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Introduction

Ce mémoire présente les travaux que j’ai effectués depuis ma these. Dans la
continuité de ceux-ci, ils ont pour dénominateur commun la théorie spectrale d'un
opérateur de Schrodinger auto-adjoint et positif (une fois muni d’'un domaine opéra-
teur approprié) au carrefour de différentes branches des mathématiques, le laplacien
de Witten. Comme nous le verrons dans la suite, cet opérateur apparait par exemple
naturellement en topologie différentielle, en théorie de Hodge et en systemes dyna-
miques via la théorie de Morse, ainsi qu’en théorie des processus de diffusion et en
physique statistique via les dynamiques de Langevin. Il fut introduit par Witten en
1982 dans [Wit82] pour démontrer analytiquement les inégalités de Morse.

Sous la forme « opérateur de Schrodinger » que nous utiliserons par la suite, le

laplacien de Witten s’écrit (lorsque I'espace ambiant est RY)

AD) = —R2A+ |V - hAf,

olt f est une fonction réguliere et h > 0 le parametre semi-classique. L’exposant (¥
fait ici référence a la considération de cet opérateur agissant sur les fonctions, i.e. sur
les O-formes, cet opérateur étant plus généralement défini sur I’algebre des formes
différentielles. Sous cette forme générale, il jouit d’une structure algébrique riche,
dite supersymétrique, due a sa forme de type « laplacien de Hodge », qui permet de
I’analyser tres précisément.

Pour étre plus précis, ce que nous appellerons structure supersymétrique du
laplacien de Witten dans ce mémoire est essentiellement la donnée des propriétés (C')
et (E) ci-dessous. En notant d et d* la différentielle extérieure et la codifférentielle
(sur R ou plus généralement sur une variété riemannienne), et

T~
T~
SN
>

dyp = e n(hd)er et d;), = er(hd)e”

leurs déformations « a la Witten », le laplacien de Witten agissant sur les formes
différentielles est défini par

App = dpndyy +dypdgn
Il s’écrit donc en particulier comme un carré,
v \2
() Apn = (den+dp,)”,
et vérifie les relations d’entrelacement

(E) Aﬁhdf,h = df,hAf,h et Af,hd?h = d?hAf,h-



2 Introduction

Les liens du laplacien de Witten avec la physique statistique sont rendus plus
clairs par la formule de conjugaison suivante,

>l

Sl

AP et = —hA+VV -V, oV :=2f,

montrant que le laplacien de Witten agissant sur les fonctions dans 'espace plat
L*(RY, dz) est unitairement équivalent (au facteur h prés) au laplacien dit & poids

LY), = —hA+VV -V = V'V

agissant dans l'espace a poids L?(RY, e’%d:v), I’adjoint étant ici considéré formelle-
ment dans L?(R?, e_%dx) (Pespace ambiant peut aussi étre une variété riemannienne
Q, & bord ou non). Pour tout w € C°(R?), on a en particulier

= h|[Vu]

(Lgﬁ)}bw, W v,

2
v
>LQ(R e hdz) L2(Rde” h dz)

d’ou l'on déduit facilement que ’extension de Friedrichs de L%?}L agissant sur C>°(IR?)

dans L%(RY, e_%dx), toujours notée Lg?;l, est associée a la forme quadratique Q&%

de domaine H(R?, e~ dz), ot :

Vw € Hl(]Rd,e_%dx), Q%(w,w) = h||Vwl|? v

L2(Rd,e™ hdz)

Le noyau de LS);L est donc non nul si et seulement si 1 € LQ(Rd,e_%dx), i.e. siet

seulement si e~ % € LY(RY, dz), auquel cas il est engendré par 1.
Le laplacien a poids est le générateur infinitésimal du processus stochastique de
Langevin sur-amorti

dX, = —VV(X,)dt +V2h dB,,

ol X; € R? et (By)i>0 est un mouvement brownien standard de dimension d. Ce
processus est un modele prototypique utilisé en physique statistique pour simuler
I’évolution d’un systéme moléculaire a température fixée, auquel cas V est ’énergie

potentielle et h est proportionnel a la température. Puisque 1’évolution des obser-

, . —+19 . ;e
vables est donnée par le semigroupe e ““vir Pexistence d’un équilibre pour la dy-

namique de Langevin sur-amortie équivaut a ’appartenance de e~ A LY (R4, dz),
auquel cas cette dynamique admet pour unique mesure (de probabilité) invariante

myp(dx) = (/ e’%dx)_le’%d:c.

R4

Les propriétés de retour a I’équilibre de la dynamique de Langevin sur-amortie sont
. . 0 P
donc intimement liées au comportement du bas spectre de Lﬁ/h, ou de fagon équiva-

lente de A;?,)l. Dans la limite basse température h — 0T, lorsque e~ € LY (R4, dzx)
pour tout A > 0 assez petit, ce retour a 1’équilibre est typiquement exponentielle-
ment long, i.e. d’ordre O(e%) pour un certain C' > 0 indépendant de h ; le processus
est alors dit métastable. Du point du vue spectral, ce phénomene est caratérisé par
I’existence de valeurs propres exponentiellement petites, i.e. d’ordre O(e’%), pour

le laplacien de Witten AES,)Z.



Dans le premier chapitre introductif de ce mémoire, nous détaillons précisément
la rapide présentation du laplacien de Witten faite ci-dessus et introduisons les pro-
blématiques traitées dans les chapitres suivants. Celles-ci portent sur les propriétés
spectrales de cet opérateur et sur I’étude du phénomene de métastabilité de la dy-
namique de Langevin sur-amortie.

Le deuxieme chapitre est consacré a notre travail [Lep17] sur I'obtention d’inéga-
lités de type Brascamp-Lieb, pour les formes différentielles sur une variété rieman-
nienne compacte a bord 2, a I'aide de la structure supersymétrique du laplacien de
Witten. Il s’agit d’inégalités reposant sur des propriétés de convexité du potentiel V'
définissant le laplacian a poids qui généralisent dans ce cadre les inégalités de type
Poincaré de la forme

3C > 0, Yw € H(Q,e7VdVoly),

_ 1
[|w — (/QW € VdVOlQ)H%Q(Q,e—VdVolQ) < EHVWH%?(Q,e—VdvolQ)v

équivalentes a la minoration du trou spectral de ng)l (par C'). Mis a part le chapitre

introductif de ce mémoire, c’est le seul chapitre dans lequel nous nous intéressons au
laplacien de Witten et a son homologue le laplacien a poids lorsque h est fixé (égal
a 1) et non a leurs comportements asymptotiques a la limite h — 07.

Le troisieme chapitre de ce mémoire porte sur 'obtention d’asymptotiques pré-
cises a la limite h — 07, dites de type Eyring-Kramers en référence a la cinétique
chimique, pour les valeurs propres exponentiellement petites non nulles du laplacien
de Witten. Nous y expliquons la stratégie générale utilisée dans différents travaux
des quinze dernieres années permettant in fine de prouver de telles asymptotiques,
i.e. des asymptotiques de la forme

AhPe (1 + 0(1)) , ou A>0,C >0etpe R sont explicites,

avec des méthodes d’analyse semi-classique. A partir de ce troisieme chapitre, les
potentiels f considérés seront toujours de type Morse, assurant ’existence de for-
mules précises du type précédent. Nos travaux réalisés depuis la these concernés par
ce chapitre sont :

— [DLLN19D|[1] en collaboration avec Giacomo Di Gest, Tony Lelievre et Boris
Nectoux, dans le cas des O-formes et de variétés a bord avec des conditions
au bord de Dirichlet,

— |Lepll] et [LNV13], le second en collaboration avec Francis Nier et Claude
Viterbo, dans le cas général des formes différentielles sur une variété sans
bord,

— et [DL17], en collaboration avec Giacomo Di Gesu, portant sur 1’étude d’un
potentiel explicite en grande dimension.

Les deux derniers chapitres sont principalement consacrés a nos travaux [DLLN19a]
et [DLLN17b] en collaboration avec Giacomo Di Gesu, Tony Lelievre et Boris Nec-
toux, et dans une moindre mesure a [LN19a], en collaboration avec Boris Nectoux. Ils

1. Cet article constitue la premiére partie de la prépublication [DLLN19a], qui a été divisée en
deux parties thématiques pour publication.



4 Introduction

portent sur 1’étude de I’évenement de sortie, a la limite basse température h — 0T,
du processus de Langevin sur-amorti d’un domaine borné € de R? (ou d’une variété
riemannienne compacte a bord). Ces travaux sont par ailleurs aussi résumés dans les
articles de type compte rendu [DLLN17a;LLN18] et la prépublication [DLLN19a] a
été divisé en deux parties pour publication, avec pour premiere partie [DLLN19b].
Dans ces travaux et ces deux derniers chapitres, nous cherchons a analyser précisé-
ment, lorsque h — 0T, 'éveénement de sortie du processus de Langevin sur-amorti de
(), caractérisé par le temps de sortie et le lieu de sortie de ce domaine, lorsque le pro-
cessus est initialement distribué selon une distribution naturelle appelée distribution
quasi-stationnaire.

Cette distribution est définie a partir de I’état fondamental de la réalisation de
Dirichlet Lﬁ’,go) du laplacien a poids ng)h sur €2. L’évenement de sortie du processus,
initialement distribué selon la distribution quasi-stationnaire, est de plus entierement
caractérisé en termes de propriétés spectrales de LQ;ED). A partir des résultats obtenus
partant de cette distribution naturelle, nous considérons aussi I’évenement de sortie
partant de conditions initiales déterministes.

Les deux derniers chapitres de ce mémoire sont plus précisément organisés comme
suit. Le quatrieme chapitre concerne les lieux de sorties les plus probables pour la
dynamique de Langevin sur-amortie, i.e. les lieux de 02 au voisinage desquels la
probabilité de sortie du processus ne tend pas vers 0 & la limite h — 0*. Nous y
présentons notamment des hypotheses géométriques générales sur le comportement
de la fonction de Morse V' sur le domaine {2 assurant que l’ensemble des lieux de
sortie les plus probables soit contenu dans arg ming,, V = (V|sq) ' (mingg V). Cela
généralise ainsi de nombreux résultats obtenus pour des dynamiques tres générales,
mais pour lesquelles €2 est un puits confinant du potentiel V', a des domaines (2
beaucoup plus généraux.

Enfin, le cinquieme et dernier chapitre concerne l’analyse précise globale, i.e.
sur tout 0f2, du lieu de sortie de la dynamique de Langevin sur-amortie a la limite
h — 0% lorsque € est un puits confinant du potentiel V. Les résultats obtenus
permettent en particulier de justifier dans ce cadre la validité asymptotique de la loi
d’Eyring-Kramers, utilisée en pratique dans de nombreux algorithmes de simulation
moléculaire.



Chapitre 1

Autour du laplacien de Witten

1.1 Une déformation du laplacien de Hodge

Dans cette premiere section, nous introduisons quelques notations de géométrie
riemannienne et I'opérateur différentiel « laplacien de Witten », qui est une défor-
mation du laplacien de Hodge a partir d’'une fonction réguliere f, sur une variété
riemannienne lisse. Nous définissons ici cet opérateur comme opérateur agissant sur
les distributions, ou plus précisément sur les courants de de Rham. Nous le consi-
dérerons par la suite en tant qu’opérateur non borné avec différents domaines dans
I’espace de Hilbert des formes différentielles de carré intégrable.

Introduisons donc une variété riemannienne lisse orientée et connexe (2, g = (-, -))
de dimension d. On suppose de plus que :

— la variété 2 est compacte, de bord 02 éventuellement non vide,
— ou la variété Q est 'espace R? muni de sa métrique plate usuelle.

Le fibré cotangent (resp. tangent) de € est noté T*Q (resp. TK2) et le fibré des
formes différentielles (non régulieres) est noté AT*Q = @_ APT*Q). Lorsque 9 est
non vide, les fibrés T*0), TOQL et AT*0S2 = @Z;éApT*aﬁ sont définis de la méme fa-
con. Le produit scalaire sur APT*(2 hérité de g sera noté (-, -)a». L’espace des sections
C>®, L2, etc. sur O = Q ou O = 9N de I'un des fibrés E définis ci-dessus sera noté
C>*(0, E), L*(O, E), etc.. La notation plus compacte APC*>(£2), APL*(2), AL?*(£2)
ete. sera également utilisée a la place de C*°(Q, APT*Q), L*(Q, APT*Q), L*(Q, AT*Q)
etc.. Les espaces L? considérés sont définis & partir des mesures riemanniennes natu-
relles p sur Q et pgo sur 9. Le produit scalaire AP L?(£2) et la norme correspondant
a p seront notés (-, )arrz et || - ||arz2, ou plus simplement (-,-)z2 et || - ||z2 quand
aucune confusion n’est possible.

Pour p € {0,...,d}, soit D'®(Q) I'espace des courants de de Rham (i.e. des
distributions) agissant sur l'espace APC°(£2) des formes différentielles régulieres de
degré p a support compact dans €2\ 8@ et D'(Q) = EBg:OD’(f”)(Q). On note d :
D'(Q2) — D'(Q?) la différentielle extérieure et d* : D'(2) — D'(2) son adjoint formel.
Le laplacien de Hodge Ay : D'(Q2) — D'(R2) est alors 'opérateur différentiel défini
par la relation

Ay = d'd+dd* = (d+d)?,

1. Remarquons qu’avec la notation adoptée dans cette partie, on a toujours 92 C 2.
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la derniere égalité découlant de la propriété d? = (d*)? = 0. Lorsque Q = R4, le
laplacien de Hodge agissant sur les O-formes est donc 'opposé du laplacien usuel A.

Etant donnée une fonction réguliere f : Q — R, les opérateurs différentiels
déformés « a la Witten » dy : D'(2) — D'(Q) et d} : D'(2) — D'(Q) sont définis
par les relations

dy == e ldel et dy = el d e, (1.1.1)
et le laplacien de Witten Ay : D'(Q2) — D’(Q2) est alors défini de fagon analogue au
laplacien de Hodge par la relation

Af = d}df—i-dfd* = (df+d>})2. (1.1.2)

Notons d’ores et déja la structure supersymétrique du laplacien de Witten (et donc
aussi du laplacien de Hodge) sur laquelle nous reviendrons plus longuement dans les
parties suivantes : pour tout u dans D' (Q), on a

(p+1) 5p),, _ 4(P) A (P) (p=1) jp=D)x_ _ 3(p=1)* A (p)
AP dy u = dp A u et Ay Udy u = dy A,

ou l'exposant (p) signifie que nous considérons 'action de l'opérateur différentiel
concerné sur les courant de dimension p.

Notons de plus A et i les produits extérieur et intérieur, V le gradient et £
la dérivée de Lie (d’adjoint formel £*). Notons aussi £ : & — & Iisomorphisme
canonique de 7% sur T, défini par la relation (£%, X) := ¢(X) pour tout X € TQ,
et b : X — X" son isomorphisme inverse. D’apres les relations

(dfA)* = iy; au sens des opérateurs bornés dans AL*(Q),
dy = d+dfAn,
djc — d* —|— in 5
Lx = doix+ixod et Li=do(X"A)+X"Ad",
le laplacien de Witten est simplement 'opérateur de type Schrodinger suivant :
2 *
Ay = Ay + V" + (Lvy + LY) - (1.1.3)

Sa restriction aux courants de dimension 0, i.e. aux distributions usuelles, a en
particulier la forme

AP = dPd? = Ay + |VF]P + Auf.

Mentionnons également la formule suivante (cf. [Jam12,Lepl7| et le chapitre [2| pour
plus de détails) satisfaite par le laplacien de Witten :

AP = Ay + |VF]* + 2Hess®f + Apf. (1.1.4)

Dans la suite, nous nous intéresserons particulierement au laplacien de Witten
semi-classique, c’est-a-dire a 'opérateur différentiel suivant, ot h est un réel stricte-
ment positif :

Apn = WPAp = BAu+ VI +h(Los + Lg) (1.1.5)
= (dpn+d3p)?%, (1.1.6)
ou ; ;
dip = hdy = e "hder = hd+dfA (1.1.7)
et

diy = hdy = ehhd e h = hd +iyy. (1.1.8)
h
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1.2 Premieres propriétés spectrales

Commencons cette section par une présentation abstraite de la théorie de Hodge
a laquelle nous ferons référence lorsque, appliquée au laplacien de Witten, nous évo-
querons la structure supersymétrique de cet opérateur. Cette présentation est en
partie inspirée de [JMMO09,|GMM11] ou les auteurs considerent notamment le lapla-
cien de Hodge sur des domaines de R? ou des variétés riemanniennes lipschitziennes.
Elle differe légerement de celle suivie en général dans les travaux présentés dans ce
texte, a l'exception de [DLLN17b, Section 4.1] (ou nous renvoyons en particulier a
la section 4.1.1 a ce sujet).

1.2.1 Une version abstraite de la théorie de Hodge

La proposition suivante réunit différents résultats spectraux impliquant les dé-
compositions de type théorie de Hodge énoncées dans le corollaire [I.2.2] Pour une
preuve, nous renvoyons par exemple a [GMM11], Section 2] (et plus précisément aux
propositions 2.3 et 2.4, au corollaire 2.5 et au théoreme 2.8).

Proposition 1.2.1. Soit (H, || - ||g) un espace de Hilbert et T : D(T) C H — H un
opérateur non borné fermé a domaine dense tel que

RanT C Ker T et D(T)ND(T*) s’injecte de fagcon compacte dans H |

ot D(T) N D(T*) est muni de la norme du graphe

lullpynneey = /llullZ + | Tull% + | T+l .

Nous avons alors les propriétés suivantes :

i) L'opérateur (T +T*, D(T)ND(T*)) est auto-adjoint a résolvante compacte et

vérifie

Ker (T+T") = Ker TNKer 7.

En particulier, l'espace vectoriel D(T') N D(T*) est dense dans H et T + T*

est un opérateur auto-adjoint de Fredholm d’indice 0, c-a-d

Ker TNKer T* est de dimension finie et Ran (T+T*) = (Ker TNKer T*)L.
ii) L'opérateur A :=TT* +T*T muni du domaine

D(A) == {ue DT)ND(T") t.q Tue D(T*) et T*u € D(T)}
est un opérateur auto-adjoint positif dont le noyau vérifie

Ker A = KerTNnKerT* = Ker (T+7T7).

En particulier, A a une résolvante compacte (puisque D(A) muni de la norme
du graphe s’injecte continiment dans D(T) N D(T*)) et est l'extension de
Friedrichs associée a la forme quadratique fermée positive Q sur D(T)ND(T*)
définie par

Q(u,v) = (Tu, Tv)y + (T"u, T*v) g .



8 CHAPITRE 1. AUTOUR DU LAPLACIEN DE WITTEN

Dans la proposition précédente, en supposant uniquement Ran 7" C Ker T', c-a-d
sans I'hypothese d’'injection compacte, il est toujours vrai que (T+T*, D(T)ND(T*))
et (A, D(A)) sont auto-adjoints et vérifient

Ker A = Ker TNnKerT* = Ker (T'+T7).

Cette hypothése de compacité est de plus vérifiée dans tous nos travaux présentés
dans ce mémoire. Cela découle du fait que nous y considérons toujours des varié-
tés différentielles compactes 2, pour lequelles D(T) N D(T*) est au moins inclus
dans l'espace de Sobolev AH %(Q) (et a lexception d’une partie assez technique
de [DLLN17b] expliquée dans la section [5.2.4] toujours inclus dans AH(2)) et du
théoreme d’injection compacte de Rellich (cf. la partie suivante pour plus de dé-
tails). Cette hypotheése tombe par contre en général en défaut lorsque Q = R? mais
des hypotheses classiques supplémentaires de confinement a l'infini permettent de
se ramener a un cadre proche (cf. la partie m et le chapitre (3)).

Signalons aussi que la démonstration de [GMM11] repose largement sur le fait
que lopérateur (A, D(A)) tel que défini au point ii) est auto-adjoint, ce qui avait
déja été remarqué par Gaffney des 1955 dans [Gafhd|.

Enfin, notons les conséquence suivantes de la proposition [1.2.1] soulignant plus
précisément ce que nous entendons par structure supersymétrique de 'opérateur A :
lorsque T' vérifie les hypotheses de la proposition [I.2.0] les relations suivantes sont
vérifiées pour tous z € C\ Sp (A), u € D(T) et u' € D(T") :

(z—A)'Tu = T(z—A) u et (z—A)'T*d = T (z— A . (1.2.1)

Démontrons la premiere relation, la seconde se démontrant de fagon analogue. Consi-
dérons pour cela u € D(T) et définissons v = (z — A)~'u pour un z € C\ Sp (A)
arbitraire. On a alors v € D(A) et (z — Ay = u € D(T), ce qui implique
Av = T*Tv +TT*v € D(T) et donc, puisque Ran T C Ker T', T*Tv € D(T).
On a en particulier Tv € D(TT™*), donc aussi Tv € D(A), et les relations suivantes
sont vérifiées :

(z—A)Tv = 2Tv—TT*Tv = T(z—A)v = Tu etdonc Tv = (z—A)"'Tu,
d’ott la premiere relation de (1.2.1]).

Une conséquence presque immédiate de ([1.2.1]) est la suivante : pour n’importe
quelle valeur propre A de A et n’importe quel vecteur propre associé u € D(A), les
éléments Tu € D(A) et T*u € D(A) appartiennent a D(A) et

TAu = ATu = ATu et T"Au = AT u = ANT"u (1.2.2)
Remarquons aussi que si de plus A # 0, alors I'un au moins des deux éléments
Tu,T*u est non nul (puisqu’alors u ¢ Ker A = Ker T'N Ker 7).

Nous concluons cette partie par le corollaire suivant de la proposition sur
la décomposition de Hodge dans ce cadre.

Corollaire 1.2.2. Supposons les hypothéses de la proposition satisfaites et
définissons A :=TT*+T*T de la méme facon. Nous avons alors les décompositions
orthogonales suivantes :

1 1L
H = RanT @ RanT* @ Ker A
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et, pour T =T ou T =T,

I
KerT = RanT & Ker A.
En particulier, les opérateurs T et T™ ont leurs images fermées et

Ker T/Ran T =~ Ker T"/Ran T ~ Ker A.

1.2.2 Application au laplacien de Witten

Nous supposons dans cette partie que ) est compacte et que sa frontiere 0€) est
vide. Le cas 02 non vide est I'objet de la partie suivante.

Soit f : 2 — R une fonction réguliere et 'opérateur différentiel non borné dans

AL*(Q2) suivant (cf. (LLI]) :

d; muni du domaine  D(dy) := {u € AL*(Q?), dju € AL*(Q)}
={ue AL*(Q), du € AL*(Q)}.

Lorsque f = 0, on le notera simplement (d, D(d)) au lieu de (do, D(dp)). 11 s’agit
d’un opérateur fermé a domaine dense satisfaisant la relation Ran dy C Ker d; et
son adjoint est simplement 1'opérateur différentiel

d} muni du domaine  D(dj) = {u € AL*(Q), dju € AL*(Q)}
= {u € AL*(Q), d*u e AL*(Q)}.

Par conséquent, puisque
D(dg) N D(d}) = D(d)nD(d*) = AH'(Q),

la derniere égalité découlant de Dellipticité du laplacien de Hodge, 'opérateur dy
muni du domaine D(dy) vérifie les hypotheses de la proposition [1.2.1] Le laplacien
de Witten Ay = dyd} + djdy (cf. (1.1.2))) muni du domaine

D(Ay) = {u€ D(d;)ND(d}) tq. dpuc D(d}) et dju € D(dy)} = AH?(Q)

est donc auto-adjoint positif et a résolvante compacte dans AL?(Q). La dernicre
égalité se déduit encore de résultats classiques de régularité elliptique, impliquant
par exemple que Popérateur (A, AH?(2)) est auto-adjoint, d’olt 'on déduit 1'éga-
lité des opérateurs auto-adjoints comparables (A, AH*(Q2)) C (Ay, D(Ay)). Notons
aussi que par densité de AC>(Q2) dans AH?(2), le laplacien de Witten Ay muni du
domaine AC™ () est essentiellement auto-adjoint dans AL*(2).

En introduisant maintenant, pour un réel h > 0 quelconque, les opérateurs semi-
. ., o * . * 12 _ 1
classiques associés dyp = hdy, dj, = hd£ et App =h A£ (cf. (L.1.5)—(1.1.8))), il

découle du corollaire le fait remarquable suivant souligné par Witten dans son
célebre article [Wit82] : pour tout A > 0,

Ker Ay, ~ Kerds,/Rands, = Ker (e‘£h de£)/Ran (e_%h de£)
Ker d/Ran d
Ker AQ s

12

12
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ou Ay n’est autre que la réalisation auto-adjointe du laplacien de Hodge. En parti-
culier, pour tout p € {0,...,d}, la dimension de Ker A fp })L est indépendante de f et

de h, et on a plus précisément la relation suivante :
dim Ker A;{’,)I = dim Ker Aép) = b,(), (1.2.3)

ol, d’apres le théoreme de Hodge-de Rham, le nombre de Betti b,(€2) est la dimen-
sion du p-ieme groupe de cohomologie singuliere réelle de 2.

Nous avons de plus le résultat d’analyse semi-classique fondamental suivant
énoncé par Witten dans [Wit82] puis rigoureusement démontré par Helffer-Sjostrand
dans [HS85c]. Avant de I’énoncer, rappelons d’abord que la fonction réguliere f est
dite de Morse si ses points critiques sont non dégénérés et que l'indice d’un point
critique non dégénéré a de f est le nombre de valeurs propres négatives de Hess f(a).

Théoreme 1.2.3. Supposons la fonction réguliere f : 2 — R de Morse et notons,
pour p € {0,...,d}, m, € N le nombre de points critiques de f d’indice p. Il existe
alors hg > 0 et C' > 0 tels que, pour tous h € (0, ho] et p €{0,...,d}, on a

_c
Sp (A Njo,ch] = Sp (AV) N[0, e 7]
et
Card(Sp (A¥))N[0,Ch]) = m,,
ot les valeurs propres sont comptées avec multiplicité.

Le théoreme [1.2.3] et 1’équation [1.2.3] soulignent le lien entre certaines carac-
térisques de la fonction de Morse f sur € (les indices de ses points critiques) et
certains invariants topologiques de cette variété (ses nombres de Betti). Ces résul-
tats conduisent notamment aux inégalités de Morse — 1'objet de l'article de Wit-

ten [Wit82] était justement leur démonstration par une approche analytique! — que
I’on peut par exemple énoncer comme suit :

Théoréme 1.2.4. Soient [ : Q — R une fonction de Morse et, pour p € {0, ..., d},
m, € N le nombre de points critiques de f d’indice p et b,(2) la dimension du
p-ieme groupe de cohomologie de de Rham de 2. On a alors les relations suivantes :

Vp e {0,...,d}, b,(Q) < m, (inégalités faibles de Morse)
et
d
Z<_1)p(mp - bp(Q)) = 0.
p=0

Démontrons ici le théoreme [1.2.4] cela n’étant plus tres long compte tenu de ce
qui précede. D’abord, les inégalités faibles de Morse s’obtiennent immédiatement du

théoreme et de (1.2.3) :
Vp € {0,....d}, by(Q) = dimKer AY)
< Card(Sp (AY) N [0,Ch]) = m,. (1.2.4)

Ensuite, en définissant F\* := Ran 1[0’Ch](A§f7’,)L) pour p € {0,...,d} et h € (0, ho),
il découle du théoreme et de la propriété de supersymétrie ((1.2.2)) que la suite

0 MHY ) e o "E
{0} — FO 2y p) 2y p T f0) (1.2.5)
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est un complexe de cochaine (de dimension finie), ce qui signifie que Ran d| ) C

Ker d| ,+1) pour p € {0,...,d — 1}. Puisque, pour tout p € {0,...,d}, on a
h

dim F}Ep) =m, et b,(Q2)= dim Ker Agcp,)l = dim Ker (d|,»)/Ran (d| .e-1),
’ h h

il vient, d’apres le théoreme du rang,

ce qui termine la démonstration du théoreme [I.2.4]

Dans la suite de ce mémoire, et en particulier dans le chapitre [3, nous nous
intéresserons notamment a la forme précise des valeurs propres exponentiellement
petites du laplacien de Witten exhibées dans le théoreme [I.2.3]: nous chercherons a
comprendre précisément les échelles exponentielles en jeu ainsi que les valeurs des
préfacteurs, i.e. a obtenir des formules du type Eyring-Kramers, c-a-d de la forme

< D
AP = Ay hfe e " (14 0(1)), ot Ay, €RY, G, €Ret Gy > 0. (1.2.6)

Ici, 0 < )\8’,)1 < e < )\Ef;l’h sont, pour p € {0,...,d} et k € {1,...,m,}, les
valeurs propres exponentiellement petites (comptées avec multiplicité) du laplacien
de Witten Agfj })l

Les coefficients (Y, apparaissant dans la relation donnent les équivalents
logarithmiques des valeurs propres )\,(f: % non nulles au sens ou ils vérifient (en sup-

posant ([1.2.6)) valide) :
¥pe{0,...,d}, Vke{l,....m,}, Ci, = — lim hInA?).

h—0t+

Dans la suite, nous les appellerons souvent les taux d’Arrhenius des valeurs propres
/\,(f QL, en référence a la loi d’Arrhenius dans le cadre de la théorie des cinétiques de
réaction créée par Arrhenius a la fin du 19°™¢ siecle (cf. [Arr89] ou [HTB90| pour
une revue de la littérature ; nous renvoyons aussi a la partie de cette introduc-
tion soulignant le rapport entre les petites valeurs propres de Agc?,)l et la cinétique
chimique, et justifiant au passage la référence a Eyring et a Kramers). Ces coef-
ficients dépendent de la topologie des ensembles de sous-niveau de la fonction de
Morse f et correspondent a certaines barrieres d’énergie caractérisant cette topolo-
gie. Nous renvoyons a la partie [I.3.2] et surtout au chapitres [3] pour plus de détails
a ce sujet. Les préfacteursﬂ A, (et les exposants () dépendent quant a eux du
comportement de f aux bornes de ces barrieres d’énergie caractéristiques (et plus
précisément, concernant les Ay, des dérivées partielles de f d’ordre < 2 en certains
points critiques dont les énergies délimitent ces barrieres). Cela sera aussi plus clair
a partir de la partie [.3.2]

L’analyse semi-classique des petites valeurs propres de A;’? ,)l est une question dé-
licate, notamment en raison de l'effet tunnel entre les m, puits quantiques associés
aux points critiques d’indice p avec les puits quantiques associés aux autres points
critiques, faiblement résonnants selon la terminologie adoptée dans [HS85bl/HS85a].

2. Ils sont nommés facteurs pré-exponentiels en cinétique chimique.
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L’exploitation de la structure supersymétrique du laplacien de Witten joue un role
fondamental dans notre analyse, en nous permettant en partlcuher de nous ramener
a I’étude de I’ mteractlon de dy, avec les modes propres de A fp ;{1) et de d}, avec les

modes propres de A (cf. - ) et la partie }

L’étude des petites valeurs propres du laplacien de Witten Agf QL est 'objet du
chapitre [3 et nous y renvoyons notamment aux théorémes [3.2.1] et [3.2.2] concernant
le cas des fonctions, i.e. p = 0 (voir aussi ci-dessous et ([1.3.22) dans la
partie, et au théorémeconcernant les p-formes générales. L’avant-derniere
section du chapitre |3| porte par ailleurs sur notre travail [DL17] concernant
I’étude de A}?,)l en grande dimension lorsque f est un potentiel double puits explicite
naturellement associé a I’équation d’Allen-Cahn stochastique unidimensionnelle (cf.
(3.4.2)). Nous renvoyons a la section pour plus de détails a ce sujet.

En physique statistique, la compréhension fine du bas spectre de Agc?,)l constitue la
premiere étape de la description précise de la métastabilité du processus de Langevin
sur-amorti. Nous reviendrons plus longuement sur_la notion de métastabilité et sur
ses liens avec le bas spectre de AV 7. dans la Sectlonde cette introduction ainsi que
dans les chapitres[d et [5] Les premiers résultats généraux dans ce sens ont d’abord été
établis dans R? par Bovier-Gayrard-Klein dans [BGKO05] par la théorie du potentiel
puis par Helffer-Klein-Nier dans [HKN04], dans R ou sur une variété compacte sans
bord, par des méthodes d’analyse semi-classique. Ces méthodes semi-classiques ont
ensuite été adaptées aux cas de variétés compactes a bord avec des conditions au bord
de type Dirichlet dans [HNOG, DLLN19b]E| et de type Neumann dans [Lepl0] (ces
conditions au bord sont I'objet de la partie suivante), au cas du laplacien de Witten
discret dans [Digl3], ou encore a I’étude de marches aléatoires semi-classiques dans
[BHM15]. Dans le cadre plus général des opérateurs de Kramers-Fokker-Planck[]
(cf. partie s’appliquant aussi au laplacien de Witten, les résultats de 'article
[HHS11| de Hérau-Hitrik-Sjéstrand conduisent en particulier, dans R? ou sur une
variété compacte sans bord, a une généralisation des résultats de [HKNO4] : il y est
notamment donné, pour une fonction de Morse f générale (sous des hypotheses de
confinement classiques a Pinfini lorsque 2 = R?), un encadrement précis des petites

valeurs propres de AY . & la limite h — 0" du type :

30 > 1, ke {l,... my), —hbe % < AQ < Cplee® (1.2.7)
= ’ sy O S C =~ kh = y 4.

ou les /) et C} sont explicités. Les résultats de [HHS11] conduisent donc en par-
ticulier a I'obtention, dans le cas général, de tous les taux d’Arrhenius. En utili-
sant les techniques de [HKNO4], Michel a aussi récemment donné dans [Mic19] une
généralisation complete des résultats de [HKNO4] ou les auteurs, en plus des hy-
potheses de confinement classiques a l'infini sur la fonction de Morse f, font des
hypotheses supplémenaires génériques sur f. Signalons aussi les travaux probabi-
listes antérieurs [HKS89, Mic95, Mat95] donnant les taux d’Arrhenius des petites
valeurs propres de Agc?,)l sous des hypotheses beaucoup plus faibles sur la fonction f,
mais excluant donc ainsi la possibilité d’obtenir les préfacteurs précis.
Mentionnons de plus ici que, méme si 'on ne s’'intéresse qu’au comportement
de A;’) lorsque h — 07, la compréhension de AP ;. h, p € {1,...,d}, et en particulier

3. Le second article correspond & la premiere partie de la prépublication |[DLLN19a].
4. Ces opérateurs ne sont pas elliptiques mais seulement hypoelliptiques en général ; cela rend
leur analyse beaucoup plus délicate.
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celle de A?}L, fournit via la structure supersymétrique un outil puissant pour mener a
bien I’analyse. Citons notamment, en plus des travaux déja évoqués [HKNO4, HNOG,
Lep10,Dig13,BHM15/Mic19,DLLN19b], les articles [Sj696Hel98.|Joh00[Hel02,KT04,
HNO04, HNO5, LN15|,|Lep17, DLLN17hb, MZ18| dans cet esprit et sur les connexions
entre le laplacien de Witten et la physique statistique.

