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Avant-propos

La statistique vient de connaître une transformation importante lors des deux
dernières décennies avec le développement de nouvelles méthodes d’inférence en
grande dimension. Cette évolution récente découle de la nécessité de traiter les
masses de données qui affluent en grande quantité dans de très nombreux domaines
comme le web-marketing, la finance ou la santé pour n’en citer que quelques uns.
Dans le domaine de la santé en particulier, qui sera le domaine d’application prin-
cipal des méthodes développées dans cette thèse, des avancées importantes ont déjà
eu lieu (en bioinformatique notamment) et d’autres sont attendues dans les années
à venir grâce au volume de données de plus en plus grand (les fameuses Big Data),
aux nouvelles techniques pour traiter ces données et à la puissance de calcul des
ordinateurs. En effet, les techniques récentes (et à venir !) de machine learning pour-
raient bien bouleverser la médecine telle qu’on l’entend aujourd’hui, en proposant
des traitements et des stratégies de prévention personnalisés, en travaillant dans
l’anticipation plus que dans la curation, tout en réduisant la facture globale.

Dans de nombreuses applications médicales, on dispose d’un grand nombre de
variables observées souvent plus grand que le nombre de patients dans l’échantillon :
c’est dans ce contexte qu’on parle de grande dimension. Bien évidemment, les va-
riables considérées dans un tel cadre – étant très nombreuses – ne sont pas toutes
pertinentes : c’est la notion de parcimonie (sparsité/sparsity). Identifier les variables
pertinentes est un enjeu fondamental pour interpréter sur le plan médical les don-
nées de grande dimension et tenter de comprendre les processus sous-jacents afin de
prendre des décisions. Certaines méthodes récentes, comme le deep learning, peuvent
se révèler très performantes en prédiction pour certaines tâches, mais disposent d’une
interprétabilité limitée (à ce jour), ce qui ne permet pas toujours de comprendre en
profondeur les outils utilisés et les raisons de leur succès.

Dans cette thèse, nous introduisons différentes méthodes d’apprentissage en
grande dimension disposant d’un fort pouvoir d’interprétabilité. Pour chaque mé-
thode, nous étudions leurs performances théoriques en établissant par exemple des
inégalités oracles non-asymptotiques, ainsi que leurs performances pratiques sur don-
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nées synthètiques et réelles avec des applications principalement en santé, tout en
comparant les résultats avec l’état de l’art dans chacun des problèmes considérés.

Cette thèse a été financée par un contrat doctoral à l’Université Pierre et Ma-
rie Curie, du 1er octobre 2015 au 30 septembre 2018, et réalisée au Laboratoire de
Statistique Théorique et Appliquée (LSTA), qui est devenu le Laboratoire de Pro-
babilités, Statistique et Modélisation (LPSM) après sa fusion avec le Laboratoire de
Probabilités et Modèles Aléatoires (LPMA) le 1er janvier 2018.



Organisation de la thèse

Le manuscrit comporte six chapitres, pouvant être lus indépendamment les uns
des autres, dont voici une brève description.

— Le Chapitre 1 introduit les concepts fondamentaux et le formalisme utilisés
dans la suite du manuscrit, à savoir des notions d’apprentissage supervisé et
d’analyse de survie en grande dimension. Puis, les principaux résultats des
chapitres qui suivent sont présentés et synthétisés.

— Le Chapitre 2 considère une étude de cas clinique avec une cohorte de ma-
lades atteints de drépanocytose, la maladie génétique la plus fréquente dans le
monde résultant d’une mutation sur le gène codant pour l’hémoglobine. L’idée
est de proposer des outils de visualisation de données longitudinales, en ne
considérant que des hospitalisations sans complication particulière, de façon
à décrire l’évolution “normale” des biomarqueurs et des paramètres vitaux de
ces patients lors de leurs séjours à l’hôpital.

— Le Chapitre 3 est une étude de cas de grande dimension centrée sur la prédic-
tion de la réhospitalisation précoce des patients de la cohorte étudiée au cha-
pitre précédent (mais cette fois avec tous les patients, pas seulement ceux avec
une crise vaso-occlusive non compliquée). De nombreux modèles sont consi-
dérés et comparés. Les questions abordées portent d’une part sur le choix du
modèle relativement à ses performances prédictives et sa capacité à sélection-
ner les covariables explicatives, et d’autre part sur la comparaison du cadre de
prédiction binaire (basé sur le choix arbitraire d’un délai) avec le cadre d’ana-
lyse de survie. Un modèle en particulier obtient d’excellentes performances sur
ces données : le C-mix, introduit au chapitre suivant.

— Dans le Chapitre 4, nous proposons un modèle de mélange de durées en grande
dimension, le C-mix, qui apprend à ordonner des patients suivant leur risque
qu’un événement d’intérêt se produise rapidement, tout en déterminant des
sous-groupes de pronostics différents au sein de la population. Nous introdui-
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sons un algorithme efficace pour résoudre le problème convexe sous-jacent et
nous illustrons notre approche sur des données simulées et des données géné-
tiques en cancérologie.

— Le Chapitre 5 se place dans un contexte d’apprentissage supervisé en grande
dimension et propose de combiner l’encodage “one-hot” de covariables conti-
nues avec l’utilisation d’une nouvelle pénalité appelée binarsity qui impose une
régularisation par variation totale ainsi qu’une contrainte linéaire dans chaque
groupe de variables binaires généré par l’encodage. Une inégalité oracle non-
asymptotique en prédiction est proposée et la méthode est évaluée en pratique
sur différents jeux de données.

— Le Chapitre 6 introduit une méthode pronostique appelée binacox qui traite
du problème de la détection de multiples seuils par covariable continue dans un
cadre multivarié d’analyse de survie en grande dimension. Celle-ci est basée sur
le modèle de Cox et combine l’encodage “one-hot” avec la pénalité binarsity.
Une inégalité oracle non-asymptotique est établie et les performances de la
méthode sont examinées sur des données synthétiques et des données génétique
en cancérologie.

Chaque chapitre est précédé d’un résumé permettant de le situer dans son
contexte et de rendre compte des principaux points abordés. Précisons aussi que
toutes les méthodes abordées aux cours de ces chapitres sont évaluées à la fois sur
données simulées et sur données réelles, puis comparées à l’état de l’art. L’ensemble
des codes informatiques (essentiellement développés en Python) utilisés pour réaliser
ces études, implémenter les modèles proposés, et générer les figures de ce manuscrit
sont disponibles en accès open source. Une section “Software” achève alors chaque
chapitre et pointe vers un dépôt GitHub mettant à disposition le code relatif au
chapitre, ainsi que des turoriels pour apprendre à utiliser les méthodes introduites.



Collaborations, publications et com-
munications orales

Collaborations
Certains travaux présentés dans cette thèse ont été réalisés dans le cadre de

collaborations (autres que celles avec mes directeurs de thèse) :
• Une première collaboration avec Mokhtar Z. Alaya a eu pour objectif de déve-

lopper la méthode basée sur la pénalité binarsity dont les résultats obtenus sont
présentés dans le Chapitre 5. J’ai rejoint le projet (qui avait déjà commencé)
au milieu de ma première année de thèse, Mokhtar étant alors attaché tem-
poraire d’enseignement et de recherche au LSTA. L’extension de l’utilisation
de la pénalité binarsity dans le problème de détection de multiples seuils dans
les covariables continues, dans un modèle de Cox en grande dimension, est un
travail mené de nouveau en collaboration avec Mokhtar lors de ma dernière
année de thèse, ce dernier étant alors chercheur postdoctoral au laboratoire
Modal’X de l’université Paris Nanterre. Les résultats sont présentés dans le
Chapitre 6.
• Une seconde collaboration avec Raphaël Veil, interne de santé publique, a per-

mis de travailler en profondeur sur une étude de cas et les données complexes
présentées au Chapitre 2, menant par la suite à l’étude comparative de modèles
de prédiction de la réhospitalisation précoce présentée au Chapitre 3.
• Une troisième collaboration à débuté à la fin de ma thèse avec Antoine Barbieri,

alors chercheur postdoctoral au centre de recherche des Cordeliers (INSERM),
sur un projet combinant le modèle C-mix, présenté au Chapitre 4, joint avec
une modélisation linéaire mixte afin de faire face à des données longitudinales
multivariées. Une approche bayésienne est adoptée et quelques détails supplé-
mentaires sur le papier en cours sont donnés dans la Section “Directions of
future research”, à la fin du manuscrit.
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1.1. APPRENTISSAGE SUPERVISÉ EN GRANDE DIMENSION 2

Dans ce chapitre, nous introduisons les notions, les outils et le formalisme général
implicitement utilisés dans le reste du manuscrit. Ensuite, le cheminement suivi lors
de cette thèse est décrit, ainsi que les différents résultats obtenus dans les chapitres
qui suivent.

1.1 Apprentissage supervisé en grande dimension
L’objectif général de l’apprentissage statistique (machine learning) est d’élabo-

rer des procédures automatiques qui permettent de mettre en évidence des règles
générales à partir d’exemples (données).

1.1.1 Généralités
En apprentissage supervisé, nous disposons (dans les cas simples) d’une base de

données, également appelée échantillon d’apprentissage,

Dn = {(x1, y1), . . . , (xn, yn)}

où pour tout i ∈ {1, . . . , n}, les xi ∈ X ⊂ Rd sont les variables d’entrée (aussi
appelées covariables ou features) et les yi ∈ Y ⊂ R sont les variables de sortie
(ou labels) correspondantes (dans le cas de la classification, Y est un ensemble fini).
L’échantillon Dn est ainsi composé de n réalisations de couples de variables aléatoires
(X1, Y1), . . . , (Xn, Yn) que nous supposons indépendants et identiquement distribués
suivant une même loi P inconnue.

L’objectif est de construire une fonction de prédiction à partir de Dn, pour être
en mesure de prévoir la valeur du label Y correspondant à une nouvelle réalisation
d’un X = x ∈ X donné, où (X, Y ) suit également la loi P et est indépendant des n
couples qui constituent Dn.

Une fonction de prédiction est une fonction mesurable de X dans Y . En notant

` : Y × R→ R

une fonction de perte, `(y1, y2) représente la perte encourue lorsque la vraie sortie
est y1 et la sortie prédite est y2. Par exemple,

`(y1, y2) = 1{y1 6=y2}

est une perte classique en classification et

`(y1, y2) = |y1 − y2|p
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avec p ≥ 1 est une perte classique en régression (on parle alors de régression `p 1 et
lorsque p = 2, ` est appelée perte quadratique et la tâche d’apprentissage est aussi
appelée régression aux moindres carrés).

La qualité d’une fonction de prédiction g : X → Y est mesurée par son risque
intégré [Vapnik, 1991], aussi appelé erreur de généralisation, défini par

RP(g) = EP[`(Y, g(X))].

La “meilleure” fonction de prédiction est une fonction de l’ensemble F(X ,Y) des
fonctions définies sur X et à valeur dans Y minimisant le risque RP, soit

g?P ∈ argming∈F(X ,Y)RP(g).

Une telle fonction n’existe pas nécessairement mais existe pour les fonctions de
pertes usuelles, notamment celles que nous considérerons par la suite [Vapnik, 1998].
On l’appelle fonction oracle et c’est la fonction que l’on cherche à approcher. Elle
dépend de P et, par conséquent, est elle aussi inconnue. Nous précisons explicitement
cette dépendance en P dans ces quelques lignes introductives, par exemple dans la
notation EP, ce que nous ne ferons plus dans la suite du manuscrit afin d’alléger
l’écriture.

1.1.2 Minimisation du risque empirique pénalisé
Le risque inconnu RP(g) d’une fonction de prédiction g peut être estimé par son

équivalent empirique
Rn(g) = 1

n

n∑
i=1

`
(
Yi, g(Xi)

)
,

et en supposant EP
[
`
(
Y, g(X)

)2]
< +∞, il vient par la loi forte des grands nombres

et le théorème central limite que

Rn(g) p.s.−→
n→+∞

RP(g)

et
n1/2

(
Rn(g)−RP(g)

)
d.−→

n→+∞
N
(
0,VarP[`(Y, g(X))]

)
.

Donc pour toute fonction de prédiction g, Rn(g) effectue des déviations autour
de sa moyenne RP(g) de l’ordre de OP(n−1/2). Il est alors naturel de considérer
l’algorithme d’apprentissage de minimisation du risque empirique [Vapnik, 1998]
défini par

gn,G ∈ argming∈G Rn(g), (1.1)

1. La notation `p ici utilisée n’a rien à voir avec la notation ` de la fonction de perte.
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avec G ⊂ F(X ,Y).
Choisir G = F(X ,Y) entraîne en général un sur-apprentissage : le risque em-

pirique est alors nettement inférieur à RP, même lorsque n → +∞. En effet, une
infinité de fonctions de prédiction peuvent minimiser le risque empirique en “ap-
prenant par coeur” Dn (ce qui pose déjà un problème de choix de la fonction de
prédiction !), tout en ayant de très mauvaises propriétés de généralisation lorsqu’il
s’agit de prédire un nouvel exemple distinct de ceux de Dn utilisés en phase d’ap-
prentissage.

L’idée est alors de choisir un G suffisamment complexe pour être en mesure
d’approcher la fonction g?P, mais pas trop complexe pour éviter le sur-apprentissage.
La Figure 1.1 illustre la notion de sur-apprentissage 2.

0 1 2 3 4 5 6
x1

0

1

2

3

4

5

6

7

x
2

y = 0

y = 1

(a) Données simulées (b) Oracle g?P (c) Fonction de prédiction

Figure 1.1 Des données de classification binaire sont générées dans R2 avec n =
100, les points bleus suivant N

(
(2, 2)>,Σ

)
et les rouges suivant N

(
(4, 4)>,Σ

)
, avec

Σ = diag(1, 1). La perte logistique `(y1, y2) = log
(
1 + exp(−y1y2)

)
est utilisée et

les covariables arbitrairement choisies sont des produits de puissances de x1 et x2,
par exemple x4

1x
2
2 ou x3

1x
3
2, et on considère les fonctions de prédiction linéaires en

ces covariables. De cette façon, la fonction de prédiction obtenue est suffisamment
complexe pour apprendre “par coeur” les données d’apprentissage simulées, comme
on l’observe sur la figure (c) où la fonction de prédiction représentée dans l’espace R2

initial est “loin” de l’oracle représentée sur la figure (b), qui est ici linéaire (du fait
de la structure de Σ). L’erreur d’apprentissage est alors très faible, contrairement à
l’erreur de généralisation.

Une approche pratique basée sur cette idée consiste à pénaliser (ou régulariser)
le risque empirique à minimiser [Tikhonov and Arsenin, 1977, Breiman, 1995, Tib-
shirani, 1996]. Par exemple, on peut d’une part restreindre G à l’ensemble L(X ,Y)
des fonctions linéaires de X dans Y en ne considérant que des fonctions de la forme

gβ : x 7→ x>β

2. Les figures de l’introduction sont générées dans un notebook Python disponible à l’adresse
https://github.com/SimonBussy/thesis-illustrations.

https://github.com/SimonBussy/thesis-illustrations
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avec β ∈ Rd, et d’autre part ajouter une pénalité à Rn pour restreindre davantage
G, ce qui donne en prenant la perte quadratique

β̂ ∈ argminβ∈Rd
1
n

n∑
i=1

(Yi −X>i β)2 + pen(β), (1.2)

avec pen : Rd → R+ la fonction pénalité, qu’on appelle aussi fonction de régula-
risation. La fonction de prédiction résultant de la minimisation du risque empirique
pénalisé (1.2) est alors ici gβ̂. Il existe de nombreuses pénalités usuelles donnant des
estimateurs avec différentes propriétés d’interprétabilité [Bickel et al., 2006]. Nous
en présentons une partie dans la suite parmi les plus utilisées.

Quelques pénalités classiques. Restons dans le cadre de la tâche d’apprentis-
sage proposée dans le problème (1.2). La famille de régularisation majoritairement
utilisée est alors celle des normes (ou pseudo-normes) `p, à savoir

pen(β) = λ‖β‖p = λ
( d∑
i=1
|βj|p

)1/p

où 0 ≤ p ≤ +∞ et λ ∈ R+ est un hyper-paramètre de régularisation qui contrôle
le compromis entre l’adéquation du modèle aux données et sa complexité. Pour
p ∈ [0, 1[, ces fonctions de régularisation permettent de promouvoir la parcimonie
du vecteur de régression β, comme le suggère la Figure 1.2. Mais elles ne sont ni
différentiables, ni convexes et le problème de minimisation (1.2) peut alors se révéler
difficile à résoudre en pratique. Une façon usuelle de réduire la difficulté du problème
est d’utiliser la norme `1 en tant qu’approximation convexe des pénalisations, comme
nous allons le voir dans la suite.

Procédures `0. La pénalité `0 est telle que

pen(β) = λ‖β‖0.

Elle a une interprétabilité très intuitive. En effet,

‖β‖0 =
d∑
j=1
1{βj 6=0}

compte le nombre de coefficients non nuls dans le vecteur de régression [Schwarz
et al., 1978]. L’objectif est donc de forcer l’estimateur obtenu dans (1.2) à avoir
peu de coordonnées non nulles correspondant aux variables influentes dans la tâche
prédictive. Deux pénalités classiques font intervenir la pseudo-norme `0 : le critère
AIC [Akaike, 1992] où

pen(β) = 2
n
‖β‖0
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Figure 1.2 Illustration de l’effet de la régularisation `p avec les graphes de x 7→
‖x‖pp pour x ∈ R et p ∈ {1/10, 1/5, 1/3, 1/2, 1}. Plus p tend vers 0, moins les
coefficients proches de 0 seront pénalisés.

et le critère BIC [Schwarz et al., 1978] où

pen(β) = log d
n
‖β‖0.

Lorsque la dimension d du problème augmente, les procédures `0 posent des pro-
blèmes de complexité algorithmique puisque le nombre de modèles à comparer est
de l’ordre de O(2d) et augmente exponentiellement avec d, ce qui les rend inutili-
sables en pratique. On dit que le problème (1.2) est NP-dur avec cette pénalité ; en
particulier, il n’est pas résolvable en un temps polynomial [Tropp, 2004].

De plus, des instabilités apparaissent lorsque d grandit [Breiman, 1995], et dans
un contexte de grande dimension où d est grand devant le nombre d’exemples n (on
notera d� n), ces méthodes sont à proscrire. Pour autant, la nécessité d’identifier les
variables significatives et influentes est d’autant plus cruciale en grande dimension.
En fait, la plupart des algorithmes et estimateurs habituels deviennent instables dès
que d dépasse

√
n.

Pour répondre au problème algorithmique des procédures `0 qui engendrent une
fonction de pénalité non convexe, une approche consiste justement à convexifier la
pénalité. C’est l’idée suivie pour construire la pénalité lasso.
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Lasso `1. La pénalité lasso (pour least absolute shrinkage and selection opera-
tor) introduite dans Tibshirani [1996] est une procédure classique et fondamentale
de l’estimation en grande dimension. Elle est telle que

pen(β) = λ‖β‖1

avec
‖β‖1 =

d∑
j=1
|βj|.

Le problème d’optimisation (1.2) est cette fois convexe avec cette pénalité, on peut
alors faire appel aux algorithmes d’optimisation convexe pour déterminer β̂. Efron
et al. [2004] proposent l’algorithme LARS (Least Angle Regression Stepwise), un
algorithme de selection de modèle qui permet d’obtenir un chemin de régularisation
pour une plage de valeurs de λ (voir aussi Friedman et al. [2007]).

Le problème est en fait équivalent au problème de minimisation (1.1) où on
restreint G à l’ensemble L(X ,Y), tout en imposant la contrainte

d∑
j=1
|βj| ≤ s

avec s ∈ R+ fixé [Hebiri, 2009]. Cela revient donc à contraindre les β dans la boule
de norme `1 de rayon s dans Rd. Comme illustré dans la Figure 1.3, l’estimateur
β̂ obtenu est alors sparse : un certain nombre de ses coordonnées sont nulles, lui
conférant l’interprétabilité en sélection de variables souhaitée.

Notons β̂mc l’estimateur des moindres carrés obtenu sans pénalité et précisons
que le choix de l’hyper-paramètre de régularisation λ influe directement sur le
nombre de composantes nulles de β̂ : λ = 0 impliquerait que β̂ = β̂mc (pas de
pénalité), alors qu’une grande valeur de λ donnerait le vecteur nul pour β̂. Le choix
de λ est donc crucial et il existe plusieurs procédures empiriques pour en déterminer
une “bonne” valeur, où l’idée est toujours de s’assurer du pouvoir de généralisation
de l’estimateur obtenu, à savoir que Rn(gβ̂) ne dévie “pas trop” de RP(gβ̂). La plus
connue et utilisée s’appelle la validation croisée [Tibshirani, 1996].

L’estimateur lasso a beaucoup été étudié en régression linéaire [Efron et al., 2004,
Donoho et al., 2006, Zhang et al., 2008, Meinshausen et al., 2009] et plus généra-
lement dans le cas d’un modèle de régression additive non-paramétrique [Juditsky
and Nemirovski, 2000, Bunea et al., 2007, 2006, Greenshtein et al., 2004, Bickel
et al., 2009]. Par exemple, sous certaines hypothèses, sa consistance est montrée
dans Knight and Fu [2000] et sa signe-consistance dans Zhao and Yu [2006]. Ainsi,
une littérature riche a vu le jour depuis une vingtaine d’année en s’intéressant à
ses différentes propriétés théoriques dans différents cadres d’application (voir égale-
ment Meinshausen et al. [2006], Candès et al. [2007], Wainwright [2009], van de Geer
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s
β̂mc

β̂ β1

β2

Figure 1.3 Illustration de l’effet de la pénalité lasso avec d = 2. β̂mc représente
ici l’estimateur des moindres carrés obtenu sans pénalité. Les ellipses rouges re-
présentent des courbes de niveau de la fonction β 7→ Rn(gβ), avec donc la perte
quadratique. Le carré grisé représente la région admissible des estimateurs lasso,
soit ici {β ∈ R2, ‖β‖1 ≤ s}. β̂ représente alors l’estimateur lasso obtenu dans cet
exemple, et rend compte de la sparsité induite par la pénalité puisque la seconde
composante de l’estimateur est nulle.

and Bühlmann [2009], Bühlmann and van de Geer [2011], Tibshirani et al. [2013]).
Par ailleurs, de nombreuses autres pénalités sont dérivées du lasso, dont quelques
unes sont mentionnées ci-après.

Adaptive lasso. La pénalité adaptive lasso introduite dans Zou [2006] est une
pénalité lasso pondérée telle que

pen(β) = λn
d∑
j=1

ω̂j|βj|.



9 CHAPITRE 1. INTRODUCTION

Elle permet d’établir des propriétés oracles de l’estimateur obtenu. En prenant par
exemple

ω̂j = 1
|β̂mcj |γ

(les β̂mcj étant p.s. non nuls pour tout j ∈ {1, . . . , d}) et en supposant n−1/2λn → 0
et n(γ−1)/2λn → +∞, alors l’estimateur adaptive lasso est consistant en sélection de
variables et asymptotiquement normal [Zou, 2006].

Group lasso. La pénalité group lasso introduite dans Yuan and Lin [2006] est
telle que

pen(β) = λ
K∑
k=1

√
pk‖βGk‖2

avec
‖βGk‖2 =

√∑
j∈Gk

β2
j ,

où (Gk)k=1,...,K forme une partition de {1, . . . , d} telle que |Gk| = pk. Cette pénalité
favorise une sparsité par groupe Gk de covariables et généralise le lasso à ce cadre
(on se ramène au lasso si pk = 1 pour tout k ∈ {1, . . . , K}). La consistance de cet
estimateur en sélection de variables est montrée dans Bach [2008], des inégalités
oracles sont établies dans Nardi et al. [2008], et des extensions sont proposées par
exemple dans Meier et al. [2008] où le cadre de la régression logistique est considéré
(nous l’utilisons en Section 5.4 du Chapitre 5), dans Simon et al. [2013] pour le
sparse group lasso, ou encore dans Alaíz et al. [2013] pour le group fused lasso.

Elastic net. La pénalité elastic net introduite dans Zou and Hastie [2005] est
de la forme

pen(β) = λ1‖β‖1 + λ2‖β‖2
2.

Elle combine la pénalité lasso avec la pénalité ridge [Hoerl and Kennard, 1970] et
bénéficie ainsi des atouts des deux méthodes : elle dispose des propriétés de sélection
de variables du lasso et pallie le défaut de l’estimation lasso lorsque des covariables
sont fortement corrélées grâce à la partie ridge. Il y a ici deux hyper-paramètres de
régularisation (λ1, λ2) ∈ (R+)2.

Cette régularization est donc très utile en pratique, notamment dans des pro-
blèmes de grande dimension où le grand nombre de covariables considérées induit
souvent des problèmes de collinéarité entre celles-ci. Nous en ferons particulièrement
usage dans les Chapitres 3 et 4. Zou and Zhang [2009] proposent l’adaptive elastic
net pour obtenir des inégalités oracles à l’aide des propriétés de l’adaptive lasso.
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Fused lasso. La pénalité fused lasso introduite dans Tibshirani et al. [2005]
est de la forme

pen(β) = λ1‖β‖1 + λ2‖β‖TV,

où
‖β‖TV =

d∑
j=2
|βj − βj−1|

est la régularisation par variation totale qui pénalise les différences successives des
coefficients de β et favorise donc ce dernier à être constant par morceau [Little
and Jones, 2011, Rudin et al., 1992]. Les propriétés de l’estimateur fused lasso ont
par exemple été étudiées dans Rinaldo et al. [2009] et des algorithmes efficaces
ont été proposés pour le calculer dans Friedman et al. [2007], Liu et al. [2010],
Hoefling [2010]. Le fused lasso a notamment été utilisé avec succès pour répondre
au problème de la détection de points de rupture dans des signaux [Harchaoui and
Lévy-Leduc, 2010, Bleakley and Vert, 2011], ce qui sera d’un intérêt particulier dans
les Chapitres 5 et 6.

Insistons sur le fait que nous n’avons présenté ici qu’une partie non exhaustive des
types de régularisations proposées dans la littérature, en insistant sur les penalités
liées au lasso qui nous intéressent particulièrement dans cette thèse, en rapport
avec les chapitres qui suivent. Nous n’avons par exemple pas abordé les problèmes
de sélection de modèle discutés dans Birgé and Massart [2001, 2007], dans un cadre
d’estimation non-paramétrique. On s’intéresse alors, dans le paragraphe suivant, à la
résolution algorithmique du problème de minimisation du risque empirique pénalisé.

Algorithme du gradient proximal. Rappelons que déterminer la fonction de
prédiction résultant de la minimisation du risque empirique pénalisé requiert la
résolution du problème d’optimisation suivant

β̂ ∈ argminβ∈Rd Rn(gβ) + pen(β), (1.3)

où on se place ici de nouveau dans le cas classique G = L(X ,Y). On suppose de plus
que l’on choisit la fonction de perte ` de telle sorte que la fonction β 7→ Rn(gβ) soit
convexe, différentiable et de gradient L-lipschitz, c’est-à-dire

‖∇Rn(gu)−∇Rn(gv)‖2 ≤ L‖u− v‖2

pour tout (u, v) ∈ (Rd)2.
On peut ainsi appliquer le lemme de descente proposé dans Bertsekas [1995]

(Prop.A.24), soit

Rn(gu) ≤ Rn(gv) + (u− v)>∇Rn(gv) + L

2 ‖u− v‖
2
2 (1.4)
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pour tout (u, v) ∈ (Rd)2.
Pour ce qui est de la fonction de pénalité (pen), on suppose seulement sa convexité.

En effet, nombre des fonctions pénalités ne sont pas différentiables, comme c’est le
cas pour l’ensemble des pénalités mentionnées précédemment. C’est d’ailleurs pour
cette raison qu’on ne peut pas directement résoudre le problème (1.3) à l’aide d’un
algorithme classique de descente de gradient. Une idée intuitive est alors de résoudre
itérativement le problème suivant

β(k+1) ∈ argminβ∈Rp
{
Rn(gβ(k)) + (β − β(k))>∇Rn(gβ(k)) + L

2 ‖β − β
(k)‖2

2 + pen(β)
}
,

(1.5)
puisque (1.4) nous garantit que

Rn(gβ(k+1)) + pen(β(k+1)) ≤ Rn(gβ(k)) + pen(β(k)).

L’opérateur proximal [Moreau, 1965] associé à pen est alors défini par

proxpen : Rd → Rd

v 7→ argminu∈Rd
{1

2‖u− v‖
2
2 + pen(u)

}
.

L’opérateur proximal généralise la notion de projection : si on prend comme pénalité
la fonction indicatrice d’un ensemble convexe C, c’est-à-dire

pen(β) = δC(β) =

0 si β ∈ C,
+∞ sinon,

alors proxδC (β) est la projection euclidienne de β sur C. En remarquant que

(β−β(k))>∇Rn(gβ(k))+
L

2 ‖β−β
(k)‖2

2 = L

2

[
‖β−β(k)+ 1

L
∇Rn(gβ(k))‖2

2−‖
1
L
∇Rn(gβ(k))‖2

2

]
,

le problème (1.5) peut s’écrire sous la forme

β(k+1) = proxL−1pen

(
β(k) − 1

L
∇Rn(gβ(k))

)
, (1.6)

et cette écriture constitue la base de l’algorithme du gradient proximal. L’algorithme
ISTA (Iterative Shrinkage Thresholding Algorithm) consiste simplement à partir
d’un β(0) ∈ Rd initial et à itérer (1.6) jusqu’à la convergence qui est garantie à une
vitesse O(1/k) [Daubechies et al., 2004], vitesse qui est accélérée à O(1/k2) dans
l’algorithme FISTA [Beck and Teboulle, 2009].

Pour de nombreuses pénalités, l’opérateur proximal a une expression explicite.
La Table 1.1 donne par exemple les expressions des opérateurs proximaux pour les
trois pénalités qui nous intéresseront particulièrement dans la suite. La pénalité TV
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Table 1.1 Expression des opérateurs proximaux pour les quelques pénalités évo-
quées précédemment qui nous intéressent pour les chapitres suivants.

Pénalité pen(β)
(
proxpen(β)

)
j

lasso λ‖β‖1 max(0, 1− λ/|βj|)βj
elastic net λ1‖β‖1 + λ2‖β‖2 1/(1 + λ2)

(
proxλ1‖·‖1(β)

)
j

fused lasso λ1‖β‖1 + λ2‖β‖TV
(
proxλ1‖·‖1(proxλ2‖·‖TV

(β))
)
j

n’admet pas d’opérateur proximal explicite, mais ce dernier peut être calculé via un
algorithme proposé dans Condat [2013] par exemple.

Après avoir introduit la notion générale de minimisation du risque empirique
pénalisé, les différentes pénalités qui seront considérées dans la suite du manuscrit,
ainsi que la résolution algorithmique du problème d’optimisation qui en résulte (per-
mettant d’obtenir la fonction de prédiction en pratique), nous introduisons dans la
section suivante la notion d’inégalité oracle, qui sera au cœur des Chapitres 5 et 6,
permettant de quantifier la vitesse à laquelle le risque de la fonction de prédic-
tion obtenue tend vers le risque de la “meilleure” fonction de prédiction possible
(“meilleure” dans un certain sens défini ci-après).

1.1.3 Inégalités oracles
Notons g?P,G le prédicteur oracle sur G, c’est-à-dire la fonction de prédiction mi-

nimisant le risque sur G, soit

g?P,G ∈ argming∈G RP(g),

en supposant le minimum atteint pour simplifier l’écriture. Notons aussi de façon gé-
nérale gpen

n,G la fonction de prédiction qui minimise sur G le risque empirique pénalisé.
On a alors naturellement

RP(gpen
n,G ) ≥ RP(g?P,G) ≥ RP(g?P),

et l’excès de risque intégré de gpen
n,G se décompose de la façon suivante

RP(gpen
n,G )−RP(g?P) = RP(gpen

n,G )−RP(g?P,G)︸ ︷︷ ︸
ε1

+RP(g?P,G)−RP(g?P)︸ ︷︷ ︸
ε2

,

où ε1 est l’erreur d’estimation (ou erreur stochastique) et ε2 est l’erreur d’approxi-
mation (ou biais, erreur systématique). En général, plus G est “grand”, plus l’erreur
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systématique est petite et plus l’erreur stochastique est grande : c’est le compromis
“biais-variance”.

Pour quantifier les performances de gpen
n,G , on peut alors chercher à établir des

bornes sur l’excès de risque intégré, ou sur l’erreur stochastique (l’erreur systé-
matique étant souvent intrinséquement liée aux hypothèses de modélisation 3), ou
encore sur leurs versions empiriques exprimées avec le risque empirique Rn(·).

On peut par example avoir affaire au type d’inégalité oracle suivant

∀ε ∈]0, 1[, P[RP(gn,G)− aRP(g?P,G) ≤ δn(ε)] ≥ 1− ε, (1.7)

qui s’exprime en terme de risque intégré, avec a ≥ 1 une constante numérique, et
où tout l’enjeu est de choisir la fonction δn : ]0, 1[ → R+ qui décroit le plus vite vers
0 possible, de telle sorte que le résultat (1.7) soit le plus précis possible. On parle
alors d’inégalité oracle non-asymptotique pour (1.7) précise (“sharp”) si a = 1 et
à vitesse lente (resp. rapide) si δn(ε) = O(

√
log C(G)/n) (resp. O(log C(G)/n)), où

C(G) est une mesure de la complexité de G, par exemple la dimension de Vapnik-
Chervonenkis [Vapnik and Chervonenkis, 2015] ou encore la complexité de Radema-
cher [Mohri and Rostamizadeh, 2009].

Mais dans la suite du manuscrit, le type d’inégalité oracle qui nous intéresse
s’exprime en terme de risque empirique, et nous donnons dans le paragraphe suivant
un example de résultat avec l’estimateur lasso.

Le cas du lasso. Plaçons nous dans le cadre d’un modèle de régression additif

Yi = g?(Xi) + εi pour i ∈ {1, . . . , n} (1.8)

où g? : Rd → R est la fonction inconnue à estimer et

εi
i.i.d.∼ N (0, σ2)

sont des erreurs gaussiennes. On se ramène au modèle de régression linéaire si

g?(x) = x>β?

pour tout x ∈ Rd. Prenons l’exemple de l’estimateur lasso qui nous intéresse par-
ticulièrement dans la suite, avec donc β̂ issu de (1.2) et pen(β) = λ‖β‖1. Afin de
mesurer la qualité de l’estimateur en prédiction, on va chercher à obtenir des bornes
de risque avec grande probabilité pour la norme empirique associée à la perte qua-
dratique définie par

‖g? − gβ̂‖n =
√√√√ 1
n

n∑
i=1

(
g?(Xi)− gβ̂(Xi)

)2
, (1.9)

3. On fait dépendre G de n, avec une complexité croissante en n, pour obtenir la consistance
du minimiseur du risque empirique pénalisé et éviter que l’excès de risque de gn,G ne soit minoré
par l’erreur systématique, mais cela ne sera pas un sujet abordé dans ce manuscrit.
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voir par exemple Bunea et al. [2007], Zhang et al. [2008], Bickel et al. [2009] ; ou à
borner l’espérance de (1.9), voir par exemple Massart and Meynet [2011]. On peut
aussi s’intéresser à la qualité de l’estimation de β? dans le cas linéaire par exemple,
auquel cas on cherche naturellement à borner la quantité ‖β? − β̂‖p [Bunea et al.,
2007, Meinshausen et al., 2009, Zhang et al., 2008], ou encore la qualité en sélection
(particulièrement en grande dimension) où l’objectif est de retrouver le support en
norme `0 de β? [Zhao and Yu, 2006], soit

A(β?) = {j, β?j 6= 0}.

Dans le cas du modèle général de régression additif (1.8) et en prenant

λ = λn = O
(√ log d

n

)
,

l’inégalité oracle non-asymptotique en prédiction pour l’estimateur lasso est de la
forme

‖g? − gβ̂‖
2
n ≤ a inf

β∈Rd
{‖g? − gβ‖2

n + εn,d(β)}, (1.10)

avec a ≥ 1, ‖g?−gβ‖2
n le terme de biais et εn,d(β) le terme de variance. Ici, on parlera

de vitesse lente (respectivement rapide) si

εn,d(β) = O
(√ log d

n

)
(respectivement O(log d/n)). Pour obtenir une inégalité du type (1.10) avec grande
probabilité, on fixe un β ∈ Rd et on part simplement du fait que, par définition de
β̂, on a

Rn(gβ̂) + pen(β̂) ≤ Rn(gβ) + pen(β).

Puis en utilisant (1.8) et (1.9) on peut écrire

Rn(gβ) = ‖g? − gβ‖2
n + 2

n

n∑
i=1

(g? − gβ)(Xi)εi

et on obtient

‖g? − gβ̂‖
2
n ≤ ‖g? − gβ‖2

n + 2
n

n∑
i=1

(gβ̂ − gβ)(Xi)εi + pen(β)− pen(β̂).

Moralement, il ne reste “plus qu’à” contrôler le processus

1
n

n∑
i=1

Xiεi
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à l’aide d’une inégalité de concentration, par exemple une inégalité de Hoeffding si
les variables aléatoires de bruit εi sont supposées centrées et bornées, ou une inégalité
de Bernstein dans le cas plus général d’erreurs sous-exponentielles. Ces inégalités,
utiles dans la suite du manuscrit, sont rappelées en Annexe A.1.3.

Pour obtenir une vitesse rapide, une hypothèse supplémentaire est à faire sur la
matrice

G = X>X/n

où on note X = [xi,j]1≤i≤n;1≤j≤d la matrice de design. Dans le cas de la grande
dimension (d � n), le problème des moindres carrés ordinaires n’a pas de solution
unique puisque la matrice G est dégénérée, soit

κ = min
β∈Rd\{0}

√
β>Gβ

‖β‖2
= 0,

où κ la plus petite valeur propre de G. L’idée est alors de faire une hypothèse plus
faible que la définie positivité de la matrice G qui s’appelle condition aux valeurs
propres restreintes RE(s, c0) (restricted eigenvalue) définie dans Bickel et al. [2009]
par

min
J⊆{1,...,d}
|J |≤s

min
β∈Rd\{0}

‖β
J{
‖1≤c0‖βJ‖1

√
β>Gβ

‖βJ‖2
> 0,

avec s ∈ {1, . . . , d} un paramètre de sparsité, c0 > 0 et (βJ)k = βk pour k ∈ J et
(βJ)k = 0 pour k ∈ J{ = {1, . . . , d}\J.

La condition RE(s, c0) assure ainsi la définie positivité de G pour les vecteurs
β ∈ Rd\{0} vérifiant ‖βJ{‖1 ≤ c0‖βJ‖1, et permet de lier ‖(β̂−β)A(β)‖2 à ‖gβ̂−gβ‖n
pour tout β ∈ Rd afin d’obtenir la vitesse rapide.

1.2 Le cas de l’analyse de survie
L’analyse de survie est un ensemble de méthodes statistiques utilisées dans divers

champs d’application où l’intérêt est porté sur l’apparition d’un événement donné.
Il peut s’agir d’études dans des domaines aussi variés que la médecine, la démogra-
phie, la biologie, la sociologie ou encore l’économétrie. L’évènement d’intérêt peut
être le décès, mais aussi l’apparition d’une maladie (par exemple, le temps avant
une rechute, un rejet de greffe, ou le diagnostic d’un cancer) ou d’une guérison, la
naissance d’un enfant, la panne d’une machine, la survenue d’un sinistre (en actua-
riat), ou encore le désabonnement d’un client pour un service donné. Ces quelques
exemples, loin d’être exhaustifs, sont tous sujets à un intérêt scientifique dès lors
que l’on tente de comprendre leur cause et d’établir des facteurs de risque.
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1.2.1 Généralités
Pour plus de clarté et sans perte de généralité, nous utiliserons dans la suite le

terme de “survie”, et le vocabulaire relatif à la survie, plutôt “qu’événement d’inté-
rêt”. En analyse de survie, les données ont (au minimum) trois particularités : (1) la
variable de sortie à expliquer (label) est le temps d’attente jusqu’à la survenue du
décès : on appelle ce temps d’attente la durée de survie (qui est toujours positive ou
nulle), (2) les observations sont censurées, dans le sens où pour certains exemples de
l’échantillon d’apprentissage Dn, le décès ne s’est pas produit au moment où les don-
nées sont analysées, et (3) nous avons à notre disposition des variables explicatives
(covariables) pour lesquelles on questionne l’effet sur la survie.

La fonction de survie. Notons T ≥ 0 la variable aléatoire modélisant la durée
de survie que l’on suppose absolument continue, de densité notée classiquement f
et de fonction de répartition notée F . Ainsi, F (t) = P[T ≤ t] donne la probabilité
que le décès se soit déjà produit avant le temps t. La fonction de survie, qui est d’un
intérêt particulier dans ce contexe, est alors simplement définie par

S(t) = P[T > t] = 1− F (t) =
∫ +∞

t
f(u)du (1.11)

et donne donc la probabilité d’être toujours en vie à l’instant t.

Le risque instantané. Une autre fonction caractéristique de la distribution de T
est la fonction de risque instantané, aussi appelée hasard ou intensité, et définie par

λ(t) = lim
dt→0

P[t ≤ T < t+ dt|T ≥ t]
dt . (1.12)

Le numérateur de cette expression est la probabilité conditionnelle que le décès se
produise dans l’intervalle de temps [t, t+dt[ sachant qu’il ne s’est pas produit avant,
et le dénominateur est la taille de l’intervalle. En divisant l’un par l’autre, on obtient
un risque de décès par unité de temps et en prendre la limite lorsque l’intervalle tend
vers le singleton {t} donne bien intuitivement le risque instantané de décès à l’instant
t, conditionnellement au fait d’être toujours vivant jusqu’au temps t. En remarquant
que

P[t ≤ T < t+ dt|T ≥ t] = P[t ≤ T < t+ dt]
S(t) ,

on obtient l’expression

λ(t) = f(t)
S(t) ,

qui peut aussi faire office de définition.
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La dernière égalité de (1.11) suggère que −f est la dérivée de S et permet d’écrire

λ(t) = − d
dt logS(t).

En intégrant de 0 à t et en introduisant la condition naturelle S(0) = 1 (il est d’usage
de supposer que le décès n’a pas eu lieu au temps initial), on peut alors exprimer la
probabilité de survie jusqu’au temps t comme une fonction de l’intensité à tous les
instants jusqu’au temps t, soit

S(t) = exp{−
∫ t

0
λ(u)du} = exp{−Λ(t)} (1.13)

en notant Λ(t) le risque cumulé entre l’instant initial et t.

La notion de censure. La seconde caractéristique de l’analyse de survie est le
phénomène de censure : le fait que pour certains exemples, le décès s’est produit
dans la fenêtre d’observation finie qui est intrinséque à Dn, et pour d’autres le décès
ne s’est pas produit.

Pour être un peu plus précis, différents méchanismes peuvent mener à cette
notion de censure : il se peut que le décès d’un individu ne soit pas observé avant la
fin de l’étude, que l’individu sorte de l’étude – pour une raison ou une autre – avant
qu’on ait pu observer son décès, ou encore que l’individu décède d’une autre cause
que de la maladie étudiée par exemple. Tout ce qu’on sait pour ces individus, c’est
que le temps de survie excède le temps d’observation. On aimerait alors prendre en
compte et modéliser cette information.

Suivant la censure dite de type I, on suit n individus sur une fenêtre temporelle
finie notée τ (elle peut aussi dépendre de chaque individu i ∈ {1, . . . , n}, ce qui ne
change pas grand chose). Une façon de modéliser le phénomène consiste à associer à
chaque individu i une variable aléatoire modélisant le temps de censure potentielle
en plus de la variable aléatoire Ti, et de supposer que l’on observe le minimum entre
ces deux temps, conjointement à un indicateur de censure qui renseigne si le temps
observé est censuré ou non. Cette modélisation permet d’écrire la vraisemblance en
prenant en compte l’information apportée par chaque individu, comme nous allons
le voir dans la suite après avoir introduit quelques notions fondamentales.

1.2.2 Formalisme
Le cadre général dans lequel se trouve l’analyse de survie, introduit dans Aalen

[1980], est celui des processus de comptage et inclut plusieurs contextes comme
les processus de Poisson marqués, les processus de Markov, ou encore les données
censurées qui nous intéressent particulièrement [Andersen et al., 1993].
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Nous donnons pour commencer quelques notions introductives, qui sont complé-
tées dans l’Annexe A.1.1. Notons Ci ≥ 0 la variable aléatoire modélisant la censure
pour l’individu i,

Zi = min{Ti, Ci}
le temps censuré observé et

∆i = 1{Ti≤Ci}

l’indicateur de censure correspondant. Zi vaut donc Ti dans le cas de l’observation
du décès de l’individu i (∆i = 1) et Ci si le décès n’a pas été observé (∆i = 0).
Dans la suite, nous ferons l’hypothèse classique que la censure est non informative,
c’est-à-dire qu’elle n’apporte pas d’information sur l’état de santé du patient, ce qui
se traduit par l’indépendance entre Ti et Ci conditionnellement aux covariables Xi.
Cela sera particulièrement utile lors de l’écriture de la vraisemblance, cette hypothèse
étant faite dans la plupart des modèles usuels [Klein and Moeschberger, 2005].

On considère l’espace probabilisé (Ω,A,P) et la filtration F = (Ft)t≥0 définie
par

Ft = σ
{
Xi, Ni(s), Yi(s) : s ∈ [0, t], i ∈ {1, . . . , n}

}
,

avec pour l’individu i la notation Xi ∈ Rd pour le vecteur aléatoire des covariables
F0-mesurables, Ni le processus de comptage marqué 4 qui saute lorsque le ième indi-
vidu décède, c’est-à-dire

Ni(t) = 1{Zi≤t,∆i=1},

et Yi le processus aléatoire modélisant la présence de risque tel que

Yi(t) = 1{Zi≥t}.

On note Λi le compensateur du processusNi par rapport à F tel queMi = Ni−Λi

soit une F -martingale. On parle de modèle à intensité multiplicative d’Aalen pour
Ni lorsque

Λi =
∫ t

0
λ(s,Xi)Yi(s)ds

avec λ l’intensité du modèle définie dans (1.12), que l’on pourra également noter λ?
dans la suite pour insister sur sa non-connaissance et sur le fait qu’il s’agit de la
“vraie” intensité.

Avant d’aller plus en avant dans l’élaboration d’une vraisemblance dans ce contexte,
arrêtons nous un instant pour utiliser les notations qui viennent d’être introduites
afin de répondre à deux questions pratiques fondamentales (qui seront souvent consi-
dérées dans la suite du manuscrit) : comment estimer la fonction de survie d’un
groupe d’individus ? Comment comparer des fonctions de survie issues de différents
groupes d’individus ?

4. Les notions utilisées sans définition sont définies en Annexe A.1.1.
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Estimateur de Kaplan-Meier. L’estimateur de Kaplan-Meier introduit dans Ka-
plan and Meier [1958] est un estimateur non paramétrique de la fonction de survie
qui découle de la simple idée que si on a deux temps ordonnés t′ < t, alors

P[T > t] = P[T > t|T > t′]× P[T > t′].

En notant (z(i))i∈{1,...,n} les temps censurés ordonnés de l’échantillon (i.e. rangés par
ordre croissant), on a alors

P[T > z(i)] =
i∏

k=1
P[T > z(k)|T > z(k−1)]

avec la convention z(0) = 0. Or, la probabilité pk de mourir dans l’intervalle ]z(k−1), z(k)]
sachant que l’on était vivant en z(k−1), soit

pk = P[T ≤ z(k)|T > z(k−1)],

est naturellement estimée par

p̂k = dk∑n
i=1 Yi(z(k))

,

où on note dk le nombre de décès en z(k) (qui vaut δk sous l’hypothèse théorique
classique que les temps de décès sont distincts si T est une variable absoluement
continue). En effet, ∑n

i=1 Yi(z(k)) représente le nombre d’individus à risque juste
avant le temps z(k). L’estimateur de Kaplan-Meier est alors simplement donné par

Ŝ(t) =
∏

i=1,...,n
y(i)≤t

(1− p̂k).

On obtient ainsi une fonction en escalier décroissante et continue à droite. Il existe
des estimateurs de la variance de Ŝ(t) (estimateur de Greenwood [Klein, 1991] par
exemple), on peut exprimer des intervalles de confiance [Rothman, 1978], et sous
certaines conditions on montre que l’estimateur de Kaplan-Meier est uniformément
consistant et asymptotiquement normal quand le nombre d’individus à risque est
grand.

Test du logrank. Le test du logrank [Bland and Altman, 2004] est une approche
non paramétrique pour comparer les fonctions de survie SA et SB de deux groupes A
et B d’individus. Le principe du test consiste à comparer le nombre de décès observés
dans chaque groupe au nombre de décès attendus, calculés sous l’hypothèse nulle
d’égalité des distributions de survie, soit

H0 : SA = SB.
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Il permet de prendre en compte toute l’information sur l’ensemble du suivi sans
nécessité de faire des hypothèses sur la distribution des temps de survie.

Pour chaque temps (ordonné) z(i), on note Di
A (respectivement Di

B) la variable
aléatoire modélisant le nombre de décès au temps T(i) dans le groupe A (respecti-
vement B), et di le nombre de décès total observés à cet instant (somme des deux
réalisations). De même, on note yiA (respectivement yiB) le nombre d’individus à
risque observés au temps z(i) dans le groupe A (respectivement B), et yi le nombre
total de sujets à risques observés à cet instant.

L’idée est de comparer les pourcentages de décès parmi les sujets à risque dans
chacun des groupes en utilisant le test du Chi-2 [Moore, 1976]. On peut en effet
vérifier que Di

A suit une loi hypergéométrique d’espérance

E[Di
A] = diy

i
A

yi

et de variance
Var[Di

A] = yi − di
yi − 1 ×

diy
i
Ay

i
B

y2
i

,

et que sous H0, Di
A −E[Di

A] suit asymptotiquement une loi N (0,Var[Di
A]), et donc

que (
Di
A − E[Di

A]
)2

Var[Di
A]

d.−→
n→+∞

χ2(1).

En sommant sur tous les individus et en ajoutant des pondérations ωi on obtient la
statistique suivante

S =

(∑n
i=1 ωi(Di

A − E[Di
A])
)2

∑n
i=1 ω

2
iVar[Di

A]

et sous H0, par indépendance de Di
A et Dj

A pour i 6= j, on a également

S d.−→
n→+∞

χ2(1).

Le test du logrank considère alors que chaque décès a le même poids quel que soit
l’instant où il survient, soit ωi = 1 pour tout i ∈ {1, . . . , n}. Choisir une pondération
différente amène à un test différent : le test de Gehan considère par exemple que les
poids sont plus élevés pour les décès précoces en prenant ωi = yi.

Bien entendu, le test se généralise au cas où il y a K ≥ 2 groupes, la statistique
de test correspondante suivra alors asymptotiquement une distribution χ2(K − 1).

Les deux questions posées ayant été traitées, revenons au problème de l’écriture
de la vraisemblance d’un modèle en analyse de survie.



21 CHAPITRE 1. INTRODUCTION

Construction de la vraisemblance. On considère l’échantillon i.i.d.{(
Xi, Ni(t), Yi(t)

)
: t ∈ [0, τ ], i ∈ {1, . . . , n}

}
,

avec τ > 0 la durée de l’étude, ce qui se résume en pratique dans le cas des données
censurées à droite aux données

Dn = {(x1, z1, δ1), . . . , (xn, zn, δn)}.

Oublions dans un premier temps les covariables xi 5, et supposons que l’on observe
le temps zi pour l’individu i. Si le temps est non censuré, alors sa contribution à la
vraisemblance est donnée par la valeur de la densité évaluée au temps zi = ti, soit

Li = f(ti) = S(ti)λ(ti).

En revanche, si zi = ci et que l’individu i est toujours vivant à l’instant zi (donnée
censurée), alors sous l’hypothèse de censure non informative, on sait seulement que
sa survie dépasse zi et sa contribution à la vraisemblance est donnée par

Li = S(ci).

La vraisemblance peut alors s’écrire

L =
n∏
i=1

Li =
n∏
i=1

S(zi)λ(zi)δi .

Sans prendre en compte les covariables xi ∈ Rd, on obtient une population
homogène, dans le sens où les durées de survie de tous les individus sont gouvernées
par la même fonction de survie S. Mais la troisième caractéristique de l’analyse
survie est la présence de covariables explicatives pouvant affecter le temps de survie,
l’idée est alors de modéliser leurs effets.

Différents modèles ont été proposés dans la littérature à ce sujet. On trouve par
exemple les modèles de vie accélerée [Bagdonavicius and Nikulin, 2001] (accelerated
life models) qui proposent d’exprimer le logarithme de la durée de survie par un
modèle linéaire classique, à savoir

log T = X>β? + ε,

où ε est une erreur avec une certaine loi. En notant S0 la fonction de survie “de
base”, soit pour un individu tel que X = 0, donc S0(t) = P[exp(ε) > t], la fonction
de survie d’un individu i s’exprime

Si(t|Xi = xi) = S0
(
t exp(−x>i β?)

)
.

5. Précisons qu’une notation en lettre minuscule, qui signifie qu’on parle de la réalisation de la
variable aléatoire, sera préférée pour des quantités comme la vraissemblance, mais qu’on préférera
une notation en lettre majuscule (faisant intervenir l’échantillon théorique) pour les estimateurs et
les considérations théoriques.
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On comprend ainsi le nom donné à cette famille de modèles, puisque le terme
exp(−x>i β?) est un facteur d’accélération : un changement dans les covariables mo-
difie l’échelle de temps. Ces modèles sont par exemple utilisés en économétrie ou
en démographie. Mais le modèle le plus populaire et utilisé en analyse de survie est
sans doute le modèle à risques proportionnels introduit dans Cox [1972]. Il sera d’un
intérêt particulier dans la suite et nous en présentons les principes généraux dans la
section suivante.

1.2.3 Le modèle de Cox
Le modèle de Cox [Cox, 1972], dit à risques proportionnels, suppose que l’inten-

sité a la forme
λi(t|Xi = xi) = λ?0(t) exp

(
f ?(xi)

)
, (1.14)

où λ?0 est le risque de base décrivant le risque pour les individus tels que xi = 0
qui servent de référence, et exp

(
f ?(xi)

)
est le risque relatif associé aux covariables

de l’individu i. Le modèle sépare ainsi les effets du temps et ceux des covariables à
travers une structure multiplicative (effet multiplicatif des covariables sur la fonction
de risque) et on parle de risques proportionnels puisque le rapport des fonctions de
risque (1.14) de deux individus distincts i et j ne dépend pas du temps : les fonctions
de risque sont donc proportionnelles. En effet, on a

λi(t|Xi = xi)
λj(t|Xj = xj)

= exp
(
f ?(xi)− f ?(xj)

)
pour tout t ∈ [0, τ [. C’est une conséquence du modèle mais c’est surtout une hypo-
thèse forte qu’il convient de vérifier, ce qui sera brièvement discuté en Annexe A.1.2.

En général, aucune forme a priori n’est imposée au risque de base. On peut en
faire de même avec f ? dans une modélisation de Cox non-paramétrique [Hastie and
Tibshirani, 1990]. Mais la modélisation classique, que l’on choisira dans la suite du
manuscrit, est semi-paramétrique et suppose que f ? soit linéaire, c’est-à-dire

f ?(xi) = x>i β
?

avec β? ∈ Rd. Il est aussi possible d’obtenir différents modèles à risques proportion-
nels en faisant différentes hypothèses sur le risque de base, un choix classique étant
celui d’une loi de Weibull avec

λ?0(t) = µ

φ

( t
φ

)µ−1
,

où µ > 0 est un paramètre de forme et φ > 0 un paramètre d’échelle. Précisons
que cette famille de lois est la seule donnant lieu à un modèle appartenant simul-
tanément à la famille des modèles à risques proportionnels et à celle des modèles
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de vie accélerée [Kalbfleisch and Prentice, 2011]. Elles sont très utiles pour modé-
liser des risques monotones (croissants si µ ∈]0, 1[ et décroissants si µ > 1), mais
deviennent mal adaptées lorsque les risques sont en forme de cloche, ce qui est cou-
rant dans divers cas pratiques. Une alternative est l’utilisation de lois de Weibull
généralisées [Mudholkar and Kollia, 1994].

