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Notations and Conventions

We report here a list of conventions used in this work:

e (a,b,c,d,...)are ten-dimensional indices in Section 2, generic boundary d-+1-dimensional indices in Appendix
A and bulk four-dimensional indices in Appendix B. In every instance their role would be explicitly stated.

e (M,N,P,Q,...)are (d+ 2)-dimensional indices of the bulk.
e (m,n,p,q,...)are S° indices.

e (u,v,p,...)are (d+ 1)-dimensional indices of the boundary. They are three-dimensional for four-dimensional
bulks and two-dimensional for three-dimensional ones.

e g indicates the metric determinant, such that /=g = v/— det g.

o Vectors are always reported with an underline: for instance v = u0,,.

e Forms are reported as u = u,dz".

e The conformal factor in a Weyl transformation is spelled B, and it is a function of all the coordinates.
e Gy is the Newton constant.

e k is the speed of light.

e For three-dimensional boundaries we define the transverse duality 7j,, = —% 1.,

e In three dimensions: nyx, = v/—g€oapu-

e Intwo dimensions: 7, = /—gé€,.

e V is the relativistic Levi-Civita connection, except in Appendix A where it is the Weyl connection.
e V is the Carroll-Levi-Civita connection.

e D, is the gauged Weyl connection, which depends on the Weyl weight of the object it acts upon.
e D; is the gauged Weyl-Carroll spatial connection.

e D, is the gauged Weyl-Carroll temporal connection.

. % is the Galilean material derivative acting on scalars.

D . . . N .
i is the Galilean material derivative acting on tensors.

e z refers generally to a set of coordinates, whereas its bold version z indicates spatial coordinates only. For
instance = = (¢, z).

e BMS: Bondi-Metzner-Sachs. FG: Fefferman-Graham. WFG: Weyl-Fefferman-Graham. RT: Robinson-Trautman.
AdS: Anti-de Sitter. CFT: conformal field theory. EH: Einstein-Hilbert. o.s.: on-shell. LL: Landau-Lifshitz.
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Résumeé

Lobjectif de cette thése est I'étude de la correspondance fluide/gravité, réalisation macroscopique de la dualité
AdS/CFT dans la limite ou la constante cosmologique tend vers zéro (limite plate). La jauge de Fefferman-Graham,
habituellement utilisée dans le dictionnaire holographique, est singuliére dans la limite plate et cela constitue un
obstacle dans le projet de formuler une théorie holographique pour des solutions asymptotiquement plates. Dans
cette thése, en passant par la formulation hydrodynamique de la théorie vivant au bord, nous construirons une jauge
appelée jauge du développement en série dérivative ou cette limite est bien définie. Cette jauge est construite en
utilisant le symétrie de Weyl sur le bord, qui traduit la propriété de I'holographie de fournir une classe conforme
de métriques plutét qu'une métrique spécifiqgue. Alors que la jauge de Fefferman-Graham est implémentée en
coordonnée holographique radiale, le développement en série dérivative est construit sur des directions de genre
lumiere et c’est la raison pour laquelle la limite plate est bien définie dans cette jauge. En fait, alors que la théorie
sur le bord pour des solutions asymptotiquement AdS est une hypersurface de genre temps sur laquelle la CFT vit,
le bord d’'une solution asymptotiquement plate est une hypersurface de genre lumiére.

Sur la géométrie du bord, la limite plate correspond a faire tendre la vitesse de la lumiére vers zéro, situation con-
nue sous le nom de limite carrollienne. Nous discuterons en détail cette limite et ses conséquences sur la géométrie
et sur les difféomorphismes du bord. Un fluide relativiste admet une telle limite qui donne lieu a I’hydrodynamique
carrollienne que I'on étudie ici en dimension arbitraire, parallélement a son homologue galiléen qui est obtenu en
faisant tendre la vitesse de la lumiére vers l'infini.

Nous discuterons également du sort du tenseur énergie-impulsion relativiste dans la limite carrollienne et nous
formulerons une théorie intrinséquement carrollienne dans son ensemble. Cela nous permettra d’introduire les
charges carrolliennes qui correspondent a des charges asymptotiques dans des exemples particuliers.

Ensuite, nous montrerons spécifiguement en dimensions quatre et trois du bulk qu'il est possible de construire
des solutions asymptotiquement plates des équations d’Einstein en partant de systémes hydrodynamiques con-
formes carrolliens du bord, définis ici sur I'hypersurface de genre lumiére a l'infini.

En quatre dimensions, nous introduirons des conditions d’intégrabilité permettant de resommer la série dérivative
sous forme fermée. Ces conditions restreignent la classe de solutions accessibles a celles qui sont algébriquement
spéciales, grace au théoréme de Goldberg-Sachs. Nous développerons nos résultats dans des exemples précis et
la solution de Robinson-Trautman sera utilisée plusieurs fois pour démontrer la puissance et 'universalité de notre
formalisme.

En trois dimensions, toute configuration fluide du bord aboutit a une solution exacte des équations d’Einstein.
Le développement en série dérivatif donne naissance a de nouvelles conditions de bord. Les solutions de Banados
sont un sous-ensemble des solutions obtenues et identifi€es au moyen de leurs charges de surface.

La vitesse du fluide joue un réle crucial dans le calcul des charges asymptotiques et en particulier, nous mon-
trerons qu’il est impossible de la choisir de fagon arbitraire. Nous accorderons donc une attention particuliére au
role du repere hydrodynamique, trop souvent ignoré en holographie.

Pour terminer, nous nous concentrerons sur la formulation de la correspondance AdS/CFT dans laquelle la
symétrie de Weyl est explicite. Bien que cette symétrie soit un ingrédient incontournable de la correspondance
fluide/gravité, elle n’est pas codée dans la formulation habituelle de I'nolographie. Nous introduirons une nouvelle
jauge et analyserons ses conséquences. Plus précisément, nous montrerons comment cette nouvelle jauge induit
la métrique sur le bord ainsi qu'une connexion de Weyl, différente de la connexion de Levi-Civita habituelle. Enfin,
nous étudierons les conséquences de ce résultat sur 'anomalie de Weyl, sur la procédure de renormalisation
holographique et sur la théorie des champs du bord.



1 Introduction

This work is devoted to our recent results in flat holography. In order to contextualize it in the realm of theoretical
physics, we start our road far away from the topic itself and drive ourselves toward it step by step.

In high energy physics, we nowadays refer to holography as a theory which presents two facets, a priori com-
pletely disentangled, but ultimately related via a so-called holographic dictionary. This dictionary is not only a way to
relate quantities from one side with quantities from the other, but (and this is the power of holography) an identifica-
tion of the dynamics. A holographic theory is therefore a duality between a theory and another. However we usually
talk about holography when one of the two theories lives in dimensions higher than the other.

If we really want to go to the historical moment where, for the first time, a result indicating that gravity could be
holographic has been found, we should go back to the main realization on the entropy of a black hole [1-3]. Indeed,
the latter was found to scale as the area of the black hole horizon, whereas it is well-known that the entropy of a gas
in a box scales like the volume — indicating therefore that gravity seems to be holographic [4,5]. With almost half a
century of developments separating us from this discovery, it is not surprising that a holographic theory has been
found, where the degrees of freedom of a gravitational theory are translated into degrees of freedom of another
theory living in less dimensions, as the entropy scaling law would suggest.

Despite this, what is still surprising is that this holographic theory is defined only for a particular ensemble of
spacetimes, characterized by the presence of a negative cosmological constant. Even more cumbersome, the
theory is fully understood and developed only in a limited number of circumstances. The holographic theory goes
under the name AdS/CFT duality, discovered by Maldacena in [6] and promptly studied in (among others) [7—14]." In
this holographic duality we have two seemingly unrelated theories combined. In the original and better understood
formulation, on the one hand we have a ten-dimensional theory of gravity (type 1B string theory) for five-dimensional
Anti-de Sitter spacetimes (i.e. spacetimes with negative curvature) times the five-dimensional sphere S°. On the
other hand we have a four-dimensional theory of matter called super conformal Yang-Mills. The latter is a conformal
field theory, where gravity is non dynamical. We will discuss in detail the duality, both geometrically and dynamically.
The message to retain is that there is a theory which predicts a correspondence between a gravitational theory and a
theory of matter, the former living in the bulk while the latter on its boundary. One of the main motivations behind the
community interest in holography is the effort to extend it toward a correspondence where the bulk has vanishing
cosmological constant, which is a first step to describe the universe we live in — the value of the cosmological
constant in nature is found to be extremely small but positive.

This correspondence can be conjectured to hold outside the realm of string theory and supersymmetric theories.
It can be thought of as a general relationship between gravity and matter. Stated differently, it can be assumed to
be valid in some limit of the parameters of the two theories. Even more generally, one may argue that holography is
a property of gravity, in all its realizations. The AdS/CFT duality is a weak/strong coupling duality. This means that
the more quantum effects are suppressed in the gravity side the more the boundary field theory is strongly coupled.
In this setup the boundary theory cannot be studied perturbatively. Access to properties of this theory is thus very
hard. We are here particularly interested in the limit where the bulk gravitational theory becomes pure Einstein
general relativity. This means that we need to completely suppress quantum effects and break supersymmetry. The
first task is achieved considering classical gravity duals of strongly coupled matter theory [17, 18], the second one
needs more abstraction. Indeed, the fact that holography is still possible for non-supersymmetric theories is only
conjectured and has as supporters only those who believe gravity itself is holographic. We will assume the bulk can
be treated in its classical limit and in the absence of supersymmetry. On top of this, the fluid/gravity dictionary (the
core of this thesis), treats the boundary theory using hydrodynamics. This limit is expected to be allowed in any
field theory. It is a large distance, long wavelength (long time) approximation, [19-21]. It represents an effective
description of the boundary CFT. The hydrodynamic limit is therefore a macroscopic limit where the field theory
has been coarse-grained to the extend that only low frequency, long distance modes remain. The boundary theory
is of course still strongly coupled, but we focus in this limit only on low frequency perturbations of this system.
Fortunately, these modes are holographic, for they are also found in the analysis of black holes quasinormal modes.
Thanks to these limits the fluid/gravity correspondence postulates a duality between a solution of Einstein classical
equations and a relativistic conformal fluid living on the boundary. This is the setup we will use in this thesis.

There are two ways to use this kind of duality: either one obtains results for the boundary theory using the
classical evolution of fields in the bulk, or one tries to find the holographic dual of a given fluid (and geometry)
configuration in the boundary. The way to relate these two theories has been discussed in depth in [22-27], in
an order-by-order expansion of the bulk line element. One of the novelty introduced in the fluid/gravity duality is

1See the reviews [15, 16] and references therein.



the gauge in which the bulk metric is implemented, called derivative expansion. The latter is strongly based on
Weyl symmetry [28], which will be part of all this thesis and eventually arise in a self-contained discussion at the
end of it. The derivative expansion is a bulk gauge inspired by hydrodynamics, where the expansion is performed
in derivatives of a null-like congruence. We will study it in detail, explain how to derive it, and compare it to the
Fefferman-Graham gauge, in which holography has been firstly defined.

We are interested here in a boundary-to-bulk approach, which is a sort of filling-in problem. The latter can be
considered an ancestor of holography where, given some boundary data, a geometric reconstruction is performed
[29]. We will see that the derivative expansion gives the correct evolution in the boundary to bulk expansion and the
initial constraints will be encoded in the conservation of the boundary energy-momentum tensor, which encapsulates
the dynamics of the boundary fluid. Recently a closed form of the bulk line element given fluid’s data has been found,
together with many properties of this particular duality [30—37]. Our first goal will be to review it in Section 2. To do
so, we will need to discuss the properties of the boundary fluid, which is a relativistic fluid.? A particular property is
that the fluid congruence, if the setup is relativistic, can be chosen at will. This allows for some internal freedom. For
instance, one can choose a congruence such that the heat current is zero, reaching the so-called Landau-Lifschitz
frame [41,42]. We will see that this is not a wise choice within our formalism, for the boundary heat current is part
of the data needed to describe the bulk dual.

So far we presented a brief introduction to holography. For us, after some limiting procedure, it boils down to
be a duality between a d + 2-dimensional solution of Einstein equations with negative cosmological constant and a
conformal relativistic fluid living on its d + 1-dimensional conformal boundary. We stressed that this scheme holds
uniquely in the presence of a negative cosmological constant and that it is an important goal to try to extend this
holographic construction to vanishing cosmological constant bulks. Within fluid/gravity, this is the result of this thesis,
as we will shortly discuss.

We discuss the holographic construction for a fluid living on the three-dimensional boundary of a four-dimensional
spacetime, the way the latter is written using data of the former, and the conditions one needs for obtaining that
the conservation of the boundary energy-momentum tensor (boundary dynamics) translates into the bulk Einstein
equations (bulk dynamics). Indeed, all the properties of a relativistic fluid, in the absence of additional conserved
currents, are encapsulated in the energy-momentum tensor, its conservation being the dynamical equation of mo-
tion. We find that in four dimensions a particular class of bulk solutions can be achieved, due to the structure and
imposition on the boundary system and to an application of the Goldberg-Sachs theorem? [44—47].% In particular
these assumptions are consequences of the asymptotic structure of the bulk Weyl tensor [50, 51], involving an el-
egant relationship between the fluid dynamics and the geometry (encapsulated in the Cotton tensor, conformal in
three boundary dimensions). The instructive example we decide to focus on is the Robinson-Trautman family of
solutions [52-55]. These have been studied in holography [56—60], and showed to be a rich kind of non-stationary
solutions, with fascinating boundary dynamics.

We then move to three-dimensional bulk. A simple calculation of degrees of freedom shows that in three di-
mensions gravity cannot propagate [61]. Therefore, solutions are characterized only in terms of their asymptotic
charges [62-65].° The latter are computed given specific boundary conditions [67,68]. Charges identify the bulk
solution we are dealing with. We thus show that we can reconstruct using the boundary fluid at least all the known
bulk solutions, known as Banados solutions [69—-72]. We then show that the hydrodynamic frame redefinition is
broken here and setting the heat current to zero or not a priori changes the a posteriori result. The boundary
two-dimensional fluid is far from trivial, also due to the presence of the conformal anomaly [72—75].

As advertised, the main result of this thesis is that the fluid/gravity AdS dictionary admits the zero cosmological
constant limit [76]. We will refer to holography in this limit as flat holography. From the bulk, the finiteness is
ensued by the choice of line element gauge — the derivative expansion — which in this respect is better suited
than the Fefferman-Graham expansion [77, 78] (divergent as the cosmological constant is set to zero). From the
boundary the result is at first rather odd: this limit corresponds to the limit where the speed of light (spelled k) tends
to zero in the boundary matter theory. This limit is called a Carrollian limit, and represents the core of our work.
In particular, the geometry in this limit becomes degenerate, passing from a time-like hypersurface (boundary of
AdS) to a null-like hypersurface (null-like boundary of flat spacetimes). We would like to list here instances where
Carrollian physics has entered the high energy physics world and the relevance it has for us, before showing its
holographic implementation.

Although firstly introduced as a mathematical curiosity by Lévy-Leblond [79], the Carrollian limit is intensively

2For a recent discussion on relativistic fluids see [38—41]. References [42,43] will also be intensively used.
3We show this explicitly in Appendix B, devoted also to the Petrov classification of the Weyl tensor.

4See also [48,49] for a general analysis of Einstein solutions.

5Charges are computed in this thesis using the package [66].



making its way through high energy physics. In [79], the Carrollian limit of the Poincaré group is introduced as dual
(speed of light to zero) to the well-known Galilean limit, where the speed of light & is sent to infinity. In this precursory
work, this limit is from the group-theoretical viewpoint the In6ni-Wigner group contraction of the Poincaré group. A
specific k-rescaling of the Poincaré algebra generators allows a well-defined k& — oo limit, which returns the Galilean
algebra. Alternatively, one can rescales differently the generators and reach the Carroll group. While the Poincaré
group treats on the same ground space and time transformations, the Galileo group does not, for time is absolute
and space can be boosted. The Carroll group inverts the role played by time and space. In fact, in the latter space
is absolute whereas time can be boosted. The three groups action on the spacetime under a Lorentz boost with
speed v is schematically represented in the table below:

| Group | time transformation | space transformation |
. . t + vz [k? T + vt
Poincaré | t/ = ——— ="
N N
Galileo =t =z + vt
Carroll t=t+bx =z

Where we introduced the Carrollian inverse velocity b = ;5.

The previous exercise can be extended to the conformal group [80]. In this scenario the Carrollian contraction
gives rise to the infinite-dimensional conformal Carroll group. The latter has been recently shown [81, 82] to realize
the asymptotic symmetries of an asymptotically flat spacetime. Specifically, the conformal Carroll group of level 2
(dynamical exponent z = 1) is the group of asymptotic symmetries of any four-dimensional asymptotically flat space-
time, known as the BMS (Bondi-Metzner-Sachs) group [83—86], see also [87] for a recent interesting discussion of
it. This result settles unquestionably the fate of holography in the flat limit, and shows that we are on the right track
with our results. In a recent work we furthermore established, under suitable conditions, the presence of the BMS
algebra on Carrollian spacetimes [88], independently of their embedding.®

The Carrollian limit is performed keeping the original metric as general as possible. Therefore, we do not only
discuss geometries invariant under a particular Carrollian transformation, thus for which this transformation is an
isometry. Instead, we are going to require our geometrical data to be covariant under what we defined as Carrollian
diffeomorphisms

t'=1t(t,%) ¥ =& (¥). (1)

These diffeomorphisms will be crucial in the following, and covariance under them will be a guideline along the way.

Our investigation paves the way toward a mathematical and microscopical formulation of dualities between matter
theories and gravitational ones, without cosmological constant. This question has been already raised from the
macroscopic point of view in [76,95], and its relationship with the BMS underlying symmetries has been studied in
[96,97]. Furthermore, it has already received attention also from an algebraic perspective in [98—110]. In[111,112],
the importance of Carrollian physics is well underlined. These attempts followed the nominal formal discussion
made in [113—116], where the question was first decrypted.

Inspired by the relativistic counterpart in the presence of a cosmological constant and based on the analysis
[101,117—-119], in [120-122] a particular correspondence between the gravitational bulk and a CFT living on the
d-dimensional spatial part of its null infinity has been developed. This correspondence is loosely based on the fact
that the Lorentz part of the Poincaré group is both linearly realized in the bulk and non-linearly realized as the global
conformal group of the d-dimensional celestial sphere. This would surely have to be included and retrievable in any
supposed microscopical theory in the full null boundary.

Carroll physics has not only entered the realm of high energy physics through flat holography. Whenever a
geometrical degeneracy presents itself, Carrollian geometry can play a crucial role. This has been noticed in
tensionless strings, where the tensionless limit has been argued to be a Carrollian one, due to the degeneracy it
infers on the worldsheet metric [123, 124]. Moreover, an analysis of Carrollian particles and superparticles appears
in [125,126]. The last sector where Carrollian physics has attracted attention is in electrodynamics, where, since
photons behave like an ultra-relativistic gas, the Carrollian interpretation suits naturally [127].

To proceed any further, we need therefore to study in depth the effect of the Carrollian limit on hydrodynamics and
geometry. The former has been dealt with in [128] and represents the core of Section 3. We noticed in [129] that it
would have been too naive to take the Carrollian limit in full generality at the level of the energy-momentum itself, due
to the richness of the geometrical background that intervenes in its equations of motion through the divergence. In
some restricted cases where the geometry is simple it can be done, [130], but in general it leads to wrong Carrollian

6Similar study on physics on null structures can be found in [89-94].



dynamics. We therefore introduce the intrinsic Carrollian counterpart of the energy-momentum tensor, the Carrollian
momenta, and show that Carrollian covariance automatically implies their conservation. Furthermore, we construct
Carrollian charges intrinsically for a Carrollian spacetime (like null infinity) and show that they match in some known
cases the asymptotic charges [63]. We would like to remark at this point that the Carrollian limit of a geometry is
intimately connected to the BMS symmetry. Every null hypersurface can be described within this formalism. This
in particular applies to null infinity, but also to black hole horizons — which are null hypersurfaces. Furthermore, the
idea of using fluid dynamics to describe the black hole horizon is not new and it is the building block of the membrane
paradigm [131-133]. Nevertheless, it is only recently that the presence of BMS-like symmetries on the black hole
horizon has been appreciated [134—147], together with its natural Carrollian geometrical interpretation [148, 149].

Once the formalism was ready to perform the Carrollian limit of relativistic hydrodynamics and the geometry was
well-suited (using the so-called Randers-Papapetrou gauge), we implemented in [128] also the dual limit, where the
speed of light k is now sent to infinity. To do this we chose an alternative parametrization, going under the name of
Zermelo’s ([150]), and we reached equations of motion for the most general Galilean fluid, covariant under Galilean
diffeomorphisms. This work was motivated by attempts to find a unified framework, as in e.g. [151-156], fully
covariant under Galilean transformations. From the geometrical viewpoint, the Galilean limit has been intensively
studied, leading to the construction of Newton-Cartan structures [81,90, 157—164].

With all this machinery at work we eventually present in Section 4 the missing link, which is the limit £ — 0 of the
AdS derivative expansion. The bulk line element becomes a putative solution of Ricci-flat Einstein equations, while
the boundary passes from a relativistic conformal fluid living on a time-like hypersurface to a conformal Carrollian
fluid living on a null hypersurface [165, 166]. This allows to set the holographic dictionary between a Ricci-flat bulk
and a Carrollian fluid. As already stated, the main realization is that the derivative expansion allows the vanishing
cosmological constant limit. This limit has already been addressed in different fashions and scattered setups. For
instance it has been considered on fixed time-like hypersurfaces near the conformal boundary in [167-171]. We
believe our results help in achieving a comprehensive understanding on the topic, due to the solid AdS construction
they are limit of. The final output of our process is a bulk line element (called flat derivative expansion), written
exclusively as a function of Carrollian fluid and geometric data, which solves Einstein equations if the fluid is a
solution of the Carrollian hydrodynamic equations.

We show that in four bulk dimensions we reach algebraically special bulk solutions, thanks to the Goldberg-
Sachs theorem. On top of the flat Robinson-Trautman example, we explain also our scheme for the Kerr-Taub-NUT
family of solutions. In three dimensions, we can recover all Barnich-Troessaert solutions [119], thanks to a careful
inspection of the asymptotic charges and their algebras [63,101,102,118,172,173]. Here again, the Carrollian heat
current plays a special role and neglecting it would restrict the spectrum of solutions reached.

Let us trace the road done so far on the map. We started from the microscopic AdS/CFT duality, took its classical
bulk limit and hydrodynamics boundary one, reaching the AdS fluid/gravity duality. We attacked the problem in a
boundary-to-bulk approach, asking ourselves if, given a conformal relativistic fluid living on the time-like boundary
of the asymptotically AdS bulk, one can reconstruct the dual Einstein solution. This is doable in four and three
bulk dimensions using the derivative expansion gauge. We then proved that in the flat limit we reach a holographic
duality between a solution of Ricci-flat Einstein equations and a conformal Carrollian fluid living on its null boundary.
We unraveled thus a general picture that could be schematically represented as follows:

Fefferman-Graham
Conformal

AdS Relativistic
- Fluid

Derivative Expansion

v
Null infinity

- Conformall

Carrollian

Fluid

Ricci Flat

Flat derivative expasion
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We will organize the structure of this thesis around this square of relationships. In particular, Section 2 covers the
top side of the square, Section 3 the right and left ones and Section 4 the bottom one.

We marginally mentioned that in fluid/gravity the guideline to write the bulk line element in the derivative ex-
pansion gauge, given the fluid data on the boundary, is Weyl covariance. Due to the fact that the boundary metric
is formally located at infinite distance, the boundary metric is defined up to a rescaling by a non-trivial function of
the boundary coordinates. Id est, the boundary enjoys Weyl symmetry. The Fefferman-Graham gauge is not form
invariant under such symmetry transformation.

Therefore, motivated by the importance of Weyl transformation in fluid/gravity, we go back to the microscop-
ical AdS/CFT formulation in Section 5 and discuss an enhancement of the Fefferman-Graham (FG) gauge that
allows to recover geometrically Weyl transformations [174]. The improved gauge, called Weyl-Fefferman-Graham
(WFQ), induces on the boundary a metric and a Weyl connection [175, 176] — instead of the usual picture where
the Fefferman-Graham gauge induces a metric and its Levi-Civita connection. This is the first compelling result,
showing how Weyl is geometrized in this picture.”.

The FG gauge admits an expansion of the metric from the boundary to the bulk in powers of the holographic
coordinate. Solving Einstein equations allows the extraction of the different terms of the expansion, all being deter-
mined by two terms in the expansion: the boundary conformal class of metrics and the vacuum expectation value of
the energy-momentum tensor operator of the dual field theory, as originally discussed in [7,11,14]. It is a theorem
that, given these two quantities, one can reconstruct, at least order by order, a bulk AdS spacetime in FG gauge, by
imposing Einstein equations. The resolution of the latter for the WFG gauge leads to a modification of the subleading
terms in this expansion: we will demonstrate that the modifications are such that each term is Weyl-covariant.

As already stated, the boundary metric is located at infinite distance. Thence, since the bulk action is on-
shell proportional to the volume of the spacetime, divergences arise [10,11, 13, 177]. While most of them can be
counteracted adding local counterterms, in every odd bulk dimension there subsist some of them which cannot.
These are interpreted as anomalies in the boundary Ward identity [178—184]. In our improved Weyl-Fefferman-
Graham construction, the anomaly will be expressed uniquely as a function of Weyl-covariant tensors. We will
furthermore present a cohomological interpretation of the Weyl anomaly, inspired by [185].

The presence of the anomaly is usually encoded in the fact that the boundary energy-momentum tensor acquires
an anomalous trace [186—188]. Indeed in FG gauge, it is found that it must be a priori traceless. This boundary Ward
identity is obtained by considering the boundary background as dictated by the induced metric. The latter is the only
source usually considered. As such, there is only one sourced current. However, one finds that one must typically
improve the energy-momentum tensor, as originally found in [189]. Here, we promote the Weyl connection to be
part of the background data. From this perspective we are gauging the Weyl symmetry in the boundary [190-193],
although more properly, we should view it as a local background symmetry. The holographic dictionary will return
us directly the boundary Ward identity relating the trace of the energy-momentum with the divergence of the Weyl
current. As a byproduct, our setup is also useful to analyze the profound relationship between Weyl invariance and
conformal invariance, a subject which has been discussed for instance in [194,195]. We will present in the beginning
of Section 5 a more technical introduction on the topic of Weyl holography, at the light of all the material presented
in between.

We would like to conclude this introduction with a technical note for the reader.

Section 2 is inspired by [60], [76] and [95].

Section 3 is inspired by [128] and [129].

Section 4 is inspired by [76], [129] and [95].

Section 5 is inspired by [174].

2 Fluid-Gravity Correspondence in AdS

We review in this section the main features of the fluid/gravity duality. This duality is inspired by the microscopic
AdS/CFT correspondence, which sets a link between type IIB string theory on AdS; x S° and super Yang-Mills in
four dimensions. This duality is a very powerful tool, relating a theory of gravity to a matter theory without gravity
itself. We do not want to digress here on the fascinating results of this duality and the massive research project it
started. For us, it is enough to recall the main properties and the limits we will need to do in order to be able to

7Appendix A is devoted to the geometrical implementation of the Weyl connection in the boundary.
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talk about fluids on one side and Einstein gravity on the other. Let therefore briefly remind us the dictionary for a
scalar field and the correspondence at the level of the partition functions. This will be useful in particular in Section
5, where we will go back to more microscopic properties in AdS holography.

In AdS; x S° the metric factorizes: writing the ten-dimensional coordinates ¢¢ = (2, y™) with M coordinatization
of AdSs and m of S°

9abdCdC” = gynda™ da™ + g dy™ dy". (2)
A massless scalar field ¢(¢) can be decomposed using the spherical harmonics of S°
$(¢) =Y ¥ (@)Yily). (3)

In physical field theories, a state is associated with unitary irreducible representations of the symmetry group.
For AdS; this is SO(2, 4)® which has maximal compact subgroup SO(2) x SO(4). Using that SO(4) ~ SU(2) x SU(2),
we can label states with representations of SO(2) x SU(2) x SU(2), i.e. (A, J1, J2). The Casimir is then

C=AA—-4)+2J1(J1 +1)+2J3(J2 + 1). (4)

For a scalar field J; =0 = Js.

By the Kaluza-Klein mechanism the SO(6) isometry of S5 becomes the gauge symmetry in five dimensions. The
spherical harmonics on S5 give an infinite tower of Kaluza-Klein particles on AdS;. A consistent truncation of this
spectrum can be made such that we can focus only on the ten-dimensional massless scalar field. The effect of the
S5 decomposition is, from the point of view of AdSs, to infer a Kaluza-Klein mass on this field

m2

T = A, (5)
where k? = % with [ the AdS radius and A is the SO(2) energy label for the field, which identifies its conformal
dimension. This result is consistent with (4) for a scalar field. In other words, we have that a massless scalar field
in ten dimensions on AdS5 x S° reduces to a massive field on AdS; with its mass given by the quadratic Casimir of
S0(2,4), the symmetry group of AdSs itself. This can be shown taking the ten-dimensional Einstein-Hilbert action
and proving that the Kaluza-Klein decomposition creates a kinetic term (in five dimensions) for the ten-dimensional
massless scalar.
Therefore we consider a massive scalar field on AdS;. Its action is given by

S=-1 /AdS5 d5x\/jg(0M308N<ngN + m2g02). (6)
Its Klein-Gordon equation can be explicitly solved, for it can be recast as a Bessel equation. Before discussing the
result, we will elaborate on the geometrical structure of a d+2-dimensional AdS,. » and its Poincaré coordinatization.

The space AdS,. ., together with dS,. > and Minkowski Mink,. 1, is @ maximally symmetric spacetime (it has
1(d + 2)(d + 3) Killing vectors, the generators of SO(2,d + 1)). It has negative constant curvature, corresponding
to a hyperbolic geometry. It is indeed a spacetime with negative cosmological constant, k? = —(d + 1)A . It is only
for this sign of the cosmological constant that the holographic correspondence is best understood and developed.
Writing ™ = (z, z#) the AdS metric reads

dz? n Ny
22k2 0 Z2k2

ds* = dztdz” . (7)

The conformal boundary is located at = — 0.° There the metric conformally diverges. We thence define the
conformal boundary metric as (k has unit L—! so zk is a dimensionless parameter)

2,272 7.2
dspay = ll_I}%(Z k“)ds*. (8)

The ambiguity in defining the boundary metric should make your hair curl. In fact, we usually refer to the
boundary as a conformal class of metrics, since it is defined up to a conformal factor of the boundary coordinates

8The isometry group of Lorentzian AdS,, is SO(2,n — 1). Many results in this topic are obtain using the Euclidean continuation. Here, we
work in Lorentzian signature unless otherwise stated.
9In fluid/gravity we mostly use r = % and thus locate the conformal boundary at » — oo, due to multiple (debatable) reasons.
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— neutralized by a redefinition of z. Nonetheless, this ambiguity is disregarded and the boundary metric is always
fixed in practice. We postpone for later on (Section 5) an insightful treatment of this fact.

We are now ready to go back to (6) and solve it on the background (7), so assuming again five-dimensional bulk.
This can be done analytically in the full spacetime but we are interested in the z — 0 behavior. The full derivation of
this solution is standard material on the topic [196—198]. From this point to the end of the section, we will assume
Euclidean signature. The result is

p(z,2) ~ (k)25 (@) (1 + O(2°K%)) + (k2)2 € (2)(1+ O(2°k?)), 9)
where ) )
A+(A+—4):%, A,(A,_4):%. (10)

The sum and difference of these two weights satisfy

m2
Ap+Al =4 AL -A =2/t oo (11)

We conclude that 22~ is the most divergent term and thus defines the boundary value of the field

. —A_ _ — .
lim (k)" (2, 2) = € (). (12)
The conformal boundary hosts the advocated matter theory. The boundary value of the field gets the interpre-
tation of a source for a local scalar operator O(x) in the boundary theory, which is a conformal field theory. The
generating functional is then _
Zeprl¢T] = (e I =8 @0, (13)

The space AdS; is the vacuum solution in the bulk. Its dual interpretation is the ground state of the dual CFT.
Therefore ¢~ (z) represents a deformation in the CFT, £~ (x) = 0 being the undeformed value. The holographic
dictionary relates the partition function of the theory in the bulk with the boundary one (0.s. stands for on shell)

Zertl€ (@)] _ s,
ZCFT [0] Gravity

(£ (@)]- (14)

This is the fundamental result of the gauge/gravity duality. lts domain of applicability spans from the well-understood
AdS; x S° vs four-dimensional super Yang-Mills duality to more conjectured dualities in various dimensions and
boundary matter theory.

This equation is however not very handful unless we evaluate it in some limits. For instance, for o/ and gsiying
small string theory reduces to supergravity where

ZRaiyl€ (2)] = =571 (L, (15)
Using this result one can compute the expectation value of the scalar operator sourced by £~ (x). The final result
(after appropriate renormalization) is that (O(z)) is proportional to £*(x). We thence have a nice interpretation of
the bulk field expansion in terms of the boundary theory. The boundary value of a field is interpreted as a free
source while the vev of the operator sourced by it is related to the other field in the expansion ¢ (z). As we will
shortly see, this is a general feature, in particular also true for the bulk metric itself.

Keeping gsiing Small suppresses quantum corrections in the bulk. Therefore this double limit on string theory
makes it become classical supergravity. If we moreover assume the dictionary being true also for non-supersymmetric
theories than the bulk is nothing but Einstein general relativity at first order in all the various parameters. Conse-
quently, the on shell action appearing in (15) is the Einstein-Hilbert action in five dimensions

1
167TGN

SEH = /d5$\/jg(R — 2A) (16)
with Gy the Newton constant, plus contributions coming from the scalar field.

The boundary theory is a conformal field theory. The supergravity approximation in the bulk is dual to strong cou-
pling approximation in the boundary theory. We will also consider the long-distance low-frequency approximation,
as performed in [19,20]. This limit corresponds to the relativistic hydrodynamic limit, where the energy-momentum
tensor is decomposed according to a fluid congruence. This macroscopic limit coarse-grains the field theory in the
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boundary: n-point functions are replaced with fluid transport coefficients, related to the formers via Kubo formulas
only in first order in the frequency. The hydrodynamic limit is focusing only on low frequency modes of the boundary
field theory. That is its main drawback: we are loosing information on the boundary. However this limit enhances
a formidable control on the system. It is especially useful to treat finite-temperature systems. We will see that
computation-wise it organizes the theory in an elegant way.

Bringing together all different limits and approximations, fluid/gravity duality conjectures in its simpler formulation
that Einstein gravity is dual to hydrodynamics. As anticipated, the fluid/gravity dictionary is written in the so-called
derivative expansion gauge. The latter is inspired by the Hamiltonian temporal evolution of gravity, in which one
solves initial constraints on a given space-like surface and then requires the temporal evolution to satisfy the re-
maining Einstein equations. In the derivative expansion the temporal evolution is replaced by a null-like evolution,
from the boundary to the bulk. The explicit form of the gauge is tuned such that the in-falling evolution satisfies
bulk Einstein equations. The parts of Einstein equations which encode the initial constraints are then encoded in
the conservation of the boundary energy-momentum tensor, which puts the boundary fluid on shell. This bound-
ary energy-momentum tensor can be decomposed along the fluid velocity and its orthogonal directions. It is the
time-like boundary value of the null-like bulk congruence that defines the boundary fluid velocity. In hydrodynamics,
the latter has a certain frame invariance, for it is possible to define it such that some dissipation phenomena can
be included in the kinematic. We will discuss the possible hydrodynamic frames and the importance of working
in the most general one in holography, to avoid constraints on relevant holographic data. We could have started
the discussion by directly conjecturing the relationship between Einstein gravity and hydrodynamics. | believe this
derivation of the duality, even though still hand waived, gives a nice glance of the story and contextualize it in a more
general and fascinating picture.

2.1 Boundary Hydrodynamics

This section is devoted to boundary hydrodynamics, in the relativistic setup. With respect to our square-web of
dualities, it is the blue sector below that we will discuss here

Fefferman-Graham
Conformal
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We will firstly discuss it in arbitrary dimensions and full generality (non necessarily conformal) and then specialize
to three and two dimensions, relevant to the reconstruction of four and three gravitational bulks, respectively.
2.1.1 In Arbitrary Dimension

In this section we work on a generic d + 2-dimensional bulk, i.e. a d + 1-dimensional boundary. We denote the
boundary metric g,,, and we keep it as general as possible. As already anticipated, the bulk metric itself gives rise
in the boundary theory to a source g,,, and a vev. By construction, the latter is the energy-momentum tensor of the
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boundary theory
—2 5dey
™) = —— .
< > V=9 59;“/
The way this object is read-off from the boundary expansion of the bulk metric will be explained in the next
section. Notice for the moment being that for empty AdS it is identically zero, which justifies why we think of the
latter as dual to the CFT vacuum. Here we want to discuss the boundary hydrodynamics, so we interpret this tensor
as the energy-momentum tensor of a fluid (we disregard from now on the expectation value (-)).
We now prove that, if the theory is covariant, this tensor is conserved. Consider the variation of the boundary
action under an infinitesimal coordinate transformation z* — z* + p#, we have (b.t. means possible disregarded
boundary terms)

(17)

8,8 = /dd+1x ((S‘;i(spgw + ?Zapqs) +bt., (18)
where ¢ stands for the various other fields of the theory. We assume that we are on-shell so g% = 0. Moreover, §,
is the Lie derivative, which reads

OpGur = Vupy +Vupp. (19)
We thus obtain
6,8 = — / A /—gTH'V &, = / A" ay/=gV, "¢, +b. L. (20)

If the theory is covariant, 6,5 = 0 for all p. From this we deduce that V,T"" vanishes on shell, which is the
usual conservation law of the energy-momentum tensor. As we will show this is related to bulk Einstein equations.
In hydrodynamics the conservation of the energy-momentum tensor is not an identity of the theory but rather a
dynamical equation for the fluid. This comes about because in the hydrodynamic regime we loose information on
the microscopic action and as we will see T*" is now express in terms of the fluid variable, which are macroscopic
quantities rather than fundamental fields. The interplay between micro and macro and fluid and geometry are at the
heart of our construction and will arise many times.

The fluid lives in the boundary, it is a d + 1-dimensional system. Its energy-momentum 7#* can be geometrically
decomposed as (u* = (u°,u’) with 7 running on the d spatial indices)

v v

utu” ut
k2 +pgh 4+ L

war (21)

T = (e + p) 2 + T

It is made of a perfect-fluid piece and terms resulting from friction and thermal conduction. It contains d + 2
dynamical variables:

e energy per unit of proper volume (rest density) ¢, and pressure p;
e d velocity-field components ! (u° is determined by the normalization ||u|? = —£2).1°

The dynamical equations of motion for a relativistic fluid are all encapsulated in the conservation of the energy-
momentum tensor, which in the absence of external forces reads

V1" = 0. (22)

These are d + 1 equations, a local-equilibrium thermodynamic equation of state'" p = p(T") is therefore needed for
completing the system — T' being the temperature of the system. We also have the usual Gibbs-Duhem relation for
the grand potential —p = ¢ — T's with s = 2.

For instance a conformal fluid would satisfy the equation of state
€ = dp, (23)

which implies that the energy-momentum tensor is traceless 7} = 0. This would not be true in the presence of a
conformal anomaly, which arises for even-dimensional boundary theories. We will touch upon this later on, where
we will study two-dimensional fluids.

10k here is the velocity of light usually called c. It is a key quantity in the Carrollian limit discussed in next sections. The reason why we spell it
k will become clear there. It is very often set to 1, we specifically do not want to do that.
TWe omit here the chemical potential as we assume no independent conserved current.
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The viscous stress tensor 7#¥ and the heat current ¢* are purely transverse:
wq, =0, u'r,, =0, u'T,, =-q —cu, = k% ot (24)

Hence, they are expressed in terms of v’ and their spatial components ¢; and 7;;. The quantities ¢; and 7;; capture
the physical properties of the out of equilibrium state. They are usually expressed as expansions in temperature
and velocity derivatives, the coefficients of which characterize the transport phenomena occurring in the fluid.

The transport coefficients can be determined either from the underlying microscopic theory, or phenomenologi-
cally. In first-order hydrodynamics

T = —200u — (A6, (25)
dwn = —roy (04 a ) (26)
where 2
ay, = u’'Vyuy, (27)
o = Y, (28)
o = Vu,) + %u(ﬂau) — é@ A, (29)
W = Vuu,+ %u[ual,], (30)

are the acceleration (transverse), the expansion, the shear and the vorticity of the velocity field (rank 2 transverse
and traceless), with 7, ¢ the shear and bulk viscosities, and « the thermal conductivity.

In the above expressions, A, is the projector onto the space transverse to the velocity field, and one similarly
defines the longitudinal projector U,,,,:

Uy Uy

kQ

 Uply

k2

A},LV = +g,u,1/7 U/J,V = (31)

We want to close this section with an important — often dismissed in holography — discussion on hydrodynamic
field redefinitions. In relativistic fluids, the absence of sharp distinction between heat and matter fluxes leaves a
freedom in setting the velocity field. Intuitively, this freedom reflects the idea that these two fluxes are just energy
motion relativistically, so we could decide to orient the velocity along one flux only, the other, or a combination of
them. Consequently, the macroscopic quantities {7, u, 1}, with 1 the chemical potential, can be redefined order by
order in the hydrodynamic expansion.The guideline in this field redefinition is that microscopic quantities, such as
the energy-momentum tensor and any other conserved currents, should be invariant. This comes about because
only these objects have an interpretation in the microscopic field theory, and indeed we are discussing here their
Vevs.

The fluid-velocity ambiguity is well posed in the presence of an extra conserved current J [40, 42], naturally
decomposed into a longitudinal perfect piece and a transverse part:

JH = out + ", (32)

Here j# encodes dissipation.

At equilibrium there is no redundancy in hydrodynamics, which translates the fact that there are no possible
distinct energy flows to align along. Out of equilibrium the redundancy emerges in the heat current ¢ and the
non-perfect piece of the matter current ;.

One may therefore set j = 0 and reach the so-called Eckart frame. Alternatively ¢ = 0 defines the Landau-
Lifshitz frame. These define the two extrema, a generic fluid frame have both j and ¢. In the absence of extra
currents, setting ¢ = 0 could possibly blur the physical phenomena occurring in the fluids under consideration.

Let us report explicitly some transformation rules between quantities in Landau-Lifshitz (LL) and Eckart (E)
frame. Writing 9, = Qg + 69 for any kinematical or thermodynamic quantity Q, the displacements can be computed
linearly, quadratically, and so on, based on the fundamental rule that the energy-momentum tensor 7' and the matter

12Qur conventions for (anti-) symmetrization are A,y = & (Auw + Avyp) and Ap,, = 4 (A — Ap).
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current J are frame-invariant. The variation in the velocity field is determined in terms of the heat current, non-zero
in Eckart frame, vanishing in Landau-Lifshitz frame, by solving perturbatively the eigenvalue problem:

su = —4 (33)
DE +€E
All other transformation rules are determined from the latter, using the quoted invariance and Gibbs-Duhem equa-
tion. The non-perfect matter-current component j is vanishing in Eckart and non-zero in Landau-Lifshitz, where its
first-order value is

6V = ——% g, (34)
DE + €E
while
6e) =g = 55V = gpH) = 0. (35)
Similarly, we find
p\Y _g-TE-q
(7)) =t @)

and using dp = odu + s6T we can read off 67 and 5,
It should be noticed that the stress tensor 7¢ is a correction with respect to the perfect fluid, of similar order than
the heat current ¢. The first correction it receives is therefore of second order:

S TE - tr 672
(pq +Es )qq2 (@ + ) +
EteEE

Sr@my _ hHv. (37)

In this expression, the trace of the correction, tr 67(2) = g, 57(2#, is left undetermined. This trace also appears in
the second-order correction of the pressure,

2 2 2
@) _ 52 _tr 572 5o — q (38)
d d pE +eE’

op

so that a freedom remains to reabsorb it or not in the latter (see discussion in [40]). The other second-order
corrections from Eckart to Landau-Lifshitz frame read:

1

ou® = ———— (¢®ug — 27¢ - qe) (39)
2 (pe + c)’ ( )
55 = % (Pue e ge), (40)
(pe + €E)
2 2
PEON G S S— (41)
2(pe +ee)® Tk (PE + k)
2
s0? = &7 (42)
2 (pe + e)’
5(&)(2) _ 1 q2+Q'TE'TE~q<Q‘TE~q>2 (43)
T 0eTe (pe + €E) 7 q?

Finding the latter requires to analyse the eigenvalue problem of the energy-momentum tensor at third order. We
can further combine (38) with (43) and dp = odu + s6T, and extract 672 and §u(?).

We can proceed similarly and obtain the above quantities at next order, or even further. Their expressions follow
the pattern already visible in the first and second orders. It is readily seen that the expansions of all Landau-Lifshitz
observables around their Eckart values are controlled by the parameter ll4ll/pe+<, i.€. basically the norm of the heat
current. The magnitude of this quantity sets validity bounds on the frame transformation at hand. We also see
that this hydrodynamic frame redefinition is based on the assumption that an extra independent current is available.
Moving to the Landau-Lifshitz frame without such an extra current is therefore questionable, for it could incidentally
constraint some degrees of freedom.

On more general footing we are sure that we are not making any assumption keeping ¢ arbitrary. Consequently,
we will keep the heat current as part of the physical data. Another reason why we decide to do so is because,
although the boundary fluid can potentially be written in any frame, we will discuss resummation of bulk spacetimes
using fluid data. It is not clear a priori that this procedure is insensitive to q.
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A posteriori, we actually have the glance that the contrary is true, namely that this resummation procedure
treats ¢ as an important physical degree of freedom, necessary for the success of the reconstruction. This will be
elucidated in particular in three-dimensional bulk reconstructions, at the level of the charges.

The punchline here is that, independently of the already deep question of whether in the absence of extra
currents every fluid frame is achievable, we still do not know if the fluid/gravity correspondence is sensitive to the
fluid field redefinition, so we work in the most general frame to avoid loss of universality.

2.1.2 In Dimension Three

So far we worked with generic dimension d + 1, we now analyze some features of three-dimensional fluids. In three
dimensions, the Hall viscosity appears as well in (1), :

o

- CH? NoX(u Ov)p g/\p’ (44)

With 7o, = V=9 €orp-
It will be useful in the following to introduce the vorticity two-form

1 , 1 1
w= iww daxt N dx” = 5 <du+ kQuAa) , (45)

where v and a are the one-forms v = w,dz* and a = a,dz". Its Hodge dual form is proportional to « in three
dimensions:

1
Eyu=»w <& Fkyu, = §nuww”", (46)
In this expression ~ is a scalar, that can also be expressed as

1
v = —wwh. (47)

One can naturally define a fully antisymmetric two-index tensor as'®

. u’

Ny = _?npuw (48)
obeying

ﬁuaﬁya = A;,LV' (49)
With this tensor the vorticity reads:

Wpy = szyf],uu' (50)

All the introduced first-derivative object will play an important role in the following. An important final remark is
that on a generic, possible time dependent, background these quantities are far from trivial even for an adapted
fluid, i.e. a fluid with velocity u = 0.

Weyl Symmetry in 3-dimensional Fluids

As already discussed, holography does not furnish us a boundary metric but rather a conformal class of them. We
will review the implications of this fact in full detail in section 5. The fluid/gravity picture is strongly based on Weyl
covariance [23,26], and this Weyl transformation (defined precisely shortly) is a very powerful guideline for the setup.
Weyl symmetry will be discussed in different fashions and contexts in this work. We limit here our attention to its
importance for three-dimensional fluids.

The definition of the boundary metric is insensitive to a conformal rescaling. We call this rescaling a Wey!
transformation and say that the boundary metric has weight —2:

ds?
ds2y, — —2 51
bdy B(m)z ( )

3The ~ is necessary to distinguish this object from the two-dimensional one 7,,,, = v/—ge,.. defined in the next section for two dimensions.
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This scaling does not alter the definition of the boundary metric for it can be reabsorbed in a bulk redefinition of the
holographic coordinate (r — B(z)r)."*

At the level of hydrodynamics one should at the same time trade u,, for v./s (velocity one-form), w,,, for wu../s
(vorticity two-form) and T,,, for BT,,,. As a consequence, the pressure and energy density have weight 3, the heat-
current ¢, weight 2, and the viscous stress tensor 7, weight 1 under Weyl. These transformation rules for the
fluid come from the fact that the energy-momentum T,,, should have weight 1 (we will show it explicitly). Using its
hydrodynamic decomposition one deduces the rule for all the other quantities.

Since we are looking for a holographic fluid, it is natural to package things in an explicitly Weyl covariant way.
This requires to introduce a Weyl connection one-form:'®

A=k12<a—@u), (52)

which transformsas A -+ A — dIn B.

Ordinary covariant derivatives V are thus traded for Weyl covariant ones. The latter can be “gauged”, given the
weight w of the conformal tensor under consideration. Then for instance the Weyl covariant derivative of a weight-w
tensor v, is

Dyv, =Vyu, + (w+1)Av, + Av, — gu AP, (53)

The Weyl covariant derivative is metric with non-vanishing commutator:

‘:ngp.l/ = 0, (54)
(D;LDU - DUD;A) f = wauua (55)

where
Fo = 0,A, — 0,4, (56)

is the Weyl-invariant field strength.
Commuting the Weyl-covariant derivatives acting on vectors, as usual one defines the Weyl covariant Riemann
tensor'®
(DD, — D, D) VP =Ry, VT +wVPE,, (57)

(V* are weight-w) and the usual subsequent quantities. In three spacetime dimensions, the covariant Ricci (weight
0) and the scalar (weight 2) curvatures read:

Ruw = Ruw + VoA, + A Ay + g (VaAd — A\AY) — F,, (58)
R = R+4V, A" —24,A" (59)

Notice that the Weyl-Ricci tensor is not symmetric, due to the presence of F),, .
The Weyl-invariant Schouten tensor'’ is

1 1
8;1,1/ = :R;w - ijg/w = Sp,l/ + VI/AIU, + A/LAV - §A)\A>\guu - Fjuw (60)

Other Weyl-covariant velocity-related quantities are

©

Duyu, = Vyuu, + %uua,, — EAW
= Ou + Wy, (61)
Do, = V,wY,, (62)
D’y = 2vuy, (63)
u)‘ZRM = D, (a)‘“ — w/\u) — u)‘FM, (64)

of weights —1, 1, 0 and 1 (the scalar vorticity v has weight 1).

14As remarked, in fluid/gravity we use holographic coordinate r = 1/z.

15The explicit form of A is obtained demanding D, u* = 0 and u*Du,, = 0. See [23] for more details.

81n Appendix A we properly define these quantities in arbitrary dimension making use of the notion of Weyl connection.
7The ordinary Schouten tensor in three spacetime dimensions is given by R, — %ng.
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In three dimensions the Weyl tensor is identically zero. All the information regarding the conformal structure of a
given manifold are captured in the so-called Cotton tensor.'® The Cotton tensor is generically a 3-index tensor with
mixed symmetries. In three dimensions it can be dualized into a two-index, symmetric and traceless tensor. It is
defined as

00 loa R
Cuu = 77;/ Dp (Sua + FVU) = nup vp (Rua - 49110) . (65)
The Cotton tensor is Weyl-covariant of weight 1 (i.e. transforms as C,,, — B (), and is identically conserved:
D,C*, =V,C", =0, (66)

sharing thereby all properties of the energy-momentum tensor. This important fact will be relevant and suggests
already that perhaps it is through these two objects that fluids and geometries are suppose to interact.

Following (21) we can decompose the Cotton tensor into longitudinal, transverse and mixed components with
respect to the fluid velocity u:

3cuyu, | ck Cuv | UuCy  UyCy
_ _ Zntv 7
Cuw =5~ 1 5 I =~ T T (67)
Such a decomposition naturally defines the weight-3 Cotton scalar density
1 i
Cc = ﬁcw,u u , (68)

as the longitudinal component.
The symmetric and traceless Cotton stress tensor ¢, and the Cotton current ¢,, (weights 1 and 2, respectively)
are purely transverse:

e =0, utey =0, ubc, =0, (69)
and obey
ck? utC,
Cu = —kAP A, Che + TAW’ C, = —CUu, — T“ (70)

One can use the definition (65) to further express the Cotton density, current and stress tensor as ordinary or
Weyl derivatives of the curvature. We find

1 ~0
c = ﬁu”n Dy (8ve + Fuo) s (71)
& = 177D,(8s6 + Fuo) — cuy, (72)
kQ
oy = =AM (kP — ) D, (Srs + Frg) + %AW. (73)

In section 2.2 we will discuss how, starting from the fluid boundary data, one can reconstruct a Einstein space
in the bulk. There, we will see the crucial role played by the Cotton tensor in organizing this reconstruction.

2.1.3 In Dimension Two

We consider now two-dimensional fluids, dual to three-dimensional bulk geometries. In an abuse of notation, we still
use greek indices y to refer to the two boundary coordinates, such that z# = (z°, z!). Recall that in the presence of
external force density f, the fluid satisfies:
VAT = fo. (74)
Together with the equation of state (local thermodynamic equilibrium is assumed), this set of equations provide
the hydrodynamic equations of motion. In two dimensions, the transverse direction with respect to u is entirely
supported by the Hodge-dual xu:"®
* Uy = U Mg p. (75)
This dual congruence is space-like and normalized as || » u|? = k2.
Therefore we define )
g=x*u Wwith x= = *ul Ty, u”, (76)

18This tensor is non-zero in the boundary whenever the bulk is locally asymptotically AdS [32-34, 36, 76].
190ur conventions in 2 dimensions are: 1., = v/—gesp With €01 = +1. Hence n#ny, = 55.
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as the local heat density. Similarly, the viscous stress tensor has a unique component encoded in the viscous stress
scalar 7:

. 1
Tuw = Thy, With A, = = * Uy * Uy (77)
the projector onto the space transverse to the velocity field.
The energy-momentum trace reads:
T, =p—ec+T. (78)

The pressure p and the viscous stress scalar 7 appear in the fully transverse component of the energy-momentum
tensor. Their sum is therefore the total stress.

If the system is free and at global equilibrium, 7 vanishes and the stress is given by the thermodynamic pressure
p alone. Hence, the viscous stress scalar 7 is usually expressed as an expansion in temperature and velocity gradi-
ents, and this distinguishes it from p. The same holds for the heat current q. The coefficients of these expansions
characterize the transport phenomena occurring in the fluid.

The shear and the vorticity vanish identically in two spacetime dimensions. The only non-vanishing first-
derivative tensors of the velocity are the acceleration and the expansion

a, =u’'Vyu,, ©=V,u, (79)

and one defines similarly the expansion of the dual congruence as®°

0" =V, xu, (80)
which enables us expressing the acceleration:
a, = 0" xuy,. (81)
In first-order hydrodynamics?'
Ty = —(¢O, (82)
X = —% (ku(T) + TO*) . (83)

As usual, ¢ is the bulk viscosity and « is the thermal conductivity — assumed constant in this expression.
It is convenient to use the orthonormal Cartan frame {v/k, *v/x}. Then the metric reads (u? = u,u, dz"dz"):

1
ds? = = (—u® +*u?), (84)
while the energy-momentum tensor takes the form:
v L 2 2 1 2
T =T,ds"dx" = Y™ ((s—i-x) (u+*u)” 4 (e — x) (u — *u) ) + ﬁ(p—e—&—T)*u . (85)

Weyl Symmetry in Two-dimensional Fluids

Let us see the role played by Weyl symmetry in two dimensions. Under Weyl transformations
ds* — —— (86)

the velocity form components u,, are traded for u./5, the energy and heat densities have weight 2, and the local-
equilibrium equation of state is conformal
e=p, (87)

which is accompanied by Stefan’s law (o is the Stefan-Boltzmann constant):

e =oT> (88)

20The hodge-dual of a scalar is a two-form and would spell with a suffix star. Instead, ©* is just another scalar.
21For any vector v and function £, v(f) stands for v*d,, f. We remind the following identities: ddf = —Of with dfw = *d x w = —V*w,, and
df = 17 Gau(f) * u — u(f)u), *df = 75 Gau(f)u —u(f) *u).
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Hence, the trace of the energy-momentum tensor is 7. In the absence of anomalies it vanishes and T, is
invariant under (86).22 If 7 is non-vanishing, the fluid is not conformal and r is an anomalous weight-2 quantity.
We can now proceed in the exact same way as we did in the three-dimensional case, and introduce Weyl-covariant
derivatives and curvature objects. We still report here the analysis since some differences persist due to the different
dimensionality, and the fact that we can package here the transverse direction in a very elucidating manner.

We thus introduce a Weyl connection one-form

1 1,

A:ﬁ(a—@u)zﬁ((a *u — Ou), (89)

which transforms as A — A — dlnB. Ordinary covariant derivatives V are traded for Weyl covariant ones D =
V 4+ w A, w being the conformal weight of the tensor under consideration. On tensor v,, and of scalar function ¢ of

weight w it acts as:

Dyvy = Vv, + (w+1)Apv, + Auv, — g APv), (90)
D,P = 0,2+ wA,P. (91)
As before, this covariant derivative is metric-compatible with commutator:23
nguu = 07 (92)
(DD, —D,D,) f = wfFu, (93)
where
Fu = 0,A, —0,A, (94)

is the Weyl-invariant field strength.

In two dimensions we can dualize it to a weight-2 scalar
1
=
Like in 3 dimensions, one can extract the various curvature tensors.

With respect to the Levi-Civita ones, the covariant Ricci tensor (weight-0) and the scalar (weight-2) curvatures
read:

F =xdA = nuya,uAu = (*@(@) - @(@*)) : (95)

Ruw = Ry + gy VaA = Fuy, (96)
R = R+2V,A" (97)

It turns out that R,,,, + g, VA A* vanishes identically. Hence
R=0&R=2d"A and R,, =—F,,. (98)

The ordinary scalar curvature has a weight-2 anomalous transformation
R — B*(R+20mnB) (99)

(the box operator is here referring to the metric before the Weyl transformation).
Using these tools as well as the identity

V*T,, = D*T,, — A,T",, (100)

the general fluid equations (74) with € = p, projected on the light-cone directions u + xu acquires a simple form:24
(u +*u") Dy (e +x) + (W —xut) f, = —OT —O*T —*xu(7), (101)
(u' —xu") Dy (e — x) + (W' +»xut) f, = —OT 4+ O* T 4+ *xu(7). (102)

Equivalently:

d(m(u+*u)> 1(u*u)/\*<f;d7') =0, (103)

JF
2\/e +x + /2

d (m(u — *u)) N

22|n general T, has weight d — 1 under Weyl. That is why it has weight 1 in 3 boundary dymensions (d = 2) and weight 0 in 2 boundary
dimensions (d = 1).

23\We remind that useful informations on the Weyl geometry are stored in Appendix A.

24Notice that any congruence with w = —1 in two dimensions obeys D, u, = V ,u, + kizuual, — ©A,, = 0due to the absence of shear and
vorticity, and similarly D,, * u,, = 0.

(u—&—*u)/\*(f—;dT):O. (104)
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Hydrodynamic Frames

In two dimensions, thanks to the fact that the orthogonal subspace to the fluid velocity is again a one-dimensional
space, we have a very powerful control on the theory. In particular, changing hydrodynamic frame, i.e. fluid velocity
field while keeping T' unchanged, amounts just to perform an arbitrary local Lorentz transformation on the Cartan

frame
uw'\ _ [coshe(x) sinhi(x) u (105)
*xu' )~ \sinhv(z) coshi(z)) \xu)’
or for the null directions v’ + %1’ = (u + %u) e*?.
This affects the Weyl connection and Weyl curvature scalar

A = A—xd (106)
F' = F+0Oy. (107)

By construction, the transformation (105) has to keep the energy-momentum tensor invariant. This happens
provided the energy density and the heat density transform appropriately. Imposing also that in the new frame
¢’ = p’, we conclude that

e\ [ cosh2y(x) —sinh2¢(x)) (e . sinh ¢ (x)
(x’> o ( sinh2¢(x)  cosh 2¢(x) ) (X) +7sinh ¢ () ( cosh w(m)> ’ (108)
while, due to the invariance of the trace,
=T (109)

Equivalently one can use \/(s’ X +%) = \/(5 +x+5)eFr.
The energy-momentum tensor can be diagonalized with a specific local Lorentz transformation. This means that
in this frame there is no heat dissipation. By definition, this is the Landau-Lifshitz frame, where the heat current x

is vanishing. We find
€L 9, ELLtT o

T = ﬁuLL 7]{2 * uLL (1 10)
since .. = 7 and x L = 0.
The latter condition allows to find the local boost towards the Landau-Lifshitz frame
641/JLL — w (1 1 1)

e—x+7/2
With this, one finds the Landau-Lifshitz energy density

€LL\/(€+X+;—)(€X+;);. (112)

It exhibits an upper bound for x?, x2.« = (¢ + 7/2)2. We interpret it as a translation of causality and unitarity
properties of the underlying microscopic field theory.
The eigenvalue®® ¢, is supported by the time-like eigenvector

; 1/a 1/a
_ L (etxt/2 E-X+T/2 _
uLLQ((E—x—l—T/Z) (u+*u)+(€+x+7/2 (u—*u) |, (113)
whereas
. _ T _ N, T
eLLeLL+T\/(€+X+2)(8 x+2)+2 (114)

is the eigenvalue along the space-like eigenvector xuy .
The fluid equations (103) and (104) are recast as follows

2y/ewd' (Veruw) —w - f —Our = 0, (115)
2/t d" (\ef, *uw) +*ur - f+ OF T 0 (116)

25We make for simplicity the implicit assumption that the energy density is positive. This needs not be true, however, and the holographic fluid
dual to global AdS3 has indeed negative energy.
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For a non-anomalous conformal fluid, and at zero external force f = 0, the forms /e £ x(u+*u) are closed, and
can be used to define a privileged light-cone coordinate system, adapted to the fluid configuration. In this specific
case, the on-shell Weyl scalar curvature reads

1
Fe—_20m,/22X
2 E—X

(117)

In this case the frame transformation (105) acts on the energy and heat densities as a spin-two electric-magnetic
boost, the energy being electric and the heat magnetic.

Light-Cone vs Randers-Papapetrou Parametrizations

Light-Cone Every two-dimensional metric is amenable by diffeomorphisms to a conformally flat form:

ds® = e ¥datda™. (118)
With this choice and our conventions g, — = 1/2¢7%%, 5, = lj2e™ %, n*~ = —2¢**, 9, =1, n_~ = —1. Notice
also that x (dz* A dz~) = T~ = —2¢2*. Time and space are defined as z* = x + kt. The conformal factor w is an

arbitrary function of z* and z~.
Any normalized congruence has the following form:

u=updzt +u_dz= & su=—uydrt +u_dz", (119)
where u4, functions of z* and =, are related by the normalization condition

k2
Usu_ = fZe*Q“’. (120)

Without loss of generality, we can parameterize the velocity field as

k k 1
=—5¢ " =Y 121
U4 2€ \/ga U 26 \/E’ ( )
where ¢ = £(x, z7) is defined as the ratio
e (122)
U_—

The choice ¢ = 1 corresponds to a co-moving fluid because in this case u = —k?e~“dt.
For the congruence at hand

O + 0* = +2ke2 9, e (vt VE), (123)

Moreover:
A=—dw+*+dln+/¢§ and F=—-0Oln¢=—-2e*0,0_In¢, (124)

whereas the Levi-Civita scalar curvature reads
R =20w = 8**0,0_w. (125)

In this frame {dz™,dz~}, the components of a general energy-momentum tensor with ¢ = p, are

1
T++:§(€*X+I>€72w7 T__:?<€+X+g>672w,
2 2 . % (126)
T+_ = T_+ = ZE 2w
For a conformal fluid 7 = 0, thus 7, _ =0=T7T_, and
w e+x T-_ 4

e+x)(e—x)=4e™T, . T _, = (127)
(e+x)(e—x) ot T,
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In the latter case, and in the absence of external forces, the forms (103) and (104) are closed, which implies
(e—x)e~2¢ being locally a function of z+ and (s +y) “— of z~. Observe that in the Landau-Lifshitz frame (y.. = 0)

3

T
fhi=m =4 T T (128)

In this frame, on-shell, F' vanishes.
Moving from a given hydrodynamic frame to another by a local Lorentz boost, amounts to perform the following
transformation on the function ¢

€t a7) = &t aT) = e T (et a7), (129)
Randers-Papapetrou The light-cone frame is not well suited for the Carrollian limit, which is the subject of Section

3. Carrollian fluid dynamics is elegantly reached in the Randers-Papapetrou frame, where (here we work with
coordinates ¢ and z. The latter is not reported in bold for it is one-dimensional here)

ds® = —k* (Qdt — b,dx)® + ada? (130)

with all three functions of the coordinates ¢ and =.
A generic velocity vector field v reads:

u="~ (0 +v"0,). (131)
It is convenient to parametrize the velocity v* as®®
k2Qp5® v
N I ATy g (192)
with Lorentz factor K285
14+ k%6 -
= - -7 ~ 133
O iyers (139)
The velocity form and its dual read:
]4?2
u=———oo (Qdt — (by + Bs)dx), *u=kyaQy (dz—v"dt), (134)
J1- k232
while the corresponding vector is
k by + Bs >
*U = O+ 0, ). 135
v (e %)

We can determine the form of the heat current ¢, which must be proportional to xu, in terms of a single component

q.. We find
X evay k '
Similarly, for the viscous stress tensor
Trx xTT 202
T= e =T a1 K. (137)

Performing a local Lorentz boost (105) on the hydrodynamic frame does not affect the geometric objects 2, b,
or a, and is thus entirely captured by the transformation of the vector g = 379,. This is expected, for /3 is the kinetic
quantity, as we will fully unravel in Section 3.

Parameterizing the boost in terms of a spatial vector B = B*9,, as

! _kyaB® (138)

cosht) ="' = ———, sinhy = Tky/aB" =
V1 —k2B?%’ V1—k2B%
26Notice that 8 4 by = —%Z: We define as usual b = a®by, Bz = 0287, Vo = azzv” With age = /o™ = a, b2 = byb*, 2 = -8 =

BB andb- B = bz 5",
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we get:

B+ B
!/ ~
B  1+k23-B’ (139)
as expected from the velocity rule composition in special relativity. Moreover
! ]‘ T
¢ = Tom ((1+k*B?) e — kv/aB"2x + k*B*1) (140)
1 x
X' = T (14 k*B?) x — kv/aB"(2e + 7)) . (141)
Using (136) and (137), we eventually reach
£ = ((1+#k*B?)x—kVvaB"(2¢ + 7))k - - 142
Vva ( )x ( ) (1—k282) /2 (1— k2B2) /2 (142)
’ 1+k2(8- B B)-b))*
e _ _(L+F(B-B+(B+B)-b) (143)
a (1—k2532%) (1 — k2B?)

These quantities will become useful when trying to reach Carrollian hydrodynamics in two dimensions.

2.2 Bulk Gravity

We are now ready to discuss the properties of the bulk spacetime and how to reconstruct a given solution of Einstein
equations from the boundary fluid data, which is the blue sector of our square:

Fefferman-Graham
Conformal

AdS Relativistic
- Fluid

Derivative Expansion

\ \

Null infinity

o - Conformal
RicciFlat Carrollian

Fluid

Flat derivative expasion

We will first of all review the Fefferman-Graham (FG) expansion, then explain the salient features of the derivative
expansion and justify why it is more useful from the hydrodynamic viewpoint. We will then specialize in four and
three bulk dimensions, where we will be able to fully characterize bulk solutions from the boundary. This latter task
remains an open question in bulk dimension five and higher.

2.2.1 Fefferman-Graham vs Derivative Expansion

The FG expansion is at the core of holography. It is based on a theorem by Fefferman and Graham [77,78] stating
that the metric of a locally asymptotically AdS,. > geometry can be put in the form (k is the inverse of the AdS radius)

dz?

2 __
ds* = 2.2

+ hy (2 z)daxtdx” . (144)
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The conformal boundary is a constant-z hypersurface at = = 0 in these coordinates. To obtain this form, one
has used up all of the diffeomorphism invariance, apart from residual transformations of the «* — 2/#(x), which of
course would change the components of h,,, in general. Near z = 0, h,, (z; ) may be expanded

1 _
b (z:2) = 5 [90)(@) + K222 (@) + k2D @) + ] + (k)" [T (@) + 22T (@) ... (145)

A particularly interesting feature of this gauge is that every bulk solution can be obtained by specifying the boundary

metric gff,),) and energy-momentum tensor TF(L,O,). These two objects are for the bulk metric the same as the source
and the vev were for the bulk scalar field we saw at the beginning of Section 2. All the subleading objects in the
two series are written on-shell as a function of these 2 objects and their derivative. In this sense, ¢(®) and 7
can be interpreted has initial position and momentum for gravity. Einstein equations in the bulk then express all the
subleading terms in the expansions.

The drawbacks of this gauge are mainly three. Firstly, it is always (except for empty AdS) an infinite expansion.
Secondly — and fundamentally for hydrodynamics — this gauge is not suitable for Weyl transformations (see section
5). Lastly, it does not admit a smooth & — 0 limit. This last remark is crucial in our work. Indeed, we will see that a
Carrollian limit in hydrodynamics corresponds to a £ — 0 limit in the gravitational bulk. We therefore need to choose
a gauge that smoothly allows such a limit.

These weakness will be cured in the derivative expansion. Nonetheless, the very merit of the FG expansion is
its mathematical robustness, guaranteed by the fact that it is a proved theorem that every locally asymptotically AdS
metric can be written in this way.

More recently, fluid/gravity correspondence has provided an alternative to FG, known as derivative expan-
sion [24-27]. It is inspired from the fluid derivative expansion, and is implemented in Eddington-Finkelstein (EF)
coordinates. The metric of an Einstein spacetime is expanded in a lightlike direction and the information on the
boundary fluid is made available in a slightly different manner, involving explicitly a velocity field whose deriva-
tives set the order of the expansion. Conversely, the boundary fluid data, including the fluid congruence, allow to
reconstruct an exact bulk Einstein spacetime.

This reconstruction is heavily based on Weyl invariance. Indeed, it treats the null coordinate (and derivatives) as
an expansion parameter and associates at every order in the expansion the possible Weyl covariant boundary terms
with compatible Weyl weight. Although less robust mathematically, the derivative expansion has several advantages
over FG:

e it can be resummed leading to algebraically special Einstein spacetimes in a closed form,

e boundary geometrical terms appear packaged at specific orders in the derivative expansion, which makes
their classification easier

e the spacetime metric is expanded along a null rather than a spatial direction. This is ultimately the reason
why it admits a consistent limit of vanishing scalar curvature. Having a null holographic direction is therefore
crucial.

Hence, it appears to be applicable to Ricci-flat spacetimes and emerges as a valuable tool for setting up flat
holography. Such a smooth behavior is not generic, as in most coordinate systems switching off the scalar curvature
for a Einstein space leads to plain Minkowski spacetime.

The velocity field of a relativistic fluid is not a physical observable, and therefore, as already discussed, it can be
redefined by a hydrodynamic field redefinition. Nonetheless it appears explicitly in the derivative expansion. This
is in contrast to what happens in the FG expansion, where the Einstein bulk reconstruction is solely based on the
boundary metric and the boundary energy-momentum tensor.

As we will see, the derivative expansion moves the different degrees of freedom in different places. In fact, the
energy-momentum tensor will satisfy integrability conditions that relates it to the boundary geometry. Hence, the
fluid velocity, although immaterial in the boundary theory, represents for the bulk reconstruction an important piece
of information, for it appears explicitly in the derivative expansion (it actually organizes the latter).

Following the above logic, it is clear that when writing the derivative expansion, some implicit gauge choice may
be made, partly locking the form of the velocity. A frame redefinition would change the fluid velocity. If altogether
allowed from the bulk point of view, this is expected to be reabsorbed by some appropriate bulk diffeomorphism.

Analyzing the role of the velocity field in the fluid/gravity derivative expansion is not an easy task. In particular,
the integrability conditions that we mentioned set a relationship that involves the latter. This could blur the boundary
frame redefinition freedom. We should therefore be prudent and do not assume any specific a priori fluid gauge. The
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exact way in which a boundary fluid redefinition affects the bulk reconstruction procedure is still an open question
and argument of recent investigation.

Another important open question is to write down the bulk reconstructed metric in five dimensions and higher, in
the derivative expansion gauge. Some progress have been recently made [199], but it remains an unsolved issue so
far. Our reconstruction works perfectly in four and three bulk dimensions, which is the argument of the next sections.

2.2.2 Bulk Reconstruction in Four Dimensions

As mentioned, the fluid/gravity correspondence is historically based on the holographic coordinate » = 1/z, which
therefore places the boundary at r — oco. The logic here is to write all the possible Weyl covariant term with the
correct weight at a given order in the r expansion.

This exercise, in four dimensions, results in:

S
dsgak = 2%(dr +7A) +rids® + W
u? 1 871G N T u ut Crpu™ntvow
afB NL Xy X ApU” T vo
s (1 T pppa Yest ) < 2o T g >
+ terms with o, 0*, Vo, ... + O (D*u) . (146)
In this expression
e S is a Weyl-invariant tensor:
v v A v 2 R
S = Sudetde” = —2uD,w" ,dat — w, wyde!dz” — u 3 (147)

compatible with the fact that it appears at order 1 in the r expansion;

e the boundary metric is parametrized a la Randers-Papapetrou:
ds® = —k? (Qdt — byda')® + a;;da’da? (148)

this parametrization is important in the following and will be intensively discussed, for the moment all what
matters is that every metric can be parametrized in this way;

¢ the boundary conformal fluid velocity field and the corresponding one form are
1 )
U= ﬁﬁt & u=—k* (Qdt — bida) (149)

i.e. the fluid is at rest in the frame associated with the coordinates in (148) — this is not a limitation, as one
can always choose a local frame where the fluid is at rest, in which the metric reads (148) (with €2, b; and a;;
functions of all coordinates);

e w,, is the vorticity of » as given in (30), which reads:

1 . 5 2 1 1 i ,
w= §w,“,d:1:‘ ANdz¥ = 1 (&bj + ﬁbiﬁjﬂ + Qbiﬁtbj) dx' A da?; (150)
e using this result
1 oB 9 1 j 1 1 1 1 )

%wa,@w =77 = §a a a[zbﬂ + ﬁb[ﬁj]ﬂ + ﬁb[ﬁtbﬂ a[kbl] + ﬁb[kal}ﬂ + ﬁb[k&tbl] ] (151)

e the expansion (28) and acceleration (27) are

1

0 = ﬁat In Va, (152)
a = k? (ai InQ + éatbl-) dz’, (153)
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leading to the Weyl connection (52)
1 1 o1
A= a (aiQ + Oib; — §biat In \/6> dx* + 5@ In adt, (154)

with a the determinant of a;;;

° k%THVu“u” is the energy density ¢ of the fluid, and in Randers-Papapetrou qq = 790 = 70; = 7:0 = 0 due to (24)
and (149);

o - Cyurn"?w,, = cy, where we have used (46) and (68), and similarly ¢y = cog = co; = cio = 0;
2k 1
e 0, 02, Vo stand for the shear of u and combinations of it, as computed from (29):

1

~ 920 (8taij —a;j0;In \/&) da'da’ . (155)

g

We close this paragraph stressing again the importance of Weyl covariance in the reconstruction of the bulk line
element.

Resummation and Exact Einstein Spacetimes in Closed Form

In order to further probe the derivative expansion (146), we will impose the fluid velocity congruence shearless. This
choice has the virtue of reducing considerably the number of terms compatible with conformal invariance in (146),
and potentially making this expansion resummable, thus leading to an Einstein metric written in a closed form.

Nevertheless, this shearless condition together with integrability conditions, reduce the class of Einstein space-
times that can be reconstructed holographic to the algebraically special ones [33,34,36].2” Going beyond this class
is an open problem. This result should be stressed: we are constraining the boundary theory, but a posteriori we
know that the subclass of Einstein spaces we are reaching (algebraically special), is general enough to include, for
instance, all known black hole solutions. Notice that this shearless condition is also potentially not harmless regard-
ing hydrodynamic frames. In fact, a hydrodynamic frame transformation may return a shearfull velocity starting from
a shearless one.

By direct inspection (following e.g. [24]), it is tempting to try a resummation of (146) using the following substitu-

tion:
2 2

Y T
1- ol — 7 (156)
with ~ defined in (151) and
p2 = 'r2 —+ 72, (157)

The success of this resummation is not a priori guaranteed. It is a posteriori confirmed thanks to the fact that we
are able to write a large spectrum of bulk solutions in this form.
With this procedure, we postulate the resummed expansion

2

S
d5r295. Einstein — 2%(6“ +7rA)+ r’ds® + = =+ kzipg (87Gner + ), (158)

which is indeed written in a closed form, since all subleading piece in r-expansion have been resummed.
It is evident that the shearless condition was a very powerful tool. Under the conditions listed below, the metric
(158) defines the line element of an exact Einstein space with A = —3k2.

1. The congruence u is shearless. This requires (see (155))

8taij = aij(?t In \/6 (1 59)

It is equivalent to ask that the two-dimensional spatial section defined at every time ¢ and equipped with the
metric d(* = a;;dz'dz? is conformally flat. This may come as a surprise because every two-dimensional
metric is conformally flat. However, a;; generally depends on space x and time ¢, and the transformation

27 Appendix B touches upon Petrov classification and Goldberg-Sachs theorem. We explain there the meaning of algebraically special.
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required to bring it in a form proportional to the flat-space metric might depend on time. This would spoil the
three-dimensional structure (148) and alter the a priori given u. Hence, d¢? is conformally flat within the three-
dimensional spacetime (148) under the condition that the transformation used to reach the explicit conformally
flat form be of the type &’ = 2’ (x). This exists if and only if (159) is satisfied.

Under this condition, one can always choose ¢ = ¢(z), ¢ = {(z) such that
o 2 _
dl* = a;j dr'da’ = ﬁdgdg (160)
with P = P(t, ¢, ¢) a real function. Even though this does not hold for arbitrary u = 5’ one can show that there

exists always a congruence for which it does [45].28

2. The heat current of the boundary fluid (21) is identified with the transverse-dual of the Cotton current defined
in (67) and (70), via the u-transverse duality defined in (48):

1
inﬂlz V:7~VL~pUD 81/(7 F ’ 161
q; SWGNTI e SWGNTI wll p( + ) ( )

where we used (72) in the last expression. In holomorphic coordinates?®
1
87TGN

q= (CCdC — cEdE) . (162)

3. The viscous stress tensor of the boundary conformal fluid (21) is identified with the transverse-dual of the
Cotton stress tensor defined in (67) and (70). Following the same pattern as for the heat current, we obtain:

_ 1 oy
RrG k2 P

1 1. s o ~po
= <_UA7IW77P + 77/\u (knup — w7’ )) Dp (SAU + FAU) s (163)

Tuw

87TGN/€2 2

where we also used (73) in the last equality. In complex coordinates:
i 2 ~2

T RO — cgedC”) - 164

T SrG I (c<<dC ceed( ) (164)

4. The energy-momentum tensor defined in (21) with p = </2, heat current as in (161) and viscous stress tensor
as in (163) must be conserved
vV, T" =0 (165)

These are differential constraints that from a bulk perspective can be thought of as a generalization of the
Gauss law.

Identifying parts of the energy-momentum tensor with the Cotton tensor may be viewed as setting integrability condi-
tions, similar to the electric-magnetic duality conditions in electromagnetism, or in Euclidean gravitational dynamics.
As opposed to the latter, it is here implemented in a rather unconventional manner, on the conformal boundary,
via the transverse-to-u duality 7. Notice that in the FG gauge T}, and the boundary metric encode all the infor-
mations. Here however the derivative expansion shuffles the degrees of freedom differently, and thus integrability
conditions arise.

As examples demonstrate, the Cotton tensor contains the gravitational magnetic part of the informations, like
the NUT charge, while the energy-momentum tensor the electric one, like the black hole mass. These integrability
conditions strikingly resemble the gravitational counterpart of electric-magnetic duality. The exact form of this duality
is settle to guarantee the a posteriori success of the reconstruction. A deeper investigation is under study on these
relationships and what they infer e.g. on the charges.

It is important to emphasize that the conservation equations concern all boundary data. On the fluid side the
only remaining unknown piece is the energy density ¢(z), whereas for the boundary metric Q(z), b;(z) and a;;(z)

28This should again ring a bell about our discussion on the hydrodynamic frame: there is no reason for this u being the fluid velocity in a
particular gauge and asking to be in a specific gauge to begin with could be incompatible. -
2Orientation is chosen such that in the coordinate frame ng.c = v/=gegcc = %, where 20 = kt. Thus 7i¢¢ = i and ¢z = —i.
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are available and must obey (165), together with ¢(z). Given these ingredients, (165) turns out to be precisely the
set of equations obtained by demanding bulk Einstein equations be satisfied with the metric (158). This observation
is at the heart of our analysis. We want to conclude the analysis with a recap of the road done here. The pattern to
follow is the following:

e Parametrize the boundary metric in Randers-Papapetrou (148), the specific form of {Q, b;, a;;} characterizes
the solution.

e Choose the fluid velocity to be u = £0;.

e Impose that the spatial part of the boundary satisfies the shearless condition (159).
e Compute the bulk metric (158).

¢ Impose boundary integrability for ¢ (161) and = (163).

e Build with these data the boundary energy-momentum tensor (21). At this point we are left with a bulk line
element and an energy-momentum tensor written as a function of {Q,b;, a;;,¢}.

e Require the energy-momentum conservation (165). These are the bulk Einstein equations for the recon-
structed metric with A = —3k2.

Therefore, starting from a boundary metric and an adapted fluid, we reconstruct a bulk solution of AdS Einstein
equations following the steps just depicted. A natural question arise: what is the domain of applicability of this
procedure? Stated differently, we next wonder which bulk solution can be reconstructed in this way. The answer will
turn out to be every algebraically special bulk solution, thanks to the Goldberg-Sachs theorem (see Appendix B for
a recap on the latter and the proof of this statement).

The Bulk Algebraic Structure

We would like to return again on the crucial identification of the non-perfect energy-momentum tensor pieces with
the corresponding Cotton components by transverse dualization. What does motivate these choices? The answer
to this question is rooted to the Weyl tensor and to the remarkable integrability properties its structure can provide
to the system [50, 51].

Let us firstly notice that from the bulk perspective the vector u, which is timelike in the boundary, is a manifestly
null congruence associated with the vector 9,. One can show that this bulk congruence is also geodesic and
shearfree. Therefore, accordingly to the generalizations of the Goldberg-Sachs theorem, if the bulk metric (158) is
an Einstein space, then it is algebraically special, i.e. of Petrov type II, 111, D and N.*0

Owing to the close relationship between the algebraic structure and the integrability properties of Einstein equa-
tions, it is clear why the absence of shear in the fluid congruence plays such an instrumental role in making the
resummed expression (158) an exact Einstein space.

The structure of the bulk Weyl tensor makes it possible to go deeper in foreseeing how the boundary data should
be tuned in order for the resummation to be successful. Indeed the Weyl tensor, if packaged using the Atiyah-Singer
decomposition, can be expanded for large-r, and the dominant term (1/-2) gives the following combination of the
boundary energy-momentum and Cotton tensors:

B}

Tt =T, £+ —C,., 1
py K 87rGNkC“ (166)
satisfying a conservation equation, analogue to (165)
+ _
VI, = 0. (167)

For algebraically special spaces, these complex conjugate tensors simplify considerably, and this suggests the
transverse duality enforced between the Cotton and the energy-momentum non-perfect components. Using (162)
and (164), we find indeed for the tensor T+ in complex coordinates:

y 2 .
t= e N (v g Ly _r _ 2
e (H 87rGN) <k2 +ad > + e (2ecdCu — ecedd?) (168)

30 Appendix B will be useful throughout all this section.
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and similarly for T~ obtained by complex conjugation with
ic
87TGN '

The bulk Weyl tensor and consequently the Petrov class of the bulk Einstein space are encoded in the three
complex functions of the boundary coordinates: ¢, ¢, and c¢... The proposed resummation procedure, based
on boundary relativistic fluid dynamics of non-perfect fluids with heat current and stress tensor designed from the
boundary Cotton tensor, allows to reconstruct all algebraically special four-dimensional Einstein spaces. We explain
how in Appendix B.

The simplest correspond to a Cotton tensor of the perfect form [33]. The complete class of Plebanski-Demianski
family requires non-trivial b; with two commuting Killing fields [37], while vanishing b; without isometry leads to the
Robinson-Trautman Einstein spaces [36, 60], which is the example we decide to treat in detail in the next section, to
familiarize with the procedure previously outlined.

ey =e=+ (169)

2.2.3 The Robinson-Trautman Example
Reconstruction
Consider the boundary metric
ds? = —K2dt? + %dgdf. (170)

This metrichas 2 =1and b = 0.
The vector 0; is hypersurface-orthogonal, and the normal hypersurfaces are constant-¢ sections. The Gaussian
curvature of the latter is

K=AInP (171)
with A = 2P?9;0,.
The Cotton tensor, computed using (65), reads:
0 —50cK Lo:K Y
c—i(a a at) | 5K —o(FF) 0 (dc) , (172)
koK 0 ) (‘if]f) d

which is a real tensor.
Notice that we have no control on the frame in which the fluid is described, as the velocity field is the shearless
congruence read off directly from the boundary metric (170) (see (149)):

u = —k?dt, (173)
which has no vorticity, no acceleration but is expanding at a rate
©=-29,InP. (174)

We should stress that in this frame, the holographic fluid exhibits a finite number of corrections with respect to
a perfect fluid, as the energy-momentum tensor is basically third-order in derivatives of geometric quantities. This
is not surprising and it is a rather general feature of exact Einstein bulk spaces to lead to holographic fluid config-
urations which do not trigger all transport coefficients. Still, the kinematic state is non-trivial, and the absence of
certain series of corrections in the energy-momentum tensor is really the signature of vanishing of the corresponding
transport coefficients.

With respect to our general procedure, we have already defined the boundary metric and the velocity field.
Incidentally, we readily see that our metric has a shearless spatial part. The next step is the computation of the bulk
metric (158). For this, notice that ¢ = 0 here. We obtain

2
r —
dres. Einstein = —2d4(dr + Hat) + 2557 dCdC (175)
with $rC
9H = k%% — 2, In P+ K — 20N (176)

r
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Notice at this point that ¢ is an arbitrary function of the boundary coordinates, we have not yet imposed inte-
grability conditions and Einstein equations, and this is the next step in our procedure. Using (161) and (163) we
compute the dissipative tensors of the boundary energy-momentum tensor to be

1 _
1 _
r o= gaﬁﬁﬂQ@%@mPM@+%9ﬁ%mmaﬂ. (178)

We are converging toward the end of our analysis. We now have all the ingredients to write the energy-
momentum tensor (21)

167TGN€/{32 841( 8<*K
1 ~ K 29 (agp) oM dt
T=———(dt d¢ d{) ¢ RZOETP P2 dc | . (179)
167Gk ) 20 2.4 (%P ¢
GCK P2 %2 at P

We then focus on its conservation. Indeed our general analysis shows that these equations would furnish us
bulk Einstein equations. We first of all identify (the reason will become clear shortly)

M =47Gpe (180)
and then impose (22):

V-T=0

{AK+1Mﬁ%mP4&M} (181)

oM =0, 9:M=0.

The first equation is the celebrated bulk Robinson-Trautman equation, here expressed in terms of M (t) =
4rGye(t), which are indeed the Einstein equations for the line element (175). The boundary fluids emerging in
the systems considered here have a specific physical behavior. This behavior is inherited from the boundary ge-
ometry, since their excursion away from perfection is encoded in the Cotton tensor via the transverse duality. In the
hydrodynamic frame at hand, this implies in particular that the derivative expansion of the energy-momentum tensor
terminates at third order. As repeatedly remarked, holography sets a deep relationship between the boundary fluid
and the geometry on which it lies. We have therefore concluded our ensemble of steps and obtained, starting simply
from a boundary metric, a bulk highly non-trivial solution of Einstein equations.

An important remark is that the hydrodynamic frame at hand, as stressed, is not the Landau-Lifshitz frame, be-
cause the fluid has a heat current. One could move to the Landau-Lifshitz frame by redefening the fluid velocity order
by order to remove this current [56,57,59]. The drawbacks of this fluid frame redefinition are easily understandable.
Firstly, the finite order expansions here would be traded with infinite expansions, harder to handle. Secondly, holog-
raphy in the way we constructed it is sensible to the heat current, setting it to zero breaks down our reconstruction
procedure. Lastly, starting from the bulk in the Fefferman-Graham gauge, the boundary energy-momentum is found
already a fluid frame which possesses a heat current.

Before concluding this section we want to discuss the bulk Petrov classes reached with this particular solution,
and how to tune it.

Petrov Classification

The Robinson-Trautman equation has been obtained from purely boundary considerations, by imposing the conser-
vation of the boundary energy-momentum tensor, and we can similarly tune the boundary data in order to control
the bulk Petrov type of the bulk Einstein space. Generically the latter is type 11 because we can prove that the
bulk congruence 9, is null, geodesic and shearless, and using thus the extensions of Goldberg-Sachs theorem, the
reconstructed bulk space is algebraically special (we prove it in Appendix B).

To further analyze the algebraic properties, consider the reference tensors T+ as in (166), which we generally
write in the form

G ki ImT+ =
at o B3
B 0+ _3]2\/%22 + g 3]2\{32 - g dt
(dbd¢ Q) | 235+ 5 g+ 0 dc | . (182)
3Ma~ _ B 0 _3M(aT)® 3 d¢
2P2 2 2P4k2 k2
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and

87TGNk‘ ReT+ =
3Ma™t 3Ma 3
_ ki]\l 7»1 2P7, + g —pr t g dt
(dt d¢ dl) | —3a” + 4 le) 4 & ¢ | . (183)
_3Ma~ | B M 3M (o 7 ) \d¢
27 T 2 P2 2PTR? - TR

The reference tensor at hand depends on M and three complex arbitrary functions of ¢,¢ and ¢: a*, 3 and . The
functions {a™, 8,~} are not explicit in the energy-momentum tensor and Cotton tensor if they satisfy the equations

+
3M s +0K=p and c.c. (184)
and ,
3. (ot (0P
5M pi + v =0 -0 and c.c.. (185)

By tuning all these functions (M (t), o™ (¢, ¢, ¢), B(t,¢, <), B(t, ¢, ), v(t, ¢, ¢) and 7(t, ¢, ¢)) we can scan different
classes:

e If M =0, o are immaterial and 3(t, ¢, ¢) and v(t, ¢, ¢) are fully determined by (184) and (185):

ﬁ = (9<K and c.c. s (186)
2P
vo= & 5 and c.c.. (187)

Furthermore, the Robinson-Trautman equation guarantees holomorphicity for 3, function of (¢, ¢) only. Hence,
the bulk is generically Petrov type 771. When 3 = 0, it becomes type N, where now K = K(t), following (186).
The most general P(t, ¢, ¢) such that its curvature is a function of time only was found in [200], and reads:

1+ £h(t,¢) h(t
P(t.¢.0) = (6,6) A6, 0 (188)
V2P0 Och(t,0) :h(1,C)
with e = 0, +1 and arbitrary functions f(¢) and h(t, ).
o If 3=~ =0, a™ are read-off from (184):
at=— P —0:K and c.c. (189)
3M ¢

and the geometry is subject to a further constraint®! obtained by combining (185) and (189):
2

o2p
6M O, <§D>=(8<K)2 and c.c.. (190)

The bulk is still type 1, but choosing holomorphic o~ = a~ (¢, (), i.e
dc (P*9¢K) =0 and c.c., (191)
together with the constraint (190), makes it type D. There are two independent type D solutions:

1. The Schwarzschild, reached with P =1 + gcf and K = ¢, which is asymptotically anti-de Sitter.

2. The C-metric, which requires P29.K = h(() # 0 and is asymptotically locally anti-de Sitter due to a
non-vanishing boundary Cotton tensor.

. ) 8?2
3"Notice a useful identity: d; (%P) = %ag (P20:9; In P).
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We would like to end the current section with some general comments regarding the bulk Einstein spaces under
consideration.

With the exception of the Petrov-D solutions quoted above, Robinson-Trautman spacetimes are time-dependent
and carry gravitational radiation. Once this radiation is emitted, the spacetime settles down generically to an anti-de
Sitter Schwarzschild black hole.? The general features of this evolution are captured by the Robinson-Trautman
equation, which, following [201], is a parabolic equation describing a Calabi flow on a two-surface. As long as
M +# 0, these spacetimes exhibit a past singularity at » = 0, past-trapped two-surfaces and a future horizon, which
is the anti-de Sitter Schwarzschild horizon at late times. Unfortunately, singularities are often developed on this
horizon and no smooth extension is possible beyond, in the interior region.

