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Abstract

This thesis is concerned with the mathematical analysis and numerical simulation of cardiac
electrophysiology models.

We use the unfolding method of homogenization to rigorously derive the macroscopic bidomain
equations. We consider tensorial and space dependent conductivities and physiological as well
as simplified ionic models. Using the Faedo-Galerkin approach followed by compactness, we
prove the existence and uniqueness of solution to the microscopic bidomain model. The conver-
gence of a sequence of solutions of the microscopic model to the solution of the macroscopic
model is then obtained. Due to the nonlinear terms on the oscillating manifold, the boundary
unfolding operator is used as well as a Kolmogorov compactness argument for the simplified
models and a Minty type argument for the physiological models.

Furthermore, we consider the monodomain model coupled to Beeler-Reuter’s ionic model. We
propose a finite volume scheme and analyze its convergence. First, we derive the correspond-
ing discrete variational formulation and we show existence and uniqueness of its solution. By
compactness, the convergence of the discrete solution is obtained. Since the two-point flux ap-
proximation (TPFA) scheme is inefficient in approximating anisotropic diffusion fluxes, we pro-
pose and analyze a nonlinear combined scheme that preserves the maximum principle. In this
scheme, a Godunov approximation to the diffusion term ensures that the solutions are bounded
without any restriction on the transmissibilities or on the mesh.

Finally, in view of adressing the solvability of cardiac electromechanics coupled to physiolog-
ical 1onic models, we considered a model with a linearized description of the passive elastic
response of cardiac tissue, a linearized incompressibility constraint, and a truncated approxima-
tion of the nonlinear diffusivities appearing in the bidomain equations. The existence proof is
done using nondegenerate approximation systems and the Faedo-Galerkin method followed by
a compactness argument.

Keywords: Bidomain, homogenization, unfolding method, finite volumes, CVFE, electrome-
chanical coupling, active strain.






Résumé

Cette these est dédiée a I’analyse mathématique et la simulation numérique des équations inter-
venant dans la modélisation de 1’électrophysiologie cardiaque.

D’abord, nous donnons une justification mathématique rigoureuse du processus d’homogénéis-
ation périodique a I’aide de la méthode d’éclatement périodique. Nous considérons des conduc-
tivités électriques tensorielles qui dépendent de 1’espace et des modeles ioniques non linéaires
physiologiques et phénoménologiques. Nous montrons I’existence et I’unicité d’une solution
du modele microscopique en utilisant une approche constructive de Faedo-Galerkin suivie par
un argument de compacité dans L2. Ensuite, nous montrons la convergence de la suite de so-
lutions du probléme microscopique vers la solution du probléme macroscopique. A cause des
termes non linéaires sur la variété oscillante, nous utilisons 1’opérateur d’éclatement sur la sur-
face et un argument de compacité de type Kolmogorov pour les modeles phénoménologiques et
de type Minty pour les modeles physiologiques.

En outre, nous considérons le modele monodomaine couplé au modele physiologique de Beeler-
Reuter. Nous proposons un schéma volumes finis et nous analysons sa convergence. D’abord,
nous dérivons la formulation variationnelle discrete correspondante et nous montrons 1’existence
et I’unicité de sa solution. Par compacité, nous obtenons la convergence de la solution discrete.
Comme le schéma TPFA (two-point flux approximation) est inefficace pour approcher les flux
diffusifs avec des tenseurs anisotropes, nous proposons et analysons, ensuite, un schéma com-
biné non-linéaire qui préserve le principe de maximum. Ce schéma est basé sur I’utilisation
d’un flux numérique de Godunov pour le terme de diffusion assurant que les solutions discretes
soient bornées sans restriction sur le maillage du domaine spatial ni sur les coefficients de trans-
missibilité.

Enfin, dans la perspective d’étudier la solvabilité des modeles électromécaniques couplés avec
des modeles ioniques physiologiques, nous considérons un modele avec une description linéarisée
de la réponse élastique passive du tissu cardiaque, une linéarisation de la contrainte d’incompressibilité
et une approximation tronquée des diffusivités non linéaires intervenant dans les équations du
modele bidomaine. La preuve utilise des approximations par des systemes non-dégénérés et la
méthode Faedo-Galerkin suivie par un argument de compacité.

Mots clés: Bidomaine, homogénéisation, éclatement périodique, volumes finis, CVFE, cou-
plage électromécanique, déformation active.
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Ce mémoire de theése est consacré a la modélisation, 1I’étude mathématique et 1’analyse
numérique de phénomenes électriques et mécaniques ayant lieu dans le coeur humain.

Contexte de la these

Cette these se place dans un cadre interdisciplinaire mettant en interaction les sciences médi-
cales et les mathématiques. En fait, la modélisation des systeémes vivants est un défi scientifique
majeur qui pourra améliorer la compréhension des phénomenes physiologiques et apporter des
solutions a des problemes cliniques. De nombreuses simulations des systemes biologiques sont
aujourd’hui proposées aux médecins dans le but de les aider a faire des diagnostics (non invasifs,
adaptés spécifiquement aux patients, en temps réel, ...) et a planifier les thérapies correspon-
dantes (opérations, traitements, ...). Une premiere étape vers un tel objectif est de trouver des
modeles mathématiques représentant ces phénomenes complexes. Une deuxieme étape est de
vérifier du point de vue mathématique la validité de ces modeles et par la suite vérifier leur
capacité a reproduire les phénomenes biologiques sains ou perturbés. Nous citons, par exem-
ple, la modélisation de la dynamique clonale dans le cancer du sang pour la prédiction du taux
de survie apres traitement [SBHMCI15], et la prédiction de la rupture d’un anévrisme cérébral
[Kroll1].

L’objet de cette these est le cceur. Cet organe, ayant la taille d’un poing, est ’'un des organes
vitaux du corps. Il se contracte rythmiquement pour faire circuler le sang vers tous les organes.
Chacun de ses battements est initié par une onde électrique qui dépolarise les cellules cardiaques
et induit leur contraction. Ainsi, I’analyse mathématique des phénomenes impliqués fait inter-
venir trois domaines avec leurs interactions: 1I’électrophysiologie, la mécanique des tissus et la
mécanique des fluides. La littérature liée a ces sujets est abondante. Citons, par exemple, les
travaux pionniers de Peskin [Pes77] pour la modélisation de I’écoulement sanguin dans le coeur.
Les premieres contributions pertinentes dans le cadre de la mécanique cardiaque remontent a la
these de Hunter en 1975 [Hun75]. En parallele, des équations aux dérivées partielles représen-
tant la diffusion du potentiel d’action ont été proposées par Tung [Tun78]. Ces dernieres sont
couplées avec des équations différentielles ordinaires modélisant le potentiel d’action a 1’échelle
cellulaire. La premiere modélisation du potentiel d’action est celle proposée par les travaux de
Hodgkin et Huxley [HHS52] sur I’axone géant du calamar. Ces travaux ont été suivis par de nom-
breuses modifications pour les appliquer a 1’électrophysiologie cardiaque, citons par exemple
[Nob62, BR77, LR94]. Une fois ces modeles établis, la communauté mathématique s’est in-
téressée a ces modeles de 1’électrophysiologie. Par exemple, citons comme travaux précurseurs
celui de Colli Franzone et Magenes [FM79] ainsi que celui de Panfilov et Winfree [PW85]. Par
la suite, la littérature autour de 1I’analyse d’existence et d’unicité est abondante. Cependant les
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problémes posés sont dans leur majorité des modeles simplifiés. La seule contribution tenant
compte de modeles physiologiques est celle de Veneroni [Ven09]. En outre, malgré 1’abondance
de références reliées aux méthodes numériques pour des modeles électromécaniques du cceur
(citons par exemple [GK10, LAVHI12, NP0O4, NNN*11, Tral1]), il reste encore beaucoup de
probleémes ouverts concernant leur validité de point de vue mathématique. Quelques résultats
d’existence ont été obtenus par Pathmanatan et al. [PCGW 10, POK13] et par Andreianov et al.
[ABQRB15].

Dans cette theése, nous établissons rigoureusement le modele bidomaine couplé aux modeles
physiologiques de la membrane cellulaire, nous proposons un schéma numérique convergent
qui respecte les bornes physiologiques des différentes variables et nous démontrons un résultat
d’existence de solution pour un modele électromécanique couplé avec des modeles ioniques
physiologiques.

Contenu de la these

Les travaux effectués dans cette thése se concentrent sur deux axes principaux, notamment
I’électrophysiologie et le couplage électromécanique. Dans un premier temps, nous effectuons
I’homogénéisation rigoureuse d’un modele bidomaine microscopique. Puis nous proposons et
nous étudions un schéma combiné éléments finis - volumes finis, positif non linéaire pour le
modele monodomaine couplé avec le modele ionique physiologique de Beeler-Reuter. Finale-
ment nous établissons ’existence de solution d’'un modele électromécanique couplé avec un
modele ionique physiologique.

Chapitre 1

Ce chapitre est composé de plusieurs parties. La premiere est une breve présentation du role
du ceeur et de son fonctionnement a I’échelle macroscopique et microscopique. Nous illustrons
les notions physiologiques qui sont nécessaires pour la lecture de cette these.

Le coeur est un muscle actif formé de deux parties principales, le cceur gauche et le coeur droit,
séparées par un mur musculaire, le septum. Chaque partie contient une oreillette et un ventricule
(voir Figure 1).

La contraction du cceur se fait d’une maniere intrinseéque, c’est-a-dire qu’aucune stimulation
d’origine nerveuse n’intervient. Les battements cardiaques sont sous le contrdle d’un pace-
maker naturel, sorte de groupement de cellules du myocarde qui constituent le nceud sinusal ou
nceud sino-auriculaire (SA), situé en haut de 1’oreillette droite. Le noeud SA donne naissance
a un signal de dépolarisation, aussi dit potentiel d’action, toutes les 0.8 secondes. Ce signal
parcourt, pendant 0.1 seconde, le tissu musculaire des deux oreillettes jusqu’a ce qu’il atteigne
le nceud auriculo-ventriculaire. La conduction a travers le noeud auriculo-ventriculaire (qui est
la seule connexion électrique entre les oreillettes et les ventricules) se fait a une fréquence plus
lente laissant le temps aux oreillettes de se contracter et expulser le sang vers les ventricules
avant que le potentiel d’action arrive aux ventricules et déclenche leur contraction. L’onde
d’excitation est transmise aux parois des deux ventricules via le faisceau de His puis les fibres
de Purkinje. Ces dernieres, ayant une conduction rapide, transmettent le courant au myocarde
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Figure 1 — L’anatomie du cceur. https://www.drmani.com/what-is-the-heart/

entier presque simultanément et entrainent sa contraction.

Action Potential (mV)

A
plateau

20 | |

— depolarisation .
o resting
repolarisation potential
4
-30
o | | ‘ | » Time (mscc)
0 100 200 300

Figure 2 — Phases du potentiel d’action ventriculaire, adapté de [Kat10].

A T’échelle microscopique, la cellule cardiaque (cardiomyocyte) est polarisée et elle a un cer-
tain potentiel, appelé “potentiel de repos”, dont les modifications forment ce que 1’on appelle
le potentiel d’action. Le potentiel d’action dure un peu plus de 300 ms et comporte cinq phases
différentes: une brutale dépolarisation ol la perméabilité de la membrane au sodium Na™ aug-
mente suivie par une courte durée de repolarisation due a la fermeture des canaux de sodium.
Ensuite, un plateau est maintenu par un courant entrant de calcium Ca?*. La derniére phase est
celle de repolarisation. Elle est due a plusieurs courants sortants de potassium K et elle remet



14 CONTENTS

le potentiel a son état de repos (voir Figure 2).

D’autre part, chaque cardiomyocyte est formé par des éléments basiques, les sarcomeres, re-
sponsables de la contraction cardiaque (voir Figure 3). La structure d’un sarcomere consiste en
un arrangement parallele de filaments d’actine et de myosine. Ces derniers forment des “ponts”
qui causent leur glissement et conduisent a la contraction sous 1’action de calcium. La libération
de calcium est activée par I’excitation électrique des cardiomyocytes.

Red cell in capillary
Capillary endothelium

. Connective tissue
Invagination of
sarcolemma by

transverse tubule Gap junction

Transverse

tubule Intercalated disk

Sarcolemma
Aband

~ Sarcoplamic

I'band b reticulum

Mitochondria
Z line

M line

Sarcomere

Figure 3 — Diagramme montrant la structure d’une cellule cardiaque. (Extraite de Berne et Levy, [KS09])

La deuxieme partie de ce chapitre présente les modeles disponibles en électrophysiologie. Une
analyse détaillée du modele bidomaine est donnée en s’appuyant sur la littérature. De plus,
nous illustrons par des exemples de modeles ioniques. Dans la troisieme partie, nous présen-
tons les éléments nécessaires pour toute modélisation en mécanique des milieux continus et
ensuite nous exposons des lois de comportement du myocarde proposées dans la littérature. La
derniere partie de ce chapitre présente les modeles de couplage électromécanique.

Chapitre 2

Le chapitre 2 propose une justification mathématique compléte et rigoureuse du processus
d’homogénéisation périodique qui mene au modele bidomaine. Nous considérons des conduc-
tivités électriques tensorielles qui dépendent de 1’espace et des modeles ioniques non linéaires
physiologiques et phénoménologiques. Nous effectuons d’abord une adimensionalisation des
équations bidomaine microscopiques. Ces équations forment un systeme d’équations ellip-
tiques dans chacun des milieux intracellulaire €2, . et extracellulaire (2. ., couplées a des équa-
tions dynamiques sur la membrane I'. et des équations différentielles ordinaires représentant le
modele ionique. Elles dépendent aussi d’un parametre adimensionel € représentant le rapport
entre le diametre d’une cellule et la longueur macroscopique du tissu. Ainsi les propriétés élec-
triques du tissu sont décrites par le potentiel intracellulaire ;. et extracellulaire u. .. Dans ce
qui suit, les potentiels ;. sont définis de €2;. dans R pour j = ¢, e tandis que leur différence,
Ve = (Uje — Uee) |r.: Te — R, est le potentiel transmembranaire qui vérifie une condition
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dynamique sur I'. et qui fait intervenir une fonction auxiliaire w. : I'. — R (nommée variable
de porte).

Le systeme couplé reaction-diffusion suivant forme le modele bidomaine microscopique, pour
j = 1, e (voir, par exemple, [SLCT07, Yin05]):

-V (M;.Vu,.) =0 dans Q.7 :=(0,T) x Qj,
£(0pe + Lion(Ve, we) — Loppe) =Ly, surl'op:=(0,7) x I',,

Im - _Mi,svui,e Mg = Me,svue,e * [e  SUT Fe,T; (1)
Owe — H(veywe) =0 sur I p.
Le systeme (1) est complété par des conditions au bord de type Neumann
(M;(2)Vu.) - pj = 0sur (0,7) x (09, \I.), 7€ {e i}, (2)

ou les vecteurs 1i;, j = %, e sont les normales unitaires (sortantes) a J€2; ., pour j = ¢, e respec-
tivement, et p; = — . sur ['..

Le systeme est aussi complété par des conditions initiales pour le potentiel transmembranaire
et la variable de porte

U£(0> ) = UO,E(')a ’LUE(O, ) = wO,a(') sur I.. (3)

Nous établissons ensuite d’une maniere formelle les équations macroscopiques suivant la
littérature. Puis, nous démontrons 1’existence et ’unicité de solutions faibles du probleme (1)-
(2)-(3) au sens suivant:

Définition 1 (Formulation Faible). Une solution du probléeme (1)-(2)-(3) est un 4-uplet (w; ¢, Ue o, Ve, W)
tel que uj € Lz(ov T; Hl(Qi,€>>’ Ue,e € LQ(O’ T; H (Qe,e))’ Ve = (ui,e_ue,e) |FE€ L2(07 T; H1/2(F6))ﬂ
L"(T.r) (r € (2,+00) est précisée dans la condition (C.3) plus tard), w. € L*(T.r)),
Oy, Oyw. € L*(T.7), et satisfaisant la formulation faible suivante pour presque tout t € (0,T')

/ edw-pds(x) + Z / M, . ()Vu,. - Vo dx
€ j=i.e Qje (4)
—i—/ elion(Ve, we ) ds(z) = / eloppe pds(x),
T I

/ Oyw.Cds(x) — H(ve,w.)(ds(z) =0, (5)
€ FE

pour tout ¢; € H'(Q;.) avec ¢ = (i — pe) |r.€ HY2(T,) N L"(T'.) pour j = i,e et
¢ € L¥(T.).

Les hypotheses portant sur le systeme (1)-(3) sont données par:

(C.1) Le domaine 2 (le tissu cardiaque) est un ouvert borné dans R? avec frontiere réguliere
0N). Le tissue cardiaque est composé de deux régions connexes, la région intracellulaire
(2, ¢ et extracellulaire ). .. Ces deux régions sont séparées par une membrane active
I, = 08, N OS2 .. Suivant I’approche standard de I’homogénéisation, les cellules sont
supposées étre organisées d’une fagon périodique.
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Soit Y := [0, 1]® une représentation d’une cellule de référence dans R*. On note parY; . C
Y, ses parties intra- et extracellulaire et par ' leur frontiere commune (I' = 9Y; N 0Y,)
telsque V; UY, UT' =Y.

Les domaines physiques intra- ou extracellulaires sont des e-dilatations des treillis de
référence Y; . étendues périodiquement, et définies par: pour k € 73,

Yire =ck+eY;={ef: E€k+Y},
et leur frontiere commune
Ipe=ck+el ={e€: E€k+T}.

Donc les domaines intra- et extracellulaire €2; . pour j = ¢, e peuvent étre simplement

Figure 4 — Gauche: Une section 2D de 1’organisation périodique des treillis. Droite: Section 2D du
treilli de reference Y.

obtenus en prenant I’intersection de 2 avec Y ;. pour j = 4, e (voir Figure 4), i.e.:

Qe =20 (| Vise

kez3

De méme,
I.=0n J k..

keZ3

La frontiere I' est une variété régulicre telle que I'. est réguliere et connexe. En outre, les
domaines 2, . sont supposés étre bornés et connexes dans R3.

(C.2) Laconductivité du tissu est représentée par des tenseurs symétriques Lipschitziens M, . (z) =
Mi(z,z/e) et M (x) = Me(x, x/¢) vérifiant les conditions de coercivité et périodicité
suivantes: Il existe des constantes my, mq > 0 telles que pour j = i, e

my |¢F < My(2, )¢ - ¢ < mao ¢, (62)
Mj(x>€+ek) :Mj(x7§)7 (6b)

pour tout (z,£) € Q x Y; et ¢ € R>.

(C.3) Le courant ionique [io, (u, w) est la somme de [} jon(u) et I ;on(w). La function I o, :
R — Restde classe C', et les fonctions Iy ;o : R — Ret H : R? — R sont linéaires. De
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plus, nous supposons qu’il existe r € (2, +00) et des constantes oy, as, a3, L > 0,1 >0
telles que

1 r—1 r—1
—|v < I1ion(0)] < aq (| +1),
alH T ion (0)] < a1 ([ ) o

et Ioion(W)v — e H (v, w)w > oy \w\z ,

jl,ion : 2+ Ijon(2) + Lz + 1 est strictement croissante sur R avec lir% fl,ion(z)/z =0
z—

(8a)
~ ~ 1

etVz,s €ER  (Iijon(2) — L1ion(8))(z — 5) > 6(1 + 1z + [s])" 3z — s
(8b)

(C.4) Il existe une constante C' indépendante de ¢ telle que le terme source [, - Vérifie:
||51/2Iapp,s||L2(Fs,T) <C. 9)

De plus, I, est la limite faible de la suite d’éclatement correspondante.
(C.5) Les données initiales vy . et wg . vérifient

e voellor ey + 200 el L2y + € 2wl 2y < C, (10)

pour une constante C' indépendante de €. De plus, vy et wy. sont les traces de suites

uniformément bornées dans C'*(€2).

(C.6) Nous imposons la condition de compatibilité suivante:
/ Uee(t, z) dx = 0 p.p. dans (0, 7). (11)
Qe,e

Nous énoncons maintenant le premier théoreme démontré dans ce chapitre:

Théoreme 1 (Modele Bidomaine Microscopique). Sous les conditions (C.1), ..., (C.6), sivy . €
HY2(T.) N L"(T.),wo. € L*(T.), le probleme bidomaine microscopique (1)-(3) admet une
solution faible unique au sens de la Définition 1.

Il est important de noter que la preuve est constructive, basée sur la méthode Faedo-Galerkin
sur des systemes approchés suivie par la compacité dans L2, et sans la condition trouvée dans
la littérature qui imposent que les matrices de conductivité doivent étre diagonales ou avoir la
méme base de vecteurs propres. Le deuxieme résultat est celui de ’homogénéisation, ou le
parametre € tend vers 0.

Théoréme 2 (Modele Bidomaine Macroscopique). Une suite de solutions (u; e, Ue -, W, ). du

systeme microscopique (1)-(3) (obtenues dans le théoreme 1) converge vers une solution faible

(s, Ue, w) avec v = u; — U, Uz, ue € L2(0,T; HY(Q)), v € L*(0,T; HY(Q)) N L"(Q), dv €
L2(0,T; (HY(Q))) + L"=D(Q) et w € C(0, T; L*(2)), du probléeme macroscopique

IT|0w — V- (Mi(2)Vw;) + [T Lion (v, w) = || Lapp dans Qr, (12a)

IT|0w + V- (Me(2)Vue) + | T fion (v, w) = |T'| Lapp dans Qr, (12b)

0w — H(v,w) = 0 dans Qr. (12¢)
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complété par les conditions au bord, représentant un tissu cardiaque isolé
(M;(2)Vuy) -n=0sur Xp := 002 x (0,T), je {ei}, (13)

et les conditions initiales, vy et wy € L*(Q), pour le potentiel transmembranaire et la variable
de porte

v(0,x) = vo(x), w(0, ) = wo(z). (14)

Le vecteur n désigne la normale unitaire a 0S) sortante de §) et les tenseurs M, et M, sont
définis, respectivement pour j = i, e par

M= [ M+ MTEF©)de, (1)
Y

ou les composantes f, j de f; (k = 1,2,3) sont les fonctions correctrices, solutions des prob-
lemes cellulaires

—Vy - (M;Vy fij) = =V, - (Mjex) dans 'Y,
M,V fiej - 1y = Mjey - 1 sur L,
Jej =0, fr; Y — periodique.
}/j

En utilisant la méthode d’éclatement périodique (*“ unfolding” en anglais), nous montrons la
convergence de la suite de solutions du probleme microscopique vers la solution du probleme
macroscopique. A cause des termes non linéaires sur la variété, nous utilisons 1’opérateur
d’éclatement sur la surface et un argument de compacité de type Kolmogorov.

Dans la derniere partie de ce chapitre, nous considérons un modele ionique physiologique et
nous montrons I’existence et 1’unicité d’une solution du probleme microscopique. Puis, nous
obtenons la solution faible du probléme macroscopique par passage a la limite en €. Dans
ce modele, 1’équation différentielle ordinaire est remplacée par un systeme d’équations et une
variable de concentration, qui apparait comme un argument d’une fonction logarithmique, y in-
tervient. L’hypothese (C.3), sur le modele ionique, est maintenant remplacée par les conditions
suivantes:

(A.1) On définit la fonction R par R(v, w) := (R (v, w1), ..., R(v, wi)) ot R; : R* — R sont
globalement Lipschitziennes et données par

Ri(v,w) = oq(v)(1 —wy) — Gi(v)w, (16)
ouqget,l=1,---,ksontdes fonctions positives et rationnelles d’exponentielles en v telles
que:

0 < oq(v), Bi(v) < Cop(l+|v|). (17)

(A.2) La fonction Iy, : R x R¥ x (0, +00) — R ala forme générale suivante:

Lion (v, w, 2) Z on(vywy) + I (v, w, z,In z) (18)
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ou Il € C°%R x R)NLip(R x [0, 1]) et vérifie la condition:

Lo (v, w01)| < Cyp(1+ Jwi] + |v]), (19)

et I?

ion

est telle que:

IZ € C'(R x R* x R* x R) NLip(R x [0,1]* x RT x R),

IZ (v,w,z,Inz) < Co (14 |v|+ |w|+ |z] + In 2), (20)
k
(v, 2,In2) > Gy Y (Jo] +wi +wln ), 21)
=1
0 < Blw) < I (0w, 5,) < B(w). @)
glz (v,w, z,()| < L(w) (23)
G’U ion\“» [ ad) = )
0
—I: < Cy(1+v|+|Inz|), Vi=1,--- k, (24)
8wl
0
0< ——Tign < Cs1, (25)
0z
ou O, O et L appartiennent 2 CO(R,R) et C y, ..., C5 1 sont des constantes positives.

(A.3) La fonction G € Lip(R x [0, 1]¥ x R*) est donnée par:

Gv,w,z) = ai(az — 2) — azl (v,w, z,In 2), (26)
ou aq, as, az sont des constantes positives physiologiques qui varient d’un ion a I’autre. Dans
notre cas, nous considérons que z correspond a la concentration intracellulaire du calcium.

Remarque 1. Les hypotheses (A.1)-(A.3) sont vérifiées par le modeéle ionique de Beeler-Reuter
et Luo-Rudy I [BR77, LR94]. Dans le modele ionique Luo-Rudy I, il y a plusieurs variables
de concentration mais pour simplifier les estimations, nous avons considéré juste une seule
variable.

Avec les hypotheses précédentes, le systeme microscopique devient:

-V (M;.Vu,.) =0dans Q; .7 := (0,T) x Qj, (27a)
£(0pve + Lion(Ve, e, 22) — Lappe) =Ly sur Lo := (0,7T) x I, (27b)
Ly = —Mi eVt - f1i = MeeViee - pie sur e (27¢)

drw. — R(v.,w.) =0sur [, p, (274d)

Orze — G(ve, we, z:) = 0sur I'. p, (27e)

avec les conditions au bord

(Mj,E(x)vuj,s) T = 0 sur (07 T) X (an,E \ FE): j S {67 Z}? (28)
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et les conditions initiales convenables

"UE(O, ) = UO@(')) ’LUE(O, ) = wO,a(')a 25(07 ) = ZO,E(') sur Faa (29)

ol v, € HY2(T.), 2. € L*(T.) et wo. € L*('.)* avec z. > ¢y > 0 pour une constante
co>0et0O<w. <lpourl=1,--- k.

Par analogie au modele miscroscopique avec la dynamique de FitzHugh-Nagumo généralisée,
on obtient le résultat d’existence et d’unicité suivant.

Théoreme 3. Supposons que les conditions (A.1)-(A.3), (C.1), (C.2), et (C.4)-(C.6) sont véri-
fiées. Siwvo. € HY2(T.), 2. € L*T.) et wy. € L*T.)* avec 2. > cy > 0 pour
une constante ¢ > 0et 0 < wyo. < 1 pourl = 1,--- k, le probleme microscopique
(27),(28),(29) admet une solution faible unique définie comme: w;. € L*(0,T; H'(;.)),
u.. € L*0,T; H(Q..)), avec fQ Uee = 0, vo = (Uie — uee) r.€ L*(Toq), w. €
(L*(Tex))F, 2z € LA(Ter), O, Oz € L2 (o), et Ow. € (L*(T. 1)k telles que

// edw-pds(x dt+Z// M; . (z)Vu;. - Vi, da dt
FE,T ]ET

Jj=t,e (30)

+ // elion(Ve, we, 2. )p ds(z) dt = // eloppe pds(x)dt,
FE,T FE,T
// Oyw P ds(x) dt — // Ry(v., we)p ds(z) dt =0, (31)
FE,T FE,T

pourl =1,--- ket

// Oz ds(x) dt — // G (v, we, ze)pds(x) dt = 0, (32)
Ler Fer

pour tout p; € L*(0,T; H'(Q;.)) avec ¢ := (p; — ¢.) |r.€ L2(0,T; Hl/Q(Fg)), j=1,eet
¢ € L*(T. 7).

Finalement, par passage a la limite quand ¢ tend vers 0, nous avons le résultat suivant:

Théoréme 4 (Modele Bidomaine Macroscopique Physiologique). Il existe une suite de solu-
tions (U z, Ue ¢, W, 2 ) du systeme microscopique (27)-(29) (obtenues dans le théoréme 3) qui
converge vers une solution faible (u;, ue,w,z) avec v = u; — U, u;,u. € L*(0,T; HY(Q)),
v e L*0,T; H'(Q)), v € L*(0,T; (H*(Q))), w € C(0,T; L*(Q))k et = € C(0,T; L*())
du probleme macroscopique

10w — V- (Mi(x)Vuy) + T Lion (v, w) = |T'|Lapp dans Qr, (33a)
IT|0w + V - (Me(2)Vue) + [T Lion (v, w) = |I'| Lapp dans Qr, (33b)
Ow — R(v,w) = 0 dans Qr, (33¢)

Oz — G(v,w, z) = 0 dans Qr, (33d)

avec les conditions au bord

(M;(2)Vyy) -n = 0sur Xp := 002 x (0,T), je {ei}, (34)



CONTENTS 21

et les conditions initiales, v,z € L*(Q) et wy € L*(Q)¥, pour le potentiel transmembranaire,
la variable de concentration et les variables de portes

v(0, z) = vo(x), 2(0,2) = zp(x), et w(0,z) = wy(z), (35)

ou n est la normale unitaire sortante de 05) et les tenseurs M; et M., sont définis respectivement
pour j = 1i,e par (15).

Pour démontrer ce dernier théoréeme, on utilise (comme pour le cas des modeles phénoménologiques)
la méthode d’éclatement périodique. Par contre, pour les termes non linéaires, nous recourons a
I’utilisation d’un argument de type Minty parce que des estimations sur les translatés en espace
des variables w et z semblent hors de portée.

Chapitre 3

Dans ce chapitre, nous nous sommes intéressés au modele monodomaine de 1’électrophysiologie
cardiaque couplé avec le modele ionique Beeler-Reuter. Le modele monodomaine est une sim-
plification du modele bidomaine, obtenue dans le cas particulier ou les rapports d’anisotropie
dans les milieux intra- et extra-cellulaires sont égaux. Le modele ionique Beeler-Reuter est
I’un des premiers modeles physiologiques décrivant I’électrophysiologie des myocytes ventric-
ulaires chez les mammiferes. Plus précisément, nous considérons le systeéme suivant:

( Ov
? =V - (AV) — Lion(v, w, c), p.p. dans Qr,
% = a;(v)(1 — w;) — B;(v)wy, p.p. dans Qp etpourj =1,--- 6,
0
a—; — 0.07(107* — ¢) — 10~*I,(v, f,7,¢), p.p. dans Qr, 36)
v(0, z) = vo(x), p.p. dans Q,
w(0,z) = wo(x), p.p. dans Q,
c(0,z) = ¢o(x), p.p. dans €2,
{ A(x)Vv-n=0 p.p- sur 92 x (0, 7).

L’ objectif est de proposer un schéma numérique robuste et convergent du systeme (36) avec
des solutions vérifiant les bornes physiologiques. La difficulté principale se manifeste quand la
conductivité dans le terme diffusif est anisotrope. Dans la premiere partie de ce chapitre, nous
utilisons la méthode des volumes finis classique sous la condition d’isotropie du milieu. Cette
méthode, qui conserve les flux, est inefficace pour approcher les flux diffusifs avec des tenseurs
anisotropes. Néanmoins, comme la méthode des éléments finis permet une discrétisation simple
pour approcher les flux de diffusion, nous introduisons, dans la deuxiéme partie du chapitre, un
schéma combiné non-linéaire qui préserve le principe de maximum (les bornes physiologiques).
Le domaine occupé par le coeur est toujours noté (2, un ensemble ouvert, borné, connexe et
polygonal de R%, d = 2,3. Le bord de 2 est noté 92, le temps final est fixé a T > 0, et
nous notons 2y = (0,7") x €. La variable ¢ représente la concentration intracellulaire de
calcium (¢ = 103[Ca™];) et les composantes du vecteur des variables de porte w : Q7 — R®
sont m, 0,1, f,r, z et désignent w;, j = 1, --- , 6, respectivement. Nous donnons également les
hypotheses portant sur la conductivité, les fonctions ioniques et les données initiales:

(H.1) Sous la condition d’isotropie, la conductivité A est représentée par le tenseur A(z)I ot I
est la matrice identité de dimensions d X d et A(z) € L>(Q) telle que

A Q — R et I my, telle que A(x) > mg > 0, p.p. dans Q. (37)
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(H.2) Les fonctions «; et 3; qui représentent respectivement le taux d’ouverture et de cloture
des différents canaux ioniques, sont lipschitziennes et données par

c1,7€290Fe5) ey (v + 5 )

OU(U) — ecﬁ’j(’u-i-cg,,j) +C7] Y
et 4 J
Bi(v) = dy, e V) 4 dy (v + ds )
J edﬁ’]’(v+d37j) +d73 )
ouc etd;j,i=1,---,7,7=1,---,6 sont des constantes telles que

Oéj(U),Bj(U) > 0. (38)

(H.3) La fonction I, : R x R% x Rt — R est la collection des courants transmembranaires,
contenant quatre courants. La direction de deux parmi ceux-ci, Ip,; et I, représentant le
flux des ions de potassium (K1), est vers I’extérieur de la cellule. Aussi, deux courants
sont dirigés vers I’intérieur: le courant de sodium Na™, noté Iy,, et le courant lent de
calcium, noté I;. Les expressions de ces fonctions sont détaillées dans le chapitre 1.
L’expression du courant ionique total est donnée par:

Tion (v, w, [CG—H_]) = Ipot(v) + L.(v, 2) + Ina(v,m, 0,1) + (v, f,7, ).
(H.4) Les données initiales (vg, wo, ¢o), sont supposées vérifier

Um < vg <vpr pop- dans
cm < co < cpy  p-p-dans 39)
0<wy; <1 pp.dans§2, pourj=1,---,6

ol v, = —85, vy = 127.69, ¢,,, = 107* et ¢3; = 0.0187 sont des constantes données.

Schéma Volumes Finis

Dans la premiere partie du Chapitre 3, nous définissons d’abord la solution faible du systéme
(36):
Définition 2. Sous les hypotheéses, (H.1)-(H.4), un vecteur U = (v, w, c) est dit solution faible
du systeme (36), s’il vérifie:

v e L>®(Qp)NLA0,T; HY(Q)), w € L>®(Qr)% et c € L=(Qr),
U < U < p, ey < ¢ < ey et 0 < wy < 1 pour presque tout (t,x) € Qr, pour
j=1,---,6

et pour tout p et £ € D([0,T) x )

- / vo(x)go(o,x)dx—i-// (—U@t@—l—/\Vv : V(p)dxdt = // —Lion (v, w, ¢)pdxdt, (40)
Q Qr Qr

- /Q wo(2)(0, 2)dar + / /Q gt = / /Q (oa0)(1 = i) = Bu(wpun)gdodt, (41

pourk =1,-

/co( €(0,z)dx + // —cOédxdt = // (0.07(107* — ¢) — 10~ *I,(v, f,d, c))édxdt.
Qp Qr
(42)
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Nous utilisons, ensuite, la méthode de volumes finis pour discrétiser les équations du sys-
teéme (36) afin d’obtenir un schéma vérifiant le principe de maximum. Nous décrivons d’abord
les discrétisations en espace et en temps (voir [EGGH98]) pour écrire la discrétisation de (36)
en volumes finis.

Discrétisation en espace On rapelle que le domaine 2 est un ouvert borné polygonal et con-
nexe de bord 9N et qu’il est inclu dans R? (d = 2 ou d = 3). On considére un maillage
admissible 7, du domaine €2 (au sens de [EGHO00]), formé de polygones K ouverts et connexes
nommés “volumes de contrdle” et une famille P = (2x)ge7,, Ol T f est le centre du volume K
tel que Tz, L ok, ob ok 1, est 'interface commune entre deux volumes de contrdle voisins.
Dans le cas d’une triangularisation, on prend x x comme étant le centre du cercle circonscrit de
K. Nous utilisons les notations suivantes:

— & est ’ensemble des arétes ou faces notées o du maillage, pour d = 2, 3 respectivement.
— Pour tout K € T, Ek est le sous-ensemble de £ tel que 0K = UU6 £ 0
— &int est ’ensemble des interfaces intérieures du maillage et &.,; = {0 € £;0 C 0N}.

— N(K)={L € Tp;30 € Ex,5 = KN L} est 'ensemble des volumes de contrdle voisins
de K.

— 7,z estlanormale a ok 1, (le c6té commun entre les volumes K et L) sortant de K.

— Le coefficient de transmissibilité a travers o 1, est donné par

ou dg 1, est la distance entre les centres zx et x;, de K et L respectivement.

— T’k 1, est le diamant convexe construit en reliant deux centres voisins Zx et £z, aux som-
mets de I’interface commune o 1, (voir Figure 5). Quand o € 0K N 0K, le demi-diamant
Tk - est construit en reliant le centre xx au sommets de I’interface o.

Discrétisation en temps La discrétisation de I’intervalle de temps [0, 7’| est donnée par un pas
de temps At et un entier positif V tels que NAt = T'. On note ¢, = nAt pourn € {0,..., N}.

Discrétisation de (2 Une discrétisation admissible D de ) est définie par
D= <T7 57 (zK)K€T7 Nv (tn)ne{o,--- ,N})

ou (T, &, (rk) Kg-) est un maillage admsissible de Q2 et N, (t,,)necqo,.. v} €st la discrétisation
de (0, 7).

Fonctions Discrétes Sur un maillage admissible 75, une fonction discrete u est définie par
un ensemble {ug }rer, et est identifiée a une fonction w;, constante par morceaux telle que:
uplg = ug, VK € Th. Etant donné deux fonctions discrétes wy, et uy, le produit scalaire et la
norme dans L?(§2) sont définis par:

(un, W) r2(0) = Z |K|wkug, ”whH%Q(Q) = Z K ||wc .
KeTy, KeTy
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Figure 5 — Volumes de contrdle, centres et diamants (en lignes détachées).

Le gradient discret V,u;, d’une fonction w;, constante par volume de controle, est défini sur le
maillage dual comme une fonction constante par diamant T 1.:

Urp — Ui

thh(l’) = dK,L
0 siz € Tx,.

Nng,L six € TK,Ly

Pour une fonction uy,, constante par volume de contrdle, la semi-norme H I discrete est définie
par:

1/2
|uh|1,7’h = (d Z TK,L(UL - UK)2> .

O'K,Leg

Comme le probleme considéré dépend du temps, nous définissons aussi des fonctions sur la
discrétisation D du cylindre espace-temps (0, 7') x €2. Nous utilisons I’indice D pour représenter
les fonctions constantes par sous-intervalle de temps et volume de controle et les indices K et
n pour leurs valeurs en (¢, Tf):

up(t,z) = uyt', pour presque tout (t,7) € (tn,tns1] X K, VK € Ty, Vn € {0,--- ,N —1}.

Schéma Numérique En utilisant une discrétisation Euler semi-implicite en temps, on peut

écrire le schéma volumes finis suivant, ayant comme inconnues (Vi) ke nefo. N—1}»

(W) ke mefo,- v—1} et (C5 ) ke mefo,- n—1}: VE € Th,

1 1 1
0 0 0
= = = 4
Vg || / vo(z)dx, wi e / wo(x)dz, et cy = / co(z)dx (43)

etVne€{0,--- ,N —1},VK € T,
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K]

SR )+ YD Bt = =K (Iea(vk) + Lo ) (44)

c€EKNEint

+]Na( n+1 m?}z{—l—l n+1 ln—l—l) + ] ( n—l—l [7?—17 7;(—&-17 Cyll{))’
w}f}}l —uwly = At(aj(v}"‘()(l —wii) — BJ(vK)w"“) pourj=1,---,6, (45)
il e = At(0.0?(lO ey g 107 (o 7.7 4+ 13.0287 In( "H))), (46)
ou F}étl est une approximation de [ —\(2)Vv(t,41,2) - Nk ody qui garantit la conservation

des flux et qui tient compte de la condition au bord de type Neumann. On définit cette approxi-
mation comme suit:

1
Fpil=0, VK €Ty Vo € Ex N

+1 +1 +1 . <
F}?,g = —Ta(vﬁ U?( )7 sio € Eipt, 0 = OK,L,Ou

AKAL
Aedro + Ardis’

To = |U|

avec \g = x)dz et di, la distance de xx a interface o, pour K € T, et

|K‘ fK
o€ k.

Résultat Principal Le résultat principal de cette partie est donné par le théoreme suivant
dont la preuve repose sur plusieurs lemmes et propositions détaillées dans la premiere partie du
chapitre 3.

Théoréme 5. Soient vy € L°°(Q), wo € H*(Q)5 et co € H*(Q), vérifiant les inégalités (39).
Etant donné les hypotheses (H.1)- (H.4), le schéma (44)-(46) admet une solution unique U p qui
converge vers U = (v, w, ¢) quand h, At — 0. Le vecteur U est une solution faible de (36) au
sens de la définition (2). De plus, les fonctions limites v et ¢ sont dans 'espace L*(0,T; H'(Q))
etw € L*(0,T; H(Q)°).

Schéma CVFE Positif

Cette partie du chapitre est centrée sur 1’analyse numérique d’un schéma combiné élé-
ments finis-volumes finis de type CVFE (control volume finite element) positif, non linéaire
approchant le systeme (36) avec un tenseur pour le terme diffusif. Le but est d’obtenir un
schéma numérique convergent sans restriction sur le maillage du domaine spatial ni sur les
coefficients de transmissibilité. Plus précisément, nous considérons le systeme (36) avec les
mémes hypotheses (H.2)-(H.4) qui sont énumérées dans la premiere partie. L"hypothese (H.1)
est remplacée par I’hypothese plus générale suivante:

(H.1)" Sous la condition d’anisotropie, la conductivité est représentée par le tenseur symétrique
Az), A : Q — R4, tel que:

Ve e RY, I mg, My/ 0 < mglé]® < AE-€ < My|€[?, pour presque tout = € Q. (47)
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Le maillage de CVFE Nous nous placons dans le cas ou €2 est un domaine ouvert, borné,
connexe et polygonal de R?, d = 2, avec bord ). Nous construisons une triangulation con-
forme 7 de €2 au sens des éléments finis. La discrétisation 7 est un recouvrement du domaine
Q, c’est-a-dire UTETT = (). Nous notons par V I’ensemble des sommets (localisés aux po-
sitions (zx)key) et par € ’ensemble des arétes de la triangulation 7. Pour chaque triangle
T € T, Er représente le sous ensemble des arétes o tels que J, o, 0 = 9T et & = Jper Er
Pour chaque triangle 7' € T, xp est le centre de gravité du triangle 7', hy le diametre du tri-
angle T, et pr le diametre du cercle circonscrit au triangle 7. La taille & et la régularité 6+ du
maillage sont définies par

hr
h = max hr, 07 = max —.
TeT TeT pr

Pour K € V, nous notons par Tx ’ensemble de tous les triangles de 7 admettant X comme
sommet et par £ ’ensemble des arétes admettant A comme extrémité. Le sous-ensemble Vi
de V est composé des sommets L qui partagent une aréte commune o gy, avec K.

Une fois le maillage triangulaire primal construit, nous construisons un maillage dual barycen-
trique M de (2. A chaque sommet K € V), on associe un volume de contrdle wx (de mesure
my) dont les sommets sont les centres de gravité x; des triangles T° € Ty et les milieux des
arétes o € Ek.

Discrétisation en temps Nous utilisons une discrétisation uniforme en temps de ’intervalle
(0,7T). Le pas de temps est noté At = T'/N ou N est un entier positif. Nous fixons ¢,, = nAt
pourn € {0,...,N}.

Espaces Discrets Nous utilisons deux espaces fonctionnels discrets correspondant au mail-
lage primal et dual. Le premier est I’espace usuel des éléments finis c’est-a-dire I’espace P;-
discret noté par:

Vr={feCQ); flr eP{(R), VT €T}

Nous notons par (ex)xey 1a base canonique de Vi, caracterisée par ek (xy) = 0k, pour tout
K € V. Le deuxieme est I’espace discret de volumes finis Xy, formé de fonctions constantes
par morceaux sur le maillage dual

Xu = {f: Q — R mesurable; f|,,. € Po(RY), VK € V}.

Nous définissons aussi les espaces discrets spatio-temporels par V- a; et X A; comme des es-
paces de fonctions constantes par morceaux en temps a valeurs dans V- et Xy, respectivement,
Le.:
f € VT,At = f(t, l‘) = f(tn+1,fli) € VT, VYt € (tn, tn+1],
et
feXmare ft,x) = f(thrr,x) € Xm, Vit € (tn, tnga]
Pour un vecteur donné (vii™),eq0,... N—1}, ey € RNCard) " nous notons par v a; € Vi o et
vm,ar € X, A les €éléments uniques tels que
vrac(t Tr) = vmar(t, k) = VT VK € V,Vt € (tn, tnsi1]

Pour chaque couple (K, L) € V?, nous définissons le coefficient de transmissibilité Ay, par

AKL = — / A(x)VeK(x) : VeL(a:)dx = ALK- (48)
Q
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Schéma Numérique Afin de discrétiser la premiere équation du systeme (36) et d’obtenir
des solutions qui vérifient les bornes physiologiques, nous sommes amenés a introduire les
fonctions suivantes:

(v) = v(l—wv), si0<wv <1,

g N 0, siv<Oouwv >1,
p(v) = ln<1fv),si0<v<1,

Fv) = vIn(v)+ (1 —v)In(1—v)+1,si0<v <1,
é(v) = 2arcsiny/v, si0 <wv < 1.

En utilisant ces fonctions, nous obtenons le schéma CVFE non linéaire, semi-implicite en temps
suivant:

n+1 n+1 n+1
Les vecteurs (V' ) kevne{o, ,N-1}> (WE ) Kevne{o, ,N-1}» €t (Cx ) Kevne{o,.. ,N—1} sont les
solutions du systeme non linéaire: VK € V),

1 1 1
V), = —/ vo(z)dz, WY = —/ wo(r)dz et ¢y = —/ co(x)dx.  (49)
WK WK WK

.
mpg mpg mpg

Vne{0,---,N—1},YK €V,

m n mn n n
AI; (UK+1 — ) + Z N +1 (p(v +1) p<,UL+1)>
oK LEEK
_ —mK(IPot(UK )+ L(u] nt1 nﬂ)—l-INa( ntl n+1)+]( n+1 wnK+17 )
(50)
w?j(l —wly = At <aj(v}‘()(1 — wﬁ}l) BJ(UK)le) pourj =1,---,6,
(51)

cptt— c;;:At<o.07(1o—4 ) — g 1074 ety (ot — 7.7 4-13.0287 In( ”+1))), (52)

oll, notant par Jy-+! = [min(vjit o7 ), max(vptt, 0], nous avons fixé

o — Max, ¢ ynt1 n(s) siAgp >0, (53)
KL min,e 1 n(s)  si Mg <0.

Remarque 2. Les fonctions I" et ¢ sont utilisées pour obtenir des estimations d’entropie et

quelques propriétés discretes des solutions.

Résultat Principal Soit (7,,),,>1 une suite de triangulations de {2 telle que

hm = max diam(7") — 0 quand m — oo.
TE€Tm

Une suite de maillages barycentriques duals (M, ),,>1 est aussi construite. En outre, pour une
suite croissante d’entiers naturels (N, ),,>1, nous définissons la suite de pas de temps (At )m>1
correspondante, telle que At,, — 0 quand m — oo. Le but principal de cette partie est de
démontrer le résultat suivant.
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Théoreme 6. 1 existe une suite (Upm,, At s WM., Aty s CAMp Aty )m de solutions du schéma (50)-
(51)-(52), telle que 0 < vpag,at, < 1L, 0 < wjmnar, < 1Lpourj = 1,---.6, ¢, <
CMum, At < Cop €1

UM Aty — Vs WM, Aty — W €L CA,, At,, — C P.p. dans Qp quand m — oo,

ou le triplet (v, w, c) est une solution faible du systéeme (36) au sens de la définition 2.

