo(t,r) = / ug(t,r,z)dz = 0.
—ho

For simplicity we write ¢ instead of ¢, for the radial component of the horizontal
discharge. Moreover, since the solid moves only vertically and the swirl is neglected
in the flow, Vo = 0 and w = 0. Hence from ([1.2.5)) we have

02w = tg.
In the new system of reference the shallow water model ([1.2.1)) - ((1.2.3]) becomes
q

0wq+ 0, | — — + gho,h = ——0,.P
h rh p

coupled with the transition condition
qelr:R = qi‘T:R' (132)

We have P, = Py, and ((1.2.6) - (1.2.8) become

— (& + 1) (hwarpg) =
r/\ p
1 ' 4 . (1.3.3)
(ar 4 T) <ar <hw> + At ghuhy ) i (0R)
Il
£i|r=R — Latm;
1
— <6r + - (%aTPF) = —uWg m (0>R)
r/\p (1.3.4)
11 =0
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— (ar + 1) (hwarPﬁH> = in (0,R)
r/\ p

(1.3.5)
B?I‘T:R = /)g<Ce - Ci)|T:R + Pcor;

where we replace h; = (; + hg with h,, = (, + ho due to the contact constraint
. Using axisymmetry and absence of swirl together with this change of
coordinates we pass from a two-dimensional to a one-dimensional problem, where
explicit calculations can be done (see Section . With these assumptions, the
horizontal discharge is no more a vectorial quantity but a scalar quantity, making
the problem easier to handle.

Remark 1.3.1. Under the shallow water approrimation and in the axisymmetric
without swirl setting the fluid energy is defined by

p +o00 p +o00 q2
Esy = 27Tg/ Crdr + 27r/ —rdr. (1.3.6)
29, 2 )y

In the presence of a floating structure the fluid energy Esy, is no more conserved
by the equations in ((1.2.1)). Let us define the energy for a solid moving only
vertically as

1
Ey = imwé + mgzq. (1.3.7)

and the total fluid-structure energy
Etot = ESW + Esol. (138)

Notation 1.3.2.
[[f]] = f6|T:R - fi‘r:R

is the jump between the exterior and the interior domain at the contact line r = R.

We can now state the following proposition:

1
Proposition 1.3.3. Choosing P.,, = gqi . |[h2ﬂ , the total fluid-structure en-
erqy is conserved, i.e.
d
—Fior = 0. 1.3.9
=" (1.3.9)

Proof. Multiplying the first equation in (1.3.1) by pg(r and the second by qu“

and summing up, we use the fact that 0;h = 0, to write the system under the
conservative form

oe + 0, F = —rq0, P, (1.3.10)
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where ¢ is the local fluid energy

2
_P 2  PT
e—2ggr+2hr

q3

The conservative form ([1.3.10]) reads in the interior domain (0, R)

and F' is the flux

Oe; + 0. F; = —rq;0,.P; (1.3.11)

and in the exterior domain (R, 400)

Byee + 0.F, =0 (1.3.12)
We integrate ((1.3.11]) on (0, R) and ([1.3.12)) on (R, +00) and multiplying by 27 we
obtain
d q3 R
£E3W —2mpR IIW + g(qﬂ = —27r/0 rq;0r (P; — Pagm) dr, (1.3.13)

By integration by parts we get

3

d q
aESW - 27TPR |l2h,2 + gcq:ﬂ - 27TR (BZ B Patm)lr:R qi|r:R

R
e / (P, — Puw) 0, (rg;)dr
0

On the other hand, from the definition of E,,, we have

d

%Ewl = mwglg + mgwg = wg (Mg + mg)

R
= wg 27T/ (P; — Payym) rdr
0
R
= 27r/ (P; — Pagm) O¢Cprdr
0

where we have used Newton’s law for the conservation of the linear momentum in
the axisymmetric configuration

R
mug = —mg + 27?/ (P; — Pagm) rdr
0
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and (1.2.5). From the contact constraint (|1.1.6)) and the mass conservation equa-
tion in (1.3.1)) the following yields:

d

R
%Esol = —27r/ (P; — Patm) Oy (rq;)dr. (1.3.14)
0

Therefore
3

d d q
%Esol = _%ESW +2mpR |]:2h2 + 9§CIH —2rR(P; — Patm)\T:R Qiy -

Using the expression of the interior pressure P; on the boundary » = R in ([1.3.3))
- (1.3.5) and the transition condition (|1.3.2)) we obtain

d P 5 1
7 (Esw + Eso) = 2R (2%”{ thﬂ - C_lz‘,T_RPcor> :

If G . = 0 the result follows directly. Otherwise we choose the pressure corrector
term in (|1.3.5)) as

1
Pcor - gq;r:R |:|:h2:|] 5 (1315)

and we get ((1.3.9)). O

1.4 The fluid equations

In this section we focus on the “fluid part”of the coupled problem. We show that
the exterior part of can be written as a one-dimensional quasilinear hy-
perbolic initial boundary value problem in an exterior domain and we shall prove
the local in time well-posedness. Like frequently in the literature, throughout this
paper we also use the term mized problem: this comes from the fact that we have,
as data of the problem, both the initial (in time) and the boundary (in space)
values.

Hyperbolic problems in exterior domains have been treated in many works. Mé-
tivier [97], Benzoni and Serre [I12] have studied hyperbolic initial boundary value
problems in exterior domains with constant coefficients and maximally dissipative
boundary condition. Isozaki [74] and Alazard [2] have studied the singular incom-
pressible limit for the compressible Euler equation in an exterior domain. Concern-
ing the quasilinear hyperbolic mixed problems, Schochet [I13] has proved the local
in time existence in the case of bounded domains and Shibata and Kikuchi [115]
have showed the local in time existence for some second order problem in bounded
and unbounded domains. Differentiability of solutions to hyperbolic mixed prob-
lems has also been studied by Rauch and Massey [10§].
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The case we are considering here has not been treated in the literature yet. We
consider a two-dimensional problem, but the axisymmetry keeps the boundary
condition maximally dissipative which in general for a two-dimensional problem
is not true. This property is essential for the coupling with the solid motion as it
provides us better trace estimates than the ones for the general two-dimensional
shallow water equations, but in other cases it is not necessary (see [89] for ele-
mentary examples). Hence we reduce the problem to a one-dimensional radial
problem, then we must adapt the classical theory.

Let us recall that in the exterior domain we have

athe+aTQe+ % =0
r

2 " in (R, +00) (1.4.1)
ath + ar —= |+ ==+ ghearhe =0.
he rhe
coupled with the boundary condition
Qe|,_r = Qil,—r (1.4.2)

Defining u = ((, ¢.)” and adding the Cauchy data we can write (1.4.1]) - (1.4.2))

as the following quasilinear hyperbolic mixed problem

ou+ A(u)oyu+ B(u,r)u =0 in (R,+o00)

€ U,_p = Gi|,_p (1.4.3)
u(0) = g
with
1
0 1 0o =
— 2 2 s r
Alw) ghe — Je Zle ) B(u.r) Qe
h?2 h 0
€ ¢ rhe
and

Uy = (Ce,()u Qe,o)T-

1.4.1 The linear hyperbolic mixed problem

In order to construct the solution to the floating structure problem, which is a
quasilinear mixed problem of the form ([1.4.3]) coupled with Newton’s equation for
the solid motion, we shall use an iterative scheme based on the following lineariza-

tion of (1.4.3)),
L(w)u = 0w + A(w)0ru + B(u,r)u = f,
e U,_, =0, (1.4.4)
u(0) = o,
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with some w and g = G - Since the coefficients of A and B are rational fractions,
we have A(-), B(-,r) € C*(U) for some open set U € R? where h, does not vanish,
which represents a phase space of .
Let us assume that we are in the subsonic regime, which means that for 7 = ((,, )
the following holds: )

ZEZ < gh, (1.4.5)

e

with h. = ho + (.. In the case of water waves in oceans, where the water depth
is much bigger than the water velocity, this assumption is satisfied. Then, for the
linear initial boundary problem (|1.4.4)) we have the following result:

Proposition 1.4.1. Assume that u satisfies (1.4.5)). Then, the linear exterior hy-
perbolic mized problem (1.4.4), which is the linearization of the floating structure
equations (1.4.3)), satisfies the following properties :

(P3) A(w) has one strictly positive eigenvalue A4 (@) and one strictly negative eigen-
value \_ (),

(P4) P_()ey # (0,0) except in (0,0), where P_(u) is the projector on the eigenspace
associated with the negative eigenvalue of A(u) and ey is the orthogonal comple-
ment of es.

Proof. The eigenvalues of A() are \o(u) = £1/ghe + % and the associated unit

. e
elgenvectors are

ex () = —— (1, )\ (7).

V1+ (1)
The assumption (1.4.5)) gives property (P3). We prove now property (P4). Let us
denote P, (u) and P_(u) the projectors on the eigenspaces associated with A\, (@)
and A_ (@) respectively. They are given explicitly by

A(u) — A_(u)ld A(u) — Ay (u)ld

WO @ - @

P_(u)=

(1.4.6)

Since ey is of the form ae; with a € R, from the definition of P_(u) in (1.4.6) we
have

a

P-@e: =~y @@

AL (@), = A (@A_(@)", acR (1.4.7)

which is different from zero, except for a = 0, since Ay (@) # 0. ]

The following lemma is a direct consequence of Proposition [I.4.1}
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Lemma 1.4.2. Assume that u satisfies (1.4.5). The linear hyperbolic exterior
mixed problem (1.4.4) satisfies the following properties:

(P1) The system is Friedrichs symmetrizable, i.e. there exists a symmetric matriz
S(w), called the symmetrizer, such that there exist o > 0 such that S(uw) >
ald and S(uw)A(w) is symmetric.

(P2) The boundary condition is mazimally dissipative: S(u)A(w) is negative defi-

nite on the kernel of the boundary condition ey .

Proof. From (P3) we have that A;(7) > 0 and A_(@) < 0. We define the sym-
metrizer S(u) := M P (u)P_(u) + P{(u)P;(u) for some constant M > 0. We
compute that
(S@)v,v) = (MPL()P-(w) + Pf(ﬁ)ﬂ(ﬂ))v,’v)
— M(P_(@)v, P_(u

+
Hence , from the decomposition v = P, (u)v + P

(S(@)v,v) > a(v,v (1.4.8)

with @ = min(M,1)/2. The symmetry of S(@) is trivial. We have the following
spectral decomposition

A@) = A (@)Py (@) + \_(@)P_(@). (1.49)
By the definition of the projectors (L.4.6)), S(u)A(u) reads
S@)A(@) = \_M P (a)P_(a) + A\ PL (@) P, () (1.4.10)

which is clearly symmetric and we get property (P1). We refer to Taylor (see Prop.
2.2 of [I19]) for a different proof with a general notion of symmetrizer involving
pseudo-differential operators.

Let us consider e;, the one dimensional orthogonal complement of e, € R?, which
is the kernel of the boundary condition. Then, we compute that

(S@A()ey, ey) = A\ (u)M(P-(a)ey, P-(w)ey)
+ A (@) (Py(w)ey, Py (w)ey).

Due to property (P4), we obtain property (P2) choosing

_A(@)(Pi()ey, Py (wey)
M= = @) (P_(w)et. P_(w)es)
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Remark 1.4.3. Property (P4) is a reformulation of the uniform Kreiss-Lopatinskii
condition. Then, we have just proved that the system (1.4.4) admits a Kreiss sym-
metrizer, which transforms the system into a symmetric one with the additional
property that the boundary condition for this symmetric system is maximally dis-
sipative. This property will permit to control the trace of the solution at t he
boundary by the standard energy estimate.

Let us now introduce the following space:
k
XHT) = () C([0,T], Hy (R, +00))) (1.4.11)
=0

endowed with the norm
lullxosry == sup [u(®lxe @l = znaﬂ ()t s
t€[0,T7]

with || - || gr((r,+00)) the norm of the weighted Sobolev space H"((R,+oc),rdr).
We first show the following a priori estimate useful to find strong solutions of the
problem (|1.4.4]).

Proposition 1.4.4. Let T > 0 and uw € X?(T) be such that (1.4.5) is satisfied.
With a as in Lemma there are constants c, g and a non-decreasing function
Cr(:) on [0,+00) such that all the solutions u € H!((0,T) x (R,+o0)) solving

(1.4.4) satisfy

||u<t>||%$((R,+oo)) + ||U|T:R||%2((o,t)) < Ca,RE

t
X <HU0|’%2((R,+OO)) + HgH%ﬁ((O,t)) +/0 Hf(T)H%g((R,%o))dT)
(1.4.12)

tCa,R(H) X

for allt € [0,T], with Co r(u) = 1+ o 'Cr(|[Tl| x2(1))-

Proof. Following Proposition 2.2 of [12], we have from property (P1) and by inte-
grations by parts

7 5@ W) (R0 = —2(S@A@Iru, w) r2((R+o0))
- Q(S(H)B(ﬂ, T’)U U)LZ R,+0c0)) + 8t ( )U U)L2 ((R,4+00)) +2(S(ﬂ)f, U)L%((R,+oo))

((
= S<H>A(E)u|r: U, RR + ( (ﬂ>u7 )L ((R,+0)) (S( )uv f)L%((R,+oo)) :

W(u) = 0:S(w) + 0,(S(w)A(w)) + iS(u)A(u) —2S(u)B(u,r) (1.4.13)

Property (P2) permits us to control the first term on the right-hand side of the
inequality, using the following Lemma from Métivier [97]:
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Lemma 1.4.5. The symmetric matriz S(u)A(u) is negative definite on ey, the
set of all vectors orthogonal to es, if and only if there are constants ci,co > 0 such
that for each vector h € C2:

—(S@)A(@)h, h) > c1|h]* — csles - h|*.
Choosing h = w,_,, integrating in time and using property (H1) we have
(S@)u(t), ult)) L2 ((r 400y < (S(@(0))u0,%0) L2((5 100))

T / (S@ ) ) sy + RGP = xR _pio| dr

(1.4.14)
t
+ (14 a W (@) || o= (0,1 x (R0 /0 (S@)u(T), u(T)) 12,400y AT

where we have used the fact that S(u) > ald. Moreover, we get the following
estimate:

IW (@)| o= ((0.1)x (72, 00))
= ||S"(@)ou + S’ (w)0,uA(w) + S(u)A'(w)o,u
| SN 1.4.15
+ - S@A@) — 25@)B(@, )| (0,1 < (Ro+o0) 1)
< Cr(|[allwreeo.1)x (R +o0)) < Cr <||ﬂ||X2(T))

for some non-decreasing function Cg(-) on [0, +00), where we have used the fact
that r € (R, +00), the embedding H?((R, +00)) = W'*°((R,+00)) and the defi-
nition of X?(T). By Gronwall’s Lemma we have

allu®)lZoterRllw,_p 320 < (1 CrllEl x2r))
t
9 (C(HU(O)HX?)HUO||§<O +aRlglao +a | Hf(T)Il?xodT> .

We get (1.4.12)) for

max (c([[w(0)[|x2), c2 R)
min(a, ¢ R) '

Ca,R(ﬂ) =1+ a_lcR(||U||X2(T))7 Co,R =

[]

Then, following Theorem 2.4.5 of [97], one can show that there is a unique
solution u € CY([0,T], L?((R,+00))) for the initial datum wug in L? ((R,+0o0))
and boundary value g in L? ((0,7')). This solution satisfies the energy estimate

[T4.12).
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Regular solutions. To solve the mixed problem in Sobolev spaces we need some
compatibility conditions. For instance, the initial and the boundary conditions
imply that necessarily

€ Uo =Gl = €2 Ug,_p; (1.4.16)
if the traces are defined. Let us consider the generic equation
o= f — A(w)0,u — B(u,r)u.
Then, we can formally (this is the meaning of the brackets “") define
“Ou),_,” = —A(To)|,_oOruo — B(Tg,7)),_ot0 + flizo-
Hence, provided traces are defined,
ey “Opuy,_," = e+ (fo— Ato)Oruo — BT, r)uo)|,_r = g1

where g1 := 0,g),_,. These conditions are necessary for the existence of a smooth
solution. We can continue the expansion to higher orders looking for more com-
patibility conditions. Let us introduce the following notation (as in [96] and [I13]):

Notation 1.4.6. Let us write the linear equation in ((1.4.4)
8tu = F(U, 3)u + f

with
F(u,0) = —A(uw)0, — B(u,r).
We formally define the traces u; 1= “&?U\t:o 7 as functions of ug determined induc-
tively by
Up = Uj,_, wjr1 = Fj(ug,..uj) + f; (1.4.17)
with

,Tj (uo, uj) = Z Aj,m(ﬂo)ﬂ(k)&«up + Z Bj,p’k(ﬂo, r)ﬂ(k)up. (1418)
p+1k|<j k<
where we use the notation

fOT’ k= (]{31, e ,kr), Ug) = Uky -+« Uk,

T

Note that u; is not the derivative of a known function but rather the value
that the derivative of u will have if u exists. Therefore necessarily smooth enough

solutions to (1.4.4]) must satisfy
(SHIN uj|r:R = gj (1419)

with g; == 8gg|t:0.



49 1.4. The fluid equations

Definition 1.4.7. The datauy € H*(R,), g € H*((0,T)) and f € H*((0,T)xR,)
satisfy the compatibility conditions up to order s < k—1 if (1.4.19)) holds for each
71=0,..s.

For the linear floating structure mixed problem ([1.4.4]) the compatibility condi-
tions ([1.4.19) on the initial data ug = (Cc,0, ¢e,0) and the boundary value g = g;, .

can be written as:

qe'T:R,t:O = qi\r:R’t:()’ ‘TjQ(CevO’ ) Ce,j’ q6707 ) qe»j)lT:R = 8gqi‘r:R,t:0’ j Z 1
(1.4.20)
where F, is the second component of F;. As in the L? case, our goal is to find

an a priori estimate for the linear problem ((1.4.4) in order to get existence and
uniqueness of the solution in some more regular space.

Proposition 1.4.8. Let T > 0 and k > 1 be an integer. Assume that uw € X*(T)

with s = max(k,2) satisfies (L.A.F). With o as in Lemmal[l.4.4 there are a constant
Car and non-decreasing functions Cg(-),Cyxr(-) and Copr(-) on [0,+00) such
that all the solutions u € H*1((0,T) x (R, +00)) solving (1.4.4) satisfy:

Hu(t)H?Xk—i_Hulr:Rsz((O,t)) < Ca’RetCa,R,k(”ﬂ“XS(T))X

t
X (HU(O)I@w + g1l 0. +Kk,R(HUHXs(T>)/ Hf(T)II?gde>
0

(1.4.21)
for allt € [0,T] with

Co,r (|7l

x:) = 1+ o 'Crl[[ul x2)) + o' (k + 1)Crir (Tl

Xo(t))

and

Co,r ([T x5 (1))
max(c([|[@(0)||x2), c2R)

K r(|[@l|xs(m)) =

Proof. We adapt here the argument presented in [97]. We denote by u’ the tan-
gential derivative diu for i < k, which in the one dimensional case is simply the
time derivative, and we introduce the tangential norm

k
lu(®) e = 3 N10;u(®) ]l z2r 400
=0

We apply 9! to the equation of (1.4.4) and we get
o' + A(@)ou' + B(u,r)u’ = [A(@), 00 + [B(@,r), 0 u+ f,  (1.4.22)

% )
€2 ‘u|r:R :g :
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d o
As we have done in the previous L? case we consider %(S (W)u',u") 2((R,400))- The

only difference from the previous case is the presence of the two commutator terms
in m We need to control their L? norms in a different way.
The first term can be written under the form Z H@f‘(A(ﬂ))@Z’a&nuH 2. For

a < k — 1 every term of the sum is controlled by

107 (A@) | [10:~*Orullzz < erllOf (A@)) | ga-o [l xr-a
< crl|A@)||x[lullxx

using the fact that 1 < a < k — 1 for the Sobolev embedding and that
|- llxr < || - llxs if X < 4. Recall that Sobolev embeddings HEF — W& still
hold for the weighted spaces HF since we are considering the exterior domain

(R, +00). For a = k we directly have
107 (A@) | 22| 0rull e < crll AG@)xn [l

since u € H* with & > 1. We can find the same estimate for the commutator
term with B(w@,r).
We recall the following Moser-type estimate for the || - || x+ norm:

Lemma 1.4.9 (Schochet). For A(-) smooth enough, the following holds
JA@)]|xr < Cr(1 + [[u]|%x) (1.4.24)

(1.4.23)

with k > 1.

We refer to the Appendix B of [I13] for the details of the proof based on
Gagliardo-Nirenberg inequalities. Better estimates can be used, in particular if
one wants to derive blow up conditions as Métivier in [96], but here we are not
interested in this problem. Hence we get the following inequality:

(S@u (1), 6(1)) ooy < (S@O)u 05)

o RGN .

+ (1+ 0 Cllfal o)) /O (S (), (7)) (oo A

((R,+00))

ulir:R (7’)‘2] dr
(1.4.25)

t
+ Crorll@lxem) / () |Zndr

with s = max(k,2) and some non-decreasing function Cy g(-) on [0,+00). Here
ul = u; where the u; are defined in (1.4.17). We note that for solutions to (1.4.4)),

we have

[u(0) [ = Z [l 2 [u(0)[|x+ = Z el -
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For u satisfying the equation ((1.4.4)), we have
Ou=A"')(f — dwu — BT, r)u)

and we can show that the X* norm is controlled by the tangential one. The
following holds for 0 <t < T

lu@) 5 < Crlllllxscr)lu(t )II'Xk2 + C'z(HUIIXS(T))IIf(t)||§<k

< Cull[alxm)a Z (S@u' ) ey + ol 1O
0 t
(1.4.26)
with some non-decreasing functions C(+), Ca(+) on [0, +00). In the second inequal-

ity we have used the fact that S(u) > ald. By taking the sum for ¢ from 0 to k
and by applying Gronwall’s Lemma we obtain

allu(®)xr® + e Rl _p oy < €U OrlElxae)+a™ (+0Cen(lElxsr))

t
x (c(a()x2)[u(O)x:* + 2RIl 0. +02,k,R(HUHXS(T))/O 1 ()lx>dr)

(1.4.27)
with some non-decreasing functions C ;. g(-), C1 x,z(-) on [0, 4+00). By definition of
the tangential norm we have ||ug||xx” < |Juol|x+°. We use (T.4.26) and the estimate
follows with

max (c(|[u(0)|[x2), c2R)

CoaR = min(a, ¢ R) ’

Corn(|[@xs(m) = 1+ a ' Cr|[al|x2(r)) + o (k + 1)Cy g, r (|l x2(1))

and

Cor,r(|T]| x (T))

BerlEliem) = e (m)x), ca )

Equivalently to the L?-case, we can state the following theorem:

Theorem 1.4.10. Let k > 1 be an integer and T > 0. Suppose ug € HF((R, +0)),
g € H*((0,T)) and f € HF((0,T) x (R, +0o0)) satisfy the compatibility conditions
1.4.19) up to the order k—1. Assume thatw € X*(T) with s = max(k, 2) satisfies
1.4.5). Then, there is a unique solution uw € X*(T) to (L.4.4). Its trace onr = R
belongs to H*((0,T)) and u satisfies the energy estimate (1.4.21]).

Proof. We show only the idea of the proof of the existence. For more details
and the proof of uniqueness see [96]. First we solve the equation with a loss
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of smoothness. We consider the data wug, f and ¢g in H*™? satisfying the com-
patibility conditions up to order k. Omne can prove that there is a solution in
HML((0,T) x (R, +00)) C X*(T), by extending the data by 0 for t < 0 and then
by applying the existence result for the mixed problem in (—oo,T] X (R, 400) of
[97].

The second step is to consider H*-data: we use the compatibility conditions
up to order k — 1 to approximate wuy, f and g in H* and H* with sequences
ul € H2((R,4+00)), f* € H*2((0,T) x (R, +00)) and g" € H*2((0,T)) satis-
fying the compatibility conditions up to order k + 1. From the previous argument
and the energy estimate we have that u™ is a Cauchy sequence in X*(T)
and therefore converges to the limit « € X*(T'), which is a solution to since
k>1. O

1.4.2 The quasilinear problem and application to the case
of a solid with prescribed motion

In the particular case of the floating structure problem, the boundary condition in
sg=aq the value of the horizontal discharge in the interior domain at
the boundary » = R. We will see in the next section that this quantity is strictly
linked to the solid motion, in particular to the vertical component of the velocity
of the center of mass wg(t).

In the case of a solid with prescribed motion, the boundary condition g is a datum
of the problem. Hence, after having studied the linear problem , one can
use a standard iterative scheme argument in order to get existence and uniqueness

of the solution to ([1.4.3).

Theorem 1.4.11. Consider a solid with a prescribed motion. For k > 2, let
ug € HF((R,+00)) and wg € H*((0,T)) satisfy the compatibility conditions in
Definition up to order k — 1. Assume that ug satisfies (1.4.5). Then, the
fluid problem with boundary condition —%wg(t) admits a unique solution
u € X*¥(T) with X*(T) as in (1.4.11]).

Sketch of the proof. We introduce the iterative scheme by defining the sequence
(u™),, with u™ solution to the linear problem L(u""!)u™ = 0. The existence of such
a sequence is given by Theorem Once we have showed the control of the
sequence in some “big norm”and the convergence in some “small norm”, the limit
u of (u"),, is the solution to (1.4.3). For more details we refer to [96]. We will
show a detailed proof in the case of a free motion in Theorem below. n

From this point on we consider a solid with free motion. Therefore the bound-
ary condition is still an unknown of the problem and we must adapt the classical
argument used in Theorem to our problem introducing an iterative scheme
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for the fluid-structure coupled system. The details of this coupled iterative scheme
argument are given in Section Before, we deal with the solid problem and we
deduce an ordinary differential equation describing the motion of its center of mass.

1.5 The solid equation

In this section we address the motion of the solid. We recall that we are considering
a floating structure moving only vertically.

Denoting m the mass of the body, g the gravity acceleration and zg the vertical
position of the center of mass, we consider only the vertical component of Newton’s
law for the conservation of linear momentum:

miZg = —mg + Faua (1.5.1)

where Fhuq = 27 fOR(Bi — Pym)rdr is the resulting vertical force exerted by the
fluid on the solid.

Let us introduce the displacement 0¢(t) := 2¢(t) — 2. between the vertical posi-
tion of the center of mass at time t and at its equilibrium. In the case of vertical
motion Ay, (t,7) = hyeq(r) + dc(t), where hy, e, is the fluid height at the equilib-
rium. For simplicity we consider a cylindrically symmetric solid with flat bottom,
which means that the wetted surface ¢, (hence h,,) does not depend on the spatial
coordinate in the interior domain (0, R). See Appendix[A]for the general case with
a cylindrically symmetric solid with a non-flat bottom.