Irregularities of the two-surface S time-dependent metric

dr* = P(t,zC_)ngdg_, (192)

possibly present at early times, are washed out by the evolution, as usual with geometric flows. The flow at hand,
governed by the Robinson-Trautman equation, has the following salient properties:

d [ d*

Bl e 1

i[5 (193)

d [ d*¢

— | ==K = 194

i | P2 0, (194)
where d?¢ = —id¢ A dC. Hence, the area of S and its average curvature are preserved along the flow, which, at

late times, brings the metric into a symmetric geometry compatible with the original topology. From the spacetime
perspective, this situation corresponds indeed to the evolution towards an anti-de Sitter Schwarzschild black hole.

2.2.4 Bulk Reconstruction in Three Dimensions

Gravity in three dimensions cannot propagate. Einstein equations are therefore solved by empty AdS locally [61].

Nonetheless, global issues and identifications of points make the story richer than it seems. The absence of
propagating gravitational degrees of freedom implies that the asymptotic charges are integrable [63]. They charac-
terize the bulk solution under consideration. Even if two bulk solutions will again locally be AdSs, they differ if their
asymptotic charges differ. These charges are eventually the most important thing we should care about in three
dimensions, for they distinguishes uniquely the various bulk solutions.

As previously mentioned, the FG expansion for empty AdS is a finite expansion. This is thus always the case in
here. Additionally, also the usual derivative expansion terminates at finite order. The reason is that most geometric
and fluid tensors vanish (like the shear or the vorticity), reducing the number of available terms compatible with
conformal invariance.

As opposed to higher dimension, where its conformal weight forbids it, the heat current enters directly in the
resummation formula. It morally replaces the role played by the Cotton density. In fact, in two boundary dimensions
the Cotton tensor is identically zero.

Specifically, the exercise of writing compatible terms with Weyl covariance in three bulk dimensions results in:

87TGN
k4

ds%instein = 23 (dr+rA)+ r?ds® + u(eu+ x *u), (195)
2

where A is displayed in (89), € and x being the energy and heat densities of the fluid. These enter the fluid energy-
momentum tensor (85) together with =, which carries the anomaly:

R 1
T 81Gy  AnG k2

(0% — 0% + u(©) — *u(0%)) (196)

T

(we keep the conformal state equation ¢ = p). For a flat boundary this anomaly is absent, but Weyl transformations
bring it back.

32This is the reason why (180) has been imposed: M then is the Schwarzschild black hole mass once the solution settles down.

35



The metric (195) provides an exact Einstein, asymptotically AdS spacetime with A = —k2, under the necessary
and sufficient condition that the non-conformal fluid energy-momentum tensor (85) obeys3?

V* (T + Dy) =0, (197)

where D,,,, is a symmetric and traceless tensor which reads:

2
D, da"dz” = m (<u(9) +xu(0*) — I;R) (u® + *u?) — 4*u(6)u*u> . (198)
On the one hand, the holographic energy-momentum tensor is the sum T,,,, + D,,,,, and this can be shown following
the Balasubramanian-Kraus method [11]. On the other hand, the holographic fluid is subject to an external force
with density

fu = 7VMD[LV' (199)
Its longitudinal and transverse components are (F' is given in (95))
wf, = —— (wu(F)+20F + LOR (200)
" 4G N - 2 ’
1
H — *
*ut f,, e (xu(R) + ©*R). (201)

Combining these with (101), (102) and (196) we find
1

(u +xut) Dy (e+x) = e *u!D, F, (202)
1
(u —xut)Dy (e —x) = ey *xutD,F. (203)

Notice that eventually these equations are Weyl-covariant (weight-3) despite the conformal anomaly.

An important remark is in order regarding the holographic fluid. Rather than T,,,, we could have adopted T,,,, +
D,,, as its energy-momentum tensor. The latter would have been decomposed as in (85), with £ = p and x though
(7 = 7 since D,, has vanishing trace):

R

e = €+ W (g(@) + *@(@ )) — 167TGN7 (204)
- 1
X = X~ InGn k2 *u(O). (205)

We did not make this choice for two reasons: (i) in (195) we used ¢ and y rather than £ and y for reconstructing
the bulk; (ii) ¢ and x/r are finite in the limit of vanishing k, whereas & and X/x are not. This last fact is not an
obstruction per se. However, we will present later on the Carrollian limit of relativistic fluids that have finite leading
order in k for both these terms. The output with € and x is the foreseeable one, whereas there is no guarantee that
with & and X/ things will eventually work out.

The metric (195) is the most general locally AdS spacetime in Eddington-Finkelstein coordinates. The corre-
sponding gauge (falloffs) includes but does not always coincide with BMS. From this perspective, this result is new
although it may not contain any new solutions compared to Banados, all captured either in BMS or in Fefferman-
Graham gauge [102,119]. Charges computation is in order to give a definite answer to these wondering.

The bonus here is the hydrodynamic interpretation: the corresponding fluid is defined on a generally curved
boundary and has an arbitrary velocity field. This should be contrasted with the treatment of three-dimensional
fluid/gravity correspondence worked out previously [22, 24], where the host geometry was flat, avoiding the issue
of conformal anomaly. Furthermore the fluid has been very often assumed perfect by hydrodynamic frame choice,
which gives rise to a holographic dual that overlaps only partially with the Banados solutions, as we will shortly see
by computing charges.

33Here we resum all bulk spacetimes, as the charges computation will confirm. We thence do not need any integrability condition. Notice also
that we constantly refer to the conservation of the energy-momentum tensor in the absence of external forces. When this kind of statements is
made, we consider the holographic tensor, here T, + D,,,..
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For practical purposes, we can work in light-cone coordinates, introduced in (118). Solving the fluid equations
(202), (203), we obtain the fluid densities ¢ and x in terms of two arbitrary chiral functions ¢

w 2 2 2 2
¢ (a Lo 3040’ BE (09 ag>, 206

AnGn \ € 4¢3 262 46 2
e 0y 3(0.6)°%  02¢  (0-€)° 92 0,£0.¢ 0,0-¢
X = 47TGN (5 +€€_+ 453 *E+ 4£ *74’ 52 — f . (207)

Gathering these data inside (195) provides, in the gauge at hand, the general class of locally AdS three-
dimensional spacetime with curved conformal boundary. The conformal factor exp 2w plays actually no role because,
as one readily sees from the above expressions, it can be reabsorbed with the redefinition of r into r exp w, bringing
(195) to its flat-boundary form.3*

As we will shortly see, the arbitrary function &(z*,2~) is more insidious regarding the charges. A specific
example of curved boundary with Q@ = exp28, b, = 0, a = 1 and fluid velocity v = —k2e??dt (comoving) was
investigated in [107], outside of the fluid/gravity framework, and the output agrees with our general results.

Flatness requirements are equivalent to R = 0 and F' = 0. In light-cone frame, this amounts to (see (124) and

(125))
G
Caol

w=0 and ¢zt z7)=— (208)
where the minus sign is conventional.

Trading the chiral functions ¢ for L. defined as (the prime indicates total derivative with respect to the only
argument of the functions ¢+)

1 (gzt/)Q _ 2§:|:§:|://
b= o (Li - 4) , (209)
we finally obtain the following metric:
1 £ &
ds%instein _% ( _Fd$+ — \/?dx ) dr
Ly r — L\ [dat\? L. r — N\ [da\?

(5 - pvreee) (B + (5 - pveee) ()
r 1 / -1/ L+ + L —

+ (7“2 + = (€Y +¢7")+ W) datdz™. (210)

This metric depends on four arbitrary functions: £+ (z*) and £~ (2™) carrying information about the holographic
fluid velocity, and L (x%), L_(z™), which together with £T(z™) and £~ (z~) shape the energy-momentum tensor —
here traceless due to the absence of anomaly for flat boundaries.

Indeed we have

1 Li+L_ 1 L,—L_
= Iy = o 211
Gy e~ 0 N unGy et 211)
and in turn .
Toy = — 2= 212
TN e (212)

In three dimensions, any Einstein spacetime is locally anti-de Sitter. Hence, there exists always a coordinate
transformation that can be used to bring it into a canonical AdS; form. This is a large gauge transformation whenever
the original Einstein spacetime has non-trivial conserved charges. The determination of the latter is therefore crucial
for a faithful identification of the solution under consideration. It allows to evaluate the precise role played by the
above arbitrary functions.

The charge computation requires a complete family of asymptotic Killing vectors, determined according to the
r-falloffs. The metric (210) does not fit into the BMS gauge, unless ¢+ are constant. This is equivalent to saying that

34This should be contrasted with the more intricate situation regarding this conformal factor inside the analogous formula in FG gauge, see
(2.21) of [119].
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the fluid has a uniform velocity, and can therefore be set at rest by an innocuous global Lorentz boost tuning £+ =1
and {~ = —1.

We will first focus on this case, where the asymptotic Killing vectors are known, and move next to the other
extreme, demanding the fluid be perfect, i.e. in Landau-Lifshitz hydrodynamic frame. In the latter instance we will
have to determine this family of vectors beforehand, as the gauge will no longer be BMS. Investigating the general
situation captured by (210) is the next natural step, and is indeed current investigation.

Dissipative Static Fluid

As anticipated, this class of solutions is reached by demanding ¢* = 41, while keeping L* arbitrary.
We obtain

d5Einstein = —% (dzt —dz™)dr + r’datda™ + % (Lydat — L_da™) (da™ —da™), (213)

which is the canonical expression of Bafiados solutions in BMS gauge. Following (211), the boundary fluid energy
and heat densities are ¢ = Yargny (Ly + L_) and x = —1/arGy (L4 — L_). Therefore the heat current is not
vanishing, and in the present hydrodynamic frame the fluid is at rest and dissipative.

The metric (213) is form-invariant under the action of this diffeomorphism

C=Cor+Ctop +¢o- (214)

with
¢ = SRy (Y ) = (- 1) (-7, @19
Ci — Yi _ % (Y+/ _ Y—/) , (216)

for arbitrary chiral functions Y *(z*) and Y~ (z7).
These vector fields generate a diffeomorphism that alters the various functions in the metric according to (M N
are three-dimensional bulk indices)

0 g
—Legun = ocgun = %ZV(SQL+ + 8921_1\7 ocL— (217)
with .
0Ly =-Y*L| —20.Y* + iyi’”. (218)

The last term in this expression is responsible for the emergence of a central charge in the surface-charge
algebra. These vectors obey an algebra for the modified Lie bracket (see e.g. [119]):

§3 = [gpgghﬂ = [gpgg} - 6£2§1 + 5£1£2 (219)
with® ¢ = ¢ (Y,F,Y, ) and
Vi =YEo vt - vitoLvE (220)
The surface charges are computed for an arbitrary metric g of the type (213) with empty AdS;3 as reference
background. The latter has metric g with L, = L_ = —1 i.e. e = —ﬁ and y = 0. The final integral is performed
over the compact spatial boundary coordinate z € [0, 27]:
Qvlg—5.9) = — /%d v (o +2) v (r_+ 1 (221)
Y |9 g’g_kaGNo -z +7T -7 :
These charges are in agreement with the quoted literature,3® and their algebra is determined as usual:
{@Qv1, Qv } = d¢ Qv, = —b¢ Qv (222)

BSHere 5£2§1 stands for the variation produced on ¢, by ¢,, and this is not vanishing because ¢, depends explicitly on L. : 6£2£1 =

ace ace
(aLi d¢, L+ + o= 5£2L*) Oar-

36Some relative-sign differences are due to different conventions used for the light-cone coordinates, here defined as =+ = z + kt.
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Introducing the modes

1 2 S 1
+ imx
L = STkCn /o dze (Li + 4) (223)

the algebra reads:

i{Lh, i} = (m—n)Lip + 15

5 (m* =1) dmino, {Li,Li} =0. (224)

This double realization of Virasoro algebra with Brown-Henneaux central charge ¢ = QkG is the expected result for
Banados solutions (213).

Perfect Fluid with Arbitrary Velocity

In Landau-Lifshitz frame the heat current vanishes (y = 0) and the boundary conformal fluid is perfect. Equation

(211) returns
M
L+ - L_ - ?, (225)
with M constant, while it gives the energy density ¢ =
The reconstructed bulk family of metrics

B ! —/ M —
ds%instein = <“_§~+ i “ —7d.’I} )d?"—l— (7’ + ﬁ\/ﬁ (§+ +§ )+k32§+£_> dx+dx

(a1 - %Wﬁ') (d§++> G e <_>2 (229)

is not in BMS gauge, unless ¢+ are constant. Again this latter subset is entirely captured by ¢+ = +1, and the
resulting solution is BTZ together with all non-spinning zero-modes of Bafados family:

M
ArGNETET

dsEinstein = f% (dat —da™) dr + rda™da™ + % (dat —da™)”. (227)
The asymptotic structure rising in (226) is now respected by the following family of asymptotic Killing vectors
n=n0"0 +n*0; +n"0-, (228)

expressed in terms of two arbitrary chiral functions ¢* (z*)

"= ,g (" +e7), 0t =€ (229)

These vectors, slightly different from those found for the dissipative boundary fluids, appear as the result of an

exhaustive analysis of (226). They do not support subleading terms, and since they do not depend on the functions
¢+, they form an algebra for the Lie bracket:

[ﬂvﬂJ =1, (230)

withn = n(ef.€;) and

egt = efcegzl — 63:6?:/. (231)

They induce the exact transformation (M N are 3-dimensional bulk indices)

aQMN 8gMN

dgmN _
og~ ¢ ge

oEt

OgmN
o0&+

—Lngun = Opgun = 36" + 5,6 + o€ (232)

with
6Q§i _ fiGi/ _ €i£i/. (233)

Following the customary pattern, we can determine the conserved charges, with AdS; as reference background,
now reached with £+ = +1 and M = —1/> (again ¢ = —g—t— and x = 0):

o 1 2m 1 1
2lo=3= ey [, o (* (g2 -1) - (& 1)), .
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as well as their algebra:

{Q617Q62} = 5Q1 Qe2 = _5ﬂ2Q61' (235)
Defining now
Zi _ 1 /2‘” d ima® i -1 (236)
™ 16mkGy Jy O 2
we find -
; +
1 {Z;,‘:L7 Z;::} = (m — TL)Z,"H_,” =+ m(gqyl+7l70 B {Z,ﬂr:“ Z,,:LF = 0 (237)

The central extension of this algebra can be reabsorbed in the following redefinition of the modes Z:-

Zt =7+

f M&”’”' (238)

Therefore, (237) becomes
{7528} = m-nZk,., {2527} =0 (239)

The algebra at hand (239) is de Witt rather than Virasoro, and this outcome demonstrates the already advertised
result: the family of locally AdS spacetimes obtained in holography from two-dimensional fluids in the Landau-Lifshitz
frame overlaps only partially the space of Bafiados solutions. This overlap encompasses the non-spinning BTZ and
excess or defects geometries provided in (227).

We eventually reach the important conclusion that bulk reconstruction, within our framework, is sensitive to
boundary hydrodynamic frame. Setting the heat current to zero a priori is not a natural choice, and limits the
resummable solutions in the bulk.

Our analysis has been very fruitful in three and four bulk dimensions, where we managed to gain very powerful
control on the bulk theory starting from boundary fluid data. As stressed, it would be interesting to try to extend
this dictionary to higher dimensional bulks. Additionally, although we achieved all (known) bulk solutions in three
dimensions, in four dimensions we saw that, due to integrability, we can obtain only a limited (still very large) class of
bulk solutions. Another natural direction is to try to release our assumptions and look for a complete reconstruction.

Lastly, we discussed so far AdS bulks only. In such a situation the whole microscopic AdS/CFT dictionary is at
work. We took a long road toward hydrodynamics to address questions that we could have at least be posed directly
from a field theoretical viewpoint. The advantage of this was to have better control, and indeed most of the solutions
we resummed do not have a fully understood microscopic boundary theory. Our detour has also a very insightful
consequence. The fluid/gravity dictionary unraveled a bulk gauge better suited for hydrodynamics, the derivative
expansion. It is in this gauge that we will show how to implement a flat limit A = —%kz — 0.

The FG expansion trivially diverges in such a limit, while the derivative expansion will miraculously be finite,
leading to a holographic dictionary between asymptotically flat solutions in the bulk and the k£ — 0 boundary theory.
What is this boundary theory? k in the boundary plays the role of the speed of light, what does it mean to take &k — 0
in a fluid? This limit degenerates the boundary metric, what is happening to the geometry in such a limit? All these
questions are the subject of the next chapters, and the core of this project.
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3 Carrollian Limit in Hydrodynamics

So far we have worked with a d + 1-dimensional relativistic boundary and a corresponding d + 2 bulk solution
of Einstein equations with negative cosmological constant. This is the best understood framework. The d + 1-
dimensional holographic fluid living on the boundary enjoys spectacular properties: it is a conformal fluid with
dissipative tensors dictated by the surrounding geometry. The Randers-Papapetrou parametrization of the boundary
metric was a successful choice and the bulk cosmological constant was found to be A = —@k?

We discussed two gauges of the bulk metric, both with advantages and drawbacks. The FG gauge allows to
extract the boundary metric and energy-momentum tensor. It is mathematically well-defined, and implies in most
cases an infinite expansion. To go from the bulk to the boundary is by far the best instrument we have. An alternative
frame inspired by fluid dynamics, known as derivative expansion, was introduced as well. This gauge is based on
Weyl-covariance, an important symmetry of the boundary theory.

It is in this framework that we achieved, starting from boundary data only, a set of full solution of bulk Einstein
equations. It is therefore this latter the best way to move from the boundary to the bulk. In the boundary, & is the
speed of light. Therefore, the fundamental result we observe is that the bulk flat limit A — 0 (which is well understood
and always achievable)®’ corresponds to a boundary where the speed of light is sent to zero £ — 0. We call this limit
a Carrollian limit, the fluid we reach a Carrollian fluid and in general we refer to this theory as a Carrollian theory.
We will explain in great detail the reason why we call the £ = 0 theory in this way. Regarding the general picture, we
are dealing in this chapter with the blue part:

Fefferman-Graham
Conformal

AdS Relativistic
Fluid

A

Derivative Expansion

\ \

Null infinity

o > Conformal
RicciFlat Carrollian

Fluid

|

Flat derivative expasion

The vanishing speed of light limit is at first very cumbersome: how do we make sense out of this limit? The
latter is indeed degenerate both physically and geometrically. Two main wonders arise, the limit at the geometrical
level and at the fluid dynamical one. We will discuss here both of them and show that there is a way to extrapolate
insightful and meaningful informations from this limit. Eventually we will be able to obtain a boundary theory dual to
asympotically flat bulk solutions (Ricci flat). This is a first major step toward what is now referred to as flat holography,
i.e. a holographic duality between solutions of Einstein equations with vanishing cosmological constant and matter
theory living on its boundary. We are going to show where and how our theory makes contact with other works and
previous result on the topic. In particular we will see, at least from the geometrical and group theoretical viewpoints,
that our results extend previous attempts and generalize them. We would like to recall that many efforts in scattered
directions have been made in understanding the holographic dictionary for flat spacetime.

Here we make a step in this direction, but our theory has important limitations. Firstly, we cannot address the
microscopic structure of the boundary theory since we take the limit at the hydrodynamic level. In AdS we know
it is a CFT, here we suspect it is a BMS field theory (we will talk about it shortly) but many things remain to be
understood. Secondly, we are reconstructing a classical bulk so we do not have any control on the effect of our

37We should clarify this point: when we say that the flat limit in the bulk is always achievable we mean that there exists given a bulk solution a
gauge such that this limit trivially applies. This does not mean that every gauge is suited for such a limit.
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limiting procedure in string theory. Lastly, we loose the powerful tool of the FG gauge in this limit. This gauge
becomes indeed singular. We therefore loose a completely mastered way of gong from the bulk to the boundary in
the flat case. The derivative expansion is smooth in the limit, and this is its best feature and our major discovery.
Altogether, these limitations could be addressed by further inspection. In this respect, they are intriguing future
directions of research. We already mentioned some of these observations in the introduction. We will, at the light of
this chapter, return to this discussion in the conclusions.

In this chapter we begin with an analysis of the geometry in the £ — 0 limit. We then study the limit at the level of
the equations of motion for the relativistic fluid. We do all this in arbitrary dimension and for generic fluid. We then
specialize to holographic fluids in three and two dimensions. An important question that arises in the limit concerns
the fate of the energy-momentum tensor. We will show how to introduce its Carrollian counterparts and compute
Carrollian charges. Our formalism for the limit of the fluid equations of motion is so general and powerful that we
conclude showing how to take the well-known dual limit & — oo and reach Galilean fluids starting from relativistic
ones, on completely general background and in a Galilean covariant fashion.

3.1 Geometrical Setup

We saw that the Ricci-flat limit is achieved at vanishing k. The role played by the conformal boundary is in this case
replaced by null infinity, dubbed J. As described in [101], the Penrose diagram before and after the limit is given by

. +

The boundary J in the limit becomes in fact a degenerate d + 1 manifold of rank d. Geometrically, we therefore
recover it starting from our Randers-Papapetrou relativistic parametrization:

ds® = —k? (Qdt — byda')” + a;jda’da? . (240)

and consistently send k& — 0. 38

As remarked, since the derivative expansion is performed along null tubes, it provides the appropriate arena
for studying both the nature of the boundary and the dynamics of the degrees of freedom it hosts as holographic
duals to the bulk Ricci-flat spacetime. This comes about because the boundary of asymptotically flat solutions is
null, so describing the bulk in null tubes is better suited for this situation. We see thence that for vanishing &, time
decouples in the boundary geometry. There exist two decoupling limits, associated with two distinct contractions of
the Poincaré group: the Galilean, reached at infinite velocity of light, and the Carrollian, emerging at zero velocity of
light. In the metric above, k plays effectively the role of velocity of light and £ — 0 is indeed a Carrollian limit [79].

This very elementary observation sets precisely and unambiguously the fate of asymptotically flat holography:
the reconstruction of four-dimensional Ricci-flat spacetimes is based on Carrollian boundary geometry. The appear-
ance of Carrollian symmetry, or better, conformal Carrollian symmetry at null infinity of asymptotically flat spacetimes
has already attracted attention in the framework of flat holography [80-82, 108, 119].

The novelties we bring in the present work are mainly two. On the one hand, the Carrollian geometry emerging
at null infinity is generally non-flat, i.e. it is not isometric under the Carroll group, but under a more general group
associated with a time-dependent positive-definite spatial metric and a Carrollian time arrow, this general Carrollian
geometry being covariant under a subgroup of the diffeomorphisms called Carrollian diffeomorphisms. On the other
hand, the Carrollian surface is the natural host for a Carrollian fluid, zero-£ limit of the relativistic boundary fluid
dual to the original Einstein space of which we consider the flat limit. This Carrollian fluid must be considered as
the holographic dual of a Ricci-flat spacetime, and its dynamics as the dual of gravitational bulk dynamics at zero

38 Another possibility would be consider the double scaling where Qk? is finite. This would result in a non-degenerate limit. However, it will not
be smooth at the level of the bulk line element.
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cosmological constant. We recently discussed in [88] hot to construct a Carrollian structure in general. This is based
on the seminal works [90,93]. For the sake of clarity and fluidity of our discussion, we will not report on these results
here, and refer the reader to the aforementioned papers for further informations.

Connection and Curvature

The Carrollian geometry consists of a spatial surface 8§ endowed with a positive-definite metric
de? = aijdocidacj7 (241)

and a Carrollian time ¢ € R.%°

The metric on 8 is generically time-dependent: a;; = a;;(¢,z). Much like a Galilean space is observed from a
spatial frame moving with respect to a local inertial frame with velocity w, a Carrollian frame is described by a form
b = b;(t,x) dx*. The latter is an inverse velocity, describing a temporal frame. It can be interpreted as a Ehresman
connection, dictating how the null direction is fibrated [88]. A scalar (¢, «) is also introduced, as it naturally arises
from the k£ — 0 limit. It plays a rule analogous to the lapse in the ADM decomposition.

We define Carrollian diffeomorphisms as

t'=t(t,z) and z' =1z'(z) (242)
with Jacobian functions oy o' O
t . t i oz’

Those are the diffeomorphisms adapted to the Carrollian geometry since under such transformations, d¢? remains
a positive-definite metric (it does not produce terms involving dt’). Indeed,

0 . Q
a;j _ anljilnijillja b; _ <b’L + J]1> Jflzj’ Q/ — j’ (244)

whereas the time and space derivatives become

1 Y ji
O =30, =01, (ai - ?]at) . (245)

We will show in a short while that the Carrollian fluid equations are precisely covariant under this particular
set of diffeomorphisms. Expression (245) shows that the ordinary exterior derivative of a scalar function does not
transform as a form. To overcome this issue we introduce a Carrollian derivative as

51 =0+ %8t7 (246)

transforming as . L
al{ — J_ljiaj- (247)

Acting on scalars this provides a form, whereas for any other tensor it must be covariantized by introducing a
new connection for Carrollian geometry, called Levi-Civita-Carroll connection, whose coefficients are the Christoffel-
Carroll symbols,

A a’ (s 4 4 i i
Vin = 9 (ajal" + a”a’lj - alaj”) = Vjn T Cjn- (248)
The Levi-Civita-Carroll covariant derivative acts symbolically as V = §+4. It is metric and torsionless: @iajk =0,
i = 2&[’33.] = 0. There is however a non-zero field strength, since the derivatives V; do not commute, even when

acting of scalar functions ® — where they are identical to 9; :
PN 2

3%We are genuinely describing a spacetime R x 8 endowed with a Carrollian structure, and this is actually how the boundary geometry should
be spelled.
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Here w,; is a 2-form identified as the Carrollian vorticity defined using the Carrollian acceleration one-form ¢;:

1 A
o = ﬁ(atbﬁaim:at%mim, (250)
Q Abi oAb

Since in our holographic setup the original relativistic fluid is at rest, the kinematical inverse-velocity variable
potentially present in the Carrollian limit vanishes, see [95] for further details and the physical interpretation of this
inverse velocity. A Carrollian fluid is always at rest, but could generally be obtained from a relativistic fluid moving
at v’ = k28" + O (k*). In this case, the inverse velocity 3° would contribute to the kinematics and the dynamics of
the fluid, as we will see in the next section. Here, v* = 0 before the limit ¥ — 0 is taken, so 3* = 0. Hence the
various kinematical quantities such as the vorticity and the acceleration are purely geometric and originate from the
temporal Carrollian frame used to describe the surface 8. As we will see later, they turn out to be k& — 0 counterparts
of their relativistic ancestors defined in (27), (28), (29) and (30).

The time derivative transforms as in (245), and acting on any tensor under Carrollian diffeomorphisms, it provides
another tensor. This ordinary time derivative has nonetheless an unsatisfactory feature: its action on the metric
does not vanish. One is tempted therefore to set a new time derivative d; such that étajk = 0, while keeping the
transformation rule under Carrollian diffeomorphisms: 9; = 19,.

This is achieved by introducing a temporal Carrollian connection

o1 1 7
Vi = 5g¢ FOan;, (252)

which allows us to define the time covariant derivative on a vector field:
1, 1 i J

while on a scalar the action is as the ordinary time derivative: 0, = 5,®

Leibniz rule allows extending the action of this derivative to any tensor. Calling %_ a connection is actually
misleading because it transforms as a genuine tensor under Carrollian diffeomorphisms: 4% ; = JrJj=1m.4",  Its
trace and traceless parts have a well-defined kinematical interpretation, as the expansion and shear, completing the
acceleration and vorticity introduced earlier:

20 1 % K] 1 %
9:77:56,‘111\/57 5]:7jfgc5j0 (254)
We can define the curvature associated with a connection, by computing the commutator of covariant derivatives
acting on a vector field. We find
|:vk7vli| = V7 “!‘W}cl*at Y (255)
where A o ‘ ‘
7 jnt = Oty — Oing + Anm V5 — Vimny (256)
is a genuine tensor under Carrollian diffeomorphisms, the Riemann-Carroll tensor.

As usual, the Ricci-Carroll tensor is
Fij = kg (257)

It is not symmetric in general (7;; # #;;) and carries d* independent components:
TA‘Z']' = éij + Kaij + Aﬂ” (258)
If we specialize to three boundary dimensions, we can write*?

1 1 . 1
K= §a rm = 57*, A= fﬁ”r” = xwb (259)

4OWe use 7j;; = \/ae;j, which matches, in the zero-k limit, with the spatial components of the .., introduced in (48). To avoid confusion we
also quote that 77'7;; = 6% and 77'77j;; = 2.
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which are the scalar-electric and scalar-magnetic Gauss-Carroll curvatures, with

1 ..
* W = 5’[?”@@‘. (260)
We now go back to arbitrary dimension. Since time and space are intimately related in Carrollian geometry,
curvature extends also in time. This can be seen by computing the covariant time and space derivatives commutator:

1. - , . , , , 1 . . ,
S0, Vi Vi= =28V 1 (08] = 4 ) 3V + (wigd =,V ) V' (261)
Q Q

A Carroll curvature one-form emerges thus as

1/~ . 1—dj
o= (ngi ; d&ﬂ) | (262)

Again in three dimensions we will show that the Ricci-Carroll curvature tensor #;; and the Carroll curvature
one-form #; are actually the Carrollian vanishing-% contraction of the ordinary Ricci tensor R, associated with the
original four-dimensional pseudo-Riemannian AdS boundary, of Randers-Papapetrou type (148). The identification
of the various pieces is however a subtle task because in this kind of limit, where the size of one dimension shrinks,
the curvature usually develops divergences. From the perspective of the final Carrollian geometry this does not
produce any harm because the involved components decouple.

The metric (241) of the Carrollian geometry on 8§ may or may not be recast in conformally flat form (160) using
Carrollian diffeomorphisms (242). A necessary and sufficient condition is the vanishing of the Carrollian shear ¢;;,
displayed in (254). Assuming this holds, one proves that the traceless and symmetric piece of the Ricci-Carroll
tensor is zero,

5i5 = 0. (263)

The absence of shear will be imposed later on, where it plays the same crucial role in the resummation of the
derivative expansion that it played for AdS.

The Conformal Carrollian Geometry

In the present set-up, the spatial surface S appears as the co-dimension two surface at null infinity of the resulting
Ricci-flat geometry. This is a subspace of null infinity J. The latter is the result of the £ — 0 limit of the time-like AdS
boundary. The bulk congruence tangent to 9, is lightlike. Hence the holographic limit » — oo is lightlike, already at
finite k&, which is a well known feature of the derivative expansion, expressed by construction in Eddington-Finkelstein
coordinates.

What is specific about & = 0 is the decoupling of time. The geometry of J is equipped with a conformal class of
metrics rather than with a metric. From a representative of this class, we must be able to explore others by Weyl
transformations, and this amounts to study conformal Carrollian geometry as opposed to plain Carrollian geometry.
The action of Weyl transformations on the elements of the Carrollian geometry is inherited from (86):

aij

B2 b; — Q- —, (264)

i B’ B
where B = B(t,z) is an arbitrary function.

The Carrollian vorticity (251) and shear (254) transform covariantly under (264): w;; — %wij, & — %gij.
However, the Levi-Civita-Carroll covariant derivatives V and 9, defined previously for Carrollian geometry are not
covariant under (264). We then replace them with Weyl-Carroll covariant spatial and time derivatives built on the
Carrollian acceleration ; (250) and the Carrollian expansion (254), which transform as connections:

i = pi—ilnB, 06— B — %@B. (265)
In particular, these can be combined in*!
Q= Qi — gbi, (266)

41Contrary to ¢;, a; is not a Carrollian one-form, i.e. it does not transform covariantly under Carrollian diffeomorphisms (242).

45



transforming under Weyl rescaling as:
o — O — 81 In B. (267)

The Weyl-Carroll covariant derivatives D, and D, are defined according to the pattern (52), (53). They obey
Djan =0, Diag = 0. (268)
For a weight-w scalar function ®, or a weight-w vector V7, i.e. scaling with B* under (264), we introduce
D@ =9;® +wp;®, DV =V, V! + (w— g V! + o'V — 6V, (269)

which leave the weight unaltered.
Similarly, we define

1. 1 w 1 w
and 1 1 1 1
Ay A, W L 1, W 1 yri
QDtV = Qatv + 7 ov Q(?tV + dGV + &5V, (271)

where éi)t increases the weight by one unit. The action of D; and D, on any other tensor is obtained using the
Leibniz rule.
The Weyl-Carroll connection is torsion-free because

L 2 .
does not contain terms of the type D, ®. Here o;; = d;; — d;¢; is a Carrollian two-form, not conformal though. The

connection (272) is accompanied with its own curvature tensors, which emerge in the commutation of Weyl-Carroll
covariant derivatives acting e.g. on vectors

|:®k7 ‘Dl} V= <:lekl — 2§Zj’(ﬂk-l> VI + wklﬁﬁtvl +w (Sﬁk’l — wklo) V. (273)
The combination ¢;; — w0 forms a weight-0 conformal two-form.
Moreover
Ry = i — Oior — apVie' + auVie' + 6.Vi0; — 6/ Vie;
+¢' (eraj — piae) — (0paj — 0jajr) eme™ + (Oppr — 61 ok) ©; (274)

is the Riemann-Weyl-Carroll weight-0 tensor, from which we define

Rij = R (275)
We also quote
B@t, @i] o = wR® - ¢ D,® (276)
and )
{Qibt, i‘vz} V= (w—d)R V' = VD&l — 0DV (277)
with . . ) ]
T SN RSP D SN - SN - W
Ri = i+ i = VA + oy = 50— (az + 501) 6. (278)

This is a Weyl-covariant weight-1 curvature one-form, where #; is given in (262).
The Ricci-Weyl-Carroll tensor (275) is not symmetric in general: R;; # R;;. Using (257) we can recast it as

Rij = &ij + Kag; + Anij. (279)

In three dimensions we can rewrite the Weyl-covariant scalar-electric and scalar-magnetic Gauss-Carroll curva-

tures as 1 1
K = §aijj%ij =K+ @k@ka A= 57”]13{}}” =A- *® (280)



with & and A defined for 3 dimensions in (259).

Before closing the present section, it is desirable to make a clarification, useful for the three-dimensional theory,
to which we specify here. Weyl transformations (264) should not be confused with the action of the conformal Carroll
group, which is a subset of Carrollian diffeomorphisms defined as [82]

CCarr (R x 8, df2,u) = {¢ € Diff(R x 8), df? %5 e 2242 -2 e%} , (281)

where @ € C*°(R x 8), df* = a;;dz'd2’ is the spatial metric on 8, and u = £, the Carrollian time arrow.
This group is actually the zero-k contraction of Clsom (3, ds?), the group of conformal isometries of the original
finite-k relativistic metric ds? on the boundary J of the corresponding AdS bulk:

Clsom (3, ds?) = {¢ € Diff(3), ds®> -2 e*mds?} (282)

with @ € C>(H). Indeed, consider the Lie algebra of conformal symmetries of ds?, denoted cisom (%, ds*) and
spanned by vector fields X = X%9, + X?0; such that

Lxds? = —2Xds> (283)

for some function A on X.
In order to perform the zero-k contraction we write the generators as X = kX0, + X0; (here z° = kt, thus
X% = kX?) and the metric ds? in the Randers-Papapetrou form (148). At zero &, (283) splits into:

Lxu=u, Lxdf®>=—2)\dl*. (284)

These are the equations the field X must satisfy for belonging to ccarr (R x 8,d¢?,u), the Lie algebra of the corre-
sponding conformal Carroll group. This confirms that

Clsom (3¢, ds?) — CCarr (R x 8,d¢*,u) . (285)

Atlast, if 8 is chosen to be the two-sphere and d¢? the round metric, it can be shown that the corresponding conformal
Carroll group is precisely the BMS(4) group, which describes the asymptotic symmetries of an asymptotically flat
3 + 1-dimensional metric [82,118].

Carrollian Covariance

In order to take the k& — 0 limit of the fluid equations of motion, we need to compute the relativistic Christoffel
symbols. This chapter will allow us later on to elegantly check the Carroll covariance of the resulting Carrollian fluid
equations.

The Randers-Papapetrou metric (148) has components (in the coframe {dxo = kdt, dxi}):

—2 R, w1 (120 kO
v - <k’le A5 — ]{,‘szbj> ’ g - @ kal QQaij ) (286)

where b* = a*b;. The metric determinant is:
V=g =0/a. (287)

Here, Q, a;; and b; depend on time ¢ and space =.
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The Christoffel symbols are computed exactly:

0
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0
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jn

. 1 3
%8,5 InQ+k (bl&Q + 5 (Bth - bﬂ)j@ﬂl”)) s

1 1
(1 - 2k2b2) 9 InQ + §k2bJ (9;bj — 0jb; — b;0; In Q)
1 .
+Eb]8t (aij - kaib]‘) 5

k
—E (81b] + 8jbi + k2" (bl (8jbn — 8nb]) + bj (8an — 8nbl)))

L k2b?
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2
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where ~7, are the d-dimensional Christoffel symbols:

. ail
Vin = 5 (@i + Onarj — Dian)

which intervene in the definition of the Levi-Civita-Carroll connection (cf (248))

Note also

y ail /. . . _ _
Yin = 5 <8jam + Opayj — 8lajn) = Vin + Cip-

1
FZO = Eat ln (\/(EQ) , in = ai lIl (\/&Q) .

b 4
( (b; (Deby + 00 Q) + by, (3sd; + ;) — @™ (b; (Duby — i) + by (D51 — albj))>

(288)

(289)

(290)
(291)
(292)

(293)

(294)

(295)

(296)

With these data we will compute the divergence of the fluid energy-momentum tensor (as later reported in (323)

and (324)).

In order to check the covariance of the fluid equations under Carrollian diffeomorphisms we can use several
simple covariant blocks:

1 1 —1In 7-—11
ﬁ@éa;j = ﬁ(’)tanlJ iJ 7
1 1
66{5111\/07 = ﬁ(‘)tln\/a,
1 .
O+ 0 = STV (Db + 0;9),
o = JY,0;,

(297)
(298)

(299)
(300)

Using that the action of the Levi-Civita-Carroll covariant derivative on a scalar @, a vector V* and a tensor S;,, is

A b;
ViVi = oV gavI + V!
b , .
= ViV + SV + Vi,

>R I 4 i

ViVt = \/aal (Vav?)

. by . .
ViSin = 0:Sjn+ 50Sjn - 455 — S

b;
= ViSjn + ﬁatsjn - Clz'jSln - C'lanjla
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we can show that these transform as genuine tensors, namely:

9o = JY.5;0, (305)
ViV = gLV (306)
A7 VA (307)
ViSl, = Jm g Y S (308)
Further elementary transformation rules are as follows:
1 1 1 /Y715 il j 1 / Qlij 4 1 n
@6;(1)/ = 6315(1), ﬁa‘v = Jj ﬁﬁtVJ, @afs J = JnJljﬁatS l, (309)
as well as " ;
AV i / N — Y L — L i i
ViV 0, (Vav) = Vv =vvi = vivi + quad (Vav), (310)
and
VoSt gt (0 (VAS™) = VaIS™00a' ) — S djal, = V8™ =
= TN = J3 (Va8 4 gl (9, (57 /a) — VaS™oait) — 5™ dram ) (311)

All these transformation rules play a key role in showing that the fluid equations are Carroll covariant once the limit
k — 0 has been implemented.

3.2 Equations of Motion Limit

We have seen that the geometry in the £ — 0 limit degenerates to what is called a Carrollian geometrical structure.
Nothing wrong is undergoing here, simply the geometry at hand is not the usual pseudo-Riemannian one, and one
has to accordingly be cautious with the limit of the various geometrical tensors. In some respects, at the level of the
geometry this limit is a dimensional reduction, similar to a Kaluza-Klein reduction.

The geometrical setup being settled, we may now wonder what happens to the fluid conservation of the energy-
momentum tensor in this limit. The resulting equations will dictate the equations of motion of the so-called Carrollian
fluid, living on the null infinity J of asymptotically flat spacetimes. In a more general fashion, Carrollian fluids are a
completely disentangled concept from holography, for they are self-consistent.

3.2.1 For Arbitrary Fluid and Dimension
Preliminary Remarks

As Carrollian particles, Carrollian fluids have no motion. From a relativistic perspective this is an observer-dependent
statement, since boosts can turn on velocity. In the limit of vanishing velocity of light, however, these boosts are no
longer permitted. Hence, being at rest becomes a genuinely intrinsic feature.

The fluid velocity must be set to zero faster than k*2 in order to avoid blow-ups in the energy-momentum conser-
vation. The appropriate scaling, ensuring a non-trivial kinematic contribution is

vt = k28 + 0 (k) , (312)

where v = u'/,. This leaves the Carrollian fluid with a kinematic variable 8 = 3°9; of inverse-velocity dimension.
We keep this dynamical degree of freedom in our general construction, even if for three-dimensional holographic
Carrollian fluids it will turn out to vanish.

In order to reach covariant Carrollian fluid equations by expanding the relativistic fluid equations at small %, we
need to define 3¢ in such a way that it transforms as components of a genuine Carrollian vector under (242) already
at finite k. This is achieved by setting (5% = 373, and 3 - b = 37b;)

k20 . vi
Ty

%

= 1
U T I RB b (313)

42\We would like to insist again on the fact that k is the speed of light (usually spelled ) for the hydrodynamic theory.
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from which one checks that*3

B =B (314)
The full fluid congruence reads then:
E1+KB-b k kQ
O ==~ = =24 0(K%), =————— =-kQ+0(k),
T T ayioer 0 (), wo V11— kB2 ™ (315)
k2Bt k(b + Bi)

u' = yvt = =k*6'+ 0 (k4) . U =k (bi + Bi) + O (k4) )

V1 - k232 V1— k232
where the Lorentz factor has been obtained by imposing the usual normalization |ju||? = —k?:

_1+k25-b_1< K 4>
7_79\/@_9 1+25 (B+2b)+ 0O (k*) ). (316)

In the relativistic regime, i.e. before taking the zero-£ limit, in the Randers-Papapetrou background (148) the
perfect part of the energy-momentum tensor reads then:

TperfOO = —€- kz(g +p)ﬁl (b +B1)+ 0O (k4) ) (817)
kQTperfOi = k2(5 +p) (bi + B;) + O (k4) ) (318)
cThero = —K(e+p) +0 (), (319

Toert’i = po) +k*(e+p)B (b + Bi) + O (k). (320)

Notice, on the one hand, that for vanishing /3%, these expressions are exact at finite k: most of the terms of order
k2 vanish as do all non-displayed higher-order contributions in k2; on the other hand, for vanishing &, one recovers
the perfect energy-momentum of a fluid at rest due to the simultaneous vanishing of v* as a consequence of (312).

The eventual absence of motion, macroscopic or microscopic, and the shrinking of the light-cone raise many
fundamental questions regarding the origin of pressure, temperature, thermalization, entropy etc. One may wonder
in particular what causes viscosity and thermal conduction, what replaces the temperature derivative expansion of
¢; and so on. Even the propagation of a signal such as sound, if possible, should be reconsidered. We have no
definite answers to all these questions though. Our approach will be kinematical, aiming at writing the fundamental
equations, covariant under Carrollian diffeomorphisms (242), starting from the relativistic equations (22). Alternative
paths may exist, allowing to build some Carrollian dynamics without using the zero-k limit of a relativistic fluid, as for
instance [97,130].

The Structure of the Equations

The relativistic equations (22) should now be presented as
vV, T" =0, V,T"=0. (321)
Under Carrollian diffeomorphisms (242), the divergence of the energy-momentum tensor transforms as:
1 . )
ViT"0 = SVuTr, VT = JiV, T (322)
The two sets of equations (321) have separately a d-dimensional covariant transformation. This is part of the

agenda for the Carrollian dynamics. Equations (321) are relativistic. Using the general energy-momentum tensor
(21), we will show explicitly that we generally find:

k 1
VT mF+E+0 (k?), (323)

X 1 . )
Vi = 5 H 4G40 (K?). (324)

_ Quy

43This is easily proven by observing that 8; + b; = T
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For zero 3¢, these expressions are exact** with extra terms of order k2 only, and requiring they vanish leads to
the d + 1 fully relativistic fluid equations. With 3¢ # 0, (323) and (324) are genuinely infinite series. Thanks to the
validity of (314) at finite k£, Carrollian diffeomorphisms do not mix the different orders of these series, making each
term Carrollian-covariant. Here, we are interested in the zero-£ limit, and in this case (323) and (324) split into 2+ 2d
distinct equations:

e energy conservation £ = 0;
e momentum conservation G = 0;
e constraint equations F = 0 and H! = 0.

All of these are covariant under Carrollian diffeomorphisms.

The Carrollian fluid, obtained as Carrollian limit of a relativistic fluid in the appropriate Randers-Papapetrou
background, is described in terms of 5* (d components), and the two variables p and .° The latter are related
through an equation of state and the energy-conservation equation £ = 0.

As we will see soon, the other 2d + 1 equations are setting consistency constraints among the 2d components
of the heat currents Q; and «; (see below), the d(d + 1) components of the viscous stress tensors %;; and =;;, the
inverse-velocity components 3¢ and the geometric environment. Geometry is therefore expected to interfere more
actively in the dynamics of Carrollian fluids than it did for Galilean hydrodynamics. Some of the aforementioned
constraints are possibly rooted to more fundamental microscopic/geometric properties, yet to be unravelled.

Dissipative Tensors

In view of the subsequent steps of our analysis, an important question arises at this stage, which concerns the
behaviour of ¢; and 7;; with respect to the velocity of light. Answering this question requires a microscopic under-
standing of the fluid i.e. a many-body (quantum-field-theory and statistical-mechanics) determination of the transport
coefficients. In the absence of this knowledge, we may consider a large-k or small-k expansion of these quantities,
in powers of k2.

In the same spirit, we could also work out similar expansions for each of the functions entering the metric (148),
as it possibly carries deep relativistic dynamics. The advantage of such an exhaustive analysis would be to set-up
general conditions on a relativistic fluid and its spacetime environment for a large-k or a small-k regime to make
sense. As a drawback, this approach would blur the universality of the equations we want to set.

We will therefore adopt a more pragmatic attitude and assume that Q, b, and a;; are k-independent. Regarding
the viscous stress tensor 7;;, we will assume the following behaviours:*®

i = 20 i (325)

This choice is inspired by flat-spacetime holography, where all the examples so far studied have this structure. This
examples include all Petrov D asymptotically flat solutions and the Robinson-Trautman case. Similarly, for the heat
current, we will adopt

¢ = Q'+ k*x. (326)

The position of the spatial indices are designed to be covariant under Carrollian diffeomorphisms. One should
notice that, in writing the energy-momentum tensor (21), we have not made any assumption regarding the hydrody-
namic frame, which is therefore left generic, as we already discussed intensively.

Using now the velocity field in (312) and (315), the transversality conditions (24) in the Randers-Papapetrou
background lead to

¢ = Q (bi+Bi)d"s a0 =—kQBid", a = (ai; +k°b;8) ¢ (327)

44This result is true for the particular structure of the dissipative tensors present in the next section, see (325) and (326).
45The proper energy density cannot be split in mass density and energy per mass, because the limit at hand is ultra-relativistic. Observe also
that b is not a fluid variable but a Carrollian-frame parameter. The fluid kinematical variable is 3.

46The viscous stress tensor diverges as k — 0. This is not a problem nor a contradiction, for what matters in the limit are the equations of
motion.
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Similarly, the components of the viscous stress tensor are obtained from 7%

™ = %22 (b + ) (br + ) 7, (328)
= g (b + B) 77, (329)
0 = KQ?Bpr™, (330)
100 = —kQBj (ain + K*bifB,) T, (331)
T = (@i +KbiBa) (a0 + k2b; Br) 7 (332)
Under Carrollian diffeomorphisms (242) we obtain the following transformation rules
¢ =T, T =g (333)

As remarked, this suggests to use ¢‘ as components for the Carrolian d-dimensional heat current decomposed as
in (326), and 7% for the Carrolian d-dimensional viscous stress tensors ¥% and =% defined in (325).
We introduce as usual

— j Jj. — lj _ l

Qi = a;;Q), Xi=ayX, X =a;Xy, (334)
— j =7 — =lj =, — =1

T, = aijwj, _41'] = ail._lj, S = A= - (335)

Using the generic transformations (333) under Carrollian diffeomorphisms, we find that the above quantities trans-
form as they should, for being eligible as d-dimensional tensors:

Q= QT Y, Q=TI (336)
S = J T gy, B = g g B = an i (337)
and similarly for =; and Z;,. We have eventually all the ingredients to simply insert everything into (323) and (324)
and compute the four terms on the right-hand sides.
Scalar Equations

The computation of the spacetime divergence in (323) is straightforward and leads to the following:

£ = - <(128t + d*d_19> (e +26:Q" - BiBZY) + éo (B = BiBiX" + & — dp)
—(Vi+20) (@' - 8,3Y) - (2Q'8 —=7) &, (338)
F o= sie,+ v, (339)

d

where we used the covariant derivative V; built using (248).

As already stated and readily seen by its equations, most of the fluid properties are of geometrical nature. In
these equations we made use of all the various first oder derivatives: the acceleration (250), the vorticity (251) and
the expansion and shear reported in (254).

With all our construction, we can elegantly check that (using e.g. (309) and (310))

g=¢ F=F (340)

Equation 7 = 0 sets a geometrical constraint on the Carrollian stress tensor X, whereas £ = 0 is the energy
conservation. The latter can be recast as follows:

1 A i ii 1
written in terms of three Carrollian tensors, which capture the Carrollian energy exchanges:
e =€ +28,Q' = B35, T =Q —B;59, T =QB +p'Q +pa’ —=7. (342)

The first is a scalar e¢, which can be interpreted as an effective Carrollian energy density (observe the absence
of kinetic energy, expected from the vanishing velocity). lts time variation, including the dilution/contraction effects
due to the expansion, is driven by the gradient of a Carrollian energy flux, which is the vector II?, and by the coupling
of the shear to a Carrollian flux tensor IT%.
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Vector Equations

The vectorial part of the divergence is obtained from (324) and has two pieces. The first reads
. . , 1 , ,
G, = (Vi + 801') ITj + pjee + 2II'w;; + (Qat + 9) (75 + B (ee — 261" — i3, 2""))

1 1 1 )
+ <Qat + 0> <Bn <Hnj - iﬂnnj - 2[371,6221',]')) ) (343)

while the second .
H = — (% + wi) DI (Qat + 9) I;. (344)

Equation G; = 0 involves ¢, p and their temporal and/or spatial derivatives, 3, the heat current @, and =, ex-
pressed in terms of the effective energy density eg, the Carrollian energy flux and flux tensor II, as well as = and X.
It is a momentum conservation. Notice also the coupling of the energy flux to the inertial vorticity.

Equation #; = 0 depends neither on ¢ nor on p. This is an equation for the Carrollian energy flux II and the
viscous stress tensor X, of geometrical nature as it involves the metric a, the Carrollian connection b and the inertial
acceleration ¢. Under Carrollian diffeomorphisms (242) we obtain (see (311)):

G = J;gj, ' = J;‘:,Hj' (345)

One should observe at this point that IT and the energy flux associated with a Carrollian fluid defined in (342)
are merely a repackaging of part of the dynamical data. Equation 7 = 0, as well as the vector equations need
indeed more informations. There is pressure, energy density and velocity, on the one hand, and on the other hand,
we find the two heat currents and the two viscous stress tensors. The zero-k£ limit produces a decoupling in the
equations. This is the reason why #; = 0 appears as an equation for the dissipative pieces of data only, while the
non-dissipative ones mix with the heat currents inside G; = 0.

First-order Carrollian Hydrodynamics

In order to acquire a better perspective on Carrollian fluid dynamics, we can study the first-order derivative expansion
of its viscous tensors and heat currents. The first-derivative relativistic kinematical tensors as acceleration (27),
expansion (28), shear (29), and vorticity (30), for a fluid with velocity behaving as (312) when k& — 0 read (the only
independent components are the spatial ones):

a; = %2 (0 (b; + Bi) + 9;Q) + O (k*) = k? (pi + 1) + O (k*), (346)
@z%@tln\/&+0(l§2) =0+0 (k) , (347)
oy = % (;ataij — éaijat In ﬁ) +0 (k) =&, + 0 (k*), (348)
wij = k* (a[ibj] + éb[iaﬂﬁ + éb[iatbj] + wij> + 0 (k') = k* (wi; + wyj) + O (k*). (349)

We find the corresponding Carrollian expansion § and shear ;. These quantities are purely geometric and
originate from the time dependence of the d-dimensional spatial metric. Similarly, the relativistic acceleration and
vorticity allow to define the already introduced Carrollian, inertial acceleration ¢; and vorticity w;;, as well as the
kinematical acceleration ~; and kinematical vorticity w;; defined as:

1
o= g (350)
wij = OBy + Buws + Buvy- (351)

Starting from the first-order relativistic viscous tensor (25) and heat current (26), in order to comply with the
behaviours (325) and (326), we must assume that (up to possible higher orders in k2)

CC

25 K= k2R + kC. (352)

n“ >
n=ii+ Ll (=C+
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Hence, putting these equations together, we find

Sy = 2095+ (“0ayy, (353)
c
Qui = —7 (ObT) + BdiT + 5:(O0))
= k(AT +T (pi+m)). (354)

and similarly for Z,);; and 7(;);. These quantities will include respectively terms like 27¢;; + éeaij and
—k (&T + T (pi + %‘)), plus extra terms coupled to ¢, ¢¢ and ¢, and originating from higher-order contributions

in the k2-expansion of the relativistic shear, acceleration and expansion. Notice that these are absent for vanishing
3" because in this case (346), (347), (348) and (349) are exact.

All the above expressions are covariant under Carrollian diffeomorphisms. The friction phenomena are geometric
and due to time evolution of the background metric a;;. The heat conduction depends also on the temperature, its
microscopic understanding in Carrollian physic yet unknown. In the two-dimensional case one should take into

account the Hall viscosity (44) in the relativistic viscous tensor at first order. Assuming again ¢y = Cn + %j the extra
term to be added to X;);; in (353) reads:

(7 Vae & yat, (359)

and similarly for Z;);; with transport coefficients Cu and (¢ as already explained. The final first-order Carrollian
equations are obtained by substituting ¥(;);; and Q(1); given in (353) and (354), and similarly for =);;, and m(y),,
inside the general expressions for £, F, G; and H; derived above.

Conformal Carrollian Fluids

Carrollian fluids are ultra-relativistic and are thus compatible with conformal symmetry. For conformal relativistic
fluids the energy-momentum tensor (21) is traceless and this requires

e=dp, t',=0. (356)

In the Carrollian limit, the latter reads: _ - _
B =858, X =0. (357)
In particular, we find e = IT;.
The dynamics of conformal fluids is covariant under Weyl transformations. Those act on the fluid variables as
g — Bd+1<€7 T — Bdﬂ'l‘, Qz — Bin, Eij — Bd_lEij, Zij — Bd_lEij, (358)
where B = B(t,x) is an arbitrary function. The elements of the Carrollian geometry behave as (264). Moreover
1 1 1 1
Bi — Eﬁu Wij = @ijy Wi = gWij, §ij — E&gv (359)

The Carrollian inertial and kinematical accelerations, and the Carrollian expansion (347) transform as connec-
tions:

0i = 0i—0;InB, i — v — %at InB, 60— BH— %atzs. (360)

The first and the latter enable to define Weyl-Carroll covariant derivatives D, and D,, as discussed in (269) and
(270). With these derivatives, Carrollian expressions (338), (339), (343) and (344) read for a conformal fluid:

£ - —%f)tee D11 - T, (361)
F o= X, (362)
G; = DI + 2w, + (é@taj. + gij) (i + B; (ee — 2B,I1" — B BiE™))
+ (1925? + g@) (5" <H TR - 1ﬂn612”)> , (363)
Q J 2 2
H, = -D¥ij+ é@tnj + L& (364)

54



These equations are Weyl-covariant of weights d + 2, d + 2, d+ 1 and d + 1.
The case of conformal Carrollian perfect fluids is remarkably simple. F = H! = 0 are indeed automatically
satisfied and . p
S 1 - +1 /1. o i
For these fluids the energy density is covariantly constant with respect to the Weyl-Carroll time derivative.
Conformal fluids play a particular role in this work, since they are eventually the holographic fluids we will be

interested on. This was already true for the relativistic AdS situation, and will continue to hold in the Carrollian limit.

3.2.2 Conformal Carrollian Fluid in Three Dimensions

We will specialize here to three dimensions and conformal Carrollian fluids. These are the boundary data configu-
rations to resum four-dimensional asymptotically flat bulk solution of Einstein equations, as we will scrutinize in the
next section.

An important result holds for three-dimensional holographic fluids: they are always found to be with 3; = 0.4’
From this perspective these fluids are altogether even more geometrical, for they do not have any dynamical velocity.
Nonetheless, they have non-trivial hydrodynamics based on the already spelled data that we recall here for the sake
of clarity:

e the energy density ¢ and the pressure p, related here through a conformal equation of state ¢ = 2p;
e the heat currents Q = Q;dz? and © = m;dz?;
e the viscous stress tensors ¥ = 3;; dz'dx’ and E = E;;dz'dx?.

They obey ‘ A
Yi; =%, ¥,=0, E;=E; 2Z,=0. (366)

All these objects are Weyl-covariant with conformal weights 3 for the pressure and energy density, 2 for the heat
currents, and 1 for the viscous stress tensors. They are well-defined in all examples we know from holography.
The equations for a Carrollian fluid are in dimension three as follows:

¢ a set of two scalar equations, both weight-4 Weyl-covariant:

1 - " L
fﬁﬁtsf%@wa%j = 0, (367)
YU = 0 (368)

e two vector equations, Weyl-covariant of weight 3:

. 1~ ~ . .
Djp + QQ’wij + ﬁgtﬂj — @iElj + 7T1;§Zj = O7 (369)
1 4 ~ . .
DiQ; —Di¥ + Qi = 0. (370)

As already discussed in arbitrary dimension, (367) is the energy conservation, whereas (368) sets a geometrical
constraint on the Carrollian viscous stress tensor ¥;;. Equations (369) and (370) are dynamical equations involving
the pressure p = </2, the heat currents Q; and 7;, and the viscous stress tensors 3;; and Z;;. They are reminiscent
of a momentum conservation, although somewhat degenerate due to the absence of fluid velocity.

These equations are the main result here, and show the fate of the equations of motion in the & — 0 limit for
every three-dimensional conformal relativistic fluid.

47This is true for every algebraically special solution. Here indeed we are able to resum only a subset of bulk solutions. A possible attempt to
include the complementary set of solutions could start by releasing this assumption.
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3.2.3 Conformal Carrollian Fluid in Two Dimensions

Part of our scheme was to reconstruct AdS; solutions starting from a two-dimensional relativistic conformal fluid
with conformal anomaly. These are very peculiar fluids, and two dimensions is also a particular setup, so we review
here in details the main differences. The 2-dimensional Carrollian geometry R x § is obtained as the vanishing-k
limit of the two-dimensional pseudo-Riemannian geometry M equipped with metric (130). In this limit, the line 8
inherits a metric*®

dl* = adz?, (371)

and t € R is the Carrollian time.
The Carrollian frame is described by the form b = b,(¢,z) dz. In two dimensions the Carrollian derivative is
written

A b
and the Levi-Civita-Carroll connection becomes
42, = 0pInva. (373)
The action of Weyl transformations on the elements of the Carrollian geometry and 3, is
a b Q B
a*)§7 b/K%E7 Q*)E, /B/I;*)g, (374)

where B = B(t,x) is an arbitrary function. Contrary to the three-dimensional scenario, here we can resum all bulk
solutions, and the boundary fluid is as general as possible, including 5.
As usual, we introduce the Carrollian acceleration ¢, and the Carrollian expansion 6,

1 by 4
Pz = Q (Otby 4 0:Q) = 8155 + 0, In €, (379)
0= éat In+/a, (376)
which transform as connections: )
O — 0y — 0, InB, 0 — BO— OB (877)
In particular, these can be combined in
Op = Px — ebma (378)
transforming under Weyl rescaling as
oy — oy — Oy InB. (379)
The spatial Weyl-Carrol derivative is R R
D, ® = 0, P + wyp, P, (380)
for a weight-w scalar function ®, and . R
D VT =V, V" + (w— 1), V7, (381)

for a vector with weight-w component V=.
The temporal Weyl-Carroll derivative on a weight-w function @ is here

1

- 1

which is a scalar of weight w + 1. Accordingly, the action of the Weyl-Carroll time derivative on a weight-w vector is
L ve = Loy 4 wove (383)
ot T ot T

This is the component of a genuine Carrollian vector of weight w1, and Leibinz rule allows to generalize this action
to any tensor.

48This metric lowers all z indices. Here again, since the space is one-dimensional, we report its coordinate « not bold.
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_ Here, the only non-vanishing piece of this derivative curvature is the one-form resulting from the commutation of
D, and &D,, which has weight 1:

Re = é (Orag — 0, (092)) = éat@r — Oipr — Dab. (384)

As stressed, the original relativistic fluid is not at rest, but has a velocity parametrized with 5 = 3,dx This variable
allows to define further kinematical objects.

e The acceleration v = v,dx

1
V2 = 0P, (385)
which is not Weyl-covariant as opposed to the weight-0 object
g =Yg e

e The weight-1 one-form (dubbed suracceleration)

1~ 14 1 1
Ax = Q‘Dtﬁgtﬁm = ﬁat <Qatﬁz - 9ﬁx> . (387)

The latter can be combined with the curvature (384), which has equal weight,

1 1 1 N

This appears as a conformal Carrollian total, i.e. kinematical plus geometric, suracceleration, and enables us to

define a weight-2 conformal Carrollian scalar:
Sz

5= % (389)

The latter originates from the Weyl curvature F of the pseudo-Riemannian ascendent manifold M:

s = — lim kF. (390)
k—0

Notice that the ordinary scalar curvature of M given in (98) is not Weyl-covariant (see (99)) and can be expressed
in terms of Carrollian non-Weyl-covariant scalars of R x 8:

2

R:ﬁ

1 ~
(92 + Qat(a) —9 (vz n %) o (391)

Besides the inverse velocity, acceleration and suracceleration, other physical data describe a Carrollian fluid.

e The energy density € and the pressure p, related here through € = p. The Carrollian energy and pressure are
the zero-k limits of the corresponding relativistic quantities, and have weight 2.

e The heat current = = m,dx of conformal weight 1, inherited from the relativistic heat current as follows:*°
¢ =k +0 (k). (392)

This translates the expected (see (136)) small-k behaviour of y:

X = Xxk + O (%), (393)
leading to
e _ X
=T (394)

#91n arbitrary dimensions we generally admitted ¢* = Q® + k*x® + O (k*) (see (326)), which amounts assuming x = X2 + xk + O (k%).
This is actually more natural because vanishing x ¢ is not a hydrodynamic-frame-invariant feature in the presence of friction. Keeping x¢o # 0,
however, is not viable from holography in two boundary dimensions because it would create a 1/x2 divergence inside the derivative expansion.
Since the Carrollian limit affects anyway the hydrodynamic-frame invariance, our choice is consistent from every respect. Ultimately these
behaviours should be justified within a microscopic quantum/statistical approach, missing at present.
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e The weight-0 viscous stress tensors ¥ = ¥,.dz? and = = Z,,dx?, obtained from the relativistic viscous stress
tensor 7z xu xu as

E{EI oz
- ——7 ~E +0 (kQ) . (395)
For this to hold, following (137), we expect
T
T:F§+TE+0(k2), (396)

and find (in the Carrollian geometry, indices are lowered with a,, = a):
Y, =—1s, =%, =-—1=— (. (397)

As we will see later, this is in agreement with the form of 7 for the relativistic systems at hand (see Egs. (391)
and (196)).

e Finally, we assume that the components of the external force density behave as follows, providing further
Carrollian power and tension:

nfo = 5 et 0(R), (398)

ff=t2+9"+0 (k).

This is again a posteriori justified by the success of the bulk reconstruction.
Eventually we are ready to present the equations of motion in this case:
1 .
= <Qat + 29) (e — B257,) + (W + Qgﬂ) (B27,) + 0 (2%, — B257,) = e, (399)
0, = f, (400)
. 1
(Va+0) (= Z70) + (e = B7270) + (9‘% ’ 9) (7o + B (26— E%2)) = o, (401)
. 1
_ (vz n %) ne, — (Qat + 9) (BoX,) = ha. (402)
Generically, the above equations are not invariant under Carrollian local boosts, acting as

B = Ba + B (403)

(vanishing-k limit of (139)).

This should not come as a surprise. Such an invariance is exclusive to the relativistic case for obvious physical
reasons, and is also known to be absent from Galilean fluid equations, which are not invariant under local Galilean
boosts. Nevertheless, as we will shortly see, in specific situations a residual invariance persists.

We have finally obtained the two-dimensional equations of motion. This is the last required result for the bound-
ary theory in order to address the problem of bulk reconstruction and limit £ — 0 of the derivative expansion. We will
do this after discussing the fate of the relativistic energy-momentum tensor itself in the limit, and the dual Galilean
limit & — co. We will return to holography in Section 4, where all the results derived here will find good use.

3.3 The Fate of the Energy-Momentum Tensor

The ultra-relativistic limit breaks the spacetime metric into three independent data: the scalar density (2, the con-
nection b; and the spatial metric a;;. We saw that these geometric fields are nicely interpreted as constituents of the
Carrollian geometry.

Consider an action defined on such a geometry, covariant under (242), we are facing a problem in defining the
energy-momentum tensor. Indeed, in general-covariant theories it is obtained as the variation of the action with
respect to the metric. This requires the existence of a regular metric (a pseudo-Riemannian manifold), but in the
Carrollian case, as we mentioned, there is no spacetime non-degenerate metric. Therefore, we must introduce new
objects that we will refer to as Carrollian momenta [129], and obtain as the variation of the action with respect to the
three geometric fields mentioned above.
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Notice that we are working here again in general boundary dimension d + 1, with d the dimension of the spatial
base (spanned by vectors with indices i, j, . .. ). We define the Carrollian equivalent of the energy-momentum tensor

as:%0
1 4S 1 68 1 6S

O=—— B=_——"—= d A —

0Va o avaon 2 A= asa

Here Q+/a is the Carrollian counterpart of the relativistic /—g and the variations are taken with respect to the 3 fields
that replace the metric in the Carrollian setting.

From now on, we call (404) the Carrollian momenta. They transform under Carrollian diffeomorphisms as

(404)

O'=JO-B'j;, B'=JB, and A7 =JJ] A" (405)

The spatial vector B¢ and matrix A% are indeed Carrollian tensors. However, O is not a scalar and, as we will see and
use, it is wiser to introduce the scalar combination £ = Q0O + b;B'. These objects replaces the energy-momentum
tensor 2= g in a Carrollian theory.

Given such a theory, the action is then invariant under Carrollian diffeomorphisms, generated by the spacetime
vector ¢

58 =0, &=¢&(tx)0; + & (T)0;. (406)

Notice that £¢ only depends on z, this is the infinitesimal translation of (242).
Under such an infinitesimal coordinate transformation we have

8¢S = /dd“ ( 5eQ2 + gfagb + ;S 55%) +Dbit.. (407)
Qij

We need to compute 659, 6§bi and 65%-. In order to do so we compute the infinitesimal version of (244). If
z'F =zt — &# then

5 = £(Q)+ Q0 (408)
Gebi = £(bi) — QO + b0, (409)
5§aij = §(azg) + 85 akj + 0j E ik (410)

where {(f) = &0, f +£'0; f.
We would like to write these transformations in terms of manifestly Carroll-covariant objects, so we define X =
Q& — b;¢t. By noticing that the components of a spacetime vector transform as

é-t/ _ th _’_]Zé-z’ é—i/ _ J]Zqé-ka (411)

it is straightforward to show that X is the right combination to get a scalar.
We thus rewrite (408), (409) and (410) in terms of X, ¢! and the Carrollian geometrical tensors (250), (251),
(254) introduced above®'

00 = 0 X + Q€ (412)
. s .
0bi = —0iX +¢iX — 2wy + (06X + Qp;¢7) (413)
A A X
Oaij = Vi&j+Vj&i+ 50 (414)

This rewriting hints toward Carrollian covariance, as it replaces &' with X. Therefore, we obtain §:S = xS +0¢: S
with B

5xS = / A 2Qva <(98tX BibX + B X + B2 atX +ATL 8ta”) , (415)

5eiS

/ de0/a (m%gﬂ‘ — 2B'w;;67 + B & + 2A"i%gj) . (416)

50We call B¢ the Carrollian momentum associated with b;. It is always expressed with a suffix index, which therefore avoids confusion with the
Weyl rescaling function B.
51We recall that V is the Carroll-covariant derivative introduced previously, with Christoffel symbols (248).
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Finally, demanding éx S and 4. S be zero separately and manipulating them, we obtain two conservation equations
which are manifestly Carroll-covariant:52

1 N ) 1
— _ ) NRB AT P, —
(Qat - 9) £ (VZ + 2%) B —A Qc’?tam 0, (417)
2 (@1 + 901) .A; + QBiwij — 5803‘ = 0, (418)

where we used the scalar combination £ = QO + b;8° introduced previously.

Let us briefly summarize. By strict comparison with the relativistic situation, we have defined the momenta
of our Carrollian theory to be the variation of the action under the geometrical set of data that characterizes the
background. Exploiting the underlying Carrollian symmetry we reached a set of two equations which encode the
conservation properties of the momenta. As expected, these equations are fully Carroll-covariant.

Weyl Covariance

If the action is invariant under the Weyl transformations of the geometrical objects (264), then
0S8 = / A" 2Qa (06, + Bio\b; + A Sxai;) = / A" zQ/aX (0Q + Bib; + 247 a;;) (419)

has to vanish for every A(t,z). Therefore
HS=0 = &=-24A. (420)

We will refer to this condition as the conformal state equation, it is the equivalent of the tracelessness of the
energy-momentum tensor in the relativistic case. From (264) again, we deduce the following transformations of the
Carrollian momenta

O — B¥*20, B — B™*2B' and AY — BIT3AY, (421)
This implies also £ — BItL€.
We would like to write the conservation equations in a manifestly Weyl-covariant form. To do so we define

Al = —4P. Then we decompose A" = —1 (Pa'? — ) with E traceless, such that the constraint (420) becomes
&£ = dP. This enable us to write (417) and (418) as

1 d+1 o e P
<Qat+d9)5(vl+2%)8 —Zig, = 0, (422)

BOEE % (8 + @+ )g;) €+ 28wy = 0 (423)

As already discussed, Carrollian derivatives are not Weyl covariant under Weyl rescaling. We therefore rewrite
(422) and (423) using the Weyl-Carroll derivatives introduced in (269) and (270):

1 ~ . .
§®t5 -DB'—EY¢; = 0, (424)
1 . . .
—ngE +2B'w;; + D;E; = 0. (425)
Not only these equations are now very compact, they are also manifestly Weyl-Carroll covariant.

Flat Case

So far we have worked on general Carrollian geometry, i.e. we did not impose any particular value of 2, b; and
a;;. We now restrict our attention to the flat Carrollian background.>® At the relativistic level, the Poincaré group
is defined as the set of coordinate transformations that leave the Minkowski metric invariant. By strict analogy, the
Carroll group is defined as the set of transformations that preserve the Carrollian flatness, [81].

52 useful result is Bid; X = —X (ﬁi + goi) B¢, valid up to total derivatives and for any scalar X and vector B-.
53\We refer here to flat Carrollian geometry as the geometry for which the Carroll group is an isometry.
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Therefore, the Carroll group corresponds to the transformations satisfying
Oy — 0y, Oydrida? — &;datda’, by — R (boj + B5), (426)
with by, constant. The resulting change of coordinates is
t'=t+ Bz’ +to, o' =R’ + i, (427)

where ty € R, {z, 3} € R* and R} € O(d). This group is known in the literature as the Carroll group.>*
Recasting (417) and (418) for a;;(t,z) = d;;, Q(t,z) = 1 and b;(t,z) = by;, we obtain
9,0 —-9;,8" = 0, (428)
20; A} + 200,01 A (429)

The momenta appearing in these two equations can be packaged in a spacetime energy-momentum tensor

[ O —2bg AR
™= <_Bj _9 Aii ) (430)

The usual conservation of this tensor 9, T*” = 0 is ensured by the conservation equations of the momenta, namely
(428) and (429).

This tensor is not symmetric, but this should not come as a surprise: it is not defined throughout the variation of
the action with respect to the spacetime metric (symmetric by construction), instead it is defined using the Carrollian
metric fields. Finally notice that this spacetime lifting procedure was possible here solely due to the flatness of
the Carrollian geometry. In general backgrounds, this is not possible, and the very concept of spacetime energy-
momentum tensor is ambiguous — whereas the Carrollian momenta are by construction well suited.

As a conclusive remark notice that the Carroll group contains spacetime translations, so if a theory is invariant
under this group, there will be a set of d + 1 Neether currents associated with spacetime translations. Packaging
them in a d + 1-dimensional kind of Noether energy-momentum tensor, enables us to compare it with (430). Before
discussing the definition of charges in our framework, we would like to insist on the relevance of these momenta: as
we saw holography is implemented on a metric sourcing an energy-momentum tensor in AdS. In flat holography one
may expect something very similar to take place, namely the Carrollian geometrical objects sourcing the Carrollian
momenta defined here. Defining the latter properly constitutes certainly a step toward a flat holographic dictionary.

Emergence of Carrollian Physics

In the previous sections, we have intrinsically defined the Carrollian momenta starting from the metric fields of a
Carrollian geometry. The Carrollian geometry was inspired by the ultra-relativistic contraction of the relativistic met-
ric. Consider the relativistic decomposition of the energy-momentum tensor (21), and impose the already discussed
scaling of dissipative tensors (325) and (326)

x4
-=

Tij _

-2Y and ¢ =-B +k°r, (431)

where we identify the leading order of the heat current in the limit as the Carrollian spin-1 momentum 3.
The & — 0 limit of the equations of motion reported in (338), (339), (343) and (344), calling again AY =
—1 (Pa' — E'), read here

1 N ) 1

- _ . . 7 _ ’Lji - —

( 0+ 9> £ (vz + 2%) B — A7 dua 0, (432)
, . . 1
2 (Vl + @i) A; + ZB’wij — 5(,0]‘ — (Qat + 9) m; = 0, (433)
1 . ,

(Qat + 9) B; + (Vi + %) =0, (434)
YU+ gzg = 0. (435)

54The Carroll group was already shown to be the symmetry group of flat zero signature geometries in the precursory work [89].
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Notice that these equations reduce to the Carrollian equations (417) and (418) when the dissipative terms have no
k-dependence, ¥ = 0 = 7*, together with the additional constraint (&0; + 6) B; = 0.

This result undoubtedly shows the nature of the ultra-relativistic limit: it is a Carrollian limit, as we have already
argued. Conversely, this analysis gives credit to our intrinsic Carrollian construction of the previous sections. We
conclude with an aside important remark: we have taken the ultra-relativistic limit of the conservation equations
because it would have been inconsistent to compute directly the limit of the energy-momentum tensor itself. Indeed
we would have lost information on the fields which survive and the conservation equations they satisfy. This confirms
that we have to give up the concept of spacetime energy-momentum tensor on general Carrollian backgrounds.

3.3.1 Intrinsic Carrollian Charges

This section is dedicated to the definition of charges in the Carrollian framework. Charges are conserved quantities
associated with a symmetry of the theory. Relativistically, the latter can be generated by a Killing vector field. By
projecting the energy-momentum tensor on the Killing vector, we obtain a conserved current.

We will show here how to implement this procedure in the Carrollian case. In order to do so, we firstly derive
charges starting from a conserved Carrollian current. Secondly, we define Carrollian Killing and conformal Killing
vectors. Thirdly, we build conserved charges associated with conformal Killing vectors.

Conserved Carrollian Current and its Charges

We show here a way to define a conserved charge starting from a conserved current. In this derivation we never
impose the current to be associated with a Killing vector, therefore our construction is very general.
Whenever we have a scalar 7 and a vector J* satisfying

1 2 i_
(Qat T 9) T+ (vi + cpi) Ji=0, (436)

we can build the conserved charge
Q= [ d%Va(J+bJ"), (437)

pop"

where ¥, is a constant-time slice.
A way to derive this formula is to start from the relativistic counterpart: consider a conserved current J*, the
charge is then

Q= [ daon,J", (438)

3¢

with n,, the unit vector normal to ¥, and o,,,, the induced metric on 3.
In order to perform the zero-k limit, we decompose J* in an already Carroll-covariant basis

k , kb;
1=7 (o) + 7 (o G ). (439)
Then, using Randers-Papapetrou parametrization (148), we obtain
k .
Vo=+a+0(k*), ng=kQ+0 (k), Jozﬁ(j+b,-ji). (440)
Therefore, we find @ o k2 Q, showing the relevance of the proposed Carrollian charge (437).
—

Carrollian Killing Vectors and their Currents

A Killing vector is a vector field that preserves the metric. Analogously, we define the Carrollian Killing vector £ to be

the vector satisfying®®

5This is the translation in our language of £x g = 0 and Lx¢ = 0 of (I11.6) in [81], see also [88]. Notice that the variation of b; is left arbitrary.
This is what we define to be Carrollian Killing vectors, other definitions may be use instead.
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where J; is the Lie derivative. This gives rise to two Killing equations on ¢, which are exactly (412) and (414),%6
XX + Qp;& = 0, (442)
- - X
Vigj + Vi&i + 50y = 0, (443)

where we recall X = Q¢ — b;£%. Notice that these equations do not actually depend on b;.
The generalization to conformal Carrollian Killing vectors is straightforward. We call £ a conformal Carrollian
Killing vector if

6 =X and deai; = 2hay;. (444)

It obeys the following conformal Killing equations:
X + Q¢ = A, (445)
Vi€ + Vi + %ataij = 2)\aj;. (446)

In particular from the last equation we obtain A = 5 (%8 + %Bt In \/ZL). This general construction is very useful,

as we will shortly confirm.
The associated conserved current can now be obtained projecting the Carrollian momenta on a Carrollian Killing
vector, exactly like in the relativistic case. Indeed consider the following Carrollian current:

J =GB, J =37, (447)

It is conserved provided ¢ satisfies (443), and the Carrollian conservation equations (434) and (435) are verified.
The corresponding conserved charge is then

Q¢ = / d'w\/ag; (B' +b;%7") , (448)
=
This charge is also conserved when ¢ satisfies (446), if we further impose the condition Yi=0.

A Particular Set of Charges

It can be shown that the equations describing the dynamics of asymptotically flat spacetimes in 3 and 4 dimensions
can be related to Carrollian conservation laws for B* = 0.57 For this reason we focus here on this particular case
and build other conserved currents associated with conformal Killing vectors.

The Carrollian conservation equations obtained from the ultra-relativistic limit (432) and (433), for B? = 0, become

1 i1
<Qat + 9) £ — ./4 J ﬁataij = O, (449)
2<V+go<>A?—&p<— l8t+9 m; = 0. (450)
7 (3 J J Q J
We could have also reported the two equations on %, (434) and (435), but they are immaterial here.
Consider a Killing vector &, the following charge, up to boundary terms, is conserved
Ce= [ d'ava(XE—&m+2b,80AY), (451)

¢

assuming only (449) and (450). This charge is also conserved when ¢ is a conformal Killing vector, if we further
impose the conformal state equation & = —2.4°.
The corresponding conserved current reads®®

J=XE-¢m, J =24 (452)

560n top of these equations, a Carrollian Killing vector has a time independent spatial part, i.e. 9;¢% = 0.
57We will discuss this in the examples of next section and in linearized four-dimensional gravity shortly.
58|ts conservation (436) is ensured thanks to the Killing equations together with (449) and (450).
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In conclusion, it is interesting to investigate the flat case a;;(¢,z) = 6,5, Q(t,x) = 1 and b;(t,x) = by,. Here, (449)
and (450) can be written as 9, 7" = 0 with>®

v @ —QbOkAki—l-ﬂ’i
™= (0 ~o. A ) (453)

and we notice that the charge, up to a divergenceless term, takes the usual form

cE® = /E dz (60 — £'06;0 — &'mi + 2bi T A}) = — /Z d*xTOE, + Cei, (454)
with C}i = — fzt dlx&'hy; O separately conserved.
For ¢ and 5 Killing vectors, we define the brackets
Qe Q) = /E d'@dy [vag (B'+b;37)] (455)
{Cc.cp} = /E t dzd, [Va (XE — &'mi+ 20,67 AL (456)

Here 6, is the Lie derivative acting on the metric fields and the momenta, but not on ¢! and ¢°.
A lengthly computation shows that the charges O, and C, equipped with these brackets form two representations
of the Carrollian Killing algebra: a B

{Qe, Qn} = Qe and {C¢,Cy} = Cie - (457)

We can extend these results to the conformal Killing algebra when imposing the conformal state equation & = —2.A¢
for the charge C¢ and the condition 3¢ = 0 for the charge Q.

This last important result concludes our wondering on the fate of the energy-momentum in the Carrollian limit.
Raising this question allowed us to find Carrollian counterparts of T}, and to further introduce well-defined Carrollian
charges. The results detailed here will be applied in concrete examples in the next chapter of this work, and in the
very next paragraph to four-dimensional gravity. For the moment being, we would like to stress again how unnatural
would have been to take naively the limit & — 0 at the level of the energy-momentum tensor directly. Indeed doing
so we would have missed important dynamical contributions coming from the non-trivial geometrical structure.

Application to Four-dimensional Linearized Gravity

We choose to report the example of four-dimensional linearized gravity to corroborate our Carrollian findings: we
compute the various charges just defined and show how naturally the bulk dynamics matches with the Carrollian
expectations in the boundary. Specifically, we prove that the boundary equations of motion, which are the linearized
Einstein equations after gauge fixing, can be interpreted as a Carrollian conservation, and that the asymptotic
charges are also charges associated with conformal Carrollian Killing vectors.

The bulk metric is gy n = narn + hasn With®

n = —dt* —2dtdr + r*y;dz'da?,
2
htt = ;mB + O (7’_2) 5
1_, 1 _
hij = T’Cij + O(].),
hrae = 0.

The perturbation ks is traceless, so v C;; = 0, where ~* is the metric of the two-sphere and V; the associated
covariant derivative. We recognize the mass aspect m g, the angular momentum aspect N; and the gravitational

59We recall that for B* = 0, £ = QO. Thus in the flat case £ = O. _ _
60We recall our conventions: (M, N) are four-dimensional bulk indices that we splitin M = {r, u} = {r,t,z*}, with * the two-dimensional
indices (i = 1, 2) of the spatial co-dimension two sections.
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wave aspect C;;, all depending on ¢ and z* (see [118,202]). In this gauge, the linearized Einstein equations be-
come:®!

1 .
dmp = LONV'VICy, (459)
2 1 ) .
ON: = Z0mp — ¢ [(A-DVIC; — ViVEVI O] (460)
We first consider the case o
ViViC;; = 0. (461)

Then (459) and (460) admit a Carrollian interpretation and are recovered from (417) and (418) with the following
metric data

Q=1, b =0, aiy =", (462)
and Carrollian momenta
YU =B =5 =0, (463)
£ —dmy AU — L (Eqi_gis di— gNi oz (A —4)C" (464)
- B, - 2 2 — ’ - ) =5 2 VR

where £ = —2A4! and =i = 0—we are in the conformal case. We obtain the following conservation equations:
HE = 0, (4695)
E . .
Oy + V; (2’)/5 — Ez) = 0. (466)

This type of Carrollian conservation falls again into the general class previously described.

The asymptotic Killing vectors £ = 79, + £'0, + £'9; associated with the gauge (459) have the following leading
order in r—1
=-Ar+0(1), &=¢tx)+0(r™") and &=¢(x)+0r), (467)
where ¢ = ¢'0, + £'0; is a conformal Killing vector (i.e. satisfying (445) and (446)) of the Carrollian geometry given
by {Q = 1,a;; = v;,b; = 0} and X is the conformal factor. The solutions to the corresponding conformal Killing
equations reproduce exactly the bms, algebra: ¢ = £V;¢* + a(x), a being any function on 52, £ a conformal Killing
of 52 and A = 1V,£'. We compute the corresponding surface charges. When ViViC;; = 0 they take the form

Qo) = [ Payi (e —e'm) = e (469)

with £ and m; given by (464). We recognize again the charges defined from purely Carrollian considerations,
associated with the data (462—464). These charges are automatically conserved. Physically, this is due to the
fact that part of the effect of gravitational radiation has suppressed by demanding VV?C;; = 0. We will find shortly
that relaxing this condition has an effect on the charge conservation.
Integrating (465) and (466) we obtain
&= g()(X), T, = —%&-Sot + /dt’VjEf + WOi(X). (469)

The charges become

= oo ((rea)ee (o faroston)

t/;z d*x\/y (;vi(gi&))> + /S d*x\/y (aEO -¢ </ dt'V,;E] + m))
/ P/ (afy — E'me;) — / dt’ / d*x 7€V 2] + bt
S2 S2

/ Pz (afy — E'mo;) + bit.. (470)
SQ

61Solving empty linearized Einstein equations order by order in »—* allows to express the various subleading coefficients in terms of mp, C;;
and N;. The only residual equations are then the ones that we present here.
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The last step follows from the fact that ¢? is a conformal Killing vector on S? and E; is traceless. We observe that C;
is now manifestly conserved. a

When ViViC;; # 0, on the gravity side the radiation affects the surface charges and spoils their conservation.
Therefore, these charges do not match those we defined earlier. This situation can be further investigated and
recast in Carrollian language. To this end, we define o = V'V’ C;; and rewrite (459) and (460)

HE = 0, (471)
omi+V; (Prl-2]) = o (472)
Here, the metric fields are

Q=1 b=0, aij="i, (473)

together with the Carrollian momenta
Y =B =0, (474)

£ % % =1 1 %

E=4mp — o, 77:§—|—U, = —-3N°*, :jzi(A—él)Cj. (475)
Hence turning on o can be interpreted as spoiling the conformal state equation: £ = —2 (A;ﬁ + o—). It appears as a

sort of conformal anomaly in the boundary theory. The surface charges become

Qelal(t) = | ey (€€ +0) —¢'m), (476)

and, as already stated, they are no longer conserved
21Q¢lg) = / P (5 +2) o, (477)
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where &, is the usual Lie derivative and A = $V;¢' the conformal factor. These charges were obtained in [173].62
For non linear gravity see [87,203], where the charges are now non-integrable.

This example shows the value of the Carrollian charges introduced before and allows to familiarize with our
findings. We will again discuss these charges for asymptotically flat full (as opposed to linearized) solutions of
Einstein gravity, in relationship with our resummation in Section 4.

3.4 Dual Galilean Limit

At this point of this work the reader finds her/himself with a very concrete and fully developed method to start from
the most general relativistic fluid in any dimension and take the Carrollian limit ¥ — 0. One spontaneous question
arises: can we use this machinery to compute also the dual non-relativistic limit & — oco? The answer is yes, and
this is the main result of this chapter. As advertised, we are pausing our discussion on holography, but we will go
back to it soon after.

3.4.1 Geometrical Setup

The Galilean group is an infinite-k contraction of the Poincaré group. The latter acts locally in general d + 1-
dimensional pseudo-Riemannian manifolds M. As much as we started from the Randers-Papapetrou parametriza-
tion of the relativistic metric before taking the £ — 0 limit in order to retrieve Carrollian diffeomorphisms, we
parametrize here the relativistic metric using the so-called Zermelo gauge, to obtain in the & — oo limit Galilean
diffeomorphisms, defined as

t'=t@#) and z' =2'(t,x). (478)

In fact, these diffeomorphisms maintain time absolute, as required in Galilean physics.53
We consequently choose the form of the metric on M:

ds® = —Q?k*dt? + a;; (da' — w'dt) (dz’ — widt). (479)

62See the n = 2 case of Sec. 3. Their charges coincide with (476) with o = T, £¢ = v?, £ = 4M and 7§ = —3N*.
63]t is precisely in this sense that we refer to Carrollian and Galilean diffeomorphisms as dual: in the former space is absolute while in the latter
it is time to be absolute [81].
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This is the natural choice because, under (478), (2, a;; and w* transform as

1 , Q
ai = and I W= 2 (et ), Q= (480)
We thus see that a;; behaves as a spatial metric while w’ is a connection, which will be identified with the non-
inertiality of the frame at hand in the limit.
Every metric is compatible with the gauge (479), provided a;;, w® and (2, are free to depend on (¢,z). The
existence of a Galilean limit requires, however, Q) to depend on ¢ only. Indeed, the proper time element for a physical

observer is dr = —,j;‘z. When k becomes infinite, klim dr = Qdt must coincide with the absolute Newtonian time,
—00

and this requires the absence of z-dependence in (2.
The spacetime Jacobian matrix associated with (478) reads

Ozt J(t) 0 : s
24 p— N . . =L
Jy(t,z) = OV <Jl(t,:l:) J}(t,m)) with ./ k- (481)

The metric form (479) is referred to as Zermelo, [150]. A relativistic particle moving in it is described by the
components of its velocity u, normalized as ||ul|? = —k2:

dzt _ .
ut = ;—T = u =9k, u' =y, (482)

where the Lorentz factor v is defined as usual (although here, it depends also on the spacetime coordinates):%*
dt 1

vt T, v) = — = ——ou=. (483)

dr v—w) 2

21— ()
Under a Galilean diffeomorphism the transformation of the components of w,

: . : 1 ,

' = Jul, W= T+ T u) = 5 (o —u; J Y, 0", ) =unJ M, (484)
induces the following transformation on »"
1 )

V" == (JM'+ "), (485)

J
which is the same as the transformation of w? written in (480).
As announced, the role played by the latter become clear in the k — oo limit. Indeed, in such a limit we are left
with the positive-definite metric on the spatial base (called 8)

de* = a;;dx'da?, (486)

observed from a frame with non-inertial velocity —w = —w'd;. Notice moreover that, since J = J(¢) and = Q(t),

Galilean transformations lead to ' = Q/(t'), leaving invariant the absolute Newtonian time [ dtQ(t) = [ dt' Q' (¢').

Observe also that ==

is a genuine vector of the spatial metric, being the latter a difference of connections. This

vector expresses the velocity of a moving object with respect to the inertial frame, and as such it has to be covariant
under Galilean diffeomorphisms.

We would like to conclude with a particular non-relativistic structure, which is invariant under the Galilean group.
Consider the spatial metric to be the Euclidean space E,; with Cartesian coordinates (a;; = d;;), 2 = 1, and the
connection w constant. This system describes the non-relativistic motion of a free particle in Euclidean space,
observed from an inertial frame. The Galilean group then acts as

t'=t+t, (487)
.Tm — Rzle + VvVt + 378

with all parameters being (¢, z)-independent, and R} the entries of an orthogonal matrix. It is only in this instance
that the Galilean group acts globally as the group of isometries of the structure under analysis. In more general
structures, the Galilean group acts only locally and it is no more a global symmetry. Before discussing the limit of
the fluid equations of motion, it is useful to report the Christoffel symbols of the relativistic metric (479) in the large-%
expansion and the inferred Levi-Civita connection in the limit.

64Expressions as v? stand for a;;v%v7, not to be confused with ||ul|? = g utu”.
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Christoffel Symbols
The Zermelo metric (479) has components (in the coframe {dmo = kdt, dxi});
,Q2+§§—§ — % w1 —1 _UJTJ o
gwﬁ( —wm g, ) T T e g2 w0 (488)

The Christoffel symbols are easily computed. We are interested in their large-k behaviour for which one obtains
the following:

Iy = *‘% Q4+ 25 (9 + wldag) +0 (1)), (489)
1 o )
ry, = TRz (wjain + w? Ojw; + wf(“)taij) + O (k4 (490)
1
F?j = P ( (Oyw; + 0jw; + Oasj) — w,;yZ) , (491)
i 1 w?
FBO = kQ < lat an—a (atwn+an2)) +O(1/k:4)7 (492)
iy = ;4m% Ojtn + Dutjn) + O (7). (493)
Il = A, +0 ), (494)
where ;
’7;% = % (Oja1 + Opayj — Oraji) (495)

are the Christoffel symbols for the d-dimensional metric a,;. Note also

1
T = 70 In (VaQ), T =dinva. (496)

These data will be useful to compute the divergence of the fluid energy-momentum tensor.

3.4.2 Fluid Classical Limit

We will consider in the following the ordinary non-relativistic limit of fluid equations, formally reached at infinite k.
The physical validity of this situation is based on two assumptions.

The first is kinematical: it assumes that the global velocity of the fluid with respect to the observer is small
compared to k. This is easily implemented using the Zermelo form of the metric (479), where the control parameter

“" We find

for the validity of the classical limit is ‘U

uozvk=£+0(1/’f), up = =k 4 O (Yk),

ut =yl = Uﬁ—l—O(l/kZ), u; =
The second is microscopic. The internal particle motion should also be Galilean, in other words the energy
density should be large compared to the pressure: ¢ > p. This sets restrictions on the equation of state, as not
every equation of state is compatible with such a microscopic assumption.®°
An important consequence of the microscopic assumption is the separation of mass and energy, now both
independently conserved. It is customary to introduce the following:

o — (497)
g O/,

e o the usual mass per unit of volume (mass density);
e oo the usual mass per unit of proper volume (rest-mass density);

e e the internal energy per unit of mass;

85For example, the conformal equation of state, e = dp is not compatible with the non-relativistic limit at hand.
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e h the enthalpy per unit of mass.