Précisons aussi qu’il existe des extensions directes du modèle de Cox (1.14), en
supposant par exemple que les covariables xi peuvent varier au cours du temps [Sueyo-
shi, 1992] (on perd alors la propriété de proportionnalité des risques), ou que les effets
(c’est-à-dire le vecteur de coefficients β?) peuvent varier au cours du temps [Tian
et al., 2005], ou bien même les deux simultanément [Therneau and Grambsch, 2013]
tel que

λi(t) = λ?0(t) exp
(
xi(t)>β?(t)

)
.

D’autres extensions classiques sont par exemple le modèle de Cox stratifié [Therneau
and Grambsch, 2013], utile si une variable qualitative ne vérifie pas l’hypothèse des
risques proportionnels : on peut alors considérer que le risque de base est différent
dans les différentes “strates” définies par la variable en question ; ou encore les
modèles de fragilité (frailty) [Duchateau and Janssen, 2007] utiles pour prendre
en compte l’hétérogénéité des observations avec une dépendance entre les temps de
survie d’individus de différents groupes : le risque pour l’individu i appartenant au
groupe k ∈ {1, . . . , K} s’exprime

λk,i(t|Xk,i = xk,i, Zk = zk) = λ?0(t)zk exp(x>k,iβ?)

où zk est la réalisation d’une variable latente Zk appelée “fragilité” du groupe k
et supposée i.i.d., souvent d’espérance nulle et de variance θ (pour des questions
d’identifiabilité du modèle) mesurant l’hétérogénéité entre les groupes. Cette der-
nière extension sera par exemple considérée parmi les modèles de référence dans le
Chapitre 4.

Ainsi, deux paramètres sont inconnus dans le modèle de Cox : le vecteur de
régression β? ∈ Rd et la fonction λ0. Beaucoup d’études ne s’intéressent qu’à l’esti-
mation de β?, ce qui sera parfois notre cas, ce qui permet de déterminer les facteurs
pronostiques qui influencent la durée de survie, et d’ordonner les individus suivant
leurs risques relatifs. En revanche, pour pouvoir prédire la durée de survie d’un indi-
vidu i sachant ses covariables xi, il est indispensable d’estimer également la fonction
λ0 puisque d’après l’Équation (1.13), on a

Si(Ti > t|Xi = xi) = exp
(
−
∫ t

0
λ?0(u) exp(x>i β?)du

)
.

Présentons alors les méthodes d’estimation classiques de ces deux paramètres
lorsque d < n.
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Estimation. Concernant le paramètre de régression β? ∈ Rd, l’estimation se fait
en minimisant l’opposé de la log-vraisemblance partielle introduite dans [Cox, 1972]
qui s’exprime par

`n(β) = 1
n

n∑
i=1

δi
(
x>i β − log

∑
i′:zi′≥zi

exp(x>i′ β)
)
.

Lorsqu’on s’intéressera à des propriétés théoriques, on utilisera davantage l’écriture

`n(β) = 1
n

n∑
i=1

∫ τ

0

(
XT
i β − logSn(t, β)

)
dNi(t)

avec
Sn(t, β) = 1

n

n∑
i=1

exp(XT
i β)Yi(t) (1.15)

qui utilise l’échantillon aléatoire (lettres capitales), le passage d’une écriture à l’autre
étant montrée en Annexe A.1.2 où on détaillera aussi comment obtenir la log-
vraisemblance partielle à partir de la log-vraisemblance du modèle.

Ainsi, la log-vraisemblance partielle ne fait pas intervenir le risque de base λ?0 et
l’estimateur naturel de β? est donné par

β̂ ∈ argminβ∈Rd −`n(β). (1.16)
Le problème (1.16) n’admet pas de solution explicite en général, mais étant convexe,
on a recours aux algorithmes d’optimisation convexe. L’estimateur obtenu est consis-
tant et asymptotiquement normal [Andersen and Gill, 1982].

Concernant l’estimation du risque de base λ?0, un estimateur classique est obtenu
à partir d’un estimateur du risque de base cumulé défini par

Λ0(t) =
∫ t

0
λ?0(u)du.

L’estimateur de cette quantité, de type estimateur de Nelson-Aalen [Aalen, 1978],
est défini pour un β ∈ Rd fixé par

Λ̂0(t, β) =
∫ t

0

1{Ȳ (u)>0}

Sn(u, β) dN̄(u),

avec
Ȳ = 1

n

n∑
i=1

Yi et N̄ = 1
n

n∑
i=1

Ni.

L’estimateur de Breslow [Breslow, 1972], très utilisé en pratique, est alors simplement
donné par Λ̂0(t, β̂). Un estimateur de λ?0 obtenu à partir de l’estimateur de Breslow
est alors donné par

λ̂h(t) = 1
nh

n∑
i=1

∫ τ

0
K
(t− u

h

)1{Ȳ (u)>0}

Sn(u, β̂)
dNi(u),

avec K une fonction noyau d’intégrale 1 et h > 0 la longueur de la fenêtre.
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Le cas d � n. Les estimateurs qui viennent d’être présentés ont de bonnes pro-
priétés théoriques lorsque d < n. Par exemple, on a ‖β̂ − β?‖2

2 = O(d/n), mais
cela implique aussi que cet estimateur n’est plus consistant dans le cas de la grande
dimension. Une procédure lasso appliquée à la log-vraisemblance partielle de Cox a
alors été proposée dans Tibshirani [1997] et différents résultats théoriques ont ensuite
été montrés pour cet estimateur : une inégalité asymptotique en estimation en norme
`2 [Bradic et al., 2011], des inégalités oracles en prédiction [Kong and Nan, 2014]
ainsi que des résultats en prédiction en norme `p [Huang et al., 2013]. L’adaptive
lasso a également été considéré pour le modèle de Cox, avec des résultats asympto-
tiques d’estimation [Zhang and Lu, 2007] et de consistance en sélection [Zhang and
Lu, 2007, Zou, 2008].

Précisons que la procédure lasso a également été considérée dans d’autres modèles
d’analyse de survie comme le modèle additif d’Aalen [Martinussen and Scheike, 2009]
avec des inégalités oracle non-asymptotique démontrées dans ce contexte [Gaïffas
and Guilloux, 2012].

1.3 Cheminement et contributions
Dans cette section, nous présentons le cheminement suivi tout au long de cette

thèse, correspondant à l’ordre des chapitres du manuscrit. Chaque chapitre est un
projet mené de façon distincte et aboutissant à un papier de recherche, ces différents
projets s’étant naturellement enchaînés lors de la thèse. Précisons que chaque cha-
pitre comporte un paragraphe “Software” pointant vers un dépôt GitHub qui met
à disposition le code open source ayant généré les différentes figures et permis les
analyses du chapitre correspondant.

Chapitre 2 : Trajectories of biological values and vital parameters,
a retrospective cohort study on non-complicated vaso-occlusive
crises
Contexte. La drépanocytose est la maladie génétique la plus fréquente dans le
monde, avec environ 310000 naissances concernées chaque année [Piel et al., 2013].
Elle est due à une mutation génétique de l’hémoglobine qui est une protéine des
globules rouges assurant le transport de l’oxygène dans le sang. Cette mutation
favorise l’apparition de globules rouges rigides en forme de faucille susceptibles de
bloquer la circulation sanguine au niveau des capillaires de certains organes (os,
reins ou cerveau par exemple) provoquant des douleurs aigües [Stuart and Nagel,
2004]. Cette manifestation clinique est appelée crise vaso-occlusives (CVO) et chez
la plupart des patients, l’injection intraveineuse d’opiacés à intervalles réguliers est
requit pour calmer la douleur, jusqu’à la fin de la crise qui est traitée par hydratation.
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Il n’existe pas de biomarqueur fiable pour diagnostiquer une COV, bien qu’il
ait été observé que les COVs sont souvent (mais pas toujours) associées à une hé-
molyse accrue (élévation de la lactate déshydrogénase (LDH) et bilirubine), à une
augmentation de l’anémie ou encore de la protéine C-réactive (CRP). Ces biomar-
queurs inflammatoires sont surveillés pour détecter la survenue d’une complication
infectieuse au cours des COVs, mais l’évolution “normale” des paramètres vitaux et
des résultats biologiques de laboratoire effectués de façon récurrente au moment du
diagnostique et de l’évolution des COVs non compliquées est jusqu’alors inconnue.

Le premier objectif de ce chapitre est alors de décrire le comportement et l’évolu-
tion des biomarqueurs et des paramètres vitaux lors d’une CVO dite non compliquée
(c’est-à-dire sans apparition d’une infection ou d’une complication quelconque), dans
le but d’aider au diagnostic d’une part, et à détecter la présence d’une possible com-
plication d’autre part. Les résultats sont obtenus à partir d’une étude rétrospective
sur une cohorte de l’hôpital universitaire européen George Pompidou (HEGP) à
Paris, dont le service de médecine interne est un des centres de référence pour les
patients drépanocytaires adultes. Le second objectif est d’identifier quel(s) biomar-
queur(s) et/ou paramètre(s) vital(aux) est à surveiller avec attention dans les jours
suivant une admission pour CVO, et orienter le choix des tests de laboratoires à
effectuer ainsi que les moments opportuns pour les réaliser.

Méthode. Les données recueillies sont principalement de type longitudinales (sé-
ries temporelles). Elles ont été extraites de l’entrepôt de données de l’HEGP et
concernent les patients y étant admis pour CVO entre le 1er janvier 2010 au 31
décembre 2015. De nombreux séjours sont exclus afin de ne concerver que les CVOs
dites non compliquées (voir Section 2.2.2), il reste alors 329 séjours pour 164 patients.

Pour décrire les trajectoires moyennes des données longitudinales, la méthodolo-
gie suivie (détaillée en Section 2.C) est telle que pour chaque variable longitudinale,
on génére une grille uniforme de temps tk, puis un spline du premier ordre fi est
ajusté pour les trajectoire individuelle de chaque séjour i permettant ensuite de cal-
culer les valeurs fi(tk) pour chaque temps de la grille. On obtient ainsi, pour chaque
variable longitudinale, une matrice dont le nombre de colonnes est la taille de la
grille et où le nombre de lignes correpond au nombre de séjours, à partir de laquelle
on déduit une trajectoire moyenne avec intervalles de confiance gaussiens.

Résultats. De nombreuse statistiques descriptives sont présentées dans la Sec-
tion 2.3.1, ainsi que les résultats de différents tests statistiques univariés. Puis, les
résultats les plus intéressants cliniquement sont présentés et analysés. La Figure 1.4
donne un aperçu des différents graphiques obtenus. Plusieurs biomarqueurs et pa-
ramètres vitaux pertinents ont été identifiés comme particulièrement importants à
surveiller lors d’une COV, à savoir l’hémoglobine, les leucocytes (et plus précisément
les éosinophiles), la CRP et la température. En ce qui concerne l’hémoglobine, elle
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est rarement revenue au niveau de base avant la sortie de l’hôpital, mais une baisse
au cours du séjour peut prédire une réadmission précoce. Les trajectoires des leu-
cocytes ont montré des tendances spécifiques, en particulier pour les neutrophiles
et les éosinophiles, qui pourraient aider à mieux évaluer le diagnostic de COV. Une
analyse des proportions inférieures ou supérieures à certains seuils a par exemple
montré que plus de 95% des séjours pour COV non compliquée présentaient une va-
leur de référence de la CRP inférieure à 100 mg/L le premier jour après l’admission,
et pas de fièvre pendant toute la durée du séjour, ce qui suggère que la fièvre et/ou
qu’une CRP supérieure à 100 mg/L à l’admission ne doivent pas être attribuées à
la COV elle-même.

Ainsi, ce travail illustre notamment comment extraire de l’information pertinente
à partir d’un entrepôt de données cliniques de grande dimension, en travaillant sans
hypothèse a priori et en considérant différentes méthodes.

Article associé.
R. Veil, S. Bussy, J.B. Arlet, A.S. Jannot et B. Ranque
Trajectories of biological values and vital parameters : a retrospective
cohort study on non-complicated vaso-occlusive crises
Soumis à Haematologica, 2018.

Code. Tous des codes implémentés (principalement en Python) pour ce chapitre
sont disponibles à l’adresse https://github.com/SimonBussy/redcvo sous la forme
de programmes annotés et l’ensemble des figures y sont disponibles (pour tous les
biomarqueurs et paramètres vitaux recueillis lors d’un séjour à l’hôpital pour CVO,
pas seulement ceux mentionnés dans le chapitre).

Chapitre 3 : Early-readmission prediction in a high-dimensional
heterogeneous covariates and time-to-event outcome framework

Contexte. À partir de l’étude de la cohorte présentée au Chapitre 2, la question
qui se pose naturellement est celle de l’utilisation de ces données complexes et riches
pour tenter de prédire la réhospitalisation précoce pour ces patients. En effet, ces
patients sont sujets à des rechutes, c’est-à-dire qu’une autre CVO peut se déclencher
dans les quelques jours suivant la sortie d’une hospitalisation pour CVO [Bunn, 1997,
Platt et al., 1991]. Les cliniciens parlent alors de rechute, dans le sens où la seconde
CVO a de fortes chances d’être “liée” à la précédente. D’où l’idée de prédire le risque
d’une réhospitalisation précoce pour un séjour donné. Bien qu’il existe des études
orientées sur les facteurs de risque [Brousseau et al., 2010, Rees et al., 2003], très peu
d’entres elles sont centrées sur cette question de la prédiction de la réhospitalisation
précoce.

https://github.com/SimonBussy/redcvo
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Figure 1.4 Échantillon de résultats graphiques provenant de la Section 2.3.
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Le but de ce chapitre est de comparer différentes approches statistiques pour
prédire la réhospitalisation et d’identifier les variables importantes pour cette pré-
diction, en considérant simultanément les performances en prédiction et l’aspect
de sélection de variables dans un contexte de grande dimension, aspects qui sont
trop souvent traîtés séparément. L’évènement réhospitalisation sera considéré pour
certaines approches comme une variable binaire et pour d’autres dans un contexte
d’analyse de survie.

Dans le cadre de prédiction binaire, l’objectif est de prédire si le patient va
déclencher une CVO dans un délai ε fixé suivant sa sortie de l’hôpital. On prendra
par exemple dans cette étude une valeur de 30 jours pour ε, qui est un délai classique
dans les études concernant la drépanocytose [Brousseau et al., 2010]. Le choix a
priori de ce délai est arbitraire, et toute conclusion tirée dans ce contexte, en terme
de prédiction ou de sélection de variables, est entiérement conditionnée par lui :
il est donc périlleux d’inférer des conclusions générales. Il y a, de plus, une perte
d’information temporelle puisque la granularité des temps de réhospitalisation des
patients est réduite à une information binaire : lors de la phase d’apprentissage, les
modèles de classification binaire ont la même information, en terme de risque, pour
deux patients avec des temps de retour de 31 jours et 6 mois par exemple.

L’alternative est l’analyse de survie, introduite dans la Section 1.2, qui considère
comme variable explicative la durée jusqu’à la réhospitalisation et “prend en compte”
l’intégralité de l’information temporelle. Afin de comparer les deux approches en
terme de prédiction, l’idée est d’utiliser les fonctions de survie estimées des modèles
d’analyse de survie, et de les évaluer en ε pour obtenir une prédiction binaire.

Méthode. Une méthodologie d’extraction de covariables à partir des données lon-
gitudinales est proposée dans la Section 3.2.2, avec par exemple la pente d’une ré-
gression linéaire ajustée sur les 48 heures précédent la sortie de l’hôpital, ou encore
les hyper-paramètres des noyaux de processus gaussiens [Pimentel et al., 2013] ajus-
tés pour chaque trajectoire individuelle.

Dans le contexte de prédiction binaire, on considère les modèles de l’état de l’art
suivant : la régression logistique (LR) [Hosmer Jr et al., 2013], les machines à vecteur
de support (SVM) [Schölkopf and Smola, 2002], les forêts aléatoires (RF) [Breiman,
2001], le gradient boosting (GB) [Friedman, 2002] ainsi que les réseaux de neuronnes
(NN) [Yegnanarayana, 2009].

Pour ce qui est du contexte d’analyse de survie, les modèles considérés sont les
suivant : le modèle de Cox [Cox, 1972], le modèle de CURE [Farewell, 1982] et enfin
le modèle C-mix [Bussy et al., 2018] introduit au Chapitre 4, qui a précisément été
conçu face au problème rencontré dans le Chapitre 3, à savoir celui de la prédiction
d’une sous-population à fort risque de réhospitalisation précoce.

De plus amples détails concernant les méthodes statistiques utilisées sont donnés
dans la Section 3.2.3.
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Résultats. La Table 1.2 rend compte des résultats de prédiction binaire obtenus
pour le choix du seuil ε = 30 jours, en terme d’AUC [Bradley, 1997]. La Figure 1.5
donne, quant à elle, un aperçu des résultats graphiques obtenus et détaillés dans la
Section 3.3.

Ainsi, l’étude suggère notamment qu’entraîner des modèles d’analyse de survie
utilisant toute l’information temporelle pour ensuite se servir des fonctions de survie
estimées afin de prédire le risque d’apparition de l’événement d’intérêt avant un
certain délai, peut nettement améliorer les prédictions obtenues par des modèles
directement entraînés dans un cadre binaire. Cela semble faire sens intuitivement,
et il serait intéressant de confirmer ce phénomène sur d’autres jeux de données,
par exemple dans un contexte de prédiction du désabonnement de clients (churn
prediction) pour un service donné : cette application est très courante et quasiment
toujours traîtée dans un cadre de prédiction binaire.

Enfin, précisons que le modèle C-mix, conçu pour répondre spécifiquement au
problème, obtient les meilleurs résultats et dispose de surcroit d’avantages attrayants
pour l’interprétabilité des résultats.

Table 1.2 Résultats des prédictions binaires des différents modèles considérés en
terme d’AUC.

SVM GB LR NN RF CURE (ε = 30) Cox PH (ε = 30) C-mix (ε = 30)
0.524 0.561 0.616 0.707 0.738 0.831 0.855 0.940

Article associé.
S. Bussy, R. Veil, V. Looten, A. Burgun, S. Gaïffas, A. Guilloux, B. Ranque et
A.S. Jannot
Comparison of methods for early-readmission prediction in a high dimen-
sional heterogeneous covariates and time-to-event outcome framework
Soumis à BMC Medical Research Metodology, 2018.

Code. Tous des codes implémentés (principalement en Python) pour ce chapitre,
permettant notamment la génération des figures qu’on y trouve, sont disponibles à
l’adresse https://github.com/SimonBussy/early-readmission-prediction sous
la forme de notebooks annotés.

Chapitre 4 : C-mix, a high dimensional mixture model for censored
durations
Contexte. Une question récurrente en médecine personnalisée est celle d’identifier
des sous-groupes de patients de différents pronostics, en se basant par exemple sur

https://github.com/SimonBussy/early-readmission-prediction
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Figure 1.5 Échantillon de résultats graphiques provenant de la Section 3.3.

leurs expressions génétiques [Rosenwald et al., 2002]. Prédire le sous-groupe d’un
patient est classique dans un contexte de classification, lorsque les sous-groupes sont
connus à l’avance [Hastie et al., 2001a, Tibshirani et al., 2002]. Dans ce chapitre, on
suppose au contraire que les groupes ne sont pas connus.

Dans ce contexte, une approche répandue est de détecter des sous-groupes dans
l’espace des covariables de façon non-supervisée (avec des méthodes dites de clus-
tering) [Bhattacharjee et al., 2001, Beer et al., 2002], mais cela ne permet pas de
construire des sous-groupes en fonction du pronostic des patients. À l’inverse, une
autre approche consiste à identifier les sous-groupes en se basant exclusivement sur
les temps de survie mais sans faire intervenir les covariables [Shipp et al., 2002,
Van’t Veer et al., 2002], ce qui est d’un intérêt pratique restreint. La méthode que
nous proposons, le C-mix, utilise à la fois les covariables et les temps de survie de
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façon supervisée dans un contexte de grande dimension. Il s’agit d’un modèle de
mélange de K ≥ 1 lois sur les temps de survie, où les probabilités d’appartenance
aux sous-groupes sont déterminées par les covariables.

Il se différencie des modèles de l’état de l’art sous différents aspects. Le modèle
le plus utilisé en analyse de survie est le modèle de Cox [Cox, 1972]. Ce dernier
a été étendu à la grande dimension [Simon et al., 2011], mais ne permet pas de
stratifier la population en sous-groupes à risques homogènes et n’offre pas d’outil
simple pour la pratique clinique. Il repose de plus sur l’hypothèse forte des risques
proportionnels (voir Section 1.2.3), et s’avère moins performant que le C-mix sur les
données simulées et réelles considérées. Des modèles de mélanges de lois des temps
de survie ont déjà été considérés [De Angelis et al., 1999, Kuo and Peng, 2000], mais
aucun d’entre eux ne s’applique dans un contexte de grande dimension. Un autre
exemple classique est le modèle de CURE [Farewell, 1982] qui considère qu’une
fraction de la population n’est plus à risque, ce qui est rarement vérifié en pratique.

Le modèle. On introduit une variable latente Z ∈ {0, . . . , K − 1} qui modélise
l’appartenance à un sous-groupe, et la quantité d’intérêt pour un patient avec des
covariables observées X = x ∈ Rd est sa probabilité conditionnelle d’appartenance
au k-ième groupe, que l’on suppose de la forme

πβk(x) = P[Z = k|X = x] = ex
>βk∑K−1

k=0 e
x>βk

,

et tel que
K−1∑
k=0

πβk(x) = 1.

La densité conditionnelle de T sachant X = x est alors donnée par le mélange

f(t|X = x) =
K−1∑
k=0

πβk(x)fk(t;αk)

de K densitées fk, avec t ≥ 0, αk ∈ Rdk et βk ∈ Rd le vecteur de coefficients qui
quantifie l’impact des covariables sur la probabilité d’appartenance au groupe k. On
note θ = (α0, . . . , αK−1, β0, . . . , βK−1)> le vecteur de paramètres à estimer.

On se place dans le cadre classique de la censure aléatoire de type I rappelée
dans la Section 1.2, avec les notations C ≥ 0 pour la variable de censure, puis Y et
∆ le temps censuré et l’indicateur de censure respectivement définis par

Y = min(T,C) et ∆ = 1{T≤C}.

On considère un échantillon d’apprentissage i.i.d. de n patients

Dn =
{

(x1, y1, δ1), . . . , (xn, yn, δn)
}
,
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et en supposant de façon classique que T et C sont indépendants sachant Z et
X [Klein and Moeschberger, 2005], et que C et Z sont indépendants [Kuo and Peng,
2000], on peut écrire la vraissemblance du modèle

`n(θ) = n−1
n∑
i=1

{
δi log

[
Ḡ(y−i )

K−1∑
k=0

πβk(xi)fk(yi;αk)
]

+ (1− δi) log
[
g(yi)

K−1∑
k=0

πβk(xi)F̄k(y−i ;αk)
]}
,

où on note F la fonction de répartition correspondant à la densité f , F̄ = 1− F et
F (y−) = lim

u→y
u≤y

F (u).

Inférence. La fonction objectif à minimiser lors de l’inférence utilise la pénalité
elastic net [Zou and Hastie, 2005] présentée dans la Section 1.1.2. Elle est donnée
par

`pen
n (θ) = −`n(θ) +

K−1∑
k=0

γk
(
(1− η)‖βk‖1 + η

2‖βk‖
2
2

)
, (1.17)

avec η ∈ [0, 1] fixé et γk ≥ 0 les hyper-paramètres de régularisation. Nous intro-
duisons alors l’algorithme QNEM (Quasi-Newton Expectation Maximization) qui
combine les algorithmes EM [Dempster et al., 1977] et L-BFGS-B [Zhu et al., 1997]
afin de minimiser (1.17). Sous certaines hypothèses classiques (concernant la régu-
larité et la convexité des fonctions d’intérêts), le Théorème 4.3.1 établit la conver-
gence de l’algorithme QNEM vers un minimum local de la fonction objectif définie
dans (1.17).

Applications. On s’intéresse dans les applications au cas où K = 2, avec Z = 1
pour les patients ayant un risque élevé de décès rapide et Z = 0 pour les autres. Dif-
férentes paramétrisation sont essayées pour les densités fk, et il s’avère que prendre
de simples lois géométriques donne les meilleurs résultats. On remarque empirique-
ment qu’eu égard aux métriques utilisées lors de la validation croisée (pour le choix
de l’hyper-paramètre de régularisation) ainsi que pour évaluer les performances – à
savoir le C-index [Harrell et al., 1996] et l’AUC(t) [Heagerty et al., 2000], soit des mé-
triques où l’ordre relatif des prédictions importe – il est crucial d’imposer un ordre
stochastique entre les fonctions de survie des différents groupes. Cet ordre existe
naturellement avec le choix des lois géométriques (deux courbes de survies issues
de lois géométriques avec des paramètres distincts ne se croisent pas), et celles-ci
donnent de surcroit des mises à jours explicites des paramètres lors de l’étape “M”
de l’algorithme QNEM (voir Section 4.3.3).

Le modèle est alors évalué en pratique au travers d’une étude en simulation et
comparé avec les modèles de l’état de l’art, à savoir le modèle de Cox [Cox, 1972],
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le modèle de CURE [Farewell, 1982] ou encore les modèles de vie accélerée [Kalb-
fleisch and Prentice, 2011]. Les performances en prédiction sont examinées, mais
aussi la stabilité en sélection de variables. Pour ce faire, deux hyper-paramètres
sont introduits : un pour régler la sparsité des données et un pour modéliser la pré-
sence plus ou moins importante de facteurs de confusion (le “confusion rate”). Un
hyper-paramètre est également introduit pour quantifier la “distance” entre les deux
groupes au sein des covariables (le “gap”), influant directement sur la difficulté du
problème sous-jacent de clustering de la population. Les données sont générées sui-
vant les différents modèles en compétition, et le C-mix obtient les meilleurs résultats
dans la plus grande partie des nombreuses configurations considérées. La Figure 1.6
donne alors un aperçu des graphiques résultant de l’étude en simulation. Le modèle

(a) AUC(t) (b) Sélection de variables

Figure 1.6 Échantillon de résultats graphiques provenant de la Section 4.4, avec à
droite la Figure 1.6a et les performances des modèles considérés en terme d’AUC(t)
sur des données simulées suivant le C-mix ; et à gauche la Figure 1.6b et les per-
formances en sélection de variables du C-mix sur des données simulées suivant le
modèle de Cox, pour différentes configurations (“confusion rate”, “gap”), où la cou-
leur rouge signifie que le support du “vrai” vecteur de coefficients est parfaitement
retrouvé, ce qui est de moins en moins le cas à mesure qu’on tend vers le bleu foncé.
Les différentes transitions de phases observées sont interprétées en Section 4.4.4.

est ensuite utilisé sur trois jeux de données publiques de génétique en cancérolo-
gie (dont une description est données dans la Section A.2.2) et obtient également
de bonnes performances, comme l’illustre la Figure 1.7 qui donne un aperçu des
résultats sur le cancer du sein.

Ainsi, le C-mix surpasse largement les autres modèles considérés en terme de
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(a) AUC(t) (b) AUC

(c) Courbes de survie des deux groupes

Figure 1.7 Échantillon de résultats graphiques provenant de la Section 4.5 concer-
nant l’application des modèles considérés sur un jeu de données génétiques de pa-
tients atteints d’un cancer du sein. La Figure 1.7a donne les résultats en terme
d’AUC(t), la Figure 1.7b en terme d’AUC en utilisant, pour un patient i donné, la
fonction de survie estimée et évaluée au temps ε – soit Ŝi(ε|Xi = xi) – pour prédire
la quantité binaire Ti > ε pour différents ε, et la Figure 1.7c donne les estimateurs
de Kaplan-Meier des deux groupes identifiés par le C-mix.

performances prédictives, en sélection de variables et en temps de calcul (voir Sec-
tion 4.5). Mais surtout, il dispose d’un fort pouvoir d’interprétation en identifiant
des sous-groupes de différents pronostics basés sur les covariables : il constitue ainsi
un nouvel outil prometteur pour la médecine personnalisée, notamment en cancé-
rologie. Une étude est par ailleurs menée dans la Section 4.G concernant les gènes
sélectionnés par les différents modèles dans l’application en cancérologie, et il s’avère
que parmi les gènes qui ressortent, de nombreux sont bien connus alors que d’autres
méritent sans doute une attention plus poussée.
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Article associé.
S. Bussy, A. Guilloux, S. Gaïffas, A.S. Jannot
C-mix : a high dimensional mixture model for censored durations, with
applications to genetic data
Publié dans Statistical Methods in Medical Research, 2017.

Code. Tous des codes implémentés (principalement en Python) pour ce chapitre
sont disponibles à l’adresse https://github.com/SimonBussy/C-mix sous la forme
de programmes annotés et de tutoriels pour apprendre à utiliser le C-mix en pratique.

Chapitre 5 : Binarsity, a penalization for one-hot encoded features
in linear supervised learning

Dans ce chapitre, on se place dans un cadre d’apprentissage supervisé en grande
dimension, où on suppose avoir affaire à des covariables continues. Un pré-traitement
classique (et souvent nécessaire) consiste à standardiser les covariables. Une autre
approche consiste à les discrétiser [Dougherty et al., 1995], par exemple par processus
de binarisation appelé encodage “one-hot” évoqué ci-après.

Binarisation. Pour un exemple i, l’idée consiste ici à transformer son vecteur de
covariables continues de dimension p en un vecteur de dimension d� p donné par

xBi = (xBi,1,1, . . . , xBi,1,d1 , . . . , x
B
i,p,1, . . . , x

B
i,p,dp)

> ∈ Rd,

où

xBi,j,l =

1 si xi,j ∈ Ij,l,
0 sinon,

avec d = ∑p
j=1 dj et Ij,l = (µj,l−1, µj,l] où on peut choisir une grille uniforme µj,l =

l/dj, ou encore les quantiles empiriques µj,l = qj(l/dj) d’ordre l/dj pour la j-ième
covariable.

Inférence. On se place dans le cadre des modèles linéaires généralisés [Green
and Silverman, 1994] où on suppose que la distribution conditionnelle de la sortie
sachant les covariables en entrée, c’est-à-dire de Y |X = x, appartient à la famille
exponentielle à un paramètre, soit de densité donnée par

y|x 7→ exp
(ym0(x)− b

(
m0(x)

)
φ

+ c(y, φ)
)
,

https://github.com/SimonBussy/C-mix
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avec les fonctions b(·) et c(·) connues, et m0(·) la fonction inconnue que l’on cherche
à estimer. On considère alors le risque empirique

Rn(θ) = 1
n

n∑
i=1

`
(
Yi,mθ(Xi)

)
,

où mθ(Xi) = θ>XB
i et θ ∈ Rd le paramètre à estimer, avec la fonction de perte

`(y1, y2) = −y1y2 + b(y2). Le problème de minimisation du risque empirique pénalisé
que l’on considère est le suivant

θ̂ ∈ argminθ∈Rd
{
Rn(θ) + bina(θ)

}
,

avec

bina(θ) =
p∑
j=1

( dj∑
k=2

ŵj,k|θj,k − θj,k−1|+ δ1(θj,•)
)

la pénalité appelée binarsity permettant de faire face aux problèmes de condition-
nement de la matrice binarisée d’une part, et de sélection de variables en grande
dimension d’autre part (voir Section 5.2) ; où les poids ŵj,k > 0 sont définis dans la
Section 5.3, et où

δ1(u) =

0 si 1>u = 0,
∞ sinon.

Résultat. On note

R(mθ) = 1
n

n∑
i=1

{
− b′

(
m0(Xi)

)
mθ(Xi) + b

(
mθ(Xi)

)}
la fonction de risque associée [van de Geer, 2008], et J(θ) =

[
J1(θ), . . . , Jp(θ)

]
la

concaténation des supports relativement à la pénalité par variation totale (TV), à
savoir Jj(θ) =

{
k : θj,k 6= θj,k−1, for k = 2, . . . , dj

}
. En notant maintenant

Bd(ρ) = {θ ∈ Rd : ‖θ‖2 ≤ ρ}

la boule de norme `2 de rayon ρ > 0 dans Rd, le Théorème 5.3.1 établit alors
l’inégalité oracle non asymptotique à vitesse rapide qui est synthétisée par l’équation
suivante

R(mθ̂)−R(m0) ≤ (1 + c1) inf
θ∈Bd(ρ)

∀j, 1>θj,•=0
|J(θ)|≤J∗

{
R(mθ)−R(m0) + c2

|J(θ)| log d
n

}
,

qui est vraie avec grande probabilité, avec c1 et c2 deux constantes positives (c2
provenant d’une condition aux valeurs propres restreintes sur la matrice binarisée).
Dans le cas de la régression aux moindres carrés, l’inégalité est sharp, soit c1 = 0.
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Applications. La méthode est est utilisée dans le cadre d’une régression logis-
tique sur 9 jeux de données standards de classification binaire [Lichman, 2013] et
comparée avec les méthodes de l’état de l’art suivantes : la régression logistique avec
une pénalité lasso [Tibshirani, 1996], group lasso [Meier et al., 2008] ou group TV,
les machines à vecteurs de support (SVM) [Schölkopf and Smola, 2002], les mo-
dèles additifs généralisés (GAM) [Hastie and Tibshirani, 1990], les forêts aléatoires
(RF) [Breiman, 2001] ainsi que le gradient boosting [Friedman, 2002]. La Figure 1.8
donne un aperçu des résultats obtenus dans la Section 5.4. La pénalité binarsity sur-
passe les performances prédictives de celles des pénalités lasso, group lasso, group
TV ainsi que celles des modèles linéaires généralisés, et est compétitive avec les
forêts aléatoires et le boosting, avec des temps de calcul nettement inférieurs. Et
surtout, elle offre une interprétabilité puissante, qui sera d’ailleurs au cœur du cha-
pitre suivant : en plus de la sélection de variables, la méthode identifie des seuils
significatifs dans les covariables continues initiales (aux positions des sauts du vec-
teur de régression, voir Figure 5.1), ce qui procure une compréhension plus précise
et profonde du modèle que celle fournie par le lasso.
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Figure 1.8 Échantillon de résultats graphiques provenant de la Section 4.5.

Article associé.
M.Z. Alaya, S. Bussy, S. Gaïffas, A. Guilloux
Binarsity : a penalization for one-hot encoded features
Accepté pour publication et en révision mineure dans Journal of Machine Learning
Research, 2018.

Code. Tous des codes implémentés (principalement en Python/C++) pour ce cha-
pitre sont disponibles à l’adresse https://github.com/SimonBussy/binarsity sous

https://github.com/SimonBussy/binarsity
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la forme de programmes annotés et de tutoriels pour apprendre à utiliser la pénalité
binarsity en pratique.

Chapitre 6 : Binacox, automatic cut-points detection in a high-
dimensional Cox model
Contexte. Traduire en décision clinique les valeurs prises par des biomarqueurs
requiert souvent de choisir des seuils. Nous introduisons dans ce chapitre une mé-
thode pronostique appelée binacox afin de traiter le problème de détection de mul-
tiples seuils par covariable continue de façon multivariée, dans un contexte de grande
dimension. On note T le temps de décès, C le temps de censure, X ∈ Rp le vecteur
de covariables, Z = T ∧C le temps censuré à droite et ∆ = 1({T ≤ C}) l’indicateur
de censure. On suppose alors que le risque instantané pour un patient i est donné
par

λ?(t|Xi = xi) = λ?0(t)ef?(xi),

avec λ?0(t) le risque de base, et

f ?(xi) =
p∑
j=1

K?
j +1∑
k=1

β?j,k1(xi,j ∈ I?j,k),

où I?j,k = (µ?j,k−1, µ
?
j,k] pour k ∈ {1, . . . , K?

j + 1}. Le but est d’estimer simultanément
le vecteur de seuils

µ? = (µ?1,•
>, . . . , µ?p,•

>)> = (µ?1,1, . . . , µ?1,K?
1
, . . . , µ?p,1, . . . , µ

?
p,K?

p
)> ∈ RK?

et le vecteur de coefficients correspondant

β? = (β?1,•
>, . . . , β?p,•

>)> = (β?1,1, . . . , β?1,K?
1 +1, . . . , β

?
p,1, . . . , β

?
p,K?

p+1)> ∈ RK?+p,

en notant K? = ∑p
j=1K

?
j le nombre total de seuils.

Méthode. On commence par utiliser la même méthode de binarisation que dans
le chapitre précédent. On obtient ainsi

xBi = (xBi,1,1, . . . , xBi,1,d1+1, . . . , x
B
i,p,1, . . . , x

B
i,p,dp+1)>,

où

xBi,j,l =

1 si xi,j ∈ Ij,l,
0 sinon,

et Ij,l = (µj,l−1, µj,l] avec un choix de grille uniforme par exemple, soit µj,l = l/(dj +
1). On définit alors

fβ(xi) = β>xBi =
p∑
j=1

fβj,•(xi)
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où

fβj,•(xi) =
dj+1∑
l=1

βj,l1(xi,j ∈ Ij,l)

pour tout j ∈ {1, . . . , p}, de telle sorte que fβ est un estimateur de f ? = fβ? . On
définit alors la log-vraissemblance négative partielle binarisée (normalisée par n−1)
comme

`n(fβ) = − 1
n

n∑
i=1

δi

{
fβ(xi)− log

∑
i′:zi′≥zi

efβ(xi′ )
}
,

et on considère le problème d’optimisation suivant

β̂ ∈ argminβ∈Bp+d(R)

{
`n(fβ) + bina(β)

}
avec

Bp+d(R) = {β ∈ Rp+d : ‖β‖2 ≤ R}

la boule de norme `2 de rayon R > 0 dans Rp+d et

bina(β) =
p∑
j=1

( dj+1∑
l=2

ωj,l|βj,l − βj,l−1|+ δ1(βj,•)
)
,

avec

δ1(u) =

0 si 1>u = 0,
∞ sinon,

et où les poids sont ici de telle sorte que

ωj,l = O
(√

log(p+ d)
n

)
,

voir Section 6.B.1 pour plus de détails. En notant alors

Aj(β̂) =
{
l : βj,l 6= βj,l−1, for l = 2, . . . , dj + 1

}
= {l̂j,1, . . . , l̂j,sj},

on obtient l’estimateur
µ̂j,• = (µj,l̂j,1 , . . . , µj,l̂j,sj )

>,

avec sj = |Aj(β̂)| = K̂j.
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Résultats. On définit la divergence de Kullback-Leibler empirique entre f ? et une
fonction candidate f comme

KLn(f ?, f) = 1
n

n∑
i=1

∫ τ

0
log

{
ef

?(Xi)∑n
i=1 Yi(t)ef(Xi)

ef(Xi)
∑n
i=1 Yi(t)ef

?(Xi)

}
Yi(t)λ?0(t)ef?(Xi)dt,

où Yi(t) = 1(Zi ≥ t) est le processus modélisant la présence de risque. Le Théo-
rème 6.3.1 établit alors une inégalité oracle non-asymptotique à vitesse rapide qui
est synthétisée par l’équation suivante

KLn(f ?, fβ̂) ≤ (1 + c1) inf
β∈Bp+d
|A(β)|≤K?

∀j,1>βj,•=0

{
KLn(f ?, fβ) + c2|A(β)| log(p+ d)

n

}
,

qui est vraie avec grande probabilité, avec c1 et c2 deux constantes positives (et c2
qui dépend d’un facteur de compatibilité d’une certaine matrice, voir Section 5.3
pour plus de détails).

Le modèle est alors évalué en pratique au travers d’une étude en simulation et
comparé avec les méthodes de l’état de l’art pour la détection de seuils en analyse
de survie, à savoir des méthodes basées sur des tests du logrank multiples [Budczies
et al., 2012]. Les performances en détection sont examinées, mais aussi la stabilité
en sélection de variables. La Figure 1.9 donne un aperçu des résultats obtenus dans
la Section 6.4 concernant l’étude en simulation. La méthode binacox surpasse alors
largement les méthodes univariées existantes en terme de détection, et davantage
encore en terme de temps de calcul.

Les méthodes considées sont ensuite appliquées sur trois jeux de données pu-
bliques de génétique en cancérologie (dont une description est données dans la Sec-
tion A.2.2) et le binacox obtient de bonnes performances, en détectant des seuils
intéressants pour certains gènes connus (voir la Section 6.5). La Figure 1.10 donne
un apperçu des résultats graphiques obtenus.

Article associé.
S. Bussy, M.Z. Alaya, A. Guilloux et A.S. Jannot
Binacox : automatic cut-points detection in high-dimensional Cox model,
with applications to genetic data
Journal visé : Journal of the Royal Statistical Society : Series B.

Code. Tous des codes implémentés (principalement en Python/C++) pour ce cha-
pitre sont disponibles à l’adresse https://github.com/SimonBussy/binacox sous
la forme de programmes annotés et de tutoriels pour apprendre à utiliser la méthode
en pratique.

https://github.com/SimonBussy/binacox
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Figure 1.9 Échantillon de résultats graphiques provenant de la Section 6.4.
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∗ ∗ ∗

Note. All chapters are self-contained and can be read independently. All notations
used within a given chapter are defined in the chapter, and some notations may differ
between chapters for convenience reasons (for instance, Z denotes a latent variable
in Chapter 4, while it denotes the censored times in Chapter 6).

Les différents chapitres peuvent être lus indépendamment les uns des autres. L’en-
semble des notations utilisées dans un chapitre y sont précisément définies, et cer-
taines notations peuvent différer d’un chapitre à l’autre pour des raisons de com-
modité d’écriture (par exemple, Z représente une variable aléatoire latente dans
le Chapitre 4, alors qu’il s’agit de la variable aléatoire des temps censurés dans le
Chapitre 6).
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vital parameters : a retrospective co-
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Abstract. Hospital admission of sickle-cell disease (SCD) patients presenting a
non-complicated vaso-occlusive crisis (VOC) is justified both by refractory pain to
ambulatory available drugs and by possible complications, such as infections or acute
chest syndrome. But, the “normal” range of values for vital parameters and usual
laboratory results, both at the diagnosis and throughout the non-complicated VOC,
have yet to be established, in order to detect such complications and/or differential
diagnosis. In this observatory retrospective study, we describe the behavior of bio-
markers and vital parameters throughout a non-complicated VOC hospital stay. We
included 329 non-complicated VOC-related stays of 164 SCD patients, which took
place between 2010 and 2015 in the internal medicine department of the GPUH
in Paris, France. We identified several relevant biomarkers and vital parameters
when monitoring a VOC episode, namely hemoglobin, leucocytes (and more specifi-
cally eosinophils), CRP and temperature. Regarding hemoglobin, it rarely returned
to baseline levels before discharge, but a drop during the stay may be predictive
of early readmission. Leucocytes trajectories showed specific trends, especially for
neutrophils and eosinophils, that could help further assess the diagnosis of VOC. Un-
der/above threshold proportion analysis showed that over 95% of non-complicated
VOC stays displayed a baseline CRP value of under 100 mg/L within the first day
following admission, and had no fever throughout the entire stay, suggesting that
fever and/or CRP over 100 mg/L at admission should not be attributed to the VOC
itself.

Résumé. L’admission à l’hôpital pour les patients atteints de drépanocytose lors
d’une crise vaso-occlusive (COV) non compliquée est justifiée par des douleurs ré-
fractaires aux médicaments disponibles en ambulatoire et par d’éventuelles compli-
cations, comme des infections ou un syndrome thoracique aigu. Cependant, l’évolu-
tion “normale” des valeurs pour les paramètres vitaux et les résultats de laboratoire
habituels, à la fois lors du diagnostique et au cours de la COV non compliquée,
n’est pas encore suffisamment établi pour pouvoir détecter sereinement de telles
complications. Dans cette étude rétrospective, nous décrivons le comportement des
biomarqueurs et des paramètres vitaux lors d’un séjour hospitalier non compliqué
pour CVO. 329 séjours sont inclus correspondant à 164 patients drépanocytaires
entre 2010 et 2015 admis dans le département de médecine interne de l’Hopitâl Uni-
versitaire George Pompidou à Paris. Nous avons identifié plusieurs biomarqueurs et
paramètres vitaux pertinents lors de la surveillance d’un épisode de COV, à savoir
l’hémoglobine, les leucocytes (et plus précisément les éosinophiles), la CRP et la
température. En ce qui concerne l’hémoglobine, elle est rarement revenue au niveau
de base avant la sortie de l’hôpital, mais une baisse au cours du séjour peut prédire
une réadmission précoce. Les trajectoires des leucocytes ont montré des tendances
spécifiques, en particulier pour les neutrophiles et les éosinophiles, qui pourraient
aider à mieux évaluer le diagnostic de COV. Une analyse des proportions inférieures
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ou supérieures à certains seuils a montré que plus de 95% des séjours pour COV non
compliquée présentaient une valeur de référence de la CRP inférieure à 100 mg/L
le premier jour après l’admission, et pas de fièvre pendant toute la durée du séjour,
ce qui suggère que la fièvre et/ou qu’une CRP supérieure à 100 mg/L à l’admission
ne doivent pas être attribuées à la COV elle-même.
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2.1 Introduction
Background. Sickle-cell disease (SCD) is the most common monogenic disorder
worldwide, resulting from a range of recessive mutations. Over 5% of the world
population is carrying a variant, and 2.55 births out of 1000 are affected with the
disease [Modell and Darlison, 2008]. Although multiple genotypes can lead to the
phenotypical trait, homozygote S-hemoglobin, otherwise known as sickle-cell anemia,
is accountable for roughly 70% of cases [Rees et al., 2010].

The inherited mutated variants lead to a defective β-hemoglobin sub-unit, which
predisposes the sickling of erythrocytes [Pauling et al., 1949, Bunn, 1997, Stuart and
Nagel, 2004]. Consequently, these misshaped and rigid red blood cells will, under
certain conditions, obstruct capillaries, thus inducing acute ischemia to downstream
organs and tissues [Bunn, 1997, Stuart and Nagel, 2004].

Such episodes, called vaso-occlusive crisis (VOC), are responsible for acute pain
syndromes and ultimately result in increased morbidity and mortality [Diggs, 1965,
Platt et al., 1991, 1994, Prasad et al., 2003, Darbari et al., 2013, Vichinsky et al.,
2000]. SCD also results in chronic hemolysis leading to vasculopathy and ultimately
to organ damages, as well as an increased susceptibility to infection due to functional
asplenia.

Rationale. Hospital admission for non-complicated VOC is justified both by re-
fractory pain to ambulatory available drugs and by possible complications, such as
infections or acute chest syndrome. The diagnosis of VOC relies on the occurrence
of an acute bone pain that is usually located on one or several limbs or the spine and
is usually straightforward. However, it is impossible to differentiate VOC from pain
of other origin, especially from opioid addiction, which is a possible complication of
recurrent pain killer use.

There is currently no reliable diagnostic biomarker of ongoing VOC, although it
has been observed that VOC are often, but not always, associated with increased
hemolysis (elevated lactate dehydrogenase (LDH) and bilirubin), increased anemia
(low hemoglobin level) and moderate systemic inflammation (elevated C-Reactive
Protein (CRP) and hyperleukocytosis). These common inflammatory biomarkers are
monitored to detect the occurrence of an infectious complication during VOC, but
the “normal” range of values for vital parameters and usual laboratory results at
the diagnosis and during the evolution of non-complicated VOC are unknown.

In hospitalized VOC episodes, opioid-based patient-controlled analgesia (PCA)
is a first choice treatment to control pain ; therefore the resolution of the VOC is
corroborated by the decrease of both pain intensity and opioid requested doses. In
this context, establishing the common range of vital parameters and usual laboratory
results at admission and during the course of a non-complicated VOC episode could
help the clinician either infirm the diagnosis of VOC, or detect the presence of a
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possible complication. As a result, it could be a first step towards a specific guideline
for monitoring VOC episode, both in term of which laboratory tests to perform, as
well as when to perform them. Additionally, combining VOC monitoring data with
readmission delays could help assess the predictability of early readmissions, which
is also a challenge in the management of VOC episodes [Frei-Jones et al., 2009,
Brousseau et al., 2010].

Today, clinical data warehouses (CDW) can automatically store heterogeneous
real-life data from electronic health records (EHR), allowing researchers to use clini-
cal, administrative, and biological retrospective data to answer this kind of questions.
The Georges Pompidou University Hospital (GPUH), in Paris, France, set up such
a data warehouse [Zapletal et al., 2010]. The GPUH internal medicine department
is also a center of expertise for SCD adult patients, and manages over 150 VOC-
related hospitalizations per year [bnd]. Reuse of heath data from this department,
facilitated by the CDW, could help describe how biomarkers and vital signs behave
throughout a hospitalized non-complicated VOC.

Objectives. The main objective for this study was to describe the behavior of
biomarkers and vital parameters throughout a non-complicated VOC hospital stay.
The secondary objective was to identify which biomarker(s) and/or vital sign(s)
should be monitored in the days following a hospital admission for VOC in order to
help identifying stays with high risk of early readmissions after hospital discharge.

2.2 Method

2.2.1 Study design
This is a monocentric retrospective cohort study. Data was extracted from de

GPUH CDW which uses the i2b2 star-shaped standard [Uzuner et al., 2011, Murphy
et al., 2010]. It contains routine care data divided into several categories, including
demographics (e.g. date of birth, sex, etc.), vital signs (e.g. blood pressure, tempe-
rature, etc.), diagnoses (ICD-10), procedures (French CCAM classification), clinical
data (structured questionnaires from EHR), free text reports, biological test results
(LOINC), and Computerized Provider Order Entry (CPOE) drug prescriptions.

2.2.2 Setting and studied population
The sample included all stays from patients admitted to the internal medicine

department for VOC (ICD-10 D57.0) between January 1st 2010 and December 31st

2015. We excluded patients encoded as opioid addicts (ICD-10 F11) as well as those
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who were treated with either Methadone or Buprenorphine, both confirmed by hos-
pitalization reports and drug prescriptions. We also excluded complicated VOC,
defined as stays for which :
— The patient stayed in the ICU at any point during the hospitalization.
— The stay’s severity was rated as 3 or 4 on the 4-level CMA (“Complications

ou Morbidité Associée”) scale of severity (see Section 2.A for details).
— The patient received at least one red blood cell transfusion during his stay
— The stay was associated with a diagnosis of complication (e.g. bacterial infec-

tion, thrombosis, gout, etc. See Section 2.B for details. Acute chest syndromes
where excluded de facto by previous criteria).

— The stay duration was higher than 90th percentile of the duration of remaining
stays after applying all of the excluding criteria listed above.

To ensure complete reporting of our routinely collected health data, we followed
the REporting of studies Conducted using Observational Routinely-collected health
Data (RECORD) statement [Benchimol et al., 2015].

This study received approval the Institutional review board from Georges Pom-
pidou University Hospital (IRB 00001072 - project n◦CDW_2014_0008) and the
French data protection authority (CNIL - n◦ 1922081).

2.2.3 Covariates
The following covariates were extracted :
— Demographic data (sex, date of birth).
— Dates and timestamps for hospital admission (which occurs after the patient

has been thoroughly evaluated and is considered stable by the emergency de-
partment), as well as hospital discharge.

— Laboratory values measured at least once for over 75% of patients from both
the emergency department (prior to hospital admission) and the subsequent
hospital stay.

— Vital parameters measured at least once for over 75% of patients after admis-
sion (vital parameters from the emergency department could not be retrieved).

— Opioid prescriptions (e.g. molecule, starting and ending timestamps, pharma-
ceutical form, etc.).

— Baseline hemoglobin level and comorbidities from every available free text
reports from the patients’ EHR regardless of the source department and the
stay.
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In order to facilitate facilitate the extraction of variables from such textual reports,
we used a locally developed browser-accessible tool called FASTVISU [Escudié et al.,
2015]. This software is linked with the CDW, and allowed us to rapidly check throu-
ghout these textual reports for highlighted information and to vote for baseline he-
moglobin level value or comorbidities. Key words using regular expressions are used
to focus on specific mentions within the text (e.g. “h.m1,2oglobine” would high-
light the text parts containing the French word “hémoglobine”, even with common
misspelling).

2.2.4 Data derivation
We derived new covariates as follows :
— The age of the patient at hospital admission, determined from both the pa-

tient’s date of birth and the timestamp for the admission.
— The duration of the stay, from the admission and discharge timestamps. Note

that the duration of the stay does not include the time the patient spent in
the emergency department, prior to admission.

— The post-opioid observation period, from the opioid prescription ending times-
tamps and the patient’s discharge timestamp.

— The stay’s readmission delay (i.e. the length of time between discharge and
the next readmission), determined from admission and discharge timestamps
(including for VOC stays which were excluded from this study), which we then
dichotomized on the commonly accepted 30 day post-discharge readmission
threshold [Frei-Jones et al., 2009, Brousseau et al., 2010].

— The hemoglobin gap to baseline (i.e. the difference between each punctual
hemoglobin measure and the patient’s baseline hemoglobin value).

2.2.5 Missing data imputation
We imputed the missing variables as follows :
— For the patients’ baseline hemoglobin value, we imputed with the last hemo-

globin value measured prior to discharge, from the first included stay of the
patient.

— For the post-opioid observation period, the data was obviously missing for
patients who didn’t receive any opioids in the internal medicine department.
Knowing that the emergency department follows a specific protocol for VOC,
which systematically includes the use of opioid drugs at admission, we assumed
that every patient admitted for VOC received opioids at admission. Thus, we
imputed this derived variable with the total duration of the stay.



53 CHAPITRE 2. BIOLOGICAL TRAJECTORIES

2.2.6 Statistical methods
For descriptive purposes, we calculated the overall statistics among patients (gen-

der, baseline hemoglobin, age and medical history at the first included stay). We also
described stay-specific statistics (e.g. stay duration, post-opioid observation period,
and the molecule and pharmaceutical form of the opioid prescription during the
stay), as well as the number of included stays per patient.

Additionally, we grouped patients by genotype and performed univariate tes-
ting for differences between the groups : we used the Chi-squared test (or Fisher’s
exact test) for categorical variables and Wilcoxon’s sum-rank test for quantitative
variables.

Regarding selected biomarkers and vital parameters, because in routine care they
are measured for each patient on a specific pattern, described each variable’s mean
trajectory and its confidence interval (see Section 2.C for details). For each para-
meter, we also generated a point cloud of all measures and plotted each individual
stay’s raw trajectory for descriptive purposes.

2.3 Results

2.3.1 Descriptive statistics
As precised in Figure 2.2, 329 hospital stays for non-complicated VOC were

included for a total of 164 patients with an average of 2 stays per patient, varying
from 1 to 10, see Figure 2.1a. The duration of the stay ranges from 1 to 10 days,
with an average of 4.4 days as shows Figure 2.1b.

Patients statistics, presented in Table 2.1, at first included admission show some
differences between the sickle-cell anemia (SCA) group vs. other genotypes : sickle-
cell anemia was associated with younger age at admission (28 vs. 33 years old), lower
baseline hemoglobin level (8.5 vs. 10.3 g/dl), more frequent medical history of acute
chest syndrome (77 vs. 42%) and priapism (22 vs. 0% of men).

On the other hand, sickle-cell anemia seemed associated with less frequent me-
dical history of avascular bone necrosis (19 vs. 33%), without reaching significance
threshold. Stays statistics show no difference between the early readmission group
(less than 30 days after discharge) vs. the late or no readmission group, see Table 2.2.

2.3.2 Laboratory values trends
Figure 2.3 shows hemoglobin point cloud with a high concentration of measures

performed prior to hospital admission, while the patients are still in the emergency
department. Hemoglobin values range from 4 to 16 g/dL over the stay and slowly
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Table 2.1 Patients statistics for basic covariates. The p-values correspond to uni-
variate testing for differences between the groups based on each modalities. n is the
number of patients.

