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Notations and Conventions

We report here a list of conventions used in this work:

• (a, b, c, d, . . . ) are ten-dimensional indices in Section 2, generic boundary d+1-dimensional indices in Appendix

A and bulk four-dimensional indices in Appendix B. In every instance their role would be explicitly stated.

• (M,N,P,Q, . . . ) are (d+ 2)-dimensional indices of the bulk.

• (m,n, p, q, . . . ) are S5 indices.

• (µ, ν, ρ, . . . ) are (d+ 1)-dimensional indices of the boundary. They are three-dimensional for four-dimensional

bulks and two-dimensional for three-dimensional ones.

• g indicates the metric determinant, such that
√−g =

√− det g.

• Vectors are always reported with an underline: for instance u = uµ∂µ.

• Forms are reported as u = uµdx
µ.

• The conformal factor in a Weyl transformation is spelled B, and it is a function of all the coordinates.

• GN is the Newton constant.

• k is the speed of light.

• For three-dimensional boundaries we define the transverse duality η̃µν = −uρ

k ηρµν .

• In three dimensions: ησλµ =
√−gǫσλµ.

• In two dimensions: ηµν =
√−gǫµν .

• ∇ is the relativistic Levi-Civita connection, except in Appendix A where it is the Weyl connection.

• ∇̂ is the Carroll-Levi-Civita connection.

• Dµ is the gauged Weyl connection, which depends on the Weyl weight of the object it acts upon.

• Di is the gauged Weyl-Carroll spatial connection.

• Dt is the gauged Weyl-Carroll temporal connection.

• d

dt
is the Galilean material derivative acting on scalars.

• D

dt
is the Galilean material derivative acting on tensors.

• x refers generally to a set of coordinates, whereas its bold version xxx indicates spatial coordinates only. For

instance x = (t,xxx).

• BMS: Bondi-Metzner-Sachs. FG: Fefferman-Graham. WFG: Weyl-Fefferman-Graham. RT: Robinson-Trautman.

AdS: Anti-de Sitter. CFT: conformal field theory. EH: Einstein-Hilbert. o.s.: on-shell. LL: Landau-Lifshitz.
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Résumé

L’objectif de cette thèse est l’étude de la correspondance fluide/gravité, réalisation macroscopique de la dualité

AdS/CFT dans la limite où la constante cosmologique tend vers zéro (limite plate). La jauge de Fefferman-Graham,

habituellement utilisée dans le dictionnaire holographique, est singulière dans la limite plate et cela constitue un

obstacle dans le projet de formuler une théorie holographique pour des solutions asymptotiquement plates. Dans

cette thèse, en passant par la formulation hydrodynamique de la théorie vivant au bord, nous construirons une jauge

appelée jauge du développement en série dérivative où cette limite est bien définie. Cette jauge est construite en

utilisant le symétrie de Weyl sur le bord, qui traduit la propriété de l’holographie de fournir une classe conforme

de métriques plutôt qu’une métrique spécifique. Alors que la jauge de Fefferman-Graham est implémentée en

coordonnée holographique radiale, le développement en série dérivative est construit sur des directions de genre

lumière et c’est la raison pour laquelle la limite plate est bien définie dans cette jauge. En fait, alors que la théorie

sur le bord pour des solutions asymptotiquement AdS est une hypersurface de genre temps sur laquelle la CFT vit,

le bord d’une solution asymptotiquement plate est une hypersurface de genre lumiére.

Sur la géométrie du bord, la limite plate correspond à faire tendre la vitesse de la lumière vers zéro, situation con-

nue sous le nom de limite carrollienne. Nous discuterons en détail cette limite et ses conséquences sur la géométrie

et sur les difféomorphismes du bord. Un fluide relativiste admet une telle limite qui donne lieu à l’hydrodynamique

carrollienne que l’on étudie ici en dimension arbitraire, parallèlement à son homologue galiléen qui est obtenu en

faisant tendre la vitesse de la lumière vers l’infini.

Nous discuterons également du sort du tenseur énergie-impulsion relativiste dans la limite carrollienne et nous

formulerons une théorie intrinsèquement carrollienne dans son ensemble. Cela nous permettra d’introduire les

charges carrolliennes qui correspondent à des charges asymptotiques dans des exemples particuliers.

Ensuite, nous montrerons spécifiquement en dimensions quatre et trois du bulk qu’il est possible de construire

des solutions asymptotiquement plates des équations d’Einstein en partant de systèmes hydrodynamiques con-

formes carrolliens du bord, définis ici sur l’hypersurface de genre lumière à l’infini.

En quatre dimensions, nous introduirons des conditions d’intégrabilité permettant de resommer la série dérivative

sous forme fermée. Ces conditions restreignent la classe de solutions accessibles à celles qui sont algébriquement

spéciales, grâce au théorème de Goldberg-Sachs. Nous développerons nos résultats dans des exemples précis et

la solution de Robinson-Trautman sera utilisée plusieurs fois pour démontrer la puissance et l’universalité de notre

formalisme.

En trois dimensions, toute configuration fluide du bord aboutit à une solution exacte des équations d’Einstein.

Le développement en série dérivatif donne naissance à de nouvelles conditions de bord. Les solutions de Bañados

sont un sous-ensemble des solutions obtenues et identifiées au moyen de leurs charges de surface.

La vitesse du fluide joue un rôle crucial dans le calcul des charges asymptotiques et en particulier, nous mon-

trerons qu’il est impossible de la choisir de façon arbitraire. Nous accorderons donc une attention particulière au

rôle du repère hydrodynamique, trop souvent ignoré en holographie.

Pour terminer, nous nous concentrerons sur la formulation de la correspondance AdS/CFT dans laquelle la

symétrie de Weyl est explicite. Bien que cette symétrie soit un ingrédient incontournable de la correspondance

fluide/gravité, elle n’est pas codée dans la formulation habituelle de l’holographie. Nous introduirons une nouvelle

jauge et analyserons ses conséquences. Plus précisément, nous montrerons comment cette nouvelle jauge induit

la métrique sur le bord ainsi qu’une connexion de Weyl, différente de la connexion de Levi-Civita habituelle. Enfin,

nous étudierons les conséquences de ce résultat sur l’anomalie de Weyl, sur la procédure de renormalisation

holographique et sur la théorie des champs du bord.
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1 Introduction

This work is devoted to our recent results in flat holography. In order to contextualize it in the realm of theoretical

physics, we start our road far away from the topic itself and drive ourselves toward it step by step.

In high energy physics, we nowadays refer to holography as a theory which presents two facets, a priori com-

pletely disentangled, but ultimately related via a so-called holographic dictionary. This dictionary is not only a way to

relate quantities from one side with quantities from the other, but (and this is the power of holography) an identifica-

tion of the dynamics. A holographic theory is therefore a duality between a theory and another. However we usually

talk about holography when one of the two theories lives in dimensions higher than the other.

If we really want to go to the historical moment where, for the first time, a result indicating that gravity could be

holographic has been found, we should go back to the main realization on the entropy of a black hole [1–3]. Indeed,

the latter was found to scale as the area of the black hole horizon, whereas it is well-known that the entropy of a gas

in a box scales like the volume – indicating therefore that gravity seems to be holographic [4, 5]. With almost half a

century of developments separating us from this discovery, it is not surprising that a holographic theory has been

found, where the degrees of freedom of a gravitational theory are translated into degrees of freedom of another

theory living in less dimensions, as the entropy scaling law would suggest.

Despite this, what is still surprising is that this holographic theory is defined only for a particular ensemble of

spacetimes, characterized by the presence of a negative cosmological constant. Even more cumbersome, the

theory is fully understood and developed only in a limited number of circumstances. The holographic theory goes

under the name AdS/CFT duality, discovered by Maldacena in [6] and promptly studied in (among others) [7–14].1 In

this holographic duality we have two seemingly unrelated theories combined. In the original and better understood

formulation, on the one hand we have a ten-dimensional theory of gravity (type IIB string theory) for five-dimensional

Anti-de Sitter spacetimes (i.e. spacetimes with negative curvature) times the five-dimensional sphere S5. On the

other hand we have a four-dimensional theory of matter called super conformal Yang-Mills. The latter is a conformal

field theory, where gravity is non dynamical. We will discuss in detail the duality, both geometrically and dynamically.

The message to retain is that there is a theory which predicts a correspondence between a gravitational theory and a

theory of matter, the former living in the bulk while the latter on its boundary. One of the main motivations behind the

community interest in holography is the effort to extend it toward a correspondence where the bulk has vanishing

cosmological constant, which is a first step to describe the universe we live in – the value of the cosmological

constant in nature is found to be extremely small but positive.

This correspondence can be conjectured to hold outside the realm of string theory and supersymmetric theories.

It can be thought of as a general relationship between gravity and matter. Stated differently, it can be assumed to

be valid in some limit of the parameters of the two theories. Even more generally, one may argue that holography is

a property of gravity, in all its realizations. The AdS/CFT duality is a weak/strong coupling duality. This means that

the more quantum effects are suppressed in the gravity side the more the boundary field theory is strongly coupled.

In this setup the boundary theory cannot be studied perturbatively. Access to properties of this theory is thus very

hard. We are here particularly interested in the limit where the bulk gravitational theory becomes pure Einstein

general relativity. This means that we need to completely suppress quantum effects and break supersymmetry. The

first task is achieved considering classical gravity duals of strongly coupled matter theory [17, 18], the second one

needs more abstraction. Indeed, the fact that holography is still possible for non-supersymmetric theories is only

conjectured and has as supporters only those who believe gravity itself is holographic. We will assume the bulk can

be treated in its classical limit and in the absence of supersymmetry. On top of this, the fluid/gravity dictionary (the

core of this thesis), treats the boundary theory using hydrodynamics. This limit is expected to be allowed in any

field theory. It is a large distance, long wavelength (long time) approximation, [19–21]. It represents an effective

description of the boundary CFT. The hydrodynamic limit is therefore a macroscopic limit where the field theory

has been coarse-grained to the extend that only low frequency, long distance modes remain. The boundary theory

is of course still strongly coupled, but we focus in this limit only on low frequency perturbations of this system.

Fortunately, these modes are holographic, for they are also found in the analysis of black holes quasinormal modes.

Thanks to these limits the fluid/gravity correspondence postulates a duality between a solution of Einstein classical

equations and a relativistic conformal fluid living on the boundary. This is the setup we will use in this thesis.

There are two ways to use this kind of duality: either one obtains results for the boundary theory using the

classical evolution of fields in the bulk, or one tries to find the holographic dual of a given fluid (and geometry)

configuration in the boundary. The way to relate these two theories has been discussed in depth in [22–27], in

an order-by-order expansion of the bulk line element. One of the novelty introduced in the fluid/gravity duality is

1See the reviews [15,16] and references therein.
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the gauge in which the bulk metric is implemented, called derivative expansion. The latter is strongly based on

Weyl symmetry [28], which will be part of all this thesis and eventually arise in a self-contained discussion at the

end of it. The derivative expansion is a bulk gauge inspired by hydrodynamics, where the expansion is performed

in derivatives of a null-like congruence. We will study it in detail, explain how to derive it, and compare it to the

Fefferman-Graham gauge, in which holography has been firstly defined.

We are interested here in a boundary-to-bulk approach, which is a sort of filling-in problem. The latter can be

considered an ancestor of holography where, given some boundary data, a geometric reconstruction is performed

[29]. We will see that the derivative expansion gives the correct evolution in the boundary to bulk expansion and the

initial constraints will be encoded in the conservation of the boundary energy-momentum tensor, which encapsulates

the dynamics of the boundary fluid. Recently a closed form of the bulk line element given fluid’s data has been found,

together with many properties of this particular duality [30–37]. Our first goal will be to review it in Section 2. To do

so, we will need to discuss the properties of the boundary fluid, which is a relativistic fluid.2 A particular property is

that the fluid congruence, if the setup is relativistic, can be chosen at will. This allows for some internal freedom. For

instance, one can choose a congruence such that the heat current is zero, reaching the so-called Landau-Lifschitz

frame [41, 42]. We will see that this is not a wise choice within our formalism, for the boundary heat current is part

of the data needed to describe the bulk dual.

So far we presented a brief introduction to holography. For us, after some limiting procedure, it boils down to

be a duality between a d+ 2-dimensional solution of Einstein equations with negative cosmological constant and a

conformal relativistic fluid living on its d + 1-dimensional conformal boundary. We stressed that this scheme holds

uniquely in the presence of a negative cosmological constant and that it is an important goal to try to extend this

holographic construction to vanishing cosmological constant bulks. Within fluid/gravity, this is the result of this thesis,

as we will shortly discuss.

We discuss the holographic construction for a fluid living on the three-dimensional boundary of a four-dimensional

spacetime, the way the latter is written using data of the former, and the conditions one needs for obtaining that

the conservation of the boundary energy-momentum tensor (boundary dynamics) translates into the bulk Einstein

equations (bulk dynamics). Indeed, all the properties of a relativistic fluid, in the absence of additional conserved

currents, are encapsulated in the energy-momentum tensor, its conservation being the dynamical equation of mo-

tion. We find that in four dimensions a particular class of bulk solutions can be achieved, due to the structure and

imposition on the boundary system and to an application of the Goldberg-Sachs theorem3 [44–47].4 In particular

these assumptions are consequences of the asymptotic structure of the bulk Weyl tensor [50, 51], involving an el-

egant relationship between the fluid dynamics and the geometry (encapsulated in the Cotton tensor, conformal in

three boundary dimensions). The instructive example we decide to focus on is the Robinson-Trautman family of

solutions [52–55]. These have been studied in holography [56–60], and showed to be a rich kind of non-stationary

solutions, with fascinating boundary dynamics.

We then move to three-dimensional bulk. A simple calculation of degrees of freedom shows that in three di-

mensions gravity cannot propagate [61]. Therefore, solutions are characterized only in terms of their asymptotic

charges [62–65].5 The latter are computed given specific boundary conditions [67, 68]. Charges identify the bulk

solution we are dealing with. We thus show that we can reconstruct using the boundary fluid at least all the known

bulk solutions, known as Bañados solutions [69–72]. We then show that the hydrodynamic frame redefinition is

broken here and setting the heat current to zero or not a priori changes the a posteriori result. The boundary

two-dimensional fluid is far from trivial, also due to the presence of the conformal anomaly [72–75].

As advertised, the main result of this thesis is that the fluid/gravity AdS dictionary admits the zero cosmological

constant limit [76]. We will refer to holography in this limit as flat holography. From the bulk, the finiteness is

ensued by the choice of line element gauge – the derivative expansion – which in this respect is better suited

than the Fefferman-Graham expansion [77, 78] (divergent as the cosmological constant is set to zero). From the

boundary the result is at first rather odd: this limit corresponds to the limit where the speed of light (spelled k) tends

to zero in the boundary matter theory. This limit is called a Carrollian limit, and represents the core of our work.

In particular, the geometry in this limit becomes degenerate, passing from a time-like hypersurface (boundary of

AdS) to a null-like hypersurface (null-like boundary of flat spacetimes). We would like to list here instances where

Carrollian physics has entered the high energy physics world and the relevance it has for us, before showing its

holographic implementation.

Although firstly introduced as a mathematical curiosity by Lévy-Leblond [79], the Carrollian limit is intensively

2For a recent discussion on relativistic fluids see [38–41]. References [42,43] will also be intensively used.
3We show this explicitly in Appendix B, devoted also to the Petrov classification of the Weyl tensor.
4See also [48,49] for a general analysis of Einstein solutions.
5Charges are computed in this thesis using the package [66].
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making its way through high energy physics. In [79], the Carrollian limit of the Poincaré group is introduced as dual

(speed of light to zero) to the well-known Galilean limit, where the speed of light k is sent to infinity. In this precursory

work, this limit is from the group-theoretical viewpoint the Inönü-Wigner group contraction of the Poincaré group. A

specific k-rescaling of the Poincaré algebra generators allows a well-defined k → ∞ limit, which returns the Galilean

algebra. Alternatively, one can rescales differently the generators and reach the Carroll group. While the Poincaré

group treats on the same ground space and time transformations, the Galileo group does not, for time is absolute

and space can be boosted. The Carroll group inverts the role played by time and space. In fact, in the latter space

is absolute whereas time can be boosted. The three groups action on the spacetime under a Lorentz boost with

speed v is schematically represented in the table below:

Group time transformation space transformation

Poincaré t′ =
t+ vxxx/k2
√

1− v2/k2
xxx′ =

xxx+ vt
√

1− v2/k2

Galileo t′ = t xxx′ = xxx+ vt
Carroll t′ = t+ bxxx xxx′ = xxx

Where we introduced the Carrollian inverse velocity b = v
k2 .

The previous exercise can be extended to the conformal group [80]. In this scenario the Carrollian contraction

gives rise to the infinite-dimensional conformal Carroll group. The latter has been recently shown [81,82] to realize

the asymptotic symmetries of an asymptotically flat spacetime. Specifically, the conformal Carroll group of level 2
(dynamical exponent z = 1) is the group of asymptotic symmetries of any four-dimensional asymptotically flat space-

time, known as the BMS (Bondi-Metzner-Sachs) group [83–86], see also [87] for a recent interesting discussion of

it. This result settles unquestionably the fate of holography in the flat limit, and shows that we are on the right track

with our results. In a recent work we furthermore established, under suitable conditions, the presence of the BMS

algebra on Carrollian spacetimes [88], independently of their embedding.6

The Carrollian limit is performed keeping the original metric as general as possible. Therefore, we do not only

discuss geometries invariant under a particular Carrollian transformation, thus for which this transformation is an

isometry. Instead, we are going to require our geometrical data to be covariant under what we defined as Carrollian

diffeomorphisms

t′ = t′(t, ~xxx) ~xxx′ = ~xxx′(~xxx). (1)

These diffeomorphisms will be crucial in the following, and covariance under them will be a guideline along the way.

Our investigation paves the way toward a mathematical and microscopical formulation of dualities between matter

theories and gravitational ones, without cosmological constant. This question has been already raised from the

macroscopic point of view in [76, 95], and its relationship with the BMS underlying symmetries has been studied in

[96,97]. Furthermore, it has already received attention also from an algebraic perspective in [98–110]. In [111,112],

the importance of Carrollian physics is well underlined. These attempts followed the nominal formal discussion

made in [113–116], where the question was first decrypted.

Inspired by the relativistic counterpart in the presence of a cosmological constant and based on the analysis

[101, 117–119], in [120–122] a particular correspondence between the gravitational bulk and a CFT living on the

d-dimensional spatial part of its null infinity has been developed. This correspondence is loosely based on the fact

that the Lorentz part of the Poincaré group is both linearly realized in the bulk and non-linearly realized as the global

conformal group of the d-dimensional celestial sphere. This would surely have to be included and retrievable in any

supposed microscopical theory in the full null boundary.

Carroll physics has not only entered the realm of high energy physics through flat holography. Whenever a

geometrical degeneracy presents itself, Carrollian geometry can play a crucial role. This has been noticed in

tensionless strings, where the tensionless limit has been argued to be a Carrollian one, due to the degeneracy it

infers on the worldsheet metric [123,124]. Moreover, an analysis of Carrollian particles and superparticles appears

in [125, 126]. The last sector where Carrollian physics has attracted attention is in electrodynamics, where, since

photons behave like an ultra-relativistic gas, the Carrollian interpretation suits naturally [127].

To proceed any further, we need therefore to study in depth the effect of the Carrollian limit on hydrodynamics and

geometry. The former has been dealt with in [128] and represents the core of Section 3. We noticed in [129] that it

would have been too naive to take the Carrollian limit in full generality at the level of the energy-momentum itself, due

to the richness of the geometrical background that intervenes in its equations of motion through the divergence. In

some restricted cases where the geometry is simple it can be done, [130], but in general it leads to wrong Carrollian

6Similar study on physics on null structures can be found in [89–94].
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dynamics. We therefore introduce the intrinsic Carrollian counterpart of the energy-momentum tensor, the Carrollian

momenta, and show that Carrollian covariance automatically implies their conservation. Furthermore, we construct

Carrollian charges intrinsically for a Carrollian spacetime (like null infinity) and show that they match in some known

cases the asymptotic charges [63]. We would like to remark at this point that the Carrollian limit of a geometry is

intimately connected to the BMS symmetry. Every null hypersurface can be described within this formalism. This

in particular applies to null infinity, but also to black hole horizons – which are null hypersurfaces. Furthermore, the

idea of using fluid dynamics to describe the black hole horizon is not new and it is the building block of the membrane

paradigm [131–133]. Nevertheless, it is only recently that the presence of BMS-like symmetries on the black hole

horizon has been appreciated [134–147], together with its natural Carrollian geometrical interpretation [148,149].

Once the formalism was ready to perform the Carrollian limit of relativistic hydrodynamics and the geometry was

well-suited (using the so-called Randers-Papapetrou gauge), we implemented in [128] also the dual limit, where the

speed of light k is now sent to infinity. To do this we chose an alternative parametrization, going under the name of

Zermelo’s ( [150]), and we reached equations of motion for the most general Galilean fluid, covariant under Galilean

diffeomorphisms. This work was motivated by attempts to find a unified framework, as in e.g. [151–156], fully

covariant under Galilean transformations. From the geometrical viewpoint, the Galilean limit has been intensively

studied, leading to the construction of Newton-Cartan structures [81,90,157–164].

With all this machinery at work we eventually present in Section 4 the missing link, which is the limit k → 0 of the

AdS derivative expansion. The bulk line element becomes a putative solution of Ricci-flat Einstein equations, while

the boundary passes from a relativistic conformal fluid living on a time-like hypersurface to a conformal Carrollian

fluid living on a null hypersurface [165, 166]. This allows to set the holographic dictionary between a Ricci-flat bulk

and a Carrollian fluid. As already stated, the main realization is that the derivative expansion allows the vanishing

cosmological constant limit. This limit has already been addressed in different fashions and scattered setups. For

instance it has been considered on fixed time-like hypersurfaces near the conformal boundary in [167–171]. We

believe our results help in achieving a comprehensive understanding on the topic, due to the solid AdS construction

they are limit of. The final output of our process is a bulk line element (called flat derivative expansion), written

exclusively as a function of Carrollian fluid and geometric data, which solves Einstein equations if the fluid is a

solution of the Carrollian hydrodynamic equations.

We show that in four bulk dimensions we reach algebraically special bulk solutions, thanks to the Goldberg-

Sachs theorem. On top of the flat Robinson-Trautman example, we explain also our scheme for the Kerr-Taub-NUT

family of solutions. In three dimensions, we can recover all Barnich-Troessaert solutions [119], thanks to a careful

inspection of the asymptotic charges and their algebras [63,101,102,118,172,173]. Here again, the Carrollian heat

current plays a special role and neglecting it would restrict the spectrum of solutions reached.

Let us trace the road done so far on the map. We started from the microscopic AdS/CFT duality, took its classical

bulk limit and hydrodynamics boundary one, reaching the AdS fluid/gravity duality. We attacked the problem in a

boundary-to-bulk approach, asking ourselves if, given a conformal relativistic fluid living on the time-like boundary

of the asymptotically AdS bulk, one can reconstruct the dual Einstein solution. This is doable in four and three

bulk dimensions using the derivative expansion gauge. We then proved that in the flat limit we reach a holographic

duality between a solution of Ricci-flat Einstein equations and a conformal Carrollian fluid living on its null boundary.

We unraveled thus a general picture that could be schematically represented as follows:
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We will organize the structure of this thesis around this square of relationships. In particular, Section 2 covers the

top side of the square, Section 3 the right and left ones and Section 4 the bottom one.

We marginally mentioned that in fluid/gravity the guideline to write the bulk line element in the derivative ex-

pansion gauge, given the fluid data on the boundary, is Weyl covariance. Due to the fact that the boundary metric

is formally located at infinite distance, the boundary metric is defined up to a rescaling by a non-trivial function of

the boundary coordinates. Id est, the boundary enjoys Weyl symmetry. The Fefferman-Graham gauge is not form

invariant under such symmetry transformation.

Therefore, motivated by the importance of Weyl transformation in fluid/gravity, we go back to the microscop-

ical AdS/CFT formulation in Section 5 and discuss an enhancement of the Fefferman-Graham (FG) gauge that

allows to recover geometrically Weyl transformations [174]. The improved gauge, called Weyl-Fefferman-Graham

(WFG), induces on the boundary a metric and a Weyl connection [175, 176] – instead of the usual picture where

the Fefferman-Graham gauge induces a metric and its Levi-Civita connection. This is the first compelling result,

showing how Weyl is geometrized in this picture.7.

The FG gauge admits an expansion of the metric from the boundary to the bulk in powers of the holographic

coordinate. Solving Einstein equations allows the extraction of the different terms of the expansion, all being deter-

mined by two terms in the expansion: the boundary conformal class of metrics and the vacuum expectation value of

the energy-momentum tensor operator of the dual field theory, as originally discussed in [7, 11, 14]. It is a theorem

that, given these two quantities, one can reconstruct, at least order by order, a bulk AdS spacetime in FG gauge, by

imposing Einstein equations. The resolution of the latter for the WFG gauge leads to a modification of the subleading

terms in this expansion: we will demonstrate that the modifications are such that each term is Weyl-covariant.

As already stated, the boundary metric is located at infinite distance. Thence, since the bulk action is on-

shell proportional to the volume of the spacetime, divergences arise [10, 11, 13, 177]. While most of them can be

counteracted adding local counterterms, in every odd bulk dimension there subsist some of them which cannot.

These are interpreted as anomalies in the boundary Ward identity [178–184]. In our improved Weyl-Fefferman-

Graham construction, the anomaly will be expressed uniquely as a function of Weyl-covariant tensors. We will

furthermore present a cohomological interpretation of the Weyl anomaly, inspired by [185].

The presence of the anomaly is usually encoded in the fact that the boundary energy-momentum tensor acquires

an anomalous trace [186–188]. Indeed in FG gauge, it is found that it must be a priori traceless. This boundary Ward

identity is obtained by considering the boundary background as dictated by the induced metric. The latter is the only

source usually considered. As such, there is only one sourced current. However, one finds that one must typically

improve the energy-momentum tensor, as originally found in [189]. Here, we promote the Weyl connection to be

part of the background data. From this perspective we are gauging the Weyl symmetry in the boundary [190–193],

although more properly, we should view it as a local background symmetry. The holographic dictionary will return

us directly the boundary Ward identity relating the trace of the energy-momentum with the divergence of the Weyl

current. As a byproduct, our setup is also useful to analyze the profound relationship between Weyl invariance and

conformal invariance, a subject which has been discussed for instance in [194,195]. We will present in the beginning

of Section 5 a more technical introduction on the topic of Weyl holography, at the light of all the material presented

in between.

We would like to conclude this introduction with a technical note for the reader.

• Section 2 is inspired by [60], [76] and [95].

• Section 3 is inspired by [128] and [129].

• Section 4 is inspired by [76], [129] and [95].

• Section 5 is inspired by [174].

2 Fluid-Gravity Correspondence in AdS

We review in this section the main features of the fluid/gravity duality. This duality is inspired by the microscopic

AdS/CFT correspondence, which sets a link between type IIB string theory on AdS5 × S5 and super Yang-Mills in

four dimensions. This duality is a very powerful tool, relating a theory of gravity to a matter theory without gravity

itself. We do not want to digress here on the fascinating results of this duality and the massive research project it

started. For us, it is enough to recall the main properties and the limits we will need to do in order to be able to

7Appendix A is devoted to the geometrical implementation of the Weyl connection in the boundary.
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talk about fluids on one side and Einstein gravity on the other. Let therefore briefly remind us the dictionary for a

scalar field and the correspondence at the level of the partition functions. This will be useful in particular in Section

5, where we will go back to more microscopic properties in AdS holography.

In AdS5×S5 the metric factorizes: writing the ten-dimensional coordinates ζa = (xM , ym) withM coordinatization

of AdS5 and m of S5

gabdζ
adζb = gMNdx

MdxN + gmndy
mdyn. (2)

A massless scalar field φ(ζ) can be decomposed using the spherical harmonics of S5

φ(ζ) =
∑

i

ϕ(i)(x)Yi(y). (3)

In physical field theories, a state is associated with unitary irreducible representations of the symmetry group.

For AdS5 this is SO(2, 4)8 which has maximal compact subgroup SO(2)×SO(4). Using that SO(4) ∼ SU(2)×SU(2),
we can label states with representations of SO(2)× SU(2)× SU(2), i.e. (∆, J1, J2). The Casimir is then

C = ∆(∆− 4) + 2J1(J1 + 1) + 2J2(J2 + 1). (4)

For a scalar field J1 = 0 = J2.

By the Kaluza-Klein mechanism the SO(6) isometry of S5 becomes the gauge symmetry in five dimensions. The

spherical harmonics on S5 give an infinite tower of Kaluza-Klein particles on AdS5. A consistent truncation of this

spectrum can be made such that we can focus only on the ten-dimensional massless scalar field. The effect of the

S5 decomposition is, from the point of view of AdS5, to infer a Kaluza-Klein mass on this field

m2

k2
= ∆(∆− 4), (5)

where k2 = 1
l2 with l2 the AdS radius and ∆ is the SO(2) energy label for the field, which identifies its conformal

dimension. This result is consistent with (4) for a scalar field. In other words, we have that a massless scalar field

in ten dimensions on AdS5 × S5 reduces to a massive field on AdS5 with its mass given by the quadratic Casimir of

SO(2, 4), the symmetry group of AdS5 itself. This can be shown taking the ten-dimensional Einstein-Hilbert action

and proving that the Kaluza-Klein decomposition creates a kinetic term (in five dimensions) for the ten-dimensional

massless scalar.

Therefore we consider a massive scalar field on AdS5. Its action is given by

S = − 1
2

∫

AdS5

d5x
√−g

(

∂Mϕ∂Nϕg
MN +m2ϕ2

)

. (6)

Its Klein-Gordon equation can be explicitly solved, for it can be recast as a Bessel equation. Before discussing the

result, we will elaborate on the geometrical structure of a d+2-dimensional AdSd+2 and its Poincaré coordinatization.

The space AdSd+2, together with dSd+2 and Minkowski Minkd+2, is a maximally symmetric spacetime (it has
1
2 (d + 2)(d + 3) Killing vectors, the generators of SO(2, d + 1)). It has negative constant curvature, corresponding

to a hyperbolic geometry. It is indeed a spacetime with negative cosmological constant, k2 = −(d + 1)Λ . It is only

for this sign of the cosmological constant that the holographic correspondence is best understood and developed.

Writing xM = (z, xµ) the AdS metric reads

ds2 =
dz2

z2k2
+

ηµν
z2k2

dxµdxν . (7)

The conformal boundary is located at z → 0.9 There the metric conformally diverges. We thence define the

conformal boundary metric as (k has unit L−1 so zk is a dimensionless parameter)

ds2bdy = lim
z→0

(z2k2)ds2. (8)

The ambiguity in defining the boundary metric should make your hair curl. In fact, we usually refer to the

boundary as a conformal class of metrics, since it is defined up to a conformal factor of the boundary coordinates

8The isometry group of Lorentzian AdSn is SO(2, n − 1). Many results in this topic are obtain using the Euclidean continuation. Here, we
work in Lorentzian signature unless otherwise stated.

9In fluid/gravity we mostly use r = 1
z

and thus locate the conformal boundary at r → ∞, due to multiple (debatable) reasons.
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– neutralized by a redefinition of z. Nonetheless, this ambiguity is disregarded and the boundary metric is always

fixed in practice. We postpone for later on (Section 5) an insightful treatment of this fact.

We are now ready to go back to (6) and solve it on the background (7), so assuming again five-dimensional bulk.

This can be done analytically in the full spacetime but we are interested in the z → 0 behavior. The full derivation of

this solution is standard material on the topic [196–198]. From this point to the end of the section, we will assume

Euclidean signature. The result is

ϕ(z, x) ∼ (kz)∆+ξ+(x)(1 +O(z2k2)) + (kz)∆−ξ−(x)(1 +O(z2k2)), (9)

where

∆+(∆+ − 4) =
m2

k2
, ∆−(∆− − 4) =

m2

k2
. (10)

The sum and difference of these two weights satisfy

∆+ +∆− = 4, ∆+ −∆− = 2

√

4 +
m2

k2
. (11)

We conclude that z∆− is the most divergent term and thus defines the boundary value of the field

lim
z→0

(kz)−∆−ϕ(z, x) = ξ−(x). (12)

The conformal boundary hosts the advocated matter theory. The boundary value of the field gets the interpre-

tation of a source for a local scalar operator O(x) in the boundary theory, which is a conformal field theory. The

generating functional is then

ZCFT[ξ
−] = 〈e−

∫
d4xξ−(x)O(x)〉. (13)

The space AdS5 is the vacuum solution in the bulk. Its dual interpretation is the ground state of the dual CFT.

Therefore ξ−(x) represents a deformation in the CFT, ξ−(x) = 0 being the undeformed value. The holographic

dictionary relates the partition function of the theory in the bulk with the boundary one (o.s. stands for on shell)

ZCFT[ξ
−(x)]

ZCFT[0]
= Zo.s.

Gravity[ξ
−(x)]. (14)

This is the fundamental result of the gauge/gravity duality. Its domain of applicability spans from the well-understood

AdS5 × S5 vs four-dimensional super Yang-Mills duality to more conjectured dualities in various dimensions and

boundary matter theory.

This equation is however not very handful unless we evaluate it in some limits. For instance, for α′ and gstring
small string theory reduces to supergravity where

Zo.s.
Gravity[ξ

−(x)] = e−S
o.s.[ξ−(x)]. (15)

Using this result one can compute the expectation value of the scalar operator sourced by ξ−(x). The final result

(after appropriate renormalization) is that 〈O(x)〉 is proportional to ξ+(x). We thence have a nice interpretation of

the bulk field expansion in terms of the boundary theory. The boundary value of a field is interpreted as a free

source while the vev of the operator sourced by it is related to the other field in the expansion ξ+(x). As we will

shortly see, this is a general feature, in particular also true for the bulk metric itself.

Keeping gstring small suppresses quantum corrections in the bulk. Therefore this double limit on string theory

makes it become classical supergravity. If we moreover assume the dictionary being true also for non-supersymmetric

theories than the bulk is nothing but Einstein general relativity at first order in all the various parameters. Conse-

quently, the on shell action appearing in (15) is the Einstein-Hilbert action in five dimensions

SEH =
1

16πGN

∫

d5x
√−g(R− 2Λ) (16)

with GN the Newton constant, plus contributions coming from the scalar field.

The boundary theory is a conformal field theory. The supergravity approximation in the bulk is dual to strong cou-

pling approximation in the boundary theory. We will also consider the long-distance low-frequency approximation,

as performed in [19, 20]. This limit corresponds to the relativistic hydrodynamic limit, where the energy-momentum

tensor is decomposed according to a fluid congruence. This macroscopic limit coarse-grains the field theory in the
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boundary: n-point functions are replaced with fluid transport coefficients, related to the formers via Kubo formulas

only in first order in the frequency. The hydrodynamic limit is focusing only on low frequency modes of the boundary

field theory. That is its main drawback: we are loosing information on the boundary. However this limit enhances

a formidable control on the system. It is especially useful to treat finite-temperature systems. We will see that

computation-wise it organizes the theory in an elegant way.

Bringing together all different limits and approximations, fluid/gravity duality conjectures in its simpler formulation

that Einstein gravity is dual to hydrodynamics. As anticipated, the fluid/gravity dictionary is written in the so-called

derivative expansion gauge. The latter is inspired by the Hamiltonian temporal evolution of gravity, in which one

solves initial constraints on a given space-like surface and then requires the temporal evolution to satisfy the re-

maining Einstein equations. In the derivative expansion the temporal evolution is replaced by a null-like evolution,

from the boundary to the bulk. The explicit form of the gauge is tuned such that the in-falling evolution satisfies

bulk Einstein equations. The parts of Einstein equations which encode the initial constraints are then encoded in

the conservation of the boundary energy-momentum tensor, which puts the boundary fluid on shell. This bound-

ary energy-momentum tensor can be decomposed along the fluid velocity and its orthogonal directions. It is the

time-like boundary value of the null-like bulk congruence that defines the boundary fluid velocity. In hydrodynamics,

the latter has a certain frame invariance, for it is possible to define it such that some dissipation phenomena can

be included in the kinematic. We will discuss the possible hydrodynamic frames and the importance of working

in the most general one in holography, to avoid constraints on relevant holographic data. We could have started

the discussion by directly conjecturing the relationship between Einstein gravity and hydrodynamics. I believe this

derivation of the duality, even though still hand waived, gives a nice glance of the story and contextualize it in a more

general and fascinating picture.

2.1 Boundary Hydrodynamics

This section is devoted to boundary hydrodynamics, in the relativistic setup. With respect to our square-web of

dualities, it is the blue sector below that we will discuss here

We will firstly discuss it in arbitrary dimensions and full generality (non necessarily conformal) and then specialize

to three and two dimensions, relevant to the reconstruction of four and three gravitational bulks, respectively.

2.1.1 In Arbitrary Dimension

In this section we work on a generic d + 2-dimensional bulk, i.e. a d + 1-dimensional boundary. We denote the

boundary metric gµν and we keep it as general as possible. As already anticipated, the bulk metric itself gives rise

in the boundary theory to a source gµν and a vev. By construction, the latter is the energy-momentum tensor of the
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boundary theory

〈Tµν〉 = −2√−g
δSbdy

δgµν
. (17)

The way this object is read-off from the boundary expansion of the bulk metric will be explained in the next

section. Notice for the moment being that for empty AdS it is identically zero, which justifies why we think of the

latter as dual to the CFT vacuum. Here we want to discuss the boundary hydrodynamics, so we interpret this tensor

as the energy-momentum tensor of a fluid (we disregard from now on the expectation value 〈·〉).
We now prove that, if the theory is covariant, this tensor is conserved. Consider the variation of the boundary

action under an infinitesimal coordinate transformation xµ → xµ + ρµ, we have (b.t. means possible disregarded

boundary terms)

δρS =

∫

dd+1x

(

δS

δgµν
δρgµν +

δS

δφ
δρφ

)

+ b.t., (18)

where φ stands for the various other fields of the theory. We assume that we are on-shell so δS
δφ = 0. Moreover, δρ

is the Lie derivative, which reads

δρgµν = ∇µρν +∇νρµ. (19)

We thus obtain

δρS = −
∫

dd+1x
√−gTµν∇µξν =

∫

dd+1x
√−g∇µT

µνξν + b. t.. (20)

If the theory is covariant, δρS = 0 for all ρ. From this we deduce that ∇µT
µν vanishes on shell, which is the

usual conservation law of the energy-momentum tensor. As we will show this is related to bulk Einstein equations.

In hydrodynamics the conservation of the energy-momentum tensor is not an identity of the theory but rather a

dynamical equation for the fluid. This comes about because in the hydrodynamic regime we loose information on

the microscopic action and as we will see Tµν is now express in terms of the fluid variable, which are macroscopic

quantities rather than fundamental fields. The interplay between micro and macro and fluid and geometry are at the

heart of our construction and will arise many times.

The fluid lives in the boundary, it is a d+1-dimensional system. Its energy-momentum Tµν can be geometrically

decomposed as (uµ = (u0, ui) with i running on the d spatial indices)

Tµν = (ε+ p)
uµuν

k2
+ pgµν + τµν +

uµqν

k2
+
uνqµ

k2
. (21)

It is made of a perfect-fluid piece and terms resulting from friction and thermal conduction. It contains d + 2
dynamical variables:

• energy per unit of proper volume (rest density) ε, and pressure p;

• d velocity-field components ui (u0 is determined by the normalization ‖u‖2 = −k2).10

The dynamical equations of motion for a relativistic fluid are all encapsulated in the conservation of the energy-

momentum tensor, which in the absence of external forces reads

∇µT
µν = 0. (22)

These are d + 1 equations, a local-equilibrium thermodynamic equation of state11 p = p(T ) is therefore needed for

completing the system – T being the temperature of the system. We also have the usual Gibbs-Duhem relation for

the grand potential −p = ε− Ts with s = ∂p
∂T .

For instance a conformal fluid would satisfy the equation of state

ε = dp, (23)

which implies that the energy-momentum tensor is traceless Tµµ = 0. This would not be true in the presence of a

conformal anomaly, which arises for even-dimensional boundary theories. We will touch upon this later on, where

we will study two-dimensional fluids.

10k here is the velocity of light usually called c. It is a key quantity in the Carrollian limit discussed in next sections. The reason why we spell it
k will become clear there. It is very often set to 1, we specifically do not want to do that.

11We omit here the chemical potential as we assume no independent conserved current.
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The viscous stress tensor τµν and the heat current qµ are purely transverse:

uµqµ = 0, uµτµν = 0, uµTµν = −qν − εuν , ε = 1
k2Tµνu

µuν . (24)

Hence, they are expressed in terms of ui and their spatial components qi and τij . The quantities qi and τij capture

the physical properties of the out of equilibrium state. They are usually expressed as expansions in temperature

and velocity derivatives, the coefficients of which characterize the transport phenomena occurring in the fluid.

The transport coefficients can be determined either from the underlying microscopic theory, or phenomenologi-

cally. In first-order hydrodynamics

τ(1)µν = −2ησµν − ζ∆µνΘ, (25)

q(1)µ = −κ∆µ
ν

(

∂νT +
T

k2
aν

)

, (26)

where 12

aµ = uν∇νuµ, (27)

Θ = ∇µu
µ, (28)

σµν = ∇(µuν) +
1

k2
u(µaν) −

1

d
Θ∆µν , (29)

ωµν = ∇[µuν] +
1

k2
u[µaν], (30)

are the acceleration (transverse), the expansion, the shear and the vorticity of the velocity field (rank 2 transverse

and traceless), with η, ζ the shear and bulk viscosities, and κ the thermal conductivity.

In the above expressions, ∆µν is the projector onto the space transverse to the velocity field, and one similarly

defines the longitudinal projector Uµν :

∆µν =
uµuν
k2

+ gµν , Uµν = −uµuν
k2

. (31)

We want to close this section with an important – often dismissed in holography – discussion on hydrodynamic

field redefinitions. In relativistic fluids, the absence of sharp distinction between heat and matter fluxes leaves a

freedom in setting the velocity field. Intuitively, this freedom reflects the idea that these two fluxes are just energy

motion relativistically, so we could decide to orient the velocity along one flux only, the other, or a combination of

them. Consequently, the macroscopic quantities {T, u, µ}, with µ the chemical potential, can be redefined order by

order in the hydrodynamic expansion.The guideline in this field redefinition is that microscopic quantities, such as

the energy-momentum tensor and any other conserved currents, should be invariant. This comes about because

only these objects have an interpretation in the microscopic field theory, and indeed we are discussing here their

vevs.

The fluid-velocity ambiguity is well posed in the presence of an extra conserved current J [40, 42], naturally

decomposed into a longitudinal perfect piece and a transverse part:

Jµ = ̺uµ + jµ. (32)

Here jµ encodes dissipation.

At equilibrium there is no redundancy in hydrodynamics, which translates the fact that there are no possible

distinct energy flows to align along. Out of equilibrium the redundancy emerges in the heat current q and the

non-perfect piece of the matter current j.
One may therefore set j = 0 and reach the so-called Eckart frame. Alternatively q = 0 defines the Landau-

Lifshitz frame. These define the two extrema, a generic fluid frame have both j and q. In the absence of extra

currents, setting q = 0 could possibly blur the physical phenomena occurring in the fluids under consideration.

Let us report explicitly some transformation rules between quantities in Landau-Lifshitz (LL) and Eckart (E)

frame. Writing QLL = QE + δQ for any kinematical or thermodynamic quantity Q, the displacements can be computed

linearly, quadratically, and so on, based on the fundamental rule that the energy-momentum tensor T and the matter

12Our conventions for (anti-) symmetrization are A(µν) =
1
2
(Aµν +Aνµ) and A[µν] =

1
2
(Aµν −Aνµ).
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current J are frame-invariant. The variation in the velocity field is determined in terms of the heat current, non-zero

in Eckart frame, vanishing in Landau-Lifshitz frame, by solving perturbatively the eigenvalue problem:

δu(1) =
q

pE + εE

. (33)

All other transformation rules are determined from the latter, using the quoted invariance and Gibbs-Duhem equa-

tion. The non-perfect matter-current component j is vanishing in Eckart and non-zero in Landau-Lifshitz, where its

first-order value is

δj(1) = − ̺E

pE + εE

q , (34)

while

δε(1) = δ̺(1) = δs(1) = δp(1) = 0 . (35)

Similarly, we find

δ
( µ

T

)(1)

=
q · τE · q
̺ETEq2

, (36)

and using δp = ̺δµ+ sδT we can read off δT (1) and δµ(1).

It should be noticed that the stress tensor τE is a correction with respect to the perfect fluid, of similar order than

the heat current q. The first correction it receives is therefore of second order:

δτ (2)µν =
q · τE · q

(pE + εE) q2
(qµuν + qνuµ) +

tr δτ (2)

d
hµν . (37)

In this expression, the trace of the correction, tr δτ (2) = gµν δτ
(2)µν , is left undetermined. This trace also appears in

the second-order correction of the pressure,

δp(2) =
δε(2)

d
− tr δτ (2)

d
, δε(2) = − q2

pE + εE

, (38)

so that a freedom remains to reabsorb it or not in the latter (see discussion in [40]). The other second-order

corrections from Eckart to Landau-Lifshitz frame read:

δu(2) =
1

2 (pE + εE)
2

(

q2uE − 2τE · qE

)

, (39)

δj(2) = − ̺E

(pE + εE)
2

(

q2uE − τE · qE

)

, (40)

δs(2) =
q2sE

2 (pE + εE)
2 − q2

TE (pE + εE)
, (41)

δ̺(2) =
q2̺E

2 (pE + εE)
2 , (42)

δ
(µ

T

)(2)

= − 1

̺ETE (pE + εE)

(

q2 +
q · τE · τE · q

q2
−
(

q · τE · q
q2

)2
)

. (43)

Finding the latter requires to analyse the eigenvalue problem of the energy-momentum tensor at third order. We

can further combine (38) with (43) and δp = ̺δµ+ sδT , and extract δT (2) and δµ(2).

We can proceed similarly and obtain the above quantities at next order, or even further. Their expressions follow

the pattern already visible in the first and second orders. It is readily seen that the expansions of all Landau-Lifshitz

observables around their Eckart values are controlled by the parameter ‖q‖/pE+εE, i.e. basically the norm of the heat

current. The magnitude of this quantity sets validity bounds on the frame transformation at hand. We also see

that this hydrodynamic frame redefinition is based on the assumption that an extra independent current is available.

Moving to the Landau-Lifshitz frame without such an extra current is therefore questionable, for it could incidentally

constraint some degrees of freedom.

On more general footing we are sure that we are not making any assumption keeping q arbitrary. Consequently,

we will keep the heat current as part of the physical data. Another reason why we decide to do so is because,

although the boundary fluid can potentially be written in any frame, we will discuss resummation of bulk spacetimes

using fluid data. It is not clear a priori that this procedure is insensitive to q.
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A posteriori, we actually have the glance that the contrary is true, namely that this resummation procedure

treats q as an important physical degree of freedom, necessary for the success of the reconstruction. This will be

elucidated in particular in three-dimensional bulk reconstructions, at the level of the charges.

The punchline here is that, independently of the already deep question of whether in the absence of extra

currents every fluid frame is achievable, we still do not know if the fluid/gravity correspondence is sensitive to the

fluid field redefinition, so we work in the most general frame to avoid loss of universality.

2.1.2 In Dimension Three

So far we worked with generic dimension d+ 1, we now analyze some features of three-dimensional fluids. In three

dimensions, the Hall viscosity appears as well in τ(1)µν :

− ζH
uσ

k
ησλ(µ σν)ρ g

λρ, (44)

with ησλµ =
√−g ǫσλµ.

It will be useful in the following to introduce the vorticity two-form

ω =
1

2
ωµν dx

µ ∧ dxν =
1

2

(

du+
1

k2
u ∧ a

)

, (45)

where u and a are the one-forms u = uµdx
µ and a = aµdx

µ. Its Hodge dual form is proportional to u in three

dimensions:

kγu = ⋆ω ⇔ kγuµ =
1

2
ηµνσω

νσ, (46)

In this expression γ is a scalar, that can also be expressed as

γ2 =
1

2k4
ωµνω

µν . (47)

One can naturally define a fully antisymmetric two-index tensor as13

η̃µν = −u
ρ

k
ηρµν , (48)

obeying

η̃µσ η̃ν
σ = ∆µν . (49)

With this tensor the vorticity reads:

ωµν = k2γη̃µν . (50)

All the introduced first-derivative object will play an important role in the following. An important final remark is

that on a generic, possible time dependent, background these quantities are far from trivial even for an adapted

fluid, i.e. a fluid with velocity u = ∂t.

Weyl Symmetry in 3-dimensional Fluids

As already discussed, holography does not furnish us a boundary metric but rather a conformal class of them. We

will review the implications of this fact in full detail in section 5. The fluid/gravity picture is strongly based on Weyl

covariance [23,26], and this Weyl transformation (defined precisely shortly) is a very powerful guideline for the setup.

Weyl symmetry will be discussed in different fashions and contexts in this work. We limit here our attention to its

importance for three-dimensional fluids.

The definition of the boundary metric is insensitive to a conformal rescaling. We call this rescaling a Weyl

transformation and say that the boundary metric has weight −2:

ds2bdy →
ds2bdy

B(x)2
. (51)

13The ∼ is necessary to distinguish this object from the two-dimensional one ηµν =
√−gǫµν defined in the next section for two dimensions.
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This scaling does not alter the definition of the boundary metric for it can be reabsorbed in a bulk redefinition of the

holographic coordinate (r → B(x)r).14

At the level of hydrodynamics one should at the same time trade uµ for uµ/B (velocity one-form), ωµν for ωµν/B
(vorticity two-form) and Tµν for BTµν . As a consequence, the pressure and energy density have weight 3, the heat-

current qµ weight 2, and the viscous stress tensor τµν weight 1 under Weyl. These transformation rules for the

fluid come from the fact that the energy-momentum Tµν should have weight 1 (we will show it explicitly). Using its

hydrodynamic decomposition one deduces the rule for all the other quantities.

Since we are looking for a holographic fluid, it is natural to package things in an explicitly Weyl covariant way.

This requires to introduce a Weyl connection one-form:15

A =
1

k2

(

a− Θ

2
u

)

, (52)

which transforms as A→ A− d lnB.

Ordinary covariant derivatives ∇ are thus traded for Weyl covariant ones. The latter can be “gauged”, given the

weight w of the conformal tensor under consideration. Then for instance the Weyl covariant derivative of a weight-w
tensor vµ is

Dνvµ = ∇νvµ + (w + 1)Aνvµ +Aµvν − gµνA
ρvρ. (53)

The Weyl covariant derivative is metric with non-vanishing commutator:

Dρgµν = 0, (54)

(DµDν −DνDµ) f = wfFµν , (55)

where

Fµν = ∂µAν − ∂νAµ (56)

is the Weyl-invariant field strength.

Commuting the Weyl-covariant derivatives acting on vectors, as usual one defines the Weyl covariant Riemann

tensor16

(DµDν −DνDµ)V
ρ = R

ρ
σµνV

σ + wV ρFµν (57)

(V ρ are weight-w) and the usual subsequent quantities. In three spacetime dimensions, the covariant Ricci (weight

0) and the scalar (weight 2) curvatures read:

Rµν = Rµν +∇νAµ +AµAν + gµν
(

∇λA
λ −AλA

λ
)

− Fµν , (58)

R = R+ 4∇µA
µ − 2AµA

µ. (59)

Notice that the Weyl-Ricci tensor is not symmetric, due to the presence of Fµν .

The Weyl-invariant Schouten tensor17 is

Sµν = Rµν −
1

4
Rgµν = Sµν +∇νAµ +AµAν −

1

2
AλA

λgµν − Fµν . (60)

Other Weyl-covariant velocity-related quantities are

Dµuν = ∇µuν +
1

k2
uµaν −

Θ

2
∆µν

= σµν + ωµν , (61)

Dνω
ν
µ = ∇νω

ν
µ, (62)

Dν η̃
ν
µ = 2γuµ, (63)

uλRλµ = Dλ

(

σλµ − ωλµ
)

− uλFλµ, (64)

of weights −1, 1, 0 and 1 (the scalar vorticity γ has weight 1).

14As remarked, in fluid/gravity we use holographic coordinate r = 1/z.
15The explicit form of A is obtained demanding Dµuµ = 0 and uλDλuµ = 0. See [23] for more details.
16In Appendix A we properly define these quantities in arbitrary dimension making use of the notion of Weyl connection.
17The ordinary Schouten tensor in three spacetime dimensions is given by Rµν − 1

4
Rgµν .
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In three dimensions the Weyl tensor is identically zero. All the information regarding the conformal structure of a

given manifold are captured in the so-called Cotton tensor.18 The Cotton tensor is generically a 3-index tensor with

mixed symmetries. In three dimensions it can be dualized into a two-index, symmetric and traceless tensor. It is

defined as

Cµν = ηµ
ρσ
Dρ (Sνσ + Fνσ) = ηµ

ρσ∇ρ

(

Rνσ − R

4
gνσ

)

. (65)

The Cotton tensor is Weyl-covariant of weight 1 (i.e. transforms as Cµν → BCµν), and is identically conserved:

DρC
ρ
ν = ∇ρC

ρ
ν = 0, (66)

sharing thereby all properties of the energy-momentum tensor. This important fact will be relevant and suggests

already that perhaps it is through these two objects that fluids and geometries are suppose to interact.

Following (21) we can decompose the Cotton tensor into longitudinal, transverse and mixed components with

respect to the fluid velocity u:

Cµν =
3c

2

uµuν
k

+
ck

2
gµν −

cµν
k

+
uµcν
k

+
uνcµ
k

. (67)

Such a decomposition naturally defines the weight-3 Cotton scalar density

c =
1

k3
Cµνu

µuν , (68)

as the longitudinal component.

The symmetric and traceless Cotton stress tensor cµν and the Cotton current cµ (weights 1 and 2, respectively)

are purely transverse:

cµ
µ = 0, uµcµν = 0, uµcµ = 0, (69)

and obey

cµν = −k∆ρ
µ∆

σ
νCρσ +

ck2

2
∆µν , cν = −cuν −

uµCµν
k

. (70)

One can use the definition (65) to further express the Cotton density, current and stress tensor as ordinary or

Weyl derivatives of the curvature. We find

c =
1

k2
uν η̃σρDρ (Sνσ + Fνσ) , (71)

cν = η̃ρσDρ (Sνσ + Fνσ)− cuν , (72)

cµν = −∆λ
µ (kην

ρσ − uν η̃
ρσ)Dρ (Sλσ + Fλσ) +

ck2

2
∆µν . (73)

In section 2.2 we will discuss how, starting from the fluid boundary data, one can reconstruct a Einstein space

in the bulk. There, we will see the crucial role played by the Cotton tensor in organizing this reconstruction.

2.1.3 In Dimension Two

We consider now two-dimensional fluids, dual to three-dimensional bulk geometries. In an abuse of notation, we still

use greek indices µ to refer to the two boundary coordinates, such that xµ = (x0, x1). Recall that in the presence of

external force density fν the fluid satisfies:

∇µTµν = fν . (74)

Together with the equation of state (local thermodynamic equilibrium is assumed), this set of equations provide

the hydrodynamic equations of motion. In two dimensions, the transverse direction with respect to u is entirely

supported by the Hodge-dual ⋆u:19

⋆ uρ = uσησρ. (75)

This dual congruence is space-like and normalized as ‖ ⋆ u‖2 = k2.

Therefore we define

q = χ ⋆ u with χ = − 1

k2
⋆ uµTµνu

ν , (76)

18This tensor is non-zero in the boundary whenever the bulk is locally asymptotically AdS [32–34,36,76].
19Our conventions in 2 dimensions are: ησρ =

√−gǫσρ with ǫ01 = +1. Hence ηµσησν = δµν .
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as the local heat density. Similarly, the viscous stress tensor has a unique component encoded in the viscous stress

scalar τ :

τµν = τhµν with ∆µν =
1

k2
⋆ uµ ⋆ uν (77)

the projector onto the space transverse to the velocity field.

The energy-momentum trace reads:

Tµµ = p− ε+ τ. (78)

The pressure p and the viscous stress scalar τ appear in the fully transverse component of the energy-momentum

tensor. Their sum is therefore the total stress.

If the system is free and at global equilibrium, τ vanishes and the stress is given by the thermodynamic pressure

p alone. Hence, the viscous stress scalar τ is usually expressed as an expansion in temperature and velocity gradi-

ents, and this distinguishes it from p. The same holds for the heat current q. The coefficients of these expansions

characterize the transport phenomena occurring in the fluid.

The shear and the vorticity vanish identically in two spacetime dimensions. The only non-vanishing first-

derivative tensors of the velocity are the acceleration and the expansion

aµ = uν∇νuµ, Θ = ∇µu
µ, (79)

and one defines similarly the expansion of the dual congruence as20

Θ⋆ = ∇µ ⋆ u
µ, (80)

which enables us expressing the acceleration:

aµ = Θ⋆ ⋆ uµ. (81)

In first-order hydrodynamics21

τ(1) = −ζΘ, (82)

χ(1) = − κ

k2
(⋆u(T ) + TΘ⋆) . (83)

As usual, ζ is the bulk viscosity and κ is the thermal conductivity – assumed constant in this expression.

It is convenient to use the orthonormal Cartan frame {u/k, ⋆u/k}. Then the metric reads (u2 = uµuνdx
µdxν):

ds2 =
1

k2
(

−u2 + ⋆u2
)

, (84)

while the energy-momentum tensor takes the form:

T = Tµνdx
µdxν =

1

2k2

(

(ε+ χ) (u+ ⋆u)
2
+ (ε− χ) (u− ⋆u)

2
)

+
1

k2
(p− ε+ τ) ⋆ u2. (85)

Weyl Symmetry in Two-dimensional Fluids

Let us see the role played by Weyl symmetry in two dimensions. Under Weyl transformations

ds2 → ds2

B2
, (86)

the velocity form components uµ are traded for uµ/B, the energy and heat densities have weight 2, and the local-

equilibrium equation of state is conformal

ε = p, (87)

which is accompanied by Stefan’s law (σ is the Stefan-Boltzmann constant):

ε = σT 2. (88)

20The hodge-dual of a scalar is a two-form and would spell with a suffix star. Instead, Θ⋆ is just another scalar.
21For any vector v and function f , v(f) stands for vµ∂µf . We remind the following identities: d†df = −�f with d†w = ⋆d ⋆ w = −∇µwµ and

df = 1
k2 (⋆u(f) ⋆ u− u(f)u), ⋆df = 1

k2 (⋆u(f)u− u(f) ⋆ u).
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Hence, the trace of the energy-momentum tensor is τ . In the absence of anomalies it vanishes and Tµν is

invariant under (86).22 If τ is non-vanishing, the fluid is not conformal and τ is an anomalous weight-2 quantity.

We can now proceed in the exact same way as we did in the three-dimensional case, and introduce Weyl-covariant

derivatives and curvature objects. We still report here the analysis since some differences persist due to the different

dimensionality, and the fact that we can package here the transverse direction in a very elucidating manner.

We thus introduce a Weyl connection one-form

A =
1

k2
(a−Θu) =

1

k2
(Θ⋆ ⋆ u−Θu) , (89)

which transforms as A → A − d lnB. Ordinary covariant derivatives ∇ are traded for Weyl covariant ones D =
∇+ wA, w being the conformal weight of the tensor under consideration. On tensor vµ and of scalar function Φ of

weight w it acts as:

Dνvµ = ∇νvµ + (w + 1)Aνvµ +Aµvν − gµνA
ρvρ, (90)

DνΦ = ∂νΦ+ wAνΦ. (91)

As before, this covariant derivative is metric-compatible with commutator:23

Dρgµν = 0, (92)

(DµDν −DνDµ) f = wfFµν , (93)

where

Fµν = ∂µAν − ∂νAµ (94)

is the Weyl-invariant field strength.

In two dimensions we can dualize it to a weight-2 scalar

F = ⋆dA = ηµν∂µAν =
1

k2
(⋆u(Θ)− u(Θ⋆)) . (95)

Like in 3 dimensions, one can extract the various curvature tensors.

With respect to the Levi-Civita ones, the covariant Ricci tensor (weight-0) and the scalar (weight-2) curvatures

read:

Rµν = Rµν + gµν∇λA
λ − Fµν , (96)

R = R+ 2∇µA
µ. (97)

It turns out that Rµν + gµν∇λA
λ vanishes identically. Hence

R = 0 ⇔ R = 2d†A and Rµν = −Fµν . (98)

The ordinary scalar curvature has a weight-2 anomalous transformation

R→ B2 (R+ 2� lnB) (99)

(the box operator is here referring to the metric before the Weyl transformation).

Using these tools as well as the identity

∇µTµν = D
µTµν −AνT

µ
µ, (100)

the general fluid equations (74) with ε = p, projected on the light-cone directions u± ⋆u acquires a simple form:24

(uµ + ∗uµ)Dµ (ε+ χ) + (uµ − ⋆uµ) fµ = −Θτ −Θ⋆τ − ⋆u(τ), (101)

(uµ − ⋆uµ)Dµ (ε− χ) + (uµ + ⋆uµ) fµ = −Θτ +Θ⋆τ + ⋆u(τ). (102)

Equivalently:

d
(

√

ε+ χ+ τ/2(u+ ⋆u)
)

+
1

2
√

ε+ χ+ τ/2
(u− ⋆u) ∧ ⋆

(

f − 1

2
dτ

)

= 0 , (103)

d
(

√

ε− χ+ τ/2(u− ⋆u)
)

− 1

2
√

ε− χ+ τ/2
(u+ ⋆u) ∧ ⋆

(

f − 1

2
dτ

)

= 0 . (104)

22In general Tµν has weight d − 1 under Weyl. That is why it has weight 1 in 3 boundary dymensions (d = 2) and weight 0 in 2 boundary
dimensions (d = 1).

23We remind that useful informations on the Weyl geometry are stored in Appendix A.
24Notice that any congruence with w = −1 in two dimensions obeys Dµuν = ∇µuν + 1

k2 uµaν −Θ∆µν = 0 due to the absence of shear and
vorticity, and similarly Dµ ⋆ uν = 0.
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Hydrodynamic Frames

In two dimensions, thanks to the fact that the orthogonal subspace to the fluid velocity is again a one-dimensional

space, we have a very powerful control on the theory. In particular, changing hydrodynamic frame, i.e. fluid velocity

field while keeping T unchanged, amounts just to perform an arbitrary local Lorentz transformation on the Cartan

frame
(

u′

⋆u′

)

=

(

coshψ(x) sinhψ(x)
sinhψ(x) coshψ(x)

)(

u
⋆u

)

, (105)

or for the null directions u′ ± ⋆u′ = (u± ⋆u) e±ψ.

This affects the Weyl connection and Weyl curvature scalar

A′ = A− ⋆dψ (106)

F ′ = F +�ψ. (107)

By construction, the transformation (105) has to keep the energy-momentum tensor invariant. This happens

provided the energy density and the heat density transform appropriately. Imposing also that in the new frame

ε′ = p′, we conclude that

(

ε′

χ′

)

=

(

cosh 2ψ(x) − sinh 2ψ(x)
− sinh 2ψ(x) cosh 2ψ(x)

)(

ε
χ

)

+ τ sinhψ(x)

(

sinhψ(x)
− coshψ(x)

)

, (108)

while, due to the invariance of the trace,

τ ′ = τ. (109)

Equivalently one can use
√

(

ε′ ± χ′ + τ ′

2

)

=
√

(

ε± χ+ τ
2

)

e∓ψ.

The energy-momentum tensor can be diagonalized with a specific local Lorentz transformation. This means that

in this frame there is no heat dissipation. By definition, this is the Landau-Lifshitz frame, where the heat current χLL

is vanishing. We find

T =
εLL

k2
u2LL +

εLL + τ

k2
⋆ u2LL (110)

since τLL = τ and χLL = 0.

The latter condition allows to find the local boost towards the Landau-Lifshitz frame

e4ψLL =
ε+ χ+ τ/2

ε− χ+ τ/2
. (111)

With this, one finds the Landau-Lifshitz energy density

εLL =

√

(

ε+ χ+
τ

2

)(

ε− χ+
τ

2

)

− τ

2
. (112)

It exhibits an upper bound for χ2, χ2
max = (ε+ τ/2)

2
. We interpret it as a translation of causality and unitarity

properties of the underlying microscopic field theory.

The eigenvalue25 εLL is supported by the time-like eigenvector

uLL =
1

2

(

(

ε+ χ+ τ/2

ε− χ+ τ/2

)1/4

(u+ ⋆u) +

(

ε− χ+ τ/2

ε+ χ+ τ/2

)1/4

(u− ⋆u)

)

, (113)

whereas

ε⋆LL = εLL + τ =

√

(

ε+ χ+
τ

2

)(

ε− χ+
τ

2

)

+
τ

2
(114)

is the eigenvalue along the space-like eigenvector ⋆uLL.

The fluid equations (103) and (104) are recast as follows

2
√
εLLd

† (
√
εLLuLL)− uLL · f −ΘLLτ = 0 , (115)

2
√

ε⋆LLd
† (√ε⋆LL ⋆ uLL

)

+ ⋆uLL · f +Θ⋆LLτ = 0 . (116)

25We make for simplicity the implicit assumption that the energy density is positive. This needs not be true, however, and the holographic fluid
dual to global AdS3 has indeed negative energy.
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For a non-anomalous conformal fluid, and at zero external force f = 0, the forms
√
ε± χ(u±⋆u) are closed, and

can be used to define a privileged light-cone coordinate system, adapted to the fluid configuration. In this specific

case, the on-shell Weyl scalar curvature reads

F = −1

2
� ln

√

ε+ χ

ε− χ
. (117)

In this case the frame transformation (105) acts on the energy and heat densities as a spin-two electric-magnetic

boost, the energy being electric and the heat magnetic.

Light-Cone vs Randers-Papapetrou Parametrizations

Light-Cone Every two-dimensional metric is amenable by diffeomorphisms to a conformally flat form:

ds2 = e−2ωdx+dx−. (118)

With this choice and our conventions g+− = 1/2e−2ω, η+− = 1/2e−2ω, η+− = −2e2ω, η+
+ = 1, η−− = −1. Notice

also that ⋆ (dx+ ∧ dx−) = η+− = −2e2ω. Time and space are defined as x± = xxx± kt. The conformal factor ω is an

arbitrary function of x+ and x−.

Any normalized congruence has the following form:

u = u+dx
+ + u−dx

− ⇔ ⋆u = −u+dx+ + u−dx
−, (119)

where u±, functions of x+ and x−, are related by the normalization condition

u+u− = −k
2

4
e−2ω. (120)

Without loss of generality, we can parameterize the velocity field as

u+ = −k
2
e−ω

√

ξ, u− =
k

2
e−ω

1√
ξ
, (121)

where ξ = ξ(x+, x−) is defined as the ratio

ξ = −u+
u−

. (122)

The choice ξ = 1 corresponds to a co-moving fluid because in this case u = −k2e−ωdt.
For the congruence at hand

Θ±Θ⋆ = ±2ke2ω∂±e
−(ω±ln

√
ξ). (123)

Moreover:

A = −dω + ⋆d ln
√

ξ and F = −� ln
√

ξ = −2e2ω∂+∂− ln ξ, (124)

whereas the Levi-Civita scalar curvature reads

R = 2�ω = 8e2ω∂+∂−ω. (125)

In this frame {dx+, dx−}, the components of a general energy-momentum tensor with ǫ = p, are

T++ =
ξ

2

(

ε− χ+
τ

2

)

e−2ω, T−− =
1

2ξ

(

ε+ χ+
τ

2

)

e−2ω,

T+− = T−+ =
τ

4
e−2ω.

(126)

For a conformal fluid τ = 0, thus T+− = 0 = T−+ and

(ε+ χ)(ε− χ) = 4e4ωT++T−−,
ε+ χ

ε− χ
=
T−−
T++

ξ2. (127)
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In the latter case, and in the absence of external forces, the forms (103) and (104) are closed, which implies

(ε−χ)e−2ωξ being locally a function of x+ and (ε+χ) e
−2ω

ξ of x−. Observe that in the Landau-Lifshitz frame (χLL = 0)

ξ2LL =
T++

T−−
, ε2LL = 4e4ωT++T−−. (128)

In this frame, on-shell, F vanishes.

Moving from a given hydrodynamic frame to another by a local Lorentz boost, amounts to perform the following

transformation on the function ξ

ξ(x+, x−) → ξ′(x+, x−) = e−2ψ(x+,x−)ξ(x+, x−). (129)

Randers-Papapetrou The light-cone frame is not well suited for the Carrollian limit, which is the subject of Section

3. Carrollian fluid dynamics is elegantly reached in the Randers-Papapetrou frame, where (here we work with

coordinates t and x. The latter is not reported in bold for it is one-dimensional here)

ds2 = −k2 (Ωdt− bxdx)
2
+ adx2 (130)

with all three functions of the coordinates t and x.

A generic velocity vector field u reads:

u = γ (∂t + vx∂x) . (131)

It is convenient to parametrize the velocity vx as26

vx =
k2Ωβx

1 + k2β · b ⇔ βx =
vx

k2Ω
(

1− vxbx
Ω

) (132)

with Lorentz factor

γ =
1 + k2β · b

Ω
√

1− k2β2
. (133)

The velocity form and its dual read:

u = − k2
√

1− k2β2
(Ωdt− (bx + βx) dx) , ⋆u = k

√
aΩγ (dx− vxdt) , (134)

while the corresponding vector is

⋆ u =
k

√
a
√

1− k2β2

(

bx + βx
Ω

∂t + ∂x

)

. (135)

We can determine the form of the heat current q, which must be proportional to ⋆u, in terms of a single component

qx. We find

χ =
qx

k
√
aΩγ

=
qx
√
a
√

1− k2β2

k
. (136)

Similarly, for the viscous stress tensor

τ =
τxx

aΩ2γ2
= τxxa

(

1− k2β2
)

. (137)

Performing a local Lorentz boost (105) on the hydrodynamic frame does not affect the geometric objects Ω, bx
or a, and is thus entirely captured by the transformation of the vector β = βx∂x. This is expected, for β is the kinetic

quantity, as we will fully unravel in Section 3.

Parameterizing the boost in terms of a spatial vector B = Bx∂x as

coshψ = Γ =
1√

1− k2B2
, sinhψ = Γk

√
aBx =

k
√
aBx√

1− k2B2
, (138)

26Notice that βx + bx = −Ωux
ku0

. We define as usual bx = axxbx, βx = axxβx, vx = axxvx with axx = 1/axx = a, b2 = bxbx, β2 = β · β =

βxβx and b · β = bxβx.
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we get:

β′ =
β +B

1 + k2β ·B , (139)

as expected from the velocity rule composition in special relativity. Moreover

ε′ =
1

1− k2B2

((

1 + k2B2
)

ε− k
√
aBx2χ+ k2B2τ

)

, (140)

χ′ =
1

1− k2B2

((

1 + k2B2
)

χ− k
√
aBx(2ε+ τ)

)

. (141)

Using (136) and (137), we eventually reach

q′x√
a

=
((

1 + k2B2
)

χ− k
√
aBx(2ε+ τ)

)

k

(

1 + k2 (β ·B + (β +B) · b)
)

(1− k2β2)
1/2

(1− k2B2)
3/2

, (142)

τ ′xx
a

= τ

(

1 + k2 (β ·B + (β +B) · b)
)2

(1− k2β2) (1− k2B2)
. (143)

These quantities will become useful when trying to reach Carrollian hydrodynamics in two dimensions.

2.2 Bulk Gravity

We are now ready to discuss the properties of the bulk spacetime and how to reconstruct a given solution of Einstein

equations from the boundary fluid data, which is the blue sector of our square:

We will first of all review the Fefferman-Graham (FG) expansion, then explain the salient features of the derivative

expansion and justify why it is more useful from the hydrodynamic viewpoint. We will then specialize in four and

three bulk dimensions, where we will be able to fully characterize bulk solutions from the boundary. This latter task

remains an open question in bulk dimension five and higher.

2.2.1 Fefferman-Graham vs Derivative Expansion

The FG expansion is at the core of holography. It is based on a theorem by Fefferman and Graham [77,78] stating

that the metric of a locally asymptotically AdSd+2 geometry can be put in the form (k is the inverse of the AdS radius)

ds2 =
dz2

k2z2
+ hµν(z;x)dx

µdxν . (144)
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The conformal boundary is a constant-z hypersurface at z = 0 in these coordinates. To obtain this form, one

has used up all of the diffeomorphism invariance, apart from residual transformations of the xµ → x′µ(x), which of

course would change the components of hµν in general. Near z = 0, hµν(z;x) may be expanded

hµν(z;x) =
1

k2z2

[

g(0)µν (x) + k2z2g(2)µν (x) + k4z4g(4)µν (x) + ...
]

+ (kz)d−1
[

T (0)
µν (x) + k2z2T (2)

µν (x) + ...
]

. (145)

A particularly interesting feature of this gauge is that every bulk solution can be obtained by specifying the boundary

metric g
(0)
µν and energy-momentum tensor T

(0)
µν . These two objects are for the bulk metric the same as the source

and the vev were for the bulk scalar field we saw at the beginning of Section 2. All the subleading objects in the

two series are written on-shell as a function of these 2 objects and their derivative. In this sense, g(0) and T (0)

can be interpreted has initial position and momentum for gravity. Einstein equations in the bulk then express all the

subleading terms in the expansions.

The drawbacks of this gauge are mainly three. Firstly, it is always (except for empty AdS) an infinite expansion.

Secondly – and fundamentally for hydrodynamics – this gauge is not suitable for Weyl transformations (see section

5). Lastly, it does not admit a smooth k → 0 limit. This last remark is crucial in our work. Indeed, we will see that a

Carrollian limit in hydrodynamics corresponds to a k → 0 limit in the gravitational bulk. We therefore need to choose

a gauge that smoothly allows such a limit.

These weakness will be cured in the derivative expansion. Nonetheless, the very merit of the FG expansion is

its mathematical robustness, guaranteed by the fact that it is a proved theorem that every locally asymptotically AdS

metric can be written in this way.

More recently, fluid/gravity correspondence has provided an alternative to FG, known as derivative expan-

sion [24–27]. It is inspired from the fluid derivative expansion, and is implemented in Eddington-Finkelstein (EF)

coordinates. The metric of an Einstein spacetime is expanded in a lightlike direction and the information on the

boundary fluid is made available in a slightly different manner, involving explicitly a velocity field whose deriva-

tives set the order of the expansion. Conversely, the boundary fluid data, including the fluid congruence, allow to

reconstruct an exact bulk Einstein spacetime.

This reconstruction is heavily based on Weyl invariance. Indeed, it treats the null coordinate (and derivatives) as

an expansion parameter and associates at every order in the expansion the possible Weyl covariant boundary terms

with compatible Weyl weight. Although less robust mathematically, the derivative expansion has several advantages

over FG:

• it can be resummed leading to algebraically special Einstein spacetimes in a closed form,

• boundary geometrical terms appear packaged at specific orders in the derivative expansion, which makes

their classification easier

• the spacetime metric is expanded along a null rather than a spatial direction. This is ultimately the reason

why it admits a consistent limit of vanishing scalar curvature. Having a null holographic direction is therefore

crucial.

Hence, it appears to be applicable to Ricci-flat spacetimes and emerges as a valuable tool for setting up flat

holography. Such a smooth behavior is not generic, as in most coordinate systems switching off the scalar curvature

for a Einstein space leads to plain Minkowski spacetime.

The velocity field of a relativistic fluid is not a physical observable, and therefore, as already discussed, it can be

redefined by a hydrodynamic field redefinition. Nonetheless it appears explicitly in the derivative expansion. This

is in contrast to what happens in the FG expansion, where the Einstein bulk reconstruction is solely based on the

boundary metric and the boundary energy-momentum tensor.

As we will see, the derivative expansion moves the different degrees of freedom in different places. In fact, the

energy-momentum tensor will satisfy integrability conditions that relates it to the boundary geometry. Hence, the

fluid velocity, although immaterial in the boundary theory, represents for the bulk reconstruction an important piece

of information, for it appears explicitly in the derivative expansion (it actually organizes the latter).

Following the above logic, it is clear that when writing the derivative expansion, some implicit gauge choice may

be made, partly locking the form of the velocity. A frame redefinition would change the fluid velocity. If altogether

allowed from the bulk point of view, this is expected to be reabsorbed by some appropriate bulk diffeomorphism.

Analyzing the role of the velocity field in the fluid/gravity derivative expansion is not an easy task. In particular,

the integrability conditions that we mentioned set a relationship that involves the latter. This could blur the boundary

frame redefinition freedom. We should therefore be prudent and do not assume any specific a priori fluid gauge. The
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exact way in which a boundary fluid redefinition affects the bulk reconstruction procedure is still an open question

and argument of recent investigation.

Another important open question is to write down the bulk reconstructed metric in five dimensions and higher, in

the derivative expansion gauge. Some progress have been recently made [199], but it remains an unsolved issue so

far. Our reconstruction works perfectly in four and three bulk dimensions, which is the argument of the next sections.

2.2.2 Bulk Reconstruction in Four Dimensions

As mentioned, the fluid/gravity correspondence is historically based on the holographic coordinate r = 1/z, which

therefore places the boundary at r → ∞. The logic here is to write all the possible Weyl covariant term with the

correct weight at a given order in the r expansion.

This exercise, in four dimensions, results in:

ds2bulk = 2
u

k2
(dr + rA) + r2ds2 +

S

k4

+
u2

k4r2

(

1− 1

2k4r2
ωαβω

αβ

)(

8πGNTλµu
λuµ

k2
r +

Cλµu
ληµνσωνσ
2k4

)

+ terms with σ, σ2, ∇σ, . . . +O
(

D
4u
)

. (146)

In this expression

• S is a Weyl-invariant tensor:

S = Sµνdx
µdxν = −2uDνω

ν
µdx

µ − ωµ
λωλνdx

µdxν − u2
R

2
, (147)

compatible with the fact that it appears at order 1 in the r expansion;

• the boundary metric is parametrized à la Randers-Papapetrou:

ds2 = −k2
(

Ωdt− bidx
i
)2

+ aijdx
idxj , (148)

this parametrization is important in the following and will be intensively discussed, for the moment all what

matters is that every metric can be parametrized in this way;

• the boundary conformal fluid velocity field and the corresponding one form are

u =
1

Ω
∂t ⇔ u = −k2

(

Ωdt− bidx
i
)

, (149)

i.e. the fluid is at rest in the frame associated with the coordinates in (148) – this is not a limitation, as one

can always choose a local frame where the fluid is at rest, in which the metric reads (148) (with Ω, bi and aij
functions of all coordinates);

• ωµν is the vorticity of u as given in (30), which reads:

ω =
1

2
ωµνdx

µ ∧ dxν =
k2

2

(

∂ibj +
1

Ω
bi∂jΩ+

1

Ω
bi∂tbj

)

dxi ∧ dxj ; (150)

• using this result

1

2k4
ωαβω

αβ = γ2 =
1

2
aikajl

(

∂[ibj] +
1

Ω
b[i∂j]Ω+

1

Ω
b[i∂tbj]

)(

∂[kbl] +
1

Ω
b[k∂l]Ω+

1

Ω
b[k∂tbl]

)

; (151)

• the expansion (28) and acceleration (27) are

Θ =
1

Ω
∂t ln

√
a, (152)

a = k2
(

∂i lnΩ +
1

Ω
∂tbi

)

dxi, (153)
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leading to the Weyl connection (52)

A =
1

Ω

(

∂iΩ+ ∂tbi −
1

2
bi∂t ln

√
a

)

dxi +
1

2
∂t ln

√
adt , (154)

with a the determinant of aij ;

• 1
k2Tµνu

µuν is the energy density ε of the fluid, and in Randers-Papapetrou q0 = τ00 = τ0i = τi0 = 0 due to (24)

and (149);

• 1
2k4Cλµu

ληµνσωνσ = cγ, where we have used (46) and (68), and similarly c0 = c00 = c0i = ci0 = 0;

• σ, σ2, ∇σ stand for the shear of u and combinations of it, as computed from (29):

σ =
1

2Ω

(

∂taij − aij∂t ln
√
a
)

dxidxj . (155)

We close this paragraph stressing again the importance of Weyl covariance in the reconstruction of the bulk line

element.

Resummation and Exact Einstein Spacetimes in Closed Form

In order to further probe the derivative expansion (146), we will impose the fluid velocity congruence shearless. This

choice has the virtue of reducing considerably the number of terms compatible with conformal invariance in (146),

and potentially making this expansion resummable, thus leading to an Einstein metric written in a closed form.

Nevertheless, this shearless condition together with integrability conditions, reduce the class of Einstein space-

times that can be reconstructed holographic to the algebraically special ones [33,34,36].27 Going beyond this class

is an open problem. This result should be stressed: we are constraining the boundary theory, but a posteriori we

know that the subclass of Einstein spaces we are reaching (algebraically special), is general enough to include, for

instance, all known black hole solutions. Notice that this shearless condition is also potentially not harmless regard-

ing hydrodynamic frames. In fact, a hydrodynamic frame transformation may return a shearfull velocity starting from

a shearless one.

By direct inspection (following e.g. [24]), it is tempting to try a resummation of (146) using the following substitu-

tion:

1− γ2

r2
→ r2

ρ2
(156)

with γ defined in (151) and

ρ2 = r2 + γ2. (157)

The success of this resummation is not a priori guaranteed. It is a posteriori confirmed thanks to the fact that we

are able to write a large spectrum of bulk solutions in this form.

With this procedure, we postulate the resummed expansion

ds2res. Einstein = 2
u

k2
(dr + rA) + r2ds2 +

S

k4
+

u2

k4ρ2
(8πGNεr + cγ) , (158)

which is indeed written in a closed form, since all subleading piece in r-expansion have been resummed.

It is evident that the shearless condition was a very powerful tool. Under the conditions listed below, the metric

(158) defines the line element of an exact Einstein space with Λ = −3k2.

1. The congruence u is shearless. This requires (see (155))

∂taij = aij∂t ln
√
a. (159)

It is equivalent to ask that the two-dimensional spatial section defined at every time t and equipped with the

metric dℓ2 = aijdx
idxj is conformally flat. This may come as a surprise because every two-dimensional

metric is conformally flat. However, aij generally depends on space xxx and time t, and the transformation

27Appendix B touches upon Petrov classification and Goldberg-Sachs theorem. We explain there the meaning of algebraically special.
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required to bring it in a form proportional to the flat-space metric might depend on time. This would spoil the

three-dimensional structure (148) and alter the a priori given u. Hence, dℓ2 is conformally flat within the three-

dimensional spacetime (148) under the condition that the transformation used to reach the explicit conformally

flat form be of the type xxx′ = xxx′(xxx). This exists if and only if (159) is satisfied.

Under this condition, one can always choose ζ = ζ(xxx), ζ̄ = ζ̄(xxx) such that

dℓ2 = aij dx
idxj =

2

P 2
dζdζ̄ (160)

with P = P (t, ζ, ζ̄) a real function. Even though this does not hold for arbitrary u = ∂t
Ω , one can show that there

exists always a congruence for which it does [45].28

2. The heat current of the boundary fluid (21) is identified with the transverse-dual of the Cotton current defined

in (67) and (70), via the u-transverse duality defined in (48):

qµ =
1

8πGN
η̃νµcν =

1

8πGN
η̃νµη̃

ρσ
Dρ (Sνσ + Fνσ) , (161)

where we used (72) in the last expression. In holomorphic coordinates29

q =
i

8πGN

(

cζdζ − cζ̄dζ̄
)

. (162)

3. The viscous stress tensor of the boundary conformal fluid (21) is identified with the transverse-dual of the

Cotton stress tensor defined in (67) and (70). Following the same pattern as for the heat current, we obtain:

τµν = − 1

8πGNk2
η̃ρµcρν

=
1

8πGNk2

(

−1

2
uλη̃µν η̃

ρσ + η̃λµ (kην
ρσ − uν η̃

ρσ)

)

Dρ (Sλσ + Fλσ) , (163)

where we also used (73) in the last equality. In complex coordinates:

τ = − i

8πGNk2
(

cζζdζ
2 − cζ̄ζ̄dζ̄

2
)

. (164)

4. The energy-momentum tensor defined in (21) with p = ε/2, heat current as in (161) and viscous stress tensor

as in (163) must be conserved

∇µT
µν = 0 (165)

These are differential constraints that from a bulk perspective can be thought of as a generalization of the

Gauss law.

Identifying parts of the energy-momentum tensor with the Cotton tensor may be viewed as setting integrability condi-

tions, similar to the electric-magnetic duality conditions in electromagnetism, or in Euclidean gravitational dynamics.

As opposed to the latter, it is here implemented in a rather unconventional manner, on the conformal boundary,

via the transverse-to-u duality η̃µν . Notice that in the FG gauge Tµν and the boundary metric encode all the infor-

mations. Here however the derivative expansion shuffles the degrees of freedom differently, and thus integrability

conditions arise.

As examples demonstrate, the Cotton tensor contains the gravitational magnetic part of the informations, like

the NUT charge, while the energy-momentum tensor the electric one, like the black hole mass. These integrability

conditions strikingly resemble the gravitational counterpart of electric-magnetic duality. The exact form of this duality

is settle to guarantee the a posteriori success of the reconstruction. A deeper investigation is under study on these

relationships and what they infer e.g. on the charges.

It is important to emphasize that the conservation equations concern all boundary data. On the fluid side the

only remaining unknown piece is the energy density ε(x), whereas for the boundary metric Ω(x), bi(x) and aij(x)

28This should again ring a bell about our discussion on the hydrodynamic frame: there is no reason for this u being the fluid velocity in a
particular gauge and asking to be in a specific gauge to begin with could be incompatible.

29Orientation is chosen such that in the coordinate frame η0ζζ̄ =
√−gǫ0ζζ̄ = iΩ

P2 , where x0 = kt. Thus η̃ζζ = i and η̃ζ̄ ζ̄ = −i.
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are available and must obey (165), together with ε(x). Given these ingredients, (165) turns out to be precisely the

set of equations obtained by demanding bulk Einstein equations be satisfied with the metric (158). This observation

is at the heart of our analysis. We want to conclude the analysis with a recap of the road done here. The pattern to

follow is the following:

• Parametrize the boundary metric in Randers-Papapetrou (148), the specific form of {Ω, bi, aij} characterizes

the solution.

• Choose the fluid velocity to be u = 1
Ω∂t.

• Impose that the spatial part of the boundary satisfies the shearless condition (159).

• Compute the bulk metric (158).

• Impose boundary integrability for q (161) and τ (163).

• Build with these data the boundary energy-momentum tensor (21). At this point we are left with a bulk line

element and an energy-momentum tensor written as a function of {Ω, bi, aij , ε}.

• Require the energy-momentum conservation (165). These are the bulk Einstein equations for the recon-

structed metric with Λ = −3k2.

Therefore, starting from a boundary metric and an adapted fluid, we reconstruct a bulk solution of AdS Einstein

equations following the steps just depicted. A natural question arise: what is the domain of applicability of this

procedure? Stated differently, we next wonder which bulk solution can be reconstructed in this way. The answer will

turn out to be every algebraically special bulk solution, thanks to the Goldberg-Sachs theorem (see Appendix B for

a recap on the latter and the proof of this statement).

The Bulk Algebraic Structure

We would like to return again on the crucial identification of the non-perfect energy-momentum tensor pieces with

the corresponding Cotton components by transverse dualization. What does motivate these choices? The answer

to this question is rooted to the Weyl tensor and to the remarkable integrability properties its structure can provide

to the system [50,51].

Let us firstly notice that from the bulk perspective the vector u, which is timelike in the boundary, is a manifestly

null congruence associated with the vector ∂r. One can show that this bulk congruence is also geodesic and

shearfree. Therefore, accordingly to the generalizations of the Goldberg-Sachs theorem, if the bulk metric (158) is

an Einstein space, then it is algebraically special, i.e. of Petrov type II, III,D and N .30

Owing to the close relationship between the algebraic structure and the integrability properties of Einstein equa-

tions, it is clear why the absence of shear in the fluid congruence plays such an instrumental role in making the

resummed expression (158) an exact Einstein space.

The structure of the bulk Weyl tensor makes it possible to go deeper in foreseeing how the boundary data should

be tuned in order for the resummation to be successful. Indeed the Weyl tensor, if packaged using the Atiyah-Singer

decomposition, can be expanded for large-r, and the dominant term (1/r3) gives the following combination of the

boundary energy-momentum and Cotton tensors:

T±
µν = Tµν ±

i

8πGNk
Cµν , (166)

satisfying a conservation equation, analogue to (165)

∇µT±
µν = 0. (167)

For algebraically special spaces, these complex conjugate tensors simplify considerably, and this suggests the

transverse duality enforced between the Cotton and the energy-momentum non-perfect components. Using (162)

and (164), we find indeed for the tensor T+ in complex coordinates:

T+ =

(

ε+
ic

8πGN

)(

u2

k2
+

1

2
dℓ2
)

+
i

4πGNk2
(

2cζdζu− cζζdζ
2
)

, (168)

30Appendix B will be useful throughout all this section.
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and similarly for T− obtained by complex conjugation with

ε± = ε± ic

8πGN
. (169)

The bulk Weyl tensor and consequently the Petrov class of the bulk Einstein space are encoded in the three

complex functions of the boundary coordinates: ε+, cζ and cζζ . The proposed resummation procedure, based

on boundary relativistic fluid dynamics of non-perfect fluids with heat current and stress tensor designed from the

boundary Cotton tensor, allows to reconstruct all algebraically special four-dimensional Einstein spaces. We explain

how in Appendix B.

The simplest correspond to a Cotton tensor of the perfect form [33]. The complete class of Plebański-Demiański

family requires non-trivial bi with two commuting Killing fields [37], while vanishing bi without isometry leads to the

Robinson-Trautman Einstein spaces [36,60], which is the example we decide to treat in detail in the next section, to

familiarize with the procedure previously outlined.

2.2.3 The Robinson-Trautman Example

Reconstruction

Consider the boundary metric

ds2 = −k2dt2 + 2

P 2
dζdζ̄. (170)

This metric has Ω = 1 and b = 0.

The vector ∂t is hypersurface-orthogonal, and the normal hypersurfaces are constant-t sections. The Gaussian

curvature of the latter is

K = ∆ lnP (171)

with ∆ = 2P 2∂ζ̄∂ζ .
The Cotton tensor, computed using (65), reads:

C = i
(

dt dζ dζ̄
)











0 −k
2∂ζK

k
2∂ζ̄K

−k
2∂ζK −∂t

(

∂2
ζP

kP

)

0

k
2∂ζ̄K 0 ∂t

(

∂2
ζ̄
P

kP

)















dt
dζ
dζ̄



 , (172)

which is a real tensor.

Notice that we have no control on the frame in which the fluid is described, as the velocity field is the shearless

congruence read off directly from the boundary metric (170) (see (149)):

u = −k2dt, (173)

which has no vorticity, no acceleration but is expanding at a rate

Θ = −2∂t lnP. (174)

We should stress that in this frame, the holographic fluid exhibits a finite number of corrections with respect to

a perfect fluid, as the energy-momentum tensor is basically third-order in derivatives of geometric quantities. This

is not surprising and it is a rather general feature of exact Einstein bulk spaces to lead to holographic fluid config-

urations which do not trigger all transport coefficients. Still, the kinematic state is non-trivial, and the absence of

certain series of corrections in the energy-momentum tensor is really the signature of vanishing of the corresponding

transport coefficients.

With respect to our general procedure, we have already defined the boundary metric and the velocity field.

Incidentally, we readily see that our metric has a shearless spatial part. The next step is the computation of the bulk

metric (158). For this, notice that c = 0 here. We obtain

ds2res. Einstein = −2dt(dr +Hdt) + 2
r2

P 2
dζdζ̄ (175)

with

2H = k2r2 − 2r∂t lnP +K − 8πGNε

r
. (176)
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Notice at this point that ε is an arbitrary function of the boundary coordinates, we have not yet imposed inte-

grability conditions and Einstein equations, and this is the next step in our procedure. Using (161) and (163) we

compute the dissipative tensors of the boundary energy-momentum tensor to be

q = − 1

16πGN

(

∂ζKdζ + ∂ζ̄Kdζ̄
)

, (177)

τ =
1

8πGNk2P 2

(

∂ζ
(

P 2∂t∂ζ lnP
)

dζ2 + ∂ζ̄
(

P 2∂t∂ζ̄ lnP
)

dζ̄2
)

. (178)

We are converging toward the end of our analysis. We now have all the ingredients to write the energy-

momentum tensor (21)

T =
1

16πGNk

(

dt dζ dζ̄
)











16πGNεk
2 ∂ζK ∂ζ̄K

∂ζK
2
k2 ∂t

(

∂2
ζP

P

)

2M
P 2

∂ζ̄K
2M
P 2

2
k2 ∂t

(

∂2
ζ̄
P

P

)















dt
dζ
dζ̄



 . (179)

We then focus on its conservation. Indeed our general analysis shows that these equations would furnish us

bulk Einstein equations. We first of all identify (the reason will become clear shortly)

M = 4πGNε (180)

and then impose (22):

∇ · T = 0 ⇐⇒
{

∆K + 12M∂t lnP = 4∂tM,

∂ζM = 0, ∂ζ̄M = 0.
(181)

The first equation is the celebrated bulk Robinson-Trautman equation, here expressed in terms of M(t) =
4πGNε(t), which are indeed the Einstein equations for the line element (175). The boundary fluids emerging in

the systems considered here have a specific physical behavior. This behavior is inherited from the boundary ge-

ometry, since their excursion away from perfection is encoded in the Cotton tensor via the transverse duality. In the

hydrodynamic frame at hand, this implies in particular that the derivative expansion of the energy-momentum tensor

terminates at third order. As repeatedly remarked, holography sets a deep relationship between the boundary fluid

and the geometry on which it lies. We have therefore concluded our ensemble of steps and obtained, starting simply

from a boundary metric, a bulk highly non-trivial solution of Einstein equations.

An important remark is that the hydrodynamic frame at hand, as stressed, is not the Landau-Lifshitz frame, be-

cause the fluid has a heat current. One could move to the Landau-Lifshitz frame by redefening the fluid velocity order

by order to remove this current [56,57,59]. The drawbacks of this fluid frame redefinition are easily understandable.

Firstly, the finite order expansions here would be traded with infinite expansions, harder to handle. Secondly, holog-

raphy in the way we constructed it is sensible to the heat current, setting it to zero breaks down our reconstruction

procedure. Lastly, starting from the bulk in the Fefferman-Graham gauge, the boundary energy-momentum is found

already a fluid frame which possesses a heat current.

Before concluding this section we want to discuss the bulk Petrov classes reached with this particular solution,

and how to tune it.

Petrov Classification

The Robinson-Trautman equation has been obtained from purely boundary considerations, by imposing the conser-

vation of the boundary energy-momentum tensor, and we can similarly tune the boundary data in order to control

the bulk Petrov type of the bulk Einstein space. Generically the latter is type II because we can prove that the

bulk congruence ∂r is null, geodesic and shearless, and using thus the extensions of Goldberg-Sachs theorem, the

reconstructed bulk space is algebraically special (we prove it in Appendix B).

To further analyze the algebraic properties, consider the reference tensors T± as in (166), which we generally

write in the form

8πGNki ImT+ =

(

dt dζ dζ̄
)







0 − 3Mα+

2P 2 + β
2

3Mα−

2P 2 − β̄
2

− 3Mα+

2P 2 + β
2

3M(α+)2

2P 4k2 + γ
k2 0

3Mα−

2P 2 − β̄
2 0 − 3M(α−)2

2P 4k2 − γ̄
k2











dt
dζ
dζ̄



 , (182)
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and

8πGNkReT+ =

(

dt dζ dζ̄
)







2k2M − 3Mα+

2P 2 + β
2 − 3Mα−

2P 2 + β̄
2

− 3Mα+

2P 2 + β
2

3M(α+)2

2P 4k2 + γ
k2

M
P 2

− 3Mα−

2P 2 + β̄
2

M
P 2

3M(α−)2

2P 4k2 + γ̄
k2











dt
dζ
dζ̄



 . (183)

The reference tensor at hand depends on M and three complex arbitrary functions of t, ζ and ζ̄: α+, β and γ. The

functions {α+, β, γ} are not explicit in the energy-momentum tensor and Cotton tensor if they satisfy the equations

3M
α+

P 2
+ ∂ζK = β and c.c. , (184)

and
3

2
M

(α+)2

P 4
+ γ = ∂t

(

∂2ζP

P

)

and c.c. . (185)

By tuning all these functions (M(t), α±(t, ζ, ζ̄), β(t, ζ, ζ̄), β̄(t, ζ, ζ̄), γ(t, ζ, ζ̄) and γ̄(t, ζ, ζ̄)) we can scan different

classes:

• If M = 0, α± are immaterial and β(t, ζ, ζ̄) and γ(t, ζ, ζ̄) are fully determined by (184) and (185):

β = ∂ζK and c.c. , (186)

γ = ∂t

(

∂2ζP

P

)

and c.c. . (187)

Furthermore, the Robinson-Trautman equation guarantees holomorphicity for β, function of (t, ζ) only. Hence,

the bulk is generically Petrov type III. When β = 0, it becomes type N , where now K = K(t), following (186).

The most general P (t, ζ, ζ̄) such that its curvature is a function of time only was found in [200], and reads:

P (t, ζ, ζ̄) =
1 + ǫ

2h(t, ζ) h̄(t, ζ̄)
√

2f(t) ∂ζh(t, ζ̄) ∂ζ̄ h̄(t, ζ̄)
(188)

with ǫ = 0,±1 and arbitrary functions f(t) and h(t, ζ).

• If β = γ = 0, α± are read-off from (184):

α+ = − P 2

3M
∂ζK and c.c. , (189)

and the geometry is subject to a further constraint31 obtained by combining (185) and (189):

6M ∂t

(

∂2ζP

P

)

= (∂ζK)
2

and c.c. . (190)

The bulk is still type II, but choosing holomorphic α− = α−(t, ζ), i.e.

∂ζ
(

P 2∂ζK
)

= 0 and c.c. , (191)

together with the constraint (190), makes it type D. There are two independent type D solutions:

1. The Schwarzschild, reached with P = 1 + ǫ
2ζζ̄ and K = ǫ, which is asymptotically anti-de Sitter.

2. The C-metric, which requires P 2∂ζK = h(ζ̄) 6= 0 and is asymptotically locally anti-de Sitter due to a

non-vanishing boundary Cotton tensor.

31Notice a useful identity: ∂t

(

∂2
ζP

P

)

= 1
P2 ∂ζ

(

P 2∂t∂ζ lnP
)

.
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We would like to end the current section with some general comments regarding the bulk Einstein spaces under

consideration.

With the exception of the Petrov-D solutions quoted above, Robinson-Trautman spacetimes are time-dependent

and carry gravitational radiation. Once this radiation is emitted, the spacetime settles down generically to an anti-de

Sitter Schwarzschild black hole.32 The general features of this evolution are captured by the Robinson-Trautman

equation, which, following [201], is a parabolic equation describing a Calabi flow on a two-surface. As long as

M 6= 0, these spacetimes exhibit a past singularity at r = 0, past-trapped two-surfaces and a future horizon, which

is the anti-de Sitter Schwarzschild horizon at late times. Unfortunately, singularities are often developed on this

horizon and no smooth extension is possible beyond, in the interior region.

Irregularities of the two-surface S time-dependent metric

dℓ2 =
2

P (t, ζ, ζ̄)2
dζdζ̄, (192)

possibly present at early times, are washed out by the evolution, as usual with geometric flows. The flow at hand,

governed by the Robinson-Trautman equation, has the following salient properties:

d

dt

∫

S

d2ζ

P 2
= 0, (193)

d

dt

∫

S

d2ζ

P 2
K = 0, (194)

where d2ζ = −i dζ ∧ dζ̄. Hence, the area of S and its average curvature are preserved along the flow, which, at

late times, brings the metric into a symmetric geometry compatible with the original topology. From the spacetime

perspective, this situation corresponds indeed to the evolution towards an anti-de Sitter Schwarzschild black hole.

2.2.4 Bulk Reconstruction in Three Dimensions

Gravity in three dimensions cannot propagate. Einstein equations are therefore solved by empty AdS locally [61].

Nonetheless, global issues and identifications of points make the story richer than it seems. The absence of

propagating gravitational degrees of freedom implies that the asymptotic charges are integrable [63]. They charac-

terize the bulk solution under consideration. Even if two bulk solutions will again locally be AdS3, they differ if their

asymptotic charges differ. These charges are eventually the most important thing we should care about in three

dimensions, for they distinguishes uniquely the various bulk solutions.

As previously mentioned, the FG expansion for empty AdS is a finite expansion. This is thus always the case in

here. Additionally, also the usual derivative expansion terminates at finite order. The reason is that most geometric

and fluid tensors vanish (like the shear or the vorticity), reducing the number of available terms compatible with

conformal invariance.

As opposed to higher dimension, where its conformal weight forbids it, the heat current enters directly in the

resummation formula. It morally replaces the role played by the Cotton density. In fact, in two boundary dimensions

the Cotton tensor is identically zero.

Specifically, the exercise of writing compatible terms with Weyl covariance in three bulk dimensions results in:

ds2Einstein = 2
u

k2
(dr + rA) + r2ds2 +

8πGN
k4

u (εu+ χ ⋆ u) , (195)

where A is displayed in (89), ε and χ being the energy and heat densities of the fluid. These enter the fluid energy-

momentum tensor (85) together with τ , which carries the anomaly:

τ =
R

8πGN
=

1

4πGNk2
(

Θ2 −Θ⋆2 + u(Θ)− ⋆u(Θ⋆)
)

(196)

(we keep the conformal state equation ε = p). For a flat boundary this anomaly is absent, but Weyl transformations

bring it back.

32This is the reason why (180) has been imposed: M then is the Schwarzschild black hole mass once the solution settles down.
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The metric (195) provides an exact Einstein, asymptotically AdS spacetime with Λ = −k2, under the necessary

and sufficient condition that the non-conformal fluid energy-momentum tensor (85) obeys33

∇µ (Tµν +Dµν) = 0, (197)

where Dµν is a symmetric and traceless tensor which reads:

Dµνdx
µdxν =

1

8πGNk4

((

u(Θ) + ⋆u(Θ⋆)− k2

2
R

)

(

u2 + ⋆u2
)

− 4 ⋆ u(Θ)u ⋆ u

)

. (198)

On the one hand, the holographic energy-momentum tensor is the sum Tµν +Dµν , and this can be shown following

the Balasubramanian-Kraus method [11]. On the other hand, the holographic fluid is subject to an external force

with density

fν = −∇µDµν . (199)

Its longitudinal and transverse components are (F is given in (95))

uµfµ = − 1

4πGN

(

⋆u(F ) + 2Θ⋆F +
1

2
ΘR

)

, (200)

⋆uµfµ =
1

8πGN
(⋆u(R) + Θ⋆R) . (201)

Combining these with (101), (102) and (196) we find

(uµ + ⋆uµ)Dµ (ε+ χ) =
1

4πGN
⋆ uµDµF, (202)

(uµ − ⋆uµ)Dµ (ε− χ) =
1

4πGN
⋆ uµDµF. (203)

Notice that eventually these equations are Weyl-covariant (weight-3) despite the conformal anomaly.

An important remark is in order regarding the holographic fluid. Rather than Tµν , we could have adopted Tµν +
Dµν as its energy-momentum tensor. The latter would have been decomposed as in (85), with ε̃ = p̃ and χ̃ though

(τ̃ = τ since Dµν has vanishing trace):

ε̃ = ε+
1

8πGNk2
(u(Θ) + ⋆u(Θ⋆))− R

16πGN
, (204)

χ̃ = χ− 1

4πGNk2
⋆ u(Θ). (205)

We did not make this choice for two reasons: (i) in (195) we used ε and χ rather than ε̃ and χ̃ for reconstructing

the bulk; (ii) ε and χ/k are finite in the limit of vanishing k, whereas ε̃ and χ̃/k are not. This last fact is not an

obstruction per se. However, we will present later on the Carrollian limit of relativistic fluids that have finite leading

order in k for both these terms. The output with ε and χ is the foreseeable one, whereas there is no guarantee that

with ε̃ and χ̃/k things will eventually work out.

The metric (195) is the most general locally AdS spacetime in Eddington-Finkelstein coordinates. The corre-

sponding gauge (falloffs) includes but does not always coincide with BMS. From this perspective, this result is new

although it may not contain any new solutions compared to Bañados, all captured either in BMS or in Fefferman-

Graham gauge [102,119]. Charges computation is in order to give a definite answer to these wondering.

The bonus here is the hydrodynamic interpretation: the corresponding fluid is defined on a generally curved

boundary and has an arbitrary velocity field. This should be contrasted with the treatment of three-dimensional

fluid/gravity correspondence worked out previously [22, 24], where the host geometry was flat, avoiding the issue

of conformal anomaly. Furthermore the fluid has been very often assumed perfect by hydrodynamic frame choice,

which gives rise to a holographic dual that overlaps only partially with the Bañados solutions, as we will shortly see

by computing charges.

