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Introduction

A central problem in stable homotopy theory is to understand the homotopy groups
of the sphere spectrum localised at each prime p, w*(S?p)). A powerful tool for
computing the latter is the Adams spectral sequence, whose E,-term is given by
Extji{: (F,,F,), the extension groups over the Steenrod algebra .4,.. However, this
method only allows one to compute ﬂ*(S?p)) stem by stem. In the 60’s, Frank
Adams in his study of the image of J, [Ada66] showed the existence of an infinite
family of elements of ,(S°) living in arbitrarily large stems. This was the first
periodic family discovered, known as the a-family, of the stable homotopy groups
of the sphere. Adam’s work and subsequent work by L. Smith, Toda and Miller-
Mahowald-Wilson and others motivated and marked the beginning of chromatic
homotopy theory.

In the 70’s, Ravenel published a series of conjectures which described the global
structure of the stable homotopy category. Most of the conjectures were then re-
solved by Hopkins and his collaborators. In fact, the chromatic point of view
offers a promising tool to analyse 7 (.5, ?p)) in a systematic way by decomposing
it into smaller pieces. More precisely, let L,, and Lk, denote the Bousfield lo-
calisations with respect to the n'* Johnson-Wilson theory E(n) and n'"-Morava
K -theory, respectively (here the prime p is implicit in the notation). We have the
chromatic convergence theorem.

Theorem 1 (Hopkins-Ravenel, [Rav92]). Let X be a p-local finite spectrum.
There is a tower

o > Ly X — Ly 1 X — .= LoX = LpgX,
such that X is homotopy equivalent to its homotopy limit.

Furthermore, the chromatic fracture square asserts that L,, can be inductively de-
termined from the Bousfield localisation L ,,) with respect to the mt" Morava
K-theory for 0 < m < n, via the homotopy pull-back squares



Introduction 2

Theorem 2. [Rav92]. For any spectrum X and all positive integers n, the follow-
ing square is a homotopy pullback square

L,X Ly X

| |

Ly X —— LnflLK(n)X

Therefore, in the chromatic approach to stable homotopy theory, it is crucial to
understand the K (n)-local homotopy category at all primes and all natural num-
bers n, referred to as the chromatic level. For this purpose, a general strategy is
to study the homotopy type of the K (n)-localisation of various finite spectra. A
central result of the theory is the work of Devinatz and Hopkins [DH04] which ex-
presses the K (n)-localisation of a finite spectrum X as the continuous homotopy
fixed point spectrum
LxmX = EM" A X

where G,, is the extended Morava stabiliser group, which is profinite, and E,, is
the n'* Morava E-theory, see Section 1 for more details. Moreover, for any closed
subgroup F of G,,, there is a K (n)-local F,,-based spectral sequence or homotopy
fixed point spectral sequence converging to . (E™ A X)), with the Ey-term being
the continuous cohomology of F' with coefficients in (E,,).(X):

H;(F, (E,). (X)) = m(E)" A X) (1)

The study of chromatic level one was a great success: the homotopy groups of
Lk 1)S? have been completely computed at all primes and, at the prime 2, L (1)S°
detects essentially the image of J. Chromatic level two has also been thoroughly
investigated at odd primes. It started with the computation by Shimomura and his
collaborators of the L5 localisation of various finite spectra (see [SY95], [Shi97],
[Shi00], [SW02]). Later Goerss-Henn-Mahowald-Rezk in [GHMRO05] proposed
a conceptual framework to organise the K (2)-local homotopy category at the
prime 3, in which the authors constructed a finite resolution of the K (2)-local
sphere using higher real K -theories. See [GHMO04], [HKM13], [GH16] for fur-
ther investigations at n = 2 and p = 3 and [Beh12] for an exposition of L,S° at
p = o.

The situation of chromatic level two at the prime 2 turns out to be much more
complicated and we are only beginning to understand it better. Considerable ef-
fort has recently been made to understand the K (2)-local homotopy category at
the prime 2 by the community. In [BG18], Bobkova and Goerss established a
finite resolution of a spectrum related to the K(2)-local sphere at the prime 2
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analogous to that of [GHMROS5], which realised an algebraic resolution of Sk,
a certain closed subgroup of the second Morava stabiliser group, constructed by
Beaudry [BealS5]. Based on her own work, Beaudry carried out a computation of
H*(S}, (F2).(V(0))), the Ey-term of the spectral sequence associated to (1).

Motivated both by the limited state of the art and recent progress on the subject,
this thesis aims to push further our knowledge of the /K (2)-local homotopy cate-
gory at the prime 2. One reason why the latter is hard to deal with lies largely in
the fact that the cohomological properties of the group G, are much more compli-
cated at the prime 2. However, one exciting feature of chromatic level 2 is its close
relationship with the theory of elliptic curves and modular forms, see Section 1.
At chromatic level 2 and at the prime 2, we can choose the Morava E-theory to
be the Lubin-Tate theory associated to the formal group law of the elliptic curve
C :y* +y = 23 over F,. We denote by E¢ and G the corresponding Morava
E-theory and Morava stabiliser group. Then the K (2)-localisation of any finite
spectrum X can also be described as

Li@X 2 B} NX.

One of the main tools used in this thesis is a certain finite resolution in the K (2)-
local homotopy category. Let S be a closed subgroup of G¢, G4 be the auto-
morphism group of C' and Cj be a cyclic subgroup of order 6 of G54 (see Section
1 for details).

Theorem 3. [BG18] There exists the following resolution of EZSIC in the K(2)-
local homotopy category at the prime 2

hSL 6 4 13 3
EISe 2, g Oy g g, O g

where £y = Ep°, & = & = E} and E; = BB

This resolution is commonly called the topological duality resolution. The spec-
SL . ) i e
trum Eg ¢ is used to build the spectrum Egsc , where S¢ is the Morava stabiliser
group, via a certain cofiber sequence
hS hSL, 1—m hSL
and EgSC only differs from L 5)S® by the Galois action, i.e., there is a homotopy

equivalence
LK(Q) SO Y (EgSC )hGal(F4/F2) )

Thus this theorem offers a useful instrument to study the homotopy type of L 2) X
for finite spectra X at the prime 2. In particular, it produces a spectral sequence,
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known as the topological duality spectral sequence, abbreviated by TDSS, con-
1
verging to W*(EZSC NX)

BP9 2 (6, A X) = m_p(EC A X)), )

By now, it should be clear that judicious choices of finite spectra become impor-
tant. We refer to Section 1.7 for more information on the category of finite spectra.
The latter has a stratification whose strata consists of finite spectra of type n for
0 < n < oo and relevant for the study of the K (n)-local category are those of
type at most n because finite spectra of type greater than n are K (n)-acyclic. As
a general principle, the bigger the type of the spectrum, the harder the study of
its Morava K -theory localisation. Therefore, at chromatic level n, it is preferable
to start with the K (n)-localisation of certain type n complexes, then go down to
type 0 complexes, notably the sphere spectrum.

Main players in this thesis are finite spectra constructed by Davis and Mahowald
in [DM81]. Let A; denote a class of finite spectra whose cohomology is iso-
morphic, as a module over the subalgebra A(1) generated by (Sq', Sq®) of the
Steenrod algebra A, to A(1). As shown in [DM81], the class A; contains four
different homotopy types of finite spectra of type 2 which are distinguished by
the structure of their mod-2 cohomology as modules over the Steenrod algebra.
They are successively denoted by A;[00], A;][01], A;[10], A;[11], see Defini-
tion 3.2.1. The spectra A;[01] and A;[10] are Spanier-Whitehead self-dual, i.e.,
D(A;[01]) ~ 37%A4,[01] and D(A;[10]) ~ X7%4,[10] and the spectra A;[00] and
A;[11] are Spanier-Whitehead dual to each other, i.e., D(A;[00]) ~ X76A4,[11]
(here D(—) denotes the function spectra F'(—, S°)). By an abuse of language, we
write A; to refer to any of these four spectra and refer to any of them as a version
of A;. In particular, we use this notation in the statement of results that are true
for all versions. We emphasis, however, that all results are a priori dependent on
the version of A; and this is the case. The spectrum A; is constructed via three
cofiber sequences starting from the sphere spectrum. First, let 1/ (0) be the mod
2 Moore spectrum, i.e., the cofiber of multiplication by 2 on the sphere. Next let
Y be the cofiber of multiplication by 7, the first Hopf element, on V'(0). Davis
and Mahowald show that Y admits v;-self maps, v; : 3?Y — Y. Then A, is the
cofiber of any of these v;-self maps of Y. We note also that even though Y ad-
mits eight v;-self maps, the associated cofibers only have four different homotopy

types.

One reason for working with A; is the fact that it is the cofiber of a v;-self map
of periodicity 1, making a few computations simpler; this is in contrast with the
generalised Moore spectrum M (2, v}) which is the cofiber of a v;-self map of
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periodicity 4 on the Moore spectrum V' (0). The second one is that a sufficient
understanding of the homotopy type of Ly (2)A; might allow us to determine the
Gross-Hopkins duality formula for the K (2)-local homotopy category at the prime
2. In fact, the spectrum A; can be considered as an analog of the Toda-Smith
complex V(1) at the prime 3 and as demonstrated in [GH16], computations of
the homotopy groups of L2V (1) allows one to characterise the Gross-Hopkins
formula for the K'(2)-local homotopy category at the prime 3. The third reason
is that A; is a "small" finite spectrum of type 2 having only eight cells with the
top cell being in dimension 6, hence it is reasonable to expect that a study of the
homotopy type of A; gives us valuable information about the homotopy groups of
SO, at least about the v,-periodic families of S°. Let us expand this thought. The
authors of [BEM17] show that A; admits a v32-self map. Let [(v32)~!]A; denote
the associated telescope, i.e.,

[(UgQ)_l}Al = hocolim(A1 — 2_192A1 — ... — 2_192kA1 — )

We note that the homotopy type of this telescope is independent on the choice
of vy-self map of A; by Nilpotence and Periodicity Technology, see [Rav92].
Suppose that z € m;([(v3?)~']A;) is a nontrivial element. This means that the
composite

U32k}
St+192k N ElQZkAl 2 Al

is essential for £ € N. This gives rise to a nontrivial element of 7,.S Y in one of the
stems {192k + ¢ — |0 < i < 6}.

Moreover, the K(2)-localisation of A; might be used to detect nontrivial ele-
ments of the homotopy groups of [(v3?) 1] A;. In fact, the K (2)-localisation map
Ay — Lg@)A; factors through [(v3?)"']A; — Lg2)Ai. Ravenel’s Telescope
Conjecture predicts that the latter is a homotopy equivalence. As a key step to-
wards the study of 7, (L (2)A1), as explained in the discussion following Theorem
3, we study in this thesis the Topological Duality spectral sequence for EZSIC NA;.

We motivate, further, that the calculation of the TDSS for Egglc A A; will be useful
to study the spectral sequence for Y, then that for V(0) and finally that for S°.

Results and summarise of the thesis

We summarise progress made in this thesis. Firstly, we compute the E;-term of

the TDSS for Egglc A A;. More precisely, we compute completely the homotopy
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fixed point spectral sequences for F' = Gay, Cg
H*(F, (Ec).(A))) = m.(EM A AY). (3)

Here are qualitative versions of the results; see Theorem 5.3.19, 5.3.20 and Theo-
rem 7.2.4 for more precise statements.

There are classes
A% e HO(G24, (Ec)192), K € H4(G24, (Ec)2a),v € Hl(G24, (Ec)a),
such that

Theorem 4. As a module over the ring F4[A*8 K, v]/(VE), the Eo-term of the
HFPSS for EL** A A1[01] and EXC** A A1[10] is a direct sum of 46 explicitly
known cyclic modules.

Theorem 5. As a module over the ring F4[A*8 %, v]/(VE), the Eq-term of the
HFPSS for EL** A A1[00] and EEC** A Ay[11] is a direct sum of 48 explicitly
known cyclic modules.

There are classes A? € H(Cg, (E¢)4s) and 217 € HY(Cg, (E¢)18) such that

Theorem 6. As a module over the ring F4[A*? x17], the Eo-term of the HFPSS
for EZCG A Aj is a direct sum of eight explicitly known cyclic modules.

Secondly, we prove that the edge homomorphism of the TDSS is an epimorphism,
meaning that all differentials starting from the 0-line, consisting of 7, (EgG24 NAp),
are trivial.

Theorem 7. The induced homomorphism in homotopy of &y : EgSlC NA —

ESGM N Ay is surjective.

Finally, we analyse the differentials d; : E}'Y — E>?and d; : E}?Y — E>%. We
prove that the latter is trivial and the former is potentially non-trivial only in two
stems.

Theorem 8. The induced homomorphism in homotopy of 9y : Egcﬁ NA —
EgCG A Ay is trivial except possibly on two families.

Theorem 9. The induced homomorphism in homotopy of d3 : Egcﬁ NA —
248EgG48 A Ay is trivial.
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The thesis consists of five chapters. Here is a brief summarise of the contents of
each chapter.

In Chapter I, we review some background and tools used in the computation of
the Topological Duality spectral sequence. In particular, we sketch a proof of the
relationship between topological modular forms with level structures and higher
real K-theories. We also give a generalisation of the Davis-Mahowald spectral
sequence which is an important tool to analyse the cohomology of various Hopf
algebras.

In Chapter II, we analyse in detail the homotopy fixed point spectral sequence
for EgG“ A A;. We emphasise that there are two different outcomes for the E -
term of the homotopy fixed point spectral sequence, depending on the version of
Ay, see Theorem 5.3.19 and 5.3.20 and figures I1.22 to 11.29. As a main tool,
we apply the Davis-Mahowald spectral sequence to compute the Es-term of the
Adams spectral sequence for tm f A A;. We discuss some differentials in the lat-
ter, from which we obtain necessary homotopical input to run the homotopy fixed
point spectral sequence.

In Chapter 111, we compute the homotopy fixed point spectral sequence for EZCQ A
X and Egcﬁ A X for X = S° V(0),Y and A;. It turns out, however, that the out-
come does not depend on the version of A;, see Theorem 7.2.3 and 7.2.4 and
Figure II1.10. Firstly, we compute the latter for EgCQ A X and Egcﬁ N X for
X = S° V(0),Y using the cofiber sequences defining these. Finally, we dis-
cuss A;: similarly to the case of Eng‘* A Aj, we need information coming from
tmfo(3) A A; in order to complete the calculation of the homotopy fixed point
spectral sequence.

In Chapter IV, we study the edge homomorphism of the topological duality spec-
tral sequence. We reduce to the study of the induced map in homotopy of the
tm f-Hurewicz map A; — tmf A A;. We prove that the latter is surjective for all
versions of A;, see Theorem 7.2.18 and 9.0.5.

In Chapter V, we analyse the induced homomorphisms in homotopy of the maps
d2 and d3 of the topological duality resolution. We start by analysing the mapping
spectra between various higher real K -theories. Based on this analysis, we de-
scribe the maps &5 and 03 and then the induced maps in homotopy, see Theorem
11.1.5and 11.2.6.

Convention and Notation. Unless otherwise stated, all spectra are localised at
the prime 2. H*(X) and H,(X) denote the mod-2 cohomology and homology
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of the spectrum X, respectively. We also write A for the Steenrod algebra at the
prime 2. Given a Hopf algebra A over a field £ and M a A-comodule, we will
often abbreviate Ext’ (k, M) by Ext’(M). In general, we will write C for the
cofiber of amap f : X — Y except that we will write V' (0) for the Moore spec-
trum which is the cofiber of the multiplication by 2 on the sphere. We reserve the
notation C} for the cyclic group of order 2.

Résumé en francais

L’un des problemes centraux en théorie de 1’homotopie stable est le calcul des
groupes d”homotopie des spectres finis, notamment ceux de la sphere S°. D’apres
les travaux de Serre dans les années 1950, les groupes d’homotopie de la sphere
sont finiment engendrés. Par conséquent, il suffit de comprendre la localisation
des spectres en chaque nombre premier a la fois.

Le début de la théorie de I’homotopie chromatique a ’origine dans les travaux
d’Adams sur I’image de I’homomorphisme de J, qui constitue une premiere famille
infinie des éléments nontriviaux des groupes d’homotopie de la sphere; et puis de
Miller, Ravenel, Wilson qui en ont construit d’autres. Ces familles sont connues
sous le nom des familles périodiques. A I’issue de leurs travaux, Ravenel a publié
une série de conjectures qui décrivaient certaines structures globales de la caté-
gorie des spectres finis localisés au nombre premier p, par conséquent, prédisaient
des comportements de W*(S(Op)), les groupes d’homotopie de sphere localisée au
nombre premier p. Par la suite, la plupart de ces conjectures ont été démontrées
par Hopkins et ses collaborateurs dans les années 1980, posant des premiers jalons
pour cette approche chromatique. Nous en citons deux qui ont motivé cette these.
Notons L, pour la localisation de Bousfield par rapport a la n-ieme FE-théorie
de Morava. On peut aisément démontrer qu’il existe une transformation naturelle
L, — L,_, pour tout nombre naturel n. Le premier théoreme est la convergence
chromatique qui dit que la sphere localisée en p peut étre reconstruit comme une
limite homotopique de la localisation de Bousfield par rapport a des F-théories
de Morava.

Theorem 0.0.1 (Hopkins-Ravenel). Soit X un spectre fini p-local. L’application
naturelle X — holim L, X, induite par la transformation naturelle L,, — L,_1,

n
est une équivalence homotopique.

Le deuxieme théoreme vise a décrire L,, de maniere récurrente a partir des local-
isations par rapport aux K -théorie de Morava. Notons K (n) la n-iéme K -théorie
de Morava.
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Theorem 0.0.2. Le carré commutatif suivant est une tirée-en-arriere homotopique

L,X L, 1 X

| |

L)X — Ln_1LgmX.

Au vu de ces résultats, les catégories des spectres K (n)-locaux sont considérées
comme les briques élémentaires qui constituent la catégorie des spectres. En par-
ticulier, une bonne compréhension des localisations L (,) X pour différents nom-
bres naturels n permet d’avoir des informations subtantielles sur X lui-méme. Il
est non moins important de souligner que 1’étude de I’interaction entre les niveaux
chromatiques successifs constitue un pilier de la théorie d’homotopie chroma-
tique. Une conjecture prépondérante dans cette direction est celle de scission
chromatique qui prédit que I’application Ln_ng — Ly 1Li@m) Sg au-dessus est
scindée injectivement. Il s’ensuit de cette conjecture, si vérifiée, de nombreuses
conséquences significatives qui décrivent de maniere plus précise comment re-
constituer la catégorie des spectres finis a partir de ces K (n)-localisations.

Cette these s’intéresse a la catégorie des spectres K (2)-locaux au nombre pre-
mier 2, qui se situe au coeur de la recherche actuelle. Il est nécessaire de don-
ner quelques justifications pour ce choix qui semble, de prime abord, tres spé-
cifique. Tout d’abord, la théorie d’homotopie chromatique offre un program
prometteur pour analyser le type d’homotopie des spectres finis. Ainsi, il est judi-
cieux d’avoir de bons échantillons de calculs explicites pour tester les conjectures,
en formuler des nouvelles ainsi que pour acquérir des connaissances effectives. A
titre d’exemple, le premier niveau chromatique est tres bien compris : les groupes
d’homotopie de L K(1)S?p) sont explicitement calculés pour tous les nombres pre-
miers p et pour p = 2, les groupes d’homotopie de Ly (1)S" détectent essen-
tiellement I’image de ’homomorphism J, ¢’est-a-dire, I’homomorphisme naturel
T (SPy) = (LK (1)S(y) envoie les générateurs de I'image de J de maniére non-
triviale dans le but. Au deuxieme niveau chromatique, aux nombres premiers au
moins 5, le probleme, quoique ne pas facile, demeure algébrique. En générale,
fixant un niveau chromatique n, plus le nombre premier sous-jacent est petit, plus
les phénomenes topologiques apparaissent, donc plus le probleme est complexe.
Certes, la catégorie K (2)-locale au nombre premier 2 représente les complexités
caractéristiques des catégories K (n)-locaux, mais s’avere accessible aux calculs
explicites, ce qui est dii principalement a deux causes. La premiere est que plus
grand est le niveau chromatique, plus la complexité liée aux calculs augmente. La
deuxieme est qu’il existe un lien propice entre la théorie des courbes elliptiques
et la catégorie K (2)-locale - ce qui sera précisé en dessous - permettant d’utiliser



Introduction 10

la géométrie des dernieres pour faciliter des calculs. Ainsi, la complexité carac-
téristique et I’accessibilité font de la catégorie K (2)-locale au nombre premier
2 un endroit favorable pour tester les conjectures. Par exemple, Beaudry, Go-
erss et Henn a récemment démontré la conjecture de scission chromatique pour
n = p = 2. L'objectif premier de cette these est de réaliser certains calculs ex-
plicites, qui seront décrits dans la suite, visant a améliorer notre connaissance sur
les groupes d’homotopie de L K(Q)S?Q).

Afin d’introduire plus précisément 1’objet de cette these, nous introduisons quelques
notations.

Spectre de Lubin-Tate. D’une importance prépondérante dans 1’analyse de la
catégorie K (n)-locale est la paire constituée du groupe de stabilisateur de Morava
G, agissant sur I’ F-théorie de Morava F),. La derniere est construite a partir d’un
groupe formel de hauteur n défini sur un corps parfait de caractéristique p. Bien
que les choix différents du groupe formel conduise au méme résultat final, cer-
tains choix sont plus avantageux que les autres en vue des calculs explicites. Pour
n = p = 2, c’est le groupe formel associé d’une courbe elliptique supersinguliere.
Soit C' la courbe elliptique d’équation de Weierstrass y? + y = 3 définie sur la
corps IFy. La complétion formelle de C' a son origine est le groupe formel Fi-
de hauteur 2. Notons par S¢ le groupe d’automorphismes de F, connu sous le
nom du groupe de stabilisateur de Morava. Puisque tous les automorphismes de
F¢ sont définis sur Fy, S admets une action du groupe de Galois de I’extension
de F, sur Fy, Gal. Notons par G¢ le produit semi-direct S x Gal, appelé le
groupe de stabilisateur de Morava €tendu. On rappelle que I’anneau de Lubin-
Tate de déformation universelle de Fi- est isomorphe a W(IF,)[[u;]]. En utilisant
le théoreme du functor exact de Landweber, on peut construire une théorie de
cohomologie généralisée E telle que

B = W(F4)|[ur]][u™]

avec |u;| = 0 and |u| = —2. De plus, F- admet une action a homotopie pres du
groupe de stabilisateur de Morava étendu G- = S x Gal ou Gal est le groupe de
Galois de I’extension de [F, sur I, . La théorie d’obstruction de Goerss-Hopkins-
Miller affirme que cette action peut €tre rigidifiée en une action stricte, c’est-a-
dire, une action dans certaine catégorie de model des spectres.

Spectres de point fixe homotopique. En utilisant I’action de G sur E¢, Dev-
inatz et Hopkins a construit, pour tout sous-groupe fermé F' de G, le spectre de
point fixe homotopique continu £ . Tls ont montré, entre autres, que

LiS° = B2,
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Notons par S}, le noyau du déterminant réduit So — Z,. Il est une conséquence
du travail de Devinatz-Hopkins qu’il y a une suite de cofibration

hS¢ hS¢
ElNC - ESC — En©

. . hS . ) .
Par conséquent, une étude de £, © est un premier pas crucial vers une meilleure
. . , . hSL
connaissance de L (2)S°. Un calcul direct des groupes d’homotopie E, s avérant

complexe, la stratégie générale est d’analyser le produit smash de Egslc avec
des spectres finis, notamment des spectres de types 2, i.e., ceux dont la K (2)-
homologie est nul. En principe, ils sont tous utiles. Dans cette these, nous nous
intéressons aux spectres A; construits par Davis et Mahowald.

Les spectres finis A;. Les spectres A; sont construits via des suites de cofi-
bration successives. D’abord, soit V' (0) le cofibre de la multiplication avec 2 sur
le spectre des spheres.

S0 2% 80 s v (0). @)

Ensuite, la composition S* 2 S® % V/(0) ou 7 est un élément de Hopf et ¢
inclusion de la cellule la plus basse dans V'(0), s’étend en un morphism XV (0) —
V'(0), dont le cofibre est appelé Y

2V (0) 25 V(0) = Y- (5)

Le spectre Y est un spectre de type 1. Davis et Mahowald a montré qu’il admettait
un v;-self map : v; : X?Y — Y dont le cofibre est noté par A,. En fait, il y a
8 choix différents pour vy, qui induisent quatre types d’homotopie différents pour
A;. Notons les par A;[00], A;[11], A;][01], A;[10]. Quand nous désignons ces
quatre spectres en méme temps, nous utilisons la notation A;.

Le choix de travailler avec A; mérite une justification. D’abord, les spectres A
sont les plus petits spectres qui sont les cofibres d’une vy-self map de période 1,
ce qui rend les calculs plus maniables. Ensuite, les spectres A; sont construits a
partir de trois cofibrations, donc sont proches de la sphere, ce qui signifie qu’il
est raisonnable de pouvoir obtenir des informations sur L 2)S° a partir des ceux
sur Lg(2)A,. Finalement, les spectres A; ne possédant chacun que huit cellules,
le calcul de groupes d’homotopie de L (2)A; nous permet aisément d’obtenir des
informations sur les familles v,-périodiques des groupes d”homotopie de S°.

Bhattacharya, Egger, Mahowald ont démontré que A; admets un (v2)32—self map,
c’est-a-dire, une application de A; a lui-méme qui induit la multiplication par v3?
en K (2).-homologie, la seconde K -théorie d’homologie de Morava.
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Résolution et suite spectrale de dualité. Un des outils puissants pour analyser

des groupes d’homotopie de Egslc sont des résolutions finies du dernier par des
spectres de K-théories réelles supérieures, c’est-a-dire, des spectres de point fixe
homotopique de E- par I’action des sous-groupes finis de G¢. Cette philosophie
a émané des travaux de Goerss-Henn-Mahowald-Rezk qui ont construit une réso-
lution finie pour L (2)S° au p = 3. Une telle résolution au p = 2 que nous allons
utiliser dans cette these est la résolution de dualité due a Bobkova-Goerss. Il existe
une suite de morphismes de spectres

EgSIC — 80 5—1> 81 5—2> 82 6—3> 83 (6)
ouéy = Egc“, Eq = 248E3G24, & = & = E"% qui peut étre raffinée dans une
tour de fibrations. Cela résulte en une suite spectrale de dualité:

EPY = 7, (E, N Ay) = my_p (B¢ A Ay). )

C’est une petite suite spectrale qui a quatre lignes, donc a trois différentiels d,
deux différentiels ds et un différentiel ds.

Le corps de cette these consiste en cinq chapitres. Dans le premier chapitre nous
révisons, entre autres, la suite spectrale de Davis-Mahowald en en donnant une
légere généralisation. Dans le deuxieme et troisieme chapitres, nous €tudions les
suites spectrales de point fixe homotopique pour EgGQ“ A A et pour EZCG A A
Cela constitue la page E; de la suite spectrale de dualité. Dans le quatrieme
chapitre, nous montrons que I’homomorphisme du bord de la suite spectrale de
dualité (7) est surjectif. Il s’ensuit que les différentiels d;, ds, ds partant de la
ligne z€ro sont triviaux. Finalement, dans le cinquieme chapitre, nous analysons
les deux autres différentielles d; de la suite spectrale de dualité en montrant que
le différentiel dy : E7 — E37 est trivial et que d; : E}” — E?” est trivial sauf
potentiellement sur deux familles.

Calcul du term E; de la suite spectrale de dualité. Le calcul du term E; con-
siste a déterminer les groupes d’homotopie du EgGQ‘* A Aj etdu Egcﬁ A Ai. Un
outil prominent est la suite spectrale de point fixe homotopique:

Ey' = H*(F, B, A) = m_o(E" A A))

ou ' = G4 ou Cg. Si le calcul du term E, de ces suites spectrales étant des
calculs de cohomologie des groupes finis est assez élémentaire, 1’analyse des dif-
férentielles n’en est moins.
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La suite spectrale de point fixe homotopique pour EZGQ“ A Ajp. Cette suite
spectrale est celle de module sur la suite spectrale de point fixe homotopique pour
EgGQ“. La derniere a la propriété remarquable suivante. Il y une classe, appelée &
de H*(Gyy4, FEay). Celle-ci posséde trois propriétés suivantes. Premiérement, elle
est un cycle permanent. Deuxiémement, sa sixiéme puissance ° est le cible d’une
différentielle. Troisiemement, x est une classe de périodicité cohomologique de
H*(Ga4, Ey), ce qui implique que pour un spectre fini X, la multiplication par %
induit un homomorphism H*(Gay, F; X) — H¥724(Gyy, Fy,24X), qui est surjectif
si x = 0 et bijectif si * > (. Cette propriété efforce que cette suite spectrale de
s’organise de maniere suivante. Si x est un cycle permanent qui est k-libre, alors
il existe un nombre naturel £ au plus 6 et une class y tel que pour un r approprié,
on ait
d.(y) = ""z.

Cependant, pour localiser les cycles permanents et donc les cycles non-permanents,
il faudrait une connaissance préalable sur les groupes d’homotopie de EgGQ‘* NA;.

Cette connaissance est acquise en comparant EgGQ‘* A Ay avec le spectre connectif
des formes modulaires topologiques ¢m f. Il existe un morphisme de spectres en

anneau tmf — EgG” qui induit une équivalence Gal, A Lg@g)tmf — EgG”.

Par conséquent, il y a une équivalence d’homotopie

Caly A [y 2]tmf A Ap — B> A Ay

Ainsi, nous nous ramenons a étudier les groupes d’homotopie tmf A A; par la
suite spectrale d’Adams
EXti&Q) (FQ, H*Al) — W*(tmf N Al)

Puis en tirer des informations nécessaires pour analyser la suite spectrale de point
fixe homotopique pour EgG""‘ N Aj.

Theorem 0.0.3. En tant que module sur I’algébre F,[v, %, (A®)*!), la page By
de la suite spectrale de point fixe homotopique pour EgGQ“ A Ay est une somme
directe de 46 (respectivement 48) modules cycliques pour Ay = A;[01] et A;[10]
(respectivement A1 = A;[00] et A;[11]).

La suite spectrale de point fixe homotopique pour Egc"‘ A A;. Cette suite spec-
trale est étudiée par de différents moyens. Tout d’abord, nous calculons complete-
ment la suite spectrale de point fixe homotopique pour £"“2. En particulier, nous
identifions une class t € H!(C5, F5) qui joue un rdle similaire a % dans la suite
spectrale de point fixe homotopique pour EgGQ‘*. Plus précisément, ¢ est un cycle
permanent; ¢ est une classe de périodicité cohomologique et ¢* est le but d’une
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différentielle d;. Cette propriété permet de calculer completement la suite spec-
trale de point fixe homotopique pour E"“2 AV (0) et E"“2 AY via les cofibrations
(IIL.5) et (II1.12). Nous poursuivons cette approche pour €tudier la suite spectrale
pour E"“2 A A;. Cependant, nous ne pouvons en déduire qu’une partie des dif-
férentielles. Finalement, nous recourons a des formes modulaires topologiques
avec structure de niveau. A été construit un spectre en anneau tm fo(3) tel qu’il y
ait une équivalence d’homotopie

Galy A [y ®2)(tmfo(3) A Ay) =2 EEC A A,

Nous analysons une partie de la suite spectrale d’Adams pour tm fo(3) A Ay, ce qui
nous permet d’obtenir des informations nécessaires sur les groupes d’homotopie
de E"“2 A A pour déterminer le reste des différentielles.

Theorem 0.0.4. En tant que module sur I’algébre F4[x17, (A*)*1], la page E, de
la suite spectrale de point fixe homotopique pour Egcﬁ est une somme directe de
huit modules cycliques.

Différentielles de la suite spectrale de dualité. Une fois la page E; calculée,
nous continuons avec I’analyse des différentielles. Dans la limite de cette thése,
nous n’aborderons pas les différentielles ds : E%’q — Equ entre la deuxieme ligne
et quatrieme ligne. Nous discutons dans la suite les autres différentielles.

L’homomorphism du bord. L’étude des différentielles qui partent de la ligne
la plus basse de la suite spectrale de dualité peut étre ramenée a étudier la surjec-
tivité de I’homomorphisme de bord. Le dernier est celle induite en homotopie du
morphisme de restriction

1
EZSC N Al — EgGM VAN Al

qui est induite par I'inclusion de sous-groupe Goy — S}. Celle-ci peut étre
analysée en la comparant avec 1’application A; — tmf A A;.

Proposition 0.0.5. Si [’application induite en homotopie de A, — tmf N\ Ay est
1
surjective, alors il en va de méme pour EQSC ANA; — EXA A

Ensuite, nous étudions la surjectivité de I’application m,(A;) — w.(tmf A A;)
par le moyen des suites spectrales d’Adams. En effet, il y a une application de
suites spectrale d’Adams

EXtiit (FQ, H*<A1)) — T (A1>

|

EXt&t )(F27 H*Al) — 7T*<tmf A Al)

A2
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ou I’homomorphisme des termes E, est induit par 1’inclusion de subalgebra de
Hopf A(2) — A.

Dans un premier temps, nous montrons que I’homomorphism

Exty (Fy, Ha(A1)) = Ext’j, (Fa, HoAy)

est surjectif. Dans un second temps, nous montrons que tous les cycles permanents
de la suite spectrale d’Adams pour tm f A A; se relévent en un cycle permanent
de celle pour A;. Nous concluons que I’homomorphism induit en homotopie
T AL = m(tmf A Ayp) est surjectif for les modeles A;[00] et A;[11].

Theorem 0.0.6. L’homomorphisme de bord de la suite spectrale de dualité

T (BP56 A AY) — m(BRO A AY)

est surjective.

Différentielles d, : E;” — EJ”. En clair, ces différentielles s’identifient avec
I’homomorphisme 0y : 7, (FaC® A Ay) — m(EEC® A A;). La multiplication avec
un élément A% € 7r48(EgCﬁ) induit un isomorphisme

Ty (Egcﬁ A Al) — 7T*+48(Egcﬁ A Al)
Nous démontrons que ces différentielles sont linéaires par rapport a A2, i.e.,
52(A2$) = A252({E)

Nous réduisons a analyser le comportement de ces différentielles sur m(EZOG A
Ap) avec 0 < * < 48. Une analyse plus fine montre que ils ne peuvent étre non-
triviaux que sur deux familles.

Différentielles d; : E}” — E>”. Ces différentielles s’identifient avec un ho-

momorphisme 3 : W*Egcﬁ NA — 7r*,48(EgG24 A A1). Nous montrons d’abord

. . . . x AL
que ce dernier est le composite des morphismes suivants W*EgCG NAG ——

1— [e3 T N s .
7T*_48Egc6 VAN Al _1/1> 7T*_48E2«06 VAN Al —T> 7T*_48(EZ«G24 N Al) ou 1/)a dCSIgHC le
morphisme induit par I’élément o du G, et T le transfert FiC® — FErLC?*. Dela,
nous déduisons que ces différentielles d; sont triviaux.






Chapter 1

Preliminaries

1 Recollection on chromatic homotopy theory

1.1 Transfer and Restriction

We discuss, in this section, the transfer and restriction maps between homo-
topy fixed point spectra. Let us denote by Sp the category of spectra, see for exam-
ple [Ada74] Chapter III. The objects of Sp are sequences of compactly generated
weak Hausdorff pointed topological spaces (X;);>o0, together with the structure
map ¢ : ©X; — X;,; which is pointed continuous map, for i > 0, where ¥.X;
is the reduced suspension of X;. A morphism between X = (X;, ¢ );50and Y =
(Y;, €)i>0 consists of continuous maps f; : X; — Y; such that f;,j0eX = €} oX f;.
The k-th homotopy group of X is defined as 7, X = co}lirn Tran(Xy), in which
the transition maps are defined using the structure maps. Let 7 : X; — QX
the adjoint of eZX If mX is a weak equivalence for all 7 > 0, then X is called a
Q-spectrum. The category of spectra can be equipped with the stable model cat-
egory whose weak equivalences are stable equivalences, i.e., maps f : X — Y
such that 7 (f) : 7, (X) — 7 (Y") is an isomorphism for all k£ € Z, see for exam-
ple [BF78]. The fibrant objects are precisely (2-spectra. Let Ho(Sp) denote the
stable homotopy category of spectra (with respect to the stable equivalences).

Let G be a finite group, which stays like so in this section. Denote by Sp© the
category of functors G — Sp. In this thesis, we call Sp© the category of (naive)
G-spectra. It is the category of spectra with a G-action and GG-equivariant maps.
As a diagram category, Sp“ inherits a model structure category from Sp such that
the weak equivalences are GG-equivariant maps X — Y whose induced map in
homotopy is an isomorphism.

17
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Induced and Coinduced functors. Let H is a subgroup of GG. The restriction
functor 1% : Sp© — Sp'! has both a left adjoint and a right adjoint, namely, the
induced and coinduced functors, respectively. For X an H-(pointed) space, the
space G, Ay X, the quotient space of G, A X by the relation (gh, z) ~ (g, hz),
is a G-space with the obvious G-action given by the left multiplication on G and
Fy(G., X), the space of H-map, is a G-space with the G-action given by the right
multiplication on G. Now if X is an H-spectrum, the induced functor G Ay X
is defined by the formula

(G Ag X)n =Gy A Xy,
and the coinduced functor Fi (G, X) by
Fu(Gy, X)n = Fu(Gy, Xy).
We have then that
Sp(Gy Aa X, Y) 2 SpT (X GY), (f = (x s f(LAR)) (LD

SpU(X, Fu(G1,Y)) = Sp" (15 X,Y), (f = (x> f(2)(1))  (12)

The H-map Gy — H, given by the identity on H and sending the complement
G\ H to the basepoint gives rise to a H-map G, Ay X — X, and so by the
adjunction (I.2) a G-map

0% : Gy Ag X — Fu(Gy, X).

In formula, the later is given by

kgr if ke Hg™!
((g,a:) — (kH{ * else ))

From this, it is straightforward to see that @% - or O for short, if the context is
clear - is a weak equivalence of G-spectra if |G/ H| < +o0.

Homotopy fixed points and homotopy orbits. Let X be an object of Sp®. Fix
a model of EG, a contractible space with a free G-action. Define the homotopy
fixed point spectrum of X with respect to G by

X" = F(EG,, (X)),
where (X); is a fibrant replacement of X and the homotopy orbit spectrum is

XhG = EG+ /\G (X>C7
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where (X)), is a cofibrant replacement of X. Note that the fibrant and cofibrant
replacements can be made functorial and will be implicit in the sequel. The ho-
motopy fixed points and homotopy orbits descend to functors between homotopy
categories Ho(Sp“) — HoSp. We denote by & the diagonal functor, i.e., the
functor that sends a spectrum to a G-spectrum with trivial action. Then ()¢ and
()hG are the left and right adjoint to Jg, i.e.,

HoSp% (X, 66Y) = HoSp(Xpna,Y) (1.3)
HoSp%(6¢X,Y) = HoSp(X, Yh%). (1.4)

Transfer and restriction. Let H be a subgroup of GG. If X is a H-spectrum, then
X" is naturally isomorphic to Fy (G, X)"“ by the following chain of isomor-
phisms.

XM = F(EH,, X)" ~ F(EG,, X)" 5 Fy(G,, F(EG,,X))°

= F(EG—HFH(G—HX))G = FH<G+7X)hG7

in which the first equivalence uses the natural H-map FH — EG, the second
uses the natural homeomorphism of spaces Y# ~ F(G,,Y)% and the last the
usual adjunction between smash products and function spaces. Let U4 : X"# ~
Fp (G4, X)", or U if the context makes it clear which groups are concerned,
denote this natural equivalence.

Let X be a G-spectrum. The transfer
™5 (W GX)MH - Xhe

is constructed as the composite

— hG
(XY Y (G G XG0 (G A S X)NE <5 XPG L (15)
where ¢ denotes the counit of the adjunction (I.1). Apply the restriction functor %
to the co-unit of the adjunction (I.4), we get a map 65 X"“ — (% X in Ho(Sp™).
The latter is adjoint, by the adjunction (1.4), to the restriction map

Res% : X"C — (G X)),

We will abbreviate the transfer and the restriction maps by Tr : X"# — Xh¢
and Res : X"¢ — X" respectively, wherever the context gives no place for
confusion.
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Lemma 1.1.1. Let X be a G-spectrum and H be a subgroup of G. If G/H, N X
is equipped with the diagonal G-action, then there is a natural isomorphism of
G-spectra, usually called the shearing isomorphism,

tSh: Gy Ap X = G/H . NX,

given by (g,z) — (gH, gx).

Remark 1.1.2. The notation tSh is for topological shearing isomorphism to dis-
tinguish with the algebraic shearing isomorphism to be defined in Section 3.2.

Proof. It is straightforward to check that the following is the well-defined inverse
of the given map

G/H+ ANX — G+ NH X7 (gH,I) = (gvgilx»
O]

Lemma 1.1.3. Let X be a G-spectrum and H < K be subgroups of G. Then the
following diagram is commutative

(G/Hy N XY ——= (G/K | N X)hC

|

hH Tr hK
X XK,

where the upper horizontal map is induced by the canonical G-map G/H —
G/K and the vertical equivalences are the composites (tSh)"“ o ©1 o U for
appropriate inclusions of subgroups.