Proposition 1.5.1. Newton’s law (1.5.1) can be written under the following form:

(m + ma(06))da(t) = —cd(t) + C(t, R) + (iﬁé)m + /3(5@) 21 (15.2)

with

Remark 1.5.2. In (1.5.2) mq(d¢) is called the added mass term and it represents
the fact that, in order to move in the fluid, the solid has to accelerate itself but
also the portion of fluid next to it. This effect appears in other hydrodynamical
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configurations, in particular for totally submerged solids studied by Glass, Sueur
and Takahashi [63] and Glass, Munnier and Sueur [62]. It has an important role
for the stability of numerical simulations of fluid-structure interactions [2])].

The coupling with the fluid motion is given by the term (.(t, R) and m, which

means that the solid motion depends on the value of the elevation of the exterior
free surface at the boundary r = R.

Proof. We decompose Fyyiq according to the decomposition (1.3.3) - ((1.3.5)) of the

pressure
Fivid = Fiuia + Fiia + Fiwia
with
R . R .
Fiq =27 / (P! — Pym)rdr, F)q =27 / Plrdr, j=1I1IL
0 0

Using the elementary potential ®% defined in [83] we can write

R
1
Fiyo =2 [ P (0,4 7) (bt i,
0 T

and, after integration by parts,
R 1
Filig = —27r/ (@ + ) (hw&B?) Ordr
0 r
R
= —27Tp/ wePyrdr,
0

where the second equality comes from the definition (1.3.4) of PI'. Using again
the definition of elementary potential we obtain

R 1
Fil = 2mp l/ o (@ + ) (hwég)l werdr
0 r
|
= —27Tp [/ h— (hwarq)%f] wg’f’dT.
0 w

From the definition of the elementary potential we explicitly have that
r

Oy @ = —— .
2

It follows that
Ffﬂnd = _ma(hw)wG7
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with mg(hy) as in ((1.5.2). Proceeding similarly we can write also

R
r h

FIui :—27rp/ ——w@uﬁirdr.

fluid 0 2hw p

Then, ([1.5.1)) becomes

R
(m 4+ mq(hy)) g = —mg + Fgq + 27r/ Py, (1.5.3)
0

Moreover, (|1.3.3]) can be written as
o)+ 2 = M o,y
r

with

2 2
y(r) = h:&«Pi + 0, (g) and b(r) = 0, (qi) .

y(r) = —i (q"f(;) - Z":(()()D) . (1.5.4)

Because of the constraint ((1.1.6]), the mass conservation equation of (1.3.1)) in the

interior domain becomes

Hence we have

1 .

then we have

T -
qi(t,r) = _§5G(t)- (1.5.5)
Hence ¢;(t,0) = 0 and ([1.5.4)) becomes
h q.2 1 q.2 3 .
l'rPI':_'r —- _*i:—i(p.
p ki =0 (hw> rhy | dhy C

Py :
Replacing the expression of —9, P} in F} .4 we get
p

3mpR* 52

proo =t
fluid 16h%u G

and, by definition of the equilibrium state, we have

R
—mg — 27rpg/ Cu,eqrdr = 0. (1.5.6)
0
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Since the solid has vertical side-walls the following equality holds

R R
27Tpg/ Co(t)rdr — 27Tpg/ Cuw,eqrdr = ¢d¢(t). (1.5.7)
0 0
These two equalities, together with the constraint (; = (,, give

—mg = ¢(;(t, R) — cdg(t).

Solving the elliptic problem (/1.3.5)) whose solution is the constant (in space) bound-
ary value, we obtain the nonlinear second order ordinary differential equation
(11.5.2)). O

Remark 1.5.3. All the computations in the proof of Proposition [1.5.1| reduce to
particular cases of the Green’s identity:

R R
/ PV, - (hyOrq)rdr = / huwp0yqr — / huwqOrpr + / qV, - (hyO,p)rdr
0 r=R r=R 0
(1.5.8)

with particular p and ¢ = ®%, where V- = 0, +% is the divergence operator in the
axisymmetric configuration.

Recall that in ((1.5.5) we have

G(t R) = —gég(t).

This term is the boundary value in the fluid mixed problem (|1.4.1). It follows
that this is the coupling term between the fluid and the solid motion in the fluid
system, as (.(t, R) has the same property in the solid equation (see Remark|1.5.2)).

1.6 Fluid-structure coupling

From the previous two sections, it follows that the fluid-structure interaction prob-
lem considered in this paper is described by the following mathematical model:

Proposition 1.6.1. The nonlinear shallow water equations with a floating struc-
ture for an axisymmetric flow without swirl take the form

ou+ A(w)o,u+ B(u,m)u=0 in (R,+00),

R0, (1.6.1)

€2 U, _p = _5

u(0) = wo,
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with A(u), B(u,r) as in (1.4.3]). Moreover the solid motion is given by the Cauchy

problem

(m + mq(66))da(t) = —cda(t) + ce; - uy,_, + (b(u) + B(da)) 5%(1),

56(0) = b, (1.6.2)
0c(0) = 6y,
with ¢,b,my(dg), B(dg) as in (1.5.2),
b b
b(u) = =

using the fact that
C(t,R)=er-u,_, and he(t, R) = ho + (¢, R).

Let us give the notion of compatibility conditions in the case of this particular
fluid-structure coupled problem. We recall the equation in (|1.6.1]

Ou = F(u,0)u
with
F(u,0) = A(u)0, + B(u,r) (1.6.3)
We define formally the traces u; := “o) u),_,” as functions of uy determined induc-
tively by
Uy = Ujy_g Ujy1 = E(UO, UJ) (164)
with

Fi(ug, ...uj) = Z Ajp e (Uo) U Oruy + Z B p e (to, 7wy up.

pHkI<) p+Ik|<j

where we use the notation

for k= (ki, ... k), Uk = Up, - - - Uk, -

r

Definition 1.6.2. The data ug € H¥((R,+00)), § € R and 6, € R of the floating
structure coupled system (1.6.1)) - (1.6.2)) satisfy the compatibility conditions up to
order k — 1 if, for 0 < j <k — 1, the following holds:
R
e uy =~ 50,
j+1

o d .
where 041 are the formal traces W(Sg(()) defined from the ODE in (1.6.2)) as

! 1 -
o [ CETNES) (—cde + cer - uy,_, + (b(u) + B(dc)) 5G)] (0).
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In the following theorem we prove that the coupled model (|1.6.1]) - (1.6.2)) is
locally in time well-posed:

Theorem 1.6.3. For k > 2, let ug = (Cop,Gen) € HF((R, +00)), 0y and &, satisfy
the compatibility conditions in Definition [2.1.1] up to order k — 1. Assume that
there exist some constants huyin, Csu, > 0 such that

2
VT € (R7 +OO> : h&o(?”) 2 hrnim <ghe,0 - qe,0> (T) Z Csub)

with heo = ho + Ce0, and that
(50 > _hw,eq

with the constant hyeq as in Section [1.5,  Then, the coupled problem (L.6.1) -

1.6.2)) admits a unique solution (u,dg) € X*(T) x H*1((0,T)) with X*(T) as in
1.4.11]).

Remark 1.6.4. Considering an initial datum uy € H? ((R,+00)), we need the
following compatibility conditions satisfied:

R
(0, R) = —551

and
> 1q?
_o, (h) (0.R) = 510, R) ~ g1 (0, )60, B
R b 2
= S T i) <—c50 +¢¢.(0,R) + <h2(07 7 + 5(%)) 51) .

For instance let us take the initial configuration of the fluid-structure interaction
as the following: the solid displaced from its equilibrium position with no initial
velocity, which means

507&0 and (5120,
and the fluid such that

C(S()R
2 (m + ma(5g)) gho ’

he(oa R) = h0> Qe(oaR) = Oa arCe(OaR) = -

Then, the initial conditions are compatible and we can apply Theorem [1.6.5.

Proof. We adapt here the argument that Métivier used in [96] for the existence
and uniqueness of the solution to the fluid mixed problem and we couple it with
the solid equation. Similar techniques are used in [73] by Iguchi and Lannes.
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We introduce the following iterative scheme for the coupled system (1.6.1]) - ((1.6.2]).
For ug € H*((R, +c0)), let us consider the linear mixed problem

o™ + Au"Hou" + Bu" L, r)u" =0, in (R,+00)

— —?581(15) (1.6.5)

u™(0) = up.

n
82 u|r':R

and the linear ODE

(m + ma (6 1))08 = —c0g + cey - ul_ + (b(un—l) - /3(5351)) onton,

(58(0) = 0o,

(52’;(0) - (51,

(1.6.6)

Our goal is to find the solution of the coupled system as the limit of the previous
iterative scheme. Hence we need to show the existence and the convergence of
the sequence V™ = (u", §%). We consider the product space X*(T') x H*1((0,T))
endowed with the norm

V™ | coupr = ||un||Xk(T) + H(SgHH’““((O,T))
with the X*(T) norm defined as in ((1.4.11)). We denote by E the subspace
E={V = (u,0q) € X*(T) x H*"((0, 1)) [ IV llcoup.r < R},

for some R > 0 to determine later, such that

2
YVt € [0,T),Yr € (R, +0) : he(t,r) > Co, (ghe — Z;) (t,7) > co
and

10 — dol| oo 0,7)) < Mo

for some constants 0 < Cy < hpin, 0 < g < coup and My = W% > 0. We choose

1
the first element of the sequence V° = (u°, %) with v € o (Rx (R, +00)) such
that A
@Juﬂzo =u;, 0<j<k

with u; as in (1.6.4). We can assume that u° vanishes for |¢| > 1, hence u® € X*(T)
for all T. There exists a constant Ko = Ky(ug, do, d1) depending only on the data
such that

[ xkery + 1108|250,y < Ko- (1.6.7)
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We have that V° € E choosing R > K, . We suppose that V! = (un=t, 0871 is
constructed in £ C X*(T) x H*1((0,T)) for some T > 0 with

Hurt =w;, j<Ek. (1.6.8)

[t=0 —

For n =1 this is true. By the definition (1.4.18)) of F; and by (1.6.8),
O (F(u,0)u™),_y = Fj(uo, -, uj)

with @ = «"~'. Now we consider the linear problem (1.6.5). We compute u}
using ([1.4.17). We can see that uj = wu; with the u; defined before. Then, the

compatibility conditions e - uj = R5]+1 imply that the data 5”_1 and ug are
compatible for the linear problem From Theorem m 0| the system (|1.6.5 - ) has a
unique solution u" € X*(T) and 9} {uf,_, = uj = u;. Moreover,

[u"(0) || x» = Z ||| x < Ko.

i<k

Therefore we can continue the Construction and this permits to define a sequence

u™ € X*(T) solving the linear problem (1 and, from (2.1.4), satisfying

n—1 o
™ ey + 1l oy < C(K)e ™ k) (Ko + 108 o) -

(1.6.9)
The existence and uniqueness of d% € W?2°°((0,7T)) is given by the Cauchy-
Lipschitz-Picard theorem since the coefficients in ((1.6.6)) are bounded when V"~ ! =
(u"~1,0%7') € E. We want to show that V" = (u",6%) € E. To do that, we now
provide a control of product estimates in Sobolev spaces in time; of course one has
the standard estimate

I fall o,y < CCON N aro,rpll 9l v 0,

but the constant C'(T") blows up as 7" — 0 which raises some issues since we are
led to choose T' small enough in the proof. We therefore use the following more
precise lemma where the time dependence of the constants is made explicit (see
Proposition ?? in Appendix B for the proof):

Lemma 1.6.5. Let k > 1 be an integer. For f,g € H*((0,T)) the following holds:

Ifglueory S VTl ornllglue oy
k—1

d d

+ (1f(0)] + ’@ 0)] + ... + |dtk L FODNgllme oy (1.6.10)
d dk: 1

+ (lg(0)] + \%9(0)’ +...+ \WQ(O)DWHH'@((O,T))
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The previous lemma yields the following estimate for the solution d¢ to ([1.6.6)):

Proposition 1.6.6. The solution 6 to satisfies
15E N g1 (o) < AT, R) + B(T, R)l|ul_ | mrvcom) (1.6.11)
with o(T, R), B(T,R) = 0 as T — 0.
Proof. Tt is immediate to derive
I8¢ 1 szi1 0.9y < C1(T) + Co(TO& N 51 (0.7 (1.6.12)

with Cy(T),Co(T) — 0 as T — 0. Using the equation on 0% we can estimate 0%
in the following way:

182l s < VT H

(162 s + llex - up_ Il zn1 )

m‘l’ma 5 ) HE—1
u' ) + (o) ;
5n_1 0% rre—1
+\/_H m+ma(05 1) G . 106
+Co|| |+ Do (188 s + s - e
m_i_ma(&nfl) o lr=r
u") + 800 ") ;
C ont D1 |03 ] grr—1
+ H m+ma((5 ) ¢ kal + 1H GHHk
with
dk—2
Co=C) <‘5n )5k 2 Uﬁ:Ra)) y eery Wel : Uﬁ_R(O)|> ,
¢ dk=2 ¢
Dy=Dy||————(0)], ... 0
0 — 0 (’m+ma(5n—1)( ) ) ) dtk_2m+ma(5g_1)( )‘)7
Cy = Cy (07], s 074
b(u" ) + B0 ., d*=2 b(um ) + B0 .,
D, =D o (0], ... o (0)] ] .
= 0 (e 5O s O

By applying Lemma [1.6.5| several times to the products in the previous estimate
and using the fact that for V"1 = (u"71,6%7!) € E the denominators are bounded
from below, we get

106 | zze-1 SCT 08 g, [ ) 108 zrsr + C(T, 168w Juf N e
(1.6.13)
Here the constants may not tend to zero as T goes to zero but they are bounded.
Then, using the control for ||V ™| pup k, for T small enough we can move the first
term in the right hand side of to the left of the inequality and

(11.6.11)) follows. [l
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From (|1.6.9) and ((1.6.11)), we get the following estimate for the coupled norm:
HVanouz?,k’ < ||un||Xk(T) + H(%HH’““((QT))
< [[u"[|xrr) + (T, R) + B(T, R)|[u _ | e 0,1
S O(T, R, Ko, Hu"_1||Xk(T))(K0 + ”58_1HH’€+1((0,T))) + Oé(T, R)
Using again the control for ||[V™ ™| .oupk, We can find some R > K, such that for

T small enough N
HVanoup,k S R.

For ug = ({0, ¢e0) We have

t
BE) = heo + / ohr
0

with .
/ Ochy| < T|Ouh7 || Lo (o, 22 (Rorooy) < Tl | xr(ry < TR.
0
Moreover,
n qr 2 de.0 2 t n q 2
ghi = (#) = gheo = (#2) + | oo = (i)
’ 0 e
with

t ny 2 . ny2
/0 & (ghe - () >‘ =T <gh6 - (3%) ) Lo ((0.1)) L2 (R, +00))

S TNAW™) || xrery < TCO(1 + )
where in the last inequality we have used ([1.4.24]). Finally,
162 — doll (o)) < VTN 0&| w1 oy < VTR

Hence, using the assumption on the initial data, the time existence T" can be
shorten to get

vVt € [0,7),Vr € (R, +0) hl(t,r) >, (ghg _ (Z:)2> (t,7) > o

and
166 — dol| Lo=((0,1)) < Mo.

Now we look for the convergence of the sequence V" in a “smaller” norm. We
consider the space

XT) x H'((0,T)) = C°([0, T], Ly (R, +00))) x H'((0,T)).
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We have that u™ — u™ ! satisfies
815 (un _ unfl) + A(unfl)ar (un _ unfl) ‘I’ B(unfl7 ’I") (un _ unfl)
= — (A = A@W2) B — (B, 1) — B, ),

e = _I; (5271@) - 5?52(15)) )

(u™ —u" 1) (0) = 0.

e (u" —u

Using the embedding H* < W for k > 2 it yields

2

H (A(u"_l) — A(u”_2)> ou™t + (B(u"_l, r) — B(u""?, T)) u"!

v (1.6.14)

< K (" Hlxrem) e = um [ xo.
Then, by (?7?) it follows

n n— n n— TC(||un—1
[(u" —u I)H,2XO(T)+H<U —u 1)‘T:RH%2((0,T))§C<KO)€ (U2 )y ¢

T
. (nag-l ~ B oy + K o) [l - u”‘g)(f)lliod7> .
0

(1.6.15)
On the other hand, we have
168 — 8¢ oy < C2(T)08 — 0 32 0.0 (1.6.16)
with Co(T) — 0 as T'— 0. Since in the ODE ((1.6.2)) the terms
¢ b(u) Boc)

m+my(dg).  m+me(dg)  m~+mu(dg)

are Lipschitz continuous on (u, d¢) € F from L? to L? and considering the equation
for 6% and 0%~!, we obtain the following estimate for 7" small enough:

168 — ey < @(T, R (w" = u" ), lle2 oy
+ BT RIog™" = 6& [l z2(0,m)

for some constants a(T), ﬁ), g(T, JA{’) Therefore, using (1.6.15|) and (1.6.17)), we get
IV = V" Meoupo = lu" — u™Hlxory + 1166 — 06l o,
< u"™ —u" H xor) + a(T, R)||(w" — u™ 1), _lle2 o)
+ B(T, R)||65" — 8¢ %[l 2 (0,m))
T
< C(T, Ko, R) <||58_1 — 88 0.1y +/ (™! — U”_Q)(t)HXodt)
0

< K(T, Ko, B)|[V"™" = V"] coupo-

(1.6.17)
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where we have used ||u" || x2(r) < ||u™ || xx(r) and the inductive hypothesis (?7?).
Then, we can choose T small enough such that K (T, K, E) < 1 and we obtain
that V" is a convergent sequence in X°(T) x H'((0,T)) with limit V = (u,dg).
By standard arguments (see [I13]) we have that V € B C X*(T') x H*1((0,7))
is the unique solution of the coupled problem - .

[
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This work is based on [15].

2.1 Extension-trace operator for the coupling with
the exterior domain

In the previous chapter, we have shown that floating structures problem is de-
scribed by the coupled PDE-ODE system

athe+8TQe+ % =0
r

2 2
0ge + 0, (de) 4+ 2 4 gh 0,k =0 (2.1.1)
he rhe

65
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(m + ma(0a))oa(t) = —cda(t) + ¢C(t, R) + (b(he) + B(dc)) 05(t)  (2.1.2)

Moreover, denoting by u the couple ((.,q.)”, the exterior quasilinear hyperbolic
initial boundary value problem ([2.1.1)) takes the form

Oru+ A(u)0yu+ B(u,r)u =0

Gei,_p = —2bc (2.1.3)
u(0) = ug
with
1
0 1 0 -
_ 24, _ r
A(U) ghe qi q ) B(U, T) Qe
h?2 h, 0
e rhe
and

Uy = (C@o, (Ze,o)T-

Let us recall the functional space considered in the well-posedness theory presented

in Chapter
k
= C([0,T), H 7 (R, +00)))

Jj=0

endowed with the norm
lallxery = sup il .t ||Xk—z||aﬂ (Ol sy
(0,7

where H* = H*(rdr) is the weighted Sobolev space.

In this section we want to show that, in the ODE for the solid part of the coupled
system - (2.1.2), we can write the coupling term (. (¢, R) (also h2(t, R)), the
trace of the free surface elevation in the exterior domain at the boundary » = R,
as an extension-trace operator applied to the trace of the horizontal discharge in
the interior domain at the boundary r = R, that is —%50.

In Theorem [I.6.3] of Chapter [I] we have shown that, for & > 2, there exists 7' > 0
and a unique solut1on u = ((.qe)" € XH(T) to (2.1.3), provided the initial data
ug € Hf((R, +00)), the boundary condition g, _, € H*((0,7))) and compatibility
conditions are satisfied up to order k£ —1. Moreover,u satisfies the following energy
estimate:

”qu(’“(T) + ||UIT:RH?{k((o,T)) <C (T7 HU()H?{,@((R,OO))a ||Q6|T:RH%{’€((O,T))) (2.1.4)
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for all ¢t € (0,7"). Then, we can define an operator B such that
B: HY(0,7)) x HY((R,00)) — H((0,T))

(b \ w) o Bliew] =g, Y

We call it an extension-trace operator since it takes the trace of q., that is —%(Sg,
the initial data u and it extends to the couple ((, g.) by solving the initial bound-
ary value problem and then it takes the trace of h.. One can easily note
that B is nonlinear. Then, using the fact that h. = (. + hg and assuming ug to
be given, we can write the equation for the solid motion as a second order
delay differential equation only in terms of o5, namely

(m + ma(ég))(?@(t)
b
(B [d6, o] () + ho)

(2.1.6)

= —cig(t) + B [SG,U()} (t) + 5 + 8(0c) | 05(1).

It is a delay differential equation since we need to know d¢ for all ¢ € [0,¢] in
order to know the value of B [(5g, uo} at time t. This equation can be solved by a

standard fixed point argument. Let us first recall the compatibility conditions on
the initial data:

Definition 2.1.1. The data ug € H¥((R,+0)), dy € R and &; € R of the floating
structure coupled system (2.1.3)) - (2.1.6)) satisfy the compatibility conditions up to
order k — 1 if, for 1 < j <k — 1, the following holds:

R
® € - uolr:R = _5517
o ey (0 (CAWDY — Blu ), ) = o
; r ) lt=0 ler t 2 (m + ma(ég))

(B [5, o] + o)

mean that the derivatives are formally written.

—C5G + B [5@, Uo} +

2+B(5G) 5% ‘| "

lt=0

w»

where the brackets
Then, we can state the following existence result:

Theorem 2.1.2. Fork > 2, let ug = ((e0,Gen), 00 and 01 satisfy the compatibility
conditions in Definition [2.1.1] up to order k — 1. Assume that there exist some
constants huyin, Csu, > 0 such that

2
Vr € (Ra +OO) : he,O(T) > hmina (ghe,() - Z;O> (T) > Csub,
e,0
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with heo = ho + Ce0, and that

o> — inf hy...
07 7 Oy e

Then, there exists T > 0 such that the Cauchy problem for (2.1.6) with initial data

6G(0) = 607 5G<0) = 617
admits a unique solution 5¢ € H*((0,T)).

Proof. By defining U(t) = (6¢(t),da(t))T we can reduce (2.1.6) to the first order
delay differential equation

d
SU@) =TU)U () + MU)(t) + GU)(?) (2.1.7)

with
0 1

I(U) = ¢ :
Tt ma(oe)
0
M<U) - B [5@, Uo} ’
m + mg(0¢)
0

GU) = b 5 + B(dc)

(B [5@, Uo} + ho)
m + ma(5g)

and
Uy = (60, 61)" .

We write the equation in ([2.1.7)) under the integral form
t
U(t) =Uy+ / (IU)U(7) + M(U) (1) + G(U)(7)) dr := L(U)(1). (2.1.8)
0

We look for the solution as the limit of the sequence U™ defined by

U™ (t) = L(U™)(¢).
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Let us denote by HE the space H*((0,T)). In the same way as in Theorem
of Chapter , we consider F the subspace of H% such that for U € E the heights

hy + 0c and B [5@, uo} + hgy are bounded from below and the coefficients of the

equations are bound (we refer to the proof of Theorem for the details). We
suppose that U" € E with
[0" = U < K (2.19)

for some K > 0 with the first iterative step U° = U, € E. For n = 0 the previous
inequality is trivial. We want to show that the inductive assumption is true also for
n+1. Then, we consider U™ —U°|| gy = [|L(U") = U°|| gy Using the inequality

t
L
0

with Cy(T"), C2(T) — 0 as T'— 0 and Lemma [1.6.5| of Chapter |1} we have

with 0p_o := dk 2(5G(O) where in the last inequality we have used (2.1.9). The

constant C (T K, bo,...;0k—2) = 0 as T'— 0. In the same way we have
t
/ MU™)(r)dr| <y B[, uo] \ Hk)
0 Hk: T

< (T 00, - 02, Bo, s Bia, |0 [ gt » || ap H(S?;HH;)
(T7K 005 -+ Ok~ 27BO7~-~>Bk727HUO||H§)

< O (T) + Col D)1 F

k
HT

/Ot o™ u"(r)dr

S Cl (TJ (507 sy 516727 H52¥||H§, ) ”(Sg’HHéi)

k
HT

S Cl (T’ K, 607 ceey 5]{72)

(T, 0, v D25 Bos o Bia, 166 s

with Bg_o = dk ’B [%,uo} (0). We have used the estimate (2.1.4)) in the last

inequality for ||u0||H7@ = ||uo || # (R +o0))- The constant
Cy (T, K, 50, ceey Bk_g, ||U0||H§) —0

as T" — 0. Moreover, we have

/Ot GU")(T)dr

S 03 (T7 507 "'JBk—27 ||6G||H§€7

B [85 0] + 162y

< Cj (T, 005 --» Be—2, |0l rs» ol HS?;HH;)
< Cs (T, K, 60, ..., Bra, |[uoll 1z )

k
HT



Chapter 2. Return to equilibrium problem in axisymmetric shallow water 70

where we have used ||(5Z~)2||H§4 <C (T, ||5g||§{§2) (by Lemmall.6.5). The constant

Cs (T, K, b, ..., Bi_o, ||U0||Hﬁ) —0

as T' — 0. In all three estimates we have used the fact that, since U™ € E, the
coefficients of the ODE are bounded. Then, choosing 7" > 0 small enough such
that

Cl (T, K, (50, ey (Sk,Q) + Cg (T, K, 50, ceey Bk,Q, HUOHH,’S)

(2.1.10)
+ C’3 (T7 K7 607 "'aBk—Qa ||u0||H7’S) S K

we have |[U™T! — UY)| g < K for some K. In an analogous way as in Theorem
1.6.3, it can be shown that U™ € E. We omit the details. We have also the
convergence of U™ in L% := L*((0,T)):
Lemma 2.1.3. There exists a constant © = O(T, K) < 1 such that
n+1 n n n—1
JU = 0| < OIU™ — U3

Proof. We show only the control on the term with the extension-trace operator
B. For the other terms in ([2.1.8]) the control is classical since the coefficients are
locally Lipschitz. We have

[ B[] 8 [5

2
2

< 18 5] - 5[5 ]

L2
2 T
L7

2

T cn cn—
< ?C (T7 K, ||5G — 06 1”%%)

where C depends exponentially on 7. The second inequality comes from the L? a
priori estimate of Proposition (1.4.4) in Chapter [I| for the hyperbolic system

at(unJrl _ un) + A(un)ar(unJrl _ un) + B(Un, T)(unJrl _ un)

= —(A@u") — A" 1)ou™ — (B(u"™,r) — B(u™t,r))u",

@ =l =508 =0,

(u™ —u™)(0) = 0.
We control the source term in (2.1.11]) using the fact that £ > 2 and

(2.1.11)

101" Lo (Rto0)) < N |0y < C (T, ||U0||H5((R,+oo)),K> ,
where the second inequality comes from ([2.1.4)) and (2.1.9). O

By an interpolation argument we have the convergence also in H*((0,7)). So we
get the existence and uniqueness of the solution U to the Cauchy problem ([2.1.7))
in H*((0,T)). Hence the Cauchy problem for admits a unique solution
dc € HM1((0,T)). O
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2.1.1 The return to equilibrium configuration

We want to focus now on a particular configuration of the floating structure prob-
lem, the return to equilibrium problem. It consists in dropping the solid, with no
initial velocity, into a fluid initially at rest from a non-equilibrium position. By
the definition of this particular configuration, we have specific initial conditions

for the coupled problem (2.1.1)) - (2.1.2)).