La preuve de ce théoreme constitue le corps de cette partie. Quelques propriétés discretes,
le principe de maximum discret, quelques estimations a priori et I’existence de solutions du
schéma sont obtenus. Un argument de compacité est utilisé pour passer, par la suite, a la limite
et identifier finalement les fonctions limites comme une solution faible du systeme (36).

La derniere partie de ce chapitre présente plusieurs tests numériques montrant 1’efficacité du
schéma proposé.

Chapitre 4

Ce chapitre concerne 1’analyse mathématique d’un systeme elliptique-parabolique mod-

élisant I'interaction entre la propagation du potentiel d’action et la contraction mécanique du
tissu cardiaque. Pour le modele de propagation des ondes électriques, nous utilisons le mod-
¢le bidomaine couplé avec un modele ionique physiologique. Le couplage entre la contraction
musculaire, les réactions biochimiques et I’activité électrique est introduit par le modele de
déformation active. Le gradient de déformation F est donc factorisé en un facteur actif F,
(dépendant de 1’électrophysiologie) et un facteur €lastique passif F),: F = F,F,.
Le tissu cardiaque occupe, dans la configuration de référence, un domaine ouvert, borné et con-
nexe ) de R? avec un bord 9y régulier. 11 est considéré comme un matériau homogene, hy-
perélastique et incompressible. D’ou le premarqueier tenseur de contraintes de Piola-Kirchhoff
est donné par:

P = %—)]/?V — pCof (F),
ou W = W(X, F), est I’énergie de déformation qui dépend du point matériel X et de la défor-
mation. En outre, Cof(-) est la matrice cofacteur et p est le multiplicateur de Lagrange associé
a la contrainte d’incompressibilité: det (F') = 1 et interprété comme la pression hydrostatique.

Les équations d’équilibre s’écrivent dans la configuration de référence comme:

V-PF,p) = g dansQg,
det (F) = 1  dansQg, (54)
Pn = —ag¢ surdQpg,

ou ¢ est la fonction de déformation, g est une force volumique prescrite, 7 est le vecteur unitaire
normal a Jf)p sortant de (), et « > 0 est une constante. Le choix des conditions au bord de
type Robin dans (54) est lié¢ au fait qu’elles peuvent étre réglées pour imiter le mouvement
global du muscle cardiaque [RLRB*14].

Evidemment, pour obtenir une expression précise de la premarqueiére équation du systéme
(54), nous avons besoin d’une loi de comportement particuliere définissant 1’énergie V. Nous
considérons, dans ce chapitre, le cas de matériau Néo-Hookéen donc 1’énergie VV est définie
par:

1
W = §utr[FTF — 1,
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ou u représente le module de cisaillement. Bien que simplifiée, cette description de la réponse
passive du muscle comporte, jusque la, une relation non-linéaire entre la déformation et les
contraintes résultant de la contrainte d’incompressibilité. Dans la suite, une autre forme de
non-linéarité apparaitra en raison de 1’anisotropie obtenue du couplage électromécanique avec
I’approche de déformation active.

Pour résumer, la formulation de déformation active de 1’activité électromécanique du coeur est
donnée par le systeme suivant [NQRB12]:

( -V (CL({B, Y F7p)) =8 dans QT?
det(F) =1 dans Qr
o+ V- (M(z,F)Vo.) + Lion = I¢ dans Qr,

8tv - V- (MZ(.’E, F)sz) + Iion = I; dans QT; (55)

v —v. =v dans Qr,

Jw—R(v,w) = dans Qr,

Oz — Gv,w,z) = dans Qr,

\ v — S(v.w) =0  dansQr.,

ou le cylindre temps-espace est donné par Q7 := (0,7") x Qg. Dans ce systeme, les inconnues
sont la déformation ¢, la pression p, le potentiel transmembranaire v, les potentiels intra- et
extra-cellulaires v; et v, respectivement, le vecteur de variables de porte w, la variable de con-
centration z et la variable d’activation ~. Le terme a(x, v, F, p), dont ’expression est obtenue
dans le chapitre 1, est donné par

a(z, v, F,p) == pFC, ' (z,~) — p Cof (F), (56)

ou C; 1 :=det F,F,'F,T. Les conductivités My, k = i, e, dépendent du gradient de déforma-
tion F par la relation suivante:

Mi(2,F) := (F)"'Ky(2)(F)™", k€ {i,e}, (57)
ou les tenseurs orthotropes
Ki(z) =oldi @ di +opdy @ dy + od, @ d,, k€ {e,i},

représentent la conductivité électrique du tissue et of = oj(x) € C'(R?), k € {e,i}, s €
{l,t,n}, sont les conductivités intra- and extracellulaires le long, transverses, et normales a la
direction des fibres donnée par d, = d(x), s € {l,t,n} CI’: le long, ’t’: transverse, 'n’:
normale). Le systeéme d’équations (55) est complété par des conditions initiales pour v, w, 7, z
et des conditions au bord sur les potentiels vy, k = i, e et le flux élastique a(-, -, -, -).

Probléeme Posé Afin de simplifier I’analyse mathématique, nous commencons par une linéari-
sation de la condition d’incompressibilité et du flux dans les équations d’équilibre. Apres cer-
taines manipulations détaillées dans le chapitre 4, le systeme auquel on s’intéresse s’écrit sous
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la forme:
~V - (Vuo(z,y)) + Vp= f(t,x,7), dans, p.p.dans (0,7), (58)
V-u=0 dans €, p.p. dans (0,77), (59)
o —V - (Ml(sc, Vu)Vvi) + Lion(v, w, 2) = I'(t, x) dans Qr, (60)
v+ V- (Me(m, Vu)Vve) + Lion(v,w, z) = IS(t, ) dans Qr, (61)
V= 0; — Ve dans €, (62)
Oyw = R(v,w,z) dans Qr, (63)
Oz = G(v,w,z) dans Qr, (64)
Oy = S(v,w) dans Q7. (65)

Le systeme (58)-(60)-(61) est complété par les conditions au bord:

Vuo(xz,v)n — pn = —awu sur 982, p.p. dans (0,7, (66)
pour une constante donnée o > 0 et

(Mg (x, Vu)Vug) -m =0 sur (0,7) x 09, k=1i,e. (67)

Comme les équations (58)-(65), avec le choix des conditions de type Neumann (67), sont in-
variantes sous la modification de v; et v, en v; + k et v, + k pour tout £ € R, une condition de
compatibilité est aussi imposée (voir (79) plus loin). Les conditions initiales sont:

v(0,-) = v, w(0,-)=wo, ,2(0,:) =20, 7(0,) = dans Q. (68)
Les hypotheses portant sur le modele (58)—(65) et (66)—(68) sont données par:
(A.1) (a(a:, fy)) o est une famille de tenseurs symétriques, uniformément bornés et défi-
zeQ,yeR

nis positifs:

Jc > 0 : pour presque tout € 2, Vy € R VM € M3, 3
1
~IMJ* < (o(2,7)M) : M < c|MJ*
C

(A.2) lafonction o (-, -) est de classe C*(Q x R);

(A.3) (Mw(m,M)> est une famille de matrices symétriques, uniformément
$€Q,M€M3X3

bornées et définies positives:

de > 0 : pour presque tout z € Q, VM € M,3 V¢ € R3

CJEP < (M (w, M)E) - € < cléf”

(A.4) les applications M — M, (-, M) sont uniformément lipschitziennes;

(A.5) la fonction S est donnée par S(y,w) = B(Z?Zl njw; — nyy), ou B,m;, j =0,1,--- |k
sont des parametres physiologiques positifs;
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(A.6) les fonctions R, G et [;,, sont données par la cinématique d’un modele ionique physi-
ologique général et il est possible de vérifier que les hypotheses, énumérées en bas, sont
satisfaites par plusieurs variables de porte et de concentration dans les modeles ioniques
de Beeler-Reuter ou Luo-Rudy.

Nous supposons que les fonctions R(v, w) := (Ry(v,w1), ..., Ri(v,wg)) obt R; : R? —
R sont localement lipschitziennes et définies par

Rj(v, w) = a;(v)(1 — wy) = B (v)w;
ouajetf;,j=1,---,k sontdes fonctions rationnelles d’exponentielles en v telles que:

0 < a5(0), 85(v) < Cas(1+ o],

69
da] et ﬁ sont uniformément bornées, ©9)
dv dv

pour des constantes C,, g > 0.
La fonction [, : R x R¥ x (0, +00) — R a la forme générale:

k
Lion (v, w, 2) Z[lon v,w;) + 17 (v,w, z,In 2) (70)
7=1

ol les fonctions 77, sont de classe C°(R x R) et elles vérifient la condition:
[ Lo (v, w7)] < Crr(1+ [y + [ol). (71)

La fonction I est telle que:

on

€ CYR x R* x RT x R),

1011

IZ (v,w,z,Inz) < Cor(l+ v+ |w| +|2] +1nz), (72)
k
IZ (v,w,z,Inz) > Cs; Z(\vl +w; + w;In 2), (73)
j=1
0 _
0 < O(w) < oLy (0w.2.0) < Blw). (74)
0
5o on(,0,2,0)| < L(w), (75)
0 .
_Ilzon§041(1+|v‘+|lnz|)7 v]:]w"'J{:? (76)
ow;
0
0 < 5L < G, (77)
ou O, © et L sont de classe CO(R¥ R*) et C f, . .. , Cs 1 sont des constantes positives.

Finalement, la fonction GG est donnée par:

Gv,w,z) =ai(az — 2) — azlZ (v,w, z,In 2), (78)

ou ay, ay et az sont des constantes positives et physiologiques qui varient d’un ion a
I’autre. Dans notre cas, nous considérons seulement que z correspond a la concentration
intracellulaire du calcium.
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(A.7) Les conditions suivantes sont vérifiées
/ Il = / I et / ve(x, ) dz = 0 pour presque tout ¢ € (0, 7). (79)
Q Q Q

(A.8) Les données vy, wy, Yo, 20 sont dans 1’espace H 1(Q) avec zg > ¢g > 0 (¢ est une con-
stante positive) tandis que g € L*(Qr)® et I € L?(Q7).

Notons que, en pratique, on commence par une configuration non-déformée, c’est-a-dire, avec

v = 0. Grace aux propriétés (A.1)—(A.8), nous énongons la formulation faible du probleme

(58)—(68) au sens suivant.

Définition 3. Une solution faible du systeme (58)—(68) est un vecteur U = <u,p, Ui,ve,uw,%z)
qui vérifie:
(i) w € L2(0,T; HY(Q)?), p € L2(Q), ,v; € L2(0, T; Hl(Q))

veELz(OTHlo( )) o HYO(QY) := {v. € H'(Q); [, vedx = 0};

veFE:=L*0,T; H(Q)) avec Oyv € E' :== L*(0,T; (H*(Q))");

v,z € C([0,T7; LQ( )) etw € C([0,T]; L*(2)%);

2(t,x) > 0et 0 < w,;(t,x) < 1pour presque tout (t,z) € Qp etpour j =1,... k;

(0

(ii) Pour presque toutt € (0,T), pour tout v € H*(Q2)3:

/(Vua(m,v):V'v—pV-v)dm:/f-vdw—/ au - vds. (80)
Q Q o9
Pour tout ¢ € L*(Q)

/ q(V-u)de =0. (81)
Q
(iii) Pour presque toutt € (0,T), pour tout £ € H (), n € HYO(Q),

(O, €) + /Q (Mi(w,Vu)Vvi-Vf—i—]ion(v,w,z)f) = /Q Iic, (82)

<atv>lj’> - / (Me(w,VU)V’UE ' vﬂ_‘_]ion(vvwaz)M) = / Ise,uv (83)
Q Q

avec v = v; — v, p.p. dans Qr et v(0, ) = vy p.p. dans L.
(iv) Pour presque tout t € (0,T) les équations (63),(65),(64) sont vérifiées dans L*(QQ), et
w(0,-) = wo, ¥(0,) = 7o, 2(0,-) = 2o p.p. dans Q.
Le résultat principal de ce chapitre est le théoreme suivant:
Théoréme 7. Etant donné (A.1)~(A.8). Sivy € L*(Q), wo € HY (), v, 20 € H' (), avec
20 > ¢y > 0,g € L*(Qr)?, I4¢ € L*(Qr), il existe une solution faible U = (u,p, Vi, Ve, U, W, Y, z>

du systeme (58)—(65) avec les conditions au bord et les données initiales précisées dans (66)—
(68).

Pour démontrer le théoreme d’existence, nous introduisons tout d’abord des systémes ap-
prochés non-dégénérés contenant une condition de compressibilité artificielle. Nous montrons
I’existence de solutions aux systemes approchés (pour un ¢ fixé) en utilisant la méthode de
Faedo-Galerkin et un argument de compacité. Une fois I’existence pour les systemes approchés
établie, nous passons a la limite en € pour obtenir une solution au probleme de départ. La con-
vergence est obtenue par un argument de compacité. Nous notons que le passage a la limite
dans le terme de pression n’est pas simple a cause de la condition de compressibilité artificielle
et de conditions au bord de type Navier.
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Contributions Principales

Articles
Plusieurs publications sont issues de ce travail:
deux articles publiés dans des revues internationales:

M. Bendahmane, F. Mroue, M. Saad and R. Talhouk, Mathematical analysis of cardiac
electromechanics with physiological ionic model, DCDS-B, 22 (2019), 1-35.

M. Bendahmane, F. Mroue, M. Saad and R. Talhouk, Unfolding homogenization method
applied to physiological and phenomenological bidomain models in electrocardiology,
Nonlinear Analysis: Real-World Applications, 50 (2019), 413-447.

et un article soumis:

M. Bendahmane, F. Mroue and M. Saad, A positive cell vertex Godunov scheme for a
Beeler-Reuter based model of cardiac electrical activity.

Développement de code

Pour les simulations du Chapitre 3, la contribution était dans I’implémentation, sous MATLAB,
des schémas CVFE et CVFE positif. D autre part, pour comparer avec les résultats obtenus par
la méthode des éléments finis, FreeFem++ a été utilisé [PHLHM13].






Electromechanical Modeling of the heart

1.1 Introduction

Ischaemic heart disease leading to heart attack is the top world’s killer, as announced by
the World Health Organization report in 2016 [WHO16]. Most of these deaths are caused
by electrical activity disorders, visible through the mechanical deficiency of the heart. This
muscular organ, which contracts to pump oxygenated blood to the organs, cannot stop even for
a short period of time. A profound understanding of cardiac functionality is crucial to formulate
adapted models and obtain realistic simulations. We present in this chapter all the elements
needed for the understanding of the next chapters: a short description of the physiology and the
functionality of the heart; the definition of the Action Potential; the mathematical models used
to represent cardiac electrical and mechanical activity. In the last section, we give an overview
of the different approaches to coupling the electrical and mechanical cardiac models.

1.2 Cardiac Anatomy and Function

1.2.1 Macroscopic description

The heart is a hollow muscle whose role is to pump blood to the body’s organs through
blood vessels. It is situated near the centre of the chest cavity between the right and left lungs,
and is supported inside a membranous structure, the pericardial sac. It is divided into two halves
(left and right) by the interventricular septal wall. It consists of four major chambers (two in
each half) which are the left and right ventricles and the left and right atria (see Figure 1 and see
[Kat10] for more information). Mechanical contraction of the heart is caused by the electrical
activation of myocardial cells. The beats are initiated by the heart itself on a regular basis.
In other words, the heart is self-contained and can continue to beat even after being removed
from the body, for instance for a transplantation. Actually, the initiation of electrical activity is
accomplished by the pacemaker cells which exist in various locations throughout the heart. The
sinoatrial (SA) node contains the pacemaker cells with fastest rate of electrical activity. Hence
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they control the activity of the entire heart. Electrical signals called action potentials, generated
in the SA node, propagate from cell to cell firstly through the right atrium then closely to the
left atrium, until they reach the atrioventricular (AV) node. The slower conduction rate in the
AV node gives enough time for the atria to contract and pump blood into the ventricles. From
the AV node the electrical propagation continues through the bundle of His which divides into
left and right bundle branches. The branches continue to subdivide into a complex network
of Purkinje fibers spreading through the ventricular myocardium. The bundle and the Purkinje
fibers are fast conducting so that the entire myocardium is excited simultaneously (see Figure
1.1).

Superior vena cava

Left atrium

Bundle of His

Sinoatrial node
inoatr C Bundle branches

Left ventricle
Right atrium=}
Purkinje fibres

Atrioventricular node

Right ventricle Purkinje fibres

Papillary muscle

Figure 1.1 — Schematic of the activation sequence (Berne and Levy [KS09]).

1.2.2 Microscopic description

Myocardial cells, or cardiomyocytes, are cable-like roughly cylindrical, very small, typi-
cally 10-20 gm wide and 60-100 pm long, and are bounded by the cell membrane or sar-
colemma. They have the property of being both excitable and contractile (see Figure 1.2).

Contractile property

Each cardiomyocyte is composed of contractile units, the sarcomeres (1.6-2.5 ym in length)
that are the basic elements responsible of cardiac contraction. The structure of a sarcomere
consists in a parallel arrangement of actin and myosin filaments that are capable to produce
a force in their longitudinal direction. The generation of this force is controlled by calcium
concentration [Ca?*]. The liberation of calcium ions is activated by the electrical excitation
of the myocardial cells. Calcium acts on the sarcomeres in order for actin-myosin bridges
to form and for actin and myosin filaments to slide over each other leading to contraction.
Each cardiomyocyte has specialized connections with its neighboring cells, mainly in end-to-
end fashion giving the fiber structure of the heart. The opposing cell membranes form the
intercalated disk structure. There are places in the end-to-end cell membranes called junctions
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Figure 1.3 — A cardiomyocyte surrounded by an extracellular matrix of collagen and connected to other
myocytes [RFS86].

where the pre- and post-junctional membranes are fused together. The mechanical adhesion of
cells is provided by tight junctions while the electrical coupling is provided by gap junctions
[CPO8].

The myocardial fibers are surrounded by an extracellular matrix of collagen and elastin that
protects the cells from excessive elongation and transfers the active force throughout the tissue
[RFS86].
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Electrical activation

The cell membrane is a phospholipid bilayer in which are immersed some proteins. It sep-
arates the intracellular and the extracellular electrolytic solutions and serves as a permeability
barrier that allows the cell to maintain an interior composition different from the composition of
the extracellular fluid. While the membrane acts as an insulator, the embedded protein channels
selectively permit the flow of charged ions under some conditions [CPO8, KS98]. Hence, it is
possible to describe the cellular membrane as an RC circuit, that is, as a capacitor connected in
parallel with several resistances, acting for the ionic channels. The potential difference across

the membrane is known as the transmembrane potential v. Changes in this quantity are given
by

dv

Cm%

= _Iion

where (), is the membrane capacitance, and [, are the various ionic currents flowing across
the membrane. The latter are mainly caused by the flow of sodium (Na*), potassium (K*), and
calcium (Ca®") through individual ion channels in the membrane. These channels have been
profoundly studied by molecular biologists and mathematical models have been formulated.
The first description of ion channels was developed by Hodgkin and Huxley [HHS52] for the
squid axon. In the resting state, the transmembrane potential is about —80mV'. This is the
phase during which the heart is passively filling with blood. Once activated, the cell membrane
becomes rapidly depolarized (phase 0) due to the opening of sodium channels and the resulting
inward sodium current. Then a short period of repolarization (phase 1), largely due to the
closure of sodium channels, is followed by a plateau (phase 2) which in turn is maintained by
the inward calcium current. Finally, the potential decreases again (repolarization - phase 3) until
the resting state is achieved. This sequence of changes in potential from the activation point to
the resting state constitutes the action potential (see Figure 2). Clearly, the action potential is
due to the superposition of many ionic currents.

1.3 Cardiac electrophysiology models

Cardiac electrophysiology is the study of the electrical wave which precedes cardiac con-
traction. In this section, we introduce mathematical models largely used in cardiac electrophysi-
ology. More specifically, we present the most used model for the propagation of cardiac electric
potential: the so-called bidomain equations. The concepts leading to the bidomain model were
first proposed by Schmitt [Sch69] who suggested that two interpenetrating domains could be
used to describe cardiac tissue. A mathematical formulation of this proposal was constructed
in several theses and papers by Tung [Tun78], Plonsey and Barr [PB84], Miller and Geselowitz
[MG78] and others. The bidomain model has been widely adopted by researchers due to its
convenience and simplicity. The most substantial mathematical description of the bidomain
model is found in the review paper by Henriquez [Hen93], which presents a formal definition
of the model from its origins in the core conductor model. The derivation presented in the next
section follows the steps in this review with small changes in the notation.
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1.3.1 The bidomain model: Physical derivation

The bidomain model describes the electric current flow through the cell membrane in a
volume averaged approach. It considers the cardiac tissue as a continuum (due to gap junctions)
and assumes the coexistence of two domains at each material point: the intracellular domain
(subscript ‘i’) and the extracellular domain (subscript ‘e’). We denote by 2 C R? the set of all
material points. At a point, the volume-averaged intracellular and extracellular potentials (unit
mV) are denoted by v; and v,, respectively. The transmembrane potential v, being the potential
difference across the cell membrane, is given by:

v(t, ) == v; — v, (1.1)

where x € (2 represents the space variable and ¢ > 0 represents the time variable.

The anatomy of the heart is composed of several layers of fibers [LSC*95, IMM™07]. From
the fiber structure of the myocardium, there is a local material coordinate system defined at
every point with axes aligned with each of the local fiber (‘/’: along the fiber), cross-fiber (‘¢’:
transverse) and cross-sheet (‘n’: normal) directions. These axes define the principal directions
of propagation at every point and they are defined to be orthogonal in the undeformed config-
uration. In such a coordinate system, the electrical conductivity of the tissue (unit (Q2m)~1) is
represented by the orthotropic tensors:

Ki(z) =oldi @ di +opdy @ dy + od, @ d,, k€ {e,i},

where o5 = of(x) € C'(R®), k € {e,i}, s € {I,t,n}, are the intra- and extracellular conduc-
tivities along, transversal, and normal to the fibers’ direction given by ds = ds(x), s € {I,t,n}.
Since the two media can be assimilated to passive conductors in the quasi-static state, the elec-
tric current densities (unit Am~!) are derived by Ohm’s law as:

J. = —K.Vu.. (1.3)

Let V' C () be a subdomain of €2 and S its surface. Using the assumption that there are no
sources or sinks in the medium and no build-up of charges at any point, the total current entering
a small volume must be equal to the total leaving current. Thus, using the conservation of
electrical fluxes between the two domains, one has:

—/n(Jz+J€)dS:0
S

Here n is the outward unit normal to .S.
Applying the divergence theorem to this last equation, we get:

—/V‘(Ji—i—Je) dV =0.
v
Since this relation holds for all volumes V, the integrand must be zero:
V-J;+J.)=0.
Substituting the values (1.2)-(1.3) of J; and J., gives:
V- (-K;Vv;) + V- (=K.Vv,) = 0.
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Further inserting v; = v + v,, collecting the v, terms and multiplying by —1, we get one of the
equations of the bidomain model:

V- (KZV’U) + V- ((Kz + Ke)Vve) =0. (14)

On the other hand, the current density across the membrane yI,,, where x (units m~!) is the
surface-to-volume ratio and I,,, (units Am~2) is the transmembrane current density per unit
area, is equal to the change in current density in each domain. Hence, one obtains the following
current density conservation equations

V- (K Vu) = —xIn.
Moreover, since the membrane acts as a capacitor, the transmembrane current is a sum of a
capacitive current given by the change in transmembrane potential and an ionic current governed
by a membrane model for cardiac tissue

dv
[m - Cm_ [ion7 1.6
T (1.6)

where (), is the membrane capacitance per unit area and J;,, is a nonlinear function represent-
ing the sum of all the ionic currents. Using equations (1.6), (1.5) and (1.1), we obtain the second
equation of the bidomain model:

X((Jm% + Iion) = V- (K;Vv) + V- (K; Vo). (1.7)

Another formulation of the bidomain equations is given by:

XCnow — V- (K;Vv;) + xLion = 0, (t,z) € (0,T) x £, (1.8)
XCrnOv — V - (K. V) + XTion 0, (t,x) € (0,T) x Q. (1.9)

The two formulations are actually equivalent. The first one (1.4)-(1.7) can be obtained from
the second (1.8)-(1.9) by replacing v; by v + v, in (1.8) to get:

XCrOww =V - (K; Vo) =V - (K; V) + xLion(v,w) = 0, (t,z) € (0,T) x 2.(1.10)
Now subtract (1.9) from (1.10), to get the elliptic equation, see [BCP09]:
V- (K;Vv)+ V- ((K; +K.)Vv,) =0.
At the cellular level, it has been observed that the intracellular current does not exit the heart
[Pag62]. Moreover, one can assume that the heart is electrically isolated. Consequently, on the

boundary of the heart, one can impose the following boundary condition:

K;Vv;,-n =K., Vv, -n =0, on 0. (1.11)
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The Monodomain Model

The monodomain model assumes that cardiac tissue is one excitable medium with diffusion
of electrical potential. It can be also obtained from the bidomain model under the assumption
that the extracellular space is highly conducting (K. is effectively infinite) or the extracellular
and intracellular domain have equal anisotropy ratio [CP08]. In this case, one obtains from
(1.8)-(1.9) the following equation:

dv

XCon— & Xlion = V- (KV0), (1.12)
where K = K, supplemented with the boundary condition:
KVv-n=0. (1.13)

1.3.2 Ionic Models

The framework of the bidomain model is based on the existence of mathematical models
describing the flow of ionic currents across the membrane. Ideally, these models would de-
scribe each of the individual ionic currents whose sum defines the ionic current /;,,. There are
two main approaches to the construction of an ionic current model. The first is to build a phys-
iological model which attempts to describe specific actions within the cell membrane. Such
exact models are derived either by fitting the parameters of an equation to match experimental
data or by defining equations that were confirmed by later experiments. Moreover, they are
based on the cell membrane formulation developed by Hodgkin and Huxley for nerve fibers
[San96, CPO8]. The second approach consists of producing simpler models, known as phe-
nomenological models, which replicate certain key features of activation and recovery. They
can be used in large problems because they are typically small and fast to solve, although they
are less flexible in their response to variations in cellular properties such as concentrations or
cell size. We describe in this section one model of each category: the Beeler-Reuter model and
the Fitzhugh-Nagumo model.

Beeler-Reuter model

The Beeler-Reuter model [BR77] is one of the first mathematical models describing mam-
malian cardiac myocytes’ electrophysiology. In fact, it is classified in the first-generation mod-
els which have been extensively used for studies of ventricular fibrillation, and which provide
a good balance between numerical efficiency and biophysically important details [CP08]. Al-
though it may be considered simple compared to more recent models, it is able to realistically
describe cell dynamics due to the presence of calcium concentration which is crucial for car-
diac contraction. The function [, : R x R x R* — R is the collection of membrane cur-
rents, and the charge flow through the membrane is assumed to include four individual currents
[BR77, KS98]. The direction of two of these, representing the flow of potassium (K ™) ions,
points out of the cell:

£0-04(v+85) _ | v+ 23

Ipot(v) = 1‘460.08(v+53) 1+ 0.04(v-+53) + 0'071 — ¢—0.04(v+23)” (1.14)

and
e0-04(v+77) _

I.(v,2z) =082 (1.15)

£0.04(v+35)
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Figure 1.4 — A schematic diagram describing the current flows across the cell membrane that are captured
in the BR model. http://models.cellml.org/e/23a/beeler_reuter_1977.cellml/

There are also two inward currents; the first is the inward current of sodium (Na™) ions:

[Na(va m,o, l) = (gNamBOZ + gNaC)(/U - ENa)a (116)

where Ey, = 50 is the equilibrium potential of sodium, gy, = 4 is the membrane conductivity
of the sodium current and gy.c = 0.003 is the membrane conductivity of the sodium-calcium
exchanger current [BR77]. The second inward current is the slow inward current given by:

L(v, f,r, [Ca™);) = gsfr(v+82.3+ 13.0287 In([Ca™];)). (1.17)

The latter is carried primarily but not exclusively by calcium ions across the membrane and
gs = 0.09 is the conductivity related to the slow inward current. As a result, the total ionic
current is given by:

FitzHugh-Nagumo

One of the most popular simple models of activation-recovery was developed by FitzHugh
and Nagumo and it has become known as the FHN model [Fit61, NAY62]. In this model, the
transmembrane potential is normalized using the relation

Vm - V;est
U= """, (1.19)
‘/plateau - ‘/rest
where u is the normalized potential, Vg is the potential at rest (-80mV), Vijaeau 15 the plateau
potential and V,,, is the transmembrane potential.
The ionic current is given by

Lion(u, w) = cru(u — a)(1 — u) — cow, (1.20)
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where c¢; and ¢, are the excitation rate and excitation decay constants respectively, « is the
activation threshold value (0 < o < 1/2). The recovery variable is governed by the equation

d

d—zf = b(u — dw), (1.21)
where b and d are the recovery rate and recovery decay constants respectively [Fit61, NAY62].
Other models have evolved from the FHN model in order to represent more realistic shape of
the cardiac ventricular action potential, we mention for example Rogers-McCulloch model and

Aliev-Panfilov model [AP96, RM94].

1.4 Cardiac Mechanical Modeling

The appropriate context for mechanically modeling most organs, such as the myocardium,
is continuum mechanics. In this section, we describe the theory underpinning the mechan-
ical modeling of organs by first introducing the different tensors describing the deformation
of a continuous material and stating the equilibrium equations. Then we present different
constitutive laws that express the relation between strains and stresses. Finally, we give an
overview of the constitutive laws of the myocardium available in the literature in the context
of finite strain theory. For further details on this section, we refer the reader for instance to
[Cia87, Gur82, Ogd03].

1.4.1 Nonlinear Elasticity
Kinematic

Let Qr C R3, be an open, connected and bounded domain with smooth boundary I's. We
denote by Qr C R? the reference configuration of the continuous medium, where (25 is the
closure of {2z. A material point P is represented by the coordinates of its position X in the
reference configuration.

Definition 1.4.1. A deformation field is a sufficiently smooth, one-to-one vector field
Q’) : QR — Rg,

such that
det Vx¢ > 0, on Qp.

The function ¢ maps X to its current position

x = ¢p(X).

The set Q) := ¢(Qg) is the deformed configuration which is assumed to be a compact subset of
R3 such that

() = $@n). $(O) = 0(¢(2)), and ¢ (Qr) = e

Remark 1. The requirement that the tissue does not penetrate itself after deformation is ex-
pressed by the assumption that ¢ is one-to-one.
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Definition 1.4.2. The displacement field associated to the deformation field ¢ is the function
u : Qr — R3 defined by
u(X) =z — X,
and the displacement gradient NV xu satisfies the following relation:
Vxu =Vxo¢ —1,

where 1 is the identity tensor.

Furthermore, we introduce the following tensors:

- F := Vx¢ is the deformation gradient.

- C := F7TF is the right Cauchy strain tensor.

- B := FFT is the left Cauchy strain tensor.

- E:=1(C—-1) = (Vu" + Vu + Vu’ Vu) is the Green-St Venant strain tensor.
The right Cauchy strain tensor C is symmetric and positive definite. Hence, it has three strictly
positive eigenvalues denoted by <)\Z2(C)> g
Definition 1.4.3. A function f : M3 — R is said to be an invariant of a tensor A if and only if
for all Q € Os, there holds f(QAQT) = f(A).

The tensor C has mainly three invariants given by
L(C) = tr(C),
L(C) = %((tr(cw — 12(C?)) = tr( Cof (C)) (122)
I3(C) = det(C) = (det(F))?,

where tr(C) and Cof (C) denote the trace of C and its cofactor matrix respectively. These
invariants are expressed in terms of the eigenvalues of C as follows

= A+ A+ A
Iy = XNPA3 + M35 + ATAS, (1.23)
I3 = AA3AL.

Quasi-Static Equilibrium Equations
Theorem 1.4.4. Cauchy’s Theorem - Steady State Equations in the Deformed Configuration.[Cia87,
Gur82] If the forces are regular enough, a solid satisfies the following equations at equilibrium:
—Ve:(o(x)) = ¢ Ve
o(x)n(x) = g® VaxecoQ,
where £ : Q — R? are the volume forces, g® : 00 — R? are the surface forces and the

divergence operator is the divergence with respect to the Eulerian variable x. The tensor
o : ) — My is called the Cauchy stress tensor and mv is the outward unit normal to 0S).

Assuming the functions are regular enough and using Green’s theorem, the variational for-
mulation of system (1.24) can be written as

/G:vadm:/f¢-vd:c+/ g¢~'vds, Yo Q — R3. (1.24)
Q Q o0
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Piola-Kirchhoff Stress Tensors - Steady State Equations in the Reference Configuration

Since the mapping ¢ is unknown, we need to rewrite the equilibrium equations in the ref-
erence configuration. By a change of variables in (1.24) using @ = ¢(X), one can get the
variational formulation of steady state equations in the reference configuration:

/P:VdeX: f~vdX+/ g-vds, Yv:Qp— R, (1.25)
Qr Qr QR

where
P(X) = det(F (X))o (¢(X))F 7 (X), (1.26)

is the first Piola-Kirchhoff stress tensor representing forces acting on a surface element of the
deformed configuration measured per unit undeformed surface. Moreover, we have used

£(X) = det(F(X))f?(¢(X)), g(X) ds(X) = g?(¢(X)) ds(x) and v(X) = v($(X)).

Indeed, one can show that under enough regularity condition, the first Piola-Kirchhoff stress
tensor verifies the following boundary value problem

{—VX-(P(X)) = f VX €Qp
P(X)N(X) = g VX € oz

Unlike the Cauchy stress tensor, the first Piola-Kirchhoff stress tensor is not necessarily sym-
metric. It is convenient to introduce a symmetric stress tensor on the reference configuration.
That’s why, one may define the second Piola-Kirchhoff stress tensor as

S(X) = F '(X)P(X). (1.27)

The tensor S is a symmetric tensor representing the forces acting on an undeformed surface el-
ement measured on a unit undeformed suface element. One has the following relations between
the three stress tensors:

P =FS = (det F)oF 7,
S=F'P = (det F)F 'oF 7, (1.28)
o = (det F)"'PF” = (det F) 'FSF”.

1.4.2 Constitutive Laws

Since the steady state equations do not take into consideration the material properties of the
body, the problem is still incomplete from a mathematical as well as physical points of view.
Some extra assumptions are required to describe those properties. These assumptions can be
translated in terms of a relationship between the stress and the strain tensors. This relationship
is called the constitutive law of the material.

Definition 1.4.5. (Elasticity): A material is said to be elastic if and only if at each point the
Cauchy stress tensor is a function of the material point X € Qg and the deformation tensor F
ie. VX € Qp, 0 =S(X,F).
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Definition 1.4.6. (Homogeneity): A material is said to be homogeneous if its density and its
constitutive law are independent of the material point X. In the case of a homogeneous elastic
material, the Cauchy stress tensor is written as o = S(F).

Proposition 1. (Material Objectivity- Frame Indifference): The constitutive law does not
depend on the reference frame in which the deformations are observed. So the Cauchy stress
tensor o is such that:

S(X,QF) = QS(X,F)Q7, VQ € 05, F € M.

The isotropy properties of a material are local properties related to a material point and are
interpreted by the invariance of the constitutive law with respect to some changes in the refer-
ence configuration.

Definition 1.4.7. (Material Symmetry): A tensor G € Oj is a material symmetry in a point
X if for all F € M, there holds

S(X,F) = S(X,FG). (1.29)

Proposition 2. The set G = {G € s, G isamaterial symmetry} is a subgroup of O
[Gur82].

Definition 1.4.8. (Orthotropy): A material is said to be orthotropic if there exist at least two
orthogonal planes of material symmetry, where the properties of the material are independent
of the directions in each plane.

Definition 1.4.9. (Transverse Isotropy): A special class of orthotropic materials are those
having the same properties in one plane and different properties in the normal direction to
this plane, their properties are therefore invariant under local rotation of the body around this
priviliged direction. Such materials are called transverse isotropic.

Definition 1.4.10. (Isotropy): The material is called isotropic when its properties are inde-
pendent of all directions, they are invariant for any local rotation of the body. In particular,
equation (1.29) is verified for all rotation G € SO:s.

An important characteristic of biological tissues is the anisotropy in their mechanical proper-
ties. This is indeed related to the variation of fiber orientation and to the distribution of collagen
fibers in the extracellular matrix entailing some properties in priviliged directions. For instance,
in the myocardium, the priviliged direction is the direction of the cardiac fibers.

Definition 1.4.11. (Hyperelasticity): An elastic material is said to be hyperelastic if there
exists a real function W = W(X, F) defined on Qr x M3, differentiable with respect to F such

)%
that the first Piola-Kirchhoff stress tensor P = ——. The function WV is called the strain energy

function and is measured by units of volume of the reference configuration.

A hyperelastic material has a reversible mechanical behavior and there is no dissipation
during the cycle of modification.
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Proposition 3. The strain energy VV of an isotropic hyperelastic material is a function of the
three invariants I, I, and I3, defined in equation (1.22):

W =W, I, Iy). (1.30)

The Cauchy stress tensor o can be obtained as a consequence of Rivlin-Eriksen’s theorem.
For an isotropic hyperelastic compressible material, o reads as [Ogd03]:

o =2(det F)™* [[;;W;;Id + Wy + IOV,)B —W,LB?|,  with W, = OW/0I;, i =1,2,3.
(1.31)
Let 7 be the field of unit vectors of the privileged direction of a transverse isotropic hypere-
lastic material in the reference configuration. Such a material may be characterized by a strain
energy depending on the deformation gradient and the vector 7 :

W = W(C, 7). (1.32)

Proposition 4. In transverse isotropy, the strain energy VV depends on the three invariants
I, I, and I3 defined in equation (1.22), along with mixed invariants of C and T, abusively
called additional invariants 1, and I5 depending on T and defined by :

L=71-(Ct) and Iy=T1- (C37), (1.33)
where C is the right Cauchy strain tensor. We have :
W =WI(1, I, I3, 1y, I5). (1.34)

Note that the joint invariant I, is equal to ||F7||* representing the elongation along the di-
rection 7.

When the material is hyperelastic transverse isotropic and compressible, the Cauchy stress ten-
sor o is expressed as [Ogd03]:

g = 2(det F)il []3W3Id =+ (W1 + [1W2)B — W2B2 + W4(F’T)T X (FT)T

(1.35)
W5 ((BFT)" @ (Fr)7 + (Fr)” @ (BFT)") |,

with W; = OW/01;, i = 1,...,5. For an isotropic material the terms with W, and W5 are
suppressed.

Definition 1.4.12. (Incompressibility): A material is incompressible if its volume does not
change during deformation. This is translated by the condition:

det(F) = )\1)\2)\3 = 1, 1.€. 13 =1. (136)

In the case of a hyperelastic incompressible material, the Cauchy stress tensor is given by
[OgdO03]:

o=—pl+ 2F88—VCVFT, det(F) = 1, (1.37)

where p is the Lagrange multiplier associated to the incompressibility constraint, it is called the
“hydrostatic pressure”, see [Ogd03]. Accordingly, the first Piola-Kirchhoff stress tensor P, is
given by:

ow

P = IF — p Cof (F), det(F) = 1.
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1.4.3 Constitutive laws of the myocardium

The earliest models of the cardiac muscle were simple, describing its behavior as linear,
elastic, isotropic and homogeneous [GGBM?72, SD63, WR68]. More recent anisotropic models
accounted for the direction of the fibers and the heterogeneity of the muscle. First, such models
were in the framework of linear elasticity with the infinitesimal strain approach [Cha82, OC88].
Nonlinear models taking into consideration the cardiac fibrous structure and anisotropy were
developed in the context of the large (finite) strain theory (see for instance [SH91, McC86,
Ogd03]) and new constitutive laws were proposed: some are transverse isotropic (e.g. [HSY90,
LY98, Cai98] ) and others are orthotropic (e.g. [NH00, UMMO00]). The advantage of transverse
isotropic models is that the functional form of the strain energy is directly deduced from exper-
imental data. However, the anatomy of the heart shows that it is composed of several layers of
fibers [LSC195]. Such a structure corresponds to an orthotropic structure.

We consider in the following part two examples of constitutive laws of the myocardium illus-
trating the transverse isotropy and the orthotropy assumptions.

A transverse isotropic model: Lin and Yin’s model

Lin and Yin [LY98] proposed a multiaxial law for the active and passive myocardium. Some
assumptions were made such as hyperelasticity, incompressibility and transverse isotropy of the
material where the priviliged direction is the predominant fiber direction. Moreover, the strain
energy is supposed to depend on the invariants /; and I, of the deformation. The strains in the
active and passive states are measured with respect to the cardiac muscle at rest. They noted
that there are significant stresses in the transverse direction to the fibers showing the important
effect due to the collagen fibers that protect the muscle of excessive stretch.

For the passive myocardium, they have chosen an exponential function to express the strain
energy in terms of the invariants /; and I, :

Wpas = C’l(eQ — 1), Wlth Q = Cg([l — 3)2 + Cg([l — 3)([4 — 1) + 04([4 — 1)2 (138)

At the active state, they showed that the response to stress is more linear than that at the
passive state. This suggested that active and passive myocardia are different types of material
having different strain energies describing their rheology. Hence, they suggested a polynomial
function for the strain energy of the passive myocardium as given in the following expression:

Waet = Co+C1(I1 —3) (14— 1) +Co (I, = 3)* + C3(Iy — 1)* + Cy (I, = 3) + C5 (I, — 1). (1.39)

In both expressions of the strain energy, the rheology parameters C; must satisfy some
conditions. See [LY98] for further details.

An orthotropic model: Usyk-Mazhari-McCulloch model

Usyk et al. [UMMOO] have studied the effects of orthotropy in the left ventricle of dogs.
They have used for the left ventricle in the passive state a constitutive relation defined by an
exponential strain energy function W, corresponding to a nonlinear, orthotropic and nearly
incompressible law:

w
Q

Ce? —1) + Ceompr(JInJ — J + 1),
buE; + by B2 + by B2+ (1.40)
bu(Ej; + Ej) + bin(Ep, + E2) + bu(EZ, + Ep),
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where F;; are the components of Green’s strain tensor E in the material coordinate system
(I,t,n). The term J is the determinant of the deformation gradient F' and the material constants
are given by: C' = 0.88 kPa; b;; = 6.0; by = 7.0; b, = 3.0; by = 12.0; by, = 3.0; b,y = 3.0;
and Ceopmpr = 100.0 kPa.

The quasi-incompressibility is obtained by penalization. Indeed, the term C..pyy,p (J In J — J4-1)
is introduced by a big enough coefficient C,,,,» imposing on the quantity JIn.J — J 4 1 to
be infinitesimal, or almost equal to 0, so that the product C.,p(J/ In J — J + 1) has the same
magnitude as the term C'(e? — 1). Consequently, the value of .J is forced to be very close to 1.

The ventricular contraction is modeled by defining the Cauchy stress tensor o as the sum of
a passive stress tensor o(?) derived from the strain energy function and of an active stress tensor
ol :

o=0c" +o@, (1.41)

The components agl) of the active stress tensor are derived from the diagonal stress tensor

O uctive 1N the material coordinate system (X, X;, X,,) using a rotation matrix q that defines the
relation between the global coordinate system in use and the local material coordinate system:

' = q"'o 4etiveq. (1.42)

The components of the tensor o .., are functions of the intracellular calcium concentration
[Ca?"];(¢) and of the length of the sarcomeres.

(Ca2M]i(8) = [Ca?]o + ([Ca>* man — [Ca2+]0)7ielt/m, (1.43)
Ca

where [Ca®t], designates the intracellular calcium concentration at rest and [Ca*" ],y is the
maximum value that [Ca®*];(#) can attain at time instant ¢ = 7¢,. They have chosen as param-
eters in the expression of [Ca®*];(¢) the following values: [Ca*"]y = 0.01 uM, [Ca* e =
1 uM and 7¢, = 60 ms.

1.5 Electromechanical coupling models

Cardiac deformation can be modeled by the equations of motion of a hyperelastic material,
written in the reference configuration. However, like any living tissue, its contraction is influ-
enced by intrinsic mechanisms taking place at the microscopic level. This ability to actively
deform has been taken into account in the literature following different approaches. One com-
mon option is to assume that stresses are additively decomposed into active and passive parts
and it is called the active stress formulation ([GK10, LAVH12, NHOO, NP0O4, Tral1])). Another
approach is the active strain formulation, [NTO7, CFNTOS8], where the deformation gradient is
factorized into active and passive factors, and fiber contraction rewrites in the mechanical bal-
ance of forces as a prescribed active deformation. In the following sections, we illustrate how
the electromecanical coupling is achieved in each of the two approaches and we establish the
strong mechanical-to-electrical coupling framework.
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1.5.1 The active strain model

The electrical to mechanical coupling in the “active strain model" [CFNTO08] factorizes the
deformation gradient F into a passive component F';, and an active component F,,, F = F,F,.
The tensor F), acts at the tissue level and accounts for both deformation of the material needed
to insure compatibility and possible tension due to external loads. The tensor F, represents
the distortion that dictates deformation at the fiber level and depends on the electrophysiology
through the relation, [AANQI11]:

F,=1+vd ®@d +vd @d; +7,d,2d,

where ~,, s € {l,t,n} are quantities that depend on the electrophysiology equations.

Such a factorization of the deformation tensor F' assumes the existence of a virtual inter-
mediate configuration between the reference and the current frames. In that configuration, the
strain energy function depends solely on the deformation at the macroscale F,,, [NQRB12]:

W = W(F,) = W(FF,}),

and by a pull back to the reference configuration, one has W = det(F,)W(FF ). The corre-
sponding Piola-Kirchhoff stress tensor is given by :

_ow
 OF

For instance, in the case of a Neo-Hookean constitutive law, one has

P

p [ -
W = Etr[Fg F,—1 = Etr[Fa TFTFF,' 1),

where 1 1s the shear modulus. Then it can be shown that the first Piola-Kirchhoff stress tensor
reads as
P = uFC;",

where C;1 := det(F,)F,'F,T (see also Refs. [AANQI1, NQRB12]). If in addition, the
considered material is incompressible, then the condition det(F) = 1 must be imposed and the
hydrostatic pressure p is introduced as a Lagrange multiplier. Accordingly, one gets

P = uFC,' — pCof(F).

Further examining the expression of F,, one can notice that mechanical activation is mainly
influenced by intracellular calcium release [NNN*11, POK13, SLC*07], and in particular, the
dynamics of local strain follow closely those of calcium release rather than those from the
transmembrane potential, as reported in Ref. [Ber02]. Using a physiological ionic model, the
aforementioned fact suggests that, ideally the recovery variables w and the concentration vari-
able z approximate the spatio-temporal structure of calcium. More physiologically-involved
activation models require a dependence of 7, not only on calcium, but also on local stretch,
local stretch rate, sliding velocity of crossbridges, and on other force-length experimental re-
lations [POK 13, RLRB* 14, RBGR ™ 14], but for the sake of simplicity we restrict ourselves to
a phenomenological description of local activation in terms of the gating variables. The scalar
fields v;, 7+ and +,, can be written as functions of a parameter ~:

Yitn = 7[,t,n(7>7 (144)
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where ;¢ : R — [—I';,, 0] are Lipschitz continuous monotone functions. The values I';; ,,
should be small enough, in order to ensure that det(F,) stays uniformly far from zero, for
v € R. The scalar field « is the solution of the following ODE associated to the solution
(v;, Ve, w) of the bidomain system (1.8)-(1.9):

Oy — S(v,w) =0 in Q7,

where S(v,w) = 5(25:1 njw; — 1o7y), for positive physiological parameters [3,7;, j =
0,1,---,k (see Ref. [RBAP"13]). Moreover, the functions -, are assumed to be of the
form:

2
Yitm = —L14n— arctan(y" /yg), where v* := max(0,~) and v is a reference value.
T

Further details can be found in [LRBQ13, RBGR*14] for example.