Le cas des petites valeurs propres du laplacien de Witten A;p v p € 40,...,d},
agissant sur des formes différentielles de degrés quelconques sera aussi étudié dans
le chapitre 3| s’appuyant sur les travaux [Lepll| dans le cadre de surfaces com-
pactes sans bord et surtout |[LNV13| dans la cadre de variétés compactes sans bord

de dimensions quelconques. Outre 1'utilité évoquée ci-dessus d’étudier A%’ ,)Z pour
comprendre certaines propriétés de physique statistique liées a ASCO,)L, la compré-
hension du bas spectre de Afh est aussi une question naturelle en géométrie (cf.
par exemple |[ZhaO1l, BLO8]) et en systemes dynamiques (cf. [DR17], ou les auteurs
montrent que ce spectre converge a la limite h — 0 vers le spectre de Pollicott-
Ruelle du flot gradient de f agissant sur des espaces de Sobolev appropriés). Le
bas spectre de ASCP ) est par ailleurs intimement lié a ’homologie persistante de la
fonction f sur la variété €1 : les taux d’ Arrhemus des petites valeurs propres non
nulles de A . communes a celles de A; donnent les longueurs des codes barres
(non 1nﬁn1es) de 'homologie persistante d’indice p de f (voir la section [3.1.4] u pour

plus de détails a ce propos et l'article de revue [EHO8| sur I'homologie persistante).

1.2.3 Des conditions au bord naturelles

Cette partie a pour but d’introduire les conditions au bord de type Dirichlet ou
Neumann brievement évoquées dans la partie précédente. Par « naturelle », nous
entendons des conditions au bord qui préservent la structure supersymétrique de cet
opérateur (cf. (1.2.1)) et (1.2.2) dans la partie [I.2.1)).

Nous supposons dans cette partie que €2 est compact et que sa frontiere 0€) est
non vide. Commencons par rappeler les notions usuelles de traces tangentielle et
normale dans ce cadre.

Nous noterons 7 la normale extérieure sur 02 et i’ sa 1-forme duale canonique
(i.e. définie par ﬁ;(Xp) = (i1, X,), pour tout p € Q2 et X, € T,Q2). L’orientation
est choisie de sorte que

Hoo = imji.
Pour tout w € APH'(Q), la partie tangentielle de w sur 9 est la forme tw €
Hz (09, APT*Q o) définie par :

Vo e 0, (tw),(X1,...,X,) = w.(X],....X]),

ot X; = X! @ 277, est la décomposition de X; au point o selon ses composantes
tangentielle et normale a 0€2. De facon plus concise :

tw = iz(M Aw).
La partie normale de w sur 052 est alors définie par :

nw = won —tw = @A Gw) € H2(Q APT*Qs0).
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Pour b € {t,n}, nous pouvons maintenant définir les espaces suivants qui seront
utiles par la suite :

APHL(Q) = {we APH'(Q), bw =0 (sur 9Q)} . (1.2.8)

Notons que I'on a en particulier A°H{ (Q) = Hj(Q) et A°HL(Q) = H'(Q).

Ramenons-nous, comme dans la partie précédente, a la proposition [1.2.1| pour
définir un laplacien de Witten auto-adjoint supersymétrique, ici avec des conditions
au bord de type Neumann ou Dirichlet. On définit pour cela les espaces fonctionnels
suivants :

powrd=doud=d", APHYQ) := {weAPL*Q), dw e AL*(Q)} . (1.2.9)

En nous basant sur la formule de Green classique, valable pour tous w € AP"*H(Q)
et n € APHY(Q) (pour p € {1,...,d}),

1= _ duaﬂ = f <tw i T]>Apfldﬂ’89
dw, — (w,d" B = { faa<w>ln77>AP ! g\ n
(dw, M) prr2 — M) Av=112 Joo (W’ Aw,n)ardpog = [0’ Aw,nn) ardpao

on peut généraliser les espaces définis dans ([1.2.8]) de la fagon suivante. Pour w €
APHY(S2), on définit 7 A w € APFLH~2(5) par :

Vg € APTUHZ(0Q), (i@ Aw,g) )= (dw, G)pe — {w,d"G) 2, (1.2.10)

H™ 3 (0Q),H? (69

olt G est un élément de AP H'(Q) dont la trace dans APTLHz (99) est g. Par densité
de AC*(Q) dans A?H%(Q2) muni de la norme du graphe associée, cette définition est
indépendante de I'extension G choisie. De méme, pour w € APHY (), on définit
izw € AP LH2(09) par

Vg € APTHZ(09), (izw, g) = (w,dG) 2 — (d'w, G2, (1.2.11)

H™3(09),H? (69)

ol G est une extension quelconque de g dans AP~'H'(Q). Lorsque w appartient a
AP H(Q), les définitions précédentes coicident avec les définitions usuelles de 7° A w
et de izw. On a en particulier pour de tels w :

(W Aw=0 ssi weAPH{(Q)) et (isw=0 ssi we APHL(Q)).
Plus généralement, on peut maintenant définir
APHI(Q) = {we NHYQ), @ Aw=0 (sur Q) } (1.2.12)
et
APHT(Q) = {we APHY(Q), izw =0 (sur 9Q)} . (1.2.13)
Introduisons maintenant une fonction réguliere f : 2 — R. Comme dans la partie

précédente, on définit Popérateur non borné dans AL?*(Q) suivant :

d; muni du domaine ~ D(d;) := AHZ()
= {u € AL*(Q), dju € AL*(Q) et @’ Au=0}.
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On peut de nouveau vérifier qu’il s’agit d’un opérateur fermé satisfaisant la relation
Ran dy C Ker dy et dont 'adjoint est I'opérateur différentiel

d} muni du domaine  D(dj) = APH"(Q) = {u € AL*(Q), dju € AL*(Q)}.

Par conséquent, puisque (cf. (1.2.8), (1.2.9) et ((1.2.12))

D(df) N D(d}) = AHHQ)NAPHT (Q) = AHL(Q), (1.2.14)

Popérateur (dy, D(dy)) vérifie les hypotheses de la proposition [1.2.1] La derniere éga-
lité ci-dessus peut étre démontrée de fagon indirecte par identification d’opérateurs
auto-adjoints comparables en utilisant les résultats de [HNOG| (cf. ci-dessous). Elle
repose sur la relation d’ellipticité suivante (cf. [Sch95, Corollary 2.1.6]),

3C >0, Yw e AHL(Q), lwllm < C(|lwllz + l|dwl|z2 + |d*w||z2) . (1.2.15)

qui généralise des estimées obtenues par Gaffney dans |[Gaf51]. Le laplacien de Witten
Ay = dsd} + d}jdy muni du domaine

D(Ay) ={ue AH/(Q) t.q. djue D(d}) et dju € D(dy)}

est donc auto-adjoint positif et a résolvante compacte dans AL?(§2). Par comparaison
avec le laplacien de Witten Ay muni du domaine

D(Ay) = {w € AH?*(Q?), tw =0 et tdjw =0},

auto-adjoint d’apres [HNO6|, il y a égalité des domaines et donc des domaines des
formes quadratiques associées (d’ou ([1.2.14))).

Dans la suite, on notera A‘;f ou A}D cet opérateur auto-adjoint de type Dirichlet.
Comme

ACE(Q) = {u € AC®(Q) t.q. tu=0}

est dense dans AH[(Q), il s’agit aussi de Uextension de Friedrichs de A agissant sur
AC(Q) ; cest le point de vue adopté dans [HN06]. Notons aussi qu’agissant sur les
fonctions, A?’(O) est la réalisation de Dirichlet classique de domaine H?(Q) N H}(Q).
Il est néanmoins important de remarquer que I'opérateur auto-adjoint Ay avec condi-
tions au bord de Dirichlet complétes, i.e. muni du domaine AH?(2) NAHL (), n’est
pas supersymétrique. En effet, considérons par exemple une fonction propre u asso-
ciée a la plus petite valeur propre de A?’(O). Les résultats classiques sur les opérateurs
elliptiques permettent de montrer que cette valeur propre est strictement positive,
simple, que u a un signe sur €2\ 02 et une dérivée normale ne s’annulant jamais le
long de 9. En particulier, la 1-forme dju n’appartient pas & A'H}(Q) (mais elle
appartient bien str & A'H}(Q2) d’apres ce qui précede)!

De la méme facon,
d; muni du domaine  D(d;) = AHYQ) = {u € AL*(Q2), dyu € AL*(Q)}
est un opérateur fermé satisfaisant la relation Ran dy C Ker dy, d’adjoint
d; muni du domaine  D(d}) = APHT(Q),

et on a

D(df)ND(d}) = AHYQ)NAHL (Q) = AHL(Q), (1.2.16)
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la derniere égalité reposant sur I'inégalité de Gaffney suivante (cf. [Sch95, Theo-
rem 2.1.7)) :

3C >0, YVw € AHL(Q), |w|m < C(HwHLz + ||dw|| L2 + Hd*wHLz) . (1.2.17)
Le laplacien de Witten Ay = dyd} + d}dy muni du domaine
D(Af) ={u e AH(Q) t.q. dpu e D(d}) et dju € D(dy)}

est donc auto-adjoint positif & résolvante compacte dans AL?(2), et par comparaison
avec le laplacien de Witten Ay muni du domaine

D(Ap) ={w e AH*(Q), nw=0 et ndjw =0},

auto-adjoint d’apres |Lepl0], il y a égalité des domaines, ce qui conduit aussi a

(T.2.16).

Dans la suite, on notera A% ou Ajcv cet opérateur auto-adjoint de type Neumann.
Par densité de
ACY () :={u € AC*(Q) t.q. nu=0}

dans AHL (), il ’agit encore de Pextension de Friedrichs de Ay agissant sur ACZ*(Q2),

point de vue adopté dans |Lepl10]. Notons aussi qu’agissant sur les fonctions, A;V’(O)

n’est pas la réalisation de Neumann classique de 'opérateur différentiel considéré
mais sa réalisation de type Neumann-Robin de domaine

{w e HXQ), dyw +wd,f = 0}.

Comme dans la partie prédédente, en considérant maintenant les laplaciens de

Witten semi-classiques Ay, = h*AY% pour h > 0 et b € {t,n} (cf. (LLI)(L1.3)),
0

on a ici, pour tout A > 0, d’apres le corollaire [1.2.2]
Ker A?’h ~ Ker AP,
ot AP est le laplacien de Hodge AP, et donc, pour tout p € {0,...,d} et h >0 :
dim Ker A7) = dim Ker AM® = bb(Q). (1.2.18)
Ici, d’apres le théoreme de Hodge-de Rham dans le cadre de variétés a bord (voir

par exemple [Gue04], |Gil95, Theorem 2.7.3] ou |Tay96, Section 5.9]) :

— le nombre de Betti by (€2) est la dimension du p-ieme groupe de cohomologie
absolue réelle de ),

— le nombre de Betti bf(Q2) est la dimension du p-ieme groupe de cohomologie
relative réelle de (€2, 092).

De plus, une généralisation du théoréme est démontrée dans [HNOG] pour A7,
et dans |[Lepl0] pour Aﬁc\{ ,- Pour 'énoncer précisément, supposons que f est une
fonction de Morse dans €2, que V f ne s’annule pas sur 902 et que f|gq est aussi de
Morse. On définit alors, pour p € {0,...,d},

Z/{g’) := {points critiques d’indice p de f dans Q}, (1.2.19)
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ainsi que
Mé\g[i(p) := {points critiques z d’indice p de flsq t.q. O, f(z) < 0} (1.2.20)
et
L{a%(p) := {points critiques z d’indice p — 1 de floq t.q. Onf(z) > 0}.  (1.2.21)

Sous les hypotheses précédentes, les éléments de I’ensemble défini par (resp.
par (1.2.21])) jouent du point de vue topologique le réle de points critiques d’indice
p de f pour ’homologie absolue de €2 (respectivement pour 1’homologie relative de
(Q,09)). On a plus précisément d’apres [HNO6|, Lep10] :

Théoréeme 1.2.5. Supposons que f : Q — R est de Morse, que Vf # 0 sur 0) et
que f|aq est de Morse. Pour B € {N,D} et p € {0,...,d}, on définit (cf. (1.2.19)-
(T.2.21))

m! = CardU? + CardU}” = m, + CardUf” e N

le nombre de points critiques généralisés de f d’indice p. Pour B € {N, D}, il existe
alors hg > 0 et C' > 0 tels que, pour tous h € (0, ho] et p €{0,...,d}, on aﬂ

Sp (ATPYn[0,Cn) = Sp (AFP) N[0, 2]

et

P

Card(Sp (A7;P) N [0,Ch]) = m?.
Il existe de plus ¢ > 0 tel que pour tous h € (0, ho] et p € {0,1}, on a

Sp (AZP)yn[o,Ch) < [0,e7F].

Cela conduit en particulier a des inégalités de Morse dans ce cadre (nous ren-
voyons aussi [CL95,|Laull] a ce sujet). Enfin, il est montré dans [HN06, Lep10] que
sous des hypotheses additionnelles génériques sur la fonction f, les petites valeurs
propres de A?}fo) satisfont & la limite h — 07 des formules de type Eyring-Kramers,
i.e. de la forme .

Dans notre travail [DLLN19b|, nous généralisons notamment ces derniers ré-
sultats de [HNO6| concernant le cas de conditions au bord de type Dirichlet. En
nous inspirant de l'analyse de [HHS11| (cf. partie précédente), nous y montrons par
exemple que pour une fonction de Morse f générale satisfaisant les hypotheses du
théoreme [1.2.5, les petites valeurs propres 0 < Aﬁ?,l < A;?,{ <. < Afﬂlﬁ de A?}fo)
satisfont asymptotiquement :

1
30 > 1, Vke{l,...,mP =my}, ah%*% < A0 < onre T, (12.22)

ou les f et (', sont explicités. Cela conduit en particulier a 'obtention de tous les

taux d’Arrhenius dans ce cas. Nous renvoyons au théoreme dans le chapitre
pour un énoncé plus précis.

5. Dans [HNOG6, théoréme 3.2.3] et [Lepl0, théoreme 3.1.5], il est en fait seulement précisé que

pour tout A > 0 assez petit, Sp (Af’h(p)) n o, h%] a dimension mf. Les preuves de ces résultats

montrent néanmoins bien que les valeurs propres restantes sont de taille h.



18 CHAPITRE 1. AUTOUR DU LAPLACIEN DE WITTEN

Comme nous 'avons déja indiqué dans la partie précédente, nous reviendrons
plus en détail sur les résultats fins sur le bas spectre du laplacien de Witten, que
ce soit dans le cas sans bord ou avec des conditions au bord de type Dirichlet ou
Neumann, dans le chapitre . La théorie spectrale asymptotique de A?;L(O) est par
ailleurs au coeur de l'analyse de nos travaux [DLLN17b,|DLLN19b,[LN19a] portant
sur la dynamique de Langevin sur-amortie et résumés dans les chapitres [4] et 5] Nous

y reviendrons longuement dans la partie de ce chapitre introductif.

1.3 Dynamique de Langevin sur-amortie et méta-
stabilité

Placons nous pour commencer ici dans 0 = R et considérons la dynamique de
Langevin sur-amortie

dX, = —VV(X,)dt +V2h dB,, (1.3.1)

ol X; € Q = RY h est un parametre strictement positif, V' : Q = R? — R est une
fonction réguliere vérifiant Z, = [, e~ whdp < +00 et (By)so est un mouvement
brownien standard de dimension d. Cette dymanique est prototypique de modeles
utilisés en physique statistique pour simuler 1’évolution d'un systeme moléculaire
a température fixée (cf. par exemple [Chad3] ou [SM79, Sections 2 et 3]), auquel
cas V est I’énergie potentielle, h = kgT est proportionnel a la température (kg est
la constante de Boltzmann) et la dimension d est typiquement trois fois le nombre
d’atomes du systeme.

1.3.1 Convergence vers I’équilibre

On suppose dans cette partie que le parametre h > 0 apparaissant dans (1.3.1))
vérifie h = 1. Le générateur infinitésimal du semigroupe markovien donnant 1’évolu-

tion de ((1.3.1]) est alors 'opérateur différentiel de type Ornstein-Uhlenbeck
LY = —A4VV-V = Ag+ Loy, (1.3.2)

parfois appelé laplacien a poidsﬁ(ou encore laplacien de Bakry—Emery) dans la lit-
térature (cf. par exemple [KM17]). Cet opérateur est un modele important de la
théorie des processus de diffusion de Bakry—Emery et nous renvoyons en particulier
A ce propos a article précurseur de Bakry-Emery [BES5| ainsi qu’au livre [BGL14|
pour un apercu de la littérature associée. Le générateur de 1’évolution des densités
de probabilité du processus (X;);>o est quant & lui donné par I’adjoint formel de
L9,

LT = —A—div(-VV). (1.3.3)

Autrement dit, la densité de probabilité (p(t, )) >0

I'équation de Fokker-Planck suivante, aussi dite de (Kramers-)Smoluchowski dans
ce cadre (cf. [Ris89]),

du processus (X;)i>o vérifie

Op = Ap+div(pVV). (1.3.4)

6. 11 s’agit en effet du laplacien de type Hodge d*d agissant sur les fonctions, ou 'adjoint d* est
considéré par rapport au produit scalaire de I’espace a poids L?(Q, e~ du).
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La dynamique de Langevin sur-amortie admet de plus comme mesure invariante,
puisque L&B)’Te*‘/ = 0, la mesure de Boltzmann-Gibbs

my (du) = (/Qe_vdu)_le_vd,u = Z7'e Vdy, (1.3.5)

et ng) agissant sur C>°(RY) est symétrique dans l'espace & poids L2(2, my).

4 ou) une variété riemannienne orientée

compacte et connexe de dimension d sans bord et définissons en général Lg]) par la

derniere relation de ([1.3.2). On remarque que le laplacien de Witten

Autorisons plus généralement € a étre (R

0
AP = Ay + |V + Auf
associé a f ;= % est unitairement équivalent a I’opérateur LES) agissant dans ’espace
a poids L?(Q, my) en vertu de la relation

AP = e 7 L0t on  V=2f. (1.3.6)

(0)
v

Il est ainsi équivalent d’étudier 'opérateur A(ZO) ou l'opérateur L;,’ qui a donc en

2
particulier une extension supersymétrique naturelle définie sur ’algebre des formes
différentielles sur 'espace a poids AL?(Q, my ) définie, pour tout p € {0,...,d}, par

1%

A‘g) er = AP 4+ Loy, (1.3.7)

v
2

Lg) = e

Pour souligner plus précisément le lien avec la théorie des processus de diffusion de
Bakry-Emery, les opérateurs LE/O) et LS) sont liés a l'opérateur carré du champ de
Bakry-Emery I' et a son itéré I'y via les relations

/F(w) dmy = / (ng)w)wdmv = /(dw,dw>A1 dmy = HVwH%z(QMV) (1.3.8)
Q Q Q

et
/ Ty (w) dmy = / (LY w)? dmy = / (LY dw, dw) a1 dmy, (1.3.9)
Q Q Q

ol w € C°(N) (cf. en particulier [BGL14] pour plus de matériel et de références sur
le carré du champ).

De plus, que € soit R? ou variété riemannienne orientée compacte et connexe de
dimension d sans bord, 'opérateur LS)) agissant sur 'espace C2°(€2) (qui n’est autre
que C*°(9) lorsque 2 n’est pas RY) est essentiellement auto-adjoint dans I’espace de
Hilbert L?(€2, my ) et sa fermeture dans cet espace, que nous noterons toujours Lg)),
est positive avec A\; = 0 pour valeur propre simple, associée aux fonctions constantes
(cela découle du fait que eV € L'(Q)). Le caractere essentiellement auto-adjoint se
déduit de la relation (1.3.7)) et :

— de l'analyse faite dans la partie [I.2.2] lorsque 2 est compacte,

— du fait que le laplacien de Witten A(KO) agissant sur C2°(R?) est essentiellement
2

auto-adjoint dans L2(IR?), étant positif et & potentiel régulier (cf. par exemple
[Hel13, Theorem 9.15]), lorsque Q = R%.
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En remarquant que le domaine de la forme quadratique associée a L%? ) est I’espace

de Sobolev & poids H'(€2, my ), on déduit de ce qui précede et du principe du Max-
Min que pour tout C' € R™, I'inégalité de type Poincaré (cf. (1.3.8)))

1
Vw € Hl(Q7mv), ||w — (/Q(A) dmv)H%g(Q,mV) S EHVMHQLZ(Q,W’LV) (1310)
est satisfaite si et seulement si
Sp (LY n (0,¢) = 0. (1.3.11)

L’inégalité (1.3.10) est donc vérifiée pour (au moins) un C' > 0 si et seulement

si 0 appartient au spectre discret de LEE), auquel cas le C' optimal est donné par

Ao :=inf( Sp (LS)))\{O} ). C’est en particulier toujours le cas lorsque €2 est compacte
puisqu’alors le laplacien de Witten, et donc le laplacien a poids, est a résolvante
compacte (cf. partie . Dans ce cas, on a l'estimation en variance suivante,
valable pour tous t > 0 et w € L*(Q, my)[]:

© _
le v w — (/Qw dmy) || 2@my) < llw = (/Qw dmy )| 2@myy e (1.3.12)

De plus, lorsque la loi de probabilité pg de Xy admet une densité py par rapport a
my dans L*(Q, my ), alors, pour tout ¢ > 0, la loi de probabilité p; de X; admet la

(©
—tLy,

densité par rapport a my dans L%(€2, my ) donnée par ju; = e )Mo- Il découle ainsi

de (|1.3.12) que pour tout t > 0, on a :

lpe = mvllve = [l — 12 @my)

< e = Ulzz@my) < o = Uiz @amy) € (1.3.13)

ou ||- ||y désigne la distance en variation totale. Remarquons au passage que lorsque
Q) est compacte, supposer que py admet une densité L? par rapport a my n’est
pas vraiment restrictif puisque, par l'effet régularisant de I’équation parabolique de
(Kramers-)Smoluchowski ([1.3.4]), on se ramene automatiquement a ce cas pour tout
t > 0. Nous renvoyons par exemple a [Roy07,[BGL14] pour plus de détails au sujet
de ce paragraphe.

Montrons maintenant comment la structure supersymétrique du laplacien de
Witten, ou de facon équivalente du laplacien a poids, peut donner des informations
sur la constante C' > 0 de I'inégalité . Si I'on sait par exemple que L%}) >c
pour un certain réel ¢ > 0, on peut alors conclure que Ay := inf( Sp (LS))) \ {0})
est strictement positive et vérifie Ay > c¢. L’inégalité de Poincaré est donc
en particulier satisfaite lorsque C' = ¢. Notons que lorsque () est compact, cela
découle simplement de la propriété supersymétrique qui conduit facilement
a Sp (L%ﬁ))) \ {0} C Sp (Lg,l)). Cette derniere relation est de plus toujours satis-
faite lorsque Q = R? et Lg,l) > ¢ > 0 mais devient alors plus difficile & démontrer
(cf. [Joh00, Theorem 1.3]). Ce type de raisonnement, qui remonte au moins a 'article
de Helffer-Sjostrand [HS94], est au coeur de nombreux articles étudiant le compor-
tement asymptotique des fonctions de corrélations en mécanique statistique et nous

7. Cette relation est aussi vraie lorsque Ao = 0 mais n’implique évidemment pas dans ce cas la
convergence vers 0 du terme de droite.
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renvoyons par exemple a [Sj696,|[NS97,|Hel98, BJS00, BMO03, BM04] pour d’autres
références.

Dans ce cadre, les potentiels uniformément strictement convexes sur R jouent un
role important puisqu’il s’agit des potentiels les plus simples pour lesquels le raison-
nement précédent est valable. Cela se déduit encore tres facilement de la structure
supersymétrique en remarquant que I'on a simplement

IV = _A4+vv.v et LV = LY @Id+HessV > HessV  (1.3.14)

lorsque €2 = R?. Dans ce cas, la relation LS) > ¢ > 0 est donc en particulier assurée
par I’hypotheése Hess V' > ¢ sur R

Dans ce cas convexe, l'inégalité de Poincaré est un cas particulier de
I'inégalité plus générale de Brascamp-Lieb (cf. I’équation du chapitre sui-
vant et [BL76]) sur laquelle porte le chapitre [2/ de ce mémoire s’appuyant sur notre
travail [Lep17]. Nous y généralisons en particulier ce type d’inégalité a des formes dif-
férentielles de degré quelconque sur des variétés riemanniennes orientées compactes
et connexes a bord (cf. théoreme au chapitre , pour les conditions au bord
naturelles de type Dirichlet ou Neumann définies dans la partie [1.2.3] Par ailleurs,
lorsque 1'on se restreint a des fonctions dans ce cadre plus général, on peut préciser
nos résultats (cf. corollaire au chapitre [2|) pour aboutir a des formules qui,
a notre connaissance, n’avaient été établies a ce niveau de généralité par d’autres
méthodes que dans le tres intéressant récent travail [KM17]. Nous renvoyons au
chapitre [2| pour plus de détails et de références a ce sujet.

1.3.2 Régime basse température et métastabilité

Intéressons-nous maintenant au régime semi-classique basse température h — 0%

de la dynamique de Langevin sur-amortie ({1.3.1)),
dX, = —=VV(X})dt + V2h dB;.

Nous supposerons que V' est un potentiel de Morse tendant vers 'infini a I'infini,
suffisamment vite pour que Z := fQ e’%du soit fini pour au moins un h > 0 et donc
pour tout h > 0 assez petit. Le terme —VV (X;) envoie typiquement (i.e. en dehors
d’un ensemble de mesure nulle) le processus (X¢)¢>o vers les minima locaux de V
tandis que, sous l'effet du terme de bruit v/2h dB, celui-ci peut « sauter » d'un
bassin d’attraction de la dynamique # = —VV(z) vers un autre. Dans le régime
h — 07, le bruit est tres faible et le processus (X;);>o reste donc piégé pendant
une tres longue période dans un puits du potentiel V', appelé état métastable, avant
de visiter une autre région de l'espace. Ce passage d’une région métastable a une
autre correspond typiquement a un changement de conformation macroscopique du
systeme. D’apres ce phénomene, correspondant essentiellement a celui d’effet tunnel
en analyse semi-classique, le processus (X;)¢>o est dit métastable. Pour étre un peu
plus précis, on dira qu'un domaine {2y C R™ est métastable pour la mesure de
probabilité p supportée dans 2 si, lorsque X, est distribué selon u, ce que I'on
notera Xy ~ u, le processus atteint un équilibre local dans €y bien avant de
s’en échapper. Cela sera précisé dans la partie [1.3.3] ci-dessous a 1’aide de la notion
de distribution quasi-stationnaire (cf. définition [1.3.4)).

La métastabilité conduit ainsi a une séparation des échelles de temps, ce qui
constitue I'un des obstacles majeurs a I’obtention de 1’évolution macroscopique d'un
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systeme métastable a partir de simulations effectuées au niveau microscopique. En
effet, de nombreuses transitions ne peuvent pas étre observées en pratique en in-
tégrant directement les trajectoires du processus , les temps de simulations
numériques accessibles étant trop courts. L’étude de ce phénomene est un domaine
tres actif de la recherche scientifique en dynamique moléculaire et nous renvoyons
en particulier & [LS16] pour un apergu de ce sujet.

Pour surmonter cette difficulté, certains algorithmes, tres utilisés aujourd’hui, en
particulier pour des applications en science des matériaux, utilisent le fait que 1’évé-
nement de sortie d'une région métastable peut étre bien approché par un processus
de sauts de Markov dont les taux de transition sont calculés a I'aide de la formule
d’Eyring-Kramers. Ces algorithmes utilisent notamment trois idées pour générer de
maniere plus efficace les évenements de sortie des états métastables : considérer
des répliques en parallele (algorithme parallel replica, cf. [Vot98,[LLLP12]), modi-
fier le potentiel dans le domaine pour favoriser la sortie (algorithme hyperdynamics,
cf. [Vot97,LN15]) ou augmenter la température (algorithme temperature accelerated
dynamics, cf. [SVOO,AL14]).

Pour appréhender un peu plus précisément la notion de métastabilité, regardons
d’abord ce que nous dit la partie précédente lorsque h = 1 est remplacé par h — 0F.
Le générateur infinitésimal donnant 1’évolution de (1.3.1)) est maintenant donné par

LY) = ~hA+VV -V = hAY + Loy, (1.3.15)

et LE/O:L agissant sur C°(R?) est essentiellement auto-adjoint dans l’espace & poids
L*(Q2,myy), ot my, est la mesure invariante définie par

myp(dp) = (/e‘xdu) 16_%d,u = Zh_le_%du. (1.3.16)

Q

De nouveau, et ce qui suit reste aussi valable lorsque €2 est une variété riemannienne
orientée compacte et connexe de dimension d sans bord, on a équivalence unitaire,
N 0 _ . 0 .
au facteur h pres, entre Lg/zl agissant dans L?(2, my,) et A(z)h agissant dans L?(2),
2 K

d’apres la relation
A

50

= e h L) e, (1.3.17)

et on définit plus généralement, pour tout p € {0,...,d},

\%

LY = hAY + Loy = ex A(\i’)hefﬁ. (1.3.18)
b 5’

En particulier, en définissant Ay := inf( Sp (Lg))h) \ {0} ), les relations (1.3.12)) et
(1.3.13)) restent vraies en remplagant my par my;, et Ag par Agy. Il faut par contre
remplacer le facteur % apparaissant dans ((1.3.10)) par % puisque :

Vw € HY(Q,myy), /(L@lw)wdmuh = ||Vl

vav,h) ’
Q

Lorsque €2 est compacte, la relation ((1.3.17)) et le théoreme conduisent en
particulier a 'existence de hy > 0 et de C' > 0 tels que pour tout h € (0, hl,

Sp (L)) N10,C] = Sp (L)) N[0,e "

)

] (1.3.19)
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et
dim Sp (L{}) N[0,C] = my, (1.3.20)

ol my est le nombre de minima locaux de f. Lorsque 2 = RY, les hypotheses
additionnelles de confinement suivantes,

1
en dehors d'un compact K, |V f|> ol et [Hess f| < CIVf|?,

garantissent (avec ([1.3.17))) l'inclusion du spectre essentiel de L%L dans [%, +00)
pour un certain C; > 0 et les relations ((1.3.19)), ([1.3.20|) restent valides (cf. [HKNO04,
Proposition 2.2]). On en déduit le comportement asymptotique de I’évolution d’un
état w € L*(Q, my,,) suivant :
— siw est un vecteur propre associé a la valeur propre 0, i.e. siw € Ran (x +— 1),
alors cet état est stable :

pour tout t >0, e "Vhw = w,

— si w appartient a l’espace spectral Ran 1(C,+Oo)(L$%), alors w a un temps de

1.

vie court, d’ordre au plus £ :

_+7,(0) _
pour tout t >0, |e ty W||L2(Q’mvﬂh) < ||W||L2(Q7mv,h) e Ot

— enfin, si w est un vecteur propre associé¢ a \,, I'une des valeurs propres
C
0<Xop < - Amgn de ng)h dans (0, C], alors, comme 0 < \,; < e &, w est
métastable, i.e. a un temps de vie exponentiellement long d’ordre ﬁ :
D,

pour toutt >0, e “Vhw = e~

Les travaux [BEGK04,BGKO05] de Bovier, Eckhoff, Gayrard et Klein, utilisant la
théorie du potentiel dans R?, conduisent par ailleurs & une caractérisation probabi-
liste précise des temps de vie /\;%h (pour p € {2,...,mg}) de ces états métastables
sous des hypotheses additionnelles génériques sur la fonction de Morse V. Décrivons
cela précisément ci-dessous.

On suppose que {z1} = argming.V et, pour k € {2,...,my} et By = {z €
{z1,. . 2me} \ {21}, V(2) < V(zi)}f] on note P(xy, Br) l'ensemble des courbes

v € CO([0, 1], R™) telles que (0) = xy, et y(1) € Bg. Supposons aussi que :
1. pour tout k € {2,...,mg}, il existe un unique point selle z; tel que V(z) =
infepa,,B,) SUP¢e(0,1) V(v (t))ﬂ,

2. les valeurs (V(z) — V($k))ke{2 .mgy Sont toutes distinctes.

Sous ces hypotheses, zy, € {Z2,...,Zm,} > 2 définit une application injective et on
réordonne alors les k € {2,...,mg} de sorte que la suite (V(z) — V(x"f))ke{z,...,mo}
soit strictement décroissante (une illustration est donnée par la figure [L.I). On a
alors (d’apres [BEGKO04,BGKO5|) :

8. By est donc ’ensemble des minima locaux de f d’énergie inférieure a celle de zy.
9. Pour une fonction de Morse quelconque, il y a toujours au moins un tel point zx; nous
renvoyons au chapitre [3| pour plus de détails a ce sujet.



24 CHAPITRE 1. AUTOUR DU LAPLACIEN DE WITTEN

i) pour tout k € {2,...,mp}, le temps moyen 7y, mis par le processus (X¢)¢>o,
partant de xj;, pour atteindre By, est donné par la formule de type Eyring-
Kramers suivante lorsque h — 07 :

2 det Hess V/ G-V

Tk = m_ /] detHess Viz)| e (1+0(1)), (1.3.21)

[A(zk)| \/det Hess V(3
ou A(zx) est la valeur propre négative de Hess V' (zy),
ii) il existe ¢ > 0 tel que pour tout k € {2,...,mg}, on a lorsque h — 0% :
)\kh = L(1 + O(e‘i))
’ Tk,h

A det Hess V/ 2) V(=
Aze)] y/detHess Vi) | vewve (1+0(1)).  (1.3.22)

2w /| det Hess V (z)]

22
z3

€3
X2
X1

FIGURE 1.1 — Classement des minima et points selles sur un exemple 1D

Les hypotheses précédentes impliquent donc en particulier I'existence d’une cas-
cade d’événements, se produisant sur différentes échelles de temps, permettant au
processus (X;);>0, partant de x (pour k € {2,...,mg}), d’atteindre le minimum
global z; de V dans R™ (cf. figure[L.1])). Nous renvoyons également & [Eck05] pour des
résultats similaires, a [HKNO4] pour une autre preuve de (également valable
lorsque 2 est compacte et sans bord) a ’aide d’outils d’analyse semi-classique ainsi
qua [HHS11}Mic19] pour une généralisation des résultats obtenus dans [HKN04][[]
Cette approche semi-classique est 1'objet du chapitre [3] Signalons aussi notre tra-
vail [DL17] pour un résultat du type pour un certain potentiel double
puits en grande dimension (cf. section pour plus de détails), [LMS19] généra-
lisant [BEGKO04] a certaines dynamiques non réversibles (i.e. non gradient) lorsque
V' a deux minima locaux, ainsi que [HKS89, Mic95, MS14, BD16] pour des résultats
connexes. Dans le cas a bord, nous renvoyons a [HNO6|,Lep10,DLLN19b,LN19a] pour
des résultats précis du type (1.3.22)) (voir aussi a la fin de la partie m
et les théorémes [3.2.1] et [3.2.2] du chapitre 8)[[T] Enfin, nous renvoyons a l'article de
revue [Berl3| sur ce sujet.

10. Mentionnons aussi ici notre travail plus récent [LM19], non présenté dans ce mémoire, géné-
ralisant ces résultats a certaines dynamiques non réversibles (i.e. non gradient) pour des potentiels
V' multi-puits.

11. Par ailleurs, notre travail plus récent [LN19b|, non présenté dans ce mémoire, généralise les
résultats de [HNOG,DLLN19b| & des potentiels V' admettant des points critiques sur 9.
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De telles estimées sont par exemple utilisées dans [SS13|Sch98] pour construire

des dynamiques markoviennes de saut en projetant le générateur infinitésimal LS)ZL
de la diffusion (1.3.1]) sur 'espace engendré par ses my petites valeurs propres par
une méthode de Galerkin. Cela conduit a une tres bonne approximation de Lg))h a

la limite h — 0.