The initial conditions for the solid equation are
66(0) =380 #0,  0g(0) =6, =0,
and for the fluid equations are
he(0,7) = ho, ¢.(0,7) =0 in (R,+00).

In order to apply the theory of the initial boundary value problem we need these
specific initial data to satisfy the compatibility conditions defined in Chapter [1]
The compatibility conditions of order 0 and 1 are respectively:

R
L4 QB(OaR) - _5617

o, (%) (0. 7) - L% 0. B) — gh.(0. B)9,¢.(0, R
e<0, () 0.1 - 0. - 0. 7001

R b 2
ST (5 + 0. B+ (mom ! W‘))) 51) |

Due to the nature of the return to equilibrium configuration, we have

8.¢.(0,R) =0, ¢(0,R)=0, q.(0,R)=0. (2.1.12)

Therefore the compatibility condition of order 0 is satisfied but not the one of
order 1. Then, Theorem in Chapter [I| can not be applied since one hypoth-
esis required is that the initial and boundary data must satisfy the compatibility
conditions at least up to order 1. When the compatibility conditions at order 1
are not satisfied, sonic waves propagate (we refer to Métivier [95] for the existence
of such waves).

Remark 2.1.4. One can choose a different value for 6, in order to satisfy the com-
patibility conditions and be able to apply the results of Theorem[1.6.3 in Chapter
(2.
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2.2 Linear-nonlinear model for floating structures

The impossibility to apply the mixed problem theory to the particular configu-
ration of the return to equilibrium brings us to consider a linearization of the
equations in the exterior domain, which describes the case of small am-
plitude waves. We generalize however the works by Cummins and other authors
in the literature by keeping the nonlinear effects in the interior domain. We only
assume that the solid does not touch the bottom of the fluid domain. In this
section we introduce the linear-nonlinear model for the floating structure problem,
we prove the conservation of the total energy for this model and then we show that
with this linear approximation we can write the extension-trace operator B[dg, ]
(simply written B[dg] from now on) as a linear convolution operator. Then, the
delay differential equation for the solid motion becomes a nonlinear second
order integro-differential equation.

2.2.1 An energy conserving linear-nonlinear model
We consider the following linear-nonlinear model for the floating structure problem:
o in the exterior domain (R, +00)

“
r (2.2.1)
6th + ghOaTCG = 07

atCe + 87“(]6 +

« in the interior domain (0, R)

Orhi + 0,0+ & =0,

r
2 2 I (2.2.2)
0iq; + O £ + 4 + ghi0,h; = ——0, P,
hi Th/i 1%
and the boundary conditions
Qe|,_p = Di|,_p> (2.2.3)
Bﬂr:R = Fatm + pg(Ce - Ci)\T:R + PCOT7 (224)
with P.,, = —5%?2 . As in the full nonlinear case, ¢; can be written in terms

ler

of the solid vertical :displacement d¢ (solving the first equation in (2.2.2))) and the
transition condition (2.2.3)) becomes

R.
Qelyp = —560 (2.2.5)
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Furthermore we have the conservation of the energy for the new linear-nonlinear
model (see Chapterfor the conservation of the energy in the full nonlinear model):

Proposition 2.2.1. Let us define the shallow water fluid energy for the linear-

nonlinear shallow water equations (2.2.1)) - (2.2.2))

+oo R 2 +oo 2
Egw = 27r’(2)g/0 Crdr + 27r/2)/0 (zirdr - 27r';)/R (Zeordr (2.2.6)

and the solid energy (only with vertical motion)

1
E. = §mw20 +mgzq.

Then, the total fluid-structure energy Eiy = FEsw + Eso s conserved, i.e.

d
2B,y = 0.
de 0

Proof. By multiplying the first equation of (2.2.1)) by pgl.r and the second equa-

r
tion by th we have local conservation of the energy
0

ateea:t + arFemt - 07 (227>
where e, is the local fluid energy in the exterior domain

2
_ P2 Ple
Cext — 29<6r+ Qhor

and F.,; is the flux in the exterior domain

Fext = pgQeqer.

We consider the equations ((2.2.2) in the interior domain:

@g+&%+%=&
) (2.2.8)

2 h.
0vqi + O %) 4 + ghi0,(; = ——0,P;.
hi Thl' P

By multiplying the first equation of (2.2.8]) by pg(;r and the second equation by

)
9T e obtain

hi
ateint + arF’imﬁ = _qu'arﬂi’ (229>
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where e;,; is the local fluid energy in the interior domain

2
P2 PO
Cint 2g<17’ + 2 hz‘r

and Fj,; is the flux in the interior domain

3
Pq;
Fint = 5 hgr + pgGigir.

We integrate (2.2.7) on [R,+o00) and (2.2.9) on [0, R] and by multiplying by 27

we obtain

3

d : R
%ESW —2mpRg [¢q] + 27rpR2q};2 = —27r/ rq;0r (P; — Pagm) dr,  (2.2.10)
( "V‘:R 0

where [f] is the jump of a function f at the boundary r = R defined by

[[f]] = felf‘:R - fil’l‘:R'
By integration by parts we get

G P 4
2h2 =i |T:R qZ‘T:R

T |p=
. R (2.2.11)
+ 27r/ (P; — Pum) Or(rq;)dr.
0

d
o Bsw = 2mpRg [Cq] — 2mpR

On the other hand, from the definition of F,,, we have

d

%Esol = mwgg + mgwg = wg (Mg + mg)

R
= wg 27r/ (P; — Pyy) rdr
0

R
= 27T/ (Bz - Patm) &ngrdr
0

where we used Newton’s law for the conservation of the linear momentum and,
since the structure moves only vertically,

ath = Wqg

coming from standard solid mechanics. From the contact constraint ([1.1.6)) and
the first equation in (2.2.2)) we get

d

R
%Esol = —27r/ (P; — Pum) Or(rq;)dr. (2.2.12)
0
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Therefore
U =— LB 4 omsR orpR 2R (P, — P
% SW — _£ sol + ﬂ—p g [[Cq]] - ﬂ-p zhg |r:R — 4T <77’ - atm)‘r:R qilr:R ’

Using the expression of the interior pressure P; on the boundary r = R in (2.2.4))
and the transition condition ([2.2.3) we get the conservation of the total energy. [

2.2.2 Linear equations in the exterior domain

In this subsection we focus on the linear shallow water equations in the exterior
domain ¢
a15Ce + ar‘]e + ?e - 07

(2.2.13)
atq6 + ?)g@,{e — 0,
with vg = v/ghg, coupled with the transition condition
R.
Qejp_p = —§5G(t). (2.2.14)

Taking the derivative of the first equation in (2.2.13|) with respect to time and
replacing the value of 0;q. with the expression in the second equation we find the
linear wave equation

att(e - UOATCe =0
with A, :==0,, + 1&«.
T

We consider only positive time ¢ (we can treat (. as a causal function, i.e. {, =0
for t < 0). In the same way as John did in [75], we apply the Laplace transform

LG (rs) = /O et Re(s) >0

to the wave equation and we get the following Helmholtz equation with complex
coefficients:
$2L (C) — voAL () = 0. (2.2.15)

We have £ (94C.) = s*L () + 9:¢(0) + s¢.(0) but in this configuration we have in
addition 0;(.(0) = 0 and (.(0) = 0 from (2.1.12). The general solution of ({2.2.15])

: LG (rs) = ax(s) HY <m> + ay(s) HY (W> ,

Vo Vo

where Hél) and H(()Z) are the Hankel functions of first order and second order
respectively with index 0.
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Remark 2.2.2. Let us consider the Bessel functions of the first kind and of the
second kind, respectively J, andY,, solutions to

d? d
de—;+zd—Z+(z2—n2)w:0, z€eC.

The Hankel functions of first order with index n are defined by
HT(LI) = Jn + ZYn;
and the Hankel functions of second order with index n as

H® = J. —iY,.

n

From the asymptotic behavior of the Hankel functions (see Appendix A) we know

2 . 2
that HO(I)<Z) ~ (|—e"” and Héz)(z) ~ y[—e " for large |z| and 0 < argz < 7.
Tz

Tz

Therefore for large |s|r and —g <args <o

1) (18T 2 =T
H(g ) ( ~ - e vo ,
(o mTLST

Hé2) (ZST) ~ 2.U0 e%,
Vo isT
Thus for Re (s) > 0 and large r

) 2 s(t——
ar (s)HY (W) et~ ar(s) ] e (1 vo),

Vo TLST

' 2 s(t+—
ag(s)HSQ) (zsr) e~ ay(s) 200 <t+”°>.
Vo TisT

These terms represent respectively an outgoing progressive wave and an incoming
progressive wave. Since in this problem we consider only outgoing waves, we
impose ay(s) = 0.

Applying the Laplace transform to the second equation of , we get the
following boundary condition for the exterior Helmholtz problem:

0.£(c), =L Mg,

Ir=r v 2
|T:R 0
using the transition condition (2.2.14]). Therefore we finally have
SR
iRH{" (“)
L

Vo

SR
QUoH{I) (ZS>

Vo

L(C) (s, R) = (5) (s), (2.2.16)
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using the relation (H, (1)) Hl( ) between the derivative of HO and the Hankel

H(l)
function of first order with index 1. From Appendix A we have H?I)ES; — 14 for
1 (s
large |s|. Adding and subtracting this limit we have
. R .
L(C) (5, R) = f(5)L (d6) (5) — 3ok (5) (s) (22.17)
with "
RH)(w )
f(s) = A
2U0H1(1) (ILSR> 2/00
Vo

with f(s) — 0 as |s| — 4o00. It turns out that we can write f as a Laplace
transform of some function:

Lemma 2.2.3. There exists a unique function F € L*(R.) N C ([0, +00)) such
that f(s) = L (F)(s), with either

F(t) = lim / fle+iw)ectltdy,

v——+oo 277

independent of ¢ > 0, in the sense of L? Fourier transforms and

o0
F@:;[ MHM%

: ‘|€(c+iw)tdw+)\7
c—+w

- _ 1 .
with A = 7, in the sense of Lebesgue integral.

Proof. We know that both Hél)(is), Hl(l)(z's) are holomorphic functions on C,,
and Hl(l)(z's) # 0in C, (see [1],[41]), then f(s) is holomorphic on C,. Moreover, f
is bounded in C, since f — 0 at infinity and f is bounded around the boundary R

g
(from Appendix A we have (1)?8; —islog(is) for s — 0). Hence f € H>*(C,).

Now we want to show that fe L2(iR): f is defined also in C if we consider the
one-valued functions HO and H1 (considering the one-valued logarithm in the
definition of the Hankel functions in Appendix A). Moreover,we have that

fs) = 1-+O(1> (2.2.18)

4s 52
as |s| — +oo, hence

+o0o
/ |f (iw) |*dw < +o0.

[e.e]
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Therefore by the Smirnov theorem (see [102]) f € H*(C, ), where H?(C,) is the
so-called Hardy space, and by the Paley-Wiener theorem (see [69, [128]) there exists
a unique function F' € L* (R, ) such that £ (F)(s) = f(s) with

v—+o00 27

1 [° .
F(t) = lim / fe+ iw)elr ) dy

is to be understood in the sense of L? Fourier transforms for any ¢ > 0. On the
other hand, from (2.2.18) we have g(s) = f(s) — 4 is Lebesgue integrable on the
line Res = ¢ for any ¢ > 0. From Lemma 3.9. of [IT1I] there exists a function

F € C([0,400)) such that £ (]5) (s) = g(s), with

F(t 11/%0p@+uw—

:g N

: ‘| e(c+iw)tdw
¢+ ww

independent of ¢ > 0. Hence, writing f(s) = g(s) + 4% and using the fact that
L (X) = 2 for all complex constant A, we have that £ (F) (s) = f(s) with

szl[mpwwm—

2m J_ o

: ]€(C+iw)tdw+A
c+ww

and)\:i. O

Then, we can write the coupling term with the fluid motion (. (t, R) as an explicit
function of the solid velocity dg under convolution form:

Proposition 2.2.4. Considering the linearized shallow water equations in the ex-
terior domain, the following holds:

Gt R) = /O CF()glt — s)ds — Ldu() (2.2.19)

2’2]0

with F(t) as in Lemma[2.2.5
Proof. From (2.2.17)) and Lemma we have that

. R .
L(C)(s,R) = L(F)(s)L (dc) (s) - T (5¢) (s) (2.2.20)
Using the convolution theorem for the Laplace transform,
t
L(F)(s)L (0c) (s) =L ( / F(s)dq(t — s)d5>
0
and we apply the inverse Laplace transform to (2.2.20) to get (2.2.19)). ]
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log F(t)
&

log t

Figure 2.1 — Assumption is numerically justified: here F(t) (full) is compared to ¢t =2 (dash)
using two logarithmic scales, for R = 10m and hy = 5m.

From the numerical behavior of F' shown in Figure [2.1] the following assump-
tion on F' is justified:

Assumption 2.2.5. F is a positive function and there exist M > 0 and tg > 0
such that
F(t) < Mt™?

for allt > t,.

This hypothesis on the behavior of F'is independent of the parameters of the
problem R and vg. In fact, there exists a function Fj

F(t) = F, (7275)

with o
iHY (is) 1
L(Fy)(s) = 20 U8) =
(Fo)(s) oHM (is) 2

Moreover, the kernel F' satisfies the following equality, which will be used in
the proof of the Theorem [2.3.4}
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Lemma 2.2.6. The convolution kernel F' is such that

/+Oo F(0)do = i (2.2.21)

_27/1)0.

Proof. By the definition of the Laplace transform and by Lemma [2.2.3]

iRH" (”R>

o0 R
/ F(t)e s'dt = z?;OR + 50 for Res > 0. (2.2.22)
0 200 HY () Yo
Vo
From Appendix A, we have that, as s — 0,

H(l) :
(21)(28> ~ —islog(is) — 0.
H; " (is)

Hence, taking the limit s — 07 in (2.2.22) we get
+o0 R
/ F(t)dt =
0

22]0 7

where we have used Lebesgue’s dominated convergence theorem due to Assumption
2.2.0 O

2.3 An integro-differential equation governing the
solid motion

From now on we suppose for simplicity that the bottom of the structure is flat, then
Cw (as well as h,,) does not depend on the space variable r, but Proposition
holds for a structure with non-flat bottom as well. We know from Proposition [2.2.4]
that, considering the linear shallow water equations in the exterior domain,
we can write the trace of the surface elevation (. at the boudary » = R as a function
of the time derivative of the displacement d5. Then, the nonlinear differential
equation describing the solid motion can be written as a nonlinear delay
differential equation.

Proposition 2.3.1. Considering the linear shallow water equations (2.2.13|) for
the fluid motion in the exterior domain, the solid motion is described by the fol-
lowing second order nonlinear integro-differential equation:

(m + ma(6c))da = — ¢dg — vdg + ¢ /0 t F(s)da(t — s)ds + (b(dc) + B(dc)) 2 |
(2.3.1)
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R b
th ¢ = R? = —, my(dg) = 0g) = =5
we C pgﬂ- ) v 2'1}07 m ( G) hw((SG), ﬁ( G) Qha(éG)’
1 v RH(()l) <Z(C+ZW)R> h
F t) = 11}111 P ( —:_}0' )R + 50 pletiw)t g
(e Q’U()Hl(l) <Z C T 1w > Vo
v o
for any ¢ > 0 and
i b 4
b(be) = : o with b= ”8R .
(Jo F(s)da(t = s)ds — 52d6(t) + ho)

Remark 2.3.2. In the integro-differential equation (2.3.1) m,(dg) is the time
dependent added mass, ¢ is the hydrostatic coefficient, v is the damping coefficient
and the convolution integral. The retardation term whose kernel F is the so-
called impulse response function, accounts for fluid-memory effects that incorporate
the energy dissipation due to the radiated waves coming from the motion of the
structure. Moreover, linearizing around the equilibrium state, we get

(m + mq(0)) 0g(t) = —cdg(t) — vdg(t) + ¢ /Ot F(5)0g(t — s)ds (2.3.2)

This linear equation is nothing but the well-known Cummins equation for the verti-
cal displacement ([11.13|). Proposition therefore provides a rigorous justifica-

tion of the Cummins equation and generalizes it to take into account the nonlinear
effects in the interior domain.

Remark 2.3.3. Recall that in Proposition |2.2.4] we show that

(R = /0 F(8)6o(t — s)ds — 2R5(;(t). (2.3.3)

Vo

Therefore, considering the linear equations (2.2.1)), the extension-trace operator
(2.1.5) becomes a linear convolution operator, that is

Bée] (1) = /0 " K()6o(t — s)ds, (2.3.4)

R

with the convolution kernel K(s) = F(s) — 2—0320, where V4 is the Dirac delta
Yo

distribution.
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We state now the following global existence and uniqueness result of the solu-
tion to the solid motion equation in the case of linear shallow water equations for
the fluid motion:

Theorem 2.3.4. The Cauchy problem for the nonlinear second order integro-
differential equation (2.3.1) with initial data

06 (0) = do # 0, 0¢(0) =0,

admits a unique solution dg € C*([0,+00),R) provided

WH  2omH |42 H2  hip.H
165 < min (ho _ PmB 2P +J Pn2” , 0P ) (2.3.5)
p

p p? pR?

Remark 2.3.5. One needs to consider the parameters of the problem such that

which means that the fluid height under the solid at the equilibrium position is
positive, or equivalently that the volume of the solid is less than the volume of the
portion of fluid fulfilling the column projected from the solid along the symmetry
azis at the equilibrium position.

Proof. We adapt here the analysis made by Liu and Magal in [87]. First let us
consider the weighted space

BUC, = {p € C((—00,0],R?) : 6 — |6 — 1| "¢(f) is bounded

and uniformly continuous in (—oo, 0]}

for n > 0, which is a Banach space endowed with the norm
[lly := sup [0 — 1]7"[0(0)].
0<0

Remark 2.3.6. The weighted space BUC,, satisfies the axioms of the phase space
given by Hale and Kato in [68] (see also the monograph [T0)]). When the kernel
F has an exponential decay, we choose the weight €"’. This case is considered in

Appendiz[D,

From the nature of the return to equilibrium problem, d¢(t) = 0 for ¢ < 0 and
we can write the convolution term as the infinite delay term

/0 F(—0)dg(t + 6)d6.

—00
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Recall that for any map = € C((—oo, 7], R?) (for some 7 > 0) and each ¢ < 7 the
map x; € C'((—o0,0],R?) is defined by

x(0) = z(t+6), V0 <0.
Moreover,define the trace functional
Tr : C((—o0,0],R?) — R?

xy = Tr(zy) = 24(0) = x(t)

with components T (x;) and Try(z;). Then, we consider z(t) = (d¢(t), da(t))”.
We can write (2.3.1)) as the following functional differential equation

{dw(t) = Fl(xy) Vt >0

dt
To = Yo € BUC’77

(2.3.6)

with ¢y = (80,0)” and F(z;) = (Tra(z¢), S(x,))T where

—cTri(zy) — vTra(xy) + cConv(xy) + (b(zy, Tro(xy)) + B(Tri(z4)))Tr3(xs)

Sle) = m + ma(Tr1 ()

with .
Com)(xt):/_ F(—s)xs,(s)ds,

o0

-1 _ b - — b B
(m+ma(Tri(xy)))” = (m + fw(Tﬁ(lBt))> - (m + Pop.eq + Trl(xt)> 7

b b
PN = S @) ~ 2 (g + Tra(n)?

and
b

(C’onv(xt) — %Trg(xt) + ho)z'

b(xy, Tra(xy)) =

Let us give the following definition:

Definition 2.3.7. F is Lipschitz on bounded sets if for each & > 0 there exists a
constant k(€) such that

|F (u) = F@)lly < K(E)lu = vlly

with u,v € BUC,, and ||ul|,,||v|, < &.



Chapter 2. Return to equilibrium problem in axisymmetric shallow water 84

It is clear that the functional F is not Lipschitz on bounded sets due to the
singularities that occur when the denominator of the ratios vanish. Recall that
Py eq = ho — %. We define three functions xg, x1, x2 : R = R with

hw,eq + 50

Xo(¥) =1 for ¢ < 7w oo — G0) + b (2.3.7)

b
xi(¢) =4 for ¢ < m (2.3.8)

b
x2(¥) =¢ for ¥ < . (2.3.9)

(=2C(16o]) + ho)
where

O8I = |27 (o + 2523, (23.10)

such that they are Lipschitz continuous on any compact set in R. The condition
(2.3.5) guarantees that the denominators of the fractions in (2.3.7) - (2.3.9) are
strictly positive. We consider now the functional F : BUC, — R? defined by

Flwr) = (Tra(,), S(a))" (2.3.11)

where

1
S(xe) = Xo (m + ma(Trl(xt))> X
[—cTﬁ(mt) —vTry(ze) + cConv(zy) + (xa (B(Tr1(xr)) + x2(b(ze, Tra(xt))) Tr%(xt)}

Then, we have the following property:
Lemma 2.3.8. F : BUC, — R? is Lipschitz on bounded sets for n small enough.

Proof. From the definition of C'onv, using Assumption [2.2.5 we have

0
|Conv(u) — Conv(v)| < / |F(=s)||s — 1]"ds||lu — ]|,

—0o0

“+o0o
< (C’o +M/ |s|72|s + 1|77ds> lu— v,
to

where C comes from the fact that F' is continuous on the interval [0, to]. Choosing
n such that —2 +n < —1, by definition of the function xo,x1 and x2 it is clear
that F is Lipschitz on bounded sets in BUC,. n
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Then, an equivalent version of the Theorem 7.4 of [87] can be applied to

dx(t ~

To = Yo € BUOn

(2.3.12)

and we have that admits a unique solution z,, € C((—oc0,7),R?) with
initial data ¢o. From the continuity of F we get z,, € C'((—00, T, ), R?). Fur-
thermore the theorem gives an explosion condition on the solution, i.e. if 7,, < 400
then

lim ||z, (t)]| = +oo. (2.3.13)

TWO

We show in the following lemma that the solution is bounded:

Lemma 2.3.9. The displacement 6 and its derivative 5G are both bounded.

Proof. From Proposition we know that the energy of the coupled floating
structure system considering the linear shallow water equations for the fluid motion

Fu(t) = ;mf%(t) + mgde(t) + Bsw(t) (2.3.14)

is conserved. Moreover, Egy (t) can be written as the sum of the fluid energy in
the interior domain,

1 R 1 R 1 R 2 t) r
Eint(t) = 5P9 277/ C(t)rdr — 39 277/ Cieq?"d?” + 2p27r/ Q;f (t>)7“d7“,
0 0 0 w

and the fluid energy in the exterior domain,
1 +o00 ) 1 p +o00 )
Eoui(t) = =pg2m C(t,r)rdr+ =—2m ¢ (t,r)rdr.
2 R 2 ho R
To get the expression of the fluid energy in the interior domain we use the con-

straint (1.1.6) and we add the constant term 3pg 2m fOR 2 _rdr in order to have

w7eq
zero energy at the equilibrium. From Archimedes’ principle we have

— pmH — pQueq =0 (2.3.15)
and, since the bottom of the solid is flat, we have

H

ZG.eq = Cw,eq + 5

Then,



Chapter 2. Return to equilibrium problem in axisymmetric shallow water 86

and
H H m
Gult) = 26(t) = 5 = 86 (1) + 26.eq — o = 0(t) ppH. (2.3.16)
Using (2.3.16) and the fact that ¢;(t,r) = —£5G(t) (see Section , the fluid

energy in the interior domain F;,;(t) becomes

mpR*

oA

In particular the total energy at instant ¢t = 0 is
1 2 Pm ‘1 2P 172
Eiot(0) = mgdy + —gpmR* |0 — —H | — —gpmR*—"H
2 p 2 p?

using 0¢(0) = dg and d¢(0) = 0. By the conservation of the energy we have
8 dc( y gy

iy 1 ?
T + ﬂ 63;(15) — m950 —+ fgpﬂ'R2 50 - pﬂH - m95G<t>
2 16h,(t) 2 P
(2.3.17)

Consider t* = sup{t € (—00,7y,) | hw(s) > 0 for s € (—oo,t)}. From condition
(2.3.5) we have hy,(t) = hyeq+ 00 > 0 for t € (—o0, 0], hence t* > 0. Suppose t* <
Tyo- Lhen, for ¢ € (—oo,t*) the right hand side of has to be non-negative.
By solving the inequality with respect to d¢(t) and writing m = p,, 7 R>H, we have

2Eext (t> 2Eext(t)
6 — < da(t) <468 — :

By the non-negativity of FE.,;(t) we get the bound

— |do| < d(t) < [dol- (2.3.18)
Combining (2.3.18)) with (2.3.17)), we have
m . 1 mH
506 <mg(do = dg) + SgpmR*(|0]* = 08) + ngzpp(% — o)
1 22 o P H
< mg(do + |0o]) + 590 + gpm R T(I%\ — do)

o> 20mH
= gpr R’ (' ;' 4 |5o|> :
p



87 2.4. Numerical method

It yields the bound .
0c(t)] < C(]dol), (2.3.19)

with C'(|0p|) as in (2.3.10)). Using condition (2.3.5) on &y, by continuity we have
R (t*) > hyy eq—00 > 0 and there exists € > 0 small enough such that h,, (t*+€) > 0,
where t* is the maximal time such that h,(t) > 0 for ¢t € (—o0,7,,). Then,
necessarily t* = 7, which implies that the bound holds in the existence

interval (—o0, 7y, ). O

Hence the solution z,, to (2.3.12) is bounded in (—o0, 7, ), then from the explosion
condition (2.3.13)) we have 7,, = +00. The bounds (2.3.18]) - (2.3.19) give

hw<t) = hw,eq + 5G(t> > hw,eq - |50|

he(t,R) = /0 F(—0)dg(t + 0)do — ;zsg(t) + ho

—0o0

> (— [ rom- f) C(ldo]) + ho

o0

using the positivity of F' by Assumption [2.2.5 The admissibility condition ({2.3.5])
on dy and the equality (2.2.21)) guarantee that for all ¢ > 0

ho(t) > Rueq — [80] > 0, (2.3.20)

R
he(t, R) > —*C(’(S()’) + hg > 0. (2321)

Yo
Therefore F(z;) coincides with F(z;) in (2.3.6) since, for all the values of z,
the arguments of yg, x1 and x, stay in the region where the three functions are
identities. Therefore we get the global existence of the solution to ([2.3.6)) which
implies the global existence of the solution g to (2.3.1). O

Remark 2.3.10. The conditions (2.3.20) - (2.3.21)) ezpress the physical fact that,
during all the motion, both the solid and the fluid trace at the solid walls do not
touch the bottom of domain.

2.4 Numerical method

In order to solve numerically the delay differential equation (2.3.1)) we write it
under the form

fl@t’(t) = f(ty@),y(di(t)), ... y(di(t)))

with d;(t), ..., dx(t) the components of the non-constant delays vector d(t). In our
case we have chosen di(t) =t — kdt with dt = 0.1 and k = 1,..., N for N = 100.
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Figure 2.2 — Time evolution of the displacement s given by the nonlinear integro-differential
(2.3.1) (full) and by the linear Cummins equation (2.3.2]) (dash) for two different initial data.