1.5.2 The active stress model

In the active stress model [NHOO, Mou03], the Cauchy stress tensor is considered as the
sum of a passive stress modeling the material elastic properties and an active stress modeling
the material internal forces generated from the electrical activity.

The basic formulation which corresponds to the active stress model is the following

owres

o= 5 F' +T(t, A, [Ca™™])Fr @ Fr,

where WWP?* is the passive strain energy and 7" represents the tension along the fiber direction 7.
The variable ¢ denotes the time, A is the elongation of the fibers and [C'a™]; is the intracellu-
lar Calcium concentration. Also it is possible to replace T'(¢, As, [Cat™];) by T'(t, As, v;, v, w)
where v; is the intracellular voltage, v is the transmembrane potential and w represents the re-
covery and the gating variables and the ionic concentrations.

The active stress can be rewritten in another way [Mou03]. Let W), be a primitive with
respect to A of the function AT'(\), i.e. Wi = AT'(\). We have :

oWy

F' = TFr @ Fr. 1.4

OF TREFT (1.45)
oW, O\ o\

I first we have, 2 — W1 22 — A\ 22,

ndeed, first we have, 5F \5F A ()\)aF

The variable ) denotes the fiber elongation, i.e. \> = I, =|| Fr ||?. Differentiating with respect

oA
to F', we obtain: 2\ — = 2F7 ® 7. Therefore, the derivative of A with respect to F is equal to

OF
O\ 1 ) .
T XFT ® 7. This leads to Equation (1.45).

Consequently, we let YW = WP 4 W, be the total strain energy function. The expression
of the Cauchy stress tensor can be rewritten as:
oW

o= a—FFT. (1.46)
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Finally, the first Piola-Kirchhoff stress tensor is given by :

ow
OF

This shows that the constitutive law is given by (1.47) where )V depends on the electrophys-
iology parameters modeling the electrical activity of the heart.

P = det(F)oF 7 = det(F) (1.47)

1.5.3 Mechanical to electrical coupling

The mechanical-to-electrical coupling is achieved by a change of variables in the bidomain
equations from the current configuration (Eulerian coordinates) to the reference configuration
(Lagrangian coordinates), which leads to a conduction term depending on the deformation gra-
dient F':

My (z,F) := (F) 'Ky(z)(F)™", ke {i,e}. (1.48)

We will only show how the change of variables is performed in one of the two bidomain equa-
tions, the other one follows similarly. Starting from:

XCrOw — V - (K; V) + Xion (v, w) = I (x,t) € Q x (0,7),

app’

multiplying by ¢ € D(2) and integrating over (2, we get the equation:

/QXCmatUSO = V- (KiVvi)p + xlionp(z) dT = /g;‘[;ppgp de.
Now by Green’s formula and using the fact that ¢ = 0 on 0f2, we get:

/QXCmatUSO + (KiVv;) : Vo + xlionp dx = /Qféppgo dz.
Substituting = ¢(X) and accordingly dx = |V¢(X)|dX = JdX, we have:
/Q XCrmOw(P(X)) + (KiVu;) : Vo(o(X)) + xLionp(P(X)) JdX :/Q Lypp((X)) JdX.
R R
Consider in particular the term:
| ®.70): Vo) Jax.
Qr

we will first use the chain rule, then the properties of inner product of matrices to get

(Ki(¢(X))Vui(9(X)) : Vp(p(X)) JdX

(Ki(@(X)Ve " Vui(X)) : Vo Vip(X) JdX

=

R

Vo (X) (Ki(¢(X) Ve T Tui(X) ) : Vo(X) JaX

=

-V (F (X (K(SX)F Ve (X) ) o(X) JdX.

R

S5
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where the last equality results from Green’s formula and from replacing V¢ by F. This means

that
V.- (Ki(w)vmvi(m)> — f(z), Ve

is equivalent to

~Vx (FK(¢(X)FTVxui(X) ) = £(§(X)), VX €.






Unfolding Homogenization of the
Bidomain Model

2.1 Introduction

This chapter is devoted to study, in the context of the unfolding homogenization technique,
the asymptotic behaviour of a microscopic-level modeling problem for cardiac electrical activ-
ity. Indeed, there are two scales in cardiac electrophysiology: the microscopic scale describing
the source of the electric wave in the cells, and the macroscopic scale describing the propagation
of the electrical wave at the level of the organ. Since the microscopic model is unsuitable for nu-
merical computations due to the complexity of the underlying geometry, a rigourous derivation
of the macroscopic model is needed while taking into account the properties of the physiologi-
cal and microscopic structure.

2.1.1 Homogenization Techniques

Classically, homogenization has been done by means of the multiple-scale method which
permits to formally obtain the homogenized problem based on a formal asymptotic expansion
[CD99, BLPI11]. There are now various mathematical methods related to this theory: the os-
cillating test functions method due to L. Tartar in [Tar76], the two-scale convergence method
introduced by G. Nguetseng in [Ngu89], and further developed by G. Allaire in [Al192], and the
most recent is the periodic unfolding method introduced by D. Cioranescu, A. Damlamian and
G. Griso for the study of classical periodic homogenization in the case of fixed domains and
adapted to homogenization in domains with holes in [CDZ06]. The idea of the unfolding oper-
ator was used in [BLM96, ADH90, Vog82] under the name of periodic modulation or dilation
operator. The name “unfolding operator” was then introduced in [CDZ06] and deeply studied
in [CDGO08, CDD ™" 12]. The interest of the unfolding method comes, on one hand, from the fact
that it only deals with functions and classical notions of convergence in LP spaces and it does

55
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not necessitate the use of a special class of test functions. On the other hand, the unfolding op-
erator maps functions defined on oscillating domains into functions defined on fixed domains.
Hence, the proof of homogenization results becomes quite simple.

Regarding the asymptotic behavior of a microscopic-level modeling problem for the bioelectric
activity of the heart, we mention the work by M. Pennachio, G. Savaré, and P. Franzone that
rigourously studies the derivation of the bidomain model in the framework of I'-convergence
theory presented in [PSF05] for a specific ionic model. This theory is actually suitable when the
model is described as the minimization of a convex functional but this is not the case for all ionic
models. Recently, the two-scale method has been used in [CI18, GK18] to obtain the homog-
enized macroscopic model using different ionic models and assumptions on the conductivity
matrices. In [CI18], the authors derive a macroscopic bidomain model using simplified ionic
models whereas in [GK18], the authors use the FitzHugh-Nagumo ionic model. In the present
work, we treat a generalized class of ionic models including the FitzHugh-Nagumo model along
with physiological models involving ionic concentrations that appear as arguments of a loga-
rithmic function and that must be shown to be bounded away from 0. We further note that in
[CI18, GK18], the cardiac domain was assumed to be a cube in R3. Regarding the mathemati-
cal analysis of the microscopic model, we point out that in [ Ven06], the author used Schauder’s
fixed point theorem and in [FS02b], the authors used a variational approach to establish the
well-posedness of the microscopic problem under different initial and boundary conditions. In
this chapter, we prove first the existence of solution for the microscopic problem by a construc-
tive method based on the Faedo-Galerkin approach without the restrictive assumption, usually
found in the literature, on the conductivity matrices to have the same basis of eigenvectors or to
be diagonal matrices (see for instance [BCP09] where the authors prove the existence of a local
in time strong solution of the bidomain equations after introducing the so-called bidomain oper-
ator). Secondly, the convergence of solutions of a sequence of microscopic problems to the so-
lution of the macroscopic problem is established in properly chosen function spaces. We use the
unfolding method in perforated domains [CDGO08, CDZ06], for sequences of functions bounded
in L2, H' or in H'/? on a micro-periodic domain. The degenerate structure of the equations of
the bidomain model, in combination with the highly oscillating underlying geometry make the
homogenization proof nontrivial and standard parabolic a priori estimates are not immediately
available [FS02b]. On the other hand, the (nonlinear) dynamics of the cellular model take place
on the cell membrane which is a wildly oscillating surface. Hence, an ambiguity arises in defin-
ing a proper notion of “strong convergence” of functions in this context. However, some kind of
strong convergence is required to pass to the limit in the nonlinear equations. For this reason, we
also use the boundary unfolding operator along with a Kolmogorov-Riesz compactness argu-
ment [Ama00, GNR16]. We point out that we will not restrict our study to the homogenization
method of the bidomain model with nonlinear ionic function of FitzHugh-Nagumo type but also
with physiological ionic function of Luo-Rudy type. Moreover, the approach presented herein
can be extended to electropermeabilization models. We cite for instance [AWZ16] where a dy-
namical homogenization scheme is obtained from a physiological cell model and [AGG'16]
where a conductivity dependent macroscopic tissue model is for the first time derived from first
principles.

Note that thanks to homogenization, the resulting macroscopic bidomain model describes av-
eraged intra and extracellular potential by a nonlinear anisotropic reaction-diffusion system.
The cardiac tissue is then considered (at the macroscopic level) as the superposition of two
anisotropic continuous media: the intra- and extracellular spaces, coexisting along with the cell
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membrane, at each point of the tissue. The most substantial mathematical description of the
bidomain model is found in the review paper by Henriquez [Hen93], which presents a formal
definition of the model from its origins in the core conductor model, and outlines many of the
approximations that can be made.

This chapter is outlined as follows. In Section 2.2, a formal derivation of the macroscopic bido-
main model from the microscopic model is obtained using asymptotic expansions. The main
assumptions used for homogenization are presented in Section 2.3 and the main results are
stated. In Section 2.4, existence of weak solutions to the microscopic problem is proved based
on a Faedo-Galerkin approach, a priori estimates and a compactness argument. In Section 2.5,
some estimates on the solutions of the microscopic problem are obtained and the microscopic
problem is formulated using the unfolding operator. The passage to the limit using compactness
and the unfolding method are established in Section 2.6. Then in Section 2.7, the macroscopic
bidomain equations are recuperated from the limit equations obtained in Section 2.6 and the cell
problem is decoupled. Finally, in Section 2.8, a microscopic bidomain model with physiological
ionic model is homogenized to obtain the corresponding macroscopic model.

2.2 Formal derivation of cardiac electrophysiology model

In this section we derive formally a mathematical model (macroscopic bidomain model)

from the propagation of cardiac action potentials at the cellular level (microscopic bidomain
model). Note that a similar derivation may be found in [HY09] and the appendix of [FS02b]
under simplifying assumptions.
The cardiac cellular media can be viewed as composed of two volumes: the intracellular space
Q); (inside the cells) and the extracellular space (2. (outside the cells) separated by the active
membrane I'. For the derivation of the macroscopic bidomain model, the cells’ microstructure
medium is idealized (see Figure 4). We assume that all cells have the same shape and are
arranged in space in a regular fashion, and have the same pattern of connections with neighbors.
This means that in this case the structure of the tissue is approximated by a spatially periodic
model.

2.2.1 The Microscopic Bidomain Model
Using Ohm’s law in the intra- and extracellular media €2; and (2., the current is given by
I; = M;Vu,, for j =1,e.
Due to the current conservation law, the normal current flux through the membrane is continuous
M;Vu; - p; + McVue - e = 0on ' := (0,7) x T

On the other hand, since the only active source elements lie on the membrane, each flux equals
the transmembrane current per unit area Z,,,:

Ly = —-M;Vu; - u; = McVue - pie on I'p.

Moreover, assuming the electroneutrality of the solutions away from the cell membrane [JNTS83,
Mor06], u; is governed by

- V- (MJVUJ) =0in Qj,T = (O,T) X Qj. (21)
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Herein, the potentials u; and u,. are intra- and extracellular electric potentials respectively, M;
and M, are the corresponding conductivity tensors, ; is the exterior unit normal to the bound-
ary I' from intra- to extracellular space and . = —pu;. Note that the conductivities M, j = 7, e,
are assumed to be tensorial and depend on x. Such an assumption would further allow the anal-
ysis of more complex models such as models incorporating the influence of heart’s mechanical
deformations [CGM15, GK10] or of gap junctions [HP10].

Since the electric current that hits the membrane can be blocked by the membrane or can pass
through the membrane with ionic current fi,,, — I,,,, the charge conservation gives

o
_qt + Iion - Iapp = Im on FTy
% - [ion + [app = _Im on FTa

where ¢;, j = i, e is the surface charge on each side of the membrane, /,,, is an applied current
and [;, is the ionic function that depends on the considered ionic model (the current is directed
from the intra- to the extracellular medium). Moreover, under the assumption that any charge
accumulation on one side of the membrane is balanced by a charge on the other side, there holds

qi = —(e-

Also, considering the membrane as a capacitor, the surface charge is proportional to the trans-
membrane potential
q;i = Cmva

with the proportion being the capacitance per unit area C,,,. Consequently, regarding the dynam-
ical structure of the membrane, its electrical potential v = u; — u. on I satisfies the following
dynamic boundary equation

CmOpv + Lion(v,w) — Iopp =L, on 'y :=(0,T) x T,

2.2
Oyw — H(v,w) =0onT'p. 22)

Note that Z,, is the sum of a capacitive current, of an applied current /,,, and of the nonlinear
ionic functions [, (v, w). The functions [, (v, w) and H (v, w) correspond to the chosen ionic
model of the membrane dynamics (here w corresponds to the various ionic gating variables).
Hence, equations (2.1) and (2.2) give a description of the microscopic representation of the
electric potentials in the cardiac tissue.

2.2.2 Nondimensional Analysis

In order to understand the relative influences and amplitudes of the terms involved in the
system and the interaction of the microscopic and macroscopic scales, a nondimensionalisation
of the system turns out to be an essential ingredient of the asymptotic analysis. Few works
are available in the literature in this direction, we cite for instance [NK93] where the authors
derived a macroscopic model of tissue from an idealized version of the microscopic model and
[RB13] for the nondimensional analysis of the ionic current /i, (see also [HY09, PSF05]).
We define the dimensionless scale parameter:
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where d, is the typical measure of a single cell (unit L where L is the macroscopic unit of
length), R,, is the surface specific resistivity of the membrane (unit RL?, where R is the resis-
tance unit) and A is a normalization of the conductivity tensor M; for j = ¢, e (unit RL™Y.
Now, we nondimensionalize (2.1) and (2.2) by scaling space and time using the following
change of variables:

~o f d f - E

z:=andt:= -
where 7 = R,,,C,,. We also scale the electric potentials:

v =0v0, u; = 0vu; and w = dw W,

where dv and dw are convenient units to measure electric potentials v, u; and the gating variable
w, respectively, for j = 4, e. By the chain rule, we obtain:

LC,, L

—0;0 + —

! v

Recalling that 7 = R,,,C,, and normalizing the conductivities using

([ion - ]app) - _Mlvi‘al C My = Mevi‘ﬂe * He-

~ 1
MJ' = XMJ', fOI'j = i,@,

we get
L. L o o
R_m)\afv + M(Iion - [app) = _Mlvfzuz Tl = Mevftue * e

Regarding the ionic functions /j,, the applied current /,,,, and /, we nondimensionalize them
by using the following scales
- R,, -

o R, - T
Lion (0, @) = %Iion(v,w), Lpp = %Iapp and H(0,w) = %H(U,w).

Consequently, we have

L - - ~ ~
ﬂ <at~ﬁ + [ion - szp) - _Mlviaz My = Meviﬁ'e * e
d

Finally, recalling that the dimensionless parameter ¢, given by ¢ :=  / 7%, is the ratio between

the microscopic cell length d.. and the macroscopic length L, i.e.

and solving for ¢, we obtain

EZR—mA.

Collecting and substituting all previous definitions in equations (2.1) and (2.2), we obtain the
following dimensionless system:

—V: - (M;Vzi;) = 0in Qj.r,

(050 + Tion(0,0) — Iupp) = L on T'p,

Zn = —MVidl; - pt; = MV, - p on T'p,
Op — H(0,%) = 0 on I'y.

(2.3)
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2.2.3 The Two-Scale Asymptotic Expansion

For completeness in this section, we use a formal homogenization (asymptotic expansion) to
obtain from the microscopic model (2.3), the macroscopic bidomain model. We aim at obtaining
the limit of v and u; as ¢ — 0 for j = 7,e. We define now Y; and Y, as portions of intra- and
extra-cellular spaces €2; and €2, (see Figure 4). The solutions u;, u. and w have the following
asymptotic e-power expansion of the dimensionless parameter € (u := u;, U, W):

u(t,x,€) = ug(t,z,€) +eur(t, z, &) + 2ua(t, 2, €) + ...,

where £ = x/¢ is the fast microscopic variable, x is the slow macroscopic variable and ug, 1, uz
are [0, 1]3-periodic in the variable £. We assume that the functions, involved in the asymptotic
expansion, are smooth. Next, we use the following full derivative operators:

V = 'V + V.,
A=ecAg+e (Ve Vot Vi V) + Ay

Now we substitute the asymptotic expansions of u := w; into the microscopic system (2.3)
(for simplicity, we replace ¢, 7, M;, Lion, H and L, 5 by t, 2, M, Lin, H and I, respectively).
Collecting the terms of the power coefficients € := —2, —1,0, we obtain the following equa-
tions:
( .
Ve (MVeu, o) =0 Y;,
(BVl) 3 ( eu 70) n
MiV5ui,0 s My = 0 on F,
(BVZ) —v§ . (M1V5Ui71) - (Vg . Mlvx + Vx . Mivaui,() =0 in Y;,
(MiVeu; 1 + MiV,u,0) - i =0 onl,

—v§ . (MiV{uiQ) — (Vg . MIVI + Vx . M1V5)ui71
(BV3) -V, - (MiV,u;0) =0 inY;,
—<M1V5Ui,2 + Mivxui,l) c My = &vo + Iion(vo, wo) — [app onl.

\

Note that in the previous problems, x is a parameter and we look for periodic solutions in £
in the reference cell Y.
Observe that by a classical result, the first boundary value problem (BV1) has a unique peri-
odic solution up to a constant (see for e.g. [GT15] for more details). Moreover, this problem
has a constant solution with respect to £, thus the periodic solution u;( depends only on the
macroscopic variable z, i.e.

ui,0<t7 T, 5) = U0 (tv ZL’)

Regarding the second boundary value problem, since u;  is independent of £, (BV2) becomes:

—Vg . (Miv,gui,l) — V£ . (Mivxui,@ =0 in }/i?
(Miv§ui71 + Mivxuw) sy = 0 onl.

For this problem, it is not difficult to establish the existence of a periodic solution u; ; (see for
instance the remark on p. 13-14 of [BLP11] or [OSY09]) provided that

MiVsts0 - p(€)ds(€) = [ MiTasa - s ©)ds(6)

0Y;
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Indeed, one can exploit the definition of 0Y; := (0Y N JY;) UT (see Figure 4) and the equality
of trace of H),,.(Y") functions on both sides of the cube (i.e. [, . MV - p(§)ds(§) = 0),

per

to verify that

MV uip - p(§)ds(§) I/

oY NaY;

M,V - p(€)ds(€) + / MLV, - 1a(€)ds(€)

oY;

:/FMiqui,o'Mz‘(ﬁ)dS(ﬁ)

The solution of (BV2), being unique up to an additive constant, can be represented by the
following ansatz [BLP11]:

w1 (t,2,8) = fi(€) - Vauio + t1,(, ),

where each component of the vector f;(£) = (f1.:(£), f2.:(), f3.:(€))T satisfies the following
elliptic equation

—Ve - (MiVefii) = Ve - (Mieg) inY;
MiVe¢ fri - i = —pi - Miey, onl,

where e;, k = 1,2, 3, are the standard basis vectors in R3. Similarly as before, we have the
existence of periodic solution (f;; for £ = 1,2,3) that is unique up to a constant for this
problem. For the last boundary value problem (BV3), it can be rewritten as:

Vg : (Miv§ui,2 + Mivxuivl) = —VI : (Mivxum) — VI : (Miv§ui71> in (O,T) X Y;
—(MiVeuio + MiVau,1) - pti = 0pvo + Lion(vo, wo) — Lapp on (0,7) x I.

Integrating the first equation over the unit cell portion Y;, and using Gauss’ divergence theorem
we get

/ (MiVeuio + MiVou,) - pids(§) = —/ Vo (MiVauio + MiVeu; 1)d€.

oY; Y;

Recalling that 0Y; = (0Y N 9Y;) UT and faYnaYi(MiV,gui,g + MiV,u; 1) - pids(€) = 0 (by
periodicity of M;, u; 2 and u; 1), we have

/ (MiVeu;o + MiVau, ) - pids(§) = — /(atvo + Lion (v, wo) — Lapp)ds(&).
oY;

I
So that

—/ VCE . (Mivzui’o + M1V5ui,1)d§ = — /(8151)0 + Iion(Ug,wo) — ]app)dé’(f).
Y; r

Using u; 1 = fi(§) - Vauio + 1,(t, z) and |['| the surface measure of I, we reach (recall that
Vo, Wy, Up; and I,,, do not depend on &)

. (| / M + MyVe , d€] Vittig) = =[] (0420 + om0, w0) — Lugy).
Y;
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Hence, we get
_vx ' (Miv:pui,()) = - ’F’ (atv(] + Iion(v(wa) - [app)a

where the tensor M; is defined by
M, = / (M, + MLV f(€))de. 2.4
Y;

Similarly, we can obtain the dimensionless averaged equations for the extracellular potential
and gating variable

vac : (Mevzue,(]) = - ‘F’ (atUO + Iion(U07 U)()) - [app)a

where the tensor M, is defined by

M, = / (M, + M. Ve f(€))de. (2.5)
Ye

2.3 Mathematical Assumptions on the Microscopic Bidomain
Model

2.3.1 Assumptions on the Domain

For our model we assume that  (the cardiac tissue) is a bounded open subset of R? with
smooth boundary 0f2. The cardiac tissue is composed of two connected regions, the intracellular
(2, . and the extracellular €2, .. These two regions are separated by an active membrane surface
. = 0Q;. N 0Q. .. Here ¢ > 0 is the small dimensionless parameter which is proportional to
the ratio between the micro scale of the length of the cells and the macro scale of the length of
the cardiac fibers. Following the standard approach of homogenization theory, we are assuming
that the cells are distributed according to an ideal periodic organization similar to a regular
lattice of interconnected cylinders.

Let Y := [0,1]? be the representation of the unit cell in R®*. We denote by Y; . C Y its intra-
and extracellular parts and by ' the common boundary of the intra- and extracellular domains
Yiand Y, (I' = 0Y; N 9Y,). So Y, UY. UT = Y. The elementary unit cell Y represents a
reference unit volume box containing a single cell Y.

The main geometrical assumption is that the physical intra- or extracellular regions are the
e-dilation of the reference lattices Y; . extended periodically, defined as: for k € 73 each cell

Vike =ek+eY¥;={e€: Lk + Y},
and the corresponding common periodic boundary
lpei=ck+el={e€: E€k+T}.

Therefore, the physical region €2 occupied by the heart is decomposed into the intra- and extra-
cellular domains €2, . for j = ¢, e that can be simply obtained by intersecting €2 with Y} ;, . for
] =1,e,1.e.

Qe =00 | Ve

keZ3
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Similarly,
I.=Qn J ke

keZ3

One can observe that the domain 2; . may be considered as a perforated domain obtained from
(2 by removing the perforations which correspond to the extracellular domain €2, .. The same
observation holds for the extracellular domain. The boundary I' is a smooth manifold such
that I'; is smooth and connected. Furthermore, €2, . are both assumed to be connected bounded
domains in R? so that a Poincaré-Wirtinger inequality is satisfied in both domains. (We refer
the reader to the geometrical hypothesis Hy, in [CDD™ 12] for such domains.)

2.3.2 Assumptions on the Data

The electric properties of the tissue are described by the intracellular u; . and extracellular
ue . electric potentials. Herein, u;. : ;. — Rfor j =i,e, and v, := (e — Uee) |p.: e = R
is known as the transmembrane potential and satisfies a dynamic condition on I'. involving the
auxiliary function w, : I': — R (the so called gating variable).

The following coupled reaction-diffusion system forms the microscopic bidomain model: for
j =1,e (seee.g [SLCT07, Yin05]):

—V - (M. Vu,.) =0in Q.7 := (0,T) x v, (2.62)

(0 + Lion(Ve,we) — Loppe) = Lyon e := (0,7) x Iy, (2.6b)

L = —M;Vuie - pi = MeVuee - peon e 7, (2.6¢)
Oyw. — H(ve,w.) = 0on Tz (2.6d)

We augment (2.6) with no-flux boundary conditions
(Mj,E(x>vuj,€) CHG = 0 on (07 T) X (8Qj,s \ FE)? j € {67 7‘}7 (27)

where p; are the exterior unit normals to the boundaries of €2; ., for j = 7, e respectively, and

Wi = —pte on L.
The system is also supplemented with appropriate initial conditions for the transmembrane
potential and gating variable

ve(0,+) = v (+), we(0,-) = wp(-) onT.. (2.8)

Assumtions on the tensors. The conductivity of the tissue is represented by scaled symmetric
Lipschitz continuous tensors M; . () = M;(z, z/¢) and M. .(z) = M,(x, x/¢) satisfying (the
ellipticity and periodicity conditions): there exist constants m;y, mo > 0 such that for j =i, e

my |¢]7 < My(2,6)¢ - ¢ < ma ¢, (2.92)
M;(x, € + er) = My(z, €), (2.9b)

for all (z,€) € 2 x Yj and for all ¢ € R3,
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Assumptions on the ionic model. The ionic current [;,, (v, w) is assumed to be decomposed
into Iy jon(v) and Is jon (w), Where Iio, (v, w) = I jon(v) + I2ion(w). Furthermore, the function
I jon : R = Ris considered as a C' ! function, and the functions Iyion : R — Rand H : R?2 - R
are considered as linear functions. Also, we assume that there exist € (2, 4+00) and constants
a1, o, a3, L > 0,1 > 0 such that

1 r—1 r—1
—|v < |Iiion(0)| < g (|v +1),
o (0] < i (1) 210

and Iy on (w)v — apH (v, w)w > ag|w|?,

jl,ion : 2> I1jon(2) + Lz + 1 is strictly increasing on R with lin% fl,ion(z)/z =0 (2.11a)
z—

1

5(1 + 2| + [s])"3z — s[> (2.11b)
Remark 2. One can easily show that: I ;0,(0) = =1, I},,,(0) = —L and I ;,,
all z € R.

andVz,5 €R  (I1ion(2) — I1ion(s))(z — 5) >
(2) > —L for
Remark 3. The function H in the ODE of (2.6)-(2.7) and the function I;.,, may correspond to

one of the simplified models for the membrane and ionic currents. We mention, for instance, the
Mitchell-Schaeffer membrane model [MS03]

Weo (V/vp) — W

H(v,w) = , (2.12a)
) = o 0]07)
2 1 —
Tion (v, w) = &( v 0¥ 2U/Up)w>’ (2.12b)
Rm UPTIQ Upnl

where the dimensionless time constant and state variable constant are respectively given by

noo(s) _ {773 fOl"S < s, woo<5) _ {1 fOl"S < s,

N4  otherwise, 0 otherwise.

The quantity R, is the surface resistivity of the membrane, and vy, 11,12, 13,14, 15 are given
parameters. A simpler choice for the membrane kinetics is given by the widely known FitzHugh-
Nagumo model [Fit61], often used by researchers to avoid computational difficulties. In this
case,

H(v,w) = av — bw, (2.13a)
Lion (v, w) :</\v(1 —v)(v— 6)) + (= Aw) := I jon (V) + Ipjon(w), (2.13b)

where a,b, \, 0 are given parameters with a,b > 0, A < 0 and 0 < 0 < 1. According to
FitzZHugh-Nagumo’s model, the most appropriate value is r = 4, which means that the non-
linearity Iy, is of cubic growth at infinity (recall that in the Mitchell-Shaeffer membrane model,
the gating variable w is bounded in L>°). Assumptions (2.10), (2.11) are automatically satisfied
by any cubic polynomial I,,, with positive leading coefficient. This is indeed the case for the
FitzHugh-Nagumo model but not for the Mitchell-Shaeffer model.
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Assumptions on the source term. There exists a constant C' independent of ¢ such that the
source term [y, - satisfies the following bound:

€Y Lpp.e | 2. ) < C. (2.14)

Furthermore, I, 1s the weak limit of the corresponding unfolding sequence.

Assumptions on the initial data. The initial data v, . and wy . satisfy
e w0 llr sy + 100l 2y + lle2wo el 2y < C, 215

for some constant C' independent of . Moreover, vy and wy. are assumed to be traces of
uniformly bounded sequences in C''((2).

Observe that the equations in (2.6) are invariant under the change of u; . and u. . into u; . + k;
U + k, for any £ € R. Hence, we may impose the following normalization condition:

/ Uee(t, x)dx = 0 forae. t € (0,7). (2.16)
Qe,e

2.3.3 Main Results

We state herein the main results of the chapter as given in the following theorems.

Theorem 2.3.1 (Microscopic Bidomain Model). Assume that conditions (2.9), (2.10), (2.11),
(2.14), and (2.15) hold. Then the microscopic bidomain problem (2.6), (2.7), (2.8) possesses a
unique weak solution in the sense of Definition 2.4.1.

Theorem 2.3.2 (Macroscopic Bidomain Model). A sequence of solutions (u;c, Ue e, We)e Of
the microscopic system (2.6)-(2.8) (obtained in Theorem 2.3.1) converges to a weak solution
(U, Ue, W) With v = u; — U, Uz, ue € L*(0,T; HY(Q)), v € L*(0,T; HY(Q)) N L™ (Qr), Ov €
L2(0,T; (HY(Q))) + L=Y(Q7) and w € C(0,T; L*(R)), of the macroscopic problem

L0y — V- (Mi(x)Vwg) + [T Lion (v, w) = |T'|[Lapp in Qr, (2.17a)
IT|0ww + V - (Me(2)Vue) + | T fion (v, w) = |T|Lopp in Qr, (2.17b)
Oyw — H(v,w) = 01in Q. (2.17¢)

supplemented with no-flux boundary conditions, representing an insulated cardiac tissue
(M;(z)Vu;) -n=00nXr =002 x (0,T), je€{e,i}, (2.18)

and appropriate initial conditions in Q, namely vy and wy € L*()), for the transmembrane
potential and gating variable

v(0,z) = vo(x), w(0, ) = wy(x). (2.19)

Herein, the tensors M; and M, are defined respectively in (2.4) and (2.5), and n is the outward
unit normal to the boundary of ).
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2.4 Existence of solutions for the microscopic model

This section is devoted to proving existence of solutions to the microscopic bidomain model
for fixed € > 0. The existence proof is based on the Faedo-Galerkin method, a priori estimates,
and the compactness method.

We start with a weak formulation of the microscopic model.

Definition 2.4.1 (Weak Formulation). A solution of problem (2.6), (2.7), (2.8) is a four tuple
(Wi ey Ue e, Veywe) such that u; . € L*(0,T; HY(Qi.)), tee € L*(0,T; HY(Qer)), v- = (use —
Uee) [r.€ L*(0,T; HY*(T))NL"(Ter), we € L2(Ter)), Opve, Oyw. € L*(T.7), and satisfying
the following weak formulation for a.e. t € (0,7")

/ edwepds(x) + Z / M; (2)Vuj. - Vo;dx
: j=ie e (2.20)

—|—/ €Iion(v5,w€)<pds(x):/ elapp.c 0 ds(z),

/ Orw.C ds(x) — / H(ve,w.)Cds(x) =0, (2.21)
j re

forall p; € H'(;.) with p := (p; — ¢.) [r.€ HY*(T)NL"(T,) for j =4,eand ¢ € L*(T.).
We prove now Theorem 2.3.1.

Proof. In this proof, we will remove the e-dependence in the solution (v, u; ., U -, w.) for sim-
plification of notation. To prove existence of weak solutions, we use a Faedo-Galerkin approach
and a priori estimates. For this sake, we first carefully construct an appropriate basis for our
systems.

Step 1: Construction of the basis

We first consider functions ¢ € C°(Q;.) and we define the inner product denoted (-, )y,
by

<@7é>Vo,j ::/ ¢Q;d$+ ¢|Fa§g|1—‘gd87 fOI'j - i76
Qj’g I'e

where © = < ¢Tb ) and © = ( qﬁ ) Then we let V ; denote the completion of C°(€2; )
e I'e

under the norm induced by the inner product (-, -}y, .. Similarly, for functions ¢, ¢ € C*(Q;.),
we define the inner product denoted (-, -)y; , by:

r¢

(6,0)v;, ;:/ Mj,gws-w}dﬁf o pEder/ Vr.¢ - V. dds,
ijf Fs FE

where Vr_ denotes the tangential gradient operator on I'; and we let V3 ; denote the completion
of C'(Q;) under the norm induced by the inner product (-, )y, ;. We note that the following
injections hold:

‘/O,j C Lz(Qjﬁ), and ‘/173‘ - HI(Q]‘ﬁ).
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Moreover, the injection from V; ; into V4 ; is continuous and compact. We refer the reader to
[Gal08, RZ03] for similar approaches.

It follows from a well-known result (see e.g. [Teml12] p. 54) that the closed bilinear form
a(0,0) = (O, ®> ; defines a strictly positive self-adjoint unbounded operator

B;:D(B;) ={© €V, :B;0ecVy,} =V,

such that, for any © € V;;, we have (13,0, @)VM = a(©,0). Thus, for k € N, we take a

complete system of eigenfunctions {@k,j = ( ZZ? ) }k of the problem B;0; ; = A0 ; in

Vo; with O, ; € D(B;), and ¢y, ; = ¢x j|r. Where ¢y, ; and 1)y, ; are regular enough.

Moreover, the eigenvectors {©y, ; }1, form an orthogonal basis in V; ; and 1} ;, and they may be
assumed to be normalized in the norm of V; ;. Since C1(Q;.) C Vi ; € HY(;.), and C*(€;.)
is dense in H*(2;.), then V; ; is dense in H'(Q;.) for the H' norm. Therefore, {O ;} is a
basis in H'(€;.) for the H' norm.

On the other hand, we consider a basis {3 }#, ¥ € N that is orthonormal in L?(T.) and orthog-
onal in H'(T.) and we set the spaces

Tim =span{Oqj, -+ ,0,;}, Tie = U T;

n=1

lCn - SPan{Cla T >Cn}a ,Coo - U ICna

where T, and K, are dense subspaces of V; ; and H'(T'.) respectively.
Step 2: Construction of approximate solutions

For any n € N, we are looking for functions of the form

n

( ij ) Zdjk ( zﬁ ) y J =16 with ¢juk|rs = 1/}j:k and wy, = ch<t)Ck($>,

k=1
(2.22)
solving the approximate regularized problem:

(e + (5n)/ Oyl n i ds(z) — 5/ Orlie n; ds(x) + (5n/ O n@; dex
J e

Qie

_ / (= Fion (0 W) + Tapp.e 05 ds( / M. (2)Vui,, - Vo da
) (2.23)

Ortii nhe ds(z) + (e + 6p) Orlie ne ds(x) + Op / Ople e d
Qe,a

I'e e
= / (Iion(vna wn) - [app,a)we |F5 d3<-77> - Me,a(x)vue,n : v¢e dx
€ Qe,e
(2.24)
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/ OwpCds(x) = | H(v,,wy,)ds(x), (2.25)

£ FE

1 .
where §,, = —, O, = ( ZJ ) € Tjn,forj =i,eand ¢ € K,,. The terms 0,, [ 0ytij 105 ds(x)
n J .

and 6, Owujn¢jdx, j = 1, e were added to overcome the degeneracy in (2.20).

We aim t(;yfapply standard existence theorems for ODEs. For this purpose, if n fixed, we choose
©; = O, O, = O and ¢ = (3, 1 < k < n and we substitute the expressions (2.22) in the
unknowns w; ,,, Ui n, Ue ns Uen, and w,. The ODE system, that we obtain, has as unknowns the
column vectors d; = {d; ;. }}7_,. de = {dc}}_, and ¢ = {¢; }}_,. It can be written as follows:

((Sn -+ E)A“d; — EAied/e -+ (SnA“d; = Fz(t, di, de, C)
—eh d; + (0, +e)A.d. +6,A..d. = TF.(t,d;de,c) (2.26)
Gcd(t) = H(,d;,de.,c),

where the (k,[) entry of the matrix A,,;, m,j = i,eis (Y, Vi .y, for 1 < k1 < n, the
(K, 1) entry of the matrix Aj;, j = i, e, is (), @j1)r2(0,.)> the (k, 1) entry of the matrix G is
(Ck> Gt) r2(r.) and where the right hand side vectors IF;, . and H assemble the right hand sides
of the equations given in (2.23)-(2.25).

Note that by the orthonormality of the basis, the matrix

G= <(Ck7 CZ>L2(FE)) = L,

1<k,l<n

is the identity matrix. Furthermore, the first two systems of equations in system (2.26) can be
written in the following form:

Ay + Ay 0 Ay —A,, a1 [F
<5n|: 0 A€€+Aee]+€[_Ag; Aee :|>|:d:i:|_|:Fe:| (227)

Now making use of the orthonormality of the bases in the spaces Vj ;, the matrices A;; + A,
for j = 1, e, are equal to the identity n x n matrix [, x,. So system (2.27) may be written as

/ ) A A
M{g} } = {gi } , where Ml = ¢, [ ]Inoxn Hnom } +€{_A§—§T Ajiw } (2.28)

/ .
In order to write { g} ] =M [ 1]1;’ ] , one needs to prove that the matrix M is invertible. For

Ay —A
2 = is positive semi-definite.
AT A, p

Letd = ( (Cil’ ), where d; = (d; 1, -+ ,d;,)T € R"andd, = (e, ,de,)” € R™ Then

this sake, it is enough to prove that the matrix N := {

e

d’Nd = d7A;d; — 2dT A, d, + d7A..d.
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So we have

d'Nd = Z [di,kdi,l/ Vi _Qdi,kde,l/ ¢ik¢el+de,kde,l/ wek¢el]
I I Ie

k.l

= Z [di kdi 1VikVi — 2d; kde 1 Viker + de e iVertel

e i ,
= /F [Z dithi — ) de,ﬂ/)ez] > 0.
= L I

Thus the matrix M is symmetric positive definite, hence invertible. Consequently, the whole
system (2.26) can be written as a system of ordinary differential equations in the form y/(t) =

[t y(D).

Moreover, the problem that we obtained is supplemented with initial conditions

Ui (0, ) = g in(x) ==Y dig(0)dis(x),
=1

lin(0,2) = T (2) = 3 dig(O0bss(2),  dig(0) := <( tig ) O
=1

Us; 0

ue,n(07 l’) = u(],e,n<x> = Z de,l(0)¢e,l<x>7 (229)
=1

ae,n(ov iC) = l_L(J,e,n<x> = Zde,l(o)we,l(l‘)a de,l(o) = << Ue,0 ) 7@e,l>Ve,oa
=1

ae,O
wn (0, 7) = wo () = ch,z(O)Cz(x), n1(0) := (wo, G)r2(r.)-
=1

Proceeding exactly as in Ref. [BK06], we prove that the entries of IF;, [F, and H are Carathéodory
functions bounded by L' functions and we obtain the local existence on the interval [0, ") of
the Faedo-Galerkin solutions ; ,,, Ue r,, U, and wy,.

The global existence of the Faedo-Galerkin solutions is a consequence of the n-independent
estimates that are derived in the next section. For more details, consult Ref. [BK06].

Step 3: Energy estimates
Note that the Galerkin solutions satisfy the following weak formulations:

[ ctnpndst@)+ Y [ G0t pinds(@) + Y [ 8,010 00 de
N i,e Te e Qe

+ Z/ M; . (2)Vujp - Vi, dx +/ € Lion (Un, Wy, ) o ds(z) (2.30)
e Ve c
:/ €lapp.c Pn ds(z),
Ie
Oywpe, ds(z) — H (v, wy)e, ds(x) =0, (2.31)

Ie re
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where the functions @; (¢, ) := > " bjn1(t)Pju(2), en(t, ) == > 2o ()G (x) and ¢, =
©i.n—Pe,n for some given absolutely continuous coefficients b, ,, ;(), z,,(t) for j = i, e. Herein,
©;.n 1 the trace of ¢; , on I', for j = i, e.

Now, substituting ¢; , = u;, and e, = asw, in (2.30) and (2.31), respectively, integrating
over (0, s) for s € (0, 7] and summing the resulting equations, one obtains upon using (2.10)
and (2.11), Young’s inequality, the uniform ellipticity of M; . and the L? bound on Iy, .

1

5 (Hel/zvn(S)H%?(FE) + azllePwa($)l e,y + D I 26 2 a50(8) 122,

i,e

+> 6 2uj,n(8)|\ig(gjﬁg)> +my Y IVgallta,, ) + lelion(@a)vall ...

i,e

1 _
< 5 (H@l/%o,n”%z(re) + llwonllZer.y + Z ||51/2571/2U0,j,n\|%2(r5) + Z ||571/2U0,j,n||2L2(Qj,5)>
+// €lapp,e Vn ds(x) dt — // el jon(wy) vy, ds(z) dt
o Jr,, oJr.
+ae H (v, wy) wy, ds(z) dt + / / e(Lv, + 1) v, ds(x)dt
0 Jr. 0 Jr.
<

C(/O (12 vallZa .y + Nl Pwallar,)) dt + 1>,

(2.32)
for some constant C' independent of n and €. Note that in the sequel C' is a generic constant
whose value can change from one line to another.

One obtains from (2.32), the following inequality

e 2 v ()l Z2(r.y + e wa(9) 22, < C(/O (e valZaqr,) + e 2wallZar.)) dt + 1)-

Hence, by an application of Gronwall’s inequality, one gets for a.e. t € (0,7,
e 20 ()22, + 162w ()72, < C-

Therefore,
1/2

€20, || Lo 01522002y + 1€V Wn | Loe 0,220y < C

Exploiting this last inequality along with (2.32) and (2.11), one obtains

H\/EUnHLOO(O,T;LQ(FE)) + Z H VOon Vel
j=i.e
5

(2.33)
L (0,T;L2(T:))

LI, IVewnl| s o ey < €

Jj=i,e
ngl,ion(vn)vnHLI(FaT) + Z Hvuj’”HLQ(Qj757T) S C, (234)
Jj=t,e
eV vl ey < C, (2.35)

IVevall 2@, ) + IVewall 2. ) < C, (2.36)
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for some constant C' > 0 not depending on n and . Moreover, one can obtain some uniform
estimates on the time derivatives as follows. Substitute ¢; , = O,u; ,, and ¢, ,, = Oyt ,, in (2.30),
and integrate in time to deduce

// \Gtvn] ds(z dt—l—Z// 6ne(Ohtijp)? ds(x dt—l—Z// w(Oruj.)? de dt

j=tie j=te
+ Z // M; . (x)Vu;, - V(Ou;,) de dt + 5// I jon (V) Opvy, ds(x) dt
Jj=i,e Qje,r Cer
+ 6// L5 ion(wy,)Opvy, ds(z) dt = € // Lopp cOpv, ds(z) dt.
FE,T Fa,T
(2.37)
Now, set Py, / M; Vu,, - Vuj, de and Z; (s) = / I jon(v)dv. Observe that
0

T
/ / MV, - V() do dt = / 0 (Pn,. ) dt = Pa,,(T) = Pa,.(0),
Qj,E,T 0

and

/ /F . I ion (V) Opvy, ds(z) dt = /OT 8, ( / 5 7 (vn)ds(x)) dt

:/ Il(vn(T,x))ds(:L’)—/ Zi(vn(0,2)) ds(x).

// atujn )" de dt

Using this and Young’s inequality, one gets from (2.37)

// |0tvn] ds(x dt+2// On€ atu]n ) ds(x dt—i—Z

j=t.e j=te

+ Z Pwm; (T) + 5/ Ty (v, (T, x)) ds(x)

j=i.e €

< —¢ / / Ly jon(wn) Oy, ds(x) dt + > Py, (0) / Ty (0,0, x)) ds(z)

j=t.e €
—i—E// Lopp,cOvn, ds(z) dt
ET

// By |” ds(x dt—i—Ca// wp|? ds(x dt+ZPMJg

j=ie

+€/ Il(vn(O,x))ds(x)+Ce/ | Lpp.c|* ds() dt,
: r

e, T

| /\

(2.38)

for some constant C' > (0 not depending on ¢ and 9,, (recall that 0 < ¢ < 1). Note that by
Taylor’s theorem and Remark 2, one has

zl(v):—zw/lu D1, o (f0) dt.
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So by monotonicity of I 1,ion (s€€ (2.11)), one can obtain

5/ Ty (v, (T, x)) + §|vn(T, 2)|? + v, (T, z) ds(z) > 0.

>

Finally, use

> [P, (0 |+€/F Ty (v, (0, ) ds(x)

j=ie

Z/ |Vu;n(0,2)]* dz + ¢ |vn(0,x)|r ds(z) |,

Jj=t.e

(for some constant C' > () and estimates (2.33), (2.34) and (2.35) to get from (2.38)

// \atvn] ds(z dt—l—Z// On€ 8tujn ds(z)dt

j=ie (2.39)
+Z// o (O )2 da dt < C,

j=te

for some constant C' > 0. Hence, one has the estimate

Ve Hatv”HLQ(O,T;LQ(Fs)) - Z \ RVE HatajvnHL2(0,T;L2(Fg)) <C, (2.40)

for some constant C' > 0 not depending on n. Also, exploiting the structure of (2.31) along
with estimate (2.36), one obtains

[Veduwn|| o,y < C (2.41)

for some constant C' > 0 independent of n.

The above estimates are not sufficient since estimates on the L? norms of the intracellular and
extracellular potentials are needed in €2; . and (2, . respectively. Due to the compatibility condi-
tion (2.16), an application of Poincaré’s inequality (see for instance [CDD™ 12]) implies that

Hue,n||L2(o,T;H1(Qe,s)) <C. (2.42)
Furthermore, making use of the trace inequality as stated in [ADH95], one has
o, 2y < Cllluenlae, .oy + €I Vetenlaga, )

and consequently
elltenl T2, »y < C. (2.43)

Moreover, having 5‘|Un|’%2(rﬂ) < C, there holds
elainl e, . < C. (2.44)
Finally, making use of this last inequality, of (2.34) and of Lemma C.2 in [AGG™"16], one gets

Hui,nH%Q(Qm) < Cg”az',n”%?(rs) + nguvui,n”%?((zm <C.
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Therefore, the following estimate holds

HUi,n||L2(0,T;H1(Q,L-,E)) <C. (2.45)

The next step is to show that the local solution constructed above can be extended to the whole
time interval [0,7") (independent of n) but this can be done using the above estimates as in
Ref. [BK06], so we omit the details.

Step 4: Passage to the limit and existence of solutions

From (2.45) and (2.42), it is easy to see that v,, 1, are bounded in L?(0,T; H*/*(T.)) for
j = i, e. This is a consequence of the fact that the trace of a function in A is a function in H'/?
and of the continuity of the trace map. Moreover, we deduce from (2.36), (2.43) and (2.44) the
uniform bound on v, + (—1)//8,4;,, in L?(I'. r) for j = i, e. Recall that by the Aubin-Lions
compactness criterion, the injection

W = {u e L*0,T; HV*(I,)) and d,u € L*(0,T; HY*(T.))} ¢ L*(I'..1))

is compact. Therefore, we can assume that there exist limit functions u;, Ue ¢, Vs, W, With
Ve = (Uje — Ueg) |r.:= U;e — Ue. on I'c 7 such that as n — oo (for fixed ¢ and up to an
unlabeled subsequence)

(

vy + (=1)7/8,1,, — v- a.e.in [ 7, strongly in L2(T. 1),

and weakly in L?(0,T; H'/?(T.)) for j =i, e,

uj, — uj. weakly in L2(0,T; H'(Q;.)) for j = i,e,

Up — ve ae. in I, strongly in L*(T. 1),

S wy, — w. weakly in L*(T'. 1),
Lion(Vn) = I ion(ve) ace. in T 7 and weakly in L'/=D(T_ 1),
Oyv, — Oy, weakly in L*(T. r) and 6,01, — 01in D'(0,T; L*(T.)) for j = i, e,
Oyw, — Oyw,. weakly in L*(T. 1),

| OnOsttjy — 0in D'(0,T; L*(Q;,e)) for j = i,e.