Proof. By construction, Tr : X" — X"K fits into the commutative diagram

(@g)*lo\llg

XhH

lTT
chK

XhK

(K A XM

By applying the naturality of (©%)~! o W% to the K-mape: Ky Ay X — X, we
obtain the commutative diagram

hK (®IG()_10\I}§

(K, Ag X) (G4 N AK 4 A X)ME
[ e J
X ORI (G X,
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Using the evident isomorphism of G-map G, Ax AK. Ag X ~ G, Ay X, we
see that the composite

(OF) oW (O5) 1ou
RNCIA N

XM = (K4 Ag X)ME (G4 Au X)'C

is homotopic to (©%) 1o W%, Thus we obtain the following commutative diagram

(@g)*lo\llg
_

X hH (G+ Ay X)hG

- |

@G 710\IIG
X O G A X,

Finally, by the definition of the shearing isomorphism, the right vertical map fits
into the commutative diagram

(G Ay X)'G 2 (G/Hy A X)ME

| |

(G Ak X)MG =22 (G A XM,

where the right vertical map is induced by the natural projection G/H — G/K,
from which the lemma follows. [

1.2 Lubin-Tate theories

We recall some generalities on the deformation theory of formal group laws
and Goerss-Hopkins-Miller theory. Let FGL be the category whose objects are
pairs (k, I') where k is a perfect field of characteristic p and I' is a formal group law
over k and morphisms between (k, T') and (k', ") are pairs (i, ¢) where i : k' — k

is a homomorphism of fields and ¢ : I’ =T isa morphism of formal group
laws.

Let (k,I') € FGL with ' of height n. A deformation of (k,I') to a complete
local ring R with maximal ideal m is a pair (F,¢) where F' is a formal group law
over Rand ¢ : k — R/m is a map of fields such that p*F = *T" with p the
canonical projection R — R/m. A x-isomorphism ¢ between two deformations
to R is an isomorphism between the underlying formal group laws which reduces
to the identity over R/m, i.e, ¢ = x mod (m). This defines a functor from the
category of complete local rings Ring,.; to small groupoids Groupoid

Defr : Ring,; — Groupoid
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which associates to every complete local ring I? the category of deformations
of (k,I') over R and *-isomorphisms between them. By Lubin-Tate deformation
theory, Defr is co-representable, see [LLT66]. That is, there exists a complete local
ring Ej, r, non-canonically isomorphic to W (k)[[uy, ug, ..., u,—1]], such that

Defr(R) = Homgping, , (Ep.r, R).

Here W(k) denotes the ring of Witt vectors on k. Over Ej r lives a universal
deformation I of I'. Consider the graded ring Fj r[u*!] where |u;| = 0 for
1 <i<n-—1and|ul = —2. Let MU be the cobordism spectrum. A Quillen’s
famous theorem asserts that the coefficient rings MU, of MU supports the uni-
versal group law. Thus, the formal group law u_lf(ux, uy) is classified by a map
of graded rings MU, — Ejr[u*']. Define a functor from the category of pointed
spaces to that of graded abelian groups:

X = MU(X) @uv. Epr[u™).

The formal group uflf(uzz:, uy) satisfies the Landweber exact functor criterion,
see [Rez98]. By the Landweber exact functor theorem, the above functor is a
homology functor. Thus, it is represented by a ring spectrum F(k, ') with

(B(k, 1)), = W(E)[[ur, v, ..., up_1]][u™].

The latter is known as a n'* Morava E-theory or Lubin-Tate theory.

Example 1. Let (k,T') = (Fy, G,,) where G,, is the multiplicative formal group
law, i.e, G,,(z,y) = x4+ y + zy. Then E(Fy, G,,) ~ KZs, the 2-completed com-
plex K-theory and G(FFy, G,,,) = Z, the unit of the 2-adic integers. Furthermore,
the action of G(Fy, G,,) on E(Fs, G,,). coincides with Adams operations.

The construction that associates to a formal group law (k, I') the Morava E-theory
E(E,T') defines a functor from FGL to Ho(Sp), the stable homotopy category.
Let us denote by G(k,I") the automorphism group of the pair (k,I"). We note that
G(k,T) is a profinite group, see [Goe08], Section 7.2. By functoriality, the group
G(k,T') acts on E(k,I"). This action is, however, defined only up to homotopy.
The Goerss-Hopkins-Miller obstruction theory lifts this action to structured ring
spectra.

Theorem 1.2.1. [GH04] The spectrum E(k,T") has an essentially unique struc-
ture of E-ring. Furthermore, G(k,T") acts on E(k,T") via E-ring maps.
1.3 Continuous homotopy fixed point spectra

Based on Theorem 1.2.1, Devinatz and Hopkins constructed a continuous ho-
motopy fixed point spectrum E(k, )"’ for any closed subgroup K of G(k,T).
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We point out that in the preprint [BBGS18], the authors give a pleasant expository
account of the Devinatz-Hopkins construction.

Movara modules. A Morava module is a complete E(k,['),.-module M with
a twisted continuous G(k, I')-action, i.e., forg € G,a € E,,m € M

glam) = g(a)g(m).

Let us denote by £G the category whose objects are Morava modules and mor-
phisms are continuous maps of F(k,I'),-modules which are G-equivariant. Typ-
ical examples of Morava modules are 7, L) (E(k,I') A X) for any spectrum
X, where the action of G(k,I") is induced by its action on the left hand factor of
E(kT)NX.

Convention. Unless otherwise stated, smash products are taken in the K& (n)-local
homotopy category, i.e., X A Y := Lg) (X AY). Likewise, E(k,I'),X means
7. (L (E(k,T) A X)).

Theorem 1.3.1. [DH04] For any closed subgroup K of G(k, "), there is a homo-
topy fixed point spectrum E(k,T)". Furthermore, there is a spectral sequence

whose Eq-term is the continuous cohomology group H:(K, E(k,T");) converging
tom_oE(k,T)'E, ie.,

Hi (K, E(k,T),) = 7 B(k,T)".

The group G(k,T") is a virtual p-adic Lie group, so are its closed subgroups. The
notion of continuous cohomology is very well treated in [L.az65], [SW00]. When
K is a finite subgroup, the construction of the continuous homotopy fixed point
spectrum coincides with the usual homotopy fixed point spectrum with respect to
the action of a finite group.

Example 2. Consider the case (k,I') = (F2, G,,). The group G(F2,G,,) = Z5
contains Cy, the cyclic group of order 2 as a subgroup. Then, E(Fs, G,,)"? is
homotopy equivalent to K OZs,, the 2-completed real K -theory.

This example motivates the following definition.

Definition 1.3.2. (Higher real K-theory ) If G is a finite subgroup of G(k,I"), the
homotopy fixed point spectrum E(k, )¢ is called a higher real K -theory.

Higher real K-theories play an important role due essentially to the two follow-
ing reasons. Firstly, they are more tractable in general than homotopy fixed point
spectra with respect to infinite closed subgroups of G(k,I"). Secondly, it is be-
lieved (or at least hoped) that homotopy fixed point spectra with respect to infinite
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closed subgroups can be built from higher real K -theories via finite resolutions.

§uppose, from now on, that all automorphisms of I' are defined over £, i.e., if
k denotes the algebraic closure of £, then

Aut(T") := Autz(I") = Aut, (D). (1.6)
Under this assumption, Devinatz and Hopkins proved the following result:

Theorem 1.3.3. There is a homotopy equivalence
E(k, T)ME"D) = ) S0,

This theorem is a central result of chromatic homotopy theory in the sense that it
provides new computational tools as well as conceptual interpretations of L (,)S".
It is important to note that this theorem is a topological incarnation of Morava’s
change of rings theorem, (see [Dev95])).

Theorem 1.3.4 (Morava’s change of rings). There is an isomorphism

Ethik,F)*E(k,F)(E(ka F)*? E(kv F)*) = Hi(G(k’ F)? E(ka F)t)
The left hand side of the above isomorphism is the Ey-term of the K'(n)-local
E(k,T')-based spectral sequence. We refer to the appendix A of [DHO04] for a
discussion of this spectral sequence. We note that the Es-term of the latter can be
always expressed as Ext-groups in the category of comodules over the completed
Hopf algebroid (E(k,T),, E(k,T),E(k,T")). The assumption (1.6) allows us to
identify it with the continuous cohomology groups as in Theorem 1.3.4.

The computation of the homotopy fixed point spectral sequence is in general a
hard problem. Already the calculation of the Es-term is challenging. This is due
to the fact that, in general, the action of G(k,I") on E(k,I"). can only be computed
approximately and that G(k, I') is a cohomologically complicated group.

1.4 Topological modular forms

The main theme of this thesis is a computation in the K (2)-local homotopy
category at the prime 2. An astute choice of Morava E-theory or equivalently
a choice of formal group law of height 2 will make the calculation easier. Let
C be the supersingular elliptic curve over [F, given by the Weierstrass equation
y*> +y = 3. Denote by F the formal completion of C' at the origin. The latter is
a formal group law of height 2. Let us denote

EC = E(F4, Fc) and Gc = G(IF4, Fc)
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One can check that
AutF4<Fc) = AutF2<Fc) = Sc.

Let Gal denote the Galois group of F4 over [, i.e., Gal = (5. There is a short
exact sequence
1—Sec— G — Gal — 1.

The image of S¢ in G¢ corresponds to the automorphisms of (Fy, F») fixing Fy.
Since F is defined over Iy, Gal fixes F(, the above short exact sequence splits,
ie., Go = S¢ x Gal. The automorphism group of C' has order 24 and these are
all defined over [F4, more precisely,

Aut(C) = AUtF4(C) = SLQ(Z/3) = Qg X 03 = G24,

where Qg is the quaternion group and C3 = (w) is a cyclic group of order 3, see
[Sil09]. The group Qg has a representation (7, j|i* = 1,1% = j2,iji "' = j~!). The
latter has 8 elements {1,14, j, k, —1, —i, —j, —k} where —1 denotes i* = j? = k%
The group Cj5 acts on (g by permuting ¢, 7 and k := ij

wiw? = j, wjw® =k.
The elements w and 7 correspond to the automorphisms w(z,y) = ({x,(%*y) and
i(r,y) = (x+ 1,y + x + ¢?), respectively, where ( is a primitive third root of the

unity.

Since C' is already defined over [y, Gal acts on Aut(C'). Denote by G,s the
semi-direct product G4 X Gal. Moreover, the automorphism group Aut(C') of C
maps injectively to S¢, the automorphism group of Fi-, and GG45 maps injectively
to Go. We view Go4 and Gyg as subgroups of S¢ and G, respectively.

We see that Cy = (—1) < Qg is invariant under the action of C'3, and so Cj :=
C5 x (3 is a subgroup of Go4. As an automorphism of €, —1 is given by
(z,y) = (z,y + 1). We see immediately that both C; and Cj are invariant by
Gal, and hence G5 := Cg x Gal is a subgroup of G g

The homotopy fixed point spectra EgGQ“ and EgCG as well as EgG“S and EgG”
will play a central role in this thesis, as already mentioned in the introduction.

The reasons for choosing the formal group law of the supersingular elliptic curve
C are two-fold. First, the geometric origin of GG45 allows one to have an explicit
description of its action on 7,.( E¢), see [Beal7] for more details and further refer-
ences. Thus, it allows us to adequately compute the E,-term of various homotopy
fixed point spectral sequences. Second, this choice of the Morava E-theory allows
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us to compare associated higher real K -theories with the spectrum of topological
modular forms and topological modular forms with level structures, hence provid-
ing us with more tools to understand the formers.

Next, we recall the construction of the spectrum of topological modular forms
(with level structures) and show their closed relationship with higher real K-
theories. Let M, M,(3) and M |3) be the moduli stack of elliptic curves, elliptic
curves with a level 3 structure and elliptic curves with a full level 3 structure over
Z3). As functors of points on Z)-algebras, the latter are described as follows. If
R is a Z2)-algebra, then

- M(spec(R)) is the groupoid of elliptic curves over spec(R) and isomor-
phisms between them.

- My(3)(spec(R)) is the groupoid of pairs (E£, H) consisting of an elliptic
curve I~ with a subgroup H of order 3 and isomorphisms between them.

- M(3)(spec(R)) is the groupoid of pairs (£, ¢) consisting of an elliptic curve
E with an isomorphism of group schemes ¢ : Z/3 x Z/3 — E|[3] over spec(R)
where E/[3] is the subscheme of 3-torsion points of £ and isomorphisms between
them.

Theorem 1.4.1 (Goerss-Hopkins-Miller, see [DFHH14]). There is an E. -ring
spectra-valued sheaf O'P on the étale site Af [ of M such that
1. The sheafification of moyO'"? is the structure sheaf of M.
2. If E : spec(R) — M is an étale morphism, then O"P(spec(R)) is a
spectrum associated to the formal completion of E at its origin via the
Landweber exact functor theorem.

Remark 1.4.2. The spectra constructed by point 2. of the previous theorem are
called elliptic spectra. They are even periodic spectra R whose formal group

law on mo(R) is the completion of an elliptic curve. These are E(2)-local, see
[DFHH14], Chapter 6, Lemma 4.2.

Let G := (GLy(Z/3) denote the automorphism group of the constant group scheme
Z/3 x Z/3 over Z). Then G acts on M(3) by precomposition with the level
structure. Also let Go(3) denote the subgroup of upper triangular matrices of
GL5(Z/3). The obvious forgetful functors give rise to finite étale morphisms of
stacks (because 3 is invertible in Zs)):

M(3) = My(3) = M. (L7)
Thus, one can evaluate O™ at M, M, (3) and M(3). Define

TMF = 0" (M) := holim O""(U),
UeAffé,
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TMPFy(3) = O""(My(3)) :== holim O“P(U),
UEAS Iy

TMF(3) = O"(M(3)) := holim O"P(U).
UeAf fjfl<3>
Both morphisms of (I.7) are Galois covers. The Galois group of the composite
is isomorphic to G and that of the first morphism is isomorphic to Gy(3). As a
consequence of the fact that O satisfies descent, one obtains that

TMF = TMF(3)"¢ (1.8)

and
TMFy(3) = TMF(3)'%®) (1.9)

It is known that M (3) is affine over the ring Z)[(] where ( is a primitive third
root of unity, see [DR73], also [Sto14]. Furthermore, up to isomorphism, there
is a unique supersingular elliptic curve with a full level structure over F4. This
follows from the fact that there is a unique supersingular elliptic curve over 4 (up
to isomorphism) and that the automorphism group of the supersingular elliptic
curve C' has order 48, which is equal to that of G, the automorphism group of
Z]3 x Z/3. In other words, the fiber of the morphism M(3) — M over the
supersingular locus of M is isomorphic to spec(FF,), i.e., the following square is
a pullback of stacks

spec(IFy) M(3)
| l
spec(Fy)//Gas M

where the bottom is given by specifying a supersingular elliptic curve, for example
C. Therefore, by the construction of O, L(2O"*P(M(3)) is the Lubin-Tate
theory associated to the paire (Fy, Fr-), see [DFHH14], Chapter 12. This means
that there is a homotopy equivalence

L TMF(3) = Ec. (1.10)

Note that G can be identified with Aut(C') = (s, such that the equivalence (I.10)
is equivariant with respect to the action of GG on the source and of G4 on the target,
as follows. Suppose the the map spec(F,) — M(3) specifies the elliptic curve

C and a 3 level structure Z/3*? L C. Then for any g € G, there is a unique
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#(g) € G4s making the following diagram commute
732 L
9] [(ﬁ(g)
7/3°2 L C.

Via this identification ¢, Go(3) is, up to a conjugation, equal to G'15 in G4g. Thus,
we have

Theorem 1.4.3. There are homotopy equivalences

Lo TMF = E}5 (L11)
and
Loy TMFy(3) = B, (L12)

Proof. Since an elliptic spectrum is E(2)-local, TM F'(3) is E(2)-local, being a
homotopy limit of F/(2)-local spectra. Using equivalences (1.8), (1.9), (I.12) and
the fact that K (2)-localisation commutes with homotopy limit in the category of
E(2)-local spectra, we obtain that

L TMF 2 Lo (TMF(3)"%) 2 (Lg@TMF(3))"¢ = EpCs
and
LK(Q)TMFO(3> = Lk(2) (TMF(S)hGO(3)) ~ (LK(Q)TMF(3))hGO(3) o~ Egcu‘
O

A connective model of 7'M/ F. In [DFHH14] a connective ring spectrum tm f
was constructed together with a map of ring spectra

tmf — TMF. 1.13)

There is an element A® € 7 g,tm f such that the latter map extends to a homotopy
equivalence
(A% tmf = TMF, (1.14)

see [DFHH14], hence (I.13) induces a K (2)-local equivalence
Lg@tmf = Lg@TMF. 1.15)

An advantage of ¢tm f is that the singular homology of ¢m [ is explicitly known
as a module over the Steenrod algebra A (c.f Section 2 for a recollection on the
Steenrod algebra), hence the Adams spectral sequence gives a powerful tool to
understand its homotopy groups. The following had been known by Hopkins and
Mahowald and was shown by Mathew in [Mat16]:
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Theorem 1.4.4. There is an isomorphism of algebras over the Steenrod algebra:
H*(tmf) = A//A(2),

where A(2) is the subalgebra of A generated by Sq*, Sq*, Sq*. Equivalently, there
is an isomorphism of comodule algebras over the dual of Steenrod algebra A,

H. (tmf) = A*DA@)*FQ?
where A(2). is the dual of A(2).

A connective model of 7'M Fy(3). Similarly, there is a connective ring spectrum
tm fo(3) constructed in [DM10], which enjoys the following properties. We refer
to [DM10] for details and proofs.
1. There exists a finite spectrum X such that tmf A X = tm fy(3).
2. As alFy-vector space, H* X is 10-dimensional with generators x; in dimen-
sion i for7 = 0,4,6,7,8,10,11,12, 13, 14, respectively. Let T" denote the
sub-A-module

T = Fo{a;|i = 4,6,7,8,10,11,12,13, 14}.

The structure of module over 4 of T is determined by the Adem relations
and the following

S¢*ws = 16, Sq ws = 18, ¢ w4 = 212, Sq' w6 = 27,
Sq4$6 = T10, Sq4x7 = T11, 5q4$8 = T12,
Sq1$10 = 11, Sq2x10 = T12, Sq4x10 = T14,
Sq2:1:11 = T13, Sq2:c12 = T14, Sq13313 = T14-
The subspace Fo{x(} is a direct factor of H* X as an .A(2)-module.

3. There is an element A% € mus(tmfo(3)) such that there is a homotopy
equivalence (Corollary 3.11 of [DM10] ):

[(A%) " Jtmfo(3) = TMFy(3). (L.16)

4. The spectrum tmfy(3) is a ring spectrum in the homotopy category of
spectra whose unit S° — tmf A X is the smash product of S® — tmf,
the unit of tm f and S° — X, the inclusion of the bottom cell of X.

Remark 1.4.5. i) Although tm fy(3) is aring spectrum, the equivalence (I.16)
was not shown to be an equivalence of ring spectra, but this does not matter
for our purposes.

ii) There is a more recent construction of tm fy(3) given by Hill and Lawson
in [HLL16]. To the best of the author’s knowledge, it is not known if the two
constructions give the same spectrum. But this seems plausible because
they have the same homotopy groups.
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1.5 Action of the Morava stabiliser group

We recall that the group S¢ is the units of the endomorphism ring End(F¢)
of F-. One has that

End(Fe) = W((T))/(T? = -2, Tw = w*T),

where W := W(F,) & Zs[w]/(1 + w + w?), T corresponds to the endomorphism
T(z) = x* and w the isomorphism w(x) = (z, with ¢ a primitive third root of
unity. The group S¢ has the following filtration by open subgroups

Fr/2Sc = {v € S¢|y = 1 modulo (7")}
refining the 2-adic filtration of W*. As a module over W, End(F() is free of
rank 2, hence every element of End(F¢) can be written uniquely as a + b7 where
a,b € W. Right multiplication of S¢ on End(F¢) induces a 2-dimensional W-
representation of S¢:

Sc — GLy(W), a + bT ( ‘i%g ZU ) . (L17)

Here a° denotes the action of the Frobenius on a, i.e., if a = = + wy where
1,y € Zy, then a° = x + w?y. Post-composing the latter with the determinant
GLy(W) — WX, one obtains a homomorphism S — WX, which, as can be
seen from (I.17), factors through S¢ — Z;. The latter is called the determinant
or the norm homomorphism. The following composite is called the reduced de-
terminant, in which the second map is the quotient of ZJ by its finite subgroup
CQ.

det

Sc 2 75 — 75 /Cy = 7, (L18)

The kernel of the reduced determinant is denoted by S},. The reduced determinant
is a split surjection, i.e.,

SC = Slc X ZQ.
Fix m € S¢, an element whose reduced determinant equals 3 which is a topolog-

ical generator of Z,, see [Beal7], 3.2. Thus, 7 provides a section of the reduced
determinant.

Finite subgroups of S-. We have discussed some finite subgroups of S¢ which
are o4, Cg and C5. Another one which will play a role is the conjugate of Gy
by 7: define Gy, to be 7Goym . While S¢ has a unique conjugacy class of maxi-
mal finite subgroup isomorphic to Gy, S} has two, isomorphic to G4 and to Gy,

Action of S¢ on (E¢),.. The geometric origin of G54 was used to explicitly de-
scribe its action on (E¢), see ([Beal7], 2.4). We record these formulae here for
later reference.
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Theorem 1.5.1. Let v, := v 'uy € (E¢)q and w, 1, j, k generators of Goy defined
in Section 1.4 The action of Gy on W(F,)[[uy]][u™?] is given by

wiu™ =Cut w) =u

) = T gy = L2
. —u '+ o vy + 2¢%u!
) = —m ) = A
= =
Sy —u G + 2¢u "
k(u™) = % k(vy) = %

In particular, one can check that the element A := u™12(u? — 1) € (E¢)ay is Goy-
invariant. For our purposes, we need to know a sufficiently good approximation
of the action of S on A. Each element v € S¢ can be written uniquely as

7= al
=0
where the a; are solutions to the equation 2 — 2z = 0. By [Beal7], there are

functions ¢, ¢; : S¢ — (E¢)o such that

2t1(7)
3to(7)’

Y(u1) = to(y)us +

By ([Beal7], Prop. 6.3.9, Prop. 6.3.10), if v € ;5S¢ then

to(y) = 1+ 2ay + (az + a3)u’ modulo (4, 2uy, uf), (I.19)
t1(y) = aju; modulo (2, u?). (1.20)

Therefore, we have:
Lemma 1.5.2. Forall v € S¢,
Y(A) = A modulo (4,2uy, u}).
Proof. Equations (1.19) and (1.20) imply that, if v € F5/»S¢, then

v(u) = (1 + 2ag + (az + a3)u’)u modulo (4, 2uy, uy),
v(u1) = uy modulo (4, 2uy, uf).



Chapter 1. Preliminaries 32

It follows that

Y(A) = 27[1 + 2ay + (ag + a3)u}] 2u "2 (u? — 1) modulo(4, 2u;, u7)
= 27u""?(u? — 1) = A modulo(4, 2u, u}).

Next, consider v € S¢. Notice that
G /(Gas N F15Sc) = S/ F12Se

and that
(F1/9Sc N Gaa)/(Gaa N FayoSe) = FiyoSe/ FayaSe.

As a consequence, if v € Sc, then there exists g € Goy such that vg € Fy/5Sc,
and so
Y(A) = vg99~H(A) = vg(A) = A modulo(4, 2uy, uf).

where the second equality is because A is (Gy4-invariant. [l

1.6 Topological finite resolutions

Finite resolutions in the sense of [Hen07] have proved to be key tools for
K (2)-local calculations at p = 2 and p = 3, see [HKM13], [GHMR15], [GH16],
[BGH17], where finite resolutions are used in an essential way. Let us begin by
recalling the definition from [Hen07]:

Definition 1.6.1. Let X be a spectrum and
Xo & X) = .3y X, 121)
be a complex of maps, i.e., sequence of maps with
diz10d; ~0,V1<i<n-—1

This complex is said to be a finite resolution for X, with X on the bottom, if

there is also amap dy : X := X_; — X satisfying the condition that each d; is

k i— k i
decomposed as X; 1 — C; =% X, such that

. ko; k2it1 . . .
i. O 2% X; — Oy, is a cofibration

ii. k_; and ky, are equivalences.
Dually, this complex is a resolution for X, with X on the top, if there is also a map

dpy1 0 X, — X,p1 := X satisfying the condition that each d; is decomposed as

k 7— k i
Xi—l L) Cz i) Xz such that

. kos koit1 . . .
i. C; 2% X; —— (4 is a cofibration

ii. ky and ks, o are equivalences.
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Remark 1.6.2. If the sequence (I.21) is a resolution for X, with X on the bottom,
it can be refined to a tower of cofibrations with X on the bottom

X310 —320~— ... <—3¥7"C,

ldo lz—le lz—%; %LGk%

Xo YX ¥2X, XX,

If it is a resolution for X, with X on the top, it can be refined to a tower of
cofibrations, with X on the top

X EC’n EQCn_l — ... Z"C’l
dnT k2n1T EQan—BT EnleN
Xn X, ¥2X, o 2" X.

Applied to the K (n)-local homotopy category, one wants to resolve the K(n)-
local sphere and homotopy fixed point spectra of £ with respect to closed sub-
group of G by higher real K-theories. The typical example is the case n = 1 and
= 2. Recall from Example 2 that, in this case, F(Fy, G,,)"“? ~ KOZ,. Then
due to Adams-Baird [Bou79] and Ravenel [Rav84], there is a cofiber sequence:

LS = E(Fy,G,,)"” — E(Fy, G,,)" .

At height 2 and prime 2, the construction of a finite resolution, known as the
topological duality resolution, plays an important role in recent progress towards
understanding the K (2)-local category at the prime 2; for example, in the chro-
matic splitting conjecture, see [BGH17]. Now we review the construction of the

topological duality resolution for EZSIC.

Topological duality resolution for Egg;. The construction of the topological du-
ality resolution starts from an algebraic version. In [Beal7], Beaudry established
a resolution of the trivial Z,[[S}]]-module Z, by permutation modules. There is
an exact sequence of Z[[S}]]-modules.

Zo < LoS3/C] € Zol[S3/Cl) & Zol[S}/Cl] & Zo[[8}/Ch]] - 0
(1.22)
where ¢ is the augmentation sending each coset of S}/Go4 to 1. The other maps
are given by
° 81 =1—«
e 0, =1+ amodulo (2, (15})%)
e y=n(l+i+j+k)(1—abrl



Chapter 1. Preliminaries 34

where « is a certain element of Si; whose determinant is equal to —1 and S¢, =
Sé N Fy /QSC.

Remark 1.6.3. Rigorously speaking, the maps 0; are induced by multiplication by
the respective elements of Zy[[S}]] given above. While the formulae of d; and
05 are explicitly given, an explicit formula for 0, is only known modulo an ideal
of Z,[[S3]], see Chapter V for more details. Beaudry also worked out a better
approximation of 0y, but the formula above suffices for our work.

By tensoring this resolution with Zs[[Gs]] ®z,s1) —, one obtains a resolution of
the Zg [[Gg]]—module Zz [[GQ/S;H

0 ¢ Zo[[Ga/SH)] < Zo[[Ga/Caa]] & Zs[[G2/Cy]] & Zs[[G2/Ch)]
& 7,[[Gs/Gau]] + 0

The last term is replaced by Zs[[G2/G24]] using the isomorphism of G,-modules

induced by the multiplication with 7~1: Zs[[Ga/Ga4]] K Z5[[Go/G5,]], and so
d3 becomes (1 — (1 +1i+ 7+ k)(1 — a~')7~1). The authors of [BG18] showed
that this resolution can be topologically realized as a resolution of E"S:,

Theorem 1.6.4. The following is a resolution of ENS

RS} § 1 0 1
B2 2% Ehte 24 phts 2, phte 25, 518 phGas (1.23)

where the maps &y, 01, 02 are the lifts of €, 01, 0o, respectively.

We note that the topological duality resolution was first announced in [Hen07],
where the last spectrum in the resolution was not identified. Bobkova and Goerss
in [BG18] identified the last spectrum.

Remark 1.6.5. In Chapter V, we explain what is meant by saying that &y, d1, d- are
the lifts of ¢, 01, 05, respectively and analyse in more details these maps as well as

J3.

1.7 Finite spectra

We recollect here some materials on finite spectra which are used in this thesis.
These materials can be found in [Rav92] or in [HS99]. Recall that the coefficient
rings of, K (n), the n'" Morava K -theory at the prime p, is isomorphic to

K(n), = Fpn (o]

where |v,| = 2p™ — 2. Let FH;,) denote the category of p-local finite spectra.



Chapter 1. Preliminaries 35

Definition 1.7.1. Let p be a prime number. For any non-negative integer n, let
K (n) be the n'" Morava K-theory at p. A p-local finite spectrum X has type n
if K(n).(X) is nontrivial and K (m).(X) = 0 for m < n. A contractible finite
spectrum has type oco.

Remark 1.7.2. In fact, to see that X is of type n, it is sufficient to check that
K(n),(X) is nontrivial and K (n — 1),(X) = 0 because K(m).(X) = 0 implies
that ' (m — 1).(X) = 0, see [Rav84].

Definition 1.7.3. Let X be a finite spectrum. A self map f : ¥'X — X of X
is said to be a v,,-self map if K(n).(f) is given by multiplication by v* for some
integer k and K (m),(f) is trivial for m # n. In this case, f is denoted by v¥ and
k is called the periodicity of the v,,-self map.

Remark 1.7.4. 1t is clear from the definitions that the cofiber of a v,,-self map is a
finite spectra of type n + 1.

Definition 1.7.5. A full subcategory C of FP, is thick if the three following
conditions are satisfied
(i) An object which is homotopy equivalent to an object of C is in C.
(ii) If two out of three spectra in the cofibration X — Y — Z are in C, then
the third is also in C.
(iii) If X VY isin C, then both X and Y are in C.

Let C,, denote the full subcategory of finite spectra of type at least n, so that
Co2C 202 ... OCu.

It is proved by Steve Mitchell in [Mit85] that each of these inclusions is proper. In
[HS98], the authors show that a type n finite spectrum admits v,,-self maps and
that if C is a thick subcategory of FH,), then C = C,, for some 0 < n < oo.

Typical examples of finite spectra of type n are generalised Moore spectra. They
are constructed by successively taking the cofiber of v,,-self maps starting from
the sphere spectrum. More precisely, we have the following cofibrations

S0 2 50— M(p©),

i

Zzil(pfl)M(pio) i> M(pio) N M(pio,vil),

in—1

EQin_l(p"‘lfl)M(pio) ”n—1> M<pi0) N M(pio,vil,. Uin—l)’

5 Un_1
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where v}* is an appropriate v;-self map of M(p®, v}, ...,v,"7!). Thus, for an
appropriate n-tuple of integers (ig, 1, ..., in_1 ), the spectrum M (p®, vt .. vi"=})
constructed as above is called a generalised Moore spectrum. It is of practical
importance to be able to construct generalised Moore spectra with the integers

10,11, ---, in—1 as small as possible.

Example 3. (1) If n = 1, then M (p™) exists for all positive integers 7o. When
ip = 1, M(p), also denoted by V'(0), is usually called the Moore spectrum.
(2) If n = 2 and p s odd, then there is a v{-self map v, : X*~2M (p) — M (p)
and M (p, v1) is also denoted by V(1) and called the Toda-Smith complex.
In constrast, when p = 2, the least exponent of a v;-self map on V' (0) is 4,

i.e., there is a vy-self map v{ : 33V (0) — V(0).

Fix a positive integer n. In [HS99], the authors construct, using results of Hopkins
and Smith, a sequence of ideals .J(i) of Zy)[v1, 2, ..., vn—1] for i > 0 and the
associated generalised Moore spectrum M (.J(i)) such that
1. J(i+1) C J(i) and OJ(@) = 0.
2. There are maps of spectra M (J(i + 1)) — M (J(i)) such that for any
K (n)-local spectrum Y, there is a homotopy equivalence

Y >~ holim Y A M(J(i)).

Such a tower of generalised Moore spectra is called a cofinal tower.

1.8 Gross-Hopkins duality

This notion of duality is a version of the Brown-Comenetz duality for the
K (n)-local homotopy category. It was introduced by Gross and Hopkins in [HG94].
We will need to compute the Gross-Hopkins dual of some spectra in Chapter I11,
as an important step in the computation of a related homotopy fixed point spec-
tral sequence. Brown-Comenetz duality was introduced in the 1970’s to study the
duality phenomena of spaces [BC74]. Because QQ/Z is an injective abelian group,
the functor

X — Homuy(mo X, Q/7Z)
is cohomological, so is represented by a spectrum, denoted by Ig,z. The Brown-
Comenetz dual of a spectrum X is defined to be the function spectrum from X to
Iz
Iz X = F(X, I@/Z)v

so that
7T*<IQ/ZX) = HOHlAb(ﬂ'_*X, Q/Z)
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Through the lens of chromatic stable homotopy theory, the spectrum g,z can be
approximated by the Gross-Hopkins dual (see [HG94]). Fix a prime number p
and a chromatic height n. For each n > 1, there is a natural transformation L,, —
L,,_1. The fiber M, X of L, X — L,_1X is referred to as the n** monochromatic
layer. The Gross-Hopkins dual of X is defined to be the Brown-Comenetz dual of
M,X, 1ie.,

I,X = F(M,X, Iyz).

We abbreviate I,,5° by I,,. Work of Gross-Hopkins [HG94] relates this duality
to the Grothendieck-Serre duality on the Lubin-Tate space of the universal defor-
mation of a height n formal group law. As a result, there exists a spectrum P,
representing an element in the exotic Picard group of Spg () such that

I, 23" "B, A S%(det)

where S5%(det) is the determinant sphere, see [BBGS18] for a construction of the
latter. It is then of particular importance to determine, or at least characterise, the
homotopy type of FP,.

2 The Davis-Mahowald spectral sequence

We introduce a generalisation of the Davis-Mahowald spectral sequence, which
is an useful tool, in this thesis, for analysing Ext-groups over various Hopf alge-
bras. Initially, this spectral sequence was used by Davis and Mahowald in [DM82]
to compute Ext-groups over the subalgebra .4(2) of the Steenrod algebra.

2.1 Construction of the Davis-Mahowald spectral sequence

Let k be a field of characteristic 2. We will later specialise to the case k = Iy,
the field of two elements. Let (A, A, i, €,7,x) be a commutative Hopf algebra
over k with A, i, e, n, x being coproduct, product, counit, unit, the conjugation,
respectively.

Definition 2.1.1. Let £ be the graded exterior algebra on a finite dimensional k-
vector space V' with all elements of V' having degree 1. An A-comodule algebra
structure on F is called almost graded if the natural embedding k & V' — E'is a
map of A-comodules.

This definition is motivated by the following examples which are of main interest
in this thesis. Recall that the Steenrod algebra A is generated by the Steenrod
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squares Sq’ for i > 0, subject to the Adem relations

i
Sa®S b _ -t Sa—i—b—isi
q"Sq ; ( o ) ¢“*1Sq
for all a,b > 0 and a < 2b. Let A, denote the dual of the Steenrod algebra. In
[Mil58], Milnor determines the Hopf algebra structure of A,. As a graded algebra,
A, = Fy[&]i > 1] where & is in degree |¢;| = 2° — 1. The coproduct is given by
the formula

k
Alb) =) & @&y,
i=0
where {;, = 1. Let us denote by (; the conjugate (; of &;. Then we have

AG) =Y God. (1.24)

itj=k

An Hopf ideal of a Hopf algebra A is an ideal [ suchthat A(]) CI®@ A+ A® 1.
If I is a Hopf ideal of A, then A/I inherits a structure of Hopf algebra from A
such that the natural projection A — A/I is a map of Hopf algebras.

Example 4. Let A(n), be the quotient of A, by the Hopf ideal I,, generated by

n—+1 n
(GG .Gy 21y G2, -..)- As an algebra,

A(n)y = Fa[Cr, Coy ooy G}/ (G o ).

It is dual to the subalgebra A(n) = (Sq', Sq?, ..., S¢*") of the Steenrod algebra
A. The canonical projection 7 : A(n), — A(n — 1), induced by the inclusion
I, C I,_, of Hopf ideals is a map of Hopf algebras, hence induces on A(n), a
structure of right A(n — 1).-comodule algebra:

(id@m)A: An)y = An). ® A(n), = A(n). ® A(n — 1)..

An easy computation shows that the group of primitives A(n).4(,—1),F2 of this
coaction is given by

n 2n71

A(n)*DA(nfl)*IEb = E( 1 952 w--aCn—&-l)

which is abstractly isomorphic to E,, = E (1, ..., 41 ) where z; stands for (2" .
Here and elsewhere in this paper, £(X) denotes the exterior algebra on the k-
vector space spanned by the set X. We see that the algebra E(x1,xo, ..., Tpi1)
inherits a left .A(n).-comodule algebra structure from .A(n).,, namely,

k
2n+1—k

Alzy) =D ¢ ®Tpy L <k<n+1

1=0
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where o = 1 by convention. This means that F,, is an almost graded A(n).,-
comodule.

Example 5. Let B(n). be the quotient of A, by the Hopf ideal .J,, generated by

on on 2n71 2
(¢ ,¢,6G s Ghns Gagas --.), sO that

27171

B(n)* = ]FQ[gl, C27 "'7C’n+1}/( 12"’ 22"’ 3 3 '--7CZ+1)-

Similarly to Example 4, the projection B(n), — A(n — 1), induced by the inclu-
sion of Hopf ideals J,, C I, defines a structure of right A(n — 1).-comodule
algebra on B(n).. A calculation shows that

277.71 27172

B(n)*DA(n—l)*F2 =E(G ¢ s Car)

which is abstractly isomorphic to F,, := FE(xs,...,z,+1). The notation is chosen
to be coherent with that of Example 4. We see that F), inherits a structure of left
B(n).- comodule algebra from that of B(n)., namely,

k
A(wy) = Z Cz?nﬂ_k QTp—i, 2<k<n+1
i=0,i#1

where xo = 1. Thus, F, is a almost graded B(n).-comodule.

Let E be an almost graded A-comodule exterior algebra on a finite dimensional
k-vector space V. We will construct an A-comodule polynomial algebra, called
the Koszul dual of F as follows. Let P be the graded polynomial algebra of V'
with all elements of V' having degree 1. Let us denote by F; and P; the subspace

of elements of homogeneous degree ¢ for ¢ > 0 of £/ and P, respectively. Let
j=i

us also denote by E<; the direct sum @ E;. Notice that P; sits in a short exact
=0
sequence: !
0—=k—k®E 5 P —0. (1.25)

The embedding k — k@ Ej is clearly a map of left A-comodules. Thus P; admits
a (unique) structure of left A-comodule such that p : £ & E; — P, is a map of
A-comodules.

Lemma 2.1.2. If PP" is equipped with the usual structure of A-comodule of a
tensor product. Then P, admits a unique structure of A-comodule making the
multiplication PE™ — P, a map of A-comodules.

Proof. This map is surjective and its kernel is spanned by elements of the form
Y1 ® ... @ Yn — Yo(1) @ ... ® Yo(n). Where o is a permutation of the set {1,2,...,n}.
Then, since A is commutative, we see that the kernel is stable under the coaction
of A. The lemma follows. [
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This lemma shows that P = € P, admits a left A-comodule algebra structure.
>0

Now, let us define a cochain complex, called the Koszul complex,
(E® P,d) (1.26)

with

) (FE®QP) =k

i) (F®P),=E® P, form >0

iii) d: k= (E® P)_1 - E = (E ® P) being the unit of £

iv) d([[ =5, ® 2) = > [ #5, ® p(s,)z where z;, € Ey, z € P, and p is the

j=1 t=1j£t
projection of (I.25).

Remark 2.1.3. In other words, d : F<, ® P,, - F<,_1 ® P, is the unique
homomorphism making the following diagram commute

(C(Id®=D@p)oo)®1d

EZY ® Pey—— EE"VepPePr, (127
ju@ld Lu@w
E§n®Pm d ESTL71®Pm+17

where in the upper horizontal map, the sum is taken over all cyclic permutations
on n factors of F in the tensor product Ef’” and p is the restriction on £ of the
map of (/.25).

Proposition 2.1.4. The complex (E ® P, d) is an exact sequence of A-comodules.
Furthermore, (E ® P, d) has a structure of differential graded algebra induced
from the algebra structure of E and P.

Proof. Let x4, ...,x, be a basis of F. As a cochain complex over k, (F ® P, d)
is isomorphic to the tensor product of (E(z;) ® kly;|,d;) where y; = p(x;) for
1 < i < n. Here, each (E(x;) ® kly],d;) is defined in the same manner as
(E ® P,d) is. It is not hard to see that the cochain complex (F(z;) ® kly;], d;) is
exact. Hence, (E' ® P, d) is exact by the Kiinneth theorem. This proves the first
part.

Let us check that d is a map of A-comodules. In the diagram (1.27), the two verti-
cal maps are ones of A-comodules because £ and P are A-comodule algebras. In
addition, they are surjective. It remains to check that the upper horizontal map is a

. Id®2("=D®p)oo _
map of A-comodules. Or equivalently, each map Eg‘ J) Eg” 2 QP
is a map of A-comodules where ¢ is a cyclic permutation on n elements. This is
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true because o is a map of A-comodules as A is commutative and p is a map of
A-comodules by definition. The second part follows.

Finally, it is straightforward from the formula of d in (1.26.1v) that d satisfies the
Leibniz rule. O

This lemma allows us to construct a spectral sequence of algebras converging to
Ext? (k) see ([Rav86], Theorem A1.3.2).