La formule remonte au moins a l’article de cinétique chimique de Kra-
mers |[Krad0] paru en 1940 (et méme en fait & quelques années avant, comme cela
est expliqué dans I'article de revue [HTB90]) ot elle est formellement obtenue en di-
mension 1 et y est comparée a une formule similaire notamment obtenue par Eyring
dans [Eyr35] en 1935 par une autre méthode de calcul des cinétiques de réaction
(cf. [Kra40| page 295] ou [HTB90| pour une revue de la littérature).

)

X

FIGURE 1.2 — Allure du potentiel V' considéré par Kramers dans [Krad0, Fig. 1]

Avec nos notations, la formule (17) donnée par Kramers dans [Krad0] pour un
potentiel double puits comme représenté a la figure [I.2] se réécrit en effet comme
suit : lorsque 0 < h < V(2) — V(x2),

VIVI(@)| V(@) _veo-ve
= e
2w

ou 7o est le taux de réaction qui, si I'on cite [Kra40], « denotes the chance in unit
time that a particle which originally was caught at A (ici A = x5) escapes to B
(ici B = x1) ». En d’autres termes, d’apres [Krad0|, le temps pour atteindre x;
partant de xo suit une loi exponentielle de parametre 791, ou, d’apres , T91
satisfait la formule donnée pour Ay dans ce cadre (en dimension 1, un
point selle est un maximum local). Par conséquent, I'inverse de 791, qui représente
donc d’apres |[Krad(] le temps moyen, partant de xo, pour atteindre x;, est donné
d’apres Kramers par la formule . Signalons que le préfacteur dans
(comme d’ailleurs dans et dans (1.3.22))) est in fine obtenu par la méthode
de Laplace en comparant V' au voisinage de x5 et de z avec son polynome de Taylor
d’ordre 2[™

Il est important de remarquer ici que les résultats présentés ci-dessus ne four-
nissent, a la limite h — 0%, que certains taux de réaction du systéme et ne justifient
donc pas la validité asymptotique de la « loi complete » d’Eyring-Kramers, utilisée
en pratique dans les algorithmes de simulation moléculaire comme ceux déja cités
(cf. [Vot97,Vot98,[SV00]). Cette loi prend en effet en compte tous les taux de réac-
tion du systeme alors que dans les résultats cités ci-dessus, rien n’est par exemple

21

(1+0(1)), (1.3.23)

12. En fait, dans son article [Krad0|, Kramers suppose simplement que V est quadratique au
voisinage de x5 et au voisinage de z.
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dit sur ce qu’il se passe partant du minimum global de V. Nous renvoyons a la partie
suivante pour une définition de la loi d’Eyring-Kramers et au chapitre |5 pour plus
de détails a ce propos.

Dans notre travail [DLLN17b] présenté dans le chapitre , nous démontrons jus-
tement la validité asymptotique de la loi d’Eyring-Kramers (cf. en particulier les co-
rollaires m et [5.2.8]). Plus précisément, nous y montrons que cette loi correspond
bien, dans I'asymptotique A — 07, & la loi de sortie d’un état métastable € lorsque €2
est un puits confinant du potentiel V' (i.e. tel que V' admet un unique point critique,
un minimum, dans 2 et 9,V > 0 sur 09Q) et le processus (X;):>o solution de (|1.3.1))
est initialemenent distribué selon une distribution de probabilité naturelle supportée
dans Q) appelée distribution quasi-stationnaire. Néanmoins, comme sous ces hypo-
theses V' n’admet pas de véritable point selle sur 0€2, les méthodes de Laplace
conduisant au calcul des préfacteurs menent a des formules différant légerement de
et de ([1.3.23). Pour étre plus précis, nous justifions en fait dans [DLLN17b]
la validité asymptotique de la loi d’Eyring-Kramers construite a partir du taux de
réaction formellement obtenu par Kramers en dimension 1 dans |[Kra40| pour un po-
tentiel double puits comme représenté a la figure|1.3] Dans ce cas, la formule donnée
dans [Kra40, Page 293] pour le taux de transition ry; de xo vers x; se réécrit avec
nos notations

V@)V (2) = V(2) 5
To1 = N (1+0(1)).

Comme Kramers suppose en outre V' quadratique sur [zs, 2], ce qui meéne a

V/(2) = \/V(2) = Vi(a)y/2V"(x5)  (cf. figure[I3),

le taux de transition 791 s’écrit encore comme suit (voir les taux du corollaire
I'équation ((1.3.33)) de la partie suivante et la discussion associée)

V'(2) A/ V"(x3) _v)-Vi)
rop = e D 1+o0(1)). 1.3.24

) X1
FIGURE 1.3 — Allure du potentiel V' considéré par Kramers dans [Kra40, Fig. 2]. Le

potentiel V(z + -) est ici symétrique.

Dans la partie suivante, derniere partie de ce chapitre introductif, nous définis-
sons la distribution quasi-stationnaire et donnons ses premieres propriétés.
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1.3.3 Distribution quasi-stationnaire et métastabilité

Nous présentons dans cette partie la distribution quasi-stationnaire du processus
de Langevin sur-amorti et ses connexions avec la métastabilité. Cet objet est au
coeur de I'analyse de nos travaux [DLLN17b,DLLN19a/|[LN19a] E, portant sur I'éve-
nement de sortie d’'un domaine métastable pour le processus de Langevin sur-amorti,
sur lesquels portent les chapitres 4] et [5|de ce mémoire et par ailleurs résumés dans les
articles de type compte rendu [DLLN17a,LLN18]. Pour des résultats plus généraux
sur les distributions quasi-stationnaires que ceux présentés ici, nous renvoyons par

exemple a |[CCLT09,CMS13,|CV17].

Dans toute cette partie, le domaine €y C R? est supposé ouvert, régulier et
borné[Y] Pour le processus (X;);>o solution de (L.3.1)) et initiallement distribué dans
Qp, on définit

T, = inf{t >0,X; ¢ Qo}

le temps de premiere sortie de €y pour (X;)i>o. L'événement de sortie de €2 est
caratérisé par le couple de variables aléatoires (7o, X, ).

Une distribution quasi-stationnaire associée a la dynamique de Langevin sur-
amortie et a Qp se définit alors comme suit :

Définition 1.3.1. Soit Qy C R? et (X;)i>0 la dynamique solution de (1.3.1]). Une
distribution quasi-stationnaire associée a (Xi)>o et a o est une mesure de proba-
bilité vy, supportée dans €y telle que, pour tout ensemble mesurable A C Qg et pour
tout t > 0,

/ P, [X: € At < 70, vn(dp)
Qo

Vh(A) =

Y

/Q P, [t < ro,] va(dp)

ot ['indice x dans P, indique ici que le processus commence initialement en x.

Autrement dit, v, est une distribution quasi-stationnaire si, lorsque Xg est dis-
tribué selon vy, alors, pour tout t > 0, le processus X; conditionné a ne pas avoir
quitté Qg jusqu’au temps ¢ est toujours distribué selon v.

Considérons maintenant 1’espace de Hilbert a poids

L2(Q) = {u:QO—HR, / wle T dp < —i—oo}
Q

0

et définissons les espaces de Sobolev & poids HE () de la méme fagon. D’apres
I’analyse du laplacien de Witten sur des variétés a bord faite dans la partie [1.2.3
la réalisation de Dirichlet Lﬁ;f“) du générateur infinitésimal de la dynamique (|1.3.1)

définie par (cf. (1.3.17))
L0 oap l Ae,(o) e

Vih h =

13. La prépublication [DLLN19a] a été divisée en deux parties pour publication, avec pour pre-
miere partie [DLLN19b].

14. Dans les chapitres [4] et |5, on utilisera simplement la notation €2 et non . La notation Qg
permet néanmoins ici d’éviter les confusions avec la notation €2 des parties précédentes.
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est auto-adjointe, & résolvante compacte et positive dans L2 (). Son domaine est
simplement

D(L{i;,fo)) = {ue HY(Q), u=0 sur 9} NHZ(Q) = H. (%) N H2(Q)

et il s’agit aussi de 'extension de Friedrichs de Lg?}l agissant sur C°(€).

De méme, le générateur infinitésimal L%%’T = —hA —div (-VV') de I"évolution de

la densité de probabilité du processus (Xt)t,z() (cf. (1.3.3)) muni du domaine
D(Lg?}l’T) = Hj(Q, en dp) N H?*(Qo, en du)

est auto-adjoint, & résolvante compacte et positif dans L?(£2y, e du) (toujours d’apres

la relation ((1.3.17))). En notant L‘[/)’,SO)’t cette réalisation de Dirichlet auto-adjointe,
on a de plus clairement

Sp (Lo = Sp (L") = {Nw. k€ N} (1.3.25)

et

LDv(O)

. . D,(0), _Vv
Vh Uk = Aipu  siet seulement si LWE )Tuk e n

v
D

= )\k,h U € (1326)

Par la théorie classique des opérateurs elliptiques (cf. par exemple [GTO01]), la

premiere valeur propre Ay 5, de Lﬁ’,ﬁo) (ou encore de LI‘Z’,EO)’T) est strictement positive,

simple et toute fonction propre associée u;, appartient & C*(€) et a un signe sur Q.
On a par ailleurs la proposition suivante donnant ’existence d’une distribution quasi-
stationnaire associée a la dynamique de Langevin sur-amortie et a €y (cf. [LLLP12,
Proposition 2)) :

Proposition 1.3.2. Soit u, une fonction propre principale de LI‘Z}EO). La mesure de
probabilité

_V@)

up(z)e”n

vp(dp) = vp(x)dp = h()—vd,u (1.3.27)
/uhe_hd,u
Qo

est alors une distribution quasi-stationnaire (indépendante du choiz de uy) associée
a la dynamique (1.3.1)) et a €.

En termes du générateur infinitésimal ng)hﬁ = —hA — div (-VV) de I’évolution
de la densité de probabilité du processus (X;);>o, cela signifie encore que la fonc-

tion propre principale de L‘e’,io)’T normalisée dans L'(Qy, et dpu) est la densité (par

rapport a la mesure de Lebesgue) d’une distribution quasi-stationnaire associée a la

dynamique ([1.3.1]) et a Q.

Nous avons de plus le résultat suivant, impliquant en particulier 'unicité de la
distribution quasi-stationnaire associée a la dynamique (1.3.1)) et a Qg (cf. [LLLP12|
Proposition 6]). Notons au passage qu'’il implique donc aussi que la mesure inva-
riante my;, (définie dans (1.3.16])) restreinte a €y, i.e. mm%hboa n’est pas la

distribution quasi-stationnaire associée a la dynamique (1.3.1]) et a !
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Proposition 1.3.3. Soient v, la mesure de probabilité définie par et (Xt)e>0
la dynamique solution de . Supposons que X est distribué dans 2y et que sa
loi de probabilité admet une densité po par rapport a myy dans L*(Qo,myy). 11
existe alors une constante C(uo, h) > 0 telle que, pour tout t > 0,
|Loi( X[t < Ta,) — vhllvr < C(uo, h) e~ P2n=Aun)t e 0. (1.3.28)
Ici, Loi(X¢|t < 1q,) désigne la loi de probabilité de X; conditionné a ne pas avoir
quitté o, i.e. a 'événement {t < 7q,} (et || - |[yr la distance en variation totale).
La relation est en quelque sorte une généralisation de la relation (|1.3.13))
dans ce cadre. D’ailleurs, comme €2y est borné, I’hypothese sur la densité de la loi
de Xy n’est en fait pas restrictive puisque l'on s’y ramene immédiatement par effet
régularisant de I’évolution en temps.

Soit (X¢)¢>o le processus solution de avec X distribué dans €. Si 7, est
suffisamment grand, alors d’apres la proposition , le processus (X¢)>o atteindra
un équilibre local, donné par la distribution quasi-stationnaire, avant de sortir de
(. Dans ce cas, subordonné a la distribution de Xy, il est donc pertinent d’étudier
'évenement de sortie (7q,, X ) du domaine €y pour la dynamique de Langevin
sur-amortie lorsque le processus (X;);>¢ solution de (|1.3.1]) est initialement distribué
selon la distribution quasi-stationnaire associée. Néanmoins, le domaine €2y peut tres
bien étre « mal » choisi de sorte que, pour (presque) toute condition initiale du type
Xo =z € Q, le temps de séjour moyen E,[7q,] du processus (X;);>o dans Qg soit
trop court pour permettre a (X;):>o d’atteindre (en moyenne) ’équilibre local donné
par la distribution quasi-stationnaire avant de quitter €y (voir par exemple I’exemple
b) dans la premiere partie de la section . Cette distribution n’est alors pas d’un
grand intéret.

Ces considérations nous conduisent a proposer la définition suivante d’'un do-
maine {1y métastable.

Définition 1.3.4. Soit (X;)i>0 la dynamique solution de (1.3.1]), supposée initiale-
ment distribuée dans €.
i) On dit que le domaine €y est métastable pour Xo si, a la limite h — 0%,
la convergence dans (1.3.28]) a lieu bien avant le temps de (premier) séjour
moyen Elrq,] de (Xt)i>0 dans Q.

i1) Plus généralement, on dit que le domaine Qo est métastable s’il existe un
ouvert V C Qg tel que Qg est métastable pour Xog = x pour tout x € V.

Pour un domaine  métastable (pour Xj), il est donc raisonnable de suppo-
ser que le processus (X¢)i>o est initialement distribué selon la distribution quasi-
stationnaire vy,. Par ailleurs, lorsque le processus (X¢):>o solution de (1.3.1) est
initialement distribuée selon v, I'événement de sortie (7o, X, ) du domaine € est
caractérisé par la proposition suivante (cf. [LLLP12, Proposition 3]) :

Proposition 1.3.5. Considérons (X;)i>o la dynamique solution de (1.3.1)) et vy la
distribution quasi-stationnaire associée (cf. (1.3.27)) ). Supposons de plus que Xy est
distribué selon vy,. Alors :

i) les variables aléatoires T, et X,, sont indépendantes,

TQq

ii) la variable aléatoire Tq, suit une loi exponentielle de paramétre Ay, (la valeur

propre principale de Lg’}go)), d’ou en particulier E,, [Tq,] = o
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iii) la loi de la variable aléatoire Xmo a une densité par rapport a la mesure de
Lebesgue sur 0€)y donnée par

V(2)

h Opup(z)e” =

ALk / uhe_%du
Qo

ou 0, = n -V désigne dérivée normale au bord et 1 la normale extérieure

a 0.

z € 00y — — (1.3.29)

Dans nos travaux [DLLN19a,LN19a] E résumés dans le chapitre , nous essayons
d’analyser la métastabilité d’'un domaine )y via I’étude des lieux de sortie les plus
probables de ce domaine pour la dynamique de Langevin sur-amortie (cf. défini-

tion [4.1.1)).

Lorsque Xy =z € () et )y est un puits confinant du potentiel V| i.e. tel que
— V admet un unique point critique, un minimum (non dégénéré), dans €2
— et 0,V > 0 sur 09,

il est bien connu qu’a la limite h — 07, Xmo se concentre sur arg mingg V. Lorsque
Vs, atteint son minimum en un unique point (de 9€)), cela découle des travaux
de Freidlin-Wentzell dans le cadre de leur théorie des grandes déviations développée
dans les années 70 (cf. leur ouvrage [FW12] pour un apercu général de leurs résultats
et plus précisément le théoreme 2.1 du chapitre 4 sur ce point). Leurs résultats
conduisent également aux estimées logarithmiques suivantes (cf. [FW12, théoreme
5.1 du chapitre 6]) : pour tout = € € tel que V(z) < mingg, V' et pour tous v > 0
et 9o > 0, il existe ¢ € (0, do] tel que pour tous h > 0 suffisamment petit et y € 9,

V(y)fminano |4 V(y)fminBQO v

e R e < ]P)x“XmO —yl<6] < e 2 e . (1.3.30)

A Paide de calculs formels, Matkowsky-Schuss ont ensuite obtenu la formule énoncée
ci-dessous dans [MS77], par la suite notamment rigoureusement démontrée dans
[FW12 Kam78 Kam79, Day84,Day87,Per90] : pour tous z € Qg et F' € C*(9, R),
on a a la limite h — 07,

Sy 0V e dpiag,
By [F (X, )] = =

= +o(1). 1.3.31
faQO % ei%duaﬂo B ( )

Voir aussi [[S15,IS17] pour des résultats plus récents utilisant des techniques simi-
laires a celles de |[Kam78, Kam79,[Per90].

La relation ([1.3.31)) implique en particulier la concentration de Xrg, sur len-
semble arg mingg V' et donne également, par la méthode de Laplace, les probabilités
asymptotiques de sortie au voisinage de chaque élément de arg mingg V. Contrai-
rement a la relation , elle ne donne par contre aucune information sur la
probabilité (partant de x € ) de sortir au voisinage d’un point n’appartenant
pas a argmingg V' si ce n’est qu’elle tend vers 0. Mentionnons aussi ici que d’apres
la formule de Feynman-Kac, la fonction z € Qy — E,[F(X, )] est, du point de

15. Nous rappelons que [DLLN19a] a été divisé en deux parties pour publication, avec pour
premiére partie [DLLN19b].
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vue des équations aux dérivées partielles, la solution du probleme de Dirichlet non

homogene (cf. ((1.3.15))

0
{Lﬁ/%u = (0 dans (13.32)

u = F sur 0f).

Dans l'optique d’analyser la métastabilité d’'un domaine €2y, ce type de com-
portent naturel —i.e. attendu pour un domaine €2y convenable — nous conduit d’apres
la définition a nous poser dans [DLLN19a] les questions suivantes :

— Quel cadre géométrique pour le potentiel V' nous assure-t-il, lorsque X est
initialement distribué selon la distribution quasi-stationnaire v,, que la loi de

Xry, se concentre sur une partie de argmingg, V7

— Quelles conditions sur V' nous assurent-elles que ces résultats s’étendent a un
ensemble d’intérieur non vide de conditions initiales déterministes dans €2 ?

Dans le travail [DLLN19a][[] nous étendons en particulier a un cadre tres général
les résultats obtenus pour un puits confinant du potentiel V' dans [FW12,[Kam?78§|,
Kam79,|Day84,|Day87,|Per90| (cf. théoreme et la relation (4.2.20)) généralisant
au chapitre . Ces travaux couvrent cependant aussi le cas non gradient,
i.e. le cas de dynamiques de la forme['”]

dXt - b(Xt)dt + V 2h dBt,
ou b est un champ vectoriel tel que €y soit confinant pour la dynamique & = b(x),

i.e. tel que :

— {2 contient un unique point singulier, asymptotiquement stable et non dégé-
néré, pour la dynamique

— et b- 1 < 0 sur 0€).

Enfin, notre travail [LN19a] concerne 1’étude fine d’un potentiel double puits dégé-
néré. Nous renvoyons au chapitre [ pour plus de details et de références a ce sujet.

Dans le travail [DLLN17b], résumé dans le chapitre , nous justifions la validité
asymptotique, i.e. a la limite h — 0%, de la « loi complete » d’Eyring-Kramers (cf.
partie précédente) lorsque :

— )y est un puits confinant du potentiel V, i.e. tel que V' admet un unique point
critique, un minimum non dégénéré, dans €y et 9,V > 0 sur 0€),

— la fonction V|sq, est une fonction de Morse,
— X est distribué selon vy,.

Nous y montrons aussi sa validité asymptotique pour des conditions initiales déter-
ministes d’énergie suffisamment basse. Expliquons ici cela un peu plus précisément ;
nous renvoyons au chapitre 5| pour de plus amples détails.

Nous nous intéressons donc aux taux de réaction associés a I’évenement de sortie
de Qy pour la dynamique de Langevin sur-amortie (X;):>¢ initialement distribuée

16. Le premier article tiré de cette prépublication, [DLLN19b|, s’intéresse au cas Xg ~ vy, et le
second aux conditions initiales déterministes.
17. Le générateur infinitésimal est alors 'opérateur différentiel —hA — b - V.
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dans Q. Notons (€2;);—1._» les domaines voisins de €2y, chacun correspondant a un
état macroscopique du systeme, et supposons que :

pour tout i € {1,...,n}, {2z} = argminV
000NN,

(cf. figure [1.4], apparaissant aussi dans le chapitre [5).

FIGURE 1.4 — Le domaine Qg et ses domaines voisins (£2;);=1,..4; %o est le minimum
global de V dans € et, pour i € {1,2,3,4}, {2} = argmingg g,V

Les méthodes numériques basées sur I’hypothese que I’événement de sortie d’une
région métastable est bien approché par un processus de sauts de Markov dont
les taux de transition sont calculés a l'aide de la formule d’Eyring-Kramers nous
conduisent & la définition suivante (cf. [HTB90, Vot05] et la premiere section du
chapitre [5| pour plus de détails) :

Définition 1.3.6. Soit (X;)i>0 la dynamique solution de (1.3.1), supposée initiale-
ment distribuée dans . Nous dirons que [’événement de sortie de (X;)i>o de €
suit la loi d’Eyring-Kramers associée aux taux de transitions (ko;)ief1,..ny S1 -

i) les variables aléatoires o, et X, sont indépendantes,

i) la variable aléatoire Tq, suit une loi exponentielle de paramétre Y | ko;, d’ot

en particulier Elrg,] = ﬁ,
1=1 g

ii) pour touti € {1,...,n}, la probabilité que X, appartienne a 9y N Y vaut
koq
27:01 koi 7
iv) les taux de transitions satisfont la formule d’Eyring-Kramers « exacte » (cf.
partie précédente et ci-dessous).

Le point ii) de cette définition est la simple traduction de la remarque suivante :
si, pour i € {1,...,n}, ko; est le taux de transition de I'état €2y vers I'état ), i.e. la
probabilité par unité de temps qu'une particule initialement en xy s’échappe de g
pour aller dans €2; (cf. et la discussion au-dessous dans la partie précédente),
alors Y1 | ko; est la probabilité par unité de temps qu’une particule initialement
en xg s’échappe de €y, ce qui signifie encore que 7, suit une loi exponentielle
de parametre Y . ko;. Le point iii) traduit quant & lui le fait que pour tout i €
{1,...,n}, la probabilité pour une particule de s’échapper vers €); est proportionnelle
a ko;. Enfin, d’apres nos hypotheses sur g, le point iv) signifie que les taux ky;
satisfont la formule d’Eyring-Kramers « exacte », i.e. sans terme d’erreur, déduite
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de la formule ([1.3.24)) en dimension supérieure :

OV (z;) +/det HessV (z) RIEIEEN:
V2 h y/det Hess V]aa, () '

(1.3.33)

0 —

On notera que ce taux correspond asymptotiquement en dimension 1 au double de
celui donné par . Cette différence est naturelle puisque kgy; correspond en
fait au taux de transition pour atteindre 02y N 0€); partant de €y, soit deux fois le
taux de transition pour atteindre €2;. En effet, une fois sur la créte 092 N 082;, le
processus (X;):>o a une chance sur deux de revenir dans {2 et une chance sur deux
d’atteindre €; (cf. figure dans la partie précédente et la discussion a ce sujet
dans la partie du chapitre [5, o il convient de remplacer h par 2h d’apres la
différente échelle en h considérée dans (5.1.1)).

Les premiers résultats rigoureux dans le sens d’une justification asymptotique
de la loi d’Eyring-Kramers dans ce cadre remontent aussi a la théorie des grandes
déviations de Freidlin-Wentzell. Rappelons en effet déja la relation (|1.3.30]) ci-dessus.
D’apres [FW12 théorémes 4.1 et 7.4 des chapitres 4 et 6], on a également sous nos
hypotheses le résultat suivant :

. . . 1
Vo e Q, hlg& h InE,[rq,] = nalslln\/ —V(zg) = hlirgL h In p (1.3.34)

ou nous rappelons que A est la valeur propre principale de L‘[/)’,EO) et, d’apres la

formule de Dynkin, la fonction x € 2y — E, [TQO] est, du point de vue des équations
aux dérivées partielles, la solution du probléeme de Dirichlet homogene (cf. ((1.3.15)))

L%Lu = 1 dans
u = 0 sur 0f).

Cette asymptotique a ensuite notamment été précisée par Day au début des
années 80 dans |[Day83] ou il est montré que pour tout = € Qolﬂ,

MpEsmo,] = 14+ 0(1) (uniformément sur les compacts de €) (1.3.35)

et que 7q, (lorsque Xy = z) suit asymptotiquement une loi exponentielle de para-
metre A p, i.e.

Vs >0, Pylmq, > P s] = e *+0(1) (uniformément sur les compacts de €)).
1Lh

Comme nous 'avons déja mentionné ci-dessus, ces résultats obtenus par la théorie
des grandes déviations s’appliquent pour des opérateurs tres généraux, i.e. de la
forme —hA — b -V ou b est un champ vectoriel tel que €y soit confinant pour la
dynamique @ = b(z) (cf. définition ci-dessus). Cependant, ils ne permettent pas
d’obtenir des formules de type Eyring-Kramers pour les taux de transitions ko; (cf.
(1.3.33)) mais seulement d’obtenir leurs taux d’Arrhenius (cf. (1.3.34)) et (1.3.30))).

18. Nous renvoyons aussi & [Sug01,Necl9| pour des généralisations de ce résultat a des domaines
Qo plus généraux. En particulier, le tout récent travail [Necl9| établit & notre connaissance les
premiers résultats rigoureux de ce type lorsque le potentiel V' admet des points critiques sur 0€.
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Signalons aussi ici que le calcul précis, i.e. avec préfacteur, de A\;; dans notre
cadre est donné par les travaux [HNO6,DLLN19b] (cf. proposition dans le
chapitre [5] ou il convient de remplacer h par 2h d’apres la différente échelle en h

considérée dans (5.1.1))) :
Ap = Y ko (1+0(1) = 3 koj (1+0(1)),  (1.3.36)

je{1,...,n} JE{L,...;n}: V(z5)=mingq, V
ou les ko;, i € {1,...,n}, sont définis par (|1.3.33]).

Supposons maintenant que X est distribué selon la distribution quasi-stationnaire
vy,. D’apres les deux premiers points de la proposition [1.3.5], en définissant, pour tout
ie{l,...n},

koi = ]Puh (XTQO € 09 N 89,) )\17}“

alors les trois premiers points de la définition [1.3.6) sont automatiquement satisfaits
pour les taux (ko;)icq1,...ny- Enfin, d’apres la définition des ko, ci-dessus et le troisieme
point de la proposition on a, pour tout i € {1,...n},

_Vv
/ Dyun e ¥ djugn
00NN,

/ uhe_% du
Qo

Pour montrer que I'’évenement de sortie de )y suit asymptotiquement la loi
d’Eyring-Kramers lorsque X, est distribué selon v, il nous suffit donc de mon-
trer que pour tout ¢ € {1,...n}, le quotient intégral de la relation est de
la forme ko; (1 + o(1)), ol ko; est défini par la formule d’Eyring-Kramers !
Cela signifie une étude fine du comportement asymptotique de la premiere fonction
propre de LQ}SO) (ou, de fagon équivalente, de celle du laplacien de Witten Ag’(}?)
avec conditions au bord de type Dirichlet) et en particulier de sa dérivée normalZe le
long du 9€. Les estimées asymptotiques les plus délicates a démontrer concernent
sans surprise les ko; ot i € {1,...n} est tel que V(z;) > mingg, V.

Dans le cas d’un puits confinant comme considéré dans [DLLN17b] et donc dans
le chapitre , cela conduit bien aux formules 7501' = ko; (1 + 0(1)) pour tout ¢ €
{1,...,n}, ou les ko; sont définis par la formule (cf. corollaire [5.2.8 ot il
convient de remplacer h par 2h d’apres la différente échelle en h considérée dans
(5.1.1))). Dans les algorithmes utilisés en pratique (cf. [HTB90L Vot97, Vot98, SV00,
Vot05]), le domaine € est supposé étre le bassin d’attraction d’'un minimum de V
pour la dynamique @ = —VV (z), auquel cas 02, contient de véritables points selles,
et les taux de transition considérés sont de la forme

’];01' == —h

(1.3.37)

~[A(z)] y/det Hess V(zo) RIEIELEN:
2 /| det Hess V(z;)]

Ko: , (1.3.38)

ou \(z;) est la valeur propre négative de Hess V'(z;). Tout cela est expliqué plus

précisément dans le chapitre || (cf. sections [5.1] et |5.3.1)).



Chapter 2

Brascamp-Lieb’s type inequalities

We present in this chapter the main results of our work [Lepl7].

2.1 The case without boundary

Let V € C*(R%,R) be a strictly convex function such that eV € L*(RY) and
let v be the probability measure defined by dv := hi—,‘;d# dp (where p denotes the
R

Lebesgue measure on RY). The classical Brascamp-Lieb’s inequality proven in [BL76]
states that every smooth compactly supported function w satisfies the estimate

|w — (/ wdv) P dv < / (HessV)_l(Vw,Vw) dv. (2.1.1)
Rd Rd Rd

This inequality and suitable variants have since been e.g. used in works such as
[HS94,|Sj596,[NS97, Hel98|, BJS00, BM03, BM04] studying correlation asymptotics in
statistical mechanics. The latter works exploit in particular crucially some relations
of the following type and which at least go back to the work of Helffer and Sjostrand
[HS94]:

\% \%
e 2 e 2 2 —
In = —)— " = ((AY) (dyn), dyn), (2.1.2)
le™ =" le™= ] 2
where n € C®(R%), (-,-) and | - H stand for the usual L?(R¢ du) inner product
and norm, dv =d+ dV and AV is the Witten Laplacian acting on 1-forms (or

equivalently on vector fields) Wthh is given by (cf. - - in the introductory
chapter)

AV = A(ZO) ®Id + HessV = (— A+ |V%|2 — A%) ®Id 4+ HessV'. (2.1.3)

vl

In the last relation,

V V

AD = —A+|Vg|2—A5 — (—div +v%)(v+v5) = dydy  (214)

<

denotes the Witten Laplacian acting on functions (or equivalently on 0-forms). We
recall from the introductory chapter that the Witten Laplacian is more generally
defined on the full algebra of differential forms, that it is nonnegative and essen-
tially self-adjoint (when acting on smooth compactly supported forms) on the space

35
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of L?(R¢,dy) differential forms, and that it is moreover supersymmetric, which es-
sentially amounts, when restricting our attention to the interplay between A(ZO) and
2

A(Zl), to the intertwining relation
2
¥y € CERY), dy APy = AP dyn,
2 2

which enables to prove relations of the type (2.1.2)) (when A(Zl) is invertible). The
2
nonnegativity of A(ZO) together with the relations (2.1.2)) and (2.1.3]) then easily leads
2

to (2.1.1) when V' is strictly convex (at least formally) taking finally w := 6%77. To
connect to some spectral properties of A(ZO), the relation (2.1.2) together with the
2

lower bound A(Kl) > ¢ for some ¢ > 0 — which is in particular satisfied if HessV > ¢

2
— implies, according to formula (2.1.4)), a spectral gap greater than or equal to ¢ for
A(ZO) (its kernel being Span{e’%} as it can be seen from ([2.1.4)), or equivalently from

(1.3.8)). In addition to the already mentioned [Sj596,Hel98] making extra assump-
tions on V', we refer especially to the very complete [Joh00| for precise statements
and proofs in relation with the above discussion. See also the above Section [1.3.1]in
this connection.

More generally, in the case of a Riemannian manifold without boundary (2, it is
also well known that an inequality of the type holds if one replaces Hess V'
(and the condition Hess V' > 0 everywhere) by the following quadratic form, some-
times called the Bakry-Emery (-Ricci) tensor,

Ric + Hess V'  (and if we assume its strict positivity everywhere) ,

Ric denoting the Ricci tensor. We refer for example to [BGL14, Theorem 4.9.3]
for a precise statement whose proof relies on the supersymmetry of the counterpart
of the Witten Laplacian in the weighted space L?(Q2,e~"d Volg), sometimes called
the weighted Laplacian and more precisely defined when acting on functions by (see

(I3, (T35 and (L33 in Section [3.1)

LY = ¥ (~ A4 Vo - AD)e

wl<

= -A+VV.V.

This operator, unitarily equivalent to A(KO), is an important model of the Bakry-
2

Emery theory of diffusion processes and we refer especially in this direction to the pi-
oneering work of Bakry and Emery [BE85| or to the book [BGL14] for an overview of
the concerned literature. On its side, the Bakry—Emery tensor Ric+ Hess V' — named
after [BE8D| but first introduced by Lichnerowicz in [Lic70] — is the natural coun-
terpart of the Ricci tensor Ric in the weighted Riemannian manifold (£2,e~"d Volg)
and we refer for example to |Lic70,Lot03] for some of its geometric properties. Let
us also mention e.g. [LV09] extending this notion to metric measure spaces.

In the work |Lepl7], we derive from the supersymmetry of the Witten Laplacian
Brascamp-Lieb’s type inequalities for general differential forms on a Riemannian
manifold with a boundary. In addition to the supersymmetry, our results essen-
tially follow from suitable decompositions of the quadratic forms associated with
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the self-adjoint Neumann and Dirichlet realizations of the Witten Laplacian (see
Section in the introductory chapter) stated in Theorem below. When re-
stricting to the interplay between 0- and 1-forms, they imply in particular the already
mentioned results in the case of R? or of a compact manifold with empty boundary
as well as some results recently obtained by Kolesnikov and Milman in [KM17] in the
case of a compact manifold with a boundary (see indeed Corollaries [2.4.3| and [2.4.4]
and the corresponding remarks).

2.2 Notions of Riemannian geometry

We now introduce the concepts of Riemannian geometry which will be needed
to state properly our further hypotheses and results. This part is rather long since
we made the choice to define these classical notions quite precisely in order to stay
comprehensible for readers not familiar with Riemannian geometry. The following
objects are essentially defined according to the PDE framework developed in [Sch95]
and we refer especially to Sections 1.1 and 1.2 there for further details and refer-
ences, the notation adopted being nevertheless slightly different.

We work with a smooth d-dimensional oriented connected and compact Rieman-
nian manifold (€2, g = (-, -)) with boundary 02 and we recall the notation introduced
in Section [LIk

The cotangent (resp. tangent) bundle of € is denoted by T*Q (resp. T€2) and
the exterior fiber bundle by AT*Q = @&)_(APT*(Q). The fiber bundles 70, T2,
and AT*0Q) = @;;éApT *0€) are defined similarly. The (bundle) scalar product on
APT*Q) inherited from g is denoted by (-, -)a». Let us recall that (-, )1 is defined by

(wmar = (W),
where, for any & € T*Q), £ is the element of T satisfying, for any X € T,

(€, X) = £(X). (2.2.1)

The map ¢ — £F is an isomorphism from 772 into T2 and we denote by TQ > X
X" € T*Q its inverse isomorphism. The inner product (-,-),» is then defined as the
bilinear form satisfying the following relation on decomposable p-forms:

(W A ANwp, A= A par i= det((wi,nj)N)lg’jgn.

The space of C®, L? | etc. sections of any of the above fiber bundles F,
over O = Q or O = 09, are respectively denoted by C*(O, F), L*(O, E), etc..
The more compact notation APC>®(Q), APL?*(f2), etc. will also be used instead of
C>®(Q, APT*Q), L*(2, APT*Q)), etc. and we will denote by L(APT*Q)) the space of
smooth bundle endomorphisms of APT*Q). The L? spaces are those associated with
the respective unit volume forms p and pgq for the Riemannian structures on {2 and

on 0f).