33Here we resum all bulk spacetimes, as the charges computation will confirm. We thence do not need any integrability condition. Notice also
that we constantly refer to the conservation of the energy-momentum tensor in the absence of external forces. When this kind of statements is
made, we consider the holographic tensor, here Tµν +Dµν .
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For practical purposes, we can work in light-cone coordinates, introduced in (118). Solving the fluid equations

(202), (203), we obtain the fluid densities ε and χ in terms of two arbitrary chiral functions ℓ±

ε =
e2ω

4πGN

(

ℓ+
ξ

+ ξℓ− − 3 (∂+ξ)
2

4ξ3
+
∂2+ξ

2ξ2
+

(∂−ξ)
2

4ξ
− ∂2−ξ

2

)

, (206)

χ =
e2ω

4πGN

(

−ℓ+
ξ

+ ξℓ− +
3 (∂+ξ)

2

4ξ3
− ∂2+ξ

2ξ2
+

(∂−ξ)
2

4ξ
− ∂2−ξ

2
+
∂+ξ∂−ξ

ξ2
− ∂+∂−ξ

ξ

)

. (207)

Gathering these data inside (195) provides, in the gauge at hand, the general class of locally AdS three-

dimensional spacetime with curved conformal boundary. The conformal factor exp 2ω plays actually no role because,

as one readily sees from the above expressions, it can be reabsorbed with the redefinition of r into r expω, bringing

(195) to its flat-boundary form.34

As we will shortly see, the arbitrary function ξ(x+, x−) is more insidious regarding the charges. A specific

example of curved boundary with Ω = exp 2β, bx = 0, a = 1 and fluid velocity u = −k2e2βdt (comoving) was

investigated in [107], outside of the fluid/gravity framework, and the output agrees with our general results.

Flatness requirements are equivalent to R = 0 and F = 0. In light-cone frame, this amounts to (see (124) and

(125))

ω = 0 and ξ(x+, x−) = −ξ
−(x−)

ξ+(x+)
, (208)

where the minus sign is conventional.

Trading the chiral functions ℓ± for L± defined as (the prime indicates total derivative with respect to the only

argument of the functions ξ±)

ℓ± =
1

(ξ±)2

(

L± − (ξ±′)2 − 2ξ±ξ±′′

4

)

, (209)

we finally obtain the following metric:

ds2Einstein = −1

k

(
√

−ξ
−

ξ+
dx+ −

√

−ξ
+

ξ−
dx−

)

dr

+

(

L+

k2
− r

2k

√

−ξ+ξ−ξ+′
)(

dx+

ξ+

)2

+

(

L−
k2

− r

2k

√

−ξ+ξ−ξ−′
)(

dx−

ξ−

)2

+

(

r2 +
r

2k

1
√

−ξ+ξ−
(

ξ+′ + ξ−′)+
L+ + L−
k2ξ+ξ−

)

dx+dx−. (210)

This metric depends on four arbitrary functions: ξ+(x+) and ξ−(x−) carrying information about the holographic

fluid velocity, and L+(x
+), L−(x−), which together with ξ+(x+) and ξ−(x−) shape the energy-momentum tensor –

here traceless due to the absence of anomaly for flat boundaries.

Indeed we have

ε = − 1

4πGN

L+ + L−
ξ+ξ−

, χ =
1

4πGN

L+ − L−
ξ+ξ−

, (211)

and in turn

T±± =
L±

4πGN (ξ±)2
. (212)

In three dimensions, any Einstein spacetime is locally anti-de Sitter. Hence, there exists always a coordinate

transformation that can be used to bring it into a canonical AdS3 form. This is a large gauge transformation whenever

the original Einstein spacetime has non-trivial conserved charges. The determination of the latter is therefore crucial

for a faithful identification of the solution under consideration. It allows to evaluate the precise role played by the

above arbitrary functions.

The charge computation requires a complete family of asymptotic Killing vectors, determined according to the

r-falloffs. The metric (210) does not fit into the BMS gauge, unless ξ± are constant. This is equivalent to saying that

34This should be contrasted with the more intricate situation regarding this conformal factor inside the analogous formula in FG gauge, see
(2.21) of [119].
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the fluid has a uniform velocity, and can therefore be set at rest by an innocuous global Lorentz boost tuning ξ+ = 1
and ξ− = −1.

We will first focus on this case, where the asymptotic Killing vectors are known, and move next to the other

extreme, demanding the fluid be perfect, i.e. in Landau-Lifshitz hydrodynamic frame. In the latter instance we will

have to determine this family of vectors beforehand, as the gauge will no longer be BMS. Investigating the general

situation captured by (210) is the next natural step, and is indeed current investigation.

Dissipative Static Fluid

As anticipated, this class of solutions is reached by demanding ξ± = ±1, while keeping L± arbitrary.

We obtain

ds2Einstein = −1

k

(

dx+ − dx−
)

dr + r2dx+dx− +
1

k2
(

L+dx
+ − L−dx

−) (dx+ − dx−
)

, (213)

which is the canonical expression of Bañados solutions in BMS gauge. Following (211), the boundary fluid energy

and heat densities are ε = 1/4πGN (L+ + L−) and χ = −1/4πGN (L+ − L−). Therefore the heat current is not

vanishing, and in the present hydrodynamic frame the fluid is at rest and dissipative.

The metric (213) is form-invariant under the action of this diffeomorphism

ζ = ζr∂r + ζ+∂+ + ζ−∂− (214)

with

ζr = −r
2

(

Y +′ + Y −′)+
1

2k

(

Y +′′ − Y −′′)− 1

2k2r
(L+ − L−)

(

Y +′ − Y −′) , (215)

ζ± = Y ± − 1

2kr

(

Y +′ − Y −′) , (216)

for arbitrary chiral functions Y +(x+) and Y −(x−).
These vector fields generate a diffeomorphism that alters the various functions in the metric according to (MN

are three-dimensional bulk indices)

− LζgMN = δζgMN =
∂gMN

∂L+
δζL+ +

∂gMN

∂L−
δζL− (217)

with

δζL± = −Y ±L′
± − 2L±Y

±′ +
1

2
Y ±′′′. (218)

The last term in this expression is responsible for the emergence of a central charge in the surface-charge

algebra. These vectors obey an algebra for the modified Lie bracket (see e.g. [119]):

ζ
3
=
[

ζ
1
, ζ

2

]

M
=
[

ζ
1
, ζ

2

]

− δζ
2
ζ
1
+ δζ

1
ζ
2

(219)

with35 ζ
a
= ζ (Y +

a , Y
−
a ) and

Y ±
3 = Y ±

1 ∂±Y
±
2 − Y ±

2 ∂±Y
±
1 . (220)

The surface charges are computed for an arbitrary metric g of the type (213) with empty AdS3 as reference

background. The latter has metric ḡ with L+ = L− = − 1
4 i.e. ε = − 1

8πGN
and χ = 0. The final integral is performed

over the compact spatial boundary coordinate x ∈ [0, 2π]:

QY [g − ḡ, ḡ] =
1

8πkGN

∫ 2π

0

dx

(

Y +

(

L+ +
1

4

)

− Y −
(

L− +
1

4

))

. (221)

These charges are in agreement with the quoted literature,36 and their algebra is determined as usual:

{QY1
, QY2

} = δζ
1
QY2

= −δζ
2
QY1

. (222)

35Here δζ
2
ζ
1

stands for the variation produced on ζ
1

by ζ
2
, and this is not vanishing because ζ

1
depends explicitly on L±: δζ

2
ζ
1

=
(

∂ζα1
∂L+

δζ
2
L+ +

∂ζα1
∂L−

δζ
2
L−

)

∂α.
36Some relative-sign differences are due to different conventions used for the light-cone coordinates, here defined as x± = xxx± kt.
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Introducing the modes

L±
m =

1

8πkGN

∫ 2π

0

dxxxeimx
±

(

L± +
1

4

)

(223)

the algebra reads:

i
{

L±
m, L

±
n

}

= (m− n)L±
m+n +

c

12
m
(

m2 − 1
)

δm+n,0 ,
{

L±
m, L

∓
n

}

= 0. (224)

This double realization of Virasoro algebra with Brown-Henneaux central charge c = 3
2kGN

is the expected result for

Bañados solutions (213).

Perfect Fluid with Arbitrary Velocity

In Landau-Lifshitz frame the heat current vanishes (χ = 0) and the boundary conformal fluid is perfect. Equation

(211) returns

L+ = L− =
M

2
, (225)

with M constant, while it gives the energy density ε = − M
4πGNξ+ξ−

.

The reconstructed bulk family of metrics

ds2Einstein = −1

k

(
√

−ξ
−

ξ+
dx+ −

√

−ξ
+

ξ−
dx−

)

dr +

(

r2 +
r

2k

1
√

−ξ+ξ−
(

ξ+′ + ξ−′)+
M

k2ξ+ξ−

)

dx+dx−

+

(

M

2k2
− r

2k

√

−ξ+ξ−ξ+′
)(

dx+

ξ+

)2

+

(

M

2k2
− r

2k

√

−ξ+ξ−ξ−′
)(

dx−

ξ−

)2

(226)

is not in BMS gauge, unless ξ± are constant. Again this latter subset is entirely captured by ξ± = ±1, and the

resulting solution is BTZ together with all non-spinning zero-modes of Bañados family:

ds2Einstein = −1

k

(

dx+ − dx−
)

dr + r2dx+dx− +
M

2k2
(

dx+ − dx−
)2
. (227)

The asymptotic structure rising in (226) is now respected by the following family of asymptotic Killing vectors

η = ηr∂r + η+∂+ + η−∂−, (228)

expressed in terms of two arbitrary chiral functions ǫ±(x±)

ηr = −r
2

(

ǫ+′ + ǫ−′) , η± = ǫ±. (229)

These vectors, slightly different from those found for the dissipative boundary fluids, appear as the result of an

exhaustive analysis of (226). They do not support subleading terms, and since they do not depend on the functions

ξ±, they form an algebra for the Lie bracket:
[

η
1
, η

2

]

= η
3

(230)

with η
a
= η (ǫ+a , ǫ

−
a ) and

ǫ±3 = ǫ±1 ǫ
±′
2 − ǫ±2 ǫ

±′
1 . (231)

They induce the exact transformation (MN are 3-dimensional bulk indices)

− LηgMN = δηgMN =
∂gMN

∂ξ+
δηξ

+ +
∂gMN

∂ξ+′ δηξ
+′ +

∂gMN

∂ξ−
δηξ

− +
∂gMN

∂ξ−′ δηξ
−′ (232)

with

δηξ
± = ξ±ǫ±′ − ǫ±ξ±′. (233)

Following the customary pattern, we can determine the conserved charges, with AdS3 as reference background,

now reached with ξ± = ±1 and M = −1/2 (again ε = − 1
8πGN

and χ = 0):

Qǫ [g − ḡ, ḡ] =
1

16πkGN

∫ 2π

0

dx

(

ǫ+
(

1

ξ+2
− 1

)

− ǫ−
(

1

ξ−2
− 1

))

, (234)
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as well as their algebra:

{Qǫ1 , Qǫ2} = δη
1
Qǫ2 = −δη

2
Qǫ1 . (235)

Defining now

Z±
m =

1

16πkGN

∫ 2π

0

dxeimx
±

(

1

ξ±2
− 1

)

(236)

we find

i
{

Z±
m, Z

±
n

}

= (m− n)Z±
m+n +

m

4kGN
δm+n,0 ,

{

Z±
m, Z

∓
n

}

= 0. (237)

The central extension of this algebra can be reabsorbed in the following redefinition of the modes Z±
m

Z̃±
m = Z±

m +
1

8kGN
δm,0. (238)

Therefore, (237) becomes

i
{

Z̃±
m, Z̃

±
n

}

= (m− n)Z̃±
m+n,

{

Z̃±
m, Z̃

∓
n

}

= 0. (239)

The algebra at hand (239) is de Witt rather than Virasoro, and this outcome demonstrates the already advertised

result: the family of locally AdS spacetimes obtained in holography from two-dimensional fluids in the Landau-Lifshitz

frame overlaps only partially the space of Bañados solutions. This overlap encompasses the non-spinning BTZ and

excess or defects geometries provided in (227).

We eventually reach the important conclusion that bulk reconstruction, within our framework, is sensitive to

boundary hydrodynamic frame. Setting the heat current to zero a priori is not a natural choice, and limits the

resummable solutions in the bulk.

Our analysis has been very fruitful in three and four bulk dimensions, where we managed to gain very powerful

control on the bulk theory starting from boundary fluid data. As stressed, it would be interesting to try to extend

this dictionary to higher dimensional bulks. Additionally, although we achieved all (known) bulk solutions in three

dimensions, in four dimensions we saw that, due to integrability, we can obtain only a limited (still very large) class of

bulk solutions. Another natural direction is to try to release our assumptions and look for a complete reconstruction.

Lastly, we discussed so far AdS bulks only. In such a situation the whole microscopic AdS/CFT dictionary is at

work. We took a long road toward hydrodynamics to address questions that we could have at least be posed directly

from a field theoretical viewpoint. The advantage of this was to have better control, and indeed most of the solutions

we resummed do not have a fully understood microscopic boundary theory. Our detour has also a very insightful

consequence. The fluid/gravity dictionary unraveled a bulk gauge better suited for hydrodynamics, the derivative

expansion. It is in this gauge that we will show how to implement a flat limit Λ = −d(d+1)
2 k2 → 0.

The FG expansion trivially diverges in such a limit, while the derivative expansion will miraculously be finite,

leading to a holographic dictionary between asymptotically flat solutions in the bulk and the k → 0 boundary theory.

What is this boundary theory? k in the boundary plays the role of the speed of light, what does it mean to take k → 0
in a fluid? This limit degenerates the boundary metric, what is happening to the geometry in such a limit? All these

questions are the subject of the next chapters, and the core of this project.
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3 Carrollian Limit in Hydrodynamics

So far we have worked with a d + 1-dimensional relativistic boundary and a corresponding d + 2 bulk solution

of Einstein equations with negative cosmological constant. This is the best understood framework. The d + 1-

dimensional holographic fluid living on the boundary enjoys spectacular properties: it is a conformal fluid with

dissipative tensors dictated by the surrounding geometry. The Randers-Papapetrou parametrization of the boundary

metric was a successful choice and the bulk cosmological constant was found to be Λ = −d(d+1)
2 k2.

We discussed two gauges of the bulk metric, both with advantages and drawbacks. The FG gauge allows to

extract the boundary metric and energy-momentum tensor. It is mathematically well-defined, and implies in most

cases an infinite expansion. To go from the bulk to the boundary is by far the best instrument we have. An alternative

frame inspired by fluid dynamics, known as derivative expansion, was introduced as well. This gauge is based on

Weyl-covariance, an important symmetry of the boundary theory.

It is in this framework that we achieved, starting from boundary data only, a set of full solution of bulk Einstein

equations. It is therefore this latter the best way to move from the boundary to the bulk. In the boundary, k is the

speed of light. Therefore, the fundamental result we observe is that the bulk flat limit Λ → 0 (which is well understood

and always achievable)37 corresponds to a boundary where the speed of light is sent to zero k → 0. We call this limit

a Carrollian limit, the fluid we reach a Carrollian fluid and in general we refer to this theory as a Carrollian theory.

We will explain in great detail the reason why we call the k = 0 theory in this way. Regarding the general picture, we

are dealing in this chapter with the blue part:

The vanishing speed of light limit is at first very cumbersome: how do we make sense out of this limit? The

latter is indeed degenerate both physically and geometrically. Two main wonders arise, the limit at the geometrical

level and at the fluid dynamical one. We will discuss here both of them and show that there is a way to extrapolate

insightful and meaningful informations from this limit. Eventually we will be able to obtain a boundary theory dual to

asympotically flat bulk solutions (Ricci flat). This is a first major step toward what is now referred to as flat holography,

i.e. a holographic duality between solutions of Einstein equations with vanishing cosmological constant and matter

theory living on its boundary. We are going to show where and how our theory makes contact with other works and

previous result on the topic. In particular we will see, at least from the geometrical and group theoretical viewpoints,

that our results extend previous attempts and generalize them. We would like to recall that many efforts in scattered

directions have been made in understanding the holographic dictionary for flat spacetime.

Here we make a step in this direction, but our theory has important limitations. Firstly, we cannot address the

microscopic structure of the boundary theory since we take the limit at the hydrodynamic level. In AdS we know

it is a CFT, here we suspect it is a BMS field theory (we will talk about it shortly) but many things remain to be

understood. Secondly, we are reconstructing a classical bulk so we do not have any control on the effect of our

37We should clarify this point: when we say that the flat limit in the bulk is always achievable we mean that there exists given a bulk solution a
gauge such that this limit trivially applies. This does not mean that every gauge is suited for such a limit.
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cosmological constant. We recently discussed in [88] hot to construct a Carrollian structure in general. This is based

on the seminal works [90,93]. For the sake of clarity and fluidity of our discussion, we will not report on these results

here, and refer the reader to the aforementioned papers for further informations.

Connection and Curvature

The Carrollian geometry consists of a spatial surface S endowed with a positive-definite metric

dℓ2 = aijdx
idxj , (241)

and a Carrollian time t ∈ R.39

The metric on S is generically time-dependent: aij = aij(t,xxx). Much like a Galilean space is observed from a

spatial frame moving with respect to a local inertial frame with velocity w, a Carrollian frame is described by a form

b = bi(t,xxx) dx
i. The latter is an inverse velocity, describing a temporal frame. It can be interpreted as a Ehresman

connection, dictating how the null direction is fibrated [88]. A scalar Ω(t,xxx) is also introduced, as it naturally arises

from the k → 0 limit. It plays a rule analogous to the lapse in the ADM decomposition.

We define Carrollian diffeomorphisms as

t′ = t′(t,xxx) and xxx′ = xxx′(xxx) (242)

with Jacobian functions

J(t,xxx) =
∂t′

∂t
, ji(t,xxx) =

∂t′

∂xi
, J ij(xxx) =

∂xi′

∂xj
. (243)

Those are the diffeomorphisms adapted to the Carrollian geometry since under such transformations, dℓ2 remains

a positive-definite metric (it does not produce terms involving dt′). Indeed,

a′ij = anlJ
−1n

iJ
−1l

j , b′j =

(

bi +
Ω

J
ji

)

J−1i
j , Ω′ =

Ω

J
, (244)

whereas the time and space derivatives become

∂′t =
1

J
∂t, ∂′j = J−1i

j

(

∂i −
ji
J
∂t

)

. (245)

We will show in a short while that the Carrollian fluid equations are precisely covariant under this particular

set of diffeomorphisms. Expression (245) shows that the ordinary exterior derivative of a scalar function does not

transform as a form. To overcome this issue we introduce a Carrollian derivative as

∂̂i = ∂i +
bi
Ω
∂t, (246)

transforming as

∂̂′i = J−1j
i∂̂j . (247)

Acting on scalars this provides a form, whereas for any other tensor it must be covariantized by introducing a

new connection for Carrollian geometry, called Levi-Civita-Carroll connection, whose coefficients are the Christoffel-

Carroll symbols,

γ̂ijn =
ail

2

(

∂̂jaln + ∂̂nalj − ∂̂lajn

)

= γijn + cijn. (248)

The Levi-Civita-Carroll covariant derivative acts symbolically as ∇̂ = ∂̂+γ̂. It is metric and torsionless: ∇̂iajk = 0,

t̂kij = 2γ̂k[ij] = 0. There is however a non-zero field strength, since the derivatives ∇̂i do not commute, even when

acting of scalar functions Φ – where they are identical to ∂̂i :

[∇̂i, ∇̂j ]Φ =
2

Ω
̟ij∂tΦ. (249)

39We are genuinely describing a spacetime R× S endowed with a Carrollian structure, and this is actually how the boundary geometry should
be spelled.
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Here ̟ij is a 2-form identified as the Carrollian vorticity defined using the Carrollian acceleration one-form ϕi:

ϕi =
1

Ω
(∂tbi + ∂iΩ) = ∂t

bi
Ω

+ ∂̂i lnΩ, (250)

̟ij = ∂[ibj] + b[iϕj] =
Ω

2

(

∂̂i
bj
Ω

− ∂̂j
bi
Ω

)

. (251)

Since in our holographic setup the original relativistic fluid is at rest, the kinematical inverse-velocity variable

potentially present in the Carrollian limit vanishes, see [95] for further details and the physical interpretation of this

inverse velocity. A Carrollian fluid is always at rest, but could generally be obtained from a relativistic fluid moving

at vi = k2βi + O
(

k4
)

. In this case, the inverse velocity βi would contribute to the kinematics and the dynamics of

the fluid, as we will see in the next section. Here, vi = 0 before the limit k → 0 is taken, so βi = 0. Hence the

various kinematical quantities such as the vorticity and the acceleration are purely geometric and originate from the

temporal Carrollian frame used to describe the surface S. As we will see later, they turn out to be k → 0 counterparts

of their relativistic ancestors defined in (27), (28), (29) and (30).

The time derivative transforms as in (245), and acting on any tensor under Carrollian diffeomorphisms, it provides

another tensor. This ordinary time derivative has nonetheless an unsatisfactory feature: its action on the metric

does not vanish. One is tempted therefore to set a new time derivative ∂̂t such that ∂̂tajk = 0, while keeping the

transformation rule under Carrollian diffeomorphisms: ∂̂′t =
1
J ∂̂t.

This is achieved by introducing a temporal Carrollian connection

γ̂ij =
1

2Ω
aik∂takj , (252)

which allows us to define the time covariant derivative on a vector field:

1

Ω
∂̂tV

i =
1

Ω
∂tV

i + γ̂ijV
j , (253)

while on a scalar the action is as the ordinary time derivative: ∂̂tΦ = ∂tΦ.

Leibniz rule allows extending the action of this derivative to any tensor. Calling γ̂ij a connection is actually

misleading because it transforms as a genuine tensor under Carrollian diffeomorphisms: γ̂′kj = JknJ
−1m

j γ̂
n
m. Its

trace and traceless parts have a well-defined kinematical interpretation, as the expansion and shear, completing the

acceleration and vorticity introduced earlier:

θ = γ̂ii =
1

Ω
∂t ln

√
a, ξij = γ̂ij −

1

d
δijθ. (254)

We can define the curvature associated with a connection, by computing the commutator of covariant derivatives

acting on a vector field. We find
[

∇̂k, ∇̂l

]

V i = r̂ijklV
j +̟kl

2

Ω
∂tV

i, (255)

where

r̂ijnl = ∂̂nγ̂
i
lj − ∂̂lγ̂

i
nj + γ̂inmγ̂

m
lj − γ̂ilmγ̂

m
nj (256)

is a genuine tensor under Carrollian diffeomorphisms, the Riemann-Carroll tensor.

As usual, the Ricci-Carroll tensor is

r̂ij = r̂kikj . (257)

It is not symmetric in general (r̂ij 6= r̂ji) and carries d2 independent components:

r̂ij = ŝij + K̂aij + Âηij . (258)

If we specialize to three boundary dimensions, we can write40

K̂ =
1

2
aij r̂ij =

1

2
r̂, Â =

1

2
η̃ij r̂ij = ⋆̟θ (259)

40We use η̃ij =
√
aǫij , which matches, in the zero-k limit, with the spatial components of the η̃µν introduced in (48). To avoid confusion we

also quote that η̃ilη̃jl = δij and η̃ij η̃ij = 2.
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which are the scalar-electric and scalar-magnetic Gauss-Carroll curvatures, with

⋆ ̟ =
1

2
η̃ij̟ij . (260)

We now go back to arbitrary dimension. Since time and space are intimately related in Carrollian geometry,

curvature extends also in time. This can be seen by computing the covariant time and space derivatives commutator:

[

1

Ω
∂̂t, ∇̂i

]

V i = −2r̂iV
i +
(

θδji − γ̂ji

)

ϕjV
i +

(

ϕi
1

Ω
∂̂t − γ̂ji∇̂j

)

V i. (261)

A Carroll curvature one-form emerges thus as

r̂i =
1

d

(

∇̂jξ
j
i +

1− d

d
∂̂iθ

)

. (262)

Again in three dimensions we will show that the Ricci-Carroll curvature tensor r̂ij and the Carroll curvature

one-form r̂i are actually the Carrollian vanishing-k contraction of the ordinary Ricci tensor Rµν associated with the

original four-dimensional pseudo-Riemannian AdS boundary, of Randers-Papapetrou type (148). The identification

of the various pieces is however a subtle task because in this kind of limit, where the size of one dimension shrinks,

the curvature usually develops divergences. From the perspective of the final Carrollian geometry this does not

produce any harm because the involved components decouple.

The metric (241) of the Carrollian geometry on S may or may not be recast in conformally flat form (160) using

Carrollian diffeomorphisms (242). A necessary and sufficient condition is the vanishing of the Carrollian shear ξij ,
displayed in (254). Assuming this holds, one proves that the traceless and symmetric piece of the Ricci-Carroll

tensor is zero,

ŝij = 0. (263)

The absence of shear will be imposed later on, where it plays the same crucial role in the resummation of the

derivative expansion that it played for AdS.

The Conformal Carrollian Geometry

In the present set-up, the spatial surface S appears as the co-dimension two surface at null infinity of the resulting

Ricci-flat geometry. This is a subspace of null infinity I. The latter is the result of the k → 0 limit of the time-like AdS

boundary. The bulk congruence tangent to ∂r is lightlike. Hence the holographic limit r → ∞ is lightlike, already at

finite k, which is a well known feature of the derivative expansion, expressed by construction in Eddington-Finkelstein

coordinates.

What is specific about k = 0 is the decoupling of time. The geometry of I is equipped with a conformal class of

metrics rather than with a metric. From a representative of this class, we must be able to explore others by Weyl

transformations, and this amounts to study conformal Carrollian geometry as opposed to plain Carrollian geometry.

The action of Weyl transformations on the elements of the Carrollian geometry is inherited from (86):

aij →
aij
B2

, bi →
bi
B , Ω → Ω

B , (264)

where B = B(t,xxx) is an arbitrary function.

The Carrollian vorticity (251) and shear (254) transform covariantly under (264): ̟ij → 1
B̟ij , ξij → 1

B ξij .

However, the Levi-Civita-Carroll covariant derivatives ∇̂ and ∂̂t defined previously for Carrollian geometry are not

covariant under (264). We then replace them with Weyl-Carroll covariant spatial and time derivatives built on the

Carrollian acceleration ϕi (250) and the Carrollian expansion (254), which transform as connections:

ϕi → ϕi − ∂̂i lnB, θ → Bθ − d

Ω
∂tB. (265)

In particular, these can be combined in41

αi = ϕi −
θ

d
bi, (266)

41Contrary to ϕi, αi is not a Carrollian one-form, i.e. it does not transform covariantly under Carrollian diffeomorphisms (242).
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transforming under Weyl rescaling as:

αi → αi − ∂i lnB. (267)

The Weyl-Carroll covariant derivatives D̂i and D̂t are defined according to the pattern (52), (53). They obey

D̂jakl = 0, D̂takl = 0. (268)

For a weight-w scalar function Φ, or a weight-w vector V i, i.e. scaling with Bw under (264), we introduce

D̂jΦ = ∂̂jΦ+ wϕjΦ, D̂jV
l = ∇̂jV

l + (w − 1)ϕjV
l + ϕlVj − δljV

iϕi, (269)

which leave the weight unaltered.

Similarly, we define
1

Ω
D̂tΦ =

1

Ω
∂̂tΦ+

w

d
θΦ =

1

Ω
∂tΦ+

w

d
θΦ, (270)

and
1

Ω
D̂tV

l =
1

Ω
∂̂tV

l +
w − 1

d
θV l =

1

Ω
∂tV

l +
w

d
θV l + ξliV

i, (271)

where 1
ΩD̂t increases the weight by one unit. The action of D̂i and D̂t on any other tensor is obtained using the

Leibniz rule.

The Weyl-Carroll connection is torsion-free because

[

D̂i, D̂j

]

Φ =
2

Ω
̟ijD̂tΦ+ w (ϕij −̟ijθ) Φ (272)

does not contain terms of the type D̂kΦ. Here ϕij = ∂̂iϕj − ∂̂jϕi is a Carrollian two-form, not conformal though. The

connection (272) is accompanied with its own curvature tensors, which emerge in the commutation of Weyl-Carroll

covariant derivatives acting e.g. on vectors

[

D̂k, D̂l

]

V i =
(

R̂
i
jkl − 2ξij̟kl

)

V j +̟kl
2

Ω
D̂tV

i + w (ϕkl −̟klθ)V
i. (273)

The combination ϕkl −̟klθ forms a weight-0 conformal two-form.

Moreover

R̂
i
jkl = r̂ijkl − δijϕkl − ajk∇̂lϕ

i + ajl∇̂kϕ
i + δik∇̂lϕj − δil∇̂kϕj

+ϕi (ϕkajl − ϕlajk)−
(

δikajl − δilajk
)

ϕmϕ
m +

(

δikϕl − δilϕk
)

ϕj (274)

is the Riemann-Weyl-Carroll weight-0 tensor, from which we define

R̂ij = R̂
k
ikj . (275)

We also quote
[

1

Ω
D̂t, D̂i

]

Φ = wR̂iΦ− ξjiD̂jΦ (276)

and
[

1

Ω
D̂t, D̂i

]

V i = (w − d)R̂iV
i − V iD̂jξ

j
i − ξjiD̂jV

i, (277)

with

R̂i = r̂i +
1

Ω
∂̂tϕi −

1

d
∇̂j γ̂

j
i + ξjiϕj =

1

Ω
∂tϕi −

1

d

(

∂̂i + ϕi

)

θ. (278)

This is a Weyl-covariant weight-1 curvature one-form, where r̂i is given in (262).

The Ricci-Weyl-Carroll tensor (275) is not symmetric in general: R̂ij 6= R̂ji. Using (257) we can recast it as

R̂ij = ŝij + K̂aij + Âηij . (279)

In three dimensions we can rewrite the Weyl-covariant scalar-electric and scalar-magnetic Gauss-Carroll curva-

tures as

K̂ =
1

2
aijR̂ij = K̂ + ∇̂kϕ

k, Â =
1

2
η̃ijR̂ij = Â− ⋆ϕ, (280)
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with K̂ and Â defined for 3 dimensions in (259).

Before closing the present section, it is desirable to make a clarification, useful for the three-dimensional theory,

to which we specify here. Weyl transformations (264) should not be confused with the action of the conformal Carroll

group, which is a subset of Carrollian diffeomorphisms defined as [82]

CCarr
(

R× S, dℓ2, u
)

=
{

φ ∈ Diff(R× S), dℓ2
φ−→ e−2Φdℓ2 u

φ−→ eΦu
}

, (281)

where Φ ∈ C∞(R× S), dℓ2 = aijdx
idxj is the spatial metric on S, and u = 1

Ω∂t the Carrollian time arrow.

This group is actually the zero-k contraction of CIsom
(

H, ds2
)

, the group of conformal isometries of the original

finite-k relativistic metric ds2 on the boundary H of the corresponding AdS bulk:

CIsom
(

H, ds2
)

=
{

φ ∈ Diff(H), ds2
φ−→ e−2Φds2

}

(282)

with Φ ∈ C∞(H). Indeed, consider the Lie algebra of conformal symmetries of ds2, denoted cisom
(

H, ds2
)

and

spanned by vector fields X = X0∂0 +Xi∂i such that

LXds
2 = −2λds2 (283)

for some function λ on H.

In order to perform the zero-k contraction we write the generators as X = kXt∂0 + Xi∂i (here x0 = kt, thus

X0 = kXt) and the metric ds2 in the Randers-Papapetrou form (148). At zero k, (283) splits into:

LXu = λu, LXdℓ
2 = −2λdℓ2. (284)

These are the equations the field X must satisfy for belonging to ccarr
(

R× S, dℓ2, u
)

, the Lie algebra of the corre-

sponding conformal Carroll group. This confirms that

CIsom
(

H, ds2
)

−→
k→0

CCarr
(

R× S, dℓ2, u
)

. (285)

At last, if S is chosen to be the two-sphere and dℓ2 the round metric, it can be shown that the corresponding conformal

Carroll group is precisely the BMS(4) group, which describes the asymptotic symmetries of an asymptotically flat

3 + 1-dimensional metric [82,118].

Carrollian Covariance

In order to take the k → 0 limit of the fluid equations of motion, we need to compute the relativistic Christoffel

symbols. This chapter will allow us later on to elegantly check the Carroll covariance of the resulting Carrollian fluid

equations.

The Randers-Papapetrou metric (148) has components (in the coframe
{

dx0 = kdt, dxi
}

):

gµν →
(

−Ω2 kΩbj
kΩbi aij − k2bibj

)

, gµν → 1

Ω2

(

−1 + k2b2 kΩbj

kΩbi Ω2aij

)

, (286)

where bk = akjbj . The metric determinant is: √−g = Ω
√
a. (287)

Here, Ω, aij and bi depend on time t and space xxx.
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The Christoffel symbols are computed exactly:

Γ0
00 =

1

k
∂t lnΩ + k

(

bi∂iΩ+
1

2

(

∂tb
2 − bibj∂ta

ij
)

)

, (288)

Γ0
0i =

(

1− 1

2
k2b2

)

∂i lnΩ +
1

2
k2bj (∂ibj − ∂jbi − bi∂j lnΩ)

+
1

2Ω
bj∂t

(

aij − k2bibj
)

, (289)

Γ0
ij = − k

2Ω

(

∂ibj + ∂jbi + k2bn (bi (∂jbn − ∂nbj) + bj (∂ibn − ∂nbi))
)

+
kbn
Ω
γnij +

1− k2b2

2Ω2

(

1

k
∂taij − kbj (∂tbi + ∂iΩ)− cbi (∂tbj + ∂jΩ)

)

, (290)

Γi00 = Ωaij (∂tbj + ∂jΩ) , (291)

Γij0 =
1

2k
ain
(

∂t
(

anj − k2bnbj
)

+ k2Ω (∂jbn − ∂nbj)− k2 (bn∂jΩ+ bj∂nΩ)
)

, (292)

Γijn =
k2

2

(

bi

Ω
(bj (∂tbn + ∂nΩ) + bn (∂tbj + ∂jΩ))− ail (bj (∂nbl − ∂lbn) + bn (∂jbl − ∂lbj))

)

+γijn − bi

2Ω
∂tajn, (293)

where γijn are the d-dimensional Christoffel symbols:

γijn =
ail

2
(∂jaln + ∂nalj − ∂lajn) , (294)

which intervene in the definition of the Levi-Civita-Carroll connection (cf (248))

γ̂ijn =
ail

2

(

∂̂jaln + ∂̂nalj − ∂̂lajn

)

= γijn + cijn. (295)

Note also

Γµµ0 =
1

k
∂t ln

(√
aΩ
)

, Γµµi = ∂i ln
(√
aΩ
)

. (296)

With these data we will compute the divergence of the fluid energy-momentum tensor (as later reported in (323)

and (324)).

In order to check the covariance of the fluid equations under Carrollian diffeomorphisms we can use several

simple covariant blocks:

1

Ω′ ∂
′
ta

′
ij =

1

Ω
∂tanlJ

−1n
iJ

−1l
j , (297)

1

Ω′ ∂
′
t ln

√
a′ =

1

Ω
∂t ln

√
a, (298)

∂′tb
′
i + ∂′iΩ

′ =
1

J
J−1j

i (∂tbj + ∂jΩ) , (299)

∂̂′i = J−1j
i∂̂j , (300)

Using that the action of the Levi-Civita-Carroll covariant derivative on a scalar Φ, a vector V i and a tensor Sjn is

∂̂iΦ = ∂iΦ+
bi
Ω
∂tΦ, (301)

∇̂iV
j = ∂iV

j +
bi
Ω
∂tV

j + γ̂jilV
l

= ∇iV
j +

bi
Ω
∂tV

j + cjilV
l, (302)

∇̂iV
i =

1√
a
∂̂i
(√
aV i

)

(303)

∇̂iSjn = ∂iSjn +
bi
Ω
∂tSjn − γ̂lijSln − γ̂linSjl

= ∇iSjn +
bi
Ω
∂tSjn − clijSln − clinSjl, (304)
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we can show that these transform as genuine tensors, namely:

∂̂′iΦ
′ = J−1j

i∂̂jΦ, (305)

∇̂′
iV

′j = J−1n
iJ
j
l ∇̂nV

l, (306)

∇̂′
iV

′i = ∇̂iV
i, (307)

∇̂′
iS

′
jh = J−1m

iJ
−1n

jJ
−1l

h∇̂mSnl. (308)

Further elementary transformation rules are as follows:

1

Ω′ ∂
′
tΦ

′ =
1

Ω
∂tΦ,

1

Ω′ ∂
′
tV

′i = J ij
1

Ω
∂tV

j ,
1

Ω′ ∂
′
tS

′ij = J inJ
j
l

1

Ω
∂tS

nl, (309)

as well as

∇′
iV

′i +
b′i

Ω′
√
a′
∂′t

(√
a′V ′i

)

= ∇̂′
iV

′i = ∇̂iV
i = ∇iV

i +
bi

Ω
√
a
∂t
(√
aV i

)

, (310)

and

∇′
nS

′ni + b′n
Ω′

√
a′

(

∂′t

(√
a′S′ni

)

−
√
a′S′n

j∂
′
ta

′ij
)

− b′i

2Ω′S
′nl∂′ta

′
nl = ∇̂′

nS
′ni =

= J ij∇̂nS
nj = J ij

(

∇nS
kj + bn

Ω
√
a

(

∂t
(

Snj
√
a
)

−√
aSnl∂ta

jl
)

− bj

2ΩS
nl∂tanl

)

. (311)

All these transformation rules play a key role in showing that the fluid equations are Carroll covariant once the limit

k → 0 has been implemented.

3.2 Equations of Motion Limit

We have seen that the geometry in the k → 0 limit degenerates to what is called a Carrollian geometrical structure.

Nothing wrong is undergoing here, simply the geometry at hand is not the usual pseudo-Riemannian one, and one

has to accordingly be cautious with the limit of the various geometrical tensors. In some respects, at the level of the

geometry this limit is a dimensional reduction, similar to a Kaluza-Klein reduction.

The geometrical setup being settled, we may now wonder what happens to the fluid conservation of the energy-

momentum tensor in this limit. The resulting equations will dictate the equations of motion of the so-called Carrollian

fluid, living on the null infinity I of asymptotically flat spacetimes. In a more general fashion, Carrollian fluids are a

completely disentangled concept from holography, for they are self-consistent.

3.2.1 For Arbitrary Fluid and Dimension

Preliminary Remarks

As Carrollian particles, Carrollian fluids have no motion. From a relativistic perspective this is an observer-dependent

statement, since boosts can turn on velocity. In the limit of vanishing velocity of light, however, these boosts are no

longer permitted. Hence, being at rest becomes a genuinely intrinsic feature.

The fluid velocity must be set to zero faster than k42 in order to avoid blow-ups in the energy-momentum conser-

vation. The appropriate scaling, ensuring a non-trivial kinematic contribution is

vi = k2Ωβi +O
(

k4
)

, (312)

where vi = ui
/γ. This leaves the Carrollian fluid with a kinematic variable β = βi∂i of inverse-velocity dimension.

We keep this dynamical degree of freedom in our general construction, even if for three-dimensional holographic

Carrollian fluids it will turn out to vanish.

In order to reach covariant Carrollian fluid equations by expanding the relativistic fluid equations at small k, we

need to define βi in such a way that it transforms as components of a genuine Carrollian vector under (242) already

at finite k. This is achieved by setting (β2 = βjβj and β · b = βjbj)

vi =
k2Ωβi

1 + k2β · b ⇔ βi =
vi

k2Ω
(

1− v·b
Ω

) , (313)

42We would like to insist again on the fact that k is the speed of light (usually spelled c) for the hydrodynamic theory.
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from which one checks that43

β′i = J ijβ
j . (314)

The full fluid congruence reads then:















u0 = γk =
k

Ω

1 + k2β · b
√

1− k2β2
=
k

Ω
+O

(

k3
)

, u0 = − kΩ
√

1− k2β2
= −kΩ+O

(

k3
)

,

ui = γvi =
k2βi

√

1− k2β2
= k2βi +O

(

k4
)

, ui =
k2 (bi + βi)
√

1− k2β2
= k2 (bi + βi) +O

(

k4
)

,
(315)

where the Lorentz factor has been obtained by imposing the usual normalization ‖u‖2 = −k2:

γ =
1 + k2β · b

Ω
√

1− k2β2
=

1

Ω

(

1 +
k2

2
β · (β + 2b) +O

(

k4
)

)

. (316)

In the relativistic regime, i.e. before taking the zero-k limit, in the Randers-Papapetrou background (148) the

perfect part of the energy-momentum tensor reads then:

Tperf
0
0 = −ε− k2(ε+ p)βl (bl + βl) +O

(

k4
)

, (317)

kΩTperf
0
i = k2(ε+ p) (bi + βi) +O

(

k4
)

, (318)

k

Ω
Tperf

j
0 = −k2(ε+ p)βj +O

(

k4
)

, (319)

Tperf
j
i = pδji + k2(ε+ p)βj (bi + βi) +O

(

k4
)

. (320)

Notice, on the one hand, that for vanishing βi, these expressions are exact at finite k: most of the terms of order

k2 vanish as do all non-displayed higher-order contributions in k2; on the other hand, for vanishing k, one recovers

the perfect energy-momentum of a fluid at rest due to the simultaneous vanishing of vi as a consequence of (312).

The eventual absence of motion, macroscopic or microscopic, and the shrinking of the light-cone raise many

fundamental questions regarding the origin of pressure, temperature, thermalization, entropy etc. One may wonder

in particular what causes viscosity and thermal conduction, what replaces the temperature derivative expansion of

qi and so on. Even the propagation of a signal such as sound, if possible, should be reconsidered. We have no

definite answers to all these questions though. Our approach will be kinematical, aiming at writing the fundamental

equations, covariant under Carrollian diffeomorphisms (242), starting from the relativistic equations (22). Alternative

paths may exist, allowing to build some Carrollian dynamics without using the zero-k limit of a relativistic fluid, as for

instance [97,130].

The Structure of the Equations

The relativistic equations (22) should now be presented as

∇µT
µ
0 = 0, ∇µT

µi = 0. (321)

Under Carrollian diffeomorphisms (242), the divergence of the energy-momentum tensor transforms as:

∇′
µT

′µ
0 =

1

J
∇µT

µ
0, ∇′

µT
′µi = J il∇µT

µl. (322)

The two sets of equations (321) have separately a d-dimensional covariant transformation. This is part of the

agenda for the Carrollian dynamics. Equations (321) are relativistic. Using the general energy-momentum tensor

(21), we will show explicitly that we generally find:

k

Ω
∇µT

µ
0 =

1

k2
F + E +O

(

k2
)

, (323)

∇µT
µi =

1

k2
Hi + Gi +O

(

k2
)

. (324)

43This is easily proven by observing that βi + bi = −Ωui
ku0

.
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For zero βi, these expressions are exact44 with extra terms of order k2 only, and requiring they vanish leads to

the d + 1 fully relativistic fluid equations. With βi 6= 0, (323) and (324) are genuinely infinite series. Thanks to the

validity of (314) at finite k, Carrollian diffeomorphisms do not mix the different orders of these series, making each

term Carrollian-covariant. Here, we are interested in the zero-k limit, and in this case (323) and (324) split into 2+2d
distinct equations:

• energy conservation E = 0;

• momentum conservation Gi = 0;

• constraint equations F = 0 and Hi = 0.

All of these are covariant under Carrollian diffeomorphisms.

The Carrollian fluid, obtained as Carrollian limit of a relativistic fluid in the appropriate Randers-Papapetrou

background, is described in terms of βi (d components), and the two variables p and ε.45 The latter are related

through an equation of state and the energy-conservation equation E = 0.

As we will see soon, the other 2d + 1 equations are setting consistency constraints among the 2d components

of the heat currents Qi and πi (see below), the d(d + 1) components of the viscous stress tensors Σij and Ξij , the

inverse-velocity components βi and the geometric environment. Geometry is therefore expected to interfere more

actively in the dynamics of Carrollian fluids than it did for Galilean hydrodynamics. Some of the aforementioned

constraints are possibly rooted to more fundamental microscopic/geometric properties, yet to be unravelled.

Dissipative Tensors

In view of the subsequent steps of our analysis, an important question arises at this stage, which concerns the

behaviour of qi and τij with respect to the velocity of light. Answering this question requires a microscopic under-

standing of the fluid i.e. a many-body (quantum-field-theory and statistical-mechanics) determination of the transport

coefficients. In the absence of this knowledge, we may consider a large-k or small-k expansion of these quantities,

in powers of k2.

In the same spirit, we could also work out similar expansions for each of the functions entering the metric (148),

as it possibly carries deep relativistic dynamics. The advantage of such an exhaustive analysis would be to set-up

general conditions on a relativistic fluid and its spacetime environment for a large-k or a small-k regime to make

sense. As a drawback, this approach would blur the universality of the equations we want to set.

We will therefore adopt a more pragmatic attitude and assume that Ω, bi and aij are k-independent. Regarding

the viscous stress tensor τij , we will assume the following behaviours:46

τ ij = −Σij

k2
− Ξij . (325)

This choice is inspired by flat-spacetime holography, where all the examples so far studied have this structure. This

examples include all Petrov D asymptotically flat solutions and the Robinson-Trautman case. Similarly, for the heat

current, we will adopt

qi = Qi + k2πi. (326)

The position of the spatial indices are designed to be covariant under Carrollian diffeomorphisms. One should

notice that, in writing the energy-momentum tensor (21), we have not made any assumption regarding the hydrody-

namic frame, which is therefore left generic, as we already discussed intensively.

Using now the velocity field in (312) and (315), the transversality conditions (24) in the Randers-Papapetrou

background lead to

q0 =
k

Ω
(bi + βi) q

i, q0 = −kΩβiqi, qi =
(

aij + k2biβj
)

qj . (327)

44This result is true for the particular structure of the dissipative tensors present in the next section, see (325) and (326).
45The proper energy density cannot be split in mass density and energy per mass, because the limit at hand is ultra-relativistic. Observe also

that b is not a fluid variable but a Carrollian-frame parameter. The fluid kinematical variable is β.
46The viscous stress tensor diverges as k → 0. This is not a problem nor a contradiction, for what matters in the limit are the equations of

motion.
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Similarly, the components of the viscous stress tensor are obtained from τ ij :

τ00 =
k2

Ω2
(bn + βn) (bl + βl) τ

nl, (328)

τ0i =
k

Ω
(bn + βn) τ

in, (329)

τ00 = k2Ω2βnβlτ
nl, (330)

τ0i = −kΩβj
(

ain + k2biβn
)

τ jn, (331)

τij =
(

ain + k2biβn
) (

ajl + k2bjβl
)

τnl. (332)

Under Carrollian diffeomorphisms (242) we obtain the following transformation rules

q′i = qjJ ij , τ ′ij = τnlJ inJ
j
l . (333)

As remarked, this suggests to use qi as components for the Carrolian d-dimensional heat current decomposed as

in (326), and τ ij for the Carrolian d-dimensional viscous stress tensors Σij and Ξij defined in (325).

We introduce as usual

Qi = aijQ
j , Σji = ailΣ

lj , Σij = ajlΣ
l
i, (334)

πi = aijπ
j , Ξi

j = ailΞ
lj , Ξij = ajlΞi

l. (335)

Using the generic transformations (333) under Carrollian diffeomorphisms, we find that the above quantities trans-

form as they should, for being eligible as d-dimensional tensors:

Q′
i = QjJ

−1j
i, Q′i = J ijQ

j , (336)

Σ′
ij = J−1n

iJ
−1l

jΣnl, Σ′
i
j = J−1n

iΣ
l
nJ

j
l , Σ′ij = ΣnlJ inJ

j
l , (337)

and similarly for πi and Ξjk. We have eventually all the ingredients to simply insert everything into (323) and (324)

and compute the four terms on the right-hand sides.

Scalar Equations

The computation of the spacetime divergence in (323) is straightforward and leads to the following:

E = −
(

1

Ω
∂t +

d+ 1

d
θ

)

(

ε+ 2βiQ
i − βiβjΣ

ij
)

+
1

d
θ
(

Ξii − βiβjΣ
ij + ε− dp

)

−
(

∇̂i + 2ϕi

)

(

Qi − βjΣ
ij
)

−
(

2Qiβj − Ξij
)

ξij , (338)

F = Σijξij +
1

d
Σiiθ, (339)

where we used the covariant derivative ∇̂i built using (248).

As already stated and readily seen by its equations, most of the fluid properties are of geometrical nature. In

these equations we made use of all the various first oder derivatives: the acceleration (250), the vorticity (251) and

the expansion and shear reported in (254).

With all our construction, we can elegantly check that (using e.g. (309) and (310))

E ′ = E , F ′ = F . (340)

Equation F = 0 sets a geometrical constraint on the Carrollian stress tensor Σ, whereas E = 0 is the energy

conservation. The latter can be recast as follows:
(

1

Ω
∂t + θ

)

ee = −
(

∇̂i + 2ϕi

)

Πi −Πij
(

ξij +
1

d
θaij

)

, (341)

written in terms of three Carrollian tensors, which capture the Carrollian energy exchanges:

ee = ε+ 2βiQ
i − βiβjΣ

ij , Πi = Qi − βjΣ
ij , Πij = Qiβj + βiQj + paij − Ξij . (342)

The first is a scalar ee, which can be interpreted as an effective Carrollian energy density (observe the absence

of kinetic energy, expected from the vanishing velocity). Its time variation, including the dilution/contraction effects

due to the expansion, is driven by the gradient of a Carrollian energy flux, which is the vector Πi, and by the coupling

of the shear to a Carrollian flux tensor Πij .
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Vector Equations

The vectorial part of the divergence is obtained from (324) and has two pieces. The first reads

Gj =
(

∇̂i + ϕi

)

Πij + ϕjee + 2Πi̟ij +

(

1

Ω
∂t + θ

)

(

πj + βj
(

ee − 2βiΠ
i − βiβnΣ

in
))

+

(

1

Ω
∂t + θ

)(

βn
(

Πnj −
1

2
βnΠj −

1

2
βnβ

iΣij

))

, (343)

while the second

Hj = −
(

∇̂i + ϕi

)

Σij +

(

1

Ω
∂t + θ

)

Πj . (344)

Equation Gj = 0 involves ε, p and their temporal and/or spatial derivatives, β, the heat current Q, and Ξ, ex-

pressed in terms of the effective energy density ee, the Carrollian energy flux and flux tensor Π, as well as π and Σ.

It is a momentum conservation. Notice also the coupling of the energy flux to the inertial vorticity.

Equation Hj = 0 depends neither on ε nor on p. This is an equation for the Carrollian energy flux Π and the

viscous stress tensor Σ, of geometrical nature as it involves the metric a, the Carrollian connection b and the inertial

acceleration ϕ. Under Carrollian diffeomorphisms (242) we obtain (see (311)):

G′i = J ijGj , H′i = J ijHj . (345)

One should observe at this point that Π and the energy flux associated with a Carrollian fluid defined in (342)

are merely a repackaging of part of the dynamical data. Equation F = 0, as well as the vector equations need

indeed more informations. There is pressure, energy density and velocity, on the one hand, and on the other hand,

we find the two heat currents and the two viscous stress tensors. The zero-k limit produces a decoupling in the

equations. This is the reason why Hj = 0 appears as an equation for the dissipative pieces of data only, while the

non-dissipative ones mix with the heat currents inside Gj = 0.

First-order Carrollian Hydrodynamics

In order to acquire a better perspective on Carrollian fluid dynamics, we can study the first-order derivative expansion

of its viscous tensors and heat currents. The first-derivative relativistic kinematical tensors as acceleration (27),

expansion (28), shear (29), and vorticity (30), for a fluid with velocity behaving as (312) when k → 0 read (the only

independent components are the spatial ones):

ai =
k2

Ω
(∂t (bi + βi) + ∂iΩ) +O

(

k4
)

= k2 (ϕi + γi) +O
(

k4
)

, (346)

Θ =
1

Ω
∂t ln

√
a+O

(

k2
)

= θ +O
(

k2
)

, (347)

σij =
1

Ω

(

1

2
∂taij −

1

d
aij∂t ln

√
a

)

+O
(

k2
)

= ξij +O
(

k2
)

, (348)

ωij = k2
(

∂[ibj] +
1

Ω
b[i∂j]Ω+

1

Ω
b[i∂tbj] + wij

)

+O
(

k4
)

= k2 (̟ij + wij) +O
(

k4
)

. (349)

We find the corresponding Carrollian expansion θ and shear ξij . These quantities are purely geometric and

originate from the time dependence of the d-dimensional spatial metric. Similarly, the relativistic acceleration and

vorticity allow to define the already introduced Carrollian, inertial acceleration ϕi and vorticity ̟ij , as well as the

kinematical acceleration γi and kinematical vorticity wij defined as:

γi =
1

Ω
∂tβi, (350)

wij = ∂̂[iβj] + β[iϕj] + β[iγj]. (351)

Starting from the first-order relativistic viscous tensor (25) and heat current (26), in order to comply with the

behaviours (325) and (326), we must assume that (up to possible higher orders in k2)

η = η̃ +
ηC

k2
, ζ = ζ̃ +

ζC

k2
, κ = k2κ̃+ κC . (352)
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Hence, putting these equations together, we find

Σ(1)ij = 2ηCξij + ζCθaij , (353)

Q(1)i = −κ
C

Ω
(∂t(biT ) + βi∂tT + ∂i(ΩT ))

= −κC
(

∂̂iT + T (ϕi + γi)
)

, (354)

and similarly for Ξ(1)ij and π(1)i. These quantities will include respectively terms like 2η̃ξij + ζ̃θaij and

−κ̃
(

∂̂iT + T (ϕi + γi)
)

, plus extra terms coupled to ηC , ζC and κC , and originating from higher-order contributions

in the k2-expansion of the relativistic shear, acceleration and expansion. Notice that these are absent for vanishing

βi because in this case (346), (347), (348) and (349) are exact.

All the above expressions are covariant under Carrollian diffeomorphisms. The friction phenomena are geometric

and due to time evolution of the background metric aij . The heat conduction depends also on the temperature, its

microscopic understanding in Carrollian physic yet unknown. In the two-dimensional case one should take into

account the Hall viscosity (44) in the relativistic viscous tensor at first order. Assuming again ζH = ζ̃H +
ζCH
k2 , the extra

term to be added to Σ(1)ij in (353) reads:

ζCH
√
aǫk(iξj)la

kl, (355)

and similarly for Ξ(1)ij with transport coefficients ζ̃H and ζCH as already explained. The final first-order Carrollian

equations are obtained by substituting Σ(1)ij and Q(1)i given in (353) and (354), and similarly for Ξ(1)ij , and π(1)i,
inside the general expressions for E , F , Gi and Hi derived above.

Conformal Carrollian Fluids

Carrollian fluids are ultra-relativistic and are thus compatible with conformal symmetry. For conformal relativistic

fluids the energy-momentum tensor (21) is traceless and this requires

ε = dp, τµµ = 0. (356)

In the Carrollian limit, the latter reads:

Ξii = βiβjΣ
ij , Σii = 0. (357)

In particular, we find ee = Πii.
The dynamics of conformal fluids is covariant under Weyl transformations. Those act on the fluid variables as

ε→ Bd+1ε, πi → Bdπi, Qi → BdQi, Ξij → Bd−1Ξij , Σij → Bd−1Σij , (358)

where B = B(t,x) is an arbitrary function. The elements of the Carrollian geometry behave as (264). Moreover

βi →
1

Bβi, ̟ij →
1

B̟ij , wij →
1

Bwij , ξij →
1

B ξij . (359)

The Carrollian inertial and kinematical accelerations, and the Carrollian expansion (347) transform as connec-

tions:

ϕi → ϕi − ∂̂i lnB, γi → γi −
βi
Ω
∂t lnB, θ → Bθ − d

Ω
∂tB. (360)

The first and the latter enable to define Weyl-Carroll covariant derivatives D̂i and D̂t, as discussed in (269) and

(270). With these derivatives, Carrollian expressions (338), (339), (343) and (344) read for a conformal fluid:

E = − 1

Ω
D̂tee − D̂iΠ

i −Πijξij , (361)

F = Σijξij , (362)

Gj = D̂iΠ
i
j + 2Πi̟ij +

(

1

Ω
D̂tδ

i
j + ξij

)

(

πi + βi
(

ee − 2βnΠ
n − βnβlΣ

nl
))

+

(

1

Ω
D̂tδ

i
j + ξij

)(

βn
(

Πni −
1

2
βnΠi −

1

2
βnβ

lΣli

))

, (363)

Hj = −D̂iΣ
i
j +

1

Ω
D̂tΠj +Πiξ

i
j . (364)
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These equations are Weyl-covariant of weights d+ 2, d+ 2, d+ 1 and d+ 1.

The case of conformal Carrollian perfect fluids is remarkably simple. F = Hi = 0 are indeed automatically

satisfied and

E = − 1

Ω
D̂tε, Gj =

1

d
D̂jε+

d+ 1

d

(

1

Ω
D̂tδ

i
j + ξij

)

εβi. (365)

For these fluids the energy density is covariantly constant with respect to the Weyl-Carroll time derivative.

Conformal fluids play a particular role in this work, since they are eventually the holographic fluids we will be

interested on. This was already true for the relativistic AdS situation, and will continue to hold in the Carrollian limit.

3.2.2 Conformal Carrollian Fluid in Three Dimensions

We will specialize here to three dimensions and conformal Carrollian fluids. These are the boundary data configu-

rations to resum four-dimensional asymptotically flat bulk solution of Einstein equations, as we will scrutinize in the

next section.

An important result holds for three-dimensional holographic fluids: they are always found to be with βi = 0.47

From this perspective these fluids are altogether even more geometrical, for they do not have any dynamical velocity.

Nonetheless, they have non-trivial hydrodynamics based on the already spelled data that we recall here for the sake

of clarity:

• the energy density ε and the pressure p, related here through a conformal equation of state ε = 2p;

• the heat currents Q = Qidx
i and π = πidx

i;

• the viscous stress tensors Σ = Σij dx
idxj and Ξ = Ξijdx

idxj .

They obey

Σij = Σji, Σii = 0, Ξij = Ξji, Ξii = 0. (366)

All these objects are Weyl-covariant with conformal weights 3 for the pressure and energy density, 2 for the heat

currents, and 1 for the viscous stress tensors. They are well-defined in all examples we know from holography.

The equations for a Carrollian fluid are in dimension three as follows:

• a set of two scalar equations, both weight-4 Weyl-covariant:

− 1

Ω
D̂tε− D̂iQ

i + Ξijξij = 0, (367)

Σijξij = 0; (368)

• two vector equations, Weyl-covariant of weight 3:

D̂jp+ 2Qi̟ij +
1

Ω
D̂tπj − D̂iΞ

i
j + πiξ

i
j = 0, (369)

1

Ω
D̂tQj − D̂iΣ

i
j +Qiξ

i
j = 0. (370)

As already discussed in arbitrary dimension, (367) is the energy conservation, whereas (368) sets a geometrical

constraint on the Carrollian viscous stress tensor Σij . Equations (369) and (370) are dynamical equations involving

the pressure p = ε/2, the heat currents Qi and πi, and the viscous stress tensors Σij and Ξij . They are reminiscent

of a momentum conservation, although somewhat degenerate due to the absence of fluid velocity.

These equations are the main result here, and show the fate of the equations of motion in the k → 0 limit for

every three-dimensional conformal relativistic fluid.

47This is true for every algebraically special solution. Here indeed we are able to resum only a subset of bulk solutions. A possible attempt to
include the complementary set of solutions could start by releasing this assumption.
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3.2.3 Conformal Carrollian Fluid in Two Dimensions

Part of our scheme was to reconstruct AdS3 solutions starting from a two-dimensional relativistic conformal fluid

with conformal anomaly. These are very peculiar fluids, and two dimensions is also a particular setup, so we review

here in details the main differences. The 2-dimensional Carrollian geometry R × S is obtained as the vanishing-k
limit of the two-dimensional pseudo-Riemannian geometry M equipped with metric (130). In this limit, the line S

inherits a metric48

dℓ2 = adx2, (371)

and t ∈ R is the Carrollian time.

The Carrollian frame is described by the form b = bx(t, x) dx. In two dimensions the Carrollian derivative is

written

∂̂x = ∂x +
bx
Ω
∂t, (372)

and the Levi-Civita-Carroll connection becomes

γ̂xxx = ∂̂x ln
√
a. (373)

The action of Weyl transformations on the elements of the Carrollian geometry and βx is

a→ a

B2
, bx → bx

B , Ω → Ω

B , βx → βx
B , (374)

where B = B(t,xxx) is an arbitrary function. Contrary to the three-dimensional scenario, here we can resum all bulk

solutions, and the boundary fluid is as general as possible, including β.

As usual, we introduce the Carrollian acceleration ϕx and the Carrollian expansion θ,

ϕx =
1

Ω
(∂tbx + ∂xΩ) = ∂t

bx
Ω

+ ∂̂x lnΩ, (375)

θ =
1

Ω
∂t ln

√
a, (376)

which transform as connections:

ϕx → ϕx − ∂̂x lnB, θ → Bθ − 1

Ω
∂tB. (377)

In particular, these can be combined in

αx = ϕx − θbx, (378)

transforming under Weyl rescaling as

αx → αx − ∂x lnB. (379)

The spatial Weyl-Carrol derivative is

D̂xΦ = ∂̂xΦ+ wϕxΦ, (380)

for a weight-w scalar function Φ, and

D̂xV
x = ∇̂xV

x + (w − 1)ϕxV
x, (381)

for a vector with weight-w component V x.

The temporal Weyl-Carroll derivative on a weight-w function Φ is here

1

Ω
D̂tΦ =

1

Ω
∂tΦ+ wθΦ, (382)

which is a scalar of weight w + 1. Accordingly, the action of the Weyl-Carroll time derivative on a weight-w vector is

1

Ω
D̂tV

x =
1

Ω
∂tV

x + wθV x. (383)

This is the component of a genuine Carrollian vector of weight w+1, and Leibinz rule allows to generalize this action

to any tensor.

48This metric lowers all x indices. Here again, since the space is one-dimensional, we report its coordinate x not bold.
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Here, the only non-vanishing piece of this derivative curvature is the one-form resulting from the commutation of

D̂x and 1
ΩD̂t, which has weight 1:

Rx =
1

Ω
(∂tαx − ∂x(θΩ)) =

1

Ω
∂tϕx − θϕx − ∂̂xθ. (384)

As stressed, the original relativistic fluid is not at rest, but has a velocity parametrized with β = βxdx This variable

allows to define further kinematical objects.

• The acceleration γ = γxdx

γx =
1

Ω
∂tβx, (385)

which is not Weyl-covariant as opposed to the weight-0 object

δx = γx − θβx =

√
a

Ω
∂t
βx√
a
. (386)

• The weight-1 one-form (dubbed suracceleration)

Ax =
1

Ω
D̂t

1

Ω
D̂tβx =

1

Ω
∂t

(

1

Ω
∂tβx − θβx

)

. (387)

The latter can be combined with the curvature (384), which has equal weight,

sx = Ax + Rx =
1

Ω
∂t

(

1

Ω
∂tβx − θβx

)

+
1

Ω
∂tϕx − θϕx − ∂̂xθ. (388)

This appears as a conformal Carrollian total, i.e. kinematical plus geometric, suracceleration, and enables us to

define a weight-2 conformal Carrollian scalar:

s =
sx√
a
. (389)

The latter originates from the Weyl curvature F of the pseudo-Riemannian ascendent manifold M:

s = − lim
k→0

kF. (390)

Notice that the ordinary scalar curvature of M given in (98) is not Weyl-covariant (see (99)) and can be expressed

in terms of Carrollian non-Weyl-covariant scalars of R× S:

R =
2

k2

(

θ2 +
1

Ω
∂tθ

)

− 2
(

∇̂x + ϕx

)

ϕx. (391)

Besides the inverse velocity, acceleration and suracceleration, other physical data describe a Carrollian fluid.

• The energy density ε and the pressure p, related here through ε = p. The Carrollian energy and pressure are

the zero-k limits of the corresponding relativistic quantities, and have weight 2.

• The heat current π = πxdx of conformal weight 1, inherited from the relativistic heat current as follows:49

qx = k2πx +O
(

k4
)

. (392)

This translates the expected (see (136)) small-k behaviour of χ:

χ = χπk +O
(

k3
)

, (393)

leading to

πx =
χπ√
a
. (394)

49In arbitrary dimensions we generally admitted qx = Qx + k2πx + O
(

k4
)

(see (326)), which amounts assuming χ =
χQ

k
+ χπk + O

(

k3
)

.
This is actually more natural because vanishing χQ is not a hydrodynamic-frame-invariant feature in the presence of friction. Keeping χQ 6= 0,
however, is not viable from holography in two boundary dimensions because it would create a 1/k2 divergence inside the derivative expansion.
Since the Carrollian limit affects anyway the hydrodynamic-frame invariance, our choice is consistent from every respect. Ultimately these
behaviours should be justified within a microscopic quantum/statistical approach, missing at present.
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• The weight-0 viscous stress tensors Σ = Σxxdx
2 and Ξ = Ξxxdx

2, obtained from the relativistic viscous stress

tensor τ
k2 ⋆ u ⋆ u as

τxx = −Σxx

k2
− Ξxx +O

(

k2
)

. (395)

For this to hold, following (137), we expect

τ =
τΣ
k2

+ τΞ +O
(

k2
)

, (396)

and find (in the Carrollian geometry, indices are lowered with axx = a):

Σxx = −τΣ, Ξxx = −τΞ − β2τΣ. (397)

As we will see later, this is in agreement with the form of τ for the relativistic systems at hand (see Eqs. (391)

and (196)).

• Finally, we assume that the components of the external force density behave as follows, providing further

Carrollian power and tension:
{

k
Ωf0 = f

k2 + e+O
(

k2
)

,

fx = hx

k2 + gx +O
(

k2
)

.
(398)

This is again a posteriori justified by the success of the bulk reconstruction.

Eventually we are ready to present the equations of motion in this case:

−
(

1

Ω
∂t + 2θ

)

(

ε− β2Σxx
)

+
(

∇̂x + 2ϕx
)

(βxΣ
x
x) + θ

(

Ξxx − β2Σxx
)

= e, (399)

θΣxx = f, (400)
(

∇̂x + ϕx

)

(ε− Ξxx) + ϕx
(

ε− β2Σxx
)

+

(

1

Ω
∂t + θ

)

(πx + βx (2ε− Ξxx)) = gx, (401)

−
(

∇̂x + ϕx

)

Σxx −
(

1

Ω
∂t + θ

)

(βxΣ
x
x) = hx. (402)

Generically, the above equations are not invariant under Carrollian local boosts, acting as

β′
x = βx +Bx (403)

(vanishing-k limit of (139)).

This should not come as a surprise. Such an invariance is exclusive to the relativistic case for obvious physical

reasons, and is also known to be absent from Galilean fluid equations, which are not invariant under local Galilean

boosts. Nevertheless, as we will shortly see, in specific situations a residual invariance persists.

We have finally obtained the two-dimensional equations of motion. This is the last required result for the bound-

ary theory in order to address the problem of bulk reconstruction and limit k → 0 of the derivative expansion. We will

do this after discussing the fate of the relativistic energy-momentum tensor itself in the limit, and the dual Galilean

limit k → ∞. We will return to holography in Section 4, where all the results derived here will find good use.

3.3 The Fate of the Energy-Momentum Tensor

The ultra-relativistic limit breaks the spacetime metric into three independent data: the scalar density Ω, the con-

nection bi and the spatial metric aij . We saw that these geometric fields are nicely interpreted as constituents of the

Carrollian geometry.

Consider an action defined on such a geometry, covariant under (242), we are facing a problem in defining the

energy-momentum tensor. Indeed, in general-covariant theories it is obtained as the variation of the action with

respect to the metric. This requires the existence of a regular metric (a pseudo-Riemannian manifold), but in the

Carrollian case, as we mentioned, there is no spacetime non-degenerate metric. Therefore, we must introduce new

objects that we will refer to as Carrollian momenta [129], and obtain as the variation of the action with respect to the

three geometric fields mentioned above.
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Notice that we are working here again in general boundary dimension d+ 1, with d the dimension of the spatial

base (spanned by vectors with indices i, j, . . . ). We define the Carrollian equivalent of the energy-momentum tensor

as:50

O =
1

Ω
√
a

δS

δΩ
, Bi = 1

Ω
√
a

δS

δbi
and Aij =

1

Ω
√
a

δS

δaij
. (404)

Here Ω
√
a is the Carrollian counterpart of the relativistic

√−g and the variations are taken with respect to the 3 fields

that replace the metric in the Carrollian setting.

From now on, we call (404) the Carrollian momenta. They transform under Carrollian diffeomorphisms as

O′ = JO − Biji, Bi′ = J ijBj , and Aij′ = J ikJ
j
l Akl. (405)

The spatial vector Bi and matrix Aij are indeed Carrollian tensors. However, O is not a scalar and, as we will see and

use, it is wiser to introduce the scalar combination E = ΩO + biBi. These objects replaces the energy-momentum

tensor δS
δgµν

in a Carrollian theory.

Given such a theory, the action is then invariant under Carrollian diffeomorphisms, generated by the spacetime

vector ξ

δξS = 0, ξ = ξt(t,xxx)∂t + ξi(xxx)∂i. (406)

Notice that ξi only depends on xxx, this is the infinitesimal translation of (242).

Under such an infinitesimal coordinate transformation we have

δξS =

∫

dd+1x

(

δS

δΩ
δξΩ+

δS

δbi
δξbi +

δS

δaij
δξaij

)

+ b.t.. (407)

We need to compute δξΩ, δξbi and δξaij . In order to do so we compute the infinitesimal version of (244). If

x′µ = xµ − ξµ, then

δξΩ = ξ (Ω) + Ω∂tξ
t, (408)

δξbi = ξ (bi)− Ω∂iξ
t + bj∂iξ

j , (409)

δξaij = ξ (aij) + ∂iξ
kakj + ∂jξ

kaik, (410)

where ξ(f) ≡ ξt∂tf + ξi∂if .

We would like to write these transformations in terms of manifestly Carroll-covariant objects, so we define X =
Ωξt − biξ

i. By noticing that the components of a spacetime vector transform as

ξt′ = Jξt + jiξ
i, ξi′ = J ikξ

k, (411)

it is straightforward to show that X is the right combination to get a scalar.

We thus rewrite (408), (409) and (410) in terms of X, ξi and the Carrollian geometrical tensors (250), (251),

(254) introduced above51

δξΩ = ∂tX +Ωϕjξ
j , (412)

δξbi = −∂̂iX + ϕiX − 2̟ijξ
j +

bi
Ω

(

∂tX +Ωϕjξ
j
)

, (413)

δξaij = ∇̂iξj + ∇̂jξi +
X

Ω
∂taij . (414)

This rewriting hints toward Carrollian covariance, as it replaces ξt with X. Therefore, we obtain δξS = δXS+δξiS
with

δXS =

∫

dd+1xΩ
√
a

(

O∂tX − Bi∂̂iX + BiϕiX + Bi bi
Ω
∂tX +AijX

Ω
∂taij

)

, (415)

δξiS =

∫

dd+1xΩ
√
a
(

OΩϕjξ
j − 2Bi̟ijξ

j + Bibiϕjξj + 2Aij∇̂iξj

)

. (416)

50We call Bi the Carrollian momentum associated with bi. It is always expressed with a suffix index, which therefore avoids confusion with the
Weyl rescaling function B.

51We recall that ∇̂ is the Carroll-covariant derivative introduced previously, with Christoffel symbols (248).
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Finally, demanding δXS and δξiS be zero separately and manipulating them, we obtain two conservation equations

which are manifestly Carroll-covariant:52

(

1

Ω
∂t + θ

)

E −
(

∇̂i + 2ϕi

)

Bi −Aij 1

Ω
∂taij = 0, (417)

2
(

∇̂i + ϕi

)

Ai
j + 2Bi̟ij − Eϕj = 0, (418)

where we used the scalar combination E = ΩO + biBi introduced previously.

Let us briefly summarize. By strict comparison with the relativistic situation, we have defined the momenta

of our Carrollian theory to be the variation of the action under the geometrical set of data that characterizes the

background. Exploiting the underlying Carrollian symmetry we reached a set of two equations which encode the

conservation properties of the momenta. As expected, these equations are fully Carroll-covariant.

Weyl Covariance

If the action is invariant under the Weyl transformations of the geometrical objects (264), then

δλS =

∫

dd+1xΩ
√
a
(

OδλΩ+ Biδλbi +Aijδλaij
)

=

∫

dd+1xΩ
√
aλ
(

OΩ+ Bibi + 2Aijaij
)

(419)

has to vanish for every λ(t,xxx). Therefore

δλS = 0 ⇒ E = −2Ai
i. (420)

We will refer to this condition as the conformal state equation, it is the equivalent of the tracelessness of the

energy-momentum tensor in the relativistic case. From (264) again, we deduce the following transformations of the

Carrollian momenta

O → Bd+2O, Bi → Bd+2Bi and Aij → Bd+3Aij . (421)

This implies also E → Bd+1E .

We would like to write the conservation equations in a manifestly Weyl-covariant form. To do so we define

Aii = −d
2P. Then we decompose Aij = − 1

2

(

Paij − Ξij
)

with Ξij traceless, such that the constraint (420) becomes

E = dP. This enable us to write (417) and (418) as

(

1

Ω
∂t +

d+ 1

d
θ

)

E −
(

∇̂i + 2ϕi

)

Bi − Ξijξij = 0, (422)

(

∇̂i + ϕi

)

Ξij −
1

d

(

∂̂j + (d+ 1)ϕj

)

E + 2Bi̟ij = 0. (423)

As already discussed, Carrollian derivatives are not Weyl covariant under Weyl rescaling. We therefore rewrite

(422) and (423) using the Weyl-Carroll derivatives introduced in (269) and (270):

1

Ω
D̂tE − D̂iBi − Ξijξij = 0, (424)

−1

d
D̂jE + 2Bi̟ij + D̂iΞ

i
j = 0. (425)

Not only these equations are now very compact, they are also manifestly Weyl-Carroll covariant.

Flat Case

So far we have worked on general Carrollian geometry, i.e. we did not impose any particular value of Ω, bi and

aij . We now restrict our attention to the flat Carrollian background.53 At the relativistic level, the Poincaré group

is defined as the set of coordinate transformations that leave the Minkowski metric invariant. By strict analogy, the

Carroll group is defined as the set of transformations that preserve the Carrollian flatness, [81].

52A useful result is Bi∂̂iX = −X
(

∇̂i + ϕi

)

Bi, valid up to total derivatives and for any scalar X and vector Bi.
53We refer here to flat Carrollian geometry as the geometry for which the Carroll group is an isometry.
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Therefore, the Carroll group corresponds to the transformations satisfying

∂t → ∂t, δijdx
idxj → δijdx

idxj , b0i → Rji (b0j + βj) , (426)

with b0i constant. The resulting change of coordinates is

t′ = t+ βix
i + t0, x′i = Rijx

j + xi0, (427)

where t0 ∈ R, {xi0, βi} ∈ R
d and Rij ∈ O(d). This group is known in the literature as the Carroll group.54

Recasting (417) and (418) for aij(t,xxx) = δij , Ω(t,xxx) = 1 and bi(t,xxx) = b0i, we obtain

∂tO − ∂iBi = 0, (428)

2∂iAi
j + 2b0i∂tAi

j = 0. (429)

The momenta appearing in these two equations can be packaged in a spacetime energy-momentum tensor

Tµν =

(

O −2b0kAki

−Bj −2Aij

)

. (430)

The usual conservation of this tensor ∂µT
µν = 0 is ensured by the conservation equations of the momenta, namely

(428) and (429).

This tensor is not symmetric, but this should not come as a surprise: it is not defined throughout the variation of

the action with respect to the spacetime metric (symmetric by construction), instead it is defined using the Carrollian

metric fields. Finally notice that this spacetime lifting procedure was possible here solely due to the flatness of

the Carrollian geometry. In general backgrounds, this is not possible, and the very concept of spacetime energy-

momentum tensor is ambiguous – whereas the Carrollian momenta are by construction well suited.

As a conclusive remark notice that the Carroll group contains spacetime translations, so if a theory is invariant

under this group, there will be a set of d + 1 Nœther currents associated with spacetime translations. Packaging

them in a d+ 1-dimensional kind of Nœther energy-momentum tensor, enables us to compare it with (430). Before

discussing the definition of charges in our framework, we would like to insist on the relevance of these momenta: as

we saw holography is implemented on a metric sourcing an energy-momentum tensor in AdS. In flat holography one

may expect something very similar to take place, namely the Carrollian geometrical objects sourcing the Carrollian

momenta defined here. Defining the latter properly constitutes certainly a step toward a flat holographic dictionary.

Emergence of Carrollian Physics

In the previous sections, we have intrinsically defined the Carrollian momenta starting from the metric fields of a

Carrollian geometry. The Carrollian geometry was inspired by the ultra-relativistic contraction of the relativistic met-

ric. Consider the relativistic decomposition of the energy-momentum tensor (21), and impose the already discussed

scaling of dissipative tensors (325) and (326)

τ ij = −Σij

k2
− Ξij and qi = −Bi + k2πi, (431)

where we identify the leading order of the heat current in the limit as the Carrollian spin-1 momentum Bi.
The k → 0 limit of the equations of motion reported in (338), (339), (343) and (344), calling again Aij =

− 1
2

(

Paij − Ξij
)

, read here

(

1

Ω
∂t + θ

)

E −
(

∇̂i + 2ϕi

)

Bi −Aij 1

Ω
∂taij = 0, (432)

2
(

∇̂i + ϕi

)

Ai
j + 2Bi̟ij − Eϕj −

(

1

Ω
∂t + θ

)

πj = 0, (433)

(

1

Ω
∂t + θ

)

Bj +
(

∇̂i + ϕi

)

Σij = 0, (434)

Σijξij +
θ

d
Σii = 0. (435)

54The Carroll group was already shown to be the symmetry group of flat zero signature geometries in the precursory work [89].
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Notice that these equations reduce to the Carrollian equations (417) and (418) when the dissipative terms have no

k-dependence, Σij = 0 = πi, together with the additional constraint
(

1
Ω∂t + θ

)

Bj = 0.

This result undoubtedly shows the nature of the ultra-relativistic limit: it is a Carrollian limit, as we have already

argued. Conversely, this analysis gives credit to our intrinsic Carrollian construction of the previous sections. We

conclude with an aside important remark: we have taken the ultra-relativistic limit of the conservation equations

because it would have been inconsistent to compute directly the limit of the energy-momentum tensor itself. Indeed

we would have lost information on the fields which survive and the conservation equations they satisfy. This confirms

that we have to give up the concept of spacetime energy-momentum tensor on general Carrollian backgrounds.

3.3.1 Intrinsic Carrollian Charges

This section is dedicated to the definition of charges in the Carrollian framework. Charges are conserved quantities

associated with a symmetry of the theory. Relativistically, the latter can be generated by a Killing vector field. By

projecting the energy-momentum tensor on the Killing vector, we obtain a conserved current.

We will show here how to implement this procedure in the Carrollian case. In order to do so, we firstly derive

charges starting from a conserved Carrollian current. Secondly, we define Carrollian Killing and conformal Killing

vectors. Thirdly, we build conserved charges associated with conformal Killing vectors.

Conserved Carrollian Current and its Charges

We show here a way to define a conserved charge starting from a conserved current. In this derivation we never

impose the current to be associated with a Killing vector, therefore our construction is very general.

Whenever we have a scalar J and a vector J i satisfying

(

1

Ω
∂t + θ

)

J +
(

∇̂i + ϕi

)

J i = 0, (436)

we can build the conserved charge

Q =

∫

Σt

ddx
√
a
(

J + biJ i
)

, (437)

where Σt is a constant-time slice.

A way to derive this formula is to start from the relativistic counterpart: consider a conserved current Jµ, the

charge is then

Q =

∫

Σt

ddx
√
σnµJ

µ, (438)

with nµ the unit vector normal to Σt and σµν the induced metric on Σt.
In order to perform the zero-k limit, we decompose Jµ in an already Carroll-covariant basis

J = J
(

k

Ω
∂0

)

+ J i

(

∂i +
kbi
Ω
∂0

)

. (439)

Then, using Randers-Papapetrou parametrization (148), we obtain

√
σ =

√
a+O

(

k2
)

, n0 = kΩ+O
(

k3
)

, J0 =
k

Ω

(

J + biJ i
)

. (440)

Therefore, we find Q →
k→0

k2Q, showing the relevance of the proposed Carrollian charge (437).

Carrollian Killing Vectors and their Currents

A Killing vector is a vector field that preserves the metric. Analogously, we define the Carrollian Killing vector ξ to be

the vector satisfying55

δξΩ = 0, δξaij = 0, (441)

55This is the translation in our language of LXg = 0 and LXξ = 0 of (III.6) in [81], see also [88]. Notice that the variation of bi is left arbitrary.
This is what we define to be Carrollian Killing vectors, other definitions may be use instead.
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where δξ is the Lie derivative. This gives rise to two Killing equations on ξ, which are exactly (412) and (414),56

∂tX +Ωϕjξ
j = 0, (442)

∇̂iξj + ∇̂jξi +
X

Ω
∂taij = 0, (443)

where we recall X = Ωξt − biξ
i. Notice that these equations do not actually depend on bi.

The generalization to conformal Carrollian Killing vectors is straightforward. We call ξ a conformal Carrollian

Killing vector if

δξΩ = λΩ and δξaij = 2λaij . (444)

It obeys the following conformal Killing equations:

∂tX +Ωϕjξ
j = λΩ, (445)

∇̂iξj + ∇̂jξi +
X

Ω
∂taij = 2λaij . (446)

In particular from the last equation we obtain λ = 1
d

(

∇̂iξ
i + X

Ω ∂t ln
√
a
)

. This general construction is very useful,

as we will shortly confirm.

The associated conserved current can now be obtained projecting the Carrollian momenta on a Carrollian Killing

vector, exactly like in the relativistic case. Indeed consider the following Carrollian current:

J = ξiBi, J i = ξjΣ
ij . (447)

It is conserved provided ξ satisfies (443), and the Carrollian conservation equations (434) and (435) are verified.

The corresponding conserved charge is then

Qξ =

∫

Σt

ddx
√
aξi
(

Bi + bjΣ
ji
)

, (448)

This charge is also conserved when ξ satisfies (446), if we further impose the condition Σii = 0.

A Particular Set of Charges

It can be shown that the equations describing the dynamics of asymptotically flat spacetimes in 3 and 4 dimensions

can be related to Carrollian conservation laws for Bi = 0.57 For this reason we focus here on this particular case

and build other conserved currents associated with conformal Killing vectors.

The Carrollian conservation equations obtained from the ultra-relativistic limit (432) and (433), for Bi = 0, become

(

1

Ω
∂t + θ

)

E − Aij 1

Ω
∂taij = 0, (449)

2
(

∇̂i + ϕi

)

Ai
j − Eϕj −

(

1

Ω
∂t + θ

)

πj = 0. (450)

We could have also reported the two equations on Σij , (434) and (435), but they are immaterial here.

Consider a Killing vector ξ, the following charge, up to boundary terms, is conserved

Cξ =
∫

Σt

ddx
√
a
(

XE − ξiπi + 2biξ
jAi

j

)

, (451)

assuming only (449) and (450). This charge is also conserved when ξ is a conformal Killing vector, if we further

impose the conformal state equation E = −2Ai
i.

The corresponding conserved current reads58

J = XE − ξiπi, J i = 2ξjAi
j . (452)

56On top of these equations, a Carrollian Killing vector has a time independent spatial part, i.e. ∂tξi = 0.
57We will discuss this in the examples of next section and in linearized four-dimensional gravity shortly.
58Its conservation (436) is ensured thanks to the Killing equations together with (449) and (450).
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In conclusion, it is interesting to investigate the flat case aij(t,xxx) = δij , Ω(t,xxx) = 1 and bi(t,xxx) = b0i. Here, (449)

and (450) can be written as ∂µT
µν = 0 with59

Tµν =

(

O −2b0kAki + πi

0 −2Aij

)

, (453)

and we notice that the charge, up to a divergenceless term, takes the usual form

CFlat
ξ =

∫

Σt

ddx
(

ξtO − ξib0iO − ξiπi + 2b0iξ
jAi

j

)

= −
∫

Σt

ddxT 0µξµ + C̃ξi , (454)

with C̃ξi = −
∫

Σt
ddxξib0iO separately conserved.

For ξ and η Killing vectors, we define the brackets

{Qξ,Qη} ≡
∫

Σt

ddxδη
[√
aξi
(

Bi + bjΣ
ji
)]

, (455)

{Cξ, Cη} ≡
∫

Σt

ddxδη
[√
a
(

XE − ξiπi + 2biξ
jAi

j

)]

. (456)

Here δη is the Lie derivative acting on the metric fields and the momenta, but not on ξt and ξi.
A lengthly computation shows that the charges Qξ and Cξ equipped with these brackets form two representations

of the Carrollian Killing algebra:

{Qξ,Qη} = Q[ξ,η] and {Cξ, Cη} = C[ξ,η]. (457)

We can extend these results to the conformal Killing algebra when imposing the conformal state equation E = −2Ai
i

for the charge Cξ and the condition Σii = 0 for the charge Qξ.

This last important result concludes our wondering on the fate of the energy-momentum in the Carrollian limit.

Raising this question allowed us to find Carrollian counterparts of Tµν and to further introduce well-defined Carrollian

charges. The results detailed here will be applied in concrete examples in the next chapter of this work, and in the

very next paragraph to four-dimensional gravity. For the moment being, we would like to stress again how unnatural

would have been to take naively the limit k → 0 at the level of the energy-momentum tensor directly. Indeed doing

so we would have missed important dynamical contributions coming from the non-trivial geometrical structure.

Application to Four-dimensional Linearized Gravity

We choose to report the example of four-dimensional linearized gravity to corroborate our Carrollian findings: we

compute the various charges just defined and show how naturally the bulk dynamics matches with the Carrollian

expectations in the boundary. Specifically, we prove that the boundary equations of motion, which are the linearized

Einstein equations after gauge fixing, can be interpreted as a Carrollian conservation, and that the asymptotic

charges are also charges associated with conformal Carrollian Killing vectors.

The bulk metric is gMN = ηMN + hMN with60

η = −dt2 − 2dtdr + r2γijdx
idxj ,

htt =
2

r
mB +O

(

r−2
)

,

htj =
1

2
∇iCij +

1

r
Nj +O

(

r−2
)

, (458)

hij = rCij +O(1),

hrM = 0.

The perturbation hMN is traceless, so γijCij = 0, where γij is the metric of the two-sphere and ∇i the associated

covariant derivative. We recognize the mass aspect mB , the angular momentum aspect Ni and the gravitational

59We recall that for Bi = 0, E = ΩO. Thus in the flat case E = O.
60We recall our conventions: (M,N) are four-dimensional bulk indices that we split in M = {r, µ} = {r, t, xi}, with xi the two-dimensional

indices (i = 1, 2) of the spatial co-dimension two sections.
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wave aspect Cij , all depending on t and xi (see [118, 202]). In this gauge, the linearized Einstein equations be-

come:61

∂tmB =
1

4
∂t∇i∇jCij , (459)

∂tNi =
2

3
∂imB − 1

6

[

(∆− 1)∇jCji −∇i∇k∇jCjk
]

. (460)

We first consider the case

∇i∇jCij = 0. (461)

Then (459) and (460) admit a Carrollian interpretation and are recovered from (417) and (418) with the following

metric data

Ω = 1, bi = 0, aij = γij , (462)

and Carrollian momenta

Σij = Bi = Ξii = 0, (463)

E = 4mB , Aij = −1

2

(E
2
aij − Ξij

)

, πi = −3N i, Ξij =
1

2
(∆− 4)Cij , (464)

where E = −2Ai
i and Ξii = 0–we are in the conformal case. We obtain the following conservation equations:

∂tE = 0, (465)

∂tπi +∇j

(E
2
γji − Ξji

)

= 0. (466)

This type of Carrollian conservation falls again into the general class previously described.

The asymptotic Killing vectors ξ̂ = ξ̂r∂r + ξ̂t∂t + ξ̂i∂i associated with the gauge (459) have the following leading

order in r−1

ξ̂r = −λ(x)r +O(1), ξ̂t = ξt(t,x) +O(r−1) and ξ̂i = ξi(x) +O(r−1), (467)

where ξ = ξt∂t + ξi∂i is a conformal Killing vector (i.e. satisfying (445) and (446)) of the Carrollian geometry given

by {Ω = 1, aij = γij , bi = 0} and λ is the conformal factor. The solutions to the corresponding conformal Killing

equations reproduce exactly the bms4 algebra: ξt = t
2∇iξ

i+α(x), α being any function on S2, ξi a conformal Killing

of S2 and λ = 1
2∇iξ

i. We compute the corresponding surface charges. When ∇i∇jCij = 0 they take the form

Qξ̂[g] =

∫

S2

d2x
√
γ
(

ξtE − ξiπi
)

= Cξ, (468)

with E and πi given by (464). We recognize again the charges defined from purely Carrollian considerations,

associated with the data (462–464). These charges are automatically conserved. Physically, this is due to the

fact that part of the effect of gravitational radiation has suppressed by demanding ∇i∇jCij = 0. We will find shortly

that relaxing this condition has an effect on the charge conservation.

Integrating (465) and (466) we obtain

E = E0(x), πi = −1

2
∂iE0t+

∫

dt′∇jΞ
j
i + π0i(x). (469)

The charges become

Cξ =

∫

S2

d2x
√
γ

((∇iξ
i

2
t+ α

)

E0 − ξi
(

−1

2
∂iE0t+

∫

dt′∇jΞ
j
i + π0i

))

= t

∫

S2

d2x
√
γ

(

1

2
∇i(ξ

iE0)
)

+

∫

S2

d2x
√
γ

(

αE0 − ξi
(∫

dt′∇jΞ
j
i + π0i

))

=

∫

S2

d2x
√
γ
(

αE0 − ξiπ0i
)

−
∫

dt′
∫

S2

d2x
√
γξi∇jΞ

j
i + b.t.

=

∫

S2

d2x
√
γ
(

αE0 − ξiπ0i
)

+ b.t.. (470)

61Solving empty linearized Einstein equations order by order in r−1 allows to express the various subleading coefficients in terms of mB , Cij

and Ni. The only residual equations are then the ones that we present here.
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The last step follows from the fact that ξi is a conformal Killing vector on S2 and Ξij is traceless. We observe that Cξ
is now manifestly conserved.

When ∇i∇jCij 6= 0, on the gravity side the radiation affects the surface charges and spoils their conservation.

Therefore, these charges do not match those we defined earlier. This situation can be further investigated and

recast in Carrollian language. To this end, we define σ = ∇i∇jCij and rewrite (459) and (460)

∂tE = 0, (471)

∂tπi +∇j

(

Pγji − Ξji

)

= 0. (472)

Here, the metric fields are

Ω = 1, bi = 0, aij = γij , (473)

together with the Carrollian momenta

Σij = Bi = 0, (474)

E = 4mB − σ, P =
E
2
+ σ, πi = −3N i, Ξij =

1

2
(∆− 4)Cij . (475)

Hence turning on σ can be interpreted as spoiling the conformal state equation: E = −2
(

Ai
i + σ

)

. It appears as a

sort of conformal anomaly in the boundary theory. The surface charges become

Qξ̂[g](t) =

∫

S2

d2x
√
γ
(

ξt(E + σ)− ξiπi
)

, (476)

and, as already stated, they are no longer conserved

∂tQξ̂[g] =

∫

S2

d2x
√
γ
(

δξ + λ
)

σ, (477)

where δξ is the usual Lie derivative and λ = 1
2∇iξ

i the conformal factor. These charges were obtained in [173].62

For non linear gravity see [87,203], where the charges are now non-integrable.

This example shows the value of the Carrollian charges introduced before and allows to familiarize with our

findings. We will again discuss these charges for asymptotically flat full (as opposed to linearized) solutions of

Einstein gravity, in relationship with our resummation in Section 4.

3.4 Dual Galilean Limit

At this point of this work the reader finds her/himself with a very concrete and fully developed method to start from

the most general relativistic fluid in any dimension and take the Carrollian limit k → 0. One spontaneous question

arises: can we use this machinery to compute also the dual non-relativistic limit k → ∞? The answer is yes, and

this is the main result of this chapter. As advertised, we are pausing our discussion on holography, but we will go

back to it soon after.

3.4.1 Geometrical Setup

The Galilean group is an infinite-k contraction of the Poincaré group. The latter acts locally in general d + 1-

dimensional pseudo-Riemannian manifolds M. As much as we started from the Randers-Papapetrou parametriza-

tion of the relativistic metric before taking the k → 0 limit in order to retrieve Carrollian diffeomorphisms, we

parametrize here the relativistic metric using the so-called Zermelo gauge, to obtain in the k → ∞ limit Galilean

diffeomorphisms, defined as

t′ = t′(t) and xxx′ = xxx′(t,xxx). (478)

In fact, these diffeomorphisms maintain time absolute, as required in Galilean physics.63

We consequently choose the form of the metric on M:

ds2 = −Ω2k2dt2 + aij
(

dxi − widt
) (

dxj − wjdt
)

. (479)

62See the n = 2 case of Sec. 3. Their charges coincide with (476) with α = T , ξi = vi, E0 = 4M and πi
0 = −3N i.

63It is precisely in this sense that we refer to Carrollian and Galilean diffeomorphisms as dual: in the former space is absolute while in the latter
it is time to be absolute [81].
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This is the natural choice because, under (478), Ω, aij and wi transform as

a′ij = anlJ
−1n

iJ
−1l

j , w′n =
1

J

(

Jni w
i + jn

)

, Ω′ =
Ω

J
. (480)

We thus see that aij behaves as a spatial metric while wi is a connection, which will be identified with the non-

inertiality of the frame at hand in the limit.

Every metric is compatible with the gauge (479), provided aij , w
i and Ω, are free to depend on (t,xxx). The

existence of a Galilean limit requires, however, Ω to depend on t only. Indeed, the proper time element for a physical

observer is dτ =
√

−ds2
k2 . When k becomes infinite, lim

k→∞
dτ = Ω dt must coincide with the absolute Newtonian time,

and this requires the absence of xxx-dependence in Ω.

The spacetime Jacobian matrix associated with (478) reads

Jµν (t,xxx) =
∂xµ′

∂xν
→
(

J(t) 0
J i(t,xxx) J ij(t,xxx)

)

with J i =
ji

k
. (481)

The metric form (479) is referred to as Zermelo, [150]. A relativistic particle moving in it is described by the

components of its velocity u, normalized as ‖u‖2 = −k2:

uµ =
dxµ

dτ
⇒ u0 = γk, ui = γvi, (482)

where the Lorentz factor γ is defined as usual (although here, it depends also on the spacetime coordinates):64

γ(t,xxx, v) =
dt

dτ
=

1

Ω

√

1−
(

v−w
kΩ

)2
. (483)

Under a Galilean diffeomorphism the transformation of the components of u,

u′0 = Ju0, u′i = J inu
n + J iu0, u′0 =

1

J

(

u0 − ujJ
−1j

nJ
n
)

, u′i = unJ
−1n

i, (484)

induces the following transformation on vn

v′n =
1

J

(

Jni v
i + jn

)

, (485)

which is the same as the transformation of wi written in (480).

As announced, the role played by the latter become clear in the k → ∞ limit. Indeed, in such a limit we are left

with the positive-definite metric on the spatial base (called S)

dℓ2 = aijdx
idxj , (486)

observed from a frame with non-inertial velocity −w = −wi∂i. Notice moreover that, since J = J(t) and Ω = Ω(t),
Galilean transformations lead to Ω′ = Ω′(t′), leaving invariant the absolute Newtonian time

∫

dtΩ(t) =
∫

dt′ Ω′(t′).

Observe also that
v − w

Ω
is a genuine vector of the spatial metric, being the latter a difference of connections. This

vector expresses the velocity of a moving object with respect to the inertial frame, and as such it has to be covariant

under Galilean diffeomorphisms.

We would like to conclude with a particular non-relativistic structure, which is invariant under the Galilean group.

Consider the spatial metric to be the Euclidean space Ed with Cartesian coordinates (aij = δij), Ω = 1, and the

connection w constant. This system describes the non-relativistic motion of a free particle in Euclidean space,

observed from an inertial frame. The Galilean group then acts as
{

t′ = t+ t0,

x′n = Rni x
i + V nt+ xn0

(487)

with all parameters being (t,xxx)-independent, and Rni the entries of an orthogonal matrix. It is only in this instance

that the Galilean group acts globally as the group of isometries of the structure under analysis. In more general

structures, the Galilean group acts only locally and it is no more a global symmetry. Before discussing the limit of

the fluid equations of motion, it is useful to report the Christoffel symbols of the relativistic metric (479) in the large-k
expansion and the inferred Levi-Civita connection in the limit.

64Expressions as v2 stand for aijv
ivj , not to be confused with ‖u‖2 = gµνuµuν .
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Christoffel Symbols

The Zermelo metric (479) has components (in the coframe
{

dx0 = kdt, dxi
}

):

gµν →
(

−Ω2 + w2

k2 −wn

k
−wi

k ain

)

, gµν → 1

Ω2

(

−1 −wj

k

−wi

k Ω2aij − wiwj

k2

)

, (488)

The Christoffel symbols are easily computed. We are interested in their large-k behaviour for which one obtains

the following:

Γ0
00 =

1

k
∂t lnΩ + +

wi

2k3Ω2

(

∂iw
2 + wj∂taij

)

+O (1/k5) , (489)

Γ0
0i = − 1

2k2Ω2

(

wj∂iw
j + wj∂jwi + wj∂taij

)

+O (1/k4) , (490)

Γ0
ij =

1

kΩ2

(

1

2
(∂iwj + ∂jwi + ∂taij)− wnγ

n
ij

)

, (491)

Γi00 =
1

k2

(

wi∂t lnΩ− ain
(

∂twn + ∂n
w2

2

))

+O (1/k4) , (492)

Γij0 =
ain

2k
(∂nwj − ∂jwn + ∂tajn) +O (1/k3) , (493)

Γijn = γijn +O (1/k2) , (494)

where

γijk =
ail

2
(∂jalk + ∂kalj − ∂lajk) (495)

are the Christoffel symbols for the d-dimensional metric aij . Note also

Γµµ0 =
1

k
∂t ln

(√
aΩ
)

, Γµµi = ∂i ln
√
a. (496)

These data will be useful to compute the divergence of the fluid energy-momentum tensor.

3.4.2 Fluid Classical Limit

We will consider in the following the ordinary non-relativistic limit of fluid equations, formally reached at infinite k.

The physical validity of this situation is based on two assumptions.

The first is kinematical: it assumes that the global velocity of the fluid with respect to the observer is small

compared to k. This is easily implemented using the Zermelo form of the metric (479), where the control parameter

for the validity of the classical limit is

∣

∣

∣

∣

v − w

k

∣

∣

∣

∣

. We find











u0 = γk =
k

Ω
+O (1/k) , u0 = −kΩ+O (1/k) ,

ui = γvi =
vi

Ω
+O (1/k2) , ui =

vi − wi
Ω

+O (1/k2) .
(497)

The second is microscopic. The internal particle motion should also be Galilean, in other words the energy

density should be large compared to the pressure: ε ≫ p. This sets restrictions on the equation of state, as not

every equation of state is compatible with such a microscopic assumption.65

An important consequence of the microscopic assumption is the separation of mass and energy, now both

independently conserved. It is customary to introduce the following:

• ̺ the usual mass per unit of volume (mass density);

• ̺0 the usual mass per unit of proper volume (rest-mass density);

• e the internal energy per unit of mass;

65For example, the conformal equation of state, ε = dp is not compatible with the non-relativistic limit at hand.
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• h the enthalpy per unit of mass.

These local thermodynamic quantities are related as















ε =
(

e+ k2
)

̺0,

h = e+ p
̺ ,

̺0 =
̺

Ωγ
= ̺

√

1−
(

v−w
kΩ

)2 ≈ ̺− ̺
2

(

v−w
kΩ

)2
,

(498)

where we have used (483) for the Lorentz factor γ, and expanded it for small
∣

∣

v−w
k

∣

∣.

The Structure of the Equations

The fluid equations are the conservation of the energy-momentum tensor, in the background (479). It is computa-

tionally wise to split these equations as:

∇µT
µ0 = 0, ∇µT

µ
i = 0. (499)

Indeed, applying a Galilean diffeomorphism (478), the time components up and space components down trans-

form faithfully and irreducibly:

∇′
µT

′µ0 = J∇µT
µ0, ∇′

µT
′µ
i = J−1l

i∇µT
µ
l. (500)

Hence, the two sets of equations (499) do not mix and have furthermore a d-dimensional covariant transformation,

which is our goal for the Galilean fluid dynamics.

The expressions displayed so far are fully relativistic. The next step is to consider the large-k regime, where

(499) can be expanded in powers of 1/k. This expansion must be performed with care as the time equation needs

an extra k factor with respect to the other d spatial equations because it describes the evolution of energy, which is

a momentum multiplied by k. We find

k∇µT
µ0 = k2

C
Ω

+
E
Ω

+O

(

1

k2

)

, (501)

∇µT
µ
i = Mi +O

(

1

k2

)

. (502)

At infinite k this leads to d + 2 equations (rather than d + 1, since in the Galilean limit, mass and energy are

separately conserved) for ̺, e, p and vi:

• continuity equation (mass conservation) C = 0;

• energy conservation E = 0;

• momentum conservation Mi = 0;

this system is completed with the equation of state p = p(e, ̺).
It is important to stress that Galilean diffeomorphisms (478) do not involve k, and consequently they do not

mix the various terms in the expansions (501) and (502). All d + 2 fluid equations reached this way on general

backgrounds are guaranteed to be covariant under Galilean diffeomorphisms. Another important result that we

should stress is that these fluids are described on the most general background. This is one of the novelties of our

work.

Dissipative Tensors

As for the Carrollian counterparts, we need here to specify the behaviour of the dissipative tensors for the large-k
limit. Regarding the viscous stress tensor τij , we will assume

τij = −Σij , (503)

which is standard and considered e.g. in [42], where it is named σ′
ij . Similarly, for the heat current, we will adopt

qi = Qi. (504)
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The position of the spatial indices is different here with respect to (326) and (325). This comes about because

they are designed to be covariant under different classes of diffeomorphisms. Orthogonality conditions (24) allow to

express every component of these tensors in terms of qi and τij .
We assume here the Zermelo form of the metric (479), and a fluid velocity field as in (482), (483). We find

q0 = −v
iqi
k
, q0 =

(

vi − wi
)

qi

kΩ2
, qi = aijqj +

wi
(

vj − wj
)

qj

k2Ω2
. (505)

Similarly, the components of the stress tensor are obtained from τij . For example:

τ00 =
vnvlτnl
k2

, τ0j = −v
nτnj
k

, τ0j = − (vn − wn) τnj
kΩ2

, τ00 =
(vn − wn)

(

vl − wl
)

τnl

k2Ω4
, . . . (506)

We now define

Qi = aijQj , (507)

and

Σi
j = Σina

nj , Σij = ainΣn
j . (508)

Using the generic transformation rules of qµ and τµν under spacetime diffeomorphisms, we find that Q and Σ
transform as they should, namely as d-dimensional tensors under Galilean diffeomorphisms (478):

Q′
i = QnJ

−1n
i, Q′i = J inQ

n, (509)

Σ′
ij = J−1n

iJ
−1l

jΣnl, Σ′
i
j = J−1n

iΣn
lJjl , Σ′ij = ΣnlJ inJ

j
l . (510)

Continuity and Energy Conservation

Using (21) for the energy-momentum tensor Tµν with gµν and uµ given in (479) and (482) and the results for the

dissipative tensors described above, we can perform the large-k expansion of the relativistic energy conservation

equation (501).

At O(k2) we find

C =
∂t
√
a̺

Ω
√
a

+
1

Ω
∇i̺v

i, (511)

where a stands for the determinant of the d-dimensional metric aij(t,xxx), and ∇i is the Levi-Civita covariant derivative

associated with aij(t,xxx) and Christoffel symbols given in (495).

The standard continuity equation C = 0 is thus recovered. It is customary to decompose C as

∂t
√
a̺

Ω
√
a

+
1

Ω
∇i̺v

i =
1

Ω

d̺

dt
+ ̺θ, (512)

where
d

dt
= ∂t + vi∇i (513)

is the material derivative, and

θ =
1

Ω

(

∂t ln
√
a+∇iv

i
)

(514)

the effective Galilean fluid expansion. The latter combines the divergence of the fluid congruence with the log-

arithmic expansion of the volume form to produce a genuine scalar under Galilean diffeomorphisms, as shortly

discussed. We will also show that the material derivative (513), in the form 1
Ω

d
dt , is also an “invariant” when act-

ing on a scalar function whereas when acting on arbitrary tensors it should be supplemented with the appropriate

w-connection terms.
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At the next O(k0) order, we obtain:

E =
1

Ω
√
a
∂t

(

√
a̺

(

e+
1

2

(

v − w

Ω

)2
))

+
1

Ω
∇i

(

̺vi

(

e+
1

2

(

v − w

Ω

)2
))

+
1

Ω
∇i

((

vj − wj
) (

pδij − Σj
i
))

+∇iQ
i +

1

Ω
Πij

(

∇iwj +
1

2
∂taij

)

(515)

=
̺

Ω

d

dt

(

e+
1

2

(

v − w

Ω

)2
)

+
1

Ω
∇i

(

p
(

vi − wi
))

+∇iQ
i

− 1

Ω
∇i

((

vj − wj
)

Σj
i
)

+
1

Ω
Πij

(

∇iwj +
1

2
∂taij

)

, (516)

where the second expression is obtained from the first using the continuity equation C = 0.