Then, we implement in our code the MATLAB solver ddesd, which integrates with
the explicit Runge-Kutta (2,3) pair and interpolant of ode23. For more details
on the solver we refer to Shampine [I14]. Moreover, we compute the convolution
integral applying the trapezoidal integration method following Armesto et al. [7].
In an analogous way, we compute the convolution kernel F' for a given set of
time steps nAt with n = 1,..., N since the influence of the Kernel is negligible
after some time t* = NAt. Then, we compare the numerical result given by the
nonlinear integro-differential equation ([2.3.1)) with the one obtained from its linear
approximation. In Figure [2.2| we consider hg = 15 m, R = 10 m, H = 10 m,
p = 1000 kg/m?® and the volume density of the solid p,, = 0.5 p. We choose
two different initial data: dp = 1 m and dp = 5 m. One can see that for large
amplitudes the nonlinear effects should not be neglected in order to better describe
the solid motion. This difference justifies the approach to keep nonlinearities in
the equation of the floating body problem in the interior domain. Moreover,one
can note that the displacement goes to zero but the structure definitely does not
reach its equilibrium position: this is due to the motion of the fluid which makes
the solid constantly move.
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V  Geophysical fluids

Oceans and the atmosphere are related from a fluid dynamical point of view. They
have analogies and common properties which have been shown in real experiences.
Geophysical fluid dynamics is the subject which deals with the dynamical fea-
tures of both atmospheric and oceanic motions. These motions vary in different
spatial and temporal scales, from micrometers to hundred of kilometers, from mi-
croseconds to months, and include different scale-specific phenomena, from internal
gravity waves to massive atmospheric and oceanic currents. Moreover, when inter-
action across scales are studied, multiple scales models are introduced to describe
the phenomena. We refer to Klein [78] for a discussion of the different scales and
the associated scale-dependent models.
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Though the range of geophysical fluid dynamics is wide, it is in large-scale flows
that the common points for oceanographic and atmospheric flows are more evi-
dent and easiest to understand. In this manuscript large-scale flows are the ones
influenced by the Earth’s rotation. Let us give an example. The typical horizontal
scale of oceans is 5000 km and it is known that velocities are of the order of meters
per second; hence a particle of water takes approximately 50 days to move across
the ocean, while the Farth has already rotated around its axis 50 times. This fact
shows that, in order to study oceanic motions at large scale, the Earth’s rotation
cannot be neglected.

Other physical effects are relevant for a more accurate description of the reality,
for instance temperature, salinity and stratification. However, in a first step the
analysis of rotating fluids is sufficient to explain some physical phenomena and
processes, such as the so-called “western intensification” for currents with western
boundaries. Two examples are the Gulf Stream in the North Atlantic Ocean and
the Kuroshio in the North Pacific Ocean.

Let us now discuss the equations governing the motion of large-scale rotating fluids.
We consider a motion with characteristic length L and characteristic horizontal
velocity U; the time a particle takes to cover the distance L moving at velocity U
is T'= L/U. If this time is much bigger than the period of rotation of the Earth,
or if the dimensionless parameter

Ro = v < 1, (V.1)

then the effects of rotation are not negligible. Here Q = 7.3 x 107°s7! is the
module of the Earth’s angular velocity €2, which is assumed to be locally parallel
to the vertical axis. This fact means that here only mid-latitudes and high-latitudes
motions are considered. This parameter is called the Rossby number[] The smaller
Ro is, the more relevant the Earth’s rotation is in the study of geophysical flows.
This regime can be satisfied also considering different length and velocity scales.
For example in the case of the Gulf Stream, though the length L = 100 km and
U = 1ms™! are smaller than the typical oceanic scales, the Rossby number is
Ro = 0.07; in the core of the Earth, L = 3000km and U = 0.1cms™! give a very
small Rossby number Ro = 2 x 107". As can be seen, the influence of the Earth’s
rotation is taken into account by the size of the Rossby number.

On the other side, the presence of rotation affects the velocity of the fluid via
the Coriolis force. 1t is a fictitious force that appears in the equations of the

In the exact Rossby number the module of the angular velocity £ is replaced by the module
of the component of the angular velocity perpendicular to the Earth’s local tangent plane, namely
)sin ¢ where ¢ is the angle between the rotation axis and the planet surface vector. Obviously,
this approximation is not consistent when dealing with low-latitudes and equatorial motions,
where ¢ tends to zero.
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motion when they are considered in a rotating coordinate frame. More precisely,
Newton’s law for the conservation of the linear momentum for an incompressible
homogeneous fluid in an inertial coordinate frame reads

D
pﬁ — —Vp+ pVé+ F(u) (V.2)

coupled with the incompressibility condition
V.-u=0, (V.3)

where u is the velocity vector field, p is the density, p is the pressure, ¢ is the
potential of conservative body forces, F'(u) is the frictional force in the fluid and
% denotes the convective derivative 0; + u - V. We focus now on the momentum
equations and we consider incompressible fluids. The case of compressible
fluids, together with comments on the incompressibility condition (V.3)), will be
discussed in Section Introducing the rotating frame with the angular velocity
Q. which is constant in the time scales considered (months), the equations ([V.2))
take the form

D
p (D:fb +2Q x u) =—Vp+pVP+ F(u) (V.4)

where u is the relative velocity observed in the rotating frame and

|Q x z|?

o —
¢+ 5

with the second term in the right-hand side representing the centrifugal force
potential. The term 2€2 x u is called the Coriolis acceleration. In the case when
the frictional forces are not considered or are negligible, the source term F'(u) is
assumed to vanish and the equations become the Euler-Coriolis equations

8tu+u-Vu+Qqu+@:V<I>. (V.5)

p

We will discuss in the next section the case when friction occurs in the motion. It
will be shown that different choices of F'(u) can be more or less accurate according
to the physical situation investigated.

We want to emphasize now a well-known phenomenon arising in geophysical fluid
dynamics, the Taylor-Proudman theorem [116], [I07]: in a high rotation regime
large-scale fluid motions become horizontal. Let us neglect here the effect of an
external force and of the friction. We consider the dimensionless version of ,
namely

1 1
ou+u-Vu+ — X u+ —

=0. V.6
Ro ROVP ( )
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Figure 2.3 — When an object moves in a rotating flow, it drags along with it a column of fluid
parallel to the rotation axis.

For a small Rossby number, the equations (V.4) at the leading order read

—QQU,Q = —@
P
o, — P (V.7)
P
0= —83]9

and it is called the geostrophic balance: the pressure gradient must everywhere
compensate the Coriolis force. Using the incompressibility condition, the velocity
does not depend on the variable related to the direction of the rotation axis and
the horizontal vector field is divergence-free. The flow associated with this hori-
zontal velocity is called geostrophic flow. Hence the motion of the fluid particles
occur in vertical columns, called the Taylor-Proudman columns. This effect can be
seen in experiments for fluids with uniform density by dragging a solid on a path
perpendicular to the direction of the rotation axis. As Taylor showed in several
experiments described in [117, [I18], the portion of fluid above and below the solid
follows the motion of the fluid divided by the solid. It creates a phantom body,
formed by the fluid fulfilling the Taylor-Proudman column projected from the solid
along the rotation axis, which moves through the bulk fluid (see Figure .

V.1 Viscous flows and the Reynolds number

For a better description of the reality, friction and the associated dissipation of
mechanical energy must be considered in the model of the fluid motion. In both
the atmosphere and oceans fluid motions are excited by different type of external
forces, for example the solar heating acting on the atmosphere and the wind stress
on the ocean’s surface. Considering newtonian fluids such as the air or the water,
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the frictional force takes the form
F(u) = pAu + %VV -,

where the molecular viscosity p is a constant. Considering incompressible fluids
(V-u =0), the equations become the incompressible Navier-Stokes-Coriolis
equations
Vp

atu+u-Vu—uAu+QQ><u—|—7:VCI>. (V.8)
The constant v = 1 /p is called the kinematic viscosity. The force F' is responsible
for the dissipation of the kinetic energy that creates chaotic molecular motions,
but its influence on the large-scale motion is negligible. On the other hand, many
turbulent motions at small scales appear in the atmosphere and oceans, draining
energy from the larger scale flows. One of the most intricate? issue in geophysical
fluid dynamics is to understand this energy exchange, which is a cascade of energy
from the largest to the smallest scales of motion. These dissipative effects are taken
into account by the Reynolds stresses, which appear when the small-scale and the
large-scale velocities are separated. One simple way (not rigorously justified) to
close the governing equations in terms of the large-scale velocity is to assume that
the Reynolds stresses are linearly dependent on the derivatives of the large-scale
velocity via a turbulent viscosity. We denote its horizontal and vertical components
v, and vz respectively. Therefore, considering the case of an incompressible fluid,
the equation takes the form

O+ u - Vu — v Apu — v303u — vAu + 2Q x u + Vb =Vo. (V.9)

p

In the case v, = v3 the previous equations become the standard isotropic in-
compressible Navier-Stokes equations with a potential source term. More precise
models describe better the physics of the motion by taking in consideration non-
constant stresses, depending on the temperature of the fluid. In general the two
turbulent viscosities are not equal, in particular when dealing with large-scale mo-
tions. For instance in the ocean v}, ranges from 10® to 108 cm?s~! and v3 from 1
to 103 cm?s™1. A justification of this fact can be seen in the anisotropy between
the horizontal and the vertical scales of the flows. The turbulent viscosities are
larger than the molecular viscosity p, which can be neglected for the large-scale

2Pedlosky in his celebrated book [103] wrote: ”..the situation with regard to the represen-
tation of the turbulent interactions of small-scale and large-scale motions is considerably less
satisfactory. Indeed this problem is one of the less satisfactory...there seems to be no tractable
theory of turbulence that provides a practical and accurate description of the effective frictional
force due to the cascade of energy by turbulent fluctuations.”
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flow. A parameter showing the importance of the inertial forces with respect to
the viscous forces is the Reynolds number defined as

_w

v

Re (V.10)

The smaller Re is, the more relevant are the viscous effects on the fluid motion.
In geophysical fluid dynamics and for large-scale flows, another dimensionless pa-

rameter is relevant in the description of the motion. The vertical Ekman number,
defined by

_ ¥

"~ 20H?’
with H the vertical length, describes the ratio of viscous forces and of the Coriolis
force coming from the planetary rotation. It characterizes also the thickness of the
so-called Fkman layers, which are layers where the viscous diffusion is balanced by

Ek (V.11)

the effects of the Coriolis force. We remark that Ek = R—g when in the expression
of the Rossby number L is the vertical length H and in the expression of the
Reynolds number v is the vertical viscosity vs.

V.2 Compressible lows and the Mach number

In the previous sections we wrote Newton’s law for the motion of a fluid considering
the rotation and the friction. For the sake of simplicity, we have neglected the
dependence on time and space of the fluid density. In fluid mechanics, the evolution
of a compressible fluid is given by two evolution equations on the momentum and
on the density. In the compressible case the momentum equation , showed
in the constant density case, becomes

O(pu) + V- (pu®@u) — pAu — %VV cu—+2Q x (pu) + Vp(p) = pVe. (V.12)

where the pressure term now depends on the density. This dependence is given by
an equation of state, which is not unique and depends on the possible applications.
The most known are for instance the Dalton’s law, the ideal gas law, Van der Waals
equation of state and the virial equation of state. In general the pressure law may
depend on both density and temperature of the fluid. It is called barotropic when
only the density dependence is assumed. The simplest example is the one for
isothermal flows, with a power-type pressure law [45].

The second evolution equation is called the continuity equation and it is obtained
under the physical consideration that mass must be conserved. It reads

dup+V - (pu) = 0. (V.13)
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In oceans and in the lower layers of the atmosphere the density of the fluid does
not vary substantially and it oscillates around a positive constant reference value.
Let us investigate small oscillations. Thus, we can write the density

p(t,x) = po+ dp(t,z), (V.14)

where dp is the displacement from a characteristic density pg. The oscillating
part of the density dp is of order O(Ma?) (see [79]), where Ma is a dimensionless
parameter called the Mach number and defined by

Ma = g (V.15)
c

The constant ¢, called speed of sound, is the velocity of propagation in the medium
of oscillatory motions with small amplitude, called sound or acoustic waves. These
oscillating waves cause alternate compression and rarefaction. The ratio Ma rep-
resents the influence of these waves on the global flow in which they propagate.
Considering a planetary scale, for both air and water this parameter is generally
small. The continuity equation can be written in terms of Ma, namely

Vou= e O(Ma?),
Po

and for very small values (Ma < 0.3 in applications) the incompressibility condition
V-u=0 (V.16)

is derived. It represents the fact that in incompressible fluids the speed of sound
is very large with respect to the fluid velocity. This justifies the term incompress-
ibility for a fluid. In section VI singular limit problems for both compressible and
incompressible fluids will be presented but in Chapter [3| only compressible fluids
will be treated.

V.3 Gravitational and centrifugal forces

The Earth’s rotation has a significant impact on the fluid motions at large scales
and creates non-intuitive phenomena, such as the Taylor-Proudman columns. In
addition, the gravity plays equally an important role in the characteristics of the
motion. In geophysical flows its principal effect is the stratification of fluids with
space-dependent density, called non-homogeneous fluids. The gravitational force
tends to lower regions of fluid with higher density and raise regions of fluid with
lower density. It affects more fluids with high density. As shown in Figure [2.4] it
tends to the equilibrium configuration in which the density profile decreases with
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Figure 2.4 — Distribution of density (from Pedlosky [I03]): in the ocean (left) with depth and in
the atmosphere (right) with height. The reference density py = 1.225 x 10~3gcm™3.

respect to the vertical direction. In the case when there is a gravitational force,
the Froude number, defined as

Fr=— (V.17)

is a relevant dimensionless parameter since it measures the ratio of inertial forces
of a fluid element to its weight.

The primary consequence of the centrifugal forces on the Earth is to flatten the
spherical shape. The direction of the resultant gravitational and centrifugal force
is always orthogonal to the Earth’s local tangent plane. The vertical component
of the centrifugal force at distance R from the rotation axis [f] is

RQO?. (V.18)

It represents the amount by which local gravity is reduced by the centrifugal force,
which acts as anti-gravity. The ratio of the centrifugal acceleration to gravity is
O?R/g ~ 3.5 x 1073, hence the effects of this force are often neglected.

V.4 Ekman layers

As we have seen before the Taylor-Proudman theorem, which constrains the fluid
motion to be horizontal, is one the main characteristics of geophysical flows caused

3 As for the Rossby number, the exact vertical component of the centrifugal force is RQ? sin? ¢,
where ¢ is the latitude, 7.e. the angle between the rotation axis and the Earth’s radial vector.
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by the high rotation. It seems natural to couple this phenomenon with the viscous
effects due to friction, in particular when the fluid is considered to move in do-
mains with boundaries. From the anisotropic nature of large-scale flows, horizontal
boundaries naturally appear to be a good representation of the reality: they can
be either rigid or free boundaries.

We discuss here the first case. Let us consider a motion of a homogeneous, in-
compressible fluid in a domain with a wall 3 = 0, perpendicular to the angular
velocity €2. The friction can be assumed to be so prominent that it forces the
fluid velocity to vanish at this boundary, i.e. u = 0 at x3 = 0. This condition is
called the no-slip boundary condition. Other conditions can be assumed such as
the complete slip condition or the Navier-slip condition. The no-slip condition is
able to capture a very interesting consequence of the interaction between rotating
fluids and boundaries: the apparition of boundary layers, which are called Ekman
layers. More precisely, the Taylor-Proudman theorem is not compatible with the
fact that the fluid velocity must vanish at the boundary (the velocity vector field
is the trivial one). In the interior of the domain, the flow is horizontal and does
not depend on the vertical variable, but close to the boundary the same property
ceases to hold. In this region the velocity departs from the horizontal geostrophic

flow u™* due to friction. The departure u” = u — v satisfies

—2Qub = v303ull
20 ub! = 102Uy (V.19)
1 — V303Uy.

Assuming that the boundary layer term u” is bounded when approaching the
interior of the domain, the solution of is called the Fkman spiral because
of the shape of the velocity vector field. As shown in Figure [2.5] as the wall
is approached the vector field slowly turns due to the Earth’s rotation. On the
other hand, both components u4 and u4 decrease exponentially to zero far from
the boundary. Hence, the total velocity tends exponentially to the horizontal
geostrophic flow when leaving the boundary. The thickness of these boundary
layers, where friction is dominant, is

(s 1/2
P ( Q) , (V.20)

which does not depend on the velocity. It is immediate to remark that the faster
the rotation the smaller is the layer affected by viscosity, which becomes a thin
region of size dg close to the wall z3 = 0 for highly rotating fluids. Hence, in the
study of rotating fluids moving in domains with horizontal boundaries, the mutual
existence of two different vertical scales needs to be taken into consideration: the
large scale x3 and the small scale z3/dg.

In the case of incompressible fluids, enforcing the incompressibility property given
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Figure 2.5 — (Pedlosky [103]) The velocity vector field in the Ekman layer forms a spiral. Here
the value of u = u% and v = u} are scaled by the value of the internal velocity U = u'"*.

by V -u = 0 yields the fact that the vertical velocity does not go to zero as
approaching the interior. If the velocity in the interior is not constant a small
quantity of fluid enters the bulk of the fluid or vice-versa. This phenomenon, called
the Ekman suction, causes a three-dimensional global circulation in the whole
domain, not only in the boundary layers, and has an effect on the energy balance.
Indeed, the Ekman layer dissipates an important amount of energy and damps
the interior velocity. This phenomenon, called the Ekman pumping, represents
a linear dissipation. The interior velocity satisfies the following two-dimensional
Navier-Stokes equations with a damping term (see [66] for more details):

V.21
V-u=0 ( )

{&gu—i—u-vhu—l/hAu—l—ﬁu—l—Vp:O
The presence of the frictional Ekman layer requires an energy source to keep the
geostrophic horizontal flow. The presence of the frictional Ekman layer requires
an energy source to keep the geostrophic horizontal flow. For a layer of height H,
the ratio between the characteristic decay time and the rotation period is given by

H?Q) 1
= : (V.22)
V3 Vv 2Ek
Hence, considering flows with low Ekman number, the frictional forces are weak
enough such that the time of the decay caused by the viscous dissipation is large
in comparison with the rotation period.

The physical introduction presented in this section has been written following
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the two celebrated monographs [103] and [64] on geophysical fluid dynamics, re-
spectively by Pedlosky and by Greenspan. The reader interested in more physical
motivations and details is referred to these books and references therein.

V1 Singular limit problems

In mathematical geophysical fluid dynamics a central question is to study te be-
havior of solutions to partial differential equations when some parameter tends to
zero or infinity. This creates singularities, hence the name singular limits. Indeed,
it turns often out that the solutions converge to solutions of a limit system which
is qualitatively different from the original equations. Moreover, singular limits are
strongly connected with the analysis of asymptotic models. Due to the complexity
of many mathematical problems, simplified and reduced models based on asymp-
totic limit equations are studied. These may provide a deeper comprehension of
the dynamics of the original problem. Nevertheless these reduced models come
from singular asymptotic limits of the full governing equations. This has a sig-
nificant influence on the behavior of the solutions. For instance degeneracies may
appear.

Previously in this chapter, several dimensionless numbers relevant in the geophys-
ical fluid dynamics have been introduced. Depending on the their size, the gov-
erning equations describe different physical situations and the solutions may have
different qualitative behaviors. For example we have seen that, if the Rossby num-
ber Ro is very small, the influence of the planetary rotation is so important that
it constrains the fluid motion to be horizontal, as shown by the Taylor-Proudman
theorem. The incompressibility itself is a concept derived by a singular limit,
namely when the Mach number Ma goes to zero (see Section . Viscosity is
strictly related to the Reynolds number Re. For high values of this number the im-
portance of viscous effects diminishes and the fluid tends to a completely inviscid
configuration. In the case of anisotropic viscosity, if the vertical Ekman number
Ek tends to zero Coriolis forces exceed the vertical viscous forces.

Let us now give an overview of the main mathematical results known for sin-
gular limit problems for geophysical fluids in rotation. This presentation is not
exhaustive, since the literature is rich and covers many different cases. However,
the results and the techniques presented here represent a good background for the
analysis presented in Chapter [3] Since viscosity is considered, the governing equa-
tions are the Navier-Stokes-Coriolis equations. We can consider the incompressible
or the compressible case.

For general mathematical singular limits problems in thermodynamics of viscous
fluids we refer to the celebrated monograph [49] by Feireisl and Novotny, where the



Introduction 102

authors give an introduction to the analysis of singular limits. Taking into con-
sideration heat conductivity and the governing equations are the Navier-Stokes-
Fourier equations, describing the time evolution of the density, the velocity and
the absolute temperature of the fluid.

VI.1 High rotation limit of the incompressible Navier-Stokes-
Coriolis equations

The motion of a homogeneous, incompressible fluid subjected to the planetary
rotation is governed by the incompressible dimensionless Navier-Stokes-Coriolis
equations

1 1
_ A - —V =
u+u-Vu o u+ROe3xu+RO p=20 (VL)
V-u=0

in a domain €2 which will be specified later. The angular velocity of the Earth is
assumed to be the unit vector in the vertical direction es3. Here we are interested in
one particular type of solutions to the incompressible Navier-Stokes equations, the

so-called Leray weak solutions. Let us give a definition of the Leray weak solutions
o (VIL.1)) (for Re = Ro = 1):

Definition VI.1. Let Q be R? or R3. We say that u is a finite energy weak solution
or a Leray weak solution to (VL.4)) on [0, T] x Q with initial data uy € L2(Q), where
L2(Q)) denotes the space of L*(Q) divergence-free functions, if for some T > 0
u € L(0,T; Ly () N L*(0,T; Hy(Q))
with
llu(t,") —uo(:)||rz—0 as t—0

and, for any function ¢ € Cg°([0,T) x Q) with diveg = 0, the following holds for
almost all t € (0,T):

/( gb)(tmdm—l—/ / (WVu:Vé—u®@u: Ve —u-0,0)(r,x)dudr

(VL.2)
/ / es3 X u-@)(t, x)d:ch—l—/uo( ) - (0, z)dz.
Moreover, u satisfies the energy inequality
1 2 ' 2 1 2
gllutt ze +v i IVu(r, )z2dr < Slluollz: (VL.3)

for almost all t € (0,T). The weak solution w is said to be global if (VI.2) holds
for every T > 0.
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The weak formulation reduces to the Navier-Stokes weak formulation in
the absence of the Coriolis term e3 X u and u is the Leray-type weak solutions to the
incompressible Navier-Stokes equations. Leray in his celebrated paper [85] proved
the existence of global weak solutions to the Navier-Stokes equations introducing
the L? projector onto divergence-free vector fields

P=1d—A"'VV..

The fact that the operator P(es x ) is skew symmetric implies that [P(esxu)-u =
0. Hence, if the initial data belongs to L2(R3), then there exists a Leray-type so-
lution u to (VL)) in L>=(R,; L2(R3)) N L?(Ry; HL(R?)).

Since we are interested in the behavior of the solutions in the high rotation limit,
we assume now that the Rossby number is very small, i.e. Ro = ¢ and we deal
with the limit ¢ — 0. The mathematical results presented in this section have
been obtained considering as governing equations either with Ro = ¢ and
1/Re equal to a numerical constant v or

1

ouf +ut - Vut —vAu* + —e3 xu*+Vp=0
€

V-u=0.

(VL4)

The difference lies in the scaling introduced for the pressure term, which can be
chosen differently if the compressible effects compensate the Coriolis force or not.
We treat separately the cases when the initial data are well-prepared and ill-
prepared. In the first case, the initial data uf converge to a limit ug which belongs
to the kernel of P(e3 x -). An equivalent of formulation is that the limit wy depends
only on the horizontal variables. Roughly speaking, the independence on the
vertical variable of uy permits to get rid of the oscillation part of the solutions.
In the ill-prepared case this is no more possible and fast waves, called Rossby
waves for the atmosphere and Poincaré waves for the oceans, propagate. The
difficulty of this case lies in the fact that two time scales need to be considered.
For more details we refer to the monograph [28] by Chemin, Desjardins, Gallagher
and Grenier.

The well-prepared case

Colin and Fabrie considered in [29] the problem assuming periodic boundary
conditions and anisotropic viscosity with vanishing vertical viscosity of the order
of the Rossby number. They established long time existence to and the con-
vergence to the two-dimensional Navier-Stokes equations. Moreover, the authors
treated also the horizontal periodic case T? x (0, 1) with a stress on the boundary
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due to the wind. They showed the convergence of the solutions to the ones of the
two-dimensional Navier-Stokes equations with a stress-dependent source term for
well-prepared initial data.

In the pioneering paper [66] Grenier and Masmoudi addressed the convergence of
the solution as the Rossby and the vertical Ekman numbers go to zero. They
showed the apparition of the Ekman boundary layers u§,(xp, 3/¢) due to the no-
slip boundary condition and the convergence of the solutions to the ones of the
two-dimensional damped Navier-Stokes equations .

The case of rough horizontal boundaries was treated by Gérard-Varet in [60]. The
roughness and the viscosity was assumed of the same order of the Rossby num-
ber. He showed that the limit system is a two-dimensional Euler equation with a
nonlinear damping term due to boundary layers.

The ill-prepared case

The ill-prepared case, in which the initial data do not belong to the kernel of P,
was studied in the periodic space T? by Grenier in [65]. He showed that solutions
to (VI.4) converge weakly to solutions of the 2D-3C (two dimensions and three
components) Navier-Stokes equations. He used the filtering method, which con-
sists in getting rid of the penalization term by filtering out the oscillations. This
was done by composing the solution with the Coriolis semigroup exp(tL/e) with
L =P(e3 x -).

Babin, Mahalov and Nikolaenko in [I0] also addressed the periodic case with a
non-resonance assumption on the domain. They showed that the solutions can
be approximated by the sum of a solution of the 2D-3C Navier-Stokes equations
and a vector field associated with the solution of some three-dimensional extended
Navier-Stokes equations. The global existence of regular solutions was showed and
this result was extended to resonant domain in [I1].

The study of the singular limit when the domain is the whole space R? was princi-
pally investigated by Chemin, Desjardins, Gallagher and Grenier in [26] and [2§].
In the first work they considered anisotropic viscosity (with v3 > 0) and in the
second work isotropic viscosity. In both cases the ill-prepared case is considered.
The global well-posedness is shown for small € in anisotropic Sobolev spaces intro-
duced by Iftimie in [71]. The convergence to the solution to the two-dimensional
Navier-Stokes equations is proved by introducing the associated linear problem.
The result is obtained using Strichartz-type anisotropic dispersive estimates which
are derived by writing the solution of the linearized problem in Fourier space.
Gallagher and Saint-Raymond in[59] address a generalization of the problem by
taking into account the variations of the rotation angular velocity. This has geo-
physical applications since the vertical component of the planetary rotation de-
pends on the latitude. The authors considered the domain €0, x Q3 with Q, =
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R2,T? and Q3 = R, T. In the case where some non-degeneracy condition on the
inhomogeneous angular velocity holds, the solutions weakly converge to zero if the
domain is R?® and to a vector field whose horizontal component satisfies a two-
dimensional heat equation if the domain is R? x T. Since the singular perturbation
operator has variable coefficients, the authors had to resort to compensated com-
pactness arguments to prove the convergence of the nonlinear terms. We refer
also to [35] for the study of rotating incompressible fluids with an inhomogeneous
rotation axis in the thin layer T x R x (0,1). In [35] Dalibard and Saint-Raymond
showed that the stability of stationary solutions amounts to describing the be-
havior of waves under a particular horizontal variation of the axis, the so-called
[-plane model, with a thin layer effect. Differently from the whole-space model
(see [58]), dispersion occurs and takes place on a time scale much larger (group
velocity of order O(1)) than usual (group velocity of order O(1/¢)).