The notion of local orthonormal frame (on Q or 0N2) will be frequently used in
this chapter. By local orthonormal frame on (say) €2, we mean a family (Ey,. .., E,)
of smooth sections of TC) defined on an open set U C €2 such that

Vi,je{l,...,n},VmEU, <E¢,Ej>z = 52‘,]'.
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According for example to [Sch95, Definition 1.1.6] and to the related remarks, it is
always possible to cover ) with a finite family (since €2 is compact) of opens sets
U’s such that there exists a local orthonormal frame (Ey, ..., E,) on each U. Such
a covering is called a nice cover of €.

The outgoing normal vector field will be denoted by 7n and the orientation is
chosen such that
poo = iap,
where i denotes the interior product. Owing to the Collar Theorem stated in [Sch95,
Theorem 1.1.7], the vector field 77 € C*(99Q, T|sq) can be extended to a smooth
vector field on a neighborhood of the boundary 9€). Moreover, taking maybe a finite
refinement of a nice cover of ) as defined previously, one can always assume that

the local orthonormal frame (Ej, ..., E,) corresponding to any of its elements U
meeting 0 is such that E,|sq = 7. In particular, the vector fields Ey, ..., E,_; are
such that

Vie{l,...,n—1}, Ejloa € (TQoa)’ = TOQ.

Here, with a slight abuse of notation, we have made the identification between the
space of tangential vector fields

(TQoa)" = {X € TQJsq such that (X,7) = 0}

and the tangent bundle of 02 (see [Sch95, pp. 15-16] for more details).

We denote by d : D'(2) — D’'(Q2) the exterior differential, where we recall that
D'(Q) = @ZZOD'(”)(Q) is the space of currents on 2, and by d* its formal adjoint
with respect to the L? scalar product inherited from the Riemannian structure (see
Section [L.1)). We recall that they satisfy the relation d®> = (d*)? = 0 and that the
Hodge Laplacian Ay : D'(2) — D'(2) is then defined by

Ag = d'd+dd* = (d+d)>.
For a (real) smooth function f and a smooth vector field X, we will use the notation
Vxf = X-f = df(X),
the normal derivative of f along the boundary being in particular defined by
Ouf = (Vi) = Vaf.
We will also denote by V : C*(Q,TQ) x C*(Q,TQ) — C>*(Q,TN) the Levi-Civita

connection on §2 and by Vx(-) the covariant derivative (in the direction of X) of
vector fields as well as the induced covariant derivative on APT™().

The second covariant derivative (acting for example on T2 and on APT*Q) is
then the bilinear mapping on T2 defined, for X,Y € C*(Q,TQ) by

V%gy = vay - vay.

When f is a smooth function, Vg(,y f is simply the Hessian of f. It is in this case a
symmetric bilinear form and has the simpler writing

Hess f(X,Y) = Vi, f = (Vxdf)(Y) = (VxVF,Y). (2.2.2)
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The Bochner Laplacian Ag : D'(Q2) — D'(Q2) is defined as minus the trace of the
bilinear mapping (X,Y’) = V% y.. More precisely, we have for any w € D'(2):

Apw = —Tr ((X,Y)— Viyw), (2.2.3)
which implies that for any local orthonormal frame (Ey,..., E,) on U C Q, Ap is
given on U by

Ap = =Y (VeVe —Ve,n)- (2.2.4)
i=1

The Hodge and Bochner Laplacians Ag ) and A(é’) (the superscript (p) means that we
are considering their action on differential p-forms) are related by the Weitzenbock
formula: there exists a smooth bundle symmetric endormorphism Ric®?) € £(APT*Q)
such that (see [Sch95, p. 26] where the opposite convention of sign is adopted)

AP — AP _Ric®) (2.2.5)

This operator vanishes on O-forms (i.e. on functions) and Ric") is the element of
L(A'T*Q) canonically identified with the Ricci tensor Ric (see below for the precise
definition of this identification). We recall that Ric is the symmetric (0, 2)-tensor
defined, for X,Y € TQ), by

Ric(X,Y) = Tr (Z+— R(Z,X)Y), (2.2.6)

where R denotes the Riemannian curvature tensor which is defined, for every X, Y, Z
in T2, by

RX,Y)Z = (Viy —Viy)Z = VxVyZ —VyVxZ —VixyZ. (22.7)

The tensor Ric hence satisfies on any open set U C () where is given a local or-
thonormal frame (Ey, ..., E,):

Ric(X,Y) = i(R(EZ-,X)Y,EZ-> = —i(R(EZ»,X)Ei,m, (2.2.8)

i=1 i=1

the last line following from the relation (R(X,Y)Z,T) = —(R(X,Y)T, Z) for any
X, Y, Z, T € TQ. It is then canonically identified with a symmetric bilinear form
acting on 7*Q (i.e. a symmetric (2,0)-tensor), still denoted by Ric and defined by

(see (2.2.1)) for the meaning of T*Q > w — w* € TN)
Ric(w,n) := Ric(w’ n").

The latter symmetric bilinear form is then itself identified via (-, -} x1 with the element
of L(A'T*Q) denoted by Ric)). More precisely, we have for any w and 7 in T*Q:

(RicWw,n)a1 = Ric(w,n).

Remark 2.2.1. Denoting also by Ric the bundle symmetric endomorphism of T2
defined by (RicX,Y) := Ric(X,Y) (i.e. by RicX := =>"" | R(E;, X)E; according
to (2.2.8) ), we have for any w,n in T*Q and X in TS,
RicPw(X) = (RicWw, X*)y1 = Ric(w, X*)
= Ric(w?, X)
= (¥ RicX) = w(RicX). (2.2.9)
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More generally, for any local orthonormal frame (Ey,..., E,) on U C , Ric®
is defined on U for any p € {1,...,n} by

(Ric®Pw) (X1, ..., X,)
n k

= —ZZ<(R(Ei7Xj))(”)w>(X17,..,Xj_l,Ei,XjH,...,Xk), (2.2.10)

i=1 j=1
where (R(E;, Xj))(l) € L(A'T*Q) is canonically identified with R(E;, X;) via
1
((R(E:, X,)Vw) (X) = w( R(E;, X;)X)

and
(R(E“X]))(p) _ <(R(E“X]))(1)>(p)’

where for any A € L(AYT*Q), (A)®) is the element of L(APT*(Q) satisfying the
following relation on decomposable p-forms:

(AP (W A Awy) = Zwﬂ\“'/\sz'/\'”/\Wp- (2.2.11)

We end up this part by recalling the definition of the second fundamental form
of 002 C Q and of related concepts. The second fundamental form Ky of 9 C Q is
the bilinear mapping defined by

R oyy s (Wov)t = (VoY it

(2.2.12)

It is symmetric and the value of Ko(U, V)|, at o € 9N only depends on the values
of the tangential fields U, and V, at that point. The shape operator of 02 C € is
the bundle endomorphism K; € L(T012) defined by

It is then completely determined by Ky since it satisfies
V(U V) € TOQxToQ, (Ky(U),V)yn = Ke(U, V).

The mean curvature of 02 C () is defined as the trace of the bilinear mapping
(U, V) — (Ko(U, V), i) or equivalently as the trace of the shape operator K;. We re-

call lastly that with our choice of orientation for 7, 2 is locally convex iff (Ka(,-), 77)
is nonpositive.

2.3 Witten and weighted Laplacians

We recall from Section that for a (real) smooth function f, the distorted
differential operators dy : D'(Q2) — D'(Q2) and d} : D'(Q2) — D'(2) are defined by

dy = eTde’ and dy = el dr e,
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and that the Witten Laplacian Ay : D'(Q2) — D’'(2) is then defined by
Ay = d?df + dfd; = (df + d;)z.

According moreover to Section m, the Dirichlet and Neumann realizations A'}
and A% of the Witten Laplacian, whose domains are respectively defined by

D(AY) = {we AH*(Q), tw=0 and tdjw=0 on 00} (2.3.1)

and
D(A?) = {we AH*(Q), nw=0 and ndjw=0 on 00}, (2.3.2)
are self-adjoint and nonnegative on (the flat space) AL*(2). Here, for w € AH(Q),
tw = iz(@ Aw) € H2(0Q,AT*Qpq) and nw = i’ A (izw) € H2 (99, AT*Qsq)

denote respectively the tangential and normal components of the differential form
w (see Section for more details).

Furthermore, for b € {t,n}, the quadratic form associated with AR, that we will
denote by D]'?, has for domain

AHL(Q) == {we APH'(Q), bw=0 on 09} (2.3.3)
and we have, for every w € APHL(Q) (again, see Section for more details),

DY (w) = DPP(w,w) = (dgw, dgw)rrer 2 + (djw, djw) g7z - (2.34)

Let us also recall from Section that the Witten Laplacian Ay is unitarily
equivalent to the weighted (or Bakry-Emery) Laplacian

Ly = Axq+ Lyy, where V :=2f,

acting on the weighted space AL?*(2,e~Vdu) according to the relation (1.3.7)) that
we recall here:
Ly = e/ Aje™’ where V :=2f. (2.3.5)

We denote moreover by LY, and L} the nonnegative self-adjoint unbounded operators
on AL*(Q,e”Vdpu) associated with A% and A% via (2.3.5). For b € {n,t}, the
domain of LP is easily deduced from the one of AP thanks to the relation ([2.3.5).
Note moreover that according to (2.3.3) and (2.3.5)), the domain of the quadratic
form associated with LP is simply the weighted Sobolev space

AHL(Q e Vdp) = {we AH (Q,e7Vdp), bw=0 on 00}, (2.3.6)

which is actually nothing but A? H}(Q) (algebraically and topologically) since © is
compact.

Coming back to the Witten Laplacian, we have the following formula (see (1.1.4])):

Vp e {0,....d}, AP = AP + |Vf]® + 2HessPf + Ay f. (2.3.7)
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This relation is not very common in the literature dealing with semiclassical Witten
Laplacians — i.e. where one studies h?A; at the limit A~ — 07 — which motivated

the work [Lepl7], at least when 2 is not flat. We refer for example to [Jam12]
or to [Lepl7] for a proof. Let us incidentally specify the sense of (2.3.7). There,
Hess¥f = 0 and HessYf is the element of L(A'T*Q) canonically identified with
Hess f (see the lines below for more details). More precisely, we have for any

w and 7 in 77,
<Hess(1)fw,77)A1 — Hessf (w,n) = Hessf (W', %),

and Hess®f is the bundle symmetric endomorphism of APT*Q) defined by

HessPf .= (Hess(l)f) ®) (see (2.2.11)) for the meaning of (A)®).  (2.3.8)

2.4 Results in the case with boundary

2.4.1 An integration by parts formula

We consider here f a smooth (real) function, V' := 2f, and the probability
measure v associated with V' defined by

eV e_2f
dv == ———dp = ————du.
Jo eV du le712.

We denote, for any p € {0,...,d}, by APL*(Q,dv), AP H'(Q,dv), (-,-)arr2(a) and
| - ||apL2(aw) the associated Lebesgue and Sobolev spaces, L? scalar product and L?
norm. For b € {n,t}, we also denote by APH} (€, dv) the subspace of A? H(£2, dv)
made of the differential forms w such that bw = 0 on 9f2. Note in particular that,
for b € {n,t}, APH}(Q,dv) is simply the space APH (2, e™Vdp) defined in (2.3.6).

In_addition to the material of Riemannian geometry already recalled in Sec-
tion , the following statements involve a smooth bundle endormophism IC,(DP ) €
L(APT*Q|sq), where b € {n,t}, determined by the second fundamental form Ky of
0Q C Q2 defined in (2.2.12)):

1. For any p € {0,...,d}, K e L(APT*Q|sq) vanishes on 0-forms and:
i) for any w € A'T*Q, KPw is tangential and
(KPw)(XT + 2ti) = —w(Ki(XT)) = w(Vxr i), (2.4.1)

where KC; is the shape operator defined in (2.2.13)),
ii) for any p € {1,...,n} and w € APT*Q, Ky’w is tangential and for any

X[, X eToqQ,

(KPw)(XT,.... XD = (KPw)(XxT,...,X]), (2.4.2)

n

where the notation (A)® has been defined in (2.2.11]).

2. For any p € {0,...,d}, IC,EP) € L(APT*Q|sq) vanishes on 0-forms and:
i) for any w € A'T*Q, KMw is normal and

(KPw)(XT + 2t7) = —at Tr (Ky) w(7), (2.4.3)
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ii) for any p € {1,...,n} and w € APT*Q), IC,Ep)w is normal and for any local
orthonormal frame (Ey,...,E,) on U C Q such that E,|apq = 7 (with
UNoQ+#0)and X[, ..., X] € TOQ, we have on U N O

S ((ICQ(Ei,-))(p)w>(EZ-,Xf,...,X;;F_l), (2.4.4)

i=1

Note that the point 2.ii) is nothing but the statement of 2.i) when p = 1.

The different Brascamp-Lieb’s type inequalities stated in |[Lepl7| arise from the
following integration by parts formulas relating the quadratic forms D;’(p ) and D}l’(p )

(see (2.3.4)) with the geometry of €.

Theorem 2.4.1. Let w € APH} with b € {n,t} and p € {0,...,d}. It holds

D?(p) (W) = HefWH?{l(ef?fdu) + ((Ric(p) +2 Hess(P)f) W, W) 2

+ / (KPw, w)ar dpgn — 2 14(b) / (W, w)ar Onf dpog, (2.4.5)
N oN

where Ric®, Hessf, and ICED) have been respectively defined in (2.2.10)), (2.3.8]),
and (2.4.1)—(2.4.4), 1¢(b) =1 if b =1t and 0 if not, and

D Wneorgy = 1 Brsemragy — - 1Bae-ra -

When f = 0, we recover Theorems 2.1.5 and 2.1.7 of [Sch95] which were gen-
eralizing results in the boundaryless case due to Bochner for p = 1 and to Gallot
and Meyer for general p’s (see |Bocd8,|GM75]). These results allow in particular
to draw topological conclusions on the cohomology of 2 from its geometry. When
the boundary 02 is not empty, the relative and absolute cohomologies of Q (cor-
responding respectively to the Dirichlet and Neumann boundary conditions) have
to be considered (see [Sch95, Section 2.6]). To be more precise, note from Theo-
rem that for any p € {0,...,d}, the (everywhere) positivity of the quadratic
form Ric® 42 HessP)f together with the nonnegativity of kP (resp. of IC,Ep )9 onf)
implies the lower bounds (in the sense of quadratic forms)

A?’(p) > Ric® +2Hess”f > 0 (be {t,n})
for the Witten Laplacian and hence the triviality of its kernel which is isomorphic to

the p-th absolute (resp. relative) cohomology group of Q (see indeed Section m
in this connection).
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2.4.2 Consequences: Brascamp-Lieb’s type inequalities

Playing with the supersymmetry, we easily get from Theorem the following

Brascamp-Lieb’s type inequalities for differential forms, where for any b € {n,t}

and p € {0,...,d}, m, = 7T£)p) denotes the orthogonal projection on Ker (L‘b/’(p)).

Theorem 2.4.2 (Brascamp-Lieb’s inequalities for differential forms).

1. Let p € {0,...,d} and let us assume that IC%D) > 0 everywhere on 02 and that

Ricgf) .= Ric® + HessP'V > 0 everywhere on Q (in the sense of quadratic
forms). It then holds:
i) if p > 0, we have for every w € AP~ H}(Q, dv) such that d;w = 0:

llw — anHiQ(dV) < / <(Ric$))*1dw, dw>Ap dv ,
Q

i) if p < n, we have for every w € APT'HL(Q, dv) such that dw = 0:
. -1 5 *
||lw — 7an||ig(dy) < /ﬂ<(Rlc$§’)) dyw, de>Ap dv .
2. Assume similarly that IC,(tp) — 0,V > 0 everywhere on 0N and that Ricg) >0

everywhere on ). It then holds:
i) if p > 0, we have for every w € AP"*H(Q, dv) such that dj;w = 0:

|w — 7thu||iz(d,/) < /<(Ric8’))1dw, dw>Ap dv,
Q

i) if p <mn, we have for every w € APTYHI(Q, dv) such that dw = 0:

o = ml 2y < /<(Ricgg>)—1d;W, dyw),, dv.
Q

In the case p = 1, the points 1.i) and 2.i) of Theorem take a simpler form.
Every w € A°H'(Q, dv) satisfies indeed d},w = 0. Moreover, we have simply

A’HL(Q,dv) = H'(Q,dv) and Ker (L) = Span{1}
as well as (when 0f2 is not empty)
ACHNQ, dv) = HY(Q,dv) and  Ker (L5?) = {0}.
Defining the mean of u € L*(Q,dv) by (u), := (u,1)12(4), we then immediately

get from Theorem (together with (2.4.1)) and (2.4.3])) the following (where Ky
denotes the shape operator defined in 02.2.13: E

Corollary 2.4.3. i) Assume that the shape operator K is nonpositive every-
where on 0N and that Ric + Hess V' > 0 everywhere on ). It then holds: for
every w € H(Q,dv),

|lw — <W>u”i2(du) < /Q(Ric + Hess V)_I(Vw,Vw) dv . (2.4.6)
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ii) Assume similarly that —Tr (ICy) — 0,V > 0 everywhere on 052 and that Ric+
Hess V' > 0 everywhere on Q. It then holds: for every w € Hg(Q,dv),

||W||ig(dy) < /Q(Ric—l—HessV)_l(Vw,Vw) dv . (2.4.7)

When Q\ 0 appears to be a smooth open subset of R?, Ric and Ric® vanish and
the latter corollary as well as Theorem [2.4.2] then write in a simpler way just relying
on a control from below of Hess V or Hess®V instead of Ricg) = Ric® + Hess®V.
One recovers in particular the usual Brascamp-Lieb’s inequality when Q = R?: even
if (2 has been assumed compact here, we recover the estimate (2.1.1) for a prob-
ability measure dv on R? using the first point of Corollary he family of
measures (W(lvb(o,m)]\[@l and letting N — 400 since B(0, N) is convex; see
also [Joh00)].

The above results can be useful for semiclassical problems involving the low spec-
trum of semiclassical Witten Laplacians (or equivalently of semiclassical weighted
Laplacians) in large dimension, such as problems dealing with correlation asymp-
totics, under some suitable (and uniform in the dimension) estimates on the eigen-
values of Hess V' (and then of Hess”) V) on some parts of Q. We refer for example
to [HS94, BJS00, BM03, BM04] or to our work [DL17] (see Section concerning
the latter article) for some works exploiting this kind of estimates. Let us recall
that we consider in this setting, for a small parameter h > 0, f and V instead of f

and V', and hZA(fp instead of AP j for the usual semiclassical Schrodlnger operator
n

form. Note then from Ric(‘}f) = h ' (hRic® + Hess®”V) that the curvature effects

due to Ric® become neghglble at the semiclassical limit h — 0T under the condition
Hess®V > 0 everywhere on . To apply Theorem [2.4.2 - 2| for any small A > 0 in the
Neumann case under this condition then only requires the additional A-independent
condition KL > 0 everywhere on 0f). In the Dirichlet case, the required additional
condition becomes h K" ) — 0,V > 0, which requires in particular 9,V < 0 every-
where on 092. The point ii) of Corollary is thus irrelevant in this case.

Let us lastly underline that to prove Theorem (and then Corollary [2.4.3)),

we only use the supersymmetric structure and the relation
A?’(p) > Ric® + 2Hess® f >0

implied by Theorem [2.4.1] together with the hypotheses of Theorem [2.4.2] However,
a control from below of the restriction Ab P) |Ran ¢, for the points 1.i) and 2.i) (resp.

of Ay B.lp )|Ran a; for the points 1.ii) and 2.11)) would actually be sufficient as it can be
understood by looking for example at the relation ([2.1.2]).

The specific form of the nonnegative first term in the r.h.s. of the integration
by parts formula stated in Theorem is moreover not used, i.e. only its
nonnegativity comes mto play. When p = 1, we can easily slightly improve Corol-
lary by taking advantage of this nonnegative term which allows to compare
Ab (1 |Ran d, (or equivalently Ly b.() |Ran ¢) With the so-called N-dimensional Bakry-

Emery tensor

Ricyny := Ric + Hess (2.4.8)
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where N € (—o0,+00| and, when N = n, Ricy,, is defined iff V' is constant. The
hypotheses of Corollary require in particular the (everywhere) positivity of
Ricy 400 and we have more generally the

Corollary 2.4.4. In the following, we assume that N € (—o0, 0] U [n, +00].

i) Assume that ICy < 0 everywhere on OS2 and that Ricyn > 0 everywhere on
Q. It then holds: for every w € HY(Q, dv),

N -1 ) _
o = (Dlisa < 5 [ (Riev) ™ (Ve V)

ii) Assume similarly that —Tr (K1) — 0,V > 0 everywhere on OS2 (here assumed
non empty) and that Ricy,y > 0 on Q. It then holds: for everyw € Hy(Q, dv),

N -1 ) _
H(")Hi?(d,,) S T/Q(RICVJV) 1(Vw,Vw) dv .

Note that % appears here as a natural parameter and that N € (—oo, 0]U[n, +-00]
1

is equivalent to + € [—oo, 1] with the convention § = —oo. When N = 1, that is
n =N =1 and V is constant, the statement is empty since in that case Ricy ny = 0.
This statement does moreover not say anything when N = 0 since in this case
Al = 400 (and Vw = 0 iff w is constant).

To the best of our knowledge, the statement of Corollary [2.4.4] has, apart from
our work [Lep17], only been obtained at this level of generality in the slightly earlier
article [KM17] of Kolesnikov-Milman, and it corresponds to the cases (1) and (2)
of Theorem 1.2 in their work. The authors derive these formulas from the so-called
generalized Reilly formula stated in Theorem 1.1 there, which somehow generalizes,
in the weighted space setting, the statement given by Theorem [2.4.1 when p = 1
and w has the form d7, to arbitrary w = d¢n which are not assumed tangential nor
normal. The statement of Corollary unifies and generalizes different inequali-
ties obtained in the weighted and non-weighted (i.e when V' = 0) setting, when 0f2
is empty or not. We are more specific just below.

Apart from |[KM17], the first item of Corollary seems in particular new
when 09 # () and the space is not Euclidean, even when N = +o0c in which case it
boils down to the first item of Corollary [2.4.3] It moreover generalizes inequalities
obtained in the Euclidean setting when N < 0 in [BL09,[Ngul4]. Besides, the second
item of Corollary seems completely new.

When applied to get informations on the second eigenvalue of L;’(O) (remember

that Ker (L") = Span{1}) or on the first eigenvalue of L%” (when 0Q # 0),
Corollary [2.4.4] leads to the following: assume that Ricyy > kg, £ > 0, and that
either the hypotheses of the first item of Corollary hold, in which case we
denote by A the second eigenvalue of Lg’(o), or that the hypotheses of the second
item of Corollary hold, in which case we denote by A the first eigenvalue of
L:}(O). It then holds
A > N K.

- N-1

This generalizes different Lichnerowicz type estimates obtained in the non-weighted
setting (i.e. when V' =0 and N = n) by Lichnerowicz in |Lic58] when 9Q = () and
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in [Esc90,Xia91}[Rei77] when 9Q # 0[] in the weighted setting in [MD10,[LW15]
when N € [n,4o00] and in [Oht16] when N < 0 and 99 = .

We refer in particular to [KM17], where the optimality of theses inequalities is
also proven when N € (—oo, —1] U [n, +0o0], for more details and references concern-
ing these estimates and concerning the /N-dimensional Bakry—Emery tensor (12.4.8
and its connections with the Bakry-Emery operators I' and ', (see (|1.3.8]) and (1.3.9
in Section [1.3.1] and also [BGL14]).

Note lastly that for N > n, Corollary does not provide any improvement
in comparison with Corollary in the semiclassical setting, that is when V' is

replaced by % where h — 07, because of the term ——~—— dV ® dV involved in

(N—n) h?
Ricy (see indeed ([2.4.8)).

1. In this case, it thus means a lower bound on the second (or first) eigenvalue of the Hodge
Laplacian, with Neumann (or Dirichlet) boundary conditions when 99 # ().
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Chapter 3

Low spectrum of the Witten
Laplacian

In Sections to of this chapter, we give an overview of the known results —
and some elements of proof — on the precise study of the low spectrum of the Witten
Laplacian ASS;L acting on functions in the case of a Morse type potential f. We refer
to the work [DLLN19b][T] for our results obtained in this context.

We also present in these sections the main results of our work [LNV13|, and
of [Lepll] in the two-dimensional case, concerning the case of the low spectrum of

the Witten Laplacian Agfj })l acting on p-forms. The major differences with the study

of A;?,)l are presented as well.

Then, in Section [3.4) we present the main results of our work [DL17] dealing
with the low spectrum of Ag?}t in large dimension when f is an explicit double-
well potential naturally associated with the stochastically perturbed one-dimensional

Allen-Cahn equation (see ((3.4.2)).

3.1 Lanscape of the sublevel sets of a Morse func-
tion

In this section, we will assume unless otherwise stated that f : Q@ — R? is a
smooth Morse function, where ) is either R? or a smooth compact and connected
d-dimensional Riemannian manifold without boundary. In the case = R?, we will
moreover assume that f(x) — +o0o when |z| — +oo and that f has a finite number
of critical points.

We then denote, for p € {0,...,d}, the set of critical points with index p of f
by L{((zp ) (see (1.2.19))) and we define m, := Card Z/{ép ). According to the introductory

chapter, we know that A;’j ,)1 has, for some ¢ > 0 small enough and for every h > 0
small enough, exactly m,, eigenvalues counted with multiplicity in the interval [0, chl,
these eigenvalues being moreover bounded by e_%.

To precisely estimate these small eigenvalues, we first need to understand the
energetic barriers in play that will in fine give the Arrhenius rates of these eigen-

1. This work corresponds to the first part of the preprint [DLLN19a].
2. In the case © = R?, we also assume that for some constant C"> 0, [V f| > & and [Hess f| <

C |V f|? outside some compact set K, which ensures that the essential spectrum of Agcp ,)7 is bounded

from below by some positive constant.
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values, i.e. the limj_,o+ —hlIn )\%’s for j € {1,...,m,} (see (1.2.6)), (1.2.7) and the
discussion in between in Section |1.2.2)).

In the case of functions, i.e. when p = 0, the analysis of these activation energies
has motivated various mathematical studies within the probabilistic approach and
simulated annealing techniques in the 80’s. These quantities were first understood in
this setting and under weaker hypotheses on the function f, neither assumed to be
Morse nor C*, and we refer in particular to [FW12 [HKS89,Mic95] in this direction.
Let us note, however, that under these weak hypotheses, we are generally not able
to compute the prefactors, that is precisely what we are interested in here.

Moreover, as it will be made more precise below in the case of a smooth Morse
potential f, understanding these activation energies in the case p = 0 actually
amounts to studying how the number of connected components of the sublevel set
{f < A} evolves when A crosses a critical value. In what follows, when f is a Morse
potential, this study will lead to the construction of an injective map (defined in

Section |3.1.2))

iU\ Ay = PUS) NUeer{f = C},

where my is some arbitrary global minimum of f in {2 and P(L{él)) = {w,w C
L{g)}, such that the Arrhenius rates of the small eigenvalues of A% are precisely
given by the 2(f(j(m)) — f(m))’s for m € US()O) \ {m1} and 400 (corresponding to
the eigenvalue 0). Let us also mention that, generically, the map j actually sends
L{g(zo) \ {m1} into L{S) and we refer in this connection to and the discussion
around in Section [1.3.2]

In the case of general p-forms considered in [Lep11,LNV13], such a simple picture
is no more relevant as it already appears in the case of surfaces treated in |[Lepl1].
Understanding the Arrhenius rates in this case requires, as we shall see in Sec-
tion the introduction of more sophisticated topological constructions.

3.1.1 Separating saddle points

The concept of separating saddle point enables to precisely understand the ener-
getic barriers in play in the case of O-forms. These barriers depend on the energies
of the local minima of the Morse function f (in same number as the eigenvalues
searched for!) and of some threshold energies to be crossed to reach, starting from
one of these minima, a minimum of lower energy.

This notion already implicitly appeared in the article [HKNO4] but it was only
clearly defined in the work [HHS11] dealing with the more general Kramers-Fokker-
Planck operators. Before defining a separating saddle point for a Morse function,
we recall the following property:

Proposition 3.1.1. Let z € Q and f : 2 — R be a Morse function. Then, for every
r > 0 small enough, B(z,r)N{f < f(2)} has at least two connected components (in

Q) if and only if z € L{S(zl), in which case B(z,r) N{f < f(2)} has two connected
components.

In other words, when A\ decreases, the number of connected components of the
sublevel set {f < A} can only increase when A crosses a critical value of f belonging

to f (Z/Ig)). A separating saddle point is then defined as follows:
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Definition 3.1.2. i) A saddle point z € Mél) 15 said to be a separating saddle
point if the two connected components of B(z,r) N{f < f(2)} (where r >0
is as in the previous proposition) are contained in (two) different connected
components of {f < f(z)}. We denote by SSP the set made of these points.

ii) We call critical component of Q any connected component of {f < f(2)},
where z € ), whose boundary meets SSP. Such a component is thus necessarily
a connected component of {f < f(2)} for some z € SSP.

3.1.2 Association between local minima and separating sad-
dle points

We will omit details when associating local minima and separating saddle points
below, but the following proposition (cf. [DLLN19b| Proposition 18]) will be useful
to well understand the reasoning.

Proposition 3.1.3. Let A € R and C be a connected component of {f < A}. Then,
CNSSP#0 iff Card(CNUY)>2.

Let us also define

o = max f
CNSSP

with the convention o := mine [ when C N SSP = (. It then holds:
i) For every u € (o, )], the set CN{f < u} is a connected component of {f < p}.

i) If CN SSP # (), then C muéo) C {f < o} and all the connected components of
CNnA{f <a} are critical.

We now assume that mg > 2f] so that SSP# () by the preceding proposition,
and we note f(SSP) = {o9,...,0n}, where N > 2 and 09 > --- > oy. Let Ny :=1,
my, be a global minimum of f (arbitrarily chosen if there are more than one), and
Ey 1 := ). We now proceed in the following way:

1. Let us denote, for some Ny > 1, by Es;, ..., Es N, the connected components
of {f < o2} which do not contain ms ;. They are all critical by the preceding
proposition and we associate to each E, ;, where j € {1,..., Ny}, some global
minimum my; of f|g,, (arbitrarily chosen if there are more than one).

2. Let us then consider, for some N3 > 1, the connected components Es 1, ..., Fs3 n,
of {f < o3} which do not contain the local minima of f previously labelled.
These components are also critical and included in the Ey; N {f < o3}’s,
j€{1,..., Na}, such that Ey; N {f = 03} NSSP # 0 (and 03 = maxg, ,nssp f
for such a j). We then again associate to each Ejs;, j € {1,..., N3}, some
global minimum ms; of fg, .

3. We continue this process until having considered the connected components
of {f < on} after which all the local minima of f have been labelled (see

Figure [3.1] below).

3. When mg = 1, the analysis of the exponentially small eigenvalues of A;O,)L is trivial : 0 is the

only exponentially small eigenvalue, it has multiplicity one, and Ker Ag‘?;l = Span{e_%}.
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Next, we define two mappings j : Usgo) — P(§2) and j : u§(20) — P(SSP) by
Vie {l,...,N}, Vje{l,....,N;}, j(mi,) = E; (3.1.1)
and

Vi € {1,...,N}, Vi € {1,...,Ni}, J(ml’]) = 8EZ’]QSSP (312)

It then holds in particular j(ml,l) =Q, j(my1) =0, and

Vi € {2,...,N}, Vi € {1,...,N¢}, 0 7é j(mi,j) - {fZO'Z}

Figure 3.1 — An example of the preceding association when €2 = R and f admits
four local minima. On this example, f(mi1) < f(me1) = f(ms1) = f(msa),
jimaq) = {22}, j(ms1) = {231,232}, and j(ms2) = {232}. Note that in this example,
other choices of construction of the maps j and j are possible since arg ming,  f =
{m271, msn, mg,z}-

3.1.3 The case with boundary

In the case of a compact and connected manifold €2 with boundary 052, we can
generalize this construction. Let us however keep in mind that we want in fine to
obtain precise estimates on the first eigenvalues of the Witten Laplacian and that
the construction in the case with boundary has therefore to be adapted according
to the corresponding homology: absolute homology in the case of Neumann type
conditions and relative homology in the case of Dirichlet type conditions (see Sec-
tion for more details in this connection).

We are more precise below and we will assume, to bring us back to the works
already mentioned in this context |[HNO6|Lep10,[DLLN19b, LN19a] that

f:Q—Rand flsg are Morse functions and Vf # 0 on 0.
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Neumann type boundary conditions

In this case, we proceed exactly as in the preceding part after having respectively
replaced, for p € {0,1}, Z/{ép) and m, = Card L{S(zp) by

Uy = uP ouli”  and m) = Card U™ |
where we recall that (see (1.2.20))
uéf;(”) = {critical points z with index p of flsq s.t. 9,f(z) < 0}. (3.1.3)

According to the terminology of [HNOG,Lep10|, the elements of Z/{g M) are called
generalized saddle points of f in the Neumann setting (corresponding to absolute
homology). Note indeed that the following property is well satisfied (see Proposi-
tion [3.1.1)): for every z € Q and every r > 0 small enough, B(z,7) N {f < f(z)} has
at least two connected components (in ) if and only if z € Ug ’(1), in which case
B(z,7)N{f < f(2)} has two connected components.

We then define the separating saddle points in Q, and then the mappings j and
j, as previously.

Dirichlet type boundary conditions
In this case, we define, for p € {0,1},

UP® = yP UUPP and mP = CardyP® (3.1.4)

P
where we recall that (see ((1.2.21)))

Ué?]’(p) = {critical points z with index p — 1 of f|sq s.t. O,f(z) > 0}. (3.1.5)

According to the terminology of [HNO0G,Lep10], the elements of L{éj M are now
called generalized saddle points of f in the Dirichlet setting. Here, we have to
be more careful than in the Neumann case because the corresponding homology is
the relative homology, for which 0f) is somehow assumed to be a point. This is
also consistent with the physical interpretation consisting in extending the potential
function f by —oo outside (2. Let us make this clearer with the following definition.

Definition 3.1.4. Let w be a nonempty set, disjoint from €2. We define the topo-
logical space X = QU w whose topology is the topology generated by the elements

of
{wUO; O open in Q meeting 00} U{O; O open in the interior of Q} .

With this topology, one can easily check that w is connected and that dw = 0f2.
Let us moreover extend f to X by setting f|, = —oo and let us define, for z € Q
and r > 0, Bx(z,r) = B(x,r) if B(x,r)N9Q =0 and Bx(z,r) = B(z,r) Uw else.

It then well holds (compare with Proposition [3.1.1)): for every z € Q and every
r > 0 small enough, B(z,7) N {f < f(z)} has at least two connected components
in X if and only if z € Z/{é)’(l), in which case B(z,r) N {f < f(2)} has precisely two
connected components.

Another way to understand that the elements of Z/{{%(l) geometrically play the

role of saddle points in this setting is the following: when z € Ué)d(l) C 0f) = 0w, z
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is a local minimum of f|sq and a local maximum of f|p,, where D; is the “straight
line” passing through 2z and orthogonal to 02 at z.

Next, we define the separating saddle points of {2 as the elements z of Z/{é) ‘M guch
that the two connected components of B(z,7) N {f < f(z)} are included in (two)
different connected components of {f < f(2)} in X. In this case, at least one of
these components is included in Q \ 0.

We can then define the mappings j and j roughly the same way as previously.
We have nevertheless to “separate” the elements of ng (0 — U(()O), that is the local
minima of f in the interior €2, from the boundary. Let us explain this fact ; it is
then easy to define the mappings j and j.

