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Résumé

Cette these étudie le controle optimal de la dynamique de type McKean-Vlasov et ses applications en
mathématiques financiéres. La these contient deux parties.

Dans la premiere partie, nous devéloppons la méthode de la programmation dynamique pour résoudre
les problémes de contrdle stochastique de type McKean-Vlasov. En utilisant les contréles admissibles ap-
propriés, nous pouvons reformuler la fonction valeur en fonction de la loi (resp. la loi conditionnelle) du
processus comme seule variable d’état et obtenir la propriété du flot de la loi (resp. la loi conditionnelle)
du processus, qui permettent d’obtenir en toute généralité le principe de la programmation dynamique.
Ensuite nous obtenons I’équation de Bellman correspondante, en s’appuyant sur la notion de différentia-
bilité par rapport aux mesures de probabilité introduite par P.L. Lions [Lio12] et la formule d’It6 pour
le flot de probabilité. Enfin nous montrons la propriété de viscosité et l'unicité de la fonction valeur
de I’équation de Bellman. Dans le premier chaptire, nous résumons quelques résultats utiles du calcul
différentiel et de ’analyse stochastique sur l'espace de Wasserstein. Dans le deuxiéme chapitre, nous
considérons le controle optimal stochastique de systéme a champ moyen non linéaire en temps discret.
Le troiséme chapitre étudie le probléme de controle optimal stochastique d’EDS de type McKean-Vlasov
sans bruit commun en temps continu ou les coefficients peuvent dépendre de la loi joint de I’état et du
contrdle, et enfin dans le dernier chapitre de cette partie nous nous intéressons au controle optimal de la
dynamique stochastique de type McKean-Vlasov en présence de bruit commun en temps continu.

Dans la deuxiéme partie, nous proposons un modele d’allocation de portefeuille robuste permettant
Iincertitude sur la rentabilité espérée et la matrice de corrélation des actifs multiples, dans un cadre
de moyenne-variance en temps continu. Ce probléme est formulé comme un jeu différentiel a champ
moyen. Nous montrons ensuite un principe de séparation pour le probleme associé. Nos résultats explicites
permettent de justifier quantativement la sous-diversification, comme le montrent les études empiriques.

Mots-clefs

Equation de type McKean-Vlasov, EDS de type McKean-Vlasov, programmation dynamique, espace
de Wasserstein, équation de Bellman, solution de viscosité , probleme de Markowitz en temps continu,
incertitude sur les modeles, drift et corrélation ambigués, principe de séparation, sous-diversification






Abstract

This thesis deals with the study of optimal control of McKean-Vlasov dynamics and its applications
in mathematical finance. This thesis contains two parts.

In the first part, we develop the dynamic programming (DP) method for solving McKean-Vlasov
control problem. Using suitable admissible controls, we propose to reformulate the value function of the
problem with the law (resp. conditional law) of the controlled state process as sole state variable and get
the flow property of the law (resp. conditional law) of the process, which allow us to derive in its general
form the Bellman programming principle. Then by relying on the notion of differentiability with respect to
probability measures introduced by P.L. Lions [Liol2], and It6’s formula along measure-valued processes,
we obtain the corresponding Bellman equation. At last we show the viscosity property and uniqueness
of the value function to the Bellman equation. In the first chapter, we summarize some useful results of
differential calculus and stochastic analysis on the Wasserstein space. In the second chapter, we consider
the optimal control of nonlinear stochastic dynamical systems in discrete time of McKean-Vlasov type.
The third chapter focuses on the stochastic optimal control problem of McKean-Vlasov SDEs without
common noise in continuous time where the coefficients may depend upon the joint law of the state
and control. In the last chapter, we are interested in the optimal control of stochastic McKean-Vlasov
dynamics in the presence of common noise in continuous time.

In the second part, we propose a robust portfolio selection model, which takes into account ambiguity
about both expected rate of return and correlation matrix of multiply assets, in a continuous-time mean-
variance setting. This problem is formulated as a mean-field type differential game. Then we derive a
separation principle for the associated problem. Our explicit results provide an explanation to under-
diversification, as documented in empirical studies.

Keywords

McKean-Vlasov equation, McKean-Vlasov SDEs, dynamic programming, Wasserstein space, Bellman
equation, viscosity solution, continuous-time Markowtiz problem, model uncertainty, ambiguous drift
and correlation, separation principle, under-diversification
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Notations

I. Sets

¢ N is the set of nonnegative integers.

o R is the set of real numbers and R the set of positive real numbers.

<&

x.y denotes the scalar product of two Euclidian vectors x and y.

o

We denote by || - ||2 the Lo-norm (Euclidian norm) in R%:

lalls = +Va.a.

For any matrix or vector M, we denote its transpose by M™ and its trace by tr(M). We denote

<

identity matrix in R?? by I, and zero matrix in R?*¢ by 0gxgq-

o S%is the set of symmetric matrices in R%*?, Si the set of nonnegative symmetric matrices in R4*¢

and Si . the set of positive definite symmetric matrices in R¥*?_ We define the order on Si 4 as

A<B+=DB-AecsS?,.

I1. Functions

¢ 1a(x) is the indicator function on the set A.

o Given a continuously differentiable function f on RY, we denote by Vf the gradient vector in R¢
with components %’ 1 <7 <d.
o C([t, s], E) is the set of continuous functions from the interval [t, s], ¢ < s, into some Euclidian space

E. The interval [t, s] is often Ry or R.

III. Integration and probability
Given a topological space E and a probability space (2, F,P)
o B(E): Borelian o-filed generated by the open subsets of E.
o 0, denotes the Dirac measure at . 0,(B) = 1g(x) for any B € B(E).

o Px is the probability measure of random variables X on (€, F,P) under P and £(X) the law of X.
P(x,y) is the joint distribution of random variables X and Y on (2, F,P).

o L2(Q), F,P; E) is the space of square integrable random variable X, valued in E, F-measurable and
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such that E|X|? < co. We sometimes omit some arguments and write L?(F; E) when there is no
ambiguity.

P(E), denotes the set of all probability measures on measurable space (E,B(E)).

Pp(E), p > 1, denotes the set of all probability measures on measurable space (E,B(E)) with a
finite p-order moment, i.e. p € P(E), and the p-norm of p: |ul, :== ([ |z|P)}/? < co. We often
call P,(E) Wasserstein space.

For any p € P,(E), F Euclidian space(often R? in our context), we denote by L2 (F) the set of
measurable functions ¢ : F — F which are square integrable with respect to u, by Li® u(F ) the set
of measurable functions ¢ : R x R? — F which are square integrable with respect to the product

measure p ® p, and we set
ue) =<ouz= [ p@uds),  pepw) = [ vledudoud),
R4 R4 xRd

We also define Le°(F) (vesp. L7, (F)) as the subset of elements ¢ € L2 (F) (resp. L2, (F)) which

are bounded g (resp. p® u) a.e., and ||| is their essential supremum.

f:E — F is a measurable mapping, we denote pushforward measure by fxu: fxu(B) = u(f~*(B)),
V B € B(F).

P is a family of probability measures. We say that a property holds P quasi-surely (P-q.s. for
short) if it holds P-a.s. for all P € P.



Introduction

The main objective of this Ph.D. thesis is to investigate the optimal control of McKean-Vlasov systems
and give several applications.

In the first part, we analyze in detail the DP method for the optimal control of McKean-Vlasov
systems. Due to the dependence of the coefficients on the law of the state process, DP requires adaptation.
Therefore, the key idea is to reformulate the problem as a distributed control problem with the probability
distribution (resp. conditional probability distribution) of the controlled state process as sole state
variable. Then we state a dynamic programming principle (DPP) for the value function in the space
of probability measures, which follows from a flow property of the law (resp. conditional law) of the
controlled state process. Moreover by relying on Wasserstein results mentioned in Chapter 1, we derive
the Bellman equation, and prove the viscosity property together with a uniqueness result for the value
function. We also deduce a verification theorem when the value function is smooth, and solve explicitly
the LQ McKean-Vlasov control problem with applications to the mean-variance portfolio selection and an
interbank systemic risk model. In Chapter 1, we present some results of Wasserstein differential calculus
such as the notion of differentiability with respect to measures due to P.L. Lions and Itd’s formula along
a flow of probability measures. In Chapter 2, we are interested in the optimal control of McKean-Vlasov
systems in discrete time. Chapter 3 is about the optimal control of McKean-Vlasov SDEs in continuous
time. In Chapter 4, we study the optimal control of stochastic SDEs of McKean-Vlasov type in the
presence of a common noise.

In the second part, we build a framework for the robust continuous-time mean-variance portfolio
selection where the model uncertainty carries on both expected rate of return and correlation matrix of
multiply risky assets. It is formulated as a McKean-Vlasov control problem under model uncertainty
and solved by a weak version of martingale optimality principle. We deduce a separation principle
for this associated robust problem, which allows to reduce the computation of robust optimal portfolio
strategy to the parametric infimum computation of the risk premium function. We quantify explicitly
the diversification effects in terms of Sharpe ratio and correlation parameter. In particular, our findings
consist in no trading in risky assets with large expected return ambiguity and trading only one risky asset
with high level of ambiguity about correlation.

0.1 Part I: The optimal control of McKean-Vlasov dynamics

McKean-Vlasov SDEs, whose coefficients may depend on the marginal distributions of the solutions,
have a long history with the work initialed by [Kac56] and [McK67]. However, the optimal control of
McKean-Vlasov dynamics, also called mean field type control problem, has notoriously been ignored in
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standard stochastic control literature for a while. Recently, it has been known a surge of renewed interest
since the emergence of the MFG proposed by Lasry and Lions [LL07] and simultaneously by Huang et
al. [HMCO06].

The study of optimal control of McKean-Vlasov dynamics is motivated by the description of the
asymptotic behavior of a large but finite numbers of players (financial agents, firms) with mean field
interactions, which can be described loosely as follows: imagine there are N state processes interacting
through their empirical measures via the following SDE system:

dXj = b(X[.p, ap)dt +o(X{, pr,af)dBy + oo(X{, py s ap)dWy,
1N
—N _ - .
i=1
Here W°, B!, ..., BY are independent Brownian motions, and o' is the control of player i. As the player
i feels only B* directly , we call B', ..., BV the idiosyncratic noises, and we call W° common noise,
since each player feels W° equally. The cost functional associated to the player i of the strategy profile
(at,...,al)is
Tata®) = B[ [ al + o6 )
0

As the number of players increases, this system of N-player games with the interaction of mean field
type is in high dimension of order N and not tractable in general. The required computational effort for
equilibrium typically involves a system of N PDEs and is usually prohibitively large. From a practical
point of view, one tends to study the asymptotic behavior of N-player games. The hope is to reduce
the analysis of the whole system to the analysis of a single representative player from the theory of
propagation of chaos. A natural question is in which sense this N-player stochastic differential games as
N — oo converge.

Two different notions of equilibrium may be considered. One notion is Nash equilibrium, which
usually takes two forms: open-loop Nash equilibrium and closed-loop Nash equilibrium. When the N-
player equilibrium is open-loop, compactness arguments yield that every limit point of N-player Nash
equilibrium is characterized as a weak solution of MFG, formulated as a standard control problem and
a fixed point problem over the space of probability measures, see [CD18, Vol II, Chapter 6], [Lacl6];
when the N-player equilibrium is closed-loop, the convergence to the MFG equilibrium is known in
[CD18, Vol II, Chapter 6] when the associated Master equation has a unique smooth solution. There are
two approaches to solve MFG. In the original work [LL07], Lasry and Lions followed an analytic PDE
approach. The recent book by Carmona and Delarue [CD18, Vol II, Chapter 6] offers a comprehensive
treatment of the probabilistic approach to MFG. It brings numerous applications in economics and finance
such as [GLL11], [CFS15] among others.

The other notion is Pareto optimality where a social player chooses the control policy to minimize
the averaged objective

1 )
1 Ny ._ 1 N
Jla ..« ).—NE Jar, . at).

In [Lacl7], the authors restricted themselves to the case without common noise and introduced the
relaxed formulation of McKean-Vlasov control problem, meaning that the state equation for N-player
games and the McKean-Vlasov control problem are formulated as controlled martingale problems and
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with relaxed (i.e. measure-valued) controls. They showed that the empirical measure sequence (y )¢e(o,7]
of near-optimally controlled N-player games admits in distribution limit points, and that every limit point
is supported on the set of measure flows (Px,)¢cjo,7), where X is an optimally controlled state in the
McKean-Vlasov control problem. In particular, whenever the McKean-Vlasov control problem admits
a unique optimal control, this is a proper convergence theorem, i.e. propagation of chaos. The strong
formulation (compared to the relaxed formulation in [Lac17]) of the McKean-Vlasov control problem is
given by

dX; = b(X, P a)dt + o(X, P ap)dB; + 00(Xy, Y., ) dWYP,

where IP’)V(V;O is the distribution of X; given WP°, and the objective of the representative player is the
minimization of the cost functional

T
J(a) = E[/O (X2 P ) dt + g(X, PR .

The similarities and differences between MFG and optimal control of McKean-Vlasov dynamics have
been discussed in [CDLL15] and [CD18, Vol I, Chapter 6]. Being a counterpart of MFG, the optimal
control of McKean-Vlasov dynamics also has numerous potential applications in several areas besides the
traditional domain of statistical physics, like economics and finance, social interactions, engineering and
so on. Actually, its applications in economics and finance include a portfolio liquidation problem with
trade crowding and a substitutable production goods model in [BP17], an interbank systematic risk with
partial observation model in [BHL'18] and a problem of interaction between customers and firms on
renewable energy [ABP17].

In the literature there are essentially two approaches to solve the optimal control of McKean-Vlasov
dynamics. The first, more probabilistic, approach is Pontryagain maximum principle. The early attempts
at tackling this problem with maximum principle focused on a class of models where the dynamics depends
solely upon moments of the distribution, see [AD10], [BDL11] and [BFY13]. By taking good advantage
of Lion’s differential calculus over the Wasserstein space, [CD15] and [CD18] developed an appropriate
version of Pontryagin maximum principle in its full generality. They introduced adjoint processes by
differentiating the Hamiltonian function with respect to both the state and its marginal distribution.
Then they characterized the optimal trajectories as the solutions of a forward-backward SDE of McKean-
Vlasov type.

The second approach is DPP. An important feature of DPP is that it does not require any convexity
on the coefficients. However, the difficulty of using DPP lies in the fact that (i) the dynamics described
by the McKean-Vlasov SDEs is non-Markovian and (ii) the dependence of the cost functional on the law
of the state induces time inconsistency. For example, in the mean-variance problem, the optimal control
at time ¢ is precommittment, meaning that the solution depends not only on the current state but also on
the initial state, see [LZ00], [BC10]. To restore time consistency, [LP14] and [BFY15] used the closed-loop
feedback controls and reformulated the value function into the deterministic distributed control problem
together with a Fokker-Planck equation. Then they derived the dynamic programming equation by
calculus of variation. However, their work relies heavily on the assumption that the probability measure
admits at all times square integrable probability density function.

Inspired by the works [LP14] and [BFY15], we drop the density assumption and extend the DP
approach of these two papers over the McKean-Vlasov control problem, in discrete time and continuous
time, with and without common noise developed below.
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0.1.1 Some differential calculus on Wasserstein space

In Chapter 1, we review the Wasserstein space and its topological structure, which will be often used
implicitly in the remaining chapters. Then we recall the notion of differentiability on the Wasserstein
space introduced by Lions in his seminar lectures at Collége de France [Liol2]: structure of the derivative
of first order and second order. Finally, we recall the Itd’s formula along a flow of deterministic or random
probability measure and their lifted form, which will be useful for obtaining HJB equation and viscosity
characterization of the value function.

0.1.2 Dynamic programming for discrete time McKean-Vlasov control prob-
lem

In Chapter 2, we are interested in the optimal control of McKean-Vlasov equations in discrete time.
It can be regarded as an approximation of the continuous time problem discussed in the next chapter.

We are given two normed spaces (E,|.|) and (A4,].|) representing respectively the state space and
the control space. The dynamics of state valued in E (typically RY) is described by the equation of
McKean-Vlasov type

Xl?+1 = Fk+1(X;:,P ak7pak’€k+1>7 keN, Xg :f,

@y
~k

for some deterministic measurable functions Fj defined from E x P(E) x A x P(A4) x R? to E,
where (£x)x is a sequence of i.i.d random variables, independent of the square integrable initial random
value &, and we denote by F = (F); the filtration generated by {&,&1,...,&}. The control (ag)y is a
square integrable F-adapted process valued in A (typically a subset of R™). For any (z, p,a,\) € E X
P(E) x A x P(A), we denote by Pyy1(x,u,a, A, dz’) the probability distribution of random variables
Fri1(z, pya, A, Egt1). The cost functional over a finite horizon n € N'\ {0} for a control process «, is

n—1

J@) = E[Y flXPBanP,) + 9(X8Py)].
k=0

where fi : E x P2(E) x A x P2(A) = Rand g: E x P3(E) — R are measurable real-valued functions
with square growth in each of their inputs. The objective is to minimize over all admissible controls the
cost functional

Vo = infJ(a).
[0
What does the admissible control set look like? In our context, we restrict our attention to controls
« in feedback form
ar = ap(X2), for apeAf k=0,...,n—1, (0.1.1)

where AP is the set of deterministic measurable functions: E — A, satisfying a linear growth condition.
Then the admissible control set A4 consists of all F-adapted square integrable controls « given by (0.1.1).
Note that by Fubini’s theorem, we rewrite the cost functional as, for a € A
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where the functions f, k = 0,...,n — 1, defined on P,(E) x AF and § defined on P,(E) are given by:

Felnra / fele, male),a* puldz),  §(u) = /E gl 1) pu(d).

We transform the initial stochastic control problem into a deterministic control problem involving only
the marginal distribution of the state process Pxeo, and then define the dynamic value processes V,* at
time k=0, ..., n,

Ve = ) + g(P ), fora € A,
k BeAk(a)ij g( n)
where A (o) = {8 € A:5; =a;,j =0,...,k—1}, with the convention that Ay(«) = A. Now the initial

value function Vy = inf4 J(a) = Vi*. When V% > —o0, it is elementary to obtain the DPP for V}*, which
ac

takes the following form

Vo= 9(Py.) -
: - 5 B = A,
Vk B Begllkf(a fk( 3,5k)+Vk+1, k=0,...,n—1.
Actually, the value processes V¥, k = 0, ..., n — 1, are deterministic measurable functions of Pxo. The

DPP (0.1.2) is reduced to the recursive computation of a sequence of deterministic functions (vy ) (called
value functions) on P(E), which is described in the following Theorem.

Theorem 0.1.1. When V¥ > —oo, we have for any o € A, Vi = vp(P,.), k = 0,...,n, where (vi)
k

is the sequence of value functions defined recursively on P,(E) by:

Un(,u) = g(:u) 0L
vk(p) = inf [fk(m )+vk+1(¢k+1(u,&))] (0.1.3)

fork=0,....n—1, u € P,(E), where ®y,, is the measurable function Pa(E) x AF — Py(E) defined
by

By (1, 0)(da!) = /E 1(d) Py (2, 1, &), & 5 pr, ).

The proof of Theorem (0.1.1) is an immediate consequence of backward induction and the flow property
of controlled marginal distribution Pxg given by

P = (I)k+1<]P)ng,dk)a k‘EN, ngng.

@
Xk+1

In view of the DPP (0.1.3), the verification theorem not only asserts that a solution to (0.1.3) equals the
value functions (vg)x but also provides a sufficient condition for a feedback optimal control realizing the
infimum of (0.1.3).

We then test verification results on several cases: (i) the case without mean-field interaction; in this
case, the infimum in (0.1.3) can be reduced to the infimum on the finite-dimensional control space. (ii)
the case where the interaction is of order 1 (integral of function with respect to probability measure); in
this case, the value functions are defined on n-tuples and thus the size of this problem is reduced. (iii)
finally, the case of multivariate LQ McKean-Vlasov type (the coefficients only depend on the expectation
and variance of the state) has an explicit solution under suitable coercivity assumptions. DPP provides
another approach to the problem of LQ McKean-Vlasov control solved in [ELN13] via four different
approaches.
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0.1.3 Bellman equation and viscosity solutions for continuous time McKean-
Vlasov control problem

In Chapter 3, we focus on the optimal control of McKean-Vlasov dynamics in continuous time, which
can be viewed as the continuous version of the discrete time problem in the previous chapter. Our frame-
work takes into account a more general class allowing for the mean-field interactions through controls, in
addition to the mean-field interactions through states.

Let (Q, F,P) be a filtered probability space, B = (By);>o a n-dimensional Brownian motion defined
on (Q,F,P), F = (F)o<t<r the filtration generated by B, and Fy a sub-c-algebra of F independent
of B. We assume that JFy is rich enough in the sense that Po(R?) = {P¢,& € L*(Fo;R?)}. Then, the
controlled McKean-Vlasov SDE is given by

dX¢ = b, X, a,P Ydt +o(t, X&', oz, P YdB;, X& = Xo € L*(Fo,RY), (0.1.4)

(X ¥sat) (X at)

where the control process « is progressively measurable, square integrable with values in a subset A of R™,
and P(xo o,) the joint distribution of the state X;* and the control a;. On the coefficients b: [0,77] x R? x
A x Py(REx A) - Rand o : [0,T] x R x A x Py(R? x A) — R4, we impose standard lipschitz and
linear growth conditions, which guarantee the existence and uniqueness of a square integrable solution
to (0.1.4). The control problem consists in minimizing over all admissible control processes the following
functional,

T
J(@) = E[/O f(t,Xt,at,n»(XM)dt+g(XT,IP>XT)}, (0.1.5)

where the deterministic measurable functions f : [0,7] x RY x A x Po(R% x A) — R and g : R% x
Po(RY) — R satisfy the quadratic growth conditions.

Even though the probability measure is deterministic, the dynamics X;* described by the controlled
McKean-Vlasov SDE is genuinely non-Markovian. Like in the previous chapter, we restrict ourselves to
admissible controls o € A in feedback form:

a = at, X, Pxo), (0.1.6)

for some deterministic measurable function & : [0,7] x R? x Py(R?) — A which is linear growth and
lipschitz in (z, 1) € R? x Py(R?). We consider the dynamic version of (0.1.4) starting from ¢ € L?(F;, R?)
at time ¢ € [0,7], and written as

XE’E = er/b(T,X£’§7d(’r,Xﬁ’g,thyg),Idd(’r,.,P )dT (0'1'7)
¢ r

+/ o(r, XS a(r, X4 1da(r, ,P_, )P, )dB,, t<s<T.
t X, X’

for any & € L(R%; A), where the map Ida : R? — R? x A is defined by Ida(z) := (v, &(x)), and L(R?; A)
is the set of Lipschitz functions from R? into A. The existence and uniqueness of a solution to (0.1.7)
yield the flow property of X%

t6
xt¢ = x2%T vo<t<0<s<T, e L2(F;RY.
Notice that the law distribution of X depends on & only through its law Pe. We are then allowed to
define

Pt = P for 0<t<s<T, p="P, €P,(RY,

87
Xs
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and immediately get the flow property for the marginal distribution process:

Pt = PP v0o<t<O0<s<T, peP,(RY). (0.1.8)

Therefore, we now rewrite the cost functional (0.1.5) in the deterministic form in terms of marginal
distribution in P»(R%) as sole state variable:

T
J@) = [ BB )i+ o).
0
where f: [0,T] x Po(R?) x L(R% A) — R and §: Po(R?) — R are defined by

ft @) =< f(t,.,a(), Idap), p> () =<gl,pm),p>.

Now it is natural to define the dynamic cost functional and value function from the flow property of the
marginal distribution process (0.1.8)

Ttpa) = / Fs. B, als, . B#))ds + 5P
o(t,pn) = 1161f4J(t,u, ) te[0,T], uc€P,(RY). (0.1.9)
[e%
Since (0.1.9) is a deterministic control problem that does not involve any measurable selection arguments,
we obtain immediately the DPP.

Theorem 0.1.2. When v(t, ) > —oo, we have for all0 <t <0 < T, p € P,(R%):

o(t,p) = mf / f(s,PLr a(s, ., PL*))ds + v(6, Py | (0.1.10)

In order to obtain a PDE from the DPP (0.1.10), we follow Lion’s approach to the differential calculus
on the Wasserstein space first introduced in [Lio12], then detailed in [Car12] and [CD18, Vol I, Chapter
5], and Itd’s formula for functions of deterministic measure-valued processes in [BLPR17], [CCD15] and
[CD18, Vol I, Chapter 5]. The Bellman equation associated to (0.1.10) is given by

: A B .
O + deLl(r]gd;A) [f(t paG) + < LYt ), o >} = 0, on [0,T) x P,(RY),
o(Tom) = §(u), on P,(RY

where for & € L(R% A), ¢ € C2(P2(RY)) and (¢, u) € [0,T] x P2(R?), L& is the function: R? — R defined
by

(0.1.11)

Lio(p)(x) = Oup(u)(@).b(t,z,a(x), Ida* )
+ %tr(@xaugo(u)(m)ao*(t, z,a(z), Ida * p)).

To complete the DPP, we turn to the verification argument when the Bellman equation (0.1.11) has
a smooth solution. This is a quite straightforward consequence of the chain rule for functions on the
Wasserstein space. We then apply the verification theorem to one important class of LQ McKean-Vlasov
control problem and obtain the explicit solution, which is reduced to the resolution of Riccati differential
equation system. In particular, both mean-variance portfolio selection model and interbank system risk
model fall into the LQ framework and are solved explicitly.
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However, except the class of LQ McKean-Vlasov control problem, in general the value function v does
not have good regularity enough to interpret the fully nonlinear PDE of second order (0.1.11), and thus
a notion of viscosity solutions is required. Indeed, the Wasserstein space P2 (R?) is infinite dimensional
locally non compact space. There are few tools developed for viscosity solutions on Wasserstein space.
To circumvent this difficulty, we work in Hilbert space L2(Fo; R?) instead of Wasserstein space Po(R?)
via the lifting identification, and identify the value function v and its lifted version. By abuse of notation
v(t, L(€)) = v(t, ), the lifted Bellman equation in [0, 7] x L?(Fo;R%) is given by:

ov 2 2 d
T + H(t, & Du(t,€), D*v(t,€)) = 0 on [0,T)x L?(Fo;RY), (0.1.12)
u(T,§) = G(©) = Elg(&.P,)], €€ L*(FoRY,

where H : [0,T] x L*(Fo; RY) x L2(Fo; RY) x S(L?*(Fo; RY)) — R is defined by

MeEPQ) = — it {E|f(66,6(0), 1daxP,) + PH(1, & a(0), Ida <P

T %Q(a(t, €,a(), IdaP,)N).(o(t, €, a(&), Ida * IP;)N)} }

with N € L?(Fp;R") of zero mean, unit variance, and independent of £. We choose all the twice
continuously Fréchet differentiable functions on L?(Fy;R%) as test functions and then naturally define
the viscosity subsolution (resp. supersolution) to the Bellman equation (0.1.11). After making stronger
assumptions on the coefficients and exploiting the lifted form of DPP, we show that the value function
v is a viscosity solution to the Bellman equation (0.1.11) satisfying the quadratic growth condition.
Assume further that the o-algebra Fy is countably generated upto null sets, which guarantees that the
Hilbert space L?(Fo;R%) is separable. By [FGS15, Theorem 3.5 |, we prove a comparison principle
(hence uniqueness result) for the lifted Bellman equation (0.1.12). Our value function v in (0.1.9) is thus
characterized as the unique solution to Bellman equation (0.1.11) in the viscosity sense.

In the last section of this chapter, we drop the closed-loop restriction on the admissible controls, and
discuss a bit about more general open-loop controls when the coefficients depend only upon the mean-field
component through the law of the state variable. In the closed-loop case, the reformulation (0.1.9) of the
value function is an important step towards the DPP, however, in the open-loop case, the reformulation
requires more mathematical tools and measurability issues. Anyway, HJB equation is proposed and its
solution coincides with case of the closed-loop form when the solution is smooth, see [CCD15] for the
existence of smooth solution under some coercive assumptions. We also refer to more recently [BCP18§]
for the case of open-loop controls with the randomization method.

0.1.4 Dynamic programming for continuous time conditional McKean-Vlasov
control problem

In this chapter, we deal with the McKean-Vlasov control problem with common noise. This is a
generalization of the previous chapters without common noise. While the DPP in the case without
common noise is quite straightforward, the presence of common noise makes it more intricate because of
measurability issues, which requires more care.

Let (2, F,P) be a probability space in the form (Q° x Q!, F® @ F1,P? @ P!), Q° the canonical space
C(Ry,R™), WY the canonical process, P’ the Wiener measure, F° the P’-completion of the natural
filtration generated by W, B a n-dimensional Brownian motion on (Q, F1,P!), G a sub-o-algebra of



0.1. PART I: THE OPTIMAL CONTROL OF MCKEAN-VLASOV DYNAMICS 9

F' independent of B, F the natural filtration generated by W° and B, augmented with the independent
G. We denote by EY (resp. E!) the expectation under PV (resp. P'). We assume that G is rich enough in
the sense that Pa(R?) = {P¢ : £ € L?(G;R%)}. Then, the controlled stochastic McKean-Vlasov dynamics
starting from ¢ € L?(F;,RY) at time ¢ € [0, 7] follows the stochastic McKean-Vlasov equation:

dXPE = Bb(XUEPY . ag)ds + o(XDE PV a,)dBs + oo(XPE P ¢ ag)dWO,  (0.1.13)

Xté’ Xtﬁﬂ Xt57

where ]P’ 5 denotes the regular conditional distribution of X%¢ given W© or equivalently F°, and the

control « 1s Fo—progresswe process valued in some polish space A (typically a closed subset of the space
C(R%, A)). We denote by A the set of admissible control processes. It’s worth mentioning that unlike
the first two chapters, the admissible control « is allowed to be in a more general form, see Remark
4.2.1 for details. As usual, the linear growth and lipschitz conditions on the coefficients b, o guarantee
the existence and uniqueness of a square integrable solution to (0.1.13). The dynamic cost functional
associated to the stochastic McKean-Vlasov equation (0.1.13) is

T
J(t,& o) = E[/ FXES PR, ) ds + g (X7, PYL, g)}
t
and the objective is to minimize over all admissible control processes o € A the cost functional
o6 = Wl JEa), (48 €0,T) x *(GRY). (0.1.14)

Note that by the law of iterated conditional expectations, and as a € A is FO-progressive, we rewrite
the cost functional in terms of the conditional law of the state

J(t,€,0) / P s ) + G,
where the functions f: P5(R%) x A — R, and §: P(R%) — R are defined by

flua) = w(fComa)), ) = ulg(,pm).

Since IP’;V:E)Q depends on the £ only through its conditional law ]P’EVO, and G C F; is rich enough and
independent of W°, we define for any ¢ € [0,T], u € P2(R9), a € A,

plre = JP’Xt ca, t<s<T, for &€ L*(F;R?) such that ]P’?/0 =pu,

a square integrable FO-progressive continuous process in Po(R?). From the pathwise uniqueness of
XL&a(w0 ) on (QY,FLPY), Plas., w® € Q° we obtain a flow property on the controlled conditional
distribution {pt* t < s < T}
0(w0),pl s (w0),af e’
pit (W) = ps 0« W%, s€[6,T)], P'dw?) — a.s. (0.1.15)
for all 0 € 'T , the set of FO-stopping times valued in [t,T], where « 8(w")w” i5 g shifted control process
by concatenatlon, independent of ]-'g(wo) introduced in [CTT16].

Notice that the cost functional J(¢,&, ) depends on & only through its law u = L£(£), and since
{pt# t < s < T} and the control a are both FO-progressive. Therefore, the expectation is taken under
P? and the value function defined on [0, 7] x P(R?) by abuse of notation

o(t,p) = mf]Eo/ FlplHe, ag)ds + (™).
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As usual in the proof of the DPP for standard stochastic control problem, we use the flow property
(0.1.15) and measurability selection arguments. The difference is that the process {pi** ¢t < s < T}
here is measure-valued. We obtain the DPP for the conditional McKean-Vlasov control problem

0
t, _ inf inf E0|:/ - t“u,a’ s d 4 9, t,u,a:|
v(t, ) Juf,,dnt, t Flpd" ™ as)ds + v(0, py"™")

0
= inf sup IEO{/ f(p';’“’o‘,as)ds + U(Q,pto’“’a)}.
aE.Agen(fT t

Next, by relying on the notion of differentiability with respect to probability measures introduced by
P.L. Lions [Lio12] and the chain rule along a flow of probability measures [BLM17], [CCD15], we derive
the Bellman equation associated to the value function

{ ~0w — inf {f(u,a)ﬂLu(L“v(t,u))+M®M(M“v(t,u))] = 0, (t,p)€l0,T)xP, (R,
(T, p) 9(n), peP,(RY,

(0.1.16)
where for ¢ € C2(P,(R%)), a € A, and p € P,(R?), L2¢(u) € L?(R) is the function R? — R defined by

E9((r) = u0()(r) b, ) + 5tr(0.0,0(0)(x) (00 + 0003, 1, 0),

and M“¢p(u) € L% ,(R) is the function R? x R? — R defined by

M@ (u)(z,x') = %tr(@iqﬁ(u)(m, 2')oo(z, p, a)of (', 1, a)).

In general, there is no classical solution to the Bellman equation (0.1.16). We turn to the viscosity
characterization of the value function to the Bellman equation (0.1.16). As it is difficult to obtain
comparison principle for viscosity solutions in the Wasserstein space which is a locally non compact
space, we instead work in the Hilbert space L?(G;R?) by viewing the value function as a function on
[0,T] x L?(G,R%) via the lifting identification. With the same notation v(t,&) = v(t, £(£)), the lifted
Bellman equation is then written as

{—aw—H(ﬁ,Dv(t,g),DQv(t,s)) = 0 (1,6) € [0,T) x LG R, (0.1.17)

o(T,§) = E'[g(&.L()], €€ L*G:RY),
where H : L?(G;R?) x L?(G;R?) x S(L%(G;R%)) — R is defined by

H(EP,Q) = inf E'[f(¢.L().a) + Pb(E L(§). )

+ 3QUo0(E, £(6),0)).00(E, £(6),0) + 5QUo(E, £(€), ) V)06, £(6), )N,

with N € L?(G;R") of zero mean, and unit variance, and independent of £&. We start with defining the
viscosity subsolution (resp. supersolution) to the lifted Bellman equation (0.1.17). It is further assumed
that the o-algebra G is countably generated upto null sets, hence L? (Q;Rd) is separable Hilbert space.
From the DPP and [FGS15, Theorem 3.5], we can show that v is the unique viscosity solution to the
Bellman equation (0.1.16). We also state some verification results, which allow us to get an analytic
feedback of the optimal control when there is a smooth function to the Bellman equation (0.1.16). The
proof of the verification theorem is based on the It&’s formula along a flow of conditional probability
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measures and also require an additional linear growth condition on 9, v(t, 1)(z) to guarantee the vanishing
of the martingale part of It6’s formula.

Finally, we illustrate our results on a class of LQ stochastic McKean-Vlasov type, for which explicit
computations are possible. In particular, interbank systemic risk model fits into the LQ framework.

0.2 Part II: Robust mean-variance problem under model uncer-
tainty

As in standard stochastic control problem, one interesting perspective of McKean-Vlasov control
problem is to study it under G-expectation introduced by Peng [Penl0], called robust McKean-Vlasov
control problem. This is a new and challenging problem in that it involves both the possible dependence
of the coefficients upon the marginal distributions of the solutions and nonlinear expectation. In this part
of this thesis, we consider one of its applications in finance: a robust mean-variance portfolio selection
problem where model uncertainty carries on both rate of return and correlation matrix of the multiply
assets.

Because of different kinds of reasons, model risk,see e.g. [Tal09], occurs in optimal portfolio allocation.
In the literature on the robust portfolio selection problem, model uncertainty is usually parametrized by
a prior set O, in a general setting, a family of tuples (b,o) describing the uncertainty about drift and
volatility. In a probability setup, P© consists of all semimartingale laws P? such that the associated
differential characteristics (b, o¢) take values in ©, see [NN18]. In the study of drift uncertainty, many
authors introduced a dominated set of probability measures which are absolutely continuous with respect
to a reference probability measure. While, in the framework of volatility uncertainty, the set of probability
measures becomes non-dominated, see [MPZ15].

The majority of works on the robust portfolio selection problem focus on utility maximization. The
mean-variance criterion has received little attention in the continuous-time setting, however, more recently
[[P17] considered the robust mean-variance portfolio selection under covariance matrix ambiguity, in
particular correlation ambiguity, and solved it by a McKean-Vlasov dynamic programming approach.
Their method, however, can not be extended to tackle drift uncertainty. One key assumption in [IP17] is
that one can aggregate a family of processes. In the case of drift uncertainty, this condition does not hold
anymore. As mentioned in the first part of introduction, the nonlinear dependence of the cost functional
on the law of the state makes the robust mean-variance portfolio under drift uncertainty into a non
standard stochastic differential game. The objective of this part is to study the portfolio diversification
under model uncertainty on drift and correlation of multi-aasets with a dynamic robust mean-variance
approach.

Let us describe the model in detail. We consider a financial market which consists of one risk-free
asset and d > 2 risky assets on a finite investment horizon T' > 0. Let €2 be a canonical state space with
the uniform norm and Borel o-field F, B = (B}):¢[o,1) the canonical space, F = (F;)o<t<r the canonical
filtration. We assume that the investor knows the marginal volatility of each asset o;, 1 < ¢ < d, but is
diffident about the rate of return b and correlation p, assumed to be valued in a nonempty convex set ©
C R? x €2, where C¢, is the subset of all elements p = (p;;)1<i<j<a € [—1,1]%4D/2 st correlation
matrix C(p) of the assets belongs to S 1. We consider the following cases for the parametrization of the
ambiguity set ©:

(HO)
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(i) Product set: © = A x T', where A is a compact convex set of R? and I a convex set of C2 ..

(ii) Ellipsoidal set: © = {(b,p) € R*x T : [|o(p)~1(b—b)||2 < 8}, for some convex set I of C2 ., where b
is a known vector and § > 0 radius of ambiguity. For each given realization of p, the drift is allowed
to vary in the ellipsoidal set.