The convergence result in [66], detailed in the previous paragraph, was extended to
the ill-prepared case by Masmoudi in [91] and by Chemin, Desjardins, Gallagher
and Grenier in [27]. The first work considered the horizontal periodic domain
T? x (0,1). In addition, the author showed the inviscid limit provided a smallness
condition and this result was generalized by Masmoudi and Rousset in [92]. The
second work treated the infinite slab R? x (0, 1).

The cylindrical configuration S x (0,1), with S a bounded domain in R?, has been
studied by Bresch, Desjardins and Gérard-Varet in [I8]. Assuming no-slip at the
boundaries and vanishing vertical viscosity, the authors showed the convergence
to the solution of the two-dimensional damped Navier-Stokes equations in
S with no-slip boundary condition. A spectral condition on the operator P(e, X -)
and a geometrical assumption on the cylinder section are considered. This second
assumption ensures the damping of the oscillations in the viscous boundary layer
near the lateral sides of the cylinder.

Let us remark that the horizontal infinite slab R? x (0, 1) is particularly adapted
to the study of large-scale flows. Indeed, as we have presented before, the motion
of fluids in oceans and the atmosphere at large scales takes place in configura-
tions where the horizontal length scale is much bigger than the vertical one. This
anisotropic structure motivates the choice of this domain.

VI.2 Low Mach and high rotation limit of the compressible
Navier-Stokes-Coriolis equations

The study of the double low Mach and high rotation limit for the compress-
ible Navier-Stokes-Coriolis equations is more difficult. Only in recent years some
progress has been made. The motion of a compressible barotropic viscous rotating
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fluid, after a suitable scaling, is governed by the dimensionless equations
Op+V-(pu)=0

1 1 1 1
O(pu) + V- (pu®@u) — —

Rev -S(u) + R X (pu) + WVp(p) = 2P Vo.

(VL5)
where S(u) is the viscous stress tensor and ® is the potential of some external
force, such as the gravitational or the centrifugal force. We distinguish the cases
with isotropic and anisotropic viscosity.

Isotropic viscosity

In the case when the viscosity is isotropic, the stress tensor is assumed to be the
symmetric isotropic stress tensor

S(u) = p (Vu+ V') + AV - uld, (VL6)

where the constant A = —% 1t +n contains the so-called bulk viscosity n > 0, which
is related to the vibrational energy of the molecules. Let us deal with the theory of
existence of weak solutions to (VI.5)) without the Coriolis term and using the stress
tensor (VI.6). The isotropic compressible barotropic Navier Stokes equations (for
Re=Ma=Fr=1) in Q = R? R? read

Op+V-(pu)=0 (VL7)

O(pu) + V- (pu®u) — uAu— (A4 p)VV - u+ Vp(p) = pVo. '
The theory developed by Lions states that, assuming a power-law for the pressure,
i.e. p(p) = ap? with a > 0, there exist global weak solutions to (VI.7) satisfying
the energy inequality

/Q(;p|u|2+E(p,p)> (t’x)dwf/ot/ﬂ(M|Vu|2+(A+u)IV'U|2) (7, 2)dz dr

1 t
< / <2p0]u0|2 + E(po,p)) (x)dx + / / pV O - u(r, z)dzdr.
Q 0o Ja

(VL8)
for almost all ¢ € (0,7) and for all 7 > 0 with a limitation on the adiabatic
constant v. The relative energy F(p,p), where p stands for the (constant) density
limit at infinity, is defined by

E(p,p) = H(p) — H'(p)(p — p) — H(p) (VL9)

with the entropy H(p) given by

) =o [ 2as

Pref
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The rigorous definition of Leray-type weak solutions for the compressible case
will be stated in Chapter . Lions in [86] established the global existence asking
v > 9/5. In [52] Feireisl, Novotny and Petzeltova introduced the necessary modi-
fications to extend the approach of Lions in order to cover the range v > 3/2 and
to include the larger class of physically relevant pressure laws

p € CH([0,+0)), p(0)=0, p'(p)>0forp>0, lim Pp)

p—00 p‘Y—l

= Do > 0.

(VIL.10)
Let us now focus on highly rotating compressible viscous fluids. We assume

now the Rossby and the Mach number to be comparably small, i.e. Ro = Ma = ¢,
and we deal with the limit ¢ — 0. The equations (V1.5) take the form

Ot + V- (pFu) =0
at(psua) + v . (IOS Ut ® ua)
1 1 1 1
—%(,U,Au + A+ p)VV-u )+ge3 x (pu )+§Vp(p ) = 2’ V.
(VL.11)
We consider the equations in the domain R? x (0,1). In all the works presented
here the authors considered complete slip boundary conditions eliminating the

effect of the Ekman layers. As for the incompressible case, we treat separately the
well-prepared and the ill-prepared case.

The ill-prepared case Feireisl, Gallagher and Novotny studied in [47] the sin-
gular limit problem for a pressure of the type . They neglected
the action of both gravitational and centrifugal forces. They showed the con-
vergence of solutions to towards solutions to a two-dimensional viscous
quasi-geostrophic equation for the limit density. They used the decomposition of
the density in an essential and a residual part, already introduced in [49]. In the
limit ¢ — 0 the residual part disappears and only the essential part is relevant.

In [51), 50] Feireisl and Novotny treated also the inviscid limit, assuming 1/Re = ¢
and using the same viscous stress tensor and complete slip boundary conditions.
In [51], the authors showed that the limit dynamics is given by a horizontal motion
for an incompressible inviscid fluid governed by a damped variant of the planar
incompressible Euler system. In [50] the stratification was introduced, with the
Froude number of the same order of the Rossby number, and multiple scalings
were investigated. In both works the approach used is based on the concept of
finite energy weak solutions satisfying the relative entropy inequality (see [48, [61]).
The effects of the centrifugal force have been considered in [46]. The authors con-
sidered the periodic domain R? x T and the configuration when the Rossby and
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Froude number are comparably small but the Mach number can be at a differ-
ent order of magnitude. One of the most difficult issue is that acoustic waves
do not decay at space infinity due to the strong centrifugal force and therefore
Strichartz-type dispersive estimates in [28] can not be used. In the case when the
Rossby number dominates the Mach number, the limit problem is given by the
two-dimensional incompressible Navier-Stokes equations describing the horizontal
motion of the vertically averaged velocity. If they are at the same order, the singu-
lar perturbation operator has variable coefficients and compensated compactness
arguments (as in [59]) are used to pass to the limit. The convergence to radially
symmetric solutions to a linear two-dimensional equation was shown.

Recently, Fanelli in [43] proved a similar result to the one established in [47] for
the scaled Navier-Stokes-Korteweg equations with Coriolis force, which differs from
by a capillarity term. The author considered different rates wherewith the
capillarity coefficient goes to zero.

The well-prepared case As a continuation of the works [511 50] in the context
of strong stratification, Feireisl, Lu and Novotny in [54] studied the limit ¢ — 0
and Re — oo when the Mach and the Froude number are of the same order.
Although the static density profile depends on the vertical direction, in the well-
prepared case the limit system is the same as in the problem without stratification
in [5I]. Moreover, they obtained an exact convergence rate in terms of the singular
parameters ¢ and 1/Re.

Anisotropic viscosity

As we have explained in Section small-scale turbulent flows drain energy
from large-scale flows and these dissipative effects are taken into account by the
Reynolds stresses. They are assumed to be linearly dependent of the derivatives
of the large-scale velocity and some turbulent (or eddy) viscosity is added in the
equations. Hence the viscosity is anisotropic. This is more relevant than the
molecular viscosity p which can be neglected. Hence, in order to capture most
properties of large-scale motions, the previous stress tensor needs to be replaced
by the anisotropic stress tensor

S(u) = Ay, s Vu+ AV - uld (VI.12)
with the anisotropic matrix
Vp 0 0

Ap=1 0 w 0 |. (VI.13)
0 0 V3
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Using this expression for S(u) and neglecting the Coriolis force and the influence of

any external force, equations (VI.5)) take the form (for Re = Ro = Ma = Fr = 1)

Ohp+ V- (pu)=0 (VL.14)
Bi(pu) + V- (pu @ u) — vy Apu — v30%u — AVV - u+ Vp(p) = 0 '

One may choose the fully symmetricﬁ anisotropy replacing Vu by Vu + Vu! in
, but in the momentum equation the diffusion terms take the form v, Apu+
v302u+ 13V dzus. It is immediate that the choice of the non-symmetric anisotropic
stress tensor permits to recover the same viscous terms as in (V.9)).

Although one may consider power pressure laws, the theory of Lions and Feireisl
fails in the anisotropic case due to a loss of structure. More precisely, the
failure happens in the arguments to control the oscillations of the density. The
positivity of some term can not be guaranteed in the anisotropic case and the
strong compactness of the density can not be obtained. For more details we refer
to Section 3.1 of [I8] and Section 2.2 of [I9]. The unique result of well-posedness
of was recently established by Bresch and Jabin in [I9]. Considering the
domain T? (this choice is only to avoid discussing boundary conditions and the
result can be extended to other cases), they proved the existence of global weak

solutions to ((VI.14]) in the three-dimensional case for
V10

>24+ —

assuming some restrictions on the viscosities. In their paper, the authors proved
the result in any dimensionﬂ. Moreover, they also extended the theory of Lions for
an isotropic viscosity to a larger class of barotropic pressure laws than the power
laws.

Let us deal with singular limit problems in the anisotropic case. Writing the

dimensionless equations (VL.5)) using (VI.12)), we get

Op+V-(pu)=0
A(pu) + V- (pu®u)

1
Vp(p) = ﬁp Vo.

(VL15)

A 1
—ﬁAhu — %ﬁgu — —VV - u+ —e;3 x (pu) +

Re Re Ro Ma?

4This is the anisotropic case in linear elasticity and the theory of Bresch and Jabin in [19]
can be extended to this symmetric case.
SBresch and Jabin proved in [I9] the existence of global weak solutions for ~ >

g (1 + é +4/1+ d%) where d is the dimension of the problem
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Recalling that Ek = %, the coefficient of d5u takes the form Vg%. In the high
rotation case, expressed by taking Ro = ¢ for a small parameter €, the Ekman
number is very small and of order O(e?) (see [66]). The ratios containing the
horizontal and bulk viscosities are both of order O(1) and can be assumed equal
to some positive constants. We denote them by g and A respectively. Therefore,
assuming that the Mach and the Froude numbers are at the same order as the

Rossby number, the equations (VI.15) become

O+ V- (pu)=0

A(p*u) + V- (p° u® @ u?)

—AAE — e02uf — AVV - uf + ieg X (pfuf) + ;Vp(pa) = %pg Vo.

(VI.16)

To the best of our knowledge, the singular limit problem for the anisotropic case
(VI.14) when € goes to zero was only investigated by Bresch, Desjardins and
Gérard-Varet in [I8] in the case when the domain is a cylinder S x (0,1) and
the effects of external forces are neglected. Considering a power pressure law, they
proved a stability result for v = 2 in the well-prepared case. More precisely, they
showed that global weak solutions to (VI.16]) (whose existence for small enough e
is assumed) are a priori close to the unique regular solution of a two-dimensional
quasi-geostrophic equation, with a term taking into account the compressibility
of the fluid. Since the difference between the solution to the original equations
and the solution to the limit system is small, the convergence can be obtained
following [57]. In the ill-prepared case, they showed that strong convergence can
be expected under the same assumptions as in the incompressible case.

VII Contributions of the thesis

Motivated by the works [I8] and [54], we aim at going deeper into the analy-
sis of highly rotating compressible fluids. The mathematical problem treated in
this manuscript permits to describe the most physical features of large-scale fluid
motions under the influence of the Earth’s rotation and the gravitational force.
We take into account the fact that for highly rotating fluids anisotropy occurs,
in particular the vertical viscosity is very small and of the same order as the
Rossby number. We consider the no-slip boundary condition. This causes the
apparition of horizontal boundary layers close to the bottom and the top of the
domain R? x (0,1). We are interested in more general pressure laws than the ones
considered in [I8], namely p € C([0,00)) N C3((0,00)) satisfying
/
p(0) =0, p'(p) >0 Vp>0, lim ” ) _ a > 0.

pP—00 p”/—l




111 VII. Contributions of the thesis

Moreover, we take into account the stratification effects of the gravitational force
on the density profile as in [54], taking the Froude number of the same order as
the Rossby number. As a first step, we treat the well-prepared case avoiding the
analysis of the propagation of acoustic waves. A perspective of this work is to
handle also ill-prepared initial data.

Let us introduce the equations we are considering. The motion of compressible
highly rotating viscous fluids is governed by the compressible barotropic Navier-
Stokes-Coriolis equations

Op” + V- (p7u) =0,
O(p*uf) + V- (pu @ u’) — Ay u® — AV(V - )
+Zey X (pFu) + 5 Vpl0) = VG
(VIL.1)

The small parameter ¢ denotes the Rossby number. The Mach and the Froude
number are assumed to be of the same order as the Rossby number, i.e. Ma =
Fr = ¢, meaning that the effects of the gravity are balanced by the effects of the
compressibility. We denote by A, . the anisotropic Laplace operator uAy + €9;.
The fluid moves in the horizontal infinite slab = R? x (0, 1) under the influence
of the gravitational force VG = (0,0, —1)7. We emphasize that no-slip boundary
conditions are supposed at the bottom and the top. We are interested in the
asymptotic behavior of the solutions in the limit ¢ — 0.

Main result of Chapter 3 We state here the main result of Chapter 3] This
is a work in collaboration with Francesco Fanelli and Christophe Prange. It con-
sists in a stability result for weak solutions to that makes the convergence
quantitative and shows the structure of the solutions.

Theorem VIL.1. Let pf = p(x3) + erg with (r§). bounded in L* N L™ and (u).
bounded in L?. Assume that there exists a qo € H?(R?) such that (r§, u§) — (1o, ug)
in L*(Q) as € — 0 with

ro = Qo and Uy = (Vﬁqo, O) )

P(p)

Let (p°, u®) be a finite energy weak solution (see Chapter|d) with initial data (p§, uf)
and (05, Uspy) an approxvimated solution to (VIL1). We denote the difference by

app

dus. For~ > 3/2 there exist functions C(t),Cy(t) € L*([0,T)) for all T > 0 and
constants C' > 0 and e € (0,1) such that, for alle € (0,2¢), the following estimate
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holds:
1
[ @1 OF s+ 5 [ Bl @)t do
t
+ // p|Viout)? + €|030uf)® + AV - dus|*dx
0J/Q

‘ 1 i
< C o Ci(s)ds </QP6|5UE|QCZ$+€2/QE(PE»Pé,app) dr + 5/ efTCH(S)dsC«Q(T) d’T)

0
(VIL.2)
for almost every t > 0, where E(p%, pf,,) is the relative energy (V1.9). Moreover,
the formal limit velocity is u = (Vi-q,0) where q is the unique regular solution to
the quasi-geostrophic equation

O ((55) a— (p) Ang) = () Vika - Vadng + puddg — YONVIUN g =

P’ (p)
with initial datum qq.

We remark that the condition assumed on the initial data means that initial
data are well-prepared. This result extends the analysis presented in [18] to the
range v > 3/2. We remark that surprisingly the critical exponent v = 3/2 is the
same as the critical exponent of the weak solutions theory of Lions and Feireisl.
The approximate solution (p5,,, ug,,) is constructed by making an ansatz on the
solutions. The term wug,, contains corrective boundary layers terms. In order to
derive the quantitative estimate (VII.2]), we resort to the relative entropy method.
The decomposition of the density into essential and residual parts in [47, [49] is
adapted.

The main issue is the impossibility to provide a good control for dsu; due to
the anisotropy of the viscosity. The key point to overcome this difficulty is the
introduction of an anisotropic version of the standard Sobolev embedding H* < LS
when ~ is smaller than the critical value v = 2. This enables to handle the
anisotropy of the viscosity. We refer to Lemma for the statement of the
anisotropic embedding.

The limit system is the viscous quasi-geostrophic equation shown in [I§]
with a damping term describing the phenomenon of the Ekman pumping due to
the presence of Ekman boundary layers. The H5-regularity of the initial datum gq
is assumed in order to have the necessary regularity of ¢ required for the control
of the source term in the relative entropy inequality.

Perspectives The perspective of this work is to extend the same analysis to the
case when the effects of both Ekman layers and centrifugal force are considered
and to compare the limit dynamics with the one shown in [46]. In this case we
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expect the limit density profile to depend only on the horizontal variables, the
limit velocity to be radially symmetric and the limit equation to be linear with a
damping term which takes into account the boundary layers.

Outline

Chapter |3| is based on [16]. In Section the problem is presented. The defi-
nition of suitable weak solutions and the definition of the entropy inequality are
given. In Section the formal ansatz is constructed by expanding the solution
in powers of the parameter € and taking into consideration boundary layers terms
for the density and for the velocity vector field. The equations for the different
profiles are formally derived by injecting the ansatz in the equations and
the interior terms are treated separately from the boundary layers terms. The
profiles are identified and the quasi-geostrophic equation for the limit ve-
locity is derived. The ansatz for the structure of the solutions being obtained,
the equations satisfied by the approximate solutions are written. Section contains
the core of our work. After recalling the uniform bounds for weak solutions, the
stability result based on the relative entropy estimate is proved. The estimates
on the difference between the solutions and the approximate solutions are proved.
The rest of the section is devoted to the control of the source terms appearing in
the inequality, which permits to get the quantitative result (VII.2)). In Appendix
the well-posedness of the quasi-geostrophic equation (VIL.3)) is shown and the
global regularity is proved for data in Sobolev spaces with integer order.
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This work is in collaboration with Francesco Fanelli and Christophe Prange.
It is based on [16].

3.1 Presentation of the problem

This chapter is devoted to the study of the compressible barotropic Navier-Stokes
system with fast rotation

Op+ V- (pu) =0,
1 1 1
O(pu) + V- (pu®@u) + €3 X pu + EVp(p) =A,u+AV(V-u)+ ?pVG,
(3.1.1)

115
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with the gravitational potential VG = (0,0, —1)7. Here we consider the scaling
Re = 1, Ek = €2 and Ro = Ma = Fr = ¢ with € > 0 a small parameter. The
previous dimensionless numbers, the physical aspects and motivations related to
the equations are discussed in the introduction of the second part of this
manuscript.

The previous system of equations is considered on (0, 00) x €, where Q := R? x
(0,1), and we supplement it with no-slip boundary conditions for v on 0f:

u=0 at x3=0, 1. (3.1.2)
We will specify later on the hypotheses on the initial conditions at time ¢ = 0:
Plt=0 = Po and Ujg=0 = Uo -

For the time being, let us just say that we impose (in a sense to be clarified later)
the following far field conditions, for |xz| — oo:

po(x) — plx3) and up(z) — 0,

where p is a strictly positive function, and we consider initial densities which are
far away from vacuum.

In System , the function p = p(z,t) € R represents the density of the fluid,
u = u(z,t) € R? denotes its velocity field and p the pressure of the fluid. The first
two terms on the right hand side of the second equation in (3.1.1]) represent the
effect of the viscosity. We have denoted by A, . the anisotropic Laplace operator

P + €03 = (07 + 95) +¢03 .

The parameters p and A are dimensionless numbers which satisfy p, A > 0 (see
Introduction). The vector e3 is the third unit vector of the canonical basis of R3,
and the notation e3 x v = (—wvy,v;,0) represents the usual cross product in R3.
Let us introduce the following notation:

o For a vector x € R3, the notation x = (z5,,x3) € R denotes the horizontal
component z;, € R? and the vertical component z3 € R

o The differential operators Vj, Ay, and V- as the usual operators, but acting
just with respect to the z; variables.

o Weset Vi := (—0y, ;) and, more in general, given a two-dimensional vector
v = (v1,v9), we define vt := (—vy, vy).

« Given a Banach space X and a sequence (a°). of elements of X, (a°). C X
means that (a®). is uniformly bounded in X.
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o For any p € [1, 00] and any Banach space X, L}(X) := Lp((O, T); X(Q))

We consider here barotropic flows, for which the pressure function p is supposed
to be a smooth function of the density only. More precisely, we assume (see e.g.
[53], [47], [4]], [60]) that p € C ([0, 00)) N C3((0,0)) satisfies
/
p(0) =0, P(p)>0 Vp>0, limp(p) =a>0, (3.1.3)

p—>00 p’Y—l

for some 7 > 3/2. Given the pressure function, we define the internal energy
function H by the formula

22

H(p) = p/lp p(2) dz for all p e (0,00) .

Notice that, with the previous definition, one has, for all p > 0, the relation

pH"(p) = p(p).

Although all the quantities p = p° and u = u® depend on € we often omit to write
this dependence explicitly. Let p = p(x3) > 0 satisfy the logistic equation

Vp(p) = pVG. (3.1.4)

The positivity of p is required in order to avoid vacuum.

The goal is to study the asymptotics of the solutions of when € — 0 in the
well-prepared case. Namely, we consider an initial density (pf). and initial velocity
fields (uf). such that the following requirements are satisfied:

« for all ¢ € (0,1], one has

po =P+ erg, with (7’8)5 - (L2 N LOO) (Q)v

o we have (u§). C L*(Q);

o there exists ¢y € H*(R?) such that for

Ty 1= p,(pp)(Jm ug = (—02q0, 0190, 0) (3.1.5)

we have

Ty — To in L*Q),
Uy — U in L*Q).
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Remark 3.1.1. Notice that the condition (3.1.5)) implies that

Uy P (p)Vpr
ol ")+ (p,) ) = v, (3.1.8)
0 95(p'(p)ro)
The fact that py. has to be a perturbation of 5, defined by (3.1.4), will be
justified by the computations of Section [3.2] The fact that this perturbation has
to be of order € is related to the size of the Mach number, and is required in order

to have the initial energy uniformly bounded. See Definition and Section
.31 below for more details.

3.1.1 Suitable weak solutions and entropy inequality

Following [47] and [46], we start by giving the definition of weak solutions we are
interested in. These are weak solutions a la Leray: namely we include in the
definition a finite energy condition, which will be important to derive (in Section
useful bounds, uniformly in ¢ € (0,1}, for the given family of solutions

(p€7 u€>5'
Definition 3.1.2. We say that (p,u) is a finite energy weak solution to system
(3.1.1) on [0,T] x Q, related to the initial datum (po,ug), with

ug € L*(Q,R?),  po—p € L*(Q) N L=(Q), po>0,

if the following conditions are satisfied:

e p >0, withp—p e L*((0,T);(L* + L7)()) for v given by (3.1.3), and
u € L*((0,7); H (% R%));

e the mass equation, i.e. the first equation in (3.1.1)), is satisfied in the weak
sense: namely, for any test-function ¢ € C3° ([0,T) x Q), one has

T
[ [0 + pu-o) dode = [ pyo0)da
0 Q Q

e p(p) € LL.((0,T) xQ), and the momentum equation, i.e. the second re-
lation in (3.1.1)), is verified in the weak sense: for any test-function ¢ €

Cs° ([0,T) x Q;R3), one has

r 1, 1
//Q(—pu-&:@b—puéburvtb+se x(pu) ¥ = Zp(p) V-9
0

1
+ Vy,u: Vb + AV-u V- — ngG-w)dxdt = /pouo-w(O),
Q

where V.. denotes the anisotropic gradient operator (\/ﬁ O1, /102, \/563);
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e the energy inequality

1 1 T
/<p|u|2+2E(p(t),p)> d$+//(u|th|2—|—€|83u|2+)\|v-u|2> dx dt
o \2 € 0o Ja

1 1
< C/ (2POIU0|2 +=5E (Po;ﬂ)) dx
Q g

holds for almost every t € (0,T), where we have defined the relative energy
functional

E(p,p) = H(p) — H(p) — H (p) (p—7) - (3.1.9)
The solution is said to be global if the previous conditions hold for all'T" > 0.

We also remark here that (see Section 2.3 of [50], [53] and [48] for details) any
finite energy weak solution can be proven to satisfy a relative entropy inequality.
Only recently the global existence of weak solutions to (3.1.1]) with an anisotropic
viscous stress tensor was obtained by Bresch and Jabin in [19]. The result holds for
v > 24+/10/2 and under the assumption that A+ %,u > it — e, which means that A
is large enough with respect to u. In this chapter we are interested in the study of
the asymptotic behavior of the solutions and their structure. Hence, we suppose
the existence of weak solutions to without any particular assumption on the
parameters v and A. However, the result of Bresch and Jabin does not apply here
in full generality but their assumption on A is reasonable and compatible with the
anisotropic viscosity. To the best of our knowledge, the existence of weak solutions
without these two hypotheses is still an open problem. To this end, in the last
months Bresch and Burtea proved in [I7] the global existence of weak solutions
for the quasi-stationary compressible Stokes equations with an anisotropic viscous
tensor, using an approach based on the control of some defect measure associated
with the pressure.

3.2 Formal asymptotic expansions in the limit
e—0

In this section we perform formal computations in order to have a grasp on the
structure of the solutions to sytem . Because of the no-slip boundary con-
ditions , boundary layers appear in the limit ¢ — 0 both in the vicinity of
the top boundary R? x {1} and of the bottom boundary R? x {0}.



Chapter 3. Ekman layers for highly rotating compressible fluids 120

3.2.1 Construction of the ansatz

We start with expanding the solution (u, pf) to (3.1.1)) as

ut = Uo(l’h,l'g,t) +u0b<xh7 = t) +u0t($h7 IB t)
+€(u1(xh,x3,t)+u1 b(xfhﬂ t) +u1t<xh7 )) +O( )
p° = po(xn, v3,t) + py o (Tn, 22, 1) +POt($ - t) (3.2.1)

>)

)) + O(£%).

+e (,Ol(xh7x37 ) + P1 b(‘rfu e t) + plt(‘rh’
t

+ &% (paan, w5, 8) + iy (vn, 22, 6) + g t(rch,

The superscript bl stands for “boundary layer”, while the subscripts b and ¢ stand
for “bottom” and “top” respectively. For simplicity of the presentation, in the next
computations we are going to consider only the boundary layer near the bottom,
since the terms related to the top boundary layer are dealt with in the exact same
way. Therefore, from now on we omit the subscript b for the boundary layer terms.
However, when needed, we will explicitly write ¢ or b subscripts to avoid confusion.
Below we denote by ¢ = *2 the fast vertical variable in the boundary layer.
The boundary layer profiles are supposed to decay to 0 at exponential rate when
( — oo, since their effect is almost negligible in the interior of the domain: we will
use this fact repeatedly in the following computations.