(2.46)
Keeping in mind (2.46), (2.33) and (2.40) we infer, by letting n — oo in (2.23), (2.24) and
(2.25),

5/ O ds(x) + Z/ M; (2)Vuj. - Vj da
" be e (2.47)

+ 8/ Lion(ve, we ) ds(z) = 5/ Lippcp ds(z),
/ Ow.pds(x) — | H(ve,w:)pds(x) =0, (2.48)
€ FS
forall p; € HY(€;.), j = i,e, with ¢ := (¢; — ) |[r.€ HY*(T.) N L"(T'.) and ¢ € L*(T.).
Step 5: Uniqueness.

Let (wie 1, Uee 1, We ) and (U ¢ 2, Ue e 2, We 2) be two weak solutions satisfying (2.47)-(2.48),
with v, g = (Ui e p —Uec k) |r. for k = 1,2 and with “data” v. g = v. 1,0, Wep = We 10 and ve g =
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Ue2,0, Weo = We 20 respectively. Note that the following equations hold for all test functions
Y € L?(0,T; Hl(Qj,E)),j =1,e, with ¢ 1= (¢; — @e) |r.€ LZ(O,T;Hl/z(FE)) NL"(I'.r)and
§Z§ - LQ(FE’T)Z

// £0p(vn — ve2)pds(x) ds + Z // M, (2)V(ujeq1 — Uje2) - Vojdxds
FE,t i,e Q(j,E,t)
+ // 5(Iion(vs,la ws,l) - ]ion(vs,% w6,2))90d5(x) dS - 07
Fs,t
/ O(wey — we2)pds(x)ds — // (H(ver,we1) — H(veo, we2))pds(x)ds = 0,
Fé‘,t Fs,t

for 0 < t < T. Substituting ¢; = (4.1 — Uje2) and ¢ = w.; — w. in the two equations
above, then adding the resulting ones, we arrive at

%ﬁfawﬁ—%g@W+uwﬁ—%»aw)w@>

1
_5/ ( |’l)510—1}€20‘2—|—|w€10—w€20|2> dS(]})
I'e

+Z// M, V(ujen — Ujea) - V(Uje1 — uje2)dxds

j=ie

¥ / [ o0 02) = (v, 10.2)) 01 = 0.2) o) s
0 e
t
- / / (H(Ua,la we,l) - H(Ua,% w6,2>>(w5,1 - wa,2) ds(x) dt.
0 JTe
Now using (2.9), one has for j =i, e
t
/ / ijEV('LL]’,&l — Uj@g) . V(Uj@l — ”LL]',&Q) dx ds Z 0.
Also, by (2.11) there holds
t t
/ / (Tion(Ver) = Trson(02)) (01 — vo) ds(a) dt > —Le / / (01 — vo2)? ds(x) dt.
0 < 0 e
Moreover, exploiting the linearity of H (v, w) and I ., (w), and using Young’s inequality

one can deduce

;L&mﬂﬂme+m@—%mmﬁwm

(// ( |Uel—U52| +|w51—w52| )ds()
+§/ ( ’71510—1)520‘ +’w510—w520’ )) dS(l’),

£
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for some constant C' > 0. Finally, an application of Gronwall’s inequality yields

/ (8 (Ve — ve) () + (w2 — ’we,z)(f)\z) ds(x)

.

< C/ (5\%,1,0 — Vel + w0 — ws,2,0\2) ds(x).
.

for some constant C' > 0. This completes the uniqueness proof. ]

2.5 Convergence of solutions to the macroscopic problem

This section consists in preparing the ground for the passage to the limit as ¢ — 0. First,
some a priori estimates are obtained on the solutions of the microscopic problem. Then, the
unfolding operator for perforated domains and the boundary unfolding operator are introduced
and some of their properties are recalled. Finally, the microscopic problem is written in an
equivalent formulation, the so called “unfolded” formulation, making use of the unfolding op-
erators.

2.5.1 Energy estimates for the microscopic solutions

Lemma 2.5.1. Assume (2.10), (2.11), (2.6) and (2.7) hold. Then there exist constants ¢y, Cs, C3,
4, C5, Cg > 0, not depending on € such that

H\/_%HL(’O(OTLZ roy T [Vewe| OT.L2(r.)) = €1 (2.49)
Z ||uj15”L2([)7T;H1(Qj75)) <c3 (2.50)
j=ie
H5l/rvs‘ Lr(Te) < ¢4 and ”E(r_l)/rjl,ion<v5)HLT/(T*U(FE?T) < cs. 2.51)

Ifv.g € HY?(T.) N L7(T.), then there exists a constant ¢, > 0 not depending on ¢ such that
H\/gatUS HLQ(FE,T) S Ce- (2‘52)

Proof. Substituting ¢; = U; ., Y = Ue and ¢ = cw, in (2.47) and (2.48), respectively, and
then summing the resullting equations, we get

th/ Vvl dsa +§%/ [Veu.|” ds(a +Z/ M; o (2) Ve - Ve dae

j=i.e

+ &?/ I ion(ve)ve ds(z)

= —5/ Iy ion(we)ve ds(x) + € H (v, we)w, ds(x) +/ € Lapp V= ds(x).

I e

(2.53)
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Using assumptions (2.10) on /i ion, 12i0n, A and the ellipticity condition on M; . for j = i, e,
we get from (2.53) (after an application of Young’s inequality)

1d
24t Jp.

<|\/Ev€}2 + ’\/Ewglz) ds(x) < C’l/F <|\/Evg}2 + ’\/Ewg‘z) ds(x), (2.54)

for some constant C'; > 0 not depending on €.
Integrating (2.54) over (0,¢) and then from Gronwall’s inequality, there exists a constant
co > 0 such that

/F <’\/Eve(t,x)’2 + ‘\/Ews(t,x)|2> ds(x) < Oy, (2.55)

forall t € (0,7).
In view of (2.55), it follows from (2.53) that

> / / V| da dt < Cs, (2.56)
j=ie’ e
and

5// lv.|" ds(x)dt < Cy, (2.57)
FE,T

for some constants C'3, C'y > 0 independent of €. The other estimate in (2.51) is a direct con-
sequence of (2.57) and assumption (2.10) on [, ;on. Also, the second estimate in (2.34) can be
obtained by making use of the trace inequalities, as in the previous section.

To prove (2.52), we substitute ¢; = dyu; . and ¢, = Jyu. . in (2.47), we integrate in time and
we proceed exactly as in the previous section to deduce

5// |Oyv.|? ds(z)dt < C,
Fe,T

for some constant C' > 0. This completes the proof of Lemma 2.5.1.

2.5.2 A new formulation of the microscopic problem

In this subsection, we view the domains €, ., j = 4, e as perforated domains and we define
the unfolding operator 77, j = 4, e following the same notation as in [CDD*12].
Definition of The Unfolding Operator

First, we define the following sets in R? (see Figure 2.1):
— Z.={leZ":(l+Y)CQ},
— Q.= interior{ Uz, (0 + }7)}

— Ol = interior{ Upez. e(€ + Yj)},j =i,e
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T -l

Ll

Figure 2.1 — The set Qg in dark red, the set Qf_: in dark blue and the region A. in dark green and light
blue.

— Qur = (0,T) x €,

- QéT = (0,T) x Q§>

— I.i={yel.:yeQ.l,
— A =0\,

— A = (0,7) x Q\ Q..

Secondly, for z € R3, we let [z]y denote the unique integer combination of the periods such
that z — [z]y belongs to Y and we set

{z}y =2z —[z]y €Y, ae.forzeR"
We recall the definition of the time dependent unfolding operator in perforated domains.

Definition 2.5.1. For any function ¢ Lebesgue-measurable on (0,7 x €; ., the unfolding op-
erator is defined by

xr ~
TH )t 2, y) — ¢<t,€[g]y + é?y) a.e. for (t,z,y) € Qep xX Y (2.58)
a.e. for (t,z,y) € (0,7) x A, x Y.

Observe that the function €[Z] represents the lattice translation point of the e-cellular medium
containing z. In particular, one has

xze([f] +{§} )foralla:e]R”.
ely ely
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Properties of the Unfolding Operator

For the sake of completeness, we recall some properties of the unfolding operator and we
refer the reader to [CDZ06, CDD™12] for details.

Proposition 2.5.2. For p € [1,00), the operator T is linear and continuous from LP((0,T) x
Q) to LP(Qr X Y;). Forevery ¢ € L'((0,T) x Q;.) andv,w € LP((0,T) x ;.), there holds

L T (vw) = T2 (0) T (w),
2. T2 ()(t, 2, y) d:vdy:/g o(t, x) dx

QxY;

3. T2 (W)l roxyy) = lwlgsllir,.) < llwllir;.)-

The Boundary Unfolding Operator

Since the dynamic equations are defined on the surface I'., we resort to the use of the
boundary unfolding operator, developed in [CDZ06, CDD"12] and defined as follows (recall
that I'. 7 = (0,7) x I',).

Definition 2.5.2. For any function u Lebesgue-measurable on (0, 7) x (9€2; .NT'.), the boundary
unfolding operator 72 is defined by

b _ [ ut,e([E] +y), ae. for (t,z,y) € Qp x T, )
Toult, v, y) = { 0, a.e. for (t,z,y) € (0,T) x A, x I. (2.59)
We also list herein some properties of the boundary unfolding operator as given in [CDD*12].

Proposition 2.5.3. The boundary unfolding operator has the following properties:
1. T2 is a linear operator from LP (L. r) to LP(Qp x T).
2. TX¢Y) = T2 (@) T2 (W), Yo, ¢ € LP(Terr), p € (1, +00).

3. Forevery ¢ € L*(I'. 1), we have the following integration formula

¢(t,x) ds(x) = T2 (0)(t, 2,y) dz ds(y).

I €‘Y‘ QxI
4. Forevery ¢ € LP(I'.p) withp € (1, +00), one has

1T (D)l orxry = PV P16 ooy

5. Forevery p € D(Qpr xT) and w € WHL(0,T; LY(T.)), the following integration by parts
formula holds

T
/ / T (0ww) T () ds(y) dee dt = / / T2 (w)T2 (D) ds(y) da dt.
0 QxTI" QxT

Remark 4. Note that the last property (which is not listed in [CDD 12]) is a direct consequence
of the integration by parts formula:

T
/ Jwep ds(x / / woyp ds(x
0o Jr. g

and the integration formula in property (3) of Proposition 2.5.3.
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“Unfolded” Formulation of the Microscopic Problem

79

In order to make use of the unfolding method in the homogenization of the microscopic
problem, we rewrite the corresponding equations (2.47) and (2.48) in the “unfolded” form. We

have the following identities:

// M, Vu;. - Vy;dzdt /// T2 (Vu; ) TZ (V;) dz dy dt
jET QTXY

0 Ted M; .Vu;. - Vi dx dy dt
X

= tj(Mj,a)zj(vuj@)’Ej(v@j) dz dy dt + 1y,

QTX)/}

// elappepds(x)dt // eloppep ds(x) dt + // elappepds(x)dt
FE,T [ 1—‘e,TmAg,T

//Q erb Lupp,e) T2 () ds(y) dae dt

// [appEQOdS( )dt

E TmAE , T

// zb(]appﬁ)tb(@ ds(y) de dt + o,
QTXF

// edvepds(x // edvp ds(x) dt + // e ds(x) dt
Ler / I.r TerNAc T

Tb(atvE)T( )ds(y) dx dt + rs,

QTXF

// elijon(ve)pds(z)dt = // el jon(ve) @ ds(z) dt
FE,T I—‘s,T

+ el jon(ve)p ds(z) dt

FE,TmAE,T

=[] T (Bt ) sy -1

// elyion(we)pds(x)dt = // el ion(we)p ds(x) dt
FE,T 1—‘s,T

+ el jon(we)p ds(x) dt

FE,TmAE,T

- / / / TP aion(w)T2) ds(y) da dt 47

B / / / Toson (T (w)) T2 () ds(y) dax dt +
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Due to the above equalities, one obtains the following equivalent “unfolded” formulation of
(2.47):

///QTXF (Or0e) T2 (0) ds(y) d dt+2///QTXy T2 (V)T (Vepy) da dy di

—)\// T2 (w.) T2 () ds(y dwdt—i—// 'Tb T on( v5)>7'( )ds(y) dex dt
QpxT’ QpxT
Tb( apps)T( )ds(y)dwdt+T2—7‘5—7”4—7“3—7’1-

QTXF

(2.60)
Similarly, the “unfolded” formulation of (2.48) is given by:

//Q THOwTHO) ds(y) dwdt—///ﬂ H(T ), T )T 0) dsty) da e
Oywepds(x)dt + ¢ H (v, w:)pds(x) dt

Ce,rNAc T Ce,rNAcr
=7re+ 7.
2.61)

2.6 “‘Unfolding” compactness

In this section, we establish the passage to the limit in (2.60) and (2.61).
Note that by estimates (2.49)-(2.52) obtained above one has

r,---,r7 — 0ase — 0.

For the sake of completeness, we illustrate this result by proving that r; — 0 as ¢ — 0. The
proof that the other terms 75, - - - , 77 — 0 is similar. Actually, by Cauchy-Schwartz’ inequality,

one has
// Mj75vuj7g . VQOJ dx dt
(0,T)xAZ

1/2
< HMJ,EVUJ',EHL%QJ-,E,T)(// ,\V90j|2) -
(0,T)x Al

In addition, since [AZ] — 0 and Vy; € L*(Q;.), then by Lebesgue’s dominated convergence

theorem, one can show that
// Vg =0, ase — 0.
(0,T)x A

Finally, the result follows by making use of estimate (2.50) and of assumption 2.9.
Now, by regularity of the test functions ¢ and ¢, there holds

T2p — @ and TP$ — ¢ strongly in L*(Qp x T),

and ‘
TZp; — p; strongly in L*(Qr x Yj).

Moreover, besides the unfolding operator, the second ingredient of the unfolding homoge-
nization is the separation of the microscopic and macroscopic scales known as scale-splitting
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[CDZ06, CDG08, CDD*12]. This is illustrated herein by the choice of the test functions.
Consider ¥; and 6; in D(Qr) and ¢; = 1;(§) in H),,.(Y;) such that [,, 1); = 0 and test equation

per

(2.60) with functions ¢ = W + £0;1); . where 1;.(z) = (%) (see for e.g. [CDD™"12]). Since
Vs = Vo U; + e Vo +0;(Ver; o),
and thanks to Proposition 2.8 in [CDD*12] (see also [GP14]), there holds
@) — U, strongly in L*(Qr x Y;),
va e) = 0;(z)1;(€) strongly in L*(Qr x Yj),
¥

jie
%) — V\I/ + 0,V ¢t strongly in L?(Qr x Y;),
TE(p%) — \II strongly in L?(Qp x T),

T (
E (2.62)
nd T-

where ¢° = (¢f — ¢%)|r., and ¥ = (V; — U, )|q,.«r. Hence, to establish the passage to the
limit in (2.60) and (2.61), we need to verify that the remaining terms of the equations are weakly
convergent.

Now, making use of estimate (2.50), there exist limit functions u; € L?*(0,7; H'(Q2)) and
a; € L*0,T; L*(Q2, H..(Y;))) such that, up to a subsequence (see for instance theorem 3.12

per

in [CDD™"12]), the following hold

T2 (u5) — u; weakly in L*(0, T L*(Q, H'(Y}))),
T2 (Vu5) = Vu, + Vi weakly in L*(Qp x Yj).

Thus, since 77 (M) — M, ae. in Q x Y;, one obtains (recall the strong convergence (2.62))

2 / / / T2 (M) T2 (V) T2 (Vg5) dy dae dt
2,e QTXYJ‘
- Z ///QTXY. M;(Vu; + Vetiy) (V8 4 0;Ve;(€)) dy de dt as e — 0.

Furthermore, since
|72 (we) [l 20wy < €2 lwell 2. p) < C,

then up to a subsequence
TPw. — win L*(Qp x T).

Consequently, by linearity of I jop,

///QTXF Ig,ion(ﬁb(ws))ﬁb(goﬁ) ds(y) dx dt — ///QTXF I on (0) W ds(y) de dt.

Similarly, exploiting assumption (2.14), one obtains

// Tb appa)T( )dS dmdt — /// ]app\I/dS )da)dt
QpxT QpxT

In order to establish the convergence of T2(d;v.), first note that

T2 (Do)l 2@y < €2 00elor, » < C.
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So there exists h € L?(2 x T') such that 7?(d;v.) — h weakly in L?(Q27 x T'). One still needs
to identify h to d;v (where T?(v.) — v strongly in L?(Q x T') as detailed in the next section;

consult Lemma 6.3). For this sake, consider a test function ¢ € D(QT X F), then
7;b(<p) — p and 7;’)(@@ — Oy strongly in L*(Qp x T).

Furthermore, taking limits on both sides of

/OT/QXFﬁb(atvs)ﬁb(SO) ds(y)dx dt = — /OT/QXF T () T2 (9hp) ds(y) da dt,

T T
/ // he ds(y) de dt = —/ // vOpp ds(y) de dt.
0 QxT 0 QxT

Therefore, h = 0,v and

// - T2 (0p0:) T () ds(y) dac dt — ///QTXF AW ds(y) da dt.

It remains to obtain the passage to the limit in the term containing the ionic function I jo.
Indeed due to the nonlinearity, it is difficult to pass to the limit in I ;,,, on the microscopic
membrane surface and one needs to establish the passage to the limit in:

one has

T
lim/ //]1,ion(7;bve)7;b(g05)ds(y)dxdt.
o JoJr

e—0
By regularity of ¢, we have
T2p — W strongly in L"((0,T) x Q x I).

It remains to show the weak convergence of I} jon (72v.) t0 I jon(v) in L™/ "=1(Qp x T'). There-
fore, we show the strong convergence of 7v. to v in L?(Qr x T'). Then, by the properties of
I jon We actually obtain the strong convergence of I jon (T2v:) t0 I1 jon(v) in LI(Qr x T) for all
q € [1,7/(r—1)). For this sake, we make use of Kolmogorov-Riesz-type compactness criterion
for the space L”(€2, B) that can be found as Corollary 2.5 in [GNR16].

Proposition 2.6.1. Let 2 C R™ be an open and bounded set. Let p € [1,00), B be a Banach
space and F' C LP(Q), B). Then F is relatively compact in LP(S), B) iff

(i) for every measurable set C' C §), the set { fc fdx : f € F} is relatively compact in B,
(ii) foralld > 0and z € R" and z; > 0,1 =1, ..., n, there holds

sup ||7_zaf - f”Lp(Qg,B) — 0, fOi‘Z — 0,
feF

where Q5 == {x € Qs : v+ z € Qs} and Qs == {x € Q : dist(x,0Q) > §},
(iii) for 6 > 0, there holds sup . fQ\Q(S |f(z)]Pdx — 0 for § — 0.
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Fisrt, we prove an estimate on the space translates of the transmembrane potential v, that is
needed later to obtain an estimate on the space translate of 7(v.). Now, we fix open sets K
and K’ such that

Kcc K' cc9,

and we let z € R with
|z| < dist(K’,09).

We have the following lemma
Lemma 2.6.2. Let | € 72 and € > 0 such that e|l| < |z|. Then the following estimate holds:
e Jve(t, z +el) — ve(t, x)Hig(FE’K) < Cel, (2.63)
where I'. i = I'. N K and C is a positive constant.
For simplicity of notation, we use
Tau(t, z) == v(t,x + el).

Proof. In this proof, we consider ¢; € H'(Q;.) with suppp; C K, for j = i,e. We use the
translations of ¢}, j = i, e i.e. ¢;(x — ¢l) as test functions in the variational formulation (2.20).
In the resulting equation, we make the substitution z — x + <[, and we exploit the periodicity
of the domain to get

8/ Oy (Tave) (i — pe)ds + Z / TaM,; V1au,. - Vodx (2.64)
r.nK Q; .NK

j=ie

+5/ -[ion(TElvaa Talwa)(% - QDe)dS - / Tellapp,e QDdS
T':NK T:NK

Noting that the last equality is valid for test functions with support in K”, let n € D(K') be a
cutoff function for K, with 0 <7 < 1,7 = 1in K and zero outside K'. We test the variational
equation for (7,u;. — u;.),j =1, e with

ij =n (Tsluj,a - uj,a)a J=1¢€,

we get
ed 2 2
cd e — v)2d 2.65
5 0 rng/n (Tave — v:)°ds (2.65)
+y / (P Ve = My Vs ) - V(2 = w2) ) da
— Jo, . .nx
Jj=re J,€

+5/ 772 (Iion(Telva7 Talws) - Iion(va7 wa)) (Telve - Ua)ds
T':NK’

= / (TslIapp,z-: - [app,€)772(7—slv€ - Ue)ds-
I'-NK’
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First, we break up the second term in (2.65) as follows:

Z / Tele,EVTsluj,e - Mj,evuj,s) : v(n2<7-€luj7€ o uJ}E))dx
Q; NK’

j=t.e
2
= n (TlM‘, Vrau;. — Mj, Vu;)-V(rlu‘, —u‘7)d:1:'
J:Z/Qm T e e (2.66)
S (M ML) - () Vs
j=ie Qj,eNK’
- T1 + TQ,

and we estimate 77 exploiting the ellipticity of M; . given in (2.9):

T1=Z/

Jj=t.e

>

2
M Vnguge Vuj,5> : V<Taluj,a - Uj,a)dx

Q; .NK’

7'6l1\/IJ e — Mj,5>V(Tduj76) . <Vrgluj7€ - Vujﬁ) dx

J=ue JEmK/ (267)
> 0-C Z H77 (TaMje — MLE)HL‘X’(QLEHK’)HVUJ',EH%%QJ-,EQK’)
j=t,e
> —€ll|C ) IVusellia, .-
j=i.e

In the last inequality, we used the mean value theorem to obtain:
[TaMj e — Mol oo, .nxry < €]l Z VM| Lo (0, iy < €]l|C
j=i,e

for some constant C' > 0. Moreover, by regularity of 7, Cauchy-Schwarz and boundedness of
M; ., we get the following estimate on 75:

To| < Cell] Y Nlujellm @, .nxn. (2.68)

J=e

for some constant C' > (. On the other hand, the third term of (2.65) may be divided into two
terms by making use of (2.13b) as follows:

5/ 772 (Iion(Tean Tslws) - Iion(/UE; ws)) (Telve - UE) dS
TeNK'

2
= Iionaa_Iionzs)Ea_Ed
e ( tion (Tetve) = jon (V) ) (v — ve) ds (2.69)
+5/ 772 <127ion(7—alw£) - [2,ion(wa)> (Tal'Ua - Ua) ds
CNK'
= T3 + T4.
By monotonicity (2.11), we estimate 73:
T3 > —eL||n(rave — v) |72 nxer)- (2.70)

In addition, using the definition of 7 and the linearity of I3 ;,, (2.10), Cauchy-Schwarz and
Young’s inequalities, 7} can be estimated by:

Ty < eC(||awe — ws”%Z(FemK’) + [[n(rave — Ue)”%Q(FsmK'))a (2.71)
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for some constant C' > (0. Furthermore, the source term in (2.65) satisfies the following in-
equality:

‘ / (Tetlapp,e — Iapp,€>772(7'€lvs — V) ds(x)‘ < C‘g”Iapp,sHLQ(Fs)Hn(TelUE - UE)HLQ(I‘EQK’)-
T'-NK’

(2.72)
Gathering all these estimates, one obtains

5@”77(7'51% —0)lfer gy < Crelll + C2€(H77(Tslw€ = we)llZ2oner (2.73)

+||77(Talva - Ua)”i%rgrﬂ(’))‘
By a similar argument, one can also obtain from (2.21),
d
e n(raws = w) sy < Cae (In(rawe = wo)l[Eaqemey + (7 = v B )

(2.74)
By Gronwall’s inequality applied to the sum of (2.73) and (2.74), we obtain

elln(rave — UE)H%Q(FEHK’) + l[n(rew. — ws)”%%an’)
< et (Cﬁmt +elln(ravoe — vo)llFer.ngry + Elln(Tawo,e — wo,s)\\%z(remm)
< O(T) <€|l| +el|Tavos — vosllFar ey T EllTawo. — wo,e”%?(rsm«))-
Now using the assumption on vy . and wy ., one obtains
elln(rave = ve)llza(ronin + elln(raws — we)llisr.axry < Celll
Furthermore, noting that
Hn(TElU&_UE)H%Q(FEOK’)_"||77(T€lw6_w8)H%Q(FEQK’) 2 ||TEZUE_U€||%2(FEOK)+||T€le_wE”%Q(FSHK)7
one can conclude that (2.63) holds. [l
Now, we state and prove the strong convergence of 72(v.) to v.
Lemma 2.6.3. The following convergence holds:
T2 (v.) — v strongly in L*(Qp x T),
as € — 0. Moreover,
I ion(T20) = T jon(v) strongly in LU(Qq x T), for g € [1,7/(r = 1)),
ase — 0

Proof. The proof of the lemma is similar to the proof of Theorem 14 in [GNRK16] but herein
the domain is not the union of scaled and translated reference cells.

The proof is based on Proposition 2.6.1.

Condition (iii) follows from estimate (2.51), since

r—2 r—2

[P de < jon el ([ 17w de)” < clo 07
Q\Qs Q
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To prove condition (i), consider a measurable set A C €2, and define

v5(ty) = Aﬁb(vg)(t,x,y) dx, forae. t € (0,7),y €T

The a priori estimates (2.49), (2.50) and (2.52) obtained on v. imply that the sequuence v%
is bounded in L?((0,T), H'?(T")) N H'((0,T), L*(T")). Then by Aubin-Lions Lemma, the
sequence is relatively compact in L?((0,7T), L*(T')). For the sake of completeness, we detail in
the following lines how to obtain the estimates on v5.

First, we have by Cauchy-Schwartz

Jerasw = [ ([ Tottamdz) dst) < [ 1ANT 0 e dsto)

Using the properties of the unfolding operator (see Proposition 2.5.3), we get

[z ast) <141 [ [ 72()?)dodsty) < 1A=Y] [ (02 dsta).
I JQ I'e
As a result, we have

ﬁm%mwgmwwam@y

Finally, upon integration over (0, 7") and using (2.49), we can find a constant C' > 0 such that

T
Aummmsa

By a similar argument and making use of the estimate on £'/20,v,, one can also show that
1005 |2 0p) < €

for some positive constant C'.
On the other hand, to obtain a uniform estimate on the L?(0,7T; H'/?(T")), we first observe that

||U,84||§[1/2(1‘) = [[vill72(ry + |U,€4|i,3/2(r)-

Based on the previous estimates, we only need to bound the Hé /? seminorm and this is done as
follows. First, we have by Cauchy-Schwarz and Fubini

c(t e[E] +eyr) — ve(t, e[5] + eyg)]2
Ak 1 < / // |v ( - e d d dx.

We note that this is equivalent to Writing:
A Hé/z(l“) > A . € ta el—|t+¢€ Hé/z(l“)d .

Since v, = (u; — ue.)| and using the triangle inequality, we get
r

T
gy <241 S [ lugeltielZ]+ ) o

J=e
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Now, by the trace inequality which can be found in [ADH95], we find a constant C' > 0 such
that

€2 T 2 T 2
ey < CIALY [ (el )y + 19,2+ =)y )

j=i.e
By the chain rule, we have
x x
Vy (uj,g(t, e[g] + Ey)) =eVu;,. (t, e[g] + 5y>.

So
T

T
IV et () ) o = [ 1Pl 2] + el do,

Qe

or equivalently

xr €T 2
[ 19 et et + e ggytn = [ [ (Vueltsel21+ e9)) g
Qe € - JY; €

Now, using Proposition 2.5.2-(2), we get
z 2 2 2 2 2
|19 sett 2+ e Bayde =Y [ (Vuse) do = @Y1Vl

One more time, we make use of Proposition 2.5.2-(2) to obtain:

/ / Uje (t,a[f] + €y) dydx = |Y| / u;(t, x) de,
Ae 5/3 € Qj,s

|U,€4|201/2(F) <C Z [H%‘Hm(ﬂj,g) + 52||Vuj,a||2L2(ija)]

J=e

and

Finally, integrating over (0,7") and using the a priori estimates (2.34) on u;., we obtain the
required result.

It remains to prove condition (ii) of Proposition 2.6.1 as follows.

Fix e > 0 and let I C Z3, be an index set such that

Q. = U (Y +1).
icl
Obviously, we have x € £(Y + i) < [£] = i. For every i € I we divide the cell (Y + ) into
subsets £(Y + i)* with k € {0, 1}3, defined as follows
x+{t}e

(Y +i)F = {xEE(Y—i—z’):g[ -

] = (i + k) }
for a given ¢ € R3 such that £ is O(e). Then we have the following identity:

eV +i)= | J eV +i*
ke{0,1}3
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Now, we compute

e T2 (v°) — = [T (v°) -
+]Te T (v°) —

< FBiee+ Eyep,

( >HL2(OT)><Q€><F) ( )“L? (0,T) x (2512 xT)

( )“L2 ((0,T) X(QgﬂQC)XF)

where
Eiee = HTS’Eb(“E) T (v >HL2( (0,T)x Qe xT)?

and

Eage = |7 T2(v%) — = |7 T2 (v7)

( )HL2 ((0,T)x (25\Q) xT) HL2 ((0,T)x (25\Qe) x )’

We first estimate F; ¢ ., making use of the fact that Q. =U
similar way to [Dob15, NRJ0O7] as follows:

5] ey) — v (te [ ]+sy>) ds(y) de di
]

t 6(z+k:+ [g )+6y) —° taz—iray)’ ds(y) de dt

.e1 €(Y 4 1), and proceeding in a

E1,§,6 = Z

Y+

iel ke{0,1)3 0 e(Y+i)k
2
5 t, €<i +k+ FD + €y> —v(t,ei +ey)| ds(y)dadt
i€l ke{o, 1}3 e(Y+1) c
3 2
Tb . t :c+€(k+ [ ]),y) — T2 (t, 2, y)| ds(y)dexdt
ke{o 1}5 €
5 2
t T +e [ } +k>> —v°(t,x)| ds(z)dt,
ke{o 1}3

where in the last inequality we used the identity ¢ = [f] and the integration formula of Propo-
€
sition 2.5.3-(3). Moreover, using estimate (2.63), we obtain

Eie. <C(l¢] +¢).

Therefore, one can conclude that ;¢ . — 0 as § — 0 uniformly in €, as in [GNRK16]. Indeed,
to prove that
Vp >0, Jpu > 0suchthatVe >0,V €| < pu= FE) <p,

one identifies two cases:

1. e < 55: take pu = 55, then for £ < p, By < p.

prok
2. &£ <ersincee™ € Nand 1 < 20 < [QPC] + 1, there are finitely many values € such
that € > %, and for each such g;i=1,---,m, 3p; such that V¢, || < u; = E1 < p
by continuity of translation in L2. Take o = min{u, gt1, - , ftm}. Then the estimate
follows.

Consider now I ¢ ., and note that

b
Epge < [ITeT2 (v )HL2((0 T)x(25\ Q) xT)"
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Observe that, for € small enough, say € < gq, {25 C QE, so Es¢ . = 0. On the other hand, for
g0 <& < 1,since e7" € N, there exist finitely many € € (eo,1), say {¢;}7-,,m € N, m < oo.
Moreover, by continuity of the translation of L? functions, for each p > 0 there exists for every
J, a B(e;) such that

Eae. < p, VIg| < B(ey).

Let f = min{f(e1), -, B(em)}, thenforall p > 0, || < f = Es¢. < p. Hence, B¢ — 0
as & — 0, uniformly in e. This ends the proof of (ii) in Proposition 2.6.1.
The following result is therefore obtained:

T2(v.) — v strongly in L*(Q7 x T'),

ase — 0.
Finally, to prove the convergence of the nonlinear term in the ionic function, first note that from
the structure of I; ;,,, and using the properties of the boundary unfolding operator, there holds

Zb(ll,ion@}s)) = [1,ion(7;b(ve))a

then using the estimate
‘yg(r_l)/rjl,ion(ve) HLT/(Tfl)(FsyT) < C;

one obtains
T2 (L sion (W) | o= gty < Y171 L jon (0 | -y < C.
Hence, since up to a subsequence
T (v.) — vae.in Qp x T,
one gets, using the continuity of I, ;,, and a classical result (see Lemma 1.3 in[Li069]),
Don (T2 (v2)) = T jon(v) weakly in L™/ =D (Qp x T).
Moreover, using Vitali’s theorem, one has the strong convergence of I} ion (72 (ve)) t0 I1 jon(v)

in L9(Qp x ') forqg € [1,7/(r — 1)).
O

Collecting all the convergence results stated above, one obtains the following limiting prob-
lem:

|F‘ / 8tv\Il dx dt + Z /// Mj [VUJ + v§ﬂj][v\llj + 9jV§¢j]
Qr ie QrxY;

+[T / / Inson ()0 daz dt + [T / / Ly o (0) U dat dt (2.75)
Q Qr

:|F|// L,V dac dt.
Qr

Similarly, one can easily show that the limit of (2.61) as ¢ tends to 0, is given by

|r|// Otw¢dmdt—|l‘|// H (v, w)¢dadt = 0. (2.76)
Qp Qr



90 CHAPTER 2. UNFOLDING HOMOGENIZATION OF THE BIDOMAIN MODEL

2.7 Macroscopic bidomain model

The next step is to obtain the weak formulation of the bidomain equations and the cell
problem. So one needs to formulate the limit problem in terms of u; and u. alone and hence
find an expression of 4; and . in terms of w;, u. respectively. First, to determine the cell
problem, set in (2.75) ¥;, ¥, and 6, to 0, to get

QTXX/Z'

which corresponds to the classical cell problem obtained in section 2 and it can be shown that
the function ; can be written in terms of w; as follows (u; is defined up to an additive function
in z, see for instance [CDD*12]):

3
i(t, z,y) = filt,2,y) - Vou; + foi(t,z) :Z

(oY) + foiltz),  Q77)
k=1
where the corrector functions (i.e. the components of the function f;) fr; € L>(Qr; H),.(Y7)),
k =1,2,3, are for a.e. (t,z) € Qr the solutions of the cell problems
—Vy . (szyfkﬂ> = —Vy . (Mlek) in Y;,
Mivyfk,i C My = Miek © on Fa (278)
fri=0, fri; Y — periodic.
Y;

The existence and uniqueness of the correctors follow by classical arguments from Lax-Milgram
theorem (see for instance the remark on p. 13-14 of [BLP11] or [OSY(9]). Finally, inserting
formula (2.77) into (2.75) and setting 6;,V. and 6. to 0, one obtains the weak formulation of the
macroscopic bidomain model

|F| / ﬁtv\I/i dx dt + / szuz : V\I/l + |F| // Igjion(w)\l/i dx dt
Qrp Qrp Qr

+|F‘ // [1,ion(v)\lji dx dt = ‘F’ // Iapplpi dx dt,
QT QT

(2.79)

where M, is elliptic and defined by
Y;

Similarly, one can decouple the cell problem in the extracellular domain and define the homog-
enized conductivity matrix M..

Remark 5. Since the convergence obtained herein is shown up to a subsequence, it is required
to prove uniqueness of the macroscopic problem to guarantee the convergence of the whole
sequence. Indeed, uniqueness of the macroscopic bidomain model has been obtained for several
ionic models, we refer for instance to [BK06, BCP09] for the case of phenomenological models
of FitzHugh-Nagumo type and to [Ven09] for physiological models of Luo-Rudy type.
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2.8 Unfolding homogenization to physiological models

In this section, we extend the homogenization results obtained in the previous sections to

physiological ionic models. So the ordinary differential equation (2.6d) is replaced by a system
of ODE:s for the gating variables w;, [ = 1, - - - | k and the concentration variable z.
The kinetics of a general physiological ionic model may be represented by the functions R, GG
and [j,, that satisfy assumptions (A.1)-(A.3), stated below. It can be verified that those assump-
tions are satisfied by the gating and ionic concentration variables in Beeler-Reuter or Luo-Rudy
ionic models [Ven09, BR77, LR94].

(A.1) Define the function R as R(v, w) := (Ry(v,w1), ..., Re(v,wy,)) where R, : R* — R
are globally Lipschitz continuous functions given by

Ri(v,w) = aq(v)(1 —wy) — Bi(v)w, (2.80)
where o and 55,1 = 1, - - - | k are positive rational functions of exponentials in v such that:
0 < a(v), Bi(v) < Cap(l+|v]). (2.81)

(A.2) The function Iy, : R x R* x (0, +00) — R has the general form:

Lion(v,w, z) = Z I (v,wy) + 17 (v,w, 2,1n 2) (2.82)
=1
where Il € C°(R x R) NLip(R x [0, 1]) and satisfies the condition:
[ ion (v, w))] < Cr(1+ [wn] + o), (2.83)
and I is such that:
IZ. € C'(R x R* x R* x R) NLip(R x [0,1]* x RT x R),
]i‘i,n(v,'w, Z,lIl Z) < 02,1(1 + |U| + |w| + |Z| +In Z)v (2.84)
k
IZ (v,w,z,Inz) > Csy Z(M + w; + wyIn 2), (2.85)
=1
0 _

0<O(w) < a—cfifm(v,'w, z,() < O(w), (2.86)

0
A Lion(v,w, 2,¢)| < L(w), (2.87)

v

9 ..
_Iion < 047[(1+|v\+\1nz|), Vi = 17 7k7 (288)
Gwl
0
0< —I5, <G5, (2.89)
0z

where ©, O, L belong to C°(R, R™) and Ci1,...,Cs  are positive constants.

(A.3) The function G € Lip(R x [0, 1]* x R") is given by:

G(v,w,z) = ar(ag — 2) — azli (v, w, z,In 2), (2.90)

ion
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where a1, as, ag are positive physiological constants that vary from one ion to another. In our
case, we only consider z to correspond to the intracellular calcium concentration.
Under those assumptions, the microscopic system that we consider is given by:

~V - (M V) =0in Q7= (0,T) x Q,., j € {i,e}, (291a)

e(Oyve + Tion(ve, e, 2) — Tnppe) = T on Tep 1= (0,T) x T, (2.91b)
In=—MiVuic - p; = Me Ve - e on e r, (2.91¢)
dw. — R(v.,w.) =0on T, r, (2.91d)

Orze — G(v,we, z:) =0on [ . (2.91e)

We augment (2.91) with no-flux boundary conditions
(M (x)Vuie) -y =00n (0,7) x (09 \T.), 7€ {e i}, (2.92)

and appropriate initial conditions for the transmembrane potential, the gating variables and the
concentration variable

UE(O, ) = UO,E(')a w€(07 ) - w(],s('); 25<O, ) = ZO,E(') on Fz—:; (293)

where vo. € HY*(T.), z. € L*(T.) and wy. € L*(T.)* with zy. > ¢y > 0 for some ¢y > 0
and 0 <wp. <lforl=1,--- k.

Analogously to the miscroscopic model with more general FitzHugh-Nagumo dynamics, one
has the following existence result.

Theorem 2.8.1. Suppose that assumptions (A.1)-(A.3) hold. If vo. € HV*(T.), zp. € L*(T.)
and wo. € L*(T.)F with 20, > co > 0 for some co > 0 and 0 < wy. < 1 forl =
1,--- |k, then the microscopic problem (2.91),(2.92),(2.93) possesses a weak solution defined
as follows: w;. € L*(0,T; H'(Qi.)), te € L*(0,T; H'(Qe)), with er’em Uee = 0, v, =
(ie — tUee) |r.€ L*(Ter), w. € (LA(Toq))¥, 2. € L2(T.r), Ov., Oz € L*(To7), and
Ovw. € (L*(T.7)* such that

// e ds(x) dt + Z // M; (x)Vu;. - Vi, dx dt
Tor Q,

j=he™ THeT (2.94)
+ // elion(Ve, we, 2. )p ds(x) dt = // elapp.c 0 ds(z) dt,
Fs,T FE,T

// Oyw . ds(x) dt — // Ri(ve,we:)ods(z)dt =0, (2.95)
FE,T FS,T
forl=1,--- kand

// Orzepds(z) dt — // G (v, we, ze)pds(x) dt = 0, (2.96)
T.r Ler

for all p; € L*(0,T; H*(;.)) with ¢ := (i — ¢.) |r.€ L*(0,T; HY*(T.)) for j = i,e and
¢ e L*(Ten).
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The proof of the theorem follows closely the steps done in the case above of more general
FitzHugh-Nagumo ionic function type. Using approximation systems and applying a Faedo-
Galerkin method in space, one can obtain the existence of a weak solution for the approximation
systems (as in Section 2.4) then by a passage to the limit, the existence for the microscopic
problem is obtained based on some technical results and a series of a priori estimates that are
listed in the sequel but their detailed proofs are similar to those obtained in Chapter 4 for the
electromechanical problem. We also refer to [Ven06] where a fixed point approach was used.
First, the recovery variables are shown to satisfy the physiological bounds.

Lemma 2.8.2. Let w;. € C([0,T),L*(T.)) and v. € H*(0,T, L*(T.)) such that for all w €
L2(T.):

Oywy e w :/ Ry(veywy o )w, (2.97)
FS &

where R(v, w) is defined by (2.80). Assume that 0 < w;o. < 1 a.e. in I, then
0<w,.<1, ae inl.r. (2.98)

Secondly, one has to make sure that the concentration variable stays positive.

Lemma 2.8.3. Let z. € C([0,T], L*(T.)), v. € HY(0,T, L*(T'.)) and w. € C([0,T], L*(T'.)¥)
such that for all w € L*(T.):

/8tz€w:/ G(ve, W, 22 )w, (2.99)

where G(v, w, z) satifies assumption (A.6) above. Let zy . : 1 — (0, +00) be such that:
20 € LA(T.), 20 >0, ae inl..
Then for a.e. (t,x) € [0,T] x I, z. > 0.

Thirdly, the concentration variable and its logarithm In z. are proved to be controlled by the
norm of v, in the following sense.

Lemma 2.8.4. Under the same assumptions as Lemma 2.8.3, the concentration variable z.
satisfies the following estimates for a.e. x € I'., t € (0,7T):

2 (t, @) < C(1 + |20.(@)| + [[ve(@) | 20),  VEE[0,T],  (2.100)

|Inz(t, )] < C(1+ |z20()] + |v-(t, )| + ||ve(2)|| L2(0,0)) (2.101)
t

/0 10,27 < c<1 + |20 In 20.¢| + |20)* + HUEH;(OJ)), (2.102)
t

/ In z|* < C’<1 + |20 In 20| + |20)* + ||va||%2(0’t)), (2.103)
0

Using the above estimates on 2. and w,, one can control the L? norm of I, by the L? norm
of v, and this result will be later used to reach a uniform in ¢ estimate on v..

Lemma 2.8.5. Under the same conditions of Lemma 2.8.4, there exists a constant C > ()
(dependent on T') such that

([ fion (Ve we, Ze)H%Q(FE,T) <C(1+ ||U6||%2(FE,T))' (2.104)
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Based on the previous Lemmata, and proceeding in a similar way as in Section 2.5, one can
easily obtain the following estimates on the solutions to the microscopic problem that are re-
quired for the passage to the limit as ¢ — 0 (the detailed derivation can be found in [BMST19]).

Lemma 2.8.6. There exist constants C1, Co and C3 independent of € such that

ma ([1VEe o, + IVEwelfam, +IVEzliar, ) < G (2.105)
el 20,01 (0,00 < Co, (2.1006)
> ,
j=i,e
Vel 2 (v, 1) + IVedwel 2. pyr + IVED ze] 20, 1) < Cs, (2.107)

In order to exploit the unfolding method, the weak formulation is written in its “unfolded” form
as in Section 2.5.2 above. Equation (2.94) becomes:

[ 7w aswdza > [ TV T (Ve dyde d
QTXF QTX}/J'
// 'Tb Lion vg,wg,z5)>7-b( )ds( ) dx dt
QTXF

Tb( appg)T( )dS( )d$dt+7"10,
QTXF

(2.108)
where 7y is considered as a remainder term which involves integrals over the region A, whose
measure tends to zero as € — (. Similarly, the “unfolded” formulations of (2.95) and (2.96) are
given by:

J[]  Fomar@ sz [[] 70w 0T ds) dwa

=T,
(2.109)

forl=1,---,kand

///QTXrﬁb(atze) *(¢) ds(y) dwdt—// QTXFTb Gloe. ., 2))T(6) ds(y) dax dt

= T2,

(2.110)
where 711 and ;5 are remainder terms that tend to zero as ¢ — 0.

Now, making use of Lemma 2.8.6, one can repeat the arguments from Section 2.6 to show
that there exist u; € L*(0,7; H'(Q)) and 4; € L*(0,T; L*(Q, H},,(Y;))) such that, up to a
subsequence, the following hold

T (u5) — u; weakly in L*(0,T; L*(Q, H'(Y;))),
T2(Vu§) — Vu; + Vi, weakly in L*(Qr x Yj).

Thus, one obtains

z‘Ze: ///ﬂTij T M (Vi) T (Viey)
- Z ///Q v M;(Vu; + Vyi;)(VV; 4 0,V ,0;(y)) as e — 0.
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Furthermore, one can also show that

T2 (o)l 2 (@pxry + | T2 (o)l z2irxrys + 1 T2 (26) [l 2o sty < C
then up to a subsequence
Thv, — vin L2(Qp x T),
Trtw. — win L?(Qp x T)*,
Ttz — zin L*(Qr x T).
Also, note that due to the a priori estimates on the time derivatives (Lemma 2.8.6), there exists
a constant C' > 0 such that

172 (0ve) 2@y + 172 (Owe) | z2(@p sy + T2 (Grze) |2y < C
consequently one can show as in section 2.6, that

7;1)(8{05) — 815'0, in LQ(QT X F),
T2 (Oyw.) — daw in L2(Qp x T)*,
T2(0ze) = Oyz in L2(Qr x T).

Similarly, exploiting assumption (2.14) on the source term I, ., one obtains

// Tb appe)Tb( )dS dwdt—>/// ]app\I/dS )dmdt
QpxT QpxT

It remains to establish the passage to the limit in the nonlinear terms involving the ionic function
Iion and the functions R and G appearing in the ODE system. Indeed, making use of assump-
tions (A.1)-(A.3), of Lemma 2.8.5 and of Lemma 2.8.6, there exists a constant C' > 0 such
that

o e <c

H ion (Ve, We, 2¢) LQ(FE,T)+ © (v, ) LQ(FE,T)k+ © (v, we, 22) L2(Ter)
Consequently,

|7 (mn(va,wg,za)ﬂpmwm | E(R(Ue”“’a))‘pmw)k | s(G(vs,wg,zg))\pmm)sc.

Moreover, based on Definition 2.59 of the boundary unfolding operator, one can do the follow-
ing identifications for a.e. (t,z,y) € Q.7 x I':

T (Fon(vewe,20)) = Tion (TH00), THw02), T(=2) )
72 (R(v.,w.) ) = R(T(w.). T(w.) ).
and7§’<G(vE,wE,z€)> = < To(ve), TA (w.), Tb(za))

Hence, there exist functions fion, R and G such that up to a subsequence, the following conver-
gences hold

Tion ( T2 (ve), T2 (we), Eb(ze)> — Tion, weakly in L2(Q x I),
R, weakly in L2(Qp x '),
wg),ﬁb(25)> — G, weakly in L2(Qp x T).
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Therefore, to end the passage to the limit, it remains to relate the functions fion, f{, and G to
Lion(v,w, 2), R(v,w) and G(v,w, z) where v, w and z are the respective limits of 7°(v.),
T2(w.) and T2(z.). This is done in the following proposition.

Remark 6. One possibility is to proceed analogously to Section 2.6 and prove the strong con-
vergence of T2 (v.), T2 (w.) and T?(z.). This can be done exactly as in Section 2.6 for T2 (v.).
However, it seems out of reach to prove the strong convergence of TX(w.) and T2(z.) by a
similar argument.