These local thermodynamic quantities are related as

E= (6+k2) Qo0,

h=e+g, (498)
Q v—w 2 Vv—w 2
=0, =0 1= (%) ~o— 5 (%)

where we have used (483) for the Lorentz factor -, and expanded it for small |9;

“|

The Structure of the Equations

The fluid equations are the conservation of the energy-momentum tensor, in the background (479). It is computa-
tionally wise to split these equations as:
v, =0, Vv, 1" =0. (499)

Indeed, applying a Galilean diffeomorphism (478), the time components up and space components down trans-
form faithfully and irreducibly:
vV, = gV, T, VT =TT (500)

Hence, the two sets of equations (499) do not mix and have furthermore a d-dimensional covariant transformation,
which is our goal for the Galilean fluid dynamics.

The expressions displayed so far are fully relativistic. The next step is to consider the large-k regime, where
(499) can be expanded in powers of 1/k. This expansion must be performed with care as the time equation needs
an extra k factor with respect to the other d spatial equations because it describes the evolution of energy, which is
a momentum multiplied by k. We find

KV, TR — k2% 4 % 10 <k12) , (501)
V.T" = M, +0 (,;) . (502)

At infinite & this leads to d + 2 equations (rather than d + 1, since in the Galilean limit, mass and energy are
separately conserved) for g, e, p and v*:

e continuity equation (mass conservation) C = 0;
e energy conservation £ = 0;
e momentum conservation M; = 0;

this system is completed with the equation of state p = p(e, o).

It is important to stress that Galilean diffeomorphisms (478) do not involve k, and consequently they do not
mix the various terms in the expansions (501) and (502). All d + 2 fluid equations reached this way on general
backgrounds are guaranteed to be covariant under Galilean diffeomorphisms. Another important result that we
should stress is that these fluids are described on the most general background. This is one of the novelties of our
work.

Dissipative Tensors

As for the Carrollian counterparts, we need here to specify the behaviour of the dissipative tensors for the large-k
limit. Regarding the viscous stress tensor 7;;, we will assume

=~ (503)
which is standard and considered e.g. in [42], where it is named o7;. Similarly, for the heat current, we will adopt

@ = Qi (504)
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The position of the spatial indices is different here with respect to (326) and (325). This comes about because
they are designed to be covariant under different classes of diffeomorphisms. Orthogonality conditions (24) allow to
express every component of these tensors in terms of ¢; and 7;;.

We assume here the Zermelo form of the metric (479), and a fluid velocity field as in (482), (483). We find

_ va o (@ -whe o 5w —wl)g

Q=== € ="7mm  ¢=a%¢+ 202 (505)

Similarly, the components of the stress tensor are obtained from 7,;. For example:

vl VT (V™ — W) Ty (0™ — w™) (Ul — wl) Thl
T00 = T3 S, T = - L, = L2 o= k204 v (508)
We now define 4 N
Q' =a’Qy, (507)
and _ ' N _ '

¥ =3Y,av, XY =d"%,7. (508)

Using the generic transformation rules of ¢, and ,,, under spacetime diffeomorphisms, we find that @ and =
transform as they should, namely as d-dimensional tensors under Galilean diffeomorphisms (478):

Qi =QnJ ", Q'=JQ", (509)
D N ) R YA I A Y D YL VA (510)

Continuity and Energy Conservation

Using (21) for the energy-momentum tensor T#* with ¢ and u* given in (479) and (482) and the results for the
dissipative tensors described above, we can perform the large-k expansion of the relativistic energy conservation
equation (501).

At O(k?) we find

C— I/ag
Qva
where a stands for the determinant of the d-dimensional metric a,;(¢,z), and V; is the Levi-Civita covariant derivative
associated with a;;(¢,z) and Christoffel symbols given in (495).
The standard continuity equation C = 0 is thus recovered. It is customary to decompose C as

1 .
+ ﬁvigvz, (511)

Oiao 1 ;_ 1do
ava "Y' T ga e ©12
where d
=0t vV, (513)
is the material derivative, and )
=5 (0 Inva+ V;v') (514)

the effective Galilean fluid expansion. The latter combines the divergence of the fluid congruence with the log-
arithmic expansion of the volume form to produce a genuine scalar under Galilean diffeomorphisms, as shortly
discussed. We will also show that the material derivative (513), in the form %% is also an “invariant” when act-
ing on a scalar function whereas when acting on arbitrary tensors it should be supplemented with the appropriate
w-connection terms.
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At the next O(k°) order, we obtain:

= g (w35 ) b (o (2 5))

+§V1 ((1}] — wJ) (p6; — Zjl)) +V1QZ + %Hlj (V,»wj + ;@aij) (515)
0 d ]. v —w 2 1 i i i
. <e+2< - ) >+Qvi(p(v i)+ V.0
—lv-((vﬂ‘—wi)z-i)JrlH”‘ Viw, + 20,z (516)
Q 7 ] 0 1 Wy 9 tYg |

where the second expression is obtained from the first using the continuity equation C = 0.
Here we introduced ] ) ) )
(v — w') (7 - w)
Q2
the components of the Galilean spatial energy-momentum tensor, following [42]. They are expressed in terms of
the fluid velocity, measured in an inertial-like frame, i.e. v — w, and we will show they transform under Galilean
diffeomorphisms (478) as a genuine rank-two d-dimensional tensor on 8:

7 = +pa — B9 (517)

" = i Jjut, (518)

Equation £ = 0 is the Galilean energy conservation equation for a viscous fluid in motion on arbitrary, time-
dependent d-dimensional space 8, and observed from an arbitrary frame (moving at velocity —w(¢, ) with respect to
a local inertial frame). In a short while, we will recast this equation in a suitable form for recognizing the underlying
phenomena. Notice that both friction and thermal conduction occur, driven by the viscous stress tensor ¥ and
the heat current Q. As opposed to the energy-conservation equation at hand, the continuity (mass-conservation)
equation depends neither on the motion of the observer (w) nor on the friction properties of the fluid. This is expected
because energy is frame-dependent while mass it is not.

We proceed now to check that under Galilean diffeomorphisms (478):

¢ =c, &=¢. (519)

In order to show this, it is convenient to recognize some well-behaved blocks in the expressions at hand, based on
the quoted transformation rules. We first remind:

—1ln 77— j 1 % j 1 ) -4 Q
aj; = anyJ g7t i = j(JJv +7 ) w’J:j(wa Jr]J), Q/:j'
Consequently
, I 15 , I, —15
U= 7 (vi+ a5, w, = 7 (w; + ai;J 15 (520)
with
0 = 5(0—3"T D), (521)
o = JY0. (522)

Consider now A’ and B*, the components of fields transforming like v* or w* (gauge-like transformation) and V*
a field transforming like “5“ i.e. like a genuine vector:

1 o ) 1 o ) ) o
3 = — ‘7 g 17 3 = — J g 17 13 = J g
A J(JZA +g), B J(JZB +]), Vi = Jive. (523)
Consider also a scalar and a rank-two tensor
' =0, =S8, " (524)
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The basic transformation rules are as follows:

A/i _ B/i .Aj _ Bj
g— = =g (525)
1 / % 1 1 i
= (Voo ) +vi(@ar) = < (\/&at (Va®) +V, (PA )> : (526)
v’-v”‘ = Vv,V (527)
1 1
21 ;) + 8/ L= 7 (V(nAl) + 2&%;) J_lniJ_Uj, (528)
. - 1 L
v 782(1’” _ 1 (V("A“ - Bta”l) JT, (529)
2 J 2
VIS = Jv,SY, (530)
in .
% (V] + AV V] + VIVIBT) = JQ 0V + ATV V, + V;V,, BY) (531)
J—1,

NA AL 4 ald O, = T (AA; + 7" Ay + ajia™™ Oyl - (532)

In the above expressions, V;, A and r;; are associated with the d-dimensional Levi-Civita connection ~, dis-
played in (495). The action of 9; spoils the transformation rules displayed in (523) and (524). This is both due to the
transformation property of the partial time derivative (521), and to the time dependence of the Jacobian matrix J;
A Galilean covariant time-derivative can be introduced, acting as follows on a vector:

1dvio1
Q dt Q

1DV: 1 : Do
G~ gl )V vV -

VIVwt, (533)

and resulting in a genuine vector under Galilean diffeomorphisms. Here, the frame velocity w’ plays the role of a
connection, and the Galilean covariant time-derivative generalizes the material derivative d/d¢¢ introduced in (513).
The latter is covariant only when acting on scalar functions f, hence we set % = %.
Expression (533) is easily extended to tensors of arbitrary rank using the Leibniz rule, as e.g. for one-forms:
1 DV; 1dV; 1

Qdt Qdt

Notice that the Galilean covariant time-derivative at hand is not metric compatible:

Vjviwﬂ'. (534)

l Daij
Q dt

1
= 6 (8#11‘]‘ + QV(le)) . (535)

This result is actually expected because a covariant time-derivative of the metric should be interpreted as an extrinsic
curvature. Indeed, expression (535) divided by 2k is exactly identified with the spatial components K; of constant-t
hypersurfaces extrinsic curvature in the Zermelo background (479).

Using all these expressions it is eventually possible to straightforwardly show (518) and (519)

c=c &=¢. (536)

as previously claimed.

The Galilean covariant time derivative will be used in the next section to manipulate the Euler equation. Fur-
thermore, the transformation rules introduced here will serve to show the covariance of the latter under Galilean
diffeomorphims.

Euler Equation

Following the same pattern we applied for the scalar equations, we can process the large-k behaviour of the rela-
tivistic momentum-conservation equations. Along with (502) we find:

. 1 . . J _ apd )
) +5Vi (guﬂ (”’ Qw>> +o (” T ) Viw; + V117 (537)
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with I1,7 as in (517).

The equation M; = 0 is the ultimate generalization of the standard Euler equation. It is remarkably simple. The
second and third terms in (537) contribute to inertial forces (Coriolis, centrifugal etc.), and are usually absent in
Euclidean space with inertial frames. Together with the first term, they provide the components of a one-form on 8
transforming as 5.

This is also how M; behave under Galilean diffeomorphisms (478):

M =T 1My, (538)

where to prove it one uses the results just depicted above. The Euler equation (537) can be casted in terms of the
acceleration v = ~;dx* of the Galilean fluid. This is defined covariantly as

a; =7 + O (1/x2) (539)
with a; the spatial components of the relativistic fluid acceleration as in (27). We find:

dvi/a
dt

QQ’}/Z' =0 — Qatwi/ﬂ — %8111}2 — Uj (@wl — ale) (540)
with d/d+ defined in (513).

In this expression, ~; appear as the components of the acceleration in the local inertial frame and dﬂd/t" are the
components of the effectively measured acceleration in the coordinate frame at hand. In the right-hand side, the
second term is the dragging acceleration, the third accounts for the centrifugal acceleration, and the last is Coriolis
contribution. We can alternatively write (540) as

. d(”i—’ll)i)/ﬂ 78 2 ﬁij . D(Ui—ﬂ’i)/Q

M=o Y tavia T T adat (541)

where we used the Galilean covariant time-derivative (534) in the second equality. By construction, the +; transforms
as a genuine d-dimensional form and +* = a*/~; as a vector under Galilean diffeomorphisms

vi=J . (542)

One can also check explicitly the covariance of (540) using (531). Using ~; and the expression (517) for the
Galilean energy-momentum tensor, we can recast M; in (537) a la Euler:

M = ovi + 0ip— V5. (543)

This equation is eventually written here in a very clear and physically insightful form.

Energy and Entropy

The momentum equation M; = 0 together with continuity equation C = 0 can also be used in order to provide a
sharper expression for £ given in (515):

— Wy

UJQ j
T — i 44
Q\f (‘fg (e+ 202 )) Vi 20 Oua + 0° Q oy Q- (544)

In this equation, o (e + ”2512“2) is the total energy density of the fluid in the natural, non-inertial frame. The

energy density has three contributions: ep as internal energy, the kinetic energy %, and the potential energy of

inertial forces *2‘-;;“2 Furthermore

i 2 _ 2 . 7 .
v (h+“ ad )+Q%—“zjl (545)

"= eq 202 Q

appears as the Galilean energy flux. It receives contributions from the enthalpy, the kinetic and inertial-potential
energies, as well as from dissipative processes: thermal conduction and friction, with the corresponding heat current
@ and viscous stress current ==
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The general energy conservation equation & = 0 has now a simple interpretation: the time variation of energy in
a local domain is due to the energy flux through the frontier plus the work due to the time dependence of a,; and w".

Dissipative processes create entropy. One can readily determine the variation of the latter by recasting the
energy variation in a manner slightly different than (544). For that we compute £ — %Mz with (515), (541) and
(543).

Using continuity and (514) we find

vt —wt o de

¢-ma Mz

) 1 . 1
+p0+ViQ' — 537 (vivj + Zataij> . (546)

In this expression, we can trade the energy per mass e with the entropy per mass s, obeying

de = Tds — pdv = Tds + %d@ (547)
where v = 1/,. Substituting this in (546) and using continuity, we finally obtain
oTds  1oii(o., 1a. ) _vo

Od - QZ (VZ’U] + 28ta”> V,;Q". (548)

The entropy is not conserved as a consequence of friction and heat conduction, which encode dissipative pro-
cesses. The latter are globally captured in a generalized dissipation function

Y = %E” <Vi’Uj + iataq) - V,Q, (549)

appearing both in energy and entropy equations (546), (548). Observe that i) depends explicitly on Christoffel
symbols as well as on the time variation of the metric. Hence time dependence and inertial forces contribute the
dissipation phenomena.®®

First-order Galilean Hydrodynamics and Incompressibility

The viscous stress tensor ¥ and the heat current @ are constructed phenomenologically as velocity and temperature
derivative expansions. Since these objects transform tensorially under Galilean diffeomorphisms (see (509), (510)),
they must be expressed in terms of tensorial derivative quantities.

At first order, we have 6 defined in (514), which is an invariant, and

1 1
5 (Vo + 30an). (550)

which is a rank-two symmetric tensor (see (528)).
We can therefore set

Sy = 2n%&; + (CBai;0, (951)
The transport coefficients are as usual the shear viscosity 7%, coupled to the Galilean shear,
1 1 1
Sij = ﬁ (V(i’l)j) + 25taij) — gaij& (553)

which receives also contributions from the derivative of the metric; the bulk viscosity ¢, coupled to the Galilean
expansion, and the thermal conductivity ¢ coupled to the temperature gradient.

Using the definitions of relativistic expansion and shear (27), (29), we can find their behaviour at large % in the
Zermelo background:

oij = &ij + O (1/k?), (554)
O =040 (/). (555)

66 The effect of inertial forces on dissipation has been recently studied by simulation of flows on curved static films without heat current (i.e.
d=2,Q=1,w=0,0a;; =0, QC = 0) [204]. One might consider performing similar simulations or experiments for probing the more general
sources of dissipation present in (549).
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For completeness we also display the leading behaviour of the vorticity (30), even though it plays no role in first-order

hydrodynamics:
1
wij = § (Oi(v = w)y)) + O (Vi2). (556)

Itis important to stress at this point that transport coefficients are determined as modes of microscopic correlation
functions, and are therefore sensitive to the velocity of light. In writing (503), we have assumed the following large-k
behaviour:

n=n1°+0 /), ¢=C+0(k), rk=r%+0(/k). (557)

The case d = 2 is peculiar because X(;);; admits an extra term:

G o aanl
(i & @™ = % (”n@ Vo™ + 1 @y (V%l - t\é& N anlvmva (558)

with n,,; = v/ae,. This is indeed (up to a global sign) the infinite-% limit of the relativistic Hall-viscosity contribution
in three spacetime dimensions given in (44), assuming again ¢ = ¢(§ + O (&)-

Going back to arbitrary dimension, we can now combine the first-derivative contribution (551) of the viscous
stress tensor with expression (543) for M, in order to obtain the momentum conservation equation M; = 0 of
first-order Galilean hydrodynamics. We obtain

G ; , d—2
0vi + 0ip — % (Av; + 1 v; + aina 0T) — (cG + d”G> 96 =0, (559)

where A = V'V, is the Laplacian operator in d dimensions and r;; the Ricci tensor of the d-dimensional Levi-Civita
connection ;.

Similarly, substituting (551), (552) and (553) in (548), we find the entropy equation in first-order hydrodynamics
on general backgrounds:®”

G G
%% = QQLQ ((vw) (Viv;) + (Vo)) dpay; — i((“)ta”) (ataij)> + (cG — 2’;) 0% + KCAT, (560)
where we assumed xC constant (otherwise the last term would read Vi (x®V,;T)).
A special class of Galilean fluids deserves further analysis. These are the incompressible fluids for which o(¢, z)
obeys
do(t,z)
dt

with % the material derivative defined in (513). Using the expressions (511) and (512), we recast the incompress-
ibility requirement as the vanishing of the effective fluid expansion:

-0 (561)

0= 0. (562)

In this case, the bulk viscosity drops from the stress tensor (551) and the Galilean shear (553) simplifies. The
first-order hydrodynamics momentum equation for an incompressible fluid thus reads:

dvi/a dwi/a w? v w; G . . .
0 Qc/jt =0 Qét + gai@ —ogVig — O+ % (Aw +rdu + amaﬂ&g’yjl) . (563)

We immediately recognize in this expression the generalized covariant Navier-Stokes equation, valid for incom-
pressible fluids on any space 8, observed from an arbitrary frame. To the best of our knowledge this equation is
new. The first three terms in the right-hand side are contributions of frame inertial forces, the fourth is the pressure
force, and next come the friction forces at first-order derivative.
Eventually, for Euclidean space with Q = 1 and w = 0 we recover the textbook form
% % G
SC Y ) (564)
dt 0 0
67possible impositions on the metric and the velocity are necessary to guarantee positivity of this expression, not discussed here.
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3.4.3 Examples of Galilean Fluids

We provide here two applications: the flat space in rotating frame, which is well known and has the virtue of giving
confidence to our methods, and the inflating space, combining both time-dependence and non-flatness of the host
8.

Rotating Frame in Three Dimensions

We will present the hydrodynamic equations for a non-perfect fluid moving in Euclidean space F5; with Cartesian
coordinates, and observed from a uniformly rotating frame

ai; =0y, Q=1 w@)=zxw (565)
For this fluid, the continuity equation is simply
do
aJrng—O. (566)
The Euler equation in first-order hydrodynamics (559) reads:

G G
W ) xwt w2l LAy L (@ ) yv), (567)

dt o 0 0 3

and we recognize the various, already spelled contributions to the dynamics. This equation has been obtained and
used in many instances, see e.g. [155, 205, 206].
We also find the energy conservation equation (544):

2 2.2 L2
with ) 5 )
I, = o (m” e o) )nGviTwzm)i (569)
and )
Z(l)ij = ’I7G (8Z‘Uj + iji) + (CG — 3’[7G) 61»3»8”11”. (570)
Alternatively, using (516), the energy equation reads:
2 ,.2,.2 o2
g% (e—i—v wx;—(w 2) ):—V-(pv)—l—mGAT—i—V-(v-E(l)). (571)

The temporal variation of the total energy per mass is given by the divergences of the pressure, the thermal con-
duction and the viscous stress fluxes.

Inflating Space

The dynamics of a non-perfect fluid moving on an inflating space can be studied considering:

a;j(t,x) = exp (a(t))a;(x), Q=1 w=0. (572)
The space dimension d is arbitrary here, therefore:
1n¢a:d%+1n\/5. (573)
The fluid equations obtained from (511), (516) and (543) become (o’ stands for the time derivation)
Oro + %/dg + V. ov=0, (574)
d v? o o,
gdt<e+2)+2(gv +dp—tr3)+V-(pr+Q—v-%) =0, (575)
gdd—l: +a/ v’ + Vip—V,; 59 = 0. (576)
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where o’ = 92 and tr% = a3,

The continuity equation (574) has an extra term proportional to p. This reflects the change of density due to
o' . For a static fluid one finds the familiar result o = pge="/>: for a space expanding in time, the density is getting
diluted. In Euler’'s equation (576), a similar term creates a force proportional to the velocity field. For positive o/,
time dependence acts effectively like a friction. A similar conclusion is drawn from the energy conservation equation
(575).

This example concludes the chapter on Galilean hydrodynamics. We have seen how to obtain the most general
Galilean fluid on completely arbitrary background. The equations are fully covariant under Galilean diffeomorphisms,
and they reduce under suitable conditions to well-known situations.

This concludes our description of the different limits of a relativistic fluid and its energy-momentum tensor. We
have learned that we should be careful whenever the background is kept general, and work directly at the level of
the equations of motion, which involve the divergence of the energy-momentum tensor itself. This is a posteriori
expected for Galilean fluids, for we know that a spacetime energy-momentum is impossible to construct there. In
parallel we show a similar result to hold for a Carrollian fluid, where the energy-momentum tensor gets replaced by
the Carrollian momenta. The general equations of motion obtained in the Carrollian setting, fully covariant under
Carrollian diffeomorphisms, will be fundamentals in the next section, where we show that they are the appropriate
boundary dual of bulk Einstein equations for asymptotically flat spacetimes.

4 Flat Limit of Fluid-Gravity

We are now fully equipped to address the final missing part of our web of dualities. We have seen that the
fluid/gravity duality in AdS relates a relativistic fluid on a conformal d + 1-dimensional boundary with a d + 2-
dimensional solution of AdS Einstein equations through the derivative expansion, with A = —%k? Therefore,
the bulk flat limit, for which the AdS solution under consideration becomes Ricci flat, translates to £k — 0 in the
boundary theory.®8

We thus proceeded and considered the & — 0 in the boundary theory. This had mainly two important implica-
tions. Firstly the boundary metric became degenerate, in a precise sense we carefully described. This is consistent
with the fact that the null boundary J of an asymptotically flat spacetime is indeed a degenerate manifold. Secondly
the conformal relativistic fluid became a conformal Carrollian fluid, and we thoroughly analyzed its equations of
motion, obtained as the ultra-relativistic limit of the conservation of the energy-momentum tensor.

So the only missing step in the construction concerns the derivative expansion: what happens to it when we take
k — 0?7 The crucial result will be that it is finite. This is perhaps the most important result of this work. We know in
fact that the FG gauge diverges in this limit. Therefore we unravel here a powerful tool and the final link (in blue) to
complete the square:

Fefferman-Graham
Conformal

AdS Relativistic
- Fluid

Derivative Expansion

\/
Null infinity

o . Conformal
Ricci Flat Carrollian

Fluid

Flat derivative expasion

68As we mentioned multiple times, the bulk Ricci flat limit is a straightforward result of general relativity. Every AdS solution admits an
asymptotically flat counterpart, solution of Einstein equation with A = 0. What is not trivial is the gauge in which this limiting procedure is
performed, and we are going to show that the derivative expansion is the right one.
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We will discuss here the results for dimension four and three bulks. The latter will be the natural playground to
compute conserved charges. In both situations we will present detailed examples to corroborate our findings. At
present, the form of the derivative expansion is missing in bulk dimensions higher than four, which constitutes a
natural direction of investigation.

4.1 The Four-dimensional Case

This chapter is fully devoted to the four-dimensional bulk picture, where the derivative expansion under the shearless
condition allows to resum every algebraically special bulk solution.

4.1.1 Flat Derivative Expansion

Our starting point is the derivative expansion of an asymptotically locally AdS spacetime (158). The fundamental
question is whether the latter admits a smooth zero-k limit. We have implicitly assumed that the Randers-Papapetrou
data of the three-dimensional pseudo-Riemannian conformal boundary associated with the original Einstein space-
time, a;;, b; and §, remain unaltered at vanishing k, providing therefore directly the Carrollian data for the new null
boundary 7.6°

We can match the various three-dimensional Riemannian quantities with the corresponding Carrollian ones:

u = —k? (Qdt — b) (577)

and 2 _ ,

w = %wijdxl Adz?,

o= W,

O = 40

) , 7

a = kQ@idxz’ (5 8)

A = adz'+ 4Qdt,

g = fijdxidxj7

where the left-hand-side quantities are Riemannian given in (150, 152—155), and the right-hand-side ones Carrollian
as reported in (346-349), and we recall that for three-dimensional holographic fluid we impose 5; = 0.

In the list (578), we have dealt with the first derivatives, i.e. connexion-related quantities. We move now to
second-derivative objects and collect the tensors relevant for the derivative expansion, following the same pattern
(Riemannian vs. Carrollian):

1 g .
wﬂ)‘wmdx“dx” = k4wilwljdxidxj, (580)
W, = 2k* % w?, (581)
Dy’ dat = k*Djwdidat — 2k* x @ Qdt 4 2k* x w?bdx’. (582)
Using (147) this leads to
m k? i\2 ij 4 6 i\2 2
S =8,dz" = Y (th — bidx ) ;€Y + ks — 5k (th — bidx ) * 0 (583)
with the Weyl-invariant tensor
i izj T 2702 4 )2
5= Q(th—bidx )dm 77D x w + *xw dl —X(th—bidaz ) . (584)

In the derivative expansion (non-resummed) (146), two explicit divergences appear at vanishing k. The first
originates from the first term of .S, which is the shear contribution to the Weyl-covariant scalar curvature R of the

69Indeed our ultimate goal is to set up a derivative expansion (in a closed resummed form under appropriate assumptions) for building up
four-dimensional Ricci-flat spacetimes from a boundary Carrollian fluid, irrespective of its AdS origin. For this it is enough to assume a;;, b;
and Q k-independent, and use these data as fundamental blocks for the Ricci-flat reconstruction. It should be kept in mind, however, that for
general Einstein spacetimes, these may depend on k with well-defined limit and subleading terms. Due to the absence of shear and to the
particular structure of these solutions, the latter do not alter the Carrollian equations. This occurs for instance in Plebanski-Demianski or in the
Kerr-Taub-NUT family, which will be discussed as example.
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three-dimensional AdS boundary , (579).”° The second divergence comes from the Cotton tensor and is also due
to the shear. It is not explicitly reported here but possible to recover taking the £ — 0 limit of the Cotton tensor with a
shearfull congruence. It is fortunate — and expected — that counterterms coming from equal-order (non-explicitly writ-
ten) o2 contributions, cancel out these singular terms. This is suggestive that already the non-resummed expansion
(146) is well-behaved at zero-k, showing the success of the reconstruction of Ricci-flat spacetimes.

We will not take this rode, but rather confine our analysis to situations without shear, as we discussed already for
Einstein spacetimes. Vanishing ¢ in the pseudo-Riemannian boundary implies indeed vanishing ¢;; in the Carrollian
(see (578)), and in this case, the divergent terms in S and C are absent. Of course, other divergences may
occur from higher-order terms in the derivative expansion. To avoid dealing with these issues, we will focus on the
resummed version of (146) i.e. (158), valid for algebraically special bulk geometries. This closed form is definitely
smooth at zero k£ and reads:

(Qdt — b)*

62
dstsg fat = —2 (Qdt — b) (dr +ra+ T2dt> +r?dl* + s + 7 (8nGner +c*w). (585)

Here
p* =12 +xw?, (586)

df?, Q, b = b;dx’, o = a;dx?, § and xw are the Carrollian geometric objects introduced earlier, while ¢ and ¢ are the
zero-k (finite) limits of the corresponding relativistic functions. Expression (585) will grant by construction an exact
Ricci-flat spacetime provided the conditions under which (158) was Einstein are fulfilled in the zero-k limit. These
conditions are the set of conformal Carrollian hydrodynamic equations (367—370), and the integrability conditions,
as they emerge from (161) and (163) at vanishing k. Making the latter explicit is the scope of next section. Notice
eventually that the Ricci-flat line element (585) inherits Weyl invariance from its relativistic ancestor. The set of
transformations (374), (377) and (379), supplemented with xw — B x @, ¢ — B3¢ and ¢ — B3¢, can indeed be
absorbed by setting » — Br, resulting thus in the invariance of (585). In the relativistic case this invariance was due
to the AdS conformal boundary. In the case at hand, this is rooted to null infinity J. Before moving on we would like
to stress again the fundamental result that the derivative expansion is finite in the & — 0 limit, which is not at all an
a priori guaranteed result but rather an important finding.

4.1.2 Conditions on the Flat Derivative Expansion

The Cotton tensor was a key tensor in the AdS boundary: it encodes the properties of the boundary global structure.
In order to proceed with our resummability analysis, we need to describe the zero-k£ limit of this tensor (65) and of
its conservation equation (66).

As already mentioned, at vanishing & divergences do generally appear for some components of the Cotton
tensor. These divergences are no longer present in the absence of shear, which is precisely the assumption under
which we are working. Every piece of the three-dimensional relativistic Cotton tensor appearing in (67) has thus a
well-defined limit. We therefore introduce

R ) C— lim L (e — v
Xi llli% Ci, 1/}7, ]111)% L2 (Cz Xz) ) (587)
Xij = %% cij; \Ilz'j = %% k% (Cij — XU) . (588)
The time components ¢y, coo and co; = c;o vanish already at finite £ (due to (69)), and x;, ¥;, X;; and ¥;; are thus
genuine Carrollian tensors transforming covariantly under Carrollian diffeomorphisms. Actually, in the absence of
shear the Cotton current and stress tensor are given exactly (i.e. for finite k) by ¢; = x; +k?¢; and ¢;; = X;; + k2 V5.

The scalar ¢ is Weyl-covariant of weight 3 (like the energy density). As expected, it is expressed in terms of
geometric Carrollian objects built on third-derivatives of the 2-dimensional metric d¢?, b; and :

c= (@lﬁl n zic) . (589)

70This divergence is traced back in the Gauss-Codazzi equation relating the intrinsic and extrinsic curvatures of an embedded surface, to the
intrinsic curvature of the host. When the size of a fiber shrinks, the extrinsic-curvature contribution diverges.
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Similarly, the forms x; and v, of weight 2, are (recall that 7;; = \/a¢;;, the zero-k limit of the spatial components of
ﬁlw):

1
Xj = 277ng3<+ @A—Z*wij, (590)
1/1]‘ = 317 j@l*w . (591)
Finally, the weight-1 symmetric and traceless rank-two tensors read:
PO
Xij = 57713'@19%-5-57711‘@]'3% (592)
A a 1 - . 1.
Uy = DDjxw— §aij®ml * 0 — f;ijﬁﬂat * w2, (593)

Observe that ¢ and the subleading terms +; and ¥;; are present only when the vorticity is non-vanishing (xw # 0).
All these are of gravito-magnetic nature.

The tensors ¢, x;, ¥;, X;; and ¥;; should be considered as the two-dimensional Carrollian resurgence of the
three-dimensional Riemannian Cotton tensor. They should be referred to as Cotton descendants (there is no Cotton
tensor in two dimensions anyway), and obey identities inherited at zero k from its conservation equation. These are
similar to the hydrodynamic equations (367-370), satisfied by the different pieces of the energy-momentum tensor
e, @i, m;, X;; and =5, and translating its conservation. In the case at hand, the absence of shear trivializes (368)
and discards the last term in the other three equations:

1 - ~ .
5%64—@0(’ = 0, (594)
1.4 ; 1. L
§®jc + 2X1wij + ﬁ@t’l/)j - ‘Di\I/Zj = 0, (595)
I 7 i
Do —Dixy = o (596)

One appreciates from these equations why it is important to keep the subleading corrections at vanishing k, both in
the Cotton current ¢,, and in the Cotton stress tensor ¢,,,.. As for the energy-momentum tensor, ignoring them would
simply lead to wrong Carrollian dynamics.

We are now ready to address the problem of integrability in Carrollian framework, for Ricci-flat spacetimes.
In the relativistic case, where one describes relativistic hydrodynamics on the pseudo-Riemannian boundary of
an asymptotically locally AdS spacetime the relevant equations are (161) and (163). These determine the friction
components of the fluid energy-momentum tensor in terms of geometric data, captured by the Cotton tensor (current
and stress components), via a sort of gravitational electric-magnetic duality, transverse to the fluid congruence.
Equipped with those, the fluid equations (22) guarantee that the bulk is Einstein, i.e. that bulk Einstein equations
are satisfied.

Correspondingly, using the results just detailed for the Cotton descendants, the zero-£ limit of (161) sets up a
duality relationship among the Carrollian-fluid heat current @; and the Carrollian-geometry third-derivative vector y;:

1
87G N 167Gy (
while (163) allows to relate the Carrollian-fluid quantities Eij and =;;, to the Carrollian-geometry ones X;; and ¥,;:

Qi = iWix; = — DX — i DA+ 4 wﬁjijzj) ; (597)

1 R A
Y= it X, i DRy — DR,
U rGy T T T G ( M n ) (598)

and
_ 1, 1 1 . )
Zii=—nV,; = —— DD D, D —D .
ij 87TGN771 lj 87TGN <77 l * W + 771] l * tx W ) (599)
One readily shows that (366) is satisfied as a consequence of the symmetry and tracelessness of X;; and ¥;;.
We can finally recast the Carrollian hydrodynamic equations (367—-370) for the fluid under consideration. Recall-

ing that the shear is assumed to vanish,
1
Sii = 50
we see that (368) is trivialized. Furthermore, (370) is automatically satisfied with @; and X¢; given above, thanks
also to (596). We are therefore left with two equations for the energy density € and the heat current =;:

(Bta” a;j0; In \/5) =0, (600)
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e one scalar equation from (367):

1. 1 Al (A o PN N
N i K7D =R — (-
gDt g ® (@er VDA + 4% wii ,Lij) 0; (601)
e one vector equation from (369):
. , 2 . L
Dj& + 4*wﬁ1jQi + ﬁDtﬂ-j - 2@1‘513‘ =0 (602)

with Q; and =*; given in (597) and (599).

These last two are Carrollian equations, describing time and space evolution of the fluid energy and heat current,
as a consequence of transport phenomena like heat conduction and friction. These phenomena have been iden-
tified by duality to geometric quantities, and one recognizes distinct gravito-electric (like X) and gravito-magnetic
contributions (like .A). It should also be stressed that not all the terms are independent and one can reshuffle them
using identities relating the Carrollian curvature elements. In the absence of shear, (263) holds and all information
about ﬁ%ij in (279) is stored in K and A, while other geometrical data are supplied by R; in (278). All these obey

%@t * WO + A = O,
LDK —aIDR; = 0, (603)
éDtA + ﬁle:RJ = O,

which originate from three-dimensional Riemannian Bianchi identities and emerge along the k-to-zero limit.

Summarizing

As we did for the relativistic AdS counterpart, we now summarize our findings and recall the procedure one has to
follow to, given a boundary conformal Carrollian fluid, obtain a bulk Ricci-flat solution.

Our analysis of the zero-% limit in the derivative expansion (158), valid assuming the absence of shear, has the
following salient features.

e It reveals a degenerate null spacetime J endowed with a Carrollian geometry, encoded in a;;, b; and €, all
functions of ¢ and x. This is inherited from the conformal three-dimensional pseudo-Riemannian boundary of
the original Einstein space.

e The Carrollian null boundary is the host of a Carrollian fluid, obtained as the limit of a relativistic fluid, and
described in terms of its energy density ¢, and its friction tensors Q;, m;, ¥;; and Z;;.

e When the friction tensors Q;, ¥;; and Z;; of the Carrollian fluid are given in terms of the geometric objects
Xi» X;; and ¥;; using (597), (598) and (599), and when the energy density ¢ and the current 7; obey the
hydrodynamic equations (601) and (602), the limiting resummed derivative expansion (585) is an exact Ricci-
flat spacetime.

e The bulk spacetime is in general asymptotically locally flat. This property is encoded in the zero-k limit of the
Cotton tensor, i.e. in the Cotton Carrollian descendants ¢, x; and Xj;.

As for the AdS scenario, the next question is the domain of validity of this resummation formula. There, we found
it to cover all algebraically special solutions (see Appendix B). Also here, the bulk Ricci-flat spacetime obtained
following the above procedure is algebraically special. We indeed observe that the bulk congruence 9, is null.
Moreover, it is geodesic and shear-free.”! According to the Goldberg-Sachs theorem, the bulk spacetime (585) is

therefore of Petrov type Il, lll, D, N or O. The precise type is encoded in the Carrollian tensors e+, Q;‘E and Efj
Ei = &4 mc,
Qi = Qi t e e (604)

"This is proved in Appendix B.
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Working again in holomorphic coordinates, we find the compact result

B}
QF = Eoxed, (605)

+ L 2
¥t o= 47rGNX“dC’ (606)

and their complex-conjugates @~ and X~. These Carrollian geometric tensors encode the information on the
canonical complex functions describing the Weyl-tensor decomposition in terms of principal null directions.

41.3 Examples

There is a plethora of examples that can be studied. We will analyze here the class of perfect conformal fluids and
the dual stationary Kerr-Taub-NUT family, and the Carrollian Robinson-Trautman fluid dual to Robinson-Trautman. In
each case, assuming the integrability conditions (597), (598) and (599) are fulfilled and the hydrodynamic equations
(601) and (602) are obeyed, a Ricci-flat spacetime is reconstructed from the boundary J. More examples exist
like the Plebanski-Demianski or the Weyl axisymmetric solutions, assuming extra symmetries (but not necessarily
stationarity) for a viscous Carrollian fluid.

Stationary Perfect Fluids and Kerr-Taub-NUT

We would like to illustrate our findings and reconstruct from purely Carrollian fluid dynamics the family of Kerr-
Taub-NUT stationary Ricci-flat black holes. We pick for that the following geometric data: a;;(z), b;(z) and 2 = 1.
Stationarity is implemented in these fluids by requiring that all the quantities involved are time independent.

Under this assumption, the Carrollian shear ¢&;; vanishes together with the Carrollian expansion 6, whereas
constant Q2 makes the Carrollian acceleration ¢; vanish as well. Consequently

A=0, R;=0, (607)
and we are left with non-trivial curvature and vorticity:
jAC = [A( = K, Wij = 8[1b]] = ’f),’j * . (608)

The Weyl-Carroll spatial covariant derivative D; reduces to the ordinary covariant derivative V;, whereas the action
of the Weyl-Carroll temporal covariant derivative D, vanishes.

We further assume that the Carrollian fluid is perfect: Q;, m;, £;; and =;; vanish. This assumption is made ac-
cording to the relativistic AdS pattern, where the asymptotically AdS Kerr-Taub-NUT spacetime is obtained starting
from relativistic perfect fluids. Due to the duality relationships (597), (598) and (599) among the friction tensors of
the Carrollian fluid and the geometric quantities x;, X;; and ¥;;, the latter must also vanish. Using (590), (592) and
(593), this sets the following simple geometric constraints:

Xi =0 K =0, (609)
and )
\I/j,j =0« (VYV] — 2aijvlvl> *w =0, (610)

whereas X;; vanishes identically without bringing any further restriction. These are equations for the metric a;;(z)
and the scalar vorticity xzo, from which we can extract b;(z). Using (589), we also learn that

= (A +2K) x (611)

where A = V,V' is the ordinary Laplacian operator on 8. The last piece of the geometrical data, (591), it is
non-vanishing and reads:
¥ = 370y % w?. (612)

Finally, we must impose the fluid equations (601) and (602), leading to

Be =0, 8e=0. (613)
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The energy density ¢ of the Carrollian fluid is therefore a constant, which will be identified to the bulk mass parameter
M= 47TGN€.

Every stationary Carrollian geometry encoded in a,;(z) and b;(z) with constant scalar curvature K hosts a
conformal Carrollian perfect fluid with constant energy density, and is associated with the exact Ricci-flat spacetime
with line element written using (585):

2Mr + cxw — Kp?
02

(dt — b)* + (dt — b) S p2de?, (614)

dsf)erfect fluid = —2 (dt - b) dr + T

where p? = r? + xw?. The vorticity xw is determined by (610), solved on a constant-curvature background.
Using holomorphic coordinates, a constant-curvature metric on 8 reads:

2 _
dr? = ﬁdCdC (615)

with %
P:1+§§C_, K =0,%+1, (616)

corresponding to S? and E, or H, (sphere and Euclidean or hyperbolic planes). Using these expressions we can
integrate (610). The general solution depends on three real, arbitrary parameters, n, a and ¢:

*w:n—l—a—%—i—%(l—Uﬂ)gf. (617)
The parameter ¢ is relevant in the flat case exclusively. We can further integrate to obtain b:
b:]’;(n—l‘i+2ij(1—|f<><§) (Cd¢ — ¢dC) (618)
It is straightforward to determine the last pieces entering the bulk resumed metric (614):
c=2Kn+2((1—|K|) (619)
and Kot %
. fw — 27,0, % wda' = 20T ](312 — KD (ac - caq). (620)

In order to reach a more familiar form for the line element (614), it is convenient to trade the complex-conjugate
coordinates ¢ and ¢ for their modulus’? and argument

¢ =Ze?, (621)
and move from Eddington-Finkelstein to Boyer-Lindquist by setting

2 N2 _
r*+(n—a) Ka+£(1 \K|)dr

dt — dt — A, dr, d® — d® — A, (622)
with
A, = —2Mr + K (r? + a® = n?) 4+ 20(n — a)(|K| - 1). (623)
We obtain finally:
2 Ay 2 a 4 2\ 2 ’ P’ o
dSperfect fluid = 2 dt"‘p n—ﬁ‘*‘ﬁ(l—\KDZ Z7d® +Ed7“
2/72 2 27? 2 2 2
Y2 ((Ka+e(1 ~K|)dt — (r +(n—a) ) d@) (624)
with 2
K 2a /
P=1+—-2% p*=r* - =+ =(1-|K)Z*) . 2
+2 , P r+<n+a P+P( |K) ) (625)
72 The modulus and its range depend on the curvature. It is commonly expressed as: Z = /2 tan % 0<O<niorS? Z = %, 0<R<

+o0 for Ea; Z = v/2tanh ¥, 0 < ¥ < +oo for Ha.
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This bulk metric is Ricci-flat for any value of the parameters M, n, a and ¢ with K = 0, £1. For vanishing n, a« and
¢, and with M > 0 and K = 1, one recovers the standard asymptotically flat Schwarzschild solution with spherical
horizon. For K = 0 or —1, this is no longer Schwarzschild, but rather a metric belonging to the A class (see
e.g. [49]). The parameter a switches on rotation, while n is the standard NUT charge. The parameter ¢ is also a
rotational parameter available only in the flat-S case. Scanning over all these parameters, in combination with the
mass and K, we recover the whole Kerr-Taub-NUT family of black holes, plus other, less familiar configurations, like
the A-metric quoted above.

For the solutions at hand, the only potentially non-vanishing Carrollian boundary Cotton descendants are ¢ and
1, displayed in (619) and (620). The first is non-vanishing for asymptotically locally flat spacetimes, and this requires
non-zero n or £. The second measures the bulk null congruence twist. In every case the metric (624) is Petrov type
D.

We would like to make a comment regarding the isometries of the associated resummed Ricci-flat spacetimes
with line element (624). For vanishing a and ¢, there are four isometry generators and the field is in this case a
stationary gravito-electric and/or gravito-magnetic monopole (mass and NUT parameters M, n). Constant-r hyper-
surfaces are homogeneous spaces in this case. The number of Killing fields is reduced to two (9; and d5) whenever
any of the rotational parameters a or ¢ is non-zero. These parameters make the gravitational field dipolar.

The bulk isometries are generally inherited from the boundary symmetries, i.e. the symmetries of the Carrollian
geometry and the Carrollian fluid. The time-like Killing field 0, is clearly rooted to the stationarity of the boundary
data. The space-like ones have legs on dy and 9z, and are associated to further boundary symmetries. From a
Riemannian viewpoint, the metric (615) with (616) on the two-dimensional boundary surface § admits three Killing
vector fields:

X, = i(¢o:—¢o), (626)
X, = i ((1 — I;&) e — (1 — [;g?) aC> , (627)
X, = <1 + I;&) Oc + <1 + 12{62) ¢, (628)

closing in so(3), ¢2 and so(2,1) algebras for K = +1,0 and —1 respectively. The Carrollian structure is however
richer because it is constructed on the set {a;;, b;, 2}. Hence, not all Riemannian isometries generated by a Killing
field X of 8 are necessarily promoted to Carrollian symmetries. For the latter, it is natural to further require the
Carrollian vorticity be invariant:

Lxxw=X(>w)=0. (629)

Condition (629) is fulfilled for all fields X , (A = 1,2,3) in (626), (627) and (628), only as long as a = ¢ = 0, since
*w = n. Otherwise xw is non-constant and only X, =i (¢d; — (9;) = ds leaves it invariant.

Using the general results reported in section 3.3.1, we would like to conclude this example with the computation
of the Carrollian charges. We will do it in the specific case K = 1 and with 6, ¢ spatial coordinates. The generic
metric (624) boils down to

2 12
ds? = f% (dt = b)° + Ldr? + p? (d6? + sin® 0dg?) + = O (adt — (2 + (n — 0)?) do)*, (630)
. p
with
A, = —2Mr+7r*+ad®—n? (631)
0> = 724 (n—acosh)?, (632)
b = (2n(cosf — 1)+ asin’6) dg. (633)

The boundary spatial line element is written in these coordinates d¢> = df> + sin® fd¢>. We can interpret these data
in terms of the Carrollian momenta

E=nl=29=B=0 £=M AY=-TrdV, (634)

The conformal Carrollian Killing equations can be solved and the result is

£= (T(m) + ;tVﬁ) O; + € (2)0;. (635)
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where T is any smooth function on S? and ¢ a Killing vector of the sphere. This is precisely the bms, generator [203].
The charges (448) are identically zero in this case. Conversely, the charges (451) are non-trivial

Ce=M [ dbdgsing (T - ggibi) . (636)
(3 o
They explicitly depend on the Kerr-Taub-NUT parameters thanks to the presence of the metric field b;, and they are
manifestly conserved.

Ricci-Flat Robinson-Trautman

2 - .
The boundary geometry in this case is defined by Q = 1, b; = 0 and d¢? = ded(, which is shearfree. It is
straightforward to check that the general formulas (589-593) give ¢ =0 togethe7r with

X = % (0cKd¢ — 0:Kd¢), X = % (8¢ (P?0:0¢ In P) d¢* — 0z (P*0,0; In P) d(?) (637)

while ¢, = 0 = ¥;;. These expressions satisfy (594-596), and the duality relations (597), (598) and (599) lead to
the friction components of the energy-momentum tensor Q;, X;; and Z;;:

Q= 167rG (OcKdC + aCKdC) =0, (638)

We have completed our boundary procedure: we prescribed the boundary geometrical data, we built the Cotton
descendant using them and we obtain the dissipative tensors. The next step is to compute the bulk resummed line
element and impose the Carrollian fluid equations. Notice that the dissipative tensors match by construction the
direct £ — 0 limit of the relativistic ancestors (177) and (178). In this particular case no k-expansion is needed since
they are already k-independent.

Our goal is to present here the resummation of the derivative expansion (585) into a Ricci-flat spacetime dual to
the fluid at hand. With the data written above (585) reads

2 —
dsiy = —2dt (dr + Hdt) + 2% d¢de, (640)
where of
o = —2rgm P+ & — 20, (641)

r
with K = 2P29;9; In P the Gaussian curvature of the line element d¢*.
Assuming now 7; = 0,”® the general hydrodynamic equations (601) and (602) require ¢ = (¢) and

AAInP + 12M, In P — 49, M = 0, (642)

with e(t) = 4M(t) This equation is indeed the Einstein Ricci-flat bulk equation (called Robinson-Trautman equation)
for the metric (640) which shows that Carrollian fluids equations are the bulk Einstein equations.

We would like to underline this result, which is at the core of our findings: from purely Carrollian boundary con-
sideration on J we reconstructed a highly non-trivial bulk solution, on shell only if the boundary conformal Carrollian
fluid is on shell.

The solutions obtained here are algebraically special spacetimes of all types, as opposed to the Kerr-Taub-NUT
family studied earlier (Schwarzschild solution is common to these two families). Furthermore they never have twist
(v = ¥ = 0) and are generically asymptotically locally but not globally flat due to x and X.

The specific Petrov type of Robinson-Trautman solutions is determined by analyzing the tensors (604), or (605)
and (606) in holomorphic coordinates:

M(t)
+ — + - _
S =y @ 87GN

1
OcKd¢, ¥ = —W@ (P*0,0¢ In P) d¢>. (643)

We find the following classification [36, 60]:

73Since ; is not related to the geometry by duality as the other friction and heat tensors, it can a priori assume any value. It is part of the
Carrollian Robinson-Trautman fluid definition to set it to zero. It is an open intriguing question to see its effects if kept arbitrary.
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Il generic;

Il with et = 0and V;Q** = 0;

N with et =0and Q; = 0;

D with 2Q Q" = 37X}, and vanishing traceless part of V, Q.

We would like at this point to compute the conformal Carrollian Killing vectors and their associated charges as
discussed on general grounds in section 3.3.1. To make contact with the general objects defined there, we identify

BV =q'=3%! =0, (644)
E=4M, B'=V'K, AY=-Ma"7, XY =V'Vig-— ia“v’“vke, (645)
, o 2 ~ . :
where we called for brevity df? = a;;dz'dz? = mdgdg. Weyl covariance is ensured by the conformal state

equation & = —2.4!, together with X! = 0. We then introduce a conformal Carrollian Killing vector &, with (445) and
(446) here given by

9t = A, (646)
V,fj + ngl + ftataij == 2)\(117'. (647)
The solution is the following vector’*
1 1 _1 . .
€= (va)* (at@)+ 5 [ar (V) F v ) o € @0 (648)
where ¢' is a spatial conformal Killing vector, i.e. it satisfies
Vi&; + V& = Vicray;. (649)
The associated charges (448) become
Q¢ = / d?xv\/aé; B = / d¢d¢pP=2 (gC 0K + €€ 8EK) . (650)
- 5'2 B SQ

They are conserved by construction.
Even though the second family of charges (451) were defined only for B¢ = 0, we can nevertheless study what
their expression is for the solution at hand. We find

- [S P Jacte /S dCdiP? (a(g,g) +;/dtPVi§i> AM, (651)

As expected, they are indeed not generically conserved:
0:Ce = — / d*x\/ad;E' B (652)
€ o

These charges are not conserved, they potentially translate the fact that gravitational radiation is reaching J, due to
the non-trivial temporal dynamics of the solution at hand.

4.2 The Three-dimensional Case

In this section we discuss the reconstruction of asymptotically flat three-dimensional spacetimes starting from two-
dimensional conformal Carrollian fluids living on null infinity [95].

74This vector follows in the class of conformal Killing vectors for Carroll structures described in [88].
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4.2.1 Flat Derivative Expansion

Our starting point is the finite derivative expansion of an asymptotically AdS; spacetime, (195). The fundamental
question is whether the latter admits a smooth zero-k limit.

We have implicitly assumed that the Randers-Papapetrou data of the two-dimensional pseudo-Riemannian con-
formal boundary associated with the original Einstein spacetime, a, b and 2, remain unaltered at vanishing k,
providing therefore directly the Carrollian data for the new null boundary J. We can furthermore match the various
two-dimensional Riemannian quantities with the corresponding one-dimensional Carrollian ones:

u=—k*(Qdt — (by + ;) dx) + O (k*), »u=kvadz + O (k°) (653)
and
© = 0+0(K),
a = K (ps+7)dz+0 (k), (654)

A = 60Qdt+ (o + 0,) dz + O (K?),

where the left-hand-side quantities are Riemannian, and the right-hand-side ones Carrollian (see (375, 376, 378,
385, 386)).
The closed form (195) is smooth at zero k. In this limit the metric reads:”®

dsjay = — 2(Qdt —b— B) (dr + 7 (¢ +~+ 0 (Qdt — b — j)))

+r2d0? + 871Gy (Qdt — b — B) ( —b-B) - (655)
N € (th b ﬂ) 71') .

Here d/?, Q, b = b,dz, ¢ = ¢.dx and § are the Carrollian geometric objects introduced earlier. The bulk Ricci-flat
spacetime is now dual to a Carrollian fluid with kinematics captured in 8 = S,dx and v = ~,dxz, energy density ¢
(zero-k limit of the corresponding relativistic function), and heat current 7 = 7,.dz (as defined in (392), (393) and
(394)).

For the fluid under consideration, there is also a pair of Carrollian stress tensors originating from the anomaly
(196). Using expressions (391) and (396), we can determine 75 and 7=, and (397) provide in turn the Carrollian

stress: ) 9.0 ) 5.0
T o 2, 27 =T v x _ p2(p2  Y9tY
e =l <9 + Q) == o <<Vz+<pm>g& 3 (a n Q)) (656)

This is the Carrollian emanation of the relativistic conformal anomaly.

Expression (655) will grant by construction an exact Ricci-flat spacetime provided the conditions under which
(195) was Einstein are fulfilled in the zero-£ limit. These are the set of Carrollian hydrodynamic equations (399—
402), with Carrollian power and force densities e, f, g., h, obtained using their definition (398) and the expressions
of f,, displayed in (200). Equations (400) and (402) are automatically satisfied, whereas (399) and (401) lead to”®

1 - 1 ZS:E S T 6% N x N _

a2+ ( o DD ) -0 (657)
) AN I

D$5 — ﬁDtE + §Dt (ﬂ-w + 25&1) =0

with s, given in (388). The unknown functions, which bear the fluid configuration, are (¢, z), m.(t,z) and 8. (t, z).
These cannot be all determined by the two equations at hand. Hence, there is some redundancy, originating from
the relativistic fluid frame invariance — responsible e.g. for the arbitrariness of £(z+,27) in the description of AdS
spacetimes using the light-cone boundary frame.

Equations (657) are Weyl-Carroll covariant. The Ricci-flat line element (655) inherits Weyl invariance from its
relativistic ancestor. The set of transformations (374), (377) and (379), supplemented with ¢ — B¢ and 7, — B,
can indeed be absorbed by setting »r — Br, resulting thus in the invariance of (655). Exactly like in four bulk
dimensions, Weyl invariance is rooted in the location of the null boundary J.

We would like to close this chapter with a specific but general enough situation to encompass all Barnich-
Troessaert Ricci-flat three-dimensional spacetimes [119]. The Carrollian geometric data are b, = 0, Q = 1 and

75We remind that for three-dimensional bulks, contrarily to the four-dimensional case, we allow 3 to be arbitrary.
76\We remind that Weyl-Carroll covariant derivatives are defined in (380-383). Here ¢, 3%, 7. and s* have weights 2, 1, 1 and 3. For example
Dys® = Vzs® + 208" = ﬁaz(\/asw) + 248"
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a = exp 2®(t, x), and the kinematic variable of the Carrollian dual fluid 3, is left free. Consequently (655) reads:

dsfy = —2(dt — Boda) (dr + 1 (9 @dt + (9 — 8,®) fdx))
+1r2e*®da? 487Gy (dt — Bedx) (edt — (74 + £6,) dz) (658)

where ¢(t, ) and 7 (t, z) (z is not bold because one-dimensional) obey (657) in the form

1
(O +20;®) e + G (255 (O + 0:®) 8% + By (0 + 30:P) s¥ + (05 + 0, P) s%) =0, (659)
Oze + (0 + 01 D) 7y + 2608, + B0 = 0.
Here, s, takes the simple form

For vanishing 3., the results (658) and (659) coincide precisely with those obtained in [119] by demanding Ricci-
flatness in the BMS gauge. Here, they are reached from purely Carrollian-fluid considerations, and for generic
B (t, x), the metric (658) lays outside the BMS gauge.

4.2.2 Charges Analysis

The absence of anomaly in the Carrollian framework is equivalent to setting ¥*, = =%, = 0, whereas the Weyl-
Carroll flatness requires s = 0. This amounts to take Q = a = 1 and b, = 0,”” and with those data s = 0 reads

9?8, =0. (661)

In the Carrollian spacetime at hand, the fluid equations of motion (657) are

at€ =0
' 662
{ Oz + Oy(my + 2e8,) = 0. (662)

They can be integrated in terms of four arbitrary functions of z: e(x), w(z), A(z) and u(x). We find
Tt ) = —2e(x)Ba(t,x) + w(x) — t0se, (663)
Bu(t,z) = - (664)

(this parameterization of 3, will be appreciated later). The Ricci-flat (even locally flat) reconstructed spacetime from
these Carrollian fluid data is obtained from the general expression (655):

dsfyy = —2 (dt — Budz) (dr + 10 Bydx) + r?da® + 87Gy (e(dt — Bodx)® — mpdz(dt — Bodz)) (665)

where (5, and 7, are meant to be as in (663) and (664).

On the one hand, the arbitrary functions e(z) and w(z) are reminiscent of the functions L. (z*) (or £(t, )
and x(t,z)) present in the AdS solutions. A vanishing-k limit was indeed used in [102] to obtain ¢(z) and w(x)
from L. (z*). On the other hand, \(x) and u(x) remind ¢*(x%), and are indeed a manifestation of a residual
hydrodynamic frame invariance, which survives the Carrollian limit. Considering the Carrollian hydrodynamic-frame
transformations (403)

Bl = B + B, (666)

in the present framework (3%, = Z%, = 0), and using (140—143, 392-394), we obtain the transformations:
e =¢e, 7 =m,—2B,, (667)

which leave the Carrollian fluid equations (662) invariant. The new velocity field ., is compatible with the Weyl-
Carroll flatness (661) provided the transformation function B, is linear in time, hence parameterized in terms of two
arbitrary functions of . This is how A(x) and u(z) emerge.

77 Actually the absence of anomaly requires rather Q = Q(t), a = a(x) and b, = b, (z), which can be reabsorbed trivially with Carrollian
diffeomorphisms.
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Observe also that the residual Carrollian hydrodynamic frame invariance enables us to define here a Carrollian
Landau-Lifshitz hydrodynamic frame. Indeed, combining (663) and (664) we obtain

mo(t,2) = —A(z) + @(z) + te(2)d, In *;((;“")) . (668)
Adjusting the velocity field 3, such that
_ pz) 1
Az) = w(z) and @ "= (669)

with ey a constant, makes the Carrollian fluid perfect: 7, = 0.

In complete analogy with the AdS analysis, we will first compute the charges for vanishing velocity 5, = 0 (which
is given by A(z) = 0 and u(z) = 1) in terms of e(z) and w(z), and next perform the similar computation for perfect
fluids with velocity 5, parameterized with two arbitrary functions A(z) and u(x). Here empty Minkowski bulk is
realizedwith y =1, A =0,w=0and gg = e

As for the AdS case, the class (665) is not in the BMS gauge, unless . is constant, which can then be re-
absorbed by a global Carrollian boost (constant B,).”® We will first discuss this situation, where the asymptotic
Killings are the canonical generators of bmss. Outside the BMS, we will perform the determination of the asymptotic
isometry for metrics reconstructed from perfect fluids, and proceed with the surface charges and their algebra. Our
conclusion is here that asymptotically flat fluid/gravity correspondence is sensitive to the residual hydrodynamic-
frame invariance, as we will now prove. Eventually we will compute charges for a dissipative static fluid which is not
hosted by a Weyl-Carroll flat boundary.

Dissipative Static Fluid

The metric (665) for vanishing 3, takes the simple form (from now on we denote with a prime the spatial derivative
€ = Ore)

dsjy = —2dtdr + r?dz® + 87Gy (edt — (w — te') dx) dt, (670)
compatible with BMS gauge with asymptotic Killing vectors
¢=C"0,+ ("0 + ("0, (671)
where
"= Y+ H' +tY" + ? (w—te') (H +tY"), (672)
¢ = H+tY, (673)
¢ = Y- % (H' +tY"). (674)

Here H and Y are functions of = only. Vectors (672—674) are the vanishing-% limit of (214-216), reached using
¥ =2 4 kt, and setting Y+ (2%) = Y (2) £ k (H(x) + tY'(2)).
This family of vectors produces the following variation on the metric fields:

dgm N dgm N dgm N

- L =4 = dce + dce’ + 8¢, 675

¢IMN CIMN e ¢ RS 0w ¢ ( )
with

"
dee = —2eY' —Ye + 676
¢ 47TGN ’ ( )
o 1 ’ 1 /

Sew = — (eH?) — = (wY?)". 677

@ = gt EH) -5 (@) (677)

78The functions A(z) and u(z) entering (665) via (663) and (664) can be reabsorbed in any case by performing the coordinate transformation

dr — \/jl% dt — \/7 (dt + Bzdx) and r — r+/u(x). This leads to the same form as the one reached by setting un = 1 and A = 0, i.e
(670).
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Their algebra closes for the same modified Lie bracket (219) with ¢ = ¢ (H,,Y,) and
Yz =YYy - YoY] Hy =Y H)+ H\Y) — Yo H; — HyY]. (678)

We can compute the charges of g in (670), using Minkowski as reference background g. They read:

1 27
Quylg—9,9] = 5/0 dx [H (5 + 87rGN) — Yw} . (679)

With a basis of functions ¢ for H and Y, we find the standard collection of charges

P, L / % dz e™ ( e+ ! J, L / - dx e™® (680)
m = 3 5 m= T3 w,
2 /s “ T G 2 J
which coincide with the computation performed e.g. in [102]. Using
{Qu v, Quo e} = 0¢ Qe = —0¢ Qv (681)

we obtain the following surface-charge algebra:

i {Joms Pa} = (m = 1) P + ~—=m (% = 1) Sngnos i {msJn} = (M =)oy, {Pm P} =0 (682)

12

with ¢ = % This is the bms; algebra, and this analysis demonstrates that a non-perfect Carrollian fluid, even with
B. = 0, is sufficient to generate all Barnich-Troessaert flat three-dimensional spacetimes. This goes along with the
analogue conclusion reached in AdS for Bafiados spacetimes.

Perfect Fluid with Velocity

Consider now the resummed metric (665) assuming (669). We obtain

!/
dsiy = —2 (dt — Bdx) <dr — g‘:tdx> + r2dz? + 87Geopu (dt — Bydz)” (683)
with 3, given by
1 /A
= — | — =ty ). 4
b=y (50 v ) (684)
Unless 3, is constant, the metric (683) is not in BMS gauge. The BMS subset is entirely captured by =1, A =0
with resulting solutions plain Minkowski (e = —ﬁ) and the non-spinning zero-modes of Barnich-Troessaert
family:
dsjay = —2dtdr + r*dx® + 87G yeodt?. (685)

The asymptotic isometries of (683) are now generated by”®
n=0"0r +1'0 + 10, (686)
expressed in terms of two arbitrary functions h(z) and p(z)
0 =—rp', n'=h+t, 0" =p. (687)
The algebra of asymptotic Killing vectors closes for the ordinary Lie bracket
[n,m,] =, (688)

with n,= 1 (ha, pa) and
p3 = pip2 — p2py,  hs = prhy + hipy — pahy — hapy. (689)

79 Again the fields (686) and (687) are alternatively obtained by an appropriate zero-k limit of (228) and (229).
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It respects the form of the metric

— LpguN = OngunN = 398121\/ Onp + 8?\:,]\] ot + 3981\11\/ Sy (690)
with
oA = =2Xp" = pX o 2uh’ + hy'), (691)
oppt = —2up’ — pp'. (692)
The charges of g in (683) are computed as usual with Minkowski as reference background g. They read:
Quilo =gl =} [ e (st o) -], (693)
2 Jo 8GN
With a basis of unimodular exponentials for & and p, we now find
1 27 , 1 [ ;
My = 5 i dx e'™® (gou + 5 GN> o I =3 i d e\, (694)
and
{Qh1.p1 Qhopa} = 0 @hope = —0n Qnipy (695)
provide the surface-charge algebra:
i {Ln, My} = (m — n)Mppin — %%mo i{In L} = (m = ) s {M, My} =0. (696)

As for the AdS case, the central extension of this algebra can be reabsorbed in a modes redefinition. Indeed,

translating the modes
~ 1

Mm = Mm - @5171,03 (697)

we obtain ~ . .
i{lm,yMn} = (m*n)Mm-Q—na i{Im7In} = (m*n)Im-&-na {Mvan} =0. (698)

This algebra (that could have been obtained from (239) in the zero-% limit) has no explicit central charge. There-
fore, our computation shows that holographic locally flat spacetimes based on perfect Carrollian fluids have asymp-
totic charges different from spacetimes based on dissipative static fluids.

Carrollian Charges

We would at this point to compute the charges defined in Section 3.3.1. We first of all need to deduce the boundary
Carrollian data and momenta. To do this, we consider the restrictive case in which we set 5, = 0. This case is
different from the two treated above: it is a dissipative static fluid where the boundary host is so far general — not
Weyl-Carroll flat. The bulk line element (655) reads

dsiay = —2(Qdt — b) (dr + 7 (¢ + 0 (Qdt — b)) + r?dl* + 87G N (Qdt — b) (¢ (Qdt — b) — 7). (699)

From this metric we can extract the corresponding Carrollian geometry on null infinity 3 = {r — oco}. The following
procedure is general but we will use the specific case of three-dimensional asymptotically flat spacetimes as an
illustration. Consider the conformal extension of (699)

d§f2|at = ristﬁat, (700)

the factor =2 is present to regularize the metric on J. We perform the change of variable w = r~* in the conformal
metric, it becomes®

déiy = —2 (Qdt — b) (—dw + w (¢ + 0 (Qdt — b))) + db? + 871G yw? (Qdt — b) (e (dt — b) — 7). (701)

80The null asymptote is thus J = {w — 0}.
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We can deduce the Carrollian geometry on J

1
SO, d3fay g = dl® = ade® and g (.,0,), = Qdt —b. (702)

g ! (-, dw))y = q

We now move to the dynamics. Using D, s* = 0 with s, = £, — O, — 9.0 (see (388) with 3, = 0), Einstein

equations reduce to
l8 +20) &
Q t

(c’iv + 2%) £+ (éat + 9) o

I
o

(703)

|
&

(704)

We interpret them as the Carrollian conservation equations (432—435) for ¥** = B* = 0 and £ = P (conformal
case). Furthermore =** is automatically zero due to its tracelessness.

We would like at this point to obtain the surface charges. We thus compute the asymptotic Killing vectors of ds3,,
whose leading orders in »—! are

& =-rA\t,x)+0(1), &=¢(ta)+0r") and & =¢"(x)+0(r). (705)

Here A = V,&% + %@ Iny/a and £ = £'0, + £70, is a conformal Killing vector (i.e. satisfying (445) and (446)) of
the corresponding Carrollian geometry {Q,a,b.}. We calculate the associated surface charge through covariant
phase-space formalism (see for instance [61]) and obtain that they are integrable:

27
Qdol = [ dova (@€ - 2,67) €~ €°m). (706)
- 0

It is readily seen that these charges have exactly the same expression as the conserved charges defined in
(451) out of purely Carrollian considerations

Qclo) = C; (707)

Notice eventually that if we restrict our attention to the case 2 = 1, « = 1 and b, = 0, we recover the usual
Bondi gauge for asymptotically flat spacetimes, and the charges become exactly the ones derived in (679) for the
dissipative static fluid on Weyl-Carroll flat boundary geometry.

To recap and conclude, we have analyzed different charges associated to different gauges and parametrizations.
The heat current is of paramount importance in our construction. Disregard it a priori is not wise, as the charges
computation clearly indicates. Using hydrodynamics to build bulk metrics was a very powerful tool. An important
question, which is part of the projects we are addressing, is to analyze the solution space of the metric (655) in full
generality, find the most general asymptotic Killing vectors that preserve it and their charges, at the light of recent
works on the most general boundary conditions [207].
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5 Weyl Symmetry

We are now fully equipped to tackle the last part of this work, which is devoted to the understanding of Weyl
symmetry in holography. Although the previous part of this manuscript was focused on the flat limit of holography,
this chapter will only touch upon the AdS construction. The flat limit of the ideas reported here is an open chapter,
to some extent yet to be written.

As we mentioned multiple times so far, Weyl symmetry is a key ingredient in the fluid derivative expansion.
Indeed, the derivative expansion builds a bulk metric based on boundary Weyl covariance. Nevertheless, the FG
gauge is not form invariant under this symmetry. We recall here that Fefferman and Graham in their seminal works
[77,78] found a bulk gauge (FG gauge) preserving the structure of time-like hypersurfaces in AdS, . spacetimes.®
This is useful to discuss the time-like conformal boundary; which we saw that in suitable coordinates is located at
z = 0, z being the holographic coordinate such that z = const hypersurfaces are time-like. The FG gauge induces on
the boundary a metric, while the bulk Levi-Civita connection gives at first order the boundary Levi-Civita connection.

Although everything is consistent, we already insisted that there exists some leftover freedom in choosing the
boundary metric. This comes about because the induced metric on the z = 0 hypersurface is defined, because of
certain bulk diffeomorphisms, up to a rescaling by a non-trivial function of the boundary coordinates. We therefore
often refer to the boundary as possessing a conformal class of metrics and say that the boundary enjoys Weyl
symmetry. The latter is however ignored in physical applications, for we usually fix the boundary metric and thus
break this symmetry.

The main observation is that the Levi-Civita connection is not Weyl-covariant, the metricity condition being the
source of this non-covariance. This problem can be sidestepped by introducing the notion of a Weyl connection
and more generally of Weyl geometry [175,176]. We will show that Weyl connections play a role in the holographic
correspondence, on the field theory side of the duality. Indeed, we will prove that, by slightly generalizing the FG
ansatz to what we call the Weyl-Fefferman-Graham gauge (WFG), the Weyl diffeomorphism responsible for the
rescaling of the boundary metric becomes a geometric symmetry. The consequences of this modification are: the
bulk geometry induces on the boundary a metric and a Weyl connection, instead of its Levi-Civita counterpart. In
the dual quantum field theory, these objects act as backgrounds and sources for current operators.

It is a familiar aspect of the FG formalism that the on-shell bulk action diverges as one approaches the boundary.
Traditionally, this is dealt with by including local counterterms which are functionals of the induced geometry, in
a solution-independent way [10,11,13,177]. There remains one physical subtlety, which is the appearance of a
simple pole in d + 1 — 2k, with k integer. This effect is more appropriately thought of as an anomaly in the Weyl
Ward identity, a basic feature of renormalization theory [184]. This anomaly can be traced back to the fact that
holographic renormalization breaks Weyl covariance by fixing a z = € hypersurface to regulate the theory. No
Weyl-covariant renormalization procedures exist, which indicates that a Weyl anomaly is present and contributes in
any even-dimensional boundary theory.®? We will unravel a different packaging of the Weyl anomaly, through the
use of the WFG gauge — the Weyl anomaly will in fact become an integral over Weyl-covariant geometrical tensors.
Inspired by [185], we will present a simple cohomological interpretation of the Weyl anomaly, based on the difference
of two Weyl-related bulk top forms.

We will furthermore advocate a different interpretation of the boundary sources and Ward identity, corroborated
by the WFG extension. Specifically, we interpret the boundary theory as defined on a background metric and a
background Weyl connection, given by the leading order of the bulk dual. We are now really sourcing two different
currents, which can and indeed do both participate in the boundary Ward identity. We will in particular show that
the holographic dictionary furnishes directly this boundary Ward identity relating the trace of the energy-momentum
with the divergence of the Weyl current. This will be elegantly verified directly from the boundary action, without
invoking holography.

81The boundary in our conventions has dimension d + 1. This rather unusual choice has been made to emphasize the spatial d-dimensional
subspace. With respect to previous chapters, we refer to the boundary tensors here with a subscript (¥), to underline the holographic order at
which they appear.

82]t is not an easy task to prove that Weyl anomalies arise only in even dimensions. To do so one has to prove that non-trivial cocycles of the
Weyl group arise from local functionals that are Weyl invariant in and only in even integer dimension, [185].
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5.1 Weyl Invariance and Holography

The Fefferman-Graham theorem says that the metric of a locally asymptotically AdS,,> geometry can be always
put in the form (144), i.e.

ds* = L2d722 + hyw (25 x)dzt dz” (708)
= 52 pr\<,

Using the expansion for &, (145), and regarding the boundary dimension d + 1 as variable,® gfﬁ)(m) has an
interpretation as an induced boundary metric:

22

ﬁdf = 9\ (x)dadz” = dsiy,. (709)

It is this object that sources the stress energy tensor in the dual field theory, with T,S(,l) (z) its vev, as discussed. All of

the other terms in the series are determined in terms of gfﬂ) (z), be?, (z) by the bulk classical equations of motion.
Equation (709) defines the induced boundary metric up to a Weyl transformation. We see indeed that there is
an ambiguity in the construction of this metric which amounts in defining the latter up to a scalar function of the
boundary coordinates. Although it is often stated, this ambiguity is usually disregarded.
The following bulk diffeomorphism (which we refer to as the Weyl diffeomorphism)

z— 2 =2z/B(z), ot — 't = H (710)

plays an important role. It has the effect of inducing a Weyl transformation of the boundary metric: using (709) with
now holographic coordinate z’ we obtain
2 gl(LOV) ($) i v
dspgy = B(2)? dztdx”. (711)
However, this diffeomorphism does not leave the bulk metric in the Fefferman-Graham gauge, but rather transforms
it to

dz’ 2
ds®> = L* <z’ + 0, InB(z) dx“) + hy (7' B(x); x)da* dz” (712)
where
L? gx(gj) (z) 2" 2 2 2 (4
h (2'B(x);2) = 72 | Ba)? + ﬁgful)(m) + FB(CC) g;(u/)(m) + . (713)
24! d—1(0) 2 d+17(2)
+Ld*1 B(x) Ty (x) + ﬁB(a:) T, () +...]. (714)

Thus, this diffeomorphism takes us out of FG gauge (as it is one of the diffs that was fixed in going to that gauge),
and acts on the boundary tensors g,(ff,) (z) and T,S'f,’)(;v) by a local Weyl rescaling with specific k-dependent weights.
The standard way to deal with the fact that we have been taken out of FG gauge is to employ an additional

diffeomorphism acting on the = — z* + £*(z; ) which becomes trivial at the conformal boundary in such a way

that gfﬁ,) (x) is left unchanged, but the cross term in (712) is cancelled. However, this diffeomorphism unfortunately
has a complicated effect on all of the subleading terms in the metric — they no longer transform linearly as in (713),
but instead transform non-linearly under the combined transformations and this obscures the geometric significance
of the sub-leading terms. There is nothing inconsistent here: indeed, in FG gauge, the subleading terms are given
on-shell by expressions involving the Levi-Civita curvature of the induced metric, which themselves transform non-
linearly under Weyl transformations.

We will instead consider here a revised ansatz, which we refer to as Weyl-Fefferman-Graham (WFG) gauge,
defined as®*

d 2
ds* = L* <zz - au(z;x)dac“) + hp (2 x)dat da” . (715)

83This avoids the necessary introduction of logarithms that occur when d + 1 is an even integer. In fact, using dimensional regularization we
will allow (d + 1) € C, the analytic continuation of the number of spacetime dimensions.

84|t is also possible to generalize the ansatz by the inclusion of a scalar function in front of the first term, essentially a radial lapse function. We
will discuss this further in the following. Notice furthermore that the flat limit of this ansatz is still divergent, as for the FG one.
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The constant-z hypersurface ¥ at z = 0 remains the conformal boundary with induced metric ¢(©), as
ﬁd 2 g0 )datda” (716)
L2S s 9w (2)ax"dr”.

Thus the presence of q,, in the ansatz does not modify the induced metric at = = 0. However, the metric is no longer
diagonal in the z, z* coordinates, and so we must take greater care in interpreting how we approach the conformal
boundary.

It is natural, given the metric ansatz (715), to introduce the 1-form

e=Q(z;z)7! (dz - au(z;x)d:v“) (717)
z
This form defines a distribution C. C T'M defined as
C. = ker(e) = span {X € F(TM)‘ZX@ = 0} . (718)

Note that there is an ambiguity in multiplying e (or equivalently the X’s) by a function on M, and we have represented
this ambiguity by introducing the function €.

We remark that if a,, were zero, then C. is the span of the vectors 9, and can be thought of as related to
constant-z hypersurfaces. More generally, it is convenient to introduce a basis for C. as the set of vectors

D, =0, +a,(z;7)20.. (719)

This implies that we can regard a,, as providing a lift® from 7' (with basis {9,,}) to C,, that is, it can be thought of
as an Ehresmann connection. By the Frobenius theorem, C. is an integrable distribution if

[D,,D,] € C.. (720)
To understand this condition, it is convenient to introduce a vector dual to e,

e =Q(z;2)20, (721)
which has been normalized to e(e) = 1, and we regard {¢, D ,} as a basis for 7., M. We then compute

[D,.D,] =z2)" fuve,  fu = Dpa, — Dyay, (722)
So we find that integrability is the condition f,,, = 0, and thus by Frobenius, the distribution C, would define under
that circumstance a foliation of M by co-dimension one hypersurfaces.

By taking e in the form (721), we have fixed some of the diffeomorphism invariance;® the diffeomorphisms that
preserve the form of ¢ are given by 2/ = 2/(z;x),2’* = a'#(x). Given the interpretation of holography in terms of
renormalization, we expect that these diffeomorphisms correspond to generic local (in x) coarse grainings. These
residual diffeomorphisms act on the form e as

0z (x) ,

1,
o o (252" = Olnz'(z;x)

Olnz

Olnz'(z; x)
OxH

Olnz'(z;x)
(') = 5
? (Z’x) alnz

au(z;x) + Q(z;x). (724)
The first equation is consistent with the interpretation of ¢ as an Ehresmann connection. The second equation
implies that the inherent ambiguity in the definition of the distribution C. represented by Q(z; ) can be thought of
as the (local) reparametrization invariance of z. We can for example use this reparametrization invariance to set

85Here, we are regarding ¥ as an isolated hypersurface in M. We can thus regard M as a fibre bundle = : M — 3. An Ehresmann connection
provides a splitting of the tangent bundle TM = H @ V, and the D, vectors form a basis of H, identified with C., at the point (z, z#).
86|ndeed, the vector field e could more generally be of the form

e— ¢ =e+0(z2)D, (728)
which satisfies e(e) = 1 for any 8*. (In the language of footnote 85 (see page 95), the ¢ of (721) is special in that ¢ € V). In the general case,

we have [QM,QV] = fuve — fWHAQA and thus integrability remains the condition f,,, = 0. The second diffeomorphism, discussed earlier,

that returns the metric to the FG ansatz after a boundary Weyl transformation corresponds on the contrary to setting a,, — 0 at the expense of
keeping 6+ # 0.
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Q(z;z) — L~ if we wish. The residual diffeomorphisms that preserve this choice (or, more generally preserve any
specific Q(z;x)) are of the form 2/ = z/B(z), 2" = 2’*(z), which are the Weyl diffeomorphisms. These give
oz'V (x)

oxH

a, (z';2") = a,(z;2) — 0, In B(x), (725)

and so we are to interpret the a,(z; z) as a connection for the Weyl diffeomorphisms (710). Given this result, it will

not come as a surprise that there will be an induced Weyl connection on the conformal boundary. To recap, using
Q = L', we have the following setup

{e,D,} = {L*lzaz,a# Jra#z@z}, [D,.D,] = Lfue. (726)

To proceed further, we Fourier analyze a,(z; x) and h,, (z; ) in the sense that we will expand them in eigenfunc-

tions of e. Such eigenfunctions are of course just the monomials in z € R*. For h,,(z;2) we obtain then the same
expansion as before, (145), and for a,(z; z) we write

Ld—1 22
au(zx) = [QLO)(x) + = L2 (2) (x) + } + T {p/(LO) (z) + ﬁp,(f) () + .|, (727)

which is of the same form as the expansion of a massless gauge field in Fefferman-Graham. Given these expres-
sions, we observe that a(o) is not part of the boundary metric, although as we will show, it is part of the induced
boundary connection and thus should be regarded as part of the boundary geometry.

More precisely, what we will show is that for the WFG ansatz, the induced connection is not the Levi-Civita
connection of the induced metric, but instead a Weyl connection. Given the expansions (145,727), we see that the
Weyl diffeomorphism (710) acts as

9 (@) = gl (@)B() =2, T (@) — T () B(a) =1 (728)
af) (@) = al) (2)B(x)" — 6100, mB(x),  p{P(x )ap““)(a:)zs(x)d*l*k (729)

and so in particular
9\ (@) = () (@)/B(x)*,  al)(z) = al)(z) — 8, In B(x) (730)

and thus we may anticipate that a(o) will play the role of a boundary Weyl connection. All of the other subleading
functions in the expansions (145, 727) are interpreted to have, a la (728-729), definite Weyl weights, that is they
are Weyl tensors. It is then natural to expect that they will be determined in terms of the Weyl curvature, which we
discussed in the last section.

We introduced the concept of the distribution C, precisely in order to properly discuss the notion of an induced
connection, as C, is a sub-bundle of TM. That is, given a connection V on T'M (which we will take to be the
Levi-Civita connection), we can apply it to vectors in C., which will be of the general form

Vp,D, =T},

n%

D, +T%, (731)

The coefficients of the induced connection on C, are by definition the Ffw appearing in (731). Notice that these con-
nection coefficients should not be confused with the usual Christoffel symbols, which are associated with coordinate
bases. By direct computation, we find

™, =), = in (D By + Dyl — phw) (732)
and furthermore if we evaluate this expression at z = 0, we find
9pp

YO = 3908 (00 — 2a)g%) + (0, — 2)g(S) — (9, — 2a")g2)) (733)

This result can be compared to the result (782) reported in Appendix A,8” from which we conclude that the induced
connection on the boundary is in fact a Weyl connection, with the role of the geometric data g., and A, in (782) being
played here by gff)y) and a“ . In comparing, we make use of the fact that here the intrinsic rotation coefficients are
Cuw* =0, asin (722). We WI|| use the notation V(© for the corresponding Weyl connection (whose Weyl-Christoffel

87We report in this Appendix an account on the definition of the Weyl connection.
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symbols are given by (733)), and the curvature as R(O)Aﬂpy. A tensor with components ¢, . (z) that has Weyl
weight w; transforms as t,, ., (z) — B(x)"t,,. ., (z), while Dyt,, . (x) = Vf,o)tm,__un (z) + wta(yo)tmm,m (x)
transforms covariantly with the same weight. As noted above, all of the component fields aside form a,(f) transform
covariantly with respect to arbitrary Weyl transformations, and the Weyl weights of the various component fields are
given above in (728). In the next section, we will briefly study some aspects of the holographic dictionary, and we will
find that every equation is covariant with respect to arbitrary Weyl transformations — it is a bona fide (background)
symmetry of the dual field theory. In particular, we will find that the appearance of a,ﬂo) (z), since it transforms non-
linearly under Weyl transformations, is through Weyl-covariant derivatives of other fields, or through expressions
involving the Weyl-invariant field strength f,(f;).

Before moving on, we would like to stress again the main result of this section: the usual bulk Levi-Civita
connection built using the bulk metric in the enhanced WFG gauge induces on the boundary a Weyl connection
and therefore a boundary Weyl-covariant geometry.

5.2 The Holographic Dictionary and the Weyl Anomaly

In this section, we will explore some details of the holographic dictionary corresponding to the WFG ansatz. The
Levi-Civita connection in the bulk has the form

Vp,D, = 7Dy —hoat,e (734)
Vpe = ¢.D, (735)
VeD, = ¢ .Dy+ Loye (736)
Vee = —Lh*¢,D, (737)
where I
Y, = ph, + §h‘“fxy, p'y = th"e(hn),  @u=-¢elay),  fu =Dya, — Dyay (738)

and we note that ¢, is proportional to the rotation coefficient Ce,.¢, i.e., [e, QM] = Ly,e. In addition, we will use the

notation® ¢ = trp = e(Inv/~h) and ¢*, = p*, — 500",

As we have detailed above, the WFG metric ansatz has two bulk fields h,,,, and a,,, and ¢ (z) and o\ (x:) appear

as sources (and/or backgrounds), while T,EB)( ) and p ( ) appear as the correspondlng vevs. The corresponding
operators in the dual field theory are Weyl-covariant currents 7,,,(z) and J,,(x), each of Weyl weight d — 1. We will
discuss these operators more fully in Section 5.3.

As usual, one finds that the bulk equations of motion determine the subleading component fields in terms of
gfﬁ) (x),aff)) (z), Tﬁl,)( ) and pu ( ). Here we will assume that we have a vacuum solution that is asymptotically
locally anti-de Sitter. For example, the ee-component of the vacuum Einstein equations is

2

L _
0= Geo + Agee =~ 3trlpp) — > tr(Ff) ~ 4R+ 367 (739)

(d+1)d

where A = —*57>= is the cosmological constant of AdS,, > and we define for the sake of brevity

—X\
R upv — Dp%i\u - DV'Y[);\M + FYSM’Y[))\(S - Vipr)/i\é (740)

with R = h“”ﬁpupu the corresponding Ricci scalar. Expanding (739) we find

dd+1)] 122 2 (1 0 A Td+1_ 5
o:[A+ 573 } 573 [QdL XU+ RO+ —d sy |- LYW 4+ Dopgy | + (741)
where R is the boundary Weyl-Ricci scalar and
X0 = grrg@ Yy = (), (742)

88The notation used here can be interpreted in terms of expansion (6), shear (¢), vorticity (f) and acceleration (¢) of the radial congruence e.
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In (741), the order one equation is trivially satisfied while the 22 contribution gives X (1) entirely in terms of the
Weyl-Ricci scalar curvature:

xXW = —L—QR(O). (743)
2d

As in the FG story, we must be careful with the O(z9*!) terms here because of divergences in the evaluation of the
on-shell action — those divergences are responsible for the Weyl anomaly in the dual field theory, the structure of
which we will discuss in detail below. Nevertheless, we may read off the ‘left-hand-side’ of the Weyl Ward identity

from this,
212
ym == 744
to 1D Py (744)
We will see later that this is the expected form given the interpretation of T# and p ) as vevs of currents in the dual
field theory. We will also study the form of the anomalous right-hand-side later.
Similarly, one finds that the leading O(z?) term in G.,, is proportional to

VO (G5 + 1)) =0 (745)

the vanishing of which is the twice-contracted Bianchi identity of the Weyl connection, as discussed in the Appendix
A (see eq. (800)).
The leading non-trivial terms in the puv-components of the Einstein equations determine

(746)

L?
(2 — _ (0)
9w =~ (ch(w) 24

1 L?
_ fR(O’g,S‘l)) —_ Y o
where L is the Weyl-Schouten tensor. Its trace (742) correctly reproduces (743). We take each of these results
as representative of the fact that the subleading terms in the expansion of the metric are determined by the Weyl
curvature, analogous to what happens in the usual FG gauge in which they are determined by the Levi-Civita
curvature of the induced metric. As we mentioned previously, the difference is that now all of the subleading terms
in the bulk fields are Weyl-covariant. One expects that the same is true for a,, as well, along with the transversality

of such solutions. For example, the O(z*) term in the eu-component of the bulk Einstein equation involves a( )i
the form Maz(a®), where Max refers to the Weyl-Maxwell differential operator

Maz(a®), =D -Da) — Du(D-a®) + (Ricl) +4f)glg)al?. (747)

The appearance of the Maxwell operator here is the analogue of the appearance of the tranverse tensor I1*” in the
bulk solutions for a massless gauge field, when the boundary is Minkowski space-time. Note that both the Weyl-Ricci

tensor and fff;) appear in the Laplacian because a(? is a vector field that has non-zero Weyl charge (weight).

The holographic dictionary for WFG will be taken to be the obvious generalization of the usual relationship, i.e.,
Zouklg: 9, V)] = exp(—Sos [, a; ¢V, al”]) = Zer[g©), al] (748)

where on the left we have the on-shell action of the bulk classical theory whose metric is given by h, a with asymptotic
configurations ¢(?,a(?), while the right-hand-side is the generating functional of correlation functions of operators
sourced by ¢(@,a(®. Although this is expressed in terms of the “bare” sources, it is implicit that a regularization
scheme for the left-hand-side is employed and that the boundary counter-terms are introduced to absorb power
divergences that arise in the evaluation of the on-shell action. Here, we will organize the discussion by taking the
space-time dimension d + 1 to be formally complex; the on-shell action is convergent for sufficiently small d + 1, and
as we move d + 1 up along the real axis, we encounter additional divergences as d + 1 approaches an even integer.
It is well-known in the context of Fefferman-Graham that as a byproduct this divergence induces the Weyl anomaly
of the dual field theory, and is associated with the appearance of logarithms in the field expansions when d + 1 is
precisely an even integer. Here we will review this bit of physics, as the existence of the Weyl connection, as we will
see, organizes the Weyl anomaly in a much more symmetric fashion than is usually described.

It is taken for granted that Z,,i is diffeomorphism invariant. Under the holographic map this implies, among
other things, that the dual field theory can be regulated in a diffeomorphism-invariant fashion. However, the bulk
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calculation is classical, and thus, in principle, is a functional of the bulk metric g as well as the boundary values. We
therefore suppose that

Zbulk [gl;ggo)aal(o)a""z/ax/} 1

, (749)

Zulk [g;g(o),a(op 2796}

where the notation refers to the fact that we are computing the partition function in different coordinate systems. Here
of course we are particularly interested in the Weyl diffeomorphism (2/,2") = (z/B(z), «) which relates the boundary
values ggo) = g(o)/BQ, “20) = a(o) —dInB. Zyk is given in the classical limit by evaluating the (renormalized) on-shell
action, Zpyk = e~ Sosl9i900).900)-12:2] - We then ask, is it also true that this cleanly induces a Weyl transformation on
the boundary? That is, is it true that

Zbdy[x': géo)a al(o)v o] ?

Zbdy[T; 9(0) A(0)> -]

where Zpqy is the generating functional in the given background. As is well-established, what happens is that there
is an anomaly

1, (750)

Zbulk |:g/7 920)7 a‘l(o)7 ""Z/7 Z':| Ax Zbdy[x; gzo), CL%O), }
=e
2, x} Zpay[T; 9(0)> (0 -]

(751)

Zbulk [9; 9(0)> (0 -+

in dimension d + 1 = 2k. Recall that we are employing the specific Weyl diffeomorphism, which is inducing a Weyl
transformation on the boundary, but no boundary diffeomorphism. If we take the log of these expressions, the result
is that

0 = Sbuik[9'; 9(oys 12"+ ] — Soukl; 90y -+-|2: ] = Sbay[; 9(0)» a{0)s -] — Sbayl; 9(0)» a(0)s -] + Ak (752)

That is, when we compare the evaluation of the bulk on-shell action in different coordinate systems, the result
appears as the difference of boundary actions in Weyl-equivalent backgrounds, up to an anomalous term, which is
not the difference of two such actions. The only source for such a term is a pole at d + 1 = 2k (i.e. m) in the
evaluation of the bulk action, which arises because the on-shell action is not a boundary term, but contains pieces
that must be integrated over z. The bulk action is given by (volg = v/—hd?*'x)

1
Sanlgsgioy - |2.2] = T [ e nvols(R=24), (753)
On shell, it evaluates to
d+1 d+1 dz
Soukl9; 9(0), -2, 2] = “RnOnIE /M e Nvolg = BTG /M ~ Ad¥ e/ —h, (754)

where we remind that d + 1 is the boundary dimension. We then expand +/—h in powers of z:

d+1 L d+2 22 x(M)
Souklg: 900y, |7 7] = —g = /M dz A dd“a:(;) V—g© (1 + ) (755)

Consider now the difference of Weyl-transformed bulk actions as in (752) and define vols = \/—¢(©d?* 2. The idea
is to start with Spuklg’; 920)7 ...|2’, z], use the explicit Weyl transformation of the different quantities in the expansion

(see (728)) and then change the name of the integration variable from 2’ to 2.8% We will demonstrate this for the first
pole, which occurs at d + 1 = 2. We then obtain

d+1 B-(d+1) /N4t d+1 A
= - . o -~ Z
! 87rGN/Md< d+1 (z) A volz 8’/TGN/Md d+1<z) A\ vols
d+1 B0\ d+1 1 L\
+167TGN/Md< | <Z> /\gz—lﬁwGN/Md dl(z) AGs+...,  (756)

89To evaluate these expressions, a regulator is required. The last step of renaming the integration variable has a corresponding effect on the
cutoff and thus is not innocuous in the renormalization procedure. Such a regulator is not Weyl-covariant, which is consistent with the fact that an
anomaly arises. Most of the details of the renormalization occur in expressions that are the difference of two Weyl-equivalent actions, whereas
the anomaly is not and has been cleanly extracted.
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with G, = XWuwoly, (Weyl weight —(d — 1)). We observe that the offending term in d — 1~ (that is, boundary
dimension 27) is

d+1 B~d-1) )\ d+1 1 /L\%"! 1
167Gy /Md< d—1 <z) NGz = 167Gy /Md d—1 (z> NG = _sﬁGNL/ElntZ‘ (757)

The equality in this equation is obtained expanding 5 around 1 and eventually imposing d = 1. For concreteness we
expand this final result using the holographic value of X (1), (743). Then, we read from (752):

1 L
= InBGs =— 1 Oypoly;. 7
Ay SrGnL /E nB Gx, 167G /E nB RYwvols, (758)
. . L L .
This numerical coefficient is the correct one that leads to the central charge ¢ = % We will shortly comment on
N

the implications, but notice already that R(*) is not the Levi-Civita curvature, as usually found, but rather the Weyl
curvature. As such, it is a Weyl-covariant scalar.
The Weyl anomaly in d = 1 then is best expressed cohomologically as the difference:

(6 AN gg)/ — (6 AN gz) = d(lnB A ’Uolz), (759)

with A, proportional to X (). Each term on the left is expected to be closed (because they are top forms in the bulk!)
but the difference is in general exact, with its strength determining the Weyl anomaly of the boundary theory.