We remark that, at this level, is just a formal ansatz. As is usual, we
will first formally derive the equations for the profiles: this is the purpose of the
present section. After that, we will prove quantitative estimates for the differ-
ence between the solution and the profiles we have constructed, using the relative
entropy method: this will be done in Section |3.3|

3.2.2 Identification of the profiles

In order to identify the profiles, we plug the ansatz (3.2.1)) into (3.1.1)) and identify
the terms of the same order of magnitude in e. We immediately notice that the
highest order term is a term of order £3, which appears in the third component
of the momentum equation:

Ppo+p5) 0cpy =

We assume that py + pY stays bounded away from zero. This hypothesis is fully
justiﬁed here below. In view of the hypothesis (3.1.3]) on the pressure and the fact
that pY has to vanish for ¢ — oo, we immediately deduce that p¥ = 0. Thanks to
that property, and ignoring the terms of order O(¢?), which have been neglected
in in the expansion of the velocity fields, we find the following cascade of
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equations: from the conservation of mass equation, we get

podcugs = 0 (mass-e~1)
Oipo + Vi, - (po(uoyh + uglh)> + 03(poto3) + O3po u3{3 (mass-£%)
+ mdcug s + c(plugs) + cpl wos + podeut’y =0,

and from the momentum equation we get

0 0
Vp(po) + ( ) = ( \O2ub! ) +pVG (mom-e~?)

p/(PO)aCPl{Z ]
po(uo3 + U(b)l,3> - Oeu) + e3 X poluo + u )+ (mom-g~)
Vi@ (po)(p1 + p8))
A3(p'(po)pr) + 05(P'(po)) Y + 1" (po) PY Ocpt + ' (po) Oc Pl

ubl Vhacubl
=2 ™" ]+ o +(p + VG,
¢ < 0 8{Vh . Uglﬁ + Ggu’{{?) !

We will examine the equation at order O(e?) coming from the momentum
equation later. Let us first infer some properties for the profiles.
The terms in the interior

Recall that the boundary layer profiles are expected to go to zero when ¢ — oo.

Therefore, it follows from that
Vp(po) = po VG, (3.2.2)

which yields
H'(po) = G+ c(t) (3.2.3)

and, by using (3.1.3), that Vypo = 0. Hence py is independent of xj, namely
po = po(xs,t), and satisfies the ODE

P'(po)dpo = —po. (3.2.4)

Since p’ € C! ((0,00)) and non-zero, we can use Cauchy-Lipschitz theorem to get
that po(t) € C' ((0,1)), and hence bounded. Moreover, from we gather

that .
U / A4
20 0,h n P(Pj)) hP1 — VG,
0 d3(p'(po)p1)
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This equation is called geostrophic balance; it implies the Taylor-Proudman theo-
rem (see Section . In particular, its third component reads

(P (po)pr) = —pr-
Using the previous relation together with (3.2.2)), we get

@(ﬂ@”m>_o, (3.2.5)

£o

and hence the quantity

/
q:= b ('Oo)pl (3.2.6)
Po
is independent of the vertical variable, i.e. ¢ = ¢q(t,z;). From the horizontal
component, instead, we get (recall that V,pq = 0)
p/
Ug,p = v# ( E)pO) p1> . (327)
0

In particular, we deduce that wg, = ugn(xp,t), which justifies the introduction
of boundary layer terms in order to enforce the no-slip boundary conditions on
x3 =0, 1. In addition, applying the horizontal divergence we obtain

/
Vi -uon = Vi Vi <p(ppo) Pl) =0,
0

so that ug, is a 2-D horizontal divergence-free vector field.

We now exploit : considering it in the interior of the domain (i.e.,
neglecting the boundary terms) and using the inequalities just proved, after an
integration in the vertical variable we infer that

1 1
/ 3tp0 dl'g = —/ 83 (po U073) dl’g = 0. (328)
0 0
By taking the time derivative of (3.2.3)) and using (3.1.3]) we have
8tC
O, pn —
o H"(po)

We integrate in the vertical variable and, from (3.2.8), we get 0;c = 0, hence
0;po = 0. This implies that py has to be independent also of time, and hence it is
equal to a positive function p(x3), solution of . Thanks to this fact, we have
now that ds(pp up3) = 0. Using the no-slip boundary condition and the positivity
of p, it yields ug3 = 0.
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From now onp denotes py. Let us now consider the equations outside the boundary
layers, at order O(e) in the mass equation,

Op1 + V- (pur) + V- (pruon) =0, (mass-¢!)
and at order O(£°) in the momentum equation,

POy + V- (Dug @ ug) (mom-¢°)

+ eg X (p1UQ +ﬁu1) + \V4 (p ;p) p% +p/(ﬁ) ,02) = ,uAhu() —+ )\V(V . UQ) + P2 VG

Recall that vy = (uon(t, 21),0). Taking the curl of the horizontal component in
(mom-£), we obtain an equation for the horizontal vorticity wo = Vi - ug:

P Owo +Ppuon - Viwo + Vi - (pruogn) + Vi - (puin) — plpwy = 0.
Notice that, by , we get
wo = wolt,n) = Ang,
where ¢ has been defined in ; from the previous relation it follows that
PONNG+ PVEG-ViAug + V- (pury) — pAiqg=0, (3.2.9)
where we have used the cancellation

1
Vi (Vo) = 5 Vi Vi (p}) =0 (3.2.10)

in order to get rid of the term Vj-(p1 uo,p,). In order to compute the term V- (puy )

in (3.2.9)), we use equation and the cancellation ((3.2.10f) again: we find
Vi (puip) = =01 — Vi - (pruon) — 0s(purs) = —0p1 — O5(purs) . (3.2.11)

After integrating in z3 both (3.2.9) and (3.2.11) and summing up the resulting

expressions, we eventually obtain

0 ((7) Ang = (75 ) @) + (P) Viva - Valng — g

(3.2.12)
= (1) uy3(xn, 1,1) — p(0) uy s(zp, 0,1),

where (f) = fol f(z3) dxs denotes the vertical mean of f.
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Boundary layer terms

We now consider the boundary layer terms. These terms are crucial to compute
the right hand side of (3.2.12)): indeed

ug’-f&b(mh, 0,t) = —u;3(xp,0,1) and ug’-f&t(mh, 0,t) = —u,;s(xp, 1,t)
(3.2.13)

for j = 0,1, in order to enforce the no-slip boundary condition on the bottom and
top boundaries.

First of all, (mass-e~1)) yields uY 'y = ufly(zp,t), and hence
ups = 0. (3.2.14)
Using (3.2.14), we obtain from (mom-¢ )
P'(p) Ocpt )\3?“03 =0.

Hence, thanks to - Pt = pb(xy,t) is constant in the boundary layer and goes
to zero when ¢ — oo, therefore p = 0. Taking into account this last equality and
reading the horlzontal component of , one has

p(uOh) agug’h (3.2.15)

Notice that, in (3.2.15)), xj is a parameter. We use Taylor formula at first order
1
p(zz) = p(0) + 1’3/ dsp(sx3) ds
0
to write (3.2.15)) as
p(0) (ug )™ (xg/ 0sp (s x3) > (ugh)* = dfu o (3.2.16)

Let us now consider the equation

p(0) (ugy,) " = Ougy, (3.2.17)
supplemented with the boundary condition
ugl,h(xfh 07 t) = _UO,h(xha t) (3218)

at ¢ = 0, in view of (3.1.2) and (3.2.13). We remark that the system of ODEs
(3.2.17)-(3.2.18) is the same (here in general p(0) # 1) as in the incompressible




125 3.2. Formal asymptotic expansions in the limit ¢ — 0

case, see e.g. Chapter 7 of [28] and references therein. Its solutions are exponen-
tially decaying and have a spiral structure. Indeed, we have the following formula:

ul())l,h,b(xhv C: t) =

oV [u0,1($h,t) COS ((\/@) + g 2(Tp, t) sin (C\/p(jo))]
oV [—U0,1<xh7t) sin (g\/f’(jo)) + g o (1, t) cos (C\/@ﬂ

Let us move further. The vertical component in (mom-&£ 7)) is

0= (0 -ufl, + 02uls) + p/(p) dcph (3.2.19)
Equation , together with the fact the p is positive, yields
Vi - ugy + Oculls = 0. (3.2.20)

Hence p/(p) Ocp! = 0 and, similarly to the argument used for p%, we get p% = 0.
The previous equality determines ul{l3 up to a constant in ¢, which we take so that

ubl, converges to zero when ¢ — oo:

2(0)

e_c\/@ P P
ulf{3,b($h7C»t) - T T = (COS (C p(20)> +sin (C p(QO))) Vi ton(on ).
2p(0)

Similar computations can be done for the top boundary layers. Indeed, denoting
by n = % the fast vertical variable in the upper boundary layer, we use Taylor
formula at first order

1
plzs) =p(1) — (1 — Ig)/ 03 p(1 — s(1 — x3))ds (3.2.21)
0
to define uf, , as the solution to the equation
p(1) (ugl,h,t)l = 3§ugl,h,t ) (3.2.22)

supplemented with the boundary condition
u8€h7t(wh, 0,t) = —ugn(zh,t) (3.2.23)
at n = 0, recall . We have
uﬁfh,t(ﬂihm,t) =

S y-€5] — _
e V2 {u()’l(:ch,t) cos (n ’3(21)) + up2(p, t) sin (77 p(;)ﬂ

(1)

e VT {_uo,l(ZEh;t) sin <77 10(21)> + to2(wn 1) cos <77 p;)ﬂ
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and, from ([3.2.20) with O, replaced by —0,),

_ /p(l)
ully (2 t) = ey ' p(l \/7
1,3,t\Th, 7], ) - — Cos |\ n + sin n * Uo,n xhu t) :

2p(1)

Hence, using the boundary conditions (3.2.13]), one can compute the right hand
side of ([3.2.12]):

p(1) urs(xn, 1,t) = p(0) ur (s, 0,8) = —p(L)uf's (24,0, 1) +P(0)U13b($ha0 t)
0)-++/7(1) \/3(0)++/7(1
/ol \J/ri p(1) Wy = — \J/ri Ahq-

(3.2.24)
This is the so-called Ekman pumping term, which represents the secondary (global)
circulation created by the boundary layer. It appears as a damping term for the
quasigeostrophic dynamics, described by equation (3.2.12)).

Final choices

It remains to choose the functions py, u; and u’{l n- These terms are auxiliary terms
which do not appear in the final result.

We choose the interior terms in order to make the terms of order O(e) in the
mass equation and the terms of order O(¢°) in the momentum equation vanish
identically. Notice that (mom-£")) determines u;j in terms of ug, p; and ps, and
hence, through relation , in terms of p; and ps only. Specifically,

1
wn =2 ( — uApug, + poyug, (3.2.25)

p'(P) ,
+ puo - Vitty, — tonpr + Vi | 0'(P)p2 + 5 P )

Next, the vertical component of reads

/! (—
03 <p/(ﬂ) P2 + b ;P) p?) = — P2 (3.2.26)
where we have used that uy3 = 0. Since, by (3.1.3 - P (p) > 0, po can be defined
as the solution of the ODE

95 (' (p)) +1 PR (r"(P) p1)

I T 220

O3 p2 +

up to an arbitrary constant c(z,,t) that we take equal to zero for simplicity. We
remark that this choice does not affect the choice of the other quantities since p,
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appears only in or higher order equations Moreover, since p; and Vp;
are bounded in tlme and space (¢, defined in , satisfies the quasi-geostrophic

equation (|3 , which admits regular solutlons, see Proposition [3.2.3] “ later), po
and Vpy are bounded in time and space.

Moreover, equation determines u; 3 up to a constant in x3, which we
take equal to —ul’s(xp,0,t) in order to enforce the no-slip boundary condition for
the vertical component at order O(g). Therefore, thanks to (3.2.11]) we get

T3
p(xs) ur s(zn, x3,t) = — p(0) uy 3(:1:h, 0,t) — / (Opr + PV -urp)dz. (3.2.28)
0

Differently from the case without the gravitational potential, this term does not
have an affine structure as in the incompressible case (see again Chapter 7 of [2§]),
since u; j, does not depend only on z,.
At this point, in order to enforce the no-slip boundary condition at order O(e) for
the horizontal component, we impose

ul{l,h(‘rhﬂ()?t) = - ULh(xh,O,t) (3229)

at ¢ = 0. It remains to choose the boundary layer term ul{lh The specifications

for the boundary layer term u}, are that it is exponentially decaying to 0 for

¢ — oo and satisfies (3.2.29)) at the boundary ¢ = 0. Hence, we define u% hp in the
following way: for all ¢ € [0,00) and z;, € R?,

bl _ @
ul,h,b(zha C> t) = _ul,h(mh, 0, t)e

Analogously, uf’;,, is defined for all 5 € [0, c0) and z), € R* by

/p(l)
o (-fljh, n, t) = _ul,h(xha 17 t) - :

Uy bt

Remark 3.2.1. Contrary to the interior terms, it is not possible to make the terms
of order O(g) in the mass equation and the terms of order O(°) in the momentum
equation vanish identically. Indeed that would come down to imposing

PV uly = —Vipr-uy, — 0spuiy

(3.2.30)
A (V, - Ul{lh) = - a?ulfl?, = 0¢(Vh - uO,h) )

which is overdetermined. This fact is due to the lack of higher-order correctors,
since we truncate the erpansion at order one in €.

Notice that, due to exponential decay to zero in the interior of the domain,
the boundary layer terms will be small. Moreover, we can exploit their decay by
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relying on Hardy’s inequality (see the computations in Section . The final es-
timate, though, will be worse (see for instance term I below) than in the absence
of boundary layer phenomena (absence of boundaries or complete slip boundary
conditions). Improving this estimate would require to consider higher-order cor-
rectors in the ansatz .

We still have to add the corrector terms correcting the exponentially small terms
on the boundaries due to the boundary layers on the opposite boundaries. This
is a technical point, but needed to apply Hardy’s inequality later. Using ,
we have at the bottom x3 =0

uO,h(xhv t) + ugl,h,b(xh’ 0, t) + Uy, ht(wh’ I t) - uglh t(mhw I t)

(3.2.31)
uy(xp, 0,1) + Ul{l,b(xha 0,t) + ul,t(mh’ %7t) - uglt(x’“ %’ t),
and at the top x3 =1
o (Tn, t) 4+ ug (@, 2,8) + udp (20, 0,8) = ud, (24, L, 1) (3.2.32)

uy(zp, 1,t) 4+ ub b(xh, 1)+ ul{{t(xh,o t) =ub b(:ch, 8,25)

It means that we have a trace of the top boundary layer on the bottom boundary
and vice-versa. Hence we will add corrector terms in the ansatz in Paragraph
below, to keep homogeneous boundary conditions.

The ansatz

To put it in a nutshell, we have obtained the following ansatz for the structure of

the solutions to (3.1.1))-(3.1.2)):

Papp (T T3, ) = Dla3) + € pr(xn, x3,t) + 2pa(wn, 3,1)
u[ipp(xh) x37 C 777 t) =
VL ( > Pl) (mh’ t) + ugl,h,b(xm ¢, t) + ugl,h,t(xh’ U t) - ugl,h,l/a(xh’ Z3, t)
0

L ul,h(xha T3, t) + ull)l,mb(xhv Ca t) + ull){h7t (xlu 7, t) - ulﬁh’l/g (:Ch7 T3, t)

u1,3<xhv 3, t) + ul{l,S,b(xhv C) t) + u?{3,t(xh7 7, t) - ul{l,S,l/a(xh’ 3, t)

(3.2.33)
with

tlp 1 /e (s 23, 8) = 2o Ul (@n, 1, 0) + (L= wa) gl o(an, 1, 1)

bl bl bl (3.2.34)
ul,l/e(xhvxfi?t) = T3 Uy, b(xha 57t) + (1 - C("3) Uy t(xh’ 57t)
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Recalling the definition of ¢ in (3.2.6)), it follows from ([3.2.12)) that

O (= (P) Mg+ (7% ) a) — (9) Vica - Valdng + nldig — MAM =0

(3.2.35)
This is the quasi-geostrophic equation. Similar limit equations without damp-
ing term have been shown in e.g. [47] and [54], where the boundary layers do
not appear due to the complete slip condition. Notice that in [54] the parabolic
term disappears, since the authors consider also the inviscid limit. We state here
the well-posedness and the regularity results for the quasi-geostrophic equation
(13.2.35]), whose detailed proofs are given in Appendix

Theorem 3.2.2. Let gy € HY(R?). Then, there exists a unique global weak solution
q to the quasi-geostrophic equation (3.2.35|) such that

g € C(Ry; H'(R*)) N L¥(Ry; H'(R?)) N L*(Ry; H*(R?))
with initial datum qq.

Proposition 3.2.3. Let n > 1 be an integer and qo € H"(R?). Then, there exists
a constant C,_1 > 0 such that any weak solution to (3.2.35) with initial datum qq
satisfies the following inequality for all t > 0:

S (a0l + 1937 a0l) + 5 ( [ 195l 195l

<@12(meﬂwwﬂmm)

(3.2.36)
with Cy = Cy =1 and C,—y = Cr—1(||qo|| gn-1) forn —1 > 2.

The boundary layer profiles uf),, , and u, , are solutions of the systems
- and (3.2.22)) - (3.2.23) respectively. We refer to the previous computa-
tions for the precise definitions of the higher-order terms.
We conclude this part by remarking that, according to the previous computations,
we have that ( solves the following system:

Pa app> app)

Dbipp TV - (Papplliapy) = eRY 4+ £2R°

£ 1 £ IS 1 £ 1 £
pappatuapp + papp app Vu + g63 X Papptapp + ?vP(papp) = gpa:DPVG

1
3 / O3p (1 —s(l —x3))dses x ugf,m
0

x 1
+ 3/ O3p (sw3)dses x uf,, —

FAV(V -l )+ SY o+ eSF

+ AN Euapp app)

(3.2.37)
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in the slab Q with no-slip boundary conditions (3.1.2)). The remainder terms R*

and 5S¢ are of the form

e __ E z3 l—x e __ Qe 3 l—x
R —R(xh,xg,f’,Ts,t) and S —S(.ﬁl?h,.flfg,f, 837t)7

while the boundary layer terms are
R (xp,, w3, =, %7 t) =pVy- (ulil,h,b + Ul{l,h,t)
bl bl — (bl bl
+ Vot (U + Uone) + O3p (upsy +uis,)

and

Sbl(xha 3, :%37 1;903 ’ t) :pat(ugl,b + ug{t) + pUoh - vh(ugl,b + ug{t)
P (ugy + ugy) - Viuo + p(ugy, +ug,) - Vi(ugy, + ug,)
p(urz+ Ull)l,:s,b + Uzl)l,3,t) Iy (ul())l,b + ugl,t) - NAh(ugl,t + ugfb)
0
_aQ(Ubl —|—U,bl)— )\( )
mLe T OV - (ully,, +ully )

+ e5 % (pr (uy +ugy) + pludy +ufly)) -

+
+

The remainders e2R° and S° contain also the terms of order O(e™1/¢) coming
from the addition of the boundary layers correctors uf), | /- and ully Je» defined in
(3-2.34). Notice that S* appears at order O(1), but has fast, exponential, decay
in the inside 2: more precisely, we have ||S®||z» < Cev for all p € [1,00].

The choice of the regularity of the initial datum ¢g guarantees enough regularity
for the approximated solution (p5,,,, u5,,) in order to derive the stability estimates

app
later in Section [3.3] as stated in the following lemma:

Lemma 3.2.4. The approzimated density pg,, can be written as

Do (@ T3, 1) = Bw3) + q(t, )~ (3) + g(t, 24)1(5)

7' (p)

and the approximated velocily ug,, can be written as a finite sum

N

uzpp<xh7 T3, <7 UE t) = Z fz(t7 xh)gz(x?))hl(g)wl(n)u

i=1

with p, 1, g; € C*([0,1]) and h;,w; € C*(R,), for some N > 1. From Proposition
we have that for qy € H°(R?)

g€ L*([Ry; HY(R?), fi € L®(Ry; HY(R?)) with k; > 1.
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3.2.3 Large-scale quasi-geostrophic equation

We recover here the equation for ug from ([3.2.35)). For this we need the following
standard lemma, which gives the Helmholtz decomposition for two-dimensional
vector fields.

Lemma 3.2.5. Let p € (1,00). Let a and b be two scalar fields in LP(R?).
Then there exists a unique vector field F', belonging to the homogeneous Sobolev
space WHP(R%, R?), which solves the system

{Vﬁ-F:a

(3.2.38)
V- F =b.

Moreover, the following formula holds:
F = —Vi(=Ap)ta — Vi(=Ap) b,

The previous result being classical, we do not give the proof here: we rather
refer to [25] (see Sections 1.2 and 1.3) and [49] (see Section 10.6) for details. We just
give some explanations about the uniqueness, which will be needed here below. By

linearity of system (3.2.38)), let us suppose that F' solves (3.2.38) with a = b = 0.
In particular V x F' = 0, and hence (see Corollary 1.2.1 of [25]) F' = Vg, for some

q € LP. But since we also have V- F' = 0, we deduce the equation —Ag = 0, which
admits the only solution ¢ = 0 in L”, due to the decay condition at infinity.
Now, let 7 € H'(R?) solve

— Ahﬂ' = <ﬁ> Vh . (UO,h . VhU()’h) = <ﬁ> VhUQh . tho,h . (3239)

Notice that, by the previous argument, such a 7 is unique. We then define F'(-,t) €
L*(R?%* R?) for almost every ¢ by the formula

F = (p) Owuop + (P) uop - Vo — plpuop +

Notice that, thanks to equations (3.2.39) and (3.2.35)) and the divergence-free
condition Vy, - ugp = 0, we have

Vi-F={(2)dq and  V,-F=0.
Therefore, the uniqueness part of Lemma |3.2.5 implies that

F = V(A (G5) 0 = (5) di(An) uon,

p'(p) p'(p)
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where we have also used (3.2.7)). Eventually, we find that wg solves the system

0.((7) = (58) (A0) ") o

\/%;Q\/ﬂ wop+ V=0 (3.2:40)

+ (P) wop - Viuon — plpuo +
Vh cUpp = 0

in R2. The second term appearing in the time derivative is a consequence of the
combination of the effects due to density stratification and fast rotation. Notice

that both (3.2.12) and ({3.2.40|) are averaged (in z3) versions of .

3.3 Stability estimates

The goal of this section is twofold. First, we recall uniform bounds which are
available for the family of weak solution (p°,u®)_. Second, we prove the stability
result shown in Theorem via relative entropy estimates, performed in Section
0.9 2l

3.3.1 Uniform bounds for the family of weak solutions

We collect here some uniform bounds verified by the family of finite energy weak
solutions (p°,u®).. We refer e.g. to [47] and [46] for details on their derivation.
These bounds will be important in the next subsection, when proving stability
estimates.

Observe that, by assumption, for any € € (0, 1] the energy inequality

1
/( p6|u‘€|2vL —E(p°(t), // u|th€|2—|—5|8 uf]? + ANV - u |2) (3.3.1)
0
1
<c| (po,sws\? + 2E<ps,p>)
Q g

holds for almost every ¢t > 0. According to inequality (4.15) of [53], we have the
following control, which holds for any positive scalar functions p(z,t) and r(z,t),
with 0 < r_ < r(x,t) < ry, for some real numbers r_,r,: there exist constants

¢1, co > 0 such that, for almost all (x,t) € Q x R, one has
(| () = (2, ) Lpa—r@ni<y + oz, t) = r(@, O] 1gjpen- r(xt)\>1})
< E(p(z,t),r(z,t) <

c2 (@, t) = (@, )P Lgpa-rni<y + 1p(@,1) = (@] Lo -r@oi=1)
(3.3.2)
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where the notation {|p(x,t) — r(x,t)| < 1} stands for the set of x € Q such that
lp(z,t) — r(z,t)] < 1 (and analogously for the > symbol) and 1,4 denotes the
characteristic function of a set A C ). Notice that the same inequalities hold if
we replace 1 by any constant M > 0, up to change the value of the constants c;
and c,.

Now, following Chapters 4 and 5 of [49], let us introduce the essential set and the
residual set as follows: for almost every ¢t > 0, we set

Qus(t) == {z€Q| |pf(@,1) = plas)| <o} and  Qeu(t) == 2\ Qx(t),
(3.3.3)

for some o such that
0<o<infp.
(0,1)

Then, given any function h, we define
[]ess := h1lq.. and [hlres == hla,.. = h — [hess-

The notation ess stands for essential part of the function, while res for its residual
part. We refer to Section 4.7 of [49] for more details. One should keep in mind
that such a decomposition depends on p°.

After this preparation, let us establish uniform bounds for (p,u®).. First of all,
notice that, in view of our assumptions on the initial data (p, uj)., the right hand
side of is uniformly bounded for £ € (0,1]. Therefore, using (3.3.2)), we
deduce the existence of a constant C' > 0 such that, for all 7" > 0 fixed and all
0 <e <1, one has

H\//?“ () = C (3.3.4)
1 .
sup ‘C(QTCS(t)) + H[ps]resH’y%o(L’Y) S 0827 (336>

te[0,T

where L£(A) denotes the Lebesgue measure of a set A C 2. We refer to Section 2
of [47] and Section 4 of [50] for details.

Next, let us consider the viscosity terms: recalling that p > 0 and A > 0, from
(3.3.1) we immediately get

190l gy + 19 @30 < C (337

for some “universal” constant C' > 0 independent of € and of the fixed time 7" > 0.
In addition, owing to the identity

8316; =V u° —Vh~u2,
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we also deduce that

||83u§”1;2 2(12) < C. (3.3.8)
Moreover, using we also gather
Ve Haﬁium’L%(Lz) < C. (3.3.9)

Let us come back to estimates for the density. Arguing as in Section 2 of [47],

from (3.3.5)) and (3.3.6)) we infer the following property:

L

€
It still remains to establish some uniform bounds for the velocity fields u.. This
is the goal of the next computations, which are borrowed from [47]. First of all,
using the positivity of p, we can estimate

/Wﬂ%x§0</fwwdﬂ+/M“wMWPW>a (33.11)
Q Q Q

where the first term in the right hand side is uniformly bounded in L3*(L?) in
view of . For the second term, we can use the decomposition p* —p =
[p° = D)o + [P° — P, Let us focus on the term localised in the essential part: by
Holder’s inequality, we have

,
] dr < C 77, (3.3.10)

5 — 5 5 5 enl/2 en3/2
AW—ﬂ@WFSMp—QmAMm<CHMWHVH/(wﬂ)

o (Ilef)2)" (e Iverfz)”

where we have used estimate (3.3.5)), the interpolation inequality
1/4 || £13/4
1 llee < IS 111

and the Sobolev embedding H' < LS. For the residual part, we argue in a very
similar way: after defining + such that 1/y + 1/9" = 1, thanks to (3.3.10) we

infer

IA

_ — 2 2
/Q[Ipe ~ Pllres [0 < N0 = Blacsll o 10Nz < O [0l -

Notice that, since v > 3/2, we have 2+’ € (2 6), so that we can apply interpolation
again and estimate || f|| 2 < [|f]|92 || f||1s%, where 8 = (3—4")/(27'). Combining
this bound with Sobolev embeddings and arguing as above, we finally find

0 1-6
Kﬂf—&mMF<CgmleOWﬁﬂ(ﬂWW@) S (3313)
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We remark that 2/ — (1 — ) > 0. Therefore, inserting (3.3.12)) and ((3.3.13])

into (3.3.11)) and applying Young’s inequality, we finally deduce that there exists
a constant C' > 0 such that, for all ¢ > 0 and all 7" > 0, one has

3.3.2 Relative entropy estimates

From the previous uniform bounds, it is classical to derive that, up to extraction
of a suitable subsequence, (p°, u®). converges to a limit state (p,u) which belongs
to the kernel of the singular perturbation operator. We refer e.g. [47], [46], [51],
[50] for details.