This parametrization (HO) includes large classes of model uncertainty. When there is no correlation
ambiguity, i.e. I" is singleton, the case of different levels of drift uncertainty on different asset subclass, see
[GUWO06], is included in (HO)(i). However, it is difficult to study this case in the structure of correlation
ambiguity. When there is one subclass for all assets, it’s an ellipsoidal set described in HO(ii). When
there is d subclass for all assets, it’s a rectangular set included in HO(i). The other subclass m, 1 < m <
d with ambiguity on correlation is left for future studies. We denote by X(p) the prior covariance matrix
of the assets and introduce the prior risk premium

R(b,p) = b'S(p)~'b for = (b,p) € O.

We consider all F-progressively measurable processes 8 = (0;) = (b, p;) taking value in ©, denoted by Ve,
and then build a correspondence between elements in Vg and probability measures on (£2, F), namely,

PO = {PP:0€eVe},

where under each probability measure P?, there exists a Brownian motion W/ such that dB; = bydt +
o(pe)dW/. Tt is worth mentioning that in this modelling the drift and correlation is allowed to be random
processes.

Now given an admissible portfolio strategy o € A, the dynamics of the wealth process X;* with initial
value at g € R evolves according to

dX? = ofdiag(Sy)7'dS; = ajdB;, 0<t<T, P® —q.s.
= o] (bdt + a(p)dW?), 0<t<T, P’ —a.s.

In our framework, the problem of mean-variance minimization problem is formulated as a McKean-Vlasov
differential game,
Vo := sup inf J(a,0) = sup inf {Ey[XF]— AVarg(XF)}. 0.2.1

o = swp inf J(0.6) = sup inf{Eg[XF] ~ AVary(X)) (021)
In the classical mean-variance minimization problem, P® contains only one probability measure, which
corresponds to a singleton © = {(b°, p°)}. This means that the investor knows the "historical" probability
measure denoted by P° that describes the dynamics of the underlying assets. In this case, the optimal
portfolio strategy is explicitly given by, see [LZ00] and Section 3.4.1 in Chapter 3

BT
af = [zo+ ST X;](Z)7°, 0<t<T, P°—a.s. (0.2.2)

where X is the state process associated to af. We see from (0.2.2) that the investor diversifies her
portfolio among all the available assets according to (up to a scalar term) the vector (£°)~14° and in
general all the available risky assets will be held, called well-diversification.

To find the initial value function V; and an optimal portfolio strategy o for (0.2.1), we follow the
idea of the general martingale optimality principle approach. With the nonlinear dependence on the law
of the state process via the variance term in the mean-variance criterion, we have to adapt it to our
framework.
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Lemma 0.2.1. Let {Vta’g,t €[0,T],a € A,0 € Vo} be a family of real-valued processes in the form
Vs = (X B [X7)),
for some measurable functions vy on R x R, t € [0,T], such that :

(i) vr(x,z) = x — XNz — )%, for all 2,7 € R,
(i1) the function t € [0,T] — Ee*[Vto"e*] is nonincreasing for all o € A and some 6* € Vg,

(i) EQ[VTQ*’G] >Vl = wo(zo, 20), for some a* € A and all 6 € Ve.

Then, o is an optimal portfolio strategy for the robust mean-variance problem (5.2.4) with a worst-case
scenario 0%, and

Vo = inf J(o,0) = inf J(o,0) = Jx0) = J(a*,0%).
0 sup ot (a,0) 2AlEe Sup (a,0) = wvo(wo,x0) (a®,07)

According to the above lemma, we have to work on an enlarged space of both state and the expectation
of the state. So we construct a function v(z, ), t € [0,T], x, £ € R in the following form

v(z,z) = Ki(z— ;E)Q +Yiz + xq,

and choose (if exist) 0*: = (b*,p*) = arg m@%n R(0) € ©® C Vo and «f, the optimal portfolio strategy

in the classical mean-variance problem in the Black-Schole model with parameter (b*, o (p*)) under P .
We check that such a pair (6%, *) satisfies weak optimality principle, which yields the main result called
separation principle.

Theorem 0.2.1. Let us consider a parametric set © for model uncertainty as in (HO). Suppose that
there exists 0* = (b*, p*) € O solution to arg Ienig R(6). Then the robust mean-variance problem (5.2.4)
€

admits an optimal portfolio strategy given by
GR(OT

o XHB(p") ", 0<t<T, P° —qus., (0.2.3)

*
ap = (il?o +
where X* is the state process associated to o . Moreover, the corresponding initial value function is

1 .
Vo = onrﬁ[eR(e T 1]

In the last section of this chapter, we provide some examples for explicit computation of the minimal
risk premium function § € © — R(f) in Theorem 0.2.1 and implication for the optimal robust portfolio
strategy and the portfolio diversification. According to drift uncertainty in (HO), we distinguish the
case of ellipsoidal set © = {(b,p) € R* x T': ||o(p) "' (b — b)||2 < 6} and rectangular set © = H?:ﬂbml_’i]
x T. Our first observation is that whenever § > inf,cr ||o(p) " b||2 in the ellipsoidal set and b, < 0
< b; for each 1 < i < d in the rectangular set, a; = 0. In other words, when the investor is poorly
confident about the estimation on the expected rate of return, then she doesn’t make risky investment
at all. Tn what follows, we assume that § < inf,cr [|o(p) ~1b||2 in the ellipsoidal set and b; > 0 for each 1
< i < d, in the rectangular set. Our second observation is that if the investor is completely ambiguous
about correlation, i.e. I' = (Ci 1, then the investor only holds the asset with the highest instantaneous
(absolute value) Sharpe ratio. Next, we state our observation for two-asset model with drift uncertainty
and partial correlation ambiguity, i.e. T' = [p,p] C (—1,1). Whenever ellipsoidal set or rectangular
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set, there are three possible cases depending on the relation between Sharpe ratio "proximity" and the
correlation bounds: directional trading, i.e. long or short in both assets, spread trading, i.e. long in one
asset and short in the other one, and anti-diversification, i.e. only one asset with the highest Sharpe ratio
is held in the portfolio. At the end, we give the result for three-asset model with drift uncertainty and
partial correlation ambiguity, i.e. I' = H?‘:l HZ;f [Bij’ pij] € C2 1. In this model, there are roughly five
possible cases depending on the Sharpe ratio "proximity" and correlation bounds: anti-diversification,
under-diversification in the sense that two assets are held in the optimal portfolio strategy, and well-
diversification. One contribution in this part is to unify and extend, to some extent, the results obtained
by [GUWO06], [BGUW12] and [LZ17] with one type of model uncertainty in one period.
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Chapter 1

Some differential calculus on
Wasserstein space

Abstract: In this chapter, we present some useful elements of differential calculus and stochastic
analysis such as differentiability and It6’s formula on Wasserstein space derived from the investigation of
MFG. We mention [Liol2], [Carl2], [BLPR17], [CCD15], [WZ17], [GT18], from which are quoted most
of the results recalled without proof. Such a calculus plays an important role in the following chapters
when we drive the Hamiltonian-Jacobi-Bellman (HJB) equation of stochastic control of McKean-Vlasov

dynamics.

Keywords: Wasserstein space, differentiability, It6’s formula
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1.1 Wasserstein space

Assume that (E,d) is a complete separable metric space. Let us consider a probability space (€2, G, P)
(we have to adapt the notation of probability space to the need of the chapters below) which is rich
enough in the sense that for every u € P,(E), there is a random variable £ € L?(G; E) such that P = p.
For instance, 2 is Polish space, G its Borel o-filed, P is atomless probability measure on (€2, G) (Since 2
is Polish, then PP is atomless if and only if every singleton has zero probability measure). The probability
measure space P,(E) is endowed with the 2-Wasserstein distance defined by

1

Wao(u, ') = inf {(/E . d(z,y)*n(dz, dy)) .7 e P,(E x E) with marginals y and u'}
X

1
2

= inf{ (Bl &))" &€ € LG E) with P = i, Per = 1/},

Then, it’s shown that (P,(E), Ws) is a also complete separable metric space (see e.g. Theorem 6.18 in
[Vil08]). We shall equip P2(F) with the corresponding Borel o-field B(P,(E)). We next recall some
useful topological properties on this Borel o-field when E = R%. This is implicitly used throughout the
manuscript.

Proposition 1.1.1. We denote by €,(R?) the set of continuous functions on R? with quadratic growth,
and for any ¢ € €,(R?), define the map A_: P,(RY) — R by A_p: = p(p) = [pa p(@)p(dz), for pn €
P,(RY). Then

(i) for (fin)n, 1 € P,(RY), we have that Wa(jun, ) — 0 if and only if, for every ¢ € €,(RY), A_jn, —
A p.

(ii) given a measurable space (O, O) and a map p : O — P,(RY), p is measurable if and only if the map
A_op=p(p): O — R is measurable, for any ¢ € €,(R?).

Notice that B(P,(R%)) is generated by the family of functions (1 € P2(R?) — pu(D)) pepra). Alterna-
tively, it coincides with the cylindrical o-algebra (A, ¢ € ¢,(R?)) and that the map A, is B(P,(R?))-
measurable, for any measurable function ¢ with quadratic growth condition, by using a monotone class
argument since it holds true whenever ¢ € %, (R%).

1.2 Differentiability on Wassersetin space

There are various notions of differentiability in the Wasserstein space P5(R?). For example, the notion
of Wasserstein derivative have been discussed in the theory of optimal transport. Briefly speaking, based
on the geometric theory of Wasserstein space, Wasserstein derivative is defined in terms of sub- and
super-differentials. An alternative notion has been introduced by Lions in his lectures at College de
France [Liol2], and then detailed in [Car12] and [CD18, Vol I, Chapter 5]. Lions’ notion is based on the
lifting of the function u : P,(R%) — R into a function % defined on the so-called "flat" space L?(G;R9)
by @(€) = u(P¢). Conversely, given a function @ defined on L?(G;R?), we call inverse-lifted function of
defined on Py(R?) by u(p) = (&) for p = L(€), and we notice that such u exists iff @(¢) depends only
on the distribution of ¢ for any & € L?(G;R9). In this case, we shall often identify the function u and its
lifted version @ by using the same notation u = 4.

Definition 1.2.1. We say that u is L-differentiable (resp. C') on P,(R?) if the lifting i is Fréchet
differentiable (resp. Fréchet differentiable with continuous derivatives) on L?(G;R?).
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In this case, the Fréchet derivative [Da](€) is viewed as an element Dii(¢) of L2(G;R?) by Riesz’
theorem: [Di](€)(Y) = E[Da(£).Y] for any Y € L%(G;R%). In [Car12] and [CD18, Vol I, Chapter 5], it
has been shown that the law of the random variable D(§) does not depend upon the particular choice
of ¢ satisfying P¢ = u. Moreover, if u is C!, then there exists a deterministic measurable function h : R?
— R? such that Da(€) can be represented as

Du(§) = h(€), p = Pe—ace. (1.2.1)

We also refer to [WZ17] for an alternative proof of this structure of Lions derivative. Therefore, we denote
by 0,u(P,)(§) : = h(§), which is called L-derivative of u at u = P¢. From a geometric analysis perspective,
Lions L-differentiability may be not as intuitive as differentiability in the sense of Wasserstein, actually,
one can reconcile the notion of Lions L-derivative and Wasserstein derivative, that is, u is continuously
L-differentiable iff u is Wasserstein differentiable, and 9, u(u) equals Wasserstein derivative, see [GT18]
for a deep connection between these two notions of derivatives.

Next, we consider the structure of second-order derivatives.

Definition 1.2.2. We say that u is partially C? if it is C*, and one can find, for any u € P,(RY), a
continuous version of the mapping x € R? — 0,u(u)(x), such that the mapping (p, ) € P,(R?) x R? —
dpu(p)(x) is jointly continuous at any point (u,x) such that x € Supp(p), and if for any p € P,(R?), the
mapping x € R — d,u(p)(x) is differentiable, its derivative being jointly continuous at any point (u, )
such that x € Supp(p). The gradient is then denoted by 9,0, u(p)(z) € S<.

Definition 1.2.3. We say that u is fully C? if it is C*, and one can find, for any u € P,(R?), a continuous
version of the mapping x € R? — 9, u(u)(z), such that the mapping (u, z) € P,(R?) x RY — 9, u(u) ()
is jointly continuous at any point (p,x) such that x € Supp(u), and

(i) for each fized p € P,(RY), the mapping x € R — O, u(u)(z) is differentiable in the standard
(classical) sense, with a gradient denoted by 0,0,u(u)(z) € R4, and s.t. the mapping (u,z) €
P,(RY) x R — 0,0,u(u)(z) is jointly continuous

(i3) for each fized x € R%, the mapping p € P,(RY) — O, u(p)(x) is differentiable in the above lifted sense.
Its derivative, interpreted thus as a mapping z’ € R? — 9, [0,u(p)(z)](z’) € R™>*? in Li(RdXd),
is denoted by 2’ € R — O2u(u)(z,2’), and s.t. the mapping (p,x,2') € P,(R?) x RY x R —
O2u(p)(z, x') is continuous.

Definition 1.2.4. We say that u is C3(P2(RY)) if it is partially C*, 9,0,u(p) € L2 (R4*Y), and for any
compact set K of P,(RY), we have

sup [ [ [0t @)Putds) + [0:0,000].] < .

neK
As shown in [CCD15], if the lifting i € C2(L?(G;R?)), the set of twice continuously Fréchet differen-
tiable on L?(G;R?) with Lipschitz Fréchet derivative, then u lies in CZ(P2(R%)). In this case, the second
Fréchet derivative D24(€) is identified indifferently by Riesz’ theorem as a bilinear form on L?(G;R%) or

as a symmetric operator (hence bounded) on L?(G;R?), denoted by D?u(¢) € S(L?(G;R?)), and we have
the relation (see Appendix A.2 in [CD14)):

D*a(¢)[YN,YN] = E[DQﬁ(g)(YN).YN} - E[tr(@xaﬂu(Pg)(f)YYT)}, (1.2.2)

for any ¢ € L*(G;RY), Y € L?(G;R%*9), and where N € L?(G;R9) is independent of (£,Y) with zero
mean and unit variance.
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Definition 1.2.5. We say that u is fully C? if it is fully C*, 9,0,u(u) € L? (Rxd), Du(p) € L,‘jo@M(RdXd)
for any p € P,(RY), and for any compact set K of P,(R%), we have

222{/}Rd‘auu(ﬂ)(x)Pu(d:v)—i—||818Hu(,u)||oo+H8ﬁu(u)||w} < oo (1.2.3)

We illustrate the notion of differentiability with some fundamental examples, some of which are from
[CD1g].

Example 1.2.1. (i) The function u is of the first order form:
uw = <pu>= [ plan(da),

for some continuously differentiable function ¢ defined on RY, whose derivative is at most of linear
growth. In this case, the lifted function of u is given by @(§) = Elp(£)] and

Elp(€ +Y)]

— Ep(e)] + / E[Vi (¢ + hY).Y)dh

uw(E+Y)

= Elp(6)] + E[Vp(€).Y] +E / (V& + hY) — V(€)Y ]dh.

It is easy to check that the last term in the r.h.s is o(||Y||3), and thus the Fréchet derivative of i at
& is given by V. Consequently, we have O, u(p) = V.

(ii) For any A € S%, we set

o= [ anlda), jad):= [ omAap(dn), Var(u)(d): = ()~ @A,

which corresponds to p(x) = x, ¢(x) = z7Az, and p(x) = (x — p)"A(x — ) in (i) respectively.
Therefore, we have

Oult = Igxa, Oufia(A) = 2Az, 0,Var(p)(A) =2A(x — ),
which shall be used in the class of LQ McKean-Viasov problem.
(i) The function u is in the cylindrical form:

U(M) F(<9013:U'>5"'a<90d7M>)
for some continuously differentiable functions F, o1, ..., @q defined on R?, whose derivatives are at
most of linear growth. In this case, the lifted function of u is given by @(§) = F(Elp1(€)], . .., Elpa(&)])
and
W¢+Y) = FE[PpE+Y)],... . Elpa(§+Y)])

d
= FEp1(9)],-. - Elpa(©)]) + Y _ 0n, F(Elp1(E)], .- .. Elpa()E[Vei(£).Y]
=1

1 d
+ /O > [0n FElpr (E+ 1Y), .. Elpa(§ + Y )E[Vi(€ + hY).Y]
=1

— 00, F(E[1(9)], - ., Ela(©)])E[Vi(£).Y]|dh
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We check that the last term in the r.h.s is o(||Y||3), and thus the Fréchete derivative of @ is given

d
by Y 0x F(Elp1(9)). - Elpa(€)) Vi §)- Therefore, we have
i=1

d

aﬂw(u) = Zale(< @17M>7-~7<<Pd7/l>)v%‘-
i=1

1.3 Itd’s formula on Wasserstein space

1.3.1 1It6’s formula along a flow of deterministic measures

In this thesis, we shall use a chain rule (or Itd’s formula) along a flow of deterministic probability
measures and recall it here. Let us consider an R%valued It6 process

t t
X, = X0+/ bsds+/ 0.dB,, 0<t<T, (1.3.1)
0 0

where (b;) and (o) are progressively measurable processes with respect to the filtration generated by the
n-dimensional Brownian motion B, valued respectively in R? and R?*", and satisfying the integrability
condition:

T
E[/ |bt\2+\at|2dt] < oo. (1.3.2)
0

We then claim:

Proposition 1.3.1. Let u be CZ2(P2(R%)). Then, under condition (1.3.2), for all t € [0,T),

ulPy,) = uPy) + /0 E[a;LU(PXS)(Xs)bSJr%tr(axé‘#u(ﬂbxs)(Xs)osog)}ds. (1.3.3)

This proposition is proved independently in [BLPR17] and [CCD15], see also the Appendix in [CD14].

It will be useful to reformulate the It6’s formula for the lifted function @ on L2(G; R?) (= L?(, G, P; R%)).
NOW, denoting by (Bt)ogtgﬂ (bt)ogth, (&t)OStST the copies of (Bt)0§t§T7 (bt)ogth and (O’t)ogth on
the space (2,G,P), we then have an It process of the form on (92,G,P)

t t
Xt:X0+/ Btdt-f—/ 6'tdBt, OStST,
0 0

which is then the copy of X in (1.3.1). Thus, when the lifted function @ € Cy(L?(G;R%)), we obtain from
(1.3.7) and (1.2.2) an It6’s formula on the lifted space L?(G;R?),

u(Xy) = u(Xo) + /Ot E[Da(X,).bs + %DQQ(XS)(@N).&SN], 0<t<T, (1.3.4)

where N € L?(G;R%), is independent of (Xo, B), with zero mean, and unit variance.
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1.3.2 1Itd’s formula along a flow of random measures

We next give an Ito’s formula along a flow of conditional measures proved in [CCD15] (see also
[CDLL15] and [CD15]). Let (9, F,P) be a probability space of the form (Q,F,P) = (Q° x O}, F' ®
FLPY ® PY), where (20, F° P%) supports WO and (Q', F',P!) supports B. Let us consider an Ito
process in R? of the form:

t t t
X, = X0+/ bsds+/ asst+/ oldW?, 0<t<T, (1.3.5)
0 0 0

where X is independent of (B, W?"), and the coefficients b, o and o° are progressively measurable
processes with respect to the natural filtration F generated by (X B, W), and satisfying the square
integrability condition:

T
IE[/ b2 + |ou]? + [00Pdt] < oo (1.3.6)
0

Denote by IP’K("tO the conditional law of Xy, t € [0,7], given the o-algebra F° generated by the whole
filtration of W9, and by E = E! the conditional expectation w.r.t. F°.

Proposition 1.3.2. Let u € C2(P,(RY)). Then, under condition (1.3.6), for all t € [0,T], we have:

WPy?) = u(Py,)+ /0 E_, [auu(IP’yf)(Xs).bs+%tr(@wauu(IP’)V(Vs")(Xs)(asU;+02(02)T))}

1 ’
+ B, B, [0 (@2u(y (X, X0)o2(00)7)] ] s

w

t
+ [ By oy oxat] awe, (1.37)
0

where X' and o' © are copies of X and a® on another probability space (Q° x 01 FOoF 1 PO x ]P’ll), with
QY FLP'Y) supporting B' a copy of B, and E , = B

Assume further that (Q, F*,P') is in the form Q! = Q' xQ'!, F1 = GoF 1, P! = P!@P'!, where Q! is
a Polish space, G its Borel o-algebra, P! an atomless probability measure on (Q', G), while (Qll, F1 ]P’Il)
supports B. We denote by E!' (resp. E!) the expectation under P' (resp. P'). It will be useful to
formulate It6’s formula for the lifted function @ on L*(G;R%) (= L?(Q',G,P';R%)). Notice, however,
that even if u € C2(P,(R%)), then its lifted function % may not be in general twice continuously Fréchet
differentiable on L?(G;R?), as discussed in Example 2.1 in [BLPR17]. Under the extra-assumption that
the lift @ € C?(L?(G;R?)) (the set of real-valued twice continuously Fréchet differentiable on L?(G;R%)),
the second Fréchet derivative D24i(¢) is identified indifferently by Riesz’ theorem as a bilinear form on
L?(G;RY) or as a self-adjoint operator (hence bounded) on L?(G;R9), denoted by D?@u(¢) € S(L?(G;RY)),
and we have the relation (see Appendix A.2 in [CD14]):

DxYY] = EDa()(Y).Y] BB [or (2u(£(©) (€, €)Y (v))7)]
+ B! [tr(@xaﬂu(ﬁ(f))(f)YYT)], (1.3.8)

D*u(¢)[ZN, ZN] R [tr(amaﬂu(ﬁ(g))(f)ZZT)} 7

B! [D%(f)(ZN).ZN}

for any € € L?(G;RY), Y € L%(G;RY), Z € L?(G;R¥*9), and where (¢/,Y") is a copy of (£,Y) on another
Polish and atomless probability space (Q',G/,P'!), N € L2(G;R9) is independent of (£, Z) with zero
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mean, and unit variance. Now, let us consider a copy B of B on the probability space (Ql, g, ﬁ”l), denote
by Xo, b, &, 6o copies of Xg, b, o, g on (2 =Q° x Q1 F = FO® G,P = P’ @ P!), and consider the Itd
process X on (Q, F, P) of the form

t t t
X, = X0+/Bsds+/&sdés+/&2dwf, 0<t<T,
0 0 0

which is then a copy of X in (1.3.5). The process X defined by X;(w®) = X;(w°,.), 0 < t < T, is
FO-progressive, and valued in L2(G; R%). Similarly, the processes defined by by (w?) = by (w?,.), &(w®) =
Fe(w?) ), 69(w) = 69(w0,.), 0 <t < T, are valued in L?(G;R9), P%a.s. Thus, when the lifted function
@ € C?(L*(G;R%)), we obtain from (1.3.7) and relation (1.2.1)-(1.3.8) an Itd’s formula on the lifted space
L*(G;RY):

~ v

t
a(Xy) = a(Xo)+ / E! [Da(XS).BS + %D2a(Xs)(6sN).5SN+ %D2Q(Xs)(6g).50} ds
0

t
+ / E'[Da(X,)70]dw?,  0<t<T, P’ —as. (1.3.9)
0

where N € L?(G;R%) is independent of (B, X), with zero mean, and unit variance.

Remark 1.3.1. Ité’s formula (1.3.9) is proved in Proposition 6.3 in [CD15], and holds true for any
function @ which is twice continuously Fréchet differentiable on L2(G;R?). The fact that @ has a lifted
structure plays no role, and is used only to derive from (1.2.1)-(1.3.8) It&’s formula (1.3.7) on the Wasser-
stein space P, (R?). Recall however that It6’s formula (1.3.7) holds even if the lift is not twice continuously
Fréchet differentiable as shown in [CCD15] (see also [CDLL15]). O






Chapter 2

Dynamic programming for discrete
time McKean-Vlasov control
problem’

Abstract: We consider the stochastic optimal control problem of nonlinear mean-field systems in
discrete time. We reformulate the problem into a deterministic control problem with marginal distribution
as controlled state variable, and prove that dynamic programming principle holds in its general form.
We apply our method for solving explicitly the mean-variance portfolio selection and the multivariate
linear-quadratic McKean-Vlasov control problem.

Keywords: McKean-Vlasov equation, dynamic programming, calculus of variations.

a. This chapter is based on a paper in collaboration with Huyén Pham [PW16]. This paper is published in Applied
Mathematics and Optimization, 74(3), 2016.
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2.1 Introduction

The problem studied in this paper concerns the optimal control of nonlinear stochastic dynamical
systems in discrete time of McKean-Vlasov type. Such topic is related to the modeling of collective
behaviors for a large number of players with mutual interactions, which has led to the theory of MFGs,
introduced in [LLO7] and [HMCOG].

Since the emergence of MFG theory, the optimal control of mean-field dynamical systems has attracted
a lot of interest in the literature, mostly in continuous time. It has been first studied in [ADO1] by
functional analysis method with a value function expressed in terms of the Nisio semigroup of operators.
More recently, several papers have adopted the stochastic maximum principle for characterizing solutions
to the controlled McKean-Vlasov systems in terms of adjoint backward stochastic differential equations
(BSDEs), see [AD10], [BDL11], [CD15]. We also refer to the paper [Yon13] which focused on the LQ
case where the BSDE from the maximum principle leads to a Riccati equation system. It is mentioned in
these papers that due to the non-markovian nature of the McKean-Vlasov systems, dynamic programming
(also called Bellman optimality) principle does not hold and the problem is time inconsistent in general.
Indeed, the standard Markov property of the state process, say X, is ruled out, however, as noticed in
[BFY13], [BFY15], this can be restored by working with the marginal distribution of X. The dynamic
programming has then been applied in [LP14] for a specific control problem where the objective function
depends upon statistics of X like its mean value but with no mean-field interaction on the dynamics of
X, and by assuming the existence at all times of a density function for the marginal distribution of X.

The purpose of this paper is to provide a detailed analysis of the dynamic programming method
for the optimal control of nonlinear mean-field systems in discrete time, where the coefficients may
depend both upon the marginal distributions of the state and of the control. The case of continuous
time McKean-Vlasov equations requires more technicalities and mathematical tools, and is under current
investigation. The discrete time framework has been also considered in [ELN13] for LQ problem, and
arises naturally in situations where signal values are available only at certain times. On the other hand,
it can also be viewed as the discrete time version or approximation of the optimal control of continuous
time McKean-Vlasov stochastic differential equations. Our methodology is the following. By using
closed-loop (also called feedback) controls, we first convert the stochastic optimal control problem into
a deterministic control problem involving only the marginal distribution of the state process. We then
derive the deterministic evolution of the controlled marginal distribution, and prove in its general form
the DPP. This gives sufficient conditions for optimality in terms of calculus of variations in the space of
feedback control functions. Classical DPP for stochastic control problem without mean-field interaction
falls within our approach. We finally apply our method for solving explicitly the mean-variance portfolio
selection problem and the multivariate L mean-field control problem, and retrieve in particular the
results obtained in [ELN13] by four different approaches.

The outline of the paper is as follows. The next section formulates the McKean-Vlasov control
problem in discrete time. In Section 2.3, we develop the dynamic programming method in this framework.
Section 2.4 is devoted to applications of the DPP with explicit solutions in the LQ case including the
mean-variance problem.
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2.2 McKean-Vlasov control problem

We consider a general class of optimal control of mean-field type in discrete time. We are given two
measurable spaces (F,B(F)) and (A, B(A)) representing respectively the state space, and the control
space. On a probability space (2, F,P), we consider a controlled stochastic dynamics of McKean-Vlasov
type:

X}(:+1 = Fk+1(X]?,P ak,Pak,EkJrl), k‘EN, Xg :f, (2.2.1)

xo
for some measurable functions F}, defined from E x P(E) x A x P(A) x R? into E, where (¢}, is a
sequence of i.i.d. random variables, independent of the initial random value £, and we denote by F =
(Fk)k the filtration with Fj, the o-algebra generated by {,e1,...,ex}. Here, (X)x is the state process
valued in E controlled by the F-adapted process (ax)y valued in A, Thus, the dynamics of (X}') depends
at any time k of its marginal distribution, but also of the marginal distribution of the control, which
represents an additional mean-field feature with respect to classical McKean Vlasov equations, and also
considered recently in [ELN13].

Let us now precise the assumptions on the McKean-Vlasov equation. We shall assume that (£, |.|) is
a normed space (most often R?), (A, |.|) is also a normed space (typically a subset of R™), and we recall
from Notations that P,(E) the space of square integrable probability measures over E , i.e. u € P(F)
st |lull? == [, |z]*p(de) < oo, and similarly for P,(A). For any (x,p,a,A) € Ex P(E) x Ax P(A), and
k € N, we denote by Pyi1(x, u,a, A, dz’) the probability distribution of the E-valued random variable
Frq1(x, pya, A ep11) on (Q, F,P), and we assume

(H1) For any k € N, there exists some positive constant C, g s.t. for all (z,a, u, \) € ExAxP(E)xP(A):

2
/ ‘$I|2Pk+1<xnu‘,av>‘,dxl) = E|:|Fk+1(x,ﬂaa7>‘35k+1)| i|
E

Cr,r (14 2l + lal* + [|ull} + IM3)-

IN

Assuming that the initial random value ¢ is square integrable, and considering admissible controls «

which are square integrable, i.e. E|ay|?> < oo, for any k, it is then clear under (H1) that E|X|? < oo,
ie. P,. € P,(E), and there exists some positive constant Cj, s.t.
k
k—1
EIXPP < Cu(L+EEP+ ) Elayl?). (2.2.2)
j=0
The cost functional associated to the system (2.2.1) over a finite horizon n € N'\ {0} is:
n—1
J@) = E[Y fulXPPeianB,) + g(X0 P, (2.2:3)
k=0

for any square integrable F-adapted processes « valued in A, where the running cost functions fx, k =
0,...,n — 1, are measurable real-valued functions on E x P,(E) x A x P,(A), and the terminal cost
function g is a real-valued measurable function on E x P,(E). We shall assume

(H2) There exist some positive constant Cy and for any k = 0,...,n — 1, some positive constant C_ s
s.t. for all (z,a,u,\) € Ex AxP,(E) xP,(A):
| fu(, 1,0, )| Cr,p (L4 |2 +[al® + |7 + A1),
l9(z, )| < Cy(+ |2 + [lul?).

VASVAN
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Under (H1)-(H2), the cost functional J(«) is well-defined and finite for any admissible control, and
the objective is to minimize over all admissible controls the cost functional, i.e. by solving

Vo = infJ(a), (2.2.4)

and when Vp > —oo, find an optimal control o* i.e. achieving the minimum in (2.2.4) if it exists.

Problem (2.2.1)-(2.2.4) arises in the study of collective behaviors of a large number of players (parti-
cles) resulting from mean-field interactions: typically, the controlled dynamics of a system of N symmetric
particles are given by

i,a' i,a’ z : i z : i .
Xk:-i—l = Fk+1(Xk ,N 5X.7'="i7a;§’ﬁ 60].,62:_,'_1), 1—17...,N,
j=1 "k j=1 F

by assuming that a center decides of the general same policy o = « for all players with same running and
terminal gain functions, the propagation of chaos argument from McKean-Vlasov theory (see [Szn91])
states that when the number of players IV goes to infinity, the problem of each agent is asymptotically
reduced to the problem of a single agent with controlled dynamics (2.2.1) and objective (2.2.4). We refer
to [CDL13] for a detailed discussion about optimal control of McKean-Vlasov equations and connection
with equilibrium of large populations of individuals with mean-field interactions.

2.3 Dynamic programming

In this section, we make the standing assumptions (H1)-(H2), and our purpose is to show that
dynamic programming principle holds for problem (2.2.4), which we would like to combine with some
Markov property of the controlled state process. However, notice that the McKean-Vlasov type depen-
dence on the dynamics of the state process rules out the standard Markov property of the controlled
process (X3). Actually, this Markov property can be restored by considering its probability law (ng k-
To be more precise and for the sake of definiteness, we shall restrict ourselves to controls o = (ay ) given
in closed-loop (or feedback) form:

o = dk(X;:), kZO,...,’n—]., (231)

for some deterministic measurable functions &y of the state. Notice that the feedback control may also
depend on the (deterministic) marginal distribution, and it will be indeed the case for the optimal one,
but to alleviate notation, we omit this dependence which is implicit through the deterministic function
@r. We denote by AF the set of measurable functions on E valued in A, which satisfy a linear growth
condition, and by A the set of admissible controls « in closed loop form (2.3.1) with & in AF, k € N.
We shall often identify o € A with the sequence (&) in AP via (2.3.1). Notice that any o € A satisfies
the square integrability condition, i.e. E|ag|? < oo, for all k. Indeed from the linear growth condition on
ay in AP, we have E|ag|? < Co(1 + E|X2|?) for some constant C,, (depending on «), which gives the
square integrability condition by (2.2.2).

Next, we show that the initial stochastic control problem can be reduced to a deterministic control
problem. Indeed, the key point is to observe by definition of P, . and noting that P, is the image by

k
Gy of P, for a feedback control o € A, that the gain functional in (2.3.2) can be rewritten as:
k

3
|

1
J(a) = Ji(Bye, i) +3(Py,), (2.3.2)
0

x>
Il
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where fi, k = 0,...,n — 1, are defined on P, (E) x AP, § is defined on P,(E) by:

— [ Rlowd.axwutd). 30 = [ glepntda), (2.3.3)
E E
and & pu € P,(A) is the

(@xp)(B) = p(@'(B), VBEeDBA).

Hence, the original problem (2.2.4) is transformed into a deterministic control problem involving the
infinite dimensional marginal distribution process. Let us then define the dynamic version for problem
(2.2.4):

Ve f )+ 4P ), k=0,...n, 2.3.4
i ﬂelfl&c(QZfJ 9P ), n (2.3.4)

for « € A, where Ag(a) = {f € A: 5, =;,j =0,...,k — 1}, with the convention that Ay(a) = A, so
that Vo = infae 4 J(@) is equal to V*. It is clear that V% < oo, and we shall assume that

Ve > —oo, k=0,...,n, €A (2.3.5)

Remark 2.3.1. The finiteness condition (2.3.5) can be checked a priori directly from the assumptions
on the model. For example, when fi, g, hence fk, g, k=0,...,n — 1, are lower-bounded functions,
condition (2.3.5) clearly holds. Another example is the case when fi(z,u,a,\), k =0,...,n—1,and g
are lower bounded by a quadratic function in xz, u, and A, so that by the linear growth condition on &,

A

fe(w,@) +g(x, ) > =Crp(L+|lul,), VpeP,(E)acA”,

: . . . 2 :
and we are able to derive moment estimates on Xg, uniformly in a: [P, ||2 = E[|X2[?] < Cy, which
k

arises typically when A is bounded from (2.2.2). Then, it is clear that (2.3.5) holds true. Otherwise, this
finiteness condition can be checked a posteriori from a verification theorem, see Theorem 2.3.2. O

The DPP for the deterministic control problem (2.3.4) takes the following formulation:

Lemma 2.3.1. (Dynamic Programming Principle)

Under (2.3.5), we have

Ve = g(P,,) .
] - . i 3 B = — 0.
Vk B Beglkf(a) fk(]P)Xf’ﬂk)+Vk+1? k*O,...,TL 1.

Proof. In the context of deterministic control problem, the proof of the DPP is standard and does
not require any measurable selection arguments. For sake of completeness and since it is quite elementary,
we give it. Denote by Ji(«) the cost functional at time k, i.e.
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so that Vi = infge 4, (o) Jr(B) , and by W the r.h.s. of (2.3.6). Then,
wg = inf & inf
BEAL(a) k YEAR+1(8)

Jes1(7)]

= gt inf P .5+ J,
BeAr(a) yEArt1(B) [/ xf Br) + Jr1(7)]

= inf inf P, )+ J
BEA(a) YEAK+1(B) [fk( X ) IH_I(’Y)]

inf J ,
retann Bypeanay H )
where we used in the third equality the fact that X B — X, Br = for v € Ap41(B). Finally, we notice
that {Ax11(8) : B € Ax(a)} = Ar(«). Indeed, the inclusion C is clear while for the converse inclusion, it
suffices to observe that any v in Ay («) satisfies obviously v € Agy1(7y). This proves the required equality:
Wy =V O

Let us now show how one can simplify the DPP by exploiting the flow property of (P, ), for any
k
admissible control « in feedback form € A. Actually, we can derive the evolution of the controlled
deterministic process (P . ).
k

Lemma 2.3.2. For any admissible control in closed-loop form o € A, we have

P = <I>k+1(}P>X;,,o?k), keN, P, =P (2.3.7)

xo
k41

where ®y11 is the measurable function defined from P,(E) x A¥ into P,(E) by:

Bpsr (1, 6)(da') = /E 1(d2) P (11, G (2), G % 1, da). (2.3.8)

Proof. Fix a € A. Recall from the definition of the transition probability Pyi1(z,p,a, A, dz’)
associated to (2.2.1) that

]P’[X,‘CXJr1 € dx’|.7-'k] = PkH(X,?,IP’Xg,ak,P%,dx’), keN. (2.3.9)
For any bounded measurable function ¢ on E, we have by the law of iterated conditional expectation

and (2.3.9):
E[SO(X?H)} = ]E{IE[@(X,?H)U%H

]E|:/ w(I/)Pk-‘rl(X;clv ]P)x? y Ok Pak ) dx/):l
E

- E[ / <,0(1:’)Pk+1(x,IP’Xa,dk(x),dk*IP’Xa,dx’)IP’XQ(dz)]
ExXE k k k

where we used in the last equality the fact that ay = @, (Xy) is in closed loop form, the definition of
IP’X;;, and noting that Pak = ay *ng. This shows the required inductive relation for ng- O
Remark 2.3.2. Relation (2.3.7) is the Fokker-Planck equation in discrete time for the marginal distri-
bution of the controlled process (X5). In absence of control and McKean-Vlasov type dependence, i.e.
P11 (z,dz") does not depend on (u, a, A), we retrieve the standard Fokker-Planck equation with a linear
function ®gy1(p) = pPrs1. In our McKean-Vlasov control context, the function ®p41(u, &) is nonlinear
in . ([l
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By exploiting the inductive relation (2.3.7) on the controlled process (P, . )k, the calculation of the
k
value processes V,* can be reduced to the recursive computation of deterministic functions (called value
functions) on P(E).