Here we introduced

Πij = ̺

(

vi − wi
) (

vj − wj
)

Ω2
+ paij − Σij , (517)

the components of the Galilean spatial energy-momentum tensor, following [42]. They are expressed in terms of

the fluid velocity, measured in an inertial-like frame, i.e. v − w, and we will show they transform under Galilean

diffeomorphisms (478) as a genuine rank-two d-dimensional tensor on S:

Πij′ = J ikJ
j
l Π

kl. (518)

Equation E = 0 is the Galilean energy conservation equation for a viscous fluid in motion on arbitrary, time-

dependent d-dimensional space S, and observed from an arbitrary frame (moving at velocity −w(t,xxx) with respect to

a local inertial frame). In a short while, we will recast this equation in a suitable form for recognizing the underlying

phenomena. Notice that both friction and thermal conduction occur, driven by the viscous stress tensor Σ and

the heat current Q. As opposed to the energy-conservation equation at hand, the continuity (mass-conservation)

equation depends neither on the motion of the observer (w) nor on the friction properties of the fluid. This is expected

because energy is frame-dependent while mass it is not.

We proceed now to check that under Galilean diffeomorphisms (478):

C′ = C, E ′ = E . (519)

In order to show this, it is convenient to recognize some well-behaved blocks in the expressions at hand, based on

the quoted transformation rules. We first remind:

a′ij = anlJ
−1n

iJ
−1l

j , v′j =
1

J

(

Jji v
i + jj

)

, w′j =
1

J

(

Jji w
i + jj

)

, Ω′ =
Ω

J
.

Consequently

v′n =
J−1i

n

J

(

vi + aijJ
−1j

lj
l
)

, w′
n =

J−1i
n

J

(

wi + aijJ
−1j

lj
l
)

(520)

with

∂′t =
1

J

(

∂t − jnJ−1i
n∂i
)

, (521)

∂′j = J−1i
j∂i. (522)

Consider now Ai and Bi, the components of fields transforming like vi or wi (gauge-like transformation) and V i

a field transforming like vi−wi

Ω i.e. like a genuine vector:

A′j =
1

J

(

Jji A
i + jj

)

, B′j =
1

J

(

Jji B
i + jj

)

, V ′j = Jji V
i. (523)

Consider also a scalar and a rank-two tensor

Φ′ = Φ, S′
ij = SnlJ

−1n
iJ

−1l
j . (524)
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The basic transformation rules are as follows:

A′i −B′i

Ω′ = J ij
Aj −Bj

Ω
, (525)

1√
a′
∂′t

(√
a′Φ′

)

+∇′
i

(

Φ′A′i) =
1

J

(

1√
a
∂t
(√
aΦ
)

+∇i

(

ΦAi
)

)

, (526)

∇′
iV

′i = ∇iV
i, (527)

∇′
(iA

′
j) +

1

2
∂′ta

′
ij =

1

J

(

∇(nAl) +
1

2
∂tanl

)

J−1n
iJ

−1l
j , (528)

∇′(iA′j) − 1

2
∂′ta

′ij =
1

J

(

∇(nAl) − 1

2
∂ta

nl

)

J inJ
j
l , (529)

∇′
iS

′ij = Jjl ∇iS
il, (530)

1

Ω′
(

∂′tV
′
i +A′j∇′

jV
′
i + V ′

j∇′
iB

′j) =
J−1n

i

Ω

(

∂tVn +Aj∇jVn + Vj∇nB
j
)

, (531)

∆′A′
i + r′mi A′

m + a′ija
′mn∂′tγ

′j
mn =

J−1j
i

J

(

∆Aj + r mj Am + ajla
mn∂tγ

l
mn

)

. (532)

In the above expressions, ∇i, ∆ and rij are associated with the d-dimensional Levi–Civita connection γijn dis-

played in (495). The action of ∂t spoils the transformation rules displayed in (523) and (524). This is both due to the

transformation property of the partial time derivative (521), and to the time dependence of the Jacobian matrix J ij .
A Galilean covariant time-derivative can be introduced, acting as follows on a vector:

1

Ω

DV i

dt
=

1

Ω

[(

∂t + vj∇j

)

V i − V j∇jw
i
]

=
1

Ω

dV i

dt
− 1

Ω
V j∇jw

i, (533)

and resulting in a genuine vector under Galilean diffeomorphisms. Here, the frame velocity wi plays the role of a

connection, and the Galilean covariant time-derivative generalizes the material derivative d/dt introduced in (513).

The latter is covariant only when acting on scalar functions f , hence we set Df
dt = df

dt .

Expression (533) is easily extended to tensors of arbitrary rank using the Leibniz rule, as e.g. for one-forms:

1

Ω

DVi
dt

=
1

Ω

dVi
dt

+
1

Ω
Vj∇iw

j . (534)

Notice that the Galilean covariant time-derivative at hand is not metric compatible:

1

Ω

Daij
dt

=
1

Ω

(

∂taij + 2∇(iwj)
)

. (535)

This result is actually expected because a covariant time-derivative of the metric should be interpreted as an extrinsic

curvature. Indeed, expression (535) divided by 2k is exactly identified with the spatial components Kij of constant-t
hypersurfaces extrinsic curvature in the Zermelo background (479).

Using all these expressions it is eventually possible to straightforwardly show (518) and (519)

C′ = C, E ′ = E . (536)

as previously claimed.

The Galilean covariant time derivative will be used in the next section to manipulate the Euler equation. Fur-

thermore, the transformation rules introduced here will serve to show the covariance of the latter under Galilean

diffeomorphims.

Euler Equation

Following the same pattern we applied for the scalar equations, we can process the large-k behaviour of the rela-

tivistic momentum-conservation equations. Along with (502) we find:

Mi =
1

Ω
√
a
∂t

(√
a̺
vi − wi

Ω

)

+
1

Ω
∇j

(

̺wj
(

vi − wi
Ω

))

+
̺

Ω

(

vj − wj

Ω

)

∇iwj +∇jΠi
j (537)
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with Πi
j as in (517).

The equation Mi = 0 is the ultimate generalization of the standard Euler equation. It is remarkably simple. The

second and third terms in (537) contribute to inertial forces (Coriolis, centrifugal etc.), and are usually absent in

Euclidean space with inertial frames. Together with the first term, they provide the components of a one-form on S

transforming as vi−wi

Ω .

This is also how Mi behave under Galilean diffeomorphisms (478):

M′
i = J−1l

iMl, (538)

where to prove it one uses the results just depicted above. The Euler equation (537) can be casted in terms of the

acceleration γ = γidx
i of the Galilean fluid. This is defined covariantly as

ai = γi +O (1/k2) (539)

with ai the spatial components of the relativistic fluid acceleration as in (27). We find:

Ω2γi = Ω
dvi/Ω

dt
− Ω∂twi/Ω − 1

2
∂iw

2 − vj (∂jwi − ∂iwj) (540)

with d/dt defined in (513).

In this expression, γi appear as the components of the acceleration in the local inertial frame and
dvi/Ω
Ωdt are the

components of the effectively measured acceleration in the coordinate frame at hand. In the right-hand side, the

second term is the dragging acceleration, the third accounts for the centrifugal acceleration, and the last is Coriolis

contribution. We can alternatively write (540) as

γi =
d(vi−wi)/Ω

Ωdt
− 1

2
∂i
w2

Ω2
+
vj

Ω
∇i
wj
Ω

=
D(vi−wi)/Ω

Ωdt
, (541)

where we used the Galilean covariant time-derivative (534) in the second equality. By construction, the γi transforms

as a genuine d-dimensional form and γi = aijγj as a vector under Galilean diffeomorphisms

γ′i = J−1l
iγl. (542)

One can also check explicitly the covariance of (540) using (531). Using γi and the expression (517) for the

Galilean energy-momentum tensor, we can recast Mi in (537) à la Euler:

Mi = ̺γi + ∂ip−∇jΣi
j . (543)

This equation is eventually written here in a very clear and physically insightful form.

Energy and Entropy

The momentum equation Mi = 0 together with continuity equation C = 0 can also be used in order to provide a

sharper expression for E given in (515):

1

Ω
√
a
∂t

(√
a̺

(

e+
v2 − w2

2Ω2

))

= −∇iΠ
i − 1

2Ω
Πij∂taij + ̺

vj − wj
Ω2

∂t
wj

Ω
. (544)

In this equation, ̺
(

e+ v2−w2

2Ω2

)

is the total energy density of the fluid in the natural, non-inertial frame. The

energy density has three contributions: e̺ as internal energy, the kinetic energy ̺v2

2Ω2 , and the potential energy of

inertial forces −̺w2

2Ω2 . Furthermore

Πi = ̺
vi

Ω

(

h+
v2 − w2

2Ω2

)

+Qi − vj

Ω
Σj

i (545)

appears as the Galilean energy flux. It receives contributions from the enthalpy, the kinetic and inertial-potential

energies, as well as from dissipative processes: thermal conduction and friction, with the corresponding heat current

Q and viscous stress current −v·Σ
Ω .
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The general energy conservation equation E = 0 has now a simple interpretation: the time variation of energy in

a local domain is due to the energy flux through the frontier plus the work due to the time dependence of aij and wi.
Dissipative processes create entropy. One can readily determine the variation of the latter by recasting the

energy variation in a manner slightly different than (544). For that we compute E − vi−wi

Ω Mi with (515), (541) and

(543).

Using continuity and (514) we find

E − vi − wi

Ω
Mi =

̺

Ω

de

dt
+ pθ +∇iQ

i − 1

Ω
Σij

(

∇ivj +
1

2
∂taij

)

. (546)

In this expression, we can trade the energy per mass e with the entropy per mass s, obeying

de = Tds− pdv = Tds+
p

̺2
d̺, (547)

where v = 1/̺. Substituting this in (546) and using continuity, we finally obtain

̺T

Ω

ds

dt
=

1

Ω
Σij

(

∇ivj +
1

2
∂taij

)

−∇iQ
i. (548)

The entropy is not conserved as a consequence of friction and heat conduction, which encode dissipative pro-

cesses. The latter are globally captured in a generalized dissipation function

ψ =
1

Ω
Σij

(

∇ivj +
1

2
∂taij

)

−∇iQ
i, (549)

appearing both in energy and entropy equations (546), (548). Observe that ψ depends explicitly on Christoffel

symbols as well as on the time variation of the metric. Hence time dependence and inertial forces contribute the

dissipation phenomena.66

First-order Galilean Hydrodynamics and Incompressibility

The viscous stress tensor Σ and the heat currentQ are constructed phenomenologically as velocity and temperature

derivative expansions. Since these objects transform tensorially under Galilean diffeomorphisms (see (509), (510)),

they must be expressed in terms of tensorial derivative quantities.

At first order, we have θ defined in (514), which is an invariant, and

1

Ω

(

∇(nvl) +
1

2
∂tanl

)

, (550)

which is a rank-two symmetric tensor (see (528)).

We can therefore set

Σ(1)ij = 2ηGξij + ζGaijθ, (551)

Q(1)i = −κG∂iT. (552)

The transport coefficients are as usual the shear viscosity ηG, coupled to the Galilean shear,

ξij =
1

Ω

(

∇(ivj) +
1

2
∂taij

)

− 1

d
aijθ, (553)

which receives also contributions from the derivative of the metric; the bulk viscosity ζG, coupled to the Galilean

expansion, and the thermal conductivity κG coupled to the temperature gradient.

Using the definitions of relativistic expansion and shear (27), (29), we can find their behaviour at large k in the

Zermelo background:

σij = ξij +O (1/k2) , (554)

Θ = θ +O (1/k2) . (555)

66 The effect of inertial forces on dissipation has been recently studied by simulation of flows on curved static films without heat current (i.e.
d = 2, Ω = 1, w = 0, ∂taij = 0, QG = 0) [204]. One might consider performing similar simulations or experiments for probing the more general
sources of dissipation present in (549).
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For completeness we also display the leading behaviour of the vorticity (30), even though it plays no role in first-order

hydrodynamics:

ωij =
1

Ω

(

∂[i(v − w)j]
)

+O (1/k2) . (556)

It is important to stress at this point that transport coefficients are determined as modes of microscopic correlation

functions, and are therefore sensitive to the velocity of light. In writing (503), we have assumed the following large-k
behaviour:

η = ηG +O (1/k2) , ζ = ζG +O (1/k2) , κ = κG +O (1/k2) . (557)

The case d = 2 is peculiar because Σ(1)ij admits an extra term:

ζG
H ηn(i ξj)l a

nl =
ζG
H

2Ω

(

ηn(i∇j)v
n + ηn(i aj)l

(

∇nvl − ∂t
√
aanl√
a

− anl∇mv
m

))

(558)

with ηnl =
√
a ǫnl. This is indeed (up to a global sign) the infinite-k limit of the relativistic Hall-viscosity contribution

in three spacetime dimensions given in (44), assuming again ζH = ζG
H +O

(

1
k2

)

.

Going back to arbitrary dimension, we can now combine the first-derivative contribution (551) of the viscous

stress tensor with expression (543) for Mi in order to obtain the momentum conservation equation Mi = 0 of

first-order Galilean hydrodynamics. We obtain

̺γi + ∂ip−
ηG

Ω

(

∆vi + ri
jvj + aina

jl∂tγ
n
jl

)

−
(

ζG +
d− 2

d
ηG

)

∂iθ = 0, (559)

where ∆ = ∇i∇i is the Laplacian operator in d dimensions and rij the Ricci tensor of the d-dimensional Levi-Civita

connection γnij .
Similarly, substituting (551), (552) and (553) in (548), we find the entropy equation in first-order hydrodynamics

on general backgrounds:67

̺T

Ω

ds

dt
=

2ηG

Ω2

(

(

∇ivj
)

(∇ivj) +
(

∇ivj
)

∂taij −
1

4

(

∂ta
ij
)(

∂taij
)

)

+

(

ζG − 2ηG

d

)

θ2 + κG∆T, (560)

where we assumed κG constant (otherwise the last term would read ∇i(κG∇iT )).
A special class of Galilean fluids deserves further analysis. These are the incompressible fluids for which ̺(t,xxx)

obeys
d̺(t,xxx)

dt
= 0 (561)

with d
dt the material derivative defined in (513). Using the expressions (511) and (512), we recast the incompress-

ibility requirement as the vanishing of the effective fluid expansion:

θ = 0. (562)

In this case, the bulk viscosity drops from the stress tensor (551) and the Galilean shear (553) simplifies. The

first-order hydrodynamics momentum equation for an incompressible fluid thus reads:

̺
dvi/Ω

Ω dt
= ̺

dwi/Ω

Ω dt
+
̺

2
∂i
w2

Ω2
− ̺

vj

Ω
∇i
wj
Ω

− ∂ip+
ηG

Ω

(

∆vi + r ji vj + aina
jl∂tγ

n
jl

)

. (563)

We immediately recognize in this expression the generalized covariant Navier-Stokes equation, valid for incom-

pressible fluids on any space S, observed from an arbitrary frame. To the best of our knowledge this equation is

new. The first three terms in the right-hand side are contributions of frame inertial forces, the fourth is the pressure

force, and next come the friction forces at first-order derivative.

Eventually, for Euclidean space with Ω = 1 and w = 0 we recover the textbook form

dvi

dt
= −∇i p

̺
+
ηG

̺
∆vi. (564)

67Possible impositions on the metric and the velocity are necessary to guarantee positivity of this expression, not discussed here.
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3.4.3 Examples of Galilean Fluids

We provide here two applications: the flat space in rotating frame, which is well known and has the virtue of giving

confidence to our methods, and the inflating space, combining both time-dependence and non-flatness of the host

S.

Rotating Frame in Three Dimensions

We will present the hydrodynamic equations for a non-perfect fluid moving in Euclidean space E3 with Cartesian

coordinates, and observed from a uniformly rotating frame

aij = δij , Ω = 1, w(xxx) = x× ω. (565)

For this fluid, the continuity equation is simply

d̺

dt
+ ̺∇ · v = 0. (566)

The Euler equation in first-order hydrodynamics (559) reads:

dv

dt
= (ω × x)× ω + 2v × ω − ∇ p

̺
+
ηG

̺
∆v +

1

̺

(

ζG +
ηG

3

)

∇(∇ · v), (567)

and we recognize the various, already spelled contributions to the dynamics. This equation has been obtained and

used in many instances, see e.g. [155,205,206].

We also find the energy conservation equation (544):

∂t

(

̺

(

e+
v2 − ω2x2 + (ω · x)2

2

))

= −∇ ·Π, (568)

with

Πi = ̺vi

(

h+
v2 − ω2x2 + (ω · x)2

2

)

− κG ∇iT − (v · Σ(1))i (569)

and

Σ(1)ij = ηG (∂ivj + ∂jvi) +

(

ζG − 2

3
ηG

)

δij∂nv
n. (570)

Alternatively, using (516), the energy equation reads:

̺
d

dt

(

e+
v2 − ω2x2 + (ω · x)2

2

)

= −∇ · (pv) + κG∆T +∇ ·
(

v · Σ(1)

)

. (571)

The temporal variation of the total energy per mass is given by the divergences of the pressure, the thermal con-

duction and the viscous stress fluxes.

Inflating Space

The dynamics of a non-perfect fluid moving on an inflating space can be studied considering:

aij(t,xxx) = exp (α(t)) ãij(xxx), Ω = 1, w = 0. (572)

The space dimension d is arbitrary here, therefore:

ln
√
a = d

α

2
+ ln

√
ã. (573)

The fluid equations obtained from (511), (516) and (543) become (α′ stands for the time derivation)

∂t̺+
α′

2
d̺+∇ · ̺v = 0, (574)

̺
d

dt

(

e+
v2

2

)

+
α′

2

(

̺v2 + dp− trΣ
)

+∇ · (pv +Q− v · Σ) = 0, (575)

̺
dvi

dt
+ α′̺vi +∇ip−∇jΣ

ij = 0. (576)
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where α′ = dα
dt and trΣ = aijΣij .

The continuity equation (574) has an extra term proportional to ̺. This reflects the change of density due to

α′. For a static fluid one finds the familiar result ̺ = ̺0e
−dα/2: for a space expanding in time, the density is getting

diluted. In Euler’s equation (576), a similar term creates a force proportional to the velocity field. For positive α′,
time dependence acts effectively like a friction. A similar conclusion is drawn from the energy conservation equation

(575).

This example concludes the chapter on Galilean hydrodynamics. We have seen how to obtain the most general

Galilean fluid on completely arbitrary background. The equations are fully covariant under Galilean diffeomorphisms,

and they reduce under suitable conditions to well-known situations.

This concludes our description of the different limits of a relativistic fluid and its energy-momentum tensor. We

have learned that we should be careful whenever the background is kept general, and work directly at the level of

the equations of motion, which involve the divergence of the energy-momentum tensor itself. This is a posteriori

expected for Galilean fluids, for we know that a spacetime energy-momentum is impossible to construct there. In

parallel we show a similar result to hold for a Carrollian fluid, where the energy-momentum tensor gets replaced by

the Carrollian momenta. The general equations of motion obtained in the Carrollian setting, fully covariant under

Carrollian diffeomorphisms, will be fundamentals in the next section, where we show that they are the appropriate

boundary dual of bulk Einstein equations for asymptotically flat spacetimes.

4 Flat Limit of Fluid-Gravity

We are now fully equipped to address the final missing part of our web of dualities. We have seen that the

fluid/gravity duality in AdS relates a relativistic fluid on a conformal d + 1-dimensional boundary with a d + 2-

dimensional solution of AdS Einstein equations through the derivative expansion, with Λ = −d(d+1)
2 k2. Therefore,

the bulk flat limit, for which the AdS solution under consideration becomes Ricci flat, translates to k → 0 in the

boundary theory.68

We thus proceeded and considered the k → 0 in the boundary theory. This had mainly two important implica-

tions. Firstly the boundary metric became degenerate, in a precise sense we carefully described. This is consistent

with the fact that the null boundary I of an asymptotically flat spacetime is indeed a degenerate manifold. Secondly

the conformal relativistic fluid became a conformal Carrollian fluid, and we thoroughly analyzed its equations of

motion, obtained as the ultra-relativistic limit of the conservation of the energy-momentum tensor.

So the only missing step in the construction concerns the derivative expansion: what happens to it when we take

k → 0? The crucial result will be that it is finite. This is perhaps the most important result of this work. We know in

fact that the FG gauge diverges in this limit. Therefore we unravel here a powerful tool and the final link (in blue) to

complete the square:

68As we mentioned multiple times, the bulk Ricci flat limit is a straightforward result of general relativity. Every AdS solution admits an
asymptotically flat counterpart, solution of Einstein equation with Λ = 0. What is not trivial is the gauge in which this limiting procedure is
performed, and we are going to show that the derivative expansion is the right one.
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We will discuss here the results for dimension four and three bulks. The latter will be the natural playground to

compute conserved charges. In both situations we will present detailed examples to corroborate our findings. At

present, the form of the derivative expansion is missing in bulk dimensions higher than four, which constitutes a

natural direction of investigation.

4.1 The Four-dimensional Case

This chapter is fully devoted to the four-dimensional bulk picture, where the derivative expansion under the shearless

condition allows to resum every algebraically special bulk solution.

4.1.1 Flat Derivative Expansion

Our starting point is the derivative expansion of an asymptotically locally AdS spacetime (158). The fundamental

question is whether the latter admits a smooth zero-k limit. We have implicitly assumed that the Randers-Papapetrou

data of the three-dimensional pseudo-Riemannian conformal boundary associated with the original Einstein space-

time, aij , bi and Ω, remain unaltered at vanishing k, providing therefore directly the Carrollian data for the new null

boundary I.69

We can match the various three-dimensional Riemannian quantities with the corresponding Carrollian ones:

u = −k2 (Ωdt− b) (577)

and
ω = k2

2 ̟ijdx
i ∧ dxj ,

γ = ⋆̟,
Θ = θ,
a = k2ϕidx

i,
A = αidx

i + θ
2Ωdt,

σ = ξijdx
idxj ,

(578)

where the left-hand-side quantities are Riemannian given in (150, 152–155), and the right-hand-side ones Carrollian

as reported in (346–349), and we recall that for three-dimensional holographic fluid we impose βi = 0.

In the list (578), we have dealt with the first derivatives, i.e. connexion-related quantities. We move now to

second-derivative objects and collect the tensors relevant for the derivative expansion, following the same pattern

(Riemannian vs. Carrollian):

R =
1

k2
ξijξ

ij + 2K̂+ 2k2 ⋆ ̟2, (579)

ωµ
λωλνdx

µdxν = k4̟i
l̟ljdx

idxj , (580)

ωµνωµν = 2k4 ⋆ ̟2, (581)

Dνω
ν
µdx

µ = k2D̂j̟
j
idx

i − 2k4 ⋆ ̟2Ωdt+ 2k4 ⋆ ̟2bidx
i. (582)

Using (147) this leads to

S = Sµdx
µ = −k

2

2

(

Ωdt− bidx
i
)2
ξijξ

ij + k4s− 5k6
(

Ωdt− bidx
i
)2
⋆ ̟2 (583)

with the Weyl-invariant tensor

s = 2
(

Ωdt− bidx
i
)

dxiη̃jiD̂j ⋆ ̟ + ⋆̟2dℓ2 − K̂
(

Ωdt− bidx
i
)2
. (584)

In the derivative expansion (non-resummed) (146), two explicit divergences appear at vanishing k. The first

originates from the first term of S, which is the shear contribution to the Weyl-covariant scalar curvature R of the

69Indeed our ultimate goal is to set up a derivative expansion (in a closed resummed form under appropriate assumptions) for building up
four-dimensional Ricci-flat spacetimes from a boundary Carrollian fluid, irrespective of its AdS origin. For this it is enough to assume aij , bi
and Ω k-independent, and use these data as fundamental blocks for the Ricci-flat reconstruction. It should be kept in mind, however, that for
general Einstein spacetimes, these may depend on k with well-defined limit and subleading terms. Due to the absence of shear and to the
particular structure of these solutions, the latter do not alter the Carrollian equations. This occurs for instance in Plebański-Demiański or in the
Kerr-Taub-NUT family, which will be discussed as example.

78



three-dimensional AdS boundary , (579).70 The second divergence comes from the Cotton tensor and is also due

to the shear. It is not explicitly reported here but possible to recover taking the k → 0 limit of the Cotton tensor with a

shearfull congruence. It is fortunate – and expected – that counterterms coming from equal-order (non-explicitly writ-

ten) σ2 contributions, cancel out these singular terms. This is suggestive that already the non-resummed expansion

(146) is well-behaved at zero-k, showing the success of the reconstruction of Ricci-flat spacetimes.

We will not take this rode, but rather confine our analysis to situations without shear, as we discussed already for

Einstein spacetimes. Vanishing σ in the pseudo-Riemannian boundary implies indeed vanishing ξij in the Carrollian

(see (578)), and in this case, the divergent terms in S and C are absent. Of course, other divergences may

occur from higher-order terms in the derivative expansion. To avoid dealing with these issues, we will focus on the

resummed version of (146) i.e. (158), valid for algebraically special bulk geometries. This closed form is definitely

smooth at zero k and reads:

ds2res. flat = −2 (Ωdt− b)

(

dr + rα+
rθΩ

2
dt

)

+ r2dℓ2 + s+
(Ωdt− b)

2

ρ2
(8πGNεr + c ⋆ ̟) . (585)

Here

ρ2 = r2 + ⋆̟2, (586)

dℓ2, Ω, b = bidx
i, α = αidx

i, θ and ⋆̟ are the Carrollian geometric objects introduced earlier, while c and ε are the

zero-k (finite) limits of the corresponding relativistic functions. Expression (585) will grant by construction an exact

Ricci-flat spacetime provided the conditions under which (158) was Einstein are fulfilled in the zero-k limit. These

conditions are the set of conformal Carrollian hydrodynamic equations (367–370), and the integrability conditions,

as they emerge from (161) and (163) at vanishing k. Making the latter explicit is the scope of next section. Notice

eventually that the Ricci-flat line element (585) inherits Weyl invariance from its relativistic ancestor. The set of

transformations (374), (377) and (379), supplemented with ⋆̟ → B ⋆ ̟, ε → B3ε and c → B3c, can indeed be

absorbed by setting r → Br, resulting thus in the invariance of (585). In the relativistic case this invariance was due

to the AdS conformal boundary. In the case at hand, this is rooted to null infinity I. Before moving on we would like

to stress again the fundamental result that the derivative expansion is finite in the k → 0 limit, which is not at all an

a priori guaranteed result but rather an important finding.

4.1.2 Conditions on the Flat Derivative Expansion

The Cotton tensor was a key tensor in the AdS boundary: it encodes the properties of the boundary global structure.

In order to proceed with our resummability analysis, we need to describe the zero-k limit of this tensor (65) and of

its conservation equation (66).

As already mentioned, at vanishing k divergences do generally appear for some components of the Cotton

tensor. These divergences are no longer present in the absence of shear, which is precisely the assumption under

which we are working. Every piece of the three-dimensional relativistic Cotton tensor appearing in (67) has thus a

well-defined limit. We therefore introduce

χi = lim
k→0

ci, ψi = lim
k→0

1
k2 (ci − χi) , (587)

Xij = lim
k→0

cij , Ψij = lim
k→0

1
k2 (cij −Xij) . (588)

The time components c0, c00 and c0i = ci0 vanish already at finite k (due to (69)), and χi, ψi, Xij and Ψij are thus

genuine Carrollian tensors transforming covariantly under Carrollian diffeomorphisms. Actually, in the absence of

shear the Cotton current and stress tensor are given exactly (i.e. for finite k) by ci = χi+k
2ψi and cij = Xij+k

2Ψij .
The scalar c is Weyl-covariant of weight 3 (like the energy density). As expected, it is expressed in terms of

geometric Carrollian objects built on third-derivatives of the 2-dimensional metric dℓ2, bi and Ω:

c =
(

D̂lD̂
l + 2K̂

)

⋆ ̟. (589)

70This divergence is traced back in the Gauss-Codazzi equation relating the intrinsic and extrinsic curvatures of an embedded surface, to the
intrinsic curvature of the host. When the size of a fiber shrinks, the extrinsic-curvature contribution diverges.
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Similarly, the forms χi and ψi, of weight 2, are (recall that η̃ij =
√
aǫij , the zero-k limit of the spatial components of

η̃µν):

χj =
1

2
η̃ljD̂lK̂+

1

2
D̂jÂ− 2 ⋆ ̟R̂j , (590)

ψj = 3η̃ljD̂l ⋆ ̟
2. (591)

Finally, the weight-1 symmetric and traceless rank-two tensors read:

Xij =
1

2
η̃ljD̂lR̂i +

1

2
η̃liD̂jR̂l, (592)

Ψij = D̂iD̂j ⋆ ̟ − 1

2
aijD̂lD̂

l ⋆ ̟ − η̃ij
1

Ω
D̂t ⋆ ̟

2. (593)

Observe that c and the subleading terms ψi and Ψij are present only when the vorticity is non-vanishing (⋆̟ 6= 0).

All these are of gravito-magnetic nature.

The tensors c, χi, ψi, Xij and Ψij should be considered as the two-dimensional Carrollian resurgence of the

three-dimensional Riemannian Cotton tensor. They should be referred to as Cotton descendants (there is no Cotton

tensor in two dimensions anyway), and obey identities inherited at zero k from its conservation equation. These are

similar to the hydrodynamic equations (367–370), satisfied by the different pieces of the energy-momentum tensor

ε, Qi, πi, Σij and Ξij , and translating its conservation. In the case at hand, the absence of shear trivializes (368)

and discards the last term in the other three equations:

1

Ω
D̂tc+ D̂iχ

i = 0, (594)

1

2
D̂jc+ 2χi̟ij +

1

Ω
D̂tψj − D̂iΨ

i
j = 0, (595)

1

Ω
D̂tχj − D̂iX

i
j = 0. (596)

One appreciates from these equations why it is important to keep the subleading corrections at vanishing k, both in

the Cotton current cµ and in the Cotton stress tensor cµν . As for the energy-momentum tensor, ignoring them would

simply lead to wrong Carrollian dynamics.

We are now ready to address the problem of integrability in Carrollian framework, for Ricci-flat spacetimes.

In the relativistic case, where one describes relativistic hydrodynamics on the pseudo-Riemannian boundary of

an asymptotically locally AdS spacetime the relevant equations are (161) and (163). These determine the friction

components of the fluid energy-momentum tensor in terms of geometric data, captured by the Cotton tensor (current

and stress components), via a sort of gravitational electric-magnetic duality, transverse to the fluid congruence.

Equipped with those, the fluid equations (22) guarantee that the bulk is Einstein, i.e. that bulk Einstein equations

are satisfied.

Correspondingly, using the results just detailed for the Cotton descendants, the zero-k limit of (161) sets up a

duality relationship among the Carrollian-fluid heat current Qi and the Carrollian-geometry third-derivative vector χi:

Qi =
1

8πGN
η̃jiχj = − 1

16πGN

(

D̂iK̂− η̃jiD̂jÂ+ 4 ⋆ ̟η̃jiR̂j

)

, (597)

while (163) allows to relate the Carrollian-fluid quantities Σij and Ξij , to the Carrollian-geometry ones Xij and Ψij :

Σij =
1

8πGN
η̃liXlj =

1

16πGN

(

η̃nj η̃
l
iD̂nR̂l − D̂jR̂i

)

, (598)

and

Ξij =
1

8πGN
η̃liΨlj =

1

8πGN

(

η̃liD̂lD̂j ⋆ ̟ +
1

2
η̃ijD̂lD̂

l ⋆ ̟ − aij
1

Ω
D̂t ⋆ ̟

2

)

. (599)

One readily shows that (366) is satisfied as a consequence of the symmetry and tracelessness of Xij and Ψij .
We can finally recast the Carrollian hydrodynamic equations (367–370) for the fluid under consideration. Recall-

ing that the shear is assumed to vanish,

ξij =
1

2Ω

(

∂taij − aij∂t ln
√
a
)

= 0, (600)

we see that (368) is trivialized. Furthermore, (370) is automatically satisfied with Qj and Σij given above, thanks

also to (596). We are therefore left with two equations for the energy density ε and the heat current πi:
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• one scalar equation from (367):

− 1

Ω
D̂tε+

1

16πGN
D̂
i
(

D̂iK̂− η̃jiD̂jÂ+ 4 ⋆ ̟η̃jiR̂j

)

= 0; (601)

• one vector equation from (369):

D̂jε+ 4 ⋆ ̟η̃ijQi +
2

Ω
D̂tπj − 2D̂iΞ

i
j = 0 (602)

with Qi and Ξij given in (597) and (599).

These last two are Carrollian equations, describing time and space evolution of the fluid energy and heat current,

as a consequence of transport phenomena like heat conduction and friction. These phenomena have been iden-

tified by duality to geometric quantities, and one recognizes distinct gravito-electric (like K̂) and gravito-magnetic

contributions (like Â). It should also be stressed that not all the terms are independent and one can reshuffle them

using identities relating the Carrollian curvature elements. In the absence of shear, (263) holds and all information

about R̂ij in (279) is stored in K̂ and Â, while other geometrical data are supplied by R̂i in (278). All these obey

2
ΩD̂t ⋆ ̟ + Â = 0,

1
ΩD̂tK̂− aijD̂iR̂j = 0,
1
ΩD̂tÂ+ η̃ijD̂iR̂j = 0,

(603)

which originate from three-dimensional Riemannian Bianchi identities and emerge along the k-to-zero limit.

Summarizing

As we did for the relativistic AdS counterpart, we now summarize our findings and recall the procedure one has to

follow to, given a boundary conformal Carrollian fluid, obtain a bulk Ricci-flat solution.

Our analysis of the zero-k limit in the derivative expansion (158), valid assuming the absence of shear, has the

following salient features.

• It reveals a degenerate null spacetime I endowed with a Carrollian geometry, encoded in aij , bi and Ω, all

functions of t and x. This is inherited from the conformal three-dimensional pseudo-Riemannian boundary of

the original Einstein space.

• The Carrollian null boundary is the host of a Carrollian fluid, obtained as the limit of a relativistic fluid, and

described in terms of its energy density ε, and its friction tensors Qi, πi, Σij and Ξij .

• When the friction tensors Qi, Σij and Ξij of the Carrollian fluid are given in terms of the geometric objects

χi, Xij and Ψij using (597), (598) and (599), and when the energy density ε and the current πi obey the

hydrodynamic equations (601) and (602), the limiting resummed derivative expansion (585) is an exact Ricci-

flat spacetime.

• The bulk spacetime is in general asymptotically locally flat. This property is encoded in the zero-k limit of the

Cotton tensor, i.e. in the Cotton Carrollian descendants c, χi and Xij .

As for the AdS scenario, the next question is the domain of validity of this resummation formula. There, we found

it to cover all algebraically special solutions (see Appendix B). Also here, the bulk Ricci-flat spacetime obtained

following the above procedure is algebraically special. We indeed observe that the bulk congruence ∂r is null.

Moreover, it is geodesic and shear-free.71 According to the Goldberg-Sachs theorem, the bulk spacetime (585) is

therefore of Petrov type II, III, D, N or O. The precise type is encoded in the Carrollian tensors ε±, Q±
i and Σ±

ij

ε± = ε± i
8πGN

c,

Q±
i = Qi ± i

8πGN
χi,

Σ±
ij = Σij ± i

8πGN
Xij .

(604)

71This is proved in Appendix B.
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Working again in holomorphic coordinates, we find the compact result

Q+ =
i

4πGN
χζdζ, (605)

Σ+ =
i

4πGN
Xζζdζ

2, (606)

and their complex-conjugates Q− and Σ−. These Carrollian geometric tensors encode the information on the

canonical complex functions describing the Weyl-tensor decomposition in terms of principal null directions.

4.1.3 Examples

There is a plethora of examples that can be studied. We will analyze here the class of perfect conformal fluids and

the dual stationary Kerr-Taub-NUT family, and the Carrollian Robinson-Trautman fluid dual to Robinson-Trautman. In

each case, assuming the integrability conditions (597), (598) and (599) are fulfilled and the hydrodynamic equations

(601) and (602) are obeyed, a Ricci-flat spacetime is reconstructed from the boundary I. More examples exist

like the Plebański-Demiański or the Weyl axisymmetric solutions, assuming extra symmetries (but not necessarily

stationarity) for a viscous Carrollian fluid.

Stationary Perfect Fluids and Kerr-Taub-NUT

We would like to illustrate our findings and reconstruct from purely Carrollian fluid dynamics the family of Kerr-

Taub-NUT stationary Ricci-flat black holes. We pick for that the following geometric data: aij(xxx), bi(xxx) and Ω = 1.

Stationarity is implemented in these fluids by requiring that all the quantities involved are time independent.

Under this assumption, the Carrollian shear ξij vanishes together with the Carrollian expansion θ, whereas

constant Ω makes the Carrollian acceleration ϕi vanish as well. Consequently

Â = 0, R̂i = 0, (607)

and we are left with non-trivial curvature and vorticity:

K̂ = K̂ = K, ̟ij = ∂[ibj] = η̃ij ⋆ ̟. (608)

The Weyl-Carroll spatial covariant derivative D̂i reduces to the ordinary covariant derivative ∇i, whereas the action

of the Weyl-Carroll temporal covariant derivative D̂t vanishes.

We further assume that the Carrollian fluid is perfect: Qi, πi, Σij and Ξij vanish. This assumption is made ac-

cording to the relativistic AdS pattern, where the asymptotically AdS Kerr-Taub-NUT spacetime is obtained starting

from relativistic perfect fluids. Due to the duality relationships (597), (598) and (599) among the friction tensors of

the Carrollian fluid and the geometric quantities χi, Xij and Ψij , the latter must also vanish. Using (590), (592) and

(593), this sets the following simple geometric constraints:

χi = 0 ⇔ ∂iK = 0, (609)

and

Ψij = 0 ⇔
(

∇i∇j −
1

2
aij∇l∇l

)

⋆ ̟ = 0, (610)

whereas Xij vanishes identically without bringing any further restriction. These are equations for the metric aij(xxx)
and the scalar vorticity ⋆̟, from which we can extract bi(xxx). Using (589), we also learn that

c = (∆+ 2K) ⋆ ̟, (611)

where ∆ = ∇l∇l is the ordinary Laplacian operator on S. The last piece of the geometrical data, (591), it is

non-vanishing and reads:

ψj = 3η̃lj∂l ⋆ ̟
2. (612)

Finally, we must impose the fluid equations (601) and (602), leading to

∂tε = 0, ∂iε = 0. (613)
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The energy density ε of the Carrollian fluid is therefore a constant, which will be identified to the bulk mass parameter

M = 4πGNε.
Every stationary Carrollian geometry encoded in aij(xxx) and bi(xxx) with constant scalar curvature K hosts a

conformal Carrollian perfect fluid with constant energy density, and is associated with the exact Ricci-flat spacetime

with line element written using (585):

ds2perfect fluid = −2 (dt− b) dr +
2Mr + c ⋆ ̟ −Kρ2

ρ2
(dt− b)

2
+ (dt− b)

ψ

3 ⋆ ̟
+ ρ2dℓ2, (614)

where ρ2 = r2 + ⋆̟2. The vorticity ⋆̟ is determined by (610), solved on a constant-curvature background.

Using holomorphic coordinates, a constant-curvature metric on S reads:

dℓ2 =
2

P 2
dζdζ̄ (615)

with

P = 1 +
K

2
ζζ̄, K = 0,±1, (616)

corresponding to S2 and E2 or H2 (sphere and Euclidean or hyperbolic planes). Using these expressions we can

integrate (610). The general solution depends on three real, arbitrary parameters, n, a and ℓ:

⋆ ̟ = n+ a− 2a

P
+

ℓ

P
(1− |K|) ζζ̄. (617)

The parameter ℓ is relevant in the flat case exclusively. We can further integrate to obtain b:

b =
i

P

(

n− a

P
+

ℓ

2P
(1− |K|) ζζ̄

)

(

ζ̄dζ − ζdζ̄
)

. (618)

It is straightforward to determine the last pieces entering the bulk resumed metric (614):

c = 2Kn+ 2ℓ (1− |K|) (619)

and
ψ

3 ⋆ ̟
= 2η̃ji∂j ⋆ ̟dx

i = 2i
Ka+ ℓ (1− |K|)

P 2

(

ζ̄dζ − ζdζ̄
)

. (620)

In order to reach a more familiar form for the line element (614), it is convenient to trade the complex-conjugate

coordinates ζ and ζ̄ for their modulus72 and argument

ζ = ZeiΦ, (621)

and move from Eddington-Finkelstein to Boyer-Lindquist by setting

dt→ dt− r2 + (n− a)2

∆r
dr , dΦ→ dΦ− Ka+ ℓ(1− |K|)

∆r
dr (622)

with

∆r = −2Mr +K
(

r2 + a2 − n2
)

+ 2ℓ(n− a)(|K| − 1). (623)

We obtain finally:

ds2perfect fluid = −∆r

ρ2

(

dt+
2

P

(

n− a

P
+

ℓ

2P
(1− |K|)Z2

)

Z2dΦ

)2

+
ρ2

∆r
dr2

+
2ρ2

P 2
dZ2 +

2Z2

ρ2P 2

(

(Ka+ ℓ (1− |K|)) dt−
(

r2 + (n− a)
2
)

dΦ
)2

(624)

with

P = 1 +
K

2
Z2, ρ2 = r2 +

(

n+ a− 2a

P
+

ℓ

P
(1− |K|)Z2

)2

. (625)

72 The modulus and its range depend on the curvature. It is commonly expressed as: Z =
√
2 tan Θ

2
, 0 < Θ < π for S2; Z = R√

2
, 0 < R <

+∞ for E2; Z =
√
2 tanh Ψ

2
, 0 < Ψ < +∞ for H2.
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This bulk metric is Ricci-flat for any value of the parameters M , n, a and ℓ with K = 0,±1. For vanishing n, a and

ℓ, and with M > 0 and K = 1, one recovers the standard asymptotically flat Schwarzschild solution with spherical

horizon. For K = 0 or −1, this is no longer Schwarzschild, but rather a metric belonging to the A class (see

e.g. [49]). The parameter a switches on rotation, while n is the standard NUT charge. The parameter ℓ is also a

rotational parameter available only in the flat-S case. Scanning over all these parameters, in combination with the

mass and K, we recover the whole Kerr-Taub-NUT family of black holes, plus other, less familiar configurations, like

the A-metric quoted above.

For the solutions at hand, the only potentially non-vanishing Carrollian boundary Cotton descendants are c and

ψψψ, displayed in (619) and (620). The first is non-vanishing for asymptotically locally flat spacetimes, and this requires

non-zero n or ℓ. The second measures the bulk null congruence twist. In every case the metric (624) is Petrov type

D.

We would like to make a comment regarding the isometries of the associated resummed Ricci-flat spacetimes

with line element (624). For vanishing a and ℓ, there are four isometry generators and the field is in this case a

stationary gravito-electric and/or gravito-magnetic monopole (mass and NUT parameters M , n). Constant-r hyper-

surfaces are homogeneous spaces in this case. The number of Killing fields is reduced to two (∂t and ∂Φ) whenever

any of the rotational parameters a or ℓ is non-zero. These parameters make the gravitational field dipolar.

The bulk isometries are generally inherited from the boundary symmetries, i.e. the symmetries of the Carrollian

geometry and the Carrollian fluid. The time-like Killing field ∂t is clearly rooted to the stationarity of the boundary

data. The space-like ones have legs on ∂Φ and ∂Z , and are associated to further boundary symmetries. From a

Riemannian viewpoint, the metric (615) with (616) on the two-dimensional boundary surface S admits three Killing

vector fields:

X1 = i
(

ζ∂ζ − ζ̄∂ζ̄
)

, (626)

X2 = i

((

1− K

2
ζ2
)

∂ζ −
(

1− K

2
ζ̄2
)

∂ζ̄

)

, (627)

X3 =

(

1 +
K

2
ζ2
)

∂ζ +

(

1 +
K

2
ζ̄2
)

∂ζ̄ , (628)

closing in so(3), e2 and so(2, 1) algebras for K = +1, 0 and −1 respectively. The Carrollian structure is however

richer because it is constructed on the set {aij , bi,Ω}. Hence, not all Riemannian isometries generated by a Killing

field X of S are necessarily promoted to Carrollian symmetries. For the latter, it is natural to further require the

Carrollian vorticity be invariant:

LX ⋆ ̟ = X (⋆̟) = 0. (629)

Condition (629) is fulfilled for all fields XA (A = 1, 2, 3) in (626), (627) and (628), only as long as a = ℓ = 0, since

⋆̟ = n. Otherwise ⋆̟ is non-constant and only X1 = i
(

ζ∂ζ − ζ̄∂ζ̄
)

= ∂Φ leaves it invariant.

Using the general results reported in section 3.3.1, we would like to conclude this example with the computation

of the Carrollian charges. We will do it in the specific case K = 1 and with θ, φ spatial coordinates. The generic

metric (624) boils down to

ds2 = −∆r

ρ2
(dt− b)

2
+
ρ2

∆r
dr2 + ρ2

(

dθ2 + sin2 θdφ2
)

+
sin2 θ

ρ2
(

adt−
(

r2 + (n− a)2
)

dφ
)2
, (630)

with

∆r = −2Mr + r2 + a2 − n2, (631)

ρ2 = r2 + (n− a cos θ)2, (632)

b =
(

2n(cos θ − 1) + a sin2 θ
)

dφ. (633)

The boundary spatial line element is written in these coordinates dℓ2 = dθ2 +sin2 θdφ2. We can interpret these data

in terms of the Carrollian momenta

Ξij = πi = Σij = Bi = 0 E =M Aij = −M
4
aij , (634)

The conformal Carrollian Killing equations can be solved and the result is

ξ =

(

T (xxx) +
1

2
t∇iξ

i

)

∂t + ξi(xxx)∂i. (635)
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where T is any smooth function on S2 and ξi a Killing vector of the sphere. This is precisely the bms4 generator [203].

The charges (448) are identically zero in this case. Conversely, the charges (451) are non-trivial

Cξ =M

∫

S2

dθdφ sin θ

(

T − 3

2
ξibi

)

. (636)

They explicitly depend on the Kerr-Taub-NUT parameters thanks to the presence of the metric field bi, and they are

manifestly conserved.

Ricci-Flat Robinson-Trautman

The boundary geometry in this case is defined by Ω = 1, bi = 0 and dℓ2 =
2

P (t, ζ, ζ̄)2
dζdζ̄, which is shearfree. It is

straightforward to check that the general formulas (589–593) give c = 0 together with

χ =
i

2

(

∂ζKdζ − ∂ζ̄Kdζ̄
)

, X =
i

P 2

(

∂ζ
(

P 2∂t∂ζ lnP
)

dζ2 − ∂ζ̄
(

P 2∂t∂ζ̄ lnP
)

dζ̄2
)

, (637)

while ψi = 0 = Ψij . These expressions satisfy (594–596), and the duality relations (597), (598) and (599) lead to

the friction components of the energy-momentum tensor Qi, Σij and Ξij :

Q = − 1
16πGN

(

∂ζKdζ + ∂ζ̄Kdζ̄
)

, π = 0, (638)

Σ = − 1
8πGNP 2

(

∂ζ
(

P 2∂t∂ζ lnP
)

dζ2 + ∂ζ̄
(

P 2∂t∂ζ̄ lnP
)

dζ̄2
)

, Ξ = 0. (639)

We have completed our boundary procedure: we prescribed the boundary geometrical data, we built the Cotton

descendant using them and we obtain the dissipative tensors. The next step is to compute the bulk resummed line

element and impose the Carrollian fluid equations. Notice that the dissipative tensors match by construction the

direct k → 0 limit of the relativistic ancestors (177) and (178). In this particular case no k-expansion is needed since

they are already k-independent.

Our goal is to present here the resummation of the derivative expansion (585) into a Ricci-flat spacetime dual to

the fluid at hand. With the data written above (585) reads

ds2RT = −2dt (dr +Hdt) + 2
r2

P 2
dζdζ̄, (640)

where

2H = −2r∂t lnP +K − 2M(t)

r
, (641)

with K = 2P 2∂ζ̄∂ζ lnP the Gaussian curvature of the line element dℓ2.

Assuming now πi = 0,73 the general hydrodynamic equations (601) and (602) require ε = ε(t) and

∆∆ lnP + 12M∂u lnP − 4∂uM = 0, (642)

with ε(t) = M(t)
4πGN

. This equation is indeed the Einstein Ricci-flat bulk equation (called Robinson-Trautman equation)

for the metric (640), which shows that Carrollian fluids equations are the bulk Einstein equations.

We would like to underline this result, which is at the core of our findings: from purely Carrollian boundary con-

sideration on I we reconstructed a highly non-trivial bulk solution, on shell only if the boundary conformal Carrollian

fluid is on shell.

The solutions obtained here are algebraically special spacetimes of all types, as opposed to the Kerr-Taub-NUT

family studied earlier (Schwarzschild solution is common to these two families). Furthermore they never have twist

(ψ = Ψ = 0) and are generically asymptotically locally but not globally flat due to χ and X.

The specific Petrov type of Robinson-Trautman solutions is determined by analyzing the tensors (604), or (605)

and (606) in holomorphic coordinates:

ε+ =
M(t)

4πGN
, Q+ = − 1

8πGN
∂ζKdζ, Σ+ = − 1

4πGNP 2
∂ζ
(

P 2∂t∂ζ lnP
)

dζ2. (643)

We find the following classification [36,60]:

73Since πi is not related to the geometry by duality as the other friction and heat tensors, it can a priori assume any value. It is part of the
Carrollian Robinson-Trautman fluid definition to set it to zero. It is an open intriguing question to see its effects if kept arbitrary.
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II generic;

III with ε+ = 0 and ∇iQ
+i = 0;

N with ε+ = 0 and Q+
i = 0;

D with 2Q+
i Q

+
j = 3ε+Σ+

ij and vanishing traceless part of ∇(iQ
+
j).

We would like at this point to compute the conformal Carrollian Killing vectors and their associated charges as

discussed on general grounds in section 3.3.1. To make contact with the general objects defined there, we identify

Ξij = πi = Σii = 0, (644)

E = 4M, Bi = ∇iK, Aij = −Maij , Σij = ∇i∇jθ − 1

2
aij∇k∇kθ, (645)

where we called for brevity dℓ2 = aijdx
idxj =

2

P (t, ζ, ζ̄)2
dζdζ̄. Weyl covariance is ensured by the conformal state

equation E = −2Ai
i, together with Σii = 0. We then introduce a conformal Carrollian Killing vector ξ, with (445) and

(446) here given by

∂tξ
t = λ, (646)

∇iξj +∇jξi + ξt∂taij = 2λaij . (647)

The solution is the following vector74

ξ =
(√
a
)

1
2

(

α(xxx) +
1

2

∫

dt
(√
a
)− 1

2 ∇iξ
i

)

∂t + ξi(xxx)∂i, (648)

where ξi is a spatial conformal Killing vector, i.e. it satisfies

∇iξj +∇jξi = ∇kξ
kaij . (649)

The associated charges (448) become

Qξ =

∫

S2

d2x
√
aξjBj =

∫

S2

dζdζ̄P−2
(

ξζ∂ζK + ξζ̄∂ζ̄K
)

. (650)

They are conserved by construction.

Even though the second family of charges (451) were defined only for Bi = 0, we can nevertheless study what

their expression is for the solution at hand. We find

Cξ =
∫

S2

d2x
√
aξtE =

∫

S2

dζdζ̄P−3

(

α(ζ, ζ̄) +
1

2

∫

dtP∇iξ
i

)

4M. (651)

As expected, they are indeed not generically conserved:

∂tCξ = −
∫

S2

d2x
√
a∂iξ

tBi. (652)

These charges are not conserved, they potentially translate the fact that gravitational radiation is reaching I, due to

the non-trivial temporal dynamics of the solution at hand.

4.2 The Three-dimensional Case

In this section we discuss the reconstruction of asymptotically flat three-dimensional spacetimes starting from two-

dimensional conformal Carrollian fluids living on null infinity [95].

74This vector follows in the class of conformal Killing vectors for Carroll structures described in [88].
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4.2.1 Flat Derivative Expansion

Our starting point is the finite derivative expansion of an asymptotically AdS3 spacetime, (195). The fundamental

question is whether the latter admits a smooth zero-k limit.

We have implicitly assumed that the Randers-Papapetrou data of the two-dimensional pseudo-Riemannian con-

formal boundary associated with the original Einstein spacetime, a, b and Ω, remain unaltered at vanishing k,

providing therefore directly the Carrollian data for the new null boundary I. We can furthermore match the various

two-dimensional Riemannian quantities with the corresponding one-dimensional Carrollian ones:

u = −k2 (Ωdt− (bx + βx) dx) +O
(

k4
)

, ⋆u = k
√
adx+O

(

k3
)

(653)

and
Θ = θ +O

(

k2
)

,
a = k2 (ϕx + γx) dx+O

(

k4
)

,
A = θΩdt+ (αx + δx) dx+O

(

k2
)

,
(654)

where the left-hand-side quantities are Riemannian, and the right-hand-side ones Carrollian (see (375, 376, 378,

385, 386)).

The closed form (195) is smooth at zero k. In this limit the metric reads:75

ds2flat =− 2 (Ωdt− b− β) (dr + r (ϕ+ γ + θ (Ωdt− b− β)))

+ r2dℓ2 + 8πGN (Ωdt− b− β) (ε (Ωdt− b− β)− π) .
(655)

Here dℓ2, Ω, b = bxdx, ϕ = ϕxdx and θ are the Carrollian geometric objects introduced earlier. The bulk Ricci-flat

spacetime is now dual to a Carrollian fluid with kinematics captured in β = βxdx and γ = γxdx, energy density ε
(zero-k limit of the corresponding relativistic function), and heat current π = πxdx (as defined in (392), (393) and

(394)).

For the fluid under consideration, there is also a pair of Carrollian stress tensors originating from the anomaly

(196). Using expressions (391) and (396), we can determine τΣ and τΞ, and (397) provide in turn the Carrollian

stress:

Σxx = − 1

4πGN

(

θ2 +
∂tθ

Ω

)

, Ξxx =
1

4πGN

(

(

∇̂x + ϕx

)

ϕx − β2

(

θ2 +
∂tθ

Ω

))

. (656)

This is the Carrollian emanation of the relativistic conformal anomaly.

Expression (655) will grant by construction an exact Ricci-flat spacetime provided the conditions under which

(195) was Einstein are fulfilled in the zero-k limit. These are the set of Carrollian hydrodynamic equations (399–

402), with Carrollian power and force densities e, f , gx, hx obtained using their definition (398) and the expressions

of fµ displayed in (200). Equations (400) and (402) are automatically satisfied, whereas (399) and (401) lead to76











1

Ω
D̂tε+

1

4πGN

(

2sx
Ω

D̂tβ
x +

βx
Ω

D̂ts
x + D̂xsx

)

= 0,

D̂xε−
βx
Ω

D̂tε+
1

Ω
D̂t (πx + 2εβx) = 0

(657)

with sx given in (388). The unknown functions, which bear the fluid configuration, are ε(t, x), πx(t, x) and βx(t, x).
These cannot be all determined by the two equations at hand. Hence, there is some redundancy, originating from

the relativistic fluid frame invariance – responsible e.g. for the arbitrariness of ξ(x+, x−) in the description of AdS

spacetimes using the light-cone boundary frame.

Equations (657) are Weyl-Carroll covariant. The Ricci-flat line element (655) inherits Weyl invariance from its

relativistic ancestor. The set of transformations (374), (377) and (379), supplemented with ε → B2ε and πx → Bπx,

can indeed be absorbed by setting r → Br, resulting thus in the invariance of (655). Exactly like in four bulk

dimensions, Weyl invariance is rooted in the location of the null boundary I.

We would like to close this chapter with a specific but general enough situation to encompass all Barnich-

Troessaert Ricci-flat three-dimensional spacetimes [119]. The Carrollian geometric data are bx = 0, Ω = 1 and

75We remind that for three-dimensional bulks, contrarily to the four-dimensional case, we allow β to be arbitrary.
76We remind that Weyl-Carroll covariant derivatives are defined in (380–383). Here ε, βx, πx and sx have weights 2, 1, 1 and 3. For example

D̂xsx = ∇̂xsx + 2ϕxsx = 1√
a
∂̂x(

√
asx) + 2ϕxsx.
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a = exp 2Φ(t, x), and the kinematic variable of the Carrollian dual fluid βx is left free. Consequently (655) reads:

ds2flat = −2 (dt− βxdx) (dr + r (∂tΦdt+ (∂t − ∂tΦ)βxdx))

+r2e2Φdx2 + 8πGN (dt− βxdx) (εdt− (πx + εβx) dx) , (658)

where ε(t, x) and π(t, x) (x is not bold because one-dimensional) obey (657) in the form







(∂t + 2∂tΦ) ε+
1

4πGN
(2sx (∂t + ∂tΦ)β

x + βx (∂t + 3∂tΦ) s
x + (∂x + ∂xΦ) s

x) = 0,

∂xε+ (∂t + ∂tΦ)πx + 2ε∂tβx + βx∂tε = 0.
(659)

Here, sx takes the simple form

sx = ∂2t βx − ∂t (βx∂tΦ)− ∂t∂xΦ. (660)

For vanishing βx, the results (658) and (659) coincide precisely with those obtained in [119] by demanding Ricci-

flatness in the BMS gauge. Here, they are reached from purely Carrollian-fluid considerations, and for generic

βx(t, x), the metric (658) lays outside the BMS gauge.

4.2.2 Charges Analysis

The absence of anomaly in the Carrollian framework is equivalent to setting Σxx = Ξxx = 0, whereas the Weyl-

Carroll flatness requires s = 0. This amounts to take Ω = a = 1 and bx = 0,77 and with those data s = 0 reads

∂2t βx = 0. (661)

In the Carrollian spacetime at hand, the fluid equations of motion (657) are

{

∂tε = 0,

∂xε+ ∂t(πx + 2εβx) = 0.
(662)

They can be integrated in terms of four arbitrary functions of x: ε(x), ̟(x), λ(x) and µ(x). We find

πx(t, x) = −2ε(x)βx(t, x) +̟(x)− t∂xε, (663)

βx(t, x) =
λ(x)

2ε(x)
− t∂xµ

2µ(x)
(664)

(this parameterization of βx will be appreciated later). The Ricci-flat (even locally flat) reconstructed spacetime from

these Carrollian fluid data is obtained from the general expression (655):

ds2flat = −2 (dt− βxdx) (dr + r∂tβxdx) + r2dx2 + 8πGN
(

ε(dt− βxdx)
2 − πxdx(dt− βxdx)

)

, (665)

where βx and πx are meant to be as in (663) and (664).

On the one hand, the arbitrary functions ε(x) and ̟(x) are reminiscent of the functions L±(x±) (or ε(t, x)
and χ(t, x)) present in the AdS solutions. A vanishing-k limit was indeed used in [102] to obtain ε(x) and ̟(x)
from L±(x±). On the other hand, λ(x) and µ(x) remind ξ±(x±), and are indeed a manifestation of a residual

hydrodynamic frame invariance, which survives the Carrollian limit. Considering the Carrollian hydrodynamic-frame

transformations (403)

β′
x = βx +Bx, (666)

in the present framework (Σxx = Ξxx = 0), and using (140–143, 392–394), we obtain the transformations:

ε′ = ε, π′
x = πx − 2εBx, (667)

which leave the Carrollian fluid equations (662) invariant. The new velocity field β′
x is compatible with the Weyl-

Carroll flatness (661) provided the transformation function Bx is linear in time, hence parameterized in terms of two

arbitrary functions of x. This is how λ(x) and µ(x) emerge.

77Actually the absence of anomaly requires rather Ω = Ω(t), a = a(x) and bx = bx(x), which can be reabsorbed trivially with Carrollian
diffeomorphisms.
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Observe also that the residual Carrollian hydrodynamic frame invariance enables us to define here a Carrollian

Landau-Lifshitz hydrodynamic frame. Indeed, combining (663) and (664) we obtain

πx(t, x) = −λ(x) +̟(x) + tε(x)∂x ln
µ(x)

ε(x)
. (668)

Adjusting the velocity field βx such that

λ(x) = ̟(x) and
µ(x)

ε(x)
=

1

ε0
(669)

with ε0 a constant, makes the Carrollian fluid perfect: πx = 0.

In complete analogy with the AdS analysis, we will first compute the charges for vanishing velocity βx = 0 (which

is given by λ(x) = 0 and µ(x) = 1) in terms of ε(x) and ̟(x), and next perform the similar computation for perfect

fluids with velocity βx parameterized with two arbitrary functions λ(x) and µ(x). Here empty Minkowski bulk is

realized with µ = 1, λ = 0, ̟ = 0 and ε0 = − 1
8πGN

.

As for the AdS case, the class (665) is not in the BMS gauge, unless βx is constant, which can then be re-

absorbed by a global Carrollian boost (constant Bx).78 We will first discuss this situation, where the asymptotic

Killings are the canonical generators of bms3. Outside the BMS, we will perform the determination of the asymptotic

isometry for metrics reconstructed from perfect fluids, and proceed with the surface charges and their algebra. Our

conclusion is here that asymptotically flat fluid/gravity correspondence is sensitive to the residual hydrodynamic-

frame invariance, as we will now prove. Eventually we will compute charges for a dissipative static fluid which is not

hosted by a Weyl-Carroll flat boundary.

Dissipative Static Fluid

The metric (665) for vanishing βx takes the simple form (from now on we denote with a prime the spatial derivative

ǫ′ = ∂xǫ)
ds2flat = −2dtdr + r2dx2 + 8πGN (εdt− (̟ − tε′) dx) dt, (670)

compatible with BMS gauge with asymptotic Killing vectors

ζ = ζr∂r + ζt∂t + ζx∂x, (671)

where

ζr = −rY ′ +H ′′ + tY ′′′ +
4πG

r
(̟ − tε′) (H ′ + tY ′′) , (672)

ζt = H + tY ′, (673)

ζx = Y − 1

r
(H ′ + tY ′′) . (674)

Here H and Y are functions of x only. Vectors (672–674) are the vanishing-k limit of (214–216), reached using

x± = x± kt, and setting Y ±(x±) = Y (x)± k (H(x) + tY ′(x)).
This family of vectors produces the following variation on the metric fields:

− LζgMN = δζgMN =
∂gMN

∂ε
δζε+

∂gMN

∂ε′
δζε

′ +
∂gMN

∂̟
δζ̟, (675)

with

δζε = −2εY ′ − Y ε′ +
Y ′′′

4πGN
, (676)

δζ̟ = − H ′′′

4πGN
+

1

H

(

εH2
)′ − 1

Y

(

̟Y 2
)′
. (677)

78The functions λ(x) and µ(x) entering (665) via (663) and (664) can be reabsorbed in any case by performing the coordinate transformation

dx → dx√
µ(x)

, dt → 1√
µ(x)

(dt+ βxdx) and r → r
√

µ(x). This leads to the same form as the one reached by setting µ = 1 and λ = 0, i.e

(670).
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Their algebra closes for the same modified Lie bracket (219) with ζ
a
= ζ (Ha, Ya) and

Y3 = Y1Y
′
2 − Y2Y

′
1 H3 = Y1H

′
2 +H1Y

′
2 − Y2H

′
1 −H2Y

′
1 . (678)

We can compute the charges of g in (670), using Minkowski as reference background ḡ. They read:

QH,Y [g − ḡ, ḡ] =
1

2

∫ 2π

0

dx

[

H

(

ε+
1

8πGN

)

− Y ̟

]

. (679)

With a basis of functions eimx for H and Y , we find the standard collection of charges

Pm =
1

2

∫ 2π

0

dx eimx
(

ε+
1

8πGN

)

, Jm = −1

2

∫ 2π

0

dx eimx̟, (680)

which coincide with the computation performed e.g. in [102]. Using

{QH1,Y1
, QH2,Y2

} = δζ
1
QH2,Y2

= −δζ
2
QH1,Y1

, (681)

we obtain the following surface-charge algebra:

i {Jm, Pn} = (m− n)Pm+n +
c

12
m
(

m2 − 1
)

δm+n,0 , i {Jm, Jn} = (m− n)Jm+n , {Pm, Pn} = 0 (682)

with c = 3
GN

. This is the bms3 algebra, and this analysis demonstrates that a non-perfect Carrollian fluid, even with

βx = 0, is sufficient to generate all Barnich-Troessaert flat three-dimensional spacetimes. This goes along with the

analogue conclusion reached in AdS for Bañados spacetimes.

Perfect Fluid with Velocity

Consider now the resummed metric (665) assuming (669). We obtain

ds2flat = −2 (dt− βxdx)

(

dr − rµ′

2µ
dx

)

+ r2dx2 + 8πGNε0µ (dt− βxdx)
2

(683)

with βx given by

βx =
1

2µ

(

λ

ε0
− tµ′

)

. (684)

Unless βx is constant, the metric (683) is not in BMS gauge. The BMS subset is entirely captured by µ = 1, λ = 0
with resulting solutions plain Minkowski (ε0 = − 1

8πGN
) and the non-spinning zero-modes of Barnich-Troessaert

family:

ds2flat = −2dtdr + r2dx2 + 8πGNε0dt
2. (685)

The asymptotic isometries of (683) are now generated by79

η = ηr∂r + ηt∂t + ηx∂x, (686)

expressed in terms of two arbitrary functions h(x) and ρ(x)

ηr = −rρ′, ηt = h+ tρ′, ηx = ρ. (687)

The algebra of asymptotic Killing vectors closes for the ordinary Lie bracket

[

η
1
, η

2

]

= η
3

(688)

with η
a
= η (ha, ρa) and

ρ3 = ρ′1ρ2 − ρ2ρ
′
1, h3 = ρ1h

′
2 + h1ρ

′
2 − ρ2h

′
1 − h2ρ

′
1. (689)

79Again the fields (686) and (687) are alternatively obtained by an appropriate zero-k limit of (228) and (229).
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It respects the form of the metric

− LηgMN = δηgMN =
∂gMN

∂µ
δηµ+

∂gMN

∂µ′ δηµ
′ +

∂gMN

∂λ
δηλ (690)

with

δηλ = −2λρ′ − ρλ′ + ε0 (2µh
′ + hµ′) , (691)

δηµ = −2µρ′ − ρµ′. (692)

The charges of g in (683) are computed as usual with Minkowski as reference background ḡ. They read:

Qh,ρ[g − ḡ, ḡ] =
1

2

∫ 2π

0

dx

[

h

(

ε0µ+
1

8πGN

)

− ρλ

]

. (693)

With a basis of unimodular exponentials for h and ρ, we now find

Mm =
1

2

∫ 2π

0

dx eimx
(

ε0µ+
1

8πGN

)

, Im = −1

2

∫ 2π

0

dx eimxλ, (694)

and

{Qh1,ρ1 , Qh2,ρ2} = δη
1
Qh2,ρ2 = −δη

2
Qh1,ρ1 (695)

provide the surface-charge algebra:

i {Im,Mn} = (m− n)Mm+n − m

4GN
δm+n,0 , i {Im, In} = (m− n)Im+n , {Mm,Mn} = 0. (696)

As for the AdS case, the central extension of this algebra can be reabsorbed in a modes redefinition. Indeed,

translating the modes

M̃m =Mm − 1

8GN
δm,0, (697)

we obtain

i
{

Im, M̃n

}

= (m− n)M̃m+n, i {Im, In} = (m− n)Im+n ,
{

M̃m, M̃n

}

= 0. (698)

This algebra (that could have been obtained from (239) in the zero-k limit) has no explicit central charge. There-

fore, our computation shows that holographic locally flat spacetimes based on perfect Carrollian fluids have asymp-

totic charges different from spacetimes based on dissipative static fluids.

Carrollian Charges

We would at this point to compute the charges defined in Section 3.3.1. We first of all need to deduce the boundary

Carrollian data and momenta. To do this, we consider the restrictive case in which we set βx = 0. This case is

different from the two treated above: it is a dissipative static fluid where the boundary host is so far general – not

Weyl-Carroll flat. The bulk line element (655) reads

ds2flat = −2 (Ωdt− b) (dr + r (ϕ+ θ (Ωdt− b))) + r2dℓ2 + 8πGN (Ωdt− b) (ε (Ωdt− b)− π) . (699)

From this metric we can extract the corresponding Carrollian geometry on null infinity I = {r → ∞}. The following

procedure is general but we will use the specific case of three-dimensional asymptotically flat spacetimes as an

illustration. Consider the conformal extension of (699)

ds̃2flat = r−2ds2flat, (700)

the factor r−2 is present to regularize the metric on I. We perform the change of variable ω = r−1 in the conformal

metric, it becomes80

ds̃2flat = −2 (Ωdt− b) (−dω + ω (ϕ+ θ (Ωdt− b))) + dℓ2 + 8πGNω
2 (Ωdt− b) (ε (Ωdt− b)− π) . (701)

80The null asymptote is thus I = {ω → 0}.
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We can deduce the Carrollian geometry on I

g̃−1 (., dω)|I =
1

Ω
∂t, ds̃2flat |I = dℓ2 = adx2 and g̃ (., ∂ω)|I = Ωdt− b. (702)

We now move to the dynamics. Using D̂xs
x = 0 with sx = 1

Ω∂tϕx − θϕx − ∂̂xθ (see (388) with βx = 0), Einstein

equations reduce to

(

1

Ω
∂t + 2θ

)

E = 0, (703)

(

∂̂x + 2ϕx

)

E +

(

1

Ω
∂t + θ

)

πx = 0. (704)

We interpret them as the Carrollian conservation equations (432–435) for Σxx = Bx = 0 and E = P (conformal

case). Furthermore Ξxx is automatically zero due to its tracelessness.

We would like at this point to obtain the surface charges. We thus compute the asymptotic Killing vectors of ds2flat

whose leading orders in r−1 are

ξ̂r = −rλ(t, x) +O(1), ξ̂t = ξt(t, x) +O(r−1) and ξ̂x = ξx(x) +O(r−1). (705)

Here λ = ∇̂xξ
x + X

Ω ∂t ln
√
a and ξ = ξt∂t + ξx∂x is a conformal Killing vector (i.e. satisfying (445) and (446)) of

the corresponding Carrollian geometry {Ω, a, bx}. We calculate the associated surface charge through covariant

phase-space formalism (see for instance [61]) and obtain that they are integrable:

Qξ̂[g] =

∫ 2π

0

dx
√
a
((

Ωξt − 2bxξ
x
)

E − ξxπx
)

. (706)

It is readily seen that these charges have exactly the same expression as the conserved charges defined in

(451) out of purely Carrollian considerations

Qξ̂[g] = Cξ̂. (707)

Notice eventually that if we restrict our attention to the case Ω = 1, a = 1 and bx = 0, we recover the usual

Bondi gauge for asymptotically flat spacetimes, and the charges become exactly the ones derived in (679) for the

dissipative static fluid on Weyl-Carroll flat boundary geometry.

To recap and conclude, we have analyzed different charges associated to different gauges and parametrizations.

The heat current is of paramount importance in our construction. Disregard it a priori is not wise, as the charges

computation clearly indicates. Using hydrodynamics to build bulk metrics was a very powerful tool. An important

question, which is part of the projects we are addressing, is to analyze the solution space of the metric (655) in full

generality, find the most general asymptotic Killing vectors that preserve it and their charges, at the light of recent

works on the most general boundary conditions [207].
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5 Weyl Symmetry

We are now fully equipped to tackle the last part of this work, which is devoted to the understanding of Weyl

symmetry in holography. Although the previous part of this manuscript was focused on the flat limit of holography,

this chapter will only touch upon the AdS construction. The flat limit of the ideas reported here is an open chapter,

to some extent yet to be written.

As we mentioned multiple times so far, Weyl symmetry is a key ingredient in the fluid derivative expansion.

Indeed, the derivative expansion builds a bulk metric based on boundary Weyl covariance. Nevertheless, the FG

gauge is not form invariant under this symmetry. We recall here that Fefferman and Graham in their seminal works

[77,78] found a bulk gauge (FG gauge) preserving the structure of time-like hypersurfaces in AdSd+2 spacetimes.81

This is useful to discuss the time-like conformal boundary; which we saw that in suitable coordinates is located at

z = 0, z being the holographic coordinate such that z = const hypersurfaces are time-like. The FG gauge induces on

the boundary a metric, while the bulk Levi-Civita connection gives at first order the boundary Levi-Civita connection.

Although everything is consistent, we already insisted that there exists some leftover freedom in choosing the

boundary metric. This comes about because the induced metric on the z = 0 hypersurface is defined, because of

certain bulk diffeomorphisms, up to a rescaling by a non-trivial function of the boundary coordinates. We therefore

often refer to the boundary as possessing a conformal class of metrics and say that the boundary enjoys Weyl

symmetry. The latter is however ignored in physical applications, for we usually fix the boundary metric and thus

break this symmetry.

The main observation is that the Levi-Civita connection is not Weyl-covariant, the metricity condition being the

source of this non-covariance. This problem can be sidestepped by introducing the notion of a Weyl connection

and more generally of Weyl geometry [175,176]. We will show that Weyl connections play a role in the holographic

correspondence, on the field theory side of the duality. Indeed, we will prove that, by slightly generalizing the FG

ansatz to what we call the Weyl-Fefferman-Graham gauge (WFG), the Weyl diffeomorphism responsible for the

rescaling of the boundary metric becomes a geometric symmetry. The consequences of this modification are: the

bulk geometry induces on the boundary a metric and a Weyl connection, instead of its Levi-Civita counterpart. In

the dual quantum field theory, these objects act as backgrounds and sources for current operators.

It is a familiar aspect of the FG formalism that the on-shell bulk action diverges as one approaches the boundary.

Traditionally, this is dealt with by including local counterterms which are functionals of the induced geometry, in

a solution-independent way [10, 11, 13, 177]. There remains one physical subtlety, which is the appearance of a

simple pole in d + 1 − 2k, with k integer. This effect is more appropriately thought of as an anomaly in the Weyl

Ward identity, a basic feature of renormalization theory [184]. This anomaly can be traced back to the fact that

holographic renormalization breaks Weyl covariance by fixing a z = ǫ hypersurface to regulate the theory. No

Weyl-covariant renormalization procedures exist, which indicates that a Weyl anomaly is present and contributes in

any even-dimensional boundary theory.82 We will unravel a different packaging of the Weyl anomaly, through the

use of the WFG gauge – the Weyl anomaly will in fact become an integral over Weyl-covariant geometrical tensors.

Inspired by [185], we will present a simple cohomological interpretation of the Weyl anomaly, based on the difference

of two Weyl-related bulk top forms.

We will furthermore advocate a different interpretation of the boundary sources and Ward identity, corroborated

by the WFG extension. Specifically, we interpret the boundary theory as defined on a background metric and a

background Weyl connection, given by the leading order of the bulk dual. We are now really sourcing two different

currents, which can and indeed do both participate in the boundary Ward identity. We will in particular show that

the holographic dictionary furnishes directly this boundary Ward identity relating the trace of the energy-momentum

with the divergence of the Weyl current. This will be elegantly verified directly from the boundary action, without

invoking holography.

81The boundary in our conventions has dimension d + 1. This rather unusual choice has been made to emphasize the spatial d-dimensional
subspace. With respect to previous chapters, we refer to the boundary tensors here with a subscript (k), to underline the holographic order at
which they appear.

82It is not an easy task to prove that Weyl anomalies arise only in even dimensions. To do so one has to prove that non-trivial cocycles of the
Weyl group arise from local functionals that are Weyl invariant in and only in even integer dimension, [185].
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5.1 Weyl Invariance and Holography

The Fefferman-Graham theorem says that the metric of a locally asymptotically AdSd+2 geometry can be always

put in the form (144), i.e.

ds2 = L2 dz
2

z2
+ hµν(z;x)dx

µdxν (708)

Using the expansion for hµν , (145), and regarding the boundary dimension d + 1 as variable,83 g
(0)
µν (x) has an

interpretation as an induced boundary metric:

z2

L2
ds2 −→

z→0
g(0)µν (x)dx

µdxν = ds2bdy. (709)

It is this object that sources the stress energy tensor in the dual field theory, with T
(0)
µν (x) its vev, as discussed. All of

the other terms in the series are determined in terms of g
(0)
µν (x), T

(0)
µν (x) by the bulk classical equations of motion.

Equation (709) defines the induced boundary metric up to a Weyl transformation. We see indeed that there is

an ambiguity in the construction of this metric which amounts in defining the latter up to a scalar function of the

boundary coordinates. Although it is often stated, this ambiguity is usually disregarded.

The following bulk diffeomorphism (which we refer to as the Weyl diffeomorphism)

z → z′ = z/B(x), xµ → x′µ = xµ (710)

plays an important role. It has the effect of inducing a Weyl transformation of the boundary metric: using (709) with

now holographic coordinate z′ we obtain

ds2bdy =
g
(0)
µν (x)

B(x)2 dx
µdxν . (711)

However, this diffeomorphism does not leave the bulk metric in the Fefferman-Graham gauge, but rather transforms

it to

ds2 = L2

(

dz′

z′
+ ∂µ lnB(x) dxµ

)2

+ hµν(z
′B(x);x)dxµdxν (712)

where

hµν(z
′B(x);x) =

L2

z′2

[

g
(0)
µν (x)

B(x)2 +
z′2

L2
g(2)µν (x) +

z′4

L4
B(x)2g(4)µν (x) + ...

]

(713)

+
z′d−1

Ld−1

[

B(x)d−1T (0)
µν (x) +

z′2

L2
B(x)d+1T (2)

µν (x) + ...

]

. (714)

Thus, this diffeomorphism takes us out of FG gauge (as it is one of the diffs that was fixed in going to that gauge),

and acts on the boundary tensors g
(k)
µν (x) and T

(k)
µν (x) by a local Weyl rescaling with specific k-dependent weights.

The standard way to deal with the fact that we have been taken out of FG gauge is to employ an additional

diffeomorphism acting on the xµ → xµ + ξµ(z;x) which becomes trivial at the conformal boundary in such a way

that g
(0)
µν (x) is left unchanged, but the cross term in (712) is cancelled. However, this diffeomorphism unfortunately

has a complicated effect on all of the subleading terms in the metric – they no longer transform linearly as in (713),

but instead transform non-linearly under the combined transformations and this obscures the geometric significance

of the sub-leading terms. There is nothing inconsistent here: indeed, in FG gauge, the subleading terms are given

on-shell by expressions involving the Levi-Civita curvature of the induced metric, which themselves transform non-

linearly under Weyl transformations.

We will instead consider here a revised ansatz, which we refer to as Weyl-Fefferman-Graham (WFG) gauge,

defined as84

ds2 = L2

(

dz

z
− aµ(z;x)dx

µ

)2

+ hµν(z;x)dx
µdxν . (715)

83This avoids the necessary introduction of logarithms that occur when d + 1 is an even integer. In fact, using dimensional regularization we
will allow (d+ 1) ∈ C, the analytic continuation of the number of spacetime dimensions.

84It is also possible to generalize the ansatz by the inclusion of a scalar function in front of the first term, essentially a radial lapse function. We
will discuss this further in the following. Notice furthermore that the flat limit of this ansatz is still divergent, as for the FG one.
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The constant-z hypersurface Σ at z = 0 remains the conformal boundary with induced metric g(0), as

z2

L2
ds2 −→

z→0
g(0)µν (x)dx

µdxν . (716)

Thus the presence of aµ in the ansatz does not modify the induced metric at z = 0. However, the metric is no longer

diagonal in the z, xµ coordinates, and so we must take greater care in interpreting how we approach the conformal

boundary.

It is natural, given the metric ansatz (715), to introduce the 1-form

e ≡ Ω(z;x)−1

(

dz

z
− aµ(z;x)dx

µ

)

(717)

This form defines a distribution Ce ⊂ TM defined as

Ce = ker(e) = span
{

X ∈ Γ(TM)
∣

∣

∣iXe = 0
}

. (718)

Note that there is an ambiguity in multiplying e (or equivalently theX ’s) by a function onM , and we have represented

this ambiguity by introducing the function Ω.

We remark that if aµ were zero, then Ce is the span of the vectors ∂µ and can be thought of as related to

constant-z hypersurfaces. More generally, it is convenient to introduce a basis for Ce as the set of vectors

Dµ ≡ ∂µ + aµ(z;x)z∂z. (719)

This implies that we can regard aµ as providing a lift85 from TΣ (with basis {∂µ}) to Ce, that is, it can be thought of

as an Ehresmann connection. By the Frobenius theorem, Ce is an integrable distribution if

[

Dµ, Dν

]

∈ Ce. (720)

To understand this condition, it is convenient to introduce a vector dual to e,

e ≡ Ω(z;x)z∂z (721)

which has been normalized to e(e) = 1, and we regard {e,Dµ} as a basis for T(z;x)M . We then compute

[

Dµ, Dν

]

= Ω(z;x)−1fµνe, fµν ≡ Dµaν −Dνaµ (722)

So we find that integrability is the condition fµν = 0, and thus by Frobenius, the distribution Ce would define under

that circumstance a foliation of M by co-dimension one hypersurfaces.

By taking e in the form (721), we have fixed some of the diffeomorphism invariance;86 the diffeomorphisms that

preserve the form of e are given by z′ = z′(z;x), x′µ = x′µ(x). Given the interpretation of holography in terms of

renormalization, we expect that these diffeomorphisms correspond to generic local (in x) coarse grainings. These

residual diffeomorphisms act on the form e as

∂x′ν(x)

∂xµ
a′ν(z

′;x′) =
∂ ln z′(z;x)

∂ ln z
aµ(z;x) +

∂ ln z′(z;x)

∂xµ
, Ω′(z′;x′) =

∂ ln z′(z;x)

∂ ln z
Ω(z;x). (724)

The first equation is consistent with the interpretation of a as an Ehresmann connection. The second equation

implies that the inherent ambiguity in the definition of the distribution Ce represented by Ω(z;x) can be thought of

as the (local) reparametrization invariance of z. We can for example use this reparametrization invariance to set

85Here, we are regarding Σ as an isolated hypersurface in M . We can thus regard M as a fibre bundle π : M → Σ. An Ehresmann connection
provides a splitting of the tangent bundle TM = H ⊕ V , and the Dµ vectors form a basis of H, identified with Ce, at the point (z, xµ).

86Indeed, the vector field e could more generally be of the form

e → e′ = e+ θµ(z;x)Dµ (723)

which satisfies e(e) = 1 for any θµ. (In the language of footnote 85 (see page 95), the e of (721) is special in that e ∈ V ). In the general case,

we have
[

Dµ, Dν

]

= fµνe′ − fµνθλDλ and thus integrability remains the condition fµν = 0. The second diffeomorphism, discussed earlier,

that returns the metric to the FG ansatz after a boundary Weyl transformation corresponds on the contrary to setting aµ → 0 at the expense of
keeping θµ 6= 0.
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Ω(z;x) → L−1 if we wish. The residual diffeomorphisms that preserve this choice (or, more generally preserve any

specific Ω(z;x)) are of the form z′ = z/B(x), x′µ = x′µ(x), which are the Weyl diffeomorphisms. These give

∂x′ν(x)

∂xµ
a′ν(z

′;x′) = aµ(z;x)− ∂µ lnB(x), (725)

and so we are to interpret the aµ(z;x) as a connection for the Weyl diffeomorphisms (710). Given this result, it will

not come as a surprise that there will be an induced Weyl connection on the conformal boundary. To recap, using

Ω = L−1, we have the following setup

{e,Dµ} =
{

L−1z∂z, ∂µ + aµz∂z

}

,
[

Dµ, Dν

]

= Lfµνe. (726)

To proceed further, we Fourier analyze aµ(z;x) and hµν(z;x) in the sense that we will expand them in eigenfunc-

tions of e. Such eigenfunctions are of course just the monomials in z ∈ R
+. For hµν(z;x) we obtain then the same

expansion as before, (145), and for aµ(z;x) we write

aµ(z;x) =

[

a(0)µ (x) +
z2

L2
a(2)µ (x) + ...

]

+
zd−1

Ld−1

[

p(0)µ (x) +
z2

L2
p(2)µ (x) + ...

]

, (727)

which is of the same form as the expansion of a massless gauge field in Fefferman-Graham. Given these expres-

sions, we observe that a
(0)
µ is not part of the boundary metric, although as we will show, it is part of the induced

boundary connection and thus should be regarded as part of the boundary geometry.

More precisely, what we will show is that for the WFG ansatz, the induced connection is not the Levi-Civita

connection of the induced metric, but instead a Weyl connection. Given the expansions (145,727), we see that the

Weyl diffeomorphism (710) acts as

g(k)µν (x) → g(k)µν (x)B(x)k−2, T (k)
µν (x) → T (k)

µν (x)B(x)d−1+k (728)

a(k)µ (x) → a(k)µ (x)B(x)k − δk,0∂µ lnB(x), p(k)µ (x) → p(k)µ (x)B(x)d−1+k (729)

and so in particular

g(0)µν (x) → g(0)µν (x)/B(x)2, a(0)µ (x) → a(0)µ (x)− ∂µ lnB(x) (730)

and thus we may anticipate that a
(0)
µ will play the role of a boundary Weyl connection. All of the other subleading

functions in the expansions (145,727) are interpreted to have, à la (728–729), definite Weyl weights, that is they

are Weyl tensors. It is then natural to expect that they will be determined in terms of the Weyl curvature, which we

discussed in the last section.

We introduced the concept of the distribution Ce precisely in order to properly discuss the notion of an induced

connection, as Ce is a sub-bundle of TM . That is, given a connection ∇ on TM (which we will take to be the

Levi-Civita connection), we can apply it to vectors in Ce, which will be of the general form

∇Dµ
Dν = ΓλµνDλ + Γeµνe (731)

The coefficients of the induced connection on Ce are by definition the Γλµν appearing in (731). Notice that these con-

nection coefficients should not be confused with the usual Christoffel symbols, which are associated with coordinate

bases. By direct computation, we find

Γλµν = γλµν ≡ 1
2h

λρ
(

Dµhρν +Dνhµρ −Dρhνµ

)

(732)

and furthermore if we evaluate this expression at z = 0, we find

γ(0)λµν = 1
2g
λρ
(0)

(

(∂µ − 2a(0)µ )g(0)νρ + (∂ν − 2a(0)ν )g(0)µρ − (∂ρ − 2a(0)ρ )g(0)µν

)

(733)

This result can be compared to the result (782) reported in Appendix A,87 from which we conclude that the induced

connection on the boundary is in fact a Weyl connection, with the role of the geometric data gab and Aa in (782) being

played here by g
(0)
µν and a

(0)
µ . In comparing, we make use of the fact that here the intrinsic rotation coefficients are

Cµν
λ = 0, as in (722). We will use the notation ∇(0) for the corresponding Weyl connection (whose Weyl-Christoffel

87We report in this Appendix an account on the definition of the Weyl connection.
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symbols are given by (733)), and the curvature as R(0)λ
µρν . A tensor with components tµ1...µn

(x) that has Weyl

weight wt transforms as tµ1...µn
(x) 7→ B(x)wttµ1...µn

(x), while Dνtµ1...µn
(x) ≡ ∇(0)

ν tµ1...µn
(x) + wta

(0)
ν tµ1...µn

(x)

transforms covariantly with the same weight. As noted above, all of the component fields aside form a
(0)
µ transform

covariantly with respect to arbitrary Weyl transformations, and the Weyl weights of the various component fields are

given above in (728). In the next section, we will briefly study some aspects of the holographic dictionary, and we will

find that every equation is covariant with respect to arbitrary Weyl transformations – it is a bona fide (background)

symmetry of the dual field theory. In particular, we will find that the appearance of a
(0)
µ (x), since it transforms non-

linearly under Weyl transformations, is through Weyl-covariant derivatives of other fields, or through expressions

involving the Weyl-invariant field strength f
(0)
µν .

Before moving on, we would like to stress again the main result of this section: the usual bulk Levi-Civita

connection built using the bulk metric in the enhanced WFG gauge induces on the boundary a Weyl connection

and therefore a boundary Weyl-covariant geometry.

5.2 The Holographic Dictionary and the Weyl Anomaly

In this section, we will explore some details of the holographic dictionary corresponding to the WFG ansatz. The

Levi-Civita connection in the bulk has the form

∇Dµ
Dν = γλµνDλ − hνλψ

λ
µe (734)

∇Dµ
e = ψλµDλ (735)

∇eDµ = ψλµDλ + Lϕµe (736)

∇ee = −LhλρϕρDλ (737)

where

ψµν = ρµν +
L

2
hµλfλν , ρµν = 1

2h
µλe(hλν), ϕµ = e(aµ), fµν = Dµaν −Dνaµ (738)

and we note that ϕµ is proportional to the rotation coefficient Ceµ
e, i.e.,

[

e,Dµ

]

= Lϕµe. In addition, we will use the

notation88 θ = trρ = e(ln
√
−h) and ζµν = ρµν − 1

d+1θδ
µ
ν .

As we have detailed above, the WFG metric ansatz has two bulk fields hµν and aµ, and g
(0)
µν (x) and a

(0)
µ (x) appear

as sources (and/or backgrounds), while T
(0)
µν (x) and p

(0)
µ (x) appear as the corresponding vevs. The corresponding

operators in the dual field theory are Weyl-covariant currents T̂µν(x) and Ĵµ(x), each of Weyl weight d− 1. We will

discuss these operators more fully in Section 5.3.

As usual, one finds that the bulk equations of motion determine the subleading component fields in terms of

g
(0)
µν (x), a

(0)
µ (x), T

(0)
µν (x) and p

(0)
µ (x). Here we will assume that we have a vacuum solution that is asymptotically

locally anti-de Sitter. For example, the ee-component of the vacuum Einstein equations is

0 = Gee + Λgee = − 1
2 tr(ρρ)−

3L2

8
tr(ff)− 1

2R+ 1
2θ

2 (739)

where Λ = − (d+1)d
2L2 is the cosmological constant of AdSd+2 and we define for the sake of brevity

R
λ
µρν = Dργ

λ
νµ −Dνγ

λ
ρµ + γδνµγ

λ
ρδ − γδρµγ

λ
νδ (740)

with R = hµνR
ρ
µρν the corresponding Ricci scalar. Expanding (739) we find

0 =

[

Λ +
d(d+ 1)

2L2

]

− 1

2

z2

L2

[

2dL−2X(1) +R(0)
]

+ ...− d
zd+1

Ld+1

[

d+ 1

2
L−2Y (1) +D · p(0)

]

+ ... (741)

where R(0) is the boundary Weyl-Ricci scalar and

X(1) = gµν(0)g
(2)
µν , Y (1) = gµν(0)T

(0)
µν . (742)

88The notation used here can be interpreted in terms of expansion (θ), shear (ζ), vorticity (f ) and acceleration (ϕ) of the radial congruence e.
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In (741), the order one equation is trivially satisfied while the z2 contribution gives X(1) entirely in terms of the

Weyl-Ricci scalar curvature:

X(1) = −L
2

2d
R(0). (743)

As in the FG story, we must be careful with the O(zd+1) terms here because of divergences in the evaluation of the

on-shell action – those divergences are responsible for the Weyl anomaly in the dual field theory, the structure of

which we will discuss in detail below. Nevertheless, we may read off the ‘left-hand-side’ of the Weyl Ward identity

from this,

Y (1) +
2L2

d+ 1
D · p(0). (744)

We will see later that this is the expected form given the interpretation of T
(0)
µν and p

(0)
µ as vevs of currents in the dual

field theory. We will also study the form of the anomalous right-hand-side later.

Similarly, one finds that the leading O(z2) term in Geµ is proportional to

gλν(0)∇(0)
ν

(

G
(0)
λµ + f

(0)
λµ

)

= 0, (745)

the vanishing of which is the twice-contracted Bianchi identity of the Weyl connection, as discussed in the Appendix

A (see eq. (800)).

The leading non-trivial terms in the µν-components of the Einstein equations determine

g(2)µν = − L2

d− 1

(

Ric
(0)
(µν) −

1

2d
R(0)g(0)µν

)

= − L2

d− 1
L
(0)
(µν), (746)

where L(0) is the Weyl-Schouten tensor. Its trace (742) correctly reproduces (743). We take each of these results

as representative of the fact that the subleading terms in the expansion of the metric are determined by the Weyl

curvature, analogous to what happens in the usual FG gauge in which they are determined by the Levi-Civita

curvature of the induced metric. As we mentioned previously, the difference is that now all of the subleading terms

in the bulk fields are Weyl-covariant. One expects that the same is true for aµ as well, along with the transversality

of such solutions. For example, the O(z4) term in the eµ-component of the bulk Einstein equation involves a
(2)
µ in

the form Max(a(2))µ where Max refers to the Weyl-Maxwell differential operator

Max(a(2))µ ≡ D · Da(2)µ −Dµ(D · a(2)) + (Ric(0)νµ + 4f (0)νµ )g
νλ
(0)a

(2)
λ . (747)

The appearance of the Maxwell operator here is the analogue of the appearance of the tranverse tensor Πµν in the

bulk solutions for a massless gauge field, when the boundary is Minkowski space-time. Note that both the Weyl-Ricci

tensor and f
(0)
µν appear in the Laplacian because a(2) is a vector field that has non-zero Weyl charge (weight).

The holographic dictionary for WFG will be taken to be the obvious generalization of the usual relationship, i.e.,

Zbulk[g; g
(0), a(0)] = exp(−So.s.[h, a; g

(0), a(0)]) = ZFT[g
(0), a(0)] (748)

where on the left we have the on-shell action of the bulk classical theory whose metric is given by h, a with asymptotic

configurations g(0), a(0), while the right-hand-side is the generating functional of correlation functions of operators

sourced by g(0), a(0). Although this is expressed in terms of the “bare” sources, it is implicit that a regularization

scheme for the left-hand-side is employed and that the boundary counter-terms are introduced to absorb power

divergences that arise in the evaluation of the on-shell action. Here, we will organize the discussion by taking the

space-time dimension d+1 to be formally complex; the on-shell action is convergent for sufficiently small d+1, and

as we move d+1 up along the real axis, we encounter additional divergences as d+1 approaches an even integer.

It is well-known in the context of Fefferman-Graham that as a byproduct this divergence induces the Weyl anomaly

of the dual field theory, and is associated with the appearance of logarithms in the field expansions when d + 1 is

precisely an even integer. Here we will review this bit of physics, as the existence of the Weyl connection, as we will

see, organizes the Weyl anomaly in a much more symmetric fashion than is usually described.

It is taken for granted that Zbulk is diffeomorphism invariant. Under the holographic map this implies, among

other things, that the dual field theory can be regulated in a diffeomorphism-invariant fashion. However, the bulk

98



calculation is classical, and thus, in principle, is a functional of the bulk metric g as well as the boundary values. We

therefore suppose that

Zbulk

[

g′; g′(0), a
′
(0), ...

∣

∣

∣z′, x′
]

Zbulk

[

g; g(0), a(0), ...
∣

∣

∣z, x
] = 1, (749)

where the notation refers to the fact that we are computing the partition function in different coordinate systems. Here

of course we are particularly interested in the Weyl diffeomorphism (z′, x′) = (z/B(x), x) which relates the boundary

values g′(0) = g(0)/B2, a′(0) = a(0)−d lnB. Zbulk is given in the classical limit by evaluating the (renormalized) on-shell

action, Zbulk = e−So.s.[g;g(0),a(0),...|z,x]. We then ask, is it also true that this cleanly induces a Weyl transformation on

the boundary? That is, is it true that
Zbdy[x; g

′
(0), a

′
(0), ...]

Zbdy[x; g(0), a(0), ...]

?
= 1, (750)

where Zbdy is the generating functional in the given background. As is well-established, what happens is that there

is an anomaly

Zbulk

[

g′; g′(0), a
′
(0), ...

∣

∣

∣z′, x
]

Zbulk

[

g; g(0), a(0), ...
∣

∣

∣z, x
] = eAk

Zbdy[x; g
′
(0), a

′
(0), ...]

Zbdy[x; g(0), a(0), ...]
(751)

in dimension d + 1 = 2k. Recall that we are employing the specific Weyl diffeomorphism, which is inducing a Weyl

transformation on the boundary, but no boundary diffeomorphism. If we take the log of these expressions, the result

is that

0 = Sbulk[g
′; g′(0), ...|z′, x]− Sbulk[g; g(0), ...|z, x] = Sbdy[x; g

′
(0), a

′
(0), ...]− Sbdy[x; g(0), a(0), ...] +Ak. (752)

That is, when we compare the evaluation of the bulk on-shell action in different coordinate systems, the result

appears as the difference of boundary actions in Weyl-equivalent backgrounds, up to an anomalous term, which is

not the difference of two such actions. The only source for such a term is a pole at d + 1 = 2k (i.e. 1
d+1−2k ) in the

evaluation of the bulk action, which arises because the on-shell action is not a boundary term, but contains pieces

that must be integrated over z. The bulk action is given by (volS =
√
−hdd+1x)

Sbulk[g; g(0), ...|z, x] =
1

16πGN

∫

M

e ∧ volS(R− 2Λ). (753)

On shell, it evaluates to

Sbulk[g; g(0), ...|z, x] = − d+ 1

8πGNL2

∫

M

e ∧ volS = − d+ 1

8πGNL

∫

M

dz

z
∧ dd+1x

√
−h, (754)

where we remind that d+ 1 is the boundary dimension. We then expand
√
−h in powers of z:

Sbulk[g; g(0), ...|z, x] = − d+ 1

8πGNL

∫

M

dz ∧ dd+1x
(L

z

)d+2√

−g(0)
(

1 +
z2

L2

X(1)

2
+ . . .

)

. (755)

Consider now the difference of Weyl-transformed bulk actions as in (752) and define volΣ =
√

−g(0)dd+1x. The idea

is to start with Sbulk[g
′; g′(0), ...|z′, x], use the explicit Weyl transformation of the different quantities in the expansion

(see (728)) and then change the name of the integration variable from z′ to z.89 We will demonstrate this for the first

pole, which occurs at d+ 1 = 2. We then obtain

0 =
d+ 1

8πGN

∫

M

d

(

B−(d+1)

d+ 1

(

L

z

)d+1
)

∧ volΣ − d+ 1

8πGN

∫

M

d

(

1

d+ 1

(

L

z

)d+1
)

∧ volΣ

+
d+ 1

16πGN

∫

M

d

(

B−(d−1)

d− 1

(

L

z

)d−1
)

∧ GΣ − d+ 1

16πGN

∫

M

d

(

1

d− 1

(

L

z

)d−1
)

∧ GΣ + . . . , (756)

89To evaluate these expressions, a regulator is required. The last step of renaming the integration variable has a corresponding effect on the
cutoff and thus is not innocuous in the renormalization procedure. Such a regulator is not Weyl-covariant, which is consistent with the fact that an
anomaly arises. Most of the details of the renormalization occur in expressions that are the difference of two Weyl-equivalent actions, whereas
the anomaly is not and has been cleanly extracted.
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with GΣ = X(1)volΣ (Weyl weight −(d − 1)). We observe that the offending term in d → 1− (that is, boundary

dimension 2−) is

d+ 1

16πGN

∫

M

d

(

B−(d−1)

d− 1

(

L

z

)d−1
)

∧ GΣ − d+ 1

16πGN

∫

M

d

(

1

d− 1

(

L

z

)d−1
)

∧ GΣ = − 1

8πGNL

∫

Σ

lnB GΣ. (757)

The equality in this equation is obtained expanding B around 1 and eventually imposing d = 1. For concreteness we

expand this final result using the holographic value of X(1), (743). Then, we read from (752):

A1 =
1

8πGNL

∫

Σ

lnB GΣ = − L

16πGN

∫

Σ

lnB R(0)volΣ. (758)

This numerical coefficient is the correct one that leads to the central charge c =
3L

2GN
. We will shortly comment on

the implications, but notice already that R(0) is not the Levi-Civita curvature, as usually found, but rather the Weyl

curvature. As such, it is a Weyl-covariant scalar.

The Weyl anomaly in d = 1 then is best expressed cohomologically as the difference:

(e ∧ GΣ)
′ − (e ∧ GΣ) = d(lnB A1 volΣ), (759)

with A1 proportional to X(1). Each term on the left is expected to be closed (because they are top forms in the bulk!)

but the difference is in general exact, with its strength determining the Weyl anomaly of the boundary theory.

Some comments are in order here. Firstly, we have obtained a very powerful new result: the Weyl anomaly A1

is now dictated in two boundary dimensions by the Weyl-covariant scalar curvature R(0). This is not the case if we

start with the FG gauge in the bulk, for which the Levi-Civita scalar curvature appears. The Weyl covariance of all

the subleading terms in the WFG gauge implies that the anomaly in every even boundary dimension will have Weyl-

covariant curvature coefficients in our framework. Secondly, we expect the cohomological derivation of the anomaly

to be a general feature, not restricted to the two-dimensional case. In fact, recalling that the metric determinant is

expanded as

√

−h(z;x) =

(

L

z

)d+1√

−g(0)(x)
[

1 +
1

2

z2

L2
X(1) +

1

2

z4

L4
X(2) + ...+

1

2

zd+1

Ld+1
Y (1) + ...

]

, (760)

we deduce that a similar derivation as for the two-dimensional case holds in any even dimension, with GΣ generally

replaced by

G(k)
Σ = X(k)volΣ. (761)

We therefore claim that in any even boundary dimension d+ 1 = 2k,

(

e ∧ G(k)
Σ

)′
−
(

e ∧ G(k)
Σ

)

= d(lnB Ak volΣ), (762)

the Ak term on the right-hand side being proportional to X(k). Looking for a universal form of X(k) as a function of

the Weyl curvature tensors of the boundary is an appealing future direction of investigation.

5.3 Field Theory Aspects

In this section, we will make some preliminary remarks about the dual field theory. The holographic analysis im-

plies that we should now consider a field theory coupled to a background metric and Weyl connection, with action

S[g(0), a(0); Φ] where Φ denotes some collection of dynamical fields to which we will assign some definite Weyl

weights. As we will explain, this is perfectly natural from the field theory perspective as well, but constitutes a new

organization of such field theories (which in the usual formulation are coupled only to a background metric). The

quantum theory possesses a partition function Z[g(0), a(0)] that depends on the background, both through explicit

dependence in the action and in the definition of the functional integral measure. A background Ward identity is

generated by changing integration variables Φ(x) → B(x)wΦΦ(x) giving

Z[g(0), a(0)] = eA[B]Z[B(x)−2g(0), a(0) − d lnB(x)] (763)

with A a possible anomalous contribution. Thus the Weyl Ward identity is a relationship between different theories,

that is, field theories in different backgrounds and so, more properly, we refer to the above equation as a background
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Ward identity. Strictly speaking, this argument applies to free theories, whereby (if Φ is a scalar) wΦ = 1
2 (d − 1) is

the engineering dimension. An example of an action in this context is

S[g(0), a(0); Φ] = − 1
2

∫

dd+1x
√

−g(0) gµν(0)DµΦDνΦ (764)

where DµΦ = ∂µΦ+ wΦa
(0)
µ Φ is Weyl-covariant.90 Notice that the stress tensor of this theory has the form

Tµν
g(0),a(0)

(x) =
2

√

−g(0)
δS[g(0), a(0); Φ]

δg
(0)
µν (x)

= DµΦ(x)DνΦ(x)− 1

2
g(0)µν(x)g(0)αβ(x)DαΦ(x)DβΦ(x) (765)

Here we have used pedantic notation to emphasize that the definition of the operator depends on the background

fields. This operator is Weyl-covariant, by which we mean

TµνB(x)−2g(0),a(0)−d lnB(x)
(x) = B(x)d+1Tµν

g(0),a(0)
(x) (766)

That is, if we compare correlation functions of the stress tensor in two Weyl-related backgrounds, there will be a

relative factor of B(x)d+1 for each instance of the stress tensor; for brevity, we refer to this as the stress tensor (with

two upper indices) having Weyl weight wT = d+ 1. Similarly, we have the Weyl current

Jµ
g(0),a(0)

(x) =
1

√

−g(0)
δS[g(0), a(0); Φ]

δa
(0)
µ (x)

= wΦΦ(x)DµΦ(x) (767)

This operator is also Weyl-covariant in the same sense as the stress tensor and is of weight d+1. Thus T̂µν and Ĵµ

have the properties of the operators sourced in the holographic WFG theory. In a holographic theory, we would not

have the free field discussion given here, but we can still discuss sourcing these operators (in a given background).

Earlier, we saw that the classical Weyl Ward identity involved a linear combination of the trace of the stress

tensor and the divergence of the Weyl current. This is in fact easily established in general terms. Here we will use

classical language, but the argument easily extends to the quantum case by making use of (763). Indeed, suppose

that the classical action satisfies

S[g(0), a(0);BwΦΦ] = S[g(0)/B2, a(0) − d lnB; Φ] (768)

As mentioned above, this is what we mean by Weyl being a background symmetry. By expanding both sides for

small lnB and going on-shell, we find

0 =

∫

dd+1x
δS

δa
(0)
µ (x)

∂µ lnB(x) +
∫

dd+1x
δS

δg
(0)
µν (x)

(

− 2 lnB(x)g(0)µν (x)
)

(769)

We recognize that this may be written as

0 =

∫

dd+1x
√

−g(0) Jµ(x)∂µ lnB(x) +
∫

dd+1x
√

−g(0) Tµν(x)
(

− lnB(x)g(0)µν (x)
)

(770)

and, by integrating by parts, we have

0 = −
∫

dd+1x
√

−g(0)
(

DµJµ(x) + Tµν(x)g(0)µν (x)
)

lnB(x) (771)

This result serves to identify the relative normalization of T
(0)
µν and p

(0)
µ and their relation with the currents defined

here. Incidentally, the Weyl-covariant derivative appears in (771) precisely because the current Jµ (with raised index)

has Weyl weight d+ 1.