Proposition 2.1.5. (1) There is a spectral sequence of algebras converging to
Ext? (k) :
E' = Bxt’y(k, E ® P,) == Ext5"(k, k) . (1.28)

(2)If M is a A-comodule, then there is a spectral sequence converging to Ext (M)
E}' = Ext’y(k, E ® P, ® M) =— Ext%" (k, M).

Furthermore, this spectral sequence is a spectral sequence of modules over that of
(1.28).

Terminology. We will call these spectral sequences the Davis-Mahowald spectral
sequences or DMSS for short, associated to the almost graded A-module algebra
E'. The first grading s of the E,,-term is referred to as the cohomological grading
or degree and the second grading ¢ is referred to as the Davis-Mahowald grading
or degree (or DM grading or degree for short).

In view of carrying out explicit computations of products in Ext’ (k) and the ac-
tion of Ext’ (k) on Ext’ (M), we recall a double complex from which the above
spectral sequence is derived.

For each ¢t > 0, let (C*(A, E ® P;),d,)s>0 be the cobar complex whose coho-
mology is Ext’y (F' ® B,), i.e.,

C(AAEQP)=AQ FE® P
andd, : A® @ E® P, — A®**1 ® E ® P, is given by
dy(01®...Qa,@m) = 1®a1®...®a5®m+z 01 ®...00;,_1QA(a;)®...Qa,Qm
=1
+a1®...Qas @ A(m),

where a; € Aforl <i<sandm € FEQ® P,.
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Notation. We will shorten m; ® ... ® ms; € M ® ..M by [my]...|ms].

By an abuse of notation, we will denote by d,, the differentials in the cobar com-
plexes associated to ¥ ® P, for different ¢. The factthatd : £ ® P, — E ® Py
is a map of A-comodules implies that the maps d;, = Id** ® d : C*(A,E ®
P) — C*(A E ® P, ) assemble to give a map of cochain complexes dj, :
(C(A,E® PB),dy)s>0 = (C°(A, E® Pyy1),d,)s>o- Finally, it is easily seen that
the maps of cochain complexes assemble to form a double complex (C*(A, £ ®
13t)7 dva dh)s,tZO

E "  Eep—" _EeopP—" _Eop -2
dy dy dy dy
dp, dp, dp, dn
AR FE ARE® P AREQ P, ARQE Q@ Ps —— ...
dy dy dy do
A®2 dn A®2 dr 42 dr _ 4®2 pin
QF —— A" QFQP, —= A" QFEQ Py—= A" Q F ® Py —— ...
dy dy dy dy

We can see that the spectral sequence associated to the horizontal filtration has
E;-term isomorphic to (A°® k, d, ) s>o wWhich identifies with the cobar complex of
the trivial A-comodule k. Thus this spectral sequence degenerates at the E,-term
and the E,, = Es-term identifies with Ext’ (k). Since there are no possible ex-
tension problems, the cohomology of the total complex is isomorphic to Ext’ (k).
Now, the spectral sequence associated to the vertical filtration has E;-term iso-
morphic to Ext’ (£ ® P;). This spectral sequence is exactly the one appearing in
Proposition 2.1.5.

Remark 2.1.6. The differential d; : Ext4(E ® P,) — Ext%(E ® P,,) is the
restriction of the derivation d in (I.26) on the A-primitives of £ ® P,.

2.2 Naturality of the Davis-Mahowald spectral sequence

We notice that the above construction is natural in pairs (A, F') where A is a
commutative Hopf algebra and F is an almost graded left A-comodule exterior al-
gebra. This allows us to compare Davis-Mahowald spectral sequences associated
to different pairs (A, ). We will make use of this property to reduce computa-
tions in a crucial way. Let us first define morphisms between such pairs.

Definition 2.2.1. Let (A, E') and (B, F') be such that A and B are commutative
Hopf algebras, F and F' are almost graded exterior comodule algebras over A and
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B, respectively. A morphism between (A, E') and (B, F') consists of f; : A — B
and f, : £ — F where f; is a map of Hopf algebras and f5 is a map of B-
comodule graded algebras with the B-comodule structure on £ being induced
from f.

Remark 2.2.2. The map f, : E — F is determined by a map of B-comodules
ko E, — k& Fi.

Proposition 2.2.3. A morphism between (A, E) and (B, F) induces a map be-
tween the associated Davis-Mahowald spectral sequences.

Proof. Let P and () be the Koszul dual of E and F, respectively. The map of
B-comodule algebras f, : E — F induces a map of graded B-comodule algebras
P — @ such that the following diagram is commutative

ey opa—

=

ko F2—Q..

Then one can check that the induced map £ ® P — F ® () is a map of Koszul
complexes. Therefore one obtains a map of double complexes (A%* ® F® P,) —
(B®* @ F ® @), hence a map of spectral sequences. O

Remark 2.2.4. Although we have only treated the ungraded situation so far, the
construction carries over verbatim to the graded one. More precisely, suppose that
A and F are graded algebras. We refer to this grading as the internal degree. We
require that the structural maps in the A-comodule structure of E to preserve the
internal degree. Then we see that the Koszul dual P of E is also internally graded
and the Koszul complex is a graded cochain complex with respect to the internal
degree. It follows that the associated DMSS is tri-graded with the third grading
associated to the internal grading and the differentials preserve the internal degree.

We continue with Example 4 and 5.

Example 6. Recall that E,, is an almost graded .A(n),-comodule. Let R, denote
the Koszul dual of F,,. In particular, it follows from Proposition 2.1.5 that for any
graded left A(n),-comodule M, the DMSS converging to Ext;, (F, M) has
E;-term isomorphic to

By 2 Extiy, (B, ® R ® M),

where s is the cohomological grading, ¢ is the internal grading and o is the Davis-
Mahowald grading. The change-of-rings isomorphism tells us that

Svt g ~ S,t You
EXtA(”)* <En ® R” ® M> = EXtA(nfl)*(Rn ® M)a
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see [Rav84], Appendix A1.3.13 for the change-of-rings isomorphism. That means
that the problem of computing Extjin)* (—) can be reduced to two steps: first com-
puting Exti’lt(nfl)* (—), then studying the corresponding Davis-Mahowald spectral
sequence. We will demonstrate the efficiency of this method by carrying out ex-
plicit computations in the case n = 2 and some relevant M.

Example 7. Recall that F, is an almost graded B(n).-comodule. Let S,, denote
the Koszul dual of F},. The DMSS is the spectral sequence of algebras

7t’ t
ET"7 = Ext};

. (Fu ® 57) — Bxtyirf ()

B(n)

By the change-of-rings theorem, the E;-term is isomorphic to Ext®’ A1), (57,
because F;, = B(n).d4n-1).F2. Moreover, for any graded left B(n). comodule
M, the DMSS for Extj;EZ’)t* (Fy) is a spectral sequence of modules over the above
spectral sequence

Ext3,. (Fn © 87 @ M) 2= Bxt’( ) (S5 © M) == Exty " (F2) .

Comparison of DMSS. There is a morphism between (A(n)., F,) and (B(n)., F,)
given by the two projections

A(n)e = B(n)s; G = G
En—>Fn,.’L'1 HO,xinifori > 2.

This induces a map of spectral sequences

st o st o
Ext’,). (B, ® Ry ® M) —=Exty,, (F, ® S7 ® M)
s+o,t sto,t
Ex tAJEn) (M) Ex tBJEn) (M).

As was mentioned earlier, this comparison allows us to transfer some computa-
tions in the former SS to the latter which are simpler because all modules involved
in the latter are smaller. This observation will be made concrete in Section 3.



Chapter 11

Homotopy groups of EgG% A Aj

In this chapter we give a detailed computation of the homotopy fixed point
spectral sequence - which is abbreviated by HFPSS, for EgG“ A Aj. One of the
key step to this end is a comparison between tm f A A; and EgGQ‘* A A;. In fact,
we prove that there is a homotopy equivalence (Theorem 5.1.1):

(A Mmf A Ay = (ERG)hGaIC/R) & g,

where A® is the periodicity generator of m,tm f. Thus we first analyse the homo-
topy groups of tmf A Aj, then invert A® to get information about the homotopy
groups of EgGQ“ A A;. The homotopy groups of tm f A A; are accessible through
the classical Adams spectral sequence - which is also abbreviated by ASS,

Ethiiz)*(H* (A1) = m—s(tmf N Ay).

We notice that in [BEM17], Batacharya, Egger, Mahowald briefly discussed this
Adams spectral sequence. Our approach is however different and contains more
details - we give an explicit description of the Es-term of the Adams spectral

sequence using the Davis-Mahowald spectral sequence and determine some dif-
ferentials (compare [BEM17]).

In Section 3, we recollect certain information of the Davis-Mahowald spectral se-
quence for the A(2)-comodule Fy. Then we come to discuss the Davis-Mahowald
spectral sequence for A; and obtain the Es-term of the Adams spectral sequence.
We compute two products one of which is exotic, i.e., the one that is not be de-
tected by a product in the E..-term of the Davis-Mahowald spectral sequence.
These products allow us to determine some differentials in the Adams spectral
sequence for A;. In Section 4, we discuss some differentials in the later and then
extract some suitable information about 7, (tmf A A;). In Section 5, we finally
study the homotopy fixed point spectral sequence for EgGQ“ A A

45
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3 The Davis-Mahowald spectral sequence for the A(2),-
comodule A,

The goal of this section is to describe the structure of Extza)*(Al) as a mod-
ule over Ext:a)* (Fy) for different A(2).-comodules A; that will be recalled in

Subsection 3.2. To achieve a part of this goal, we will study the DMSS

Ext’y), (B2 ® 5§ @ A1) == Ext’(5' (A1)

as a spectral sequence of modules over the spectral sequence of algebras

Ext’y), (B2 © S§) == Ext’( > (Fy).

*

We obtain then the structure of Ext:}(z)*(Al) as a graded abelian group and a
partial action of Exti((g)* (Fy) on it. However, there is an important action of an
element of Ext;, (IF2) on some elements of Ext’;, (A;) that cannot be seen
at the E;-term of the DMSS. One way of understanding these exotic products is
to carry out computations at the level of double complexes: find representatives
of the cohomological classes in question in the double complexes from which the
DMSS is derived and carry out products at that level. It turns out that a brute-force

attack is messy. Instead, computations are simplified drastically by comparing the
DMSS associated to (LA(2),, E») to that of (B(2)., F»):

Ext’y ) (Bn @ RS ® Ay) — Etht(z)*(Fn ® 57 @ (1))

T ﬂ

Ext’y g (A1) Extyy o (Ar).

3.1 Recollections on the Davis-Mahowald spectral sequence for
the A(2),-comodule [,

To fix notation, we recollect some information relevant for our purposes. This ma-
terial was originally treated in [DM82] and reviewed in unpublished course notes
of Rognes [Rogl2]. As we will specialise to the case n = 2, we will simplify the
notation by writing R, R,, S, S, for Ry, RJ, S, S§ from Example 4 and 5, respec-
tively.
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Recall that R is a homogenous graded polynomial algebra on three generators,
say 41, %2,ys and R, is its subspace of homogeneous elements of degree o for
o > 0. Let us first explicitly give the coaction of A(2). on R = Fy[y;, yo, y3] with
ly1] = 4, |y2| = 6, |ys| = 7. From Example 6, we have

Aly1) =1®@uy
A(y2)=§%®y1+1®y2
Alys) =GO +& @y +1® ys.

By the change-of-rings theorem, the E;-term of the DMSS for EXt:‘X&)*GFQ) is

isomorphic to Extf;‘t(l)*(G?O R,). The coaction of A(1), on R; is induced from

that of A(2), and hence is given by

Aly) =1®@np
A(yz):ff®y1+1®y2
Alys) =GO +& @Y+ 1® ys.

In particular, y;,y3,y4 are A(1).-primitives of R. Let R, denote the A(1).-
subcomodule {yi12y5 € R, |k < 3} of R,.

Lemma 3.1.1. As an A(1).-comodule, R, can be decomposed as

D RoRi}

i=o(mod4),i<c

12

R,

Therefore,
Ra’ = (@ Ro’) ® ]FZ[yg]
>0

a>0

Proof. 1f one views Fy{y5 _i} as a subvector space of R,_;, then the product of R
produces an isomorphism of vector spaces

P ReF{y =R,

i=o(modd),i<o

Since yj is a A(1),-primitive of R,, this map is also a map of A(1),-comodules.
The lemma follows. [l

Let us denote Ext’y ) (R)) by Gy, so that

Ext’j(,). (R) 2 (D Go) © Fauy],

o>0
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where v5 € Ext%f)*(Rzl) represented by y;3 € Ry. Determining the full multi-
plicative structure of Exti{’(‘l)* (R) is quite involved. Instead, we will work modulo
(v3). This will suffice for us to obtain a set of algebra generators of Extj}?l)* (R).
More precisely, since the product R, ® R, — R,, factorises through R, D

(Ryir—s @ Fo{y3}), we obtain a map
Go ® Gr = Goir @ (Goyra @ Fa{v}).
We will analyse the map G, ® G, — G, which is the composite
Gy @Gy = Goir @ (Goyra @ Fofv}) = Goyr

where the second map is the projection on the first factor.

In what follows, we compute G&; for ¢ > 0 as modules over GGy. For this, we
decompose R; into smaller pieces, compute the Ext groups over A(1), of these
pieces, then determine G&; via long exact sequences. Next, we study the pairings

Gy @Gy — Gopr,

which allows us to determine a set of algebra generators of the E;-term. Finally,
we compute d;-differentials on this set of algebra generators. We do not intend
to describe completely the Extjr{z)* (Fy) but only a subalgebra in which we are
interested.

Since y; is primitive, multiplication by y; induces injections of .4(1),-comodules
SR, - R, ...

Lemma 3.1.2. There are short exact sequences of A(1).-comodules
(a)
0 — H.(X120,) — Ry — S3(A(1).0.40),F2) — 0
where n : S* — S° is the Hopf map and the map H,(X'2C,)) — R, sends
the generators of Hi2(3'2C,)) and Hy4 (X2 C,) to y3 and y3, respectively.

(b)
0— Y'R, — R, = 2%V = 0

where V3 denotes H..(S° Uy e' U, €?).

Proof. For part (a), the map %'?H,.(C,) — R, described in the statement of
the Lemma 3.1.2 is a map of A(1),-comodules. Its quotient is isomorphic to
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Fol{vy?, y192, y1Y3, Yoy3 } with the A(1),-comodule structure given by

Ayays) = 1 @ yays + & @ y1ys + & @ y1y2 + (& @y
Alyys) =1Qyys + & Qnye + GO yp
Alyiys) = 1@ piys + & @y

Alyt) = 1@y

We can check that this module is isomorphic to £%(A(1).0.4(),F2) as A(1).-
comodules.

For part (b), the quotient of R, by ¥R is isomorphic to Fy{y3, 12y, y2} with
A(1),-comodule structure given by

Aly3) =105
A(y2y3) =6 ® yg +1® yoy3
Aly3) =@y + 115

One can check that this quotient is isomorphic to X!2V3. [

Lemma 3.1.3. Forevery o > 3, there is a short exact sequence of A(1),-comodules
0= SR, "5 R — ¥V, =0

where Vy denotes H,(V (0) A Cy).

Remark 3.1.4. The spectrum V' (0) A C,, is homotopy equivalent to Y, introduced
in the Introduction (c.f Section 3.2 for a presentation of H*(Y").)

Proof. The quotient of R, by X4 R, isisomorphic to Fo{y3, y5 s, y5 22,43~
with A(1),-comodule structure given by

A(ys) =1®y3
A(ys lys) =& @5+ 1@y s
Alysys) = @ys +1@ys 7y
AlysPy3) =& @ys +E@ys 'y + & @ys Ty H1@ys Vs,
It can be easily seen that this quotient is isomorphic to X67V/. [

Next we describe the Ext groups of some .A(1).-comodules as basic steps towards
computing GG,,.. These calculations are elementary and classical.

y3}
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qa 1

O = DN Wk Ot
4

0123456789

Figure IL1 — Ext; |, (F2,F,) in therange 0 <t —s < 8.

Proposition 3.1.5. There are classes hy € Extb! hy € Ext'? v e Ext®’,
vl € Ext™'? such that there is an isomorphism of algebras

Gg = EXti’&l)*(Fg) = ]FQ [ho, hl, v, Uﬂ/(h?, hohl, hl?}, ’U2 - h%?}il)

See for example ([Rav86], Theorem 3.1.25).

Lemma 3.1.6. As a module over Extff(l)* (F2),

(1) Extii’zl)*(H*(V(O))) is generated by h° € Ext®°, h' € Ext'? with the
Jollowing relations hoh® = vh® = vh' = 0 and hi.h® = hoh'.

(2) Extiit(l)*(H*(Cn)) is generated by {h' € Ext"*'| 0 < i < 3} with hyh? =
0, vh" = hoh?, vh! = hoh®.

(3) Extiit(l)*(H*(SO Ug el U, €?)) is generated by h° € Ext®’, h' € Ext'?,
a' € Ext'3, h? e Ext* h? e Ext®® with hoh? = hh® = hh' =
hoa' = va' = hih? = vh? = hih® = vh® = 0 and hoh?® = h3a'.

4) Exti’lt(l)*(H*(Y)) is generated by {h'| 0 < i < 3} with hoh' = hh' =
vh! = 0.

See [Rav86], Theorem 3.1.27 for (1) and (4). The calculations for (2) and (3) are
also elementary, so that we omit the detail.

Remark 3.1.7. We use the same notation h' for i = 0,1,2,3 to denote certain
generators of the above groups. This abuse of notation is justified by the fact that
these generators have close relationships which are described in the next lemma.
The context will clarify the use of the notation.

Consider cell inclusions V(0) — Y and S° Uy e' U, ¢* — Y. The induced
homomorphisms in Ext over A(1), are described as follows.

Lemma 3.1.8. (i)The homomorphism Ext’;,, (H.(V(0))) — Extj;) (H.(Y))

sends the classes h° and h' to the non-trivial classes of the same name.
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hl

0

S =N W

—
O = N W
>
[

b
01234

hO
0123456

Figure I1.2 — Ext’;,) (H.(V(0))) in

. st .
the range 0 < t — s < 4. Figure I1.3 — Ext’; )*(H*(Cn)) in the

(1
range 0 <t — s < 6.

4 4

3 h3 3 'h3

2 ,;112 2 h?

1 }L{l 1 Sl

0 10 0 | -h0
0123456 0123456

Figure I1.4 - Ext’j,, (H.(S°Use' U, Figure IL5 — Ext’;;, (H.(Y)) in the
e?)) in the range 0 < ¢t — s < 6. range 0 < ¢t — s < 6.

(ii) The homomorphism Ext ;) (H,(S® Uz e' Uy €®)) — Exty,, (H.(Y)) sends

the classes h°, h', h?, h? to the non-trivial classes of the same name.

Proof. For part (i), consider the short exact sequence of .A(1).-comodules
0 — H,(V(0)) = H,(Y) — H.(Z*V(0)) = 0

For degree reasons, the classes h° and h' of Exti{’{l)* (H.(V(0))) do not belong to
the image of the connecting homomorphism

Ext’y 53t (HL(3°V(0))) = Ext’(y,, (H.(V(0))).

Therefore, they are sent to nontrivial classes of the same name in Extj{l)* (H.(Y)).
For part (ii), consider the short exact sequence of .A(1),.-comodules

0— H.(S°Uze' U, e?) = Ho(Y) = X°Fy — 0
and the resulting long exact sequence

s—1, 0 S, S,
Ext’y 1), (HL(5F2)) = Ext’y, (Ho(S° Uy €' Uy ) = Extiy,, (Ha(Y)).
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For degree reasons, the classes h°, h2, h® of Exti’&l)* (H.(S° Uy e U, €?)) are not
in the image of the connecting homomorphism, and thus are sent to h°, h2, h3
in EXti{?l)*(H*(Y), respectively. Next, for degree reasons, the classes hoh' and

hia' are sent to 0 € Ext:‘j(‘l)* (H.(Y)). The only way for this to happen is that
the connecting homomorphism sends 331 € Exti{?l)* (Fy, H,(X3F,)) to the sum

h' + a'. It follows that h' is not in the image of the connecting homomorphism,
and therefore is sent to h' € Extiiz()’l)* (H.(Y)) N

Lemma 3.1.9. H..(Y') has a structure of a A(1).-comodule algebra. The resulting
structure on Ext’y ) (H.(Y')) is that of a polynomial algebra.

Proof. Itis not hard to see that H,(Y") is isomorphic to A(1),0g ), Fs as A(1).-
comodules, where F(1), is the Hopf quotient of A(1). by the Hopf ideal ((;), i.e.,
E(1), & Fy[¢2]/(3). In particular, H, (Y") has the structure of an A(1),-comodule

*

algebra. As a consequence, Ethiu)*(H* (Y)) is an algebra and is furthermore

*

isomorphic to Extg(l)* (Fy) by the change-of-rings isomorphism. It is well-known
that the latter is a polynomial algebra on one variable. [

We now compute G, = Extiiil)* (R’U) We denote by a; , the non-trivial class

of Extii‘?f)i (R ) whenever there is a unique such one.

Proposition 3.1.10. As a module over Gy, G1 = Extj{’gl)*(Rll) is generated by
Qpa1 € Ext%ll)*(Rll) and a1 81 € Exti{?l)*(R/l) with the relations hyag 41 = 0
and V&pa1 = h?)al,&b

Proof. Consider the short exact sequence of A(1),-comodules
0 — X4F, — R, — YH,(V(0)) — 0.
The connecting homomorphism

01 Exti 12 (V(0) — Ext’y i (F)

of the resulting long exact sequence sends k" to h; and h' to 0. The latter follows
from degree reasons and the former from the following map of short exact se-
quences of A(1).-comodules and the naturality of the connecting homomorphism

0—— S'F, Ry SOH,(V(0)) — 0

] |

O —— E4F2 - H*(E4Cn) ZGFQ 0
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O = DN Wk Ot

45678910

Figure I1.6 — Gy - The red part is the contribution of Ext’; (¥4F,) and the black
part from Ext;,) (X°H.(V(0))).

It follows that G; is v{-periodic on the following generators (Figure I1.6)

What remains to be established is the multiplication by i on the generator of bide-
gree (s,t — s) = (2,8). This is done by a similar consideration of the connecting
homomorphism associated to the short exact sequence of .A(1).-comodules

0 — H.(Z'C,) — R, — X7Fy — 0.
O

Proposition 3.1.11. As a module over G|, Ext (R2) = G is generated by
Qsp0 € Ext™ T where (s,t) € {(0,8),(0,12),(1 14) (2,16), (3,18)} with

_ _ 13
hlas,t,z =0, Vg2 = hoao,12,2

V12,2 = h0042,16,2, V0,142 = h0a3,18,2-

Proof. The short exact sequence in part (a) of Lemma 3.1.2 gives rise to the long
exact sequence

s, 2 5,t—8 s 2 *
— Ext%0, (H*(Cy)) — Ext’yy) (Ry) — Ext’io) (Fa) — Ext’y )~ *(HY(Cy)) =
Combining that Extjt(o)* (Fy) = Fg[ho]'and. the.dfzscription of Extiit(l)* (H*(C,)s
we see that the connecting homomorphism is trivial for degree reasons.
What remains is to establish the v{-multiplication on the class ag g o of bidegree

(0, 8). Consider the long exact sequence associated to the short exact sequence in
part (b) of Lemma 3.1.2

Ext f4(1)t (212‘/3) - EXtA(l) (24R1) - EXtSt (Rg) (I1.1)
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O = DN W Ot

8§ 9101112131415161718

Figure I1.7 — GG - The black part is the contribution of Extff(o)* (Fy,Fy) and the
red one of Extff(l)* (H.(Cy))

—

O = DN Wk Ot

8§ 9101112131415161718

Figure II.8 — (G, -The red part is the contribution of (G; and the black one of
Ext’), (V3).

One can check that the class E4a0 41 € Ext (E R 1) is not in the image of 0,
and sois sent to ap g2 € Ext (RQ) For degree reasons, we see that U%E‘lao,“

is not in the image of 0, thus vl 060’872 is nontrivial in Gi5. This completes the proof.
O

Remark 3.1.12. We can make a complete calculation of the connecting homomor-
phism of (II.1), which results to the chart Figure-II.8.

Lemma 3.1.13. As a module over G, Extxl) (R,) = G is generated by o, 3
of Ext®>*t" where (s,t) € {(0,12),(0,16), (0, 18), (1,20), (2,22), (3,24)} with
hlas,t,s =0 V0 12,3 = hgao,m,& V16,3 = hgal,zo,:a, V0,183 = h0a2,22,3,
VQ1,20,3 = h0@3,24,3~

Proof. The short exact sequence in Lemma 3.1.3 gives the long exact sequence

— Ext’y,) (B'Ry) = Exty (Ry) = Ext’y, (3¥Vi) — Ext’ ) (Z'R,) —
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For degree reasons, the connecting homomorphism is trivial, hence we obtain the
additive structure of (G5 as in Figure II.11. We need to establish the non-trivial
ho-multiplication on the generators {15125 3| s > 0}. Taking the v}-periodicity
into account, we reduce to show this property for the generators of

(0,18,3, (¥1,20,3, 2,223, (¥3 24 3-

.

O =N Wk Ot

1213141516 17181920 21 22 23 24

Figure I1.9 — (G5 - The red part is the contribution of G5 and the black one of

Ext’iy), (B*¥Va).

For this, we can check that there are the following short exact sequences:
0 — X®H,(C,) = R3 — R3/S"®H.(C,) — 0

and
0 — SRy — R3/XHL(C,) — S¥HL(C,) — 0

where, as a sub A(1).-comodule of R3, X'*H.,.(C)) is equal to Fo{y19y3 + 3, y2y3 }
and the map X*Ry — R3/X'C,, is the composite X* Ry — "Ny Ry — Ry/SIPH, (Cy).
As a consequence, Exti((kl)* (R3/X"™H,(C,))) sits in a long exact sequence

Ext’y 1 (SHL(Cy)) & Ext’yl,) (S*Ra) — Ext’yl)) (Rs/SHL(C,)) — -

Since 0 is Gg-linear, one only needs to compute 0 on the two generators of
Ext ?4%? (LYH.(C,)) and Ext}fll) (Fy, X19H.(C,)). Direct computations show
that 0 act non-trivially on these classes. It follows that 0 is a monomorphism and
SO Ext . (Rs/ Y18H, (C,)) is vi-free on the generators depicted in Figure I1.10.

It follows 1mmed1ately from the exact sequence
0 — X®H,(C,) — R3 — R3/S"®H.(C,) — 0

that EXtZZl ) (R3) is as depicted in Figure I1.11. In particular, missing hy-extensions

are established.
O
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O = DN Wk Ot
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Figure I1.10 - Ext’;,) (Rs/%'"*H.(Cy)).

O = DN W Ot

1213141516 17181920 21 22 23 24

Figure I1.11 — G3 -The red part is the contribution of Exti’tt(l)*(Rg JEBHL(C,))

and the black one of Extiit(l)* (E1BH.(C))).

Theorem 3.1.14. As a module over G, we have
(a) Foreveryo > 2, Extzz‘l)*(R;) = G, is generated by a5 s , € EXtiiT)i(R;)
where (s,t) € {(0,40),(0,2j +40)|2 < j < 0,(j,60 + 2j)|1 < j < 3}
with hiog o = 0.
(b) For all pairs of triples (s1,t1,01) and (sa,t2,09) with oy > 1 and oy >
1 except for (2,9,1) and (3,10,1), (2,9,1) and (2,9,1), (3,10,1) and
(3,10, 1)we have that

Ay t1,01 Xsata,00 = Xsy+so,t1+t2,01+02-

Proof. (a) The statement for 0 = 2 is Lemma 3.1.11. Let us prove the claim for
o > 3 by induction. The base case is Lemma 3.1.13.

Suppose the claim is true for some o > 3. The long exact sequence associated to
the short exact sequence in Lemma 3.1.3 reads

— Ext’iy) (Ryp1) = Exty (5%77V)) = Exti (5'R,) — .
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O = N Wk Ot

4o do0+4 40+6 60

Figure I1.12 - G, for o > 2

Combining the additive structure of EXtiit(n* (X*R)) and that
EXtiit(l)* (260+6‘/41) ~ 260+6F2[U1],

we obtain the additive structure of G, as described in the lemma because the
connecting homomorphism vanishes for degree reasons. To establish the non-
trivial ho-multiplication on the generators {a 2s+60160+1] S > 0}, we use the
following identities

(1) Goy1 D 410 2516t0 7 0V > 1
(1) 01,8105 25460—6,0—1 = g1 254+60+2,0 VO > 2
(ii1) @p,12,2005 25460 6,01 = Qs 2546046041 VO = 3.

These identities are the content of part (b). For the sake of the presentation, we
postpone the proof to (b); this is legitimate because, as we will see, the proof of (b)
only uses the additive structure of G/ s. Let us show how these identities allow us
to conclude the proof of (a). Indeed, the classes o 2s5465—6,0—1 €Xist (non-trivial)
for all o > 3 and s > 0. Therefore, we have that, for all o > 3,

hoQs 25+60+6,041 = RoQ0,12.20s 25+60—6.0—1 (Multiplying both sides of (iii) by )
= Q0,4,101,8,105 25+ 606,01 (because of (i))
= 004,10s+1,25+2+60,0 (Decause of (ii))
# 0 (because of (i)).

(b) For every o, T > 1, there is a commutative diagram of .A(1).-comodules
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R; ® R;— - RO’+T R;—H—
H*(E60'Xo_) ® H, (EGTXT) H H, (ZGU+6TXO_+T)
H,(2%Y) @ H,(S°7Y) - H, (£%+67Y)

Let us explain the maps in this diagram. The spectrum X, is V' (0), S® Uy e' U, €?
or Y if o = 1,2 or o > 2 respectively; and in each case the map R, — H,(X,) is
the projection appearing in the proof of Lemma 3.1.10, Lemma 3.1.2 or Lemma
3.1.3, respectively. The other vertical arrows are the inclusions of X, into Y.
The bottom horizontal arrow is the multiplication on H,(Y), described in Lemma
3.1.9, and the middle one is induced by the latter. The second upper arrow is the
projection on the factor R . of the decomposition in Lemma 3.1.1.

The induced homomorphisms in Ext over A(1), of all vertical arrows are studied
in the proof of Lemmas 3.1.8, 3.1.10, 3.1.11 and Theorem 3.1.14, according to
which the classes o, where 0 > 1 and (s,t,0) ¢ {(2,9,1),(3,10,1)}, are
sent non-trivially in a unique way to Extiiil)* (H.(Y)), hence their products are
non-trivial by Lemma 3.1.9. This proves (b). ]

Remark 3.1.15. Let us summarise what has been done so far. First, Lemma 3.1.1
implies that

Ext’yr,). (R) = (D Gi) @ Fa[uy]

i>0
where v € Ext**(F,, Ry) represented by yi. Next, Lemma 3.1.14 describes
completely the products between G;’s modulo the ideal generated by (vj). It is

*

then straightforward to verify that Extz(l)* (R) is generated by the classes of

ho, by, v, Uf, &0,4,1, ¥1,8,1, X0,12,2, A'1,14,2, (3,182, (0,18,3, v;‘- (I1.2)
Let us describe the subalgebra of primitives.
Corollary 3.1.16. There is the following isomorphism of graded algebras
Ext’y)). (R) 2 Fy[ap 1, @012,2, 03, @018.3]/ (0 153 = F 19,0 + F 4103).

Proof. The Fj-algebra Ext?éi?l)*(IFQ, R) is naturally identified with a subalgebra

of R = Fg[yl, Yo, yg] Through this identification, 0p,4,1, X0,12,2, Ug, Q0,18,3 identify
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with Y1, y%, yg:, y§+y1y§, respectively. Thus ]FQ [060’4’17 (12,2, U%, 050,18,3]/(05(2)71873 =
003 19,9 + @5 4.1V3) is isomorphic to the subalgebra of Ext?i’{l)* (Fy, R) generated by
041, ¥0.12.2, Vg, (0 18.3- On the other hand, it follows from Remark (3.1.15) that
041, X0.12.2, Vg, (0 18,3 generate the whole subalgebra of primitives of Extfj(‘l)* (R).

This concludes the proof of the lemma.

The differentials d;. Since the DMSS for [, is a spectral sequence of algebras,
all d;-differentials can be determined on the set of algebra generators of (I1.2).

Proposition 3.1.17. The d;-differential is multiplicative and on generators, it is
given as follows:

1) di(ho) =0
2) di(hy) =0
3) dy 04041)

(
(
4) dl(Oél 14 2)
5) dl(Oéo 18 3)
6) di(v}) =
7) dl(Olo 12 2) = 0404 1
8) dl(al 8 1) = ho% 4,1
9) dl( ) = hoOéo,4,1
10) di(as1s2) = hijao1s3
11) d1 (U%) = 0407471043712’2.
Proof. 1), 2), 4) For degree reasons, there is no room for a non-trivial d;-
differential on hg, i, o1 142

3) It is easy to see that Exti{é)*(lﬁ‘g, [Fy) is non-trivial and that o4 is
the only class in the E;-term that can contribute to it. Therefore g 4; is a
permanent cycle.

5) We see that hoOéQ,lS,g = (0p4,1001,14,2- By the Leibniz rule, hodl (04071873) =
0. As hy acts injectively on G, it follows that d; (ag 153) = 0.

6) Since hoU1 = 02, h2d1(U1) = 0. This follows because d;(v]) takes
values in Ext’;” Ay, (F2, R)) on which hy acts injectively.

7) We have that «g 12 5 is represented by the A(2)-primitive [1]y2]+[x |y7] €
E®R,. By Remark 2.1.6, d (v 12.2) is represented by d([1|y3]+[z:|y?]) =
[1|y}] € E ® Rs, hence is equal to o 4 ;.

8) Because g 4101 81 = hoay 12,2, the Leibniz rule implies that

ag12.2d1(1,81) = hodi(o12,2) = h0@8,471-
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That v 4 1 acts injectively on the E;-term implies that d; (a1 51) = hoaa a1
9) The relation g 4 1v = hiay g1 implies that

o411 (v) = hidi(ons1) = hoag 44

As ap 41 acts injectively on the E;-term, we obtain that d; (v) = hdag41.

10) The relation vay 142 = hoass 182 shows that

_ _ 3 _ 74
h0d1(043,18,2) = 041,14,2611 (U) = 061,14,2h0060,4,1 = hoao,ls,s

Therefore, d; (a3182) = h8@0,18,3-

11) We check that vj is represented by the A(2)-primitive [1|y3] + [z1]y3]
in £ ® Ry. By Remark 2.1.6, d;(v3) is represented by [1|y;y3], hence is
equal to g 4,103 19 5.

[

It turns out that the DMSS collapses at the Eo-term because there is no room for
higher differentials. In particular, the classes a1 142, %0,4,1, 05 12,2, U3, (0,18,3 SUI-
vive the spectral sequence converging to elements of Ext:a)* (Fy, Fy) in appropri-
ate bidegrees. Following [DFHH14], those elements are denoted by «, ho, g, ws, 3,
respectively. Furthermore, ho, g, ws, 5 generate a subalgebra of Extzz})* (Fq, o)

isomorphic to Fy[hy, g, wo, 8]/ (h3, hag, B* — ¢*). The relation 3* = ¢ is a con-
sequence of a d,-differential. In effect, the relation af ;g5 = af 155 + 05 4,05
implies the relation * — ¢° — hjw, = 0 in Ext’;7,, (F2). But of 4 05 gets hit by

) : (2)«
the differential

8 8 8 4
di (vy00,4100,12,2) = V500,4,1d1 (0 12,2) = Vo0 4 ;-

Thus the relation 3* = ¢* + hjw, becomes 3% = ¢3.

3.2 The Davis-Mahowald spectral sequence for A,

The A(2).-comodule structure of A;. In [DM81], Davis and Mahowald con-
structed four type 2 finite spectra whose mod 2 cohomology are isomorphic to
a free module of rank one over the subalgebra A(1) = (Sq¢', S¢?) of the Steen-
rod algebra A. Let us review the construction of these spectra and their module
structure over the subalgebra A(2) = (Sq', Sq¢?, Sq*) of A. Recall that Y is
V(0) A C,,. The A-module structure of H*(Y") is depicted in Figure I1.13. An ele-
ment of Extjf’l) (H*(Y), H*(Y")) can be represented by an .A(1)-module M sitting

(
in a short exact sequence of .A(1)-modules

0— H*(Z°Y) - M — H*(Y) — 0.
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T _2—®

Figure I1.13 — Diagram of H*(Y'): the straight lines represent Sq' and the curved
lines represent Sq?, the numbers represent the degree of the cell.

It can be checked that M must be isomorphic either to H*(2*Y") & H*(Y)) or to
A(1) as an A(1)-module. This means that

Extliy (H(Y), H*(Y)) = F,. (I1.3)

The A(1)-module structure of A(1) is depicted in Figure II.14. One can ask

Figure I1.14 — Diagram of A(1).

whether A(1) admits a structure of .4(2)-module. If such a structure exists, then
according to the Adem relations Sq¢?Sq'Sq® = Sq¢*Sq' + Sq'Sq¢*, there must be
a nontrivial action of S¢* on the nontrivial class of degree 1. It is straightforward
to verify that the latter is the only constraint to put an .4(2)-module structure on
A(1). There are also possibilities for Sq* to act nontrivially on the classes of de-
gree 0 and 2. These give in total four different .4(2)-module structures on A;. In
other words, the inclusion of Hopf algebras A(1) < .A(2) induces a surjective
homomorphism

Ext 405, (" (Y), H*(Y)) = Extlgy) (H*(Y), H'(Y))
whose kernel contains 4 element. Therefore,

Ext ;) (H*(Y), H*(Y)) = F5”.

Next, one observes that restriction along A(2) C A induces an isomorphism

Ext i (H* (), H*(Y) = Ext i, (H*(Y), H'(Y),

because for any .A-module M sitting in a short exact sequence

0—H (YY) - M —H(Y)—0
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there can not be any non tr1v1a1 Sq" for k > 8 on M. It is proved in [DM81] that
the four classes of Ext*(H*(Y), H*(Y")) that are sent to the unique non-trivial
class of Ext' (1)(H*(Y) H*(Y')) are permanent cycles in the Adams spectral se-
quence and converge to four v;- self-maps of Y, i.e., the maps X?Y — Y inducing
isomorphisms in K (1)-homology theory. As a consequence, the cofibers of these
v1-self-maps realise the four different .A-module structures on A(1). We will write
Aj to refer to any of these four finite spectra. Following [BEM17], we make the
following definition.

Definition 3.2.1. We define by A [, j], 7,/ € {0, 1} the version of A; having the
non-trivial Sq* on the generator of degree 0 respectively 2 if and only if i = 1
respectively j = 1.

As a [Fy-vector spaces,
H*(Al[lj]) = FQ{&07 a, az, as, a_?n Gy, G5, (I@}, (II4)

where ag, a1, as, a4, as, ag are duals to the generators of degree 0,1,2,4,5,6 of
H*(A,[ij]), respectively and a3, a3 are duals to the images of the generator of
degree 0 by S¢3, Sq® + Sq*Sq', respectively. From now on, we also denote by
A;ij] the mod 2 homology of A;[ij] and A; the mod 2 homology of A;. B
taking duals to the action of .A(2) on H*(A,[ij]), we obtain

Proposition 3.2.2. The left coaction of A(2), on A1[ij] is given by

Aar) = [1]a1] + [&]ao]

A(ag) = [1|ag] + [€Fas]

Alaz) = [1|ag] + [&i]ag] + [EF]ar] + [£7]ac]

A(az) = [1]as] + [£F|ai] + [E2ao]

Alay) = [1ag] + [&]as] + [ |as] + [67]ar] + [E2]ar] + [E261]a0] + ai ;€T |ao]
A(as) = [1|as]) + &3 [as] + [&F|as] + [E2]as] + [£1]ar] + [£267 |ao]

A(aﬁﬁ = [Uag] + [&1]as] + [€F |aa] + [67]az] + [€F|as] + [Salas] + [E2€1]as] +

Bijlétlaz] + [E267ar] + [€7]ar] 4 vi [0 |ao] 4 [E2€F]ao] + Ni (€5 |ao], where

{o if (i,5) € {(0,0), (0, 1)}

TN G ) € {(1,0),(1,1))
5 [0 i) €4(0,0),(1,0)
i, 1 if(i,5) € {(0,1),(1,1)}

Yijg =1+

and
Aij = Qi+ Bij
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Proof. The proof is a straightforward translation from .4(2)-module structure to
A(2),-comodule structure using the formula of the duals of the Milnor basis in
[MilS8]. U

DMSS for A;. In what follows, we will apply in many places the shearing ho-
momorphism to find primitives representing certain cohomology classes,, see
[ABP69], Theorem 3.1. It is useful to recall it here. In general, let C' be a Hopf
algebra with conjugation x and B be Hopf-algebra quotient of C'. Given a C-
comodule M, consider the composite

Co MU 090 oMU oo cw M"Y 0w M.

When restricting to CO g M, this composite factors through (COgk) ® M induc-
ing the shearing isomorphism of C-comodules

Sh: COpM — (COgk) ® M,

where C' coacts on COpM via the left factor and on (COgk) ® M diagonally.
Combined with the change-of-rings isomorphism, we have the following isomor-
phisms:

Exty(k, M) = Extg(k, COgM) = Extg(k, (COgk) ® M).
In particular, via these isomorphisms, a class x € Ext%(k, M) is sentto Sh(1®x).