Covariate (p-value) Modality Whole sample SCA Non-SCA
n = 164 (100%) n = 121 (73.78%) n = 43 (26.22%)

Gender (0.724) Female 87 (53.05%) 63 (52.07%) 24 (55.81%)
Male 77 (46.95%) 58 (47.93%) 19 (44.19%)

Age at first hospital Mean (sd) 29.42 (10.24) 28.2 (9.27) 32.85 (12.03)
admission (0.041) Median [Q1 ; Q3] 27.5 [21.8 ; 34.5] 26.5 [21.9 ; 31.9] 33.1 [20.9 ; 38.8]

Min ; Max 16.35 ; 83.08 6.35 ; 83.08 17.29 ; 57.13
Baseline haemoglobin Mean (sd 8.98 (1.59) 8.49 (1.3) 10.35 (1.52)
in g/dL (< 0.001) Median [Q1 ; Q3] 9 [8 ; 10] 8 [8 ; 9] 10 [9.5 ; 11]

Min ; Max 5 ; 13.5 5 ; 13.4 7 ; 13.5
Household situation Lives by oneself 98 (80.99%) 76 (86.36%) 22 (66.67%)

(0.019) Lives with others 23 (19.01%) 12 (13.64%) 11 (33.33%)
NA 43 33 10

Professional activity Active 123 (86.62%) 89 (86.41%) 34 (87.18%)
(1) Inactive 19 (13.38%) 14 (13.59%) 5 (12.82%)

NA 22 18 4
Acute chest syndrom Present 111 (67.68%) 93 (76.86%) 18 (41.86%)
syndrom (< 0.001) Absent 53 (32.32%) 28 (23.14%) 25 (58.14%)
Avascular bone Present 37 (22.56%) 23 (19.01%) 14 (32.56%)
necrosis (0.089) Absent 127 (77.44%) 98 (80.99%) 29 (67.44%)
Dialysis (0.457) Present 2 (1.22%) 1 (0.83%) 1 (2.33%)

Absent 162 (98.78%) 120 (99.17%) 42 (97.67%)
Heart failure (1) Present 0 (0%) 0 (0%) 0 (0%)

Absent 164 (100%) 121 (100%) 43 (100%)
Ischemic stroke Present 6 (3.66%) 3 (2.48%) 3 (6.98%)

(0.186) Absent 158 (96.34%) 118 (97.52%) 40 (93.02%)
Leg skin Present 10 (6.1%) 9 (7.44%) 1 (2.33%)

ulceration (0.457) Absent 154 (93.9%) 112 (92.56%) 42 (97.67%)
Known nephropathy Present 8 (4.88%) 5 (4.13%) 3 (6.98%)

(0.433) Absent 156 (95.12%) 116 (95.87%) 40 (93.02%)
Pulmonary Present 3 (1.83%) 2 (1.65%) 1 (2.33%)

hypertension (1) Absent 161 (98.17%) 119 (98.35%) 42 (97.67%)
Known retinopathy Present 19 (11.59%) 12 (9.92%) 7 (16.28%)

(0.275) Absent 145 (88.41%) 109 (90.08%) 36 (83.72%)
*we consider only
male patients n = 77 (100%) n = 58 (75.32%) n = 19 (24.68%)

Priapism (0.030) Present 13 (16.88%) 13 (22.41%) 0 (0%)
Absent 64 (83.12%) 45 (77.59%) 19 (100%)
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Figure 2.1 Basic data description.

decrease on average from 9.5 down to 8.5 g/dL over the first week after hospital
admission, see Figure 2.4. Females seem to have lower hemoglobin values throughout
their stay than males, see Figure 2.5a. Stays followed by an early readmission after
discharge also show a clear decreasing trend around the 5th day whereas other stays
remain stable, see Figure 2.5b. Hematocrit values trend is similar.

White blood cell count shows an early spike over 12×109/L, around admission,
and then decreases and stabilizes around 10×109/L after the second day of the stay,
see Figure 2.6. Average neutrophil count shows a similar trend in Figure 2.7, whereas
average lymphocyte, monocyte, and basophil counts show no clear trend throughout
the stay. Average eosinophil count increases from 2×108/L at admission to 4×108/L
around the 5th day of the stay, see Figure 2.8.

Figure 2.9 shows that individual platelets trajectories mostly remain stable throu-
ghout the stay, with an average value between 300×109/L and 350×109/L, see Fi-
gure 2.10. Average CRP rapidly increases in the first 2 days after admission, and
then stabilizes around 60 mg/L before slowly decreasing, see Figure 2.11.

It is worth noting that after the second day following hospital admission, less
than 5% of VOC show a normal CRP level, see Figure 2.12a. Additionally, within
the first 24 hours after admission, less than 5% of patients reach the 100 mg/L
CRP threshold, see Figure 2.12b. Most individual LDH trajectories remain stable
throughout the stay as shown in Figure 2.13, with an average value between 400
U/L and 450 U/L, see Figure 2.14. No clear trend emerges for electrolytes, liver



57 CHAPITRE 2. BIOLOGICAL TRAJECTORIES

N = 1013 VOC admissions in the internal medicine department

from 2010 to 2015 (n = 318 individual patients)

N = 685, n = 280

328 VOC admissions were removed because

patients were coded as opioid addicts or

treated with Methadone or Buprenorphine

N = 621, n = 259

N = 559, n = 238

N = 524, n = 232

N = 366, n = 177

64 VOC admissions were removed because

the patient went to the ICU at some point

during his hospital stay

64 VOC admissions were removed because

the stay’s severity score was 3 or 4 on the

four level french CMA scoring system

33 VOC admissions were removed because

the patient received at least one red blood

cell transfusion during his hospital stay

158 VOC admissions were removed because

patients were coded with potentially

confounding diagnosis (e.g. infections)

37 VOC admissions were removed because

they lasted longer than the 90th percentile

of stay duration (9.2 days)

N=329, n=164

Figure 2.2 Illustration of the different steps followed in the patients selection
phase. n is the number of patients and N the number of stays.
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Figure 2.3 Hemoglobin point cloud (in g/dL) with all points of all patients.
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Figure 2.4 Left : hemoglobin average kinetics in g/dL (bold line) with 95% Gaus-
sian confidence interval (bands). Top right : repartition of the number of hemoglobin
measurement per visit ; bottom right : histogram of the hemoglobin mean.
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Figure 2.5 Hemoglobin average kinetics in g/dL (bold line) with 95% Gaussian
confidence interval (bands) for different subpopulations of patients.
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Figure 2.6 Left : White blood cell count average kinetics in 109/L (bold line) with
95% Gaussian confidence interval (bands). Top right : repartition of the number of
measurement per visit ; bottom right : histogram of the white blood cell count mean.
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Figure 2.7 Left : neutrophils average kinetics in 109/L (bold line) with 95% Gaus-
sian confidence interval (bands). Top right : repartition of the number of neutrophils
measurement per visit ; bottom right : histogram of the neutrophils mean.

function and renal function markers.

2.3.3 Vital parameters trends
Figure 2.15 shows that average temperature, despite showing clear day/night

cycles, remains stable throughout the stay, around 37◦ Celsius, with a slight gap
between males and females, see Figure 2.16. Additionally, throughout the entire
stay, less than 5% of patients ever reach the 38◦ Celsius temperature threshold, see
Figure 2.17. No clear trend emerges for blood pressure and heart rate.
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Figure 2.8 Left : eosinophils average kinetics in 109/L (bold line) with 95% Gaus-
sian confidence interval (bands). Top right : repartition of the number of eosinophils
measurement per visit ; bottom right : histogram of the eosinophils mean.
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Figure 2.9 Individual platelets trajectories with the color gradient corresponding
to the patient age : blue means young and red means old.
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Figure 2.10 Left : platelets average kinetics in 109/L (bold line) with 95% Gaus-
sian confidence interval (bands). Top right : repartition of the number of platelets
measurement per visit ; bottom right : histogram of the platelets mean.
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Figure 2.11 Left : CRP average kinetics in mg/L (bold line) with 95% Gaussian
confidence interval (bands). Top right : repartition of the number of CRP measure-
ment per visit ; bottom right : histogram of the CRP mean.
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Figure 2.12 Percentage of patients with CRP above or below a given threshold
according to time.
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Figure 2.13 Individual LDH trajectories with the color gradient corresponding to
the patient age : blue means young and red means old.
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Figure 2.14 Left : LDH average kinetics in mg/L (bold line) with 95% Gaussian
confidence interval (bands). Top right : repartition of the number of LDH measure-
ment per visit ; bottom right : histogram of the LDH mean.
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Figure 2.15 Left : temperature average kinetics in ◦ Celsius (bold line) with 95%
Gaussian confidence interval (bands). Top right : repartition of the number of tem-
perature measurement per visit ; bottom right : histogram of the temperature mean.



65 CHAPITRE 2. BIOLOGICAL TRAJECTORIES

0 2 4 6 8
Time (days)

36.4

36.6

36.8

37.0

37.2

37.4

Temperature (◦C)
average trajectories by sex

Male
Female

Figure 2.16 Temperature average kinetics in ◦ Celsius (bold line) with 95% Gaus-
sian confidence interval (bands) with patients grouped according the their sex.
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2.4 Discussion
In this chapter, we described classical trends of laboratory results and vital para-

meters during non-complicated VOC-related stays, using longitudinal data analysis
through the reuse of routine care data. We were able to highlight slow decrease of
hemoglobin level, white blood cell and neutrophil counts, and the rise of eosinophil
count. We also display the 95% confidence interval of the usual laboratory results
at admission and during the course of clinically unequivocal non-complicated VOC.

Although there are no specific biological diagnostic markers of VOC, the know-
ledge of these ranges may help the clinician infirm the diagnosis of VOC, in particu-
lar when it comes to distinguish between an authentic VOC and an unrelated pain
(e.g. pain from morphine addiction or somatoform pain due to psychological stress).
These ranges could also be useful to help diagnose a complication (e.g. infection or
acute chest syndrome) during the course of a VOC if the patient’s vital parameters
or laboratory results lay outside of them.

GPUH applies a no-paper policy and our CDW pulls data from a large variety
of sources. Moreover, our data were enriched with both manually extracted as well
as derived covariates. Thus, we included a large number of covariates, whether they
were important from an expert point of view or just routinely monitored. Unfortuna-
tely, the ranges of standard clinical and biological parameters during VOC are very
large and the chapter shows that no individual marker has sufficient sensitivity or
specificity by itself to either infirm or confirm the diagnosis of VOC with certainty.
However several conclusions can be driven from our results.

2.4.1 Conclusions
Regarding VOC diagnosis. Markers of hemolysis (LDH ; bilirubin) do not reach
levels that can be differentiated from baseline hemolysis values observed in SCD
patients. Accordingly, the mean hemoglobin level was not differentiable from the
mean hemoglobin level at baseline. However, it is worth noting that, retrospectively,
our imputation choice for baseline hemoglobin level seems incorrect (since we used
the last available level of hemoglobin during the previous hospitalization whereas
our data show that the hemoglobin did not usually return to baseline at the end of
hospitalization). Such choice might have interfered with these results.

Most patients displayed a significant inflammatory syndrome with elevated CRP
and hyperleukocytosis, but these markers were neither sensitive nor specific enough
to exclude of confirm the diagnosis of VOC. The eosinophil count rose significantly,
which is in line with the previously described activated state of eosinophils in SCD
patients [Canalli et al., 2004]. Finally, it is worth mentioning that after the first 48
hours following admission, our results show that normal CRP value is to be expected
in fewer than 5% of VOC episodes.



67 CHAPITRE 2. BIOLOGICAL TRAJECTORIES

Regarding VOC complication. The CRP increase observed in the first days
following admission is in line with a previous study that described CRP trajectory
in such context [Bargoma et al., 2005]. However, within the first 24 hours after
admission, a CRP value over the 100 mg/L threshold is to be expected in less than
5% of non-complicated VOC ; such result suggests that when baseline CRP level is
above this threshold, it might be reasonable to suspect and search for an associated
infection. The same reasoning goes with temperature levels, which remained under
38◦ Celsius from admission to discharge for 95% of non-complicated VOC-related
stays, showing that fever should not be attributed to the VOC episode itself.

Regarding VOC resolution. Hemolysis and anemia markers do not get back to
baseline levels before hospital discharge ; thus, they are of no help to assess VOC
resolution. It is worth noting that CRP level starts decreasing after the second day
following admission, although it does not return to normal value before hospital di-
scharge. The absence of anemia resolution back to baseline hemoglobin level could be
a consequence of lowered the reticulocytes production due to systemic inflammation,
which delays the renewal of red blood cells after hemolysis.

Regarding the risk of early readmission. Most other studies rather focused on
the link between the stay’s severity and steady state parameters at admission [Curtis
et al., 2015, Garadah et al., 2016, Rogovik et al., 2009]. Several studies showed that
elevated steady state white blood cell count and low hemoglobin level at admission
were associated with higher recurrence of VOC episodes in both adults [Curtis et al.,
2015, Garadah et al., 2016] and children [Krishnan et al., 2010].

In this chapter, both of these markers show a significant decreasing trend throu-
ghout the stay, which is consistent with previous findings [Ballas and Smith, 1992].
Interestingly, after stratifying by readmission delays, distinctive hemoglobin trend
was observed between stays followed by an early readmission vs. other stays. Al-
though it was shown that LDH and platelets baseline values are important markers
of crisis recurrence in children [Krishnan et al., 2010], we did not highlight any trend
for these parameters, neither any difference in trends between stays followed by an
early readmission vs. other stays. Eosinophil count rises significantly, which is in line
with the previously described activated state of eosinophils in SCD patients [Canalli
et al., 2004].

This chapter therefore suggests that, for a given parameter, baseline values,
steady state values, and trends throughout a hospital stay might be differentially im-
plicated in VOC early readmission, namely because of a possible confusion between
prolonged VOC (due to premature hospital discharge) and authentic recurrence.
This problem is tackled in Bussy et al. [2018] (corresponding to Chapter 3).
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This study benefitted from the tool we developed to analyze longitudinal data
stemming from the reuse of routine care data. Such data have become increasin-
gly available thanks to the development of electronic records coupled with CDW,
bbut are difficult to handle as they measured at different times from one patient to
another. This is why former studies either focused on one or two parameters, with
longitudinal measures [Bargoma et al., 2005, Ballas and Smith, 1992], or considered
many parameters but then settled for measures at admission [Rogovik et al., 2009]
or at steady state [Garadah et al., 2016].

Instead, our method allows for a broader automated graphical description of
any time-dependent covariates repeatedly measured during the timeframe of inter-
est. When used on routine care data, such design could help automatically detect
time-dependent covariates without the necessity for a prior covariates selection. The-
refore, it is an efficient data-mining tool for studying large amounts of longitudinal
processes. We would also argue that such advantages would only gain in relevance in
time, with the quick deployment of EHR and CDW in various hospitals throughout
developed countries.

Nevertheless, our study presents several limits.

2.4.2 Limits

1. Because of a lack of a gold standard criterion, the diagnosis of non-complicated
VOC was inferred from several criteria to exclude both complicated VOC
episodes and non-VOC related pain episodes. By restricting the diagnostic
criteria too much, we might have induced a diagnostic bias.

2. As it is performed on a monocentric cohort, our study’s results should be
considered exploratory until reproductibility is confirmed.

3. With the GPUH internal medicine department being an SCD expertise cen-
ter, it could potentially induce a selection bias compared with usual VOC
hospitalization and early care practices ; similarly, since biological and vital
monitoring are prescribed by experts, there is possibly a measurement bias
compared with usual VOC monitoring practices.

Thus, there is a need for further investigations to properly interpret our results.
We would argue that a similar study performed on a multicentric cohort from HER
and CDW equipped centers, with different level of expertise, would strengthen and
complete our results as well as confirm their reproductibility.
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2.5 Concluding remarks
The chapter presents a new approach to study and visualize non-specific time-

dependent variables. More specifically, is describes an original method to virtually
automatize non-parametric trajectory visualization for any type of repeatedly mea-
sured covariates. In our case, it allowed us to quickly detect potentially relevant
biomarkers and vital parameters to monitor during a VOC episode, namely hemoglo-
bin, leucocytes and more specifically eosinophils, CRP and temperature. Interesting
variables are quickly identified by the presence of specific trends when looking at
averaged trajectories, sometimes after specific stratification. We also performed abo-
ve/under threshold proportion analysis on visually selected covariates : over 95% of
non-complicated VOC stays showed a baseline CRP value of under 100 mg/L within
the first day following admission, and displayed no fever throughout the entire stay.
Nevertheless, no isolated biomarker was sufficient to completely disprove the diag-
nosis, nor to prove the presence of a complication. Therefore, although individual
biomarkers may help physicians question the diagnosis or suspect a complication,
global assessment through clinical expertise remains essential in the management
and surveillance of VOC episodes. A similar study performed on a multicentric co-
hort from HER and CDW equipped centers, with different levels of expertise, could
potentially strengthen and complement our results as well as confirm their reprodu-
cibility.

Software
All the methodology discussed in this chapter is implemented in Python. The

code is available from https://github.com/SimonBussy/redcvo in the form of
annotated programs, together with a notebook tutorial. All generated figures (for
all variables) are also available.

https://github.com/SimonBussy/redcvo
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Appendices

2.A CMA scaling system
The CMA (“Complications ou Morbidité Associée”) scaling system is a score

used to rate hospital stays’ severity in the French healthcare system. It is part of
the PMSI (“Programme de Médicalisation des Systèmes d’Information”), a program
that facilitates healthcare facility financing. The CMA scale ranges from 1 to 4 :
level 1 corresponds to “sans CMA”, meaning the stay isn’t severe ; level 4 is the
most severe level.

2.B Filtered-out ICD10 codes
The stays associated with the ICD10 codes given in Table 2.B.1 were excluded

of the study.
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Table 2.B.1 ICD10 codes used for patients exclusion.

ICD10 codes About
A15 - A19 Tuberculosis
A30 - A49 Other bacterial diseases
A80 - A89 Viral infections of the central nervous system
B50 - B64 Protozoal diseases
B95 - B97 Bacterial, viral and other infectious agents
G00 - G09 Inflammatory diseases of the central nervous system
I70 - I79 Diseases of arteries, arterioles and capillaries

I80.0 - I80.2 Phlebitis and thrombophlebitis
I82 Other venous embolism and venous thrombosis
J01 Sinusitis
J02 Pharyngitis

J14 - J18 Bacterial pneumonia
J20 Acute bronchitis
J32 Chronic sinusitis
J69 Pneumonitis due to solids and liquids
K04 Diseases of pulp and periapical tissues
K12.2 Cellulitis
K81 Cholecystitis
K83 Other diseases of biliary tracts
K85 Acute pancreatitis
M10 Gout
M11 Other crystal arthropathies
M86 Osteomyelitis
N10 Acute tubulo-interstitial nephritis
N41.0 Acute prostatitis
R57.2 Septic shock

R65.0 - R65.1 Systemic Inflammatory Response Syndrome [SIRS] of infectious origin
T80 - T88 Infectious complications of surgical and medical care
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2.C Mean trajectory and confidence interval
For each laboratory and vital parameter, we plotted a mean trajectory and confi-

dence interval using the following method.
1. We created a uniform tk time grid from the overall first measure to the last one.

Zero time mark was set at the timestamp of the stay’s admission. For specific
covariates with known day/night cycles (e.g. temperature and blood pressure),
zero time mark was arbitrarily set at 6pm on the day of the admission to take
into account day/night cycle.

2. We fitted a first order smoothing spline fi on each i stay’s individual trajectory.

3. From the fitted individual stays trajectories we computed a mean trajectory
with its confidence interval. For this final step, we followed a specific procedure
to enhance precision and performance :
(a) We calculated for each stay the variable’s fi(tk) value at every tk time

mark on the grid. If an individual trajectory’s time span was shorter than
the overall time grid, we considered the missing time mark’s fi(tk) values
as NA. That means that individual trajectories were not imputed with
spline extrapolations neither before the first available value nor after the
last.

(b) We then obtained a matrix were each row is a stay, each column is a time
mark, and each cell is a measured or spline imputed value.

(c) We assumed that for each tk time mark, the fi(tk) values are drawn from
a Gaussian distribution. Thus, for each tk time mark, we calculate the
mean value with its 95% Gaussian confidence interval.

(d) Additionally, we stratified this procedure for subgroups defined by read-
mission delay (with below and above 30 days after discharge).

4. Finally, for some selected variables whose averaged trajectories suggested that
they could potentially discriminate between non-complicated and complicated
VOC episodes, we calculated the proportion of patients all along the hospital
stay whose values were above or below specific thresholds. The thresholds
were chosen based on both clinical relevance and graphical description of the
averaged trajectory.
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Abstract. Choosing the most performing method in terms of outcome predic-
tion or variables selection is a recurring problem in prognosis studies, leading to
many publications on methods comparison. But some aspects have received little
attention. First, most comparison studies treat prediction performance and variable
selection aspects separately. Second, methods are either compared within a binary
outcome setting (based on an arbitrarily chosen delay) or within a survival setting,
but not both. In this chapter, we propose a comparison methodology to weight up
those different settings both in terms of prediction and variables selection, while
incorporating advanced machine learning strategies. Using a high-dimensional case
study on a sickle-cell disease (SCD) cohort, we compare 8 statistical methods. In
the binary outcome setting, we consider logistic regression (LR), support vector
machine (SVM), random forest (RF), gradient boosting (GB) and neural network
(NN) ; while on the survival analysis setting, we consider the Cox Proportional Ha-
zards (PH), the CURE and the C-mix models. We then compare performances of
all methods both in terms of risk prediction and variable selection, with a focus on
the use of elastic net regularization technique. Among all assessed statistical me-
thods, the C-mix model yields the better performances in both the two considered
settings, as well as interesting interpretation aspects. There is some consistency in
selected covariates across methods within a setting, but not much across the two
settings. It appears that learning withing the survival setting first, and then going
back to a binary prediction using the survival estimates significantly enhance binary
predictions.

Résumé. La question du choix du modèle relativement à ses performances prédic-
tives et sa capacité à sélectionner les covariables explicatives est récurrente dans les
études pronostiques, donnant lieu à de nombreuses publications visant à comparer
des modèles. Mais certains aspects ont reçus peu d’attention. D’abord, la plupart des
études comparatives traitent séparément la question des performances prédictives
et celle de la sélection de variables. Ensuite, les modèles sont soit comparés dans
un cadre de prédiction binaire (basé sur le choix arbitraire d’un délai), soit dans un
cadre d’analyse de survie, mais jamais dans les deux cadres à la fois. Dans ce cha-
pitre, nous proposons une méthodologie pour comparer des modèles dans ces deux
cadres, en terme de prédiction et de sélection de variables, en mettant l’accent sur
l’utilisation de la régularisation elastic net. Nous considérons 8 méthodes, appliquées
sur une étude de cas de grande dimension avec une cohorte de malades atteints de
drépanocytose. Dans le cadre de prédiction binaire, nous considérons les modèles
de régression logistique, machine à vecteurs de support, forêts aléatoires, gradient
boosting et réseaux de neurones. Dans le cadre d’analyse de survie, nous considérons
le modèle à risques proportionnels de Cox, le CURE et le C-mix. Parmi toutes ces
méthodes, le C-mix donne les meilleurs résultats dans les deux cadres et procure
de plus des aspects intéressant d’interprétabilité. Une certaine consistance est ob-
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servée dans la sélection des variables influentes par les différents modèles au sein
d’un même cadre, elle est moins forte inter-cadre. Il apparaît qu’apprendre d’abord
dans le cadre plus général d’analyse de survie pour ensuite produire des prédic-
tions binaires à l’aide des fonctions de survie estimées améliore significativement les
prédictions.
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3.1 Introduction
Recently, many statistical developments have been performed to tackle prognos-

tic studies analysis. Beyond accurate risk estimation, interpretation of the results in
terms of covariates importance is required to assess risk factors, with the ultimate
aim of developing better diagnostic and therapeutic strategies [Pittman et al., 2004].

In most studies, covariate selection ability and model prediction performance are
regarded separately. On the one hand, a considerable amount of studies report on
covariates relevancy in multivariate models, mostly in the form of ajusted odds ra-
tio [Little et al., 2009] (for instance using logistic regression (LR) model [Bender and
Grouven, 1996, Mikolajczyk et al., 2008]) without reporting on the method’s pre-
diction performance (goodness-of-fit and overfitting aspects are neglected) ; namely
disregarding the question : is the model prediction still accurate on new data, unseen
during the training phase ? While on the other hand, most studies focusing on a me-
thod’s predictive performance do not mention its variable selection ability [Guyon
and Elisseeff, 2003], thus making it not well suited for the high-dimensional setting.
Such settings are becoming increasingly common in a context where the number of
available covariates to consider as potential risk factors is tremendous, especially
with the development of electronic health record (EHR).

In this chapter, we discuss both aspects (prediction performance and covariates
selection) for all considered methods, with a particular emphasis on the elastic net
regularization method [Zou and Hastie, 2005]. Regularization has emerged as a domi-
nant theme in machine learning and statistics. It provides an intuitive and principled
tool for learning from high-dimensional data.

Then, a lot of studies consider prognosis as a binary outcome, namely whether
the event-of-interest (death, relapse or hospital readmission for instance) occurs
whithin a pre-specified period of time we denote ε [Tong et al., 2016, Rich et al.,
1995, Vinson et al., 1990, Boulding et al., 2011]. In the following, we refer to this
framework as the binary outcome setting, and we denote T ≥ 0 the time elapsed
before the event-of-interest and X ∈ Rd the vector of d covariates recorded at the
hospital during a stay. In this setting, we are interested in predicting T ≤ ε. Such an
a priori choice for ε is questionable, since any conclusion regarding both prediction
and covariates relevancy is completely conditioned on the threshold value ε [Chen
et al., 2012]. Hence, it is hazardous to make general inference on the probability
distribution of the time-to-event outcome given the covariates from such a restrictive
binary prediction setting.

An alternative setting to model prognosis is the survival analysis one, that takes
the quantitative censored times as outcomes. The time T is right censored since in
practice, some patients have not been readmitted before the end of follow-up. In the
following, we refer to this setting as the survival analysis setting [Kleinbaum and
Klein, 2010] and we denote Y the right-censored duration, that is Y = min(T,C)
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with C the time when the patient is lost to follow-up. Few studies compare the survi-
val analysis and binary outcome settings and none of them considers simultaneously
the prediction and the variable selection aspects in a high dimensional setting. For
instance in Chen et al. [2012], only the Cox Proportional Hazards (PH) model [Cox,
1972] is considered in the survival analysis setting and a dimentionality reduction
phase (or screening) is performed prior to the models comparison, as it is often the
case [Dai et al., 2006, Boulesteix and Strobl, 2009].

Our case study focuses on hospital readmission following vaso-occlusive crisis
(VOC) for patients with sickle-cell disease (SCD). SCD is the most frequent mo-
nogenic disorder worldwide. It is responsible for repeated VOC, which are acute
painful episodes, utlimately resulting in increased morbidity and mortality [Bunn,
1997, Platt et al., 1991]. Although there are some studies regarding risk factors of
early complications, only a few of them specifically addressed the question of early-
readmission prediction after a VOC episode [Brousseau et al., 2010, Rees et al.,
2003].

For a few decades, hospital readmissions have been known to be responsible for
huge costs [Friedman and Basu, 2004, Kocher and Adashi, 2011] ; they are also a
measure of health care quality. Today, hospitals have limited ressources they can
allocate to each patient. Therefore, identifying patients at high risk of readmissions
is a paramount question and predictive models are often used to tackle it.

The purpose of this chapter is to compare different statistical methods to ana-
lyse readmission. To make such comparisons, we consider both the predictive per-
formance and the covariates selection aspect of each model, on the same high-
dimensional set of covariates.

In the binary outcome setting, we consider LR [Hosmer Jr et al., 2013] and
support vector machine (SVM) [Schölkopf and Smola, 2002] with linear kernel, being
both penalized with the elastic net regularization [Zou and Hastie, 2005] to deal with
the high dimensional setting and avoid overfitting [Hawkins, 2004]. We also consider
random forest (RF) [Breiman, 2001], gradient boosting (GB) [Friedman, 2002] and
artificial neural networks (NN) [Yegnanarayana, 2009].

We then abstain from the a priori threshold choice and consider the survival
analysis setting. We apply first the Cox PH model [Cox, 1972]. We also apply the
CUREmodel [Farewell, 1982, Kuk and Chen, 1992], that considers one fraction of the
population as cured or not subject to any risk of readmimssion. Finally, we consider
the recently developped high dimensional C-mix mixture model [Bussy et al., 2018].
The three considered models in this setting are also penalized with the elastic net
regularization.
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3.2 Methods

3.2.1 Motivating case study
We consider a monocentric retrospective cohort study of n = 286 patients.

George Pompidou University Hospital (GPUH) is an expertise center for SCD adult
patients [bnd]. Data is extracted from the GPUH Clinical Data Warehouse (CDW)
using the i2b2 star-shaped standard [Zapletal et al., 2010]. It contains routine care
data divided into several categories among them demographics, vital signs, diagnoses
(ICD-10 [Organization, 2004]), procedures (French CCAM classification [Trombert-
Paviot et al., 2003]), EHR clinical data from structured questionnaires, free text
reports, Logical Observation Identifiers Names and Codes (LOINC), biological test
results, and Computerized Provider Order Entry (CPOE) drug prescriptions. The
sample included all stays from patients admitted to the internal medicine depart-
ment for VOC (ICD-10 57.0 or 57.2) between January 1st 2010 and December 31st
2015.

Over half of the patients has only one stay during the follow-up period. We
hence randomly sample one stay per patient and focus on the early-readmission risk
afterwards. This enables us, in addition, to work on the independent and identically
distributed standard statistical framework.

3.2.2 Covariates
We extracted demographic data (e.g. sex, date of birth, last known vital status),

as well as both qualitative (e.g. the admission at any point during the stay to an
ICU, the type of opioid drug received) and quantitative time-dependent variables
(e.g. biological results, vital sign values, intraveinous opiod syringes parameters)
regarding each stay.

We also extracted all the free text reports from the patients’ EHR regardless
of the source department and the stay. In order to facilitate variable extraction
from such textual reports, we used a locally developed browser-accessible tool cal-
led FASTVISU [Escudié et al., 2015]. This software is linked with the CDW, and
allowed us to quickly check throughout these textual reports for highlighted infor-
mation and to vote for variable status (e.g. SCD genotype) or value (e.g. baseline
hemoglobinemia).

Keywords using regular expressions are used to focus on specific mentions wi-
thin the text. Variables extracted using this tool were the following : SCD genotype,
baseline hemoglobinemia, medical history (with a focus on previous VOC compli-
cations and SCD-related chronic organ damages), and lifestyle related information.
For time-dependent variables, status was determined per stay, including the ones
that were not related to a VOC episode (e.g. annual check-ups).
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We extracted for the included patients all stays encoded as VOC to derive time
length from and until the respectively previous and consecutive stays. Regarding
demographic data, we derived the patient’s age at admission for each stay. For each
time-dependent covariate, all patient relative time series have different number of
points and different length. We then propose a method to extract several covariates
from each time series, to make the use of usual machine learning algorithms possible :

— Regarding all vital parameters and oxygen use, we derived them by calculating
the average value and the linear regression’s slope for the last 48 hours of the
stay, as well as the delay between the end of oxygen support and the hospital
discharge.

— Regarding biological variables, we only kept the ones that were measured at
least once for more than 50% of the stays. We considered the last measured
value for each of them before discharge. Additionally, for covariates with at
least 2 distinct measurements per stay, we considered the linear regression’s
slope for the last 48 hours of the stay. In order to maximize the amount of bio-
logical data, we also retrieved the biological values measured in the emergency
department, prior to the administrative admission of the patient.

— For each time-dependent covariate and for each stay, we fit a distinct Gaus-
sian process on the last 48 hours of the stay for all patient with at least
3 distinct measurements during this period, and extract the corresponding
hyper-parameters as covariates for our problem.

Indeed, Gaussian processes are known to fit EHR data well ; see for instance Pi-
mentel et al. [2013], where a distinct Gaussian process is also fitted for each patient
and each time-dependent covariate, in order to cluster patients into groups in the
hyper-parameter space. In our study, we instead use the hyper-parameters as co-
variates in a supervised learning way. We use Gaussian process with linear average
function and a sum-kernel composed by a constant kernel which modifies the mean
of the Gaussian process, a radial-basis function kernel, and a white kernel to explain
the noise-component of the signal.

After a binary encoding of the categorical covariates, the final dimension of the
working space (number of considered covariates) is d = 174. Therefore, the number
of patients is less than 2 times as many as the number of covariates, making it
difficult to use standard regression techniques. More details on data extraction,
missing data imputation, as well as a precise list of all considered covariates, are
given in Sections 3.A.1, 3.A.2 and 3.A.3 respectively.
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3.2.3 Statistical methods and analytical strategies

a) Binary outcome setting

In this setting, we consider as early-readmission any readmission occuring within
30 days of hospital discharge after a previous hospital stay for VOC, the 30 days
threshold being a standard choice in SCD studies [Brousseau et al., 2010, Frei-Jones
et al., 2009]. A first drawback of this setting (which is rarely mentionned) is that
patients having both a censored time and ci ≤ ε have to be excluded from the
procedure, since we do not know if ti ≤ ε or not. Figure 3.1 gives an illustration of
this last point. In our case, 7 patients have to be excluded because of this issue.

y1

✏

✏

✏

✏

y2

y3

y4

patient 1

patient 2

patient 3

patient 4

follow-up period

the study
end of

y1 = t1, �1 = 1, 1{t1✏} = 0

y2 = c2, �2 = 0, 1{t2✏} = 0

y3 = t3, �3 = 1, 1{t3✏} = 1

y4 = c4, �4 = 0, 1{t4✏} = ?

Figure 3.1 Illustration of the problem of censored data that cannot be labeled
when using a threshold ε. δi = 1{Ti≤Ci} is the censoring indicator which is equal to
1 if Yi is censored and 0 otherwise. In the binary outcome setting, patient 4 would
be excluded.

We first consider LR [Hosmer Jr et al., 2013] and linear kernel SVM [Schölkopf
and Smola, 2002], both penalized with the elastic net regularization [Zou and Hastie,
2005]. For a given model, using this penalization means adding the following term

γ
(
(1− η)‖β‖1 + (η/2)‖β‖2

2

)
to the cost function (the negative likelihood for instance) in order to minimize it
in β ∈ Rd, a vector of coefficients that quantifies the impact of each biomedical
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covariates on the associated prediction task. This means that the elastic net regula-
rization term is a linear combination of the lasso (`1) and ridge (squared `2) penalties
for a fixed η ∈ (0, 1), tuning parameter γ, and where we denote

‖β‖p =
( d∑
i=1
|βi|p

)1/p

the `p-norm of β. One advantage of this regularization method is its ability to
perform model selection (for the lasso part) and to pinpoint the most important
covariates relatively to the prediction objective. On the other hand, the ridge part
allows to handle potential correlation between covariates [Zou and Hastie, 2005].
The penalization parameter γ is carefully chosen using the same cross-validation
procedure [Kohavi et al., 1995] for all competing models. Note that in practice, the
intercept is not regularized.

We also consider other machine learning algorithms in the ensemble methods
class such as RF [Breiman, 2001] and GB [Friedman, 2002]. For both algorithms,
all hyper-parameters are tuned using a randomized search cross-validation proce-
dure [Bergstra and Bengio, 2012]. For instance for RF : the number of trees in the
forest, the maximum depth of the tree or the minimum number of samples required
to split an internal node.

Note also that regarding the covariates importance for RF and GB, we use the
Gini importance [Menze et al., 2009], defined as the total decrease in node impurity
weighted by the probability of reaching that node (which is approximated by the
proportion of samples reaching that node) averaged over all trees of the ensemble.
That is why the corresponding coefficients are all positive for those two models,
which is to be kept in mind.

Finally, we consider NN [Yegnanarayana, 2009] in the form of a multilayer per-
ceptron neural network with one hidden layer. We use stochastic gradient-based
optimizer for NN and rectified linear units activation function to get sparse ac-
tivation and be able to compare covariate importance [Glorot et al., 2011]. The
regularization term as well as the number of neurons in the hidden layer are also
cross-validated though a random search optimization.

Note that many studies in the literature choose hyper-parameters of the mo-
dels, without mentioning any statistical procedure to determine them without a
priori [Puddu and Menotti, 2012].

For all considered models in this setting, we use the reference implementations
from the scikit-learn library [Pedregosa et al., 2011b].
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b) Survival analysis setting

The Cox PH model is by far the most widely used in the survival analysis setting ;
see Cox [1972] and Simon et al. [2011] for the penalized version. It is a regression
model that describes the relation between intensity of events and covariates, given
by

λ(t|X = x) = λ0(t)exp(x>β)

where λ0 is a baseline intensity describing how the event hazard changes over time at
baseline levels of covariates, and β is a vector quantifying the multiplicative impact
on the hazard ratio of each covariate. We use the R packages survival and glmnet
to train this model.

An alternative to the Cox PH model is the CURE model [Farewell, 1982] that
considers one fraction of the population as not subject to any risk of readmission,
with a logistic function for the incidence part and a parametric survival model. We
add an elastic net regularization term and use the appropriate implementation of
the QNEM algorithm detailed in Section 4.4.1.

Finally, we apply the C-mix model [Bussy et al., 2018] that is designed to learn
risk groups in a high dimensional survival setting. For a given patient i, it provides
a marker πβ̂(xi) estimating the probability that the patient is at high risk of early-
readmission. Note that β̂ denotes the estimate vector after the training phase for
any model.

We randomly split data into a training set and a test set (30% for testing, cross-
validation is done on the training). In both binary outcome and survival analysis set-
tings, all the prediction performances are evaluated on the test set after the training
phase, using the relevant metrics detailed hereafter. Note also that for all considered
models (except RF and GB), continuous covariates are standardized through a pre-
processing step, which allows proper comparability between the covariates’ effects
whithin each model.

3.2.4 Metrics used for analysis
In the binary outcome setting, the natural metric used to evaluate performances

is the AUC [Bradley, 1997]. In the survival analysis setting, the natural equivalent
is the C-index (implemented in the python package lifelines), that is

P[Mi > Mj|Yi < Yj, Yi < τ ]

with i 6= j two independent patients, τ corresponding to the follow-up period dura-
tion [Heagerty and Zheng, 2005], and Mi the natural risk marker of the model for
patient i : exp(x>i β̂) for the Cox PH model, the probability of being uncured for the
CURE model and πβ̂(xi) for the C-mix.
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To compare the two settings, one can predict the survival function Ŝi for each
model and for patients i in the test set. Then, for a given threshold ε, one can now
use

Ŝi(ε|Xi = xi)

for each model to predict whether or not Ti ≤ ε on the test set – relaying to the
binary outcome setting – thus assessing performances using the classical AUC score.
Then, with ε = 30 days, one can directly compare prediction performances with
those obtained in the binary outcome setting.
Details on the survival function estimation procedure for each model are given in
Section 3.B.1.

Finally, we compute the pairwise Pearson correlation between the absolute (be-
cause of the positive vectors for RF and GB) covariates importance vectors of each
method to obtain a similarity measure in terms of covariates selection [Kalousis
et al., 2007].

3.3 Results
Table 3.1 compares the prediction performances of the different methods in both

considered settings using appropriate metrics. Corresponding hyper-parameters ob-
tained by cross-validation are detailed in Section 3.B.2.

Table 3.1 Comparison of prediction performances in the two considered settings,
with best results in bold.

Setting Metric Model Score
CURE 0.718

Survival analysis C-index Cox PH 0.725
C-mix 0.754

SVM 0.524
GB 0.561
LR 0.616
NN 0.707

Binary outcome AUC RF 0.738
CURE (ε = 30) 0.831
Cox PH (ε = 30) 0.855
C-mix (ε = 30) 0.940
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Figure 3.1 Estimated survival curves per subgroups (blue for low risk and red for
high risk) with the corresponding 95 % confidence bands

Thus, making binary predictions from survival analysis models using estimated
survival function highly improves performances. The C-mix yields the best results.
Figure 3.1 displays the estimated survival curves for the low and high risk of early-
readmission subgroups learned by this model. Note the clear separation between the
two subgroups.

Based on those early-readmission risk learned subgroups, we test for significant
differences between them using Fisher-exact test [Upton, 1992] for binary covariate,
and Wilcoxon rank-sum test [Wilcoxon, 1945] for quantitative covariate.

Then, we similarly test for significant difference, on each covariate, between nai-
vely created groups obtained with the binary outcome setting (ε = 30 days). We
also use the log-rank test [Harrington and Fleming, 1982] on each covariate, directly
involving quantitative readmission delays.

Finally, we compared the obtained significance (the p-value) for each test, on
each covariate. The tests induced by the C-mix model are the most significant ones
for almost all covariates. The top-6 p-values of the tests are compared in Figure 3.2.

Taking the most significant C-mix groups highlighted in Figure 3.2, Figure 3.5
shows either boxplot (for quantitative covariates) or repartition (for qualitative cova-
riates) comparison between those groups. One can now easily visualize and interpret
early-readmission risk data-driven grouping, and focus on specific covariate.

For instance, it appears that patients among the high risk group tend to have
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Figure 3.2 Comparison of the tests based on the C-mix groups, on the ε = 30
days relative groups and on survival times. We arbitrarily shows only the tests
with corresponding p-values below the level α = 5%, with the classical Bonferroni
multitests correction [Bonferroni, 1935].

a lower hemoglobin level, as well as a slightly lowering diastolic blood pressure in
the last 48 hours of the stay (while slightly uppering for the low risk group). It
also appears that less patients among the low risk group have visited the emergency
department in the last 18 months.

Let us now focus on the covariates selection aspect for each method. Figure 3.3
gives an insight on the covariates importance relatively to each model for 20 ar-
bitrarily chosen covariates (selected on decreasing importance order for the C-mix
model). The result with all covariates can be found in Section 3.B.3. One can observe
some consistency between methods. Figure 3.4 gives a global similarity comparison
measure in terms of covariates selection. We observe higher similarities between
methods within a single setting.
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87 CHAPITRE 3. EARLY-READMISSION PREDICTION

LR SVM RF GB C-mix CURE Cox PH

L
R

S
V

M
R

F
G

B
C

-m
ix

C
U

R
E

C
ox

P
H 0.0

0.2

0.4

0.6

0.8

1.0

Figure 3.4 Pearson correlation matrix for comparing covariates selection simila-
rities between methods. Red means high correlations.



3.3. RESULTS 88

0 20 40 60 80

Less than 18 months
since last visit (%)

�
0.6

�
0.4

�
0.2

0.0

0.2

0.4

Diastolic blood
pressure (slope)

15 20 25 30 35 40

Hematocrit
(%, mean)

�
0.5

0.0

0.5

Systolic blood
pressure (slope)

6 8 10 12

Hemoglobin
(g/dL, mean)

2 3 4 5

Red blood cells
(1012/L, mean)

H
igh

risk
Low

risk

Figure 3.5 Covariates boxplot comparison between the most significant C-mix
groups.



89 CHAPITRE 3. EARLY-READMISSION PREDICTION

3.4 Discussion
In this chapter, rather than trying to be exhaustive in terms of considered me-

thods, we choose, accordingly with the aim of this chapter, to offer a methodology
for fairly comparing methods in the two considered settings. Also, we do not try
different ε values, as it is done in Chen et al. [2012] (where emphasis is on perfor-
mance metrics), since our focus is to propose a general comparison and interpretation
methodology, with an analysis that remains valid for any choice of ε value.

In the binary outcome setting, classifiers highly depend on how the risk groups
are defined : a slight change of the survival threshold ε for assignment of classes
can lead to different prediction results [Chen et al., 2012]. In our dataset, only
5.2% of the visits lead to a readmission within 30 days. We are then in a classical
setup where the adverse event appears rarely in the data at our disposal. In such
setting, a vast amount of temporal information is lost since the model only knows
if a readmission occurs before the threshold delay or not. It appears that taking all
the information through the survival analysis setting first, and then going back to
a binary prediction using the survival estimate, significantly enhances any binary
prediction, which intuitively makes sense.

Among all methods, the C-mix holds the best results. Its good performances
compared to other methods is already shown in Bussy et al. [2018], both in synthetic
and real data. While the Cox PH regression model is widely used to analyze time-to-
event data, it relies on the proportional hazard ratio assumption. But in the case of
VOC for instance, it is plausible that these early-readmissions are the consequences
of the same ongoing crisis (hospital discharge before the VOC recovery), whereas
late-readmissions are genuine new unrelated crisis (recurrence). This would suggest
that the proportional hazard ratio assumption for Cox PH model (or its related
models like the competing risks model, the marginal model or the frailty model ;
for this reason not considered in this study) is not respected in this situation. The
CURE model main hypothesis being that a proportion of the patient is cured is
questionable too. Those reasons partly explain the good performances of the C-mix
model that does not rely on any restrictive hypothesis.

In this study, data extraction was performed with no a priori on the relevance
of each variable. For instance, we extracted all biological covariates that have been
measured during a patient’s stay, without presuming of their importance on read-
mission risk. Selected variables in our use case are relevant from a clinical point
of view, highlighting the capacity of regularization methods to pinpoint clinically
relevant covariates.

The most important covariates in the survival setting are linked to the severity
of the underlying SCD (e.g. crisis frequency, baseline hemoglobin), while selected
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covariates in the binary outcome setting are more related to the crisis biological
parameters (e.g. arterial blood gas parameters). Some covariates appear to be se-
lected in both settings (e.g. mean lactate deshydrogenase). All selected covariates
make sens from a clinical point of view, and the difference between the two settings
seems to be related to the underlying hypotheses of each setting : as binary setting
only takes information on early readmission, crisis related parameters are favored ;
meanwhile in the survival setting, parameters related to the severity of the under-
lying SCD are favored. This underlines why it is crucial, when working on prognosis
analysis, to use several methods to get an insight of the most important covariates.

3.5 Concluding remarks
In this chapter, we compare methods in terms of prediction performances and

covariates selection for different statistical and machine learning methods on a read-
mission framework with high dimensional EHR data. We particularly focus on com-
paring survival and binary outcome settings. Methods from both settings must be
considered when working on a prognosis study. Indeed, important covariates are pos-
sibly different depending on the setting : for instance in our case study, we highlight
important covariates linked either to the severity of the underlying SCD or to the
severity of the crisis.

Not only do frequent readmissions affect SCD patients’ quality of life, they also
impact hospitals’ organization and induce unnecessary costs. Our study lays the
groundwork for the development of powerful methods which could help provide
personalized care. Indeed, such early-readmission risk-predicting tools could help
physicians decide whether or not a specific patient should be discharged of the hos-
pital. Nevertheless, most selected covariates were derived from raw or unstructured
extracted data, making it difficult to implement the proposed predictive models into
routine clinical practice.

All results in the binary outcome setting rely on a critical readmission delay
choice, which is a questionable - if not counterproductive - bias in readmission risk
studies. Additionally, we point out the idea that learning in the survival setting,
rather than directly from the binary outcome setting, and then making binary pre-
dictions through the estimated survival function for a given delay threshold can
dramatically enhance performances.

Finally, the C-mix model yields the better performances and can be an interesting
alternative to more classical methods found in the medical literature to deal with
prognosis studies in a high dimensional framework. Moreover, it provides powerful
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interpretations aspects that could be useful in both clinical research and daily prac-
tice (see Figure 3.5). It would be interesting to generalize our conclusions to external
datasets, which is the purpose of further investigations.

Software
All the methodology discussed in this chapter is implemented in Python. The

code that generates all figures is available from https://github.com/SimonBussy/
early-readmission-prediction in the form of annotated programs, together with
notebook tutorials.

https://github.com/SimonBussy/early-readmission-prediction
https://github.com/SimonBussy/early-readmission-prediction
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Appendices

3.A Details on covariates

3.A.1 Covariates creation
Since SCD patients are frequently treated with opioids to control the pain in-

duced from VOCs, some may develop, over time, an addiction to these products.
Such addiction may cause readmission and often interferes with hospitalization ti-
meline. In order to limit confusion bias, we excluded patients encoded as opioid
addicts (ICD-10 F11) as well as those who were treated with substitute products
such as Methadone or Buprenorphine, both determined from hospitalization reports
and drug prescriptions.

Regarding opioid treatment related information from the CDW, based on doctors
and nurses inputs, variables extracted were the following :
— the specific molecule of each prescription,
— the specific dosage form of each prescription,
— the initiation and ending timestamps of each prescription.

From these variables, we also derived the following :
— the delay between the end of the last syringe received and the hospital di-

scharge,
— the number of syringes used per day on average,
— the slope from the linear regression of the delay between syringes throughout

the stay.
Regarding intravenous opioid treatments, we also extracted bolus dosage, maxi-

mum dosage, and refractory period. In order to capture both the average level and
the general trend of these covariates, we derived them by calculating the slope and
intercept from the linear regression of each of these parameters throughout the stay.

3.A.2 Missing data
We substitute missing medical history related data as follows : if a specific medi-

cal condition or VOC complication is mentioned in a report, this item is considered
as part of the patient’ medical history for every chronologically following stays ; if a
specific medical condition or VOC complication is explicitly stated as absent from
the medical history in a report, this item is considered absent in all the previous
stays.
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For other specific covariates, we proceed that way :
— for the patients’ baseline hemoglobin value, we use the last hemoglobin value

measured during the first included stay,
— for the dichotomous variables regarding the patient’s entourage and profes-

sional activity, we use the most represented value amongst all stays (of all
patients),

— we consider non-mentioned medical history or VOC complications as absent,
— we consider that all patients received both opioid treatments and oxygen the-

rapy at admission in the emergency room. Therefore, we consider the post-
opioid observation period, as well as the post-oxygen observation period, to
be the same time length as the entire stay.

For all remaining covariates, we impute as follows (after the random sampling of
one stay per patient) :
— numerical variables are imputed with their median values,
— categorical variables are imputed with their most represented values.

3.A.3 List of covariates
Table 3.A.1 summarizes the concepts used and their basic properties.
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3.B Details on experiments

3.B.1 Survival function estimation
For the Cox PH model, the survival

P[Ti > t|Xi = xi]

for patient i in the test set is estimated by

Ŝi(t|Xi = xi) = [Ŝcox
0 (t)]exp(x>i β̂),

where Ŝcox
0 is the estimated survival function of baseline population (x = 0) obtained

using the Breslow estimate of λ0 [Breslow, 1972].
For the CURE or the C-mix models, it is naturally estimated by

Ŝi(t|Xi = xi) = πβ̂(xi)Ŝ1(t) +
(
1− πβ̂(xi)

)
Ŝ0(t),

where Ŝ0 and Ŝ1 are the Kaplan-Meier estimators [Kaplan and Meier, 1958] of the
low and high risk of early-readmission subgroups respectively learned by the C-mix
model : patients with

πβ̂(xi) > 0.5
are clustered in the high risk subgroup, others in the low risk one ; or cured and
uncured subgroups respectively learned by the CURE model.

3.B.2 Hyper-parameters tuning
Let us summarize the hyper-parameters obtained after the cross-validation pro-

cedure for each method. First, we take η = 0.1 for all method using elastic net
regularization to ensure covariates selection.

The strengh of the penalty is tuned to 42.81 for LR, 0.05 for SVM, 0.03 for
C-mix, 0.008 for CURE and 0.014 for Cox PH. For RF, the maximum depth is 7,
the minium sample’s split is 3, the minimum sample’s leaf is 2, the criterion is the
entropy and the number of estimators is tuned to 200. For GB, the maximum depth
is 7, the minimum sample’s split is 3, the minimum sample’s leaf is 4 and the number
of estimators is 200. Finally for NN, the hidden layer’s sizes is 3, the regularization
term is tuned to 0.13.

3.B.3 Covariates importance comparison
Figure 3.B.1 gives the covariates importance estimates for all covariates and all

considered methods.
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Figure 3.B.1 Comparison of covariates importance, ordered on the
C-mix estimates. Note that for RF and GB models, coefficients are, by
construction, always positive.
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Abstract. We introduce a supervised learning mixture model for censored dura-
tions (C-mix) to simultaneously detect subgroups of patients with different prognosis
and order them based on their risk. Our method is applicable in a high-dimensional
setting, i.e. with a large number of biomedical covariates. Indeed, we penalize the
negative log-likelihood by the elastic net, which leads to a sparse parameterization
of the model and automatically pinpoints the relevant covariates for the survival
prediction. Inference is achieved using an efficient Quasi-Newton Expectation Maxi-
mization (QNEM) algorithm, for which we provide convergence properties. The
statistical performance of the method is examined on an extensive Monte Carlo
simulation study, and finally illustrated on three publicly available genetic cancer
datasets with high-dimensional covariates. We show that our approach outperforms
the state-of-the-art survival models in this context, namely both the CURE and
Cox proportional hazards models penalized by the elastic net, in terms of C-index,
AUC(t) and survival prediction. Thus, we propose a powerfull tool for personalized
medicine in cancerology.

Résumé. Nous proposons un modèle de mélange de durées avec censure, le C-
mix, qui apprend de façon supervisée à ordonner des patients suivant leur risque
qu’un événement d’intérêt se produise rapidement, tout en déterminant des sous-
groupes de pronostics différents au sein de la population. Notre méthode s’applique
dans un contexte de grande dimension, où le nombre de covariables biomédicales
à disposition est grand. Nous pénalisons alors la log-vraisemblance négative par
la regularisation elastic net, ce qui impose une paramétrisation parcimonieuse du
modèle et permet d’identifier les covariables qui influencent la prédiction du risque.
Un algorithme Quasi-Newton EM (QNEM) est proposé pour l’inférence, ainsi qu’une
preuve de sa convergence. Les performances du modèle sont évaluées lors d’une étude
par simulation de Monte Carlo, puis illustrées sur trois jeux de données publiques
de grande dimension en cancérologie. Notre approche obtient de meilleurs résultats
en terme de C-index, d’AUC(t) et de prédiction de survie, comparé aux méthodes
usuelles d’analyse de survie : à savoir le modèle de CURE et le modèle à risques
proportionnels de Cox, tous deux pénalisés par l’elastic net. Le C-mix constitue ainsi
un nouvel outil prometteur pour la médecine personnalisée en cancérologie.



101 CHAPITRE 4. C-MIX

4.1 Introduction
Predicting subgroups of patients with different prognosis is a key challenge for

personalized medicine, see for instance Alizadeh et al. [2000] and Rosenwald et al.
[2002] where subgroups of patients with different survival rates are identified based
on gene expression data. A substantial number of techniques can be found in the
literature to predict the subgroup of a given patient in a classification setting, namely
when subgroups are known in advance [Golub et al., 1999, Hastie et al., 2001a,
Tibshirani et al., 2002]. We consider in the present chapter the much more difficult
case where subgroups are unknown.

In this situation, a first widespread approach consists in first using unsupervised
learning techniques applied on the covariates – for instance on the gene expression
data [Bhattacharjee et al., 2001, Beer et al., 2002, Sørlie et al., 2001] – to define
subsets of patients and then estimating the risks in each of them. The problem
of such techniques is that there is no guarantee that the identified subgroups will
have different risks. Another approach to subgroups identification is conversely ba-
sed exclusively on the survival times : patients are then assigned to a “low-risk”
or a “high-risk” group based on whether they were still alive [Shipp et al., 2002,
Van’t Veer et al., 2002]. The problem here is that the resulting subgroups may not
be biologically meaningful since the method do not use the covariates, and prognosis
prediction based on covariates is not possible.

The method we propose uses both the survival information of the patients and
its covariates in a supervised learning way. Moreover, it relies on the idea that
exploiting the subgroups structure of the data, namely the fact that a portion of the
population have a higher risk of early death, could improve the survival prediction
of future patients (unseen during the learning phase).

We propose to consider a mixture of event times distributions in which the
probabilities of belonging to each subgroups are driven by the covariates (e.g. gene
expression data, patients characteristics, therapeutic strategy or omics covariates).
Our C-mix model is hence part of the class of model-based clustering algorithms, as
introduced in Banfield and Raftery [1993].

More precisely, to model the heterogeneity within the patient population, we
introduce a latent variable

Z ∈ {0, . . . , K − 1}

and our focus is on the conditional distribution of Z given the values of the covariates
X = x. Now, conditionally on the latent variable Z, the distribution of duration time
T is different, leading to a mixture in the event times distribution.
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For a patient with covariates x, the conditional probabilities

πk(x) = P[Z = k|X = x]

of belonging to the k-th risk group can be seen as scores, that can help decision-
making for physicians. As a byproduct, it can also shed light on the effect of the
covariates (which combination of biomedical markers are relevant to a given event
of interest).

Our methodology differs from the standard survival analysis approaches in va-
rious ways, that we describe in this paragraph. First, the Cox proportional hazards
(PH) model (Cox [1972]) (by far the most widely used in such a setting) is a regres-
sion model that describes the relation between intensity of events and covariates x
via

λ(t|X = x) = λ0(t)exp(x>βcox), (4.1)

where λ0 is a baseline intensity, and βcox is a vector quantifying the multiplicative
impact on the hazard ratio of each covariate. As in our model, high-dimensional
covariates can be handled, via e.g. penalization , see Simon et al. [2011]. But it
does not permit the stratification of the population in groups of homogeneous risks,
hence does not deliver a simple tool for clinical practice. Moreover, we show in the
numerical sections that the C-mix model can be trained very efficiently in high
dimension, and outperforms the standard Cox PH model by far in the analysed
datasets.

Other models condiser mixtures of event times distributions. In the CURE model
(see Farewell [1982] and Kuk and Chen [1992]), one fraction of the population is
considered as cured (hence not subject to any risk). This can be very limitating, as
for a large number of applications (e.g. rehospitalization for patients with chronic
diseases or relapse for patients with metastatic cancer), all patients are at risk. We
consider, in our model, that there is always an event risk, no matter how small.
Other mixture models have been considered in survival analysis : see Kuo and Peng
[2000] for a general study about mixture model for survival data or De Angelis et al.
[1999] in a cancer survival analysis setting, to name but a few. Unlike our algorithm,
none of these algorithms considers the high dimensional setting.