Some comments are in order here. Firstly, we have obtained a very powerful new result: the Weyl anomaly A,
is now dictated in two boundary dimensions by the Weyl-covariant scalar curvature R(®). This is not the case if we
start with the FG gauge in the bulk, for which the Levi-Civita scalar curvature appears. The Weyl covariance of all
the subleading terms in the WFG gauge implies that the anomaly in every even boundary dimension will have Weyl-
covariant curvature coefficients in our framework. Secondly, we expect the cohomological derivation of the anomaly
to be a general feature, not restricted to the two-dimensional case. In fact, recalling that the metric determinant is

expanded as
d+1 2 4 d+1
L 1z 1z 1z
—h(z: - = _ g0 22 x() L 22 x(2) nad V)
h(z;x) = (z> £/ g()(x)|:1+2L2X +2L4X +"'+2Ld+1y + o, (760)

we deduce that a similar derivation as for the two-dimensional case holds in any even dimension, with G5, generally
replaced by
Gl = XFyoly,. (761)

We therefore claim that in any even boundary dimension d + 1 = 2k,

(e A gg’”)' - (e A gg“) — d(In B Ay vols,), (762)

the A;. term on the right-hand side being proportional to X ;). Looking for a universal form of X, as a function of
the Weyl curvature tensors of the boundary is an appealing future direction of investigation.

5.3 Field Theory Aspects

In this section, we will make some preliminary remarks about the dual field theory. The holographic analysis im-
plies that we should now consider a field theory coupled to a background metric and Weyl connection, with action
S[g@,a®); ] where ® denotes some collection of dynamical fields to which we will assign some definite Weyl
weights. As we will explain, this is perfectly natural from the field theory perspective as well, but constitutes a new
organization of such field theories (which in the usual formulation are coupled only to a background metric). The
quantum theory possesses a partition function Z[g(®), a(?)] that depends on the background, both through explicit
dependence in the action and in the definition of the functional integral measure. A background Ward identity is
generated by changing integration variables ®(z) — B(x)“*®(x) giving

Z[g©,a ] = eABI Z[B(2) 729 0V — dIn B(x)] (763)
with A a possible anomalous contribution. Thus the Weyl Ward identity is a relationship between different theories,
that is, field theories in different backgrounds and so, more properly, we refer to the above equation as a background
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Ward identity. Strictly speaking, this argument applies to free theories, whereby (if @ is a scalar) we = %(d —1)is
the engineering dimension. An example of an action in this context is
Sl a®; p] = / A" z/—g® gD, D, P (764)

where D, ® = 9, + weal’ ® is Weyl-covariant.®® Notice that the stress tensor of this theory has the form
2 8S9[g©,a; 9
—g(0) 59(0)( )

Here we have used pedantic notation to emphasize that the definition of the operator depends on the background
fields. This operator is Weyl-covariant, by which we mean

ngb) 24(0) q(0) — dlIlB(.L)( )_B( )d+1TZ(V0) (0)(1‘) (766)

1% 17 1 17 (03
T o0 (@) = = D"®(2)D"®(x) — 59" (2)g V" (2)Da®(2)Dy @ (2) (765)

That is, if we compare correlation functions of the stress tensor in two Weyl-related backgrounds, there will be a
relative factor of B(x)?*+! for each instance of the stress tensor; for brevity, we refer to this as the stress tensor (with
two upper indices) having Weyl weight wr = d + 1. Similarly, we have the Weyl current

1 35, a); a]
—g© 5&&0)($)

J5<0>,a<0> (z) = = we®(z) D' (x) (767)

This operator is also Weyl-covariant in the same sense as the stress tensor and is of weight d + 1. Thus T#* and J*
have the properties of the operators sourced in the holographic WFG theory. In a holographic theory, we would not
have the free field discussion given here, but we can still discuss sourcing these operators (in a given background).

Earlier, we saw that the classical Weyl Ward identity involved a linear combination of the trace of the stress
tensor and the divergence of the Weyl current. This is in fact easily established in general terms. Here we will use
classical language, but the argument easily extends to the quantum case by making use of (763). Indeed, suppose
that the classical action satisfies

S[g®,a®; BY2 3] = S|V /B2%,aY — dIn B; ] (768)

As mentioned above, this is what we mean by Weyl being a background symmetry. By expanding both sides for
small In B and going on-shell, we find

58 5S
_ d+1 d+1
()f/d o (0)(x)a ) In B(z) + /d 59(0)( )( 21n B(x)g(%) (« )) (769)
We recognize that this may be written as
A ay/—g© J*(2)0, In B(z: d* g/ —g(0) T’“’(x)( InB(z)g{") (x )) (770)

and, by integrating by parts, we have
A+ g\ /— g0 (DMJ“ (z) + T (z) ggp(x)) In B(z) (771)

This result serves to identify the relative normalization of TH?,) and p(o) and their relation with the currents defined
here. Incidentally, the Weyl-covariant derivative appears in (771) precisely because the current J# (with raised index)
has Weyl weight d + 1.

We remark that typical discussions of related topics are rife with “improvements” to operators such as the stress
tensor [188,189], including mixing with a so-called ‘virial current’. The operators that we have defined here have the
advantage of transforming linearly, and in particular do not mix with each other, under Weyl transformations. Note
also that the Weyl current in the free theory is in fact a total derivative. Thus, at least in the absence of edges or
boundaries [92,202], one might suppose that this operator is in a sense trivial.

This last comment concludes our wondering regarding the appearance of Weyl symmetry in holography, at least
in the familiar AdS setting. Future directions and perspectives will be detailed in the conclusions, hereafter.

90 An independently Weyl invariant action term is [ d4*+1z1/—g(© R(®)®2. Itis well-known that using the Levi-Civita connection, only a specific
linear combination of the kinetic term and such a curvature term is Weyl invariant, at least up to a total derivative.
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6 Conclusions

Since our road was long and not always straightforward to pave, we are going to recap our results and further
comment on them. We will then outline future avenues of research, to be explored in either the short or the long
term.

Our Findings

The focus of this thesis has been on the flat limit of the fluid/gravity dictionary. In an abuse of language, we constantly
referred to the latter as “flat holography”. To some degree, what we have investigated is really an asymptotically
flat holographic picture. However, as highlighted throughout the analysis, we miss at present a fully understood
microscopic duality.

We began our manuscript with a review of the way one obtains the AdS fluid/gravity duality starting from
AdS/CFT. In principle, one could have just postulated that a bulk solution of Einstein equations with negative cos-
mological constant is dual to a relativistic conformal fluid living on its boundary together with an energy-momentum
tensor given by the subleading order of the bulk-to-boundary expansion of the metric, in a suitable (FG) gauge.

From the boundary viewpoint, we need a d + 1-dimensional metric and an energy-momentum tensor 7),,,, and
we are in business. In other words, given T,,,,, this means that we can expand it geometrically along a boundary
normalized time-like congruence, interpreted as the fluid velocity, and the hydrodynamic equations of motion will
be encoded in the divergence of 7}, being zero. We thus expanded and characterized the most general energy-
momentum tensor in arbitrary dimension and payed particular attention to the geometrical setting. Indeed we kept
the latter as general as possible, which as a byproduct returns many geometrical tensors we dealt with.

After this, we restricted our attention to three-dimensional fluids, eventually dual to four-dimensional gravitational
solutions. In three dimensions, given a congruence, one can introduce a transverse duality operation, which we
called 7, with remarkable properties. Specifically, it intervenes in the integrability conditions we will shortly comment.
At this point we introduced an important tool in fluid/gravity: Weyl symmetry. We used it to organize the boundary
geometry and hydrodynamics, both in three and two dimensions. The boundary Weyl tensor being zero in three
dimensions, we defined its three-dimensional analogue, called Cotton tensor and described its main features. It
shares all the properties of the energy-momentum tensor (if conformal), hinting already a relationship between the
two.

We specified afterward to two dimensions, where the boundary hydrodynamics is easier to handle. In fact, it has
been wrongly claimed to be trivial. Here, we discussed in detail that both the presence of a heat current and an
anomalous trace makes a two-dimensional fluid interesting. The heat current is fully determined by a scalar, aligned
on the only available transverse direction. In two dimensions, it is possible to concretely analyze the issue related
to the hydrodynamic frame choice. We discussed this issue multiple times, so we recap it here. The velocity of a
relativistic fluid is not a physical observable: since heat, friction and kinetic motion are all just energy exchanges,
relativistically we are free to align a fluid congruence along any particular direction. This leaves us with some
freedom in choosing the latter. We yet do not know at this point whether holography on the other hand is sensitive
or not to a particular choice of the fluid velocity. Indeed, it is a priori possible (and a posteriori confirmed at least
in two dimensions) that our holographic setup breaks this hydrodynamic frame covariance. There is even a more
questionable discussion related to hydrodynamics itself. Namely, it is possible that the latter has some global issues
for which it is not straightforward to move from a frame to another. We therefore decided to avoid gauge fixing
and worked with the most general fluid, where a heat current is present. This choice means that we are not in the
Landau-Lifshitz frame. It does not exclude, however, the possibility of being in the so-called Eckart frame. Indeed,
in the latter one requires additional currents to be perfect. To show this we should in principle extend our setup to,
for instance, charged fluids dual to Einstein-Maxwell spacetimes. This is part of our agenda and will discuss in the
outlook.

The AdS gravity side was at this point studied, and the reconstruction of bulk solutions discussed. We used in
fluid/gravity the so-called derivative expansion, better suits than the Fefferman-Graham one. In fact, the former is
explicitly based on Weyl covariance and, most importantly for our goal, admits a smooth vanishing cosmological
constant limit. We immediately specialized to four-dimensional bulks, and wrote the most general r-expansion of
the bulk line element compatible with Weyl covariance, which solves the r-evolution parts of Einstein equations. We
decided to parametrize the boundary three-dimensional metric a la Randers-Papapetrou and adapt on it the fluid
congruence as u = £0;. Subsequently we noticed that imposing the shear of such congruence to vanish creates
severe simplifications of the expanded bulk line element, and suggests a resummation of the latter in a closed form.
We moreover imposed boundary integrability conditions. These are relationships among the dissipative part of the
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energy-momentum tensor and the Cotton tensor, suggested by the expansion of the bulk Weyl tensor and encoded
in a sort of electro-magnetic duality for gravity. Every fluid describes order by order in the derivative expansion a
dual bulk solution. If we require the boundary fluid to be shearless and to satisfy integrability conditions, then this
fluid is dual to an Einstein solution with line element written in closed form. It is exploring this path that we found
that the shearless condition and the fact that we imposed integrability restrict the achievable class of solutions in the
bulk to be the algebraically special ones, due to the Goldberg-Sachs theorem. This theorem states that a solution
of Einstein equations is of Petrov class algebraically special if it admits a null geodesic and shearless congruence.
The resummed derivative expansion is written based on a null geodesic congruence, which is found to be shearless
due to the shearless condition on the boundary fluid velocity. It is moreover a solution of Einstein equations thanks
to the integrability conditions. Therefore, all the Goldberg-Sachs theorem hypothesis are verified, hence the thesis.

After corroborating all these findings in the Robinson-Trautman example, we focused our attention on the two-
dimensional situation. Here the heat current has a compatible Weyl weight to intervene in the bulk line element.
Einstein solutions are labeled by their asymptotic charges, so we proceeded and computed them for different sub-
classes. These are the dissipative static fluid case and the perfect fluid with arbitrary velocity. The former is in a
generic fluid frame while the latter is by construction in what is known as the Landau-Lifshitz frame. We proved that
the asymptotic charges have different algebras in the two cases, which ultimately shows that we cannot choose in
holography the boundary fluid velocity at will, at least within our framework and in two dimensions. This concluded
the discussion of the fluid/gravity dictionary in AdS. That is, the upper part of our square of dualities.

On top of being interesting per se, Section 2 prepared the ground for the flat limit. This comes about thanks to the
important realization that the bulk cosmological constant is proportional to the boundary speed of light. Therefore,
sending A — 0 is equivalent to send &£ — 0. This limit on the boundary theory is at first puzzling, and we devoted
all Section 3 to it and its consequences. Inspired by the ultra-relativistic contraction of the Poincaré group made by
Levy-Leblond [79], we called this limit a Carrollian limit. We firstly analyzed the boundary metric, singular in the limit.
This is neither bothering nor surprising, because we saw that this is exactly the feature that occurs in passing from
the boundary of an AdS spacetime to an asymptotically flat one. In the latter the boundary is a degenerate manifold
J, with the AdS time-like congruence replaced by the correspondent null congruence. This limit unraveled as well
a privileged class of diffeomorphisms, which we called Carrollian diffeomorphisms. We determined the geometric
structure associated with these diffeomorphisms and the fate of the Weyl connection, now Weyl-Carroll, to comply
with metricity and Carrollian transformations. These break the d + 1-dimensional manifold in a spatial d-dimensional
base and a one-dimensional null direction. Carrollian covariance is an important result and a useful consistency
check.

After exploring the geometry, we focused on the hydrodynamic equations of motion limit. This was addressed
in arbitrary dimension and fluid. We saw how the conservation of the energy-momentum tensor splits in two scalar
equations and two Carroll vector equations in the limit £ — 0. We checked Carroll covariance and then specialized to
conformal fluids, where Weyl-Carroll covariance is at play, and allows to drastically simplify the form of the equations.
We eventually reported the specific result of this limiting procedure in three and two dimensions.

We observed that there is no more a notion of energy-momentum tensor in a fully general Carrollian limit. We
therefore introduced the Carrollian counterparts of T', which we called Carrollian momenta, and showed that Carrol-
lian covariance implies their conservation. These conservation equations match nicely the limit of the divergence of
T, as expected. We then defined Carrollian intrinsic conserved charges and found that they are equal to the usual
surface charges in the case of linearized asymptotically flat four-dimensional gravity, further supporting the accuracy
of our findings.

We then applied our method to the dual Galilean limit, where now k is sent to infinity. This is certainly different,
but in a very precise way — Galilean vectors and scalars are dual to Carrollian ones. The first step was to choose the
correct relativistic parametrization of the boundary metric to obtain Galilean diffeomorphisms, which is the Zermelo
one. The next step then was to organize the theory with respect to Galilean diffeomorphisms, for which time is
absolute. With all this at our disposal we found the most general continuity, energy and Euler equations. We
eventually probed these equations in some examples.

With all the AdS fluid/gravity dictionary ready and the boundary &£ — 0 limit mastered, we focused on the final
part of the road, where we take the flat limit of the resummed line element, Section 4. Here the limit £ — 0 of the
derivative expansion turned out to be neither trivial nor divergent. This result was not at all a priori guaranteed. It
constituted an important traffic circle in our road.

We firstly considered the limit in the four-dimensional case. We wrote the line element only as a function of
Carrollian data living on the null asymptote, and, for the same reason as its AdS precursor, we proved that this gives
rise to all algebraically special asymptotically flat solutions. There is no notion of Cotton tensor on a degenerate
null manifold, so we carefully extracted the k& — 0 limit of the integrability conditions, characterizing the Cotton
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descendants as functions of the Carrollian tensors introduced previously. This limit also enhanced the number
of dissipative tensors, with now a couple of heat currents and stress tensors at play. All of this has then been
tested in some examples. We presented the reconstruction of the Kerr-Taub-NUT family, where everything is time
independent but there is boundary fluid vorticity. Then, we discussed the Ricci-flat Robinson-Trautman solution.
Armed with the expertise acquired in the AdS case, we showed how this time-dependent solution can be obtained
starting by Carrollian conservation equations, which eventually are encoded in the Robinson-Trautman bulk Einstein
equation.

We then moved to the bulk three-dimensional case. Here again the flat limit of the derivative expansion is
finite and, in contrast with the four-dimensional case, allows to gather in general all bulk solutions.®' This has been
checked computing the asymptotic charges and showing that they infer the general Virasoro algebra, with the central
charge. As for its AdS ancestor, the case with perfect fluid is not arbitrary enough, which questions the role played
by the heat current in holography. We concluded this section describing how the intrinsic Carrollian charges match
with the surface charges also in this case.

This concluded our road toward flat holography. Many questions have been raised on the way and will be listed
shortly. At this point we noticed how important Weyl covariance was in our construction. We therefore dedicated
Section 5 to a through analysis of Weyl symmetry, in the context of AdS/CFT. In fact, Weyl symmetry was already
implemented to certain extent in fluid/gravity but sidestepped at the microscopic level, in the FG formulation of holog-
raphy. We confined our attention to AdS, for we worked with a slight generalization of the Fefferman-Graham gauge,
that we named Weyl-Fefferman-Graham. The latter is indeed form invariant under Weyl diffeomorphism, which is
the bulk transformation that induces a boundary Weyl rescaling of the metric and shift of the Weyl connection. The
WEFG gauge allowed to obtain a clear derivation and geometrical interpretation of the Weyl anomaly. Furthermore,
the subleading terms of Einstein equations returned the boundary Ward identity that we elegantly showed in the
boundary field theory, defined on a background given by both the metric and the Weyl connection.

Outlooks

This work raised many interesting questions. It touched upon only partially or even sometimes marginally to some
of them, which represent appealing directions of investigation. While part of these questions are surely addressable
in the near future, other are far from being understood. We organize the arguments starting from what we consider
the closest to be achieved all the way to the more conceptual long-term questions.

The first question concerns the expansion of all this work to higher dimensions. Considering what happens
in moving from three-dimensional bulks to four-dimensional ones, we suspect the presence of some conditions
relating geometry and hydrodynamics even in higher dimensions. The role of the Cotton tensor is special to three-
dimensional boundaries. As a result, it will have to be replaced with other conformal tensors, like the Weyl or Bach
tensors, now non vanishing. Some steps in this direction have been made in [199], which we had the opportunity
to closely follow. Useful results could be the characterization of conformal tensors and the formalism developed
in [208].

Extensions of this work could be performed by including a charged fluid in the hydrodynamic boundary theory.
The latter would then be dual to Einstein-Maxwell solutions in the bulk, [209]. In this scenario integrability conditions
would relate then the geometry with the energy-momentum tensor and the electro-magnetic current in the bound-
ary — the dynamics being encoded in the divergence of the energy-momentum tensor equal to the current. We
addressed this problem in [210], but many questions are still open, in particular in relation with the next point: the
hydrodynamic frame invariance.

The charged case could indeed shed light on the role played by the fluid congruence, both intrinsically and from
holography. Concerning the former, it could be that only in the presence of an extra current the question of changing
fluid frame is fully treatable. Regarding the latter, we know already that we cannot neglect the heat current, key
ingredient in our construction. In the charged situation, however, we will have an extra dissipative current which
can intervene together with the heat current and perhaps these two will turn out to be interchangeable, as the
hydrodynamic frame invariance would suggest.

Relating to the previous point, another direction could be to study what happens to the derivative expansion when
we change boundary hydrodynamic frame, even in the charge-less case. We know the line element is sensitive to
this modification, but perhaps by analyzing the explicit form of it we can obtain an improvement of the line element
such that it is form invariant under boundary frame redefinition. In fact, our line element in three dimensions can be
enhanced at will as long as it leads to reasonable boundary conditions. This would also make contact with the order

91At least all known bulk solutions, compatible with particular choices of boundary conditions.
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by order attempts made in [24, 25], where the fluid was forced to be in the Landau-Lifshitz gauge. The Robinson-
Trautman example is also a situation where moving to this frame has been implemented [56, 57], so having an
covariant framework could shed more light on this class of solutions also.

As we mentioned in the main text, integrability conditions infer the right boundary structure to reach particular
classes of bulk solution. Indeed, every fluid can be settle to be dual to a solution of Einstein equations order by order.
Nonetheless, only under integrability and shearless conditions we reach a bulk solution written in closed form. The
reason why integrability conditions are needed, or rather what are their consequences, is still under investigation.
We know they arise in the boundary expansion of the bulk Weyl tensor [30,50,51] as a sort of gravitational electro-
magnetic duality. We should persist in this direction introducing for instance the analogue of the energy-momentum
charges for the Cotton tensor instead. These would be magnetic charges. Therefore, integrability conditions could
be thought as a relationship between the electric and magnetic spectra of the boundary theory. This has been
investigated in the BMS construction [147,211-213] and is related to the whole soft physics program [202], which
is the study of infrared physics. Our fluid perspective could potentially lead to interesting results in this direction.

In three-dimensional bulk our results on the different boundary configurations and the correspondent asymptotic
charges is intriguing. The most general fluid configuration has not yet been analyzed, and we suspect its bulk line
element could be the explicit realization of the boundary condition of [207,214,215]. This result would indicate the
power of our approach. Furthermore, it would allow to understand where the different contributions come from and
how they can be tuned. Eventually a through analysis of the solution phase space is required.

Another appealing argument to explore is the boundary microscopic structure of the field theory introduced
in Section 5. The Ward identity discussed there indicates that the energy momentum is not traceless. It would
be relevant to study this equation with contact terms [216], and to probe the theory described there in first order
formalism [217].

Eventually we arrive to the most long-term question: the microscopic realization of flat holography. Although
parts of the road are yet to be paved, some parts of it have already been done, [120—122]. We believe the subject is
moving toward the right direction but it is still unraveling. Indeed we know that the boundary theory possesses BMS
symmetry [116,118],% where the null-like direction plays a privileged role. Attempts have been done in constructing
BMS field theories [110], putative dual of asymptotically flat solutions. The situation on the topic is still confusing
in many aspects. Firstly, there is no definition of a boundary stress tensor because, as discussed, this is replaced
by the Carrollian momenta. However we yet do not know how to extract the latter given an explicit bulk solution in
full generality. Secondly, the bulk action diverges as in AdS, but here we are currently missing a full renormalization
scheme. Lastly, there is no high energy construction underlining the duality so far. That is, we do not have any
string theoretical realization to rely on. One could argue that there could be another quantum gravity theory that
gives in the IR limit asymptotically flat solutions of general relativity such that they are dual to a BMS boundary
field theory. Whatever the answer will turn out to be, we need some guidelines in this dark road, which could come
from a bottom-up approach based on constructing a field theory based on the boundary symmetries, or from a
top-down one, with a limit of some high energy theory which unravels a way to relate the bulk partition function with
the boundary one — whatever theory the latter will then describe.

In conclusion, this work sets the stage to raise multiple questions in different domains and in the links among
them. While parts of the open questions are already well-posed, others are more long-term questions addressing
the core of holography.

9270 obtain the asymptotic symmetries part of the diffeomorphisms are usually locked and ansatz are made on the asymptotic behavior of the
metric fields. It is possible that new different conditions lead to different asymptotic symmetries. The state-of-art on the topic is BMS, but new
results have been developed recently [218].
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A Weyl Connections and Weyl Manifolds

We recall here the definition of a Weyl connection and its geometrical curvature tensors, further informations can be
found in [174—-176].

Given a manifold M with metric g and connection V (on the tangent bundle T'M), we define the metricity Vg and
torsion T via

Vxg(¥,Z) = Vx,2))-9(VxY,Z)—-g(¥Y,VxZ), (772)
T(X,)Y) = VxY-VyX-I[XY]. (773)

Here for brevity we adapt an index-free notation where X, ... are arbitrary vector fields and [X,Y’] denotes the Lie
bracket.
Suppose we have a basis {¢,} of vector fields, and define the connection coefficients via

Ve, e, =Tge (774)

c

It is a familiar theorem that requiring both the metricity and torsion of the connection to vanish leads to a uniquely
determined set of connection coefficients, those of the Levi-Civita connection. Indeed, further defining the rotation
coefficients

[Qg,agb] = Cabcgca (775)

we find the general result
f‘gc = %gdb (Qa(gbc) + §c(gab) - Qb(gca)) - %gdb (Cabfgfc + Ccafgfb - Cbcfgfa)a (776)

where g., = g(e,,e;) and we use the circle notation to refer to the Levi-Civita quantities.®® This reduces with the
choice of coordinate basis ¢, = 9, to the familiar Christoffel symbols.

The vanishing of metricity and torsion are certainly invariant under diffeomorphisms. Therefore, all the geomet-
rical objects built using the Levi-Civita connection transform nicely under diffeomorphisms. We note though that
metricity is not invariant under Weyl transformations® g — ¢/B2, instead transforming as

Vg — (Vg —2dnB® g)/B% (779)

Consequently, if we wish to consider geometric theories in which Weyl transformations play a role, it is inconvenient
to choose the usual Levi-Civita connection. Instead, one attains a connection that is covariant with respect to both
Weyl transformations and diffeomorphisms by introducing a Weyl connection A which transforms non-linearly under
a Weyl transformation

g — g/B%, A— A—-dnB. (780)

By design then, the Weyl metricity is covariant®
(Vg—24®g) = (Vg —24®g)/B, (781)

and it makes sense to set it to zero if one wishes. Fortunately, there is a theorem which states that there is a unique
connection (also generally referred to as a Weyl connection) that has zero torsion and Weyl metricity. In this case,
the connection coefficients are given by the formula

Fgc = %gdb (Qa(gbC) + gc(gab) - §b(gca)) - %gdb (Cabfgfc + Ccafgfb - Cbcfgfa)

- (Aaédc + Acéda - gdbAbgca> . (782)

93This is again a notation we exploit only where the Weyl connection is relevant, to avoid heavy notation.
94The Weyl transformation should not be confused with a conformal transformation, which is a diffeomorphism. They do look similar in their
actions on the components of the metric,

Weyl : 9ab(x) = gap(x)/B(2)?, (777)
conformal : Gab(T) > glp () = gab(x)/w(x)Q. (778)

Here though, B(z) is an arbitrary function, while w(z) is a specific function, associated with a special diffeomorphism that is a conformal isometry.
95To be more specific, what we mean by this notation is

(Vg—2409)(X,Y,2) = Vxg(Y,Z) - 2A(X)g(Y, Z)

The notation A(X) used here and throughout the paper refers to the contraction of a 1-form with a vector, A(X) = ix A = A, X°.
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We note that these connection coefficients are in fact invariant under Weyl transformations. Consequently, the
curvature of the Weyl connection has components®

Ryeq = e,(T%) — eq(T%,) + T, T8, —Th T4 — Coa' T, (784)

that are themselves Weyl invariant. This Weyl-Riemann tensor possesses less symmetries than its Levi-Civita
counterpart, and indeed the degrees of freedom contained within are in one-to-one correspondence with the Levi-
Civita Riemann tensor, plus a 2-form F, which is the field strength FF = dA. To see this, we can write the Weyl
curvature components in terms of the Levi-Civita curvature components,

Rbed = R%ea+ VaApd®e — Vedyd®a+ (VaAe — VeAa)3% + VeA%Goa — VaA%goe (785)
+Ap(Aadc — Acd®q) + A*(gbaAc — goeAa) + A% (96e0%a — gpad®e)- (786)

The corresponding Weyl-Ricci tensor, which we define as Ric,, = R, iS given by
Ricay = Ricay — S Fyy + (d— 1) (%(QAM + AaAb) n (6 A (d- 1)A2) Gab (787)
in space-time dimension d 4+ 1. We then read off that the Weyl-Ricci tensor has an antisymmetric part
Ricp) = — 2 Fy, (788)
while the symmetric part differs from the Levi-Civita Ricci tensor,
Ric(ay) = Ricay + (d— 1) (ﬁ(aAw n AaAb) + (% A (d— 1)A2) Jab. (789)
The corresponding Weyl-Ricci scalar is the trace,
R=R+2dV-A—d(d—1)A> (790)

Under a Weyl transformation, R — RB?, so we see that the Levi-Civita Ricci scalar must transform very non-trivially
under Weyl,

R — B? (1—? +2dV?InB — 2d(d — 1)A - dIn B + d(d — 1)(dln[3)2> (791)
in order to cancel the transformation of the non-Weyl-invariant expression involving the Weyl connection A. We
thus see the important role played by the Weyl connection. Organize the theory with respect to the latter is a more
natural prescription, whenever this theory includes Weyl transformations.

Given a Weyl connection, we can organize tensors in such a way that they have a specific Weyl weight and we

use the notation
Dxt = Vxt+wAX) t. (792)

whereby
t — BYtt, Dt — BYtDt. (793)

For the specific case of a scalar field ¢, we would then write D, ¢ = ¢,(¢) +wyA.¢. The condition that Weyl metricity
vanishes is translated in this notation as Dg = 0.
Finally we remark that the Bianchi identity for the Weyl-Riemann tensor is

VaR%ed + VeR%da + VaRpae = 0 (794)
Contracting the e, c indices, we get the once-contracted Bianchi identity

VaRicys — VaRiche + VR %baa = 0. (795)
which given that the Weyl-Riemann and Weyl-Ricci tensors are Weyl invariant, can also be written as

D, Ricyg — DgRicpg + DR pgq = 0. (796)

9%Here we are using the convention

Rpeae, = Rley:ecreq) = Ve, Vegeh = Ve, Ve € = VI o 1% (783)
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If we multiply by g¢°, we find
gDy Ricyg — DgR + De(9® Raq) = 0. (797)

This can be simplified further by noting that
9" R0 = g% (Ricbd + 2de) (798)
and hence the twice contracted Bianchi identity can be simplified to
9" Da(Ghe + Fic) =0 (799)

where Gy, = Ricay — 3 Rga is the Weyl-Einstein tensor. Since G and F have Weyl weight zero, this can also be
written as
gabva(Gbc + Fbc) =0 (800)

This is the analogue of the familiar result in Riemannian geometry, V2Gy. = 0.

B Petrov Classification and Goldberg-Sachs Theorem

We hereby recall the Petrov classification of the Weyl tensor (we work here in four dimension), which is relevant
to the Goldberg-Sachs theorem. The latter will be enunciated and proved to hold for our four-dimensional bulk
resummed metric (158) and congruence 0,.. This Appendix uses results outlined in [37,44,48,210].

The petrov classification allows to study the eigenvalues of the Weyl tensor, here spelled C,;.4.°” To do so, we
introduce the complex null tetrad k,1, m,m and write the metric as

ds* = —2kl + 2mm. (801)
The eigenvalue problem for the Weyl tensor boils down to solve

1
icabchCd = )\Xabv (802)
with X, an eigen-bi-vector, i.e. a skew symmetric tensor. It is possible to prove that classify the eigenvalues of this
equation is equivalent to the characterization of the Weyl tensor in terms of its principal null directions, in particular
one obtains

ke Cagpefak nk°k¢ = 0 & Wo = Copeak®mkm? = 0. (803)

After all the symmetries being used, we need only ten real independent components of the Weyl tensor, which
can be stored in five complex functions obtained with contractions of C' with the various basis forms

U, = Copeak®mlkem? (804)
U, = Copeak®l®km? (805)
U, = Cypeak®mtmel? (8086)
Vs = Cupeak®lPmel? (807)
U, = Cupeqm®l®meild. (808)

Then equation (803), after applying the most general null rotation controlled by the complex parameter E, becomes
U, = U — 4BV, + 6E°W, — 4E*W) + E*W) = 0. (809)

The multiplicity of the solution of this equation will then be also the multiplicity of the principal null directions,
which determine the Petrov class of the spacetime under consideration. The possibilities are

97Throughout this Appendix we use indices a, b, c, d as bulk four-dimensional ones, splittable in a = (r, 1) with 1 boundary three-dimensional
indices.
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| Petrov type | Roots E | Multiplicity |

Ao +2X01 £V A1 2
I 2 \//i1—>\21 2 (1717131)
D 0, 00 (2,2)
II 0,4i/ 3 (2,1,1)
I11 0, 00 (3,1)
N 0 (4)

A Weyl tensor is said algebraically special (and consequently the spacetime will be said of algebraically special
Petrov class) if it admits at least one multiple principal null direction. That is, if it is of Petrov class D, 11,111 and
N.98

One can moreover obtain the multiplicity of the principal null directions by directly inspecting the vanishing ¥

¥, =0, ¥; #0,... < Multiplicity 1 < Petrov I (

U, =V, =0, ¥, #0,... & Multiplicity 2 < Petrov D, IT (
Uo="; =¥, =0, U3 #0,... & Multiplicity 3 < Petrov I1I (812

V)=V, =V, =V¥3=0, ¥, #0,... & Multiplicity 4 < Petrov N. (

For the reader non familiar with this classification, we would like to remark that all famous black hole solutions fall
into Petrov type D. It is not an easy task to find and characterize a non algebraically special solutions.
Without further ado, let us now report the Goldberg-Sachs theorem (1961):

Goldberg-Sachs theorem: a vacuum spacetime is algebraically special if and only if it admits a shear-free
congruence of null geodesics.

That is, if there exists a shearless, null and geodesic vector field, then the spacetime has Petrov class D, 11,111
and N (and of course O).

We now prove that the resummed line element (158) has a vector field v = 9, which is indeed null, geodesic
and shearfree. That u = 0, is null is evident due to the fact that (158) has g, = 0. At the same time, using again
g = 0, it is straightforward to show that it is also geodesic, for its (bulk) acceleration vanishes (u* = §%)

1 a

9 °8,up, = 0. (814)
In the second-last passage we used the result g, = 7%, the metric dual of u = 9,.. Finally, in the last passage we
use that the explicit form of this tensor®®

a® = u’Vyut = u'T¢u® =T = ¢*°0,9,5 =

u = —k2(Qdt — bidz?), (815)

is r-independent. Therefore we have a congruence u which is null and geodesic. It remains to show that it is
shearless.
To demonstrate it, we bring (158) in the form (801) via the identifications

- %u (816)
l = —dr— %a - gu +Dyw dat (817)
m = %dC (818)
m o= %dC_ (819)

where we used that by assumption the boundary spatial part of the metric can be written as (160) due to the
boundary shearlessness assumption. In this expressions we recognize all the various objects introduced in the
main text: the boundary vorticity w, the boundary acceleration a, the fucntion p defined in (157), and we introduce
the function H in I given by

1
2H = —0r + k*r? — % + ?(8776’1\767' + ). (820)

98 Although some authors consider it has a Petrov type (called O), we exclude from our analysis this trivial case where the Weyl tensor itself
vanishes identically.
99The boundary metric dual of this form differs from the bulk one. In the former it is a time-like congruence while in the latter it is null.
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By doing this identification, we elevate the metric dual of the congruence u to be one of the basis tetrad (indeed
from now on we call u, = k,). Notice that the basis forms satisfy by construction

k=0, I? =0, l-k=-1. (821)
To define the shear of our congruence, we introduce the rank-2 projector
Aab = gab t+ kalb + kbla (822)

which is the projector orthogonal to the 2-dimensional vector space spanned by k and I. We then define the projected
covariant derivative of k (here of course V is the bulk Levi-Civita covariant derivative):

Bay = AfAY iy (823)

The acceleration being zero, we decompose the latter in its symmetric trace-free part (its shear), its skew-symmetric
part (its vorticity), and its trace (its expansion)

S
Bapy = 0ap + wab + EAaba (824)
whereby
1 1
Oab = i(Bab + Bpa — @Aab)7 Wab = §(Bab - Bba)a 0= AabBab- (825)

To explicitly evaluate o, we first notice, given the already-spelled relationships, that
vakb + vbk/’a = argaby (826)

which allows to write, using the properties of k and [

Bap + B = A °A0 Ay (827)
Computing now the expansion
0 = AV, ky, = V,k* =T%, = 0,1n /g, (828)
we eventually obtain
1
Oap = §AacAbd (arAcd — Acdar In \/_Z]) . (829)

We then explicitly compute A and the determinant of the bulk metric. Here the assumption of boundary shearless
is crucial. We obtain ) 0.2
2 _
Agpdaidz® = %dgdg, N P—’;. (830)
Plugging these results in (829) we get o,, = 0 as a fine cancellation between the two contributions.

This remarkable result, pinned on the boundary shearless requirement, shows that the bulk line element (158)
admits a null, geodesic and shearless congruence. Consequently, Goldberg-Sachs theorem applies. That is, the
resummed bulk is algebraically special (it cannot be of Petrov type I), as we claimed in the main text.

Notice eventually that the flat limit of the bulk metric enjoys the same properties. Indeed, in the same way as for
the AdS case we rewrite the metric (585) in terms of a null tetrad (k, 1, m,m):

st tat = —2kl +2mm, k-l=-1, m-m=1, (831)

where k = — (Qdt — b) is the dual of 9, and

o roQ P Qdt — b 90
Il =—dr —ra—Tdt—&— g 57 (SWGN6T+c*w p U{) , (832)
(here v = v,;dz?), along with
2mm = p?di? . (833)

Using the above results we find that 0, is shear-free due to (600). Thus, also (585) is algebraically special.
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ABSTRACT

We discuss the holographic reconstruction of four-dimensional asymptotically anti-de Sitter
Robinson-Trautman spacetime from boundary data. We use for that a resummed version of
the derivative expansion. The latter involves a vector field, which is interpreted as the dual-
holographic-fluid velocity field and is naturally defined in the Eckart frame. In this frame
the analysis of the non-perfect holographic energy—-momentum tensor is considerably sim-
plified. The Robinson-Trautman fluid is at rest and its time evolution is a heat-diffusion kind
of phenomenon: the Robinson-Trautman equation plays the role of heat equation, and the
heat current is identified with the gradient of the extrinsic curvature of the two-dimensional
boundary spatial section hosting the conformal fluid, interpreted as an out-of-equilibrium
kinematical temperature. The hydrodynamic-frame-independent entropy current is con-
served for vanishing chemical potential, and the evolution of the fluid resembles a Moutier
thermodynamic path. We finally comment on the general transformation rules for moving
to the Landau-Lifshitz frame, and on possible drawbacks of this option.
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1 The Robinson-Trautman spacetime and holography

Robinson-Trautman solutions to Einstein’s equations were found in 1960-1962 [1].! They are
obtained assuming the existence of a null, geodesic and shearless congruence. In vacuum,
under these assumptions, Goldberg-Sachs theorem states that the corresponding spacetime
is algebraically special, i.e. Petrov type II, III, N, D or O. This feature remains valid when a
cosmological constant or even certain other classes of energy sources are added.

Asymptotically anti-de Sitter Robinson-Trautman spacetimes have attracted some atten-
tion in the framework of holography. The three-dimensional boundary metric and the dual
conformal field theory expectation value of the energy—-momentum tensor were found in
[3], where further properties of the boundary state were also discussed, in particular from a
hydrodynamic perspective (see also [4]).

Conformal fluid dynamics was thoroughly studied within fluid /gravity correspondence
[5-7]. This holographic correspondence sets a relationship between Einstein spaces (possibly
with a gauge field) and boundary conformal fluids (potentially charged), incarnated in the
derivative expansion. The derivative expansion is an alternative to the Fefferman—Graham
expansion [8, 9]. Besides the usual boundary data as the metric and the energy—-momentum
tensor (for pure gravity), it requires an extra piece, namely a velocity field assumed to slowly

vary in spacetime.

1See e.g. [2] for a modern and more general presentation.



In fact, the velocity field is redundant since it is not needed in the Fefferman—-Graham ap-
proach, and it is arbitrary because for non-perfect relativistic fluids the distinction between
energy and mass is immaterial. Its role is to organize the expansion, and its choice a matter of
convenience, or better, of physical framework. Often the derivative expansions are asymp-
totic series, and non-hydrodynamic (i.e. non-perturbative) modes can appear, triggering an
alarm regarding the validity of the hydrodynamic interpretation. From this viewpoint, some
hydrodynamic-frame (velocity-field) choices might be better designated than others.

Fluid /gravity correspondence raises an important question: given a boundary metric,
what are the conditions it should satisfy, and which energy—-momentum tensor should it be
accompanied with in order for an exact dual bulk Einstein space to exist? This question has
been successfully investigated in [10-15]. It turns out to be relevant both for the integrability
of Einstein’s equations (a la Geroch, see [16-18]) and because it gives access to exact transport
properties of the holographic fluid. To answer this question the Fefferman—Graham expan-
sion is not very useful because it is not resummable (except for trivial cases [19]), as opposed
to the derivative expansion, which is resummable when the velocity field is chosen shearless.

The resummation process at hand reveals two main features: (i) the bulk Einstein space-
time is Petrov algebraically special, and (ii) the boundary fluid velocity is in the Eckart frame.
This last property is interesting because, often, the general analysis of transport properties
in relativistic fluids is performed in the Landau-Lifshitz frame, hence setting the heat flow
to zero. In the present framework, however, this choice is not natural, and can even be
questionable. This happens in particular for Robinson-Trautman spacetimes, which are al-
gebraically special and emerge while resumming appropriate boundary data, and hence
fall in the class under investigation here. In the following, we will review how Robinson—
Trautman is obtained exclusively from boundary considerations (Sec. 2), and what is the
corresponding holographic-fluid interpretation, with some emphasis on the issue of entropy
(Sec. 3). Two appendices provide further useful information on relativistic hydrodynamics.

2 Reconstruction from the boundary

Our aim here is to review the holographic construction of Robinson-Trautman Einstein
spaces as performed in [13]. We only refer to boundary data, which are designed and com-
bined in order for the derivative expansion to be resummable.



2.1 The general resummation formula

If ds? = gy dx”dx" is the boundary metric and T = T}, dx*dx" is the boundary energy—
momentum tensor, the resummed bulk metric? reads:
o ou?

dsfes. =2u(dr+rA) + 2k%ds® + 2 4 p_2 (

8nGThutut  Crt' " wye
2 r K6 (2.1)

e Here, u is a shearless, normalized, time-like vector field. It has acceleration a =
(u-V)u, expansion ® = V - u, and vorticity w = jw;, dx* Adx” = } (du+uAa).

e The guideline for setting up the derivative expansion is Wey! covariance [6, 7]: the bulk
geometry is required to be insensitive to a conformal transformation of the boundary
metric. Covariantization with respect to rescalings is achieved with the Weyl connec-
tion one-form:

A=a-— %u. 2.2)

Covariant derivatives V are thus traded for Weyl-covariant ones ¥ = V +wA, w
being the conformal weight of the tensor under consideration. In three spacetime di-
mensions, Weyl-covariant quantities are e.g.

2w’ = Vyw'y, (2.3)
X = R+4V, Al —-2A,AF, (2.4)
C)
Dyuy = Vyuy+uya, — fhw
= Ow+ww (2.5)
(for the last we have used (A.1)), while
4
L =%,dx'dx" = “2u2,w",dx" — wﬂ)‘dex"dx" - uZE, (2.6)

is Weyl-invariant and stands for the Weyl-covariantized Schouten tensor.

e The radial coordinate is 7, and p performs the resummation of the derivative expansion

as it is defined by
2

1
2_ .2 2, 4
p-=r"+ ﬂwwaﬂ‘” =r-+ s (2.7)
Boundary Weyl transformations ds?> — ds°/s? correspond to bulk diffeomorphisms,
which can be reabsorbed into a redefinition of the radial coordinate: r — Br.

e The boundary metric ds*> = g,,dx"dx" has in general non-vanishing Cotton tensor

2We have traded here the usual advanced-time coordinate used in the quoted literature on fluid/gravity
correspondence for the retarded time, spelled ¢ (see (2.13)).



C= dexﬂdxv, where

R
CVV = WVPUVP <RVU - 251/0) s (28)

with 77,0 = /=g €vc. Whenever C is non-zero, the bulk is asymptotically locally anti-
de Sitter. The Cotton tensor has conformal weight one (like the energy—-momentum

tensor) and is identically conserved:

V.C=0. (2.9)

The bulk metric ds%,, given in expression (2.1) is an exact Einstein space with A = —3k?

provided the boundary energy—-momentum tensor is exactly conserved:
V-T=0. (2.10)

This statement might raise questions, and calls for a few remarks. The energy—-momentum
tensor is not meant to be necessarily of perfect-fluid type. At the same time, the time-like
congruence u, chosen independently, is interpreted as the fluid velocity. It is somehow puz-
zling that despite the apparent (and, as we already discussed, legitimate) arbitrariness of
this choice, the statement regarding the exact Einstein nature of ds2,; could hold. There is a
simple explanation for this.

Firstly, we have imposed (as part of our resummation ansatz) u to be a shearless congru-
ence. This assumption, not only enables us to discard the large number of Weyl-covariant
tensors available when the shear is non-vanishing, which would have probably spoiled any
resummation attempt; but it also selects the algebraically special geometries, known to be
related with integrability properties. Indeed, on the bulk (2.1), u is a manifestly null congru-
ence, associated with the vector 9, . One can show (see [14]) that this bulk congruence is also
geodesic and shear-free. According to the generalizations of the Goldberg—Sachs theorem, the
anticipated Einstein bulk metric (2.1) is therefore algebraically special, i.e. of Petrov type II,
III, D, N or O.

Secondly, the freedom in choosing u is only apparent because we have required it to
be shearless. In 2 + 1 dimensions, such a time-like vector field is essentially unique — unless
there are symmetries, in which case all choices are anyway equivalent due to the symmetries.
Indeed, given a generic three-dimensional metric (rather, a conformal class of metrics), there

is a unique way to express it as a fibration over a conformally flat two-dimensional base:?

2

ds® = —(dt —b)* + 17

dzdz, (2.11)

3See e.g. [20] and the discussion in the appendix of [14].



with P an arbitrary real function of (,{,{), and

b= B(t{,0)dl + B(t,¢,Z)d{. (2.12)

In this metric,
u=—-dt+b (2.13)

is precisely normalized and shear-free (see [14]). This defines our fluid congruence.

Thirdly, using the above resummation technique, it is possible to control from the bound-
ary the Petrov type of the bulk, encoded in the Weyl tensor. The Weyl tensor and its dual
can be used to form a pair of complex-conjugate tensors. Their five independent complex
components are naturally packaged inside two complex-conjugate symmetric 3 X 3 matrices
Q* with zero trace (see e.g. [2]). The eigenvalue structure of QF (ie. the degeneracy of
the Weyl principal null directions) determines the Petrov type. Performing the Fefferman-—
Graham expansion of the complex Weyl tensors Q* for a general Einstein space, one can
show [21-24] that the leading-order (1/+°) coefficients S* are related to the combination
i

+ _
T =T = 5762

Cpu (2.14)
of the components of the boundary Cotton and energy—-momentum tensors, by a constant
similarity relation: T* = —PS*P~! with P = diag(4i, —1,1). The Segre type of S* deter-
mines precisely the Petrov type of the four-dimensional bulk metric and establishes a one-
to-one map between the bulk Petrov type and the boundary data. We will see more precisely
how this operates in the case of Robinson-Trautman spacetime. Notice for the moment that
due to conservation equations (2.9) and (2.10),

V- -T* =0. (2.15)

It is clear from the above that the absence of shear for the boundary fluid congruence
plays a crucial role in the resummability of the derivative expansion, leading ultimately to
exact algebraically special Einstein spaces. Nonetheless, we cannot exclude that some exact
Einstein type I spaces might be successfully reconstructed, or that none exact resummation
involves a congruence with shear. In favour of the first option, one could argue that, the
velocity of a relativistic fluid being arbitrary, one can always choose it shearless, without loss
of generality. However, the way this congruence enters the resummation formula suggests,
via the Goldberg—Sachs theorem, that we can only reach algebraically special Einstein spaces.
We see thus the importance of this congruence from the holographic viewpoint, since it
crucially enters and characterizes the resummation process. It is the reason why we proceed
in the next section with the hydrodynamic analysis based on this congruence, which turns
out to describe the holographic fluid in the Eckart frame.



2.2 The reconstruction of Robinson-Trautman

Consider the boundary metric

ds?> = —d* + kz%dé'dé;- (2.16)

The vector d; is hypersurface-orthogonal, and the normal hypersurfaces are constant- sec-
tions. The Gaussian curvature of the latter is k*K, where

K=AInP (2.17)

with A = 2P2858€. The Cotton tensor, computed using* (2.8), reads:

2 2
0 —%agK £o:K »
K2 0-P
C:i(dt dz dg’) —79;K —9; <§7) 0 ac |, (2.18)
% -
La:K 0 d <B€TP> d¢

which is a real tensor.
We must now introduce the canonical reference tensors T* and apply the following strat-
egy (valid more generally i.e. beyond the choice (2.16) of boundary metric):

1. Determine the components of T in terms of third derivatives of the boundary metric
(2.16), using Eq. (2.18) in (see (2.14))

C
ImT* = : 2.19
o 8 Gk? @19)
2. Use this information for expressing the actual energy—-momentum tensor
T =ReT" (2.20)

in terms of third derivatives of the metric.
3. Reconstruct the bulk spacetime metric using (2.1).

4. Impose the conservation of T (2.10) and obtain a set of three a priori fourth-order partial-

differential equations for the boundary metric, which

(a) play the role of resummability conditions for the derivative expansion,

4Together with the choice of retarded time quoted in note 2, we reverse here the orientation with respect to
the one adopted in [13]: N = kzlj With these conventions, time flows as in [4], but is reversed with respect to

Ref. [3]. Incidentally, we also rescale some observables for convenience, resulting e.g. in extra 1/? factors, as in
Eq. (2.23).



(b) capture the boundary fluid dynamics.

Several remarks are in order here. First, the partial-differential equations obtained in step
number 4 guarantee that Einstein’s equations are fulfilled with the resummed derivative
expansion (2.1). Second, in step number 1, Eq. (2.19) may impose restrictions among the
components of the metric (its third derivatives in fact). These, with whatever external further
condition we may impose via the form of T*, control the Petrov type of the bulk.

The power of the method displayed here is that we do not make any ansatz for the form
of the energy-momentum tensor T. Rather we supply the reference tensors T* with a canon-
ical form, which in turn delivers C and T. The latter leads to equations for the boundary
metric, which are also the holographic fluid equations of motion.

Notice that we have no control on the frame in which the fluid is described, as the velocity
tield is the shearless congruence read off directly from the boundary metric (2.16) (see (2.13)):

u=—dt, (2.21)
which has no vorticity, no acceleration but is expanding at a rate
® = —20;/InP. (2.22)

We should already stress that in this frame, which we will describe more precisely later,
the holographic fluid exhibits a finite number of corrections with respect to a perfect fluid,
as the energy—-momentum tensor is basically third-order in derivatives of geometric quan-
tities. This is not surprising and it is a rather general feature of exact Einstein bulk spaces
to lead to holographic fluid configurations which do not trigger all transport coefficients.
Still, the kinematic state is non-trivial, and the absence of certain series of corrections in the
energy-momentum tensor is really the signature of vanishing of the corresponding transport
coefficients (see [11] for the original detailed discussion).
There are two basic and distinct canonical forms for T*, which exhaust all possibilities.

Perfect-fluid form For perfect-fluid reference tensors, we need two complex-conjugate ref-

erence velocity fields u*. Consider the normalized congruence®

+ ot
wt = odg (2.23)
with a™ = a*(t,¢,{), and its complex-conjugate u~ = u + 55 df witha™ = a™*. The

5This is the most general one: adding an extra leg along the missing direction, and adjusting the overall scale
for keeping the norm to —1 amounts to the combination of a Weyl transformation and a diffeomorphism.



perfect-fluid energy-momentum tensors based on these reference congruences read:

M. (t, 8, DK 2
+ _ + + 2
T = == (3(uf)’ +ds?) (2.24)
with M_ = M.

Radiation-matter form Consider finally

_ 1 gt
Th = ot (ﬁdt + k—zdg) . (2.25)

In this expression  and <y are a priori functions of t,{ and {. The tensor is the sym-
metrized direct product of a light-like by a time-like vector. Notice that for vanishing

B, we obtain a pure-radiation tensor i.e. the square of a null vector.

We will consider a general reference tensor of the form
T = T;;f + T, (2.26)

the two components being given in Egs. (2.24) and (2.25). For this combination,

87GiImT+ =
RM M) b e B
(ar ag af) | -2petag 2bPig Mmoo | lag ), e
3M_a~ B M —M_ _3M_(a)* 7 dZ
22 2 22 2P4K2 2
while
8TGReT" =
R(My+M) —Mel  p M | PN g
(dt dz dé) S M lig Mol dz |. @28
R T AT

The reference tensor at hand depends on four complex arbitrary functions of ¢, and (:
M4, a™, B and y. We can now require (2.19), using (2.18) and (2.27). The first observation is
that this identification of the Cotton tensor demands

M. (t,(,0) =M-(t,(,0), (2.29)

which we will name M(t,Z, (), a real function. Furthermore, it appears a pair of independent



conditions plus their complex-conjugates. The first reads:

3M + K= and cc. (2.30)
while the second is 5
3, (et (0P
EM i + v =0 B and c.c.. (2.31)

Equations (2.30) and (2.31) are algebraic for the functions a*(t, ¢, ), B(t,¢, ) and ¥(t, ¢, {),
as well as the complex conjugate functions (t,¢,{) and ¥(t,{,{). Extracting these func-
tions and inserting them back into (2.28), we determine using (2.20) the boundary energy-

momentum tensor in terms of third derivatives of the metric, as already anticipated:

4Mk? oK 9:K
1 5 K a <azp> . dt
z t o
= — G(dt a7 dg) PBP | ex
9K 2M at< ) dg

We are now ready to proceed and write the bulk metric as obtained using the resummed
version of the derivative expansion, Eq. (2.1). We find:

ds3, = —2dt(dr + Hdt) + 2— dzdZ (2.33)

with 2M
2H = k*r* —2ro;InP + K — =—— (2.34)
r
According to our reasoning about the resummation of the derivative expansion into an exact
Einstein space, the metric (2.33) is expected to be Einstein provided the boundary energy-
momentum tensor (2.32) is conserved, i.e. obeys (2.10). Let us impose therefore the conser-

vation of T:

V-T=0

AK 4+ 12M3; In P = 49; M,
(2.35)

IM=0, 9;M=0.

Not only the first equation in (2.35) is the Robinson—Trautman equation, which precisely guar-
antees that (2.33) is Einstein, but it also appears here as the longitudinal component of the
energy—momentum conservation, i.e. as the heat equation for the boundary fluid, at rest in
the frame at hand. We will further elaborate on the properties of the holographic fluid in the
next section.

We would like at this point to remark that no reference to any a priori bulk property
has been made in our approach. The Robinson-Trautman equation has been obtained from
purely boundary considerations, by imposing the conservation of the boundary energy-



momentum tensor, and we can similarly tune the boundary data in order to control the bulk
Petrov type of the bulk Einstein space. Generically the latter is type Il because we can prove
[14] that the bulk congruence 9, is null, geodesic and shearless, and using thus the exten-
sions of Goldberg-Sachs theorem, the reconstructed bulk space is algebraically special.® By
tuning the functions that define the reference tensors T*, namely M(t), a*(t,Z,7), B(t,Z,7),
B(t,2,2), v(t,C,{) and ¥(t,{,{), we can scan other classes (see [13] for details):

e If M = 0, a* are immaterial and B(t,¢,{) and (t,{,) are fully determined by Egs.
(2.30) and (2.31):

B = 0K and cc., (2.36)
2P
Y = 0t B and c.c.. (2.37)

Furthermore, the Robinson-Trautman equation guarantees holomorphicity for g, func-
tion of (f, {) only. Hence, the bulk is generically Petrov type III. When g = 0, it becomes
type N, where now K = K(t), following (2.36). The most general P(t,, ) such that its

curvature is a function of time only was found in [26], and reads:

_ 1+ Sh(t, Q) h(t,C
P(t,2,0) = i ) ( _) — (2.38)
V2P ch(t,) (4, 0)
with € = 0, £1 and arbitrary functions f(t) and h(t, 7).
e If B = v =0, a™ are read-off from (2.30):
+ P
at = —magK and c.c., (2.39)
and the geometry is subject to a further constraint’ obtained by combining (2.31) and
(2.39):
ozP )
6M 0¢ - | = (0;K)” and cc.. (2.40)

The bulk is still type II, but choosing holomorphic a~ = a~ (¢, (), i.e. (using (2.39))
9 (P?9;K) =0 and cc., (2.41)

together with the constraint (2.40), makes it type D. There are two independent type D

6Notice that Robinson-Trautman spacetimes were originally designed to be algebraically special — see [25]
for more information regarding the principal null directions of Robinson-Trautman.

2
"Notice a useful identity: d; <B§TP> = %ag (P2atag InP).
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solutions:

1. The Schwarzschild, reached with P = 1+ 5{{ and K = €, which is asymptotically
anti-de Sitter.

2. The C-metric, which requires P?9;K = h({) # 0 and is asymptotically locally
anti-de Sitter due to a non-vanishing boundary Cotton tensor.

Let us mention here that the time dependence of M remains arbitrary, and can be reab-
sorbed by performing an appropriate bulk diffeomorphism, inducing a conformal transfor-
mation plus a diffeomorphism on the boundary [2]. The Robinson-Trautman equation reads
then:

1
970K = 3M; <ﬁ> (2.42)

with constant M. We will adopt this convention for the rest of our presentation.

Before moving to the hydrodynamic analysis of the energy-momentum tensor, we would
like to end the current section with some general comments regarding the bulk Einstein
spaces under consideration.

With the exception of the Petrov-D solutions quoted above, Robinson-Trautman space-
times are time-dependent and carry gravitational radiation. Once this radiation is emitted,
the spacetime settles down generically to an anti-de Sitter Schwarzschild black hole. The
general features of this evolution are captured by the Robinson-Trautman equation, which,
following [27], is a parabolic equation describing a Calabi flow on a two-surface. As long as
M # 0, these spacetimes exhibit a past singularity at r = 0, past-trapped two-surfaces and
a future horizon, which is the anti-de Sitter Schwarzschild horizon at late times. Unfortu-
nately, singularities are often developed on this horizon and no smooth extension is possible
beyond, in the interior region.

Irregularities of the two-surface S time-dependent metric

2

2
W= @p,, 002

dzdc, (2.43)
possibly present at early times, are washed out by the evolution, as usual with geometric
flows. The flow at hand, governed by the Robinson-Trautman equation (2.42), has the fol-
lowing salient properties:

d rd¥

— | == = 2.44

dt S P2 7 ( )

d rd%

— | ==K = 24

i )s P 0, (2.45)
where d?7 = —id{ A d (this assumes there are no boundary-like contributions — the proof

will be given and commented in Sec. 3). Hence, the area of S and its average curvature (i.e.
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the Euler number) are preserved along the flow, which, at late times, brings the metric into a
symmetric geometry compatible with the original topology. From the spacetime perspective,
this situation corresponds indeed to the evolution towards an anti-de Sitter Schwarzschild
black hole with conformal boundary R x S2, E; or Hy.®

Closing this chapter, one should observe that Robinson-Trautman spacetimes appear
as laboratories for investigating time-dependent black-hole exact solutions surrounded by
gravitational radiation. As opposed to the stationary paradigms, very little is known here,
even at a very elementary level: location of past horizon, definition of thermodynamic
quantities such as energy, temperature or entropy, interpretation of the evolution as out-
of-equilibrium thermodynamics. This is surprising because understanding deviations from
equilibrium in these systems is at least as important as counting their microscopic degrees
of freedom, which has attracted more attention. Any further comment on bulk thermody-

namics would be, at this stage, daring.

3 The Robinson-Trautman holographic fluid

Following the general plan presented in Sec. 2.1, we have reached Robinson-Trautman
spacetimes in Sec. 2.2, using in the derivative expansion (2.1), the boundary metric (2.16), the
boundary energy—-momentum tensor (2.32) and the boundary fluid velocity field (2.21). The
latter defines the hydrodynamic frame where the resummation of the derivative expansion
is successfully performed - for reasons that we have already discussed. This frame turns out
to be very natural for describing the fluid properties.

3.1 The hydrodynamic frame and the fluid transport data

In the case at hand, the energy density of the fluid reads:’

MK?

&£ = Tw/uﬂuv = R, (31)

and is constant, as is the pressure (¢ = 2p). We can split the energy-momentum tensor (see
App. A and e.g. [29, 30]) as

Ty = T;S?/) + Tyy + UpGy + UnGu, (3.2)

8The Calabi flow is set for a metric on a compact Kéhler space, here two-dimensional. For this reason it
was quoted in [4] for spherical geometry only. Probably, E; or Hy could also support this flow, assuming they
were made compact by modding out some discrete isometry. This line has not attracted much attention, and
at present Calabi-flow results do not cover all Robinson-Trautman geometries. The statements regarding late-
time behaviour should therefore be taken with care as they have not been demonstrated for all possible initial
conditions. In particular, the possibility of reaching the C-metric has been discussed in [28]. In that work it was
shown that Robinson-Trautman spacetimes admitting a space-like isometry generically decay to the C-metric.

9As pointed out in App. B, the kinematical out-of-equilibrium quantities ¢, p and @ are chosen to coincide
with the thermodynamic local-equilibrium ¢, p and g.

12



with a conformal-perfect-fluid part

TO = = (3u® + ds?) (3.3)

N ™

and a non-perfect piece T, + uuqy + u,q,, where 7, and g, are the components of the stress

tensor and the heat current respectively. These are fully transverse:
Tt =0, qu’ =0 (3.4)

with
qy = —euy — ul Ty, (3.5)

The non-perfect piece u,q, + u,q, is non-transverse. The latter is absent in the Landau-
Lifshitz frame.

Here we are not in the Landau-Lifshitz, but rather in the Eckart frame (see App. B for
a detailed discussion on this subject). To show this we should consider the more general
charged Robinson-Trautman solution, which solves bulk Einstein-Maxwell equations and
has a conserved current ] on the boundary.' In these solutions, the electromagnetic field has
three components: magnetic, electric and radiation. On the boundary, there is a conserved
current, a chemical potential and a magnetic field [31]. The latter couples to the current as
V, T = 4nGJ,F"’, and vanishes if and only if the bulk radiation component is absent.

11

In this case of ideal magnetohydrodynamics,™ is again governed by the plain Robinson-

Trautman equation, and the conserved current has the perfect form (j, = 0 in (A.14)):

]1/ = 0uy (36)
with 2
0= ﬁp(t/ gl 5)2 (37)

and Q an arbitrary constant. This demonstrates the statement regarding the Eckart frame,
since the current is fully longitudinal and perfect.
In the Eckart frame, the heat current is non-vanishing and we find, using (3.5),

q =~ (9K d +9,Kd() . (3:8)

10Conserved currents may also appear without extra degrees of freedom, in systems with symmetries gener-
ated by Killing vectors k. Indeed, in those situations k, T#" are components of divergence-free vectors. Since
Robinson-Trautman spacetimes have generically no isometries, we will not investigate this direction.

IKeeping the radiation component opens the field of general magnetohydrodynamics — see [32] for a related
discussion, and [33] for a more general perspective.

13



The non-perfect stress tensor (we have used the identity of footnote 7) is given by

1

= 8r1GKkep?

(3¢ (P02, In P) Az +9; (P?9:9; InP) dZ?) (3.9)
It reflects the friction, which is of kinematic origin. Hence, it is not surprising that we can
express it in terms of the orthogonally projected covariant derivatives (see App. A) of the
fluid velocity:!'?

1 1
W = ~igge (DuD@ D' D:0)
1 1
~ 16nGK2 (hﬂphvgvphrfw@ = St Voh? "Va@) : (3.10)

This is not possible for q though. Generically, the heat flow cannot be expressed as a pure
u-derivative expansion, it also involves the gradient of scalars like the temperature or the
curvature, and betrays thermal conduction or similar phenomena.

As already mentioned in Sec. 2.2, when dealing with exact algebraically special Einstein
spaces, the holographic energy—-momentum tensor receives at most third-order derivative
corrections with respect to the perfect fluid. The reason is simple. The bulk algebraic struc-
ture sets an intimate relationship between the energy-momentum tensor and the Cotton
tensor, which is a third derivative of the boundary metric. Since the shearless velocity field
is determined by the geometry itself, the energy-momentum is necessarily expressed with
third derivatives of the velocity field.

This property is very general. It was extensively discussed in a wide class of situations
like the Plebariski-Demiariski family, where the energy-momentum tensor is either third-
order in u-derivatives (in the presence of a bulk acceleration parameter) [14], or is perfect
[11]. This latter case does not imply that the fluid is perfect: some of the would-be corrections
vanish just because of kinematic reasons (as —2170,,), some other because infinite series of
transport coefficients are indeed zero for the holographic fluid at hand.

In the Robinson-Trautman case, the unique available transport coefficient is read-off in q
(Eq. (3.8)) orin 7 (Eq. (3.9)). This coefficient is of order /167G, and we will further comment
on it in Sec. 3.2. As long as we remain within Robinson-Trautman solutions, this is the only
information we can get, and it is exact. Of course, in order to have access to more trans-
port coefficients (possibly infinite series of them), we can consider changing hydrodynamic

frame. But even in that case, the new ones will all stem out of the former, and all will be of

121n our case, due to the absence of shear, vorticity and acceleration, the velocity derivatives are expressed
only in terms of derivatives of the expansion, as for example:

1 1
VaViity = 59, Ohyy + 767 (h/\yuv +hm,uy> .
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the same order.

For example, it is possible to move from Eckart to Landau-Lifshitz frame. As explained
thoroughly in App. B, this requires some care. At the first place, these frames are built as-
suming the existence of a conserved matter current. Moving from Eckart to Landau-Lifshitz
trades the heat current of the conserved energy-momentum tensor in Eckart for the trans-
verse part of the matter current in Landau-Lifshitz. This is conceivable for the charged
Robinson-Trautman, but audacious for the neutral case. At a second stage, the actual trans-
formation is performed perturbatively, order by order in a parameter, which is ||q|| (see
App. B for detailed expressions), required to be small compared to the energy scale. These
series are usually asymptotic.

This philosophy was originally pursued in [3] with success regarding the determination
of transport coefficients. Still, it has some caveats. From the mathematical viewpoint, this
amounts to trading an exact quantity like T or g, for an infinite series, which in general lacks
convergence. Physics-wise, moving to Landau-Lifshitz blurs the simple and clear picture,
which emerges in the Eckart frame as we will see; moreover, doing so while ignoring the
matter current j is inappropriate, in particular when computing the entropy current (see
Sec. 3.3).13

3.2 Physics and evolution in the Eckart frame

In the Eckart frame, the pressure is constant and the fluid is at rest on a spatial section S
equipped with a metric d/? (Eq. (2.43)). The physical phenomena taking place in the fluid
are related to thermal conduction, materialized in the heat current q, Eq. (3.8), and captured
by the Robinson-Trautman equation (2.42) appearing as the time component of the energy—
momentum conservation (2.35). This is a heat-flow equation, and one can elegantly derive it
directly from the general heat-current-divergence equation displayed in (A.17). In the case
under investigation, a,, 0, and g, 7" vanish, whereas ¢ is constant, so (A.17) reads:

) 3e

We have introduced div(y)q = V(3); q', which is equal to V,q" because q is transverse with
respect to the hypersurface-orthogonal vector u = d;, so exclusively defined inside the spa-
tial section S. Geometric quantities referring to this surface and to the corresponding metric
d¢? will carry a subindex “(2)”:

i dgad? _ d% .
~repr

and volume form: Qo) = —i gy = @pr

e antisymmetric tensor: 75,7 =

e Laplacian operator: Ay f = RAf = 2k2P28§85 f, and scalar curvature: R;) = 2K2K;

13The same attitude was adopted later on by the authors of [4], who insist in moving to Landau-Lifshitz in
their follow-ups [34, 35].
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» Hodge-Poincaré duality: q = q;d{ + q;d{ é’)q =i (qug — qg-dC_).
Substituting in Eq. (3.11) the heat current (3.8) expressed as

1

q= _—16nGd(2)K’ (3.12)

the expansion ® given in (2.22), and the constant energy density (3.1), we find indeed the
Robinson-Trautman equation (2.42):

1
9:0;K = 3Md; <ﬁ> .

Equation (3.11) can be used in integral form, over a fixed domain D C § with boundary
9D. Thanks to Green’s theorem,* we find:

d?z 2
D ept®= 73 2 (o) ¢ (313)

Using specifically (2.22) for O, (3.1) for € and (3.12) for g, we finally obtain:

dA i _
284D b _ 9.
2 - fg i (9:kdg — agKd?), (3.14)
where )
_ [ 47

is the area of the domain D. Multiplying by ¢, the total energy stored by the fluid inside D,

M [ d*
B =4nG Jo P2 (3.16)
obeys
dEp i e
e ng (9:Kdg — 8Kdg) . (3.17)

Assuming S be a compact surface without boundaries, from Eq. (3.14), we conclude that
the total area of S, A = Ag remains constant in time.!® This demonstrates (2.44). Accord-
ingly, the total energy E = Es = €A is also conserved. Along time, the spatial section S
hosting the fluid evolves and the fluid energy, conserved in total, moves from one region to
another. With reasonable initial conditions, the system stabilizes at large times in a configu-

4Reminder of Green’s theorem: for any vector/one-form v

d*g .
Jp kK2p? divigyv = .721) (é)v'

15Under appropriate assumptions for K asymptotics, S could even be non-compact, and its area infinite.
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ration with spatially constant K (see discussion at the end of Sec. 2.2).

Summarizing, the Robinson-Trautman holographic fluid is at rest in the Eckart frame
and is subject to thermal conduction, with energy exchanges operating according to the dy-
namics described above, and driven by the heat current (3.8).

In order to simplify our discussion and fit within the framework of the the Robinson-
Trautman spacetime built in Sec. 2.2, we will consider from now on vanishing chemical
potential. This choice is holographically achievable [31]. We could alternatively set the den-
sity to zero; all of our conclusions would hold in that case, but we find the former option
more convenient. Following (B.6) and (B.7), we find for the conformal fluid at hand the
temperature as related to the energy density by standard Stefan’s law:

MK?
¢ 4nG (3.18)
with o = %. Hence the local-equilibrium thermodynamic temperature T is constant.

The heat current of the Robinson-Trautman fluid can be expressed, like for any fluid,
as a derivative expansion in the temperature, and in geometric or kinematic tensors. In
the present case, however, this current is known exactly, and contains a single term, that
would appear at third order in the derivative expansion. The would-be first-order term,
displayed in the generic expression (B.4), is absent here. In this expression, appears the
local-thermodynamic-equilibrium temperature T, given in (3.18), which is constant. Since
the acceleration is vanishing, the first order does not contribute indeed.

One may be puzzled at this stage, discussing thermal conduction without temperature
gradients. This attitude is probably too naive. As explained in App. B, quantities like tem-
perature or chemical potential lack a microscopic definition when out-of-equilibrium phe-
nomena take place. Even though the hydrodynamic hypothesis of local thermodynamic
equilibrium may be justified, the local-equilibrium temperature T (x) (in fact constant here)
or chemical potential y(x) (absent in our case) do not exhaust all available information, and
more is captured in the kinematical, out-of-equilibrium functions T(x) and p(x).

The origin of the transport phenomena witnessed here being in essence geometric, it is
tempting, inspired by (B.4), to recast the exact expression of the current (3.8) as

qu = —xD,T (3.19)

with

KT(,0) = kT + ﬁ (K(t,2,8) — (K)). (320)

The Gaussian curvature K(t, , () contributes thus to a kind of kinematical, out-of-equilibrium
temperature T(t,{,{). It is naturally accompanied with a heat conductivity, read off as its
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coefficient in (3.20):
1

K=——>.
167G
The latter is of geometric origin, as the transport phenomenon it triggers. This result is in

(3.21)

agreement with the general analysis performed in [36].
In expression (3.20), we have introduced T given in (3.18), and the average curvature'®

over S: )
1 d<¢
(K) =7 @k (3.22)
This turns out to be constant, as advertised in (2.45). Indeed, one easily shows that
d [ d*¢ i _
- | T 2K=-°_ — 05 2
5L : ng (9047 - 5,047, (3.23)

which vanishes when D = S, under the already spelled assumptions.!” For asymptotic time,
K(t,,{) is expected to converge towards a constant, which is therefore identified with (K).
Hence

lim T(t,¢,C)=T. (3.24)

t—+o00

At late times, the fluid reaches global equilibrium with the kinematical temperature equal to
the thermodynamic-equilibrium temperature, as expected. At any time, the thermodynamic-
equilibrium temperature is the average kinematical temperature: (T(¢,{,{)) = T.

The validity of holographic approach in the present framework requires a large black-
hole mass, hence a large temperature T. This leaves room for initial conditions on P(t,, )
that do not violate the positivity of T(t,, {). Actually, the latter may not be mandatory since
T(t,,{) is an instrument for probing transport, and not a fundamental quantity defined
ab initio — reason why we insist calling it “kinematical, out-of-equilibrium temperature” as

opposed to “local-thermodynamic-equilibrium temperature” (see discussion in App. B).

3.3 The entropy current and its conservation

The last important aspect of the Robinson-Trautman fluid dynamics we would like to dis-
cuss is the entropy, the associated current and its divergence. For the conformal case in
three dimensions, the standard entropy current is given in (B.19) in the Eckart frame, and

16Defined as a limit for a non-compact surface.
7The identity (3.23) does not require the Robinson-Trautman equation to be satisfied. It is thus valid for any
dynamics and not necessarily for the Calabi flow. Actually it reads:

d [ d%¢ . >
5= s —sort)

for any function f(t,Z,{).
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reproduced here for clarity:
1
St = 7 ((Bp — po)u +4q"). (3.25)

We remind that in this expression the local-equilibrium thermodynamic quantities and re-
lations are used, following the discussion of App. B, as determined in the Eckart frame. It
applies to the more general charged Robinson-Trautman solution with density displayed in
Eq. (3.7). Since we have chosen zero chemical potential, the second term drops,'® and the

3p  30T? M\

entropy is constant:

In this case, the entropy current reads:

M 2/3 PZ
S — (Z) <at - (agKag +9:K ag)> : (3.27)

Using the general expression for the entropy-current divergence (B.20), we obtain:
V,St=0. (3.28)

This is the consequence of the local-equilibrium temperature and pressure being constant,
and of the vanishing chemical potential, shear and acceleration. Put differently, s and T
being both constant, the current S is divergence-free as a consequence of a fine cancellation
between the velocity expansion © and the divergence of the heat current, displayed in (3.11).

The conservation of the entropy current is surprising at first sight because we are seem-
ingly out of equilibrium and evolution towards equilibrium usually produces entropy. How-
ever, the thermal-conduction irreversible phenomenon described by the Robinson-Trautman
dynamics is of geometric nature. Hence, it can reasonably accommodate a conserved en-
tropy current. Indeed, the fluid is at rest. The evolution preserves the area and the energy,
and occurs at a constant average kinematical temperature, equal to the local-equilibrium
temperature. At the same time the absence of acceleration and shear wash out the effects of
the heat current and the stress friction (see (B.16)), and the process ultimately appears as an
adiabatic, even isentropic, redistribution of energy due to the kinetics of the surface rather
than to the motion of the fluid, till the final global-equilibrium state is reached. In thermo-
dynamic language this is a special case of isothermal Carnot’s path,'” known as Moutier’s
[37], which produces no work and has zero thermodynamic efficiency.?’ Carnot’s evolution
is reversible and this does not contradict anything here, as the origin of irreversibility for the
described phenomenon is purely geometrical.

18This term also drops for vanishing density.

19We use intentionally “path” rather than “cycle” as in the process under consideration the system does not
come back to the original state because of the time-evolving geometry.

20The thermodynamic efficiency of a cycle is defined as 1 = 1 — Tinin/ Tynas.
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The above conclusion is frame-independent as is the actual entropy current. The latter can
be expressed alternatively as in Eq. (B.17):

S=spLuLL — %]‘LL, (3.29)
LL
where all observables are evaluated in the Landau-Lifshitz frame. Following App. B, these
observables appear as series expansions around their Eckart-frame counterparts, in powers
of the heat-current norm ||q||. The latter, displayed below in (3.34), is inevitably unbounded
for Robinson-Trautman because of the singular future behaviour of K. The validity of the
hydrodynamic-frame change is therefore limited. This problem has been avoided in our
preceding analysis, performed directly and exactly in the original Eckart frame.
Although in Eckart’s our choice has been y = ug = 0, this is no longer true in Landau-
Lifshitz’s (see (B.25) and (B.32)):%!

2
By _9:7°9 2,9 7T T-q_ (979
5(E) = - + —( ) T 3.30
<T) eTq? QT(P+€)<q q° 9 ) (330

where the dots stand for higher-order terms in ||q||. As a consequence, in this frame, the

entropy current (3.29) receives two distinct non-vanishing contributions, S = Sy11 + Sypo:

2
_ _ _ met  _Ttq
SLL1 = siLurL = su + ; L T(p + 8)211 S(p e +ee, (3.31)
1o 1oq T

PLL. g
Sl = —=—j;; = + u-+s — e, 3.32
W2 T TR T TG U Tt v er &3
and we have used the explicit perturbative transformation rules provided in (B.22)—(B.32)
(quantities without indices are evaluated in the Eckart frame). These two expressions are
general and valid for any fluid. They sum up to su + 9/7, expression of S in the Eckart frame.

In the Robinson-Trautman conformal holographic fluid, the heat current q is given in

(3.8):
k>p?

q=—1—= (9:Kd +3,K2;), (3.33)
and its norm squared is
k*P?
2 _
while
1 > 5 _
T q = —gaas (9K (P3,d; InP) dg +9;K9; (P29 InP) df) . (3.35)

For vanishing chemical potential, # = 0 (or for vanishing density, ¢ = 0), the above equa-

2I'We use the notation q - 7-q = Ty q¥q¥ and similarly for other terms and contractions.
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tions read:

T-q

St =S - S(3p)2 +--, (3.36)
T-q

Stz =8 G (3.37)

with p = ¢/2 given in (3.1), s in (3.26), Sin (3.27) and 7 - q in (3.35). None of the two pieces of
the entropy current displayed in the Landau-Lifshitz frame (3.36) and (3.37) is divergence-
free, but the sum is:

V-S5i1 = —V- S

= ¥ (09
_ WZM)% (3 (3cK2; (P InP) ) +cc.). (3.38)

In previous analyses of the Robinson-Trautman fluid, Sy1; = sppupr was used alone as an
entropy current, leading to the conclusion that it is not conserved.?? This amounts to setting
prr = 01in (3.29), which in turn would require ug # 0. Since in these works no chemical
potential was introduced in the original frame reached holographically, it seems to us that
the choice made subsequently for the entropy current is unjustified. Deciding which is the
best choice for this current is certainly a long debate that we will not pursue here. Our choice
is the standard one, originally proposed by Landau and Lifshitz [38]. More importantly, it is
frame-invariant provided one is careful in trading the heat current q for a transverse matter
current j, when discussing the change of hydrodynamic frame. This is often disregarded in
the literature.

4 Conclusions

We would like now to summarize our analysis, which is twofold.

The first side concerns the general reconstruction of exact bulk Einstein spacetimes, from
boundary data obeying appropriate conditions. This reconstruction is a resummation of the
hydrodynamic derivative expansion, for which we choose a shearless congruence. Given a
boundary metric, such a congruence is basically unique and has a double virtue: (i) reducing
the number of terms allowed by conformal invariance, hence making the resummation po-
tentially tractable;?’ (ii) being promoted into a bulk null, geodesic and shearless congruence,
whenever the resummation is successful. This last feature makes the bulk algebraically spe-

2The expressions for Syp; and V - Sppq of [4] differ from the ones displayed here, Eqs. (3.36) and (3.38),
because of technical inaccuracies.
23In the presence of shear the plethora of compatible terms makes the exercise difficult.

21



cial by Goldberg—Sachs theorem, and naturally expressed it in Eddington—Finkelstein coor-
dinates. Moreover, it crucially sets a relationship between the boundary energy-momentum
tensor and the Cotton tensor, through the structure it imposes on the reference conserved
tensors T+ = T+ WC, which is of prime importance. This scheme allows for a direct
boundary control of the bulk Petrov type, and recasts the conservation of T as a bulk inte-
grability equation, interpreted on the boundary as a heat-flow equation.

The method at hand is general and enables us to reach all known algebraically special
Einstein spacetimes (see e.g. [11, 14] for the Plebariski-Demianski class). It is fair to quote,
though, that the issue of Petrov general spacetimes is still open, together with the role that a
boundary shearless congruence will play in this case, or, stated differently, the possibility of
reconstructing such spacetimes with shearless fluid velocities. Leaving aside this question,
we have followed the pattern for a general boundary class with a shearless congruence with-
out vorticity and reached the entire Robinson-Trautman family. The Robinson-Trautman
equation comes out here holographically as the boundary energy—-momentum conservation
equation, given the structure the latter acquires from its relationship with the Cotton tensor.

The last property brings us to the second part of the present work, more specifically
dedicated to the physics of the holographic fluid. Three main features emerge for it: (i) the
hydrodynamic frame associated with the congruence at hand is the Eckart frame; (ii) in this
frame, the energy—-momentum tensor receives only third-order derivative corrections; (iii)
the energy—-momentum conservation is non-trivial in the time direction, and appears as the
heat equation for the fluid. These properties can be traced back to our original choice of
shearless congruence, and to the consequences it has both for the bulk and for the boundary.
They are all expected to be generic for exact and algebraically special Petrov Einstein spaces,
and valid beyond the Robinson-Trautman paradigm.

Here, the fluid is at rest on a surface which evolves in time keeping its area constant. The
fluid has constant pressure and constant energy density. The transport phenomena occurring
can be assimilated with thermal conduction, which drives the system towards global equi-
librium by continuously redistributing a conserved total energy on the moving surface, in a
fashion reminiscent of Solaris” ocean dynamics [39]. This is achieved according to the Calabi
flow, here revealed as a genuine heat flow. The interpretation of the Gaussian curvature of
the surface as the time-dependent part of a kinematical out-of-equilibrium temperature, and
the exact determination of the corresponding geometric heat conductivity are novelties of
our work. They provide a natural thermal-like interpretation to the geometric flow.

The other important aspect unravelled here concerns the hydrodynamic frame. The holo-
graphic fluids dual to exact Einstein (more precisely Einstein-Maxwell in order to produce
a boundary current) spacetimes emerge often in the Eckart frame. Then, not only is the con-
served current perfect, but the corrections to the energy—-momentum tensor with respect to
the perfect fluid are restricted and canonically related to the third derivatives of the metric
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and the velocity. This makes the fluid dynamics clear and provides a rich information on se-
ries of vanishing transport coefficients. It is unfortunate that in the framework of holography
one systematically tries to reach the Landau-Lifshitz frame, irrespective of the context. This
leads sometimes to inconsistencies, as we pointed out e.g. regarding the entropy current.
The present analysis of the Robinson-Trautman boundary fluid, and other studies of
exact-Einstein-space holography, suggest that the underlying fluid dynamics is quite pecu-
liar. The system is time-dependent and evolves generically towards equilibrium by thermal
conduction. This process is of geometric origin though, as it is driven by the evolution of
the surface itself, and is associated to a very specific correction with respect to perfect flu-
idity. Furthermore energy and area are conserved, and the standard entropy current has
no divergence. Entropy is thus conserved as a fine tuning inside the out-of equilibrium
process at hand. There is nothing to be worried about this state of affairs, except that one
might legitimately question the practical usefulness of these holographic systems and the
interest in elaborating further on their transport properties. In contrast, the investigation of
this distinctive conformal fluid dynamics, might shed light on black-hole out-of-equilibrium

thermodynamics, which is still in a quite primitive state.
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A On vector-field congruences

Consider a D-dimensional Lorentzian metric g,, and an arbitrary time-like vector field u =
utd,, normalized as u,u’ = —1, later identified with the fluid velocity. Its integral curves
define a congruence which is characterized by its acceleration, shear, expansion and vortic-
ity:
1
Vi, = —uua, + m@ hyy + oy + Wy (A1)

23



with%*

a, = u'Vyu,, O=V,ut, (A.2)
Op = %hyphv" (Voo + Vou,) — ﬁhwhp”vpug (A.3)
= V) +agu,) — %@ huv, (A4)

Wy = %hyphf (Voptts = Voitp) = Vg + up,a,). (A.5)

These tensors satisfy several simple identities:
utay, =0, w'o, =0, u'w,=0 u'Vyu,=0, h° uVotly = Vyuy, (A.6)
and we have introduced the longitudinal and transverse projectors:
ut, = —utu,, W, =utu,+s}, (A7)

where h,,, is also the induced metric on the local plane orthogonal to u. The projectors satisfy
the usual identities:

ut.ut, =ut, u'n,=o0 #WH,=n, u,=1 n,=D-1 (A.8)

It is customary to define the orthogonally projected covariant derivative acting on any
tensor as
V1...V,
Dy Toy o, P = b g g P P, T, (A.9)

Any tensor can be decomposed in longitudinal, transverse and mixed components. Con-
sider for concreteness the energy—-momentum tensor, which is rank-two and symmetric with

components T,

Ty = euyuy + phyy + Ty + upqy + tyqy. (A.10)
The non-longitudinal part is
Phyy + Ty + upqy + Uy gy (A.11)
We have defined
e=u'u"Ty, Tuw=Wh"Tw—phuw, q.=—h,Teu’ (A.12)

240ur conventions for symmetrization and antisymmetrization are:

1

1
A(VV) ) (Al“/ + AVV) ’ A[uv] ) (A]ﬂ/ - Al/p.) .
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such that

gy =qu W =Tw, u'qy =0, u't, =0, u'T, =—q, —eu,. (A.13)

The purely transverse piece phy,, + T,y is the stress tensor, while g is the heat current.
Similarly, any current with components J# can be decomposed in longitudinal and trans-
verse parts:
J¥ = out + j* (A.14)
with
hyvjv = ju, wWjy=0, @=—ul],. (A.15)

Assuming the energy-momentum tensor T, being conserved:
VvV, TH =0, (A.16)

we can carry on and describe the dynamics for the heat current, using (A.13), together with
(A.1) and (A.10). We obtain, for its divergence:25

m 8T m pv
Vug' = —u(e) — (p+e+ D1 O — auq" — oy T, (A.17)
where u(f) = u"V,(f) = u"9,(f).
The current ] is also supposed to to obey
VuJ# =0, (A.18)

from which we extract the dynamics of its transverse component j using (A.2):

V" = —u(e) — @O. (A.19)

B Hydrodynamics and out-of-equilibrium states

Hydrodynamic functions and hydrodynamic frames

We recall here some basic facts regarding fluid dynamics (see [29, 30] as well as the pillar
of hydrodynamics manuals [358] — we also recommend [40]). Hydrodynamics is by essence
out-of-equilibrium. Every concept should therefore be considered with care, as no univer-
sal methods exist, which would embrace all facets of these phenomena, especially in the

relativistic regime for non-ideal fluids.

ZNotice that q being transverse, Dy g = V" — a,q*.
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Fluids are described in terms of their energy—-momentum tensor and one (or more) cur-
rent(s), all conserved in the absence external forces. The dynamical quantities are thus (see
(A.10) and (A.14)) e(x), p(x), o(x), g"(x), T™"(x) and j*#(x), assumed to be functionals of
some fundamental quantities, equal in number to the available equations (A.16) and (A.18):
ut(x), T(x) and p(x). This functional dependence is captured by the constitutive equations,
expressed usually as a derivative expansion. As a matter of principle, these hydrodynamic
functionals obey microscopic equations like Boltzmann’s equation, but it is in practice diffi-
cult to extract information directly from there. The derivative expansion is the alternative,
perturbative phenomenological approach.

At strict equilibrium and for an ideal fluid, u is aligned with a time-like Killing vector, i.e.
the fluid is at rest, and T and p are constants. So are ¢, p and 9. All these quantities are then
defined within equilibrium thermodynamics as the temperature T, chemical potential y, en-
ergy density ¢, pressure p and matter (or better, Ncether-charge) density ¢. The constitutive
relations are the equation of state p = p(T, u) and the usual Gibbs—Duhem relation for the
grand potential —p = ¢ — Ts — pg with ¢ = (9%/a) 7 and s = (%/a71),,.

Once the fluid is set to motion, the equilibrium is abandoned and assumed to be achieved
locally, for hydrodynamics to make sense. Thermodynamic functions become local (and sup-
posed to be slowly varying) but even within this basic assumption, for non-perfect fluids,
neither &(x), p(x) and ¢(x) appearing in the fluid equations, nor T (x) and p(x) entering the
constitutive relations need a priori to be identified with the corresponding local-equilibrium
thermodynamic quantities. Even the velocity congruence u(x) has no first-principle defini-
tion in relativistic hydrodynamics. One has in particular the freedom to redefine

T(x) = T'(x), ux)—=u'(x), ulx)—ud(x), (B.1)

provided we modify accordingly £(x), p(x), o(x), g"(x), T""(x) and j*(x).

The above freedom can be used to fix some of the hydrodynamic functions. This is
how the concept of hydrodynamic frame emerges. The Eckart frame (also called particle
frame, [41, 42]) is reached by requiring the matter current J be perfecti.e. j = 0, while in the
Landau-Lifshitz frame the heat current q is set to zero [38]. In every frame, the remaining
non-vanishing hydrodynamic functionals are set as derivative expansions with respect to
T(x), p(x) and u#(x). The coefficients are phenomenological data, which can in principle be
determined from the microscopic theory. The consequence of changing frame is to reshuf-
fle the various coefficients (sometimes trading one for an infinite number of others), which
ultimately carry the relevant information about the fluid, irrespective of the frame.

It is worth noting at this stage that the definition of the Eckart frame and, by the logic
of frame transformation, the corresponding definition of the Landau-Lifshitz counterpart,
refer explicitly to the conserved matter current J. The heat current g, as part of the conserved

energy—-momentum tensor T, and the non-perfect contribution j to the conserved matter cur-
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rent ] are interchanged in the course of the transformation. Regularity (or invertibility) of
the latter makes it dangerous to set a priori both these vectors to zero, irrespective of the fact
that ultimately the matter density ¢ or the chemical potential 4 may vanish.

The choice of frame is important for several reasons. At the first place, because of the
nature of derivative expansions: these are often asymptotic series and only the first terms
can be trusted. Hence, depending on the regime, some frames may not provide accurate
results. Secondly, the precise physical context can play a role. For instance, when dealing
with fluids in a quasi-Newtonian regime, the Eckart frame is superior as it is the one in which
one recovers classical Euler’s equations for non-relativistic fluids. Following the classical
irreversible thermodynamics theory in Eckart frame,?® we find at first order — dropping the

index “E”:

€ =¢& Puy=" Qu=2¢ (B.2)
T(Vl]; = —2;70':”1/ — é’h?“’@/ (B3)
gy = —xh" (0, T+ Tay). (B.4)

In D = 3 spacetime dimensions there is also a term —y7" Al up(TAV) in T(”;; with y the Hall
viscosity.

Formally, the choice of frame (Eckart, Landau-Lifshitz, ...) does not exhaust all freedom
and it is always implicitly assumed that, owing to this residual latitude, £(x), p(x) and o(x)
are identified with the local-equilibrium thermodynamic energy density ¢(x), pressure p(x)
and charge density o(x), i.e. not only at the first order as Eqs. (B.2) may suggest. Nothing
guarantees, however, that the kinematic out-of-equilibrium temperature T (x) and chemical
potential p(x) could be identified with the equilibrium data T(x) and u(x), even at lowest
order — a fortiori when higher (and possibly all) orders in the derivative expansion are con-
cerned. The literature is very poor on this issue, probably because we are here reaching the
limits of the hydrodynamic approach. Answering this question would require to enter the

realm of non-equilibrium many-body systems.

Conformal fluids

The case of conformal fluids deserves some further comments. From microscopic first prin-
ciples, the energy—-momentum tensor is traceless and this should hold even in the limit of
extinct interactions. In other words, from Eq. (A.10) and following the above identification

of kinematical energy and pressure ¢, p with thermodynamic ones ¢, p, one obtains:

e(x) = (D 1) p(x), gut" =0. (B5)

26Gee [40] for a comprehensive review about classical irreversible thermodynamics (CIT) and the Eckart frame.
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Equilibrium thermodynamics for conformal fluids then sets the equilibrium temperature
T(x) following Stefan’s law, modified in the presence of a chemical potential to comply with
the Gibbs—-Duhem equation (B.11):

p— 107 (LY. ®6)

Here f (#/T) encodes the equation of state for the conformal fluid. It is determined by its

microscopic properties, and satisfies

g

) =5— (B.7)

where ¢ is a Stefan-Boltzmann-like constant in D dimensions. The matter density and en-

- (@)

9 1
s = <a—§,>y = 7(Dp — po). (B.9)

tropy therefore read:

H

Vanishing density requires thus f = ¢/D-1 constant, and we recover Stefan’s law in this case
too. As already emphasized, the thermodynamic temperature and chemical potential may

not be meaningful in a plain non-equilibrium regime.

Entropy current

The next object we would like to discuss is the entropy current. The canonical expression for

it is [29, 38, 40, 43]
1

T
Using the decompositions (A.10) and (A.14), the identifications of the kinematical &(x), p(x)

st (pu! — THu, — uj"). (B.10)

and ¢(x) with the thermodynamic ones, as well as the already quoted equilibrium thermo-

dynamic relation

Ts = p+e—po, (B.11)
one finds: .
S = sul' + —q" - %j". (B.12)

This current allows writing the thermodynamic entropy as:
s = —S'uy,. (B.13)

We should stress that the entropy current has raised many questions and its canonical form

(B.10) may not be appropriate to all physical situations. It is based on local-equilibrium
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thermodynamic functions, s(x), T(x) and u(x), and depending on the set-up, these may
be far from the kinematical T (x) and p(x), which lack first-principle microscopic definition
anyway.

It can be shown that the entropy current is frame-independent [29]. This holds in partic-
ular for Eckart and Landau-Lifshitz frames:

Sk =SI,. (B.14)

The formal expression of the current changes though, from one frame to another. In the
Eckart frame, (B.10) becomes

Sk = sut + %q”, (B.15)
and using Eq. (A.17)
B Mg (M), (P 1 1
VuSg = T® u<T>+u<T)+eu<T>+q<T>
1 (g™ v
—7 <D”_ T O + aug" + oy T ) . (B.16)

Similarly, we find in the Landau-Lifshitz frame
- L, (B.17)

which is precisely the current originally proposed by Landau and Lifshitz in [38]. Thanks to
the usual tools ((A.14), (A.18) and (A.19)), the divergence turns out to be

Vst =u (L) + o - u (§) - (4). (B.18)

In order to avoid cluttering indices, it is understood that whatever quantity appears in the
right-hand side of Egs. (B.15)—(B.18) is determined in the hydrodynamic frame declared in
the left-hand side (and similarly for (B.19)—~(B.21) below).