Proposition 2.8.7. Suppose that assumptions (A.1)-(A.3) are satisfied and let v,, uj., j = 1,¢,
w, and z. be weak solutions of the microscopic system (2.94)-(2.96) as given in Theorem 2.8.1.
Then there holds

j;ion == [ion(vvwaz)a
R = R(v,w)
G = Gw,z),

where v, w, z, Ly, R and G are the limits of T2(v.), T2(w.), T2(z.), T® (Iion(vg, w,, zg)>,
T2 (R(ve, w€)> and T2 (G(va, w,, zs)) respectively.

Proof. Due to assumptions (A.1)- (A.3), in particular the Lipschitz conditions, one can prove
that there exists K; > 0 such that

(Lion(v1, w1, 21) = Lion(v2, W, 22))(v1 — v2) — (R(v1, w1) — R(va, w3)) - (w1 — wo)
—((G(v1, w1, 21) = G(va2, w3, 22)) (21 — 22) > = Kj(Jv1 — va]* + |w1 — wol® + |21 — 2[?).
(2.111)
To obtain the result, we proceed as in [Al192, CI18] for 2-scale convergence in nonlinear terms.
Using the formulation of the unfolded equations (2.108)-(2.110) with test functions e‘ASuj@
e ™w, and e~**z, respectively, then integrating by parts in time and adding the resulting equa-

tions one has

1 1 1 .
7€ T2 @2 + e ”Z 172 (willZe + 5e 1T ()7 = e M7 (veo) 72
| . =1

- 3 _”ZHTI’ wieo)lzz — ‘”IITb(zao)lle

Yy o / [ T OLIT (Vi) T () dy s

¥ / N[ BT, T ) T T o) ds(y) o+ 5 IT 021
N / s //M T (0.), T2 (w )).zb(ws)ds(y)der%éllﬂb(whe)lliz]ds
¥ / N[ G0, T ) T T dsly o + AT ds

t
== / / Tb appg)’rb(vg) dS( )da: ds +/ (7’10 +7"11 +7°12> ds.
QxT 0
(2.112)
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By (2.111), observe that one can take A large enough so that the following inequality holds

ST ) = T s + ”ZW wne) = Tl
1
e I ) = T

i Z/ / QxY; TJ ]E (vuj € VQD]"E) ’ 7? (vuj,s - v@j,g) dy dx dt

i /0 / /Q - ion(T2(ve), T (w2), T2 (22)) = Lion (T2 (02), T2 (4.), T2(6:))
(TH(0.) = TH:)) dsy) dao + 3 THwe) = T e

N / // (ROTw), T wn)) — R(T ), T ()

k
(THaw) — T ) ds(w) d -+ 5 S [T wne) — T3]
=1

T _,\t b - ) B , , .
+/0 // ve), T2 (w.), TH(2) — G(T2(¢.), T2 (4.), T2(6.)))

(T2(2:) = T2(0:)) ds(y) dae + 5| T2 (z2) — T2(6:) |17 ] dt > 0
(2.113)
We want to use (2.112) to simplify the previous inequality. We introduce the following notation:

k
1 1
A= / [ T T dst) dedi £ ST )+ 5 S ITH o)

=1

T
+5 ”Tb(zaO)Hm +/ e M(rip + 11 + T12)dt,

Df o= Lo // (T o) + T o) + T TH6) dsly) de

+Z / [ TR (Vi) - T (V) dyd .

k
1
B = e (I e + I W + T 6012
=1

| :
23 [ [ BT ) T (Ve dyd
ie 0 QxY;

e . —At _ b b(w b(, b
o= / // on (T2 (02), T2 (w.), T2 () T ()
lon(Tb(SOs Tb("/) ) Tb( ))(T (Us) 7::6(906)) - )‘7217(”6)7?(906)) ds(y) dx

- b
PN a) .
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o= [ [ (R T ) T + RO, TH6.)
(TP we) = TH.) ~ AT wa) - TX) ) ds(y) da + > ST ) 3
=1

and
Ge = / —” /Q FG (T2(ve), T2 (we), T (2)) T2 (0:) + G(T2 (0e), T2 (%), T(6:))

(T(e2) = TH0.)) = TATL6.) dsy) d+ 5| TH6)|3a

Substituting (2.112) into (2.113), we obtain
A —2D  + E*+IF+ R+ G° > 0. (2.114)

Now, we set for any positive scalar 7, the following test functions

Yre(t, r) = Yro(t,z, 2) + mih(t, x, 2), 0-(t,x) = Oo(t, 2, %) +70(t, 2, 7),
= (g5 — soe)lrg

p5(tw) = @t ) +epj (b, 2) + 75t @), ¢°
Note that the following convergence results hold strongly in L*(Qr x T')

T (o) = tro, T2() = i, T2(00) = 0o, T2(O) =0, T'(¢°) = "+ 1o,
Moreover

TIe5 = )+ 10, T} = wit,a,y), TI(VEE) = V(e +19;) + Vyer,
strongly in L*(Qr x Yj), j = i,e. We pass to the limit in (2.114), showing the limit of each

term separately.

AO = hmgﬁo A°

T | -
I / e / Lappvdadt + 1 ([0 32(0) + D lwrollfzqe + 20l ).
=1

DY = lim._,D*
r
%e”/ (v(gpo +70) +w - (Yo + TY) + 2(0y + 7'(9)) dx
T
+ Z/ e M / - M;(Vu; + Vyﬂj)(V(cpg +7Vp) + Vycpjl-) dy dzx,

E° = lim E’E

e—0

= Dot (1 4 ro) (Dl

+ Z/ /QXY M;(V (9 4+ 19;) + Vye3) - (V9] + T9;) + Vo) dy da,

+ 3o+ ) (D)o + 16"+ 0)(T) [32(0))

0 = hmg_mf

/ ‘” // (" + 1) — (Iion(s@°+w,¢o+w,90+70)
QxT"

AT
(v—¢” = 7p)ds(y) de — A[T| (900 + 7¢) dx + %II@OO + 70720
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Similarly, the limits of R® and GG* can be obtained to get from inequality (2.114)
A" 2D+ E°+I°+ R° + G° > 0. (2.115)

This last inequality, being true for any test functions ¢9, ¢, ¥, §°, can be shown to be true
by a density argument for u;, u;, j = ¢, e, v, w and z. Consequently, one can simplify (2.115)
using (2.112), to obtain

T
7'/0 e’\t//QXF (Iion(?]—i-TgO,’w—i-Tw,Z—i-T@)—[N>g0+(R(U+T(p,’w—|—T"¢)—é)-’lﬁ

+HG+To,w+TY, 2+ T0) — @)9) dzdydt + O(1%) > 0

Dividing by 7 and then letting 7 tends to 0, we find that for all test functions ¢, ¥ and 6, there

holds .
/ e M // (Il-on(v,w, 2) =D+ (R(v,w) — R) -
0 Qxr i
H(G(v,w,2) — G)Q) dedydt > 0,
Using —p, —1) and —6 for ¢, 1) and # one also gets

/OT oM //QXF (]wn(v,w, z) — f)(p + (R(v, w) — f%) "
HG (v, w, 2) - G)Q) dadydt < 0,

which gives the result of the proposition. [

Collecting all the convergence results stated above, one obtains the following limiting prob-
lem:

’F| / (9tv\Il dx dt + Z /// Mj [Vuj + Vyﬂ]][v\lfj + vaywj]
QT ie QTX}/}

, (2.116)
—HF|// Lion(v, w, 2)V dx dt = ]F|// Lpp ¥ dx dt,

QT QT

m/ 8tw¢d:cdt—|l“|/ R(v, w)é da dt 0, 2.117)
QT QT
and

|r|/ atzqﬁdmdt—ﬂ“]/ (v, w, 2)¢ da dt = 0. (2.118)

QT QT

Finally, repeating the argument of Section 2.7 one can easily decouple the limit equations to get
the equations of the macroscopic bidomain model (as (2.79)):

|r|// atv\IJid:cdt—k/ MiVui-V\I/i+|F|// Fion(v, w, )0 da dt
& 1 Qr (2.119)

— || /j Lpp Vs da dt,

Qp

where M, is elliptic and defined by
Y;

in addition to the corresponding cell problem given by (2.78).
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2.9 Conclusion

We have presented in this chapter a complete mathematical analysis of the homogenization
procedure leading to the macroscopic bidomain model based on the unfolding approach. The
analysis was exhaustive meaning that we provided nondimensionalization of the microscopic
equations, formal homogenization, existence and uniqueness results and unfolding homoge-
nization. We hope that this work will allow the analysis of more complex models that may
include, for instance, heterogeneous concentrations of ions inside the cells, influences of heart’s
mechanical deformation, gap junctions,...



Numerical Schemes For an
Electrophysiology Model

3.1 Introduction

Computational models are considered as valuable tools to study many aspects of cardiac
function and dysfunction, including for instance mechanisms of defibrillation and understand-
ing cardiac mechanics [CPO8]. The bidomain model represents the electrophysiology of the
anisotropic cardiac tissue at the macroscale. Assuming an additional condition on the anisotropy,
the monodomain model can be obtained. Although it is less detailed than the bidomain model,
the monodomain model can be ten or more times faster for simulation of the same problem
compared to the bidomain model. Moreover, for simulation of wave propagation in the heart,
the monodomain model reproduces many of the phenomena that are observed experimentally,
and is thus a reliable tool [CPO8], [PDR06]. In a comparative study [BP10], Bourgault and
Pierre numerically estimated the discrepancy between the two models and they concluded that
it is of order less than 1% in terms of activation time relative error noting that “this error is
smaller than the discretisation error resulting from commonly used mesh size in biomedical
engineering.”

Mathematical models for the propagation of electrical waves in the cardiac tissue have been
studied in the framework of numerical methods and simulations. Regarding finite volume
schemes (FV) for cardiac problems, Harrild and Henriquez gave a first approach in [HH97].
In [TLGSPO5], Trew et al. introduced a FV scheme for the bidomain equations, representing
physical discontinuities without the implicit removal of intracellular volume, which gives rise
to linear instead of nonlinear systems. Concerning the convergence of FV schemes, a few works
are available. Coudiere and Pierre [CP06] proved convergence of an implicit FV approxima-
tion to the monodomain equations with FitzHugh-Nagumo ionic model. We mention also the
work of Bendahmane and Karlsen [BK09] who analysed a FV method for the bidomain model
with Dirichlet boundary conditions, supplying various existence, uniqueness and convergence
results. We point out that in these works, the admissible mesh is adapted to the conductivity

101
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tensor and it is practically impossible to be constructed except under isotropy condition. More-
over, Bendahmane, Biirger and Ruiz [BBRB10] analysed the bidomain equations formulated in
a parabolic-elliptic form with Neumann boundary conditions, adapting the approach in [BK09],
and providing some numerical experiments. We mention also the work of Andreianov et al.
[ABKPI11] who analyzed discrete duality finite volume (DDFV) approximations to the bido-
main model (under a simplifying assumption on the ionic function) that allowed to drop the
restrictions on the mesh and on the isotropy of the conductivities. Practically, DDFV schemes
fail to satisfy a discrete maximum principle [HHO8] which is a crucial property when dealing
with physical quantities such as the transmembrane potential, the gating and the concentration
variables. These variables must verify some physiological bounds and this property is not guar-
anteed with DDFV discretization.

In this chapter, we consider the monodomain model coupled to Beeler-Reuter cell model where
physiological as well as mathematical considerations impose certain constraints on calcium
concentration which appears as an argument of a logarithmic function and we need to guarantee
its positivity. Moreover, the gating variables have to satisfy some physical bounds (between
0 and 1). We analyze, in the first part, a FV scheme based on two point flux approximation
(TPFA) under the isotropy assumption on the conductivity of the medium. Then we establish
a maximum principle, that may not be achieved for most finite element formulations but is the
key ingredient of our proof of convergence. Furthermore, we use a compactness argument to
prove the convergence of the scheme, as a result we do not give error estimates.

In the second part of the chapter, we consider an anisotropic conductivity tensor and we pro-
pose and analyze a positive nonlinear CVFE scheme. To get the desired discretization, a
semi-implicit Euler scheme in time and a nonlinear CVFE discretization in space are con-
sidered. The diffusive term is discretized using a Godunov-like scheme. This approach per-
mits to obtain the discrete maximum principle without the assumption on the transmissibil-
ity coefficients to be positive. Indeed, this condition is very restrictive. It is verified for
isotropic conductivities and for particular meshes. For instance, in case of a triangulation,
the angles of the triangles must be acute. For more details about the analysis of the CVFE
method for several partial differential equations, we refer the reader to this non-exhaustive list
[BP8O, CMMO1, EG93, FFLM97, FSS99].

We state in the following section, the mathematical assumptions used in the first part.

3.2 Mathematical Assumptions

We consider a bounded, open, polygonal, connected domain 2 C R?, d = 2, 3, with bound-
ary 00, a fixed final time 7" > 0, and we set Qr = (0,7") x €.
The equations of the monodomain model coupled with Beeler-Reuter ionic model are given by:

8_1; =V - (AVY) — Lion(v,w, ¢), fora.e. (t,x) € Qr,
% = a;(v)(1 —w;) — Bj(v)w;, forae. (t,r) € Qrandforj=1,---,6, (3.1
dc

— =0.07(107% — ¢) — 107*L,(v, f,7,¢), forae. (t,z) € Qr,
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complemented with initial conditions

v(0,2) = vo(z), forae. z €,
w(0,x) = wy(z), forae. z €, (3.2)
c(0,z) = co(z), forae.z €,

and a Neumann boundary condition on v
AVv-n =0ae. ond x (0,7). (3.3)

For simplicity, we assumed that the surface to volume ratio x and the capacitance C),, are equal
to 1. The term v : Q7 — R is the transmembrane potential and the term ¢ : Q7 — RT is
the scaled intracellular calcium concentration (¢ = 103[C'a®*];). The components of the vector
of gating variables w : Q7 — RO are the variables m,o,l, f,r, z. Each of w;, j = 1,--+ ,6
stands for m, o, [, f,r, z respectively and m is the outward unit normal to 0€2. We list now the
mathematical assumptions on the conductivity tensor, the ionic functions and the initial data.

(H.1) Assuming an isotropic medium, the conductivity A is represented by the tensor A(xz)I
where I is the d x d identity matrix and A(z) € L>(fQ) is such that

A:Q — R, and Imy, such that A(x) > mgy > 0, forae. z € Q. (3.4)

(H.2) The functions «; and 3; are Lipschitz continuous functions representing respectively the
opening and closing rates and are given by

c1,;€F3) 4 ey (0 + e5 )

Oéj (U) = eCG,j(”+C3J) + 07’]' )
and
_ dyge®irha) 4 dy (v + ds )
for given constants ¢; j and d; ;,7 = 1,--- ,7,7 = 1,--- ,6 such that

a;(v), Bi(v) > 0. 3.5)
(H.3) The function [;y, : R x R® x Rt — R is the collection of membrane currents given by:
Lon(v,w, [Ca™™]) = Ipy(v) + L. (v, 2) + Ina(v,m, 0,1) + Is(v, f,7,c),
as detailed in Chapter 1 and the function I, is given after the rescaling of [C'a®T]; by
I(v, f,r ) = gsfr(v— 7.7+ 13.02871n(c)).

We assume in this section that there exists a constant X ; > 0 such that:

(Hron(v1,1,€1) = Fion (v, w2, 02) ) (01 = v3)

) 6 ) ) (3.6)
> —K1<|U1 — U2’ + Z ’U)Lj — w27j| + ‘Cl — CQ‘ )

j=1
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6
(H.4) The initial data (vg, wo, ¢p) € <L°°(Q), <H1(9)> : Hl(Q)> , are assumed to satisfy

U <09 < vp;  a.e. in €,

Cm, S Co S Cym a.e. in Q, (37)
0<wy; <1 ae in() forj=1---,6
where v,, = —85, vy = 127.69, ¢,, = 107* and ¢;; = 0.0187 are given constants such

that Is(vpy, f,7,¢n) = 0 forall f, r € [0, 1]. We refer to [HKTO06] for a heuristic motiva-
tion of these values.

3.3 Numerical Analysis of a Finite Volume Scheme

In this section, we propose a finite volume scheme for the monodomain model coupled
to Beeler-Reuter ionic model given by System (3.1)-(3.3). We first define a weak solution of
System (3.1)-(3.3). Then we give a definition of its finite volume discretization and we define
its equivalent discrete variational formulation. Furthermore, after showing the existence and
uniqueness of solution to the discrete scheme, we prove that it satisfies a maximum principle.
Then we prove its convergence to the defined weak solution using a compactness argument.
We point out that the limit functions satisfy the same lower and upper bounds as the initial
conditions given in (3.7).

3.3.1 Weak Formulation

Before we define our finite volume scheme, we need to provide a relevant definition of a
weak solution for the monodomain model.

Definition 3.3.1. A weak solution of (3.1) is a vector U = (v, w, ¢), of functions such that
v e L>®(Qr)NLA0,T; HY(Q)), w € L>(Qr)%, c € L=(Q7),
U <0 <Up e <c<cy,0<w; <1forae. (t,z) € Qp,forj=1,---,6

and for all p and ¢ € D([0,T) x Q), there holds:

—/vo(x)np((),x)dx—i-// <—v8tg0+)\Vv-Vgo>dxdt—// —Lion (v, w, ¢)pdxdt, (3.8)
Q Qr Qr

_/Qwo,k(x)f((),x)dx+//QT —wOldxdt = //QT(ozk(v)(l —wy) — Br(v)wg)Edxdt, (3.9)
fork=1,---,6,and

_ 4 N 104
_ /Q co()€(0, 2)dx + / /Q et = / /Q (007007~ ) = 1071 f,d,c))fj:cll(t).)

Remark 7. Observe that in Definition 3.3.1, we do not need the time continuity of v. In general,
in the case of numerical schemes, there are no compactness results that allow to prove the time
continuity of the solutions. However, one can make use of the weak formulation to prove that
the limit solution v is continuous in time (see for instance [BF12]).
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3.3.2 Discrete Problem
Space Discretization

Following [EGHOO], we give a precise definition of the finite volume scheme for the mon-
odomain equations.
We recall that €2 is an open, bounded, connected polygonal domain in R?, d = 2, 3, with bound-
ary 0€2. An admissible finite volume mesh of (2, denoted by 7}, is given by a family of “control
volumes”, which are open and convex subsets K of €2, a family of subsets of Q contained in
hyperplanes of R?, denoted by &£ (these are the edges (2D) or sides (3D) of the control volumes),
with strictly positive (d — 1)-dimensional measure, and a family of points of {2 denoted by P
satisfying the following properties:

— The closure of the union of the K’sis €, i.e. Q = U K.
KeTy,

— For any K € Tj,, there exists a subset £x of £ such that 0K = K\ K = U o. Further-
oc€lk
more, £ = U Ek.
KEeTh
— The intersection between two neighboring control volumes K and L is either an interface
or a vertex. In other words, for any (K,L) € T;? with K # L, either the (d — 1)-

dimensional Lebesgue measure of K N Lis0or K N L = & for some o € &.

— The family P = (7 )ger is such that v € K (forall K € T) and if 0 = K|L, it is
assumed that xx # z, and that the straight line (x ) is orthogonal to K|L

— For any ¢ € & such that ¢ C 0f), let K be the control volume such that o € E. If
rx ¢ o, let Dg, be the straight line orthogonal to o through zf, then we assume that
Dk, No # 0 and we let y, = Dk, No.

We consider an admissible mesh 7, and we use the following notations:
— The mesh size: h = sup{diam(K), K € T,}.

— | K|=meas(K) is the d-dimensional Lebesgue measure of K and |o| is the (d—1)-dimensional
measure of an interface o.

— The set of interior (resp. boundary) interfaces is denoted by &;,; (resp. &..:), that is
Emt ={0 € &0 ¢ IV} (tesp. Eeur = {0 € E;0 C INY).

— N(K)={L € Ty;30 € Ex,5 = K N L} is the set of neighbors of K.

— dk 1, is the Euclidean distance between z x and 7, and d , is the distance from zx to y,.

— o0k, 1s the common edge to the neighboring control volumes K and L.

— Mgz, is the unit normal vector to ok ;, outward to K.

— The transmissibility coefficient through o . is given by

oz
Tork, —

dk.r

— Tk 1, 1s the convex diamond obtained from joining the centers x x and z, of two neighbor-
ing control volumes (K and L) to the vertices of the common interface ok 1, see Figure
5. The d-dimensional measure of T , is given by:

1
Tk,1| = ZZ!UK,LWK,L-



106 CHAPTER 3. NUMERICAL SCHEMES FOR AN ELECTROPHYSIOLOGY MODEL

In the case where the interface o is on the boundary of €2, i.e. ¢ C 0f2, we associate half
a diamond Tk ,. We have:

o= U (( U TenlUU 7).

KeTn LeEN(K) oCoQ

We also need some regularity on the mesh in the following sense. We assume that there exists
¢ > 0 such that:

VK € Ty, Z lok pldi < &K (3.11)
LEN(K)
Time Discretization

The discretization of the time interval [0, 7' is given by a time step At, and a positive integer
N such that NAt = T. We set t,, = nAt forn € {0,..., N}.

Discretization of (27

An admissible discretization D of {27 is defined by
D = (7;17 57 (:EK)KGT7 N7 (tn)nE{O,--- ,N})

where (7}“ &, (k) KeT) is an admissible mesh of Q2 and N, (¢,,)nefo,... vy is the time discretiza-
tion of (0,7"). One sets

size(D) = max(size(T), At) = max(h, At).

Discrete Functions

Definition 3.3.2. Define X (7) as the set of functions from €2 to R which are constant over each
control volume of the mesh.

On an admissible mesh 7}, a discrete function v is defined by a set {uy } ke, and is identi-
fied to a function u;, € X(7) such that: u|x = ug, VK € Tj. Given two discrete functions wy,
and uy, in X (7T), we define the inner product and the L?(£2) norm by:

(uh;wh)LQ(Q) = Z |K|wrur, ||wh||%2(ﬂ) = Z |KHWK|2-
KeT, KeTy

The discrete gradient V,uy, of a function u;, € X (7)) is defined on the dual mesh as constant
per diamond T 1.:
Uy, — UK

d—
thh(l‘) = dK,L

0 if 2 € Tx,.

Nk ifx € TK,L,

When there is no confusion, we write Z to be the sum over all diamonds.

O'K,LGg
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Definition 3.3.3. For u;, € X (7)), the discrete H' semi-norm of uy, is defined by:

1/2
‘uhh, ho <d Z TUK,L(UL - uK)2> :

UK7L6<€

Indeed, the discrete H'(2) semi-norm of u; coincides with the L?*(2) norm of V,u;, as
shown in the following

Vaunlie = 3 [ [Vwnfda
ox,ne€’ TK.L
_ 2
= d2 Z ‘TK,L||ULd2 UK|
ok, L€E K,L
= d Z TOK,L(UL_UK)2
O'K,LGg
= |Uh|i771-

The considered problem being time-dependent, we also need to define functions over the dis-
cretization D of the space-time cylinder (0,7") x €2. We use the subscript D to denote functions
that are constant per subinterval of time and control volume and we use the subscript K and the
superscript n to denote its value at (¢,,, zx ), in short:

up(t,z) = uitt, forae. (t,2) € (ty,tuy1) x K, VK € T, ¥Vn € {0,--- ,N —1}.

For any continuous function f : R — R, f(up) denotes the discrete function (n, K) — f(u%).

The Finite Volume Scheme

In order to discretize the equations of (3.1), we formally integrate the equations over (¢, t,,11) X
K and we use Green’s theorem on the diffusive term; we obtain:

tnt1 tn+1
/ [v(tnﬂ,az) — v(ty, x)} dr = / / (AVv) - ndydt — / / Lion (v, w, ¢)dxdt,
K tn oK tn K

/K [wj(tn+1,a:) - wj(tn,x)}dg; = /t:"“ /K [aj(v)(l —wj) — ﬁj(v)wj}dxd@ forj=1,---,6,
/K [c(tn+1,x) — c(tn, x)}dm = /tth /K [0.07(10_4 —c)— 107 I,(v, £, d, c)] dxdt,

Using an Euler semi-implicit time discretization where we set t = t,,; in the linear terms
and t = t, in the system of ODEs for the recovery variable, we can write the following
finite volume scheme with unknowns (vVi\') ke, nefo. N—13» (W) ket neqo, n-1}, and

1 1 1
o _ - 0 _ L 0 _ 1
Vg = ’K’Avo(ﬂs)d:p,w;( |K\/Kw0(x)dx’ and ¢, ‘K‘/Kco(x)dx (3.12)

andvVn € {0,--- ,N — 1},VK € Ty,
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K]

E(U;;“ —v)+ Y FR = —|K] (Ipot(v}z“) + L (v, 2 (3.13)

c€EKNEint

a0t it o ) + LR FiE i ) )
witd = wite = At(a(v) (1 = i) = Bt ), forj = 1,0+ 6, (3.14)

C'r[z(—‘,—l o c’;,{ — At <007<10—4 _ C7I'L<+1) _ 9510_4']6}27‘?((1)}?_1 - 7.7 + 13.0287 ln(CTI?_l)))(SIS)

where F' }?;1 is an approximation of fa —ANx)Vu(tyi1, x) - g ody. We introduce the auxiliary
unknowns (v""1),c¢ over the interfaces. They are used as an intermediate to obtain a conserva-
tive expression of the fluxes and are therefore eliminated in order to write the problem in terms
of the primary unknowns (v} e, . So, the approximation is first written with respect to the
discrete unknowns (v} ke, and (v21),ce. For K € Ty, and o € Ek, let

1
A :—/)\xdaz.
“ER] S

— On the external interfaces the Neumann boundary condition (3.3) on v is taken into ac-
count by fixing
FRil =0, VK € Ti,Vo € Ex N Eear.

— On the internal interfaces, we approximate the flux as follows:
A natural expression for Fyit! is

+1 n+1
vt — v
n+1 o K
FK,O - _‘U’)\K d
K,o
Using conservativity of flux, i.e. F' Ko = —F Lo if 0 = ok 1, yields the value of v ™", if
Xy, g_ﬁ g.
o — 1 ( Ak ntl AL vn+1)
7 AK + AL dKO’ K dL o L
dK,o dL o ’ ’
Hence, the value of F.T};
n+1l __ n+1 n+1 . .
Fgl = —T, (VT =), if o € Et, 0 = ok L, (3.16)
where
AKAL

7o = o] Axdr o + )\LdK,a'

The discrete solution of the scheme (3.13)-(3.15) is a tuple Up = (vp, wp, ¢p), of functions
that are piecewise constant over {2 given by:

_..n+1 _ n+1 _n+1
Vn € {07 T ,N—l},VK € 771’”1)|(tn,tn+1]><K = Vg 7'wD|(tn,tn+1]><K =Wk aCD’(tn,th}xK =Cg -

Let us show that the finite volume scheme (3.13)-(3.15) can be written in a discrete varia-
tional formulation.
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Proposition 3.3.1. The finite volume scheme (3.13)-(3.15) is equivalent to the variational dis-

) C”;{)?

crete formulation:
UZ+1 B ,U;LL 1 n+1 n.n+1
T¢hd$ + E thhvh . thbhdx = — (Iion)h7 ¢hd$, (317)
Q Q Q
wﬁl — Wy n,n+1
/ Tfhdl’ = / Rj;h fhdiﬁ, (318)
Q Q
forj:17'” 767
CZH —Ch n+1
Q Q
for all ¢y, n, &, in X(T) and L*(QY), where the function My, is defined to be constant by
diamond and the functions (I ion)Z’”“, RZ:ZJFl, and F}' " are constant by control volume as:
(Iion)z,n—&-l _ IPot(UK )—i—] ( n—i—l n+1)+INa( n+1 m?}(—i—l’on—&-l’l?[w{—i—l)_i_[ ( n—&-l7 Iré—i-l 7A;L{-i—l
R = o) — wi) - By
and

F,?“‘K = 0.07(107" — ) — g 1074 (it 77 4 13,0287 In(c)).

Proof. We will only detail the proof of (3.17). The proofs of (3.18) and (3.19) are similar.
Multiplying the discrete equation (3.13) by ¢k and taking sums over K, one gets

L P S N

KeTy KeT, LEN(K)
= = KN (Tralo™) + L ) + Ina (0 i o 1)
) 9
KeTy,

+I (UnJrl [Té+17 In(+17 n))¢K

From the definition of the discrete functions, the first term is written as:

it —n -
|K’K—K¢K = / S
Z At Q

KeTy

Summing by parts the second term and using the definition of the discrete gradient, one has:

_ Z Z TUKL n+1 1}1{+1)¢K

KeTp, LEN(K)
- Z TO'KL(UZ+1 n+1)<¢L _¢K)
O'K,LGg
LS g b,
e es d? Acdr e + ALdi o dgr dir,
a
- E Z |TK7L|MK7LvhleL+1|TK,L 'vh¢h|TK,L
0'K7L€5

1
= - / thhUZJrl . thbhdx
d Jo
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ALAK
here M = d d M
where Mg |, Nedno + Mdrs KL an hl Ty 1

restriction of th,?“ to the diamond T ;.. Also, the third term can be easily written as

= My, and Vv ™7, denotes the

= 3 IR (Trai) + LR 25 + ool i o, 1)

KeTy,
LG FE R ) )b
1
_ / (Tion) " .
Q

3.3.3 Convergence of the Discrete Scheme

In this section, we study the convergence of the discrete scheme presented in the previous
section. First, we state the convergence theorem. Then we prove the theorem using a priori
estimates on the discrete solutions followed by a compactness argument.

Theorem 3.3.2. Assume vy € L®(Q), wy € H Q)% and ¢y € H'(Y), and that they satisfy
(3.7). Furthermore, assume that the properties of the model stated in Section 2 hold. Then
the finite volume solution U p, generated by (3.13)-(3.15), converges along a subsequence to
U = (v,w,c) as h, At — 0, where U is a weak solution of (3.1)-(3.3) as in Definition 3.3.1.
Furthermore, the limit function c is in L*(0,T; H'(Q)) and w € L*(0,T; H'(Q)°).

The remaining part of this section is devoted to the proof of the aforementioned theorem.

Existence of Solution of the Discrete Problem

The existence of solution to the scheme (3.13)-(3.15) can be obtained with the use of the
following classical lemma [Li069].

Lemma 3.3.3. Let A be a finite dimensional Hilbert space with scalar product [-,-| and norm
|| - ||, and let P be a continuous mapping from A into itself such that

[P(&),&] > 0for ||&]| = > 0.

Then there exists £ € A with ||£]| < r such that
P(&) = 0.
The next proposition establishes the existence and uniqueness for the finite volume scheme.

Proposition 3.3.4. System (3.13)-(3.15) admits a unique solution provided that

1
At < —.
K
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Proof. We show existence of a discrete solution using induction over n. We assume that

(vR, w?, ) exists and we prove the existence of (vy ™ wit!, ).
Using Equation (3.14), we get for j = 1,--- , 6 the exp11c1t expression of wﬁ}l as:

wttl = w?’K * Ataj (U?()
PR 4 Aty (v) + B (0))

and w”}l can be obtained since «;(v) and (3;(v) are strictly positive. Hence, there exists a

unique solution 'thr to system (3.14). To prove the existence of solutions for system (3.13),
we make use of Lemma 3.3.3. Consider the Hilbert sapce H; endowed with the norm

lunllry = llunllZ2(@) + [unlo g

Define the mapping P from the space H} to istelf by:

[ ( n+1) gbh} = Ait<( n+17¢h) vh7¢h ) Z Z TUKL U?(—H n+1)(¢K _CbL)

KET;, LEN(K)

+ ) K on (v wit ) e
KeTy,

The continuity of the mapping P follows directly upon the use of the discrete Holder’s inequal-
ity and the continuity of the function /;,,,. We need to show that

[P(op ™), 03] > 0, for [[op ™| g1 = >0,

for a sufficiently large r. Using property (3.6), one has

6
Fon (03 w3 ot = Ton(0,0, ot = K (0 ) + Y (wikh)?). - (3.20)

j=1
Using inequality (3.20) along with (3.4) and Cauchy-Schwartz’ inequality, we obtain

1
> o A L

[P(vp*), opt!] ;
_KI<||Uh+1||L2 + [lwp 20 13 — [ Tion (0,0, ) 2o llvp I 220

1R 12 ) + molvy ™ 7 —

The last inequality implies that

n n : 1
P, o] = min{ (5 = K1) omo fllont Iy — Killw;

(g vl + 1Mion 0, 0,3 2@y ) .

1
o [P(v*h), vt > 0 for
I

th“ I L =T, for large enough r. Hence, system (3.13) has at least one solution. The unique-
ness of solution can be proved by contradiction in a standard way as in [BK09].
Suppose that there exists n € {0,--- , N — 1} such that v} ;o = v3 ; for all K € T, but v?}}l

Finally, for given v}}, w} and ¢} we deduce that, for At <
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vyl forsome K € Ty Subtracting (3.13) for {v] i } ke, nefo, n—13 and {05 1} ke mefo, N-1}»

we get
ot — o tt
| = Y e (001 = 052 - (R — )
LEN(K)
R (Lon (073 w0 ) = B (0w c5) ) = 0.

Multiplying this last equation by At(vﬁ}l — U’;}l) then summing over all K € 7, and n €
{0,---, N — 1} yields

U1+U2+U3:07

where
N—1
. n+1 n+1|2
= E E |KHU1K _UZK‘ )
n=0 KeT,
2
n+1 n+1 n+1 n+1
E At E E Tork,L U1L _U2L) (UlK_Uz,K) )
n=0 KET;, LEN(K)
and

Z ALK (Fion (VR w3 ) = Ton (v i, wid™ i) ) (i = vp i),
KeTy,

Using (3.6), we obtain

Us > —K; Z At Y K| — o P
KeTy,

Furthermore, noting that Uy > 0, we have

Z Z |KHU”+1 n+1|2 < K[ZAt Z |KHU"+1 n+1 ‘ (3.21)

n=0 KeT,, KeTy

Since Y |K|[v ! — v l]* # 0, (3.21) implies that
KeTy,

1
— < At
K[_ [

. . . 1 . .
which contradicts the choice of At < — used in the existence proof.
I

! we can rewrite Equation (3.15) as:

Now given v7-! and w,

(14 0.07TA)EH +13.0287 x 10~ 4g, [t 1+ In(¢pH)

= i +107"At <0.07 — ge il 7 7)> (3.22)
Since the function z — (1 + 0.07A#)z + 13.0287 x 10~*g, fr ' d%" In(z), which is defined
for x > 0 onto R, is bijective. Thus, Equation (3.22) admits a unique solution c;"'. Therefore,
the existence and uniqueness of solution of the discrete system is obtained. [
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A Priori Analysis of the Discrete Solutions

Confinement of vp, wp, cp

Lemma 3.3.5. Let (vp, wp, cp) be the discrete solution of (3.13)-(3.15). Then for all K € Ty,
andn € {0,--- N — 1}, we have: 0 < w;f}}l <1 forj=1,---,6, ¢, < C?(H < ¢y and
Uy < v}?“l < vy

Proof. We use induction over n. Due to assumption (3.7), the assertion is true for n = 0. We

assume it true for n, and we prove it true for n + 1.
In the following, the index j is skipped in order to simplify the notation. Define

() = 1—2 ifzx <1,
XE=9 0 ifz > 1.

we write the equation (3.14) as:
witt —wi = At (a(v%)x(w?fl) — 6(1}?()10;?“1). (3.23)

Multiplying first (3.23) by —(w/t)~ := min(w}™, 0), one obtains:

(WP =~ i)+ | = el i) Wi+ B uit (wi) | At
2
= —wk(wit)” + | — el i) - Blg) ((wi)) | A
< 0.
The last inequality implies that (w7')~ = 0 and wji' > 0. Therefore, wx™ > 0 for all
KeT,.

Using the same reasoning, multiply equation (3.23) by (w™ — 1)* := max(0, wi™ — 1) to
obtain

(Wi =" = (w—1)(wi =1) "+ a(v%)x(w}?l)(W%+1—1)+—5(v?<)w?<“(w’;‘(“—l)*] At.

Suppose that wi;™' > 1. By definition of the function , one can easily check that y (w'x) (wiit! —

1)* = 0. Moreover, one has w’}jl(w}‘{“ —1)*>0,s0
—Blog)wi (witt = 1)t <0.

Making use of the inductive hypothesis, one also has wj — 1 < 0. As a result, there holds
|(witt — 1)*|?> < 0, which is a contradiction to the assumption that w7 > 1. Therefore,
wit! < 1forall K € Ty

In order to prove that v,, < UZ“ < wyy for all L, consider a fixed control volume K such

atv = min (v and assume that v < v,, trying to obtain a contradiction.
that v min "1 and that v/ trying to obt tradict
(S

h
Denoting by Uy := (vii"!—v,,) and multiplying equation (3.13) by —(Upt!)~ := min(Upt, 0),
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one obtains

2
KI(0rh) = —IKURUED + At >0 F U + AU (Tra(oit)
c€EKNEint
+Iz(’0?{+l, z?}z{-{-l) + INa('U?{—H, m?{-ﬁ-l’ 0?(-1-1’ l;?_l)

L R ) ) U

<RI (v )+ LR ) 4 Iva (05 mi o 5
L T ) ) (U

= L+ 1L+ I3+ 14,

where

L = |K|Atpu (Vi) (URT),
I = |K|AtL(vpE, 2t U,
I = |K|AtIva(vi™ mi™, o™ ) (U™,

and [ 1= |K|AtL (v fi i ) (U

We easily notice that if v}:" < v,,, then

I, <0and I, <0.

Moreover,

Iy = (K|t (gua(mid ) o 5 + gnae ) (0 = Ena) (UE)”
= KA (gnalmi ol + gvac) (URT + v — By ) (URT)”
= K| = (gnalmi Vo + gnac) (UF) 7 + (gwa(mit o 1 + gac)
(v = Exa)(UE)]
< 0.

Also, we have

I, = |K|Atggfirtrif (ot — 7.7 4+ 13.028 In(cly ) ) (U~
= |K|Atg, frttrt URT + vy, — 7.7 4+ 13.028 In(c ) ) (Ut~

2
= KN =g i ()7) o guf i i (o — 7.7 + 13,028 In(c0) (URH) ]

< 0.
We conclude therefore that (U}}“)‘ = 0, and v?{“ > Up,. Similarly, we can prove that
vt < vy, by using (3.13) over the control volume K such that: viit! = ILH@}((UZH)’ then
€'/n

multiplying the equation by (vj: — vy)*.



3.3. NUMERICAL ANALYSIS OF A FINITE VOLUME SCHEME 115

Now, we show that ¢,,, < it < ¢y
Define, first, the function

F(o, f,r,¢) = 0.07(107" = ¢) = 1071y (v, f,7 )

Then assume that ¢i-" < ¢, and multiply (3.15) by — (¢! — ¢,,) ™ == min((cE™ — ¢,), 0), to
get:
—N A — )T = =R (A — )T = ALF (vt et et (it —e)
or equivalently
(& = em) ] = =(ch — ) (€ = )™ = ALF (o [ rg (R —en) ™

Since ¢ > ¢, then
(i —en)]? < —AtF(o™ f g G (T —en)”
—AHF (v fi e ) = Fot it en) (e = em)”

_AtF(U?(Jrla ITéJrlv r?(Jrl’ Cm)(cqlljl - Cm>77

oF
Noting that D0 < 0, one has
C

n+1 n+1 ,.n+1 n+1 n+1 n+1 ,.n+1
Fog™, fi g ) = Flog™, fg,r " em) > 0.

Consequently, one gets

(™ = em) 7] —AtF (™ fi T en) (G — em)”

<
< 0,

where the last inequality follows since F/(vii, fitt rivt c,) > 0 for 0 < o' < 1. So

(! —¢,)” = 0 and ¢ > ¢, which contradicts the assumption that cj;"! < ¢,,. Hence
it > ¢,,. We repeat the argument by multiplying (3.15) by (%™ — ;)™ to obtain ¢! <
Cn- O]

Discrete A Priori Estimates

Lemma 3.3.6. (Estimates on vp and its discrete gradient). Let (vp, wp, cp) be a solution of
the discrete finite volume scheme (3.13)-(3.15). Then there exists a constant C'y > 0 depending
on Q, T, vy, wg, co such that

N-1
ne?ll%XN} ||UZ||%2(Q) + Z At||th,’:+1||%g(Q) < . (3.24)
T n=0

Proof. We first note that by the confinement of v}'*!, w's" and ¢! obtained in the previous

section, there exists a constant ¢3 > 0 such that:

|Ii0n(v?(+1= wnKJrl? CnK)' < cs.
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Then we rewrite equation (3.13) as:

(Kt —vfe) = At D 1o (3T — 0 = — A K| Lo (Vi wic ™ ). (3.25)
LEN(K)

Multiplying (3.25) by v"“ and taking the sum over K € T, andn € {0,--- , N — 1}, we have:

ZZ’K’ n+l n+1 ZAtZ Z TUKL n+1 vr;{-ﬁ-l)v%—i—l

n=0 K€T;, KeTh LeN(K
— +1 +1 11
——E At K Lo (v wid!, i yop™,
KeTy
or
T, + 15 = 1T;,
where

T = Z > K|t = vj i,

n=0 KeT,
n+1 n+1y, n+1
E At E E Torr (VL — Vg UK,
KeTn LEN(K)
At K] n+1 n+1 n n+1
| K | Lion (Vi  CRVE -
KeTy

We use the inequality (a — b)a > 1a* — 1b%, to get:

1> 13 S IR - R

n=0 KTy,
Having a telescoping series on the RHS of the last inequality, we can rewrite it as:
1
> = ST KN = (0%)2),
KeTy,

or equivalently,
1 1
Tz 5 S0 IKIWR? - 5 S KR
KeTy KeTh
Now for the diffusive term 75, we use the discrete integration by parts formula, to obtain:

N—-1
=Y At Y e, T =i >0,
n=0

oK, LEEint
Moreover, since v,, < vt < vy and Lo (V3 witt ¢%)| < cs, there exists a positive

constant ¢4 depending on 7" and €2 such that:

‘Tgl S Cy.
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As a result of the previous discussion, we have:

N—-1
1 n n 1
LS KIOR  S A Y e o e b S
KeTy, n=0 UK,LGgint KeTy,

so there exists ¢; > 0 depending on €2, T" and v, such that:

N-—1
1
5 STIKIWR)??+ > At > 1, (wpT = v <o (3.26)
KeTy n=0 OK,L EEint

From the last inequality, we have:

1
5 S IR < s
KeTy,

and this inequality is also true if we replace N by ng € {1,--- , N}, so

> IKI(0)? < 25

KeTh

for any ng € {1,--- , N} and consequently:

K|(v%)? < 2¢s.
ne?llé-}fN} Z| (V)" < 2c¢5

KEeT,

Also by equation (3.26), we have
N-1
Z At Z To, (VP =0 )2 < g,
n=0 oK, LEEnt

where by the regularity of the mesh and the definition of the transmissibilities, there exists a
constant C > 0 such that

N-1 N-1
DTAFF<CY AL D T, (WP = o),
n=0 n=0

oK, LEEint

As a result, estimate (3.24) follows.
O

Lemma 3.3.7. (Estimate on the discrete evolutive term of the potential difference v). Let
(vp, wp, cp) be a solution of (3.13)-(3.15). There exists a constant Cy > 0 depending on
O, T, vy, wy, co such that the following estimate holds:

N—-1
;At/g

n+1 _an

Up B |2
At

dxr < Cs. (3.27)
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Proof. Let ¢y, = v} — o7 as test function in (3.17), expanding the discrete gradient over v"“

and vy, on gets

ac [
9)

Then using Cauchy-Schwartz’ and Young’s inequalities and making use of (3.4), we can find a
constant C' > 0 such that:
Uy — Vg

At/
ol At

< C IV gy + IV0R a0 + 1 o)™ sz (N iz + IR ls2gen)]

n+1 n
Up = — Uy

At

2 1
dx = d/(thhvhH -V UnH—MthUZH'VhU;Z)dx_/(Iion)ZmH(UZH_ h
Q

n+1 2

dx

Finally taking sum over n and making use of |(Tio,);"*'| < 3, and estimate (3.24), one obtains
(3.27) O

Remark 8. We note that since cp and wp satisfy the maximum principle stated in the previous
subsection, we only need to prove in the following lemmata the regularity of their discrete
gradients.

Lemma 3.3.8. (Estimate on the discrete gradient of wp). Let (vp, wp, cp) be a solution of the
discrete finite volume scheme (3.13)-(3.15). Then there exists a constant C'3 > 0 depending on
O, T, vo, wy, co such that for j = 1,--- .6, there holds

ZAtHV w320y < Cs. (3.28)

Proof. In order to prove estimate (3.28), we drop the index j for simplicity of notation and we
consider equation (3.14) separately on the control volumes K and L, then we subtract the two
equations, to get for each L € N(K):

n+1 n+1 n n
Wy  — wp Wy — Wy,

ma s — (alk) —alh)( —wi) = (alh) + Al )i -y
~(Blok) — Bop) e

Multiplying both sides of the equation by w-! —w} ™!, then noting that 1 —wi™ < 1, wi <1
and (a(v}) + B(v])) > 0, we get

Wit — e —
(wit = wp) (g = ) < a(i) - afep)|Jugt! - wit
+\6(v?<)—6(%) Rt

1
and by Young’s inequality with ¢ = X we get:

2 2

(Wit — wZ“)(w?{H witt  wi - wz> - ‘Q(UK) —a(vp) . ‘5(”K) — B(vr)
At At -

2 2
+|wn+1 n+1|2
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Now using the inequality a(a — b) > 3(a* — b?) on the LHS of the above inequality we obtain:

2 2
L@ — e — (g —wn [aR) —alp)||BR) - Bp)
2 At - 2 * 2
+|UJ?<+1 n+1|2

By the regularity of «; and /3; and the boundedness of v}, there exists a constant cg > 0 such
that:

no_ ,,n)\2

(wK wL) < CG(U?( . UL) + 2|wn+1 n+1|2

At

By the discrete differential form of Gronwall’s inequality (see for instance [Emm99]), we ob-
tain:

(Wi —wp™)? -

n—1

(wh —wh)? < (1— 2At)*”<(w9( —w?)® + oAt Y (1 —2At) (v, — %)2).
j=0
We note that for At < 1/2, we get
(whe — w})? < €7 ((wh —w))? + oAt D (v — v})?).
j=0
Multiplying both sides by o dK 1 and taking sums, we obtain:
|UKL’ n\2 A |0K L| o
2 Z - uj) lwhlm+062 t. Z vk —v)’).
KeTn LEN(K KeT, LEN(K

Now using (3.24), we get:

oLl 1

KeT, LEN(K
leading to
|O'K L| 1
Z ary > ¢ — W) < T <E|w2|i7—h + cﬁol).
n=1 KeTy, LeEN(K)
Thus estimate (3.28) is obtained. O

Lemma 3.3.9. (Estimate on the discrete evolutive term of wp). Let (vp,wp,cp) be a solu-
tion of the discrete finite volume scheme (3.50)-(3.52). Then there exists a constant Cy > 0
depending on ), T, vy, wy, co such that

n+1 n

ZAt/’ e —

d:zc < (4. (3.29)
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Proof. Using (3.18) with §;, = w}"‘jjl —wj,, along with Cauchy-Schwartz’ and Young’s inequal-
ities in addition to the maximum principle obtained above, one can obtain estimate (3.29) in a
straightforward way. [

Lemma 3.3.10. (Estimate on the discrete gradient of cp). Let (vp, wp, cp) be a solution of the
discrete finite volume scheme (3.13)-(3.15). Then there exists a constant Cs > 0 depending on

Q, T, vg, wy, co such that
N-1

> AV 720 < Cs. (3.30)

n=0

Proof. We proceed as in the previous lemma and we consider equation (3.15) repeatedly on the
control volumes K and L, then we subtract the resulting equations to get for each L € N(K):

crtt —entlt e en
K N L KAt L= —0.07(c — ) —9310’4<—7.7( Ll pnolpndl)
+13.0287(frt i  In(dtt) — frt e n ()
pfrlpn Lyl Eﬂrzﬂvzﬂ)
For simplicity, we write the above equation as:
it —entlt e en
K L K — CL 1 1 1 1 1 1
o - gt = 007 = ) = (HOR SR )

n+1 n+1 _n+1 n+1
_H(UL Jr T e ))7

where
H(v, f,7,¢) = g, 10 fr(v — 7.7 + 13.0287 In(c)).

n+1 n+1)

Multiplying both sides by (¢~ — ¢} ™) then applying Young’s inequality, we get:

n+1 n+1 n n
(et — Cn+1><cK — ¢, Cg— CL)
K L At At

2
n+1 n+1\2 1 n+1 n+1 , n+1 n+l n+1 n+1 , n+1 n+l
< 0.57(c™ — ™) +§<H(’UK R ) = H T fr i el ))

Using the regularity of /I and the maximum principle (in particular, ¢ > ¢,, > 0), we can find
a constant C'y > 0 such that:

(et — et (C?(H — gt _ Ck — Cz>
K L At At
S 0.57(67]?—1 _ Cg—&-l)z + CTH<<U;L(+1 _ vz+1)2 + ( 17?_1 _ 2-1-1)2 + (T;z(—l—l _ Tz-&-l)Z

(- CZH)Q)a

and by the inequality a(a — b) > 1/2(a® — b?), we get:

(gt —cp™)? = (ck — 1)’
At
< L24( — 2 4 CH((U;;“ — o (f = ST O =)

et =),
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So we have
(e =P = (e — c1)?