A precise description of the model is given in Section 4.2. Section 4.3 focuses
on the regularized version of the model with an elastic net penalization to exploit
dimension reduction and prevent overfitting. Inference is presented under this frame-
work, as well as the convergence properties of the developed algorithm. Section 4.4
highlights the simulation procedure used to evaluate the performances and com-
pares it with state-of-the-art models. In Section 4.5, we apply our method to genetic
datasets. Finally, we discuss the obtained results in Section 4.6.



103 CHAPITRE 4. C-MIX

4.2 A censored mixture model
Let us present the survival analysis framework. We assume that, the conditional

density of the duration T given X = x is a mixture

f(t|X = x) =
K−1∑
k=0

πk(x)fk(t;αk)

of K ≥ 1 densities fk, for t ≥ 0 and αk ∈ Rdk some parameters to estimate. The
weights combining these distributions depend on the patient biomedical covariates
x and are such that

K−1∑
k=0

πk(x) = 1.

This is equivalent to saying that conditionally on a latent variable Z = k ∈ {0, . . . , K−
1}, the density of T at time t ≥ 0 is fk(t ;αk), and we have

P[Z = k|X = x] = πk(x) = πβk(x)

where
βk = (βk,1, . . . , βk,d) ∈ Rd

denotes a vector of coefficients that quantifies the impact of each biomedical cova-
riates on the probability that a patient belongs to the k-th group. Consider a logistic
link function for these weights given by

πβk(x) = ex
>βk∑K−1

k=0 e
x>βk

. (4.2)

The hidden status Z has therefore a multinomial distribution

M
(
πβ0(x), . . . , πβK−1(x)

)
.

The intercept term is here omitted without loss of generality. The graphical model
representation of the C-mix is given in Figure 4.1.

In practice, information loss occurs of right censoring type. This is taken into
acount in our model by introducing the following : a time C ≥ 0 when the individual
“leaves” the target cohort, a right-censored duration Y and a censoring indicator ∆,
defined by

Y = min(T,C) and ∆ = 1{T≤C},

where min(a, b) denotes the minimum between two numbers a and b, and 1 denotes
the indicator function.

In order to write a likelihood and draw inference, we make the two following
hypothesis.
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X T

Z

Figure 4.1 Graphical model representation of the C-mix.

Hypothesis 1 T and C are conditionally independent given Z and X.
Hypothesis 2 C is independent of Z.
Hypothesis 1 is classical in survival analysis [Klein and Moeschberger, 2005], while
Hypothesis 2 is classical in survival mixture models [Kuo and Peng, 2000, De Angelis
et al., 1999]. Under this hypothesis, denoting g the density of the censoring C, F
the cumulative distribution function corresponding to a given density f , F̄ = 1−F
and

F (y−) = lim
u→y
u≤y

F (u),

we have
P[Y ≤ y,∆ = 1] = P[T ≤ y, T ≤ C] =

∫ y

0
f(u)Ḡ(u)du and

P[Y ≤ y,∆ = 0] = P[C ≤ y, C < T ] =
∫ y

0
g(u)F̄ (u)du.

Then, denoting
θ = (α0, . . . , αK−1, β0, . . . , βK−1)>

the parameters to infer and considering an independent and identically distributed
(i.i.d.) cohort of n patients given by

(x1, y1, δ1), . . . , (xn, yn, δn) ∈ Rd × R+ × {0, 1},
the log-likelihood of the C-mix model can be written

`n(θ) = `n(θ ;y, δ) = n−1
n∑
i=1

{
δi log

[
Ḡ(y−i )

K−1∑
k=0

πβk(xi)fk(yi;αk)
]

+(1− δi) log
[
g(yi)

K−1∑
k=0

πβk(xi)F̄k(y−i ;αk)
]}
,
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where we use the notations y = (y1, . . . , yn)> and δ = (δ1, . . . , δn)>. Note that from
now on, all computations are done conditionally on the covariates (xi)i=1,...,n. An
important fact is that we do not need to know or parametrize Ḡ nor g, namely the
distribution of the censoring, for inference in this model (since all Ḡ and g terms
vanish in Equation (4.5)).

4.3 Inference of C-mix

In this section, we describe the procedure for estimating the parameters of the
C-mix model. We begin by presenting the Quasi-Newton Expectation Maximization
(QNEM) algorithm we use for inference. We then focus our study on the convergence
properties of the algorithm.

4.3.1 QNEM algorithm

In order to avoid overfitting and to improve the prediction power of our model,
we use elastic net regularization [Zou and Hastie, 2005] by minimizing the penalized
objective

`pen
n (θ) = −`n(θ) +

K−1∑
k=0

γk
(
(1− η)‖βk‖1 + η

2‖βk‖
2
2

)
, (4.3)

where we add a linear combination of the lasso (`1) and ridge (squared `2) penalties
for a fixed η ∈ [0, 1], tuning parameter γk, and where we denote

‖βk‖p =
( d∑
i=1
|βk,i|p

)1/p

the `p-norm of βk. One advantage of this regularization method is its ability to
perform model selection (the lasso part) and pinpoint the most important covariates
relatively to the prediction objective. On the other hand, the ridge part allows to
handle potential correlation between covariates [Zou and Hastie, 2005]. Note that in
practice, the intercept is not regularized.

In order to derive an algorithm for this objective, we introduce a so-called Quasi-
Newton Expectation Maximization (QNEM), being a combination between an EM
algorithm [Dempster et al., 1977] and a L-BFGS-B algorithm [Zhu et al., 1997]. For
the EM part, we need to compute the negative completed log-likelihood (here scaled
by n−1), namely the negative joint distribution of y, δ and z = (z1, . . . , zn)>. It can
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be written

`comp
n (θ) = `comp

n (θ;y, δ, z)

= −n−1
n∑
i=1

{
δi

[K−1∑
k=0

1{zi=k}
(

log πβk(xi) + log fk(yi;αk)
)

+ log Ḡ(y−i )
]

+ (1− δi)
[K−1∑
k=0

1{zi=k}
(

log πβk(xi) + log F̄k(y−i ;αk)
)

+ log g(yi)
]}
.

(4.4)

Suppose that we are at step l + 1 of the algorithm, with current iterate denoted

θ(l) = (α(l)
0 , . . . , α

(l)
K−1, β

(l)
0 , . . . , β

(l)
K−1)>.

For the E-step, we need to compute the expected log-likelihood given by

Qn(θ, θ(l)) = Eθ(l) [`comp
n (θ)|y, δ].

We note that

q
(l)
i,k = Eθ(l) [1{zi=k}|yi, δi] = Pθ(l) [zi = k|yi, δi] =

Λ(l)
k,i∑K−1

r=0 Λ(l)
r,i

(4.5)

with
Λ(l)
k,i =

[
fk(yi;α(l)

k )Ḡ(y−i )
]δi[

g(yi)F̄k(y−i ;α(l)
k )
]1−δi

π
β

(l)
k

(xi) (4.6)

so that Qn(θ, θ(l)) is obtained from (4.4) by replacing the two 1{zi=k} occurrences
with q(l)

i,k. Depending on the chosen distributions fk, the M-step can either be explicit
for the updates of αk (see Section 4.3.3 below for the geometric distributions case),
or obtained using a minimization algorithm otherwise.

Let us focus now on the update of βk in the M-step of the algorithm. By denoting

R
(l)
n,k(βk) = −n−1

n∑
i=1

q
(l)
i,k log πβk(xi)

the quantities involved in Qn that depend on βk, the update for βk therefore requires
to minimize

R
(l)
n,k(βk) + γk

(
(1− η)‖βk‖1 + η

2‖βk‖
2
2

)
. (4.7)

The minimization Problem (4.7) is a convex problem. It looks like the logistic re-
gression objective, where labels are not fixed but softly encoded by the expectation
step (computation of q(l)

i,k above, see Equation (4.5)).
We minimize (4.7) using the well-known L-BFGS-B algorithm [Zhu et al., 1997].

This algorithm belongs to the class of quasi-Newton optimization routines, which
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solve the given minimization problem by computing approximations of the inverse
Hessian matrix of the objective function. It can deal with differentiable convex ob-
jectives with box constraints. In order to use it with `1 penalization, which is not
differentiable, we use the trick borrowed from Andrew and Gao [2007] : for a ∈ R,
write |a| = a+ +a−, where a+ and a− are respectively the positive and negative part
of a, and add the constraints a+ ≥ 0 and a− ≥ 0. Namely, we rewrite the minimiza-
tion problem (4.7) as the following differentiable problem with box constraints

minimize R
(l)
n,k(β+

k − β−k ) + γk(1− η)
d∑
j=1

(β+
k,j + β−k,j) + γk

η

2‖β
+
k − β−k ‖2

2

subject to β+
k,j ≥ 0 and β−k,j ≥ 0 for all j ∈ {1, . . . , d},

(4.8)

where
β±k = (β±k,1, . . . , β±k,d)>.

The L-BFGS-B solver requires the exact value of the gradient, which is easily
given by

∂R
(l)
n,k(βk)
∂βk

= −n−1
n∑
i=1

q
(l)
i,k

(
1− πβk(xi)

)
xi.

In Algorithm 1, we describe the main steps of the QNEM algorithm to minimize the
function given in Equation (4.3).

Algorithm 1: QNEM Algorithm for inference of the C-mix model
Input: Training data (xi, yi, δi)i∈{1,...,n} ; starting parameters

(α(0)
k , β

(0)
k )k∈{0,...,K−1} ; tuning parameters γk ≥ 0

Output: Last parameters (α(l)
k , β

(l)
k )k∈{0,...,K−1}

1. for l = 0, . . . , until convergence do
2. Compute (q(l)

i,k)k∈{0,...,K−1} using Equation (4.5)
3. Compute (α(l+1)

k )k∈{0,...,K−1}

4. Compute (β(l+1)
k )k∈{0,...,K−1} by solving (4.8) with the L-BFGS-B

algorithm
5. Return : (α(l)

k , β
(l)
k )k∈{0,...,K−1}

The penalization parameters γk are chosen using cross-validation, see Section 4.A
for precise statements about this procedure and about other numerical details.

4.3.2 Convergence to a stationary point
We are addressing here convergence properties of the QNEM algorithm des-

cribed in Section 4.3.1 for the minimization of the objective function defined in
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Equation (4.3). Let us denote

Qpen
n (θ, θ(l)) = Qn(θ, θ(l)) +

K−1∑
k=0

γk
(
(1− η)‖βk‖1 + η

2‖βk‖
2
2

)
.

Convergence properties of the EM algorithm in a general setting are well known,
see Wu [1983]. In the QNEM algorithm, since we only improve Qpen

n (θ, θ(l)) instead
of a minimization of Qn(θ, θ(l)), we are not in the EM algorithm setting but in a so
called generalized EM (GEM) algorithm setting [Dempster et al., 1977]. For such an
algorithm, we do have the descent property, in the sense that the criterion function
given in Equation (4.3) is reduced at each iteration, namely

`pen
n (θ(l+1)) ≤ `pen

n (θ(l)).

Let us make two hypothesis.

Hypothesis 3 The duration densities fk are such that `pen
n is bounded for all θ.

Hypothesis 4 Qpen
n (θ, θ(l)) is continuous in θ and θ(l), and for any fixed θ(l), Qpen

n (θ, θ(l))
is a convex function in θ and is strictly convex in each coordinate of θ.

Under Hypothesis 3, l 7→ `pen
n (θ(l)) decreases monotically to some finite limit. By

adding Hypothesis 4, convergence of the QNEM algorithm to a stationary point can
be shown. In particular, the stationary point is here a local minimum.

Theorem 4.3.1 Under Hypothesis 3 and 4, and considering the QNEM algorithm
for the criterion function defined in Equation (4.3), every cluster point θ̄ of the
sequence {θ(l); l = 0, 1, 2, . . .} generated by the QNEM algorithm is a stationary
point of the criterion function defined in Equation (4.3).

A proof is given in Section 4.B.

4.3.3 Parameterization
Let us discuss here the parametrization choices we made in the experimental

part. First, in many applications - including the one addressed in Section 4.5 -
we are interested in identifying one subgroup of the population with a high risk of
adverse event compared to the others. Then, in the following, we consider Z ∈ {0, 1}
where Z = 1 means high-risk of early death and Z = 0 means low risk. Moreover, in
such a setting where K = 2, one can compare the learned groups by the C-mix and
the ones learned by the CURE model in terms of survival curves (see Figure 4.3).

To simplify notations and given the constraint formulated in Equation 4.2, we set
β0 = 0 and we denote β = β1 and πβ(x) the conditional probability that a patient
belongs to the group with high risk of death, given its covariates x.



109 CHAPITRE 4. C-MIX

In practice, we deal with discrete times in days. It turns out that the times of
the data used for applications in Section 4.5 is well fitted by Weibull distributions.
This choice of distribution is very popular in survival analysis, see for instance Klein
and Moeschberger [2005]. We then first derive the QNEM algorithm with

fk(t;αk) = (1− φk)t
µk − (1− φk)(t+1)µk

with here αk = (φk, µk) ∈ (0, 1)×R+, φk being the scale parameter and µk the shape
parameter of the distribution.

As explained in the following Section 4.4, we select the best model using a cross-
validation procedure based on the C-index metric, and the performances are evalua-
ted according to both C-index and AUC(t) metrics (see Sections 4.4.3 for details).
Those two metrics have the following property : if we apply any mapping on the mar-
ker vector (predicted on a test set) such that the order between all vector coefficient
values is conserved, then both C-index and AUC(t) estimates remain unchanged. In
other words, by denoting

(Mi)i∈{1,...,ntest}

the vector of markers predicted on a test set of ntest individuals, if ψ is a function
such that for all (i, j) ∈ {1, . . . , ntest}2, one has

Mi < Mj ⇒ ψ(Mi) < ψ(Mj),

then both C-index and AUC(t) estimates induced by

(Mi)i∈{1,...,ntest}

or by (
ψ(Mi)

)
i∈{1,...,ntest}

are the same.
The order in the marker coefficients is actually paramount when the performances

are evaluated according to the mentioned metrics. Furthermore, it turns out that
empirically, if we add a constraint on the mixture of Weibull that enforces an order
like relation between the two distributions f0 and f1, the performances are improved.
To be more precise, the constraint to impose is that the two density curves do not
intersect. We then choose to impose the following : the two scale parameters are
equal, i.e. φ0 = φ1 = φ. Indeed under this hypothesis, we do have that

µ0 < µ1 ⇒ ∀t ∈ R+, f0(t;α0) > f1(t;α1)

for all φ ∈ (0, 1).
With this Weibull parameterization, updates for αk are not explicit in the QNEM

algorithm, and consequently require some iterations of a minimization algorithm.
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Seeking to have explicit updates for αk, we then derive the algorithm with geometric
distributions instead of Weibull (geometric being a particular case of Weibull with
µk = 1), namely

fk(t;αk) = αk(1− αk)t−1

with αk ∈ (0, 1).
With this parameterization, we obtain from Equation (4.6)

Λ(l)
1,i =

[
α

(l)
1 (1− α(l)

1 )yi−1
]δi[(1− α(l)

1 )yi
]1−δi

πβ(l)(xi) and

Λ(l)
0,i =

[
α

(l)
0 (1− α(l)

0 )yi−1
]δi[(1− α(l)

0 )yi
]1−δi(1− πβ(l)(xi)

)
,

which leads to the following explicit M-step

α
(l+1)
0 =

∑n
i=1 δi(1− q

(l)
i )∑n

i=1(1− q(l)
i )yi

and α
(l+1)
1 =

∑n
i=1 δiq

(l)
i∑n

i=1 q
(l)
i yi

.

In this setting, implementation is hence straightforward. Note that Hypothesis 3
and 4 are immediately satisfied with this geometric parameterization.

In Section 4.5, we note that performances are similar for the C-mix model with
Weibull or geometric distributions on all considered biomedical datasets. The geo-
metric parameterization leading to more straightforward computations, it is the one
used to parameterize the C-mix model in what follows, if not otherwise stated. Let
us focus now on the performance evaluation of the C-mix model and its comparison
with the Cox PH and CURE models, both regularized with the elastic net.

4.4 Performance evaluation
In this section, we first briefly introduce the models we consider for performance

comparisons. Then, we provide details regarding the simulation study and data gene-
ration. The chosen metrics for evaluating performances are then presented, followed
by the results.

4.4.1 Competing models
The first model we consider is the Cox PH model penalized by the elastic net,

denoted Cox PH in the following. In this model introduced in Cox [1972], the partial
log-likelihood is given by

`cox
n (β) = n−1

n∑
i=1

δi
(
x>i β − log

∑
i′:yi′≥yi

exp(x>i′ β)
)
.
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We use respectively the R packages survival and glmnet [Simon et al., 2011] for
the partial log-likelihood and the minimization of the following quantity

−`cox
n (β) + γ

(
(1− η)‖β‖1 + η

2‖β‖
2
2

)
,

where γ is chosen by the same cross-validation procedure than the C-mix model, for
a given η (see Section 4.A. Ties are handled via the Breslow approximation of the
partial likelihood [Breslow, 1972].

We remark that the model introduced in this chapter cannot be reduced to a Cox
model. Indeed, the C-mix model intensity can be written (in the geometric case)

λ(t) = α1(1− α1)t−1 + α0(1− α0)t−1 exp(x>β)
(1− α1)t + (1− α0)t exp(x>β) ,

while it is given by Equation (4.1) in the Cox model.
Finally, we consider the CURE [Farewell, 1982] model penalized by the elastic

net and denoted CURE in the following, with a logistic function for the incidence
part and a parametric survival model for S(t|Z = 1), where Z = 0 means that
patient is cured, Z = 1 means that patient is not cured, and

S(t) = exp(−
∫ t

0
λ(s)ds)

denotes the survival function. In this model, we then have S(t|Z = 0) constant
and equal to 1. We add an elastic net regularization term, and since we were not
able to find any open source package where CURE models were implemented with
a regularized objective, we used the QNEM algorithm in the particular case of
CURE model. We just add the constraint that the geometric distribution G(α0)
corresponding to the cured group of patients (Z = 0) has a parameter α0 = 0,
which does not change over the algorithm iterations. The QNEM algorithm can be
used in this particular case, were some terms have disapeared from the completed
log-likelihood, since in the CURE model case we have{

i ∈ {1, . . . , n} : zi = 0, δi = 1
}

= ∅.

Note that in the original introduction of the CURE model in Farewell [1982], the
density of uncured patients directly depends on individual patient covariates, which
is not the case here.

We also give additional simulation settings in Section 4.C. First, the case where
d� n, including a comparison of the screening strategy we use in Section 4.5 with
the iterative sure independence screening [Fan et al., 2010] (ISIS) method. We also
add simulations where data is generated according to the C-mix model with gamma
distributions instead of geometric ones, and include the accelerated failure time
model [Wei, 1992] (AFT) in the performances comparison study.
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4.4.2 Simulation design
In order to assess the proposed method, we perform an extensive Monte Carlo

simulation study. Since we want to compare the performances of the 3 models men-
tioned above, we consider 3 simulation cases for the time distribution : one for each
competing model. We first choose a coefficient vector

β = (ν, . . . , ν︸ ︷︷ ︸
s

, 0, . . . , 0) ∈ Rd,

with ν ∈ R being the value of the active coefficients and s ∈ {1, . . . , d} a sparsity pa-
rameter. For a desired low-risk patients proportion π0 ∈ [0, 1], the high-risk patients
index set is given by

H =
{
b(1− π0)× nc random samples without replacement

}
⊂ {1, . . . , n},

where bac denotes the largest integer less than or equal to a ∈ R. For the generation
of the covariates matrix, we first take

[xij] ∈ Rn×d ∼ N (0,Σ(ρ)),

with Σ(ρ) a (d × d) Toeplitz covariance matrix [Mukherjee and Maiti, 1988] with
correlation ρ ∈ (0, 1). We then add a gap ∈ R+ value for patients i ∈ H and subtract
it for patients i /∈ H, only on active covariates plus a proportion rcf ∈ [0, 1] of the
non-active covariates considered as confusion factors, that is

xij ← xij ± gap for j ∈
{

1, . . . , s, . . . , b(d− s)rcfc
}
.

Note that this is equivalent to generate the covariates according to a Gaussian
mixture.

Then we generate
Zi ∼ B

(
πβ(xi)

)
in the C-mix or CURE simulation case, where πβ(xi) is computed given Equa-
tion (4.2), with geometric distributions for the durations (see Section 4.3.3). We
obtain

Ti ∼ G(αZi)

in the C-mix case, and

Ti ∼ ∞1{Zi=0} + G(α1)1{Zi=1}

in the CURE case. For the Cox PH model, we take

Ti ∼ − log(Ui) exp(−x>i β),
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with Ui ∼ U([0, 1]) and where U([a, b]) stands for the uniform distribution on a
segment [a, b].

The distribution of the censoring variable Ci is geometric G(αc), with αc ∈ (0, 1).
The parameter αc is tuned to maintain a desired censoring rate rc ∈ [0, 1], using
a formula given in Section 4.D. The values of the chosen hyper parameters are
sumarized in Table 6.1.

Table 4.1 Hyper-parameters choice for simulation

η n d s rcf ν ρ π0 gap rc α0 α1
0.1 100, 200, 500 30, 100 10 0.3 1 0.5 0.75 0.1, 0.3, 1 0.2, 0.5 0.01 0.5

Note that when simulating under the CURE model, the proportion of censored time
events is at least equal to π0 : we then choose π0 = 0.2 for the CURE simulations
only.

Finally, we want to assess the stability of the C-mix model in terms of variable
selection and compare it to the CURE and Cox PH models. To this end, we follow the
same simulation procedure explained in the previous lines. For each simulation case,
we make vary the two hyper-parameters that impact the most the stability of the
variable selection, that is the gap varying in [0, 2] and the confusion rate rcf varying
in [0, 1]. All other hyper-parameters are the same than in Table 6.1, except s = 150
and with the choice (n, d) = (200, 300). For a given hyper-parameters configuration
(gap, rcf ), we use the following approach to evaluate the variable selection power of
the models. Denoting

β̃i = |β̂i|/max
{
|β̂i|, i ∈ {1, . . . , d}

}
,

if we consider that β̃i is the predicted probability that the true βi equals ν, then
we are in a binary prediction setting and we use the resulting AUC of this problem.
Explicit examples of such AUC computations are given in Section 4.E.

4.4.3 Metrics
We detail in this section the metrics considered to evaluate risk prediction per-

formances. Let us denote by M the marker under study. Note that M = πβ̂(X) in
the C-mix and the CURE model cases, andM = exp(X>β̂cox) in the Cox PH model
case. We denote by h the probability density function of marker M , and assume
that the marker is measured once at t = 0.

For any threshold ξ, cumulative true positive rates and dynamic false positive
rates are two functions of time respectively defined as

TPRC(ξ, t) = P[M > ξ|T ≤ t]



4.4. PERFORMANCE EVALUATION 114

and
FPRD(ξ, t) = P[M > ξ|T > t].

Then, as introduced in Heagerty et al. [2000], the cumulative dynamic time-dependent
AUC is defined as follows

AUCC,D(t) =
∫ ∞
−∞

TPRC(ξ, t)
∣∣∣∣∣∂FPR

D(ξ, t)
∂ξ

∣∣∣∣∣ dξ,
that we simply denote AUC(t) in the following. We use the Inverse Probability of
Censoring Weighting (IPCW) estimate of this quantity with a Kaplan-Meier esti-
mator of the conditional survival function P[T > t|M = m], as proposed in Blanche
et al. [2013] and already implemented in the R package timeROC.

A common concordance measure that does not depend on time is the C-index [Har-
rell et al., 1996] defined by

C = P[Mi > Mj|Ti < Tj],

with i 6= j two independent patients (which does not depend on i, j under the
i.i.d. sample hypothesis). In our case, T is subject to right censoring, so one would
typically consider the modified Cτ defined by

Cτ = P[Mi > Mj|Yi < Yj, Yi < τ ],

with τ corresponding to the fixed and prespecified follow-up period duration [Hea-
gerty and Zheng, 2005]. A Kaplan-Meier estimator for the censoring distribution
leads to a nonparametric and consistent estimator of Cτ [Uno et al., 2011], already
implemented in the R package survival.

Hence in the following, we consider both AUC(t) and C-index metrics to assess
performances.

4.4.4 Results of simulation
We present now the simulation results concerning the C-index metric in the case

(d, rc) = (30, 0.5) in Table 4.2. See Section 4.F for results on other configurations
for (d, rc). Each value is obtained by computing the C-index average and standard
deviation (in parenthesis) over 100 simulations. The AUC(t) average (bold line)
and standard deviation (bands) over the same 100 simulations are then given in
Figure 4.1, where n = 100. Note that the value of the gap can be viewed as a
difficulty level of the problem, since the higher the value of the gap, the clearer the
separation between the two populations (low risk and high risk patients).

The results measured both by AUC(t) and C-index lead to the same conclu-
sion : the C-mix model almost always leads to the best results, even under model
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misspecification, i.e. when data is generated according to the CURE or Cox PH
model. Namely, under CURE simulations, C-mix and CURE give very close results,
with a strong improvement over Cox PH. Under Cox PH and C-mix simulations,
C-mix outperforms both Cox PH and CURE. Surprisingly enough, this exhibits a
strong generalization property of the C-mix model, over both Cox PH and CURE.
Note that this phenomenon is particularly strong for small gap values, while with
an increasing gap (or an increasing sample size n), all procedures barely exhibit the
same performance. It can be first explained by the non parametric baseline function
in the Cox PH model, and second by the fact that unlike the Cox PH model, the
C-mix and CURE models exploit directly the mixture aspect.

Finally, Figure 4.2 gives the results concerning the stability of the variable se-
lection aspect of the competing models. The C-mix model appears to be the best
method as well considering the variable selection aspect, even under model miss-
pecification. We notice a general behaviour of our method that we describe in the
following, which is also shared by the CURE model only when the data is simulated
according to itself, and which justifies the log scale for the gap to clearly distinguish
the three following phases.

For very small gap values (less than 0.2), the confusion rate rcf does not impact
the variable selection performances, since adding very small gap values to the cova-
riates is almost imperceptible. This means that the resulting AUC is the same when
there is no confusion factors and when rcf = 1 (that is when there are half active
covariates and half confusion ones).

For medium gap values (saying between 0.2 and 1), the confusion factors are
more difficult to identify by the model as there number goes up (that is when rcf
increases), which is precisely the confusion factors effect we expect to observe.

Then, for large gap values (more than 1), the model succeeds in vanishing pro-
perly all confusion factors since the two subpopulations are more clearly separated
regarding the covariates, and the problem becomes naturally easier as the gap in-
creases.
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Figure 4.1 Average (bold lines) and standard deviation (bands) for AUC(t) on
100 simulated data with n = 100, d = 30 and rc = 0.5. Rows correspond to the
model simulated (cf. Section 4.4.2) while columns correspond to different gap values
(the problem becomes more difficult as the gap value decreases). Surprisingly, our
method gives almost always the best results, even under model misspecification (see
Cox PH and CURE simulation cases on the second and third rows).
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Figure 4.2 Average AUC calculated according to Section 4.4.2 and obtained af-
ter 100 simulated data for each (gap, rcf ) configuration (a grid of 20x20 different
configurations is considered). A Gaussian interpolation is then performed to obtain
smooth figures. Note that the gap values are log-scaled. Rows correspond to the
model simulated while columns correspond to the model under consideration for the
variable selection evaluation procedure. Our method gives the best results in terms
of variable selection, even under model misspecification.
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4.5 Application to genetic data
In this section, we apply our method on three genetic datasets and compare its

performance to the Cox PH and CURE models. We extracted normalized expression
data and survival times Y in days from breast invasive carcinoma (BRCA, n = 1211),
glioblastoma multiforme (GBM, n = 168) and kidney renal clear cell carcinoma
(KIRC, n = 605).

These datasets are available on The Cancer Genome Atlas (TCGA) platform,
which aims at accelerating the understanding of the molecular basis of cancer through
the application of genomic technologies, including large-scale genome sequencing. A
more precise description of these datasets is given in Section A.2.2. For each patient,
20531 covariates corresponding to the normalized gene expressions are available. We
randomly split all datasets into a training set and a test set (30% for testing, cross-
validation is done on the training).

We compare the three models both in terms of C-index and AUC(t) on the test
sets. Inference of the Cox PH model fails in very high dimension on the considered
data with the glmnet package. We therefore make a first variable selection (scree-
ning) among the 20531 covariates. To do so, we compute the C-index obtained by
univariate Cox PH models (not to confer advantage to our method), namely Cox
PH models fitted on each covariate separately. We then ordered the obtained 20531
C-indexes by decreasing order and extracted the top d = 100, d = 300 and d = 1000
covariates. We then apply the three methods on the obtained covariates.

The results in terms of AUC(t) curves are given in Figure 4.1 for d = 300, where
we distinguish the C-mix model with geometric or Weibull distributions.

(a) BRCA (b) GBM (c) KIRC

Figure 4.1 AUC(t) comparison on the three TCGA data sets considered, for d =
300. We observe that C-mix model leads to the best results (higher is better) and
outperforms both Cox PH and CURE in all cases. Results are similar in terms of
performances for the C-mix model with geometric or Weibull distributions.

Then it appears that the performances are very close in terms of AUC(t) between
the C-mix model with geometric or Weibull distributions, which is also validated if
we compare the corresponding C-index for these two parameterizations in Table 4.1.
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Table 4.1 C-index comparison between geometric or Weibull parameterizations
for the C-mix model on the three TCGA data sets considered (with d = 300). In all
cases, results are very similar for the two distribution choices.

Parameterization Geometric Weibull
BRCA 0.782 0.780

Cancer GBM 0.755 0.754
KIRC 0.849 0.835

Similar conclusions in terms of C-index, AUC(t) and computing time can be made
on all considered datasets and for any choice of d. Hence, as already mentionned in
Section 4.3.3, we only concentrate on the geometric parameterization for the C-mix
model. The results in terms of C-index are then given in Table 4.2.

Table 4.2 C-index comparison on the three TCGA data sets considered. In all
cases, C-mix gives the best results (in bold).

Cancer BRCA GBM KIRC
Model C-mix CURE Cox PH C-mix CURE Cox PH C-mix CURE Cox PH

100 0.792 0.764 0.705 0.826 0.695 0.571 0.768 0.732 0.716
d 300 0.782 0.753 0.723 0.849 0.697 0.571 0.755 0.691 0.698

1000 0.817 0.613 0.577 0.775 0.699 0.592 0.743 0.690 0.685

A more direct approach to compare performances between models, rather than
only focus on the marker order aspect, is to predict the survival of patients in
the test set within a specified short time. For the Cox PH model, the survival
P[Ti > t|Xi = xi] for patient i in the test set is estimated by

Ŝi(t|Xi = xi) = [Ŝcox
0 (t)]exp(x>i β̂

cox),

where Ŝcox
0 is the estimated survival function of baseline population (x = 0) obtained

using the Breslow estimate of λ0 [Breslow, 1972]. For the CURE or the C-mix models,
it is naturally estimated by

Ŝi(t|Xi = xi) = πβ̂(xi)Ŝ1(t) +
(
1− πβ̂(xi)

)
Ŝ0(t),

where Ŝ0 and Ŝ1 are the Kaplan-Meier estimators [Kaplan and Meier, 1958] of the
low and high risk subgroups respectively, learned by the C-mix or CURE models
(patients with πβ̂(xi) > 0.5 are clustered in the high risk subgroup, others in the
low risk one). The corresponding estimated survival curves are given in Figure 4.2.
We observe that the subgroups obtained by the C-mix are more clearly separated
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Figure 4.2 Estimated survival curves per subgroups (blue for low risk and red for
high risk) with the corresponding 95 % confidence bands for the C-mix and CURE
models : BRCA in column (a), GBM in column (b) and KIRC in column (c).

in terms of survival than those obtained by the CURE model.
For a given time ε, one can now use Ŝi(ε|Xi = xi) for each model to predict

whether or not Ti > ε on the test set, resulting on a binary classification problem
that we assess using the classical AUC score. By moving ε within the first years of
follow-up, since it is the more interesting for physicians in practice, one obtains the
curves given in Figure 4.3.
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Figure 4.3 Comparison of the survival prediction performances between models
on the three TCGA data sets considered (still with d = 300). Performances are,
onces again, much better for the C-mix over the two other standard methods.
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Let us now focus on the runtime comparison between the models in Table 4.3. We
choose the BRCA dataset to illustrate this point, since it is the larger one (n = 1211)
and consequently provides more clearer time-consuming differences.

Table 4.3 Computing time comparison in second on the BRCA dataset (n =
1211), with corresponding C-index in parenthesis and best result in bold in each case.
This times concern the learning task for each model with the best hyper parameter
selected after the cross validation procedure. It turns out that our method is by far
the fastest in addition to providing the best performances. In particular, the QNEM
algorithm is faster than the R implementation glmnet.

Model C-mix CURE Cox PH
100 0.025 (0.792) 1.992 (0.764) 0.446 (0.705)

d 300 0.027 (0.782) 2.343 (0.753) 0.810 (0.723)
1000 0.139 (0.817) 12.067 (0.613) 2.145 (0.577)

We also notice that despite using the same QNEM algorithm steps, our CURE model
implementation is slower since convergence takes more time to be reached, as shows
Figure 4.4. Figure 4.5 provides sample code for the use of our implementation of the
C-mix and the CURE models.

In Section 4.G, the top 20 selected genes for each cancer type and for all models
are presented (for d = 300). Literature on those genes is mined to estimate two simple
scores that provide information about how related they are to cancer in general first,
and second to cancer plus the survival aspect, according to scientific publications.
It turns out that some genes have been widely studied in the literature (e.g. FLT3
for the GBM cancer), while for others, very few publications were retrieved (e.g.
TRMT2B still for the GBM cancer).



123 CHAPITRE 4. C-MIX

1 2 3 4 5 10 50 100

QNEM iterations

10-8

10-7

10-6

10-5

10-4

10-3

10-2

re
la

ti
v
e
 o

b
je

ct
iv

e
C-mix

CURE

Figure 4.4 Convergence comparison between C-mix and CURE models through
the QNEM algorithm. The relative objective is here defined at iteration l as(
`pen
n (θ(l)) − `pen

n (θ̂)
)
/`pen
n (θ̂), where θ̂ is naturally the parameter vector returned

at the end of the QNEM algorithm, that is once convergence is reached. Note that
both iteration and relative objective axis are log-scaled for clarity. We observe that
convergence for the C-mix model is dramaticaly faster than the CURE one.

Figure 4.5 Sample python code for the use of the C-mix.
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4.6 Concluding remarks
In this chapter, a mixture model for censored durations (C-mix) has been in-

troduced, and a new efficient estimation algorithm (QNEM) has been derived, that
considers a penalization of the likelihood in order to perform covariate selection and
to prevent overfitting.

A strong improvement is provided over the CURE and Cox PH approches (both
penalized by the elastic net), which are, by far, the most widely used for biomedical
data analysis. But more importantly, our method detects relevant subgroups of
patients regarding their risk in a supervised learning procedure, and takes advantage
of this identification to improve survival prediction over more standard methods.
An extensive Monte Carlo simulation study has been carried out to evaluate the
performance of the developed estimation procedure. It showed that our approach is
robust to model misspecification.

The proposed methodology has then been applied on three high dimensional da-
tasets. On these datasets, C-mix outperforms both Cox PH and CURE, in terms of
AUC(t), C-index or survival prediction. Moreover, many gene expressions pinpoin-
ted by the feature selection aspect of our regularized method are relevant for medi-
cal interpretations (e.g. NFKBIA, LEF1, SUSD3 or FAIM3 for the BRCA cancer,
see Zhou et al. [2007] or Oskarsson et al. [2011]), whilst others must involve further
investigations in the genetic research community. Finally, our analysis provides, as
a by-product, a new robust implementation of CURE models in high dimension.

Software
All the methodology discussed in this chapter is implemented in Python. The

code is available from https://github.com/SimonBussy/C-mix in the form of an-
notated programs, together with a notebook tutorial.
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Appendices

4.A Numerical details
Let us first give some details about the starting point of Algorithm 1. For all

k ∈ {0, . . . , K − 1}, we simply use β(0)
k as the zero vector, and for α(0)

k we fit a
censored parametric mixture model on (yi)i=1,...,n with an EM algorithm.

Concerning the V-fold cross validation procedure for tuning γk, we use V = 5 and
the cross-validation metric is the C-index. Let us precise that we choose γk as the
largest value such that error is within one standard error of the minimum, and that
a grid-search is made during the cross-validation on an interval [γmax

k × 10−4, γmax
k ],

with γmax
k the interval upper bound computed in the following.

Let us consider the following convex minimization problem resulting from Equa-
tion (8), at a given step l :

β̂k ∈ argmin
β∈Rd

R
(l)
n,k(β) + γk

(
(1− η)‖β‖1 + η

2‖β‖
2
2

)
.

Regarding the grid of candidate values for γk, we consider
γ1
k ≤ γ2

k ≤ · · · ≤ γmax
k .

At γmax
k , all coefficients β̂k,j for j ∈ {1, . . . , d} are exactly zero. The KKT conditions

[Boyd and Vandenberghe, 2004] claim that

∂R
(l)
n,k(β̂k)
∂βj

= γk(1− η) sgn(β̂k,j) + ηβ̂k,j ∀j ∈ Âk∣∣∣∣∣∣∂R
(l)
n,k(β̂k)
∂βj

∣∣∣∣∣∣ < γk(1− η) ∀j /∈ Âk
,

where
Âk =

{
j ∈ {1, . . . , d} : β̂k,j 6= 0

}
is the active set of the β̂k estimator, and

sgn(x) = 1{x>0} − 1{x<0}

for all x ∈ R \ {0}.
Then, using (10), one obtains

∀j ∈ {1, . . . , d}, β̂k,j = 0⇒ ∀j ∈ {1, . . . , d},
∣∣∣∣∣n−1

n∑
i=1

q
(l)
i,k

1
2 xij

∣∣∣∣∣ < γk(1− η)

Hence, we choose the following upper bound for the grid search interval during the
cross-validation procedure

γmax
k = 1

2n(1− η) max
j∈{1,...,d}

n∑
i=1
|xij|.
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4.B Proof of Theorem 1
Let us denote

D =
K−1∑
k=0

dk +Kd

the number of coordinates of θ so that one can write

θ = (θ1, . . . , θD) = (α0, . . . , αK−1, β0, . . . , βK−1)> ∈ Θ ⊂ RD.

We denote θ̄ a cluster point of the sequence

S = {θ(l); l = 0, 1, 2, . . .}

generated by the QNEM algorithm, that is

∀ε > 0, Vε(θ̄) ∩ S \ {θ̄} 6= ∅,

with Vε(θ̄) the epsilon-neighbourhood of θ̄. We want to prove that θ̄ is a stationary
point of the non-differentiable function θ 7→ `pen

n (θ), which means [Tseng, 2001] :

∀r ∈ RD, νpen
′

n (θ̄; r) = lim
ζ→0

`pen
n (θ̄ + rζ)− `pen

n (θ̄)
ζ

≥ 0. (4.9)

The proof is inspired by Bertsekas [1995]. The conditional density of the complete
data given the observed data can be written

k(θ) =
exp

(
`comp
n (θ)

)
exp

(
`n(θ)

) .

Then, one has
`pen
n (θ) = Qpen

n (θ, θ(l))−H(θ, θ(l)), (4.10)

where we introduced
H(θ, θ(l)) = Eθ(l) [log

(
k(θ)

)
].

The key argument relies on the following facts that hold under Hypothesis 3 and 4 :
— Qpen

n (θ, θ(l)) is continuous in θ and θ(l),
— for any fixed θ(l) (at the (l+1)-th M step of the algorithm), Qpen

n,θ(l)(θ) is convex
in θ and strictly convex in each coordinate of θ.

Let r ∈ RD be an arbitrary direction, then Equations (4.9) and (4.10) yield

`pen ′
n (θ̄; r) = Qpen ′

n,θ̄
(θ̄; r)− 〈5Hθ̄(θ̄), r〉.
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Hence, by Jensen’s inequality we get

∀θ ∈ Θ, H(θ(l), θ(l)) ≤ H(θ, θ(l)), (4.11)

and so θ 7→ Hθ̄(θ) is minimized for θ = θ(l), then we have 5Hθ̄(θ̄) = 0. It remains
to prove that

Qpen ′
n,θ̄

(θ̄; r) ≥ 0.
Let us focus on the proof of the following expression

∀x1, Q
pen
n,θ̄

(θ̄) ≤ Qpen
n,θ̄

(x1, θ̄2, . . . , θ̄D). (4.12)

Denoting
w

(l)
i = (θ(l+1)

1 , . . . , θ
(l+1)
i , θ

(l)
i+1, . . . , θ

(l)
D )

and from the definition of the QNEM algorithm, we first have

Qpen
n,θ(l)(θ(l)) ≥ Qpen

n,θ(l)(w(l)
1 ) ≥ · · · ≥ Qpen

n,θ(l)(w(l)
D−1) ≥ Qpen

n,θ(l)(θ(l+1)), (4.13)

and second for all x1,

Qpen
n,θ(l)(w(l)

1 ) ≤ Qpen
n,θ(l)(x1, θ

(l)
2 , . . . , θ

(l)
D ).

Consequently, if (w(l)
1 )l∈N converges to θ̄, one obtains (4.12) by continuity taking

the limit l →∞. Let us now suppose that (w(l)
1 )l∈N does not converge to θ̄, so that

(w(l)
1 − θ(l))l∈N does not converge to 0. Or equivalently : there exists a subsequence

(w(lj)
1 − θ(lj))j∈N not converging to 0.
Then, denoting

ψ(lj) = ‖w(lj)
1 − θ(lj)‖2,

we may assume that there exists ψ̄ > 0 such that ∀j ∈ N, ψ(lj) > ψ̄ by removing
from the subsequence (w(lj)

1 − θ(lj))j∈N any terms for which ψ(lj) = 0.
Let

s
(lj)
1 = w

(lj)
1 − θ(lj)

ψ(lj)
,

so that (s(lj)
1 )j∈N belongs to a compact set (‖s(lj)

1 ‖ = 1) and then converges to s̄1 6= 0.
Let us fix some ε ∈ [0, 1], then 0 ≤ εψ̄ ≤ ψ(lj). Moreover, θ(lj) + εψ̄s

(lj)
1 lies on the

segment joining θ(lj) and w(lj)
1 , and consequently belongs to Θ since Θ is convex. As

Qpen
n,θ(lj)(.) is convex and w(lj)

1 minimizes this function over all values that differ from
θ(lj) along the first coordinate, one has

Qpen
n,θ(lj)(w

(lj)
1 ) = Qpen

n,θ(lj)(θ(lj) + ψ(lj)s
(lj)
1 )

≤ Qpen
n,θ(lj)(θ(lj) + εψ̄s

(lj)
1 )

≤ Qpen
n,θ(lj)(θ(lj)). (4.14)
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We finally obtain

0 ≤ Qpen
n,θ(lj)(θ(lj))−Qpen

n,θ(lj)(θ(lj) + εψ̄s
(lj)
1 )

≤
(4.14)

Qpen
n,θ(lj)(θ(lj))−Qpen

n,θ(lj)(w
(lj)
1 )

≤
(4.13)

Qpen
n,θ(lj)(θ(lj))−Qpen

n,θ(lj)(θ(lj+1))

≤
(4.10)

`pen
n (θ(lj))− `pen

n (θ(lj+1)) +H
θ(lj)(θ(lj))−H

θ(lj)(θ(lj+1))︸ ︷︷ ︸
≤

(4.11)
0

≤ `pen
n (θ(lj))− `pen

n (θ(lj+1)) −→
j→+∞

`pen
n (θ̄)− `pen

n (θ̄) = 0

By continuity of the function Qpen
n (x, y) in both x and y and taking the limit j →∞,

we conclude that
Qpen
n,θ̄

(θ̄ + εψ̄s̄1) = Qpen
n,θ̄

(θ̄)

for all ε ∈ [0, 1].
Since ψ̄s̄1 6= 0, this contradicts the strict convexity of the function

x1 7→ Qpen
n,θ(l)(x1, θ

(l)
2 , . . . , θ

(l)
D )

and establishes that (w(l)
1 )l∈N converges to θ̄.

Hence (4.12) is proved. Repeating the argument to each coordinate, we deduce
that θ̄ is a coordinate-wise minimum, and finally conclude that `pen ′

n (θ̄; r) ≥ 0
[Tseng, 2001]. Thus, θ̄ is a stationary point of the criterion function defined in
Equation (4).

�

4.C Additional comparisons
In this section, we consider two extra simulation settings. First, we consider the

case d� n, which is the setting of our application on TCGA datasets. Then, we add
another simulation case under the C-mix model using gamma distributions instead
of geometric ones. The shared parameters in the two cases are given in Table 6.1.

Table 4.C.1 Hyper-parameters choice for simulation.

η n s rcf ν ρ π0 gap rc
0.1 250 50 0.5 1 0.5 0.75 0.1 0.5
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4.C.1 Case d� n

Data is here generated under the C-mix model with

(α0, α1) = (0.1, 0.5)

and
d ∈ {200, 500, 1000}.

The 3 models are trained on a training set and risk prediction is made on a test
set. We also compare the 3 models when a dimension reduction step is performed at
first, using two different screening methods. The first is based on univariate Cox PH
models, namely the one we used in Section 4.5 of the chapter (in our application to
genetic data), where we select here the top 100 variables. This screening method is
hence referred as “top 100” in the following.

The second is the iterative sure independence screening (ISIS) method introduced
in Fan et al. [2010], using the R package SIS [Saldana and Feng, 2016]. Prediction per-
formances are compared in terms of C-index, while variable selection performances
are compared in terms of AUC using the method detailed in Section 4.E, and we
also add two more classical scores [Fan et al., 2010] for comparison : the median
`1 and squared `2 estimation errors, given by ‖β − β̂‖1 and ‖β − β̂‖2 respectively.
Results are given in Table 4.C.2.

The C-mix model obtains constantly the best C-index performances in predic-
tion, for all settings. Moreover, the “top 100” screening method improve the 3 models
prediction power, while ISIS method only improve the Cox PH model prediction po-
wer. As expected, ISIS method significantly improve the Cox PH model in terms of
variable selection and obtains the best results for d = 500 and 1000. Conclusions in
terms of variable selection are the same relatively to the AUC, `1 and squared `2
estimation errors. Then, in the chapter, we only focus on the AUC method detailed
in Section 4.E.

Note that the Cox PH model obtains the best results in terms of variable selection
with the two screening method, since both screening methods are based on the Cox
PH model. Thus, one could improve the C-mix variable selection performances by
simply use the “top 100” screening method with univariate C-mix, which was not
the purpose of the section. Finally, the results obtained justify the screening strategy
we use in Section 4.5 of the chapter.
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Table 4.C.2 Average performances and standard deviation (in parenthesis) on 100
simulated data for different dimension d and different screening method (including
no screening). For each configuration, the best result appears in bold.

d screening model C-index AUC ‖β − β̂‖1 ‖β − β̂‖2

C-mix 0.716 (0.062) 0.653 (0.053) 51.540 (0.976) 7.254 (0.129)
none CURE 0.701 (0.067) 0.625 (0.052) 51.615 (1.275) 7.274 (0.122)

Cox PH 0.672 (0.089) 0.608 (0.063) 199.321 (0.490) 99.679 (0.229)
C-mix 0.737 (0.057) 0.682 (0.060) 52.297 (1.351) 7.381 (0.161)

200 top 100 CURE 0.714 (0.060) 0.651 (0.050) 52.366 (1.382) 7.386 (0.134)
Cox PH 0.692 (0.089) 0.630 (0.070) 52.747 (0.530) 7.946 (0.093)
C-mix 0.691 (0.049) 0.570 (0.011) 55.493 (1.624) 8.083 (0.394)

ISIS CURE 0.685 (0.050) 0.571 (0.009) 54.461 (1.112) 7.848 (0.211)
Cox PH 0.690 (0.049) 0.573 (0.011) 48.186 (0.366) 6.840 (0.037)

C-mix 0.710 (0.058) 0.642 (0.057) 51.627 (0.994) 7.277 (0.106)
none CURE 0.675 (0.057) 0.610 (0.052) 51.920 (2.411) 7.252 (0.138)

Cox PH 0.624 (0.097) 0.567 (0.057) 499.610 (0.396) 157.997 (0.117)
C-mix 0.735 (0.050) 0.694 (0.057) 53.161 (1.708) 7.433 (0.152)

500 top 100 CURE 0.703 (0.054) 0.649 (0.042) 53.419 (1.818) 7.387 (0.133)
Cox PH 0.682 (0.087) 0.633 (0.074) 49.465 (0.428) 6.937 (0.094)

C-mix 0.677 (0.051) 0.559 (0.013) 55.229 (1.831) 7.974 (0.375)
ISIS CURE 0.671 (0.051) 0.559 (0.015) 54.187 (1.244) 7.754 (0.227)

Cox PH 0.675 (0.051) 0.560 (0.016) 48.574 (0.614) 6.870 (0.054)

C-mix 0.694 (0.063) 0.633 (0.066) 51.976 (1.921) 7.272 (0.141)
none CURE 0.657 (0.067) 0.598 (0.057) 52.078 (2.414) 7.236 (0.138)

Cox PH 0.579 (0.092) 0.541 (0.050) 999.768 (0.316) 223.558 (0.067)
C-mix 0.726 (0.050) 0.693 (0.040) 53.813 (1.592) 7.149 (0.115)

1000 top 100 CURE 0.685 (0.061) 0.653 (0.037) 54.146 (1.596) 7.383 (0.090)
Cox PH 0.688 (0.076) 0.668 (0.064) 52.838 (0.558) 6.909 (0.077)

C-mix 0.653 (0.062) 0.553 (0.017) 53.760 (1.949) 7.269 (0.395)
ISIS CURE 0.652 (0.061) 0.554 (0.015) 53.928 (1.288) 7.687 (0.236)

Cox PH 0.652 (0.063) 0.553 (0.015) 51.826 (0.606) 6.895 (0.054)

4.C.2 Case of times simulated with a mixture of gammas

We consider here the case where data is simulated under the C-mix model with
gamma distributions instead of geometric ones, not to confer to the C-mix prior
information on the underlying survival distributions. Hence, one has

fk(t; ιk, ζk) = tιk−1e
− t
ζk

ζ ιkk Γ(ιk)
,
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with ιk the shape parameter, ζk the scale parameter and Γ the gamma function. For
the simulations, we choose (ι0, ζ0) = (5, 3) and (ι1, ζ1) = (1.5, 1), so that density and
survival curves are comparable with those in Section 4.C.1, as illustrates Figure 4.C.1
below.
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Figure 4.C.1 Comparison of the density and survival curves of geometrics laws
used in Section 4.C.1 and those used in this section. The supports are then relatively
close.

We also add another class of model for comparison in this context : the accele-
rated failure time model [Wei, 1992] (AFT) ; which can be viewed as a parametric
Cox model. Indeed, the semi-parametric property of the Cox PH model could lo-
wer its performances compared to completely parametric models such as C-mix and
CURE ones, especially in simulations where n is relatively small. We use the R pa-
ckage AdapEnetClass that implements AFT in a high dimensional setting using two
elastic net regularization approaches [Khan and Shaw, 2016] : the adaptive elastic
net (denoted AEnet in the following) and the weighted elastic net (denoted WEnet
in the following). Results are given in Table 4.C.3 using the same metrics that in
Section 4.C.1.

Hence, the C-mix model still gets the best results, both in terms of risk prediction
and variable selection. Note that AFT with AEnet and WEnet outperforms the Cox
model regularized by the elastic net when d = 1000, but is still far behind the C-mix
performances.
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Table 4.C.3 Average performances and standard deviation (in parenthesis) on 100
simulated data for different dimension d with the times simuted with a mixture of
gammas. For each configuration, the best result appears in bold.

d model C-index AUC ‖β − β̂‖1 ‖β − β̂‖2

C-mix 0.701 (0.090) 0.659 (0.083) 51.339 (2.497) 7.186 (0.281)
CURE 0.682 (0.058) 0.609 (0.037) 51.563 (1.071) 7.263 (0.097)

200 Cox PH 0.664 (0.085) 0.605 (0.065) 199.337 (0.493) 99.686 (0.231)
AEnet 0.631 (0.062) 0.577 (0.046) 54.651 (2.328) 7.713 (0.426)
WEnet 0.620 (0.061) 0.544 (0.030) 58.861 (4.298) 8.568 (0.851)
C-mix 0.704 (0.100) 0.651 (0.084) 52.416 (2.311) 7.357 (0.231)
CURE 0.687 (0.057) 0.609 (0.038) 52.041 (1.667) 7.262 (0.096)

500 Cox PH 0.621 (0.101) 0.559 (0.057) 499.677 (0.381) 158.017 (0.113)
AEnet 0.604 (0.061) 0.557 (0.030) 55.126 (1.693) 7.616 (0.316)
WEnet 0.594 (0.065) 0.535 (0.021) 59.736 (2.777) 8.438 (0.626)
C-mix 0.684 (0.097) 0.638 (0.088) 52.557 (3.746) 7.331 (0.277)
CURE 0.658 (0.057) 0.603 (0.044) 53.120 (3.853) 7.273 (0.165)

1000 Cox PH 0.580 (0.092) 0.538 (0.053) 999.785 (0.334) 223.561 (0.071)
AEnet 0.586 (0.058) 0.541 (0.024) 54.597 (1.312) 7.495 (0.299)
WEnet 0.583 (0.054) 0.525 (0.017) 58.746 (2.260) 8.150 (0.551)

4.D Tuning of the censoring level
Suppose that we want to generate data following the procedure detailed in Sec-

tion 4.4.2, in the C-mix with geometric distributions or CURE case. The question
here is to choose αc for a desired censoring rate rc, and for some fixed parameters
α0, α1 and π0. We write

1− rc = E[∆] =
+∞∑
k=0

+∞∑
j=1

[
α0(1− α0)j−1π0 + α1(1− α1)j−1(1− π0)

]
αc(1− αc)j+k−1

=
α0π0

[
1− (1− α1)(1− αc)

]
+ α1(1− π0)

[
1− (1− α0)(1− αc)

]
[
1− (1− α0)(1− αc)

][
1− (1− α1)(1− αc)

] .

See Appendix A.2.4 for details on the calculus derivation. Then, if we denote r̄c =
1− rc, ᾱc = 1− αc, ᾱ0 = 1− α0, ᾱ1 = 1− α1 and π̄0 = 1− π0, we can choose αc for
a fixed rc by solving the following quadratic equation

(r̄c ᾱ0 ᾱ1)ᾱ2
c +

(
α0π0ᾱ1 + α1π̄0 ᾱ0 − r̄c(ᾱ1 + ᾱ0)

)
ᾱc + (rc − α0π0 − α1π̄0) = 0,

for which one can prove that there is always a unique root in (0, 1).
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4.E Details on variable selection evaluation
Let us recall that the true underlying β used in the simulations is given by

β = (ν, . . . , ν︸ ︷︷ ︸
s

, 0, . . . , 0) ∈ Rd,

with s the sparsity parameter, being the number of “active” variables. To illustrate
how we assess the variable selection ability of the considered models, we give in
Figure 4.E.1 an example of β with d = 100, ν = 1 and s = 30. We simulate
data according to this vector (and to the C-mix model) with two different (gap, rcf )
values : (0.2, 0.7) and (1, 0.3). Then, we give the two corresponding estimated vectors
β̂ learned by the C-mix on this data.

Denoting
β̃i = |β̂i|/max

{
|β̂i|, i ∈ {1, . . . , d}

}
we consider that β̃i is the predicted probability that the true coefficient βi corres-
ponding to i-th covariate equals ν. Then, we are in a binary prediction setting where
each β̃i predicts βi = ν for all i ∈ {1, . . . , d}. We use the resulting AUC to assess
the variable selection obtained through β̂.
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Figure 4.E.1 Illustration of the variable selection evaluation procedure. β̂1 is lear-
ned by the C-mix according to data generated with β and (gap, rcf ) = (0.2, 0.7).
We observe that using this gap value to generate data, the model does not succeed
to completely vanish the confusion variables (being 70% of the non-active variables,
represented in green color), while all other non-active variables are vanished. The
corresponding AUC scrore of feature selection is 0.73. β̂2 is learned by the C-mix
according to data generated with β and (gap, rcf ) = (1, 0.3). The confusion variables
are here almost all detected and the corresponding AUC scrore of feature selection
is 0.98.