Proposition 3.2.3. The E-term of the Davis-Mahowald spectral sequence con-
verging to Extiit(z)* (Ay) is given by

S0+ o 0 lf8>0
L' 7\ R, ifs=0.

As a module over Fa[ag 4.1, g 12,2, V3] (C Ext i), (R)), ET™" is free of rank eight
on the following generators of

1,93, Y3, Us, Y2, Y2U3, Y2Us, Yals. (IL5)

Proof. In effect, E;”' is equal to Extjt(l)* (R” ® A;) by definition. The coaction
of A(1), on R7 ® A, is the usual diagonal coaction on tensor products. In ad-
dition, A; is isomorphic to A(1). as A(1).-comodules. By the change-of-rings
isomorphism, we obtain that

Exti’lt(l)*(R” ® Ap) = Ext%’;(R”) ~ RO (IL.6)
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The first part of the proposition follows.

For the second part, the action of Exti&l)* (R) on E}*7

Ext’y(,, (R) @ Ext’), (R® Ay) —= Ext’ /" (R ® Ay)

is induced by the multiplication on R:
R®(R® A;) - R® A;.

Now let r € Ext?i’(kl)*(R) C Rands € R & Extgfgl)*(R ® Ajp). By applying
the shearing isomorphism, the class s is represented by a unique element of the
form s ® ag + > s; ® a; € R ® A; where the a; are in positive degrees. The
action of r on s is then represented by rs ® ag + > rs; ® a; which represents
rs € R= Ext 1y, (R ® Ay) via (IL6). In other words, the action of Ext%* A, (R)

on Ext (R ® Al) is given by the multiplication of the polynomial algebra

R. The proof follows from the fact that Fo[ay 4.1, g 12,2, v3) is identified with the
subalgebra of R generated by y1, y3, ys. O

Let us analyse the differentials in this spectral sequence. As the d,.-differentials
decrease s-filtration by r — 1, i.e., d, : E®%! — Es~rHLotnt and ES7 = 0 if
s > 0, the spectral sequence collapses at the Eo-term and there are no extension
problems. Therefore,

EOJtNE 1:criﬁ (Al)

We now turn our attention to the dl—dlfferentlals. As all elements of the E;-term
are in Ext (R ® A1), we can apply the remark after Proposition 2.1.5. We
have determmed the d;-differential on the classes ag 4.1, 12,2, v§ in Proposition

3.1.17. By the Leibniz rule, it remains to determine the d;-differential on the
classes of (IL.5).

Proposition 3.2.4. There are the following d,-differentials

1) di(1) =0,
2) di(y2) =0,
3) di(ys) =0,
4) di(y2y3) = 0,

2Y

2y _ 2

Y3) = Q4,125
3y _ 2

3) = Qp 41Y2Y3-
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Proof. Parts 1 — 4 follow from the sparseness of the E;-term.

5) The only nontrivial d;-differential that y,y3 can support is

di(y213) = o 41001221
However,
di(af 4100122) = f 41d1(a022) = o 411 # 0.

This means that a%A,lao,lg,g is not a dj-cycle, and so cannot be hit by a d;-
differential. Therefore, yo13 is a di-cycle.

6) Similarly, a nontrivial d;-differential on ygyg’ would be

3 2
di(y2y3) = Qg 4,140,12,2Y3-

However,
2 _ 5
d1<040,4,1040,12,2y3) = ag 193 7 0

by the Leibniz rule. Thus, y»y3 is a d;-cycle.

7-8) It suffices to prove that 2y, = 0 and vy5y5 = 0 in Ext’j(). (A1) because the
differentials in part 7) and 8) are the only possibilities for the latter to occur. We
will proceed using juggling formulas for Massey products, see [Rav86], Section
4 of Appendix Al. In effect, the classes 1 and y3 being permanent cycles by part
1) and part 3), they converge to classes in Extg{((g)* (A;) and Exti{?m* (Ay), respec-
tively. By sparseness even at the level of the E;-term of the DMSS, n1 = ny3; = 0.
Hence the Massey product (v, n, y4) with ¢ € {0, 1} can be formed. We have that

Vng = <77’ v, 77)2/5 = 77(’4 U y?’)>
By sparseness of the DMSS, of 4,5 survives the DMSS and so v%y5 # 0. It
follows that (v, n,y%) is nontrivial and must be equal to yoy%. The fact that v* =
0€ Exti{g)* (IFy) allows us to do the following juggling
Vi = VA (vom, ) = (V0 v )y

However, the Massey product (v v, 7) lives in the group Exti(g)*(ﬁ?g), which
vanishes by Theorem 3.1.14. This concludes the proof of parts 7) and 8). [

E,-term of the Adams SS. We describe Ext’; ) (A1) as a module over

Fslha, g, v3)/ (h2, hag) € Extiyfy, (Fa).

We recall that g is represented by agm in the DMSS for [, We will denote by

e[s, t] where s,t € N the unique non-trivial class belonging to Extiig)t* (Ay).
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Proposition 3.2.5. As a module over Fy[ho, g, v8]/(h3, hag), Ext’(y), (A1) is a di-
rect sum of cyclic modules generated by the following elements

e[0,0] | e[l1,5] | e[1,6] | e[2,11]

1 Y2 Y3 Y2U3
0) | (h3) [ (0) (h3)

e[3,15] |e[3,17] | e[421] | e[4,23]
ys + s | weus | s +usys | veus
(h3) (0) (h3) (0)
e[6,30] e[6,32] e[7,36] el7,38]
Yo + UTYs | Yol + Y1ays | Ysys + YiY3 | Yaus + y1v2ys
(h2) (h2) (h2) (h2)
e[8,42] e[9,47] e[9,48] e[10,53]
Yous + YiYs + Y55 | Ysys T Yiyays | Yays + Yivs + yeys | Ysys + Yryeys
(h2) (h2) (h2) (h2)

The second row in the table indicates a representative in the DMSS and the third
row the annihilator ideal of the corresponding generator.

Proof. As a corollary of Proposition 3.2.3, the E;-term of the DMSS for A; is
isomorphic to a free module of rank 32 over Fy[hy, g, v5]. In particular, these 32
generators are ho-free. It turns out that one can choose these 32-generators in
such a way that there are exactly 16 ho-free towers that truncate 16 others by d;-
differentials. The question is how one can identify these 16 d;-cycles. For this,
we compute the d;-differentials on the following 32 generators of the E;-term:
{yih|0 < i < 3,0 < j < 7}. Some of them are d,-cycles, for example s, ys.
Whereas, some of them are not d;-cycle at first, but become so after adding a
multiple of ho, for example o 122y2 + h2y§ = yg + ylyg. This procedure is
straightforward but lengthy, so we omit details here. It can be checked that the
generators listed in the table are d;-cycles. Finally, since g and v are d;-cycles,
Proposition 3.2.5 follows. ]

3.3 Two products

Now we turn our attention to the product between o € Exti{g’)* (Fy) and e[4, 23] €

Extjg)* (A1). This product is not detected in the DMSS because « has o-filtration
1 in the DMSS whereas all non-trivial groups in the E-term of the DMSS
converging to Ext’j, (A;) are in o-filtration 0. Therefore, we need first to
find a representative of « in the total cochain complex of the double complex
A(2)%* @ E> ® R and that of e[4,23] in A(2)%* @ E; ® R ® Ay, then take the

product at the level of cochain complexes and finally check if this product is a
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coboundary. It is tedious to carry out this procedure because any representative
of e[4, 23] contains many terms, and so it is not easy to check if the product is
a coboundary. In the sequel, we will express elements of A(2)%* @ Fy ® R,,
B(2)?*®@ E;®@R,)and A(2)2*® E; @ R, ® Ay, B(2)2* ® B, ® R, ® A, in terms
of the obvious monomial basis formed by the tensor products of the monomial
basis of A(2)., Ea, R, B(2)., F5, S, and the one of A; given in (I1.4). We recall
from Section 2 that there is a map of pairs (A(2)., E2) — (B(2)., F3) given by

A(2). = F3C1, G, G3l/(CT, G5, GF) = B(2)w = F2[C1, G2, Gl /(CF, G5, G3)
CZHCZ 1€ {1,2,3}
E2 = E(ZL’l,ZEQ,,Ig,) — F2 = E(ZEQ,I‘g)
x1 +— 0,29 — X9, Tg > To.

The induced map on their Koszul duals is
R =TFaly1,y2,y3] = S = Falya, y3]

y1 = 0,92 = Yo, Y3 — Ys3.

By an abuse of notation, we will denote by p these projection maps. The context
will make it clear which map is referred to.

The following two lemmas simplify computations.
Lemma 3.3.1. The product of a and e[4, 23] is equal either to 0 or to ge[3,15].

Proof. This is trivial because ge[3, 15] is the only non-trivial class in the appro-
priate bidegree. [

Lemma 3.3.2. The map p. = Extzg)*(Al) — Ext;’g)*(Al) induced by the
projection A(2). — B(2). sends ge[3, 15] to a non-trivial element.

Proof. The projection A(2), — B(2), induces a morphism of the DMSSs. The
morphism of the E;-terms reads

EXtiit(Q)* (Ba®@ R® Ay) — ExtEiQ)*(FQ ®S® A).

By the change-of-rings isomorphism, this morphism identifies with the projection
p: R — S, which is surjective. The class ge[3, 15] is detected by y5 (y3 + y1y3) €
R, which maps to y3 € S” via p. By naturality, y is a permanent cycle in
the target DMSS. The only class in the E;-term which can support a differential



Chapter 1. Homotopy groups of EgGQ‘* A Ay 68

hitting 7 is yS. The class y$ admits v3y3 as a lift in the source DMSS. We have
that

dy (U;lyg) =d (U2)93+U2d1 (?/3) (O‘074,1a(2),12,2)y§+7}§(04(2),4,192) = y1y§y§+y§yfy2.

This uses the Leibniz rule, Proposition 3.1.17 part 11), Proposition 3.2.4 part 7).
By naturality, the d;-differential in the target DMSS is equal to p(y193y2 +v3y192),
which is equal to 0. Therefore, the image of ge[3, 15] is non-trivial.

O

Lemma 3.3.3. The product of « and e[4, 23] is non-trivial, hence equal to ge[3, 15]
if and only if the product of p.(«) and p.(e[4, 23]) is non-trivial.

Proof. The map p : A(2), — B(2), induces the commutative diagram

Ext’y ), (F2) @ Ext0) (A1) —Ext;5 (A1)

A(2)«
P g
Exty s (F2) @ Extyy (A1) —=Extyg) (A),

where the horizontal maps are the respective multiplications. The result follows
from the fact that p.(ge[3, 15]) is non-trivial by Lemma 3.3.2.
O]

In view of Lemma 3.3.3, let us compute the product of p,(«) and p.(e[4, 23]).

Lemma 3.3.4. In the total cochain complexes of B(2)* ® Fo® S and of B(2)®*®
F, ® S ® Ay, respectively :

i) p.(c) is represented by [&|1|y3] + [§7]1]y3] + [&i[1]y3] € B(2) @ [ ® S%

ii) p.(e[4,23]) is represented by [1|y2y3|aol+[1y3y3|ar]+[1y3ys|as]+[1]ys |as] €

F, @ S*® A

Proof. A direct computation shows that these elements are cocycles of the total
differentials, which are not coboundaries. One way to prove that they represent
the right classes is to prove that they lift to cocycles in the total cochain complexes
of A(2)%* ® Fy ® R and of A(2)2* ® Ey ® R ® Aj, respectively.

Itis easy to check that [&[1]y3] + [§7]11y3] + [§1[1[y3] + [Salwrly?] + [&F ] yi] +
[E1]@a|y?] + [1|y2ys] € (A(2). @ Ex ® R?) @& (FEy ® R?) is a cocycle in the total
complex and is a lift of [$a[1[y7] + [€7[1]y7] + [&1[1]y3].

For the other element, instead of finding a lift it suffices to show that p, induces
an isomorphism Ext (2) (A)) — Extjg%;)*(Al), so that both are isomorphic to
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5. This can be proved by a similar argument to that used in the proof of Lemma
3.3.2. In effect, the non-trivial class of Ext (Al) is detected by y,y3 in the
DMSS. Via p, the latter is sent to yo1/5 Wthh 1s the unique non-trivial element of
the E;-term of the target DMSS in the appropriate tridegree. For degree reasons,
Yoy is not hit by any differential Therefore, y,y3 survives the target DMSS and

it follows that Ex‘c4 > ). (A1) = Ext? 27) (A7) = F,.

]

Set M = [&[Lly3] + [€11143) + [1]1193) and N = [1[yadlac] + [1]uy2laa] +
(1]y3ys|as] + [1|y3]as]. We need to show that M N, which is a (d, + dj,)-cocycle,
represents a non-trivial class in Ext (Al) We see that M N is an element
in B(2), ® F, ® S® ® A; and dv(MN) = (. This means that M N represents
a class in EXt}B’?zz)*(FQ ® S® @ A;). However, the latter group is trivial because
by the change-of-rings theorem, ExtB?Q)*(FQ, F, ® S ® Ap) is isomorphic to S
which is concentrated only in cohomological degree 0. There must be an element
PecF® S6 ® A, such that d,(P) = M N, and so dj(P) represents the same
class in Ext ( ), (F2, Ay) as MN does.

We recall the values of ); ; as introduced in Proposition 3.2.2: Ay = A1 = 1
and /\0’0 = )\1’1 =0.

Lemma 3.3.5. If we write P in the obvious monomial basis of B(2)QF,®S5°® Aj,
P = X [1]xa]ys]ao] +
where \; j is as in Proposition 3.2.2, i.e., A\1 g = Ao = 1 whereas Ao = A1 = 0.

Proof. The product MN contains the term [£;|1]yS|as]. One can check that P must
contain the term [1|y$|ag], so that d,(P) contains the term [&3|1]yS|as]. Using the
formula for the coaction of .A(2), on ag, one sees that d,(P) contains the term
i ;[€511]yS |ao], which is not a term of M N. In order to compensate this term, P
must contain the term \; ;[1|z2|yS|ao]. O

Lemma 3.3.6. A (d), + d,)-cycle in F>» @ ST ® A, gives rise to a non-trivial class
in Extg’g)* (Ay) if and only if it contains the term [1|y3]ag].

Proof. It is shown in the proof of Lemma 3.3.2 that
Ext7 42 (Al)
and that this group arises from

Extiyiy (F, ® 87 @ A1) = Fo{ys} C S,
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Therefore, by the shearing homomorphism, the only element in F, ® S” ® A, that
represents the non-trivial class of Ext;g)* (A;) must contain the term [1]y5]ao).
O

Proposition 3.3.7. The product ce[4,23] is equal to \; jge[3, 15].

Proof. ael4,23] is non-trivial if and only if dj,(P) represents a non-trivial class

in Extgg)* (A;). Lemma 3.3.5 shows that dj,(P) contains the term \; ;[1|y7|aq].
Hence, Lemma 3.3.6 concludes the proof. O]

The product between § € Exti{g)*(F 2) and e[3,15] € Exti{g)*(Al) is easier
because both have o-filtration 0 in the Davis-Mahowald spectral sequence.

Proposition 3.3.8. Je[3, 15] = €[6, 30].

Proof. The class [3 is represented by y3 + y1y3 in R® and e[3, 15] is represented
by [ys 4+ y1y3|ae] in R* ® Ay, both in the E;-term of the respective DMSS. So the
product [e[3, 15] is represented by [yS + yiys|ao] in the E;-term of the DMSS,
which represents e[6, 30| by Proposition 3.2.5. O

4 Partial study of the Adams spectral sequence for
tmf N Ay

In this section, we establish some differentials as well as some structures of the
ASS for A;. These are essential bits of information allowing us to run the homo-
topy fixed point spectral sequence in the next section.

Recall that the ASS for tm f A A; which has E,-term isomorphic to Ext’;,) (A1)
is a spectral sequence of modules over that for ¢tm f, whose Es-term is isomorphic
to Etha)*(Fg). We first recollect some known properties of the ASS for tmf,
see [DFHH14], Chapter 13.

Theorem 4.0.1. (i) The class g € Exti{?;l)* (Fs) is a permanent cycle detect-
ing the image of i € T(S°) via the Hurewicz map S° — tm f.

ii) There is the following ds-differential in the Adams spectral sequence for

tmf
da(w2) = gpBa.
(iii) There is the following ds-differential in the Adams spectral sequence for
tmf

ds(w3(v3n)) = ¢°.

(iv) The class A® := wj survives the Adams spectral sequence.
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Proposition 4.0.2. In the ASS for tmf N\ Ay, there exists A € Fy such that the
Jollowing statements are equivalent:

l) dg(W2€[4, 23]) = )\926[6, 30],

ii) dy(wqel9,48]) = Ag'e[3, 15],

iii) do(w2e[10,53]) = A\g®e[0, 0],

iv) da(wqel7,38]) = Ag'el[l, 5].

Proof. We will prove that i) = 4i) = 4ii) = iv) = 7). The charts of Figures
(II.16) and (I1.17) will make the proof easier to follow. First, we observe that all of
the classes e[4, 23], e[7, 38, €[9, 48], €[10, 53] are permanent cycles, by sparseness.

i) = i) Suppose dy(wqe[4,23]) = g¢?%e[6,30]. Then do(g*woel4,23]) =
g*e[6,30] by g-linearity. It follows that there is no room for a non-trivial dif-
ferential on w3e[3, 15]. In order words, w3e[3, 15] is a permanent cycle. Because
of part iii) of Theorem 4.0.1, a gF-multiple of w3e[3, 15] must be hit by a dif-
ferential for some £ less than 7. One can check that the only possibility is that
do(wiel9, 48]) = g'wie[3,15]. Since w3 is a dao-cycle in the ASS for tm f, this
differential implies that da(wqe[9, 48]) = g'e[3, 15].

ii) = i) Suppose da(wqe[9,48]) = g'e[3,15]. Then the class w3el0, 0] is
a permanent cycle, by sparseness. Again, a g*-multiple of w2¢[0, 0] for some k
smaller than 7 must be hit by a differential. Inspection shows that the classes
wie[10, 53] and wie[l, 5] are the only ones that have the appropriate bidegree to
support such a differential. However, wie[l, 5] is a permanent cycle, because
wj and ¢e[1, 5] are permanent cycles in their respective ASS. Thus, we have that
dz(wge[l(), 53]) = g5€[0, O]

iti = 1v) Suppose da(wse[10,53]) = ¢°¢[0,0]. Then the class wie[l, 5] is
a permanent cycle, as there is no room for a non-trivial differential on it. Then
g"w3e[1, 5] must be hit by a differential for some k: less than 7. Inspectlon shows
that the only possibility is that dy(wie[7, 38]) = gw3e[l, 5]. As w? is a dy-cycle,
it follows that do(wye(7, 38]) = g'e[l, 5].

iv) = 1) Suppose da(wqe(7,38]) = g'e[1,5]. By g-linearity, we get that
do(guwse[7,38]) = g°¢[1, 5]. It follows by sparseness that w3e[6, 30] is a permanent
cycle. Then the class g*w2e[6, 30] is hit by a differential for some k less than 7.
Inspection shows that the only possibility is that dy(w3e[4,23]) = g*w3e[6, 30].
Therefore, dy(wqe[4,23]) = g?e[6, 30] by w3-linearity.

0

Theorem 4.0.3. In the Adams spectral sequence for tmf N A1[ij], there are the
following differential dy:
i) dy(wsel4, 23]) = Ay g%€[6. 30],
ii) d2(w26[9748]) - /\Z]g [37 5]7
iii) do(wsye[10,53]) = Z]g 5e[0, 0],
iv) da(wqel7,38]) = A\ jg*e[l ,5]
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Proof. By the Leibniz rule and part (i1) of Theorem 4.0.1,
da(woe[4,23]) = do(wy)el4, 23] = gBael4, 23] = A, ;g°¢[6, 30],

where the last equality follows from Proposition 3.3.7 and Proposition 3.3.8. Thus,
the theorem follows from Proposition 4.0.2. O

Proposition 4.0.4. There are the following ds-differentials in the Adams spectral
sequence for tmf N\ Ay

ds(w3e[10,53]) = g°e[9, 48]

ds(wie[l,5]) = g°wqel0,0).

glwel2, 11]
30 @ o
be[6, 30 g%e[6, 32
29 o
9°e[9.48]
- L
o o\ 4,21] °’ u,egi.,%]
g e[, 0 gtwe[8,42]
202
. giw 643, 15] o
gw?e[7,36]
o |4
2% ° ‘[\100"03] ° e
gwke[6, 32] viw?e0, Twie[l, 5]
25 ®
Bell, 6
148 149 150 151 152

Figure II.15 — The Adams spectral sequence in the range 148 < ¢ — s < 152

Proof. We can check from the chart that e[9, 48] and we|0, 0] are permanent cy-
cles. Then g'e[9, 48] and gFwe[0, 0] must be targets of some differentials for some
[ and k less than 7. Inspection of the E,-term shows that either

do(w3e[10,53]) = g°wel0,0] and dy(wie[l,5]) = g°e[9, 48]

or
ds(w3e[10,53]) = g°e[9, 48] and d3(wie[l,5]) = g°w.el0, 0].
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However, the former possibility is ruled out because of the Leibniz rule:
da(w3e[10,53]) = do(w3)e[10, 53] = 2wyda(wy)e[10, 53] = 0,

where the first equality follows from the fact that e[10, 53] is a permanent cycle,
by spareness. 0

Corollary 4.0.5. The Toda bracket (g°,e[9,48],v) can be formed and contains
only elements which are divisible by g.

For references on Toda bracket, see [Tod62], [Koc90].

Proof. In the E,-term of the ASS, the Massey product (¢°, e[9, 48], ) has coho-
mological filtration 27 and is equal to zero with zero indeterminacy. On the other
hand the corresponding Toda bracket can be formed with indeterminacy contain-
ing only multiples of g. We can check that all conditions of Moss’s convergence
theorem [Mos70] are met. This implies that the Toda bracket (g°, [9, 48], ) con-
tains an element detected in filtration 27 by 0, thus is a multiple of g. Therefore,
this Toda bracket contains only multiples of g. 0

Finally, we need to have control of the action of the class A® = w3 € Extf’f(’gfj‘ (Fy)
on the E -term of the ASS for tm f A A;. This will allow us to compare 7, (tm f A
Ay) with 7, (EgG24 A Ay) (see Corollary 5.1.3) and hence to discuss higher differ-
entials in the HFPSS for EgGQ“ N Aj.

Proposition 4.0.6. The class wj acts freely on the E-term of the ASS for tm f A
Aj. As a consequence, the element A® € Ti95(tmf) acts freely on the homotopy
groups of tmf N Aj.

Proof. Using the description of the Es-term of the ASS for ¢tm f A A; in Theorem
3.2.5 and an elementary bidegree inspection, we can see that, if a class y is in an
appropriate bidegree to support a differential hitting a class of the form wjz for
some class x, then y is divisible by w3. Knowing that wj is a permanent cycle
in the ASS for tm f, we conclude that, if a class x survives the E,-term, then the
multiple of z by all powers of w3 also survive that term. Therefore, the Proposition
follows by induction. [

Proposition 4.0.7. For every element x € w.(tmf A Ay), the element ASx is
divisible by  (resp. v) if and only if x is divisible by % (resp. v).

Proof. The argument is similar to that used in the proof of Proposition 4.0.6. A
bidegree inspection shows that, if a class y € Ext;((kz)* (A;) is in an appropriate
bidegree whose (exotic) product with ¢ (resp. ) might detect A8z, then v is
divisible by wj. We conclude the proof by using the fact that the class wj; acts
freely on the ASS for tm f A A;, by Proposition 4.0.6. 0
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Figure II.16 — Adams spectral sequence for A; in therange 0 <t — s < 48
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Figure I1.17 — Adams spectral sequence for A; in the range 48 < ¢ — s < 101. The arrows in bold are differentials for the
models A;[10] and A;[01] and the dashed arrows for the models A;[00] and A, [11]

WV e 925 Jo sdnoig Adojowrogy [T 193dey)

VL



Chapter 1. Homotopy groups of EgGQ‘* A Ay 75

S The homotopy fixed point spectral sequence for
B2 A A
C 1

5.1 Preliminaries and recollection on cohomology of GG,

We recall the action of G4 on (F¢), from Theorem 1.5.1. The action of G4 on
W(Fy)[[u1]][u™!] is given by

wu™)=Cut wn) =

i(u™) = '_Z;l_JFCUl' i(vr) = _Ulcjfuc_l
)= SRy = HEKT
N R S + 2¢u!
ku™) = % k(vi) = %

Equations .11 and I.14 give us a way to get access to the homotopy groups of
BG4 A A,

Theorem 5.1.1. There is a homotopy equivalence

(A tmf A Ay o~ (BE)CGA A
where Gal denotes the Galois group Gal(IF4/FFy).
Proof. We have

(A tmf AN A, ~TMF A A, (Equation /.14)
~ Lo(TMF)NA; (TMF is E(2)-local)
~ Lo(TMF A Ay) (Lo is smashing)
~ L (TMF) A A,
~ (EG24)hGalFa/F2) A A) (Equation .11).

The fourth equivalence is Lemma 7.2 of [HS99] applied to the K (2)-localisation
and Aq, which is finite spectrum of type 2. [

Corollary 5.1.2. There is a homotopy equivalence
Galy A [(AYtmf A Ay =~ EEF2 A AL
Therefore,

W(F,) @z, (A% (m.(tmf A A)) = 7, (BEE A A)).
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Proof. This is a consequence of Theorem 5.1.1 and Lemma 1.37 of [BG18]. [

Let us denote by
0 : W(Fy) @z, m.(tmf A Ay) — T (EE A A)), (I11.7)

given by pre-composing the isomorphism of Corollary 5.1.2 with the natural ho-
momorphism 7, (tmf A Ay) — m([(A®)"etmf A Ay).

Corollary 5.1.3. The homomorphism O is injective. Moreover, it remains injec-
tive after quotienting out by the ideal of 7,(SY) generated by (%, v).

Proof. This follows from Theorem 5.1.1, Proposition 4.0.6 and Proposition 4.0.7.
[

We continue to recollect some necessary information about the HFPSS converging
to w*(EgG“):
H*(Gas, (Eo)y) = m_o(BRF). (IL.8)
The elements 1 € m(S°), v € m3(SY), K € map(S?) are sent non-trivially to ele-
ments of the same name in 7, (EgGQ“) via the Hurewicz map S° — EgG“. As the
latter factors through the unit map of ¢mf, the element K° = 0 in W*(EZG“)
because kK® = 0 in 7, (tmf) (see [Bau08]). These elements are detected by
n € HY(Ga4, (Ec)s), v € H (Ga, (Ec)s), B € HY(Gau, (Ec)a4), respectively.
Furthermore, there is a class A € H°(Goy4, (Ec)24) such that A® is a permanent
. T hGay
cycle detecting the periodicity of F"**.

The HFPSS for EgGQ“ A A is a spectral sequence of modules over that of (I1.8):
H*(Gos, (Eo)i A1) = w1 o( R A A)). (IL.9)

In Section 5.2, we will compute H*(Ga4, (E¢)« A1) as a module over a certain
subalgebra of H*(Ga4, (Ec).). Let m : (E¢). — F4[u™] be the quotient of (E).
by the maximal ideal (2,u;). As the ideal (2,u;) is preserved by the action of
Sc, the ring F4[u*!] inherits an action of S¢, and so of its subgroup Gay. We
need the computation of the ring structure of H*(Gay, Fy4[u®!]), which is due to
Hans-Werner Henn, see [Beal7], Appendix A.

Proposition 5.1.4. There are classes = € HY(Gay, Fy[u™']y), a € HY (Gay, Fo[u™!]y),
b € HY(Gas, Fy[utt]y), va € HO(Gay, (Fy[u™!])s) such that there is an isomor-
phism of graded algebras

H*(Gay, Fu[u™)) =2 FyloF!, 2, a,b]/(ab, b* = vya®).
Proposition 5.1.5. The homomorphism of graded algebras
H*(Goas, Ec.) = H*(Gag, Fafu™])

induced by the projection (E¢). — Fy4[u™!] sends n to a, v to b, % to vyz, and A
10 vj.
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5.2 On the cohomology groups H*(Gay, (E¢)«(A1))

We first determine (E¢).(A;) using the cofiber sequences through which A; are

defined. The cofiber sequence ©5° 5 SO — (), gives rise to a short exact
sequence of Fc-homology

0= (Ec). = (Ec)+(Cy) = (Ec).(5%) =0,
since (E¢). is concentrated in even degrees. Hence, as an (E¢).-module

(Ec)«(Cy) 2= W(EF)[[ur]][u™H{eo, e2},

where ¢ is the image of 1 € (E¢)o and e, is a lift of 21 € (E¢)9(S5?). Next, the

. . 2 .
long exact sequence in Ec-homology associated to C;, — C, — Y is the short
exact sequence

0= (Ec).(Cy) =5 (Be)u(Cy) = (Ec)u(Y) = 0

since multiplication by 2 on (E¢).(C,)) = W(Fy){[u1]][u™']{eo, 2} is injective.
Therefore
(Ec)(Y) = Fallu]][u™'[{eo, e2}.

Now A is the cofiber of some v;-self map of Y: X?Y 2 Y — A;. The follow-
ing lemma describe the induced homomorphism in £--homology of these v;-self
maps.

Lemma 5.2.1. The homomorphism (E¢).(vy) is given by multiplication by uyu™?.

Therefore,
(Ec)+(Ar) = Fylu™{eo, e2}.

Proof. Let K(1) be the first Morava K-theory at the prime 2 such that K (1), =
Iy [vf!] where |v1| = 2 and BP be the Brown-Peterson spectrum at the prime 2.
There is a map of ring spectra BP — K (1) that classifies the complex orientation
of K (1). Recall that the coefficient ring of BP is given by

BP* = Z(Q)[Ul,UQ, ],

where |v;| = 2(2' — 1), see [Ada74], Part II. The induced homomorphism of coef-
ficient rings sends v; to v;. The map BP — K (1) gives rise to the commutative
diagram

BPs(v1)

BP*(E2Y) BP.(Y)
K(1D.(22Y) 2 K (1),(v)
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By definition, a v;-self-map of Y induces in K(1)-homology multiplication by
v1. The above diagram forces, then for degree reasons, that BP,(v;) is given by
multiplication by v; € BF,. Now, let ¢ : BP — E¢ be the map of ring spectra
that classifies the 2-typification of the formal group law of E-. One can show
that the 2-series of the latter has leading term u;u~'2? modulo (2), see [Beal7],
Proposition 6.1.1. This implies that the induced homomorphism ¢, : BP, —
(Ec)s sends vy to uyu~! modulo 2. By naturality, (E¢).(v1) is also given by
multiplication by u,u ™!, O

We now describe the action of Go4 on (E¢).(A;). For any 2-local finite spectrum
X, the map ¢, introduced in the proof of Lemma 5.2.1, induces a map of ANSS

Extp, pp(BP., BRX) —=Ext{y ) ((Ec)., (Ec).X)

H ﬂ

Tt—s (X) 7Tt73<LK(2)X>

where (E¢).E¢ stands for m.(Lg @) (Ec A Ec¢)). By Morava’s change-of-ring
theorem (see [Dev93]), one has

Ext{so). 5. (Ec)w, (Ec).) = H;(Ge, (Ec)).
Now the map c induces a map of short exact sequences

X2

0 BP, BP, BP,/(2) —=0

Ee. Ee./(2) —0.

Therefore, we obtain the commutative diagram

Extyyp, sp(BP., BP./2) 22~ Ext}}, sp(BP., BP.)

op
Hg(GC,EC*/z) < H(1;<GCJEC*)7

where dpp and 0, denote the respective connecting homomorphisms. By [Rav86],
Theorem 4.3.6, one has that

Extyp pp(BP., BP./2) = Zg{vi} and Spp(v1) = n € Extgy, pp(BP., BP.),

where 7 is a permanent cycle representing the Hopf element n € 7(S°). By
naturality, dg,. (v1) = c«(n). Therefore, as a cocycle in Map.(Ge, (Ec)2), ¢«(n)
is given by

g(v1) — v

Ge — (Ec)2, g~ 5
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On the other hand, let us consider the short exact sequence
0 = Ecw — FEc.(Cy) — Ec.(S?) = 0

representing the class c,(n), so that the connecting homomorphism sends 21 to
c«(n). Thus, if e is a lift of ¥21 in E¢.(C,), then c.(n) is represented by the
cocycle

Ge — (Ec)a, g glea) — ea.

This implies that one can modify e; so that
g(v1) — vy
2

With this choice of es, we see that Ec.(C,) = Ec.{eo, €2} and the action of G¢
on e, is given by the formula

=g(e2) —ea Vg € Ge.

9(“1) — U1

5 €o (I1.10)

glez) = ez +

Note that when determining (E¢).(A;), we did not specify any lift e, of $21.
From now on, we will fix e; such that the formula of (I1.10) holds.

Proposition 5.2.2. As an (E¢).-module, (E¢).(A,) is isomorphic to F4[u*']{eg, s}
and the action of Gy is given by

wu™) =Cut, wle) =ey, wles) =es

i(u™ )y =ut, ile) = eo, i(es) =ex+u e

J™) =u"t jleo) = eo, jlex) =ex+ Culeg

k(u™) =u™", kleo) =eo, k(ea) =ea+Culeg

Proof. The first part of the statement is the content of Lemma 5.2.1. The second

part follows from the action of Go4 on v; given in Theorem 1.5.1 and the formula
(I1.10). [

Corollary 5.2.3. E¢.(A;) sits in a non-split short exact sequence of Go4-modules
0 — Fyu™{eo} = Feu(Ar) — Fylut]{es} — 0. (L11)

Proof. This is immediate in view of the explicite description of the action of Gy
on (Ec).A;. O]

The cohomology group H*(Gay, Fy[u*t]{e;}) i € {0,2} is free of rank one as a
module over H*(Glay, Fy[u*1]). For i € {0,2}, we choose the generators €0, 1] €
HO(Goy, (F4[u*t]{e;});) of these modules.
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Corollary 5.2.4. The connecting homomorphism induced from the short exact
sequence (II.11) in Corollary 5.2.3

H* (G, Falu™){ea}) 2 H* "L (Gay, Falut{eo})

is H* (G4, F4[u™!])-linear and sends €0, 2] to ae[0, 0] up to a unit of F,, where,
as areminder, a € H'(Gay, (F4[u™])s).

Proof. That § is H* (G4, F4[u™!])-linear is a well-known property of the connect-
ing homomorphism (See [Bro82], V.3). Next, since the short exact sequence in
Corollary 5.2.3 does not split, the connecting homomorphism § sends e[2, 0] to a
non-trivial class and hence to ae[0, 0] up to a unit of F. O

Using the description of H*(Glyy, F4[u™!]) and the long exact sequence associated
to the short exact sequence of Corollary 5.2.3, we obtain the following description

of H* (G24, (Ec)* (Al))
Proposition 5.2.5. As a module over H*(Go4, F4[u™]), there is an isomorphism
H*(G247 (EC)*(Al)) = F4[U§tla <, a, b]/(a7 b3>{6[07 0]7 6[]—7 5]}

where 6[0, 0] € HO(G24, (EC)O(Al)) and 6[]_, 5] € I’I1 (GQ4, (EC)G(Al))

—4 0 4 8 12 16 20 24

O DN W

Figure 11.18 — H*(Gay, (Ec):(A1)) depicted in the coordinate (s, t-s))

The above proposition also gives the action of H*(Ga4, (E¢).) on H*(Ga4, (Ec)«A1).
In effect, the action of E¢, on E¢. (A;) factors though Fy[u*!] via Ec, = Fy[u*!].
As a consequence, the action of H*(Gay, Ec) on H*(Gay, Ec« (A1) factors through
the induced homomorphism in cohomology of GGo4. In particular, il follows from
Proposition 5.1.5 that the classes A, %, v act on H*(Gay, Ecy(A1)) as vj, v52, b do,
respectively. Because A, %, v are classes of the E,-term of the HFPSS for E@GQ“,
we will describe the HFPSS for EZGQ“ A A; in terms of the latter. We use the
notation e[s, t] to denote the unique non-trivial class, up to a non-zero element of
Fy, of Efﬁ*t. Thus, Proposition 5.2.5 can be rewritten as follows. As a module
over F4[A* %, 1]/ (v?), H*(Ga4, (Ec). A1) is free on the following classes:

el0,0],e[1, 5], €[0, 6], e[1, 11], €[0, 12], e[1, 17], €[0, 18], e[1, 23].
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5.3 Differentials of the homotopy fixed point spectral sequence
for E@G“ A A

The HFPSS for EgGQ‘* A Aj has the following features. The spectrum Fc A Ay
is a Go4-FEc-module in the sense that £c A A; is an Eo-module and the structure
maps are (Go4-equivariant. This guarantees that the HFPSS for EEGQ‘* A Apisa
module over that for EgGQ“. In particular, all differentials are x-linear. This ele-
ment plays a central role here: the group (G5, is a group with periodic cohomology
(see [Bro82], Chapter VI) and & € H*(Go4, (E¢).) is a cohomological periodicity
class. These features induce more structure on the HFPSS.

Definition 5.3.1. Let R be a ring spectrum and G be a finite group acting on R
by maps of ring spectra. The pair (G, R) is said to be regular if G is a group
with periodic cohomology and there exists a cohomological periodicity class u €
H*(G, R.) which is a permanent cycle in the HFPSS for R"“.

Lemma 5.3.2. Let (G, R) be a regular pair as in Definition 5.3.1 and X be a G-
R spectrum. Suppose u € H*(G, R,) is a cohomological periodicity class which
is a permanent cycle in the HFPSS for R"C. Then the E,-term of the HFPSS for
X" has the following properties:

(i) All classes of cohomological filtration at least k are divisible by u;

(ii) All classes of cohomological filtration at least r are u-free.

Proof. We will prove by induction on 7 that the E,-term of the HFPSS for X"¢
has the properties (i) and (ii). The Es-term is isomorphic to H*(G, m.(X)).
We recall that the natural map from the cohomology to the Tate cohomology
v H¥(G,mX) — H*(G,m(X)) is an epimorphism and is an isomorphism when
s > 0, see [Bro82], Chapter VI. Because (G has periodic cohomology, we have

ICIS(G,WtX) = ﬂS(G, mX)[u,

which means that the group H*(G, 7, X) is u-free and is divisible by u. Since
v HY (G, mX) — H*(G,m(X)) is an isomorphism when s > 0, all classes of
positive cohomological degree of H*(G, m, X)) are u-free.

Now suppose z is a class of H¥(G, m, X)) with s > k. Then the class u™'i(z) €
H**(G,m,X) has a pre-image y € H**(G, . X) (because s — k > 0), i.e.

This implies that

and thus since s > 0,
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Thus, the Eo-term has the properties (i) and (i7). Suppose that the E,-term satis-
fies (¢) and (i7). Let [x] € E, ;1 be a non-trivial class represented by « € E,.. Sup-
pose that x has its cohomological filtration s > k. By the induction hypothesis,
there exists y € E3~%* such that uy = 2. We show that y is a d,-cycle. Because
x is a d,-cycle, we have by u-linearity that ud, (y) = d,(uy) = d,(z) = 0. How-
ever, the cohomological filtration of d,.(y) is at least r, and so it is u-free by the
induction hypothesis, and so d,.(y) = 0. Therefore, [z] is divisible by w.

Now we prove that E,,; has the property (i7). Suppose that [z] is u-torsion and
has its cohomological filtration at least » + 1. Without loss of generality, we can
assume that u[z] = 0. Then there exists y € E, such that d,(y) = ux. The coho-
mological filtration of y is at least tor + 1 + k& — r = k + 1, hence y is divisible
by wu, i.e., there exists z € E, such that uz = y, and then by u-linearity,

ud,(z) = dp(uz) = d.(y) = ux.

However, d,.(z) — = has cohomolgical filtration at least 7 + 1, it must be u-free by
hypothesis (i), hence is equal to zero, i.e., [z] is trivial in E, ;.

We conclude that the E, ;-term satisfies (i) and (ii), thus finishing the proof
by induction. 0

Corollary 5.3.3. Let (G, R) be a regular pair and X be a G- R spectrum. Suppose
u € H¥(G, R,) is a cohomological periodicity class which is a permanent cycle
in the HFPSS for R"“. Then we have, in the HFPSS for X",

1. At the E,-term, u-torsion classes are permanent cycles.

2. Any u-free tower is truncated by at most one other u-free tower by the same
differential. More precisely, if z is a class of cohomological filtration less
than &, then there exists at most one class y of cohomological filtration
less than £ such that there exists an unique integer [ and a unique integer r
such that d,.(u™y) = u™*'z for all non-negative integers m. Moreover, all
classes u'x for i € {0, 1,...,m — 1} survive the spectral sequence.

3. Suppose some power of w is hit by a differential in the HFPSS for R"“.
Then any u-free tower consisting of permanent cycles is truncated by a
unique u-free tower. Moreover, the HFPSS has a horizontal vanishing line.

4. Every element of 7, (X"“) that is detected in filtration at least k is divisible
by % where % is an element of , ( R"“) detected by w.

Remark 5.3.4. This situation turns out to be abundant once the group in question
is a group with periodic cohomology. For example, all finite subgroups of G
have these properties.
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We return to the HFPSS for E°>* A A;. We will call the set {#'z|l € N} as-
sociated to a class x in some page of the HFPSS the k-family of that class. We
note that all classes of E* with t — s odd are trivial, so that all differentials of
length even are trivial, i.e., we have that E, = E, ., if r is even; this is called
the checkerboard phenomenon. The following proposition gives us the horizontal
vanishing line of the HFPSS for E(}}G“ A Aj.