We remark that typical discussions of related topics are rife with “improvements” to operators such as the stress

tensor [188,189], including mixing with a so-called ‘virial current’. The operators that we have defined here have the

advantage of transforming linearly, and in particular do not mix with each other, under Weyl transformations. Note

also that the Weyl current in the free theory is in fact a total derivative. Thus, at least in the absence of edges or

boundaries [92,202], one might suppose that this operator is in a sense trivial.

This last comment concludes our wondering regarding the appearance of Weyl symmetry in holography, at least

in the familiar AdS setting. Future directions and perspectives will be detailed in the conclusions, hereafter.

90An independently Weyl invariant action term is
∫

dd+1x
√

−g(0) R(0)Φ2. It is well-known that using the Levi-Civita connection, only a specific
linear combination of the kinetic term and such a curvature term is Weyl invariant, at least up to a total derivative.
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6 Conclusions

Since our road was long and not always straightforward to pave, we are going to recap our results and further

comment on them. We will then outline future avenues of research, to be explored in either the short or the long

term.

Our Findings

The focus of this thesis has been on the flat limit of the fluid/gravity dictionary. In an abuse of language, we constantly

referred to the latter as “flat holography”. To some degree, what we have investigated is really an asymptotically

flat holographic picture. However, as highlighted throughout the analysis, we miss at present a fully understood

microscopic duality.

We began our manuscript with a review of the way one obtains the AdS fluid/gravity duality starting from

AdS/CFT. In principle, one could have just postulated that a bulk solution of Einstein equations with negative cos-

mological constant is dual to a relativistic conformal fluid living on its boundary together with an energy-momentum

tensor given by the subleading order of the bulk-to-boundary expansion of the metric, in a suitable (FG) gauge.

From the boundary viewpoint, we need a d + 1-dimensional metric and an energy-momentum tensor Tµν , and

we are in business. In other words, given Tµν , this means that we can expand it geometrically along a boundary

normalized time-like congruence, interpreted as the fluid velocity, and the hydrodynamic equations of motion will

be encoded in the divergence of Tµν being zero. We thus expanded and characterized the most general energy-

momentum tensor in arbitrary dimension and payed particular attention to the geometrical setting. Indeed we kept

the latter as general as possible, which as a byproduct returns many geometrical tensors we dealt with.

After this, we restricted our attention to three-dimensional fluids, eventually dual to four-dimensional gravitational

solutions. In three dimensions, given a congruence, one can introduce a transverse duality operation, which we

called η̃, with remarkable properties. Specifically, it intervenes in the integrability conditions we will shortly comment.

At this point we introduced an important tool in fluid/gravity: Weyl symmetry. We used it to organize the boundary

geometry and hydrodynamics, both in three and two dimensions. The boundary Weyl tensor being zero in three

dimensions, we defined its three-dimensional analogue, called Cotton tensor and described its main features. It

shares all the properties of the energy-momentum tensor (if conformal), hinting already a relationship between the

two.

We specified afterward to two dimensions, where the boundary hydrodynamics is easier to handle. In fact, it has

been wrongly claimed to be trivial. Here, we discussed in detail that both the presence of a heat current and an

anomalous trace makes a two-dimensional fluid interesting. The heat current is fully determined by a scalar, aligned

on the only available transverse direction. In two dimensions, it is possible to concretely analyze the issue related

to the hydrodynamic frame choice. We discussed this issue multiple times, so we recap it here. The velocity of a

relativistic fluid is not a physical observable: since heat, friction and kinetic motion are all just energy exchanges,

relativistically we are free to align a fluid congruence along any particular direction. This leaves us with some

freedom in choosing the latter. We yet do not know at this point whether holography on the other hand is sensitive

or not to a particular choice of the fluid velocity. Indeed, it is a priori possible (and a posteriori confirmed at least

in two dimensions) that our holographic setup breaks this hydrodynamic frame covariance. There is even a more

questionable discussion related to hydrodynamics itself. Namely, it is possible that the latter has some global issues

for which it is not straightforward to move from a frame to another. We therefore decided to avoid gauge fixing

and worked with the most general fluid, where a heat current is present. This choice means that we are not in the

Landau-Lifshitz frame. It does not exclude, however, the possibility of being in the so-called Eckart frame. Indeed,

in the latter one requires additional currents to be perfect. To show this we should in principle extend our setup to,

for instance, charged fluids dual to Einstein-Maxwell spacetimes. This is part of our agenda and will discuss in the

outlook.

The AdS gravity side was at this point studied, and the reconstruction of bulk solutions discussed. We used in

fluid/gravity the so-called derivative expansion, better suits than the Fefferman-Graham one. In fact, the former is

explicitly based on Weyl covariance and, most importantly for our goal, admits a smooth vanishing cosmological

constant limit. We immediately specialized to four-dimensional bulks, and wrote the most general r-expansion of

the bulk line element compatible with Weyl covariance, which solves the r-evolution parts of Einstein equations. We

decided to parametrize the boundary three-dimensional metric à la Randers-Papapetrou and adapt on it the fluid

congruence as u = 1
Ω∂t. Subsequently we noticed that imposing the shear of such congruence to vanish creates

severe simplifications of the expanded bulk line element, and suggests a resummation of the latter in a closed form.

We moreover imposed boundary integrability conditions. These are relationships among the dissipative part of the
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energy-momentum tensor and the Cotton tensor, suggested by the expansion of the bulk Weyl tensor and encoded

in a sort of electro-magnetic duality for gravity. Every fluid describes order by order in the derivative expansion a

dual bulk solution. If we require the boundary fluid to be shearless and to satisfy integrability conditions, then this

fluid is dual to an Einstein solution with line element written in closed form. It is exploring this path that we found

that the shearless condition and the fact that we imposed integrability restrict the achievable class of solutions in the

bulk to be the algebraically special ones, due to the Goldberg-Sachs theorem. This theorem states that a solution

of Einstein equations is of Petrov class algebraically special if it admits a null geodesic and shearless congruence.

The resummed derivative expansion is written based on a null geodesic congruence, which is found to be shearless

due to the shearless condition on the boundary fluid velocity. It is moreover a solution of Einstein equations thanks

to the integrability conditions. Therefore, all the Goldberg-Sachs theorem hypothesis are verified, hence the thesis.

After corroborating all these findings in the Robinson-Trautman example, we focused our attention on the two-

dimensional situation. Here the heat current has a compatible Weyl weight to intervene in the bulk line element.

Einstein solutions are labeled by their asymptotic charges, so we proceeded and computed them for different sub-

classes. These are the dissipative static fluid case and the perfect fluid with arbitrary velocity. The former is in a

generic fluid frame while the latter is by construction in what is known as the Landau-Lifshitz frame. We proved that

the asymptotic charges have different algebras in the two cases, which ultimately shows that we cannot choose in

holography the boundary fluid velocity at will, at least within our framework and in two dimensions. This concluded

the discussion of the fluid/gravity dictionary in AdS. That is, the upper part of our square of dualities.

On top of being interesting per se, Section 2 prepared the ground for the flat limit. This comes about thanks to the

important realization that the bulk cosmological constant is proportional to the boundary speed of light. Therefore,

sending Λ → 0 is equivalent to send k → 0. This limit on the boundary theory is at first puzzling, and we devoted

all Section 3 to it and its consequences. Inspired by the ultra-relativistic contraction of the Poincaré group made by

Levy-Leblond [79], we called this limit a Carrollian limit. We firstly analyzed the boundary metric, singular in the limit.

This is neither bothering nor surprising, because we saw that this is exactly the feature that occurs in passing from

the boundary of an AdS spacetime to an asymptotically flat one. In the latter the boundary is a degenerate manifold

I, with the AdS time-like congruence replaced by the correspondent null congruence. This limit unraveled as well

a privileged class of diffeomorphisms, which we called Carrollian diffeomorphisms. We determined the geometric

structure associated with these diffeomorphisms and the fate of the Weyl connection, now Weyl-Carroll, to comply

with metricity and Carrollian transformations. These break the d+1-dimensional manifold in a spatial d-dimensional

base and a one-dimensional null direction. Carrollian covariance is an important result and a useful consistency

check.

After exploring the geometry, we focused on the hydrodynamic equations of motion limit. This was addressed

in arbitrary dimension and fluid. We saw how the conservation of the energy-momentum tensor splits in two scalar

equations and two Carroll vector equations in the limit k → 0. We checked Carroll covariance and then specialized to

conformal fluids, where Weyl-Carroll covariance is at play, and allows to drastically simplify the form of the equations.

We eventually reported the specific result of this limiting procedure in three and two dimensions.

We observed that there is no more a notion of energy-momentum tensor in a fully general Carrollian limit. We

therefore introduced the Carrollian counterparts of T , which we called Carrollian momenta, and showed that Carrol-

lian covariance implies their conservation. These conservation equations match nicely the limit of the divergence of

T , as expected. We then defined Carrollian intrinsic conserved charges and found that they are equal to the usual

surface charges in the case of linearized asymptotically flat four-dimensional gravity, further supporting the accuracy

of our findings.

We then applied our method to the dual Galilean limit, where now k is sent to infinity. This is certainly different,

but in a very precise way – Galilean vectors and scalars are dual to Carrollian ones. The first step was to choose the

correct relativistic parametrization of the boundary metric to obtain Galilean diffeomorphisms, which is the Zermelo

one. The next step then was to organize the theory with respect to Galilean diffeomorphisms, for which time is

absolute. With all this at our disposal we found the most general continuity, energy and Euler equations. We

eventually probed these equations in some examples.

With all the AdS fluid/gravity dictionary ready and the boundary k → 0 limit mastered, we focused on the final

part of the road, where we take the flat limit of the resummed line element, Section 4. Here the limit k → 0 of the

derivative expansion turned out to be neither trivial nor divergent. This result was not at all a priori guaranteed. It

constituted an important traffic circle in our road.

We firstly considered the limit in the four-dimensional case. We wrote the line element only as a function of

Carrollian data living on the null asymptote, and, for the same reason as its AdS precursor, we proved that this gives

rise to all algebraically special asymptotically flat solutions. There is no notion of Cotton tensor on a degenerate

null manifold, so we carefully extracted the k → 0 limit of the integrability conditions, characterizing the Cotton
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descendants as functions of the Carrollian tensors introduced previously. This limit also enhanced the number

of dissipative tensors, with now a couple of heat currents and stress tensors at play. All of this has then been

tested in some examples. We presented the reconstruction of the Kerr-Taub-NUT family, where everything is time

independent but there is boundary fluid vorticity. Then, we discussed the Ricci-flat Robinson-Trautman solution.

Armed with the expertise acquired in the AdS case, we showed how this time-dependent solution can be obtained

starting by Carrollian conservation equations, which eventually are encoded in the Robinson-Trautman bulk Einstein

equation.

We then moved to the bulk three-dimensional case. Here again the flat limit of the derivative expansion is

finite and, in contrast with the four-dimensional case, allows to gather in general all bulk solutions.91 This has been

checked computing the asymptotic charges and showing that they infer the general Virasoro algebra, with the central

charge. As for its AdS ancestor, the case with perfect fluid is not arbitrary enough, which questions the role played

by the heat current in holography. We concluded this section describing how the intrinsic Carrollian charges match

with the surface charges also in this case.

This concluded our road toward flat holography. Many questions have been raised on the way and will be listed

shortly. At this point we noticed how important Weyl covariance was in our construction. We therefore dedicated

Section 5 to a through analysis of Weyl symmetry, in the context of AdS/CFT. In fact, Weyl symmetry was already

implemented to certain extent in fluid/gravity but sidestepped at the microscopic level, in the FG formulation of holog-

raphy. We confined our attention to AdS, for we worked with a slight generalization of the Fefferman-Graham gauge,

that we named Weyl-Fefferman-Graham. The latter is indeed form invariant under Weyl diffeomorphism, which is

the bulk transformation that induces a boundary Weyl rescaling of the metric and shift of the Weyl connection. The

WFG gauge allowed to obtain a clear derivation and geometrical interpretation of the Weyl anomaly. Furthermore,

the subleading terms of Einstein equations returned the boundary Ward identity that we elegantly showed in the

boundary field theory, defined on a background given by both the metric and the Weyl connection.

Outlooks

This work raised many interesting questions. It touched upon only partially or even sometimes marginally to some

of them, which represent appealing directions of investigation. While part of these questions are surely addressable

in the near future, other are far from being understood. We organize the arguments starting from what we consider

the closest to be achieved all the way to the more conceptual long-term questions.

The first question concerns the expansion of all this work to higher dimensions. Considering what happens

in moving from three-dimensional bulks to four-dimensional ones, we suspect the presence of some conditions

relating geometry and hydrodynamics even in higher dimensions. The role of the Cotton tensor is special to three-

dimensional boundaries. As a result, it will have to be replaced with other conformal tensors, like the Weyl or Bach

tensors, now non vanishing. Some steps in this direction have been made in [199], which we had the opportunity

to closely follow. Useful results could be the characterization of conformal tensors and the formalism developed

in [208].

Extensions of this work could be performed by including a charged fluid in the hydrodynamic boundary theory.

The latter would then be dual to Einstein-Maxwell solutions in the bulk, [209]. In this scenario integrability conditions

would relate then the geometry with the energy-momentum tensor and the electro-magnetic current in the bound-

ary – the dynamics being encoded in the divergence of the energy-momentum tensor equal to the current. We

addressed this problem in [210], but many questions are still open, in particular in relation with the next point: the

hydrodynamic frame invariance.

The charged case could indeed shed light on the role played by the fluid congruence, both intrinsically and from

holography. Concerning the former, it could be that only in the presence of an extra current the question of changing

fluid frame is fully treatable. Regarding the latter, we know already that we cannot neglect the heat current, key

ingredient in our construction. In the charged situation, however, we will have an extra dissipative current which

can intervene together with the heat current and perhaps these two will turn out to be interchangeable, as the

hydrodynamic frame invariance would suggest.

Relating to the previous point, another direction could be to study what happens to the derivative expansion when

we change boundary hydrodynamic frame, even in the charge-less case. We know the line element is sensitive to

this modification, but perhaps by analyzing the explicit form of it we can obtain an improvement of the line element

such that it is form invariant under boundary frame redefinition. In fact, our line element in three dimensions can be

enhanced at will as long as it leads to reasonable boundary conditions. This would also make contact with the order

91At least all known bulk solutions, compatible with particular choices of boundary conditions.

104



by order attempts made in [24, 25], where the fluid was forced to be in the Landau-Lifshitz gauge. The Robinson-

Trautman example is also a situation where moving to this frame has been implemented [56, 57], so having an

covariant framework could shed more light on this class of solutions also.

As we mentioned in the main text, integrability conditions infer the right boundary structure to reach particular

classes of bulk solution. Indeed, every fluid can be settle to be dual to a solution of Einstein equations order by order.

Nonetheless, only under integrability and shearless conditions we reach a bulk solution written in closed form. The

reason why integrability conditions are needed, or rather what are their consequences, is still under investigation.

We know they arise in the boundary expansion of the bulk Weyl tensor [30,50,51] as a sort of gravitational electro-

magnetic duality. We should persist in this direction introducing for instance the analogue of the energy-momentum

charges for the Cotton tensor instead. These would be magnetic charges. Therefore, integrability conditions could

be thought as a relationship between the electric and magnetic spectra of the boundary theory. This has been

investigated in the BMS construction [147, 211–213] and is related to the whole soft physics program [202], which

is the study of infrared physics. Our fluid perspective could potentially lead to interesting results in this direction.

In three-dimensional bulk our results on the different boundary configurations and the correspondent asymptotic

charges is intriguing. The most general fluid configuration has not yet been analyzed, and we suspect its bulk line

element could be the explicit realization of the boundary condition of [207, 214, 215]. This result would indicate the

power of our approach. Furthermore, it would allow to understand where the different contributions come from and

how they can be tuned. Eventually a through analysis of the solution phase space is required.

Another appealing argument to explore is the boundary microscopic structure of the field theory introduced

in Section 5. The Ward identity discussed there indicates that the energy momentum is not traceless. It would

be relevant to study this equation with contact terms [216], and to probe the theory described there in first order

formalism [217].

Eventually we arrive to the most long-term question: the microscopic realization of flat holography. Although

parts of the road are yet to be paved, some parts of it have already been done, [120–122]. We believe the subject is

moving toward the right direction but it is still unraveling. Indeed we know that the boundary theory possesses BMS

symmetry [116,118],92 where the null-like direction plays a privileged role. Attempts have been done in constructing

BMS field theories [110], putative dual of asymptotically flat solutions. The situation on the topic is still confusing

in many aspects. Firstly, there is no definition of a boundary stress tensor because, as discussed, this is replaced

by the Carrollian momenta. However we yet do not know how to extract the latter given an explicit bulk solution in

full generality. Secondly, the bulk action diverges as in AdS, but here we are currently missing a full renormalization

scheme. Lastly, there is no high energy construction underlining the duality so far. That is, we do not have any

string theoretical realization to rely on. One could argue that there could be another quantum gravity theory that

gives in the IR limit asymptotically flat solutions of general relativity such that they are dual to a BMS boundary

field theory. Whatever the answer will turn out to be, we need some guidelines in this dark road, which could come

from a bottom-up approach based on constructing a field theory based on the boundary symmetries, or from a

top-down one, with a limit of some high energy theory which unravels a way to relate the bulk partition function with

the boundary one – whatever theory the latter will then describe.

In conclusion, this work sets the stage to raise multiple questions in different domains and in the links among

them. While parts of the open questions are already well-posed, others are more long-term questions addressing

the core of holography.

92To obtain the asymptotic symmetries part of the diffeomorphisms are usually locked and ansatz are made on the asymptotic behavior of the
metric fields. It is possible that new different conditions lead to different asymptotic symmetries. The state-of-art on the topic is BMS, but new
results have been developed recently [218].
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A Weyl Connections and Weyl Manifolds

We recall here the definition of a Weyl connection and its geometrical curvature tensors, further informations can be

found in [174–176].

Given a manifold M with metric g and connection ∇ (on the tangent bundle TM ), we define the metricity ∇g and

torsion T via

∇Xg(Y , Z) = ∇X(g(Y , Z))− g(∇XY , Z)− g(Y ,∇XZ), (772)

T (X,Y ) = ∇XY −∇YX − [X,Y ] . (773)

Here for brevity we adapt an index-free notation where X, ... are arbitrary vector fields and [X,Y ] denotes the Lie

bracket.

Suppose we have a basis {ea} of vector fields, and define the connection coefficients via

∇ea
eb = Γcabec. (774)

It is a familiar theorem that requiring both the metricity and torsion of the connection to vanish leads to a uniquely

determined set of connection coefficients, those of the Levi-Civita connection. Indeed, further defining the rotation

coefficients

[ea, eb] = Cab
cec, (775)

we find the general result

Γ̊dac =
1
2g
db
(

ea(gbc) + ec(gab)− eb(gca)
)

− 1
2g
db
(

Cab
fgfc + Cca

fgfb − Cbc
fgfa

)

, (776)

where gab ≡ g(ea, eb) and we use the circle notation to refer to the Levi-Civita quantities.93 This reduces with the

choice of coordinate basis ea = ∂a to the familiar Christoffel symbols.

The vanishing of metricity and torsion are certainly invariant under diffeomorphisms. Therefore, all the geomet-

rical objects built using the Levi-Civita connection transform nicely under diffeomorphisms. We note though that

metricity is not invariant under Weyl transformations94 g → g/B2, instead transforming as

∇g → (∇g − 2d lnB ⊗ g)/B2. (779)

Consequently, if we wish to consider geometric theories in which Weyl transformations play a role, it is inconvenient

to choose the usual Levi-Civita connection. Instead, one attains a connection that is covariant with respect to both

Weyl transformations and diffeomorphisms by introducing a Weyl connection A which transforms non-linearly under

a Weyl transformation

g → g/B2, A→ A− d lnB. (780)

By design then, the Weyl metricity is covariant95

(∇g − 2A⊗ g) → (∇g − 2A⊗ g)/B2, (781)

and it makes sense to set it to zero if one wishes. Fortunately, there is a theorem which states that there is a unique

connection (also generally referred to as a Weyl connection) that has zero torsion and Weyl metricity. In this case,

the connection coefficients are given by the formula

Γdac = 1
2g
db
(

ea(gbc) + ec(gab)− eb(gca)
)

− 1
2g
db
(

Cab
fgfc + Cca

fgfb − Cbc
fgfa

)

−
(

Aaδ
d
c +Acδ

d
a − gdbAbgca

)

. (782)

93This is again a notation we exploit only where the Weyl connection is relevant, to avoid heavy notation.
94The Weyl transformation should not be confused with a conformal transformation, which is a diffeomorphism. They do look similar in their

actions on the components of the metric,

Weyl : gab(x) 7→ gab(x)/B(x)2, (777)

conformal : gab(x) 7→ g′ab(x
′) = gab(x)/ω(x)

2. (778)

Here though, B(x) is an arbitrary function, while ω(x) is a specific function, associated with a special diffeomorphism that is a conformal isometry.
95To be more specific, what we mean by this notation is

(∇g − 2A⊗ g)(X,Y , Z) = ∇Xg(Y , Z)− 2A(X)g(Y , Z)

The notation A(X) used here and throughout the paper refers to the contraction of a 1-form with a vector, A(X) ≡ iXA ≡ AaXa.
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We note that these connection coefficients are in fact invariant under Weyl transformations. Consequently, the

curvature of the Weyl connection has components96

Rabcd = ec(Γ
a
db)− ed(Γ

a
cb) + ΓfdbΓ

a
cf − ΓfcbΓ

a
df − Ccd

fΓafb (784)

that are themselves Weyl invariant. This Weyl-Riemann tensor possesses less symmetries than its Levi-Civita

counterpart, and indeed the degrees of freedom contained within are in one-to-one correspondence with the Levi-

Civita Riemann tensor, plus a 2-form F , which is the field strength F = dA. To see this, we can write the Weyl

curvature components in terms of the Levi-Civita curvature components,

Rabcd = R̊abcd + ∇̊dAbδ
a
c − ∇̊cAbδ

a
d + (∇̊dAc − ∇̊cAd)δ

a
b + ∇̊cA

agbd − ∇̊dA
agbc (785)

+Ab(Adδ
a
c −Acδ

a
d) +Aa(gbdAc − gbcAd) +A2(gbcδ

a
d − gbdδ

a
c). (786)

The corresponding Weyl-Ricci tensor, which we define as Ricab = Rcacb, is given by

Ricab = R̊icab − d+1
2 Fab + (d− 1)

(

∇̊(aAb) +AaAb

)

+
(

∇̊ ·A− (d− 1)A2
)

gab (787)

in space-time dimension d+ 1. We then read off that the Weyl-Ricci tensor has an antisymmetric part

Ric[ab] = −d+1
2 Fab, (788)

while the symmetric part differs from the Levi-Civita Ricci tensor,

Ric(ab) = R̊icab + (d− 1)
(

∇̊(aAb) +AaAb

)

+
(

∇̊ ·A− (d− 1)A2
)

gab. (789)

The corresponding Weyl-Ricci scalar is the trace,

R = R̊+ 2d∇̊ ·A− d(d− 1)A2. (790)

Under a Weyl transformation, R→ RB2, so we see that the Levi-Civita Ricci scalar must transform very non-trivially

under Weyl,

R̊→ B2
(

R̊+ 2d∇̊2 lnB − 2d(d− 1)A · d lnB + d(d− 1)(d lnB)2
)

(791)

in order to cancel the transformation of the non-Weyl-invariant expression involving the Weyl connection A. We

thus see the important role played by the Weyl connection. Organize the theory with respect to the latter is a more

natural prescription, whenever this theory includes Weyl transformations.

Given a Weyl connection, we can organize tensors in such a way that they have a specific Weyl weight and we

use the notation

DXt = ∇Xt+ wtA(X) t. (792)

whereby

t→ Bwtt, Dt→ BwtDt. (793)

For the specific case of a scalar field φ, we would then write Daφ = ea(φ)+wφAaφ. The condition that Weyl metricity

vanishes is translated in this notation as Dg = 0.

Finally we remark that the Bianchi identity for the Weyl-Riemann tensor is

∇aR
e
bcd +∇cR

e
bda +∇dR

e
bac = 0 (794)

Contracting the e, c indices, we get the once-contracted Bianchi identity

∇aRicbd −∇dRicba +∇cR
c
bda = 0. (795)

which given that the Weyl-Riemann and Weyl-Ricci tensors are Weyl invariant, can also be written as

DaRicbd −DdRicba +DcRcbda = 0. (796)

96Here we are using the convention

Ra
bcdea ≡ R(eb, ec, ed) ≡ ∇ec

∇ed
eb −∇ed

∇ec
eb −∇[ec,ed]

eb (783)
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If we multiply by gab, we find

gabDaRicbd −DdR+Dc(gabRcbda) = 0. (797)

This can be simplified further by noting that

gabRcbda = gcb
(

Ricbd + 2Fbd

)

(798)

and hence the twice contracted Bianchi identity can be simplified to

gabDa(Gbc + Fbc) = 0 (799)

where Gab = Ricab − 1
2Rgab is the Weyl-Einstein tensor. Since G and F have Weyl weight zero, this can also be

written as

gab∇a(Gbc + Fbc) = 0 (800)

This is the analogue of the familiar result in Riemannian geometry, ∇̊aG̊ac = 0.

B Petrov Classification and Goldberg-Sachs Theorem

We hereby recall the Petrov classification of the Weyl tensor (we work here in four dimension), which is relevant

to the Goldberg-Sachs theorem. The latter will be enunciated and proved to hold for our four-dimensional bulk

resummed metric (158) and congruence ∂r. This Appendix uses results outlined in [37,44,48,210].

The petrov classification allows to study the eigenvalues of the Weyl tensor, here spelled Cabcd.
97 To do so, we

introduce the complex null tetrad kkk, lll,mmm,mmm and write the metric as

ds2 = −2kkklll + 2mmmmmm. (801)

The eigenvalue problem for the Weyl tensor boils down to solve

1

2
CabcdX

cd = λXab, (802)

with Xab an eigen-bi-vector, i.e. a skew symmetric tensor. It is possible to prove that classify the eigenvalues of this

equation is equivalent to the characterization of the Weyl tensor in terms of its principal null directions, in particular

one obtains

k[eCa]bc[dkf ]k
bkc = 0 ⇔ ΨΨΨ0 = Cabcdk

ambkcmd = 0. (803)

After all the symmetries being used, we need only ten real independent components of the Weyl tensor, which

can be stored in five complex functions obtained with contractions of C with the various basis forms

ΨΨΨ0 = Cabcdk
ambkcmd (804)

ΨΨΨ1 = Cabcdk
albkcmd (805)

ΨΨΨ2 = Cabcdk
ambmcld (806)

ΨΨΨ3 = Cabcdk
albmcld (807)

ΨΨΨ4 = Cabcdm
albmcld. (808)

Then equation (803), after applying the most general null rotation controlled by the complex parameter E, becomes

ΨΨΨ0 = ΨΨΨ′
0 − 4EΨΨΨ′

1 + 6E2ΨΨΨ′
2 − 4E3ΨΨΨ′

3 + E4ΨΨΨ′
4 = 0. (809)

The multiplicity of the solution of this equation will then be also the multiplicity of the principal null directions,

which determine the Petrov class of the spacetime under consideration. The possibilities are

97Throughout this Appendix we use indices a, b, c, d as bulk four-dimensional ones, splittable in a = (r, µ) with µ boundary three-dimensional
indices.
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Petrov type Roots E Multiplicity

I
√
λ2+2λ1±

√
λ1+2λ2√

λ1−λ2
(1, 1, 1, 1)

D 0,∞ (2, 2)

II 0,±i
√

3λ
2 (2, 1, 1)

III 0,∞ (3, 1)
N 0 (4)

A Weyl tensor is said algebraically special (and consequently the spacetime will be said of algebraically special

Petrov class) if it admits at least one multiple principal null direction. That is, if it is of Petrov class D, II, III and

N .98

One can moreover obtain the multiplicity of the principal null directions by directly inspecting the vanishing ΨΨΨ

ΨΨΨ0 = 0, ΨΨΨ1 6= 0, . . . ⇔ Multiplicity 1 ⇔ Petrov I (810)

ΨΨΨ0 = ΨΨΨ1 = 0, ΨΨΨ2 6= 0, . . . ⇔ Multiplicity 2 ⇔ Petrov D, II (811)

ΨΨΨ0 = ΨΨΨ1 = ΨΨΨ2 = 0, ΨΨΨ3 6= 0, . . . ⇔ Multiplicity 3 ⇔ Petrov III (812)

ΨΨΨ0 = ΨΨΨ1 = ΨΨΨ2 = ΨΨΨ3 = 0, ΨΨΨ4 6= 0, . . . ⇔ Multiplicity 4 ⇔ Petrov N. (813)

For the reader non familiar with this classification, we would like to remark that all famous black hole solutions fall

into Petrov type D. It is not an easy task to find and characterize a non algebraically special solutions.

Without further ado, let us now report the Goldberg-Sachs theorem (1961):

Goldberg-Sachs theorem: a vacuum spacetime is algebraically special if and only if it admits a shear-free

congruence of null geodesics.

That is, if there exists a shearless, null and geodesic vector field, then the spacetime has Petrov class D, II, III
and N (and of course O).

We now prove that the resummed line element (158) has a vector field u = ∂r which is indeed null, geodesic

and shearfree. That u = ∂r is null is evident due to the fact that (158) has grr = 0. At the same time, using again

grr = 0, it is straightforward to show that it is also geodesic, for its (bulk) acceleration vanishes (ua = δar )

aa = ub∇bu
a = ubΓabcu

c = Γarr = gab∂rgrb =
1

k2
gab∂rub = 0. (814)

In the second-last passage we used the result gra = ua

k2 , the metric dual of u = ∂r. Finally, in the last passage we

use that the explicit form of this tensor99

u = −k2(Ωdt− bidx
i), (815)

is r-independent. Therefore we have a congruence u which is null and geodesic. It remains to show that it is

shearless.

To demonstrate it, we bring (158) in the form (801) via the identifications

kkk =
1

k2
u (816)

lll = −dr − r

k2
a− H

k2
u+Dνωνµdxµ (817)

mmm =
ρ

P
dζ (818)

mmm =
ρ

P
dζ̄ (819)

where we used that by assumption the boundary spatial part of the metric can be written as (160) due to the

boundary shearlessness assumption. In this expressions we recognize all the various objects introduced in the

main text: the boundary vorticity ω, the boundary acceleration a, the fucntion ρ defined in (157), and we introduce

the function H in lll given by

2H = −θr + k2r2 − R
2

+
1

ρ2
(8πGNεr + cγ). (820)

98Although some authors consider it has a Petrov type (called O), we exclude from our analysis this trivial case where the Weyl tensor itself
vanishes identically.

99The boundary metric dual of this form differs from the bulk one. In the former it is a time-like congruence while in the latter it is null.
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By doing this identification, we elevate the metric dual of the congruence u to be one of the basis tetrad (indeed

from now on we call ua = ka). Notice that the basis forms satisfy by construction

kkk2 = 0, lll2 = 0, lll · kkk = −1. (821)

To define the shear of our congruence, we introduce the rank-2 projector

∆ab = gab + kalb + kbla (822)

which is the projector orthogonal to the 2-dimensional vector space spanned by kkk and lll. We then define the projected

covariant derivative of kkk (here of course ∇ is the bulk Levi-Civita covariant derivative):

Bab = ∆a
c∆b

d∇ckd (823)

The acceleration being zero, we decompose the latter in its symmetric trace-free part (its shear), its skew-symmetric

part (its vorticity), and its trace (its expansion)

Bab = σab + ωab +
Θ

2
∆ab, (824)

whereby

σab =
1

2
(Bab +Bba −Θ∆ab), ωab =

1

2
(Bab −Bba), Θ = ∆abBab. (825)

To explicitly evaluate σ, we first notice, given the already-spelled relationships, that

∇akb +∇bka = ∂rgab, (826)

which allows to write, using the properties of kkk and lll

Bab +Bba = ∆a
c∆b

d∂r∆cd. (827)

Computing now the expansion

Θ = ∆ab∇akb = ∇ak
a = Γaar = ∂r ln

√
g, (828)

we eventually obtain

σab =
1

2
∆a

c∆b
d (∂r∆cd −∆cd∂r ln

√
g) . (829)

We then explicitly compute ∆ and the determinant of the bulk metric. Here the assumption of boundary shearless

is crucial. We obtain

∆abdx
adxb =

2ρ2

P 2
dζdζ̄,

√
g =

Ωρ2

P 2
. (830)

Plugging these results in (829) we get σab = 0 as a fine cancellation between the two contributions.

This remarkable result, pinned on the boundary shearless requirement, shows that the bulk line element (158)

admits a null, geodesic and shearless congruence. Consequently, Goldberg-Sachs theorem applies. That is, the

resummed bulk is algebraically special (it cannot be of Petrov type I), as we claimed in the main text.

Notice eventually that the flat limit of the bulk metric enjoys the same properties. Indeed, in the same way as for

the AdS case we rewrite the metric (585) in terms of a null tetrad (kkk, lll,mmm,mmm):

ds2res. flat = −2kkklll + 2mmmmmm, kkk · lll = −1 , mmm ·mmm = 1 , (831)

where kkk = − (Ωdt− b) is the dual of ∂r and

lll = −dr − rα− rθΩ

2
dt+

ψ

6 ⋆ ̟
+

Ωdt− b

2ρ2

(

8πGNεr + c ⋆ ̟ − ρ2K̂
)

, (832)

(here ψ = ψidx
i), along with

2mmmmmm = ρ2dℓ2 . (833)

Using the above results we find that ∂r is shear-free due to (600). Thus, also (585) is algebraically special.
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ABSTRACT

We discuss the holographic reconstruction of four-dimensional asymptotically anti-de Sitter
Robinson–Trautman spacetime from boundary data. We use for that a resummed version of
the derivative expansion. The latter involves a vector field, which is interpreted as the dual-
holographic-fluid velocity field and is naturally defined in the Eckart frame. In this frame
the analysis of the non-perfect holographic energy–momentum tensor is considerably sim-
plified. The Robinson–Trautman fluid is at rest and its time evolution is a heat-diffusion kind
of phenomenon: the Robinson–Trautman equation plays the rôle of heat equation, and the
heat current is identified with the gradient of the extrinsic curvature of the two-dimensional
boundary spatial section hosting the conformal fluid, interpreted as an out-of-equilibrium
kinematical temperature. The hydrodynamic-frame-independent entropy current is con-
served for vanishing chemical potential, and the evolution of the fluid resembles a Moutier
thermodynamic path. We finally comment on the general transformation rules for moving
to the Landau–Lifshitz frame, and on possible drawbacks of this option.
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1 The Robinson–Trautman spacetime and holography

Robinson–Trautman solutions to Einstein’s equations were found in 1960-1962 [1].1 They are

obtained assuming the existence of a null, geodesic and shearless congruence. In vacuum,

under these assumptions, Goldberg–Sachs theorem states that the corresponding spacetime

is algebraically special, i.e. Petrov type II, III, N, D or O. This feature remains valid when a

cosmological constant or even certain other classes of energy sources are added.

Asymptotically anti-de Sitter Robinson–Trautman spacetimes have attracted some atten-

tion in the framework of holography. The three-dimensional boundary metric and the dual

conformal field theory expectation value of the energy–momentum tensor were found in

[3], where further properties of the boundary state were also discussed, in particular from a

hydrodynamic perspective (see also [4]).

Conformal fluid dynamics was thoroughly studied within fluid/gravity correspondence

[5–7]. This holographic correspondence sets a relationship between Einstein spaces (possibly

with a gauge field) and boundary conformal fluids (potentially charged), incarnated in the

derivative expansion. The derivative expansion is an alternative to the Fefferman–Graham

expansion [8, 9]. Besides the usual boundary data as the metric and the energy–momentum

tensor (for pure gravity), it requires an extra piece, namely a velocity field assumed to slowly

vary in spacetime.

1See e.g. [2] for a modern and more general presentation.
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In fact, the velocity field is redundant since it is not needed in the Fefferman–Graham ap-

proach, and it is arbitrary because for non-perfect relativistic fluids the distinction between

energy and mass is immaterial. Its rôle is to organize the expansion, and its choice a matter of

convenience, or better, of physical framework. Often the derivative expansions are asymp-

totic series, and non-hydrodynamic (i.e. non-perturbative) modes can appear, triggering an

alarm regarding the validity of the hydrodynamic interpretation. From this viewpoint, some

hydrodynamic-frame (velocity-field) choices might be better designated than others.

Fluid/gravity correspondence raises an important question: given a boundary metric,

what are the conditions it should satisfy, and which energy–momentum tensor should it be

accompanied with in order for an exact dual bulk Einstein space to exist? This question has

been successfully investigated in [10–15]. It turns out to be relevant both for the integrability

of Einstein’s equations (à la Geroch, see [16–18]) and because it gives access to exact transport

properties of the holographic fluid. To answer this question the Fefferman–Graham expan-

sion is not very useful because it is not resummable (except for trivial cases [19]), as opposed

to the derivative expansion, which is resummable when the velocity field is chosen shearless.

The resummation process at hand reveals two main features: (i) the bulk Einstein space-

time is Petrov algebraically special, and (ii) the boundary fluid velocity is in the Eckart frame.

This last property is interesting because, often, the general analysis of transport properties

in relativistic fluids is performed in the Landau–Lifshitz frame, hence setting the heat flow

to zero. In the present framework, however, this choice is not natural, and can even be

questionable. This happens in particular for Robinson–Trautman spacetimes, which are al-

gebraically special and emerge while resumming appropriate boundary data, and hence

fall in the class under investigation here. In the following, we will review how Robinson–

Trautman is obtained exclusively from boundary considerations (Sec. 2), and what is the

corresponding holographic-fluid interpretation, with some emphasis on the issue of entropy

(Sec. 3). Two appendices provide further useful information on relativistic hydrodynamics.

2 Reconstruction from the boundary

Our aim here is to review the holographic construction of Robinson–Trautman Einstein

spaces as performed in [13]. We only refer to boundary data, which are designed and com-

bined in order for the derivative expansion to be resummable.
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2.1 The general resummation formula

If ds2 = gµνdxµdxν is the boundary metric and T = Tµνdxµdxν is the boundary energy–

momentum tensor, the resummed bulk metric2 reads:

ds2
res. = 2u(dr + rA) + r2k2ds2 +

Σ

k2 +
u2

ρ2

(

8πGTλµuλuµ

k2 r +
Cλµuληµνσωνσ

2k6

)

. (2.1)

• Here, u is a shearless, normalized, time-like vector field. It has acceleration a =

(u · ∇)u, expansion Θ = ∇ · u, and vorticity ω = 1
2 ωµν dxµ ∧ dxν = 1

2 (du + u ∧ a).

• The guideline for setting up the derivative expansion is Weyl covariance [6, 7]: the bulk

geometry is required to be insensitive to a conformal transformation of the boundary

metric. Covariantization with respect to rescalings is achieved with the Weyl connec-

tion one-form:

A = a − Θ

2
u. (2.2)

Covariant derivatives ∇ are thus traded for Weyl-covariant ones D = ∇ + w A, w

being the conformal weight of the tensor under consideration. In three spacetime di-

mensions, Weyl-covariant quantities are e.g.

Dνων
µ = ∇νων

µ, (2.3)

R = R + 4∇µ Aµ − 2Aµ Aµ, (2.4)

Dµuν = ∇µuν + uµaν −
Θ

2
hµν

= σµν + ωµν (2.5)

(for the last we have used (A.1)), while

Σ = Σµνdxµdxν = −2uDνων
µdxµ − ω λ

µ ωλνdxµdxν − u2 R

2
, (2.6)

is Weyl-invariant and stands for the Weyl-covariantized Schouten tensor.

• The radial coordinate is r, and ρ performs the resummation of the derivative expansion

as it is defined by

ρ2 = r2 +
1

2k4 ωµνωµν = r2 +
q2

4k4 . (2.7)

Boundary Weyl transformations ds2 → ds2/B2 correspond to bulk diffeomorphisms,

which can be reabsorbed into a redefinition of the radial coordinate: r → B r.

• The boundary metric ds2 = gµνdxµdxν has in general non-vanishing Cotton tensor

2We have traded here the usual advanced-time coordinate used in the quoted literature on fluid/gravity
correspondence for the retarded time, spelled t (see (2.13)).
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C = Cµνdxµdxν, where

Cµν = ηµρσ∇ρ

(

R σ
ν − R

4
δ σ

ν

)

, (2.8)

with ηµνσ =
√−g ǫµνσ. Whenever C is non-zero, the bulk is asymptotically locally anti-

de Sitter. The Cotton tensor has conformal weight one (like the energy–momentum

tensor) and is identically conserved:

∇ · C = 0. (2.9)

The bulk metric ds2
res. given in expression (2.1) is an exact Einstein space with Λ = −3k2

provided the boundary energy–momentum tensor is exactly conserved:

∇ · T = 0. (2.10)

This statement might raise questions, and calls for a few remarks. The energy–momentum

tensor is not meant to be necessarily of perfect-fluid type. At the same time, the time-like

congruence u, chosen independently, is interpreted as the fluid velocity. It is somehow puz-

zling that despite the apparent (and, as we already discussed, legitimate) arbitrariness of

this choice, the statement regarding the exact Einstein nature of ds2
res. could hold. There is a

simple explanation for this.

Firstly, we have imposed (as part of our resummation ansatz) u to be a shearless congru-

ence. This assumption, not only enables us to discard the large number of Weyl-covariant

tensors available when the shear is non-vanishing, which would have probably spoiled any

resummation attempt; but it also selects the algebraically special geometries, known to be

related with integrability properties. Indeed, on the bulk (2.1), u is a manifestly null congru-

ence, associated with the vector ∂r . One can show (see [14]) that this bulk congruence is also

geodesic and shear-free. According to the generalizations of the Goldberg–Sachs theorem, the

anticipated Einstein bulk metric (2.1) is therefore algebraically special, i.e. of Petrov type II,

III, D, N or O.

Secondly, the freedom in choosing u is only apparent because we have required it to

be shearless. In 2 + 1 dimensions, such a time-like vector field is essentially unique – unless

there are symmetries, in which case all choices are anyway equivalent due to the symmetries.

Indeed, given a generic three-dimensional metric (rather, a conformal class of metrics), there

is a unique way to express it as a fibration over a conformally flat two-dimensional base:3

ds2 = −(dt − b)2 +
2

k2P2 dζdζ̄, (2.11)

3See e.g. [20] and the discussion in the appendix of [14].
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with P an arbitrary real function of (t, ζ, ζ̄), and

b = B(t, ζ, ζ̄)dζ + B̄(t, ζ, ζ̄)dζ̄. (2.12)

In this metric,

u = −dt + b (2.13)

is precisely normalized and shear-free (see [14]). This defines our fluid congruence.

Thirdly, using the above resummation technique, it is possible to control from the bound-

ary the Petrov type of the bulk, encoded in the Weyl tensor. The Weyl tensor and its dual

can be used to form a pair of complex-conjugate tensors. Their five independent complex

components are naturally packaged inside two complex-conjugate symmetric 3× 3 matrices

Q± with zero trace (see e.g. [2]). The eigenvalue structure of Q± (i.e. the degeneracy of

the Weyl principal null directions) determines the Petrov type. Performing the Fefferman–

Graham expansion of the complex Weyl tensors Q± for a general Einstein space, one can

show [21–24] that the leading-order (1/r3) coefficients S± are related to the combination

T±
µν = Tµν ±

i

8πGk2 Cµν (2.14)

of the components of the boundary Cotton and energy–momentum tensors, by a constant

similarity relation: T± = −P S±P−1 with P = diag(±i,−1, 1). The Segre type of S± deter-

mines precisely the Petrov type of the four-dimensional bulk metric and establishes a one-

to-one map between the bulk Petrov type and the boundary data. We will see more precisely

how this operates in the case of Robinson–Trautman spacetime. Notice for the moment that

due to conservation equations (2.9) and (2.10),

∇ · T± = 0. (2.15)

It is clear from the above that the absence of shear for the boundary fluid congruence

plays a crucial rôle in the resummability of the derivative expansion, leading ultimately to

exact algebraically special Einstein spaces. Nonetheless, we cannot exclude that some exact

Einstein type I spaces might be successfully reconstructed, or that none exact resummation

involves a congruence with shear. In favour of the first option, one could argue that, the

velocity of a relativistic fluid being arbitrary, one can always choose it shearless, without loss

of generality. However, the way this congruence enters the resummation formula suggests,

via the Goldberg–Sachs theorem, that we can only reach algebraically special Einstein spaces.

We see thus the importance of this congruence from the holographic viewpoint, since it

crucially enters and characterizes the resummation process. It is the reason why we proceed

in the next section with the hydrodynamic analysis based on this congruence, which turns

out to describe the holographic fluid in the Eckart frame.
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2.2 The reconstruction of Robinson–Trautman

Consider the boundary metric

ds2 = −dt2 +
2

k2P2 dζdζ̄. (2.16)

The vector ∂t is hypersurface-orthogonal, and the normal hypersurfaces are constant-t sec-

tions. The Gaussian curvature of the latter is k2K, where

K = ∆ ln P (2.17)

with ∆ = 2P2∂ζ̄∂ζ . The Cotton tensor, computed using4 (2.8), reads:

C = i
(

dt dζ dζ̄
)













0 − k2

2 ∂ζK k2

2 ∂ζ̄K

− k2

2 ∂ζ K −∂t

(

∂2
ζ P

P

)

0

k2

2 ∂ζ̄ K 0 ∂t

(

∂2
ζ̄
P

P

)



















dt

dζ

dζ̄






, (2.18)

which is a real tensor.

We must now introduce the canonical reference tensors T± and apply the following strat-

egy (valid more generally i.e. beyond the choice (2.16) of boundary metric):

1. Determine the components of T± in terms of third derivatives of the boundary metric

(2.16), using Eq. (2.18) in (see (2.14))

ImT+ =
C

8πGk2 . (2.19)

2. Use this information for expressing the actual energy–momentum tensor

T = ReT+ (2.20)

in terms of third derivatives of the metric.

3. Reconstruct the bulk spacetime metric using (2.1).

4. Impose the conservation of T (2.10) and obtain a set of three a priori fourth-order partial-

differential equations for the boundary metric, which

(a) play the rôle of resummability conditions for the derivative expansion,

4Together with the choice of retarded time quoted in note 2, we reverse here the orientation with respect to
the one adopted in [13]: ηtζζ̄ = i

k2P2 . With these conventions, time flows as in [4], but is reversed with respect to
Ref. [3]. Incidentally, we also rescale some observables for convenience, resulting e.g. in extra 1/k2 factors, as in
Eq. (2.23).
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(b) capture the boundary fluid dynamics.

Several remarks are in order here. First, the partial-differential equations obtained in step

number 4 guarantee that Einstein’s equations are fulfilled with the resummed derivative

expansion (2.1). Second, in step number 1, Eq. (2.19) may impose restrictions among the

components of the metric (its third derivatives in fact). These, with whatever external further

condition we may impose via the form of T±, control the Petrov type of the bulk.

The power of the method displayed here is that we do not make any ansatz for the form

of the energy–momentum tensor T. Rather we supply the reference tensors T± with a canon-

ical form, which in turn delivers C and T. The latter leads to equations for the boundary

metric, which are also the holographic fluid equations of motion.

Notice that we have no control on the frame in which the fluid is described, as the velocity

field is the shearless congruence read off directly from the boundary metric (2.16) (see (2.13)):

u = −dt, (2.21)

which has no vorticity, no acceleration but is expanding at a rate

Θ = −2∂t ln P. (2.22)

We should already stress that in this frame, which we will describe more precisely later,

the holographic fluid exhibits a finite number of corrections with respect to a perfect fluid,

as the energy–momentum tensor is basically third-order in derivatives of geometric quan-

tities. This is not surprising and it is a rather general feature of exact Einstein bulk spaces

to lead to holographic fluid configurations which do not trigger all transport coefficients.

Still, the kinematic state is non-trivial, and the absence of certain series of corrections in the

energy–momentum tensor is really the signature of vanishing of the corresponding transport

coefficients (see [11] for the original detailed discussion).

There are two basic and distinct canonical forms for T±, which exhaust all possibilities.

Perfect-fluid form For perfect-fluid reference tensors, we need two complex-conjugate ref-

erence velocity fields u±. Consider the normalized congruence5

u+ = u +
α+

k2P2 dζ (2.23)

with α+ = α+(t, ζ, ζ̄), and its complex-conjugate u− = u + α−
k2P2 dζ̄ with α− = α+∗. The

5This is the most general one: adding an extra leg along the missing direction, and adjusting the overall scale
for keeping the norm to −1 amounts to the combination of a Weyl transformation and a diffeomorphism.
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perfect-fluid energy–momentum tensors based on these reference congruences read:

T±
pf =

M±(t, ζ, ζ̄)k2

8πG

(

3
(

u±)2
+ ds2

)

(2.24)

with M− = M∗
+.

Radiation-matter form Consider finally

T+
rm =

1
4πG

dζ
(

βdt +
γ

k2 dζ
)

. (2.25)

In this expression β and γ are a priori functions of t, ζ and ζ̄. The tensor is the sym-

metrized direct product of a light-like by a time-like vector. Notice that for vanishing

β, we obtain a pure-radiation tensor i.e. the square of a null vector.

We will consider a general reference tensor of the form

T+ = T+
pf + T+

rm, (2.26)

the two components being given in Eqs. (2.24) and (2.25). For this combination,

8πGi ImT+ =

(

dt dζ dζ̄
)









k2 (M+ − M−) − 3M+α+

2P2 + β
2

3M−α−

2P2 − β̄
2

− 3M+α+

2P2 + β
2

3M+(α+)2

2P4k2 + γ
k2

M+−M−
2P2

3M−α−

2P2 − β̄
2

M+−M−
2P2 − 3M−(α−)2

2P4k2 − γ̄
k2















dt

dζ

dζ̄






, (2.27)

while

8πG ReT+ =

(

dt dζ dζ̄
)









k2 (M+ + M−) − 3M+α+

2P2 + β
2 − 3M−α−

2P2 + β̄
2

− 3M+α+

2P2 + β
2

3M+(α+)2

2P4k2 + γ
k2

M++M−
2P2

− 3M−α−

2P2 + β̄
2

M++M−
2P2

3M−(α−)2

2P4k2 + γ̄
k2















dt

dζ

dζ̄






. (2.28)

The reference tensor at hand depends on four complex arbitrary functions of t, ζ and ζ̄:

M+, α+, β and γ. We can now require (2.19), using (2.18) and (2.27). The first observation is

that this identification of the Cotton tensor demands

M+(t, ζ, ζ̄) = M−(t, ζ, ζ̄), (2.29)

which we will name M(t, ζ, ζ̄), a real function. Furthermore, it appears a pair of independent

8



conditions plus their complex-conjugates. The first reads:

3M
α+

P2 + ∂ζK = β and c.c. , (2.30)

while the second is
3
2

M
(α+)2

P4 + γ = ∂t

(

∂2
ζ P

P

)

and c.c. . (2.31)

Equations (2.30) and (2.31) are algebraic for the functions α±(t, ζ, ζ̄), β(t, ζ, ζ̄) and γ(t, ζ, ζ̄),

as well as the complex conjugate functions β̄(t, ζ, ζ̄) and γ̄(t, ζ, ζ̄). Extracting these func-

tions and inserting them back into (2.28), we determine using (2.20) the boundary energy–

momentum tensor in terms of third derivatives of the metric, as already anticipated:

T =
1

16πG

(

dt dζ dζ̄
)













4Mk2 ∂ζK ∂ζ̄K

∂ζK 2
k2 ∂t

(

∂2
ζ P

P

)

2M
P2

∂ζ̄K 2M
P2

2
k2 ∂t

(

∂2
ζ̄
P

P

)



















dt

dζ

dζ̄






. (2.32)

We are now ready to proceed and write the bulk metric as obtained using the resummed

version of the derivative expansion, Eq. (2.1). We find:

ds2
res. = −2dt(dr + Hdt) + 2

r2

P2 dζdζ̄ (2.33)

with

2H = k2r2 − 2r∂t ln P + K − 2M

r
. (2.34)

According to our reasoning about the resummation of the derivative expansion into an exact

Einstein space, the metric (2.33) is expected to be Einstein provided the boundary energy–

momentum tensor (2.32) is conserved, i.e. obeys (2.10). Let us impose therefore the conser-

vation of T:

∇ · T = 0 ⇐⇒







∆K + 12M∂t ln P = 4∂t M,

∂ζ M = 0, ∂ζ̄ M = 0.
(2.35)

Not only the first equation in (2.35) is the Robinson–Trautman equation, which precisely guar-

antees that (2.33) is Einstein, but it also appears here as the longitudinal component of the

energy–momentum conservation, i.e. as the heat equation for the boundary fluid, at rest in

the frame at hand. We will further elaborate on the properties of the holographic fluid in the

next section.

We would like at this point to remark that no reference to any a priori bulk property

has been made in our approach. The Robinson–Trautman equation has been obtained from

purely boundary considerations, by imposing the conservation of the boundary energy–

9



momentum tensor, and we can similarly tune the boundary data in order to control the bulk

Petrov type of the bulk Einstein space. Generically the latter is type II because we can prove

[14] that the bulk congruence ∂r is null, geodesic and shearless, and using thus the exten-

sions of Goldberg–Sachs theorem, the reconstructed bulk space is algebraically special.6 By

tuning the functions that define the reference tensors T±, namely M(t), α±(t, ζ, ζ̄), β(t, ζ, ζ̄),

β̄(t, ζ, ζ̄), γ(t, ζ, ζ̄) and γ̄(t, ζ, ζ̄), we can scan other classes (see [13] for details):

• If M = 0, α± are immaterial and β(t, ζ, ζ̄) and γ(t, ζ, ζ̄) are fully determined by Eqs.

(2.30) and (2.31):

β = ∂ζK and c.c. , (2.36)

γ = ∂t

(

∂2
ζ P

P

)

and c.c. . (2.37)

Furthermore, the Robinson–Trautman equation guarantees holomorphicity for β, func-

tion of (t, ζ) only. Hence, the bulk is generically Petrov type III. When β = 0, it becomes

type N, where now K = K(t), following (2.36). The most general P(t, ζ, ζ̄) such that its

curvature is a function of time only was found in [26], and reads:

P(t, ζ, ζ̄) =
1 + ǫ

2 h(t, ζ) h̄(t, ζ̄)
√

2 f (t) ∂ζ h(t, ζ̄) ∂ζ̄ h̄(t, ζ̄)
(2.38)

with ǫ = 0,±1 and arbitrary functions f (t) and h(t, ζ).

• If β = γ = 0, α± are read-off from (2.30):

α+ = − P2

3M
∂ζK and c.c. , (2.39)

and the geometry is subject to a further constraint7 obtained by combining (2.31) and

(2.39):

6M ∂t

(

∂2
ζ P

P

)

=
(

∂ζK
)2 and c.c. . (2.40)

The bulk is still type II, but choosing holomorphic α− = α−(t, ζ), i.e. (using (2.39))

∂ζ

(

P2∂ζK
)

= 0 and c.c. , (2.41)

together with the constraint (2.40), makes it type D. There are two independent type D

6Notice that Robinson–Trautman spacetimes were originally designed to be algebraically special – see [25]
for more information regarding the principal null directions of Robinson–Trautman.

7Notice a useful identity: ∂t

(

∂2
ζ P

P

)

= 1
P2 ∂ζ

(

P2∂t∂ζ ln P
)

.
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solutions:

1. The Schwarzschild, reached with P = 1+ ǫ
2 ζζ̄ and K = ǫ, which is asymptotically

anti-de Sitter.

2. The C-metric, which requires P2∂ζK = h(ζ̄) 6= 0 and is asymptotically locally

anti-de Sitter due to a non-vanishing boundary Cotton tensor.

Let us mention here that the time dependence of M remains arbitrary, and can be reab-

sorbed by performing an appropriate bulk diffeomorphism, inducing a conformal transfor-

mation plus a diffeomorphism on the boundary [2]. The Robinson–Trautman equation reads

then:

∂ζ̄ ∂ζK = 3M∂t

(

1
P2

)

(2.42)

with constant M. We will adopt this convention for the rest of our presentation.

Before moving to the hydrodynamic analysis of the energy–momentum tensor, we would

like to end the current section with some general comments regarding the bulk Einstein

spaces under consideration.

With the exception of the Petrov-D solutions quoted above, Robinson–Trautman space-

times are time-dependent and carry gravitational radiation. Once this radiation is emitted,

the spacetime settles down generically to an anti-de Sitter Schwarzschild black hole. The

general features of this evolution are captured by the Robinson–Trautman equation, which,

following [27], is a parabolic equation describing a Calabi flow on a two-surface. As long as

M 6= 0, these spacetimes exhibit a past singularity at r = 0, past-trapped two-surfaces and

a future horizon, which is the anti-de Sitter Schwarzschild horizon at late times. Unfortu-

nately, singularities are often developed on this horizon and no smooth extension is possible

beyond, in the interior region.

Irregularities of the two-surface S time-dependent metric

dℓ2 =
2

k2P(t, ζ, ζ̄)2 dζdζ̄, (2.43)

possibly present at early times, are washed out by the evolution, as usual with geometric

flows. The flow at hand, governed by the Robinson–Trautman equation (2.42), has the fol-

lowing salient properties:

d
dt

∫

S
d2ζ

P2 = 0, (2.44)

d
dt

∫

S
d2ζ

P2 K = 0, (2.45)

where d2ζ = −i dζ ∧ dζ̄ (this assumes there are no boundary-like contributions – the proof

will be given and commented in Sec. 3). Hence, the area of S and its average curvature (i.e.
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the Euler number) are preserved along the flow, which, at late times, brings the metric into a

symmetric geometry compatible with the original topology. From the spacetime perspective,

this situation corresponds indeed to the evolution towards an anti-de Sitter Schwarzschild

black hole with conformal boundary R × S2, E2 or H2.8

Closing this chapter, one should observe that Robinson–Trautman spacetimes appear

as laboratories for investigating time-dependent black-hole exact solutions surrounded by

gravitational radiation. As opposed to the stationary paradigms, very little is known here,

even at a very elementary level: location of past horizon, definition of thermodynamic

quantities such as energy, temperature or entropy, interpretation of the evolution as out-

of-equilibrium thermodynamics. This is surprising because understanding deviations from

equilibrium in these systems is at least as important as counting their microscopic degrees

of freedom, which has attracted more attention. Any further comment on bulk thermody-

namics would be, at this stage, daring.

3 The Robinson–Trautman holographic fluid

Following the general plan presented in Sec. 2.1, we have reached Robinson–Trautman

spacetimes in Sec. 2.2, using in the derivative expansion (2.1), the boundary metric (2.16), the

boundary energy–momentum tensor (2.32) and the boundary fluid velocity field (2.21). The

latter defines the hydrodynamic frame where the resummation of the derivative expansion

is successfully performed – for reasons that we have already discussed. This frame turns out

to be very natural for describing the fluid properties.

3.1 The hydrodynamic frame and the fluid transport data

In the case at hand, the energy density of the fluid reads:9

ε = Tµνuµuν =
Mk2

4πG
, (3.1)

and is constant, as is the pressure (ε = 2p). We can split the energy–momentum tensor (see

App. A and e.g. [29, 30]) as

Tµν = T
(0)
µν + τµν + uµqν + uνqµ, (3.2)

8The Calabi flow is set for a metric on a compact Kähler space, here two-dimensional. For this reason it
was quoted in [4] for spherical geometry only. Probably, E2 or H2 could also support this flow, assuming they
were made compact by modding out some discrete isometry. This line has not attracted much attention, and
at present Calabi-flow results do not cover all Robinson–Trautman geometries. The statements regarding late-
time behaviour should therefore be taken with care as they have not been demonstrated for all possible initial
conditions. In particular, the possibility of reaching the C-metric has been discussed in [28]. In that work it was
shown that Robinson–Trautman spacetimes admitting a space-like isometry generically decay to the C-metric.

9As pointed out in App. B, the kinematical out-of-equilibrium quantities εεε, ppp and ̺̺̺ are chosen to coincide
with the thermodynamic local-equilibrium ε, p and ̺.
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with a conformal-perfect-fluid part

T(0) =
ε

2

(

3u2 + ds2) (3.3)

and a non-perfect piece τµν + uµqν + uνqµ, where τµν and qµ are the components of the stress

tensor and the heat current respectively. These are fully transverse:

τµνuµ = 0, qµuµ = 0 (3.4)

with

qν = −εuν − uµTµν. (3.5)

The non-perfect piece uµqν + uνqµ is non-transverse. The latter is absent in the Landau–

Lifshitz frame.

Here we are not in the Landau–Lifshitz, but rather in the Eckart frame (see App. B for

a detailed discussion on this subject). To show this we should consider the more general

charged Robinson–Trautman solution, which solves bulk Einstein–Maxwell equations and

has a conserved current J on the boundary.10 In these solutions, the electromagnetic field has

three components: magnetic, electric and radiation. On the boundary, there is a conserved

current, a chemical potential and a magnetic field [31]. The latter couples to the current as

∇µTµν = 4πGJµFµν, and vanishes if and only if the bulk radiation component is absent.

In this case of ideal magnetohydrodynamics,11 is again governed by the plain Robinson–

Trautman equation, and the conserved current has the perfect form (jν = 0 in (A.14)):

Jν = ̺uν (3.6)

with

̺ =
k2Q

4πG
P(t, ζ, ζ̄)2 (3.7)

and Q an arbitrary constant. This demonstrates the statement regarding the Eckart frame,

since the current is fully longitudinal and perfect.

In the Eckart frame, the heat current is non-vanishing and we find, using (3.5),

q = − 1
16πG

(

∂ζK dζ + ∂ζ̄ Kdζ̄
)

. (3.8)

10Conserved currents may also appear without extra degrees of freedom, in systems with symmetries gener-
ated by Killing vectors k. Indeed, in those situations kνTµν are components of divergence-free vectors. Since
Robinson–Trautman spacetimes have generically no isometries, we will not investigate this direction.

11Keeping the radiation component opens the field of general magnetohydrodynamics – see [32] for a related
discussion, and [33] for a more general perspective.
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The non-perfect stress tensor (we have used the identity of footnote 7) is given by

τ =
1

8πGk2P2

(

∂ζ

(

P2∂t∂ζ ln P
)

dζ2 + ∂ζ̄

(

P2∂t∂ζ̄ ln P
)

dζ̄2
)

. (3.9)

It reflects the friction, which is of kinematic origin. Hence, it is not surprising that we can

express it in terms of the orthogonally projected covariant derivatives (see App. A) of the

fluid velocity:12

τµν = − 1
16πGk2

(

DµDνΘ − 1
2

hµνDλDλΘ

)

= − 1
16πGk2

(

h
ρ

µ h σ
ν ∇ρh λ

σ ∇λΘ − 1
2

hµν∇ρhρσ∇σΘ

)

. (3.10)

This is not possible for q though. Generically, the heat flow cannot be expressed as a pure

u-derivative expansion, it also involves the gradient of scalars like the temperature or the

curvature, and betrays thermal conduction or similar phenomena.

As already mentioned in Sec. 2.2, when dealing with exact algebraically special Einstein

spaces, the holographic energy–momentum tensor receives at most third-order derivative

corrections with respect to the perfect fluid. The reason is simple. The bulk algebraic struc-

ture sets an intimate relationship between the energy–momentum tensor and the Cotton

tensor, which is a third derivative of the boundary metric. Since the shearless velocity field

is determined by the geometry itself, the energy–momentum is necessarily expressed with

third derivatives of the velocity field.

This property is very general. It was extensively discussed in a wide class of situations

like the Plebański–Demiański family, where the energy–momentum tensor is either third-

order in u-derivatives (in the presence of a bulk acceleration parameter) [14], or is perfect

[11]. This latter case does not imply that the fluid is perfect: some of the would-be corrections

vanish just because of kinematic reasons (as −2ησµν), some other because infinite series of

transport coefficients are indeed zero for the holographic fluid at hand.

In the Robinson–Trautman case, the unique available transport coefficient is read-off in q

(Eq. (3.8)) or in τ (Eq. (3.9)). This coefficient is of order 1/16πG, and we will further comment

on it in Sec. 3.2. As long as we remain within Robinson–Trautman solutions, this is the only

information we can get, and it is exact. Of course, in order to have access to more trans-

port coefficients (possibly infinite series of them), we can consider changing hydrodynamic

frame. But even in that case, the new ones will all stem out of the former, and all will be of

12In our case, due to the absence of shear, vorticity and acceleration, the velocity derivatives are expressed
only in terms of derivatives of the expansion, as for example:

∇λ∇µuν =
1
2

∂λΘhµν +
1
4

Θ
2
(

hλµuν + hλνuµ

)

.
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the same order.

For example, it is possible to move from Eckart to Landau–Lifshitz frame. As explained

thoroughly in App. B, this requires some care. At the first place, these frames are built as-

suming the existence of a conserved matter current. Moving from Eckart to Landau–Lifshitz

trades the heat current of the conserved energy–momentum tensor in Eckart for the trans-

verse part of the matter current in Landau–Lifshitz. This is conceivable for the charged

Robinson–Trautman, but audacious for the neutral case. At a second stage, the actual trans-

formation is performed perturbatively, order by order in a parameter, which is ‖q‖ (see

App. B for detailed expressions), required to be small compared to the energy scale. These

series are usually asymptotic.

This philosophy was originally pursued in [3] with success regarding the determination

of transport coefficients. Still, it has some caveats. From the mathematical viewpoint, this

amounts to trading an exact quantity like τ or q, for an infinite series, which in general lacks

convergence. Physics-wise, moving to Landau–Lifshitz blurs the simple and clear picture,

which emerges in the Eckart frame as we will see; moreover, doing so while ignoring the

matter current j is inappropriate, in particular when computing the entropy current (see

Sec. 3.3).13

3.2 Physics and evolution in the Eckart frame

In the Eckart frame, the pressure is constant and the fluid is at rest on a spatial section S
equipped with a metric dℓ2 (Eq. (2.43)). The physical phenomena taking place in the fluid

are related to thermal conduction, materialized in the heat current q, Eq. (3.8), and captured

by the Robinson–Trautman equation (2.42) appearing as the time component of the energy–

momentum conservation (2.35). This is a heat-flow equation, and one can elegantly derive it

directly from the general heat-current-divergence equation displayed in (A.17). In the case

under investigation, aµ, σµν and gµντµν vanish, whereas ε is constant, so (A.17) reads:

div(2)q = −3ε

2
Θ. (3.11)

We have introduced div(2)q = ∇(2)i qi, which is equal to ∇µqµ because q is transverse with

respect to the hypersurface-orthogonal vector u = ∂t, so exclusively defined inside the spa-

tial section S . Geometric quantities referring to this surface and to the corresponding metric

dℓ2 will carry a subindex “(2)”:

• antisymmetric tensor: η(2)ζζ̄ = − i
k2P2 , and volume form: Ω(2) = −i dζ∧dζ̄

k2P2 = d2ζ
k2P2 ;

• Laplacian operator: △(2) f = k2△ f = 2k2P2∂ζ∂ζ̄ f , and scalar curvature: R(2) = 2k2K;

13The same attitude was adopted later on by the authors of [4], who insist in moving to Landau–Lifshitz in
their follow-ups [34, 35].
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• Hodge–Poincaré duality: q = qζdζ + qζ̄dζ̄ ⇔ ⋆
(2)

q = i
(

qζdζ − qζ̄dζ̄
)

.

Substituting in Eq. (3.11) the heat current (3.8) expressed as

q = − 1
16πG

d(2)K, (3.12)

the expansion Θ given in (2.22), and the constant energy density (3.1), we find indeed the

Robinson–Trautman equation (2.42):

∂ζ̄ ∂ζK = 3M∂t

(

1
P2

)

.

Equation (3.11) can be used in integral form, over a fixed domain D ⊆ S with boundary

∂D. Thanks to Green’s theorem,14 we find:

∫

D
d2ζ

k2P2 ε Θ = −2
3

∮

∂D
⋆
(2)

q. (3.13)

Using specifically (2.22) for Θ, (3.1) for ε and (3.12) for q, we finally obtain:

k2 dAD
dt

=
i

6M

∮

∂D

(

∂ζKdζ − ∂ζ̄Kdζ̄
)

, (3.14)

where

AD =
∫

D
d2ζ

k2P2 (3.15)

is the area of the domain D. Multiplying by ε, the total energy stored by the fluid inside D,

ED =
M

4πG

∫

D
d2ζ

P2 (3.16)

obeys
dED
dt

=
i

24πG

∮

∂D

(

∂ζ Kdζ − ∂ζ̄Kdζ̄
)

. (3.17)

Assuming S be a compact surface without boundaries, from Eq. (3.14), we conclude that

the total area of S , A = AS remains constant in time.15 This demonstrates (2.44). Accord-

ingly, the total energy E = ES = εA is also conserved. Along time, the spatial section S
hosting the fluid evolves and the fluid energy, conserved in total, moves from one region to

another. With reasonable initial conditions, the system stabilizes at large times in a configu-

14Reminder of Green’s theorem: for any vector/one-form v

∫

D
d2ζ

k2P2 div(2)v =
∮

∂D
⋆
(2)

v.

15Under appropriate assumptions for K asymptotics, S could even be non-compact, and its area infinite.

16



ration with spatially constant K (see discussion at the end of Sec. 2.2).

Summarizing, the Robinson–Trautman holographic fluid is at rest in the Eckart frame

and is subject to thermal conduction, with energy exchanges operating according to the dy-

namics described above, and driven by the heat current (3.8).

In order to simplify our discussion and fit within the framework of the the Robinson–

Trautman spacetime built in Sec. 2.2, we will consider from now on vanishing chemical

potential. This choice is holographically achievable [31]. We could alternatively set the den-

sity to zero; all of our conclusions would hold in that case, but we find the former option

more convenient. Following (B.6) and (B.7), we find for the conformal fluid at hand the

temperature as related to the energy density by standard Stefan’s law:

ε = σT3 =
Mk2

4πG
(3.18)

with σ = 8π2G2

27k4 . Hence the local-equilibrium thermodynamic temperature T is constant.

The heat current of the Robinson–Trautman fluid can be expressed, like for any fluid,

as a derivative expansion in the temperature, and in geometric or kinematic tensors. In

the present case, however, this current is known exactly, and contains a single term, that

would appear at third order in the derivative expansion. The would-be first-order term,

displayed in the generic expression (B.4), is absent here. In this expression, appears the

local-thermodynamic-equilibrium temperature T, given in (3.18), which is constant. Since

the acceleration is vanishing, the first order does not contribute indeed.

One may be puzzled at this stage, discussing thermal conduction without temperature

gradients. This attitude is probably too naive. As explained in App. B, quantities like tem-

perature or chemical potential lack a microscopic definition when out-of-equilibrium phe-

nomena take place. Even though the hydrodynamic hypothesis of local thermodynamic

equilibrium may be justified, the local-equilibrium temperature T(x) (in fact constant here)

or chemical potential µ(x) (absent in our case) do not exhaust all available information, and

more is captured in the kinematical, out-of-equilibrium functions TTT(x) and µµµ(x).

The origin of the transport phenomena witnessed here being in essence geometric, it is

tempting, inspired by (B.4), to recast the exact expression of the current (3.8) as

qµ = −κDµTTT (3.19)

with

κTTT(t, ζ, ζ̄) = κT +
1

16πG

(

K(t, ζ, ζ̄)− 〈K〉
)

. (3.20)

The Gaussian curvature K(t, ζ, ζ̄) contributes thus to a kind of kinematical, out-of-equilibrium

temperature TTT(t, ζ, ζ̄). It is naturally accompanied with a heat conductivity, read off as its
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coefficient in (3.20):

κ =
1

16πG
. (3.21)

The latter is of geometric origin, as the transport phenomenon it triggers. This result is in

agreement with the general analysis performed in [36].

In expression (3.20), we have introduced T given in (3.18), and the average curvature16

over S :

〈K〉 = 1
A

∫

S
d2ζ

k2P2 K. (3.22)

This turns out to be constant, as advertised in (2.45). Indeed, one easily shows that

d
dt

∫

D
d2ζ

P2 K = − i

2

∮

∂D

(

∂ζΘ dζ − ∂ζ̄Θ dζ̄
)

, (3.23)

which vanishes when D = S , under the already spelled assumptions.17 For asymptotic time,

K(t, ζ, ζ̄) is expected to converge towards a constant, which is therefore identified with 〈K〉.
Hence

lim
t→+∞

TTT(t, ζ, ζ̄) = T. (3.24)

At late times, the fluid reaches global equilibrium with the kinematical temperature equal to

the thermodynamic-equilibrium temperature, as expected. At any time, the thermodynamic-

equilibrium temperature is the average kinematical temperature: 〈TTT(t, ζ, ζ̄)〉 = T.

The validity of holographic approach in the present framework requires a large black-

hole mass, hence a large temperature T. This leaves room for initial conditions on P(t, ζ, ζ̄)

that do not violate the positivity of TTT(t, ζ, ζ̄). Actually, the latter may not be mandatory since

TTT(t, ζ, ζ̄) is an instrument for probing transport, and not a fundamental quantity defined

ab initio – reason why we insist calling it “kinematical, out-of-equilibrium temperature” as

opposed to “local-thermodynamic-equilibrium temperature” (see discussion in App. B).

3.3 The entropy current and its conservation

The last important aspect of the Robinson–Trautman fluid dynamics we would like to dis-

cuss is the entropy, the associated current and its divergence. For the conformal case in

three dimensions, the standard entropy current is given in (B.19) in the Eckart frame, and

16Defined as a limit for a non-compact surface.
17The identity (3.23) does not require the Robinson–Trautman equation to be satisfied. It is thus valid for any

dynamics and not necessarily for the Calabi flow. Actually it reads:

d
dt

∫

D
d2ζ

P2 △ f = i
∮

∂D

(

∂ζ ∂t f dζ − ∂ζ̄ ∂t f dζ̄
)

,

for any function f (t, ζ, ζ̄).

18



reproduced here for clarity:

Sµ =
1
T

(

(3p − µ̺)uµ + qµ
)

. (3.25)

We remind that in this expression the local-equilibrium thermodynamic quantities and re-

lations are used, following the discussion of App. B, as determined in the Eckart frame. It

applies to the more general charged Robinson–Trautman solution with density displayed in

Eq. (3.7). Since we have chosen zero chemical potential, the second term drops,18 and the

entropy is constant:

s =
3p

T
=

3σT2

2
=

(

M

4

)2/3

. (3.26)

In this case, the entropy current reads:

S =

(

M

4

)2/3 (

∂t −
P2

6M

(

∂ζ̄K ∂ζ + ∂ζK ∂ζ̄

)

)

. (3.27)

Using the general expression for the entropy-current divergence (B.20), we obtain:

∇µSµ = 0. (3.28)

This is the consequence of the local-equilibrium temperature and pressure being constant,

and of the vanishing chemical potential, shear and acceleration. Put differently, s and T

being both constant, the current S is divergence-free as a consequence of a fine cancellation

between the velocity expansion Θ and the divergence of the heat current, displayed in (3.11).

The conservation of the entropy current is surprising at first sight because we are seem-

ingly out of equilibrium and evolution towards equilibrium usually produces entropy. How-

ever, the thermal-conduction irreversible phenomenon described by the Robinson–Trautman

dynamics is of geometric nature. Hence, it can reasonably accommodate a conserved en-

tropy current. Indeed, the fluid is at rest. The evolution preserves the area and the energy,

and occurs at a constant average kinematical temperature, equal to the local-equilibrium

temperature. At the same time the absence of acceleration and shear wash out the effects of

the heat current and the stress friction (see (B.16)), and the process ultimately appears as an

adiabatic, even isentropic, redistribution of energy due to the kinetics of the surface rather

than to the motion of the fluid, till the final global-equilibrium state is reached. In thermo-

dynamic language this is a special case of isothermal Carnot’s path,19 known as Moutier’s

[37], which produces no work and has zero thermodynamic efficiency.20 Carnot’s evolution

is reversible and this does not contradict anything here, as the origin of irreversibility for the

described phenomenon is purely geometrical.

18This term also drops for vanishing density.
19We use intentionally “path” rather than “cycle” as in the process under consideration the system does not

come back to the original state because of the time-evolving geometry.
20The thermodynamic efficiency of a cycle is defined as ηηη = 1 − Tmin/Tmax.
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The above conclusion is frame-independent as is the actual entropy current. The latter can

be expressed alternatively as in Eq. (B.17):

S = sLLuLL −
µLL

TLL
jLL, (3.29)

where all observables are evaluated in the Landau–Lifshitz frame. Following App. B, these

observables appear as series expansions around their Eckart-frame counterparts, in powers

of the heat-current norm ‖q‖. The latter, displayed below in (3.34), is inevitably unbounded

for Robinson–Trautman because of the singular future behaviour of K. The validity of the

hydrodynamic-frame change is therefore limited. This problem has been avoided in our

preceding analysis, performed directly and exactly in the original Eckart frame.

Although in Eckart’s our choice has been µ ≡ µE = 0, this is no longer true in Landau–

Lifshitz’s (see (B.25) and (B.32)):21

δ
(µ

T

)

=
q · τ · q
̺Tq2 − 1

̺T(p + ε)

(

q2 +
q · τ · τ · q

q2 −
(

q · τ · q
q2

)2
)

+ · · · , (3.30)

where the dots stand for higher-order terms in ‖q‖. As a consequence, in this frame, the

entropy current (3.29) receives two distinct non-vanishing contributions, S = SLL1 + SLL2:

SLL1 = sLLuLL = su +
s

p + ε
q − µ̺q2

T(p + ε)2 u − s
τ · q

(p + ε)2 + · · · , (3.31)

SLL2 = −µLL

TLL
jLL =

µ̺

T(p + ε)
q +

µ̺q2

T(p + ε)2 u + s
τ · q

(p + ε)2 − · · · , (3.32)

and we have used the explicit perturbative transformation rules provided in (B.22)–(B.32)

(quantities without indices are evaluated in the Eckart frame). These two expressions are

general and valid for any fluid. They sum up to su+ q/T, expression of S in the Eckart frame.

In the Robinson–Trautman conformal holographic fluid, the heat current q is given in

(3.8):

q = − k2P2

16πG

(

∂ζ̄K ∂ζ + ∂ζK ∂ζ̄

)

, (3.33)

and its norm squared is

q2 =
k2P2

128π2G2 ∂ζK ∂ζ̄K , (3.34)

while

τ · q = − 1
128π2G2

(

∂ζ̄ K ∂ζ

(

P2∂t∂ζ ln P
)

dζ + ∂ζ K ∂ζ̄

(

P2∂t∂ζ̄ ln P
)

dζ̄
)

. (3.35)

For vanishing chemical potential, µ = 0 (or for vanishing density, ̺ = 0), the above equa-

21We use the notation q · τ · q = τµν qµqν and similarly for other terms and contractions.
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tions read:

SLL1 = S − s
τ · q
(3p)2 + · · · , (3.36)

SLL2 = s
τ · q
(3p)2 − · · · (3.37)

with p = ε/2 given in (3.1), s in (3.26), S in (3.27) and τ · q in (3.35). None of the two pieces of

the entropy current displayed in the Landau–Lifshitz frame (3.36) and (3.37) is divergence-

free, but the sum is:

∇ · SLL1 = −∇ · SLL2

= − s

(3p)2∇ · (τ · q)

=
P2

18k2(2M)4/3

(

∂ζ

(

∂ζK ∂ζ̄

(

P2∂t∂ζ̄ ln P
))

+ c.c.
)

. (3.38)

In previous analyses of the Robinson–Trautman fluid, SLL1 = sLLuLL was used alone as an

entropy current, leading to the conclusion that it is not conserved.22 This amounts to setting

µLL = 0 in (3.29), which in turn would require µE 6= 0. Since in these works no chemical

potential was introduced in the original frame reached holographically, it seems to us that

the choice made subsequently for the entropy current is unjustified. Deciding which is the

best choice for this current is certainly a long debate that we will not pursue here. Our choice

is the standard one, originally proposed by Landau and Lifshitz [38]. More importantly, it is

frame-invariant provided one is careful in trading the heat current q for a transverse matter

current j, when discussing the change of hydrodynamic frame. This is often disregarded in

the literature.

4 Conclusions

We would like now to summarize our analysis, which is twofold.

The first side concerns the general reconstruction of exact bulk Einstein spacetimes, from

boundary data obeying appropriate conditions. This reconstruction is a resummation of the

hydrodynamic derivative expansion, for which we choose a shearless congruence. Given a

boundary metric, such a congruence is basically unique and has a double virtue: (i) reducing

the number of terms allowed by conformal invariance, hence making the resummation po-

tentially tractable;23 (ii) being promoted into a bulk null, geodesic and shearless congruence,

whenever the resummation is successful. This last feature makes the bulk algebraically spe-

22The expressions for SLL1 and ∇ · SLL1 of [4] differ from the ones displayed here, Eqs. (3.36) and (3.38),
because of technical inaccuracies.

23In the presence of shear the plethora of compatible terms makes the exercise difficult.
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cial by Goldberg–Sachs theorem, and naturally expressed it in Eddington–Finkelstein coor-

dinates. Moreover, it crucially sets a relationship between the boundary energy–momentum

tensor and the Cotton tensor, through the structure it imposes on the reference conserved

tensors T± = T ± i
8πGk2 C, which is of prime importance. This scheme allows for a direct

boundary control of the bulk Petrov type, and recasts the conservation of T as a bulk inte-

grability equation, interpreted on the boundary as a heat-flow equation.

The method at hand is general and enables us to reach all known algebraically special

Einstein spacetimes (see e.g. [11, 14] for the Plebański–Demiański class). It is fair to quote,

though, that the issue of Petrov general spacetimes is still open, together with the rôle that a

boundary shearless congruence will play in this case, or, stated differently, the possibility of

reconstructing such spacetimes with shearless fluid velocities. Leaving aside this question,

we have followed the pattern for a general boundary class with a shearless congruence with-

out vorticity and reached the entire Robinson–Trautman family. The Robinson–Trautman

equation comes out here holographically as the boundary energy–momentum conservation

equation, given the structure the latter acquires from its relationship with the Cotton tensor.

The last property brings us to the second part of the present work, more specifically

dedicated to the physics of the holographic fluid. Three main features emerge for it: (i) the

hydrodynamic frame associated with the congruence at hand is the Eckart frame; (ii) in this

frame, the energy–momentum tensor receives only third-order derivative corrections; (iii)

the energy–momentum conservation is non-trivial in the time direction, and appears as the

heat equation for the fluid. These properties can be traced back to our original choice of

shearless congruence, and to the consequences it has both for the bulk and for the boundary.

They are all expected to be generic for exact and algebraically special Petrov Einstein spaces,

and valid beyond the Robinson–Trautman paradigm.

Here, the fluid is at rest on a surface which evolves in time keeping its area constant. The

fluid has constant pressure and constant energy density. The transport phenomena occurring

can be assimilated with thermal conduction, which drives the system towards global equi-

librium by continuously redistributing a conserved total energy on the moving surface, in a

fashion reminiscent of Solaris’ ocean dynamics [39]. This is achieved according to the Calabi

flow, here revealed as a genuine heat flow. The interpretation of the Gaussian curvature of

the surface as the time-dependent part of a kinematical out-of-equilibrium temperature, and

the exact determination of the corresponding geometric heat conductivity are novelties of

our work. They provide a natural thermal-like interpretation to the geometric flow.

The other important aspect unravelled here concerns the hydrodynamic frame. The holo-

graphic fluids dual to exact Einstein (more precisely Einstein–Maxwell in order to produce

a boundary current) spacetimes emerge often in the Eckart frame. Then, not only is the con-

served current perfect, but the corrections to the energy–momentum tensor with respect to

the perfect fluid are restricted and canonically related to the third derivatives of the metric
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and the velocity. This makes the fluid dynamics clear and provides a rich information on se-

ries of vanishing transport coefficients. It is unfortunate that in the framework of holography

one systematically tries to reach the Landau–Lifshitz frame, irrespective of the context. This

leads sometimes to inconsistencies, as we pointed out e.g. regarding the entropy current.

The present analysis of the Robinson–Trautman boundary fluid, and other studies of

exact-Einstein-space holography, suggest that the underlying fluid dynamics is quite pecu-

liar. The system is time-dependent and evolves generically towards equilibrium by thermal

conduction. This process is of geometric origin though, as it is driven by the evolution of

the surface itself, and is associated to a very specific correction with respect to perfect flu-

idity. Furthermore energy and area are conserved, and the standard entropy current has

no divergence. Entropy is thus conserved as a fine tuning inside the out-of equilibrium

process at hand. There is nothing to be worried about this state of affairs, except that one

might legitimately question the practical usefulness of these holographic systems and the

interest in elaborating further on their transport properties. In contrast, the investigation of

this distinctive conformal fluid dynamics, might shed light on black-hole out-of-equilibrium

thermodynamics, which is still in a quite primitive state.
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A On vector-field congruences

Consider a D-dimensional Lorentzian metric gµν and an arbitrary time-like vector field u =

uµ∂µ, normalized as uµuµ = −1, later identified with the fluid velocity. Its integral curves

define a congruence which is characterized by its acceleration, shear, expansion and vortic-

ity:

∇µuν = −uµaν +
1

D − 1
Θ hµν + σµν + ωµν (A.1)
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with24

aµ = uν∇νuµ, Θ = ∇µuµ, (A.2)

σµν =
1
2

h
ρ

µ h σ
ν

(∇ρuσ +∇σuρ

)− 1
D − 1

hµνhρσ∇ρuσ (A.3)

= ∇(µuν) + a(µuν) −
1

D − 1
Θ hµν, (A.4)

ωµν =
1
2

h
ρ

µ h σ
ν

(∇ρuσ −∇σuρ

)

= ∇[µuν] + u[µaν]. (A.5)

These tensors satisfy several simple identities:

uµaµ = 0, uµσµν = 0, uµωµν = 0, uµ∇νuµ = 0, h
ρ

µ∇νuρ = ∇νuµ, (A.6)

and we have introduced the longitudinal and transverse projectors:

U
µ

ν = −uµuν, h
µ

ν = uµuν + δ
µ
ν , (A.7)

where hµν is also the induced metric on the local plane orthogonal to u. The projectors satisfy

the usual identities:

U
µ

ρU
ρ

ν = U
µ

ν, U
µ

ρh
ρ

ν = 0, h
µ

ρh
ρ

ν = h
µ

ν, U
µ

µ = 1, h
µ

µ = D − 1. (A.8)

It is customary to define the orthogonally projected covariant derivative acting on any

tensor as

DγT
β1 ...βq

α1 ...αp
= h λ

γ h
µ1

α1 . . . h
µp

αp
h

β1
ν1 . . . h

βq
νq

∇λT
ν1 ...νq

µ1 ...µp
. (A.9)

Any tensor can be decomposed in longitudinal, transverse and mixed components. Con-

sider for concreteness the energy–momentum tensor, which is rank-two and symmetric with

components Tµν:

Tµν = εεεuµuν + ppphµν + τµν + uµqν + uνqµ. (A.10)

The non-longitudinal part is

ppphµν + τµν + uµqν + uνqµ. (A.11)

We have defined

εεε = uµuνTµν, τµν = h
ρ

µ h σ
ν Tρσ − ppphµν, qµ = −h ν

µ Tνσuσ (A.12)

24Our conventions for symmetrization and antisymmetrization are:

A(µν) =
1
2

(

Aµν + Aνµ
)

, A[µν] =
1
2

(

Aµν − Aνµ
)

.
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such that

h ν
µ qν = qµ, h

ρ
µ τρν = τµν, uµqµ = 0, uµτµν = 0, uµTµν = −qν − εεεuν. (A.13)

The purely transverse piece ppphµν + τµν is the stress tensor, while qµ is the heat current.

Similarly, any current with components Jµ can be decomposed in longitudinal and trans-

verse parts:

Jµ = ̺̺̺uµ + jµ (A.14)

with

h ν
µ jν = jµ, uµ jµ = 0, ̺̺̺ = −uµ Jµ. (A.15)

Assuming the energy–momentum tensor Tµν being conserved:

∇µTµν = 0, (A.16)

we can carry on and describe the dynamics for the heat current, using (A.13), together with

(A.1) and (A.10). We obtain, for its divergence:25

∇µqµ = −u(εεε)−
(

ppp + εεε +
gµντµν

D − 1

)

Θ − aµqµ − σµντµν, (A.17)

where u( f ) = uµ∇µ( f ) = uµ∂µ( f ).

The current J is also supposed to to obey

∇µ Jµ = 0, (A.18)

from which we extract the dynamics of its transverse component j using (A.2):

∇µ jµ = −u(̺̺̺)− ̺̺̺ Θ. (A.19)

B Hydrodynamics and out-of-equilibrium states

Hydrodynamic functions and hydrodynamic frames

We recall here some basic facts regarding fluid dynamics (see [29, 30] as well as the pillar

of hydrodynamics manuals [38] – we also recommend [40]). Hydrodynamics is by essence

out-of-equilibrium. Every concept should therefore be considered with care, as no univer-

sal methods exist, which would embrace all facets of these phenomena, especially in the

relativistic regime for non-ideal fluids.

25Notice that q being transverse, Dµqµ = ∇µqµ − aµqµ.
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Fluids are described in terms of their energy–momentum tensor and one (or more) cur-

rent(s), all conserved in the absence external forces. The dynamical quantities are thus (see

(A.10) and (A.14)) εεε(x), ppp(x), ̺̺̺(x), qµ(x), τµν(x) and jµ(x), assumed to be functionals of

some fundamental quantities, equal in number to the available equations (A.16) and (A.18):

uµ(x), TTT(x) and µµµ(x). This functional dependence is captured by the constitutive equations,

expressed usually as a derivative expansion. As a matter of principle, these hydrodynamic

functionals obey microscopic equations like Boltzmann’s equation, but it is in practice diffi-

cult to extract information directly from there. The derivative expansion is the alternative,

perturbative phenomenological approach.

At strict equilibrium and for an ideal fluid, u is aligned with a time-like Killing vector, i.e.

the fluid is at rest, and TTT and µµµ are constants. So are εεε, ppp and ̺̺̺. All these quantities are then

defined within equilibrium thermodynamics as the temperature T, chemical potential µ, en-

ergy density ε, pressure p and matter (or better, Nœther-charge) density ̺. The constitutive

relations are the equation of state p = p(T, µ) and the usual Gibbs–Duhem relation for the

grand potential −p = ε − Ts − µ̺ with ̺ = (∂p/∂µ)T and s = (∂p/∂T)µ.

Once the fluid is set to motion, the equilibrium is abandoned and assumed to be achieved

locally, for hydrodynamics to make sense. Thermodynamic functions become local (and sup-

posed to be slowly varying) but even within this basic assumption, for non-perfect fluids,

neither εεε(x), ppp(x) and ̺̺̺(x) appearing in the fluid equations, nor TTT(x) and µµµ(x) entering the

constitutive relations need a priori to be identified with the corresponding local-equilibrium

thermodynamic quantities. Even the velocity congruence u(x) has no first-principle defini-

tion in relativistic hydrodynamics. One has in particular the freedom to redefine

TTT(x) → TTT′(x), µµµ(x) → µµµ′(x), u(x) → u′(x), (B.1)

provided we modify accordingly εεε(x), ppp(x), ̺̺̺(x), qµ(x), τµν(x) and jµ(x).

The above freedom can be used to fix some of the hydrodynamic functions. This is

how the concept of hydrodynamic frame emerges. The Eckart frame (also called particle

frame, [41, 42]) is reached by requiring the matter current J be perfect i.e. j = 0, while in the

Landau–Lifshitz frame the heat current q is set to zero [38]. In every frame, the remaining

non-vanishing hydrodynamic functionals are set as derivative expansions with respect to

TTT(x), µµµ(x) and uµ(x). The coefficients are phenomenological data, which can in principle be

determined from the microscopic theory. The consequence of changing frame is to reshuf-

fle the various coefficients (sometimes trading one for an infinite number of others), which

ultimately carry the relevant information about the fluid, irrespective of the frame.

It is worth noting at this stage that the definition of the Eckart frame and, by the logic

of frame transformation, the corresponding definition of the Landau–Lifshitz counterpart,

refer explicitly to the conserved matter current J. The heat current q, as part of the conserved

energy–momentum tensor T, and the non-perfect contribution j to the conserved matter cur-
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rent J are interchanged in the course of the transformation. Regularity (or invertibility) of

the latter makes it dangerous to set a priori both these vectors to zero, irrespective of the fact

that ultimately the matter density ̺̺̺ or the chemical potential µµµ may vanish.

The choice of frame is important for several reasons. At the first place, because of the

nature of derivative expansions: these are often asymptotic series and only the first terms

can be trusted. Hence, depending on the regime, some frames may not provide accurate

results. Secondly, the precise physical context can play a rôle. For instance, when dealing

with fluids in a quasi-Newtonian regime, the Eckart frame is superior as it is the one in which

one recovers classical Euler’s equations for non-relativistic fluids. Following the classical

irreversible thermodynamics theory in Eckart frame,26 we find at first order – dropping the

index “E”:

εεε(1) = ε, ppp(1) = p, ̺̺̺(1) = ̺, (B.2)

τ
µν

(1) = −2ησµν − ζhµν
Θ, (B.3)

q
µ

(1) = −κhµν (∂νT + T aν) . (B.4)

In D = 3 spacetime dimensions there is also a term −ζHη
ρλ(µ

uρσ
ν)

λ in τ
µν

(1) with ζH the Hall

viscosity.

Formally, the choice of frame (Eckart, Landau–Lifshitz, . . . ) does not exhaust all freedom

and it is always implicitly assumed that, owing to this residual latitude, εεε(x), ppp(x) and ̺̺̺(x)

are identified with the local-equilibrium thermodynamic energy density ε(x), pressure p(x)

and charge density ̺(x), i.e. not only at the first order as Eqs. (B.2) may suggest. Nothing

guarantees, however, that the kinematic out-of-equilibrium temperature TTT(x) and chemical

potential µµµ(x) could be identified with the equilibrium data T(x) and µ(x), even at lowest

order – a fortiori when higher (and possibly all) orders in the derivative expansion are con-

cerned. The literature is very poor on this issue, probably because we are here reaching the

limits of the hydrodynamic approach. Answering this question would require to enter the

realm of non-equilibrium many-body systems.

Conformal fluids

The case of conformal fluids deserves some further comments. From microscopic first prin-

ciples, the energy–momentum tensor is traceless and this should hold even in the limit of

extinct interactions. In other words, from Eq. (A.10) and following the above identification

of kinematical energy and pressure εεε, ppp with thermodynamic ones ε, p, one obtains:

ε(x) = (D − 1) p(x), gµντµν = 0. (B.5)

26See [40] for a comprehensive review about classical irreversible thermodynamics (CIT) and the Eckart frame.
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Equilibrium thermodynamics for conformal fluids then sets the equilibrium temperature

T(x) following Stefan’s law, modified in the presence of a chemical potential to comply with

the Gibbs–Duhem equation (B.11):

p = TD f
(µ

T

)

. (B.6)

Here f (µ/T) encodes the equation of state for the conformal fluid. It is determined by its

microscopic properties, and satisfies

f (0) =
σ

D − 1
, (B.7)

where σ is a Stefan–Boltzmann-like constant in D dimensions. The matter density and en-

tropy therefore read:

̺ =

(

∂p

∂µ

)

T

= TD−1 f ′
(µ

T

)

, (B.8)

s =

(

∂p

∂T

)

µ

=
1
T
(Dp − µ̺). (B.9)

Vanishing density requires thus f = σ/D−1 constant, and we recover Stefan’s law in this case

too. As already emphasized, the thermodynamic temperature and chemical potential may

not be meaningful in a plain non-equilibrium regime.

Entropy current

The next object we would like to discuss is the entropy current. The canonical expression for

it is [29, 38, 40, 43]

Sµ =
1
T
(puµ − Tµνuν − µJµ) . (B.10)

Using the decompositions (A.10) and (A.14), the identifications of the kinematical εεε(x), ppp(x)

and ̺̺̺(x) with the thermodynamic ones, as well as the already quoted equilibrium thermo-

dynamic relation

Ts = p + ε − µ̺, (B.11)

one finds:

Sµ = suµ +
1
T

qµ − µ

T
jµ. (B.12)

This current allows writing the thermodynamic entropy as:

s = −Sµuµ. (B.13)

We should stress that the entropy current has raised many questions and its canonical form

(B.10) may not be appropriate to all physical situations. It is based on local-equilibrium
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thermodynamic functions, s(x), T(x) and µ(x), and depending on the set-up, these may

be far from the kinematical TTT(x) and µµµ(x), which lack first-principle microscopic definition

anyway.

It can be shown that the entropy current is frame-independent [29]. This holds in partic-

ular for Eckart and Landau–Lifshitz frames:

S
µ
E = S

µ
LL. (B.14)

The formal expression of the current changes though, from one frame to another. In the

Eckart frame, (B.10) becomes

S
µ
E = suµ +

1
T

qµ, (B.15)

and using Eq. (A.17)

∇µS
µ
E = −µ̺

T
Θ − u

(µ̺

T

)

+ u
( p

T

)

+ εu
(

1
T

)

+ q
(

1
T

)

− 1
T

(

gµντµν

D − 1
Θ + aµqµ + σµντµν

)

. (B.16)

Similarly, we find in the Landau–Lifshitz frame

S
µ
LL = suµ − µ

T
jµ, (B.17)

which is precisely the current originally proposed by Landau and Lifshitz in [38]. Thanks to

the usual tools ((A.14), (A.18) and (A.19)), the divergence turns out to be

∇µS
µ
LL = u

(

p + ε

T

)

+
p + ε

T
Θ − ̺u

(µ

T

)

− j
(µ

T

)

. (B.18)

In order to avoid cluttering indices, it is understood that whatever quantity appears in the

right-hand side of Eqs. (B.15)–(B.18) is determined in the hydrodynamic frame declared in

the left-hand side (and similarly for (B.19)–(B.21) below).

Positivity of ∇µSµ sets bounds on the transport coefficients that appear in the derivative

expansion. Notice en passant that this divergence is Weyl-covariant as it matches the Weyl-

divergence of the entropy current.27

For a conformal fluid, the entropy current (B.12) reads:

S
µ
E =

1
T

(

(Dp − µ̺)uµ + qµ
)

, or S
µ
LL =

1
T

(

(Dp − µ̺)uµ − µjµ
)

, (B.19)

27Indeed, we would write DµSµ = ∇µSµ + (wS − D)AµSµ, but the conformal weight wS of the entropy current
equals D.
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while its divergence (B.16) or (B.18) is now

∇µS
µ
E = −µ̺

T
Θ − u

(µ̺

T

)

+ Dp u
(

1
T

)

+ q
(

1
T

)

− 1
T

(

aµqµ + σµντµν − u(p)
)

, (B.20)

or

∇µS
µ
LL = D u

( p

T

)

+ D
p

T
Θ − ̺u

(µ

T

)

− j
(µ

T

)

. (B.21)

The various kinematical and thermodynamic quantities appearing in the equations, are de-

termined in the corresponding frame; they are different for Eckart and Landau–Lifshitz,

contrary to the entropy current and its divergence.

Eckart-to-Landau–Lifshitz transformation

We would like to conclude this appendix with some explicit transformation rules. Writ-

ing QLL = QE + δQ for any kinematical or thermodynamic quantity Q, the displacements

can be computed linearly, quadratically, and so on, based on the fundamental rule that the

energy–momentum tensor T and the matter current J are frame-invariant. In order to avoid

any confusion, we restore the index “E” for the Eckart frame, and provide the results with

minimal details.

The variation in the velocity field is determined in terms of the heat current, non-zero in

Eckart frame, vanishing in Landau–Lifshitz frame, by solving perturbatively the eigenvalue

problem:

δu(1) =
q

pE + εE
. (B.22)

All other transformation rules are determined from the latter, using the quoted invariances

and Gibbs–Duhem equation.28 The non-perfect matter-current component j is vanishing in

Eckart and non-zero in Landau–Lifshitz, where its first-order value is

δj(1) = − ̺E

pE + εE
q , (B.23)

while

δε(1) = δ̺(1) = δs(1) = δp(1) = 0 . (B.24)

Similarly, we find

δ
(µ

T

)(1)
=

q · τE · q

̺ETEq2 , (B.25)

and using δp = ̺δµ + sδT we can read off δT(1) and δµ(1).

It should be noticed that the stress tensor τE is a correction with respect to the perfect

fluid, of similar order than the heat current q. The first correction it receives is therefore of

28The kinematical εεεLL(x), pppLL(x) and ̺̺̺LL(x) are still identified with the local-equilibrium thermodynamic
energy density εLL(x), pressure pLL(x) and charge density ̺LL(x).
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second order:

δτ(2)µν =
q · τE · q

(pE + εE) q2 (q
µuν + qνuµ) +

tr δτ(2)

D − 1
hµν. (B.26)

In this expression, the trace of the correction, tr δτ(2) = gµν δτ(2)µν, is left undetermined. This

trace also appears in the second-order correction of the pressure,

δp(2) =
δε(2)

D − 1
− tr δτ(2)

D − 1
, δε(2) = − q2

pE + εE
, (B.27)

so that a freedom remains to reabsorb it or not in the latter (see discussion in [29]). The other

second-order corrections from Eckart to Landau–Lifshitz frame read:

δu(2) =
1

2 (pE + εE)
2

(

q2uE − 2τE · qE

)

, (B.28)

δj(2) = − ̺E

(pE + εE)
2

(

q2uE − τE · qE

)

, (B.29)

δs(2) =
q2sE

2 (pE + εE)
2 − q2

TE (pE + εE)
, (B.30)

δ̺(2) =
q2̺E

2 (pE + εE)
2 , (B.31)

δ
(µ

T

)(2)
= − 1

̺ETE (pE + εE)

(

q2 +
q · τE · τE · q

q2 −
(

q · τE · q
q2

)2
)

. (B.32)

Finding the latter requires to analyse the eigenvalue problem of the energy–momentum ten-

sor at third order. We can further combine (B.27) with (B.32) and δp = ̺δµ+ sδT, and extract

δT(2) and δµ(2).

We can proceed similarly and obtain the above quantities at next order, or even further.

Their expressions follow the pattern already visible in the first and second orders. It is read-

ily seen that the expansions of all Landau–Lifshitz observables around their Eckart values

are controlled by the parameter ‖q‖/pE+εE, i.e. basically the norm of the heat current. The

magnitude of this quantity sets validity bounds on the frame transformation at hand. For a

more general discussion on related issues, see the already quoted Refs. [29, 40].
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ABSTRACT

We provide the set of equations for non-relativistic fluid dynamics on arbitrary, possibly
time-dependent spaces, in general coordinates. These equations are fully covariant under
either local Galilean or local Carrollian transformations, and are obtained from standard rel-
ativistic hydrodynamics in the limit of infinite or vanishing velocity of light. All dissipative
phenomena such as friction and heat conduction are included in our description. Part of
our work consists in designing the appropriate coordinate frames for relativistic spacetimes,
invariant under Galilean or Carrollian diffeomorphisms. The guide for the former is the
dynamics of relativistic point particles, and leads to the Zermelo frame. For the latter, the
relevant objects are relativistic instantonic space-filling branes in Randers–Papapetrou back-
grounds. We apply our results for obtaining the general first-derivative-order Galilean fluid
equations, in particular for incompressible fluids (Navier–Stokes equations) and further il-
lustrate our findings with two applications: Galilean fluids in rotating frames or inflating
surfaces and Carrollian conformal fluids on two-dimensional time-dependent geometries.
The first is useful in atmospheric physics, while the dynamics emerging in the second is
governed by the Robinson–Trautman equation, describing a Calabi flow on the surface, and
known to appear when solving Einstein’s equations for algebraically special Ricci-flat or
Einstein spacetimes.
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1 Introduction

Ordinary non-relativistic fluid dynamics is described in terms of a basic set of equations:

continuity, energy conservation and momentum conservation (Euler equation). In most text-

books (as e.g. [1]) the fluid is observed from either inertial, or stationary rotating frames, us-

ing Cartesian or spherical/cylindrical coordinates. Although these set-ups are satisfactory

for most practical purposes, they do not exhaust all possible situations because the equations

at hand are not covariant under Galilean diffeomorphisms i.e. general coordinate transfor-

mations such as t′ = t′(t) and x′ = x′(t,x). Most importantly, the geometry hosting the fluid

is assumed to be three- or two-dimensional Euclidean space. This is a severe limitation, as

we may want to study the fluid moving on a surface, which is neither flat nor static, and

equipped with an arbitrary coordinate system.