4.F Extended simulation results
Table 4.F.1 bellow presents the results of simulation for the configurations (d, rc) =

(30, 0.2), (100,0.2) and (100,0.5).
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4.G Selected genes per model on the TCGA datasets
In Tables 4.G.1, 4.G.2 and 4.G.3 hereafter, we detail the 20 most significant

covariates for each model and for the three considered datasets. For each selected
gene, we precise the corresponding effect in percentage, where we define the effect
of covariate j as

100× |βj| / ‖β‖1 %.

Then, to explore physiopathological and epidemiological background that could ex-
plain the role of the selected genes in cancer prognosis, we search in MEDLINE the
number of publications for different requests : (1) selected gene name (e.g. UBTF),
(2) selected gene name and cancer (e.g. UBTF AND cancer[MesH]), (3) selected
gene name and cancer survival (e.g. UBTF AND cancer[MesH] AND survival).

We then estimate f1 defined here as the frequency of publication dealing with
cancer among all publications for this gene, that is

f1 = (2)
(1) ,

and f2 defined as the frequency of publication dealing with survival among publica-
tions dealing with cancer, that is

f2 = (3)
(2) .

A f1 (respectively f2) close to 1 just informs that the corresponding gene is well
known to be highly related to cancer (respectively to cancer survival) by the genetic
research community. Note that the CURE and Cox PH models tend to have a smaller
support than the C-mix one, since they tend to select less than 20 genes.

Let us precise that our search was performed on the 15th september 2016 at
http://www.nlm.nih.gov/bsd/pmresources.html.

http://www.nlm.nih.gov/bsd/pmresources.html
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Table 4.G.1 Top 20 selected genes per model for the BRCA cancer, with the
corresponding effects. Dots (·) mean zeros.

Genes Model effects (%) MEDLINE data
C-mix CURE Cox PH (1) f1 f2

PHKB|5257 9.8 7.2 4.3 1079 0.20 0.37
UBTF|7343 7.8 5.8 21.7 14 0,21 ·

LOC100132707 5.7 3.9 18.8 · · ·
CHTF8|54921 4.4 · 7.2 1 1 ·
NFKBIA|4792 4.3 1.9 3.4 247 0.27 0.22

EPB41L4B|54566 3.6 2.6 · 19 0.47 0.22
UGP2|7360 3.6 2.2 · 19 0.15 1

DPY19L2P1|554236 3.3 · 3.3 1 · ·
TRMT2B|79979 3.3 2.2 · · · ·
HSD3B7|80270 3.2 1.9 7.6 19 0.05 ·
DLAT|1737 3.2 2.9 · 75 0.16 0.16

NIPAL2|79815 2.8 1.9 · · · ·
FGD3|89846 2.7 · 5.9 10 0.2 0.5
JRKL|8690 2.7 2.6 · 2 · ·
ZBED1|9189 2.5 2.4 · 6 · ·
KCNJ11|3767 2.3 · · 647 0.02 ·
WAC|51322 2.0 3.2 · 260 0.05 0.25
FLT3|2322 2.0 · · 4435 0.55 0.42
STK3|6788 1.9 2.3 · 107 0.32 0.15

PAOX|196743 1.9 1.9 · 18 0.11 ·
C14orf68|283600 · 3.3 · · · ·
LIN7C|55327 · 3.1 · 36 0.06 ·
PNRC2|55629 · 2.1 · 15 · ·
SLC39A7|7922 · 1.8 · 22 0.18 ·
MAGT1|84061 · 1.7 · 50 0.12 0.17
IRF2|3660 · · 10.9 310 0.21 0.14

PELO|53918 · · 7.0 265 0.08 0.04
SUSD3|203328 · · 5.3 5 0.6 0.67
LEF1|51176 · · 3.2 940 0.29 0.23
CPA4|51200 · · 1.4 18 0.22 ·
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Table 4.G.2 Top 20 selected genes per model for the GBM cancer, with the cor-
responding effects. Dots (·) mean zeros.

Genes Model effects (%) MEDLINE data
C-mix CURE Cox PH (1) f1 f2

ARMCX6|54470 4.9 · 23.6 1 · ·
FAM35A|54537 4.4 · 21.8 · · ·

CLEC4GP1|440508 3.9 5.1 2.8 · · ·
INSL3|3640 3.6 2.7 1.7 404 0.06 0.12
REM1|28954 3.2 · · 54 0.05 0.66

FAM35B2|439965 3.0 · · · · ·
TSPAN4|7106 2.7 · · 16 0.31 0.4
AP3M1|26985 2.7 · · 2 0.5 ·
PXN|5829 2.6 · 15.4 891 0.25 0.18

PDE4C|5143 2.5 · · 67 0.06 0.25
PGBD5|79605 2.5 · · 5 0.25 ·
NRG1|3084 2.4 · 18.5 1207 0.12 0.29
LOC653786 2.2 · · · · ·

FERMT1|55612 2.1 · · 115 0.19 0.18
PLD3|23646 2.0 · · 38 0.10 0.25
MIER1|57708 1.9 · 2.1 16 0.31 ·
UTP14C|9724 1.8 · · 5 0.4 ·
AZU1|566 1.8 · · 15 0.2 0.33

KCNC4|3749 1.7 · · 30 0.1 0.33
FAM35B|414241 1.6 · · · · ·
CRELD1|78987 · 32.2 · 32 0.03 ·
HMGN5|79366 · 21.2 · 41 0.54 0.32
PNLDC1|154197 · 12.2 · 3 · ·

LOC493754 · 9.8 · · · ·
KIAA0146|23514 · 8.7 · 3 0.67 ·
TMCO6¯55374 · 3.6 · 4 0.25 ·
ABLIM1|3983 · 2.1 · 20 0.2 ·

OSBPL11|114885 · 1.0 · · · ·
TRAPPC1|58485 · 0.9 · 4 0.75 ·
TBCEL|219899 · 0.5 · 7 0.28 ·
RPL39L|116832 · · 8.8 10 0.7 0.14
GALE|2582 · · 3.5 540 0.02 ·
BBC3|27113 · · 0.7 561 0.54 0.38
DUSP6|1848 · · 0.6 307 0.30 0.22
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Table 4.G.3 Top 20 selected genes per model for the KIRC cancer, with the
corresponding effects. Dots (·) mean zeros.

Genes Model effects (%) MEDLINE data
C-mix CURE Cox PH (1) f1 f2

BCL2L12|83596 8.6 2.7 · 64 0.72 0.39
MARS|4141 7.5 6.9 7.2 577 0.02 0.1
NUMBL|9253 7.2 28.6 3.3 56 0.14 0.25
CKAP4|10970 6.1 10.6 22.3 825 0.63 0.11
HN1|51155 5.8 3.8 · 13 0.38 0.2

GIPC2|54810 5.7 · · 15 0.6 0.11
NPR3|4883 5.2 · · 105 0.05 0.6
GBA3|57733 5.0 · · 19 0.10 ·

SLC47A1|55244 5.0 · · 70 0.06 ·
ALDH3A2|224 4.7 · 2.6 52 0.06 0.33
CCNF|899 4.2 2.8 · 50 0.24 0.08

EHHADH|1962 3.9 · · 90 0.1 ·
SGCB|6443 3.3 · · 30 · ·
GFPT2|9945 2.7 1.3 · 18 0.22 0.25
PPAP2B|8613 2.3 · · 29 0.17 0.2
MBOAT7|79143 1.9 13.8 11.1 15 · ·
OSBPL1A|114876 1.5 · · 7 · ·
C16orf57|79650 1.2 · · 26 · ·
ATXN7L3|56970 0.9 2.5 · 9 · ·
C16orf59|80178 0.8 · · 3 0.66 ·
STRADA¯92335 · 20.7 53.5 9 · ·
ABCC10|89845 · 3.9 · 80 0.32 0.23
MDK|4192 · 1.2 · 789 0.38 0.23

C16orf59|80178 · 1.1 · 3 0.6 ·
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Abstract. This chapter deals with the problem of large-scale linear supervised
learning in settings where a large number of continuous features are available. We
propose to combine the well-known trick of one-hot encoding of continuous features
with a new penalization called binarsity. In each group of binary features coming
from the one-hot encoding of a single raw continuous feature, this penalization uses
total-variation regularization together with an extra linear constraint to avoid col-
linearity within groups. A non-asymptotic oracle inequality for generalized linear
models is proposed, and numerical experiments illustrate the good performances
of our approach on several datasets. It is also noteworthy that our method has a
numerical complexity comparable to standard `1 penalization.

Résumé. Ce chapitre considère le problème d’apprentissage supervisé linéaire où
un grand nombre de covariables continues sont disponibles. Nous proposons de com-
biner l’encodage “one-hot” des covariables continues avec l’utilisation d’une nouvelle
pénalité appelée binarsity. Dans chaque groupe de variables binaires générées par
l’encodage des covariables continues, cette pénalité impose une régularisation par va-
riation totale ainsi qu’une contrainte linéaire pour traiter le problème de colinéarité
dans les groupes. Une inégalité oracle non-asymptotique en prédiction est proposée
pour les modèles linéaires généralisés, et la méthode donne de bonnes performances
sur les différents jeux de données considérés. La complexité numérique est de plus
comparable à celle de la pénalité `1 classique.
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5.1 Introduction
In many applications, datasets used for linear supervised learning contain a large

number of continuous features, with a large number of samples. An example is web-
marketing, where features are obtained from bag-of-words scaled using tf-idf [Russell,
2013], recorded during the visit of users on websites. A well-known trick [Wu and
Coggeshall, 2012, Liu et al., 2002] in this setting is to replace each raw continuous
feature by a set of binary features that one-hot encodes the interval containing
it, among a list of intervals partitioning the raw feature range. This improves the
linear decision function with respect to the raw continuous features space, and can
therefore improve prediction. However, this trick is prone to over-fitting, since it
increases significantly the number of features.

A new penalization. To overcome this problem, we introduce a new penaliza-
tion called binarsity, that penalizes the model weights learned from such grouped
one-hot encodings (one group for each raw continuous feature). Since the binary
features within these groups are naturally ordered, the binarsity penalization com-
bines a group total-variation penalization, with an extra linear constraint in each
group to avoid collinearity between the one-hot encodings. This penalization forces
the weights of the model to be as constant (with respect to the order induced by
the original feature) as possible within a group, by selecting a minimal number of
relevant cut-points. Moreover, if the model weights are all equal within a group,
then the full block of weights is zero, because of the extra linear constraint. This
allows to perform raw feature selection.

High-dimensional linear supervised learning. To address the problem of
high-dimensionality of features, sparse linear inference is now an ubiquitous tech-
nique for dimension reduction and variable selection, see for instance Bühlmann and
van de Geer [2011] and Hastie et al. [2001b] among many others. The principle is
to induce sparsity (large number of zeros) in the model weights, assuming that only
a few features are actually helpful for the label prediction. The most popular way
to induce sparsity in model weights is to add a `1-penalization (lasso) term to the
goodness-of-fit [Tibshirani, 1996]. This typically leads to sparse parametrization of
models, with a level of sparsity that depends on the strength of the penalization.
Statistical properties of `1-penalization have been extensively investigated, see for
instance Knight and Fu [2000], Zhao and Yu [2006], Bunea et al. [2007], Bickel et al.
[2009] for linear and generalized linear models and Donoho and Huo [2001], Donoho
and Elad [2002], Candès et al. [2008], Candès and Wakin [2008] for compressed
sensing, among others.

However, the lasso ignores ordering of features. In Tibshirani et al. [2005], a
structured sparse penalization is proposed, known as fused lasso, which provides
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superior performance in recovering the true model in such applications where fea-
tures are ordered in some meaningful way. It introduces a mixed penalization using
a linear combination of the `1-norm and the total-variation penalization, thus en-
forcing sparsity in both the weights and their successive differences. Fused lasso has
achieved great success in some applications such as comparative genomic hybridiza-
tion [Rapaport et al., 2008], image denoising [Friedman et al., 2007], and prostate
cancer analysis [Tibshirani et al., 2005].

Features discretization and cuts. For supervised learning, it is often useful to
encode the input features in a new space to let the model focus on the relevant
areas [Wu and Coggeshall, 2012]. One of the basic encoding technique is feature
discretization or feature quantization [Liu et al., 2002] that partitions the range
of a continuous feature into intervals and relates these intervals with meaningful
labels. Recent overviews of discretization techniques can be found in Liu et al. [2002]
or Garcia et al. [2013].

Obtaining the optimal discretization is a NP-hard problem [Chlebus and Nguyen,
1998], and an approximation can be easily obtained using a greedy approach, as
proposed in decision trees : CART [Breiman et al., 1984] and C4.5 [Quinlan, 1993],
among others, that sequentially select pairs of features and cuts that minimize some
purity measure (intra-variance, Gini index, information gain are the main examples).
These approaches build decision functions that are therefore very simple, by looking
only at a single feature at a time, and a single cut at a time. Ensemble methods
(boosting [Lugosi and Vayatis, 2004], random forests [Breiman, 2001]) improve this
by combining such decisions trees, at the expense of models that are harder to
interpret.

Main contribution. This chapter considers the setting of linear supervised lear-
ning. The main contribution of this chapter is the idea to use a total-variation pena-
lization, with an extra linear constraint, on the weights of a generalized linear model
trained on a binarization of the raw continuous features, leading to a procedure that
selects multiple cut-points per feature, looking at all features simultaneously. Our
approach therefore increases the capacity of the considered generalized linear mo-
del : several weights are used for the binarized features instead of a single one for the
raw feature. This leads to a more flexible decision function compared to the linear
one : when looking at the decision function as a function of a single raw feature, it
is now piecewise constant instead of linear, as illustrated in Figure 5.2 below.

Organization of the chapter. The proposed methodology is described in Sec-
tion 5.2. Section 5.3 establishes an oracle inequality for generalized linear models.
Section 5.4 highlights the results of the method on various datasets and compares
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its performances to well known classification algorithms. Finally, we discuss the
obtained results in Section 5.5.

Notations. Throughout the chapter, for every q > 0, we denote by ‖v‖q the usual
`q-quasi norm of a vector v ∈ Rm, namely

‖v‖q = (
m∑
k=1
|vk|q)1/q,

and
‖v‖∞ = max

k=1,...,m
|vk|.

We also denote
‖v‖0 = |{k : vk 6= 0}|,

where |A| stands for the cardinality of a finite set A. For u, v ∈ Rm, we denote by
u� v the Hadamard product

u� v = (u1v1, . . . , umvm)>.

For any u ∈ Rm and any L ⊂ {1, . . . ,m}, we denote uL as the vector in Rm satisfying
(uL)k = uk for k ∈ L and (uL)k = 0 for k ∈ L{ = {1, . . . ,m}\L. We write, for short,
1 (resp. 0) for the vector of Rm having all coordinates equal to one (resp. zero).
Finally, we denote by sign(x) the set of sub-differentials of the function x 7→ |x|,
namely

sign(x) =


{1} if x > 0,
[−1, 1] if x = 0,
{−1} if x < 0.

5.2 The proposed method
Consider a supervised training dataset (xi, yi)i=1,...,n containing features

xi = (xi,1, . . . , xi,p)> ∈ Rp

and labels yi ∈ Y ⊂ R, that are independent and identically distributed samples of
(X, Y ) with unknown distribution P. Let us denote

X = [xi,j]1≤i≤n;1≤j≤p

the n × p features matrix vertically stacking the n samples of p raw features. Let
X•,j be the j-th feature column of X.
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Binarization. The binarized matrix XB is a matrix with an extended number
d > p of columns, where the j-th column X•,j is replaced by dj ≥ 2 columns
XB
•,j,1, . . . ,X

B
•,j,dj containing only zeros and ones. Its i-th row is written

xBi = (xBi,1,1, . . . , xBi,1,d1 , x
B
i,2,1, . . . , x

B
i,2,d2 , . . . , x

B
i,p,1, . . . , x

B
i,p,dp)

> ∈ Rd.

In order to simplify presentation of our results, we assume in the chapter that all
raw features X•,j are continuous, so that they are transformed using the following
one-hot encoding. We consider a full partitioning without overlap, that is

dj⋃
k=1

Ij,k = range(X•,j)

and Ij,k ∪ Ij,k′ = ∅ for all k 6= k′ with k, k′ ∈ {1, . . . , dj}, and define

xBi,j,k =

1 if xi,j ∈ Ij,k,
0 otherwise

for i = 1, . . . , n and k = 1, . . . , dj. A natural choice of intervals is given by quantiles,
namely

Ij,1 =
[
qj(0), qj(

1
dj

)
]

and
Ij,k =

(
qj(

k − 1
dj

), qj(
k

dj
)
]

for k = 2, . . . , dj, where qj(α) denotes a quantile of order α ∈ [0, 1] for X•,j. In
practice, if there are ties in the estimated quantiles for a given feature, we simply
choose the set of ordered unique values to construct the intervals. This principle of
binarization is a well-known trick [Garcia et al., 2013], that allows to improve over
the linear decision function with respect to the raw feature space : it uses a larger
number of model weights, for each interval of values for the feature considered in the
binarization. If training data contains also unordered qualitative features, one-hot
encoding with `1-penalization can be used for instance.

Goodness-of-fit. Given a loss function ` : Y ×R→ R, we consider the goodness-
of-fit term

Rn(θ) = 1
n

n∑
i=1

`
(
yi,mθ(xi)

)
, (5.1)

where
mθ(xi) = θ>xBi

and θ ∈ Rd with d = ∑p
j=1 dj.
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We then have
θ = (θ>1,•, . . . , θ>p,•)>,

with θj,• corresponding to the group of coefficients weighting the binarized raw
j-th feature. We focus on generalized linear models [Green and Silverman, 1994],
where the conditional distribution Y |X = x is assumed to be from a one-parameter
exponential family distribution with a density of the form

y|x 7→ f 0(y|x) = exp
(ym0(x)− b

(
m0(x)

)
φ

+ c(y, φ)
)
, (5.2)

with respect to a reference measure which is either the Lebesgue measure (e.g. in
the Gaussian case) or the counting measure (e.g. in the logistic or Poisson cases),
leading to a loss function of the form

`(y1, y2) = −y1y2 + b(y2).

The density described in (5.2) encompasses several distributions, see Table 5.1. The
functions b(·) and c(·) are known, while the natural parameter function m0(·) is
unknown. The dispersion parameter φ is assumed to be known in what follows. It
is also assumed that b(·) is three times continuously differentiable. It is standard to
notice that

E[Y |X = x] =
∫
yf 0(y|x)dy = b′

(
m0(x)

)
,

where b′ stands for the derivative of b. This formula explains how b′ links the condi-
tional expectation to the unknown m0. The results given in Section 5.3 rely on the
following Assumption.

Assumption 1 Assume that b is three times continuously differentiable, and that
there exist constants Cn > 0, and 0 < Ln ≤ Un such that Cn = maxi=1,...,n |m0(xi)| <
∞ and Ln ≤ maxi=1,...,n b

′′
(
m0(xi)

)
≤ Un.

This assumption is satisfied for most standard generalized linear models. In Table 5.1,
we list some standard examples that fit in this framework, see also van de Geer [2008]
and Rigollet [2012].

Binarsity. Several problems occur when using the binarization trick described
above :
(P1) The one-hot-encodings satisfy ∑dj

k=1X
B
i,j,k = 1 for j = 1, . . . , p, meaning that

the columns of each block sum to 1, making XB not of full rank by construc-
tion.

(P2) Choosing the number of intervals dj for binarization of each raw feature j
is not an easy task, as too many might lead to overfitting : the number of
model-weights increases with each dj, leading to a over-parametrized model.
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φ b(z) b′(z) b′′(z) Ln Un

Normal σ2 z2

2 z 1 1 1
Logistic 1 log(1 + ez) ez

1+ez
ez

(1+ez)2
eCn

(1+eCn )2
1
4

Poisson 1 ez ez ez e−Cn eCn

Table 5.1 Examples of standard distributions that fit in the considered setting of
generalized linear models, with the corresponding constants in Assumption 1.

(P3) Some of the raw features X•,j might not be relevant for the prediction task,
so we want to select raw features from their one-hot encodings, namely induce
block-sparsity in θ.

A usual way to deal with (P1) is to impose a linear constraint [Agresti, 2015] in
each block. In our penalization term, we impose

dj∑
k=1

θj,k = 0 (5.3)

for all j = 1, . . . , p. Now, the trick to tackle (P2) is to remark that within each block,
binary features are ordered. We use a within block total-variation penalization

p∑
j=1
‖θj,•‖TV,ŵj,•

where

‖θj,•‖TV,ŵj,• =
dj∑
k=2

ŵj,k|θj,k − θj,k−1|, (5.4)

with weights ŵj,k > 0 to be defined later, to keep the number of different values
taken by θj,• to a minimal level. Finally, dealing with (P3) is actually a by-product
of dealing with (P1) and (P2). Indeed, if the raw feature j is not-relevant, then θj,•
should have all entries constant because of the penalization (6.6), and in this case all
entries are zero, because of (5.3). We therefore introduce the following penalization,
called binarsity

bina(θ) =
p∑
j=1

( dj∑
k=2

ŵj,k|θj,k − θj,k−1|+ δ1(θj,•)
)

(5.5)

where the weights ŵj,k > 0 are defined in Section 5.3 below, and where

δ1(u) =

0 if 1>u = 0,
∞ otherwise.
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We consider the goodness-of-fit (5.1) penalized by (5.5), namely

θ̂ ∈ argminθ∈Rd
{
Rn(θ) + bina(θ)

}
. (5.6)

An important fact is that this optimization problem is numerically cheap, as explai-
ned in the next paragraph. Figure 5.1 illustrates the effect of the binarsity penali-
zation with a varying strength on an example.
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Figure 5.1 Illustration of the binarsity penalization on the “Churn” dataset (see
Section 5.4 for details) using logistic regression. Figure (a) shows the model weights
learned by the lasso method on the continuous raw features. Figure (b) shows the
unpenalized weights on the binarized features, where the dotted green lines mark
the limits between blocks corresponding to each raw features. Figures (c) and (d)
show the weights with medium and strong binarsity penalization respectively. We
observe in (c) that some significant cut-points start to be detected, while in (d)
some raw features are completely removed from the model, the same features as
those removed in (a).
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In Figure 5.2, we illustrate on a toy example, when p = 2, the decision boundaries
obtained for logistic regression (LR) on raw features, LR on binarized features and
LR on binarized features with the binarsity penalization.

Figure 5.2 Illustration of binarsity on 3 simulated toy datasets for binary clas-
sification with two classes (blue and red points). We set n = 1000, p = 2 and
d1 = d2 = 100. In each row, we display the simulated dataset, followed by the deci-
sion boundaries for a logistic regression classifier trained on initial raw features, then
on binarized features without regularization, and finally on binarized features with
binarsity. The corresponding testing AUC score is given on the lower right corner of
each figure. Our approach allows to keep an almost linear decision boundary in the
first row, while a good decision boundaries are learned on the two other examples,
which correspond to non-linearly separable datasets, without apparent overfitting.

Proximal operator of binarsity. The proximal operator and proximal algo-
rithms are important tools for non-smooth convex optimization, with important
applications in the field of supervised learning with structured sparsity [Bach et al.,
2012]. The proximal operator of a proper lower semi-continuous [Bauschke and Com-
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bettes, 2011] convex function g : Rd → R is defined by

proxg(v) ∈ argminu∈Rd
{1

2‖v − u‖
2
2 + g(u)

}
.

Proximal operators can be interpreted as generalized projections. Namely, if g is the
indicator of a convex set C ⊂ Rd given by

g(u) = δC(u) =

0 if u ∈ C,
∞ otherwise,

then proxg is the projection operator onto C. It turns out that the proximal opera-
tor of binarsity can be computed very efficiently, using an algorithm [Condat, 2013]
that we modify in order to include weights ŵj,k. It applies in each group the proxi-
mal operator of the total-variation since binarsity penalization is block separable,
followed by a centering within each block to satisfy the sum-to-zero constraint, see
Algorithm 2 below. We refer to Algorithm 3 in Section 5.B for the weighted total-
variation proximal operator.

Proposition 5.2.1 Algorithm 2 computes the proximal operator of bina(θ) given
by (5.5).

Algorithm 2: Proximal operator of bina(θ), see (5.5)
Input: vector θ ∈ Rd and weights ŵj,k for j = 1, . . . , p and k = 1, . . . , dj
Output: vector η = proxbina(θ)
for j = 1 to p do

βj,• ← prox‖θj,•‖TV,ŵj,•
(θj,•) (TV-weighted prox in block j, see (6.6))

ηj,• ← βj,• − 1
dj

∑dj
k=1 βj,k (within-block centering)

Return : η

A proof of Proposition 5.2.1 is given in Section 5.A. Algorithm 2 leads to a very fast
numerical routine, see Section 5.4. The next section provides a theoretical analysis
of our algorithm with an oracle inequality for the prediction error.

5.3 Theoretical guarantees
We now investigate the statistical properties of (5.7) where the weights in the

binarsity penalization have the form

ŵj,k = O
(√ log d

n
π̂j,k

)
,
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with

π̂j,k =

∣∣∣{i = 1, . . . , n : xi,j ∈
(
qj
(
k
dj

)
, qj(1)

]}∣∣∣
n

for all k ∈ {2, . . . , dj}, see Theorem 5.3.1 for a precise definition of ŵj,k. Note that
π̂j,k corresponds to the proportion of ones in the sub-matrix obtained by deleting
the first k columns in the j-th binarized block matrix XB

•,j. In particular, we have
π̂j,k > 0 for all j, k. We consider the risk measure defined by

R(mθ) = 1
n

n∑
i=1

{
− b′(m0(xi))mθ(xi) + b(mθ(xi))

}
,

which is standard with generalized linear models [van de Geer, 2008].
We aim at evaluating how “close” to the minimal possible expected risk our esti-

mated function mθ̂ with θ̂ given by (5.7) is. To measure this closeness, we establish
a non-asymptotic oracle inequality with a fast rate of convergence considering the
excess risk of mθ̂, namely R(mθ̂)−R(m0). To derive this inequality, we consider for
technical reasons the following problem instead of (5.6) :

θ̂ ∈ argminθ∈Bd(ρ)

{
Rn(θ) + bina(θ)

}
, (5.7)

where
Bd(ρ) =

{
θ ∈ Rd :

p∑
j=1
‖θj,•‖∞ ≤ ρ

}
.

Such a constraint corresponds to the ones usually used in literature for the proof of
oracle inequalities for sparse generalized linear models, see for instance van de Geer
[2008], a recent contribution for the particular case of Poisson regression being Iva-
noff et al. [2016]. Under this assumption, we have

max
i=1,...,n

〈xBi , θ〉 ≤
p∑
j=1
‖θj,•‖∞, (5.8)

since the entries of XB are in {0, 1}, which proves useful for the proof of Theo-
rem 5.3.1 below. The restriction to Bd(ρ) allows to establish a connection, via the
notion of self-concordance, see Bach [2010], between the empirical squared `2-norm
and the empirical Kullback divergence (see Lemma 5.C.6 in Appendix 5.C).

We also impose a restricted eigenvalue assumption on XB. For all θ ∈ Rd, let

J(θ) =
[
J1(θ), . . . , Jp(θ)

]
be the concatenation of the support sets relative to the total-variation penalization,
that is

Jj(θ) =
{
k : θj,k 6= θj,k−1, for k = 2, . . . , dj

}
.
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Similarly, we denote
J{(θ) =

[
J{1(θ), . . . , J{p(θ)

]
the complementary of J(θ). The restricted eigenvalue condition is defined as follow.
Assumption 2 Let K = [K1, . . . , Kp] be a concatenation of index sets such that

p∑
j=1
|Kj| ≤ J?, (5.9)

where J? is a positive integer. Define

κ(K) ∈ inf
u∈CTV,ŵ(K)\{0}

 ‖XBu‖2√
n‖uK‖2


with

CTV,ŵ(K) =
{
u ∈ Rd :

p∑
j=1
‖(uj,•)Kj{‖TV,ŵj,• ≤ 2

p∑
j=1
‖(uj,•)Kj‖TV,ŵj,•

}
. (5.10)

We assume that the following condition holds

κ(K) > 0

for any K satisfying (5.9).
The set CTV,ŵ(K) is a cone composed by all vectors with a support “close” to K.
Theorem 5.3.1 gives a risk bound for the estimator mθ̂.
Theorem 5.3.1 Let Assumptions 1 and 2 be satisfied. Fix A > 0 and choose

ŵj,k =
√

2Unφ(A+ log d)
n

π̂j,k. (5.11)

Let ψ(u) = eu − u− 1, and consider the following constants

Cn(ρ, Ln) = Lnψ(−2(Cn + ρ))
C2
n(ρ, p) , ε >

2
Cn(ρ, Ln) and ζ = 4

ε Cn(ρ, Ln)− 2 .

Then, with probability at least 1 − 2e−A, any solution θ̂ of problem (5.7) fulfills the
following risk bound

R(mθ̂)−R(m0) ≤ (1+ζ) inf
θ∈Bd(ρ)
∀j 1>θj,•
|J(θ)|≤J∗

{
R(mθ)−R(m0)+ ξ|J(θ)|

κ2(J(θ)) max
j=1,...,p

‖(ŵj,•)Jj(θ)‖2
∞

}
,

(5.12)
where

ξ = 512 ε2Cn(ρ, Ln)
ε Cn(ρ, Ln)− 2 .
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A proof of Theorem 5.3.1 is given in Section 5.C. Note that ŵj,k > 0, since by
construction π̂j,k > 0 for all j, k. The second term in the right-hand side of (5.12)
can be viewed as a variance term, and its dominant term satisfies

|J(θ)|
κ2(J(θ)) max

j=1,...,p
‖(ŵj,•)Jj(θ)‖2

∞ ≤
ÃUnφ

κ2(J(θ))
|J(θ)| log d

n
, (5.13)

for some positive constant Ã. The complexity term in (5.13) depends on both the
sparsity and the restricted eigenvalues of the binarized matrix. The value |J(θ)|
characterizes the sparsity of the vector θ, that is the smaller |J(θ)|, the sparser θ.
Moreover, for the case of least squares regression, the oracle inequality in Theo-
rem 5.3.1 is sharp, in the sense that ζ = 0 (see Remark 5.C.1 in Section 5.C).

Note that if the model is well-specified, namely if m0(x) = 〈xBi , θ0〉 for some
θ0 ∈ Rd satisfying the linear constraints 1>θ0

j,• = 0 for all j = 1, . . . , p, the constant
ρ from Bd(ρ) can be bounded by J?‖θ0‖∞, which is much smaller than the ambient
dimension p. Note also that this constraint is only used for technical reasons, and
that we do not use it in the numerical experiments used below.

5.4 Numerical experiments
In this section, we first illustrate the fact that the binarsity penalization is

roughly only two times slower than basic `1-penalization, see the timings in Fi-
gure 5.1. We then compare binarsity to a large number of baselines, see Table 5.1,
using 9 classical binary classification datasets obtained from the UCI Machine Lear-
ning Repository [Lichman, 2013], see Table 5.2.

Name Description Reference

Lasso Logistic regression (LR) with `1 penalization Tibshirani [1996]
Group L1 LR with group `1 penalization Meier et al. [2008]
Group TV LR with group total-variation penalization

SVM Support vector machine with radial basis kernel Schölkopf and Smola [2002]
GAM Generalized additive model Hastie and Tibshirani [1990]
RF Random forest classifier Breiman [2001]
GB Gradient boosting Friedman [2002]

Table 5.1 Baselines considered in our experiments. Note that Group L1 and
Group TV are considered on binarized features.

For each method, we randomly split all datasets into a training and a test set
(30% for testing), and all hyper-parameters are tuned on the training set using
V -fold cross-validation with V = 10. For support vector machine with radial basis
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Figure 5.1 Average computing time in second (with the black lines representing
± the standard deviation) obtained on 100 simulated datasets for training a logistic
model with binarsity VS lasso penalization, both trained on XB with dj = 10
for all j ∈ 1, . . . , p. Features are Gaussian with a Toeplitz covariance matrix with
correlation 0.5 and n = 10000. Note that the computing time ratio between the two
methods stays roughly constant and equal to 2.

Dataset #Samples #Features Reference

Ionosphere 351 34 Sigillito et al. [1989]
Churn 3333 21 Lichman [2013]

Default of credit card 30000 24 Yeh and Lien [2009]
Adult 32561 14 Kohavi [1996]

Bank marketing 45211 17 Moro et al. [2014]
Covertype 550088 10 Blackard and Dean [1999]
SUSY 5000000 18 Baldi et al. [2014]

HEPMASS 10500000 28 Baldi et al. [2016]
HIGGS 11000000 24 Baldi et al. [2014]

Table 5.2 Basic informations about the 9 considered datasets.

kernel (SVM), random forests (RF) and gradient boosting (GB), we use the reference
implementations from the scikit-learn library [Pedregosa et al., 2011a], and we
use the LogisticGAM procedure from the pygam library 1 for the GAM baseline.
The binarsity penalization is proposed in the tick library [Bacry et al., 2017], we
provide sample code for its use in Figure 5.2. Logistic regression with no penalization
or ridge penalization gave similar or lower scores for all considered datasets, and are
therefore not reported in our experiments.

1. https://github.com/dswah/pyGAM

https://github.com/dswah/pyGAM
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The binarsity penalization does not require a careful tuning of dj (number of
bins for the one-hot encoding of raw feature j). Indeed, past a large enough value,
increasing dj even further barely changes the results since the cut-points selected by
the penalization do not change anymore. This is illustrated in Figure 5.3, where we
observe that past 50 bins, increasing dj even further does not affect the performance,
and only leads to an increase of the training time. In all our experiments, we therefore
fix dj = 50 for j = 1, . . . , p.

The results of all our experiments are reported in Figures 5.5 and 5.4. In Fi-
gure 5.5 we compare the performance of binarsity with the baselines on all 9 datasets,
using ROC curves and the Area Under the Curve (AUC), while we report computing
(training) timings in Figure 5.4. We observe that binarsity consistently outperforms
lasso, as well as Group L1 : this highlights the importance of the TV norm within
each group. The AUC of Group TV is always slightly below the one of binarsity,
and more importantly it involves a much larger training time : convergence is slower
for Group TV, since it does not use the linear constraint of binarsity, leading to
a ill-conditioned problem (sum of binary features equals 1 in each block). Finally,
binarsity outperforms also GAM and its performance is comparable in all considered
examples to RF and GB, with computational timings that are orders of magnitude
faster, see Figure 5.4. All these experiments illustrate that binarsity achieves an
extremely competitive compromise between computational time and performance,
compared to all considered baselines.
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Figure 5.2 Sample python code for the use of binarsity with logistic regression in
the tick library, with the use of the FeaturesBinarizer transformer for features
binarization.
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Figure 5.3 Impact of the number of bins used in each block (dj) on the classifi-
cation performance (measured by AUC) and on the training time using the “Adult”
and “Default of credit card” datasets. All dj are equal for j = 1, . . . , p, and we
consider in all cases the best hyper-parameters selected after cross validation. We
observe that past dj = 50 bins, performance is roughly constant, while training time
strongly increases.
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Figure 5.4 Computing time comparisons (in seconds) between the methods on
the considered datasets. Note that the time values are log-scaled. These timings
concern the learning task for each model with the best hyper parameters selected,
after the cross validation procedure. The 4 last datasets contain too many examples
for the SVM with RBF kernel to be trained in a reasonable time. Roughly, binarsity
is between 2 and 5 times slower than `1 penalization on the considered datasets, but
is more than 100 times faster than random forests or gradient boosting algorithms
on large datasets, such as HIGGS.
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Figure 5.5 Performance comparison using ROC curves and AUC scores (given
between parenthesis) computed on test sets. The 4 last datasets contain too many
examples for SVM (RBF kernel). Binarsity consistently does a better job than lasso,
Group L1, Group TV and GAM. Its performance is comparable to SVM, RF and GB
but with computational timings that are orders of magnitude faster, see Figure 5.4.
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5.5 Concluding remarks
In this chapter, we introduced the binarsity penalization for one-hot encodings of

continuous features. We illustrated the good statistical properties of binarsity for ge-
neralized linear models by proving a non-asymptotic oracle inequality in prediction.
We conducted extensive comparisons of binarsity with state-of-the-art algorithms
for binary classification on several standard datasets. Experimental results illustrate
that binarsity significantly outperforms lasso, Group L1 and Group TV penaliza-
tions and also generalized additive models, while being competitive with random
forests and boosting. Moreover, it can be trained orders of magnitude faster than
boosting and other ensemble methods. Even more importantly, it provides inter-
pretability. Indeed, in addition to the raw feature selection ability of binarsity, the
method pinpoints significant cut-points for all continuous feature. This leads to a
much more precise and deeper understanding of the model than the one provided
by lasso on raw features. These results illustrate the fact that binarsity achieves an
extremely competitive compromise between computational time and performance,
compared to all considered baselines.

Software
All the methodology discussed in this chapter is implemented in Python/C++. The

code that generates all figures is available from https://github.com/SimonBussy/
binarsity in the form of annotated programs, together with notebook tutorials.

https://github.com/SimonBussy/binarsity
https://github.com/SimonBussy/binarsity
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Appendices

5.A Proof : the proximal operator of binarsity
For any fixed j = 1, . . . , p, we aim to prove that prox‖·‖TV,ŵj,•+δ1 is the composite

proximal operators of prox‖·‖TV,ŵj,•
and proxδ1 , namely

prox‖·‖TV,ŵj,•+δ1(θj,•) = proxδ1

(
prox‖·‖TV,ŵj,•

(θj,•)
)

for all θj,• ∈ Rdj . Using Theorem 1 in Yu [2013], it is sufficient to show that for all
θj,• ∈ Rdj , we have

∂
(
‖θj,•‖TV,ŵj,•

)
⊆ ∂

(
‖ proxδ1(θj,•)‖TV,ŵj,•

)
. (5.14)

Clearly, by the definition of the proximal operator, we have proxδ1(θj,•) = Πspan{1}⊥(θj,•),
where Πspan{1}⊥(·) stands for the projection onto the hyperplane span{1}⊥. Besides,
we know that

Πspan{1}⊥(θj,•) = θj,• − Πspan{1}(θj,•)

= θj,• −
〈θj,•,1〉
‖1‖2

2
1

= θj,• − θ̄j,•1,

where θ̄j,• = 1
dj

∑dj
k=1 θj,k. Now, let us define the dj × dj matrix Dj by

Dj =


1 0 0
−1 1

. . . . . .
0 −1 1

 ∈ Rdj × Rdj . (5.15)

We then remark that for all θj,• ∈ Rdj ,

‖θj,•‖TV,ŵj,• =
dj∑
k=2

ŵj,k|θj,k − θj,k−1| = ‖ŵj,• �Djθj,•‖1.

Using subdifferential calculus (see details in the proof of Proposition 5.C.2 below),
one has

∂
(
‖θj,•‖TV,ŵj,•

)
= ∂

(
‖ŵj,• �Djθj,•‖1

)
= Dj

>ŵj,• � sign(Djθj,•).

Then, the linear constraint ∑dj
k=1 θj,k = 0 entails that

Dj
>ŵj,• � sign(Djθj,•) = Dj

>ŵj,• � sign(Dj(θj,• − θ̄j,•1)),
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which leads to (5.14). Hence, setting βj,• = prox‖·‖TV,ŵj,•
(θj,•) and β̄j,• = 1

dj

∑dj
k=1 βj,k

we get
prox‖·‖TV,ŵj,•+δ1(θj,•) = βj,• − β̄j,•1

which gives Algorithm 5.2.1. �

5.B Algorithm of computing proximal operator of weigh-
ted TV penalization

We recall here the algorithm given in Alaya et al. [2015] for computing the
proximal operator of weighted total-variation penalization. The latter is defined as
follows

β = prox‖·‖TV,ŵ
(θ) ∈ argminθ∈Rm

{1
2‖β − θ‖

2
2 + ‖θ‖TV,ŵ

}
. (5.16)

The proposed algorithm consists in running forwardly through the samples (θ1, . . . , θm).
Using the Karush-Kuhn-Tucker (KKT) optimality conditions for a convex opti-
mization [Boyd and Vandenberghe, 2004], at location k, βk stays constant where
|uk| < ŵk+1. Here uk is a solution to a dual problem associated to the primal pro-
blem (5.16). If this is not possible, it goes back to the last location where a jump
can be introduced in β, validates the current segment until this location, starts a
new segment, and continues. This algorithm is described precisely in Algorithm 3.
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Algorithm 3: Proximal operator of weighted TV penalization
Input: vector θ =

(
θ1, . . . , θm

)> ∈ Rm and weights ŵ = (ŵ1, . . . , ŵm) ∈ Rm+ .
Output: vector β = prox‖·‖TV,ŵ(θ)

1. Set k = k0 = k− = k+ ← 1
βmin ← θ1 − ŵ2 ; βmax ← θ1 + ŵ2
umin ← ŵ2 ; umax ← −ŵ2

2. if k = m then
βm ← βmin + umin

3. if θk+1 + umin < βmin − ŵk+2 then /* negative jump */
βk0 = · · · = βk− ← βmin
k = k0 = k− = k+ ← k− + 1
βmin ← θk − ŵk+1 + ŵk ; βmax ← θk + ŵk+1 + ŵk
umin ← ŵk+1 ; umax ← −ŵk+1

4. else if θk+1 + umax > βmax + ŵk+2 then /* positive jump */
βk0 = . . . = βk+ ← βmax
k = k0 = k− = k+ ← k+ + 1
βmin ← θk − ŵk+1 − ŵk ; βmax ← θk + ŵk+1 − ŵk
umin ← ŵk+1 ; umax ← −ŵk+1

5. else /* no jump */
set k ← k + 1

umin ← θk + ŵk+1 − βmin
umax ← θk − ŵk+1 − βmax if umin ≥ ŵk+1 then
βmin ← βmin + umin−ŵk+1

k−k0+1
umin ← ŵk+1
k− ← k

if umax ≤ −ŵk+1 then
βmax ← βmax + umax+ŵk+1

k−k0+1
umax ← −ŵk+1
k+ ← k

6. if k < m then
go to 3.

7. if umin < 0 then
βk0 = · · · = βk− ← βmin
k = k0 = k− ← k− + 1
βmin ← θk − ŵk+1 + ŵk
umin ← ŵk+1 ; umax ← θk + ŵk − vmax
go to 2.

8. else if umax > 0 then
βk0 = · · · = βk+ ← βmax
k = k0 = k+ ← k+ + 1
βmax ← θk + ŵk+1 − ŵk
umax ← −ŵk+1 ; umin ← θk − ŵk − umin
go to 2.

9. else
βk0 = · · · = βm ← βmin + umin

k−k0+1
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5.C Proof of Theorem 5.3.1 : fast oracle inequality
under binarsity

The proof relies on some technical properties given below.

Additional notation. Hereafter, we use the following vector notations

y = (y1, . . . , yn)>,

m0(X) =
(
m0(x1), . . . ,m0(xn)

)>
,

mθ(X) =
(
mθ(x1), . . . ,mθ(xn)

)>
,

and b′(mθ(X)) =
(
b′(mθ(x1)), . . . , b′(mθ(xn))

)>
,

where we recall that mθ(xi) = θ>xBi ).

5.C.1 Empirical Kullback-Leibler divergence.
Let us now define the Kullback-Leibler divergence between the true probability

density funtion f 0 defined in (5.2) and a candidate fθ within the generalized linear
model, that is

fθ(y|x) = exp
(
ymθ(x)− b(mθ(x))

)
,

as follows

KLn(f 0, fθ) = 1
n

n∑
i=1
EPy|X

[
log f

0(yi|xi)
fθ(yi|xi)

]
:= KLn(m0(X),mθ(X)),

where Py|X is the joint distribution of y = (y1, . . . , yn)> given X = (x1, . . . , xn)>.
We then have the following property.

Lemma 5.C.1 The excess risk verifies R(mθ)−R(m0) = φKLn(m0(X),mθ(X)).

Proof. Straightforwardly, one has

KLn(m0(X),mθ(X))

= φ−1 1
n

n∑
i=1
EPy|X

[(
− yimθ(xi) + b(mθ(xi))

)
−
(
− yim0(xi) + b(m0(xi))

)]
= φ−1

(
R(mθ)−R(m0)

)
.

�
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5.C.2 Optimality conditions.
To characterize the solution of the problem (5.7), the following result can be

straightforwardly obtained using the Karush-Kuhn-Tucker (KKT) optimality condi-
tions for a convex optimization [Boyd and Vandenberghe, 2004].

Proposition 5.C.2 A vector θ̂ = (θ̂>1,•, . . . , θ̂>p,•)> ∈ Rd is an optimum of the objec-
tive function in (5.7) if and only if there exists a sequence of subgradients

ĥ = (ĥj,•)j=1,...,p ∈ ∂
(
‖θ̂‖TV,ŵ

)
and

ĝ = (ĝj,•)j=1,...,p ∈ ∂
(
δ1(θ̂j,•)

)
j=1,...,p

such that
∇Rn(θ̂j,•) + ĥj,• + ĝj,• = 0dj ,

where  ĥj,• = D>j
(
ŵj,• � sign(Dj θ̂j,•)

)
if j ∈ J(θ̂),

ĥj,• ∈ D>j
(
ŵj,• � [−1,+1]dj

)
if j ∈ J{(θ̂),

(5.17)

and where J(θ̂) is the active set of θ̂. The subgradient ĝj,• belongs to

∂
(
δ1(θ̂j,•)

)
=
{
µj,• ∈ Rdj : 〈µj,•, θj,•〉 ≤ 〈µj,•, θ̂j,•〉 for all θj,• such that 1>θj,• = 0

}
.

For the generalized linear model, we have

1
n

(
XB
•,j

)>(
b′(mθ̂(X))− y

)
+ ĥj,• + ĝj,• + f̂j,• = 0dj , (5.18)

where f̂ = (f̂j,•)j=1,...,p belongs to the normal cone of the ball Bd(ρ).

Proof. We denote by ∂(φ) the subdifferential mapping of a convex functional φ.
The function θ 7→ Rn(θ) is differentiable, so the subdifferential of Rn(·) + bina(·) at
a point θ = (θj,•)j=1,...,p ∈ Rd is given by

∂
(
Rn(θ) + bina(θ)

)
= ∇Rn(θ) + ∂

(
bina(θ)

)
,

where
∇Rn(θ) =

(
∂(Rn(θ))
∂(θ1,•)

, . . . ,
∂(Rn(θ))
∂(θp,•)

)>
and

∂
(

bina(θ)
)

=
(
∂
(
‖θ1,•‖TV,ŵ1,•

)
+ ∂

(
δ1(θ1,•)

)
, . . . , ∂

(
‖θp,•‖TV,ŵp,•

)
+ ∂

(
δ1(θp,•)

))>
.
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We have
‖θj,•‖TV,ŵj,• = ‖ŵj,• �Djθj,•‖1

for all j = 1, . . . , p. Then, by applying some properties of the subdifferential calculus,
we get

∂
(
‖θj,•‖TV,ŵj,•

)
=

D
>
j sign(ŵj,• �Djθj,•) if Djθ 6= 0dj ,

D>j
(
ŵj,• � vj) otherwise ,

where vj ∈ [−1,+1]dj , for all j = 1, . . . , p. For generalized linear models, we rewrite

θ̂ ∈ argminθ∈Rd
{
Rn(θ) + bina(θ) + δBd(ρ)(θ)

}
, (5.19)

where δBd(ρ) is the indicator function for Bd(ρ).
Now, θ̂ = (θ̂>1,•, . . . , θ̂>p,•)> is an optimum of Problem (5.19) if and only if

0d ∈ ∇Rn(mθ̂) + ∂
(
‖θ̂‖TV,ŵ

)
+ ∂

(
δBd(ρ)(θ̂)

)
.

Recall that the subdifferential of δBd(ρ)(·) is the normal cone of Bd(ρ), that is

∂
(
δBd(ρ)(θ̂)

)
=
{
η ∈ Rd : 〈η, θ〉 ≤ 〈η, θ̂〉 for all θ ∈ Bd(ρ)

}
. (5.20)

Straightforwardly, one obtains

∂(Rn(θ))
∂(θj,•)

= 1
n

(XB
•,j)>

(
b′(mθ̂(X))− y

)
, (5.21)

and equalities (5.21) and (5.20) give equation (5.18), which ends the proof of Pro-
position 5.C.2. �

5.C.3 Compatibility conditions.
Let us define the block diagonal matrix

D = diag(D1, . . . ,Dp),

with Dj, defined in (5.15), being invertible. We denote its inverse Tj which is defined
by the dj×dj lower triangular matrix with entries (Tj)r,s = 0 if r < s and (Tj)r,s = 1
otherwise. We set

T = diag(T1, . . . ,Tp).

It is clear that D−1 = T. In order to prove Theorem 5.3.1, we need, in addition to As-
sumption 2, the following results which give a compatibility condition [van de Geer,
2008, van de Geer and Lederer, 2013, Dalalyan et al., 2017] satisfied by the matrix
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T in Lemma 5.C.3 and XBT in Lemma 5.C.4. To this end, for any concatenation
of subsets K = [K1, . . . , Kp], we set

Kj = {τ 1
j , . . . , τ

bj
j } ⊂ {1, . . . , dj} (5.22)

for all j = 1, . . . , p and with the convention that τ 0
j = 0 and τ bj+1

j = dj + 1.

Lemma 5.C.3 Let γ ∈ Rd
+ be a given vector of weights and K = [K1, . . . , Kp] with

Kj given by (5.22) for all j = 1, . . . , p. Then for every u ∈ Rd\{0d}, we have

‖Tu‖2∣∣∣∣‖uK � γK‖1 − ‖uK{ � γK{‖1

∣∣∣∣ ≥ κT,γ(K),

where

κT,γ(K) =
{

32
p∑
j=1

dj∑
k=1
|γj,k+1 − γj,k|2 + 2|Kj|‖γj,•‖2

∞∆−1
min,Kj

}−1/2

,

and ∆min,Kj = minr=1,...bj |τ
rj
j − τ

rj−1
j |.

Proof. Using Proposition 3 in Dalalyan et al. [2017], we have

‖uK � γK‖1 − ‖uK{ � γK{‖1

=
p∑
j=1
‖uKj � γKj‖1 − ‖uKj{ � γKj{‖1

≤
p∑
j=1

4‖Tjuj,•‖2

{
2

dj∑
k=1
|γj,k+1 − γj,k|2 + 2(bj + 1)‖γj,•‖2

∞∆−1
min,Kj

}1/2

.

Applying Hölder’s inequality for the right hand side of the last inequality gives

‖uK � γK‖1 − ‖uK{ � γK{‖1

≤ ‖Tu‖2

{
32

p∑
j=1

dj∑
k=1
|γj,k+1 − γj,k|2 + 2|Kj|‖γj,•‖2

∞∆−1
min,Kj

}1/2

.

This completes the proof of Lemma 5.C.3. �
Now, using Assumption 2 and Lemma 5.C.3, we establish a compatibility condi-

tion satisfied by the product of matrices XBT.

Lemma 5.C.4 Let Assumption 2 holds. Let γ ∈ Rd
+ be a given vector of weights,

and K = [K1, . . . , Kp] such that Kj is given by (5.22) for all j = 1, . . . , p. Then, one
has

inf
u∈C1,ŵ(K)\{0d}

 ‖XBTu‖2√
n
∣∣∣‖uK � γK‖1 − ‖uK{ � γK{‖1|

 ≥ κT,γ(K)κ(K), (5.23)
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where

C1,ŵ(K) =
{
u ∈ Rd :

p∑
j=1
‖(uj,•)Kj{‖1,ŵj,• ≤ 2

p∑
j=1
‖(uj,•)Kj‖1,ŵj,•

}
, (5.24)

with ‖ · ‖1,a denoting the weighted `1-norm.

Proof. By Lemma 5.C.3, we have that

‖XBTu‖2√
n
∣∣∣‖uK � γK‖1 − ‖uK{ � γK{‖1|

≥ κT,γ(K)‖X
BTu‖2√
n‖Tu‖2

.

Now, we note that if u ∈ C1,ŵ(K), then Tu ∈ CTV,ŵ(K). Hence, by Assumption 2,
we get

‖XBTu‖2√
n
∣∣∣‖uK � γK‖1 − ‖uK{ � γK{‖1|

≥ κT,γ(K)κ(K).

�

5.C.4 Connection between empirical Kullback-Leibler divergence
and the empirical squared norm.

To compare the empirical Kullback-Leibler divergence and the empirical squared
norm, we use Lemma 1 in Bach [2010], that we recall here.

Lemma 5.C.5 Let ϕ : R → R be a convex three times differentiable function such
that for all t ∈ R, |ϕ′′′(t)| ≤M |ϕ′′(t)| for some M ≥ 0. Then, for all t ≥ 0, one has

ϕ′′(0)
M2 ψ(−Mt) ≤ ϕ(t)− ϕ(0)− ϕ′(0)t ≤ ϕ′′(0)

M2 ψ(Mt),

with ψ(u) = eu − u− 1.

Now, we give a version of the previous Lemma in our setting.

Lemma 5.C.6 Under Assumption 1, for all θ ∈ Bd(ρ), one has

Lnψ(−2(Cn + ρ))
φ(2(Cn + ρ))2

1
n
‖m0(X)−mθ(X)‖2

2 ≤ KLn(m0(X),mθ(X)),

Unψ(2(Cn + ρ))
φ(2(Cn + ρ))2

1
n
‖m0(X)−mθ(X)‖2

2 ≥ KLn(m0(X),mθ(X)).
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Proof. Let us consider the function Gn : R→ R defined by Gn(t) = Rn(m0+tmη),
then

Gn(t) = 1
n

n∑
i=1

b(m0(xi) + tmη(xi))−
1
n

n∑
i=1

yi(m0(xi) + tmη(xi)).

By differentiating Gn three times with respect to t, we obtain

G′n(t) = 1
n

n∑
i=1

mη(xi)b′(m0(xi) + tmη(xi))−
1
n

n∑
i=1

yimη(xi),

G′′n(t) = 1
n

n∑
i=1

m2
η(xi)b′′(m0(xi) + tmη(xi)),

and G′′′n (t) = 1
n

n∑
i=1

m3
η(xi)b′′′(m0(xi) + tmη(xi)).

In all the considered models, we have |b′′′(z)| ≤ 2|b′′(z)|, see the following table

Model φ b(z) b′(z) b′′(z) b′′′(z) Ln Un

Normal σ2 z2

2 z 1 0 1 1
Logistic 1 log(1 + ez) ez

1+ez
ez

(1+ez)2
1−ez
1+ez b

′′(z) eCn

(1+eCn )2
1
4

Poisson 1 ez ez ez b′′(z) e−Cn eCn

.

Then, we get
|G′′′n (t)| ≤ 2‖mη‖∞|G′′n(t)|

where
‖mη‖∞ := max

i=1,...,n
|mη(xi)|.

Applying Lemma 6.B.3 with M = 2‖mη‖∞, we obtain

G′′n(0)ψ(−2‖mη‖∞t)
4‖mη‖2

∞
≤ Gn(t)−Gn(0)− tG′n(0) ≤ G′′n(0)ψ(2‖mη‖∞t)

4‖mη‖2
∞

.

for all t ≥ 0. Taking t = 1 leads to

G′′n(0)ψ(−2‖mη‖∞)
4‖mη‖2

∞
≤ Rn(m0 +mη)−Rn(m0)−G′n(0),

G′′n(0)ψ(2‖mη‖∞)
4‖mη‖2

∞
≥ Rn(m0 +mη)−Rn(m0)−G′n(0).

A short calculation gives that

−G′n(0) = 1
n

n∑
i=1

mη(xi)
(
yi − b′(m0(xi))

)
, and G′′n(0) = 1

n

n∑
i=1

m2
η(xi)b′′(mϑ(xi)).
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It is clear that EPy|X [−G′n(0)] = 0. Then

G′′n(0)ψ(−2‖mη‖∞)
4‖mη‖2

∞
≤ R(m0 +mη)−R(m0) ≤ G′′n(0)ψ(2‖mη‖∞)

4‖mη‖2
∞

.

Now choose mη = mθ −m0, and using Assumption 1 and Equation(5.8), we have

2‖mη‖∞ ≤ 2 max
i=1,...,n

(
|〈xBi , θ〉|+ |m0(xi)|

)
≤ 2(ρ+ Cn).