Theorem 2.3.1. (Dynamic programming and value functions)

Under (2.3.5), we have for any a € A, V& = vi(P,.), k= 0,...,n, where (vg)x is the sequence of value
k

functions defined recursively on P,(E) by:

vn(p) = G(p) A 2a10
ve() = inf [Fe(,@) + v (9 (0,) | (2:3.10)

fork=0,...,n—1, p € P,(E).

Proof. First observe that for any 8 € Ag(«), X]f = X, k=0,...,n. Let us prove the result by
backward induction. For k = n, the result clearly holds since V,* = §(P,. ). Suppose now that at time
kE+1, Vi = vpp1(Py. ) for some deterministic function vy and any o € A. Then, from the DPP

k+1

(2.3.6) and Lemma 2.3.2, we get

Ve =  inf fuP...B P
g sty 1 Exg Ob) + vk Xf+1)
=  inf P,z 2.3.11
jnt B B) (2:3.11)
where
wr(p, @) = fk(ﬂad)+vk+1(¢k+1(#ad))~

Now, for any 8 € Aj(a), and since f3 is valued in A¥, we clearly have: wy(p, fx) > infse ar wi (g, @),
and so infge 4, (a) wi (1, Br) > infazear wi(p, @). Conversely, for any @ € AP, the control 3 defined by
Bj = aj, j <k—1,and 3; = a for j > k, lies in Ax(a), so: wy(p, &) > infge 4, (o) wr (1, Br), and thus
infge 4, (o) Wr(p, Br) = infaear wr(p, &). We conclude from (2.3.11) that: Vi = Uk(]P)X’C:) with vg (@) =

inf wg(p, @), i.e. given by (2.3.10). O
acAF

Remark 2.3.3. Problem (2.2.4) includes the case where the cost functional in (2.3.2) is a nonlinear
function of the expected value of the state process, i.e. the running cost functions and the terminal
gain function are in the form: fk(X,‘;‘,]P’Xg,ozk) = fk(X,‘j,E[X,‘j},ak), k=0,...,n—1, g(X;‘L‘,]P’Xﬁ) =
g(X, E[X2]), which arise for example in mean-variance problem (see Section 2.4). It is claimed in
[BM14] and [Yon13] that Bellman optimality principle does not hold, and therefore the problem is time-
inconsistent. This is true when one takes into account only the state process X (that is its realization),
since it is not Markovian, but as shown in this section, dynamic programming principle holds whenever
we consider the marginal distribution as state variable. This gives more information and the price to
paid is the infinite-dimensional feature of the marginal distribution state variable. (Il

We complete the above Bellman’s optimality principle with a verification theorem, which gives a
sufficient condition for finding an optimal control.

Theorem 2.3.2. (Verification theorem)
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(i) Suppose we can find a sequence of real-valued functions wy, k = 0,...,n, defined on P,(E) and
satisfying the dynamic programming relation:

wp(p) = G(p) va 1o
welp) = o[£l @) + wesn Py (0,0))] (2:3.12)

fork=0,....,n—1, p € P,(E). Then V;* = wi(P, ) forallk =0,...,n, o € A, and thus wy = vg.

(i) Moreover, suppose that at any time k and p € P(E), the infimum in (2.3.12) for wi(p) is at-
taz’ned by some & (., ) in A¥. Then, by defining by induction the control o* in feedback form by af =
an(xg ,]P’X ), k=0,...,n—1, we have

which means that a* € A is an optimal control.

Proof. (i) Fix some o € A, and arbitrary 3 € A associated to a feedback sequence (B;)x in AF.
Then, from the dynamic programming relation (2.3.12) for wy, and recalling the evolution (2.3.7) of the

controlled marginal distribution P we have

39
x5
k

) < fr(P aBk)+Uk+1(]P)XB ), k=0,...,n—1

B
Xk k+1

By induction and since w,, = g, this gives

Wk Zfa B’BJ g(P B)'

Xn

By noting that P, , when € Aj (), and since 8 is arbitrary, this proves that wy (P, ) < Ve

In particular, V& > —00, 1 e. relation (2.3.5) holds, and then by Theorem 2.3.1, V& is Characterlzed by
the sequence of value functions (v )y defined by the DP (2.3.10). This DP obviously defines by backward
induction a unique sequence of functions on P,(F), hence wy = vi, k = 0,...,n, and therefore V,* =
Wi (Px;: )

(ii) By definition of &, which attains the infimum in (2.3.12), we have

M»+wﬂﬂgﬂ),kzanwn—L

k k k k+1

By induction this implies that

n—1
Vo = wo(Pe) = Y fu(P, (-,ng*)) + 9P ,.) = J(),
k=0
which shows that a* is an optimal control. O

The above verification theorem, which consists in solving the dynamic programming relation (2.3.12),
is useful to check a posteriori the finiteness condition (2.3.5), and can be applied in practice fo find explicit
solutions to some McKean-Vlasov control problems, as investigated in the next section.
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2.4 Applications

2.4.1 Special cases

We consider some particular cases, and provide the special forms of the DPP.

2.4.1.1 No mean-field interaction

We first consider the standard control case where there is no mean-field interaction in the dynamics
of the state process, i.e. Fii1(x,a,e511), hence Pyyq(x,a,dz’) do not depend on p, A, as well as in the
cost functions fx(z,a) and g(x). For simplicity, we assume that A is a bounded set, which ensures the
finiteness condition (2.3.5). In this case, we can see that the value functions vy are in the form

vp(p) = / O (z)pu(dx), k=0,...,n, (2.4.1)
E
where the functions ¥y defined on FE satisfy the classical dynamic programming principle:

{%(x) = g(=)

k() = inf [fk(x,a) + E[tp1 (X)) | X2 = 2,05, = a]} (24.2)

for k=0,...,n—1. Let us check this result by backward induction. This holds true for k = n since v, (@)
= g(n) = [ 9(x)u(dzx). Suppose that (2.4.1) holds true at time k + 1. Then, from the DPP (2.3.10),
(2.3.8) and Fubini’s theorem, we have

acAE

wl) = it [ [ @) + [ fn@)in(na)d)
=t [ [ 1A a@) + [ o) P (@,6(0), do")] o)

GEAF

= inf /Ezbk(x,d(x))u(dx)

GEAF

where we set Wi (x,a) = fr(x,a) + [, Okt1(2") Pry1(2, a, dz’). Now, we observe that

inf /Ewk(m,@(x))u(dx) = /Einf W (x, a)p(dx). (2.4.3)

aecAE a€A

Indeed, since for any & € AP, the value @(x) is valued in A for any x € E, it is clear that the inequality
> in (2.4.3) holds true. Conversely, for any € > 0, and = € E, one can find &°(z) in A such that

wk(w,df(x)) < iIelg’LT}k(.’)La) + €.

By a measurable selection theorem, the map = — @°(z) can be chosen measurable, and since A is bounded,
the function G° lies in A®. It follows that

ot [ o a@tn < [ aa@nd) < [ oo +e,

which shows (2.4.3) since ¢ is arbitrary. Therefore, we have vi(p) = [, Ox(z)p(dz) with

T)k(x) = gggwk(xva)
= inf [fi(z,0a) +/ 11 (2") Peyr (z, @, dz’)],
a€A B

which is the relation (2.4.2) at time k from the definition of the transition probability Pj1.
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2.4.1.2 First order interactions

We consider the case of first order interactions, i.e. the dependence of the model coefficients upon the
probability measures is linear in the sense that for any (x,u,a) € E x P,(E) x A, & € AF]

Pk+1(a:,u,a,o7*u,da:’) = /L;Pk+1(x7yaaad(y)7dz/)#(dy)a
fel@ ayanp) = [E Folw,y,a,a(p)uldy),  glap) = /E 3z, y)uldy),

for some transition probability kernels Pk+1 from E x E x A x A into E, measurable functions f}, defined

on EXEXAXxA k=0,...,n—1, and g defined on F x E. In this case, the value functions v, are in
the reduced form
ve(p) = / Ok (Xgn—k+1)p(dXgn-k+1), k=0,...,n, (2.4.4)
E2n7k+1
where we denote by x,, the p-tuple (x1,...,z,) € EP, by u(dx,) the product measure p(dz1)®...Qu(dz,),
. ~ . n—k+1
and the functions 9 are defined recursively on E? by
(2, y) = g(z,y)
O (Xgn—k,yon-x) = inf {fk(xlvyla a(z1),a(yr))
aGEAF
+ X Iak-‘rl(X/Q"*k)lﬂjk—i-l(XZ"*kv Yon-k, &(XZ“*k)v 5‘()’2“*1‘)7 dxlzn*k):| )
B2

where we set
Pk+1(XP7Ypad(xp)va(YP)adX;))
= Pk+1(x1a Y1, 6‘(551)7 6‘(91)7 dxll) ®...0 Pk+1('75p7 Yps &(wp)v d(yp)v dx;;)

Let us check this result by backward induction. This holds true for k = n since 0y, (1) = (52 §(z, y) p(dz) p(dy).
Suppose that (2.4.4) holds true at time k+1. Then, from the DPP (2.3.10), (2.3.8) and Fubini’s theorem,
we have

o) = inf /E Ful@rynaan), aly)uldan)u(dy)

acAE

+ /3 ok ﬂk+1(X/2n_k,)f)k+1(X2n—k7 Yon-k, d(in—k), d(yzn—k), dX;n_k)/J/(dXQn—k)/j/(dygn—k)}
E3x2n—k

= ﬁnf/ Wk (Xon—k, Yon—r, @(Xgn-r ), &(yan—r))p(dXgn—r ) p(dyon—r)
GEAF Jpan—k+1

where we set
wk(x2"*""7y2"*k7&(XQ"*k)ﬂd(yZ"*k)) = fk(fﬂl,yl,d(fﬂl),d(yl))
+ / . 'Dk+1(X/2n_k)Pk+1(X2n—k7 Yon-k, d(X2n—k), @(yzn—k), dxlzn_k).
Ean—

Now, proceeding the similar argument as no mean-field interaction case, we observe that

~il’lf ’lI)k (Xgn—k y Yon—k, d(XQn—k' ), d(an—k ))M(dXQn—k' )M(dYQn—k)
GEAE | pan—k+1

= / inf Wk (Xgn—r,Yon—r, @(Xon—r ), @(yon—r)) (dXon—r ) pp(dyon—r).
E

on—k+1 g AE
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Therefore, we have vy (1) = [gon—r+1 Uk (Xon—k, yon—k ) p(dXgn—i ) pp(dyon—r) with

Op(Xank,Yoen) = inf [ fe(@n g, Glan), @)
c€AE

e

+ / k@Hl(xgn_k)ﬁkﬂ(xzn,k,yzn,k,a(xzn,k),a(yzn,k),dxgn_k)},
-

2.4.2 Linear-quadratic McKean-Vlasov control problem

We consider a general multivariate linear McKean-Vlasov dynamics in E = R? with control valued in
A =R"

X, = (BrXP 4 BrE[X{] + Crou + CrE[ay]) (2.4.5)
+ (DkX]? + DkE[X,C:] + Hray + HkE[ak])5k+1a k=0,...,n—1,

starting from X§ = &, where By, By, Dy, Dy, are constant matrices in R4%? Cy, Cy,, Hy, Hy, are constant
matrices in R¥™ and (g4) is a sequence of i.i.d. random variables with distribution A/(0, 1), independent
of £. The quadratic cost functional to be minimized is given by
n—1 B _
J@) = E[ Y [(X0)TQuXE + (EXE]) QuELXE] + LIX} + LIE[X}]
k=0
+ OzLRkak + (E[akDTékE[OzkH

+ (X)X + (E[X7)"QE[X:] + L™X; + LE[X}]|, (2.4.6)

for some constants matrices Qx, Qr, @, @, in R¥? Ry, Ry, in R™*™ and vectors Ly, Ly, L, L € R, k
=0,...,n — 1. Since the cost functions are real-valued, we may assume w.l.o.g. that all these matrices
Qk, Qr, Q, Q, Ry, and Rj, are symmetric. This model is in the form (2.2.1) and associated to a transition
probability satisfying:

P]C+1(1'7[L,a,>\,dl’/) ~ N(Mk(xvuaa7)‘);Ek’(xau7a7)‘)2k(:€aﬂvav>‘)T) (247)
Mk(x,,u,a,)\) = Bkm+Bkﬁ+C;€a+C_’k5\
Ek(ac,,u,a,)\) = Dkx+Dkﬁ+Hka+Hk5\

where we set for any p € Py(RY) (resp. P,(R™)) symmetric matrix A € R4 (resp. in R™*™):

fim fonde), m(8) = [aAsutdn), Var(u)(d) = i (8) - @A

and in the form (2.3.2), hence (2.3.2) for feedback controls, with

Felp,@) = Var(u)(Qr) + A7(Qr + Qu)i + (L + Li) "
+ Var(a * p)(Ry) + &% pu" (Ri + Ri)a = 1
9p) = Var(w)(Q) + i@+ Q)i + (L+ L)
We look for candidate wg, k& = 0,...,n, of values functions satisfying the dynamic programming

principle (2.3.10), in the quadratic form:

wi(p) = Var(u)(Ar) + £ Teft + pLii+ Xk, (2.4.8)
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for some constant symmetric matrices Ay and Ty, in R4%?, vector p, € R? and real y; to be determined

below. We proceed by backward induction. For k = n, we see that wy = § (= vg) iff
Ap =Q, Tpn=Q+Q, pn = L+L, xn = 0. (2.4.9)

Now, suppose that the form (2.4.8) holds true at time k + 1, and observe from (2.3.8) and (2.4.7) that
for any p € Po(R?), & € AP, A € R™9 we have by Fubini’s theorem:

ol = [ BV d)]atda)

(I)k+1(/1'7d)2(A) /RdE[Y({LM,d)TAY(.’IJ,u7d>]M(d£L‘),

where Y (z, u, &) ~~ N(Mk(:c, y &(x), & * p); Bg (z, py (), & * ()X (2, g, a(x), & *,u)T). Therefore,

Ppi1(u,@) = (Bi+ By)ii+ (Cr + Cr)a* p,

and after some tedious but straightforward calculation:

Var(@pr1(p, @)(A) = Ppgr(p, @), (A) = Prgr (11, @) A®psr (1, @)
= / [Sk(z, p, @(x), & * p)TAS(z, 1, a(z), & * )
R4
+ Mi(2, g, @(x), @ x p)TAM (2, p, &(x), & % )] p(dz)

— ((Be+ B+ (Co+ Co)ax i) A((Be+ B+ (Cu+ C)awp)
= Var(u)(BfABy + DJADy) + ii" (Dy + Di)"A(Dy, + Dy)ji

+ Var(a& * p)(HIAHy + CTACY)

+ « *,U,T(Hk + Erk)TA(Hk + Hk)d * [

+ 2 /R (&~ 1) (DEAH) + BIACK)a(x)p(d)

+ zﬂT(Dk+Dk)TA(Hk+Hk)/ Q* fi.
Rd

Then, wy, satisfies the DPP (2.3.10) iff

wi(p) = inf [fk(/uvd) + Var(®pi1 (1, &) (Apt1) + @k+1(ﬂ,d)TFk+1¢k+1(M,@)} (2.4.10)

&

= Var(p)(Qk + B{Ar+1By + D Ag11Dy) + dienjE Gl (@)

+ 1" (Qk + Qk + (Dy + Di) A1 (Di + D) + (Bi + Bi) Ti1 (Bi + By) ) o
+ (Lk + Ek + (B + Bk)Tpk_H)Tﬂ + Xk+1, (2.4.11)

where we define the function GJ;, : L?(u; A) — R by

GLa(@) = Var(@sn)(V) + &xn Wiasi + 2 [ (o - @ Siaulds)

+ 20 Thax p + pfo 1 (Cr + Cr)a*p, (2.4.12)
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and we set Vi, = Vi.(Agr1), Wi = Wi(Agr1,Trg1), Sk = Se(Ary1), Tk = T(Agy1, Try1), with

Vie(Ak41) = Rp+ HiApy1 Hi + CpAe a1 Gy B B
Wi(Akt1,Tk1) = Ri+ Ry + (Cy + Cy) " Tiq1 (Cr + C) + (Hg + Hy)"Aprr (Hy + Hy)

Sk(Ak41) = DjApi1Hi + BiAp1Cy; B B
Tp(Agy1,Tky1) = (Di+ D) " Agy1(Hi + Hy) + (Br + By)) Tig1 (Cr + Ch).

(2.4.13)
Here, L?(u; A) D AF is the Hilbert space of measurable functions on E = R? valued in A = R™ and
square integrable w.r.t. u € P,(E).

We now search for the infimum of the function G% 41, and shall make the following assumptions on
the symmetric matrices of the quadratic cost functional and on the coefficients of the state dynamics:

(c0)
Q>0,Q+Q >0, Q> >0,
R, >0, Re+R;, >0, k=0,...,n—1,
and for all k =0,...,n—1,

(cl) Ry > 0 or [Cy of full rank, Qr41 > 0], or [Hy, of full rank, Qr+1 > 0],
(c2) Ry + Ry > 0 or [Cy + Cy of full rank, Qpy1 + Q1 > 0], or [Hy + Hy, of full rank, Qryq > 0].

Conditions (c0)-(c1)-(c2) is slightly weaker than the condition in [ELN13] (see their Theorem 3.1),
where the condition (c0) is strengthened to Ry > 0 and Ry + Ry, > 0 for all k = 0,...,n — 1, for ensuring
the existence of an optimal control. We relax this positivity condition with the conditions (c1)-(c2) in
order to include the case of mean-variance problem (see the example at the end of this section). Actually,
as we shall see in Remark 2.4.1, these conditions will guarantee that for Ay, I'y to be determined below,
the function GZL_H is convex and coercive on L?(yu; A) for any k = 0,...,n— 1. For the moment, we derive
after some straightforward calculation the Gateaux derivative of G, 41 at & in the direction 3 € L2(u; A),
which is given by:

Gl (a+ep) -G  (a
DG (as) = iy PO [ @)
€ Rd
with
Ges1(z, @) = 20(x) Vi +2ax pu" (Wi — Vi)

+2(x — ) Sk + 25" Ty + pf 1 (Ck + Ch).

We shall check later in Remark 2.4.1 that V; and Wy are positive symmetric matrices, hence invertible.
We thus see that DG, (&;.) vanishes for & = @ (., ) s.t. gry1(z, @5(., p)) = 0 for all 2 € RY, which
gives:

x _ _ - 1. =
Gilen) = —VOUSi— ) = W — WG+ Gk (2.4.14)
and then after some straightforward caculation:

Gl (@(op) = —Var(p)(SkVy, 'Sp) — a" (W, ' T7) i — @™ TkWy H(Ck + Ci) prga

1 _ —
- Zp,gﬂ(ok + C)Wi H(Ck + C) T preg1.-
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Assuming for the moment that G;(., u) attains the infimum of G}, ; (this is a consequence of the convexity
and coercivity of Gj 41 shown in Remark 2.4.1), and plugging the above expression in (2.4.10), we see
that wy, is like the function p — G | (&5(., 1)), a linear combination of terms in Var(u)(.), a7 (.)f, and
by identification with the form (2.4.8), we obtain an inductive relation for Ag, Tk, pr, Xk:

A = Qr+ BiArs1Be + DiApi1 Dy — Sk({karl)V];l(Akjl)slz(Ak+1) B
Ly = (Qr+ Q)+ (Br + Br) Try1(Br + Bi) + (Dk + Dy)"Agy1 (D + Dy.)
= To(Agst, i )Wy (Mgt T )T (Akr, Do) (2.4.15)
pr = Lp+ L+ [(Br+ Bk_) — (Ck + Co)Wi (Mg, FIE+1)T/€T(Ak+1,Fk+1)]Pk+1
Xe = Xett— 151 (Cr + Co)Wi (A1, Trs1) (Cr 4 Cr) " progr -

forall k =0,...,n—1, starting from the terminal condition (2.4.9). The relations for (Ag,I'y) in (2.4.15)
are two algebraic Riccati difference equations, while the equations for p; and xj are linear equations
once (Ag,T'y) are determined. This system (2.4.15) is the same as the one obtained in [ELN13]. In the
particular mean-variance problem considered at the end of this section, we can obtain explicit closed-form
expressions for the solutions (Ag, 'k, pk, Xk) to this Riccati system. However, in general, there are no
closed-form formulae, and these quantities are simply computed by induction.

In the following remark, we check the issues that have left open up to now.
Remark 2.4.1. Let conditions (c0)-(c1)-(c2) hold. We prove by backward induction that for all k£ =
1,...,n, the matrices Vix—1 = Vi_1(Ag), Wr—1 = Wi_1(Ag, ') are symmetric positive, hence invertible,
with (Ag, T'x) given by (2.4.15), together with the nonnegativity of the symmetric matrices Ay, I'y, which
will immediately gives the convexity and coercivity of the function G4 in (4.5.7) for u € P,(R?).

At time k = n, we have A, = Q > 0, T, = Q + Q > 0, and thus from (2.4.13), V,,_1 = V,_1(A,),
Wpo1 = Wh_1(A,,Ty,) are symmetric positive under (c0)-(c1)-(c2). Now, suppose that the assertion
is true at time k + 1, i.e. Vi, Wy are symmetric positive, and Agi1, ['xyr1 are symmetric nonnegative.
Then, it is clear from (2.4.15) that A and I'y are symmetric, and noting that they can be rewritten from
the expression of Vi, Wy, S, Tj, in (2.4.13) as

Ar = Qu+SeVi'Re(SkViY)T + (Bk = Cu(Se Vi )] Ak [Br — Ck<5ka_1)T)

+ (Dk - Hk(Skafl)T)TAkH (Dk - Hk(skkal)T)

Qr+Qr + TeW, ' (Re + Ri) (TiW, )T

+ (B + B, — (Cp + C‘k)(Tka_l)T)TFkH (Bk + Bp — (Cr + ék)(Tka_l)T)

+ (Dy + Dy, — (Hi + Erk)(Tka_l)T)TFk‘*'l (Dk + De = (Hi + ﬁ’“)(T’“W’ﬁ_l)T)’

Iy

it is also clear that they are nonnegative under (c0). Finally from the expression (2.4.13) at time &k — 1,
we see that Vi_1 = Vi_1(Ag) and Wi_1 = Wi_1(Ag,Tk) are symmetric positive under (c0)-(c1)-(c2),
which shows the required assertion. O

In view of the above derivation and Remark 2.4.1, it follows that the functions wg, k = 0,...,n, given
in the quadratic form (2.4.8) with (Ax, Tk, p, xx) as in (2.4.15), satisfy by construction the DPP (2.3.10),
and by the verification theorem, this implies that the value functions are given by vy = wy, while the
optimal control is given in feedback form from (2.4.14) by:

o = G(XLP) = Vi USE(XT - E[XG)) - Wi TRELY;), (2.4.16)

where X} = X,‘g‘* is the optimal wealth process with the feedback control a*. We retrieve the expression
obtained in [ELN13] by four different methods (see e.g. their Theorem 3.1). We can push further our
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calculations to get an explicit form of the optimal control expressed only in terms of the state process
(and not on its mean). Indeed, from the linear dynamics (2.4.5), we have

E[Xji1] = (Bi+ Bp)E[X{] + (Ck + Cy)E[aj]
= (Bi+ BR)E[X{] — (C, + Cx) (W) TFE[X}] = N:E[X]],
with Ny, = By, + By, — (Ci + C’k)W,ZlTk, for k =0,...,n—1, and so by induction:
E(X;] = Nei...NoE[].
Plugging into (2.4.16), this gives the explicit form of the optimal control as
ap = “Vi'SixX; + (Vi'Sp— Wi 'T) N1 ... NoE[¢], k=0,....n—1.  (2.4.17)
We observe that the optimal control at any time k does not only depend on the current state X; but

also on its the initial state £ (via its mean).

Example: Mean-variance portfolio selection

The mean-variance discrete-time problem consists in minimizing the cost functional:

J(@) = ZVar(X)—E[X7)]
= B[ (x)’-xq) - 2(BIxz)

for some vy > 0, with a dynamics for the wealth process (X;) valued in £ = R controlled by the amount
ay valued in A = R invested in the stock at time k (we assume zero interest rate):

XP, = X2+ ap(bA+oVAcy), k=0,...,n—1, X§ = . (2.4.18)

Here xy € R is the initial capital, b, ¢ > 0 are some constants, representing respectively the rate of
return and volatility of the stock, A > 0 is a parameter, e.g. A = T'/n, arising when considering a time
discretization of a continuous-time model over [0,7T], and (g) is a sequence of i.i.d. random variables
with distribution A(0,1). This univariate model fits into the LQ framework (2.4.5)-(2.4.6) with:

B}CZL B}czo, Ck:bA, C_’kzo, Dk:D}cZO, HkZU\/Z, szo,
Qu=Qr="Li=Li=Ri=Ri=0, Q=2,Q=—-2,L=0,L=—L
Conditions (c0)-(c1)-(c2) are clearly satisfied, and the Riccati system (2.4.15) for (Ag, Tk, pk, Xx) €

Ry x Ry xR x R is written in this case as:

2

A = M zfes

_ oAk i1
Fk - J2Ak+1+b2AI‘k+1rk+1

= oAk
Pk = BIAT,;i+o2hngq Ph+1

2 2

— 1 bAp,

Xk = Xk+1 402N p 1 +02AT 10

together with the terminal condition A, = 3, T', = 0, p, = —1, xn = 0. This leads by induction to the
explicit form for (Ag, Tk, pk, Xk):
2 n—=k
Ak = (02ib2A) ’

Fk = Pk = -1 (2419)

2. 52 n—k
w = () )

O R
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The value functions are then explicitly given by

W) = Yo -5 (52 ),

forall k =0,...,n, p € P,(R). Moreover, the optimal control is given in feedback form from (2.4.16) by:

b

b 02+ b2A\n—k-1
02+ B2A ( ) ’

(Xi —EX{]) + —- 2

o‘lt = &k(XZa]P)X;:) = 0_2,7

g

where X; = X is the optimal wealth process with the feedback control a*. Tt is then explicitly written
from (2.4.17) by

of = — 2 (X -2 —1<1+ﬁA)"} (2.4.20)
k o2 +R2ALTE 07y 02 ' o
We then observe that the optimal control at any time k& does not only depend on the current wealth
X} but also on the initial wealth xy. This expression (2.4.20) of the optimal control is the discrete time
analog of the continuous time optimal control obtained in [LZ00] or [AD10]. Actually, if we view (2.4.18)
as a time discretization (with a time step A = T//n) of a continuous time Black-Scholes model for the
stock price over [0, T, with a controlled wealth dynamics

AX® = au(bdt + odWy), X§ = a0,

then by sending n to infinity (hence A to zero) into (2.4.20), we retrieve the closed-form expression of
the optimal control in [LZ00] or [AD10]:

. 1 b?
— T — ; exp (;T)}



Chapter 3

Bellman equation and viscosity
solutions for continuous time
McKean-Vlasov control problem’

Abstract: We consider the stochastic optimal control problem of McKean-Vlasov stochastic differential
equation where the coefficients may depend upon the joint marginal law of the state and control. By
using feedback controls, we reformulate the problem into a deterministic control problem with only the
marginal distribution of the process as controlled state variable, and prove that dynamic programming
principle holds in its general form. Then, by relying on the notion of differentiability with respect to
probability measures recently introduced by P.L. Lions in [Liol2], and a special It6 formula for flows of
probability measures, we derive the (dynamic programming) Bellman equation for mean-field stochastic
control problem, and prove a verification theorem in our McKean-Vlasov framework. We give explicit
solutions to the Bellman equation for the linear quadratic mean-field control problem, with applications
to the mean-variance portfolio selection and a systemic risk model. We also consider a notion of lifted
viscosity solutions for the Bellman equation, and show the viscosity property and uniqueness of the value
function to the McKean-Vlasov control problem. Finally, we discuss the case of McKean-Vlasov control
problem with open-loop controls and compare the associated dynamic programming equation with the
case of feedback controls.

Keywords: McKean-Vlasov SDEs, dynamic programming, Bellman equation, Wasserstein space, vis-
cosity solutions.

a. This chapter is based on a paper written in collaboration with Pham Huyén [PW18]. This paper is published in
ESAIM: Control, Optimisation, Calculus of Variations, 24(1), 2018.
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3.1 Introduction

The problem studied in this paper concerns the optimal control of mean-field SDEs, also known
as McKean-Vlasov equations. This topic is closely related to the mean-field game (MFG) problem as
originally formulated by Lasry and Lions in [LL07] and simultaneously by Huang, Caines and Malhamé
in [HMCO6]. It aims at describing equilibrium states of large population of symmetric players (particles)
with mutual interactions of mean-field type, and we refer to [CDL13] for a discussion pointing out the
subtle differences between the notions of equilibrium in MFG and optimal control of McKean-Vlasov
dynamics.

While the analysis of McKean-Vlasov SDEs has a long history with the pioneering works by Kac
[Kach6] and H. McKean [McK67], and later on with papers in the general framework of propagation
of chaos, see e.g. [Szn91], [JMWO08], the optimal control of McKean-Vlasov dynamics is a rather new
problem, which attracts an increasing interest since the emergence of the MFG theory and its numerous
applications in several areas outside physics, like economics and finance, biology, social interactions,
networks. Actually, it has been first studied in [ADO01] by functional analysis method with a value function
expressed in terms of the Nisio semigroup of operators. More recently, several papers have adopted
the stochastic maximum (also called Pontryagin) principle for characterizing solutions to the controlled
McKean-Vlasov systems in terms of an adjoint backward stochastic differential equation (BSDE) coupled
with a forward SDE: see [AD10], [BDL11], [Yon13] with a state dynamics depending upon moments of the
distribution, and [CD15] for a deep investigation in a more general setting. Alternatively, and although
the dynamics of mean-field SDEs is non-Markovian, it is tempting to use DP method (also called Bellman
principle), which is known to be a powerful tool for standard Markovian stochastic control problem, see
e.g. [FS06], [Pha09], and does not require any convexity assumption usually imposed in Pontryagin
principle. Indeed, mean-field type control problem was tackled by DP in [LP14] and [BFY15] for specific
McKean-Vlasov SDE and cost functional, typically depending only upon statistics like its mean value or
with uncontrolled diffusion coefficient, and especially by assuming the existence at all times of a density
for the marginal distribution of the state process. The key idea in both papers [LP14] and [BFY15] is
to reformulate the stochastic control problem with feedback strategy as a deterministic control problem
involving the density of the marginal distribution, and then to derive a dynamic programming equation
in the space of density functions.

Inspired by the works [BFY15] and [LP14], the objective of this paper is to analyze in detail the
dynamic programming method for the optimal control of mean-field SDEs where the drift, diffusion
coefficients and running costs may depend both upon the joint marginal distribution of the state and of
the control. This additional dependence related to the mean-field interaction on control is natural in the
context of McKean-Vlasov control problem, but has been few considered in the literature, see however
[Yonl13] for a dependence only through the moments of the control. Our paper can be viewed as the
continuous time version of the discrete time problem studied recently in [PW16]. By using closed-loop
(also called feedback) controls, we first convert the stochastic optimal control problem into a deterministic
control problem where the marginal distribution is the sole controlled state variable, and we prove that
dynamic programming holds in its general form. The next step for exploiting the DP is to differentiate
functions defined on the space of probability measures. There are various notions of derivatives with
respect to measures which have been developed in connection with the theory of optimal transport and
using Wasserstein metric on the space of probability measures, see e.g. the monographs [AGS08], [Vil08].
For our purpose, we shall use the notion of differentiability introduced by P.L. Lions in his lectures at the
College de France [Liol2], see also the helpful redacted notes [Car12]. This notion of derivative is based
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on the lifting of functions defined on the space of square integrable probability measures into functions
defined on the Hilbert space of square integrable random variables distributed according to the “lifted"
probability measure. It has been used in [CD15] for differentiating the Hamiltonian function appearing
in stochastic Pontryagin principle for controlled McKean-Vlasov dynamics. As usual in continuous time
control problem, we need a dynamic differential calculus for deriving the infinitesimal version of the DP,
and shall rely on a special It6’s chain rule for flows of probability measures as recently developed in
[BLPR17] and [CCD15], and used in [CD14] for deriving the so-called Master equation in MFG. We
are then able to derive the dynamic programming Bellman equation for mean-field stochastic control
problem. This infinite dimensional fully nonlinear partial differential equation (PDE) of second order in
the Wassertein space of probability measures extends previous results in the literature [BFY15], [CD14],
[LP14]: it reduces in particular to the Bellman equation in the space of density functions derived by
Bensoussan, Frehse and Yam [BFY17] when the marginal distribution admits a density, and on the other
hand, we notice that it differs from the Master equation for McKean-Vlasov control problem obtained
by Carmona and Delarue in [CD14] where the value function is a function of both the state and its
marginal distribution, and so with associated PDE in the state space comprising probability measures
but also Euclidian vectors. Following the traditional approach for stochastic control problem, we prove
a verification theorem for the Bellman equation of the McKean-Vlasov control problem, which reduces
to the classical Bellman equation in the case of no mean-field interaction. We apply our verification
theorem to the important class of LQ McKean-Vlasov control problems, addressed e.g. in [Yon13] and
[BSYY16] by maximum principle and adjoint equations, and that we solve by a different approach where
it turns out that derivations in the space of probability measures are quite tractable and lead to explicit
classical solutions for the Bellman equation. We illustrate these results with two examples arising from
finance: the mean-variance portfolio selection and an interbank systemic risk model, and retrieve the
results obtained in [LZ00], [FL16] and [CFS15] by different methods.

In general, there are no classical solutions to the Bellman equation, and we thus introduce a notion
of viscosity solutions for the Bellman equation in the Wasserstein space of probability measures. There
are several definitions of viscosity solutions for Hamilton Jacobi equations of first order in Wasserstein
space and more generally in metric spaces, see e.g. [AGS08], [GNTO08], [FK09] or [GS15b]. We adopt
the approach in [Liol2], and detailed in [Carl2], which consists, after the lifting identification between
measures and random variables, in working in the Hilbert space of square integrable random variables
instead of working in the Wasserstein space of probability measures, in order to use the various tools
developed for viscosity solutions in separable Hilbert spaces, in particular in our context, for second order
Hamilton-Jacobi equations, see [Lio88], [Lio89a], [Lio89b], and the recent monograph [FGS15]. We then
prove the viscosity property of the value function and a comparison principle, hence uniqueness result,
for our Bellman equation associated to the McKean-Vlasov control problem.

Finally, we consider the more general class of open-loop controls instead of (Lipschitz) closed-loop
controls, hence allowing a priori bang-bang controls, which is useful in the applications. We derive the
corresponding dynamic programming equation, and compare with the Bellman equation arising from
McKean-Vlasov control problem with feedback controls.

The rest of the paper is organized as follows. Section 2 describes the McKean-Vlasov control problem
and fix the standing assumptions. In Section 3, we state the dynamic programming principle after the
reformulation into a deterministic control problem, and derive the Bellman equation together with the
proof of the verification theorem. We present in Section 4 the applications to the LQ framework where
explicit solutions are provided with two examples arising from financial models. Section 5 deals with
viscosity solutions for the Bellman equation, and the last section considers the case of open-loop controls.
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3.2 McKean-Vlasov control problem

Let us fix some probability space (2, F,P) on which is defined a n-dimensional Brownian motion
B = (Bi)o<i<r, and denote by F = (Fi)o<i<r its natural filtration, augmented with an independent
o-algebra Fy C F. Given a normed space (E,|.|), recall that P,(E) is Wasserstein space and L?(Fy; E)
(= L3(Q, Fo,P; E)) the set of square integrable E-valued random variables on (2, o, P). In the sequel, E
will be either R?, the state space, or A, the control space, a subset of R, or the product space R% x A. We
shall assume without loss of generality (see Remark 3.2.1 below) that Fy is rich enough to carry E-valued
random variables with any arbitrary square integrable distribution, i.e. P,(E) = {P¢,£ € L*(Fo; E)}.

Remark 3.2.1. A possible construction of a probability space, which is rich enough to satisfy the above
conditions is the following. We consider a Polish space €, its Borel o-algebra Fy and let Py be an
atomless probability measure on (g, Fo). We consider another probability space (21, F1,P1) supporting
a n-dimensional Brownian motion B and denote by FZ = (F2) its natural filtration. By defining Q =
Qo xQ, F=FyVF,P=Py@Py, and F = (F;) with F; = FP Vv Fp, 0 <t < T, we then obtain that
the filtered probability space (Q, F,F,P) satisfies the required condition in the above framework. (I

We also denote by W, the 2-Wasserstein distance defined on P,(E) by
Wo(u,p') = inf {(/ |z — y|*m(de, dy)) Pine P,(E x E) with marginals p and u'}
ExE
1
_ inf{(E\g - 5’|2) . ¢,¢ € [X(Fo; E) with Pe = 1, Per = ,/}.

We consider a controlled stochastic dynamics of McKean-Vlasov type for the process X = (X{)o<i<r
valued in R?:

dX® = b(t, X* P dt + o(t, X2, oy, P dB,, X¢ = Xo, (3.2.1)

<Xta,at)) (x;},at))

where X, € L? (Fo; Rd), and the control process a = (ay)o<¢<r is progressively measurable with values
in a subset A of R™. The coefficients b and o are deterministic measurable functions from [0, 7] x R x
A x P,(RY x A) into R? and R?*™ respectively. Notice here that the drift and diffusion coefficients b,
o of the controlled state process do not depend only on the marginal distribution of the state process
X, at time ¢ but more generally on the joint marginal distribution of the state/control (X, «;) at time
t, which represents an additional mean-field feature with respect to classical McKean-Vlasov equations.
We make the following assumption:

(H1) There exists some constant C, , > 0 s.t. for all t € [0,7], x,2’ € RY, a,a’ € A, \, N € P,(R? x A),
b(t,z,a,\) —b(t, 2’ ,a’, \)| + |o(t,z,a,\) —o(t,2',a’, )|
< Gyo [|x — 2’|+ |a—d'| + Wa(A, /\’)],

and

T
A |b(t707035(070))‘2 + ‘U(t,0,0,5(070))|2dt < o0oo.