Progress has been made over the last decades, sustained by the needs of the space pro-

grams or meteorology [2–7]. The most recent work [7] beautifully highlights the various con-

tributions, and provides a covariant frame-independent formulation. Still, these authors do
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not address the issue of trading Euclidean space for an arbitrary curved and time-dependent

geometry, and subsequent analyses have focused to the case of static surfaces (see e.g. [8]).

Part of our work consists in filling this gap, and presenting the most general equations de-

scribing a non-relativistic viscous fluid moving on a space endowed with a spatial, time-

dependent metric, and observed from an arbitrary frame. Each geometric object involved

in this description has a well-defined transformation rule under Galilean diffeomorphisms,

making the set of equations covariant.

In order to achieve the above program, we carefully analyze the infinite-light-velocity

limit inside the relativistic fluid equations. Although standard (see §125 of [1] for the original

presentation and [9] for a modern approach), this method has been only partially developed

outside the realm of Minkowski spacetime (as e.g. in [10]). Hence, it has mostly led to non-

relativistic fluids on plain Euclidean space in inertial frames. Choosing the form of a general

spacetime metric such that it allows for a non-relativistic limit, enables us to reach our goal.

Considering the infinite-light-velocity limit in a relativistic framework suggests to study

in parallel the alternative zero-light-velocity limit. This is actually ultra-relativistic, but we

will keep on calling it non-relativistic as it decouples time and contracts the Poincaré group

down to the Carroll group, as originally described in [11].

Carrollian physics has attracted some attention over the recent years [12, 13]. Although

kinematically restricted – due to the vanishing velocity of light, the light-cone collapses to

a line and no motion is allowed – the freedom of choosing a frame is as big as for Galilean

physics though. In particular, the single particle has degenerate motion [14], but extended

instantonic1 objects do still exist and have non-trivial dynamics, making this framework rich

and interesting. Following the pattern described above, we study the corresponding general

set of equations for viscous fluids. The form of the spacetime metric appropriate for the

limit at hand is of Randers–Papapetrou, slightly different from the one used in the former

case, which is the Zermelo form.2 The obtained equations are covariant under Carrollian

coordinate transformations, t′ = t′(t,x) and x′ = x′(x). In order to avoid any confusion, we

will refer to the standard non-relativistic fluids as Galilean, whereas the latter will be called

Carrollian.

Our motivation for the present work is twofold. On the one hand, as already mentioned,

stands the need for a fully covariant formulation of Galilean fluid dynamics, on general

spaces and from arbitrary frames, which might have useful physical applications. On the

other hand, viscous Carrollian fluids were never studied and turn out to emerge in the con-

text of asymptotically flat holography [16], in replacement of the relativistic fluids present in

the usual fluid/gravity holographic correspondence of asymptotically anti-de Sitter space-

1In ordinary relativistic spacetime, we would call these objects tachyonic as they extend in space i.e. outside
the local light-cone. Since the latter is everywhere degenerate in Carrollian spacetimes, instantonic is more
illustrative.

2See [15] for an interesting discussion on Zermelo vs. Randers–Papapetrou forms.
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times [17–20]. Performing this analysis in parallel is useful as both Galilean and Carrollian

groups, and Zermelo and Randers–Papapetrou frames turn out to have intimate duality re-

lationships.

We will start our exposition by designing the appropriate forms for relativistic space-

times, hosting naturally the action of – i.e. being stable under – the two diffeomorphism

groups that we want to survive in the infinite-c or zero-c limits, Secs. 2.1, 2.2. Local Galilean

and Carrollian transformations are elegantly implemented in ordinary particle or instantonic

space-filling brane dynamics, respectively. They are subsequently uplifted into Zermelo and

Randers–Papapetrou metrics for the spacetime. The next step consists in studying ordinary

viscous relativistic fluids on these environments and consider the infinite-c or zero-c limits

in their equations. This is performed in Secs. 3.2 and 3.3, following a concise overview on

relativistic fluids, Sec. 3.1. We find generalized continuity, energy-conservation and Euler

equations for the usual Galilean fluids, as well as a set of two scalar (one for the energy)

and two vector equations for the Carrollian ones. We analyze the covariance properties of

the equations in both cases, and show that these transform as expected. Some examples are

collected in Sec. 4: the Galilean fluid from a rotating frame or on an inflating surface, and

the dynamics of a two-dimensional Carrollian viscous fluid. Further technical details, are

provided in the appendix, where we introduce a new time connection for the Galilean geom-

etry, and both temporal and spatial connections for the Carrollian and conformal-Carrollian

geometry, together with their associated curvature tensors, allowing for a more elegant pre-

sentation of the corresponding covariant equations.

2 Galilean and Carrollian Poincaré uplifts

We present here the relativistic uplifts of Newton–Cartan and Carrollian non-relativistic

structures. In these Lorentzian-signature spacetimes, respectively of the Zermelo and Randers–

Papapetrou form, the Galilean and Carrollian diffeomorphisms are naturally realized, and

the dynamics of free objects smoothly matches the ordinary Galilean and Carrollian dynam-

ics, when the velocity of light becomes infinite or vanishes, respectively.

2.1 From Galileo Galilei . . .

Consider a free particle on an arbitrary d-dimensional space S , endowed with a positive-

definite metric

dℓ2 = aijdxidxj, i, j . . . ∈ {1, . . . ,d}, (2.1)

and observed from a frame with respect to which the locally inertial frame has velocity

w = wi∂i. Its classical (as opposed to relativistic) dynamics is captured by the following
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Lagrangian:

L(v,x, t) =
1

2Ω2 aij

(

vi − wi
)(

vj − wj
)

(2.2)

with action

S[x] =
∫

C

dt ΩL(v,x, t). (2.3)

In this expression:

• aij and wi are general functions of (t,x);3

• vi = dxi

dt are the usual components of the velocity v = vi∂i;

• L(v,x, t) appears as a Lagrangian density, with Lagrangian4 L(v,x, t) = ΩL(v,x, t).

Furthermore

• the Lagrange generalized momenta are (indices are lowered and raised with aij and its

inverse)

pi =
∂L

∂vi
=

1
Ω
(vi − wi), (2.4)

• H(p,x, t) = piv
i − L(v,x, t) is the Hamiltonian with Hamiltonian density H = 1

Ω
H:

H =
1
2

(

p2 +
p · w

Ω

)

. (2.5)

The existence of an absolute Newtonian time requires Ω be a function of t only, the absolute

time being thus
∫

dt Ω(t). One should stress that keeping general Ω(t,x) does not spoil

the consistency of the system (2.2), (2.3), but invalidates the interpretation of (2.1) as the

spatial metric. Even though in practical situations we can set Ω = 1, its rôle is important

when dealing with general Galilean diffeomorphisms (see (2.11)–(2.15)), in the framework

underlying the above dynamical system: the Newton–Cartan structures [21].5

We can compute the energy density expressing the Hamiltonian (2.5) in terms of the

velocity:

H =
1

2Ω2 aij

(

vi + wi
)(

vj − wj
)

=
1

2Ω2

(

v2 − w2) . (2.6)

As usual −w2/2Ω2 plays the rôle of the potential for inertial forces. Using the energy theorem

(dH/dt = −∂L/∂t) one finds

dH
dt

= − 1
2Ω2

(

vi − wi
)(

vj − wj
)

∂taij +
vi − wi

Ω
∂t

wi

Ω
. (2.7)

3Here x stands for {x1, . . . , xd}.
4Euler–Lagrange equations are d

dt

(

∂L
∂vi

)

= ∂L
∂xi .

5Some modern references on Newton–Cartan structure are e.g. [22–25].
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The most canonical example of (2.2) is that of a massive particle moving in Euclidean

space E3 with Cartesian coordinates, and observed from a non-inertial frame:

aij = δij, Ω = 1, w(t,x) = x ×ωωω(t)− V(t). (2.8)

Here V(t) is the dragging velocity of the non-inertial frame, ωωω(t) the angular velocity of its

rotating axes, and v − w = v + V +ωωω × x is the velocity as measured in the original inertial

frame (Roberval’s theorem).

The action (2.3) is invariant under general Galilean diffeomorphisms i.e. transformations

t′ = t′(t) and x′ = x′(t,x), (2.9)

for which we define the following Jacobian functions:

J(t) =
∂t′

∂t
, ji(t,x) =

∂xi′

∂t
, Ji

j(t,x) =
∂xi′

∂xj
. (2.10)

The metric components transform as a tensor of S :

a′ij = akl J−1k
i J−1l

j , (2.11)

the particle and frame velocities as gauge connections:

v′k =
1
J

(

Jk
i vi + jk

)

, (2.12)

w′k =
1
J

(

Jk
i wi + jk

)

, (2.13)

and the generalized momenta (2.4) as one-form components:

p′i = pk J−1k
i ; (2.14)

Ω is just rescaled:

Ω
′ =

Ω

J
. (2.15)

Since J = J(t) and Ω = Ω(t), Galilean transformations lead to Ω′ = Ω′(t′), leaving invariant

the absolute Newtonian time
∫

dt Ω(t) =
∫

dt′ Ω′(t′). Observe also that v−w
Ω

is a genuine

vector of S , which ensures the form-invariance of L and thus the covariance of the equa-

tions of motion.

There is a particular Newton–Cartan structure, which is invariant under the Galilean

group: S is the Euclidean space Ed with Cartesian coordinates (aij = δij) and Ω = 1, and the

connection w is constant i.e. independent of (t,x). This system describes the non-relativistic

motion of a free particle in Euclidean space, observed from an inertial frame. The Galilean

5



group acts as






t′ = t + t0,

x′k = Rk
i xi + Vkt + xk

0

(2.16)

with all parameters being (t,x)-independent, and Rk
i the entries of an orthogonal matrix. The

action of these transformations leave the Lagrangian and the equations of motion at hand

invariant. In more general Newton–Cartan structures, the Galilean group acts in the tangent

space equipped with a local orthonormal frame and it is no more a global symmetry.

The Galilean group is an infinite-c contraction of the Poincaré group. The latter acts

locally in general d + 1-dimensional pseudo-Riemannian manifolds M . In order to recover

the above Newton–Cartan structure and its class of diffeomorphisms (2.9) in the infinite-c

limit, there is a natural choice for the form of the metric onM :

ds2 = −Ω
2c2dt2 + aij

(

dxi − widt
)(

dxj − wjdt
)

. (2.17)

The form (2.17) is required for the functions Ω, aij and wi to transform as in (2.11), (2.13) and

(2.15) under a Galilean diffeomorphism (2.9). Actually, every metric is compatible with the

gauge (2.17), provided aij, wi and Ω, are free to depend on x = (ct,x) = {xµ,µ = 0,1, . . . ,d}.

The existence of a Galilean limit requires, however, Ω to depend on t only. Indeed, the

proper time element for a physical observer is dτ =
√

−ds2/c2 . When c becomes infinite,

lim
c→∞

dτ = Ω dt must coincide with the absolute Newtonian time, and this requires the ab-

sence of x-dependence in Ω, as expected from our previous discussion on the dynamics of

(2.3).

The spacetime Jacobian matrix associated with (2.9), reads (using (2.10)):

J
µ
ν (x) =

∂xµ′

∂xν
→
(

J(t) 0

Ji(x) Ji
j(x)

)

with Ji =
ji

c
. (2.18)

The metric form (2.17) is refered to as Zermelo (see [15]). A relativistic particle moving in

(2.17) is described by the components of its velocity u, normalized as ‖u‖2 = −c2:

uµ =
dxµ

dτ
⇒ u0 = γc, ui = γvi, (2.19)

where the Lorentz factor γ is defined as usual (although here, it depends also on the space-

time coordinates):6

γ(t,x,v) =
dt

dτ
=

1

Ω

√

1 − ( v−w
cΩ

)2
. (2.20)

6Expressions as v2 stand for aijv
ivj, not to be confused with ‖u‖2 = gµνuµuν.
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Under a Galilean diffeomorphism (2.18), the transformation of the components of u,

u′0 = Ju0, u′i = Ji
kuk + Jiu0, u′

0 =
1
J

(

u0 − uj J
−1j

k Jk
)

, u′
i = uk J−1k

i , (2.21)

induces a transformation on vi, which matches precisely (2.12).

The dynamics of the relativistic free particle is described using e.g. the length of the

world-line C as an action:

S[x] =
∫

C

dτ =
∫

C

√

−ds2

c2 . (2.22)

This is easily computed in the Zermelo environment (2.17), and expanded for large c:

S[x] =
∫

C

dt Ω

√

1 − 1
c2Ω2 aij (vi − wi)

(

vj − wj
)

=
∫

C

dt Ω

(

1 − 1
2c2Ω2 aij

(

vi − wi
)(

vj − wj
)

+ O (1/c4)

)

. (2.23)

Hence, the dynamics (2.22), disregarding the first term in (2.23), which is a Galilean invari-

ant, coincides in the infinite-c limit with the dynamics of the non-relativistic action displayed

in (2.3). This shows that (2.17) is the natural relativistic spacetime uplift of a Galilean space

S endowed with a Newton–Cartan structure.

2.2 . . . to Lewis Carroll

The Poincaré group admits another contraction at vanishing c [11]. Although this limit may

sound degenerate as particle motion is frozen, it exhibits both an interesting dynamics and

a rich mathematical structure.

A Euclidean space Ed with Cartesian coordinates, accompanied with a real time line t

can be equipped with a structure alternative to Newton–Cartan’s, known as Carrollian. This

structure is left invariant by the Carrollian group acting as







t′ = t + Bix
i + t0,

x′k = Rk
i xi + xk

0

(2.24)

with all parameters being (t,x)-independent, and Rk
i the entries of an orthogonal matrix.

Invariant equations of motion can be considered for extended objects i.e. fields rather

than particles. Indeed, at zero velocity of light, a particle cannot move in time but time can

define an x-dependent field. The scalar field t(x) describes a d-brane, in other words a space-

filling object in Ed, extended inside a portion of space V ⊂ Ed.7 Its invariant action can be

7Our guide in this section is symmetry, and our goal the adequate Poincaré uplift. The precise physical system
and the nature of its dynamics are of secondary importance. Other systems with Carrollian symmetry may exist.
It is interesting, though, to maintain a dual formulation for the two sides (Galilean and Carrollian), as for objects
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e.g.

S[t] =
∫

V

ddxL(∂∂∂t) (2.25)

with Lagrangian density

L(∂∂∂t) =
1
2

δij (∂it − bi)
(

∂jt − bj

)

, (2.26)

where bi are constant parameters with inverse-velocity dimension, playing the rôle of a con-

stant gauge-field background, and transforming by shift and rotation under (2.24): b′i =
(

bj + Bj

)

R
−1j

i .

More general Carrollian structures equip Riemannian manifolds S with metric (2.1) and

time t ∈ R. The Carrollian transformations (2.24) are realized locally, in the tangent space,

and are no longer symmetries. The structure is covariant under Carrollian diffeomorphisms

t′ = t′(t,x) and x′ = x′(x) (2.27)

with Jacobian functions

J(t,x) =
∂t′

∂t
, ji(t,x) =

∂t′

∂xi
, Ji

j(x) =
∂xi′

∂xj
. (2.28)

The covariant action describing the Carrollian dynamics in the more general case at hand is8

S[t] =
∫

V ⊂S
ddx

√
aL(∂∂∂t, t,x), (2.29)

where a stands for the determinant of the matrix aij and L(∂∂∂t, t,x) is the Lagrangian density:

L(∂∂∂t, t,x) =
1
2

aij (Ω∂it − bi)
(

Ω∂jt − bj

)

. (2.30)

Here the components of the metric, the scale factor Ω, and the components of the back-

ground gauge field bbb = bidxi depend all on (t,x).

Under Carrollian diffeomorphisms, the metric transforms as in (2.11) i.e.

a′ij = Ji
k J

j
l akl , (2.31)

Ω is rescaled as in (2.15) – where everything now depends both on t and x – while the field

gradients and the gauge connection obey respectively

∂′kt′ = (J∂it + ji) J−1i
k, (2.32)

with dimension-one and codimension-one world-volumes.
8Notice that actions (2.25), (2.29) and (2.37) are all Euclidean-signature (instantonic) because of vanishing c.
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and

b′k =
(

bi +
Ω

J
ji

)

J−1i
k. (2.33)

Here

βi = Ω∂it − bi (2.34)

transform as components of a one-form onS , making the density Lagrangian form-invariant.

We will now uplift the above structure into a d + 1-dimensional pseudo-Riemannian

manifold M , where the full Poincaré group is realized in the tangent space. Following the

pattern used in the Galilean framework, Sec. 2.1, we can recover the general Carrollian

structure and its class of diffeomorphisms (2.27) in the zero-c limit, starting from a metric on

M of the form:

ds2 = −c2
(

Ωdt − bidxi
)2

+ aijdxidxj. (2.35)

The form (2.35) is known as Randers–Papapetrou. It is universal, as every metric can be recast

in this gauge. Here, it is required for the functions Ω(x), aij(x) and bi(x) to transform as

in (2.15), (2.31) and (2.33) under a Carrollian diffeomorphism (2.27) – again x ≡ (x0 = ct,x).

The spacetime Jacobian matrix associated with transformations (2.27), reads (using (2.28)):

J
µ
ν (x) =

∂xµ′

∂xν
→
(

J(x) Jj(x)

0 Ji
j(x)

)

with Ji = cji. (2.36)

The Carrollian dynamics captured in the action (2.29) is the zero-c limit of a relativistic

instantonic d-brane in a spacetime M with Randers–Papapetrou metric (2.35). As already

mentioned (footnote 1), in this context instantonic means that the world-volume does not

extend in time; it is a kind of codimension-one snap shot materialized in a space-like d-

dimensional hypersurface V , coordinated with yi, i = 1, . . . ,d. Under these assumptions, the

Dirac–Born–Infeld action reads:

S[h] =
∫

V

ddy
√

h , (2.37)

where h is the determinant of the induced metric matrix

hij = gµν
∂xµ

∂yi

∂xν

∂yj
(2.38)

with gµν the background metric components.

For the Randers–Papapetrou environment displayed in (2.35), we find:

hij =
∂xk

∂yi

∂xl

∂yj

(

akl − c2 (Ω∂kt − bk) (Ω∂lt − bl)
)

. (2.39)

In this expression, ∂kt stands for ∂t/∂xk. Consequently, we implicitly assume that the functions

xk = xk(yi) are invertible, which is equivalent to saying that one can choose a gauge where
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yi = xi. This is what happens in practice. Indeed, one can readily compute the root of the

determinant and its expansion in powers of c2. Naming αk
i =

∂xk

∂yi , we obtain:

√
h = detα

√
a

(

1 − c2

2
akl (Ω∂kt − bk) (Ω∂lt − bl) + O

(

c4
)

)

. (2.40)

Hence (2.37) becomes

S[h] =
∫

V

ddx
√

a

(

1 − c2

2
akl (Ω∂kt − bk) (Ω∂lt − bl) + O

(

c4
)

)

. (2.41)

Neglecting the first term, which is invariant under Carrollian diffeomorphisms (2.27), (2.28),

in the zero-c limit, (2.41) describes the same dynamics as (2.29), (2.30). This result, in close

analogy with the Galilean discussion in the previous section, shows that the form (2.35) is

well-suited for the zero-c limit.

3 Fluid dynamics in the non-relativistic limits

The aim of the present chapter is to exhibit the general fluid equations in the Galilean and

Carrollian structures. This is achieved starting from plain relativistic viscous-fluid dynamics

in the appropriate background – Zermelo or Randers–Papapetrou – and analyzing the asso-

ciated, infinite or vanishing light-velocity limit. By construction, the equations reached this

way are covariant under the corresponding diffeomorphisms. We study here neutral fluids,

moving freely i.e. subject only to pressure, friction forces and thermal conduction processes.

We conclude with some comments on a duality relating the two limits under consideration.

3.1 Relativistic fluids

Free relativistic viscous fluids are described in terms of their energy–momentum tensor

obeying the set of d + 1 conservation equations

∇µTµν = 0. (3.1)

The time component is the energy conservation, the other d spatial ones, momentum conser-

vation, usually called Euler equations.

The energy–momentum tensor is made of a perfect-fluid piece and terms resulting from

friction and thermal conduction. It reads:

Tµν = (ε + p)
uµuν

c2 + pgµν + τµν +
uµqν

c2 +
uνqµ

c2 , (3.2)

and contains d + 2 dynamical variables:
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• energy per unit of proper volume (rest density) ε, and pressure p;

• d velocity-field components ui (u0 is determined by the normalization ‖u‖2 = −c2).

A local-equilibrium thermodynamic equation of state9 p = p(T) is therefore needed for com-

pleting the system. We also have the usual Gibbs–Duhem relation for the grand potential

−p = ε − Ts with s = ∂p/∂T. The viscous stress tensor τµν and the heat current qµ are purely

transverse:

uµqµ = 0, uµτµν = 0, uµTµν = −qν − εuν, ε = 1
c2 Tµνuµuν. (3.3)

Hence, they are expressed in terms of ui and their spatial components qi and τij.

The quantities qi and τij capture the physical properties of the out of equilibrium state.

They are usually expressed as expansions in temperature and velocity derivatives, the co-

efficients of which characterize the transport phenomena occurring in the fluid. The trans-

port coefficients can be determined either from the underlying microscopic theory, or phe-

nomenologically. In first-order hydrodynamics

τ(1)µν = −2ησµν − ζhµνΘ, (3.4)

q(1)µ = −κh ν
µ

(

∂νT +
T

c2 aν

)

, (3.5)

where 10

aµ = uν∇νuµ, Θ =∇µuµ, (3.6)

σµν =∇(µuν) +
1
c2 u(µaν) − 1

d Θ hµν, (3.7)

ωµν =∇[µuν] +
1
c2 u[µaν], (3.8)

are the acceleration, the expansion, the shear and the vorticity of the velocity field, with η,ζ

the shear and bulk viscosities, and κ the thermal conductivity. In the above expressions, hµν

is the projector onto the space transverse to the velocity field, and one similarly defines the

longitudinal projector Uµν:

hµν =
uµuν

c2 + gµν, Uµν = −uµuν

c2 . (3.9)

In three spacetime dimensions, the Hall viscosity appears as well in τ(1)µν:

− ζH
uσ

c
ησλ(µ σν)ρ gλρ, (3.10)

with ησλµ =
√−g ǫσλµ.

9We omit here the chemical potential as we assume no independent conserved current.
10Our conventions for (anti-) symmetrization are A(µν) =

1
2

(

Aµν + Aνµ
)

and A[µν] =
1
2

(

Aµν − Aνµ
)

.
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In view of the subsequent steps of our analysis, an important question arises at this stage,

which concerns the behaviour of qi and τij with respect to the velocity of light. Answering

this question requires a microscopic understanding of the fluid i.e. a many-body (quantum-

field-theory and statistical-mechanics) determination of the transport coefficients. In the ab-

sence of this knowledge, we may consider a large-c or small-c expansion of these quantities,

in powers of c2 – irrespective of the derivative expansion. In the same spirit, we could also

work out similar expansions for each of the functions entering the metrics (2.17) or (2.35),

as these possibly carry deep relativistic dynamics. The advantage of such an exhaustive

analysis would be to set-up general conditions on a relativistic fluid and its spacetime envi-

ronment for a large-c or a small-c regime to make sense. As a drawback, this approach would

blur the universality of the equations we want to set. We will therefore adopt a more prag-

matic attitude and assume that Ω, bi, wj and aij are c-independent. Regarding the viscous

stress tensor τij, we will assume the following behaviours:

τij = −Σ
G

ij (3.11)

or

τij = −ΣCij

c2 − Ξ
ij. (3.12)

The first is appropriate for the Galilean limit. It is standard and considered e.g. in [1], where

ΣG
ij is named σ′

ij. For the Carrollian dynamics, our choice is inspired by flat-spacetime holog-

raphy (see [16]). Similarly, for the heat current, we will adopt

qi = QG
i, (3.13)

qi = QCi + c2πi, (3.14)

in Galilean and Carrollian dynamics, respectively. Although kinematically poorer – because

at rest, Carrollian fluids carry a richer internal information than their Galilean pendants

since both the heat current and the viscous tensor are doubled in the above ansatz. Observe

the position of the spatial indices, different for the two cases under consideration. They are

designed to be covariant under different classes of diffeomorphisms.

One should finally notice that, in writing the energy–momentum tensor (3.2), we have

not made any assumption regarding the hydrodynamic frame, which is therefore left generic.11

There are two reasons for this. The first is the absence of a conserved relativistic current,

which makes hydrodynamic-frame conditions delicate. Further subtleties arise when study-

ing the system in special limits such as the Galilean, where the relativistic arbitrariness for

the velocity field is lost, due to the decoupling of mass and energy. This is the second reason.

11The freedom of choosing the hydrodynamic frame was raised in [1]. Modern discussions can be found
in [9, 26, 27] (see also [28]).
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3.2 Galilean fluid dynamics from Zermelo background

The essence of the classical limit

We will consider in the following the ordinary non-relativistic limit of fluid equations, for-

mally reached at infinite c. The physical validity of this situation is based on two assump-

tions.

The first is kinematical: it presumes that the global velocity of the fluid with respect to

the observer is small compared to c. This is easily implemented using the Zermelo form of

the metric (2.17), where the control parameter for the validity of the classical limit is
∣

∣

v−w
c

∣

∣.

We find










u0 = γc =
c

Ω
+ O (1/c) , u0 = −cΩ + O(1/c) ,

ui = γvi =
vi

Ω
+ O (1/c2) , ui =

vi − wi

Ω
+ O (1/c2) .

(3.15)

The second is microscopic. The internal particle motion should also be Galilean, in other

words the energy density should be large compared to the pressure: ε ≫ p. This sets re-

strictions on the equation of state, as not every equation of state is compatible with such a

microscopic assumption.12

An important consequence of the microscopic assumption is the separation of mass and

energy, now both independently conserved. It is customary to introduce the following:

• ̺ the usual mass per unit of volume (mass density);

• ̺0 the usual mass per unit of proper volume (rest-mass density);

• e the internal energy per unit of mass;

• h the enthalpy per unit of mass.

These local thermodynamic quantities are related as























ε =
(

e + c2
)

̺0,

h = e + p
̺ ,

̺0 =
̺

Ωγ
= ̺

√

1 − ( v−w
cΩ

)2 ≈ ̺ − ̺
2

(

v−w
cΩ

)2 ,

(3.16)

where we have used Eq. (2.20) for the Lorentz factor γ, and expanded it for small
∣

∣

v−w
c

∣

∣.

12For example, the conformal equation of state, ε = dp is not compatible with the non-relativistic limit at hand.
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The structure of the equations

The fluid equations are the conservation (3.1) of the energy–momentum tensor (3.2), in the

background (2.17). It is computationally wise to split these equations as:

∇µTµ0 = 0, ∇µT
µ
i = 0. (3.17)

Indeed, applying a Galilean diffeomorphism (2.9), (2.18), the time components up and space

components down transform faithfully and irreducibly. On the divergence of the energy–

momentum tensor we find:

∇′
µT′µ0 = J∇µTµ0, ∇′

µT
′µ

i = J−1l
i∇µT

µ
l. (3.18)

Hence, the two sets of equations (3.17) do not mix13 and have furthermore a d-dimensional

covariant transformation, which is our goal for the Galilean fluid dynamics.

The expressions displayed so far are fully relativistic. The next step is to consider the

large-c regime. In this regime, Eqs. (3.17) can be expanded in powers of 1/c. This expansion

must be performed with care as the time equation needs an extra c factor with respect to the

next d spatial equations because it describes the evolution of energy, which is a momentum

multiplied by c. We find:14

c∇µTµ0 = c2 C
Ω

+
E
Ω

+ O
(

1
c2

)

, (3.19)

∇µT
µ
i = Mi + O

(

1
c2

)

. (3.20)

At infinite c this leads to d + 2 equations (rather than d + 1, since in the Galilean limit, mass

and energy are separately conserved) for ̺, e, p and vi:

• continuity equation (mass conservation) C = 0;

• energy conservation E = 0;

• momentum conservation Mi = 0;

this system is completed with the equation of state p = p(e,̺).

It is important to stress that Galilean diffeomorphisms (2.9), (2.10) do not involve c, and

consequently they do not mix the various terms in the expansions (3.19) and (3.20). All d + 2

13They do mix for general diffeomorphisms though.
14Had we considered Ω = Ω(t,x), the divergence ∇µT

µ
i would have exhibited an extra, dominant term in

the large-c limit: c2∂i ln Ω. The spatial conservation equation, ∇µT
µ
i = 0, would then automatically require the

x-independence for Ω. Notice also the rescaling by Ω in (3.19), which guarantees that C and E are invariants
under Galilean diffeomorphisms, see (3.35).
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fluid equations reached this way on general backgrounds15 are guaranteed to be covariant

under Galilean diffeomorphisms, and this was one motivation of our work.

The dissipative tensors in Zermelo background

Before displaying the advertised equations, we would like to elaborate on the two tensors

which capture the deviation of the real fluid with respect to the perfect one: the heat current

and the viscous stress tensor.

Orthogonality conditions (3.3) allow to express every component of these tensors in

terms of qi and τij. We assume here the Zermelo form of the metric (2.17), and a fluid velocity

field as in (2.19), (2.20). We find

q0 = −viqi

c
, q0 =

(

vi − wi
)

qi

cΩ2 , qi = aijqj +
wi
(

vj − wj
)

qj

c2Ω2 . (3.21)

Similarly, the components of the stress tensor are obtained from the τijs. For example:

τ00 =
vkvlτkl

c2 , τ0j = −vkτkj

c
, τ0

j = −
(

vk − wk
)

τkj

cΩ2 , τ00 =

(

vk − wk
)(

vl − wl
)

τkl

c2Ω4 , . . .

(3.22)

We now define QG
i = qi as anticipated in (3.13), and

QGi = aijQG
j. (3.23)

Similarly, calling for ΣG
ij introduced in (3.11), we define

Σ
G j

i = Σ
G

ikakj, Σ
Gij = aik

Σ
G j

k . (3.24)

Using the generic transformation rules of qµ and τµν under spacetime diffeomorphisms, we

find that QQQG and ΣΣΣG introduced above, appearing as classical c-independent objects, trans-

form as they should, namely as d-dimensional tensors under Galilean diffeomorphisms (2.9),

(2.18):

QG′
i = QG

k J−1k
i , QG′i = Ji

kQGk, (3.25)

ΣG′
ij = J−1k

i J−1l
j Σ

G
kl , Σ

G′ j
i = J−1k

i ΣG l
k J

j
l , ΣG′ij = ΣGkl Ji

k J
j
l . (3.26)

Continuity and energy conservation

Using Eq. (3.2) for the energy–momentum tensor Tµν with gµν and uµ given in (2.17) and

(2.19), using Eqs. (3.21), (3.23) for the heat current and (3.22), (3.24) for the stress tensor as

15We stress again that here, as for instance in [29, 30], Galilean fluids evolve on general, curved and time-
dependent spaces S , as opposed to other works on non-relativistic fluid dynamics (see e.g. [31]).
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well as the definitions (3.16), we can perform the large-c expansion of the relativistic en-

ergy conservation equation (3.19). This requires the expansion of the Christoffel symbols,

displayed in App. A.1.

We find the following at O(c2):

C =
∂t
√

a ̺

Ω
√

a
+

1
Ω
∇i̺vi, (3.27)

where a stands for the determinant of the d-dimensional metric aij(t,x), and ∇i is the Levi–

Civita covariant derivative associated with aij(t,x) and Christoffel symbols given in (A.9).

The standard continuity equation C = 0 is thus recovered. It is customary to decompose C
in (3.27) as

∂t
√

a ̺

Ω
√

a
+

1
Ω
∇i̺vi =

1
Ω

d̺

dt
+ ̺θG, (3.28)

where
d
dt

= ∂t + vi∇i (3.29)

is the material derivative, and

θG =
1
Ω

(

∂t ln
√

a +∇iv
i
)

(3.30)

the effective Galilean fluid expansion. The latter combines the divergence of the fluid congru-

ence with the logarithmic expansion of the volume form to produce a genuine scalar under

Galilean diffeomorphisms (2.9), (2.10) (see Eqs. (2.15) and (A.17)). The material derivative

(3.29), in the form 1
Ω

d
dt , is also an “invariant” when acting on a scalar function. This is due to

(2.12), (A.12) and (A.13). When acting on arbitrary tensors, it should be supplemented with

the appropriate w-connection terms, as shown in the appendix, Eq. (A.24).

At the next O(c0) order, we obtain:

E =
1

Ω
√

a
∂t

(

√
a ̺

(

e +
1
2

(

v − w

Ω

)2
))

+
1
Ω
∇i

(

̺vi

(

e +
1
2

(

v − w

Ω

)2
))

+
1
Ω
∇i

((

vj − wj
)(

pδi
j − Σ

G i
j

))

+∇iQ
Gi +

1
Ω

Π
Gij

(

∇iwj +
1
2

∂taij

)

(3.31)

=
̺

Ω

d
dt

(

e +
1
2

(

v − w

Ω

)2
)

+
1
Ω
∇i

(

p
(

vi − wi
))

+∇iQ
Gi

− 1
Ω
∇i

((

vj − wj
)

Σ
G i

j

)

+
1
Ω

Π
Gij

(

∇iwj +
1
2

∂taij

)

, (3.32)

where the alternative expression (3.32) is obtained from (3.31) using the continuity equation

C = 0. Here we introduced

Π
Gij = ̺

(

vi − wi
)(

vj − wj
)

Ω2 + paij − Σ
Gij, (3.33)
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the components of the Galilean energy–momentum tensor, following [1]. They are expressed

in terms of the fluid velocity, measured in an inertial-like frame, i.e. v − w, and transform

under Galilean diffeomorphisms (2.9), (2.10) as a genuine rank-two d-dimensional tensor on

S (one uses (2.11), (2.12), (2.13), (2.15), and (3.26)):

Π
Gij′ = Ji

k J
j
l Π

Gkl . (3.34)

Equation E = 0 is the Galilean energy conservation equation for a viscous fluid in motion

on arbitrary, time-dependent d-dimensional space S , and observed from an arbitrary frame

(moving at velocity −w(t,x) with respect to a local inertial frame). In a short while, we will

recast this equation in a suitable form for recognizing the underlying phenomena. Notice

that both friction and thermal conduction occur, driven by the viscous stress tensor ΣΣΣG and

the heat current QQQG. As opposed to the energy-conservation equation at hand, the continuity

(mass-conservation) equation depends neither on the motion of the observer (w) nor on the

friction properties of the fluid. This is expected because energy is frame-dependent while

mass it is not.

One can check that under Galilean diffeomorphisms (2.9), (2.10):

C ′ = C, E ′ = E . (3.35)

In order to show this, it is convenient to recognize some well-behaved blocks in the expres-

sions at hand, based on the quoted transformation rules. We have gathered this information

in App. A.1, Eqs. (A.16)–(A.19). For (3.35), we also need (3.25), (3.26).

Euler equation

Following the same pattern, we can process the large-c behaviour of the relativistic momentum-

conservation equations. Along with (3.20) we find:

Mi =
1

Ω
√

a
∂t

(√
a ̺

vi − wi

Ω

)

+
1
Ω
∇j

(

̺wj

(

vi − wi

Ω

))

+
̺

Ω

(

vj − wj

Ω

)

∇iwj +∇jΠ
G j

i

(3.36)

with Π
G j

i as in (3.33). The equation Mi = 0 is the ultimate generalization of the standard

Euler equation, displayed e.g. in Ref. [1]. It is remarkably simple. The second and third

terms in (3.36) contribute to inertial forces (Coriolis, centrifugal etc.), and are usually absent

in Euclidean space with inertial frames. Together with the first term, they provide the com-

ponents of a one-form on S transforming as v−w
Ω

(see (A.21), (A.22)). This is also how Mi

behave under Galilean diffeomorphisms (2.9), (2.10):

M′
i = J−1l

iMl. (3.37)
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The Euler equation (3.36) contains the acceleration γγγG = γG
idxi of the Galilean fluid. This

is defined covariantly as

ai = γG
i + O(1/c2) (3.38)

with ai the spatial components of the relativistic fluid acceleration as in (3.6). We find:

Ω
2γG

i = Ω
dvi/Ω

dt
− Ω∂twi/Ω − 1

2
∂iw

2 − vj
(

∂jwi − ∂iwj

)

(3.39)

with d/dt defined in (3.29). In this expression, γG
i appear as the components of the accel-

eration in the local inertial frame and dvi/Ω

Ωdt are the components of the effectively measured

acceleration in the coordinate frame at hand. In the right hand side, the second term is

the dragging acceleration, the third accounts for the centrifugal acceleration, and the last is

Coriolis contribution. We can alternatively write (3.39) as

γG
i =

d(vi−wi)/Ω

Ωdt
− 1

2
∂i

w2

Ω2 +
vj

Ω
∇i

wj

Ω
=

D(vi−wi)/Ω

Ωdt
, (3.40)

where we used the Galilean covariant time-derivative (A.25) in the second equality.

By construction, the γG
is transform as components of a genuine d-dimensional form and

γGi = aijγG
j as a vector, under Galilean diffeomorphisms (2.9), (2.10):

γG′
i = J−1l

i γ
G

l. (3.41)

One can also check explicitly the covariance of (3.39) using (A.22). Using γG
i in (3.39) and

the expression (3.33) for the Galilean energy–momentum tensor, we can recast Mi in (3.36)

à la Euler:

Mi = ̺γG
i + ∂i p −∇jΣ

G j
i . (3.42)

Energy and entropy

The momentum equation Mi = 0 together with continuity equation C = 0 can also be used

in order to provide a sharper expression for E given in (3.31), and leading to:

1
Ω
√

a
∂t

(√
a ̺

(

e +
v2 − w2

2Ω2

))

= −∇iΠ
Gi − 1

2Ω
Π

Gij∂taij + ̺
vj − wj

Ω2 ∂t
wj

Ω
. (3.43)

In this equation, ̺
(

e + v2−w2

2Ω2

)

is the total energy density of the fluid in the natural, non-

inertial frame. The energy density has three contributions: e̺ as internal energy, the kinetic

energy ̺v2/2Ω2, and the potential energy of inertial forces −̺w2/2Ω2 (see (2.6) for the free par-
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ticle paradigm). Furthermore

Π
Gi = ̺

vi

Ω

(

h +
v2 − w2

2Ω2

)

+ QGi − vj

Ω
Σ

G i
j (3.44)

appears as the Galilean energy flux. It receives contributions from the enthalpy, the kinetic

and inertial-potential energies, as well as from dissipative processes: thermal conduction

and friction, with the corresponding heat current QQQG and viscous stress current −v·ΣΣΣG/Ω.

The general energy conservation equation E = 0 has now a simple interpretation: the time

variation of energy in a local domain is due to the energy flux through the frontier plus the

external work due to the time dependence of aij and wi (as for the free particle (2.7)).

Dissipative processes create entropy. One can readily determine the variation of the latter

by recasting the energy variation in a manner slightly different than (3.43). For that we

compute E − vi−wi

Ω
Mi with (3.31), (3.40), (3.42). We find, using continuity and (3.30):

E − vi − wi

Ω
Mi =

̺

Ω

de

dt
+ pθG +∇iQ

Gi − 1
Ω

Σ
Gij

(

∇ivj +
1
2

∂taij

)

. (3.45)

In this expression, we can trade the energy per mass e, for the entropy per mass s, obeying

de = Tds − pdv = Tds +
p

̺2 d̺, (3.46)

where v = 1/̺. Substituting (3.46) in (3.45), and trading d̺/dt for −Ω̺θG (continuity), we

obtain finally, owing to E =Mi = 0:

̺T

Ω

ds

dt
=

1
Ω

Σ
Gij

(

∇ivj +
1
2

∂taij

)

−∇iQ
Gi. (3.47)

The entropy is not conserved as a consequence of friction and heat conduction, which encode

dissipative processes. The latter are globally captured in a generalized dissipation function

ψ =
1
Ω

Σ
Gij

(

∇ivj +
1
2

∂taij

)

−∇iQ
Gi, (3.48)

appearing both in energy and entropy equations (3.45), (3.47). Observe that ψ depends ex-

plicitly on Christoffel symbols as well as on the time variation of the metric. Hence time

dependence and inertial forces contribute the dissipation phenomena.16

16 The effect of inertial forces on dissipation has been recently studied by simulation of flows on curved static
films without heat current (i.e. d = 2, Ω = 1, w = 0, ∂taij = 0, QQQG = 0) [8]. One might consider performing
similar simulations or experiments for probing the more general sources of dissipation present in (3.48).
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First-order Galilean hydrodynamics and incompressible fluids

The viscous stress tensor ΣΣΣG and the heat current QQQG are constructed phenomenologically

as velocity and temperature derivative expansions. Since these objects transform tensori-

ally under Galilean diffeomorphisms (see (3.25), (3.26)), they must be expressed in terms of

tensorial derivative quantities.

At first order, we have θG defined in (3.30), which is an invariant, and

1
Ω

(

∇(kvl) +
1
2

∂takl

)

, (3.49)

which is a rank-two symmetric tensor (see (A.19)). We can therefore set

ΣG
(1)ij = 2ηGξG

ij + ζGaijθ
G, (3.50)

QG
(1)i = −κG∂iT. (3.51)

The transport coefficients are as usual the shear viscosity ηG, coupled to the Galilean shear,

ξG
ij =

1
Ω

(

∇(ivj) +
1
2

∂taij

)

− 1
d

aijθ
G, (3.52)

which receives also contributions from the derivative of the metric; the bulk viscosity ζG,

coupled to the Galilean expansion, and the thermal conductivity κG coupled to the temper-

ature gradient.

Using the definitions of relativistic expansion and shear (3.6), (3.7), we can find their

behaviour at large c in the Zermelo background:

σij = ξG
ij + O (1/c2) , (3.53)

Θ = θG + O (1/c2) . (3.54)

For completeness we also display the leading behaviour of the vorticity (3.8), even though it

plays no rôle in first-order hydrodynamics:

ωij =
1
Ω

(

∂[i(v − w)j]

)

+ O (1/c2) . (3.55)

Since furthermore the transverse projector (3.9) is hij = aij + O (1/c2), using (3.4) and (3.5)

together with (3.11) and (3.38), we find indeed (3.50) and (3.51) (by definition QG
i = qi).

It is important to stress at this point that transport coefficients are determined as modes

of microscopic correlation functions, and are therefore sensitive to the velocity of light. In

writing (3.11), we have assumed the following large-c behaviour:

η = ηG + O(1/c2) , ζ = ζG + O(1/c2) , κ = κG + O (1/c2) . (3.56)
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The case d = 2 is peculiar because ΣG
(1)ij admits an extra term:

ζG
H ηk(i ξG

j)l akl =
ζG

H
2Ω

(

ηk(i ∇j)v
k + ηk(i aj)l

(

∇kvl − ∂t

√
a akl

√
a

− akl∇mvm

))

(3.57)

with ηkl =
√

a ǫkl . This is indeed (up to a global sign) the infinite-c limit of the relativistic

Hall-viscosity contribution in three spacetime dimensions given in (3.10), assuming again

ζH = ζG
H + O (1/c2).

We can now combine the first-derivative contribution (3.50) of the viscous stress tensor

with expression (3.42) for Mi in order to obtain the momentum conservation equation Mi =

0 of first-order Galilean hydrodynamics. We obtain

̺γG
i + ∂i p − ηG

Ω

(

∆vi + r
j

i vj + aikajl∂tγ
k
jl

)

−
(

ζG +
d − 2

d
ηG
)

∂iθ
G = 0, (3.58)

where ∆ = ∇i∇i is the Laplacian operator in d dimensions and rij the Ricci tensor of the

d-dimensional Levi–Civita connection γk
ij. Similarly, substituting (3.50), (3.51) and (3.52) in

(3.47), we find the entropy equation in first-order hydrodynamics on general backgrounds:

̺T

Ω

ds

dt
=

2ηG

Ω2

(

(∇ivj
)(∇ivj

)

+
(∇ivj

)

∂taij −
1
4

(

∂ta
ij
)(

∂taij

)

)

+

(

ζG − 2ηG

d

)

(

θG
)2

+ κG
∆T,

(3.59)

where we assumed κG constant (otherwise the last term would read ∇i(κG∇iT)).

A special class of Galilean fluids deserves further analysis. These are the incompressible

fluids for which ̺(t,x) obeys
d̺(t,x)

dt
= 0 (3.60)

with d/dt the material derivative defined in (3.29). Using the expressions (3.27) and (3.28), we

recast the incompressibility requirement as the vanishing of the effective fluid expansion:

θG = 0. (3.61)

In this case, the bulk viscosity drops from the stress tensor (3.50) and the Galilean shear (3.52)

simplifies. The first-order hydrodynamics momentum equation for an incompressible fluid

thus reads:

̺
dvi/Ω

Ω dt
= ̺

dwi/Ω

Ω dt
+

̺

2
∂i

w2

Ω2 − ̺
vj

Ω
∇i

wj

Ω
− ∂i p +

ηG

Ω

(

∆vi + r
j

i vj + aikajl∂tγ
k
jl

)

. (3.62)

We immediately recognize in this expression the generalized covariant Navier–Stokes equation,

valid for incompressible fluids on any space S , observed from an arbitrary frame. The first

three terms in the right-hand side are contributions of frame inertial forces, the fourth is

the pressure force, and next come the friction forces at first-order derivative. For Euclidean
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space with Ω = 1 and w = 0 we recover the textbook form

dv

dt
= −grad p

̺
+

ηG

̺
∆v. (3.63)

3.3 Carrollian fluid dynamics from Randers–Papapetrou background

Preliminary remarks

As Carrollian particles, Carrollian fluids have no motion. From a relativistic perspective

this is an observer-dependent statement, since boosts can turn on velocity. In the limit of

vanishing velocity of light, however, these transformations are no longer permitted. Hence,

being at rest becomes a genuinely intrinsic feature.

The fluid velocity must be set to zero faster than c in order to avoid blow-ups in the

energy–momentum conservation. The appropriate scaling, ensuring a non-trivial kinematic

contribution is

vi = c2
Ωβi + O

(

c4
)

, (3.64)

where vi = ui/γ. This leaves the Carrollian fluid with a kinematic variable βββ = βi∂i of inverse-

velocity dimension, as in (2.34) for the one-body Carrollian dynamics studied in Sec. 2.2 –

reason why we keep the same symbol. In order to reach covariant Carrollian fluid equations

by expanding the relativistic fluid equations at small c, we need to define the βis in such a

way that they transform as components of a genuine Carrollian vector under (2.27), (2.36)

already at finite c. This is achieved by setting

vi =
c2Ωβi

1 + c2βjbj
⇔ βi =

vi

c2Ω

(

1 − vjbj

Ω

) , (3.65)

from which one checks that17

βi′ = Ji
j β

j. (3.66)

The full fluid congruence reads then:



















u0 = γc =
c

Ω

1 + c2βββ · bbb
√

1 − c2βββ2
=

c

Ω
+ O

(

c3) , u0 = − cΩ
√

1 − c2βββ2
= −cΩ + O

(

c3) ,

ui = γvi =
c2βi

√

1 − c2βββ2
= c2βi + O

(

c4
)

, ui =
c2 (bi + βi)
√

1 − c2βββ2
= c2 (bi + βi) + O

(

c4
)

,

(3.67)

17This is easily proven by observing that βi + bi = −Ωui
cu0

. We define as usual bi = aijbj, βi = aijβ
j, vi = aijv

j,

bbb2 = bib
i, βββ2 = βiβ

i and bbb · βββ = biβ
i.
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where the Lorentz factor has been obtained by imposing the usual normalization ‖u‖2 = −c2:

γ =
1 + c2βββ · bbb

Ω
√

1 − c2βββ2
=

1
Ω

(

1 +
c2

2
βββ · (βββ + 2bbb) + O

(

c4
)

)

. (3.68)

In the relativistic regime, i.e. before taking the zero-c limit, in the Randers–Papapetrou back-

ground (2.35) the perfect part of the energy–momentum tensor reads then:



































T 0
perf 0 = −ε − c2(ε + p)βk (bk + βk) + O

(

c4
)

,

cΩT 0
perf i = c2(ε + p) (bi + βi) + O

(

c4
)

,
c

Ω
T

j
perf 0 = −c2(ε + p)βj + O

(

c4
)

,

T
j

perf i = pδ
j
i + c2(ε + p)βj (bi + βi) + O

(

c4
)

.

(3.69)

The non-perfect part is encoded in Eqs. (3.2), (3.12) and (3.14). Notice, on the one hand, that

for vanishing βi, these expressions are exact at finite c: most of the terms of order c2 vanish as

do all non-displayed higher-order contributions in c2; on the other hand, for vanishing c, one

recovers the perfect energy–momentum of a fluid at rest due to the simultaneous vanishing

of vi as a consequence of (3.64).

The eventual absence of motion, macroscopic or microscopic, and the shrinking of the

light-cone raise many fundamental questions regarding the origin of pressure, temperature,

thermalization, entropy etc. One may wonder in particular what causes viscosity and ther-

mal conduction, what replaces the temperature derivative expansion of qi, what justifies its

behaviour (3.12). Even the propagation of a signal such as sound, if possible, should be re-

considered. It is tempting to claim that all this physics will be mostly of geometric nature

rather than many-body statistics, because as we will see the only kinematic Carrollian-fluid

variable βββ enters partly the dynamics.

We have no definite answers to all these questions though, and will not discuss these

important issues here, which might possibly require to elaborate on space-filling branes as

microscopic objects – see Sec. 2.2. Our approach will be kinematical, aiming at writing the

fundamental equations, covariant under Carrollian diffeomorphisms (2.27), (2.36), starting

from the relativistic equations (3.1). Alternative paths may exist, allowing to built some

Carrollian dynamics without using the zero-c limit of a relativistic fluid.18

18In this spirit, one should quote the attempt made in [32], inspired by the membrane paradigm – admittedly
suited for reaching Galilean rather than ultra-relativistic fluid dynamics, as well as Ref. [33], mostly focused on
the structure of the energy–momentum tensor of perfect fluids (3.69), which also touches on Carrollian symme-
try.
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The structure of the equations

The relativistic equations (conservation of the energy–momentum tensor) should now be

presented as

∇µT
µ
0 = 0, ∇µTµi = 0. (3.70)

Under Carrollian diffeomorphisms (2.27), (2.36), the divergence of the energy–momentum

tensor transforms as:

∇′
µT

′µ
0 =

1
J
∇µT

µ
0, ∇′

µT′µi = Ji
l∇µTµl. (3.71)

In analogy with the Galilean case (3.17), the two sets of equations (3.70) have separately a

d-dimensional covariant transformation. This is part of the agenda for the Carrollian dy-

namics.

Equations (3.70) are relativistic. Using the general energy–momentum tensor (3.2) with

perfect part (3.69) and (3.12) as stress tensor, we find generally:

c

Ω
∇µT

µ
0 =

1
c2F + E + O

(

c2) , (3.72)

∇µTµi =
1
c2Hi + G i + O

(

c2) . (3.73)

For zero βi, these expressions are exact with extra terms of order c2 only, and requiring they

vanish leads to the d + 1 fully relativistic fluid equations. With βi
, 0, (3.72) and (3.73)

are genuinely infinite series. Thanks to the validity of (3.66) at finite c, Carrollian diffeo-

morphisms do not mix the different orders of these series, making each term Carrollian-

covariant. Here, we are interested in the zero-c limit, and in this case Eqs. (3.72) and (3.73)

split into 2 + 2d distinct equations:

• energy conservation E = 0;

• momentum conservation G i = 0;

• constraint equations F = 0 and Hi = 0.

All of these are covariant under Carrollian diffeomorphisms (2.27), (2.36).

The Carrollian fluid, obtained as Carrollian limit of a relativistic fluid in the appropriate

(Randers–Papapetrou) background, is described in terms of the d βis, and the two variables p

and ε.19 The latter are related through an equation of state and the energy-conservation equa-

tion E = 0. As we will see soon, the other 2d+ 1 equations are setting consistency constraints

among the 2d components of the heat currents (QC
i and πi), the d(d + 1) components of the

viscous stress tensors (ΣC
ij and Ξij), the inverse-velocity components βi and the geometric

19The proper energy density cannot be split in mass density and energy per mass, because the limit at hand
is ultra-relativistic. Observe also that bbb is not a fluid variable but a Carrollian-frame parameter as was w in the
Galilean case. The fluid kinematical variable is βββ, playing the rôle v−w

Ω
had in the usual non-relativistic case.
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environment. Geometry is therefore expected to interfere more actively in the dynamics of

Carrollian fluids, than it did for Galilean hydrodynamics. Some of the aforementioned con-

straints are possibly rooted to more fundamental microscopic/geometric properties, yet to

be unravelled. Their usage will be illustrated in Sec. 4.2.

The dissipative tensors in Randers–Papapetrou background

For a relativistic fluid in the Randers–Papapetrou background (2.35), using the velocity field

in (3.64) and (3.67) and the components qi, the transversality conditions (3.3) lead to

q0 =
c

Ω
(bi + βi) qi, q0 = −cΩβiq

i, qi =
(

aij + c2biβ j

)

qj. (3.74)

Similarly, the components of the viscous stress tensor are obtained from the τijs. For exam-

ple:

τ00 =
c2

Ω2 (bk + βk) (bl + βl)τkl , τ0i =
c

Ω
(bi + βi)τik, τ00 = c2

Ω
2βkβlτ

kl ,

τ0i = −cΩβ j

(

aik + c2biβk

)

τ jk, τij =
(

aik + c2biβk

)(

ajl + c2bjβl

)

τkl , . . .
(3.75)

Under Carrollian diffeomorphisms (2.27), (2.36), we obtain the following transformation

rules

q′i = qj Ji
j , τ′ij = τkl Ji

k J
j
l . (3.76)

This suggests to use qi as components for the Carrolian d-dimensional heat current decom-

posed as QCi + c2πi (see (3.14)), and τij for the Carrolian d-dimensional viscous stress tensors

ΣCij and Ξij defined in (3.12). We introduce as usual

QC
i = aijQ

Cj, Σ
C j

i = aikΣCkj, ΣC
ij = ajkΣC k

i , (3.77)

πi = aijπ
j, Ξ

j
i = aikΞkj, Ξij = ajkΞ k

i . (3.78)

Using the generic transformations (3.76) under Carrollian diffeomorphisms (2.27), (2.28),

we find that the above quantities transform as they should, for being eligible as d-dimensional

tensors:

QC′
i = QC

j J
−1j

i , QC′i = Ji
j Q

Cj, (3.79)

ΣC′
ij = J−1k

i J−1l
j Σ

C
kl , Σ

C′ j
i = J−1k

i ΣC l
k J

j
l , ΣC′ij = ΣCkl Ji

k J
j
l , (3.80)

and similarly for πi and Ξjk.
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Scalar equations

The computation of the spacetime divergence in (3.72) is straightforward and leads to the

following:

E = −
(

1
Ω

∂t +
d + 1

d
θC
)

(

ε + 2βiQ
Ci − βiβ jΣ

Cij
)

+
1
d

θC
(

Ξ
i
i − βiβ jΣ

Cij + ε − dp
)

−
(

∇̂i + 2ϕi

)

(

QCi − β jΣ
Cij
)

−
(

2QCiβj − Ξ
ij
)

ξC
ij, (3.81)

F = Σ
CijξC

ij +
1
d

Σ
Ci

iθ
C, (3.82)

where we have introduced a new covariant derivative ∇̂i, as defined in the appendix, Eqs.

(A.45)–(A.53). It is based on a new torsionless and metric-compatible connection (see (A.61)–

(A.65)) dubbed Levi–Civita–Carroll, which plays for Carrollian geometry the rôle of ordinary

Levi–Civita connection for ordinary geometry, i.e. it allows to built derivatives covariant

under Carrollian diffeomorphisms (2.27), (2.28). Some further properties regarding the cur-

vature of this connection are displayed in (A.66)–(A.78). A deeper investigation of this struc-

ture is out of place here. In (3.81) and (3.82) we have moreover defined

ϕi =
1
Ω

(∂tbi + ∂iΩ) , (3.83)

θC =
1
Ω

∂t ln
√

a . (3.84)

These expressions describe a form and a scalar (see (A.42) and (A.41) for their transformation

rules under Carrollian diffeomorphisms). They play the rôle of inertial acceleration and expan-

sion for the Carrollian fluid. These are both geometrical and the qualifier “inertial” refers to

the frame (i.e. bi and Ω) origin. We shall see in a moment that there is an extra contribution

to the Carrollian fluid acceleration due to the kinematical observable βi, but none for the

expansion (see (3.95), (3.96)). As already stated and readily seen by its equations, most of the

fluid properties are of geometrical nature. One similarly defines an inertial vorticity two-form

with components

̟ij = ∂[ibj] + b[i ϕj], (3.85)

and the traceless and symmetric shear tensor

ξC
ij =

1
Ω

(

1
2

∂taij −
1
d

aij∂t ln
√

a

)

. (3.86)

These quantities will be related in a short while to the ordinary relativistic counterparts (see

(3.98) and (3.97)). The former receives a fluid kinematical contribution, as opposed to the
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latter. Eventually, we can elegantly check that

E ′ = E , F ′ = F (3.87)

(we use for that Eqs. (2.31), (3.79), (3.80), (A.42), (A.43), (A.50)–(A.59)).

Equation F = 0 sets a geometrical constraint on the Carrollian stress tensor ΣΣΣC, whereas

E = 0 is the energy conservation. Using (3.81), the latter can be recast as follows:

(

1
Ω

∂t + θC
)

ee = −(∇̂i + 2ϕi

)

Π
Ci − Π

Cij

(

ξC
ij +

1
d

θCaij

)

, (3.88)

and in this form it bares some resemblance with the Galilean homologous equation (3.43). It

exhibits three Carrollian tensors, which capture the Carrollian energy exchanges:

ee = ε+ 2βiQ
Ci − βiβ jΣ

Cij, Π
Ci = QCi − β jΣ

Cij, Π
Cij = QCiβj + βiQCj + paij −Ξ

ij. (3.89)

The first is a scalar ee, which can be interpreted as an effective Carrollian energy density (ob-

serve the absence of kinetic energy, expected from the vanishing velocity). Its time variation,

including the dilution/contraction effects due to the expansion, is driven by the gradient of a

Carrollian energy flux, which is the vector ΠCi, and by the coupling of the shear to a Carrollian

energy–momentum tensor ΠCij.

Vector equations

The vectorial part of the divergence is obtained from (3.73) and has two pieces. The first

reads:

Gj =
(

∇̂i + ϕi

)

Π
Ci

j + ϕjee + 2Π
Ci̟ij +

(

1
Ω

∂t + θC
)

(

πj + β j

(

ee − 2βiΠ
Ci − βiβkΣ

Cik
))

+

(

1
Ω

∂t + θC
)(

βk

(

Π
C

kj −
1
2

βkΠ
C

j −
1
2

βkβi
Σ

C
ij

))

. (3.90)

The second is as follows:

Hj = −(∇̂i + ϕi

)

Σ
Ci

j +

(

1
Ω

∂t + θC
)

Π
C

j. (3.91)

Equation Gj = 0 involves ε, p and their temporal and/or spatial derivatives, βββ, the heat

current QQQC, and ΞΞΞ, expressed in terms of the effective energy density ee, the Carrollian energy

flux and energy–momentum tensor ΠΠΠC, as well as πππ and ΣΣΣC. It is a momentum conservation.

Notice also the coupling of the energy flux to the inertial vorticity. Equation Hj = 0 depends

neither on ε nor on p. This is an equation for the Carrollian energy flux ΠΠΠC and the viscous

stress tensor ΣΣΣC, of geometrical nature as it involves the metric aaa, the Carrollian “frame
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velocity” bbb and the inertial acceleration ϕϕϕ.

Under Carrollian diffeomorphisms (2.27), (2.28), using the already quoted equations,

(2.31), (3.79), (3.80), and (A.42)–(A.60), we obtain:

G ′i = Ji
jG j, H′i = Ji

jHj. (3.92)

One should observe at this point that the energy–momentum tensor and energy flux

associated with a Carrollian fluid and defined in (3.89) are merely a repackaging of part of

the dynamical data. They do not capture all perfect and friction quantities, as it happens

for Galilean fluids, Eqs. (3.33) and (3.44). Equation F = 0, as well as the vector equations

need indeed more information than the energy–momentum tensor and energy flux. There is

pressure, energy density and “velocity”, on the one hand, and on the other hand, we find the

two heat currents and the two viscous stress tensors. The zero-c limit produces a decoupling

in the equations, sustained by the scaling assumption (3.12). This is the reason why Hj = 0

appears as an equation for the dissipative pieces of data only, while the non-dissipative ones

mix with the heat currents inside Gj = 0.

Carrollian perfect fluids

We would like to end this chapter with a remark on the case of perfect fluids, namely fluids

with vanishing dissipative tensors. For those, the dynamical variables are ε, p and βi, with

ee = ε, ΠC
j = 0 and ΠC

ij = paij . In this case, F =Hi = 0 identically, and

E = − 1
Ω

∂tε − (ε + p)θC , (3.93)

Gj = (ε + p)
(

ϕj + γC
j + β jθ

C
)

+
β j

Ω
∂t(ε + p) + ∂̂j p. (3.94)

On the one hand, non-trivial energy exchanges can only result from time-dependence of the

metric and pressure gradients. The latter, on the other hand, are bound to non-trivial βββ, γγγC,

bbb and Ω. Here γC
j is the kinematical acceleration defined later in (3.99).

For perfect fluids, only E and Gi survive in the relativistic divergence of the energy–

momentum tensor, Eqs. (3.72) and (3.73). Furthermore, for zero βββ these are actually the only

terms, at finite c. Hence, the relativistic equations are not affected by the vanishing-c limit,

and coincide with the Carrollian ones: E = 0 and Gi = 0. As a consequence, the Carrollian

nature of a fluid at βββ = 0 can only emerge through interactions. This is to be opposed to

the Galilean situation, since Galilean perfect fluids are definitely different from relativistic

perfect fluids, even at rest.
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First-order Carrollian hydrodynamics

In order to acquire a better perspective of Carrollian fluid dynamics, we can study the first-

order in derivative expansion of its viscous tensors and heat currents. The first-derivative

relativistic kinematical tensors as acceleration and expansion (3.6), shear (3.7), and vortic-

ity (3.8), for a fluid with velocity vanishing as (3.64) when c → 0 in Randers–Papapetrou

background (2.35) read (the only independent components are the spatial ones):

ai =
c2

Ω
(∂t (bi + βi) + ∂iΩ) + O

(

c4
)

= c2
(

ϕi + γC
i

)

+ O
(

c4
)

, (3.95)

Θ =
1
Ω

∂t ln
√

a + O
(

c2) = θC + O
(

c2) , (3.96)

σij =
1
Ω

(

1
2

∂taij −
1
d

aij∂t ln
√

a

)

+ O
(

c2) = ξC
ij + O

(

c2) , (3.97)

ωij = c2
(

∂[ibj] +
1
Ω

b[i∂j]Ω +
1
Ω

b[i∂tbj] + wij

)

+ O
(

c4
)

= c2 (̟ij + wij

)

+ O
(

c4
)

. (3.98)

We find the corresponding Carrollian expansion θC and shear ξC
ij, as already anticipated in

(3.84) and (3.86). These quantities are purely geometric and originate from the time depen-

dence of the d-dimensional spatial metric. Similarly, the relativistic acceleration and vorticity

allow to define the already introduced Carrollian, inertial acceleration ϕi and vorticity ̟ij,

as well as the kinematical acceleration γC
i and kinematical vorticity wij defined as:

γC
i =

1
Ω

∂tβi, (3.99)

wij = ∂̂[iβ j] + β[i ϕj] + β
[i

γC
j]. (3.100)

Starting from the first-order relativistic viscous tensor (3.4) and heat current (3.5), in order to

comply with the behaviours (3.12) and the definition of the Carrollian heat currents (3.14),

we must assume that (up to possible higher orders in c2)

η = η̃ +
ηC

c2 , ζ = ζ̃ +
ζC

c2 , κ = c2κ̃ ++κC. (3.101)

Hence, putting these equations together, we find

Σ
C
(1)ij = 2ηCξC

ij + ζCθCaij, (3.102)

QC
(1)i = −κC

Ω
(∂t(biT) + βi∂tT + ∂i(ΩT))

= −κC
(

∂̂iT + T
(

ϕi + γC
i

))

, (3.103)
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and similarly for Ξ(1)ij and π(1)i. These quantities will include respectively terms like 2η̃ξC
ij +

ζ̃θCaij and −κ̃
(

∂̂iT + T
(

ϕi + γC
i

)

)

, plus extra terms coupled to ηC, ζC and κC, and originat-

ing from higher-order contributions in the c2-expansion of the relativistic shear, acceleration

and expansion. Notice that these are absent for vanishing βi because in this case (3.95)–(3.98)

are exact.

All the above expressions are covariant under Carrollian diffeomorphisms (2.27), (2.28)

(see formulas (A.40)–(A.43) in appendix). The friction phenomena are geometric and due

to time evolution of the background metric aij. The heat conduction, depends also on a

temperature, which has not been defined in Carrollian thermodynamics due to the absence

of kinetic theory.

In the two-dimensional case one should take into account the Hall viscosity (3.10) in the

relativistic viscous tensor at first order. Assuming again ζH = ζC
H/c2 + ζ̃H, the extra term to be

added to ΣC
(1)ij in (3.102) reads:

ζC
H
√

a ǫk(iξ
C

j)la
kl , (3.104)

and similarly for Ξ(1)ij with transport coefficients ζ̃H and ζC
H as already explained.

The final first-order Carrollian equations are obtained by substituting ΣC
(1)ij and QC

(1)i

given in (3.102) and (3.103), and similarly for Ξ(1)ij, and π(1)i, inside the general expressions

for E , F , Gi and Hi, Eqs. (3.81), (3.82), (3.90) and (3.91).

Conformal Carrollian fluids

Carrollian fluids are ultra-relativistic and are thus compatible with conformal symmetry. For

conformal relativistic fluids the energy–momentum tensor (3.2) is traceless and this requires

ε = dp, τ
µ
µ = 0. (3.105)

In the Carrollian limit, the latter reads:

Ξ
i
i = βiβ jΣ

Cij, Σ
Ci

i = 0. (3.106)

In particular, we find ee = ΠCi
i.

The dynamics of conformal fluids is covariant under Weyl transformations. Those act on

the fluid variables as

ε →Bd+1ε, πi →Bdπi, QC
i →BdQC

i, Ξij →Bd−1
Ξij, Σ

C
ij →Bd−1

Σ
C

ij, (3.107)

where B = B(t,x) is an arbitrary function. The elements of the Carrollian geometry behave

as follows:

aij →
1
B2 aij, bi →

1
B bi, Ω → 1

BΩ, (3.108)
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and similarly for the kinematical variable βi, the inertial and kinematical vorticity (3.85) and

the shear (3.86):

βi →
1
B βi, ̟ij →

1
B̟ij, wij →

1
Bwij, ξC

ij →
1
B ξC

ij. (3.109)

The Carrollian inertial and kinematical accelerations (3.83) and (3.99), and the Carrollian

expansion (3.84) transform as connections:

ϕi → ϕi − ∂̂i lnB, γC
i → γC

i −
βi

Ω
∂t lnB, θC →BθC − d

Ω
∂tB. (3.110)

The first and the latter enable to define Weyl–Carroll covariant derivatives D̂i and D̂t, as

discussed in App. A.2, Eqs. (A.82)–(A.93). With these derivatives, Carrollian expressions

(3.81), (3.82), (3.90) and (3.91) read for a conformal fluid:

E = − 1
Ω
D̂tee − D̂iΠ

Ci − Π
CijξC

ij, (3.111)

F = Σ
CijξC

ij, (3.112)

Gj = D̂iΠ
Ci

j + 2Π
Ci̟ij +

(

1
Ω
D̂tδ

i
j + ξCi

j

)

(

πi + βi

(

ee − 2βkΠ
Ck − βkβlΣ

Ckl
))

+

(

1
Ω
D̂tδ

i
j + ξCi

j

)(

βk

(

Π
C

ki −
1
2

βkΠ
C

i −
1
2

βkβl
Σ

C
li

))

, (3.113)

Hj = −D̂iΣ
Ci

j +
1
Ω
D̂tΠ

C
j + Π

C
iξ

Ci
j. (3.114)

These equations are Weyl-covariant of weights d + 2, d + 2, d + 1 and d + 1.

The case of conformal Carrollian perfect fluids is remarkably simple. As quoted earlier

F =Hi = 0, and here

E = − 1
Ω
D̂tε, Gj =

1
d
D̂jε +

d + 1
d

(

1
Ω
D̂tδ

i
j + ξCi

j

)

εβi. (3.115)

For these fluids the energy density is covariantly constant with respect to the Weyl–Carroll

time derivative.

3.4 A self-dual fluid

A duality relationship between the Zermelo and the Randers–Papapetrou background met-

rics exist and can be stated as follows [15]: the contravariant form of Zermelo matches the

covariant expression of Randers–Papapetrou and vice-versa (see Eqs. (A.1) and (A.28)).

This property is actually closely related to the duality among the Galilean and Carrollian

contractions of the Poincaré group [12], and has many simple manifestations. For example,

the reduction of a spacetime vector representation with respect to Galilean diffeomorphisms
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(2.9), (2.10), (2.18) is performed with the components V0 and Vi. Indeed, these transform as

V ′0 = JV0, V ′
i = Vk J−1k

i . (3.116)

When reducing under Carrollian diffeomorphisms (2.27), (2.28), (2.36), one should instead

use V0 and V i since

V ′
0 =

1
J

V0, V ′i = Ji
kVk. (3.117)

The remarkable values wi = bi = 0 and Ω = 1 define a sort of self-dual background. If

furthermore we require the fluid to be at rest, no distinction survives between perfect Galilean

and Carrollian fluids, as one readily checks that their equations are identical. The velocity of

light is immaterial in this case. As soon as the system is driven away from perfection, this

property does not hold any longer, because interactions are sensitive to c.

4 Examples

We will now illustrate our general formalism with examples for Galilean and Carrollian

fluids. The latter is the first instance of a fluid obeying exact Carrollian dynamics. It is

important both mathematically, as it makes contact with Calabi flows, and physically, for it

is relevant in gravity and holography.

4.1 Galilean fluids

We provide here two applications: the flat space in rotating frame, which is well known and

has the virtue of giving confidence to our methods, and the inflating space, combining both

time-dependence and non-flatness of the host S .

Euclidean three-dimensional space in rotating frame

We will present the hydrodynamical equations for a non-perfect fluid moving in Euclidean

space E3 with Cartesian coordinates, and observed from a uniformly rotating frame (see

(2.8)):

aij = δij, Ω = 1, w(x) = x ×ωωω. (4.1)

For this fluid, the continuity equation is simply

d̺

dt
+ ̺div v = 0. (4.2)
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The Euler equation in first-order hydrodynamics, Eq. (3.58) reads:

dv

dt
= (ωωω × x)×ωωω + 2v ×ωωω − grad p

̺
+

ηG

̺
∆v +

1
̺

(

ζG +
ηG

3

)

grad(div v), (4.3)

and we recognize the various, already spelled contributions to the dynamics. This equation

has been obtained and used in many instances, see e.g. [7, 34, 35]. We also find the energy

conservation equation (3.43):

∂t

(

̺

(

e +
v2 −ωωω2x2 + (ωωω · x)2

2

))

= −divΠΠΠ
G, (4.4)

with

ΠΠΠ
G = ̺v

(

h +
v2 −ωωω2x2 + (ωωω · x)2

2

)

− κG grad T − v ·ΣΣΣ
G
(1) (4.5)

and

Σ
G
(1)ij = ηG (∂ivj + ∂jvi

)

+

(

ζG − 2
3

ηG
)

δij∂kvk. (4.6)

Alternatively, using (3.32), the energy equation reads:

̺
d
dt

(

e +
v2 −ωωω2x2 + (ωωω · x)2

2

)

= −divpv + κG
∆T + div

(

v ·ΣΣΣ
G
(1)

)

. (4.7)

The temporal variation of the total energy per mass is given by the divergences of the pres-

sure, the thermal conduction and the viscous stress fluxes.

Inflating space

The dynamics of a non-perfect fluid moving on an inflating space can be studied considering:

aij(t,x) = exp(α(t)) ãij(x), Ω = 1, w = 0. (4.8)

The space dimension d is arbitrary here, therefore:

ln
√

a = d
α

2
+ ln

√
ã . (4.9)

The fluid equations obtained from (3.27), (3.32) and (3.42) become

∂t̺ +
α′

2
d̺ + div̺v = 0, (4.10)

̺
d
dt

(

e +
v2

2

)

+
α′

2

(

̺v2 + dp − TrΣΣΣ
G
)

+ div
(

pv +QQQG − v ·ΣΣΣ
G
)

= 0, (4.11)

̺
dvi

dt
+ α′̺vi +∇i p −∇jΣ

Gij = 0. (4.12)
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where α′ = dα/dt and TrΣΣΣG = aijΣG
ij.

The continuity equation (4.10) has an extra term proportional to ̺. This reflects the

change of density due to α′. For a static fluid one finds the familiar result ̺ = ̺0e−dα/2: for

a space expanding in time, the density is getting diluted. In Euler’s equation (4.12), a sim-

ilar term creates a force proportional to the velocity field. For positive α′, time dependence

acts effectively like a friction. A similar conclusion is drawn from the energy conservation

equation (4.11).

4.2 Two-dimensional Carrollian fluids and the Robinson–Trautman dynamics

Consider now a two-dimensional surface S , endowed with a complex chart (ζ, ζ̄) and a

time-dependent metric of the form

dℓ2 =
2

P(t,ζ, ζ̄)2
dζdζ̄. (4.13)

In this case the Carrollian shear ξξξC (3.86) vanishes. We assume that the Carrollian frame

has bbb = 0 and Ω = 1, and that the Carrollian kinematical variable βββ also vanishes. Hence,

the Carrollian inertial acceleration ϕϕϕ (3.83) and inertial vorticity ̟̟̟ (3.85) vanish together

with the kinematical acceleration γγγC (3.99) and kinematical vorticity www (3.100). We further

assume that πππ and ΞΞΞ vanish, so that the friction and heat-transport phenomena are captured

exclusively by QQQC and ΣΣΣC. Hence ee = ε, ΠC
j = QC

j and ΠC
ij = paij.

We will here study a conformal Carrollian fluid. In this case (see (3.106)), the Gibbs–

Duhem equation reads

ε(t,ζ, ζ̄) = 2p(t,ζ, ζ̄), (4.14)

and the viscous tensor is traceless:

Σ
Cζζ̄ = 0. (4.15)

The generic set of equations of motion for the Carrollian fluid at hand is (see (3.111), (3.113),

(3.114))

E = 3ε∂t ln P − ∂tε − divQQQC = 0, (4.16)

GGG = grad p = 0, (4.17)

HHH = ∂tQQQ
C − 2QQQC∂t ln P − divΣΣΣ

C = 0, (4.18)

together with Eq. (3.112), F = 0, identically satisfied due to the absence of shear. Equations

(4.16), (4.17) and (4.18) are covariant under Weyl transformations mapping P(t,ζ, ζ̄) onto

B(t,ζ, ζ̄)P(t,ζ, ζ̄) with B(t,ζ, ζ̄) an arbitrary function.

The momentum equation (4.17) states that the pressure p is space-independent, which is

not a surprise for a fluid at βββ = 0 in a Carrollian frame with vanishing bbb and constant Ω. The
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same holds for the energy, due to the equation of state.

In order to proceed we must introduce some further assumptions regarding the heat cur-

rent and the viscous stress tensor. These quantities are rooted to the unknown microscopic

properties of the Carrollian fluids. As already mentioned earlier in Sec. 3.3, due to the ab-

sence of motion even at a microscopic level, it is tempting to assign a geometric rather than

a statistical or kinetic origin to Carrollian thermodynamics. We may therefore define the

Carrollian temperature as

κCT(t,ζ, ζ̄) =
〈

κCT
〉

(t) + κ′K(t,ζ, ζ̄)− κ′ 〈K〉 (t), (4.19)

where K the Gaussian curvature of (4.13):

K = ∆ ln P (4.20)

with ∆ = 2P2∂ζ̄∂ζ the ordinary two-dimensional Laplacian operator. The thermal conductiv-

ity κC is not constant in general because the identification with the curvature scalar endows

the product κCT with a conformal weight 2, whereas the temperature T has weight 1. We

also introduced a constant κ′ for matching the dimensions. In expression (4.19),
〈

κCT
〉

(t)

is an a priori arbitrary time-dependent reference temperature (times thermal conductivity),

and the brackets are meant to average over S :20

〈 f 〉(t) = 1
A

∫

S

d2ζ

P2 f (t,ζ, ζ̄), A =
∫

S

d2ζ

P2 . (4.21)

Equipped with a temperature, we define next the heat current as its gradient

QQQC = −gradκCT = −κ′ grad K, (4.22)

following first-order Carrollian hydrodynamics, Eq. (3.103). Here, we assume this expres-

sion be exact, i.e. without higher-derivative contributions. With these definitions, the heat

equation (4.16) for the Carrollian fluid at hand reads:

3ε∂t ln P − ∂tε + κ′∆K = 0, (4.23)

where we have used the equation of state (4.14). This is a dynamical equation for P(t,ζ, ζ̄),

given ε(t). Carrollian dynamics, within the framework set by our definitions of temperature

and heat current, is therefore purely geometrical and describes the evolution of the hosting

space S rather than the fluid itself. This is not a surprise because the fluid does not move.

Going in the Carrollian limit from a relativistic set-up, amounts to trading the dynamics of

the fluid for that of the supporting geometry.

20Here d2ζ = −i dζ ∧ dζ̄. If S is non-compact a limiting procedure is required for defining the integrals.
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We must finally impose Eq. (4.18). As we mentioned in the general discussion of Sec.

3.3, this is not an evolution equation, but instead a constraint among the heat current, the

viscous stress tensor and the ambient geometry. Thus, we can integrate it using (4.22). We

find

ΣΣΣ
C = −2κ′

P2

(

∂ζ

(

P2∂t∂ζ ln P
)

dζ2 + ∂ζ̄

(

P2∂t∂ζ̄ ln P
)

dζ̄2
)

, (4.24)

up to a divergence-free, trace-free symmetric tensor. The viscous stress tensor for the Carrol-

lian fluid at hand is therefore geometric, as is the heat current, and both appear as third-order

derivatives of the metric. Actually, the effective expansion generally defined for Carrollian

fluids as in (3.96), reads here:

θC = −2∂t ln P. (4.25)

It enables to view ΣΣΣC as a velocity third derivative through the writing

Σ
C

ij = κ′
(

∇i∇jθ
C − 1

2
aij∇k∇kθC

)

. (4.26)

Notice that in the two-dimensional background under consideration (4.13), the viscous ten-

sor ΣΣΣC could not have received an ηC-induced first-order derivative correction as in (3.102)

because the Carrollian shear ξC
ij given in (3.97) vanishes here identically. However, since the

Carrollian expansion θC is non-zero, the absence of first-order derivative correction (3.102)

implies that for the fluid at hand ζC = 0.

Equation (4.23), which is at the heart of two-dimensional conformal Carrollian fluid dy-

namics, is actually known as Robinson–Trautman. It emerges when solving four-dimensional

Einstein equations, assuming the existence of a null, geodesic and shearless congruence [36].

In vacuum or in the presence of a cosmological constant, Goldberg–Sachs theorems state that

the corresponding spacetime is algebraically special and the whole dynamics boils down to

the Robinson–Trautman equation with ε(t) = 4κ′M(t) and κ′ = 1/16πG (using (4.20)):

∆∆ ln P + 12M∂t ln P − 4∂t M = 0. (4.27)

In that framework, the time dependence of the mass function M(t) can be reabsorbed by

an appropriate coordinate transformation (see e.g. [37]) and Robinson–Trautman equation

becomes then

2∂ζ̄ ∂ζ P2∂ζ̄∂ζ ln P = 3M∂t

(

1
P2

)

(4.28)

with M constant related to the Bondi mass. This is a parabolic equation describing a Calabi

flow on a two-surface [38].

The reason why Robinson–Trautman appears both as a heat equation in conformal Car-

rollian fluids and as a remnant of four-dimensional Einstein equations is the holographic

relationship between gravity and fluid dynamics. The two-dimensional conformal Carrol-
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lian fluid studied here originates from flat Robinson–Trautman spacetime holography [16].

Similarly Robinson–Trautman equation is the heat equation for 2+ 1-dimensional relativistic

boundary fluids emerging holographically from four-dimensional anti-de Sitter Robinson–

Trautman spacetimes [28].

5 Conclusions

We can summarize our method and results as follows.

A general relativistic spacetime metric is covariant under diffeomorphisms. When put in

Zermelo form, the data Ω(t), wi(t,x) and aij(t,x) transform under Galilean diffeomorphisms

t′ = t′(t) and x′ = x′(t,x) as they should to comply with the infinite-c non-relativistic expec-

tations. This observation is made by analyzing the relativistic particle motion and its classi-

cal limit. It provides the appropriate framework for studying the general non-relativistic

Galilean fluid dynamics as an infinite-c limit of the relativistic one. In this manner, we

have obtained the general equations i.e. continuity, energy-conservation and Euler, valid on

any spatial background, potentially time-dependent, and observed from an arbitrary frame.

These equations transform covariantly under Galilean diffeomorphisms.

Alternatively, one can study relativistic instantonic space-filling branes and the small-

c behaviour of their dynamics. The latter is invariant under Carrollian diffeomorphisms

t′ = t′(t,x) and x′ = x′(x), and Randers–Papapetrou form is the best designed spacetime

metric because the data Ω(t,x), bi(t,x) and aij(t,x) transform as expected from the non-

relativistic limit (which is actually ultra-relativistic). In Randers–Papapetrou backgrounds

one can study relativistic fluids and their Carrollian limit at vanishing velocity of light. This

limit exhibits a new connection, which naturally fits into the emerging Carrollian geometry.

One obtains in this way the general equations for the Carrollian fluids, manifestly covariant

under Carrollian diffeomorphisms.

Several comments are in order here.

The Carrollian set we have reached is made of two scalar and two vector equations. The

first scalar is an energy conservation, whereas the first vector is a momentum conserva-

tion. As there is no motion (due to c = 0), there is no velocity field. Nonetheless there is a

kinematical fluid variable (an “inverse velocity”) accompanied by the pressure and energy

density, related through an equation of state. We also find two heat currents and two viscous

stress tensors. The Carrollian-fluid data cannot be naturally encapsulated all together in an

energy–momentum tensor or an energy flux, as it happens in the Galilean case. Half of the

equations concern exclusively the heat currents and the viscous stress tensors, relating them

intimately to the ambient geometry and the Carrollian frame. We should stress here that we

have made a specific assumption on the small-c behaviour of the relativistic viscous stress

tensor and heat current, or equivalently of the transport coefficients. The number and the
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structure of the equations finally obtained reflects this unavoidable ansatz, inspired from the

holographic Carrollian fluids met in flat-space gravity/fluid correspondence [16].21 Going

further in understanding this ansatz, and the physics behind the equations of motion, would

require a microscopic analysis of Carrollian fluids.

Despite the absence of velocity field in Carrollian hydrodynamics, the concept of deriva-

tive expansion still holds. At each order one can define covariant tensors build on time and

space derivatives of aij, bi and βi, as we met at first order with the shear and the expansion.

The heat current and the viscous stress tensor can be expanded in these tensors, introducing

phenomenological transport coefficients of increasing order.

Regarding Carrollian hydrodynamics, one could exploit a radically different perspec-

tive. Instead of defining a Carrollian fluid as the zero-c limit of a relativistic fluid in some

Randers–Papapetrou background, one could simply try to build a fluid-like – i.e. continu-

ous – generalization of an instantonic d-brane, directly within a Carrollian structure. This

would promote the “inverse velocity” ∂it of the elementary d-brane described by t = t(x)

into an “inverse velocity field” reminiscent of βi + bi and transforming as in (2.32) under a

Carrollian diffeomorphism. This could be the starting point for designing the dynamics of

this new continuous Carrollian medium. Irrespective of the viewpoint chosen for describing

Carrollian continuous media, zero-c limit of ordinary relativistic fluids or d-brane contin-

uums, a great deal of fundamental thermodynamics, kinetic theory, derivative expansions,

equilibrium and transport dynamics remains to be unravelled.

In conclusion of our general work, we have presented some examples. Those on Galilean

hydrodynamics illustrate the power of the formalism for handling general, time-dependent

and curved host spaces, potentially observed from non-inertial frames. The example of two-

dimensional Carrollian fluid is interesting because it introduces the concept of geometric

temperature and treats dissipative phenomena exactly i.e. by solving explicitly all the equa-

tions but one, finally brought in the canonical form of a Calabi flow on the two-dimensional

surface. The Carrollian fluid dynamics translates into a dynamics for the geometry. This

example has important implications in asymptotically flat holography [16] of Robinson–

Trautman spacetimes.
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A Christoffel symbols, transformations and connections

We provide here a toolbox for working out the Galilean and Carrollian limits in the Zermelo

and Randers–Papapetrou backgrounds, and checking the covariance properties of the set

of equations reached by this method. These properties are bound to the emergence of novel

Galilean and Carrollian connections, and covariant derivatives, which are discussed together

with the associated curvature tensors. In the Carrollian case, an extra conformal connection

is also presented, relevant when studying conformal Carrollian fluids.

A.1 Zermelo metric

Christoffel symbols

The Zermelo metric (2.17) has components (in the coframe
{

dx0 = cdt,dxi
}

):

gZ
µν →

(

−Ω2 + w2

c2 −wk
c

−wi
c aik

)

, gZµν → 1
Ω2

(

−1 −wj

c

−wi

c Ω2aij − wiwj

c2

)

, (A.1)

where wk = akjw
j. Its determinant reads:

√

−g = Ω
√

a , (A.2)

where a is the determinant of aij. We remind that Ω depends on time only, whereas aij and

wi also depend on space.

The Christoffel symbols are easily computed. We are interested in their large-c behaviour

for which one obtains the following:

Γ
0
00 =

1
c

∂t lnΩ ++
wi

2c3Ω2

(

∂iw
2 + wj∂taij

)

+ O (1/c5) , (A.3)

Γ
0
0i = − 1

2c2Ω2

(

wj∂iw
j + wj∂jwi + wj∂taij

)

+ O(1/c4) , (A.4)

Γ
0
ij =

1
cΩ2

(

1
2

(

∂iwj + ∂jwi + ∂taij

)− wkγk
ij

)

, (A.5)

Γ
i
00 =

1
c2

(

wi∂t lnΩ − aik

(

∂twk + ∂k
w2

2

))

+ O (1/c4) , (A.6)

Γ
i
j0 =

aik

2c

(

∂kwj − ∂jwk + ∂tajk

)

+ O (1/c3) , (A.7)

Γ
i
jk = γi

jk + O(1/c2) , (A.8)

where

γi
jk =

ail

2

(

∂jalk + ∂kalj − ∂lajk

)

(A.9)
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are the Christoffel symbols for the d-dimensional metric aij. Note also

Γ
µ
µ0 =

1
c

∂t ln
(√

a Ω
)

, Γ
µ
µi = ∂i ln

√
a . (A.10)

With these data it is possible to compute the divergence of the fluid energy–momentum

tensor (3.19) and (3.20).

Covariance

In order to check the covariance (3.35) and (3.37),

C ′ = C, E ′ = E M′
i = J−1l

iMl ,

for the Galilean fluid dynamics under Galilean diffeomorphisms (2.9)

t′ = t′(t) and x′ = x′(t,x),

with Jacobian functions (2.10)

J(t) =
∂t′

∂t
, ji(t,x) =

∂xi′

∂t
, Ji

j(t,x) =
∂xi′

∂xj
,

we can use several simple covariant blocks. We first remind (2.11), (2.12), (2.13), (2.15):

a′ij = akl J−1k
i J−1l

j , v′k =
1
J

(

Jk
i vi + jk

)

, w′k =
1
J

(

Jk
i wi + jk

)

, Ω
′ =

Ω

J
,

implying in particular

v′k =
J−1i

k

J

(

vi + aij J
−1j

l jl
)

, w′
k =

J−1i
k

J

(

wi + aij J
−1j

l jl
)

(A.11)

with

∂′t =
1
J

(

∂t − jk J−1i
k∂i

)

, (A.12)

∂′j = J−1i
j∂i. (A.13)

Consider now Ak and Bk, the components of fields transforming like vk or wk (gauge-like

transformation) and Vk a field transforming like vk−wk

Ω
i.e. like a genuine vector:

A′k =
1
J

(

Jk
i Ai + jk

)

, B′k =
1
J

(

Jk
i Bi + jk

)

, V ′k = Jk
i V i. (A.14)
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Consider also a scalar and a rank-two tensor

Φ
′ = Φ, S′

ij = Skl J
−1k

i J−1l
j . (A.15)

The basic transformation rules are as follows:

A′k − B′k

Ω′ = Jk
i

Ai − Bi

Ω
, (A.16)

1√
a′

∂′t
(√

a′ Φ
′
)

+∇′
i

(

Φ
′A′i
)

=
1
J

(

1√
a

∂t

(√
a Φ
)

+∇i

(

ΦAi
)

)

, (A.17)

∇′
iV

′i = ∇iV
i, (A.18)

∇′
(i A

′
j) +

1
2

∂′ta
′
ij =

1
J

(

∇(k Al) +
1
2

∂takl

)

J−1k
i J−1l

j , (A.19)

∇′(i A′j) − 1
2

∂′ta
′ij =

1
J

(

∇(k Al) − 1
2

∂ta
kl

)

Ji
k J

j
l , (A.20)

∇′
iS

′ij = J
j
l∇iS

il, (A.21)

1
Ω′

(

∂′tV
′
i + A′j∇′

jV
′
i + V ′

j ∇′
iB

′j
)

=
J−1k

i

Ω

(

∂tVk + Aj∇jVk + Vj∇kBj
)

, (A.22)

∆
′A′

i + r′mi A′
m + a′ika′mn∂′tγ

′k
mn =

J
−1j

i

J

(

∆Aj + r m
j Am + ajkamn∂tγ

k
mn

)

. (A.23)

In the above expressions, ∇i, ∆ and rij are associated with the d-dimensional Levi–Civita

connection γi
jk displayed in (A.9).

As a final comment regarding Galilean covariance properties, we would like to stress that

the action of ∂t spoils the transformation rules displayed in (A.14) and (A.15). This is both

due to the transformation property of the partial time derivative (A.12), and to the time de-

pendence of the Jacobian matrix Ji
j . A Galilean covariant time-derivative can be introduced,

acting as follows on a vector:22

1
Ω

DV i

dt
=

1
Ω

[(

∂t + vj∇j

)

V i − V j∇jw
i
]

=
1
Ω

dV i

dt
− 1

Ω
V j∇jw

i, (A.24)

and resulting in a genuine vector under Galilean diffeomorphisms. Here, the frame velocity

wk plays the rôle of a connection, and the Galilean covariant time-derivative generalizes the

material derivative d/dt introduced in (3.29). The latter is covariant only when acting on

scalar functions f , hence we set D f
dt = d f

dt . Expression (A.24) is easily extended for tensors of

arbitrary rank using the Leibniz rule, as e.g. for one-forms:

1
Ω

DVi

dt
=

1
Ω

dVi

dt
+

1
Ω

Vj∇iw
j. (A.25)

22For a detailed and general presentation of Galilean affine connections see [23, 24].
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Notice that the Galilean covariant time-derivative at hand is not “metric compatible”:

1
Ω

Daij

dt
=

1
Ω

(

∂taij + 2∇(iwj)

)

. (A.26)

This result is actually expected because a covariant time-derivative of the metric should be

interpreted as an extrinsic curvature. Indeed, expression (A.26) divided by 2c is exactly

identified with the spatial components Kij of constant-t hypersurfaces extrinsic curvature in

the Zermelo background (2.17), (A.1).

The commutator of covariant time and space derivatives reveals a new piece of curva-

ture, which appears in Galilean geometries, on top of the standard Riemann tensor associ-

ated with the spatial covariant derivative ∇i. It is encapsulated in a one-form dθG, as one

observes from:
[

1
Ω

D
dt

,∇i

]

V i = V i∂iθ
G +∇j

(

V i∇i

(

wj − vj

Ω

))

, (A.27)

where θG is a scalar function introduced in (3.30) as the Galilean effective expansion:

θG =
1
Ω

(

∂t ln
√

a +∇iv
i
)

.

This extra piece of curvature should not come as a surprise. It is a Galilean remnant of some

ordinary components of Riemannian curvature in the original Zermelo spacetime.

A.2 Randers–Papapetrou metric

Christoffel symbols

The Randers–Papapetrou metric (2.35) has components (in the coframe
{

dx0 = cdt,dxi
}

):

gRP
µν →

(

−Ω2 cΩbj

cΩbi aij − c2bibj

)

, gRPµν → 1
Ω2

(

−1 + c2bbb2 cΩbk

cΩbi Ω2aik

)

, (A.28)

where bk = akjbj. The metric determinant is again given in (A.2):

√

−g = Ω
√

a . (A.29)

Here, Ω, aij and bi depend on time t and space x.
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The Christoffel symbols are computed exactly in the present case:

Γ
0
00 =

1
c

∂t lnΩ + c

(

bi∂iΩ +
1
2

(

∂tbbb
2 − bibj∂ta

ij
)

)

, (A.30)

Γ
0
0i =

(

1 − 1
2

c2bbb2
)

∂i lnΩ +
1
2

c2bj
(

∂ibj − ∂jbi − bi∂j ln Ω
)

+
1

2Ω
bj∂t

(

aij − c2bibj

)

, (A.31)

Γ
0
ij = − c

2Ω

(

∂ibj + ∂jbi + c2bk
(

bi

(

∂jbk − ∂kbj

)

+ bj (∂ibk − ∂kbi)
)

)

+
cbk

Ω
γk

ij +
1 − c2bbb2

2Ω2

(

1
c

∂taij − cbj (∂tbi + ∂iΩ)− cbi

(

∂tbj + ∂jΩ
)

)

, (A.32)

Γ
i
00 = Ωaij

(

∂tbj + ∂jΩ
)

, (A.33)

Γ
i
j0 =

1
2c

aik
(

∂t

(

akj − c2bkbj

)

+ c2
Ω
(

∂jbk − ∂kbj

)− c2 (bk∂jΩ + bj∂kΩ
))

, (A.34)

Γ
i
jk =

c2

2

(

bi

Ω

(

bj (∂tbk + ∂kΩ) + bk

(

∂tbj + ∂jΩ
))

− ail
(

bj (∂kbl − ∂lbk) + bk

(

∂jbl − ∂lbj

))

)

+γi
jk −

bi

2Ω
∂tajk, (A.35)

where γk
ij are the d-dimensional Christoffel symbols:

γi
jk =

ail

2

(

∂jalk + ∂kalj − ∂lajk

)

. (A.36)

Note also

Γ
µ
µ0 =

1
c

∂t ln
(√

a Ω
)

, Γ
µ
µi = ∂i ln

(√
a Ω
)

. (A.37)

With these data it is possible to compute the divergence of the fluid energy–momentum

tensor (3.72) and (3.73).

Covariance and the Levi–Civita–Carroll connection

In order to check the covariance (3.87) and (3.92),

E ′ = E , F ′ = F , G ′i = Ji
jG j, H′i = Ji

jHj

for the Carrollian fluid dynamics under Carrollian diffeomorphisms (2.27)

t′ = t′(t,x) and x′ = x′(x),

with Jacobian functions (2.28)

J(t,x) =
∂t′

∂t
, ji(t,x) =

∂t′

∂xi
, Ji

j(x) =
∂xi′

∂xj
,
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we can use several simple covariant blocks. We first remind (2.15), (2.31), (2.33):

a′ij = akl J−1k
i J−1l

j , b′k =
(

bi +
Ω

J
ji

)

J−1i
k, Ω

′ =
Ω

J
,

and

∂′t =
1
J

∂t, (A.38)

∂′j = J−1i
j

(

∂i −
ji
J

∂t

)

. (A.39)

From the above transformation rules we obtains:

1
Ω′ ∂

′
ta

′
ij =

1
Ω

∂takl J−1k
i J−1l

j , (A.40)

1
Ω′ ∂

′
t ln

√
a′ =

1
Ω

∂t ln
√

a , (A.41)

∂′tb
′
i + ∂′iΩ

′ =
1
J

J
−1j

i

(

∂tbj + ∂jΩ
)

, (A.42)

∂̂′i = J
−1j

i ∂̂j, (A.43)

where we have defined

∂̂i = ∂i +
bi

Ω
∂t. (A.44)

In view of the basic rules (A.38), (A.39) and (A.40)–(A.43), it is tempting to introduce a

new connection for Carrollian geometry that we will call Levi–Civita–Carroll, whose coeffi-

cients will be generalizations of the Christoffel symbols (A.36):

γ̂i
jk =

ail

2

(

∂̂jalk + ∂̂kalj − ∂̂lajk

)

=
ail

2

((

∂j +
bj

Ω
∂t

)

alk +
(

∂k +
bk
Ω

∂t

)

alj −
(

∂l +
bl
Ω

∂t

)

ajk

)

= γi
jk + ci

jk

(A.45)

with γi
jk and ∂̂i defined in (A.36) and (A.44). We will refer to those as Christoffel–Carroll

symbols. They transform under Carrollian diffeomorphisms as ordinary Christoffel symbols

under ordinary diffeomorphisms:

γ̂′k
ij = Jk

n J−1l
i J−1m

j γ̂n
lm − J−1l

i J−1n
j ∂l J

k
n. (A.46)

The emergence of this new set of connection coefficients should not be a surprise. Indeed

one readily shows that

h
µ

i Γ
k
µνhν

j = γ̂k
ij, (A.47)
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where Γk
µν are the d+ 1-dimensional Randers–Papapetrou Christoffel symbols (A.30)–(A.35),

and h
µ

ν the projector orthogonal to u = ∂t/Ω (as in (3.9), (3.67)).

The Levi–Civita–Carroll covariant derivative acts symbolically as

∇̂∇∇ = ∂̂∂∂ + γ̂γγ = ∂∂∂ +
bbb

Ω
∂t +γγγ + ccc =∇∇∇+

bbb

Ω
∂t + ccc. (A.48)

For example, consider Φ, Vk and Skl, the components of a scalar, a vector, and rank-two

symmetric tensor:

Φ
′ = Φ, V ′i = Ji

jV
j, S′

ij = Skl J
−1k

i J−1l
j , (A.49)

the action of this new covariant derivative is

∂̂iΦ = ∂iΦ +
bi

Ω
∂tΦ, (A.50)

∇̂iV
j = ∂iV

j +
bi

Ω
∂tV

j + γ̂
j
ilV

l

= ∇iV
j +

bi

Ω
∂tV

j + c
j
ilV

l, (A.51)

∇̂iV
i =

1√
a

∂̂i

(√
a V i

)

(A.52)

∇̂iSjk = ∂iSjk +
bi

Ω
∂tSjk − γ̂l

ijSlk − γ̂l
ikSjl

= ∇iSjk +
bi

Ω
∂tSjk − cl

ijSlk − cl
ikSjl. (A.53)

All these transform as genuine tensors, namely:

∂̂′iΦ
′ = J

−1j
i ∂̂jΦ, (A.54)

∇̂′
iV

′j = J−1k
i J

j
l ∇̂kV l, (A.55)

∇̂′
iV

′i = ∇̂iV
i, (A.56)

∇̂′
iS

′
jk = J−1m

i J−1n
j J−1l

k∇̂mSnl. (A.57)

Further elementary transformation rules are as follows:

1
Ω′ ∂

′
tΦ

′ =
1
Ω

∂tΦ,
1

Ω′ ∂
′
tV

′i = Ji
j

1
Ω

∂tV
j,

1
Ω′ ∂

′
tS

′ij = Ji
k J

j
l

1
Ω

∂tS
kl , (A.58)

as well as

∇′
iV

′i +
b′i

Ω′ √a′
∂′t
(√

a′ V ′i
)

= ∇̂′
iV

′i = ∇̂iV
i =∇iV

i +
bi

Ω
√

a
∂t

(√
a V i

)

, (A.59)
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and

∇′
kS′ki +

b′k
Ω′ √a′

(

∂′t
(√

a′ S′ki
)

−
√

a′ S′k
j∂

′
ta

′ij
)

− b′i
2Ω′ S′kl∂′ta

′
kl = ∇̂′

kS′ki =

= Ji
j∇̂kSkj = Ji

j

(

∇kSkj + bk

Ω
√

a

(

∂t

(

Skj
√

a
)

− √
a Sk

l∂ta
jl
)

− b j

2Ω
Skl∂takl

)

. (A.60)

Curvature, effective torsion and further properties of the Levi–Civita–Carroll connection

The Levi–Civita–Carroll connection is metric,

∇̂iajk = 0. (A.61)

Furthermore, the usual torsion tensor vanishes:23

t̂k
ij = 2γ̂k

[ij] = 0. (A.62)

However, the new ordinary (as opposed to covariant) derivatives ∂̂i defined in (A.44) do not

commute. Indeed, acting on any arbitrary function they lead to

[

∂̂i, ∂̂j

]

Φ =
2
Ω

̟ij∂tΦ, (A.63)

where ̟ij are the components of the Carrollian vorticity defined in (3.85) (explicitly in (3.98))

using the Carrollian acceleration ϕi (3.83):

̟ij = ∂[ibj] + b[i ϕj], ϕi =
1
Ω

(∂tbi + ∂iΩ) . (A.64)

Therefore, the Levi–Civita–Carroll connection has an effective torsion as one can see from

[

∇̂i,∇̂j

]

Φ = ̟ij
2
Ω

∂tΦ, (A.65)

where Φ is a scalar.

Similarly, one can compute the commutator of the Levi–Civita–Carroll covariant deriva-

tives acting on a vector field:

[

∇̂k,∇̂l

]

V i =
(

∂̂kγ̂i
lj − ∂̂lγ̂

i
kj + γ̂i

kmγ̂m
lj − γ̂i

lmγ̂m
kj

)

V j +
[

∂̂k, ∂̂l

]

V i

= r̂i
jklV

j + ̟kl
2
Ω

∂tV
i.

(A.66)

In this expression we have defined r̂i
jkl , which are by construction components of a gen-

uine tensor under Carrollian diffeomorphisms in d dimensions. This should be called the

Riemann–Carroll tensor. It is made of several pieces, among which ∂kγi
lj − ∂lγ

i
kj + γi

kmγm
lj −

23Discussions on Carrollian affine connections can be found e.g. in [24, 39, 40]. In particular, Ref. [24] provides
a general classification of connections with or without torsion.
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γi
lmγm

kj, which is not covariant under Carrollian diffeomorphisms – it is under ordinary d-

dimensional diffeomorphisms though. The Ricci–Carroll tensor and the Carroll scalar cur-

vature are thus

r̂ij = r̂k
ikj, r̂ = aij r̂ij. (A.67)

Notice that the Ricci–Carroll tensor is not symmetric in general: r̂ij , r̂ji.

We would like to close this part with two remarks regarding Carrollian geometry and

in particular Carrollian time. As readily seen in (A.58), acting on any object tensorial under

Carrollian diffeomorphisms, the time derivative ∂t provides another tensor. For this reason,

it was not necessary to define any “temporal covariant derivative”. Our first remark is that

the ordinary time derivative has an unsatisfactory feature: its action on the metric does not

vanish. One is tempted therefore to set a new time derivative ∂̂t such that

∂̂tajk = 0, (A.68)

while keeping the transformation rule under Carrollian diffeomorphisms:

∂̂′t =
1
J

∂̂t. (A.69)

This is achieved by introducing a “temporal Carrollian connection”

γ̂i
j =

1
2Ω

aik∂takj. (A.70)

Calling this a connection is actually inappropriate because it transforms as a genuine tensor

under Carrollian diffeomorphisms:

γ̂′k
j = Jk

n J−1m
j γ̂n

m. (A.71)

In fact, the trace of this object is the Carrollian expansion introduced in (3.84):

θC =
1
Ω

∂t ln
√

a = γ̂i
i, (A.72)

whereas its traceless part is the Carrollian shear defined in (3.86):

ξCi
j = γ̂i

j −
1
d

δi
jγ̂

i
i = γ̂i

j −
1
d

δi
jθ

C. (A.73)

The temporal connection γ̂i
j appears also as the zero-c remnant of the mixed projected rela-

tivistic Randers–Papapetrou Christoffel symbols, as in (A.47):

c

Ω
U

µ
0 Γ

k
µνhν

j = γ̂k
j. (A.74)
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The action of ∂̂t on scalars is simply ∂t:

∂̂tΦ = ∂tΦ, (A.75)

whereas on vectors or forms it is defined as

1
Ω

∂̂tV
i =

1
Ω

∂tV
i + γ̂i

jV
j,

1
Ω

∂̂tVi =
1
Ω

∂tVi − γ̂
j
iVj. (A.76)

Leibniz rule generalizes the latter to any tensor and allows to demonstrate the property

(A.68). Indices can now be raised and lowered with the metric passing through ∂̂t.