Hence, we obtain

G′′n(0)ψ(−2(Cn + ρ))
C2
n(ρ, p) ≤ R(mθ)−R(m0) = φKLn(m0(X),mθ(X)),

G′′n(0)ψ(2(Cn + ρ))
C2
n(ρ, p) ≥ R(mθ)−R(m0) = φKLn(m0(X),mθ(X)),

with G′′n(0) = n−1∑n
i=1

(
mθ(xi)−m0(xi)

)2
b′′(m0(xi)). It entails that

Lnψ(−2(Cn + ρ))
φ(2(Cn + ρ))2

1
n
‖m0(X)−mθ(X)‖2

2 ≤ KLn(m0(X),mθ(X))

≤ Unψ(2(Cn + ρ))
φ(2(Cn + ρ))2

1
n
‖m0(X)−mθ(X)‖2

2.

�

5.C.5 Proof of Theorem 5.3.1.
Recall that for all θ ∈ Rd,

Rn(mθ) = 1
n

n∑
i=1

b(mθ(xi))−
1
n

n∑
i=1

yimθ(xi)

and
θ̂ ∈ argminθ∈Bd(ρ)

{
Rn(θ) + bina(θ)

}
. (5.25)

According to Proposition 5.C.2, Equation (5.25) involves that there is

ĥ = (ĥj,•)j=1,...,p ∈ ∂
(
‖θ̂‖TV,ŵ

)
,

ĝ = (ĝj,•)j=1,··· ,p ∈
(
∂
(
δ1(θ̂j,•)

))
j=1,...,p

,

and f̂ = (f̂j,•)j=1,...,p ∈ ∂
(
δBd(ρ)(θ̂)

)
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such that
〈 1
n

(XB)>
(
b′(mθ̂(X))− y

)
+ ĥ+ ĝ + f̂ , θ̂ − θ〉 = 0

for all θ ∈ Rd, which can be written

1
n
〈b′(mθ̂(X))− b′(m0(X)),mθ̂(X)−mθ(X)〉

− 1
n
〈y − b′(m0(X)),mθ̂(X)−mθ(X)〉+ 〈ĥ+ ĝ + f̂ , θ̂ − θ〉 = 0.

For any θ ∈ Bd(ρ) such that, for all j, 1>θj,• = 0, and h ∈ ∂
(
‖θ‖TV,ŵ

)
, the monotony

of the subdifferential mapping implies 〈ĥ, θ − θ̂〉 ≤ 〈h, θ − θ̂〉, 〈ĝ, θ − θ̂〉 ≤ 0, and
〈f̂ , θ − θ̂〉 ≤ 0. Therefore

1
n
〈b′(mθ̂(X))− b′(m0(X)),mθ̂(X)−mθ(X)〉 (5.26)

≤ 1
n
〈y − b′(m0(X)),mθ̂(X)−mθ(X)〉 − 〈h, θ̂ − θ〉.

We consider now the function Hn : R→ R, defined by

Hn(t) = 1
n

n∑
i=1

b(mθ̂+tη(xi))−
1
n

n∑
i=1

b′(m0(xi))mθ̂+tη(xi)

By differentiating Hn three times with respect t, we obtain

H ′n(t) = 1
n

n∑
i=1

mη(xi)b′(mθ̂+tη(xi))−
1
n

n∑
i=1

b′(m0(xi))mη(xi),

H ′′n(t) = 1
n

n∑
i=1

m2
η(xi)b′′(mθ̂+tη(xi)),

and H ′′′n (t) = 1
n

n∑
i=1

m3
η(xi)b′′′(mθ̂+tη(xi)).

Using Lemma 5.8, we have |H ′′′n (t)| ≤ 2ρ|H ′′n(t)|, applying now Lemma 6.B.3, we
obtain

H ′′n(0)ψ(−t2ρ)
4ρ2 ≤ Hn(t)−Hn(0)− tH ′n(0) ≤ H ′′n(0)ψ(t2ρ)

4ρ2 ,

for all t ≥ 0. Taking t = 1 and η = θ − θ̂ implies

Hn(1) = 1
n

n∑
i=1

b(mθ(xi))−
1
n

n∑
i=1

b′(m0(xi))mθ(xi) = R(mθ),

and Hn(0) = 1
n

n∑
i=1

b(mθ̂(xi))−
1
n

n∑
i=1

b′(m0(xi))mθ̂(xi) = R(mθ̂).
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Moreover, we have

H ′n(0) = 1
n

n∑
i=1
〈xBi , θ − θ̂〉b′(mθ̂(xi))−

1
n

n∑
i=1

b′(m0(xi))〈xBi , θ̂ − θ〉

= 1
n
〈b′(mθ̂(X))− b′(m0(X)),XB(θ − θ̂)〉,

and H ′′n(0) = 1
n

n∑
i=1
〈xBi , θ̂ − θ〉2b′′(mθ̂(xi)).

Then, we deduce that

H ′′n(0)ψ(−2ρ)
4ρ2 ≤ R(mθ)−R(mθ̂)−

1
n
〈b′(mθ̂(X))− b′(m0(X)),XB(θ − θ̂)〉

= φKLn(m0(X),mθ(X))− φKLn(m0(X),mθ̂(X))

+ 1
n
〈b′(mθ̂(X))− b′(m0(X)),mθ̂(X)−mθ(X)〉.

Then, with Equation (5.26), one has

φKLn(m0(X),mθ̂(X)) +H ′′n(0)ψ(−2ρ)
4ρ2

≤ φKLn(m0(X),mθ(X))

+ 1
n
〈y − b′(m0(X)),mθ̂(X)−mθ(X)〉 − 〈h, θ̂ − θ〉.

(5.27)

As H ′′n(0) ≥ 0, it implies that

φKLn(m0(X),mθ̂(X)) ≤ φKLn(m0(X),mθ(X))

+ 1
n
〈y − b′(m0(X)),mθ̂(X)−mθ(X)〉 − 〈h, θ̂ − θ〉. (5.28)

If
1
n
〈y − b′(m0(X)),XB(θ̂ − θ)〉 − 〈h, θ̂ − θ〉 < 0,

it follows that

KLn(m0(X),mθ̂(X)) ≤ KLn(m0(X),mθ(X)),

then Theorem 5.3.1 holds. From now on, let us assume that
1
n
〈y − b′(m0(X)),mθ̂(X)−mθ(X)〉 − 〈h, θ̂ − θ〉 ≥ 0.

We first derive a bound on
1
n
〈y − b′(m0(X)),mθ̂(X)−mθ(X)〉.
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Using D−1 = T, we focus on finding out a bound of

1
n
〈(XBT)>(y − b′(m0(X))),D(θ̂ − θ)〉.

In one hand, one has

1
n
〈(XB)>(y − b′(m0(X),θ̂ − θ〉 = 1

n
〈(XBT)>(y − b′(m0(X),D(θ̂ − θ)〉

≤ 1
n

p∑
j=1

dj∑
k=1

∣∣∣∣〈(XB
•,jTj)•,k,y − b′(m0(X)〉

∣∣∣∣∣∣∣∣(Dj(θ̂j,• − θj,•)
)
k

∣∣∣∣,
where

(XB
•,jTj)•,k =

(
(XB
•,jTj)1,k, . . . , (XB

•,jTj)n,k
)>
∈ Rn

is the k-th column of the matrix (XB
•,jTj). Let us consider the event

En =
p⋂
j=1

dj⋂
k=2
En,j,k,

where
En,j,k =

{ 1
n

∣∣∣〈(XB
•,jTj

)
•,k
,y − b′(m0(X))〉

∣∣∣ ≤ ŵj,k

}
.

Then, on En, we have

1
n
〈(XB)>(y − b′(m0(X)), θ̂ − θ〉 ≤

p∑
j=1

dj∑
k=1

ŵj,k
∣∣∣(Dj

(
θ̂j,• − θj,•

))
k

∣∣∣
≤

p∑
j=1
‖ŵj,• �Dj

(
θ̂j,• − θj,•

)
‖1. (5.29)

In another hand, from the definition of the subgradient (hj,•)j=1,...,p ∈ ∂
(
‖θ‖TV,ŵ

)
(see Equation (5.17)), one can choose h such that

hj,k =
(
D>j

(
ŵj,• � sign(Djθj,•)

))
k

for all k = 1, . . . , Jj(θ) and

hj,k =
(
D>j

(
ŵj,• � sign

(
Dj θ̂j,•

)))
k

=
(
D>j

(
ŵj,• � sign

(
Dj(θ̂j,• − θj,•)

)))
k

for all k = 1, . . . , J{j (θ). Using a triangle inequality and the fact that

〈sign(x), x〉 = ‖x‖1,
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we obtain

−〈h, θ̂ − θ〉 ≤
p∑
j=1
‖(ŵj,•)Jj(θ) �Dj(θ̂j,• − θj,•)Jj(θ)‖1

−
p∑
j=1
‖(ŵj,•)J{

j (θ) �Dj(θ̂j,• − θj,•)J{
j (θ)‖1

≤
p∑
j=1
‖(θ̂j,• − θj,•)Jj(θ)‖TV,ŵj,• −

p∑
j=1
‖(θ̂j,• − θj,•)J{

j (θ)‖TV,ŵj,• . (5.30)

Combining inequalities (5.29) and (5.30), we get
p∑
j=1
‖(θ̂j,• − θj,•)J{

j (θ)‖TV,ŵj,• ≤ 2
p∑
j=1
‖(θ̂j,• − θj,•)Jj(θ)‖TV,ŵj,•

on En. Hence
p∑
j=1
‖(ŵj,•)J{

j (θ) �Dj(θ̂j,• − θj,•)J{
j (θ)‖1 ≤ 2

p∑
j=1
‖(ŵj,•)Jj(θ) �Dj(θ̂j,• − θj,•)Jj(θ)‖1.

This means that

θ̂ − θ ∈ CTV,ŵ(J(θ)) and D(θ̂ − θ) ∈ C1,ŵ(J(θ)), (5.31)

see (6.3) and (5.24). Now, going back to (5.28) and taking into account (5.31), the
compatibility of XBT (see (5.23)), on En the following holds

φKLn(m0(X),mθ̂(X))

≤ φKLn(m0(X),mθ(X)) + 2
p∑
j=1
‖(ŵj,•)Jj(θ) �Dj(θ̂j,• − θj,•)Jj(θ)‖1.

Then

KLn(m0(X),mθ̂(X))

≤ KLn(m0(X),mθ(X)) + ‖mθ̂(X)−mθ(X)‖2√
nφκT,γ̂(J(θ))κ(J(θ)) , (5.32)

where γ̂ = (γ̂>1,•, . . . , γ̂>p,•)> such that

γ̂j,k =
{

2ŵj,k if k ∈ Jj(θ),
0 if k ∈ J{j (θ),

for all j = 1, . . . , p and

κT,γ̂(J(θ)) =
{

32
p∑
j=1

dj∑
k=1
|γ̂j,k+1 − γ̂j,k|2 + 2|Jj(θ)|‖γ̂j,•‖2

∞∆−1
min,Jj(θ)

}−1/2

.
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Next, we find an upper bound for
(
κ2

T,γ̂(J(θ))
)−1

.

We have

1
κ2

T,γ̂(J(θ)) = 32
p∑
j=1

dj∑
k=1
|γ̂j,k+1 − γ̂j,k|2 + 2|Jj(θ)|‖γ̂j,•‖2

∞∆−1
min,Jj(θ).

Note that one has
‖γ̂j,•‖∞ ≤ 2‖ŵj,•‖∞.

We write the set
Jj(θ) =

{
k1
j , . . . , k

|Jj(θ)|
j

}
and we set

Br = [[kr−1
j , krj [[= {kr−1

j , kr−1
j + 1, . . . , krj − 1}

for r = 1, . . . , |Jj(θ)| + 1 with the convention that k0
j = 0 and k

|Jj(θ)|+1
j = dj + 1.

Then
dj∑
k=1
|γ̂j,k+1 − γ̂j,k|2 =

|Jj(θ)|+1∑
r=1

∑
k∈Br
|γ̂j,k+1 − γ̂j,k|2

=
|Jj(θ)|+1∑
r=1

|γ̂j,kr−1
j +1 − γ̂j,kr−1

j
|2 + |γ̂j,krj − γ̂j,krj−1|2

=
|Jj(θ)|+1∑
r=1

γ̂2
j,kr−1

j
+ γ̂2

j,krj

=
|Jj(θ)|∑
r=1

2 γ̂2
j,krj

≤ 8 |Jj(θ)| ‖(ŵj,•)Jj(θ)‖2
∞.

Therefore

1
κ2

T,γ̂(J(θ)) ≤ 32
p∑
j=1

{
8 |Jj(θ)| ‖(ŵj,•)Jj(θ)‖2

∞

}
+ 8 |Jj(θ)| ‖(ŵj,•)Jj(θ)‖2

∞∆−1
min,Jj(θ)

≤ (32× 8)
p∑
j=1

{
1 + 1

∆min,Jj(θ)

}
|Jj(θ)|‖(ŵj,•)Jj(θ)‖2

∞

≤ 512|J(θ)| max
j=1,...,p

‖(ŵj,•)Jj(θ)‖2
∞.
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Remark 5.C.1 For the case of least squares regression where yi|xi has Gaussian
distribution with meanm0(xi) and variance φ = σ2. Using inequalities (5.27) and (5.32),
we get

φKLn(m0(X),mθ̂(X)) + ψ(−2ρ)
4ρ2

1
n
‖mθ̂(X)−mθ(X)‖2

2

≤ φKLn(m0(X),mθ(X)) + ‖mθ̂(X)−mθ(X)‖2√
nκT,γ̂(J(θ))κ(J(θ))

≤ φKLn(m0(X),mθ(X))

+ 2

√
ψ(−2ρ)

2ρ
1√
n
‖mθ̂(X)−mθ(X)‖2

2ρ√
ψ(−2ρ)κT,γ̂(J(θ))κ(J(θ))

Using the fact that 2uv ≤ u2 + v2 it yields

φKLn(m0(X),mθ̂(X)) ≤ φKLn(m0(X),mθ(X)) + 4ρ2

ψ(−2ρ)κ2
T,γ̂(J(θ))κ2(J(θ))

Hence, we derive the following sharp oracle inequality

R(mθ̂)−R(m0) ≤ inf
θ∈Bd(ρ)

{
R(mθ)−R(m0) + ξ|J(θ)|

κ2(J(θ)) max
j=1,...,p

‖(ŵj,•)Jj(θ)‖2
∞

}
,

where
ξ = 5124ρ2

ψ(−2ρ) .

Now for generalized linear models, we use the connection between the empirical
norm and the Kullback-Leibler divergence. First, We have

‖mθ̂(X)−mθ(X)‖2√
nφκT,γ̂(J(θ))κ(J(θ))

≤ 1
φκT,γ̂(J(θ))κ(J(θ))

( 1√
n
‖mθ̂(X)−m0(X)‖2 + 1√

n
‖m0(X)−mθ(X)‖2

)
.

Therefore, by Lemma 5.C.6, we get

‖mθ̂(X)−mθ(X)‖2√
nφκT,γ̂(J(θ))κ(J(θ))

≤ 2√
φκT,γ̂(J(θ))κ(J(θ))

(√
Cn(ρ, Ln)−1KLn(m0(X),mθ̂(X))

+
√
Cn(ρ, Ln)−1KLn(m0(X),mθ(X))

)
.
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We now use the elementary inequality

2uv ≤ εu2 + v2/ε

with ε > 0.
Therefore (5.32) becomes

KLn(m0(X),mθ̂(X)) ≤ KLn(m0(X),mθ(X)) + ε

φκ2
T,γ̂(J(θ))κ2(J(θ))

+ 2
(
ε Cn(ρ, Ln)

)−1
KLn(m0(X),mθ̂(X))

+ 2
(
ε Cn(ρ, Ln)

)−1
KLn(m0(X),mθ(X)).

By choosing
2
(
ε Cn(ρ, Ln)

)−1
< 1,

we get

KLn(m0(X),mθ̂(X)) ≤
1 + 2

(
ε Cn(ρ, Ln)

)−1

1− 2
(
ε Cn(ρ, Ln)

)−1KLn(m0(X),mθ(X))

+ ε2(
1− 2(ε Cn(ρ, Ln))−1)φκ2

T,γ̂(J(θ))κ2(J(θ))

≤ ε Cn(ρ, Ln) + 2
ε Cn(ρ, Ln)− 2KLn(m0(X),mθ(X))

+ ε2Cn(ρ, Ln)
(ε Cn(ρ, Ln)− 2)φκ2

T,γ̂(J(θ))κ2(J(θ)) .

Setting
ε Cn(ρ, Ln) + 2
ε Cn(ρ, Ln)− 2 = 1 + 4

ε Cn(ρ, Ln)− 2 = 1 + ζ,

we get the desired result in (5.12).
Finally, we have to compute the probability of the complementary of the event

En. This is given by the following.

P[E{n] ≤
p∑
j=1

dj∑
k=2
P

[ 1
n

∣∣∣∣〈(XB
•,jTj

)
•,k
,y − b′(m0(X))〉

∣∣∣∣ ≥ ŵj,k

]

≤
p∑
j=1

dj∑
k=2
P

[ n∑
i=1

∣∣∣(XB
•,jTj)i,k(yi − b′(m0(xi)))

∣∣∣ ≥ nŵj,k

]
.

Let
ξi,j,k = (XB

•,jTj)i,k,
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and
Zi = yi − b′(m0(xi)).

Note that conditionally on xi, the random variables (Zi) are independent. It can be
easily shown (see Theorem 5.10 in Lehmann and Casella [1998]) that the moment
generating function of Z (copy of Zi) is given by

E[exp(tZ)] = exp
(
φ−1

{
b(m0(x) + t)− tb′(m0(x)− b(m0(x)))

})
. (5.33)

Applying Lemma 6.1 in Rigollet [2012], using (5.33) and Assumption 1, we can
derive the following Chernoff-type bounds

P

[ n∑
i=1
|ξi,j,kZi| ≥ nŵj,k

]
≤ 2 exp

(
−

n2ŵ2
j,k

2Unφ‖ξ•,j,k‖2
2

)
, (5.34)

where
ξ•,j,k = (ξ1,j,k, . . . , ξn,j,k)> ∈ Rn.

We have

XB
•,jTj =


1 ∑dj

k=2 x
B
1,j,k

∑dj
k=3 x

B
1,j,k · · ·

∑dj
k=dj−1

xB1,j,k xB1,j,dj
... ... ... ... ...
1 ∑dj

k=2 x
B
n,j,k

∑dj
k=3 x

B
n,j,k · · ·

∑dj
k=dj−1

xBn,j,k xBn,j,dj

 .
Therefore,

‖ξ•,j,k‖2
2 =

n∑
i=1

(XB
•,jTj)2

•,k = #
({
i ∈ [n] : xi,j ∈

dj⋃
r=k

Ij,r

})
= nπ̂j,k. (5.35)

Using weights ŵj,k (see (5.11) in Theorem 5.3.1), and (5.34) together with (5.35),
we find that the probability of the complementary event E{n is smaller than 2e−A.
This concludes the proof of Theorem 5.3.1. �
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Abstract. Determining significant prognostic biomarkers is of increasing impor-
tance in many areas of medicine. In order to translate a continuous biomarker into
a clinical decision, it is often necessary to determine cut-points. There is so far no
standard method to help evaluate how many cut-points are optimal for a given fea-
ture in a survival analysis setting. Moreover, most existing methods are univariate,
hence not well suited for high-dimensional frameworks. This chapter introduces a
prognostic method called binacox to deal with the problem of detecting multiple
cut-points per features in a multivariate setting where a large number of continuous
features are available. It is based on the Cox model and combines one-hot encodings
with the binarsity penalty. This penalty uses total-variation regularization together
with an extra linear constraint to avoid collinearity between the one-hot encodings
and enable feature selection. A non-asymptotic oracle inequality is established. The
statistical performance of the method is then examined on an extensive Monte Carlo
simulation study, and finally illustrated on three publicly available genetic cancer
datasets with high-dimensional features. On this datasets, our proposed methodo-
logy significantly outperforms the state-of-the-art survival models regarding risk
prediction in terms of C-index, with a computing time orders of magnitude fas-
ter. In addition, it provides powerful interpretability by automatically pinpointing
significant cut-points on relevant features from a clinical point of view.

Résumé. La détermination de biomarqueurs pronostiques significatifs est d’un in-
térêt croissant dans de nombreux domaines de la médecine. Pour traduire la donnée
d’un biomarqueur continu en décision clinique, il est souvent nécessaire de détermi-
ner des seuils. Il n’y a jusqu’à présent aucune méthode standard pour aider à évaluer
le nombre optimal de seuils pour une covariable donnée dans un contexte d’analyse
de survie. De plus, la plupart des méthodes existantes sont univariées, donc peu
adaptées au cadre de la grande dimension. Ce chapitre introduit une méthode pro-
nostique appelée binacox pour traiter le problème de la détection de multiples seuils
par covariable dans un cadre multivarié, et lorsqu’un grand nombre de covariables
continues sont disponibles. Celle-ci est basée sur le modèle de Cox et combine l’en-
codage “one-hot” avec la pénalité binarsity. Cette pénalité utilise la régularisation
par variation totale ainsi qu’une contrainte linéaire pour traiter le problème de co-
linéarité dans les encodages binaires, et permet de faire de la sélection de variables.
Une inégalité oracle non-asymptotique est établie. Les performances de la méthode
sont ensuite examinées lors d’une étude de simulation de Monte Carlo, et finalement
illustrées sur trois jeux de données génétiques publiques de grande dimension en
cancérologie. Sur ces jeux de données, notre méthode surpasse significativement les
modèles de survie usuels en terme de prédiction du risque, évalué par le C-index,
tout en ayant des temps de calcul bien moindre. En outre, la méthode fournit une
interprétabilité puissante en identifiant automatiquement des seuils significatifs sur
des covariables qui s’avèrent pertinentes d’un point de vue clinique.
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6.1 Introduction
In any medical applications, the effects of certain clinical variables on the pro-

gnostic are sometimes known, but their precise roles remain to be clearly established.
For instance, in a breast cancer study, there is reasonable agreement that younger
patients have higher risk of an unfavourable outcome, but there is little agreement
on the exact nature of the relationship between age and prognosis. Similar issues
occur in genetic oncology studies where gene expressions effects on survival times
are often non-linear.

The cut-points detection problem. A simple and popular way to treat this
problem consists in determining cut-off values, or cut-points, of the continuous fea-
tures (e.g. the age or the gene expressions in the previous examples). This technique
brings to light potential non-linearities on feature effects that most models cannot
detect. It also offers the ability to classify patients into several groups regarding its
features values relatively to the cut-points. More importantly, it can lead to a better
understanding of the features effects on the outcome under study. A convenient tool
to find optimal cut-points is, therefore, of high interest.

Hence, cut-points detection is a widespread issue in many medical studies and
multiple methods have been proposed to determine a single cut-point for a given
feature . They range from choosing the mean or median value to methods based
on distribution of values or association with clinical outcomes, such as the minimal
p-value of multiple log-rank tests, see for instance Camp et al. [2004], Moul et al.
[2007], Rota et al. [2015] among many others. However, the choice of the actual
cut-points is not a straightforward problem, even for one single cut-point [Lausen
and Schumacher, 1992, Klein and Wu, 2003, Contal and O’Quigley, 1999].

While many studies have been devoted to find one optimal cut-point, there is
often need in practical medicine to determine not only one, but multiple cut-points.
Some method deal with multiple cut-points detection for one-dimensional signals
(see for instance Bleakley and Vert [2011] and Harchaoui and Lévy-Leduc [2010] that
use a group fused lasso and total variation penalties respectively) or for multivariate
time series (see Cho and Fryzlewicz [2015]). Whereas cut-points detection is known
to be a paramount issue in survival analysis also [Faraggi and Simon, 1996], the
corresponding developed methods are looking only at a single feature at a time
(e.g. Motzer et al. [1999] or LeBlanc and Crowley [1993] with the survival trees).
To our knowledge,no multivariate survival analysis method well suited to detect
multiple cut-points per feature in a high-dimensional setting has yet been proposed.

General framework. Let us consider the usual survival analysis framework. Fol-
lowing Andersen et al. [1993], let non-negative random variables T and C stand
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for the times of the event of interest and censoring times respectively, and X de-
notes the p-dimensional vector of features (e.g. patients characteristics, therapeutic
strategy, omics features). The event of interest could be for instance survival time,
re-hospitalization, relapse or disease progression. Conditional on X, T and C are
assumed to be independent, which is classical in survival analysis [Klein and Moes-
chberger, 2005]. We then denote Z the right-censored time and ∆ the censoring
indicator, defined as

Z = T ∧ C and ∆ = 1({T ≤ C}),

where a ∧ b denotes the minimum between two numbers a and b, and 1(·) the
indicator function taking the value 1 if the condition in (·) is satisfied and 0 otherwise.

The Cox Proportional Hazards (PH) model [Cox, 1972] is by far the most widely
used in survival analysis. It is a regression model that describes the relation between
intensity of events and features, given by

λ(t|X = x) = λ0(t)ex>βcox
,

where λ0 is a baseline intensity function describing how the event risk changes over
time at baseline levels of features, and βcox ∈ Rp is a vector quantifying the multi-
plicative impact on the hazard ratio of each feature.

High-dimensional survival analysis. High-dimension settings are becoming in-
creasingly frequent, in particular for genetic data applications where the cut-points
estimation is a common problem (see for instance Harvey et al. [1999], Shirota et al.
[2001], Cheang et al. [2009]), but also in other contexts where the number of avai-
lable features to consider as potential risk factors is tremendous, especially with the
development of electronic health records. A penalized version of the Cox PH model
well suited for such settings is proposed in Simon et al. [2011], but it cannot model
nonlinearities. Other methods have being developed to deal with this problem in
such settings, like boosting Cox PH models [Li and Luan, 2005] or random survival
forests [Ishwaran et al., 2008]. But none of them identify cut-points values, which is
of major interest for both interpretations and clinical benefits.

The proposed method. In this chapter, we propose a method called binacox for
estimating multiple cut-points in a Cox PH model with high-dimensional features.
First, the binacox one-hot encodes the continuous input features [Wu and Cogge-
shall, 2012] through a mapping to a new binarized space of much higher dimension,
and then trains the Cox PH model in this space, regularized with the binarsity pe-
nalty [Alaya et al., 2017] that combines total-variation regularization with an extra
sum-to-zero constraint to avoid collinearity between the one-hot encodings and en-
able feature selection. Cut-points of the initial continuous input features are then
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detected by the jumps in the regression coefficient vector, that the binarsity penalty
enforces to be piecewise constant.

Organization of the chapter. The main contribution of this chapter is then the
idea of using a total-variation penalization, with an extra linear constraint, on the
weights of a Cox PH model trained on a binarization of the raw continuous features,
leading to a procedure that selects multiple cut-points per feature, looking at all fea-
tures simultaneously and that also selects relevant features. A precise description of
the model is given in Section 6.2. Section 6.3 highlights the good theoretical proper-
ties of the binacox by establishing a fast oracle inequality in prediction. Section 6.4
presents the simulation procedure used to evaluate the performances and compares
it with existing methods. In Section 6.5, we apply our method to high-dimensional
genetic datasets. Finally, we discuss the obtained results in Section 6.6.

Notations. Throughout the chapter, for every q > 0, we denote by ‖v‖q the usual
`q-quasi norm of a vector v ∈ Rm, namely

‖v‖q = (
m∑
k=1
|vk|q)1/q

and
‖v‖∞ = max

k=1,...,m
|vk|.

We write 1 (resp. 0) the vector having all coordinates equal to one (resp. zero).
We also denote |A| the cardinality of a finite set A. If I is an interval, |I| stands
for its Lebesgue measure. Finally, for any u ∈ Rm and any L ⊂ {1, . . . ,m}, we
denote uL as the vector in Rm satisfying (uL)k = uk for k ∈ L and (uL)k = 0 for
k ∈ L{ = {1, . . . ,m}\L. Let M be a matrix of size k × k′ , Mj,• denotes its j-th row
and M•,l its l-th column.

6.2 Method
Cox PH model with cut-points. Consider a training dataset of n independent
and identically distributed (i.i.d.) examples

(x1, z1, δ1), . . . , (xn, zn, δn) ∈ [0, 1]p × R+ × {0, 1},

where the condition xi ∈ [0, 1]p for all i ∈ {1, . . . , n} is always true after an appro-
priate rescaling preprocessing step, with no loss of generality. Let us denote

X = [xi,j]1≤i≤n;1≤j≤p
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the n× p design matrix vertically stacking the n samples of p raw features. Let X•,j
be the j-th feature column of X and Xi,• the i-th row example. In order to simplify
presentation of our results, we assume in the chapter that all raw features X•,j are
continuous. Assume that intensity of events for patient i is given by

λ?(t|Xi,• = xi) = λ?0(t)ef?(xi), (6.1)

where λ?0(t) is the baseline hazard function, and

f ?(xi) =
p∑
j=1

K?
j +1∑
k=1

β?j,k1(xi,j ∈ I?j,k), (6.2)

with I?j,k = (µ?j,k−1, µ
?
j,k] for k ∈ {1, . . . , K?

j + 1}. Since our model defined in (6.1)
is not identifiable, we choose to impose a sum-to-zero constraint in each β?’s block,
that is

K?
j +1∑
k=1

β?j,k|I?j,k| = 0 for all j ∈ {1, . . . , p},

then re-defining the baseline in (6.1) as

λ?0(t) := λ?0(t) exp(
p∑
j=1

K?
j +1∑
k=1

β?j,k).

Here, µ?j,k for k ∈ {1, · · · , K?
j } denote the so-called cut-points of feature j ∈

{1, . . . , p} that are such that

µ?j,1 < µ?j,2 < · · · < µ?j,K?
j
,

with the conventions µ?j,0 = 0 and µ?j,K?
j +1 = 1. Denoting K? = ∑p

j=1K
?
j , the vector

of regression coefficients β? ∈ RK?+p is given by

β? = (β?1,•
>, . . . , β?p,•

>)> = (β?1,1, . . . , β?1,K?
1 +1, . . . , β

?
p,1, . . . , β

?
p,K?

p+1)>,

while the cut-points vector µ? ∈ RK? is given by

µ? = (µ?1,•
>, . . . , µ?p,•

>)> = (µ?1,1, . . . , µ?1,K?
1
, . . . , µ?p,1, . . . , µ

?
p,K?

p
)>.

Our goal is to estimate simultaneously µ? and β?, which also requires an estimation
of unknown K?

j for j ∈ {1, . . . , p}. To this end, the first step of our proposed metho-
dology is to map the features space to a much higher space of binarized features.
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Binarization. The binarized matrixXB is a sparse matrix with an extended num-
ber p+ d of columns, typically with d� p, where features are one-hot encoded [Wu
and Coggeshall, 2012, Liu et al., 2002]. The j-th column X•,j is then replaced by
dj + 1 ≥ 2 columns XB

•,j,1, . . . ,X
B
•,j,dj+1 containing only zeros and ones and the i-th

row xBi ∈ Rp+d is written

xBi = (xBi,1,1, . . . , xBi,1,d1+1, . . . , x
B
i,p,1, . . . , x

B
i,p,dp+1)>.

To be more precise, we consider a partition of intervals Ij,1, . . . , Ij,dj+1 where Ij,l =
(µj,l−1, µj,l] for l ∈ {1, . . . , dj +1}, with µj,0 = 0 and µj,dj+1 = 1 by convention. Then
for i ∈ {1, . . . , n} and l ∈ {1, . . . , dj + 1}, we define

xBi,j,l =

1 if xi,j ∈ Ij,l,
0 otherwise.

A natural choice of intervals Ij,l is given by a uniform grid µj,l = l/(dj + 1).
To each binarized feature XB

•,j,l corresponds a parameter βj,l and the vectors
associated to the binarization of the j-th feature are naturally denoted

βj,• = (βj,1, . . . , βj,dj+1)>

and µj,• = (µj,1, . . . , µj,dj)>.

Hence, we define

fβ(xi) = β>xBi =
p∑
j=1

fβj,•(xi) (6.3)

where

fβj,•(xi) =
dj+1∑
l=1

βj,l1(xi,j ∈ Ij,l)

for all j ∈ {1, . . . , p}. Thus, fβ is a candidate for the estimation of f ? = fβ? defined
in (6.2).

The full parameters vectors of size p+ d and d respectively, where d = ∑p
j=1 dj,

are simply obtained by concatenation of the vectors βj,• and µj,•, that is

β = (β>1,•, . . . , β>p,•)> = (β1,1, . . . , β1,d1+1, . . . , βp,1, . . . , βp,dp+1)>,

and

µ = (µ>1,•, . . . , µ>p,•)> = (µ1,1, . . . , µ1,d1 , . . . , µp,1, . . . , µp,dp)>.
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Estimation procedure. In the sequel of the chapter, for a fixed vector µ of
quantization, we define the binarized partial negative log-likelihood (rescaled by
1/n) as follows

`n(fβ) = − 1
n

n∑
i=1

δi

{
fβ(xi)− log

∑
i′:zi′≥zi

efβ(xi′ )
}
. (6.4)

Our approach consists in minimizing the function `n plus the binarsity penalization
term introduced in the Chapter 5. The resulting optimization problem is

β̂ ∈ argminβ∈Bp+d(R)

{
`n(fβ) + bina(β)

}
(6.5)

where
Bp+d(R) = {β ∈ Rp+d : ‖β‖2 ≤ R}

is the `2-ball of radius R > 0 in Rp+d and

bina(β) =
p∑
j=1

( dj+1∑
l=2

ωj,l|βj,l − βj,l−1|+ δ1(βj,•)
)
,

where

δ1(u) =

0 if 1>u = 0,
∞ otherwise

and the weights ωj,l are of order

ωj,l = O
(√

log(p+ d)
n

)
,

see Section 6.B.1 for their explicit form.
It turns out that the binarsity penalty is well suited for our problem. First, it

tackles the problem that XB is not full rank by construction, since
dj+1∑
l=1

xBi,j,l = 1

for all j ∈ {1, . . . , p}, which means that the columns of each block sum to 1. This
problem is solved since the penalty imposes the linear constraint ∑dj+1

l=1 βj,l = 0 in
each block with the δ1(·) term. Then, the other term in the penalty consists in a
within block weighted total-variation penalization

‖βj,•‖TV,ωj,• =
dj+1∑
l=2

ωj,l|βj,l − βj,l−1|, (6.6)

that takes advantage on the fact that within each block, binary features are ordered.
The effect is then to keep the number of different values taken by βj,• to a minimal
level, which makes significant cut-points appear, as detailed hereafter.

Let us make a first assumption required for being sure to detect all cut-points.
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Assumption 3 We choose dj such that min1≤k≤K?
j +1 |I?j,k| ≥ max1≤l≤dj+1 |Ij,l| for

all j ∈ {1, . . . , p}.

This assumption ensures that for all features j ∈ {1, . . . , p}, there exists a unique
interval Ij,l containing cut-point µ?j,k, which we denote

Ij,l?
j,k

= (µj,l?
j,k
−1, µj,l?

j,k
]

for all k ∈ {1, . . . , K?
j }. Note that in practice, one can always work under Assump-

tion 3 by increasing dj.
For all β ∈ Rp+d, let A(β) =

[
A1(β), . . . ,Ap(β)

]
be the concatenation of the

support sets relative to the total-variation penalization, namely

Aj(β) =
{
l : βj,l 6= βj,l−1, for l = 2, . . . , dj + 1

}
for all j = 1, . . . , p. Similarly, we denote A{(β) =

[
A{1(β), . . . ,A{p(β)

]
the comple-

mentary set of A(β). We then denote

Aj(β̂) = {l̂j,1, . . . , l̂j,sj}, (6.7)

where l̂j,1 < · · · < l̂j,sj and sj = |Aj(β̂)|. Finally, we obtain the following estimator

µ̂j,• = (µj,l̂j,1 , . . . , µj,l̂j,sj )
> (6.8)

for µ?j,• and j = 1, . . . , d. By construction, K?
j is estimated by

K̂j = sj,

see Section 6.B.1 for its explicit form. Details on the algorithm used to solve the
regularization problem (6.5) are given in Section 6.A.1.

6.3 Theoretical guarantees
This paragraph is devoted to our theoretical result. In order to evaluate the pre-

diction error, we construct an (empirical) Kullback-Leibler divergence KLn between
the true function f ? and any other candidate f as

KLn(f ?, f) = 1
n

n∑
i=1

∫ τ

0
log

{
ef

?(Xi)∑n
i=1 Yi(t)ef(Xi)

ef(Xi)
∑n
i=1 Yi(t)ef

?(Xi)

}
Yi(t)λ?0(t)ef?(Xi)dt, (6.9)

where we denote Yi(t) = 1(Zi ≥ t) the at-risk process. This divergence has been
introduced in Senoussi [1990]. The oracle inequality in Theorem 6.3.1 is expressed
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in terms of compatibility factor [van de Geer and Bühlmann, 2009] satisfied by the
following nonnegative symmetric matrix

Σn(f ?, τ) = 1
n

n∑
i=1

∫ τ

0

(
XB
i − X̄n(s)

)(
XB
i − X̄n(s)

)>
yi(s)ef

?(Xi)λ?0(s)ds, (6.10)

where
X̄n(s) =

∑n
i=1X

B
i yi(s)ef

?(Xi)∑n
i=1 yi(s)ef

?(Xi)
and yi(s) = E[Yi(s)|Xi].

For any concatenation of index subsets L = [L1, . . . , Lp], we define the compatibility
factor

κτ (L) = inf
β∈CTV,ω(L)\{0}

√
β>Σn(f ?, τ)β
‖βL‖2

,

where

CTV,ω(L) =
{
β ∈ Bp+d(R) :

p∑
j=1
‖(βj,•)L{

j
‖TV,ωj,• ≤ 3

p∑
j=1
‖(βj,•)Lj‖TV,ωj,•

}

is a cone composed by all vectors with similar support L.

Assumption 4 Let ε ∈ (0, 1), and define
— f ?∞ = maxi=1,...,n |f ?(Xi)| ≤

∑p
j=1 ‖β?j,•‖∞,

— rτ = (1/n)E[∑n
i=1 Yi(τ)ef?(Xi)],

— Λ?
0(τ) =

∫ τ
0 λ

?
0(s)ds,

— tn,p,d,ε as the solution of (p+ d)2 exp{−nt2n,p,d,ε/(2 + 2tn,p,d,ε/3)} = ε/2.221.
For any concatenation set L = [L1, . . . , Lp] such that ∑p

j=1 |Lj| ≤ K?, assume that

κ2
τ (L) > Ξτ (L)

where

Ξτ (L) = 4|L|
(8 maxj(dj + 1) maxj,l ωjl

minj,l ωj,l

)2{(
1 + e2f?∞Λ?

0(τ)
)√

(2/n) log
(
2(p+ d)2/ε

)
+
(
2e2f?∞Λ?

0(τ)/rτ
)
t2n,p,d,ε

}
.

Note that κ2
τ (L) is the smallest eigenvalue of a population integrated covariance

matrix defined in (6.10), so it is reasonable to treat it as a constant. Moreover,
t2n,p,d,ε is of order

1
n

log
(

(p+ d)2

ε

)
.
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If
|L| log(p+ d)

n

is sufficiently small, then Assumption 4 is verified. With these preparations, let us
now state the oracle inequality satisfied by our estimator of f ? which is by construc-
tion given by f̂ = fβ̂ (see (6.3)).

Theorem 6.3.1 Let cp,R,f?∞ = √pR+f ?∞, ψ(u) = eu−u−1, % > 2c2
p,R,f?∞

/ψ(−cp,R,f?∞)
and ξ = 2/

(
%ψ(−cp,R,f?∞)/2c2

p,R,f?∞
− 1

)
. The following inequality

KLn(f ?, fβ̂) ≤ (1 + ξ) inf
β∈Bp+d(R)
|A(β)|≤K?

∀j,1>βj,•=0

{
KLn(f ?, fβ) (6.11)

+ 512%
1− 2c2

p,R,f?∞
/%ψ(−cp,R,f?∞)

|A(β)|maxj=1,...,p ‖(ωj,•)Aj(β)‖2
∞

κ2
τ

(
A(β)

)
− Ξτ

(
A(β)

) }

holds with probability greater than 1− 28.55e−c − e−nr2
τ/(8e2f?∞ ) − 3ε, for some c > 0.

The proof of the theorem is postponed to Section 6.B.3. The second term in the
right-hand side of (6.11) can be viewed as a variance term, and its dominant term
satisfies

|A(β)|maxj=1,...,p ‖(ωj,•)Aj(β)‖2
∞

κ2
τ

(
A(β)

)
− Ξτ

(
A(β)

) .
|A(β)|

κ2
τ

(
A(β)

)
− Ξτ

(
A(β)

) log(p+ d)
n

(6.12)

where the symbol . means that the inequality holds up to multiplicative constant.
The complexity term in (6.12) depends on both the sparsity of the vector β relatively
to the total-variation penalization (through |A(β)|) and the compatibility factor.
Finally, the rate of convergence of the estimator f̂ = fβ̂ has the expected shape

O
(

log(p+ d)
n

)
.

Remark 6.3.1 As in generalized linear models, the minimization problem has to be
localized to achieve a bound as in Theorem 6.3.1. We chose to localize the candidates
β ∈ Rp+d in a `2-ball. Other possible choices include the localisation around the
“true” values, that is in the set{

max
i=1,...,n

|fβ(Xi)− f ?(Xi)| ≤ R
}
,
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see e.g. Bühlmann and van de Geer [2011], and in this case the constant cp,R,f?∞
equals R. An other possibility is to consider the localization in the convex set{

max
i=1,...,n

|fβ(Xi)| = max
i=1,...,n

〈xBi , β〉| ≤
p∑
j=1
‖βj,·‖∞ ≤ R

}
,

as in Ivanoff et al. [2016]. In the later case, cp,R,f?∞ = R + f ?∞. With these other
localizations, the dependence in p does not appear in the oracle bound, but the proofs
do not change.

6.4 Performance evaluation

6.4.1 Practical details
Let us give some details about binacox’s use in practice. First, instead of taking

the uniform grid for the intervals Ij,l that makes theoretical results easier to state,
we choose the estimated quantiles

µj,l = qj
( l

dj + 1
)

where qj(u) denotes an empirical quantile of order u for X•,j. This choice provides
two major practical advantages : 1) the resulting grid is data-driven and follows the
distribution of X•,j and 2) there is no need to tune hyper-parameters dj (number
of bins for the one-hot encoding of raw feature j). Indeed, if dj is “large enough”
(we take dj = 50 for all j ∈ {1, . . . , p} in practice), increasing dj barely changes the
results since the cut-points selected by the penalization do not change any more,
and the size of each block automatically adapts itself to the data : depending on the
distribution of X•,j, ties may appear in the corresponding empirical quantiles (for
more details on this last point, see Alaya et al. [2017]).

Then, let us precise that the binacox is proposed in the tick library [Bacry et al.,
2017], we provide sample code for its use in Figure 6.1. For practical convenience,
we take all weights ωj,l = γ and select the hyper-parameter γ using a V -fold cross-
validation procedure with V = 10, taking the negative partial log-likelihood defined
in (6.4) as a score computed after a refit of the model on the binary space obtained
by the estimated cut-points, and with the sum-to-zero constraint only (without the
TV penalty, which actually gives a fair β? estimate in practice), which intuitively
makes sense. Figure 6.A.1 in Section 6.A.2 gives the learning curves obtained with
this cross-validation procedure on an example.

We also add a simple de-noising step in the cut-point detection phase which is
useful in practice. Indeed, it is usual to observe two consecutive β̂’s jumps in the
neighbourhood of a true cut-point, leading to an over-estimation of K?. This can
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be viewed as a clustering problem. We tried different clustering methods but in
practice, nothing works better than this simple routine : if β̂ has three consecutive
different coefficients within a group, then only the largest jump is considered as a
“true” jump. Figure 6.A.2 in Section 6.A.2 illustrates this last point.

Figure 6.1 Sample python code for the use of binacox in the tick library, with
the use of the FeaturesBinarizer transformer for features binarization.

6.4.2 Simulation
Design. In order to assess the methods, we perform an extensive Monte Carlo
simulation study. We first take

[xij] ∈ Rn×p ∼ N
(
0,Σ(ρ)

)
,

with Σ(ρ) a (p × p) Toeplitz covariance matrix [Mukherjee and Maiti, 1988] with
correlation ρ ∈ (0, 1).

For each feature j ∈ {1, . . . , p}, we sample the cut-points µ?jk uniformly wi-
thout replacement among the estimated quantiles qj(u/10) for u ∈ {1, . . . , 9} for
k ∈ {1, . . . , K?

j }. This way, we avoid having undetectable cut-points (with very few
examples above the cut-point value) as well as two cut-points indissociable because
too close. We choose the same K?

j values for all j ∈ {1, . . . , p}. Now that the true
cut-points µ? are generated, one can compute the corresponding binarized version
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of the features that we denote xB?i for example i. Then, we generate

cjk ∼ (−1)k|N (1, 0.5)|

for k ∈ {1, . . . , K?
j + 1} and j ∈ {1, . . . , p} to make sure we create “real” cut-points,

and take

β?jk = cjk − (K?
j + 1)−1

K?
j +1∑
k=1

cjk

to impose the sum-to-zero constraint of the true coefficients in each block. We also
induce a sparsity aspect by uniformly selecting a proportion rs of features j ∈ S
with no cut-point effect, that is features for which we enforce β?jk = 0 for all k ∈
{1, . . . , K?

j + 1}. Finally, we generate survival times using Weibull distributions,
which is a common choice in survival analysis [Klein and Moeschberger, 2005], that
is

Ti ∼ ν−1
[
− log(Ui) exp

(
− (xB?i )>β?i

)]1/ς
with ν > 0 and ς > 0 the scale and shape parameters respectively, Ui ∼ U([0, 1])
and where U([a, b]) stands for the uniform distribution on a segment [a, b]. The
distribution of the censoring variable Ci is geometric G(αc), where αc ∈ (0, 1) is
empirically tuned to maintain a desired censoring rate rc ∈ [0, 1].

The choices of the hyper-parameters is driven by the applications on real data
presented in Section 6.5 and are summarized in Table 6.1. Figure 6.2 gives an
example of data generated according to the design we just described, with β? plotted
in Figure 6.3.

Table 6.1 Hyper-parameters choice for simulation.

n p ρ K?
j ν ς rc rs

(200, 4000) 50 0.5 {1, 2, 3} 2 0.1 0.3 0.2

Metrics. We evaluate the considered methods using two metrics. The first one
assesses the estimation of the cut-points values by

m1 = |S ′|−1 ∑
j∈S′
H(M?

j ,M̂j)

whereM?
j = {µ?j,1, . . . , µ?j,K?

j
} (resp. M̂j = {µ̂j,1, . . . , µ̂j,K̂j}) is the set of true (resp.

estimated) cut-points for feature j,

S ′ =
{
j, j /∈ S ∩ {l, M̂l = ∅}

}
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Figure 6.2 Illustration of data simulated with p = 2, K?
1 = K?

2 = 2 and n = 1000.
Dots represent failure times (zi = ti) while crosses represent censoring times (zi =
ci), and the colour gradient represents the zi values (red for low and blue for high
values). The β? used to generate the data is plotted in Figure 6.3.
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β?j,k

Figure 6.3 Illustration of the β? used in Figure 6.2, with a doted line to demarcate
the two blocks (since p = 2).

is the indexes corresponding to features with at least one true cut-point and one
detected cut-point, and H(A,B) is the Hausdorff distance between the two sets A
and B, that is

H(A,B) = max
(
E(A||B), E(B||A)

)
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with
E(A||B) = sup

b∈B
inf
a∈A
|a− b|

for two sets A and B. This is inspired by Harchaoui and Lévy-Leduc [2010], except
that in our case, bothM?

j and M̂j can be empty, which explain the use of S ′. The
second metric we use is precisely focused on the sparsity aspect : it assesses the
ability for each method to detect features with no cut-points and is defined by

m2 = |S|−1 ∑
j∈S

K̂j.

6.4.3 Competing methods
To the best of our knowledge, existing algorithms and methods are based on mul-

tiple log-rank tests in univariate models. These methods are widely used and among
recent implementations are the web applications Cutoff Finder and Findcutoffs
described respectively in Budczies et al. [2012] and Chang et al. [2017].

We describe in what follows the principle of the univariate log-rank tests. Consi-
der one of the initial variable X•,j = (x1,j, . . . , xn,j}, and define its 10th and 90th
quantiles as x10th,j and x90th,j. Define then a grid {gj,1, . . . , gj,κj}. In most imple-
mentations, the gj,k’s are chosen at the original observation points and such that
x10th,j ≤ gj,k ≤ x90th,j. For each gj,k, the p-value pvj,k of the log-rank test associated
to the univariate Cox model

λ0(t) exp
(
βj1(x ≤ gj,k)

)
is computed (via the python package lifelines in our implementation). For each
initial variable X•,j, κj p-values are available at this stage. The choice of the size
κj of the grid depends on the implementation and ranges for several dozens to all
observed values between x10th,j and x90th,j.

In Figure 6.4, the values − log(pvj,k) for k = 1, . . . , κj (denoted by “MT” for
multiple testing) are represented, for the simulated example described in Figure 6.2.
Notice that the level − log(α) = − log(0.055) is exceed at numerous gj,k’s. A common
approach is to consider the maximal value − log(pvj,k̂) and then define the cut-point
for variable j as gj,k̂. As argued in Altman et al. [1994], this is obviously “associated
with an inflation of type I error”, for this reason we do not consider this approach.

To cope with the multiple testing (MT) problem at hand, a multiple test cor-
rection has to be applied. We consider two corrections. This first is the well-known
Bonferroni p-values correction, referred to as MT-B. We insist on the fact that, al-
though commonly used, this method is not correct in this situation as the p-values
are correlated. Note also that in this context, the Benjamini–Hochberg (BH) pro-
cedure would result in the same detection as MT-B (with FDR=α), since we only
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consider as a cut-point candidate the points with minimal p-value. Indeed, applying
the classical BH procedure would select far too many cut-points. The second, de-
noted MT-LS, is the correction proposed in Lausen and Schumacher [1992], based
on asymptotic theoretical considerations. Figure 6.4 illustrates how these methods
behave on a simulated example. A third correction we could think of would be a
bootstrap based MaxT procedure (or MinP) developed in Dudoit and Van Der Laan
[2007] or Westfall et al. [1993], but this would be intractable in our high-dimensional
setting (see Figure 6.5 that only considers a single feature, and a bootstrap procedure
based on MT would dramatically increase the required computing time).

6.4.4 Results of simulation
Example. Figure 6.4 illustrates how the considered methods behave on the data
illustrated in Figure 6.2. Through this example, one can visualise the good perfor-
mances of the binacox method : the position, strength and number of cut-points are
well estimated. The MT-B and MT-LS methods can only detect one cut-point by
construction. Both methods detect “the most significant” cut-point for the 2 fea-
tures, namely the one corresponding to the higher jump in β?j,• (see Figure 6.2) : µ?1,1
and µ?2,2.

With regard to the shape of the p-value curves, one can see that for each of the
two features, the two “main” local maxima correspond to the true cut-points. One
could consider a method for detecting those preponderant maxima, but it is beyond
the scope of the article (plus it would still be based on the MT methods, which has
high computational cost, as detailed hereafter).

Computing times. Let us focus on the computing times required for the consi-
dered methods. The multiple testing related methods being univariate, one can
directly parallelize their computation on the dimension p (which is what we did),
and we consider here a single feature X (p = 1). Following the method explained in
Section 6.4.3, we have to compute all log-rank test p-values computed on the two
populations {yi : xi > µ} and {yi : xi ≤ µ} for i ∈ {1, . . . , n}, for µ taking all xi
values between the 10-th and 90-th empirical quantile of X. We denote “MT all”
this method in Figure 6.5 that compares its computing times with the binacox one
for varying n, and where we add the “MT grid” method that only computes the
p-values for candidates µj,l used in the binacox method.

Since the number of candidates does not change with n for the MT grid method,
the computing time ratio between MT all and MT grid naturally increases, and
goes roughly from one to two orders of magnitude higher when n goes from 300 to
4000. Hence to make computations much faster, we consider the MT grid for all
multiple testing related method in the sequel of the chapter without mentioning it.
The resulting loss of precision in the MT related methods is negligible for a high
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Figure 6.4 Illustration of the main quantities involved in the binacox on top, with
estimation obtained on the data presented in Figure 6.2. Our algorithm detects the
correct number of cut-points K̂j = 2, and estimates their position very accurately,
as well as their strength. At the bottom, one observe the results on the same data
using the multiple testing related methods presented in Section 6.4.3. Here the BH
threshold lines overlap the one corresponding to α = 5%. The BH procedure would
consider as cut-point all µj,l value for which the corresponding darkgreen (MT) line
value is above, then detecting far too many cut-points.

enough dj value (we take 50 in practice).
Then, let us stress the fact that the binacox is still roughly 5 times faster than

the MT grid method, and it remains very fast when we increase the dimension,
as shown in Figure 6.6. It turns out that the computational time grows roughly
logarithmically with p.

Performances comparison. Let us compare now the results of simulations in
terms of m1 and m2 metrics introduced in Section 6.4.2. Figure 6.7 gives a compari-
son of the considered methods on the cut-points estimation aspect, hence in terms
of m1 score. It appears that the binacox outperforms the multiple testing related
methods when K?

j > 1, and is competitive when K?
j = 1 except for small values of

n. This is due to an overestimation by the binacox in the number of cut-points (see
see Figure 6.8) when p is high for small n, which gives higher m1 values, even if the
“true” cut-point is actually well estimated. Note that for such p value, the binacox
is way faster than the multiple testing related methods.

Figure 6.8, on the other hand, assesses the ability for each method to detect
features with no cut-points using the m2 metric, that is to estimate K̂?

j = 0 for
j ∈ S. The binacox appears to have a strong ability to detect features with no
cut-point when n takes a high enough value compared to p, which is not the case
for the multiple testing related methods.
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Figure 6.5 Average computing times in second (with the black lines representing
± the standard deviation) obtained on 100 simulated datasets (according to Sec-
tion 6.4.2 with p = 1 and K? = 2) for training the binacox VS the multiple testing
method where cut-points candidates are either all xi values between the 10-th and
90-th empirical quantile ofX (MT all), or the same candidates as the grid considered
by the binacox (MT grid).
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Figure 6.6 Average (bold) computing times in second and standard deviation
(bands) obtained on 100 simulated datasets (according to Section 6.4.2 withK?

j = 2)
for training the binacox when increasing the dimension p up to 100. Our method
remains very fast in a high-dimensional setting.
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Figure 6.7 Average (bold) m1 scores and standard deviation (bands) obtained on
100 simulated datasets according to Section 6.4.2 with p = 50 and K?

j equals to 1, 2
and 3 (for all j ∈ {1, . . . , p}) for the left, center and right sub-figures respectively)
for varying n. The lower m1 the best result : the binacox outperforms clearly other
methods when there are more than one cut-point, and is competitive with other
methods when there is only one cut-points with poorer performances when n is
small because of an overestimation of K?

j in this case.
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Figure 6.8 Average (bold) m2 scores and standard deviation (bands) obtained on
100 simulated datasets according to Section 6.4.2 with p = 50 for varying n. It turns
out that MT-B and MT-LS tend to detect a cut-point while there is not (no matter
the value of n), and that the binacox overestimates the number of cut-points for
small n values but detects well S for p = 50 on the simulated data when n > 1000.
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6.5 Application to genetic data
In this section, we apply our method on three biomedical datasets. We extracted

normalized expression data and survival times Z in days from breast invasive car-
cinoma (BRCA, n = 1211), glioblastoma multiforme (GBM, n = 168) and kidney
renal clear cell carcinoma (KIRC, n = 605). These datasets are available on The
Cancer Genome Atlas (TCGA) platform, which aims at accelerating the understan-
ding of the molecular basis of cancer through the application of genomic technologies,
including large-scale genome sequencing. A more precise description of these data-
sets is given in Section A.2.2. For each patients, 20531 features corresponding to the
normalized gene expressions are available.

As we saw in Section 6.4.4, the multiple testing related methods are intractable
in such high dimension. We therefore make a screening step to select the portion
of features the most relevant for our problem among the 20531 ones. To do so, we
fit our method on each block j separately and we compute the resulting ‖β̂j,•‖TV
as a score that roughly assess the propensity for feature j to get one (or more)
relevant cut-point. We then select the features corresponding to the top−P values
with P = 50, this choice being suggested by the distribution of the obtained scores
given in Figure 6.A.3 of Section 6.A.3.