The goal of the present subsection is to make this convergence quantitative, show-
ing also the general structure of our solutions and taking into account the correctors
due to Ekman’s boundary layers.

We aim at proving the following result. The following proposition implies Theorem
VII.1l Recall that E has been defined in ({3.1.9).

Proposition 3.3.1. For v > 3/2, suppose that there exists a finite energy weak
solution (p°,u®). to with initial data (p§,uf). verifying the hypotheses in
Section . Let (p5p, Uspy)e be defined as in (3.2.33), and define du® = u® — us,,.
Then, there exist functions C1(t),Cy(t) € L*([0,T)) for all T > 0 and constants
C >0 and gy € (0,1) such that, for all € € (0,e0), the following estimate holds:

1
[ @ e + 5 | B0, i) do
t
+ // p|VRous|? + g|0s0us > + AV - ouf|*da
0JQ

y 1 b
< O elo Crls)ds (/ p8|(5u8]2dm—|—(L:Q/E(pg,paapp) dr + e/ elr Cr9)ds (1) d7'>
Q Q 0

(3.3.15)
for almost every t > 0.

Remark 3.3.2. The lower bound for the exponent v comes from the control of the

source term in the relative entropy inequality (3.3.22): in particular, in (3.3.41))
we need vy > 3/2 to apply Holder’s inequality and get the estimate ((3.3.43)).

In order to prove the previous result, we resort to the technique of the relative
entropy/relative energy inequality, see e.g. [61], [53] (see equation (2.5) therein),
[48] and [50]. The relative entropy estimate of those works is directly applicable
in our framework, but it is not immediately clear how to take advantage of the
small remainders in . Instead, we directly derive the entropy inequality on
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the system for (dp°,d0u®). Hence, we take into account from the beginning that
(P5pps> Uapp) 18 almost a solution to (3.1.1). On the contrary, the relative entropy
inequality of e.g. [50] holds for a much wider class of smooth functions.

Formulating the relative entropy inequality

Let us set 0p° := p° — pg,,, and ou® := u® —ug . Taking the difference between
the first equations in (3.1.1)) and (3.2.37)), we find that dp° solves
010p° + V- (ug,,0p°) = =V - (p°0u®) — eR" — 2 R°, (3.3.16)

while, taking the difference of the second equations in the same systems, after
setting op® 1= p(p°) — p(ps,,), we get that du® solves

1 1
p o out + put - Vou® + *63 x pSout + ?V(;pe — AL 0ut —AVV - du° =

1
—5p VG — ~es X opus, — dp°opus — pu’) - Vug,, — S eS¢

app (p app app

/ O3p (1 — s(1 — x3)) dseg x uoht
(3.3.17)

app

— I3

_ ;/ O3p (sas) ds ez x ufp, +
0

From the point of view of energy estimates, the main term to work on is the
difference of the pressure terms. Testing it against du® yields

/V(Spa-éuadx = /Vp(pa)-uadx—/Vp(pzpp) Ug,p,dT (3.3.18)
Q Q Q
+ / V g, 0p° dr — / Vp(p,,) - dusde.
Q Q
By standard computations, using the mass equation in (3.1.1f), we get
/Vp de—/VH’ Eda:—/H

Similarly, from the first equation in (3.2.37]) we gather

) tiyie = G [ e = [ 1) (B 4 R

Q Q

In the identity (3.3.18) we now add and substract the term 4 [ H'(p5,,)0p°dx, in
order to make the relative entropy F (ps(t), pzpp(t)) appear. Then, from ((3.3.18)
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and the previous computations we infer

(3 £ d (3 £ 3 £ 3 3
/QV5p Soutdr = dt/QE(p,papp)dx—l—/QV-uappép dx—/QVp(papp).éu dz

d (3 (> (> I3
+ /Q H'(p5,,) 0p°dz + /Q H'(p5,,) (R + < R¥) da.
Using again the mass equations in (3.1.1)) and (3.2.37)), we get

d
/H’(pflpp) Spfdx = /&H’(pzpp) 5p€d:c+/H'(prp)8t6p€daf
dt Q Q Q

= [0 () b dat [ TH 1) (00 = gt

—€ / H'(p5,,) (R +eR) dx.
Q

This relation yields

c e d c & e 5 € &
/ Vé‘p uf = % E (p 7papp) dx + / V- Uapp 5]7 - / Vp(papp) - ou
Q Q L f
(3.3.19)

[0 ) 8+ [ VH ) (50 = i)
Let us now define
I = /QV g, Op°dT + /QatH'(prp) dptdx + /Q VH (p5,) - (0°U° — poppia,)de
and work on it for a while. We use the following Taylor expansion,

P (0%, 05) = P(p%) = P(p5y) — 1 (05y) 07 (3.3.20)
1

1
= 5@ [ (1= (i +5097) ds.
0
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to obtain the next series of equalities (recall that H”(z) = p/(z)/z):

I = /QV g, (PGpp) 0" d + /QV g, P (pa, pzpp) dx
+ /Q H"(Popp) Oty 09" d + /Q H"(ppp)V oy * (07U — pippticy,,)de
|V e ) 7 = [ 1)y S
[ ) (B + 9 lgt) 557
+ /QH”(pflpp)Vprp Souf pdr + /QV g, P (pe, pzpp> dz
— /QH"(prp)szpp couf pidx + ¢ /Q H"(p5,,)00° (Rbl + €R6) dx

+ /QV U (pg, pzpp> dx .

The last two terms in the above identity are small (in a sense to be made precise
later). So, let us focus on the first term in the right hand side: we have

/ H" (ppp)V oy - 0up°da — / Vp(popp) - Ou dz = / H" (papp)V Py - Ou° p°dz .
Q Q Q

Inserting this expression into the last equality for I, from ((3.3.19) we finally find

d
/ Vép® - dude = — [ E <p€> Ppr) dx + / H"(p5,)V Py - 0u° 0p°dx
Q dt Jo Q

e [ G (R 4R}t | Vi, P (5 5i)
0 Q
(3.3.21)

At this point, we can perform energy estimates directly on equations (3.3.16))-
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(13.3.17)). Using (]3.3.21)) above, we finally obtain

d 1 € €12 1 e £
% Q<2p|6u| +€2E(p7papp>>d‘r

+u/ |Vh5ua|2d$+€/ |83(5u5|2d:v—|—)\/ |V - 0uf|*dx
0 0 0

1 £ € 1 (> (> 15 (>
< 82/Q(5p VG - ou® dx —é/S)H”(papp)Vpapp.éu dptdx

1 € € bl 3 1 € e €
- /Q H"(p5,)0p (R +¢eR ) dx — =, V-ug,, P (p ,papp) dx
1

— - / €3 X 0p Uy, - ou dr — / 0p° Oy, - udx
€Ja Q

+ /(pzppuzpp — pu) - Vg, - dutdr — / S uf da — 6/ Se - dutdr
Q Q Q

1 1
— /xg/ O3p (s as) ds (ug )" - dujy d
€Ja 0

1 11

1
+ B / (1-— xg)/ O3p (1 — s(1 — x3)) ds (ug )" - Sup do = > I .

Q 0 =1
(3.3.22)

Remark 3.3.3. A standard regularization arqument (see for instance [53] and
[61]) must be used in order to derive the relative entropy inequality (3.3.22), where

the equality holds if the solutions are reqular enough.

Our next goal is to bound each term appearing in the sum ]11:1 I; in the
right hand side of (3.3.22)). Before doing that, let us remark that, since p; €
L*>® (2 x R, ), and consequently py € L®(2 x R,), up to restrict our attention
to all ¢ < gy, with gy depending on ||p1[|zx and [|p[[z , We can assume that
—Z <epy +e%pp < § with 0 > 0 as in (3.3.3). Consequently, we can assume that

0 < papp < Pipplw, ) < pit ) for all € > 0 with

oy = inf 7 — L =suppta.
Pon = P =00 Py =SUDP+ 0

Then, in view of (3.3.2), we have the following control:

E (0 (1), plpp(. 1)) > ¢ (160" (@, )P Lispr@ayery + 1007 (@, )" Lispeea1y ) -
(3.3.23)

Resorting to the definitions ({3.3.3)), from (3.3.23)) we derive the following lower
bound.
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Lemma 3.3.4. For all (x,t) € Q x Ry the following holds

E (0 (1), plpp(w, 1)) > ¢ (002 (2.8) + Lown(2)) (3.3.24)
where ¢ is a positive constant independent of €, t and x.

Proof. We divide the proof of the inequality into two steps: first we show that

E (p™(2,1), ol (,1)) > ¢|0p™ (@, 6)]* Lo i<y
implies
E (pe(x,t), Popp (T t)) > ¢ [6p°)2, (2,1). (3.3.25)

To prove ({3.3.25)), we just need to show that Qess(t) C {|[0p°(z,t)] < 1}. Let
T € Qegs(t), then

—30 < —0 —epi(x,t) — E2pa(x,t) < 6p°(x,t) < —epr(,t) — 2py(,t) + 0 < ga,
where we have used that —% < ep(x,t) + e?pa(x,t) < . Choosing
o < min (2, inf p) ,
37 (0,1)
we have that |0p°(z,t)| < 1. Afterwards, we prove that for x € ()
E (pf (2, 1), pipp(x, 1)) > c, (3.3.26)

where ¢ is a positive constant independent of €, t and x. By the definition of (%),
either p*(z,t) < p(x3) — o or p*(x,t) > p(x3) + 0. Hence, since E(-, p;,,(7,1)) is
strictly decreasing before pf,, (,t) and strictly increasing after p;  (7,t), we get

B (0(2,1), yy,) 2 B (pl) = 7, )

and
E (pf (2, 1), pipp(, 1)) > B (las) + 0, (1)) -

respectively in each part of Q(t). By Taylor’s formula, up to taking a smaller o
(which amounts to choosing a smaller &),

1

B (p(a9) = 0. iy (o.)) = T B o ) (o)
_ H (e (1))

- 16
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and
H"(ps, (x,t
B (plas) + 02l 0) = LD (0 0y (o)
H gyl )0
- 16

Then, using the uniform boundedness in time and space of pf ,, and the hypothesis

(3-1.3), we get (3.3.26]) and, together with (3.3.25)), the lemma is proved. O]

Notice that [|0p°|], is uniformly bounded. Next, we claim that there exists a
constant C' > 0 such that, for all 7" > 0 fixed, one has

166 eallie 1y < €€ Vpellal. (3.3.27)

Indeed, concerning the L! norm, by Hoélder’s inequality and the L control on Papp
we deduce

Lt < [+ [ [l
1/~
< ( [ 1) (L) + C L) < O,

where, in the last step, we have used estimates (3.3.6). As for the LP norm, for
any 1 < p <y we start by decomposing

Quus(t) = {0 < g (1) < Plas) — o} U{p"(0,8) 2 plas) + 0} . (33.28)

For the first set, it is just a matter of applying (3.3.6) again, since p° is bounded
on that set. For the second set, we use the fact that, for a > 1 and b > 0, with
b<b*<a,onehas |a—bP < (a+b < C, (a?+1) <C, (a” +1).

3.3.3 Estimates of source terms

Below, we estimate every term /; appearing in , for 0 < ¢ < gy, where ¢
is given by Lemma [3.3.4] On the one hand, for the terms Iy, I5, I3, I5 and I we
need to treat separately the cases v > 2 and 3/2 < v < 2 since we use different
estimates. On the other hand, the terms Iy, Is, Iy, I;o and I; can be controlled in
the same way for any . The term [; is more intricate. It is written as a sum of
five terms: for some terms we distinguish the case v > 2 and 3/2 < v < 2, for the
others we use one estimate for both cases.

The easiest terms to handle are I3, I, Is and Ig. The terms I; and I5 need to
be combined with the Coriolis term I5. For the remaining part of I, we rely on
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Hardy’s inequality, which is also useful to deal with I, Is, I;o and I1;. This idea is
borrowed from [I8]: let us briefly explain it. Whenever there is a boundary layer
term Gbl(%) such as ugl n(%2), we gain one additional € by using the decay of G
in ¢. The price to pay is a 05 derivative on du®, which however can be swallowed
by the third term in the left hand side of (3.3.22]).

For every term, we decompose ug,, according to (3.2.33). The terms which re-
quire more care are those of order O(1), which involve in general ugj, and uf,,
except for I where the product ug,, - Vug,, also involves u; 3 and ul{l3 at order

O(1). On the other hand, for the terms which are not of order O(1) the analysis
can be always reduced to the case I3, I, I and Iy and the same estimates are used.

We introduce now an anisotropic version of the standard Sobolev embedding
H' «— L% This estimate enables to handle the anisotropy of the viscosity and
it will be used later in the control for I.

Lemma 3.3.5 (anisotropic Sobolev embedding). Let Q = R?*x (0,1). There exists
a universal constant C > 0 such that for all k > 0, for all u € H (L),

HUHL6(Q) <C (Hiil‘vhuHLQ(Q) + /<¢H83uHL2(Q)) . (3329)

Proof of Lemma[3.5.5 Let k> 0 and u € H}(Q2). We first extend u by zero on
R3\ © and still denote the extended function by u. Now u € H'(R3). We then
consider the rescaled function

Yn
Ui (Yn, Y3) = u <1, /fy3> . (yn,ys) € R
K2
By Sobolev’s inequality [50, estimate (I1.3.7)] for the whole space, there exists a
universal constant C' € (0, 00) such that

[/l Loesy < CIVur 2(ws).-

Estimate (3.3.29) then follows by a change of variables and the fact that u is zero
outside the strip R? x (0, 1),

||Un||L6(R3) = ||U||L6(Q),

_1
||Vu,4||L2(R3) =K 2 ”thl|L2(Q) + l€”83U||L2(Q).
This concludes the proof. O

Of course, for every term involving a boundary layer, one has to equally con-
sider the top and bottom boundary layers; again, for simplicity, we focus on the
boundary layer at the bottom only. In the computations below, U and U% gener-

ically denote remainder terms in the expansion for wg,, or its derivatives. The
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definition of these remainder terms may change from the estimate of one I; to
another I;.
First, we deal with the terms for which estimates hold for any ~.

Term I,. We start by considering I,, and more precisely when restricted to the
essential set. Using (13.3.20)), the assumptions on the pressure function and the
fact that [|0p°|] ., is uniformly bounded, we can estimate

S A 7

< e [P bim)

where we have used also that V- ug,, = ¢ (V cup + Vo ully,).
Let us consider the integral over the residual set. By (3.3.20) again, we have
[Plres = {p(pg) — p(pgpp)} o~ P'(05pp) 1007 ]res: The second term can be easily con-

re;
trolled, in view of the uniform boundedness of pf,, and of the L! estimate in

(13.3.27)). For the first term, we use decomposition (|3.3.28)): when p° is bounded,
the same argument as above applies. On the set {p° > p + o}, instead, we use

hypothesis (3.1.3), the uniform boundedness for p ,, and the controls in (3.3.6) to
get

812 /QV ' uipp [P(ps’ 'ngp)}ess

1 € € € C c c
62/Q’V.uapp‘ ’P(ﬂ ) —p(Papp)‘ 1pespioy < 8/Q‘p(p ) —p(papp)‘ 1{p>740)
C £
< ; (H[IO ]resHZ"/ + L(Qres)) < Ce.

Putting everything together, we finally infer that

1 £ (3
L] < Ce+ Ce /QE<p i) - (3.3.30)
where the last term will be handled by Gréonwall’s lemma.

Term Ig. Let us switch our attention to [Iy: its control is direct, as no p° or
dp° enter into play in its definition. We get

L] < & [15°] 2 e < Ce Kah), (3.3.31)

where the function Ky(t) = [[u®(t)||r2 + ||ug,, ()2 belongs to L*([0,T)) for all
T > 0.
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Terms Ig, I, and I;;. We deal with I3 using Hardy’s inequality. This gives

[20(2)
O € € T3

< Cre [[¢SY7, + de ll0wure < Coe® + be s0ucs

Is| = ¢ (3.3.32)

for some small 6 > 0, to be chosen later. The same holds for I1o and I;; and we
get the bounds

5132 1 Sus
/ —g’ </ 0sp(sx3) ds) (ugps) " h d:c‘
o€ \Jo T3 (3.3.33)

2
<Cye || uting|,. + 9¢ 19u0u )72 < Cse® + Se|9bui |72

[ ([ - s - anas) - 2

e2

|Il()| =&

and

’[11‘ =&

2
0 [0u0us | < Coe? 4 O 0abus |2

2 bl
<Cse HU Uo,h,b

where we have used the uniform boundedness of d5p. In the second bound, Hardy’s
inequality has been used via a change of variable 73 = 1 — 3. In the three esti-

mates we have used the fact that HC 5o 258, |°. and H 258, |I° are O(&?)
127 0,h,b|| 2 " Uontl, - :
Then, for 6 > 0 small enough, we can swallow the last terms on the right hand

side of (3.3.32), (3.3.33)) and (3.3.34)) into the left hand side of ([3.3.22)).

We consider now the terms whose bounds must be treated differently if v > 2
or 3/2 <~y <2.

Term I3. Let us deal with I3 now. First of all, observe that HRbl(xg /€)

thanks to this, we can estimate

/QH//(prp> [5p€]ess (Rbl + €R€)

= O(e):

2
12

! < CH\R“HRE
19 19

667

< Ce+ g /QE(piPpr) :

where we have used also (3.3.24]). As for the residual part, in view of (3.3.27]), we

can argue in exactly the same way if v > 2. If 3/2 < v < 2, instead, we put the
L norm on the remainder terms and use the L' bound of ([3.3.27) to get

1

3

< Ce.

| 16 6, (R4 2 )
Q
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Finally, we arrive at

C £ £
5| < Ce + 5 /QE(p i) - (3.3.35)

Term Ig. For Ig, we use once again the decomposition of dp° into essential and
residual parts. For the term involving the essential part, thanks to Young’s in-
equality and to the controls (3.3.14) and (3.3.24)), one has

< 1067 essl 2

T I X0

/S; [5p6]ess ati’bipp - ou®
1
< Ce? K (t) + = E (pg,pipp) :

where the function K (here Ky = [[uf||7, + ||ug,,[|7.) belongs to L' ([0,T)) for
all T > 0.
Next, let us consider the term involving the residual part: in the case when v > 2,

it can be dealt with in exactly the same way as for the term involving the essential
part, in view of (3.3.27)). If instead 3/2 < v < 2, we have to argue in a different
way. First of all, we write

/Q [5p€]res atupr Sout = /Q [pg]res atupr S0ut — /Q {prp} res atuflpp S 0u”

For the second term, we use the uniform boundedness of p ,, and estimate (3.3.6))
to gather, for some function Ky € L*([0,T)) for all T > 0, the inequality

< Clu 2 (L(Qes))? < CeKs(t).

|/Q {p pr} res Ofttapp * OU°

For the term involving the residual part of p°, we use decomposition ([3.3.28]) for
the residual set, where the integral over the first set can be treated exactly as just
done for pf ,, (because therein p is uniformly bounded). Concerning the integral

over the second set, we get instead
1/2
L2 (/Q P 1{P5>P+U}>

2 2
+ Ce”,
L2

< C |V o

< C H\/F&LE

|/Q pa 1{p52ﬁ+0'} 8tuzpp . (SUE

since the last integral in the first line can be bounded by the integral over the
residual set, for which we can use (3.3.6)).
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Let us introduce the following notation: we set do-(y) = 1if 3/2 < v < 2,
da-(y) = 0 otherwise. In the end, from the previous computations we get

L] < Ce (e Ka(t) + bo- () Kalt) + 8- (7)) (3.3.36)
+ 0(62 /Q E (0 pigy) + 02- () ||V 0 ;) .

Terms Iy, Is and I5. Terms I, I and I5 have to be combined together, enabling
to see a cancellation at the highest order in €. Such a cancellation is already a key
point in [50]. Namely, after setting U := u,,, — (uon + uf,,0), we can write

1 £ g 1 £ — g £
L+ L+ :82/Q(5p VG- 6utdx — €2/QH”(papp)03p(5u3(5p dx
1
- 8/H”(papp) V1 - 0us dp°dx

_ 1/5 Yt >(V ) dusdr — 1/5ﬂ (ugy) " - Sujpda

3

/5,0 ez X U(zp, x3, 2, ;3,t)-5u5dx.

Notice that H" (p) = @ and that (Viip;)t = —Vup1. Moreover, from (3.2.2)) we
have

pVG =p'(p) Vp,
so that
]' 14 c 1 (— — g c ]' 1! =5
L+ L+ 15 = — 62/ (H (Popp) — H (p)) O3pous dp°dr — 5/H (p) O3p1 dus dp°dx
)

1 1/ & " £ 1 €
-2 [ (# )~ 1) Voo 5pdn — [ ) v
Q 19

— /Q(SpE U,f(xh,xg,%, 1_;”3,75) ousdr = Jy + Jy + I3+ Jy + Js5.
Using a Taylor expansion for h(z) = H”(z) with integral remainder, we can write
Dot Jo== L [ 0G0 047 + i) o) 605 37
— /pr (/01(1 —s)h"(p+ sspﬂds) Dsp dug dp°dx
=— /pr (/01(1 —s)h" (p+ sepﬂds) Osp dus dp°dx
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where we have used in the last equality. Since p;, p and 03p are uniformly
bounded in time and space and from , the control of J; + Jo becomes similar
to the one exhibited for 5. In the same way, after noticing that both V,p; and
et (H "(papp) — H" (ﬁ)) are uniformly bounded both in time and space, the control
of J3 is obtained. Then, J; + J; and J3 verify estimate . The same can be
said about J5, also because Uy, belongs to Ly,

Therefore, it remains to deal with Jy, for which we rely on Hardy’s inequality.
More precisely, let us start, as usual, by dealing with the essential part: we have

1 . . o T dus,
21007 03] = | [ 1507 2 ) 2

Q Q 9 x3
< 10667)

g
Cut(tson, Q) .. 105505 2
t,xz,C

< & [ (i) + 2 bl 10l

Notice that, for € small enough, the second term can be swallowed by the third
term in the left hand side of (3.3.22). As for the control of the residual part,
suppose that v > 2 for a while: in this case, we can argue in the exact same way

and obtain, in view of (3.3.27)), that

1

! / 160°),00 (ulla)* - S0t
€ Ja

< (100 Tseal 2 € 1050ug |l -

hHLt","Z,C
C e € 2 bl 2 112
<5 /QE(p o) + Ce ng,bovhu%’< XA

The case 3/2 < v < 2 is slightly more involved. The control over {0 < p* < p—o0}
does not present any special difficulty, since we have on that set uniform bounds for
pe (and obviously for p7 ): then, we can argue as for controlling the essential part.
Hence, let us focus on {p° > p + o}. First of all, using that va+b < y/a + Vb,
we notice that

1
! / (65T (b - 6

€
1 € 1 15
8/\/5/)6 Lipe>pto) ‘Uglh’ Ve [0ug] + 8/\/5/)5 Lie>pto) ‘Uglh‘ \/Papp 10UR] -
(3.3.37)
For the first term in the right hand side of (3.3.37]), we proceed in the following

way:

<

Vo Lrspiay fub] v 16

< 166 e 1

I‘GSHL’Y

], /7E Sl (£(2))
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where 1/(2v) +1/2+1/q = 1. Using ({3.3.23) and (3.3.24]), we deduce that

L[V Ly ]
/(2v)+1/
< et (L <papzpp>)1 T ] IS
— (580 im) il vl

After an application of Young’s inequality, this term can be controlled by Gron-
wall’s lemma in the final estimate. For the last term in (3.3.37)), we can argue in
the following way:

o [ 5ui
/ 5p 1{05>p+0} ‘U’O h‘ \/ papp |5uh| = & / 5p 1{;05>P+U} ‘ U’O h papp T3 ‘
Vel ubl A/ PE Ou + pipl ubl i&f
{p=> 0,h app app-{p*> 0,h 3 h

< ¢ [|0s0uill 2

(

where ¢ is defined as above. At this point, we notice that, in view of (3.3.6]), we

have that ||[p°] =0 (SZ/V) and that £(Qes) = O (¢%). Therefore, we finally
find

Cuo,hH

V2 (L)) +

pippHLoo (‘C(Qres))l/2> )

o 7 75

res ||LW

1
. / VOO Lespion [ulln| \foiy 10U5] < Cie + 62 110500572 |

where, for 4 > 0 small enough, the last term can be absorbed in the left hand side
of the energy inequality. In the end, we deduce the following control for & small
enough

C £ £ g
Bt bt Bl < 5 [ B (o) + Co DIV

+ Ce(eKi (1) + 85 (1) Ks(t) + 65- (7)) + (C? + 6y (7)de ) || 0s6u; |72

(3.3.38)

where we recall that the last term in the right hand side can be absorbed into the
left hand side of . Finally, let us deal with I7.
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Term I;. We start by considering the following decomposition:

£
- / p° ug Ocul (%) - du — / p°ous, - Vi(uop + uf)y) - 6us, — € / poout - U - du®
Q Q Q

:J6+J7+J8+J9+J107

1
I; = —/96,05 Uy * Vg, - OU° — /Qp6 dus 8Cugl7h(%3) - duy,

£

where eU = ¢ (Vu; + (Voh)u?l) is the remainder term in the expansion for Vug,,.

The first term Jg can be handled as done with Ig, after noticing that
uo, - Vul, = (Uo,h + ug{h) - Vi(uop + uyp) + (uLg + ul{l:,,) Oeuy () + hot.,

app app

) . . . :
where h.o.t. represents higher order terms in €. Then ug,, - Vug,, is uniformly

bounded in L5,. Therefore, Js also verifies an inequality similar to 13.3.36)) above.
The terms Jg, Jy and Jiy can be simply bounded as follows:

2

L2’

Vo ou

1 < ], Vo

C HVh<'U/(],h +ul())l,h)H ?

| Jo|

IA

oo H 2
Lt,z L

o < Ce|Ul|gs, ||/ ouf

2
L2’

We remark that these estimates holds for v > 3/2.