We first note, with our new definition of SSP, f(SSP) = {o1,...,0n}, where
N > 1 (this is the case as soon as L{((ZO) # () and o1 > -+ > oy, and we proceed as
follows:

1. We denote, for some Ny > 1, by Ei1,..., E N, the connected components of
{f < 01} included in Q \ 09 (they are all critical) and we associate to each
E)y; an arbitrary global minimum m; ; of f|g, ;.

2. We then consider, for some Ny > 1, the connected components Es 1, ..., Es n,
of {f < o3} included in Q \ 9Q which do not contain the local minima
previously labelled (they are critical). Then, we associate to each E,; some
global minimum my; of fg, .

3. We continue this process until having considered the connected components of
{f < on} after which all the local minima of f have been labelled.

We refer to [DLLN19b| Section 2] for more details on this topic.

3.1.4 A finer analysis of the landscape of the sublevel sets

We assume in this part that €2 is a smooth compact and connected d-dimensional
Riemannian manifold without boundary and that f is a smooth Morse function
whose critical points have distinct critical values.

Under these assumptions, note that the injective map j constructed in Sec-

tion [3.1.2] (see (3.1.2)) has actually the form
joud\Ami} - uly

and satisfies j(uéo) \{m,}) =SSP C Z/{g(ll) (according to Proposition. Moreover,
as we shall see below in Section [3.2.1], the Arrhenius rates of the small eigenvalues
of Agc(’)})b are given by the 2(f(j(m)) — f(m))’s, where m € Z/Ig(zo) \ {m1}, and +oo,
corresponding to the eigenvalue 0, of multiplicity by(£2) =1 (see (|1.2.3)).

Let us now look at the evolution of the number of connected components of
{f < A}, ie. of the 0-th Betti number bo({f < A}) (for the absolute homol-
,,,,, . From the above, the function
A= bo({f < A}) is a step function such that bo({f < A}) = bo(Q2) =1 for every A

large enough, with values in N, which only increases, by 1, when A crosses a critical

4. This domain of definition ensures that {f < A} is a manifold with (possibly empty) boundary
{f=A}
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value in f (L{éo)), and which only decreases, by 1, when X crosses a critical value in
f(SSP) C f (L{S(zl)). More precisely, following the terminology of the survey [EHOS]
on persistent homology, for each m € L[S(ZO), a new 0-th homology class is born when
A crosses the value f(m), and, when m # m;, this 0-th homology class dies when A
crosses the value f(j(m)). This value is indeed the minimal value A such that the
connected component of {f < A} containing m # m; contains at least one local
minimum of f lower in energy than m, and then such that m is in the same con-
nected component — i.e. in the same 0-th homology class — as some local minimum
lower in energy and then associated to a prior O-th homology class.

With in mind the close relation between the low spectrum of Ay and the singular
homology of €2 given by the Morse inequalities (see Theorem , let us try to
adapt the preceding point of view to some general p € {0,...,d}. From Morse theory
(see in particular |[Mil63]), there are two mutually exclusive possibilities for how

homology might change when A crosses a critical value in f (us({’ )): either b,({f < A})
increases by 1 and bi({f < A}) does not change for k # p, or b,_1({f < A})
decreases by 1 and by({f < A}) does not change for k& # p — 1. Following the
terminology adopted in our work [LNV13|, whose topological part was inspired by

Barannikov’s presentation of Morse theory in |[Bar94], we call the elements z € Ug()p )
such that the second possibility occurs, i.e. such that b,_1({f < A}) decreases by 1

when \ crosses f(z), the upper critical values of f with index p. We denote by Z/l[(f )
the set made of these z’s and by

-----

the sets made of all the upper critical points of f. Note that U[(JO) = () (since

b_1({f < A}) = 0 for every \) and that in the case p = 1, the set U[(Jl) is precisely
the set SSP defined in Definition 3.1.21

We moreover say that an element z € Z/lg(lp ) is a lower critical point of f with
index p when b,({f < A}) increases by 1 when A crosses f(z), that is when some
new p-th homology class is born when A crosses the value f(z), and when this p-th

homology class eventually dies. We denote by Z/{I(Jp ) the set made of these 2’s and by

Note that when p = 0, Z/IISO) equals U((ZO) \ {m}.
The (possibly) remaining critical points with order p are called homological crit-
ical points and we note M}(Ip ) the set made of these points, as well as

Ug = Upeqo,..., d}ul({p) C Uq.

Note that when p = 0, it holds Card (L{I({O)) =1 = by(f2) and it actually holds more
generally:

Vp e {0,...,d}, Card(UP) = by(Q).

This property follows from the observation that Card (L{I({p)) is precisely the number
of p-th homology classes born which do not die when A — +oc.
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Lastly, let us define, for any z € Mép ),
A(z) = inf{X € (f(2), +o0)\f(Ua), the homology class born at f(z) died at f(A)}.
One then clearly has A\(z) > f(z) and one can show that there exists some (neces-
sarily unique) 2’ € Z/{[(jpﬂ) such that f(z') = A(z). One then defines jp : Uy, — Uy
by[]
Vp e{0,....d}, Vz eU? | jp(z) = {f =)} nur™, (3.1.6)

where, with a slight abuse of notation, we identify jg(z) with the singleton {f =
A(z)} N Z/{((IPH). The map jp : Uy, — Uy is moreover bijective and, as we shall see

in Section [3.2.2, the Arrhenius rates of the small eigenvalues of AS}? ,)1 counted with
multiplicity are given by +o00, corresponding to the eigenvalue 0, with multiplicity

b,(2) (see (1.2.3))), and by the

2(f(jp(2))—f(2))’s, where z € U, and the 2(f(2)—f(i5'(2)))’s, where = € UP .

Note in passing that according to the supersymmetric structure of the Witten Lapla-
cian exhibited in (1.2.5), proving this fact actually amounts to proving that the
Arrhenius rates of the non zero small eigenvalues of Ay |ker d, counted with mul-
tiplicity are precisely given by the f(jg(2)) — f(z)’s, where z € Uy,.

We refer to [LNV13, Section 2| for details on the above discussion. Let us also
stress here that in the context of persistent homology, the pairs (f(z), +00)’s, where
z € Uy, and (f(z), f(js(z))’s, where z € U, give the persistent diagram of f on
the manifold €2, which thus consists in the knowledge of the Arrhenius rates of the
small eigenvalues of Ay;,. We refer in particular to the survey article [EHO08] and
references therein on the subject of persistent homology.

3.2 Sharp bounds on the small eigenvalues and
prefactors

3.2.1 The case of the Witten Laplacian acting on functions

Let us now state some results that can be obtained once the construction of
Sections [3.1.2] and [3.1.3] is done. Some elements of proof, and especially the con-
struction of adapted quasimodes, will be given in the following section. We will also
try to gather the results obtained in the case without boundary and in the case with
boundary, whether Neumann or Dirichlet type conditions are considered. We refer
to Section for precise definitions concerning these conditions.

We therefore assume here that  is R? or a smooth compact and connected d-
dimensional Riemannian manifold with possibly empty boundary 992. We assume
moreover that f : Q — R is a smooth Morse function such that, when 9Q # 0,

5. We adopt here the dual convention from the one used in [LNV13] where one actually defined
a boundary operator map dp such that Op|y, : Uy — Ur. The subscript p refers to Barannikov’s
presentation of Morse theory in [Bar94].
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Vf # 0on 09 and f|sq is Morse. Finally, when Q = R?, we also assume that there
exists some constant C' > 0 such that outside some compact set K,

1
IV f]> c and |Hess f| < C|Vf]2,

and that f(zr) — 400 when |z| — —i—ooﬁ. These hypotheses, in the case ) = R,
ensure that the essential spectrum of Agfj ,)l, p € {0,...,d}, is bounded from below by

some positive constant when h > 0 is small enough and that e~# belongs to L*(RY),
i.e. that 0 € Sp (A;O,)l) (see [HKNO4] for more details).

We can then state the following results that we prefer to write in a rather vague
way for more simplicity. They follow from the results of the works [HHS11, Mic19)
generalizing the work [HKNO4] in the case without boundary and from our work
[DLLN19D|[] generalizing in particular the main results of [HNOG] in the case of
Dirichlet type boundary conditions. In the case of Neumann type boundary condi-
tions, the first result also generalizes [Lepl0] and is to our knowledge new at this
level of generality:.

Theorem 3.2.1 (Case without boundary or with Neumann type conditions). Let

Q and f be as previously. We denote by A?{;L(O) the associated self-adjoint realization
of the Witten Laplacian, with Neumann type boundary conditions when 02 # 0 (see
Section . Let us also define m)’ = Card (Ug’(o)) (= Card (US(ZO)) when 9Q =0),
and j the associated mapping defined in the preceding section.

Then, there exists ¢ > 0 such that for every h > 0 small enough, the spectrum of

Ag}fo) satisfies

Sp (AY Y [0,¢h) = Sp (AY) N[0, e ],

and the latter set consists in the eigenvalues Ay =0 < Agp < -+ < /\mé\’,h counted
with multiplicity.
Let us moreover order the local minima m, ..., myy of f so that j(mi) = 0 (my

is thus a global minimum of f) and S : {2,...,m)'} = R k — f(j(mg)) — f(my) is
decreasing. Then, there exists C' > 0 such that for every h > 0 small enough:

_95(k) _2%

1
Vk €{2,...,m)}, Ip, independent of h, Ehp’“e o< A < Chf*e ,

where p only depends from the fact that my belongs to Q or to 9 and that j(my,)
meets OS2 or not.

Let us lastly assume that S(2) > S(3), f(ma) > f(my), and that j(my) Nj(ms) =
0 for every k € {3,....,mY}. It then holds for every h > 0 small enough the
following Eyring-Kramers type formula:

hap = AghP e (14 O(h3)),

where As is an explicit constant only depending on the partial derivatives de f (of
order < 2) on j(ms) and on argmin, , f. Moreover, the term O(h?) admits a full

6. One can show that when |V f| > % outside a compact set, the a priori weaker assumption
f > M for some M € R implies that f(z) — +o0o0 when |z| = +o0

7. See also our more recent work [LN19b] which generalizes the results of [HNOGLDLLN19b| to
the case where f admits critical points on 0f2.



58 CHAPTER 3. LOW SPECTRUM OF THE WITTEN LAPLACIAN

asymptotic expansion in he which, when j(my) C 9Q or j(ms) C Q, is a O(h) with
a full asymptotic expansion in h.

Theorem 3.2.2 (Case with Dirichlet type conditions). Let Q) and f be as previously,

and assume that 9 # (). We denote by A?}fo) the associated self-adjoint realization

of the Witten Laplacian with Dirichlet type boundary conditions (see Section .

We also define my = Card (L{S()O)) = Card (Ug’(o)) and j the associated mapping

defined in the previous section (in the case of Dirichlet type boundary conditions).
Then, there exists ¢ > 0 such that the spectrum of A?;Z(O) satisfies

Sp (AP N [0,¢h] = Sp (AFO) N fo,e 7],

and the latter set consists in the eigenvalues 0 < Ay p < Agp < -+ 0 < Amy,p coOunted
with multiplicity. Let us moreover order the local minima my, ..., mm, of f so that
S:{l,....mp} = R k> f(j(mg))— f(my) is decreasing. Then, there exists C' > 0
such that for every h > 0 small enough:

,2% S(k)

1
Vk €{1,...,mo}, Ipx independent of h, — hP*e < Men SCOhPEe? 0

C
where py only depends from the fact that j(my) meets O or not.
Let us lastly assume that S(1) > S(2) and that j(my) N j(my) = O for every
ke{2,...,mg} or that j(my) NOQ # 0. It then holds for every h > 0 small enough
the following Eyring-Kramers type formula:

SIS

Ay = A b 6—2¥ (1 +O(h )) 7

where Ay is an explicit constant only depending on the partial derivatives of f (of
order < 2) on j(mi) and on argmins,, , f. Moreover, the term O(h2) admits a
full asymptotic expansion in hz when jimg) Nj(my) =0 for every k € {2,...,myp},
which is actually an expansion in h when j(my) C 92 or j(my) C Q.

The above results can be specified or improved in various situations. Let us
mention in particular the article [Mic19] in the case without boundary where Michel
proves the existence of a full asymptotic expansion of the small eigenvalues of the
Witten Laplacian in the general case. In general, a phenomenon of tunneling effect
appears: the prefactors depend on the values of the derivatives of f in several wells.
It should moreover be possible to adapt the study led in [Mic19] to the cases of Neu-
mann or Dirichlet type boundary conditions considered in [HNO6|[Lep10,DLLN19b].

Let us conclude this section by pointing out that the constants A; and A, of the
previous theorems arise from the Laplace method.

Assume for example, in one of the theorems stated above, that for the i € {1,2}
in question: argming,,\ f = {m;} C Q and j(m;) = {2} C Q. It then precisely
holds

IA(2)|v/det Hess f(m;) b _ys0)
)\i — - h 1 O h 3
" V/|detHess f(z)] 7 ‘ (1+0m)

where A(z) is the negative eigenvalue of Hess f(z). It then corresponds to h times
the formula ((1.3.22) stated in Section once the potential V' there has been
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replaced by 2f ﬁ Moreover, if one only assumes arg ming )/ C Qand jlm;) C Q,
we have to consider barycentric sums depending on the Hess1an matrix of f at the
elements of arg mins,, , f and of j(my).

Similarly, if we assume to be under the hypotheses of Theorem [3.2.2| with for
example j(my) = {z1,...,2n,} C 01, it precisely holds

= a 7 _oSM)
Ay = 2\/7\/detHessf (my) Z \/detHeJ;sZﬂaQ(zZ) e 2% (1+0(h)), (3.2.1)

which leads in particular to the statement of Proposition in Chapter [ (see
also in this connection ((1.3.33]) and (1.3.36)) in Section (1.3.3).

3.2.2 The case of the Witten Laplacian acting on forms

As in Section [3.1.4] we assume in this part that € is a smooth compact and
connected d-dimensional Riemannian manifold without boundary and that f is a
smooth Morse function whose critical points have distinct critical values.

We then recall from Section that the set of critical points of f in € admits
the following partition into upper, lower and homological critical points:

Uo = Uy UU, UUy  where, for A€ {U, L, H}, Uy = Upeqo.. .
The main result of [LNV13] is the following.

Theorem 3.2.3. Let Q and f be as previously. For p € {0,...,d}, we denote by

Afh the self-adjoint realization of the Witten Laplacian, and by jB UL — Uy the

bijective map defined by -
Then, for any p € {0,...,d}, there exists ¢ > 0 such that for every h > 0 small

enough, the spectrum of Agc]j})b satisfies

S (AJ3) N[0 ch] = Sp (AF3) N[0,e7F],

and the latter set consists in my, eigenvalues counted with multiplicity.
For every h > 0 small enough, there exists moreover a bijection j : Z/{((‘lp)
Sp (A;’j })L) N[0, ch|, where the latter set is counted with multiplicity, such that:

1. For every z in U}f), it holds
j(U(p)) —0.

2. For every z in Uép), there exists a homological rational constant k, > 0 such
that, defining 2z’ := jp(2), the following Eyring-Kramers type formula holds:

B[ - A ()] | det Hess f(2)]>
™

12 *QW(
|A1(2) - Ap(2)] | det Hess f(2/)]

1+ O(h)),

wl=| I

i(z) = ke

where, for any critical point s of f with index £, \(s),...,\(s) denote the
negative eigenvalues of Hess f(s).

8. We recall that this multiplicative factor h arises from the relation : A;O),)l
e~ hL( )hem where V = 2f.

9. The asymptotic of A;; is 2h times the one of A\j, in Proposition “ smce the Welghted
Laplacian considered in Chapter [5|is actually L L9 and A 0) 4AEO) =2he ¥ L(O)

h h
I3 5
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3. Finally , for every z in u§}’), there exists a homological rational constant Kk, > 0
such that, defining 2’ == j3'(2), the following Eyring-Kramers type formula
holds:

h |A(2)---A(2)] |detHess f(2')]

h 2N (
TN A (2)] | det Hess f(z2)|

j(z) = & 1+0(h)),

WI=| o)

where, for any critical point s of f with index £, \(s),...,\(s) denote the
negative eigenvalues of Hess f(s).

The corresponding theorem in |[LNV13] is actually stated under the following
additional assumption:

the values f(jgp(z)) — f(2)’s, where z € U, are all distinct .

Note that this assumption precisely means that for any p € {0, ..., d}, the non zero
eigenvalues of A%’ 2L associated with the elements of L{IEP ) have distinct Arrhenius rates,
and then ensures that these non zero eigenvalues are distinct in the limit A — 0.
Nevertheless, this assumption is actually not used in the analysis made in [LNV13].

Let us conclude this part with a few words about the rational constants x,’s,
z € Uy, UUy involved in Theorem [3.2.3] These constants arise from the analysis
of the homology of 2 with real (or with rational) coefficients near the elements of
Uy (see [LNV13| Proposition 2.12]). They are more precisely determined by the
structure of the homology groups of the sublevel sets {f < A}, A € R and do neither
depend on h, nor on the Riemannian metric g and on the Morse function f (as long
as our generic assumptions are fulfilled), contrary to the other factors. This is why
we use the attribute “homological” for these constants.

Note also that by supersymmetry, it is clear that for any z € Uy, it holds k, =
Kjp(z) (see (1.2.5])). Moreover, as shown in [HKNO4[HNO6,Lep10], these homological
constants k., equal 1 when p = 0, and also when p = d by duality. In the case
of surfaces treated in [Lepll], a combination of these results together with simple
duality and chain complex arguments then implies that these constants equal 1 for
any p € {0,1,2}. Nevertheless, contrary to this indication that it could be true in
general, which was moreover our intuition when we wrote [LNV13], it appears from
recent discussions with Claude Viterbo that this actually fails to be true in general
as soon as d > 3.

3.3 Adapted quasimodes to the computation of
the small singular values

We give in this section some elements permitting to understand the reasoning
leading to the statement of the above Theorems to once the mappings

Jj (see Sections [3.1.2) and [3.1.3) and jp (see (3.1.6) in Section [3.1.4)) have been con-

structed.

When trying to compute the small eigenvalues of Ay, the basic strategy is to
construct, for every p € {0,...,d}, good “global” quasimodes for p-forms and coarser
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local quasimodes for (p+ 1)-forms. Thanks to the supersymmetric structure, we will
then be able to reduce the problem to the study of the small singular values of
dfn|Ker a5 whose squares are precisely the eigenvalues we are looking for.

Let us stress here that working simultaneously with quasimodes for p-forms and
for (p + 1)-forms brings more flexibility than only considering quasimodes for p-
forms. In the case p = 0, the analysis of the low spectrum of AEI?,)L can however be
handled, at least partially, only using quasimodes for functions and we will come
back to this point of view which has several interests in Sections and This
nevertheless requires to construct the quasimodes for functions much more precisely
and the subsequent analysis does moreover not lead so easily to the existence of a
full asymptotic expansion of the low spectrum of Agfj,)l.

In Sections to we focus on the case p = 0. Since we will return at
length to the case of Dirichlet type boundary conditions in the last two chapters, we
will only consider this case there. This requires a little more general study than in
the case without boundary (cf. [HKNO4,HHS11,Mic19]) because two types of saddle
points have to be considered: the saddle points in © \ 92, in the neighborhood of
which everything happens as in the case without boundary, and those in 92, in the
neighborhood of which the analysis is noticeably different.

Then, in Section [3.3.4] we briefly explain how the analysis for 0-forms can be
adapted to the case of p-forms.

3.3.1 “Global” quasimodes for functions

We construct the quasimodes for functions in the following way: to each local
minimum of f having the form m; ; defined in Section in the case of Dirichlet
type boundary conditions (i.e. to each local minimum in © \ 02), we associate a
smooth cut-off function x,,, . “closed to” the characteristic function of FE;;. This
type of construction appears for example in [HKNO04,|HNOG, Lep10, HHS11} Mic19,
DLLN19b,LN19a] and depends not much from the fact that the considered manifold
has a boundary or not. It just requires to be conveniently adapted in the case with
boundary.

Let us focus here on the construction made in [DLLN19b|, which slightly differs
from the other ones, and to which we refer for more details. The idea is to consider
a family of cut-off functions X, ; = Xm, ;. depending on a parameter ¢ > 0, small
and arbitrarily small, such that

Xmi; =1 on B ;0 {f < f(j(mi;)) —e}. (3.3.1)

Notice that this set is connected when ¢ is small enough. We want moreover x,,, ; to
be equal to 0 or to 1 in some fixed (i.e. independent of the small parameter £ > 0)
neighborhood of each element of U5 O \ j(m; ;) and to be supported in the interior
of Q.

When 9j(m; ;) N ué”(” C SSP, this is automatically satisfied for every ¢ > 0
small enough as soon as X, ; satisfies and

SUpp Xm, ; C Eij -

Otherwise, we modify the preceding cut-off function so that x,,,; = 1 in a small
but fixed (that is independent of the small parameter € > 0) neighborhood of each
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z € L{é)’(l) N dj(m;) \ SSP. Notice that such a z necessarily belongs to Q \ 99 and
that by definition, for every r > 0 small enough, the two connected components of
{f < f(2)}NB(z,r) are included in E; ;. The function x,,, , constructed in this way
is not supported in E; ; but supp x, ; only meets Ef; in a small but fixed neighbor-

hood of leé)’(l) N dj(m; ;) \ SSP (see Figures [3.2 and [3.3 below).

The latter neighborhoods and € > 0 can lastly be chosen small enough so that
for every (i,7) # (7',7') : SUPP Xm,, N SUPP Xm, .= () or, up to switching (4, j) and

(#',3")s supp X, ; C {Xmy , = 1}-
Once the xp,, ; are defined, we define the following quasimodes:

T

PO = Xms€r
v ||szg e n ||L2

(3.3.2)

supp Vxm, ;
- o{f < f(i(mi;)) — ¢}

9j(my.;)

Figure 3.2 — Representation of x,, , near some z € j(m; ;) N9 C SSP.

3.3.2 Local quasimodes for 1-forms

For the 1-forms, one first considers, in a small but fixed neighborhood V, of each
element z in Z/{g) C Q\ 09, the principal unitary 1-form v, associated with the
operator A;l,)l with full Dirichlet conditions on the boundary of this neighborhood.
From the work of Helffer-Sjostrand [HS85¢|, this operator has, when h — 0T, one
unique eigenvalue in [0, ch| for some small enough constant ¢ > 0. This eigenvalue
is moreover exponentially small, i.e. has the form O(e™#) if one chooses ¢ small
enough. One has moreover Agmon type decay estimates on 1, as well as some
very precise WKB approximation whose first term is explicit along the stable and
unstable manifolds of z for the flow of —V f.

In addition, there exists on V, (chosen small enough) a unique nonnegative so-
lution to the eikonal equation

|V f|l =|Ve| with initial value ¢(2) =0
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- {f < f(i(miy)) — €}
— suppVXmi,j

Figure 3.3 — Representation of x,,, ; near some z € L{é)’(l) N Gj(mivj) \ SSP.

and one has p(x) = dag(x,2) on V,, where da, is the Agmon distance associated
with the metric |V f|? dg, where dg denotes the Riemannian metric on €.
We then define for every such z :

o . 0%
P = 180l (3.3.3)

where 0 is a smooth cut-off function such that # = 1 near z and suppf C V..

When z € Zfle%’(l) C 092, we proceed similarly by using this time the study
led around such a point in [HN06|. The boundary conditions for the local problem
considered are in this case (tangential) Dirichlet type boundary conditions on V,No2
and full Dirichlet ones on 9V,. This problem admits again one unique exponentially
small eigenvalue and one defines again

01)-
b = Ol
16 5)2 | 2

where 1), is an eigen-1-form associated with this eigenvalue and € is a cut-off function
such that & = 1 near z and suppf C V.. Agmon estimates on v, — and hence on
wé” — and the existence of a precise WKB approximation are proven in [HN06]. Let
us just mention here that the natural Agmon distance to z is here locally given by
the unique solution ¢ to the eikonal equation

(3.3.4)

IV f|=|Ve| with boundary value 9, = —3, f and initial value ¢(z) =0

(we recall that z is a local minimum of f|sq such that 0, f(z) > 0).

3.3.3 Reduction of the problem to some interaction matrix

Let us now explain how the expression of the interaction matrix of dy in conve-
nient bases built from the previous quasimodes can be estimated accurately, which
leads to spectral results of the type of Theorems [3.2.1] and [3.2.2] We begin by the
following remarks (some of them are obvious by definition of our quasimodes) where
we recall that we consider the case with Dirichlet type boundary conditions:
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— The family () oo is orthonormal in A'L*(Q), included in A'H{(Q)
&g

which is the domain of the closed quadratic form D](cl,)L associated with A?}fl)

(see (1.2.8)) in Section |1.2.3), and satisfies:

Je >0, Vzeuy W, DY)y, 4,) < e (3.3.5)
The latter property follows from the Agmon estimates mentioned above.
The family ( ﬁ,?))meuém

unitary in L?*(2). Moreover, from (3.3.1)), for every § > 0, the parameter
e > 0 appearing in the definition of 1 (cf. (3.3.1) and (3.3.2])) can be

chosen small enough so that:

is a family of smooth functions supported in {2 and

_9LGm)—F(m)=5
h .

vmeuy, DO, v0) = |lde@)2. < e (3.3.6)

This family is not orthogonal in general but is however linearly independent,
and this, uniformly in A (cf. [HHS11,[DLLN19b]).

For every m € US()O) and z € Llé)’(l), either z ¢ j(m), in which case

(dpppD Dy e =0,

or z € j(m), in which case

fG(m))—f(m
_ FGC )})1 ()(

<df7hw7(’r(z))7 ¢§1)>L2 = A(m7 Z)hp(Z)e 1+ O(h)) )

where p(z) is an explicit constant only depending from the fact that z € 9 or
not, A(m, z) is an explicit nonzero constant only depending on the derivatives
of f (of order < 2) at z and on arg ming,, , f, and the term O(h) admits a
full asymptotic expansion in h. The delicate point in this computation is to
precisely estimate the term

<df,th €_£>w£1)>L2 = h<€_£ dXm, ¢.§1)>L2 )

since ||Xm6_£ llz2 (see (3.3.2) is easily estimated by the Laplace method (and
the prefactor of this estimate only depends on the derivatives of f of order < 2
on arg ming,, f). We are then reduced to a computation in the neighborhood
of z which can be performed thanks to the precise WKB approximation of
1, — and thus of 2/}21) — together with the Laplace method and a tricky use of
the Stokes formula (see in particular [DLLN19b| where, contrary to the other
references mentioned in this context, we do not require additional properties
on the cut-off function yx,, near z).

Let us now consider, for ¢ € {0, 1}, the spectral projector

i i D, (i
W/g) = W[(O?ch)(Af,h( ))

associated with the interval [0, ch), where ¢ > 0 is chosen sufficiently small so that

dim Ran (7'('}(:)) = m? (see Theorem . Using (3.3.5)), (3.3.6)), and the Markov

type estimate

b

Vb,a>0, D](f%l(u,u) < b implies ||u—7r[(é?a)(A£;L(i))u||2 < - (3.3.7)

Q

we obtain the following relations:
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— There exists ¢ > 0 such that for every z € L{é) W and m € L{éo),
oV = 2Dy = g0+ 0@ F) and 90 = 7090 = O+ O ).

It follows that the family (gogl)) 0w defined above is quasi-orthonormal
SR

(i.e. that <g0£1), goS)>L2 = J.. + O(e k) for every z,2') and that the family
(gogg)) @ is uniformly linearly indenpendent and satisfies Hgoffz])H 2 =1+
metg

O(e~#) for every m. These families are hence respective bases of Ran (W,(ll))

and of Ran (71'](10)).
— For every m € Z/{g()()) and z € Z/{é)’(l), since dﬁh'ﬂ—}(LO) = W}(Ll)dﬁh on AH}(Q), it
holds

(il oMz = (dpatl), o) e
= (dpntQ, ) 12 + (dpaD, o) — YD) o
= (gt e + O 0(eH)

Then, by choosing the parameter € > 0 apparearing in the definition of ¢,(3)
small enough so that § < £:

_fGm)—fm)+§
h

O(e ) if 2 ¢ j(m)

dpnel) ¢ = .
e E (dpbs) W) 2 (1 4+ O(e50)) if 2 € j(m),

where we recall that

_ £~ (m)
o

(dent), D) = A(m, 2)hPPe 1+ O(h)).

Let us conclude this section by showing how, from the previous analysis, we can
get results of the type of Theorems [3.2.1]and [3.2.2] To simplify the presentation, we
assume that the potential f is such that:

— the family (%(2)) @ 18 quasi-orthonomal, and thus so is ((,07(2)) 0L
metg metg

— for every m # m’, it holds j(m) N j(m') = 0.
These hypotheses are not general but nevertheless generic. They are moreover
implied by the more restrictive generic hypotheses considered in [HN06|. We also

refer to [HHS11,[Mic19] in the case without boundary and to [DLLN19b|[ in the
case of Dirichlet type boundary conditions for more involved arguments of this type.

Let By be an orthonormal basis of Ran (71'}(10)) and B; be an orthonormal basis of
Ran (W,(Ll)). We define the matrix

M := Matg, g, (ds, : Ran (W}(lo)) — Ran (W}(Ll))) .

10. See also our more recent work [LN19b| which generalizes the results of [HNOG6L[DLLN19b| to
the case where f admits critical points on 9f2.

11. The fact that dgplg, ON takes its values in Ran (ﬂél)) follows for example from ([1.2.2)).
Th
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The small eigenvalues of A ) are hence precisely the squares of the singular values
of M. Let us addltlonaly arbltrarlly order the local minima m’s and the saddle
points z’s and let us define the matrices

0 if 2 ¢ j(m)

S = ({(dpel®, oM 12),,, and S" = (S.,)sm where S. == :
(< F,hPm P >L2) , an ( zm) , where zm Szm if 2 E_](m)

Let us lastly define the matrices
_ £GEm)=(m)

D = Diag (h?™ ) and C' =S8 D',

where p(m) = min,cjm) p(2).

Since the bases (gpgg)) o and (4,09)) p,1y are quasi-orthonormal, it holds
metg

mel,

|IMat BY|=1+0(e#) and |Mat W] =1+0(e#)

@)

mEMQ

)
(2 )Zeu

for some ¢ > 0. According to the Fan inequalities (in their simpler form arising
from the Min-Max theorem), the singular values of M are consequently, up to a
multiplicative error term of order 14 O(e~#), the singular values of the matrix S,
according to the relation

M = (Mat B S Mat o, B

eug’“ m "LEL{((ZO)

()
In addition, up to choosing ¢ > 0 smaller, it holds

S =8+ (0(e )., = (C"+ O(e”2r))D.
Notice here that by definition, the matrix C’ satisfies C" = O(1). Moreover, the
hypothesis j(m) N j(m') = 0 when m # m’ easily leads to the relation

3d >0, VX e R™ ||C"X]|| > d|| X].

Indeed, for every m € Z/IQO), there exists by definition of D and of C’ at least one
element z € US" M such that Cl, = A(m,z)(1 4 O(h)) with A(m,z) # 0 and one
has, since j(m)Nj(m’) = 0 when m # m/, C., ., = 0 for every m’ # m. It follows that

the matrix C” is injective and admits a left inverse, denoted by (C")™!, satisfying
(C") 7! = O(1). Hence, there exists a constant ¢ > 0 such that:

S = (C"+0(e #)D = (I+0(e ) (C)HC'D = (I+0O(e #))C'D

FEm)—f(m)+e
h

Using again the Fan inequalities, we deduce that up to a multiplicative error term of
order 1+O(e~#), the singular values of S — and hence those of M — are the singular
values of C'D

VEe{l,....mo}, m(M) = u(S)(1+0(e ")) = m(C'D)(1L+O(eh)).

It is then straightforward to conclude: the eigenvalues of M are, up to a multi-
plicative error term of order 1 + O(e~#), those of the matrix D*C"™*C'D which is,
since j(m) Nj(m') = 0 when m # m/, the diagonal matrix

D%WOD::Dmg<E:@ywﬁ%@WQ,meuy)
z€j(m)

_ Diag( Z A%(m, 2)h2® (-2 LU= (1+0(0),m EUS()O)>.

z€j(m)
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In this case, we always have the existence of a full asymptotic expansion of the
eigenvalue associated with m, but this expansion is not in general in h since p :
z + p(z) is in general not constant on j(m). More precisely, with the boundary
conditions considered here, p(z) = % when z € Q and p(z) = ;11 when z € 09,
which leads in general to an asymptotic expansion in v/h. This difference arises
from different Laplace methods whether z € €2, in which case V f(z) = 0, or z € 912,

in which case V f|aq(2) = 0 and 0, f(z) > 0.

3.3.4 About the case of forms

As in Sections and [3.2.2] we assume here that € is a smooth compact and
connected d-dimensional Riemannian manifold without boundary and that f is a
smooth Morse function whose critical points have distinct critical values. We then
recall the partition of Ug into upper, lower and homological critical points obtained

in Section [3.1.4]
Uy = Uy Ul Ul where, for A € {U, L, H}, Uy = Upcqo. als”

and the existence of a natural bijective map jg : Uy, — Uy from which we expect in
fine to obtain the Arrhenius rates of the non zero small eigenvalues of the Witten
Laplacian by considering the values f(jg(2)) — f(z)’s, where z € Uy,.

We want to adapt the strategy adopted in Sections to when p = 0
but using now the mapping jp : Uy, — Uy instead of j (which simply becomes
J B‘u(‘” under our current assumptions). To this end, the main remaining difficulty

L

is to define, for any p € {1,...,d} the counterparts of the “global” quasimodes
P = P TN Xmef{;' 'S, m € Uéo) \ {m,}, associated with the z € UIEP). When p = 0,
Xme P2

we recall that the latter quasimodes w£9>’s enable in particular to only focus on the
mg— 1 characteristic wells for A(f?,)l and on their interactions with the relevant weakly
resonant wells (see [HS85b,[HS85a] on this topic), associated with the elements of
SSP. Moreover, their construction crucially relies on the explicit knowledge of the
kernel of A;?})l, namely Span{e_ﬁ}.

In the general case of p-forms, this information is missing and we thus want to
adapt the analysis done for p = 0 by constructing, for each z € Uy, a “global”, but
now non explicit, quasimode v, as an element of the kernel of some suitable Witten
Laplacian. This construction closely relies on the topological construction presented
in Section We are a little more specific below and give the main ideas leading
to this construction.

First, the analysis presented in Section is also valid if for example one
considers, instead of the homology of €2, the absolute homology of the manifold
with (in general non empty) boundary {f < A} for A € R\ f(Ug). In this case,
everything happens as if we were considering €) after having removed the critical
points of f in {f > A}, and we have thus again a partition of the critical points of
fin {f < A} into upper, lower, and homological points. More precisely, as it can
be guessed from Section [3.1.4] the pairs of lower and upper critical points of f in
{f < A} are precisely the pairs (z,jg(z))’s such that z € U, and both z and jp(2)
belong to {f < A}. We recall in passing that the corresponding Witten Laplacian
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in this case is the Witten Laplacian AY, | with Neumann boundary type conditions
on {f = A}

Moreover, when z is a homological critical point in the manifold {f < A} for
some A € R\ f(Uy), the analysis led in [LNV13| permits to construct a unitary

“global’quasimode 1), concentrated near z and belonging to Ker A}\f na- One has

moreover Agmon type decay estimates on zzz as well as some very precise WKB
approximation near z, whose first term is explicit along the stable and unstable
manifolds of z for the flow of —V f. This construction relies on semiclassical ar-
guments adapted from [HS85b,|HS85¢| together with the Hodge decomposition of
Ajc\f B\ (see Theorem and the properties of the lower, upper, and homological
critical points of f.