Positivity of VS sets bounds on the transport coefficients that appear in the derivative
expansion. Notice en passant that this divergence is Weyl-covariant as it matches the Weyl-
divergence of the entropy current.?”

For a conformal fluid, the entropy current (B.12) reads:

1 o1 L
Sp = T((DP —po)ut +4"), or S = T((DP — po)u" —pj"), (B.19)

*Indeed, we would write 2, S# = VS + (ws — D) A;,S¥, but the conformal weight ws of the entropy current
equals D.
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while its divergence (B.16) or (B.18) is now

1 1\ 1 )
V,.Sk = —V—]f?@ —u (V—]f?) + Dpu <T> +q <T> — 7 (aug" + 0™ —u(p)),  (B.20)

or
no_ 14 Po_ BN _(H

V.Sl =Du () +pLo—ou (L) -i(%). (B.21)

The various kinematical and thermodynamic quantities appearing in the equations, are de-

termined in the corresponding frame; they are different for Eckart and Landau-Lifshitz,
contrary to the entropy current and its divergence.

Eckart-to-Landau-Lifshitz transformation

We would like to conclude this appendix with some explicit transformation rules. Writ-
ing 211 = Zg + 02 for any kinematical or thermodynamic quantity 2, the displacements
can be computed linearly, quadratically, and so on, based on the fundamental rule that the
energy—-momentum tensor T and the matter current ] are frame-invariant. In order to avoid
any confusion, we restore the index “E” for the Eckart frame, and provide the results with
minimal details.

The variation in the velocity field is determined in terms of the heat current, non-zero in
Eckart frame, vanishing in Landau-Lifshitz frame, by solving perturbatively the eigenvalue
problem:

su) = ; ‘j[rg : (B.22)
E E

All other transformation rules are determined from the latter, using the quoted invariances
and Gibbs-Duhem equation.?® The non-perfect matter-current component j is vanishing in

Eckart and non-zero in Landau-Lifshitz, where its first-order value is

s — & B.23
j — ! (B.23)
while
6e) = 5o = 55 = 5p(1) = 0. (B.24)
Similarly, we find
E (1) _q4-TE-q
0 (T) " eTeq?’ (.2

and using dp = 0dp + s6T we can read off T") and ouV).
It should be noticed that the stress tensor g is a correction with respect to the perfect
fluid, of similar order than the heat current q. The first correction it receives is therefore of

2The kinematical ey (x), prr(x) and erp (x) are still identified with the local-equilibrium thermodynamic
energy density ep 1 (x), pressure prp (x) and charge density o (x).
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second order:

. . tréf(z)
e = AT gy g gy H. B.26
: e reng T T D (b:20)

In this expression, the trace of the correction, tr 512 = Suv ST s left undetermined. This

trace also appears in the second-order correction of the pressure,

2 2 2
5]9(2) o 58( ) tr&T( ) 58(2) _ q )
PE + €E

= — B.27
D-1 D-1’ ( )

so that a freedom remains to reabsorb it or not in the latter (see discussion in [29]). The other

second-order corrections from Eckart to Landau-Lifshitz frame read:

1
ou? = — —— (qPug —27g - qg) , (B.28)
2 (pe +ex)’ ( ©)
5® = - CF - (qPue — T - qg) s (B.29)
(pE +€E)
2 2
PR L 9 ) (B.30)
2(pE +£E) Tk (PE"’gE)
2
g = —TCE (B.31)
2 (PE -+ 5E)
i (2) 1 » Q- TE-TE-q <q-TE-q>2
P R S P _ . B.32

Finding the latter requires to analyse the eigenvalue problem of the energy-momentum ten-
sor at third order. We can further combine (B.27) with (B.32) and ép = 0y 4 sé6T, and extract
6T® and su?.

We can proceed similarly and obtain the above quantities at next order, or even further.
Their expressions follow the pattern already visible in the first and second orders. It is read-
ily seen that the expansions of all Landau-Lifshitz observables around their Eckart values
are controlled by the parameter lldll/pg+eg, i.e. basically the norm of the heat current. The
magnitude of this quantity sets validity bounds on the frame transformation at hand. For a
more general discussion on related issues, see the already quoted Refs. [29, 40].
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ABSTRACT

We provide the set of equations for non-relativistic fluid dynamics on arbitrary, possibly
time-dependent spaces, in general coordinates. These equations are fully covariant under
either local Galilean or local Carrollian transformations, and are obtained from standard rel-
ativistic hydrodynamics in the limit of infinite or vanishing velocity of light. All dissipative
phenomena such as friction and heat conduction are included in our description. Part of
our work consists in designing the appropriate coordinate frames for relativistic spacetimes,
invariant under Galilean or Carrollian diffeomorphisms. The guide for the former is the
dynamics of relativistic point particles, and leads to the Zermelo frame. For the latter, the
relevant objects are relativistic instantonic space-filling branes in Randers-Papapetrou back-
grounds. We apply our results for obtaining the general first-derivative-order Galilean fluid
equations, in particular for incompressible fluids (Navier-Stokes equations) and further il-
lustrate our findings with two applications: Galilean fluids in rotating frames or inflating
surfaces and Carrollian conformal fluids on two-dimensional time-dependent geometries.
The first is useful in atmospheric physics, while the dynamics emerging in the second is
governed by the Robinson-Trautman equation, describing a Calabi flow on the surface, and
known to appear when solving Einstein’s equations for algebraically special Ricci-flat or
Einstein spacetimes.
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1 Introduction

Ordinary non-relativistic fluid dynamics is described in terms of a basic set of equations:
continuity, energy conservation and momentum conservation (Euler equation). In most text-
books (as e.g. [1]) the fluid is observed from either inertial, or stationary rotating frames, us-
ing Cartesian or spherical/cylindrical coordinates. Although these set-ups are satisfactory
for most practical purposes, they do not exhaust all possible situations because the equations
at hand are not covariant under Galilean diffeomorphisms i.e. general coordinate transfor-
mations such as t' = #/(t) and x' = x/(¢,x). Most importantly, the geometry hosting the fluid
is assumed to be three- or two-dimensional Euclidean space. This is a severe limitation, as
we may want to study the fluid moving on a surface, which is neither flat nor static, and
equipped with an arbitrary coordinate system.

Progress has been made over the last decades, sustained by the needs of the space pro-
grams or meteorology [2—7]. The most recent work [7] beautifully highlights the various con-

tributions, and provides a covariant frame-independent formulation. Still, these authors do



not address the issue of trading Euclidean space for an arbitrary curved and time-dependent
geometry, and subsequent analyses have focused to the case of static surfaces (see e.g. [8]).
Part of our work consists in filling this gap, and presenting the most general equations de-
scribing a non-relativistic viscous fluid moving on a space endowed with a spatial, time-
dependent metric, and observed from an arbitrary frame. Each geometric object involved
in this description has a well-defined transformation rule under Galilean diffeomorphisms,
making the set of equations covariant.

In order to achieve the above program, we carefully analyze the infinite-light-velocity
limit inside the relativistic fluid equations. Although standard (see §125 of [1] for the original
presentation and [9] for a modern approach), this method has been only partially developed
outside the realm of Minkowski spacetime (as e.g. in [10]). Hence, it has mostly led to non-
relativistic fluids on plain Euclidean space in inertial frames. Choosing the form of a general
spacetime metric such that it allows for a non-relativistic limit, enables us to reach our goal.

Considering the infinite-light-velocity limit in a relativistic framework suggests to study
in parallel the alternative zero-light-velocity limit. This is actually ultra-relativistic, but we
will keep on calling it non-relativistic as it decouples time and contracts the Poincaré group
down to the Carroll group, as originally described in [11].

Carrollian physics has attracted some attention over the recent years [12,13]. Although
kinematically restricted — due to the vanishing velocity of light, the light-cone collapses to
a line and no motion is allowed - the freedom of choosing a frame is as big as for Galilean
physics though. In particular, the single particle has degenerate motion [14], but extended
instantonic! objects do still exist and have non-trivial dynamics, making this framework rich
and interesting. Following the pattern described above, we study the corresponding general
set of equations for viscous fluids. The form of the spacetime metric appropriate for the
limit at hand is of Randers—Papapetrou, slightly different from the one used in the former
case, which is the Zermelo form.2 The obtained equations are covariant under Carrollian
coordinate transformations, t' = #'(t,x) and x’ = x/(x). In order to avoid any confusion, we
will refer to the standard non-relativistic fluids as Galilean, whereas the latter will be called
Carrollian.

Our motivation for the present work is twofold. On the one hand, as already mentioned,
stands the need for a fully covariant formulation of Galilean fluid dynamics, on general
spaces and from arbitrary frames, which might have useful physical applications. On the
other hand, viscous Carrollian fluids were never studied and turn out to emerge in the con-
text of asymptotically flat holography [16], in replacement of the relativistic fluids present in
the usual fluid /gravity holographic correspondence of asymptotically anti-de Sitter space-

n ordinary relativistic spacetime, we would call these objects tachyonic as they extend in space i.e. outside
the local light-cone. Since the latter is everywhere degenerate in Carrollian spacetimes, instantonic is more
illustrative.

2Gee [15] for an interesting discussion on Zermelo vs. Randers-Papapetrou forms.



times [17-20]. Performing this analysis in parallel is useful as both Galilean and Carrollian
groups, and Zermelo and Randers-Papapetrou frames turn out to have intimate duality re-
lationships.

We will start our exposition by designing the appropriate forms for relativistic space-
times, hosting naturally the action of — i.e. being stable under — the two diffeomorphism
groups that we want to survive in the infinite-c or zero-c limits, Secs. 2.1, 2.2. Local Galilean
and Carrollian transformations are elegantly implemented in ordinary particle or instantonic
space-filling brane dynamics, respectively. They are subsequently uplifted into Zermelo and
Randers—Papapetrou metrics for the spacetime. The next step consists in studying ordinary
viscous relativistic fluids on these environments and consider the infinite-c or zero-c limits
in their equations. This is performed in Secs. 3.2 and 3.3, following a concise overview on
relativistic fluids, Sec. 3.1. We find generalized continuity, energy-conservation and Euler
equations for the usual Galilean fluids, as well as a set of two scalar (one for the energy)
and two vector equations for the Carrollian ones. We analyze the covariance properties of
the equations in both cases, and show that these transform as expected. Some examples are
collected in Sec. 4: the Galilean fluid from a rotating frame or on an inflating surface, and
the dynamics of a two-dimensional Carrollian viscous fluid. Further technical details, are
provided in the appendix, where we introduce a new time connection for the Galilean geom-
etry, and both temporal and spatial connections for the Carrollian and conformal-Carrollian
geometry, together with their associated curvature tensors, allowing for a more elegant pre-

sentation of the corresponding covariant equations.

2 Galilean and Carrollian Poincaré uplifts

We present here the relativistic uplifts of Newton—Cartan and Carrollian non-relativistic
structures. In these Lorentzian-signature spacetimes, respectively of the Zermelo and Randers—
Papapetrou form, the Galilean and Carrollian diffeomorphisms are naturally realized, and
the dynamics of free objects smoothly matches the ordinary Galilean and Carrollian dynam-
ics, when the velocity of light becomes infinite or vanishes, respectively.

2.1 From Galileo Galilei ...

Consider a free particle on an arbitrary d-dimensional space %, endowed with a positive-
definite metric
de? = adx'dx/, ij...€{1,...,d}, (2.1)

and observed from a frame with respect to which the locally inertial frame has velocity
w = w'd;. Its classical (as opposed to relativistic) dynamics is captured by the following



Lagrangian:
L(v,x,t) = =5 ij (vi - wi) (vj — w]) (2.2)

with action

Sx = [{ dEQL(v,x 1), 2.3)
In this expression:
* g;;and w' are general functions of (¢,x) ;3
e vl = %—’f are the usual components of the velocity v = v/9;;
* L(v,x,t) appears as a Lagrangian density, with Lagrangian* L(v,x,t) = QL(v,x,t).
Furthermore

* the Lagrange generalized momenta are (indices are lowered and raised with a;; and its
inverse)
oL 1

pi = w = a(vi - wi)/ (2.4)

e H(p,x,t) = piv' — L(v,x,t) is the Hamiltonian with Hamiltonian density H = & H:

H = % (p2 + %) . 2.5)

The existence of an absolute Newtonian time requires () be a function of ¢ only, the absolute
time being thus [dtQ)(t). One should stress that keeping general ()(t,x) does not spoil
the consistency of the system (2.2), (2.3), but invalidates the interpretation of (2.1) as the
spatial metric. Even though in practical situations we can set () = 1, its role is important
when dealing with general Galilean diffeomorphisms (see (2.11)=(2.15)), in the framework
underlying the above dynamical system: the Newton—Cartan structures [21].°

We can compute the energy density expressing the Hamiltonian (2.5) in terms of the
velocity:

H= ;ﬁalj (vi + w’) (vj — wj> = Zlﬁ (v —w?). (2.6)

As usual —w?/202 plays the role of the potential for inertial forces. Using the energy theorem
(dH/at = —9L/3t) one finds

dH T o/ N[ v; —w; ., W

2 (v —wi) (v — ])a L Ui Wig W 2.7

v —w v —w a;i + . .
dt 202 ( ) ( “f QO "o @7)

3Here x stands for {xl,. . .,xd}.

4Euler-Lagrange equations are % (%) = %

5Some modern references on Newton—-Cartan structure are e. g. [22-25].




The most canonical example of (2.2) is that of a massive particle moving in Euclidean

space E3 with Cartesian coordinates, and observed from a non-inertial frame:
611']' = 51']', Q= 1, W(t,X) =X X w(t) — V(t) (28)

Here V(t) is the dragging velocity of the non-inertial frame, w(t) the angular velocity of its
rotating axes, and v — w = v + V + w X x is the velocity as measured in the original inertial
frame (Roberval’s theorem).

The action (2.3) is invariant under general Galilean diffeomorphisms i.e. transformations
t'=#(t) and x =x(tx), (2.9)

for which we define the following Jacobian functions:

ot’ . axil i axi'
The metric components transform as a tensor of %
afy = au] 7Y, (2.11)
the particle and frame velocities as gauge connections:
1 .
e L (pki ik
ot = (1), (2.12)
1 ,
ko L (pkio ok
Wt = 5 (' + ), (2.13)
and the generalized momenta (2.4) as one-form components:
pi=pd 5 (2.14)
() is just rescaled:
O
Q= T (2.15)

Since | = J(t) and Q) = Q(#), Galilean transformations lead to (O’ = )/ ('), leaving invariant
the absolute Newtonian time [dtQ(t) = [dt'Q)/('). Observe also that ¥5* is a genuine
vector of ¥, which ensures the form-invariance of £ and thus the covariance of the equa-

tions of motion.

There is a particular Newton—Cartan structure, which is invariant under the Galilean
group: ¥ is the Euclidean space E; with Cartesian coordinates (2;; = d;) and Q) = 1, and the
connection w is constant i.e. independent of (¢,x). This system describes the non-relativistic
motion of a free particle in Euclidean space, observed from an inertial frame. The Galilean



group acts as
t'=t+to,

, (2.16)
x'F = REx? 4 VFkt + xb

with all parameters being (t,x)-independent, and R¥ the entries of an orthogonal matrix. The
action of these transformations leave the Lagrangian and the equations of motion at hand
invariant. In more general Newton—-Cartan structures, the Galilean group acts in the tangent
space equipped with a local orthonormal frame and it is no more a global symmetry.

The Galilean group is an infinite-c contraction of the Poincaré group. The latter acts
locally in general d + 1-dimensional pseudo-Riemannian manifolds .Z. In order to recover
the above Newton—Cartan structure and its class of diffeomorphisms (2.9) in the infinite-c
limit, there is a natural choice for the form of the metric on /Z:

ds? = —2dE + ay; (dxi - widt) (dxf . wfdt) : 2.17)

The form (2.17) is required for the functions (), 4;; and w' to transform as in (2.11), (2.13) and
(2.15) under a Galilean diffeomorphism (2.9). Actually, every metric is compatible with the
gauge (2.17), provided a;;, w' and (), are free to depend on x = (ct,x) = {x*,y =0,1,...,d}.
The existence of a Galilean limit requires, however, () to depend on t only. Indeed, the
proper time element for a physical observer is dT = v/~d/c2. When ¢ becomes infinite,
Ch_)rglo dt = Q) dt must coincide with the absolute Newtonian time, and this requires the ab-
sence of x-dependence in (), as expected from our previous discussion on the dynamics of
(2.3).
The spacetime Jacobian matrix associated with (2.9), reads (using (2.10)):

u t 0 . Hi
Py = 2 O with Ji="L. (2.18)
o \Jix) i) :
The metric form (2.17) is refered to as Zermelo (see [15]). A relativistic particle moving in
(2.17) is described by the components of its velocity u, normalized as ||ul> = —c?:
dax# ) .
F=— = u’=qc, u' =0/ 2.1
W= —go = u =qeut =1, (2.19)

where the Lorentz factor v is defined as usual (although here, it depends also on the space-

time coordinates):®
dt 1
y(t,x,v)=—= . (2.20)
dt 2
Q1= (5")

6Expressions as v2 stand for ai]-vivj, not to be confused with [|ul|?> = gy ufu".



Under a Galilean diffeomorphism (2.18), the transformation of the components of u,

- . 1 L
u®=Ju’, =gk 0, uh= - (uo —uj] 1{J"), i =K, (2.21)

J

induces a transformation on v/, which matches precisely (2.12).

The dynamics of the relativistic free particle is described using e.g. the length of the

2
ﬂﬂ:éﬁrzéi—%%. (2.22)

This is easily computed in the Zermelo environment (2.17), and expanded for large c:

world-line € as an action:

1 . . . .
S[X] = édtﬂ\/l—maq(vl—wl) (U]—ZU])

= [gdtﬂ <1 — ﬁazj (vi _ wi) (vf — wf) + O(l/gl)) . (2.23)

Hence, the dynamics (2.22), disregarding the first term in (2.23), which is a Galilean invari-
ant, coincides in the infinite-c limit with the dynamics of the non-relativistic action displayed
in (2.3). This shows that (2.17) is the natural relativistic spacetime uplift of a Galilean space
% endowed with a Newton—Cartan structure.

2.2 ...to Lewis Carroll

The Poincaré group admits another contraction at vanishing c [11]. Although this limit may
sound degenerate as particle motion is frozen, it exhibits both an interesting dynamics and
a rich mathematical structure.

A Euclidean space E; with Cartesian coordinates, accompanied with a real time line ¢
can be equipped with a structure alternative to Newton—Cartan’s, known as Carrollian. This

structure is left invariant by the Carrollian group acting as

t' =t + Bix' +to,
e (2.24)
x'F = Rfx! + x§

with all parameters being (t,x)-independent, and R¥ the entries of an orthogonal matrix.
Invariant equations of motion can be considered for extended objects i.e. fields rather
than particles. Indeed, at zero velocity of light, a particle cannot move in time but time can
define an x-dependent field. The scalar field t(x) describes a d-brane, in other words a space-
filling object in E,, extended inside a portion of space 7" C E;.” Its invariant action can be

7Our guide in this section is symmetry, and our goal the adequate Poincaré uplift. The precise physical system
and the nature of its dynamics are of secondary importance. Other systems with Carrollian symmetry may exist.
It is interesting, though, to maintain a dual formulation for the two sides (Galilean and Carrollian), as for objects



e.g.

5[] = /% d7xL(at) (2.25)
with Lagrangian density
L@ = %51’]’ (@it — b;) (3t — by), (2.26)

where b; are constant parameters with inverse-velocity dimension, playing the role of a con-
stant gauge-field background, and transforming by shift and rotation under (2.24): b} =
(bj+B)R L.

More general Carrollian structures equip Riemannian manifolds % with metric (2.1) and
time ¢ € R. The Carrollian transformations (2.24) are realized locally, in the tangent space,

and are no longer symmetries. The structure is covariant under Carrollian diffeomorphisms

t' =t (tx) and x =x(x) (2.27)
with Jacobian functions
o . of . oxV
](t,X) = g, ]i(t,X) = w, ]](X) = g (228)

The covariant action describing the Carrollian dynamics in the more general case at hand is®

5[t = / dx ALt x), (2.29)
%
where a stands for the determinant of the matrix a;; and £(9t,t,x) is the Lagrangian density:
1 .
ﬁ(at, t,X) = Ea’] (Qal’t - bl) (Qa]t - b]) . (230)

Here the components of the metric, the scale factor (), and the components of the back-
ground gauge field b = b;dx’ depend all on (t,x).

Under Carrollian diffeomorphisms, the metric transforms as in (2.11) i.e.
a'l = Jifla®, (2.31)

() is rescaled as in (2.15) — where everything now depends both on t and x — while the field
gradients and the gauge connection obey respectively

ot = (Joit+ji) L, (2.32)

with dimension-one and codimension-one world-volumes.
8Notice that actions (2.25), (2.29) and (2.37) are all Euclidean-signature (instantonic) because of vanishing c.



and

0O ‘
b, = <bi + Tji> T (2.33)
Here
,31‘ =0o;t — b; (2.34)

transform as components of a one-form on ¥, making the density Lagrangian form-invariant.
We will now uplift the above structure into a d + 1-dimensional pseudo-Riemannian
manifold /Z, where the full Poincaré group is realized in the tangent space. Following the
pattern used in the Galilean framework, Sec. 2.1, we can recover the general Carrollian
structure and its class of diffeomorphisms (2.27) in the zero-c limit, starting from a metric on
M of the form: )
ds? = —¢2 (th - bidxi) +aydxidyd. (2.35)

The form (2.35) is known as Randers—Papapetrou. It is universal, as every metric can be recast
in this gauge. Here, it is required for the functions Q)(x), a”(x) and b;(x) to transform as
in (2.15), (2.31) and (2.33) under a Carrollian diffeomorphism (2.27) — again x = (x* = ct,x).
The spacetime Jacobian matrix associated with transformations (2.27), reads (using (2.28)):

Ji (%)

_MW%(H@,Mﬂ

=2 EWJ with J; = cjr (236)

The Carrollian dynamics captured in the action (2.29) is the zero-c limit of a relativistic
instantonic d-brane in a spacetime .# with Randers-Papapetrou metric (2.35). As already
mentioned (footnote 1), in this context instantonic means that the world-volume does not
extend in time; it is a kind of codimension-one snap shot materialized in a space-like d-
dimensional hypersurface 7, coordinated with yi,i =1,...,d. Under these assumptions, the
Dirac-Born-Infeld action reads:

Sh] = /% d'y Vi, (2.37)
where § is the determinant of the induced metric matrix
oxH oxV?
hij = g””a_yia_yf (2.38)

with ¢, the background metric components.
For the Randers-Papapetrou environment displayed in (2.35), we find:

axk 9x!
ij = a—yza—y] (akl — C2 (Qakt — bk) (Qalt - bl)) . (239)
In this expression, dit stands for 9¢/ax*. Consequently, we implicitly assume that the functions

xk = x*(y') are invertible, which is equivalent to saying that one can choose a gauge where



I = x!. This is what happens in practice. Indeed, one can readily compute the root of the
y pPp P y P

determinant and its expansion in powers of ¢2. Naming af = g—’;f, we obtain:
2
Vi = deta /2 <1 . %akl (Q3t — by) (Qdyt — by) + O (c4)> . (2.40)
Hence (2.37) becomes
2
SH] = / dx Va (1 — Sat (Qdt —by) (9t —b) +O (c4)> . (2.41)
v

Neglecting the first term, which is invariant under Carrollian diffeomorphisms (2.27), (2.28),
in the zero-c limit, (2.41) describes the same dynamics as (2.29), (2.30). This result, in close
analogy with the Galilean discussion in the previous section, shows that the form (2.35) is
well-suited for the zero-c limit.

3 Fluid dynamics in the non-relativistic limits

The aim of the present chapter is to exhibit the general fluid equations in the Galilean and
Carrollian structures. This is achieved starting from plain relativistic viscous-fluid dynamics
in the appropriate background — Zermelo or Randers—Papapetrou — and analyzing the asso-
ciated, infinite or vanishing light-velocity limit. By construction, the equations reached this
way are covariant under the corresponding diffeomorphisms. We study here neutral fluids,
moving freely i.e. subject only to pressure, friction forces and thermal conduction processes.

We conclude with some comments on a duality relating the two limits under consideration.

3.1 Relativistic fluids

Free relativistic viscous fluids are described in terms of their energy—-momentum tensor

obeying the set of d + 1 conservation equations
V,.TH =0. (3.1)

The time component is the energy conservation, the other d spatial ones, momentum conser-
vation, usually called Euler equations.

The energy-momentum tensor is made of a perfect-fluid piece and terms resulting from
friction and thermal conduction. It reads:

uty yqv uvqy

u
™ = (8 + p) + pg”v + ™ + 2 + C—Z/ (32)

c2

and contains d 4 2 dynamical variables:
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* energy per unit of proper volume (rest density) ¢, and pressure p;
* d velocity-field components u' (u° is determined by the normalization |[u||? = —c?).

A local-equilibrium thermodynamic equation of state’ p = p(T) is therefore needed for com-
pleting the system. We also have the usual Gibbs-Duhem relation for the grand potential
—p = & — Ts with s = 9p/o1. The viscous stress tensor 7" and the heat current g are purely
transverse:

utq, =0, u'7t, =0 u'T,=—q —eu, e= Clz wutu. (3.3)

Hence, they are expressed in terms of 1 and their spatial components g; and ;.

The quantities g; and T;; capture the physical properties of the out of equilibrium state.
They are usually expressed as expansions in temperature and velocity derivatives, the co-
efficients of which characterize the transport phenomena occurring in the fluid. The trans-
port coefficients can be determined either from the underlying microscopic theory, or phe-

nomenologically. In first-order hydrodynamics

Tyuv = —2170'w/ - éhyv@/ (3.4)
v T
91y = —khy, <8VT + C—zau> , (3.5)
where 10
ay =u"Vyu,, ©=V,ut, (3.6)
O = Viuithy) + Clzu(yav) —10h,, (3.7)
Wy = Vi) + i), (3.8)

are the acceleration, the expansion, the shear and the vorticity of the velocity field, with 77,
the shear and bulk viscosities, and x the thermal conductivity. In the above expressions, /1,
is the projector onto the space transverse to the velocity field, and one similarly defines the

longitudinal projector U,

Uythy Uylhy

h;u/ = 2 + 8w, Upw= T2 3.9)
In three spacetime dimensions, the Hall viscosity appears as well in 7(y),,,:
u? Ap
- €H7 HoA(u%v)p8&8 "+ (3.10)

with 752, = /=& €orp-

9We omit here the chemical potential as we assume no independent conserved current.
'00ur conventions for (anti-) symmetrization are A ,,,) = 3 (A + Ayy) and Apy = (A — Avy).
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In view of the subsequent steps of our analysis, an important question arises at this stage,
which concerns the behaviour of g; and 7;; with respect to the velocity of light. Answering
this question requires a microscopic understanding of the fluid i.e. a many-body (quantum-
field-theory and statistical-mechanics) determination of the transport coefficients. In the ab-
sence of this knowledge, we may consider a large-c or small-c expansion of these quantities,
in powers of ¢? — irrespective of the derivative expansion. In the same spirit, we could also
work out similar expansions for each of the functions entering the metrics (2.17) or (2.35),
as these possibly carry deep relativistic dynamics. The advantage of such an exhaustive
analysis would be to set-up general conditions on a relativistic fluid and its spacetime envi-
ronment for a large-c or a small-c regime to make sense. As a drawback, this approach would
blur the universality of the equations we want to set. We will therefore adopt a more prag-
matic attitude and assume that Q), b;, w/ and ajj are c-independent. Regarding the viscous
stress tensor 7;;, we will assume the following behaviours:

Tij = _ZGi]' (3.11)

or
5 Cij

T = — — g, (3.12)

2
The first is appropriate for the Galilean limit. It is standard and considered e.g. in [1], where
6, J
raphy (see [16]). Similarly, for the heat current, we will adopt

isnamed Ui’j. For the Carrollian dynamics, our choice is inspired by flat-spacetime holog-

u = QS (3.13)
g = QY+, (3.14)

in Galilean and Carrollian dynamics, respectively. Although kinematically poorer —because
at rest, Carrollian fluids carry a richer internal information than their Galilean pendants
since both the heat current and the viscous tensor are doubled in the above ansatz. Observe
the position of the spatial indices, different for the two cases under consideration. They are
designed to be covariant under different classes of diffeomorphisms.

One should finally notice that, in writing the energy-momentum tensor (3.2), we have
not made any assumption regarding the hydrodynamic frame, which is therefore left generic.!!
There are two reasons for this. The first is the absence of a conserved relativistic current,
which makes hydrodynamic-frame conditions delicate. Further subtleties arise when study-
ing the system in special limits such as the Galilean, where the relativistic arbitrariness for

the velocity field is lost, due to the decoupling of mass and energy. This is the second reason.

The freedom of choosing the hydrodynamic frame was raised in [1]. Modern discussions can be found
in [9,26,27] (see also [28]).

12



3.2 Galilean fluid dynamics from Zermelo background
The essence of the classical limit

We will consider in the following the ordinary non-relativistic limit of fluid equations, for-
mally reached at infinite c. The physical validity of this situation is based on two assump-
tions.

The first is kinematical: it presumes that the global velocity of the fluid with respect to
the observer is small compared to c. This is easily implemented using the Zermelo form of

the metric (2.17), where the control parameter for the validity of the classical limit is ‘ = ‘
We find i
u0:'yc:5+0(1/c), ug=—cQ+0(1/c),
. Y 0; — w; (3.15)
u' =yv' = 5+O(1/c2), Ui =—a +0(1/2).

The second is microscopic. The internal particle motion should also be Galilean, in other
words the energy density should be large compared to the pressure: € > p. This sets re-

strictions on the equation of state, as not every equation of state is compatible with such a

microscopic assumption.!?

An important consequence of the microscopic assumption is the separation of mass and

energy, now both independently conserved. It is customary to introduce the following:
¢ ¢ the usual mass per unit of volume (mass density);
* o the usual mass per unit of proper volume (rest-mass density);
¢ ¢ the internal energy per unit of mass;
* h the enthalpy per unit of mass.
These local thermodynamic quantities are related as
e = (e+c?) oo,

h=e+?, (3.16)
v—w)2
QOZQ&W:Q\/l_(W)

where we have used Eq. (2.20) for the Lorentz factor 7y, and expanded it for small ‘ = ‘

Q

v—w)2
Q_%(CQ) 4

12For example, the conformal equation of state, € = dp is not compatible with the non-relativistic limit at hand.
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The structure of the equations

The fluid equations are the conservation (3.1) of the energy—-momentum tensor (3.2), in the
background (2.17). It is computationally wise to split these equations as:

0
v, " =0, V,T" =0. (3.17)

Indeed, applying a Galilean diffeomorphism (2.9), (2.18), the time components up and space
components down transform faithfully and irreducibly. On the divergence of the energy-

momentum tensor we find:
v, T =]V, T, v, T" =]V, T, (3.18)

Hence, the two sets of equations (3.17) do not mix'? and have furthermore a d-dimensional
covariant transformation, which is our goal for the Galilean fluid dynamics.

The expressions displayed so far are fully relativistic. The next step is to consider the
large-c regime. In this regime, Egs. (3.17) can be expanded in powers of 1/c. This expansion
must be performed with care as the time equation needs an extra c factor with respect to the
next d spatial equations because it describes the evolution of energy, which is a momentum
multiplied by c. We find:*

1
cV,TH = CZ% + % +0 <C—2> , (3.19)
1
v, T = Mi+o<c_2)' (3.20)

At infinite c this leads to d 4 2 equations (rather than d + 1, since in the Galilean limit, mass
and energy are separately conserved) for ¢, ¢, p and v":

* continuity equation (mass conservation) C = 0;
* energy conservation £ = 0;
e momentum conservation M; = 0;

this system is completed with the equation of state p = p(e, 0).
It is important to stress that Galilean diffeomorphisms (2.9), (2.10) do not involve ¢, and
consequently they do not mix the various terms in the expansions (3.19) and (3.20). Alld + 2

13They do mix for general diffeomorphisms though.

14Had we considered O = Q(t,x), the divergence Vi Vi ; would have exhibited an extra, dominant term in
the large-c limit: c29;InQ). The spatial conservation equation, V HT’4 ; = 0, would then automatically require the
x-independence for (). Notice also the rescaling by Q) in (3.19), which guarantees that C and £ are invariants
under Galilean diffeomorphisms, see (3.35).
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fluid equations reached this way on general backgrounds' are guaranteed to be covariant
under Galilean diffeomorphisms, and this was one motivation of our work.

The dissipative tensors in Zermelo background

Before displaying the advertised equations, we would like to elaborate on the two tensors
which capture the deviation of the real fluid with respect to the perfect one: the heat current
and the viscous stress tensor.

Orthogonality conditions (3.3) allow to express every component of these tensors in
terms of g; and 7;;. We assume here the Zermelo form of the metric (2.17), and a fluid velocity
field as in (2.19), (2.20). We find

Ya o (O -w)g w' (v —wl)g;

Qo=——" § ="—q T=0+— 55 (3.21)
Similarly, the components of the stress tensor are obtained from the 7;;s. For example:
- okol gy o _Ukaj 20— (0" —w) Tkj 200 _ (" —wh) (¢ —w') w
00 — CZ 7 0] - c 7 ]_ CQZ 7 - CZQ4 VAR
(3.22)
We now define QGi = g; as anticipated in (3.13), and
Q% =a’Q";. (3.23)
Similarly, calling for ZGi]. introduced in (3.11), we define
56) =56, 45, %G = gyC), (3.24)

Using the generic transformation rules of g, and 7, under spacetime diffeomorphisms, we
find that Q¢ and £ introduced above, appearing as classical c-independent objects, trans-
form as they should, namely as d-dimensional tensors under Galilean diffeomorphisms (2.9),
(2.18):

QY =QS ", Q¥i=JiQ%, (3.25)
1k r— G i - ; .. .
ZG/ij — ] 1{(] 1]{2le’ ¥ /i] — ] 111'{2le1{’ ZG/Z] — Zle]]ZJ{. (326)
Continuity and energy conservation

Using Eq. (3.2) for the energy—-momentum tensor T#" with ¢ and u* given in (2.17) and
(2.19), using Egs. (3.21), (3.23) for the heat current and (3.22), (3.24) for the stress tensor as

I5We stress again that here, as for instance in [29, 30], Galilean fluids evolve on general, curved and time-
dependent spaces &, as opposed to other works on non-relativistic fluid dynamics (see e.g. [31]).
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well as the definitions (3.16), we can perform the large-c expansion of the relativistic en-
ergy conservation equation (3.19). This requires the expansion of the Christoffel symbols,
displayed in App. A.1.

We find the following at O(c?):

_ ~ V00, 27
Q\/E—i—QVQU (3.27)

where a stands for the determinant of the d-dimensional metric a;;(t,x), and V; is the Levi-
Civita covariant derivative associated with a;;(t,x) and Christoffel symbols given in (A.9).
The standard continuity equation C = 0 is thus recovered. It is customary to decompose C
in (3.27) as

J— . = — 9 .
WG +QV1QU th+g p (3.28)
where 4
=0t v'V; (3:29)
is the material derivative, and
1 .
G __ - ol
0° = & (at In /@ + V0 ) (3.30)

the effective Galilean fluid expansion. The latter combines the divergence of the fluid congru-
ence with the logarithmic expansion of the volume form to produce a genuine scalar under
Galilean diffeomorphisms (2.9), (2.10) (see Egs. (2.15) and (A.17)). The material derivative
(3.29), in the form % %, is also an “invariant” when acting on a scalar function. This is due to
(2.12), (A.12) and (A.13). When acting on arbitrary tensors, it should be supplemented with
the appropriate w-connection terms, as shown in the appendix, Eq. (A.24).

At the next O(c?) order, we obtain:

o g (vm (e () a2 ()

+évi ((vj - wj) (pé}' - ZGji>) + V,Q% + éHG’j (Viw]- + %ata,-j) (3.31)
- &5 (1 (T ) el ) e
—é ; ((vj _ wf) ZG;’) n %HGU <viwj + %ataij> ) (3.32)

where the alternative expression (3.32) is obtained from (3.31) using the continuity equation
C = 0. Here we introduced

(v~ ) (v~ w)
02

150 = 0 + paij — 61, (3.33)
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the components of the Galilean energy—momentum tensor, following [1]. They are expressed
in terms of the fluid velocity, measured in an inertial-like frame, i.e. v —w, and transform
under Galilean diffeomorphisms (2.9), (2.10) as a genuine rank-two d-dimensional tensor on
F (one uses (2.11), (2.12), (2.13), (2.15), and (3.26)):

TG = Ji oM, (3.34)

Equation £ = 0 is the Galilean energy conservation equation for a viscous fluid in motion
on arbitrary, time-dependent d-dimensional space %, and observed from an arbitrary frame
(moving at velocity —w(t,x) with respect to a local inertial frame). In a short while, we will
recast this equation in a suitable form for recognizing the underlying phenomena. Notice
that both friction and thermal conduction occur, driven by the viscous stress tensor £ and
the heat current Q©. As opposed to the energy-conservation equation at hand, the continuity
(mass-conservation) equation depends neither on the motion of the observer (w) nor on the
friction properties of the fluid. This is expected because energy is frame-dependent while
mass it is not.

One can check that under Galilean diffeomorphisms (2.9), (2.10):

c'=¢c, &=¢. (3.35)

In order to show this, it is convenient to recognize some well-behaved blocks in the expres-
sions at hand, based on the quoted transformation rules. We have gathered this information
in App. A.1, Egs. (A.16)—(A.19). For (3.35), we also need (3.25), (3.26).

Euler equation

Following the same pattern, we can process the large-c behaviour of the relativistic momentum-

conservation equations. Along with (3.20) we find:

1 V] — W; 1 (U — w; vl — w Gj
o (352 (w252 § (22 oo

(3.36)
with HG/ as in (3.33). The equation M; = 0 is the ultimate generalization of the standard

M; =

Euler equation, displayed e.g. in Ref. [1]. It is remarkably simple. The second and third
terms in (3.36) contribute to inertial forces (Coriolis, centrifugal etc.), and are usually absent
in Euclidean space with inertial frames. Together with the first term, they provide the com-

ponents of a one-form on % transforming as ¥5* (see (A.21), (A.22)). This is also how M;
behave under Galilean diffeomorphisms (2.9), (2.10):

Mi=]7UM,. (3.37)
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The Euler equation (3.36) contains the acceleration y© = 'yGl.dxi of the Galilean fluid. This
is defined covariantly as
a; =75+ 0(1/2) (3.38)

with g; the spatial components of the relativistic fluid acceleration as in (3.6). We find:

dvi/a 1 ‘
O C; = Q= — 0dw/a - S0iw? — o/ (9jw; — dw) (3.39)
with d/dr defined in (3.29). In this expression, 7“; appear as the components of the accel-

eration in the local inertial frame and dgé? are the components of the effectively measured

acceleration in the coordinate frame at hand. In the right hand side, the second term is
the dragging acceleration, the third accounts for the centrifugal acceleration, and the last is
Coriolis contribution. We can alternatively write (3.39) as

¢ dw—w)/a 1. w?* o _ wj DE-w)/q

TicTaa 2w tavaT aa (340

where we used the Galilean covariant time-derivative (A.25) in the second equality.

By construction, the 7 s transform as components of a genuine d-dimensional form and

G

vl = qll ’ij as a vector, under Galilean diffeomorphisms (2.9), (2.10):

Yo =T1C (3.41)

One can also check explicitly the covariance of (3.39) using (A.22). Using 'yGi in (3.39) and
the expression (3.33) for the Galilean energy—-momentum tensor, we can recast M; in (3.36)
a la Euler:

M;=07%; +aip - V2%, (3.42)

Energy and entropy

The momentum equation M; = 0 together with continuity equation C = 0 can also be used
in order to provide a sharper expression for £ given in (3.31), and leading to:

]. Vz—‘IV2 Gi ]. Gii U — W w]
- — _V. _ 19,0 R - Yl
Qﬁat(ﬁg(e+ ey )) V.IT ZQH Ortij + 0 o2 atQ. (3.43)
Vw2

In this equation, o (e is the total energy density of the fluid in the natural, non-
q ¢ gy Yy

202
inertial frame. The energy density has three contributions: e as internal energy, the kinetic

energy ¢v°/202, and the potential energy of inertial forces —ew’/202 (see (2.6) for the free par-

18



ticle paradigm). Furthermore

TG — g% <h + %) +QSi— %ZG;' (3.44)
appears as the Galilean energy flux. It receives contributions from the enthalpy, the kinetic
and inertial-potential energies, as well as from dissipative processes: thermal conduction
and friction, with the corresponding heat current Q© and viscous stress current —v-E°/q.
The general energy conservation equation £ = 0 has now a simple interpretation: the time
variation of energy in a local domain is due to the energy flux through the frontier plus the
external work due to the time dependence of 4;; and w' (as for the free particle (2.7)).

Dissipative processes create entropy. One can readily determine the variation of the latter
by recasting the energy variation in a manner slightly different than (3.43). For that we
compute £ — %M, with (3.31), (3.40), (3.42). We find, using continuity and (3.30):
ot —w! o de

M.

E-—a M=7q

1 G 1
+ po© + V,Q% — 52611 (vivj + Eatai]) . (3.45)
In this expression, we can trade the energy per mass ¢, for the entropy per mass s, obeying

de = Tds — pdo = Tds + Q—pzdg, (3.46)

where v = 1/,. Substituting (3.46) in (3.45), and trading de¢/dt for —Q006% (continuity), we
obtain finally, owing to £ = M; =0:

erds _ 1

3 1 .
- Gij oL 2 | — N-0OC!

The entropy is not conserved as a consequence of friction and heat conduction, which encode
dissipative processes. The latter are globally captured in a generalized dissipation function

= %zcif <vivj - %ataij> ~ V:Q%, (3.48)

appearing both in energy and entropy equations (3.45), (3.47). Observe that ¢ depends ex-

plicitly on Christoffel symbols as well as on the time variation of the metric. Hence time

dependence and inertial forces contribute the dissipation phenomena.!®

16 The effect of inertial forces on dissipation has been recently studied by simulation of flows on curved static
films without heat current (ie. d =2, Q =1, w=0, atu,-]- =0, Q% = 0) [8]. One might consider performing
similar simulations or experiments for probing the more general sources of dissipation present in (3.48).
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First-order Galilean hydrodynamics and incompressible fluids

The viscous stress tensor ¢ and the heat current QC are constructed phenomenologically
as velocity and temperature derivative expansions. Since these objects transform tensori-
ally under Galilean diffeomorphisms (see (3.25), (3.26)), they must be expressed in terms of
tensorial derivative quantities.

At first order, we have € defined in (3.30), which is an invariant, and

1

1
a <V(kvl) + Eatﬂlkl> , (3.49)

which is a rank-two symmetric tensor (see (A.19)). We can therefore set

Z(Gl)zj = 277G€Gi]- + CGIZZ‘]‘QG, (3.50)
Q(Gl)l. = —«xCo;T. (3.51)

The transport coefficients are as usual the shear viscosity 7%, coupled to the Galilean shear,

1

G _
Cij_ﬁ

1 1
<V(i7)j) + Eatai]) — Eai]-e , (3.52)

which receives also contributions from the derivative of the metric; the bulk viscosity §G,
coupled to the Galilean expansion, and the thermal conductivity xS coupled to the temper-
ature gradient.

Using the definitions of relativistic expansion and shear (3.6), (3.7), we can find their
behaviour at large ¢ in the Zermelo background:

Uij = CGij +0(1/e), (353)
©=6C+0(1/2). (3.54)

For completeness we also display the leading behaviour of the vorticity (3.8), even though it
plays no role in first-order hydrodynamics:

1

wijj = a <a[l(7J - ZU)]O +0 (1/62) . (3.55)

Since furthermore the transverse projector (3.9) is h;; = a;; + O (1/¢?), using (3.4) and (3.5)
together with (3.11) and (3.38), we find indeed (3.50) and (3.51) (by definition QGi = q;).
It is important to stress at this point that transport coefficients are determined as modes
of microscopic correlation functions, and are therefore sensitive to the velocity of light. In
writing (3.11), we have assumed the following large-c behaviour:

n=1+0(1/2), {={°+0(/2), x=x°+0(1/2). (3.56)
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The case d = 2 is peculiar because Z(Gl)l.]. admits an extra term:

4% O /aak "
Cri i 6 " = ﬁ 1 Vo' + gy | V! — % —a"V v (3.57)

with gy = \/a'e. This is indeed (up to a global sign) the infinite-c limit of the relativistic
Hall-viscosity contribution in three spacetime dimensions given in (3.10), assuming again
G =05 +0(V2).

We can now combine the first-derivative contribution (3.50) of the viscous stress tensor
with expression (3.42) for M, in order to obtain the momentum conservation equation M; =
0 of first-order Galilean hydrodynamics. We obtain

G 2

1 (Avi +rlo+ a,-kaﬂat’y}‘l) - (gG + —;76> 9,65 =0, (3.58)

G p— 1
QY7 T 0P —

d

where A = V'V is the Laplacian operator in d dimensions and rij the Ricci tensor of the
d-dimensional Levi—-Civita connection 'yf‘] Similarly, substituting (3.50), (3.51) and (3.52) in
(3.47), we find the entropy equation in first-order hydrodynamics on general backgrounds:

oTds 245 [ . . » 1. G_21°Y (p6\2. G
ﬁa = F (Vlv]) (Vlv]) + (VZU])aﬂZZ‘]‘ — Z(atﬂl]) (ata,-]-) —+ éf - 7 (6 ) + K AT,
(3.59)
where we assumed «© constant (otherwise the last term would read Vi(x¢V;T)).
A special class of Galilean fluids deserves further analysis. These are the incompressible

fluids for which o(t,x) obeys
do(t,x)
dt

with d/dt the material derivative defined in (3.29). Using the expressions (3.27) and (3.28), we

=0 (3.60)

recast the incompressibility requirement as the vanishing of the effective fluid expansion:
6% =0. (3.61)

In this case, the bulk viscosity drops from the stress tensor (3.50) and the Galilean shear (3.52)
simplifies. The first-order hydrodynamics momentum equation for an incompressible fluid

thus reads:
dei/a dwi/a w2 v w; G , .
°qdar — % ad + gai@ - Qﬁviﬁf —0ip + % (Avi + /v +aika]lat'y;-‘l> . (3.62)

We immediately recognize in this expression the generalized covariant Navier-Stokes equation,
valid for incompressible fluids on any space ., observed from an arbitrary frame. The first
three terms in the right-hand side are contributions of frame inertial forces, the fourth is
the pressure force, and next come the friction forces at first-order derivative. For Euclidean
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space with (2 =1 and w = 0 we recover the textbook form

dv_ gradp #°
G A (3.63)

3.3 Carrollian fluid dynamics from Randers-Papapetrou background
Preliminary remarks

As Carrollian particles, Carrollian fluids have no motion. From a relativistic perspective
this is an observer-dependent statement, since boosts can turn on velocity. In the limit of
vanishing velocity of light, however, these transformations are no longer permitted. Hence,
being at rest becomes a genuinely intrinsic feature.

The fluid velocity must be set to zero faster than c in order to avoid blow-ups in the
energy—-momentum conservation. The appropriate scaling, ensuring a non-trivial kinematic

contribution is

v =2 +0 (c4) , (3.64)

where v' = u'/. This leaves the Carrollian fluid with a kinematic variable B = 5/0; of inverse-
velocity dimension, as in (2.34) for the one-body Carrollian dynamics studied in Sec. 2.2 —
reason why we keep the same symbol. In order to reach covariant Carrollian fluid equations
by expanding the relativistic fluid equations at small ¢, we need to define the f's in such a
way that they transform as components of a genuine Carrollian vector under (2.27), (2.36)

already at finite c. This is achieved by setting

. 20 51' .
= e pf = (3.65)
1+ c2pib; c20) (1 - %b])
from which one checks that!”
B'=Tp. (3.66)
The full fluid congruence reads then:
c 1+B-b ¢ cQ

+O(c3), Uy = — :—CQ+O(C3),

R e
2B+ <c4), uizic\z/LH—ﬁi) :cz(bi+ﬁi)+0(c4>,

i i 2:Bl

u'=yv
V1 —CZ/SZ 1—c?p?

(3.67)

7 This is easily proven by observing that B; + b; = — ?lf” We define as usual b’ = a ]b], Bi= a,]ﬁ] v; = aljvf

B =bib, f = ;f’ and b B = bif.
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where the Lorentz factor has been obtained by imposing the usual normalization ||u|?> = —c?:

1+c?B-b 1

"Tavi—aE

In the relativistic regime, i.e. before taking the zero-c limit, in the Randers—Papapetrou back-

<1 + Cz—zﬁ - (B+2b)+0O (c4>> : (3.68)

ground (2.35) the perfect part of the energy—-momentum tensor reads then:

Ty = —€ — e+ ) (b + ) +O (),
T’ = (e + p) (bi + i) + O <C4> ,

C 1 ,

ﬁTperf]O = _C2(€ +p)p +0O <C4) ,

Tperf]i = P(S{ + CZ(e + p),B] (bz + ,Bz) +0 <C4) .

(3.69)

The non-perfect part is encoded in Egs. (3.2), (3.12) and (3.14). Notice, on the one hand, that
for vanishing B, these expressions are exact at finite c: most of the terms of order c? vanish as
do all non-displayed higher-order contributions in c?; on the other hand, for vanishing ¢, one
recovers the perfect energy—-momentum of a fluid at rest due to the simultaneous vanishing
of v’ as a consequence of (3.64).

The eventual absence of motion, macroscopic or microscopic, and the shrinking of the
light-cone raise many fundamental questions regarding the origin of pressure, temperature,
thermalization, entropy etc. One may wonder in particular what causes viscosity and ther-
mal conduction, what replaces the temperature derivative expansion of g;, what justifies its
behaviour (3.12). Even the propagation of a signal such as sound, if possible, should be re-
considered. It is tempting to claim that all this physics will be mostly of geometric nature
rather than many-body statistics, because as we will see the only kinematic Carrollian-fluid
variable B enters partly the dynamics.

We have no definite answers to all these questions though, and will not discuss these
important issues here, which might possibly require to elaborate on space-filling branes as
microscopic objects — see Sec. 2.2. Our approach will be kinematical, aiming at writing the
fundamental equations, covariant under Carrollian diffeomorphisms (2.27), (2.36), starting
from the relativistic equations (3.1). Alternative paths may exist, allowing to built some

Carrollian dynamics without using the zero-c limit of a relativistic fluid.'8

181n this spirit, one should quote the attempt made in [32], inspired by the membrane paradigm — admittedly
suited for reaching Galilean rather than ultra-relativistic fluid dynamics, as well as Ref. [33], mostly focused on
the structure of the energy—-momentum tensor of perfect fluids (3.69), which also touches on Carrollian symme-

try.
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The structure of the equations

The relativistic equations (conservation of the energy-momentum tensor) should now be

presented as
V. Ty =0, V,T"=0. (3.70)

Under Carrollian diffeomorphisms (2.27), (2.36), the divergence of the energy—-momentum
tensor transforms as: 1
v, T = TVVT”O, v, T =iV, TH. (3.71)

In analogy with the Galilean case (3.17), the two sets of equations (3.70) have separately a
d-dimensional covariant transformation. This is part of the agenda for the Carrollian dy-
namics.

Equations (3.70) are relativistic. Using the general energy—-momentum tensor (3.2) with
perfect part (3.69) and (3.12) as stress tensor, we find generally:

1
STy = ZF+E+0(P), (3.72)

. 1 . .
V. TH = C—Z%l+gl+o(c2). (3.73)

For zero B, these expressions are exact with extra terms of order c? only, and requiring they
vanish leads to the d 4 1 fully relativistic fluid equations. With B # 0, (3.72) and (3.73)
are genuinely infinite series. Thanks to the validity of (3.66) at finite ¢, Carrollian diffeo-
morphisms do not mix the different orders of these series, making each term Carrollian-
covariant. Here, we are interested in the zero-c limit, and in this case Egs. (3.72) and (3.73)
split into 2 + 2d distinct equations:

* energy conservation £ = 0;
* momentum conservation ' = 0;
* constraint equations 7 =0and H' =0

All of these are covariant under Carrollian diffeomorphisms (2.27), (2.36).

The Carrollian fluid, obtained as Carrollian limit of a relativistic fluid in the appropriate
(Randers—-Papapetrou) background, is described in terms of the d B's, and the two variables p
and &." The latter are related through an equation of state and the energy-conservation equa-
tion & = 0. As we will see soon, the other 2d 4- 1 equations are setting consistency constraints
among the 2d components of the heat currents (Q. and 7;), the d(d + 1) components of the
viscous stress tensors (Zcij and E;j), the inverse-velocity components B’ and the geometric

The proper energy density cannot be split in mass density and energy per mass, because the limit at hand
is ultra-relativistic. Observe also that b is not a fluid variable but a Carrollian-frame parameter as was w in the

Galilean case. The fluid kinematical variable is B, playing the role Y5* had in the usual non-relativistic case.
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environment. Geometry is therefore expected to interfere more actively in the dynamics of
Carrollian fluids, than it did for Galilean hydrodynamics. Some of the aforementioned con-
straints are possibly rooted to more fundamental microscopic/geometric properties, yet to
be unravelled. Their usage will be illustrated in Sec. 4.2.

The dissipative tensors in Randers-Papapetrou background

For a relativistic fluid in the Randers-Papapetrou background (2.35), using the velocity field
in (3.64) and (3.67) and the components ¢, the transversality conditions (3.3) lead to

¢ i i .
qO = 5 (bl + ﬁl) q, 4qo= —CQﬁiq , qi= (Ell-]' —+ Czbj,B]') q]_ (374)

Similarly, the components of the viscous stress tensor are obtained from the T'/s. For exam-
ple:
00 c? kI 0 _ € ik 202 ki
T :m(bk—f-ﬂk)(bl-l—ﬂl)’(, T :ﬁ(bi-i—ﬂi)’f, TOOZCQ,BkﬁlT,
Toi = —CQ’B]' (Elik + Czbiﬁk) Tjk, Tij = (aik + Czbl',Bk) (61]'1 + Czb]',Bl) Tkl,. ..

(3.75)

Under Carrollian diffeomorphisms (2.27), (2.36), we obtain the following transformation

rules
g =41, TT=7]]. (3.76)

This suggests to use 4' as components for the Carrolian d-dimensional heat current decom-
posed as Q% + c?7t' (see (3.14)), and TV for the Carrolian d-dimensional viscous stress tensors
¢ and Y defined in (3.12). We introduce as usual

Q% =a;Q%Y, 1Y =32, 3, =a;xC, (3.77)

[x]

i
— i o) ki =,k
Tt = IZZ']'T[], S0 = dj ], =i = ajk‘—‘l' . (378)

Using the generic transformations (3.76) under Carrollian diffeomorphisms (2.27), (2.28),
we find that the above quantities transform as they should, for being eligible as d-dimensional

tensors:

QY = QCj ]*1{, Qi = ]]1,' QY, (3.79)

1k — Cri _ ; . y
Z‘Clij =] 11k] I;ZCkl, ¥ /i] =] lzkzckl]{’ »Crij — ZCkl]]l{]{’ (380)

and similarly for 7z; and Ej.
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Scalar equations

The computation of the spacetime divergence in (3.72) is straightforward and leads to the

following:
_ 1 d+1 ¢ AC _ pasCi\ . Lac (=i a2 5Cij
— (Vi +2¢)) (QCi - ﬁjzcl'f) - (ZQCi/sf - Eif) < (3.81)
F o= xS lzCiiQC, (3.82)

1y d

where we have introduced a new covariant derivative V;, as defined in the appendix, Egs.
(A.45)—(A.53). It is based on a new torsionless and metric-compatible connection (see (A.61)-
(A.65)) dubbed Levi—Civita—Carroll, which plays for Carrollian geometry the role of ordinary
Levi—Civita connection for ordinary geometry, i.e. it allows to built derivatives covariant
under Carrollian diffeomorphisms (2.27), (2.28). Some further properties regarding the cur-
vature of this connection are displayed in (A.66)-(A.78). A deeper investigation of this struc-
ture is out of place here. In (3.81) and (3.82) we have moreover defined

¢;i = %(atbi+aiﬂ)z (3.83)
¢ = éatln Va. (3.84)

These expressions describe a form and a scalar (see (A.42) and (A.41) for their transformation
rules under Carrollian diffeomorphisms). They play the role of inertial acceleration and expan-
sion for the Carrollian fluid. These are both geometrical and the qualifier “inertial” refers to
the frame (i.e. b; and Q) origin. We shall see in a moment that there is an extra contribution
to the Carrollian fluid acceleration due to the kinematical observable B;, but none for the
expansion (see (3.95), (3.96)). As already stated and readily seen by its equations, most of the
fluid properties are of geometrical nature. One similarly defines an inertial vorticity two-form
with components

wjj = a[ibﬂ + b[i(/’j}/ (3.85)

and the traceless and symmetric shear tensor

1 /1 1
== <§ataﬁ ~ Lajorin ﬁ) | (3.86)

These quantities will be related in a short while to the ordinary relativistic counterparts (see
(3.98) and (3.97)). The former receives a fluid kinematical contribution, as opposed to the
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latter. Eventually, we can elegantly check that
&= F=F (3.87)

(we use for that Egs. (2.31), (3.79), (3.80), (A.42), (A.43), (A.50)—(A.59)).
Equation F = 0 sets a geometrical constraint on the Carrollian stress tensor £, whereas

& = 0 is the energy conservation. Using (3.81), the latter can be recast as follows:

<%at + 9C> ee = — (Vi +2¢;) [T¢ — 119 <§C,.j + éecai]) , (3.88)

and in this form it bares some resemblance with the Galilean homologous equation (3.43). It
exhibits three Carrollian tensors, which capture the Carrollian energy exchanges:

Ce =€ +2,BiQCi o ,Bi,BjZ‘Cijl HCi — QCi o lgjoij, HCij — QCi,Bj 4 ‘BiQCj + paij o El] (389)

The first is a scalar e., which can be interpreted as an effective Carrollian energy density (ob-
serve the absence of kinetic energy, expected from the vanishing velocity). Its time variation,
including the dilution/contraction effects due to the expansion, is driven by the gradient of a
Carrollian energy flux, which is the vector I1“, and by the coupling of the shear to a Carrollian
energy—momentum tensor T1¢.

Vector equations

The vectorial part of the divergence is obtained from (3.73) and has two pieces. The first
reads:

Q
(de ) oo - ).

~ . . 1 . .
G = (Vit @) 19 + gjec + 211%0;; + <—at + 9C> (nj + B (ee — 2,11 — ﬁiﬁkzok))

The second is as follows:
~ . 1
Hj=—(Vi+ ) I + <ﬁaf + 9C> I, (3.91)

Equation G; = 0 involves ¢, p and their temporal and/or spatial derivatives, B, the heat
current QF, and E, expressed in terms of the effective energy density e, the Carrollian energy
flux and energy-momentum tensor I1¢, as well as 7t and ZC. It is a momentum conservation.
Notice also the coupling of the energy flux to the inertial vorticity. Equation H; = 0 depends
neither on € nor on p. This is an equation for the Carrollian energy flux IT¢ and the viscous

stress tensor £C, of geometrical nature as it involves the metric a4, the Carrollian “frame
g
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velocity” b and the inertial acceleration ¢.
Under Carrollian diffeomorphisms (2.27), (2.28), using the already quoted equations,
(2.31), (3.79), (3.80), and (A.42)—(A.60), we obtain:

G'=Jigl, H' =] (3.92)

One should observe at this point that the energy—-momentum tensor and energy flux
associated with a Carrollian fluid and defined in (3.89) are merely a repackaging of part of
the dynamical data. They do not capture all perfect and friction quantities, as it happens
for Galilean fluids, Egs. (3.33) and (3.44). Equation F = 0, as well as the vector equations
need indeed more information than the energy-momentum tensor and energy flux. There is
pressure, energy density and “velocity”, on the one hand, and on the other hand, we find the
two heat currents and the two viscous stress tensors. The zero-c limit produces a decoupling
in the equations, sustained by the scaling assumption (3.12). This is the reason why H; =0
appears as an equation for the dissipative pieces of data only, while the non-dissipative ones
mix with the heat currents inside G; = 0.

Carrollian perfect fluids

We would like to end this chapter with a remark on the case of perfect fluids, namely fluids
with vanishing dissipative tensors. For those, the dynamical variables are ¢, p and g;, with
e = ¢, HC]. =0and Hci]. = pajj. In this case, F = Hi=0 identically, and

E = —éate — (e+ p)GC, (3.93)
g = (e+p) (q)j +95+ ,ngc) + %at(s +p) +0;p. (3.94)

On the one hand, non-trivial energy exchanges can only result from time-dependence of the
metric and pressure gradients. The latter, on the other hand, are bound to non-trivial B, 75,
b and Q). Here ’)/C]- is the kinematical acceleration defined later in (3.99).

For perfect fluids, only £ and G; survive in the relativistic divergence of the energy-
momentum tensor, Egs. (3.72) and (3.73). Furthermore, for zero B these are actually the only
terms, at finite c. Hence, the relativistic equations are not affected by the vanishing-c limit,
and coincide with the Carrollian ones: £ = 0 and G; = 0. As a consequence, the Carrollian
nature of a fluid at B = 0 can only emerge through interactions. This is to be opposed to
the Galilean situation, since Galilean perfect fluids are definitely different from relativistic
perfect fluids, even at rest.
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First-order Carrollian hydrodynamics

In order to acquire a better perspective of Carrollian fluid dynamics, we can study the first-
order in derivative expansion of its viscous tensors and heat currents. The first-derivative
relativistic kinematical tensors as acceleration and expansion (3.6), shear (3.7), and vortic-
ity (3.8), for a fluid with velocity vanishing as (3.64) when ¢ — 0 in Randers-Papapetrou
background (2.35) read (the only independent components are the spatial ones):

2
_ LB , A\_ 2( . .C 4
7= (at(b,+ﬁl)+a,n)+o(c ) = ((pl—k’y ) +o(c ) (3.95)
0= o Vi +0 () =0° +0(c), (3.96)
1 /1 1
Oij = a <§atai]' — Eai]'at In \/E) +0 (CZ) = Ccij +0 (Cz) , (3.97)
1 1
wij = c? <a[ibj] + 79+ Fbroiby + ZUi]') +0 <c4> = (@ +wij) + O <c4> .(3.98)

We find the corresponding Carrollian expansion ¢ and shear écij, as already anticipated in
(3.84) and (3.86). These quantities are purely geometric and originate from the time depen-
dence of the d-dimensional spatial metric. Similarly, the relativistic acceleration and vorticity
allow to define the already introduced Carrollian, inertial acceleration ¢; and vorticity @;;,
as well as the kinematical acceleration 7, and kinematical vorticity w;; defined as:

1
15 = 5B (3.99)

wij = By + Bugy + Byrp- (3.100)

Starting from the first-order relativistic viscous tensor (3.4) and heat current (3.5), in order to
comply with the behaviours (3.12) and the definition of the Carrollian heat currents (3.14),
we must assume that (up to possible higher orders in c?)

e - 2 C
n=i+5, (=0+ 5, K=kt At (3.101)

Hence, putting these equations together, we find

Z(Cl)ij = ZWCCCij + gcecaij/ (3.102)
C
K
Qhy = —q @(biT) +pdT +3,(QT))
= —C (éiT +T (qoi + ’}’Ci>> , (3.103)
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and similarly for E(1)ij and 77(1);. These quantities will include respectively terms like 277 (fci]- +
59(3111-]- and —& <3iT +T ((pi + ')/CZ-)), plus extra terms coupled to 17C, 7€ and «€, and originat-
ing from higher-order contributions in the c>-expansion of the relativistic shear, acceleration
and expansion. Notice that these are absent for vanishing ' because in this case (3.95)—(3.98)
are exact.

All the above expressions are covariant under Carrollian diffeomorphisms (2.27), (2.28)
(see formulas (A.40)—(A.43) in appendix). The friction phenomena are geometric and due
to time evolution of the background metric a;;. The heat conduction, depends also on a
temperature, which has not been defined in Carrollian thermodynamics due to the absence
of kinetic theory.

In the two-dimensional case one should take into account the Hall viscosity (3.10) in the
relativistic viscous tensor at first order. Assuming again {y = &fi/c + {p, the extra term to be
added to Z(Cl)l.]. in (3.102) reads:

Chi Ve £y, (3.104)

and similarly for E(;);; with transport coefficients {y and QEI as already explained.

The final first-order Carrollian equations are obtained by substituting Z(Cl)l.]. and Q(Cl)i
given in (3.102) and (3.103), and similarly for &;);;, and 77;);, inside the general expressions
for £, F, G; and H;, Egs. (3.81), (3.82), (3.90) and (3.91).

Conformal Carrollian fluids

Carrollian fluids are ultra-relativistic and are thus compatible with conformal symmetry. For

conformal relativistic fluids the energy—-momentum tensor (3.2) is traceless and this requires
e=dp, TVM =0. (3.105)

In the Carrollian limit, the latter reads:
B, =Bipzl, = =0. (3.106)

In particular, we find e, = HCii.
The dynamics of conformal fluids is covariant under Weyl transformations. Those act on

the fluid variables as
£— Bd+1€, T, — Bdﬂfi, QCZ' — BdQCi, Ei]' — Bd’lEi]-, Zcij — Bdﬁlzcij, (3.107)

where B = B(t,x) is an arbitrary function. The elements of the Carrollian geometry behave

as follows: i 1 1
ajj — ﬁa,‘j, b; — Ebi, Q— EQ, (3108)
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and similarly for the kinematical variable f;, the inertial and kinematical vorticity (3.85) and
the shear (3.86):

Bi — E'Bi' wij — E(Di]', Wij — Ewij’ (:Cij N E(:Cij' (3.109)
The Carrollian inertial and kinematical accelerations (3.83) and (3.99), and the Carrollian

expansion (3.84) transform as connections:

@i — @i —iInB, 5 — < — %atlnb’, 0¢ — BOC — %atzs. (3.110)
The first and the latter enable to define Weyl-Carroll covariant derivatives &; and &, as
discussed in App. A.2, Egs. (A.82)—-(A.93). With these derivatives, Carrollian expressions

(3.81), (3.82), (3.90) and (3.91) read for a conformal fluid:

£ = —%QZtee - g —-11ves,, (3.111)

F o= =%, (3.112)

R . . 1 . .
g] = @iHCl]- + ZHCl(DZ']' + <5@t5]1 + CCl]) (7'[1' + ,31' <€e — ZﬁkHCk — ngﬁZZCkl))
1 . . 1 1
+ <5%5} + gCl]) <5k <HCki — S BdIS — Eﬁkﬁlzcll)) , (3.113)
~ . 1 4 .
Hj = —DE°+ agztncj + 1187, (3.114)

These equations are Weyl-covariant of weightsd +2,d +2,d +1and d + 1.
The case of conformal Carrollian perfect fluids is remarkably simple. As quoted earlier
F =H' =0, and here
1 A 1 d+1/1 ~ ,
E = —59}8, g] = 39]8 + T <59}(5JZ —+ CCZ]) 8‘31'. (3.115)
For these fluids the energy density is covariantly constant with respect to the Weyl-Carroll

time derivative.

3.4 A self-dual fluid

A duality relationship between the Zermelo and the Randers-Papapetrou background met-
rics exist and can be stated as follows [15]: the contravariant form of Zermelo matches the
covariant expression of Randers-Papapetrou and vice-versa (see Egs. (A.1) and (A.28)).
This property is actually closely related to the duality among the Galilean and Carrollian
contractions of the Poincaré group [12], and has many simple manifestations. For example,
the reduction of a spacetime vector representation with respect to Galilean diffeomorphisms
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(2.9), (2.10), (2.18) is performed with the components V° and V;. Indeed, these transform as
V0=V, v/ =]k (3.116)

When reducing under Carrollian diffeomorphisms (2.27), (2.28), (2.36), one should instead
use Vp and V' since

1 ‘ ‘
V= 7VO, V= Jivk, (3.117)

The remarkable values w' = b; = 0 and Q) = 1 define a sort of self-dual background. If
furthermore we require the fluid to be at rest, no distinction survives between perfect Galilean
and Carrollian fluids, as one readily checks that their equations are identical. The velocity of
light is immaterial in this case. As soon as the system is driven away from perfection, this

property does not hold any longer, because interactions are sensitive to c.

4 Examples

We will now illustrate our general formalism with examples for Galilean and Carrollian
fluids. The latter is the first instance of a fluid obeying exact Carrollian dynamics. It is
important both mathematically, as it makes contact with Calabi flows, and physically, for it
is relevant in gravity and holography.

4.1 Galilean fluids

We provide here two applications: the flat space in rotating frame, which is well known and
has the virtue of giving confidence to our methods, and the inflating space, combining both
time-dependence and non-flatness of the host &.

Euclidean three-dimensional space in rotating frame

We will present the hydrodynamical equations for a non-perfect fluid moving in Euclidean

space E3 with Cartesian coordinates, and observed from a uniformly rotating frame (see

(2.8)):
a;=20; Q=1 w(x) =xxw. 4.1)

For this fluid, the continuity equation is simply

de v —
a + odivv =0. (4.2)
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The Euler equation in first-order hydrodynamics, Eq. (3.58) reads:

dv

G G
T (WX X) Xw+2vXw-— @ + %AV + é <§G + %) grad(divv), (4.3)

and we recognize the various, already spelled contributions to the dynamics. This equation
has been obtained and used in many instances, see e.g. [7,34,35]. We also find the energy
conservation equation (3.43):

2 h252 x)2
) <Q <e Yy oex 2+ (w-x) >> — _divIIC, (4.4)
with ) - )
nG:Qv<h+V _“’x;(“"x) >—KGgradT—v-E(Gl) 4.5)
and 5
Z%;l)i]’ = 176 (aivj -+ ajvi) + <€G - gﬁc> (Si]'akvk. (4.6)
Alternatively, using (3.32), the energy equation reads:
2 _ 19232 x)2
g% <e+ Vo "; (w-x) ) = —divpv + kAT + div (v-zg>) . 4.7)

The temporal variation of the total energy per mass is given by the divergences of the pres-
sure, the thermal conduction and the viscous stress fluxes.

Inflating space

The dynamics of a non-perfect fluid moving on an inflating space can be studied considering:
a;i(t,x) = exp (a(t))d;j(x), Q=1, w=0. (4.8)

The space dimension d is arbitrary here, therefore:
1nf:d%+1n\/a7. (4.9)

The fluid equations obtained from (3.27), (3.32) and (3.42) become

/
90+ %d@ +divov =0, (4.10)
d 2 !
o <e + V?) + % (QV2 +dp — TrZ‘.G> + div (pv +Q¢ —v -ZG> =0, (411)
do' Gij
Qa +u 0v +V p— V]-Z =0. (4.12)
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where &’ = do/dr and TrZ¢ = aifZGij.

The continuity equation (4.10) has an extra term proportional to ¢. This reflects the
change of density due to &'. For a static fluid one finds the familiar result o = gpe™"/*: for
a space expanding in time, the density is getting diluted. In Euler’s equation (4.12), a sim-
ilar term creates a force proportional to the velocity field. For positive &/, time dependence
acts effectively like a friction. A similar conclusion is drawn from the energy conservation

equation (4.11).

4.2 Two-dimensional Carrollian fluids and the Robinson-Trautman dynamics

Consider now a two-dimensional surface ¥, endowed with a complex chart (Z,{) and a
time-dependent metric of the form
de? = #_dgdé. (4.13)
P(t,2,0)?

In this case the Carrollian shear &€ (3.86) vanishes. We assume that the Carrollian frame
has b = 0 and Q) = 1, and that the Carrollian kinematical variable B also vanishes. Hence,
the Carrollian inertial acceleration ¢ (3.83) and inertial vorticity @ (3.85) vanish together
with the kinematical acceleration 4 (3.99) and kinematical vorticity w (3.100). We further
assume that 7t and E vanish, so that the friction and heat-transport phenomena are captured
exclusively by Q¢ and £¢. Hence ¢, = ¢, [1¢ = Q¢ jand I1¢, ;= paij.

We will here study a conformal Carrollian fluid. In this case (see (3.106)), the Gibbs—
Duhem equation reads

8(t/€/€_) =2p(t,§,§_), (4.14)

and the viscous tensor is traceless:
¥ = . (4.15)

The generic set of equations of motion for the Carrollian fluid at hand is (see (3.111), (3.113),
(3.114))

£ =3ed;InP — 9 — divQ® =0, (4.16)
H =09,Q° —2Q%;InP — divEC =0, (4.18)

together with Eq. (3.112), 7 = 0, identically satisfied due to the absence of shear. Equations
(4.16), (4.17) and (4.18) are covariant under Weyl transformations mapping P(t,{,{) onto
B(t,¢,0)P(t,¢,) with B(t,{,{) an arbitrary function.

The momentum equation (4.17) states that the pressure p is space-independent, which is

not a surprise for a fluid at B = 0 in a Carrollian frame with vanishing b and constant (). The
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same holds for the energy, due to the equation of state.

In order to proceed we must introduce some further assumptions regarding the heat cur-
rent and the viscous stress tensor. These quantities are rooted to the unknown microscopic
properties of the Carrollian fluids. As already mentioned earlier in Sec. 3.3, due to the ab-
sence of motion even at a microscopic level, it is tempting to assign a geometric rather than
a statistical or kinetic origin to Carrollian thermodynamics. We may therefore define the
Carrollian temperature as

KST(4,8,0) = (KT ) (1) +¥'K(£,8,0) — &' (K) (1), (4.19)
where K the Gaussian curvature of (4.13):
K=AInP (4.20)

with A = 2P28§-8§ the ordinary two-dimensional Laplacian operator. The thermal conductiv-
ity x© is not constant in general because the identification with the curvature scalar endows
the product x“T with a conformal weight 2, whereas the temperature T has weight 1. We
also introduced a constant x’ for matching the dimensions. In expression (4.19), (x“T) (t)
is an a priori arbitrary time-dependent reference temperature (times thermal conductivity),
and the brackets are meant to average over .#:?°

1 r d%¢ _ o dg
=7 yﬁf(t,é",é’), A= 4.21)

Equipped with a temperature, we define next the heat current as its gradient
Q¢ = —grad«‘“T = —«'gradK, (4.22)

following first-order Carrollian hydrodynamics, Eq. (3.103). Here, we assume this expres-
sion be exact, i.e. without higher-derivative contributions. With these definitions, the heat
equation (4.16) for the Carrollian fluid at hand reads:

3¢d;InP — 9, + K’ AK =0, (4.23)

where we have used the equation of state (4.14). This is a dynamical equation for P(,{,{),
given ¢(t). Carrollian dynamics, within the framework set by our definitions of temperature
and heat current, is therefore purely geometrical and describes the evolution of the hosting
space & rather than the fluid itself. This is not a surprise because the fluid does not move.
Going in the Carrollian limit from a relativistic set-up, amounts to trading the dynamics of
the fluid for that of the supporting geometry.

2Here d2§ = —id{ A d{. If & is non-compact a limiting procedure is required for defining the integrals.
p gpP q g g
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We must finally impose Eq. (4.18). As we mentioned in the general discussion of Sec.
3.3, this is not an evolution equation, but instead a constraint among the heat current, the
viscous stress tensor and the ambient geometry. Thus, we can integrate it using (4.22). We
find 0

K _
£¢ = 25 (9 (P?:d; InP) dg? +9; (P29, InP) dZ?) (4.24)

up to a divergence-free, trace-free symmetric tensor. The viscous stress tensor for the Carrol-
lian fluid at hand is therefore geometric, as is the heat current, and both appear as third-order
derivatives of the metric. Actually, the effective expansion generally defined for Carrollian
fluids as in (3.96), reads here:

6¢ = —29,InP. (4.25)

It enables to view L€ as a velocity third derivative through the writin
Yy g g

ZCZ.]. =% <V,‘V]‘9C - %aiijVk9C> . (4.26)

Notice that in the two-dimensional background under consideration (4.13), the viscous ten-
sor £¢ could not have received an 7%-induced first-order derivative correction as in (3.102)
because the Carrollian shear @’% given in (3.97) vanishes here identically. However, since the
Carrollian expansion 6 is non-zero, the absence of first-order derivative correction (3.102)
implies that for the fluid at hand ¢ = 0.

Equation (4.23), which is at the heart of two-dimensional conformal Carrollian fluid dy-
namics, is actually known as Robinson-Trautman. It emerges when solving four-dimensional
Einstein equations, assuming the existence of a null, geodesic and shearless congruence [36].
In vacuum or in the presence of a cosmological constant, Goldberg—-Sachs theorems state that
the corresponding spacetime is algebraically special and the whole dynamics boils down to
the Robinson-Trautman equation with ¢(t) = 4«’M(t) and «’ = /167G (using (4.20)):

AAInP + 12Md;InP — 49;M = 0. (4.27)

In that framework, the time dependence of the mass function M(t) can be reabsorbed by
an appropriate coordinate transformation (see e.g. [37]) and Robinson-Trautman equation
becomes then .
2

with M constant related to the Bondi mass. This is a parabolic equation describing a Calabi
flow on a two-surface [38].

The reason why Robinson-Trautman appears both as a heat equation in conformal Car-
rollian fluids and as a remnant of four-dimensional Einstein equations is the holographic

relationship between gravity and fluid dynamics. The two-dimensional conformal Carrol-
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lian fluid studied here originates from flat Robinson-Trautman spacetime holography [16].
Similarly Robinson-Trautman equation is the heat equation for 2 4 1-dimensional relativistic
boundary fluids emerging holographically from four-dimensional anti-de Sitter Robinson—

Trautman spacetimes [28].

5 Conclusions

We can summarize our method and results as follows.

A general relativistic spacetime metric is covariant under diffeomorphisms. When put in
Zermelo form, the data Q(t), w'(t,x) and a;j(t,x) transform under Galilean diffeomorphisms
t' =¥ (t) and X' = xX'(t,x) as they should to comply with the infinite-c non-relativistic expec-
tations. This observation is made by analyzing the relativistic particle motion and its classi-
cal limit. It provides the appropriate framework for studying the general non-relativistic
Galilean fluid dynamics as an infinite-c limit of the relativistic one. In this manner, we
have obtained the general equations i.e. continuity, energy-conservation and Euler, valid on
any spatial background, potentially time-dependent, and observed from an arbitrary frame.
These equations transform covariantly under Galilean diffeomorphisms.

Alternatively, one can study relativistic instantonic space-filling branes and the small-
¢ behaviour of their dynamics. The latter is invariant under Carrollian diffeomorphisms
t" = t'(t,x) and x’ = x/(x), and Randers—Papapetrou form is the best designed spacetime
metric because the data Q)(t,x), b;(t,x) and a;;(t,x) transform as expected from the non-
relativistic limit (which is actually ultra-relativistic). In Randers-Papapetrou backgrounds
one can study relativistic fluids and their Carrollian limit at vanishing velocity of light. This
limit exhibits a new connection, which naturally fits into the emerging Carrollian geometry.
One obtains in this way the general equations for the Carrollian fluids, manifestly covariant
under Carrollian diffeomorphisms.

Several comments are in order here.

The Carrollian set we have reached is made of two scalar and two vector equations. The
first scalar is an energy conservation, whereas the first vector is a momentum conserva-
tion. As there is no motion (due to ¢ = 0), there is no velocity field. Nonetheless there is a
kinematical fluid variable (an “inverse velocity”) accompanied by the pressure and energy
density, related through an equation of state. We also find two heat currents and two viscous
stress tensors. The Carrollian-fluid data cannot be naturally encapsulated all together in an
energy—-momentum tensor or an energy flux, as it happens in the Galilean case. Half of the
equations concern exclusively the heat currents and the viscous stress tensors, relating them
intimately to the ambient geometry and the Carrollian frame. We should stress here that we
have made a specific assumption on the small-c behaviour of the relativistic viscous stress

tensor and heat current, or equivalently of the transport coefficients. The number and the
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structure of the equations finally obtained reflects this unavoidable ansatz, inspired from the
holographic Carrollian fluids met in flat-space gravity/fluid correspondence [16].2! Going
further in understanding this ansatz, and the physics behind the equations of motion, would
require a microscopic analysis of Carrollian fluids.

Despite the absence of velocity field in Carrollian hydrodynamics, the concept of deriva-
tive expansion still holds. At each order one can define covariant tensors build on time and
space derivatives of 4;;, b; and B;, as we met at first order with the shear and the expansion.
The heat current and the viscous stress tensor can be expanded in these tensors, introducing
phenomenological transport coefficients of increasing order.

Regarding Carrollian hydrodynamics, one could exploit a radically different perspec-
tive. Instead of defining a Carrollian fluid as the zero-c limit of a relativistic fluid in some
Randers-Papapetrou background, one could simply try to build a fluid-like - i.e. continu-
ous — generalization of an instantonic d-brane, directly within a Carrollian structure. This
would promote the “inverse velocity” 9;t of the elementary d-brane described by t = t(x)
into an “inverse velocity field” reminiscent of B; + b; and transforming as in (2.32) under a
Carrollian diffeomorphism. This could be the starting point for designing the dynamics of
this new continuous Carrollian medium. Irrespective of the viewpoint chosen for describing
Carrollian continuous media, zero-c limit of ordinary relativistic fluids or d-brane contin-
uums, a great deal of fundamental thermodynamics, kinetic theory, derivative expansions,
equilibrium and transport dynamics remains to be unravelled.

In conclusion of our general work, we have presented some examples. Those on Galilean
hydrodynamics illustrate the power of the formalism for handling general, time-dependent
and curved host spaces, potentially observed from non-inertial frames. The example of two-
dimensional Carrollian fluid is interesting because it introduces the concept of geometric
temperature and treats dissipative phenomena exactly i.e. by solving explicitly all the equa-
tions but one, finally brought in the canonical form of a Calabi flow on the two-dimensional
surface. The Carrollian fluid dynamics translates into a dynamics for the geometry. This
example has important implications in asymptotically flat holography [16] of Robinson—

Trautman spacetimes.
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A Christoffel symbols, transformations and connections

We provide here a toolbox for working out the Galilean and Carrollian limits in the Zermelo
and Randers-Papapetrou backgrounds, and checking the covariance properties of the set
of equations reached by this method. These properties are bound to the emergence of novel
Galilean and Carrollian connections, and covariant derivatives, which are discussed together
with the associated curvature tensors. In the Carrollian case, an extra conformal connection
is also presented, relevant when studying conformal Carrollian fluids.

A.1 Zermelo metric
Christoffel symbols
The Zermelo metric (2.17) has components (in the coframe {dx0 = cdt,dxi}):

P+ - 1 (-1 _w
g}lv_> ( _w; c a'; 4 H _y m i o2 c ww] (A])
i - a

where w;, = akjwj . Its determinant reads:

V—¢=0Va, (A.2)

where a is the determinant of 4;;. We remind that () depends on time only, whereas a;; and
w; also depend on space.

The Christoffel symbols are easily computed. We are interested in their large-c behaviour
for which one obtains the following:

g, = —at InQ + +2 ok (a w2+ widiay ) +O(1/3), (A3)
1 . .
rgi = o202 (wjaiw] + w]ajwi + w]atai]-) +O(1/e), (A4)
1 1
F% = 02 <§ (07w; + 9jw; + dsayj) — wwg) , (A.5)
i 1 i ik w?
Ty = Z|wonQ—a®{dwe+d—= ) | +O(V/e), (A.6)
, ik
Iy = o (0kw; — djwy + da) +O(1/c3), (A7)
k= 1k +O(1/e), (A.8)
where ;
. at
Tik =5 (9jax + Okar; — dyaj) (A.9)
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are the Christoffel symbols for the d-dimensional metric 4;;. Note also

My = 13 (Va), Tl =aina’ (A10)

With these data it is possible to compute the divergence of the fluid energy—-momentum
tensor (3.19) and (3.20).

Covariance

In order to check the covariance (3.35) and (3.37),
c'=c, &=¢& Mi=JMm,
for the Galilean fluid dynamics under Galilean diffeomorphisms (2.9)
t'=t(t) and X =x(tx),

with Jacobian functions (2.10)

ot’ . . axi' i . axi’
](t)_gl ](tlx)_ at ’ ]](tlx)_ﬁl
we can use several simple covariant blocks. We first remind (2.11), (2.12), (2.13), (2.15):
kg 1 P 1 P Q
ay =ay] TN, o= 7 ( fo +]k>z w' = i (Lkw +]k>z Q'= 7
implying in particular
% - I =
I g7l D N R
U= i (v,Jral]] 1]) (7 i (wl—kal]] l]) (A.11)
with
1 Kr—1i
%= g CEII)P (A12)
o = J o (A.13)

Consider now A and BF, the components of fields transforming like o or w* (gauge-like
transformation) and V* a field transforming like % i.e. like a genuine vector:

A’k:%<]f-‘Ai+jk>, B’k:%<]f-‘Bi+jk>, T v (A.14)
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Consider also a scalar and a rank-two tensor

=, ;=54 ]—1]? . (A.15)

The basic transformation rules are as follows:

Alk _ B/k kAi _ Bi
—qg - Ji—qg— (A.16)
1 / N / I Ali _ 1 L ) i
Wat<\/LTq>)+vi(q>A) = 7 Wat(\/a*q>)+v,(q>A) . (A7)
vivi = Vv,V (A.18)
1 1 1 e
Vi A+ e = 7<V(kAl)+§atakl> jikp-, (A19)
viAD — %a;a’ff = % (v(kAl> - %atakl) I, (A.20)
visi = Vst (A21)
—1k
1 (a;v/+A’fv’.v.’+v.’v’.B’f) _ L (ath+AfV'Vk+V'Vka> (A.22)
o/ i jvi j Vi O j j ’
_1]
NAL+¥mAL + aa ™ok, = ]]i (AAj+rijm+ajkam”8t7],§1n>. (A.23)

In the above expressions, V;, A and r;; are associated with the d-dimensional Levi-Civita
connection 'y]l:k displayed in (A.9).

As a final comment regarding Galilean covariance properties, we would like to stress that
the action of 9; spoils the transformation rules displayed in (A.14) and (A.15). This is both
due to the transformation property of the partial time derivative (A.12), and to the time de-
pendence of the Jacobian matrix ]]l A Galilean covariant time-derivative can be introduced,
acting as follows on a vector:?

_14dvi 1
S Qdt O

s = a (0w v - v

VIV, (A.24)

and resulting in a genuine vector under Galilean diffeomorphisms. Here, the frame velocity
wk plays the role of a connection, and the Galilean covariant time-derivative generalizes the
material derivative d/dt introduced in (3.29). The latter is covariant only when acting on
scalar functions f, hence we set % = %. Expression (A.24) is easily extended for tensors of

arbitrary rank using the Leibniz rule, as e.g. for one-forms:

1DV 1dVi 1
Qdt Qdt Q

22For a detailed and general presentation of Galilean affine connections see [23,24].

ViV, (A.25)
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Notice that the Galilean covariant time-derivative at hand is not “metric compatible”:

1 Daj; 1

This result is actually expected because a covariant time-derivative of the metric should be
interpreted as an extrinsic curvature. Indeed, expression (A.26) divided by 2c is exactly
identified with the spatial components K;; of constant-t hypersurfaces extrinsic curvature in
the Zermelo background (2.17), (A.1).

The commutator of covariant time and space derivatives reveals a new piece of curva-
ture, which appears in Galilean geometries, on top of the standard Riemann tensor associ-

ated with the spatial covariant derivative V;. It is encapsulated in a one-form d6©, as one

1D i _ 17in.0G , i,wj—vj
10 o vim v v, (vie, (U52)), a2)

observes from:

where 6C is a scalar function introduced in (3.30) as the Galilean effective expansion:

6C = % (E)tln Va+ Vivi> .

This extra piece of curvature should not come as a surprise. It is a Galilean remnant of some

ordinary components of Riemannian curvature in the original Zermelo spacetime.

A.2 Randers-Papapetrou metric
Christoffel symbols

The Randers-Papapetrou metric (2.35) has components (in the coframe {dx0 = cdt,dxi}):

—0? cQb; 1 [—1+c%% cQbt
RP ] RPuv
- , N — . 1, A.28
8;41/ (Cﬂbl' 611']' — Czbl'b]) g 0? ( cQb Qzalk ( )

where b¥ = a¥b;. The metric determinant is again given in (A.2):
j gamn g

V—g=0Qa. (A.29)

Here, (), a;; and b; depend on time t and space x.
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The Christoffel symbols are computed exactly in the present case:

FgO = %at InQ+c¢ <b 0+ = (a b — bib]'ataif)> , (A.30)
ng = <1 - %C2b2> J;InQ) + Eczbj (a,b] — a]b, — bla]an)
mb 0y (a;; — c*biby), (A.31)
D) = —5 (i) +3jbs+ 20" (b (3 — Auby) + by (3ib — i) )
b 1— b2
+Cﬁk’)’k + ﬁ < draij — cbj (9;b; 4 9;Q2) — cb; (9;b; + 8j0)> , (A.32)
Thy = Qa’(3;b;+0,Q), (A.33)
‘ 1 .
Ty = z—calk (3¢ (ax; — c*bib;) + Q2 (b — 9kbj) — ¢ (bed; QL + b0 QY) ), (A.34)

. bt
My = 3 <Q (bj (3by + 0, Q2) + by (3:bj + 3,Q2) ) — a (bj (d¢by — Aby) + by (3jby — albj)))

i

. b
Yk — 5501k (A.35)

where 'yf-‘]- are the d-dimensional Christoffel symbols:

R
Tik= 5 (9jak + Ok — dyaj) - (A.36)

Note also

Ih = _at1n (VaQ), TI=an(Va0). (A.37)

With these data it is possible to compute the divergence of the fluid energy—-momentum
tensor (3.72) and (3.73).

Covariance and the Levi-Civita—Carroll connection
In order to check the covariance (3.87) and (3.92),
g=¢ F=F ¢=Jg, H =]
for the Carrollian fluid dynamics under Carrollian diffeomorphisms (2.27)
t'=t(t,x) and x =x'(x),
with Jacobian functions (2.28)

ot . ot ox
gl ]i(tlx) - ﬁl ]](X) - T/

x/

](t/x) =
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we can use several simple covariant blocks. We first remind (2.15), (2.31), (2.33):

k- Q.\  _q; Q
al = a7, bz=<bi+7]i> b =,

and

, 1

0, = 78t, (A.38)
8} = ]*1]1.' < P — %at) (A.39)
From the above transformation rules we obtains:

ia;a;. = latakl I (A.40)

o i Q il ]
%a; InVa' = éat In Va, (AA1)
A+ 9 = % I (3 +0,02), (A.42)
o = J Y, (A.43)

where we have defined A b

0; =0; + ﬁlat. (A.44)

In view of the basic rules (A.38), (A.39) and (A.40)—(A.43), it is tempting to introduce a
new connection for Carrollian geometry that we will call Levi—Civita—Carroll, whose coeffi-
cients will be generalizations of the Christoffel symbols (A.36):

il

’?;k -z (§jﬂlk + Oy — élﬂjk>
= (o ) mt (0n+ B0 )y — (3 + Ba)ay) A
= Ytk

with 'y;'.k and 0; defined in (A.36) and (A.44). We will refer to those as Christoffel-Carroll
symbols. They transform under Carrollian diffeomorphisms as ordinary Christoffel symbols
under ordinary diffeomorphisms:

V= I = T (A.46)

The emergence of this new set of connection coefficients should not be a surprise. Indeed
one readily shows that

Ty = 45, (A.47)
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where 1"’;“, are the d 4 1-dimensional Randers-Papapetrou Christoffel symbols (A.30)—(A.35),
and h,” the projector orthogonal to u = 9:/a (as in (3.9), (3.67)).
The Levi-Civita—Carroll covariant derivative acts symbolically as

N 2

b b
V=0+4=03+ 5% +r+c=V+ 50 +c (A.48)

For example, consider &, VK and Sy, the components of a scalar, a vector, and rank-two
symmetric tensor:

=0, V'=]V, S;=5y] ]—1]1., (A.49)
the action of this new covariant derivative is

5 b;

0;d = ai¢+ﬁat®, (A.50)
. b
VA aiV]+5’atVJ+%Vl

~ vivf+%atvf +dV, (A.51)
viVi = Léi VaVvi (A.52)

Ja
. b; X X
ViSi = 0iSi+ ﬁlatsjk — 9151k — VxSt
b.
— vis]-k+alatsjk—cﬁjslk—cfksﬂ. (A.53)

All these transform as genuine tensors, namely:

o' = |y, (A.54)
v = RV, (A.55)
Vvt = vV, (A.56)
VisSh = T NV S (A.57)

Further elementary transformation rules are as follows:

1 1 1 . | , 1 .. |
ﬁa;q% = 50, ﬁagv“ =JigoV’, ﬁa;s’v =] ]{Eatskl, (A.58)
as well as
‘ b N e b .
v i / TRVGATR w74 PO/ NNNE v iR P RN v A ¢ i i
ViV 5o (\/a 1% ) V=V =V S (ﬁv), (A.59)
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and

V}/{S/ki + Q,b\jf/l? (a; ( \/{T,yki) _ \/Fslkjaill/io _ zb_gl)ilslkla;a;d _ @;(S/ki —

— ]}Vkskf — ]]i (Vkskj + ijg (3 (S /@) — askaall) — %Sklatakl>_ (A.60)

Curvature, effective torsion and further properties of the Levi—Civita—Carroll connection

The Levi—-Civita—Carroll connection is metric,
Viay =0. (A.61)
Furthermore, the usual torsion tensor vanishes:?>

7k sk

However, the new ordinary (as opposed to covariant) derivatives d; defined in (A.44) do not
commute. Indeed, acting on any arbitrary function they lead to

0,0, @ = éwﬁat@, (A.63)

where @;; are the components of the Carrollian vorticity defined in (3.85) (explicitly in (3.98))
using the Carrollian acceleration ¢; (3.83):

1
Wjj = a[,-b]-] + b[i(p]-], Qi = a (0¢b; +0,Q)). (A.64)

Therefore, the Levi-Civita—Carroll connection has an effective torsion as one can see from

P 2
Vi, Vi]® = @ij 5%, (A.65)
where ® is a scalar.