Condition (H1) ensures that for any control process «, which is square integrable, i.e. EJ fOT v |2 dt]
< 00, there exists a unique solution X to (3.2.1), and moreover this solution satisfies (see e.g. [Szn91]
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or [JMWO08]):

T

E[ sup [XP[?] < 0(1 FE[Xo? + JE[/ \at|2dt]) < . (3.2.2)
0<t<T 0

In the sequel of the paper, we stress the dependence of X¢ on « if needed, but most often, we shall omit

this dependence and simply write X = X® when there is no ambiguity.

The cost functional associated to the McKean-Vlasov equation (3.2.1) is

T
J(CK) = E[/O f(t’Xt7at7P(Xt,at))dt+g(XT?PXT) (323)

for a square integrable control process «. The running cost function f is a deterministic real-valued
function on [0,7] x R% x A x P,(R? x A) and the terminal gain function g is a deterministic real-valued
function on RY x P, (R?). We shall assume the following quadratic condition on f, g:

(H2) There exists some constant Cy, > 0 s.t. for all t € [0,T], x € RY, a € A, p € P,(RY), X €
P, (R4 x A),

[tz a N +g@@m] < Crg(L+ |2+ lal* + [[ull} + [A)-

Under Condition (H2), and from (3.2.2), we see that J(«) is well-defined and finite for any square
integrable control process a. The stochastic control problem of interest in this paper is to minimize the
cost functional:

Vo = otlelfAJ(a)’ (3.2.4)

over a set of admissible controls A to be precised later.

3.3 Dynamic programming and Bellman equation

3.3.1 Dynamic programming principle

In this paragraph, we make the standing assumptions (H1)-(H2), and our purpose is to show that
dynamic programming principle holds for problem (3.2.4), which we would like to combine with some
Markov property of the controlled state process. However, notice that the McKean-Vlasov type depen-
dence on the dynamics of the state process rules out the standard Markov property of the controlled
process (X¢);. Actually, this Markov property can be restored by considering its probability law (P );.
To be more precise and for the sake of definiteness, we shall restrict ourselves to controls a = (ay)o<i<T
given in closed loop (or feedback) form:

ay = d(t,Xt,]P ), 0 S t S T, (331)

for some deterministic measurable function &(t,x, 1) defined on [0, 7] x R% x P, (R?). We shall discuss
in the last section how one deal more generally with open-loop controls. We denote by Lip([0, T] x R¢ x
P,(R?); A) the set of deterministic measurable functions & on [0,7] x R? x P, (R?), valued in A, which
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are Lipschitz in (z, ), and satisfy a linear growth condition on (z, i), uniformly on ¢t € [0,T], i.e. there
exists some positive constant Cy s.t. for all t € [0,T], z,2" € R4, pu, u’ € P,(R?),

|d(t= m7/1') - d(t7$l,/1,/)| < Cd(|x - ;C/| + WQ(M? :u,))v

T
/ la(t,0,00)|2dt < oo.
0

Notice that for any & € Lip([0,T] x R? x P,(R?); A), and under the Lipschitz condition in (H1), there
exists a unique solution to the SDE:

dX; = b(t, Xy, 6t X, Py, ), P )t

’ (Xt,d(t,Xt,PXt

+ o(t, X, alt, Xt»th)»P(xt,w,xt,pr)))dBtv (3.3.2)
starting from some square integrable random variable, and this solution satisfies the square integrability
condition (3.2.2). The set A of so-called admissible controls « is then defined as the set of control
processes a of feedback form (3.3.1) with & € Lip([0,T] x R? x P,(R%); A). We shall often identify o €
A with & in Lip([0,T] x R? x P,(R%); A) via (3.3.1), and we see that any a in A is square-integrable:
E[fOT la¢|2dt] < oo, by (3.2.2) and Gronwall’s lemma.

Let us now check the flow property of the marginal distribution process P, =P, for any admissible
t

control « in A. For any & € L(R?; A), the set of Lipschitz functions from R? into A, we denote by Idé&
the function

Ida:R* — R¥x A

x = (z,a(x)).

We observe that the joint distribution P(x, .,) associated to a feedback control a € A is equal to the
image by Idaf(t, ., ]P’Xt) of the marginal distribution P, of the controlled state process X, i.e. P(x, o,) =
Ida(t,.,P, )« P, , recall that x denotes the standard pushforward of measures: for any & € L(R%; A),
and p € P,(R9):

Xt) Xy

(Idaxp)(B) = p(Ida~'(B)), VB e BR?x A).

We consider the dynamic version of (3.3.2) starting at time ¢ € [0, 7] from ¢ € L%(F;; R?), which is then
written as:

X = e [ XIS aG X P ) 1A P dr (3.3.3)
t :

+/t a(r,Xﬁvé,@(r,Xﬁf,Ida(r,.,th,g)*th,g)dB,«, t<s<T.

Existence and uniqueness of a solution to (3.5.9) implies the flow property:

t,€
0,x¢
S

X = X7, VO0<t<0<s<T, &€ L*(FuRY). (3.3.4)

Moreover, as pointed out in Remark 3.1 in [BLPR17] (see also the remark following (2.3) in [CCD15)),
the solution to (3.5.9) is also unique in law from which it follows that the law of X*¢ depends on ¢ only
through its law IP,. Therefore, we can define

PLtr = P for 0<t<s<T, p="P, €P,(RY, (3.3.5)

6,60
xb
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As a consequence of the flow property (3.3.4), and recalling that P,(RY) = {P¢, & € L*(Fo; R}, it is
clear that we also get the flow property for the marginal distribution process:

ptr = PP wo<ti<O<s<T, ueP,(RY. (3.3.6)

Recall that the process X*¢, hence also the law process P“* depends on the feedback control o € A, and
if needed, we shall stress the dependence on a by writing Pt#2,

We next show that the initial stochastic control problem can be reduced to a deterministic control
problem. Indeed, by definition of the marginal distribution P, , recalling that P(x, o,y = [da(t, ., Py ) *
Py, , and Fubini’s theorem, we see that the cost functional can be written for any admissible control o €

A as:
TA
Ja) = / F(t. Py, a(t, Py )i+ §(Py ),
0

where the function f is defined on [0, 7] x P,(R%) x L(R?% A) and § is defined on P,(R%) by

PN

ftop,a) =< f(t,.,a(.), [da*p), p >, g(p) =<g(pm)p>. (3.3.7)

We have thus transformed the initial control problem (3.2.4) into a deterministic control problem involving
the infinite dimensional controlled marginal distribution process valued in P,(R%). In view of the flow
property (3.3.6), it is then natural to define the value function

T
o(t, ) = ig‘{/ F(s, P, G(s, PE))ds + G(PR)], t€0,T), pe PRY,  (33.8)
@ t

so that the initial control problem in (3.2.4) is given by: Vo = v(0,P, ). It is clear that v(t, u) < oo, and
we shall assume that

o(t, ) > —oo, Ytel0,T], peP,(RY. (3.3.9)

Remark 3.3.1. The finiteness condition (3.3.9) can be checked a priori directly from the assumptions
on the model. For example, when f, g, hence f , 4, are lower-bounded functions, condition (3.3.9) clearly
holds. Another example is the case when f(t,z,a,)), and g(x,u) are lower bounded by a quadratic
function in z, u, and A (uniformly in (¢, a)) so that

ftwa)+a(zp) > —CA+|lpl,), YueP,RY), ae LR:A),

and we are able to derive moment estimates on the controlled process X, uniformly in «: HP”‘Hj =
E[| X542 < C(1+ ||pl?), (for p = P,) which arises typically from (3.2.2) when A is bounded. Then, it
is clear that (3.3.9) holds true. Otherwise, this finiteness condition can be checked a posteriori from a
verification theorem, see Theorem 3.3.1. O

The DPP for the deterministic control problem (3.3.8) takes the following formulation:

Theorem 3.3.1. (Dynamic Programming Principle)
Under (3.3.9), we have for all0 <t <0 <T, u € P,(R?):

0
o(t,p) = llelJf4 [/ f(s,PL2 a(s, ., PL))ds + v(8,P5™)]. (3.3.10)
« t
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Proof. In the context of deterministic control problem, the proof of the DPP is elementary and does
not require any measurable selection arguments. For sake of completeness, we provide it. Denote by
J(t, p, @) the cost functional:

T
Jtpa) = / F(s, P as, ) + §(PL), 0<t<T, peP,RY,acA,
t

so that v(t, u) = infaea J(t, p, ), and by w(t, ) the r.h.s. of (3.3.10) (here we stress the dependence of
the controlled marginal distribution process P*“ on «). Then,

0
w(t,p) = inf [ /t F(s,PY, a(s,  P))ds + inf J(0,P5"7, B)]

0
= jnf ot [ [ Fs. B (s, P ds + (0.5 )]

0
= ;Eiégi[l F(s, PLe8) 5o, B)(s, ., BLre))ds + (0, ByH ™) A, 8])]

where we define y[a, 8] € A by: F[a, B](s,.) = @(s,.)lo<s<s + B(s,.)lg<s<r. Now, it is clear that when
a, f run over A, then v[a, 8] also runs over A, and so:

0
w(t,w) = inf | / F(s, B 5 (s, BSHY))ds + J (0, Py )]

0,phH 0,pH

= mf / fS Pt 7;5/ 77Pt“ d5+/ fS IP)GP ’:Y(Sa"]P)S’ ¢ ))+Q(PT) ’ )]

o, [ 6,505 s+ [ F(s, B, B + 0B8]
YE

by the flow property (3.3.6) (here we have omitted in the second and third line the dependence of P, in
). This proves the required equality: w(t, u) = v(t, u). a

Remark 3.3.2. Problem (3.2.4) includes the case where the cost functional in (3.2.3) is a nonlinear
function of the expected value of the state process, i.e. the running cost functions and the terminal gain
function are in the form: f(t, Xy, o, P, . ) = ft, X1, B[ X], a4), t € ]0,T], 9(X7,Py ) = 9(X7,E[XT]),
which arises for example in mean-variance problem (see Section 3.4). It is claimed in [BM14] and [Yon13]
that Bellman optimality principle does not hold, and therefore the problem is time-inconsistent. This
is correct when one takes into account only the state process X (that is its realization), since it is
not Markovian, but as shown in this section, dynamic programming principle holds true whenever we
consider the marginal distribution as state variable. This gives more information and the price to paid is
the infinite-dimensional feature of the marginal distribution state variable. O

3.3.2 Bellman equation
The purpose of this paragraph is to derive from the dynamic programming principle (3.3.10), a partial
differential equation (PDE) for the value function v(¢, i), called Bellman equation.

Notice that under condition (H1) on the coefficients b and o, we have

T
E[/ |b(s, X1, a(s, X1¢ P o). Ida(s, P tg)*IP’Xt,g)IQ
; :

X

+ |0(3,X§’ ,d(S,Xz’g,]P’Xgé),Id&(s,.,IP’ : 5)|2d$} < ©00.
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Therefore, by relying on It6’s formula along a flow of probability measures in Proposition 1.3.7, we derive
the Bellman equation associated to the DPP (3.3.10), which turns out to be in the following form:
o + inf [At, L&)+ < LS(t, ), >} = 0, on [0,T) x P,(R%),
ot et [fnd) + < ot 0.7) x P, (R) )
v(T,.) = g, on P,(R%

where for @ € L(R% A), ¢ € CZ(P,(RY)) and (t, 1) € [0,T] x P,(R?), LFp(p) € L%(R) is the function:
R? — R defined by
LEp(p)(x) = Oup(p)(x)-b(t, v, a(x), Idd * )
1
+ §tr(8wau<p(,u)(x)007(t, z,&(x), Ida * p)). (3.3.12)

In the spirit of classical verification theorem for stochastic control of diffusion processes, we prove the
following result in our McKean-Vlasov control framework, which is a consequence of the It6’s formula for
functions defined on the Wasserstein space.

Proposition 3.3.1. (Verification theorem)

Let w : [0, T] x P,(R?) — R be a function in C > ([0, T) x P,(R%)), i.e. w is continuous on [0,T] x P, (R%),
w(t,.) € C2(P,(RY)), for allt € [0,T), and w(.,u) € C([0,T)). Suppose that w is solution to (3.3.11),
and there exists for all (t,u) € [0,T) x P,(R?) an element a*(t,.,n) € L(R?; A) attaining the infimum
in (3.3.11) s.t. the mapping (t,z,p) — &*(t,z, u) € Lip([0,T] x RY x P,(R%); A). Then, w = v, and the
feedback control o € A defined by

o = d*(t7Xt7PXt)’ 0<¢t<T,
is an optimal control, i.e. Vo = J(a*).
Proof. Fix (t,u = P¢) € [0,T) x P,(R%), and consider some arbitrary feedback control a € A

associated to X*¢ the solution to the controlled SDE (3.5.9). Under condition (H1), we have the
standard estimate

IE[ sup |X§’5|2] < C(1+E|§\2) < 00,
t<s<T

which implies that

T
B [ oo, XU (s XU P, ). T (5. P, ) <P

€ t,
Xs Xs

+ |0(5,X§a57&(s,Xﬁ*g,IP’X?&),Idd(s, .,ngg) *Px;»5)|2d5] < oo.

One can then apply the It6’s formula (1.3.7) to w(s,P ,.) = w(s,Pb#) (with the definition (3.3.5))

s

between s =t and s = T, and obtain
T
)
W) = wlt) + [ GG )+
t
E {auw(s, PEe) (X EE).b(s, XEE, G(s, XBE, PER), Tda(s, ., PEH) « PhH)

1
+ 51}1‘(8308““)(5, P?/L)(X?E)USU; (8, X?év &(Sa XL?&’ ]P)f.;ﬂ)v Idd(sa ) P?“) * IP?#))} ds

T
8 a(s,. Pt
w(t,p) + / %(S,P?“) + < £8Py (s, PLR) LI > ds, (3.3.13)
t
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where we used in the second equality the fact that PL# is the distribution of X%¢ for s € [t, T]. Since z
= als,.,Ph*) € L(RY; A) for s € [t,T), we deduce from the Bellman equation satisfied by w and (3.3.13)
that

T
gP) > w(t,p) - / F(s, Pt a(s, ., PL))ds.
t

Since « is arbitrary in A, this shows that w(t, ) < v(t, ).

In the final step, let us apply the same Itd’s argument (3.3.13) with the feedback control a* € A
associated with the fonction &* € Lip([0,T] x R? x P,(R%); A). Since & attains the infimum in (3.3.11),
we thus get

T
G = w(tp) - / Fls, B &7 (s, L) ds,
t

which shows that w(t, u) = J(¢, u, @) (> v(t, 1)), and therefore gives the required result: v(t, ) = w(t, )
= J(t, p, a*). O

We shall apply the verification theorem in the next section, where we can derive explicit (smooth)
solutions to the Bellman equation (3.3.11) in some class of examples, but first discuss below the case
when there are no mean-field interaction, and the structure of the optimal control (when it exists).

Remark 3.3.3. (No mean-field interaction)

We consider the classical case of stochastic control where there is no mean-field interaction in the dynamics
of the state process, i.e. b(x,a) and o(x,a) do not depend on u, A, as well as in the cost functions f(z,a)
and g(x). In this special case, let us show how the verification Theorem 3.3.1 is reduced to the classical
verification result for smooth functions on [0, 7] x R%, see e.g. [FS06] or [Pha09)].

Suppose that there exists a function u in C12([0, 7] x R%) solution to the standard HJB equation

(3.3.14)

Oru + inxf4 [f(t,z,a) + L{u(t,z)] = 0, on [0,T)x R,
ac
u(T,.) = g on RZL

where L{ is the second-order differential operator
1
Liu(t,x) = Oyu(t,z).b(t,x,a)+ §tr(8izu(t,x)aw(t,x, a)),
and that for all (¢,z) € [0,T) x R?, there exists a(t, z) attaining the argmin in (3.3.14), s.t. the map z
+ a(t, r) is Lipschitz on R?.
Let us then consider the function defined on [0, 7] x P,(R%) by
w(t) = <ult)>= [ ultouldo)
Rd

The lifted function of w is thus equal to W(t, X) = E[u(t, X)] with Fréchet derivative (with respect to X
€ L?(Fo,P)): [DW](t, X)(Y) = E[,u(t, X).Y]. Assuming that the time derivative of u w.r.t. ¢ satisfies
a quadratic growth condition in x, the first derivative of w w.r.t. x satisfies a linear growth condition,
and the second derivative of u w.r.t. = is bounded, this shows that w lies in C,"*([0,T] x P, (R%)) with

Oyw(t, p) = < dwult,.), u >, duw(t, ) = pult,.), 0:0,v(t ) = 92 ult,.).
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Recalling the definition (3.3.12) of L&w(t, 1), we then get for any fixed (¢, 1) € [0,T) x P,(R%):

Ouoltope) + _inf [F(ta) + < cfwlt, ) > |

= it ot + @) + 8wl )| )

= / inf [Owu(t,z) + f(t,z,a) + L{u(t, z)| p(dz). (3.3.15)
R

d a€

Indeed, the inequality > in (3.3.15) is clear since &(w) lies in A for all € R?, and & € L(R% A).
Conversely, by taking a(t, z) which attains the infimum in (3.3.14), and since the map = € R?  a(t, z)
is Lipschitz, we then have

/ inlf4 [Owu(t,z) + f(t,x,a) + Liu(t,z)| p(dx)
R

d ac

= /Rd [Opu(t,z) + f(t,z,a(t,z)) + L?(t’z)u(t7x)]u(dx)

. ~ a(x)
>
> deLlHRfd;A) /Rd [Owu(t,z) + f(t,z,a(x)) + L u(t, z)| p(dz),

which thus shows the equality (3.3.15). Since w is solution to (3.3.14), this proves that w is solution to
the Bellman equation (3.3.11), &*(¢,z) = a(t, z) is an optimal feedback control, and therefore, the value
function is equal to v(t, p) = < u(t,.), u >. O

Remark 3.3.4. (Form of the optimal control)

Consider the case where the coefficients of the McKean-Vlasov SDE and of the running costs do not depend
upon the law of the control, hence in the form: b(t, Xy, at, Py, ), o(t, X¢, ar, Py, ), f(t, X¢, o, Py, ), and
denote by

1
H(t,z,a,p,q, M) = f(t,z,a,p)+q.b(t,z,a,u)+ §tr(MaaT(t, z,a, u)) (3.3.16)

for (t,x,a,p,q, M) € [0,T] x R x A x P,(R?%) x R x S, the Hamiltonian function related to the Bellman
equation (3.3.11) rewritten as:

Oww(t,p) +  inf /H(t,x,d(m),u,8Hw(t7M)(x),818Mw(t,u)(;v))u(dx) = 0, (3.3.17)
acL(R4A) JRra

for (t, ) € [0,T) xP,(R%). Under suitable convexity conditions on the function a € A — H(t, x, a, 1, ¢, M),
there exists a minimizer, say a(t,z, u,q, M), to inf,c 4 H(t, z,a, u,q, M). Then, an optimal control &*
in the statement of the verification theorem 3.3.1, obtained from the minimization of the (infinite di-
mensional) Hamiltonian in (3.3.17), is written merely as &*(t,z, u) = a(t, z, p, Opw(p)(x), 0,0, w(p)(x)),
which extends the form discuss in Remark 3.3.3, and says that it depends locally upon the derivatives of
the value function. In the more general case when the coefficients depend upon the law of the control,
we shall see how one can derive the form of the optimal control for the linear-quadratic problem. ([l
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3.4 Application: linear-quadratic McKean-Vlasov control pro-
blem

We consider a multivariate linear McKean-Vlasov controlled dynamics with coefficients given by

b(t, @, j1, a, \) bo(t) + B(t)x + B(t)i+ C(t)a + C(t)A,
olt,z,pya,\) = oo(t)+ D)+ D)+ F(t)a+ F(t)A,

(3.4.1)

for (t,z,u,a,)) € [0,T] x R? x P,(R?) x R™ x P,(R™), where we set

o= /Rd zu(dr), A= /n aX(da).

Here B, B, D, D are deterministic continuous functions valued in R4*¢, and C, C, F, F are deterministic
continuous functions valued in R*™, and by, oo are deterministic continuous function valued in R¢. The
quadratic cost functions are given by

[tz pa,A) = 27Q2(t)z + [L_TQg(t)ﬂ +aTRo(t)a 4+ AT Ry(t)\ + 227 Ms(t)a
+ 217 Mo (t),/\ +q1 (t)l‘ +q1 (t)ﬂ +7r (t).a + 7 (t)./\, (342)
g(x,p) = zTPx + i Paji+ p1.x + pi1-fi,

where Qs, Q2 are deterministic continuous functions, Ps, P, are constants valued in R4*% Ry, R, are
deterministic continuous functions valued in R™*™_ My, M, are deterministic continuous functions valued
in R¥™ ¢, g are deterministic continuous functions, p1, p; are constants valued in R?, and 71, 7, are
deterministic continuous functions valued in R™. Since f and g are real-valued, we may assume w.l.o.g.
that all the matrices Qa, Q2, Ra, Ry, P, P, are symmetric. This linear quadratic (LQ) framework is
similar to the one in [Yon13], and extends the one considered in [BSYY16] where there is no dependence
on the law of the control, and the diffusion coefficient is deterministic.

The functions f and § defined in (3.3.7) are then given by

flt,pa) = Var(u)(Q2(t) + a7 (Q2(t) + Qo)
+ Var(a* p)(R ())+WT(Rz(t)+Rz(t))€v*u
+ 207 (Ma(t) + Ma(t))ax i+ 2 [pu(e — )" Ma(t)a(x)p(da) (3.4.3)
+ () +@().a+ () + (1) .a*p
g(n) = Var(u)(P) + g (P + P2)ii + (p1 + p1)-1i,

~—

for any (t,u) € [0,T) x P,(R?), & € L(R% A) (here with A = R™), where we set for any A in S¢ (resp.
in S™), and p € P,(RY) (resp. P,(R™)):

A (A) = / rAcp(dz),  Var(u)(A) == fi,(A) — ATA.

We look for a value function solution to the Bellman equation (3.3.11) in the form

w(t,p) = Var(u)(A(t) + " T()p+y(t).a+ x(1), (3.4.4)

for some functions A, T' € C*([0,T];S%), v € C*([0, T); RY), and x € C'([0,T];R). The lifted function of
w in (3.4.4) is given by

W(t, X) = E[XTA@®)X]+E[X]T(D(E) — A()EX] + () E[X] + x(2),
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for X € L?(Fy;R%). By computing for all Y € L?(Fy; R?) the difference
WEX+Y)-W(t,X) = E{(2XTA(t) + 2E[X]7(I'(¢) — A(2)) +7(t)).Y} + o([|Y] ),

we see that W is Fréchet differentiable (w.r.t. X) with [DW](t, X)(Y) = E[(2XTA(t) + 2E[X]7(T'(t) —
A(t)) +y(t)).Y]. This shows that w lies in C2([0,T] x P,(RY)) with

Opw(t,p) = Var(u)(A' (1) + o T ()i +~" (O + x'(1),
Duw(t, p)(x) 20T A(t) 4 207 (I(2) — A(2)) + (D),
O 0pw(t, p)(x) = 2A(1).

Together with the quadratic expression (3.4.3) of f , §, we then see that w satisfies the Bellman equation
(3.3.11) iff

Var(u) (A(T)) + i D(T)f + 1(T).fi + X(T)
— Var(u)(Py) + &7 (P2 + P)ii+ (p1 + 1) i (3.4.5)

holds for all € P,(R4), and

Var(u) (A'(t) + Q2(t) + D(¢)TA(t)D(t) + A(t)B(t) + B(t)"A(t)) + inf  GY(a)

aceL(R4,A)

+ i (T(1) + Qa() + Qalt) + (D(1) + D) A@)(D() + D(1))
+ D(1)(B() + B(t) + (

B(t) + B(t)'T(1))
+ (@(t) + @ (0) + ¥(OBE) + B() + 205A0)(D(E) + D(L)) + 2b0(1) (1))
X (8) + 7(1)-bo(t) + Go(t) AL)bo (1)

= 0, (3.4.6)

holds for all t € [0,T), u € P,(R?), where the function G} : L2(A) D L(R% A) — R is defined by

GH(@) = Var(@x(Ui) + & Via i + 2 [ (o ) Sia(euldo)

+ 20" Zax o + Yi.ax p, (3.4.7)

and we set U, = U(t,A(t)), Vi = V(t,A(t)), S; = S(t,A})), Z; = Z(t,A(t),T(t)), Y; = Y (£, T(¢),~(t))
with

U(t,A(t)) = F({t)"At)F(t) + Ra(t),

V(t,A(t)) = (F(t)+ F(t)TA@t)(F(t) + F(t)) + Ra(t) + Ra(t),

S(t,A(t)) = D@E)TAR)F () + AR)C(t) + Ma(¢)
Z(t,A1),T(t) = (D) + D) ARG (F(t) + F(t)) + T()(C(t) + C(t) + Ma(t) + Ma(t)
Y (t,T(t),v(t) = (C@t)+Ct) v(t)+ri(t) +7i(t) +2(F(t) + F(t)"At)oo(t

(3.4.8)
We now search for the infimum of the function G}'. After some straightforward calculation, we derive the
Gateaux derivative of Gf at & in the direction § € L2 (A), which is given by:

DGHG,B) = lim SO

e—0 3

Gi(a) _ /Rd iz, &).B(z)p(dx)
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with
g(z,a) = 2U0a+2(V, — Up)axp+ 28] (x — o) +2Z] i+ Y.

Suppose that the symmetric matrices U; and V; in (3.4.8) are positive, hence invertible (this will be
discussed later on). Then, the function G is convex and coercive on the Hilbert space L?(A), and
attains its infimum at some & = a@*(t,., p) s.t. DG (&;.) vanishes, i.e. gf'(z,a*(t,.,u)) = 0 for all z €
R?, which gives:

1
d*(t?xvﬂ') = _Util‘s’g(x_ru) - V;E_thT/j” - 5‘/;5711/;5' (349)

It is clear that &*(¢,., u) lies in L(R?; A), and so after some straightforward caculation:

sl CL@) = GHE(t ) = —Var(u) (S:U; 'S7) — @™ (ZV; ' 28 )in

1
YV - VY
Plugging the above expression in (3.4.6), we observe that the relation (3.4.5)-(3.4.6), hence the Bellman

equation, is satisfied by identifying the terms in Var(u)(.), a7 (.)f, i, which leads to the system of ordinary
differential equations (ODEs) for (A,T',~, x):

N (t) + Q2(t) + D(t)TA(t)D(t) + A(t)B(t) + B(t)TA(t)
—S(t, AU (t, A(t) LSt A())T = 0, (3.4.10)
A(T) Py,

V() + (B(t) + B()™v(t) — Z(t, A@t), D)V (t, A1) Y (£, T(1),~(t))
+qi(t) + @) +2(D(t) + D(t))TA(t)oo(t) + 20(t)bo(t) = O, (3.4.12)
YT) = p1+p1
X' (t) = FY (&, T(), () V (¢, At) Y (£, T(t),~(t))
+ (t).bo(t) + oo (t)TA(t)oo(t) = 0, (3.4.13)

x(T) = 0.

Therefore, the resolution of the Bellman equation in the LQ framework is reduced to the resolution
of the Riccati equations (3.4.10) and (3.4.11) for A and I', and then given (A,TI"), to the resolution
of the linear ODEs (3.4.12) and (3.4.13) for v and x. Suppose that there exists a solution (A,T') €
CH([0,T];8%) x CH([0,T); S) to (3.4.10)-(3.4.11) s.t. (Uy, V;) in (3.4.8) lies in ST, x ST, for all ¢ € [0, 7]
(see Remark 3.4.1). Then, the above calculations are justified a posteriori, and by noting also that the
mapping (¢, z, 1) — &*(t,z, n) € Lip([0,T] x R? x P, (R%); A), we deduce by the verification theorem that
the value function v is equal to w in (3.4.4) with (A, T',~, x) solution to (3.4.10)-(3.4.11)-(3.4.12)-(3.4.13).
Moreover, the optimal control is given in feedback form from (3.4.9) by

* ~ % * — T * * — T * 1 —
Q. = «a <t7XtaPXt*) = -U; 'S{(X; —E[X7]) - Vi 'ZJE[X;] - §Vt R (3.4.14)

where X* is the state process controlled by a*.
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Remark 3.4.1. In the case where My = My = 0 (i.e. no crossing term between the state and the
control in the quadratic cost function f), it is shown in Proposition 3.1 and 3.2 in [Yon13] that under the
condition B B
P >0 B+P >0, Qa2(t) = 0, Qa2(t) +Q2(t) = 0
Ro(t) > 61, Ro(t) + Ra(t) > 61,
for some & > 0, the Riccati equations (3.4.10)-(3.4.11) admit unique solutions (A,T') € C*([0,T];S%) x
C1([0,T);S%), and then Uy, V; in (3.4.8) are symmetric positive definite matrices, i.e. lie in ST, for all t €
[0,T]. In this case, we retrieve the expressions (3.4.14) of the optimal control in feedback form obtained
in [Yon13].

(3.4.15)

We shall see in the next two paragraphs, some other examples arising from finance with explicit
solutions where condition (3.4.15) is not satisfied. O

3.4.1 Mean-variance portfolio selection

The mean-variance problem consists in minimizing a cost functional of the form:

J(@) = gVar(XT)—IE[XT]
= E[3(Xr)" - X1 - 5(]E[XT])2

for some n > 0, with a dynamics for the wealth process X = (X¢) controlled by the amount a; valued
in A = R? invested in d risky stocks at time ¢:

dX, = rt)X.dt+of (p(t)dt +9(t)dB,), Xo =z € R,

where 7 is the interest rate, p and ¥ > 0 are the excess rate of return (w.r.t. the interest rate) valued in R?
and volatility of the stock price valued in R4*? and we denote by X(t) = 9(t)J(¢)7, called the covariance
matrix of the stock price, and these deterministic functions are assumed to be continuous. This model fits
into the LQ framework (3.4.1)-(3.4.2) of the McKean-Vlasov problem, with a linear controlled dynamics
that does not have mean-field interaction:

bo =0, B(t) =r(t), B=0, C(t) = p(t), C =0,

oo=D=D=0, F()—ﬂ(t),F:

Q2=Q2=My, =My =Ry =R, =0,
Q1=§1=T1=f1=0,P2=g7152= Z,p1 0, p1 = —1.
The Riccati system (3.4.10)-(3.4.11)-(3.4.12)-(3.4. 13) for (A(t),T(t),y(t), x(t)) is written in this case as
A(t) = (p(t) Z( )T —2r@)AM) = 0, MT) = 3,
I'(t) = p(O)7S() oM T + 2L = 0. T(T) = 0,
)+ () — p(ty7S(e) WOFR = 0 A1) = -1, (3.4.16)
V- O SO OB = 0, x(T) = o,
whose explicit solution is given by
At) = Fexp ([ 2r(s) = pl(s)75() " p(s) ds),
rit = 0,
y(t) = —exp (j;; r(s)ds) (3:4.17)
x(t) = jexp ([, p(s)E(s) " p(s)ds) — ;.
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Although the condition (3.4.15) is not satisfied, we see that (U, V%) in (3.4.8), which are here explicitly
given by U; = V; = X(t)A(t), are positive definite, and this validates our calculations for the verification
theorem. Notice also that the functions (Z;,Y:) in (3.4.8) are explicitly given by Z; = 0, Y; = p(t)y(?).
Therefore, the optimal control is given in feedback form from (3.4.14) by

of = &(LX; P,

—1 * * 1 —1 T —1
= 20O ~EX]) + 307 (0 ex / p(s)75(s) " pls) = 7(5) ds ) (3.4.18)

where X* is the optimal wealth process with portfolio strategy a*, hence with mean process governed by

T
dE[X]] = r(OE[X;]dt + %pwz(t)—lpu)exp( / p(s)S(s) " p(s) = r(s) ds)dt,

and explicitly given by

EX] = zoeh 7% 4 %exp( /tTp<s>Tz<s>1p<s>—r<s> ds) ((exp ( / ' p()7() pls)ds) — 1),

Plugging into (3.4.18), we get the optimal control for the mean-variance portfolio problem

af = X)) pt) [:L'Oefotr(s)ds + %exp </0T p(s)"2(s) " p(s)ds — /tTr(s)ds) - Xt*},

and retrieve the closed-form expression of the optimal control found in [LZ00], [AD10] or [FL16] by
different approaches.

3.4.2 Interbank systemic risk model

We consider a model of interbank borrowing and lending studied in [CFS15] where the log-monetary
reserve of each bank in the asymptotics when the number of banks tend to infinity, is governed by the
McKean-Vlasov equation:

dX, = [#(E[X]- X)) +a]dt+0dB,, Xo = zo€R. (3.4.19)

Here, k > 0 is the rate of mean-reversion in the interaction from borrowing and lending between the
banks, and ¢ > 0 is the volatility coefficient of the bank reserve, assumed to be constant. Moreover, all
banks can control their rate of borrowing/lending to a central bank with the same policy « in order to
minimize a cost functional of the form

T
Te) = E[ [ (Gof - qou(BL - X0) + LB - X02)dt + 5 (BRG] - Xr)?]

where ¢ > 0 is a positive parameter for the incentive to borrowing («; > 0) or lending (a; < 0), and 1 >
0, ¢ > 0 are positive parameters for penalizing departure from the average. This model fits into the LQ
McKean-Vlasov framework (3.4.1)-(3.4.2) with d = m = 1 and

bo=0, B=—k, B=k, C=1, C =0,
oo=0,D=D=F=F =0,

n A n 1 5 q q

= — = — = — = M:— = — =
Q2 5’ Q2 5’ Ry 5 12 0, M> 50 Mo 5’
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The Riccati system (3.4.10)-(3.4.11)-(3.4.12)-(3.4.13) for (A(t),T'(t),~v(t), x(t)) is written in this case as
N'(t) = 2(k + q)A(t) — 28%(t) — 5(¢° N n = 0,  AT) 55
I'(t) —2I%(t) = 0, LT = o,

Y- 2n@T(H) = 0, AT) = 0, (3.4.20)
X'() +0%A(t) — 372(t) = 0, x(T) 0,

whose explicit solution is given by I' = v = 0, and

T
x(t) = f[A@w

) (T =0T =) _ 1) _ o(§Fte8T—0T)NT—t) _ 5
A - Lz ) e )
2 §—e(6t—5-)(T—t) _ 5+) — ce(0t=67)(T—t) _ 1
where we set
0= = =+ =V(E+9>+ 0 — ).

Moreover, the functions (Ug, Vi, Z4, Y:) in (3.4.8) are explicitly given by: U, = V; = % (hence > 0), S; =
A(t)+ 4, Z; =T(t) =0, Y; = y(t) = 0. Therefore, the optimal control is given in feedback form from
(3.4.14) by

of = o?*(t,X;‘,IP’X:) = —(2A(t) + o)(X{ - E[X7]), (3.4.21)

where X* is the optimal log-monetary reserve controlled by the rate of borrowing/lending a*. We then
retrieve the expression found in [CFS15] by sending the number of banks N to infinity in their formula for
the optimal control. Actually, from (3.4.19), we have dE[X}] = E[ajf]d¢t, while E[a}] = 0 from (3.4.21).
We conclude that the optimal rate of borrowing/lending is equal to

af = QAW +q)(X; —w), 0<t<T.

3.5 Viscosity solutions

In general, there are no smooth solutions to the HJB equation, and in the spirit of HJB equation
for standard stochastic control, we shall introduce in this section a notion of viscosity solutions for
the Bellman equation (3.3.11) in the Wasserstein space of probability measures P,(R%). We adopt
the approach in [Liol2], and detailed in [Carl2], which consists, after the lifting identification between
measures and random variables, in working in the Hilbert space L?(Fy;R?) instead of working in the
Wasserstein space P,(R%), in order to use the various tools developed for viscosity solutions in Hilbert
spaces, in particular in our context, for second order Hamilton-Jacobi equations.

Let us rewrite the the Bellman equation (3.3.11) in the “Hamiltonian" form:

0
—£+H@m@umm@mumm = 0 on [0,T)xP,(RY), (35.1)
o(T,.) = § on P,(R?
where H is the function defined by
H(t,p,p,T) = *&eLi&fd;A) [< f(t, ., a(.), Idax p) +p(.).b(t, ., &(.), Ida x p)

+%M@Qmﬂ@”M%hM*m%u>} (3.5.2)
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for (t,u) € [0,7] x P,(R?), (p,T) € Li(Rd) X L;"(Sd).

We identify v and its lifted version by using the same notation v(t, £(£)) = v(¢,£), and then consider
the “lifted" Bellman equation in [0, 7] x L?(Fo;R%):

ov

5 HHEE DU, DW(tE) = 0 on [0.T) x L*(FisRY), (353)
o(T,6) = G(&) = E[g(&,P,)], &€ L*(Fo;RY),
where H : [0,7T] x L?(Fo;R?) x L?(Fp; RY) x S(L?(Fo; R?Y)) — R is defined by
M6 PQ) =~ inf {]E[ F(t, € a(6), Ida = B,) + Pb(t, &, a(&), Ida « P,) (3.5.4)

+ %Q(a(t, £,a(8), Ida P )N).(o(t, €, a(€), Ida + Pg)N)} }

with N € L?(Fy;R") of zero mean, unit variance, and independent of £. Observe that when v(t, 1) and
v(t, &) are smooth functions respectively in [0,7] x P,(R%) and [0, 7] x L?(Fo; R?), linked by the lifting
relation v(t, &) = v(t,P,), then from the relations (1.2.1)-(1.2.2), v(t, i) is solution to the "lifted" Bellman
equation (3.5.1) iff v(t, §) with £(§) = p is solution to the Bellman equation (3.5.3). Let us mention that
the lifted Bellman equation was also derived in [BFY15] in the case where o = o(x) is not controlled and
does not depend on the distribution of the state process, and there is no dependence on the marginal
distribution of the control process on the coefficients b and f.

It is then natural to define viscosity solutions for the Bellman equation (3.5.1) (hence (3.3.11)) from
viscosity solutions to (3.5.3). As usual, we say that a function u (resp. @) is locally bounded in on
[0,T] x Pa(R?) (resp. [0,T] x L?(Fo;R?)) if it is bounded on bounded subsets of [0, 7] x Pa(R?) (resp.
[0,T] x L?(Fp; RY)), and we denote by u* (resp. @*) its upper semicontinuous envelope, and by u, (resp.
@i, ) its lower semicontinuous envelope. Similarly as in [GNTO8], we define the set CZ([0, T| x L?(Fp; R?)) of
test functions for the lifted Bellman equation, as the set of real-valued continuous functions ¢ on [0, 7] x
L?(Fo; R?) which are continuously differentiable in ¢ € [0,7), twice continuously Fréchet differentiable
on L%(Fo;R9).