Proposition 5.3.5. The HFPSS for EQGZ‘* A Ay has a horizontal vanishing line of
height 23, i.e., E;Af = 01ifs > 23. As a consequence, it collapses at the Eqy-term.

Proof. As & = 0 in m,(E2C?), the class #° must be hit by a differential which
is of length at most 23. This is because %® has cohomological filtration 24 and
all even differentials are trivial. Hence %° is trivial in the Eo4-term of the HFPSS
for EgGQ“. Next, because the Eo4-term of the HFPSS for E?;G?‘* A A; is a module
over that for EgGQ‘*, the class %° acts trivially on the Eqyy-term of the HFPSS for
EgGQ“ A Aj;. Since all classes which are not a multiple of % have cohomological
filtration at most 3, the HFPSS has the horizontal vanishing line of height 23. []

Proposition 5.3.6. The following classes are permanent cycles
el0,0],e[1,5], €0, 6], e[1,11],¢e[1, 15],e[1,17], e[1, 21], e[1, 23].

Proof. Firstly, the class e[0, 0] is a permanent cycle because it detects the inclusion
S% — A, into the bottom cell of A;. Next, we recapitulate, in the following table,
the associated graded object with respect to the induced Adams filtration on the
groups 7, (tmf A A;)/(R) in the following stems.

| Dim | 6 [15]17|21| 23 |
‘Value‘IFQQBIFz‘FQ‘FQ‘FQ‘FQ@FQ‘

By Corollary 5.1.3, the groups 7. (EL°** A A;)/(F) in these dimensions must have
order twice as big as the respective groups. Inspection in the Fs-term of the HF-
PSS through dimensions from 0 to 23 and in cohomological filtration less than 4
show that the classes e[0, 6], e[1, 15], e[1, 21], e[1, 23] are permanent cycles.

Note that the groups mo(tm f A Ay) and 7s(tmf A A;) are annihilated by 7. This
means that e[0, 0] and ¢[0, 6] detects two elements which are annihilated by 7. It
follows that the Toda brackets (v, 7, [0, 0]) and (v, 7, €[0, 6]) can be formed. By
juggling,

n{v,n,€[0,0]) = (n,v,n)e[0,0] = 1[0, 0]
and

77(’/7 U 6[07 6]> = <777 v, 77>€[0> 6] = V26[07 6]
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Observe that 2¢[0, 0] and v¢[0, 6] are nontrivial and are detected in cohomolog-
ical filtration 2. Consequently, both (v, 7, ¢[0,0]) and (v, 1, €[0, 6]) are nontrivial
and are represented by classes in cohomological filtration at most 1. Therefore
e[l,5] and e[1, 11] are permanent cycles.

The unique nontrivial element of 7y (¢m f A A1)/ (F) is annihilated by 2. This im-
plies that the class v2¢[1, 11] is the target of some differential. Since 717 (EL7>* A
A1)/(R) has order at least equal to 4, the class e[1, 17] must be a permanent cycle
representing the only element in dimension 17 of 7, (Er A Ay)/(R). O

ds — differentials

Proposition 5.3.7. As a module over F,[AT &, v]/(V?), the term Ey = B3 is free
on the generators

el0, 0], e[1, 5], €0, 6], e[1, 11], €[0, 12], e[1, 17], €[0, 18], e[1, 23]. (1.12)

Proposition 5.3.8. The ds-differential in the HFPSS for Eng‘* A Ay is trivial on
all of the generators of (I1.12) with the exception of

i) dz(e[0,12]) = v2e[l, 5]

i) ds(el0,18]) = v?e[1,11].

Proof. That €[0,0], e[1, 5], [0, 6], e[1, 11], e[1, 17], e[1, 23] are d3-cycles follows
from Proposition 5.3.6. For the two other classes, the proof of Proposition 5.3.6
implies that the elements ©(e[l,5]) and ©(e[2,11]) are detected by e[1, 5] and
e[, 11], respectively. Moreover, the elements e[1, 5] and e[2, 11] are annihilated
by v? in m,(tmf A A;). It follows that, in the HFPSS, the classes v%¢[1, 5] and
v2e[1, 11] must be hit by some differentials. The only possibilities are d3(e[0, 12]) =

v?e([1,5] and d3(e[0, 18]) = v2¢[1, 11]. O
4
3
= = =
2 T~ L 5 L
(1] = = = =
0 4 8 12 16 20 24

Figure I1.19 — Differentials d3

Corollary 5.3.9. As a module over F4[A*! %, v]/(1?), the term E; = E; is a
direct sum of cyclic modules generated by the classes

el0,0],e[1, 5], e[0, 6], e[1,11], e[1, 15], e[1, 17], e[1, 21], e[1, 23] (1.13)
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with the relations
v2e[l, 5] = v2e[l, 11] = v?e[1, 15] = v%e[1,21] = 0. (IL.14)

Proof. This is straightforward from Proposition 5.3.8 and from the fact that A, 5, v
are ds-cycles in the HFPSS for EgGM . [l

ds-differentials. We need the ds-differential, in the HFPSS for E/>*, d5(A) = Fv
(see [Bau08], Section 8.3).

8
7 L L
6 L L L L L L

— VL VL VL b
5 VA VT WA AL \
5 LA L AL ] ]
1 B // L L // |-
P 28 32 36 40 44 48 52

Figure 11.20 — Differentials d5

Proposition 5.3.10. The Es = Eq-term is a module over F4[(A8)* %, v]/(Fv)
and, as such, Eg = E7 is a direct sum of cyclic modules generated by the following
classes for i € 0, 2,4, 6 with the respective annihilator ideal:

generator A'e[0,0] Ale[l,5] Ale[0,6] Ale[l,11]

ideal (V3) (V2> (V3) (VQ)
generator A'e[l,15] A'e[l,17] A'e[l,21] Alell, 23]
ideal (v?) (v?) (1?) (v3)

generator A'e[2,30] Ale[2,32] A'e[2,36] Ale[2,38]
ideal (v) (v) (v) (v)
generator A'e[2,42] A'e[3,47] A'e[2,48] A'e[3, 53]
ideal (v) (v) (v) (v).

Proof. The classes A® %, v acts on the HFPSS for EZGM A Ay, since they are
permanent cycles in the HFPSS for EgGM. Notice that, if z is a class in the Es-
term, then ds(A?*z) = A*d5(x) Vk € Z. This says in particular that the Eg-term
is A2-periodic. Next, if x is a ds-cycle and is annihilated by v*, then ds(Ax) =
rrx and ds(Av'~'z) = 0. Together with the fact that all of the generators of
(II.13) are permanent cycles (Proposition 5.3.6), it is straightforward to verify
that the classes together with their annihilation ideal given in the statement of the
Proposition generate the Eq-term as a module over F,[(A8)*! &, v]/(Fv). O
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Remark 5.3.11. Since A® is a permanent cycle in the HFPSS for EZG""‘, the HF-
PSS for EgGM A Ay is linear with respect to A®. Note that all F-free generators in
the E;-term are of the form (A8)*z where k € Z and z is one of the generators
listed in Proposition 5.3.10. Then, by Corollary 5.3.3, these free x-families pair
up so that each non-permanent x-family truncates one and only one permanent
R-family. By AS-linearity, among these 64 generators, only half of them are per-
manent cycles and the others support a differential. It reduces the problem into
two steps: first identify all permanent k-families, then identify by which k-family
they are truncated.

L L1/ L1/ L1/ LT

0 4 8 12 16 20 24 28 32 36 40 44 48 52

Figure I1.21 — The E;-term for s < 3and ¢t — s < 54

Proposition 5.3.12. The generators
el2,30], e[2, 32], e[2, 36], e[2, 38], e[2, 42], €[3, 47], €[2, 48], ¢[3, 53]
are permanent cycles.

Proof. We give the proof for e[2, 30] and the other generators are proven in a sim-
ilar manner. In the Eg-term, the Massey product (%, v, v%¢[0, 0]) can be formed.
Since d5(A) = kv and v¢[0, 0] = 0 € Es, we see that

e[2,30] = Av?e|0,0] € (&, v, v*e[0,0]).

The indeterminacy consists of KE; >* + Eg*12¢[0, 0], where E;>*® is in the Eg-
term of the HFPSS for EgGQ“ A A; and Eg’% for Eng“. The latter are zero groups,
hence the indeterminacy is zero. Thus,

(&, v, 1%e[0,0]) = e[2, 30].

At the level of the homotopy groups of m(EZ}G24 A A7) one can form the corre-
sponding Toda bracket (%, v, %¢[0, 0]) because v& = 0 in 7, (Fi“?*) and inspec-
tion in . (tmf A A;) tells us that v°¢[0,0] = 0. Furthermore, all hypotheses of
Moss’s convergence theorem are verified. Therefore, e[2, 30] is a permanent cycle
representing the Toda bracket (e[0, 0], 2%, %). For the sake of completeness, we
record the Toda bracket expressions for the other elements

(R, v,vell,5]) = e[2,32], (R,v,1%e[0,6]) = e[2, 36],
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(R,v,ve[l,11]) = e[2,38], (R,v,ve[l,15]) = e[2,42],
(7, v, 1%e[1,17]) = €[3,47], (&, v,ve[l,21]) = e[2, 48],
(R, v,1v%e[2,23]) = e[3,53].
]

We have already identified 16 out of 32 permanent cycles. The next 16 ones are not
the same for different versions of A;. The difference reflects the different behavior
of the d,-differential in the ASS for different models of A; (see Proposition 4.0.3).

Proposition 5.3.13. In the HFPSS for all four versions of Ay, the following 12
generators are permanent cycles :

A%e[0,0], A%e[1, 5], A%e[0, 6], A2e[1, 11], A%¢[1, 15], A%e[1, 17]
A%e[l,21], A%e[2, 30], A%e[2, 32], A%e[2, 36], , A%e[2,42], A%e[3, 47].
The remaining four permanent cycles for A1[00] and A;[11] are
A%e[1,23], A%[2, 38], A%e[2, 48], A%e[3, 53],

whereas the remaining four permanent cycles for A;[10] and A;[01] are

A'e[1,15], A%e[0,0], Ae[1, 5], Ae[2, 30].

Proof. The graded associated object of the groups m.(tmf A Ay)/(R,v), with
respect to the Adams filtration, in the following stems are given in the following
table:

Stem | 48 | 53 [54|59[63]65|69]|78]|80]84]90]95
Value | Fs @ F; |Fo @ Fy [Fy [Fo |[Fy [Fy [Fo |[Fy |Fy [ Fo | Fy | Fy

In view of Corollary 5.1.3 and Corollary 5.3.3, inspection in the E;-term shows
that the following 12 classes are permanent cycles in the HFPSS for all four ver-
sions of A;.

A%e[0,0], A%e[1, 5], A%e[0, 6], A%e[1, 11], A%e[1, 15], A%e[1, 17],

A%e[1,21], A%e[2,30], A%[2, 32], A%e[2, 36], , A%e[2, 42], A%e[3, 47].

Next, in the ASS for tmf A A;[00] and ¢tmf A A;[11], there are no non-trivial
differentials before stem 96, by sparseness and Theorem 4.0.3. Inspection in the
Es-term then shows that

T (tmf A A00)/(%, v) = mo (tmf A A1) /(R, v) = Fy
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and
7T86(tmf VAN Al[OO])/(E, V) = Tgﬁ(tmf VAN A1[11]>/(E7 l/) = ]FQ

It follows that the classes A%e[1,23] and A%¢[2, 38| are permanent cycles in the
HEPSS for B> A A;[00] and EL7>* A Aj[11].

On the other hand, in the ASS for tm f A A;[10] and tm f A A;[01], Lemma 4.0.3
and g-linearity imply that dy(g?wse[4,23]) = g*¢[6,30] and do(g*wse(7,38]) =
g%e[1, 5. Hence, w3e[3, 15] and wie[6, 30] survive to the E,-term, by sparseness.
It then follows that Ae[1, 15] and Ae[2, 30] are permanent cycles in the HFPSS
for A;[10] and A,[01].

For A;[00] and A;[11], the classes wqe]9, 48] and wqe[10, 53] do not support dif-
ferentials, by Lemma 4.0.3, hence persist to the F,.-term, by sparseness. They are
also not divisible neither by % nor by v. Lastly, both wse[9, 48] and wqe[10, 53]
are annihilated by v. The only classes in the HFPSS that match those properties
are A%e[2, 48] and A%¢[3, 53], respectively. Thus, the latter are the last two of the
32 permanent cycles in the HFPSS for A;[00] and A;[11].

For A;[10] and A;[01], the classes wqe[9,48] and wqe[10, 53] support nontriv-
ial dy differentials. Thus w3e[0,0] and w3e[l,5] survive to the F..-term. For
degree reasons, both w3e[0, 0] and w3e[1, 5] are not divisible either by % or by
v, and moreover their multiples by v are not divisible by x. In the HFPSS for
Bl A A[10] and EL7>* A A1[10], Ae[0, 0] and Ae[1, 5] are the only classes
verifying the respective properties, hence are permanent cycles.

0

Having determined all permanent x-families, we consider differentials. We recall,
from Remark 5.3.11, that each permanent <-family is truncated by one and only
one non-permanent r-family. We can proceed as follows: take a permanent cycle,
say x; then locate all non-permanent classes that can support a differential killing
r"x for some n < 6. Precisely, one of the following situations will happen:

1) There is no ambiguity: i.e., there is only one generator that can support a
differential killing "z for some n < 6, so this differential occurs.

2) There are two generators that can support a differential killing multiples of
x by different powers of k. In order to decide, we inspect the k-exponent of x
using the ASS.

3) There are two generators that can support a differential killing the multiple
of = by the same power of . In this case, inspection on the x-exponent of x does
not help. We will treat each of the particularity case by case. Some Toda brackets
will be involved to resolve these cases.
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A permanent cycle is said to be of type 1, 2, 3 respectively if its xK-family is as
in the situation 1, 2, 3 above respectively. The HFPSS for different versions of A;
do not behave in the same manner. It turns out the HFPSS for the versions A, [10]
and A;[01] behave in the same way and A;[00] and A;[11] in the same way. We
will treat the HFPSS for A;[10] and A,[01] in detail and then point out the changes
needed for A,[00] and A,[11].

Differentials (continued) for A;[01] and A,[10]. The reader is invited to fol-
low the discussion of the differentials using Figures (I1.22) to (I1.25) below.
The dy-differentials

Proposition 5.3.14. There are the following dy-differentials:
(1) do(A%e[1,23]) = K2e[2, 30]
(2) do(A%e[1,23]) = K2A%e[2, 30].

Proof. The classes e[2, 30] and A%e[2, 30] are of type 1 and the only possibilities
are dg(A%e[1,23]) = R2e[2,30] and dg(A%¢[1,23]) = R>A%e[2, 30], respectively.
[

The d;5-differentials

Proposition 5.3.15. There are the following d,5-differentials:
(1) di5(A%e[2,38]) = ®ie[l, 5]
(2) di5(A%e[2,48]) = Kle[l,15]
(3) di5(ASe[2,38]) = rTAle[1, 5
(4) di5(A%e[2,48]) = BT Ale[1, 15)].

Proof. 1t is readily checked from the chart that all e[1,5], ¢[1,15], Ae[l, 5],
A%e[1,15] are of type 1 and their %-family is truncated as indicated in the propo-
sition. [

The d;;-differentials

Proposition 5.3.16. There are the following d,7-differentials:
(1) dn(A2 [3,53]) = Re[0, 0]

(2) di7(A%e]0,6]) =& e[l 21]
(3) da(Ate]1, 17)) = 7 [2 32]
(5) diz(Ae[2,32 ]) =% 6[3 47]
(6) din(ASe[0,6]) = " A%e]1, 21]
(7) di7(ASe[1,17]) = K AZ%e[2, 32]
(8) dir(ASe[1,21]) = F*A%e[2, 36]
(9) dir(A%e[2,32]) = R1A2e[3, 47]
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(]0) d17(A6€[3,53]) —E5A4 [O 0]
(11) dy7(A%e[1,23]) = R'e[2, 38]
(12) dir(A%e[2, 38]) = 7e[3, 53]
(13) di7(Ae[0,0]) = ®*A%e[1, 15]
(14) dy7(ASe[l,15]) = 7*A2%[2, 30]

Proof. (1)-(10) All of the generators of

el0,0], e[1, 21], e[2, 32], e[2, 36], e[3, 47]
A?e[1,21], A%[2,32], A%e[2, 36], A%e[3,47], Ae[0, 0]

are of type 1.

(11) e[2,38] is of type 2. The differentials that can truncate its =-family are
di7(A%e[1,23]) = ®le[2,38] and das(ACe[1,15]) = ®%¢[2, 38]. The latter
can not happen because the spectral sequence collapses at the Eoy-term.
Therefore, one must have that dy7(A%e[1, 23]) = &*e[2, 38].

(12) e[3,53] is of type 2. Its F-family can be truncated by d;;(Ae[2,38]) =
Rle[3, 53] or dos(A%e[2,30]) = &S¢[3,53]. As above, there can not be
any dys-differential in the spectral sequence. Hence, one must have that
di7(A%e[2,38]) = Kle[3, 53).

(13) AZ?e[1,15] is of type 3. In its ®-family, only K*AZ%e[1, 15] can be a tar-
get of differentials, d;7(A%[0,0]) = F*A%¢[1,15] and d;5(A%e[2,48]) =
R1A%e[1,15]. However, if di5(Ae[2,48]) = ®'AZ%¢[1,15] then the only
class that can truncate the %-family of e[1,23] is AS¢[0, 0] and by a dos-
differential: do5(A%e[0,0]) = %°e[1,23]. This contradicts the fact that
the spectral sequence collapses at the Fos-term. Thus, one must have that
di7(A%e[0,0]) = B1A%e[1, 15].

(14) AZ%e[2,30] is of type 2. Its "-family can be truncated by a dy-differential
on A%e[1,23] or by a dy;-differential on ASe[1,15]. However, the former
possibility can not occur because of part (11). Therefore, d;7(A%e[1, 15]) =
F1A2e[2, 30].

O

The d;9-differentials

Proposition 5.3.17. There are the following d,9-differentials:
(1) d19(A4 [1,11]) = Re[0, 6]

(2) dig(A%e[3,47]) = Fe[2, 42
(3) dig(APe[1,11]) = ROAZe[0, 6]
(4) dlg(AGe[?), ]) —E5A26[2,42]
(5) di9(ACel[1,5]) = R>A%e[0, 0]
(6) dio(A%e[3,53)) = Foe[2, 48).



Chapter 1. Homotopy groups of EgGQ‘* A Ay 91

Proof. (1)-(4) All of the classes
e[0, 6], e[2,42], A%e[0, 6], A%e[2, 42)]

are of type 1.

(5) The class A%e|0, 0] is of type 3 and its K-family can be truncated either by
di7(A%e[3,53]) = F2A2e[0,0] or by dig(A%e[1,5]) = ®>AZ%e[0,0]. Sup-
pose di7(A%e[3,53]) = £°A?e[0,0]. This would leave us with the differ-
ential dy; (Ae[1,5]) = Re[2, 48] It would imply the Massey product in
the Eqs-term

(R°, e[2,48],v) = vA%e][1, 5]
with zero indeterminacy in the Eso-term. All conditions of Moss’s con-
vergence theorem are met, the Toda bracket (r°, e[2, 48], v/) could then be
formed and would contain an element represented by vA%¢[1, 5]. This con-
tradicts Corollary 4.0.5. This contradiction proves that

dig(A%][1,5]) = &> A%e|0, 0].

(6) The class e[2, 48] is of type 2 and its #-family is truncated either by d;9(A%e[3, 53]) =
Re[2, 48] or by da; (A®e[1, 5]) = Re[2, 48]. However, part (5) of Proposi-
tion 5.3.17 rules out the latter.

[

The do3-differentials

Proposition 5.3.18. There are the following ds3-differentials:
(1) d23(A4 [2,36]) = ®Oel[l, 11]

(2) doy(A*e]2,42]) = ROe[1, 17]
(3) doz(Ae[2,48]) = KOe[1, 23]
(4) doy(A0e[2,36]) = ROAZe[1, 11]
(5) dos(Ae[2,42]) = BA%[1, 17
(6) doz(A%e[2,30]) = KCAZe[1, 5).

Proof. (1)-(5) All of the classes
e[1,11],e[1,17], ¢[1, 23], A2e[1, 11], A%¢[1, 17]

are of type 1.

(6) The class A%¢[1, 5] is of type 2. The two possibilities are d;5(Ae[2, 38]) =
R*A%e[1,5] and da3(A%e[2,30]) = ®OAZ2e[l1,5]. However, part (12) of
Proposition 5.3.16 rules out the former because the class Ae[2, 38] must
pair up with the class e[3,38], by a d;-differential di7(A%e[2,38]) =

1e[3, 53].
]
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The above differentials from dy to d,3, together with the %- and A3-linearity ex-
haust all differentials. In the statement of Theorem 5.3.19 and 5.3.20, we write
e;_s for the permanent cycle e[s,t — s] in bidegree (s,t) listed in Proposition
5.3.10, for the sake of presentation.

Theorem 5.3.19. As a module over F,[A*® %, v|/(kv), the Eo-term of the HF-
PSS for ELY>* A A, for Ay = Ay[10] and A,[01] is a direct sum of cyclic modules
generated by the following elements and with the respective annihilator ideal:

0,0) (1,5 (0,6) (L,11) (1,15) (1,17) (1,21) (1,23)
el0,0] e[1,5] e[0,6] e[l,11] e[l,15] e[1,17] e[l,21] e[l,23]
(7, v%) (FLv?) (R %) (R0 (RL0?) (R%0%) (R4 v?) (RSP

(2,30)  (2,32) (2,36) (2,38) (2,42) (3,47) (2,48) (3,53)
e[2,30] €[2,32] e[2,36] €[2,38] e[2,42] e[3,47] e[2,48] e[3,53]

®,v) (R,v) ®Lv) ®LYv) ®,v) &Lv) E,v) (RLv)

(0,00 (1,5)  (0,6)  (1,11) (1,15) (1,17) (1,21) (1,23)
€0 €5 €6 €11 €15 €17 €21 €23
®.07) ) @0 @) 52 @) F2) 5

(2,30)  (2,32) (2,36) (2,38) (2,42) (3,47) (2,48) (3,53)

€30 €32 €36 €38 €42 €47 €48 €53
v) (FLwv) FLy) FLy) B (®FLy) ®,v)  (FhLy)

(0,48) (1,53) (0,54) (1,59) (1,63) (1,65) (1,69) (2,74)
AQBQ A2€5 A2€6 A2611 A2€15 A2617 A2621 A2V623
(F,0%) (%) (%) (R°v?) (RL.?) (R°0°) (RLv?) (R, 17

(2,78)  (2,80) (2,84) (2,90) (3,95) (0,96) (1,101)
A2630 A2632 A2€36 A2€42 A2647 A460 A465
®Lv) (®,v) L) @®,v) Fv) @07 F07)

(1,105) (2,110) (1,111) (2,116) (2,120) (2,122) (2,126)
A4V€6 A4V€11 A4€15 A4V€17 A4V€21 A4V€23 <A4€30)
7 Fv) 2 72 Fry) 72 (

(1,147) (2,152) (1,153) (2,158) (2,162) (2,164) (2,168) (2,170)

ASvey  ASves;  ASves  ASve;y ASveys; ASveyr APvey  ASvegs

Fo?) Fy) Fed) Fr) ®e) @A) (&) (R0
The case of A,[00] and A, [11]. The analysis of the HFPSS for A, [00] and A,[11]
can be done in the same manner as that for A;[10] and A;[01]. All differentials are
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identical except for 8 ones involving 16 of the generators of Proposition 5.3.10.
We will be content to point out all modifications, see Figures from I1.26 to 11.29.

di7(A%e[1,15]) = B*e[2, 30] instead of dy(A%e[1,23]) = K2e[2, 30],
di7(AS[1,23]) = R*A%e[2, 38] instead of dy(A°e[1,23]) = K2A%¢[2, 30],
di7(A%]0,0]) = ®'e[1, 15] instead of di5(A%e[2,48]) = & e[l, 15,
di7(A%]2,38]) = R*A%e[3, 53] instead of dy5(A°[2,38]) = B*A%e[1, 5],
dio(A%e[1,5]) = ®°e[0, 0] instead of d17(A%e[3, 53]) = &°e0, 0],
dig(A%[3,53]) = R°A%e[2, 48] instead of dy7(A°[3,53]) = B> Ae[0, 0],
das(A%e[2,48]) = ROA%e[1, 23] instead of dy5(A%[2,48]) = B*Ae[l, 15,
doz(A%e]2,30]) = RCe[1, 5] instead of dy5(A%e[2,38]) = & e[l, 5].

Theorem 5.3.20. As a module over F,[A*® %, v]/(Kv), the E-term of the HF-
PSS for EgGQ“ N A for Ay = A1[00] and A1[11] is a direct sum of cyclic modules
generated by the following elements and with the respective annihilator ideals:

(0,0) (1,5) (0,6)  (1,11) (1,15) (1,17) (1,21) (1,23)
(@05 F02) (@08 @02) (77 @) 77 @)

(2,30)  (2,32) (2,36) (2,38) (2,42) (3,47) (2,48) (3,53)

€30 €32 €36 €38 €42 €a7 €48 €53

(

) (Bhv)  (®Lv) (®RLv) (RLv)  (®Ly) (BLy)  (BLv)

(0,48) (1,53) (0,54) (1,50) (1,63) (1,65) (1,69) (1,71)
A260 A265 AQGG AQQH A2615 A2€17 A2€21 A2€23

(

EE), 7/3) (E67 7/2) (EE), V3> (EG, VZ) (E4, 7/2) (E6, 7/3) (E4, V2) (E67 7/3)

(2,78)  (2,80) (2,84) (2,86) (2,90) (3,95) (2,96) (3,101)
A2€30 A2632 A2€36 A2638 A2642 A2647 A2€48 A2€53

(

) (®hv) ®LYv) ®Lvy) ®,v) ®Lvy) ®,v) (FLy)

(1,99) (2,104) (1,105) (2,110) (2,114) (2,116) (2,120) (2,122)
Atvey  A*ves Atveg Atveyy Atves Atver Atvey  Atveos
Fo?) Fy) @) (®y) @) @) Fy) (7o)

(1,147) (2,152) (1,153) (2,158) (2,162) (2,164) (2,168) (2,170)
ASvey  ASves;  ASves  ASvey; ASveys ASvey; ASvey;  ASveos
7% (Rv) (&) (Frv) Fv) EV2) (Er)  (F2)
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Remark 5.3.21. We emphasise that the relations given in Theorem 5.3.19 and
5.3.20 are only the relations in the E..-term. In fact, we can see by sparseness
that, the annihilator exponents of  are still true in m(EZGQ‘1 A Ap). Whereas,
there are exotic extensions by v, i.e., multiplications by v that are not detected
in the E-term. These can be determined by two different methods: by using
the Tate spectral sequence as in [BO16], Section 2.3 or by computing the Gross-
Hopkins dual of EgGQ“ A Ajp; however, we do not discuss this point here.

Using the structure of the E..-term, we can read off the action of the ideal (%, v/)
on w*(EgGQ“ A Aj). From this, we obtain the following Corollary.

Corollary 5.3.22. We have
a) The map

0 : W(Fy) ®z, me(tmf A A/ (R, v) — mp(ELC2 A A)) (R, v),

induced by O in II.7, is an isomorphism for £ > 0, independent of the version of
A;.
b) The map

0 : W(F,) @z, m(tmf A A1) — mp( EEC A A))
is also an isomorphism for k£ > 0, independent of the version of Aj.

Proof. For part a), Corollary 5.1.3 asserts that ©’ is injective. To show that the lat-
ter is surjective, it suffices to show that its source and target have the same order.
The order of the target can be seen from Theorem 5.3.19 and 5.3.20; in particular,
it has order 0 or 4 in all stems, except for the stems 48 and 53 modulo 192, in
which it has order 8. The remaining part of the proof is an inspection of the ASS
for tmf A A;, together with the fact that © is injective, by Corollary 5.1.3, and
is linear with respect to & and v, to show that W(F,) ®z, m.(tmf A A;) has the
same order as of ﬂ*(E(@G“ A Aj), in non-negative stems. Because of the depen-
dance of the structure of ﬂ*(EZG“ A A7) on the version of A;, we consider them
separately: we only give a detailed treatment for A,[00] and A;[11] and claim that
the treatment for A;[01] and A;[10] is completely similar. For the remaining part
of the proof, A; will be A;][00] or A;[11].

By sparseness and part (i) of Theorem 4.0.3, all classes wie[i, j] for [ = 0,1
and e[i, j], the classes in the table of Proposition 3.2.5 survive to the E..-term of
the ASS for tm f A A;. Moreover, for degree reasons, these classes must converge
to non-trivial elements of 7, (tmf A A;)/(%,v) in the appropriate stems. There-
fore, W(F,) ®z, m.(tmf A A1)/(R,v) has the same order as of 7, (FL A A))
up to stem 96 and in stem 101.
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All of the classes
wiel0, 0], wie[1, 5], wie[l, 6], wie[2, 11],

se[3,15], wie[3,17), wael4, 21], wie[4, 23]

are dy-cycles in the ASS and the ds-differentials on them can only hit g-multiple
classes. Thus, by v-linearity and the fact that g = 0 in Ext ( ) (F5), the classes

vwsel0, 0], vwie[l, 5], vwie[l, 6], vwie[2, 11],

vwsel3, 15], vwse[3, 17], vwie[4, 21], vwie[4, 23]

are ds-cycles and hence survive to the E . -term, by sparseness. As above, these
classes must converge to non-trivial elements of 7.(tmf A A;)/(R,v) in the ap-
propriate stems. It follows that W @z, 7. (tm f A A1)/(, v) has the same order as
of m,(ELE>* A Ay) for stems from 96 to 144.

Consider the classes

vwsel0, 0], Vw2 e[1,5], vwie[l, 6], vwie[2, 11],
vwsel3, 15], vwse[3, 17], vwie[4, 21], vwie[4, 23] (I1.15)

As above, these classes survive to the E4-term of the ASS for tmf A A;. By
sparseness, vwse[4, 23] survives to the E.-term and converges to a non-trivial
element of m7o(tmf A Ay)/(R,v). By sparseness, the other classes can only
support d,-differentials hitting the classes

Te[1,6], g7e[2, 11], g%€[6,32], g e[3,17], g"e[4, 21], g"e[4, 23], g°€[9, 47],

respectively. However, the class g*eli, j] for (i, 7) € {(1,6), (2,11), (6, 32), (3,17),
(4,21),(4,23),(9,47) } is killed by a differential for a certain integer k less than 7,
hence geli, j] for (i, 7) € {(1,6),(2,11), (6,32), (3,17), (4,21), (4,23), (9,47)}
is killed by a differential on a certain g-multiple class. This means that

vwsel0, 0], vwse[l, 5], vwie[2, 11], vwie(3, 15], vwse[3, 17]

survive to the E.-term, hence, as above, to non-trivial elements of m,(tmf A
Ay)/(R,v). Next, the map O sends e[6,32] and e[9,47] to e[2, 32] and e[3, 47],
respectively. The latter are both annihilated by %*, so that g*e[6, 32] and g*e[9, 47]
are hit by certain differentials in the ASS, hence ¢%[6,32] and ¢°¢[9,47] are
hit by differentials supported on g-multiple classes. As above, this implies that
vwiell, 6] and vwie[4, 23] survive to non-trivial elements of 7. (tm fAA;) / (R, v).
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In total, we have proved that all classes of II.15 converge to non-trivial elements
of m.(tmf N A1)/ (R, v); as a consequence, W([Fy) ®z, m.(tmf A A1)/(R, v) has
the same order as of 7,(Ep A A;)/(R,v) in stems from 144 to 192.

Together with the fact that m,(EL7* A A))/(R,v) is A®-periodic, we conclude
that ©’ is a surjection, hence is an isomorphism.

For part b), there is a commutative diagram

W(F,) ®z, T (tmf A A) —2 m (ERG2 A Ay

| | |

W(F,) ®z, m(tmf A Ay) ) (R, v)— m (ELC2 A A)) ) (R, ).

Part b) then follows from part a) and the fact that 7. (tm f A A;) is bounded below.
[



The Figures (I1.22) to (I1.25) represent the HFPSS for EgGQ‘* A A1[10] and EgGQ‘* A A1[01] from the E7-term on. Each
black dot e represents a class generating a group ¥, which survives to the E-term. Each circle o represent a class which
either is hit by a differential or supports a differential higher than d5. We only represent the differentials on generators listed
in Proposition 5.3.10 but not those generated by k-linearity.
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Figure I1.22 — HFPSS for A;[10] and A,[01] from E;-term with 0 < ¢ — s < 48
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Figure 11.23 — HFPSS for A,[10] and A, [01] from E7-term with 48
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The Figures (I1.26) to (I1.29) represent the HFPSS for EgGQ‘* A A1[00] and EgGQ‘* A A1[11] from the E7-term on. Each
black dot e represents a class generating a group ¥, which survives to the E-term. Each circle o represent a class which
either is hit by a differential or supports a differential higher than d5. We only represent the differentials on generators listed
in Proposition 5.3.10 but not those generated by k-linearity.
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Figure 11.26 — HFPSS for A;[00] and A;[11] from E7-term with 0 <t — s < 48
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Figure 11.27 — HFPSS for A;[00] and A, [11] from E;-term with 48 < ¢ — s < 96
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Homotopy groups of Eg(](; A Ay

In this chapter, we will compute the HFPSS for EgCQ and Egcﬁ smashed with
SY V(0),Y and A;. Although, our main objective (to which a large part of this
chapter is devoted) is the HFPSS for EgCQ A A; and Egcf)‘ A A;, the calculation for
the other spectra will give some input for computing the latter and will serve for
future reference. The calculations for the group Cy can be deduced immediately
from those for C by taking C'3-fixed points. To be more precise, since Egcﬁ ~
(EZC2)hc3, the group (' acts on the HFPSS for (5. Since C5 has order prime to 2,
the Cs-fixed points of the HFPSS for (5 is isomorphic to the HFPSS for Cy. For
this reason, we will mainly present a calculation for C'; and indicate the C's-action
on the spectral sequences. We give the final result (i.e., the E-term for the group
C) in charts.

6 The homotopy fixed point spectral sequences for
EX6 B AV(0), EESAY

6.1 The homotopy fixed point spectral sequence for E@CG

Recall that Cg = Cy x C3 = (—1) X (w) is a subgroup of Go4. The action of
Cs on (E¢). = W([u;]][u*!] is then deduced from Theorem 1.5.1, hence is given
by

(—Du=—u, (—1u; =uy,
w(u) = Cu, w(u) = Cu.

The computation of the ring of group cohomology H*(Cy, (E¢).) is elementary.

105
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Lemma 6.1.1. a) There is a class t € H'(Cy, (Ec)s) and an isomorphism of
W-algebras

H*(Ca, (Ec).) 2= W] [u™, 1]/ (21).
b) The class t € H'(Cy, (E¢)2) can be represented by the cocyle

t:Cy — (Bg)y = Wui][{u '}, 1= 0,—-1ru".
c) The action of C3 on H*(Co, W([uy]][u*!]) is given by
w(uy) = Cur, w(u™?) =Cu™? w(t)=C_C

Proof. a) We have that W/[[u,]][u™!] & Z,[u*!] ®z, W[[u;]] as Cy-modules. Thus,
we have
H*(Co, W([wr]][u™]) = H*(Cy, Zs[u™"]) @2, Wl[w]

as W([u;]] has a trivial Cy-action and it is flat over Z,. By an elementary calcula-
tion, we have

H*(Cy, Zo[u™']) = Zo[u™, X]/(2X) ® Zo[u™?, x]/(2){t}

as modules over Zy[u*?, x]/(2x), where x € H?*(Cy,Z,) is the cohomological

periodicity class of Cy and ¢ € H'(Cy, Zy{u~'}). To obtain the multiplicative

structure of H*(Cy, Zy[u*!]), it remains to prove that t? = yu 2.

Consider the following exact sequence of Zy[u*!][Cy]-modules
0 = Zo[uF] 22 Zo[u®] B Folu*'] — 0, (IIL.1)
where Cy acts on Fy[u*!] trivially. First, there is an isomorphism of algebras
H*(Co, Folu™]) = Fp[u™, ¥],

where ¥ is the unique nontrivial class of H! (Cy, Fy). The sequence (I11.1) induces
a long exact sequence of H*(Cy, Zy[u*!])-modules:

H*(CQ, ZQ [Uil]) X—2> H* (CQ, ZQ [Uil]) p_*> H*(CQ,FQ [uﬂ]) i) I‘I*—i_1 (CQ, ZQ [Uil]).
Since u~2 and t are not divisible by 2,
-2y _ -2 o~ -1
pe(u™?) =u"* and p.(t) = xu . (I11.2)

It follows that
pe(Hu™t = xyutuTt = uy. (1I1.3)
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Similarly, since H!(Cy, Zy) = H°(Cy, Zy{u='}) = 0,
§(x)=x and 6(u"') =t (I11.4)
It follows that
uTx = uTto(X) = 0(uX) = d(pu(Hu) = to(u) =7,

where the second and the fourth equalities use the fact that & is H*(Cy, Zo[u*1])-
linear.

b) It is straightforward to show that the cocycle Cy — Zo{u™'},1+ 0, —1 > v~
represents the unique non-trivial class t € H'(Cy, Zo{u™'}).

Part c) follows from the action of C3 on (E(). and the cocycle representation
of £. [

Consider the cofiber sequence
S0 22 50 L v (0). (IIL5)
It induces a short exact sequence of (F¢).[C5]-modules
0= (Ec). =5 (Bo)s = (Ec)e/2 — 0 (IIL.6)
By Equation (II1.4), the connecting homomorphism
§: H¥(Oy, (Ec)./2) — H T (Cy, (Ee).)
sends u~! € HY(Cy, (Ec)2/2) to t, ie.,
S(u™t) =t (I11.7)

Furthermore, 0 is a map of H*(Cy, (E¢).)-modules. Let us denote by v; the class
wu~t € (Eg)2/2. It follows that

S(v1) = 0(wu™") = urd(u) = uyt, (1I1.8)

5(v) = d(ufuu") = udu?5(u") = ufu?t. (I11.9)

The above equations use the fact that u;, u=2 € H(Cy, (E¢).). We will also need
the following:

Lemma 6.1.2. The induced map in homotopy of the unit S° — Egcz sends v to a
nontrivial element detected in filtration at most 3 of the HFPSS for Egcz.
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. - R T
Proof. Consider the restriction and the transfer EgGQ“ = EgCQ - EgG“. The

maps Res and T'r induce on the E,-term of the HFPSS the usual restriction and
transfer for cohomology of groups. Algebraically, T'r, send 1 € H°(Cy, (Ec)o)
to |Gay/Cs| = 12 € H(Gay, Ey). Thus, in homotopy groups 77, sends 1 €
To( ELY?) to an element detected by 12. Moreover, we know that o (F2">*) is non-
torsion. This can be deduced from the fact the knowledge of 7, (tm f) [Bau08] and
that Lytmf ~ (Ex7**)%2L Thus 7o(EA7*") is concentrated in the filtration 0
of the HFPSS, see Proposition 10.0.7. This means that the composite 7'r, o Res, :
To(EE?) — mo(ERF2*) sends the unit to 12 times of the unit. Together with the
fact that the restriction and the transfer are maps of EgGQ‘* -modules, we conclude
that T'r o Res ~ 121d. As a consequence,

TT*(R«SS*(V)) = 12v = 773 c W3(Eng4)’

the last equation holds in 73(S°). Finally, 1® is non-trivial and is detected in
filtration 3 of the HFPSS for F»“**. This is because 7 is detected in filtration 1 (see
the discussion succeeding Corollary 5.1.3) and 7? is not hit by a differential ds,
fact that can be deduced from the structure of H*(Gs, (E¢).) and the differential
d3 given in Lemma 2.21 of [BG18]. Therefore, Res.(v) € m3(EL?) is detected
in a filtration at most 3. [l

Now we discuss the differentials of the HFPSS for Egcﬁ. We note here that by
the checkerboard phenomenon, all even differentials are trivial.

Proposition 6.1.3. a) In the HF PSS for EgCQ, the classes u,,t,u™* are ds-cycles.
The differentials d3 are determined by the multiplicative structure and the follow-
ing ds-differential:
dg(u_Q) = Ults.
b) As a module over W/[u,]|[u™*,t]/(2t),
Es = Wilua]][u™, ¢]/(2t, wit’){1} & W[ ]][u™, 1]/ () {2u"7}.

There is no ds-differential; hence E5 = Ex. c) The class t* survives to the Eoo-term
detecting v.

Proof. a) To deduce the dsz-differential on u 2, we compare the ANSS for S?z)

with the HFSS for Egc2; there are maps of spectral sequences of rings induced
by the map of ring spectra BP — FE¢ classifying the 2-typification of the formal
group law of F¢:

EXt?étP*BP(BP*a BF;) H*(G, Ey) H*(Cs, (Ec))

ﬂ H ﬂ

Wt_SS(OQ) Wt_sLK(Q)SO EgCQ.
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Recall that the connecting homomorphism
0: Ext%’}*Bp(BP*ﬁ) - EXt}B’;*BP(BP*)

sends v; and v$ to the Greek letter elements 7 = «; and «s3, respectively. See
[Rav86]. The ring homomorphism BP, — (E¢), sends v; to uyu~' modulo
2, see [Beal7], Proposition 6.1.1. By the naturality of the connecting homo-
morphism, the map Ext}p, pp(BP.) — H*(Ca, (Ec),) of the above spectral se-
quence sends 7 to u;t and a3 to uiu~>t, by Equation (I11.8) and (I11.9). In par-
ticular, w1t is a permanent cycle in the HFPSS for EgCQ. We also write 7 for
uit € HY(Cy, (Ec)s). In the Adams-Novikov spectral sequence, there is a d3-
differential
dg(Oég) = 7’]4.