Similarly, one can compute the commutator of the Levi-Civita—Carroll covariant deriva-
tives acting on a vector field:

VeV = (3 = by W if — ) VI 4 [3000] V7 o
= PV +oudoV'.

In this expression we have defined ?i].kl, which are by construction components of a gen-
uine tensor under Carrollian diffeomorphisms in d dimensions. This should be called the

Riemann—Carroll tensor. It is made of several pieces, among which ak'yf]. — aw;;]. + 'y;;m'yf; —

2Discussions on Carrollian affine connections can be found e. g. in [24,39,40]. In particular, Ref. [24] provides
a general classification of connections with or without torsion.
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'yfm’yZ}, which is not covariant under Carrollian diffeomorphisms — it is under ordinary d-
dimensional diffeomorphisms though. The Ricci—Carroll tensor and the Carroll scalar cur-
vature are thus

i

1’1']' =T ikj’ f=a ]?ij- (A67)

Notice that the Ricci—Carroll tensor is not symmetric in general: #;j # 7;;.

We would like to close this part with two remarks regarding Carrollian geometry and
in particular Carrollian time. As readily seen in (A.58), acting on any object tensorial under
Carrollian diffeomorphisms, the time derivative d; provides another tensor. For this reason,
it was not necessary to define any “temporal covariant derivative”. Our first remark is that
the ordinary time derivative has an unsatisfactory feature: its action on the metric does not

vanish. One is tempted therefore to set a new time derivative d; such that
daj =0, (A.68)

while keeping the transformation rule under Carrollian diffeomorphisms:

o) = %&. (A.69)

This is achieved by introducing a “temporal Carrollian connection”

oi 1
7= ﬁalkatakj. (A.70)

Calling this a connection is actually inappropriate because it transforms as a genuine tensor

under Carrollian diffeomorphisms:
V=T (A71)

In fact, the trace of this object is the Carrollian expansion introduced in (3.84):

1 N
0¢ = 5oIn Va =4, (A.72)
whereas its traceless part is the Carrollian shear defined in (3.86):

. 1. 1.
Ci _pi  ~gini _pi —5inC
¢ i= 0 d5j7i—’Yj d5j9- (A.73)

The temporal connection 4 ; appears also as the zero-c remnant of the mixed projected rela-
tivistic Randers-Papapetrou Christoffel symbols, as in (A.47):
€ LFTk ok
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The action of o; on scalars is simply 9:
0;P = 0, P, (A.75)
whereas on vectors or forms it is defined as
Tao: 1o o 1 1 N
aatvl = aatvl + ’Yl]'V], ﬁatVi = aatVz‘ -7V (A.76)

Leibniz rule generalizes the latter to any tensor and allows to demonstrate the property
(A.68). Indices can now be raised and lowered with the metric passing through o;.

The above Riemann-Carroll curvature tensor of a Carrollian geometry appears actu-
ally as the zero-c limit of the spatial components of the ordinary Riemann curvature in
the Randers-Papapetrou background.?* In the same spirit, one may also wonder what the
Carrollian limit is for the temporal components of the relativistic Randers—-Papapetrou cur-
vature, and this is our second and last remark. In order to answer this question, we must

compute the commutator of time and space covariant derivatives acting on scalar and vector
fields, as in (A.65) and (A.66). We find:

[%ét,a} ® = <¢%at _ &fiéj) @, (A.77)
and
[ééﬁi] Vi (a-ec _ @ﬁf'i) Vit (995{ - «;fi) oV + <q),-%ét - %%) Vi (A78)
with ¢; and 6¢ the Carrollian acceleration and expansion (A.64), (A.72). We can define from
this expression the components of a time-curvature Carrollian form:

s Vg i e\ _L(gaci  1—da e
rl_d(v% ale)_3<v]§i+7ale . (A.79)

Using @y, #; and time derivative in the framework at hand, many new curvature-like (i.e.
two-derivative) tensorial objects can be defined. We will not elaborate any longer on these
issues, which would naturally fit in a more thorough analysis of Carrollian geometry.

24This statement is accurate but comes without a proof. Evaluating the zero-c (or infinite-c, as we would
do in the Galilean counterpart) limit is a subtle task because in this kind of limits several components of the
curvature usually diverge (see e.g. [16], where the rdle of curvature is prominent). From the perspective of the
final geometry this does not produce any harm because the involved components decouple.
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The Weyl-Carroll connection

The Levi-Civita—Carroll covariant derivatives V and 9; defined in (A.48), (A.75) and (A.76)
for Carrollian geometry are not covariant with respect to Weyl transformations (3.108),
1 1 1
ajj — ﬁai]‘, bl‘ — Ebi, Q— EQ (A.SO)
We can define Weyl-Carroll covariant spatial and time derivatives using the Carrollian accel-
eration ¢; defined in (A.64) and the Carrollian expansion (A.72), which transform as connec-

tions (see (3.109)):

@i — ¢; —0;InB, 6 — B — %atzs& (A.81)

For a weight-w scalar function &, i.e. a function scaling with B under (A.80), we intro-

duce
i@ = 0,® + wo;P, (A.82)

such that under a Weyl transformation
@ — B°Y;®. (A.83)
Similarly, for a vector with weight-w components V'
GV = ViV + (w— 1)V + ¢'V; = 5iVgs. (A.84)

The action on any other tensor is obtained using the Leibniz rule, as in example for rank-two
tensors:
Q}tkl = vjtkl + (w+ 2)(Pjtkl + @it + @ity — a]-ltk,-q)l — a]-ktil(pl. (A.85)

The Weyl-Carroll spatial derivative does not modify the weight of the tensor it acts on.
Furthermore, it is metric as (a;; has weight —2):

Diagg = 0. (A.86)
It has an effective torsion because
A 2 R
[gzi,@j} = £y T + w0y, (A.87)

although this expression does not contain terms of the type &, ®. We have introduced here

2
Qij = ¢ij — E@iﬂc, (A.88)
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where ®;; are the components of the Carrollian vorticity defined in (A.64), and
Qij = 51'40]‘ - 3]‘901'- (A.89)

Both Q);; and w;; are components of genuine Carrollian two-forms, and Weyl-covariant of
weight 0 and —1. However, ¢;; are not Weyl-covariant, although they are also by construc-
tion components of a good Carrollian two-form.

In Eq. (A.87), we have used a Weyl—Carroll derivative with respect to time ;. Tts action
on a weight-w function @ is defined as:

1. 14 w1 W ,c
EQZtCD = ﬁatcp + EG D= QatCD + EG D, (A.90)
which is a scalar of weight w + 1 under (A.80):
1o ploe (A.91)
Q t Q t . .

Accordingly, on a weight-w vector the action of the Weyl-Carroll time derivative is

1/\1_1/\1 w—].Cl_].
Q%V_Qatv+ d@V—Q

w

o,V + ;

oCV! + &L Vi, (A.92)

These are the components of a genuine Carrollian vector of weight w + 1 (the tensor ¢ is
Weyl-covariant of weight 1). We have used (A.75), (A.76) and (A.73) for the second equal-
ities in (A.90) and (A.92). The same pattern applies for any tensor by Leibniz rule, and in
particular:

Dy = 0. (A.93)

We will close the present appendix with the Weyl-Carroll curvature tensors, obtained by
studying the commutation of Weyl-Carroll covariant derivatives acting on vectors. We find

N Ny . . 2 . .
[9,091} Vi (%;kl . 2§Cljwkl> VI @y DV + WOy VY, (A.94)
where
% ijkl = ?ijkl — 5]1:(;)]{1 — ajkvlgoi + El]'lvkq)i + 5}ivl§0]’ — (vakqoj
+¢' (@ray — piag) — <5liaﬂ — (Sfa]-k> Pme" + (5,igol — 5fqok) ¢;  (A95)
are the components of the Riemann-Weyl-Carroll weight-0 tensor, from which we define

A

@ij = @kl'k]', X = aij@i]’. (A96)
Notice that the Ricci-Weyl-Carroll tensor is not symmetric in general: 92’1-]- # 927]-1-.
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Eventually, we quote

[%@,@] ®=wk® -7 TP (A.97)
and . ' ‘
[592,921-] Vi=(w-d)FV - Vg — v, (A.98)
with A 14 1o i Cj 1 1 /4
f%=ﬂ+5¢%—gwyﬁfZ%foWr7#@+¢OW (A.99)
the components of a Weyl-covariant weight-1 Carrollian curvature one-form, where #; is
given in (A.79).
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ABSTRACT

We show that a holographic description of four-dimensional asymptotically locally flat
spacetimes is reached smoothly from the zero-cosmological-constant limit of anti-de Sitter
holography. To this end, we use the derivative expansion of fluid/gravity correspondence.
From the boundary perspective, the vanishing of the bulk cosmological constant appears as
the zero velocity of light limit. This sets how Carrollian geometry emerges in flat holography.
The new boundary data are a two-dimensional spatial surface, identified with the null infin-
ity of the bulk Ricci-flat spacetime, accompanied with a Carrollian time and equipped with
a Carrollian structure, plus the dynamical observables of a conformal Carrollian fluid. These
are the energy, the viscous stress tensors and the heat currents, whereas the Carrollian geom-
etry is gathered by a two-dimensional spatial metric, a frame connection and a scale factor.
The reconstruction of Ricci-flat spacetimes from Carrollian boundary data is conducted with
a flat derivative expansion, resummed in a closed form in Eddington-Finkelstein gauge un-
der further integrability conditions inherited from the ancestor anti-de Sitter set-up. These
conditions are hinged on a duality relationship among fluid friction tensors and Cotton-like
geometric data. We illustrate these results in the case of conformal Carrollian perfect fluids
and Robinson-Trautman viscous hydrodynamics. The former are dual to the asymptotically
flat Kerr-Taub-NUT family, while the latter leads to the homonymous class of algebraically
special Ricci-flat spacetimes.
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1 Introduction

Ever since its conception, there have been many attempts to extend the original holographic
anti-de Sitter correspondence along various directions, including asymptotically flat or de
Sitter bulk spacetimes. Since the genuine microscopic correspondence based on type IIB
string and maximally supersymmetric Yang-Mills theory is deeply rooted in the anti-de Sit-
ter background, phenomenological extensions such as fluid/gravity correspondence have
been considered as more promising for reaching a flat spacetime generalization.

The mathematical foundations of holography are based on the existence of the Fefferman-—
Graham expansion for asymptotically anti-de Sitter Einstein spaces [1,2]. Indeed, on the
one hand, putting an asymptotically anti-de Sitter Einstein metric in the Fefferman—Graham
gauge allows to extract the two independent boundary data i.e. the boundary metric and
the conserved boundary conformal energy-momentum tensor. On the other hand, given a
pair of suitable boundary data the Fefferman-Graham expansion makes it possible to recon-

struct, order by order, an Einstein space.



More recently, fluid /gravity correspondence has provided an alternative to Fefferman—
Graham, known as derivative expansion [3-6]. It is inspired from the fluid derivative expan-
sion (see e.g. [7,8]), and is implemented in Eddington—Finkelstein coordinates. The metric
of an Einstein spacetime is expanded in a light-like direction and the information on the
boundary fluid is made available in a slightly different manner, involving explicitly a veloc-
ity field whose derivatives set the order of the expansion. Conversely, the boundary fluid
data, including the fluid’s congruence, allow to reconstruct an exact bulk Einstein spacetime.

Although less robust mathematically, the derivative expansion has several advantages
over Fefferman—Graham. Firstly, under some particular conditions it can be resummed lead-
ing to algebraically special Einstein spacetimes in a closed form [9-14]. Such a resummation
is very unlikely, if at all possible, in the context of Fefferman-Graham. Secondly, bound-
ary geometrical terms appear packaged at specific orders in the derivative expansion, which
is performed in Eddington-Finkelstein gauge. These terms feature precisely whether the
bulk is asymptotically globally or locally anti-de Sitter. Thirdly, and contrary to Fefferman-
Graham again, the derivative expansion admits a consistent limit of vanishing scalar curva-
ture. Hence it appears to be applicable to Ricci-flat spacetimes and emerges as a valuable tool
for setting up flat holography. Such a smooth behaviour is not generic, as in most coordinate
systems switching off the scalar curvature for an Einstein space leads to plain Minkowski
spacetime.!

The observations above suggest that it is relevant to wonder whether a Ricci-flat space-
time admits a dual fluid description. This can be recast into two sharp questions:

1. Which surface & would replace the AdS conformal boundary ¥, and what is the
geometry that this new boundary should be equipped with?

2. Which are the degrees of freedom hosted by % and succeeding the relativistic-fluid
energy—-momentum tensor, and what is the dynamics these degrees of freedom obey?

Many proposals have been made for answering these questions. Most of them were in-
spired by the seminal work [17, 18], where Navier-Stokes equations were shown to capture
the dynamics of black-hole horizon perturbations. This result is taken as the crucial evi-
dence regarding the deep relation between gravity, without cosmological constant, and fluid
dynamics.

A more recent approach has associated Ricci-flat spacetimes in d 4 1 dimensions with
d-dimensional fluids [19-24]. This is based on the observation that the Brown-York energy—
momentum tensor on a Rindler hypersurface of a flat metric has the form of a perfect fluid
[25]. In this particular framework, one can consider a non-relativistic limit, thus showing

1This phenomenon is well known in supergravity, when studying the gravity decoupling limit of scalar man-
ifolds. For this limit to be non-trivial, one has to chose an appropriate gauge (see [15, 16] for a recent discussion
and references).



that the Navier-Stokes equations coincide with Einstein’s equations on the Rindler hyper-
surface. Paradoxically, it has simultaneously been argued that all information can be stored
in a relativistic d-dimensional fluid.

Outside the realm of fluid interpretation, and on the more mathematical side of the prob-
lem, some solid works regarding flat holography are [26-28] (see also [29]). The dual theories
reside at null infinity emphasizing the importance of the null-like formalisms of [30-32]. In
this line of thought, results where also reached focusing on the expected symmetries, in
particular for the specific case of three-dimensional bulk versus two-dimensional bound-
ary [33-39].> These achievements are not unconditionally transferable to four or higher di-
mensions, and can possibly infer inaccurate expectations due to features holding exclusively
in three dimensions.

The above wanderings between relativistic and non-relativistic fluid dynamics in rela-
tion with Ricci-flat spacetimes are partly due to the incomplete understanding on the role
played by the null infinity. On the one hand, it has been recognized that the Ricci-flat limit
is related to some contraction of the Poincaré algebra [33-37, 40, 41]. On the other hand,
this observation was tempered by a potential confusion among the Carrollian algebra and
its dual contraction, the conformal Galilean algebra, as they both lead to the decoupling of
time. This phenomenon was exacerbated by the equivalence of these two algebras in two
dimensions, and has somehow obscured the expectations on the nature and the dynamics of
the relevant boundary degrees of freedom. Hence, although the idea of localizing the lat-
ter on the spatial surface at null infinity was suggested (as e.g. in [42-45]), their description
has often been accustomed to the relativistic-fluid or the conformal-field-theory approaches,
based on the revered energy—momentum tensor and its conservation law.

From this short discussion, it is clear that the attempts implemented so far follow dif-
ferent directions without clear overlap and common views. Although implicitly addressed
in the literature, the above two questions have not been convincingly answered, and the
treatment of boundary theories in the zero cosmological constant limit remains nowadays
tangled.

In this work we make a precise statement, which clarifies unquestionably the situation.
Our starting point is a four-dimensional bulk Einstein spacetime with A = —3k?, dual to
a boundary relativistic fluid. In this set-up, we consider the k — 0 limit, which has the
following features:

¢ The derivative expansion is generically well behaved. We will call its limit the flat

derivative expansion. Under specified conditions it can be resummed in a closed form.

* Inside the boundary metric, and in the complete boundary fluid dynamics, k plays the

2 Reference [37] is the first where a consistent and non-trivial k — 0 limit was taken, mapping the entire family
of three-dimensional Einstein spacetimes (locally AdS) to the family of Ricci—flat solutions (locally flat).
3This is manifest in the very recent work of Ref. [46].



role of velocity of light. Its vanishing is thus a Carrollian limit.

¢ The boundary is the two-dimensional spatial surface & emerging as the future null in-
finity of the limiting Ricci-flat bulk spacetime. It replaces the AdS conformal boundary
and is endowed with a Carrollian geometry i.e. is covariant under Carrollian diffeomor-

phisms.

* The degrees of freedom hosted by this surface are captured by a conformal Carrollian
fluid : energy density and pressure related by a conformal equation of state, heat cur-
rents and traceless viscous stress tensors. These macroscopic degrees of freedom obey
conformal Carrollian fluid dynamics.

Any two-dimensional conformal Carrollian fluid hosted by an arbitrary spatial surface &,
and obeying conformal Carrollian fluid dynamics on this surface, is therefore mapped onto
a Ricci-flat four-dimensional spacetime using the flat derivative expansion. The latter is
invariant under boundary Weyl transformations. Under a set of resummability conditions
involving the Carrollian fluid and its host ¥, this derivative expansion allows to reconstruct
exactly algebraically special Ricci-flat spacetimes. The results summarized above answer in
the most accurate manner the two questions listed earlier.

Carrollian symmetry has sporadically attracted attention following the pioneering work
or Ref. [47], where the Carroll group emerged as a new contraction of the Poincaré group:
the ultra-relativistic contraction, dual to the usual non-relativistic one leading to the Galilean
group. Its conformal extensions were explored latterly [48-51], showing in particular its
relationship to the BMS group, which encodes the asymptotic symmetries of asymptotically
flat spacetimes along a null direction [53-56].4

It is therefore quite natural to investigate on possible relationships between Carrollian
asymptotic structure and flat holography and, by the logic of fluid / gravity correspondence,
to foresee the emergence of Carrollian hydrodynamics rather than any other, relativistic or
Galilean fluid. Nonetheless searches so far have been oriented towards the near-horizon
membrane paradigm, trying to comply with the inevitable BMS symmetries as in [59, 60].
The power of the derivative expansion and its flexibility to handle the zero-k limit has been
somehow dismissed. This expansion stands precisely at the heart of our method. Its actual
implementation requires a comprehensive approach to Carrollian hydrodynamics, as it em-
anates from the ultra-relativistic limit of relativistic fluid dynamics, made recently available
in [52].

The aim of the present work is to provide a detailed analysis of the various statements
presented above, and exhibit a precise expression for the Ricci-flat line element as recon-
structed from the boundary Carrollian geometry and Carrollian fluid dynamics. As already

4Carroll symmetry has also been explored in connection to the tensionless-string limit, see e.g. [57,58].



stated, the tool for understanding and implementing operationally these ideas is the deriva-
tive expansion and, under conditions, its resummed version. For this reason, Sec. 2 is de-
voted to its thorough description in the framework of ordinary anti-de Sitter fluid /gravity
holography. This chapter includes the conditions, stated in a novel fashion with respect
to [12,13], for the expansion to be resummed in a closed form, representing generally an
Einstein spacetime of algebraically special Petrov type.

In Sec. 3 we discuss how the Carrollian geometry emerges at null infinity and describe in
detail conformal Carrollian hydrodynamics following [52]. The formulation of the Ricci-flat
derivative expansion is undertaken in Sec. 4. Here we discuss the important issue of re-
summing in a closed form the generic expansion. This requires the investigation of another
uncharted territory: the higher-derivative curvature-like Carrollian tensors. The Carrollian
geometry on the spatial boundary & is naturally equipped with a (conformal) Carrollian
connection, which comes with various curvature tensors presented in Sec. 3. The relevant
object for discussing the resummability in the anti-de Sitter case is the Cotton tensor, as re-
viewed in Sec. 2. It turns out that this tensor has well-defined Carrollian descendants, which
we determine and exploit. With those, the resummability conditions are well-posed and set
the framework for obtaining exact Ricci-flat spacetimes in a closed form from conformal-
Carrollian-fluid data.

In order to illustrate our results, we provide examples starting from Sec. 3 and pursu-
ing systematically in Sec. 5. Generic Carrollian perfect fluids are meticulously studied and
shown to be dual to the general Ricci-flat Kerr—Taub-NUT family. The non perfect Carrollian
fluid called Robinson-Trautman fluid is discussed both as the limiting Robinson-Trautman
relativistic fluid (Sec. 3), and alternatively from Carrollian first principles (Sec. 5, follow-
ing [52]). It is shown to be dual to the Ricci-flat Robinson-Trautman spacetime, of which the
line element is obtained thanks to our flat resummation procedure.

One of the resummability requirements is the absence of shear for the Carrollian fluid.
This is a geometric quantity, which, if absent, makes possible for using holomorphic coordi-
nates. In App. A, we gather the relevant formulas in this class of coordinates.

2 Fluid/gravity in asymptotically locally AdS spacetimes

We present here an executive summary of the holographic reconstruction of four-dimensional
asymptotically locally anti-de Sitter spacetimes from three-dimensional relativistic bound-
ary fluid dynamics. The tool we use is the fluid-velocity derivative expansion. We show that
exact Einstein spacetimes written in a closed form can arise by resumming this expansion. It
appears that the key conditions allowing for such an explicit resummation are the absence
of shear in the fluid flow, as well as the relationship among the non-perfect components of
the fluid energy-momentum tensor (i.e. the heat current and the viscous stress tensor) and



the boundary Cotton tensor.

2.1 The derivative expansion
The spirit

Due to the Fefferman-Graham ambient metric construction [61], asymptotically locally anti-
de Sitter four-dimensional spacetimes are determined by a set of independent boundary
data, namely a three-dimensional metric ds? = gudx"dx” and arank-2 tensor T = T}, dx*dx",
symmetric (T, = T,), traceless (T" u = 0) and conserved:

VHT, = 0. 2.1)

Perhaps the most well known subclass of asymptotically locally AdS spacetimes are
those whose boundary metrics are conformally flat (see e.g. [62, 63]). These are asymptot-
ically globally anti-de Sitter. The asymptotic symmetries of such spacetimes comprise the
finite dimensional conformal group, i.e. SO(3,2) in four dimensions [64], and AdS/CFT is
at work giving rise to a boundary conformal field theory. Then, the rank-2 tensor T}, is
interpreted as the expectation value over a boundary quantum state of the conformal-field-
theory energy—-momentum tensor. Whenever hydrodynamic regime is applicable, this ap-
proach gives rise to the so-called fluid /gravity correspondence and all its important spinoffs
(see [4] for a review).

For a long time, all the work on fluid/gravity correspondence was confined to asymp-
totically globally AdS spacetimes, hence to holographic boundary fluids that flow on con-
formally flat backgrounds. In a series of works [9-14] we have extended the fluid/gravity
correspondence into the realm of asymptotically locally AdS, spacetimes. In the following,

we present and summarize our salient findings.

The energy-momentum tensor

Given the energy-momentum tensor of the boundary fluid and assuming that it represents
a state in a hydrodynamic regime, one should be able to pick a boundary congruence u,
playing the role of fluid velocity. Normalizing the latter as® ||u||> = —k? we can in general
decompose the energy-momentum tensor as
Uy Uy UGy Uyq
Ty = (e+ P)Z—z + P8uv + Tuv + ;{—2 + ;chy'

5 This unconventional normalization ensures that the derivative expansion is well-behaved in the k — 0 limit.
In the language of fluids, it naturally incorporates the scaling introduced in [37] - see footnote 2.

2.2)




We assume local thermodynamic equilibrium with p the local pressure and ¢ the local energy
density:

1
e

Alocal-equilibrium thermodynamic equation of state p = p(T) is also needed for completing

3 Tyutu®. (2.3)

the system, and we omit the chemical potential as no independent conserved current, i.e. no
gauge field in the bulk, is considered here.
The symmetric viscous stress tensor 7, and the heat current g, are purely transverse:

utt,, =0, utq, =0, q,=—eu, —ul'Ty,,. (2.4)
For a conformal fluid in 3 dimensions
e=2p, T, =0. (2.5)

The quantities at hand are usually expressed as expansions in temperature and velocity
derivatives, the coefficients of which characterize the transport phenomena occurring in the

fluid. In first-order hydrodynamics
Ty = — 20 — Chu©, (2.6)
T

where h,, is the projector onto the space transverse to the velocity field:

Uyl

h;u/ T T + vy (2.8)
and®
ay = u"Vvuy, O = Vyu", (2.9)
Oy = Vil + klzu(yav) — 10h,, (2.10)
Wy = V[yuv] + kl—Zu[Mav], (2.11)

are the acceleration (transverse), the expansion, the shear and the vorticity (both rank-two
tensors are transverse and traceless). As usual, 77,{ are the shear and bulk viscosities, and «
is the thermal conductivity.

It is customary to introduce the vorticity two-form

k2

N[ =

1
W = 5 Wy dxt A dx" = <du + lu A a) , (2.12)

6Qur conventions for (anti-) symmetrization are: Ay = % (A + Ayy) and Ap) = % (A — Avp).



as well as the Hodge-Poincaré dual of this form, which is proportional to u (we are in 2 4- 1
dimensions):

1
kya=»w <&  kyu, = E’?#W“’W' (2.13)

where 17,0 = /—& €uve. In this expression v is a scalar, that can also be expressed as

7V = W (2.14)
"

In three spacetime dimensions and in the presence of a vector field, one naturally defines

a fully antisymmetric two-index tensor as

uf

Muv = _?77,0;41// (2.15)
obeying
77;4(7771/0 = h}w- (2.16)
With this tensor the vorticity reads:
Wyy = szmw. (2.17)

Weyl covariance, Weyl connection and the Cotton tensor

In the case when the boundary metric g, is conformally flat, it was shown that using the
above set of boundary data it is possible to reconstruct the four-dimensional bulk Einstein
spacetime order by order in derivatives of the velocity field [3-6]. The guideline for the
spacetime reconstruction based on the derivative expansion is Weyl covariance: the bulk ge-
ometry should be insensitive to a conformal rescaling of the boundary metric (weight —2)
ds* — dB—Sj, (2.18)
which should correspond to a bulk diffeomorphism and be reabsorbed into a redefinition of
the radial coordinate: r — Br. At the same time, u,, is traded for #+/8 (velocity one-form),
wyy for ww/B (vorticity two-form) and T}, for BT,,. As a consequence, the pressure and
energy density have weight 3, the heat-current g, weight 2, and the viscous stress tensor 7,

weight 1.
Covariantization with respect to rescaling requires to introduce a Weyl connection one-
form:” 1 o

which transforms as A — A — dInB. Ordinary covariant derivatives V are thus traded

"The explicit form of A is obtained by demanding Dyut =0and W Iu u=0.



for Weyl covariant ones & = V + w A, w being the conformal weight of the tensor under
consideration. We provide for concreteness the Weyl covariant derivative of a weight-w
form v,:

Doy = Vo, + (w+1)Ayo, + Aoy — §uAPv,. (2.20)

The Weyl covariant derivative is metric with effective torsion:

gngw = 0, (2.21)
(QVQV — Qvgy) f = w fPW, (2.22)

where
Fu=0,A, —0dvAy (2.23)

is Weyl-invariant.
Commuting the Weyl-covariant derivatives acting on vectors, as usual one defines the

Weyl covariant Riemann tensor

(VP are weight-w) and the usual subsequent quantities. In three spacetime dimensions, the
covariant Ricci (weight 0) and the scalar (weight 2) curvatures read:

P = Ruv+ Vol + AAy+ g (VaA = 4,4 ) = By, (2.25)
K = R+4V, A" —2A,A", (2.26)

The Weyl-invariant Schouten tensor® is
1 1,
\%‘V = %}lv - Z%g]u/ — S;,“/ + VVA}'{ + AﬂAV - EA)LA g],“/ - F]ﬂ/. (2.27)

Other Weyl-covariant velocity-related quantities are

1 C)
= O+ W, (2.28)
D', = V', (2.29)
D', = 2quy, (2.30)
MA%M = 9, (UAH — wAy) — uAFM, (2.31)

of weights —1, 1, 0 and 1 (the scalar vorticity 7 has weight 1).
The remarkable addition to the fluid/gravity dictionary came with the realization that

8The ordinary Schouten tensor in three spacetime dimensions is given by Ryy — iR Suv-



the derivative expansion can be used to reconstruct Einstein metrics which are asymptoti-
cally locally AdS. For the latter, the boundary metric has a non zero Cotton tensor [9-13].
The Cotton tensor is generically a three-index tensor with mixed symmetries. In three di-
mensions, which is the case for our boundary geometry, the Cotton tensor can be dualized

into a two-index, symmetric and traceless tensor. It is defined as

R
ny = ;//V‘Dggp (%0’ + Fl/g’) — ;/hlpgvp <RV(T — ngg) . (232)

The Cotton tensor is Weyl-covariant of weight 1 (i.e. transforms as C,, — BC,,), and is
identically conserved:
2,C", = V,C" =0, (2.33)

sharing thereby all properties of the energy-momentum tensor. Following (2.2) we can de-

compose the Cotton tensor into longitudinal, transverse and mixed components with respect

to the fluid velocity u:’
Cpp = Sttty Ko v | Mply | B (2.34)
WER TR 2T e T T Tk '
Such a decomposition naturally defines the weight-3 Cotton scalar density
_ Cuutu” 2
¢ =iz Cpru, (2.35)

as the longitudinal component. The symmetric and traceless Cotton stress tensor c;, and the
Cotton current ¢, (weights 1 and 2, respectively) are purely transverse:

c;,” =0, ufcyy=0, uc,=0, (2.36)

and obey

ck? uthC
Cuv = _khp}thaucpa + Thﬂw Cy = —Cuy — kHV.

One can use the definition (2.32) to further express the Cotton density, current and stress

(2.37)

tensor as ordinary or Weyl derivatives of the curvature. We find

1

c = k—zuviy‘m.@p (Fe+Foo), (2.38)

o = 717Dy (He + For) — cuy, (2.39)
ck?

cw = —h (k™ —unf) Dy (Ko + Fro) + Py (2.40)

Notice that the energy-momentum tensor has an extra factor of k with respect to the Cotton tensor, see (2.60),
due to their different dimensions.
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The bulk Einstein derivative expansion

Given the ingredients above, the leading terms in a 1/r expansion for a four-dimensional

Einstein metric are of the form:!°

dst . = 2%(dr +rA) + r2ds® + S

k K
u? 1 8HGTy,utut  Cru*now,,
1— ap H H
+ terms with o, 02, Vo, ... + O (9411) . (2.41)

In this expression

¢ Sis a Weyl-invariant tensor:

Aw,,dxtdx’ — uz%~ (2.42)

S = S,ydxtdx’ = —ZuQVwVde” —w X

H

¢ the boundary metric is parametrized 4 Iz Randers-Papapetrou:
) ) N2 o
ds? = —k (th - bidx’) + a;dx'd; (2.43)
¢ the boundary conformal fluid velocity field and the corresponding one form are

1 .
u=x0 & u=-k (th - b,-dxl>, (2.44)
i.e. the fluid is at rest in the frame associated with the coordinates in (2.43) — this is not
a limitation, as one can always choose a local frame where the fluid is at rest, in which

the metric reads (2.43) (with (), b; and 4;; functions of all coordinates);

* wy,y is the vorticity of u as given in (2.11), which reads:

k2 1 1
> <aib]' -+ ﬁbiajﬂ + =

Qbiatbj> d¥' Ady;  (245)

1
w= Ewwde Adx¥ =

o 72 =1laigl (a[ibﬂ + &b+ %b[iatbﬂ) (a[kbl] + Sbydy Q + éb[katbl]) ;

10We have traded here the usual advanced-time coordinate used in the quoted literature on fluid/gravity
correspondence for the retarded time, spelled ¢ (see (2.44)).
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¢ the expansion and acceleration are

0 = %atln Va, (2.46)

a = K <ai InQ + éatb,) dx?, (2.47)
leading to the Weyl connection
1 1 o1
A= a <aiQ +0¢b; — Ebiatln ﬁ) dx' + Eat In v/adt, (2.48)

with a the determinant of 4;;;

o % T,yutu" is the energy density ¢ of the fluid (see (2.3)), and in the Randers-Papapetrou
frame associated with (2.43), (2.44), qo, Too , Toi = Tio entering in (2.2) all vanish due to
(2.4);

o ﬁc AyuAiyVWwW = ¢, where we have used (2.13) and (2.35), and similarly co = coo =

coi = cjp = 0 as a consequence of (2.36) with (2.43), (2.44);
e 0,02, Vo stand for the shear of u and combinations of it, as computed from (2.10):

o= % (9ajj — a;iorIn v/a) dxidx. (2.49)
We have not exhibited explicitly shear-related terms because we will ultimately assume the
absence of shear for our congruence. This raises the important issue of choosing the fluid
velocity field, not necessary in the Fefferman-Graham expansion, but fundamental here. In
relativistic fluids, the absence of sharp distinction between heat and matter fluxes leaves a
freedom in setting the velocity field. This choice of hydrodynamic frame is not completely
arbitrary though, and one should stress some reservations, which are often dismissed, in
particular in the already quoted fluid /gravity literature.
As was originally exposed in [65] and extensively discussed e.g. in [7], the fluid-velocity
ambiguity is well posed in the presence of a conserved current J, naturally decomposed into
a longitudinal perfect piece and a transverse part:

JH = out + . (2.50)

The velocity freedom originates from the redundancy in the heat current q and the non-
perfect piece of the matter current j. One may therefore set j = 0 and reach the Eckart frame.
Alternatively q = 0 defines the Landau-Lifshitz frame. In the absence of matter current,
nothing guarantees that one can still move to the Landau-Lifshitz frame, and setting q = 0

appears as a constraint on the fluid, rather than a choice of frame for describing arbitrary flu-
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ids. This important issue was recently discussed in the framework of holography [66], from
which it is clear that setting q = 0 in the absence of a conserved current would simply inhibit
certain classes of Einstein spaces to emerge holographically from boundary data, and possi-
bly blur the physical phenomena occurring in the fluids under consideration. Consequently,
we will not make any such assumption, keeping the heat current as part of the physical data.

We would like to close this section with an important comment on asymptotics. The
reconstructed bulk spacetime can be asymptotically locally or globally anti-de Sitter. This
property is read off directly inside terms appearing at designated orders in the radial expan-
sion, and built over specificboundary tensors. For d 4 1-dimensional boundaries, the bound-
ary energy—-momentum contribution first appears at order 1/+*-1, whereas the boundary Cot-

ton tensori!

emerges at order 1/r2. This behaviour is rooted in the Eddington—Finkelstein
gauge used in (2.41), but appears also in the slightly different Bondi gauge. It is however
absent in the Fefferman—Graham coordinates, where the Cotton cannot be possibly isolated

in the expansion.

2.2 The resummation of AdS spacetimes
Resummation and exact Einstein spacetimes in closed form

In order to further probe the derivative expansion (2.41), we will impose the fluid velocity
congruence be shearless. This choice has the virtue of reducing considerably the number of
terms compatible with conformal invariance in (2.41), and potentially making this expan-
sion resummable, thus leading to an Einstein metric written in a closed form. Nevertheless,
this shearless condition reduces the class of Einstein spacetimes that can be reconstructed
holographically to the algebraically special ones [10-14]. Going beyond this class is an open
problem that we will not address here.

Following [6, 10-14], it is tempting to try a resummation of (2.41) using the following

substitution:
LN 251
1- L 5= .
2 02 (2.51)
with
o> =1*+ 9% (2.52)
The resummed expansion would then read
2 u 2,0 S u?
dStes. Einstein = 2k—2(dr +rA) 4 r°ds” + a T Ey (8Ger +cv), (2.53)

which is indeed written in a closed form. Under the conditions listed below, the metric (2.53)

11" Actually, the object appearing in generic dimension is the Weyl divergence of the boundary Weyl tensor,
which contains also the Cotton tensor (see [67] for a preliminary discussion on this point).
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defines the line element of an exact Einstein space with A = —3k%.

* The congruence u is shearless. This requires (see (2.49))
Orajj = ;0 In /4. (2.54)

Actually (2.54) is equivalent to ask that the two-dimensional spatial section & de-
fined at every time t and equipped with the metric d¢? = ul-]-dxidxf is conformally flat.
This may come as a surprise because every two-dimensional metric is conformally flat.
However, a;; generally depends on space x and time t, and the transformation required
to bring it in a form proportional to the flat-space metric might depend on time. This
would spoil the three-dimensional structure (2.43) and alter the a priori given u. Hence,
de?is conformally flat within the three-dimensional spacetime (2.43) under the condi-
tion that the transformation used to reach the explicit conformally flat form be of the
type X' = x/(x). This exists if and only if (2.54) is satisfied.!> Under this condition, one
can always choose { = {(x), { = {(x) such that

d¢* = a;;dx'dy) = %dgdé (2.55)

with P = P(t,{,{) areal function. Even though this does not hold for arbitrary u = 9:/q,
one can show that there exists always a congruence for which it does [68], and this will
be chosen for the rest of the paper.

* The heat current of the boundary fluid introduced in (2.2) and (2.4) is identified with
the transverse-dual of the Cotton current defined in (2.34) and (2.37). The Cotton cur-
rent being transverse to u, it defines a field on the conformally flat two-surface &, the
existence of which is guaranteed by the absence of shear. This surface is endowed with
anatural hodge duality mapping a vector onto another, which can in turn be lifted back
to the three-dimensional spacetime as a new transverse vector. This whole process is
taken care of by the action of 1", defined in (2.15):

v 1
qu = %77 ulv = %77 yﬁpagp (%U’ + Fva)/ (2.56)

where we used (2.39) in the last expression. Using holomorphic and antiholomorphic
coordinates g, as in (2.55)' leads to 175g =iand 17% = —i, and thus

i

1= g (ngC - ngi) : (2.57)

12 A peculiar subclass where this works is when 9; is a Killing field.
130Orientation is chosen such that in the coordinate frame Mozt = V' —8€ozz = 11)_(3, where x0 = kt.
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* The viscous stress tensor of the boundary conformal fluid introduced in (2.2) is iden-
titied with the transverse-dual of the Cotton stress tensor defined in (2.34) and (2.37).
Following the same pattern as for the heat current, we obtain:

1.0
—8nce'l uCpv
8711Gkz <_%uA17VV17pU + 77);4 (kﬁvpg - uy;,]ptf)> gp (56\0 + F/\U) ’

T
w (2.58)

where we also used (2.40) in the last equality. The viscous stress tensor 7y, is transverse
symmetric and traceless because these are the properties of the Cotton stress tensor cy,..

Similarly, we find in complex coordinates:

i

* The energy-momentum tensor defined in (2.2) with p = ¢/2, heat current as in (2.56)
and viscous stress tensor as in (2.58) must be conserved, i.e. obey Eq. (2.1). These are
differential constraints that from a bulk perspective can be thought of as a generaliza-
tion of the Gauss law.

Identifying parts of the energy-momentum tensor with the Cotton tensor may be viewed
as setting integrability conditions, similar to the electric-magnetic duality conditions in elec-
tromagnetism, or in Euclidean gravitational dynamics. As opposed to the latter, it is here
implemented in a rather unconventional manner, on the conformal boundary.

It is important to emphasize that the conservation equations (2.1) concern all bound-
ary data. On the fluid side the only remaining unknown piece is the energy density &(x),
whereas for the boundary metric Q(x), b;(x) and a;;(x) are available and must obey (2.1),
together with ¢(x). Given these ingredients, (2.1) turns out to be precisely the set of equa-
tions obtained by demanding bulk Einstein equations be satisfied with the metric (2.53). This
observation is at the heart of our analysis.

The bulk algebraic structure and the physics of the boundary fluid

The pillars of our approach are (i) the requirement of a shearless fluid congruence and (ii) the
identification of the non-perfect energy—-momentum tensor pieces with the corresponding
Cotton components by transverse dualization.

What does motivate these choices? The answer to this question is rooted to the Weyl
tensor and to the remarkable integrability properties its structure can provide to the system.

Let us firstly recall that from the bulk perspective, u is a manifestly null congruence
associated with the vector d,. One can show (see [13]) that this bulk congruence is also
geodesic and shear-free. Therefore, accordingly to the generalizations of the Goldberg-Sachs
theorem, if the bulk metric (2.41) is an Einstein space, then it is algebraically special, i.e. of

15



Petrov type 1L, III, D, N or O. Owing to the close relationship between the algebraic structure
and the integrability properties of Einstein equations, it is clear why the absence of shear in
the fluid congruence plays such an instrumental role in making the tentatively resummed
expression (2.53) an exact Einstein space.

The structure of the bulk Weyl tensor makes it possible to go deeper in foreseeing how
the boundary data should be tuned in order for the resummation to be successful. Indeed the
Weyl tensor can be expanded for large-r, and the dominant term (1/+°) exhibits the following
combination of the boundary energy-momentum and Cotton tensors [69-73]:

i

+ _
Tw=Tw= SOk Cuv, (2.60)
satisfying a conservation equation, analogue to (2.1)
VT, =0. (2.61)

For algebraically special spaces, these complex-conjugate tensors simplify considerably
(see detailed discussions in [10-14]), and this suggests the transverse duality enforced be-
tween the Cotton and the energy—-momentum non-perfect components. Using (2.57) and
(2.59), we find indeed for the tensor T* in complex coordinates:

. 2 .
+_ 1c uw  1.» 1 _ 2
T = <€ + 87TG> (k2 + zdf ) + 47Gk2 (2C§d€u ngdg ), (262)

and similarly for T~ obtained by complex conjugation with

ic

—¢e+ .
Ex=¢ 8G

(2.63)

The bulk Weyl tensor and consequently the Petrov class of the bulk Einstein space are en-
coded in the three complex functions of the boundary coordinates: ¢, c; and cg.

The proposed resummation procedure, based on boundary relativistic fluid dynamics
of non-perfect fluids with heat current and stress tensor designed from the boundary Cot-
ton tensor, allows to reconstruct all algebraically special four-dimensional Einstein spaces.
The simplest correspond to a Cotton tensor of the perfect form [10]. The complete class of
Plebarski-Demiariski family [74] requires non-trivial b; with two commuting Killing fields
[13], while vanishing b; without isometry leads to the Robinson-Trautman Einstein spaces
[12]. For the latter, the heat current and the stress tensor obtained from the Cotton by the

16



transverse duality read:

1 )

17 T16rG (angg +a€—1<dg), (2.64)
1 -

= grcup (% (PacinP) 42’ + 0 (P22 InP) o7, 265

where K = 2P28€-8€ In P is the Gaussian curvature of (2.55). With these data the conservation
of the energy—-momentum tensor (2.1) enforces the absence of spatial dependence in € = 2p,
and leads to a single independent equation, the heat equation:

This is the Robinson-Trautman equation, here expressed in terms of M(t) = 47tGe(t).

The boundary fluids emerging in the systems considered here have a specific physical
behaviour. This behaviour is inherited from the boundary geometry, since their excursion
away from perfection is encoded in the Cotton tensor via the transverse duality. In the hy-
drodynamic frame at hand, this implies in particular that the derivative expansion of the
energy—-momentum tensor terminates at third order. Discussing this side of the holography
is not part of our agenda. We shall only stress that such an analysis does not require to
change hydrodynamic frame. Following [66], it is possible to show that the frame at hand is
the Eckart frame. Trying to discard the heat current in order to reach a Landau-Lifshitz-like
frame (as in [75-78] for Robinson-Trautman) is questionable, as already mentioned earlier,
because of the absence of conserved current, and distorts the physical phenomena occurring
in the holographic conformal fluid.

3 The Ricci-flat limit I: Carrollian geometry and Carrollian fluids

The Ricci-flat limit is achieved at vanishing k. Although no conformal boundary exists in
this case, a two-dimensional spatial conformal structure emerges at null infinity. Since the
Einstein bulk spacetime derivative expansion is performed along null tubes, it provides the
appropriate arena for studying both the nature of the two-dimensional “boundary” and the
dynamics of the degrees of freedom it hosts as “holographic duals” to the bulk Ricci-flat
spacetime.

3.1 The Carrollian boundary geometry
The emergence of a boundary

For vanishing k, time decouples in the boundary geometry (2.43). There exist two decoupling
limits, associated with two distinct contractions of the Poincaré group: the Galilean, reached
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at infinite velocity of light and referred to as “non-relativistic”, and the Carrollian, emerging
at zero velocity of light [47] — often called “ultra-relativistic”. In (2.43), k plays effectively the
role of velocity of light and k — 0 is indeed a Carrollian limit.

This very elementary observation sets precisely and unambiguously the fate of asymp-
totically flat holography: the reconstruction of four-dimensional Ricci-flat spacetimes is based on
Carrollian boundary geometry.

The appearance of Carrollian symmetry, or better, conformal Carrollian symmetry at null
infinity of asymptotically flat spacetimes is not new [48-51]. It has attracted attention in the
framework of flat holography, mostly from the algebraic side [79, 80], or in relation with its
dual geometry emerging in the Galilean limit, known as Newton—Cartan (see [81]). The nov-
elties we bring in the present work are twofold. On the one hand, the Carrollian geometry
emerging at null infinity is generally non-flat, i.e. it is not isometric under the Carroll group,
but under a more general group associated with a time-dependent positive-definite spatial
metric and a Carrollian time arrow, this general Carrollian geometry being covariant under
a subgroup of the diffeomorphisms dubbed Carrollian diffeomorphisms. On the other hand,
the Carrollian surface is the natural host for a Carrollian fluid, zero-k limit of the relativistic
boundary fluid dual to the original Einstein space of which we consider the flat limit. This
Carrollian fluid must be considered as the holographic dual of a Ricci-flat spacetime, and its
dynamics (studied in Sec. 3.2) as the dual of gravitational bulk dynamics at zero cosmolog-
ical constant. From the hydrodynamical viewpoint, this gives a radically new perspective
on the subject of flat holography.

The Carrollian geometry: connection and curvature

The Carrollian geometry consists of a spatial surface ¥ endowed with a positive-definite
metric
de? = a;;dx'dxd, (3.1)

and a Carrollian time t € R.'"* The metric on & is generically time-dependent: a;; = a;;(t,x).
Much like a Galilean space is observed from a spatial frame moving with respect to a local
inertial frame with velocity w, a Carrollian frame is described by a form b = b;(t,x) dx'. The
latter is not a velocity because in Carrollian spacetimes motion is forbidden. It is rather an
inverse velocity, describing a “temporal frame” and plays a dual role. A scalar Q)(¢,x) is also
introduced (as in the Galilean case, see [52] — this reference will be useful along the present
section), as it may naturally arise from the k — 0 limit.

14We are genuinely describing a spacetime R x % endowed with a Carrollian structure, and this is actually
how the boundary geometry should be spelled. In order to make the distinction with the relativistic pseudo-
Riemannian three-dimensional spacetime boundary _# of AdS bulks, we quote only the spatial surface & when
referring to the Carrollian boundary geometry of a Ricci-flat bulk spacetime. For a complete description of such
geometries we recommend [82].
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We define the Carrollian diffeomorphisms as
' =t(t,x) and x =x'(x) (3.2)

with Jacobian functions

ox/°

ot’ o’

](t/x) = gl ji(t,X) = ﬁ/ ]]Z(x) = (33)

Those are the diffeomorphisms adapted to the Carrollian geometry since under such trans-
formations, d/? remains a positive-definite metric (it does not produce terms involving d#').
Indeed,

ajy=ay] 7Y, b= <bz‘ + 91i> o =2, (34)
Z J J
whereas the time and space derivatives become
o =1a, o= J7l (9, — i (3.5)
£= 70 p\% %) .

We will show in a short while that the Carrollian fluid equations are precisely covariant
under this particular set of diffeomorphisms.

Expression (3.5) shows that the ordinary exterior derivative of a scalar function does
not transform as a form. To overcome this issue, it is desirable to introduce a Carrollian

derivative as

R b;
di=0i+ Ua, (3.6)

transforming as
=1 Ya;. (3.7)

Acting on scalars this provides a form, whereas for any other tensor it must be covariantized
by introducing a new connection for Carrollian geometry, called Levi—Civita—Carroll connec-
tion, whose coefficients are the Christoffel-Carroll symbols,'®

ooal . N A . .
Vie = > (ajﬂlk + dkasj — aza]’k> = Yjk + Cjg- (3.8)

The Levi-Civita—Carroll covariant derivative acts symbolically as V = 9 + 4. It is metric
and torsionless: @iajk =0, fkij = 2’?’[‘1.].} = 0. There is however an effective torsion, since the
derivatives V; do not commute, even when acting of scalar functions ® — where they are

identical to 0; :

PN 2
[Vi, V]]CD = awi]-at@. (39)
, il
15 We remind that the ordinary Christoffel symbols are 'y;k = % (aja,k + Okayj — a,a]-k>.
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Here @;; is a two-form identified as the Carrollian vorticity defined using the Carrollian

acceleration one-form g;:

¢i = % (0tbi +0:Q2) = at% +0;InQ, (3.10)
Q a b] a bi
@ij = by + by = <ai5 - af5> : (3.11)

Since the original relativistic fluid is at rest, the kinematical “inverse-velocity” variable po-
tentially present in the Carrollian limit vanishes.!® Hence the various kinematical quantities
such as the vorticity and the acceleration are purely geometric and originate from the tem-
poral Carrollian frame used to describe the surface <. As we will see later, they turn out to
be k — 0 counterparts of their relativistic homologues defined in (2.9), (2.10), (2.11) (see also
(3.14) for the expansion and shear).

The time derivative transforms as in (3.5), and acting on any tensor under Carrollian
diffeomorphisms, it provides another tensor. This ordinary time derivative has nonetheless
an unsatisfactory feature: its action on the metric does not vanish. One is tempted therefore
to set a new time derivative 0; such that 3tajk = 0, while keeping the transformation rule
under Carrollian diffeomorphisms: 9} = %ét. This is achieved by introducing a “temporal
Carrollian connection”

i 1
'ylj = ﬁa’katakj, (3.12)

which allows us to define the time covariant derivative on a vector field:

1, . 1
—oVi= =

5 GOV + AV, (3.13)

while on a scalar the action is as the ordinary time derivative: 0;® = 9;®. Leibniz rule allows
extending the action of this derivative to any tensor.

Calling '?i]- a connection is actually misleading because it transforms as a genuine tensor
under Carrollian diffeomorphisms: '?’kj = JT _1]’-”'?”m. Its trace and traceless parts have a
well-defined kinematical interpretation, as the expansion and shear, completing the acceler-
ation and vorticity introduced earlier in (3.10), (3.11):

1 1 1 .
0=4"= aE)t Inva, ¢=%~- 55]’-9 = ﬁa’k (0rag; — agjorIn /') . (3.14)

We can define the curvature associated with a connection, by computing the commutator

‘16 A Carrollian fluid is always at rest, but could generally be obtained from a relativistic fluid moving at
o' = k?B' 4+ O (k*). In this case, the “inverse velocity” B’ would contribute to the kinematics and the dynamics
of the fluid (see [52]). Here, v' = 0 before the limit k — 0 is taken, so ,Bi =0.
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of covariant derivatives acting on a vector field. We find

A

AR 2
[Vk, Vl] V= f’l]-kl VI + (Dklﬁatvl, (3.15)

where
Paa = ok — Vi + Vi V1 — Vi Vi (3.16)
is a genuine tensor under Carrollian diffeomorphisms, the Riemann—Carroll tensor.

As usual, the Ricci—Carroll tensor is
Py = (3.17)

It is not symmetric in general (7;; # #;;) and carries four independent components:

171']' = §ij + Kaij + Aiyi]‘. (3.18)
In this expression §;; is symmetric and traceless, whereas!”
L1 1., -~ 1 .
K= Ea’]n] = Er, A= Eq”ri]- = %00 (3.19)

are the scalar-electric and scalar-magnetic Gauss—Carroll curvatures, with
x @ = 1 . 3.20
- 2 17 1. ( . )

Since time and space are intimately related in Carrollian geometry, curvature extends
also in time. This can be seen by computing the covariant time and space derivatives com-

mutator:
Lo, | Vi= —20vi 4 (85— 4.) gV Lo 4w, ) v 3.21
qor Vil Vi =—2¢ +< i—v,-)cpj tleigo—7iVi) V- (3:21)
A Carroll curvature one-form emerges thus as
N ]. N i ]_A
= <ng@. _ Eai9> . (3.22)

The Ricci~Carroll curvature tensor #;; and the Carroll curvature one-form #; are actually
the Carrollian vanishing-k contraction of the ordinary Ricci tensor Ry associated with the
original three-dimensional pseudo-Riemannian AdS boundary _#, of Randers—Papapetrou
type (2.43). The identification of the various pieces is however a subtle task because in this

17We use i = Va €ij, which matches, in the zero-k limit, with the spatial components of the 7,,, introduced in
(2.15). To avoid confusion we also quote that 7'y i1= 5]’: and 7/ 1ij = 2.
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kind of limit, where the size of one dimension shrinks, the curvature usually develops di-
vergences. From the perspective of the final Carrollian geometry this does not produce any
harm because the involved components decouple.

The metric (3.1) of the Carrollian geometry on % may or may not be recast in conformally
flat form (2.55) using Carrollian diffeomorphisms (3.2), (3.3). A necessary and sufficient
condition is the vanishing of the Carrollian shear §;;, displayed in (3.14). Assuming this
holds, one proves that the traceless and symmetric piece of the Ricci-Carroll tensor is zero,

§j=0. (3.23)

We gather in App. A various expressions when holomorphic coordinates are used and the
metric is given in conformally flat form. The absence of shear will be imposed again in Sec.

4, where it plays a crucial role in the resummation of the derivative expansion.

The conformal Carrollian geometry

In the present set-up, the spatial surface . appears as the null infinity of the resulting Ricci-
flat geometry i.e. as # *. This is not surprising. The bulk congruence tangent to 9, is light-
like. Hence the holographic limit » — oo is lightlike, already at finite k, which is a well known
feature of the derivative expansion, expressed by construction in Eddington-Finkelstein-like
coordinates [3,4,6]. What is specific about k = 0 is the decoupling of time.

The geometry of ¥ is equipped with a conformal class of metrics rather than with
a metric. From a representative of this class, we must be able to explore others by Weyl
transformations, and this amounts to study conformal Carrollian geometry as opposed to
plain Carrollian geometry (see [48]).

The action of Weyl transformations on the elements of the Carrollian geometry on a sur-
face & is inherited from (2.18):
Q

b;
bi — B’ Q- B (3.24)

IZZ']'

ai]' — ?,

where B = B(t,x) is an arbitrary function. The Carrollian vorticity (3.11) and shear (3.14)
transform covariantly under (3.24): w@;; — %wi]-, Gij — %(;'i]-. However, the Levi-Civita—
Carroll covariant derivatives V and d; defined previously for Carrollian geometry are not
covariant under (3.24). Following [52], they must be replaced with Weyl-Carroll covariant
spatial and time derivatives built on the Carrollian acceleration ¢; (3.10) and the Carrollian
expansion (3.14), which transform as connections:

¢; — ¢; —0;InB, 06— BO — %ats. (3.25)
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In particular, these can be combined in!8

0
N = @i — Ebi/ (3.26)
transforming under Weyl rescaling as:
o —r 0 — ai In B. (327)

The Weyl—Carroll covariant derivatives Z; and Z; are defined according to the pattern
(2.19), (2.20). They obey
gjﬁlkl = O, Qtakl =0. (328)

For a weight-w scalar function ®, or a weight-w vector Vi ie. scaling with BY under (3.24),
we introduce

Di® = 0@ + we;®, V' =V,V' + (w—-1)9;V' + ¢'V; -5V, (3.29)

which leave the weight unaltered. Similarly, we define

1 - 14 w 1 w
5@@ = aatd) + 59<I> = aatd) + EGCD, (3.30)
and 1 1 1 1
Loyl tag | W— I 2oyl L oyl | Ay
Q@ﬂ/ = Qatv + 5 A% Qatv + ZGV +c,V, (3.31)

where %9% increases the weight by one unit. The action of &; and Z; on any other tensor is
obtained using the Leibniz rule.
The Weyl-Carroll connection is torsion-free because

[g?izgzj} b = %wij9t® +w (q)i]' — (Dijg) d (3.32)

does not contain terms of the type 92;@1 Here ¢;; = éiq)j — éjq)i is a Carrollian two-form, not
conformal though. Connection (3.32) is accompanied with its own curvature tensors, which

emerge in the commutation of Weyl-Carroll covariant derivatives acting e.g. on vectors:
[9 @}Vi—(”’ —zgiw)vf+w 29V +w (g — oud) V' (3.33)
(= = ikl i@kl Kt Pkl ki . .

The combination ¢y — @0 forms a weight-0 conformal two-form, whose dual x¢@ — *@0 is

18Contrary to ¢;, a; is not a Carrollian one-form, i.e. it does not transform covariantly under Carrollian diffeo-
morphisms (3.2).
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conformal of weight 2 (@ is defined in (3.20) and similarly *¢ = 1% @ij)- Moreover
Z ijkl = fijkz - 5;(Pk1 —agV19' + Vg + 6.V 19; — 51V kgj
—f—(Pi ((Pkajl — (pla]-k) — (5]1'(11]'1 — 5lilljk> quq)m + ((5;“1)1 — (5liq)k) ?; (3.34)

is the Riemann-Weyl-Carroll weight-0 tensor, from which we define

Rij = Ry =i+ aiVig* — gy, (3.35)
We also quote
%@t,@-] O =wFHd ¢ igz].@ (3.36)
and ,
[5@,921-] Vi=(w—-2)%V -V, -V, (3.37)
with
A 14 le i j 1 1 /4
Gt =ti+ o — 5V + 8oy = G — 5 (ai + (/)1') 0. (3.39)

This is a Weyl-covariant weight-1 curvature one-form, where #; is given in (3.22).
The Ricci-Weyl-Carroll tensor (3.35) is not symmetric in general: @i]- 2 9%,-. Using (3.17)
we can recast it as
@ij = §ij + %AIZZ‘]' + 5{771']', (3.39)

where we have introduced the Weyl-covariant scalar-electric and scalar-magnetic Gauss—
Carroll curvatures

s 1 s SR A1 s .
H = 5a Ry =K+ Vigh, o = SR =A—xg (3.40)
both of weight 2.
Before closing the present section, it is desirable to make a clarification: Weyl transfor-
mations (3.24) should not be confused with the action of the conformal Carroll group, which

is a subset of Carrollian diffeomorphisms defined as'’

CCarr, (IR x F, dﬁz,u) = {q) € Diff(R x &), ds? i> e 242 u L quu} , (341

where ® € C®(R x &), d¢? is the spatial metric on % as in (3.1), and u = {;9; the Carrollian
time arrow. This group is actually the zero-k contraction of Clsom (_¥,ds?), the group of
conformal isometries of the original finite-k relativistic metric ds® on the boundary _# of the

19The subscript 2 stands for level-2 conformal Carroll group. For a detailed discussion, see [49] .

24



corresponding AdS bulk:
Clsom (f,dsz) = {(,b € Diff(_#), ds? BN e_mdsz} (3.42)

with @ € C*(#). Indeed, consider the Lie algebra of conformal symmetries of ds?, denoted
cisom (_¥,ds?) and spanned by vector fields X = X%y + X'9; such that

HKds? = —2Ads? (3.43)

for some function A on _#. In order to perform the zero-k contraction we write the gener-
ators as X = kX!9y + X'9; (here x* = kt, thus X° = kX*) and the metric ds? in the Randers—
Papapetrou form (2.43). At zero k Eq. (3.43) splits into:?°

FHu=Au, Kd?=-21d¢". (3.44)

These are the equations the field X must satisfy for belonging to ccarr, (]R x &£ ,dEz,u), the
Lie algebra of the corresponding conformal Carroll group. This confirms that

Clsom (_#,ds?) "« CCarr, (R x ,df%,u). (3.45)
_>
At last, if % is chosen to be the two-sphere and d/? the round metric, it can be shown (see
[49]) that the corresponding conformal Carroll group is precisely the BMS(4) group, which
describes the asymptotic symmetries of an asymptotically flat 3 + 1-dimensional metric.

3.2 Carrollian conformal fluid dynamics
Physical data and hydrodynamic equations

More on the physics underlying the Carrollian limit can be found in [52], with emphasis on
hydrodynamics. This is precisely what we need here, since the original asymptotically AdS
bulk Einstein spacetime is the holographic dual of a relativistic fluid hosted by its 2 + 1-
dimensional boundary. This relativistic fluid satisfying Eq. (2.1), will obey Carrollian dy-
namics at vanishing k. Even though the fluid has no velocity, it has non-trivial hydrodynam-
ics based on the following data:

e the energy density ¢(t,x) and the pressure p(t,x), related here through a conformal
equation of state ¢ = 2p;

20In coordinates, defining x = axt— b]-Xf , these equations are written as:
Lo+ X =—A, Laxi—o, ¥0x)+x &+ Lale) = —rai
O t (P] 7 O t ’ 2 ’

which are manifestly covariant under Carrollian diffeomorphisms.
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e the heat currents Q = Q;(t,x)dx’ and 7t = 7;(t,x)dx’;
o the viscous stress tensors £ = ;i(t,x) dx'dx/ and & = 5j(t,x)dx'dx/.

The latter quantities are inherited from the relativistic ones (see (2.2)) as the following limits:

Qi=limg;, 7 =1lim g (i — Qi) (3.46)
L= —llgr(l)kZTij, Ejj = —lim (Tj + &%) - (3.47)

Compared with the corresponding ones in the Galilean fluids, they are doubled because two
orders seem to be required for describing the Carrollian dynamics. They obey

=X Ii=0, E;=8&; E;=0 (3.48)
The Carrollian energy and pressure are just the zero-k limits of the corresponding relativistic
quantities. In order to avoid symbols inflation, we have kept the same notation, € and p.

All these objects are Weyl-covariant with conformal weights 3 for the pressure and en-
ergy density, 2 for the heat currents, and 1 for the viscous stress tensors (when all indices are
lowered). They are well-defined in all examples we know from holography. Ultimately they
should be justified within a microscopic quantum/statistical approach, missing at present
since the microscopic nature of a Carrollian fluid has not been investigated so far, except
for [52], where some elementary issues were addressed.

Following this reference, the equations for a Carrollian fluid are as follows:

¢ aset of two scalar equations, both weight-4 Weyl-covariant:

1 oy A . ..
—59}8 — gin + E”é,-]- = 0, (349)
g = 0 (3.50)

* two vector equations, Weyl-covariant of weight 3:

. . 1 . A .
jp +2Q @i + FDim — ZiE + gy = 0, (3.51)
1 4 A ,
ﬁthj — @izl]- + Qi(:l]- = 0. (3.52)

Equation (3.49) is the energy conservation, whereas (3.50) sets a geometrical constraint on
the Carrollian viscous stress tensor ¥;;. Equations (3.51) and (3.52) are dynamical equations
involving the pressure p = ¢/2, the heat currents Q; and 71;, and the viscous stress tensors %;;
and Z;;. They are reminiscent of a momentum conservation, although somewhat degenerate
due to the absence of fluid velocity.
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An example of Carrollian fluid

The simplest non-trivial example of a Carrollian fluid is obtained as the Carrollian limit of
the relativistic Robinson-Trautman fluid, studied at the end of Sec. 2.2 (see also [66] and [52]
for the relativistic and Carrollian approaches, respectively).

The geometric Carrollian data are in this case

2 _
de? = p2d¢dl, (3.53)

b = 0 and Q) = 1. Hence the Carrollian shear vanishes (¢;; = 0), whereas the expansion
reads:
§ = —29;InP. (3.54)

Similarly w;; =0, ¢; =0, ¢;; = 0, and using results from App. A, we find
H =2P*;0;InP, /=0 (3.55)
(in fact % = K = K), while
R =0;0:InP, F;=0;0,InP. (3.56)

From the relativistic heat current q and viscous stress tensor 7 displayed in (2.64) and (2.65),
we obtain the Carrollian descendants:?!
Q= —1ic (angg T angé) , m=0, (3.57)

=g (34' (P?9:9;InP) d(? + 9; (PzataglnP) d?) , E=0. (3.58)

Due to the absence of shear, the hydrodynamic equation (3.50) is identically satisfied, whereas
(3.49), (3.51), (3.52) are recast as:

3¢0;InP —9,e — V;Q' = 0, (3.59)
osp = 0, (3.60)
9:Q; —2Q;0;InP - V;¥/; = 0. (3.61)

In agreement with the relativistic Robinson-Trautman fluid, the pressure p (and so the en-
ergy density, since the fluid is conformal) must be space-independent. Furthermore, as ex-
pected from the relativistic case, Eq. (3.61) is satisfied with Q; and %;; given in (3.57) and

(3.58). Hence we are left with a single non-trivial equation, Eq. (3.59), the heat equation of

2
2INotice a useful identity: 9; <a%p) = %ag (P2atag InP).
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the Carrollian fluid:

1
InP — ——AK = .62
3881} n at€+ 167G 0 (36 )

with A = V;V/ the Laplacian operator on % .

Equation (3.62) is exactly Robinson-Trautman’s, Eq. (2.66). We note that the relativistic
and the Carrolian dynamics lead to the same equations — and hence to the same solutions
e = ¢(t). This is specific to the case under consideration, and it is actually expected since
the bulk Einstein equations for a geometry with a shearless and vorticity-free null congru-
ence lead to the Robinson-Trautman equation, irrespective of the presence of a cosmological
constant, A = —3k*: asymptotically locally AdS or locally flat spacetimes lead to the same
dynamics. This is not the case in general though, because there is no reason for the relativistic
dynamics to be identical to the Carrollian (see [52] for a detailed account of this statement).
For example, when switching on more data, as in the case of the Plebariski-Demianski fam-
ily, where all b;, ¢;, @;;, as well as 71; and &;j, are on, the Carrollian equations are different

from the relativistic ones.

4 The Ricci-flat limit II: derivative expansion and resummation

We can summarize our observations as follows. Any four-dimensional Ricci-flat spacetime
is associated with a two-dimensional spatial surface, emerging at null infinity and equipped
with a conformal Carrollian geometry. This geometry is the host of a Carrollian fluid, obey-
ing Carrollian hydrodynamics. Thanks to the relativistic-fluid / AdS-gravity duality, one can
also safely claim that, conversely, any Carrollian fluid evolving on a spatial surface with
Carrollian geometry is associated with a Ricci-flat geometry. This conclusion is reached by
considering the simultaneous zero-k limit of both sides of the quoted duality. In order to
make this statement operative, this limit must be performed inside the derivative expan-
sion. When the latter is resummable in the sense discussed in Sec. 2.2, the zero-k limit will
also affect the resummability conditions, and translate them in terms of Carrollian fluid dy-

namics.

4.1 Back to the derivative expansion

Our starting point is the derivative expansion of an asymptotically locally AdS spacetime,
Eq. (2.41). The fundamental question is whether the latter admits a smooth zero-k limit.

We have implicitly assumed that the Randers-Papapetrou data of the three-dimensional
pseudo-Riemannian conformal boundary _# associated with the original Einstein spacetime,
ajj, bj and (), remain unaltered at vanishing k, providing therefore directly the Carrollian data
for the new spatial two-dimensional boundary % emerging at ¥ .?2 Following again the

22Indeed our ultimate goal is to set up a derivative expansion (in a closed resummed form under appropriate
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detailed analysis performed in [52], we can match the various three-dimensional Rieman-

nian quantities with the corresponding two-dimensional Carrollian ones:
u=—k*(Qdt —b) (4.1)

and , ‘ ‘
B w@jdx' A dy,
= *®,

0,

= Kodx,
a;dxt 4 %th,
Cijdxidxf,

(4.2)

3 > o @2 €
I

where the left-hand-side quantities are Riemannian (given in Egs. (2.45), (2.46), (2.47), (2.48),
(2.49)), and the right-hand-side ones Carrollian (see (3.10), (3.11), (3.14), (3.20)).

In the list (4.2), we have dealt with the first derivatives, i.e. connexion-related quantities.
We move now to second-derivative objects and collect the tensors relevant for the derivative

expansion, following the same pattern (Riemannian vs. Carrollian):

1. .
R = k—zgi]-’g“f + 2K + 2k * @, (4.3)
wyAw)dedeV = k4wilwljdxidxj, (4.4)
wwy, = 2k* « @2, (4.5)
@0 dxt = R dx — 2k* x @2t + 2k x @%b, (4.6)
Using (2.42) this leads to
k2 22 i | 1A 6 2, 2
S:_T(th_b) Gij¢! + ks —5k° (Qdt —b)" * @ 4.7)

with the Weyl-invariant tensor
s =2(Qdt — b)dx'y D x @ + *@*dl* — F (Qdt —b)>. (4.8)

In the derivative expansion (2.41), two explicit divergences appear at vanishing k. The
tirst originates from the first term of S, which is the shear contribution to the Weyl-covariant

assumptions) for building up four-dimensional Ricci-flat spacetimes from a boundary Carrollian fluid, irrespec-
tive of its AdS origin. For this it is enough to assume ajj, b; and Q) k-independent (as in [52]), and use these
data as fundamental blocks for the Ricci-flat reconstruction. It should be kept in mind, however, that for general
Einstein spacetimes, these may depend on k with well-defined limit and subleading terms. Due to the absence
of shear and to the particular structure of these solutions, the latter do not alter the Carrollian equations. This
occurs for instance in Plebariski-Demianski or in the Kerr—Taub-NUT sub-family, which will be discussed in
Sec. 5.1. In the following, we avoid discussing this kind of sub-leading terms, hence saving further technical
developments.
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scalar curvature & of the three-dimensional AdS boundary (Eq. (4.3)).% The second diver-
gence comes from the Cotton tensor and is also due to the shear. It is fortunate — and expected
— that counterterms coming from equal-order (non-explicitly written) ¢? contributions, can-
cel out these singular terms. This is suggestive that (2.41) is well-behaved at zero-k, showing
that the reconstruction of Ricci-flat spacetimes works starting from two-dimensional Carrol-
lian fluid data.

We will not embark here in proving finiteness at k = 0, but rather confine our analysis
to situations without shear, as we discussed already in Sec. 2.2 for Einstein spacetimes.
Vanishing ¢ in the pseudo-Riemannian boundary ¥ implies indeed vanishing ¢;; in the
Carrollian (see (4.2)), and in this case, the divergent terms in S and C are absent. Of course,
other divergences may occur from higher-order terms in the derivative expansion. To avoid
dealing with these issues, we will focus on the resummed version of (2.41) i.e. (2.53), valid
for algebraically special bulk geometries. This closed form is definitely smooth at zero k and

reads:
2
dSTes, flat = —2(Qdt —b) <dr +ra + @dt> +7r7de* +s + (Qd:%b) (8nGer + c x @).
@9)
Here
p? =1+ x@?, (4.10)

de2, Q), b =b;dx!, & = a;dx’, 0 and *@ are the Carrollian geometric objects introduced earlier,
while c and ¢ are the zero-k (finite) limits of the corresponding relativistic functions. Expres-
sion (4.9) will grant by construction an exact Ricci-flat spacetime provided the conditions
under which (2.53) was Einstein are fulfilled in the zero-k limit. These conditions are the set
of Carrollian hydrodynamic equations (3.49), (3.50), (3.51) and (3.52), and the integrability
conditions, as they emerge from (2.56) and (2.58) at vanishing k. Making the latter explicit is
the scope of next section.

Notice eventually that the Ricci-flat line element (4.9) inherits Weyl invariance from its
relativistic ancestor. The set of transformations (3.24), (3.25) and (3.27), supplemented with
%@ — Bx®, ¢ — B and ¢ — B3¢, can indeed be absorbed by setting r — Br (s is Weyl
invariant), resulting thus in the invariance of (4.9). In the relativistic case this invariance was
due to the AdS conformal boundary. In the case at hand, this is rooted to the location of the
two-dimensional spatial boundary % at null infinity ¥ .

23This divergence is traced back in the Gauss—-Codazzi equation relating the intrinsic and extrinsic curvatures
of an embedded surface, to the intrinsic curvature of the host. When the size of a fiber shrinks, the extrinsic-
curvature contribution diverges.
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4.2 Resummation of the Ricci-flat derivative expansion
The Cotton tensor in Carrollian geometry

The Cotton tensor monitors from the boundary the global asymptotic structure of the bulk
four-dimensional Einstein spacetime (for higher dimensions, the boundary Weyl tensor is
also involved, see footnote 11). In order to proceed with our resummability analysis, we
need to describe the zero-k limit of the Cotton tensor (2.32) and of its conservation equation
(2.33).

As already mentioned, at vanishing k divergences do generally appear for some compo-
nents of the Cotton tensor. These divergences are no longer present when (2.54) is satisfied
(see footnote 23), i.e. in the absence of shear, which is precisely the assumption under which
we are working with (4.9). Every piece of the three-dimensional relativistic Cotton tensor
appearing in (2.34) has thus a well-defined limit. We therefore introduce

xXi=lime;, ¢ =lim & (ci — Xi) (4.11)
Xij = %ii%cijl Y= ]{lir(l) k1_2 (Cij - Xij) . (4.12)

The time components ¢, cop and cy; = cjp vanish already at finite k (due to (2.36)), and x;, ¢,
Xij and Y;; are thus genuine Carrollian tensors transforming covariantly under Carrollian
diffeomorphisms. Actually, in the absence of shear the Cotton current and stress tensor are
given exactly (i.e. for finite k) by ¢; = x; + kzl/)i and ¢;; = Xj; + kz‘I’ij.

The scalar c(t,x) is Weyl-covariant of weight 3 (like the energy density). As expected, it
is expressed in terms of geometric Carrollian objects built on third-derivatives of the two-
dimensional metric d¢?, b; and Q:

c= (921921 n 25%) % @. (4.13)
Similarly, the forms x; and v;, of weight 2, are
1, 40 14 4 N
Xji = Eﬂj.@l% + E@]&f —2*x 0, (4.14)
¥ = 34 D« (4.15)

Finally, the weight-1 symmetric and traceless rank-two tensors read:

1, - 1, A -

Xi = S0 9%+ 51'2%, (4.16)
A A 1 A 1 »

Y = 91'9]'*(0—iaij%@l*w—mjﬁgt*wz. (4.17)

Observe that ¢ and the subleading terms ¢; and ¥;; are present only when the vorticity is
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non-vanishing (x@ = 0). All these are of gravito-magnetic nature.

The tensors ¢, x;i, i, Xj; and ¥;; should be considered as the two-dimensional Carrollian
resurgence of the three-dimensional Riemannian Cotton tensor. They should be referred
to as Cotton descendants (there is no Cotton tensor in two dimensions anyway), and obey
identities inherited at zero k from its conservation equation.?* These are similar to the hy-
drodynamic equations (3.49), (3.50), (3.51) and (3.52), satisfied by the different pieces of the
energy-momentum tensor ¢, Q;, 71;, £;; and E;j, and translating its conservation. In the case
at hand, the absence of shear trivializes (3.50) and discards the last term in the other three

equations:
14 A
ﬁgtc +9ix' = 0, (4.18)
1 ; 1 4 A
59]@ + 2)(1(01']' + 59151/1]' — @ffn]- = 0, (4.19)
1 4 N
59)})(]' - 9in]~ = 0. (4.20)

One appreciates from these equations why it is important to keep the subleading corrections
at vanishing k, both in the Cotton current Cy and in the Cotton stress tensor Cuy- AS for the

energy—-momentum tensor, ignoring them would simply lead to wrong Carrollian dynamics.

The resummability conditions

We are now ready to address the problem of resummability in Carrollian framework, for
Ricci-flat spacetimes. In the relativistic case, where one describes relativistic hydrodynamics
on the pseudo-Riemannian boundary of an asymptotically locally AdS spacetime, resumma-
bility — or integrability — equations are Eqs. (2.56) and (2.58). These determine the friction
components of the fluid energy—-momentum tensor in terms of geometric data, captured
by the Cotton tensor (current and stress components), via a sort of gravitational electric—
magnetic duality, transverse to the fluid congruence. Equipped with those, the fluid equa-
tions (2.1) guarantee that the bulk is Einstein, i.e. that bulk Einstein equations are satisfied.

Correspondingly, using (3.46), (3.47), (4.11) and (4.12), the zero-k limit of Eq. (2.56) sets
up a duality relationship among the Carrollian-fluid heat current Q; and the Carrollian-
geometry third-derivative vector x;:

1

: 1
Qi=5:6"Xi = ~T6nC (

GH — 1) Dl + 4 co;yfig%“j) ) (4.21)

while Egs. (2.58) allow to relate the Carrollian-fluid quantities ;; and Z;j, to the Carrollian-

24Observe that the Cotton tensor enters in Eq. (2.60) with an extra factor 1/k, the origin of which is explained
in footnote 9. Hence, the advisable prescription is to analyze the small-k limit of %V" Cuv = 0.
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geometry ones X;; and ¥;:

1 1 oy A A A
Ly = o= Xy = 1= (1'%t - 9 %), (4.22)
and
Bij=g-c' Y= SeC (17 DY+ @ + 5771‘]'919 * 0 — a,-jagt * @ . (4.23)

One readily shows that (3.48) is satisfied as a consequence of the symmetry and tracelessness
of Xl] and ‘Yl]
One can finally recast the Carrollian hydrodynamic equations (3.49), (3.50), (3.51) and

(3.52) for the fluid under consideration. Recalling that the shear is assumed to vanish,

1
Gij = 5q (9raij — ajdrIn V/a') =0, (4.24)

Eq. (3.50) is trivialized. Furthermore, Eq. (3.52) is automatically satistied with Q; and Zij
given above, thanks also to Eq. (4.20). We are therefore left with two equations for the
energy density € and the heat current 7;:

* one scalar equation from (3.49):

1 4 1 cils o . ic s i\ —q.
~5 e+ =9 (B v Fd + 4= o Fy) =0; (4.25)

* one vector equation from (3.51):

A . 2 A
9]'8 +4 % c@ﬂlei + ﬁgﬂ'{j — 2@1':41]' =0 (4.26)

with Q; and Ei]. given in (4.21) and (4.23).

These last two equations are Carrollian equations, describing time and space evolution
of the fluid energy and heat current, as a consequence of transport phenomena like heat
conduction and friction. These phenomena have been identified by duality to geometric
quantities, and one recognizes distinct gravito-electric (like %) and gravito-magnetic contri-
butions (like ). It should also be stressed that not all the terms are independent and one can
reshuffle them using identities relating the Carrollian curvature elements. In the absence of
shear, (3.23) holds and all information about 9?1']' in (3.39) is stored in % and &/, while other
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geometrical data are supplied by Z; in (3.38). All these obey

%9?} * (0 + &f = 0,
SHF —dID K = O, (4.27)
S+ R = 0,

which originate from three-dimensional Riemannian Bianchi identities and emerge along

the k-to-zero limit.

Summarizing

Our analysis of the zero-k limit in the derivative expansion (2.53), valid assuming the absence
of shear, has the following salient features.

* As the general derivative expansion (2.41), this limit reveals a two-dimensional spa-
tial boundary & located at #*. It is endowed with a Carrollian geometry, encoded
in a;;, b; and (), all functions of t and x. This is inherited from the conformal three-
dimensional pseudo-Riemannian boundary % of the original Einstein space.

¢ The Carrollian boundary % is the host of a Carrollian fluid, obtained as the limit of a
relativistic fluid, and described in terms of its energy density ¢, and its friction tensors
Qi, i, Ljj and Ej;.

* When the friction tensors Q;, ¥;; and E;; of the Carrollian fluid are given in terms of the
geometric objects x;, X;; and ¥;; using (4.21), (4.22) and (4.23), and when the energy
density € and the current 71; obey the hydrodynamic equations (4.25) and (4.26), the
limiting resummed derivative expansion (4.9) is an exact Ricci-flat spacetime.

* The bulk spacetime is in general asymptotically locally flat. This property is encoded
in the zero-k limit of the Cotton tensor, i.e. in the Cotton Carrollian descendants c, x;
and XZ]

The bulk Ricci-flat spacetime obtained following the above procedure is algebraically
special. We indeed observe that the bulk congruence 9, is null. Moreover, it is geodesic and
shear-free. To prove this last statement, we rewrite the metric (4.9) in terms of a null tetrad
(k,1,m,m):

ds?

res. flat —

where k = — (Qdt — b) is the dual of 9, and

2kl +2mm, k-1=-1, m-m=1, (4.28)

B r6Q) P Qdt —b
l=—dr —ra — > dt+6*co+ 20

(87thr +c*x@— p2%7> , (4.29)
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(here P = y;dx’), along with
2mm = p*dé?. (4.30)

Using the above results and repeating the analysis of App. A.2 in [13], we find that 9, is
shear-free due to (4.24).

According to the Goldberg—Sachs theorem, the bulk spacetime (4.9) is therefore of Petrov
type II, I, D, N or O. The precise type is encoded in the Carrollian tensors ¢*, Qii and Zi

e = e+ A

8rGCr
Q7 = Qitgcki (4.31)
L .
Y5 = T g Xy

Working again in holomorphic coordinates, we find the compact result

i

Q" = 4nc7‘Cd€' (4.32)
i

Tt = Rxggdg% (4.33)

and their complex-conjugates Q~ and £~. These Carrollian geometric tensors encompass the
information on the canonical complex functions describing the Weyl-tensor decomposition

in terms of principal null directions — usually referred to as ¥,,a =0,...,4.

5 Examples

There is a plethora of Carrollian fluids that can be studied. We will analyze here the class of
perfect conformal fluids, and will complete the discussion of Sec. 3.2 on the Carrollian Robinson—
Trautman fluid. In each case, assuming the integrability conditions (4.21), (4.22) and (4.23) are
tulfilled and the hydrodynamic equations (4.25) and (4.26) are obeyed, a Ricci-flat spacetime
is reconstructed from the Carrollian spatial boundary % at ¥ . More examples exist like
the Plebariski-Demiariski or the Weyl axisymmetric solutions, assuming extra symmetries
(but not necessarily stationarity) for a viscous Carrollian fluid. These would require a more
involved presentation.

5.1 Stationary Carrollian perfect fluids and Ricci-flat Kerr-Taub-NUT families

We would like to illustrate our findings and reconstruct from purely Carrollian fluid dy-
namics the family of Kerr—Taub-NUT stationary Ricci-flat black holes. We pick for that the
following geometric data: a;;(x), b;j(x) and Q) = 1. Stationarity is implemented in these fluids
by requiring that all the quantities involved are time independent.

Under this assumption, the Carrollian shear §;; vanishes together with the Carrollian
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expansion 6, whereas constant (2 makes the Carrollian acceleration ¢; vanish as well (Eq.
(3.10)). Consequently

N

=0, H=0, (5.1)

and we are left with non-trivial curvature and vorticity:

The Weyl-Carroll spatial covariant derivative &; reduces to the ordinary covariant deriva-
tive V;, whereas the action of the Weyl-Carroll temporal covariant derivative Qt vanishes.

We further assume that the Carrollian fluid is perfect: Q;, 71;, ¥;; and E;; vanish. This
assumption is made according to the pattern of Ref. [10], where the asymptotically AdS
Kerr-Taub-NUT spacetimes were studied starting from relativistic perfect fluids. Due to
the duality relationships (4.21), (4.22) and (4.23) among the friction tensors of the Carrollian
fluid and the geometric quantities x;, X;; and ¥;;, the latter must also vanish. Using (4.14),
(4.16) and (4.17), this sets the following simple geometric constraints:

Xi=0&0,K=0, (5.3)

and ,
Yi=0< <V1'V]' — Eaijvlvl> x@ =0, (5.4)

whereas X;; vanishes identically without bringing any further restriction. These are equa-
tions for the metric a;;(x) and the scalar vorticity *@, from which we can extract b;(x). Using
(4.13), we also learn that

c=(A+2K)*w, (5.5)

where A = V; V! is the ordinary Laplacian operator on %. The last piece of the geometrical
data, (4.15), it is non-vanishing and reads:

;=350 % @, (5.6)
Finally, we must impose the fluid equations (4.25) and (4.26), leading to
oie=0, 9;e=0. (5.7)

The energy density ¢ of the Carrollian fluid is therefore a constant, which will be identified
to the bulk mass parameter M = 47tGe.
Every stationary Carrollian geometry encoded in a;;(x) and b;(x) with constant scalar

curvature K hosts a conformal Carrollian perfect fluid with constant energy density, and is

36



associated with the following exact Ricci-flat spacetime:

(df — b)* + (dt — b) % LA, (58)

dséerf. fl. = _2 (dt — b) dr + Mr + c *Z(D p

where p? = 12 + x@2. The vorticity *® is determined by Eq. (5.4), solved on a constant-
curvature background.

Using holomorphic coordinates (see App. A), a constant-curvature metric on % reads:
de = 2 dzd? 5.9
— 5dgd 59)

with X
P=1+ EQQ_, K=0,=1, (5.10)

corresponding to S? and E; or H; (sphere and Euclidean or hyperbolic planes). Using these
expressions we can integrate (5.4). The general solution depends on three real, arbitrary

parameters, 1, a and ¢:

*w:n+a—2§+£(l—]l<|)§§. (5.11)

The parameter / is relevant in the flat case exclusively. We can further integrate (3.11) and
find thus

i a / 2\ = _
It is straightforward to determine the last pieces entering the bulk resumed metric (5.8):
c=2Kn+2((1—|K]|) (5.13)
e 4 Ka+ (1~ K]
. i . a —_— —_ —
o 21,0, * odx' = 2i 2 (ZdZ —zdQ). (5.14)

In order to reach a more familiar form for the line element (5.8), it is convenient to trade

the complex-conjugate coordinates { and { for their modulus® and argument
[ =27e?, (5.15)
and move from Eddington-Finkelstein to Boyer-Lindquist by setting

2 —_ 4)2 _
P 4o de - Ko =KD

t_
dt —d A A

dr (5.16)

25 The modulus and its range depend on the curvature. It is commonly expressed as: Z = Vv2'tan %, 0<O<m

for$%3, Z =R 0<R< +ooforEy; Z = v/2tanh ¥,0 < ¥ < 400 for Hy.
vz 2
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with

Ay = —2Mr + K (r* +a* — n?) +20(n —a)(|K| — 1). (5.17)
We obtain finally:
A 2 a { S
2 _ _br < _a 2\ 2 P12
ds?ers g = 7 <dt+ 5 <n 555 (1K) Z )z dc1>> - Ardr
20% . 5, 227 2 2 2
+5-dz +p2—Pz<(Ka+€(1— KD)dt = (P +(n—a))do) (5.18)
with )
P:1+§Z2, p2:1’2+<n+a—2§—|—£(1—|1<|)z2> : (5.19)

This bulk metric is Ricci-flat for any value of the parameters M, n, a and ¢ with K = 0,+1.
For vanishing n, a and ¢, and with M > 0 and K = 1, one recovers the standard asymptoti-
cally flat Schwarzschild solution with spherical horizon. For K = 0 or —1, this is no longer
Schwarzschild, but rather a metric belonging to the A class (see e.g. [83]). The parameter a
switches on rotation, while 7 is the standard nut charge. The parameter / is also a rotational
parameter available only in the flat- % case. Scanning over all these parameters, in combina-
tion with the mass and K, we recover the whole Kerr-Taub-NUT family of black holes, plus
other, less familiar configurations, like the A-metric quoted above.

For the solutions at hand, the only potentially non-vanishing Carrollian boundary Cotton
descendants are c and ¢, displayed in (5.13) and (5.14). The first is non-vanishing for asymp-
totically locally flat spacetimes, and this requires non-zero n or £. The second measures the
bulk twist. In every case the metric (5.18) is Petrov type D.

We would like to conclude the example of Carrollian conformal perfect fluids with a
comment regarding the isometries of the associated resummed Ricci-flat spacetimes with
line element (5.18). For vanishing a and /, there are four isometry generators and the field is
in this case a stationary gravito-electric and/or gravito-magnetic monopole (mass and nut
parameters M, n). Constant-r hypersurfaces are homogeneous spaces in this case. The num-
ber of Killing fields is reduced to two (d; and d¢) whenever any of the rotational parameters
a or £ is non-zero. These parameters make the gravitational field dipolar.

The bulk isometries are generally inherited from the boundary symmetries, i.e. the sym-
metries of the Carrollian geometry and the Carrollian fluid. The time-like Killing field o; is
clearly rooted to the stationarity of the boundary data. The space-like ones have legs on dg
and dz, and are associated to further boundary symmetries. From a Riemannian viewpoint,
the metric (5.9) with (5.10) on the two-dimensional boundary surface % admits three Killing
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vector fields:

X, = i(gag - 5a€-), (5.20)
X, =i <<1 — §g2> o — <1 — §§2> a€—> , (5.21)
X; = (1 + §g2> o + <1 + gg’z) 3z (5.22)

closing in s0(3), ¢2 and s0(2,1) algebras for K = +1,0 and —1 respectively. The Carrollian
structure is however richer as it hinges on the set {aij,bi,Q}. Hence, not all Riemannian
isometries generated by a Killing field X of % are necessarily promoted to Carrollian sym-

metries. For the latter, it is natural to further require the Carrollian vorticity be invariant:
Fxx@o=X(x@)=0. (5.23)

Condition (5.23) is fulfilled for all fields X4 (A = 1,2,3) in (5.20), (5.21) and (5.22), only as
long asa = ¢ =0, since x@ = n. Otherwise *® is non-constantand only X; =i (gag — ZE)g) =
d¢ leaves it invariant. This is in line with the bulk isometry properties discussed earlier,
while it provides a Carrollian-boundary manifestation of the rigidity theorem.

5.2 Vorticity-free Carrollian fluid and the Ricci-flat Robinson-Trautman

The zero-k limit of the relativistic Robinson-Trautman fluid presented in Sec. (3.2) (Egs.
(3.53)—(3.56)) is in agreement with the direct Carrollian approach of Sec. 4.2. Indeed, it is
straightforward to check that the general formulas (4.13)—(4.17) give ¢ = 0 together with

X= % (9:Kdg —9;Kdl), X = % (9 (P?9;InP) dg? — a; (P20,9;InP) d?),  (5.24)

while ¢; = 0 = ¥};. These expressions satisfy (4.18)—(4.20), and the duality relations (4.21),
(4.22) and (4.23) lead to the friction components of the energy-momentum tensor Q;, £;; and
Ejj, precisely as they appear in (3.57), (3.58). The general hydrodynamic equations (4.25),
(4.26), are solved with? 71; = 0 and ¢ = ¢(t) satisfying (3.59), i.e. Robinson-Trautman’s (3.62).

Our goal is to present here the resummation of the derivative expansion (4.9) into a Ricci-
flat spacetime dual to the fluid at hand. The basic feature of the latter is that b; = 0and ) =1,
hence it is vorticity-free — on top of being shearless. With these data, using (4.9), we find

2

dsiy = —2dt (dr + Hdt) + 255 dzdg, (5.25)

26Gince 7; is not related to the geometry by duality as the other friction and heat tensors, it can a priori assume
any value. It is part of the Carrollian Robinson-Trautman fluid definition to set it to zero.
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where
2H = —2rd;InP + K — 2]\/1{&, (5.26)

with K = 2P2858§ In P the Gaussian curvature of (3.53). This metric is Ricci-flat provided the
energy density £(t) = M(1)/4rG and the function P = P(t,{,{) satisfy (3.62). These are alge-
braically special spacetimes of all types, as opposed to the Kerr-Taub-NUT family studied
earlier (Schwarzschild solution is common to these two families). Furthermore they never
have twist ( =¥ = 0) and are generically asymptotically locally but not globally flat due to
X and X.

The specific Petrov type of Robinson-Trautman solutions is determined by analyzing the
tensors (4.31), or (4.32) and (4.33) in holomorphic coordinates:

1

o M) )
47GP?

1
_ + _ + =
=4 2 8nGa§Kd€’ x

9; (P*9;0;InP) dZ>. (5.27)

We find the following classification (see [12]):
II generic;

II with et =0and V;Q1 =0;

N withet =0and Q =0;

D with 2Q; Q]?r = 3g+2;]r and vanishing traceless part of V (iQ;g.

6 Conclusions

The main message of our work is that starting with the standard AdS holography, there is a
well-defined zero-cosmological-constant limit that relates asymptotically flat spacetimes to
Carrollian fluids living on their null boundaries.