Definition 3.5.1. We say that a locally bounded function u : [0,T] x P,(R%) — R is a viscosity (sub,
super) solution to (3.5.1) if the lifted function @ : [0,T] x L?(Fo;R?) — R defined by

at,€) = u(t,P), (t.€) € [0,T) x L*(Fp;RY),
is a viscosity (sub, super) solution to the lifted Bellman equation (3.5.3), that is:
(i) @*(T,.) < G, and for any test function @ € C3([0,T] x L*(Fo; R%)) such that @* — ¢ has a mazimum
at (t,,&,) € [0,T) x L2(Fo; RY), one has

_8t90(t07£o) + H(twgoﬂ D(P(tovgo)v DQ(P(tovfo)) < 0.
(i) @.(T,.) > G, and for any test function ¢ € C2([0,T] x L*(Fo; RY)) such that i, — ¢ has a minimum
at (t,,&,) € [0,T) x L2(Fo; RY), one has

_8t90(t07 50) + H<to ’ £0a D(p(tov go)’ DQ(p(to’ 50)) 2 0.
The main goal of this section is to prove the viscosity characterization of the value function v in

(3.3.8) to the Bellman equation (3.3.11), hence equivalently the viscosity characterization of the lifted
value function v : [0, 7] x L?(Fo; R?) via the lifted identification

v(t,€) = v(t,P,), &€ L*FyuRY,
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to the lifted Bellman equation (3.5.3). We shall strenghten condition (H1) by assuming in addition that
b, o are uniformly continuous in ¢, and bounded in (a, \):

(H1’) There exists some constant Cj, , > 0s.t. forallt,t € [0,T], z,2' € R%, a,a’ € A, \, N € P,(R¥x A),

[b(t,x,a,N) — b, 2’ a' , N)| + |o(t, z,a,\) —a(t', 2, a’, N
< Cho[mpe([t —t']) + |z —2'| + |a — a'[ + Wa (A, X)],

for some modulus my , (i.e. myp(7) — 0 when 7 goes to zero) and
‘b(tvovaa 5(0,0))| + |J(t70,a76(070))‘ < Cb,o’~

We also strenghten condition (H2) by making additional (uniform) continuity assumptions on the
running and terminal cost functions, and boundedness conditions in (a, A):

(H2’) (i) g is continuous on R% x P, (R?) and there exists some constant C;, > 0 s.t. for all x € R?, 1 €
P,(RY),

gz )] < Co(L+|=* + ).

(ii) There exists some constant Cy > 0 s.t. for all t € [0,7], x € R%, a € A, A € P,(R? x A),
[ft e a, N < Cr(L+ Ja” + IALZ),

and some modulus my (i.e. m¢(7) — 0 when 7 goes to zero) s.t. for all t,¢' € [0,T), z,2’ € R%, a € A,
AN € P (RY x A),

|ft,z,a,N) = f(' 2,0, N)| < myp (|t =8|+ |z — 2| + Wa(A,N)).

The boundedness condition in (H1?)-(H2’) of b,0, f w.r.t. (a,\) € A x P,(A) is typically satisfied
when A is bounded. Under (H1’), we get by standard arguments

supE[ sup \Xﬁ’gﬂ < oo,
acA t<s<T

for any t € [0,T], ¢ € L?(F¢;R?), which shows under the quadratic growth condition of g and f in (H2’)
(uniformly in a) that v also satisfy a quadratic growth condition: there exists some positive constant C

s.t.
{ v(t, )
v(t, &)

and are thus in particular locally bounded.

CL+pl?), (¢ p) €l0,T] xP,(RY),

C(L+E[E[), (t,€) € [0,T] x L*(Fo; RY), (3.5.5)

<
<

We first state a flow continuity property of the marginal distribution of the controlled state process,
and the continuity property of the value function. Indeed, from standard estimates on the state process
under (H1’) one easily checks (see also Lemma 3.1 in [BLPR17]) that there exists some positive constant
C' (independent of ¢, u, ), such that for all @« € A, t,¢' € [0,T],t <s <T,t' <s' <T, p=P¢, i/ =Pg
€ P,(R%):

E[X4 - X597 < COL+EEP+EIEP) (- | + s — 8| + El¢ — ¢2), (35.6)
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and so from the definition of the 2-Wasserstein distance

([PE#]]2
Wa (]P)?Hﬂ PZ"N )

< O+ ) (3.5.7)
< O+l + 10 (= £12 +1s = s'1F 4+ Walu ) (358)

Now from the definition of v(¢, ) in (3.3.8), together with (3.5.7), (3.5.8) and the growth condition
on f in (H2’), we have for all 0 <t < ¢ < T, u, pi/ € Po(R?),

[t p) =o', 1) < sup [J(t pa) = J(t, 1, )|
acA
t’ N
S Sup{ |f(S)]P>?M7 d(s7 ~7Pi’u))|d8
acA Jt
T A A ’ ’ ’ ’ ’ ’
b [ 1B Ao )~ Fls B (s, B s + 9P - 9P ) )
t/
< O —t)(1+ sup [PL"]|)
t<s<t/
+ Cmyg( sup Wh(BL# PLH)) + [g(PR) — g(PLH)|
t/<s<T
1
< C(t' =)+ lull2) + Cmp (0 + llpll, + 1) =2 + Walp, 1))

+[9(PF") — g (P ).

By the continuity assumption on g together with the growth condition on g in (H2'), which allows to
use the dominated converge theorem, we deduce from (3.5.8) that §(PL*) converges to (Pt #) when t
't/ uniformly in o € A. Then we get the desired continuity property of the value function v(¢, u), i.e.
v*(t, 1) = vi(t, ) = v(t, ), and equivalently v*(T, &) = v.(T,&) = v(T, ).

The next result states the viscosity property of the value function to the Bellman equation as a
consequence of the dynamic programming principle (3.3.10).

Proposition 3.5.1. The value function v is a viscosity solution to the Bellman equation (3.3.11).

Proof. Let us first reformulate the dynamic programming principle (DPP) of Theorem 3.3.1 for
the value function viewed as a function on [0,7] x L?(Fp;R%). For this, we take a copy B of B on
the probability space (€2, Fy,P), and given (t,£) € [0,T] x L?(Fp;R%), a € A, we consider the solution
Xt6a t < s < T, to the McKean-Vlasov equation

S
Xt = ¢+ / b(r;f(;f:f’d(r,X’ﬁvéth,E),Idd(n.,]P{
t
+/ J(TaXvﬁ’gvd(rvxﬁ’g,Pxi,ﬁ),Idd(T,.,P
t

Therefore, X*¢ is a copy of X*¢ on (Q,Fy,P). The lifted value function on [0,7] x L?(Fo;R%)
identified with the value function on [0,7] x Po(R%) satisfies v(s, X¢) = w(s, pb*). By noting that
f(s,Pbr a(s, -, Pbr)) = E[f(s, X4, a(s, X0E, PLr), Ida(s, X0 PLr) « PLH)], we obtain from Theorem
3.3.1 the lifted DPP: for all (¢,€) € [0,T] x L?(Fp; RY),

0

v(t,€) = inf, t E[f(s, Xb€, a(s, X0E, PU1Y), Ida(s, X0E PY#) « L)) ds 4 v(6, Xp°) (3.5.9)
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We already know that v is continuous on [0, 7] x L?(Fp;R?), hence in particular at T, so that v(T,§) =
E[g(£,P¢)], and it remains to derive the viscosity property for the value function in [0,7) x L?(Fo;R)
by following standard arguments that we adapt in our context.

(i) Subsolution property. Let us now prove the viscosity subsolution property of v on [0, T) x L?(Fy; R9).
Fix (t,,&,) € [0,T) x L*(Fo;R?), and consider some test function ¢ € CZ([0,7] x L?(Fo; R?)) such that
v — ¢ has a maximum at (¢,,&,), and w.lo.g. v(t,,&,) = ¢(t,,&,), so that v < ¢. and let h be a strictly
positive s.t. h — 0, let & be an arbitrary element in L(R¢; A), and consider the time-independent feedback
control a € A associated with &. From the DPP (3.5.9) applied to v(¢,,&,), we have

foth ctoby ~rotofor 1o~ mlosko .y
v(ty, &) < E[f(s, X0, &(X0°0), IdaxPL"0)]ds + w(t, +h,XtO+h).
¢

o]

Since v(t, &) < v*(t,€) < p(t,&) for all (t,&) € [0,T] x P,(R?), this implies

~t 7&'
@(to + ha Xt((:+2,) - @(toa go)
h

1 [loth St 6 Sto 6 Lot
0 < 7/ E[f(s, X% a(X10%), Ida « Plo"0)|ds +
t

~ h

0

Applying Itd’s formula (1.3.4) to ¢(s, X1¢) between t, and t, + h, we get
1 ty+h b B B B
0 < E/ ’ [8—‘5(3,)(?’50) + E|f(s, Xto*o, a(Xto%), Ida « Plo o)
tU

+ Dy(s, Xtoto) b(s, X% a(XLlot), Ida « PoHo)
1 - - - - .
+ 5D%(s, X0y (g (s, XLt a(Xlo%), Ida « Plo "0 )N).(o(s, XL0%  a(X %), Ida Pl ) N) | ds

with N € L?(Fo; R"™) of zero mean, and unit variance, independent of £. By the continuity of b, o, f, » on
their respective domains, and the flow continuity property (3.5.6), we then obtain by sending h to zero
in the above inequality:

_%—f(to,ﬁo) —E|f(ty, &, a(&) IdaxP, )+ Dp(ty,&)-b(ty, &, alE,), [da P, )

3Dl ) 010,600 6(E, ), Tda < B, )N)(0 (1,6, 6(6,), TdA* B ON)| < 0.

Since & is arbitrary in L(R?; A), this shows

0
— St &) + Mk, & Dp(t,. &), D¥elto, &) < 0,

which is the required viscosity subsolution property.

(ii) Supersolution property. We proceed finally with the viscosity supersolution property. Fix (¢,,&,) €
[0,T) x L?(Fo;RY), and consider some test function ¢ € CZ([0,T] x L?(Fo; R?)) such that v — ¢ has a
minimum at (¢,,¢,), and w.lo.g. v(¢,,§,) = ¢(t,.&,), so that v > ¢. From the lifted DPP (3.5.9), for
small h € [0, T —t], there exists @ € A associated to a feedback control & € Lip([0, T] x R% x Po(R%); A)
s.t.

t i > [ Bl (s R G(RI), Tdaw PloH)d t 4 b, XloS
U(O)€O)+ B t [f(87 s ,Oé( s )7 Qx Ig )] s + ’U(0+ ’ t0+h)~

0

Since v(t, &) > v.(t, &) > p(t,€) for all (t,£) € [0,T] x L?(G;RY), this implies

Nt ,&
Sp(to + hv th+;)L) - Qo(tmgo)
h

1 [foth Stoby ~ g otesd < mtok
hozoo E[f(s, X%, &(XL%0), Ida» P 0)|ds +
t

4]
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Applying again Itd’s formula (1.3.7) to ¢(s, X¢), we then get

ty+h 880 € St ot € ~ -
h 2 h 0 O) + ]E f(stSO Ova(Xso 0),Id04*]P)SO 0)

—+ DSO(S7XSO,§O).Z)(S, X.§07£O,d(X£O7£U)7Idd*Pio7MO)
1 X X X < ~
+ 7D2(p(s’X§07£O)(O’(S7X§07€07&(X;O)go)’Idd*]P)?))MO)N).(U(S7X§0)EO’d(X;O)go)’Idd*]PJ?)’H’O)N)]

1 foth a(p ty:&0 oS0 oS0 2 to-So

> - [ (5 X0™0) + H(s, X0, Dip(X00), D2p(X0™))]
t

where N is independent of (,, B), with zero mean and unit variance. By sending h to zero together

with the continuity assumption in (H1’)-(H2’) of b, 0, f, ¢, uniformly in a € A, and the flow continuity

property (3.5.6), we get

Oy

6t( oago)+H(th€o’D§0(tm£0) (thgo)) > 07

which gives the required viscosity supersolution property of v, and ends the proof. O

We finally turn to comparison principle (hence uniqueness result) for the Bellman equation (3.3.11)
(or (3.5.1)), hence equivalently for the lifted Bellman equation (3.5.3), which shall follow from comparison
results for second order Hamilton-Jacobi equations in separable Hilbert space stated in [Lio89b], see also
[FGS15]. We shall assume that the o-algebra Fy is countably generated upto null sets, which ensures that
the Hilbert space L?(Fp;R?) is separable, see [Do0o94], p. 92. This is satisfied for example when Fj is the
Borel o-algebra of a canonical space € of continuous functions on Ry, in which case, Fo = V . F; Bo
where (F, BO) is the canonical filtration on €2, and it is then known that F{ is countably generated, see

S

for instance Exercise 4.21 in Chapter 1 of [RY99].

Proposition 3.5.2. Let u and w be two functions defined on [0,T] x P,(R?) satisfying a quadratic
growth condition such that u (resp. w) is an upper (resp. lower) semicontinuous viscosity subsolution
(resp. supersolution) to (3.3.11). Then u < w. Consequently, the value function v is the unique viscosity
solution to the Bellman equation (3.3.11) satisfying a quadratic growth condition (3.5.5).

Proof. In view of our definition 3.5.1 of viscosity solution, we have to show a comparison principle
for viscosity solutions to the lifted Bellman equation (3.5.3). We use the comparison principle proved in
Theorem 3.50 in [FGS15] and only need to check that the hypotheses of this theorem are satisfied in our
context for the lifted Hamiltonian #H defined in (3.5.4). Notice that the lifted Bellman equation (3.5.3)
is a bounded equation in the terminology of [FGS15] (see their section 3.3.1) meaning that there is no
linear dissipative operator on L?(Fy;R?) in the equation. Therefore, the notion of B-continuity reduces
to the standard notion of continuity in L?(Fp;R?) since one can take for B the identity operator. Their
Hypothesis 3.44 follows from the uniform continuity of b, o, and f in (H1’)-(H2’). Hypothesis 3.45 is
immediately satisfied since there is no discount factor in our equation, i.e. H does not depend on v but
only on its derivatives. The monotonicity condition in Q@ € S(L?(Fy;R%)) of H in Hypothesis 3.46 is
clearly satisfied. Hypothesis 3.47 holds directly when dealing with bounded equations. Hypothesis 3.48
is obtained from the Lipschitz condition of b, in (H1’), and the uniform continuity condition on f in
(H2’), while Hypothesis 3.49 follows from the quadratic growth condition of o in (H1”). One can then
apply Theorem 3.50 in [FGS15] and conclude that comparison principle holds for the Bellman equation
(3.5.3), hence for the Bellman equation (3.3.11). O
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3.6 The case of open-loop controls

In this section, we discuss how one can consider more generally open-loop controls instead of (Lip-
schitz) closed-loop controls as imposed in the previous sections, hence allowing a priori in particular
bang-bang controls, which is useful in the applications. We shall restrict our framework to usual con-
trolled McKean-Vlasov SDE with coefficients that not depend on the law of the control but only on the
law of the state process, hence in the form

dX, = b(s,Xs, a5, Py )ds+o(s, X5, as, Py )dBs, (3.6.1)

where b, o are measurable functions from [0, 7] x R? x A x P, (R?) into R?, respectively R¥*" satisfying
a Lipschitz condition: for all t € [0,7], z,2’ € RY a € A, u, '’ € P,(RY),

‘b(t7 z,a, :u‘) - b(tv xla a, .u/)| + ‘O-(ta Z,a, .u) - U(ta 'T/a a, ,LL/)|
< COflr =2/ + Walu, )], (3.6.2)

for some positive constant C. We denote by A, the set of F-progressive processes « valued in A, assumed
for simplicity here to be a compact space of R™, and consider the McKean-Vlasov control problem with
open-loop controls with running cost not depending on the law of the control:

T
VO = len-ﬁ IE|:/ f(taXtyata]th)dt+g(XT7PXT) .

o ° 0
Under (3.6.2), and given t € [0,T], ¢ € L?(F;RY), a € A,, there exists a unique (pathwise and in law)
solution X5¢ = X162 t < s < T, solution to (3.6.1) starting from ¢ at time ¢, satisfying

E[ sup [X6] < C(1+EEP),

t<s<T

for some positive constant C' independent of a € A,. As in (3.3.5), one can then define the flow P4+ =
Pbrwe t <s<T,ueP,(RY, ae A, of the law of X1¢, for 4 = P¢, and they satisfy the flow properties
(3.3.4) and (3.3.6). We then define the value function in the Wasserstein space

T

vo(t,p) = inf E[ / F(s, XE5 ag, Pil)ds + g (X35, PR |, t€[0,T], p=Pg € P,(RY),
acA, t

so that Vo = v,(0, P ). Since the set of open-loop controls is larger than the set of feedback controls, it

is clear that v, is smaller than v, the value function to the McKean-Vlasov control problem with feedback

controls considered in the previous sections.

Notice that when f = 0, one can reformulate the value function v, as a deterministic control problem
as in the case of feedback controls: v,(t, 1n) = infoca, Q(IP’%“ ), but in general this is not possible. Anyway,
by similar arguments as in Theorem 3.3.1, but more technical and requiring some measurable selection
arguments due to the stochastic control formulation of the value function v,, one could show the DPP
for the value function with open-loop controls, namely:

6
Uo(ta,u> = aien/f\ E[/t f(S7X£’€7aS7P?M)dS+’U0(95]Pﬂ;)u)}

forall0 <t <0 <T, u=Pe e P,(RY). From It6’s formula (1.3.7), the infinitesimal version of the above
DPP leads to the dynamic programming Bellman equation:

{—8tvo(t,,u)+Ho(t,u,@uvo(t,u),axauvo(t,u)) = 0, on [0,T)x P,(R%),

w(T,) = & onP,(R (3.6.3)
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where H, is the function defined by

Ho(tvﬂapv F) = _aiEnjOE[f(tafvatalu) +p(€)b(t?€aat7/’6) + %tr(r<§)aoT(t7§aataM))]v

for (t, ) € [0,T] x P,(R?), (p,T) € L2(R%) x L (S%), and with Pe = . Similarly as in Propositions 3.3.1
and 3.5.2, one can show a verification theorem for v, and prove that v, is the unique viscosity solution
to (3.6.3).

For any & € L(R? A), it is clear that the control a defined by o, = a(¢), t < s < T, lies in A,, so
that

Ho(t,pop.T) 2 = inf B [£(t, € a(€), 1)

+ PO, 6(€), 1) + 5x(T(E o0 (1,6,6(0), )] = H(t.pp.T),

with H the Hamiltonian in (3.5.2) for the McKean-Vlasov control problem with feedback control. This
inequality H, > H combined with comparison principle for the Bellman equation (3.6.3) is consistent
with the inequality v > v,. If we could prove that H, is equal to H (which is not trivial in general),
then this would show that v, is equal to v, i.e. the value functions to the McKean-Vlasov control
problems with open-loop and feedback controls coincide. Actually, we notice that the minimization over
the infinite dimensional space A, in the Hamiltonian H, can be reduced into a minimization over the
finite dimensional space A, namely:

H,(t,p,p,T) = Hy(t,pu,p,T):=—< iIelgH(t,:z:,a,u,p(.),F(.)),u > (3.6.4)

where H(t, z, a, u, q, M) is defined by (3.3.16) in Remark 3.3.4.

Indeed, it is clear that H, < H,. Conversely, by continuity of the coefficients b, o, f w.r.t. the argument
a lying the compact space A, and invoking a measurable selection theorem, one can find for any (¢, u, p,I")
€ [0,T] x P,(R?) x L2 (R%) x L (S%), some measurable function = € R* = a(t, z, p, p(z),I(z)) = a(x)
s.t. for all z € R?,

;relg [f(t, x,a, 1)+ p(x).b(t,z,a,u) + %tl‘(r((b)O’UT(t7£B, a,u))]

= f(t,z,a(z),pn) + p(x).b(t,z,a&(x), p) + %tr(F(m)UUT(t,x, a(z), ).

By integrating w.r.t. u, we then get

H,o(t, p, p, T') —E[f(t,§,a(8), ) + p(£).b(t, &, &(8), 1) + 1tr(F(ﬁ)UUT(t5,@(5),/L))}

2
Hoy(t,p,p,T),

which shows the equality (3.6.4). Suppose now that there exists some smooth solution w on [0, 7] x P, (R%)
to the equation:

fﬁtw(t,u)+I:IO(t,,u,auw(t,u),5‘x8#w(t,u)) = 0, on [0,T)xP,(RY),
w(T,.) = §, on P,(RY),

IN

(3.6.5)

such that for all (¢, u) € [0,T) x P, (R?), the element x — a(t, x, u, O w(t, u)(z), 0,0,w(t, p)(x)) achieving
the infimum in the definition of H, (t,,u, Opw(t, 1), 0,0,w(t, u)), is Lipschitz, i.e. lies in L(R%; A), then
(recall also Remark 3.3.2)

ﬁo(t,u,auw(uu),ama“w(t,,u)) = H(t,u,8Mw(t,u),8m8#w(t,u)),
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which shows with (3.6.4) that w solves both the Bellman equations (3.6.3) and (3.5.1). By comparison
principle, we conclude that w = v = v,,, which means in this case that the value functions to the McKean-
Vlasov control problems with open-loop and feedback controls coincide. Such condition was satisfied for
example in the case of the mean-variance portfolio selection problem studied in paragraph 3.4.1.

Remark 3.6.1. (Existence of smooth solution)

Let us mention that the existence of classical solution to HIB equation (3.6.3) or (3.6.5) was derived
in [CCD15] in the case where o is uncontrolled. Briefly speaking, under coercive conditions on the
coefficients, &(z) is the minimizer of H(¢, z, 9,v,(t, it), 020,05 (t, 1)), and V (¢, z, 1) on the enlarged space
R? x Py(RY) defined by

T
Vit,a,p) = E / (5, XEPP P o, &(XEDH))ds + g( X5 P o),
t ° T
where X% # is the solution of the SDE

dX;’x’M = b(SaX.z’z’#v}P)X.?*‘vd(Xtﬂ:’#))ds + U(S,Xﬁ’m’#,PXz,u)st7 t<s< T7

with the initial condition z at time t. Then V (¢, x,u) is the unique classical solution to the following
master equation

OV (t,x,p) + b(t, x, u, &(x)).0:V (¢, z, 1) + f(t, 2, p, &(x))
+%tr(3§xV(t, x, oo (t, z, 1)) + / [b(t, @', p, &(a")).0,V (¢, 2z, ) (2")
Rd
-|-%t1r(8z8#V(t7 z,p1) (2" )oo™ (t,z, )| p(da’) = 0.

Moreover, the identification of value function v, (¢, 1) in terms of V (¢, z, u) is given by v, (¢, 1) = v(t, 1)
= Jpa V(t, 2, p)p(dzx), or equivalently reads as 0,v,(t, p)(x) = 0V (t, 2, 1) + [pa 0,V (L, 2", ) () p(dz’).
Therefore, we conclude that v,(t, 1) is the unique classical solution to HJB equation. (Il






Chapter 4

Dynamic programming for
continuous time conditional
McKean-Vlasov control problem

Abstract: We study the optimal control of general stochastic McKean-Vlasov equation. Such problem
is motivated originally from the asymptotic formulation of cooperative equilibrium for a large population
of particles (players) in mean-field interaction under common noise. Our first main result is to state a
dynamic programming principle for the value function in the Wasserstein space of probability measures,
which is proved from a flow property of the conditional law of the controlled state process. Next, by
relying on the notion of differentiability with respect to probability measures due to P.L. Lions [Lio12],
and Itd’s formula along a flow of conditional measures, we derive the dynamic programming Hamilton-
Jacobi-Bellman equation, and prove the viscosity property together with a uniqueness result for the value
function. Finally, we solve explicitly the linear-quadratic stochastic McKean-Vlasov control problem and
give an application to an interbank systemic risk model with common noise.

Keywords: Stochastic McKean-Vlasov SDEs, dynamic programming principle, Bellman equation, Wasser-
stein space, viscosity solutions.

a. This chapter is based on a paper in collaboration with Pham Huyén [PW17]. This paper is published in STAM Journal
on Control and Optimization, 55(2), 2017.
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4.1 Introduction

Let us consider the controlled McKean-Vlasov dynamics in R? given by
dX; = b(Xi, P ap)dt + o(X, P ap)dB; + 00Xy, Y., ) dWY, (4.1.1)

where B, W9 are two independent Brownian motions on some complete probability space (€, F,P), Pg(v:)
denotes the conditional distribution of X; given W (or equivalently given F_ where FO = (F);>¢ is
the natural filtration generated by W), valued in P(R?) the set of probability measures on R?, and the
control « is an FO-progressive process valued in some Polish space A. When there is no control, the
dynamics (4.1.1) is sometimes called stochastic McKean-Vlasov equation (see [DV95]), where the term
“stochastic" refers to the presence of the random noise caused by the Brownian motion W° w.r.t. a
McKean-Vlasov equation when oy = 0, and for which coefficients depend on the (deterministic) marginal
distribution Px,. One also uses the terminology conditional mean-field stochastic differential equation
(CMFSDE) to emphasize the dependence of the coefficients on the conditional law with respect to the
random noise, and such CMFSDE was studied in [CZ16], and more generally in [BLM17]. In this context,
the control problem is to minimize over « a cost functional of the form:

T o o
J(a) = E[/O FX, PR ag)dt + g(Xr, PR (4.1.2)

The motivation and applications for the study of such stochastic control problem, referred to alter-
natively as control of stochastic McKean-Vlasov dynamics, or stochastic control of conditional McKean-
Vlasov equation, comes mainly from the McKean-Viasov control problem with common noise, that we
briefly describe now: we consider a system of controlled individuals (referred also to as particles or play-
ers) in mutual interaction, where the dynamics of the state process X* of player i € {1,..., N} is governed
by

dX; = b(X{,py,ap)dt +5(X],py, ay)dB; + 6o(X{, by, &y )dWY.

Here, the Wiener process W9 accounts for the common random environment in which all the individuals
evolve, called common noise, and B',..., BV are independent Brownian motions, independent of W9,
called idiosyncratic noises. The particles are in interaction of mean-field type in the sense that at any
time ¢, the coefficients b, &, & of their state process depend on the empirical distribution of all individual
states

1N

N _ _

Pe = MZ(SX?,’
i=1

The processes (&!);>0,i=1,..., N, are in general progressively measurable w.r.t. the filtration generated
by BY,..., BN, W9, valued in some subset A of a Euclidian space, and represent the control processes of
the players with cost functionals:

T
T an) = B[ [ e+ oK)

For this N-player stochastic differential game, one looks for equilibriums, and different notions may
be considered. Classically, the search for a consensus among the players leads to the concept of Nash
equilibrium where each player minimizes its own cost functional, and the goal is to find a N-tuple control



4.1. INTRODUCTION 69

strategy for which there is no interest for any player to leave from this consensus state. The asymptotic
formulation of this Nash equilibrium when the number of players N goes to infinity leads to the (now
well-known) theory of MFG pioneered in the works by Lasry and Lions [LL07], and Huang, Malhamé
and Caines [HMCO06]. In this framework, the analysis is reduced to the problem of a single representative
player in interaction with the theoretical distribution of the whole population by the propagation of chaos
phenomenon, who first solves a control problem by freezing a probability law in the coefficients of her /his
state process and cost function, and then has to find a fixed point probability measure that matches the
distribution of her/his optimal state process. The case of MFG with common noise has been recently
studied in [Ahul6] and [CDL16]. Alternatively, one may take the point of view of a center of decision
(or social planner), which decides the strategies for all players, with the goal of minimizing the global
cost to the collectivity. This leads to the concept of Pareto or cooperative equilibrium whose asymptotic
formulation is reduced to the optimal control of McKean-Vlasov dynamics for a representative player.
More precisely, given the symmetry of the set-up, when the social planner chooses the same control policy
for all the players in feedback form: &¢ = a(t, X;,pl¥), i = 1,..., N, for some deterministic function &
depending upon time, private state of player, and the empirical distribution of all players, then the
theory of propagation of chaos implies that, in the limit N — oo, the particles X? become asymptotically
independent conditionally on the random environment W0, and the empirical measure p¥ converge to
the distribution ]P’)V}/t0 of X; given W0 and X is governed by the (stochastic) McKean-Vlasov equation:

dXy = b(Xi, P alt, X, P ))dt+ 5(Xe, P a(t, Xi, PY,))d B,
+50(Xe, P alt, Xy, P ) dWY,

for some Brownian motion B independent of W°. The objective of the representative player for the
Pareto equilibrium becomes the minimization of the functional

T
J@) = E[/O FOx B ot X PY))de 4+ (X7, B

over the class of feedback controls &. We refer to [CDL13] for a detailed discussion of the differences
between the nature and solutions to the MFG and optimal control of McKean-Vlasov dynamics related
respectively to the notions of Nash and Pareto equilibrium. Notice that in this McKean-Vlasov control
formulation, the control & is of feedback (also called closed-loop) form both w.r.t. the state process X,
and its conditional law process IP’)VKO, which is F?-adapted. More generally, we can consider semi-feedback
control a(t, z,w), in the sense that it is of closed-loop form w.r.t. the state process X;, but of open-loop
form w.r.t. the common noise W°. In other words, one can consider random field control FO-progressive
control process a = {a;(z),z € R%}, which may be viewed equivalently as processes valued in some
functional space A on RY, typically a closed subset of the Polish space C'(R%, A), of continuous functions
from R? into some Euclidian space A. In this case, we are in the framework (4.1.1)-(4.1.2) with b(x, 1, a) =

B(x,u,a(x)), O'(ZL'ML,CL) = 5’(1’,/1,(1(.%)), UO(xa/U'aa) = &O(xalufva(x))a f(x’lLL7a) = f(xvﬂaa(x))v for (Z,ILL,G,)
€ RYx P(RY) x A.

We also mention that partial observation control problem arises as a particular case of our stochastic
control framework (4.1.1)-(4.1.2): Indeed, let us consider a controlled process with dynamics

dXt = Z;(Xt,at)dt-l-&()zt,at)dBt +60(Xt,at)dBtO,

where B, BY are two independent Brownian motions on some physical probability space (£, F,Q), and
the signal control process can only be observed through W?° given by

dwy? = h(X;)dt+dBY.
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The control process « is progressively measurable w.r.t. the observation filtration F® generated by W0,
valued typically in some Euclidian space A, and the cost functional to minimize over « is

J(a) = EQ[/OTf(Xhat)dt—l—g(XT)]

By considering the process Z via
t 1/t
z7t = exp(—/ h(X,)dB? — 5/ |h(X,)[ds), 0 <t <T,
0 0

the process Z ! is (under suitable integrability conditions on h) a martingale under Q, and by Girsanov’s
theorem, this defines a probability measure P(dw) = Z;'(w)Q(dw), called reference probability measure,
under which the pair (B, W) is a Brownian motion. We then see that the partial observation control
problem can be recast into the framework (4.1.1)-(4.1.2) of a particular stochastic McKean-Vlasov control
problem with X = (X, Z) governed by

dX, (b(Xt, ) = 50( X, )h(Xy))dt + 5( Xy, 0 )dB; + 50(Xy, ar)dWY,
dZ; = Zih(X)dWy,

and a cost functional rewritten under the reference probability measure from Bayes formula as
T =, = —
Je) = B[ [ Zf(Gandt+ Zeg(Xr)].
0

The optimal control of McKean-Vlasov dynamics is a rather new problem with an increasing interest
in the field of stochastic control problem. It has been studied by maximum principle methods in [AD10],
[BDL11], [CD15] for state dynamics depending upon marginal distribution, and in [CZ16], [BLM17] for
conditional McKean-Vlasov dynamics. This leads to a characterization of the solution in terms of an
adjoint BSDE coupled with a forward SDE, and we refer to [CCD15] for a theory of BSDE of McKean-
Vlasov type. Alternatively, dynamic programming approach for the control of McKean-Vlasov dynamics
has been considered in [BFY15], [BFY17], [LP14] for specific McKean-Vlasov dynamics and under a
density assumption on the probability law of the state process, and then analyzed in a general framework
in [PW18] (without noise W?), where the problem is reformulated into a deterministic control problem
involving the marginal distribution process.

The aim of this paper is to develop the dynamic programming method for stochastic McKean-Vlasov
equation in a general setting. For this purpose, a key step is to show the flow property of the conditional
distribution P)Vgto of the controlled state process X; given the noise W°. Then, by reformulating the
original control problem into a stochastic control problem where the conditional law ]P’)VK0 is the sole
controlled state variable driven by the random noise W°, and by showing the continuity of the value
function in the Wasserstein space of probability measures, we are able to prove a dynamic programming
principle (DPP) for our stochastic McKean-Vlasov control problem. Next, for exploiting the DPP, we
use a notion of differentiability with respect to probability measures introduced by P.L. Lions in his
lectures at the College de France [Liol2], and detailed in the notes [Carl2]. This notion of derivative
is based on the lifting of functions defined on the Hilbert space of square integrable random variables
distributed according to the “lifted" probability measure. By combining with a special It6’s chain rule for
flows of conditional distributions, we derive the dynamic programming Bellman equation for stochastic
McKean-Vlasov control problem, which is a fully nonlinear second order PDE in the infinite dimensional
Wasserstein space of probability measures. By adapting standard arguments to our context, we prove the
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viscosity property of the value function to the Bellman equation from the dynamic programming principle.
To complete our PDE characterization of the value function with a uniqueness result, it is convenient to
work in the lifted Hilbert space of square integrable random variables instead of the Wasserstein metric
space of probability measures, in order to rely on the general results for viscosity solutions of second order
Hamilton-Jacobi-Bellman equations in separable Hilbert spaces, see [Lio88], [Lio89b], [FGS15]. We also
state a verification theorem which is useful for getting an analytic feedback form of the optimal control
when there is a smooth solution to the Bellman equation. Finally, we apply our results to the class
of linear-quadratic (LQ) stochastic McKean-Vlasov control problem for which one can obtain explicit
solutions, and we illustrate with an example arising from an interbank systemic risk model.

The outline of the paper is organized as follows. Section 2 formulates the stochastic McKean-Vlasov
control problem, and fix the standing assumptions. Section 3 is devoted to the proof and statement of
the dynamic programming principle. We prove in Section 4 the viscosity characterization of the value
function to the Bellman equation, and the last Section 5 presents the application to the LQ framework
with explicit solutions.

4.2 Conditional McKean-Vlasov control problem

Let us fix some complete probability space (Q,F,P) assumed of the form (Q2° x Q!, 7 @ F1,P? ®
P1), where (90, F°,P%) supports a m-dimensional Brownian motion W°, and (!, F!,P!) supports a
n-dimensional Brownian motion B. So an element w € € is written as w = (w% w!) € Q% x Q! and we
extend canonically W9 and B on § by setting W9 (w?, w!) := W9(w?), B(w’ w') := B(w!), and extend
similarly on Q any random variable on Q° or Q!. We assume that (Q', F1,P!) is in the form Q! =
O x Qll, Fl=g ®.7-"l1, P! = P! ®]P"1, where Q! is a Polish space, G its Borel o-algebra, P! an atomless
probability measure on (Q',G), while (Q/17]-'/1,]P’/1) supports B. We denote by E° (resp. E! and E')
the expectation under PV (resp. P! and P'), by FO = (F?);>0 the PO-completion of the natural filtration
generated by W (and w.lo.g. we assume that F* = F2), and by F = (F3);>0 the natural filtration
generated by W0, B, augmented with the independent o-algebra G. We often omit some arguments and
write L2(Q', G, P, RY) (resp. L2(, Fi, P;R?)) as L2(G;R?) (resp. L?(Fy;R?)). We know that P, (R%)
= {P¢ = I@’% s € € L2(G;RY)} since (Q', G, P!) is Polish and atomless (we say that G is rich enough). We
often write £(§) = Pe = P} for the law of £ € L?(G;R?).

o Admissible controls. We are given a Polish set A equipped with the distance d,, satisfying w.l.o.g. d,
< 1, representing the control set, and we denote by A the set of FO-progressive processes o valued in A.
Notice that A is a separable metric space endowed with the Krylov distance A(a, 8) = Eo[foT d, (o, Be)dt].
We denote by B4 the Borel o-algebra of A.

e Controlled stochastic McKean-Vlasov dynamics. For (t,£) € [0,T] x L?(F;; R?), and given a € A, we
consider the stochastic McKean-Vlasov equation:

dX, b(Xs, PW, ag)ds + o (X, PY, ) dBy
+00(Xe, PV’ a)dW?, t<s<T, (4.2.1)
X, = &
Here, ]P’)V}/SO denotes the regular conditional distribution of X, given F°, and its realization at some w°

€ Q0 also reads as the law under P! of the random variable X (w?,.) on (Q, F1,P1), i.e. ]P)V}/: (W0 =

Pﬁ(s (w0, The coefficients b, o, 0¢ are measurable functions from R? x P,(R?) x A into RY, respectively
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R&*n RI*X™ - and satisfy the condition:
(H1)
(i) There exists some positive constant C s.t. for all z, 2’ € R, u, u/ € xP,(R?), and a € A,

|b(33aﬂ7a) - b(a:',,u/, a)| + |0—($7/1'7 a) - J(‘/L.I7,LL/7 a)| + |0'()((E7/,L, CL) - O'Q(CE/, l’L/7 a’)'
< C(\w -+ W2(M7M'))7

and

|b(07507 a)| + |U(07507 a)| + |00(07 507 a)| < C.

(i) For all (z,u) € R? x P,(R?), the functions a + b(z, u,a), o(x, u, a), oo(z, i, a) are continuous on
A.