Then, when z belongs to Ur,, we consider, for € > 0 small but fixed, the manifold
with boundary {f < A}, where A = f(jg(z)) — . In this manifold, z becomes a

homological critical point. Hence, we can define ¢, € Ker A}Y n @s above and

Q/Jz = Xz{/;z € D(Af,h>7

where the cut-off function y, satisfies supp x. C {f < f(js(z)) —€} and x, = 1 in
{f < f(B(2)) — 2¢}.

By a similar analysis as done in Section in the case p = 0, the crucial point
then becomes the accurate computation of the terms

<df,hw27’l/}j3(z)>[/2 = h<<dXZ> J27wj3(z)>L27

where z € Uy, and 15, is a suitable local quasimode associated with jg(z) € Uy.
But, contrary to the analysis performed when p = 0, QZZ is not explicit and thus,
we do not know how it behaves near dy., but only how it behaves near z. An
answer to this problem is given by a side result of the homological analysis briefly
explained in Section [3.1.4] (see more precisely [LNV13, Proposition 2.12]) which
permits, by a subtle repeated use of Stokes’ theorem, to reduce the computation of
the part of the quantity ((dx.) 1. ,v¥j,(»)) 2 arising from (dy.) . to a computation
in a neighborhood of z, where QZZ is explicitly known. To be a little more specific, this
side result says that, for every a > 0 small enough and some x € Q*, the boundary of
the unstable manifold of jz(z) (for the flow of —V f) relatively to {f < f(js(z)) —a}
is homologous, for the homology of {f < f(jg(2)) — a} relatively to {f < f(z) —a},
to k times the unstable manifold of z relatively to {f < f(z) —a}. The homological
constants k. = Kj(») involved in Theorem are then precisely given by 2.

3.4 Study of a double-well potential in large di-
mension

We present in this section the main results of [DL17].

3.4.1 Description of the model and results

The work [DL17] concerns the rate of convergence to equilibrium at low temper-
ature of a stochastic interacting particle system, which may be described as follows.
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There are N particles, at each time ¢t > 0 the state of the k-th particle is a real ran-
dom number & (t), and the trajectory & = (fk.( ))e>0 satisfies for some fixed p > 1

the overdamped Langevin equation (see (|1 in Section

Sh1 T &1 — 28
T s’ =

dg =

+ & =& |dt+ VINAB . (34)

Here By = (Bi(t))t>0,-- -, By = (By(t))i>0 are N independent standard Brownian
motions, h is a positive constant, and &y := &1, i.e. periodic boundary conditions
are assumed. When h > 0 is kept fixed and N is large, the system (3.4.1) can be
seen as a discrete space approximation of the stochastically perturbed Allen-Cahn

equation on the interval (0, \2/71)

du(w,t) = [0%u(z,t) + ulz,t) — v*(x,t) | dt + V2hdB(x,t) , (34.2)

where now (z,t) € (0, \2/71) x (0,00), the boundary condition u(0,t) = u(f;i,t)

has to be satisfied for every t > 0, h = \2/—’:7h, and dB is a space-time white

noise. Thus, for large N, one might think of & (t) ~ u(]’f, \2/’1,t), and of the chain
E(t) = (&1(1),...,&n(t)) as giving the position at time t of an elastic ring of length

2% moving in a highly viscous, noisy environment and subject to a simple bistable

N
external force.

Equation (3.4.2)) is a basic and widely studied stochastic partial differential equa-
tion, see e.g. [FJ82, [Fun83,[BDP95, | GMO1,[KORV07,[Hai09, BG13, OWW14, DZ14,
Barl5| and references therein. For a more general background on the particle sys-
tem (3.4.1) we refer to |[BFGO7a, BEFGO7b|. See also [BBM10] for aspects closely
related to our work [DL17]. The convergence of (3.4.1) to (3.4.2) for N — +oo is
discussed in |[Barl5|.

Relaxation properties: heuristics and previous results

For each fixed h > 0 and number of particles N, we recall from Sections and
1.3.2|in the introductory chapter that the long time behaviour of is described
by its unique equilibrium distribution, explicitly given by the probability measure
on RY (see (1.3.5) and (1.3.16)))

v
mpn(dp) = mypn(dp) = % :
Jex €PN dp

where the energy function V : RNV — R is defined as

al N (zp —2p1)? N

V(z) = Z - —xk) o Y S 4 (3.4.3)
pt £~ 8sin (%) 4

With xN+1 := x7. This indeed follows from the observation that the drift term in

is —VV(¢). Similarly, for any fixed h > 0, there exists a unique equilibrium
dlstmbutlon Moo for the infinite-dimensional system (3.4.2), see [DZ14,[RV05]. One
might say that at equilibrium, no “phase transition” occurs in the thermodynamic



70 CHAPTER 3. LOW SPECTRUM OF THE WITTEN LAPLACIAN

limit N — 4o00. On the contrary, since for each IV, the energy V admits two local
minima given by

N entries

the deterministic dynamics d§¢ = —VV (§)dt, obtained from by setting h = 0,
admits two stable equilibrium points. Thus, when h is positive but small, the typ-
ical picture of a so-called metastable dynamics emerges (see Section and the
related [BBM10]): the system quickly reaches a local equilibrium in the basin of
attraction of I, or I_, depending on its initial condition; this local equilibrium en-
dures for a long time, since, in order to be able to explore the whole state space
and distribute according to the global equilibrium my, x, the system has to wait for
a sufficiently large stochastic fluctuation allowing to overcome the energetic barrier
separating I, and /_. The critical time scale at which such transitions between
minima typically occur is exponentially large in the parameter h. Thus, for h — 07,
one observes a significant slowdown in the relaxation towards my, y, see Section m
for more details.

The aim of our work [DL17] is to quantify the mentioned slowdown in the ap-
proach to equilibrium of when at the same time h is small and N is large.
More specifically, we study there for h — 0 and N — +oo the behaviour of the
Poincaré constant A(h, N) and of the logarithmic Sobolev constant p(h, N) of (3.4.1)),
that is the largest constants satisfying respectively, for every ¢ € H'(RY,m, y), the
weighted Poincaré inequality (see and the discussion below)

A(h, N) Vatn, o (¢) < hN / Vol2 dmy | (3.4.4)
and the Gross inequality (or logarithmic Sobolev inequality)
p(h, N) Bty (¢%) < 2N / Vol dimy - (3.4.5)

Here, Var,,, , and Ent denote the variance and entropy with respect to my, n,

Mhp,N
ie. Vary, (@) = [@*dmun — ([ dmh,]\;)2 and, for ¢ > 0, Ent,, (@) =
[ logo dmyn — [ @ dmyylog ([ @ dmyy).

As highlighted in Section the Poincaré constant gives the exponential rate
of convergence to equilibrium in variance (see indeed ), and the logarithmic
Sobolev constant gives similarly the exponential rate of convergence to equilibrium
in entropy. We refer e.g. to Theorems 4.2.5 and 5.2.1 in [BGL14], which also gives
a general overview of the interplay between functional inequalities and Markov pro-
cesses. We stress that, from the point of view of spin systems in statistical mechan-
ics, we are dealing here with the problem of relaxation to equilibrium in a case of
continuous unbounded single-spin state space and nonconvex energy function (see
e.g. |Led01},|Zeg96, BH99, BHOO] in this context). Concerning exponential conver-
gence of stochastic equations in infinite dimensions with fixed noise parameter h we
point e.g. to [GMO1,|Hai02, Hai09,DZ14].

If N is kept fixed, we recall from Section [1.3.2| and from the beginning of Chap-
ter |3 above that the leading asymptotic behaviour of A\(h, N) in the limit A — 0F
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is given by an Eyring-Kramers type formula (see [BGKO05, HKN04, Mic19|, treat-
ing generic multiwell-diffusions in the small noise regime, and also [HHS11,MS14]
Mic15,|LM19]). More specifically, it follows for example from [HKNO4] and some
straightforward adaptations of their arguments, that

det Hess V' (1_) 2

det Hess V (0) e (I + e(r,N)), (3.4.6)

1
AhN) = =
T

where the error €(h, N) satisfies, for h > 0 sufficiently small, |e(h, N)| < Cy h. Here
Cy is some positive constant which may a priori explode in N. On the other hand,
as was already observed in [Ste04], the prefactor in (3.4.6)) is convergent in the limit
N — +o0:

det Hess V/(1_)

1 .
SN sinh(my/2p71) (3.47)
det Hess V' (0) o

N—too  msin(my/p~t)

Similarly, regarding the log-Sobolev constant p(h, N), it follows again from gen-
eral results (see [MS14]) that for fixed N, the leading term of p(h, N) is again given
by p(N )e’ﬁ. We stress that also here, as for the error in , there is no control
in N on the error term. Thus, no rigorous conclusion in the limit N — +o0o can be
directly inferred from these results.

p(N) = %

On the other hand, rather strong results have been obtained in the analysis of
the mean time needed for the system to go from I, to I_: indeed, it has been
shown that an Eyring-Kramers type formula holds for this transition time, with an
error which is uniform in N (see in particular [BBM10] and [Barl5, BG13|, which
extend the results to the infinite-dimensional system and even to more gen-
eral situations). Nevertheless, while the asymptotic relation between stochastically
defined mean transition times and analytic objects as A(h, V) is well-established in
very general situations for fixed N (see again [BGKO05]), to the best of our knowl-
edge there are no rigorous results on how it might behave in the regime of large
N, even in the specific model we are considering in [DL17]. In this paper, we do
not rely on the mentioned results on mean transition times and rather use purely
analytical arguments, partly inspired by the arguments presented in the beginning
of this chapter.

Statement of the main results of [DL17]|

The first main result of [DL17] below shows that the Eyring-Kramers formula
provides an upper bound on A(h, N) with an error term which can indeed be
uniformly controlled in the system size N. Moreover it provides a quantitative lower
bound at logarithmic scale on p(h, N) which is independent of N. In particular it
ensures that p(h, N) and A\(h, N) do not degenerate for any fixed h. One might say
that no “dynamical phase transition” occurs in the thermodynamic limit N — +oo
(see also [GMO1]).

Theorem 3.4.1. For every d > 0 there exists a constant Cs > 0 such that for every
h >0 and every N € N,

342246 1
24h

Cs e e~ < p(h,N) < Ah,N) < p(N) e # (1 + e(h,N)),
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where the prefactor p(N) is given by (3.4.7) and the error term e(h, N) satisfies
3C>0 st VYhe (0,1, YNEN, |e(h,N)] < Ch.

The exponential decay in h given by the lower bound in Theorem |3.4.1| appears
to be rather rough, but unfortunately, when insisting to get bounds with uniform
control in N, it is for the moment not clear how one could obtain a substantial
improvement, even when focusing only on A(h, N). For the latter, one can exploit
the spectral theory of self-adjoint operators: we recall from Section [I.3] that the
generator of the Markovian semigroup giving the evolution of is indeed the
differential operator (see (|1.3.15))

Ly = LYy == —hNA + VV .V
and h Ly, is here unitarily equivalent to the Witten Laplacian, acting in the flat space

L2(RY, dp) (see (L3.17)),

0
A}}L

V(VN
= —h*A + |Vf]? — hAf, where f(z) = # .
We recall moreover from Sections [1.2.2 and [1.3.1] that the closure in L?(my, y) of
Ly, acting on C°(RY), which we still denote by Ly, is self-adjoint and nonnegative,
admits 0 as simple eigenvalue, and has purely discrete spectrum for each h, N fixed

(it has indeed a compact resolvent). In addition, its spectral gap, defined as its first

nonzero eigenvalue, coincides with A(h, N) (see indeed (1.3.10) and ([1.3.11)).

According to the second main result of [DL17] below, the problem of obtaining
the Eyring-Kramers formula as lower bound for A(h, N') can then be reduced to the
problem of proving a suitable separation between A(h, N) and the next eigenvalue of
Ly,. More precisely, the existence of a uniform lower bound on the “second spectral
gap” in a certain regime in which N possibly grows to infinity, turns out to be
sufficient for the validity of the Eyring-Kramers formula in the same regime:

Theorem 3.4.2. Assume there ezist constants ho,d > 0 and, for each h € (0, hy],
a set N'(h) C N such that

Vhe (0,ho] , YN € N(R) . Sp(Ly) N AR N),ABN)+8[= 0. (3.48)
Then, )
Ah,N) = p(N) e 3 (1 + €(h, N)),
where the prefactor p(N) is given by and the error term €(h, N) satisfies
3C >0 s.t. YVhe (0,hg), VYNeN(h), le(h,N)| < Ch.

Note here that when N is kept fixed, i.e. when the set N'(h) above does not
depend on h, the hypothesis — and then the statement of Theorem -
is a straightforward consequence of and in Section m However,
nothing is said about a control of the second spectral gap with respect to N there,
nor in the beginning of Chapter |3| above and in the references therein.

The last main theorem of [DL17] implies that there exist regimes with un-
bounded N under which the Eyring-Kramers formula (3.4.6) holds with bounded
error €(h, N). Indeed, in order to be in the situation of Theorem m, it is enough

that N grows slower than hoi
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Theorem 3.4.3. Let C > 0 and a € (0,2). Then, there exist constants ho,d > 0
such that the condition mn Theorem 2 is fulfilled with

N(h) = {NeN:N<Ch ™} .

3.4.2 Comments on the techniques used in this study

Though inspired by the supersymmetric approach of [HKNO4], in the article
[DL17] we do not make explicit use of AS},)Z as in the first part of Chapter |3| above.
Indeed, a careful analysis of the energy V permits to construct a very efficient
global quasimode passing through the bottleneck and connecting the two minima
of V. This construction of an “almost optimal” quasimode, together with a precise
analysis of Laplace integrals in large dimension, enables us to give the upper bound
of Theorem B.4.1]

We emphasize in particular here that semiclassical techniques as WKB expan-
sions, Agmon estimates and harmonic approximation for Schrédinger operators, used
e.g. in [HKNO4], are generally not uniformly controlled in the limit N — +o0 (see
however [BM03, MMO5| for previous works dealing with Witten Laplacians in large
dimension and also [Sjo93al,|Sj693b,|Hel95,|Hel02] and references therein). Also for
the specific model we consider here, the arguments of [HKN04] do not carry over
with uniform bounds in N.

For the lower bound in Theorem [(3.4.1] we depart from the semiclassical approach
and rather exploit perturbation techniques for fixed h. These permit, even though
for general p > 1 the function V' is not convex outside a compact set, to reduce to
the case of a convex energy and then to apply the well-known Bakry—Emery crite-
rion (see [BE85,[BGL14]). We use here that the interaction part in the energy V'
is strong enough to ensure good relaxation properties for large N. Thus, roughly
speaking, we regard the energy coming from the single particle double-well potential
as a perturbation of the interaction part. This is opposed to the perturbative regime
considered in previous works as [BH99, BHOO|: in these references, the interaction
constant p is tuned in a way that it is rather the interaction part to become a per-
turbation of the single particle potential.

The relevant quantity naturally appearing in the estimates leading to Theo-
rem [3.4.2]is the quotient of quadratic forms defined, for any ¢ in the domain of Ly,
by

Lypl? dm
S(QO) — fRN | hSO| - h,N .
hN [on [Vol? dmpn

To connect with the introductory chapter of this dissertation, this quantity can be
equivalently rewritten in the two forms

E(p) = Jen Do) dmpn _ _ e (LS)V‘P) Ve dmpn
fRd dth fRN V|2 dmp, N ’

(3.4.9)

where I and I’y are respectively the carré du champ operator and its iteration (see

(1.3.8) and in Section or for example [BGL14] for more details about
this notion) and LEL =L, ® Id + Hess Vv (see and (1.3.14))).

We recall that the last expression in can be generalized by allowing,
instead of Vi, more general non-gradient vector fields, which is one of the main



74 CHAPTER 3. LOW SPECTRUM OF THE WITTEN LAPLACIAN

advantages of the supersymmetric approach and is crucially exploited in works
as [HKNO04, HN0G6, Lep10, HHS11,|Dig13, BHM15, LN 15, DLLN17b}|Mic19, DLLN19b)|,
LN19a]. In [DL17], we do not use this additional freedom and only work with the
gradient of the “almost optimal” quasimode already exploited in the proof of Theo—
rem|3.4.1, An important advantage of not explicitly using L(l) (or equivalently Al i h)
there 1s to avoid the need of a relation similar to - ) for the first spectral gap of

L( . Indeed, we have only been able to prove such a relation for sets A(h) where
N grows slower than in the sets exhibited in Theorem . The proof of the lat-
ter result combines standard localization techniques for the analysis of semiclassical
Schrodinger operators [CFKS87] and a two-scale analysis naturally adapted to the
structure of the energy V.

3.5 Some perspectives

The preceding analysis has many possible interesting developments. We just
mention below the ones we are now the most interested in.

3.5.1 Potentials with critical points on the boundary

We recall that in the case of a compact Riemannian manifold 2 with a non-
empty boundary 0f2, the analysis of the low spectrum of the Witten Laplacian
presented above was always made under the assumption that V f # 0 along 0f (see
Theorem in Section , Section and Theorem in Section. We
stress moreover here that the general results relying on the large deviation theory
mentioned in the introductory chapter (see more precisely Section do not
consider the case of critical points on the boundary.

Though this hypothesis is generic, the numerical methods relying on the fact
that the exit event from a metastable state €2 for the overdamped Langevin dynam-
ics is well approximated by a Markov jump process whose transitions rates follow the
Eyring-Kramers law (see Definition in Section assume in practice that
Q) is the basin of attraction of some local minimum of the potential function f for
the dynamics & = =V f(z) (see and the discussion around in Section [1.3.3]
and Section . In this case, the boundary 02 thus contains critical points of f,
and in particular saddle points.

With the aim of proving the asymptotic validity of the Eyring-Kramers law in
this context (see Section and Chapter [5)), we then first need to generalize, in the
Dirichlet setting, Theorem and (at least a one-well version of) Theorem [3.2.2)
when the potential f admits critical points on the boundary. Similar generalizations
in the Neumann setting would also be interesting.

We expect that such generalizations, with the techniques presented in Sections3.]]
to of this chapter, only hold for boundaries 0f2 satisfying suitable compatibility
conditions around the critical points of f belonging to 0€2. Concerning for example
a generalization of Theorem with these techniques when f admits saddle points
on the boundary, we only expect to be able to show the existence of the prefactors
of the small eigenvalues of A ) when 09 is tangent, at any relevant saddle point
z, to the stable manifold of z for the dynamics @ = —V f(x). Note in this respect
that such an hypothesis is always satisfied when (2 is the basin of attraction of some
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local minimum (or of some family of local minima) of f for the flow of & = —V f(z).
Indeed, 02 coincides in this case, around each saddle point z of f, with the stable
manifold of z for the dynamics & = —V f(z) (and is hence smooth near z).

Nevertheless, even in the latter case, the presence of critical points on the bound-
ary leads to substantial technical difficulties. For example, the “natural” WKB ap-
proximations of the quasimodes for 1-forms associated with the saddle points on the
boundary (see Section above in the case of generalized saddle points) do not
satisfy in general the minimal boundary conditions required. This follows from the
curvature of the boundary near these saddle points.

However, from our recent work [LN19b| with Boris Nectoux, working with “al-
most optimal” quasimodes, as mentioned in Section [3.4| about our work [DL17], per-

mits to generalize Theorem |3.2.2|in this case without explicitly using Aﬁ;fl) (though
our method does not give the existence of an asymptotic expansion of the error
terms, see the last part of Theorem [3.2.2)). This thus establishes the first step in the
justification of the asymptotic validity of the Eyring-Kramers law in this context.

3.5.2 Non reversible overdamped Langevin dynamics

Another interesting continuation of the works presented in this chapter would
be to generahze the precise computation of the small elgenvalues of the Witten
Laplacian A , or equivalently of the weighted Laplacian Ly, ,E ) where V = 2 f

(see (1.3.17 ) to some non reversible (i.e. non-gradient) dynamics
dX, = b(X,)dt + V2h dB,. (3.5.1)

Let us recall here that Ls)}l = —hA 4+ VV -V while the infinitesimal generator of
the above dynamics is given by Ly, = —hA —b- V.

Assume for example that the dynamics is obtained from the reversible
overdamped Langevin dynamics associated with the potential VV : R? — R by adding
the orthogonal vector field J(VV'), where J is a constant skew-symmetric matrix of
size d, i.e. that the vector field b has the form

b= —VV — J(VV).

In this case, Ly, writes Ly, = L&% + J(VV) -V and, assuming that e~ % € L'(R%),
the probability measure

myp(dp) = (/Qexdﬂ)_le"fdﬂ

is still an invariant measure for the process (3.5.1)), i.e. it holds

v
h

Liyem = L e ™ —div(J(VV)e 7) = —div(J(VV)e ®) = 0.

Note moreover that the term J(VV)-V of Ly, acting on C°(R?) is skew-symmetric
in L2(Q, myy).

In this setting (and actually in a slightly more general one), we have recently
proven, in the work [LM19] in collaboration with Laurent Michel, Eyring-Kramers
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type formulas for the small eigenvalues of L, when 9Q = () and V is a multi-well

Morse potential. This operator can be compared in some sense to ng)h but is no
more self-adjoint. Analyzing its low spectrum then requires in particular to adapt
the arguments relying on the self-ajointness of Lg]}l, such as the Max-Min principle,
by proving suitable resolvent estimates for L, (using some Grushin problems).
The use of “almost optimal” quasimodes as mentioned in Sections and is
moreover again a powerful tool to obtain the prefactors in this context.

Let us also mention that, up to our knowledge, this is the first result in this
context in the literature. However, a generalization of [BEGKO04] has recently been
obtained in this setting in [LMS19] for a double-well potential V' (see also [BR16]
for a non rigorous proof). In particular, the results of [LM19]| together with those
of [LMS19] also provide, in the case of a double-well potential V', a connection be-
tween the first non zero eigenvalue of L;; and the mean exit time to go from one
local minimum of V' to the other one, precisely computed in [LMS19]. See in this

spirit (1.3.21)) and ((1.3.22)) (and [BGKO05]) in the reversible setting.

We then plan to study the case 9 # () and then to look at more general vector
fields b. In the case 9 # (), we expect, as in the reversible case, being only able
to prove sharp asymptotic formulas when the boundary satisfies suitable “natural”
compatibility conditions (see Section above).

3.5.3 The case of non Morse potentials

Coming back to the self-adjoint case but concerning general p-forms, we plan,
in future works in collaboration with Francis Nier and Claude Viterbo, to obtain a
precise description, in terms of Arrhenius rates, of the low spectrum of the Witten
Laplacian Ay, acting on forms when f is a rather general (non Morse) smooth
function.

Our first objective is to consider the case of smooth functions with a finite num-
ber of critical values. Note that in this case, the number of critical points of f does
not need to be finite or even countable. Nevertheless, the persistent diagram of f
still consists in a finite number of barcodes (see Section about this notion and
the survey on persistent homology [EHOS|).

In this context, we aim at proving that the Arrhenius rates of the exponentially
small eigenvalues of the Witten Laplacian are still given by the lengths of the bar-
codes of the persistent diagram of f, where the number of infinite lengths of order
p correspond to the p-th Betti number of the manifold.

A nice corollary would then be the stability of the Arrhenius rates of the ex-
ponentially small eigenvalues of Ay, with respect to small perturbations of f by
admissible functions (that is, here, smooth functions with a finite number of critical
values) for the C%-topology. Indeed, an important property of persistent homology
is its stability under perturbations. More precisely, the so-called bottleneck distance
between two persistent diagrams is bounded from above by the sup distance between
the corresponding functions (see for example [EHO8, Theorem 6.1]).

Notice moreover that in this setting, the critical points of f can be arbitrar-
ily highly degenerate. One can hence not hope getting better in general than the
Arrhenius rates of the exponentially small eigenvalues of Ay .
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However, the methods we plan to use for this analysis should lead to explicit
formulas for these small eigenvalues in terms of interactions between suitable quasi-
modes. It would then be interesting, in a second time, to see how they apply to
specific situations.
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Chapter 4

Exit from a metastable state:
concentration of the first exit
point distribution on the low
energy saddle points

We present in this chapter the main results of [DLLN19a] and also briefly discuss
the results of [LN19a]. We recall that the preprint [DLLN19a] has been divided into
two parts for publication. The first part, [DLLN19b|, focuses on the case where the
initial condition is distributed according to the quasi-stationary distribution, while
the second part deals with deterministic initial conditions. We also refer to the
proceedings type work [LLN18] in this connection.

4.1 The case of a confining well

Let us consider a smooth open and connected set ) C R? and the associated exit
event from € for the overdamped Langevin dynamics|l]

dX, = —Vf(X,)dt+Vh dB;. (4.1.1)
More precisely, let us introduce
Tq = inf{t > 0|X; ¢ Q} (4.1.2)
the first exit time from 2. The concentration of the law of first exit point X,, on a
subset of 0f2 is defined as follows.

Definition 4.1.1. Let Y C 0S2. The law of X,, concentrates on Y in the limit
h — 0% if for every neighborhood Vy of Y in 052,

lim P[X,, € Vy] =1,

h—0t+

and if for all x € Y and for all neighborhood V, of x in OS2,
lim P[X,, € V,] > 0.

h—0t+

In other words, Y is the support of the law of X., in the limit h — 07.

1. Note that the scaling in h considered here, which is the one considered in [DLLN19a], is
different from the one considered in (1.3.1) in Section

79
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Let us moreover assume here that f : Q@ — R is smooth and satisfies
Onf > 0 on 012, (4.1.3)
where 0, f is the outward normal derivative of f on 02, and

{r e Q|Vf(x)] =0} ={xp} with f(zo) = mﬁinf and det Hess f(zo) > 0. (4.1.4)

Note in passing that, under the assumption (4.1.3), the assumption (4.1.4)) is equiva-
lent to say that f admits one unique critical point z in €2 (f then admits necessarily
its global minimum on §2 at ) and that x is non degenerate.

In this setting, using large deviation theory, when in addition f attains its mini-
mum on Jf2 at one single point yp, it is proved in [FW12, Theorem 2.1 in Chapter 4],
which also covers the case of non reversible diffusions, that the law of X, in the
limit A — 07 concentrates on yo when Xy = = € Q. In [FW12, Theorem 5.1 in
Chapter 6] (also covering the case of non reversible diffusions), under more general
assumptions on f, for ¥ C 99, the limit of AInP [X,, € X] when h — 07 is related
to a minimization problem involving the quasipotential of the process (see
more precisely in Section .

Let us mention two limitations when applying [FW12, Theorem 5.1 in Chap-
ter 6] in order to obtain some information on the first exit point distribution. First,
this theorem requires to be able to compute the quasipotential in order to get use-
ful information: this is trivial under the assumptions and but more
complicated under more general assumptions on f (in particular when f has several
critical points in €2). Second, even when the quasipotential is analytically known,
this result only gives the subset of 92 where exit will not occur on an exponential
scale in the limit A — 0%. It does not allow to exclude exit points with probability
which goes to zero polynomially in A (this indeed occurs, see Section , and
it does not give the relative probability to exit through exit points with non-zero
probability in the limit A — 0.

Using formal computations based on techniques developed for partial differential
equations, the following formula was then derived in [MS77] when (4.1.3)) and (4.1.4])
hold: for any F' € C*(9€2,R) and = € Q, one has when h — 07:

_ faQFanf ei%f d,uaﬂ
fBQ anf e_%fdﬂas)

The formal asymptotic estimate implies that the law of X, concentrates on
points where f attains its minimum on 0. These results are obtained in [MS77]
injecting formal asymptotic expansions in powers of h in the partial differential
equations satisfied by z € Q — E,[F(X,,)] (see in Section . We also
refer to [SM79], where using formal computations, asymptotic formulas are obtained
concerning the concentration of the law of X, on argming,f when € is the union
of basins of attraction of the dynamics © = —V f(z).

Moreover, when (4.1.3) and hold, the formula (4.1.5) was proved rigor-
ously by Kamin in [Kam79|, and extended to a non reversible diffusion process (Y;):>o
solution to dY; = b(Y;) dt++/h dB, in [Kam78,Per90,Day84,Day87] when € contains
precisely one attractor of the dynamics & = b(z) and b-7 < 0 on 092. However,

E.[F(X.,)] o(1). (4.1.5)
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the results of [Kam79, Kam78,|[Per90,[Day84, Day87] do not provide any information
on the probability to leave €2 through a point which is not a global minimum of f
on Jf) and we refer to the next chapter for results in this connection. We also refer
to [Day99] for a comprehensive review of the above literature and to [IS15,IS17] for
more recent results using similar techniques as those used in [Kam79,Kam78,Per90].

In the work [DLLN19a] presented in this chapter, we aim at analyzing the
metastability of a domain €, as defined in Definition in Section [1.3.3] by
studying on which points the law of X, does concentrate when h — 0" and the
relative probabilities to leave through each of them. Since for physically reasonable
domains this concentration is expected to occur on points belonging to arg miny, f
(see the above results), we are more precisely interested in exhibiting explicit as-
sumptions on the domain €2 and on the smooth Morse function f ensuring the two
following properties:

[P1] When X is initially distributed according to the quasi-stationary distri-
bution v}, of the process in 2 (see Section and in particular
Definition there), the law of X, concentrates in the limit » — 0 on
some global minima of f on 0f2.

[P2] There exist an open set V C 2 such that, when Xy = = € V, the law of
X, concentrates in the limit A — 07 on the same points of 99 as it does
when X, ~ vy, with the same relative probabilities to leave {2 through each

of them.

As it will be clear from our assumptions (AO) to (A4) below, we exhibit in
[DLLN19a] very general couples (2, f) satisfying [P1] and [P2] for which the Morse
potential f can in particular have several critical points in 2, possibly larger in
energy than mingq f, and 9, f is not assumed to be positive on 9€2. Under our
assumptions, the asymptotic concentration of the law of X, can moreover occur on
a strict subset of arg miny, f. However, we do not consider in [DLLN19a] the case
where f has critical points on 0f2.

An easy consequence of our results (see Theorem 4.2.3)) is for instance the fol-
lowing generalization of [Kam79,Kam78,Per90,Day84| Day87] and [FW12, Theorem
2.1 in Chapter 4]: when[

Onf >00n0Q and (Vf)"'({0}) Cc{f< r%}lnf}

(without restriction on the (finite) number of critical points of f), and if X is
distributed according to the quasi-stationary distribution v}, of the process (4.1.1)
in Q2 or Xy = € €, then the exit point distribution concentrates on arg miny, f.

2. Actually, the following conclusions also hold assuming more generally that 0, f > 0 on 02
and that {f < mingg f} contains all the local minima of f and all its separating saddle points as
defined in Section [3.1.3]in the case of Neumann type boundary conditions. This follows from the
fact that in this case, the set {f < mingq f} is connected.
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4.2 The case of more general wells

4.2.1 Geometric hypotheses

Let Q be a C™ oriented compact and connected Riemannian manifold of dimen-
sion d with interior 2 and boundary dQF] We recall the definition of the domain of
attraction of a subset D of ) for the —V f dynamics of a C> function f : Q — R.
Let = € Q and denote by ¢;(z) the solution to the ordinary differential equation

Cola) = ~Vi(aa), wola)=s, (42.)

on the interval t € [0, t,], where
t, = inf{t >0, p(z) ¢ Q} > 0.

Let x € Q be such that ¢, = +00. The w-limit set of z, denoted by w(z), is defined
by

w(z) = {y €Q, I(sp)nen € (IEL)N, lim s, =400, lim ¢, (z) =1y}

n—-+o0o n—-+00

Let us recall that the w-limit set w(x) is included in the set of the critical points of
f in Q. Moreover, when f has a finite number of critical points in €2,

Jy e wlz) = {y}.
Let D be a subset of €). The domain of attraction of D is then defined by

AD) = {x €Q, t, = +oo and w(z) C D}. (4.2.2)

Let us now introduce the basic Morse type assumption of [DLLN19a]|ﬂ

The function f: Q — R is a C> Morse function and V f # 0 on 9€.
The function f|sn : 9 — R is a Morse function. (M)
Moreover, f has at least one local minimum in 2.

For any local minimum x of f in €2, one then defines

Hi(z) = inf max t)), 4.2.3
) = it e f(5(1) (123
7(0)==
~v(1)eo

where C°([0,1],Q) is the set of continuous paths from [0,1] to Q. An equivalent
definition of Hy(z) in terms of the connected components of the sublevel sets of f is
the following (see [DLLN19a] for more details):

He(x) = sup{\ > f(z), Cla,\) NI =0}, (4.2.4)

3. Note that the convention adopted here is not the convention adopted in the preceding chapters
where 2 was always assumed to be closed. It is nevertheless more convenient to assume 2 to be
open here, for instance to be consistent with the usual convention in the Euclidean setting adopted
in Section

4. The assumption that f|sq is a Morse function can actually be replaced by the assumption
that flise00,0, f(o)>0} i @ Morse function, see [DLLN19a] for more details.
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where, for the local minimum z of f in Q and A > f(x),
C(x, )\) is the connected component of {f < A} in © containing x. (4.2.5)

Moreover, the supremum in (4.2.4)) is actually a maximum, i.e. the connected com-
ponent of C(x, H;(x)) containing z is included in . Note also that, Q being locally
connected, C(z, Hs(z)) is an open set of 2, and then of €, for every local minimum
xz of fin Q, and that 0C(z,Hs(x)) C {f = Hy(x)}. It follows in particular that for
every y € C(z), it holds ¢, = 400 and then, C(z) C A(C(x)).

Let us now define a set of assumptions which will ensure that [P1] and [P2]
are satisfied (see indeed Theorem and Section for a discussion on these
assumptions):

— holds and
F!Chax € C such that max {mgxf — min f} = max f —min f (A1)
CeC C C Cnax Crmax
where
C := {C(z), x is a local minimum of f in Q}, (4.2.6)

with, for a local minimum x of f in €,

C(z) := C(z,Hp(x)) (see (4.2.5)). (4.2.7)

— (|A1)) holds and
OCmax N O # 0. (A2)
— (A1) holds and
OChmax N0 C argmin f. (A3)
E1Y)

More precisely, the assumptions and (A1) to (A3)) ensure that when X, ~
vp or Xog = € A(Cpax), the law of X, concentrates on the points of OCpax N 052,

with the same relative probabilities to leave €2 through each of them, see items 1
and 2 in Theorem 4.2.3|

Finally, let us introduce the following assumption:

(A1) holds and for any C € C \ {Cnax} (see (4.2.6])) it holds
OCmax N OC = 0. (A4)

The assumption (Ad4]), together with and (A1) to (A3]), ensures that the
probability that the process (4.1.1)) (starting from the quasi-stationary distribution

vp or from x € A(Cpax)) leaves Q through any sufficiently small neighborhood of
z € 00\ OCphax in 0N is exponentially small when h — 07, see indeed item 3 in

Theorem [4.2.3P]

In Figure is represented a one-dimensional potential satisfying the assump-
tions to . These assumptions will be discussed in Section where we
will in particular show there that if one assumption among (A1), (A2), or (A3]
does not hold, then there exists a function f satisfying such that either [P1]
or [P2] is not satisfied.