Estimation results. Let us present in Figure 6.1 the results obtained by the
considered methods on the GBM cancer dataset for the top−10 features ordered
according to the binacox ‖β̂j,•‖TV values. One can observe that all cut-points detec-
ted by the univariate multiple testing methods with Bonferroni (MT-B) or Lausen
and Schumacher (MT-LS) correction are also detected by the multivariate binacox
that detects more cut-points, which is summarized in Table 6.1. It turns out that
among the 20531 initial genes, the resulting top−10 are very relevant for a study on
GBM cancer (being the most aggressive cancer that begins within the brain). For
instance, the first gene SOD3 is related to an antioxidant enzyme that may protect
in particular the brain from oxidative stress, which is believed to play a key role
in tumour formation [Rajaraman et al., 2008]. Some other genes (like C11orf63 or
HOXA1) are known to be directly related to the brain development [Canu et al.,
2009].

Similar results are obtained on the KIRC and BRCA cancers and are postponed
in Section 6.A.4.

Risk prediction. Let us now investigate how performances in terms of risk pre-
diction are impacted when account is taken of the detected cut-points, namely let
us compare predictions when training a Cox PH model either on the original conti-
nuous feature space versus on the µ̂-binarized space constructed with the cut-points
estimates.
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Figure 6.1 Illustration of the results obtained on the top−10 features ordered
according to the binacox ‖β̂j,•‖TV values on the GBM dataset. The binacox detects
multiple cut-points and sheds light on non-linear effects for various genes. The BH
thresholds are plotted for informational purposes, but are unusable in practice.

Table 6.1 Estimated cut-points values for each method on the top−10 genes pre-
sented in Figure 6.1 for the GBM cancer. Dots (·) mean “no cut-point detected”.
The binacox identifies much more cut-points than the univariate MT-B and MT-LS
methods. But all cut-points detected by those two methods are also detected by the
binacox.

Genes Binacox MT-B MT-LS
SOD3 6649 200.87, 326.40, 606.48 · ·
LOC 400752 31.46, 62.50 · 34.04

C11orf63 79864 40.30, 109.67 19.65 19.65
KTI12 112970 219.60, 305.70 219.60 219.60
HOXC8 3224 3.30, 15.75 3.30 3.30
DDX5 1655 10630.11, 13094.89 · ·

FKBP9L 360132 111.72 · ·
HOXA1 3198 67.28 · ·
MOSC2 54996 107.53 107.53 107.53
ZNF680 340252 385.85, 638.06 385.85 385.85

In a classical Cox PH model, Ri = exp(X>i β̂) is known as the predicted risk for
patient i measured at t = 0. A common metric to evaluate risk prediction perfor-
mances in a survival setting is the C-index [Heagerty and Zheng, 2005]. It is defined
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by
Cτ = P[Ri > Rj|Zi < Zj, Zi < τ ],

with i 6= j two independent patients and τ the follow-up period. A Kaplan-Meier
estimator for the censoring distribution leads to a non-parametric and consistent
estimator of Cτ [Uno et al., 2011], already implemented in the python package
lifelines. We randomly split the three datasets into a training and a testing sets
(30% for testing) and compare the C-index on the test sets in Table 6.2 when the
µ̂-binarized space is constructed based on µ̂ obtained either from the binacox, MT-B
or MT-LS. We also compare performances obtained by two nonlinear multivariate
methods known to perform well in high-dimension : the boosting Cox PH (Cox-
Boost) [Li and Luan, 2005] used with 500 boosting steps, and the random survival
forests (RSF) [Ishwaran et al., 2008] used with 500 trees, respectively implemented
in the R packages CoxBoost and randomForestSRC. The binacox method clearly
improves risk prediction compare to classical Cox PH, as well as MT-B and MT-
LS methods. Moreover, it also significantly outperforms both CoxBoost and RSF
methods. Figure 6.2 compares the computing times of the considered methods. It
appears that the binacox is by far the most computationally efficient.

Table 6.2 C-index comparison for Cox PH model trained on continuous features
vs. on its binarized version constructed using the considered methods cut-points
estimates, and the CoxBoost and RSF methods. On the three datasets, the binacox
method gives by far the best results (in bold).

Cancer Continuous Binacox MT-B MT-LS CoxBoost RSF
GBM 0.660 0.806 0.753 0.768 0.684 0.691
KIRC 0.682 0.727 0.663 0.663 0.679 0.686
BRCA 0.713 0.849 0.741 0.738 0.723 0.746
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Figure 6.2 Comparison of the computing times required by the considered method
on the three datasets. The binacox method is orders of magnitude faster.

6.6 Concluding remarks

In this chapter, we introduced the binacox designed for estimating multiple cut-
points in a Cox PH model with high-dimensional features. We illustrated the good
theoretical properties of the model by establishing non-asymptotic oracle inequality.
An extensive Monte Carlo simulation study has been carried out to evaluate the
performance of the developed estimation procedure. It showed that our approach
outperforms existing methods with a computing time orders of magnitude faster.
Moreover, it succeeds in detecting automatically multiple cut-points per feature.
The proposed methodology has then been applied on three high-dimensional gene-
tic public datasets. Many gene expressions pinpointed by the model are relevant
for medical interpretations (e.g. the gene SOD3 for the GBM cancer), whilst others
must involve further investigations in the genetic research community. Furthermore,
the binacox outperformed the classical Cox PH model in terms of risk prediction
performances evaluated through the C-index metric. It can then be an interesting
alternative to more classical methods found in the medical literature to deal with
prognosis studies in a high dimensional framework, providing a new way to model
non-linear features associations. More importantly, our method provides powerful
interpretation aspects that could be useful in both clinical research and daily prac-
tice. Indeed, in addition to its raw feature selection ability, the estimated cut-points
could directly be used in clinical routine. For instance, the binacox directly estimates
the impact on the survival risk for a feature (gene expression in our application) to
be in a relevant interval through the estimated coefficient corresponding to this in-
terval. Our study lays the groundwork for the development of powerful methods
which could help provide personalized care.
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Appendices

6.A Additional details

6.A.1 Algorithm.
To solve the regularization problem (6.5), we are first interested in the proximal

operator of binarsity [Alaya et al., 2017]. It turns out that it can be computed very
efficiently, using an algorithm [Condat, 2013] that we modify in order to include
weights ωj,k. It applies in each group the proximal operator of the total-variation
since binarsity penalty is block separable, followed by a centering within each block
to satisfy the sum-to-zero constraint, see Algorithm 2 in Section 5.2, and Algorithm 3
in Section 5.B for the weighted total-variation proximal operator.

6.A.2 Implementation
Figure 6.A.1 gives the learning curves obtained during the V -fold cross-validation

procedure detailed in Section 6.4.3 with V = 10 for fine-tuning parameter γ, being
the strength of the binarsity penalty. We randomly split the data into a training and
a validation set (30% for validation, cross-validation being done on the training).
Recall that the score we use is the negative partial log-likelihood defined in (6.4)
computed after a refit of the model on the binary space obtained by the estima-
ted cut-points, with the sum-to-zero constraint in each block but without the TV
penalty.

Figure 6.A.2 illustrates the denoising step when detecting the cut-points when
looking at the β̂ support relatively to the TV norm. The β̂ vector plotted here
corresponds to the data generated in Figure 6.2 of Section 6.4.2 and where final
estimation results are presented in Figure 6.4 of Section 6.4.4. Since it is usual to
observe three consecutive β̂’s jumps in the neighbourhood of a true cut-point, which
is the case in Figure 6.A.2 for the first and the last jumps, this could lead to an
over-estimation of K?. To bypass this problem, we then use the following rule : if
β̂ has three consecutive different coefficients within a group, then only the largest
jump is considered as a “true” jump.

6.A.3 TCGA genes screening
Figure 6.A.3 illustrates the screening procedure followed to reduce the high-

dimension of the TCGA datasets to make the multiple testing related methods
tractable. We then fit an univariate binacox on each block j separately and compute
the resulting ‖β̂j,•‖TV to assess the propensity for feature j to get one (or more)
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Figure 6.A.1 Learning curves obtained for various γ, in blue on the changing test
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relevant cut-point. It appears that taking the top−P features with P = 50 is a
reasonable choice for each considered dataset.
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Figure 6.A.3 ‖β̂j,•‖TV obtained on univariate binacox fits for the three considered
datasets. Top−P selected features appear in red, and it turns out that taking P = 50
coincides with the elbow (represented with the dotted grey lines) in each three
curves.

6.A.4 Results on BRCA and KIRC data
Figure 6.A.4 presents the results obtained by the considered methods on the

BRCA cancer dataset for the top−10 features ordered according to the binacox
‖β̂j,•‖TV values. Table 6.A.1 summarizes the detected cut-points values for each
method. It turns out that the selected genes are very relevant for cancer studies
(for instance, NPRL2 is a tumor suppressor gene [Huang et al., 2016]), and more
particularly for breast cancer studies : for instance, HBS1L expression is known
for being predictive of breast cancer survival [Antonov et al., 2014, Antonov, 2011,
BioProfiling, 2009], while FOXA1 and PPFIA1 are highly related to breast cancer,
see Badve et al. [2007] and Dancau et al. [2010] respectively.

Finally, Figure 6.A.5 gives the results obtained by the considered methods on
the KIRC cancer dataset for the top−10 features ordered according to the binacox
‖β̂j,•‖TV values and Table 6.A.2 summarizes the detected cut-points values for each
method. Once again, the selected genes are relevant for cancer studies including
kidney cancer. For instance, EIF4EBP2 is related to cancer proliferation [Mizutani
et al., 2016]), RGS17 is known to be overexpressed in various cancers [James et al.,
2009], and both COL7A1 and NUF2 are known to be related to renal cell carcinoma
(see [Csikos et al., 2003] and [Kulkarni et al., 2012] respectively).
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Figure 6.A.4 Illustration of the results obtained on the top−10 features ordered
according to the binacox ‖β̂j,•‖TV values on the BRCA dataset.

Table 6.A.1 Estimated cut-points values for each method on the top−10 genes
presented in Figure 6.A.4 for the BRCA cancer.

Genes Binacox MT-B MT-LS
PLCH2 9651 28.43, 200.74, 273.04, 382.87 382.87 382.87
NPRL2 10641 330.64, 568.06 330.64 330.64
HBS1L 10767 1023.91, 1212.54, 1782.77 1782.77 1782.77
FGD4 121512 163.59, 309.24 517.90 517.90
MEA1 4201 2199.21 786.29 786.29

ARHGAP39 80728 493.01, 734.37, 1049.04 265.26 265.26
FOXA1 3169 11442.32 3586.03 3586.03
PPFIA1 8500 1500.02, 1885.27 1152.98 1152.98
PRCC 5546 2091.16, 2194.08 1165.49 1165.49
PGK1 5230 10205.72, 12036.29 12036.29 12036.29
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Figure 6.A.5 Illustration of the results obtained on the top−10 features ordered
according to the binacox ‖β̂j,•‖TV values on the KIRC dataset.

Table 6.A.2 Estimated cut-points values for each method on the top−10 genes
presented in Figure 6.A.5 for the KIRC cancer.

Genes Binacox MT-B MT-LS
MARS 4141 1196.21, 1350.00 1350.00 1350.00

STRADA 92335 495.24, 553.73 586.88 586.88
PTPRH 5794 3.32 3.32 3.32

EIF4EBP2 1979 6504.80 5455.59 5455.59
RGS17 26575 4.30 4.30 4.30
COL7A1 1294 44.19 113.08 113.08
HJURP 55355 99.83 134.31 134.31
NUF2 83540 42.18 63.09 63.09
NDC80 10403 91.39 107.53 107.53
CDCA3 83461 52.03 110.18 110.18
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6.B Proofs

In this section, we provide the proofs of the main theoretical results. Before that,
we derive some preliminaries that will be used in the proofs.

6.B.1 Preliminaries to the proofs
Additional notations. For u, v ∈ Rm, we denote by u�v the Hadamard product

u� v = (u1v1, . . . , umvm)>.

We denote by sign(u) the subdifferential of the function u 7→ |u|, that is

sign(u) =


{1} if u > 0,
[−1, 1] if u = 0,
{−1} if u < 0.

We write ∂(φ) the subdifferential mapping of a convex functional φ.
We adopt in the proofs counting processes notations. We then define the observed-

failure counting process
Ni(t) = 1(Zi ≤ t,∆i = 1),

the at-risk process
Yi(t) = 1(Zi ≥ t),

and

N̄(t) = n−1
n∑
i=1

Ni(t).

For every vector v, let v⊗0 = 1, v⊗1 = v, and v⊗2 = vv> (outer product). Let τ > 0
be the finite study duration.

Weights. For a given numerical constant c > 0, the weights ωj,l have an explicit
form given by the following :

ωj,l = 5.64
√
c+ log(p+ d) + Ln,c

n
+ 18.62(c+ log(p+ d) + 1 + Ln,c)

n
(6.13)

where Ln,c = 2 log log
(
(2en+ 24ec) ∨ e

)
.



211 CHAPITRE 6. BINACOX

Properties of binarsity penalty. We define ω = (ω1,•, . . . , ωp,•) the weights
vector, with ωj,1 = 0 for all j = 1, . . . , p. Then, we rewrite the total variation part
in binarsity as follows : let us define the (dj + 1)× (dj + 1) matrix Dj by

Dj =


1 0 0
−1 1

. . . . . .
0 −1 1

 ∈ Rdj+1 × Rdj+1.

We remark that for all βj,• ∈ Rdj+1,

‖βj,•‖TV,ωj,• = ‖ωj,• �Djβj,•‖1,

where � denotes the component-wise product (Hadamard product). Moreover, note
that the matrix Dj is invertible. We denote its inverse Tj, which is defined by the
(dj + 1) × (dj + 1) lower triangular matrix with entries (Tj)r,s = 0 if r < s and
(Tj)r,s = 1 otherwise. We set

D = diag(D1, · · · , Dp) and T = diag(T1, · · · , Tp). (6.14)

We further prove that binarsity is a sub-additive penalty (see Kutateladze [2013] for
the definition of sub-additive).

Lemma 6.B.1 For all β, β′ ∈ Rp+d, one has

bina(β + β′) ≤ bina(β) + bina(β′) and bina(−β) ≤ bina(β).

Proof of Lemma 6.B.1. The hyperplane

span{u ∈ Rdj+1 : 1dj+1
>u = 0}

is a convex cone, then the indicator function δ1 is sublinear (i.e., positively homoge-
neous + subadditive [Kutateladze, 2013]). Furthermore, the total variation penaliza-
tion satisfies triangular inequality, which gives the first statement of Lemma 6.B.1.
To prove the second one, we use the fact that δ1(βj,•)+δ1(−βj,•) ≥ 0, then we obtain

bina(−β) =
p∑
j=1

(
‖βj,•‖TV,ωj,• + δ1(−βj,•)

)
≤

p∑
j=1

(
‖βj,•‖TV,ωj,• + δ1(βj,•))

)
,

which concludes the proof of Lemma 6.B.1.
�
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Additional usefull quantities. The Doob-Meyer decomposition [Aalen, 1978]
implies that, for all i = 1, . . . , n and all t ≥ 0

dNi(t) = Yi(t)λ?0(t)ef?(Xi)dt+ dMi(t)

where the martingales Mi are square integrable and orthogonal.
With this notations, we define, for all t ≥ 0 and f , the processes

S(r)
n (f, t) =

n∑
i=1

Yi(t)ef(Xi)(XB
i )⊗r,

for r = 0, 1, 2 and where XB
i is the i-th row of the binarized matrix XB.

The empirical loss `n can then be rewritten as

`n(f) = − 1
n

n∑
i=1

∫ τ

0

{
f(Xi)− log

(
S(0)
n (f, t)

)}
dNi(t).

Together with this loss, we introduced the loss

`(f) = − 1
n

n∑
i=1

∫ τ

0

{
f(Xi)− log

(
S(0)
n (f, t)

)}
Yi(t)λ?0(t)ef?(Xi)dt

= − 1
n

n∑
i=1

∫ τ

0
log

(
ef(Xi)/S(0)

n (f, t)
)
Yi(t)λ?0(t)ef?(Xi)dt.

We will use the fact that, for a function fβ of the form

fβ(Xi) = β>XB
i =

p∑
j=1

fβj,•(Xi),

the Doob-Meyer decomposition implies that

∇`n(fβ) = − 1
n

n∑
i=1

∫ τ

0

{
XB
i −

S(1)
n (fβ, t)
S

(0)
n (fβ, t)

}
dNi(t)

= ∇`(fβ) +Hn(fβ) (6.15)

where Hn(fβ) is an error term defined by

Hn(fβ) = − 1
n

n∑
i=1

∫ τ

0

{
XB
i − S(1)

n (fβ, t)/S(0)
n (fβ, t)

}
dMi(t) (6.16)

We introduce also the empirical `2-norm defined for any function f as

‖f‖2
n =

∫ τ

0

n∑
i=1

(
f(Xi)− f̄(t)

)2Yi(t)ef
?(Xi)

S
(0)
n (f ?, t)

dN̄(t),

with
f̄(t) =

n∑
i=1

Yi(t)ef
?(Xi)f(Xi)/S(0)

n (f ?, t).

Lemma 6.B.3 below connects it to our empirical divergence.
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6.B.2 Lemmas
Thereafter are some lemmas useful for the proof of our theorem. Their proofs

are postponed to Section 6.B.4
The following lemma is a consequence of the Karush-Kuhn-Tucker (KKT) op-

timality conditions [Boyd and Vandenberghe, 2004] for a convex optimization and
the monotony of subdifferential mapping.

Lemma 6.B.2 Let β ∈ Bp+d(R) such that 1>βj,• = 0, and h = (h>1,•, . . . , h>p,•)>

with hj,• ∈ ∂
(
‖βj,•‖TV,ωj,•

)
for all j ∈ {1, . . . , p}, the following holds

〈∇`(fβ̂), β̂ − β〉 ≤ −〈Hn(fβ̂), β̂ − β〉 − 〈h, β̂ − β〉.

The following lemma is derived from the self-concordance definition and Lemma
1 in Bach [2010].

Lemma 6.B.3 Let β̂ be defined by Equation (6.5) and β ∈ Bp+d(R), the following
inequalities hold almost-surely

KLn(f ?, fβ)−KLn(f ?, fβ̂) + (β̂ − β)>∇`(fβ̂) ≥ 0

‖f ? − fβ‖2
n

ψ(−‖f ? − fβ‖∞)
‖f ? − fβ‖2

∞
≤ KLn(f ?, fβ) ≤ ‖f ? − fβ‖2

n

ψ(‖f ? − fβ‖∞)
‖f ? − fβ‖2

∞
. (6.17)

Let us define the nonnegative definite matrix

Σ̂n(f ?, τ) =
n∑
i=1

∫ τ

0

(
XB
i − X̆n(t)

)⊗2Yi(t) exp f ?(Xi)
S

(0)
n (f ?, t)

dN̄(t),

where
X̆n(t) =

∑n
i=1 X

B
i Yi(t)ef

?(Xi)∑n
i=1 Yi(t)ef

?(Xi)
.

This matrix is linked to our empirical norm via the relation

‖fβ‖2
n = β>Σ̂n(f ?, τ)β.

The proof of our main theorem requires for the matrix Σ̂n(f ?, τ) to fulfill a compabi-
lity condition. The following lemma shows that this is true with a large probability
as long as Assumption 4 is true.

Lemma 6.B.4 Let ζ ∈ Rp+d
+ be a given vector of weights and L = [L1, . . . , Lp] a

concatenation of index subsets. Set for all j ∈ {1, . . . , p}

Lj = {a1
j , . . . a

bj
j } ⊂ {1, . . . , dj + 1},



6.B. PROOFS 214

with the convention that a0
j = 0, and abj+1

j = dj + 2. Then, with a probability greater
than 1− e−nr2

τ/(8e2f?∞ ) − 3ε, one has

inf
u∈C1,ω(L)\{0}

(Tu)>Σ̂n(f ?, τ)Tu
|‖uL � ζL‖1 − ‖uL{ � ζL{‖1|2

≥ (κ2
τ (L)− Ξτ (L))κ2

T,ζ(L),

where

Ξτ (L) = 4|L|
(8 maxj(dj + 1) maxj,l ωjl

minj,l ωj,l

)2
{(1 + e2f?∞Λ?

0(τ))
√

2/n log(2(p+ d)2/ε)

+ (2e2f?∞Λ?
0(τ)/rτ )t2n,p,d,ε},

κT,ζ(L) =
(

32
p∑
j=1

dj+1∑
l=1
|ζj,l+1 − ζj,l|2 + (bj + 1)‖ζj,•‖2

∞

{
min

1≤b≤bj
|abj − ab−1

j |
}−1

)− 1
2

and

C1,ω(L) =
{
u ∈ Bp+d(R) :

p∑
j=1
‖(uj,•)L{

j
‖1,ωj,• ≤ 3

p∑
j=1
‖(uj,•)Lj‖1,ωj,•

}
.

We now state a technical result connecting the norms ‖ · ‖1 and ‖ · ‖2 on CTV,ω(L).

Lemma 6.B.5 Let Σ and Σ̃ be two non-negative matrix of same size. For any
L = [L1, . . . , Lp] concatenation of index subsets, then

inf
β∈CTV,ω(L)\{0}

β>Σ̃β
‖βL‖2

2
≥ inf

β∈CTV,ω(L)\{0}

β>Σβ
‖βL‖2

2

− |L|
(8 maxj(dj + 1) maxj,l ωjl

minj,l ωj,l

)2
max
j,l
|Σj,l − Σ̃j,l|.

6.B.3 Proof of Theorem 6.3.1
Combining Lemmas 6.B.2 and 6.B.3, we get

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ)+(β̂−β)>∇`(fβ̂) ≤ KLn(f ?, fβ)−〈Hn(fβ̂), β̂−β〉−〈h, β̂−β〉.

If −〈Hn(fβ̂), β̂−β〉− 〈h, β̂−β〉 < 0, the theorem holds. Let us assume for now that
−〈Hn(fβ̂), β̂ − β〉 − 〈h, β̂ − β〉 ≥ 0.
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Bound for −〈Hn(fβ̂), β̂−β〉− 〈h, β̂−β〉. From the definition of the sub-gradient
ĥ = (ĥ>1,•, . . . , ĥ>p,•)> ∈ ∂

(
‖β̂‖TV,ω

)
, one can choose h such that,

hj,l =


2D>j

(
ωj,• � sign(Djβj,•)

)
if l ∈ Aj(β),

2D>j
(
ωj,• � sign

(
Dj(β̂j,• − βj,•)

))
if l ∈ A{j(β).

This gives

−〈h, β̂ − β〉 = −
p∑
j=1
〈hj,•, β̂j,• − βj,•〉

=
p∑
j=1
〈(−hj,•)Aj(β), (β̂j,• − βj,•)Aj(β)〉 −

p∑
j=1
〈(hj,•)A{

j(β), (β̂j,• − βj,•)A{
j(β)〉

= 2
p∑
j=1
〈(−ωj,• � sign(Djβj,•))Aj(β), Dj(β̂j,• − βj,•)Aj(β)〉

− 2
p∑
j=1
〈(ωj,• � sign

(
Dj(β̂j,• − βj,•))A{

j(β), Dj(β̂j,• − βj,•)A{
j(β)〉.

Using the fact that 〈sign(u), u〉 = ‖u‖1, we have that

−〈h, β̂ − β〉 ≤ 2
p∑
j=1
‖(ωj,•)Aj(β) �Dj(β̂j,• − βj,•)Aj(β)‖1

− 2
p∑
j=1
‖(ωj,•)A{

j(β) �Dj(β̂j,• − βj,•)A{
j(β)‖1

= 2
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,• − 2

p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,• .(6.18)

Inequality (6.18) therefore becomes

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ)− 〈Hn(fβ̂), β̂ − β〉+ 2
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,•

− 2
p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,• .

Using the fact that TD = Ip+d (see their definitions in Equation (6.14)), we get

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ)− 〈T>Hn(fβ̂),D(β̂ − β)〉

+ 2
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,• − 2

p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,• .
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On the event
En :=

{
|T>Hn(fβ̂)| ≤ (ω1,1, . . . , ωp,dp+1)

}
(the vector comparison has to be understood element by element), we have

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ) +
p∑
j=1

dj+1∑
l=1

ωj,l|
(
D(β̂ − β)

)
j,l
|

+ 2
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,• − 2

p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,• .

Hence,

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ) +
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,•

+
p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,• + 2
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,•

− 2
p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,•

≤ KLn(f ?, fβ) + 3
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,•

−
p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,• .

One therefore has

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ) + 3
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,• . (6.19)

On the event En, the following also holds
p∑
j=1
‖(β̂j,• − βj,•)A{

j(β)‖TV,ωj,• ≤ 3
p∑
j=1
‖(β̂j,• − βj,•)Aj(β)‖TV,ωj,• ,

this means that

β̂ − β ∈ CTV,ω(A(β))
and D(β̂ − β) ∈ C1,ω(A(β))

Now returning to (6.19), by Lemma 6.B.4 and under Assumption 4, we get

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ) +
‖fβ̂ − fβ‖n√

(κ2
τ ((A(β))− Ξτ (A(β)))κT,ζ̂(A(β))

, (6.20)
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where

ζ̂j,l =

3ωj,l if l ∈ A(β)
0 if l ∈ A{(β).

The second term in the right hand side of (6.20) fulfills

‖fβ̂ − fβ‖n√
(κ2

τ ((A(β))− Ξτ (A(β)))κT,ζ̂(A(β))
≤

‖f ? − fβ̂‖n + ‖f ? − fβ‖n√
(κ2

τ ((A(β))− Ξτ (A(β)))κT,ζ̂(A(β))
.

By (6.17) in Lemma 6.B.3, we get that

‖f ? − fβ‖n ≤

√√√√ ‖f ? − fβ‖2
∞

ψ(−‖f ? − fβ‖∞)KLn(f ?, fβ),

and ‖f ? − fβ̂‖n ≤

√√√√ ‖f ? − fβ̂‖2
∞

ψ(−‖f ? − fβ̂‖∞)KLn(f ?, fβ̂).

In addition, one can easily check that

max
i=1,...,n

sup
β∈Bp+d(R)

|fβ(Xi)| ≤
√
pR,

hence

‖f ? − fβ‖∞ ≤ max
i=1,...,n

{
|f ?(Xi)|+ |fβ(Xi)|

}
≤ cp,R,f?∞ and

‖f ? − fβ̂‖∞ ≤ max
i=1,...,n

{
|f ?(Xi)|+ |fβ(Xi)|

}
≤ cp,R,f?∞ .

Now, using the fact that the function u 7→ ψ(−u)/u2 is decreasing, we get

‖f ? − fβ‖n ≤

√√√√ c2
p,R,f?∞

ψ(−cp,R,f?∞)KLn(f ?, fβ),

and ‖f ? − fβ̂‖n ≤

√√√√ c2
p,R,f?∞

ψ(−cp,R,f?∞)KLn(f ?, fβ̂).

With theses bounds inequality (6.20) yields

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ) +

√√√√ c2
p,R,f?∞

ψ(−cp,R,f?∞)

√
KLn(f ?, fβ) +

√
KLn(f ?, fβ̂)√

(κ2
τ ((A(β))− Ξτ (A(β)))κT,ζ̂(A(β))

.
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We now use an elementary inequality 2uv ≤ %u2 + v2/% with % > 0. We get

KLn(f ?, fβ̂) ≤ KLn(f ?, fβ) + %

(κ2
τ ((A(β))− Ξτ (A(β)))κ2

T,ζ̂(A(β))

+
2c2
p,R,f?∞

%ψ(−cp,R,f?∞)KLn(f ?, fβ) +KLn(f ?, fβ̂))

and(
1−

2c2
p,R,f?∞

%ψ(−cp,R,f?∞)

)
KLn(f ?, fβ̂) ≤

(
1 +

2c2
p,R,f?∞

%ψ(−cp,R,f?∞)

)
KLn(f ?, fβ)

+ %

(κ2
τ ((A(β))− Ξτ (A(β)))κ2

T,ζ̂(A(β)) .

By choosing % > 2c2
p,R,f?∞

/ψ(−cp,R,f?∞), we obtain

KLn(f ?, fβ̂) ≤ (1 + ξ)KLn(f ?, fβ)

+ 1

1−
2c2
p,R,f?∞

%ψ(−cp,R,f?∞ )

%

(κ2
τ ((A(β))− Ξτ (A(β)))κ2

T,ζ̂(A(β)) .

where

1 + ξ =

%ψ(−cp,R,f?∞ )
2c2
p,R,f?∞

+ 1
%ψ(−cp,R,f?∞ )

2c2
p,R,f?∞

− 1
= 1 + 2

%ψ(−cp,R,f?∞ )
2c2
p,R,f?∞

− 1
.

On the other hand, by definition of κ2
T,ζ (see Lemma 6.B.4), we know that

1
κ2

T,ζ̂(A(β)) ≤ 512|A(β)| max
j=1,...,p

‖(ωj,•)Aj(β)‖2
∞.

Finally,

KLn(f ?, fβ̂) ≤ (1 + ξ)KLn(f ?, fβ)

+ 512%(
1−

2c2
p,R,f?∞

%ψ(−cp,R,f?∞ )

) |A(β)|maxj=1,...,p ‖(ωj,•)Aj(β)‖2
∞

κ2
τ ((A(β))− Ξτ (A(β)) .

Therefore, on the event En, we get the desired result.

Computation of P[E {n ]. From the definition of Hn in Equation (6.16), T>Hn(fβ̂)
has the form

(T>Hn(fβ̂)) = − 1
n

n∑
i=1

∫ τ

0

(
T>XB

i −T>
S(1)
n (fβ̂, t)
S

(0)
n (fβ̂, t)

)
dMi(t)
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So each component of this vector has the form needed to applied Theorem 3 from Gaïf-
fas and Guilloux [2012]. We recall that Hn and T>Hn have a block structure : they
are vectors of p blocks of lengths dj + 1, j = 1, . . . , p. We then denote by

(
T>Hn

)
j,l

the l-th component of the jth block.
In addition, due to the definition of XB

i , we know that each coefficient of T>XB
i

is less than 1. As a consequence, for all t ≤ τ∣∣∣∣∣∣
(
T>XB

i −T>
S(1)
n (fβ̂, t)
S

(0)
n (fβ̂, t)

)
)j,k

∣∣∣∣∣∣ ≤
∣∣∣∣(T>XB

i

)
j,k

∣∣∣∣+
∣∣∣∣∣∣
(
T>

S(1)
n (fβ̂, t)
S

(0)
n (fβ̂, t)

)
)j,k

∣∣∣∣∣∣ ≤ 2.

We now use the Theorem 3 from Gaïffas and Guilloux [2012], hence we obtain

P

[
|(T>Hn(fβ̂, t))j,l| ≥ 5.64

√
c+ Ln,c

n
+ 18.62(c+ 1 + Ln,c)

n

]
≤ 28.55e−c,

Then by choosing the ωj,l as in (6.13), we conclude that P[E {n ] ≤ 28.55e−c for some
c > 0.

�

6.B.4 Proof of the Lemmas
a) Proof of Lemma 6.B.2

To characterize the solution of the problem (6.5), the following result can be
sraightforwardly obtained using the Karush-Kuhn-Tucker (KKT) optimality condi-
tions [Boyd and Vandenberghe, 2004] for a convex optimization. A vector β̂ ∈ Rp+d

is an optimum of the objective function in (6.5) if and only if there exists three
sequences of subgradients ĥ = (ĥj,•)j=1,...,p with

ĥj,• ∈ ∂
(
‖β̂j,•‖TV,ωj,•

)
,

ĝ = (ĝj,•)j=1,...,p with
ĝj,• ∈ ∂

(
δ1(β̂j,•)

)
and k̂ ∈ ∂

(
δBp+d(R)(β̂)

)
such that

∇`n(fβ̂) + ĥ+ ĝ + k̂ = 0, (6.21)

where

ĥj,l


=
(
D>j

(
ωj,• � sign(Djβ̂j,•)

))
l

if l ∈ Aj(β̂),

∈
(
D>j

(
ωj,• � [−1,+1]dj+1

))
l

if l ∈ A{j(β̂),
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and where A(β̂) is the active set of β̂, see (6.7). The subgradient ĝj,• belongs to

∂
(
δ1(β̂j,•)

)
=
{
v ∈ Rdj+1 : 〈β̂j,• − βj,•, v〉 ≥ 0, for all β such that 1>βj,• = 0

}
,

and k̂ to

∂
(
δBp+d(R)(β̂)

)
=
{
v ∈ Rp+d : 〈β̂ − β, v〉 ≥ 0, for all β such that ‖β‖2 ≤ R

}
,

From the Equality (6.21), consider a β ∈ Rp+d, we obtain

〈∇`n(fβ̂), β̂ − β〉+ 〈ĥ+ ĝ + k̂, β̂ − β〉 = 0

and, with Equation (6.15)

〈∇`(fβ̂), β̂ − β〉+ 〈Hn(fβ̂), β̂ − β〉+ 〈ĥ+ ĝ + k̂, β̂ − β〉 = 0

Consider now a β ∈ Bp+d(R) and such that 1>βj,• = 0 for all j ∈ {1, . . . , p},
and h ∈ ∂

(
‖β‖TV,ω

)
then the fact that the monotony of sub-differential mapping

(this is an immediate consequence of its definition, see Rockafellar [1970]) gives the
conclusion.

�

b) Proof of Lemma 6.B.3

Let us consider the function G : R→ R defined by G(η) = `(f1 + ηf2), i.e.,

G(η) = − 1
n

n∑
i=1

∫ τ

0
(f1 + ηf2)(Xi)Yi(t)ef

?(Xi)λ?0(t)dt

+ 1
n

∫ τ

0
log

{
S(0)
n (f1 + ηf2, t)

}
S(0)
n (f ?, t)λ?0(t)dt.

By differentiating G with respect to the variable η we get :

G′(η) = − 1
n

n∑
i=1

∫ τ

0
f2(Xi)Yi(t)ef

?(Xi)λ?0(t)dt

+ 1
n

∫ τ

0

∑n
i=1 f2(Xi)Yi(t) exp(f1(Xi) + ηf2(Xi))∑n

i=1 Yi(t) exp(f1(Xi) + ηf2(Xi))
S(0)
n (f ?, t)λ?0(t)dt,

and

G
′′(η) = 1

n

∫ τ

0

∑n
i=1 f

2
2 (Xi)Yi(t) exp(f1(Xi) + ηf2(Xi))∑n
i=1 Yi(t) exp(f1(Xi) + ηf2(Xi))

S(0)
n (f ?, t)λ?0(t)dt

−
∫ τ

0

(∑n
i=1 f2(Xi)Yi(t) exp(f1(Xi) + ηf2(Xi))∑n

i=1 Yi(t) exp(f1(Xi) + ηf2(Xi))

)2

S(0)
n (f ?, t)λ?0(t)dt.
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For a t ≥ 0, we now consider the discrete random variable Ut that takes the values
f2(Xi) with probability

P(Ut = f2(Xi)) = πt,f1,f2,η(i) = Yi(t) exp(f1(Xi) + ηf2(Xi))∑n
i=1 Yi(t) exp(f1(Xi) + ηf2(Xi))

.

We observe that for all k = 0, 1, 2 . . .∑n
i=1 f

k
2 (Xi)Yi(t) exp(f1(Xi) + ηf2(Xi))∑n
i=1 Yi(t) exp(f1(Xi) + ηf2(Xi))

= Eπt,f1,f2,η
[Uk

t ].

Then

G′(η) = − 1
n

n∑
i=1

∫ τ

0
f2(Xi)Yi(t)ef

?(Xi)λ?0(t)dt+ 1
n

∫ τ

0
Eπt,f1,f2,η

[Ut]S(0)
n (f ?, t)λ?0(t)dt,

and

G
′′(η) = 1

n

∫ τ

0

(
Eπt,f1,f2,η

[U2
t ]−

(
Eπt,f1,f2,η

[Ut]
)2
)
S(0)
n (f ?, t)λ?0(t)dt

= 1
n

∫ τ

0
Vπt,f1,f2,η

[Ut]S(0)
n (f ?, t)λ?0(t)dt.

Differenciating again, we obtain

G
′′′(η) = 1

n

∫ τ

0
Eπt,f1,f2,η

[(
Ut − Eπt,f1,f2,η

[Ut]
)3
]
S(0)
n (f ?, t)λ?0(t)dt.

Therefore, we have

G
′′′(η) ≤ 1

n

∫ τ

0
Eπt,f1,f2,η

[∣∣∣Ut − Eπt,f1,f2,η
[Ut]

∣∣∣3]S(0)
n (f ?, t)λ?0(t)dt

≤ 1
n

2‖f2‖∞
∫ τ

0
Eπt,f1,f2,η

[(
Ut − Eπt,f1,f2,η

[Ut]
)2
]
S(0)
n (f ?, t)λ?0(t)dt

≤ 2‖f2‖∞G
′′(η),

where ‖f2‖∞ := maxi=1,...,n |f2(Xi)|. Lemma 1 in Bach [2010] to G, we obtain for all
η ≥ 0

G
′′(0)ψ(−‖f2‖∞)

‖f2‖2
∞

≤ G(η)−G(0)− ηG′(0) ≤ G
′′(0)ψ(‖f2‖∞)

‖f2‖2
∞

. (6.22)

We will apply inequalities in (6.22) in two situations :
— Case #1 : η = 1, f1 = fβ̂ and f2 = fβ − fβ̂
— Case #2 : η = 1, f1 = f ? and f2 = fβ − f ?.
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In case #1,

G′(0) = −(β − β̂)> 1
n

n∑
i=1

{∫ τ

0
XB
i Yi(t)ef

?(Xi)λ?0(t)dt

−
∫ τ

0
XB
i Yi(t)efβ̂(Xi)S

(0)
n (f ?, t)
S

(0)
n (fβ̂, t)

λ?0(t)dt
}

= (β − β̂)>∇`(fβ̂),

so
G(1)−G(0)−G′(0) = `(fβ)− `(f̂β) + (β̂ − β)>∇`(fβ̂).

With the left bound of the self-concordance inequality (6.22), we get result 1 of
lemma 6.B.3.

In case# 2, one gets

G
′(0) = 0, and

G
′′(0) = 1

n

∫ τ

0

∑n
i=1(fβ(Xi)− f ?(Xi))2Yi(t) exp(f ?(Xi)∑n

i=1 Yi(t) exp(f ?(Xi)
S(0)
n (f ?, t)λ?0(t)dt

− 1
n

∫ τ

0

(∑n
i=1(fβ(Xi)− f ?(Xi))Yi(t) exp(f ?(Xi))∑n

i=1 Yi(t) exp(f ?(Xi))

)2

S(0)
n (f ?, t)λ?0(t)dt

= ‖f ? − fβ‖2
n

which gives result 2 of Lemma 6.B.3.
�

c) Proof of Lemma 6.B.4

For any concatenation of index sets L = [L1, . . . , Lp], we define

κ̂τ (L) = inf
β∈CTV,ω(L)\{0}

√
β>Σ̂n(f ?, τ)β
‖βL‖2

.

To prove Lemma 6.B.4, we will first establish the following Lemma 6.B.6, which
assures that if Assumption 4 is fulfilled our random bound κ̂τ (L) is bounded away
from 0 with large probability. It bears resemblance with Theorem 4.1 of Huang et al.
[2013] apart from the fact that we work here in a fixed design setting.

Lemma 6.B.6 Let L = [L1, . . . , Lp] be a concatenation of index sets, then the fol-
lowing

κ̂2
τ (L) ≥ κ2

τ (L)− 4|L|
(8 maxj(dj + 1) maxj,l ωjl

minj,l ωj,l

)2

×
{

(1 + e2f?∞Λ?
0(τ))

√
2/n log(2(p+ d)2/ε) + (2e2f?∞Λ?

0(τ)/rτ )t2n,p,d,ε
}
,
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holds with at least probability 1− e−nr2
τ/(8e2f?∞ ) − 3ε.

Proof of Lemma 6.B.6. The proof is adapted from the proof of Theorem 4.1 in Huang
et al. [2013] and it is divided in 3 steps.

Step 1. By replacing dN̄(t) by its compensator n−1S0
n(f ?, t)λ?0(t)dt, an approxi-

mation of Σ̂n(f ?, τ) can be defining

Σ̄n(f ?, τ) = 1
n

n∑
i=1

∫ τ

0

(
XB
i − X̆n(s))⊗2Yi(s)ef

?(Xi)λ?0(s)ds.

The (m,m′) component of

n∑
i=1

(
XB
i − X̆n(s))⊗2 Yi(s)ef

?(Xi)∑n
i=1 Yi(s)ef

?(Xi)

is given by

n∑
i=1

({XB
i }m − {X̆n(s)}m)({XB

i }m′ − {X̆n(s)}m′)
Yi(s)ef

?(Xi)∑n
i=1 Yi(s)ef

?(Xi)
,

which, in our case,is bounded by 4. We moreover know that∫ τ

0
Yi(t)dNi(t) ≤ 1 for all i = 1, . . . , n.

So Lemma 3.3 in Huang et al. [2013] applies and

P
[
{Σ̂n(f ?, τ)− Σ̄n(f ?, τ)}m,m′ > 4x

]
≤ 2e−nx2/2.

Via an union bound, we get that

P
[

max
m,m′
{Σ̂n(f ?, τ)− Σ̄n(f ?, τ)}m,m′ > 4

√
2/n log(2(p+ d)2/ε)

]
≤ ε.

Let

κ̄2
τ (L) = inf

β∈CTV,ω(L)\{0}

√
β>Σ̄n(f ?, τ)β
‖βL‖2

.

Lemma 6.B.5 implies that

P

[
κ̂2
τ (L) ≥ κ̄2

τ (L)− 4|L|
(8 maxj(dj + 1) maxj,l ωjl

minj,l ωj,l

)2√
2/n log(2(p+ d)2/ε)

]
≥ 1− ε.

(6.23)
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Step 2. Let

Σ̃n(f ?, τ) = 1
n

n∑
i=1

∫ τ

0

(
XB
i − X̄n(s))⊗2Yi(s) ef

?(Xi)λ?0(s)ds

and

κ̃τ (L) = inf
β∈CTV,ω(L)\{0}

√
β>Σ̃n(f ?, τ)β
‖βL‖2

.

We will now compare κ̄2
τ (L) and κ̃2

τ (L). Straightforward computations lead to the
following equality

n∑
i=1

(
XB
i − X̄n(s))⊗2Yi(s)ef

?(Xi) − 1
n

n∑
i=1

(
XB
i − X̆n(s))⊗2Yi(s)ef

?(Xi)

= S(0)
n (f ?, s)(X̆n(s)− X̄n(s))⊗2.

Hence

Σ̄n(f ?, τ) = Σ̃n(f ?, τ)− 1
n

∫ τ

0
S(0)
n (f ?, s)(X̆n(s)− X̄n(s))⊗2λ?0(s)ds. (6.24)

We first boud the second term on the right-hand side of (6.24). Let

∆n(s) = 1
n
S(0)
n (f ?, s)(X̆n(s)− X̄n(s)) = 1

n

n∑
i=1

Yi(s)ef
?(Xi)(XB

i − X̄n(s))

so that for each (m,m′)( 1
n

∫ τ

0
S(0)
n (f ?, s)(X̆n(s)− X̄n(s))⊗2λ?0(s)ds

)
m,m′
≤
(∫ τ

0 ∆⊗2
n (s)λ?0(s)ds

n−1S
(0)
n (f ?, τ)

)
m,m′

.

In our setting, for each i and all t ≤ τ , Yi(t) exp(f ?(Xi) ≤ ef
?
∞ . By Hoeffding

inequality implies

P[n−1S(0)
n (f ?, τ) < rτ/2] ≤ e−nr

2
τ/(8e2f?∞ ).

Furthermore, we have

E[∆n(s)|X] = 1
n

n∑
i=1

yi(s)ef
?(Xi)

(
XB
i −

∑n
i=1X

B
i yi(s)ef

?(Xi)∑n
i=1 yi(s)ef

?(Xi)

)
= 0,

and the (m,m′) component of ∆⊗2
n (s) is given by

{∆⊗2
n (s)}m,m′ = 1

n2

n∑
i=1

n∑
i′=1

Yi(s)Yi′(s)ef
?(Xi)ef

?(Xi′ )

× ({XB
i }m − {X̄n(s)}m)({XB

i′ }m′ − {X̄n(s)}m′).
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Therefore,
∫ τ
0 {∆⊗2

n (s)}m,m′λ?0(s)ds is a V-statistic for each (m,m′). Moreover,∫ τ

0
|{∆⊗2

n (s)}m,m′ |λ?0(s)ds ≤ 4e2f?∞Λ?
0(τ),

where Λ?
0(τ) =

∫ τ
0 λ

?
0(s)ds.

By Lemma 4.2 in Huang et al. [2013], we obtain

P

[
max

1≤m,m′≤p+d
±
∫ τ

0
|{∆⊗2

n (s)}m,m′|λ?0(s)ds > 4e2f?∞Λ?
0(τ)x2

]
≤ 2.221(p+ d)2 exp

(−nx2/2
1 + x/3

)
.

Thanks to (6.24), Lemma 6.B.5, and the above two probability bounds, we known
that

κ̄2
τ (L) ≥ κ̃2

τ (L)− 8e2f?∞Λ?
0(τ)|L|

(8 maxj(dj + 1) maxj,l ωjl
minj,l ωj,l

)2 t2n,p,d,ε
rτ

, (6.25)

with probability 1− e−nr2
τ/(8e2f?∞ ) − ε.

Step 3. Now, Σ̃n(f ?, τ) is an average of independent matrices with mean Σn(f ?, τ)
and {Σ̃n(f ?, τ)}m,m′ are uniformly bounded by 4e2f?∞Λ?

0(τ) so that Hoeffding inequa-
lity assures that

P[max
m,m′
|{Σ̃n(f ?, τ)}m,m′ − {Σn(f ?, τ)}m,m′ > 4e2f?∞Λ?

0(τ)x] ≤ (p+ d)2e−nx
2/2.

Again Lemma 6.B.5 implies that, with a probability larger than 1− ε

κ̃2
τ (L) ≥ κ2

τ (L)− 4e2f?∞Λ?
0(τ)|L|

(8 maxj(dj + 1) maxj,l ωjl
minj,l ωj,l

)2√
2/n log(2(p+ d)2/ε),

(6.26)
Finally, the conclusion follows from (6.23), (6.25) and (6.26).This finishes the proof
of Lemma 6.B.6.

�
Going back to the proof of Lemma 6.B.4, following Lemma 5 in Alaya et al.

[2017], for any u in

C1,ω(K) =
{
u ∈ Rd :

p∑
j=1
‖(uj,•)K{

j
‖1,ωj,• ≤ 3

p∑
j=1
‖(uj,•)Kj‖1,ωj,•

}
,
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the following holds

(Tu)>Σ̂n(f ?, τ)Tu
|‖uL � ζL‖1 − ‖uL{ � ζL{‖1|2

≥ κ2
T,ζ(L)(Tu)>Σ̂n(f ?, τ)Tu

(Tu)>Tu

Now, we note that if u ∈ C1,ω(K), then Tu ∈ CTV,ω(K). Hence, by the definition of
κ̂τ (L) and Lemma 6.B.6 we get the desired result.

�

d) Proof of Lemma 6.B.5

We have that

|β>Σ̃β − β>Σβ| ≤ ‖β‖2
1 max

j,l
|Σ̃j,l − Σj,l|.

Then, we get
β>Σ̃β ≥ β>Σβ − ‖β‖2

1 max
j,l
|Σ̃j,l − Σj,l|.

So to get the desired result, it sufficient to control ‖β‖1 using the cone CTV,ω. Note
that for all j = 1, . . . , p, we have TjDj = Idj+1, where Idj+1 denotes the identiy
matrix in Rdj+1. Then, we have for any β

‖β‖1 =
p∑
j=1
‖TjDjβj,•‖

=
p∑
j=1

dj+1∑
l=1

∣∣∣ l∑
r=1

(Djβj,•)r
∣∣∣

≤
p∑
j=1

(dj + 1)
dj+1∑
l=1

∣∣∣(Djβj,•)l
∣∣∣

≤ maxj(dj + 1)
minj,l ωj,l

p∑
j=1

dj+1∑
l=1

ωj,l
∣∣∣(Djβj,•)l

∣∣∣
≤ maxj(dj + 1)

minj,l ωj,l

p∑
j=1
‖βj,•‖TV,ωj,• .

For any concatenation of index subsets L = [L1, . . . , Lp] ⊂ {1, . . . , p + d}, it
yields

‖β‖1 ≤
maxj(dj + 1)

minj,l ωj,l

( p∑
j=1
‖(βj,•)Lj‖TV,ωj,• +

p∑
j=1
‖(βj,•)L{

j
‖TV,ωj,•

)
.

Now, if β ∈ CTV,ω(L), we obtain

‖β‖1 ≤
4 maxj(dj + 1)

minj,l ωj,l

p∑
j=1
‖(βj,•)Lj‖TV,ωj,• .
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Besides, one has
‖βj,•‖TV,ωj,• ≤ 2 max

j,l
ωj,l‖βj,•‖1

Hence, we get

‖β‖1 ≤
8 maxj(dj + 1) maxj,l ωj,l

minj,l ωj,l

p∑
j=1
‖(βj,•)Lj‖1

≤ 8 maxj(dj + 1) maxj,l ωj,l
minj,l ωj,l

‖βL‖1

≤
√
|L|8 maxj(dj + 1) maxj,l ωj,l

minj,l ωj,l
‖βL‖2.

�





Conclusion

Les travaux présentés dans cette thèse portent sur l’introduction de nouvelles
méthodes interprétables de machine learning dans un contexte de grande dimension.
Différents modèles sont alors proposés, leur propriétés théoriques étudiées, et leurs
performances pratiques évaluées et comparées avec l’état de l’art sur des données
synthétiques et réelles.

Le Chapitre 2 présente une approche pour étudier et visualiser des variables
longitudinales dans un contexte d’étude clinique. Cela a permis d’identifier des bio-
marqueurs pertinents à monitorer dans l’étude de cas considérée.

Le Chapitre 4 introduit un modèle de mélange de durées, le C-mix, qui surpasse
l’état de l’art à la fois dans l’étude menée en simulation ainsi que dans l’application
sur des données génétiques de grande dimension en cancérologie. La méthode détecte
automatiquement des sous-groupes de patients suivant leur risque d’une apparition
rapide de l’événement temporel étudié – offrant une interprétation immédiate et
puissante des résultats – et en tire profit pour améliorer les prédictions de survie.
Un algorithme efficace est proposé ainsi qu’une preuve de sa convergence. De plus,
les gènes sélectionnés par le modèle dans l’application font sens cliniquement.

Le Chapitre 3 propose de comparer différents modèles en terme de performances
prédictives et en sélection de variables, dans un contexte où l’évènement d’intérêt
à prédire est le délai de réadmission à l’hôpital dans une étude de cas en grande
dimension. Les modèles sont issus de deux cadres distincts : la prédiction binaire
où il s’agit de prévoir si la réadmission va se produire ou non avant un certain
seuil fixé a priori, et l’analyse de survie qui se défait de ce choix a priori. L’étude
met l’accent sur l’importance de considérer un large éventail de méthodes face à
une application pratique donnée : les conclusions de chaque méthode, en terme de
performance prédictive et de sélection de variables, sont complémentaires et à tirer
en fonction des hypothèses de la méthode. Il semble aussi qu’entraîner un modèle
de survie, qui considère l’information temporelle complète de la sortie, pour ensuite
prédire la survie à un seuil donné surpasse les performances prédictives des modèles
entraînés directement dans le cadre binaire. Le C-mix présenté dans le chapitre
précédent obtient les meilleurs résultats et fournit des interprétations intéressantes.

Le Chapitre 5 introduit une pénalité, appelée binarsity, qui s’applique sur l’en-
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codage “one-hot” de covariables continues. Il s’agit d’une combinaison entre une
pénalité par variation totale pondérée et une contrainte linéaire par bloc. Une in-
égalité oracle non-asymptotique à vitesse rapide est proposée dans le cadre des mo-
dèles linéaires généralisés. Une étude comparative de la méthode avec l’état de l’art
est conduite sur de nombreux jeux de données standards démontrant ses bonnes
performances pratiques en terme de prédiction et de temps de calcul requis. L’in-
terprétation qui découle de la méthode est remarquable : en plus de l’aptitude en
sélection de variables, des seuils pertinents pour la tâche de prédiction sous-jacente
sont automatiquement détectés dans les covariables continues initiales, ce qui offre
une compréhension profonde et précise du phénomène étudié.

Ce pouvoir d’interprétation attrayant est repris dans le Chapitre 6, cette fois
dans un contexte d’analyse de survie. L’idée de la méthode proposée, appelée bi-
nacox, est alors d’utiliser la pénalité binarsity dans un modèle de Cox afin de dé-
tecter de multiples seuils dans les covariables continues de façon multivariée, ce qui
est un problème récurrent dans de nombreuses applications médicales, et jusque là
sans méthode adaptée à la grande dimension pour y faire face. Une inégalité oracle
non-asymptotique à vitesse rapide est établie, illustrant les bonnes performances
théoriques de la méthode. En outre, les résultats obtenus en simulation d’une part,
et sur données génétiques en cancérologie d’autre part, attestent de ses bonnes per-
formances pratiques et de son pouvoir d’interprétation accru.

Ces travaux, considérés dans différents cadres généraux d’apprentissage statis-
tique – en particulier l’analyse de survie et le cadre des processus de comptage – ont
été motivés par des questions pratiques principalement orientées sur la prédiction
de risque et le pouvoir d’interprétabilité en grande dimension. En cela, les méthodes
proposées, ainsi que les résultats théoriques et pratiques obtenus, apportent des ré-
ponses aux questions posées. Les études ménées au cours de cette thèse posent des
bases pour le développement de méthodes puissantes permettant de fournir des soins
médicaux personnalisés. Il reste différentes pistes de recherche à envisager, dont cer-
taines font déjà l’objet de projets entâmés, afin de poursuivre l’étude commencée et
de l’étendre à d’autres types de problèmes. Certaines pistes sont évoquées dans la
section qui suit.



Directions of future research

In the following, we briefly present some ideas for future research associated with
the three main methods introduced in this manuscript : the C-mix, binarsity and
binacox. Some of these ideas are already work in progress, while others are at the
stage of thought.

Extensions of the C-mix
Let us mention some ideas of extension for the C-mix model.

Longitudinal modeling. Regarding the good performances of the C-mix on the
data considered in Chapter 3, and the fact that the time-dependent features such as
the average cinetic during the last 48 hours of the stay (slope) or Gaussian Processes
kernels parameters appear to have significant importances on the predictions, a
natural extension to be considered is to model the longitudinal aspect, instead of
using aggregated values over the longitudinal features.

We then consider joint modeling for multivariate longitudinal (in addition to
fixed features) and survival data using the C-mix model. This is an on progress
work in collaboration with Antoine Barbieri. Let us give the main ideas without
going into the equations and the required cumbersome notations.

Concerning the longitudinal model, we consider a linear mixed model that allows
to describe the longitudinal data through the average evolution with the fixed effects
and the subject-specific evolution with random effects [Verbeke, 1997]. Two classical
approaches are found in the literature : Joint Latent Class Models (JLCMs) and
Shared Mixed Effect Models (SMEMs).

JLCMs assume that the population is heterogeneous and that there exist homo-
geneous subpopulations characterized by both the longitudinal profile and the risk
to develop the event. The latent structure is a latent discrete variable defining the
class membership [Lin et al., 2002, Proust-Lima et al., 2014]. By contrast, the latent
structure of SMEMs is a function of the mixed effects which is included as feature
for the survival model [Henderson et al., 2000, Rizopoulos, 2012].
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Joint modeling has already been extended to multivariate longitudinal outcomes
for both JLCMs [Proust-Lima et al., 2016] and SMEMs [Andrinopoulou et al., 2014].
Very recently, Andrinopoulou et al. [2018] propose to integrate latent classes in the
shared parameter joint model in a fully Bayesian approach for univariate longitu-
dinal data. We then consider this approach in the more general setting of high-
dimensional multivariate longitudinal data for each individual, with a comparison
of regularization techniques such as spike and slab [Ishwaran et al., 2005] or the
Bayesian elastic net [Li et al., 2010]. Nonparametric Bayesian methods may also be
considered regarding the latent class allocation aspect.

We wish to apply this extension on a high dimensional dataset on clinical and
longitudinal data including chemotherapy doses and toxicities for patients diagnosed
with colorectal cancer.

Nonparametric survival. In Section 4.3.3, we stressed the fact that on the one
hand, the choice of the mixture densities fk could be crucial regarding the predic-
tion performances. Thus, a nonparametric approach may be considered for further
investigations on this matter.