Remark 4.2.1. We have chosen a control formulation where the process « is required to be progressively
measurable w.r.t. the filtration F® of the sole common noise. This form is used for rewriting the cost
functional in terms of the conditional law as sole state variable, see (4.3.3), which is then convenient for
deriving the dynamic programming principle. In the case where A is a functional space on the state space
R?, meaning that « is a semi closed-loop control, and when the coefficients are in the form: b(x, u,a)
= b(z, g, a(x)), o(x, p,a) = 6(x, p,a(x)), oo(x, 1, a) = 6oz, 1, a(x)) (see discussion in the introduction),
the Lipschitz condition in (H1)(i) requires that a € A is Lipschitz continuous with a prescribed Lipschitz
constant, which is somewhat a restrictive condition. The more general case where the control « is allowed
to be measurable with respect to the filtration IF of both noises, i.e., a of open-loop form, is certainly an
important extension, and left for future work. In this case, one should consider as state variables the pair
composed of the process X; and its conditional law ]P’zio, see the recent paper [BCP18] where a dynamic
programming principle is stated when the control is allowed to be of open-loop form in the case without
common noise. ]

Under (H1)(i), there exists a unique solution to (4.2.1) (see e.g. [KX99]), denoted by {X5&< ¢ <
s < T}, which is F-adapted, and satisfies the square-integrability condition:

E[éggTW;MF] < C(1+E|§\2) < oo, (4.2.2)

for some positive constant C' independent of a. We shall sometimes omit the dependence of X¢ =
X158 on o when there is no ambiguity. Since { X1, ¢t < s < T} is F-adapted, and W is a (P, F)-Wiener
process, we notice that IP’I)’{V:g (dz) = P[XL¢ € do|F°] = P[X5¢ € dx|F?]. We thus have for any ¢ €
%, (R):

PYicp) = E[p(Xi9|F] = Blo(Xt9)|F7], t<s<T, (4.23)

which shows that IF")’(V:& (¢) is F2-measurable, and therefore, in view of the measurability property in
Property 1.1.1, that {P)Vg:g,t < s < T} is (F?)i<s<r-adapted. Moreover, since {P)Vgt:,t < s<Tt}is
valued in P, (C([t, T]; R?)), the set of square integrable probability measures on the space C ([t, T); R?) of

continuous functions from [¢,T] into RY, it also has continuous trajectories, and is then FO-progressively
measurable (actually even FO-predictable).
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e Cost functional and value function. We are given a running cost function f defined on R? x P, (R%) x A,
and a terminal cost function g defined on R? x P, (R?), assumed to satisfy the condition

(H2)
(i) There exists some positive constant C s.t. for all (z,u,a) € R? x P,(RY) x A,

(@, a)l +lg(z,m)| < CU+ | + [lull3)-

(ii) The functions f, g are continuous on R? x P,(R%) x A, resp. on R¢ x P, (R?), and satisfy the local
Lipschitz condition, uniformly w.r.t. A: there exists some positive constant C' s.t. for all z, 2’ €
R p, ' € P,(RY), a € A,

|f(:(:,,u,a) - f(m/nu/’aﬂ + \9(%#) - g(x/aul)‘
< CO+ o]+ 2|+ (el + 11 12) (Ja = ']+ Wa(p, 1))

We then consider the cost functional:
T
0 0
J(tvfaa) = IE:|:-/ f(X?san(Vt,&aas)ds+g(X’§”£aP§(V;£)}7
. .

which is well-defined and finite for all (¢,&, ) € [0,7] x L?(G;R?) x A, and we define the value function
of the conditional McKean-Vlasov control problem as

v(t,€) = ig&](t,f,a), (t,€) € [0,T] x L*(G;RY). (4.2.4)

From the estimate (4.2.2) and the growth condition in (H2)(i), it is clear that v also satisfies a quadratic
growth condition:

o(t, )] < C+E|E), VEe L*(GRY). (4.2.5)

Our goal is to characterize the value function v as solution of a partial differential equation by means
of a dynamic programming approach.

4.3 Dynamic programming

The aim of this section is to prove the dynamic programming principle (DPP) for the value function
v in (4.2.4) of the conditional McKean-Vlasov control problem.

4.3.1 Flow properties

We shall assume that (Q°, WO PY) is the canonical space, i.e. Q0 = C(R,,R™), the set of continuous
functions from R into R™, WY is the canonical process, and P? the Wiener measure. Following [CTT16],

we introduce the class of shifted control processes constructed by concatenation of paths: for o € A, (¢,&°)
€ [0,T] x QY we set

W% = as(@ @ w?), (s,w°)€0,T] x Q0
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where @° ®; w is the element in Q0 defined by
@ @ w?(s) = @%8)lecr + (@°(t) + wO(s) — wO(t)) Loxe.

We notice that for fixed (¢,&"), the process at@” lies in Ay, the set of elements in A which are independent
of F? under P°. For any o € A, and F’-stopping time 6, we denote by o the map

o (VN F)) = (A Ba)

W0 s e’

The key step in the proof of the DPP is to obtain a flow property on the controlled conditional
distribution FO-progressively measurable process {P}ngg,t < s < T}, for (t,&) € [0,T] x L?(Fy; RY), and
a e A

Lemma 4.3.1. For anyt € [0,T], u € P,(RY), a € A, the relation given by

phte = P t<s<T, for £ L*(FsRY) st. PV =y, (4.3.1)

wo°
xh&as
s

defines a square integrable FO-progressive continuous process in P,(R?). Moreover, the map (s,t,w°, u, )
€ [0,T] x [0,T] x Q° x P,(R?) x A — ph**(w?) € P,(R?) (with the convention that pt*® = u for s <
t

poee 6

t) is measurable, and satisfies the flow property: pi* = pZ’ps’ o ,PYea.s., d.e.
0(w"),p 5 () 0l
P (W) = p 0D W°), selh,T], P'(du’) — a.s (4.3.2)

for all 0 € 7;?T, the set of FO-stopping times valued in [t, T].

Proof. 1. First observe that for any ¢t € [0,T], ¢ € L%(F;R?), a € A, we have: EO[HIP‘)’(VBE,QHS] =
E[|X?¢%|?] < oo, which means that the process {PVXV:@mt < s < T} is square integrable, and we recall

(see the discussion after (4.2.3)) that it is FO-progressively measurable.

(i) Notice that for PY-a.s w® € Q° the law of the solution {X%&*(w® )t < s < T} to (4.2.1) on

(Q, F1,PY) is unique in law, which implies that P)Vgsgva(wo) = Pi(tygva(wo pt<s<T, depends on

¢ only through IP’EVO (W0 = ]P’é(wo y- In other words, for any &1, & € L?(Fy; RY) s.t. IP’?{O = Pgo,
the processes {P;V:J,gl,a,t <s<T} and {P)nggzya,t < s < T} are indistinguishable.

ii) Let us now check that for any p € P,(R%), one can find ¢ € L*(F;;RY) s.t. PV’ = 4. Indeed,
o 2 3 1%
recalling that G is rich enough, one can find ¢ € L?(G;R?) C L?(F;RY) s.t. £(€) = p. Since G is
independent of W9, this also means that ngo = u.

In view of the uniqueness result in (i), and the representation result in (ii), one can define the process
{ptmet < s < T} by the relation (4.3.1), and this process is a square integrable F'-progressively
measurable process in P, (R?).

2. Let us now prove the joint measurability of pL*®(w®) in (¢, s,w°, u, @) € [0, T]x [0, T] xQ° x P, (R?) x A.
Given t € [0,T], u € P,(RY), o € A, let £ € L?(G;R?) s.t. L(€) = p. We construct X542 using Picard’s
iteration by defining recursively a sequence of processes (X (m)’t’g’a)m as follows: we start from X (068

= 0, and define p(®):t# by formula (4.3.1) with X (04 instead of X*$< and see that p(0)tme = §;.



4.3. DYNAMIC PROGRAMMING 75

- The process X 1462 i given by
XWtbe g+/ b(0,50,oz,a)dr+/ a(o,ao,a,)dB,.+/ 00(0, 8o, . )dW?,
t t t

for 0 <t <s < T (and Xgl)’t’g’a = ¢ when s < t), and we notice that the map XMt&a
([t, T] x Q,B([t,T)) ® F) — (R4 B(R%)) is measurable, up to indistinguishability. We then define
pM:tia by formula (4.3.1) with X146 instead of X6, so that

P W) e) = B (W )] = [ a0 ts et a)u(da),

for any ¢ € €,(R™), where &) : R? x [0,T] x [0,T] x Q° x A — R is measurable with quadratic

0

growth condition in z, uniformly in (¢, s,w", «), and given by:

Q(l)(x,t,s,wo,a) = El[go(a:—&—/ b(O,éo,aT(wO))dr—I—/ (0,60, o (w?))dB,
¢ t

+ / 00(0,60,ar(w0))dW,9(w0))}, t<s<T,
t

and @M (z,t,5,0° a) = ¢(x) when s < t. By a monotone class argument (first considering the

0 0

,a) is expressed as a product h(z)€(t,s,w’, ) for some measurable and

bounded functions h, £), we deduce that pgl)’t’”’a(wo)(go) is jointly measurable in (¢, s,w’, u,a). By
Proposition 1.1.1, this means that the map (¢,s,w% p,a) € [0,T] x [0,T] x Q° x P,(R?) x A s

P2 (,0) € P, (RY) is measurable.

case when ®W(z,t, s, w

- We define recursively X (1562 agsuming that X (™46 has been already defined. We assume
that the map X (™48 .« ([t T] x Q,B([t,T]) @ F) — (R%, B(RY)) is measurable (up to indistin-
guishability), and we define pg’”)’t'“*“ (wP) given by formula (4.3.1) with X (™)::6 instead of X &,
Moreover, we suppose that pgm)’t’”’a(wo)

(m+1),t,6,a

is jointly measurable in (t,s,w’, p, ). Then, we define

the process X as follows:

X§m+l),t,§,o¢ _ § n /S b(Xﬁm)7t7§7a7 pgm),t,#,a’ Oér)d’r " /S O.(Xﬁm),tfﬁé’ pgm),tuu,oz, Oér)dBr
t t

n / oo (XM pm) e oy i0,
t

for 0 <t <s<T (and X§m+1)’t’£’a = ¢ when s < t), and notice by construction that the map
Xmit&e 1t T x Q,B([t, T)) @ F) — (RY, B(R?)) is measurable, up to indistinguishability. We
can then define p(m+1):bma by formula (4.3.1) with X (m+1:4&e ingtead of XH$ namely

plmtDitia((0y(p) = E {¢(Xs(m+1),t7£,a(w07 ))},
for any ¢ € €,(R™), w® € Q°. From the (iterated) dependence of X (m+1:L6 on ¢ and by Fubini’s

theorem (recalling the product structure of the probability space Q' on which are defined the
random variable £ of law p and the Brownian motion B), we then have

pg77L+1)7t7lt7a(w0)((P) _ /d ¢(m+1)(1‘,t, 8,w07u, a)u(dm),
R



76 CHAPTER 4. CONTINUOUS TIME CONDITIONAL MCKEAN-VLASOV CONTROL PROBLEM

where @™+ R x [0,T] x [0,T] x Q° x P,(R?) x A — R is measurable with quadratic growth
condition uniformly in (¢, s,w", ), and given by

@(mﬂ)(x, t,s,w p,a) = E! [(p (m + / blx + ... ,pg.m)’t’“’o‘, o )dr
t
+ / o(z+...,p"m b o )dB,
t
S
+ / ooz + ..., p&m)’t’“’o‘,ar)dWr(wo))}, t<s<T,
t

and @™+ (z,t,5,0% o) = @(x) when s < t. We then see that pgmﬂ)’t’“’a(wo)(gp) is jointly mea-

surable in (¢, s,w", i1, a) (using again a monotone class argument), and deduce by Proposition 1.1.1
that the map (¢,s,w’ u, @) € [0,T] x [0,T] x Q° x P,(RY) x A pgmH)’t’“’a(wO) € P,(R?) is
measurable.

Now that we have constructed the sequence (X (m)’t’i’“)m7 one can show by proceeding along the same
lines as in the proof of Theorem IX.2.1 in [RY99] or Theorem V.8 in [Pro05] that

P
sup |X8(m),t7£7a _ X§,£7a| s 0,
t<s<T m—r00

where the convergence holds in probability. Then, by the same arguments as in the proof of Lemma 3.2
in [BCP18] (see their Appendix B), this implies that the following convergence holds in probability:

0

Wit ey Es o

m—r 00

for all s € [t,T], p € P,(R?), and a € A. Since for any m € N, pgm)’t’”’a(wo) is jointly measurable in

(t,s,w° p, ), we deduce by proceeding for instance as in the first item of Exercise IV.5.17 in [RY99],
and recalling that F° is assumed to be a complete o-field, that the map (¢, s,w?, u,a) € [0,7] x [0,T] x
Q0 x P,(RY) x A — plt(w9) € P,(R?) is measurable.

3. Let us finally check the flow property (4.3.2). From pathwise uniqueness of the solution {X(w?,.),t <
s < T} to (4.2.1) on (Q, FL,P) for PP-a.s. w® € Q°, and recalling the definition of the shifted control
process, we have the flow property: for t € [0,7T], ¢ € L?(F;;RY), a € A, and PY-a.s. w® € Q°,

(w0, X160 (wo,_)ﬂe(wo),wﬂ

XbeawW ) = X, 0w w°.), P'—as.

for all FO-stopping time 6 valued in [t, T]. It follows that for any Borel-measurable bounded function ¢
on R4, and for PY-a.s w® € Q°,

@ WO WO
0(w°), X5 (°,),00 )

P (W)(0) = EMw(XE6(w0,.)]

E'[p(X
0(w0),pl 08 (00),af e
S

e («@*)(),

(@, .))]

where the last equality is obtained by noting that pz,’(‘:g‘) (W) = IF’EV;E,;) (@0’ and the definition of pl#®.
This shows the required flow property (4.3.2). |

Now, by the law of iterated conditional expectations, from (4.2.3), (4.3.1), and recalling that a € A



4.3. DYNAMIC PROGRAMMING 77

is FO-progressive, we can rewrite the cost functional as
T
Jt,&a) = E / E[f(X5* ]P’th,as)|]-'g]ds+E[ (X35, J}Dxtg)|f%]}
-Jt

_ T
= E/ pe(f(, ps’“,as))dHptT’”(g(wptT’“))]

= ]E/ Fpb*, ag)ds + G(p4 )}, (4.3.3)

for t € [0,T], £ € L?(G;RY) with law pu = L(§) = IP’EVO € P,(RY), a € A, and with the functions f :
P,(RY) x A — R, and § : P,(R?) — R, defined by

f(p,a) p(f (o) = fpo (2, p,a)p(de) (4.3.4)
9(n) = u(g(-,u ) = Jpa gz, p)p(dx).
(To alleviate notations, we have omitted here the dependence of pi# = pl#*“ on «). Relation (4.3.3)
means that the cost functional depends on £ only through its distribution p = £(£), and by misuse of
notation, we set:

T/\
Hewa) = J&a) = B[ [ fpbrads+ (o)

for (t,u) € [0,T] x P,(R?), ¢ € L*(G;R?) with £(£) = pu, and the expectation is taken under P since
{pbr t < s < T} is FO-progressive, and the control o € A is an FY-progressive process. Therefore, the
value function can be identified with a function defined on [0,7] x P, (R%), equal to (we keep the same
notation v(t, u) = v(t,§)):

T
o(t,p) = inf EO[/ Flob*, as)ds + é(ptf“)}’
acA t
and satisfying from (4.2.5) the quadratic growth condition
lo(t, )| < COA+|ull2), Ve P,RY). (4.3.5)

As a consequence of the flow property in Lemma 4.3.1, we obtain the following conditioning lemma,
also called pseudo-Markov property in the terminology of [CTT16], for the controlled conditional distri-
bution FO-progressive process {pl#** t < s < T}.

Lemma 4.3.2. For any (t,p, ) € [0,T] x P,(R?) x A, and 6 € T, we have

J(0,pp", b = / Fpb, ag)ds + (o ™) |.7:0] P’ — a.s (4.3.6)

Proof. By the joint measurability property of p*® in (¢, s,w?, i1, @) in Lemma 4.3.1, the flow property
.3.2), and since p,""” is F4z-measurable for -stopping time, we have for P°-a.s w® € Q°,
4.3.2), and since pi"* is FY ble for 6 F-stopping ti have for P 0 e Qo

Eo/f L ag)ds + (ol )| S ()

£ / Foe™2, ) + (05| 72 ()

=0(w0),m=plt (W), f=ar s

9

- B / NN 305"

r=0(w0),m=py 5 (w0), f=are”
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where we used in the second equality the fact that for fixed ®, r € [t,T], 7 € P,(R?) represented by n
€ L?(G;RY) s.t. L(&) = 7, the process o™’ lies in A,, hence is independent of 70, which implies that
0

W . . - 1""‘10 . . .
Xpme is independent of F,., and thus p™“ is also independent of F for r < s. This shows the

conditioning relation (4.3.6). O

4.3.2 Continuity of the value function and dynamic programming principle

In this paragraph, we show the continuity of the value function, which is helpful for proving next the
dynamic programming principle. We mainly follow arguments from [Kry08] for the continuity result that
we extend to our McKean-Vlasov framework.

Lemma 4.3.3. The function (t, ) — J(t, u, @) is continuous on [0, T] x P,(R?), uniformly with respect to
a € A, and the function o — J(t,x, ) is continuous on A for any (t, 1) € [0,T] x P,(R%). Consequently,
the cost functional J is continuous on [0,T] x P,(R?) x A, and the value function v is continuous on

[0,T] x P,(RY).

Proof. (1) Forany 0 <t < s < T, u,m € P,(RY), a € A, recall that P’-a.s. w® € Q° we have

= pht (W), P 5™ (w0) for r € [s,T], and any &, ¢ € L2(G;R?) s.t. L(E) = p,

P, xpo@wo,) ~ Pr

X760,
L(¢) = 7. By definition of ||.||, and the Wasserstein distance in P,(R?), we then have: |ph*(w%)|, =

EL|XE6(0, )[2, and Wi (ph o (w0), pime(w?) < EYXEES (W, .) - X360, )2, so that

E°[ sup flpbef2] < E| swp |XESeP?, (4.3.7)

s<r<T s<r<T

]EO[ sup Wg(p’;’“’o‘,pf’”’a)} < E[ sup \Xﬁ’g’a—Xf’C’o‘F] (4.3.8)
s<r<T s<r<T

From the state equation (4.2.1), and using standard arguments involving Burkholder-Davis-Gundy in-
equalities, (4.3.7), (4.3.8), and Gronwall lemma, under the Lipschitz condition in (H1)(i), we obtain the
following estimates similar to the ones for controlled diffusion processes (see [Kry08], Chap.2, Thm.5.9,
Cor.5.10): there exists some positive constant C's.t. forall ¢ € [0,T], &,¢ € L?(G;R?), a € A, h € [0, T—1],

E[ sup [X{0—¢P] < C(+E[E)h,

t<s<t+h
E[ sup [X;&%— X0 < CE[€—¢/?,
t<s<T

from which we easily deduce that for all 0 <t < s < T, ¢, ¢ € L*(G;RY), a € A

E[ sup |xX060 X290 < C(BIE~ (P + (1+ Bl + EICP)]s — t]). (4.3.9)
s<r<T

Together with the estimates (4.2.2), and by definition of W, (u, ), ||1ll,, [|7]l,, we then get from (4.3.7),
(4.3.8):

A

E°| swp [lofeol2] < cO+ ), (4.3.10)
s<r<T

B sup W, g™ )] < COMGum) + (Ll + Il Dls —el). (4310

(2) Let us now show the continuity of the cost functional J in (¢, u), uniformly w.r.t. o € A. First,
we notice from the growth condition in (H2)(i) and the local Lipschitz condition in (H2)(ii) that there
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exists some positive constant C s.t. for all u, 7 € P,(R?), a € A,

o)l < CO+lul),
(@) = fm @)l +19(1) = 9(m)] < CA A+l + Il )W lp, ).

Then, we have for all 0 <t < s < T, pu,m € P,(R?), a € A

(o)~ Tsma)| < B /t (o]
T

FEO [ 17 a0 = Fom,an)dr-+ oGl — aloi™)

< CE[(1+ sup (lpt*el,)ls — ]
t<r<s
+ CEO[(1+ sup (oL, + o™ ,)) sup Wa(pl, i)
s<r<T s<r<T
< CO s~

+ O+ [lully + Nl Ve, m) + X+ [l + lImll)ls = ¢2),
by Cauchy Schwarz inequality and (4.3.10)-(4.3.11), which shows the desired continuity result.

(3) Let us show the continuity of the cost functional with respect to the control. Fix (¢, u) € [0, T]x P, (R?),
and consider a € A, a sequence (a"), in A s.t. A(a™,a) — 0, i.e. da(al, ) — 0 in dt ® dP’-measure,
as n goes to infinity. Denote by p" = ph#a” p = phre X7 = XH&a" X = Xb&e for ¢ € L2(G;RY)
s.t. £(§) = p. By the same arguments as in (4.3.8), we have

EO[ sup Wg(pg,ps)} < E[ sup \X;uXSF] (4.3.12)
t<s<T t<s<T

Next, starting from the state equation (4.2.1), using standard arguments involving Burkholder-Davis-
Gundy inequalities, (4.3.12), and Gronwall lemma, under the Lipschitz condition in (H1)(i), we arrive
at:

T
E[ swp [x7-x.P] < ofg / IB(Xs, pay 15) — b(Xs, psy o) 2ds
t<s<T t

T
+ / |U(Xs7psaas) _O-(Xs’p57a?)|2ds
t

T
+ / |UO(X5;PS7045) *O—O(Xsapsaa?)|2d5:|}a
t

for some positive constant C' independent of n. Recalling the bound (4.2.2), and (4.3.7), we deduce by
the dominated convergence theorem under the linear growth condition in (H1)(i), and the continuity
assumption in (H1)(ii) that E[sup,<,<r | X — X,|*] — 0, and thus by (4.3.12)

EO{ sup W22(p?7p5)} — 0, as n— o0 (4.3.13)

t<s<T

Now, by writing
|J(t7 Hs an) - J(tv Hs Oé)|

< B[ [ [fp0n) = Fowanlds + i) — aloo)]. (1314)
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and noting that f and § are continuous on P,(R%) x A, resp. on P,(R%), under the continuity assumption
in (H2)(ii), we conclude by the same arguments as in [Kry08] using (4.3.13) (see Chapter 3, Sec. 2, or
also Lemma 4.1 in [FP15]) that the r.h.s. of (4.3.14) tends to zero as n goes to infinity, which proves the
continuity of J(¢,u,.) on A.

(4) Finally, the global continuity of the cost functional J on [0,7] x P,(R%) x A is a direct consequence
of the continuity of J(.,., ) on [0,7] x P,(R?) uniformly w.r.t. a € A, and the continuity of J(, 1, .) on
A, while the continuity of the value function v on [0, T] x P,(R%) follows immediately from the fact that

lu(t, ) —v(s,m)| < sup |J(t,u,a) — J(s,m,a)|, t,s€0,T], p,x e P,(RY,
acA

and again from the continuity of J(.,.,a) on [0,7] x P,(R?) uniformly w.r.t. a € A. O

Remark 4.3.1. Notice that the supremum defining the value function v(¢, ) can be taken over the
subset A; of elements in A which are independent of F{ under P, i.e.

T
o) = ot B[ [ Fol s + (o) (4.3.15)
ac A t

Indeed, denoting by o(¢, 1) the r.h.s. of (4.3.15), and since A; C A, it is clear that v(t,u) < 0(¢, ). To
prove the reverse inequality, we apply the conditioning relation (4.3.6) for # = ¢, and get in particular for
all a € A:

/ Tt 0 VPO () = J(E ). (4.3.16)
Qo

Now, recalling that for any fixed w® € Q°, o'’ lies in A;, we have J(t, u, a>*") > ©(t, p), which proves
the required result since « is arbitrary in (4.3.16). O

We can now state the dynamic programming principle (DPP) for the value function to the stochastic
McKean-Vlasov control problem.

Proposition 4.3.1. (Dynamic Programming Principle)
We have for all (t,p) € [0,T] x P,(R?),

6
_ . f . f O|: A £, . t,/,L,Oéi|
v(t, 1) ;gMeu%?TE /t Flpd"® as)ds + v(0, pg"™™)

0
= inf sup EO{/ flpbre ag)ds + v(@,pto’“’a)},
a€ApeTy,, t

which means equivalently that

(i) for alla € A, 6 € T,

6
o(t,p) < IEO[/ Flpbre ag)ds + v(&ﬂé’“’“)}a (4.3.17)
t

(ii) for all e > 0, there exists a € A, such that for all § € ’7;?T,

0
o(t,u) +e > EO{/ b ag)ds + U(O,pg’“’a)}. (4.3.18)
t
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Remark 4.3.2. The above formulation of the DPP implies in particular that for all § € ’7;?T,

v(t,p) = mf]EO/f t"aagderv(@pt”a)},

which is the usual formulation of the DPP. The formulation in Proposition 4.3.1 is stronger, and the
difference relies on the fact that in the inequality (4.3.18), the e-optimal control a = a° does not depend
on 6. This condition will be useful to show later the viscosity supersolution property of the value function.

|

Proof. 1. Fix (t,u) € [0,T] x P,(R?). From the conditioning relation (4.3.6), we have for all § € 7;0T,
a€ A,

Tt a) = /f b ag)ds + (0, 9 a)]. (4.3.19)

Since J(.,.,a?) > v(.,.), and @ is arbitrary in 7;?T7 we have

J(t,p,) > sup EO / f Lo o Yds 4 v(6, pt“‘)‘)},
067;%

and since « is arbitrary in A4, it follows that

(2
ot = ok sup B [ e ands + v(0.pf )] (4:3.20)
acApeTo, t

2. Fix (t,p) € [0,T] x P,(RY), o« € Aand 6 € T p. For any € > 0, w’ € Q°, one can find from (4.3.15)

some a(&@”) ¢ Ag (o) 8-t

v(B(w), Pyt (@) e > TO(), P (°), 0l D). (4.3.21)

Since J and v are continuous (by Lemma 4.3.3), one can invoke measurable selection arguments (see e.g.
[Wag80)), to claim that the map w° € (20, F0) i a(=*") € (A, B4) can be chosen measurable. Let us
now define the process @ on (0, 79, P°) obtained by concatenation at 6 of the processes o and a/(&~")
in A, namely:

as(w?) = as(w0)18<9(w0) + a(a"”o)(wo)lszg(w), 0<s<T.

By Lemma 2.1 in [ST02], and since A is a separable metric space, the process a is F- progressively
measurable, and thus & € A. Notice with our notations of shifted control process that abf@)w’ = =)
for all w® in Q°, and then (4.3.21) reads as

v(0,p5" ) +e > J(O, 5", a%), P —as.

Therefore, by using again (4.3.19) to &, and since pl*® = pb#® for s < 6 (recall that as = a; for s <
6, and p"** has continuous trajectories), we get

0
olt,w) < Jlt,pa) = E° / F(pme a)ds + T(0, g5, )

< /f b1 a)ds + o0, o5 )| + 2
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Since «, 6 and € are arbitrary, this gives the inequality

[%
vt p) < gg&aé%}ou Flpbme,ag)ds + v(8, pi))|,

which, combined with the first inequality (4.3.20), proves the DPP result. O

4.4 Bellman equation and viscosity solutions

4.4.1 Dynamic programming equation

Based on the DPP in Proposition 4.3.1 and It&’s formula for functions of measure-valued processes
in Proposition 1.3.2, the dynamic programming Bellman equation associated to the value function of the
stochastic McKean-Vlasov control problem takes the following form:

{ —Oyv — algg {f(u,a) +,u(L“v(t,u)) +u®M(MaU(t7M))] = 0, (t,n)€0,T)x P,(RY), (4.4.1)

o(T,p) = 9(p), peP,(RY,

where for ¢ € C2(P,(R?)), a € A, and p € P,(R?), L°¢(uu) € L7(R) is the function RY — R defined by

Lio(p)(x) = 0uo(u)(x).blx,p,a)+ %tr(@waﬂqS(u)(x)(oaT + 000¢) (z, 1, a)), (4.4.2)

and M“¢p(u) € L2 ,(R) is the function R? x R? — R defined by
1
MUg() () = Su(20(n) . Yool 4 )o@ ). (1.43)

Alternatively, by viewing the value function as a function on [0, 7] x L?(G; R?) via the lifting identifi-
cation, and keeping the same notation v(t,&) = v(t, £(£)) (recall that v depends on £ only via its distri-
bution), we see from the connection (1.2.1)-(1.3.8) between derivatives in the Wasserstein space P, (R?)
and in the Hilbert space L?(G;R?) that the Bellman equation (4.4.1) is written also in [0, 7] x L?(G;R%)
as

{0 HEDUODS) = 0, (00T X GRS "
o(T,6) = E'[g(&L(©€)], €€ L*GRY), o
where H : L?(G;R?) x L?(G;R?) x S(L%(G;R%)) — R is defined by
H(EP,Q) = inf E'[f(¢.L(§).a) + Pb(E L(§). ) (4.4.5)

+ 3QUo0(E £(6),0)).00(&, £(€),0) + 5Q0(E £(€), ) V)06, £, )N,

with N € L?(G;R™) of zero mean, and unit variance, and independent of £.

The purpose of this section is to prove an analytic characterization of the value function in terms of
the dynamic programming Bellman equation. We shall adopt a notion of viscosity solutions following the
approach in [Lio12], which consists via the lifting identification in working in the Hilbert space L?(G;R%)
instead of working in the Wasserstein space P,(R?). Indeed, comparison principles for viscosity solutions
in the Wasserstein space, or more generally in metric spaces, are difficult to obtain as we have to deal with
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locally non compact spaces (see e.g. [AGS08], [GNTO08], [FK09]), and instead by working in separable
Hilbert spaces, one can essentially reduce to the case of Euclidian spaces by projection, and then take
advantage of the results developed for viscosity solutions, in particular here, for second order Hamilton-
Jacobi-Bellman equations, see [Lio89b], [FGS15]. We shall assume that the o-algebra G is countably
generated upto null sets, which ensures that the Hilbert space L?(G;R?) is separable, see [Doo94], p. 92.
This is satisfied for example when G is the Borel -algebra of a canonical space Q' of continuous functions
on R, (see Exercise 4.21 in Chapter 1 of [RY99]).

Definition 4.4.1. We say that a continuous function u : [0,T] x P,(R?) — R is a viscosity (sub, super)
solution to (4.4.1) if its lifted version @ on [0, T] x L?(G;R?) is a viscosity (sub, super) solution to (4.4.4),
that is:

(i) W(T,€) < E[g(& L(€))], and for any test function ¢ € C2([0,T] x L*(G;R%)) (the set of real-valued
continuous functions on [0,T] x L?(G;R%) which are continuously differentiable in t € [0,T), and twice
continuously Fréchet differentiable on L*(G;R%)) s.t. i — ¢ has a mazimum at (t,€) € [0,T) x L%(G;RY),
one has

(i) a(T, &) > B! (9(&,£(€))], and for any test function ¢ € C*([0,T]x L*(G;RY) s.t. 4—¢ has a minimum
at (t,€) € [0,T) x LZ(Q,Rd), one has

—Opp(t,€) — H(&, Dp(t,€), D*¢(t,€)) > 0.

Remark 4.4.1. Since the lifted function @ of a smooth solution u € C2([0,T] x P,(R%)) to (4.4.1), may
not be smooth in [0,T] x L?(G;RY), it says that u cannot be viewed in general as a viscosity solution
o (4.4.1) in the sense of Definition 4.4.1 unless we add the extra-assumption that its lifted function
is indeed twice continuously Fréchet differentiable on L?(G;R?). Hence, a more natural and intrinsic
definition of viscosity solutions would use test functions on [0,7] x P,(R%): in this case, it would be
possible to get the viscosity property from the dynamic programming principle and It6’s formula (1.3.7),
but as pointed out above, the uniqueness result (and so the characterization) in the Wasserstein space is
a challenging issue, beyond the scope of this paper. We have then chosen here to work with test functions
on [0, 7] x L?(G;R9), not necessarily of the lifted form. O

The main result of this section is the viscosity characterization of the value function for the stochas-
tic McKean-Vlasov control problem (4.2.4) to the dynamic programming Bellman equation (4.4.1) (or
(4.4.4)).

Theorem 4.4.1. The value function v is the unique continuous viscosity solution to (4.4.1) satisfying a
quadratic growth condition (4.3.5).

Proof. (1) Viscosity property. Let us first reformulate the dynamic programming principle (DPP)
of Proposition 4.3.1 for the value function viewed now as a function on [0, 7] x L?(G;R?). For this, we
take a copy B of B on the probability space (!, G, P'), and given (t,€) € [0,T] x L*(G;R%), o € A, we
consider on (2 = Q°x Q! F = FORG, P = PP®P!) the solution X*6, ¢ < s < T, to the McKean-Vlasov
equation

Xboe = §+/be5°‘]P’~,5ﬂ,aT)d7“+/ (XtiaPXfM, +)dB,
t

S
+/ao(Xt5“I@tha,ar)dWB, t<s<T,
t



84 CHAPTER 4. CONTINUOUS TIME CONDITIONAL MCKEAN-VLASOV CONTROL PROBLEM

where ﬁ”;y:s,a denotes the regular conditional distribution of X% given F°. In other words, X*&* is a

copy of X©6 on (€, F,P), and denoting by X146 (w0) = X6 (w0, ), ¢ < s < T, we see that the process
{Xb&o t < s < T} is FO-progressive, valued in L?(G; RY), and ]f";:,sya = pbte for p = L(€). Therefore,
the lifted value function on [0, 7] x L?(G;R?) identified with the value function on [0, T] x P, (R?) satisfies
v(s, X062) = (s, ph@), t < s < T. By noting that f(pi** a,) = E! [f(Xz’g’O‘,]@}?émas)L we obtain
from Proposition 4.3.1 the lifted DPP: for all (¢,€) € [0,7] x L*(G;R%),

(%
o) = ot int B AR B ca]ds + u(6, X6 (1.4.6)
t, T
(%
= nf, swp EO[ /t BU[F(XI€PY e 0)]ds + v(ejgf’a)]. (4.4.7)
t, T

We already know that v is continuous on [0,7] x L?(G;R9), hence in particular at T, so that v(T,&) =
El[g(&, £(£))], and it remains to derive the viscosity property for the value function in [0, T) x L?(G;R?)
by following standard arguments that we adapt in our context.

(i) Subsolution property. Fix (t,&) € [0,T) x L*(G;R?), and consider some test function ¢ € C2([0, 7] x
L?(G;R%)) s.t. v — ¢ has a maximum at (,¢), and w.l.o.g. v(t,€) = ¢(t,€), so that v < ¢. Let a be an
arbitrary element in A, @ = a the constant control in A equal to a, and consider the stopping time in
TOr: O = inf{s >t : EN|XE6e —¢]2] > 62} A (t+ h), with h € (0,T —t), and § some positive constant
small enough (depending on ¢), so that ¢ and its continuous derivatives d;, Dy, D?p are bounded on
the ball in L?(G;RY) of center ¢ and radius 6. From the first part (4.4.6) of the DPP, we get

On _ ~ _ 5
p(t,€) < IEO[/ E'[f(X05 Py a)]ds + w(eh,ngva)],
t

Applying It6’s formula (1.3.9) to ¢(s, )V(;@a), and noting that the stochastic integral w.r.t. W©° vanishes
under expectation E° by the localization with the stopping time 6}, we then have

1 [ g - . - . g 8
Eo[ﬁ Ovp(s, XL5) + B [f(XL5e, P} a) + Dp(s, X05).b(XL5* P! a)

] X?E,aa X;,&aa

o
IN

1 - . ~ . -

+ 5070, XS (0 (X8 Py, )N)-0 (X047 Py ey )N
1 . . - . -

+ 5 D2(s, XKEC) (00(XE, Py s ) 00 (X0, P, )] ds]

1 o
=: E° [f
h

Fy(t,¢&, a)ds}, (4.4.8)

t

with N € L2?(G;R") of zero mean, and unit variance, and independent of (B,¢). Since the map s
€ [t,T] — EMyp(XL4)] = E[h(XEE2)|FO = phro(xh) (for p = L(€)) is continuous PP-a.s. (recall
that pL#® is continuous in s), for any bounded continuous function 1) on R we see that the process
{F,(t, & a),t < s < 0} has continuous paths P? almost surely. Moreover, by (standard) Ito’s formula,
we have for all t < s < T,

E! U)V(ga&“ —¢P] = E[|XLor —¢1F0]) = / E[2(XE5% — €).b, + 007 + 02(02)T|FO0]dr
t

+ [ RS - ol Faw?,
t
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0 0 0 :
where we set by = b(XL5" PV, ., a), 05 = o(XP5PY, 0, a), 0f = 09(Xp5% PV, ., a). This shows
s s s

that the map s € [t, T] — E'[| X4 —¢|?] is continuous P%-a.s., and thus 6}, (w°) = t+h for h small enough
(< h(w?)), P°(dw®)-a.s. By the mean-value theorem, we then get P* almost surely, + fteh Fy(t,&,a)ds —
Fy(t,€,a), as h goes to zero, and so from the dominated convergence theorem in (4.4.8):

0 < F(t,&a) = dp(t,) +E'[f(& L(E),a) + Dp(t, €).b(E L(€), a)

+ 3 D%6(1,)(0(6 L(E). a)N) (6, L(6), )N

1
+ 5 D%(t.)(00(€, £(6),)-00(€. L(E), a)].
Since a is arbitrary in A, this shows the required viscosity subsolution property.

(ii) Supersolution property. Fix (t,€) € [0,T) x L?(G; R?), and consider some test function ¢ € C2([0, T x
L?(G;R%)) s.t. v — ¢ has a minimum at (¢,&), and w.l.o.g. v(t,€) = ¢(t,€), so that v > ¢. From the
continuity assumptions in (H1)-(H2), we observe that the function H defined on [0,7] x L?(G;R%) by

is continuous. Then, given an arbitrary & > 0, there exists h € (0, T —1t),d > 0s.t. forall s € [t,t+ B],
and ¢ € L*(G;R?) with EY|¢ — &[] < 0,

(G +H)(5,0) = (o + M) (19| < =

From the second part (4.4.7) of the DPP, for any h € (0, h), there exists a € A s.t.