5. To connect with the notions introduced in Chapter |3} when (A1) to (A3|) hold, (A4)) is
satisfied if and only if OCpax N Q) does not contain any separating saddle point as defined in

Definition m
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O M OCpax

Figure 4.1 — A 1D example where (A1)—(A4]|) are satisfied. Here, f(x1) = f(z5),
Hi(z1) = Hp(zs) = Hp(zs), C = {Cmax, C2, C3} (where C is defined by (4.2.6)),
0Cy N OCax = 0 and 9C3 N OCrax = 0. Therefore, the assumption (A4) is indeed
satisfied.

4.2.2 Local minima and saddle points of f

In this part, we label suitably the local minima and generalized saddle points of
f, extensively used in [DLLN19a], in order to properly state the main results of this
work. We refer to Section [3.1.3 in the case of Dirichlet type boundary conditions
for more details about these generalized saddle points.

Let us assume that the function f satisfies the assumption . We now specify
the notation of Section in this setting (see (3.1.4) and (3.1.5)). We denote by

Uy = ul” = {ay,.. x,0}t CQ

the set of local minima of f in €2, that is, according to Vf # 0 on 02, the set of

critical points of f with index 0 in 2. Notice that since f satisfies (M), it holds
D

my > 1.

We denote moreover the set of generalized saddle points of f by

D,(1 1 D,(1
U2 = U Ut = {z,. . n )

where ué” denotes the set of critical points of f with index 1 in €2, assumed to have
cardinality m{ € N, and

Z/{(%(l) = {local minima z of f|sq s.t. 9, f(z) >0} C 0Q, (4.2.8)

assumed to have cardinality

m? = CardUy") € N. (4.2.9)
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When m‘im > 1 and then m{j > 1, the elements 2, ..., 2, D ofL{ ) are moreover
labelled such that
1
D= {z1,. o Zman ) (4.2.10)
) " D,(1) . D,(1)
where, when in addition Uy~ Nargmingg, f # 0, the elements zy, . . ., Zmd® of Uy
are ordered such that
T an N argmmf (4.2.11)

where 1 < k9 < m%.

Let us now also assume that the assumptions 1} (A2]), and (A3) are satisfied.
We recall that the set Cpax is then defined by (A1} . It holds moreover in this case:

k% >1 and 0CnaxNON C UaQ ﬂargmmf = {zl,...,zk?n}.

Indeed, and imply that () # 9C.NIQ C argming, f and then that Cpax
is a connected component of {f < mingg f} and that 0Cnax C {f = mingg f}. In
particular, there is no local minimum of f in  on 9Cpax. Hence, every z € 9Cmax N0
being a local minimum of f|sq, the relation V f(2) # 0 implies 0, f(z) > 0 and thus

z € UaDQ’(l).
We assume lastly that the elements z1, ..., z00 of Llaﬂ 'Narg ming, f are ordered
such that
{21, . ,Zk?cmax} = 0Chax NON) = {21, e 7Zk?ﬂ} N OC max- (4.2.12)

Notice that kY“™ > 1 and that k¢“™ < k%?. See in Figure an example illus-
trating the notation introduced in this section.

4.2.3 Main results on the exit point distribution

Let us begin this section by recalling some notions introduced in Section [I.3.3] of
the introductory part.

Let L % be the unbounded differential operator

h
= A+ VSV

0
Lf?

oz~

with domain

D(L?éo)) = {u € Hl(Q,e_%fdp,) , u=0 on 89} N H?*(Q, e_%fdu) :
2
This operator is self-adjoint, positive and has a compact resolvent in L?(£2, et dp).
We denote by

A = A o= min{Sp (L D(O))} >0 (4.2.13)

its principal eigenvalue (which is simple) and by u;, some associated eigenfunc-
tion (which then has a sign on ), chosen to be positive on  and unitary in
L2(Q, el dp):

L?éo) = Mup, up, > 0on 2, and /uieifdu = 1. (4.2.14)
72 Q
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Figure 4.2 — Schematic representation of C (see (4.2.6)) and f|sq under the assump-
tions and —. Here, ; €  is the global minimum of f in Q and the
other local minima of f in Q are x5 and x3 (thus L[S()O) = {1, 79, 23} and m{’ = 3).
Moreover, mingg f = f(21) = f(22) = f(z3) = Hp(x1) = Hy(z2) < Hy(xs) = f(24),
{f < H¢(z1)} has two connected components: Cpax (see (A1) which contains
x1 and Cy which contains x5. Thus, one has C = {Cuax, Co,Cs}. In addi-
tion, Z/{ég = {21,20, 23,24} (M = 4), {21,2,23} = argming, f (k¥ = 3),
Z/IS(;) = {25, 2,27} where {25} = Cpax N C; (m$ = 3 and is not satisfied)
and min(f(26), f(27)) > f(21), OCmax N O = {21, 25} (k9™ = 2). Finally, one has
mP = 7. The point y,, € Q is a local maximum of f with f(y,,) > f(z;) for all
ie{l,..., 7

The quasi-stationary distribution v}, associated with the overdamped Langevin
dynamics (4.1.1)) and €2 is then the probability measure on 2 defined by

u e_%f
vn(dpn) =~ dp.
/

Up, e~hf du
Moreover, according to ([1.3.29)), it holds for any F' € L>*(0f2, R),

3 / F@nuhe_%fd,uag
E, [F(X,,)] = — o0 : (4.2.15)

2)\h /Uheifd/ub
Q
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Before stating the main result of [DLLN19a), that is Theorem [£.2.3] we first
state the following result which is crucial in the proof of this theorem and might be
of independent interest. It states that, when the assumptions and are
satisfied and minc,, f = ming f H, the quasi-stationary distribution v}, concentrates
in (arbitrary small) neighborhoods of the global minima of f in Cp,y.

Proposition 4.2.1. Assume that the assumptions and are satisfied, and
that

min f = min f,

Cono Q
where we recall that Chax has been introduced in . Let O be an open subset of
Q. Then, if ONargmine__ f # 0, one has in the limit h — 0" :

[NIES

) Y eeOMare min det Hess f(x)) .
/ up e »dp = hi CONarg Ny f ( )1 T e~ n ming f (1+(’)(h))
—_1\3
o) (EzEargmincmaxf (det Hess f(x)) 2>

and

(S

(o) = Zrsommmnen (IO T, gy
f (det Hess f(z)) 2

=

Zanrg ming,

where the terms (_’)(h) admit a full asymptotic expansion in h.
Moreover, when O Nargming, f =0, there exists ¢ > 0 such that when h — 0% :

/uh e_%fdu = O(e_%(minﬁfﬂ)) and Vh(O) = (9(6_%).
o

Remark 4.2.2. In the work [LN19d|], we study the repartition of vy, when h — 0T in
the case of a double-well when does not hold. We show there that, generically,
v, concentrates in only one of the two wells in the limit h — 0%, and [P1] and
[P2] hold (see Section . Nevertheless, under sufficient symmetries of f, the
semiclassical tunneling effect between the wells is so strong that vy, concentrates in
both wells in the limit h — 0. This is reminiscent of previous results dealing with
Schrédinger operators of the form —h*A + 'V and we refer in particular to [HelSS,
Section 4.8] for more details and references.

The main result of [DLLN19a] is the following.

Theorem 4.2.3. Let us assume that the assumptions and f are
satisfied. Let F' € L=(0L R) and (5;);cq1,.. o0y be a family of disjoint open subsets
of 0N such that

forallie{1,... k{%}, z €%,

where we recall that {zl,...,zk?n} = L{a%(l) N argming, f (see (4.2.11)). Let K
be a compact subset of Q such that K C A(Cnax) (see (A1) and (4.2.2))). Let uo

be a probability distribution which is either supported in K or equals to the quasi-
stationary distribution vy, of the process (4.1.1)) in Q2. Then:

6. Note that this is automatically satisfied under (A1)—(A3).
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1. There exists ¢ > 0 such that in the limit h — 0% :
k§¢

Eyy [F (X)) = S B,y [1n,F (X,,)] + O F) (4.2.16)

and
k99

Z Eﬂo [1Z¢F (XTQ)] = O(h
i=k{Cmax 41
where we recall that {z, ..., zk?cmax} = 0Cnax N O (see (4.2.12)).

2. When, for some i € {1, e ,k‘fc”‘“}, the function F' is C*™ in a neighborhood
of zi, one has when h — 07 :

IS

), (4.2.17)

W=

E, 15, F (X)) = F(2)a + O(h%), (4.2.18)

where

~1
Cmax
kl

= \/detHessﬂaQ(zi) p \/detHeSSf’aQ(Zj) (4.2.19)

)

3. When (A4) is satisfied, the remainder term O(hi) in (4.2.17) s of the order
(’)(e_%) for some ¢ > 0 and the remainder term O(h%) i (4.2.18) s of the
order O(h) and admits a full asymptotic expansion in h.

Finally, the constants involved in the remainder terms in (4.2.16)), (4.2.17), and in
(4.2.18) are uniform with respect to the probability distribution pg supported in K.

According to (4.2.18) and (4.2.19)), when the function F' belongs to C* (9, R)
and x € A(Cpax), one then has in the limit h — 07F:

Kk Cmax /  Fo.f el dpon
B, [F (X)) = > aiF(z)+0(hi) = =255 - +on(1), (4.2.20)
i=1 / Onf e W dpag
99NV (Cmax)

where V(Cpax) is a sufficiently small neighborhood of Cp.y in © and the order in h
of the remainder term op,(1) depends on the support of F' and on whether or not the
assumption is satisfied (compare with (4.1.5)).

Theorem implies that in the limit A — 07, when Xy ~ v, or Xy = o €
A(Cnax), the law of X, concentrates on the set {z1,..., Zk?cmax} = 00N OCpax with
explicit formulas for the probabilities to exit through each of the z;’s. Therefore,
[P1] and [P2] (see Section[d.1]) are satisfied when the assumptions (A1])-(A3] hold.

Another consequence of Theorem is the following. The probability to
exit through a global minimum z of f|sq which satisfies 0, f(z) < 0 is exponen-
tially small in the limit h — 0% (see (4.2.16))) and the probability to exit through
ZyCmax 1 o s A tends to 0 (and is even exponentially small when holds) even
though all these points belong to arg miny, f.
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Let us conclude this section by stressing that Theorem [4.2.3] can also be applied
to a well chosen subdomain of €2 in order to deal with the concentration of the law
of X,, in the limit ~ — 07 when X, = z € A(C) and C € C (see (4.2.6)) is not
necessarily Cpax.

This permits for example to prove the following result:

Theorem 4.2.4. Let us assume that holds and let C € C (see (4.2.6) ) be such
that
ICNIN#D and \Vf| # 0 on OC. (4.2.21)

We recall that 0C N QY C U{)Q (see ([£.2.8) and (4.2.10))).
Let K be a compact subset of such that K c A(C) and, for all z € 0CN 01,

let X2, be an open subset of OS2 such that z € ¥,. Then, there exists ¢ > 0 such that
in the limit h — 0",

sup P, [XTQ € 0N\ U x ] <eh,
eek 2€0CNIQ

Assume moreover that the sets (X.).cocnan are two by two disjoint and take
z € 0CN oK. It then holds

0,/(2) 20\ 1t om
P,[X,, € %.] = a e T <ye;89 ¢detHessf‘m(y)> (14 O(h))

for all x € K in the limit h — 0% and uniformly in x € K.

Theorem implies that when C € C satisfies (4.2.21)) (this is for instance the
case for C3 on Figures[d.1]and [4.2)), the law of X, when X, = = € A(C) concentrates
on 0C N 0N when h — 0%,

4.2.4 About the hypotheses

In this section, we discuss, assuming , the necessity of the assumptions (A 1])—
(A3)) to obtain [P1] and [P2] (see Section [4.1)). We also discuss the necessity of the
assumption (A4]) to get the item 3 in Theorem [4.2.3|

On the assumption (A1l

a) Spectral meaning of the assumption (A1)

Before going through different examples, let us first specify the meaning of (A1)
— which formally means that the potential function f admits precisely one deepest

characteristic well — in terms of the spectrum of Lf © made of the eigenvalues

2

0 <Ap= A <Agp <--- counted with multiplicity.

According to Theorem in Chapter [3|or to [DLLN19b|, Theorem 4], it holds,
under the basic assumption (M),

Vk e N, lim hln)g, existsin R™ and lim Aln Mg, <0 iff 1<k<m0,
h—0t h—0t

where we recall that m¥ denotes the number of local minima of f in 2, and

(A1) is satisfied iff lim hln)\, < hm hin g p,.

h—0t h—0t
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In other words, the assumption (A1) is satisfied if and only if there is an exponen-
tially big gap in the limit h — 0" between A, and Ay .

b) An example where (Al]) and [P2] are not satisfied

Let us consider z; < 0, z5 := —2z1, 2z = 0 and f € C*>([z1, 22|, R) a Morse function
such that

[ is an even function and {x € [z1, 20|, f'(x) = 0} = {z1, 2, 22},

where

21 <X < z2<x9 < 29, flz1) = f(22), and f(z1) = f(x2) < f(21) < f(2).
Notice that in this case 1 = —x5, 1 and x5 are the two global minima of f on
(21, 22], #z is the global maximum of f on [z, 2] and Hy(z1) = Hy(xe) = f(21),

see Figure 4.3, For such a function, the assumption (A1) is not satisfied since
argmax {Hy(z)— f(z), « is local minimum of f in Q} = {21, z,} and z; belongs to
a connected component of { f < Hy(z1)} which differs from the connected component
of {f < Hg(x1)} which contains 5.

z

{f = minyq f}

{f = ming f}

€ X2

Figure 4.3 — A 1D example where (A1) and [P2] are not satisfied.

Since for x € (21,22) and h > 0, vu(x) = vp(—2) and P, [X

T(x1.29) Zl] -
P—I[XRZLZQ) = 2|, one has for all h > 0:

1
=z| = 5 and Py, [X; . =2]= 5

However, it follows for example from computations done in the appendix of [DLLN19a]
and relying on explicit formulas for P,[X: = z1] and P,[X;_ = 25| together
with Laplace’s method, that for x € (21, 2), there exists ¢ > 0 such that in the limit
h— 0",

P,[X

T(z1,22)

P, [X

T(21,22)

2] =140(e %) and P,[X 2] = O0(e™7),

T(z1,29)

and that for = € (z, z9), there exists ¢ > 0 such that in the limit h — 0T,

P.[X = 2] =0(e" ) and P,[X =2 =1+0(").

T(z1,22) T(z1,22)

Therefore, in this example, the assumption [P2] is not satisfied and the domain (2
is not metastable for deterministic initial conditions Xy = = € (21, 22) \ {2z} — and
thus not metastable! — in the sense of Definition [1.3.4[]

7. Note however that when the process starts from z, it has a probability one half to fall in the
well associated with z; and a probability one half to fall in the other well. Using the symmetry,
one could then show that the process is metastable for the deterministic initial conditions Xy = z.
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c) There are cases where [P1] and [P2] are satisfied but not (A1)

In the symmetric case depicted in Figure the quasi-stationary distribution
v, concentrates in the two wells (z1,2) and (z, 23) (see [LN19a]): for any a; < by
such that z; € (a1, b1) C (21, 2) and ay < by such that x5 € (ag, b2) C (2, 22), it holds

. 1 ) 1
hlir(% vi((ar,b1)) = 3 and hli>ré1+ v ((as,b2)) = 3

However, it is proved in [LN19a] (see Remark in this connection) that this
equal repartition of v, when h — 07 is very unstable with respect to perturbations:
changing a little bit the value of the determinant of the Hessian matrix of f at x;
or z, or the normal derivative of f at z; or z5 (while keeping the fact that is
not satisfied) makes vy, concentrates in the limit A — 0% in only one of the two wells
(z1,2) or (z,29), and [P1] and [P2] then also hold.

d) On the analysis of [P1] and [P2] when (A1) does not hold

To analyse in general whether [P1] or [P2] is satisfied, one needs in particular to
study the asymptotic repartition of v, in neigborhoods of the local minima of f in
Q when h — 0. To do this, we look for an accurate approximation of the principal
eigenfunction wy, of L?io) (chosen unitary in L2(, e #fdu)). When is not
satisfied, this is delicate since exponentially small eigenvalues of the same order are
into play: A, and Ay, are exponentially small when A — 0" and

lim Aln A, = lim hlnAgp.
h—0+ h—0+

This makes in particular difficult to properly estimate u;, by simply projecting a
well chosen quasimode on Span{u;,} since the quality of such an approximation is

typically bounded from above by the quotient ;‘;h which in general does not tend

to 0 when h — O+E| (whereas this quotient is exponentially small when (A1) is
satisfied).

Moreover, when is not satisfied, it is difficult to predict in which well v},
concentrates when it does, as explained in [LN19a]. This is again due to the fact
that this prediction relies on a very accurate comparison between A, and Ay j. To
overcome this difficulty in our work |[LN19a], which precisely focuses on this situation
in the double-well case, the key point relies on the fact that we are able to precisely

analyse the restriction of L?io) to the eigenspace associated with A, and Ag .
2

On the assumption ((A2)

Let us consider here z; < 2o and f: [21,25] — R a C* Morse function such
that {z € [z1, 22, f'(x) = 0} = {x1,22,¢,d} with z; < 21 < ¢ < 29 < d < 2z and

f(x2) < fz1) < f(z1) < f(22) < f(d) < f(c) (see Figure [£.4). This implies that
f'(z2) < 0and f(d) — f(x2) > f(z1) — f(z1). Moreover, it holds

He(x1) = f(21), He(z2) = f(d), f(z1) = rr(%gi)nf, Cmax C (¢,d) and 9Cpa N O = .

8. More precisely, it follows from [DLLN19a, Theorem 5] that this quotient is either of constant
order or of order vk, according to the geometry of the level sets of the function f.
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The assumption (A1) is satisfied but not (A2)) (since the boundary of C,.x does
not meet 092). From [DLLN19a, Appendix B|, there exists ¢ > 0 such that in the
limit A — 07:

P,, [X = 2] =1+0("). (4.2.22)

T(z1,22)

Therefore, in the small temperature regime and starting from the quasi-stationary
distribution, the process leaves 2 = (z1, z2) through 2z, when h — 0". Notice
that z is not the global minimum of f|sq and is even not a generalized critical point
with index 1. Consequently, the condition [P1] is not satisfied.

Figure 4.4 — A 1D example where (A1]) is satisfied but not (AZ2)). In this example,
[P1] is not satisfied.

On the assumption ((A3))

Let us now consider z; < 2z, and f: [z1,23] — R be a C>* Morse function
such that {z € [z1, 0], f'(z) = 0} = {x1, 2,22}, where 21 < 1 < 2 < @9 < 29
and f(z2) < f(z1) < f(z1) < f(22) < f(z) (see Figure 4.5). This implies that
f(z1) = f(z1) < f(z2) = f(x2), f'(21) <0, f'(22) > 0, that z5 is the global minimum
of fin [z1, 2z2] and z; is a local minimum of f, and that z is the global maximum of
f in [z1, z2]. It then holds

Hf(l‘l) = f(zl) ) Hf(wQ) = f(ZQ) ) f(zl) = nalgznf’ acmax N 89 - {22}7

and Cpax C (2, 22). The assumptions (A1) and ({A2]) are then satisfied but not (A3|).
Moreover, from [DLLN19a, Appendix B], there exists ¢ > 0 such that in the limit

h—0":
P, [X = 2] =1+0(e#). (4.2.23)

T(21,22)

Therefore, when Xy ~ vy, the law of X, concentrates on zy in the limit A — 0.
Since f(z2) > mingg f, the property [P1] is thus not satisfied.

On the assumption (A4)

We conclude this section by giving an example such that is not satisfied
and the remainder term O(h1) in ([£.2.17) is not of the order O(e~#) for some ¢ > 0.
To this end, let us consider z; < z and a C* Morse function f: [z1,25] — R
such that {x € [21, 20, f'(x) = 0} = {x1,2, 22} with 23 < 27 < z < 23 < 2 and
f(z1) < f(x2) < f(2) = f(21) = f(22) (see Figure[4.6). This implies that f/(z) < 0
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Figure 4.5 — A 1D example where (A1))-(A2)) are satisfied but not (A3)). In this
example, [P1] is not satisfied.

and f'(z2) > 0, that z; is the global minimum of f in [z, 23] and x5 is a local
minimum of f, and that z is a local maximum of f. In this example, it holds:

Hy(@1) = f(z1) = min f, Crax = (21, 2), OCrmax N O = {21},

and
C=(z,2),

where C # Cax is the other connected component of {f < Hy(z1)}. The assump-

tions (A1), (A2)), and (A3)) are then satisfied whereas, since 9Cpnax N OC = {2},
(A4)) is not satisfied.

From [DLLN19a, Appendix B] together with Laplace’s method, one has for = €
Cmax in the limit A — 0*:

_ 1= VI
P Xo., . = 2]—2‘f,(21)|ﬁ\/ﬁ+0(h).

Moreover, the result holds starting from v, using for example Proposition [4.2.6
below): in the limit h — 0T,

I ]
WP =5 = gpcye YO0

In this case, the exit through z; when h — 0% is not exponentially small but is
exactly of the order vh even though z is a generalized critical point of f on 9Q
(i.e f(zo) € L{a%(l), see (1.2.8)) and f(z2) = mingg f. The remainder term O(h1) in
[@.2.17) is then not exponentially small and is actually exactly of the order O(v/h)
in this example.

P

Remark 4.2.5. This can be generalized to higher-dimensional settings. In [Necl7,
Proposition C.40, item 3/, it is shown on some higher-dimensional cases for which

the assumption (A4]) does not hold, that the remainder terms O(hi) m (4.2.17))
and (4.2.18) are of the order O(\/ﬁ) We moreover expect that the remainder terms

O(hi) in (4.2.17) and (4.2.18]) are of the order O(\/E) in the setting considered in
Theorem [4.2.3. Proving this fact would require some substantially finer analysis.
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{f =mingg f} = {f =Hg(z1)}

T

Figure 4.6 — A 1D example where (A1))—(A3]) hold but not (A4].

4.2.5 About the proofs
Let us now give a brief idea on how Theorem is proven in |[DLLN19a].
The main part of the proof of Theorem consists in proving the asymptotic

estimates on E,, [F (X,,)]. In view of (4.2.15), in order to obtain these estimates,
we study the precise asymptotic behaviour when h — 0% of the quantities

An /uheifdu, and O,uyp, ,
Q

where Ay, is defined by (4.2.13)) and uy, by (4.2.14).

The study of the precise asymptotic behaviour of A\, and of the low spectrum of
L?éo), which amounts, according to (see ([1.3.18))
2

F‘\\

L
h

g,,

e

f, e

AP = ope

¢ - Qheﬁ(;’A +Vf-V)eh,

M\:'\-’

to study the low spectrum of the Witten Laplacian A % Wwith Dirichlet type bound-
ary conditions (see Sectlon_ has already been explamed in Chapter I see The-
orem “ 3.2.2| there). We recall that this study relies on the supersymmetric structure
of the Witten Laplacian which leads in this setting to the following. Let ¢ > 0 be
small enough such that, for i € {0, 1}, it holds, in the limit A — 07,

dim Ran (r\”) = mP, (4.2.24)
where 7T](j) = 77[070)([/?’?) is the spectral projector of the self-adjoint operator

LfD;Si) —— A?}fi) e f in AL2(), e~/ dp) associated with the interval [0, ¢) (see
Theorem [1.2.5| and (|1.3.18))). It then holds (see Section and (1.3.18))

DL, = {we N H* Qe dp), tw =0 and tdj; ,w = 0}

andPl

V:Ran (r,") = Ran (m) and L7\VV = VL7 on Ran (m"). (4.2.25)

9. Here, we a slight abuse of notation, we identify the differential du of the function u with its
gradient Vu.
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Note also the relation L?éo) = 4V*V on Ran (W,SO)), where V* is the adjoint of
2

V : Ran (W,(ZO)) — Ran (77,(11)) with respect to the scalar product on AL2(S2, e~ #/dp).

Once the asymptotic behaviour of A, and of the low spectrum of L?}EO) has been

3
understood by carefully analyzing the matrix of V : Ran (W}(LO)) — Ran (ﬂ'}(ll)) in

bases constructed using suitable quasimodes as in Chapter |3| (see Section and in
particular Section there), it is quite easy to prove Proposition concerning
the concentration of wuy, el in Cmax, Which gives in particular a precise estimate
on fQ up, et dp. For this, we simply use the fact that /\’\Q—hh is exponentially small

when h — 0% and an accurate approximation iy, of u; in L*(2, el du) given by
the construction made in Section in Chapter [3| (see Section [3.3.1] and
there, and also and the lines below in the next chapter in the simplest
possible situation).

Lastly, to obtain the precise asymptotic behaviour of d,u, = 7 - Vuy, the idea
is to decompose Vuy,, which belongs to Ran W}(LI) by supersymmetry (see ),

}(11)‘ This requires in particular to show

along a natural orthonormal basis of Ran 7
that the above accurate approximation y, of u;, in L?(€, e~ il du) is actually an ac-
curate approximation of u; in H'((, e~nl dy), which relies on the specific form of
A and of the above matrix of V : Ran (F}(LO)) — Ran (W,(ll)) in suitable bases (whose

study already led to the precise computation of A\p!).

Then, in order to finish the proof of Theorem [4.2.3] it remains to prove asymp-
totic estimates on E, [F (X,,,)] when = € A(Cyax). To do this, we first use classical
techniques for elliptic PDEs when x € Cpax (see in particular [DF78] in this connec-
tion). These results are then extended to arbitrary « € A(Cp.x) using basic results
of large deviation theory (see [FW12]).

This leads in particular to the following proposition, which connects the law of
X, when Xy ~ v, and Xog = € A(Cnax) in the limit A — 07 and implies that
[P2] (see Section is satisfied for every x € A(Cpax).

Proposition 4.2.6. Assume that the assumptions and (A1) are satisfied. Let

us moreover assume that

min f = min f,
Crmax Q

where we recall that Cpax is introduced in (Al)). Let K be a compact subset of €2
such that K C A(Cmax) and let F' € C*(0,R). Then, there exists ¢ > 0 such that
forallz € K:

EVh [F (XTQ)] =E, [F (XTQ>] + O(@_E)

in the limit h — 0% and uniformly in x € K.

4.3 Some perspectives

4.3.1 Potentials with critical points on the boundary

As in Chapter (3 all the results mentioned and presented in this chapter do not
consider the case of critical points on the boundary. We recall moreover that, even
though the latter case is generic, it is relevant to consider the case where the potential
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f admits critical points on the boundary since it is the case in most applications,
see indeed and the discussion around in Section m

In order to obtain generalizations of the results presented in Section [4.2.3]in this
case, we first need to obtain precise asymptotics on the low spectrum of L (0), or

’2

equivalently of AP fjl , and we refer to Section [3.5.1|in this connection. Moreover,
even though such asymptotics can be obtained without explicitly considering the
Witten Laplacian acting on 1-forms AD’(U, generalizing the results of Section [4.2.3
when f admits critical pomts on the boundary also relies on a good understanding o
the low spectrum of AD @ (see for instance (4.2.24)) in Section [4.2.5)). In particular,
the counterpart of Theorem 1.2.5] in the case of critical points on the boundary
is a prerequisite for a generalization of the results stated in Section [£.2.3] This
will require a careful analysis near the critical points of f in 9€). Moreover, we
expect to need stronger compatibility conditions on the shape of 9¢) near the Crltlcal
point of f than for the sole precise computation of the low spectrum of AL fh
(see Section [3.5.1)). Then, and only then, we should be able to suitably generalize
Theorem When f admits critical points on the boundary.

4.3.2 Non reversible overdamped Langevin dynamics

In Section of the preceding chapter, we mentioned our recent work [LM19],
in collaboration with Laurent Michel, Where We prove sharp asymptotic estimates
on the low spectrum of the counterpart of L9 for the dynamics

2

54
dX; = b(X,)+VhdB, = —(1+ J)Vf(X)dt+Vh dB,, (4.3.1)
that is Ll(fé = —%A +Vf-V+ (JVf)- -V, where J is a constant skew-symmetric

matrix of size d. We recall that in this case,

mﬁ%(d,u) = (/ e_2£d,u)7le_2%d,u

Rd

is still an invariant measure since LT (ﬁ) -2 = 0. Moreover, since .J is constant, it
72
holds L
0 L. _of %
Lg} = —5div (eI = ))V) = —dj, (- J)d.

It follows that L has in this case a natural supersymmetric extension L li (but
2

7

for a non symmetrlc “scalar product”).
Furthermore, looking at the corresponding exit problem of some bounded domain
), the process still admits a unique quasi-stationary distribution on €2 (see for
example [CV17]), given by the (suitably normalized) positive principal eigenfunction
of the (non self-adjoint) Dirichlet realization of LT(E on 2 (whose existence follows
’ 2

from the Krein-Rutman theorem). Denoting by u, some principal eigenfunction of
Ll?h( the quasi-stationary distribution is then still given by (see (1.3.27)) in the
reversible case)
u (%)672%
h
vp(dp) = vp(x)dp = —fdu.
/ upe” “rdpy
Q
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In future works, we would like to adapt the quasi-stationary distribution ap-
proach in this setting in order to generalize the results stated in Section |4 When
0f) admits critical points of f or not. To do this, even once the low spectrum of L -0

will have been precisely computed, some important analy51s will still be requlred
D,(1)
in particular to properly understand the behaviour of L") near the (generalized)

critical points of f in 2 and in 0f) (see the previous Sectlon in this connection).
Again, the most delicate part of this analysis should concern the critical points of f
in 0€), since for its critical points in €2, it should be possible to adapt the analysis
done in [HHS11] for the Kramers-Fokker-Planck operator.
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Chapter 5

Exit from a metastable state:
sharp asymptotics of the first exit
point distribution

We present in this chapter the main results of [DLLN17b]. They are also sum-
marized in the the proceedings type works [DLLN17a, LLN18].

5.1 Markov jump process and Eyring-Kramers law

5.1.1 Kinetic Monte Carlo methods

Let f : R? — R be a Morse function, Q C R? be a (smooth open connected)
domain of the configuration space, and let us assume that the overdamped Langevin
process|l]

dX, = =V f(X,)dt + Vh dB, (5.1.1)

is initially distributed according to a probability measure p (i.e. Xy ~ p) which is
supported in © and for which the exit event from  is metastable (see Definition [1.3.4]
Figure p.1]), each of them corresponding to a macroscopic state of the system. Many
reduced models and algorithms rely on the fact that the exit event from (2, i.e. the
next visited state by the process among the (2;’s as well as the time spent
by the process in €, is efficiently approximated by a Markov jump process
using kinetic Monte Carlo methods [Sch98|,SS13,[Vot05, Wal03, Cam 14, FYY14].
Kinetic Monte Carlo methods simulate a Markov jump process in a discrete state
space. To use a kinetic Monte Carlo algorithm in order to sample the exit event
from €2, one needs, for i € {1,...,n}, the transition rate ko; to go from the state
to the state §2;. A kinetic Monte Carlo algorithm generates the next visited state Y
among the €2;’s and the time 7" spent in €2 for the process as follows:

1. First sample 7" as an exponential random variable with parameter ), ko,

- T~5<§:k0i>. (5.1.2)

1. As in Chapter [4] the scaling in h considered here is different from the one adopted in (1.3.1))

in Section E}

99
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Figure 5.1 — A domain € and its the surrounding domains (£2;);=1.. 4, where xy is
the global minimum of f in Q and {z;} = argminggo f (7 € {1,2,3,4}).

2. Then, sample the next visited state Y independently from 7T, i.e
Y I T (5.1.3)

using the following law : for all i € {1,...,n},

kOi

U s s

(5.1.4)

Remark 5.1.1. Let us give an equivalent way to sample T and Y in a Monte

-----

-----

Kramers formula [HTB90|Vot05|:
koi = A; 6—%(f(2i)—f($o))’ (5'1'5)

where A; > 0 is a prefactor, z( is the global minimum of f on  (assumed to be
unique), and {z;} = argmin, . f(2), where 9€2; denotes the part of the boundary
0 which connects the region 2 (numbered 0) with the neighboring region numbered
1, see Figure [5.1l The prefactor A; depends on the dynamics under consideration
and on the potential function f around xy and z;.

Moreover, the domain € is in practice the basin of attraction of xy for the dy-
namics & = —V f(z). Fori € {1,...,n}, the point z; is then a saddle point (i.e. a
critical point with index 1) of f, and the prefactor A; writes

_[Mz)| y/det Hess f(x0)
- 2r v/Idet Hess f(z;)]

(5.1.6)

7

where A(z;) is the negative eigenvalue of Hess f(z;). This formula has been obtained
in the small temperature regime by Kramers in [Kra40] but also by many authors
previously (see Sections |1.3.2| and [1.3.3] and the exhaustive review of the literature
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reported in [HTB90]). We also refer to [HTB90| for generalizations to the Langevin
dynamics (see also Section [5.3.2)).

In the work |[DLLN17b|, we consider a slightly different situation where the
domain € is a confining well (containing () inside the basin of attraction of xy for
the dynamics @ = —V f(z), i.e. satisfies 0,,f > 0 on 9. Then, for i € {1,...,n},
the point z; is not a saddle point of f in the usual sense (since V f(z;) # 0) but a
generalized saddle point in the sense of Section [3.1.3] in the case of Dirichlet type
boundary conditions (see there and the discussion below). This leads in
particular to the following formula instead of (see (1.3.33), where 2k has to
be replaced by h according to the different scaling in h there, and the discussion
around in Section [1.3.3):

onf(z) det Hess f(xg)
Vrh /det Hess floa(z)

Remark 5.1.2. In the Physics literature, the approrimation of the macroscopic
evolution of the system with a Markov jump process with transition rates computed
with the Eyring-Kramers formula l) 15 sometimes called the Harmonic
Transition State Theory, see [Mar15,|Vin57].

A = (5.1.7)

5.1.3 Markov jump process and quasi-stationary distribu-
tion

We assume more generally from now on that Q is a C* oriented compact and
connected Riemannian manifold of dimension d with interior 2 and boundary 9QP}
As explained in Section [1.3.3] if the process solution to remains for a suffi-
ciently long time in the domain €2, it is natural to consider the exit event starting
from the quasi-stationary distribution attached to 2 (see Definition and Propo-
sition in Section [1.3.3)).

We recall here from Sections and that the unbounded operator

h
120 = CAQ £ VSV with domain DD = (0 H)(Q, e Hdp)

' 9 g
is self-adjoint positive with a compact resolvent in L*((2, e~nl du), that its principal
eigenvalue

)‘h = )\Lh = mln{ Sp <LJL:§O))} >0 (518)

is simple and that if u, denotes some associated eigenfunction (which then has a
sign on (), the quasi-stationary distribution v}, associated with € and (5.1.1) is the
probability measure on €2 defined by

2
~2f

Up € h

vp(dp) = h—2 du . (5.1.9)
/ upe n dp
Q
In the sequel, we assume moreover without loss of generality that
L?éo) = Ayup, up, > 0on €, and /u%e_ifdu = 1. (5.1.10)
72 Q

2. We adopt here the same convention as in Chapter 4} differing from the one adopted in the
other chapters where 2 was assumed to be closed.
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We also recall from Proposition that when the dynamics (X})¢>o solution
to (5.1.1)) is initially distributed according to v:

— the first exit time from €, 7o, and the first exit point X,, are independant,
— Tq is exponentially distributed with parameter A, (and then E,, (1) = A—lh),

— and the law of X, has a density with respect to the Lebesgue measure on
0f) given by
h Oyup(z)e #d @

2An /uh e_%fd,u
Q

This shows that, starting from the quasi-stationary distribution in the domain
2, the exit event (7q, X,,) can be modeled by a Markov jump process without any
approzimation. Indeed, using the notation of Section [5.1.1] let us consider that
Q0 C RY is associated with the state 0 and surrounded by n neighbouring states
associated with domains (€2;);=1. . (see Figure for a schematic representation
when n = 4), and let us define the following transition rates:

2 €00~ — (5.1.11)

P, (X, € 00N

Vi € {]., .. .n}, ]C()i = E (TQ)

(5.1.12)

Then the exit event (7, X,,,) is such that:
— the residence time 7q is exponentially distributed with parameter . ko;,

— the next visited state is independent of the residence time and is ¢ with

probability an(“ e
j=1%0j

These are exactly the properties ((5.1.2)—(5.1.4) which are required to define a
transition using a Markov jump process. The quasi-stationary distribution can thus

be used to parameterize the underlying jump Markov process when the domains are
metastable (see Definition [1.3.4)).