We now focus on the remaining term .J;, which is the most difficult one to deal
with. The difficulties come from the need to gain smallness in € by using Hardy’s
inequality as above, from the low integrability of the residual part and from the
fact that this term is quadratic in du®. We first decompose

P° = [00"]ess + (00 ]ies T Papp- (3.3.39)

The essential part is easy to bound, owing to the boundedness of p* on that set
and to an application of Hardy’s inequality: more precisely, one has

1

3

)
ous

xs3

[
ous,

IN

| 6 55 0l (2) 00| < [0

A
Lto?:v 1.2 X3 L2

< Ce 0500 o [|8s0u5]| -

< OS2 0500 |20 + C V2 |1056u5) %

where both terms in the right hand side can be absorbed into the left hand side of
(3-3.22)) for £ > 0 small enough. The control of the part involving pg,, is similar,
so let us turn to the residual part. Two different estimates are computed if v is
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larger or smaller than the critical exponent 2. For v > 2, we write, for a € (0, 1)
to be chosen later on,

5u§ _ (5 a)l—a ((5U3) o

u
3 $§¢ 3

and then apply Sobolev’s and Hardy’s inequalities which yields

(Ou5)
g

156l 5, < CIVaGIE" wna |

< C|0s0]l5e (3.3.40)

Lo

We use the same technique for du5 with 8 € (0,1). Then, choosing «, $ such that

atf=3,
we have, for all 6 > 0 to be chosen later,
1 € € bl [x3 5
- o [00%] s OU3 acuo,h(?) - oy,
Sus)™ a5+’ (6us)?
— ~atp-1 Sof 551—04(3 3 abl@.éfl_ﬁ h
01 [ 10 (008 00l () - ui

< e 007 s 22V 0u5 | 12105805 152 [V 60 | 127195805 72 16 Dty | o=

res

1/2
1
<0 (L [ Bwsi)) VO
Q

05 e € €12
S ? K1<t) QE(p 7/0app) + de HV(SuhHL2
— Cg e € €12 £112
== Ki(t) | E(p% p5p) + 0€IVaoug 72 + 0 [|030u5 |72,

Q

where Ky € L' ([0,T)) for all T > 0 (here Ki(t) = [Vus(t)[17: + [[Vug,, 5()172)-
In the second inequality we have used the lower bound

E(p(t), plpp(t) = c 10p" (1)

which comes from (3.3.23) when v > 2. It is clear that, for § > 0 small enough,
we can absorbe the last two terms into the left hand side of .

For 3/2 < v < 2, we use the same argument as in the case v > 2 for 6u§. The
control of du;j, instead, is via the anisotropic Sobolev embedding given in Lemma
W Hence, for a € [0, 1] such that 2 — % = «, Holder’s inequality gives, using
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(3.3.40) for dus and (3.3.29) for duj, with k = 5(_%+%)+,

1 € € T3 €
2| [ 6] s 0t (2 - 50
Q
6 g\ (0%
= e[ ol S o ) 6
Q x3 ga ) &€
< O 55 el IV 501 0505 15

x (K2 Voug |22 + k]| Os0ug [122) [1CDeubl ||~
&'V ous |2 (1572 [ Vadus |2 + el Os0uf | 2)
) ||V g 72 + C . )™ ( IV adu 132 + w2 0s0u5 |2

o

< B V852 + Clya, NeE 7 [ V30u5 172 + Clou, e 9505 1.
(3.3.41)
Hence we see that we can swallow the whole right hand side on condition that
v > 6/5 (which is the case since v > 3/2 so that a € [0, 1], see above) and ¢ is
sufficiently small. To put it in a nutshell, we obtain the following bound on J;:

C 3
|J7] <*5K1( )/QE(PS,PZM,) + (55+C€2 + 85 (7)C (1, Ne™) [|056u; |72

+ (0e + 8- ()C (1, N 7) [ Vadu 13-
+ (- (1) 22+ ) | Vo

IN

| /\

(3.3.42)
Therefore, we finally get the following estimate for I;:

H £Ce Rt + 8 () Kalt) + 0 )+ S0 [ B ()

+(G2- (1) C + C1 + Ca) |V 0|

+ (5e+ Ce +527(7)0(u7 Ne'*) [|0sous |7
(84 8- (N0 NE2 ) IVadui 72
(65 () ™20 1 O3 || V805 2

(3.3.43)

Remark 3.3.6. The anisotropic Sobolev embedding can be used to provide better
estimates only for ~v small. Indeed, in the control of Jy with the residual part of §p°
(13.3.37)), using Lemma we get a remainder term of order € with 0 < a < 1
for 3/2 < v < 2 and € with a > 1 only for v < 12/11, while by using the
smallness of the Lebesque measure of Qo5 we get a remainder term of order € for
3/2 <~y <2.
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In the end, summing up our estimates, we get from (3.3.22) the following dif-
ferential inequality: there exist functions Cy(t), Cy(t) € L'([0,T)), and constants
C3 >0, g9 € (0,1) such that for all € € (0,¢), for all ¢ € (0,7T), for all § > 0,

d 1 € €12 1 e €
dt<2/9p |0u?| dw+€2/QE(p ,papp)dx>

—i—u/ |Vh5u€]2da:+€/ |835u5|2dx+)\/ |V - dus|*dx
Q Q Q

) 1 (3.3.44)
< o) ( [ luPds + 5 [ By de) + 2Calt
Q Q

+ (BN 0G|V + Cy (0 + €'+ (|90 |3
+ (mined) 4 Ce) [|asous 3.

Let us stress that Cy(t), Cs(t), Cs and gy do not depend on £. The quantities
these constants depend on have been written explicitly in the computations above.
In particular, Cy(t) and Cy(t) contains the functions K7 (t) and Ks(t).

Choosing 0 small enough and using the identity dsdus = V - du® — V), - duj, the
last three terms in (|3.3.44]) can be swallowed in the left handd side. The estimate
in Proposition follows from the Gronwall’s lemma.



APPENDIX A

Solid with non-flat bottom

We derive here the equation for the solid motion, as in Section 4, in the more
general case of a solid with non-flat bottom. Due to the fact that the interior and
exterior domains do not change during the motion, we suppose that the contact
between the free surface and the floating structure takes place on the vertical
side-walls during all the motion. Then we can state the following proposition:

Proposition A.1. In the case of a solid with non-flat bottom, Newton’s law (|1.5.1])
can be written under the following form:

(m 4+ m2F (56))da(t) = —cba(t) + eC.(t, R) + ( ; BNF«SG)) 520 (A1)

h%(t, R)
with
R4 om R 7“3
—pgrR?,  b="" NE(§ :/ .
€= PITI g e 6) =75 o ho(oa,r)
b ap (B

NE(§) = — 2 / " ohy(be.r) d

06 = gaGem s ), WO e ) dr

and the dependence on g given by
hi (0, 1) = d6(t) + Iy eq(T).
Remark A.2. One can note that in the case of a solid with flat bottom (0,h.,(dc, 1) = 0)
my (0) = ma(dc), BN (6a) = B(5a),
and coincides with ([1.5.2).

153
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Proof. We derive only the expression of F }lm-d and F' }HM in the case of a solid with
a non-flat bottom. The added mass term comes from the fact that FJj,;, can be
written as

Fiiyia = —my" (hy)ibg
with R s
NF pT r

R — —d

O

By definition,

R
r h
FL . =2 — [-—29,P" | rd
fluid — 71-p/o 2hw ( P z) rar

with P! defined as the solution to (1.3.3). Since we want
BI - Patm € H&,r((()’ R))

1
we get

—h—waPI—a q—g + == 4 + ghyO,hy.
p e R Th g

Using the formula for the horizontal discharge in the interior domain
qi(t,r) = —g&;(t), we obtain that

R Ir 3 2 2

Also in the case of a solid with non-flat bottom, 1) admits the unique constant
solution

Pt r) = pg(C(t, R) — Gi(t, R)) + 2% J(tR) (hQ(i R) h? (i, R)) ’

with ¢;(t, R) = —%&;(t). By definition of Ffj;,;; we have

F}}fnd = C(<€<t, R) - Cl(t7 R)) +b (hg(tl R) - h2 (i R)) 6?;@)

The relations ((1.5.6)) and ((1.5.7)) still hold but in this case we obtain
R
—mg = 27Tpg/ r¢(t,r)dr — cdg(t).
0

Now we observe that the term 7p fOR gr20,h,dr can be written by integration by

parts as
R

R
71'[0/ g7’2arhwd7’ = cC’i(tu R) - 27Tpg/ rgi(t’ T)d,r
0 0
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where 0.h,, = 0,(, = 0,(; using the constraint (1.1.6). Putting all these expres-
sions in Newton’s law (1.5.1)) and integrating by parts, we get (A.1). O






APPENDIX B

Proof of Lemma [1.6.5

We prove here the product estimate in Lemma [I.6.5

Proposition B.1. Let k > 1 be an integer. For f,g € H*((0,T)) the following

estimate holds:
||fg||Hk((o,T)) N ﬁHfHH’“((O,T))||g||Hk((O,T))

d d
(O + 1 fO)]+ o+ s

k-1

FO)Dgll zx 0,y
d dkfl

+ (lg(0)] + |a9(0)| +...+ |W9(0)|)Hf”Hk((O,T))

Proof. We write f(t) as

t
d
— d
s
hence
11 2oy < IFO+ VT 1 f oy

We prove (B.1)) by induction. For & = 1 we have

df dg
1 fgllzr o)y S N1 f9ll2q0.m)) + H%QHLQ((O,T)) + Hf@”m((om)

df
< (Ifllz2 oy + ||%HLQ((O,T)))HQHLOO((O,T)) + 11 fll 2o o, |9l 1 0,19

< V2| fll oy gl ooy + 1 f ooy gl o,

157

(B.1)

(B.2)
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and using (B.2) we get

£l mory S VTl oy gl o)

(B.3)
+ 1Ol gl 0.y + g O] F 1l 21 0.9

Let us suppose that is true for £ — 1. Then we have
dk
1 f9ll e 0.y < N Fgllae-10,m)) + ||%(fg)||L2((o,T))
d* d*
S W fglli=sory + 7 fllez o gl oy + 1l orn | 791l 20y
dk 1 k—1 ; dk )
”dtfHL ((0.1)) Hdtk 9| Lo (0.1)) +ZC““dth”L (.|l T —= fllz.m))-

k—1 %

From the estimate (B.2) for f,g, =19 an nd ?f we get

||f9HHk((o,T)) 5 HngH’C*l((O,T)) + SﬁHfHH’“((O,T))||g||Hk((O,T))

dQ dk 1
+(|f(0)"|"dt2 O) + o+ 57— g1 FODgll 0,y

dk 1
+ (19(0)] + |29 Ol o1

and (B.1)) follows using the inductive hypothesis. ]



APPENDIX C

Hankel functions

In this appendix we show some results and properties for the Hankel functions.
Let us consider the following differential equation:

d®w  dw

2 2 2
22—t z—4+ " —-rvH)w=0, zeC.

d22 dz ( ) )
This differential equation is called Bessel equation of index v. Solutions to this
equation are called Bessel functions. Let us consider the case when v = n, with
n € Z. Bessel functions of the first kind, denoted by J,,(2),

1._\n . <i22)k
Tnlz) = (32) ,;::()(_l)kk! Tntk+1)

are entire in z.

Bessel functions of the second kind, denoted by Y;,(z)

— k=D o\k 1
1 D (Zz> 210g(§z)J (2)

. Z
G (~122)"
2 k 4
Z:: Do+ kD) e oo
/
where ¢ = —, with I" the Gamma function, have a branch point in z = 0. Both

J, and Y, are real valued if z is real. Let us define

HW(2) := J,(2) + iV, (2),

n

159
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HP (2) = J,(2) — iY,(2).

n

We call them respectively Hankel functions of first order and second order with
index n, and they are solutions to the Bessel equation. Each solution has a branch
point at z = 0 for all n. The principal branches of H(V(z) and H(®(z) are
two-valued and discontinuous on the cut along the negative real axis. They are
holomorphic functions of z throughout the complex plane cut (see Chapter 9 of
[11).

Now let us show some representations of these functions useful for our problem.
From [122] we have an integral representation for z = = > 0:

2 —nmi/2 +oo
HW(z) = - / e<osh(®) cogh(ns)ds
i 0
and -
2 nme oo .
H(z) = — c / e~ @eosh®) cogh(ns)ds,
T Jo

and a series representation for large |z| and 0 < argz < 7:

HO(2) = \/Tei(z—z—n;’) [pf Hra(n) O(Z—p)]

HO(2) = \/Tei(z”nﬂ YZI wln) o —p)]
Tz S
with
ap(n) =1,
4n? — 12H{4n? — 3%} - - {4n® — (2k — 1)?)
i) < B PU ) 1)

Last we recall analytic continuation formulas for m € Z (see [41]):
H{O (zem) = (=)™ ((m = 1) HP(=) + m H2(2)),

HP (zem™) = (=1)™(m H(2) + (m + 1) HP(2)).

n

HOE) = HO(:),  HP(E) = HD (),

n



APPENDIX D

The case with an exponentially
decreasing kernel

We address here the case where the convolution kernel F' of the nonlinear integro-
differential equation has an exponential decay instead of the polynomial
decay t~2 assumed in Section 2.2 We recall that in that case the assumption was
justified by the numerical computation of the function F'. However, interested in
this type of integro-differential equation (widely used in population dynamics), we
address the case of the exponential decay for the kernel, which may occurs in other
contexts.

Let us make the following assumption on the long time behavior of the convolution
kernel:

Assumption D.1. F is a positive exponentially decreasing function, that is there
exist M > 0, v > 0 and ty such that

F(t) < Me™
for all t > t,.

Differently from the case studied in Chapter 2] here Lemma does not hold
since F' does not have the particular structure that allowed to prove the equality

(2.2.21)). Instead, we suppose the following property on F':

Assumption D.2. The convolution kernel F' satisfies

/m F(0)do < Jj. (D.1)
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The inequality is of the same type as the one given in [98]. These as-
sumptions will be used not only to prove the existence theorem but also to get a
stability result. We state now the global existence and uniqueness of the solution
to the solid motion equation considering the linear shallow water equations in the
exterior domain:

Theorem D.3. The Cauchy problem for the nonlinear second order integro-differential
equation ([2.3.1) with initial data

5G<0) = 50 # 07 6G<O> = 07
admits a unique solution dg € C*([0,+0),R) provided

hopm H _pmH
pR? p

(50 < min <h0, ho (D2)

Proof. The proof is analogous to the one of Theorem [2.3.4, However, in this case
the weighted space of uniformly continuous functions BUC), is replaced by .

BUC. = {p € O((—00,0],R?) : § — e™¢(f) is bounded and
uniformly continuous}

for n > 0. This is a Banach space endowed with the norm

[ pllen := sup e”|p(0)].
9<0

We write (2.3.1)) as
dx(t
Zi ) _ Fm) vt >0

To = Po € BUCen.
with ¢y = (Jp,0)? and F asin (2.3.6). Then, the same analysis can be carried out

and we can show that F, defined in :2.3.11) is Lipschitz on the new space BUCs.
Lemma D.4. F : BUC,, — R2? is Lipschitz on bounded sets for n small enough.

(D.3)

Proof. We just prove the Lipschitz continuity of the convolution term. From the
expression of Conv and using Assumption [D.I] we have

0
|Conv(u) — Conv(v)| < / |F(—s)le”ds||u — v]|en

+oo
< (C’o + M/ e(_7+")5ds> |t — v]|en
to

where Cjy comes from the fact that F' is continuous on [0, tp]. Choosing 1 such that
—v 4+ n < 0, from the same properties of the cut-off functions x¢, x1 and xs the
result follows. N
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Then, we can apply Theorem 7.4 of [87] to
dx(t ~
{ ™0 _ F) vt > 0

dt
Ty = 900 € BUCen.

(D.4)

and we have that (D.4) admits a unique solution z,, € C((—o0, 7), R?) with initial
data ¢g. From the continuity of F we get z,, € C'((—00, Ty, ), R?). Furthermore
the theorem gives an explosion condition on the solution, i.e. if 7,, < 4-00 then

lim |z, (£)]| = 400 (D.5)

Teo

The global existence is derived from the conservation of the fluid-structure problem
energy. [

The difference with respect to the BUC,-case is that, considering the space
BUCn, we can state the following local stability result:

Proposition D.5. The equilibrium dg = 0,0¢ = 0 of ([2.3.1) is exponentially
asymptotically stable, i.e. there exist M > 1,w > 0 and ¢ > 0 such that

16c(1)]? + |0c(t)|? < Me 62 VWt >0 (D.6)
for 60| <e.

Proof. Since F(Opyc,,) =0, 2; = 0 is an equilibrium solution of (D.3|). Moreover,
let us consider the linearized equation of (D.3])

dx(t)

pu— >
Ty — @o c BUC@V}
where £(x) = (Tro(x;), S(z,))” with
~ —cTry(xy) — vTre(xy) + Conv(x
8,y = —Lrilee) 2(20) (@) (D.8)

m + mg(0)
Let A€ Q:={X € C:Re(\) > —n} and consider
AN =M — L(eM) € My(C).

Suppose det(A(A)) = 0. Then A satisfies the following equation

22— A(m (—u + c/o F(-@)&%@) S (D.9)

m -+ mg oo m + mq(0)
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The left-hand side of must have real part negative and imaginary part equal
to zero. Combining this with Assumption , necessarily Re (A) < 0. Therefore
we can apply Theorem 8.1 of [87] to get the following local stability result for the
semiflow U(t)pg = 24, (t + 0) in the BUCn-norm: there exists M > 1, 6 > 0 and
e > 0 such that

[0 (t + Iy < Me | pollen ¥t > 0 (D.10)

for ||¢ollen < €. By definition of the BUCs-norm we get (D.6)).
[



APPENDIX E

Quasi-geostrophic equation: global
well-posedness

In this appendix we discuss the well-posedness result for the quasi-geostrophic
equation (3.2.39)):

0, ((325) 4~ () Aa) — (7) Vica - Vadg + iy — YOI p g — g,

?'(p)
Different versions of this equation appear in the literature as the limit dynamics
of highly rotating fluids systems, see for instance [47], [54], [43] and [44]. The

well-posedness of a higher order quasi-geostrophic equation was also investigated
in [36]. For the sake of simplicity, in this section we assume

7' (p)

]/ P\ VPO +y/p(1) _
<p>—< >—1, NG = a,

for some a > 0. Let us give the weak formulation of the equation:

Definition E.1. Let o € H'(R?). A function q is a weak solution to ([3.2.35]) with
initial datum qq if

g € L=([0,T); H'(R*)) N L*([0, T); H*(R?))

165
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and it solves, for ¢ € C3°([0,T) x R?),

T T
— / / (q@tqb — Ahq . 6@) dxhdt 4+ / / Athﬁq . thbdxhdt
RQ RQ

0 , . 0

+ u/ / ApgApodxydt + a/ / Apq - pdxpdt (E.1)
0 JRr2 0o Jr2

— [ (@6(0) + Vato - 916(0)) day

]R2

In order to show the existence and uniqueness of the solution to (3.2.35)), we
need the following a priori estimate.

Proposition E.2. Let qo € HY(R?). Then, there exists a constant C > 0 such
that any smooth solution to ([3.2.35) with initial datum qo satisfies the following
equality for allt > 0:

t
ol +2 [ (I Vaa(r) s+l Suar) ) dr = ol (B2)

Proof. Using an approximation argument, we can test the weak formulation (E.1))
with ¢ and we get

(la@)13= + [ Vna()32) + / (@l Vag(r)I3 + ul Ana(r)132) dr

1
=5 (laolZ: + [ Vaaollz)

1
2

where the convective term
/ AngVig- Vig =0,
RQ

and the result follows. m
We can now state the following well-posedness result:

Theorem E.3. Let qo € H'(R?). Then, there exists a unique global weak solution
q to the quasi-geostrophic equation (3.2.35)) such that

q € C(Ry; H'(R?*)) N L¥(Ry; H'(R?)) N L*(Ry; H?(R?))

with initial datum qo. Moreover the solution q satisfies the energy equality (E.2)
for allt > 0.
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Proof. Following [36], the rigorous existence result is established using the Friedrichs
smoothing method. The main idea is to construct smooth approximate solution
(¢™),, introducing the Fourier cutoff operator defined on L?

o~

Tuf = F 7 (Lygeeny (€)F(9)) (E.3)

which is the orthogonal projection of L? on the closed subspace L? of the L?
functions whose Fourier transforms are supported in the ball B¢(0,/n). It is a
generalization to the whole space of the spectral projector for the Laplace operator
in bounded domains (see Section 2.1 of [28]). The functions in L? are smooth and,
after applying the cutoff operator to the initial datum, we get the global existence
and uniqueness of the smooth solution ¢" to an approximate system. The solution
q" satisfies the energy estimate uniformly with respect to n; therefore, up
to extraction of a subsequence we get the weak-* convergence to a function ¢ €
L*(Ry; HY(R?) N L*(R; H?(R?)). After deriving some compactness properties
for the approximated solutions (¢"),, in order to overcome the convergence problem
for the nonlinear term, we can pass to the limit in the weak formulation of the
equation solved by ¢" and show that ¢ is a weak solution of , which gives
the existence result.

Let us show the uniqueness of the solution. Denoting w = ¢; — g2 where ¢; and ¢
are two solutions to (|3.2.35)), we substract the weak formulations for ¢; and
g2 and testing with w it yields

;(Hw(t)lliz + IVaw(t)l72) +/0 (@l Vrw(n)lIz2 + pllApw(r)|72) dr

1

t t
=3 (hwoll 72 + 1 Vnwoll72) —/ Vi - Viw Apw —/ / Apg2Vigw - Viyw,
0 JR2 0 JR2

where the last term in the right-hand side obviously vanishes. By using the
Gagliardo-Nirenberg estimate for u € H'(R?)

1 1
[ulls < Cllull L[Vl .

we have

/ Vi1 - Viw Ayw| < [Vawlloe | Viqu | s [| A
R2

1 1 1 3
< ClIVawll IVl Zll Aq| 22l Anwll 72

I
< CIVawlz=lValzzAa 7 + 1 Auw]:.
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Hence we get

1 t W
3 (1O + 1V OlE:) + [ (V) + S ) dr
1 t
< 5 (ool + 1Vawo132) +C / IV (7132 | Ay (7) 172 | Vi (7) |3 2dr

By (E.2)) the function ||Vq;(¢)||%:[|Aqi(¢)]|2: is integrable in (0,T) for all T > 0
and we can apply Gronwall’s lemma to get

t
Jw(®) |72 + [ Vaw(t)]|7- +/ (QOéHVhw(t)H%z +MHAhW(t)H%2)
0
t
< <||w0||%2 + ||Vhwo||%2) olo 201V a5 [ Aall?

and the uniqueness follows directly. For the proof of the time continuity we refer
to Section 4 of [36]. O

We actually need more regularity for the solution ¢ to compute estimates in
subsection (|3 . For example in the control of the term Is we require dyug,,, to be
bounded in tlme and space; if we consider the term Oyugp, = 0, Vi i ¢, using the linear
part of the equation (the non-linear part is easily checked to be somehow lower
order in this computation), we need ¢ € L*®(R,; H*(R?)) to control 9;Viq ~
Vi(Id — Ap)'Afg in Lg%, Higher regularity estimates can be established in a
general way using the same paralinearization argument as in [36]. In the following
proposition we establish higher regular estimates in the case of Sobolev spaces
with integer order via an inductive argument. Here, the notation ||V™ul|,, stands

for the sum of the L? norms of all Dy = 8957, for 8 € N? such that |3| =

Proposition E.4. Let n > 1 be an integer and qo € H"(R?). Then, there exists
a constant C,_1 > 0 such that any weak solution to (3.2.35) with initial datum qq
satisfies the following inequality for all t > 0:

z(uv Ol + IV a0 35 +Z(/ 195"l + 1937 )

(E.4)
NS (IV3aollz2 + 1V ol 2 )

7=0
with Co = Cy =1 and C,—1 = Cp_1(||qo| gn—1) forn—1> 2.

Proof. The proof of the proposition is by induction. For n = 1, the inequality ([E.4))
is trivially derived from ([E.2]). Let us prove the estimate for n = 2. Omitting a
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standard approximation argument as before, we can test the weak formulation

(E.1) with —A,q and we find

5 (930 + 180 0)13) + | (Al + Vs Asa(Ps) dr -

1
=3 (th%”%? + ||Ahq()||%2> :

Summing up (E.5) and (E.2)), the inequality (E.4) for n = 2 follows.

Let n > 2, and let us suppose the inductive hypothesis at any rank j < n.
We want to prove the estimate for rank n 4+ 1. We start by testing with
(—1)"A}q. We have to distinguish between two cases, depending on whether
n =2m or n = 2m + 1, for some m € N. Let us detail the computations only for
the former case, the latter being analogous. So, assume n = 2m: concerning the
linear part of the equation, straightforward manipulations lead to

/ (0(1d = An)g — adng + pAlg) A" (E.6)
RQ
1d 2
— 5 |, (a0a + 19uapa®) + o [ Vaapal + [ |apg
th RQ ]R2 R2

The final estimate follows then from this equality and Calderén-Zygmund’s theory,
provided we are able to show a global L? bound in time on the integral involving
the convective term

_ / Viq- VidngAZg = — / A (Vg Vadag) Apg.
R2 R2
Observe that
Ay (Vﬁq : VhAhCI> = Viq-ViAl'q + > DVikq-Vi,DApg,
1Bl+[n|=2(m—1)

151>0

where the sum is performed for |3] > 0 (at least one derivative falls on Vi q).
First of all, Holder’s, Gagliardo-Nirenberg’s and Young’s inequalities (together
with Calderén-Zygmund’s theory) yield

[V Viara gt < Sl 1908l |87,
1/2 1/2 1/2 3/2
< [Vagll s 1Anall2 IVl | Ar+a| ),

2 2 m o2 EyAm 2
< Oy IVaalZe [ Anallze IVhATalZ: + 7 A7 ], -
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Of course, the last term can obviously be swallowed in the left-hand side of the
inequality, thanks to the last term in . On the other hand, the term V,A}’q
contains 2m + 1 = n + 1 derivatives, so it is in L*([0,7)) for all T > 0, by the
inductive hypothesis. Moreover, since n > 2, both ||[V,q||3. and [|Axgl|3» belong
to L>([0,7)) for all "> 0. Hence, we deduce that

T
2 2 m o2 2
/0 IVaallze [|1Anallz2 1VaAFallz2 dt < Coy llgollgn -

For the sake of conciseness, we omit here to give the details of the control for the
term

> DiViq-ViD]Ang,

Bl+|n[=2(m—1)

18>0
which can be performed resorting once again to Holder’s and Young’s inequalities
and is actually easier, since each term appearing in the product is of order strictly
smaller than n. Notice that, after the application of Young’s inequality, the re-
maining term will be always L' ([0,T)) for all T > 0 because D) Vi-q contains
at least two derivatives, and then we can apply the bound or the inductive
hypothesis. O]

We conclude by noticing that, from the previous estimate, a well-posedness
result in H"(R?) similar to Theorem easily follows.
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