On the other hand, we observed the importance of imposing an order between the
survival functions of the subpopulations. This actually sounds quite natural, since in
the C-mix framework, we suppose that the survival data arise from K heterogeneous
subpopulations in terms of their risk relatively to early death. Hence, we could try to
assume directly within the model that the life lengths in the distinct subpopulations
are stochastically ordered with each other. Indeed, survival estimates, if determined
separately from the subpopulations for instance, may not be consistent with this
prior assumption, because of inherent statistical variability in the observations.

This problem has been considered in a number of papers. The concept of sto-
chastic ordering of distributions was first introduced in Lehmann [1955]. A real
random variable X1 with a distribution function F1 is stochastically larger than
another random variable X2 with a distribution function F2 if F1(x) ≤ F2(x) for all
x ∈ R. Statistical inference under stochastic ordering for the two-sample case has a
rich history : see for instance Brunk et al. [1966], Dykstra [1982], and Dykstra and
Feltz [1989] that consider the estimation of survival functions under an arbitrary
partial stochastic ordering of the underlying populations. We also refer to Rojo and
Samaniego [1993] and Mukerjee [1996] that give consistent estimators, Arjas and
Gasbarra [1996] that consider a Bayesian approach, and El Barmi and Mukerjee
[2005] for the case of K subpopulations.

Finally, S1 and S2 being two survival functions, we say that S1 is uniformly
stochastically smaller than S2 if S1(x)/S2(x) is nonincreasing on {x : S2(x) > 0},
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which is a stronger version than simple stochastic ordering. We refer to Dykstra
et al. [1991] that consider nonparametric maximum likelihood estimation for K sub-
population under uniform stochastic ordering and derives closed-form estimates with
right-censored data. This kind of nonparametric estimators may also be considered
for the C-mix.

Other penalties. Another idea of extension is to try different penalties, other
than the elastic net one, and to study both theoretical properties as well as investi-
gate and compare practical performances.

A first natural penalty we could think of is the group lasso [Yuan and Lin, 2006],
where we recall that it penalizes the coefficients vector β ∈ Rd by

λ
K∑
k=1

√
pk‖βGk‖2

with
‖βGk‖2 =

√∑
j∈Gk

β2
j ,

where λ ≥ 0 is the regularization parameter to be tuned and (Gk)k=1,...,K a partition
of {1, . . . , d} such that each group Gk is composed by |Gk| = pk features. This
penalty generalizes the lasso by involving a per-group sparsity, which is of particular
interest in the context of prognosis study relating to the C-mix, where families
of features are often considered (for instance related to a given shared biological
concept). The group fused lasso could also be considered Alaíz et al. [2013].

Another penalty that would be interesting to consider is the sorted-`1 penaliza-
tion (SLOPE) recently introduced in Bogdan et al. [2015]. It penalizes the coefficients
vector β ∈ Rd by

d∑
j=1

λj|β|(j)

where λ = (λ1, . . . , λd)> ∈ Rd
+ with non-negative and non-increasing coefficients,

and |β|(1) ≥ |β|(2) ≥ · · · ≥ |β|(d) are the decreasing absolute values of β. Hence, this
regularizer penalizes the regression coefficients according to their rank, following
the Benjamini-Hochberg (BH) procedure idea that compares more significant p-
values with more stringent thresholds [Benjamini and Hochberg, 1995]. Very strong
statistical properties have been shown for the SLOPE penalty [Bogdan et al., 2015].
In particular, under orthogonal designs and chosing the BH related sequence λj =
z(1− jq/2d) with q ∈ (0, 1) and z(α) the quantile of order α of a standard normal
distribution, SLOPE allows to recover the support of the regression coefficients with
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a control on the False Discovery Rate (FDR), and retains good properties under
more general designs.

Let us precise that in a classical multivariate regression model, considering the
multi-test problem with null-hypothese H0,j corresponding to assuming that the
j−th true coefficient equals 0, and denoting V (resp. R) the total number of false
rejections (resp. total number of rejections), the FDR for estimator β̂ is defined as

FDR(β̂) = E

[
V

max{R, 1}

]
,

being the expected proportion of irrelevant features among all selected ones.

Hence, it seems promising to consider the recent SLOPE penalty in other set-
tings. For instance, it is used in Virouleau et al. [2017] where a procedure is in-
troduced in a context of high-dimensional robust regression with guaranteed FDR
and statistical power control for outliers detection under the mean-shift model. It is
noteworthy to precise that to our knowledge, SLOPE has not yet been considered
in a Cox model framework, which is also of high interest.

Nonparametric Bayesian methods. In Bayesian statistics, we model the para-
meter as a random variable : the value of the parameter is unknown and all forms
of uncertainty is expressed as randomness. A nonparametric Bayesian model is a
Bayesian model whose parameter space has infinite dimension. It’s a way of getting
flexible models that can automatically infer an adequate model size/complexity from
the data.

In a nonparametric Bayesian mixture model, it is not necessary a priori to limit
the number of components to be finite, and the problem of finding the “right”
number of mixture components vanishes [Rasmussen, 2000]. Dirichlet processes play
an important role in this setting [Antoniak, 1974], the latter being for instance at the
very heart of the well know generative probabilistic model called Latent Dirichlet
Allocation [Blei et al., 2003].

With the aim of considering the C-mix model on practical problems where the
number of subpopulations is not fixed to 2, and to avoid invoking model selection
methods to determine a suitable number of subpopulations (which is costly in terms
of computing time, especially in a high dimensional context), we wish to consider
and take advantage of the aforementioned appealing assets.
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Extensions of binarsity
The context of the proposed idea is the Reinforcement Learning (RL) one, which

is briefly introduced in the following paragraph.

Framework. A Markov Decision Process (MDP) is a 5-tuple (S,A, P, R, γ), with
S the state space, A the action space, P a Markovian transition function such that
P (s′|s, a) denotes the probability density of a transition to state s′ when taking
action a in state s, R a reward function such that R(s, a, s′) denotes the expected
reward for taking action a in state s and transitioning to state s′, and γ ∈ [0, 1) a
discount factor for future rewards. A policy π for an MDP is a mapping π : S → A
from states to actions, such that π(s) denotes the action choice in state s. The value
function V π(s) evaluated in state s under a policy π is defined as the expected total
discounted reward when the process begins in state s and all decisions are made
according to policy π, that is

V π(s) = E[
∞∑
t=0

γtR(st)|s0 = s, π]

for all s ∈ S. Given a fixed policy π, its value function V π satisfies the Bellman
equation

V π(s) = R(s) + γ
∫
S
P (s′|s, a)V π(s′)ds′

for all s ∈ S. We also define the optimal value function according to

V ?(s) = max
π

V π(s)

for all s ∈ S, that is the best possible expected sum of discounted rewards that can
be attained using any policy. The Bellman equation for the optimal value function
is then given by

V ?(s) = R(s) + max
a∈A

γ
∫
S
P (s′|s, a)V ?(s′)ds′

for all s ∈ S, and we define the optimal policy as follows

π?(s) = argmaxa∈A
∫
S
P (s′|s, a)V ?(s′)ds′

for all s ∈ S, that straightforwardly verifies V ?(s) = V π?(s) for all s ∈ S.

In RL, a learner interacts with a stochastic process modeled as an MDP and typi-
cally observes the state and immediate reward at every step ; however, the transition
model P and the reward function R are not accessible and need to be estimated. The
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goal is to learn an optimal policy using the experience collected through interaction
with the process. At each step of interaction, the learner observes the current state
s, chooses an action a, and observes the resulting next state s′ as well as the reward
received r.

Problem. In many practical problems, data is acquired from dynamic physical
systems that naturally involve continuous-valued state and action spaces. Then, a
common solution procedure when learning to act in such continuous environments
involves discretizing over the state and action dimensions to reduce the problem to a
discrete MDP. Indeed, for finite state and action spaces MDP (that is when |S| <∞
and |A| <∞), many efficient algorithms exist, are well studied and quicky converge
to retrieve π?. For instance, one can use the fact that Bellman’s equation can be
used to efficiently solve for V π in a finite-state MDP, since we can write down one
such equation for V π(s) for every state s, which gives a set of |S| linear equations
in |S| variables that can be efficiently solved.

However, simple discretization methods quickly run into the curse of dimensio-
nality (for instance, the total number of discrete states grows exponentially with a
uniform discretization), and chosing a “good” discretization is difficult to avoid a
naive representation of V π. Nevertheless, the discretization approach can work very
well for many problems, but with current discretization methods, the dimension of
the problem needs to stay relatively low (especially for |S|). Let us precise that al-
ternative methods also exist to overcome the problem of continuous state and action
spaces, based for example on value function approximation, and we refer to Sutton
et al. [1998] for more details on the basic concepts in RL we just introduced, as well
as the main algorithms to solve MDP. But our concern here is on the choice of the
discretization strategy, since a uniform choice over all dimensions is almost always
considered.

Let us first point out a few studies. In Weinstein and Littman [2012] for instance,
the MDP setting is the classical multi-armed bandit one, where the learner makes
a decision as to which of the finite number arms to pull at each time step, attemp-
ting to maximize reward. In this context, the UCT algorithm (that only applies in
discrete domains, see Kocsis and Szepesvári [2006]) is compared with a proposed
algorithm called HOLOP, which is based on Hierarchical Optimistic Optimization
(HOO) extended to sequential decision making, HOO being a bandit algorithm that
optimizes the regret (i.e. maximizing immediate reward), with an assumption that
the set of arms forms a general topological space (see Bubeck et al. [2009] for details).
Conclusions are that in spite of a large number of possible discretizations for UCT,
HOLOP yields significantly and systematically better performances. But the consi-
dered discretizations are restricted to uniform grids, with same steps for both state
and action dimensions, which sounds unfair and suboptimal since the discretization
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choice must significantly impact the performances of the RL algorithm trained on
top.

The same kind of comparisons – and consequently, the same conclusions – are
obtained in Mansley et al. [2011] between UTC using uniform fixed discretization of
state and action dimensions, and another introduced algorithm called HOOT (HOO
applied to Trees).

In Feng et al. [2004], the idea of using an adaptive and more clever discretization
is considered in the following sense. At each step of the dynamic programming and
by exploiting the structure in the problem, the state space is dynamically partitio-
ned into regions where the value function is the same throughout the region, while
reserving a fine discretization for the regions of the state space where it is the most
useful. The procedure is here based on algorithms such as SPI [Boutilier et al., 2000]
and SPUDD [Hoey et al., 1999] that identify regions of the state-space having the
same value under the optimal policy.

Idea. The main idea is to propose another clever discretization strategy using an
ad hoc regression model penalized by the binarsity on the discretized state space,
with the supervision made on the reward, either using past data collected before
the next action to be taken (after a few starting steps using a classical uniform
grid for instance, to get a “reasonable” amount of data collected, after what the
discretization could be dynamically updated), or under the common assumption
that we have access to a generative model of the environment to produce data.

Extensions of binacox
We mention here two extensions around the binacox method. The first one is an

ongoing work for trying to prove consistency in cut-points detection. The second is
an extension devoted to combining binacox with a high-dimensional sparse second
order interaction model.

Consistency of cut-points detection
In this subsection, we just give the form of the theorems we would like to prove

after introducing some useful quantities.

Approximation of f ?. Let us recall that our estimator of f ? is by construction
given by f̂ = fβ̂. Since β? ∈ Rp+K? and β̂ ∈ Rp+d, we define in this section an
approximation of f ? denoted fb? with b? ∈ Rp+d. For each single j-th block, we



238

associate to β?j,• the µ?j,•-piecewise constant function

f ?j,•(·) : x 7→
K?
j +1∑
k=1

β?j,k1(x ∈ I?j,k)

defined for all x ∈ [0, 1]. Note that the association is isometric. We then define the
vector b? = (b?>1,•, . . . , b?>p,•)> such that b?j,• is associated to the µ-piecewise constant
function

fb?j,•(·) : x 7→
K?
j +1∑
k=1

β?j,k

l?j,k∑
l=l?

j,k−1+1
1(x ∈ Ij,l), (6.27)

with the convention l?j,0 = 0 and l?j,K?
j +1 = dj + 1, for all j ∈ {1, . . . , p}. With

this definition, fb?j,• has the same number and amplitude of jumps as f ?j,•. The only
difference between those two functions is the location of the jumps : f ?j,• jumps once
for each cut-point µ?j,k for all k ∈ {1, . . . , K?

j + 1}, while fb?j,• jumps once for each
µj,l the closest (on the right hand side) to cut-point µ?j,k for all k ∈ {1, . . . , K?

j + 1}.
Figure 6.1 gives a clearer view of the different quantities involved in the estimation
procedure on a toy example.

�?
j,1

µ?
j,1

µj,1

�?
j,3

µj,16

dµ?
j,1

�j,· 2 R17

�?
j,· 2 R5

b?j,· 2 R17

0 1

�j,l=8,...,12

µj,l?j,1

�j,l=3,...,5

Figure 6.1 Illustration of vectors for a given block j with dj = 17. In this scenario,
the algorithm detects an extra cut-points and K̂?

j = 5 = sj while K?
j = 4.

Remark 6.2.1 It may be tempting to define b? such that

fb?j,•(·) ∈ argminfβj,• (·)∈Pµj,• ‖fβj,•(·)− f ?j,•(·)‖Q
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for all j ∈ {1, . . . , p}, with Pµj,• the set of µj,•-piecewise constant functions defined
on [0, 1], and Q denoting either the Hilbert space over [0, 1] endowed by the norm
‖f‖2 =

∫ 1
0 f

2(x)dx, or the complete normed vector space of real integrable functions
in the Lebesgue sense. In the first case (Q = L2([0, 1])), fb?j,•(·) could be viewed as an
orthogonal projection. But the resulting approximated vector b? would almost surely
have a support set relative to the total variation penalization doubled in size compared
to β?’s one, which goes against intuition. In the second case (Q = L1([0, 1])), both
β? and b? have the same cardinality of their respective support set relatively to the
total variation penalization. But for a given cut-point µ?j,k, the corresponding b? cut-
point is µj,l?

j,k
−1 if µ?j,k is closer to µj,l?

j,k
−1 than to µj,l?

j,k
and vice versa, which would

make the writing more cumbersome. To get around this difficulty, we simply add the
constraint that the corresponding b? cut-point is always the right bound of Ij,l?

j,k
, that

is µj,l?
j,k
, to obtain the definition given in (6.27).

Consistency. For trying to prove the consistency for the cut-points detection,
we treat the problem in each block separately. Towards this end, we need a set of
assumptions that quantifies the asymptotic interplay between the following quanti-
ties :
— I?j,min = min1≤k≤K?

j
|µj,l?

j,k+1
−µj,l?

j,k
| the minimum distance between two conse-

cutive cut-points of fb? ,
— J?j,min = min1≤k≤K?

j
|b?j,l?

j,k+1
− b?j,l?

j,k
| the smallest jump amplitude of fβ? ,

— J?j,max = max1≤k≤K?
j
|b?j,l?

j,k+1
− b?j,l?

j,k
| the biggest jump amplitude of fβ? , and

— (εn)n≥1 a non-increasing and positive sequence that goes to 0 as n→∞.

Assumption 5 Some assumptions on I?j,min, J?j,min, J?j,max and (εn)n≥1 as n → ∞
for all j ∈ {1, . . . , p}.

Thus, Assumption 5 remains to be precised, and we now give the form of the first
theorem we want to prove.

Theorem 6.2.7 Assume that Assumptions 3 and 5 hold. If K̂j = K?
j , the estimated

cut-points {µ̂j,1, . . . , µ̂j,K̂j} defined by (6.8) satisfy

P
[

max
1≤k≤K?

j

|µ̂j,k − µ?j,k| ≤ εn
]
→ 1 as n→∞

for all j ∈ {1, . . . , p}.

In Theorem 6.2.7, the number of estimated cut-points is assumed to be the true
number of cut-points. Since this information is not available in general, we need to
relax the statement of this result. We propose to evaluate the distance between the
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set M̂j = {µ̂j,1, . . . , µ̂j,K̂j} of estimated cut-points and the set of true cut-points
M?

j = {µ?j,1, . . . , µ?j,K?
j
} by using the two quantities E(M̂j||M?

j) and E(M?
j ||M̂j)

already defined in Section 6.4.2. When K̂j = K?
j , Theorem 6.2.7 implies that

E(M̂j||M?
j) ≤ εn and E(M?

j)||M̂j) ≤ εn with probability that tends to 1 as n→∞.
In the case where K̂j > K?

j , let us give the form of Theorem 6.2.8 that claims that
E(M̂j||M?

j) ≤ εn with a probability tending to 1 as n → ∞. This means that the
cut-points consistency holds for our procedure whenever the estimated number of
cut-points in not less than the true one.

Theorem 6.2.8 Assume that Assumptions 3 and 5 hold. If K̂j ≥ K?
j , the estimated

cut-points {µ̂j,1, . . . , µ̂j,K̂j} defined by (6.8) satisfy

P[E(M̂j||M?
j) ≤ εn]→ 1 as n→∞

for all j ∈ {1, . . . , p}.

Theorem 6.2.8 ensures that even when the number of cut-points is over-estimated,
each true cut-point is close to the estimated one.

The main efforts for the proof of Theorems 6.2.7 and 6.2.8 lie on obtaining a
control of ‖(β̂− b?)A(b?)‖1, where the idea is first to bound it by a quantity involving
‖fb? − fβ̂‖n thanks to Theorem 6.3.1 and inequality (6.17) in Lemma 6.B.3. This is
still a work under progress.

Second order interaction
The binacox model allows to identify significant ranges of values, say intervals,

for continuous features in a prognosis study. A natural question arising from this is to
evaluate the impact of two features being simultaneously within two given intervals.
This is the problem of introducing two-way interaction features, meaning the entry-
wise multiplication between two features. This is a well known problem [Cox, 1984],
being relevant for instance in genomics to detect possible epistasis between genes. So
one can think of considering this question on top of the results obtained in Chapter 6
on the TCGA data (described in Section A.2.2).

But this question is hardly discussed for genomic data in the literature, partly
because of the explosion in the number of interactions to consider, especially for high
dimensional problems such as genetic related ones. Yet some studies try different
stategies to select only a few interactions to be included in the model, for instance
if at least one of the two corresponding main features is selected by the model, but
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still in relatively low dimensional settings [Bickel et al., 2010, Bien et al., 2013, Lim
and Hastie, 2015, Haris et al., 2016].

However, a lot of new methods have recently been developped to accelerate
solvers for sparsity constrained optimization problems, based on the sparsity of the
solution to detect inactive features, that can be set aside from the coefficients to
be updated during optimization. The improvement in the scalability opens up new
horizons for the aforementioned questions that can be reconsidered.

Among those new methods may be found safe screening rules related algo-
rithms [Ghaoui et al., 2010, Xiang et al., 2011, Fercoq et al., 2015] with in particular
the Safe Pattern Pruning (SPP) method for binary features [Nakagawa et al., 2016] ;
and working set algorithms that are less conservative by iteratively solving subpro-
blems restricted to a subset of features in the primal or to a subset of constraints
in the dual [Johnson and Guestrin, 2015], with in particular the recent WHInter
algorithm for binary features that allows significant speed up [Morvan and Vert,
2018].

The idea here would be to extend the SPP and/or WHInter methods to be
applied on top of the binacox and its generated binary features, which involves to
consider those questions within a survival analysis framework.
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A.1 Quelques rappels
Nous donnons dans cette section quelques détails et outils utiles dans le manus-

crit, sur lesquels nous sommes passés rapidement et qui peuvent nécessiter quelques
rappels. Précisions qu’il ne s’agit pas de présenter de façon exhaustive les notions
évoquées mais d’introduire les notations et propriétés utilisées dans les chapitres
précédents. Pour plus de détails, nous renvoyons le lecteur aux livres Andersen et al.
[1993], Aalen et al. [2008], Therneau and Grambsch [2013].

A.1.1 Les processus de comptage
Modèle stochastique à temps continu. On modélise un phénomène aléatoire
qui évolue dans le temps par un processus stochastique et une filtration. Les phé-
nomènes considérés dans ce manuscrit se déroulent en temps continu, le processus
stochastique noté X = (Xt)t∈T est alors représenté par une famille de variables aléa-
toires sur l’espace probabilisé (Ω,A,P) où A est une σ-algèbre et P une mesure de
probabilité sur A, indexées par un intervalle T = [0, τ [⊂ R+. Une trajectoire de X
est une fonction t 7→ Xt(ω), pour un certain ω ∈ Ω. Puis, une filtration exprime l’in-
formation détenue à chaque instant. Comme l’information croît avec le temps, une
filtration est représentée par une suite croissante de sous-tribus. Elle est continue à
droite (càd), ce qui exprime le fait que l’information détenue à chaque instant est
exactement l’information du futur immédiat. On note F = (Ft)t∈T la filtration et
on la définie alors formellement par

(i) Fs ⊆ Ft pour tout s ≤ t dans T (croissante),
(ii) Fs =

⋂
t>s

Ft pour tout s ∈ T (càd).

La filtration contient plus d’information que le processus, ce qui se traduit par le
fait qu’à chaque instant t ∈ T , la variable aléatoire Xt est Ft-mesurable. On dit
alors que le processus X est adapté à la filtration F .

Le processus X est dit càdlàg (continu à droite, limite à gauche) si P-presque
toutes ses trajectoires appartiennent à l’espace des fonctions càdlàg sur T ; et pré-
visible si en tant que fonction de (t, ω) ∈ T × Ω, il est mesurable par rapport à la
tribu sur T ×Ω engendrée par les processus càg et adaptés. Lorsque seul le processus
stochastique X est observé, l’information détenue est minimale et à chaque instant
t ∈ T , on ne dispose de l’information sur X que jusqu’à l’instant t. Autrement dit,
à tout processus X càdlàg, on peut associer une filtration dite “historique” telle que
pour tout t ∈ T ,

Ft = σ{X(s), s ≤ t ∈ T }
est la sous-tribu engendrée par le passé à t de X. Par construction, le processus
est adapté à la filtration historique. La filtration F est supposée complétée, c’est-à-
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dire constituée de tribus qui contiennent tous les événement de probabilité nulle (en
ajoutant les événement négligeables, elle conserve sa propriété de filtration).

Un temps d’arrêt pour la filtration F est une variable aléatoire T à valeurs dans
[0, τ ] telle que pour tout t T , {T ≤ t} ∈ Ft.

Martingale à temps continu. On dit que M est une martingale (resp. une sur-
martingale, resp. une sous-martingale) relativement à la filtration F si M est un
processus stochastique càdlàg adapté à F et si, pour tous 0 ≤ s ≤ t, Mt ∈ L1 et

E[Mt|Fs] = Ms (resp. ≤, resp. ≥).
Une martingale M est dite de carré intégrable si

sup
t∈T

E[M2
t ] < +∞.

En général, le concept de martingale est restrictif et on préfére la notion plus générale
de martingale locale, où un processus M càdlàg et adapté est une martingale locale
s’il existe une suite de temps d’arrêts (Tn)n∈N telle que

(i) (Tn)n∈N est croissante et vérifie lim
n→+∞

Tn = +∞ p.s.,

(ii) MTn est une martingale pour tout n ∈ N.
On dit que (Tn)n∈N est une suite localisante pour la martingale locale M . On dit de
plus que M est une martingale locale de carré intégrable si (Tn)n∈N est telle que

MTn1{Tn>0}

est de carré intégrable. Énonçons alors le théorème de décomposition de Doob-Meyer
utilisé au Chapitre 6.
Theorem A.1.1 (Décomposition de Doob-Meyer) Soit X une sous-martingale po-
sitive continue à droite et adaptée à la filtration F . Il existe alors un unique couple
(M,Λ) tel qu’on ait

Xt = Mt + Λt p.s. pour tout t ∈ T ,
avec M une martingale càd et Λ un processus prévisible croissant, càd et intégrable.
En particulier, siM est une martingale locale de carré intégrable, il existe un unique
processus prévisible noté 〈M〉 et appelé variation prévisible de M , qui soit càdlàg,
à variation finie, nul en zéro et tel que M2 − 〈M〉 soit une martingale locale. On
définit aussi le processus de variation optionnel de M , noté [M ], par

[M ]t =
∑
s≤t

∆M2
s ,

où on note ∆Xt le “saut” en t du processus càdlàg X défini par ∆Xt = Xt − Xt−

avec
Xt− = lim

s<t
s→t

Xs.
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Processus de comptage. Dans de nombreux cas d’application, on est amené à
introduire un processus stochastique qui n’évolue que par sauts d’amplitude 1 qui
correspondent à des instants aléatoires où se produisent certains événements spéci-
fiques, comme c’est le cas dans le cadre de travail de l’analyse de survie. La modé-
lisation adaptée est alors celle des processus de comptage. On dira alors que N est
un processus de comptage s’il est adapté, si ses trajectoires sont càd, constantes par
morceau, nulles à l’instant 0 et croissantes par sauts d’amplitude 1 (donc constantes
par morceau). Le processus de comptage N peut être représenté par la suite de ses
instants de sauts (Tn)n∈N∗ tels que 0 < N1 < N2 < · · · p.s. et pour tout t ∈ T , on a
la représentation

Nt =
∑
k≥1
1{Tk≤t},

ainsi que
Nt ≥ n ⇔ Tn ≤ t.

Il existe alors Λi croissants tels que Mi = Ni−Λi soit une martingale locale de carré
intégrable et il existe un processus prévisible fi, appelée intensité, telle que

Λi =
∫ t

0
fi(s)ds.

On parle alors de processus de comptage à intensité pour Ni et on a [Mi] = Ni

et 〈Mi〉 = Λi. Pour les processus de comptage marqués qui sont plus généraux, on
observe en plus une variable Xk (appelée marque) à chaque Tk, et (Tk, Xk) est appelé
processus ponctuel marqué.

A.1.2 Plus sur le modèle de Cox
Cette section est dédiée à quelques questions relatives au modèle de Cox (pré-

senté dans la Section 1.2.3) non traitées en détail dans le manuscrit, mais jugées
importantes pour comprendre en profondeur certains développements.

a) La vraisemblance partielle de Cox

La première version de la log-vraisemblance partielle de Cox que nous avons
introduite est la suivante [Cox, 1972]

`n(β) = 1
n

n∑
i=1

δi
(
x>i β − log

∑
i′:zi′≥zi

exp(x>i′ β)
)
. (A.1)

Commençons par donner une justification intuitive de cette écriture.
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Construction intuitive. L’idée est de considérer qu’aucune information ne peut
être donnée sur β? par les intervalles pendant lesquels aucun événement n’a eu
lieu, et de supposer que les instants où se produisent les censures n’apportent pas
d’information sur β?. On travaille alors conditionnellement à l’ensemble des instants
où un décès a lieu.

Supposons qu’il n’y a qu’un seul décès pour chaque temps d’événement en se
basant sur un raisonnement en temps continu. Les modifications à apporter en cas
d’événements simultanés sont par ailleurs évoquées dans un paragraphe à venir. Si
on note D le nombre total de décès observés sur la période de l’étude parmi les n
individus, t1 < · · · < tD les temps de décès distincts et ordonnés, alors la probabilité
pi que l’individu i décède au temps ti sachant qu’un décès a effectivement eu lieu à
cet instant est naturellement donnée par

pi = λ?0(ti) exp(x>i β?)∑
j∈R(ti) λ

?
0(ti) exp(x>j β?)

= exp(x>i β?)∑
j∈R(ti) exp(x>j β?)

(A.2)

où R(ti) est l’ensemble des individus toujours à risque juste avant ti. Comme il y
a des contributions à la vraisemblance à chaque temps de décès, la vraisemblance
partielle de Cox est définie comme le produit sur tous les temps de décès, soit

Ln(β) =
D∏
i=1

pi =
n∏
i=1

δi exp(x>i β)∑
j:zj≥zi exp(x>j β) ,

en remarquant simplement que R(ti) = {j : zj ≥ zi} et qu’en ajoutant la puissance
δi, on ne fait intervenir que les temps de décès en écartant les temps censurés. En
prenant le logarithme de l’expression précédente et en multipliant par n−1 (version
“normalisée” de la log-vraisemblance qui est couramment utilisée), on retrouve bien
l’écriture (A.1).

Autre écriture. Nous avons également donné une seconde écriture de cette log-
vraisemblance partielle (qui s’exprime avec l’échantillon aléatoire) qui est la suivante

`n(β) = 1
n

n∑
i=1

∫ τ

0
{XT

i β − logSn(t, β)}dNi(t). (A.3)

Vérifions alors l’égalité entre l’expressions (A.1) exprimée avec l’échantillon aléatoire
et l’expression (A.3). Il suffit pour cela de montrer que

∆i =
∫ τ

0
dNi(t) (A.4)

et
∆i log

∑
j:Zj≥Zi

exp(X>j β) =
∫ τ

0
log

( n∑
j=1

Yj(t) exp(X>j β)
)
dNi(t) (A.5)
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pour tout i ∈ {1, . . . , n} et tout β ∈ Rd. En rappelant que par définition

Ni(t) = 1{Zi≤t,∆i=1},

on a ∫ τ

0
dNi(t) = lim

ε→0

1
ε

∫ τ

0

(
Ni(t+ ε)−Ni(t)

)
dt

= lim
ε→0

1
ε

∫ τ

0
∆i

(
1{Zi≤t+ε} − 1{Zi≤t}

)
dt

= ∆i lim
ε→0

1
ε

∫ Zi

Zi−ε
dt︸ ︷︷ ︸

ε

= ∆i,

ce qui achève la preuve de (A.4). Ensuite, on a
∫ τ

0
log

( n∑
j=1

Yj(t)︸ ︷︷ ︸
1{Zj≥t}

exp(X>j β)
)
dNi(t) =

∫ τ

0
log

∑
j:Zj≥t

exp(X>j β)dNi(t)

= ∆i lim
ε→0

1
ε

∫ τ

0
log

∑
j:Zj≥t

exp(X>j β)
(
1{Zi≤t+ε}

− 1{Zi≤t}
)
dt

= ∆i lim
ε→0

1
ε

∫ Zi

Zi−ε
dt︸ ︷︷ ︸

=1

log
∑

j:Zj≥Zi+ε
exp(X>j β)

= ∆i log
∑

j:Zj≥Zi
exp(X>j β),

ce qui achève la preuve de (A.5). �

Justification théorique. Nous donnons enfin une justification théorique de l’écri-
ture (A.3) à partir de la définition de la log-vraisemblance pour les processus de
comptage. On se place dans le cadre de la Section 1.2.2 en reprenant les mêmes
notations, avec la fonction de risque du modèle de Cox définie dans la Section 1.2.3.
D’après le Théorème A.1.1 de décomposition de Doob-Meyer, on a

dNi(t) = λ?0(t) exp(X>i β?)Yi(t)dt+ dMi(t),

où Mi est une martingale locale de carré intégrable. D’après la définition de la log-
vraissemblance pour les processus de comptage définie dans Andersen et al. [1993],
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on a la log-vraissemblance (normalisée par n−1) suivante

L(λ, β;Dn) = 1
n

n∑
i=1

{ ∫ τ

0
log

(
λ(t) exp(X>i β)

)
dNi(t)−

∫ τ

0
λ(t) exp(X>i β)Yi(t)dt

}
,

que l’on peut ré-écrire

L(λ, β;Dn) = 1
n

n∑
i=1

∫ τ

0
log

(exp(X>i β)
Sn(t, β)

)
dNi(t)︸ ︷︷ ︸

`n(β)

+
∫ τ

0
log

(
λ(t)Sn(t, β)

)
dN̄(t)

−
∫ τ

0
λ(t)Sn(t, β)dt,

où Sn(t, β) est défini dans l’Équation (1.15) et où on voit apparaître la vraissem-
blance partielle de Cox `n(β), dont la fonction de perte naturellement associée est
donnée par

`(β, β?) = E[`n(β?)− `n(β)]

= 1
n

n∑
i=1
E

[ ∫ τ

0
log

(exp(X>i β)
Sn(t, β)

Sn(t, β?)
exp(X>i β?)

)
λ?0(t) exp(X>i β?)Yi(t)dt

]

− 1
n

n∑
i=1
E

[ ∫ τ

0
log

(exp(X>i β)
Sn(t, β)

Sn(t, β?)
exp(X>i β?)

)
dMi(t)

]
︸ ︷︷ ︸

=0

.

On retrouve alors la divergence de Kullback-Leibler introduite dans Senoussi [1990],
sa version empirique étant introduite dans l’équation (6.9) pour obtenir les résultats
théoriques du Chapitre 6.

b) Détails supplémentaires

Nous discutons ci-après deux points mis de côté ou vaguement évoqués jus-
qu’alors.

Événements simultanés. Les raisonnements précédents supposent que les temps
d’événements sont distincts. Mais dans le cas de données réelles, cette hypothèse
n’est pas toujours vérifiée. En présence d’un nombre de décès di ≥ 1 au temps ti,
on admet simplement que les décès se produisent les uns à la suite des autres. Ce-
pendant, on ne connaît pas l’ordre des décès et il faut donc considérer toutes les
possibilités. En notant Di les indices des di individus qui décèdent en ti, l’expres-
sion (A.2) de pi, qui est ici la probabilité que les di individus qui décèdent soient
effectivement ceux de Di, devient alors ici

pi =
∏
j∈Di exp(x>j β?)∑

Pi

∏
j∈Pi exp(x>j β?)

,
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où la somme du dénominateur est sur toutes les permutations Pi de R(ti) de taille
di (façons de choisir di indices parmi R(ti)). Le problème est que le temps de cal-
cul devient long lorsqu’il y a beaucoup de décès simultanés, puisque le nombre de
permutations croît très rapidement avec di. L’approximation de Breslow utilisée en
pratique consiste à remplacer le dénominateur par[ ∑

j∈R(ti)
exp(x>j β?)

]di
pour obtenir finalement

Ln(β) =
D∏
i=1

exp(β>∑j∈Di xj)[∑
j∈R(ti) exp(x>j β)

]di .
Nous précisons que d’autres approximations plus fines existent et renvoyons à Ther-
neau and Grambsch [2000] pour plus de détails à ce sujet.

Tests. De façon classique, il existe différentes approches pour tester des hypothèses
sur β?. Les tests sont déduits de propriétés asymptotiques de β̂ et portent en général
sur une hypothèse du type

H0 : β? = β0.

Les principales statistiques de test utilisées sont :
— la statistique du rapport de vraisemblance, et sous H0 on a

2[`n(β̂)− `n(β0)] −→
n→+∞

χ2(d),

— la statistique de Wald, et sous H0 on a

(β̂ − β0)>∇2`n(β̂)(β̂ − β0) −→
n→+∞

χ2(d),

— la statistique du score, et sous H0 on a

∇`n(β0)>
(
∇2`n(β̂)

)−1
∇`n(β0) −→

n→+∞
χ2(d).

On peut bien entendu déduire de ces statistiques des tests partiels permettant de
tester des hypothèses concernant certaines coordonnées de β?, comme par exemple

H0 : β?j = 0.

On peut aussi montrer que tester H0 : β? = 0 est équivalent à faire un test du
logrank où l’hypothèse nulle serait l’égalité des fonctions de survie deK sous-groupes
d’individus.
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Il existe différentes méthodes pour tester l’adéquation au modèle, notamment
pour vérifier l’hypothèse des risques proportionnels. Des méthodes graphiques ont été
proposées mais elles sont peu puissantes. Une autre approche consiste à considérer
une covariable qui dépend du temps. Si on veut par exemple tester si une covariable
X vérifie l’hypothèse de risques proportionnels, on introduit un terme d’interaction
entre le temps et la covariable : par exemple β1X + β2X log(t). Il s’agit ensuite
de tester si β2 est significativement différent de 0, si c’est le cas alors l’hypothèse
de proportionnalité n’est pas respectée. Une autre méthode consiste à partir de
l’expression

S(t|X = x) = exp{−Λ(t|X = x)}
de l’Équation (1.13) et de considérer la variable aléatoire V = Λ(T |X). On remarque
alors que

P[V > v|X = x] = P[T > Λ−1(v|X = x)] = exp(−v)
et donc V suit une loi exponentielle E(1). Une procédure de vérification de l’adé-
quation du modèle consiste alors à comparer l’estimateur du risque cumulé de V à
la droite d’équation v = t. Nous renvoyons à Therneau and Grambsch [2013] pour
plus de détails concernant ces différentes procédures de test.

A.1.3 Inégalités de concentration
Les inégalités de concentration fournissent des bornes sur la probabilité qu’une

variable aléatoire dévie d’une certaine valeur, généralement l’espérance de cette va-
riable aléatoire. Énonçons une première inégalité très utile en pratique, l’inégalité de
Hoeffding, qui permet d’évaluer la déviation d’un processus empirique par rapport
à sa moyenne.

Theorem A.1.2 (Inégalité de Hoeffding). Soient X1, . . . , Xn des variables aléa-
toires réelles indépendantes telles que ai ≤ Xi ≤ bi presque sûrement. On note
X̄n = n−1∑n

i=1Xi la moyenne empirique. On a alors

P
[
X̄n − E[X̄n] ≥ x

]
≤ exp −2n2x2∑n

i=1(bi − ai)2

pour tout x > 0.

Nous utilisons une version de ce résultat dans le Chapitre 6.

Le gros défaut de l’inégalité précédente et qu’elle suppose les variables Xi bor-
nées. Énonçons simplement l’inégalité de Bernstein qui relâche cette hypothèse mais
qui fait en contre partie des hypothèses de moments et qui perd un peu au niveau
de la borne.
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Theorem A.1.3 (Inégalité de Bernstein). Soient X1, . . . , Xn des variables aléa-
toires réelles indépendantes telles qu’il existe des nombres positifs v et c vérifiant∑n
i=1E[X2

i ] < v et
n∑
i=1
E[(Xi)q+] ≤ q!

2 vc
q−2

pour q ≥ 3, avec x+ = max(0, x). On a alors

P
[
X̄n − E[X̄n] ≥ x

]
≤ exp −n2x2

2(v + cnx)

pour tout x > 0.

Précisons enfin qu’il existe de nombreuses autres inégalités de concentration,
avec des versions pour les martingales par exemple [Shorack and Wellner, 2009].
Pour plus de détails, nous renvoyons le lecteur au livre Massart [2007].

A.2 Quelques détails supplémentaires
Nous donnons ici quelques détails supplémentaires non indispensables à une pre-

mière lecture, mais jugés utiles pour approfondir certains aspects rapidemment évo-
qués.

A.2.1 Structuration des données des Chapitres 2 et 3
Les données utilisées dans les Chapitres 2 et 3 proviennent donc de l’entre-

pôt de données utilisant une plateforme I2B2 de l’HEGP, I2B2 pour “Informatics
for Integrating Biology and the Bedside”. Cet entrepôt regroupe l’ensemble des in-
formations contenues dans le système d’information hospitalier en une seule base
pauci-relationnelle permettant de faire facilement des extractions utilisant des cri-
tères complexes sur plusieurs sources de données. L’objectif de cet entrepôt est de
générer de nouvelles hypothèses à partir de stratégies de fouille de données, de réa-
liser des études épidémiologiques, des études sur les services en santé et de faciliter
la recherche clinique en identifiant rapidement les patients éligibles. La Figure A.1
renseigne sur l’alimentation de cet entrepôt à partir du système d’information hos-
pitalier, et la Figure A.2 fournit le diagramme de classes de l’entrepôt.

Les données des patients disponibles dans l’entrepôt sont multi-dimensionnelles,
évoluent dans le temps et à granularité sémantique fine, ce qui rend leur exploitation
directe difficile. Une autre particularité réside dans le fait que la trajectoire de chaque
patient au sein de l’hôpital est unique : si on prend deux patients quelconques, il
auront nécessairement subi un certain nombre de tests biologiques différents ; et
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Figure A.1 Organisation des données à l’HEGP.



A.2. QUELQUES DÉTAILS SUPPLÉMENTAIRES 254

Figure A.2 Diagramme de classes de l’entrepôt I2B2.
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pour les concepts enregistrés identiques, les instants d’enregistrement des variables
considérées ne seront pas les mêmes, ni leur nombre qui dépendra de l’état du pa-
tient et de la durée de son séjour. Cela implique une quantité énorme de données
manquantes si on considère une structuration classique, où on souhaite créer des co-
variables renseignées pour chacun des exemples de notre ensemble d’apprentissage.

Dans ce projet portant sur les crises vaso-occlusives chez les patients drépano-
cytaires, de nombreuses extractions ont été nécessaires pour aboutir à un jeu de
données final comportant l’ensemble des informations désirées. Pour être plus clair,
les données ont été organisées selon trois grandes catégories : les caractéristiques des
patients, les données biologiques et enfin les données concernant les paramètres vi-
taux. Une description précise des variables extraites est donnée dans la Section 3.A.
L’ensemble des données concernent la cohorte de drépanocytaires de l’HEGP entre
2009 et 2015 (avant 2009, les traitements et les protocoles étaient différents).

Les choix dans la récupération de toutes ces données ont été fait avec l’aide des
cliniciens spécialistes. De nombreuses difficultés sont apparues après les premières
extractions. Pour n’en citer que quelques unes, l’information concernant les para-
mètres vitaux a par exemple dû être regroupée car présente dans différentes bases :
soit codée selon des concepts de paramètres vitaux, soit codée dans une base ap-
pelée “pancarte” et correspondant à des questionnaires remplis par les médecins ou
infirmiers. Certaines variables n’étaient alors présentes que dans l’une ou l’autre des
bases “pancarte” ou “paramètres vitaux” et d’autres dans les deux à la fois, à des
intervalles de temps identiques ou non et avec des unités identiques ou non. Un autre
exemple serait celui des tris nécessaires pour regrouper les variables biologiques re-
flétant le même concept mais codées différemment, correspondant par exemple à des
quantités physiques identiques mais provenant de tests biologiques différents (l’un
sanguin et l’autre urinaire, etc.).

Finalement, les données brutes après la première phase de tri et de nettoyage
peuvent se résumer par la Figure A.3 qui renseigne aussi sur le poids du jeu de
données brutes final.

Le fichier sejour_drepano.csv contient les informations de base des séjours comme
les dates d’entrée et de sortie de l’hôpital, et correspond à la table Visit_drepano
dans le diagramme des classes de la Figure A.4. Le fichier demography.csv corres-
pond quant à lui aux données dites “basiques” précédemment évoquées. Les fichiers
parametres_vitaux.csv et pancarte.csv contenant le même type d’information ont
été réorganisés dans une table unique appelée Vital_parameters dans la Figure A.4.

Après ce premier travail d’extraction et de nettoyage des données, la création
d’une structure organisant au mieux les informations par patient et par séjour était
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Figure A.3 Illustration des fichiers initiaux d’extraction des données brutes.

Figure A.4 Diagramme des classes après le premier nettoyage avec en vert des
exemples représentatifs pour chacun des attributs.

indispensable avant de pouvoir utiliser et interroger les données de façon efficace.
Les données ont alors été organisées dans un fichier JSON dont la structure est
explicitée sur la Figure A.5. Toutes les informations sont ainsi triées par patient
puis par séjour. L’avantage du format JSON est qu’il est facilement compréhensible,
la syntaxe n’utilise que quelques marques de ponctuation et il ne dépend d’aucun
langage. Comme ce format est très ouvert, il est pris en charge par de nombreux
langages et permet de stocker des données de différents types : chaînes de caractères,
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nombres, tableaux, objets, ou encore booléens ; donc il est tout à fait adapté à nos
données. Sa structure en arborescence et sa syntaxe simple lui permet de rester très
“léger” et efficace.

Figure A.5 Structure du fichier JSON.

A.2.2 Les données du TCGA
Dans les Chapitres 4 et 6, nous avons utilisé les données issues du TCGA pour le

cas d’usage. Quelques explications s’imposent pour mieux comprendre ces données
et leur richesse, ainsi que pour saluer le projet TCGA et les avancées scientifiques
qu’il rend possible.

La génomique du cancer. L’ADN contient toute l’information génétique, appe-
lée génome, permettant le développement, le fonctionnement et la reproduction des
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êtres vivants. Dans les cellules, l’ADN est organisé en structures appelées chromo-
somes, ce qui est illustré par la Figure A.6. Ces chromosomes sont composés de six
milliards de lettres – avec un alphabet de quatre lettres : A, C, G et T – et participent
notamment à la régulation de l’expression génétique en déterminant quelles parties
de l’ADN doivent être transcrites en ARN. L’ARN est une molécule biologique très
proche chimiquement de l’ADN qui est en général synthétisée dans les cellules à
partir de l’ADN dont il est une copie. Les cellules utilisent ensuite l’ARN comme un
support intermédiaire des gènes pour synthétiser les protéines dont elles ont besoin.
La génomique est alors l’étude de la séquence des lettres de l’ADN, notamment pour
comprendre les informations transmises aux cellules.

Figure A.6 Illustration de la présence d’ADN dans chaque cellule. 1

Dans les cellules cancéreuses, une altération génétique (c’est-à-dire un change-
ment de lettre, provoquée par exemple par mutations de l’ADN) peut amener la
cellule à fabriquer une protéine qui ne permet pas à la cellule de fonctionner comme
elle le devrait, ce qui est illustré par la Figure A.7. Ces protéines peuvent entraîner
une croissance incontrôlable des cellules et une malignité pouvant endommager les
cellules voisines. Les altérations génétiques peuvent être héritées des parents, cau-
sées par des facteurs environnementaux, ou se produire lors de processus naturels
tels que la division cellulaire. Les changements qui s’accumulent au cours de la vie

1. Source de la Figure A.6 : https://www.genome.gov/.

https://www.genome.gov/
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sont appelés changements acquis ou somatiques et représentent 90 à 95% de tous
les cas de cancer.

En étudiant le génome du cancer, l’idée est d’essayer de découvrir quels change-
ments de lettre sont à l’origine du cancer. Le génome d’une cellule cancéreuse peut
également être utilisé pour distinguer un type de cancer d’un autre. Dans certains
cas, l’étude du génome d’un cancer peut aider à identifier un sous-type de cancer,
un exemple étant le cancer du sein HER2+.

Comprendre le génome du cancer peut donc également contribuer à la médecine
de précision en définissant les types de cancer et les sous-types en fonction de leur
génétique. L’idée est alors d’être capable de classifier les patients en sous-groupes
disctincts – ce qui est l’objet du Chapitre 4 – pour tenter de fournir aux patients un
diagnostic plus précis, et donc une stratégie de traitement personnalisée.

(a) Cellules cancéreuses des cervi-
cales.

(b) Apparition d’une tumeur.

Figure A.7 Illustration de cellules cancéreuses entourées de cellules saines. 2

En séquençant l’ADN et l’ARN des cellules cancéreuses, on peut mesurer l’ac-
tivité des gènes codés dans l’ADN afin de comprendre quelles protéines sont anor-
malement actives ou rendues silencieuses dans les cellules cancéreuses, contribuant
ainsi à leur croissance incontrôlée.

Ainsi, réunir de vastes ensembles de données génomiques et les partager permet
d’identifier les changements génétiques sous-jacents au cancer, déterminer leur rôle

2. Source de la Figure A.7a :
http://www.abc.net.au/news/2018-03-06/cervical-cancer-cells/9515806.
Source de la Figure A.7b :
https://www.cancerresearchuk.org/about-cancer/what-is-cancer/how-cancer-starts/
cancer-cells.

http://www.abc.net.au/news/2018-03-06/cervical-cancer-cells/9515806
https://www.cancerresearchuk.org/about-cancer/what-is-cancer/how-cancer-starts/cancer-cells
https://www.cancerresearchuk.org/about-cancer/what-is-cancer/how-cancer-starts/cancer-cells


A.2. QUELQUES DÉTAILS SUPPLÉMENTAIRES 260

dans le développement des tumeurs et exploiter ces résultats pour lutter contre le
cancer. C’est l’objet du projet TCGA.

The Cancer Genome Atlas (TCGA). Il s’agit d’un projet lancé en 2005, su-
pervisé par le Centre de Génomique du Cancer de l’Institut National du Cancer
et l’Institut National de Recherche sur le Génome Humain, dont le but est de ca-
taloguer les mutations génétiques responsables du cancer en utilisant le séquençage
génomique et la bio-informatique. Le portail fournit des données cliniques, des carac-
térisations génomiques et des analyses de séquences associées aux tumeurs de plus
de 33 types de cancers chez l’humain, comme l’illustre la Figure A.8. Ces données
représentent plus de 2 petabytes qui sont accessibles en libre accès 3 à la communité
scientifique dans le but d’améliorer la prévention, le diagnostic et le traitement du
cancer, grâce par exemple à une meilleure compréhension de la base génétique du
cancer.

Figure A.8 Le TCGA en quelques chiffres. 4

En particulier, les données que nous avons utilisées dans les Chapitres 4 et 6 sont
des données d’expression génétique de l’ARN, c’est-à-dire des covariables à valeurs

3. Les données du TCGA sont accessibles à l’adresse http://cancergenome.nih.gov.
4. Source de la Figure A.8 : https://cancergenome.nih.gov/abouttcga.

http://cancergenome.nih.gov
https://cancergenome.nih.gov/abouttcga
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réelles correspondant à l’expressions de p = 20531 gènes, concernent les trois cancers
suivant : le cancer du sein “breast invasive carcinoma” (BRCA) avec un échantillon
de n = 1211 patients, le cancer du cerveau “glioblastoma multiforme” (GBM) avec
un échantillon de n = 168 patients et le cancer du rein “kidney renal clear cell
carcinoma” (KIRC) avec un échantillon de n = 605 patients. Précisons que nous
sommes dans un cas typique de grande dimension où p � n. La Figure A.9 donne
alors une visualisation de ce type de données.

p features

n
ex

am
pl

es

Figure A.9 Visualisation d’un sous échantillon des données relatives au cancer
BRCA, en prenant ici les n = 50 premiers patients et les p = 200 premiers gènes,
où les valeurs d’expression sont normalisées dans le segment [0, 1]. Une valeur de 0
est représentée par un carré de couleur blanche, couleur qui tend vers le vert foncé
à mesure que la valeur est proche de 1.

A.2.3 Les métriques en pratique

Nous donnons ici quelques détails sur l’utilisation pratique des deux principales
métriques d’analyse de survie utilisées dans ce manuscrit.

AUC(t). Pour un seuil c donné, le taux cumulé de vrais positifs (TPR) et le taux
cumulé de faux positifs (FPR) sont deux fonctions du temps respectivement définies
par

TPRC(c, t) = P[M > c|T ≤ t]

et

FPRD(c, t) = P[M > c|T > t],
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où M est le marqueur étudié. Puis, en utilisant la définition suivante pour l’AUC
cumulée dynamique ainsi que le théorème de Bayes, on obtient

AUCC,D(t) =
∫ ∞
−∞

TPRC(c, t)
∣∣∣∣∣∂FPRD(c, t)

∂c

∣∣∣∣∣ dc
=
∫ ∞
−∞

∫ ∞
c

P[T ≤ t|M = m]P[T > t|M = c]
P[T ≤ t]P[T > t] h(m)h(c)dmdc.

En remarquant que

P[T > t] =
∫ ∞
−∞

P[T > t|M = m]h(m)dm,

un estimateur Ŝn(t|m) de la fonction de survie conditionnelle P[T > t|M = m] mène
à l’estimateur suivant

ˆAUC
C,D(t) =

∑n
i=1

∑n
j=1 Ŝn(t|Mj)[1− Ŝn(t|Mi)]1{Mi>Mj}∑n
i=1

∑n
j=1 Ŝn(t|Mj)[1− Ŝn(t|Mi)]

On utilise un estimateur de Kaplan-Meier de la fonction de survie conditionnelle
P[T > t|M = m], comme cela est proposé dans Blanche et al. [2013], ce qui est déjà
implémenté dans le package timeROC de R.

C-Index. La mesure communément utilisée pour palier au problème de la dépen-
dance temporelle de la métrique AUC(t) est le C-index [Harrell et al., 1996] défini
par

C = P[Mi > Mj|Ti < Tj],
avec i 6= j deux individus indépendants. Dans ce manuscrit, T est sujet à une censure
à droite, on considère alors une version modifiée du C-index, à savoir Cτ [Heagerty
and Zheng, 2005] défini par

Cτ = P[Mi > Mj|Zi < Zj, Zi < τ ],

avec τ la durée de l’étude. Cτ peut être approximé par l’estimateur non-paramétrique,
consistant et non biaisé suivant

Ĉτ =
∑n
i,j=1 δi{Ĝ(Zi)}−21{Zi<Zj ,Zi<τ}1{Mi>Mj}∑n

i,j=1 δi{Ĝ(Zi)}−21{Zi<Zj ,Zi<τ}
,

avec Ĝ l’estimateur de Kaplan-Meier de la distribution de la censure G(t) = P[C >
t], ce qui mène à un estimateur non-paramétrique et consistant de Cτ [Uno et al.,
2011], implémenté dans le package survival de R. De plus, on peut obtenir des
intervales de confiance sur Ĉτ puisque

√
n(Ĉτ − Cτ ) suit asymptotiquement une loi

normale centrée.
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A.2.4 Choix du niveau de censure en simulation du C-mix
Nous donnons ici le détail du calcul de la Section 4.D. La question est de déter-

miner αc pour un taux de censure rc souhaité, avec les paramètres α0, α1 et π0 fixés.
On a alors

1− rc = E[∆]
= P[C − T ≥ 0]

=
+∞∑
k=0

P[C − T = k]

=
+∞∑
k=0

P[
∞⋃
j=1
{T = j, C = j + k}]

=
+∞∑
k=0

+∞∑
j=1

P[T = j]P[C = j + k]

=
+∞∑
k=0

+∞∑
j=1

[
P[T = j|Z = 0]P[Z = 0] + P[T = j|Z = 1]P[Z = 1]

]
P[C = j + k]

=
+∞∑
k=0

+∞∑
j=1

[
α0(1− α0)j−1π0 + α1(1− α1)j−1(1− π0)

]
αc(1− αc)j+k−1

= α0αcπ0

+∞∑
k=0

(1− αc)k
+∞∑
j=0

[
(1− α0)(1− αc)

]j
+ α1αc(1− π0)

+∞∑
k=0

(1− αc)k
+∞∑
j=0

[
(1− α1)(1− αc)

]j

=
α0π0

[
1− (1− α1)(1− αc)

]
+ α1(1− π0)

[
1− (1− α0)(1− αc)

]
[
1− (1− α0)(1− αc)

][
1− (1− α1)(1− αc)

]
Et nous retrouvons bien le résultat obtenu à la Section 4.D.
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Subject : Introduction of high-dimensional interpretable
machine learning models and their applications

Abstract: This dissertation focuses on the introduction of new interpretable machine
learning methods in a high-dimensional setting. We developped first the C-mix, a mixture
model of censored durations that automatically detects subgroups based on the risk that
the event under study occurs early; then the binarsity penalty combining a weighted total
variation penalty with a linear constraint per block, that applies on one-hot encoding of
continuous features; and finally the binacox model that uses the binarsity penalty within
a Cox model to automatically detect cut-points in the continuous features. For each me-
thod, theoretical properties are established: algorithm convergence, non-asymptotic oracle
inequalities, and comparison studies with state-of-the-art methods are carried out on both
simulated and real data. All proposed methods give good results in terms of prediction
performances, computing time, as well as interpretability abilities.
Keywords : High-dimensional statistics; survival analysis; machine learning; non-
asymptotic oracle inequalitie; counting processes; healthcare applications

Sujet : Introduction de modèles de machine learning
interprétables en grande dimension et leurs applications

Résumé : Dans ce manuscrit sont introduites de nouvelles méthodes interprétables de
machine learning dans un contexte de grande dimension. Différentes procédures sont alors
proposées: d’abord le C-mix, un modèle de mélange de durées qui détecte automatiquement
des sous-groupes suivant le risque d’apparition rapide de l’événement temporel étudié;
puis la pénalité binarsity, une combinaison entre variation totale pondérée et contrainte
linéaire par bloc qui s’applique sur l’encodage “one-hot” de covariables continues ; et enfin
la méthode binacox qui applique la pénalité précédente dans un modèle de Cox en tirant
notamment parti de sa propriété de détection automatique de seuils dans les covariables
continues. Pour chacune d’entre elles, les propriétés théoriques sont étudiées comme la
convergence algorithmique ou l’établissement d’inégalités oracles non-asymptotiques, et
une étude comparative avec l’état de l’art est menée sur des données simulées et réelles.
Toutes les méthodes obtiennent de bons résultats prédictifs ainsi qu’en terme de complexité
algorithmique, et chacune dispose d’atouts intéressants sur le plan de l’interprétabilité.
Mots clés : Statistiques en grande dimension; analyse de survie; apprentissage automa-
tique; inégalités oracle non-asymptotiques; processus de comptage; applications en santé
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