At
< (L14+ Cy)(@ — a2 4 oy <( MEL ntly2 g (gl )2 |l —TZH)Z)

Estimate (3.30) follows easily from this last inequality by using Gronwall’s inequality provided
that At < TiirCn by a similar argument to the one used in the case of proving (3.28).
. H

Therefore the proof of the lemma is complete. [

Lemma 3.3.11. (Estimate on the discrete evolutive term of cp). Let (vp, wp,cp) be a solu-
tion of the discrete finite volume scheme (3.13)-(3.15). Then there exists a constant Cg > (
depending on (), T, vy, wy, co such that

ZAt/

Proof. Using (3.19) with ¢, = c"Jrl —cj , one can obtain estimate (3.31) straightforwardly. [l

n+1

(3.31)

Compactness Estimates on the Discrete Solution

We state and prove now some estimates on the time and space translates of the discrete
solutions vy, wy, cp, that are needed in the application of the compactness argument.

Lemma 3.3.12. There exists a constant C dependent on ), T, vy, wy, ¢y such that:
vy € RY, // oy D) e O S Clyl(yl 420, 33
"%
where Y = {x € Q: [z, +y] C Q}, and
vr € (0,7), // lop (2, t + 7) — vp(w, ) Pdadt < C. (3.33)
Qx(0,T—7)

Proof. We start by proving (3.32):
Lety € RY 2 € Q. Define on € the function:

1 if [z, + y| intersects o 1, X and L,
0 otherwise.

Xox. (T) = {

Next, define ¢, , = ‘%n K, L‘ and observe that

/ XUK,Ld:U < ‘UK,LHMCUK,L'
Q/

Writing
[on (@ +y,8) = o, ] < Y X (@)U — 03],

OK,L
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and applying Cauchy-Schwartz’ inequality, one gets:

n+1 n+1 2

(%
|Uh($ + y7t> - Uh<x t < Z Xok, LdKL Z |—XUK,L

dK,L
OK,L OK,L

Noting that Z Xox.dx,0 < |y| + 2h, there holds:

OK,L
N—-1 n n
_ 2dedt < 2%h A u d
’Uh(x_'_yvt) Uh(:li',t)‘ rdt < (’y|+ )Z tz d Xow,L 4T
(0,7x % v K,L '
N—1

n+1 n+1|2

'U — v
< Iyl(l + 2h) Zmz' K
=0

oLl
s dg 1 sz
K,L

Using (3.24), one deduces (3.32). The proof of (3.33) is similar, and the details can be found in
[EGHOO] or in the proof of Lemma 6.1 in [BK09]. ]

Similar estimates can be shown on the gating variables w and the concentration variable c,
as stated in the following lemmata:

Lemma 3.3.13. There exists a constant C' dependent on 2, T, vy, wy, co such that:
vy € RY, // or lwp(z + vy, t) — wp(z, ) *dedt < Cly|(ly| + 2h), (3.34)
%
where ) == {z € Q: [z,x +y| C Q}, and
VT € (0,7), // lwp (2, t +7) — wy(x, ) Pdedt < CT. (3.35)
Qx(0,T—7
Lemma 3.3.14. There exists a constant C' dependent on ), T, vy, wy, co such that:
vy € RY, // e+ t) — @ Pdede < Clyl(yl +20), 636
where Q) == {z € Q: [x,x +y| C Q}, and
v e (0,7), //Q . len(z,t 4 7) — cp(x, t)Pdrdt < Cr. (3.37)
X (0,T—7

Convergence of the Finite Volume Scheme

As a consequence of (3.32), (3.33), (3.34), (3.35),(3.36), (3.37) and Kolmogorov’s theorem,
we have the following result:

Lemma 3.3.15. There exists a subsequence of Up = (vp, wp, ¢p), not relabeled, such that as
At,h — 0,

— vp — v strongly in L*(Qr),

— wp — w strongly in L*(Qr)S,
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— c¢p — c strongly in L*(Q7).

Our goal now is to prove that the limit functions v, w, c constitute a weak solution of the
monodomain model as in Definition 3.4.1. We start by considering (3.13): let 7" be a fixed
positive constant and o € D([0,T) x ), multiply (3.13) by Atyo(t,, ) and sum over K € Ty,
andn € {0 <+, N — 1} to get:

N-1
ZZIK| K vt e) = 3 A Y D Ten (0 = i et )
n=0

n= 0 KeTh K€eTy, LeN(K)

= —ZAt Z |K|<Ipot Y LT 2 o T (01, st ot

KeTy,
+1, <v““ LR ) )l w);
or
T+ T =T33+ Ty +T5 + Ts.

Using summation by parts in time and keeping in mind that ¢(7, x5 ) = 0, notice that 7} can
be written as:

Z > K™ = vi)e(tn, ox)

n=0 KcT,
N-1
= =D > KW (pltar, 2k)) = @ltawx)) = Y |K[oko(0,0x)
n=0 KeT, KeTy,
N-1 tos
= —Z Z / 0ot wpc) ) drdt — Z / V0 0(0, v )dw
n=0 KeT, Vtn KeT;,

Consider first 77 5, and observe that:

Ta= 3 [ dhet0.a)ia] < 3 [ Iukllel0,00) = ol0, )lds
K

KeTy,
<

where the last inequality follows from the boundedness of v%, the regularity of ¢ and Taylor’s
theorem. Hence, one concludes that:

‘Tlg —/vhgp(O x)dm’ —0ash — 0.

tn+1
Second, let 77, = Z Z / / v 0,p(t, x)dxdt, and observe that:

n=0 KeT,

tny1
T171 — Tl*,l = Z Z ntl / /I;(at@(t, $K) — @go(t, l’))dl’dt
0 7L

IA

crh Z At Z |K|viitt, (by regularity of ¢ and Taylor),
KeT,

IA

Cgh,
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where c; and cg are positive constants and cg depends on h, At and v,;. As a result, one has:
‘Tl,l — T1*71| —0ash — 0.

Now, consider

ZAtZ Z Tore s (U2 — 0 ) (b, )

n=0 KeT, LeN(K

and rewrite it as:

ZNZ > Tonsl0F = elasw) = a0

KeT, LeEN(K

Noting that

- _ |<7 | AKAL — M \UK,L|
L ot Aedr o + Ardi o Kr dg.1,

AKAL .
where My = dx 1, T5 can be written as:
Kr Adr o + Adi o fole 22

2

A Z Z Mgplogo|(vp™ — ”+1)(90(tme)_90(tm$K))

T2 — d
=0  KeTh LEN(K) KL
—1

N —

2 :

tn+1 th,xp) — Oty
Z Z |UKL|( n+1 v}‘(“) MKL(%O( L)d o( K))dt.
=0 KeTy, LEN(K) tn KL

T
—/ /UDV - (AV)dzdt
o Ja

T T
Ty — — / / vV - (AVyp)dzdt = / / AVv - Vodzdt as h — 0.
o Ja 0o Jo

N —

3

Continuing, define:

and observe that

Furthermore, note that:

tn+1
Ty = — v?fl/ / AV - ng pdydt
tn

n+1
n+1 n—l—l / / )\V(,O (157¢ Ld’}/dt

T2 % Z Z |0'KL’ n+l n+1)

tni1 o 1 tnt1
</ MKL (Sp(tme) Sp(tn;xK))dt o / / )\VQO . ’I’LKLd’ydt>
b oK L] — ’
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Since the straight line (x, x,) is orthogonal to o ,.there holds:

T, — Tk
——— =ngq.
dns K,L
This implies from the regularity of ¢ that
(p(tn, z1) — p(tn, TK))
di.1,

- VSD : nK,L7

for some x € {(1 — s)xx + sz, s € (0,1)}, so:

ft1 t — o(t
MKL (QO( n’xL)d 90< mQ:K))
tn K,L

]_ tn+1
dt — o1 / / AV - ng pdydt| < cgAt h,
) o L

(3.38)
for some constant cg > 0. Using (3.38) and (3.24), one deduces

lim 7T, = // AVo - Vdxdt.
h—0 Qr

Next, to show that:

zmzymzm ftri) > [[ ~Irao) =L
T

KeTy

First rewrite T3 and L3 as:

tn+1
Z Z/ ' /[Pot tn,;Q:K)u

n=0 KeT,

and

:Nz_: Z /HH/ —Ipot(v)p(t, 2)dxdt.

n=0 KeT,

Then note that |73 — L3| can be written as:

1t = [ 5 ) [ [ (o) ott.0)

n=0 tK€771
n+1
s [ (vl et 0) = Inato)e(t )|
tn K
Forall z € K and t € [t,,t,,1], there holds
’(10(757” mK) - Sp(ta .1')| < 010<At + h)a
for some ¢y > 0. Moreover, |¢(t, z)| < ¢1; for some ¢q; > 0. Therefore,

N-1
’Tg L3’ < ClO At+h ZAt Z ’KH[Pot n+l |+Cll // ’[Pot UD Ipot( )’d.’lﬂ'dt
n=0 KeTy, Qp
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Since [Ipq (Vi Y| < ey, we get
’Tg L3| < ClClo(At =+ h)TlQ’ + C11 // |Ip0t Uh) Ipot(’l})ldl'dt.

On the other hand, since v, — v a.e. in {27 and Ip,; is continuous, then Ip,(v,) — Ipy(v) a.e.
in Q7. Moreover, since Ipy(vy) € L>(€r), then by Lebesgue’s dominated convergence we
get the convergence of Ipy;(vy,) to Ipy(v) in LY(Qr). As a result, we conclude that 75 — Ls.
Similarly, to show that

t tn,xK — v Z go = Ly,
A K I n+1 TL+1 L
Qp

KeTy,

Ty and L, are written as:

N— tnt1
i ) O ) RACIE SRR
=0 K

n—1 tn+1
= Z / / @(t, x)dxdt.
n=0 KeT;, /in

Then note that |7, — L] is given by:

tn+1
Ll = [ % Lop a0 [ [ (et - o)

n=0 KeT,

/ / o et o) — L, 2)e(t )|

and

Therefore,
N—-1

Ty—La| < cro(At+h) Y At Y K| L™ 25 |+011// .(vp, 2p)—L(v, 2)|dxdt.
n=0 KeTy, Qr

By a similar discussion to the one done in the case of T3, we get Ty — L.
Also, in order to show that

N-1
_ ZAt Z | K |Ing (v n+1 mffl{ﬂ7 n+1’l7;(+1)(p(tn,l'[() — // —Ina(v,m,0,0)p := Ls,

KeT;, Qr
note that |75 — Ljs| can be written as:

tn+1
Ty — ‘Z D Ina(wpt miptt of 1) / / o(tn, z) — (1, x))

n=0 KcT,

lny1
(o i o et ) = (w0, Dt ) |
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Therefore,

T — Ls| < cao(At+ ) 3050 ALY e [ K[ Ina (3 mid of 1)

“+c11 ’[Na(vp,mD,Op,lD) — INa(v,m, 0, l)’d.ﬁﬂdt
Qp

Consequently, 75 — L5 as above.
Moreover, in order to get

ZAt Z | K| L (it fott et o (t, Tk —>//Q (v, fyr,0)p
T

KeTh

write |75 — Lg| as:

tn+1
T Lol = [ 3 LGRS ) [ (ot - ptt.)

n=0 KeTy,

lnt1
/ / L, n+17r?(+17c’}<)<p(t,x)—IS(U,fa""aC)@@vx))"

Therefore,

N-—1
Ts — Lol < cawo(At+h) > ALY KL, [ i, i)l

n=0 KeTy

+c11 // |Is(vp, fp,rp,cp) — I(v, f, 7, c)|dzdt.
Qr

And one obtains 73 — Lg by a similar classical argument as above. Reasoning along the same
lines, one also concludes that (3.9) and (3.10) hold.

3.4 Numerical Analysis of CVFE Scheme

In this section, we investigate a positive nonlinear control volume finite element (CVFE)
scheme, based on Godunov’s flux approximation of the diffusion term, for System (3.1)-(3.3)
using an anisotropic diffusion tensor. Such schemes were proposed in [CG16] for solving
degenerate anisotropic parabolic diffusion equations modeling flows in porous media and in
[CIS17] for a degenerate nonlinear chemotaxis model. In this scheme, degrees of freedom are
assigned to vertices of a primal triangular mesh, as in finite element methods. The diffusion term
which involves an anisotropic tensor is discretized on a dual mesh using the diffusion fluxes pro-
vided by the conforming finite element reconstruction on the primal mesh. The scheme ensures
the validity of the discrete maximum principle without any restriction on the transmissibility co-
efficients. By using a compactness argument, we obtain the convergence of the discrete solution
and as a consequence, we get the existence of a weak solution of the original model. Finally,
we illustrate the efficiency of the proposed scheme by exhibiting some numerical results.
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3.4.1 Mathematical Assumptions

We consider a bounded, open, polygonal, connected domain €2 C R?, d = 2, with boundary
01, a fixed final time 7' > 0, and we set Qr = (0,7) x Q. Assumptions (H.2)-(H.4) used in
the previous section are also used herein, but assumption (H.1) is modified to:

(H.1)’ Assuming an anisotropic medium, the conductivity is represented by the tensor A(x)
which is a bounded, uniformly positive symmetric tensor on (2, that is, for all £ € R¢:

A Q — R™ and 3 mg, My such that 0 < mg|€]> < AE - € < Mo|€|?, forae. v € Q.
(3.39)

For simplicity of the calculations herein, we introduce a rescaling v of the potential differ-
ence v given by the relation:

~ UV —Un
V= —"",
UM — Um
and we denote by
. 1 ~
[ion(va w, C) = —Iion((UM - Um)v + U, W, C)a
UM — Um

a;(0) == o (vpr — V)0 + V),
Bi(0) := Bi((var = vm)B + vm),

and

Is,1<2~}7 f7 T, C) = [s((vM - vm)fa + Um, f7 T, C)'
So assumption (3.7) becomes:
0<75<1 in €2,

Cm < Co S Cyp n Q, (340)
0<wy; <1 inQ, forj=1,---,6.

We further notice that the ionic function I, verifies for all w; € 0,1, 5 = 1,---,6 and
¢ € [em,cu) ) )
Lion (0, w, ¢) < 0and lip, (1, w,c) > 0. (3.41)

To summarize, we have the following system of equations:

8_: =V - (AVD) — Lin (0, w, ¢), fora.e. (t,x) € Qr,

k= 01— w) = B0y, forae. (t,z) € Qrandj=1,--- 6,

0 ~

8—5 = 0.07(10~* — ¢) — 10741, (4, f,r,¢), forae. (t,2) € Qr, (3.42)
0(0,z) = Do(x), forae. z € Q,

w(0,2) = wy(z), forae. z € Q,

c(0,z) = ¢o(x), forae. x €

AVY-n=0 a.e. on 092 x (0,7).

For simplicity of notation, we will omit in what follows the ~ symbol.
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3.4.2 Weak Formulation

Before defining the discrete scheme, we need to provide a relevant definition of a weak
solution for the monodomain model.

Definition 3.4.1. A weak solution of (3.42) is a vector U = (v, w, ¢), of functions such that
6

ve Lo(Qr) N L0, T; HY(Q)), w € (LOO(QT)> e L%(Qp), with0 < v < 1,0 < w; < 1

forj=1,---,6,0 < ¢, < c<cy,and forall pand £ € D([0,T) x Q), there holds:

—/Uo(x)go(o,x)dx+// (—vatgo—i-AVv'ch)d:cdt: // —Lion (v, w, ¢)pdxdt, (3.43)
Q Qr Qr

—/ngjj(a:)f(o,x)der//QT —w;0¢dxdt = //QT(%'(U)(l—wj)—ﬁj(v)wj)fdl“dt’ (3.44)

forj=1,---,6,and

— 0,2)d —cOédxdt = 0.07(107* — ¢) — 107 L, 1 (v, f, 7, dxdt.
/QcO<x>5<,x>x+//QT 0 Edrdt //( (1074~ ,(vfm))é“(3w45t)

3.4.3 Discrete Problem

Space Discretization

Following [CG16, CIS17], we give a precise definition of the CVFE scheme for the mon-
odomain equations.
We recall that €2 is an open, bounded, connected polygonal domain in R?, d = 2, with boundary
09). Let T be a conforming triangulation of {2. We assume that U T = Q. We denote by V
TeT
the set of vertices (located at positions (x ) key) and by & the set of edges of the triangulation

T. For T € T, & denotes the subset of edges o such that U o = 0T. We also assume that

oelr
=1 ér

TeT
For T' € T, xr denotes the center of gravity of T', hy the diameter of the triangle 7', and pr

the diameter of the circle inscribed in 7. Then we define the mesh diameter / and the mesh
regularity 6 by
hr
h = max hr, 67 = max —.
TET TeT pr

For K € V, the subset of 7 made of triangles that have K as a vertex are denoted by 7, and
the set of edges having the vertex K at an extremity by £x. Furthermore, the subset Vi of V
consists of vertices L that share a common edge with K.

Once the primal triangular discretization is constructed, we build a different space discretiza-
tion of €2 called the dual barycentric discretization M. To each K € V), we associate a control
volume wg (of measure m ;) which vertices are the centers of gravity xp of the triangles 7" € Ty
and the barycenters of the edges 0 € £x. We note that 0= U WK .

KeV
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Figure 3.1 — Triangular mesh 7 (in blue), dual mesh M (in green)

Discrete Spaces

We construct two discrete functional spaces corresponding to the primal and dual meshes.
The first one is the usual P;-conforming finite element space denoted by:

Vr={feCQ); flr eP{(R),VT €T}
We also define the space X, of piecewise constant functions on the dual cells by

Xy = {f: Q — R measurable; f|,,. € Po(RY), VK € V}.

RCard(V)

Given a vector (vk)gey € , there exists a unique vy € V7 and a unique vy € Xy

such that
vr(zk) = vm(ek) =vk, VK EV.

In what follows, we denote by (e ) k) the canonical basis of V7, characterized by

eK(fL) = 5]([,, VK e V.

We remark that
Z ex(zr) =1, Vo € Q.
Key
Therefore
> [ exta)ds =19,
Key /&
and
Z Veg(xz) =0, forae.x € (. (3.46)
Key
We use the finite element approximations for v, w;, j = 1,--- ,6 and c, where:

VR U = E vpern, Wj R W T = g wjrer, and ¢ X ¢y = g crer.
LeV Ley Lev
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For all (K, L) € V?, we define the transmissibility coefficient A7, by

AKL = — / A($)V€K($) : VGL(ZL')dZE = ALK- (347)
Q
Due to (3.46), we have A = — Z Agr < 0. As aresult, we have
L£K
/ A(z)Vor - Veor = Z Ar(vk —vp)(ex — @r). (3.48)
Q

UKLES

Time Discretization

The discretization of the time interval (0,7") is given by a time step At, and a positive inte-
ger N chosen such that NAt = T. We set t,, = nAt forn € {0,..., N}.

Space-time Discretization

We define the space and time discrete spaces V- a; and Xy a; as the set of piecewise con-
stant functions in time with values in V- and X 5 respectively, i.e.:

f € VT,At = f(t,.lf) = f(tn-l-lax) € VTa vVt € (tnatn—i—l]?

and
f € XM,At = f(t,ZE) = f(tn+1,£L') - XM, VYt € (tn,tn+1].

v E RNCard(V

For a given (’U?{_'_l)ne{(]’... N-1},K¢ ), we denote the unique elements vrar € Vi

and vy ar € X aq,a¢ such that

vrac(t, ) = vmar(t, o) = v, VK € VYt € (ty, toga).

The CVFE Scheme

In order to discretize the equations of (3.42), we formally integrate the equations over
(tn,tnt1) X wg and we use Green’s theorem on the diffusive term. We obtain:

tn+1 tn+1
/ V(tpi1, ) — v(tp, x)de = / / (AV0) - ndydt — / / Lion(v,m, 0,1, f,r, z, c)dxdt,
WK tn Owg tn WK
tni1
/ Wj(tnt1, ) — w;(t,, v)de = / / (a;(v)(1 — w;) — B(v)w;)dxdt, forj =1,--- 6,
WK tn WK

tni1
/ c(tns1, ) — c(tp, x)de = / / (0.07(10°* — ¢) = 10 * L1 (v, f, 7, ¢))dzdt.
WK tn WK

We use a time discretization in which the linear terms of the ODEs correspoding to the recovery
variables are implicitly discretized whereas the nonlinear terms are considered explicitly. In
order to ensure the maximum principle, the potential difference v in the ionic function and the
logarithmic term of the ODE involving the concentration variable c are considered implicitly.
We propose the following semi-implicit CVFE scheme:
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1 1
We look for (vy" JKeVne{o, - ,N-1}» (w?l)Kev,ne{o,---,Nq}, and (cf" )Kevne{o,-,N-1} solu-
tion of the nonlinear system: VK € V),

1 1 1
VY, = —/ vo(z)dz, wh = —/ wo(r)dz, and ¢ = —/ co(z)dr  (3.49)
WK MK Jwg WK

mpg mpg

andVn € {0,--- N —1},VK €V,

mg n+1 n+1
N ) + > Agr(v )
oKkLEEK

_ _mK<[Pot( Yo L0 ) 4 Ive (07, wl ) 4 (o 7{)))
(3.50)
wiid = e = Aoy () (1= wiid) = B usil), forj =1, 6,
(3.51)
=k = AL(0.07(107 = ) =g, 107 ft i (v = 7. T13.0287 In(e ) ), (3.52)

where the transmissibility coefficient Ay, is defined by (3.47). However, for general triangu-
lations and/or for anisotropic tensors A, this discretization does not guarantee the monotonicity
of the discrete diffusion operator and hence obtaining the discrete maximum principle [CG16].
For this reason, we introduce the functions 7(v), p(v), I'(v) and ¢(v) defined by:

v(l—w), if0<v <,
nw) = { 0,< ) ifv<Oorv>1, (3.53)
v .
pv) = 1n<1_v>,1f0<v<1, (3.54)
I'(v) = vin(v)+ (1 —v)In(l —v)+1,if0<v <1, (3.55)
d(v) = 2arcsiny/v, if 0 <ov < 1. (3.56)

We use herein the convention
n(v)p(v) =0 v<0andv > 1.

Note that, by the mean value theorem, there holds for =,y € (0, 1),

TM_’ —L or some T
roy PO Ty fersemel e ()

and then
z—y =nb)(p(r) —py)).
The discrete equation (3.50) is now replaced by

mK n n n n
A (,UK-H o UK Z AKL77 +1 +1) p(UL-H))
OKLEEK (3.57)

_ —mK<[Pot(UK )+ L(r, w1 + Iy (VY w4+ L wH, c}‘())

n+1 , n+1 n+1 , n+1

JEtt = min(vEtt o7 ), max(viEt v th)], we have set

where, denoting by
pp1 ) Maxmn n(s) if Axp >0,

e = { Min e 1 n(s) if Agr <O0. (3.58)
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Remark 9. Note that due to the use of the function p in the scheme, (3.57) does not make sense
unless

0<opt <1 VKeV, Vn>0.

This will be assumed in the a priori estimates and proved later in Lemma 3.5.10 and Lemma
3.5.11.

Main result

Let (7.,)m>1 be a sequence of triangulations of €2 such that

hm = max diam(7") — 0 as m — oo,
T€Tm
and assume that the sequence of triangulations has a bounded regularity, in other words, there

exists a constant § > (0 such that
97;” S 9, Ym Z 1.

A sequence of barycentric dual meshes (M,,),>1 is also constructed. Furthermore, for an
increasing sequence of integers (N,,),>1, define the corresponding sequence of time steps
(At,,)m>1 such that At,, — 0 as m — oco. The main purpose of this work is to prove the
following theorem.

Theorem 3.4.1. There exists a sequence (U, At,, s WM, At s CMo Aty )m Of SOlutions to the
scheme (3.57),(3.51),(3.52), such that 0 < v, At,, < 1, 0 < wj pmpnat, < 1forj=1,---,6,
Cm < CMpp Aty < Cu and

UM, At — v, W M., At — w, and CMp, Aty — Ca.€. 1N QT as m — o0,

where the triplet (v, w, c) is a weak solution to System (3.42) as in Definition 3.4.1.

The rest of the chapter is devoted to the proof of the above theorem which is organized as
follows: in Section 3.5, some discrete properties, the discrete maximum principle, some a priori
estimates and the existence of the discrete solution are obtained. The compactness estimates
and the passage to the limit are established in Section 3.6. Furthermore, the identification of
the limit functions as a weak solution is proved in Section 3.7. Finally, in Section 3.8, some
numerical tests are shown.

3.5 Discrete properties and existence of a discrete solution

Discrete Maximum Principle

Lemma 3.5.1. Let (vii™ wiit, 07}(+1)K€V7n€{07_.. N1} be a solution of the CVFE scheme (3.57),
(3.51), (3.52). Then for all K € V, and n € {0,--- ,N — 1}, we have: 0 < w;f“ <1,
j=1,,6cn < <eyand <opEtt <1
Proof. We use induction over n. Due to assumption (3.40), the assertion is true for n = (0. We
assume it true for n, and we prove it true for n + 1.
The confinement of w ' for j = 1,---,6 and ¢ is obtained analogously to Lemma 3.3.5

and the proof is skipped herein.
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In order to prove that 0 < v?(“ < 1, consider a fixed dual control volume wg such that
vt = rgli)r}(vz“) and assume that v7-"' < 0 trying to obtain a contradiction.
S

Multiplying equation (3.57) by —(v7)~ := min(vi5t!, 0), we obtain

2
mi| )| = R A Y A () — () )

o€€i

FmAt (Jpat(v;g“) + L, 2 T (0, it ol g

L ST ) ) ()

In view of the definition of 7" given in (3.58), and of the fact that (v) = 0 if v < 0, we have

77}?21 = 0if A < 0. Therefore, the second term on the left hand side of the above equation is

reduced to:
AL (M) i (o) = plop ™)) (),

oefk

and by monotonicity of p, we have

Thus, we get
2
i ) S (T () LR SR + D (0 e, o 1)
(0, I’";“,ry{“,cy())(v?{“)—. (3.59)

Let us show that

2
mK‘(v?{H)_‘ <0.

Recalling that the expressions of /p,; and I, (after rescaling v) are given by:

1 e0:04((var—vm)v) _ 1 (UM - Um)” — 62
Ipoi(v) = UM — Um (1.460.08((UNI—Um)’U_32) + €0-04((var —vm )v—32) +O'O71 - 6_0'04((1””_”7")”_62))
and 0.04(( Jv—8)
1 eV VM —Um )U— — 1
L(v,2) = —— - (0-8Z £0-04( (U2 —vm)v—50) >

one can easily verify that if v?l < 0, then Ip,; < 0 and I, < 0. Moreover, the third term on
the right hand side of (3.59) can be rearranged as follows

n+1 n+1l n+1 n+l n+1 B
Ing (Vim0 Uk )(UK >
1

= o om0l 1 e (var = U 4 v — B (13)7]
= —(gna(mi P + gvac) () P
+m(gNa<m?<+l)3O?<+ll?<+l +9NaC)(Um . ENa)(U;?-l)_

IA

0.
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Also, one can write I, (v5, frt it ) (vt~ as
1
L™ [k o)™ = g5 (o — vm Ui
UM — Um
Uy — 7.7+ 13.028 In(cly ) (vt~
2
- —gsf;;“r;z“ G
1
p— et (v, — 7.7 4+ 13.028 In(c ) (vt 1)~

< 0,

where the last inequality is a consequence of the hypothesis ¢, < ¢} < c¢js and the positivity
of fi! and 77", We conclude therefore that (v)st')~ = 0 which contradicts the assumption
that v} < 0. Hence, vjs*" > 0. Similarly, one can prove that v7-"! < 1, by using (3.57) over

the dual control volume wy such that: v "*1 = rgag(vf“) then multiplying equation (3.57) by
(vt — 1)* := max(0, vp — 1). O

Discrete properties

Lemma 3.5.2. Let (vii) g, € RY Card()  then denoting by OT1.At the unique function in Vi ay
with nodal values ¢(vi;th), there holds

ZAt Z AKL,nnJrl n+1> p<vz+1)) (360)

UKLES

M?

At Y Arn(@(uith) — o(op™) / / AV é7 s - Voradadt
Qr

n=0 ox€EE

Proof. This result can be found in [CG16], we reproduce the proof herein for the sake of com-
pleteness.
We first note that by Cauchy’s mean value theorem, we have:

¢(Un+1) ¢(Un+1> .
K L~ = \/n(b), for some b € Jitt

1
since for x € (0,1), ¢/ = 7 and p’ = —. Using definition (3.58), we obtain
n

T () — (o) 2 A (o) — B )R,

and estimate (3.60) follows directly. L]

Agrn

LetT € T,andlet (K, L) € V?, we use the notation:
Nep = — / AVeg -Verdr = M\ ., (3.61)
T

sothat Ay = D> o7 ANy forall ocp, € €.



136 CHAPTER 3. NUMERICAL SCHEMES FOR AN ELECTROPHYSIOLOGY MODEL

Lemma 3.5.3. Let V' = ).\, Ygeg € V7, then there exists a constant Cy depending on A
and 01 such that

S ST AL Ik — 9n)? < Co / AV - Vrde. (3.62)
OKI, cETeT Q
Proof. We refer to [[CG16], Lemma 3.2] for the proof of this lemma. U]

Lemma 3.5.4. There exists a constant Cy depending on A and 01 such that

ZAt Z |AKLmn+1 n+1) n+1 < c, ZAt Z AKLnn+l n+1) p(vz+1))2.

oxL€E oxLEE

(3.63)

Proof. We refer to [[CIS17], Lemma 3.3] for the proof of this lemma. O

Entropy estimate on v a;

Lemma 3.5.5. There exists C' > 0 depending on ||vo|| 12y, 2, T such that, for alln* € {0, - -,

ZmKr n +1 +ZAt Z AKLTInH n+1) p('UZJrl))Z < C.

Key o EE

Proof. Since the function I" defined in (3.55) is convex on (0, 1), then by Jensen’s inequality

there holds . .
I'f— dr) < — T dzx.
(o | oz < [ T

> mgT(vf) < /Q I(vo(z))da.

Key

So

Observing that I'(v) < (v — 1)2 + 1 for 0 < v < 1, one gets
> mgT(vg) < / (vo(z) — 1)? + 1dz < C. (3.64)
Q

Multiplying equation (3.57) by p(vi:™')At and summing over K € Vandn = 0,--- ,n*, we
reach
Ty + 1y = T3, (3.65)

where

N -1},
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and
Z At Z M Lon(VE Wit ) p(vrtt).
Kev
Recalling (3.41) and that lim+ p(v) = —oo and lim p(v) = oo, one can show that for 0 <
v—0 v—17
v < 1, there exists a positive constants ¢y, such that for all w; € [0,1], j = 1,---,6 and

cm < ¢ < ey, the function — I, (v, w, ¢)p(v) verifies
—00 < —Lion(v,w, ¢)p(v) < cs.

As a result, one obtains

*

Ty<c ) ALY mg <TI0 (3.66)

n=0 Key

Since the function p is increasing, a convexity inequality gives
(a —b)p(a) > T'(a) — T'(b), V(a,b) € R x RT,
providing

ZmK( Ban) ) S mi Ty ) F(v%)). (3.67)

0 Ke Key

Using estimates (3.67), (3.66) and (3.64) in equation (3.65), the proof of Lemma 3.5.5 is com-
plete. [

We suggest to derive in the following lemma a classical energy estimate on vy a;.

) and T such that for alln* € {0,--- N — 1}

() S8 ST et <

Key oL EE

Proof. Letn € {0,--- ,n*}, then multiplying equation (3.57) by v”“At and summing over
K € V provides

A+B=C (3.68)
where

A= Z my (vt — o)t
Key
Bi=At ) Ay (p(o) = p(op ) (Wi —op™),
oxLEE

and

C = —At Z mK<]Pot(UK )—|—I ( n+1 n+1)+] ( n—l—l n+1)+] ( n+1 w?}z{—i—l’cn ))U?(—H.
Key
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2 32
The simple inequality a(a — b) > % -3 implies that
1 n+1\2 1 n\2
A> 3 mg (Vi )e — 5 Z my (V). (3.69)
Kev Kev

It follows from definitions (3.58) of 7j:%* and (3.54) of p along with the mean value theorem
that

AKLnn—I—l( ( ;L(—H) p( Z—&-l))( ;L(+1 n+1) Z AKL( ;L(—H ZL+1)27 VUKL e 8

Hence,
B> At Y Agp(vp —opth)? (3.70)

O'KLGS

Considering now the term C, note that by the maximum principle shown in Lemma 3.5.1 there
exists a constant ¢; > 0 such that

-[Pot( )—l—]( n+1 n+1)+]Na< n+1 n+1)+]( n+1 ,erL(—l-l’ TIL() |U?(+1| S 1.

As a result, one obtains
C < AtQ|ey. (3.71)

Using estimates (3.69),(3.70) and (3.71) in equation (3.68) and taking sums overn € {0,--- , N—
1} yields

_ZmK n+1 _I_ZAt Z AKL n+1 n+1 ZmK —|—T|Q|Cl

Kevy oL €EE KEV

> mi(vf)® <19,

Key

Finally, note that

to conclude the proof of Lemma 3.5.6. 0

Enhanced Estimates on v a¢

Lemma 3.5.7. Assume that | vo(x)dx > 0, then there exists ( > 0 depending on the dis-

Q
cretization and on the data such that
/ vpm.ardr >, vt € [0,T].
Q

Proof. Multiplying equation (3.57) by At and taking sums over K € ) one gets

> mg (ot — o) = = mc AL, (0wt ek, (3.72)
Key Key

One can use induction over n. Indeed, because of the assumption on the initial datum vy,
there exists L™ € V such that v?,, > 0. Assume that v7,, > 0 for some L" € V. Suppose
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that Z mgvtt = 0. Then by non-negativity of v:"* and Equation (3.72), one deduces that

Kev
1 =0, for all K € V and that (recall (3.41))

Z My = Z M Aty (0, w5 ) <0,
Kev Kev

yielding a contradiction. Hence, there exists L"** € V such that vZﬁl is strictly positive and

Z MgVt = Cuyr > 0.

Kev

Setting ¢ = _I{liIlN Cn. the proof is complete. O

Lemma 3.5.8. Assume that / (1 — vo(x))dz > 0, then there exists p > 0 depending on the

Q
discretization and on the data such that
/(1 —vpmar)dr > p, vVt € [0,7].
Q

Proof. Multiplying equation (3.57) by At and taking sums over K € ) one gets

ZmK A ZmKAtLon el e, (3.73)
Key Key

Again, one can use induction over n as in the proof of Lemma 3.5.7. Assume that v}, > 0 for
some L™ € V, as this is the case for the initial datum vy. Suppose that V K € V, viit! = 1.
Then by Equation (3.73), one deduces that

9> D mucvl = 19 = > mucAthon(Lwi ) 2 |9
Key Key

yielding a contradiction. Hence, there exists L"*! € V such that v7;"!, < 1 and

> mgvpt = 1Q] = poar < 19
Kevy

Setting p = _nlqinN Pn» the proof is complete. [

Now we define the notion of transmissive path as introduced in [CG16].

Definition 3.5.1. A transmissive path p joining /&; € V to Ky € V consists in a list of vertices
(Kq)QSqSM such that K; = K, Kf = K, with Kq 7é K, lfq 7£ ¢, and such that OK, K411 €&
with Ak, x,,, > Oforallg € {0,..., M —1}. We denote by P(k;, ) the set of all transmissive
paths joining K; € Vto Ky € V.

We recall also a result proved in [CG16].

Lemma 3.5.9. Forall (K;, K;) € V2 there exists a transmissive path p € P(K;, K ).



140 CHAPTER 3. NUMERICAL SCHEMES FOR AN ELECTROPHYSIOLOGY MODEL

Proof. Let K; € V, then deﬁPe VKi the subset of ¥V made of the vertices connected to K; via a
transmissive path. Note that Vi, # () since ZL;&K Ak > 0and Agy = O0forall M ¢ Vi (i.e.
dL € Vg such that Ag; > 0). Assume that VKZ. G V. Introduce the function 1) € V7 such

that _
Vi = 1 if K € Vg,
K71 0 otherwise.
The lack of transmissive path between the elements of Vi, and the elements of V' \ Vg, leads to

Y (Ak) (W =)’ =0

oKL EE

On the other hand, since VKZ. # (), the function )7 is not constant. Therefore, since € is
assumed to be connected,

Z (Agr)t(ug —ug)? > Z Agr(ug —ug)? = / AVur - Vurdr >0
Q

oK EE ok EE

providing a contradiction. The fact that the path is necessarily of finite length originates from
the finite number of possible combinations for designing a path. [

Lemma 3.5.10. Assume that | vo(x)dx > 0, then there exists k, > 0 depending on the data,
Q
the mesh T and At such that

vt > Ky, VK €V,¥ne{0,--- ,N — 1} (3.74)

Proof. By Lemma 3.5.7, there exists K; such that v"“ > 0. Let Ky € V, then thanks to
Lemma 3.5.9, there exists a transmissive path p = (X, )OSqSM € P(K;, Ky), with Ky = K; and
Ky = Kjy. Exploiting Lemma 3.5.4 and Lemma 3.5.5, one has the existence of C' > 0 such
that

ZN > kel (i) - ple ™) <

UKLES

In particular, we get

2 C
ARy Ky e K (p(v}?jl) — p(v?(jil)) < Xy Ve {0 M -1}

Assuming that vy > 0, as this holds for ¢ = 0, then 75 > n(vi"") > 0. Then one has

C
+1 n+1
(p(v?( ) — p(vg )) < P | < 00.
q q+1 AtAKq +1T]Kq q+1
Hence, p(v?fll) > —oo and v”“l > (. By a straightforward induction, one can obtain that

”“ > 0 and since Ky is arbitrary, one gets that

vt >0, VK e V.

Keeping in mind that the set ) x {0,--- , N — 1} is finite, one deduces the existence of xj, > 0
such that (3.74) holds. ]
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Similarly, one can prove the following.

Lemma 3.5.11. Assume that / (1 —vo(z))dx > 0, then there exists pp, > 0 depending on the
Q
data, the mesh T and At such that

v < 1= pp, VK €V,Vne {0, ,N—1}. (3.75)

Energy estimates on wy A, and c7 a;

Definition 3.5.2. For all (K, L) € V?, define £k, by
gKL = —/ VGK . VeLdJ?.
Q

Lemma 3.5.12. Let (vj: witt it )Kevnefo, N} be a solution of the discrete scheme (3.57),
(3.51), (3.52). Assume that x> 0 for all (K, L) € V, then there exist constants Cy, and
C5 > 0 depending on (), T, vy, wy, ¢y such that

Vw7720, = ZAt 7 Exrlwl —wi P < o, Vi=1,-11 6, (3.76)
oxL€EE
and
IVer|Za@n ZAt ST ekl = P < G, (3.77)
oKLEE

Remark 10. Note that if all the angles in the primal triangular mesh are acute then the above
assumption (x> 0 forall (K, L) € V) is fulfilled.

Proof. In order to prove estimate (3.76), we proceed as in the proof of Lemma 3.3.8 to obtain
for At <1/2,

Multiplying both sides by £k, and taking sums, one gets:

> arnlwi— i) < (Ve mZAth ke —vl)?).

oxL€EE o1 €EE
Now using Lemma 3.5.6, we get:
> Exp(wi —wp)? < €2T<||ng'||%2(g) + C4C>7
oK LEE

leading to

Zm > Gunlwf — wp)? ST (| Vulfam + eiC).

oKLEE

Thus estimate (3.76) is obtained.

To obtain estimate (3.77), the argument of Lemma 3.3.10 modified as in the proof of (3.76) is
repeated. ]
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Now, we state some estimates obtained on the discrete evolutive terms of the gating and
concentration variables analogously to Lemmata 3.3.9 and 3.3.11.

Lemma 3.5.13. Let (03w, &) kv neqo,.- vy be a solution of the discrete scheme (3.57),
(3.51), (3.52). Then there exist constants Cy, and Cs > 0 depending on €, 'T" such that

N-1 w = 2
ZAthK(J’KTtJ’K) <Cy, Yj=1,--- .6 (3.78)
n=0 Key
and
N-1 Cn+1 N
Sary mK<KTtK> < s (3.79)
n=0 Key

Existence of a discrete solution

Proposition 3.5.14. Under the assumptions on the model stated in Section 2, there exists at
least one solution (Vi w1 ey of the scheme (3.57), (3.52), (3.51).

Proof. We show existence of a discrete solution using induction over n. We assume that

(v, WY, %) ey exists and we prove the existence of (Vi w2 ) ey

Using equation (3.51), we get foreach j = 1,--- ,6, and for all K € V the explicit expression
of wlii! as:
wn_t,_l _ w;'l,K + At(O@(U%)
PR+ Aty (v) + ()

and hence (w’}(“) Key exists since o, B > 0. Now, we consider equation (3.57) and we assume
that (v) gey and (W) ey exist. The existence of a solution (vi5™!) ey can be proved by a
slight modification of the proof of Proposition 3.11 in [CG16] or Proposition 3.12 in [CIS17],
which rely on a topological degree argument.

Let i € [0, 1], we denote by (U?QLMI) K ey the solution of the scheme:

mK n n n n n
Pt = i) e > Aol (i — (i)
IKLEEK (3.80)
1= D el (i) = pOE) = —mcTon (Vi Wit k),

oxkLEEK

where
- Max,e i1 n(v) if Axr >0,
KL, — . .
p min,e st n(v) if Agr <0,
n+1 __ : n+1 n+1 n+1 n+1 . . .
and Ji7p = [mln(vK# U ), max(v s, v )] Carefully reproducing the analysis carried

out in Lemma 3.5.2 and Lemma 3.5.5, one can show that for all p € [0, 1],

2 2
2 AKL(“”?:J)_M“ZLU) <> AKL??%EL(P(U?JJ)—p(vﬁj})) <C. (3.8

oxEE oxEE

Furthermore, one can prove as in Lemma 3.5.1 that

0<wvit) <1,
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and this last estimate can be enhanced as in § 3.5 that there exists € > 0 such that
O<e<oil <l-e<l, VK € V. (3.82)

As aresult, for all ;1 € [0, 1], the solutions of the numerical scheme (3.80) are kept in the interior
of a compact subset B of [0, 1]¢4(V) such that

dlst(B {0, 1}Cardv ) > %
Define the function = : B x [0, 1] — R4M by: VK € V,
= L mK A n+1
Ex((ur)r,n) = 7o Uk = 0R) + 13 eere A, (Pur) — plur)

(1= 1) e Mrel () = plus) )+ mic i (use, wic™, i)

The function = is uniformly continuous on B x [0, 1], and it follows from (3.82) that for all
w € [0, 1] the solution (v "“) Key of the nonlinear system

E((v;gj})mv, u) —0, (3.83)

cannot reach 9B. Therefore the topological degree §(=, B)(u) is constant with respect to p. For
1 = 0, the system (3.83) is monotone and it can be proved that its topological degree is equal
to 1 (by adapting the existence proof of a discrete solution to the monotone implicit scheme for
a hyperbolic equation studied in [EGGH98]). Hence, it admits at least one solution for . = 1,
n+1

Key
, we can rewrite Equation (3.52) as:

establishing the existence of (v

w given vl wi
No en v and ws!

(1-40.07A) 1 +13.0287x 10~ g, For b In (¢ ) = ¢ 410~ 4At<0 07— g (1! 77))

(3.84)
Since the function z — (14 0.07At)z + 13.0287 x 10~ 4g, fi= 7% In (), which is defined for
x > 0 onto R, 1s bijective. Thus, Equation (3.84) admits a unique solution 1. Therefore, the
existence of solution of the discrete system is obtained. ]

3.6 Compactness estimates on the family of discrete solutions

The sequences (vmm,mm> , (me,Atm> , <C/\/lm,Atm> , (UTm,Atm> , (me,Atm) ,
m m m m

m

and (ch Atm) are uniformly bounded w.r.t m in L>°({)r) as implied by Lemma 3.5.1. More-

over, as a consequence of Lemma 3.5.6, equation (3.48) and condition (3.39), the sequence
(va,Atm> is uniformly bounded in L2(0, T'; H'(£2)). Therefore, there exists v € L?(0,T; H'(Q2))
such that, Jf) to a subsequence,

v, At — v weakly in L2(0,T; H' () as m — oo,
Using the inequality

U At = UM, || 22(0) < Ch||VUur, At ll22@), Yur, At € H7nt,,  (3.85)
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(see for example [BM13] Lemma 3.4), one deduces that v7,, a¢,, and va4,, a¢,, have the same
limits, and
UM, AL, — U Weak-* in L (Q7).

, and <CTm,,Atm>
are uniformly bounded in L?(0,T; (H'(©))®) and L?(0,T; H'(Q)) respectively. Hence, there
existw € L*(0,T; ((H'(Q))®) and ¢ € L*(0,T; H'(Q)) such that, up to a subsequence,

On the other hand, making use of Lemma 3.5.12 the sequences <w7-m’ Atm)

w7, At,, — w weakly in L*(0,T; (H'(2))°%) as m — oo,

T, At, — ¢ weakly in L?(0,T; H'(Q)) as m — oo,
W, At, — W weak-* in (LOO(QT))S,

and
CMo. AL, — € Weak-*in L>(Qr).

In order to establish the convergence of the scheme, it is required to prove that
UM Aty — Uy CM,u At — € and Wpg,, A, — W a.e. in Q.

One option is to proceed in estimating the time and space translates of the discrete functions
UMon, At > WMo Aty a0d Cog,, At as in [AL83] and [EGHOO]. The other alternative which we
adopt herein is to make use of the technical blackbox proposed in Theorem 3.9 in [ACM17].

First, note that Lemma 3.5.13 provides a discrete L?(0,7; L?(2)) estimate on the time finite
differences of w4, A¢,, and cu,, At,,. Second, for a fixed m > 1, consider a set of nodal

n+1

values <go . such that ¢t = 0if zx € 98 and the corresponding functions

> KGVWL70§n§N7rL_1
OT. Aty, and g, Ar,, - We have the following discrete L' (0, T;H! (Q)) estimate on the finite
difference w.r.t time of v, At,,-

Lemma 3.6.1. There exists C' independent of m such that

Npm—1
Z Z mi (Vi — o) < CIVer, a2 @ (3.86)
n=0 Ke&Vpn

Proof. Multiply (3.57) by At and sum overn € {0,---, N, — 1} and K € V,, to get

Npm—1

S S ol = o)l < T + Tom, (3.87)
n=0 K&V,
where

Np—1

Tim = — Z ALY A (poptt) — popt)) (e — ),

UKLGE

Nm—1

TQ,m = — Z At Z mKLon n+1 'w}‘(“, )QO?(—FI.