0},, - - - o
p(t.E) +eh > E| / B [F(RL0, Py e a0)]ds + (00, X55)]
t s
where we take 6, = inf{s > ¢ : E'[| X146 —£[2] > 62} A (t+h) (assuming w.l.o.g. that ¢ is small enough
(depending on ), so that ¢ and its continuous derivatives d;p, Dy, D%y are bounded on the ball in
L2(G;RY) of center ¢ and radius §). Applying again Ito’s formula (1.3.9) to ¢(s, X56%), and by definition
of H, we get

S Y RCTRTs o
> [+ g — < L (149

by the choice of h, §, and 6. Now, by noting from Chebyshev’s inequality that

PO, <t+h] < P°[ sup E'[XL0*—¢?] >0
t<s<t+h
E0| sup E!XEE> —¢|? -
[t§s§1t3+h (X ¢l ]} C(1+E'E)h
< ) < =

E°[6,]—t E°[6,]—t
h h

and using the obvious inequality: 1 — P[0, < t+h] = P[0, =t +h] <
converges to 1 when h goes to zero, and deduce from (4.4.9) that

< 1, we see that

26 > (B +H)(t,€).



86 CHAPTER 4. CONTINUOUS TIME CONDITIONAL MCKEAN-VLASOV CONTROL PROBLEM

We obtain the required viscosity supersolution property by sending € to zero.

(2) Uniqueness property. In view of our definition of viscosity solution, we have to show a comparison
principle for viscosity solutions to the lifted Bellman equation (4.4.4). We use the comparison principle
proved in Theorem 3.50 in [FGS15] and only need to check that the hypotheses of this theorem are
satisfied in our context for the lifted Hamiltonian H defined in (4.4.5). Notice that the Bellman equation
(4.4.4) is a bounded equation in the terminology of [FGS15] (see their section 3.3.1) meaning that there is
no linear dissipative operator on L?(G;R?) in the equation. Therefore, the notion of B-continuity reduces
to the standard notion of continuity in L?(G;R?) since one can take for B the identity operator. Their
Hypothesis 3.44 follows from the uniform continuity of b, o, ¢ and f in (H1)-(H2). Hypothesis 3.45
is immediately satisfied since there is no discount factor in our equation, i.e. H does not depend on v
but only on its derivatives. The monotonicity condition in Q € S(L2(G;R%)) of H in Hypothesis 3.46 is
clearly satisfied. Hypothesis 3.47 holds directly when dealing with bounded equations. Hypothesis 3.48
is obtained from the Lipschitz condition of b, 0,09 in (H1), and the uniform continuity condition on f
in (H2), while Hypothesis 3.49 follows from the growth condition of o, o¢ in (H1). One can then apply
Theorem 3.50 in [FGS15] and conclude that comparison principle holds for the Bellman equation (4.4.4).

O

We conclude this section with a verification theorem, which gives an analytic feedback form of the
optimal control when there is a smooth solution to the Bellman equation (4.4.1) in the Wasserstein space.
We refer to the recent paper [GS15a] for existence result of smooth solution to the Bellman equation on
small time horizon.

Theorem 4.4.2. (Verification theorem)

Letw : [0, T] x P,(R?) — R be a function in C;’Q([O,T] x P,(RY)), i.e. w is continuous on [0,T] x P,(R%),
w(t,.) € C2(P,(RY)), and w(.,u) € CL([0,T)), and satisfying a quadratic growth condition as in (4.3.5),
together with a linear growth condition for its derivative:

Dot @) < C+lal+ [ull), Ytz € [0,T] x BY x P, (RY), (4.4.10)

for some positive constant C. Suppose that w is solution to the Bellman equation (4.4.1), and there exists
for all (t, i) € [0,T) x P,(RY) an element a(t, ) € A attaining the infimum in (4.4.1) s.t. the map (¢, 1)
— a(t, p) is measurable, and the stochastic McKean-Vlasov equation

A A 0

dX, = b(X,, PV a(s, PV ))ds + o(X,, PV a(s, PY))dB,
+oo(Xe, PY " a(s, PY ))aW?, t<s<T, X, =¢,

admits a unique solution denoted (X'%)i<s<r, for any (t,€) € [0,T] x L?(G;RY) (This is satisfied e.g.
when p w a(t, u) is Lipschitz on P,(RY)). Then, w = v, and the feedback control a* € A defined by

of = a(s,Ple), t<s<T, (4.4.11)

is an optimal control for v(t, ), i.e. v(t,u) = J(t, p,a*), with u = L(E).

Proof. Fix (t,u = L(£)) € [0,T] x P,(RY), and consider some arbitrary control o € A associated
to plre = ]P’)M(/fw, t < s < T. Denote by X.b4 a copy of X4 on another probability space (' =

00 x Q'L FO ®.]:/1,IE”O x P'Y), with (Q1, F'1,P'!) supporting B’ a copy of B. Applying Itd’s formula
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(1.3.7) to w(s, pb**) between t and the F'-stopping time 0% = inf{s > ¢ : ||pt*<|, > n} AT, we obtain
(aTa y /J oc)
ot ow [NTRe" ty t,&,« t,&,a tu,o
= w(t7/’6) + ] {E(Svp; ’ ) + EWO auw(s o )(X ) b(Xs’ Ty psT aas)
1
F te[BaDn(s, o) (X)o7 (XS, g, 01) + 03 (XL, g, )]
1 , /
+E,, {IE'WO [itr(ﬁz w(s, pbt O‘)(Xﬁ’g’o‘7 Xst’g’a)ao(Xz’g’a7 plte as)ag(Xst’é’o‘, plre, as))]} }ds

o7
* / Eo [8uw(37 Pi’#’a)(Xﬁ’g’a)TUO(Xz’g “, Pig “ s)}de
t

o7 row
= wlt) [ G ) (B (s, ) @ (M (s, ) s
t
07
+/ E o [auw(s,pf;“’“)(Xﬁ’f’a)Tao(Xg’g’a,p’;’“’a,as)}dWSO, (4.4.12)
¢

by definition of L.* and M® in (4.4.2)-(4.4.3), and recalling again that pl*® = IP’;/(V:&,Q. Now, the integrand
of the stochastic integral w.r.t. W0 in (4.4.12) satisfies:

[ o [yl o) (X200 (X052, 5 )]
2
< ([ 19ats.r ) @yran(e. ot o) | o)
Rd
/ (s, o) ()| ol () / oo, 9, ) 2ol (da)
R4 Rd

< C(1+n*? < 00, t<s<0O%,

’ 2

IN

from Cauchy-Schwarz inequality, the linear growth condition of o in (H1), the choice of 6%, and condition
(4.4.10). Therefore, the stochastic integral in (4.4.12) vanishes in E%-expectation, and we get

ret ;ia @ (e xg [e3
B0 o] = i) + B0 [ G ) gl (£ (s pt)

P © it (M (s, pr) ) ds|
o3
> w(t,p) — EO[/ f(pi’“’o‘,ozs)ds}, (4.4.13)
t

since w satisfies the Bellman equation (4.4.1). By sending n to infinity into (4.4.13), and from the
dominated convergence theorem (under the condition that w, f satisfy a quadratic growth condition and
recalling the estimation (4.3.10)), we obtain:

wit) < Ja) = B[ Fhe s + gl

Since « is arbitrary in A, this shows that w <

Finally, by applying the same It6’s argument with the feedback control a* € A in (4.4.11), and noting
that X0¢ = Xxt&e’ ]P’W0 = pb#e” we have now equality in (4.4.13), hence w(t, ) = J(t, u,*) (>
v(t, 1)), and thus ﬁnally the required equality: w(t, p) = v(t, u) = J(t, p, o). O
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4.5 Linear quadratic stochastic McKean-Vlasov control

We consider the linear-quadratic (LQ) stochastic McKean-Vlasov control problem where the control
set A is a functional space, which corresponds to the McKean-Vlasov problem with common noise as
presented in the introduction.

The control set A is the set L(R?;R™) of Lipschitz functions from R? into A = R™, and we consider
a multivariate linear McKean-Vlasov controlled dynamics with coefficients given by

b(x,pu,a) = bo+ Bx+ Bji+ Ca(x),
o(r,pu,a) = 9+ Dx+ Dji+ Fa(x), (4.5.1)
oo(z,pu,a) = Yo+ Dox + Doin + Fpa(x),

for (z,p,a) € R? x P,(RY) x L(R% R™), where we set

fo= /}Rdmu(dﬂ

Here B, B, D, D, Dy, Dy, are constant matrices in R4%¢ C, F, F, are constant matrices in R*™ and
bo, ¥, Yo are constant vectors in R?. The quadratic cost functions are given by
f(x,,u,a) = xTng—F[NC?Qﬂ—Fa(a?)TRQa(x) (4 5 2)
glw,n) = o P+ i Pof, >
where Q2, Q2, P>, P, are constant matrices in R?*¢, R, is a constant matrix in R™>™. Since f and g are
real-valued, we may assume w.l.o.g. that all the matrices Q2, Q2, Ra, P>, P> are symmetric. We denote

by S¢ the set of symmetric matrices in R*?, by S% the subset of nonnegative symmetric matrices, by
S‘i . the subset of symmetric positive definite matrices, and similarly for S™, ST, ST, .

The functions f and § defined in (4.3.4) are then given by

f(ta ,a) = Var(u)(Q2) + 17(Q2 +92)ﬁ +a* L (Re) wss)
(n) = Var(u)(P) + " (P2 + P2)ja 5.

for any pu € P,(R?), a € A = L(R% R™), where we set for any A in S? (resp. in S™), and p € P,(R?)
(resp. P,(R™)):

@ =

fad) = [ haude), Var((d) = m(4) - AR,
and ax pu € P,(R™) is the image by a € L(R% R™) of the measure u € R™, so that

axp o= /]Rd a(x)p(dr), axm,(A) = /a(m)*Aa(w)u(daz).

We look for a value function solution to the Bellman equation (4.4.1) in the form

w(t,p) = Var(u)(A®) + BT+ A1) + x(0), (4.5.4)

for some functions A, T' € C1([0, T];S%), v € C([0, T]; R?), and x € C1([0,T];R). One easily checks that
w lies in C2([0,T] x P,(R?)) with

Opw(t,p) = Var(u)(A'(t) + T (A ++ (8 + X' (1),
duw(t, p)(x) 20() (z — ) + 20 () + (1),
QeOpw(t,p)(x) = 2A(),
aﬁw(a w(z, ') = 2(C(t) — At)).
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Together with the quadratic expression (4.5.3) of f , g, we then see after some tedious but direct calcula-
tions that w satisfies the Bellman equation (4.4.1) iff

Var(u)(A(T)) + AT (T)i + 5(T) + x(T)
= Var(u)(P2) + 7 (P2 + P2)ji, (4.5.5)
holds for all y € P,(R?), and

Var(u) (A'(t) + Q2 + DTA(t)D + DIA(t) Dy + A(t) B+ BTA(t)) + I . GY (a)

I'(t) + Q2 + Q2 + (D + D)TA(t)(D + D)

/_\

+ 4
+ (Do + Do) T(#)(Do + Do) + T(t)(B+ B) + (B + B)T(t) )i

AT (Y (t) + (B4 B)™y(t) +2(D + D)TA(t)9 + 2(Dg + Do) "T(£)d0 + 2I'()bo)
/(t) ( )Tbo +19TA(t)Q9+Q9OTF(t)190

= 0, (4.5.6)

holds for all t € [0,T), u € P,(R?), where the function G : L(R% R™) — R is defined by

Gi(a) = Var(axp)(Uy) + axp"™Viaxp + 2/]Rd(:v — i)™ Sa(z)pu(dr)

+ 20" Zyaxp + Yiaxp,

and we set Uy = U(t,A(t)), Vi = V(t, A(t),T(t)), Sy = S(t,A(t)), Z, = Z(t, A(t),T(t)), Y: = Y (t,T(t), (1))
with

U(LAW) = FTA(F + FJA(H)F, + Ra,
V(LAW).T() = FTAF + FT(O)F, + Ry

S(t,A(t)) = TA()F + DJA(t)Fo + A(t)C + Mo, (4.5.7)
Z(LA(),T(1) = D+ D) A(t)F + (Do + Do) T(H)F + T()C + Mo
Y, T(),v(t) = Cty(t)+2F At)0 + 2F]T(t)Jo.

Then, under the condition that the symmetric matrices U; and V; in (4.5.7) are positive, hence invertible
(this will be discussed later on), we get after square completion:

Gi(a) = Var((a—a*(t,.,n)) % w)(Us) + (a—a*(t,p)) * p' Vila —a*(t,., ) *
_ _ _ _ _ _ 1 _
= Var(u)($U; ' S7) = i (ZV, 20 = YV 2 = YTV Y

where a(t,., 1) € L{R%;R™) is given by
a*(t,z,p) = U 'Si(ex—p) — Vi'Zip — Vlet. (4.5.8)

This means that G’ attains its infimum at a* (¢, ., u), and plugging the above expression of G} (a*(t, ., pt)) in
(4.5.6), we observe that the relation (4.5.5)-(4.5.6), hence the Bellman equation, is satisfied by identifying
the terms in Var(.), g7 (.)it, @i, which leads to the system of ordinary differential equations (ODEs) for
(AT, x):
A'(t) + Q2+ D™ A(t)D + DiA(t) Do + A(t)B + BTA(t)
S, AU, A1) LS(t,A(t))T = 0, (4.5.9)
AT) =
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+ (B+ B)TT(t) — Z(t, A(t), T(£)V (£, At), T(£) L Z(t, A(t), T(£) 0, (4.5.10)
NT) = P+ P,

Y (t)+ (B + B)™y(t) — Z(t, A(t),T(t))V (¢, A(t),T(£) "'V (£, T (t), (1))

+2(D 4 D) A(t)d +2(Do + Do) 'T(t)d + 2T (t)by = O, (4.5.11)
) = 0
X(t) = LY (6, T(t),v() V (¢, At),D(t) 7Y (, (), v(t))
oy (£)Thy + 9TA(L) + LT (e = O, (4.5.12)
x(T) = 0.

Therefore, the resolution of the Bellman equation in the LQ framework is reduced to the resolution of the
Riccati equations (4.5.9) and (4.5.10) for A and I', and then given (A,T'), to the resolution of the linear
ODEs (4.5.11) and (4.5.12) for v and x. Suppose that there exists a solution (A,T) € C*([0,T];S%) x
C'([0,T);S%) to (4.5.9)-(4.5.10) s.t. (Uy,V;) in (4.5.7) lies in ST, x ST, for all ¢t € [0, 7] (see Remark
4.5.1). Then, the above calculations are justified a posteriori, and by noting also that the mapping (z, i)
+ a*(t,x, 1) is Lipschitz on R? x P,(R%), we deduce by the verification theorem that the value function
v is equal to w in (4.5.4) with (A,T',~,x) solution to (4.5.9)-(4.5.10)-(4.5.11)-(4.5.12). Moreover, the
optimal control is given in feedback form from (4.5.8) by

* * * * 0
at(Xt) = a (taXtaP)V}/;‘)
= -U'SI(X; —EIX[|F)) - V' ZIE[X] | 7)) - 44*11@, (4.5.13)
where X* is the state process controlled by o*.

Remark 4.5.1. Tt is known from [Won68] that under the condition
Py >0,P,+P, >0, Q2 >0,Q+Q >0, Ry >0ly, (4.5.14)

for some & > 0, the matrix Riccati equations (4.5.9)-(4.5.10) admit unique solutions (A,T') € C*([0,T];S%)
x CY([0,T];S%), and then Uy, V; in (4.5.7) are symmetric positive definite matrices, i.e. lie in SZ', for all

€ [0,T]. The expression in (4.5.13) of the optimal control extends then to the case of stochastlc LQ
McKean-Vlasov control problem the feedback form obtained in [Yon13] for LQ McKean-Vlasov without
common noise, i.e. o9 = 0. (]

Example: Interbank systemic risk model

We consider a model of interbank borrowing and lending studied in [CFS15] where the log-monetary
reserve of each bank in the asymptotics when the number of banks tend to infinity, is governed by the
McKean-Vlasov equation:

dX, = [R(E[X W] — X;) + o (X,))dt
+ (00 + 01 Xe) (V1 — p2dBy + pdW}), Xo = xo € R. (4.5.15)

Here, k > 0 is the rate of mean-reversion in the interaction from borrowing and lending between the
banks, g9 > 0, 01 € R are the affine coefficients of the volatility of the bank reserve, and there is a
common noise WY for all the banks. This is a slight extension of the model considered in [CFS15] where
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o1 = 0. Moreover, all banks can control their rate of borrowing/lending to a central bank with the same
feedback policy « in order to minimize a cost functional of the form

T
J(a) = E[/O (F0e(X0)? — qou(XO)EIXW] - X,) + LELX W) — X,)?)dr
+ 5 (E[X[ W) - Xr)?),

where ¢ > 0 is a positive parameter for the incentive to borrowing (o > 0) or lending (a; < 0), and 75
> 0, ¢ > 0 are positive parameters for penalizing departure from the average. After square completion,
we can rewrite the cost functional as

J(@) = JE[/OT (%at(xtf i ’2‘12 (E[X,|W°] — Xt)2>dt T g(IE[XTWVO] - XT)ﬂ,

with @y (X;) = oy (X;) — ¢(E[X|]W°] — X;). This model fits into the framework of (4.5.1)-(4.5.2) of the
LQ stochastic McKean-Vlasov problem with

b0:0,B— (k+q), B=k+q, C=1,

\/1— Do—UlpD F:D = —0 19—0()\/].— 7.90—00p7
2
n—-

2
_N—4 5 _ N—4q 1 c 5 _ C
QZ 2 ,QQ 2 7R2 23P2*27 2 = 2
The Riccati system (4.5.9)-(4.5.10)-(4.5.11)-(4.5.12) for (A(¢),(¢),v(t), x(t)) is written in this case as
A(t)*Q(HJrQ**)A( ) = 20%(t) + 5(n — ¢°) 0, AT = 3,
I(1) - 202(1) + 30T () + 3(1— pA(L) = 0, T(T) = 0, (15.16)
V() = 2 () (¢t )+ 20001p2F( )+ 20001 (1= p*)A(t) = 0, AT) = 0
X' (8) = 37°(t) + 03p°L(t) + o3(1 = p?)A(t) = 0,  x(T) 0.
Assuming that ¢? < 7, the explicit solution to the Riccati equation for A is given by
1 (5t =67 )(T—t) _ st —07)(T—t) _ 5—
Alt) = 7( )( >+C( c — ) > 0,
2 c(elF =) T=0 _ 1) 4 6+ — 5= @ —5)(T~1)
where we set
+ ot ot \2
— 7(m+q—?)j: (nJrq—?) +n—q>

Since A > 0, there exists a unique solution to the Riccati equation for I', and then v, and finally x are
determined the linear ordinary differential equations in (4.5.16). Moreover, the functions (U, Vi, Z¢, Yz)
in (4.5.7) are explicitly given by: Uy = V; = 1 (hence > 0), S; = A(t)+ 4, Z, = T'(t), Y; = 7(t). Therefore,
the optimal control is given in feedback form from (4.5.13) by
ap(X7) = (X, P.)
= —(2A(t) + @) (X; — E[X7|W?]) — 2D (E[X; [W°] — (1), (4.5.17)
where X* is the optimal log-monetary reserve controlled by the rate of borrowing/lending «*. Moreover,

denoting by X; = E[X;|W?] the conditional mean of the optimal log monetary reserve, we see that
Ela} (X;)|[WO] = —2T'(t)X; — ~(t), and thus X* is given from (4.5.15) by

dX; = —(2LOX] +~(t))dt + (o1X] + 00)pdWy, X§ = 0.
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When o1 = 0, we have I'(t) = y(t) = 0, hence X; = x¢ + 0opW?, and we retrieve the expression found
in [CFS15] by sending the number of banks N to infinity in their formula for the optimal control of the
borrowing/lending rate:

af(X7) = —(AW) +q)(X] —xo—opWP), 0<t<T.
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Robust mean-variance problem
under model uncertainty






Chapter 5

Portfolio diversification and model
uncertainty: a robust dynamic
mean-variance approach’

Abstract: This paper is concerned with a multi-asset mean-variance portfolio selection problem under
model uncertainty. We develop a continuous time framework for taking into account ambiguity aversion
about both expected rate of return and correlation matrix of stocks, and for studying the effects on
portfolio diversification. We prove a separation principle for the associated robust control problem,
which allows to reduce the determination of the optimal dynamic strategy to the parametric computation
of the minimal risk premium function. Our results provide a justification for under-diversification, as
documented in empirical studies, and that we explicitly quantify in terms of correlation and Sharpe ratio
ambiguity parameters. In particular, we show that an investor with a poor confidence in the expected
return estimation does not hold any risky asset, and on the other hand, trades only one risky asset when
the level of ambiguity on correlation matrix is large. This extends to the continuous-time setting the
results obtained by Garlappi, Uppal and Wang [GUWO06], and Liu and Zeng [LZ17] in a one-period model.

Key words: Continuous-time Markowitz problem, model uncertainty, ambiguous drift and correlation,
separation principle, portfolio diversification.

a. This chapter is based on joint work with Pham Huyén and Zhou Chao [PWZ18]. The preprint is submitted and
available at arXiv: arXiv1809.01464, 2018.



96 CHAPTER 5. PORTFOLIO DIVERSIFICATION AND MODEL UNCERTAINTY

5.1 Introduction

In the Finance and Economics literature, there are many studies on under-diversification, i.e. when
investors hold only a small part of risky assets among a large number of available risky assets. In the
extreme case the anti-diversification means that investor holds only a single asset( or even do not hold any
risky asset and exclude many others). Empirical studies reported in numerous papers, [FP91], [CK94],
[MVO07], [CCS07], [GL16], have shown the evidence of the under-diversification in practice. For example,
in [FP91], [CK94], it’s observed that there exists concentration on(bias towards) the domestic assets
compared to foreign assets in investors’ international equity portfolios. These results are in contrast
to the portfolio well-diversification suggested by the classical mean-variance portfolio theory initialed in
single period [Mar52], later in a continuous time model [LZ00].

A possible explanation to under-diversification is provided in the Finance and Economics literature by
model uncertainty, often also called ambiguity or Knightian uncertainty. In the classical portfolio theory,
the model and the parameters are assumed to be perfectly known. However, in reality, due to statistical
estimation errors. there is always ambiguity about the model or the parameters, see e.g. [Tal09], It’s
well known that robust approach is very notable to address the model uncertainty, where the investor
takes portfolio decisions under the worst-case scenario that corresponds to the least favorable distribution
implied by the set of ambiguous parameters.

Abundant research has been conducted to tackle different model uncertainty. Related works include
[GUWOG6], [Sch07], [BGUW12], [JZ15] among others for uncertainty about solely drift with a family of
dominated probability measure, [MPZ15] for ambiguity about volatility or equivalent covariance matrix
with a family of nondominated probability measures in a probabilistic setup, and [TTU13|, [LR14],
[BK17], [NN18] for combined uncertainty about both drift and volatility, and also [GX13] for uncertainty
about probability law generating market data. It’s usually assumed that the covariance matrix falls
into the region [X, f)] in the matrix sense. The worst-case scenario for ambiguity on the covariance
matrix is upper bound of covariance matrix 3. Alternatively, the ambiguity on covariance matrix can
be characterized in terms of correlation with marginal volatility known. It is known that the estimation
of correlation between assets may be extremely inaccurate, due to the asynchronous data and lead-lag
effect, especially when the number of assets is large, see [JM03], [LW04]. We are aware of only a few
results on correlation ambiguity [FPW16], [LZ17], [IP17], in which they have shown that the worst-case
scenario for ambiguity on the correlation depends upon the correlation parameter. In the above cited
papers, only a few work connects the model uncertainty with portfolio diversification. We mention the
work [BGUW12], [UWO03], [LZ17]. The authors in [BGUW12], [UWO03] considered the ambiguity about
the assets’ rates of return. Their framework allows both for uncertainty about the joint distribution
of returns for all assets and for different levels of uncertainty for the marginal distribution of returns
for any subsets of these assets. They showed that the different levels of uncertainty on different asset
subclass could result in significant under-diversification. They also applied their theoretical results to
real data and found consistent results with the empirical studies by [CK94] and [FP91] among others,
showing that international equity portfolios are strongly biased toward domestic stocks, and in [Hub01]
and [Sch96], where a similar lack of diversification is revealed on domestic portfolios. The model in
[BGUW12], [UWO03] offer a partial explanation for the observed under-diversification and bias toward
familiar securities. More recently, in [LZ17], the authors considered the ambiguity about the correlation
of the assets. With a static mean-variance investment, they found that the robust optimal portfolio is
of under-diversification depends on the level of correlation ambiguity. They also provided results with
market data and showed that using their ambiguous correlation model, the investor only holds less than
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20 (17 stocks in average) among 100 stocks randomly selected from about 100 stocks in S&P500.

A further possible explanation for under-diversification is that investors can reduce the uncertainty
on the model or the parameters through learning. In [VNV10], the authors built a framework to solve
jointly for investment and information choices, with general preferences and information cost functions.
They showed that, for some special preferences and information acquisition technologies, investors tend to
learn more about the assets they are familiar among many available assets (typically, the domestic assets
rather than foreign ones)and become even more familiar with those assets after learning. As a result of
this learning procedure, the investors select those assets they have learnt at the expense of others for
which they have less information. Their results are consistent with the empirical studies on the portfolios
of international investors.

In the existing literature on model uncertainty, investor seeks to maximize the expected utility cri-
terion. However, mean-variance criterion has received little attention, especially in the continuous-time
framework, see [IP17]. Inspired by [IP17], we develop a robust model that take into account uncertainty
about both drift and correlation of multi risky assets for d > 2, in a dynamic mean-variance portfolio
setting. In view of drift uncertainty, our framework allows for both polyhedral set in [TTU13], [LR14]
and ellipsoidal set in [BP17]. The ellipsoidal representation for the drift uncertainty allows to take into
account drift structure of the assets in the correlation ambiguity modelling. Our purpose is to explore
the joint effects of ambiguity about drift and correlation on portfolio selection and diversification with
dynamic mean-variance criterion.

The paper’s first contribution is to derive a separation principle for solving the associated robust
control problem formulated as a McKean-Vlasov differential game, which allows us to reduce the original
min-max problem to the parametric computation of minimal risk premium. The main methodology for
the separation principle is based on a weak version of the martingale optimality principle. While the
robust dynamics mean-variance problem under covariance matrix uncertainty, in particular, correlation
ambiguity, has been analyzed in [IP17], the methods and techniques applied therein cannot tackle the
drift uncertainty. One key assumption in [IP17] is that one can aggregate a family of processes, however
in the case of drift uncertainty, this condition does not hold anymore. As a byproduct, to the best of our
knowledge, ours is the first paper to tackle the robust dynamic mean-variance portfolio selection under
drift uncertainty.

Our second contribution is to provide a possible explanation for under-diversification. The existing
literature mainly concentrate on two asset case see [FPW16], [IP17], [LZ17]. We distinguish the case of
ellipsoidal set and rectangular set in terms of drift uncertainty and quantify explicitly the diversification
effects on the optimal robust portfolio in terms of the ambiguity level. We provide notably a complete
picture of the diversification for the optimal robust portfolio strategy in the three risky assets case,
which is new to the best of our knowledge. In particular, our findings consist in no trading in assets
with large expected return ambiguity, and trading only one risky asset with high level of ambiguity
about correlation. A similar finding on phenomenon of trading only one risky asset with high level of
ambiguity about correlation is derived in [LZ17] with static mean-variance investment. By incorporating
drift uncertainty into our framework, the anti-diversification in our paper is in a more general sense
that the investor does not hold risky asset or holds one single risky asset. For our future studies, we
may incorporate the different uncertainty levels for return as in [UWO03] or introduce the information
acquisition procedure as in [VNV10] in our framework.

The rest of paper is organized as follows. Section 2 presents the formulation of the model uncertainty
setting and the robust multi-asset mean-variance problem in continuous time. In section 3, we derive
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the separation principle for the associated robust control problem. Section 4 provides several examples
arising from the separation principle, and the implications for the optimal robust portfolio strategy and
the portfolio diversification.

5.2 Problem formulation

5.2.1 Model uncertainty setting

We consider a financial market with one risk-free asset, assumed to be constant equal to one, and d
risky assets on a finite investment horizon [0, 7. Model uncertainty is formulated by using a probabilistic
setup as in [NN18]. We define the canonical state space by Q = {w = (w(t))tejo,r) € C([0,T],R?) : w(0) =
0} representing the continuous paths driving the risky assets. We equip €2 with the uniform norm and the
corresponding Borel o-field 7. We denote by B = (Bj)cjo,7) the canonical process, i.e., Bi(w) = w(t),
and by F = (F;)o<i<7 the canonical filtration, i.e. the natural (raw) filtration generated by B.

We assume that the investor knows the marginal volatilities o; > 0 of each asset i = 1,...,d, typically
through a quadratic variation estimation of the assets, and we denote by & the known constant diagonal
matrix with i-th diagonal term equal to o;, i = 1,...,d. However, there is uncertainty about the drift
(expected rate of return) and the correlation between the multi-assets, which are parameters notoriously
difficult to estimate in practice.

The ambiguity about drift and correlation matrix is parametrized by a nonempty convex set
d d
O c R*"xC%,,

where CZ is the subset of all elements p = (pi;)1<icj<a € [~1,1]%4D/2 5t the symmetric matrix
C(p) with diagonal terms 1 and anti-diagonal terms p;;:

1 pi2 ... pua
p12 1

Clp) = R
P1d . o1

lies in S‘i 1, the set of positive definite symmetric matrices in R4 Notice that (C‘i | is an open convex
set of [—1, l]d(d_l)/ 2. The first component set of © represent the prior values taken by the (possibly
random) drift of the assets, while the matrices C(p), when p runs in the second component set of ©,
represent the prior correlation matrices of the multi-assets. The prior covariance matrices of the assets
are given by

2

o1 0102012 0104pP1d
0102012 0'% .
X(p) = 6C(n)6 = : : . : ,
. . .2
010dpP1d . 04

and we denote by o(p) = E%(p) the square-root matrix, called volatility matrix. Let us also introduce
the prior (square) risk premium

R(O) = b2 p)b = |lo(p)~'b|3 for 6= (bp)€O. (5.2.1)
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Hereafter, T denotes the transpose of matrix and || - ||z denotes the Ly-norm in R%.

Remark 5.2.1. There exists different conditions for characterizing the positive definiteness of the cor-
relation matrix C(p). For example, Sylvester’s criterion states that C(p) is positive definite if and only
if all the leading principal minors are positive, e.g., in dimension d = 2, p € (—1,1); in dimension d = 3,
pij € (—1,1) 1 <i < j < 3 and p?y+ pis + p3s — 1 — 2p12p13pa3 < 0. Alternatively, one can characterize
the positive definiteness of C'(p) using angular coordinates as in [RBMO07].

In the sequel, we shall focus on the two following cases for the parametrization of the ambiguity set
O, which are relevant for practical applications:

(HO)

(i) Product set: © = A x T, where A is a compact convex set of R%, e.g., in rectangular form A =
H?Zl[bi, b;], for some constants b; < b;, i = 1,...,d, and I is a convex set of (C‘i+. In this product
formulation, one considers that the uncertainty on drift is independent of the uncertainty on the
correlation.

(i) Ellipsoidal set: © = {(b,p) € R4 x T : |lo(p)~*(b—b)|2 < 6}, for some convex set I' of CZ, , where
b is a known vector, representing a priori expected rates of return, and § > 0 represents a level of
ambiguity around b due to estimation error. It is known from Lemma 2.2 in [CDH18] that © is
a convex set. This ellipsoidal set in which varies the uncertain drift, for fixed correlation, is used
in [BTMNOO], and allows to take into account the correlation structure of the assets in the drift
uncertainty modelling.

We denote by Vg the set of F-progressively measurable processes 6 = (6;) = (bs, pt): = (b, p) valued
in ©, and introduce the set of prior probability measures P®:

PO = {PY:0eVe},

where PY is the probability measure on (2, F) s.t. B is a semimartingale on (€2, F,P?) with absolutely
continuous characteristics (w.r.t. the Lebesgue measure dt) (b, %(p)). The prior probabilities P? are in
general non-equivalent, and actually mutually singular, and we say that a property holds P©-quasi surely
(P®-q.s. in short) if it holds PY-a.s. for all § € Ve.

The (positive) price process of the d risky assets is given by the dynamics

dS; = diag(Sy)dB;, 0<t<T, P°—gq.s.
= diag(St)(btdt + a(pt)de), P? —a.s., for® = (b,p) € Vo,

where W is a d-dimensional Brownian motion under P?. Notice that in this uncertainty modeling, we
allow the unknown drift and correlation to be a priori random processes, valued in ©.

5.2.2 Robust mean-variance problem

An admissible portfolio strategy o = (ay)o<i<7 representing the amount invested in the d risky assets,
is an R%valued F-progressively measurable process, satisfying the integrability condition

T T
sup Eg[/ |abe|dt + / o] X(pe)adt] < o0, (5.2.2)
PO PO 0 0
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and denoted by a € A. Hereafter, Eg denotes the expectation under P?. This integrability condition
(5.2.2) ensures that diag(S) '« is S-integrable under any P € P®. For a portfolio strategy o € A, and
an initial capital ¢ € R, the dynamics of the self-financed wealth process are driven by

dxe afdiag(S;)"1dS; = afdB;, 0<t<T, X& =9, P° —q.s.

of (bedt + o(pe)dWY), 0<t<T, X§ =29 €R, P/ —a.s. (5.2.3)

for all 0 = (b, p) € Veo.

Given a risk aversion parameter A > 0, the worst-case mean-variance functional under ambiguous
drift and correlation is

Juelo) = _jnf_ (]Eg[X%]—AV&fg(X%)) < 00, ac A,

where Varg(.) denotes the variance under P?, and the robust mean-variance portfolio selection is formu-

lated as
Vo = sup Jyc(a) = sup inf J(a,0
0 ae,pil () aeEWGVe (6) (5.2.4)
J(Oz,@) = ]EQ[X%] — )\Val‘g(_X%)7 ae A leVe.

Notice that problem (5.2.4) is a non standard stochastic differential game due to the presence of the
variance term in the criterion, which prevents the use of classical control method by dynamic programming
or maximum principle. We end this section by recalling the solution to the mean-variance problem when
there is no ambiguity on the model parameters, and which will serve later as benchmark for comparison
when studying the uncertainty case.

Remark 5.2.2 (Case of no uncertainty model). When © = {6° = (b°, p°)} is a singleton, we are reduced
to the Black-Scholes model with drift b°, covariance matrix £° = 3(p°), volatility o = o(p°), and risk
premium R° = R(6°). In this case, it is known, see e.g. [LZ00], that the optimal mean-variance strategy
is given by
oR°T
o = [zo+ T X7](20) 710 = A(X))(2°) 70, 0<t<T,

where X* is wealth process associated to a*, while the optimal performance value is

Vo = xo+ %[GROT — 1]

The vector (3°)~16°, which depends only on the model parameters of the stock price, determines the
allocation in the multi-assets. The above expression of a* shows that, once we know the exact values of
the rate of return and covariance matrix, one diversifies her portfolio among all the assets according to
the components of the vector (X°)~15°, and this is weighted by the scalar term A°(X;), which depends on
the risk aversion of the investor via the parameter A, on the current wealth but also on the initial capital
zo (which is sometimes refereed to as the pre-committment of the mean-variance criterion). Notice that
A°(X}) is positive. Indeed, observe that

dN°(X}) = —dX; = —(a})"(b°dt + o°dW})
= —A°(X[)(R°dt + (c°)"'0°.dW?), 0<t<T,
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with A°(Xg) = 7€’ > 0, which shows clearly that A°(X}) > 0,0 <t < T, and decreases with A.

Let us discuss in particular the allocation in the two-asset case. Notice that the vector (X°)~1b° of
allocation is then given by

BT —p°B5 °
0 T —— = ("
- 1_‘po|2 B3 —p°B7 _' K3 ’

5
2

where 89 = b?/0? is the sharpe ratio of the i-th asset, ¢ = 1,2. To fix the idea, assume that 5§ > 89 >
0. We then see that kK > 0, while k§ > 0 if and only if % > p°. The interpretation is the following:
1

the ratio g—% € (0,1) measures the “proximity" in terms of Sharpe ratio between the two assets, and has

to be complared with the correlation p® between these assets in order to determine whether it is optimal
to invest according to a directional trading, i.e., k{x$ > 0 (thus here long in both assets) or according
to a spread trading, i.e., k{53 < 0 (long in the first asset and short in the second one) or according to
under-diversification, i.e. k{x3 = O(only long in the first asset). For example, when both assets have
close Sharpe ratio, and their correlation is not too high, then one optimally invests in both assets with
a directional trading. In contrast, when one asset has a much larger Sharpe ratio than the other one, or
when the correlation between the assets is high, then one optimally invests in both assets with a spread
trading. %

In the sequel, we study the quantitative impact of the uncertainty model and ambiguity on the
drift and correlation, on the optimal robust mean-variance strategy, in particular regarding the portfolio
diversification.

5.3 Separation principle and robust solution
The main result of this section is to state a separation principle for solving the robust dynamic
mean-variance problem.

Theorem 5.3.1 (Separation Principle). Let us consider a parametric set © for model uncertainty as in
(HO). Suppose that there exists a (constant) pair 0* = (b*, p*) € © solution to arg Ieniél R(0). Then the
€

robust mean-variance problem (5.2.4) admits an optimal portfolio strategy given by
af = Ap-(X)HX(p")7, 0<t<T, P°—q.s., (5.3.1)

where X* is the state process associated to aj, and Ag-(X[) > 0 with

cROT
Ag-(z) == mo + oy T TE R (5.3.2)
Moreover, the corresponding initial value function is
1 «
Voo = x0+ —[eR(e T _ 1}.

4\

Interpretation. Theorem 5.3.1 means that the robust mean-variance problem (5.2.4) can be solved in
two steps according to a separation principle: (i) First, we search for the infimum of the risk premium
function @ € © — R(f) as defined in (5.2.1), which depends only on the inputs of the uncertainty
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model. Existence and explicit determination of an element 8* = (b*, p*) € O attaining this infimum will
be discussed and illustrated all along the paper through several examples. (ii) The solution to (5.2.4)
is then given by the solution to the mean-variance problem in the Black-Scholes model with drift b*
and correlation p*, see Remark 5.2.2, and the worst-case scenario of the robust dynamic mean-variance
problem is simply given by the constant parameter §* = (b*, p*). Some interesting features show up,
especially regarding portfolio diversification, as detailed in the next section. %

The rest of this section is devoted to the proof of Theorem 5.3.1, and the methodology is based on
the following weak version of the martingale optimality principle.