By naturality, it induces the following ds-differential in the HFPSS for EgCQ:
ds(ubu=t) = ujt* = ulnu,t®.

On the other hand, the class u? is a d3-cycle because d3(u?) = 2u;dz(u;) and
d3(uq) is annihilated by 2, as it lives in a positive cohomology group of C5. Then,
by the Leibniz rule, we have that

ds(uinu™?) = uinds(u™?).

Because multiplication by u?7 is injective on E;Zl’*, which denotes the groups of
filtration at least 1, we obtain that

ds(u™?) = ut®. (I11.10)

Now we show that #3 is a permanent cycle detecting the image of v via the unit
SV — EgCQ. By Lemma 6.1.2, v is non-trivial in 7T3(E302) and is detected in
filtration at most 3. At stem ¢ — s = 3 of the Ey-term, all groups of filtration less
than 3 are trivial. Therefore, v is detected by a class of H*(Cy, (E¢)s), which has
the form pt® + qu,t* where p, ¢ € W[[u?]]. Using the ds-differential (I11.10) and

the fact that u? is a dz-cycle as proved above, we deduce that
ds(qu™?) = quit®.

This means that pt? is a nontrivial permanent cycle detecting v in the E..-term.
In particular,

0 = dy(pt?) = pds(t*),
which implies that d3(¢*) = 0 because multiplication by p # 0 is injective in the
positive cohomology groups. This implies that ¢ is a ds-cycle. In effect, since 2
is a ds-cycle for the same reason as u? is a d3-cycle, we obtain that

0 = d3(t*) = t2d3(t).
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The claim follows as multiplication by ¢ is injective in positive filtration.

Similarly, since 7 = u;t is a permanent cycle, we have that
0= dg(ult) = tdg(ul),

which implies that
ds(uy) =0, (IIL.11)

because multiplication by ¢ induces an injective map on positive cohomology
groups.

Finally, (II1.10) and (II1.11) imply that, for any non-negative integer k, ds(ufu=2) =
u¥#3, which induces that 25 < F,{t*}. Since v € m3(FE"*) must be detected
in E2°, we conclude that ¢* survives to the E.-term, detecting v.

b) The module structure of the Ej-term follows immediately from the differen-
tials d3. By sparseness, the next possible non-trivial differentials are d7.

c¢) This is proved in part a). [

Proposition 6.1.4. a) In the HFPSS for ELC?, the classes uy,t,2u™%, u~8 are d;-
cycles. There is the following d; differential:

d7(u_4) = t7.

The other d;-differentials follows from the multiplicative structure and the Leibniz
rule.

b) As a module over the algebra W |[u,]|[u*8,t]/(t", 2t), the Eg-term is generated
by 1,2u=2, 2u™*, uyu™?, 2u8 with the following relations

tT=t(2u™?) =t(2u™) = 3 (wu?) = t(2u"%) = 0,
2(uru™t) = uy (2u™).
The spectral sequence collapses at the Fg-term and Eg’t =0ifs>8.
c¢) The pair (Co, E¢) is a regular pair.
Proof. We prove that t is a d;-cycle. In effect, ¢ is a d;-cycle because

d7(t*) = 2td(t) = 0.
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Because t? is a permanent cycle by Proposition 6.1.3 part ¢), implies that
0 = d(t*) = d7(t7t) = t2d,(t).

It follows that d;(t) = 0, because multiplication by ¢ induces an injective map on
E;Z&*. Similarly, since w4t is a permanent cycle, we have that

0= d7(u1t) == td7(u1)
It follows that w; is a d7-cycle by the same reason as above.

Next, by the structure of the E;-term described in Proposition 6.1.3, all classes
of E§27’* is t-free. Since 2u~2 is t-torsion, 2u~?2 is a d;-cycle.

Now because v* = 0 € 7. (Sy) ), 12 detecting v* by must be hit by a differential.
Inspection shows that the only possibility is that

d7(u™ %) = t'2

Because t is a d;-cycle and ¢ acts injectively on E‘;Z?”*, the last equation implies
that

d7 (U74> = t7.
b) The structure of the Eg-term follows easily from the description of the d-

differentials. By sparseness, the spectral sequence collapses at the Eg-term.

¢) By 6.1.1, ¢ is a cohomological periodicity class for H*(Cy, (E¢).) and by part
a) and b), ¢ is a permanent cycle in the HFPSS for EZCQ. [
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Figure I1I.1 — E-term of the HFPSS for Egcz_ A square L] represents a copy of
W([u1]], a black square the ideal (2, u;) of W([u]], a circled black dot a copy of
F4[[u1]], and a black dot a copy of [F4. A line represents a multiplication by t.

The E..-term is 16-periodic by multiplication by v ~8.d
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Figure II1.2 — E-term of the HFPSS for EgCG. A square (J represents a copy of W[[u?]], a black square represents a copy
of the ideal (2, u?) of W[[u3]], a circled black dot a copy of F4[[u}]] and a black dot a copy of F4. A curved line represents
multiplication by v, a straight line multiplication by 7. The E,-term is 48-periodic by multiplication by AZ?.

The E,-term of the HFPSS for EZC“ is deduced from that for EgCQ by taking C's-fixed points; the action of C’5 is on
the E.-term of the HFPSS for EZCQ is induced from the action on the Es-term given in Lemma 6.1.1 Part c). The class

WV, 025 Jo sdnois Adojowrogy [y 191dey)

u~t € ELI® detects an element without ambiguity of 717 ( ). We write 217 for this element. We emphasise that the class
x17 plays a role of a cohomological periodicity class which is a permanent cycle for the regular pair (Cs, E¢). The elements
n et v are represented by u;t and ¢3, respectively. The element & € WQO(E8G24) has order 8. A similar argument as in the

proof of Lemma 6.1.2 shows that Res(%) is nontrivial in o E® and hence is detected in EL?%. The class A? := u

—24

detects the periodicity element of 7, (E/®). From the multiplicative structure of 7, (E/"?), we have the following relations

in 7, (EL)

xl, = 0,va1r = R, 2y, = A%

ell
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In what follows, we describe the HFPSS for E> AV (0), X2 AY or EAC> A
A;. These spectral sequences are modules over that for E?;CQ. By Proposition
6.1.4, (Cy, (Ec)c) is a regular pair. Since the cohomological periodicity class ¢
verifies that t” = 0, we have (see Corollary 5.3.3):

Proposition 6.1.5. Let M be a Cy — Ec-module spectrum. Then, in the HFPSS
for MM, we have that
a) At the E,.-term,
1. All classes having positive cohomological filtration are divisible by t.
2. All classes having cohomological filtration greater than r are t-free.
3. All t-torsion classes are permanent cycles
b) The spectral sequence collapses at the Eg-term and 3! = 0 if s > 7.

6.2 The homotopy fixed point spectral sequence for EgCG AV (0)

Lemma 6.2.1. a) There is a class t € H'(Cy, Fy[[u1]]{u""'}) such that there is an
isomorphism of algebras

H*(Cy, (Ec)./2) 2 Fy[w]][u™, 1]
b) The map of algebras
Lt H(Cy, (Ec)y) = H*(Cy, (Ec)+/2)

induced by the inclusion of the bottom cell v : S° — V(0) sends u; to uy, u™? to
u~2andt tot. As a module over H*(Cy, (E¢).,), H*(Cy, (E¢)+/2) is generated by
eo =1 and u'e.

c) The action of C3 on H*(Cy, Fy[[uy]][u*!]) is given by
wlu) = qui, wu) =", wt) =

Proof. a) Themap ¢ : S° — V(0) induces, in Ec-homology, the mod-2 projection
(Ec)« = (Ec)+/2. Tt follows that Cy acts trivially on (E¢),V (0) = Fyf[uy]][u™!]
by maps of [F4-algebras. Thus by an elementary cohomology group calculation,
we have

H*(Cy, (Ec)./2) = H*(Cy, Fy) @ Fyf[ua]][u™"] = Falfw]][w™, 1]

as [F4-algebras with ¢ the nontrivial class of H!(Cy, Fy{u"'}).

b) The map ¢, : (E¢)« — (E¢)«/2 is a map of Cs-algebras. It is immediate to see
that the map of invariants H°(Cy, (E¢).) — H°(Cy, (E¢)./2) sends u; and u 2
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to classes of the same name. It remains to see that the map H'(Cy, W{u"'}) —
H'(Cy,F4{u"'}) sends t to t. This is Equation (II1.2) in the proof of Lemma 6.1.1.
c¢) This follows from part ¢) of Lemma 6.1.1 and part b) above. [

Proposition 6.2.2. In the HFPSS for EL°> AV (0),
a) The classes ey and u™'eq are permanent cycles.
b) All ds-differentials are determined by the Leibniz rule and the following
differentials

ds(u=2eg) = urt’ey, ds(u3eg) = uit*u"ey.
¢) The By = Er-term of the HFPSS for Ex°> AV (0) is isomorphic to
Ey = By = Fyf[ua]][u™, 8]/ (urt®){eo} & Falfua]][u™, 1]/ (urt*) {u" e}

with an evident structure of module over the sub-algebra W/[u,]|[u™*,t] of
the E4 = Er-term of the HFPSS for EgCQ.

Proof. a) By part b) of Lemma 6.2.1, the map ¢, sends 1 to e, so that ¢; is a
permanent cycle, by naturality.

Next, by Equation (III.7), the connecting homomorphism
0+ HY(Cy, (Ec)2/2) = Fal[ur][{u""eo} — H'(Cy, (Ec)2) = Fal[u]]{t}

is an isomorphism of W{[u,]|]-modules sending u "¢ to ¢. Since ¢ is a non-trivial
permanent cycle detecting an element of order 2 in Wl(EgCZ), u" ey must also
be a permanent cycle in the HFPSS for EZCQ A V(0) by virtue of the Geometric
Boundary Lemma (Proposition A.10 of [DH04]) applied to the cofiber sequence
(IIL.5).

b) In the HFPSS for EgCQ, there is a ds-differential, by Proposition 6.1.3,
ds(u™?) = u, t°.
By Part a) and the Leibniz rule, for £ = 0, —1
ds(u=2(u"e)) = ustdue

The others ds-differentials are generated by ¢- and v~ *-linearity.

¢) The structure of the E,-term of the HFPSS for EZCQ A V(0) follows easily
from the ds-differentials (see Figure II1.3, II1.4). There is no ds-differential be-
cause, on one hand the ds-differentials are u;, u*, t-linear, on the other hand, e
and u~'e, are permanent cycles. [
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Proposition 6.2.3. In the HFPSS for EI°> AV (0),

a) The differentials dy is W([u,]][u™®, t]-linear and is determined by
dr(uteg) = tTey, dr(utu"teg) = t'u ey,

b) As a module over the sub-algebra W |[u,]|[u™8,t]/(t", 2t) of the Eg-term of the
HFPSS for EZCQ, the Eg = E-term is generated by the following classes, with
the corresponding annihilation ideal:

Gen €o ulteg wu ey uuoeg

Anni. Ideal (2,u1t?) (2,u1t?) (2,83)  (2,13)

c) There are the following exotic extensions by 2, in the sense that they are not
detected in the E.-term:

2(uteg) = wit’ey,  2(uru’ep) = uitu ey
Proof. a) In the HFPSS for Egcz’ there is a d,-differential
d7(u*4) = t7.

The Leibniz rule and the fact that e, and u~'e, are permanent cycles implies that,
fork=0,—1,
dr(u™*(uFeq)) = tTuey.

b) The module structure of the Eg = E-term follows from a), see Figure
I1L.5.

¢) We can see from the E_-term that 2¢; = 0. Recall that there is a Toda
bracket (2,7, 2) = % in 7,S°. By juggling, we have that

77260 = <27 n, 2>€0 = 2<777 27 60>'

Because ney # 0, (1,2,¢eq) is non-trivial and admits a non-trivial multiplica-
tion by 2. What is more, (1,2, ) is Cs-invariant, and so must be detected by
uju~teg = vieq up to an invertible element of Fy[[u?]]. It follows that 2u~'ey =
uyt?eq because u; acts injectively on E*. Multiplying the last equation by uju™* €
7T8E2102, we obtain the second equality of ¢). [
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Figure I11.3 — The E,-term of the HFPSS for E/“> A V(0) and d;-differentials. A
circled black dot represents a copy of [Fy[[uq]].
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Figure IIL.4 — The E; = E;-term of the HFPSS for E1°> A V(0) and dy-
differentials. A circled black dot represents a copy of Fy[[u]], a black dot a copy
of ]F4.
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Figure IIL.5 — The Fg-term of the HFPSS for E°> A V(0). A circled black dot
represents a copy of Fy[[u;]], a black dot a copy of Fy, a vertical line represents
extension by 2 and a line of slope 1 multiplication by ¢.
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Figure II1.6 — E, -term of the HFPSS for E/“* AV/(0). A circled black dot represents a copy of F,[[u3]] and a black dot a copy
of 4. A curved line represents multiplication by v and a line of slope 1 multiplication by 7, a vertical line multiplication
with 2. The E,.-term is 48-periodic by multiplication by A?
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6.3 The homotopy fixed point spectral sequence for Egcﬁ ANY
The cofibration
2V (0) L V()L Y S 22v(0) (I11.12)
induces a short exact sequence of (E¢)./2][Cs]-modules:
0= (Ec)e/2 = (Ec)«(Y) = (E¢)w—2/2 — 0,

because (F¢)./2 is concentrated in even degrees. The associated connecting ho-
momorphism § : H*(Cy, (E¢)./2) — HH(Cy, (Ec)ws2/2) is H¥(Ca, (Ec)+/2)-
linear.

Lemma 6.3.1. a)  sends ey € H(Cy, (Ec)o/2) ton € HY(Cy, (Ec)a/2).
b) There is an isomorphism of H*(Cs, (E¢)«/2)-modules

H*(Cy, (Ec)«(Y)) 2 Falfua]][u™, 1]/ (urt){eo}-

¢) The induced map on H*(Cy, (Ec).(Y)) by a vy-self map of Y is injective
on HY(Cy, (E¢).Y) and is trivial on H*(Cy, (Ec).Y) when s > 0.
d) The action of C5 on H*(Cy, (E¢).Y) is given by

wleg) = eo, wlug) =Cuy, wu™)=Cu™t, w(t) =%

Proof. Consider the evident map of cofiber sequences

»50 1 - g0 C, 280

A S

SV (0) —= V(0) —= Y —— 22V/(0)
which induces a map of short exact sequences of Cy-(F¢).-modules

(Ec). (Ec)«(Cy) By

| | |

0— (E¢).V(0) — (Ec).Y — (E¢)u_aV (0) —=0.

0

By the naturality of the connecting homomorphism, we obtain a commutative
diagram

H(Cy, (Ec)o) 2 HY(Cy, (Ec)2)

HO(Ch, (Ec)o(V(0))) == H(Cy, (Ec)2V (0)).
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The upper connecting homomorphism sends 1 to 7, because the induced map on
H*(Cy, —) of (E¢). = (Ec)«(C,) sends 7 to 0, because of the fact thatn = 0 €
m1(Cy). Since the map ¢, : H*(Cy, (E¢).) — H*(Ca, (Ec)«(V(0))) sends 1 to e
and 7 to ney, part a) follows.

Part b) is an immediate consequence of part a) together with the fact that 0 is
a map of H*(Cy, (E¢)./2)-modules. In effect, the connecting homomorphism is
injective, there is an isomorphism of H*(Cy, (E¢)./2)-modules

coker(H*1(Cy, (Ec)i—2/2) - H*(Cy, (Ec):/2)) = H?(Cy, (Ec),Y).

¢) By Lemma 5.2.1, a v;-self map of Y induces on E-homology (E¢).(X%Y) —
(Ec).Y multiplication by v; € (E¢)./2 and it is also a map of Cy — (E¢).-
modules. It follows that the induced map on H*(Cy, (E¢).Y) of a v;-self map
is given by multiplication by v; € H°(Cy, (E¢)s/2) via the H*(Cy, (Ec)2/2)-
module structure of H*(Cs, (E¢).Y'). Part ¢) now follows from the part b) and
relation vt = nu~tey in H*(Cy, (Ec)./2).

d) This follows from part ¢) of Lemma 6.2.1 and part b) of Lemma 6.3.1. [l

Remark 6.3.2. We see that H*(Cg, (E¢):Y) = 0if t — s is odd, hence all even
differentials are trivial.

Proposition 6.3.3. a) There are no ds- and ds-differentials in the HFPSS. As a
module over the subalgebra W([u,)][u™®, t] of the Er-term of the HFPSS for EIC?,
the Er-term is isomorphic to

Er 22 Fyl[ua]][u™®, 8]/ (urt) {eo, u™ eo, u2eq, u3eq, uBeq, u  eq, u e, u "eg}.

b) The classes ey, u" ‘e, u2eq, u"3ey are permanent cycles.
c) The d;-differentials are linear with respect to W|[u;]|[u*®, t| and are deter-
mined by
dr(uteg) = tTeq, dr(u"ey) = t'utey,

dr(u %) = t"u"2eqy, d7(u""eg) = t'u">ep.

d) There are the following exotic multiplications by n:
nu’zeo = tSeo, nu’?’eo = t‘r’u’leo.

Proof. a) As a module over W[[u,]][u**,], the Es-term is generated by u*eq
for k = —3,—2,—1,0. Since the ds-differentials are Cs-equivariant, the ds-
differentials on u¥eq for K = —3, -2, —1,0 are trivial in view of the Cs-action
on the Ey-term. Since the ds-differentials are W([u,]][u*?, t]-linear, we conclude
that the differentials d3 are trivial. By the same reason, the differentials d5 are
trivial.



Chapter IlII. Homotopy groups of EZC“ A Ay 122

Part b). The map ¢, : H°(Cy, (Ec).V(0)) — H(Cy, (E¢).Y) sends ey and
u~Leg to the classes of the same name. By naturality, ¢y and u~'e, are permanent
cycles.

The cofibration (I11.12) gives rise to an exact sequence

Tt (BE2 AV (0) 25 7, (EE2 AV(0)) 25 mag(EEC2 AY).

This means that ne, = n(u~'ey) = 0 in 7, (EA> A'Y). We can form the Toda
brackets (v, n, uFey) for k = 0, —1. By juggling,

77<V7777Uk€0> = (n,v, n)ukeo = viuFey.

Since the differentials d3 and dj are trivial, the classes t®u*e, for k = 0, —1 sur-
vive to the E-term, and so v*ufe; are nontrivial. It follows that (v, 7, u¥eg)
is non-trivial and is divisible by 7. The structure of the Es-term forces that
(v,m,uFeq) is represented by tu*~2ey. It means that tu~2ey and tu~3eg, hence
u~2ey and u ey are permanent cycles.

For part c), the fact that 7 = 0 and that u*ey for & = 0, -1, -2, —3 are

permanent cycles force the indicated differentials d.

Part d) follows from the proof of part b). 0
7
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Figure I11.7 — HFPSS for Egcz AY. A circled black dot represents a copy of
Fy[[u1]], a black dot a copy of .



7

6 - L. - L.

5 | / -+

4 //- e e //-

3 4 4

2 1/ 1/ J J

1 Ny ‘ N A2
0 @] e el (& [e] [ e o e [&] [e (e (o o e [e [e o & o [e (e o |eF]e

0123456 7 8 910111213141516 171819 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

Figure I11.8 — E-term of the HFPSS for E/“® A Y. A circled black dot represents a copy of F,[[u}]] and a black dot a copy
of F4. A curved line represents multiplication by v and a straight line multiplication by 7. The E-term is 48-periodic by

multiplication by A2,
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7 The homotopy fixed point spectral sequence for
hCy

Before starting to compute the HFPSS, we outline the main points in the argu-
ments. After computing the Eo-term, we compare Eg@ A A; with EgCQ AY via
the cofiber sequence

Y LY 5 A DY (IIL.13)

and EgCQ A A; with EgG“ A Aj via the restriction map EgG“ NA — EgCQ AN Ay
to deduce some differentials. Next, a comparison of EgCG A A; with a connective
model tm fy(3) A A; allows us to deduce more differentials. Finally, by using the
Gross-Hopkins dual of Egcﬁ A A;, we deduce the rest of the differentials.

We begin with a calculation of the Gross-Hopkins dual of Egcﬁ and so of Egcﬁ A
Aj. Note that in [HLS18], the authors computed the Gross-Hopkins dual of £"¢?
for all heights n at the prime p = 2, and the Gross-Hopkins dual of E“® can be
deduced from there. A calculation at height n = 2 is, however, elementary and
instructive. We give here a complete proof with a quite different point of view.

7.1 The Gross-Hopkins dual of E](}CG

We start with some generalities. We will denote by £ the Morava E-theory
associated to a height n formal group law, by /() the Gross-Hopkins dual functor
I,(—) and T the Gross-Hopkins dual of the K (n)-local sphere. Let G be a finite
subgroup of the Morava stabiliser group. Then the norm map (E),g — (E)"“ is
a homotopy equivalence . It follows that

[(E"®) = F(E" 1)~ F((E)pg, 1) = F(E, 1" = (IE)"°,

The spectrum / E' is a G- E-module. Applying the G-homotopy fixed point functor
to [E, we equip (I E)"“ with a structure of module over E"“. We will charac-
terise (1 E)"“ using the HFPSS. First, we need to compute the Morava module of
(1 E)hG. To this end, we will use the following lemma, see [DH04], Section 5 or
[BBGS18], Proposition 2.1.

Lemma 7.1.1. Let W* be a cosimplicial spectrum. Suppose there exists an integer
N and a finite spectrum V' of type 0 so that, for all spectra Z, the Bousfield-Kan

1. This fact is equivalent to that the Tate construction E'G vanishes, which follows from the
fact that the HFPSS for £ has a horizontal vanishing line.
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spectral sequence
o F(Z,V A\W*®) = 7, F(Z, holim(V A W*)) (III.14)

has a horizontal vanishing line at s = N at the E.-page. Then for any spectrum
A and F there is a natural equivalence

Lp(A AholimW®) — holim(Lg(A A W?)).

We have the following proposition whose proof is similar to that of Proposition
2.2 of [BBGS18].

Proposition 7.1.2. There is an isomorphism of Morava modules
(B).(F(E,1)"®) = Map,(G/G, B, (det)),
where E,(det) = E,(S°(det)).
Proof. We will first show that the natural map
EAF(E, D' = (EAF(E, 1) (IIL.15)

is a homotopy equivalence. We apply the previous lemmato A = E, F' = K(n)
and
We=FG**, F(E,I))

so that holim W* = F(E, I)"“. The E,-term of the spectral sequence (II1.14) is
isomorphic to H*(G, F(E,1)'(DV A Z)). By a construction of Jeff Smith, see
[Rav92], there exists a finite spectrum Y of type O such that F, (V) is free as a
E.[F]-module for all cyclic subgroups F' of G. As a consequence, there exists an
integer s, such that H*(G, E,V') = 0 for s > sg. By the Gross-Hopkins theorem,

F(E,I) = S "E A S°(det). (I11.16)

as G-spectra in the homotopy category of spectra (where n is the chromatic height),
see [HG94] or [Str00]. It follows that

F(E, YDV A Z) = EX"(DV A Z){det) = B, (V) ®p, E“"(Z){det)

as G-modules, where the last equivalence is because E,V is free over F,. It then

follows that H*(G, F(E, I)!(DV AZ)) = 0 for s > s,. Therefore, the map (I11.15)
is an homotopy equivalence. R

Now we calculate the homotopy groups of (E A F(E,I))"“ using the ho-
motopy fixed point spectral sequence. This spectral sequence has E,-term natu-

~

rally isomorphic to H*(G, (E).(F(E,I)). By the equivalence (II1.16), the latter
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is isomorphic to H*(G, (E).+n(E(det)). So the spectral sequence collapses at the
E,-term and we obtain an isomorphism of Morava modules

(E).(F(E,1)"%) = Map,(G/G, 7, (5" E(det))).
u

In the statement of the following proposition, we use that fact that 7,/ F is
of free of rank 1 over F,, which is a direct consequence of the Gross-Hopkins
formula II1.16.

Proposition 7.1.3. Suppose there exists © € m,(IE)® C m,IE which generates
7.1 E as an E,-module and which is a permanent cycle in the HFPSS for (I E)"C.
Then there is a homotopy equivalence of E"“-modules ¥¥ E" — (IE)"C,

Proof. The element z € 7 (I E) extends to a map of E-modules f; : ¥*F — IE.
By the assumption, = detects an element of (I E"“), which extends to a map
of E"“-modules f, : X*E"¢ — (IE)"“. In this case, there is a commutative
diagram

EkEhG f2 (IE)hG
lEkRes jRes
gL § o)

The induced map in homotopy of f; is given by multiplication with z, i.e.,
(f1)e: Tkl = m(IE),a — ax.

Then we claim that the induced map in Morava modules of f; is given by ?

E.(f1) : Map(G, E\—x) = Map(G, (I E).), (e = (g9 — e(g9)g(x))).

The restrictions induce injections E,(Res) : Map(G/G, M) — Map(G, M) in-
duced by the projection G — G /G with M = E, or (I E).. It follows that F.(f2)
is given by

E.(f2) : Map(G/G, E._y) — Map(G/G, (IE).), (e — (9G — e(gG)g(x))).

Since x generates 7.(/F) as a E,-module, (f1), is an isomorphism. It follows
immediately that E, (f5) is an isomorphism. Therefore, f> is an homotopy equiv-
alence. 0

2. We postpone the proof of this claim to Lemma 11.2.2, in which we only need to identify I K
with X7" E by the Gross-Hopkins formula.
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Let us turn back to the case of n = p = 2.

Theorem 7.1.4. 1) There is an integer k = —2 mod 12 which is uniquely deter-
mined modulo 48 such that ¥-F EgCG =7 Egoﬁ is a homotopy equivalence.
2) The integer k in part 1) is equal to 22 modulo 48.

Proof. The HFPSS for (IE¢)" is one of modules over that for /. The E,-
term of the HFPSS for (1E)"“ is isomorphic to E5* = H*(Cs, (E¢)i12), with
an obvious structure of module over H*(Cs, (E¢).). In particular, the former is
free of rank one over the latter. Let us denote by : € Ey ? = H(C, (Ec)o) a
generator of the Ey-term of the HFPSS for (I E¢)"“6. We will show that there is
an integer [ such that =5, is a permanent cycle.

In the HFPSS for Egcﬁ there is a ds-differential, by Proposition 6.1.3,:
ds(u™%) = utds(u™?) = v tuy t?.
A ds-differential on ¢ is of the form
ds(1) = v uip
with p € Fy[[u]]. Then, by the Leibniz rule,
ds(u™%) = u ™ urtde + u P urpe = wtugt} (1 + p)e.
It follows that
0 = ds(u*urt*(1 4+ p)t) = v uy (1 + p)tds(r) = u*t*ui(1 + p)pe.

Therefore, (1 + p)p = 0, which implies that either p = 0 or 1 + p = 0. It means
that either ¢ or =% is a d3-cycle. As a consequence, the E4-term of the HFPSS for
(I E)"Cs is free of rank one over that for F:°°, generated by u~%": where m = 0
or m = 1. By sparseness, there are no non-trivial ds-differentials.

Next, in the HFPSS for EZCG, there is a d--differential

dr(u™?) = u=8t".
If © %™, is not a d;-cycle then, by a similar argument for proving that u=%" is a
ds-cycle, we see that u=1275", is a d;-cycle. The spectral sequence collapses at

the E;-term. We conclude that there is an integer [ such that ©~%; is a permanent
cycle detecting a homotopy equivalence %122 E1C0 > TEhCs,
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2) Choose A; be one of the Spanier-Whitehead self-dual versions of A;, i.e.,
DA, ~ ¥7%A4,. We have that

I(EXe A A) 2 I(BE) NDAy 2 SRR A X704 2 SR8 EEYs A A
As a consequence,
T(EECO N Ay) 22 g 100 1 (BECS A Ay). (I11.17)
Using the long exact sequence associated to the cofibration (II1.13)
Th-a(Epe A Ay) 25 m(BEC AY)) — m(EE7 A Ay) —

— 7Tk,3(Eg~CG A\ Y) v_1> kal(EgCG A\ Al)
and Proposition 6.3.3 (see Figure 111.8), we check that
Wg(EgCG N Al) = 0,
Te(ERS N A)) 2 Fy @ F, ou W/4,
7T18<Eg«cﬁ A\ A1> = IF4,
7T42(E2~06 AN Al) = F4.

This information together with Equation (II1.17) rules out the possibility for [ =
0, 1,3 mod 4. Therefore, [ = 2 mod 4 and

SEERCe = [EES.

]

7.2 The homotopy fixed point spectral sequence for Egcﬁ N Aq

Lemma 7.2.1. We have
a) There are classes

€y € HO(CQ, (Ec)0A1>, €y € HO(CQ, (Ec>2A1>

+1
.t

such that there is an isomorphism of Fy[u™', t|-modules

H*(Cy, (Ec) A1) = Falu™, t]{eo, €2}
b) The action of C3 on H*(Cs, (E¢).+(A1)) is induced by

wleg) = eg, wley) =e, wu™)=Cu™t, wt) =t
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Proof. We have that
(Ec)eAr = Falu{eo, o}

on which C% acts trivially (see Proposition 5.2.2). The cohomology group calcu-
lation of H*(Cy, (E¢)«A1) is now elementary. O

For the study of the differentials, we next describe the induced maps of spectral
sequences associated to the cofiber sequence

Yy Ly 5 AL (TI1.18)

By Lemma 5.2.1, v; induces an injective map in E--homology. Thus, (III.18)
gives rise to an exact sequence of (E¢)./2[Cs]-modules

0= (Eo).2%Y — (Eg).Y — (Eg). AL — 0.
The associated long exact sequence reads
H*(Cy, (Ec).22Y) =% H¥(Cy, (Ee).Y) = H¥(Cy, (Ec).Ay)

2 H (O, (Bp), S2Y).

By the description of the action of v, on H*(Cs, (E¢).Y') in Lemma 6.3.1, we see
that ¢, is a map of F4[u*!, t]-modules sending ¢ to ey and & sending e, to ute.

Lemma 7.2.2. In the HFPSS for E}* A Ay,
a) The differentials d3 are trivial.
b) The classes {u*eo|k € Z} are ds-cycles.
c) The classes ey, u" ey, u2eq, u"3eq are permanent cycles.
d) The class u™'ey is a permanent cycle.

Proof. Part a) The differentials d3 are eliminated by Cj-equivariance as in the
proof of part a) of Proposition 6.3.3.

Part b) follows from the naturality of the induced map of spectral sequences
by ¢ of (IIL.18).

Part c) follows by the same reason as in Part b).

For Part d), we see that the connecting homomorphism § sends u~'ey to
teo € H'(Cy, (Ec);Y). The class tey detects an element of m (B> AY) =
74(Z3EZCQ A'Y') that is annihilated by vy, because v;-multiplication is trivial in
the E,-term in filtration s > 0 and the only element in higher filtration in 73(Y")
is the Cs-invariant class t3¢;, while v tey can only be Cs-invariant if it is triv-
ial. Thus, u ‘e, must be a permanent cycle by the Geometric Boundary Lemma
(Proposition A.10 of [DH04]) [
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Now neither the naturality nor the C's-equivariance can rule out a non-trivial dif-
ferential d5 on the classes u*e; for k = 0, 1,2 mod (4). In fact, we are going to
prove that the latter support a non-trivial differential d;. We state the final result
here

Theorem 7.2.3. In the HFPSS for EZCQ A A;, we have
a) The differentials ds are W[u™*, t|-linear and are determined by the follow-
ing
ds(uFey) = t°u"2eq for k = 0,1,2 mod (4).
b) The differentials d are W[u™®, t]-linear and are determined by the follow-
ing
d7(u_7+8k€0) — t7u_3+8k60, d7<u—5+8k62) _ t7u_1+8k62.

c) The spectral sequence collapses at the Eg-term and there is an isomorphism
of F4[u™®, t]-modules

Ey* 2 Fy[u™® 1]/t {eo, u™ eg, u™2eq, u  eq, u  eq, u bey}
OF,[u™, 1]/ (t) {u e, u " ea}.
By taking C'3-fixed points, we obtain the E -term of the HFPSS for Eg% A Aj.

Theorem 7.2.4. As a module over Fy[A*2 x1;], the Eq-term of the HFPSS for
Egcﬁ A Ay is isomorphic to

Exr =T, [Aﬂ, :1:'17]/(:1:?7) {eo, u beq, u%eq, u e, u Bey, u’meo}.

oF, [Aﬂ, xn]/(xz?){u’geo, u’geQ}.

We prove this theorem in Proposition 7.2.6, 7.2.7,7.2.15 and 7.2.16.

Remark 7.2.5. We are going to settle the d;-differentials before all. There is,
however, no harm at all. In view of Proposition 6.1.5, we know that a permanent
t-free tower is truncated by one and only one t-free tower. So, if a t-free tower
involves in some differential, then none of the classes of that tower involves in any
other differentials.

Proposition 7.2.6. There are the following differentials d
d7(u—7+8k€0) — t7u_3+8k60, d7<u—5+8k62) _ t7u_1+8k62.

Proof. By part d) of Lemma 7.2.2, the class u~'e, is a permanent cycle. More-
over, the class t>u~'e, cannot be a target of any differential, by Cs-equivariance.
This forces that t"u~te, is hit by the differential d:

dr(u=ey) = tTu"te,.
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This differential implies in particular that e, is a ds-cycle. Furthermore, u ¢,

is also a ds-cycle by part b) of Lemma 7.2.2. Thus, the group H°(Cy, (E¢)1241)
consists only of ds-cycles, and so there is no differential d; hitting the class
t5u 3¢y, and so by naturality t"u 3¢, is hit by the differential d;:

d7(u"eg) = tTu"3e.
Finally, we deduce the other differentials d; by W[u™®, t]-linearity. O
Proposition 7.2.7. There are d5 differentials
dy(u=3+ey) = 3y~ ke,

Proof. Let u—3¢y denote (by an abuse of language) an element of 7r6(EgC2 A Ap)
detected by u 3¢y € H°(Cs, (Fo)sA1). The map

bt Te(EEYANY — mg(BE? A AY)
sends u " "eg to u°eg up to an element detected in filtration at least 2, i.e.,
dsu3egtou3eyupt 1 t detected in filtration at least 2
L(ueg) = u ey + t2a

for some a € m4((Ec)"® A Ay). By Part e) of Proposition 6.3.3, n(u"3ey) =
t5(u"teg). It follows that

L(tPutey) = 1 (nu=3ey) = nu ey

because nt? = 0 € W*(EgCQ). Consider the restriction map Res : EgG“ NA —
Egcz A Aj. We see that the induced map in cohomology H°(Goy, FgA1) —
HO(Cy, (Ec)sA;) sends eg to u~3ey. Thus, in homotopy

Res,(eg) = u e + t°b

for some b € 7, (B2 A Ay). In 7, (EL>* A A}), we have that neg = 0. Tt follows
that nu—3ey = 0, because nt*> = 0 in 7,( Ep?). Together with

L(tPutey) = nueg

we conclude that ¢, (t°u"teg) = 0. It forces that, in the HFPSS for EgCQ A Ay,
there is a ds-differential hitting t°u~'ey. By naturality, the source of the latter
cannot be u%ey. As a consequence,

ds(u3eq) = t°u e,

and so, by the Leibniz rule and the fact that v~ is a ds-cycle in the HFPSS for
E’(}CQ, we obtain that
ds(u=3+8key) = 9y~ 1+8keg
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To determine the rest of the differentials ds, we need some extra information
about the homotopy groups of Egcﬁ A A;. For this we will use the connective
model tm f,(3) of T'M Fy(3) introduced Section 1.4. We recall that there exists a
finite spectrum X such that tmfy(3) ~ tmf A X. As a A(2)-module, H*X =
Fy & T where the A(2)-module structure of 7" is given in Section 1.4.

Lemma 7.2.8. a) The ring homomorphism
Ext’{" (F2) — Ext’{"(H.(tmfo(3)))

induced by the unit of tm fy(3) sends g € Exti{f‘l (F3) to a nontrivial class that we
also call g.

b) The image in ma0(tm fo(3)) of the element € man(SY) via the unit S° —
tm fo(3), denoted also by R, satisfies that

EQ =0e 7r40(tmf0(3)).

Proof. a) The unit S® — tm fy(3) of tmfy(3) factors through the unit of tmf.
Therefore the map

Ext’*!(Fy) — Ext> (H.(tmfo(3)))
factors through
Extjf4(IF2) — Exti{f4(H*(tmf)) — Exti{f4(H* (tm fo(3))).
By the change-of-rings theorem, the second map is identified with
Bxt iy, (F2) = Extity (H.(X)).

By the A(2)-module structure of H*(.X), the latter is a split injection. As a con-
sequence, the class g € Eth?;l)*(}F2> is sent non-trivially to Extj?;L)*(H* (X)).
Because g € Extii%;l)*(IFQ) lifts to Extf‘if4(]13‘2), we are done.

b) By the description of the homotopy groups of tm fy(3) in Theorem 2.12
of [DM10], there is a unique non-trivial element of finite order in w0 (tm fo(3)).
Furthermore, this element is nilpotent of exponent 2. Thus because & € 7S has

finite order, if its image in o0 (tm fo(3)) is non-trivial, then it must be of exponent
2. ]

Lemma 7.2.9. There is a homotopy equivalence

[(A%)7'(tmfo(3) A A1) 2= (BeC) ™ A AL
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Proof.

[(A%) " (tmfo(3) A Ay) =2 TMFy(3) A Ay (Equation 7.16)
= Ly(TMFy(3)) N Ay (TMFy(3) is E(2) — local)
= L TMFy(3) AN Ai(A; is of type 2)
> (ERCo)hGal A A, (Equation 7.12)

Let us denote by f the following composite
tmfo(?)) N A1 — (AQ)_ltmfo(?)) N Al i) (EgC%)hGal VAN Al — Egc6 VAN Al.

By Proposition 6.3.3, we inspect that the group 7T5(Egc6 AY') = F, detected by
tu=2ep € ELS. The induced map at the Ep-term of the HFPSS of ¢ : Y — A,
sends tu2eq to the class of the same name which must be a non-trivial permanent
cycle, as it lives in filtration 1. So the induced map in homotopy 7r5(EgCG ANY) =
Fy — 7T5(E£icﬁ A Aj) is injective. We will write e; for the nontrivial element of
5 ((BECORGAINY) = Ty as well as its image via 75 ((ErC®)*CHUAY) — m5(BACC A
Y') and via the composite 75 ((EL)"CAUAY) — m5( EEONY) — m5(EBECC A A)).
In what follows, we will prove that Kes = 0 € 7r25(EgC‘5 A Aq).

Some elements of 7..(tm f(3) A Ay). Consider the Adams spectral sequence
Ext o) (Ho(X A A1) = 1 (tmfo(3) A Ay).
The Es-term splits as

Ext ;) (Ha (X A Ay)) 22 Exct ) (Ho (A1) @ Ext,) (T @ Ha(A)).

Then we see immediately that the classes
e[0,0] € Extliy (Ha(Ar)), e[1,5] € Ext i (H.(A)))

are sent to non-trivial permanent cycles in the ASS for tm fy(3) A A;. By an abuse
of language, we also write e[0, 0] and ¢[1, 5] for the elements of 7. (tm fo(3) A A;)
to which e[0, 0] and e[1, 5] converge, respectively (by sparseness of the E,-term,
there is no ambiguity to define ¢[0, 0] and e][1, 5]).

Lemma 7.2.10. In 7, (tmf A A1), we have that

ell,5] = (v,n,el0,0]).
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Proof. In m.(tmf A A;y), we have that ne[0, 0] = 0 hence, by juggling

VQ@[O’O] = <777V’ n>e[070] = 77<V77776[070}>'

Since 1%¢[0,0] # 0, we have that (v,7,¢[0,0]) = e[1,5]. As a consequence, in
7. (tm fo(3) A A;), we have that

e[1,5] = v.(e[1,5]) € (v,n,1.(e[0,0])) = (v,n,€[0,0]).

Moreover, the ambiguity of (v, 7, e[0, 0]) is equal to 75(5°)e[0, 0] +v s (tm fo (3) A
Ay), which is equal to zero®. We conclude that, in 7, (tm fo(3) A A;), the Toda
bracket (v, n, e[0, 0]) is equal to e[1, 5]. O

To prove Lemma 7.2.11 and Proposition 7.2.14, we need some knowledge on
the structure of Ext;,, (H.(X A A;)), the Ex-term of ASS for tm fy(3) A Ar.
This is purely algebraic and, in principle, can be shown by hand. However, a by-
hand computation should not be so easy because the .A(2)-module structure of
H*(X) is not simple. To overcome this difficulty, we use the Bruner’s software,
which is built to compute the Ext-group over subalgebras of the Steenrod algebra.
This program takes as input the .A(2) respectively .A-module structure of a module
M and outputs the groups Extiit@)(M ) respectively Ext’(M), up to a required
5)(F2) respectively Ext? (Fy)
on classes of Extin)(M ) respectively Ext’'(M). We refer to the Appendix of
[BEM17] for an explanation on the use of this software.

stem. It can also give the action of classes of Exti’l'z

Lemma 7.2.11. The image of €[0,0] € my(tmfo(3) A Ay) by f. is nontrivial in
To(ELC A A)). The latter is detected by ey € H°(Cs, (Ec)o).