KeVn
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Applying Cauchy-Schwartz inequality and observing that 0 < 7 < 1, there holds

Np—1 Np—1

Tl < ( DA Ml R -0 2)/( > At Y Iawlier” —e?).

oK ILEE oxL€E
The combined use of Lemma 3.60 and Lemma 3.5.5 implies

Npp—1

Z At Z |AKL‘nn+1 <n+1> p(UZH)) <C,

oKLEE
whereas Lemma 3.5.3 provides

Np—1

Z At Y Akl = oi)? < ClIVer, atnlliz @)

O'KLES

Hence,
T m| < ClIVeT, At 22(07)- (3.88)

Moreover, applying Cauchy-Schwartz inequality on 75 ,,,, on gets

Npp—1 1/2
|T2,m|g(zmz Fon (o, za) loman s

KeVm

Lemma 3.5.1 implies that

N1 1/2
( Z At Z ¢ [ Tion (Vie, i, ?()> =

KeVm

whereas the discrete Poincaré inequality (see for instance Lemma 3.3 in [BM13]) provides

10 Mo At | 2220) < CIVOT ALl L2020 -

As a result, one gets
|T27m| S C||v(707;n7Atm||L2(QT)‘ (3‘89)

Plugging estimates (3.87) and (3.88) in inequality (3.89) ends the proof of estimate (3.86).
[]

We have now all the necessary machinery to use Theorem 3.9 in [ACM17], allowing us to
claim that

UM, At, — VA€ in Qp, W, A1, — W a.e. in Qp and cpq,, Az, — ca.e. in Q.
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3.7 Identification of the limit as a weak solution

It remains to show that the limit (v, w, c) satisfies the weak formulation (3.43)-(3.45). Con-
sider a test function ¢ € D(Q x [0, T)) and denote ¢ (xk,t,) by ¢} for all K € V,, and all

n € {0, -+, N,,}. We prove in what follows the convergence of equation (3.57) of the scheme,
1.e. we prove that equation (3.43) is satisfied when m — oo. The convergence of the other two
equations, being standard, is left to the reader.
Multiplying equation (3.57) by At} and summing over n € {0,--- ,N,, — 1} and K € V,,
yields:

Ap + Dy + Doy = Ry,

where
Ny, —1
Ap= > > mi(™ =)k
n=0 K&V,
m—1
Dim= 3 Atn > A (ni (0™ = p(op™) = (ni (005 = o(o™)) ) (Wi — v3)
n=0 JKLE(‘,'
Npm—1
Do = At > Asca/midi! (603 — (™)) (i — 1)
13;0_1 OKLEEmM
ZN > muchion(Vi Wit i)k
KeVm

Accumulation term
Using integration by parts in time and keeping in mind that ¢, = 0 for all K € V,,, notice
that A,,, can be written as:

Np—1
A = ) Dm0 — v
n=0 KEVm
= — Z At Z my v”+1¢K — Z MEVAY:

KeV,, bm KeVnm

_ / / onty s (6 2)Outbng, (1, 2)drdt — / ont st (0 )t an (0, ) .
Qr Q

By regularity of 1, and the convergence in L' (27) of the sequence (v, At,, )m towards v, one
obtains:

Ap — — //QT v(t, x)0u)(t, x)dxdt — /Qv((),x)q/)(o,x)dx, as m — oo.

Diffusion term
It is required to prove that lim D;,, = 0,and lim Dy, = / / AVv - Vipdadt.
Qr

m—00 m— 00

Let us prove first that lim D, ,, = 0.

m—00



3.7. IDENTIFICATION OF THE LIMIT AS A WEAK SOLUTION 147

Forall oy, € &, and all n € {0, --- — 1}, denote by 7! the following quantity:

(¢( nH) ¢(UZ+1)> if vl £ ]

Tt = \p(og™h) — pp™))
(vt if vt = ot
Then the term D ,,, is rewritten as:
Npp—1
=2 At 3 Mrca/micit (Vs = v/t ) (post) = p(o™) ) (i — ).
OKLEEM
An application of Cauchy-Schwartz’ inequality yields
= +1 +1 +1 1/2 1/2
Diml < (D0 Atw 30 kel (o) = p ™)) x Py,
n=0 OKLEEmM
where P, is given by:
Npm—1
= Z At |AKL|<\/77HJrl \/77”+1) —¥7)”
n=0 UKLESm

Exploiting Lemma 3.5.4 and Lemma 3.5.5, one has D, ,, < CP#/% So, it is enough to show

that lim FP,, = Oinordertoobtain lim D, ,, = 0. ForallT' € 7,,, we introduce the notations:
m—ro0 m—0o0

= ma (075,80, (0)(tnin,0)) . G = i (075 80, (0)(tni1,) ).
and for all (¢, x) € (t,,th1) X T
DTt () = DT, O At (t,2) = ?;H'

Now for all ok, € Er, there holds

}\/nn-‘rl it

where 1 is the continuity modulus of /7 o ¢~!. Indeed, the continuity and boundedness of

/1o ¢! on the interval [¢(0), ¢(1)] ensure the existence and boundedness of the continuity
modulus pi. Therefore,

< u(dpt - i), (3.90)

Np—1

DYDY p(3 =) S Wk e’ 69D

TETm oxLEET

where A%, is defined by (3.61).
Using the proof of Lemma 3.5.3, there exists a constant C' such that

> Mkl —9p)? < Cmy,

oxLEET
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where m denotes the measure of the triangle 7'. Therefore, (3.91) implies that

Np—1

0o<p, < C Z At Z mT,u( Tn+1 ?;+1)2

TETm

< 37 au — & ddt.
//QT Tm, AL T Atm>

Since p is bounded, continuous with p(0) = 0, it is enough to show that up to an unlabeled

subsequence (/57—% Aty — ?Tm At — 0 a.e. in 27 in order to conclude the proof of 7711_1)1;(} P, =0.

By a generalization of Lemma A.1 in [CG16], there holds

/L,

Consequently, by Lemma 3.5.2, ellipticity of A and Lemma 3.5.5, one obtains

/1,

Hence, up to a subsequence,

_ 2
i t,2) = 0y, (t,2)] dudt < OB |IV6(0) 5, 500 2200

2
dzdt < Ch2,.

Ot (6,2) = b o (t,7)

lim D ,, = lim P, =0.

m—r0o0 m—r00

Now, we prove that

m—00

lim Dy, = / AVv - Vipdzdt.
Qp

For this sake, we introduce the term Dj ,,, defined by:

D5ei= [ Or st A@IVO0) 7, a0, - Vi, (1t = At
Qr
where ©7; a4, is a piecewise constant (per triangle) function given by

®Tm,Atm (t, l’) =V o (é_l(@Tm’Atm(t,x)), Vl‘ < T,t (- (tn, tn+1]7VT - Tm7

and
Q7 A, (t, ) = O(V) 7, At (Exr), Yr e T t € (ty,tni1], VT € Th,

where xp is the center of mass of 7. Adapting a slightly modified version of the proof of
Lemma A.1 in [CG16], it is simple to check that

Or. ar, — d(v) in L*(Qr) as m — oo.
Moreover, the function /7 o ¢~ being continuous and bounded, one gets
O7., At — V/n(v) in L*(Qr) as m — oc.

Furthermore, V¢(v)7,, ar,, converges weakly in L?(Qr) to Vo(v) and Vo7, Ay, converges
uniformly to V). Hence,

lim Dj, = //QT VN(W)A(x)Ve(v) - Vipdadt

= // A(z)Vov - Vipdzdt,
Qr
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where the last equality follows from the observation that

Therefore, it is only required to verify that
| Doy — D5 .| — 0as m — oo.

Introducing the notation

2
= (@Tm,mm(tnﬂ,xﬂ) . YT eT¥ne{0,-- N,—1},

then the discrete form of Dj,,, becomes

ijﬁt S Y N (ol - op™)) Wk — v,

TETm oK LEET

By a similar argument to the one used in getting inequality (3.90), there holds

’\/nn+1 \/nn+1

< ,U( prtl ¢n+1)’ Vokr € Er.

Therefore,
Npm—1 2

| Dan=Dj ol < ( Z Al > (1 =00t1) S0 Mkllo(oi)—o(wp ) k- zm) -

TETm oL EET
Using Cauchy-Schwartz’ inequality, we get

Nyn—1 )
Do =il < 3 At 3 (5 =) > Dl —v)?
TETm oK LEET
Nyp—1

I

X ZAt SN INLlloE) = e(vptP?

T€Tm ok LEET
Using Lemmata 3.5.2, 3.5.3 and 3.5.5, there exists C' independent of h,,, such that

Np—1

Doy = Dyl <€ 3 Aty 3o (5 - 9;“)2 Yo Rk —v1) = Qum,
n=0

TETm ok EET

and the same argument as in the proof of lim,, .., P, = 0, implies that lim,,, ,,, @,, = O.
Hence,
lim |Dy,, — D;,,| = 0.

m—00

Reaction term
It is required to prove now that

m—r0o0

lim R, = — //QT Lion(v(t, z), w(t, x), c(t,z))Y(t, x)dxdt := R.
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First rewrite R,, and R as:

Ny —1 b1
X X[ ettt
n=0 K€&€Vp,
and
Nm—1 tn1
R= Z Z/ Lion (v, w, c)Y(t, x)dxdt
n=0 KcV,, ’tn WK

Then note that |R,,, — R| can be written as:

Np—1 tn+1
Ry, — ‘ DY | Ton(vp wit e / / U(tn, Tx) ¢(t,w))

n=0 KeVp,

/tn+1/ Tion (01w, )b (1, ) _Iion(vvw7c)w<t’x)>] ‘

For all z € wk and t € [t,,, t,41], there holds

for some C; > 0. Moreover, | (¢, x)| < C5 for some Cy > 0. Therefore,

Np—1

IRy — R| < Ci(Aty, + i) Z At > mc|lion (Vi wid™, ¢

KeVm

+C2 // |Ilon(UMm7Atm7 meyAtm7 CMm,Atm) - Ilon<v7 w’ C) |dxdt.
Qr

Since | lion (Vi w'itt ¢)| is bounded, we get

Ro—R| < Cy(Abyt-hy)T|QU+Ch / / oo (Ut s Wt Ats Extn st ) —Tion (0, 0, )| dardt.
Qr

On the other hand, since va4,, At,, — VU, Wat,,, A, — W, and caq,, At, — € a.e. in p
and [, is continuous, then fio, (U1, Aty s WM At s CMu ALn) — Lion(V, W, €) ae. in Q.
Moreover, since Lion (Uat,, Aty s WM,y At s CMp ALy ) € L°(S27), then by Lebesgue’s dominated
convergence we get the convergence of fion (Upt,, Aty s Wy, Ato s CMum ALy ) 10 Lion (v, W, €) in
L*(Qr). As aresult, we conclude that R,,, — R.

This ends the proof of convergence of discrete solutions to the weak solution.

3.8 Numerical Results
In this section, we illustrate the efficiency of the nonlinear CVFE scheme (3.57), (3.51),

(3.52) and we compare it to the CVFE scheme (3.50), (3.51), (3.52). Newton’s algorithm is
used to implement both schemes.
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Numerical Tests

In this paragraph, we provide some academic examples to estimate the error between the com-
puted solution and the analytical solution to some model problems. We test and compare the
efficiency and convergence of various numerical schemes: the classical CVFE scheme, the non-
linear positive CVFE scheme with different choices of p and 7. The first one, which is labeled
as the nonlinear CVFE scheme with In(+), corresponds to the choice of the functions p and 7 as
in [CG16, CIS17] given by

0, ifv <0,
n(v) = max(0,min(v,1)) =< v, if0<wv <1,
1, ifv>1,

B v [ In(v), if0<wv <1,
p(v) = /1 n(s)d‘g_ { v—1, ifv>1,
with the convention 7(v)p(v) = 0 if v < 0. The second choice is the one considered in the

present work and given in (3.53) and (3.54). The third choice, labeled as nonlinear CVFE
scheme with /-, corresponds to the following definition of 1 and p:

() = 0 ifv <0
M= 2v, ifo > 0.
() = 0 ifv <0
PR =0 Vo, ifv>o.
In the following examples, we consider the diffusion problem:

ou

i V- (AVu) = f(z,y,t), forae. (x,y,t) € (0,1) x (0,1) x (0,7),
u(r,y,0) = ug(z,y), fora.e. (z,y) € (0,1) x (0,1), (3.92)
AVu-n=0 a.e. on 8((0, 1) x (0, 1)) x (0,7,

with different choices of the functions f and uq and the diffusion tensor A.

Example 1. In this example, we let

A= ( (1).5 0’? ) , and ug(z,y) = i(l — cos(27mx)) (1 — cos(2my)).

The exact solution is given by:
1
u(z,y,t) = Z(l —sin?(¢))(1 — cos(2mx)) (1 — cos(27y)).

Figures 3.2 and 3.3 show the log-log scale of the relative error at the final time instant 7" = 0.5
for the classical CVFE scheme and the three nonlinear CVFE schemes using a structured mesh
with mesh size hv/2 for the following values of h = 1/20, 1/30, 1/40, 1/50, 1/60 and the

25h?
corresponding values of time step At obtained by At = .

Tables 3.1, 3.2, 3.3 and 3.4 contain the minimum and maximum values of the numerical so-
lution up A+ and the relative L2 and L™ errors obtained for a structured mesh with mesh size
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Figure 3.2 — Relative L2-error in a log-log scale for Example 1.
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Figure 3.3 — Relative L°°-error in a log-log scale for Example 1.

h+/2 and time step At for T = 0.5 with the classical CVFE scheme, and the nonlinear CVFE
schemes with the choice In(+), In(-/(1 — -)) and /- for p respectively.

As observed in Tables 3.1, 3.2, 3.3 and 3.4, the three nonlinear CVFE schemes assure the dis-
crete maximum principle property as opposed to the classical CVFE scheme where under- and
overshoots are observed. However, the rate of convergence which is almost 2 for the classi-
cal CVFE scheme decreases to values slightly less than 1 in the case of the nonlinear CVFE
schemes (see Figures 3.2 and 3.3).
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Table 3.1 — Classical CVFE: Results for Example 1.

h At min uy, A max up A rel. L? error rel. L*° error
0.05 0.0313 -0.0131 0.7750 0.0213 0.0171
0.0333 0.0139 -0.0059 0.7723 0.0092 0.0076
0.0250 0.0078 -0.0033 0.7714 0.0051 0.0043
0.0200 0.0050 -0.0021 0.7751 0.0032 0.0027
0.0167 0.0035 -0.0015 0.7707 0.0022 0.0019

Table 3.2 — Nonlinear CVFE with In(-): Results for Example 1.

h At min uy, A¢ max uy A rel. L? error rel. L error
0.05 0.0313 0.0183 0.7028 0.1154 0.0875
0.0333 0.0139 0.0163 0.7212 0.0852 0.0636
0.0250 0.0078 0.0141 0.7316 0.0679 0.0501
0.0200 0.0050 0.0124 0.7424 0.0566 0.0413
0.0167 0.0035 0.0109 0.7430 0.0486 0.0353

Table 3.3 — Nonlinear CVFE with In(-/(1 — -)): Results for Example 1.

h At min uy, A max up A rel. L? error rel. L* error
0.05 0.0313 0.0129 0.7321 0.0820 0.0494
0.0333 0.0139 0.0122 0.7413 0.0611 0.0375
0.0250 0.0078 0.0108 0.7469 0.0490 0.0302
0.0200 0.0050 0.0096 0.7547 0.0410 0.0254
0.0167 0.0035 0.0086 0.7534 0.0353 0.0218

Table 3.4 — Nonlinear CVFE with /- : Results for Example 1.

h At min uy, A¢ max up A rel. L? error rel. L*>° error
0.05 0.0313 0.0060 0.7355 0.0629 0.0454
0.0333 0.0139 0.0071 0.7449 0.0459 0.0329
0.0250 0.0078 0.0041 0.7563 0.0308 0.0233
0.0200 0.0050 0.0060 0.7579 0.0300 0.0213
0.0167 0.0035 0.0054 0.7562 0.0257 0.0181

Example 2. In this example, we consider

A= ( (1) . 0'? > , and ug(, y) := 25627 (z — 1)%y%(y — 1)
The exact solution is given by:

u(r,y,t) = v(z,y,t)g9(y),
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1 + cos -1

( T = 2D g oy ) = 256(1 — sin(£))a(x — 129%(y — 1)
As for the previous example, Figures 3.4 and 3.5 show the log-log scale of the relative error at
the final time instant 7" = 0.5 for the classical CVFE scheme and the three nonlinear CVFE
schemes using a structured mesh.

where g(y) =
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Figure 3.4 — Relative L2-error in a log-log scale for Example 2.
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Figure 3.5 — Relative L°°-error in a log-log scale for Example 2.

Also, Tables 3.5, 3.6, 3.7 and 3.8 contain the minimum and maximum values of the numerical
solution uy, A; and the relative L2 and L™ errors obtained for a structured mesh with mesh size
h and time step At for the final time instant 7" = 0.5.

Clearly, the classical CVFE scheme violates the discrete maximum principle property as shown
in Table 3.5. Both nonlinear CVFE schemes with In(-) and In(-/(1 — -)) guarantee this property
irrespective of the mesh and the anisotropy while the nonlinear CVFE scheme with /- does not
verify it for the coarsest mesh (see Tables 3.6, 3.7 and 3.8). Again, this property is ensured at
the expense of the rate of convergence which decreases from almost 2 for the classical CVFE
scheme to values almost 1 in the case of the nonlinear CVFE schemes (see Figures 3.4 and 3.5).
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Indeed, the slower convergence rate may be attributed to the numerical diffusion introduced by
the upwind scheme.

Table 3.5 — Classical CVFE: Results for Example 2.

h At min uy, A max up A rel. L? error rel. L™ error
0.05 0.0313 -0.0320 0.7637 0.0618 0.0416
0.0333 0.0139 -0.0143 0.7673 0.0268 0.0185
0.0250 0.0078 -0.0080 0.7685 0.0149 0.0104
0.0200 0.0050 -0.0051 0.7733 0.0094 0.0066
0.0167 0.0035 -0.0036 0.7694 0.0065 0.0046

Table 3.6 — Nonlinear CVFE with In(+): Results for Example 2.

h At min up, A max up A rel. L? error rel. L* error
0.05 0.0313 0.0079 0.6900 0.1277 0.1040
0.0333 0.0139 0.0114 0.7164 0.0879 0.0699
0.0250 0.0078 0.0114 0.7293 0.0685 0.0531
0.0200 0.0050 0.0108 0.7411 0.0565 0.0429
0.0167 0.0035 0.0099 0.7423 0.0483 0.0362

Table 3.7 — Nonlinear CVFE with In(-/(1 — -)): Results for Example 2.

h At min uy, A max u, A rel. L? error rel. L> error
0.05 0.0313 0.0036 0.7189 0.1002 0.0666
0.0333 0.0139 0.0075 0.7360 0.0658 0.0443
0.0250 0.0078 0.0082 0.7442 0.0506 0.0337
0.0200 0.0050 0.0080 0.7531 0.0415 0.0274
0.0167 0.0035 0.0075 0.7524 0.0355 0.0231

Table 3.8 — Nonlinear CVFE with /-: Results for Example 2.

h At min uy, A max uy A rel. L? error rel. L* error
0.05 0.0313 -0.0247 0.7228 0.0831 0.0618
0.0333 0.0139 0.0019 0.7398 0.0512 0.0395
0.0250 0.0078 0.0036 0.7476 0.0382 0.0293
0.0200 0.0050 0.0041 0.7563 0.0308 0.0233
0.0167 0.0035 0.0041 0.7552 0.0260 0.0195

Numerical Tests on the Monodomain Model

For our test, we first consider a rectangular domain permitting to visualize all the phases of the
action potential (fast depolarization, short repolarization period, plateau, repolarization) . We
fix: At = 0.5, x = 1000 and C,,, = 1.
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Figure 3.6 — From top to bottom consecutively: The propagation of the action potential for t =
10, 200, 350, 600 ms respectively using CVFE scheme.

We assume that the conductivity tensor is anisotropic and is given by:

A ( 1:2042 04500
— 04500 0.1843 )~

which eigenvalues are \; = 0.0141 and )\ = 1.3744.
Due to the anisotropy condition, a vertical stimulus at the initial time ¢ = 0 ms at the left side of
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the domain (vo(x,y) = 0.6 mV for z < 0.1 cm and forall 0 < y < 1 cm and vy(z,y) = 0 mV
otherwise) propagates in a slanted way towards the right side of the domain with both schemes,
see Figures 3.6 and 3.7. The number of vertices in the mesh is 3311 vertices, an the number of
triangles is 6000.

As expected from the previous analysis, the maximum principle is verified in the case of the
positive nonlinear CVFE scheme (3.57), (3.51), (3.52). In particular, the values of the rescaled
potential difference v are between 0 and 1. However, in the CVFE scheme (3.50), (3.51), (3.52),
it takes negative values which are not physiological. However, due to the numerical diffusion
of the nonlinear scheme, the wave reaches the left side of the rectangle faster than the wave in
the classical CVFE scheme as shown at the time instant ¢ = 350 ms in Figures 3.6 and 3.7.
Moreover, the violation of the discrete maximum principle by the classical CVFE scheme is
clearly seen in Figure 3.8 where the values of the transmembrane potential fluctuate below —85
mV. In the same figure, the results of a finite element simulation (implemented with freefem++,
with P, elements, 4411 vertices and 8000 triangles) using the same initial conditions and the
same parameters (domain, At, x, C,,) is shown. One can easily observe the oscillations in the
wave (drawn in 3D) obtained by both the FE scheme and the CVFE scheme. Such oscillations
are absent when the positive CVFE scheme is used and the discrete maximum principle is also
ensured. However, the wavefront, drawn at the same time instant for the three methods in Figure
3.8, seems to have a faster propagation. Again, this is attributed to the numerical diffusion in
the upwind schemes.

Furthermore, we have tested the positive CVFE scheme on a 2D-domain imitating a cross sec-
tion of the heart with the left and right ventricles. The mesh is shown in Figure 3.9 and the time
step At is 0.5 ms. We initiated a stimulus in the interventricular septal wall, and we recorded
the propagation of the action potential using two different conductivities:

A _ (12042 0 A n _ (12042 04500
1=\ o 0.1843 ) 9422 =\ 04500 0.1843 /-

Figures 3.10 and 3.12 show the propagation of the electrical wave in the 2D section for the
diagonal and the full conductivity matrices A; and A, respectively. The propagation of the
wave is clearly different showing the effect of the different conductivities. On the other hand,
the recorded action potential at the points A, B, C, D and E indicated in Figure 3.9 are very close
to the physiological Action Potential of Beeler-Reuter model especially at points D and E as
shown in Figures 3.11 and 3.13. Although the conductivity matrix A, produces a non-monotone
rigidity matrix (negative transmissibility coefficients), the recorded values of the transmembrane
potential do not drop below or exceed the values in the physiological range. This is particularly
observed in Figure 3.13 where the action potential is drawn at the points A, B, C, D and E.

3.9 Conclusion

In conclusion, we have studied, in this chapter, a finite volume scheme and a positive non-
linear CVFE scheme for the monodomain model coupled with Beeler-Reuter ionic model. The
aim was to approximate the fluxes properly keeping in mind that the solutions must satisfy
some natural bounds in addition to some estimates on the discrete gradients. The numerical
tests exhibited the ability of the nonlinear CVFE scheme to efficiently simulate the propagation
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Figure 3.7 — From top to bottom consecutively: The propagation of the action potential for t =
10, 200, 350, 600 ms respectively using the positive nonlinear CVFE scheme with In(-/(1 — -)).

of the action potential without any over- and undershoots. However, some numerical diffusion
is observed during the simulations mainly due to the upwind technique.
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Figure 3.8 — First Column: Action potentials obtained from the CVFE scheme (top), the positive nonlin-
ear CVFE scheme (center) and the finite elements method (bottom) at the same point. Second column:
the respective wave propagation at time ¢ = 250 ms.
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Figure 3.10 — The propagation of the action potential using the conductivity A; at ¢ = 10, 45, 90, 200,
300 and 500 ms from top left to bottom right respectively.
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Figure 3.11 — Action potentials recorded at the points A, B, C, D and E using conductivity A;.
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Figure 3.12 — The propagation of the action potential using the conductivity Ay at ¢t = 10, 45, 90, 200,
300 and 500 ms from top left to bottom right respectively.
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Figure 3.13 — Action potentials recorded at the points A, B, C, D and E using conductivity As.






Mathematical analysis of cardiac
electromechanics

4.1 Introduction

This chapter is concerned with the mathematical analysis of a coupled elliptic-parabolic
system modeling the interaction between the propagation of electric potential coupled with
general physiological ionic models and subsequent deformation of the cardiac tissue. A pro-
totype system belonging to this class is provided by the electromechanical bidomain model,
which is frequently used to study and simulate electrophysiological waves in cardiac tissue.
The coupling between muscle contraction, biochemical reactions and electric activity is intro-
duced with the so-called active strain decomposition framework, where the material gradient
of deformation is split into an active (electrophysiology-dependent) part and an elastic (pas-
sive) one [NTO7, CFNTO8]. We prove existence of weak solutions to the underlying coupled
electromechanical bidomain model under the assumption of linearized elastic behavior and a
truncation of the updated nonlinear diffusivities. The proof of the existence result, which con-
stitutes the main thrust of this chapter, is proved by means of a non-degenerate approximation
system, the Faedo-Galerkin method, and the compactness method.

The equations of the bidomain model may be coupled with phenomenological or physiologi-
cal ionic models. Although it was proposed fourty years ago [Tun78], the bidomain system was
extensively studied from a well-posedness point of view in the last two decades. A variational
approach was first introduced by Savaré and Franzone [FS02a]. Later analyses took differ-
ent directions: Bendahmane and Karlsen used nondegenerate approximation systems to which
they applied the Faedo-Galerkin scheme [BKO06], Bourgault et al. introduced a “Bidomain”
operator and used a semigroup approach [BCP09], Matano and Mori derived global classical
solutions [MM11] and Veneroni proved the existence and uniqueness of a strong solution with
more involved ionic models using a fixed point approach with strong assumptions on the initial
data [Ven09].

163
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Mathematical analysis of general nonlinear elasticity can be found in [Cia87, Bal77], whereas
applications of those theories to the particular case of hyperelastic materials and cardiac me-
chanics are available in [NH00, KSMSU06, HO09, RRBPQ12, SWO' 14, BQRB13]. Despite
the large availability of references related to numerical methods and models for cardiac elec-
tromechanics (e.g. [GK10, LAVH12, NP04, NNN*11, Trall]), there are open questions in
their mathematical validity. To our knowledge, some existence results have been established
by Pathmanatan et al. [PCGW 10, POK13] and Andreianov et al. [ABQRB15]. Pathmanatan
et al. analyzed a general model involving the active stress formulation where the activation
depends on local stretch rate and derived constraints on the initial data. Andreianov et al. also
assumed linearized elasticity equations but they adopted the active strain formulation and em-
ployed the bidomain model coupled with FitzZHugh-Nagumo ionic model. This is the setting we
employ in this chapter, but we use a general physiological ionic model whose kinetics overlaps
with Beeler-Reuter model [BR77] or Luo-Rudy model [LR94]. The electrical to mechanical
coupling is obtained by considering that the active part of deformation incorporates the effect
of calcium dynamics. We also consider that the evolution of electrical potential, governed by
the bidomain equations, depends on the displacement which enters into the equations upon a
change of coordinates from Eulerian to Lagrangian.

Comparing to the work [Ven09] (where the author proves the existence of strong solutions
without mechanics), here we give a different and constructive proof of the existence of weak so-
lutions to the electromechanical bidomain model. Moreover, in comparison to the phenomeno-
logical ionic model used in [ABQRB15], the physiological model considered herein contains
a concentration variable z that appears as argument of a logarithm both in the dynamics of the
concentration and in the ionic currents, and therefore it is necessary to bound z far from zero.
The existence of weak solutions to the coupled electromechanical problem is proved by intro-
ducing non-degenerate approximation systems including an “artificial compressibility” condi-
tion. We prove existence of solutions to those approximation systems (for each fixed € > 0) by
applying the Faedo-Galerkin method, deriving a priori estimates, and then passing to the limit
in the approximate solutions using compactness arguments. Having proved existence for the
approximation systems, the goal is to send the regularization parameter ¢ to zero in sequences
of such solutions to fabricate weak solutions of the original systems. Again convergence is
achieved by a priori estimates and compactness arguments. On the technical side, we point
out that the passage to the limit in the pressure term is not straightforward due to the artificial
compressibility assumption along with the use of “Navier-type” boundary conditions.

The contents of this chapter are organized as follows. Section 4.2 presents the linearization
of the elasticity equations and the resulting problem, lists the basic assumptions of the model
and provides a definition of weak solution. In Section 4.3 we state and prove the solvability of
the continuous problem employing Faedo-Galerkin approximations and compactness theory to
obtain the existence of solution of a regularized problem in the first place. Then the existence
of weak solutions for the original problem is given in Section 4.4 by using (one more time) a
priori estimates and compactness arguments.
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4.2 Governing equations for the electromechanical coupling

The active strain formulation for the electromechanical activity in the heart is written as
follows [NQRB12]:

~V- (a(z,7,F,p)) =g  inQg,

det(F) =1 inQp forae.t e (0,7),
O+ V- (Mc(x,F)Ve) + Loy = I in Qr,
v —V - (M;(z, F)Vv;) + Lion = I in Qr,

Vi — Ve =0 in Qr, -1
Jw — R(v,w) =0 in Qr,
Oz — G(v,w, z) = in Qr,
Iy — Sy, w) = in Qr,

where Q7 := (0,T) x Q. Here, according to the discussion in Chapter 1, we should take

a(x,,F,p) = uFC. ' (z,7) — p Cof (F), 4.2)
and
My (z,F) := (F) 'Ki(x)(F)?, ke {ie} 4.3)

The system of equations (4.1) has to be completed with suitable initial conditions for v, w, 7, z
and with boundary conditions on v; . and on the elastic flux a(-, -, -, -).
Indeed, for the elastic flux, we chose the Robin boundary condition:

Pn = —ag¢, on 0f). 4.4)

Such a choice of boundary conditions is due to the fact that they can be tuned to mimic the
global motion of the cardiac muscle [RLRB™14]. Typically in the literature, other choices have
been used such as excessively rigid boundary conditions, or fixing the atrioventricular plane, or
leaving the tissue completely free to move.

4.2.1 Linearizing the elasticity equations

For the sake of simplicity of the mathematical analysis of the problem, the incompressibility
condition det(F') = 1 and the flux in the equilibrium equation are linearized. To linearize the
determinant, we use:

J(det

det(F) = det(I)+ %(I)(F —1I)+ o(F —1)
= 14+u(F—-1I)+oF —1).

But det(F') = 1, so one can use the approximation

tr(F — 1) ~0,

hence, V - ¢ = tr(F) ~ tr(I) = n.
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Now, when u denotes the displacement i.e. u = ¢(X) — X, the above condition becomes
V - u = 0, which is the linearized incompressibility condition. We also linearize the flux in
(4.2) with respect to F using Taylor series’ expansion of Cof(F') about I, given by:

Cof(F) = Cof(I) + aac};’f(l)(}? ~I)+o(F - 1)

= I+uF-—DI— (F-D)7 +o(F —1).

and we obtain

a(z,v,F,p) = uFC, ' (x,v) — pL (4.5)
Introducing the notation o (x, v) for uC,*(,v), and using the displacement gradient Vu we
rewrite the first equation of (4.1) as

V- (I+ Vu)o(z,7)) + Vp =g,
then we reformulate the last equation to obtain a Stokes’ like equation of the form:
=V (Vuo(z,y)) +Vp = f(t,2,7)

where
ft,z,v) =V - (o(z,7)) + 8 (4.6)

4.2.2 The problem to be solved and its weak formulation

For simplicity of notation, we will use €2 and €7 to denote 2z and ()1 respectively in all
what follows, unless otherwise specified.
Let us consider the following class of problems:

-V (Vu 0(:1:,7)) +Vp=f(t,x,v), inQ,forae.te (0,7), (4.7)

V-u=0 inQ, forae. t € (0,T), (4.8)

v —V - (Mi(z, Vu)Vv;) + Lion(v, w, 2) = I1(t, ) in Qp, (4.9)
o+ V- (Mc(x, Vu) Vo) + fion(v,w, z) = I(t, @) in Qr, (4.10)
V=0 — Ve in Qp, (4.11)

Oow =R(v,w,z) inQr, (4.12)

Oz = G(v,w,z) inQrp, (4.13)

Oy = S(v,w) in Qp. (4.14)

Equations (4.7),(4.9),(4.10) are complemented with the boundary data (including the lineariza-
tion of (4.4)):
Vuo(x,v)n —pn = —au on 0N, forae. t € (0,7T) (4.15)

for some @ > 0 and
(My(x,Vu)Vu,) -n =0 on (0,7) x 0Q, k=1i,e (4.16)

(different boundary conditions can be imposed on v; .; the choice of Neumann conditions (4.16)
results in the compatibility constraint (4.28) below). The initial data are:

U(O7 ) = o, 'lU(O, ) = Wy, 7Z<07 ) = 20, 7(07 ) =" in (2. (417)

For simplicity we take m = 1 in the concentration variable z. The following properties of the
model (4.7)—(4.14) and (4.15)—(4.17) are instrumental for the subsequent analysis:
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(A.1) (U(a:, 7)) is a family of symmetric tensors, uniformly bounded and positive def-
zeQ,veR
inite:

1
Je>0: forae. z€Q,VyER VM € M,z ~|MJ? < (o(z,v)M) : M < c|M[*;
c

(A.2) the function o(-,-) is in C*(Q x R);

(A.3) <Mze(zc,1\/[)> is a family of symmetric matrices, uniformly
(EGQ,MEM3X3

bounded and positive definite:

1
Je>0: forae z € Q,VM € Mzy3 VE€R? —|¢° < (M (2, M)E) - € < c|¢]?;
&

(A.4) the maps M — M, (-, M) are uniformly Lipschitz continuous;

(A.5) the function S is given by S(y,w) = (E?Zl njw; — o), for positive physiological
parameters 3,7;, j = 0,1,---  k;

(A.6) the functions R, G and [, are given by the kinetics of a general physiological ionic
model and it can be verified that the assumptions, stated below, are satisfied by the gating
and ionic concentration variables in Beeler-Reuter or Luo-Rudy ionic models [Ven(9,
BR77, LR94]. We assume that the function R(v, w) := (R (v, wy), ..., Rg(v, wy)) where
R; : R? — R are locally Lipschitz continuous functions defined by

Rj(v,w) = a;(v)(1 — wy) — B;(v)w;

where «; and 3, j = 1,--- , k are positive rational functions of exponentials in v such
that:
0 < a;(v), Bj(v) < Cap(l+[v]),
dovs dB. (4.18)
% and ﬂ are uniformly bounded,
dv dv

for some constant C,, 5 > 0. The function [, : R x R¥ x (0, +00) — R has the general

form:
k .
Lon(v,w, 2) = Z L (v,wy) + I (v,w, z,In 2) (4.19)
j=1
where I € C°(R x R*) and satisfies the condition:
(4.20)

| om0, wj)| < Crr(L+ Jwy| + o),

ion
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and /Z_ is such that:

on

IZ, € C'(R x R* x RT x R),

IF(v,w, z,Inz) < Cop(1+ |v| + |w| + |z +Inz), (4.21)
k
I(v,w, 2,In2) > Csp Y (o] +wj + w;Inz), (4.22)
j=1
o . _
0<BO(w) < 8_C[ion(v7w7 z,() < O(w), (4.23)
)
—I% (v,w, 2,0)| < L(w), (4.24)
ov
9 .
_[i)ngc‘l,l(l_‘_"u’_'—llnzl)? vj :17 7k7 (425)
(9wj
)
0< 12, < Csr, (4.26)
0z

where ©, ©, L belong to C° (R,R*)and C y, ..., C5 s are positive constants. Finally the
function G is given by:

Gv,w,z) =ai(ag — 2) — azlZ (v,w, z,1n 2), (4.27)

ion
where a1, as, az are positive physiological constants that vary from one ion to another. In
our case, we only consider z to correspond to the intracellular calcium concentration.

(A.7) The following condition holds
/ Il = / I¢ and / ve(x,t)dr = 0 forae. t € (0,7T). (4.28)
Q Q Q

(A.8) The data vy, wo, Yo, 2o lie in H 1(Q) with zg > ¢o > 0 (¢ is a positive constant) whereas
g € L*(Qr)? (recall definition (4.6)), and I € L?(Qr).

Note that, in practice, one starts with an undeformed configuration, i.e., with v = 0. Thanks to
properties (A.1)—(A.8), the following weak formulation makes sense.

Definition 4.2.1. A weak solution of problem (4.7)—-(4.17) is U = <u,p, Vi, Ve, U, W, 7, z) such
that:
(i) we L*(0,T; H'()®), p € L*(Qr), ,v; € L*(0,T; HY(Q));
ve € L2(0,T; H(Q)) where H°(Q) := {v. € H'(Q); [, vedx = 0};
veEFE:=L*0,T; H(Q)) with v € E' := L*(0,T; (H'(Q)));
v,z € C([0,T]; L*(Q)) and w € C([0,T]; L*(Q));
2(t,x) > 0and 0 < w,(t,x) < 1forae. (t,x) € Qrandforj=1,... k;
(ii) Fora.e. t € (0,T), forallv € H'(Q)? there holds:

/(Vua(sc,’y):V'v—pV~v)dsc:/f-vda:—/ au - vds (4.29)
Q Q o0

(in the last integral, w, v are shortcuts for the traces of u, v on 0f)).
Forall ¢ € L*(Q)

/ q(V - u)dzx =0. (4.30)
Q
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(iii) Fora.e. t € (0,T), forall ¢ € H (), p € H"(Q), there holds

(O, &) —|—/<Mi(az,Vu)Vvi-V§+Iion(v,w,z)§) :/I;’g, 431)
[9] Q

<atv7/'L> - / (ME(QZ, Vu)Vve ’ VM + Iion(v7w7 Z)M) = / I;M’ (432)
Q Q

with v = v; — v, a.e. in Qp and v(0,-) = vy a.e. in (L.

(iv) Fora.e. t € (0,T) the equations (4.12),(4.14),(4.13) are fulfilled in L*(2), and w(0, -) =
wo, 7(07 ) = o, Z(O, ) = zp a.e. in ).

Our main result in this chapter is the following theorem:

Theorem 4.2.2. Assume that conditions (A.1)—(A.8) hold. If vy € L*(2), wy € H*(Q)*, 7o,
20 € HY(Q), with zg > ¢ > 0, g € L*(Qr)3, ¢ € L*(Q7) then there exists a weak solution

U= (u,p, Vi, Ve, U, W, Y, z) to (4.7)—(4.14) with the boundary and initial data specified as in
(4.15)—(4.17).

Remark 11. In definition 4.2.1, the integrals are well defined since the tensors o and M, . are
uniformly bounded and the functions u(t, -), v; .(t,-) are in H*(Q)* and H'(2) respectively.

4.3 Existence for a regularized problem

The proof of existence of solutions is introduced in this section using a Faedo-Galerkin
method in space. A parabolic regularization similar to the one in [BKO06] is used to ensure
existence of Faedo-Galerkin solutions. A priori estimates are obtained on the Faedo-Galerkin
solutions followed by compactness results to secure their convergence towards a weak solution
of the regularized problem.

4.3.1 Faedo-Galerkin approximations for the regularized problem

We use classical Hilbert bases orthonormal in L?(€2) and orthogonal in H'((2) , denoted by
(1,)1en and (w;)ien such that span (), ),y is dense in L*(Q2)3 and H'(€)3, and span(w;)ey is
dense in L?(Q) and H'(Q) (see for example [RTCL98]).In order to impose the compatibility
condition (4.28), we let

1
,ul—wl——/wld:c, sothat/mda:—o.
€] Jo Q

We observe that span{; };cn is dense in the space H°(f2), given as in Definition 4.2.1. Fur-
thermore, we orthonormalize the basis (1), by the Gram-Schmidt process, and we denote by
(t1)1en the new basis that is orthonormal in L?(2). For m > 0, we introduce the finite dimen-
sional spaces H,, = span{tp,,--- ,,,} C H*(Q)3, L,, = span(uq,- - , ptm) € H*(Q) and
W, = span(wy, - -+ ,wp) C HY(Q).

We are looking for a discrete solution

Uy = (ue,ma Pe,ms Umy Vie,ms Vee,my We my Zems ’Vs,m)
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(for fixed € > 0) of the system (4.34) below with

m m m
Uy, = E W,  Dm = E DimWi  Vim = E Vi 1mW,
=0 =0 =0

m m
= g Ve l,mMl,  Um = Vim — Vem, Tm = E VimWi, (4.33)
=0 =0
m m
Wi m = § Wy 1 mWi, vj = ]-7 SRR k? Zm = E 2l mWi.
1=0 =0

Upon discretization, we obtain a system of ODEs coupled to a system of algebraic equations to
be solved at every time ¢. Hence, the existence of the discrete solution is not obvious and only
the ODE part of the system satisfies the conditions of Cauchy-Lipschitz’ theorem. So we resort
to a time regularization of the Faedo-Galerkin discretization in the spirit of [BK06]. We obtain
the following regularized system

d

G [ e bt [(Vim)ox90) Vb = oV by
Q

+/a%m%®=/fMW%
o0 Q

d
e,m V- am:O7
dt/ﬂp wH—/le U,

d
Ve, mWi +e— / Uza mwl + /(Mz(ma vue m)vviem : VWZ
dt Jo o Iy
+ [ion<vs,m7 We m, Zs,m)wl) de = / Igwl dw,
Q
d d
rn Ve mMl — Ue € m,ul (Me($, vus m)vve em * V,Ul (434)
dt Jo © “dt o ’ o

+ Iion<Us,m7 We m, Zs,m)ﬂl) dx = / I;/vbl diB,
Q

%/ij,e,mwl:/QRj(v&m,wj’E,m)wl,
d

d

dt/’)/smwl /{;S(’Y‘E,m>w8,m)wla

for [ = 0,--- ,m. Having no initial conditions on the functions u, p, v; and v, in the original
problem, we need to supplement our system with initial conditions. We define the functions:

Vo 1 Vo
w0 = =4 — [ 2y
V0 5 + |Q|/Q 5
Vo 1 Vo
o = —24— [ 2y
Ve > " |Q|/Q 2
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so that vg = v; ¢ — ve,0 and fQ Ve, 0 dx = 0. We further select uy = 0 and an arbitrary p,. The
initial data of the ODE system are then given by

us,m<0) = 07 ps,m(o) = Zpo,l,mwla where Po,im = <P0> wl>L2>
=0

m
Vi em(0) = g Vi0.1mWi, where v; . = (Vi wWi) 2,
1=0
Ue,a,m(o) = E Vi,0,1,m M1, where Ve, 0,l,m — <ve,0a N1>L2a
150 (4.35)
W em(0) =D w00 met, where wj0,1.m = (w0, wi) >
1=0
m
Zem(0) = E 20, 1mWi where 2o, = (20, wi) 12
=1
m
Ye,m(0) = E Y0,1,mW1 where 70,1.m = (70, wi) L2,
1=0
for 5 = 1,--- k. Using the orthonormality of the bases, we can write (4.34) as a system of

ordinary differential equations in the coefficients:

{ et Y (P} 20, {0s1m Yo {0t} {01 Hs i Yo Lt Y |-

To be concise, we detail in the following paragraph how the bidomain equations can be treated
to obtain the ODE system. We first note that using v,,, = v; ;, — Ve m, We have:

d

d
— [ Viewmwi — = | Veemwi +E— | Viemwi + /(Mz(m, Ve ) VUiem - Vg

dt Jg
+Iion<va,m7 We m, Zs,m)wl) dx = / Izwl dCL‘,
Q
d d d
% 0 Viembl — E 0 Ve, eml — 5@ /Q Ve, eml — /Q(Me(wa Vua,m)vve,a,m ' v,ul

+Iion(ve,ma We m, Zs,m),ul) dx = / ]se,ul dCB,
Q

Replacing v; . ,,, and v, . ,,, by their expressions as in (4.33), we obtain for [ =0, --- , m:
(1+¢) ngrm/ Wply — Zvémm/ iy + / (M (2, Ve 1) Vi cm - Vi
r=0 Q r=0 Q Q

+]ion(va,m> We m, Za,m)wl) dr = / I;wl diL‘,
Q

wrpy — (1 +€) Zvém,m/ My — /(Me<w7 Ve ) Ve e - Viu
r=0 Q Q

+Iion<vs,m7 We m, Zs,m),ul) dx = / I;/M dcc,
Q
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By the L?-orthonormality of the bases, the above equations can be rewritten in the form:

(1 + s)vz{,r,m - Z </ :urwl>vé,r,m

r=0 Q

— Fi({uwm}o (iranHor (e Vs {Wrm o Lz} )
m

/ /
- § Ui rom Wy g+ (]' + 8>Ue,l,m
r=0 Q

=F. <{ul,m}7m:0a {Ui,r,m}?l:m {Uemm};n:m {wr,m}:l:m {Zr,m};nzo)v

where Fj, k = i, e assemble all the terms not containing time derivatives. The latter system is
equivalent to a system written as:
/
V-
Ue,m

(1 + €)Im+1 —A
M = ,
—AT (1 + €)Im+1

where

. ) vl
and A = (a;.) with a;, = / wy . In order to write: ( U}’m = M~!b, we need to prove that
em

Q
the matrix M is invertible. For this sake, we expand it as:

_ | I —A Livi O
M‘[—AT Imﬂ}“{ 0 Ty |

L —A
_AT Im+1

Let 5 = ( gz )7 where gz = (fi,Oa e 7£i,m)T S Rm+1 and fe - (5@,07 e afe,m)T S
R™*!. Then

It is enough to prove that the matrix N := { } is positive.

fTNg = nggl - szAge + feTfe - ngsz
So we have

¢IN¢E = Z {&',k&,z/wsz _2§i7kakl€e,l+§e,kz€e7l/,uk,ul:|
0 0

k.l

= | > [GnCiwnwr — 26 ket + e reapiitu]
Qg

= /Q(Z Gaw))® =2 Eneawrptr + (O Eeapn)?
z ol z
2
= /Q [Z §igwr — de,lﬂl] > 0.
z z

Thus the matrix M is positive definite, hence invertible. Consequently, the whole system (4.34)
can be written as a system of ordinary differential equations in the form ¢/(¢t) = f(¢, y(t)).
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To prove existence of a local solution to the obtained ODE system, we note that by virtue
of assumptions (A.1)-(A.8), the functions on the right hand side of the system are Carathéodory
functions bounded by L' functions. According to classical ODE theory, the system admits a
local in time unique solution and the functions defined by (4.33) are well-defined and constitute
approximate solutions to the regularized system (4.34). The global existence of the Faedo-
Galerkin solutions is a consequence of the m—independent a priori estimates on U ,,, Pem,
Vems Viems Veem> Wems Ve,m and zg , that are derived in the next section. For more details,
consult [BKO6].