The above Riemann–Carroll curvature tensor of a Carrollian geometry appears actu-

ally as the zero-c limit of the spatial components of the ordinary Riemann curvature in

the Randers–Papapetrou background.24 In the same spirit, one may also wonder what the

Carrollian limit is for the temporal components of the relativistic Randers–Papapetrou cur-

vature, and this is our second and last remark. In order to answer this question, we must

compute the commutator of time and space covariant derivatives acting on scalar and vector

fields, as in (A.65) and (A.66). We find:

[

1
Ω

∂̂t, ∂̂i

]

Φ =

(

ϕi
1
Ω

∂t − γ̂
j
i∂̂j

)

Φ, (A.77)

and
[

1
Ω

∂̂t,∇̂i

]

V i =
(

∂̂iθ
C − ∇̂jγ̂

j
i

)

V i +
(

θCδ
j
i − γ̂

j
i

)

ϕjV
i +

(

ϕi
1
Ω

∂̂t − γ̂
j
i∇̂j

)

V i (A.78)

with ϕi and θC the Carrollian acceleration and expansion (A.64), (A.72). We can define from

this expression the components of a time-curvature Carrollian form:

r̂i =
1
d

(

∇̂jγ̂
j
i − ∂̂iθ

C
)

=
1
d

(

∇̂j ξ̂
Cj

i +
1 − d

d
∂̂iθ

C
)

. (A.79)

Using ̟kl, r̂i and time derivative in the framework at hand, many new curvature-like (i.e.

two-derivative) tensorial objects can be defined. We will not elaborate any longer on these

issues, which would naturally fit in a more thorough analysis of Carrollian geometry.

24This statement is accurate but comes without a proof. Evaluating the zero-c (or infinite-c, as we would
do in the Galilean counterpart) limit is a subtle task because in this kind of limits several components of the
curvature usually diverge (see e.g. [16], where the rôle of curvature is prominent). From the perspective of the
final geometry this does not produce any harm because the involved components decouple.
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The Weyl–Carroll connection

The Levi–Civita–Carroll covariant derivatives ∇̂∇∇ and ∂̂t defined in (A.48), (A.75) and (A.76)

for Carrollian geometry are not covariant with respect to Weyl transformations (3.108),

aij →
1
B2 aij, bi →

1
B bi, Ω → 1

BΩ. (A.80)

We can define Weyl–Carroll covariant spatial and time derivatives using the Carrollian accel-

eration ϕi defined in (A.64) and the Carrollian expansion (A.72), which transform as connec-

tions (see (3.109)):

ϕi → ϕi − ∂̂i lnB, θC →BθC − d

Ω
∂tB. (A.81)

For a weight-w scalar function Φ, i.e. a function scaling with Bw under (A.80), we intro-

duce

D̂jΦ = ∂̂jΦ + wϕjΦ, (A.82)

such that under a Weyl transformation

D̂jΦ →BwD̂jΦ. (A.83)

Similarly, for a vector with weight-w components V l:

D̂jV
l = ∇̂jV

l + (w − 1)ϕjV
l + ϕlVj − δl

jV
i ϕi. (A.84)

The action on any other tensor is obtained using the Leibniz rule, as in example for rank-two

tensors:

D̂jtkl = ∇̂jtkl + (w + 2)ϕjtkl + ϕktjl + ϕltkj − ajl tki ϕ
i − ajktil ϕ

i. (A.85)

The Weyl–Carroll spatial derivative does not modify the weight of the tensor it acts on.

Furthermore, it is metric as (akl has weight −2):

D̂jakl = 0. (A.86)

It has an effective torsion because

[

D̂i,D̂j

]

Φ =
2
Ω

̟ijD̂tΦ + wΩijΦ, (A.87)

although this expression does not contain terms of the type D̂kΦ. We have introduced here

Ωij = ϕij −
2
d

̟ijθ
C, (A.88)
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where ̟ij are the components of the Carrollian vorticity defined in (A.64), and

ϕij = ∂̂i ϕj − ∂̂j ϕi. (A.89)

Both Ωij and ̟ij are components of genuine Carrollian two-forms, and Weyl-covariant of

weight 0 and −1. However, ϕij are not Weyl-covariant, although they are also by construc-

tion components of a good Carrollian two-form.

In Eq. (A.87), we have used a Weyl–Carroll derivative with respect to time D̂t. Its action

on a weight-w function Φ is defined as:

1
Ω
D̂tΦ =

1
Ω

∂̂tΦ +
w

d
θC

Φ =
1
Ω

∂tΦ +
w

d
θC

Φ, (A.90)

which is a scalar of weight w + 1 under (A.80):

1
Ω
D̂tΦ →Bw+1 1

Ω
D̂tΦ. (A.91)

Accordingly, on a weight-w vector the action of the Weyl–Carroll time derivative is

1
Ω
D̂tV

l =
1
Ω

∂̂tV
l +

w − 1
d

θCV l =
1
Ω

∂tV
l +

w

d
θCV l + ξCl

iV
i. (A.92)

These are the components of a genuine Carrollian vector of weight w + 1 (the tensor ξCl
i is

Weyl-covariant of weight 1). We have used (A.75), (A.76) and (A.73) for the second equal-

ities in (A.90) and (A.92). The same pattern applies for any tensor by Leibniz rule, and in

particular:

D̂takl = 0. (A.93)

We will close the present appendix with the Weyl–Carroll curvature tensors, obtained by

studying the commutation of Weyl–Carroll covariant derivatives acting on vectors. We find

[

D̂k,D̂l

]

V i =
(

R̂
i
jkl − 2ξCi

j̟kl

)

V j + ̟kl
2
Ω
D̂tV

i + wΩklV
i, (A.94)

where

R̂ i
jkl = r̂i

jkl − δi
j ϕkl − ajk∇̂l ϕ

i + ajl∇̂k ϕi + δi
k∇̂l ϕj − δi

l∇̂k ϕj

+ϕi
(

ϕkajl − ϕlajk

)−
(

δi
kajl − δi

lajk

)

ϕm ϕm +
(

δi
k ϕl − δi

l ϕk

)

ϕj (A.95)

are the components of the Riemann–Weyl–Carroll weight-0 tensor, from which we define

R̂ij = R̂
k
ikj, R̂ = aij

R̂ij. (A.96)

Notice that the Ricci–Weyl–Carroll tensor is not symmetric in general: R̂ij , R̂ji.
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Eventually, we quote
[

1
Ω
D̂t,D̂i

]

Φ = wR̂iΦ − ξ
Cj

iD̂jΦ (A.97)

and
[

1
Ω
D̂t,D̂i

]

V i = (w − d)R̂iV
i − V iD̂jξ

Cj
i − ξ

Cj
iD̂jV

i, (A.98)

with

R̂i = r̂i +
1
Ω

∂̂t ϕi −
1
d
∇̂jγ̂

j
i + ξ

Cj
i ϕj =

1
Ω

∂t ϕi −
1
d

(

∂̂i + ϕi

)

θC (A.99)

the components of a Weyl-covariant weight-1 Carrollian curvature one-form, where r̂i is

given in (A.79).
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ABSTRACT

We show that a holographic description of four-dimensional asymptotically locally flat
spacetimes is reached smoothly from the zero-cosmological-constant limit of anti-de Sitter
holography. To this end, we use the derivative expansion of fluid/gravity correspondence.
From the boundary perspective, the vanishing of the bulk cosmological constant appears as
the zero velocity of light limit. This sets how Carrollian geometry emerges in flat holography.
The new boundary data are a two-dimensional spatial surface, identified with the null infin-
ity of the bulk Ricci-flat spacetime, accompanied with a Carrollian time and equipped with
a Carrollian structure, plus the dynamical observables of a conformal Carrollian fluid. These
are the energy, the viscous stress tensors and the heat currents, whereas the Carrollian geom-
etry is gathered by a two-dimensional spatial metric, a frame connection and a scale factor.
The reconstruction of Ricci-flat spacetimes from Carrollian boundary data is conducted with
a flat derivative expansion, resummed in a closed form in Eddington–Finkelstein gauge un-
der further integrability conditions inherited from the ancestor anti-de Sitter set-up. These
conditions are hinged on a duality relationship among fluid friction tensors and Cotton-like
geometric data. We illustrate these results in the case of conformal Carrollian perfect fluids
and Robinson–Trautman viscous hydrodynamics. The former are dual to the asymptotically
flat Kerr–Taub–NUT family, while the latter leads to the homonymous class of algebraically
special Ricci-flat spacetimes.
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1 Introduction

Ever since its conception, there have been many attempts to extend the original holographic

anti-de Sitter correspondence along various directions, including asymptotically flat or de

Sitter bulk spacetimes. Since the genuine microscopic correspondence based on type IIB

string and maximally supersymmetric Yang–Mills theory is deeply rooted in the anti-de Sit-

ter background, phenomenological extensions such as fluid/gravity correspondence have

been considered as more promising for reaching a flat spacetime generalization.

The mathematical foundations of holography are based on the existence of the Fefferman–

Graham expansion for asymptotically anti-de Sitter Einstein spaces [1, 2]. Indeed, on the

one hand, putting an asymptotically anti-de Sitter Einstein metric in the Fefferman–Graham

gauge allows to extract the two independent boundary data i.e. the boundary metric and

the conserved boundary conformal energy–momentum tensor. On the other hand, given a

pair of suitable boundary data the Fefferman–Graham expansion makes it possible to recon-

struct, order by order, an Einstein space.
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More recently, fluid/gravity correspondence has provided an alternative to Fefferman–

Graham, known as derivative expansion [3–6]. It is inspired from the fluid derivative expan-

sion (see e.g. [7, 8]), and is implemented in Eddington–Finkelstein coordinates. The metric

of an Einstein spacetime is expanded in a light-like direction and the information on the

boundary fluid is made available in a slightly different manner, involving explicitly a veloc-

ity field whose derivatives set the order of the expansion. Conversely, the boundary fluid

data, including the fluid’s congruence, allow to reconstruct an exact bulk Einstein spacetime.

Although less robust mathematically, the derivative expansion has several advantages

over Fefferman–Graham. Firstly, under some particular conditions it can be resummed lead-

ing to algebraically special Einstein spacetimes in a closed form [9–14]. Such a resummation

is very unlikely, if at all possible, in the context of Fefferman–Graham. Secondly, bound-

ary geometrical terms appear packaged at specific orders in the derivative expansion, which

is performed in Eddington–Finkelstein gauge. These terms feature precisely whether the

bulk is asymptotically globally or locally anti-de Sitter. Thirdly, and contrary to Fefferman–

Graham again, the derivative expansion admits a consistent limit of vanishing scalar curva-

ture. Hence it appears to be applicable to Ricci-flat spacetimes and emerges as a valuable tool

for setting up flat holography. Such a smooth behaviour is not generic, as in most coordinate

systems switching off the scalar curvature for an Einstein space leads to plain Minkowski

spacetime.1

The observations above suggest that it is relevant to wonder whether a Ricci-flat space-

time admits a dual fluid description. This can be recast into two sharp questions:

1. Which surface S would replace the AdS conformal boundary I , and what is the

geometry that this new boundary should be equipped with?

2. Which are the degrees of freedom hosted by S and succeeding the relativistic-fluid

energy–momentum tensor, and what is the dynamics these degrees of freedom obey?

Many proposals have been made for answering these questions. Most of them were in-

spired by the seminal work [17, 18], where Navier–Stokes equations were shown to capture

the dynamics of black-hole horizon perturbations. This result is taken as the crucial evi-

dence regarding the deep relation between gravity, without cosmological constant, and fluid

dynamics.

A more recent approach has associated Ricci-flat spacetimes in d + 1 dimensions with

d-dimensional fluids [19–24]. This is based on the observation that the Brown–York energy–

momentum tensor on a Rindler hypersurface of a flat metric has the form of a perfect fluid

[25]. In this particular framework, one can consider a non-relativistic limit, thus showing

1This phenomenon is well known in supergravity, when studying the gravity decoupling limit of scalar man-
ifolds. For this limit to be non-trivial, one has to chose an appropriate gauge (see [15, 16] for a recent discussion
and references).
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that the Navier–Stokes equations coincide with Einstein’s equations on the Rindler hyper-

surface. Paradoxically, it has simultaneously been argued that all information can be stored

in a relativistic d-dimensional fluid.

Outside the realm of fluid interpretation, and on the more mathematical side of the prob-

lem, some solid works regarding flat holography are [26–28] (see also [29]). The dual theories

reside at null infinity emphasizing the importance of the null-like formalisms of [30–32]. In

this line of thought, results where also reached focusing on the expected symmetries, in

particular for the specific case of three-dimensional bulk versus two-dimensional bound-

ary [33–39].2 These achievements are not unconditionally transferable to four or higher di-

mensions, and can possibly infer inaccurate expectations due to features holding exclusively

in three dimensions.

The above wanderings between relativistic and non-relativistic fluid dynamics in rela-

tion with Ricci-flat spacetimes are partly due to the incomplete understanding on the rôle

played by the null infinity. On the one hand, it has been recognized that the Ricci-flat limit

is related to some contraction of the Poincaré algebra [33–37, 40, 41]. On the other hand,

this observation was tempered by a potential confusion among the Carrollian algebra and

its dual contraction, the conformal Galilean algebra, as they both lead to the decoupling of

time. This phenomenon was exacerbated by the equivalence of these two algebras in two

dimensions, and has somehow obscured the expectations on the nature and the dynamics of

the relevant boundary degrees of freedom. Hence, although the idea of localizing the lat-

ter on the spatial surface at null infinity was suggested (as e.g. in [42–45]), their description

has often been accustomed to the relativistic-fluid or the conformal-field-theory approaches,

based on the revered energy–momentum tensor and its conservation law.3

From this short discussion, it is clear that the attempts implemented so far follow dif-

ferent directions without clear overlap and common views. Although implicitly addressed

in the literature, the above two questions have not been convincingly answered, and the

treatment of boundary theories in the zero cosmological constant limit remains nowadays

tangled.

In this work we make a precise statement, which clarifies unquestionably the situation.

Our starting point is a four-dimensional bulk Einstein spacetime with Λ = −3k2, dual to

a boundary relativistic fluid. In this set-up, we consider the k → 0 limit, which has the

following features:

• The derivative expansion is generically well behaved. We will call its limit the flat

derivative expansion. Under specified conditions it can be resummed in a closed form.

• Inside the boundary metric, and in the complete boundary fluid dynamics, k plays the

2 Reference [37] is the first where a consistent and non-trivial k → 0 limit was taken, mapping the entire family
of three-dimensional Einstein spacetimes (locally AdS) to the family of Ricci–flat solutions (locally flat).

3This is manifest in the very recent work of Ref. [46].
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rôle of velocity of light. Its vanishing is thus a Carrollian limit.

• The boundary is the two-dimensional spatial surface S emerging as the future null in-

finity of the limiting Ricci-flat bulk spacetime. It replaces the AdS conformal boundary

and is endowed with a Carrollian geometry i.e. is covariant under Carrollian diffeomor-

phisms.

• The degrees of freedom hosted by this surface are captured by a conformal Carrollian

fluid : energy density and pressure related by a conformal equation of state, heat cur-

rents and traceless viscous stress tensors. These macroscopic degrees of freedom obey

conformal Carrollian fluid dynamics.

Any two-dimensional conformal Carrollian fluid hosted by an arbitrary spatial surface S ,

and obeying conformal Carrollian fluid dynamics on this surface, is therefore mapped onto

a Ricci-flat four-dimensional spacetime using the flat derivative expansion. The latter is

invariant under boundary Weyl transformations. Under a set of resummability conditions

involving the Carrollian fluid and its hostS , this derivative expansion allows to reconstruct

exactly algebraically special Ricci-flat spacetimes. The results summarized above answer in

the most accurate manner the two questions listed earlier.

Carrollian symmetry has sporadically attracted attention following the pioneering work

or Ref. [47], where the Carroll group emerged as a new contraction of the Poincaré group:

the ultra-relativistic contraction, dual to the usual non-relativistic one leading to the Galilean

group. Its conformal extensions were explored latterly [48–51], showing in particular its

relationship to the BMS group, which encodes the asymptotic symmetries of asymptotically

flat spacetimes along a null direction [53–56].4

It is therefore quite natural to investigate on possible relationships between Carrollian

asymptotic structure and flat holography and, by the logic of fluid/gravity correspondence,

to foresee the emergence of Carrollian hydrodynamics rather than any other, relativistic or

Galilean fluid. Nonetheless searches so far have been oriented towards the near-horizon

membrane paradigm, trying to comply with the inevitable BMS symmetries as in [59, 60].

The power of the derivative expansion and its flexibility to handle the zero-k limit has been

somehow dismissed. This expansion stands precisely at the heart of our method. Its actual

implementation requires a comprehensive approach to Carrollian hydrodynamics, as it em-

anates from the ultra-relativistic limit of relativistic fluid dynamics, made recently available

in [52].

The aim of the present work is to provide a detailed analysis of the various statements

presented above, and exhibit a precise expression for the Ricci-flat line element as recon-

structed from the boundary Carrollian geometry and Carrollian fluid dynamics. As already

4Carroll symmetry has also been explored in connection to the tensionless-string limit, see e.g. [57, 58].
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stated, the tool for understanding and implementing operationally these ideas is the deriva-

tive expansion and, under conditions, its resummed version. For this reason, Sec. 2 is de-

voted to its thorough description in the framework of ordinary anti-de Sitter fluid/gravity

holography. This chapter includes the conditions, stated in a novel fashion with respect

to [12, 13], for the expansion to be resummed in a closed form, representing generally an

Einstein spacetime of algebraically special Petrov type.

In Sec. 3 we discuss how the Carrollian geometry emerges at null infinity and describe in

detail conformal Carrollian hydrodynamics following [52]. The formulation of the Ricci-flat

derivative expansion is undertaken in Sec. 4. Here we discuss the important issue of re-

summing in a closed form the generic expansion. This requires the investigation of another

uncharted territory: the higher-derivative curvature-like Carrollian tensors. The Carrollian

geometry on the spatial boundary S is naturally equipped with a (conformal) Carrollian

connection, which comes with various curvature tensors presented in Sec. 3. The relevant

object for discussing the resummability in the anti-de Sitter case is the Cotton tensor, as re-

viewed in Sec. 2. It turns out that this tensor has well-defined Carrollian descendants, which

we determine and exploit. With those, the resummability conditions are well-posed and set

the framework for obtaining exact Ricci-flat spacetimes in a closed form from conformal-

Carrollian-fluid data.

In order to illustrate our results, we provide examples starting from Sec. 3 and pursu-

ing systematically in Sec. 5. Generic Carrollian perfect fluids are meticulously studied and

shown to be dual to the general Ricci-flat Kerr–Taub–NUT family. The non perfect Carrollian

fluid called Robinson–Trautman fluid is discussed both as the limiting Robinson–Trautman

relativistic fluid (Sec. 3), and alternatively from Carrollian first principles (Sec. 5, follow-

ing [52]). It is shown to be dual to the Ricci-flat Robinson–Trautman spacetime, of which the

line element is obtained thanks to our flat resummation procedure.

One of the resummability requirements is the absence of shear for the Carrollian fluid.

This is a geometric quantity, which, if absent, makes possible for using holomorphic coordi-

nates. In App. A, we gather the relevant formulas in this class of coordinates.

2 Fluid/gravity in asymptotically locally AdS spacetimes

We present here an executive summary of the holographic reconstruction of four-dimensional

asymptotically locally anti-de Sitter spacetimes from three-dimensional relativistic bound-

ary fluid dynamics. The tool we use is the fluid-velocity derivative expansion. We show that

exact Einstein spacetimes written in a closed form can arise by resumming this expansion. It

appears that the key conditions allowing for such an explicit resummation are the absence

of shear in the fluid flow, as well as the relationship among the non-perfect components of

the fluid energy–momentum tensor (i.e. the heat current and the viscous stress tensor) and
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the boundary Cotton tensor.

2.1 The derivative expansion

The spirit

Due to the Fefferman–Graham ambient metric construction [61], asymptotically locally anti-

de Sitter four-dimensional spacetimes are determined by a set of independent boundary

data, namely a three-dimensional metric ds2 = gµνdxµdxν and a rank-2 tensor T = Tµνdxµdxν,

symmetric (Tµν = Tνµ), traceless (Tµ
µ = 0) and conserved:

∇µTµν = 0. (2.1)

Perhaps the most well known subclass of asymptotically locally AdS spacetimes are

those whose boundary metrics are conformally flat (see e.g. [62, 63]). These are asymptot-

ically globally anti-de Sitter. The asymptotic symmetries of such spacetimes comprise the

finite dimensional conformal group, i.e. SO(3,2) in four dimensions [64], and AdS/CFT is

at work giving rise to a boundary conformal field theory. Then, the rank-2 tensor Tµν is

interpreted as the expectation value over a boundary quantum state of the conformal-field-

theory energy–momentum tensor. Whenever hydrodynamic regime is applicable, this ap-

proach gives rise to the so-called fluid/gravity correspondence and all its important spinoffs

(see [4] for a review).

For a long time, all the work on fluid/gravity correspondence was confined to asymp-

totically globally AdS spacetimes, hence to holographic boundary fluids that flow on con-

formally flat backgrounds. In a series of works [9–14] we have extended the fluid/gravity

correspondence into the realm of asymptotically locally AdS4 spacetimes. In the following,

we present and summarize our salient findings.

The energy–momentum tensor

Given the energy–momentum tensor of the boundary fluid and assuming that it represents

a state in a hydrodynamic regime, one should be able to pick a boundary congruence u,

playing the rôle of fluid velocity. Normalizing the latter as5 ‖u‖2 = −k2 we can in general

decompose the energy–momentum tensor as

Tµν = (ε + p)
uµuν

k2 + pgµν + τµν +
uµqν

k2 +
uνqµ

k2 . (2.2)

5 This unconventional normalization ensures that the derivative expansion is well-behaved in the k → 0 limit.
In the language of fluids, it naturally incorporates the scaling introduced in [37] – see footnote 2.
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We assume local thermodynamic equilibrium with p the local pressure and ε the local energy

density:

ε =
1
k2 Tµνuµuν. (2.3)

A local-equilibrium thermodynamic equation of state p = p(T) is also needed for completing

the system, and we omit the chemical potential as no independent conserved current, i.e. no

gauge field in the bulk, is considered here.

The symmetric viscous stress tensor τµν and the heat current qµ are purely transverse:

uµτµν = 0, uµqµ = 0, qν = −εuν − uµTµν. (2.4)

For a conformal fluid in 3 dimensions

ε = 2p, τ
µ
µ = 0. (2.5)

The quantities at hand are usually expressed as expansions in temperature and velocity

derivatives, the coefficients of which characterize the transport phenomena occurring in the

fluid. In first-order hydrodynamics

τ(1)µν = −2ησµν − ζhµνΘ, (2.6)

q(1)µ = −κh ν
µ

(

∂νT +
T

k2 aν

)

, (2.7)

where hµν is the projector onto the space transverse to the velocity field:

hµν =
uµuν

k2 + gµν, (2.8)

and6

aµ = uν∇νuµ, Θ =∇µuµ, (2.9)

σµν =∇(µuν) +
1
k2 u(µaν) − 1

2 Θhµν, (2.10)

ωµν =∇[µuν] +
1
k2 u[µaν], (2.11)

are the acceleration (transverse), the expansion, the shear and the vorticity (both rank-two

tensors are transverse and traceless). As usual, η,ζ are the shear and bulk viscosities, and κ

is the thermal conductivity.

It is customary to introduce the vorticity two-form

ω =
1
2

ωµν dxµ ∧ dxν =
1
2

(

du +
1
k2 u ∧ a

)

, (2.12)

6Our conventions for (anti-) symmetrization are: A(µν) =
1
2
(

Aµν + Aνµ
)

and A[µν] =
1
2
(

Aµν − Aνµ
)

.
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as well as the Hodge–Poincaré dual of this form, which is proportional to u (we are in 2 + 1

dimensions):

kγu = ⋆ω ⇔ kγuµ =
1
2

ηµνσωνσ, (2.13)

where ηµνσ =
√−g ǫµνσ. In this expression γ is a scalar, that can also be expressed as

γ2 =
1

2k4 ωµνωµν. (2.14)

In three spacetime dimensions and in the presence of a vector field, one naturally defines

a fully antisymmetric two-index tensor as

ηµν = −uρ

k
ηρµν, (2.15)

obeying

ηµση σ
ν = hµν. (2.16)

With this tensor the vorticity reads:

ωµν = k2γηµν. (2.17)

Weyl covariance, Weyl connection and the Cotton tensor

In the case when the boundary metric gµν is conformally flat, it was shown that using the

above set of boundary data it is possible to reconstruct the four-dimensional bulk Einstein

spacetime order by order in derivatives of the velocity field [3–6]. The guideline for the

spacetime reconstruction based on the derivative expansion is Weyl covariance: the bulk ge-

ometry should be insensitive to a conformal rescaling of the boundary metric (weight −2)

ds2 → ds2

B2 , (2.18)

which should correspond to a bulk diffeomorphism and be reabsorbed into a redefinition of

the radial coordinate: r → B r. At the same time, uµ is traded for uµ/B (velocity one-form),

ωµν for ωµν/B (vorticity two-form) and Tµν for BTµν. As a consequence, the pressure and

energy density have weight 3, the heat-current qµ weight 2, and the viscous stress tensor τµν

weight 1.

Covariantization with respect to rescaling requires to introduce a Weyl connection one-

form:7

A =
1
k2

(

a − Θ

2
u
)

, (2.19)

which transforms as A → A − dlnB. Ordinary covariant derivatives ∇ are thus traded

7The explicit form of A is obtained by demandingDµuµ = 0 and uλDλuµ = 0.
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for Weyl covariant ones D = ∇ + w A, w being the conformal weight of the tensor under

consideration. We provide for concreteness the Weyl covariant derivative of a weight-w

form vµ:

Dνvµ =∇νvµ + (w + 1)Aνvµ + Aµvν − gµν Aρvρ. (2.20)

The Weyl covariant derivative is metric with effective torsion:

Dρgµν = 0, (2.21)
(

DµDν −DνDµ

)

f = w f Fµν, (2.22)

where

Fµν = ∂µ Aν − ∂ν Aµ (2.23)

is Weyl-invariant.

Commuting the Weyl-covariant derivatives acting on vectors, as usual one defines the

Weyl covariant Riemann tensor

(

DµDν −DνDµ

)

Vρ =R
ρ
σµνVσ + wVρFµν (2.24)

(Vρ are weight-w) and the usual subsequent quantities. In three spacetime dimensions, the

covariant Ricci (weight 0) and the scalar (weight 2) curvatures read:

Rµν = Rµν +∇ν Aµ + Aµ Aν + gµν

(

∇λ Aλ − AλAλ
)

− Fµν, (2.25)

R = R + 4∇µ Aµ − 2Aµ Aµ. (2.26)

The Weyl-invariant Schouten tensor8 is

Sµν =Rµν −
1
4
Rgµν = Sµν +∇ν Aµ + Aµ Aν −

1
2

AλAλgµν − Fµν. (2.27)

Other Weyl-covariant velocity-related quantities are

Dµuν = ∇µuν +
1
k2 uµaν −

Θ

2
hµν

= σµν + ωµν, (2.28)

Dνων
µ = ∇νων

µ, (2.29)

Dνην
µ = 2γuµ, (2.30)

uλRλµ = Dλ

(

σλ
µ − ωλ

µ

)

− uλFλµ, (2.31)

of weights −1, 1, 0 and 1 (the scalar vorticity γ has weight 1).

The remarkable addition to the fluid/gravity dictionary came with the realization that

8The ordinary Schouten tensor in three spacetime dimensions is given by Rµν − 1
4 Rgµν.
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the derivative expansion can be used to reconstruct Einstein metrics which are asymptoti-

cally locally AdS. For the latter, the boundary metric has a non zero Cotton tensor [9–13].

The Cotton tensor is generically a three-index tensor with mixed symmetries. In three di-

mensions, which is the case for our boundary geometry, the Cotton tensor can be dualized

into a two-index, symmetric and traceless tensor. It is defined as

Cµν = η
ρσ

µ Dρ (Sνσ + Fνσ) = η
ρσ

µ ∇ρ

(

Rνσ −
R

4
gνσ

)

. (2.32)

The Cotton tensor is Weyl-covariant of weight 1 (i.e. transforms as Cµν → BCµν), and is

identically conserved:

DρC
ρ
ν =∇ρC

ρ
ν = 0, (2.33)

sharing thereby all properties of the energy–momentum tensor. Following (2.2) we can de-

compose the Cotton tensor into longitudinal, transverse and mixed components with respect

to the fluid velocity u:9

Cµν =
3c

2
uµuν

k
+

ck

2
gµν −

cµν

k
+

uµcν

k
+

uνcµ

k
. (2.34)

Such a decomposition naturally defines the weight-3 Cotton scalar density

c =
1
k3 Cµνuµuν, (2.35)

as the longitudinal component. The symmetric and traceless Cotton stress tensor cµν and the

Cotton current cµ (weights 1 and 2, respectively) are purely transverse:

c
µ

µ = 0, uµcµν = 0, uµcµ = 0, (2.36)

and obey

cµν = −kh
ρ

µhσ
νCρσ +

ck2

2
hµν, cν = −cuν −

uµCµν

k
. (2.37)

One can use the definition (2.32) to further express the Cotton density, current and stress

tensor as ordinary or Weyl derivatives of the curvature. We find

c =
1
k2 uνησρDρ (Sνσ + Fνσ) , (2.38)

cν = ηρσDρ (Sνσ + Fνσ)− cuν, (2.39)

cµν = −hλ
µ

(

kη
ρσ

ν − uνηρσ
)

Dρ (Sλσ + Fλσ) +
ck2

2
hµν. (2.40)

9Notice that the energy–momentum tensor has an extra factor of k with respect to the Cotton tensor, see (2.60),
due to their different dimensions.
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The bulk Einstein derivative expansion

Given the ingredients above, the leading terms in a 1/r expansion for a four-dimensional

Einstein metric are of the form:10

ds2
bulk = 2

u
k2 (dr + rA) + r2ds2 +

S
k4

+
u2

k4r2

(

1 − 1
2k4r2 ωαβωαβ

)

(

8πGTλµuλuµ

k2 r +
Cλµuληµνσωνσ

2k4

)

+ terms with σ, σ2, ∇σ, . . . + O
(

D 4u
)

. (2.41)

In this expression

• S is a Weyl-invariant tensor:

S = Sµνdxµdxν = −2uDνων
µdxµ − ω λ

µ ωλνdxµdxν − u2R

2
; (2.42)

• the boundary metric is parametrized à la Randers–Papapetrou:

ds2 = −k2
(

Ωdt − bidxi
)2

+ aijdxidxj; (2.43)

• the boundary conformal fluid velocity field and the corresponding one form are

u =
1
Ω

∂t ⇔ u = −k2
(

Ωdt − bidxi
)

, (2.44)

i.e. the fluid is at rest in the frame associated with the coordinates in (2.43) – this is not

a limitation, as one can always choose a local frame where the fluid is at rest, in which

the metric reads (2.43) (with Ω, bi and aij functions of all coordinates);

• ωµν is the vorticity of u as given in (2.11), which reads:

ω =
1
2

ωµνdxµ ∧ dxν =
k2

2

(

∂ibj +
1
Ω

bi∂jΩ +
1
Ω

bi∂tbj

)

dxi ∧ dxj; (2.45)

• γ2 = 1
2 aikajl

(

∂[ibj] +
1
Ω

b[i∂j]Ω + 1
Ω

b[i∂tbj]

)(

∂[kbl] +
1
Ω

b[k∂l]Ω + 1
Ω

b[k∂tbl]

)

;

10We have traded here the usual advanced-time coordinate used in the quoted literature on fluid/gravity
correspondence for the retarded time, spelled t (see (2.44)).
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• the expansion and acceleration are

Θ =
1
Ω

∂t ln
√

a , (2.46)

a = k2
(

∂i ln Ω +
1
Ω

∂tbi

)

dxi, (2.47)

leading to the Weyl connection

A =
1
Ω

(

∂iΩ + ∂tbi −
1
2

bi∂t ln
√

a

)

dxi +
1
2

∂t ln
√

a dt , (2.48)

with a the determinant of aij;

• 1
k2 Tµνuµuν is the energy density ε of the fluid (see (2.3)), and in the Randers–Papapetrou

frame associated with (2.43), (2.44), q0, τ00 , τ0i = τi0 entering in (2.2) all vanish due to

(2.4);

• 1
2k4 Cλµuληµνσωνσ = cγ, where we have used (2.13) and (2.35), and similarly c0 = c00 =

c0i = ci0 = 0 as a consequence of (2.36) with (2.43), (2.44);

• σ, σ2, ∇σ stand for the shear of u and combinations of it, as computed from (2.10):

σ =
1

2Ω

(

∂taij − aij∂t ln
√

a
)

dxidxj. (2.49)

We have not exhibited explicitly shear-related terms because we will ultimately assume the

absence of shear for our congruence. This raises the important issue of choosing the fluid

velocity field, not necessary in the Fefferman–Graham expansion, but fundamental here. In

relativistic fluids, the absence of sharp distinction between heat and matter fluxes leaves a

freedom in setting the velocity field. This choice of hydrodynamic frame is not completely

arbitrary though, and one should stress some reservations, which are often dismissed, in

particular in the already quoted fluid/gravity literature.

As was originally exposed in [65] and extensively discussed e.g. in [7], the fluid-velocity

ambiguity is well posed in the presence of a conserved current J, naturally decomposed into

a longitudinal perfect piece and a transverse part:

Jµ = ̺uµ + jµ. (2.50)

The velocity freedom originates from the redundancy in the heat current q and the non-

perfect piece of the matter current j. One may therefore set j = 0 and reach the Eckart frame.

Alternatively q = 0 defines the Landau–Lifshitz frame. In the absence of matter current,

nothing guarantees that one can still move to the Landau–Lifshitz frame, and setting q = 0

appears as a constraint on the fluid, rather than a choice of frame for describing arbitrary flu-
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ids. This important issue was recently discussed in the framework of holography [66], from

which it is clear that setting q = 0 in the absence of a conserved current would simply inhibit

certain classes of Einstein spaces to emerge holographically from boundary data, and possi-

bly blur the physical phenomena occurring in the fluids under consideration. Consequently,

we will not make any such assumption, keeping the heat current as part of the physical data.

We would like to close this section with an important comment on asymptotics. The

reconstructed bulk spacetime can be asymptotically locally or globally anti-de Sitter. This

property is read off directly inside terms appearing at designated orders in the radial expan-

sion, and built over specific boundary tensors. For d+ 1-dimensional boundaries, the bound-

ary energy–momentum contribution first appears at order 1/rd−1, whereas the boundary Cot-

ton tensor11 emerges at order 1/r2. This behaviour is rooted in the Eddington–Finkelstein

gauge used in (2.41), but appears also in the slightly different Bondi gauge. It is however

absent in the Fefferman–Graham coordinates, where the Cotton cannot be possibly isolated

in the expansion.

2.2 The resummation of AdS spacetimes

Resummation and exact Einstein spacetimes in closed form

In order to further probe the derivative expansion (2.41), we will impose the fluid velocity

congruence be shearless. This choice has the virtue of reducing considerably the number of

terms compatible with conformal invariance in (2.41), and potentially making this expan-

sion resummable, thus leading to an Einstein metric written in a closed form. Nevertheless,

this shearless condition reduces the class of Einstein spacetimes that can be reconstructed

holographically to the algebraically special ones [10–14]. Going beyond this class is an open

problem that we will not address here.

Following [6, 10–14], it is tempting to try a resummation of (2.41) using the following

substitution:

1 − γ2

r2 → r2

ρ2 (2.51)

with

ρ2 = r2 + γ2. (2.52)

The resummed expansion would then read

ds2
res. Einstein = 2

u
k2 (dr + rA) + r2ds2 +

S
k4 +

u2

k4ρ2 (8πGεr + cγ) , (2.53)

which is indeed written in a closed form. Under the conditions listed below, the metric (2.53)

11 Actually, the object appearing in generic dimension is the Weyl divergence of the boundary Weyl tensor,
which contains also the Cotton tensor (see [67] for a preliminary discussion on this point).
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defines the line element of an exact Einstein space with Λ = −3k2.

• The congruence u is shearless. This requires (see (2.49))

∂taij = aij∂t ln
√

a . (2.54)

Actually (2.54) is equivalent to ask that the two-dimensional spatial section S de-

fined at every time t and equipped with the metric dℓ2 = aijdxidxj is conformally flat.

This may come as a surprise because every two-dimensional metric is conformally flat.

However, aij generally depends on space x and time t, and the transformation required

to bring it in a form proportional to the flat-space metric might depend on time. This

would spoil the three-dimensional structure (2.43) and alter the a priori given u. Hence,

dℓ2 is conformally flat within the three-dimensional spacetime (2.43) under the condi-

tion that the transformation used to reach the explicit conformally flat form be of the

type x′ = x′(x). This exists if and only if (2.54) is satisfied.12 Under this condition, one

can always choose ζ = ζ(x), ζ̄ = ζ̄(x) such that

dℓ2 = aij dxidxj =
2

P2 dζdζ̄ (2.55)

with P = P(t,ζ, ζ̄) a real function. Even though this does not hold for arbitrary u = ∂t/Ω,

one can show that there exists always a congruence for which it does [68], and this will

be chosen for the rest of the paper.

• The heat current of the boundary fluid introduced in (2.2) and (2.4) is identified with
the transverse-dual of the Cotton current defined in (2.34) and (2.37). The Cotton cur-

rent being transverse to u, it defines a field on the conformally flat two-surface S , the

existence of which is guaranteed by the absence of shear. This surface is endowed with

a natural hodge duality mapping a vector onto another, which can in turn be lifted back

to the three-dimensional spacetime as a new transverse vector. This whole process is

taken care of by the action of ην
µ defined in (2.15):

qµ =
1

8πG
ην

µcν =
1

8πG
ην

µηρσ
Dρ (Sνσ + Fνσ) , (2.56)

where we used (2.39) in the last expression. Using holomorphic and antiholomorphic

coordinates ζ, ζ̄ as in (2.55)13 leads to η
ζ
ζ = i and η

ζ̄

ζ̄
= −i, and thus

q =
i

8πG

(

cζdζ − cζ̄dζ̄
)

. (2.57)

12A peculiar subclass where this works is when ∂t is a Killing field.
13Orientation is chosen such that in the coordinate frame η0ζζ̄ =

√−g ǫ0ζζ̄ =
iΩ
P2 , where x0 = kt.

14



• The viscous stress tensor of the boundary conformal fluid introduced in (2.2) is iden-
tified with the transverse-dual of the Cotton stress tensor defined in (2.34) and (2.37).
Following the same pattern as for the heat current, we obtain:

τµν = − 1
8πGk2 η

ρ
µcρν

= 1
8πGk2

(

− 1
2 uληµνηρσ + ηλ

µ

(

kη
ρσ

ν − uνηρσ
)

)

Dρ (Sλσ + Fλσ) ,
(2.58)

where we also used (2.40) in the last equality. The viscous stress tensor τµν is transverse

symmetric and traceless because these are the properties of the Cotton stress tensor cµν.

Similarly, we find in complex coordinates:

τ = − i
8πGk2

(

cζζdζ2 − cζ̄ ζ̄dζ̄2
)

. (2.59)

• The energy–momentum tensor defined in (2.2) with p = ε/2, heat current as in (2.56)

and viscous stress tensor as in (2.58) must be conserved, i.e. obey Eq. (2.1). These are

differential constraints that from a bulk perspective can be thought of as a generaliza-

tion of the Gauss law.

Identifying parts of the energy–momentum tensor with the Cotton tensor may be viewed

as setting integrability conditions, similar to the electric–magnetic duality conditions in elec-

tromagnetism, or in Euclidean gravitational dynamics. As opposed to the latter, it is here

implemented in a rather unconventional manner, on the conformal boundary.

It is important to emphasize that the conservation equations (2.1) concern all bound-

ary data. On the fluid side the only remaining unknown piece is the energy density ε(x),

whereas for the boundary metric Ω(x), bi(x) and aij(x) are available and must obey (2.1),

together with ε(x). Given these ingredients, (2.1) turns out to be precisely the set of equa-

tions obtained by demanding bulk Einstein equations be satisfied with the metric (2.53). This

observation is at the heart of our analysis.

The bulk algebraic structure and the physics of the boundary fluid

The pillars of our approach are (i) the requirement of a shearless fluid congruence and (ii) the

identification of the non-perfect energy–momentum tensor pieces with the corresponding

Cotton components by transverse dualization.

What does motivate these choices? The answer to this question is rooted to the Weyl

tensor and to the remarkable integrability properties its structure can provide to the system.

Let us firstly recall that from the bulk perspective, u is a manifestly null congruence

associated with the vector ∂r . One can show (see [13]) that this bulk congruence is also

geodesic and shear-free. Therefore, accordingly to the generalizations of the Goldberg–Sachs

theorem, if the bulk metric (2.41) is an Einstein space, then it is algebraically special, i.e. of
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Petrov type II, III, D, N or O. Owing to the close relationship between the algebraic structure

and the integrability properties of Einstein equations, it is clear why the absence of shear in

the fluid congruence plays such an instrumental rôle in making the tentatively resummed

expression (2.53) an exact Einstein space.

The structure of the bulk Weyl tensor makes it possible to go deeper in foreseeing how

the boundary data should be tuned in order for the resummation to be successful. Indeed the

Weyl tensor can be expanded for large-r, and the dominant term (1/r3) exhibits the following

combination of the boundary energy–momentum and Cotton tensors [69–73]:

T±
µν = Tµν ±

i
8πGk

Cµν, (2.60)

satisfying a conservation equation, analogue to (2.1)

∇µT±
µν = 0. (2.61)

For algebraically special spaces, these complex-conjugate tensors simplify considerably

(see detailed discussions in [10–14]), and this suggests the transverse duality enforced be-

tween the Cotton and the energy–momentum non-perfect components. Using (2.57) and

(2.59), we find indeed for the tensor T+ in complex coordinates:

T+ =

(

ε +
ic

8πG

)(

u2

k2 +
1
2

dℓ2
)

+
i

4πGk2

(

2cζdζu − cζζdζ2) , (2.62)

and similarly for T− obtained by complex conjugation with

ε± = ε ± ic
8πG

. (2.63)

The bulk Weyl tensor and consequently the Petrov class of the bulk Einstein space are en-

coded in the three complex functions of the boundary coordinates: ε+, cζ and cζζ .

The proposed resummation procedure, based on boundary relativistic fluid dynamics

of non-perfect fluids with heat current and stress tensor designed from the boundary Cot-

ton tensor, allows to reconstruct all algebraically special four-dimensional Einstein spaces.

The simplest correspond to a Cotton tensor of the perfect form [10]. The complete class of

Plebański–Demiański family [74] requires non-trivial bi with two commuting Killing fields

[13], while vanishing bi without isometry leads to the Robinson–Trautman Einstein spaces

[12]. For the latter, the heat current and the stress tensor obtained from the Cotton by the
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transverse duality read:

q = − 1
16πG

(

∂ζKdζ + ∂ζ̄Kdζ̄
)

, (2.64)

τ =
1

8πGk2P2

(

∂ζ

(

P2∂t∂ζ ln P
)

dζ2 + ∂ζ̄

(

P2∂t∂ζ̄ ln P
)

dζ̄2
)

, (2.65)

where K = 2P2∂ζ̄∂ζ ln P is the Gaussian curvature of (2.55). With these data the conservation

of the energy–momentum tensor (2.1) enforces the absence of spatial dependence in ε = 2p,

and leads to a single independent equation, the heat equation:

12M∂t ln P + ∆K = 4∂t M. (2.66)

This is the Robinson–Trautman equation, here expressed in terms of M(t) = 4πGε(t).

The boundary fluids emerging in the systems considered here have a specific physical

behaviour. This behaviour is inherited from the boundary geometry, since their excursion

away from perfection is encoded in the Cotton tensor via the transverse duality. In the hy-

drodynamic frame at hand, this implies in particular that the derivative expansion of the

energy–momentum tensor terminates at third order. Discussing this side of the holography

is not part of our agenda. We shall only stress that such an analysis does not require to

change hydrodynamic frame. Following [66], it is possible to show that the frame at hand is

the Eckart frame. Trying to discard the heat current in order to reach a Landau–Lifshitz-like

frame (as in [75–78] for Robinson–Trautman) is questionable, as already mentioned earlier,

because of the absence of conserved current, and distorts the physical phenomena occurring

in the holographic conformal fluid.

3 The Ricci-flat limit I: Carrollian geometry and Carrollian fluids

The Ricci-flat limit is achieved at vanishing k. Although no conformal boundary exists in

this case, a two-dimensional spatial conformal structure emerges at null infinity. Since the

Einstein bulk spacetime derivative expansion is performed along null tubes, it provides the

appropriate arena for studying both the nature of the two-dimensional “boundary” and the

dynamics of the degrees of freedom it hosts as “holographic duals” to the bulk Ricci-flat

spacetime.

3.1 The Carrollian boundary geometry

The emergence of a boundary

For vanishing k, time decouples in the boundary geometry (2.43). There exist two decoupling

limits, associated with two distinct contractions of the Poincaré group: the Galilean, reached
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at infinite velocity of light and referred to as “non-relativistic”, and the Carrollian, emerging

at zero velocity of light [47] – often called “ultra-relativistic”. In (2.43), k plays effectively the

rôle of velocity of light and k → 0 is indeed a Carrollian limit.

This very elementary observation sets precisely and unambiguously the fate of asymp-

totically flat holography: the reconstruction of four-dimensional Ricci-flat spacetimes is based on

Carrollian boundary geometry.

The appearance of Carrollian symmetry, or better, conformal Carrollian symmetry at null

infinity of asymptotically flat spacetimes is not new [48–51]. It has attracted attention in the

framework of flat holography, mostly from the algebraic side [79, 80], or in relation with its

dual geometry emerging in the Galilean limit, known as Newton–Cartan (see [81]). The nov-

elties we bring in the present work are twofold. On the one hand, the Carrollian geometry

emerging at null infinity is generally non-flat, i.e. it is not isometric under the Carroll group,

but under a more general group associated with a time-dependent positive-definite spatial

metric and a Carrollian time arrow, this general Carrollian geometry being covariant under

a subgroup of the diffeomorphisms dubbed Carrollian diffeomorphisms. On the other hand,

the Carrollian surface is the natural host for a Carrollian fluid, zero-k limit of the relativistic

boundary fluid dual to the original Einstein space of which we consider the flat limit. This

Carrollian fluid must be considered as the holographic dual of a Ricci-flat spacetime, and its

dynamics (studied in Sec. 3.2) as the dual of gravitational bulk dynamics at zero cosmolog-

ical constant. From the hydrodynamical viewpoint, this gives a radically new perspective

on the subject of flat holography.

The Carrollian geometry: connection and curvature

The Carrollian geometry consists of a spatial surface S endowed with a positive-definite

metric

dℓ2 = aijdxidxj, (3.1)

and a Carrollian time t ∈ R.14 The metric on S is generically time-dependent: aij = aij(t,x).

Much like a Galilean space is observed from a spatial frame moving with respect to a local

inertial frame with velocity w, a Carrollian frame is described by a form bbb = bi(t,x)dxi. The

latter is not a velocity because in Carrollian spacetimes motion is forbidden. It is rather an

inverse velocity, describing a “temporal frame” and plays a dual rôle. A scalar Ω(t,x) is also

introduced (as in the Galilean case, see [52] – this reference will be useful along the present

section), as it may naturally arise from the k → 0 limit.

14We are genuinely describing a spacetime R ×S endowed with a Carrollian structure, and this is actually
how the boundary geometry should be spelled. In order to make the distinction with the relativistic pseudo-
Riemannian three-dimensional spacetime boundary I of AdS bulks, we quote only the spatial surface S when
referring to the Carrollian boundary geometry of a Ricci-flat bulk spacetime. For a complete description of such
geometries we recommend [82].
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We define the Carrollian diffeomorphisms as

t′ = t′(t,x) and x′ = x′(x) (3.2)

with Jacobian functions

J(t,x) =
∂t′

∂t
, ji(t,x) =

∂t′

∂xi
, Ji

j(x) =
∂xi′

∂xj
. (3.3)

Those are the diffeomorphisms adapted to the Carrollian geometry since under such trans-

formations, dℓ2 remains a positive-definite metric (it does not produce terms involving dt′).

Indeed,

a′ij = akl J−1k
i J−1l

j , b′k =
(

bi +
Ω

J
ji

)

J−1i
k, Ω

′ =
Ω

J
, (3.4)

whereas the time and space derivatives become

∂′t =
1
J

∂t, ∂′j = J−1i
j

(

∂i −
ji
J

∂t

)

. (3.5)

We will show in a short while that the Carrollian fluid equations are precisely covariant

under this particular set of diffeomorphisms.

Expression (3.5) shows that the ordinary exterior derivative of a scalar function does

not transform as a form. To overcome this issue, it is desirable to introduce a Carrollian

derivative as

∂̂i = ∂i +
bi

Ω
∂t, (3.6)

transforming as

∂̂′i = J
−1j

i ∂̂j. (3.7)

Acting on scalars this provides a form, whereas for any other tensor it must be covariantized

by introducing a new connection for Carrollian geometry, called Levi–Civita–Carroll connec-

tion, whose coefficients are the Christoffel–Carroll symbols,15

γ̂i
jk =

ail

2

(

∂̂jalk + ∂̂kalj − ∂̂lajk

)

= γi
jk + ci

jk. (3.8)

The Levi–Civita–Carroll covariant derivative acts symbolically as ∇̂∇∇ = ∂̂∂∂ + γ̂γγ. It is metric

and torsionless: ∇̂iajk = 0, t̂k
ij = 2γ̂k

[ij] = 0. There is however an effective torsion, since the

derivatives ∇̂i do not commute, even when acting of scalar functions Φ – where they are

identical to ∂̂i :

[∇̂i,∇̂j]Φ =
2
Ω

̟ij∂tΦ. (3.9)

15 We remind that the ordinary Christoffel symbols are γi
jk =

ail

2

(

∂jalk + ∂kal j − ∂l ajk

)

.
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Here ̟ij is a two-form identified as the Carrollian vorticity defined using the Carrollian

acceleration one-form ϕi:

ϕi =
1
Ω

(∂tbi + ∂iΩ) = ∂t
bi

Ω
+ ∂̂i ln Ω, (3.10)

̟ij = ∂[ibj] + b[i ϕj] =
Ω

2

(

∂̂i

bj

Ω
− ∂̂j

bi

Ω

)

. (3.11)

Since the original relativistic fluid is at rest, the kinematical “inverse-velocity” variable po-

tentially present in the Carrollian limit vanishes.16 Hence the various kinematical quantities

such as the vorticity and the acceleration are purely geometric and originate from the tem-

poral Carrollian frame used to describe the surface S . As we will see later, they turn out to

be k → 0 counterparts of their relativistic homologues defined in (2.9), (2.10), (2.11) (see also

(3.14) for the expansion and shear).

The time derivative transforms as in (3.5), and acting on any tensor under Carrollian

diffeomorphisms, it provides another tensor. This ordinary time derivative has nonetheless

an unsatisfactory feature: its action on the metric does not vanish. One is tempted therefore

to set a new time derivative ∂̂t such that ∂̂tajk = 0, while keeping the transformation rule

under Carrollian diffeomorphisms: ∂̂′t =
1
J ∂̂t. This is achieved by introducing a “temporal

Carrollian connection”

γ̂i
j =

1
2Ω

aik∂takj, (3.12)

which allows us to define the time covariant derivative on a vector field:

1
Ω

∂̂tV
i =

1
Ω

∂tV
i + γ̂i

jV
j, (3.13)

while on a scalar the action is as the ordinary time derivative: ∂̂tΦ = ∂tΦ. Leibniz rule allows

extending the action of this derivative to any tensor.

Calling γ̂i
j a connection is actually misleading because it transforms as a genuine tensor

under Carrollian diffeomorphisms: γ̂′k
j = Jk

n J−1m
j γ̂n

m. Its trace and traceless parts have a

well-defined kinematical interpretation, as the expansion and shear, completing the acceler-

ation and vorticity introduced earlier in (3.10), (3.11):

θ = γ̂i
i =

1
Ω

∂t ln
√

a , ξ i
j = γ̂i

j −
1
2

δi
jθ =

1
2Ω

aik
(

∂takj − akj∂t ln
√

a
)

. (3.14)

We can define the curvature associated with a connection, by computing the commutator

16 A Carrollian fluid is always at rest, but could generally be obtained from a relativistic fluid moving at
vi = k2βi + O

(

k4). In this case, the “inverse velocity” βi would contribute to the kinematics and the dynamics
of the fluid (see [52]). Here, vi = 0 before the limit k → 0 is taken, so βi = 0.
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of covariant derivatives acting on a vector field. We find

[

∇̂k,∇̂l

]

V i = r̂i
jklV

j + ̟kl
2
Ω

∂tV
i, (3.15)

where

r̂i
jkl = ∂̂kγ̂i

lj − ∂̂lγ̂
i
kj + γ̂i

kmγ̂m
lj − γ̂i

lmγ̂m
kj (3.16)

is a genuine tensor under Carrollian diffeomorphisms, the Riemann–Carroll tensor.

As usual, the Ricci–Carroll tensor is

r̂ij = r̂k
ikj. (3.17)

It is not symmetric in general (r̂ij , r̂ji) and carries four independent components:

r̂ij = ŝij + K̂aij + Âηij. (3.18)

In this expression ŝij is symmetric and traceless, whereas17

K̂ =
1
2

aij r̂ij =
1
2

r̂, Â =
1
2

ηij r̂ij = ∗̟θ (3.19)

are the scalar-electric and scalar-magnetic Gauss–Carroll curvatures, with

∗ ̟ =
1
2

ηij̟ij. (3.20)

Since time and space are intimately related in Carrollian geometry, curvature extends

also in time. This can be seen by computing the covariant time and space derivatives com-

mutator:
[

1
Ω

∂̂t,∇̂i

]

V i = −2r̂iV
i +
(

θδ
j
i − γ̂

j
i

)

ϕjV
i +

(

ϕi
1
Ω

∂̂t − γ̂
j
i∇̂j

)

V i. (3.21)

A Carroll curvature one-form emerges thus as

r̂i =
1
2

(

∇̂jξ
j
i −

1
2

∂̂iθ

)

. (3.22)

The Ricci–Carroll curvature tensor r̂ij and the Carroll curvature one-form r̂i are actually

the Carrollian vanishing-k contraction of the ordinary Ricci tensor Rµν associated with the

original three-dimensional pseudo-Riemannian AdS boundary I , of Randers–Papapetrou

type (2.43). The identification of the various pieces is however a subtle task because in this

17We use ηij =
√

a ǫij, which matches, in the zero-k limit, with the spatial components of the ηµν introduced in
(2.15). To avoid confusion we also quote that ηilηjl = δi

j and ηijηij = 2.
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kind of limit, where the size of one dimension shrinks, the curvature usually develops di-

vergences. From the perspective of the final Carrollian geometry this does not produce any

harm because the involved components decouple.

The metric (3.1) of the Carrollian geometry onS may or may not be recast in conformally

flat form (2.55) using Carrollian diffeomorphisms (3.2), (3.3). A necessary and sufficient

condition is the vanishing of the Carrollian shear ξij, displayed in (3.14). Assuming this

holds, one proves that the traceless and symmetric piece of the Ricci-Carroll tensor is zero,

ŝij = 0. (3.23)

We gather in App. A various expressions when holomorphic coordinates are used and the

metric is given in conformally flat form. The absence of shear will be imposed again in Sec.

4, where it plays a crucial rôle in the resummation of the derivative expansion.

The conformal Carrollian geometry

In the present set-up, the spatial surface S appears as the null infinity of the resulting Ricci-

flat geometry i.e. as I +. This is not surprising. The bulk congruence tangent to ∂r is light-

like. Hence the holographic limit r → ∞ is lightlike, already at finite k, which is a well known

feature of the derivative expansion, expressed by construction in Eddington–Finkelstein-like

coordinates [3, 4, 6]. What is specific about k = 0 is the decoupling of time.

The geometry of I + is equipped with a conformal class of metrics rather than with

a metric. From a representative of this class, we must be able to explore others by Weyl

transformations, and this amounts to study conformal Carrollian geometry as opposed to

plain Carrollian geometry (see [48]).

The action of Weyl transformations on the elements of the Carrollian geometry on a sur-

face S is inherited from (2.18):

aij →
aij

B2 , bi →
bi

B , Ω → Ω

B , (3.24)

where B = B(t,x) is an arbitrary function. The Carrollian vorticity (3.11) and shear (3.14)

transform covariantly under (3.24): ̟ij → 1
B̟ij, ξij → 1

B ξij. However, the Levi–Civita–

Carroll covariant derivatives ∇̂∇∇ and ∂̂t defined previously for Carrollian geometry are not

covariant under (3.24). Following [52], they must be replaced with Weyl–Carroll covariant

spatial and time derivatives built on the Carrollian acceleration ϕi (3.10) and the Carrollian

expansion (3.14), which transform as connections:

ϕi → ϕi − ∂̂i lnB, θ →Bθ − 2
Ω

∂tB. (3.25)
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In particular, these can be combined in18

αi = ϕi −
θ

2
bi, (3.26)

transforming under Weyl rescaling as:

αi → αi − ∂i lnB. (3.27)

The Weyl–Carroll covariant derivatives D̂i and D̂t are defined according to the pattern

(2.19), (2.20). They obey

D̂jakl = 0, D̂takl = 0. (3.28)

For a weight-w scalar function Φ, or a weight-w vector V i, i.e. scaling with Bw under (3.24),

we introduce

D̂jΦ = ∂̂jΦ + wϕjΦ, D̂jV
l = ∇̂jV

l + (w − 1)ϕjV
l + ϕlVj − δl

jV
i ϕi, (3.29)

which leave the weight unaltered. Similarly, we define

1
Ω
D̂tΦ =

1
Ω

∂̂tΦ +
w

2
θΦ =

1
Ω

∂tΦ +
w

2
θΦ, (3.30)

and
1
Ω
D̂tV

l =
1
Ω

∂̂tV
l +

w − 1
2

θV l =
1
Ω

∂tV
l +

w

2
θV l + ξ l

iV
i, (3.31)

where 1
Ω
D̂t increases the weight by one unit. The action of D̂i and D̂t on any other tensor is

obtained using the Leibniz rule.

The Weyl–Carroll connection is torsion-free because

[

D̂i,D̂j

]

Φ =
2
Ω

̟ijD̂tΦ + w
(

ϕij − ̟ijθ
)

Φ (3.32)

does not contain terms of the type D̂kΦ. Here ϕij = ∂̂i ϕj − ∂̂j ϕi is a Carrollian two-form, not

conformal though. Connection (3.32) is accompanied with its own curvature tensors, which

emerge in the commutation of Weyl–Carroll covariant derivatives acting e.g. on vectors:

[

D̂k,D̂l

]

V i =
(

R̂
i
jkl − 2ξ i

j̟kl

)

V j + ̟kl
2
Ω
D̂tV

i + w (ϕkl − ̟klθ)V i. (3.33)

The combination ϕkl − ̟klθ forms a weight-0 conformal two-form, whose dual ∗ϕ − ∗̟θ is

18Contrary to ϕi, αi is not a Carrollian one-form, i.e. it does not transform covariantly under Carrollian diffeo-
morphisms (3.2).
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conformal of weight 2 (∗̟ is defined in (3.20) and similarly ∗ϕ = 1
2 ηij ϕij). Moreover

R̂ i
jkl = r̂i

jkl − δi
j ϕkl − ajk∇̂l ϕ

i + ajl∇̂k ϕi + δi
k∇̂l ϕj − δi

l∇̂k ϕj

+ϕi
(

ϕkajl − ϕlajk

)−
(

δi
kajl − δi

lajk

)

ϕm ϕm +
(

δi
k ϕl − δi

l ϕk

)

ϕj (3.34)

is the Riemann–Weyl–Carroll weight-0 tensor, from which we define

R̂ij = R̂
k
ikj = r̂ij + aij∇̂k ϕk − ϕij. (3.35)

We also quote
[

1
Ω
D̂t,D̂i

]

Φ = wR̂iΦ − ξ
j
iD̂jΦ (3.36)

and
[

1
Ω
D̂t,D̂i

]

V i = (w − 2)R̂iV
i − V iD̂jξ

j
i − ξ

j
iD̂jV

i, (3.37)

with

R̂i = r̂i +
1
Ω

∂̂t ϕi −
1
2
∇̂jγ̂

j
i + ξ

j
i ϕj =

1
Ω

∂t ϕi −
1
2

(

∂̂i + ϕi

)

θ. (3.38)

This is a Weyl-covariant weight-1 curvature one-form, where r̂i is given in (3.22).

The Ricci–Weyl–Carroll tensor (3.35) is not symmetric in general: R̂ij , R̂ji. Using (3.17)

we can recast it as

R̂ij = ŝij + K̂ aij + ˆA ηij, (3.39)

where we have introduced the Weyl-covariant scalar-electric and scalar-magnetic Gauss–

Carroll curvatures

K̂ =
1
2

aijR̂ij = K̂ + ∇̂k ϕk, ˆA =
1
2

ηijR̂ij = Â − ∗ϕ (3.40)

both of weight 2.

Before closing the present section, it is desirable to make a clarification: Weyl transfor-

mations (3.24) should not be confused with the action of the conformal Carroll group, which

is a subset of Carrollian diffeomorphisms defined as19

CCarr2
(

R ×S ,dℓ2,u
)

=

{

φ ∈ Diff(R ×S ), dℓ2 φ−→ e−2Φdℓ2 u
φ−→ eΦu

}

, (3.41)

where Φ ∈ C∞(R ×S ), dℓ2 is the spatial metric onS as in (3.1), and u = 1
Ω

∂t the Carrollian

time arrow. This group is actually the zero-k contraction of CIsom
(

I ,ds2
)

, the group of

conformal isometries of the original finite-k relativistic metric ds2 on the boundary I of the

19The subscript 2 stands for level-2 conformal Carroll group. For a detailed discussion, see [49] .
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corresponding AdS bulk:

CIsom
(

I ,ds2) =

{

φ ∈ Diff(I ), ds2 φ−→ e−2Φds2
}

(3.42)

with Φ ∈ C∞(I ). Indeed, consider the Lie algebra of conformal symmetries of ds2, denoted

cisom
(

I ,ds2
)

and spanned by vector fields X = X0∂0 + Xi∂i such that

LXds2 = −2λds2 (3.43)

for some function λ on I . In order to perform the zero-k contraction we write the gener-

ators as X = kXt∂0 + Xi∂i (here x0 = kt, thus X0 = kXt) and the metric ds2 in the Randers–

Papapetrou form (2.43). At zero k Eq. (3.43) splits into:20

LXu = λu, LXdℓ2 = −2λdℓ2. (3.44)

These are the equations the field X must satisfy for belonging to ccarr2
(

R ×S ,dℓ2,u
)

, the

Lie algebra of the corresponding conformal Carroll group. This confirms that

CIsom
(

I ,ds2) −→
k→0

CCarr2
(

R ×S ,dℓ2,u
)

. (3.45)

At last, if S is chosen to be the two-sphere and dℓ2 the round metric, it can be shown (see

[49]) that the corresponding conformal Carroll group is precisely the BMS(4) group, which

describes the asymptotic symmetries of an asymptotically flat 3 + 1-dimensional metric.

3.2 Carrollian conformal fluid dynamics

Physical data and hydrodynamic equations

More on the physics underlying the Carrollian limit can be found in [52], with emphasis on

hydrodynamics. This is precisely what we need here, since the original asymptotically AdS

bulk Einstein spacetime is the holographic dual of a relativistic fluid hosted by its 2 + 1-

dimensional boundary. This relativistic fluid satisfying Eq. (2.1), will obey Carrollian dy-

namics at vanishing k. Even though the fluid has no velocity, it has non-trivial hydrodynam-

ics based on the following data:

• the energy density ε(t,x) and the pressure p(t,x), related here through a conformal

equation of state ε = 2p;

20In coordinates, defining χ = ΩXt − bjX
j , these equations are written as:

1
Ω

∂tχ + ϕjX
j = −λ,

1
Ω

∂tX
i = 0, ∇̂(iX j) + χ

(

ξ ij +
1
2

aijθ

)

= −λaij,

which are manifestly covariant under Carrollian diffeomorphisms.
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• the heat currents QQQ = Qi(t,x)dxi and πππ = πi(t,x)dxi;

• the viscous stress tensors ΣΣΣ = Σij(t,x)dxidxj and ΞΞΞ = Ξij(t,x)dxidxj.

The latter quantities are inherited from the relativistic ones (see (2.2)) as the following limits:

Qi = lim
k→0

qi, πi = lim
k→0

1
k2 (qi − Qi) , (3.46)

Σij = − lim
k→0

k2τij, Ξij = − lim
k→0

(

τij +
1
k2 Σij

)

. (3.47)

Compared with the corresponding ones in the Galilean fluids, they are doubled because two

orders seem to be required for describing the Carrollian dynamics. They obey

Σij = Σji, Σ
i
i = 0, Ξij = Ξji, Ξ

i
i = 0. (3.48)

The Carrollian energy and pressure are just the zero-k limits of the corresponding relativistic

quantities. In order to avoid symbols inflation, we have kept the same notation, ε and p.

All these objects are Weyl-covariant with conformal weights 3 for the pressure and en-

ergy density, 2 for the heat currents, and 1 for the viscous stress tensors (when all indices are

lowered). They are well-defined in all examples we know from holography. Ultimately they

should be justified within a microscopic quantum/statistical approach, missing at present

since the microscopic nature of a Carrollian fluid has not been investigated so far, except

for [52], where some elementary issues were addressed.

Following this reference, the equations for a Carrollian fluid are as follows:

• a set of two scalar equations, both weight-4 Weyl-covariant:

− 1
Ω
D̂tε − D̂iQ

i + Ξ
ijξij = 0, (3.49)

Σ
ijξij = 0; (3.50)

• two vector equations, Weyl-covariant of weight 3:

D̂j p + 2Qi̟ij +
1
Ω
D̂tπj − D̂iΞ

i
j + πiξ

i
j = 0, (3.51)

1
Ω
D̂tQj − D̂iΣ

i
j + Qiξ

i
j = 0. (3.52)

Equation (3.49) is the energy conservation, whereas (3.50) sets a geometrical constraint on

the Carrollian viscous stress tensor Σij. Equations (3.51) and (3.52) are dynamical equations

involving the pressure p = ε/2, the heat currents Qi and πi, and the viscous stress tensors Σij

and Ξij. They are reminiscent of a momentum conservation, although somewhat degenerate

due to the absence of fluid velocity.
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An example of Carrollian fluid

The simplest non-trivial example of a Carrollian fluid is obtained as the Carrollian limit of

the relativistic Robinson–Trautman fluid, studied at the end of Sec. 2.2 (see also [66] and [52]

for the relativistic and Carrollian approaches, respectively).

The geometric Carrollian data are in this case

dℓ2 =
2

P2 dζdζ̄, (3.53)

bi = 0 and Ω = 1. Hence the Carrollian shear vanishes (ξij = 0), whereas the expansion

reads:

θ = −2∂t ln P. (3.54)

Similarly ̟ij = 0, ϕi = 0, ϕij = 0, and using results from App. A, we find

K̂ = 2P2∂ζ̄∂ζ ln P, ˆA = 0 (3.55)

(in fact K̂ = K̂ = K), while

R̂ζ̄ = ∂ζ̄ ∂t ln P, R̂ζ̄ = ∂ζ̄ ∂t ln P. (3.56)

From the relativistic heat current q and viscous stress tensor τ displayed in (2.64) and (2.65),

we obtain the Carrollian descendants:21

QQQ = − 1
16πG

(

∂ζKdζ + ∂ζ̄Kdζ̄
)

, πππ = 0, (3.57)

ΣΣΣ = − 1
8πGP2

(

∂ζ

(

P2∂t∂ζ ln P
)

dζ2 + ∂ζ̄

(

P2∂t∂ζ̄ ln P
)

dζ̄2
)

, ΞΞΞ = 0. (3.58)

Due to the absence of shear, the hydrodynamic equation (3.50) is identically satisfied, whereas

(3.49), (3.51), (3.52) are recast as:

3ε∂t ln P − ∂tε −∇iQ
i = 0, (3.59)

∂i p = 0, (3.60)

∂tQi − 2Qi∂t ln P −∇jΣ
j
i = 0. (3.61)

In agreement with the relativistic Robinson–Trautman fluid, the pressure p (and so the en-

ergy density, since the fluid is conformal) must be space-independent. Furthermore, as ex-

pected from the relativistic case, Eq. (3.61) is satisfied with Qi and Σij given in (3.57) and

(3.58). Hence we are left with a single non-trivial equation, Eq. (3.59), the heat equation of

21Notice a useful identity: ∂t

(

∂2
ζ P

P

)

= 1
P2 ∂ζ

(

P2∂t∂ζ ln P
)

.
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the Carrollian fluid:

3ε∂t ln P − ∂tε +
1

16πG
∆K = 0 (3.62)

with ∆ =∇j∇j the Laplacian operator on S .

Equation (3.62) is exactly Robinson–Trautman’s, Eq. (2.66). We note that the relativistic

and the Carrolian dynamics lead to the same equations – and hence to the same solutions

ε = ε(t). This is specific to the case under consideration, and it is actually expected since

the bulk Einstein equations for a geometry with a shearless and vorticity-free null congru-

ence lead to the Robinson–Trautman equation, irrespective of the presence of a cosmological

constant, Λ = −3k2: asymptotically locally AdS or locally flat spacetimes lead to the same

dynamics. This is not the case in general though, because there is no reason for the relativistic

dynamics to be identical to the Carrollian (see [52] for a detailed account of this statement).

For example, when switching on more data, as in the case of the Plebański–Demiański fam-

ily, where all bi, ϕi, ̟ij, as well as πi and Ξij, are on, the Carrollian equations are different

from the relativistic ones.

4 The Ricci-flat limit II: derivative expansion and resummation

We can summarize our observations as follows. Any four-dimensional Ricci-flat spacetime

is associated with a two-dimensional spatial surface, emerging at null infinity and equipped

with a conformal Carrollian geometry. This geometry is the host of a Carrollian fluid, obey-

ing Carrollian hydrodynamics. Thanks to the relativistic-fluid/AdS-gravity duality, one can

also safely claim that, conversely, any Carrollian fluid evolving on a spatial surface with

Carrollian geometry is associated with a Ricci-flat geometry. This conclusion is reached by

considering the simultaneous zero-k limit of both sides of the quoted duality. In order to

make this statement operative, this limit must be performed inside the derivative expan-

sion. When the latter is resummable in the sense discussed in Sec. 2.2, the zero-k limit will

also affect the resummability conditions, and translate them in terms of Carrollian fluid dy-

namics.

4.1 Back to the derivative expansion

Our starting point is the derivative expansion of an asymptotically locally AdS spacetime,

Eq. (2.41). The fundamental question is whether the latter admits a smooth zero-k limit.

We have implicitly assumed that the Randers–Papapetrou data of the three-dimensional

pseudo-Riemannian conformal boundaryI associated with the original Einstein spacetime,

aij, bi and Ω, remain unaltered at vanishing k, providing therefore directly the Carrollian data

for the new spatial two-dimensional boundary S emerging at I +.22 Following again the

22Indeed our ultimate goal is to set up a derivative expansion (in a closed resummed form under appropriate
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detailed analysis performed in [52], we can match the various three-dimensional Rieman-

nian quantities with the corresponding two-dimensional Carrollian ones:

u = −k2 (Ωdt − bbb) (4.1)

and
ω = k2

2 ̟ijdxi ∧ dxj,

γ = ∗̟,

Θ = θ,

a = k2 ϕidxi,

A = αidxi + θ
2 Ωdt,

σ = ξijdxidxj,

(4.2)

where the left-hand-side quantities are Riemannian (given in Eqs. (2.45), (2.46), (2.47), (2.48),

(2.49)), and the right-hand-side ones Carrollian (see (3.10), (3.11), (3.14), (3.20)).

In the list (4.2), we have dealt with the first derivatives, i.e. connexion-related quantities.

We move now to second-derivative objects and collect the tensors relevant for the derivative

expansion, following the same pattern (Riemannian vs. Carrollian):

R =
1
k2 ξijξ

ij + 2K̂ + 2k2 ∗ ̟2, (4.3)

ω λ
µ ωλνdxµdxν = k4̟ l

i ̟ljdxidxj, (4.4)

ωµνωµν = 2k4 ∗ ̟2, (4.5)

Dνων
µdxµ = k2D̂j̟

j
idxi − 2k4 ∗ ̟2

Ωdt + 2k4 ∗ ̟2bbb. (4.6)

Using (2.42) this leads to

S = − k2

2
(Ωdt − bbb)2 ξijξ

ij + k4sss − 5k6 (Ωdt − bbb)2 ∗ ̟2 (4.7)

with the Weyl-invariant tensor

sss = 2(Ωdt − bbb)dxiη
j
iD̂j ∗ ̟ + ∗̟2dℓ2 − K̂ (Ωdt − bbb)2 . (4.8)

In the derivative expansion (2.41), two explicit divergences appear at vanishing k. The

first originates from the first term of S, which is the shear contribution to the Weyl-covariant

assumptions) for building up four-dimensional Ricci-flat spacetimes from a boundary Carrollian fluid, irrespec-
tive of its AdS origin. For this it is enough to assume aij, bi and Ω k-independent (as in [52]), and use these
data as fundamental blocks for the Ricci-flat reconstruction. It should be kept in mind, however, that for general
Einstein spacetimes, these may depend on k with well-defined limit and subleading terms. Due to the absence
of shear and to the particular structure of these solutions, the latter do not alter the Carrollian equations. This
occurs for instance in Plebański–Demiański or in the Kerr–Taub–NUT sub-family, which will be discussed in
Sec. 5.1. In the following, we avoid discussing this kind of sub-leading terms, hence saving further technical
developments.
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scalar curvatureR of the three–dimensional AdS boundary (Eq. (4.3)).23 The second diver-

gence comes from the Cotton tensor and is also due to the shear. It is fortunate – and expected

– that counterterms coming from equal-order (non-explicitly written) σ2 contributions, can-

cel out these singular terms. This is suggestive that (2.41) is well-behaved at zero-k, showing

that the reconstruction of Ricci-flat spacetimes works starting from two-dimensional Carrol-

lian fluid data.

We will not embark here in proving finiteness at k = 0, but rather confine our analysis

to situations without shear, as we discussed already in Sec. 2.2 for Einstein spacetimes.

Vanishing σ in the pseudo-Riemannian boundary I implies indeed vanishing ξij in the

Carrollian (see (4.2)), and in this case, the divergent terms in S and C are absent. Of course,

other divergences may occur from higher-order terms in the derivative expansion. To avoid

dealing with these issues, we will focus on the resummed version of (2.41) i.e. (2.53), valid

for algebraically special bulk geometries. This closed form is definitely smooth at zero k and

reads:

ds2
res. flat = −2(Ωdt − bbb)

(

dr + rααα +
rθΩ

2
dt

)

+ r2dℓ2 + sss +
(Ωdt − bbb)2

ρ2 (8πGεr + c ∗ ̟) .

(4.9)

Here

ρ2 = r2 + ∗̟2, (4.10)

dℓ2, Ω, bbb = bidxi, ααα = αidxi, θ and ∗̟ are the Carrollian geometric objects introduced earlier,

while c and ε are the zero-k (finite) limits of the corresponding relativistic functions. Expres-

sion (4.9) will grant by construction an exact Ricci-flat spacetime provided the conditions

under which (2.53) was Einstein are fulfilled in the zero-k limit. These conditions are the set

of Carrollian hydrodynamic equations (3.49), (3.50), (3.51) and (3.52), and the integrability

conditions, as they emerge from (2.56) and (2.58) at vanishing k. Making the latter explicit is

the scope of next section.

Notice eventually that the Ricci-flat line element (4.9) inherits Weyl invariance from its

relativistic ancestor. The set of transformations (3.24), (3.25) and (3.27), supplemented with

∗̟ → B ∗ ̟, ε → B3ε and c → B3c, can indeed be absorbed by setting r → Br (sss is Weyl

invariant), resulting thus in the invariance of (4.9). In the relativistic case this invariance was

due to the AdS conformal boundary. In the case at hand, this is rooted to the location of the

two-dimensional spatial boundary S at null infinity I +.

23This divergence is traced back in the Gauss–Codazzi equation relating the intrinsic and extrinsic curvatures
of an embedded surface, to the intrinsic curvature of the host. When the size of a fiber shrinks, the extrinsic-
curvature contribution diverges.
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4.2 Resummation of the Ricci-flat derivative expansion

The Cotton tensor in Carrollian geometry

The Cotton tensor monitors from the boundary the global asymptotic structure of the bulk

four-dimensional Einstein spacetime (for higher dimensions, the boundary Weyl tensor is

also involved, see footnote 11). In order to proceed with our resummability analysis, we

need to describe the zero-k limit of the Cotton tensor (2.32) and of its conservation equation

(2.33).

As already mentioned, at vanishing k divergences do generally appear for some compo-

nents of the Cotton tensor. These divergences are no longer present when (2.54) is satisfied

(see footnote 23), i.e. in the absence of shear, which is precisely the assumption under which

we are working with (4.9). Every piece of the three-dimensional relativistic Cotton tensor

appearing in (2.34) has thus a well-defined limit. We therefore introduce

χi = lim
k→0

ci, ψi = lim
k→0

1
k2 (ci − χi) , (4.11)

Xij = lim
k→0

cij, Ψij = lim
k→0

1
k2

(

cij − Xij

)

. (4.12)

The time components c0, c00 and c0i = ci0 vanish already at finite k (due to (2.36)), and χi, ψi,

Xij and Ψij are thus genuine Carrollian tensors transforming covariantly under Carrollian

diffeomorphisms. Actually, in the absence of shear the Cotton current and stress tensor are

given exactly (i.e. for finite k) by ci = χi + k2ψi and cij = Xij + k2Ψij.

The scalar c(t,x) is Weyl-covariant of weight 3 (like the energy density). As expected, it

is expressed in terms of geometric Carrollian objects built on third-derivatives of the two-

dimensional metric dℓ2, bi and Ω:

c =
(

D̂lD̂
l + 2K̂

)

∗ ̟. (4.13)

Similarly, the forms χi and ψi, of weight 2, are

χj =
1
2

ηl
jD̂lK̂ +

1
2
D̂j

ˆA − 2 ∗ ̟R̂j, (4.14)

ψj = 3ηl
jD̂l ∗ ̟2. (4.15)

Finally, the weight-1 symmetric and traceless rank-two tensors read:

Xij =
1
2

ηl
jD̂lR̂i +

1
2

ηl
iD̂jR̂l , (4.16)

Ψij = D̂iD̂j ∗ ̟ − 1
2

aijD̂lD̂
l ∗ ̟ − ηij

1
Ω
D̂t ∗ ̟2. (4.17)

Observe that c and the subleading terms ψi and Ψij are present only when the vorticity is
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non-vanishing (∗̟ , 0). All these are of gravito-magnetic nature.

The tensors c, χi, ψi, Xij and Ψij should be considered as the two-dimensional Carrollian

resurgence of the three-dimensional Riemannian Cotton tensor. They should be referred

to as Cotton descendants (there is no Cotton tensor in two dimensions anyway), and obey

identities inherited at zero k from its conservation equation.24 These are similar to the hy-

drodynamic equations (3.49), (3.50), (3.51) and (3.52), satisfied by the different pieces of the

energy–momentum tensor ε, Qi, πi, Σij and Ξij, and translating its conservation. In the case

at hand, the absence of shear trivializes (3.50) and discards the last term in the other three

equations:

1
Ω
D̂tc + D̂iχ

i = 0, (4.18)

1
2
D̂jc + 2χi̟ij +

1
Ω
D̂tψj − D̂iΨ

i
j = 0, (4.19)

1
Ω
D̂tχj − D̂iX

i
j = 0. (4.20)

One appreciates from these equations why it is important to keep the subleading corrections

at vanishing k, both in the Cotton current cµ and in the Cotton stress tensor cµν. As for the

energy–momentum tensor, ignoring them would simply lead to wrong Carrollian dynamics.

The resummability conditions

We are now ready to address the problem of resummability in Carrollian framework, for

Ricci-flat spacetimes. In the relativistic case, where one describes relativistic hydrodynamics

on the pseudo-Riemannian boundary of an asymptotically locally AdS spacetime, resumma-

bility – or integrability – equations are Eqs. (2.56) and (2.58). These determine the friction

components of the fluid energy–momentum tensor in terms of geometric data, captured

by the Cotton tensor (current and stress components), via a sort of gravitational electric–

magnetic duality, transverse to the fluid congruence. Equipped with those, the fluid equa-

tions (2.1) guarantee that the bulk is Einstein, i.e. that bulk Einstein equations are satisfied.

Correspondingly, using (3.46), (3.47), (4.11) and (4.12), the zero-k limit of Eq. (2.56) sets

up a duality relationship among the Carrollian-fluid heat current Qi and the Carrollian-

geometry third-derivative vector χi:

Qi =
1

8πG
η

j
iχj = − 1

16πG

(

D̂iK̂ − η
j
iD̂j

ˆA + 4 ∗ ̟η
j
iR̂j

)

, (4.21)

while Eqs. (2.58) allow to relate the Carrollian-fluid quantities Σij and Ξij, to the Carrollian-

24Observe that the Cotton tensor enters in Eq. (2.60) with an extra factor 1/k, the origin of which is explained
in footnote 9. Hence, the advisable prescription is to analyze the small-k limit of 1

k∇µCµν = 0.
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geometry ones Xij and Ψij:

Σij =
1

8πG
ηl

iXlj =
1

16πG

(

ηk
jη

l
iD̂kR̂l − D̂jR̂i

)

, (4.22)

and

Ξij =
1

8πG
ηl

iΨlj =
1

8πG

(

ηl
iD̂lD̂j ∗ ̟ +

1
2

ηijD̂lD̂
l ∗ ̟ − aij

1
Ω
D̂t ∗ ̟2

)

. (4.23)

One readily shows that (3.48) is satisfied as a consequence of the symmetry and tracelessness

of Xij and Ψij.

One can finally recast the Carrollian hydrodynamic equations (3.49), (3.50), (3.51) and

(3.52) for the fluid under consideration. Recalling that the shear is assumed to vanish,

ξij =
1

2Ω

(

∂taij − aij∂t ln
√

a
)

= 0, (4.24)

Eq. (3.50) is trivialized. Furthermore, Eq. (3.52) is automatically satisfied with Qj and Σi
j

given above, thanks also to Eq. (4.20). We are therefore left with two equations for the

energy density ε and the heat current πi:

• one scalar equation from (3.49):

− 1
Ω
D̂tε +

1
16πG

D̂ i
(

D̂iK̂ − η
j
iD̂j

ˆA + 4 ∗ ̟η
j
iR̂j

)

= 0; (4.25)

• one vector equation from (3.51):

D̂jε + 4 ∗ ̟ηi
jQi +

2
Ω
D̂tπj − 2D̂iΞ

i
j = 0 (4.26)

with Qi and Ξi
j given in (4.21) and (4.23).

These last two equations are Carrollian equations, describing time and space evolution

of the fluid energy and heat current, as a consequence of transport phenomena like heat

conduction and friction. These phenomena have been identified by duality to geometric

quantities, and one recognizes distinct gravito-electric (like K̂ ) and gravito-magnetic contri-

butions (like ˆA ). It should also be stressed that not all the terms are independent and one can

reshuffle them using identities relating the Carrollian curvature elements. In the absence of

shear, (3.23) holds and all information about R̂ij in (3.39) is stored in K̂ and ˆA , while other
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geometrical data are supplied by R̂i in (3.38). All these obey

2
Ω
D̂t ∗ ̟ + ˆA = 0,

1
Ω
D̂tK̂ − aijD̂iR̂j = 0,

1
Ω
D̂t

ˆA + ηijD̂iR̂j = 0,

(4.27)

which originate from three-dimensional Riemannian Bianchi identities and emerge along

the k-to-zero limit.

Summarizing

Our analysis of the zero-k limit in the derivative expansion (2.53), valid assuming the absence

of shear, has the following salient features.

• As the general derivative expansion (2.41), this limit reveals a two-dimensional spa-

tial boundary S located at I +. It is endowed with a Carrollian geometry, encoded

in aij, bi and Ω, all functions of t and x. This is inherited from the conformal three-

dimensional pseudo-Riemannian boundary I of the original Einstein space.

• The Carrollian boundary S is the host of a Carrollian fluid, obtained as the limit of a

relativistic fluid, and described in terms of its energy density ε, and its friction tensors

Qi, πi, Σij and Ξij.

• When the friction tensors Qi, Σij and Ξij of the Carrollian fluid are given in terms of the

geometric objects χi, Xij and Ψij using (4.21), (4.22) and (4.23), and when the energy

density ε and the current πi obey the hydrodynamic equations (4.25) and (4.26), the

limiting resummed derivative expansion (4.9) is an exact Ricci-flat spacetime.

• The bulk spacetime is in general asymptotically locally flat. This property is encoded

in the zero-k limit of the Cotton tensor, i.e. in the Cotton Carrollian descendants c, χi

and Xij.

The bulk Ricci-flat spacetime obtained following the above procedure is algebraically

special. We indeed observe that the bulk congruence ∂r is null. Moreover, it is geodesic and

shear-free. To prove this last statement, we rewrite the metric (4.9) in terms of a null tetrad

(k, l,m,m̄):

ds2
res. flat = −2kl + 2mm̄ , k · l = −1, m · m̄ = 1, (4.28)

where k = − (Ωdt − bbb) is the dual of ∂r and

l = −dr − rααα − rθΩ

2
dt +

ψψψ

6 ∗ ̟
+

Ωdt − bbb

2ρ2

(

8πGεr + c ∗ ̟ − ρ2
K̂

)

, (4.29)
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(here ψψψ = ψidxi), along with

2mm̄ = ρ2dℓ2 . (4.30)

Using the above results and repeating the analysis of App. A.2 in [13], we find that ∂r is

shear-free due to (4.24).

According to the Goldberg–Sachs theorem, the bulk spacetime (4.9) is therefore of Petrov

type II, III, D, N or O. The precise type is encoded in the Carrollian tensors ε±, Q±
i and Σ

±
ij

ε± = ε ± i
8πG c,

Q±
i = Qi ± i

8πG χi,

Σ
±
ij = Σij ± i

8πG Xij.

(4.31)

Working again in holomorphic coordinates, we find the compact result

QQQ+ =
i

4πG
χζdζ, (4.32)

ΣΣΣ
+ =

i
4πG

Xζζdζ2, (4.33)

and their complex-conjugates QQQ− and ΣΣΣ−. These Carrollian geometric tensors encompass the

information on the canonical complex functions describing the Weyl-tensor decomposition

in terms of principal null directions – usually referred to as Ψa, a = 0, . . . ,4.

5 Examples

There is a plethora of Carrollian fluids that can be studied. We will analyze here the class of

perfect conformal fluids, and will complete the discussion of Sec. 3.2 on the Carrollian Robinson–

Trautman fluid. In each case, assuming the integrability conditions (4.21), (4.22) and (4.23) are

fulfilled and the hydrodynamic equations (4.25) and (4.26) are obeyed, a Ricci-flat spacetime

is reconstructed from the Carrollian spatial boundary S at I +. More examples exist like

the Plebański–Demiański or the Weyl axisymmetric solutions, assuming extra symmetries

(but not necessarily stationarity) for a viscous Carrollian fluid. These would require a more

involved presentation.

5.1 Stationary Carrollian perfect fluids and Ricci-flat Kerr–Taub–NUT families

We would like to illustrate our findings and reconstruct from purely Carrollian fluid dy-

namics the family of Kerr–Taub–NUT stationary Ricci-flat black holes. We pick for that the

following geometric data: aij(x), bi(x) and Ω = 1. Stationarity is implemented in these fluids

by requiring that all the quantities involved are time independent.

Under this assumption, the Carrollian shear ξij vanishes together with the Carrollian
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expansion θ, whereas constant Ω makes the Carrollian acceleration ϕi vanish as well (Eq.

(3.10)). Consequently
ˆA = 0, R̂i = 0, (5.1)

and we are left with non-trivial curvature and vorticity:

K̂ = K̂ = K, ̟ij = ∂[ibj] = ηij ∗ ̟. (5.2)

The Weyl–Carroll spatial covariant derivative D̂i reduces to the ordinary covariant deriva-

tive ∇i, whereas the action of the Weyl–Carroll temporal covariant derivative D̂t vanishes.

We further assume that the Carrollian fluid is perfect: Qi, πi, Σij and Ξij vanish. This

assumption is made according to the pattern of Ref. [10], where the asymptotically AdS

Kerr–Taub–NUT spacetimes were studied starting from relativistic perfect fluids. Due to

the duality relationships (4.21), (4.22) and (4.23) among the friction tensors of the Carrollian

fluid and the geometric quantities χi, Xij and Ψij, the latter must also vanish. Using (4.14),

(4.16) and (4.17), this sets the following simple geometric constraints:

χi = 0 ⇔ ∂iK = 0, (5.3)

and

Ψij = 0 ⇔
(

∇i∇j −
1
2

aij∇l∇l

)

∗ ̟ = 0, (5.4)

whereas Xij vanishes identically without bringing any further restriction. These are equa-

tions for the metric aij(x) and the scalar vorticity ∗̟, from which we can extract bi(x). Using

(4.13), we also learn that

c = (∆ + 2K) ∗ ̟, (5.5)

where ∆ =∇l∇l is the ordinary Laplacian operator on S . The last piece of the geometrical

data, (4.15), it is non-vanishing and reads:

ψj = 3ηl
j∂l ∗ ̟2. (5.6)

Finally, we must impose the fluid equations (4.25) and (4.26), leading to

∂tε = 0, ∂iε = 0. (5.7)

The energy density ε of the Carrollian fluid is therefore a constant, which will be identified

to the bulk mass parameter M = 4πGε.

Every stationary Carrollian geometry encoded in aij(x) and bi(x) with constant scalar

curvature K hosts a conformal Carrollian perfect fluid with constant energy density, and is
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associated with the following exact Ricci-flat spacetime:

ds2
perf. fl. = −2(dt − bbb)dr +

2Mr + c ∗ ̟ − Kρ2

ρ2 (dt − bbb)2 + (dt − bbb)
ψψψ

3 ∗ ̟
+ ρ2dℓ2, (5.8)

where ρ2 = r2 + ∗̟2. The vorticity ∗̟ is determined by Eq. (5.4), solved on a constant-

curvature background.

Using holomorphic coordinates (see App. A), a constant-curvature metric on S reads:

dℓ2 =
2
P2 dζdζ̄ (5.9)

with

P = 1 +
K

2
ζζ̄ , K = 0,±1, (5.10)

corresponding to S2 and E2 or H2 (sphere and Euclidean or hyperbolic planes). Using these

expressions we can integrate (5.4). The general solution depends on three real, arbitrary

parameters, n, a and ℓ:

∗ ̟ = n + a − 2a

P
+
ℓ

P
(1 − |K|) ζζ̄ . (5.11)

The parameter ℓ is relevant in the flat case exclusively. We can further integrate (3.11) and

find thus

bbb =
i
P

(

n − a

P
+

ℓ

2P
(1 − |K|) ζζ̄

)

(

ζ̄dζ − ζdζ̄
)

. (5.12)

It is straightforward to determine the last pieces entering the bulk resumed metric (5.8):

c = 2Kn + 2ℓ (1 − |K|) (5.13)

and
ψψψ

3 ∗ ̟
= 2η

j
i∂j ∗ ̟dxi = 2i

Ka + ℓ (1 − |K|)
P2

(

ζ̄dζ − ζdζ̄
)

. (5.14)

In order to reach a more familiar form for the line element (5.8), it is convenient to trade

the complex-conjugate coordinates ζ and ζ̄ for their modulus25 and argument

ζ = ZeiΦ, (5.15)

and move from Eddington–Finkelstein to Boyer–Lindquist by setting

dt → dt − r2 + (n − a)2

∆r
dr , dΦ → dΦ − Ka + ℓ(1 − |K|)

∆r
dr (5.16)

25 The modulus and its range depend on the curvature. It is commonly expressed as: Z =
√

2 tan Θ
2 , 0 <Θ < π

for S2; Z = R√
2

, 0 < R < +∞ for E2; Z =
√

2 tanh Ψ

2 , 0 < Ψ < +∞ for H2.
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with

∆r = −2Mr + K
(

r2 + a2 − n2)+ 2ℓ(n − a)(|K| − 1). (5.17)

We obtain finally:

ds2
perf. fl. = −∆r

ρ2

(

dt +
2
P

(

n − a

P
+

ℓ

2P
(1 − |K|)Z2

)

Z2dΦ

)2

+
ρ2

∆r
dr2

+
2ρ2

P2 dZ2 +
2Z2

ρ2P2

(

(Ka + ℓ (1 − |K|))dt −
(

r2 + (n − a)2
)

dΦ
)2

(5.18)

with

P = 1 +
K

2
Z2, ρ2 = r2 +

(

n + a − 2a

P
+
ℓ

P
(1 − |K|)Z2

)2

. (5.19)

This bulk metric is Ricci-flat for any value of the parameters M, n, a and ℓ with K = 0,±1.

For vanishing n, a and ℓ, and with M > 0 and K = 1, one recovers the standard asymptoti-

cally flat Schwarzschild solution with spherical horizon. For K = 0 or −1, this is no longer

Schwarzschild, but rather a metric belonging to the A class (see e.g. [83]). The parameter a

switches on rotation, while n is the standard nut charge. The parameter ℓ is also a rotational

parameter available only in the flat-S case. Scanning over all these parameters, in combina-

tion with the mass and K, we recover the whole Kerr–Taub–NUT family of black holes, plus

other, less familiar configurations, like the A-metric quoted above.

For the solutions at hand, the only potentially non-vanishing Carrollian boundary Cotton

descendants are c and ψψψ, displayed in (5.13) and (5.14). The first is non-vanishing for asymp-

totically locally flat spacetimes, and this requires non-zero n or ℓ. The second measures the

bulk twist. In every case the metric (5.18) is Petrov type D.

We would like to conclude the example of Carrollian conformal perfect fluids with a

comment regarding the isometries of the associated resummed Ricci-flat spacetimes with

line element (5.18). For vanishing a and ℓ, there are four isometry generators and the field is

in this case a stationary gravito-electric and/or gravito-magnetic monopole (mass and nut

parameters M, n). Constant-r hypersurfaces are homogeneous spaces in this case. The num-

ber of Killing fields is reduced to two (∂t and ∂Φ) whenever any of the rotational parameters

a or ℓ is non-zero. These parameters make the gravitational field dipolar.

The bulk isometries are generally inherited from the boundary symmetries, i.e. the sym-

metries of the Carrollian geometry and the Carrollian fluid. The time-like Killing field ∂t is

clearly rooted to the stationarity of the boundary data. The space-like ones have legs on ∂Φ

and ∂Z, and are associated to further boundary symmetries. From a Riemannian viewpoint,

the metric (5.9) with (5.10) on the two-dimensional boundary surface S admits three Killing
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vector fields:

XXX1 = i
(

ζ∂ζ − ζ̄∂ζ̄

)

, (5.20)

XXX2 = i
((

1 − K

2
ζ2
)

∂ζ −
(

1 − K

2
ζ̄2
)

∂ζ̄

)

, (5.21)

XXX3 =

(

1 +
K

2
ζ2
)

∂ζ +

(

1 +
K

2
ζ̄2
)

∂ζ̄ , (5.22)

closing in so(3), e2 and so(2,1) algebras for K = +1,0 and −1 respectively. The Carrollian

structure is however richer as it hinges on the set
{

aij,bi,Ω
}

. Hence, not all Riemannian

isometries generated by a Killing field XXX of S are necessarily promoted to Carrollian sym-

metries. For the latter, it is natural to further require the Carrollian vorticity be invariant:

LXXX ∗ ̟ = XXX (∗̟) = 0. (5.23)

Condition (5.23) is fulfilled for all fields XXXA (A = 1,2,3) in (5.20), (5.21) and (5.22), only as

long as a = ℓ= 0, since ∗̟ = n. Otherwise ∗̟ is non-constant and only XXX1 = i
(

ζ∂ζ − ζ̄∂ζ̄

)

=

∂Φ leaves it invariant. This is in line with the bulk isometry properties discussed earlier,

while it provides a Carrollian-boundary manifestation of the rigidity theorem.

5.2 Vorticity-free Carrollian fluid and the Ricci-flat Robinson–Trautman

The zero-k limit of the relativistic Robinson–Trautman fluid presented in Sec. (3.2) (Eqs.

(3.53)–(3.56)) is in agreement with the direct Carrollian approach of Sec. 4.2. Indeed, it is

straightforward to check that the general formulas (4.13)–(4.17) give c = 0 together with

χχχ =
i
2

(

∂ζKdζ − ∂ζ̄Kdζ̄
)

, XXX =
i

P2

(

∂ζ

(

P2∂t∂ζ ln P
)

dζ2 − ∂ζ̄

(

P2∂t∂ζ̄ ln P
)

dζ̄2
)

, (5.24)

while ψi = 0 = Ψij. These expressions satisfy (4.18)–(4.20), and the duality relations (4.21),

(4.22) and (4.23) lead to the friction components of the energy–momentum tensor Qi, Σij and

Ξij, precisely as they appear in (3.57), (3.58). The general hydrodynamic equations (4.25),

(4.26), are solved with26 πi = 0 and ε = ε(t) satisfying (3.59), i.e. Robinson–Trautman’s (3.62).

Our goal is to present here the resummation of the derivative expansion (4.9) into a Ricci-

flat spacetime dual to the fluid at hand. The basic feature of the latter is that bi = 0 and Ω = 1,

hence it is vorticity-free – on top of being shearless. With these data, using (4.9), we find

ds2
RT = −2dt (dr + Hdt) + 2

r2

P2 dζdζ̄, (5.25)

26Since πi is not related to the geometry by duality as the other friction and heat tensors, it can a priori assume
any value. It is part of the Carrollian Robinson–Trautman fluid definition to set it to zero.
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where

2H = −2r∂t ln P + K − 2M(t)

r
, (5.26)

with K = 2P2∂ζ̄∂ζ ln P the Gaussian curvature of (3.53). This metric is Ricci-flat provided the

energy density ε(t) = M(t)/4πG and the function P = P(t,ζ, ζ̄) satisfy (3.62). These are alge-

braically special spacetimes of all types, as opposed to the Kerr–Taub–NUT family studied

earlier (Schwarzschild solution is common to these two families). Furthermore they never

have twist (ψψψ = ΨΨΨ = 0) and are generically asymptotically locally but not globally flat due to

χχχ and XXX.

The specific Petrov type of Robinson–Trautman solutions is determined by analyzing the

tensors (4.31), or (4.32) and (4.33) in holomorphic coordinates:

ε+ =
M(t)

4πG
, QQQ+ = − 1

8πG
∂ζKdζ, ΣΣΣ

+ = − 1
4πGP2 ∂ζ

(

P2∂t∂ζ ln P
)

dζ2. (5.27)

We find the following classification (see [12]):

II generic;

III with ε+ = 0 and ∇iQ
+i = 0;

N with ε+ = 0 and Q+
i = 0;

D with 2Q+
i Q+

j = 3ε+Σ
+
ij and vanishing traceless part of ∇(i Q

+
j)

.

6 Conclusions

The main message of our work is that starting with the standard AdS holography, there is a

well-defined zero-cosmological-constant limit that relates asymptotically flat spacetimes to

Carrollian fluids living on their null boundaries.

In order to unravel this relationship and make it operative for studying holographic du-

als, we used the derivative expansion. Originally designed for asymptotically anti-de Sitter

spacetimes with cosmological constant Λ = −3k2, this expansion provides their line element

in terms of the conformal boundary data: a pseudo-Riemannian metric and a relativistic

fluid. It is expressed in Eddington–Finkelstein coordinates, where the zero-k limit is unam-

biguous: it maps the pseudo-Riemannian boundary I onto a Carrollian geometry R × S ,

and the conformal relativistic fluid becomes Carrollian.

The emergence of the conformal Carrollian symmetry in the Ricci-flat asymptotic is not a

surprise, as we have extensively discussed in the introduction. In particular, the BMS group

has been used for investigating the asymptotically flat dual dynamics. What is remarkable

is the efficiency of the derivative expansion to implement the limiting procedure and deliver
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a genuine holographic relationship between Ricci-flat spacetimes and conformal Carrollian

fluids. These are defined on S but their dynamics is rooted in R ×S .

Even though proving that the derivative expansion is unconditionally well-behaved in

the limit under consideration is still part of our agenda, we have demonstrated this property

in the instance where it is resummable.

The resummability of the derivative expansion has been studied in our earlier works

about anti-de Sitter fluid/gravity correspondence. It has two features:

• the shear of the fluid congruence vanishes;

• the heat current and the viscous stress tensor are determined from the Cotton current

and stress tensor components via a transverse (with respect to the velocity) duality.

The first considerably simplifies the expansion. Together with the second, it ultimately dic-

tates the structure of the bulk Weyl tensor, making the Einstein spacetime of special Petrov

type. The conservation of the energy–momentum tensor is the only requirement left for the

bulk be Einstein. It involves the energy density (i.e. the only fluid observable left unde-

termined) and various geometric data in the form of partial differential equations (as is the

Robinson–Trautman for the vorticity-free situation).

This pattern survives the zero-k limit, taken in a frame where the relativistic fluid is at

rest. The corresponding Carrollian fluid – at rest by law – is required to be shearless, but has

otherwise acceleration, vorticity and expansion. Since the fluid is at rest, these are geometric

data, as are the descendants of the Cotton tensor used again to formulate the duality that

determines the dissipative components of the Carrollian fluid.

The study of the Cotton tensor and its Carrollian limit is central in our analysis. In Car-

rollian geometry (conformal in the case under consideration) it opens the pandora box of

the classification of curvature tensors, which we have marginally discussed here. Our obser-

vation is that the Cotton tensor grants the zero-k limiting Carrollian geometry on S with a

scalar, two vectors and two symmetric, traceless tensors, satisfying a set of identities inher-

ited from the original conservation equation.

In a similar fashion, the relativistic energy–momentum tensor descends in a scalar (the

energy density), two heat currents and two viscous stress tensors. This doubling is sug-

gested by that of the Cotton. The physics behind it is yet to be discovered, as it requires a

microscopic approach to Carrollian fluids, missing at present. Irrespective of its microscopic

origin, however, this is an essential result of our work, in contrast with previous attempts.

Not only we can state that the fluid holographically dual to a Ricci-flat spacetime is nei-

ther relativistic, nor Galilean, but we can also exhibit for the actually Carrollian fluid the

fundamental observables and the equations they obey.27 These are quite convoluted, and

27 From this perspective, trying to design four-dimensional flat holography using two-dimensional confor-
mal field theory described in terms of a conserved two-dimensional energy–momentum tensor [42–44] looks
inappropriate.
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whenever satisfied, the resummed metric is Ricci-flat.

Our analysis, amply illustrated by two distinct examples departing from Carrollian hy-

drodynamics and ending on widely used Ricci-flat spacetimes, raises many questions, which

deserve a comprehensive survey.

As already acknowledged, the Cotton Carrollian descendants enter the holographic re-

construction of a Ricci-flat spacetime, along with the energy–momentum data. It would be

rewarding to explore the information stored in these objects, which may carry the boundary

interpretation of the Bondi news tensor as well as of the asymptotic charges one can extract

from the latter.

We should stress at this point that Cotton and energy–momentum data (and the charges

they transport) play dual rôles. The nut and the mass provide the best paradigm of this

statement. Altogether they raise the question on the thermodynamic interpretation of mag-

netic charges. Although we cannot propose a definite answer to this question, the tools of

fluid/gravity holography (either AdS or flat) may turn helpful. This is tangible in the case

of algebraically special Einstein solutions, where the underlying integrability conditions set

a deep relationship between geometry and energy–momentum i.e. between geometry and

local thermodynamics. To make this statement more concrete, observe the heat current as

constructed using the integrability conditions, Eq. (4.21):

Qi = − 1
16πG

(

D̂iK̂ − η
j
iD̂j

ˆA + 4 ∗ ̟η
j
iR̂j

)

.

In the absence of magnetic charges, only the first term is present and it is tempting to set

a relationship between the temperature and the gravito-electric curvature scalar K̂ . This

was precisely discussed in the AdS framework when studying the Robinson–Trautman rel-

ativistic fluid, in Ref. [66]. Magnetic charges switch on the other terms, exhibiting natural

thermodynamic potentials, again related with curvature components ( ˆA and R̂j).

We would like to conclude with a remark. On the one hand, we have shown that the

boundary fluids holographically dual to Ricci-flat spacetimes are of Carrollian nature. On

the other hand, the stretched horizon in the membrane paradigm seems to be rather de-

scribed in terms of Galilean hydrodynamics [17,18,84]. Whether and how these two pictures

could been related is certainly worth refining.
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Black-dS-String .