In order to unravel this relationship and make it operative for studying holographic du-
als, we used the derivative expansion. Originally designed for asymptotically anti-de Sitter
spacetimes with cosmological constant A = —3k?, this expansion provides their line element
in terms of the conformal boundary data: a pseudo-Riemannian metric and a relativistic
fluid. It is expressed in Eddington-Finkelstein coordinates, where the zero-k limit is unam-
biguous: it maps the pseudo-Riemannian boundary ¥ onto a Carrollian geometry R x &,
and the conformal relativistic fluid becomes Carrollian.

The emergence of the conformal Carrollian symmetry in the Ricci-flat asymptotic is not a
surprise, as we have extensively discussed in the introduction. In particular, the BMS group
has been used for investigating the asymptotically flat dual dynamics. What is remarkable

is the efficiency of the derivative expansion to implement the limiting procedure and deliver
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a genuine holographic relationship between Ricci-flat spacetimes and conformal Carrollian
fluids. These are defined on % but their dynamics is rooted in R x &#.

Even though proving that the derivative expansion is unconditionally well-behaved in
the limit under consideration is still part of our agenda, we have demonstrated this property
in the instance where it is resummable.

The resummability of the derivative expansion has been studied in our earlier works

about anti-de Sitter fluid /gravity correspondence. It has two features:
¢ the shear of the fluid congruence vanishes;

¢ the heat current and the viscous stress tensor are determined from the Cotton current

and stress tensor components via a transverse (with respect to the velocity) duality.

The first considerably simplifies the expansion. Together with the second, it ultimately dic-
tates the structure of the bulk Weyl tensor, making the Einstein spacetime of special Petrov
type. The conservation of the energy-momentum tensor is the only requirement left for the
bulk be Einstein. It involves the energy density (i.e. the only fluid observable left unde-
termined) and various geometric data in the form of partial differential equations (as is the
Robinson-Trautman for the vorticity-free situation).

This pattern survives the zero-k limit, taken in a frame where the relativistic fluid is at
rest. The corresponding Carrollian fluid — at rest by law — is required to be shearless, but has
otherwise acceleration, vorticity and expansion. Since the fluid is at rest, these are geometric
data, as are the descendants of the Cotton tensor used again to formulate the duality that
determines the dissipative components of the Carrollian fluid.

The study of the Cotton tensor and its Carrollian limit is central in our analysis. In Car-
rollian geometry (conformal in the case under consideration) it opens the pandora box of
the classification of curvature tensors, which we have marginally discussed here. Our obser-
vation is that the Cotton tensor grants the zero-k limiting Carrollian geometry on % with a
scalar, two vectors and two symmetric, traceless tensors, satisfying a set of identities inher-
ited from the original conservation equation.

In a similar fashion, the relativistic energy-momentum tensor descends in a scalar (the
energy density), two heat currents and two viscous stress tensors. This doubling is sug-
gested by that of the Cotton. The physics behind it is yet to be discovered, as it requires a
microscopic approach to Carrollian fluids, missing at present. Irrespective of its microscopic
origin, however, this is an essential result of our work, in contrast with previous attempts.
Not only we can state that the fluid holographically dual to a Ricci-flat spacetime is nei-
ther relativistic, nor Galilean, but we can also exhibit for the actually Carrollian fluid the
fundamental observables and the equations they obey.”” These are quite convoluted, and

27 From this perspective, trying to design four-dimensional flat holography using two-dimensional confor-
mal field theory described in terms of a conserved two-dimensional energy-momentum tensor [42—44] looks
inappropriate.
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whenever satisfied, the resummed metric is Ricci-flat.

Our analysis, amply illustrated by two distinct examples departing from Carrollian hy-
drodynamics and ending on widely used Ricci-flat spacetimes, raises many questions, which
deserve a comprehensive survey.

As already acknowledged, the Cotton Carrollian descendants enter the holographic re-
construction of a Ricci-flat spacetime, along with the energy—-momentum data. It would be
rewarding to explore the information stored in these objects, which may carry the boundary
interpretation of the Bondi news tensor as well as of the asymptotic charges one can extract
from the latter.

We should stress at this point that Cotton and energy—-momentum data (and the charges
they transport) play dual roles. The nut and the mass provide the best paradigm of this
statement. Altogether they raise the question on the thermodynamic interpretation of mag-
netic charges. Although we cannot propose a definite answer to this question, the tools of
fluid /gravity holography (either AdS or flat) may turn helpful. This is tangible in the case
of algebraically special Einstein solutions, where the underlying integrability conditions set
a deep relationship between geometry and energy-momentum i.e. between geometry and
local thermodynamics. To make this statement more concrete, observe the heat current as
constructed using the integrability conditions, Eq. (4.21):

1

Q= "T6c

(9?172 — 77]'1'9?]\9%4— 4 x (Dﬂji@]) .

In the absence of magnetic charges, only the first term is present and it is tempting to set
a relationship between the temperature and the gravito-electric curvature scalar %. This
was precisely discussed in the AdS framework when studying the Robinson-Trautman rel-
ativistic fluid, in Ref. [66]. Magnetic charges switch on the other terms, exhibiting natural
thermodynamic potentials, again related with curvature components (& and @j).

We would like to conclude with a remark. On the one hand, we have shown that the
boundary fluids holographically dual to Ricci-flat spacetimes are of Carrollian nature. On
the other hand, the stretched horizon in the membrane paradigm seems to be rather de-
scribed in terms of Galilean hydrodynamics [17,18,84]. Whether and how these two pictures
could been related is certainly worth refining.
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A Carrollian boundary geometry in holomorphic coordinates

Using Carrollian diffeomorphisms (3.2), the metric (3.1) of the Carrollian geometry on the

two-dimensional surface & can be recast in conformally flat form,
a2 = 2 4rdg Al
= S5dgd? (A1)

with P = P(t,{,{) a real function, under the necessary and sufficient condition that the Car-
rollian shear ¢;; displayed in (3.14) vanishes. We will here assume that this holds and present
a number of useful formulas for Carrollian and conformal Carrollian geometry. These ge-

ometries carry two further pieces of data: Q)(,¢,{) and

b=bg(t,,0)dT +bg(t,0,0)dl (A.2)

with bz(t,¢,{) = bg(t,2,0). Our choice of orientation is inherited from the one adopted for

the relativistic boundary (see footnote 13) with a,; =1/p2 is?®

i

The first-derivative Carrollian tensors are the acceleration (3.10), the expansion (3.14) and
the scalar vorticity (3.20):

by ¢
(Pé':atﬁ +aglnﬂ, gOg:atﬁ —l—ag—lnﬂ, (A.4)
2 iQP? (5 bz 4 by
with
. b b
ag = ag + ﬁat, ag = 85 + ﬁat. (A.6)
2This amounts to setting /@ = i/P? in coordinate frame and €z =—1L
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Curvature scalars and vector are second-derivative (see (3.19), (3.22)):*

and we also quote:

(A7)

(A.8)

(A.9)

(A.10)

Regarding conformal Carrollian tensors we remind the weight-2 curvature scalars (3.40):

72/:1%+©k¢", &f:fl—*(p,
and the weight-1 curvature one-form (3.38):

@g = %atqog — % <3§ + qog) 0, 9?5 = %atq)g - % (95 + q)g) 6.

The three-derivative Cotton descendants displayed in (4.13)—(4.17) are a scalar
c= (919?1—1—2%) * (D
of weight 3 (xw@ is of weght 1), two vectors

Xe= iU T+ 1Dl — 20T, xo=—-ADeH + 1Tl — 2% 0,
g =3iY x@%, Yp = 3D * @?,

of weight 2, and two symmetric and traceless tensors

Xg =D Ky, Xgo =9y,
Tg@ = 9@9@ * (0, ‘Fzg‘ = gg@g * @,

(A.11)

(A.12)

(A.13)

(A.14)
(A.15)

(A.16)
(A.17)

of weight 1. Notice that in holomorphic coordinates a symmetric and traceless tensor S;; has

only diagonal entries: S;7 =0 = Sg;.

We also remind for convenience some expressions for the determination of Weyl-Carroll

2'We also quote for completeness (useful e.g. in Eq. (A.11)):
br b brb; bs b bsbsy
o 2 4 g 7 4 T, 54
with K = 2P2%9 79¢ In P the ordinary Gaussian curvature of the two-dimensional metric (A.1).
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covariant derivatives. If @ is a weight-w scalar function
ggcb = 3@@ +werP, @g@ = égq) + wq)gcb (A.18)

For weight-w form components V; and V; the Weyl-Carroll derivatives read:

9@‘/@ = vﬂ/g +(w+2) Ve, @ng = @ng‘ + (w + 2)(PC_VC_’ (A.19)
ngV€‘ = @ng‘ +wer Ve, 9§V€ = @gV@ +wesVg, (A.20)

while the Carrollian covariant derivatives are simply:
s 1 5. (p? f o1 5. (p2
ViV =539 (PVe), ViVe= 53 z;(P Vg), (A.21)
ViVe=0,V;, YV V;=0;V,. (A.22)

Finally,

(A.23)
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ABSTRACT

We construct the Carrollian equivalent of the relativistic energy-momentum tensor, based on
variation of the action with respect to the elementary fields of the Carrollian geometry. We
prove that, exactly like in the relativistic case, it satisfies conservation equations that are im-
posed by general Carrollian covariance. In the flat case we recover the usual non-symmetric
energy-momentum tensor obtained using Ncether procedure. We show how Carrollian con-
servation equations emerge taking the ultra-relativistic limit of the relativistic ones. We in-
troduce Carrollian Killing vectors and build associated conserved charges. We finally apply
our results to asymptotically flat gravity, where we interpret the boundary equations of mo-
tion as ultra-relativistic Carrollian conservation laws, and observe that the surface charges
obtained through covariant phase-space formalism match the ones we defined earlier.
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1 Introduction

The Carroll group was firstly introduced in [1] as a contraction of the Poincaré group for
vanishing speed of light and this is referred to as the ultra-relativistic limit. The main fea-
ture is that, as opposed to the Galilean case, this group allows for boosts only in the time
direction: space is absolute.

We could wonder what happens when we take the zero-c limit of a relativistic general-
covariant theory. The resulting theory ends up being covariant only under a subset of the
diffeormorphisms, as illustrated in [2] , the so-called Carrollian diffeormorphisms

t'=+t(t,x), X =x'(x). (1.1)

The ultra-relativistic limit breaks the spacetime metric into three independent data, a scalar
density, a connection and a spatial metric. These geometric fields are nicely interpreted
as constituents of a Carrollian geometry, as we will show in Sec. 2. Now considering an
action defined on such a geometry, covariant under (1.1), we are facing a problem in defining
the energy-momentum tensor. Indeed, in general-covariant theories it is obtained as the
variation of the action with respect to the metric. This requires the existence of a regular
metric i.e. of a pseudo-Riemannian manifold, but in the Carrollian case, as we mentioned,
there is no spacetime non-degenerate metric. Therefore, we must introduce new objects.
The core of Sec. 2 will be dedicated to the definition of these new objects, dubbed Carrollian
momenta, and obtained as the variation of the action with respect to the 3 geometric fields
mentioned above.

General covariance usually ensures that the energy—-momentum tensor is conserved. In
the context of Carroll-covariant theories, we will derive similar conservation equations for
the Carrollian momenta. In order to gain confidence with these new definitions, we will
study a simple Carrollian action, and show that, on a flat geometrical background, the Car-
rollian momenta are packaged in a spacetime energy-momentum tensor which coincides
with the Neether current associated with spacetime translations. This will be done in Sec. 3.

We will further discuss the intrinsic Carrollian nature of the ultra-relativistic limit. In-
deed, in Sec. 4, starting from the conservation equations of an energy—-momentum tensor,
covariant under all changes of coordinates, we reach conservation laws that look strikingly
similar to the ones we derived for the Carrollian momenta, which are covariant only under
(1.1).

In general-covariant theories, the existence of a Killing vector allows to build a conserved
current by projecting the energy—-momentum tensor on the Killing field. This ultimately
leads to a conserved charge. After briefly introducing the notion of conserved current in
the Carrollian context, we define in Sec. 5 the Carrollian Killing vectors and build their

associated currents and charges.



There are by now different instances in which the Carrollian framework has found appli-
cations. For instance, it has been used in electromagnetism [3] and to discuss the so-called
Carroll strings [4]. The last part of this paper is devoted to yet another application of the Car-
rollian framework: flat holography. The latter is a holographic correspondence between a
theory of asymptotically flat gravity and a non-gravitational theory leaving on its boundary,
see [5-12] for recent progresses in this direction. Asymptotically anti-de-Sitter spacetimes
enjoy a timelike pseudo-Riemannian boundary and the associated metric sources its dual
operator: the boundary energy-momentum tensor. For asymptotically flat spacetimes, the
dual theory leaves on the null infinity Z*. Nevertheless this surface does not carry the same
geometrical structure, it is a null hypersurface thus equipped with a Carrollian geometry [9]
and this will be the source for the Carrollian momenta. The conservation of the latter will
be shown to correspond to the gravitational dynamics in the bulk.! As a cross check, it
has been shown [14] that the conformal Carroll group has a particular realization which is
nothing but the Bondi-Metzner-Sachs (BMS) group [15]: the symmetries associated with a
Carrollian structure match the asymptotic symmetries of the bulk.

In Secs. 6.1 and 6.2 we focus on the Carrollian theory on Z* and its relevance for grav-
itational asymptotically flat duals in 3 and 4 dimensions, and in Sec. 6.3 we study explicit
solutions, namely the Robinson-Trautman and the Kerr—Taub-NUT families.

2 Carrollian momenta

We start with a brief reminder on the energy—-momentum tensor in the relativistic case, and
then define its counterpart, that we call Carrollian momenta, on a general Carrollian back-
ground. This requires the study of Carrollian geometry and covariance, which will be even-
tually the guideline for obtaining the conservation equations of these momenta. We also
extend our results for a scale invariant theory (Weyl invariant) and write the conservation
equations in a Weyl-covariant way. Finally, we focus on the flat case and show how, in this
case only, one can promote the Carrollian momenta to a "non-symmetric energy—-momentum

tensor".

2.1 A relativistic synopsis
In a relativistic theory, the energy—-momentum tensor is usually defined as

-2 4S
"W =__°2_°"2 2.1)
V=8 08w

ISome attention has been recently given to the interpretation of the bulk dynamics in terms of null conserva-
tion laws, see e.g. [13].




For a general-covariant theory, it is easy to prove that it is conserved. Indeed, considering
the variation of the action under an infinitesimal coordinate transformation x# — x# 4 ¢V,

we have 56 56
55:/dd+1x< Seduy + 226 >+b.t., 22
¢ ) 5 g]“/ Cg wv 5 (P ¢ qj ( )
where d 4 1 is the spacetime dimension and ¢ stands for the various other fields of the theory.
We assume that we are on-shell so g—z = 0. Moreover, d; is the Lie derivative, which for a Levi
Civita reads
5@8;11/ = vygv + Vva- (2.3)
We thus obtain
68 == [d"x TgTV,E, =[x TV, T b (2.4)

If the theory is general-covariant, 6zS = 0 for all ¢. From this we deduce that V,T#" vanishes
on shell, which is the usual conservation law of the energy—-momentum tensor.
2.2 Carrollian geometry

We briefly introduce here the Carrollian geometry, as it emerges from an ultra-relativistic
(¢ — 0) limit of the relativistic metric. It has been shown in [2, 12] that the conservation
equations of a relativistic energy-momentum tensor, covariant under all diffeomorphisms,

lead, in the ¢ — 0 limit, to equations covariant under a subset called Carrollian diffeomorphisms
t'=+t(t,x), X =x'(x). (2.5)

An adequate parametrization for taking this limit is the so-called Randers-Papapetrou, in
which the various components transform nicely under this subset of diffeomorphisms. The

_Q? b,
&= < Qb 2b.b ) 2.6)
CRADj @i — COib; {cdt,dxi}

wherei = {1,...,d}. Indeed, under (2.5)

metric takes the form?

k- O\ g Q
aj; = ay ] Ky 1]1-, by = <bz‘ + T]i)] voo= 7 2.7)
where ]ZZ‘ = %’;, Ik JJi= g—; and | = %—tt,. In the ¢ — 0 limit the metric becomes degenerate, hence

we cannot package the different metric fields in a spacetime tensor g;,,, but instead we have
to treat those three fields separately: time and space decouple as (2.5) clearly suggests. We

2Every metric can be parametrized in this way. The alternative parametrization, known as Zermelo, turns
out to be useful for the Galilean limit (see [2, 16]).



therefore trade the metric g, for the time lapse Q)(f,x), connection b;(t,x) and spatial metric
aij(t,x),3 which we refer to as Carrollian metric fields, defining a Carrollian geometry. On

the derivatives, (2.5) infers

1 .
%= 10, o=t (ak - %m) , 28)
which implies that the spatial derivative is not a Carrollian tensor and the temporal one
is a density. Therefore we introduce the Carroll-covariant derivatives %at and V;. In the
temporal one the role of () as a time lapse is clear, and the spatial one is defined through its
action on scalars as b
31' =09;+ ﬁlat (2.9)
On Carrollian tensors, it acts as usual with the following Christoffel symbols
. gil A A a
’?]l-k = 5 (a]-alk + aklll]' — ala]'k> . (2.10)

By construction, d; transforms as a Carrollian tensor

o) = J7 %9y, (2.11)

1 1

and thus we also see clearly the role of b; as connection. Out of the Carrollian metric fields,

we can build first-order derivative geometrical objects

1
¢ = 5 (9tb; +0:Q), (2.12)
0 = %atln Va, (2.13)
1 /1 1
gi]' = 5 <§atai]’ - Ea,-jatln \/E) , (214)
1 1
@ = by + 79 QA+ Fbidby- (2.15)

They are all Carrollian tensors and they encode the non-flatness of the Carrollian geomet-
rical structure we are defining. They will turn out very useful in writing the conservation

equations of the Carrollian momenta defined in the next section.

3Hence, we will use a ij to raise and lower spatial indexes in the Carrollian geometry.



2.3 Carrollian momenta

We define the Carrollian equivalent of the energy—-momentum tensor as the three following

pieces of data:

1 65 . 1 &S 1 sS
— - _ %2 pBi— 9 and AV — 95
Qa0 Qvaob, A O /a ba;

Here Q) /4’ is the Carrollian counterpart of the relativistic /—g and the variations are taken

(2.16)

with respect to the 3 fields that replace the metric in the Carrollian setting. From now on, we
call (2.16) the Carrollian momenta. Before continuing, notice that these quantities transform

under Carrollian diffeomorphisms as
O'=]JO-Bj, B'=]iB, and A7 =]ij A" 2.17)

The spatial vector B’ and matrix A7 are indeed Carrollian tensors. However, O is not a scalar
and, as we will see and use, it is wiser to introduce the scalar combination €& = QO + b; ..
Given a Carroll-covariant theory, the action is invariant under Carrollian diffeomor-

phisms, generated by the spacetime vector ¢
6:5=0, &= (tx)0; + &(x)9;. (2.18)

Notice that ¢ only depends on x, this is the infinitesimal translation of (2.5). Under such an

infinitesimal coordinate transformation we have

oS oS oS

d+1

528 = /d iy <mcsgn+ 35,0201 5 0eay + ¢5¢¢> +bit, (2.19)
and the on-shell condition ensures = 0. We need to compute 5z(), Jzb; and J¢a;;. In order

to do so we compute the 1nf1n1te51mal version of (2.7). If x'# = x# — &, then

Q= ¢(Q)+00, (2.20)
5:bi = (b)) — Q0;& + b0, (2.21)
Seaij = € (ayj) + 98 ay; + 9;C* ay, (2.22)

where &(f) = &'0;f + ¢'0;f. We would like to write these transformations in terms of man-
ifestly Carroll-covariant objects, so we define X = Q& — b;¢'. By noticing that the compo-

nents of a spacetime vector transform as
¢ =g+, & =i (2.23)

it is straightforward to show that X is the right combination for obtaining a scalar. We thus



rewrite (2.20), (2.21) and (2.22) in terms of X, & and the Carrollian geometrical tensors intro-
duced above

5:Q0 = X+ Q;d, (2.24)

Sebi = =X + @iX — 2058 + % (atx n Qq;jgf) ) (2.25)
) . X

Ozaij = Vi + Vil + aataij- (2.26)

This rewriting hints toward Carrollian covariance, as it replaces &t with X. Therefore, we
obtain 6zS = 6xS + 5515 with

0xS = / d™*xQ\/a <oatx — B, X + B¢, X+ B %atx + Al éatai]) . (2.27)
oS = [aMxQ VT (0098 — 28048 + Bhigidl +247V.5;). (228)

Finally, demanding 6xS and J;S be zero separately and manipulating them, we obtain two
conservation equations which are manifestly Carroll-covariant:*

1 o i i1
<58t + 9) E— (Vl + 2(Pi) B — .A]ﬁatlli]‘ = 0, (2.29)
2(Vi+ ) Al +2B0; — E9; = 0, (2.30)

where we used the already introduced scalar combination £ = QO + b; 3.

Let us briefly summarize. By strict comparison with the relativistic situation, we have
defined the momenta of our Carrollian theory to be the variation of the action under the
geometrical set of data that characterizes the background. Exploiting the underlying Carrol-
lian symmetry we reached a set of two equations which encode the conservation properties
of the momenta. As expected, these equations are fully Carroll-covariant.

2.4 Weyl covariance

At the relativistic level, Weyl invariance merges when the theory is invariant under a rescal-

ing gy — %V for any B function of spacetime coordinates.” The transformations of Q, b; and

a;; under Weyl rescaling are deduced from the relativistic Randers-Papapetrou metric (2.6)
O b;

—, b — =+
Q—>B, —>B

4A useful relation is B79;X = —X (?,- + (pi) Bi, valid up to total derivatives and for any scalar X and vector
Bl
5This conformal symmetry has important consequences in hydrodynamical holographic theories, [17, 18].

611']'

and a;; — B (2.31)




If the action is invariant under such transformations,

5,5 = / a0 /a (O(sm 4 Bis\b; + Al‘f(sAaij) _ / d1xQ VT (OQ + Bib + 2Aifaij)
(2.32)
has to vanish for every A(t,x). Therefore

5H8=0 = E=-2A. (2.33)

We will refer to this condition as the conformal state equation, it is the equivalent of the trace-
lessness of the energy-momentum tensor in the relativistic case. From (2.31) we deduce the

following transformations of the Carrollian momenta
O — B0, B — BB and AT — BI3AY. (2.34)

This implies also £ — BI*1E.
We would like to write the conservation equations in a manifestly Weyl-covariant form.
To do so, we decompose Al = —% (Paij — i ) with Z7 traceless, such that the constraint
(2.33) becomes £ = dP. This enable us rewriting (2.29) and (2.30) as
d+1

<éat + Te) E—(Vi+29:) B —Eig; = 0, (2.35)

~ 1 /a i
(Vi+ i) 8 — P (aj +(d+ 1)%’) £+2B'w@; = 0. (2.36)

The Carrollian derivatives are not covariant under Weyl rescaling, since the latter brings
extra shift terms. In order to reach manifestly Weyl-Carroll-covariant equations, we can
upgrade the Carroll derivatives to Weyl-Carroll ones. Among the Carrollian first derivative

tensors introduced above, ¢; and 6 are Weyl connections as
A d
Qi — Qi — 0;InB, 06— B6— ﬁatB (2.37)

Therefore, they can be used for defining the Weyl-Carroll derivative. For a weight-w scalar
function @, i.e. a function scaling with B under Weyl, and a weight-w vector, the Weyl-

Carroll spatial and temporal derivatives are defined as

e = 90+ wed, (2.38)
1 4 1 w
2P = FAP+ 0P, | (2.39)
iV = ViV+ (w -1V +¢'V; = 5 V'g, (2.40)
1 4 1 w )
ﬁgtvl = ﬁatv’ + Eev’ +&vi, (2.41)



such that under a Weyl transformation

g0 — B9, (2.42)
1. 1

59@ — Bz““a@tcp, (2.43)
gV - B9V, (2.44)
Loyl w1 L & v
= AL 24
QQZtV — B Qgtv ( 5)

The action on any other tensor is obtained using the Leibniz rule.
Eventually, we can write (2.35) and (2.36) using these derivatives as

1 4 A i
S9N~ B - TG = 0, (2.46)
ls i 5 i

_ngg +2B'@;; + 91‘.2.]' = 0. (2.47)

Not only these equations are now very compact, they are also manifestly Weyl-Carroll-
covariant.

2.5 The flat case

So far we have worked on general Carrollian geometry, i.e. we did not impose any particular
value of (), b; and 4;;. We now restrict our attention to the flat Carrollian background.®

At the relativistic level, the Poincaré group is defined as the set of coordinate transfor-
mations that leave the Minkowski metric invariant. By strict analogy, the Carroll group is
defined as the set of transformations that preserve the Carrollian flatness, [16]. Therefore,

the Carroll group corresponds to the transformations satisfying
9 — 3, Gydx'dxl — 5ydx'dxd, by — R (by; + B;), (2.48)
with bp; constant. The resulting change of coordinates is
' =t+Bix' +ty, x'= R;'-x]' + xb, (2.49)

where to € R, {x{,8;} € R? and R; € O(d). This group is known in the literature as the
Carroll group. 7

6We refer here to flat Carrollian geometry as the geometry for which the Carroll group is an isometry, see
e.g. [16].

"The Carroll group was already shown to be the symmetry group of flat zero signature geometries in the
precursory work [19].



Recasting (2.29) and (2.30) for a;;(t,x) = &;;, QA(t,x) = 1 and b;(t,x) = bg;, we obtain

ijs
90 —9;B = 0, (2.50)
zaiA;i+2b0iatA;i = 0. (2.51)

The momenta appearing in these two equations can be packaged in a spacetime energy—

momentum tensor (where spacetime does not mean relativistic)

O —2by A
THY — (—B]’ - 20; ; ) (2.52)

The usual conservation of this tensor d,T#" = 0 is ensured by the conservation equations
of the momenta, namely (2.50) and (2.51). This tensor is not symmetric, but this should not
come as a surprise: it is not defined throughout the variation of the action with respect to
the spacetime metric (symmetric by construction), instead it is defined using the Carrollian
metric fields.® Finally notice that this spacetime lifting procedure was possible here due to
the flatness of the Carrollian geometry. In general backgrounds, this is not possible, and the
very concept of spacetime energy—-momentum tensor is ambiguous—whereas the Carrollian
momenta are by construction well suited.

As a conclusive remark notice that the Carroll group contains spacetime translations, so if
a theory is invariant under this group, there will be a set of 4 4 1 Ncether currents associated
with spacetime translations. Packaging them in a d 4- 1-dimensional kind of Ncether energy-
momentum tensor, enables us comparing it with (2.52), as we do in the next section.

3 A Carrollian scalar-field action

In order to probe our results, we start with the example of a single scalar field ¢(t,x). We be-
gin the study on a general Carrollian background and show that the momenta are conserved.
Then, we restrict the geometry to the flat case, where spacetime translational invariance of
the theory allows us to compare our energy-momentum tensor (defined only in the flat case,
as in Sec. 2.5) to the conserved current computed using Neether procedure. The two energy—
momentum tensors will turn out to be equivalent up to divergence-free terms.

In order to ensure Carroll invariance of the scalar-field action, we need to trade the usual

derivatives for the Carrollian ones. So we consider the action

S[(P] — %/derle \/Eﬂl]éz¢é]¢: /dd+1x£’ (31)

8 Although the construction is different, another example of non-symmetric Carrollian energy-momentum
tensor can be found in [20].
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which is manifestly covariant. The equations of motion are readily determined

(Vi+ i) d'p=0. (3.2)
The Carrollian momenta are
1a 4
E = Eai(pa ¢, (3.3)
‘ 1 o
B = aatgba’(p, (3.4)
if 171 Ak + A Ai A
AV = 5 Ea 9" Porp —d'Ppd ¢ | . (3.5)

These momenta are conserved on shell since the conservation equations (2.29) and (2.30) are
automatically satisfied given the equations of motion (3.2). This last result shows unam-
biguously the relevance of these objects. Notice moreover that these momenta satisfy the
conformal state equation (2.33) only for d = 1. In fact this action can be recovered from an
ultra-relativistic limit of the free relativistic scalar theory, which is known to be conformal
only in 2 spacetime dimensions.

We now impose the Carrollian background to be flat. In this case, the action (3.1) becomes

S[¢] _ /dd+1x£ — %/dd+1x(5ij (al + bOiat) ¢ (a] + bO]at) ¢, (36)

which is invariant under spacetime translations. In the flat case, we can lift the Carrollian

momenta into a spacetime energy—-momentum tensor (2.52), which here takes the form
A, 9 4 by Ak 14 Ak 1+ 4i
oo (19490 ~badighp —$¥gho ¥ -
— 010’ ¢p — 510" o + 0’0/

and it is conserved.
The action (3.6) is invariant under spacetime translations. As stated in the previous sec-

tion, we therefore have d + 1 associated Neether currents

R oL

|| U SR 11

T aay¢a4’ e, (3.8)

which explicitly read:

T = %é@éiq;—bméiq;atq), 3.9)
T = —9'pdsg, (3.10)
T = byd¢d'e, (3.11)
1= Sgalg— 2655 gdng. (3.12)

11



The conservation d,, TH = 0, is achieved thanks to the equations of motion (3.2) for flat ge-
ometry 9'd;¢p = 0.

We can now compare the energy-momentum tensor (3.7) with (3.9), (3.10), (3.11) and
(3.12). We obtain

TH = TH 4 B, (3.13)
with
B = 0, (3.14)
Bt = 0, (3.15)
. N 1. .4 &
B = —bibydjpdr + byoxpd"s, (3.16)
Bi = —bloigpd'e. (3.17)

As anticipated, the tensor B*" is divergenceless on-shell 9, B"" = 0, which implies that the

two energy-momentum tensors carry the same physical information on the theory.

4 Ultra-relativistic limit: the emergence of Carrollian physics

In the previous sections, we have intrinsically defined the Carrollian momenta starting from
the metric fields of a Carrollian geometry. The Carrollian geometry was inspired by an ultra-
relativistic contraction of the relativistic metric. We will see now how the ultra-relativistic
limit can be directly taken at the level of the conservation equation of the relativistic energy—
momentum tensor. This limit provides a richer structure, with more equations and fields.
This is neither surprising nor contradictory. It is suggested by the dual Galilean limit, [12].
Indeed, in the non-relativistic case, on top of the momentum and energy conservation, an
extra equation arises, which is ultimately identified with the continuity equation. A similar
phenomenon occurs in the Carrollian case: additional fields and equations survive in the
limit, and this is controlled by our choice of c-dependence of the fields.

2:

Given a vector field u#, normalized as u —c% with respect to the relativistic metric

(2.6), the energy-momentum tensor can always be decomposed as’

utu qg'u’  q'ut

TVV:(S-’—,P) C2 +7DgﬂV+T]4V+C_2 CZ .

4.1)

In the hydrodynamic interpretation, £ and P are the energy density and pressure of the fluid,
g"¥ is the spacetime metric and 7" and g# are the transverse dissipative tensors, named
viscous stress tensor and heat current. We choose to adapt the velocity to the geometry

ul = (§,0): the fluid is at rest. The advantage of this choice is that the dissipative tensors,

9Reminder of the conventions: x* = (x0,x') = (ct,x').
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since transverse, have only spatial independent components. Inspired by flat holography
[12], we choose a particular scaling of these tensors in ¢, namely
y i y . . .

T = 2~ 57 and g¢'= B+ (4.2)
A more general dependence could have been considered. This would add new fields and
new equations to the resulting Carrollian theory, whereas the present choice will be sufficient
for the examples we want to analyze. Notice that the c-independent situation is recovered
for £ = 0 = 7'. We now perform the zero-c limit of V, T = 0. Defining again Al =

— 3 (Pall — E), we obtain the following set of equations!”

1 v i ij 1
A . ' 1
1 v i
<58t + 9> B]‘ + (Vi + q)z) Zj =0, (4.5)

As advertised, we immediately recognize (4.5) and (4.6) as the Carrollian counterpart of
the continuity equation: these are two consistency equations of the limit. Notice moreover
how these equations reduce to the Carrollian equations (2.29) and (2.30) when the dissi-
pative terms have no c-dependence, £/ = 0 = 7/, together with the additional constraint
(§0:+0) B; = 0. This result undoubtedly shows the nature of the ultra-relativistic limit: it
is a Carrollian limit. Conversely, this analysis gives credit to our intrinsic Carrollian con-
struction of the previous sections.

Summarizing, we have shown how the ultra-relativistic expansion gives rise to a lead-
ing Carrollian behavior. Furthermore, we have analyzed the extra inputs this limit brings
and the associated conservation equations. It is remarkable how the Carrollian momenta
intrinsically defined using Carrollian geometry match the ultra-relativistic limit.

We conclude with an aside important remark: we have taken the ultra-relativistic limit
of the conservation equations because it would have been inconsistent to compute directly
the limit of the energy—momentum tensor itself. Indeed we would have lost information on
the fields which survive and the conservation equations they satisfy. This confirms that we
have to give up the concept of spacetime energy—-momentum tensor on general Carrollian
backgrounds, as anticipated in [2] but sometimes disregarded in the current literature.

10This limit is performed using the decomposition (4.1) and the Randers-Papapetrou parametrization of the
spacetime metric. For the detailed derivation of these equations, see [2].
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5 Charges

This section is dedicated to the definition of charges in the Carrollian framework. Charges
are conserved quantities associated with a symmetry of the theory. Relativistically, the latter
can be generated by a Killing vector field. By projecting the energy—-momentum tensor on
the Killing vector, we obtain a conserved current. We will show here how to implement this
procedure in the Carrollian case. In order to do so, we firstly derive charges starting from a
conserved Carrollian current. Secondly, we define Carrollian Killing and conformal Killing
vectors. Thirdly, we build conserved charges associated with conformal Killing vectors. This
will be useful for the forthcoming examples involving asymptotically flat gravity. Finally, we
give another example of Carrollian action and compute the charges to illustrate our results.

5.1 Conserved Carrollian current and associated charge

We show here a way to define a conserved charge starting from a conserved current. In this
derivation we never impose the current to be associated with a Killing vector, therefore our

construction is very general. Whenever we have a scalar 7 and a vector J' satisfying
<%at +9> T+ (Yt )T =0, (5.1)
we can build the conserved charge
0= [ dixva (7 +6.77), (5.2)

where ¥; is a constant-time slice. A way to derive this formula is to start from the relativistic

level: consider a conserved current [#, the charge is then
0 :/ dx /o, I (5.3)
Xt

Here n,, is the unit vector normal to ¥; and ¢, is the induced metric on X;. In order to
perform the zero-c limit, we decompose J* in an already Carroll-covariant basis

1= (G0) +7 (2 Gan). 654)

Then, using the Randers-Papapetrou parametrization for the relativistic spacetime metric
ds? = —c?(Qdt — bidx')? 4 a;;dx'dx/, we obtain

C .
V= Va+0(P), m=c0+0(P), =5 (7+67). (5.5)
Therefore, we find Q e ¢?Q, showing the relevance of the proposed Carrollian charge (5.2).
c—
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5.2 Carrollian Killing vectors and associated conserved currents

A Killing vector is usually defined as a vector field that preserves the metric. Analogously,
we define the Carrollian Killing vector ¢ to be the vector satisfying!!

5§Q =0= 5§Eli]', (56)

where J¢ is the Lie derivative. This gives rise to two Killing equations on ¢, which are exactly
(2.24) and (2.26),"?
AX+ Qe = 0, (5.7)
Vi&i+ Vi + %ata,-j = 0, (5.8)
where we recall X = QZf — b;¢. Notice that these equations do not actually depend on b;.

The generalization to conformal Carrollian Killing vectors is straightforward. We call ¢ a

conformal Carrollian Killing vector if
(SgQ = A0 and (Sgﬁli]' = 2)\611']'. (59)
It obeys the following conformal Killing equations:

X+ Qo = AQ, (5.10)
. A X
Vigj+ Vidi+ o = 2Aaj;. (5.11)

In particular from the last equation we obtain A = 1 (V;& + £9;In \/a). This general con-
struction is very useful, as we will shortly confirm.

We now build a conserved current by projecting the Carrollian momenta on a Carrollian
Killing vector, exactly like in the relativistic case. Indeed consider the following Carrollian

current:

J =B, J' =%l (5.12)

It is conserved provided ¢ satisfies (5.8), and the Carrollian conservation equations (4.5) and

(4.6) are verified. According to Sec. 5.1, the corresponding conserved charge is
Q; = / d'xv/ag (B + b)), (5.13)
X

This charge is also conserved when ¢ satisfies (5.11), if we further impose the condition
i=0.

HThis is the translation in our language of Lxg = 0and Lx¢ = 0 of (II1.6) in [16]. '
120n top of these equations, a Carrollian Killing vector has a time independent spatial part, i.e. 9;¢' = 0.
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5.3 Charges for B’ =

We will show in Sec. 6 that the equations describing the dynamics of asymptotically flat
spacetimes in 3 and 4 dimensions can be related to Carrollian conservation laws for B¢ = 0.
For this reason we focus here on this particular case and build other conserved currents
associated with conformal Killing vectors. In Sec. 6 we will observe that the corresponding
charges match the surface charges obtained through covariant phase-space formalism.

The Carrollian conservation equations obtained from the ultra-relativistic limit (4.3) and
(4.4), for B! = 0, become

1 i1
<58t + 9) & — Afaata,-j = 0, (5.14)
A . 1
2(Vit i) Aj—Egj — <aat + 9) i = 0. (5.15)

We could have also reported the two equations on X7, (4.5) and (4.6), but they are immaterial

here. Consider a Killing vector ¢, the following charge, up to boundary terms, is conserved
Cz = / d'x /@' (XE = &'+ g AL, (5.16)
Xt

assuming only (5.14) and (5.15). This charge is also conserved when ¢ is a conformal Killing
vector, if we further impose the conformal state equation & = —2.A!. According to Sec. 5.1,

the corresponding conserved current reads!?
J=XE—=¢m, J =2A, (5.17)

Itis interesting to investigate the flat case a;;(t,x) = &;;, U(t,x) = 1 and b;(t,x) = by;. Here,
(5.14) and (5.15) can be written as 9, T*" = 0 with!

) ki i
T (CS bo_k?Ai;L & ) , (5.18)

and we notice that the charge, up to a divergenceless term, takes the usual form

Ci™ = / d'x (‘fto — 00O — ' + ZboiCjAj') = _/ Ty + Cyi, (5.19)
P 2t

with é@'i =— fo ddxgib()i(’), which is separately conserved.

131ts conservation (5.1) is ensured thanks to the Killing equations together with (5.14) and (5.15).
14We recall that for B! = 0, £ = QO. Thus in the flat case £ = O.
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For ¢ and 7 Killing vectors, we define the brackets

(0,0} = /Z | dxs, [\/Eg,- (Bi + bjzﬁ)} ,

{Cﬁrcﬂ} E/Z ddx(S,7 {ﬁ(Xf . (.fiTCi +2bi(.fj.,4§>} . (5.20)

Here 6, is the Lie derivative acting on the metric fields and the momenta, but not on & and
¢'. A lengthly computation (see appendix A) shows that the charges Q; and C; equipped
with these brackets form two representations of the Carrollian Killing algebra:

{Qg, Q”} = Q[g,,]] and {Cg,cn} = C[gm. (5.21)

We can extend these results to the conformal Killing algebra when imposing the conformal
state equation £ = —Z.Aﬁ for the charge Cz and the condition Zﬁ = 0 for the charge Qg.
5.4 Application to the scalar field

We close this section with an example of scalar-field action whose Carrollian momenta re-
produce exactly the conservation equations described in Sec. 5.3. Consider a scalar field
¢(t,x) and the following Carroll-covariant action:

S[p] = % / dx /a %2 = / dilxL, (5.22)

where ¢ = 9;¢. The equation of motion reads

<%at +9> (%) o, (5.23)

and we find the following Carrollian momenta through the variational definition (2.16)

_ 1 s i_ ij_ 1

&= 2024), B'=0 and A —4024351 . (5.24)
Carrollian conservation equations of the type (5.14) and (5.15) are satisfied provided m; =
%g‘b&(]). In the flat case the energy—-momentum tensor (5.18) computed earlier becomes:

_ 142 lbi 2 'ai
T" = ( éq) 2 (ip %;;@ 4)). (5.25)

As in the other example of scalar-field action (Sec. 3), this object coincides with the Noether
current associated with spacetime translations, up to a divergenceless term.

We can now focus on the charges in the Hamiltonian formalism. Defining the conjugate
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momentum ¢ = % = \/E

05 ﬁ(ﬁ, and writing the Carrollian momenta in terms of ¢ and ¢, we

(

obtain

(N (W i
E= <\/E>' nl—ﬁ<al<p+blﬁ> and AY =

Therefore, the charges (5.16) become

2 .
) all, (5.26)

N
Sis

gt (SR 2 s
Ce = /thx<2ﬁl[) +§¢a,<p>. (5.27)

These charges are expressed in Hamiltonian formalism. They are indeed conserved thanks
to the equation of motion and together with the Poisson bracket they realize a representation
of the Carrollian Killing algebra:

op oy op o

This result confirms that the charges (5.16) previously introduced are the correct ones. Fi-

{Cc;‘rciy}Poisson :/Z dx |: :| = C[g/,ﬂ. (5.28)

nally, we notice that when d = 1 the conformal state equation (2.33) is satisfied and the
representation can be extended to conformal Killing vectors.

6 Carrollian conservation laws in Ricci-flat gravity

We will now turn our attention to Ricci-flat gravity. When the bulk metric is expressed in an
appropriate gauge, usually given by imposing the radial coordinate be null, Einstein equa-
tions can reduce in some instances to equations defined on null infinity Z*.1° Its null nature
makes it a natural host for a Carrollian geometry and the gravitational dynamics will be
shown to match with Carrollian conservation laws. This section can be considered as a pre-
cursor of a full asymptotically flat holographic scheme. Indeed, the putative dual boundary
theory would be Carrollian and live on Z*. This theory would be coupled to a Carrollian
geometry and satisfy Carrollian conservation laws that we map here to the gravitational dy-
namics. In gravity, the covariant phase-space formalism allows to compute surface charges,
those will be shown to be given exactly or partially by the conserved charges defined in
Sec. 5.3, depending whether the gravitational solution has radiation or not. To compute the
charges explicitly, we use the code [21].

15Tt will be the case for the three families of solutions we study in this section: the 3-dimensional asymptotically
flat spacetimes, the weak field approximation of 4-dimensional asymptotically flat spacetimes in Bondi gauge
and the Robinson Trautman solutions. The reduction of Einstein equations to equations on Z* would not be
true, for example, for non-linearized 4-dimensional asymptotically flat gravity in Bondi gauge.
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6.1 Asymptotically flat spacetimes in three dimensions

Three-dimensional asymptotically flat spacetimes are often studied in the Bondi gauge which,
as we will shortly describe, imposes by definition the corresponding two-dimensional Car-
rollian manifold be flat. Here we want to show that we can source the geometric boundary
tields, in order to create a general Carrollian structure [10].

Consider the following bulk metric
ds? = ggpdx?dx? = —2u (dr + 7 (@ydx + 0u)) + r’ay,dx® + 87Gu (Eu — 7ydx). (6.1)

The bulk coordinates are {u,r,x € St }, u = Qdu — bydx, ay, is the one-dimensional bound-
ary spatial metric, £ and 71y are the Carrollian momenta and 6 and ¢, correspond to (2.13)
and (2.12) defined earlier:

1

Q:lauln\/axx and q)x:Q

5 (9xQ2 + dyby). 6.2)

All the fields appearing in the bulk metric depend only on u and x. From this metric we
can extract the corresponding Carrollian geometry on Z+ = {r — oo}. The following pro-
cedure is general but we will use the specific case of three-dimensional asymptotically flat

spacetimes as an illustration. Consider the conformal extension of (6.1)
ds? = r2ds?, (6.3)

the factor 2 is present to regularize the metric on Z*. We perform the change of variable

w = r~1 in the conformal metric, it becomes!®

ds? = §pdx"dx? = —2u (—dw + w (¢dx + 0u)) 4 a,dx® + 87Gw?u (Eu — medx).  (6.4)
We can deduce the Carrollian geometry on Z*
1 .
g (,dw) = o0 dsfys = axdx® and  §(,00) 7+ = Qdu—bidx'.  (6.5)

We now move to the dynamics. In the following, we restrict our attention to the bulk line
element (6.1) with the additional geometrical constraint

Ds* = Vys* + 2¢,s* =0, (6.6)

where s, = %au @y — 0@y — 3x9 is a Weyl-weight 1 two-derivative object. The Carrollian
momenta do not appear in this equation, it is just a constraint on the boundary geometri-
cal background as it involves only the Carrollian metric fields. Using this ansatz, Einstein

16The null asymptote is thus Z+ = {w — 0}.
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equations reduce to

<%au +29> £ =0 6.7)
<3x + 2¢x) £+ <éau + 9) T, = 0. 6.8)

We interpret them as the Carrollian conservation equations (4.3), (4.4), (4.5) and (4.6) for
Y = B*=0and £ = P (conformal case). Furthermore Z** is automatically zero due to its
tracelessness. Therefore, the gravitational dynamics of this metric ansatz coincides with the
Carrollian conservation equations that fall into the case described in Sec. 5.3.1”

We would like at this point to obtain the surface charges. We thus compute the asymp-

totic Killing vectors of ds? whose leading orders in ! are
g g

= —rAux)+0(1), &=ux)+0r") and EF=F®+O0T). (69

Here A = vxgx + %au In /ay, and § = "9, + 0, is a conformal Killing vector (i.e. satisfy-
ing (5.10) and (5.11)) of the corresponding Carrollian geometry {(),a,,, by }. We calculate the
associated surface charge through covariant phase-space formalism and obtain that they are
integrable and have exactly the same expression as the conserved charges defined in Sec. 5.3

out of purely Carrollian considerations
Qelds?] = [ dxv/an (08— 20:8") € = ) = . (6.10)

There is no gravitational radiation in three dimensions, the charges are thus conserved. We
will see that things are slightly different in four dimensions, where we have to consider the
radiation at null infinity.

If we restrict our attention to the case () = 1, a,, = 1 and b, = 0, we recover the usual

Bondi gauge for asymptotically flat spacetimes and Carrollian conservation becomes

wE = 0, (6.11)
& = —0uTs. (6.12)

This set-up was extensively studied for instance in [22]. Here, the solutions to the Carrollian
Killing equations are exactly the bmsj algebra vectors ¢ = ¢*0, + ¢*9y with " = 9.0*u +«,
for any smooth functions &*(x) and «(x) on S!. Moreover the solutions to (6.11) and (6.12)
are

E(u,x) =& (x) and 7y (u,x) = —9xEu + mo(x). (6.13)

17With respect to Sec. 5.3, we trade here ¢ with u, to empathize that it is a retarded time.
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Hence, the charges become the usual ones
Cgondi _ /51 dx (v — E¥mp), (6.14)

which are manifestly conserved. These were obtained in [6,22]. 18

6.2 Linearized gravity in four dimensions

We can perform the same kind of analysis in the case of asymptotically flat spacetimes in four
dimensions, where asymptotic charges have been computed. We show that the boundary
equations of motion, which are the linearized Einstein equations after gauge fixing, can be
interpreted as a Carrollian conservation, and that the asymptotic charges are also charges
associated with conformal Carrollian Killing vectors.

The bulk metric is g, = #4p + hgp With

n= —du? — 2dudr + rz'yijdxidxj,
huu = %mB + O (1’72) ’

1o 1 - 6.15
hyj = 5V'Cij+ —Nj+ 0 (r%), (6.15)
hi]' = T’Ci]' -+ 0(1),
h,, =0.

where a = {r,u} = {r,u,x'}, i = 1,2. The perturbation h,, is traceless, so 7//C;; = 0, where
" is the metric of the two-sphere and V; the associated covariant derivative. We recognize

the mass aspect mg, the angular momentum aspect N; and the gravitational wave aspect Cjj,

all depending on u and x'. In this gauge, the linearized Einstein equations become:?
1 i
aumB = Zauv v]Cl’]’, (616)
2 1 . .
auNi = gaimg - 6 [(A — 1)V1C]-Z- - Vika]C]'k . (6.17)
We first consider the case
ViVIC; =0. (6.18)

Then (6.16) and (6.17) admit a Carrollian interpretation and are recovered from (2.29) and

18To compare, we have to identify ¢ = x, E(¢) = —4nGmo(x), O(¢) = 87GEY(x), Y(¢) = &*(x) and T(¢) =
a(x).

19Solving empty linearized Einstein equations order by order in 7~ allows to express the various subleading
coefficients in terms of mp, C;j and N;. The only residual equations are then the ones that we present here.
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(2.30) with the following metric data
O=1, b;=0, a;="1i, (6.19)
and Carrollian momenta

=0, (6.20)

£=4mg, A= —% <§a’7 — Eij> , m=-3N, Ei=

i=-(0—4)C, (6.21)

N[ —

where £ = —2A! and ! = 0-we are in the conformal case. We obtain the following conser-
vation equations:

2l = 0, (6.22)
v (S 2) = 62

This type of Carrollian conservation falls again into the class described in Sec. 5.3.
The asymptotic Killing vectors & = 9, + {9, + &9; associated with the gauge (6.15)

have the following leading order in r~?

A

F==-Ax)r+0Q), & = & (t,x) + O(ril) and ¢ = Ci(x) + (’)(r’l), (6.24)

where ¢ = &9, + ¢9; is a conformal Killing vector (i.e. satisfying (5.10) and (5.11)) of the
Carrollian geometry given by {Q = 1,a;; = 7;j,b; = 0} and A is the conformal factor. The
solutions to the corresponding conformal Killing equations reproduce exactly the bms, al-
gebra: ¢" = %Vl@’i + a(x), « being any function on S?, & a conformal Killing of S? and
A = 1V,&. We compute the corresponding surface charges. When V!V Cij = 0 they take the
form

Qelel = [ ey (g€ —g'm) = ¢, (625)

with £ and 7; given by (6.21). We recognize again the charges defined from purely Car-
rollian considerations in Sec. 5.3, associated with the data (6.19), (6.20) and (6.21). These
charges are automatically conserved. Physically, this is due to the fact that part of the effect
of gravitational radiation has suppressed by demanding V'V/C;; = 0. We will find shortly
that relaxing this condition has an effect on the charge conservation.

Integrating (6.22) and (6.23) we obtain

E = 50(X), T = —%ai&)u + /du’V]Ef + 7T01'(X). (6.26)
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The charges become

cg_/ d%f(( Zglu—ko&) & ¢ <—1ai50u+/du’vj5§+n0i>>
_u/ dzx\/'y< gl&)> /dzxf<a50—gl </duV +n0i>) 6

= /zdzxw/'y tx&) — (jlnoi — /du//deX \/'y(;“V]-Ei +b.t.
s ]

_ 2 _Fo

= /szd Xy <tx€0 ¢ 7'[01) +b.t..

The last step follows from the fact that &' is a conformal Killing vector on S? and E; is trace-
less. We observe that Cz is now manifestly conserved.

When ViV/C;; # 0, on the gravity side the radiation affects the surface charges and spoils
their conservation. Therefore, these charges do not match those we defined earlier. This
situation can be further investigated and recast in Carrollian language. To this end, we
define o = V'V/ Cij and rewrite (6.16) and (6.17)

& = 0, (6.28)
3.7+ Y (737{.' - :f) _— (6.29)
Here, the metric fields are
Q= 1, bl' = 0, al']' = ’)/l']', (630)
together with the Carrollian momenta
Yi=B =0, (6.31)
€ i iomi_ L i
E =4mp — 0, P:E—HT, ' = —3N', LJ—E(A—AL)C].. (6.32)
Hence turning on ¢ can be interpreted as spoiling the conformal state equation: £ = —2 (Al + o).

It appears as a sort of conformal anomaly in the boundary theory. The surface charges become
Qelel(n) = [ dxy7 (&€ +0) —&'mi), (633)

and, as already stated, they are no longer conserved
3.Q¢lg / &2x 7 (6 + A) o, (6.34)

where J; is the usual Lie derivative and A = %Vi{,‘i the conformal factor. These charges were
obtained in [23].2° For non linear gravity see [24], where the charges are now non-integrable.

20Gee the 11 = 2 case of Sec. 3. Their charges coincide with (6.33) witha =T, =105 =4M and 7'[6 = 3N,
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6.3 Black hole solutions: Robinson-Trautman and Kerr—-Taub-NUT

For asymptotically AdS solutions, Einstein equations lead to the conservation of an energy—
momentum tensor on the timelike boundary with the cosmological constant playing the role
of the velocity of light [12]. Taking the flat limit in the bulk therefore corresponds to an ultra-
relativistic limit on the boundary, and this is how Carrollian dynamics emerges. We illustrate
this for the specific examples of Robinson-Trautman and Kerr—-Taub-NUT, and analyze their

charges.

Robinson-Trautman
The Robinson-Trautman ansatz is

2 2
ds? = %dzdz — 2dudr — <AlnP — 273, InP — 27m> du?, (6.35)
where m and P depend on the boundary coordinates {u,z,z}. This metric is Ricci-flat pro-
vided the Robinson-Trautman equations are satisfied:

AAInP + 12Md, InP — 49,M = 0, (6.36)
M = 0, (6.37)
=M = 0, (6.38)

where we have defined A = ViV, fori = {z,z}, and V; is the Levi Civita covariant deriva-
tive of the spatial metrica = %dzdz. These equations can be interpreted as Carrollian conser-
vation laws (4.3), (4.4), (4.5) and (4.6) with the metricdata 3 =1,b;,=0and a = Wdzdz
and the Carrollian momenta

El=n=%i=0, (6.39)
E=4M, B =VK, Al=—-Mdl, ¥i=VVig-— Ea’] VkV,6. (6.40)
Here we have introduced the Gaussian curvature K = AInP. Weyl covariance is ensured

by the conformal state equation & = —2A!, together with X! = 0. With this set of data, the

conservation equations are

(au+32—9)5—vi8i = 0, (6.41)
€ = 0, (6.42)
(0u+6)Bj+V.Zi = 0, (6.43)
szcij+gzﬁ = 0. (6.44)

24



Equations (4.5) and (4.6) do not appear in the Robinson-Trautman equations because they
are geometrical constraints on the spatial metric, which are automatically satisfied when
imposing a = %dzdz.

We want to interpret the charges we have introduced in Secs. 5.2 and 5.3 for the Robinson-
Trautman spacetime. To this end, we introduce a conformal Carrollian Killing vector ¢, with
(5.10) and (5.11) here given by

i’ = A, (6.45)
Vi¢j+ V;li+¢"oua;; = 2May. (6.46)

The solution is the following vector?!
E= (V! (w0 4 5 [ du (VA) V) o+ 00 (647)
where & is a spatial conformal Killing vector, i.e. it satisfies
Vil + V& = Vickay. (6.48)
The associated charges (5.13) become
Q; = /S a2 ag Bl = /S d%2P 7 (FOK + EOK). (6.49)

They are conserved by construction.
Even though the second family of charges (5.16) were defined only for B’ = 0, we can
nevertheless study what their expression is for the solution at hand. We find

— 1 -
Cr = / Zdzz VadE = / ZdzzP’?’ (oc(z,Z) +5 / duPVi§1> 4M. (6.50)
s ]
As expected, they are not generically conserved, and using (6.41) we find
9,Cz = — / d%2/aa, "B, (6.51)
Js

Their conservation holds in two instances. The first, expected by construction, is when B; =
0;K = 0, and corresponds to a uniform curvature of the boundary sphere at all times. The
second, which is a new condition, occurs when the conformal Killing vectors satisfy also
d;¢* = 0. This can be written as

dgb; =0, (6.52)

21The metric (6.35) is not in the Bondi gauge unless P is time independent. Therefore, the conformal Killing
vector ¢ does not satisfy the usual bms, algebra, but a generalized version of it.
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when considering the Robinson-Trautman Carrollian geometry ) =1, b; = 0 and 2 =
Zdzdz.?
Kerr-Taub-NUT family

The interesting feature of the Kerr-Taub-NUT family is that, although stationary, it has a
non-trivial metric field b;. Its line element, in {t,7,60,¢} coordinates, is given by

ds® = —% (dt —b)* + Z—idrz + p* (d6* + sin*6d¢?) + 812229 (adt — (P + (n —)?) dg)?,
(6.53)
where
A = —2Mr+r*+a*—n?, (6.54)
> = r*+ (n—acosh)?, (6.55)
b = (2n(cosf —1)+ asin?6) d¢. (6.56)

In this solution, M is interpreted as the black hole mass, « its angular parameter and n
its NUT charge. The Carrollian geometrical data are () = 1, b; as in (6.56) and a = d6? +
sin?0d¢$?. The bulk Einstein equations are satisfied for a constant mass. We can interpret this
result as given by the following Carrollian data

Bl=n'=2=B=0 £=M A=-—d (6.57)
such that Carrollian conservation equations give straightforwardly M constant. From the
hydrodynamical viewpoint, these data describe a perfect fluid.

The conformal Carrollian Killing equations can be solved with the result
1 . .
¢ = <T(X) + EtV,ﬁl) dr + §’(x)a,-. (6.58)

where T is any smooth function on S? and &' a Killing vector of the sphere. This is precisely
the bms; generator. The charges (5.13) are identically zero in this case. Conversely, the
charges (5.16) are non-trivial

C:=M / _dod¢sind <T — ggibi> . (6.59)
S

They explicitly depend on the Kerr-Taub-NUT parameters thanks to the presence of the
metric field b;, and they are manifestly conserved.

22Ac’cually, it is possible to show that, even when Bi =0, the charges (5.16) are generically conserved if the
vectors § satisfy dza;; = 0, 60 = 0 and 6zb; = 0.
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7 Conclusions

We are now ready to summarize our achievements.

In the framework of Carrollian dynamics we have defined Carrollian momenta as the
variation of the action with respect to the Carrollian metric fields (},b;,4;;. These momenta
obey conservation laws ensuing the invariance of the action under Carrollian diffeomor-
phisms. We have carefully stressed that this set of Carrollian momenta plays the role the
energy—-momentum tensor has in relativistic theories, since such an object cannot be defined
in general Carrollian dynamics. In the very particular instance of flat Carrollian geome-
try, due to the existence of global symmetries, the on-shell Carrollian momenta are indis-
tinguishable from the Noether conserved currents. In this case they can be packaged in a
non-symmetric spacetime energy—-momentum tensor.

We have proven that the general conservation equations of the set of Carrollian momenta
are recovered as the ultra-relativistic limit of the relativistic energy—-momentum tensor con-
servation equations. This is expected and shows in passing that the Carrollian limit of the
energy—-momentum tensor outside its conservation equations is non sensible.

As usual in theories with local symmetries, volume conserved charges cannot be defined
from plain conserved momenta. Killing fields are needed, in order to construct conserved
currents and extract conserved charges, which encode the physical information stored in
the fields at hand. We performed all these steps in a general Carrollian geometry, starting
with the definition of the Killing vectors and proceeding with currents (projections of the
Carrollian momenta) and charges.

All these concepts and techniques have been finally illustrated in concrete examples in-
spired from flat holography. Indeed, the null infinity of an asymptotically flat spacetime is
a natural host for Carrollian geometry, and Carrollian conservation equations on Z emerge
as part of the bulk Einstein dynamics. More specifically, we have shown that in three bulk
dimensions the Carrollian charges match the surface charges obtained from standard bulk
methods. However, in four-dimensional linearized gravity, the presence of gravitational ra-
diation spoils the conservation of surface charges. At the level of the Carrollian conservation
equations, this is interpreted as a conformal anomaly, the radiation sourcing the anomalous
factor. The subsequent analysis of the Robinson-Trautman and Kerr-Taub-NUT exact solu-
tions nicely confirms these expectations and the interplay among the bulk and the boundary
dynamics.

Our analysis triggers many questions. Among others, the two examples of exact Ricci-flat
spacetimes treated here suggest to further investigate the Carrollian interpretation of four-
dimensional gravity in full generality, i.e. without assuming linearity. More generally, this
work may help in paving the road toward the Carrollian understanding of flat holography,
already discussed in several instances in the literature.
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A Carrollian Charges algebra

We have defined two types of conserved charges in 5.2 and 5.3, Oz and C¢. The first one is
conserved for any type of Carrollian conservation laws given by (4.3), (4.4), (4.5) and (4.6),
while the second is conserved only when the Carrollian momenta B’ vanishes. We recall

their expression:
Q: = / dx /A g (Bf +bjzﬁ) and C; = / ddxﬁ(xg _ & +2bi§fA§). (A1)
Zt z‘415

In this appendix we show that both of them are also representations of the (conformal) Car-
rollian Killing algebra.
Consider two Carrollian Killing vectors ¢ and 7. It is possible to decompose them in a

coordinate basis,
&= (t,x)o; + Ci(x)ai and 7= qt(t,x)at + ni(x)a,-, (A.2)
or in a Carroll-covariant one,
X i n Y A
C = aat + glai and n= ﬁat + 77161‘, (A3)

where X = Q& — b;&, Y = Q' — by’ and 0; is the Carroll-covariant spatial derivative de-
fined in 2.2. The commutator of ¢ and 7 is given by

. . L ;A
A= 16 = (&' — 0t + o’ — *aig ) 8y + (o’ — ac’) 8 = S + N
(A.4)
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For ¢ and 7 Carrollian Killing vectors, we define the two following quantities

{Qe, Q= /2 d”xs, [\/1751‘ (Bi + bjzji>:| ,
t A5
{Ce,Cy} = /Z d'xs, [V (XE — g'm + 26 ALY | .

where 5,] is the Lie derivative w.r.t. 77 acting on the metric fields and the momenta, but not
on ¢ and ¢. We want to show that, up to boundary terms,

{Qe,Qyy =Qpy and {C:Cy} =Cigyp, (A.6)

the first result being true for any type of Carrollian conservation laws while the second one
holds only when B’ = 0.

We start with the first one, we have

{Qe, Q) :/z dx [517 Vag; (Bi + bjzjl) + V@ (8ya)¢" (Bi + bjzﬁ)
f (A.7)
+ Vag; (5,]Bi + bzl + bjénzﬁ) ] .

We compute the infinitesimal variations of the geometric fields and the Carrollian momenta:

Syap = 7'y + ﬂjajaik + aiqfak]- + akiyjaij =0, (A.8)
SyVa = y'oiVa+n'ova+om' Va=0, (A9)
Sybi = 1'0ub; +1/0;b; — Q' + by, (A.10)
6B = n'oB' + /0,8 — By, (A.11)
&2 = 7' TV + y* TV — E¥opn’ — oy (A.12)

The variation of a; and /a vanish because 7 is a Carrollian Killing vector. Then we elimi-
nate every temporal derivative of the Carrollian momenta using the conservation laws (4.5)
and (4.6). Finally performing integration by parts and using properties of the Carrollian
Killing vectors (5.7) and (5.8), we suppress every spatial derivative of the Carrollian mo-

menta to obtain:
(0: 0y} = / d'x VA (B +BEF) +bt. = Qy +bit. (A.13)
Xt

This proves that the charges Qs form a representation of the Carrollian Killing algebra.
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We now prove the second relation. We have
(Cty) = [ a'x [57, Va (2 - bg)e - gm + 27 A))

+ Va ((5,7ng — 6,bi€)E + (& — b:&")6,E — &6, 71; + 26, bif Al + 2b,~§7(5,7,4§) ] :
(A.14)

We compute the infinitesimal variations of the geometric fields and the Carrollian momenta:

&5Q = 7' Q+7'9;.Q+ Qo' =0, (A.15)
SpV/a = 7'9iVa+ o /a+ o' a =0, (A.16)
Sybi = 1'9bi +1/0;b; — QA" + b, (A.17)
6E = '€+ 19, (A.18)
Syt = n'oym +n/9m + oy, (A.19)
Sy AL = 7' AL+ AL — Afory’ + Aoy, (A.20)

The variations of () and /a are vanishing because 7 is a Carrollian Killing vector. Then
we eliminate every temporal derivative of the Carrollian momenta using the conservation
laws (5.14) and (5.15). Finally performing integration by parts and using properties of the
Carrollian Killings, (5.7) and (5.8), we suppress every spatial derivative of the Carrollian

momenta to obtain:
{Ce.Cy} :/z d’x \/E[ (Q(gtatﬂt — "0 + &0’ — yFore!) — bi(Eory’ — Wkak(fi)) &

— (&’ — n* o) i + 2b; (KO — o >A;‘} +bit,
(A.21)
which corresponds to

{€0/Cpy = [ d'x v (LE — i+ 26V AT) + bt = G + bt (A22)
Zt

Therefore, up to boundary terms, the charges Cz form a representation of the Carrollian
Killing algebra.

We can extend the previous results to the conformal Carrollian Killing algebra when
imposing ! = 0 and the conformal state equation £ = —2.A
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ABSTRACT

We describe the dynamics of two-dimensional relativistic and Carrollian fluids. These are
mapped holographically to three-dimensional locally anti-de Sitter and locally Minkowski
spacetimes, respectively. To this end, we use Eddington—Finkelstein coordinates, and grant
general curved two-dimensional geometries as hosts for hydrodynamics. This requires to
handle the conformal anomaly, and the expressions obtained for the reconstructed bulk met-
rics incorporate non-conformal-fluid data. We also analyze the freedom of choosing arbi-
trarily the hydrodynamic frame for the description of relativistic fluids. This freedom breaks
down in the dual gravitational picture, and fluid/gravity correspondence turns out to be
sensitive to dissipation processes: the fluid heat current is a necessary ingredient for recon-
structing all Bafiados asymptotically anti-de Sitter solutions. The same feature emerges for
Carrollian fluids, which enjoy a residual frame invariance, and their Barnich-Troessaert lo-
cally Minkowski duals. These statements are proven by computing the algebra of surface
conserved charges in the fluid-reconstructed bulk three-dimensional spacetimes.
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1 Introduction

Fluid /gravity correspondence is a macroscopic spin-off of holography, originally mapping
relativistic fluid configurations onto Einstein spacetimes. These are obtained in the form of
a derivative expansion [1-4], inspired from the fluid homonymous expansion (see e.g. [5,6]),
and implemented in Eddington-Finkelstein coordinates.

Compared to the Fefferman-Graham expansion [7, 8], the derivative expansion has the

following distinctive features:
¢ the spacetime metric is expanded using a null direction rather than a spatial one;

¢ the boundary data include a vector congruence, interpreted as the fluid velocity field,
whose derivatives set the order of the expansion;

* the derivative expansion is generically well behaved in the bulk flat limit.

The third property has recently allowed to set up a derivative expansion for asymptotically
flat spacetimes, establishing thereby, at least macroscopically, a holographic correspondence
among Ricci-flat bulk solutions and boundary Carrollian hydrodynamics [9]. The second
feature raises another important question, regarding the role played by the boundary fluid

velocity.



The fluid velocity field is absent in the Fefferman—Graham expansion, which provides an
Einstein bulk reconstruction solely based on the boundary metric and the boundary energy—
momentum tensor. This should not be a surprise because the velocity field of a relativistic
fluid is not a physical observable. To some extent it can be chosen freely, altering neither
the energy-momentum tensor nor the entropy current, but only transforming the various
pieces that enter the decomposition of these quantities with respect to its longitudinal and
transverse directions [10].

However, the fluid congruence appears explicitly in the derivative expansion (it actually
organizes the latter). Following the above logic, it should be possible to transform it while
keeping unchanged the boundary metric and energy-momentum tensor, and this should
not affect the reconstructed bulk metric. This reasoning is too naive, though. Indeed when
writing the derivative expansion, some implicit gauge choice may be made, partly locking
the form of the velocity. If this does not happen, the velocity transformation is expected to be
reabsorbed by some appropriate bulk diffeomorphism. Such a diffeomorphism is possibly
a large one, in which case the two fluid congruences definitely lead to two distinct dual
spacetimes.

Analyzing the role of the velocity field in the fluid /gravity derivative expansion is not
an easy task. Generically the derivative expansion is given in the form of a series, built
on Weyl covariance, and furthermore assuming the Landau-Lifshitz frame, as in [1-4]. In
this framework, it is difficult to disentangle the various contributions and investigate the
behaviour under a congruence transformation. In some more specific classes, it is possible to
resum the derivative expansion (see [11-15]), if we abandon the Landau-Lifshitz frame and
impose integrability conditions relating the heat current and stress tensor to the boundary
geometry. The latter blur the transformation properties under a change of fluid congruence.

One aim of the present work is to analyze the role of the fluid congruence in an instance
where these problems are overcome. This occurs in three bulk dimensions because all expan-
sions, Fefferman—Graham or derivative, are naturally truncated to a finite number of terms,
and because asymptotically anti-de Sitter spacetimes are necessarily locally anti-de Sitter. A
class of such spacetimes is known as Bafiados solutions [16,17], labeled unambiguously with
their conserved surface charges. Hence, showing that the fluid velocity cannot be chosen at
wish, as naively expected, is within reach.

Ricci-flat spacetimes are dual to Carrollian hydrodynamics emerging at null infinity [18].
In some instances, Carrollian fluids possess a residual frame invariance involving a kine-
matical parameter reminiscent of the relativistic velocity field. The latter enters the flat
derivative expansion, and it is legitimate to ask the same questions as for the anti-de Sit-
ter spacetimes. Again, answering is possible in three dimensions, in which case all Ricci-flat
spacetimes compatible with a set of fall-off conditions are described in [19], again in terms
of their surface-charge algebra. These are locally Minkowskian and will be referred to as



Barnich—Troessaert solutions.

In order to undertake the above analysis we must rely on robust derivative expansions.!
In other words, we need expressions that provide the bulk dual (Einstein or Ricci-flat) of an
arbitrary fluid, hosted by any two-dimensional geometry. Such expressions are not available
in full generality for the relativistic fluids, and are unknown for Carrollian fluids. Another
goal we have pursued here is to settle them. For the Carrollian case, our fluid reconstruc-
tion of flat spacetimes resembles the general formulas given in BMS (Bondi-Metzner—Sachs)
gauge in [19].2 In the relativistic case, we exhibit a universal resummation formula, which
turns out to be a BMS-like alternative to the existing Fefferman-Graham expression [17,19].
Its prime virtue is to accommodate the conformal anomaly arising from the curvature of the
boundary, which has a detectable counterpart in the Carrollian situation.

The output of the above analysis regarding the freedom in hydrodynamic frame confirms
our suspicion. Indeed, computing the asymptotic charges,® we show that the holographic re-
construction of all AdS and flat spacetimes requires the boundary fluid (relativistic or Carrol-
lian) have a non-vanishing heat current. In this instance, the charge algebra is either Virasoro
or BMS with the expected central charges. Dismissing the heat current, the solutions carry
surface charges obeying algebras of the same type, with vanishing central charges though.
This is typical of non-spinning BTZ zero modes [23-25] and of their flat counterparts, in-
cluding angular defects or excesses (see [26] for a global view on both situations).

In Sec. 2 we review two-dimensional relativistic conformal fluid dynamics, and expand
its Carrollian limit, insisting on the hydrodynamic-frame invariance. Section 3 is devoted
to the general method of holographic reconstruction of asymptotically AdS and flat space-
times. This method is applied in Sec. 4 for flat two-dimensional boundary metrics, without
loosing generality, and followed by the computation of charges, which enables us to reach a
conclusive analysis on the solutions under investigation.

2 Two-dimensional fluids

2.1 Relativistic fluids
General properties

We consider a two-dimensional geometry ./ equipped with a metric ds® = g;,,dx*dx". The

dynamics of a relativistic fluid is captured by the energy-momentum tensor T = T,,dx*dx",

! Expansion is an abuse of terminology in three dimensions because there, it is naturally truncated. We will
often make it, and use the word resummation for simple sums .

2In three dimensions the derivative expansion, implemented in Eddington—Finkelstein coordinates, has
falloffs similar to those of the BMS gauge. A slight difference will be stressed in due time. This is not true
in higher dimension.

3Useful references for the analysis of asymptotic charges are e.g. [20, 21]. Our surface charge computations
have been performed using the package [22], built using the conventions of the papers just quoted.



which is symmetric (T, = Ty;,) and generally obeys:
VT = fo, (2.1)

where f, is an external force density. Together with the equation of state (local thermody-
namic equilibrium is assumed), this set of equations provide the hydrodynamic equations of
motion. Normalizing the velocity congruence u as ||u||> = —k?, we can in general decompose
the energy-momentum tensor as

T = (e + p)% + pgu + T + ”Zj + ”,”(Z” 2.2)
with p the local pressure and ¢ the local energy density:
1
€= k—szu”uv. (2.3)
The symmetric viscous stress tensor 7,,, and the heat current g, are purely transverse:
ult,, =0, utq,=0, q,=—eu, —ul'Ty,. (2.4)

In two dimensions, the transverse direction with respect to u is entirely supported by the
Hodge-dual *u:*
* Uy = Utgp. (2.5)

This dual congruence is space-like and normalized as || * u||?> = k?. Therefore
= ith _ FTu? 2.6
gq=x*u wi X_—k—z*u i, (2.6)

the local heat density, appearing here as the magnetic dual of the energy density. Similarly,

the viscous stress tensor has a unique component encoded in the viscous stress scalar T:°

Ty = Thyy  with  hy, = k1_2 Uy * Uy (2.7)
the projector onto the space transverse to the velocity field. The trace reads: T", = p — e+ 7.

The pressure p and the viscous stress scalar T appear in the fully transverse component
of the energy—-momentum tensor. Their sum is therefore the total stress. If the system is free
and at global equilibrium, T vanishes and the stress is given by the thermodynamic pressure p
alone. Hence, the viscous stress scalar T is usually expressed as an expansion in temperature
and velocity gradients, and this distinguishes it from p. The same holds for the heat current

4Our conventions are: Hop = /S €rp With eg; = +1. Hence ##715 = ol
5This component of the energy-momentum tensor is also referred to as the viscous bulk pressure, or the dynamic
pressure, or else the non-equilibrium pressure.



q- The coefficients of these expansions characterize the transport phenomena occurring in
the fluid.
The shear and the vorticity vanish identically in two spacetime dimensions. The only

non-vanishing first-derivative tensors of the velocity are the acceleration and the expansion
ay =u"Vyu,, ©=V,ut, (2.8)
and one defines similarly the expansion of the dual congruence as®

which enables us expressing the acceleration:

ay = 0" xuy. (2.10)
In first-order hydrodynamics’
1) = —(0, (2.11)
K *
Xay = —g (u(T) +70"). (2.12)

As usual, { is the bulk viscosity and « is the thermal conductivity — assumed constant in this
expression.
It is convenient to use the orthonormal Cartan frame {u/k, *u/k}. Then the metric reads:

ds? = kl_z (—u? 4 xu?), (2.13)

while the energy—-momentum tensor takes the form:

T= 21? ((€+X) (u+*u)® + (e — x) (u— *u)z) + kl—z(p —e+T)xu?. (214)

In holographic systems, the boundary enjoys remarkable conformal properties as it de-

fines a conformal class, rather than a specific metric. Under Weyl transformations

ds* - —~ (2.15)

the velocity form components u, are traded for /B, the energy and heat densities have

6The hodge-dual of a scalar is a two-form and would spell with a suffix star. Instead, ®* is just another scalar.
7For any vector v and a function f, v(f) stands for v"9,, f. We remind the following identities: dfdf = —of
with d'w = xd xw = —VHtw, and df = kl—z (xu(f) *u—u(f)u), *df = kl—z (xu(f)u—u(f)*u).



weight 2, and the local-equilibrium equation of state is conformal
e=p, (2.16)
which is accompanied by Stefan’s law (¢ is the Stefan—Boltzmann constant):
e=0T? (2.17)

Hence, the trace of the energy-momentum tensor is 7. In the absence of anomalies it van-
ishes and T, is invariant under (2.15). If T is non-vanishing, the fluid is not conformal and
T is an anomalous weight-2 quantity.

Covariantization with respect to rescalings requires to introduce a Weyl connection one-
form:®

A:—(a—G)u):kl—z(@**u—@u), (2.18)

which transforms as A — A — dInB. Ordinary covariant derivatives V are thus traded
for Weyl covariant ones & = V + wA, w being the conformal weight of the tensor under
consideration. We provide for concreteness the Weyl covariant derivative of a form v, and

of a scalar function ®, both of weight w:

Doy = Vo, + (w+1)Av, + Ao, — 8w AP,

(2.19)

gv@ = av® + wAv¢.

The Weyl covariant derivative is metric-compatible with effective torsion:
gpg;w = 0 (2.20)
where

Fu =3,A, — 9, A, (2.22)

is the Weyl-invariant field strength. Its dual
F =*dA =y"9,A, = kl—z(*u(G)) —u(®")) (2.23)

is a weight-2 scalar.
Commuting the Weyl-covariant derivatives acting on vectors, one defines the Weyl co-

variant Riemann tensor

(2.9, — 2,2,) VP = R4, V7 + wE, VP (2.24)

8The explicit form of A is obtained by demanding Dyut =0and W u u=0.



(VP are weight-w) and the usual subsequent quantities. In two spacetime dimensions, the
covariant Ricci tensor (weight-0) and the scalar (weight-2) curvatures read:

P = Ru+guwViAY—Fu, (2.25)
R = R+2V,AN (2.26)

It turns out that R, + g, VA A" vanishes identically. Hence
F=0&R=2d'A and F,, =—Fu. (2.27)
The ordinary scalar curvature has a weight-2 anomalous transformation
R — B?*(R+201InB) (2.28)

(the box operator is here referring to the metric before the Weyl transformation).

Hydrodynamic equations and the hydrodynamic-frame covariance

Using the above tools as well as the identity
Vi =DM, — ATY, (2.29)

(based on Egs. (2.19) and Leibniz rule, for a weight-0, rank-2 symmetric tensor), the general
fluid equations (2.1) with € = p, projected on the light-cone directions u & *u read:’

(uh +«ut) D, (e + x) + (u' — *ut) f, = —OT — O* T — *u(7),
(ut —xut)Z, (e — x) + (u' + *ut) f, = —OT + O*T + *u(7).

(2.30)

Equivalently, these equations are expressed as

d( Vet x+72u ) +
d(m(u_ *u)) -

. (u—su)Ax(f— Ldr) =0,
2\ e+ x+7/2

\/— ;(u +xu) A* (f— 2d7) =0 230
2/ e—x+7/2 2 '

Changing hydrodynamic frame, i.e. the fluid velocity field, amounts to perform an arbi-

trary local Lorentz transformation on the Cartan mobile frame

u \  [coshy(x) sinhy(x) u (2.32)
«u/ sinhg(x) coshy(x)) \xu)’ '
9Notice that any congruence with w = —1 in two dimensions obeys Qyuv = Vyuy + %u;ﬂv — Ohyy =0due
to the absence of shear and vorticity, and similarly QZy *uy =0.




or for the null directions u’ + xu’ = (u & *u) e*¥. This affects the Weyl connection and Weyl

curvature scalar as follows

A = A—=xdy (2.33)
F = [+aoy. (2.34)

The transformation (2.32) keeps the energy-momentum tensor invariant provided the
energy density and the heat density transform appropriately. Imposing that in the new frame
(2.16) holds, i.e. ¢ = p’, we conclude that

¢\ [ cosh2y(x) —sinh2i(x)) (e ' sinh(x)
(X/> - (—sinh2¢(x) cosh2y(x) > (7() + Tsinhy(x) <—cosh1,l)(x)> ’ (2.35)

while, due to the invariance of the trace,

T =1 (2.36)

Equivalently one can use / (s’ +x + Tj’) = /(exx+73)et¥

The energy—-momentum tensor can be diagonalized with a specific local Lorentz transfor-
mation. By definition, the corresponding hydrodynamic frame is the Landau-Lifshitz frame,
where the heat current x11, is vanishing. We find

€1L &L +T
since 1y = T and xpp = 0. The latter condition allows to find the local boost towards the

Landau-Lifshitz frame
T
et — w (2.38)
e—x+71/2
With this, the eigenvalues are easily computed. One finds the Landau-Lifshitz energy den-

sity

eLL:\/<€+X+§> (s—)ﬁ—%)l—%. (2.39)

It exhibits an upper bound for x?, x2..x = (€ + 7/ 2)2, which translates causality and unitarity
properties of the underlying microscopic field theory. The eigenvalue'® ¢ is supported by
the time-like eigenvector

1 [(e+x+T/2 4 e—x+7/2\"
() e (S22 ). o

19We make for simplicity the implicit assumption that the energy density is positive. This needs not be true,
however, and the holographic fluid dual to pure AdS; has indeed negative energy.



whereas

T ™, T
S’iLZSLL”:\/(€+X+§)(€‘X+§)+§ 24D

is the eigenvalue along the space-like eigenvector *uyy,. Using the above expressions in the
Landau-Lifshitz frame, the fluid equations (2.31) are recast as follows

2 erpd' (erpur) —u - f— @t =0,
2 ,/s’ﬂLdJr ( VL *uLL) +xurpy - f+ 07, T=0.

A non-anomalous conformal fluid in two dimensions is defined through the relations
(2.16), (2.17) and

(2.42)

7=0. (2.43)

Under these assumptions, the last term of (2.14) drops, whereas following the fluid equations
(2.31) at zero external force (f = f,dx" = 0), the forms /e £ x'(u = *u) are closed, and can be
used to define a privileged light-cone coordinate system, adapted to the fluid configuration.
In this specific case, the on-shell Weyl scalar curvature reads

1
F=——0Oln et X

5 —— (2.44)

For conformal fluids, the hydrodynamic-frame transformation (2.32) acts on the energy and
heat densities as a spin-two electric-magnetic boost, the energy being electric and the heat

magnetic.

The entropy current

We would like to close this overview on two-dimensional conformal fluids with the entropy
current. The entropy appears in Gibbs-Duhem equation

Ts=p+e, (2.45)

and is easily computed for conformal fluids in terms of the energy density, using Eq. (2.16)
and Stefan’s law (2.17):

s =2+/0¢. (2.46)

The entropy current is an involved concept. In arbitrary dimension, there is no generic
and closed expression in terms of the dissipative tensors for this current, which is generally
constructed order by order as a derivative expansion (see [27]). Whether this expansion can
be hydrodynamic-frame invariant, and at the same time compatible with the underlying
already quoted microscopic laws (unitarity and causality) as well as with the second law
of thermodynamics is not known in full generality, although this is in principle part of the



rationale behind frame invariance.

In two dimensions, the ingredients for building a hydrodynamic-frame-invariant en-
tropy current are the time-like invariant vector ury, (given in (2.40)) and its space-like dual
xur, plus the invariant scalars ¢1; and ¢} (or any combination, see (2.39) and (2.41)). The
entropy current should have non-negative divergence, vanishing for a free (i.e. at zero exter-
nal force) perfect fluid. In the case at hand, a perfect fluid is necessarily conformal since it
must have vanishing 7.

A good candidate for a hydrodynamic-frame-invariant entropy current is

So =siLurL = 2+/oeLL uLL, (2.47)

which can be expressed in any frame using Eqgs. (2.39) and (2.40). This is usually adopted
as the entropy current of a perfect fluid, and in that case it is divergence-free when external
forces vanish. Here, it obeys (see (2.42))

1
V:-Sy=— L (@LLT +uL - f) e (@LLT +urrL - f) (2.48)
ELL Tio

which can be recast in terms of arbitrary-frame data using the already quoted (2.39), (2.40)
and the divergence of the latter. Expanding this result up to first order for x, T < ¢, we find
for a free fluid . ;

\Y% SO(l) T@T T@ ’ (2.49)

where we have used in the last equality the first-order derivative expansion of 7, given in
(2.11). For this to be positive one finds the usual requirement ¢ > 0. From this perspective,
the current Sy seems fine.

The expansion of Sp up to second orderin x, 7 < ¢,

2
50:2\/08u+7(1/%*u—ic—€\/gu ,/—*u+ —su+(% 4)§T Z;ETCH—M’

is in agreement with the usual expectations dictated by extended irreversible thermodynamics
(completing the first-order classical irreversible thermodynamics) [27]. These can be summa-
rized as follows, the order referring to the dissipative expansion:

1. free perfect limit: S|X:T:0 =S =su=2/cey;

2. stability % as = =0;
x=1=0

3. first-order (CIT) correction: Sy =

~Hla
~-.

4. second-order (EIT) corrections: S(z) might contain sTTu, ?Tu and ;q;

5. second law: V -S> 0.

10



Other invariant terms may be considered in the definition of S as long as the above require-
ments are satisfied. In the absence of a concrete proposal for selecting other terms, we will
not pursue the argument any further. Related discussions can be found in [28-31].!1

2.1.1 Light-cone versus Randers-Papapetrou frames

Light-cone frame Every two-dimensional metric is amenable by diffeomorphisms to a con-

formally flat form. This suggests to use:'?

ds? = e 2¢dxtdx~ (2.51)

+

(with usual time and space coordinates defined as x™ = x &+ kt), where w is an arbitrary

function of x* and x .

Any normalized congruence has the following form:
u=u,dx" +u_dx- & xu=—u,dx" +u_dx", (2.52)

where 14, functions of x™ and x~, are related by the normalization condition

k2

Uju_ =——e 2, (2.53)
4
We can parameterize the velocity field as
k., k1
__k K L 2.54
Uy 5e VE u 5¢ N (2.54)
where ¢ = &(x",x7) is defined as the ratio
Uy
S 2.
g=—t 255
The choice ¢ = 1 corresponds to a comoving fluid because in this case u = —k?*e~“dt.
For the congruence at hand
O + O = +2ke2¥y e (wENVT) (2.56)

We can also determine the Weyl connection and field strength:

A=—dw+*dIn /& and F=—-0ln /¢ =—-2e*9,9_In¢, (2.57)

17t should be quoted that S as defined in (2.47) does not coincide with the entropy current proposed in Ref.
[31]. Hydrodynamic-frame invariance and CIT/EIT arguments were not part of the agenda in this work, based
essentially on the second law of thermodynamics.

12With this choice, g4— = 1/2e=2%, Ny = 1/2e=2w, nto = —2e2w, 77++ =1,y_~ = —1. Notice also that
#(dat Adxm) =yt = —2e2¢.

11



whereas the ordinary (non Weyl-covariant) scalar curvature reads (see (2.27))

R = 20w = 8e*“9,0_w. (2.58)

In the present light-cone frame {dx",dx "}, the components of a general energy-momentum
tensor, with € = p, are

T 1 T
Tiy = 6 (s—x+ —)e_z“’, T =— <e+x+ —)e_z“’,
2 2 2¢ 2 (2.59)
T, =T .= %e—%’
For a conformal fluid Egs. (2.43) lead to T - = T— = 0 and
1w e+x _T-— 5

(64 x)(e— x) =4e*T T _, S — (2.60)

e—x Tiy

In the latter case, and in the absence of external forces, the forms (2.31) are closed, which in

light-cone coordinates implies that (¢ — x)e 2“¢ is locally a function of x™, and (& + x) 37; -

a function of x~. Observe that in the Landau-Lifshitz frame (11 = 0)

T
¢ = Ti—i’ el = 4" T T (2.61)

In this frame, on-shell, F vanishes. Moving from a given hydrodynamic frame to another by

a local Lorentz boost, amounts to perform the following transformation on the function ¢
gt ) » () =e g (a2, (2.62)

Randers-Papapetrou frame The light-cone frame is not well suited for the Carrollian limit,
which is the ultra-relativistic limit reached at vanishing k, and emerging at the null-infinity
conformal boundary of a flat spacetime (subject of next section). As discussed in [18], Car-
rollian fluid dynamics is elegantly reached in the Randers-Papapetrou frame, where

ds? = —k? (Qdt — bydx)? + adx? (2.63)

with all three functions of the coordinates t and x.
A generic velocity vector field u reads:

u="7y(0 +v"9y). (2.64)

12



It is convenient to parametrize the velocity v* (see [18]) as!3

K*Qp* v*
e T T b - — (2.65)
1 k2B -b v¥by
+K2B e (1- %)
with Lorentz factor 2B
1+ KB
= 2.66
(Ol iy 2 (2.66)
The velocity form and its Hodge-dual read:
k? _
u=—————-—(Qdt — (by + Bx)dx), xu=k+/aQy(dx—o"dt), (2.67)

VTR

while the corresponding vector is

cu k <bx+5"at+ax>. (2.68)

T Vavieg\ 0

We can determine the form of the heat current q, which must be proportional to *u, in

terms of a single component g,. We find

x — k2B2
y= b _TVEVIZEE (2.69)
k\/aQy k

Similarly, for the viscous stress tensor

o Txx 202
T—W—Txxﬂ(l—kﬁ). (270)
Performing a local Lorentz boost (2.32) on the hydrodynamic frame does not affect the
geometric objects (), b, or a, and is thus entirely captured by the transformation of the vector

B. Parameterizing the boost in terms of a Carrollian vector B = B*0, as

1 _ k\/aB*
cosh) =T = ———, sinhy=TkvaB"' = ——, 2.71
v V1 —K2B? v v V1 —K2B? 271
we get:
B+B
B = 1 +7kzﬁ B (2.72)

as expected from the velocity rule composition in special relativity. Using (2.35), we also

I3With these definitions, f* transforms as the component of a genuine Carrollian vector B = f¥9y, when
considering the flat limit of the bulk spacetime. Notice that By + by = 7537”;. We define as usual b* = a**by,

Bx = axx %, vx = axx0* with ayy =1/0% =g, b? = b, b, ﬁz =B-B=pBxp andb- B =byS".
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obtain

1 —

¢ = ;apr ((1+°B%)e—kvaB 2y + KB7), @73)
1 —

y = m((1+k232)x—k\/uB (2¢ + 1)), (2.74)

accompanying (2.36). Together with (2.69) and (2.70), we finally reach:

! 5 . ‘
\% - ((1+sz2)7(_WEBX(Z”T))k(l(:_kkgﬁz)?/;fﬂ_;?z)gz)f 2.75)
d 1+k*(B-B B)-b))?

% - T( +(1 _(i?CZﬁZ;_(ip__:czB)Z) ) - (2.76)

2.2 Carrollian fluids
The Carrollian geometry

The Carrollian geometry R x & is obtained as the vanishing-k limit of the two-dimensional
pseudo-Riemannian geometry ./ equipped with metric (2.63). In this limit, the line &% in-
herits a metric!*

de? = adx?, (2.77)

and t € R is the Carrollian time. Much like a Galilean space is observed from a spatial frame
moving with respect to a local inertial frame with velocity w, a Carrollian frame is described
by a form b = b (t,x) dx. The latter is not a velocity because in Carrollian spacetimes motion
is forbidden. It is rather an inverse velocity, describing a “temporal frame” and plays a dual
role. A scalar Q)(t,x) also remains in the k — 0 limit (as in the Galilean case, see [18] — this
reference will be useful along the present section).

We define the Carrollian diffeomorphisms as

t'=+t(t,x) and x =x'(x). (2.78)

The ordinary exterior derivative of a scalar function does not transform as a form. To over-

come this issue, it is desirable to introduce a Carrollian derivative as

A by
0 =z + 30, (2.79)

transforming as a form. With this derivative we can proceed and define a Carrollian covari-

ant derivative V,, based on Levi-Civita—Carroll connection

9% = dxIn /. (2.80)

14This metric lowers all x indices.

14



As we will see in 3.2, in the framework of flat holography, the spatial surface & emerges
as the null infinity ¥ of the Ricci-flat geometry. The geometry of ¥ is equipped with a
conformal class of metrics rather than with a metric. From a representative of this class, we
must be able to explore others by Weyl transformations, and this amounts to study conformal
Carrollian geometry as opposed to plain Carrollian geometry (see [32]).

The action of Weyl transformations on the elements of the Carrollian geometry on a sur-
face & is inherited from (2.15)

a by

L by — Q— 9 Bx — Px (2.81)

“= B’ B B’

where B = B(t,x) is an arbitrary function. However, the Levi-Civita—Carroll covariant
derivatives are not covariant under (2.81). Following [18], they must be replaced with Weyl-
Carroll covariant spatial and time metric-compatible derivatives built on the Carrollian ac-

celeration ¢, and the Carrollian expansion 0,
1 by 4
Px =5 (0thy + 0,Q2) = ata +0dyInQ), (2.82)
0= %atln Va, (2.83)
which transform as connections:
¢r — @x — 0y InB, 60— BO — éatb’. (2.84)
In particular, these can be combined in!®
Ky = @y — Oby, (2.85)
transforming under Weyl rescaling as
Xy — &y — 0y InB. (2.86)
The spatial Weyl-Carrol derivative is
P =0, D + we,d, (2.87)
for a weight-w scalar function ®, and

GV =V, V* + (w—1)g, V7, (2.88)

15Cor1trary to @y, ay is not a Carrollian one-form, i.e. it does not transform covariantly under Carrollian
diffeomorphisms (2.78).
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for a vector with weight-w component V*. It does not alter the conformal weight, and is
generalized to any tensor by Leibniz rule.

Similarly we define the temporal Weyl-Carroll derivative by its action on a weight-w
function ®

1 1

which is a scalar of weight w + 1 under (2.81). Accordingly, the action of the Weyl-Carroll

time derivative on a weight-w vector is
Lo = Love £ wove (2.90)
Q t Q t . .