Proof. We need to prove that v§'e[0,0] survives to the E,-term of the Adams
spectral sequence for tm fo(3) A A; for all non-negative integer /; then by Lemma
7.2.9, f.(e]0,0]) must be non-trivial. We prove in fact that there is no potential
source for any differential hitting v5'e[0, 0]. Suppose that z is a class in the E,-
term of the ASS that can support a differential hitting v5'e[0, 0].

The Davis-Mahowald spectral sequence for Ext’; /) (H.(X A A1)) has the form
Falyr, 4o, y3] @ H.(X) = Ext;f, (H.(X A Ay)).

Then x can be represented by a sum X yiygy’ga where a € H,(X). We see that
i, j, k and the degree |a| of a must satisfy that

i+j+k<8l—2, 3i+5j+6k+|a]=481+1

3. This is because 75(S°) = 0 and mo(tm fo(3) A A1) = 0. The latter is because E5*1? = 0,
which can be seen from the splitting of the Eo-term of the ASS



Chapter IlII. Homotopy groups of EZC“ A Ay 135

The only solutions to these equations are (i, j, k,a) = (0, 1,80 —3,x14), (0,0, 8] —
2, z13) (here x5, 14 € H,(X) are duals of the corresponding cohomology classes

as introduced in the preliminaries). It means that x is of the form vg(l_l)y where
y € Ext5 (H.(tmfy(3) A A;)). However, a calculation by the Bruner’s software

shows that the group Ext%>* (H, (tmfy(3) A Ay)) is trivial.

For the second statement, by using the long exact sequence associated to the
cofiber sequence (I11.18), we see that WO(EZCG A Ay) is isomorphic to F, detected
by g € HY(Cs, (Ec)«)- Since f.(e[0,0]) is non-trivial, it must be detected by
€o. O

Lemma 7.2.12. a) The group 75(ELZ® A Ay) is isomorphic to By and is detected
by the class tu=2eq in the HFPSS.
b) None of the non-trivial elements of 7r5(EgC6 A A1) is divisible by v.

Proof. a) The cofiber sequence (I11.18) induces the following exact sequence
T3(EECONY) D m5(EEC AY) — ms5(BAe A Ay) — mo( EECS AY).

It is straightforward from Figure (II1.8) and Part ¢) of Lemma 6.3.1 to show that
multiplication by v; is injective on my(Er® A'Y) and that m5(ELS A Y) =
Fy{tu"2eo} is not in the image of v;. Then it follows from the above exact se-
quence that

’7T5(Egc6 A Al) = 7T5<Eg«cﬁ VAN Y) = F4.

Furthermore, the induced map in the Es-term of ¢ : Egcﬁ ANY — Eg% A A; sends
the class tu~2eq to a class of the same name. Therefore, tu2¢, is a permanent
cycle in the HFPSS for Egcﬁ A Aj and survives to the E_-term, since it is in too
low a filtration to be hit by a differential.

b) This is because tu~2e is in filtration 1 and v is detected in filtration 3 in the
HFPSS for E}C°. O

Lemma 7.2.13. The image of e5 € 75(tmfo(3) A A1) by f. is equal to e5 (up to a
scalar of T ).

Proof. The element e[l,5] € m5(tmfo(3) A Ay) is equal to the Toda bracket
(v,n, €0, 0]), as explained before Lemma 7.2.11. It follows that

f+(el1,5]) € (v,n, fu(€[0,0])) = (v, n, €0).

It suffices to show that (1,7, eq) C m5(EL® A A;) contains only es.
In 7, (EL® AY'), we have that (1,7, eo) does not contain zero and is detected
by tu=2ey. By the proof Lemma 7.2.12, ¢ : 75(Egc°' ANY) — 715(Egcﬁ N Ap)
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sends tu"2eq to es. Thus (v, 1, e) contains the unique nontrivial element (up to a
non-zero scalar of Fy) of 75 (EL7° A Ay).

The ambiguity of the Toda bracket (v, 1, eo) lives in 715(S®)eg+vma( ELCAA,)
which is equal to zero because none of the nontrivial elements of 7r5(EZC°' A Aq)
is divisible by v. We conclude that f,(e[1, 5]) must be equal to es. O

Proposition 7.2.14. The element Re[1,5] = 0 € mos5(tm fo(3) A Ay).
9,54

Proof. Since F?e[1,5] = 0 € ms(tmfo(3) A A1), the class g°es € Exty,
must be hit by a differential. The Ext-group calculation by Bruner’s software
shows by sparseness that the only possibility is given by a differential d, on the

group Extz’g’) (H.(X A Ay)). The latter is generated by two classes 7¢ and 77.*

By a calculation of EthZ‘Q)*(H*(X A A;p)) by the Bruner’s software, the class
7¢ 1s a v-multiple, whereas 77 is not. The Bruner’s software also tells us that
Ext’s ) (H*(X A Ay)) 2 Fy{g[1, 5]} and that g%e[1, 5] is not divisible by v. We
must have then that

d2(76) = 0, d2(77) = 926[1, 5]

We can also check by Bruner’s software that 7¢ + 77 1s divisible by g, 1.e., there is

aclassa € Exti’?g)(H*(X A Ay)) such that ga = 7g + 77. By the Leibniz rule, we

obtain that dy(a) = gell,5]. Since the groups Extil’?;’;rs(tmfo(S) A Ap) = 0 for

s > 6, we conclude that Re[1,5] = 0 € mo5(tm fo(3) A Ay). O
Proposition 7.2.15. There are the following ds-differentials in the HFPSS for
El2 A A,

d5 (u74+4k€2) _ uf2+4kt5eo'

Proof. The map f, : m.(tmfy(3) A A1) — m.(EL® A Ay) is a map of ,S°-
modules; in particular it is k-linear. Therefore, by Lemma 7.2.13 and Proposition
7.2.14, we have

Res = 0e 7T25(EZ«CG A A1> - 7T25<E2«02 A Al)

This means that the class u=%t%¢y = (t*u®)(tu"2ep) is hit by a differential d.
By naturality, the source of this differential cannot be u~'3¢y. This forces that
there is a differential d5:

ds(u%ey) = u %

or, equivalently, by the Leibniz rule and that v~ is a ds-cycle,

ds(utes) = u?t%ey, ds(uSey) = u %te.

]

4. These are names given by Bruner’s software the lower script indicates the order of the class
in the respective filtration.
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Proposition 7.2.16. There are the following differentials d
d5<u72+4k€2) —_ t5u4k€0.

Proof. To deduce these ds-differentials, we use the Gross-Hopkins dual of EgCQ A
Aj. By Theorem 7.1.4, we know that

(B N A)) 2 S2(EL ADA).
It follows that
7T6(EZ~C6 VAN Al) = HOIH(T('_G(EZ«CG A Al), Q/Z) = 7T_6(Egc6 VAN Al)

= W_Qg(EgCG A DAl) = 7T20(Eéc6 VAN DA1>

Using the known differentials in the HFPSS for EgCQ A Aj, we obtain by inspection
that
(To0(EE? AN DAY 2 Fy @ Fy or W/4

for all versions of A;. In the HFPSS for EgCQ A A, there are at least two non-
trivial Cs-invariant permanent cycles in stem 6, namely u 3¢ and t?u"'e,. Thus,
t%¢, cannot survive to the E . -term; otherwise 7r6(EgC2 A Ay) would be too big as
a set. This forces the differential d5:

ds(u?es) = ¢
and, asu *isa ds-cycle in the HFPSS for E?;CQ,
ds(u=2key) = tulkeg,.
[

Propositions 7.2.6, 7.2.7, 7.2.15, 7.2.16 together determine all differentials in
the HFPSS for E° A A,, see Figures I11.9 and II1.10.

Next, we come to study some exotic extensions in the F.-term.

Proposition 7.2.17. In the E.-term of the HFPSS for Egcb‘ A A1, we have
a) There can only be exotic extension by 2 in stems 12 and 20.
b) There are only the following exotic extensions by 1

nx17u3eo = I/2u_360, nu_2160 = VI%7U_360,

nu’geg = uu’9eg, nxnu’geg = Vxnu’geo # 0. >

5. Recall that 17 € m17(ER°, ) is detected by u~5t, see the discussion following Figure I11.2.
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Proof. For part a), we just notice that if an element of 7, (Egc2 A Ay) admits a lift
to m(EéC2 A'Y') then so does twice that element. This remark together with an
examination of the origin of the classes in the E-term (meaning that if it lifts to
m.(EE? AY) or it maps nontrivially to , (EA A X3Y')) rules out all potential
exotic extension by 2, except for those in stems 12 and 20.

For part b). We see that any element detected by eg 1s annihilated by 7). Using
the Toda bracket (n, v, ) = v* and juggling, we have

vies = (1,v,m)es = n{v,n, e).

Since v%eg # 0, it must be divisible by 7. Inspection shows that the only possibil-
ity is that (v, 1, eg) = 17A72u"2!ey and that

nrirAu" ey = v2u"3e. (I11.19)
As v*u3ey = 23.vA2u"3¢ey, Equation (I11.19) implies that
z17(nu=tey — 21 vu"eg) = 0.
Since multiplication by 17 is injective on 7T43(Egc6 A A1), we obtain that

nu_2160 = yx%u_?’eo. (II1.20)

We see from the E..-term that v?*u "%, is non-trivial and is not divisible by 7,

by sparseness. This forces, by the Toda bracket (n,v,n) = v?, that u=%e, has a
non-trivial multiple by 7. The only possibility is that

nu ey = vue. (I11.21)
Multiplying Equation (II1.21) with z7, we obtain that
nr1ru ey = v ey # 0. (I11.22)

]
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Chapter IV

Surjectivity of the edge
homomorphism

In this chapter, we will prove the following theorem

Theorem 7.2.18. The edge homomorphism of the topological duality spectral se-
quence
1
T(ERC N Ay) — m (ERG2 A AY)
is surjective. Therefore, all differentials starting from the 0-line of the topological
duality spectral sequence are trivial.

To this end, we study the induced map in homotopy of the Hurewicz map H :
Ay — tmf A A; and prove that the later is surjective for all versions of A;. Let us
see first how this allows us to deduce that the edge homomorphism of the TDSS
is surjective.

The spectrum tm f A A; supports at least two types of ve-self maps: one comes
from the periodicity of ¢m f and the other from a vs-self map of A;. The element
A8 € mgotmf extends to a map of tm f-modules X%%tmf — tmf. Smashing
with A; gives rise to a map of tm f-modules A% : X12tmf A A; — tmf A A
By [BEM17], A; admits a v3-self map v3? : $1924; — A;, and smashing it
with tm f gives rise to a map of tm f-modules v3? : S¥9%tmf A Ay — tmf A A;.
A priori, A® and v3? are not homotopic. However, A® and v3? induce the same
localisation - there is a natural homotopy equivalence

~

(W3 (tmf A AL) = [(A®) 7 (tmf A Ay). (IV.1)

In effect, this follows from the following lemma

141
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Lemma 7.2.19. There is an positive integer k such that
(A®F = (v3HF € migor Fymyp(tmf A Ay tmf A Ay),

where Fy,¢;(—,—) denotes the function spectrum in the homotopy category of
tm f-modules.

Proof. Tt suffices to prove that some power of A® and v3? are the same in the ring
T Fump(tmf A Ay tmf A Ay) = (tmf A Ay A DAy).

Because the map W ®g, 7, (tmf A Ay) — 7. (Eec® A A;) is an isomorphism for
* > 0 by Corollary 5.3.22 and linear with respect to A®, multiplication by A® on
m.(tmf A A;) induces an isomorphism 7, (tmf A A1) — Tai100(tmf A Ay) for
x > (, because m(EgGQ“ A Ap) is AB-periodic. It follows that multiplication by
A8 induces an isomorphism:

Ty (tmf N A1 A DAl) — T54+192 (tmf A Al A DAl) for * 2 0. (IV2)

By the construction in [BEM17], a v32-self map of A, is detected, in the E,-
term of the ASS for A; A DAy, by a class that is sent to a class detecting A® in
the ASS for tmf A Ay A DA;. It means that the difference A8 — v3? is detected
in a filtration greater than 32, the Adams filtration of A® and of v32. Together
with the isomorphism (IV.2), the difference A® — v3? is equal to A8z for some
element x € mo(tmf A Ay A DA;) detected in a positive filtration of the ASS. As
a consequence, x is nilpotent, as the ASS for tm f A A; A D A; has a vanishing line
parallel to that for tm f A A;. Furthermore, A® — v3? has finite order and A% is in
the center of 7, (tmf A Ay A DA;). Therefore, by using the binomial formula, we
see that (A% + v32 — A®)2" is equal to (A®)?" for k large enough. O

The equivalence (IV.1) fits into the following commutative diagram:

[(v3*) = ] (tmf A Aq) - [(A%) 7] (tmf A Ay)

\/

LK(Q) (tmf VAN Al),

where the unlabeled maps are natural maps from the respective telescope to the
K (2)-localisation of tm f A A;. Moreover, the equivalences (I.14) and (I.15) im-
plies that the natural map [(A®)~!](tmf A A1) = L@ (tmf A A;) is a homotopy
equivalence. Thus, the map

(W) (tmf A Ar) = Lgy(tmf A Ar)
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is a homotopy equivalence. If the Hurewicz map A, Ay tm f A A; induces a
surjective map in homotopy groups, the same is true for its telescope localisation

[(02") AL = [(03") ] (Emf A Ay).

Using the commutative diagram

[(v3*)HH -
[(3%) Ay [(03%) 7 ](tmf A Av)
l Ly o H j:
LK(Q)Al re® LK(Q) (tmf A Al),

we obtain that the induced map in homotopy groups of the K (2)-localisation of
the Hurewicz map is also a surjection. Finally, by the equivalences (I.15) and
I.11, the canonical map Ly tmf — EgG“S is a homotopy equivalence, hence,
by smashing the latter with A; and pre-composing with L) H, the canonical
map

LAy — EEF™ N A (IV.3)

induces a surjection in homotopy. By applying Lemma 1.37 of [BG18], there are
homotopy equivalences

Gal, A LK(2)50 ~ EgSc

and
Gal, A ENG#7G  phGad

which fit into a commutative diagram

Galy A Lg(9)S° —= Gal; A B2

)

hSc hGay
E c E c >

where the lower horizontal map is induced by the inclusion of subgroup. By
smashing this diagram with A;, we obtain that the map Fj»¢ A A} — ELC2 A A,

. . . hSk
induces a surjection in homotopy. Since the latter factors through £ A A; —

EEG” AAj1, as Gy is a subgroup of S}, the edge homomorphism 7, (EgSlc NA) —
m.(EES? A\ A)) is also a surjection.



Chapter 1V. Surjectivity of the edge homomorphism 144

Now we explain the strategy to study the induced map in homotopy of the tm f-
Hurewicz of A;. Let (%, v) be the ideal of ., (S?Q)) generated by % and v. Consider
the following commutative diagram

. (Ay) m(tmf A Ay)

| |

1 (A (R, v) ——— m(tmf A A/ (R, v).

We see that the upper horizontal map is surjective if and only if the lower is sur-
jective. In fact, this is an easy consequence of m.(A;) being bounded below.
To prove that the lower map is surjective we can proceed as follows. For all
T € m(tmf N Ay)/(R,v), first, lift T to an element z € m.(tmf A A;), then,
find a class that detects x in the ASS for tm f A A; and finally, show that class lifts
to a permanent cycle in the ASS for A;.

The first and the second steps are rather straightforward. It follows from the proof
of Corollary 5.3.22, that we can identify a set of generators of 7, (tmfAA;)/ (R, v)
as a W[A®]-module. We give in Table (IV.1) and Table (IV.2), a list of generators
of the non self-dual versions A;[00] and A;[11] and in Table (IV.3) and Table
(IV.4), a list of generators of the self-dual versions A;[01] and A;[10]. This dis-
tinction is because the proof that they lift to permanent cycles in the ASS for A; are
different, see Proposition 9.0.6, 9.0.9, 9.0.10. We denote by M, N, P, () the set of
generators listed in Table (IV.1), Table (IV.2), Table (IV.3), Table (IV.4), respec-
tively. In these tables, the pairs of integers indicate the bidegree (¢ — s, s) of the
corresponding generators and we switch to the notation e, instead of e[s, ¢ — ]
to denote a generator in bidegree (t — s, s).

(0,00 (5,1) (6,1) (11,2) (15,3) (17,3) (21,4) (23,4)

€0 €5 €6 €11 €15 €17 €21 €23
(30,6) (32,6) (36,7) (38,7) (42,8) (47,9) (48,9) (53,10)
€30 €32 €36 €38 €42 €47 €48 €53
(48,8)  (53,9) (54,9) (59,10) (63,11) (65,11) (69,12) (71,12)
W2€p Wa€s W26 Wa2€11 Wa€15 waeq7 Wa€21 Wa€23

(78,14) (80,14) (84,15) (86,15) (90,16) (95,17) (96,17) (101,18)
W2€30 Wo€32 Wa€36 Wa€38 Wo€42 Woar Wo2€48 W2€53

Table IV.1 — List M. Generators of . (tmf A A1)/ (R, v) as Fo[A®]-module for the
non-self dual versions A;[00] and A;[11].
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(99,17) (104, 18)
vwiey  vwies
(120,21) (122,21)
ngegl 1/10%623
(158,27) (162, 28)
vwiey  vwseps

(105, 18)
vwieg
(147,25)
vwseg
(164, 28)

ng€17

(110, 19)
Z/wgen
(152, 26)
Vw§€5

(168, 29)

vwies

(114, 20)
I/wgelg,
(153, 26)
l/wg’eﬁ

(170, 29)

yw%egg

145

(116, 20)
vwier

Table IV.2 — List N. Generators of 7, (tm f A Ay)/(E, v) as Fo[A%]-module for the

non-self dual versions A;[00] and A;[11].

0,0)  (5,1) (6,1
€o €5 €6
(30,6) (32,6) (36,7)
€30 €32 €36
(48,8)  (53,10) (53,9)
Wa€0 €53 W €5
(69, 12) (74, 13) (787 14)
W2€21 VWwaea3z  W2€30

(11,2)
€11
(38,7)
€38
(54,9)
W2€E¢q
(80, 14)

Wo€32

(15,3)
€15
(42,8)
€42

(59, 10)
wWa€11
(84,15)

Wa€36

(17,3)
€17
(47,9)
€47
(63,11)
Wa€15
(90, 16)

Wa€42

(23,4)
€23

(21,4)
€21

(48, 9)
€48

(65, 11)
wa€i7
(95, 17)
Wa€y7

Table IV.3 — List P. Generators of 7. (tmf A Ay)/ (%, v) as Fo[A®]-module for the
self dual versions A;[01] and A;[10].

(96, 16)
wiegy
(120,21)
Vw%egl
(158, 27)

V?,U%@H

(101,17)
wies
(122,21)
l/wgegg
(162, 28)
I/’U)3615

(105, 18)
vwieg
(126,22)
w%eso
(164, 28)

ng€17

(110, 19)
ngen
(147, 25)
VUJ%@O
(168, 29)

ng’ €91

(111, 19)
w§€15
(152, 26)
z/wg’eg)
(170, 29)

1/11}%623

(116, 20)
vwier
(153, 26)
vwieg

Table IV.4 — List Q. Generators of 7, (tmf A Ay)/(E, v) as Fo[A®]-module for the
self dual versions A;[01] and A;[10].

In the next part of this Chapter, we proceed to prove that all classes in the above
tables lift to permanent cycles in the Adams SS for A;. There are two main steps
to this end. In the first place, we show that the induced map on the E,-terms of

the Hurewicz map

H, : Extxf (H Ay) — Extjx&

)*

(H.Ar)
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is surjective. This implies, in particular, that the classes in M U N (respectively
P U Q) lift to the Ey-term of the ASS for A;. In the second place, we show that
the Ext’;"(H, A;) has a certain structure (see Theorem 9.0.1) that allows us to rule
out non-trivial differentials on lifts of the classes in M U N (respectively P U Q)
in the ASS for A;.

8 The algebraic tm f-Hurewicz homomorphism

Theorem 8.0.1. (Vanishing line) For n > 0 or n = oq, Extiin)*(H*Al) has
vanishing linet — s < f(s), where f(s) = 5s—4ifs < 6and f(s) = bsifs > 6,
Le.,

Extiiin)*(H*Al) =0ift—s < f(s).

Proof. The statement for n = 0,1 follows from the fact that H,A; is A(0).-
and A(1).-cofree. The statement for n = 2 follows from the explicit struc-

ture of Exti’l'z?)* (H.A;) computed in Chapter II. Now suppose n > 3. Set I' =

A(n).04).F2: T'is an A(n)-comodule algebra. The unit Fy — A(n).0 4(2). Fo
is a map of I'-comodules; denote by I' the quotient of the latter; so that we have
the short exact sequence

0—>TI% 5T ST T -0,
forr > 0. Slicing these together, we get a long exact sequence of .A(n),.-comodules

0=5F T 5T@T = .. 5sT@T " = ...

which gives rise to a spectral sequence converging to Extfi’(‘n)* (H A;) with Eq-

term isomorphic to Ext’y\ (I'® T @ H.A):

By the change-of-rings isomorphism,

Ext’y, (T @ T @H.A) = Exti, [ @A)

We see that T is (8r — 1)-connected because I is 7-connected. Together with
the fact that
Ext3y), (HoAr) =0

ift — s < f(s), we obtain that

Ext%, ([7 ®@H,A) =0

(2)

ift —s < f(s)+ 8r orequivalently if t — (s +r) < f(s+ )+ 2r. We can now
conclude by using the spectral sequence (IV.4). [
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Theorem 8.0.2. (Approximation Theorem) Let m > n be two non-negative inte-
gers or m = o9, the restriction homomorphism

Bt (HeAr) = Ext’ o (H.A))

is an isomorphism if t — s < f(s — 1) + 2""' — 1 and is an epimorphism if
t—s < f(s)+ 2", where A(), := Aand f(s) is as in Theorem 8.0.1.

Proof. Pose I' = A(m).04(n).F2 and T = coker(F, — T'). The restriction
homomorphism is the composite

Ext®!

Sy, (HeAr) = Ext’

. (T @ HL A 2= Exct

A(n)« (H*A1>

where the first map is induced by the unit F; — I" and the second is the change-of-
rings isomorphism. The short exact sequence of A(m).-comodules Fy — T' — T’
gives rise to a long exact sequence

Ext’ ! (T ® H,Ay) — Ext’

. Sy, (LAY) = Ext’ ) (L Ay)

— BExt’,,. (T ©H.Ay)

Because I is 2"'-connected and Exti’lt(m)* (Fy, H,A;) has the vanishing line ¢ —

s < f(s),

Ext ., (T @ HoAp) =0

if t —s < f(s)+ 2", hence the surjectivity of the respective restriction homo-
morphism; and

Ext’ " (T @ H,A;) = Ext?

Alm). iy (T ® Haddy) = 0

ift —s < f(s— 1)+ 2" — 1, hence the bijectivity of the respective restriction
homomorphism. [

Corollary 8.0.3. The restriction map Ext?’ (H.4;) — Ext” ), (HAy) is an epi-
morphism if £ — s < 5s + 8 and is an isomorphism if ¢ — s < 58 + 2

Theorem 8.0.4. The restriction map Ext;” (H.(A1)) — Extj, (H.(A1)) is an
epimorphism.

Proof. The restriction map Ext’;’(H.(A1)) — Ext}, (H*(A1)) is a map of
modules over Ext’;"(H,(A; A DA;)); This module structure comes from the

fact that A; is a module over the ring spectrum A; A DA;. It is proved in

[BEM17] Corollary 3.8 that the class v§ € Ext’, (H.(A; A DAy)) lifts to

Ext’; (H.(A; A DA,)). In particular, the restriction is a map of modules over the
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sub-algebra R generated by g, v, v5. We know by Proposition 3.2.5 that the classes
e; where

i€{0,5,6,11,15,17,21, 23, 30, 32, 36, 38, 42,47, 48, 53}

are generators of Ext’;,, (H"(A;) as a module over R. These classes live in the

*

region {t — s < bs + 8}, and hence lift to Ext’;" (H*(A;) by the Approximation
Theorem 8.0.2. ]

This theorem shows that all the classes of M U N (respectively P U Q) lift to
Ext’;"(H.(A;)). In the next section, we prove that the latter lift to permanent
cycles.

9 The topological ¢{m f-Hurewicz homomorphism

The key step is the following observation on the structure of the Ext’;” (H.(A;)).
Theorem 9.0.1. The group Ext’;" (H*(A;)) has the following properties
(i) All classes of Ext (H*A,) in the region
F={s>185s<t—s<bs+6}U{s>27,5s<t—s<5s+ 14}
are g-free and are divisible by g.
(ii) Any class x ofExtfj‘i (H*A,) in the region
D={s>21,5s<t—s<bs+12} U{s > 30,5s <t—s < bs+ 20}

is weakly g-divisible, i.e., there is a class y and a non-negative integer n
such that gy = g"x.

Because the classes involved in the statement of this theorem live in the region

where there is an isomorphism Ext (H*(4,)) = Extiit( 5. (H*(A1)) by the Ap-

proximation Theorem, it suffices to prove that Exti{a)* (H*A;) has the required
properties. We prove a stronger statement:

*

Theorem 9.0.2. The group Exti{( 5. (H*(Ay)) has the following properties
(i) All classes in the region

S1 =420 < s <2755 <t—s < T7s—40}U{s > 27,5s < t—s < 5s+14}
are g-free and are divisible by g. All classes in the region
So={27<s<30,55s+14<t—s5<T7s—40}U

{s >30,5s+ 14 <t — s < 5s+ 20},
are weakly divisible by g.
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(ii) All classes in the region
T ={15<s<18,5s <t—s < T7s—30}U{s > 18,55 < t—s < 5s+6}
are g-free and are divisible by g. All classes in the region
T, ={18<s<21,5s+6<t—s<7s—30}U

{s >21,5s+6 <t—s<bs+ 12},
are weakly divisible by g.

Figure IV.1 — The region in red is associated to .S; or Ry, the blue to S5 or R,.

Before proving this theorem, let us explain the strategy of the proof. Observe that
there is a sequence of extensions of commutative Hopf algebras

BZ‘_HDBZ.]FQ — Bi—i—l — Bz for0 <3 <8

in which each B;, ;g F, is isomorphic to an exterior algebra A(h;) on one gen-
erator h; of degree at least 8 and By = A(2)., By = A(4).. We can then deduce
information on Extza)*(H*Al) from EthTQ)*(H*Al) by a sequence of Davis-
Mahowald spectral sequences
s,t,o s,t—|hi|o o s+o,
EST = UGZBOExth " (H, AL @ Fo{hT}) = Extiy 7/ (HLA)).

*

By the calculation of Exti{@)* (H, A1), we see that the classes in the region S; and
S5 of the latter have the desired properties. Using this as the base case, we prove
by induction that each Extstfit(H*Al) has the desired properties. To this end,
we first prove, by induction again, that each term of the Davis-Mahowald spectral
sequence has similar properties in the appropriate regions and then make sure
that extensions cannot prevent the target of the spectral sequence from having the
desired properties, where the fact that the degree of each h; is at least 8 becomes

crucial.
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Proof. We have that

A(4)* = F2[C17C27C37C47C5]/( fZ’ 2167C§7C:LL’<52)
‘A<2)* = FQ[CL <27 <3]/<<187 C;la C??)

From this, we can construct a sequence of maps of commutative Hopf algebras
(Bix1 — B;) with0 < i < 9, By = A(2), and By = A(4), such that for
each i, B;0p,Fo = A(h;) is an exterior algebra on one generator h; of de-
gree at least 8. Informally, we start with By = A(2). and successively "add"

C47 gg? C§7 4187 <57 <Z7 Céla <287 C116 Forexample’ Bl = F2[C17 C27 <37 C4]/(<187 C;lv C??? Cz)
We will prove by induction on i that Ext ;" (F2, H, A1) has the property (7). The

proof of (ii) works similarly, see Remark 9.0.3. First, we can directly check that

EXtE: (H*Al) = Ethzz)* (H*Al)

verifies (i), by inspecting its structure as shown in Proposition 3.2.5 of Chapter
II. Suppose that Exty"(H,A,;) verifies the properties (7). Consider the Davis-
Mahowald spectral sequence

BT = @ Bxty (HoA @ Fy{h]}) = Bxty 7/ (HoA) (V)

and the differential d, goes from E**7 to E5~"*149FT Since h, is a B;-primitive,
we have that
B} = @ Exty " (H.A) @ Fo{h7}

a>0

where d = |h;|. We will prove by induction on r > 1 that each E3*“-term of the
Davis-Mahowald SS (IV.5) has the following properties

(a) All classes in the region
R ={20<s+0<27,5(s+0)<t—s—0<T7(s+o0)—40}

U{s+0>275(s+0)<t—s—o<5(s+o0)+ 14}

are g-free and are divisible by g.
(b) All classes in the region

Ry={271<s+0<30,5(s+0)+14<t—s—0<T(s+0)—40}

U{s+0>30,5(s+0)+14<t—s—o<5(s+0)+20}
are weakly divisible by g.
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A similar proof as of Theorem 8.0.1 show that Extf’B’f(H*Al) has the same vanish-
ing line, and so

EP"? = 0if s+0 > 6,t—(s+0) < 5(s+0)or s+0 < 6,t—(s+0) < 5(s+0)—4.

(IV.6)
The E{"“-term is spanned by classes z ® h? with 2 € Extgfda(H*Al). For
degree reasons (d = |h;| > 8) and Equation (IV.6), a non-trivial class z ® h{ lies
in R; and R; only if x lies in 57 and S U Sy, respectively. Then together with the
induction hypothesis, it is straightforward to see that the E;-term of the spectral
sequence (IV.5) has the properties (a) and (b). Suppose that the E,.-term of (IV.5)
has those properties. Let 2 € E5*“ represent a class [x] of EZ7.

Step 1. Suppose [z] lives in R; and [z] is g-torsion. Because R; is stable
by multiplication by g, we can assume that g[x] = 0. Then there exists y €
Estatr=1i+240-" guch that d,.(y) = gx. We see that y belongs to the region
R, U R,. By the induction hypothesis, y is weakly divisible by g, i.e., there is a z
and an integer n such that g"*1z = ¢g"y. It follows that

9" (2) = d (9" 2) = d(g"y) = g"d(y) = g"gx = g" .

However, d,.(z) — z lies in R; which consists only of g-free classes, hence d,.(z) =
x, and so [z] = 0. Therefore, all classes in R; of E,; are g-free.

Step 2. Suppose [z] lies in R;. By the induction hypothesis, there exists
y € Es~41=249 guch that gy = . We claim that y is a d,-cycle. We have that

Moreover d,(y) € E:~"=3t=249F7 living in Ry, hence is g-free. We conclude that
d.(y) = 0. Thus, [z] is divisible by g.

Step 1 and Step 2 show that the E,, ;-term has the property (a).

Step 3. Now suppose that [x] belongs to the region R,. Then z is weakly
divisible by g, i.e., there is a class z € E$~%=247 and an integer n such that
gtz = g"x. We claim that z is a d,-cycle. Since x is a d,.-cycle, we have

g"d,(2) = d.(g"'2) = do(g"x) = ¢"d, () = 0.

Moreover, d,.(z) € ES~4TLi=2404m which belongs to Ry, hence d,(z) is g-free,
and so d,.(z) = 0. Therefore, we obtain that g""![z] = ¢"[x], hence the E, ;-term
has the property (b).

Step 4. It is now straightforward to see that the E,-term also has the proper-
ties (a) and (b). To finish the proof, we will show that the target of the spectral
sequence (I'V.5) has the property (7). Let

.CF,CcF,,C..CF CFy= Extg;l(IFQ,H*Al)
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be the filtration of EXtE:_l (H,.A;) associated to the Davis-Mahowald spectral se-
quence. A class belongs to £, only if it is represented in the E;-term by a class of
the form x® h{ where z € Extg (H.A;) - here t —s > 5s—4 because of Equation
IV.6. Such a class has bidegree (s + o,t + do), and so has the topological degree
t—s+(d—1)o. Because d > 8, the latter exceeds 5(s+ o) + 20 for o sufficiently
large. However, any class in S7 U S, has bidegree (¢, s) satisfying t — s < 55+ 20.
This means that there is an integer m such that all classes of S; U .S, belongs to
Fy\F,,, U {0}. From this, it is straightforward to verify that the properties (a) and
(b) of the Ecc-term implies the property (i) of Exty; (2, HoAy). O

Remark 9.0.3. The proof of (i) uses a double induction. What makes both base
cases work is the fact that Extit@)* (H, A1) has the required properties and that the

slope of each h; is lower than % which is exactly the slope of the lower line limiting
the region in question. What makes the inductive step work is self-explained by
the choice of the regions: relevant classes lie in the relevant regions. What makes
the target of the DMSS have the required properties is that the slope of h; is lower
then the slope of the vanishing line. The regions 77 and 75 are chosen to have all
of these features, hence the proof of (i7) is similar to that of (7).

We need the following property of the Es-term of the Adams spectral sequence for
S9, which necessitates a calculation of the Ext group up to stem 43, see [Tan70],
Theorem 4.42.

Lemma 9.0.4. The class v is annihilated by ¢°, so is g-torsion in the Ey-term of
the ASS for S°.

Theorem 9.0.5. The induced map in homotopy of the Hurewicz map Ay — tmf A
Ay is surjective.

Proof. Themap H, : m,(A;) — m.(tmfAA;)is amap of m.(A; ADA;)-modules.
In particular, it is a map of modules over the subalgebra R of m,(A; A A;) gen-
erated by v, %, A%, Therefore, we only need to prove that a set of generator of
m.(tmf A Ay) as a R-module belongs to the image of H.

Because of Theorem 8.0.4, we can choose a lift of classes of MUN to Ext’;"(H. A;)
such that classes which are divisible by v lift to classes which are divisible by v.
We fix such a choice of lifting and call them also M and N, respectively. Let us
prove that all classes of M U N (respectively, P U (J) are permanent cycles in the
ASS for Ay; then they must survive to the E..-term because their images in the
ASS for tm f A A; do. By comparing the bidegree of the classes of M/ U N and the
vanishing line of the Eo-term, we see that the differentials on classes of M U N of
length greater than 4 are trivial. The theorem now follows from Proposition 9.0.6,
9.0.9, 9.0.10 below. [
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Proposition 9.0.6. All classes in M of A1[00] and Ai[11] and in P of A,[01] and
A;[10] are permanent cycles in the respective ASS.

Proof. Inspection of bidegrees together with the Vanishing Line theorem 8.0.1
show that there can only be nontrivial differentials d, on classes of M (respec-
tively P) and moreover these differentials hit the region where there is an isomor-
phism between Ext’;" (H.(A;)) and Ext’j, (H.(A:)). However, all classes of
M (respectively P) are permanent cycles in the ASS for tmf A A;. Therefore,
the differentials d, on the classes in M (respectively P) in the ASS for A; are

trivial. [

Lemma 9.0.7. a) The target groups for ds on classes in N are g-free. More
precisely, E3' is g-free if

(s,t) € F3:={s>23,bs<t—s<5s+1}U{s>285s<t—s<bhs+09}.

b) Suppose s > 30 andt — s < 5s + 20 and let s € Eg’t. Then x is weakly
divisible by g, i.e., there exists an integer n and a class y € E§74’t724 such that

gy = g"x.
Proof. a) The differential dy-arriving in gE5* with (s, t) € Fj starts in E5 " with
(s, t') = (s+2,t+23),ie,(t' —s)=t—s+21.
Then we have
s >2555 =55+10<t—s5s+10<5s+11 =55 +1
respectively,
s$>30,68 =55s+10<t—s+10<5s+19 =55 +09.
So (', ") belongs to
{s' >25,55'+11 <t'—s <55 +12}U{s’ > 30,55’ +11 < t'—s < 55 +20}.

In this region, Theorem 9.0.1 guarantees that all classes are weakly divisible by
¢ and this implies that Eg’t is g-free if (s,t) € F3. In effect, suppose x is a class
which lies in F3 and which is g-torsion. The region Fj is stable by multiplication
by g, so we can assume that gr = 0. Let a be a representative of x. Then there
exists b € Es such that do(b) = ga. By the argument above, we know that a
is weakly divisible by g, i.e., there exists an integer n > 0 and a class c at the
E,-term such that g"a = ¢"*'c. Then we have

g dy(c) = do(g" ) = da(g"b) = g"do(b) = g"ga = " a.
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However, F3 belongs to the region which is g-free at the Eo-term, hence dy(c) = a,
which means that x = 0 at the E3-term.

b) We represent z by a dp-cycle a. By part (i7) of Theorem 9.0.1, there exists
b € E5~*""* and an integer n such that g"a = ¢"*'b. It is enough to show that b
is a dy-cycle. We first note that, since a is a dz-cycle, we have

9" dy(b) = do(g"t'b) = da(g"a) = 0.

Therefore it is enough to show that d»(b) is g-free. In fact, da(b) is a class in E5 *
with s’ = s — 2 and

t'—s=t—5s—19<5s+20—19=5(s—2) + 11 = 55" + 11,
so it is g-free by Theorem 9.0.1 part (i7) O

Lemma 9.0.8. The target groups for the differential d, on classes in N are g-free.
More precisely, Ej’t is g-free if

(s,t) € Fy:=={s>29,5bs<t—s<5s+4}
Proof. The differential ds arriving in gES" with (s, ¢) € Fy starts in E5 ¥ with
s =s+1,t —s =t—s+21.

Then we have
s’ >30,55 +16 <t — s <55 +20.

By Lemma 9.0.7, all classes in such bidegrees are weakly divisible by g and this
implies that E" is g-free if (s,t) € Fj. In effect, suppose z is a class which lies
in F; and which is g-torsion. Because F) is stable by multiplication by g, we can
assume that gv = 0. Leta € Eg’t be a representative of x. Then there exists
b € Ej such that d3(b) = ga. By the argument above, b is weakly divisible by g,
i.e., there is an non-negative integer n and a class ¢ € E3 such that ¢g""c = ¢"b.
Then we have

g ds(c) = d3(g" ) = d3(g"b) = g"ds(b) = g"ga = ¢g"a.

However, F; belongs to the region where g acts freely at the Es-term by Lemma
9.0.7 part (i), hence d3(c) = a and so x = 0 at the E4-term. O

Proposition 9.0.9. The differentials ds, ds, ds on the classes in N for A;[00] and
A, [11] are trivial.
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Proof. All classes of NV are divisible by v, so are g-torsion in the Es-term, hence
are g-torsion at all terms. It is then enough to show that the target groups of
differentials ds, ds3, dy on the classes in N are g-free at the E,, Ej, E4-terms,
respectively. In effect, the target groups for the differential d> on the classes in N
lie in the region

{s§>19,5s <t —s<5s+6}U{s>27,5s<t—s<5s+ 14}

consisting only of g-free classes, by Theorem 9.0.1(7). Next, a potential nontrivial
differential d3 or d4 on the classes in N has its target in the region F3 or Fj,
respectively, which is g-free by Lemma 9.0.7 or Lemma 9.0.8, respectively. [l

Proposition 9.0.10. The differentials ds, ds, dy on the classes in Q for A;[10] and
A,[01] are trivial.

Proof. In this proof, A; denotes the self dual versions A;[10] and A;[01]. The
same argument as in the proof of Proposition 9.0.9 shows that the differentials d,
ds, d, on the classes in N which are divisible by v are trivial. Consider the four
other classes in NV

w%eo, w%eg,, w§e15, w%ego. av.in

These classes are g-free at the E,-term. However, their g-multiple towers are
truncated by differentials dy in the ASS for tmf A A;. In effect, since w? is a
dy-cycle in the ASS for tm f, the Leibniz rule and Theorem 4.0.3 show that

dz(w§e53) = 95105607 dz(wgez&s) = 94103657

d2(wg€4s) = g4w§el5, dz(wgez?,) = 9210;630-

It follows that the differentials ds on the classes of (IV.7) are g-torsion. Moreover,
the differentials dy on the latter arrive in Eg’t with s > 18,55 <t —5 < 55+ 6
which is g-free by Theorem 9.0.1. Thus, the classes of IV.7 are ds-cycles and be-
come g-torsions in the E3-term.

The differentials d3 on the classes of (/1.7) arrive in Eg’t with s > 19,t — s = bs.
For these bidegrees, there is an isomorphism at the E,-term of the ASS for A; and
that for tm f A Ay; in particular, the respective Ext-groups are isomorphic to [Fs.
However, in the ASS for tm f A Aj, the latter are hit by differentials d,. Because
of Theorem 8.0.4 and the naturality of the ASS, Eg’t =0fors > 19,t — s = bs
in the ASS for A;. Thus, the differentials ds on the classes of (IV.7) are trivial.

Finally, the differential d, on the classes of (IV.7) land above the vanishing line,
hence are trivial. [
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Remark 9.0.11. To illustrate the proof of Proposition 9.0.10, we give some exam-
ples and more details.

a) First, a differential ds or d4 on the first five classes in N listed in Table 2 has
target living above the vanishing line, so it is trivial.

b) The other classes in N might support non-trivial differentials d3. For example,
a differential ds on the class vw3e;7 arrives in Eg’t with s = 23,t —s = 115 = bs;
the latter group is g-free by Lemma 9.0.7. The worst case is the class vw3es3 on
which a differential ds lives in E5* with s = 32, — s = 169 = 55 + 9, which is
g-free by Lemma 9.0.7.

c¢) Only the last eight classes in N as listed in Table 2 might support non-trivial
differentials d4. These classes lie in Ej’t with s > 25,55 <t —s < 55+ 25. Then
d, on these arrives in Ej Y withs' =s+4andt' =t + 3, and so

s >29.55 <t —s <55 +4.