A Carrollian boundary geometry in holomorphic coordinates

Using Carrollian diffeomorphisms (3.2), the metric (3.1) of the Carrollian geometry on the

two-dimensional surface S can be recast in conformally flat form,

dℓ2 =
2
P2 dζdζ̄ (A.1)

with P = P(t,ζ, ζ̄) a real function, under the necessary and sufficient condition that the Car-

rollian shear ξij displayed in (3.14) vanishes. We will here assume that this holds and present

a number of useful formulas for Carrollian and conformal Carrollian geometry. These ge-

ometries carry two further pieces of data: Ω(t,ζ, ζ̄) and

bbb = bζ(t,ζ, ζ̄)dζ + bζ̄(t,ζ, ζ̄)dζ̄ (A.2)

with bζ̄(t,ζ, ζ̄) = b̄ζ(t,ζ, ζ̄). Our choice of orientation is inherited from the one adopted for

the relativistic boundary (see footnote 13) with aζζ̄ = 1/P2 is28

ηζζ̄ = − i
P2 . (A.3)

The first-derivative Carrollian tensors are the acceleration (3.10), the expansion (3.14) and

the scalar vorticity (3.20):

ϕζ = ∂t
bζ

Ω
+ ∂̂ζ lnΩ, ϕζ̄ = ∂t

bζ̄

Ω
+ ∂̂ζ̄ lnΩ, (A.4)

θ = − 2
Ω

∂t ln P, ∗̟ =
iΩP2

2

(

∂̂ζ

bζ̄

Ω
− ∂̂ζ̄

bζ

Ω

)

(A.5)

with

∂̂ζ = ∂ζ +
bζ

Ω
∂t, ∂̂ζ̄ = ∂ζ̄ +

bζ̄

Ω
∂t. (A.6)

28This amounts to setting
√

a = i/P2 in coordinate frame and ǫζζ̄ = −1.
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Curvature scalars and vector are second-derivative (see (3.19), (3.22)):29

K̂ = P2
(

∂̂ζ̄ ∂̂ζ + ∂̂ζ ∂̂ζ̄

)

ln P, Â = iP2
(

∂̂ζ̄ ∂̂ζ − ∂̂ζ ∂̂ζ̄

)

ln P, (A.7)

r̂ζ =
1
2

∂̂ζ

(

1
Ω

∂t ln P

)

, r̂ζ̄ =
1
2

∂̂ζ̄

(

1
Ω

∂t ln P

)

, (A.8)

and we also quote:

∗ϕ = iP2
(

∂̂ζ ϕζ̄ − ∂̂ζ̄ ϕζ

)

, (A.9)

∇̂k ϕk = P2
[

∂̂ζ∂t
bζ̄

Ω
+ ∂̂ζ̄∂t

bζ

Ω
+
(

∂̂ζ ∂̂ζ̄ + ∂̂ζ̄ ∂̂ζ

)

ln Ω

]

. (A.10)

Regarding conformal Carrollian tensors we remind the weight-2 curvature scalars (3.40):

K̂ = K̂ + ∇̂k ϕk, ˆA = Â − ∗ϕ, (A.11)

and the weight-1 curvature one-form (3.38):

R̂ζ =
1
Ω

∂t ϕζ −
1
2

(

∂̂ζ + ϕζ

)

θ, R̂ζ̄ =
1
Ω

∂t ϕζ̄ −
1
2

(

∂̂ζ̄ + ϕζ̄

)

θ. (A.12)

The three-derivative Cotton descendants displayed in (4.13)–(4.17) are a scalar

c =
(

D̂lD̂
l + 2K̂

)

∗ ̟ (A.13)

of weight 3 (∗̟ is of weght 1), two vectors

χζ =
i
2D̂ζK̂ + 1

2D̂ζ
ˆA − 2 ∗ ̟R̂ζ , χζ̄ = − i

2D̂ζ̄K̂ + 1
2D̂ζ̄

ˆA − 2 ∗ ̟R̂ζ̄ , (A.14)

ψζ = 3iD̂ζ ∗ ̟2, ψζ̄ = −3iD̂ζ̄ ∗ ̟2, (A.15)

of weight 2, and two symmetric and traceless tensors

Xζζ = iD̂ζR̂ζ , Xζ̄ ζ̄ = −iD̂ζ̄R̂ζ̄ , (A.16)

Ψζζ = D̂ζD̂ζ ∗ ̟, Ψζ̄ ζ̄ = D̂ζ̄D̂ζ̄ ∗ ̟, (A.17)

of weight 1. Notice that in holomorphic coordinates a symmetric and traceless tensor Sij has

only diagonal entries: Sζζ̄ = 0 = Sζ̄ζ .

We also remind for convenience some expressions for the determination of Weyl–Carroll

29We also quote for completeness (useful e.g. in Eq. (A.11)):

K̂ = K + P2

[

∂ζ

bζ̄

Ω
+ ∂ζ̄

bζ

Ω
+ ∂t

bζbζ̄

Ω2 + 2
bζ̄

Ω
∂ζ + 2

bζ

Ω
∂ζ̄ + 2

bζbζ̄

Ω2 ∂t

]

∂t ln P

with K = 2P2∂ζ̄∂ζ ln P the ordinary Gaussian curvature of the two-dimensional metric (A.1).
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covariant derivatives. If Φ is a weight-w scalar function

D̂ζΦ = ∂̂ζ Φ + wϕζΦ, D̂ζ̄Φ = ∂̂ζ̄ Φ + wϕζ̄Φ. (A.18)

For weight-w form components Vζ and Vζ̄ the Weyl–Carroll derivatives read:

D̂ζVζ = ∇̂ζVζ + (w + 2)ϕζVζ , D̂ζ̄Vζ̄ = ∇̂ζ̄Vζ̄ + (w + 2)ϕζ̄Vζ̄ , (A.19)

D̂ζVζ̄ = ∇̂ζVζ̄ + wϕζVζ̄ , D̂ζ̄Vζ = ∇̂ζ̄Vζ + wϕζ̄Vζ , (A.20)

while the Carrollian covariant derivatives are simply:

∇̂ζVζ =
1

P2 ∂̂ζ

(

P2Vζ

)

, ∇̂ζ̄Vζ̄ =
1
P2 ∂̂ζ̄

(

P2Vζ̄

)

, (A.21)

∇̂ζVζ̄ = ∂̂ζVζ̄ , ∇̂ζ̄Vζ = ∂̂ζ̄Vζ . (A.22)

Finally,

D̂kD̂
k
Φ = P2

(

∂̂ζ ∂̂ζ̄ Φ + ∂̂ζ̄ ∂̂ζΦ + wΦ

(

∂̂ζ ϕζ̄ + ∂̂ζ̄ ϕζ

)

+ 2w
(

ϕζ ∂̂ζ̄Φ + ϕζ̄ ∂̂ζΦ + wϕζ ϕζ̄Φ

))

.

(A.23)
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ABSTRACT

We construct the Carrollian equivalent of the relativistic energy–momentum tensor, based on
variation of the action with respect to the elementary fields of the Carrollian geometry. We
prove that, exactly like in the relativistic case, it satisfies conservation equations that are im-
posed by general Carrollian covariance. In the flat case we recover the usual non-symmetric
energy–momentum tensor obtained using Nœther procedure. We show how Carrollian con-
servation equations emerge taking the ultra-relativistic limit of the relativistic ones. We in-
troduce Carrollian Killing vectors and build associated conserved charges. We finally apply
our results to asymptotically flat gravity, where we interpret the boundary equations of mo-
tion as ultra-relativistic Carrollian conservation laws, and observe that the surface charges
obtained through covariant phase-space formalism match the ones we defined earlier.
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1 Introduction

The Carroll group was firstly introduced in [1] as a contraction of the Poincaré group for

vanishing speed of light and this is referred to as the ultra-relativistic limit. The main fea-

ture is that, as opposed to the Galilean case, this group allows for boosts only in the time

direction: space is absolute.

We could wonder what happens when we take the zero-c limit of a relativistic general-

covariant theory. The resulting theory ends up being covariant only under a subset of the

diffeormorphisms, as illustrated in [2] , the so-called Carrollian diffeormorphisms

t′ = t′(t,x), x′ = x′(x). (1.1)

The ultra-relativistic limit breaks the spacetime metric into three independent data, a scalar

density, a connection and a spatial metric. These geometric fields are nicely interpreted

as constituents of a Carrollian geometry, as we will show in Sec. 2. Now considering an

action defined on such a geometry, covariant under (1.1), we are facing a problem in defining

the energy–momentum tensor. Indeed, in general-covariant theories it is obtained as the

variation of the action with respect to the metric. This requires the existence of a regular

metric i.e. of a pseudo-Riemannian manifold, but in the Carrollian case, as we mentioned,

there is no spacetime non-degenerate metric. Therefore, we must introduce new objects.

The core of Sec. 2 will be dedicated to the definition of these new objects, dubbed Carrollian

momenta, and obtained as the variation of the action with respect to the 3 geometric fields

mentioned above.

General covariance usually ensures that the energy–momentum tensor is conserved. In

the context of Carroll-covariant theories, we will derive similar conservation equations for

the Carrollian momenta. In order to gain confidence with these new definitions, we will

study a simple Carrollian action, and show that, on a flat geometrical background, the Car-

rollian momenta are packaged in a spacetime energy–momentum tensor which coincides

with the Nœther current associated with spacetime translations. This will be done in Sec. 3.

We will further discuss the intrinsic Carrollian nature of the ultra-relativistic limit. In-

deed, in Sec. 4, starting from the conservation equations of an energy–momentum tensor,

covariant under all changes of coordinates, we reach conservation laws that look strikingly

similar to the ones we derived for the Carrollian momenta, which are covariant only under

(1.1).

In general-covariant theories, the existence of a Killing vector allows to build a conserved

current by projecting the energy–momentum tensor on the Killing field. This ultimately

leads to a conserved charge. After briefly introducing the notion of conserved current in

the Carrollian context, we define in Sec. 5 the Carrollian Killing vectors and build their

associated currents and charges.
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There are by now different instances in which the Carrollian framework has found appli-

cations. For instance, it has been used in electromagnetism [3] and to discuss the so-called

Carroll strings [4]. The last part of this paper is devoted to yet another application of the Car-

rollian framework: flat holography. The latter is a holographic correspondence between a

theory of asymptotically flat gravity and a non-gravitational theory leaving on its boundary,

see [5–12] for recent progresses in this direction. Asymptotically anti-de-Sitter spacetimes

enjoy a timelike pseudo-Riemannian boundary and the associated metric sources its dual

operator: the boundary energy–momentum tensor. For asymptotically flat spacetimes, the

dual theory leaves on the null infinity I+. Nevertheless this surface does not carry the same

geometrical structure, it is a null hypersurface thus equipped with a Carrollian geometry [9]

and this will be the source for the Carrollian momenta. The conservation of the latter will

be shown to correspond to the gravitational dynamics in the bulk.1 As a cross check, it

has been shown [14] that the conformal Carroll group has a particular realization which is

nothing but the Bondi–Metzner–Sachs (BMS) group [15]: the symmetries associated with a

Carrollian structure match the asymptotic symmetries of the bulk.

In Secs. 6.1 and 6.2 we focus on the Carrollian theory on I+ and its relevance for grav-

itational asymptotically flat duals in 3 and 4 dimensions, and in Sec. 6.3 we study explicit

solutions, namely the Robinson–Trautman and the Kerr–Taub–NUT families.

2 Carrollian momenta

We start with a brief reminder on the energy–momentum tensor in the relativistic case, and

then define its counterpart, that we call Carrollian momenta, on a general Carrollian back-

ground. This requires the study of Carrollian geometry and covariance, which will be even-

tually the guideline for obtaining the conservation equations of these momenta. We also

extend our results for a scale invariant theory (Weyl invariant) and write the conservation

equations in a Weyl-covariant way. Finally, we focus on the flat case and show how, in this

case only, one can promote the Carrollian momenta to a "non-symmetric energy–momentum

tensor".

2.1 A relativistic synopsis

In a relativistic theory, the energy–momentum tensor is usually defined as

Tµν =
−2√−g

δS

δgµν
. (2.1)

1Some attention has been recently given to the interpretation of the bulk dynamics in terms of null conserva-
tion laws, see e.g. [13].
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For a general-covariant theory, it is easy to prove that it is conserved. Indeed, considering

the variation of the action under an infinitesimal coordinate transformation xµ → xµ + ξµ,

we have

δξS =
∫

dd+1x

(

δS

δgµν
δξ gµν +

δS

δφ
δξφ

)

+ b. t., (2.2)

where d+ 1 is the spacetime dimension and φ stands for the various other fields of the theory.

We assume that we are on-shell so δS
δφ = 0. Moreover, δξ is the Lie derivative, which for a Levi

Civita reads

δξ gµν =∇µξν +∇νξµ. (2.3)

We thus obtain

δξS = −
∫

dd+1x
√

−g Tµν∇µξν =
∫

dd+1x
√

−g∇µTµνξν + b. t.. (2.4)

If the theory is general-covariant, δξS = 0 for all ξ. From this we deduce that ∇µTµν vanishes

on shell, which is the usual conservation law of the energy–momentum tensor.

2.2 Carrollian geometry

We briefly introduce here the Carrollian geometry, as it emerges from an ultra-relativistic

(c → 0) limit of the relativistic metric. It has been shown in [2, 12] that the conservation

equations of a relativistic energy–momentum tensor, covariant under all diffeomorphisms,

lead, in the c → 0 limit, to equations covariant under a subset called Carrollian diffeomorphisms

t′ = t′(t,x), x′ = x′(x). (2.5)

An adequate parametrization for taking this limit is the so-called Randers–Papapetrou, in

which the various components transform nicely under this subset of diffeomorphisms. The

metric takes the form2

g =

(

−Ω2 cΩbi

cΩbj aij − c2bibj

)

{cdt,dxi}
(2.6)

where i = {1, . . . ,d}. Indeed, under (2.5)

a′ij = akl J
−1k

i J−1l
j , b′k =

(

bi +
Ω

J
ji

)

J−1i
k, Ω

′ =
Ω

J
, (2.7)

where Jk
i =

∂x′k
∂xi , ji =

∂t′
∂xi and J = ∂t′

∂t . In the c → 0 limit the metric becomes degenerate, hence

we cannot package the different metric fields in a spacetime tensor gµν, but instead we have

to treat those three fields separately: time and space decouple as (2.5) clearly suggests. We

2Every metric can be parametrized in this way. The alternative parametrization, known as Zermelo, turns
out to be useful for the Galilean limit (see [2, 16]).
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therefore trade the metric gµν for the time lapse Ω(t,x), connection bi(t,x) and spatial metric

aij(t,x),3 which we refer to as Carrollian metric fields, defining a Carrollian geometry. On

the derivatives, (2.5) infers

∂′t =
1
J

∂t, ∂′i = J−1k
i

(

∂k −
jk
J

∂t

)

, (2.8)

which implies that the spatial derivative is not a Carrollian tensor and the temporal one

is a density. Therefore we introduce the Carroll-covariant derivatives 1
Ω

∂t and ∇̂i. In the

temporal one the role of Ω as a time lapse is clear, and the spatial one is defined through its

action on scalars as

∂̂i = ∂i +
bi

Ω
∂t. (2.9)

On Carrollian tensors, it acts as usual with the following Christoffel symbols

γ̂i
jk =

ail

2

(

∂̂jalk + ∂̂kalj − ∂̂lajk

)

. (2.10)

By construction, ∂̂i transforms as a Carrollian tensor

∂̂′i = J−1k
i ∂̂k, (2.11)

and thus we also see clearly the role of bi as connection. Out of the Carrollian metric fields,

we can build first-order derivative geometrical objects

ϕi =
1
Ω

(∂tbi + ∂iΩ) , (2.12)

θ =
1
Ω

∂t ln
√

a , (2.13)

ξij =
1
Ω

(

1
2

∂taij −
1
d

aij∂t ln
√

a

)

, (2.14)

̟ij = ∂[ibj] +
1
Ω

b[i∂j]Ω +
1
Ω

b[i∂tbj]. (2.15)

They are all Carrollian tensors and they encode the non-flatness of the Carrollian geomet-

rical structure we are defining. They will turn out very useful in writing the conservation

equations of the Carrollian momenta defined in the next section.

3Hence, we will use aij to raise and lower spatial indexes in the Carrollian geometry.
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2.3 Carrollian momenta

We define the Carrollian equivalent of the energy–momentum tensor as the three following

pieces of data:

O =
1

Ω
√

a

δS

δΩ
, Bi =

1
Ω
√

a

δS

δbi
and Aij =

1
Ω
√

a

δS

δaij
. (2.16)

Here Ω
√

a is the Carrollian counterpart of the relativistic
√−g and the variations are taken

with respect to the 3 fields that replace the metric in the Carrollian setting. From now on, we

call (2.16) the Carrollian momenta. Before continuing, notice that these quantities transform

under Carrollian diffeomorphisms as

O′ = JO −Bi ji, Bi′ = Ji
jB j, and Aij′ = Ji

k J
j
lAkl . (2.17)

The spatial vector Bi and matrix Aij are indeed Carrollian tensors. However, O is not a scalar

and, as we will see and use, it is wiser to introduce the scalar combination E = ΩO + biBi.

Given a Carroll-covariant theory, the action is invariant under Carrollian diffeomor-

phisms, generated by the spacetime vector ξ

δξS = 0, ξ = ξt(t,x)∂t + ξ i(x)∂i. (2.18)

Notice that ξ i only depends on x, this is the infinitesimal translation of (2.5). Under such an

infinitesimal coordinate transformation we have

δξS =
∫

dd+1x

(

δS

δΩ
δξΩ +

δS

δbi
δξbi +

δS

δaij
δξaij +

δS

δφ
δξφ

)

+ b.t., (2.19)

and the on-shell condition ensures δS
δφ = 0. We need to compute δξΩ, δξbi and δξaij. In order

to do so we compute the infinitesimal version of (2.7). If x′µ = xµ − ξµ, then

δξΩ = ξ (Ω) + Ω∂tξ
t, (2.20)

δξbi = ξ (bi)− Ω∂iξ
t + bj∂iξ

j, (2.21)

δξ aij = ξ
(

aij

)

+ ∂iξ
kakj + ∂jξ

kaik, (2.22)

where ξ( f ) ≡ ξt∂t f + ξ i∂i f . We would like to write these transformations in terms of man-

ifestly Carroll-covariant objects, so we define X = Ωξt − biξ
i. By noticing that the compo-

nents of a spacetime vector transform as

ξt′ = Jξt + jiξ
i, ξ i′ = Ji

kξk, (2.23)

it is straightforward to show that X is the right combination for obtaining a scalar. We thus
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rewrite (2.20), (2.21) and (2.22) in terms of X, ξ i and the Carrollian geometrical tensors intro-

duced above

δξΩ = ∂tX + Ωϕjξ
j, (2.24)

δξbi = −∂̂iX + ϕiX − 2̟ijξ
j +

bi

Ω

(

∂tX + Ωϕjξ
j
)

, (2.25)

δξ aij = ∇̂iξ j + ∇̂jξi +
X

Ω
∂taij. (2.26)

This rewriting hints toward Carrollian covariance, as it replaces ξt with X. Therefore, we

obtain δξS = δXS + δξ i S with

δXS =
∫

dd+1xΩ
√

a

(

O∂tX −Bi∂̂iX + Bi ϕiX + Bi bi

Ω
∂tX +Aij X

Ω
∂taij

)

, (2.27)

δξ i S =
∫

dd+1xΩ
√

a
(

OΩϕjξ
j − 2Bi̟ijξ

j + Bibi ϕjξ
j + 2Aij∇̂iξ j

)

. (2.28)

Finally, demanding δXS and δξ i S be zero separately and manipulating them, we obtain two

conservation equations which are manifestly Carroll-covariant:4

(

1
Ω

∂t + θ

)

E − (∇̂i + 2ϕi

)Bi −Aij 1
Ω

∂taij = 0, (2.29)

2
(

∇̂i + ϕi

)

Ai
j + 2Bi̟ij − Eϕj = 0, (2.30)

where we used the already introduced scalar combination E = ΩO + biBi.

Let us briefly summarize. By strict comparison with the relativistic situation, we have

defined the momenta of our Carrollian theory to be the variation of the action under the

geometrical set of data that characterizes the background. Exploiting the underlying Carrol-

lian symmetry we reached a set of two equations which encode the conservation properties

of the momenta. As expected, these equations are fully Carroll-covariant.

2.4 Weyl covariance

At the relativistic level, Weyl invariance merges when the theory is invariant under a rescal-

ing gµν → gµν

B2 for any B function of spacetime coordinates.5 The transformations of Ω, bi and

aij under Weyl rescaling are deduced from the relativistic Randers–Papapetrou metric (2.6)

Ω → Ω

B , bi →
bi

B and aij →
aij

B2 . (2.31)

4A useful relation is Bi ∂̂iX = −X
(

∇̂i + ϕi

)

Bi, valid up to total derivatives and for any scalar X and vector
Bi.

5This conformal symmetry has important consequences in hydrodynamical holographic theories, [17, 18].
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If the action is invariant under such transformations,

δλS =
∫

dd+1xΩ
√

a
(

OδλΩ + Biδλbi +Aijδλaij

)

=
∫

dd+1xΩ
√

a λ
(

OΩ + Bibi + 2Aijaij

)

(2.32)

has to vanish for every λ(t,x). Therefore

δλS = 0 ⇒ E = −2Ai
i. (2.33)

We will refer to this condition as the conformal state equation, it is the equivalent of the trace-

lessness of the energy–momentum tensor in the relativistic case. From (2.31) we deduce the

following transformations of the Carrollian momenta

O → Bd+2O, Bi →Bd+2Bi and Aij →Bd+3Aij. (2.34)

This implies also E → Bd+1E .

We would like to write the conservation equations in a manifestly Weyl-covariant form.

To do so, we decompose Aij = − 1
2

(

Paij − Ξij
)

with Ξij traceless, such that the constraint

(2.33) becomes E = dP . This enable us rewriting (2.29) and (2.30) as

(

1
Ω

∂t +
d + 1

d
θ

)

E − (∇̂i + 2ϕi

)Bi − Ξ
ijξij = 0, (2.35)

(

∇̂i + ϕi

)

Ξ
i
j −

1
d

(

∂̂j + (d + 1)ϕj

)

E + 2Bi̟ij = 0. (2.36)

The Carrollian derivatives are not covariant under Weyl rescaling, since the latter brings

extra shift terms. In order to reach manifestly Weyl-Carroll-covariant equations, we can

upgrade the Carroll derivatives to Weyl-Carroll ones. Among the Carrollian first derivative

tensors introduced above, ϕi and θ are Weyl connections as

ϕi → ϕi − ∂̂i lnB, θ →Bθ − d

Ω
∂tB. (2.37)

Therefore, they can be used for defining the Weyl-Carroll derivative. For a weight-w scalar

function Φ, i.e. a function scaling with Bw under Weyl, and a weight-w vector, the Weyl-

Carroll spatial and temporal derivatives are defined as

D̂jΦ = ∂̂jΦ + wϕjΦ, (2.38)
1
Ω
D̂tΦ =

1
Ω

∂tΦ +
w

d
θΦ, (2.39)

D̂jV
l = ∇̂jV

l + (w − 1)ϕjV
l + ϕlVj − δl

jV
i ϕi, (2.40)

1
Ω
D̂tV

l =
1
Ω

∂tV
l +

w

d
θV l + ξ l

iV
i, (2.41)
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such that under a Weyl transformation

D̂jΦ → BwD̂jΦ, (2.42)
1
Ω
D̂tΦ → Bw+1 1

Ω
D̂tΦ, (2.43)

D̂jV
l → Bw

D̂jV
l, (2.44)

1
Ω
D̂tV

l → Bw+1 1
Ω
D̂tV

l. (2.45)

The action on any other tensor is obtained using the Leibniz rule.

Eventually, we can write (2.35) and (2.36) using these derivatives as

1
Ω
D̂tE − D̂iBi − Ξ

ijξij = 0, (2.46)

−1
d
D̂jE + 2Bi̟ij + D̂iΞ

i
j = 0. (2.47)

Not only these equations are now very compact, they are also manifestly Weyl-Carroll-

covariant.

2.5 The flat case

So far we have worked on general Carrollian geometry, i.e. we did not impose any particular

value of Ω, bi and aij. We now restrict our attention to the flat Carrollian background.6

At the relativistic level, the Poincaré group is defined as the set of coordinate transfor-

mations that leave the Minkowski metric invariant. By strict analogy, the Carroll group is

defined as the set of transformations that preserve the Carrollian flatness, [16]. Therefore,

the Carroll group corresponds to the transformations satisfying

∂t → ∂t, δijdxidxj → δijdxidxj, b0i → R
j
i

(

b0j + β j

)

, (2.48)

with b0i constant. The resulting change of coordinates is

t′ = t + βix
i + t0, x′i = Ri

jx
j + xi

0, (2.49)

where t0 ∈ R, {xi
0, βi} ∈ R

d and Ri
j ∈ O(d). This group is known in the literature as the

Carroll group. 7

6We refer here to flat Carrollian geometry as the geometry for which the Carroll group is an isometry, see
e.g. [16].

7The Carroll group was already shown to be the symmetry group of flat zero signature geometries in the
precursory work [19].
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Recasting (2.29) and (2.30) for aij(t,x) = δij, Ω(t,x) = 1 and bi(t,x) = b0i, we obtain

∂tO − ∂iBi = 0, (2.50)

2∂iAi
j + 2b0i∂tAi

j = 0. (2.51)

The momenta appearing in these two equations can be packaged in a spacetime energy–

momentum tensor (where spacetime does not mean relativistic)

Tµν =

(

O −2b0kAki

−B j −2Aij

)

. (2.52)

The usual conservation of this tensor ∂µTµν = 0 is ensured by the conservation equations

of the momenta, namely (2.50) and (2.51). This tensor is not symmetric, but this should not

come as a surprise: it is not defined throughout the variation of the action with respect to

the spacetime metric (symmetric by construction), instead it is defined using the Carrollian

metric fields.8 Finally notice that this spacetime lifting procedure was possible here due to

the flatness of the Carrollian geometry. In general backgrounds, this is not possible, and the

very concept of spacetime energy–momentum tensor is ambiguous–whereas the Carrollian

momenta are by construction well suited.

As a conclusive remark notice that the Carroll group contains spacetime translations, so if

a theory is invariant under this group, there will be a set of d + 1 Nœther currents associated

with spacetime translations. Packaging them in a d+ 1-dimensional kind of Nœther energy–

momentum tensor, enables us comparing it with (2.52), as we do in the next section.

3 A Carrollian scalar-field action

In order to probe our results, we start with the example of a single scalar field φ(t,x). We be-

gin the study on a general Carrollian background and show that the momenta are conserved.

Then, we restrict the geometry to the flat case, where spacetime translational invariance of

the theory allows us to compare our energy–momentum tensor (defined only in the flat case,

as in Sec. 2.5) to the conserved current computed using Nœther procedure. The two energy–

momentum tensors will turn out to be equivalent up to divergence-free terms.

In order to ensure Carroll invariance of the scalar-field action, we need to trade the usual

derivatives for the Carrollian ones. So we consider the action

S[φ] =
1
2

∫

dd+1xΩ
√

a aij∂̂iφ∂̂jφ =
∫

dd+1xL, (3.1)

8Although the construction is different, another example of non-symmetric Carrollian energy–momentum
tensor can be found in [20].
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which is manifestly covariant. The equations of motion are readily determined

(∇̂i + ϕi

)

∂̂iφ = 0. (3.2)

The Carrollian momenta are

E =
1
2

∂̂iφ∂̂iφ, (3.3)

Bi =
1
Ω

∂tφ∂̂iφ, (3.4)

Aij =
1
2

(

1
2

aij ∂̂kφ∂̂kφ − ∂̂iφ∂̂jφ

)

. (3.5)

These momenta are conserved on shell since the conservation equations (2.29) and (2.30) are

automatically satisfied given the equations of motion (3.2). This last result shows unam-

biguously the relevance of these objects. Notice moreover that these momenta satisfy the

conformal state equation (2.33) only for d = 1. In fact this action can be recovered from an

ultra-relativistic limit of the free relativistic scalar theory, which is known to be conformal

only in 2 spacetime dimensions.

We now impose the Carrollian background to be flat. In this case, the action (3.1) becomes

S[φ] =
∫

dd+1xL =
1
2

∫

dd+1xδij (∂i + b0i∂t)φ
(

∂j + b0j∂t

)

φ, (3.6)

which is invariant under spacetime translations. In the flat case, we can lift the Carrollian

momenta into a spacetime energy–momentum tensor (2.52), which here takes the form

Tµν =

(

1
2 ∂̂iφ∂̂iφ − b0i∂tφ∂̂iφ − bi

0
2 ∂̂kφ∂̂kφ + b0k∂̂kφ∂̂iφ

−∂tφ∂̂iφ − 1
2 aij ∂̂kφ∂̂kφ + ∂̂iφ∂̂jφ

)

, (3.7)

and it is conserved.

The action (3.6) is invariant under spacetime translations. As stated in the previous sec-

tion, we therefore have d + 1 associated Nœther currents

T̂µν =
∂L

∂∂µφ
∂νφ − ηµνL, (3.8)

which explicitly read:

T̂tt =
1
2

∂̂iφ∂̂iφ − b0i∂̂
iφ∂tφ, (3.9)

T̂it = −∂̂iφ∂tφ, (3.10)

T̂ti = b0j∂̂
jφ∂iφ, (3.11)

T̂ij = ∂̂iφ∂jφ − 1
2

δij∂̂kφ∂̂kφ. (3.12)
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The conservation ∂µT̂µν = 0, is achieved thanks to the equations of motion (3.2) for flat ge-

ometry ∂̂i∂̂iφ = 0.

We can now compare the energy–momentum tensor (3.7) with (3.9), (3.10), (3.11) and

(3.12). We obtain

T̂µν = Tµν + Bµν, (3.13)

with

Btt = 0, (3.14)

Bit = 0, (3.15)

Bti = −bi
0b

j
0∂̂jφ∂tφ +

1
2

bi
0∂̂kφ∂̂kφ, (3.16)

Bij = −b
j
0∂tφ∂̂iφ. (3.17)

As anticipated, the tensor Bµν is divergenceless on-shell ∂µBµν = 0, which implies that the

two energy–momentum tensors carry the same physical information on the theory.

4 Ultra-relativistic limit: the emergence of Carrollian physics

In the previous sections, we have intrinsically defined the Carrollian momenta starting from

the metric fields of a Carrollian geometry. The Carrollian geometry was inspired by an ultra-

relativistic contraction of the relativistic metric. We will see now how the ultra-relativistic

limit can be directly taken at the level of the conservation equation of the relativistic energy–

momentum tensor. This limit provides a richer structure, with more equations and fields.

This is neither surprising nor contradictory. It is suggested by the dual Galilean limit, [12].

Indeed, in the non-relativistic case, on top of the momentum and energy conservation, an

extra equation arises, which is ultimately identified with the continuity equation. A similar

phenomenon occurs in the Carrollian case: additional fields and equations survive in the

limit, and this is controlled by our choice of c-dependence of the fields.

Given a vector field uµ, normalized as u2 = −c2 with respect to the relativistic metric

(2.6), the energy–momentum tensor can always be decomposed as9

Tµν = (E + P)
uµuν

c2 + Pgµν + τµν +
qµuν

c2 +
qνuµ

c2 . (4.1)

In the hydrodynamic interpretation, E and P are the energy density and pressure of the fluid,

gµν is the spacetime metric and τµν and qµ are the transverse dissipative tensors, named

viscous stress tensor and heat current. We choose to adapt the velocity to the geometry

uµ =
(

c
Ω

, 0
)

: the fluid is at rest. The advantage of this choice is that the dissipative tensors,

9Reminder of the conventions: xµ = (x0, xi) = (ct, xi).
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since transverse, have only spatial independent components. Inspired by flat holography

[12], we choose a particular scaling of these tensors in c, namely

τij = −Σij

c2 − Ξ
ij and qi = −Bi + c2πi. (4.2)

A more general dependence could have been considered. This would add new fields and

new equations to the resulting Carrollian theory, whereas the present choice will be sufficient

for the examples we want to analyze. Notice that the c-independent situation is recovered

for Σij = 0 = πi. We now perform the zero-c limit of ∇µTµν = 0. Defining again Aij =

− 1
2

(

Paij − Ξij
)

, we obtain the following set of equations10

(

1
Ω

∂t + θ

)

E − (∇̂i + 2ϕi

)Bi −Aij 1
Ω

∂taij = 0, (4.3)

2
(

∇̂i + ϕi

)

Ai
j + 2Bi̟ij − Eϕj −

(

1
Ω

∂t + θ

)

πj = 0, (4.4)
(

1
Ω

∂t + θ

)

Bj +
(

∇̂i + ϕi

)

Σ
i
j = 0, (4.5)

Σ
ijξij +

θ

d
Σ

i
i = 0. (4.6)

As advertised, we immediately recognize (4.5) and (4.6) as the Carrollian counterpart of

the continuity equation: these are two consistency equations of the limit. Notice moreover

how these equations reduce to the Carrollian equations (2.29) and (2.30) when the dissi-

pative terms have no c-dependence, Σij = 0 = πi, together with the additional constraint
( 1

Ω
∂t + θ

)

Bj = 0. This result undoubtedly shows the nature of the ultra-relativistic limit: it

is a Carrollian limit. Conversely, this analysis gives credit to our intrinsic Carrollian con-

struction of the previous sections.

Summarizing, we have shown how the ultra-relativistic expansion gives rise to a lead-

ing Carrollian behavior. Furthermore, we have analyzed the extra inputs this limit brings

and the associated conservation equations. It is remarkable how the Carrollian momenta

intrinsically defined using Carrollian geometry match the ultra-relativistic limit.

We conclude with an aside important remark: we have taken the ultra-relativistic limit

of the conservation equations because it would have been inconsistent to compute directly

the limit of the energy–momentum tensor itself. Indeed we would have lost information on

the fields which survive and the conservation equations they satisfy. This confirms that we

have to give up the concept of spacetime energy–momentum tensor on general Carrollian

backgrounds, as anticipated in [2] but sometimes disregarded in the current literature.

10This limit is performed using the decomposition (4.1) and the Randers–Papapetrou parametrization of the
spacetime metric. For the detailed derivation of these equations, see [2].

13



5 Charges

This section is dedicated to the definition of charges in the Carrollian framework. Charges

are conserved quantities associated with a symmetry of the theory. Relativistically, the latter

can be generated by a Killing vector field. By projecting the energy–momentum tensor on

the Killing vector, we obtain a conserved current. We will show here how to implement this

procedure in the Carrollian case. In order to do so, we firstly derive charges starting from a

conserved Carrollian current. Secondly, we define Carrollian Killing and conformal Killing

vectors. Thirdly, we build conserved charges associated with conformal Killing vectors. This

will be useful for the forthcoming examples involving asymptotically flat gravity. Finally, we

give another example of Carrollian action and compute the charges to illustrate our results.

5.1 Conserved Carrollian current and associated charge

We show here a way to define a conserved charge starting from a conserved current. In this

derivation we never impose the current to be associated with a Killing vector, therefore our

construction is very general. Whenever we have a scalar J and a vector J i satisfying

(

1
Ω

∂t + θ

)

J +
(

∇̂i + ϕi

)

J i = 0, (5.1)

we can build the conserved charge

Q =
∫

Σt

ddx
√

a
(

J + biJ i
)

, (5.2)

where Σt is a constant-time slice. A way to derive this formula is to start from the relativistic

level: consider a conserved current Jµ, the charge is then

Q =
∫

Σt

ddx
√

σ nµ Jµ. (5.3)

Here nµ is the unit vector normal to Σt and σµν is the induced metric on Σt. In order to

perform the zero-c limit, we decompose Jµ in an already Carroll-covariant basis

J = J
( c

Ω
∂0

)

+ J i

(

∂i +
cbi

Ω
∂0

)

. (5.4)

Then, using the Randers–Papapetrou parametrization for the relativistic spacetime metric

ds2 = −c2(Ωdt − bidxi)2 + aijdxidxj, we obtain

√
σ =

√
a +O

(

c2) , n0 = cΩ +O
(

c3) , J0 =
c

Ω

(

J + biJ i
)

. (5.5)

Therefore, we find Q →
c→0

c2Q, showing the relevance of the proposed Carrollian charge (5.2).
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5.2 Carrollian Killing vectors and associated conserved currents

A Killing vector is usually defined as a vector field that preserves the metric. Analogously,

we define the Carrollian Killing vector ξ to be the vector satisfying11

δξΩ = 0 = δξaij, (5.6)

where δξ is the Lie derivative. This gives rise to two Killing equations on ξ, which are exactly

(2.24) and (2.26),12

∂tX + Ωϕjξ
j = 0, (5.7)

∇̂iξ j + ∇̂jξi +
X

Ω
∂taij = 0, (5.8)

where we recall X = Ωξt − biξ
i. Notice that these equations do not actually depend on bi.

The generalization to conformal Carrollian Killing vectors is straightforward. We call ξ a

conformal Carrollian Killing vector if

δξΩ = λΩ and δξ aij = 2λaij. (5.9)

It obeys the following conformal Killing equations:

∂tX + Ωϕjξ
j = λΩ, (5.10)

∇̂iξ j + ∇̂jξi +
X

Ω
∂taij = 2λaij. (5.11)

In particular from the last equation we obtain λ = 1
d

(

∇̂iξ
i + X

Ω
∂t ln

√
a
)

. This general con-

struction is very useful, as we will shortly confirm.

We now build a conserved current by projecting the Carrollian momenta on a Carrollian

Killing vector, exactly like in the relativistic case. Indeed consider the following Carrollian

current:

J = ξiBi, J i = ξ jΣ
ij. (5.12)

It is conserved provided ξ satisfies (5.8), and the Carrollian conservation equations (4.5) and

(4.6) are verified. According to Sec. 5.1, the corresponding conserved charge is

Qξ =
∫

Σt

ddx
√

a ξi

(

Bi + bjΣ
ji
)

, (5.13)

This charge is also conserved when ξ satisfies (5.11), if we further impose the condition

Σi
i = 0.

11This is the translation in our language of LXg = 0 and LXξ = 0 of (III.6) in [16].
12On top of these equations, a Carrollian Killing vector has a time independent spatial part, i.e. ∂tξ

i = 0.
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5.3 Charges for Bi
= 0

We will show in Sec. 6 that the equations describing the dynamics of asymptotically flat

spacetimes in 3 and 4 dimensions can be related to Carrollian conservation laws for Bi = 0.

For this reason we focus here on this particular case and build other conserved currents

associated with conformal Killing vectors. In Sec. 6 we will observe that the corresponding

charges match the surface charges obtained through covariant phase-space formalism.

The Carrollian conservation equations obtained from the ultra-relativistic limit (4.3) and

(4.4), for Bi = 0, become

(

1
Ω

∂t + θ

)

E −Aij 1
Ω

∂taij = 0, (5.14)

2
(∇̂i + ϕi

)Ai
j − Eϕj −

(

1
Ω

∂t + θ

)

πj = 0. (5.15)

We could have also reported the two equations on Σij, (4.5) and (4.6), but they are immaterial

here. Consider a Killing vector ξ, the following charge, up to boundary terms, is conserved

Cξ =
∫

Σt

ddx
√

a
(

XE − ξ iπi + 2biξ
jAi

j

)

, (5.16)

assuming only (5.14) and (5.15). This charge is also conserved when ξ is a conformal Killing

vector, if we further impose the conformal state equation E = −2Ai
i. According to Sec. 5.1,

the corresponding conserved current reads13

J = XE − ξ iπi, J i = 2ξ jAi
j. (5.17)

It is interesting to investigate the flat case aij(t,x) = δij, Ω(t,x) = 1 and bi(t,x) = b0i. Here,

(5.14) and (5.15) can be written as ∂µTµν = 0 with14

Tµν =

(

O −2b0kAki + πi

0 −2Aij

)

, (5.18)

and we notice that the charge, up to a divergenceless term, takes the usual form

CFlat
ξ =

∫

Σt

ddx
(

ξtO − ξ ib0iO − ξ iπi + 2b0iξ
jAi

j

)

= −
∫

Σt

ddxT0µξµ + C̃ξ i , (5.19)

with C̃ξ i = −
∫

Σt
ddxξ ib0iO, which is separately conserved.

13Its conservation (5.1) is ensured thanks to the Killing equations together with (5.14) and (5.15).
14We recall that for Bi = 0, E = ΩO. Thus in the flat case E =O.
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For ξ and η Killing vectors, we define the brackets

{Qξ ,Qη} ≡
∫

Σt

ddxδη

[√
a ξi

(

Bi + bjΣ
ji
)]

,

{Cξ ,Cη} ≡
∫

Σt

ddxδη

[√
a
(

XE − ξ iπi + 2biξ
jAi

j

)]

.
(5.20)

Here δη is the Lie derivative acting on the metric fields and the momenta, but not on ξt and

ξ i. A lengthly computation (see appendix A) shows that the charges Qξ and Cξ equipped

with these brackets form two representations of the Carrollian Killing algebra:

{Qξ ,Qη} =Q[ξ,η] and {Cξ ,Cη} = C[ξ,η]. (5.21)

We can extend these results to the conformal Killing algebra when imposing the conformal

state equation E = −2Ai
i for the charge Cξ and the condition Σi

i = 0 for the charge Qξ .

5.4 Application to the scalar field

We close this section with an example of scalar-field action whose Carrollian momenta re-

produce exactly the conservation equations described in Sec. 5.3. Consider a scalar field

φ(t,x) and the following Carroll-covariant action:

S [φ] =
1
2

∫

dd+1x
√

a
φ̇2

Ω
=
∫

dd+1xL, (5.22)

where φ̇ = ∂tφ. The equation of motion reads

(

1
Ω

∂t + θ

)(

φ̇

Ω

)

= 0, (5.23)

and we find the following Carrollian momenta through the variational definition (2.16)

E = − 1
2Ω2 φ̇2, Bi = 0 and Aij =

1
4Ω2 φ̇2aij. (5.24)

Carrollian conservation equations of the type (5.14) and (5.15) are satisfied provided πi =
1
Ω

φ̇∂̂iφ. In the flat case the energy–momentum tensor (5.18) computed earlier becomes:

Tµν =

(

− 1
2 φ̇2 1

2 bi
0φ̇2 + φ̇∂iφ

0 − 1
2 φ̇2δij

)

. (5.25)

As in the other example of scalar-field action (Sec. 3), this object coincides with the Nœther

current associated with spacetime translations, up to a divergenceless term.

We can now focus on the charges in the Hamiltonian formalism. Defining the conjugate

17



momentum ψ =
∂L
∂φ̇

=

√
a

Ω
φ̇, and writing the Carrollian momenta in terms of φ and ψ, we

obtain

E = −1
2

(

ψ√
a

)2

, πi =
ψ√

a

(

∂iφ + bi
ψ√

a

)

and Aij =
1
4

(

ψ√
a

)2

aij. (5.26)

Therefore, the charges (5.16) become

Cξ = −
∫

Σt

ddx

(

ξt

2
Ω√

a
ψ2 + ξ iψ∂iφ

)

. (5.27)

These charges are expressed in Hamiltonian formalism. They are indeed conserved thanks

to the equation of motion and together with the Poisson bracket they realize a representation

of the Carrollian Killing algebra:

{Cξ ,Cη}Poisson =
∫

Σt

ddx

[

δCη

δφ

δCξ

δψ
− δCξ

δφ

δCη

δψ

]

= C[ξ,η]. (5.28)

This result confirms that the charges (5.16) previously introduced are the correct ones. Fi-

nally, we notice that when d = 1 the conformal state equation (2.33) is satisfied and the

representation can be extended to conformal Killing vectors.

6 Carrollian conservation laws in Ricci-flat gravity

We will now turn our attention to Ricci-flat gravity. When the bulk metric is expressed in an

appropriate gauge, usually given by imposing the radial coordinate be null, Einstein equa-

tions can reduce in some instances to equations defined on null infinity I+.15 Its null nature

makes it a natural host for a Carrollian geometry and the gravitational dynamics will be

shown to match with Carrollian conservation laws. This section can be considered as a pre-

cursor of a full asymptotically flat holographic scheme. Indeed, the putative dual boundary

theory would be Carrollian and live on I+. This theory would be coupled to a Carrollian

geometry and satisfy Carrollian conservation laws that we map here to the gravitational dy-

namics. In gravity, the covariant phase-space formalism allows to compute surface charges,

those will be shown to be given exactly or partially by the conserved charges defined in

Sec. 5.3, depending whether the gravitational solution has radiation or not. To compute the

charges explicitly, we use the code [21].

15It will be the case for the three families of solutions we study in this section: the 3-dimensional asymptotically
flat spacetimes, the weak field approximation of 4-dimensional asymptotically flat spacetimes in Bondi gauge
and the Robinson Trautman solutions. The reduction of Einstein equations to equations on I+ would not be
true, for example, for non-linearized 4-dimensional asymptotically flat gravity in Bondi gauge.
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6.1 Asymptotically flat spacetimes in three dimensions

Three-dimensional asymptotically flat spacetimes are often studied in the Bondi gauge which,

as we will shortly describe, imposes by definition the corresponding two-dimensional Car-

rollian manifold be flat. Here we want to show that we can source the geometric boundary

fields, in order to create a general Carrollian structure [10].

Consider the following bulk metric

ds2 = gabdxadxb = −2u (dr + r (ϕxdx + θu)) + r2axxdx2 + 8πGu (Eu − πxdx) . (6.1)

The bulk coordinates are {u,r, x ∈ S1}, u = Ωdu − bxdx, axx is the one-dimensional bound-

ary spatial metric, E and πx are the Carrollian momenta and θ and ϕx correspond to (2.13)

and (2.12) defined earlier:

θ =
1
Ω

∂u ln
√

axx and ϕx =
1
Ω

(∂xΩ + ∂ubx) . (6.2)

All the fields appearing in the bulk metric depend only on u and x. From this metric we

can extract the corresponding Carrollian geometry on I+ = {r → ∞}. The following pro-

cedure is general but we will use the specific case of three-dimensional asymptotically flat

spacetimes as an illustration. Consider the conformal extension of (6.1)

ds̃2 = r−2ds2, (6.3)

the factor r−2 is present to regularize the metric on I+. We perform the change of variable

ω = r−1 in the conformal metric, it becomes16

ds̃2 = g̃abdxadxb = −2u (−dω + ω (ϕxdx + θu)) + axxdx2 + 8πGω2u (Eu − πxdx) . (6.4)

We can deduce the Carrollian geometry on I+

g̃−1 (.,dω)|I+ =
1
Ω

∂u, ds̃2
|I+ = axxdx2 and g̃ (.,∂ω)|I+ = Ωdu − bidxi. (6.5)

We now move to the dynamics. In the following, we restrict our attention to the bulk line

element (6.1) with the additional geometrical constraint

D̂xsx = ∇̂xsx + 2ϕxsx = 0, (6.6)

where sx = 1
Ω

∂u ϕx − θϕx − ∂̂xθ is a Weyl-weight 1 two-derivative object. The Carrollian

momenta do not appear in this equation, it is just a constraint on the boundary geometri-

cal background as it involves only the Carrollian metric fields. Using this ansatz, Einstein

16The null asymptote is thus I+ = {ω → 0}.
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equations reduce to

(

1
Ω

∂u + 2θ

)

E = 0, (6.7)

(

∂̂x + 2ϕx

)

E +

(

1
Ω

∂u + θ

)

πx = 0. (6.8)

We interpret them as the Carrollian conservation equations (4.3), (4.4), (4.5) and (4.6) for

Σxx = Bx = 0 and E = P (conformal case). Furthermore Ξxx is automatically zero due to its

tracelessness. Therefore, the gravitational dynamics of this metric ansatz coincides with the

Carrollian conservation equations that fall into the case described in Sec. 5.3.17

We would like at this point to obtain the surface charges. We thus compute the asymp-

totic Killing vectors of ds2 whose leading orders in r−1 are

ξ̂r = −rλ(u, x) +O(1), ξ̂u = ξu(u, x) +O(r−1) and ξ̂x = ξx(x) +O(r−1). (6.9)

Here λ = ∇̂xξx + X
Ω

∂u ln
√

axx and ξ = ξu∂u + ξx∂x is a conformal Killing vector (i.e. satisfy-

ing (5.10) and (5.11)) of the corresponding Carrollian geometry {Ω, axx,bx}. We calculate the

associated surface charge through covariant phase-space formalism and obtain that they are

integrable and have exactly the same expression as the conserved charges defined in Sec. 5.3

out of purely Carrollian considerations

Qξ̂ [ds2] =
∫

S1
dx

√
axx ((Ωξu − 2bxξx)E − ξxπx) = Cξ . (6.10)

There is no gravitational radiation in three dimensions, the charges are thus conserved. We

will see that things are slightly different in four dimensions, where we have to consider the

radiation at null infinity.

If we restrict our attention to the case Ω = 1, axx = 1 and bx = 0, we recover the usual

Bondi gauge for asymptotically flat spacetimes and Carrollian conservation becomes

∂uE = 0, (6.11)

∂xE = −∂uπx. (6.12)

This set-up was extensively studied for instance in [22]. Here, the solutions to the Carrollian

Killing equations are exactly the bms3 algebra vectors ξ = ξu∂u + ξx∂x with ξu = ∂xξxu + α,

for any smooth functions ξx(x) and α(x) on S1. Moreover the solutions to (6.11) and (6.12)

are

E(u, x) = E0(x) and πx(u, x) = −∂xE0u + π0(x). (6.13)

17With respect to Sec. 5.3, we trade here t with u, to empathize that it is a retarded time.
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Hence, the charges become the usual ones

CBondi
ξ =

∫

S1
dx (αE0 − ξxπ0) , (6.14)

which are manifestly conserved. These were obtained in [6, 22]. 18

6.2 Linearized gravity in four dimensions

We can perform the same kind of analysis in the case of asymptotically flat spacetimes in four

dimensions, where asymptotic charges have been computed. We show that the boundary

equations of motion, which are the linearized Einstein equations after gauge fixing, can be

interpreted as a Carrollian conservation, and that the asymptotic charges are also charges

associated with conformal Carrollian Killing vectors.

The bulk metric is gab = ηab + hab with

η = −du2 − 2dudr + r2γijdxidxj,

huu =
2
r

mB +O
(

r−2) ,

huj =
1
2
∇iCij +

1
r

Nj +O (r−2) ,

hij = rCij +O(1),

hra = 0.

(6.15)

where a = {r,µ} = {r,u, xi}, i = 1,2. The perturbation hab is traceless, so γijCij = 0, where

γij is the metric of the two-sphere and ∇i the associated covariant derivative. We recognize

the mass aspect mB, the angular momentum aspect Ni and the gravitational wave aspect Cij,

all depending on u and xi. In this gauge, the linearized Einstein equations become:19

∂umB =
1
4

∂u∇i∇jCij, (6.16)

∂u Ni =
2
3

∂imB − 1
6

[

(∆ − 1)∇jCji −∇i∇k∇jCjk

]

. (6.17)

We first consider the case

∇i∇jCij = 0. (6.18)

Then (6.16) and (6.17) admit a Carrollian interpretation and are recovered from (2.29) and

18To compare, we have to identify φ = x, Ξ(φ) = −4πGπ0(x), Θ(φ) = 8πGE0(x), Y(φ) = ξx(x) and T(φ) =
α(x).

19Solving empty linearized Einstein equations order by order in r−1 allows to express the various subleading
coefficients in terms of mB, Cij and Ni. The only residual equations are then the ones that we present here.
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(2.30) with the following metric data

Ω = 1, bi = 0, aij = γij, (6.19)

and Carrollian momenta

Σ
ij = Bi = Ξ

i
i = 0, (6.20)

E = 4mB, Aij = −1
2

(E
2

aij − Ξ
ij

)

, πi = −3Ni, Ξ
i
j =

1
2
(∆ − 4)Ci

j, (6.21)

where E = −2Ai
i and Ξi

i = 0–we are in the conformal case. We obtain the following conser-

vation equations:

∂uE = 0, (6.22)

∂uπi +∇j

(E
2

γ
j
i − Ξ

j
i

)

= 0. (6.23)

This type of Carrollian conservation falls again into the class described in Sec. 5.3.

The asymptotic Killing vectors ξ̂ = ξ̂r∂r + ξ̂u∂u + ξ̂ i∂i associated with the gauge (6.15)

have the following leading order in r−1

ξ̂r = −λ(x)r +O(1), ξ̂u = ξu(t,x) +O(r−1) and ξ̂ i = ξ i(x) +O(r−1), (6.24)

where ξ = ξu∂u + ξ i∂i is a conformal Killing vector (i.e. satisfying (5.10) and (5.11)) of the

Carrollian geometry given by {Ω = 1, aij = γij,bi = 0} and λ is the conformal factor. The

solutions to the corresponding conformal Killing equations reproduce exactly the bms4 al-

gebra: ξu = u
2∇iξ

i + α(x), α being any function on S2, ξ i a conformal Killing of S2 and

λ = 1
2∇iξ

i. We compute the corresponding surface charges. When ∇i∇jCij = 0 they take the

form

Qξ̂ [g] =
∫

S2
d2x

√
γ
(

ξuE − ξ iπi

)

= Cξ , (6.25)

with E and πi given by (6.21). We recognize again the charges defined from purely Car-

rollian considerations in Sec. 5.3, associated with the data (6.19), (6.20) and (6.21). These

charges are automatically conserved. Physically, this is due to the fact that part of the effect

of gravitational radiation has suppressed by demanding ∇i∇jCij = 0. We will find shortly

that relaxing this condition has an effect on the charge conservation.

Integrating (6.22) and (6.23) we obtain

E = E0(x), πi = −1
2

∂iE0u +
∫

du′∇jΞ
j
i + π0i(x). (6.26)
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The charges become

Cξ =
∫

S2
d2x

√
γ

((∇iξ
i

2
u + α

)

E0 − ξ i

(

−1
2

∂iE0u +
∫

du′∇jΞ
j
i + π0i

))

= u
∫

S2
d2x

√
γ

(

1
2
∇i(ξ

iE0)

)

+
∫

S2
d2x

√
γ

(

αE0 − ξ i

(

∫

du′∇jΞ
j
i + π0i

))

=
∫

S2
d2x

√
γ
(

αE0 − ξ iπ0i

)

−
∫

du′
∫

S2
d2x

√
γ ξ i∇jΞ

j
i + b.t.

=
∫

S2
d2x

√
γ
(

αE0 − ξ iπ0i

)

+ b.t..

(6.27)

The last step follows from the fact that ξ i is a conformal Killing vector on S2 and Ξi
j is trace-

less. We observe that Cξ is now manifestly conserved.

When ∇i∇jCij , 0, on the gravity side the radiation affects the surface charges and spoils

their conservation. Therefore, these charges do not match those we defined earlier. This

situation can be further investigated and recast in Carrollian language. To this end, we

define σ =∇i∇jCij and rewrite (6.16) and (6.17)

∂uE = 0, (6.28)

∂uπi +∇j

(

Pγ
j
i − Ξ

j
i

)

= 0. (6.29)

Here, the metric fields are

Ω = 1, bi = 0, aij = γij, (6.30)

together with the Carrollian momenta

Σ
ij = Bi = 0, (6.31)

E = 4mB − σ, P =
E
2
+ σ, πi = −3Ni, Ξ

i
j =

1
2
(∆ − 4)Ci

j. (6.32)

Hence turning on σ can be interpreted as spoiling the conformal state equation: E = −2
(

Ai
i + σ

)

.

It appears as a sort of conformal anomaly in the boundary theory. The surface charges become

Qξ̂ [g](u) =
∫

S2
d2x

√
γ
(

ξu(E + σ)− ξ iπi

)

, (6.33)

and, as already stated, they are no longer conserved

∂uQξ̂ [g] =
∫

S2
d2x

√
γ
(

δξ + λ
)

σ, (6.34)

where δξ is the usual Lie derivative and λ = 1
2∇iξ

i the conformal factor. These charges were

obtained in [23].20 For non linear gravity see [24], where the charges are now non-integrable.

20See the n = 2 case of Sec. 3. Their charges coincide with (6.33) with α = T, ξ i = vi, E0 = 4M and πi
0 = −3N i.
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6.3 Black hole solutions: Robinson–Trautman and Kerr–Taub–NUT

For asymptotically AdS solutions, Einstein equations lead to the conservation of an energy–

momentum tensor on the timelike boundary with the cosmological constant playing the role

of the velocity of light [12]. Taking the flat limit in the bulk therefore corresponds to an ultra-

relativistic limit on the boundary, and this is how Carrollian dynamics emerges. We illustrate

this for the specific examples of Robinson–Trautman and Kerr–Taub–NUT, and analyze their

charges.

Robinson–Trautman

The Robinson–Trautman ansatz is

ds2 =
2r2

P2 dzdz̄ − 2dudr −
(

∆ ln P − 2r∂u ln P − 2m

r

)

du2, (6.35)

where m and P depend on the boundary coordinates {u,z, z̄}. This metric is Ricci-flat pro-

vided the Robinson–Trautman equations are satisfied:

∆∆ ln P + 12M∂u ln P − 4∂u M = 0, (6.36)

∂z M = 0, (6.37)

∂z̄ M = 0, (6.38)

where we have defined ∆ = ∇i∇i, for i = {z, z̄}, and ∇i is the Levi Civita covariant deriva-

tive of the spatial metric a = 2
P2 dzdz̄. These equations can be interpreted as Carrollian conser-

vation laws (4.3), (4.4), (4.5) and (4.6) with the metric data Ω = 1, bi = 0 and a = 2
P(u,z,z̄)2 dzdz̄

and the Carrollian momenta

Ξ
ij = πi = Σ

i
i = 0, (6.39)

E = 4M, Bi =∇iK, Aij = −Maij, Σ
ij =∇i∇jθ − 1

2
aij∇k∇kθ. (6.40)

Here we have introduced the Gaussian curvature K = ∆ ln P. Weyl covariance is ensured

by the conformal state equation E = −2Ai
i, together with Σi

i = 0. With this set of data, the

conservation equations are

(

∂u +
3θ

2

)

E −∇iBi = 0, (6.41)

∂jE = 0, (6.42)

(∂u + θ)Bj +∇iΣ
i
j = 0, (6.43)

Σ
ijξij +

θ

d
Σ

i
i = 0. (6.44)
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Equations (4.5) and (4.6) do not appear in the Robinson–Trautman equations because they

are geometrical constraints on the spatial metric, which are automatically satisfied when

imposing a = 2
P2 dzdz̄.

We want to interpret the charges we have introduced in Secs. 5.2 and 5.3 for the Robinson–

Trautman spacetime. To this end, we introduce a conformal Carrollian Killing vector ξ, with

(5.10) and (5.11) here given by

∂uξu = λ, (6.45)

∇iξ j +∇jξi + ξu∂uaij = 2λaij . (6.46)

The solution is the following vector21

ξ =
(√

a
)

1
2

(

α(x) +
1
2

∫

du
(√

a
)− 1

2 ∇iξ
i

)

∂u + ξ i(x)∂i, (6.47)

where ξ i is a spatial conformal Killing vector, i.e. it satisfies

∇iξ j +∇jξi =∇kξkaij. (6.48)

The associated charges (5.13) become

Qξ =
∫

S2
d2z

√
a ξ jB j =

∫

S2
d2zP−2 (ξz∂zK + ξ z̄∂z̄K

)

. (6.49)

They are conserved by construction.

Even though the second family of charges (5.16) were defined only for Bi = 0, we can

nevertheless study what their expression is for the solution at hand. We find

Cξ =
∫

S2
d2z

√
a ξuE =

∫

S2
d2zP−3

(

α(z, z̄) +
1
2

∫

duP∇iξ
i

)

4M. (6.50)

As expected, they are not generically conserved, and using (6.41) we find

∂uCξ = −
∫

S2
d2z

√
a ∂iξ

uBi. (6.51)

Their conservation holds in two instances. The first, expected by construction, is when Bi =

∂iK = 0, and corresponds to a uniform curvature of the boundary sphere at all times. The

second, which is a new condition, occurs when the conformal Killing vectors satisfy also

∂iξ
u = 0. This can be written as

δξbi = 0, (6.52)

21The metric (6.35) is not in the Bondi gauge unless P is time independent. Therefore, the conformal Killing
vector ξ does not satisfy the usual bms4 algebra, but a generalized version of it.
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when considering the Robinson–Trautman Carrollian geometry Ω = 1, bi = 0 and a =
2

P2 dzdz̄.22

Kerr–Taub–NUT family

The interesting feature of the Kerr–Taub–NUT family is that, although stationary, it has a

non-trivial metric field bi. Its line element, in {t,r,θ,φ} coordinates, is given by

ds2 = −∆r

ρ2 (dt − b)2 +
ρ2

∆r
dr2 + ρ2 (dθ2 + sin2 θdφ2)+

sin2 θ

ρ2

(

αdt −
(

r2 + (n − α)2)dφ
)2

,

(6.53)

where

∆r = −2Mr + r2 + α2 − n2, (6.54)

ρ2 = r2 + (n − αcos θ)2, (6.55)

b =
(

2n(cos θ − 1) + αsin2 θ
)

dφ. (6.56)

In this solution, M is interpreted as the black hole mass, α its angular parameter and n

its NUT charge. The Carrollian geometrical data are Ω = 1, bi as in (6.56) and a = dθ2 +

sin2 θdφ2. The bulk Einstein equations are satisfied for a constant mass. We can interpret this

result as given by the following Carrollian data

Ξ
ij = πi = Σ

ij = Bi = 0 E = M Aij = −M

4
aij, (6.57)

such that Carrollian conservation equations give straightforwardly M constant. From the

hydrodynamical viewpoint, these data describe a perfect fluid.

The conformal Carrollian Killing equations can be solved with the result

ξ =

(

T(x) +
1
2

t∇iξ
i

)

∂t + ξ i(x)∂i. (6.58)

where T is any smooth function on S2 and ξ i a Killing vector of the sphere. This is precisely

the bms4 generator. The charges (5.13) are identically zero in this case. Conversely, the

charges (5.16) are non-trivial

Cξ = M
∫

S2
dθdφ sinθ

(

T − 3
2

ξ ibi

)

. (6.59)

They explicitly depend on the Kerr–Taub–NUT parameters thanks to the presence of the

metric field bi, and they are manifestly conserved.

22Actually, it is possible to show that, even when Bi
, 0, the charges (5.16) are generically conserved if the

vectors ξ satisfy δξ aij = 0, δξ Ω = 0 and δξ bi = 0.
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7 Conclusions

We are now ready to summarize our achievements.

In the framework of Carrollian dynamics we have defined Carrollian momenta as the

variation of the action with respect to the Carrollian metric fields Ω,bi, aij. These momenta

obey conservation laws ensuing the invariance of the action under Carrollian diffeomor-

phisms. We have carefully stressed that this set of Carrollian momenta plays the role the

energy–momentum tensor has in relativistic theories, since such an object cannot be defined

in general Carrollian dynamics. In the very particular instance of flat Carrollian geome-

try, due to the existence of global symmetries, the on-shell Carrollian momenta are indis-

tinguishable from the Nœther conserved currents. In this case they can be packaged in a

non-symmetric spacetime energy–momentum tensor.

We have proven that the general conservation equations of the set of Carrollian momenta

are recovered as the ultra-relativistic limit of the relativistic energy–momentum tensor con-

servation equations. This is expected and shows in passing that the Carrollian limit of the

energy–momentum tensor outside its conservation equations is non sensible.

As usual in theories with local symmetries, volume conserved charges cannot be defined

from plain conserved momenta. Killing fields are needed, in order to construct conserved

currents and extract conserved charges, which encode the physical information stored in

the fields at hand. We performed all these steps in a general Carrollian geometry, starting

with the definition of the Killing vectors and proceeding with currents (projections of the

Carrollian momenta) and charges.

All these concepts and techniques have been finally illustrated in concrete examples in-

spired from flat holography. Indeed, the null infinity of an asymptotically flat spacetime is

a natural host for Carrollian geometry, and Carrollian conservation equations on I+ emerge

as part of the bulk Einstein dynamics. More specifically, we have shown that in three bulk

dimensions the Carrollian charges match the surface charges obtained from standard bulk

methods. However, in four-dimensional linearized gravity, the presence of gravitational ra-

diation spoils the conservation of surface charges. At the level of the Carrollian conservation

equations, this is interpreted as a conformal anomaly, the radiation sourcing the anomalous

factor. The subsequent analysis of the Robinson–Trautman and Kerr–Taub–NUT exact solu-

tions nicely confirms these expectations and the interplay among the bulk and the boundary

dynamics.

Our analysis triggers many questions. Among others, the two examples of exact Ricci-flat

spacetimes treated here suggest to further investigate the Carrollian interpretation of four-

dimensional gravity in full generality, i.e. without assuming linearity. More generally, this

work may help in paving the road toward the Carrollian understanding of flat holography,

already discussed in several instances in the literature.
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A Carrollian Charges algebra

We have defined two types of conserved charges in 5.2 and 5.3, Qξ and Cξ . The first one is

conserved for any type of Carrollian conservation laws given by (4.3), (4.4), (4.5) and (4.6),

while the second is conserved only when the Carrollian momenta Bi vanishes. We recall

their expression:

Qξ =
∫

Σt

ddx
√

a ξi

(

Bi + bjΣ
ji
)

and Cξ =
∫

Σt

ddx
√

a
(

XE − ξ iπi + 2biξ
jAi

j

)

. (A.1)

In this appendix we show that both of them are also representations of the (conformal) Car-

rollian Killing algebra.

Consider two Carrollian Killing vectors ξ and η. It is possible to decompose them in a

coordinate basis,

ξ = ξt(t,x)∂t + ξ i(x)∂i and η = ηt(t,x)∂t + ηi(x)∂i, (A.2)

or in a Carroll-covariant one,

ξ =
X

Ω
∂t + ξ i∂̂i and η =

Y

Ω
∂t + ηi∂̂i, (A.3)

where X = Ωξt − biξ
i, Y = Ωηt − biη

i and ∂̂i is the Carroll-covariant spatial derivative de-

fined in 2.2. The commutator of ξ and η is given by

λ ≡ [ξ,η] =
(

ξt∂tη
t − ηt∂tξ

t + ξk∂kηt − ηk∂kξt
)

∂t +
(

ξk∂kηi − ηk∂kξ i
)

∂i =
L

Ω
∂t + λi∂̂i.

(A.4)
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For ξ and η Carrollian Killing vectors, we define the two following quantities

{Qξ ,Qη} ≡
∫

Σt

ddxδη

[√
a ξi

(

Bi + bjΣ
ji
)]

,

{Cξ ,Cη} ≡
∫

Σt

ddxδη

[√
a
(

XE − ξ iπi + 2biξ
jAi

j

)]

,
(A.5)

where δη is the Lie derivative w.r.t. η acting on the metric fields and the momenta, but not

on ξt and ξ i. We want to show that, up to boundary terms,

{Qξ ,Qη} =Q[ξ,η] and {Cξ ,Cη} = C[ξ,η], (A.6)

the first result being true for any type of Carrollian conservation laws while the second one

holds only when Bi = 0.

We start with the first one, we have

{Qξ ,Qη} =
∫

Σt

ddx

[

δη

√
a ξi

(

Bi + bjΣ
ji
)

+
√

a (δηaik)ξ
k
(

Bi + bjΣ
ji
)

+
√

a ξi

(

δηBi + δηbjΣ
ji + bjδηΣ

ji
)

]

.
(A.7)

We compute the infinitesimal variations of the geometric fields and the Carrollian momenta:

δηaik = ηt∂taik + η j∂jaik + ∂iη
jakj + ∂kη jaij = 0, (A.8)

δη

√
a = ηi∂i

√
a + ηt∂t

√
a + ∂iη

i
√

a = 0, (A.9)

δηbi = ηt∂tbi + η j∂jbi − Ω∂iη
t + bj∂iη

j, (A.10)

δηBi = ηt∂tBi + η j∂jBi −B j∂jη
i, (A.11)

δηΣ
ij = ηt∂tΣ

ij + ηk∂kΣ
ij − Σ

kj∂kηi − Σ
ik∂kη j. (A.12)

The variation of aik and
√

a vanish because η is a Carrollian Killing vector. Then we elimi-

nate every temporal derivative of the Carrollian momenta using the conservation laws (4.5)

and (4.6). Finally performing integration by parts and using properties of the Carrollian

Killing vectors (5.7) and (5.8), we suppress every spatial derivative of the Carrollian mo-

menta to obtain:

{Qξ ,Qη} =
∫

Σt

ddx
√

a λi

(

Bi + bjΣ
ji
)

+ b.t. =Qλ + b.t.. (A.13)

This proves that the charges Qξ form a representation of the Carrollian Killing algebra.
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We now prove the second relation. We have

{Cξ ,Cη}=
∫

Σt

ddx

[

δη

√
a
(

(Ωξt − biξ
i)E − ξ iπi + 2biξ

jAi
j

)

+
√

a
(

(δηΩξt − δηbiξ
i)E + (Ωξt − biξ

i)δηE − ξ iδηπi + 2δηbiξ
jAi

j + 2biξ
jδηAi

j

)

]

.

(A.14)

We compute the infinitesimal variations of the geometric fields and the Carrollian momenta:

δηΩ = ηt∂tΩ + ηi∂iΩ + Ω∂tη
t = 0, (A.15)

δη

√
a = ηi∂i

√
a + ηt∂t

√
a + ∂iη

i
√

a = 0, (A.16)

δηbi = ηt∂tbi + η j∂jbi − Ω∂iη
t + bj∂iη

j, (A.17)

δηE = ηi∂iE + ηt∂tE , (A.18)

δηπi = ηt∂tπi + η j∂jπi + πj∂iη
j, (A.19)

δηAi
j = ηt∂tAi

j + ηk∂kAi
j −Ak

j ∂kηi +Ai
k∂jη

k. (A.20)

The variations of Ω and
√

a are vanishing because η is a Carrollian Killing vector. Then

we eliminate every temporal derivative of the Carrollian momenta using the conservation

laws (5.14) and (5.15). Finally performing integration by parts and using properties of the

Carrollian Killings, (5.7) and (5.8), we suppress every spatial derivative of the Carrollian

momenta to obtain:

{Cξ ,Cη} =
∫

Σt

ddx
√

a

[

(

Ω(ξt∂tη
t − ηt∂tξ

t + ξk∂kηt − ηk∂kξt)− bi(ξ
k∂kηi − ηk∂kξ i)

)

E

− (ξk∂kηi − ηk∂kξ i)πi + 2bi(ξ
k∂kη j − ηk∂kξ j)Ai

j

]

+ b.t.,

(A.21)

which corresponds to

{Cξ ,Cη}=
∫

Σt

ddx
√

a
(

LE − ξ iπi + 2biλ
jAi

j

)

+ b.t. = Cλ + b.t.. (A.22)

Therefore, up to boundary terms, the charges Cξ form a representation of the Carrollian

Killing algebra.

We can extend the previous results to the conformal Carrollian Killing algebra when

imposing Σi
i = 0 and the conformal state equation E = −2Ai

i.
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ABSTRACT

We describe the dynamics of two-dimensional relativistic and Carrollian fluids. These are
mapped holographically to three-dimensional locally anti-de Sitter and locally Minkowski
spacetimes, respectively. To this end, we use Eddington–Finkelstein coordinates, and grant
general curved two-dimensional geometries as hosts for hydrodynamics. This requires to
handle the conformal anomaly, and the expressions obtained for the reconstructed bulk met-
rics incorporate non-conformal-fluid data. We also analyze the freedom of choosing arbi-
trarily the hydrodynamic frame for the description of relativistic fluids. This freedom breaks
down in the dual gravitational picture, and fluid/gravity correspondence turns out to be
sensitive to dissipation processes: the fluid heat current is a necessary ingredient for recon-
structing all Bañados asymptotically anti-de Sitter solutions. The same feature emerges for
Carrollian fluids, which enjoy a residual frame invariance, and their Barnich–Troessaert lo-
cally Minkowski duals. These statements are proven by computing the algebra of surface
conserved charges in the fluid-reconstructed bulk three-dimensional spacetimes.
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1 Introduction

Fluid/gravity correspondence is a macroscopic spin-off of holography, originally mapping

relativistic fluid configurations onto Einstein spacetimes. These are obtained in the form of

a derivative expansion [1–4], inspired from the fluid homonymous expansion (see e.g. [5,6]),

and implemented in Eddington–Finkelstein coordinates.

Compared to the Fefferman–Graham expansion [7, 8], the derivative expansion has the

following distinctive features:

• the spacetime metric is expanded using a null direction rather than a spatial one;

• the boundary data include a vector congruence, interpreted as the fluid velocity field,

whose derivatives set the order of the expansion;

• the derivative expansion is generically well behaved in the bulk flat limit.

The third property has recently allowed to set up a derivative expansion for asymptotically

flat spacetimes, establishing thereby, at least macroscopically, a holographic correspondence

among Ricci-flat bulk solutions and boundary Carrollian hydrodynamics [9]. The second

feature raises another important question, regarding the role played by the boundary fluid

velocity.

1



The fluid velocity field is absent in the Fefferman–Graham expansion, which provides an

Einstein bulk reconstruction solely based on the boundary metric and the boundary energy–

momentum tensor. This should not be a surprise because the velocity field of a relativistic

fluid is not a physical observable. To some extent it can be chosen freely, altering neither

the energy–momentum tensor nor the entropy current, but only transforming the various

pieces that enter the decomposition of these quantities with respect to its longitudinal and

transverse directions [10].

However, the fluid congruence appears explicitly in the derivative expansion (it actually

organizes the latter). Following the above logic, it should be possible to transform it while

keeping unchanged the boundary metric and energy–momentum tensor, and this should

not affect the reconstructed bulk metric. This reasoning is too naive, though. Indeed when

writing the derivative expansion, some implicit gauge choice may be made, partly locking

the form of the velocity. If this does not happen, the velocity transformation is expected to be

reabsorbed by some appropriate bulk diffeomorphism. Such a diffeomorphism is possibly

a large one, in which case the two fluid congruences definitely lead to two distinct dual

spacetimes.

Analyzing the role of the velocity field in the fluid/gravity derivative expansion is not

an easy task. Generically the derivative expansion is given in the form of a series, built

on Weyl covariance, and furthermore assuming the Landau–Lifshitz frame, as in [1–4]. In

this framework, it is difficult to disentangle the various contributions and investigate the

behaviour under a congruence transformation. In some more specific classes, it is possible to

resum the derivative expansion (see [11–15]), if we abandon the Landau–Lifshitz frame and

impose integrability conditions relating the heat current and stress tensor to the boundary

geometry. The latter blur the transformation properties under a change of fluid congruence.

One aim of the present work is to analyze the role of the fluid congruence in an instance

where these problems are overcome. This occurs in three bulk dimensions because all expan-

sions, Fefferman–Graham or derivative, are naturally truncated to a finite number of terms,

and because asymptotically anti-de Sitter spacetimes are necessarily locally anti-de Sitter. A

class of such spacetimes is known as Bañados solutions [16,17], labeled unambiguously with

their conserved surface charges. Hence, showing that the fluid velocity cannot be chosen at

wish, as naively expected, is within reach.

Ricci-flat spacetimes are dual to Carrollian hydrodynamics emerging at null infinity [18].

In some instances, Carrollian fluids possess a residual frame invariance involving a kine-

matical parameter reminiscent of the relativistic velocity field. The latter enters the flat

derivative expansion, and it is legitimate to ask the same questions as for the anti-de Sit-

ter spacetimes. Again, answering is possible in three dimensions, in which case all Ricci-flat

spacetimes compatible with a set of fall-off conditions are described in [19], again in terms

of their surface-charge algebra. These are locally Minkowskian and will be referred to as

2



Barnich–Troessaert solutions.

In order to undertake the above analysis we must rely on robust derivative expansions.1

In other words, we need expressions that provide the bulk dual (Einstein or Ricci-flat) of an

arbitrary fluid, hosted by any two-dimensional geometry. Such expressions are not available

in full generality for the relativistic fluids, and are unknown for Carrollian fluids. Another

goal we have pursued here is to settle them. For the Carrollian case, our fluid reconstruc-

tion of flat spacetimes resembles the general formulas given in BMS (Bondi–Metzner–Sachs)

gauge in [19].2 In the relativistic case, we exhibit a universal resummation formula, which

turns out to be a BMS-like alternative to the existing Fefferman–Graham expression [17, 19].

Its prime virtue is to accommodate the conformal anomaly arising from the curvature of the

boundary, which has a detectable counterpart in the Carrollian situation.

The output of the above analysis regarding the freedom in hydrodynamic frame confirms

our suspicion. Indeed, computing the asymptotic charges,3 we show that the holographic re-

construction of all AdS and flat spacetimes requires the boundary fluid (relativistic or Carrol-

lian) have a non-vanishing heat current. In this instance, the charge algebra is either Virasoro

or BMS with the expected central charges. Dismissing the heat current, the solutions carry

surface charges obeying algebras of the same type, with vanishing central charges though.

This is typical of non-spinning BTZ zero modes [23–25] and of their flat counterparts, in-

cluding angular defects or excesses (see [26] for a global view on both situations).

In Sec. 2 we review two-dimensional relativistic conformal fluid dynamics, and expand

its Carrollian limit, insisting on the hydrodynamic-frame invariance. Section 3 is devoted

to the general method of holographic reconstruction of asymptotically AdS and flat space-

times. This method is applied in Sec. 4 for flat two-dimensional boundary metrics, without

loosing generality, and followed by the computation of charges, which enables us to reach a

conclusive analysis on the solutions under investigation.

2 Two-dimensional fluids

2.1 Relativistic fluids

General properties

We consider a two-dimensional geometryM equipped with a metric ds2 = gµνdxµdxν. The

dynamics of a relativistic fluid is captured by the energy–momentum tensor T = Tµνdxµdxν,

1Expansion is an abuse of terminology in three dimensions because there, it is naturally truncated. We will
often make it, and use the word resummation for simple sums .

2In three dimensions the derivative expansion, implemented in Eddington–Finkelstein coordinates, has
falloffs similar to those of the BMS gauge. A slight difference will be stressed in due time. This is not true
in higher dimension.

3Useful references for the analysis of asymptotic charges are e.g. [20, 21]. Our surface charge computations
have been performed using the package [22], built using the conventions of the papers just quoted.
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which is symmetric (Tµν = Tνµ) and generally obeys:

∇µTµν = fν, (2.1)

where fν is an external force density. Together with the equation of state (local thermody-

namic equilibrium is assumed), this set of equations provide the hydrodynamic equations of

motion. Normalizing the velocity congruence u as ‖u‖2 = −k2, we can in general decompose

the energy–momentum tensor as

Tµν = (ε + p)
uµuν

k2 + pgµν + τµν +
uµqν

k2 +
uνqµ

k2 (2.2)

with p the local pressure and ε the local energy density:

ε =
1
k2 Tµνuµuν. (2.3)

The symmetric viscous stress tensor τµν and the heat current qµ are purely transverse:

uµτµν = 0, uµqµ = 0, qν = −εuν − uµTµν. (2.4)

In two dimensions, the transverse direction with respect to u is entirely supported by the

Hodge-dual ∗u:4

∗ uρ = uσησρ. (2.5)

This dual congruence is space-like and normalized as ‖ ∗ u‖2 = k2. Therefore

q = χ ∗ u with χ = − 1
k2 ∗ uµTµνuν, (2.6)

the local heat density, appearing here as the magnetic dual of the energy density. Similarly,

the viscous stress tensor has a unique component encoded in the viscous stress scalar τ:5

τµν = τhµν with hµν =
1
k2 ∗ uµ ∗ uν (2.7)

the projector onto the space transverse to the velocity field. The trace reads: T
µ
µ = p − ε + τ.

The pressure p and the viscous stress scalar τ appear in the fully transverse component

of the energy–momentum tensor. Their sum is therefore the total stress. If the system is free

and at global equilibrium, τ vanishes and the stress is given by the thermodynamic pressure p

alone. Hence, the viscous stress scalar τ is usually expressed as an expansion in temperature

and velocity gradients, and this distinguishes it from p. The same holds for the heat current

4Our conventions are: ησρ =
√

g ǫσρ with ǫ01 = +1. Hence ηµσησν = δ
µ
ν .

5This component of the energy–momentum tensor is also referred to as the viscous bulk pressure, or the dynamic
pressure, or else the non-equilibrium pressure.
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q. The coefficients of these expansions characterize the transport phenomena occurring in

the fluid.

The shear and the vorticity vanish identically in two spacetime dimensions. The only

non-vanishing first-derivative tensors of the velocity are the acceleration and the expansion

aµ = uν∇νuµ, Θ =∇µuµ, (2.8)

and one defines similarly the expansion of the dual congruence as6

Θ
∗ =∇µ ∗ uµ, (2.9)

which enables us expressing the acceleration:

aµ = Θ
∗ ∗ uµ. (2.10)

In first-order hydrodynamics7

τ(1) = −ζΘ, (2.11)

χ(1) = − κ

k2 (∗u(T) + TΘ
∗) . (2.12)

As usual, ζ is the bulk viscosity and κ is the thermal conductivity – assumed constant in this

expression.

It is convenient to use the orthonormal Cartan frame {u/k, ∗u/k}. Then the metric reads:

ds2 =
1
k2

(−u2 + ∗u2) , (2.13)

while the energy–momentum tensor takes the form:

T =
1

2k2

(

(ε + χ) (u + ∗u)2 + (ε − χ) (u − ∗u)2
)

+
1
k2 (p − ε + τ) ∗ u2. (2.14)

In holographic systems, the boundary enjoys remarkable conformal properties as it de-

fines a conformal class, rather than a specific metric. Under Weyl transformations

ds2 → ds2

B2 , (2.15)

the velocity form components uµ are traded for uµ/B, the energy and heat densities have

6The hodge-dual of a scalar is a two-form and would spell with a suffix star. Instead, Θ∗ is just another scalar.
7For any vector v and a function f , v( f ) stands for vµ∂µ f . We remind the following identities: d†d f = −� f

with d†w = ∗d ∗ w = −∇µwµ and d f = 1
k2 (∗u( f ) ∗ u − u( f )u), ∗d f = 1

k2 (∗u( f )u − u( f ) ∗ u).
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weight 2, and the local-equilibrium equation of state is conformal

ε = p, (2.16)

which is accompanied by Stefan’s law (σ is the Stefan–Boltzmann constant):

ε = σT2. (2.17)

Hence, the trace of the energy–momentum tensor is τ. In the absence of anomalies it van-

ishes and Tµν is invariant under (2.15). If τ is non-vanishing, the fluid is not conformal and

τ is an anomalous weight-2 quantity.

Covariantization with respect to rescalings requires to introduce a Weyl connection one-

form:8

A =
1
k2 (a − Θu) =

1
k2 (Θ

∗ ∗ u − Θu) , (2.18)

which transforms as A → A − dlnB. Ordinary covariant derivatives ∇ are thus traded

for Weyl covariant ones D = ∇ + w A, w being the conformal weight of the tensor under

consideration. We provide for concreteness the Weyl covariant derivative of a form vµ and

of a scalar function Φ, both of weight w:

Dνvµ =∇νvµ + (w + 1)Aνvµ + Aµvν − gµν Aρvρ,

DνΦ = ∂νΦ + wAνΦ.
(2.19)

The Weyl covariant derivative is metric-compatible with effective torsion:

Dρgµν = 0, (2.20)
(

DµDν −DνDµ

)

f = w f Fµν, (2.21)

where

Fµν = ∂µ Aν − ∂ν Aµ (2.22)

is the Weyl-invariant field strength. Its dual

F = ∗dA = ηµν∂µ Aν =
1
k2 (∗u(Θ)− u(Θ∗)) (2.23)

is a weight-2 scalar.

Commuting the Weyl-covariant derivatives acting on vectors, one defines the Weyl co-

variant Riemann tensor

(

DµDν −DνDµ

)

Vρ =R
ρ
σµνVσ + wFµνVρ (2.24)

8The explicit form of A is obtained by demandingDµuµ = 0 and uλDλuµ = 0.
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(Vρ are weight-w) and the usual subsequent quantities. In two spacetime dimensions, the

covariant Ricci tensor (weight-0) and the scalar (weight-2) curvatures read:

Rµν = Rµν + gµν∇λ Aλ − Fµν, (2.25)

R = R + 2∇µ Aµ. (2.26)

It turns out that Rµν + gµν∇λ Aλ vanishes identically. Hence

R = 0 ⇔ R = 2d†A and Rµν = −Fµν. (2.27)

The ordinary scalar curvature has a weight-2 anomalous transformation

R →B2 (R + 2� lnB) (2.28)

(the box operator is here referring to the metric before the Weyl transformation).

Hydrodynamic equations and the hydrodynamic-frame covariance

Using the above tools as well as the identity

∇µTµν =D
µTµν − AνT

µ
µ, (2.29)

(based on Eqs. (2.19) and Leibniz rule, for a weight-0, rank-2 symmetric tensor), the general

fluid equations (2.1) with ε = p, projected on the light-cone directions u ± ∗u read:9







(uµ + ∗uµ)Dµ (ε + χ) + (uµ − ∗uµ) fµ = −Θτ − Θ∗τ − ∗u(τ),

(uµ − ∗uµ)Dµ (ε − χ) + (uµ + ∗uµ) fµ = −Θτ + Θ∗τ + ∗u(τ).
(2.30)

Equivalently, these equations are expressed as















d
(

√

ε + χ + τ/2 (u + ∗u)
)

+
1

2
√

ε + χ + τ/2
(u − ∗u) ∧ ∗

(

f − 1
2dτ

)

= 0,

d
(

√

ε − χ + τ/2 (u − ∗u)
)

− 1

2
√

ε − χ + τ/2
(u + ∗u) ∧ ∗(f − 1

2dτ
)

= 0.
(2.31)

Changing hydrodynamic frame, i.e. the fluid velocity field, amounts to perform an arbi-

trary local Lorentz transformation on the Cartan mobile frame

(

u′

∗u′

)

=

(

coshψ(x) sinhψ(x)

sinhψ(x) coshψ(x)

)(

u

∗u

)

, (2.32)

9Notice that any congruence with w = −1 in two dimensions obeysDµuν = ∇µuν +
1
k2 uµaν − Θhµν = 0 due

to the absence of shear and vorticity, and similarlyDµ ∗ uν = 0.
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or for the null directions u′ ± ∗u′ = (u ± ∗u) e±ψ. This affects the Weyl connection and Weyl

curvature scalar as follows

A′ = A − ∗dψ (2.33)

F′ = F + �ψ. (2.34)

The transformation (2.32) keeps the energy–momentum tensor invariant provided the

energy density and the heat density transform appropriately. Imposing that in the new frame

(2.16) holds, i.e. ε′ = p′, we conclude that

(

ε′

χ′

)

=

(

cosh2ψ(x) −sinh2ψ(x)

−sinh2ψ(x) cosh2ψ(x)

)(

ε

χ

)

+ τ sinhψ(x)

(

sinhψ(x)

−coshψ(x)

)

, (2.35)

while, due to the invariance of the trace,

τ′ = τ. (2.36)

Equivalently one can use
√

(

ε′ ± χ′ + τ′
2

)

=
√

(

ε ± χ + τ
2

)

e∓ψ.

The energy–momentum tensor can be diagonalized with a specific local Lorentz transfor-

mation. By definition, the corresponding hydrodynamic frame is the Landau–Lifshitz frame,

where the heat current χLL is vanishing. We find

T =
εLL

k2 u2
LL +

εLL + τ

k2 ∗ u2
LL (2.37)

since τLL = τ and χLL = 0. The latter condition allows to find the local boost towards the

Landau–Lifshitz frame

e4ψLL =
ε + χ + τ/2

ε − χ + τ/2
. (2.38)

With this, the eigenvalues are easily computed. One finds the Landau–Lifshitz energy den-

sity

εLL =

√

(

ε + χ +
τ

2

)(

ε − χ +
τ

2

)

− τ

2
. (2.39)

It exhibits an upper bound for χ2, χ2
max = (ε + τ/2)2, which translates causality and unitarity

properties of the underlying microscopic field theory. The eigenvalue10 εLL is supported by

the time-like eigenvector

uLL =
1
2

(

(

ε + χ + τ/2

ε − χ + τ/2

)1/4

(u + ∗u) +
(

ε − χ + τ/2

ε + χ + τ/2

)1/4

(u − ∗u)

)

, (2.40)

10We make for simplicity the implicit assumption that the energy density is positive. This needs not be true,
however, and the holographic fluid dual to pure AdS3 has indeed negative energy.
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whereas

ε∗LL = εLL + τ =

√

(

ε + χ +
τ

2

)(

ε − χ +
τ

2

)

+
τ

2
(2.41)

is the eigenvalue along the space-like eigenvector ∗uLL. Using the above expressions in the

Landau–Lifshitz frame, the fluid equations (2.31) are recast as follows







2
√

εLL d† (
√

εLL uLL)− uLL · f − ΘLLτ = 0,

2
√

ε∗LL d† (√ε∗LL ∗ uLL
)

+ ∗uLL · f + Θ∗
LLτ = 0.

(2.42)

A non-anomalous conformal fluid in two dimensions is defined through the relations

(2.16), (2.17) and

τ = 0. (2.43)

Under these assumptions, the last term of (2.14) drops, whereas following the fluid equations

(2.31) at zero external force (f = fµdxµ = 0), the forms
√

ε ± χ (u± ∗u) are closed, and can be

used to define a privileged light-cone coordinate system, adapted to the fluid configuration.

In this specific case, the on-shell Weyl scalar curvature reads

F = −1
2
� ln

√

ε + χ

ε − χ
. (2.44)

For conformal fluids, the hydrodynamic-frame transformation (2.32) acts on the energy and

heat densities as a spin-two electric–magnetic boost, the energy being electric and the heat

magnetic.

The entropy current

We would like to close this overview on two-dimensional conformal fluids with the entropy

current. The entropy appears in Gibbs–Duhem equation

Ts = p + ε, (2.45)

and is easily computed for conformal fluids in terms of the energy density, using Eq. (2.16)

and Stefan’s law (2.17):

s = 2
√

σε . (2.46)

The entropy current is an involved concept. In arbitrary dimension, there is no generic

and closed expression in terms of the dissipative tensors for this current, which is generally

constructed order by order as a derivative expansion (see [27]). Whether this expansion can

be hydrodynamic-frame invariant, and at the same time compatible with the underlying

already quoted microscopic laws (unitarity and causality) as well as with the second law

of thermodynamics is not known in full generality, although this is in principle part of the

9



rationale behind frame invariance.

In two dimensions, the ingredients for building a hydrodynamic-frame-invariant en-

tropy current are the time-like invariant vector uLL (given in (2.40)) and its space-like dual

∗uLL, plus the invariant scalars εLL and ε∗LL (or any combination, see (2.39) and (2.41)). The

entropy current should have non-negative divergence, vanishing for a free (i.e. at zero exter-

nal force) perfect fluid. In the case at hand, a perfect fluid is necessarily conformal since it

must have vanishing τ.

A good candidate for a hydrodynamic-frame-invariant entropy current is

S0 = sLLuLL = 2
√

σεLL uLL, (2.47)

which can be expressed in any frame using Eqs. (2.39) and (2.40). This is usually adopted

as the entropy current of a perfect fluid, and in that case it is divergence-free when external

forces vanish. Here, it obeys (see (2.42))

∇ · S0 = −
√

σ

εLL
(ΘLLτ + uLL · f) = − 1

TLL
(ΘLLτ + uLL · f) , (2.48)

which can be recast in terms of arbitrary-frame data using the already quoted (2.39), (2.40)

and the divergence of the latter. Expanding this result up to first order for χ,τ ≪ ε, we find

for a free fluid

∇ · S0(1) = − 1
T

Θτ =
ζ

T
Θ

2 , (2.49)

where we have used in the last equality the first-order derivative expansion of τ, given in

(2.11). For this to be positive one finds the usual requirement ζ > 0. From this perspective,

the current S0 seems fine.

The expansion of S0 up to second order in χ,τ ≪ ε,

S0 = 2
√

σε u + χ

√

σ

ε
∗ u − χ2

4ε

√

σ

ε
u − τχ

2ε

√

σ

ε
∗ u + · · · = su +

q
T
− χ2

4εT
u − τ

2εT
q + · · · ,

(2.50)

is in agreement with the usual expectations dictated by extended irreversible thermodynamics

(completing the first-order classical irreversible thermodynamics) [27]. These can be summa-

rized as follows, the order referring to the dissipative expansion:

1. free perfect limit: S|χ=τ=0 = S(0) = su = 2
√

σε u;

2. stability ∂S·u
∂τ

∣

∣

∣

χ=τ=0
= 0;

3. first-order (CIT) correction: S(1) =
q
T ;

4. second-order (EIT) corrections: S(2) might contain τ2

εT u, χ2

εT u and τ
εT q;

5. second law: ∇ · S > 0.
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Other invariant terms may be considered in the definition of S as long as the above require-

ments are satisfied. In the absence of a concrete proposal for selecting other terms, we will

not pursue the argument any further. Related discussions can be found in [28–31].11

2.1.1 Light-cone versus Randers–Papapetrou frames

Light-cone frame Every two-dimensional metric is amenable by diffeomorphisms to a con-

formally flat form. This suggests to use:12

ds2 = e−2ωdx+dx− (2.51)

(with usual time and space coordinates defined as x± = x ± kt), where ω is an arbitrary

function of x+ and x−.

Any normalized congruence has the following form:

u = u+dx+ + u−dx− ⇔ ∗u = −u+dx+ + u−dx−, (2.52)

where u±, functions of x+ and x−, are related by the normalization condition

u+u− = − k2

4
e−2ω. (2.53)

We can parameterize the velocity field as

u+ = − k

2
e−ω

√

ξ , u− =
k

2
e−ω 1√

ξ
, (2.54)

where ξ = ξ(x+, x−) is defined as the ratio

ξ = −u+

u−
. (2.55)

The choice ξ = 1 corresponds to a comoving fluid because in this case u = −k2e−ωdt.

For the congruence at hand

Θ ± Θ
∗ = ±2ke2ω∂±e−(ω±ln

√
ξ ). (2.56)

We can also determine the Weyl connection and field strength:

A = −dω + ∗d ln
√

ξ and F = −� ln
√

ξ = −2e2ω∂+∂− lnξ, (2.57)

11It should be quoted that S as defined in (2.47) does not coincide with the entropy current proposed in Ref.
[31]. Hydrodynamic-frame invariance and CIT/EIT arguments were not part of the agenda in this work, based
essentially on the second law of thermodynamics.

12With this choice, g+− = 1/2 e−2ω , η+− = 1/2e−2ω, η+− = −2e2ω , η +
+ = 1, η −

− = −1. Notice also that
∗(dx+ ∧ dx−

)

= η+− = −2e2ω .
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whereas the ordinary (non Weyl-covariant) scalar curvature reads (see (2.27))

R = 2�ω = 8e2ω∂+∂−ω. (2.58)

In the present light-cone frame {dx+,dx−}, the components of a general energy–momentum

tensor, with ǫ = p, are

T++ =
ξ

2

(

ε − χ +
τ

2

)

e−2ω, T−− =
1

2ξ

(

ε + χ +
τ

2

)

e−2ω,

T+− = T−+ =
τ

4
e−2ω.

(2.59)

For a conformal fluid Eqs. (2.43) lead to T+− = T−+ = 0 and

(ε + χ)(ε − χ) = 4e4ωT++T−−,
ε + χ

ε − χ
=

T−−
T++

ξ2. (2.60)

In the latter case, and in the absence of external forces, the forms (2.31) are closed, which in

light-cone coordinates implies that (ε − χ)e−2ωξ is locally a function of x+, and (ε + χ) e−2ω

ξ

a function of x−. Observe that in the Landau–Lifshitz frame (χLL = 0)

ξ2
LL =

T++

T−−
, ε2

LL = 4e4ωT++T−−. (2.61)

In this frame, on-shell, F vanishes. Moving from a given hydrodynamic frame to another by

a local Lorentz boost, amounts to perform the following transformation on the function ξ

ξ(x+, x−)→ ξ′(x+, x−) = e−2ψ(x+,x−)ξ(x+, x−). (2.62)

Randers–Papapetrou frame The light-cone frame is not well suited for the Carrollian limit,

which is the ultra-relativistic limit reached at vanishing k, and emerging at the null-infinity

conformal boundary of a flat spacetime (subject of next section). As discussed in [18], Car-

rollian fluid dynamics is elegantly reached in the Randers–Papapetrou frame, where

ds2 = −k2 (Ωdt − bxdx)2 + adx2 (2.63)

with all three functions of the coordinates t and x.

A generic velocity vector field u reads:

u = γ (∂t + vx∂x) . (2.64)
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It is convenient to parametrize the velocity vx (see [18]) as13

vx =
k2Ωβx

1 + k2βββ · bbb
⇔ βx =

vx

k2Ω

(

1 − vxbx
Ω

) (2.65)

with Lorentz factor

γ =
1 + k2βββ · bbb

Ω
√

1 − k2βββ2
. (2.66)

The velocity form and its Hodge-dual read:

u = − k2
√

1 − k2βββ2
(Ωdt − (bx + βx)dx) , ∗u = k

√
a Ωγ (dx − vxdt) , (2.67)

while the corresponding vector is

∗ u =
k√

a
√

1 − k2βββ2

(

bx + βx

Ω
∂t + ∂x

)

. (2.68)

We can determine the form of the heat current q, which must be proportional to ∗u, in

terms of a single component qx. We find

χ =
qx

k
√

a Ωγ
=

qx
√

a
√

1 − k2βββ2

k
. (2.69)

Similarly, for the viscous stress tensor

τ =
τxx

aΩ2γ2 = τxxa
(

1 − k2βββ2) . (2.70)

Performing a local Lorentz boost (2.32) on the hydrodynamic frame does not affect the

geometric objects Ω, bx or a, and is thus entirely captured by the transformation of the vector

βββ. Parameterizing the boost in terms of a Carrollian vector BBB = Bx∂x as

coshψ = Γ =
1√

1 − k2BBB2
, sinhψ = Γk

√
a Bx =

k
√

a Bx

√
1 − k2BBB2

, (2.71)

we get:

βββ′ =
βββ + BBB

1 + k2βββ · BBB
, (2.72)

as expected from the velocity rule composition in special relativity. Using (2.35), we also

13With these definitions, βx transforms as the component of a genuine Carrollian vector βββ = βx∂x, when
considering the flat limit of the bulk spacetime. Notice that βx + bx = −Ωux

ku0
. We define as usual bx = axxbx,

βx = axxβx, vx = axxvx with axx = 1/axx = a, bbb2 = bxbx, βββ2 = βββ · βββ = βx βx and bbb · βββ = bxβx .

13



obtain

ε′ =
1

1 − k2BBB2

((

1 + k2BBB2) ε − k
√

a Bx2χ + k2BBB2τ
)

, (2.73)

χ′ =
1

1 − k2BBB2

((

1 + k2BBB2)χ − k
√

a Bx(2ε + τ)
)

, (2.74)

accompanying (2.36). Together with (2.69) and (2.70), we finally reach:

q′x√
a

=
((

1 + k2BBB2)χ − k
√

a Bx(2ε + τ)
)

k

(

1 + k2 (βββ · BBB + (βββ + BBB) · bbb)
)

(1 − k2βββ2)
1/2 (1 − k2BBB2)

3/2
, (2.75)

τ′
xx

a
= τ

(

1 + k2 (βββ · BBB + (βββ + BBB) · bbb)
)2

(1 − k2βββ2) (1 − k2BBB2)
. (2.76)

2.2 Carrollian fluids

The Carrollian geometry

The Carrollian geometry R ×S is obtained as the vanishing-k limit of the two-dimensional

pseudo-Riemannian geometryM equipped with metric (2.63). In this limit, the line S in-

herits a metric14

dℓ2 = adx2, (2.77)

and t ∈ R is the Carrollian time. Much like a Galilean space is observed from a spatial frame

moving with respect to a local inertial frame with velocity w, a Carrollian frame is described

by a form bbb = bx(t, x)dx. The latter is not a velocity because in Carrollian spacetimes motion

is forbidden. It is rather an inverse velocity, describing a “temporal frame” and plays a dual

role. A scalar Ω(t, x) also remains in the k → 0 limit (as in the Galilean case, see [18] – this

reference will be useful along the present section).

We define the Carrollian diffeomorphisms as

t′ = t′(t, x) and x′ = x′(x). (2.78)

The ordinary exterior derivative of a scalar function does not transform as a form. To over-

come this issue, it is desirable to introduce a Carrollian derivative as

∂̂x = ∂x +
bx

Ω
∂t, (2.79)

transforming as a form. With this derivative we can proceed and define a Carrollian covari-

ant derivative ∇̂x, based on Levi–Civita–Carroll connection

γ̂x
xx = ∂̂x ln

√
a . (2.80)

14This metric lowers all x indices.
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As we will see in 3.2, in the framework of flat holography, the spatial surface S emerges

as the null infinity I + of the Ricci-flat geometry. The geometry of I + is equipped with a

conformal class of metrics rather than with a metric. From a representative of this class, we

must be able to explore others by Weyl transformations, and this amounts to study conformal

Carrollian geometry as opposed to plain Carrollian geometry (see [32]).

The action of Weyl transformations on the elements of the Carrollian geometry on a sur-

face S is inherited from (2.15)

a → a

B2 , bx →
bx

B , Ω → Ω

B , βx →
βx

B , (2.81)

where B = B(t, x) is an arbitrary function. However, the Levi–Civita–Carroll covariant

derivatives are not covariant under (2.81). Following [18], they must be replaced with Weyl–

Carroll covariant spatial and time metric-compatible derivatives built on the Carrollian ac-

celeration ϕx and the Carrollian expansion θ,

ϕx =
1
Ω

(∂tbx + ∂xΩ) = ∂t
bx

Ω
+ ∂̂x ln Ω, (2.82)

θ =
1
Ω

∂t ln
√

a , (2.83)

which transform as connections:

ϕx → ϕx − ∂̂x lnB, θ →Bθ − 1
Ω

∂tB. (2.84)

In particular, these can be combined in15

αx = ϕx − θbx, (2.85)

transforming under Weyl rescaling as

αx → αx − ∂x lnB. (2.86)

The spatial Weyl–Carrol derivative is

D̂xΦ = ∂̂xΦ + wϕxΦ, (2.87)

for a weight-w scalar function Φ, and

D̂xVx = ∇̂xVx + (w − 1)ϕxVx, (2.88)

15Contrary to ϕx, αx is not a Carrollian one-form, i.e. it does not transform covariantly under Carrollian
diffeomorphisms (2.78).
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for a vector with weight-w component Vx. It does not alter the conformal weight, and is

generalized to any tensor by Leibniz rule.

Similarly we define the temporal Weyl–Carroll derivative by its action on a weight-w

function Φ
1
Ω
D̂tΦ =

1
Ω

∂tΦ + wθΦ, (2.89)

which is a scalar of weight w + 1 under (2.81). Accordingly, the action of the Weyl–Carroll

time derivative on a weight-w vector is

1
Ω
D̂tV

x =
1
Ω

∂tV
x + wθVx. (2.90)

This is the component of a genuine Carrollian vector of weight w+ 1, and Leibinz rule allows

to generalize this action to any tensor.

The Weyl–Carroll connections have curvature. Here, the only non-vanishing piece is the

curvature one-form resulting from the commutation of D̂x and 1
Ω
D̂t, which has weight 1:

Rx =
1
Ω

(∂tαx − ∂x(θΩ)) =
1
Ω

∂t ϕx − θϕx − ∂̂xθ. (2.91)

Carrollian fluid observables

A relativistic fluid satisfying Eq. (2.1) will obey Carrollian dynamics at vanishing k. The

original relativistic fluid is not at rest, but has a velocity parametrized with βββ = βxdx (see

(2.65)), which remains in the Carrollian limit as the kinematical “inverse-velocity” variable.

We will keep calling it abusively “velocity”. This variable transforms as a Carrollian vector

and allows to define further kinematical objects.

• We introduce the acceleration γγγ = γxdx

γx =
1
Ω

∂tβx. (2.92)

This is not Weyl-covariant, as opposed to

δx = γx − θβx =

√
a

Ω
∂t

βx√
a

, (2.93)

which has weight 0.

• The suracceleration is the weight-1 conformal Carrollian one-form

Ax =
1
Ω
D̂t

1
Ω
D̂tβx =

1
Ω

∂t

(

1
Ω

∂tβx − θβx

)

. (2.94)
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It can be combined with the curvature (2.91), which has equal weight,

sx = Ax +Rx =
1
Ω

∂t

(

1
Ω

∂tβx − θβx

)

+
1
Ω

∂t ϕx − θϕx − ∂̂xθ. (2.95)

This appears as a conformal Carrollian total (i.e. kinematical plus geometric) suraccel-

eration, and enables us to define a weight-2 conformal Carrollian scalar:

s =
sx√

a
. (2.96)

The latter originates from the Weyl curvature F of the pseudo-Riemannian ascendent

manifoldM :

s = − lim
k→0

kF. (2.97)

Notice that the ordinary scalar curvature of M given in (2.27) is not Weyl-covariant

(see (2.28)) and can be expressed in terms of Carrollian non-Weyl-covariant scalars of

R ×S :

R =
2
k2

(

θ2 +
1
Ω

∂tθ

)

− 2
(

∇̂x + ϕx

)

ϕx. (2.98)

Besides the inverse velocity, acceleration and suracceleration, other physical data de-

scribe a Carrollian fluid.

• The energy density ε and the pressure p, related here through ε = p. The Carrollian

energy and pressure are the zero-k limits of the corresponding relativistic quantities,

and have weight 2. It is implicit that they are finite, and in order to avoid inflation of

symbols, we have kept the same notation.