This is the component of a genuine Carrollian vector of weight w + 1, and Leibinz rule allows
to generalize this action to any tensor.
The Weyl-Carroll connections have curvature. Here, the only non-vanishing piece is the
curvature one-form resulting from the commutation of 9, and %Qt, which has weight 1:
1

1 A
R = Q (dray — 04 (6Q2)) = ﬁatq)x — 0¢x — 0:0. (2.91)

Carrollian fluid observables

A relativistic fluid satisfying Eq. (2.1) will obey Carrollian dynamics at vanishing k. The
original relativistic fluid is not at rest, but has a velocity parametrized with B = B,dx (see
(2.65)), which remains in the Carrollian limit as the kinematical “inverse-velocity” variable.
We will keep calling it abusively “velocity”. This variable transforms as a Carrollian vector

and allows to define further kinematical objects.

¢ We introduce the acceleration ¢ = 7y, dx

1
Y= ﬁatﬁx. (2.92)

This is not Weyl-covariant, as opposed to

Oy =Yx — 0Bx = %Eat \ﬁ/’;_, (2.93)

which has weight 0.

¢ The suracceleration is the weight-1 conformal Carrollian one-form

141 4 1 1
Sy = ﬁgtﬁgtﬁx = ﬁat <ﬁatﬁx - QIBX> : (2.94)
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It can be combined with the curvature (2.91), which has equal weight,

1 1 1 A
Sy =S + Py = ﬁat <ﬁatﬁx — 9,3x> + ﬁatqox — 0@, — 0,0. (2.95)

This appears as a conformal Carrollian total (i.e. kinematical plus geometric) suraccel-
eration, and enables us to define a weight-2 conformal Carrollian scalar:

s=—X. (2.96)

The latter originates from the Weyl curvature F of the pseudo-Riemannian ascendent
manifold /Z:

s = —limkF. (2.97)
k—0

Notice that the ordinary scalar curvature of .# given in (2.27) is not Weyl-covariant
(see (2.28)) and can be expressed in terms of Carrollian non-Weyl-covariant scalars of

R x &
2 1 -
R=1 <92 + aat(a) —2(Vy+ ¢x) 9" (2.98)
Besides the inverse velocity, acceleration and suracceleration, other physical data de-

scribe a Carrollian fluid.

* The energy density € and the pressure p, related here through ¢ = p. The Carrollian
energy and pressure are the zero-k limits of the corresponding relativistic quantities,
and have weight 2. It is implicit that they are finite, and in order to avoid inflation of
symbols, we have kept the same notation.

* The heat current 7t = 71, (t,x)dx of conformal weight 1, inherited from the relativistic

heat current (see (2.2)) as follows:'®

7* =" +0 <k4) . (2.99)
This translates the expected (see (2.69)) small-k behaviour of x:

xX=x-k+0(K), (2.100)

16Tn arbitrary dimensions one generally admits 4* = Q¥ 4+ k*7¥ 4+ O (k%) (see [18]), which amounts assuming
X = XTQ + xxk +O (k). This is actually more natural because vanishing X is not a hydrodynamic-frame-
invariant feature in the presence of friction. Keeping xo # 0, however, is not viable holographically in two
boundary dimensions because it would create a 1/k? divergence inside the derivative expansion. Since the Car-
rollian limit destroys anyway the hydrodynamic-frame invariance, our choice is consistent from every respect.
Ultimately these behaviours should be justified within a microscopic quantum/statistical approach, missing at
present.
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leading to
X
=2 2.101
vz ( )
The weight-0 viscous stress tensors X = Ydx? and & = E,,dx?, obtained from the

relativistic viscous stress tensor klz *U* U as

Z.Xx

Txx —

—EY+0(K). (2.102)
For this to hold, following (2.70), we expect
T=Z 4 +0(8), (2.103)
and find (in the Carrollian geometry, indices are lowered with a,, = a):
Y= -1, Y= -1z p1s. (2.104)

As we will see later, this is in agreement with the form of T for the relativistic systems
at hand (see Egs. (2.98) and (3.2)).

Finally, we assume that the components of the external force density behave as follows,
providing further Carrollian power and tension:

kg _ f 2
{Qfo et Ok), (2.105)

Pt o).

Hydrodynamic equations

The hydrodynamic equations for a Carrollian fluid are obtained as the zero-k limit of the

relativistic equations (see [18]):

— (%at + 29) (e = BZ%) + (V¥ +2¢%) (B:Z%,) + 0 (B, — P72%,) = e, (2.106)

0", = f, (2.107)

> 1
(Vx =+ (Px) (e—E%)) + ¢x (8 - ﬁszx) + <aat + 6) (7t + Bx (26 — E%,)) = gy, (2.108)
A 1
— (Ve + 9x) 2% — <58t +9) (BxZ*,) = hy. (2.109)
Generically, the above equations are not invariant under Carrollian local boosts, acting

By = Bx + By (2.110)
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(vanishing-k limit of (2.72)). This should not come as a surprise. Such an invariance is exclu-
sive to the relativistic case for obvious physical reasons, and is also known to be absent from
Galilean fluid equations, which are not invariant under local Galilean boosts. Nevertheless,

as we will see in Sec. 4, in specific situations a residual invariance persists.

3 Three-dimensional bulk reconstruction

3.1 Anti-de Sitter

Three-dimensional Einstein spacetimes are peculiar because the usual derivative expansion
terminates at finite order. This happens also for the Fefferman—Graham expansion (see
e.g. [17]). The reason is that most geometric and fluid tensors vanish (like the shear or the
vorticity), reducing the number of available terms compatible with conformal invariance.

As opposed to higher dimension, the heat current can nevertheless enter directly. We obtain:

u 8nG
dsZstein = 2k—2 (dr +rA) + r*ds* + a U (eu+ x *xu), (3.1)

where A is displayed in (2.18), ¢ and x being the energy and heat densities of the fluid. These
enter the fluid energy—-momentum tensor (2.14) together with 7, which carries the anomaly:

R 1

(we keep the conformal state equation € = p). For a flat boundary this anomaly is absent, but
Weyl transformations bring it back.

The metric (3.1) provides an exact Einstein, asymptotically AdS spacetime with R = 6A =
—6k?, under the necessary and sufficient condition that the non-conformal fluid energy—
momentum tensor (2.14) obeys

V# (T + Dyy) =0, (3.3)

where D, is a symmetric and traceless tensor which reads:

2

D, dxtdx’ = ﬁ <<u(®) +*u(@*) — %R) (u? 4+ #u?) — 4 xu(O)u = u) . (34

On the one hand, the holographic energy-momentum tensor is the sum T, + D,,, and this
can be shown following the Balasubramanian-Kraus method [33].1” On the other hand, the
holographic fluid is subject to an external force with density

fo=—VFD,,. (3.5)

17For this computation we used the conventions of [34].
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Its longitudinal and transverse components are

utfy = — 2= (+u(F) + 20*F 4+ JOR),

(3.6)
«ul f, = g2= (+u(R) + ©@*R).
Combining (2.30), (3.2) and (3.6) we find the following equations:
(Ut + «ut) Dy (e + x) = g * U Dy F, 3.7)

(ut — «ut) Dy (e — x) = o * u' G F.

Notice that eventually these equations are Weyl-covariant (weight-3) despite the conformal
anomaly.

An important remark is in order regarding the holographic fluid. Rather than T, we
could have adopted T}, + Dy, as its energy-momentum tensor. The latter would have been
decomposed as in (2.2), with € = fj and ¥ though (T = 7 since D, has vanishing trace):

o 1 R
. 1
X=X et u(@). 3.9

We did not make this choice for two reasons: (i) in the formula (3.1) we used ¢ and x rather
than & and ¥ for reconstructing the bulk; (ii) € and x/k are finite in the limit of vanishing
k, whereas & and i/k are not. This last fact is not an obstruction, but it would require to
reconsider the Carrollian hydrodynamic equations developed in Ref. [15] and applied here.

Expression (3.1) is the most general locally AdS spacetime in Eddington-Finkelstein coor-
dinates. The corresponding gauge includes but does not always coincide with BMS.!® From
that perspective, this result is new although it may not contain any new solutions compared
to Bafiados’, all captured either in BMS or in Fefferman—-Graham gauge (see [19]). The bonus
is the hydrodynamical interpretation. Here the corresponding fluid is defined on a gener-
ally curved boundary and has an arbitrary velocity field. This should be contrasted with
the treatment of three-dimensional fluid /gravity correspondence worked out in Refs. [2, 3],
where the host geometry was flat, avoiding the issue of conformal anomaly. Furthermore
the fluid was assumed perfect by hydrodynamic-frame choice, which permits a subclass of
Bafiados solutions only, as we will see in Sec. 4 by computing the conserved charges.

For practical purposes, we can work in light-cone coordinates, introduced in Eq. (2.51).
Using the expression (2.54) for the congruence u, and solving the fluid equations (3.7), we

8There is no definition of Eddington-Finkelstein gauge. Within the three-dimensional derivative expansion,
one can nevertheless refer to it as a gauge because the r-dependence is fixed. This does not exhaust all free-
dom, but allows comparison with BMS. Actually, fluid/gravity approach is not meant to lock completely the
coordinates for describing the most general solution in terms of a minimal set of functions.
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obtain the fluid densities € and ) in terms of two arbitrary chiral functions

_oe (e 3(:9° , Bg (0.9 ¢
¢ = m(z*ﬁé‘ @ Tt e 2 ) (310
20 [y 3(046)% 92 _&)? 02F  9,00_F 940_
X = ;r—c<_f++€£+ (4;?) _ZE§+(4§) - 2€+ +§;2 - ¥ g)'(&n)

Gathering these data inside (3.1) provides, in the gauge at hand, the general class of locally
AdS three-dimensional spacetime with curved conformal boundary. The conformal factor
exp2w plays actually no role because, as one readily sees from the above expressions, it
can be reabsorbed with the redefinition of r into rexp w, bringing (3.1) to its flat-boundary
form.!”? As we will shortly see, the arbitrary function ¢(x™,x™) is more insidious regarding
the charges.

We could proceed and display similar expressions in the Randers—-Papapetrou boundary
frame, describing the general locally anti-de Sitter spacetimes in terms of the three geomet-
ric data Q)(t,x), by(t,x) and a,, = a(t,x), and whatever integration functions would appear
in the process of solving the hydrodynamic equations (3.7). Usually, this resolution cannot
be conducted explicitly as it happens in light-cone coordinates, and we end up with an im-
plicit description of the bulk metric. We should quote here that a specific example of curved
boundary? was investigated in Ref. [35], outside of the fluid/gravity framework, and the
output agrees with our general results. We should also stress, following the discussion of
footnote 18, that the Randers—Papapetrou boundary frame produces in (3.1) order-r dtdx
components absent in the BMS gauge.

3.2 Ricci-flat

Our starting point is the finite derivative expansion of an asymptotically AdS3 spacetime,
Eq. (3.1). The fundamental question is whether the latter admits a smooth zero-k limit.

We have implicitly assumed that the Randers-Papapetrou data of the two-dimensional
pseudo-Riemannian conformal boundary ¥ associated with the original Einstein spacetime,
a, b and (), remain unaltered at vanishing k, providing therefore directly the Carrollian data
for the new spatial one-dimensional boundary % emerging at ¥ *. Following again the
detailed analysis performed in [18], we can match the various two-dimensional Riemannian

quantities with the corresponding one-dimensional Carrollian ones:

u=—k(Qdt — (by + By)dx) + O (k‘*) , su=kyadx+0 (i) (3.12)

9This should be contrasted with the more intricate situation regarding this conformal factor inside the analo-
gous formula in Fefferman-Graham gauge, Eq. (2.21) of Ref. [19].

20T that case Q) = exp2pB, by =0,a =1and, in our language, the fluid velocity would have been u = —k2e?Bdt,
i.e. comoving.
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and
@ == 9 + O (kZ) 7

a = Kk (¢x+7:)dx+0O(k), (3.13)
A = 0Qdt+ (ay+6,)dx + O (K?),

where the left-hand-side quantities are Riemannian, and the right-hand-side ones Carrollian
(see (2.82), (2.83), (2.85), (2.92), (2.93)).
The closed form (3.1) is smooth at zero k. In this limit the metric reads:

ds3,, = —2(Qdt —b—B)(dr+r(p+v+6(Qdt —b—B)))

Here d/?, Q, b = b,dx, @ = ¢xdx and 6 are the Carrollian geometric objects introduced ear-
lier. The bulk Ricci-flat spacetime is now dual to a Carrollian fluid with kinematics captured
in B = Bydx and ¢ = y,dx, energy density ¢ (zero-k limit of the corresponding relativistic
function), and heat current 7t = 7,dx (obtained in Egs.(2.99), (2.100) and (2.101)).

For the fluid under consideration, there is also a pair of Carrollian stress tensors originat-
ing from the anomaly (3.2). Using expressions (2.98) and (2.103), we can determine 75, and
7=, and Egs. (2.104) provide in turn the Carrollian stress:

x 1 2 ate X 1 2 2 atg
zx_—m@ +ﬁ), . 47TG<(V + ¢x) 9" — B <9 ) (3.15)

This is the Carrollian emanation of the relativistic conformal anomaly.

[1]

Expression (3.14) will grant by construction an exact Ricci-flat spacetime provided the
conditions under which (3.1) was Einstein are fulfilled in the zero-k limit. These are the
set of Carrollian hydrodynamic equations (2.106), (2.107), (2.108) and (2.109), with Carrol-
lian power and force densities e, f, gx, hx obtained using their definition (2.105) and the
expressions of f, displayed in (3.6). Equations (2.107) and (2.109) are automatically satisfied,
whereas (2.106) and (2.108) lead to?!

—@tE + — <2&g?t,3x &g?tsx -+ stx> = 0,
T (3.16)

A le

98——9}8+ 9}(7'[3(—{—28,33()—0

with s, given in (2.95). The unknown functions, which bear the fluid configuration, are
e(t,x), e(t,x) and By (t,x). These cannot be all determined by the two equations at hand.
Hence, there is some redundancy, originating from the relativistic fluid frame invariance —
responsible e.g. for the arbitrariness of {(x™,x7) in the description of AdS spacetimes using

21We remind that Weyl-Carroll covariant derivatives are defined in Eqgs. (2.87), (2.88), (2.89) and (2.90). Here
¢, B¥, Ty and s* have weights 2, 1, 1 and 3. For example Pys¥ = V¥ 4 2¢ys* = \}ﬂA (Va@'s®) +2¢qs*.
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the light-cone boundary frame. More will be said about this in Sec. 4.2.

Equations (3.16) are Carroll-Weyl covariant. The Ricci-flat line element (3.14) inherits
Weyl invariance from its relativistic ancestor. The set of transformations (2.81), (2.84) and
(2.86), supplemented with ¢ — B%e and 7ty — By, can indeed be absorbed by setting r — Br,
resulting thus in the invariance of (3.14). In the relativistic case this invariance was due to
the AdS conformal boundary. In the case at hand, this is rooted to the location of the one-
dimensional spatial boundary . at null infinity % *.

We would like to close this chapter with a specific but general enough situation to encom-
pass all Barnich-Troessaert Ricci-flat three-dimensional spacetimes. The Carrollian geomet-
ric data are by =0, Q = 1 and a = exp2®(t,x), and the kinematic variable of the Carrollian
dual fluid B, is left free. Hence (3.14) reads:

dsf,, = —2(dt— Bydx)(dr+r(0;®dt + (3; — 9;P) Brdx))
+72e®dx? + 871G (dt — Bodx) (edt — (715 + By ) dx), (3.17)

where ¢(t,x) and 77(t,x) obey Egs. (3.16) in the form

417G (3.18)

1
(0¢ +20;P) € + —— (254 (0¢ + 0: D) B* + Bx (0t + 30;P) s¥ + (05 + 9, P)s¥) =0,
9x€ + (9t + 0y D) 71y + 2€0¢ By + Br0re = 0.

Here, s, takes the simple form

Sy = Bfﬁx — at (ﬁxatcb) — ataxq). (319)

For vanishing B, the results (3.17) and (3.18) coincide precisely with those obtained in
[19] by demanding Ricci-flatness in the BMS gauge. Here, they are reached from purely
Carrollian-fluid considerations, and for generic B.(t,x), the metric (3.17) lays outside the
BMS gauge.

4 Two-dimensional flat boundary and conserved charges

We will now restrict the previous analysis to non-anomalous and Weyl-flat boundaries, both
in AdS and Ricci-flat spacetimes. This enables us to compute the conserved charges, and
analyze the role of the velocity and the heat current of the boundary fluid.
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4.1 Charges in AdS spacetimes
The flatness requirements are equivalent to setting R = 0 and F = 0. In the light-cone frame
(2.51), this amounts to (see (2.57) and (2.58))

w=0 and &(x",x7)= e ) 4.1)

where the minus sign is conventional.
Using the general solutions (3.10) and (3.11) in the bulk expression (3.1), and trading the
chiral functions ¢+ for L+ defined as

1 (Ci/)Z _ zgigi//
b (), .

we obtain the following metric:

2 _ _1 . C; + . Q _
dSEinstein - k &+ dx = dx dr

(v m ) () + (e mvmee) (5)

1 , - L.+ L_ _
+ <r2 —+ ;—km (CJF +¢ ) + ﬁ) dxtdx. (4.3)

This metric depends on four arbitrary functions: {*(x*) and ¢~ (x7) carrying information
about the holographic fluid velocity (see (2.54)), and L (x"), L_(x~), which together with
¢t (x") and ¢~ (x~) shape the energy—momentum tensor — here traceless due to the absence
of anomaly for flat boundaries. Indeed we have

1 Ly+L_ 1 L, —L_
_ e 44
inG e - AT G e “4)

and in turn
Ly

T:t:t - W

In three dimensions, any Einstein spacetime is locally anti-de Sitter. Hence, there exists

(4.5)

always a coordinate transformation that can be used to bring it into a canonical AdS3 form.
This is a large gauge transformation whenever the original Einstein spacetime has non-trivial
conserved charges. The determination of the latter is therefore crucial for a faithful identifi-
cation of the solution under consideration. It allows to evaluate the precise role played by
the above arbitrary functions.

The charge computation requires a complete family of asymptotic Killing vectors. Those
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are determined according to the gauge, i.e. to the fall-off behaviour at large-r. The family
(4.3) does not fit BMS gauge, unless ¢* are constant. This is equivalent to saying that the fluid
has a uniform velocity, and can therefore be set at rest by an innocuous global Lorentz boost
tuning ¢ =1 and ¢~ = —1.22 We will first focus on this case, where the asymptotic Killing
vectors are known, and move next to the other extreme, demanding the fluid be perfect, i.e.
in Landau-Lifshitz hydrodynamic frame. In the latter instance we will have to determine
this family of vectors beforehand, as the gauge will no longer be BMS. Investigating the
general situation captured by (4.3) is not relevant for our argument, which is meant to show

that fluid /gravity holographic reconstruction is hydrodynamic-frame dependent.

Dissipative static fluid As anticipated, this class of solutions is reached by demanding
¢* = +1, while keeping L™ arbitrary. We obtain
1 1

dsZstein = -z (dx* —dx")dr +r*dxtdx + 2 (Lydx™ —L_dx™) (dx* —dx7), (46)
which is the canonical expression of Bafiados solutions in BMS gauge. Following (4.4), the
boundary fluid energy and heat densities are ¢ = 1/47G (L4 + L_) and x = —1/4rG (L4 — L_).
Therefore the heat current is not vanishing, and in the present hydrodynamic frame the fluid
is at rest and dissipative.

The class of metrics (4.6) are form-invariant under

(=00 +("0 +{ 0 (4.7)
with
= —% (Y7 +Y') + zl—k (Y =y
—% (Ly —L)(Y" =), (4.8)
F o= Yt - 21@ (Y -y, 4.9)

for arbitrary chiral functions Y*(x) and Y~ (x7). These vector fields generate diffeomor-
phisms, which alter the functions appearing in (4.6) according to

d d
— Z;8MN = 0;8MN = %ﬁ“&gm + agLA{N 6L (4.10)
with :
(SgL:t — _Y:I:L/:t _ ZLiyﬂ:l + Ey:ﬁ:///' (411)

220bserve that one may reabsorb &+ and ¢~ by redefining dx* — ¢*dx* and r — 1/ /=¢7¢ " inside (4.3). This
does not prove, however, that & play no role, and this is why we treat them separately.
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The last term in this expression is responsible for the emergence of a central charge in the
surface-charge algebra. These vectors obey an algebra for the modified Lie bracket (see e.g.
[19]):

03 =[01, G2 = [C1,02] — 05,81 + 67,02 (4.12)

with® ¢, = Z(Y,5,Y,) and
Y5 =Y{04Ys — Yo Yi (4.13)

The surface charges are computed for an arbitrary metric g of the type (4.6) with empty
AdS; as reference background. The latter has metric § with L = L_ = ~1/4ie. e = ~1/87G
and x = 0. The final integral is performed over the compact spatial boundary coordinate
x € [0,2m]:

1 2 1 1
-$8l=—= Y'(Ly+2)+Y (Lo+2) ). 4.14
Qrlg - &3l SnkG/O dX< ( ++4>+ < +4>> (4.14)
These charges are in agreement with the quoted literature, and their algebra is determined
as usual:
{Qu, Qv } =9, Qv, = —05, Q- (4.15)
Introducing the modes
LE— L/de e (4.16)
"T8kG o TF T '

the algebra reads:

S (m® = 1) dmino, {LE, LI} =0. (4.17)

This double realization of Virasoro algebra with Brown-Henneaux central charge ¢ = 3/2kG
was expected for Bafiados solutions (4.6).

Perfect fluid with arbitrary velocity In Landau-Lifshitz frame the heat current vanishes
(x =0) and the boundary conformal fluid is perfect. Equation (4.4) requires for this
M

= = — 1
Ly=L =, (4.18)

23Here 7,01 stands for the variation produced on ¢y by (>, and this is not vanishing because {; depends

N N
explicitly on Ly: 67,01 = (%5§2L+ + %5gzL_> oN-
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with M constant, while it gives for energy density e = —M/4rGz*¢~. As for the general case,
the reconstructed bulk family of metrics

1 G | ¢ -
ds%instein = _%< _€_+dx+— —C—_dx )d}’

(T (5 (v m ) (5)

2, I 1 + — M + 1—
+ (r + %o 7 +e)+ 7ng+§—> dxtdx (4.19)
is not in BMS gauge, unless ¢* are constant. Again this latter subset is entirely captured by
¢* = +1, and the resulting solution is BTZ together with all non-spinning zero-modes of

Bafiados family:

1 M
dsingeein = — 7 (dx" — da™) dr +r2dx*da” + 25 (dx” — dx~)?. (4.20)

The asymptotic structure rising in (4.19) is now respected by the following family of
asymptotic Killing vectors

=170 +y"0,+y 0, (4.21)

expressed in terms of two arbitrary chiral functions €= (x*)
= _% (e +e7), nt = et (4.22)

These vectors, slightly different from those found for the dissipative boundary fluids (4.7),
(4.8), (4.9), appear as the result of an exhaustive analysis of (4.19). They do not support sub-
leading terms, and since they do not depend on the the functions ¢*, they form an algebra
for the Lie bracket:

[m1,12] = 113 (4.23)
with 7, =7 (e} ,€e;, ) and
ef =efer’ —eyef. (4.24)

They induce the exact transformation

OgMN OgMN OSMN ¢ o . OSMN . »_
— Zy§MN = 0y8MN = e+ oyEt + e+ oy + 9 oy +F5ri§ / (4.25)
with
6y = T g — gre”. (4.26)
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Following the customary pattern, we can determine the conserved charges, with AdSs;
as reference background, now reached with ff=4land M = -1/2 (again € = ~1/87G and

x =0):
1 o 1 1

as well as their algebra:

{Qe,Qes} = 6y, Qe, = =, Qey.- (4.28)
Defining now
[ / 7 et <L _ 1> (4.29)
167tkG Jo &2
we find '
(LE,LEY =i(m—n)LE,, + %@Hmo, {LE,LF) =0 (4.30)

The central extension of this algebra is trivial. Indeed, it can be reabsorbed in the following
redefinition of the modes L

- 1
Ly=Ly+ %@n 0 (4.31)
Therefore, (4.30) becomes
{Li Li}y=im—n)Ls,,, {Li L7} =0. (4.32)

The algebra at hand (4.32) is de Witt rather than Virasoro, and this outcome demonstrates the
already advertised result: the family of locally anti-de Sitter spacetimes obtained holograph-
ically from two-dimensional fluids in the Landau-Lifshitz frame overlap only partially the
space of Bafiados solutions. This overlap encompasses the non-spinning BTZ and excess or
defects geometries provided in (4.20).

4.2 Charges in Ricci-flat spacetimes

The absence of anomaly in the Carrollian framework is equivalent to setting X*, = &%, =0
(see (3.15)), whereas the Weyl-Carroll flatness requires s = 0 (see (2.96)). This amounts to
taking QY =a =1and b, = 0,2* and with those data s = 0 reads

By =0. (4.33)

24 Actually the absence of anomaly requires rather Q = Q)(t), a = a(x) and by = by (x), which can be reabsorbed
trivially with Carrollian diffeomorphisms.
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In the Carrollian spacetime at hand, the fluid equations of motion (3.16) are

de=0,
e (4.34)
3 + 3¢ (114 + 2¢By) = 0.

Equations (4.33) and (4.34) can be integrated in terms of four arbitrary functions of x:
e(x), @(x), A(x) and p(x). We find

et x) = —2e(x)Bx(tx) +@(x) — te'(x), (4.35)
Bx(t,x) = ;8((9;)) - 2%; ((;C)) (4.36)

(this parameterization of 8, will be appreciated later). The Ricci-flat (even locally flat) holo-

~~

graphically reconstructed spacetime from these Carrollian fluid data is obtained from the
general expression (3.14):

dsg, = — 2(dt — Bxdyx) (dr + 9, Bxdx) + r*dx®

(4.37)
+ 871G (e(dt — Brdx)? — medx(dt — Bxdx)),

where B, and 71, are meant to be as in (4.35) and (4.36).

On the one hand, the arbitrary functions &(x) and @(x) are reminiscent of the functions
Li(x*) (or &(t,x) and x(t,x)) present in the AdS solutions. A vanishing-k limit was indeed
used in Ref. [26] to obtain ¢(x) and @(x) from L. (x*). On the other hand, A(x) and p(x) re-
mind ¢*(x*), and are indeed a manifestation of a residual hydrodynamic frame invariance,
which survives the Carrollian limit. Considering indeed the Carrollian hydrodynamic-frame
transformations (2.110)

B\ = P + Bx, (4.38)

in the present framework (X*, = Z*, = 0), and using Eqs. (2.73), (2.74), (2.75), (2.76), (2.99),
(2.100), (2.101), we obtain the transformations:

¢ =¢, =7 — 2By, (4.39)

which leave the Carrollian fluid equations (4.34) invariant. The new velocity field B, is
compatible with the Weyl—-Carroll flatness (4.33) provided the transformation function By is
linear in time, hence parameterized in terms of two arbitrary functions of x. This is how A(x)
and p(x) emerge.

Observe also that the residual Carrollian hydrodynamic frame invariance enables us to

define here a Carrollian Landau-Lifshitz hydrodynamic frame. Indeed, combining (4.35)

29



and (4.36) we obtain

(%) = —A(x) + @(x) + te(x)dy In % (4.40)

Adjusting the velocity field B, such that
Ax)=@(x) and MF_1 (4.41)

with gg a constant, makes the Carrollian fluid perfect: 7r, = 0.

In complete analogy with the AdS analysis, we will first compute the charges for vanish-
ing velocity By = 0 (which is given by A(x) = 0 and p(x) = 1) in terms of e(x) and @(x), and
next perform the similar computation for perfect fluids with velocity B, parameterized with
two arbitrary functions A(x) and p(x). Here empty Minkowski bulk is realized with y =1,
A=0,0=0and gy = —1/8rG.

As for the AdS instance discussed in Sec. 4.1, the class (4.37) is not in the BMS gauge,
unless B, is constant, which can then be reabsorbed by a global Carrollian boost (constant
By).2> We will first discuss this situation, where the asymptotic Killings are the canonical
generators of bmsz. Outside the BMS, we will perform the determination of the asymptotic
isometry for metrics reconstructed from perfect fluids, and proceed with the surface charges
and their algebra. Our conclusion is here that asymptotically flat fluid/gravity correspon-
dence is sensitive to the residual hydrodynamic-frame invariance.

Dissipative static fluid The metric (4.37) for vanishing B, takes the simple form
dsf,, = —2dtdr + r’dx® + 871G (edt — (@ — te') dx) dt, (4.42)

compatible with BMS gauge with asymptotic Killing vectors

{=0"0,+ 0+ "0y, (4.43)
where
I = —rY’+H”+tY’”+$(co—te') (H' +tY"), (4.44)
' = H+tY, (4.45)
&= Y—%(H’thY”). (4.46)

BThe functions A(x) and p(x) entering (4.37) via (4.35) and (4.36) can be reabsorbed in any case by performing
the coordinate transformation dx — \/C:ET)/ dt — \/;}(T) (dt + Bxdx) and r — ry/p(x). This leads to the same

form as the one reached by setting u =1 and A =0, i.e (4.42).
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Here H and Y are functions of x only. Vectors (4.44), (4.45), (4.46) are the vanishing-k limit of
(4.7), (4.8), (4.9), reached by trading light-cone frame as x* = x + kt, and setting Y= (x*) =
Y(x) £k(H(x) + tY'(x)).

This family of vectors produces the following variation on the metric fields:

0 0 0
— a%gMN = 5CgMN = SMN (Sgs + gl\/fN (Sgs/ + SMN 5@6’0 (4.47)
de de o
with
111
bre = —2eY —Y¢ , 4.4
€ e e+ 11G (4.48)
H" 1 A N
Si0 = —47TG+H(€H) -5 (@Y?)". (4.49)
Their algebra closes for the same modified Lie bracket (4.12) with {, = {(H,,Y,) and
Y;=Y1Y; —YoY] H;= Y H)+ H1Y, — Y>2H] — HoY]. (4.50)

We can compute the charges of ¢ in (4.42), using Minkowski as reference background g.
They read:

27
Qn,y(g — &8 2/ dx [ <£+ &) — Yco] . (4.51)
With a basis of functions expimx for H and Y, we find the standard collection of charges
P, = l/zndxeimx €+ L Jm = 1 2ﬂdxe”’”‘a) (4.52)
" 2o 8nG)" " 2o '

which coincide with the computation performed e.g. in [26]. Using

{QHLYl’ QHZ,YZ} = 5@1 QHQ,YQ = _5@ QH],Y]/ (453)

we obtain the following surface-charge algebra:

c :

ﬁm (mZ - 1) 5m+n,01 1{]m/]n} = (m - n)]m-i—n/ {szpn} =0
(4.54)

with ¢ = 3/G. This is the bmsj; algebra, and this analysis demonstrates that a non-perfect

i{]mrpn} = (m - n)Pm-i-n +

Carrollian fluid, even with B, = 0, is sufficient for generating holographically all Barnich—
Troessaert flat three-dimensional spacetimes. This goes along with the analogue conclusion
reached in AdS for Bafiados spacetimes.
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Perfect fluid with velocity Consider now the resummed metric (4.37) assuming (4.41). We

obtain
2 W 2.2 2
dsf,e = —2(dt — Bxdx) ( dr — de + r°dx” 4+ 87tGeop (dt — Bdx) (4.55)

with B, given by

1 /A
ﬁx:$<a—t;{>. (4.56)

Unless B, is constant, the metrics (4.55) are not in BMS gauge. The BMS subset is entirely
captured by u = 1, A = 0 with resulting solutions plain Minkowski (¢9 = ~1/87G) and the
non-spinning zero-modes of Barnich-Troessaert family:

ds?,, = —2dtdr + r*dx® + 87 Geodt?. (4.57)
The asymptotic isometries of (4.55) are now generated by?°
7 ="1"0r + 10 + 170, (4.58)
expressed in terms of two arbitrary functions /(x) and p(x)
n=-ro, nt=h+to!, y=p. (4.59)

The algebra of asymptotic Killing vectors closes for the ordinary Lie bracket

[11,12] = 113 (4.60)
with 17, = 1 (h,,04) and
03 =102 = P2p1, 3 = iy + My — polty — hopy. (4.61)
It respects the form of the metric
— Ly gmN = 6,9MN = a%A;N Syt + ag;‘f,N S’ + agaA)fN Sy (4.62)
with
SyA = —2Ap" —pA' +eo (2uh' +hy'), (4.63)
S = —2up’ —pp'. (4.64)

The charges of g in (4.55) are computed as usual with Minkowski as reference back-

26 Again the fields (4.58), (4.59) are alternatively obtained by an appropriate zero-k limit of (4.21) and (4.22).
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ground g. They read:

1 pm 1
Qnolg — 8,8l = E./o dx [h <€0V + 871'—G> - PA] : (4.65)

With a basis of unimodular exponentials for i and p, we find again

o= 2 [T axem (eopt+ ), e =L [ dxeimin (4.66)
"= ) HTerc ) mT T2 ) ’ '
and
{thfpl' th,Pz} = 5771 th,pz = _5772 Qh1,p1 (4.67)

provide the surface-charge algebra:

i{]mrpn} = (m - n)Pm+n - %(Sm—o—n,O/ 1{]m/]n} = (m - n)]m+n/ {Pmrpn} =0. (468

As for the anti-de Sitter case, the central extension of this algebra is trivial. By translating the
modes ,
pm = Py — %(5%0/ (469)

we obtain

i{Jm P} =(m—n)Pyrn, i{JmJn}=m—n)]wsn, {PuDi}=0. (4.70)

This algebra (that could have been obtained from (4.32) in the zero-k limit) has no cen-
tral charge. Therefore, our computation shows unquestionably that holographic locally flat
spacetimes based on perfect Carrollian fluids — fluids in Carrollian Landau-Lifshitz frame —
cover only in some measure the family on Barnich-Troessaert solutions. Among those one
finds (4.57).

5 Conclusion

We can now summarize our achievements. The motivations of the present work have been
twofold: (i) reconstruct asymptotically anti-de Sitter and flat three-dimensional spacetimes
using fluid /gravity holographic correspondence in a unified framework; (ii) investigate the
emergence of hydrodynamic-frame invariance and its potential holographic breakdown.
Solutions to three-dimensional vacuum Einstein’s equations have been searched system-
atically since the seminal work of BTZ, and their asymptotic symmetries as well as the cor-
responding conserved charges are thoroughly understood. In parallel, many aspects of their
boundary properties in the anti-de Sitter case were discussed before the advent of the holo-
graphic correspondence, and lately for the flat case in relation with the BMS asymptotic sym-
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metries. However, setting up a precise correspondence between a general two-dimensional
relativistic fluid defined on an arbitrary background and a three-dimensional anti-de Sit-
ter spacetime was only superficially analyzed, whereas the possible relationship among flat
spacetimes and Carrolian fluid dynamics had never been considered. This has been the core
of our inquiry.

Because relativistic fluid dynamics in two spacetime dimensions is rather simple, it al-
lows to perform an exhaustive and exact study of the equations of motion, and of their
form invariance under hydrodynamic-frame transformations — local Lorentz boosts. We
have assumed for commodity a conformal equation of state, keeping the fluid non-conformal
though (i.e. with non-zero viscous bulk pressure). Hence, the relativistic fluid is described
by an arbitrary velocity field, the energy and heat densities, and the viscous pressure, all
transforming appropriately under local Lorentz boosts so as to keep the energy—-momentum
tensor invariant. The extreme situation corresponds to the Landau-Lifshitz frame, where
the heat current vanishes and the energy—-momentum tensor is diagonal.

Three-dimensional Einstein spacetime reconstruction is then achieved with the deriva-
tive expansion, following the usual pattern of higher dimensions. Here it is not an expan-
sion but a finite sum, involving all boundary data. Holographic fluids have an anomalous
viscous pressure proportional to the curvature of the host geometry. Owing to this fact, the
holographic fluid does not move freely, but is subject to a force, entirely determined by its
kinematical configuration and by the geometry. Using light-cone coordinates and confor-
mally flat boundary makes it easy to obtain the general fluid configuration, and a general
and closed expression for locally anti-de Sitter spacetimes, in a gauge which is less restrictive
than BMS.

With this general result, it is possible to address the question of whether a boundary
fluid configuration observed from different hydrodynamic frames gives rise to distinct bulk
geometries. This is discussed in the simpler (but sufficient for the argument) case of flat
boundaries with vanishing Weyl curvature, for which the fluid is conformal (no anomaly).
The reconstructed bulk geometries are then described in terms of two pairs of chiral func-
tions, ¢* and L. The former parameterize the velocity of the fluid, while the latter its energy
and heat densities. With these data two extreme configurations emerge: (i) a fluid at rest
with heat current; (ii) a fluid with arbitrary velocity and vanishing heat current (hence per-
fect since the viscous pressure is also zero) i.e. in the Landau-Lifshitz frame. For both cases
one determines the bulk asymptotic Killing vectors together with the algebra of conserved
surface charges. In the first instance, the left and right Virasoro algebras appear with their
canonical central charges. In the second, the central charges vanish, demonstrating thereby
that the bulk-metric derivative expansion is sensitive to the boundary-fluid hydrodynamic
frame. In particular, the Landau-Lifshitz frame fails to reproduce faithfully all Banados’

solutions, contrary to the common expectation.
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The above pattern has been resumed for the Ricci-flat spacetimes. The conformal bound-
ary is now at null infinity, and is endowed with a Carrollian 1 + 1-dimensional structure.
Boundary dynamics is carried by a Carrollian fluid, obeying a set of hydrodynamic equa-
tions for energy and heat densities, two viscous stress scalars as well as a kinematic variable
referred to as “inverse-velocity”. Generically, these equations do not exhibit any sort of
hydrodynamic-frame invariance.

The reconstruction of three-dimensional Ricci-flat spacetimes is achieved by considering
the vanishing-k limit of the anti-de Sitter derivative expansion, which is finite. Information is
supplied in this Ricci-flat derivative expansion by the Carrollian fluid defined at null infinity.
In particular, the original conformal anomaly is carefully identified as a source of Carrollian
stress.

As for Einstein spacetimes, we do not consider the most general situation, but impose
equivalent restrictions: absence of anomaly and zero Weyl-Carroll curvature. The derivative-
expansion gauge is slightly less restrained than BMS, and a residual hydrodynamic-frame-
like invariance emerges, which allows to treat the same Carrollian dynamics from two equiv-
alent perspectives: (i) a Carrollian fluid with vanishing inverse velocity and non-zero heat
current; (ii) a Carrollian fluid with inverse velocity and vanishing heat current (i.e. a sort of
Carrollian Landau-Lifshitz frame). Although equivalent from the Carrollian-fluid perspec-
tive, these two patterns lead to Ricci-flat spacetimes with different surface charge algebras.
The former family fits in BMS gauge and reproduces all Barnich-Troessaert spacetimes with
the appropriate charges. The algebra is bmsz with central charge. The set of Ricci-flat metrics
obtained with a Carrollian perfect fluids exhibit an algebra without central charge.

The above is the core of our work. Our findings raise several immediate questions. The
most important concerns the systematic analysis of asymptotic Killing vectors and conserved
charges under the general fall-off behaviours suggested by the derivative expansion. This
question is valid in both anti-de Sitter and flat spacetime. The latter case calls for a deeper
Hamiltonian understanding of the charges within the appropriate intrinsic Carrollian setup
recently developed in [36]. All this also concerns fluid /gravity holographic correspondence
irrespective of the dimension. Even though the possible breakdown of the Landau-Lifshitz-
frame paradigm has been quoted for three-dimensional holographic boundary fluids [37],
no concrete result is available at present.

Aside from the interplay between gravity and fluids, a purely hydrodynamic issue was
also discussed: the entropy current. In relativistic systems, this current is expected to be
hydrodynamic-frame invariant — by essence of this invariance. Itis also physically restricted,
to comply with fundamental laws. No closed expression exists and this object is usually
constructed order-by-order in the derivative expansion. In two dimensions, we have the
possibility to implement frame invariance exactly and we proposed a closed expression,

which however is not unique and deserves further investigation. At the first place, one
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should understand whether and why this choice is the natural one. It could also wondered if
it is useful for systems of dimension higher than two. Eventually, in the spirit of considering
its Carrollian limit, one should try to give a meaning to entropy in ultrarelativistic systems.
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Abstract

It is a well known property of holographic theories that diffeomorphism invariance in the bulk space-
time implies Weyl invariance of the dual holographic field theory in the sense that the field theory couples
to a conformal class of background metrics. The usual Fefferman-Graham formalism, which provides us
with a holographic dictionary between the two theories, breaks explicitly this symmetry by choosing a
specific boundary metric and a corresponding specific metric ansatz in the bulk. In this paper, we show
that a simple extension of the Fefferman-Graham formalism allows us to sidestep this explicit breaking;
one finds that the geometry of the boundary includes an induced metric and an induced connection on
the tangent bundle of the boundary that is a Weyl connection (rather than the more familiar Levi-Civita
connection uniquely determined by the induced metric). Properly invoking this boundary geometry has
far-reaching consequences: the holographic dictionary extends and naturally encodes Weyl-covariant
geometrical data, and, most importantly, the Weyl anomaly gains a clearer geometrical interpretation,
cohomologically relating two Weyl-transformed volumes. The boundary theory is enhanced due to the
presence of the Weyl current, which participates with the stress tensor in the boundary Ward identity.



1 Introduction

The basic principle of general relativity is invariance under diffeomorphisms with, as it is usually formulated,
a metric playing the role of the dynamical degrees of freedom. Nonetheless, we usually make use of specific
choices of coordinates and parametrizations of the metric, since we are often interested in particular
subregions of the space-time manifold. These parametrizations are not harmless in that they break (or
gauge fix) some subset of the diffeomorphisms, and one has a restricted class of diffeomorphisms which
explicitly preserves the form of a given parametrization. It is most clarifying to choose a parametrization
such that the unbroken symmetries act geometrically on the subregion of spacetime. This is particularly
important, for example, for hypersurfaces of any type and co-dimension, but even more generally, for
sub-bundles (distributions) of the tangent bundle.

Fefferman and Graham in their seminal works [1,2] found a bulk gauge (FG gauge) preserving the
structure of time-like hypersurfaces in AdSg4y1 spacetimes. This is useful to discuss the time-like conformal
boundary; which in suitable coordinates is located at z = 0, z being the holographic coordinate such that
z = const hypersurfaces are time-like. The FG gauge induces on the boundary a metric and its Levi-Civita
connection. Although everything is consistent, there exists some leftover freedom in choosing the boundary
metric. This comes about because the induced metric on the z = 0 hypersurface is defined, because of
certain bulk diffeomorphisms, up to a rescaling by a non-trivial function of the boundary coordinates. We
therefore often refer to the boundary as possessing a conformal class of metrics and say that the boundary
enjoys Weyl symmetry. The latter is however often ignored in physical applications, for we usually fix the
boundary metric and thus break this symmetry.

In an attempt to bring electromagnetism and gravity into a unified framework [3], Weyl introduced
the concept of Weyl transformation, which encapsulates the possibility of rescaling the metric with an
arbitrary scalar function. Weyl symmetry is not considered in many physical systems, but it is a key
feature of holography. For instance, it is a very powerful tool in the fluid/gravity correspondence [4-7],
where it is exploited in organizing the boundary theory.

The main observation that we focus on here is that the Levi-Civita connection is not Weyl-covariant,
the metricity condition being the source of this non-covariance. This problem can be sidestepped by
introducing the notion of a Weyl connection and more generally of Weyl geometry [8,9]. These concepts
have been mentioned in the literature from time to time with reference to a variety of proposed physical
applications, mostly in conformal gravitational theory, but also in cosmology and in particle physics, see
e.g. [10-22].1 In the present paper, we will show that Weyl connections play a role in the holographic
correspondence, on the field theory side of the duality. Indeed, our first result will be to show that, by
slightly generalizing the FG ansatz to what we call the Weyl-Fefferman-Graham gauge (WFG), the Weyl
diffeomorphism responsible for the rescaling of the boundary metric becomes a geometric symmetry. The
consequences of this modification are simple: this bulk geometry induces on the boundary a metric and a
Weyl connection, instead of its Levi-Civita counterpart. In the dual quantum field theory, these objects
act as backgrounds and sources for current operators. Thus, Weyl geometry makes an appearance in
holography, not through a modification of the bulk gravitational theory, but in the organization of the dual
field theory.

To establish these results, it is important to employ the notion of a (possibly non-integrable) distribution
(i.e., a sub-bundle of the tangent bundle), replacing the less general notion of hypersurfaces and foliations.
Since this may be unfamiliar to the casual reader, we take some time to review the mathematics, which is
informed by theorems of Frobenius. In this way of thinking, the more relevant object is a tangent space,
rather than a space itself.

The FG gauge admits an expansion of the metric from the boundary to the bulk in powers of the
holographic coordinate z. Solving Einstein equations allows the extraction of the different terms of the

'For a review on applications of Weyl geometry in physics, see [23] and references therein.



expansion, all being determined by two terms in the expansion: the leading order, which defines the
boundary conformal class of metrics and the term at order z¢~2 which gives the vacuum expectation value
of the energy-momentum tensor operator of the dual field theory, as originally discussed in [24-26]. It is a
theorem that, given these two quantities, one can reconstruct, at least order by order, a bulk AdS spacetime
in FG gauge — with some caveats due to the Weyl anomaly, which we will discuss shortly. The resolution
of Einstein equations order by order for the WFG gauge on the other hand leads to a modification of the
subleading terms in this expansion. In fact, we will demonstrate that the modifications are such that each
term is Weyl-covariant; in the FG gauge, the subleading terms transform under Weyl transformations in
a very complicated non-linear fashion (which, as we discuss, comes about because they are determined by
non-Weyl-covariant Levi-Civita boundary curvature tensors).

It is a familiar aspect of the FG formalism that the on-shell bulk action diverges as one approaches the
boundary. Traditionally, this is dealt with by including local counterterms which are functionals of the
induced geometry, in a solution-independent way [25,27-29]. There remains one physical subtlety, which
is the appearance of a simple pole in d — 2k, with k integer. This effect is more appropriately thought of
as an anomaly in the Weyl Ward identity, a basic feature of renormalization theory [30]. This anomaly
can be traced back to the fact that holographic renormalization breaks Weyl covariance by fixing a z = €
hypersurface to regulate the theory. No Weyl-covariant renormalization procedures exist. Consequently, a
Weyl anomaly is present, and contributes in any even-dimensional boundary theory. There is of course a
huge literature on this subject, but an interesting historical account on the Weyl anomaly is [31], with a
useful list of relevant references therein, as e.g. [32-34]. Notice also that a more field-theoretical approach
to the anomaly, inspired by string theory and based on the non-invariance of path integral measure under
Weyl transformations can be found in [35,36]. The Weyl anomaly is an integral over geometrical tensors,
the form of which depends on dimension. These tensors have been classified in [37]. We will unravel a
different packaging of the Weyl anomaly, through the use of the WFG gauge — the Weyl anomaly will in
fact become an integral over Weyl-covariant geometrical tensors. This result reorganizes the theory in a
much simpler fashion and opens the door to a relevant direction of investigation, which is the determination
of this coefficient in any even dimension. Inspired by [38], we will moreover present a simple cohomological
interpretation of the Weyl anomaly, based on the difference of two Weyl-related bulk top forms.

The presence of the anomaly is usually encoded in the fact that the boundary energy-momentum tensor
acquires an anomalous trace [39-41]. Indeed in FG gauge, it is found that it must be a priori traceless.
This boundary Ward identity is obtained by considering the boundary background as dictated by the
induced metric only. It is thus natural that there is only one sourced current. However, one finds that
one must typically improve the energy-momentum tensor, as originally found in [42]. We advocate in
this paper a different interpretation, corroborated by the WFG extension. Specifically, we interpret the
boundary theory as defined on a background metric (again given by the induced-from-the-bulk metric) and
a background Weyl connection, given by the leading order of the bulk dual. In this respect, we are now
really sourcing two different currents, which can and indeed do both participate in the boundary Ward
identity. From this perspective we are gauging the Weyl symmetry in the boundary [43-46], although
more properly, we should view it as a local background symmetry. Actually, it is the WFG in the bulk that
is promoting this Weyl connection to a background configuration in the boundary. We will in particular
show that the holographic dictionary furnishes directly this boundary Ward identity relating the trace of
the energy-momentum with the divergence of the Weyl current. This will be elegantly verified directly
from the boundary action, without invoking holography. Consequently, our setup is useful also to analyze
the profound relationship between Weyl invariance and conformal invariance, a subject which has been
discussed for instance in [47,48].

This paper is organized as follows. Section 2 introduces the Weyl connection, its metricity and torsion
properties and its curvature tensors and associated identities. Emphasis is given to its relationship with
the ordinary Levi-Civita connection. We then analyze in Section 3 the FG gauge and define the Weyl-
Fefferman-Graham gauge. We show that the WFG gauge is form-invariant under the Weyl diffeomorphism.



We then discuss the important result that we are indeed inducing a Weyl connection on the boundary.
The latter makes the (tangent bundle of the) boundary a (generally non-integrable) distribution. Section
4 describes the improved holographic dictionary: the boundary Ward identity is derived and it is shown
that every term in the bulk-to-boundary expansion is by construction Weyl-covariant. These results are
supported by Appendix A, to which we delegate useful details for the computation of Einstein equations
order by order. The next part of this section is devoted to a through analysis of the Weyl anomaly, and
its cohomological derivation. In Section 5, we present some relevant field theoretical results: we re-derive
the Ward identity intrinsically and present examples of simple Weyl-invariant actions. We then conclude
and offer some final remarks in Section 6.

2 Weyl Connections and Weyl Manifolds

Recall that given a manifold M with metric g and connection V (on the tangent bundle TM), we define
the metricity Vg and torsion 7" via

Vxg¥,2) = Vx(gX,2))-9(VxY,Z) - g(Y,VxZ), (1)

where X, ... are arbitrary vector fields and [X, Y] denotes the Lie bracket. Suppose we have a basis {¢e,}
of vector fields, and define the connection coefficients via

Ve, e, = gpe (3)

It is a familiar theorem that requiring both the metricity and torsion of the connection to vanish leads
to a uniquely determined set of connection coefficients, those of the Levi-Civita (LC) connection. Indeed,
further defining the rotation coefficients

[ea> €] = Car“e. (4)

we find the general result

fgc = %gdb (ga(gbc) + Qc(gab) - Qb(gca)> - %gdb (Cabfgfc + Ccafgfb - Cbcfgfa)u (5)

where gup = g(e,,€p) and we use the circle notation to refer to the LC quantities. This reduces with the
choice of coordinate basis e, = 9, to the familiar Christoffel symbols.

The vanishing of metricity and torsion are certainly invariant under diffeomorphisms. Therefore, all
the geometrical objects built using the LC connection transform nicely under diffeomorphisms. We note
though that metricity is not invariant under Weyl transformations® g — g/B2, instead transforming as

Vg—Vg—2dnB®g. (8)

Consequently, if we wish to consider geometric theories in which Weyl transformations play a role, it is
inconvenient to choose the usual LC connection. Instead, one attains a connection that is covariant with

2The Weyl transformation should not be confused with a conformal transformation, which is a diffeomorphism. They do
look similar in their actions on the components of the metric,

Weyl:  gap(2) = ga(z)/B(2)?, (6)
conformal s gap(x) = gap(a”) = gav(x) /w(z)”. (7)

Here though, B(z) is an arbitrary function, while w(z) is a specific function, associated with a special diffeomorphism that is
a conformal isometry.



respect to both Weyl transformations and diffeomorphisms by introducing a Weyl connection A which
transforms non-linearly under a Weyl transformation

g—g/B, A= A—dhB. (9)
By design then, the Weyl metricity is covariant®
(Vg—24®g) — (Vg —24A®g)/B, (10)

and it makes sense to set it to zero if one wishes. Fortunately, there is a theorem which states that there
is a unique connection (also generally referred to as a Weyl connection) that has zero torsion and Weyl
metricity. In this case, the connection coefficients are given by the formula

Fgc = %gdb <§a(gbc) + §c(gab) - Qb(gca)) - %gdb (Cabfgfc + Ccafgfb - Cbcfgfa)
~(Aade + Ay = " Argea ) (11)

We note that these connection coefficients are in fact invariant under Weyl transformations. Conse-
quently, the curvature of the Weyl connection has components®

R%eq = e.(T'g) — eq(T'ey) + ngrgf - Ffbrgf - Ccdfr?‘b (13)

that are themselves Weyl invariant. This Weyl-Riemann tensor possesses less symmetries than its Levi-
Civita counterpart, and indeed the degrees of freedom contained within are in one-to-one correspondence
with the Levi-Civita Riemann tensor, plus a 2-form F', which is the field strength F' = dA. To see this, we
can write the Weyl curvature components in terms of the LC curvature components,

R%a = R%eq+ VaApd®e — VeAyd®y+ (VaAe — VeAd)d% + VeA%Gyg — VaA® gy (14)
+Ap(Agde — Adq) + A% gpaAe — GocAd) + A% (ghed"d — gpad®e). (15)

The corresponding Weyl-Ricci tensor, which we define as Ricy, = R4, is given by
Ricay = Ricay — $Fuy + (d— 2) (%(aAb) + AaAb) n (@ A (d- 2)A2) Gab (16)
in space-time dimension d. We then read off that the Weyl-Ricci tensor has an antisymmetric part
Ricpy = —3Fy, (17)
while the symmetric part differs from the LC Ricci tensor,
Ric(ay = Ricay + (d = 2) (Vi Apy + Aads) + (V- A= (d = 2)4) g (18)
The corresponding Weyl-Ricci scalar is the trace,

R=R+2(d—-1)V-A—(d—1)(d—2)A4% (19)

3To be more specific, what we mean by this notation is
(Vg -2409)(X,Y, 2) = Vxg(Y, Z) - 2A(X)9(¥, Z)
The notation A(X) used here and throughout the paper refers to the contraction of a 1-form with a vector, A(X) =ixA =
Aa X,

“Here we are using the convention

R%cae, = Rley e eq) = Ve, Ve, — Ve, Ve €, — V[ (12)

€. ,gd} =



Under a Weyl transformation, R — RB?, so we see that the LC Ricci scalar must transform very non-
trivially under Weyl,

R — B? (132+ 2(d—1)V2InB—2(d—1)(d —2)A-dIn B+ (d — 1)(d — 2)(dIn B)2> (20)

in order to cancel the transformation of the non-Weyl-invariant expression involving the Weyl connection
A. We thus see the important role played by the Weyl connection. Organize the theory with respect to
the latter is a more natural prescription, whenever this theory includes Weyl transformations.

Given a Weyl connection, we can organize tensors in such a way that they have a specific Weyl weight
and we use the notation

Vxt = Vxt+wAX) t. (21)
whereby
ts B, Vit BYVL. (22)

For the specific case of a scalar field ¢, we would then write V,¢ = e,(¢) + wyAq¢. The condition that
Weyl metricity vanishes is translated in this notation as Vg = 0.
Finally we remark that the Bianchi identity for the Weyl-Riemann tensor is

VaR%cd + VeR%da + ViR pae =0 (23)
Contracting the e, ¢ indices, we get the once-contracted Bianchi identity
VoRicpyg — VaRicy, + VR %pgq = 0. (24)
which given that the Weyl-Riemann and Weyl-Ricci tensors are Weyl invariant, can also be written as
VaRicyq — VaRicy, + VeR %gq = 0. (25)
If we multiply by g%, we find
9%V aRicpg — VR 4 V(g Ro%aq) = 0. (26)
This can be simplified further by noting that
9 R0 = g (Ricbd + 2de> (27)
and hence the twice contracted Bianchi identity can be simplified to
9"Va(Gre + Fye) = 0 (28)

where Gy, = Ricg, — %Rgab is the Weyl-Einstein tensor. Since G and F' have Weyl weight zero, this can
also be written as

9V o (Ghe + Fpe) =0 (29)

This is the analogue of the familiar result in Riemannian geometry, V@G, = 0.



3 Weyl Invariance and Holography

The Fefferman-Graham theorem says that the metric of a locally asymptotically AdSyy1 (LaAdS) geometry
can be always put in the form

ds* = dei + hy (2 x)da da” (30)

The conformal boundary is a constant-z hypersurface at z = 0 in these coordinates. To obtain this
form, one has used up all of the diffeomorphism invariance, apart from residual transformations of the
zt — 2'M(x), which of course would change the components of h,, in general.

Near z = 0, h;,(2;2) may be expanded

: [ (@) + Sn@@) + .. (31)

L 24
i) = 5 0@ + 502 + Sl +.] + S [el0) + S

Ld72

Here, we are regarding the boundary dimension d as variable® (in fact, we will regard d € C formally as

needed. This is discussed further later in the paper). ’yw,) (z) has an interpretation as an induced boundary
metric:

ﬁds — vﬁ(&)(m)dx”dx” :dsgdy. (32)

It is this object that sources the stress energy tensor in the dual field theory, with 7r (a:) its vev. All of
the other terms in the series are determined in terms of 'ym,) (z), 7'['53)( ) by the bulk classical equations of
motion.

Equation (32) defines the induced boundary metric up to a Weyl transformation. We see indeed that
there is an ambiguity in the construction of this metric which amounts in defining the latter up to a scalar
function of the boundary coordinates. Although it is often stated, this ambiguity is usually disregarded.

The following bulk diffeomorphism (which we refer to as the Weyl diffeomorphism)
z — 2 = 2/B(x), at — 2’ = gt (33)

plays an important role. It has the effect of inducing a Weyl transformation of the boundary metric: using
(32) with now holographic coordinate z’ we obtain

0)
dsty, = Wlijf(” () ) doda” (34)

However, this diffeomorphism does not leave the bulk metric in the Fefferman-Graham gauge, but rather
transforms it to

ds* = L? (d_z + 0, In B(x) dx“)z + hyw (2'B(x); x)da* dx” (35)
where
2 [0 4
hoEB@in) = 5 |2 o) + FB(wWJ( £+ (36)
Z/d—2
T= {B(x)d_QTrfg)( ) + B(a:)d (@ )+...]. (37)

®This avoids the necessary introduction of logarithms that occur when d is an even integer.



Thus, this diffeomorphism takes us out of FG gauge (as it is one of the diffs that was fixed in going to
that gauge), and acts on the boundary tensors ng,)(x) and WEL]Z) (z) by a local Weyl rescaling with specific
k-dependent weights.

The standard way to deal with the fact that we have been taken out of FG gauge is to employ an addi-
tional diffeomorphism acting on the x# — x# +£#(z; x) which becomes trivial at the conformal boundary in
such a way that 7&9,) (x) is left unchanged, but the cross term in (35) is cancelled. However, this diffeomor-
phism unfortunately has a complicated effect on all of the subleading terms in the metric — they no longer
transform linearly as in (36), but instead transform non-linearly under the combined transformations and,
we claim, this obscures the geometric significance of the sub-leading terms. There is nothing inconsistent
here: indeed, in FG gauge, the subleading terms are given on-shell by expressions involving the Levi-Civita
curvature of the induced metric, which themselves transform non-linearly under Weyl transformations.

We will instead consider here a revised ansatz, which we refer to as Weyl-Fefferman-Graham (WFG)

gauge, defined as’

d 2
ds* = L? (; - aﬂ(z;x)dx“> + hy (25 @) dxt d” (38)

The constant-z hypersurface ¥ at z = 0 remains the conformal boundary with induced metric 49, as
2 2 (0) T Y
ﬁds 5 T (z)dztdx”. (39)

Thus the presence of a, in the ansatz does not modify the induced metric at z = 0. However, the metric
is no longer diagonal in the z,x* coordinates, and so we must take greater care in interpreting how we
approach the conformal boundary.

It is natural, given the metric ansatz (38), to introduce the 1-form

e=0(z2)"! (ﬁ - au(z;x)dx“> (40)

z

This form defines a distribution C, C T M defined as
C. = ker(e) = span {X € I’(TM)‘zXe = 0} . (41)

Note that there is an ambiguity in multiplying e (or equivalently the X’s) by a function on M, and we
have represented this ambiguity by introducing the function §2.

We remark that if a,, were zero, then C, is the span of the vectors 9, and can be thought of as related
to constant-z hypersurfaces. More generally, it is convenient to introduce a basis for C, as the set of vectors

D, =0, +a,(z1)20,. (42)

This implies that we can regard a,, as providing a lift” from T (with basis {9,,}) to Ce, that is, it can be
thought of as an Ehresmann connection. By the Frobenius theorem, C, is an integrable distribution if

[D,,D,] € Ce. (43)

51t is also possible to generalize the ansatz by the inclusion of a scalar function in front of the first term, essentially a radial
lapse function. We will discuss this further in the following.

"Here, we are regarding ¥ as an isolated hypersurface in M. We can thus regard M as a fibre bundle 7 : M — . An
Ehresmann connection provides a splitting of the tangent bundle TM = H @V, and the D, vectors form a basis of H,
identified with C., at the point (z,z").



To understand this condition, it is convenient to introduce a vector dual to e,
€= 0(x2)20. (44)
which has been normalized to e(e) = 1, and we regard {e, D, } as a basis for T{,.,) M. We then compute
[D,,D,] = Qz; ) fe, fuw = Dua, — Dyay, (45)

So we find that integrability is the condition f,,, = 0, and thus by Frobenius, the distribution C, would
define under that circumstance a foliation of M by co-dimension one hypersurfaces.

By taking e in the form (44), we have fixed some of the diffeomorphism invariance;® the diffeomorphisms
that preserve the form of e are given by 2’ = 2/(z;z),2'# = 2’#(x). Given the interpretation of holography
in terms of renormalization, we expect that these diffeomorphisms correspond to generic local (in z) coarse
grainings. These residual diffeomorphisms act on the form e as

ox'V () , ~ 0lnZ(z2) N dlnzZ'(z;x)

dlnzZ'(z;x)
or—\r) 1oy IME S T) ) omz\zr) _omz{z7x)
OxH a,(57) Olnz @ (7 2) oxkt 7’

V() = Q(z;x). 47
(a) = T 20000, )
The first equation is consistent with the interpretation of a as an Ehresmann connection. The second equa-
tion implies that the inherent ambiguity in the definition of the distribution C, represented by Q(z; ) can
be thought of as the (local) reparametrization invariance of z. We can for example use this reparametriza-
tion invariance to set Q(z;2) — L~! if we wish. The residual diffeomorphisms that preserve this choice
(or, more generally preserve any specific (z;x)) are of the form 2’ = z/B(x), z’# = 2/#(z), which are the
Weyl diffeomorphisms. These give

02" (x)

a

o a) = a,(z50) - ,InB(a), (48)

and so we are to interpret the a,(z; ) as a connection for the Weyl diffeomorphisms (33). Given this result,
it will not come as a surprise that there will be an induced Weyl connection on the conformal boundary.
To recap, using 2 = L', we have the following setup

{Qu Qu} = {L_IZQ,wQ,u + auzQz}ﬂ [QH7QV] = Lf,uug' (49)

To proceed further, we Fourier analyze a,(z;x) and hy,(z;x) in the sense that we will expand them
in eigenfunctions of e. Such eigenfunctions are of course just the monomials in z € RT. For hy,(z;x) we
obtain then the same expansion as before, eq. (31), and for a,(z;x) we write

O () 1 0@ X O 4 B @)
au(z;2) = |a, (:L“)—f—ﬁau () + ... —|—Ld_2 Py (x)-i-ﬁpu () + ..., (50)

which is of the same form as the expansion of a massless gauge field in Fefferman-Graham. Given these
(0)

expressions, we observe that a,’ is not part of the boundary metric, although as we will show, it is part
of the induced boundary connection and thus should be regarded as part of the boundary geometry.

8Indeed, the vector field e could more generally be of the form
e—e =e+0"(z2)D, (46)

which satisfies e(e) = 1 for any 6. (In the language of footnote 7 (see page 8), the e of (44) is special in that e € V.) In
the general case, we have {QH,Q,,] = fue — fp,,OS’AQA and thus integrability remains the condition f,, = 0. The second
diffeomorphism, discussed earlier, that returns the metric to the FG ansatz after a boundary Weyl transformation corresponds
on the contrary to setting a, — 0 at the expense of keeping 6" # 0.



More precisely, what we will show is that for the WFG ansatz, the induced connection is not the Levi-
Civita connection of the induced metric, but instead a Weyl connection. Given the expansions (31,50), we
see that the Weyl diffeomorphism (33) acts as

@) = AR @B, 7B (z) = 7l (2)B(x) (51)
af) (@) = aff (2)B(2)* = Sr,00, I B(x),  pi (x) = pil ()B(x)">* (52)

and so in particular
@) = A (@) /B)?*,  a)(x) = o) (x) — 9, In B(x) (53)

and thus we may anticipate that af?) will play the role of a boundary Weyl connection. All of the other

subleading functions in the expansions (31,50) are interpreted to have, a la (51-52), definite Weyl weights,
that is they are Weyl tensors. It is then natural to anticipate that they will be determined in terms of the
Weyl curvature, which we discussed in the last section.

We introduced the concept of the distribution C, precisely in order to properly discuss the notion of
an induced connection, as C, is a sub-bundle of T'M. That is, given a connection V on T'M (which we will
take to be the LC connection), we can apply it to vectors in C, which will be of the general form

vQMQI/ = F});,IIQ)\ + PZVQ (54)

The coefficients of the induced connection on C, are by definition the Ff;,/ appearing in (54). Notice
that these connection coeflicients should not be confused with the usual Christoffel symbols, which are
associated with coordinate bases. By direct computation, we find

F/Aw = 72u = 3h™ (Duhp'/ + Dyhyp — Dphvu) (55)
and furthermore if we evaluate this expression at z = 0, we find
YO, = 390 (@ = 2099 + (@, — 2002 = (9, — 202 (56)

This result can be compared to (11), from which we conclude that the induced connection on the boundary
is in fact a Weyl connection, with the role of the geometric data g,, and A, in (11) being played here
by 7,(3,) and a,(LO). In comparing, we make use of the fact that here the intrinsic rotation coefficients are
C’W)‘ = 0, as in (45). We will use the notation V() for the corresponding Weyl connection (whose
Weyl-Christoffel symbols are given by (56)), and the curvature as R(O)Aupy. A tensor with components

tuy..un () that has Weyl weight w; transforms as t,,. ., (z) — B(x)"tu,. 4, (x), while v

M1 -Un (m) -
Vyo)tm__un (x) + wta(uo)tm“_un (x) transforms covariantly with the same weight. As noted above, all of the

component fields aside form a,(io) transform covariantly with respect to arbitrary Weyl transformations,
and the Weyl weights of the various component fields are given above in (51). In the next section, we will
briefly study some aspects of the holographic dictionary, and we will find that every equation is covariant
with respect to arbitrary Weyl transformations — it is a bona fide (background) symmetry of the dual
field theory. In particular, we will find that the appearance of a&o) (x), since it transforms non-linearly
under Weyl transformations, is through Weyl-covariant derivatives of other fields, or through expressions

involving the Weyl-invariant field strength fﬁ?,).
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4 The Holographic Dictionary and the Weyl Anomaly

In this section, we will explore some details of the holographic dictionary corresponding to the WFG ansatz.
The LC connection in the bulk has the form

VQMQIJ = PYIU,VD)\ u)\'lyZ)AuQ (57)
Vp,e = Dy (58)
VeD, = ¢*.Dy+ Loue (59)
Vee = —Lh™@,D) (60)
where
L
Wy =+ W s P =k e(h), pu=clan),  fuw = Dyay — Dyay (61)

and we note that ¢, is proportional to the rotation coefficient C¢,°, i.e., [g, Qu} = Lp,e. In addition, we
will use the notation® § = trp = e(Inv/—det h) and ¢(*), = pt), — %95“1,. In Appendix A, we record some
additional details, including the Weyl-Riemann curvature components.

As we have detailed above, the WFG metric ansatz has two bulk fields A, and a,, and 'Y/w) () and
(0)

a,&o) (x) appear as sources (and/or backgrounds), while 7, () and p( )( ) appear as the corresponding
vevs. The corresponding operators in the dual field theory are Weyl-covariant currents Tuu( x) and J (),
each of Weyl weight d — 2. We will discuss these operators more fully in Section 5.

As usual, one finds that the bulk equations of motion determine the subleading component fields in
terms of 'y(o) (x), a&o) (x), 77;(3,) (x) and p(o)( ). Here we will assume that we have a vacuum solution that is
asymptotically locally anti-de Sitter. For example, the ee-component of the vacuum Einstein equations is

3L? _
0= Gee + Agee = f%tr(pp) — ?tr(ff) — éR + %92 (62)
where A = —d(; 221) is the cosmological constant of AdS;1 and we define for the sake of brevity

PA A A 5 A & A
R ppv — Dp7yu - DVrYpp, + YouVps = VpuTvé (63)

with R = h* RP upv the corresponding Ricci scalar. Expanding (62) we find

4-v) 12

d
L o nrix W 4 po _
512 5 2[2(d HL2XxW 4+ R }+ d-1)=.

d .
= {A+ i (gL YD+ Y po) |+ (64)

where R is the boundary Weyl-Ricci scalar and

X = fry@ y ) = ) (65)

In (64), the order one equation is trivially satisfied while the z? contribution gives X (1) entirely in terms
of the Weyl-Ricci scalar curvature:
L2
x® — _ RO 66
2(d—1) (66)
As in the FG story, we must be careful with the O(z?) terms here because of divergences in the evaluation
of the on-shell action — those divergences are responsible for the Weyl anomaly in the dual field theory,

9The notation used here can be interpreted in terms of expansion (), shear (¢), vorticity (f) and acceleration () of the
radial congruence e.
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the structure of which we will discuss in detail below. Nevertheless, we may read off the ‘left-hand-side’ of
the Weyl Ward identity from this,

o 2L2

We will see later that this is the expected form given the interpretation of 77( ) and p( ) as vevs of currents
in the dual field theory. We will also study the form of the anomalous right-hand-side later.
Similarly, one finds that the leading O(2?) term in G, is proportional to

MV (Gl + 1) = 0. (68)

the vanishing of which is the twice-contracted Bianchi identity of the Weyl connection, as was discussed
above (see eq. (29)).
The leading non-trivial terms in the pur-components of the Einstein equations determine

L2
wa;g) —_ = 1O (69)

L2
2) (0)
i) =~ d—2 (RZC d— 2" (w)’

() 2(d—1)

where L) is the Weyl-Schouten tensor. Its trace (65) correctly reproduces (66). We take each of these
results as representative of the fact that the subleading terms in the expansion of the metric are determined
by the Weyl curvature, analogous to what happens in the usual FG gauge in which they are determined
by the LC curvature of the induced metric. As we mentioned previously, the difference is that now all of
the subleading terms in the bulk fields are Weyl-covariant. One expects that the same is true for a, as
well, along with the transversality of such solutions. For example, the O(z%) term in the eu-component of
the bulk Einstein equation involves af?) in the form Maz(a?), where Max refers to the Weyl-Maxwell
differential operator

Maz(a®), =V©. @(O)af) — @ELO) (VO . q®) 4 (Rz'cl(,%) + 4f(0))fyé’ok)ag\2). (70)

The appearance of the Maxwell operator here is the analogue of the appearance of the tranverse tensor
I[T* in the bulk solutions for a massless gauge field, when the boundary is Minkowski space-time. Note
that both the Weyl-Ricci tensor and f,SS) appear in the Laplacian because a? is a vector field that has
non-zero Weyl charge (weight).

The holographic dictionary for WFG will be taken to be the obvious generalization of the usual rela-
tionship, i.e.,

Zyurlg; 79, ) = exp(—So.s [h, a; 7, a0)) = Zpr[y?), o) (71)

where on the left we have the on-shell action of the bulk classical theory whose metric is given by h, a with
asymptotic configurations ~(?) a(o), While the right-hand-side is the generating functional of correlation
functions of operators sourced by 79, a(®. Although this is expressed in terms of the “bare” sources, it
is implicit that a regularization Scheme for the left-hand-side is employed and that the boundary counter-
terms are introduced to absorb power divergences that arise in the evaluation of the on-shell action. Here,
we will organize the discussion by taking the space-time dimension d to be formally complex; the on-shell
action is convergent for sufficiently small d, and as we move d up along the real axis, we encounter additional
divergences as d approaches an even integer. It is well-known in the context of Fefferman-Graham that as
a byproduct this divergence induces the Weyl anomaly of the dual field theory, and is associated with the
appearance of logarithms in the field expansions when d is precisely an even integer. Here we will review

12



this bit of physics, as the existence of the Weyl connection, as we will see, organizes the Weyl anomaly in
a much more symmetric fashion than is usually described.

It is taken for granted that Zp, is diffeomorphism invariant. Under the holographic map this implies,
among other things, that the dual field theory can be regulated in a diffeomorphism-invariant fashion.
However, the bulk calculation is classical, and thus, in principle, is a functional of the bulk metric g as well
as the boundary values. We therefore suppose that

Zbulk: [g/7 7(0) ) a/(())v ”"Zlv .CL'/:|

=1, (72)

Zpulk [957(0)#(0); 2790}
where the notation refers to the fact that we are computing the partition function in different coordinate
systems. Here of course we are particularly interested in the Weyl diffeomorphism (2/,2") = (2/B(z), x)
which relates the boundary values 720) = Y0)/ B2, a’(o) = a() — dInB. Zpyy is given in the classical limit

by evaluating the (renormalized) on-shell action, Zp,;, = e~ 50519020 12:2] We then ask, is it also true
that this cleanly induces a Weyl transformation on the boundary? That is, is it true that

Zbdy [a:; 7(0)7 a/(o)a } ?

1, 73
Zay[737(0) a(0) > -] (73)

where Zyq, is the generating functional in the given background. As is well-established, what happens is
that there is an anomaly

Zbulk {g’; ’YEO), a/(o)’ ...’z’, SC} A Zyay|; 7{0),a’(0), -
2;71-] Zbdy[$§7(0)7a(0)a ]

(74)

Zyulk [g; Y(0)> @(0)» -+

in dimension d = 2k. Recall that we are employing the specific Weyl diffeomorphism, which is inducing
a Weyl transformation on the boundary, but no boundary diffeomorphism. If we take the log of these
expressions, the result is that

0 = Stutrld’; Y0y 17 ] = Sbutk[g; ¥(0)» 12, ] = Spay 370y a(0)s -+ = Sbay[®; 70y, a0)s -] + Ak (75)

That is, when we compare the evaluation of the bulk on-shell action in different coordinate systems, the
result appears as the difference of boundary actions in Weyl-equivalent backgrounds, up to an anomalous
term, which is not the difference of two such actions. The only source for such a term is a pole at d = 2k
in the evaluation of the bulk action, which arises because the on-shell action is not a boundary term, but
contains pieces that must be integrated over z. The bulk action is generally given by (volg = v/— det hd’x)

1
Svutkl9; 70y -2, ] = e /M e Avolg(R — 2A). (76)
On shell, it evaluates to
d d dz d
Sbulk[g; ’}/(O), ...|Z, IL'] = —m " e N 'UOlS = —m " 7 A d vV — det h, (77)

where we remind that d is the boundary dimension. We then expand +/— det h in powers of z:

d L\ d+1 22 xM
Svutk[9;7(0)5 |2, 2] = el /Mdz/\dda:(;> \/—detv(o)(l-i-ﬁT—i-...). (78)
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Consider now the difference of Weyl-transformed bulk actions as in (75) and define vols = /— det 70 d%z.
The idea is to start with Spuk[d’; %0)’ .|, z], use the explicit Weyl transformation of the different quan-

tities in the expansion (see (51)) and then change the name of the integration variable from 2’ to 2.1 We
will demonstrate this for the first pole, which occurs at d = 2. We then obtain

= L/d B—_d £d /\vol—i d 1 éd A wvol
871G Jy d z > G d\ z =
d B2 /[\? d 1 (L\"?
L gz SErecl B el b
+167TG/M ( d—2 <z> MO Toa d—2<z> NGt (19)
with Gy = XMooly, (Weyl weight —(d — 2)). We observe that the offending term in d — 2 is

d B~(@-2) /N2 d 1 (LN 1
um;/ﬁ(ﬂ (‘) AR el m<—> T LTS

The equality in this equation is obtained expanding B around 1 and eventually imposing d = 2. For
concreteness we expand this final result using the holographic value of X (1), (66). Then, we read from
(75):

1 L
Ay = &rGL/ nB Gy = “16:C /s In B ROvols,. (81)

3L
This numerical coefficient is the correct one that leads to the central charge ¢ = —. We will shortly

2G
comment on the implications, but notice already that R© is not the Levi-Civita curvature, as usually

found, but rather the Weyl curvature. As such, it is a Weyl-covariant scalar.
The Weyl anomaly in d = 2 then is best expressed cohomologically as the difference:

(eNGs) — (e AGs) = d(InB A; voly), (82)

with A; proportional to X™). Each term on the left is expected to be closed (because they are top forms
in the bulk!) but the difference is in general exact, with its strength determining the Weyl anomaly of the
boundary theory.

Some comments are in order here. Firstly, we have obtained a very powerful new result: the Weyl
anomaly A; is now dictated in 2d by the Weyl-covariant scalar curvature R© . This is not the case if
we start with the FG gauge in the bulk, for which the Levi-Civita scalar curvature appears. The Weyl
covariance of all the subleading terms in the WFG gauge implies that the anomaly in every even boundary
dimension will have Weyl-covariant curvature coefficients in our framework. Secondly, we expect the
cohomological derivation of the anomaly to be a general feature, not restricted to the 2-dimensional case.
In fact, recalling that the metric determinant is expanded as (cf (A.22))

L\ 1 1z
—deth(zz) = (Z) — det 40 () [1+§2— (1>+2L4 X4 +2L vy 4 |, (83)

we deduce that a similar derivation as for the 2-dimensional case holds in any even dimension, with Gy
generally replaced by

Q(Ek) = X®yoly,. (84)

1076 evaluate these expressions, a regulator is required. The last step of renaming the integration variable has a corresponding
effect on the cutoff and thus is not innocuous in the renormalization procedure. Such a regulator is not Weyl-covariant, which
is consistent with the fact that an anomaly arises. Most of the details of the renormalization occur in expressions that are the
difference of two Weyl-equivalent actions, whereas the anomaly is not and has been cleanly extracted.
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We therefore claim that in any even dimension d = 2k,

(e A Q(Ek))/ - (e A Q(Ek)) =d(InB Ay voly), (85)

the Ay term on the right-hand side being proportional to X ;. Looking for a universal form of X, as a
function of the Weyl curvature tensors of the boundary is an appealing future direction of investigation.

5 Field Theory Aspects

In this section, we will make some preliminary remarks about the dual field theory. The holographic
analysis implies that we should now consider a field theory coupled to a background metric and Weyl
connection, with action S ['y(o),a(o); ®| where ® denotes some collection of dynamical fields to which we
will assign some definite Weyl weights. As we will explain, this is perfectly natural from the field theory
perspective as well, but constitutes a new organization of such field theories (which in the usual formulation
are coupled only to a background metric). The quantum theory possesses a partition function Z [’y(o),a(o)]
that depends on the background, both through explicit dependence in the action and in the definition of the
functional integral measure. A background Ward identity is generated by changing integration variables
O(z) — B(x)U*®(x) giving

Zy®, 0] = AB Z[B(2)"2y @, 0© — d1n B(z)] (86)

with A a possible anomalous contribution. Thus the Weyl Ward identity is a relationship between different
theories, that is, field theories in different backgrounds and so, more properly, we refer to the above equation
as a background Ward identity. Strictly speaking, this argument applies to free theories, whereby (if ® is
a scalar) we = 3(d — 2) is the engineering dimension. An example of an action in this context is

SHO 0©: 9] = —%/ddm\/ —dety(®) 'y“(%@aq)@bq) (87)

where @GCD = 0,P+ wq>a¢(zo)<b is Weyl-covariant.'! Notice that the stress tensor of this theory has the form

~(0) 4(0) 2 55[7(0), a®); 3]

T, (z) =
’ v/ — dety(0) 5*y((£) (z)

Here we have used pedantic notation to emphasize that the definition of the operator depends on the
background fields. This operator is Weyl-covariant, by which we mean

= VB (2)Vy®(x) — 190 (2)7 O (2) VD (2) VD (z)  (88)

B(z) 24 40 _dIn B(x _ (0) 4(0)
Tg “(w) = BT, " (@) (89)

That is, if we compare correlation functions of the stress tensor in two Weyl-related backgrounds, there
will be a relative factor of B(x)¢~2 for each instance of the stress tensor; for brevity, we refer to this as the
stress tensor (with two lower indices) having Weyl weight wp = d — 2. Similarly, we have the Weyl current

1 6S[y ), a®); @] -
= weP(2)V,P(x 90
0 0P ) o ®(2)V,®(2) (90)

This operator is also Weyl-covariant in the same sense as the stress tensor and is of weight d — 2. Thus
Ty and J, have the properties of the operators sourced in the holographic WFG theory. In a holographic

12 () =

"' An independently Weyl invariant action term is [ d%z\/— det v© RO ®2. Tt is well-known that using the LC connection,
only a specific linear combination of the kinetic term and such a curvature term is Weyl invariant, at least up to a total
derivative.
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theory, we would not have the free field discussion given here, but we can still discuss sourcing these
operators (in a given background).

Earlier, we saw that the classical Weyl Ward identity involved a linear combination of the trace of the
stress tensor and the divergence of the Weyl current. This is in fact easily established in general terms.
Here we will use classical language, but the argument easily extends to the quantum case by making use
of (86). Indeed, suppose that the classical action satisfies

SH®,a®; Bred) = S[y© /B2 0 — dIn B; @] (91)

As mentioned above, this is what we mean by Weyl being a background symmetry. By expanding both
sides for small In B and going on-shell, we find

) &S
m

6w ()

We recognize that this may be written as

0= /ddx\/ —det () J*(2)d, InB(x) + / d?z\/ — det () T’“’(x)( —In B(m)vg,)j) (ac)) (93)

and, by integrating by parts, we have

0=— / d?z\/ — det ) (@#J“(m) + T“”(az)’yﬁ?,) (x)) In B(x) (94)

(0) (0)

This result serves to identify the relative normalization of m,,; and p;~ and their relation with the currents
defined here. Incidentally, the Weyl-covariant derivative appears in (94) precisely because the current J#*
(with raised index) has Weyl weight d.

We remark that typical discussions of related topics are rife with ‘improvements’ to operators such as
the stress tensor, including mixing with a so-called ‘virial current’. The operators that we have defined
here have the advantage of transforming linearly, and in particular do not mix with each other, under Weyl
transformations. Note also that the Weyl current in the free theory is in fact a total derivative. Thus,
at least in the absence of edges or boundaries [49,50], one might suppose that this operator is in a sense
trivial. We will explain elsewhere the symmetry structure of these operators.

6 Conclusions

In this work, we have discussed the consequences of bringing a Weyl connection into the formulation of
holography. In order to address this, we first intrinsically analyzed such connections and their associated
geometrical tensors. The need for a Weyl connection arises in theories that, in addition to diffeomorphisms,
admit a local rescaling of the metric by an arbitrary local function. The vanishing of the metricity required
for the familiar Levi-Civita connection is indeed not maintained under such rescalings, and the Weyl
connection is defined as the unique torsionless connection with vanishing Weyl metricity, a Weyl-covariant
statement. Although richer than its Levi-Civita counterparts, the geometrical tensors built out of this
connection turn out to be tractable.

It has long been understood that holographic field theories possess a Weyl invariance, in the sense that
they couple not to a metric, but to a conformal class of metrics. The introduction of a (background) Weyl
connection in holographic field theories is a suitable reformulation in which local Weyl transformations
relate such theories in different backgrounds. In our account, the bulk gravitational theory is unmodified,
but the gauge-fixing is relaxed (to what we called Weyl-Fefferman-Graham gauge) in such a way that

16



the Weyl diffeomorphisms act geometrically on tensors parametrizing the bulk metric. The Weyl diffeo-
morphisms correspond to rescaling the holographic coordinate by functions of the transverse coordinates
while leaving the latter unchanged. While the FG expansion induces the LC connection associated to
the induced boundary metric, we have proven that the WFG expansion induces on the boundary a Weyl
connection. This result indicates that the WFG gauge is the proper bulk parametrization that leaves the
bulk diffeomorphisms corresponding to the boundary Weyl transformations unfixed. This leads to the
interpretation of the Weyl connection in the boundary as a background field together with the boundary
metric; essentially, the pair (7(?,a(?)) replace [y(?)]. An interesting consequence of the WFG gauge is
that the boundary hypersurface is generally not part of a foliation, the distribution that is involved being
generally non-integrable. We expect that the details of holographic renormalization require a slightly more
sophisticated regulator than is usually employed, but the results of this paper do not rely on such details.

The WFG gauge involves an expansion in powers of the holographic coordinate in which every coefficient
is Weyl-covariant by construction. This result is a powerful reorganization of the holographic dictionary.
The Weyl connection sources a Weyl current which explicitly appears in the subleading expansion of the
bulk geometry. Subleading orders of the bulk Einstein equations unravel the boundary Weyl geometrical
tensors and relationships between boundary expectation values of the sourced operators. In particular we
find the boundary Ward identity relating the trace of the energy-momentum tensor with the divergence of
the Weyl current, and in the last section have shown that this is the expected result.

We then scrutinized the implications of our setup for the Weyl anomaly. Not surprisingly, we found
the latter to be given now in terms of Weyl-covariant geometrical objects, instead of the corresponding
Levi-Civita objects. We expect that this outcome will have implications for the study and characterization
of the anomaly in higher even boundary dimensions. The presence of Weyl geometrical tensors allowed
for a cohomological description of the anomaly as a difference of Weyl-related bulk volumes, which offers
a clear geometrical interpretation of the anomaly.
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A Details of Bulk Expansions

We recapitulate here our geometrical setup both in the bulk and in the boundary, and compute the leading
orders of the expansion toward z = 0 of the main quantities involved. These are useful to evaluate Einstein
equations order by order, and hence solve for the various geometrical objects. Concretely, we work in the
non-coordinate basis

d
ds? = e@e+ hyde” @de’, o= (=~ audat). (A1)
z
The dual vectors are
e= Ifl,zQZ7 D, =0, +za,0,, (A.2)
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and they form an orthonormal basis
efe)=1, eD,) =0, d*(D,) =0y,  dat(e) =0. (A.3)
The vector commutators give
le,D,] = Le(ay)e = Lpye, (DD, = L(Dyay, — Dyay)e = Lfue, (A4)
from which we read
Cen = Ly, Cuw = Lfu, Cun*=0. (A.5)

Throughout this Appendix, we refer for brevity to generalized bulk indices as M = (e, i) and thus vectors
en = (e,D,,), the most general non-coordinatized Levi-Civita connection is then

I‘5[]\] = %QPQ (QM(QNQ) +en(gom) — QQ(QMN)) - %gPQ (CMQRQRN + CNMRgRQ - C’QNRgRM). (A.6)
The metric and its inverse are given in components by
Juv = h,um Gep = 0, gee=1, g =n" g¢g"“=0, g“=1 (A7)

Then, calling § = trp with p, = %h“ag(hau), the Christoffel symbols evaluate to

re. =0 (A.8)
FZM = Ceue:L(P,u (AQ)
e =0 (A.10)
. L
Fuy = 7%§(huu) + Ef;w (All)
Y, = WCL*=—Lh"yp, (A.12)
re, = p’H%f“y (A.13)
e — e Loy
o= (A14)
T, = 6 (A.15)
o, = L (Qahﬁy + Dyha, — thaﬁ) = . (A.16)
These connections are explicitly reported in (57), (58), (59) and (60). We additionally define
myy = ('7(_0;7(k))uua nyt'y = (W(_(ﬁﬂ(k))“u, (A.17)
and the scalars
XD = tr(mg), (A.18)
2
X® = tr(mgy) - str(mb) + i(tr(m@)» , (A.19)
YU = tr(ngy). (A.20)

Starting from the metric (31) and the Weyl connection (50) expansions, we compute the inverse metric, the
determinant and the various connection components appearing in (61). We expand the two series enough
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to be able to capture the two leading orders. The result is:

A 2 -1 2 -1 z* 2 \.—1 : Z4+2 -1 o
Yy pn LY M x® M
det h(z; x) . det ) (z) |14 LQX + 2L4 + .. + L Y + .. (A.22)
. r 2 4 5 d Zd
plu(zx) = L7 |—0¥, + —m(g) vt = 7 (2my) — m(z))l‘y +.. 4= 5 Ldn(o) v+ } (A.23)
r d
0(z;2) = L' |—-d+ —X<1> (X<2> (X<1>)2) b dZymy (A.24)
i L 2 L4
ou(z;2) = L1 L 2a (d 2)p(0) + .. (A.25)
] Hd—2
fu(ziz) = fi(x)+ (V(O) & = vPalP) + .. = = (V0P = VD) 4. (A.26)

with f}(l,(l)/) =0, al(,o) - 8,,@&0). In the expression for f,,,, we used the boundary derivative introduced in (21),
which is the Weyl derivative shifted with the Weyl weight of the object it acts upon. For instance, looking
at (52), a,& and p( ) are Weyl-covariant with weights 2 and d — 2 respectively and therefore:

@(o) @ = fo’)al(?) + QGELO)QI(/Q)’ (A.27)
0),.(0 _ 0),.(0 0),.(0
V( p©® = V,S Ip® 4 (d — Q)GL)p’(/)’ (A.28)

with V(© the boundary Weyl connection (its connection coefficients are explicitly given in (56)).
The expansion of the geometrical objects constructed from (63) is also reported

2
A 0 21 2 (&(0).(2) (2) 0) (2 2) cA 2 (2) X (0
T = 7() +—[27(0) <V( )Wf +V() Vg 7,3)) (afﬂé , + a2 p— ag v(o)vl(w))} + ..

Ld 2 { W0+ P05, pgo)ﬁy(o)%(g)} (A.29)
Ricy, = RicQ) + = [1v(0) (’Y(O) (V(O) 2) ON (2) V(O)fy<2)))
+(d — 1)v(0)a£) _ v&)aIS?) + 7EL(I)j)V(O) -a( ) — %@I(j )VELO)X(D}
bt e[ = D902 — VO 40T 0] .. (w20

o]
Il

4 A
ﬁR(O) + —[ (O)V(O)V ( myty — tr(m(g))&‘y) +2(d—1)V-a® — tr(m(g)v(_o)lRic(O))]

ot 2(d — 1)—@ p© 4 (A.31)
G = GO+ —[lv (30 (Vo) + Virls) = Ver2)) + (d = )V, =V, — (@ = 290V - ol
— —1\pA A
—19,9, X0 — L@ RO _ L,0)g,§ ¢((,y(0),y( g — XD ))] ¥

deQ

+ Ld72

[(d — 1)@,,]9,(10) — @#p,(,o) —(d— 2)@ -p(‘))y,(fy)] + ... (A.32)
These quantities appear explicitly in the Einstein tensor. We then compute the bulk Ricci tensor:

Ricyn = RV npn = eP(FNM) _eN(FPM)+FNMF PQ FPMFNQ CPNQFQMa (A.33)
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and so

) L?
Ricee = —LV,pt— L*¢* —e(0) —tr(pp) — —tr(ff)

. (6% L o (e}
Rice, = Va (pu +51 M) — D0+ L2 fu,

L
Ricﬂe = Va <pﬁ + Efa#> - 2#9 + LQ‘pafa,u

. . L o L2,
RZC/W = RZC;W - Lvu‘ﬂ,u - (Q + 9) (puv + Efuu) - LQSOMSOV + QPupow + 7fuaf e

Notice that Ric., = Ric,e. The trace of the Ricci tensor gives the scalar curvature
R=g"" (QP(FﬁM) —en(Thar) + F%MrgQ - FjQDMrﬁQ - CPNQrgM)'

It evaluates to

L2 _
R=—2¢(f) + Ter( ff)—tr(pp) — 2LE*V 4, + R — 6% — 20200, W™ .

Therefore the various components of the Einstein tensor read

Gee = —3tr(pp) — 3—L21t7"(J‘J”) — 3R+ 30°
8
Gep = Va (pg + % f"‘u) — D0+ L% fu,
Gue = Va(pi+ gf%) — D0+ L2 fa,
Guw = Gu — LV, —(e+0) (p,w + gfw) — L0 + 20 pow + L;fuaf“u

L2
h (e(0) - Str(fF) + tr(pp) + LVag” + 467 + 125%).
Finally, vacuum Einstein equations are given by
Gun + Agun = 0.

They become

0 = —tr(pp) — 3§2tr(ff> — 3R+ 30+ A

0 = Va4 51%) ~ Db+ I

0 = Va(di+51%) ~ D0+ L6 oy

0 = Gu—LV,p,—(e+0) (p,w + gf/w) — L*0u00 + 205 pav + %quafau

L2
s (€(8) = Ztr(£5) + §tr(op) + LV o™ + 367 + L%" + A).

(A.34)
(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)
(A.41)

(A.42)
(A.43)

(A.44)

(A.45)

(A.46)
(A.47)
(A.48)
(A.49)

(A.50)

We can obtain relationships among all the various terms in the expansion of h,, and a, by solving these
equations order by order in z. For instance, (A.46) is expanded in (64), the expansion of (A.47) gives (68)

2)

and (70). Eventually, expanding (A.49) we obtain at first non-trivial order m(“, as written in (69).
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