This region consists only of g-free classes by Lemma 9.0.8



Chapter V

The differentials d; of the
topological duality spectral sequence

Before starting the final Chapter, we recapitulate what has been shown. We
study, in Chapter II and III, the E;-term of the TDSS for A;, which consists of

EY* =, (ERC2 A A)),

E;* =E7 2 m(BE° A AY),
EX = (BB B A A)).

We describe the HFPSS for EgGZ“ A A; and Egcﬁ A A;. From these results, E(l)”k
and E2* are 192-periodic and as modules over W(F,)[(A®)*!, %, v]/(Rv), they
are generated by 48 respectively 46 elements for the versions A;[00] and A,;[11]
respectively A;[01] and A [10], while E;"* = E>* are 48-periodic and as modules
over W(IF)[(A?)*!, 27|, they are generated by seven elements. Then we show, in
Chapter IV, that the edge homomorphism of the TDSS is surjective, meaning that
there are no non-trivial differentials on the filtration O of the TDSS.

In this Chapter, we study the differentials d; : E;* — E7* and d; : E}* — E>*.
We start by describing the maps appearing in the topological duality resolution,
and from this study the induced maps in homotopy groups. In the first section, we
analyse the groups 7o F'(E"M", E"X) and give a description of a set of elements of
these groups. This description is general for all chromatic heights and all primes
p. Some of the material at the beginning of this subsection is well-known in the lit-
erature; we hereby want, however, to give more details on how the transition maps
of the homotopy limit in Proposition 10.0.4 are identified, compare [GHMRO05],
Section 2, [Hen07], Section 1.3.3.1 or [BG18], Section 1.4. New results are The-
orem 10.0.8 and Proposition 10.0.14, where we observe that under some mild
condition, there is a lift s : Z,[[G/H]]® — moF(E™M", EM) which is continuous

157
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with respect to appropriate topologies. Then in the following section, we use this
analysis to study maps in the topological duality resolution at n = p = 2 and the
induced maps in homotopy.

10 Mapping spectra
We work with a height n formal group law (I, k) such that
S(k,T") := Autz(I") = Auty (D). (V.1)

To simplify the notation, we will denote by G and F the corresponding Morava
stabiliser group and Morava E-theory. Assumption (V.1) implies (e.g. see [Hov04]):

Theorem 10.0.1. There is an isomorphism of Morava modules
m(E N E) = Map,(G, E.), (V.2)

where G acts diagonally on the right hand term. This isomorphism of Morva
modules is also G-equivariant where the action of G on 7,(E A E) is induced by
the action on the right hand factor of E N\ E and on Map®(G, E,.) by the right
multiplication on G, i.e., (g.f)(h) = f(hg).

Let H be a closed subgroup of G. There exists a nested sequence of open sub-
groups (... C Uy C Uy) of G such that NU; = H. For U an open subgroup of G,
Devinatz and Hopkins, in [DHO04], construct the homotopy fixed point spectrum
E"Y and then define

EM .= LK(n)hochimEhUi.

Let N (H ) denote the normaliser of H and W (H) := Ng(H)/H the Weyl group
of H.

Theorem 10.0.2. [DHO04] Let H be a closed subgroup of G. There is an isomor-
phism of Morava modules,

T (E N EhH) >~ Map,.(G/H, E,),

where G acts diagonally on the right hand term. This isomorphism is also W (H )-
equivariant where the action of Wg(H) on the left hand term is induced by its
residual action on E" and on the right hand term by the right multiplication on

G/H, i.e., (g.f)(hH) = f(hgH).
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If U is an open subgroup of G, then the construction of [DH04] provides us with
a map
Act : G)U, NE" — E.

Together with the multiplication of F, we obtain the composite
EANG/U NE"Y - ENE S E
The adjoint of this map is a homotopy equivalence (see [GHMRO0S], Section 2)
EANG/U, = F(E" E). (V.3)

The equivalence (V.3) is also G-equivariant with G acting diagonally on the left
hand side and on the second variable on the right hand side. If K a finite subgroup
of G, one has

F(E"  EMYY 2 F(LghocolimE"i | EMEY) 2 holim F(E": EYMS. (V.4)
( ) ) [

Transition maps. Let U; C U, be open subgroups of G. Let us denote by
v+ E"2 — EhU the map induced by the inclusion of subgroups. Through the
natural equivalence (V.3), the map

s F(E" E) — F(E"2 E)

18 identified with
pANIld:G/Uy NE —G/Uy NE

where p : G/U; — G/U, is the evident projection. In other words, there is a
commutative diagram of G-spectra

EAG/Uy, — F(E" E)

jp l

EAG/Uy, — F(EM"? E).

Taking homotopy fixed points with respect to a finite subgroup K, one gets a
commutative diagram:

(ENG/Uw )" — F(E"" B

| |

(E A G /Uy 'K — = F(EM2+ E)hE
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As a K-set, G/U; decomposes as || K/K, where K\G/U; is the set of
Z‘GK\G/Ui

double cosets and K, = K NaU;xz~ ", the stabiliser of the coset zU;. This decom-

position is explicitly given by the following formula

|| K/K. = G/U
xEK\G/Ul

Moreover, we see that as 7 varies, these decompositions fit together in the follow-
ing commutative diagram of K -sets

G/Uy— || K/K, (V.5)
| zeK\G/Uq
p1,2

|

G/U,— || K/K,

yeK\G/Us

where the right vertical map is given by the projection K /K, — K /K, induced
by the inclusion of subgroup K, C K, if y is the image of = by the evident
projection (K\G/U; — K\G/U,, KxU, — KzU,). The projection K/K, —
K /K, induces a obvious map of K-spectra £ A\ (K/K,). — E AN (K/K,);.
These assemble to give a map

\/ (EAK/K )=\ (EAK/K )"
zeK\G/Uy yeK\G/Us

By the diagram (V.5), this map fits into a commutative diagram

[

(EANG/U )M — | (ENK/Kp )"
Z‘EK\G/U1

(BAGIU S e (B AK/K, )™,
yEK\G/Uz

Notice that if K, C K, then the map (E A K/K, )" — (E AN K/K, )"  is
naturally identified with the transfer tr% : EMEe 5 By by Lemma 1.1.3. In
other words, there is a commutative diagram

EM = (B A (K/EK,) )"

|~ |

By 2 (B A (K/K,)2)"S.
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Therefore, we obtain:

Lemma 10.0.3. Suppose that K is a finite subgroup of G and Uy C U, are open
subgroups of G. There is a commutative diagram

F(EhUl, EhK) = \/ Eth
zeK\G/Uy

F(EhUg : EhK) = V EhKy :
yeK\G/U2

in which the right hand vertical map is induced by trgz : e s BhEy f g s
the image of x by the evident projection K\G/U; — K\G/Us.

Proposition 10.0.4. Let H be a closed subgroup and K be a finite subgroup of
G. Suppose that (U;) is a decreasing sequence of open subgroups of G such that

F(EM EM) =holim \/ B
' 2eK\G/U:

where K, ; = K N xU;z~t and the transition maps in the holimit are described
as in Lemma 10.0.3.

The Hurewicz homomorphism. We introduce the following notations. Let 7" =
lim7; be a profinite set, A be abelian group and M be a spectrum. Define
%

A[[T]] := lim A[T}].

M{[T]] := holim M A (T3)..

For the rest of this section, H and K denote finite subgroups of G, unless other-
wise stated. Consider the £-Hurewicz homomorphism

h:moF(EM | E"YY — Homeg(E,EM, E,EM).
By Theorem 10.0.2, if GG is a closed subgroup of G, then
E.E" =~ Map(G/G, E.) = Hom{, (E.[[G/G]], E.).
So there is a homomorphism, see [GHMROS], Proposition 2.7,

Eo[[G/H])" = Homeg(E.[[G/K]], E.[[G/H]]) — Homeg(E.E"", E.E"),
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where £G denotes the category of Morava module (see Section 1.3), induced by
applying Hompg, (—, F.) to the first and the second variables of the left hand side.
This is an isomorphism which makes the following diagram commutative,

mo(B[[G/H]J") —————[EM, E"]

| ]

(Eo[[G/H]))* — Homeg(E.E"!, E.E"),

where the upper horizontal isomorphism follows from Proposition 10.0.4 and the
equivalence F(E"  EM) ~ p(EM | p)hE,

In what follows, we analyse the image of the left hand Hurewicz homomorphism.
Notice that the group Ey[[G/H]]* contains Z,[[G/H]]¥ as a subgroup. We de-
scribe the group Z,[[G/H]]* and Ey[[G/H])¥ as inverse limits. With (U;) a
nested sequence of open subgroups of G satisfying ijUZ» = H as before,

2,([G/H)) 2 lim Z,(G/U;)".

The transition map is simply induced by the projections Z,[G/U; 1% — Z,[G/U;]¥.
Using the diagram (V.5), the latter is identified as follows

Zy|G/U) —— [ ZlK/K]¥
2€K\G/U;

ZP[G/Ui]Ki> H ZP[K/Ky]K
yeK\G/U;+1

where the right vertical map is induced by the obvious projection Z,|K/K,]* —
Z,|K/K,|* if y is the image of z by the map K\G/U;;; — K\G/U;. Via
the natural isomorphism Z,[K/K,]* = Z, and Z,K/K,]* = Z,, the map
Zy| KK )® — Z,|K/K,]* above is identified with multiplication by | K,/ K|,
i.e., there is a commutative diagram

~

ZP[K/Kx]K_:)Zp

o

ZP[K/Ky}K%Zp-

To sum up, we have
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Lemma 10.0.5. Let H and K be finite subgroups of G. There is a an isomorphism

z,IG/H* =lim ] 2,
zeK\G/U;

where the transition map II Z,— 1] Z,isinduced by multiplica-
2€RK\G /Ui yeK\G/U;

tion by |K,/K,| from the copy of Z, at the coordinate © € K\G/U;1; to the

copy of Z, at the coordinate y € K\G/U; if y is the image of x by the map

A similar argument shows that

Lemma 10.0.6. Let H and K be finite subgroups of G. There is an isomorphism

mle/HF =i ] &5
xEK\G/U,

. Ky . .
where the transition map IT EXs — I E,"isinduced by the trans-
2€K\G/U;11 yeK\G/U;

fer EX* — Eé(y if y is the image of x by the map K\G/U; ;1 — K\G/U,.

Proposition 10.0.7. Let F' be a finite subgroup of G. The following statements
are equivalent:
1) The group mo( E"F) is torsion free.
2) The O-stem of the E..-term of the HFPSS for E" is concentrated in the
O-filtration.
3) The edge homomorphism mo(EM) — (Eo)t of the HFPSS for E" is
injective.

Proof. Tt is clear that 2) is equivalent to 3). That 1) is equivalent to 2) is also
straightforward by noting that the HFPSS has a horizontal vanishing line, (see
Proposition 6.5 [HS99]) and that all groups living in positive filtration are torsion.

O]

Theorem 10.0.8. Let H and K be finite subgroups of G. We have the following
(i) The subgroup Z,[[G/H)|) of Ey[[G/H]|]* belongs to the image of the
Hurewicz homomorphism.
(ii) Suppose that all subgroups of either H or of K verify the equivalent con-
ditions of Proposition 10.0.7. Then there is a canonical lift of Z,|G / H]|%
to [EM | B,
Denote by s : 7,)[|G/H||* — [EM | EMS] this lift.
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(iii) Suppose H, K, L are finite subgroups of G such that either all subgroups
of K or all subgroups of H and of L verify the equivalent conditions of
Proposition 10.0.7. Then there is a commutative diagram

Z,[[G/H))* © Z,[[G/ K] Z,||G/H]*

l@s l

mo(B[[G/H]|"™) @ m(E[[G/K]|"") —= mo(E([G/H]"")

where the horizontal arrows are compositions, using the identifications
Z,|[G/H]|* = Homg(Z,[[G/K]], Z,[[G/H]]) and mo(E[[G/H]"*) =
Homeg(E.[[G/K]], E[[G/H])).

Proof. For part (i), by the naturality of the Hurewicz homomorphism, we see that
the following diagram is commutative

(o)

mo(E[(G/H]"")

lim 7o(E[G/UJ"™) = lim ] moE" .

v zeK\G/U;

|

(Eol[G/H])* ———=———lim Bo[G/UJF = lm ] E

v zeK\G/U;

(V.6)
The upper horizontal map is an isomorphism due to the fact that lim" of a system
of profinite abelian groups is trivial, see Theorem 3, Chapitre IV of [Gab62]. The
diagram (V.6) above factors through

mo(E[[G/H]|")

hrn H ’ﬂ'thKI

v zeK\G/U;
Fo/F1 llm H FO,:E/FL.Z’
M v zeK\G/U;
(EollG/H])S im ] B
v zeK\G/U;

Here Fg and Fj denote the first two filtration groups in the filtration associated
to the HFPSS and all surjections are the projections to the O-filtration of the E -
term of the respective HFPSS and the middle horizontal map is induced by the
naturality of the HFPSS. In particular, the transition maps of the middle inverse
limit are determined by those of the lower inverse limit, which are described in
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Lemma 10.0.6. As the upper and lower horizontal maps are isomorphisms, the
middle horizontal map is also an isomorphism.

For any finite subgroup H of G, Z,, C E\ are H-invariants and, further, Z, con-
sist only of permanent cycles. The latter can be seen as follows. Since E"#
is K(n)-local, for (M(J(i)))i>o with J(i) = (pi,...,v2"""), a cofinal tower
of generalised Moore spectra of type n, there is a natural equivalence E™M! ~
holim EM A M(J(7)), Section 1.7. Since E"# is a ring spectrum, the unit map
of E" gives rise to the maps M (p/ti) — E" A M(J(4)). By taking homotopy
limit of the latter, one obtain the map S) — E", where S} is the p-completed
sphere spectrum, extending the unit map S° — EM,

This means that the image of the Hurewicz homomorphism 7o E"# — E! con-
tains Z,. In other words, the inclusion [ Z, — ] Ei liftstoa

xGK\G/UZ ZL‘GK\G/UFL
monomorphism
H Ly — H Foo/Fog. V.7
IEK\G/UZ‘ IEK\G/U,L

These are compatible with the transition maps as ¢ varies, because the inclusions

I zZ,— 1] Eé(” are compatible with the transition maps according
zeK\G/U; zeK\G/U;
to the description of these in Lemma 10.0.5 and Lemma 10.0.6. By taking the
inverse limit over i, we obtain that the inclusion of Z,[[G/H]|* into Ey[[G/H]]¥
lifts to F()/Fl.

For part (ii), let us first prove that there exists an open subgroup U of G
containing H such that, for all z € G, there exists ¢ € G such that K, < K N
gHg™*. In fact, for all g € G, there exists an open subgroup U, of G, containing
H, such that K N gU,g~' = K NgHg™'. Then Vz € gU,, K NaUyz™' =
KngUyg' = KNgHg ' Because gLGJGgUg = G and G is compact, there exist

gi,.-sgn such that U g,U, = G. SetU = N U,; so that U is an open
1<m<n 1<i<n

subgroup of G. Then for all z € G, there exists m such that z € g Uy, and so
K,=KnaUz'CKnaUyz™' =KnNg,Hg,"

We can suppose, if needed, that there exists ¢ > 0 such that U; C U. This
means that, if ¢ is large enough, then, for any x € K\G/U,, there exists g € G
such that K, < K N gHg™!. The assumption on H and K implies then that, K,
satisfies the conditions of Proposition 10.0.7, hence the natural projection

H 7T-O(EW}LKI) - H FO,x/Fl,x

2€K\G/U; 2€K\G/U;
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is an isomorphism. This implies that the map (V.7) lifts to

H Zp — H WthKI

IEK\G/UZ' LEGK\G/U,L

and that the lifts are compatible with the transition maps as ¢ varies . We can
conclude Part (i7) by taking the inverse limit of the above arrows.

For part (iii), consider the following diagram, where the horizontal maps are
the obvious compositions.

Z,[[G/H])* ® Z,([G/ K] Z,|[G/H]|*

Lm l

mo(E[[G/H]|"™) @ m(E[[G/K]|"") — mo(E([G/H]"")

Ey[[G/H])" @ Eo[[G/K]]" Eo[[G/H]]*".

We see that the lower square is commutative, because of the naturality of the
Hurewicz homomorphism, and the outer square is commutative because the com-
position of the vertical maps are inclusion of respective groups. Therefore the
upper square is commutative, since the Hurewicz homomorphism is injective by
assumption. 0

Consider the case where I = K are finite subgroups of G. The residual
action of Wg(K) on E"¥ gives rise to a map of Z,-modules

A Z[We(K)] — [EM, M.
Moreover, Z,[W¢(K )] can be canonically identified with a submodule of Z,[[G/ K%,
because if g € Ng(K), then the left coset K € G/K is fixed by K.

Proposition 10.0.9. Let K be a finite subgroup of G and suppose that all sub-
groups of K verify the equivalent conditions of Proposition (10.0.7). Then there
is a commutative diagram

Zp[We (K)] — [EM, E"]
Z,[[G/K])".
Proof. Let gK € Wg(K) viewed also as an element of Z,[[G/K]|*. Tracing

through the construction of s, we see that the induced map in Morava modules of
s(gK) is given by

E.(s(¢K)) : Map®(G/K, E,) — Map®(G/K, E,), f — (f : hK — f(hgK)).
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By Theorem 10.0.2, the latter is exactly the same as the induced map in Morava
modules of A(gK). Since the Hurewicz homomorphism is injective, we conclude
that A(gK) = s(gK). O

Corollary 10.0.10. The lift by s of any element of W (K) is a map of ring spec-
tra.

Proof. This is because the residual action of W (K) on E™ is by maps of ring
spectra, according to [DH04]. 0

We want to describe a subset of elements of 7o F'(E™! E"S) which are in the
image of the lift s : Z,[[G/H]]® — [EM!, E"%]. To this end, we need to discuss
topologies on [E"H | FMK],

The natural topology. The group [X, Y] can be equipped with the natural topol-
ogy. This is a linear topology whose basic open neighbourhood of 0 are U; =
ker(f* : [X,Y] — [F,Y]) with f running through maps from a small spectrum
Finto X, see [HS99], Section 11 for more details. Let us recall the following:

Lemma 10.0.11. ([HS99], Lemma 11.5) If Y is such that [F, Y] is finite for some
small spectrum F, then [ X, Y] is compact Hausdorff for any K (n)-local spectrum
X.

Therefore, with the natural topology, [E" | E"] is a compact Hausdorff topo-
logical group because my( E"® A F) is finite for any type n spectrum F'. The latter

is due to the fact that 7. (E A F) is finite and the HFPSS for E"® A F' has a hori-
zontal vanishing line, see [HS99] Proposition 6.5.

The inverse limit topology. The isomorphism

[EhH’ EhK] i lim [EhU¢7 EhK]

7

can be used to equip [E"# | E"M] with the inverse limit topology in which each
term of the limit has the natural topology. It turns out that these two topologies
coincide.

Lemma 10.0.12. The natural topology and the inverse limit topology on [E"H | E"K]
coincide.

Proof. It is equivalent to show that the isomorphism

[EhH’ EhK] i 1im [EhUi7 EhK]

)
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is a homeomorphism where the source has the natural topology and the target
has the inverse limit topology. Note that the inverse limit topology is compact
Hausdorff because each of the terms in the inverse limit is compact Hausdorff
by Lemma 10.0.11. Since the homomorphism [E"# E"] — [EM: EME] g
continuous for all ¢ with respect to the natural topology, the map

[EhH7 EhK] N hm [EhUi’ EhK]

is a continuous bijection. Since both the source and the target are compact Haus-
dorff, this isomorphism is a homeomorphism. [

Remark 10.0.13. By virtue of this lemma, we refer to either the natural topology
or the inverse limit topology as the topology of [E"! EMK],

Proposition 10.0.14. Let H and K be finite subgroups of G such that all sub-
groups of either H or K verify the equivalent conditions of Proposition 10.0.7.
Then the lift s : Z,[|G/H||®X — [E" | E"E] is continuous.

Proof. The natural topology on each [E"Vi E"E] can be described as follows.
Firstly, the isomorphism

[EhUi’ EhK] ~ 770( H Eth)
ze K\G/U;

is a homeomorphism with respect to the natural topology on both sides. This
is because mF (E"i, E") is homeomorphic to [E"Vi, E"X]. Moreover, for a
In—1

cofinal tower of generalised Moore spectra of type n, (M (p™,...,v," 7)), there is
an isomorphism, by the fact that lim* of a system of finite abelian groups is trivial,

m [ EM™ Slmm( [ B AM,). (V.8)
zeK\G/U; ! zeK\G/U;

Since each mo( []  E"%= A M;) is finite and discrete (with respect to the nat-
e K\G/U;
ural topology), the\in/verse limit topology on the right hand side is compact Haus-
dorff. We see that this does not depend on the choice of the tower of generalised
Moore spectra. We refer to this topology as the I,,-adic topology or simply adic
topology. Now the same argument as in Lemma 10.0.12 shows that the isomor-
phism (V.8) is in fact a homeomorphism, meaning that the natural topology on
[E"i | E'K] coincides with its adic topology. Using the adic topology, we see

that, for each i, the lift  [[ Z, —» ] moE" " is continuous. Thus, the
z€K\G/U; z€K\G/U;

lift s : Z,[[G/H]]® — [EM E"<], being the inverse limit of continuous maps, is

also continuous. L
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11 Differentials d; in the topological duality spectral
sequence

Now, we specialize to the case n = p = 2 and will study the maps d, and 3
in the topological duality resolution, as well as their induced maps in homotopy
groups.

11.1 The differential d, : E;* — E?*

The differential d; : E>* — E¥* is the induced map in homotopy of 8, of the
topological duality resolution (1.23).

Lemma 11.1.1. An element ¢ belonging to the image of the homomorphism s :
Z5[[Ge/Cy)|% — [ELC2 EEC?] can be expressed as

¢ = lim ¢;

where ¢; = > g with S; a finite subset of G¢/Cs.

geS;

Proof. Because (5 is a central subgroup of G¢, Zy[[Go/Cs)]? = Zy[[Ge/Cs)].
Lemma 11.1.1 follows from Proposition 10.0.14 and the fact that every element

of Zs[[G¢/C5]] can be written as lim x; where z; = ) ¢ with S; a finite subset
' geS;

Of@c/Cg. ]

Lemma 11.1.2. There exists an element § € Im(s : Zo[[G/Cy)|%? — B>, EAC?])
making the following diagram commutative

hCs 62 hCs
EC _>Ec

ResL lRes

hCy 6 hCo2
E C E C

where 0o is the middle map in the topological duality resolution and Res is the
restriction map.

Proof. Note that Res : Egcﬁ — Egc"’ is the image by s of the evident projec-
tion Pr : Zs[[Gc/Cs]] — Zs[[Ge/Cs)] induced by gCy +— gCg. It induces the
map Pr, : Zs[[Ge/Cy]]%? — Zy[[Ge/Ce)]¢?, obtained by post-composing an el-
ement of Z[[G¢/C5)]“* = Homy, g (Z2[[Ge/Cs)), Zs[[Ge/Cs)]) with Pr. By
applying Theorem 10.0.8 Part (iii) to H = K = Cy, L = (4 and noting that



Chapter V. The ditferentials d, of the topological duality spectral sequence 170

Res : Egcﬁ — E(’}CQ is the image by s of the evident projection Pr, there is a
commutative diagram

L[[Gc/Call® —— [Eg™, Be”]

LPT’* LRes*

Ls[[Ge/Cell® —— B, Be™].

By the construction of d, Res o d, is in the image of the lift s : Z,[[G¢/Ce]]<? —
[ELCe El?]. Because O is central in G, the left hand vertical map is sur-
jective. Therefore, there is an § € Im(s : Zy[[Gc/Cy]] = Zo|[Ge/Ch)]¢? —
[EL°2, EXC?]) making the diagram

hCs 02 hCs
B —E¢

ResL lRes

hCy 6 hC2
E C L C

commute, as required. O]

Theorem 11.1.3. The induced map in homotopy of 9, : EZCG NA — EgCB A Ay
commutes with multiplication by A®.

Proof. Since the restriction Egcﬁ NA — EéCQ A A;p induces an injection in
homotopy groups, it suffices to prove that ¢, : ﬂ*(EgC2 NA) — 7r*(E](}C2 A Aq)
is A%-linear, i.e, if x € W*(EZCQ A Ayp), then

5.(A%r) = A%, ().

According to Lemma 11.1.1, write 6 = lim ¢; where ¢; = »_ ¢ with .S; a finite
v geS;

subset of G¢/Cs. By [HS99], Corollary 11.2, for all k, the map
[EL2 A Ay, EEC? A Ay] — Hom(mp(EE? A Ay), mh(EEC? A AY))

is continuous where the target has the compact-open topology. Note that the target
of this map is discrete, hence we have

0.(A%r) = lim (¢:(A%)) = lim > g(A%)

geS;

=lim ) _ g(A%)g(x).

geS;
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For any g € Gg,
g(A?) = A? modulo(4, u3).

This equation holds in 7, (Egc"’) because the edge homomorphism 7r48(EgC2) —
(E48)“* is injective. It follows that

g(A%)g(x) = A%g(x)

since the identity of E/”> A A, is annihilated by (4, u}). Thus,

lim 3" g(A%)g(x) = lim (A% 3" ()

geS; geS;

= A%(lim > glx) = A%, ().

geS;

]

Proposition 11.1.4. The induced map on the E.-term of the HF PSS for Egcf‘ ANA;
of 0 is trivial.

Proof. The map (92). : H*(Cs, (Ec)«(A1)) — H*(Cs, (Ec).(A1)) is identified
with the induced map in Ext7, g ) (—, (Ec)«(A1)) of the map

0o 1 Ls|[Ge [ Cs]] = Zo[[Ge/Cell,

of the exact sequence (I.22). By the argument at the beginning of the proof of
Lemma 11.1.2, there is a map of G¢o-modules d : Zs[[Ge/Cs]] — Zs[[Ge/Cs]
making the following diagram commutative

Zs|[Ge/Col] —+ Zs[[Ge / Ca]]

| |

Zo([Ge/Col| —2> Zo[[Ge /Cil,

where the vertical maps are the canonical projections. It induces the following
commutative diagram, by applying Ext7, ¢y (—, (Ec)«(A41)) and the Shapiro’s
lemma,

H(Cy, (Ec)s(Ar)) ~25 H* (C, (Ec). (A1)

LRes lRes

H(Cs, (Eo)« (A1) === H7(Ca, (Ec).(A1),

where (02)* and d* are induced maps by 0, and d, respectively. Since the vertical
maps are injective, it is enough to show that d* is trivial. Let g be any element of
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Ge. Since C5 is a central subgroup of G, multiplication with ¢ induces a G¢-
map from Zs[[G¢/Cs]] to itself. If M is a Go-module, then the induced map in
cohomology ¢* : H*(Cy, M) — H*(Cy, M) is induced by the action of g on M.
It follows then that if « € H*(Cy, E,) and x € H*(Cy, (E¢)«(A1)), then

g(ax) = g(a)g(x).

Now let g € S}, It is straightforward to check, by using the cocycle representation
of ¢ given in Lemma 6.1.1, that

g(t) =t mod (2, uy),

where t € H'(Cs, (E¢)2) the cohomological periodicity class defined in Lemma
6.1.1. It follows that of = € H*(Cy, (E¢)«(A1)), then

g(tz) = g(t)g(x) = tg(z). (V.9)
By Corollary 3.4.6 of [Beal5],
d =1+ amodulo (2, (15;)?).

Using the formula (I1.10) (action of G¢ on (E¢).(A1)), we see that 1 + « and
(153)% act trivially on (E¢).(A;) = H°(Cy, (Ec)+(A1)). This means that d* acts
trivially on (E¢).(A;) = HY(Cs, (E¢)«(A;)). Furthermore, by Equation (V.9), d*
is t-linear. Thus d* acts trivially on H*(Cy, (F¢).(A;)) since t is a cohomological

periodicity class.
]

Theorem 11.1.5. The map (8). : m.(EECS A Ay) — m (EeC® A Ay) can only be
nontrivial on the elements A**e15 et A% ey

Proof. By Proposition 11.1.4, (d2), can only be nontrivial in stems where ele-
ments are detected in different filtrations. In such stems, the image of an element
by (d2). is detected in a filtration higher than the filtration of that element. By
inspecting the E.-term of the HFPSS for E“° A A; (c.f Figure I11.10), we see
that these stems are congruent to 6,9, 12, 20, 23, 26, 40 modulo 48.

The cofibration (I11.18) induces a map of exact sequences

T (B ANY) —— 1 (B A A)) —— 1 (EECS A TPY)

l((SQ)* l(‘b)* L((SQ)*

T EENY) —— 1, (BE N A)) —— m (ELCe A X3Y)

It follows that if x € 7, (EL® A A)) lifts to m,(EL® AY), then (). (x) is sent
trivially to 7, (Egc6 A 33Y"). This observation rules out the possibility for a non-
trivial differential in stem 6, 9, 23, 26, 40 modulo 48. [
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Remark 11.1.6. Using the fact that (ds). is AZ2-linear, we reduce to understanding
the image of e, and ey by (02)..

11.2  The differential d, : E7* — E}”

The differential d; : E?* — E3* is the induced map in homotopy of 3, which
is the last map in the topological duality resolution (I.23). The identification of §3
is harder. Let us first introduce some notation. For any a € Ef, define

E, :Map(G/F, E._x) — Map(G/F, E,)
by the formula: for all e € Map(G/F, E,_) and g € G/F,
Ea(e)(g) = gla)e(g) (V.10)

It is straightforward to see that £, is a map of Morava modules. In particular,
because A? is a Gqy-invariant of (Ec)4s (see the remark succeeding Theorem
1.5.1), Ex> : (Be)(SBEL?Y) — (E.).EL>* is a map of Morava modules.

Proposition 11.2.1. The map 63 of (1.23) satisfies that
(EC')A2 O (Ec)*<(53) - 8;, (Vll)
in other words, there is a commutative diagram

9

(Ec). Bece (Ec) Ege™

E* (53) EAQ
(EC) . 7748 EgGm

Proof. For this we need to unwind the construction of the map 3 in [BG18]. Let
us summarise it here. There is a K (2)-local spectrum Z together with a map 0 :
E!® — Z and an isomorphism of Morava modules ¢ : (E¢).Z = (E¢). B>
such that

po E.(0)=0;. (V.12)

Then, there is a homotopy equivalence f, V f, : B8 ErC* v S8 ELG4s . 7 such
that f; : EL[[Ge/Gal] = EG*[[Ge/Gus]] is given by (1 — w'A?) fori = 1,2
(see the proof of Theorem 5.8 of [BG18]). Here, one implicitly identifies £ (Z)
with Hom(g,.), (Ec).Z, (Ec).) = E5ELC?. Using the Galois decomposition

EhCas v phtas 2, phta (V.13)
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one produces an equivalence f : S*¥ 7> — Z. Then put
(53 = f_l o0.

The decomposition (V.13) has the feature that the induced map in E},(—) is given
by (EL[[Ge/Gal]l — EL[Ge/Gus]] ® EL[[Ge/Gag]], 1+ (w,w?)). Tt follows
immediately that the induced map in E,(—) of f is given by (1 — A?). By taking
the dual Hom g, (—, (E¢)«), we can check that the induced map in (E¢), of f
followed by ¢ is equal to (E¢)az, i.e.,

¢ o (Ec)«(f) = (Ec)az.

Together with the equation (V.12) and (E¢).(03) = (Ec)«(f71) o (FEc).(0), we
obtain that
(Ec)az © (Eg)«(0s) = 5.

O

Lemma 11.2.2. Let F be a finite subgroup of G. Suppose that a € Ef is a
permanent cycle in the HFPSS that lifts to a map XFE"Y — EM" which is, by an
abuse of notation, still denoted by a. Then E,(a) = E,.

Proof. Since E,(a) and E, are maps of E, (E"")-modules, we only need to check
this identity on a generator of F,(3X*EM). Let 0y, € Map(G/F, . (XFE)), the
constant map with value the element ¥*1 € 7,(X*E), be such a generator. This

function is the image of the k-fold suspension of the unit S° — E A EM" via
the identification ® : E,E" = Map,(G/F, E.). The latter is sent to 5% 2%
E A E" by a. And through ®, it gets identified to the map (G/F — E,, g
g(a)), which is equal to the image of s by E,. The conclusion of the lemma

follows. L

Definition 11.2.3. Let I be an ideal of [FX°>, E1“*] and X, Y be two spectra. We
say that f, g € [X, Y] are congruent modulo 7, denoted by f = g mod I, if there
exist elements ¢, § € [EL72, E?] with e = 6 mod I such that

f =set and g = sot

for certain t € [X, Ef“?] and s € [EL72, Y.

w(A? g
Proposition 11.2.4. The composite 248Egc'"’ ﬂ) Egcﬁ KN 248E2G24 is homo-
topicto S®¥((1+i+j+k)(1—aHr 4+ (1+i+j+k)atrto(l- #{;)))
where the second term is the composite

_ A2
a(rA2)

(1+i+j+k)o<_17r_1 EhG24
7 C .

hC’s hCG
EC EC
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As a consequence,
03 = 248(257‘8)?4 o(l—ator ) oA modulo (4,u}),
see Definition 11.2.3.

Proof. Since Cg satisfies the equivalent conditions of Proposition 10.0.7, follow-
ing from the computation of the HFPSS for Egcﬁ in Section 6.1, the Hurewicz
homomorphism

[SWERCS, BB EL) — Homeg((Ec). EL°, (Ec)« (B

is injective. It is then enough to prove that the two maps in question induce the
same maps of Morava modules. Now we compute the induced map of Morava
modules of d3 o T(A?) :

E.(850m(A%)) : Hom(Zo[[G/ Gy}, (Ee)ass) = Homo(Za[[G/Gosl], (Ee)uss).
For any e € Map(G/Cs, E._45) and g € G/G54, we have that

E,(d5 0 m(A?%)(e)(9)

= E;3 005 0 Eyaz)(€)(g) (because of the equation (V.11) and Lemma 11.2.2)
= g(A7)(05 © Ex(az)(€)(9))

= 9(A7)(Erar (@) (g1 +i+j+k)(1—a)n )

—g(a)( Y ghr i m(AYe(ghn )

heGay/Cs

- Z ghoz_17r_17r(A2)e(ghoz_17r_1)>

heG24/Cs

=g(A™?) (9(A2)6(9(1 titjtk)m)— ) gha’l(ﬁ)e(ghoz’lfl))
h€G24/Cs

=e(gl+i+j+k)(A—aHr )

- Z gha_lw_l(LAQ)—l)e(gha_lw_l)

T2
heGa4/Cs
=d5)(9) + (IT+i+j+k)a ' n ) 0B .ue (e)(g)
ra(A2)
Therefore,

E (030 A7) =05+ ((L+i+j+kja™'n ) 0B .a

- ra(A2)




Chapter V. The ditferentials d, of the topological duality spectral sequence 176

and the right hand side is exactly the F,-homology of

18 L 1y -1 L 4 wA?
D ((1+z+j+k)(1—a )+ (l+i+j+k)a T O(l—m))
Thus,
5=S8(1—-aYorto trgg“) o m(A™?) modulo (8,4u], u})

=2®¥((1—-aHorto trgg“) o A~ modulo (8, 4u?, u?)
The two reductions are because of the equations

TA? 4\2 5,8
1-— W = 0 modulo (472U1,U1) C (8,4U1,u1)

and respectively
7(A™%) = A~ modulo (8, 4u?, uf),
which are in turn due to Lemma 1.5.2. ]

Lemma 11.2.5. The homomorphism
Res : H*(Gg4, (EC)*(Al)) — H*(CGa (EC)*(AI))
sends u=*es to w23 tey for all k € Z.

Proof. We show that Res(es) = u~2teg. The class es is represented by the co-
cycle Gy — (E¢)gAy, determined by i — u e + u %€z, w > 0, where ey €
(Ec)2(A;) introduced in Formula I1.10. The restriction of the latter to Cj is deter-
mined by —1 — u 3¢y, w + 0, which is not a coboundary, hence represents the
unique nontrivial class u~2tey € H'(C, (Ec)s(A1)), up to a factor of F. Finally,
the restriction map is linear with respect to F4[u™%] C H*(Ga4, F4[u™!]). O

Theorem 11.2.6. The induced map in homotopy of o5 : Eg% NA, — EMG2n Ay
is trivial.
Proof. Proposition 11.2.4 shows

(b3 ATda)e = (E¥((1+i+j+k)o(l—ator ) oA 2ATIdy,)..

Since multiplication by A~2 induces a bijection on 7, (EgC" A Ap), it is equivalent
to show that the composite

Tr_l(lfoc_l)

1itj+k
B p A, 00D, G g b

EMG A A,



Chapter V. The ditferentials d, of the topological duality spectral sequence 177

induces a trivial map in homotopy.

We write eg, €12, €59 for any element of m(EgCG A A;) detected by u 3¢y,
u %eg, u %y € H*(Cs, (Ec)«(A1)), respectively. By the same argument as in
the proof of Theorem 11.1.5, the map 7' o (1 — a™!) : w (ErS A A) —

m.(ELZe A A}) can only be nontrivial on the elements A% e, and A% ey and
o (1 —a ) (A%ey) = M2 A%eg

and
7'('—1 @) (]. - Oé_l)(Alego) = )\QVA2kI17€0

for some i, \y € Fy.

Consider the map (1 +i + j + k) : B A Ay — E"@24 A A}, Tts induced
map in cohomology H*(Cy, (E¢)i A1) — H*(Gag, (Ec):(A1)) is the cohomolog-
ical transfer. It is elementary to check that the restriction H*(Gay, (E¢): A1) —
H*(Cs, (Ec):(A1)) sends the classes A?*u 3¢y and A%y =S¢5 to the classes de-
tecting A%*u =3¢ and A?*u=5tu~2¢e,, respectively by Lemma 11.2.5. Since,

tr(res(A%u=3ey)) = 4A%u"3ey = 0

and
tr(res(A%u=C%;5)) = 4A%u %5 = 0,

the induced map in homotopy of (1 + i + j + k) must send A%*eg and A?*xy7¢4
to elements detected in filtration at least 1 and 2 in the HFPSS for F/ 7 A A,
respectively. Then, the latter must be detected in filtration at least 4 by sparseness
in the E..-term of the HFPSS for E2“** A A, hence (1+i 4 j + k).(vA%eg) and
(14 i+ 7+ k)«(A%*x17¢q) are divisible by %. Therefore,

(1+i+74+Ek).(2A%e) =v(l +i+j+k).(vAes) =0

and
(1+i+j+Ek)wA%r17e0) = v(1 +4+ 5+ k) (A% z17¢0) = 0
because vR = 0 € m,(EL). O

Remark 11.2.7. In order to complete the analysis of the TDSS for A, it remains
to study

1. The differential d; : E;” — E>* for p = 12, 20, see Remark 11.1.6,

2. The differential d, : E* — E3*~" for p € Z.
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A priori, there are many p € Z for which the differential d, : Ey” — E3* '
cannot be ruled out by sparseness. These differentials can be addressed by the

following approach that was suggested to me by Agnes Beaudry. Let EgGQ“ ENya

be the cofiber of J, : EgS

Since §; o §y ~ 0, the map 9, factorises as EZGM i> F EgCS. The study of

the remaining differentials d; and d, is essentially equivalent to the study of the

T . . gAlda, hC
surjectivity of the induced map in homotopy of F' A A; —— E/.°° A A;. For

this, we need to understand sufficiently well the map g. However, we do not study
this at all in the thesis.

¢ — EgGM in the topological duality resolution 1.23.
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Let A; be any spectrum in a class of finite spectra whose mod 2 cohomology is isomorphic to
a free module of rank one over the subalgebra A(1) of the Steenrod algebra. Let Ex be the second
Morava-FE theory associated to a universal deformation of the formal completion of the supersingular
elliptic curve (C) : y*+y = z® defined over F4 and S}, the kernel of the reduced determinant S¢ — Zs,
where S¢ is the Morava stabiliser group. As first steps towards understanding the homotopy type of
the K (2)-localisation of the 2-local sphere spectrum, we analyse, in this thesis, the topological duality

1
spectral sequence for Eggc A A;p, constructed by Irina Bobkova and Paul Goerss. In particular, we
compute the E;-term of the latter and prove that its edge homomorphism is surjective.

Soit A; un spectre dans une classe des spectres finis dont la cohomologie modulo 2 est isomorphe
a un module libre de rang un sur la sous-algébre A(1) de 'algébre de Steenrod. Soit E¢ la seconde
E-théorie de Morava associée a une déformation universelle de la complétion formelle de la courbe ellip-
tique supersinguliére (C) : y?+y = x® définie sur Fy et S le noyau du morphism de déterminant réduit
Sc — Zs, ou S¢ est le groupe des stabilisateurs de Morava. Dans la perspective de mieux comprendre
le type d’homotopie de la localisation en K (2) du spectre des spheres 2-local, nous analysons, dans
cette thése, la suite spectrale de dualité topologique pour E Sc A Ay, construite par Irina Bobkova and

Paul Goerss. En particulier, nous calculons le term E; de la derniére et montrons que son application
du bord est surjective.
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