• The heat current πππ = πx(t, x)dx of conformal weight 1, inherited from the relativistic

heat current (see (2.2)) as follows:16

qx = k2πx + O
(

k4
)

. (2.99)

This translates the expected (see (2.69)) small-k behaviour of χ:

χ = χπk + O
(

k3) , (2.100)

16In arbitrary dimensions one generally admits qx = Qx + k2πx + O
(

k4) (see [18]), which amounts assuming
χ =

χQ

k + χπk + O
(

k3). This is actually more natural because vanishing χQ is not a hydrodynamic-frame-
invariant feature in the presence of friction. Keeping χQ , 0, however, is not viable holographically in two
boundary dimensions because it would create a 1/k2 divergence inside the derivative expansion. Since the Car-
rollian limit destroys anyway the hydrodynamic-frame invariance, our choice is consistent from every respect.
Ultimately these behaviours should be justified within a microscopic quantum/statistical approach, missing at
present.
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leading to

πx =
χπ√

a
. (2.101)

• The weight-0 viscous stress tensors ΣΣΣ = Σxxdx2 and ΞΞΞ = Ξxxdx2, obtained from the

relativistic viscous stress tensor τ
k2 ∗ u ∗ u as

τxx = −Σxx

k2 − Ξ
xx + O

(

k2) . (2.102)

For this to hold, following (2.70), we expect

τ =
τΣ

k2 + τΞ + O
(

k2) , (2.103)

and find (in the Carrollian geometry, indices are lowered with axx = a):

Σ
x

x = −τΣ, Ξ
x

x = −τΞ − βββ2τΣ. (2.104)

As we will see later, this is in agreement with the form of τ for the relativistic systems

at hand (see Eqs. (2.98) and (3.2)).

• Finally, we assume that the components of the external force density behave as follows,

providing further Carrollian power and tension:







k
Ω

f0 =
f

k2 + e + O
(

k2
)

,

f x = hx

k2 + gx + O
(

k2
)

.
(2.105)

Hydrodynamic equations

The hydrodynamic equations for a Carrollian fluid are obtained as the zero-k limit of the

relativistic equations (see [18]):

−
(

1
Ω

∂t + 2θ

)

(

ε − βββ2
Σ

x
x

)

+
(

∇̂x + 2ϕx
)

(βxΣ
x

x) + θ
(

Ξ
x

x − βββ2
Σ

x
x

)

= e, (2.106)

θΣ
x

x = f , (2.107)
(

∇̂x + ϕx

)

(ε − Ξ
x

x) + ϕx

(

ε − βββ2
Σ

x
x

)

+

(

1
Ω

∂t + θ

)

(πx + βx (2ε − Ξ
x

x)) = gx, (2.108)

−(∇̂x + ϕx

)

Σ
x

x −
(

1
Ω

∂t + θ

)

(βxΣ
x

x) = hx. (2.109)

Generically, the above equations are not invariant under Carrollian local boosts, acting

as

β′
x = βx + Bx (2.110)
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(vanishing-k limit of (2.72)). This should not come as a surprise. Such an invariance is exclu-

sive to the relativistic case for obvious physical reasons, and is also known to be absent from

Galilean fluid equations, which are not invariant under local Galilean boosts. Nevertheless,

as we will see in Sec. 4, in specific situations a residual invariance persists.

3 Three-dimensional bulk reconstruction

3.1 Anti-de Sitter

Three-dimensional Einstein spacetimes are peculiar because the usual derivative expansion

terminates at finite order. This happens also for the Fefferman–Graham expansion (see

e.g. [17]). The reason is that most geometric and fluid tensors vanish (like the shear or the

vorticity), reducing the number of available terms compatible with conformal invariance.

As opposed to higher dimension, the heat current can nevertheless enter directly. We obtain:

ds2
Einstein = 2

u
k2 (dr + rA) + r2ds2 +

8πG

k4 u (εu + χ ∗ u) , (3.1)

where A is displayed in (2.18), ε and χ being the energy and heat densities of the fluid. These

enter the fluid energy–momentum tensor (2.14) together with τ, which carries the anomaly:

τ =
R

8πG
=

1
4πGk2

(

Θ
2 − Θ

∗2 + u(Θ)− ∗u(Θ∗)
)

(3.2)

(we keep the conformal state equation ε = p). For a flat boundary this anomaly is absent, but

Weyl transformations bring it back.

The metric (3.1) provides an exact Einstein, asymptotically AdS spacetime with R = 6Λ =

−6k2, under the necessary and sufficient condition that the non-conformal fluid energy–

momentum tensor (2.14) obeys

∇µ
(

Tµν + Dµν

)

= 0, (3.3)

where Dµν is a symmetric and traceless tensor which reads:

Dµνdxµdxν =
1

8πGk4

((

u(Θ) + ∗u(Θ∗)− k2

2
R

)

(

u2 + ∗u2)− 4 ∗ u(Θ)u ∗ u
)

. (3.4)

On the one hand, the holographic energy–momentum tensor is the sum Tµν + Dµν, and this

can be shown following the Balasubramanian–Kraus method [33].17 On the other hand, the

holographic fluid is subject to an external force with density

fν = −∇µDµν. (3.5)

17For this computation we used the conventions of [34].
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Its longitudinal and transverse components are







uµ fµ = − 1
4πG

(∗u(F) + 2Θ∗F + 1
2 ΘR

)

,

∗uµ fµ = 1
8πG (∗u(R) + Θ∗R) .

(3.6)

Combining (2.30), (3.2) and (3.6) we find the following equations:







(uµ + ∗uµ)Dµ (ε + χ) = 1
4πG ∗ uµDµF,

(uµ − ∗uµ)Dµ (ε − χ) = 1
4πG ∗ uµDµF.

(3.7)

Notice that eventually these equations are Weyl-covariant (weight-3) despite the conformal

anomaly.

An important remark is in order regarding the holographic fluid. Rather than Tµν, we

could have adopted Tµν + Dµν as its energy–momentum tensor. The latter would have been

decomposed as in (2.2), with ε̃ = p̃ and χ̃ though (τ̃ = τ since Dµν has vanishing trace):

ε̃ = ε +
1

8πGk2 (u(Θ) + ∗u(Θ∗))− R

16πG
, (3.8)

χ̃ = χ − 1
4πGk2 ∗ u(Θ). (3.9)

We did not make this choice for two reasons: (i) in the formula (3.1) we used ε and χ rather

than ε̃ and χ̃ for reconstructing the bulk; (ii) ε and χ/k are finite in the limit of vanishing

k, whereas ε̃ and χ̃/k are not. This last fact is not an obstruction, but it would require to

reconsider the Carrollian hydrodynamic equations developed in Ref. [18] and applied here.

Expression (3.1) is the most general locally AdS spacetime in Eddington–Finkelstein coor-

dinates. The corresponding gauge includes but does not always coincide with BMS.18 From

that perspective, this result is new although it may not contain any new solutions compared

to Bañados’, all captured either in BMS or in Fefferman–Graham gauge (see [19]). The bonus

is the hydrodynamical interpretation. Here the corresponding fluid is defined on a gener-

ally curved boundary and has an arbitrary velocity field. This should be contrasted with

the treatment of three-dimensional fluid/gravity correspondence worked out in Refs. [2, 3],

where the host geometry was flat, avoiding the issue of conformal anomaly. Furthermore

the fluid was assumed perfect by hydrodynamic-frame choice, which permits a subclass of

Bañados solutions only, as we will see in Sec. 4 by computing the conserved charges.

For practical purposes, we can work in light-cone coordinates, introduced in Eq. (2.51).

Using the expression (2.54) for the congruence u, and solving the fluid equations (3.7), we

18There is no definition of Eddington–Finkelstein gauge. Within the three-dimensional derivative expansion,
one can nevertheless refer to it as a gauge because the r-dependence is fixed. This does not exhaust all free-
dom, but allows comparison with BMS. Actually, fluid/gravity approach is not meant to lock completely the
coordinates for describing the most general solution in terms of a minimal set of functions.

20



obtain the fluid densities ε and χ in terms of two arbitrary chiral functions

ε =
e2ω

4πG

(

ℓ+
ξ

+ ξℓ− − 3(∂+ξ)2

4ξ3 +
∂2
+ξ

2ξ2 +
(∂−ξ)2

4ξ
− ∂2

−ξ

2

)

, (3.10)

χ =
e2ω

4πG

(

− ℓ+
ξ

+ ξℓ− +
3(∂+ξ)2

4ξ3 − ∂2
+ξ

2ξ2 +
(∂−ξ)2

4ξ
− ∂2

−ξ

2
+

∂+ξ∂−ξ

ξ2 − ∂+∂−ξ

ξ

)

. (3.11)

Gathering these data inside (3.1) provides, in the gauge at hand, the general class of locally

AdS three-dimensional spacetime with curved conformal boundary. The conformal factor

exp2ω plays actually no role because, as one readily sees from the above expressions, it

can be reabsorbed with the redefinition of r into r expω, bringing (3.1) to its flat-boundary

form.19 As we will shortly see, the arbitrary function ξ(x+, x−) is more insidious regarding

the charges.

We could proceed and display similar expressions in the Randers–Papapetrou boundary

frame, describing the general locally anti-de Sitter spacetimes in terms of the three geomet-

ric data Ω(t, x), bx(t, x) and axx = a(t, x), and whatever integration functions would appear

in the process of solving the hydrodynamic equations (3.7). Usually, this resolution cannot

be conducted explicitly as it happens in light-cone coordinates, and we end up with an im-

plicit description of the bulk metric. We should quote here that a specific example of curved

boundary20 was investigated in Ref. [35], outside of the fluid/gravity framework, and the

output agrees with our general results. We should also stress, following the discussion of

footnote 18, that the Randers–Papapetrou boundary frame produces in (3.1) order-r dtdx

components absent in the BMS gauge.

3.2 Ricci-flat

Our starting point is the finite derivative expansion of an asymptotically AdS3 spacetime,

Eq. (3.1). The fundamental question is whether the latter admits a smooth zero-k limit.

We have implicitly assumed that the Randers–Papapetrou data of the two-dimensional

pseudo-Riemannian conformal boundaryI associated with the original Einstein spacetime,

a, b and Ω, remain unaltered at vanishing k, providing therefore directly the Carrollian data

for the new spatial one-dimensional boundary S emerging at I +. Following again the

detailed analysis performed in [18], we can match the various two-dimensional Riemannian

quantities with the corresponding one-dimensional Carrollian ones:

u = −k2 (Ωdt − (bx + βx)dx) + O
(

k4
)

, ∗u = k
√

a dx + O
(

k3) (3.12)

19This should be contrasted with the more intricate situation regarding this conformal factor inside the analo-
gous formula in Fefferman–Graham gauge, Eq. (2.21) of Ref. [19].

20In that case Ω = exp2β, bx = 0, a = 1 and, in our language, the fluid velocity would have been u =−k2e2βdt,
i.e. comoving.
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and
Θ = θ + O

(

k2
)

,

a = k2 (ϕx + γx)dx + O
(

k4
)

,

A = θΩdt + (αx + δx)dx + O
(

k2
)

,

(3.13)

where the left-hand-side quantities are Riemannian, and the right-hand-side ones Carrollian

(see (2.82), (2.83), (2.85), (2.92), (2.93)).

The closed form (3.1) is smooth at zero k. In this limit the metric reads:

ds2
flat =− 2(Ωdt − bbb − βββ) (dr + r (ϕϕϕ +γγγ + θ (Ωdt − bbb − βββ)))

+ r2dℓ2 + 8πG (Ωdt − bbb − βββ) (ε (Ωdt − bbb − βββ)−πππ) ,
(3.14)

Here dℓ2, Ω, bbb = bxdx, ϕϕϕ = ϕxdx and θ are the Carrollian geometric objects introduced ear-

lier. The bulk Ricci-flat spacetime is now dual to a Carrollian fluid with kinematics captured

in βββ = βxdx and γγγ = γxdx, energy density ε (zero-k limit of the corresponding relativistic

function), and heat current πππ = πxdx (obtained in Eqs.(2.99), (2.100) and (2.101)).

For the fluid under consideration, there is also a pair of Carrollian stress tensors originat-

ing from the anomaly (3.2). Using expressions (2.98) and (2.103), we can determine τΣ and

τΞ, and Eqs. (2.104) provide in turn the Carrollian stress:

Σ
x

x = − 1
4πG

(

θ2 +
∂tθ

Ω

)

, Ξ
x

x =
1

4πG

(

(

∇̂x + ϕx

)

ϕx − βββ2
(

θ2 +
∂tθ

Ω

))

. (3.15)

This is the Carrollian emanation of the relativistic conformal anomaly.

Expression (3.14) will grant by construction an exact Ricci-flat spacetime provided the

conditions under which (3.1) was Einstein are fulfilled in the zero-k limit. These are the

set of Carrollian hydrodynamic equations (2.106), (2.107), (2.108) and (2.109), with Carrol-

lian power and force densities e, f , gx, hx obtained using their definition (2.105) and the

expressions of fµ displayed in (3.6). Equations (2.107) and (2.109) are automatically satisfied,

whereas (2.106) and (2.108) lead to21











1
Ω
D̂tε +

1
4πG

(

2sx

Ω
D̂tβ

x +
βx

Ω
D̂ts

x + D̂ xsx

)

= 0,

D̂xε − βx

Ω
D̂tε +

1
Ω
D̂t (πx + 2εβx) = 0

(3.16)

with sx given in (2.95). The unknown functions, which bear the fluid configuration, are

ε(t, x), πx(t, x) and βx(t, x). These cannot be all determined by the two equations at hand.

Hence, there is some redundancy, originating from the relativistic fluid frame invariance –

responsible e.g. for the arbitrariness of ξ(x+, x−) in the description of AdS spacetimes using

21We remind that Weyl–Carroll covariant derivatives are defined in Eqs. (2.87), (2.88), (2.89) and (2.90). Here
ε, βx , πx and sx have weights 2, 1, 1 and 3. For example D̂xsx = ∇̂xsx + 2ϕxsx = 1√

a
∂̂x(

√
a sx) + 2ϕxsx.
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the light-cone boundary frame. More will be said about this in Sec. 4.2.

Equations (3.16) are Carroll–Weyl covariant. The Ricci-flat line element (3.14) inherits

Weyl invariance from its relativistic ancestor. The set of transformations (2.81), (2.84) and

(2.86), supplemented with ε →B2ε and πx →Bπx, can indeed be absorbed by setting r →Br,

resulting thus in the invariance of (3.14). In the relativistic case this invariance was due to

the AdS conformal boundary. In the case at hand, this is rooted to the location of the one-

dimensional spatial boundary S at null infinity I +.

We would like to close this chapter with a specific but general enough situation to encom-

pass all Barnich–Troessaert Ricci-flat three-dimensional spacetimes. The Carrollian geomet-

ric data are bx = 0, Ω = 1 and a = exp2Φ(t, x), and the kinematic variable of the Carrollian

dual fluid βx is left free. Hence (3.14) reads:

ds2
flat = −2(dt − βxdx) (dr + r (∂tΦdt + (∂t − ∂tΦ)βxdx))

+r2e2Φdx2 + 8πG (dt − βxdx) (εdt − (πx + εβx)dx) , (3.17)

where ε(t, x) and π(t, x) obey Eqs. (3.16) in the form







(∂t + 2∂tΦ) ε +
1

4πG
(2sx (∂t + ∂tΦ) βx + βx (∂t + 3∂tΦ) sx + (∂x + ∂xΦ) sx) = 0,

∂xε + (∂t + ∂tΦ)πx + 2ε∂t βx + βx∂tε = 0.
(3.18)

Here, sx takes the simple form

sx = ∂2
t βx − ∂t (βx∂tΦ)− ∂t∂xΦ. (3.19)

For vanishing βx, the results (3.17) and (3.18) coincide precisely with those obtained in

[19] by demanding Ricci-flatness in the BMS gauge. Here, they are reached from purely

Carrollian-fluid considerations, and for generic βx(t, x), the metric (3.17) lays outside the

BMS gauge.

4 Two-dimensional flat boundary and conserved charges

We will now restrict the previous analysis to non-anomalous and Weyl-flat boundaries, both

in AdS and Ricci-flat spacetimes. This enables us to compute the conserved charges, and

analyze the role of the velocity and the heat current of the boundary fluid.

23



4.1 Charges in AdS spacetimes

The flatness requirements are equivalent to setting R = 0 and F = 0. In the light-cone frame

(2.51), this amounts to (see (2.57) and (2.58))

ω = 0 and ξ(x+, x−) = − ξ−(x−)
ξ+(x+)

, (4.1)

where the minus sign is conventional.

Using the general solutions (3.10) and (3.11) in the bulk expression (3.1), and trading the

chiral functions ℓ± for L± defined as

ℓ± =
1

(ξ±)2

(

L± − (ξ±′)2 − 2ξ±ξ±′′

4

)

, (4.2)

we obtain the following metric:

ds2
Einstein = −1

k

(
√

− ξ−

ξ+
dx+ −

√

− ξ+

ξ−
dx−

)

dr

+

(

L+

k2 − r

2k

√

−ξ+ξ− ξ+′
)(

dx+

ξ+

)2

+

(

L−
k2 − r

2k

√

−ξ+ξ− ξ−′
)(

dx−

ξ−

)2

+

(

r2 +
r

2k

1
√

−ξ+ξ−
(

ξ+′ + ξ−′)+
L+ + L−
k2ξ+ξ−

)

dx+dx−. (4.3)

This metric depends on four arbitrary functions: ξ+(x+) and ξ−(x−) carrying information

about the holographic fluid velocity (see (2.54)), and L+(x+), L−(x−), which together with

ξ+(x+) and ξ−(x−) shape the energy–momentum tensor – here traceless due to the absence

of anomaly for flat boundaries. Indeed we have

ε = − 1
4πG

L+ + L−
ξ+ξ−

, χ =
1

4πG

L+ − L−
ξ+ξ−

, (4.4)

and in turn

T±± =
L±

4πG(ξ±)2 . (4.5)

In three dimensions, any Einstein spacetime is locally anti-de Sitter. Hence, there exists

always a coordinate transformation that can be used to bring it into a canonical AdS3 form.

This is a large gauge transformation whenever the original Einstein spacetime has non-trivial

conserved charges. The determination of the latter is therefore crucial for a faithful identifi-

cation of the solution under consideration. It allows to evaluate the precise role played by

the above arbitrary functions.

The charge computation requires a complete family of asymptotic Killing vectors. Those
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are determined according to the gauge, i.e. to the fall-off behaviour at large-r. The family

(4.3) does not fit BMS gauge, unless ξ± are constant. This is equivalent to saying that the fluid

has a uniform velocity, and can therefore be set at rest by an innocuous global Lorentz boost

tuning ξ+ = 1 and ξ− = −1.22 We will first focus on this case, where the asymptotic Killing

vectors are known, and move next to the other extreme, demanding the fluid be perfect, i.e.

in Landau–Lifshitz hydrodynamic frame. In the latter instance we will have to determine

this family of vectors beforehand, as the gauge will no longer be BMS. Investigating the

general situation captured by (4.3) is not relevant for our argument, which is meant to show

that fluid/gravity holographic reconstruction is hydrodynamic-frame dependent.

Dissipative static fluid As anticipated, this class of solutions is reached by demanding

ξ± = ±1, while keeping L± arbitrary. We obtain

ds2
Einstein = −1

k

(

dx+ − dx−
)

dr + r2dx+dx− +
1
k2

(

L+dx+ − L−dx−
)(

dx+ − dx−
)

, (4.6)

which is the canonical expression of Bañados solutions in BMS gauge. Following (4.4), the

boundary fluid energy and heat densities are ε = 1/4πG (L+ + L−) and χ = −1/4πG (L+ − L−).

Therefore the heat current is not vanishing, and in the present hydrodynamic frame the fluid

is at rest and dissipative.

The class of metrics (4.6) are form-invariant under

ζ = ζr∂r + ζ+∂+ + ζ−∂− (4.7)

with

ζr = − r

2

(

Y+′ + Y−′)+
1
2k

(

Y+′′ − Y−′′)

− 1
2k2r

(L+ − L−)
(

Y+′ − Y−′) , (4.8)

ζ± = Y± − 1
2kr

(

Y+′ −Y−′) , (4.9)

for arbitrary chiral functions Y+(x+) and Y−(x−). These vector fields generate diffeomor-

phisms, which alter the functions appearing in (4.6) according to

−Lζ gMN = δζ gMN =
∂gMN

∂L+
δζ L+ +

∂gMN

∂L−
δζ L− (4.10)

with

δζ L± = −Y±L′
± − 2L±Y±′ +

1
2

Y±′′′. (4.11)

22Observe that one may reabsorb ξ+ and ξ− by redefining dx± → ξ±dx± and r → r/
√−ξ+ξ− inside (4.3). This

does not prove, however, that ξ± play no role, and this is why we treat them separately.
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The last term in this expression is responsible for the emergence of a central charge in the

surface-charge algebra. These vectors obey an algebra for the modified Lie bracket (see e.g.

[19]):

ζ3 = [ζ1,ζ2]M = [ζ1,ζ2]− δζ2 ζ1 + δζ1 ζ2 (4.12)

with23 ζa = ζ (Y+
a ,Y−

a ) and

Y±
3 = Y±

1 ∂±Y±
2 −Y±

2 ∂±Y±
1 . (4.13)

The surface charges are computed for an arbitrary metric g of the type (4.6) with empty

AdS3 as reference background. The latter has metric ḡ with L+ = L− = −1/4 i.e. ε = −1/8πG

and χ = 0. The final integral is performed over the compact spatial boundary coordinate

x ∈ [0,2π]:

QY [g − ḡ, ḡ] =
1

8πkG

∫ 2π

0
dx

(

Y+

(

L+ +
1
4

)

+Y−
(

L− +
1
4

))

. (4.14)

These charges are in agreement with the quoted literature, and their algebra is determined

as usual:

{QY1 , QY2} = δζ1 QY2 = −δζ2 QY1 . (4.15)

Introducing the modes

L±
m =

1
8πkG

∫ 2π

0
dx eimx±

(

L± +
1
4

)

(4.16)

the algebra reads:

i
{

L±
m, L±

n

}

= (m − n)L±
m+n +

c

12
m
(

m2 − 1
)

δm+n,0 ,
{

L±
m, L∓

n

}

= 0. (4.17)

This double realization of Virasoro algebra with Brown–Henneaux central charge c = 3/2kG

was expected for Bañados solutions (4.6).

Perfect fluid with arbitrary velocity In Landau–Lifshitz frame the heat current vanishes

(χ = 0) and the boundary conformal fluid is perfect. Equation (4.4) requires for this

L+ = L− =
M

2
, (4.18)

23Here δζ2
ζ1 stands for the variation produced on ζ1 by ζ2, and this is not vanishing because ζ1 depends

explicitly on L±: δζ2
ζ1 =

(

∂ζN
1

∂L+
δζ2

L+ +
∂ζN

1
∂L−

δζ2
L−
)

∂N .
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with M constant, while it gives for energy density ε = −M/4πGξ+ξ−. As for the general case,

the reconstructed bulk family of metrics

ds2
Einstein = −1

k

(
√

− ξ−

ξ+
dx+ −

√

− ξ+

ξ−
dx−

)

dr

+

(

M

2k2 − r

2k

√

−ξ+ξ− ξ+′
)(

dx+

ξ+

)2

+

(

M

2k2 − r

2k

√

−ξ+ξ− ξ−′
)(

dx−

ξ−

)2

+

(

r2 +
r

2k

1
√

−ξ+ξ−
(

ξ+′ + ξ−′)+
M

k2ξ+ξ−

)

dx+dx− (4.19)

is not in BMS gauge, unless ξ± are constant. Again this latter subset is entirely captured by

ξ± = ±1, and the resulting solution is BTZ together with all non-spinning zero-modes of

Bañados family:

ds2
Einstein = −1

k

(

dx+ − dx−
)

dr + r2dx+dx− +
M

2k2

(

dx+ − dx−
)2 . (4.20)

The asymptotic structure rising in (4.19) is now respected by the following family of

asymptotic Killing vectors

η = ηr∂r + η+∂+ + η−∂−, (4.21)

expressed in terms of two arbitrary chiral functions ǫ±(x±)

ηr = − r

2

(

ǫ+′ + ǫ−′) , η± = ǫ±. (4.22)

These vectors, slightly different from those found for the dissipative boundary fluids (4.7),

(4.8), (4.9), appear as the result of an exhaustive analysis of (4.19). They do not support sub-

leading terms, and since they do not depend on the the functions ξ±, they form an algebra

for the Lie bracket:

[η1,η2] = η3 (4.23)

with ηa = η (ǫ+a ,ǫ−a ) and

ǫ±3 = ǫ±1 ǫ±′
2 − ǫ±2 ǫ±′

1 . (4.24)

They induce the exact transformation

−LηgMN = δηgMN =
∂gMN

∂ξ+
δηξ+ +

∂gMN

∂ξ+′ δηξ+′ +
∂gMN

∂ξ−
δηξ− +

∂gMN

∂ξ−′ δηξ−′ (4.25)

with

δηξ± = ǫ±ξ±′ − ξ±ǫ±′. (4.26)
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Following the customary pattern, we can determine the conserved charges, with AdS3

as reference background, now reached with ξ± = ±1 and M = −1/2 (again ε = −1/8πG and

χ = 0):

Qǫ [g − ḡ, ḡ] =
1

16πkG

∫ 2π

0
dx

(

ǫ+
(

1
ξ+2 − 1

)

+ ǫ−
(

1
ξ−2 − 1

))

, (4.27)

as well as their algebra:

{Qǫ1 , Qǫ2} = δη1 Qǫ2 = −δη2 Qǫ1 . (4.28)

Defining now

L±
m =

1
16πkG

∫ 2π

0
dx eimx±

(

1
ξ±2 − 1

)

(4.29)

we find
{

L±
m, L±

n

}

= i(m − n)L±
m+n +

im

4kG
δm+n,0 ,

{

L±
m, L∓

n

}

= 0. (4.30)

The central extension of this algebra is trivial. Indeed, it can be reabsorbed in the following

redefinition of the modes L±
m

L̃±
m = L±

m +
1

8kG
δm,0. (4.31)

Therefore, (4.30) becomes

{

L̃±
m, L̃±

n

}

= i(m − n)L̃±
m+n,

{

L̃±
m, L̃∓

n

}

= 0. (4.32)

The algebra at hand (4.32) is de Witt rather than Virasoro, and this outcome demonstrates the

already advertised result: the family of locally anti-de Sitter spacetimes obtained holograph-

ically from two-dimensional fluids in the Landau–Lifshitz frame overlap only partially the

space of Bañados solutions. This overlap encompasses the non-spinning BTZ and excess or

defects geometries provided in (4.20).

4.2 Charges in Ricci-flat spacetimes

The absence of anomaly in the Carrollian framework is equivalent to setting Σx
x = Ξx

x = 0

(see (3.15)), whereas the Weyl–Carroll flatness requires s = 0 (see (2.96)). This amounts to

taking Ω = a = 1 and bx = 0,24 and with those data s = 0 reads

∂2
t βx = 0. (4.33)

24Actually the absence of anomaly requires rather Ω = Ω(t), a = a(x) and bx = bx(x), which can be reabsorbed
trivially with Carrollian diffeomorphisms.
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In the Carrollian spacetime at hand, the fluid equations of motion (3.16) are







∂tε = 0,

∂xε + ∂t(πx + 2εβx) = 0.
(4.34)

Equations (4.33) and (4.34) can be integrated in terms of four arbitrary functions of x:

ε(x), ̟(x), λ(x) and µ(x). We find

πx(t, x) = −2ε(x)βx(t, x) + ̟(x)− tε′(x), (4.35)

βx(t, x) =
λ(x)

2ε(x)
− tµ′(x)

2µ(x)
(4.36)

(this parameterization of βx will be appreciated later). The Ricci-flat (even locally flat) holo-

graphically reconstructed spacetime from these Carrollian fluid data is obtained from the

general expression (3.14):

ds2
flat =− 2(dt − βxdx) (dr + r∂tβxdx) + r2dx2

+ 8πG
(

ε(dt − βxdx)2 − πxdx(dt − βxdx)
)

,
(4.37)

where βx and πx are meant to be as in (4.35) and (4.36).

On the one hand, the arbitrary functions ε(x) and ̟(x) are reminiscent of the functions

L±(x±) (or ε(t, x) and χ(t, x)) present in the AdS solutions. A vanishing-k limit was indeed

used in Ref. [26] to obtain ε(x) and ̟(x) from L±(x±). On the other hand, λ(x) and µ(x) re-

mind ξ±(x±), and are indeed a manifestation of a residual hydrodynamic frame invariance,

which survives the Carrollian limit. Considering indeed the Carrollian hydrodynamic-frame

transformations (2.110)

β′
x = βx + Bx, (4.38)

in the present framework (Σx
x = Ξx

x = 0), and using Eqs. (2.73), (2.74), (2.75), (2.76), (2.99),

(2.100), (2.101), we obtain the transformations:

ε′ = ε, π′
x = πx − 2εBx, (4.39)

which leave the Carrollian fluid equations (4.34) invariant. The new velocity field β′
x is

compatible with the Weyl–Carroll flatness (4.33) provided the transformation function Bx is

linear in time, hence parameterized in terms of two arbitrary functions of x. This is how λ(x)

and µ(x) emerge.

Observe also that the residual Carrollian hydrodynamic frame invariance enables us to

define here a Carrollian Landau–Lifshitz hydrodynamic frame. Indeed, combining (4.35)
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and (4.36) we obtain

πx(t, x) = −λ(x) + ̟(x) + tε(x)∂x ln
µ(x)

ε(x)
. (4.40)

Adjusting the velocity field βx such that

λ(x) = ̟(x) and
µ(x)

ε(x)
=

1
ε0

(4.41)

with ε0 a constant, makes the Carrollian fluid perfect: πx = 0.

In complete analogy with the AdS analysis, we will first compute the charges for vanish-

ing velocity βx = 0 (which is given by λ(x) = 0 and µ(x) = 1) in terms of ε(x) and ̟(x), and

next perform the similar computation for perfect fluids with velocity βx parameterized with

two arbitrary functions λ(x) and µ(x). Here empty Minkowski bulk is realized with µ = 1,

λ = 0, ̟ = 0 and ε0 = −1/8πG.

As for the AdS instance discussed in Sec. 4.1, the class (4.37) is not in the BMS gauge,

unless βx is constant, which can then be reabsorbed by a global Carrollian boost (constant

Bx).25 We will first discuss this situation, where the asymptotic Killings are the canonical

generators of bms3. Outside the BMS, we will perform the determination of the asymptotic

isometry for metrics reconstructed from perfect fluids, and proceed with the surface charges

and their algebra. Our conclusion is here that asymptotically flat fluid/gravity correspon-

dence is sensitive to the residual hydrodynamic-frame invariance.

Dissipative static fluid The metric (4.37) for vanishing βx takes the simple form

ds2
flat = −2dtdr + r2dx2 + 8πG

(

εdt − (̟ − tε′
)

dx
)

dt, (4.42)

compatible with BMS gauge with asymptotic Killing vectors

ζ = ζr∂r + ζt∂t + ζx∂x, (4.43)

where

ζr = −rY′ + H′′ + tY′′′ +
4πG

r

(

̟ − tε′
)(

H′ + tY′′) , (4.44)

ζt = H + tY′, (4.45)

ζx = Y − 1
r

(

H′ + tY′′) . (4.46)

25The functions λ(x) and µ(x) entering (4.37) via (4.35) and (4.36) can be reabsorbed in any case by performing
the coordinate transformation dx → dx√

µ(x)
, dt → 1√

µ(x)
(dt + βxdx) and r → r

√

µ(x) . This leads to the same

form as the one reached by setting µ = 1 and λ = 0, i.e (4.42).
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Here H and Y are functions of x only. Vectors (4.44), (4.45), (4.46) are the vanishing-k limit of

(4.7), (4.8), (4.9), reached by trading light-cone frame as x± = x ± kt, and setting Y±(x±) =

Y(x)± k (H(x) + tY′(x)).

This family of vectors produces the following variation on the metric fields:

−Lζ gMN = δζ gMN =
∂gMN

∂ε
δζε +

∂gMN

∂ε′
δζε′ +

∂gMN

∂̟
δζ̟, (4.47)

with

δζε = −2εY′ − Yε′ +
Y′′′

4πG
, (4.48)

δζ̟ = − H′′′

4πG
+

1
H

(

εH2)′ − 1
Y

(

̟Y2)′ . (4.49)

Their algebra closes for the same modified Lie bracket (4.12) with ζa = ζ (Ha,Ya) and

Y3 = Y1Y′
2 −Y2Y′

1 H3 = Y1H′
2 + H1Y′

2 − Y2H′
1 − H2Y′

1. (4.50)

We can compute the charges of g in (4.42), using Minkowski as reference background ḡ.

They read:

QH,Y[g − ḡ, ḡ] =
1
2

∫ 2π

0
dx

[

H

(

ε +
1

8πG

)

− Y̟

]

. (4.51)

With a basis of functions expimx for H and Y, we find the standard collection of charges

Pm =
1
2

∫ 2π

0
dx eimx

(

ε +
1

8πG

)

, Jm = −1
2

∫ 2π

0
dx eimx̟, (4.52)

which coincide with the computation performed e.g. in [26]. Using

{QH1,Y1 , QH2,Y2} = δζ1 QH2,Y2 = −δζ2 QH1,Y1 , (4.53)

we obtain the following surface-charge algebra:

i{Jm, Pn}= (m − n)Pm+n +
c

12
m
(

m2 − 1
)

δm+n,0 , i{Jm, Jn}= (m − n)Jm+n , {Pm, Pn} = 0

(4.54)

with c = 3/G. This is the bms3 algebra, and this analysis demonstrates that a non-perfect

Carrollian fluid, even with βx = 0, is sufficient for generating holographically all Barnich–

Troessaert flat three-dimensional spacetimes. This goes along with the analogue conclusion

reached in AdS for Bañados spacetimes.
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Perfect fluid with velocity Consider now the resummed metric (4.37) assuming (4.41). We

obtain

ds2
flat = −2(dt − βxdx)

(

dr − rµ′

2µ
dx

)

+ r2dx2 + 8πGε0µ (dt − βxdx)2 (4.55)

with βx given by

βx =
1

2µ

(

λ

ε0
− tµ′

)

. (4.56)

Unless βx is constant, the metrics (4.55) are not in BMS gauge. The BMS subset is entirely

captured by µ = 1, λ = 0 with resulting solutions plain Minkowski (ε0 = −1/8πG) and the

non-spinning zero-modes of Barnich–Troessaert family:

ds2
flat = −2dtdr + r2dx2 + 8πGε0dt2. (4.57)

The asymptotic isometries of (4.55) are now generated by26

η = ηr∂r + ηt∂t + ηx∂x, (4.58)

expressed in terms of two arbitrary functions h(x) and ρ(x)

ηr = −rρ′, ηt = h + tρ′, ηx = ρ. (4.59)

The algebra of asymptotic Killing vectors closes for the ordinary Lie bracket

[η1,η2] = η3 (4.60)

with ηa = η (ha,ρa) and

ρ3 = ρ′1ρ2 − ρ2ρ′1, h3 = ρ1h′2 + h1ρ′2 − ρ2h′1 − h2ρ′1. (4.61)

It respects the form of the metric

−Lη gMN = δηgMN =
∂gMN

∂µ
δηµ +

∂gMN

∂µ′ δηµ′ +
∂gMN

∂λ
δηλ (4.62)

with

δηλ = −2λρ′ − ρλ′ + ε0
(

2µh′ + hµ′) , (4.63)

δηµ = −2µρ′ − ρµ′. (4.64)

The charges of g in (4.55) are computed as usual with Minkowski as reference back-

26Again the fields (4.58), (4.59) are alternatively obtained by an appropriate zero-k limit of (4.21) and (4.22).
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ground ḡ. They read:

Qh,ρ[g − ḡ, ḡ] =
1
2

∫ 2π

0
dx

[

h

(

ε0µ +
1

8πG

)

− ρλ

]

. (4.65)

With a basis of unimodular exponentials for h and ρ, we find again

Pm =
1
2

∫ 2π

0
dx eimx

(

ε0µ +
1

8πG

)

, Jm = −1
2

∫ 2π

0
dx eimxλ, (4.66)

and
{

Qh1,ρ1 , Qh2,ρ2

}

= δη1 Qh2,ρ2 = −δη2 Qh1,ρ1 (4.67)

provide the surface-charge algebra:

i{Jm, Pn} = (m − n)Pm+n −
m

4G
δm+n,0 , i{Jm, Jn} = (m − n)Jm+n , {Pm, Pn} = 0. (4.68)

As for the anti-de Sitter case, the central extension of this algebra is trivial. By translating the

modes

P̃m = Pm − 1
8G

δm,0, (4.69)

we obtain

i
{

Jm, P̃n

}

= (m − n)P̃m+n, i{Jm, Jn} = (m − n)Jm+n ,
{

P̃m, P̃n

}

= 0. (4.70)

This algebra (that could have been obtained from (4.32) in the zero-k limit) has no cen-

tral charge. Therefore, our computation shows unquestionably that holographic locally flat

spacetimes based on perfect Carrollian fluids – fluids in Carrollian Landau–Lifshitz frame –

cover only in some measure the family on Barnich–Troessaert solutions. Among those one

finds (4.57).

5 Conclusion

We can now summarize our achievements. The motivations of the present work have been

twofold: (i) reconstruct asymptotically anti-de Sitter and flat three-dimensional spacetimes

using fluid/gravity holographic correspondence in a unified framework; (ii) investigate the

emergence of hydrodynamic-frame invariance and its potential holographic breakdown.

Solutions to three-dimensional vacuum Einstein’s equations have been searched system-

atically since the seminal work of BTZ, and their asymptotic symmetries as well as the cor-

responding conserved charges are thoroughly understood. In parallel, many aspects of their

boundary properties in the anti-de Sitter case were discussed before the advent of the holo-

graphic correspondence, and lately for the flat case in relation with the BMS asymptotic sym-
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metries. However, setting up a precise correspondence between a general two-dimensional

relativistic fluid defined on an arbitrary background and a three-dimensional anti-de Sit-

ter spacetime was only superficially analyzed, whereas the possible relationship among flat

spacetimes and Carrolian fluid dynamics had never been considered. This has been the core

of our inquiry.

Because relativistic fluid dynamics in two spacetime dimensions is rather simple, it al-

lows to perform an exhaustive and exact study of the equations of motion, and of their

form invariance under hydrodynamic-frame transformations – local Lorentz boosts. We

have assumed for commodity a conformal equation of state, keeping the fluid non-conformal

though (i.e. with non-zero viscous bulk pressure). Hence, the relativistic fluid is described

by an arbitrary velocity field, the energy and heat densities, and the viscous pressure, all

transforming appropriately under local Lorentz boosts so as to keep the energy–momentum

tensor invariant. The extreme situation corresponds to the Landau–Lifshitz frame, where

the heat current vanishes and the energy–momentum tensor is diagonal.

Three-dimensional Einstein spacetime reconstruction is then achieved with the deriva-

tive expansion, following the usual pattern of higher dimensions. Here it is not an expan-

sion but a finite sum, involving all boundary data. Holographic fluids have an anomalous

viscous pressure proportional to the curvature of the host geometry. Owing to this fact, the

holographic fluid does not move freely, but is subject to a force, entirely determined by its

kinematical configuration and by the geometry. Using light-cone coordinates and confor-

mally flat boundary makes it easy to obtain the general fluid configuration, and a general

and closed expression for locally anti-de Sitter spacetimes, in a gauge which is less restrictive

than BMS.

With this general result, it is possible to address the question of whether a boundary

fluid configuration observed from different hydrodynamic frames gives rise to distinct bulk

geometries. This is discussed in the simpler (but sufficient for the argument) case of flat

boundaries with vanishing Weyl curvature, for which the fluid is conformal (no anomaly).

The reconstructed bulk geometries are then described in terms of two pairs of chiral func-

tions, ξ± and L±. The former parameterize the velocity of the fluid, while the latter its energy

and heat densities. With these data two extreme configurations emerge: (i) a fluid at rest

with heat current; (ii) a fluid with arbitrary velocity and vanishing heat current (hence per-

fect since the viscous pressure is also zero) i.e. in the Landau–Lifshitz frame. For both cases

one determines the bulk asymptotic Killing vectors together with the algebra of conserved

surface charges. In the first instance, the left and right Virasoro algebras appear with their

canonical central charges. In the second, the central charges vanish, demonstrating thereby

that the bulk-metric derivative expansion is sensitive to the boundary-fluid hydrodynamic

frame. In particular, the Landau–Lifshitz frame fails to reproduce faithfully all Banãdos’

solutions, contrary to the common expectation.
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The above pattern has been resumed for the Ricci-flat spacetimes. The conformal bound-

ary is now at null infinity, and is endowed with a Carrollian 1 + 1-dimensional structure.

Boundary dynamics is carried by a Carrollian fluid, obeying a set of hydrodynamic equa-

tions for energy and heat densities, two viscous stress scalars as well as a kinematic variable

referred to as “inverse-velocity”. Generically, these equations do not exhibit any sort of

hydrodynamic-frame invariance.

The reconstruction of three-dimensional Ricci-flat spacetimes is achieved by considering

the vanishing-k limit of the anti-de Sitter derivative expansion, which is finite. Information is

supplied in this Ricci-flat derivative expansion by the Carrollian fluid defined at null infinity.

In particular, the original conformal anomaly is carefully identified as a source of Carrollian

stress.

As for Einstein spacetimes, we do not consider the most general situation, but impose

equivalent restrictions: absence of anomaly and zero Weyl–Carroll curvature. The derivative-

expansion gauge is slightly less restrained than BMS, and a residual hydrodynamic-frame-

like invariance emerges, which allows to treat the same Carrollian dynamics from two equiv-

alent perspectives: (i) a Carrollian fluid with vanishing inverse velocity and non-zero heat

current; (ii) a Carrollian fluid with inverse velocity and vanishing heat current (i.e. a sort of

Carrollian Landau–Lifshitz frame). Although equivalent from the Carrollian-fluid perspec-

tive, these two patterns lead to Ricci-flat spacetimes with different surface charge algebras.

The former family fits in BMS gauge and reproduces all Barnich–Troessaert spacetimes with

the appropriate charges. The algebra is bms3 with central charge. The set of Ricci-flat metrics

obtained with a Carrollian perfect fluids exhibit an algebra without central charge.

The above is the core of our work. Our findings raise several immediate questions. The

most important concerns the systematic analysis of asymptotic Killing vectors and conserved

charges under the general fall-off behaviours suggested by the derivative expansion. This

question is valid in both anti-de Sitter and flat spacetime. The latter case calls for a deeper

Hamiltonian understanding of the charges within the appropriate intrinsic Carrollian setup

recently developed in [36]. All this also concerns fluid/gravity holographic correspondence

irrespective of the dimension. Even though the possible breakdown of the Landau–Lifshitz-

frame paradigm has been quoted for three-dimensional holographic boundary fluids [37],

no concrete result is available at present.

Aside from the interplay between gravity and fluids, a purely hydrodynamic issue was

also discussed: the entropy current. In relativistic systems, this current is expected to be

hydrodynamic-frame invariant – by essence of this invariance. It is also physically restricted,

to comply with fundamental laws. No closed expression exists and this object is usually

constructed order-by-order in the derivative expansion. In two dimensions, we have the

possibility to implement frame invariance exactly and we proposed a closed expression,

which however is not unique and deserves further investigation. At the first place, one
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should understand whether and why this choice is the natural one. It could also wondered if

it is useful for systems of dimension higher than two. Eventually, in the spirit of considering

its Carrollian limit, one should try to give a meaning to entropy in ultrarelativistic systems.
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Abstract

It is a well known property of holographic theories that diffeomorphism invariance in the bulk space-
time implies Weyl invariance of the dual holographic field theory in the sense that the field theory couples
to a conformal class of background metrics. The usual Fefferman-Graham formalism, which provides us
with a holographic dictionary between the two theories, breaks explicitly this symmetry by choosing a
specific boundary metric and a corresponding specific metric ansatz in the bulk. In this paper, we show
that a simple extension of the Fefferman-Graham formalism allows us to sidestep this explicit breaking;
one finds that the geometry of the boundary includes an induced metric and an induced connection on
the tangent bundle of the boundary that is a Weyl connection (rather than the more familiar Levi-Civita
connection uniquely determined by the induced metric). Properly invoking this boundary geometry has
far-reaching consequences: the holographic dictionary extends and naturally encodes Weyl-covariant
geometrical data, and, most importantly, the Weyl anomaly gains a clearer geometrical interpretation,
cohomologically relating two Weyl-transformed volumes. The boundary theory is enhanced due to the
presence of the Weyl current, which participates with the stress tensor in the boundary Ward identity.
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1 Introduction

The basic principle of general relativity is invariance under diffeomorphisms with, as it is usually formulated,
a metric playing the role of the dynamical degrees of freedom. Nonetheless, we usually make use of specific
choices of coordinates and parametrizations of the metric, since we are often interested in particular
subregions of the space-time manifold. These parametrizations are not harmless in that they break (or
gauge fix) some subset of the diffeomorphisms, and one has a restricted class of diffeomorphisms which
explicitly preserves the form of a given parametrization. It is most clarifying to choose a parametrization
such that the unbroken symmetries act geometrically on the subregion of spacetime. This is particularly
important, for example, for hypersurfaces of any type and co-dimension, but even more generally, for
sub-bundles (distributions) of the tangent bundle.

Fefferman and Graham in their seminal works [1, 2] found a bulk gauge (FG gauge) preserving the
structure of time-like hypersurfaces in AdSd+1 spacetimes. This is useful to discuss the time-like conformal
boundary; which in suitable coordinates is located at z = 0, z being the holographic coordinate such that
z = const hypersurfaces are time-like. The FG gauge induces on the boundary a metric and its Levi-Civita
connection. Although everything is consistent, there exists some leftover freedom in choosing the boundary
metric. This comes about because the induced metric on the z = 0 hypersurface is defined, because of
certain bulk diffeomorphisms, up to a rescaling by a non-trivial function of the boundary coordinates. We
therefore often refer to the boundary as possessing a conformal class of metrics and say that the boundary
enjoys Weyl symmetry. The latter is however often ignored in physical applications, for we usually fix the
boundary metric and thus break this symmetry.

In an attempt to bring electromagnetism and gravity into a unified framework [3], Weyl introduced
the concept of Weyl transformation, which encapsulates the possibility of rescaling the metric with an
arbitrary scalar function. Weyl symmetry is not considered in many physical systems, but it is a key
feature of holography. For instance, it is a very powerful tool in the fluid/gravity correspondence [4–7],
where it is exploited in organizing the boundary theory.

The main observation that we focus on here is that the Levi-Civita connection is not Weyl-covariant,
the metricity condition being the source of this non-covariance. This problem can be sidestepped by
introducing the notion of a Weyl connection and more generally of Weyl geometry [8, 9]. These concepts
have been mentioned in the literature from time to time with reference to a variety of proposed physical
applications, mostly in conformal gravitational theory, but also in cosmology and in particle physics, see
e.g. [10–22].1 In the present paper, we will show that Weyl connections play a role in the holographic
correspondence, on the field theory side of the duality. Indeed, our first result will be to show that, by
slightly generalizing the FG ansatz to what we call the Weyl-Fefferman-Graham gauge (WFG), the Weyl
diffeomorphism responsible for the rescaling of the boundary metric becomes a geometric symmetry. The
consequences of this modification are simple: this bulk geometry induces on the boundary a metric and a
Weyl connection, instead of its Levi-Civita counterpart. In the dual quantum field theory, these objects
act as backgrounds and sources for current operators. Thus, Weyl geometry makes an appearance in
holography, not through a modification of the bulk gravitational theory, but in the organization of the dual
field theory.

To establish these results, it is important to employ the notion of a (possibly non-integrable) distribution
(i.e., a sub-bundle of the tangent bundle), replacing the less general notion of hypersurfaces and foliations.
Since this may be unfamiliar to the casual reader, we take some time to review the mathematics, which is
informed by theorems of Frobenius. In this way of thinking, the more relevant object is a tangent space,
rather than a space itself.

The FG gauge admits an expansion of the metric from the boundary to the bulk in powers of the
holographic coordinate z. Solving Einstein equations allows the extraction of the different terms of the

1For a review on applications of Weyl geometry in physics, see [23] and references therein.
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expansion, all being determined by two terms in the expansion: the leading order, which defines the
boundary conformal class of metrics and the term at order zd−2 which gives the vacuum expectation value
of the energy-momentum tensor operator of the dual field theory, as originally discussed in [24–26]. It is a
theorem that, given these two quantities, one can reconstruct, at least order by order, a bulk AdS spacetime
in FG gauge — with some caveats due to the Weyl anomaly, which we will discuss shortly. The resolution
of Einstein equations order by order for the WFG gauge on the other hand leads to a modification of the
subleading terms in this expansion. In fact, we will demonstrate that the modifications are such that each
term is Weyl-covariant; in the FG gauge, the subleading terms transform under Weyl transformations in
a very complicated non-linear fashion (which, as we discuss, comes about because they are determined by
non-Weyl-covariant Levi-Civita boundary curvature tensors).

It is a familiar aspect of the FG formalism that the on-shell bulk action diverges as one approaches the
boundary. Traditionally, this is dealt with by including local counterterms which are functionals of the
induced geometry, in a solution-independent way [25, 27–29]. There remains one physical subtlety, which
is the appearance of a simple pole in d − 2k, with k integer. This effect is more appropriately thought of
as an anomaly in the Weyl Ward identity, a basic feature of renormalization theory [30]. This anomaly
can be traced back to the fact that holographic renormalization breaks Weyl covariance by fixing a z = ǫ
hypersurface to regulate the theory. No Weyl-covariant renormalization procedures exist. Consequently, a
Weyl anomaly is present, and contributes in any even-dimensional boundary theory. There is of course a
huge literature on this subject, but an interesting historical account on the Weyl anomaly is [31], with a
useful list of relevant references therein, as e.g. [32–34]. Notice also that a more field-theoretical approach
to the anomaly, inspired by string theory and based on the non-invariance of path integral measure under
Weyl transformations can be found in [35,36]. The Weyl anomaly is an integral over geometrical tensors,
the form of which depends on dimension. These tensors have been classified in [37]. We will unravel a
different packaging of the Weyl anomaly, through the use of the WFG gauge — the Weyl anomaly will in
fact become an integral over Weyl-covariant geometrical tensors. This result reorganizes the theory in a
much simpler fashion and opens the door to a relevant direction of investigation, which is the determination
of this coefficient in any even dimension. Inspired by [38], we will moreover present a simple cohomological
interpretation of the Weyl anomaly, based on the difference of two Weyl-related bulk top forms.

The presence of the anomaly is usually encoded in the fact that the boundary energy-momentum tensor
acquires an anomalous trace [39–41]. Indeed in FG gauge, it is found that it must be a priori traceless.
This boundary Ward identity is obtained by considering the boundary background as dictated by the
induced metric only. It is thus natural that there is only one sourced current. However, one finds that
one must typically improve the energy-momentum tensor, as originally found in [42]. We advocate in
this paper a different interpretation, corroborated by the WFG extension. Specifically, we interpret the
boundary theory as defined on a background metric (again given by the induced-from-the-bulk metric) and
a background Weyl connection, given by the leading order of the bulk dual. In this respect, we are now
really sourcing two different currents, which can and indeed do both participate in the boundary Ward
identity. From this perspective we are gauging the Weyl symmetry in the boundary [43–46], although
more properly, we should view it as a local background symmetry. Actually, it is the WFG in the bulk that
is promoting this Weyl connection to a background configuration in the boundary. We will in particular
show that the holographic dictionary furnishes directly this boundary Ward identity relating the trace of
the energy-momentum with the divergence of the Weyl current. This will be elegantly verified directly
from the boundary action, without invoking holography. Consequently, our setup is useful also to analyze
the profound relationship between Weyl invariance and conformal invariance, a subject which has been
discussed for instance in [47,48].

This paper is organized as follows. Section 2 introduces the Weyl connection, its metricity and torsion
properties and its curvature tensors and associated identities. Emphasis is given to its relationship with
the ordinary Levi-Civita connection. We then analyze in Section 3 the FG gauge and define the Weyl-
Fefferman-Graham gauge. We show that the WFG gauge is form-invariant under the Weyl diffeomorphism.

3



We then discuss the important result that we are indeed inducing a Weyl connection on the boundary.
The latter makes the (tangent bundle of the) boundary a (generally non-integrable) distribution. Section
4 describes the improved holographic dictionary: the boundary Ward identity is derived and it is shown
that every term in the bulk-to-boundary expansion is by construction Weyl-covariant. These results are
supported by Appendix A, to which we delegate useful details for the computation of Einstein equations
order by order. The next part of this section is devoted to a through analysis of the Weyl anomaly, and
its cohomological derivation. In Section 5, we present some relevant field theoretical results: we re-derive
the Ward identity intrinsically and present examples of simple Weyl-invariant actions. We then conclude
and offer some final remarks in Section 6.

2 Weyl Connections and Weyl Manifolds

Recall that given a manifold M with metric g and connection ∇ (on the tangent bundle TM), we define
the metricity ∇g and torsion T via

∇Xg(Y , Z) = ∇X(g(Y ,Z))− g(∇XY ,Z)− g(Y ,∇XZ), (1)

T (X,Y ) = ∇XY −∇YX − [X,Y ] , (2)

where X, ... are arbitrary vector fields and [X,Y ] denotes the Lie bracket. Suppose we have a basis {ea}
of vector fields, and define the connection coefficients via

∇ea
eb = Γc

abec. (3)

It is a familiar theorem that requiring both the metricity and torsion of the connection to vanish leads
to a uniquely determined set of connection coefficients, those of the Levi-Civita (LC) connection. Indeed,
further defining the rotation coefficients

[ea, eb] = Cab
cec, (4)

we find the general result

Γ̊d
ac =

1
2g

db
(

ea(gbc) + ec(gab)− eb(gca)
)

− 1
2g

db
(

Cab
fgfc + Cca

fgfb − Cbc
fgfa

)

, (5)

where gab ≡ g(ea, eb) and we use the circle notation to refer to the LC quantities. This reduces with the
choice of coordinate basis ea = ∂a to the familiar Christoffel symbols.

The vanishing of metricity and torsion are certainly invariant under diffeomorphisms. Therefore, all
the geometrical objects built using the LC connection transform nicely under diffeomorphisms. We note
though that metricity is not invariant under Weyl transformations2 g → g/B2, instead transforming as

∇g → ∇g − 2d lnB ⊗ g. (8)

Consequently, if we wish to consider geometric theories in which Weyl transformations play a role, it is
inconvenient to choose the usual LC connection. Instead, one attains a connection that is covariant with

2The Weyl transformation should not be confused with a conformal transformation, which is a diffeomorphism. They do
look similar in their actions on the components of the metric,

Weyl : gab(x) 7→ gab(x)/B(x)
2, (6)

conformal : gab(x) 7→ g′ab(x
′) = gab(x)/ω(x)

2. (7)

Here though, B(x) is an arbitrary function, while ω(x) is a specific function, associated with a special diffeomorphism that is
a conformal isometry.
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respect to both Weyl transformations and diffeomorphisms by introducing a Weyl connection A which
transforms non-linearly under a Weyl transformation

g → g/B2, A→ A− d lnB. (9)

By design then, the Weyl metricity is covariant3

(∇g − 2A⊗ g) → (∇g − 2A⊗ g)/B2, (10)

and it makes sense to set it to zero if one wishes. Fortunately, there is a theorem which states that there
is a unique connection (also generally referred to as a Weyl connection) that has zero torsion and Weyl
metricity. In this case, the connection coefficients are given by the formula

Γd
ac = 1

2g
db
(

ea(gbc) + ec(gab)− eb(gca)
)

− 1
2g

db
(

Cab
fgfc + Cca

fgfb − Cbc
fgfa

)

−
(

Aaδ
d
c +Acδ

d
a − gdbAbgca

)

. (11)

We note that these connection coefficients are in fact invariant under Weyl transformations. Conse-
quently, the curvature of the Weyl connection has components4

Ra
bcd = ec(Γ

a
db)− ed(Γ

a
cb) + Γf

dbΓ
a
cf − Γf

cbΓ
a
df − Ccd

fΓa
fb (13)

that are themselves Weyl invariant. This Weyl-Riemann tensor possesses less symmetries than its Levi-
Civita counterpart, and indeed the degrees of freedom contained within are in one-to-one correspondence
with the Levi-Civita Riemann tensor, plus a 2-form F , which is the field strength F = dA. To see this, we
can write the Weyl curvature components in terms of the LC curvature components,

Ra
bcd = R̊a

bcd + ∇̊dAbδ
a
c − ∇̊cAbδ

a
d + (∇̊dAc − ∇̊cAd)δ

a
b + ∇̊cA

agbd − ∇̊dA
agbc (14)

+Ab(Adδ
a
c −Acδ

a
d) +Aa(gbdAc − gbcAd) +A2(gbcδ

a
d − gbdδ

a
c). (15)

The corresponding Weyl-Ricci tensor, which we define as Ricab = Rc
acb, is given by

Ricab = R̊icab − d
2Fab + (d− 2)

(

∇̊(aAb) +AaAb

)

+
(

∇̊ · A− (d− 2)A2
)

gab (16)

in space-time dimension d. We then read off that the Weyl-Ricci tensor has an antisymmetric part

Ric[ab] = −d
2Fab, (17)

while the symmetric part differs from the LC Ricci tensor,

Ric(ab) = R̊icab + (d− 2)
(

∇̊(aAb) +AaAb

)

+
(

∇̊ · A− (d− 2)A2
)

gab. (18)

The corresponding Weyl-Ricci scalar is the trace,

R = R̊+ 2(d − 1)∇̊ · A− (d− 1)(d − 2)A2. (19)

3To be more specific, what we mean by this notation is

(∇g − 2A⊗ g)(X,Y , Z) = ∇Xg(Y , Z)− 2A(X)g(Y ,Z)

The notation A(X) used here and throughout the paper refers to the contraction of a 1-form with a vector, A(X) ≡ iXA ≡

AaX
a.

4Here we are using the convention

Ra
bcdea ≡ R(eb, ec, ed) ≡ ∇ec

∇ed
eb −∇ed

∇ec
eb −∇[ec,ed]

eb (12)
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Under a Weyl transformation, R → RB2, so we see that the LC Ricci scalar must transform very non-
trivially under Weyl,

R̊→ B2
(

R̊+ 2(d − 1)∇̊2 lnB − 2(d− 1)(d − 2)A · d lnB + (d− 1)(d − 2)(d lnB)2
)

(20)

in order to cancel the transformation of the non-Weyl-invariant expression involving the Weyl connection
A. We thus see the important role played by the Weyl connection. Organize the theory with respect to
the latter is a more natural prescription, whenever this theory includes Weyl transformations.

Given a Weyl connection, we can organize tensors in such a way that they have a specific Weyl weight
and we use the notation

∇̂Xt = ∇Xt+ wtA(X) t. (21)

whereby

t 7→ Bwtt, ∇̂t 7→ Bwt∇̂t. (22)

For the specific case of a scalar field φ, we would then write ∇̂aφ = ea(φ) + wφAaφ. The condition that

Weyl metricity vanishes is translated in this notation as ∇̂g = 0.
Finally we remark that the Bianchi identity for the Weyl-Riemann tensor is

∇aR
e
bcd +∇cR

e
bda +∇dR

e
bac = 0 (23)

Contracting the e, c indices, we get the once-contracted Bianchi identity

∇aRicbd −∇dRicba +∇cR
c
bda = 0. (24)

which given that the Weyl-Riemann and Weyl-Ricci tensors are Weyl invariant, can also be written as

∇̂aRicbd − ∇̂dRicba + ∇̂cR
c
bda = 0. (25)

If we multiply by gab, we find

gab∇̂aRicbd − ∇̂dR+ ∇̂c(g
abRc

bda) = 0. (26)

This can be simplified further by noting that

gabRc
bda = gcb

(

Ricbd + 2Fbd

)

(27)

and hence the twice contracted Bianchi identity can be simplified to

gab∇̂a(Gbc + Fbc) = 0 (28)

where Gab = Ricab − 1
2Rgab is the Weyl-Einstein tensor. Since G and F have Weyl weight zero, this can

also be written as

gab∇a(Gbc + Fbc) = 0 (29)

This is the analogue of the familiar result in Riemannian geometry, ∇̊aG̊ac = 0.
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3 Weyl Invariance and Holography

The Fefferman-Graham theorem says that the metric of a locally asymptotically AdSd+1 (LaAdS) geometry
can be always put in the form

ds2 = L2dz
2

z2
+ hµν(z;x)dx

µdxν (30)

The conformal boundary is a constant-z hypersurface at z = 0 in these coordinates. To obtain this
form, one has used up all of the diffeomorphism invariance, apart from residual transformations of the
xµ → x′µ(x), which of course would change the components of hµν in general.

Near z = 0, hµν(z;x) may be expanded

hµν(z;x) =
L2

z2

[

γ(0)µν (x) +
z2

L2
γ(2)µν (x) +

z4

L4
γ(4)µν (x) + ...

]

+
zd−2

Ld−2

[

π(0)µν (x) +
z2

L2
π(2)µν (x) + ...

]

. (31)

Here, we are regarding the boundary dimension d as variable5 (in fact, we will regard d ∈ C formally as

needed. This is discussed further later in the paper). γ
(0)
µν (x) has an interpretation as an induced boundary

metric:

z2

L2
ds2 −→

z→0
γ(0)µν (x)dx

µdxν = ds2bdy. (32)

It is this object that sources the stress energy tensor in the dual field theory, with π
(0)
µν (x) its vev. All of

the other terms in the series are determined in terms of γ
(0)
µν (x), π

(0)
µν (x) by the bulk classical equations of

motion.
Equation (32) defines the induced boundary metric up to a Weyl transformation. We see indeed that

there is an ambiguity in the construction of this metric which amounts in defining the latter up to a scalar
function of the boundary coordinates. Although it is often stated, this ambiguity is usually disregarded.

The following bulk diffeomorphism (which we refer to as the Weyl diffeomorphism)

z → z′ = z/B(x), xµ → x′µ = xµ (33)

plays an important role. It has the effect of inducing a Weyl transformation of the boundary metric: using
(32) with now holographic coordinate z′ we obtain

ds2bdy =
γ
(0)
µν (x)

B(x)2 dx
µdxν . (34)

However, this diffeomorphism does not leave the bulk metric in the Fefferman-Graham gauge, but rather
transforms it to

ds2 = L2

(

dz′

z′
+ ∂µ lnB(x) dxµ

)2

+ hµν(z
′B(x);x)dxµdxν (35)

where

hµν(z
′B(x);x) =

L2

z′2

[

γ
(0)
µν (x)

B(x)2 +
z′2

L2
γ(2)µν (x) +

z′4

L4
B(x)2γ(4)µν (x) + ...

]

(36)

+
z′d−2

Ld−2

[

B(x)d−2π(0)µν (x) +
z′2

L2
B(x)dπ(2)µν (x) + ...

]

. (37)

5This avoids the necessary introduction of logarithms that occur when d is an even integer.
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Thus, this diffeomorphism takes us out of FG gauge (as it is one of the diffs that was fixed in going to

that gauge), and acts on the boundary tensors γ
(k)
µν (x) and π

(k)
µν (x) by a local Weyl rescaling with specific

k-dependent weights.
The standard way to deal with the fact that we have been taken out of FG gauge is to employ an addi-

tional diffeomorphism acting on the xµ → xµ+ξµ(z;x) which becomes trivial at the conformal boundary in

such a way that γ
(0)
µν (x) is left unchanged, but the cross term in (35) is cancelled. However, this diffeomor-

phism unfortunately has a complicated effect on all of the subleading terms in the metric — they no longer
transform linearly as in (36), but instead transform non-linearly under the combined transformations and,
we claim, this obscures the geometric significance of the sub-leading terms. There is nothing inconsistent
here: indeed, in FG gauge, the subleading terms are given on-shell by expressions involving the Levi-Civita
curvature of the induced metric, which themselves transform non-linearly under Weyl transformations.

We will instead consider here a revised ansatz, which we refer to as Weyl-Fefferman-Graham (WFG)
gauge, defined as6

ds2 = L2

(

dz

z
− aµ(z;x)dx

µ

)2

+ hµν(z;x)dx
µdxν . (38)

The constant-z hypersurface Σ at z = 0 remains the conformal boundary with induced metric γ(0), as

z2

L2
ds2 −→

z→0
γ(0)µν (x)dx

µdxν . (39)

Thus the presence of aµ in the ansatz does not modify the induced metric at z = 0. However, the metric
is no longer diagonal in the z, xµ coordinates, and so we must take greater care in interpreting how we
approach the conformal boundary.

It is natural, given the metric ansatz (38), to introduce the 1-form

e ≡ Ω(z;x)−1

(

dz

z
− aµ(z;x)dx

µ

)

(40)

This form defines a distribution Ce ⊂ TM defined as

Ce = ker(e) = span
{

X ∈ Γ(TM)
∣

∣

∣iXe = 0
}

. (41)

Note that there is an ambiguity in multiplying e (or equivalently the X ’s) by a function on M , and we
have represented this ambiguity by introducing the function Ω.

We remark that if aµ were zero, then Ce is the span of the vectors ∂µ and can be thought of as related
to constant-z hypersurfaces. More generally, it is convenient to introduce a basis for Ce as the set of vectors

Dµ ≡ ∂µ + aµ(z;x)z∂z. (42)

This implies that we can regard aµ as providing a lift7 from TΣ (with basis {∂µ}) to Ce, that is, it can be
thought of as an Ehresmann connection. By the Frobenius theorem, Ce is an integrable distribution if

[

Dµ,Dν

]

∈ Ce. (43)

6It is also possible to generalize the ansatz by the inclusion of a scalar function in front of the first term, essentially a radial
lapse function. We will discuss this further in the following.

7Here, we are regarding Σ as an isolated hypersurface in M . We can thus regard M as a fibre bundle π : M → Σ. An
Ehresmann connection provides a splitting of the tangent bundle TM = H ⊕ V , and the Dµ vectors form a basis of H ,
identified with Ce, at the point (z, xµ).
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To understand this condition, it is convenient to introduce a vector dual to e,

e ≡ Ω(z;x)z∂z (44)

which has been normalized to e(e) = 1, and we regard {e,Dµ} as a basis for T(z;x)M . We then compute

[

Dµ,Dν

]

= Ω(z;x)−1fµνe, fµν ≡ Dµaν −Dνaµ (45)

So we find that integrability is the condition fµν = 0, and thus by Frobenius, the distribution Ce would
define under that circumstance a foliation of M by co-dimension one hypersurfaces.

By taking e in the form (44), we have fixed some of the diffeomorphism invariance;8 the diffeomorphisms
that preserve the form of e are given by z′ = z′(z;x), x′µ = x′µ(x). Given the interpretation of holography
in terms of renormalization, we expect that these diffeomorphisms correspond to generic local (in x) coarse
grainings. These residual diffeomorphisms act on the form e as

∂x′ν(x)
∂xµ

a′ν(z
′;x′) =

∂ ln z′(z;x)
∂ ln z

aµ(z;x) +
∂ ln z′(z;x)

∂xµ
, Ω′(z′;x′) =

∂ ln z′(z;x)
∂ ln z

Ω(z;x). (47)

The first equation is consistent with the interpretation of a as an Ehresmann connection. The second equa-
tion implies that the inherent ambiguity in the definition of the distribution Ce represented by Ω(z;x) can
be thought of as the (local) reparametrization invariance of z. We can for example use this reparametriza-
tion invariance to set Ω(z;x) → L−1 if we wish. The residual diffeomorphisms that preserve this choice
(or, more generally preserve any specific Ω(z;x)) are of the form z′ = z/B(x), x′µ = x′µ(x), which are the
Weyl diffeomorphisms. These give

∂x′ν(x)
∂xµ

a′ν(z
′;x′) = aµ(z;x)− ∂µ lnB(x), (48)

and so we are to interpret the aµ(z;x) as a connection for the Weyl diffeomorphisms (33). Given this result,
it will not come as a surprise that there will be an induced Weyl connection on the conformal boundary.
To recap, using Ω = L−1, we have the following setup

{e,Dµ} =
{

L−1z∂z, ∂µ + aµz∂z

}

,
[

Dµ,Dν

]

= Lfµνe. (49)

To proceed further, we Fourier analyze aµ(z;x) and hµν(z;x) in the sense that we will expand them
in eigenfunctions of e. Such eigenfunctions are of course just the monomials in z ∈ R

+. For hµν(z;x) we
obtain then the same expansion as before, eq. (31), and for aµ(z;x) we write

aµ(z;x) =

[

a(0)µ (x) +
z2

L2
a(2)µ (x) + ...

]

+
zd−2

Ld−2

[

p(0)µ (x) +
z2

L2
p(2)µ (x) + ...

]

, (50)

which is of the same form as the expansion of a massless gauge field in Fefferman-Graham. Given these

expressions, we observe that a
(0)
µ is not part of the boundary metric, although as we will show, it is part

of the induced boundary connection and thus should be regarded as part of the boundary geometry.

8Indeed, the vector field e could more generally be of the form

e → e′ = e+ θµ(z;x)Dµ (46)

which satisfies e(e) = 1 for any θµ. (In the language of footnote 7 (see page 8), the e of (44) is special in that e ∈ V .) In
the general case, we have

[

Dµ, Dν

]

= fµνe
′ − fµνθ

λDλ and thus integrability remains the condition fµν = 0. The second
diffeomorphism, discussed earlier, that returns the metric to the FG ansatz after a boundary Weyl transformation corresponds
on the contrary to setting aµ → 0 at the expense of keeping θµ 6= 0.
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More precisely, what we will show is that for the WFG ansatz, the induced connection is not the Levi-
Civita connection of the induced metric, but instead a Weyl connection. Given the expansions (31,50), we
see that the Weyl diffeomorphism (33) acts as

γ(k)µν (x) → γ(k)µν (x)B(x)k−2, π(k)µν (x) → π(k)µν (x)B(x)d−2+k (51)

a(k)µ (x) → a(k)µ (x)B(x)k − δk,0∂µ lnB(x), p(k)µ (x) → p(k)µ (x)B(x)d−2+k (52)

and so in particular

γ(0)µν (x) → γ(0)µν (x)/B(x)2, a(0)µ (x) → a(0)µ (x)− ∂µ lnB(x) (53)

and thus we may anticipate that a
(0)
µ will play the role of a boundary Weyl connection. All of the other

subleading functions in the expansions (31,50) are interpreted to have, à la (51–52), definite Weyl weights,
that is they are Weyl tensors. It is then natural to anticipate that they will be determined in terms of the
Weyl curvature, which we discussed in the last section.

We introduced the concept of the distribution Ce precisely in order to properly discuss the notion of
an induced connection, as Ce is a sub-bundle of TM . That is, given a connection ∇ on TM (which we will
take to be the LC connection), we can apply it to vectors in Ce, which will be of the general form

∇Dµ
Dν = Γλ

µνDλ + Γe
µνe (54)

The coefficients of the induced connection on Ce are by definition the Γλ
µν appearing in (54). Notice

that these connection coefficients should not be confused with the usual Christoffel symbols, which are
associated with coordinate bases. By direct computation, we find

Γλ
µν = γλµν ≡ 1

2h
λρ
(

Dµhρν +Dνhµρ −Dρhνµ

)

(55)

and furthermore if we evaluate this expression at z = 0, we find

γ(0)λµν = 1
2γ

λρ
(0)

(

(∂µ − 2a(0)µ )γ(0)νρ + (∂ν − 2a(0)ν )γ(0)µρ − (∂ρ − 2a(0)ρ )γ(0)µν

)

(56)

This result can be compared to (11), from which we conclude that the induced connection on the boundary
is in fact a Weyl connection, with the role of the geometric data gab and Aa in (11) being played here

by γ
(0)
µν and a

(0)
µ . In comparing, we make use of the fact that here the intrinsic rotation coefficients are

Cµν
λ = 0, as in (45). We will use the notation ∇(0) for the corresponding Weyl connection (whose

Weyl-Christoffel symbols are given by (56)), and the curvature as R(0)λ
µρν . A tensor with components

tµ1...µn(x) that has Weyl weight wt transforms as tµ1...µn(x) 7→ B(x)wttµ1...µn(x), while ∇̂(0)
ν tµ1...µn(x) ≡

∇(0)
ν tµ1...µn(x) + wta

(0)
ν tµ1...µn(x) transforms covariantly with the same weight. As noted above, all of the

component fields aside form a
(0)
µ transform covariantly with respect to arbitrary Weyl transformations,

and the Weyl weights of the various component fields are given above in (51). In the next section, we will
briefly study some aspects of the holographic dictionary, and we will find that every equation is covariant
with respect to arbitrary Weyl transformations — it is a bona fide (background) symmetry of the dual

field theory. In particular, we will find that the appearance of a
(0)
µ (x), since it transforms non-linearly

under Weyl transformations, is through Weyl-covariant derivatives of other fields, or through expressions

involving the Weyl-invariant field strength f
(0)
µν .

10



4 The Holographic Dictionary and the Weyl Anomaly

In this section, we will explore some details of the holographic dictionary corresponding to the WFG ansatz.
The LC connection in the bulk has the form

∇Dµ
Dν = γλµνDλ − hνλψ

λ
µe (57)

∇Dµ
e = ψλ

µDλ (58)

∇eDµ = ψλ
µDλ + Lϕµe (59)

∇ee = −LhλρϕρDλ (60)

where

ψµ
ν = ρµν +

L

2
hµλfλν , ρµν = 1

2h
µλe(hλν), ϕµ = e(aµ), fµν = Dµaν −Dνaµ (61)

and we note that ϕµ is proportional to the rotation coefficient Ceµ
e, i.e.,

[

e,Dµ

]

= Lϕµe. In addition, we

will use the notation9 θ = trρ = e(ln
√
− deth) and ζµν = ρµν − 1

d
θδµν . In Appendix A, we record some

additional details, including the Weyl-Riemann curvature components.

As we have detailed above, the WFG metric ansatz has two bulk fields hµν and aµ, and γ
(0)
µν (x) and

a
(0)
µ (x) appear as sources (and/or backgrounds), while π

(0)
µν (x) and p

(0)
µ (x) appear as the corresponding

vevs. The corresponding operators in the dual field theory are Weyl-covariant currents T̂µν(x) and Ĵµ(x),
each of Weyl weight d− 2. We will discuss these operators more fully in Section 5.

As usual, one finds that the bulk equations of motion determine the subleading component fields in

terms of γ
(0)
µν (x), a

(0)
µ (x), π

(0)
µν (x) and p

(0)
µ (x). Here we will assume that we have a vacuum solution that is

asymptotically locally anti-de Sitter. For example, the ee-component of the vacuum Einstein equations is

0 = Gee + Λgee = −1
2tr(ρρ)−

3L2

8
tr(ff)− 1

2R̄+ 1
2θ

2 (62)

where Λ = −d(d−1)
2L2 is the cosmological constant of AdSd+1 and we define for the sake of brevity

R̄λ
µρν = Dργ

λ
νµ −Dνγ

λ
ρµ + γδνµγ

λ
ρδ − γδρµγ

λ
νδ (63)

with R̄ = hµνR̄ρ
µρν the corresponding Ricci scalar. Expanding (62) we find

0 =

[

Λ+
d(d− 1)

2L2

]

− 1

2

z2

L2

[

2(d− 1)L−2X(1) +R(0)
]

+ ...− (d− 1)
zd

Ld

[

d

2
L−2Y (1) + ∇̂ · p(0)

]

+ ... (64)

where R(0) is the boundary Weyl-Ricci scalar and

X(1) = γµν(0)γ
(2)
µν , Y (1) = γµν(0)π

(0)
µν . (65)

In (64), the order one equation is trivially satisfied while the z2 contribution gives X(1) entirely in terms
of the Weyl-Ricci scalar curvature:

X(1) = − L2

2(d− 1)
R(0). (66)

As in the FG story, we must be careful with the O(zd) terms here because of divergences in the evaluation
of the on-shell action — those divergences are responsible for the Weyl anomaly in the dual field theory,

9The notation used here can be interpreted in terms of expansion (θ), shear (ζ), vorticity (f) and acceleration (ϕ) of the
radial congruence e.
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the structure of which we will discuss in detail below. Nevertheless, we may read off the ‘left-hand-side’ of
the Weyl Ward identity from this,

Y (1) +
2L2

d
∇̂ · p(0). (67)

We will see later that this is the expected form given the interpretation of π
(0)
µν and p

(0)
µ as vevs of currents

in the dual field theory. We will also study the form of the anomalous right-hand-side later.
Similarly, one finds that the leading O(z2) term in Geµ is proportional to

γλν(0)∇(0)
ν

(

G
(0)
λµ + f

(0)
λµ

)

= 0, (68)

the vanishing of which is the twice-contracted Bianchi identity of the Weyl connection, as was discussed
above (see eq. (29)).

The leading non-trivial terms in the µν-components of the Einstein equations determine

γ(2)µν = − L2

d− 2

(

Ric
(0)
(µν) −

1

2(d− 1)
R(0)γ(0)µν

)

= − L2

d− 2
L
(0)
(µν), (69)

where L(0) is the Weyl-Schouten tensor. Its trace (65) correctly reproduces (66). We take each of these
results as representative of the fact that the subleading terms in the expansion of the metric are determined
by the Weyl curvature, analogous to what happens in the usual FG gauge in which they are determined
by the LC curvature of the induced metric. As we mentioned previously, the difference is that now all of
the subleading terms in the bulk fields are Weyl-covariant. One expects that the same is true for aµ as
well, along with the transversality of such solutions. For example, the O(z4) term in the eµ-component of

the bulk Einstein equation involves a
(2)
µ in the form Max(a(2))µ where Max refers to the Weyl-Maxwell

differential operator

Max(a(2))µ ≡ ∇̂(0) · ∇̂(0)a(2)µ − ∇̂(0)
µ (∇̂(0) · a(2)) + (Ric(0)νµ + 4f (0)νµ )γ

νλ
(0)a

(2)
λ . (70)

The appearance of the Maxwell operator here is the analogue of the appearance of the tranverse tensor
Πµν in the bulk solutions for a massless gauge field, when the boundary is Minkowski space-time. Note

that both the Weyl-Ricci tensor and f
(0)
µν appear in the Laplacian because a(2) is a vector field that has

non-zero Weyl charge (weight).

The holographic dictionary for WFG will be taken to be the obvious generalization of the usual rela-
tionship, i.e.,

Zbulk[g; γ
(0), a(0)] = exp(−So.s.[h, a; γ(0), a(0)]) = ZFT [γ

(0), a(0)] (71)

where on the left we have the on-shell action of the bulk classical theory whose metric is given by h, a with
asymptotic configurations γ(0), a(0), while the right-hand-side is the generating functional of correlation
functions of operators sourced by γ(0), a(0). Although this is expressed in terms of the “bare” sources, it
is implicit that a regularization scheme for the left-hand-side is employed and that the boundary counter-
terms are introduced to absorb power divergences that arise in the evaluation of the on-shell action. Here,
we will organize the discussion by taking the space-time dimension d to be formally complex; the on-shell
action is convergent for sufficiently small d, and as we move d up along the real axis, we encounter additional
divergences as d approaches an even integer. It is well-known in the context of Fefferman-Graham that as
a byproduct this divergence induces the Weyl anomaly of the dual field theory, and is associated with the
appearance of logarithms in the field expansions when d is precisely an even integer. Here we will review

12



this bit of physics, as the existence of the Weyl connection, as we will see, organizes the Weyl anomaly in
a much more symmetric fashion than is usually described.

It is taken for granted that Zbulk is diffeomorphism invariant. Under the holographic map this implies,
among other things, that the dual field theory can be regulated in a diffeomorphism-invariant fashion.
However, the bulk calculation is classical, and thus, in principle, is a functional of the bulk metric g as well
as the boundary values. We therefore suppose that

Zbulk

[

g′; γ′(0), a
′
(0), ...

∣

∣

∣z′, x′
]

Zbulk

[

g; γ(0), a(0), ...
∣

∣

∣
z, x
] = 1, (72)

where the notation refers to the fact that we are computing the partition function in different coordinate
systems. Here of course we are particularly interested in the Weyl diffeomorphism (z′, x′) = (z/B(x), x)
which relates the boundary values γ′(0) = γ(0)/B2, a′(0) = a(0) − d lnB. Zbulk is given in the classical limit

by evaluating the (renormalized) on-shell action, Zbulk = e−So.s.[g;γ(0),a(0),...|z,x]. We then ask, is it also true
that this cleanly induces a Weyl transformation on the boundary? That is, is it true that

Zbdy[x; γ
′
(0), a

′
(0), ...]

Zbdy[x; γ(0), a(0), ...]

?
= 1, (73)

where Zbdy is the generating functional in the given background. As is well-established, what happens is
that there is an anomaly

Zbulk

[

g′; γ′(0), a
′
(0), ...

∣

∣

∣
z′, x

]

Zbulk

[

g; γ(0), a(0), ...
∣

∣

∣
z, x
] = eAk

Zbdy[x; γ
′
(0), a

′
(0), ...]

Zbdy[x; γ(0), a(0), ...]
(74)

in dimension d = 2k. Recall that we are employing the specific Weyl diffeomorphism, which is inducing
a Weyl transformation on the boundary, but no boundary diffeomorphism. If we take the log of these
expressions, the result is that

0 = Sbulk[g
′; γ′(0), ...|z′, x]− Sbulk[g; γ(0), ...|z, x] = Sbdy[x; γ

′
(0), a

′
(0), ...] − Sbdy[x; γ(0), a(0), ...] +Ak. (75)

That is, when we compare the evaluation of the bulk on-shell action in different coordinate systems, the
result appears as the difference of boundary actions in Weyl-equivalent backgrounds, up to an anomalous
term, which is not the difference of two such actions. The only source for such a term is a pole at d = 2k
in the evaluation of the bulk action, which arises because the on-shell action is not a boundary term, but
contains pieces that must be integrated over z. The bulk action is generally given by (volS =

√
− det hddx)

Sbulk[g; γ(0), ...|z, x] =
1

16πG

∫

M

e ∧ volS(R− 2Λ). (76)

On shell, it evaluates to

Sbulk[g; γ(0), ...|z, x] = − d

8πGL2

∫

M

e ∧ volS = − d

8πGL

∫

M

dz

z
∧ ddx

√
− det h, (77)

where we remind that d is the boundary dimension. We then expand
√
− deth in powers of z:

Sbulk[g; γ(0), ...|z, x] = − d

8πGL

∫

M

dz ∧ ddx
(L

z

)d+1
√

− det γ(0)
(

1 +
z2

L2

X(1)

2
+ . . .

)

. (78)
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Consider now the difference of Weyl-transformed bulk actions as in (75) and define volΣ =
√

− det γ(0)ddx.
The idea is to start with Sbulk[g

′; γ′(0), ...|z′, x], use the explicit Weyl transformation of the different quan-

tities in the expansion (see (51)) and then change the name of the integration variable from z′ to z.10 We
will demonstrate this for the first pole, which occurs at d = 2. We then obtain

0 =
d

8πG

∫

M

d

(

B−d

d

(

L

z

)d
)

∧ volΣ − d

8πG

∫

M

d

(

1

d

(

L

z

)d
)

∧ volΣ

+
d

16πG

∫

M

d

(

B−(d−2)

d− 2

(

L

z

)d−2
)

∧ GΣ − d

16πG

∫

M

d

(

1

d− 2

(

L

z

)d−2
)

∧ GΣ + . . . , (79)

with GΣ = X(1)volΣ (Weyl weight −(d− 2)). We observe that the offending term in d→ 2− is

d

16πG

∫

M

d

(

B−(d−2)

d− 2

(

L

z

)d−2
)

∧ GΣ − d

16πG

∫

M

d

(

1

d− 2

(

L

z

)d−2
)

∧ GΣ = − 1

8πGL

∫

Σ
lnB GΣ. (80)

The equality in this equation is obtained expanding B around 1 and eventually imposing d = 2. For
concreteness we expand this final result using the holographic value of X(1), (66). Then, we read from
(75):

A1 =
1

8πGL

∫

Σ
lnB GΣ = − L

16πG

∫

Σ
lnB R(0)volΣ. (81)

This numerical coefficient is the correct one that leads to the central charge c =
3L

2G
. We will shortly

comment on the implications, but notice already that R(0) is not the Levi-Civita curvature, as usually
found, but rather the Weyl curvature. As such, it is a Weyl-covariant scalar.

The Weyl anomaly in d = 2 then is best expressed cohomologically as the difference:

(e ∧ GΣ)
′ − (e ∧ GΣ) = d(lnB A1 volΣ), (82)

with A1 proportional to X(1). Each term on the left is expected to be closed (because they are top forms
in the bulk!) but the difference is in general exact, with its strength determining the Weyl anomaly of the
boundary theory.

Some comments are in order here. Firstly, we have obtained a very powerful new result: the Weyl
anomaly A1 is now dictated in 2d by the Weyl-covariant scalar curvature R(0). This is not the case if
we start with the FG gauge in the bulk, for which the Levi-Civita scalar curvature appears. The Weyl
covariance of all the subleading terms in the WFG gauge implies that the anomaly in every even boundary
dimension will have Weyl-covariant curvature coefficients in our framework. Secondly, we expect the
cohomological derivation of the anomaly to be a general feature, not restricted to the 2-dimensional case.
In fact, recalling that the metric determinant is expanded as (cf (A.22))

√

− det h(z;x) =

(

L

z

)d√

− det γ(0)(x)

[

1 +
1

2

z2

L2
X(1) +

1

2

z4

L4
X(2) + ...+

1

2

zd

Ld
Y (1) + ...

]

, (83)

we deduce that a similar derivation as for the 2-dimensional case holds in any even dimension, with GΣ

generally replaced by

G(k)
Σ = X(k)volΣ. (84)

10To evaluate these expressions, a regulator is required. The last step of renaming the integration variable has a corresponding
effect on the cutoff and thus is not innocuous in the renormalization procedure. Such a regulator is not Weyl-covariant, which
is consistent with the fact that an anomaly arises. Most of the details of the renormalization occur in expressions that are the
difference of two Weyl-equivalent actions, whereas the anomaly is not and has been cleanly extracted.
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We therefore claim that in any even dimension d = 2k,

(

e ∧ G(k)
Σ

)′
−
(

e ∧ G(k)
Σ

)

= d(lnB Ak volΣ), (85)

the Ak term on the right-hand side being proportional to X(k). Looking for a universal form of X(k) as a
function of the Weyl curvature tensors of the boundary is an appealing future direction of investigation.

5 Field Theory Aspects

In this section, we will make some preliminary remarks about the dual field theory. The holographic
analysis implies that we should now consider a field theory coupled to a background metric and Weyl
connection, with action S[γ(0), a(0); Φ] where Φ denotes some collection of dynamical fields to which we
will assign some definite Weyl weights. As we will explain, this is perfectly natural from the field theory
perspective as well, but constitutes a new organization of such field theories (which in the usual formulation
are coupled only to a background metric). The quantum theory possesses a partition function Z[γ(0), a(0)]
that depends on the background, both through explicit dependence in the action and in the definition of the
functional integral measure. A background Ward identity is generated by changing integration variables
Φ(x) 7→ B(x)wΦΦ(x) giving

Z[γ(0), a(0)] = eA[B]Z[B(x)−2γ(0), a(0) − d lnB(x)] (86)

with A a possible anomalous contribution. Thus the Weyl Ward identity is a relationship between different
theories, that is, field theories in different backgrounds and so, more properly, we refer to the above equation
as a background Ward identity. Strictly speaking, this argument applies to free theories, whereby (if Φ is
a scalar) wΦ = 1

2(d− 2) is the engineering dimension. An example of an action in this context is

S[γ(0), a(0); Φ] = −1
2

∫

ddx

√

− det γ(0) γab(0)∇̂aΦ∇̂bΦ (87)

where ∇̂aΦ = ∂aΦ+wΦa
(0)
a Φ is Weyl-covariant.11 Notice that the stress tensor of this theory has the form

Tγ(0),a(0)

ab (x) =
2

√

− det γ(0)

δS[γ(0), a(0); Φ]

δγ
(0)
ab (x)

= ∇̂aΦ(x)∇̂bΦ(x)− 1
2γ

(0)
ab (x)γ

(0)cd(x)∇̂cΦ(x)∇̂dΦ(x) (88)

Here we have used pedantic notation to emphasize that the definition of the operator depends on the
background fields. This operator is Weyl-covariant, by which we mean

T
B(x)−2γ(0),a(0)−d lnB(x)
ab (x) = B(x)d−2Tγ(0),a(0)

ab (x) (89)

That is, if we compare correlation functions of the stress tensor in two Weyl-related backgrounds, there
will be a relative factor of B(x)d−2 for each instance of the stress tensor; for brevity, we refer to this as the
stress tensor (with two lower indices) having Weyl weight wT = d− 2. Similarly, we have the Weyl current

Ja
(0)

a (x) =
1

√

− det γ(0)

δS[γ(0), a(0); Φ]

δa
(0)
a (x)

= wΦΦ(x)∇̂aΦ(x) (90)

This operator is also Weyl-covariant in the same sense as the stress tensor and is of weight d − 2. Thus
T̂ab and Ĵa have the properties of the operators sourced in the holographic WFG theory. In a holographic

11An independently Weyl invariant action term is
∫

ddx
√

− det γ(0) R(0)Φ2. It is well-known that using the LC connection,
only a specific linear combination of the kinetic term and such a curvature term is Weyl invariant, at least up to a total
derivative.
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theory, we would not have the free field discussion given here, but we can still discuss sourcing these
operators (in a given background).

Earlier, we saw that the classical Weyl Ward identity involved a linear combination of the trace of the
stress tensor and the divergence of the Weyl current. This is in fact easily established in general terms.
Here we will use classical language, but the argument easily extends to the quantum case by making use
of (86). Indeed, suppose that the classical action satisfies

S[γ(0), a(0);BwΦΦ] = S[γ(0)/B2, a(0) − d lnB; Φ] (91)

As mentioned above, this is what we mean by Weyl being a background symmetry. By expanding both
sides for small lnB and going on-shell, we find

0 =

∫

ddx
δS

δa
(0)
µ (x)

∂µ lnB(x) +
∫

ddx
δS

δγ
(0)
µν (x)

(

− 2 lnB(x)γ(0)µν (x)
)

(92)

We recognize that this may be written as

0 =

∫

ddx

√

− det γ(0) Jµ(x)∂µ lnB(x) +
∫

ddx

√

− det γ(0) Tµν(x)
(

− lnB(x)γ(0)µν (x)
)

(93)

and, by integrating by parts, we have

0 = −
∫

ddx

√

− det γ(0)
(

∇̂µJ
µ(x) + Tµν(x)γ(0)µν (x)

)

lnB(x) (94)

This result serves to identify the relative normalization of π
(0)
µν and p

(0)
µ and their relation with the currents

defined here. Incidentally, the Weyl-covariant derivative appears in (94) precisely because the current Jµ

(with raised index) has Weyl weight d.
We remark that typical discussions of related topics are rife with ‘improvements’ to operators such as

the stress tensor, including mixing with a so-called ‘virial current’. The operators that we have defined
here have the advantage of transforming linearly, and in particular do not mix with each other, under Weyl
transformations. Note also that the Weyl current in the free theory is in fact a total derivative. Thus,
at least in the absence of edges or boundaries [49, 50], one might suppose that this operator is in a sense
trivial. We will explain elsewhere the symmetry structure of these operators.

6 Conclusions

In this work, we have discussed the consequences of bringing a Weyl connection into the formulation of
holography. In order to address this, we first intrinsically analyzed such connections and their associated
geometrical tensors. The need for a Weyl connection arises in theories that, in addition to diffeomorphisms,
admit a local rescaling of the metric by an arbitrary local function. The vanishing of the metricity required
for the familiar Levi-Civita connection is indeed not maintained under such rescalings, and the Weyl
connection is defined as the unique torsionless connection with vanishing Weyl metricity, a Weyl-covariant
statement. Although richer than its Levi-Civita counterparts, the geometrical tensors built out of this
connection turn out to be tractable.

It has long been understood that holographic field theories possess a Weyl invariance, in the sense that
they couple not to a metric, but to a conformal class of metrics. The introduction of a (background) Weyl
connection in holographic field theories is a suitable reformulation in which local Weyl transformations
relate such theories in different backgrounds. In our account, the bulk gravitational theory is unmodified,
but the gauge-fixing is relaxed (to what we called Weyl-Fefferman-Graham gauge) in such a way that
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the Weyl diffeomorphisms act geometrically on tensors parametrizing the bulk metric. The Weyl diffeo-
morphisms correspond to rescaling the holographic coordinate by functions of the transverse coordinates
while leaving the latter unchanged. While the FG expansion induces the LC connection associated to
the induced boundary metric, we have proven that the WFG expansion induces on the boundary a Weyl
connection. This result indicates that the WFG gauge is the proper bulk parametrization that leaves the
bulk diffeomorphisms corresponding to the boundary Weyl transformations unfixed. This leads to the
interpretation of the Weyl connection in the boundary as a background field together with the boundary
metric; essentially, the pair (γ(0), a(0)) replace [γ(0)]. An interesting consequence of the WFG gauge is
that the boundary hypersurface is generally not part of a foliation, the distribution that is involved being
generally non-integrable. We expect that the details of holographic renormalization require a slightly more
sophisticated regulator than is usually employed, but the results of this paper do not rely on such details.

TheWFG gauge involves an expansion in powers of the holographic coordinate in which every coefficient
is Weyl-covariant by construction. This result is a powerful reorganization of the holographic dictionary.
The Weyl connection sources a Weyl current which explicitly appears in the subleading expansion of the
bulk geometry. Subleading orders of the bulk Einstein equations unravel the boundary Weyl geometrical
tensors and relationships between boundary expectation values of the sourced operators. In particular we
find the boundary Ward identity relating the trace of the energy-momentum tensor with the divergence of
the Weyl current, and in the last section have shown that this is the expected result.

We then scrutinized the implications of our setup for the Weyl anomaly. Not surprisingly, we found
the latter to be given now in terms of Weyl-covariant geometrical objects, instead of the corresponding
Levi-Civita objects. We expect that this outcome will have implications for the study and characterization
of the anomaly in higher even boundary dimensions. The presence of Weyl geometrical tensors allowed
for a cohomological description of the anomaly as a difference of Weyl-related bulk volumes, which offers
a clear geometrical interpretation of the anomaly.
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A Details of Bulk Expansions

We recapitulate here our geometrical setup both in the bulk and in the boundary, and compute the leading
orders of the expansion toward z = 0 of the main quantities involved. These are useful to evaluate Einstein
equations order by order, and hence solve for the various geometrical objects. Concretely, we work in the
non-coordinate basis

ds2 = e⊗ e+ hµνdx
µ ⊗ dxν , e = L

(dz

z
− aµdx

µ
)

. (A.1)

The dual vectors are

e = L−1z∂z, Dµ = ∂µ + zaµ∂z, (A.2)
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and they form an orthonormal basis

e(e) = 1, e(Dµ) = 0, dxµ(Dν) = δµν , dxµ(e) = 0. (A.3)

The vector commutators give

[e,Dµ] = Le(aµ)e = Lϕµe, [Dµ,Dν ] = L
(

Dµaν −Dνaµ

)

e = Lfµνe, (A.4)

from which we read

Ceµ
e = Lϕµ, Cµν

e = Lfµν , Cµν
α = 0. (A.5)

Throughout this Appendix, we refer for brevity to generalized bulk indices as M = (e, µ) and thus vectors
eM = (e,Dµ), the most general non-coordinatized Levi-Civita connection is then

ΓP
MN = 1

2g
PQ
(

eM (gNQ) + eN (gQM )− eQ(gMN )
)

− 1
2g

PQ
(

CMQ
RgRN + CNM

RgRQ − CQN
RgRM

)

. (A.6)

The metric and its inverse are given in components by

gµν = hµν , geµ = 0, gee = 1, gµν = hµν , gµe = 0, gee = 1. (A.7)

Then, calling θ = trρ with ρµν = 1
2h

µαe(hαν), the Christoffel symbols evaluate to

Γe
ee = 0 (A.8)

Γe
eµ = Ceµ

e = Lϕµ (A.9)

Γe
µe = 0 (A.10)

Γe
µν = −1

2e(hµν) +
L

2
fµν (A.11)

Γµ
ee = hµνCνe

e = −Lhµνϕν (A.12)

Γµ
eν = ρµν +

L

2
fµν (A.13)

Γµ
νe = ρµν +

L

2
fµν (A.14)

Γµ
µe = θ (A.15)

Γµ
αβ = 1

2h
µν
(

Dαhβν +Dβhαν −Dνhαβ

)

≡ γµαβ . (A.16)

These connections are explicitly reported in (57), (58), (59) and (60). We additionally define

m(k)
µ
ν ≡ (γ−1

(0)γ(k))
µ
ν , n(k)

µ
ν ≡ (γ−1

(0)π(k))
µ
ν , (A.17)

and the scalars

X(1) = tr(m(2)), (A.18)

X(2) = tr(m(4))− 1
2tr(m

2
(2)) +

1
4

(

tr(m(2))
)2
, (A.19)

Y (1) = tr(n(0)). (A.20)

Starting from the metric (31) and the Weyl connection (50) expansions, we compute the inverse metric, the
determinant and the various connection components appearing in (61). We expand the two series enough
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to be able to capture the two leading orders. The result is:

hµλ(z;x) =
z2

L2

[

γ−1
(0) −

z2

L2
m(2)γ

−1
(0) −

z4

L4
(m(4) −m2

(2))γ
−1
(0) + ...

]µλ

− zd+2

Ld+2

[

n(0)γ
−1
(0) + ...

]µλ

(A.21)

√

− deth(z;x) =

(

L

z

)d√

− det γ(0)(x)

[

1 +
1

2

z2

L2
X(1) +

1

2

z4

L4
X(2) + ...+

1

2

zd

Ld
Y (1) + ...

]

(A.22)

ρµν(z;x) = L−1

[

−δµν +
z2

L2
m(2)

µ
ν +

z4

L4
(2m(4) −m2

(2))
µ
ν + ...+

d

2

zd

Ld
n(0)

µ
ν + ...

]

(A.23)

θ(z;x) = L−1

[

−d+ z2

L2
X(1) +

z4

L4
2(X(2) − 1

4
(X(1))2) + ...+

d

2

zd

Ld
Y (1) + ...

]

(A.24)

ϕµ(z;x) = L−1

[

z2

L2
2a(2)µ + ...+

zd−2

Ld−2
(d− 2)p(0)µ + ...

]

(A.25)

fµν(z;x) = f (0)µν (x) +
z2

L2
(∇̂(0)

µ a(2)ν − ∇̂(0)
ν a(2)µ ) + ...+

zd−2

Ld−2
(∇̂(0)

µ p(0)ν − ∇̂(0)
ν p(0)µ ) + ... (A.26)

with f
(0)
µν = ∂µa

(0)
ν − ∂νa

(0)
µ . In the expression for fµν we used the boundary derivative introduced in (21),

which is the Weyl derivative shifted with the Weyl weight of the object it acts upon. For instance, looking

at (52), a
(2)
µ and p

(0)
µ are Weyl-covariant with weights 2 and d− 2 respectively and therefore:

∇̂(0)
µ a(2)ν = ∇(0)

µ a(2)ν + 2a(0)µ a(2)ν , (A.27)

∇̂(0)
µ p(0)ν = ∇(0)

µ p(0)ν + (d− 2)a(0)µ p(0)ν , (A.28)

with ∇(0) the boundary Weyl connection (its connection coefficients are explicitly given in (56)).
The expansion of the geometrical objects constructed from (63) is also reported

γλµν = γ(0)µν
λ +

z2

L2

[

1
2γ

λξ
(0)

(

∇̂(0)
ν γ

(2)
µξ + ∇̂(0)

µ γ
(2)
ξν − ∇̂(0)

ξ γ(2)µν

)

−
(

a(2)µ δλν + a(2)ν δλµ − a
(2)
ξ γλξ(0)γ

(0)
µν

)]

+ ...

− zd−2

Ld−2

[

p(0)µ δλν + p(0)ν δλµ − p(0)ρ γλρ(0)γ
(0)
µν

]

+ ... (A.29)

R̄icµν = Ric(0)µν +
z2

L2

[

1
2∇̂

(0)
λ

(

γλξ(0)

(

∇̂(0)
ν γ

(2)
µξ + ∇̂(0)

µ γ
(2)
ξν − ∇̂(0)

ξ γ(2)µν

))

+(d− 1)∇̂(0)
ν a(2)µ − ∇̂(0)

µ a(2)ν + γ(0)µν ∇̂(0) · a(2) − 1
2∇̂(0)

ν ∇̂(0)
µ X(1)

]

+...+
zd−2

Ld−2

[

(d− 1)∇̂νp
(0)
µ − ∇̂(0)

µ p(0)ν + γ(0)µν ∇̂(0) · p(0)
]

+ ... (A.30)

R̄ =
z2

L2
R(0) +

z4

L4

[

γλν(0)∇̂
(0)
λ ∇̂µ

(

m(2)
µ
ν − tr(m(2))δ

µ
ν

)

+ 2(d− 1)∇̂ · a(2) − tr(m(2)γ
−1
(0)Ric

(0))
]

+...+ 2(d − 1)
zd

Ld
∇̂ · p(0) + ... (A.31)

Ḡµν = G(0)
µν +

z2

L2

[

1
2∇̂λ

(

γλξ(0)

(

∇̂νγ
(2)
ξµ + ∇̂µγ

(2)
ξν − ∇̂ξγ

(2)
µν

))

+ (d− 1)∇̂νa
(2)
µ − ∇̂µa

(2)
ν − (d− 2)γ(0)µν ∇̂ · a(2)

−1
2∇̂ν∇̂µX

(1) − 1
2γ

(2)
µν R

(0) − 1
2γ

(0)
µν ∇̂λ∇̂φ

(

(γ−1
(0)γ

(2)γ−1
(0))

φλ −X(1)γφλ(0)

)]

+ ...

+
zd−2

Ld−2

[

(d− 1)∇̂νp
(0)
µ − ∇̂µp

(0)
ν − (d− 2)∇̂ · p(0)γ(0)µν

]

+ ... (A.32)

These quantities appear explicitly in the Einstein tensor. We then compute the bulk Ricci tensor:

RicMN = RP
MPN = eP (Γ

P
NM )− eN (ΓP

PM ) + ΓQ
NMΓP

PQ − ΓQ
PMΓP

NQ − CPN
QΓP

QM , (A.33)

19



and so

Ricee = −L∇µϕ
µ − L2ϕ2 − e(θ)− tr(ρρ)− L2

4
tr(ff) (A.34)

Riceµ = ∇α

(

ραµ +
L

2
fαµ

)

−Dµθ + L2ϕαfαµ (A.35)

Ricµe = ∇α

(

ραµ +
L

2
fαµ

)

−Dµθ + L2ϕαfαµ (A.36)

Ricµν = R̄icµν − L∇νϕµ − (e+ θ)
(

ρµν +
L

2
fµν

)

− L2ϕµϕν + 2ραµραν +
L2

2
fναf

α
µ. (A.37)

Notice that Riceµ = Ricµe. The trace of the Ricci tensor gives the scalar curvature

R = gMN
(

eP (Γ
P
NM )− eN (ΓP

PM ) + ΓQ
NMΓP

PQ − ΓQ
PMΓP

NQ − CPN
QΓP

QM

)

. (A.38)

It evaluates to

R = −2e(θ) +
L2

4
tr(ff)− tr(ρρ)− 2Lhµν∇µϕν + R̄− θ2 − 2L2ϕµϕνh

µν . (A.39)

Therefore the various components of the Einstein tensor read

Gee = −1
2tr(ρρ)−

3L2

8
tr(ff)− 1

2R̄+ 1
2θ

2 (A.40)

Geµ = ∇α

(

ραµ +
L

2
fαµ

)

−Dµθ + L2ϕαfαµ (A.41)

Gµe = ∇α

(

ραµ +
L

2
fαµ

)

−Dµθ + L2ϕαfαµ (A.42)

Gµν = Ḡµν − L∇νϕµ − (e+ θ)
(

ρµν +
L

2
fµν

)

− L2ϕµϕν + 2ραµραν +
L2

2
fναf

α
µ (A.43)

+hµν

(

e(θ)− L2

8
tr(ff) + 1

2tr(ρρ) + L∇αϕ
α + 1

2θ
2 + L2ϕ2

)

. (A.44)

Finally, vacuum Einstein equations are given by

GMN + ΛgMN = 0. (A.45)

They become

0 = −1
2tr(ρρ)−

3L2

8
tr(ff)− 1

2R̄+ 1
2θ

2 + Λ (A.46)

0 = ∇α

(

ραµ +
L

2
fαµ

)

−Dµθ + L2ϕαfαµ (A.47)

0 = ∇α

(

ραµ +
L

2
fαµ

)

−Dµθ + L2ϕαfαµ (A.48)

0 = Ḡµν − L∇νϕµ − (e+ θ)
(

ρµν +
L

2
fµν

)

− L2ϕµϕν + 2ραµραν +
L2

2
fναf

α
µ (A.49)

+hµν

(

e(θ)− L2

8
tr(ff) + 1

2tr(ρρ) + L∇αϕ
α + 1

2θ
2 + L2ϕ2 + Λ

)

. (A.50)

We can obtain relationships among all the various terms in the expansion of hµν and aµ by solving these
equations order by order in z. For instance, (A.46) is expanded in (64), the expansion of (A.47) gives (68)

and (70). Eventually, expanding (A.49) we obtain at first non-trivial order γ
(2)
µν as written in (69).
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