4.3.2 A priori estimates

To prove global existence of the Faedo-Galerkin solutions we derive m-independent a pri-
ori estimates bounding Ve ;n, Vi c.m» Veem> Uems> Pem> Wiems Ze,m and e, in various Banach
spaces. Given some (absolutely continuous) coefficients a; ,,(t), ¢im(t), bxim(t), k =i, e, and
dy,,(t) we form the functions 1, (¢, @) := > ", aym(t)h;(x), pm(t, ) == D" crm(t)wi(x),
Em(t, ) = 2200 bigm(Owi(@), pn (8, 2) = 3037 begm (W)pu(x), and wyi, (£, ) = 337, df (e ()
for k := w, z, 7. It follows that the Faedo-Galerkin solutions satisfy the following weak formu-
lations for each fixed t, which will be the starting point for deriving a series of a priori estimates:

5/ OpUe m + P, + / ((Vus,m)a(x, Yem) : VO, — DemV - ¢m> dx
Q Q
+/ aua,m-'gbmdS:/f-z/)mdm,
o0 Q
e | Opempm + / PV - ey =0, (4.36)
0
/ 8tUz-:,mgm + € atvz' s,mgm + (Mz<m> vue,m)vvi,s,m : vfm

Q Q Q

BV W ) da = [ 10
Q

/ atva,m,um - 5/ 8tve,a,m,um - / <Me(m7 Vua,m)vve,e,m : v//!m
Q Q Q
e
+ [ion(vs,rm We m, Zs,m)ﬂlm) dx = / [sﬂm dw,
Q

w w

OWijemwy, = / R (Ve Wi e,m) i
Q

atza,mwyzn = / G(Ua,ma We m, Za,m)wyzm

Q Q
/ 3t%,mw:n = / S(’}/E,mv wE,m)w7n7
Q Q

for j = 1,--- , k. To simplify the notation, we perform the derivations in the following three
Lemmata while omitting the subscript €, m. We start first by obtaining estimates on the gating
and concentration variables (w. ,, and z. ,,) that are needed to prove the uniform bounds. In
the following Lemma, we show that the gating variables w;, j = 1,.. .,k satisfy the universal
bounds 0 < w; < 1.
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Lemma 4.3.1. Ler w; € C([0,T),L*(Q)) and v € H'(0,T, L*(Q)) such that for all w¥, €
H(Q):

/ Ow; w,, = / R;(vwj)w,y, (4.37)
Q Q
where R;(v,w;) satisfies assumption (A.6). Assume that 0 < w;o < 1 for a.e. in (), then

0 <w; <1, a.e. in Qp. (4.38)

Proof. We first extend the function R;(v,w;) by continuity (for j = 1,...,k):

' N —5j’LUj 1fwj > 1,
Flo, ) = { a;(1 —wj) = Byw; ifw; <1 (439

We Substitute w;;, = —w; in (4.37) and we use (4.39) to deduce
—|w;|* <0, forj =1 k
w; =1,...,k.
dt 7 ’ J T

Using Gronwall’s inequality, we get w; = 0 and w; > 0, for j = 1, ..., k. Similarly, substitut-
ing w? = (w; — 1) in (4.37) and using (4.39), we obtain by using Gronwall’s inequality that
w; < 1,forae. (t,x) € Qrandforj=1,... k. O

Now we establish some estimates on the concentration variable z that will help us in getting
the uniform bound on v, ,,, . The difficulty arises from the presence of a logarithmic term in
the definition of the function GG (4.27) and the ionic current [;,, (4.19). So we need to bound z
far from zero. We show in the following Lemma that if the concentration variable z is strictly
positive at the initial time ¢ = 0, then it is strictly positive on the interval [0, 7] and it cannot
approach 0.

Lemma 4.3.2. Let z € C([0,T],L*()), v € HY0,T,L*)) and w € C([0,T],
L*(Q)*) such that:
Oz = G(v,w, z), (4.40)

where G(v, w, z) satisfies assumption (A.6) above. Let z : Q — (0, +00) such that:
2 € L*(Q), 20 >0, fora.e. in Q.
Then for a.e. (t,x) € [0,T] x €, z > 0.

Proof. For a.e. x € (Q fixed, we have z(0, ) = 2y > 0 and the map: ¢t — z(¢,z) is in C[0, T)).
Assume that at some time ¢, z(t,) = 0 and let t; = inf{t € (0,7") : 2(t,x) = 0}. Using
(4.21) and (4.27), we see that G(v, w, z) — +oc as t — t;. So, for a given A > 0 there exists
9 > 0 such that G(v,w, z) > Aforallt; —§ < t < t;. Then using equation (4.40), one obtains
0z > 0. Hence, z is strictly increasing over [t; — 9, t1]. Therefore z(t1, @) > z(t; — d,x) > 0
which is a contradiction.

Consequently by diagonalisation and compactness of [0, 7, z > 0. [

Remark 12. Having an ordinary differential equation, the strong formulation (4.40) is equiva-
lent to its corresponding weak formulation given in System (4.36).
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Lemma 4.3.3. Under the same assumptions as Lemma 4.3.2, the concentration variable z sat-
isfies the following estimates for a.e. x € ), t € (0,T):

2(t@)] < OO+ 2@ + 0@ lmen). Ve D.T],  @a

|Inz(t,x)] < C(1+ |20(x)| + |v(t, x)| + ||v(®)] L2(0,0)) (4.42)
t

/O 10,22 < c<1 + |20 10 20| + |20 + ||v||2L2(07t)>, (4.43)
t

/0 =P < (1t 2ol zol + 20 + o200 (4.44)

Proof. In our proof, we follow the idea in [Ven(09].
Proof of (4.41): Fixing € 2 and multiplying equation (4.40) by z, we get

20iz = ay(as — 2)z — agzl; (v, w, z,In z).

Next, we use (4.22) to obtain

k k
5%’2(@')’2 < ay(az + |2])|2]| —clzw] (zIn z) —clzz v + wj),

Jj=1 Jj=1

for some constant ¢; > 0. Since —z1nz < % forall z > 0and 0 < w; < 1a.e. in 7, we find

1d k
5ol < o+ 2|2l + = + kerlellol.
By Young’s inequality, we have
1d kCl 3 ]{]61 kCl
Zx(t ) < Zlz(t. - - 20 (e )2
Sl < P (6 St ) + S )+ (e ),
which can be rewritten as
d 2kc
7112 < Bar ke 2t )+ == + 2005 + kero(t, )

By the differential form of Gronwall’s inequality, we obtain:

ot P < gt [l [ 2
0

Or equivalently, for positive constants ¢y, c3 and ¢y ,

kCl

+ 2ay1a3 + key|u(s, )P ds] vt € [0,T).

t
2t )2 < e [z + st + 4 / jo(s,-)Pds] vt € [0,

0

We conclude that there exists a constant c5 > 0, dependent on 7" such that
206 < es(1+ 200 + [0C)lle) Ve € [0,7)
Proof of (4.42): In order to prove this estimate, we fix € ) and we use definition (4.27) of
the function G in equation (4.40) to get
dz

— =ay(ag — 2) — azl;

o Z (v, w, 2z, In2).
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Exploiting (4.21) and the uniform boundedness of w in Lemma 4.3.1, we get

dz
— >
dt —

for some positive constants cg, c7, cs > 0. By (4.41), we have

ce — crlz| — cs(|v| + In 2),

dz
= > ce — co(1+ |20(-)| + |Vl L200,)) — cslv| — csIn z, (4.45)

for some constant cyg > (0. After rearrangement of the inequality, we obtain:

dz

cslnz > cg — co(1+ |20(-)] + o]l 22(0.)) — cs|v| — o (4.46)

. dz . . .
Furthermore, since — is continuous over [0, 7', it is bounded below and there exists a constant

10 such that:
Inz > cio(1+ [20(-)| + [v(t, )| + o]l 2200,0) (4.47)

On the other hand, knowing that In 2z < z, one has by (4.41):
Inz < C(l + ‘Zo()‘ + HU”LQ(O,t)) < C(l + ’Zo()' + |U(t, )’ + HUHLQ(O,t))~ (448)

Estimate (4.42) follows easily from (4.47) and (4.48).

d
Proof of (4.43): We fix € 2, we multiply equation (4.40) by d—j and we use (4.27) to get

<d2>2 ( )dZ 1 dz [Ii)n(ﬂ, w, z, In Z> — Iif)n(”u w, z, 0)
— = a1(ae — 2)— —aslnz—
dt H dt ’ dt Inz
—aglfm(v,w,z,())d—?
Letting
@(t) = [i%n<v’w’z’ln Z) — [izon<vﬁwaz70)

In 2z
and observing that

dz d
%lnz = E[zlnz —z].
The above equation simplifies to
dz\? d- J
L T AT T

Therefore

Pl sde2? Pray(ay — 2) — asl? (v,w, 2,0)7 dz
- d — on Y Y ) _d
/0 @(s)(ds) ° /0 [ o(s) ds

—az(zlnz — z — zgInzg + 2p).
Note that by (4.23), the mean value theorem and Lemma 4.3.1, there exist 61, 65 > 0 such that

b, < O(t) < 6. (4.49)
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Using zlnz — 2z > —1, (4.49) and (4.21), we get:

/0 @is) (%)2 ds

<

! d
/ (a1a2 + ay|z| + asC(1 + |v| + ]z|)> ’d—z‘ ds + az(1 + zoInzg — 2p).
0

| =

By (4.49), there holds

t

L g I dz
L&Y ire k[ oot rmcr i)

ds+as(1+ zpIn zg — zp).

Now, by estimate (4.41) with C' denoted by C” , one gets

1 " rdz\2 1 [
9—1 ; (£> dS S 9—2/0 (a1a2+a30+(a1+a30)0’(1+]zg|+||v(az)|\Lz(0,s))

+a30|v|)> ]%

ds + az(1+ zgInzg — 2p).

16
Applying Cauchy’s inequality with ¢ = 59—2 on the integrand of the right hand side of this last
1
inequality, we obtain:
1 [ rdz\2
— (—Z> ds
91 0 df
0
< g [ (@4 a0+l + o@)le)
2(62)* Jo
2 1 ["dz)2
—|—a1a2+a30—|—a30|v|) ds + — — 1| ds+az(1+ 2zpInzy — 2p).
291 0 ds
Consequently,
1 t dz\?2 (91 t
— huiad < — C)C'(1 s
L < g [ (00 ol 4 el

2
+ajas + asC + a30]v|> ds + az(1+ zpInzg — 2p).

Finally, one can easily show that there exists ¢;; > 0 depending on 7" such that

dz

t 2
/ (d—> ds < cny (1 + |20 In 29 — 20| + |20)* + ||v(a:)|]%2(07t)>, vVt e (0,7), (4.50)
o \ds

for some constant ¢;; > 0.

Proof of (4.44): We have by (4.13) and (4.27)
1 d
IZ (v,w, z,Inz) = o |:a1(CL2 —z)— d—i]

We rewrite it as:

I? | o 0 1 d
( lon(v’w’z’ nz) lon(%wjz’ )> Inz = _[GI(GQ - z) - Z} — 1 (an7z70)'

Inz as ron

dt
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After squaring both sides, we obtain:

ai(ag — 2)? i(dz

2
as as

0(Inz)? < 3(
Then we integrate over (0, t),to get:

¢ t o, .2 2 1 9
/@2(1“)2“33/ (2 (Y 4 kw0, 2,0)as
0 0

Therefore, by (4.41), (4.50) and (4.21) we find

t
[ na6)%ds < cua 1+ ol — 2o + 2o + 0100,
0

for some constant ¢1o > 0. ]

Using the above estimates on z and w, we shall control the L? norm of [j,, by the L? norm
of v and this result will be later used to reach an estimate on v, ,, uniform in € and m.

Lemma 4.3.4. Under the same conditions of Lemma 4.3.3, there exists a constant C' > (
(dependent on T') such that

[Hion (v, w, 2, ()| 22y < C(L+ [0ll720,)- (4.51)

Proof. By definition (4.19) of [;,,, by properties (4.20) and (4.21), and by the uniform bound
obtained on w; (4.38), there holds:

k
[Ton (0, w, 2, ()2 < C(30(1+[0f2) + 1+ ol + |22 + [ =),

J=1

where (' is a generic constant.
Using (4.41) and (4.42), one obtains

[ Tion (v, w, 2,In(2)) [ < C(1+ |z0]* + [0 + [Vl Z2(00)) (4.52)

Finally, integrate (4.52) over (0,¢) x € and use (4.44) along with the condition that z; is in
L2(2), to get (4.51). O

We recall that in order to establish the passage to the limit as m — oo, we need to bound
the solutions of the discrete regularized problem in various Banach spaces, making use of the
preceding estimates.

Lemma 4.3.5. There exist constants C1,Cy and C3 > 0 independent of € and m such that

emit L2 em(O|l22@) ) < Cry 4.53
s (e Oz = 3 IVl ) <0 453

(Z Vj.emll 20,7507 () + ||Ue,mHL2(O,T;H1(Q))) < Co, (4.54)
j=t.e

10t (Ve,m + €Viem) || L2011 (2))) + |06(Vem — EVeem) | L2073 (0)y) < C3, (4.55)
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Proof. Proofs of (4.53) and (4.54): First, we make use of the relation v, ,,, = Vicm — Ve m-
We take &, := v; o, and fi,, := —, ., as test functions in (4.36) to get

/ Ui,e,matvs,m + 5/ Ui,e,matvi,s,m + / (MZ<$7 Vue,m>vvi,€,m : Vvi,s,m
Q Q Q

+-[ion(va,m7 wa,m> Za,m)”i,e,m) dr = / Iivi,a,m dw; (456)
Q

- / Ue,a,matvs,m + 5/ Ue,s,mﬁtve,a,m + / (Me(w>vus,m>vve,g,m . vve,s,m
Q Q Q

_Iion(vs,ma ws,ma Zs,m)”e,s,m) dCL‘ = - / I:Ue,s,m dw (457)
Q

Secondly, we add equations (4.56) and (4.57) to obtain

/ (Iion (Ue,ma We m, ze,m)ve,m + E Mj ([E, Vugym)ijﬁm ’ ijﬁam)
Q —
J=ne (4.58)

1 1 2 i
+§/Q|atva,m|2+§ Z/Q}\/gatvk,s,m’ :/Q(Isvi,e,m_lsve,s,m)-

k=i,e

Then we integrate equation (4.58) on (0, s) for every s < T, to get:

/ / (Iion(vs,my ws,ma Zs,m)vs,m + Z Mj<x7 Vus,m>vvj,s,m : vvj,e,m)
0 Ja j=i.e
43 [T )P+ 5 3 [ Vevem(s )
9 0 e,m\°y 9 = 0 ke m\2;
e (4.59)

1 1 9 s . .
= §/g)‘vo’€’m|2+ 5};@/{) ‘\/Evk,(),s,m| +/D /Q(]Svmm—[sye@m)

1 1 , 9 s . . .
— 3 /Q |vo,e,m|2 + 5 Z /Q ‘\/gvk,O,a,ml +/U /Q(Isvgvm + (It — [s)ve@m)

k=i,e

1
Note that, by construction, |vjgcm| < |UO’§’m| + ﬁ‘ fQ UO’%

ellipticity condition (A.3), Young’s and Holder’s inequalities, and in addition estimate (4.51) on

, J = 1,e. Using this, the
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Iion in Lemma 4.3.4 and Poincaré’s inequality with compatibility condition (4.28), we get

1 1
EZ||Wj,a,m||%zms)+§|Iva7m( Wiz + 5 ZH\/_UJEMHLQ

j=ti.e j =i,e

< (E + %) HUO,E,mHLQ + HISHL2
+ > 1
j=t,e 1
+§||Iion(va,ma We m,, Za,m)”%ﬁ(&]s) + EHUE,mH%Z(QS)
< (e 1) loemlBay + MBI + HloemlZae) + § e 15 1220
L | Vool + §<1 + va,mHiQ(QS))+%Hv€,mHia(ns)
< (= 4) ol + 3(

(U IR+ 1)+l Ve B,
+(% +1)||vm||p )+ 6

where C' > 0 is the constant of estimate (4.51). Or equivalently:

||Ua,m(5)||%2(§z) + Z H\/gvj,a,m(t)”%Q(Q) - ClSHUE,mH%Q(Q )
J=ie (4.60)
2 2 1 2
+E||Vvi787m||L2(Qs) + EHV%amHm(QS) < Ci4,

where ¢13 = (C’ + %) and ¢4 > 0 is obtained from the L?-norms of Iie and vg. This implies

HUE,WL(S)H%?(Q) - 015/0 Hve,m(t)H%Q(Q)dt < ¢16,
for some constans cy5, c16 > 0. An application of Gronwall’s inequality yields
[[Vem (t )||L2 < ci6(1 + erste™™), vt e (0,7).

Hence, one obtains

max [Vem () 720y < 17,

for some constant ¢;7; > 0. Using this and (4.60), (4.53) is proved. Again using (4.60), we have
forallt € (0,7)

C18 Z ||ij,a,m||%2(m + [[vem(t )||L2(Q) < c1a + Cgl[ vz ml|72 () "= C19; (4.61)
j=i.e

for some constants c;g, ci9 > 0. The last inequality implies the bound on v; ¢ ), Ve ¢, and v 1,
in L2(0,T; H'(2)) (recall that v.,, = V;cm — Veem). The proof of estimate (4.54) is thus
achieved.
Proof of (4.55): In order to prove (4.55), we introduce the sequences U; ., = Uz + EViem
and Uc ¢, = Ve — EVeem. Indeed, O,U; ., and O,U. . ,, are bounded (independent of ¢) in
L*(0,T; (H'(©))"); this is easily seen by the following argument:
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We let ¢ € L*(0,T; H*(Q)), we take &, := ¢ in (4.36) and we exploit assumption (A.3) to
get from (4.53) and (4.54)

T
/ |<atUi,a,m,SO>(H1)/7H1| dt
0
T
= / |(atUi,€,m7 QD)L2 | dt
0

T
:/]pmm%v%ww%mvwm+pﬁm+$@th
0

T
S/ <||Mz‘('7Vus,m)vvz',s,mﬂﬂHVSOHH + || = Lion + f§||L2H80||L2> dt
0

<en(IV2ieimlzan + Hinllzzan + 1 lzan) 1ol rim o
<co1 ||90||L2(0,T;H1(Q)) ’

for some constants ¢, co; > 0. This implies that 9,U; . ,,, is uniformly bounded in L*(0, T'; (H'(Q2))').
The bound of 9,U, . ,,, in L*(0, T; (H'(2))’) follows by a similar argument. O

Regarding the gating, the activation and the concentration variables, we have the following
result.

Lemma 4.3.6. There exist constants C4 and Cs > 0 independent of € and m such that:

|wem |l 20,1 @)Fy + | 2esm || 20,7350 (@) + 1Vesm || 220,731 () < Ca, (4.62)
|0wemll 2@ryx + 10zemll 2@y + 107emll L2 @2y < Cs. (4.63)

Proof. Proof of (4.62): We turn now to the gating variables w; . ,, (recall that 0 < w; . ,,, < 1).
Observe that by differentiation of equation (4.12) with respect to « and by the chain rule, one

has
dOéj '
atij,s,m = d/U vv€7m(1 - wj,s,m) - (aj + ﬁ])vw]7€7m - d/U vvgvmwj7€7m'

dp;

dovs
Multiplying this equation by Vwj . ,, and using the assumption (A.6) (recall that % and pi
v v

are uniformly bounded in L>°), we get

1 dov; dp;
§8t|ij7€,m]2 S |d—UJVvE7mej,€,m] + ]d—;Vvamej,E,m]
dp

do‘j 2 j 2
g Vel (w2 gy Cem)Venl® g2

- 2 2 2 2
< 022(|vvs,m|2 + |ij,a,m|2)a

for some positive constant co5. An application of Gronwall’s inequality and (4.54) yield
IVwjem(®)lL2@) < C(T,Q, [[Vwjoll12(q)),

forall t € (0,7"). Estimate (4.62) for w; ., follows easily. Now to obtain the uniform bound
on the concentration variable z. ,,,, we integrate (4.41) to get

[ Fam@ ) < a1+ Pl + lam ). V€ 0,71
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Using (4.53) for v, ,, this implies the uniform bound of z. ., in L>(0,T; L*(2)). Now we
differentiate both sides of equation (4.13) with respect to x and then use (4.27) to obtain

aIif)n k a[iim a]’ii)n

8tVz87m = —alv,zg,m — (13( 9 V/I.Jg7m + Zj:l a—wjij@m + 9~ VZE,m

+0]§)n 1 < )

Zem |-
I Zen
Multiplying this equation by Vz. ,,,, using (4.23) and (4.26), we get
1 ol
_atyvzem‘Q = _al|vzsm‘2 — as 1onv Ve,m vzam
2 ’ ’ ov
ol oI? oIz 1
1onv cm v cm ion V m 2 ~~ion
+;an iem Vem + 5 MV izl Ve )

0L, 0I5,
—a3< 5 Ve - Vzgm+z o, VW em - Vzam>

J=1

oLz, oIz,
SCL (’ 81) Vvsm vzsm +JZI awjv 7,€,m vzsm)
Gflfm 2 as 2 a 1zon ’
2 [ Vien| * g [Vl + Ejzl Gy e
k(lg 2
a v €,m
+ 52 Ve

By assumptions (4.24) and (4.25), we deduce
k
OV zeml® < €21 (14 Vool + [Tl + el + [0 2o + 3 [Vaeml?),

J=1

for some constant co4 > 0. Using Gronwall’s inequality, we get

t
Vel < e (920 + o [ (Vo + [oamf? + |12
0

k
+ 37 [Vwjeml? + 1) ds),
j=1
for all ¢t € (0,7). Estimate (4.62) for 2., is a consequence of (4.44), (4.54) and the uniform
bound of w; . ,, in L*(H*) forj =1,... k.
Now, we substitute w), := 7., into the equation satisfied by ~ in (4.36) to deduce after
an integration in time ¢ and an application of Young’s inequality (recall the definition of the
function S in (A.5))

1 S
3 Iem (@) sy + B0 [ om0y
1 . s
= ghenOle + 93 | [emtsem o

1 kﬂn s
< 5IPem O + 552 [ Tam®) ey e+ 5 Z )y NSO
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fors € (0,7)., where n = max 1. This implies
J=1L

Ve () 72y < (kB1 — 28m0) / Ve () 17200y @ + [17e,m (0) 1720
"‘5772 ;e 172 (Qr)
< o / e ()2 dt -+ [0 2y + Btk

where co5 = —2810 + kf3n and co > 0. Let C' = |W(0)H%2(Q) + Bnkess, by Gronwall’s lemma,
we obtain ~
||767m(t)||%2(9) < C(1 + co5te™") < o,

fort € (0,T) and cy7 a positive constant. This gives the L?(€7) uniform bound of 7 ,,.
Now, differentiating (4.14) with respect to & and multiplying by V~. ,,,, we get

k
%at‘vaa,mP < 5 Z nj|v'76,m : ij,e,m| + /3770|v'76,m|2

(Bkn Bn

+ﬁn0>|v7€m’2+ ‘vwam|2

An application of Gronwall’s inequality, we deduce
t
|V%MP§éM%%%Hv%P+Bn/|Vwmfd&
0

Upon integration of this inequality over {7, we get the uniform bound of V+.,, in L2. This
concludes the proof of (4.62)

Proof of (4.63): To prove the L? uniform bound of d,w;.,, we exploit 0 < w;.,, < 1 and
B(v) > 0 in the following equation

OWjem = 0 Vem)(1 — Wjem) — Bi(Vem)Wjem
< @ (Veym)
< C<1 + |U€,m‘)v

where the last inequality follows from (4.18). Squaring both sides, integrating over {2y and
using the uniform estimate on ||v, , H%Q(QT), we obtain (for a positive constant cog dependent on
1)
2
Hatwj,s,mHm(QT) < cog(T).
Now the LQ(QT) uniform estimate on 0,z. ,, is a direct consequence of the structure of the

governing equation along with (4.27), (4.21) and Lemmata 4.3.1 and 4.3.3. Actually, squaring
both sides of (4.13), and using the inequality (a — b)? < 2a? + 2b? twice, we have

’atzs m‘ < 4@1 (Cl2 + Za m) + 2a3(11f)n)

and by (4.21) and Lemma 4.3.1, we can find a positive constant C' such that

Buzeml” < C(1+ ool + ool + I 2 ).
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Integrating the above inequality over {27 and exploiting the estimates of Lemma 4.3.3 along
with estimate (4.53), we obtain (4.63) for 2. ,,. Similarly, we get the L?(Qr) uniform bound of
8t75,m- O]

Lemma 4.3.7. There exist constants Cg and C; > 0 independent of € and m such that:

tgg§](llfuemlle 3 + ||\/_p6m||L2 )+ e | 220,712 (02)3) < C, (4.64)
1€0em |l L20,1: 1 (9))) + |1€0s e | 20,7501 (2)3y) < Cr. (4.65)

Proof. Proof of (4.64): In this proof, we first substitute ,, := u. ,,, and p,,, := p, ,, in the first
two equations of system (4.36) and we add them to obtain

2dt/\u€m\2dw+/(Vu5m) (X, Yem) : Ve, dz

- 2 2 _
+2dt/‘p5m’ da:—i—oz/ [Ue | ds = /f e d

Next, we define the continuous bilinear form

a(u,v) = /Q(Vu)a(x, v) Vvd:l:+/ au - vds.

o0N

Furthermore, we claim and we prove the following statement:
Claim. The bilinear form a is coercive on (H'())3.

Proof of Claim. By the uniform ellipticity of o (A.1), we have:
a(u,u) = /Q(Vu)a Y dz + o] o0,
=~ [[Vul® + aflulZz o)
We want to show that there exists ¢ > 0 such that
c(IVullfra s + allullizoo) > llull @y,  Yu e (H(Q))*

We proceed by contradiction.
Assume that for all n > 0,

1
= u, <H1<Q))3 such that HvunH(QLQ(Q))?,xs + aHunH%L2(8Q))3 < EHU’H?Hl(Q))B

and let v,, = tn so that ||V, (g1 (q)s = 1 and
1 102
1
IVValltiz@yyss + @llvallfzzaays < o
which implies that
Vv, — 0 in (L*(Q))**3, (4.66)

and
v, — 0 in (L*(0))>. (4.67)
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On the other hand, since v,, is bounded in (H*(€2))? and 2 is bounded and smooth, there exists
v € (H'(Q))? and a subsequence v, in (H'(£2))? such that

Vy, =V in (L*(Q))?

and
Vvp, — Vvin D'(Q).

Now using (4.66), we deduce that Vv = 0, hence v = C, since () is connected.
Also, using (4.66) and the convergence of v,,, to C in (L?(2))?, we obtain

Vo, — Cin (H'(Q))?
which implies by the continuity of the trace map -, that
YoV, — Cin (L*(09Q))*.

On the other hand, by (4.67), we have v, — 01in (L*(992))3. So C = 0, hence we obtain a
contradiction since ||V, [|(g1(q)s = 1. O
By the coercivity of the bilinear form a and Young’s inequality, we have

1d

c 1
2di (”\/gu&m”%?(m?' + ||\/gpi,mH%?(Q))+§HUE7WH%{1(Q)3 < 2—C||f||%2(9)- (4.68)

Integrating (4.68) over (0,¢) with 0 < ¢ < T', noting that u. ,,(0) = 0 and
||p0,s,mHL2(Q) < ||p0||L2(Q), we obtain

IVetem )22 ()5 + 1VEpem B[z ) < cas( 1220 +€llpolliz))-

Hence,

max (IVEueml[Fz@ps + 1Vepemlliag) < cao

We also have upon integration of (4.68)

T
C/o 2t (D175 < 30T IF 220y +€llPollZz0)- (4.69)

As a result, estimate (4.64) follows.
In order to obtain estimate (4.65), we let ¢» € L?(0,T; H*(2)) and we take p,, = ¢ in
(4.36) to get

T T
/ (EBupeams W anyanr | dt = / (Opoms )12 ? it
0 0
T
:/ (), V - o) 2| dt
0

T
< / 1121V - 22 dt

< e mllZ2 0 7.2y 19| 20 1201 00

< CollYl|Z2(0 7011 52))-
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Similarly, we get

T
2
/0 (0t s Bty s |t < Coll0 1m0 e,

for some constant C; > 0. Therefore, estimate (4.65) follows directly. L]

Remark 13. We note that one can exploit the structure of the equations to obtain upper bounds
on ||e0uUe m || L1051 ()yy and ||Deml|Lr0,m02(0))- With a wise choice of a sequence of test
functions in H}(0,T) along with the Ladyzhenskaya-Babuska-Brezzi condition, we can bound
Pem in LY(0,T; L*(Q)) and consequently 0,u .

4.3.3 Compactness properties and Convergence

Having proved that the Faedo-Galerkin solutions (4.33) are well defined, we are ready to
prove existence of solutions to the regularized system.

Theorem 4.3.8. Assume (A.1)-(A.8) hold. Then the regularized system possesses a weak solu-
tion for each € > (.

The remaining part of this subsection is devoted to proving Theorem 4.3.8.
In view of Lemma 4.3.5, we can construct subsequences of vz ;n,, Vi c.ms Veems> Wems Vems
Ze ms> We,m» Pe.m Which we do not bother to relabel, such that:

— Uom — v, weakly in L2(0, T; HY(Q)),

— w.,, — w. weakly in L*(0,T; H*(Q)*) and d,w. ,,, — yw. weakly in (L*(Qr))F,

— Yeon — e weakly in L2(0, T; H*(2)) and 0yye ;, — Oy weakly in L?(Qr),

— Zem — 2o weakly in L*(0,T; H'(Q)) and 0z, — Op2. weakly in L?(Qr),

— Uiem — v weakly in L2(0,T; HY(Q)) and Vv, ., — Vu; . weakly in L*(Qr),

— Ueem — Ve weakly in L2(0,T; H'(Q2)) and Vv .y — Ve weakly in L*(Qr),

— U, — u. weakly in L2(0,T; H'(Q)?) and Vu, ,,, — Vu. weakly in L*(Qr)3*3,

— and p. ,, — p. weak star in L>(0,T; L*(2)) and weakly in L*(Qr).

We also observe that from the sequences U . ,, and U . ,,, introduced in the proof of Lemma
4.3.5, we can extract subsequences such that:
Uiemn — v +ev; - in L2(0,T; HY(Q)),
Ueem — Ve — Ve in L?(0,T; H'(2)) .
Moreover, knowing that 0,U;.,, and 0O,U..,, are uniformly bounded in L*(0,T;
(H'(€2))"), we obtain, by compactness and uniqueness of the limit, the following strong con-
vergence:
Uien = Uie = v +ev; . in L*(Q7r) and a.e. in Q7,
Ueern = Uee := 0. — €0, in L*(Qr) and a.e. in Q7.

Asaresult, Ui e+ Ueen = (1 +€)vem — Uie + Ue e := (1 +&)v. in L*(Qr) and a.e. in Q7.
Hence, v.,, — v. in L*(Q7) and a.e. in Q.
Also from classical compactness results, (see [Lio69] Theorem 5.1 p58), we have

— w.,, — w, strongly in L*(Q7)* and a.e. in Q,
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— Yeom —> 7. strongly in L?(Qr) and a.e. in Qr,
— Zemn — 2. strongly in L?(Qr) and a.e. in Qr,

where u. € L?(0,T; H'(Q)?),v. € L>(0,T;L*Q)) n L*0,T; H(Q)), w. € L™
(Qr)ENL2(0, T; HY(Q)k), v. € L*(0,T; HY(Q)), 2. € L?(0,T; H*(2)), and p. € L>(0,T; L?(2)).
Forl > 1fixed,j = 1,--- ,kand ¢ € D(0,T), we naturally have

5 /0 ' /Q Optte iy = —e /0 ' /Q Uemtpr) — —¢ /0 ' /Q uethd,
: /0 ' /Q Oupe i = — /0 ' /Q Pemrd! = —¢ /0 ' /Q P,

As a consequence, we have in the space of distributions D’(0,7'),

5/ e Y, —>5/8tu€1,bl anda/@tp&mwl —>5/8tpswl.
Q Q Q Q

Since the electromechanical transmission is provided via variables 7. ,,,, w.,, and 2. ,,, we
discuss first the passage to the limit in the governing ODE system.

We have w. ,,, = w. and 7. ,, — 7. a.e. in Qp and S is continuous, so that S (., We ) —
S(ve,w.) ae. in Qp; and S(Vem, Werm) — S(7, w.) weakly in L*(Qr) (being a linear
continuous form on L%(Q7) x L*(Q7)").

Using a classical result, see [Lio69] Lemma 1.3 p 12, the continuity of R (v ,,, w. ) and
its bound in L?(27) (which is a consequence of assumption (A.6)), (4.18) and assertion (4.53)),
yield the weak convergence R.(v. ., w. ) — R(v., w., ) in L*(Qr)F.

Similarly, by continuity of G(v. ,, We m, 2ze.m) and its boundedness in L?(Qr) (as a result
of (4.44), and (4.53)), we obtain the weak convergence G(ve m, We i, Ze.m) — G (v, we, z.) in
L2(Q7).

The strong L*(Q7) and a.e. Q7 convergence of . ,, implies the strong and a.e. convergence
of the uniformly bounded family of tensors o (x, ¢ ), due to assumptions (A.1) and (A.2).

With this information, we can write for all ¢ € D(0,T):

/0T<Vu€,m0(w, Yeun)s V1) 12(9),12(0)P dt
-/ Vit (0, 70m) — (7)), Vi
v/ (Voo (), Vi)
- /OT<Vug,m(0(fv,%,m) —0o(x,7)), Vi) pdt

T
T / (Ve (@7 Vi) o .
0

The weak L?(Q27)%*3 convergence of Vu. ,, directly implies the convergence of the last term
on the right hand side to (Vu., o (x,7.)V¢,) = (Vu.o(x,v.), Vip,). It remains to prove that
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the first term converges to 0; we write

T
/ (Ve (0 (2, 3em) — 0 (,7:)), Vi) o] dt
0
T
< / IVetem |2 (0 (@, 7o) — (7)) Vi L2 o] dt

T
<c [ lo@ ) — o)) Vil ol .

Knowing that
(o(x,Vern) — o(2,7:))Vp, — 0 ae. in 2 and a.e. in (0,7")

and that |(o(x,Vem) — o(x,7:)) V| is (due to assumption (A.1)) bounded by a constant
multiple of |Vp,| € L*(Q) fora.e. t € (0,T), we can apply Lebesgue’s dominated convergence
theorem to obtain

1o (s Yem) — (-, 7))V || 12() — O forae. t € (0,7).

Similarly, one can apply Lebesgue’s dominated convergence theorem on (0,7") to reach the
required result.

The remaining term in the elasticity equation involves f (¢, x, . ), by (4.6) and assumption
(A.2) we obtain the a.e. convergence of f(¢,x,~.,,) from the a.e. convergence of 7. ,,, in Q7.
Furthermore, by assumption (A.8) and estimate (4.62) we get:

/OT/Qf(t"”’%’m)"/’lW) - /OTAf(tawﬁs)w@(t), Vo € D(0,T).

In order to pass to the limit in the electrical part of the system, the strong L? convergence of
the gradients Vu, ,, is needed. Indeed, since the limit w solves the limit equation of (4.34),
using the Minty-Browder trick (see, e.g. [AL83, Lio69, Eva98]), we are able to assert that
Vu.,, — Vu,. strongly in (L*(Q7))**3. Indeed, one can also exploit the structure of the
elasticity equations and the coercivity of the bilinear form a to obtain

1 2
EHuam - ua“L?(o,T;Hl(Q)S)

T
S / a(us,m — U, ue,m - ue) dt
0
T
_— / (0o — e). the g — the) dt — £]}pe(T) — Pe(T) By
0
+el|(Pem(0) = poll 72,

— Vulo(x,Yem) — o(x,7:)] - V(Uer — u.) de dt
Qp
/ [f (@, vem) — (@, 7)) - (Ueym — ue) depdl
F
5815 ua m )7 Uem — u6> dt + 6||p€7m(0) - pOH%Q(QT)

] VUE T, Ve, m) - G'(ZC, '76)] : v(us,m - uz—:) dx dt

Qp

/ T, Yem) — f(@,7:)] - (Wem — ue) dae dt.

Qr

IN



4.3. EXISTENCE FOR A REGULARIZED PROBLEM 189

Exploiting the convergence results obtained above along with the strong convergence of p. ,,(0)
to po and assumptions (A.1) and (A.2), one can show that the right hand side of the last inequal-
ity goes to 0 as m — oc. Therefore, V., — Vu, strongly in L?(Q7)3*3.

Due to assumptions (A.3)-(A.4), strong convergence of Vu, ,, implies a.e. convergence of
M, .(x, Vu. ;) to the limit M, .(z, Vu.); hence we can use again the dominated convergence
argument to obtain V¢ € D(0,7") and for k = i, e

T T
/ / M (@, Vit ) Voo - Vor(t) — / / M, (@, Vi) Voy.. - Vard(t).
0 Q 0 Q

Moreover, observe that [, is a continuous function of v, ,,, We ., 2z m, and that it is uniformly
bounded in L?(€)r), again by standard arguments we have

T T
/ / Ton (Vs Wy 2o )i (1) — / / Ton(ves we, 2 )wid(t), Ve € D(O,T).
0 Q 0 Q

Gathering all these results, the functions w., p., Vs, Vie, Vee, Ve» We, 2. Verify in the space
of distributions D’(0,T'), for all functions ¥ € H'(Q)3, p € L*(Q), w € H(Q), and p €
HY(Q):

(O, ) + /Q (Vu)o(x,7.) : Vap — p.V - da + /

o0N

aug-'gbds:/f-wdw

Q

<€p’s,p>+/pv-u€=0
Q

(Opve + €04v; ¢, W) + /(Mi(w,Vus)Vvi,s - Vw + fion (v, we, 2. )w) dx = / [wdx

(Opve — €0z, 1) — f(M (x,u:) Ve, - Vi + Lion (v, We, 2o ) 1t) d = ]Is,udac
Q Q

Vi = Ow, w = / i (Ve, we)w
/atzsw - G Usawsa Za
at'yew - ’Yz—:a We, Zz—:
4.70)

Finally, having u. in L*(0, 75 H'(2)3), U ¢ e, Ve, 2. in L2(0, T; HY(Q)), w. in L*(0, T; H'(Q)*)
and p. in L>(0,T; L*(9)), and their weak derivatives dyu. in L*(0,T; (H'(2))3), 0;U; ..,
Oip. in L2(0,T; (H*(R))), dyw. in L*(Qr)* and d;7., O;z. in L*(Qr), it is deduced from a
classical result, that the functions w. : t € [0,7] — u.(t) € HY(Q)?, Uie. : t € [0,T] —
Uiee(t) € HY(Q), w. : t € [0,T] = w.(t) € L2 (), . : t € [0,T] — ~.(t) € L*(Q2), and
€ [0,T] — 2.(t) € L*(Q) are continuous. For p., it only proves that they are weakly
continuous in H'(2).
Furthermore, since w.,,(0) — o, Pem(0) = po, Vem(0) = Vo, Vkem(0) = vio, k = i€,
we 1 (0) = wo, Yem(0) = 70 and 2., (0) — 2o in L*(Q), we easily prove that u.(0) = u,,
P:(0) = po, v(0) = v, Vi(0) = vio, kb = i,e, w(0) = wg, 7:(0) = 7 and 2.(0) = 2.
The proof is by a standard argument given in [Eva98] and one can refer to [BKO06] for further
details.
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4.4 Existence of solution to the original problem

From the previous section, we know there exist sequences {w. }.~o, {P: }e>0, {Vc }e>0, {Vie Fe>0s
{Veetes0, {We:}es0, {7V }es0, and {2}~ of solutions of (4.70). Moreover, by the lower semi-
continuity of norms, the following a priori estimates are immediately obtained as in Lemma
4.3.5 with U, p,, Pems Vems Viems Veeyms Wems Vem» Ze,m Teplaced by u., pe, Uz, Vie, Ve e, We,
Ve, Ze, respectively.

Lemma 4.4.1. There exist constants Cy, - - - ,Cq independent of € such that
max (HUE Wiy + > IIVE0se2eqe )< C,,  vtelo,T), @.71)
j=t.e
< Z Vs el L2 0,111 (02)) + ||Ua||L2(o,T;H1(Q))> < (s, 4.72)
j=i.e
10¢(ve + evie)ll L2,y @) + 10:(v — €vee)l L2 0y () < Cs, 4.73)
|we |l 20,01 (k) + H%HL? o @) T 1Vell 20,51 @) < Ca, 4.74)
||8tw5||L2 @)k T 102l 2ap) + 10e | 20 < Cs, 4.75)
tg%(ﬂx/_ue”p s+ IVepelTai)) + el 20,0 @) < Co. (4.76)

In view of Lemma 4.4.1, we can assume there exist limit functions w, p, v, v;, v., wWith
v = v; — V., w, v and z such that as ¢ — 0, we can extract subsequences (which we do not
bother to relabel) with the following convergence properties:

— v, — v strongly in L?(Qr) and a.e. in Q7 and weakly in L*(0,T; H*(Q)),
— ;. — v; weakly in L2(0, T; H*(2)),v..c — v. weakly in L*(0,T; H'(2)),
— w,. — w strongly in L?(Q7)* and a.e. in Qr,

— 7. — 7 strongly in L?(€27) and a.e. in 7,

— 2. — z strongly in L?(Qr) and a.e. in Q,

— u. — uweakly in L*(0,T; H'(Q)?) and Vu, — Vu in L?(Q7)3*3.

We briefly note that in the distribution sense
e(Oyue, ) — 0,

in D’(0,T). Similarly,
5<atpsa ¢> —0
inD'(0, 7).

Remark 14. Recuperation of p

Due to the “artificial compressibility” used in the proof, we were not able to obtain a bound
on Oyp. that is independent of € except in L'(0,T; L*(2)), (see remark 13), which is not a
reflexive space. So in order to pass to the limit in the term involving the pressure, we made a
detour by exploiting the structure of the equation and making use of De Rham’s Lemma. It is
important to note that the boundary condition used herein (4.15) determines p uniquely and not
up to an additive constant.
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Now we recall the following standard lemma (see for instance Theorem IV.3.1 p 245 in
[BF12], see also [BB03, ASV88]).

Lemma 4.4.2. Vg € L§(Q) := {q € L*(Q) : [,qdx = 0}, there exists v € (H(Q2))? such
that V - v = q.

This lemma will be used to prove the following result.

Lemma 4.4.3. There exists p € L*(Qr) such that for a.e. t € (0,T) and for all v € (H'(Q))?

/pEV-v%/pV-v.
Q Q

Proof. Forall v € (D(Q2))? with V - v = 0 we have

e(Oyue, v) + /(Vue)a(x, V) : Vodx = / f vdz
Q Q

Passing to the limit in € we get

[ (Vo) Vods = [ fovie

Therefore, by de Rham’s Lemma (see Theorem IV.2.5 in [BF12], see also [dR84, Wan93,
Sim93, TemO01]), there exists, up to an additive constant, p € D’(2) such that

V- (Vu)o(x,7)+f=Vp

in the distribution sense. Moreover, by Nevcas inequality (see Theorem IV.1.1 in [BF12], see
also [Nc66, Ncl1, TemO1)), for a.e. ¢ € (0,7), p € L*(Q) since uw € (H'(Q))>. Hence,
pE L2(QT)

Now we have, for all v € (H}(Q2))3,

/pEV-vdmze/atu5~v+/(Vue)a(x,fye):V'vdw—/f~'vdzc
Q Q Q Q

and
/pV-vdw:/(Vu)a’(x,y):V'vdw—/f-vdw
Q Q Q

Subtracting these two equations, we obtain
/(p€ —p)V-vdx = 5/ Ju, - v +/ ((Vue)a(x, 7:) — (Vu)o(x, 7)) : Vude
Q Q Q
Consequently, we get, for all v € (HJ(Q2))3,

lim [ (p. —p)V-vdx =0. 4.77)
e—0 Q

Thus, Vp. — Vpin H1(Q).
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In order to complete the passage to the limit and obtain the original weak formulation, it
remains to get the following result:

lim [ (p. —p)V-vdx =0 forall ve H(Q).
e=0 Jq
- 1
Let g € L*(Q), set ¢ = ¢ — C where C' = 9]
exists © € (H}())? such that V - v = 4.
By Equation (4.77), we have

Joa dx,so g e Lj(2). By Lemma 4.4.2, there

lim [ (p. —p)Gddx =
e—0 Q

In other words,

/(pa—p)qdw—c/(pg—p)dw%() as €—0
Q

Q

So in order to obtain [,(p. — p)g dx — 0, it is sufficient to show /(p€ —p)dx — 0.
Q
In fact, by the first equation of (4.70) we have for all v € (H'(Q2))3,

lim [ p.V - -vdx = /(Vu)a(x, v) : Vo +/
0 0

e—0 90

au'vds—/f~vdw.
Q

In particular, we can consider the test function v; = (z,0,0) which is in (H*(Q2))* and
verifies V - v1 = 1. Thus we obtain

lim [ p.dx=C:= /(Vu)a(x, v) : Vo, +/
e=0 Jq Q

au‘vlds—/f-vldsc.
0 Q

Since by De Rham’s Lemma, p is found up to an additive constant, then we choose it so that

we have / pdx = C. Therefore, we have
Q

e—0

lim pedw:é:/pdw.
0 Q
Consequently, we have, for all ¢ € L*(1),

lim Q(ps —p)gdx = 0.

]

Therefore, according to all of the preceding convergence results, and repeating some of the
arguments of the previous section, we have for all ¥ € H'(Q)3, pin L*(Q), p € HYO(Q)
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(given as in Definition 4.2.1) and w in H*(Q):

/Q(VU)U(%V) Vap — pV - 1pdx +/

o2

au‘l,bds:/prdw
Q

/pV~u:O

Q

(O, w) + /(Mi(m,Vu&m)Vvi - Vw + lion (v, w, z)w) de = / IFwdx

(O, 1) — f(l\/[ (@, Ve ) Ve - Vi + Lion (v, w, z)p) de = ] Fudx (4.78)
Q

Vi = /Gtij—/Rj
Q

&gzw—/vaz

/p&w— Sy, w, z)w

Repeating the argument of the previous section, the functions v : ¢ € [0, 7] — v(t) € H'(Q),
w:t€[0,T]— wt)e L2(Q)*, v:te[0,T]— y(t) € L>(Q),and z : t € [0,T] > 2(t) €
L?(2) are continuous and satisfy the initial conditions v(0,z) = vo(x), w(0,z) = w(x),
(0, ) = y(x) and 2(0) = zo(x).

4.5 Conclusion

In summary, we consider that in our work, we have paved the way towards addressing the
solvability of cardiac electromechanics coupled with physiological ionic models. We used a
mathematical model (partially introduced in [ABQRB15]) for the study of cardiac electrome-
chanical interactions written in fully Lagrangian form, with a linearized description of the pas-
sive elastic response of cardiac tissue, a linearized incompressibility constraint, and a truncated
approximation of the nonlinear diffusivities appearing in the bidomain equations. The exis-
tence proof is done using nondegenerate approximation systems, the Faedo-Galerkin method
followed by a compactness argument. The model reductions are used herein for the sake of
the mathematical analysis but more realistic formulations have been addressed numerically. To
conclude, deeper theoretical insight is needed to mathematically analyze more realistic models.
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Comme le schéma TPFA (two point flux approximation) est inefficace
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proposons et analysons, ensuite, un schéma combiné non-linéaire qui
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d’'un flux numérique de Godunov pour le terme de diffusion assurant
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Abstract: This thesis is concerned with the
mathematical analysis and numerical simulation of
cardiac electrophysiology models. We use the unfolding
method of homogenization to rigorously derive the
macroscopic bidomain equations. We consider tensorial
and space dependent conductivities and physiological
and simplified ionic models. Using the Faedo-Galerkin
approach followed by compactness, we prove the
existence and uniqueness of solution to the microscopic
bidomain model. The convergence of a sequence of
solutions of the microscopic model to the solution of the
macroscopic model is then obtained. Due to the nonlinear
terms on the oscillating manifold, the boundary unfolding
operator is used as well as a Kolmogorov compactness
argument for the simplified models and a Minty type
argument for the physiological models. Furthermore, we
consider the monodomain model coupled to Beeler-
Reuter's ionic model. We propose a finite volume scheme
and analyze its convergence.

First, we show existence and uniqueness of its solution.
By compactness, the convergence of the discrete solution
is obtained. Since the two-point flux approximation
(TPFA) scheme is inefficient in approximating anisotropic
diffusion fluxes, we propose and analyze a nonlinear
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In this scheme, a Godunov approximation to the diffusion
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restriction on the transmissibilities or on the mesh.
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