The question we try to answer in our work |[DLLN17b] is then the following:
when €2 is a confining well and X, ~ v}, what is the error introduced when one
approximates the exact rates using the Eyring-Kramers formula given by
(5.1.5) and (5.1.7)). Since in this case E,, (7q) note that one has from ((5.1.11)
the following formula for the exact rates:

) / Optup e ¥ dpige
fgy = —— L2800 . (5.1.13)

2 /uh et du
Q

In [DLLN17b|, we prove that in the small temperature regime h — 07, the exact
rates can indeed be accurately approximated by the Eyring-Kramers formula
given by (|5.1.5) and with explicit error bounds (see Corollary below).
The asymptotic analysis is done directly on the rates, and not only on the logarithm
of the rates, which is the typical result obtained with the large deviation theory for

example, see Section and in particular (1.3.30)) there.

-1
=%
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5.2 Results for a confining well

5.2.1 An adapted Agmon distance

Our results hold under some geometric assumptions which require to introduce

some natural Agmon distance quantifying the decay of the eigenfunctions of L?f)
)

(or equivalently of the Witten Laplacian A?;fl) with Dirichlet type boundary con-
ditions, see Section away from the (generalized) critical points of f (see for
example [Sim84, HS84,DS99| for more material about the Agmon distance on man-
ifolds without boundary).

Definition 5.2.1. Let Q be a C™ oriented connected compact Riemannian manifold
of dimension d with boundary 0 and f : 2 — R be a C* function. Defineg: ) — R

by:
forall x €, g(x)=|Vf(x)] and forall x €0, g(z)=|Vrf(zx), (5.2.1)

where for any v € O, Vr f(x) denotes the tangential gradient of the function f on
0L). One defines the length L of a Lipschitz curve v : I — €, where I C R is an
interval, by
LoD = [oGo) Y @ldee 0+
I

Let us recall that the Rademacher’s theorem (see for example [EG15]) states
that every Lipschitz function admits almost everywhere a derivative (which is then
bounded by the Lipschitz constant). Therefore, if I is bounded, then L(vy, ) < oo.
Let us now define the Agmon distance adapted to our problem.

Definition 5.2.2. Let g be the function introduced in Definition[9.2.1. The Agmon
distance between x € Q) and y € ) is defined by

do (z,y) == inf L(v,(0,1)), (5.2.2)

v€Lip(z,y)

where Lip (z,y) is the set of curve v : [0,1] — Q which are Lipschitz with v(0) = x
and y(1) = y.

The Agmon distance d, is obviously symmetric, nonnegative, and satisfies the
triangular inequality. It is moreover a distance when the critical points of f and of
flaq are isolated.

When © is a manifold without boundary, the Agmon distance d, introduced in
Definition coincides with the Agmon distance defined in [HS85¢c, Appendix 2].
It satisfies in particular |Vd,| = |V f| near the (non degenerate) critical points of f in
Q. When 99 # (), it moreover also satisfies |Vd,| = |V f| near the (non degenerate)
critical points of f|sq. This property, crucial in the analysis led in [DLLN17b|,
requires to use the tangential gradient of f on 9 in the definition of d, (see (5.2.1])).
We refer to [DLLN17b|, Section 3] for more details about d,,.

5.2.2 Main results

Before stating the main results of [DLLN17b|, we first introduce some notation
and some preliminary results.
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The following hypotheses specify in particular what we mean by a confining well
for the potential f (see also Section |1.3.3).

[H1] The function f : © — R is a Morse function without any critical on 9Q and
flaq is a Morse function.

[H2] The function f has a unique global minimum zy € Q in Q, i.e.

rgsi)nf > mﬁinf = Hgnf = f(20),

and z( is the unique critical point of f in Q. We assume moreover that f|sq has
precisely n > 1 local minima z1, ..., z,, ordered such that

f(z1) < flz2) < - < flzn).
[H3] Tt holds 9,,f > 0 on 0f.

When these assumptions are satisfied, note that according to the notation of

Section 1n the Dirichlet setting (see (3.1.4) and (3.1.5)), it holds m{’ =1 and
{zo} = and

m? = n and L[g’(l) — UM = {z, .z}
In the sequel, we denote moreover by nyg € {1,...,n} the number of points in
arg min f|aq:
f(Zl) = = f(Zno) < f(Zno-H) < - < f(zn)

Note that Theorem [3.2.2] and ({3.2.1)) in Chapter (3] (see also [HNO6, DLLN19b])
then immediately lead to the following proposition:

Proposition 5.2.3. Assume that [H1], [H2], and [H3] hold. Then, the principal
eigenvalue N\, of L?éo)(Q) satisfies in the limit h — 0% :

Vrh Hess floa(z)

where the term O(h) admits a full asymptotic expansion in h.

det Hess f(xo) Onf(2) —2(f(z1)—f(20))
e h 1 *o 1 + O h 3 523
E e ( (h), (5.2.3)

Moreover, Proposition in Chapter [4] immediately implies the following re-
sult:

Proposition 5.2.4. Assume that [H1], [H2], and [H3] hold. Then, when h — 07,
it holds

Lty

—2f — T $ o—+/f(=0)
ur e rld = hi e & 1+ O(h s
/Q " : (det Hess f(z))"* ( (1)

where uy, is defined by (5.1.10)) and the term O(h) admits a full asymptotic expansion
m h.
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We now define the basins of attraction of the local minima z; for the dynamics
= —Vrf(z) in 09, where we recall that for any = € 99, Vrf(x) denotes the
tangential gradient of f on 0.

Definition 5.2.5. Assume that [H1] holds. For each local minimum z € OS2,
one denotes by B, C 0N the basin of attraction in 02 of z for the dynamics © =
—Vrf(z) in 0. We recall that B, is an open subset of OQ and we additionally
define BS := 0Q \ B,.

Note in particular that one obviously has f(z) > f(z) for each local minimum
zedand x € B,.

In view of (5.1.11)) and (5.1.13)), we need to estimate three quantities in order to
analyze the exit point density and the asymptotic of the transition rates in the regime
h — 07 Xy and [, up e~/ where (An, up) is defined by and (5.1.10), and
J5(Onun) el for a subset X of 9Q. The two first quantities are already estimated
thanks to Propositions [5.2.3] and [5.2.4] and the following result gives en estimate on
J5(Opun) e~ 7 when ¥ C B,, for some local minimum z; of f|aq.

Theorem 5.2.6. Assume that [H1], [H2], and [H3] hold, and that

— Vie{l,...,n},
zie%f;, da(z,21) > max(f(zn) — f(2:), f(2:) — f(z1)], (5.2.4)
— and

f(z1) = flzo) > f(zn) — f(21)- (5.2.5)
Then, for alli € {1,...,n} and all open set X; C IS containing z; and such that
Y; C B.,, it holds in the limit h — 0%,

Oy, e ! digo = Ai(h) 6,2f(zi>;f<xo>(
3

where uy, is defined by (5.1.10), the term O(h) admits a full asymptotic expansion

m h, and

1+ 0(h)), (5.2.6)

Ai(h) = — (det Hess f(0))Y4 0, f(2:) 2T Pt
V/det Hess flaa(2:)

Theorem is the main contribution of our work [DLLN19a]. Together with
Propositions [5.2.3| and [5.2.4] it has the consequences stated below on the first exit

.....

Eyring-Kramers formula (see Section [5.1.3). We recall that (X;);>o denotes the
solution to (5.1.1]), that 7q is the first exit time from the domain 2, and that v, is
the quasi-stationary distribution associated with (X;);>o and €2 (see (5.1.9)).

Corollary 5.2.7. Under the hypotheses of Theorem for everyi € {1,...,n}
and every open set ¥; C 0N) containing z; such that ¥; C B.,,, it holds in the limit
h— 0t

On f(2i)
Py, [Xr € 5] = ng/detHesséf\fa(g;Si) o~ 2 (f(z)=f(=1) (1+0(h)), (5.2.7)

k=1 \/det Hess flaq(zk)

where the term O(h) admits a full asymptotic expansion in h.
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Note in passing that as a simple consequence of Corollary [5.2.7], we recover the
fact that (X;)i>o leaves Q around the global minima zy,...,z,, of f on 0Q (see
Section and Chapter [4] and [DLLN19b]).

Corollary 5.2.8. Let i € {1,...,n} and X; C OQ be an open set containing z;
such that ¥; C B,,. Using the notation of Section m assume that ¥; 1s the
common boundary between 0 and another domain Q; C R Under the hypotheses

of Theorem the transition rate to go from ) to ; given by (5.1.12) satisfies,

in the limit h — 0T,

1
koi = \/ﬁ&zf(zi)

det Hess f(xg)
\/det Hess floa(z:)

o~ # (f(z:)=f(x0)) (1+0(h)), (5.2.8)

where the term O(h) admits a full asymptotic expansion in h.

This corollary thus gives a justification of the Eyring-Kramers formula and the
Transition State Theory to build Markov models. As stated in the assumptions, the
exit rates are obtained assuming d,f > 0 on 0€2: the local minima zi,..., 2, of f
on 0N are therefore not saddle points of f but generalized saddle points (see (3.1.5)
and the discussion below in Section . We refer to in Section @ for
the expected formula when zq, ..., z, are usual saddle points of f.

Let us conclude this section with the following result which generalizes Corol-
lary to sufficiently low in energy deterministic initial conditions. We refer
to [DLLN17b, Section 1.6.6] for other generalisations of Theorem and Corol-

lary [5.2.7

Corollary 5.2.9. Let us assume that all the hypotheses of Corollary[5.2.7 are sat-
isfied, and that in addition there exists ig € {2,...,n} such that

2(f(zi0) = f(21) < f(21) = f (o). (5.2.9)
Let 5 € {1,...,ip} and a € R be such that
fl@o) <a <2f(z1) — f(2).

Then, fori € {1,...,j} and for every open set ¥; C OS2 containing z; and such that
¥; C B,,, we have uniformly in x € {f < a} NQ in the limit h — 0" :

det Hess 2 )
P,[X,, € %) = n\/ 0t U@ (11 0m) . (5.2.10)

k=1 \/det Hess flaa(#k)

Let us give a simple example to illustrate this result. In a situation where n = 2
and f(z2) > f(z1), this corollary shows that the estimates we have obtained on
the probability to exit in a neighborhood of z, under the assumption Xy ~ v}, are
still valid when Xy = z for x € {f < 2f(z1) — f(22)} N Q under the assumption

f(z1) = f(xo) > 2(f(22) — f(21)), which is a stronger assumption than (5.2.5)).
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5.2.3 About the hypotheses
On the geometric assumption ([5.2.4))
The question we would like to address here is the following: is the assump-

tion ([5.2.4)) necessary for the result on the exit point density ([5.2.7]) to hold?

In order to test this assumption numerically, we consider the following simple
two-dimensional setting. The potential function is

flry) = 2" +y" —ax,
with a € (0,1/9), and the domain € is defined by (see Figure [5.2):
Q=(-L1)*U{(z,y) 2"+ (y - 1)* <1} U{(z,9)|2* + (y + 1)* < 1} .

The two local minima of f on JQ are z; = (1,0) and 25 = (—1,0). Notice that
f(2z2) — f(z1) = 2a > 0. The potential f has a unique critical point in €2, namely the
global minimum z = (a/2,0). Let us check that the assumptions of Theorem [5.2.6]
are satisfied in this setting (i.e. for a € (0, %)) Indeed, the inequality f(z1) —
f(zo) > f(22) — f(21) is satisfied if and only if 1 — 3a + “4—2 > 0 i.e. if and only if
a ¢ (2(3—+8),2(3 +/8)). Moreover, from the analysis on the Agmon distance d,
led in [DLLN17b, Section 3], the inequalities

do(21,BS)) > f(z2) — f(z1) and  du(22, B;,) > f(22) — f(21)

are satisfied (see [DLLN17b| Section 1.6.2] for details).

Figure 5.2 — The domain €.

Let us now consider the segment 35 joining the two points (-1, —1) and (-1, 1).
This subset of 02 contains the highest saddle point 2z, and is included in B,,. From
Corollary [5.2.7, we expect that, in the limit h — 0T,

P,, [X,, € 3s] = exp (G <%)> (1+0(n),

where

O f(22)+/det Hess floa(21)
O f(21)/det Hess floa(22)

G(z) = 1ﬂ[ ] —x(f(z) = f(21))
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The function G is compared for various values of h to the numerically estimated
function F' defined by F (%) = In (P, [X~, € 35]). In practice, the quasi-stationary
distribution v, is sampled using a Fleming-Viot particle system (the convergence
diagnostics is based on a Gelman-Rubin statistics, see [BLS15]) composed of 10°
particles. The probability P, (X, € 35) is estimated using a Monte Carlo procedure
using 6 x 10° particles distributed according to the quasi-stationary distribution v,.
The dynamics is discretized in time using an Euler-Maruyama scheme with
a timestep At = 2.1072 on Figure . We observe on the latter figure an excellent
agreement between the theory and the numerical results.

-0.1

1 {F

=0.21

=0.3F

-0.4}f

=051

706 L

—075 3 4 5 6 7

Figure 5.3 — Logarithm of the probability P,, (X, € 33) as a function of %: com-
parison of the theoretical result function (G) with the numerical result (function F,
At =2.107%); a = 1/20.

Now, the potential function f is modified such that the assumption ([5.2.4)) is not
satisfied anymore. More precisely, the potential function is

flay) = (V¥ —2 a(x))S with a(r) = a2+ bz +0.5,

where a; and b; are chosen such that a(—1+9J) = 0, a(l) = 1/4 for § = 0.05.
We have f(z1) = —1/8 and f(23) = —8(a(—1))®> > 0 > f(z1). Moreover, two
“corniches” (which are in the level set f~1({0}) of f, and on which |V f| = 0) on the
“slopes of the hills” of the potential f join the point (—14-4,0) to B, (at the points
(1,—1/v2) € B¢, and (1,1/v/2) € BS)) so that infrepe da(z,22) < f(22) — f(21).
Indeed, in that case assumption is not satisfied since

inf do(z,2) < do(22,(1,1/V2))

z€Bg,

= f(z2)— f(0,-14+6)+0
= f(z2) < f(z)— f(z1).

Notice that Hess f|goa(z1) and Hess f|ga(z2) are nonsingular. The functions f|q
and f|sq are not Morse functions, but an arbitrarily small perturbation (which we
neglect here) turns them into Morse functions. When comparing the numerically
estimated probability P, (X, € ¥2) with the theoretical asymptotic result in the
limit A — 07, we observe a discrepancy on the prefactors, see Figure

< dy (22, (0, =14 8)) +dy ((0,—1+0),(1,1/v2))
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G
F, dt=0.002
F, dt=0.0005

+—4
4

=251

-3.0 6
2/h

Figure 5.4 — Logarithm of the probability P,, (X, € 3¥3) as a function of %: com-
parison of the theoretical result function (G) with the numerical result (function F,
At =2.107% and At = 5.107%).

Therefore, it seems that assumption (5.2.4)) is indeed required to get an accurate
description of the dynamics by the jump Markov process using the Eyring-Kramers
law to estimate the rates between the neighboring states.

On the geometric assumptions (5.2.5) and (5.2.9))

To discuss the necessity of the assumptions in Corollary |5.2.9/and ([5.2.5))
in Corollary , we consider a one-dimensional case, where the law of X,, when
Xo = x has an explicit expression. Let f : R — R be C* and let 21,2, € R be
such that z; < 2. Let us assume that f'(z;) < 0, f'(22) > 0, f(z1) < f(22),
and that f has only one critical point in (21, z2) denoted by zo. This implies in
particular that f(zo) = ming, .,) f < f(21). Moreover let us assume that f”(zq) > 0.
Therefore, the hypotheses [H1] to [H3] hold. For z € [z, 23], let us denote by
wp(z) = P[X = 2o]. It is standard that using a Feynman-Kac formula, wy,

T(21,29)
solves the elliptié ﬁoundary value problem

Lifoabwh = —cwy, +wy f' =0, wy(21) =0, wy(2z2) = 1.

Therefore, one has for x € [z, 2]
wy(z) = / eid dy </ e du)_l.
Z1 Z1

Let © € [z1, 22]. Using Laplace’s method, it holds in the limit A — 07:
—if flx) < f(z),

P,[X =z = _FG) o prn-pe) (1+0(h),

T(21,22)

i f(2) = f(21) and @ £ 2,

B
f'(@)  f'(z)

P.IX,,, ., = = () ( ) et (14 o(h).
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—and if f(z) > f(z),

f/ z —2(f(z2)—f(x
Po[Xo. . = 2] = f/((;)) e RUCI-I@) (14 O(h)) |

Therefore, in dimension one, the estimate holds if and only if z € {f <
f(z1)}. In accordance with Corollary , the asymptotic ((5.2.10]) only holds for
initial conditions which are sufficiently low in energy. However, we observe that in
this simple one-dimensional setting, the assumption is not needed, but we
do not know if the results of Corollary [5.2.9 hold in general without this assumption.

Let us now discuss the assumption (5.2.5)) in the framework of Theorem [5.2.6]
and Corollary [5.2.7] From ([5.1.9)), one has:
29 )
/ upwpe nd du

22
i — — — 21
XT(Z1’Z2) - 22] - ]P)x[XT(ZLZﬂ T 22] dvy = 22
z1 / 7zfd
upe” 1 dp
zZ1

From basic estimates proven in [DLLN17b|, one has for any 4 > 0, in the limit
h — 07 (see Section 1.6.2 there for details):

f’(Zg) —2(f(z2)—f(z -1 z1)—f(z2)—2f(@o)—
]P)Vh[XT(zl,ZQ) = 2] = _f/(zl) e~ 7 (f(z2)=f(z1)) (1—|—O(h)+0(6 7 (3f (1) = f(22) =2 (z0) 6))) ‘

P,

Therefore, the result of Corollary holds if

2(f(z1) = fxo)) > flz2) = f(z1). (5.2.11)

This explicit computation in dimension one then shows that the result of Corol-
lary 1 indeed requires an assumption of the type: the height f(z1) — f(zo) of the
energy barrier to leave the well is sufficiently large compared to the largest difference

in energy of the saddle points f(z2) — f(21). Notice that (5.2.11)) differs from (5.2.5])

by a multiplicative factor 3. We do not know if the results of Corollary hold
in general under the weaker assumption ([5.2.11]). Finally, let us mention that when

d=1, (5.2.4)) is always satisfied.

5.2.4 About the proofs
Let us now give a brief idea on how Theorem is proven in |[DLLN17b].

As in Section in Chapter [4] we have, under [H1]-[H3] and with the notation
of Section [5.2.2:

— the existence of ¢ > 0 such that

dim Ran (W,(LO)) = 1 and dim Ran (71'](11)) =n,

Z)) is the spectral projector of the self-
£ in AL2(Q, e~#/dp) associated with

where, for ¢ € {0,1}, 7r,(f) — W[o,c)(L?
adjoint operator L6 — 1/16% A?,}z(i)

£y T
the interval [0, ¢),

7(
h
2
e
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— the supersymmetric relationsf

h
7w = vi?? and L9 = Zvv on Ran (ﬂ,(LO)), (5.2.12)
fvE f’§ f’§ 2

where V* is the adjoint of V : Ran (m, )) — Ran (7, () with respect to the
scalar product on AL2(€, e~/ dp).

Since Ran ( (0)) Span{uy}, where we recall that u, is the principal eigen-
function of L ) defined by m we deduce in particular from ) that

for any orthonormal basis (1;)jeq1,..ny of Ran 7'('2) in the weighted Hilbert space

,,,,,

AL2(Q) := AL2(Q), e~/ dp), it holds, for every k € {1,...,n},
O up, el dusa = Z(vuhﬂ/’jﬁi (I e nl dusq (5.2.13)
Xk j=1 Xk

where we recall that ¥, is an open set of 9 such that z, € ¥ and &), C B,,.

We hence look for an accurate enough approximation of u;, and a suitable basis

(¢;)jeq1...ny of Ran ..

Step 1: approximation of uy

Under [H1], [H2], and [H3], it is not difficult to find a good enough approxi-
mation of u,. Indeed, it suffices to consider the normalized cut-off function

. L X
Up = Uhe = 77 >
Il zz,

where y € C°(Q,R") and y = 1 on {z € Q,d(x,09) > e} where ¢ > 0 is arbi-
trary small. This leads, by the same analysis as in Section in Chapter [3| (see
Section [3.3.1] (3.3.6)), and (3.3.7))), to the following estimate in the limit h — 07:

’/T;LO)’ljh = ﬂh—l—O(e_%(f(zl)_f(m)_‘sﬁ)) in L2(Q), where 0<d. — 0",

e—0t
Since Ran (W}(LO)) = Span{uy,} and x > 0, it then holds in L? (Q2) in the limit A — 07:

(0)

up = % = G+ O(e #UE= @)=y where 0 < 6. — 0F. (5.2.14)
1705 |2 =07

Step 2: construction of a suitable basis of Ran Wél)

In view of m, we are looking for an almost orthonormal family of 1-forms
(zﬁj)Je{l 77777 ny which forms, when projected on Ran W}(Ll , a basis of Ran 7T}(L which
allows to obtain, when A — 0%, sharp enough asymptotic estimates on d,u; on all
the 3;’s to prove Theorem [5.2.6

More precisely, the analysis of the properties needed to prove Theorem from

(5.2.13) made in [DLLN17b| Section 2| (see Proposition 25 there) leads us to look

3. As in Section we identify the differential du of the function u with its gradient Vu.
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-----

in the limit h — 07 (see (5.2.4)),

Vie (L. ...n}, |A=m"))l,, = O(e ntmalien=re) ren-fElte) - (5.2.15)

where AHL(Q) := AHY(Q, e #/du). The relation (5.2.15) obviously implies that
in the limit h — 07, (W}(Ll)wj)je (o) is an almost orthonormal basis of Ran ng),

but permits also to show that for some ¢ > 0 independent of h and for every

ke {l,...,n}, it holds (compare with (5.2.6) in Theorem and with (5.2.13))

/3nuh e djigq = Z<Vﬂh,ij>@/ Yyie i dugat+O (e
b Xk

k j=1

,21‘(216)*hf(960)+0)7 (5216)

where 4y, is the approximation of u, defined below and satisfying (|5.2.14)).
The construction of such a family (v;);eq1,... ) satisfying (5.2.15]) is one of the ma-

jor issues of [DLLN17b] (see below for more explanations). Once this is done, in order
to prove Theorem [5.2.6] it remains to precisely estimate the terms fEk Wpj-n el dian

and (Viy, %)Lgu for j,k € {1,...,n}. Such estimates follow from the construction of

an accurate WKB approximation of each Jj in a neighborhood in § of an arbitrarily
large closed neighborhood of z; in B, ..

We conclude this section by explaining the construction a family (J]) jeft
above made in [DLLN17b].

,,,,,

Inspired by the construction made in Section [3.3.2] we want to define, for every
Jj € {1,...,n}, a quasimode v, satisfying 2z, € supp; if and only if £ = j (and
Ty & supp @ZJ) But contrary to the construction of Section we want supp @Zj
to be arbitrary large in B., U} (see why next step).

More precisely, the basic idea of [DLLN17b] is to construct {ﬁvj by exploiting the
supersymmetric structure of the weighted Laplacian (or equivalently of the Witten
Laplacian) in the following way. Let Qg be a small smooth open neighborhood of z
such that 0, f < 0 on 'y = 09, 7 being the outward normal to 2\ . Let moreover
['; denote a closed subset of B, containing z;, arbitrary large in B.,. Let us then
define  := Q\ Qp and let us consider the weighted Laplacian LJIZ ]%V = o= et A?’ N e h

on € (see (|1.3.18))) with Dirichlet type boundary conditions on I'; U 0€y and with
Neumann type boundary conditions on I'; := 9 \ T'; (see Section [1.2.3). Then,
according to [H1], [H2], and [H3]:

— it holds Vf # 0 in €,

— since J,f > 0 on I}, the function f has no generalized critical point in the
Neumann setting on this part of the boundary of © (see Section and
B13) in Section B-13),

— since 0, f < 0 on 9 and J,f > 0 on T';, the function f has precisely one
generalized critical point in the Dirichlet setting on 9Q\ T (see Section

and (3.1.5)) in Section [3.1.3), namely z;, which is a generalized saddle point.
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Combining the results of Theorem in the Dirichlet and in the Neumann setting
then formally implies that L?g’(p ) admits some exponentially small eigenvalue if and

only if p = 1, in which case it admits precisely one exponentially small eigenvalue
(counted with multiplicity). The supersymmetry then implies that this eigenvalue
is necessarily 0.

Actually, the above reasoning is only formal since the proof of Theorem [1.2.5
makes for instance use of Green type formulas, which rely in particular on the fact
that the elements in the form domain of the Witten Laplacian considered are in
AH'(Q) and then admit a well-defined boundary trace. We recall moreover that the
inclusion of the form domains in AH" follows from the Gaffney inequalities

and (|1.2.17). But when for example u belongs to the form domain of the operator
PN
I3

w, du, du € AL*(Q) and tu=0 on [ U0, nu=0 on F;-, (5.2.17)

on , i.e. when u is a 1-form such that (see Section [1.2.3

it is in general even no more true that u € ALHz(Q) (see for example [JMMO09]).
This singular behaviour arises from the fact that I'; and F_;-, where Dirichlet and
Neumann type boundary conditions are respectively considered, meet at an angle
(greater than or equal to) 7.

However, the analysis led in the articles [JMMO09,[GMM11], dealing in particular
with Hodge Laplacians on domains with Lipschitz boundaries, implies that when I';
and F_; meet at an angle strictly less than 7, any 1-form u satisfying then

belong to A'Hz(€), admits in some sense a boundary trace ul,, € A'L*(9€2), and
satisfies the following Gaffney type subelliptic estimate (where C' > 0 is independent
of u):

lull s g+ lulogll2oey < C (lull oy + ldull ey + ld"ull oey) - (5:218)

Thus, in order to be able to apply properly the above reasoning exploiting the
supersymmetry, we slightly modify © and I") in such a way that I'; and the new T
meet at an angle strictly less than 7.

The 1-form v; associated with z; is then defined from an eigen-1-form v; = v;y,

associated with the eigenvalue 0 of the operator L?g’(l) on the above modification
. . ,2
€2 of
L
1 villzz,

where y; is a cut-off function with an arbitrary large support in Qj \F_g, and then
in B,, UQ\ {xo}. This is a major difference with previous constructions in the
literature, such as in [HNOG].

Step 2.b): Accuracy of the quasimodes Jj for j e {1,...,n}
To obtain the estimate (5.2.15) (and then ([5.2.16])), one needs to quantify the de-
crease of the quasimode v, outside a neighboorhood of z;. This is done in [DLLN17b|

using Agmon estimates which allow to localize @Zj in a neighboorhood of z;. More
precisely, we prove in [DLLN17b, Section 4] that for some N € N and every
j€{1,...,n}, it holds

[ty erdet2|| = O(h™™), (5.2.19)

1
Hw



114 CHAPTER 5. EXIT FROM A METASTABLE STATE, 11

where d, is the Agmon distance defined in (5.2.2)). Proving the relation ([5.2.19) re-
quires in particular a nice understanding of this Agmon distance, which is the object
of [DLLN17b, Section 3|, and dealing with the boundary of €2 introduces technical

difficulties. This relation is then obtained by adapting to our case techniques devel-
oped in [HNOG,Lep10].

Note now that ([5.2.19) leads, using for instance (3.3.7)), to the following estimate:

3C >0, ) € {Loonp, =m0l < O 05,

< C h—2N—1 67% infsuppVXj da('zzj) .

Since by construction supp @Zj is arbitrary large in B, U Q \ {xo}, the latter
inequality permits to obtain the relation (5.2.15)) when for every j € {1,...,n},

f(zj) — f(wo) = da(xOVZj) > max(f(z,) — f(zj)a f(Zj) — f(=21)]

and

da(ngu Zj) > max[f<zn) - f(zj)a f(Z]> - f(Zl)] )
that is precisely when the assumptions (5.2.4) and ([5.2.5) hold. This explains in
particular why the quasimode 1; must have its support arbitrary large in B, U Q.

5.3 Some perspectives

5.3.1 The standard Eyring-Kramers law

We have already stressed several times in this work that the algorithms aim-
ing at approximating the exit event from a metastable state {2 for the overdamped
Langevin dynamics by a Markov jump process following the Eyring-Kramers law
(see Definition in Section and Section assume in practice that €2
is the basin of attraction of some local minimum of the potential function f for the
dynamics ¢ = —V f(z) (see and the discussion around in Section [1.3.3] and
Section .

Motivated by this setting, non generic but natural with respect to applications,
we intend, in a future work in collaboration with Boris Nectoux and Tony Lelievre,
to extend the results of this chapter when €2 is; say, a smooth basin of attraction of
some local minimum of the potential f, or, since a basin of attraction is not smooth
in general, a suitable smooth approximation of this basin of attraction.

In this case, denoting by (z;)1<i<n, the saddle points of f on 0f2, we expect

following result:

- IA(z)| /det Hess f(zo)
& \/| det Hess f(z;)|

where A(z;) is the negative eigenvalue of Hess f(z;). Notice that the latter formula

differs asymptotically from ({5.1.5)—(5.1.6) and (1.3.38) in Section by a mul-

tiplicative factor % since we actually compute the exit rates from 2 and not the

o~ 7 (f(zi)=f(x0)) (1+0(h), (5.3.1)
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transition rates to the neighboring states. Concerning this multiplicative factor %,
we refer for example to the remark on page 408 in [BEGKO04], [LLN18, Remark 10],
and the results on asymptotic exit times in [MS93]. This factor is due to the fact
that, once at the saddle point, the process has, in the limit &~ — 0%, a probability
one half to go back to §2, and a probability one half to effectively leave ). Note in
passing that this multiplicative factor does not have any influence on the law of the
next visited state which only involves ratio of the rates ko;, see Section [5.1.3| and
(5-2.7). Concerning lastly the error term O(v'h) involved in (5-3.1), one can not
hope better in general, as it can for example be seen from 1D computations (this
follows from the fact that the Laplace method on a half-space produces in general a

term of this order).

Then, we plan to look at the corresponding problem for the related non reversible
overdamped Langevin equation,

dX, = b(X)+VhdB, = —(1+ J)Vf(X,)dt+Vh dB,,

where J is a constant skew-symmetric matrix of size d and whose infinitesimal
generator is given by

h
L) = —GAH VSV (IV)-V = L+ (JVf)-V.
) 2

We refer to Sections [3.5.2] and 4.3.2] for more details on this operator.

To conclude this part, let us also recall that, whether we want to prove (/5.3.1]) or
its counterpart in the non-reversible case, we first need to obtain an Eyring-Kramers

type formula for the principal eigenvalue of Ls’éo) (or for its counterpart LbD’E(O))
) 2

as well as an accurate knowledge of Lef) (or of LbD’ﬁ(l)) near the critical points of

f, which all belong to 02 except one when {2 behaves as a basin of attraction of
some local minimum of f. This knowledge is crucial to be able to adapt the analysis

of [DLLN17b| (see indeed Section [5.2.4)).

5.3.2 Case of the general Langevin dynamics

In this last part, we are interested in the general Langevin process

{th = pdt

(5.3.2)
dp, = —Vf(q)dt —ypdt+/hydBy,

where (g, p:) €  x R? Q being an open subset of R%, f : R? — R is the potential
energy function, 7 > 0 is the friction parameter, h = kgT > 0 is proportional to
the temperature, and B; € R? is a d-dimensional Brownian motion. The Langevin
dynamics gives the evolution of the positions ¢, € R% and of the momenta p, € R,
contrary to the overdamped Langevin dynamics

dX, = —Vf(X,)dt+VhdB,

4. This formula has been recently obtained in our work [LN19b| in collaboration with Boris
Nectoux.
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which is only in position space: X, € R%. The Langevin dynamics, which is thus
more general than the overdamped Langevin dynamics, is also the dynamics the
most used in practice to simulate the microscopic evolution of a molecular system.
Moreover, using a rescaling in time, the overdamped Langevin dynamics is derived
from the Langevin dynamics in the large friction limit: when v — 400, (¢y)i>0
converges to (Xi)i>o (see for example |LRS10, Section 2.2.4]). The infinitesimal
generator of the Langevin dynamics is given by the Kramers-Fokker-Planck
type operator

h
Pf% = —viAp—l—vp-Vp—p-Vq—l—Vf-Vp.

This operator is neither (formally) self-adjoint nor elliptic, but only hypoelliptic,
which makes its study delicate.

In the case where Q = R?, an important step in the study of kinetic equations
by semiclassical methods was obtained by Hérau-Nier in [HNO4]. In this work, the
authors proved hypoelliptic estimates for the operator d; — P]I’ », Where P; ,» denotes
the formal adjoint of P B and brought to light the link between the exi)onential
rate of return to equilibrium for the Langevin dynamics and the spectral
properties of the Witten Laplacian associated with f. Their study was continued
by Hérau-Hitrik-Sjostrand in a series of works ending with [HHS11|, where, taking
advantage of the specific supersymmetric and PT-symmetric structures of = Ly the
authors obtained Eyring-Kramers type formulas for the smallest eigenvalues of P; n

in the limit A — 0.

A challenging perspective would be to prove that the exit event from a bounded
metastable domain  C R? for the Langevin dynamics satisfies asymptot-
ically the corresponding Eyring-Kramers law. The general strategy to tackle this
problem is the following.

— First, proving the existence (and the unicity) of the quasi-stationary distri-
bution associated with the Langevin dynamics and 2. The recent important
work [Niel§|, where the operator Pf,% acting on {2 with absorbing bound-
ary conditions is in particular shown to be maximal accretive and to satisfy
subelliptic estimates, already gives a part of the answer. However, a Krein-
Rutman type argument is still missing to prove that P, h admits a unique
eigenvalue with minimal real part (which is hence real) and whose associated
eigenvectors have a sign.

— Second, proving Eyring-Kramers type formulas for the small eigenvalues of
P, h with absorbing boundary conditions on {2, which means performing an
analysis in the spirit of [HHS11| in the case with boundary. This should be
a long work, also relying on [Niel8|. We recall that even in the self-adjoint
elliptic setting, the presence of a boundary leads to substantial difficulties
(see in this connection Sections [3.5.1 and {4.3.1| when the boundary admits
critical points of f). In this context, it would be interesting to both look at
the cases where 02 admits critical points of f or not.

— Lastly, generalizing the results presented in this chapter in this non-elliptic
setting. Again, this should be a long work.
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Generalizing the results presented in Chapter [ on the concentration of the exit
distribution, in the cases where 02 admits critical points of f or not, is another
related interesting perspective.
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