Lemma 5.3.1 (Weak optimality principle). Let {Vta’e, te[0,T],a € A,0 € Vo} be a family of real-valued
processes in the form

VT = u(X7 B X7,
for some measurable functions v on R x R, t € [0,T], such that :
(i) vr(z,z) = x — Na — )2, for all 2,7 € R,
(i1) the function t € [0,T] — Ee*[Vto"e*] is nonincreasing for all o € A and some 0* € Vg,
(iii) EQ[V;*ﬂ - Voa*’g] > 0, for some a* € A and all 0 € Vg.

Then, o is an optimal portfolio strategy for the robust mean-variance problem (5.2.4) with a worst-case
scenario 0%, and

Vo = Jucla®) = inf J(o,0) = inf sup J(o,6) = , 5.3.3
0 (a) sup inf, (a,0) Jof, sup (a,0) = wo(xo,z0) (5.3.3)

J(a*,0%).

Proof. First, observe that Voa’e = vp(xg, o) is a constant that does not depend on «, 6 and from
condition (i) that EQ[V;’H] = J(a,0) for all @ € A, 6 € Vo. Then, from condition (ii), we see that
vo(w0,20) = Ege[V] > e[V = J(a,0%),

for all @ € A, and thus: vg(zg,zg) > sup J(a,0%) > inf sup J(«,@). Similarly, from condition (iii),
acA 0€Veo ac A

we have: wvg(xo,z0) < J(a*,0) for all § € Vo, and thus: vo(zg,z0) < eil%)f J(@*,0) = Jyela*) <
€Ve

sup inf J(a,0). Recalling that we always have sup inf J(a,0) < inf sup J(a,6), we obtained the
acAfEVe acAfEVe 6€Veo acA

required equality in (5.3.3). Then, finally, from (ii) with o* and (iii) with 6*, we obtain that v (xo, xo)
= J(a*,0%). O

Remark 5.3.1. The usual martingale optimality principle for stochastic differential games as in robust
portfolio selection problem, and with classical expected utility criterion for some nondecreasing and
concave utility function U on R, e.g. U(z) = —e™"*, 5 > 0O:

inf Bp[U(X2
sup inf. o[U(XT)],

would consist in finding a family of processes Vta"9 in the form v;(X7) for some measurable functions v,
on R s.t. (i) vp(z) = U(x), (ii’) the process (V;*?"), is a supermartingale under Py- for all a, and some
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0*, and (iii’) the process (V;a*’e)t is a submartingale under Py for some o* and all . Due to the nonlinear
dependence on the law of the state wealth process via the variance term in the mean-variance criterion,
making the problem a priori time inconsistent, we have to adopt a weaker version of the optimality
principle: first, the functions v; depend not only on the state process X§* but also on its mean Eq[X7].
Second, we replace condition (ii’) by the weaker condition (ii) on the mean in Lemma 5.3.1, and third,
condition (iii’) is substituted by the even weaker condition (iii) than (iii”) ¢ — Eg[V}a*’e] is nondecreasing
for some o* and all . This asymmetry of condition between (ii) and (iii) is explained in more detail in
Remark 5.3.3. O

We shall also use the following saddle-point property on the infimum of the prior risk premium
function.

Lemma 5.3.2 (Saddle point property). Given © as in (HO), and assuming that there exists 6* =
(b*, p*) € arg Ieniél R(0), let us define the function H on © by
€

HO) = b2(p") 'S(p)2(p*) " 'v*, for 6= (b,p) € O. (5.3.4)

Then, we have for all 8 = (b,p) € O:
H(",p) < H(E7) = RO7) < Hb,p). (5.35)
Proof. See Section 5.5.2 in Appendix. |

Proof of Theorem 5.3.1. We aim to construct a family of processes {V,*?,t € [0,T],c € A,0 € Vo
as in Lemma 5.3.1, and given the linear-quadratic structure of our optimization problem, we look for
measurable functions v; in the form:

vi(z,2) = Ki(x—2)*+Ye+xi, te[0,T](z,z) € R (5.3.6)

for some deterministic processes (K¢, Y:, x¢): to be determined. Condition (i) in Lemma 5.3.1 fixes the
terminal condition

KT = 7)\, YT = 1, XTr = 0. (537)

We now consider 8* € © as in Theorem 5.3.1, hence defining in particular a (constant) process 6* €
Vo, and a* given by (5.3.1). Let us first check that a* € A. The corresponding wealth process X * satisfies
under any P?, 0 = (b, p) € Ve, a linear stochastic differential equation with bounded random coefficients
(notice that b and o(p) are bounded process), and thus by standard estimates: Eg[supg< <z |X;|*] <
C(1 + |zo|?) for some constant C' independent of § € Vg. It follows immediately that a* satisfies the
integrability condition in (5.2.2), i.e., a* € A.

The main issue is now to show that such a pair («*,0*) satisfies conditions (ii)-(iii) of Lemma 5.3.1.

e Step 1: condition (ii) of Lemma 5.3.1.

For any a € A, with associated wealth process X = X<, let us compute the derivative of the deterministic
function ¢ — Eg-[V;*? ] = Eg-[v:(X,, Eg-[X4])] with v; as in (5.3.6). From the dynamics of X = X in
(5.2.3) under P?" and by applying It6’s formula, we obtain

dEg- [ Xy]
dt
dVarg-(Xy)
dt

= Ep-[a]b"]

= 2Covg~(Xt, afb") + Eg«[af E(p™) o).
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From the quadratic form of v; in (5.3.6), with (K,Y, x) differentiable in time, we then have

dEg- V] dBge [vi(Xs, Bor [X4])]
dt dt
. dVarg« (X . dEg-[X
= RV () + 1 Ny gy B
= Ktvare*(Xt) + YEEH* [X¢] 4+ x¢ + Eg- [Gi ()] (5.3.8)
where
Gi(e) = a]Quoy + of [2Uy(Xy — Eo-[X4]) + Oy,
with the deterministic coefficients
Qi = KiX(p*), Uy = Kib*, Op = Y;b".
By square completion, we rewrite G¢(«) as
Gt(a) = (at - dt(XhEG* [Xt]))TQt (at - dt(Xt,Ee* [Xt])) — Gt
where for t € [0,T], x,z € R?,
N -\ -1 - L
ac(z,z) = —Qp Us(x — ) — §Qt Oy
and
T —1 1 T -1 * Yt2 *
Ct = Ut Qt UtVarg* (Xt) + ZOt Qt Ot = KtR(G )Val'g* (Xt) + R ((9 )
t
The expression in (5.3.8) is then rewritten as
dEg* [‘/t(l,@*] : * y . )/t2 *
— g = (K= KeR(07))Vare- (Xi) + YelEo- [Xe] + X¢ — 5= R(07) (5.3.9)
t

+ KiEo+ [(ou — ai( X4, B+ [X4])) "S(p*) (ar — (X1, Eg- [X4]))].

Therefore, whenever

Kt - KtR(G*) - O,
Y. = 0, (5.3.10)
. Yz «
holds for all ¢ € [0, 7], which yields, together with the terminal condition (5.3.7), the explicit forms:
* 1 x
K, = XD 0y, =1, v = o [eFEDT=1 1], (5.3.11)
we have
dEg- [V

pn = KiEp- [(or — at(Xs, Bo [X4])) "5 (p*) (rr — au(Xt, Bo- [X4])) ],
which is nonpositive for all o € A, i.e., the process Vta’e* satisfies the condition (ii) of Lemma 5.3.1.
Moreover, notice that in this case,

L [T — 1], (5.3.12)

yett — , —
f vo(xo, To) To + 5\
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and
1 x
a(z,z) = =(p*) b (z—z— 561%(‘9 )(T_t)). (5.3.13)

Notice that in this step, we have not yet used the property that 6* attains the infimum of the prior risk
premium function. This will be used in the next step.

e Step 2: Condition (iii) of Lemma 5.5.1.

Let us now prove that Vba*’e < Eg[Vy *’0]7 for all § € Vo. A sufficient condition is the nondecreasing

a*,0
% is nonnegative, for all 8 € Vg.

monotonicity of the function t — Eyg [V;a*’e], by proving that
However, while this nondecreasing property is valid when there is no uncertainty on the drift, this does
not hold true in the general uncertainty case as shown in Remark 5.3.3. We then proceed by computing
directly the difference: Eg[VTa*’G] — V&P Notice from (5.3.1), (5.2.3), that the dynamics of Ag-(X*),

with Ag-(x) defined in (5.3.2), under P?, § € Vg, are given by
dho-(X[) = —Ag(X])O*)TE(p") " [bedt + o (pe)dWY],

R(O™)T

with Ag«(xg) = £ . By setting N} := —22—Ag-(X;"), we deduce that
N y t R(0™) t

N = e (= [ @m0 500N RS )l

t
— / (b*)TE(p*)_la(pS)de), 0<t<T, P —a.s.
0

cR(O)T
X; = w0+ (=N, 0<t<T, PO —g.s.
and thus
eR(O)T e2R(O7)T
Eg[X]] = zo+ (1 — Eg[N})), Varg(X]) = 47)\2Var9(Nt*). (5.3.14)

By using the quadratic form (5.3.6) of vy, together with the terminal condition (5.3.7), (5.3.12), and
(5.3.14), we then obtain for all 8 € Vg:

Eg [vr (X7, Eg[X7])] — vo(0, x0)

1 “
ﬁ(eR(O T 1)

(1~ Bo[NF)) — 35 ("7 ~1)

B[V ] — Vg

= —AVarg(X}) + Eg[XT]] — 20 —

Q2R(0°)T oR(O)T
= ————Varg(N}) +

7)) 2\
eR(e*)T - N 1 « . 2
- = (1-em )TE0[|NT|2])+E(6R(9 TEy[N;] - 1)
oR(O7)T ) . ROIT
> S (1763(9 )TE9[|NT|2]) = i A0). (5.3.15)

Noting that N* is rewritten in terms of H introduced in Lemma 5.3.2 as

t 1 t
NF o= exp(—/o (H by, ) + S H pa)ds — /0(b*)Tz(p*)*la(ps)dwf),ogth, P as.

and observing that [(b*)™X(p*) Lo (ps)|? = H(b*, ps), we see that

t
IN/2 = exp(—/o (2H(b8,p*)—H(b*,ps))dS)Mt*,
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where

My

exp ( - 2/0 |(6*)TS(p*) Lo (ps)|*ds — 2/0 (b*)TE(,O*)_10(/)S)CZW89)7 0<t<T, P —a.s.

is an exponential Doléans-Dade local martingale under any PY, § € Ve. Actually, the Novikov criterion

Eo[exp (5 / ' 20°)72(0") Mo (p)dt) | = Eofexp (2 / CHw pe)it )]
exp (2R(6%)T) < oo,

IN

is satisfied by (5.3.5), and then (M;)o<;<7 is a martingale under any PY, § € Vg. Consequently, we have

Ar(8)

1~y exp (/Ot (R(0") = 2H (b, p") + H(V", ps))ds ) M7 ]
> 1-Eg[Mj] = 1-M; = 0,

where we used (5.3.5) in the above inequality. From (5.3.15), this proves condition (iii) of Lemma (5.3.1),
and finally concludes the proof of Theorem 5.3.1. ]

Remark 5.3.2. The optimal strategy a* given in (5.3.1) can be expressed in feedback form as
of = (X, Ep-[X]]), 0<t<T, P°—gq.s. (5.3.16)

where . is defined in (5.3.13). Indeed, denoting by & € A the process defined by &; = &t<Xt,E9* [Xt]),
0<t<T, P® —q.s, where X is the wealth process associated to &, we see from (5.2.3) that X satisfies
the dynamics under P?":

N N N 1 - *
dX, = —[Xt — Eg-[X,] — ﬁeR“) )(T_t)}(b*)TZ‘(p*)_l[b*dt—i—a(p*)de ].

By taking expectation under P?”, we get: dEg-[X;] = eI R(6*)dt, and thus

. eR(O)T R(6%)t
Eg* [Xt] = Xo + 2 |:1 —€ ]7
& = Mg (X)Z(p) 10", 0<t<T, PO —g.s.

This implies that X and X* satisfy the same linear SDE under P?, for any 6 € Vg, and so X, = X7,
0<t<T,PO9q.s. This proves that a* = &, equal to (5.3.16). O

Remark 5.3.3. By similar derivation as in (5.3.9), and using (5.3.10), (5.3.16), we have that for all § =
(01)e = (be, pi)e € Vo, t € [0,T],

dEg [V, ]

L = K(R()  R(0) Varg(X7) + L (r6*) - R(6))) (5.3.17)

4Kt
KB (a0 (X7 B [X7]) — 64(X7 B [X71) S(p)

¥
(ar(X}, Eo- [X]]) — dt(X?,lEe[X?D)}

%

Ko [ (X7, Bo-[X71) — a0(X7 EolX71) "(p0)

(a0 (X Bo- [X7]) - (X7 Eo[X71)) | (5.3.18)
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by definition of #* € arg mingeg R(6), and as K; < 0. In the case when there is no uncertainty on the
drift, i.e., for any @ = (b,p) € Ve, b is a constant equal to b°, the dynamics of X* under any P?, § € Ve,
is given by

oR(6)T

2\

dXy = [wo+ = X710 (p") " [pdt + o (pe) AW,

from which, we deduce by taking expectation under P?:
CR(O)T

ey

EQ[XZ‘] = z0+ —R(Q*)t}.

—e
This means that the expectation under PY of the optimal wealth process X* does not depend on @ € Ve,
and the r.h.s. of (5.3.18) is then equal to zero. Therefore, the function ¢t — Eg[V," ’9] is nondecreasing
for all @ € Vg, which implies in particular condition (iii) of Lemma 5.3.1.

However, in the case of drift uncertainty, we cannot conclude as above, and actually this nondecreasing
property does not always hold true. Indeed, consider for example the case where there is only drift
uncertainty in a single asset model d = 1, with © = {# € [b,b]}, 0 < b < b, and known variance %°
normalized to one. Notice that R() = 62, and §* = argmingeg R(#) = b. For any 6 € O, we can
compute explicitly from (5.3.14) the expectation and variance of X* under P?:

. 1 g oo
E@[)(t } o eR(0 )T |:1 —e 00 t} ;
1 . * . .
‘7ar0()(t*) — 4)\2 62R(0 )T [e(R(Q )—200")t 6_290 t] .

Plugging into (5.3.17), and using also the expression of K, & in (5.3.11), (5.3.13), we have for all § € ©,
t € [0, T, after some straightforward rearrangement:

dEo[VS ' 1 ROHT[ . —2¢ct  —R(6%)t _en (R(EF)  R(0%) —et
dt - “ ‘ (1= (57 = (S +9e )]
= f(tv C)a

where we set ¢ = (60 — 0*)0* > 0. Now, we easily see that for all ¢ € [0,T], f(t,c) converges to
7%61%(0*)@—0 < 0, as ¢ goes to infinity. Then, by continuity of f with respect to ¢, we deduce

a* 0
that for  large enough (hence for ¢ large enough), % is negative, which means that the function

t— Eg [Vf‘*’e] is not nondecreasing for all § € ©. Actually, we have proved in Theorem 5.3.1 the weaker
condition (iii) of Lemma 5.3.1 that V% < Eg[V2 %], for all 0 € Ve. O

5.4 Applications and examples

We provide in this section several examples for the determination of the minimal risk premium arising
from the separation principle in Theorem 5.3.1, and the implications for the optimal robust portfolio
strategy and the portfolio diversification.

5.4.1 Minimal risk premium and worst-case scenario

We compute the infimum of the prior risk premium function § € © — R(f) as defined in (5.2.1),
and (when it exists) the element 6* € © which achieves this minimum, i.e., the worst-case scenario



108 CHAPTER 5. PORTFOLIO DIVERSIFICATION AND MODEL UNCERTAINTY

for uncertain parameters. According to condition (H®), we distinguish the case of ellipsoidal set and
rectangular sets for the ambiguity parameter ©.

5.4.1.1 Case of ellipsoidal ambiguity parameter set

In this paragraph, we consider © in the form:
O = {(b,p) €R' XT:|o(p)"" (b—b)|l2 <6}, (5.41)

as in (H ©), and denote by Bi = % the Sharpe ratio of the i-th asset associated with a priori expected
rate of return Bi, and marginal volatility o; > 0,7 =1,...,d. We assume w.l.o.g that |Bz| is in descending
order: |B1| > |B2| = ... |Bal, and define the Sharpe ratio "proximity" between asset ¢ and asset j by

A

0ij = ? €[-L1], 1<i<j<d (5.4.2)

i

with the convention that 9;; = 0 when Bz =0.

Lemma 5.4.1. Let © be an ellipsoidal set , and assume that there exists p* € arg milg R(b, p)
pe

= argrslei121||a(p)_ll;"2. Then 6* = (b*, p*) with

5 ~
o= 1= )1 o(p*)—1b b,
( ||g(p*)*1b||2> {lle(p*)~1bll2>8}
* *\—17 2
and - REO") = (lo(p") " Bll2 = ) Lo pryrigaa)-
Proof. See proof of Lemma 5.5.2 in Appendix. -

Remark 5.4.1. The existence of p* is guaranteed when I is a compact set of C< 4 by continuity of the
function p — Hcr(p)’1b||2. We also show in Proposition 5.4.1 its existence when I' = CZ , , and under the
condition that there exists a highest priori Sharpe ratio. O

In the particular case when there is full ambiguity about the correlation, i.e. I' = (C‘i 1, and there is
an asset with a priori highest (absolute value) Sharpe ratio, one can compute explicitly the worst-case
scenario p* € O for correlation.

Proposition 5.4.1 (Full ambiguity correlation). Let © as in (5.4.1), with I = C% ., and assume that
|B1] > I?Qfdﬁj\' Then, we have argmin R(b, p) # @ and b*, p* = (pjj)1<i<j<a € CL with

* A * d 7 -
pij = b1y, b= (1—m)1{\31\>5}b7 1<j<d, (5.4.3)

and
R(0%) = (|Bl|_5)21{|/§1|>5}~

In particular, when |31| > |32| >0 > |Bd\, then pj; = 0ij, 1 <1 < j < d, and the associated correlation
matriz C(p*) is positive definite.
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Proof. See 5.5.3 in Appendix. O

Remark 5.4.2. Proof of proposition 5.4.1 states that R(b, p) has minimum value over ce ., iff 81| >
m;iic |5j]. If there are more than one greatest (absolute) Sharpe ratio, R(b,p) doesn’t have minimum
j

value. For example, if d = 2, 31 = B2, then C2, =(-1,1), R(l;7 p) = 2‘1/11;. We obtain Ciglf R(l;, p) =
>+

| 31|2 but it can’t be attained. Therefore, the case with more than one greatest(absolute) Sharpe ratio
under full ambiguity correlation can not be tackled with our approach. %

We now consider a model for two-risky assets, i.e. with d = 2, mixing partial ambiguity about
correlation and drift uncertainty. In this case, the following result provides the explicit expression of the
worst-case scenario achieving the minimal risk premium.

Proposition 5.4.2 (Ambiguous drift and correlation in the two-assets case). Let © = {(b, p) € R*x[p, p] :
lo(p) Y (b—Db)|l2 < 6}, with —1 < p < p <1, and assume w.l.o.g that B1] > |32, (B1,B2) # (0,0). Recall

that p1o : = % Then,

1. If 012 € [p, ], then p* = f12, and b* = b(1 — 201y 5.5

-~ PN * _ = * __ 71 ) R
2. If p < 012, then p* = p, and b* = b(1 — m)l{\la(ﬁ)‘lbl\z>6}'

N x x _ ] 9 .
3. IfB > 012, then P —B, and b* = b(]. - m)l{‘lg(8)71b”2>5}.

Proof. See 5.5.4 in Appendix. O

Remark 5.4.3. The computation of the worst-case correlation p* is determined according to three cases
depending on the relation between the Sharpe ratio proximity p12 and the two correlation bounds p and

p.
In the first case when the range of correlation ambiguity is large enough so that p12 € [p, pl, or in

other words, no stock is clearly dominating the other one in terms of Sharpe ratio, then the worst-case
correlation is attained at the point pio inside the interval [p, p].

In the second case, when p < g12, meaning that both assets have close Sharpe ratios with a correlation
upper bound not too large, then the worst-case correlation is attained at the prior highest correlation p.

In the third case, when p > 012, meaning that Sharpe ratios of the two assets are rather distinctive
with respect to the correlation lower bound, then the worst-case correlation is given by the prior lowest
correlation p. O

We finally consider a model for three-risky assets (d = 3) mixing partial ambiguity about correlation
and drift uncertainty, hence with © in the form © = {(b,p) € R3 x " : [|o(p) "2 (b — b)|]2 < 0} with ' =

(150 P12] X [P, P13] X [Py, P23], a subset of C2 .
Recall that

. B
012 ‘= =

E

€ [-1,1], 613 = C [—1,1], o5 == = € [~1,1]. (5.4.4)
1 1

™
N

We introduce the so-called variance risk ratio &(p),

S(p) b = &(p) = (R (p), &2 (p), & ()T, (5.4.5)
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which represents (up to a scalar term) the vector of allocation in the assets when the drift is b and the
correlation is p.

We denote by b_,; the prior expected rate of return b with the i-th component bi removed, and by
> _,(p) the covariance matrix $(p) with i-th row and i-th column removed, and o_;(p) = £_;(p)2. Notice
that £_1(p) depends only on pa3. We will write X_1(p) as £_1(pa3), similarly, £_5(p13), X_3(p12)-

In this case, the following result provides the explicit expression of the worst-case scenario achieving

the minimal risk premium.

Proposition 5.4.3 (Ambiguous drift and correlation in the three-asset case). Let © = {(b,p) € R®* xI'":
lo(p)~t(b —b)|l2 < 6} with T = [,y P12] X [py4s P13] X [pys, 23] C C3 .. Then, we have the following
possible exclusive cases:

1. (High-level correlation ambiguity for the second and third assets)

If 012 € [p,y,p12]; 013 € [p 4 P13], then p* = (012, 013, p33) for any p3s3 € [p,,, p2s], and b* =
7 5 .
TR EAES

2. (High-level correlation ambiguity for the third asset)

(i) If pra < d12, &% (P12, P13, p23) K> (P12, Py g5 Pyy) < 0, then p* = (pra, pis, pbs) satisfying &% (P12, pis, P33)

_ x« _ 101 ) .
=0, and b* = b(1 — === o o (1)~ boslla>6)

(i) If p,, > 012, & (pm, 10 P23)R3 (P10 P135 Pog) < 0, then p* = (p,,, P13, p33) satisfying &°(p,,, pis: P33)

=0, and b* = b( m) {llo—s(p,,)~b-sll2>6}"

3. (High-level correlation ambiguity for the second asset)

(i) If pr13 < 013, K2 (P12, P13, p23)R%(p, 4, P13: Pyg) < 0, then p* = (p7a, P13, p33) satisfying k> (p1a, P13, p33)

_ x _ 1 [ N
=0, and b* = b(1 — o ) o)~ boalla >}

(i) If p g > 013, R ()05 Py g P23)E7 (P12 P55 Pyg) < 0, then p* = (pla, pygs p33) satisfying &2 (pla, py g, P33)
= O, and b* = b( H0'—2(B13)71l;_2“2)1{H0_72(813)_11‘772”2>6}.

4. (High-level correlation ambiguity for the first asset)

(i) If p23 < 23, &' (P12, 13, p23) R (P, 5, g P23) <0, then p* = (p7a, pis, pa3) satisfying & (p7a, pis, p23)

_ x _ 7 _ ) N
=0, and b" = b(1 — o= o o1 (pae) - 1boa 2>}

(i1) If p,q > 023, M1y P13, Pog) B (P12 P45 Pog) < 0, then p* = (pla, pis, pog) satisfying &' (pla, pis, pyg)

— * _ph(1 — ) -
= 07 Cbnd b - (1 HO'71(E23)_1?)71”2)1{”6—1(323)711)_1H2>5}'

5. (Small ambiguity about correlation)

(i) If &'& (P127P13,,023) > 0, A'4%(pra, P13, pas) > 0, then p* = (pi2, pi3, pas), and b* = b(1 —

\|0(0127p13,p23) lb\lz) {llo(p12,p13,p23) ~1b|[2>6}"
(”) If/% R (p12ap13ap23) < O RS (P127P13ap23) < 0; then p* = (812a8137ﬁ23)7 and b* = b(l -

“"(712’8134’23) 1b\|2) {llo(p,,p, ,oP23) " 1bll2>6}

(iii) If ’%1’%2(/712’813’823) > 0, &R (p1278137823) < 0, then p* = (P12, P4, Pyq)s and b* = b(1 —
s

- 1 _ 13 .
ooz 1) Mo (iap, o, bl >0}

(“}) [f /%1[<;2(p127p13’p23) < 0, "%1’%3(812aﬁ13a823> > 0, then p* = (812a5137£23)7 and b* = I;(l -

)
uo@n,ﬁm,g%)—lbuz) {lo(p, ,pr3.0,,) " bll2>6} "
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Proof. See 5.5.5 in Appendix. O

Remark 5.4.4. The different cases in the above proposition depend on the relation between the Sharpe
ratio proximities and the correlation intervals bounds, and can be roughly divided into 5 cases with
subcases with the following interpretation:

In case 1. where the range of correlation ambiguity for the second and third asset is large enough, in
the sense that the intervals [812’ p12] and [3137/313] contain respectively pi2 and pi3, then the worst-case
correlation is attained at the Sharpe ratio proximity value p* = (912, 013, P53)-

Let us now discuss case 2., and more specifically (i). This corresponds to the situation where the
assets 1 and 2 have close Sharpe ratios with a correlation upper bound between these assets not too
large, while the correlation ambiguity for the third asset is high, which is quantified by the fact that the
function (p13, p23) — A(p12, P13, p23) evaluated at the prior lower bounds (313’823) and the prior upper
bounds (p13, p23) have opposite signs. In this case, the worst-case correlation is achieved at the prior
highest correlation pi2 for pi2, and at the point (pis, p35) cancelling the term &(pi2, pis, p3s). Similar
interpretations hold for cases 3. and 4.

Let us finally discuss case 5., which involves explicitly the signs of 4#'4% and 4'4% at the prior corre-
lation bounds. Assuming that these functions #'42? and A#'43 do not vanish at some point p € [312, D12)
X [p 130 p13] X [323, pa3), then by continuity, and provided that the range of these correlation bounds are
small enough, we see that one should fall into one of the 4 subcases 5.(i), (ii), (iii), (iv), and for which

the worst-case correlation is obtained on the prior upper or lower correlation bounds. O

5.4.1.2 Case of rectangular ambiguity parameter set

In this paragraph, we consider © in the form

d
© = AxTD := [][bbi]xT, (5.4.6)
i=1
for some constants 0 < b; < b;, i = 1,...,d, and I' is a convex set of CZ, as in (HO)(i). For any b =

(bi)i=1,....a € A, we denote by 8 = (8;)i=1,....q With 3; = r%’ and also set ﬁi = f—i, minimum Sharpe ratio

of asset i, 3; = Z—, maximum Sharpe ratio of asset i, for 1 <i <d.

We focus first on the particular case of full ambiguity correlation, i.e., I' = (C‘i 1, and compute explicitly
the worst-case scenario.

Proposition 5.4.4 (Full ambiguity correlation). Let © be a rectangular set © = H?Zl[bi,i)i] X (C‘i+,

with 0 < b; < bi,i=1,...,d, and assume that there exists B.l > n;éax Bj for some iy € {1,...,d}, hence
=) pia
w.l.o.g., i1 = 1. Then
. 8. B;
by = by, b = 2195 e , foran *-G[i,min 17—]), £ 1, 5.4.7
1= by, b o P Jorany py 5, ( §1) J# (5.4.7)
and
R(0%) = B2 (5.4.8)

1

Proof. See 5.5.6 in Appendix. O
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Remark 5.4.5. When I' = CZ | this means the investor has no confidence on the correlation estimates.
In this case, the worst-case scenario refers to the lower bound of the rate of return of the asset with the
highest instantaneous minimum Sharpe ratio. %

We next consider a model for two-risky assets mixing ambiguous correlation and drift uncertainty,
hence with d = 2. The following result provides the explicit expression of #* achieving the minimal risk
premium.

Proposition 5.4.5 (Ambiguous drift and correlation in the two-assets case). Let © = H?Zl[bi,l_)i] X
[0, p), and assume that B, = B,>0. Then,

1. If p < min (%, 1) and p > %, then b* = (by, 572p"), for any p* € [p,p] N [%,min(%, D]
=2 ] [t} =2
2. Ifj < % then b* = (by,by), p* = p.
. BQ * 7 *
3. If p > min(1, ﬂ—), then b* = (by,b2), p* = p.
2y
Proof. See 5.5.7 in Appendix. O

Remark 5.4.6. As in Remark 5.4.3, the separation of the three cases depends on the relation between
the Sharpe ratio proximities and the correlation interval bounds. Under the assumption 3 L2 éz > 0,
since the investor is looking for the worst case, she only takes the minimum Sharpe ratio for the first
asset.

In the first case, the Sharpe ratios of the two assets don’t have a proximate relation or a dominating
relation, the investor is not sure of making directional trading or spread trading. In Section 4.2.2, we
will see that in this case, the investor will only form a portfolio with the first asset, which has a larger
positive Sharpe ratio. So the second asset is irrelevant, the optimal correlation can takes any value in an
interval and the optimal drift b* only depends on the minimum Sharpe ratio of the first asset.

In the second case, when p < %7 the minimum Sharpe ratio of the two asset gl and QQ are similar

=
compared to the correlation upper bound p. The investor will hold similar long positions in these assets
(known as directional trading), thus the optimal drift b* = (b;,b,) and the optimal correlation is the
upper bound.

In the third case, we have p > &7 which means that the maximum Sharpe ratio of the second asset is

smaller than the minimum Sharpe?atio of the first asset compared to the correlation lower bound p. The
first asset dominates the second asset in term of Sharpe ratio. The investor will hold opposite positions
in these assets (known as spread trading), i.e. long in the first asset and short in the second asset, thus
the optimal drift b* = (b,, 1_72) and the optimal correlation is the lower bound. O

We finally consider a model for three-risky assets mixing ambiguous correlation and drift uncertainty,
hence with d = 3, and © in the form © = H?Zl[bi,bi] X [0 P12] X P4 P13] X [pyys p23] with [p . p1o]
X [p4: P13] X [Py, P23] € CL .

We define (b, p) as

E(p)_lb = H(b7 p) = (Hl (b, P), HQ(bﬂ P), 53(17’ p))T~ (5~4'9)
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The following result provides the explicit expression of 6* achieving the minimal risk premium.

Proposition 5.4.6 (Ambiguous drift and correlation in the 3-assets case). Let © = [[;;-5[b;,bi] X
H1§i<j§3[ﬁij’ﬁij] and assume that B, > B, > B, > 0. Then,

1. (High-level ambiguity about drift and correlation for the second and third assets) Ifﬁ12 < min(1, %),
2y

=

_ . Ps _ B b b
P12 2 G pyy < mln(ﬁ—,l) and py3 > 7 then by = by, by = ZZ2piy, by = 2L Z2piy for any pi, €
B B, B

_ B8 .
[0y P12] N[22, min(L,

i
—1

6 . _ B, . .. B . _
Fj)]) P13 € [B13ap13] N [?j,mln(l, /Bii)} and P23 € [8237p23]'

2. (High-level ambiguity about drift and correlation for the third asset)

. = B .= = = =~ * *

(i) If p12 < B 13 (b1, bgy 03, P12, P g5 Pog) > 0 2 K3 (by, by, g, P12, prs, p23), then b* = (by, by, b3),
p* = (P12, pis; P33) with b, pis, pis satisfying £°(by, by, b3, P12, pis, pis) = 0.

N B - 7 _ . _ .

(“) If 812 > mln(f,l), Hg(blavablSvBlQaBl?)apQ?)) >0 > ’13@17b27b37£127/7137£23)7 then b* =

_ 2y
(b1,b2,03), p* = (15, Pis; P33) with b3, pis, p33 satisfying
Hd(blvb%b;aguap){&pgfﬁ) =0.
3. (High-level ambiguity about drift and correlation for the second asset)

. = B. n — P P P * *
(7’) ]f p13 < E7 Hz(b17b27b37£127p137£23) Z 0 2 KQ(blaanbBap12ap13ap23); then b* = (bl7b27b3);
p* = (pf27ﬁ137p;3) with b;; piQ} p;S Satlsfymg KQ(blab§>b37pi27ﬁ137p§3) = 0.
N B3 - o o .
(”) If 813 > mln(ﬂi7 1)7 52(@17@7@37312”013”023) Z 0 Z KJQ(Qlbeab?ﬂp127p137B23); then b* =

_ 2y
(by,b5,b3), p* = (pia, P13, P33) with b3, ply, p33 satisfying
Hg(bla b;a b37 pT27813a p;d) = 0.
4. (High-level ambiguity about drift and correlation for the first asset)

. _ B - _ o
(7') pr23 < ?Z; Kl(blabzab37£12,ﬁl3ap23) Z O Z /‘61@1,@2,@37%7127%713,P23)7 thCTL b* = (bibbb:ﬁ);
pr = (nyzvpyf?nﬁ%) with by, pia, pis with b, pia, pis satisfying "‘il( T’b2ab37p>{2ap>{3?ﬁ23) = 0.

(ZZ) ]f B23 > mln(l,%) K1(515b276378127[)13vg23) > 0 > K:1(b17b271_73751278137823)7 then b* =
2

(b3, b3), p* = (pia: pias ) with bY, pia. pis satisfying
Kl(bTaQQabi’)apTZapTSaBQg) = 0.
5. (Small ambiguity about drift and correlation)

(i) If K1 (by, by, by, P12, P13, P23) > 0, K2(by, by, by, P12, P13, p23) > 0, K3(by, by, b, P12, P13, P23) > 0,
then b* = (by, by, b3) and p* = (P12, P13, P23)-

(”) [fﬁl(bhb27937£127ﬁ137£23) > 07 52(b13b27b3781275137£23) < 0; ’%3(blab27b373127ﬁ137ﬁ23) > 07
then b* = (by,ba,bs) and p* = (p,,, P13, P,y)-

(”7') ]f H1(617b2’§3’812iﬁl37823) < 07 52(617b27537£1275137823) > 07 K3(613b2a53a812aﬁ13a823) < O;
then b* = (b1,by,b3) and p* = (p,,, P13: P,)-

(iv) If Hl(bl762753’£12,’8137[)23) > 0’ Hz(b17527637£12aﬁl37523) < 07 H3(913523533B123813w§23) < 0;
then b* = (by,b2,b3) and p* = (p,,, P45 P23)-
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(U) Ifﬁl(glvb27§37£127£137ﬁ23) < 07 R2(617b27b3781278137523) > O) R3(513b2vb3a£12v£13aﬁ23) > 07
then b* = (b1,by,bs) and p* = (p,,, P45 P23)-

(vi) [fﬁl(bl7bz753,ﬁ12_’ﬁ137£23) >0, ffg(bpbwg&ﬁl%ﬁlgvﬁgg) >0, “3(91’92763"61278137323) <0,
then b* = (by,by,b3) and p* = (/712’813’823)'

(vii) If51(51762,?3’?1278137823) <0, H2(51,527Q37ﬁ127£137823) <0, “3(61’62’937ﬁ12’313’323) >0,
then b* = (b1,b2,b3) and p* = (P12, p,4: P,)-

Remark 5.4.7. For the ellipsoidal set in Remark 5.4.4, the level of drift uncertainty of each asset is
the same characterized by the radius §. If § is not very large, the portfolio diversification is caused by
the level of correlation ambiguity, see Remark 5.4.4, however, for the rectangular set, the level of drift
uncertainty of each asset is different for each asset. For simplicity and clarity, we consider the only impact
of drift uncertainty, or equivalently Sharpe ratio uncertainty, on the portfolio diversification, i.e. there is
no ambiguity on correlation with pf; := Py = pij, 1 <1< j < 3. Asin Remark 5.4.4, the different cases
in the above proposition depend on the relation between Sharpe ratio proximities and correlation, and
can be roughly divided into 5 cases with the following interpretation:

In case 1. where the range of Sharpe ratio uncertainty for the second and third asset is large enough,
in the sense that the intervals [%, g—j] and [%, %?] contain respectively correlation p3, and pfs, then the

worst-case Sharpe ratio (drift) is attained at the prior lower bound B, for B, and at the point (85, 5%)
= (8,092, B,P13)-

Let us now discuss case 2., and more specifically (i). This corresponds to the situation where the
assets 1 and 2 have close minimum Sharpe ratios with correlation between these assets not too large,
while the Sharpe ratio uncertainty for the third asset is high, which is quantified by the fact that the
function bs + k3 (b, by, b3) (We omit p° arguments in the function x3(by, by, bs, pa, P33, P53) for simplicity)
evaluated at the prior lower bounds b; and the prior upper bounds bs have opposite signs. In this case,
the worst-case drift or Sharpe ratio is achieved at the prior lower bound b; for b;, prior lower bound b,
for be, and at the point b} cancelling the term k(by, by, b%). Similar interpretations hold for cases 3. and
4.

Let us finally discuss case 5., which involves explicitly the signs of ', k2 and &* at the prior drift

I k2 and &3 do not vanish at some point b €

or Sharpe ratio bounds. Assuming that these functions x
[by,b1] X [by,ba] x [bs,b3], then by continuity, and provided that the range of these correlation bounds
are small enough, we see that one should fall into one of the 7 subcases 5.(i), (ii), (iii), (iv), and for which

the worst-case drift is obtained on the prior upper or lower drift (Sharpe ratio) bounds. O

5.4.2 Optimal robust strategy and portfolio diversification

We first provide the general explicit expression of the robust optimal strategy in the case of ellipsoidal
ambiguity set. This follows directly from Theorem 5.3.1 and Lemma 5.4.1.

Proposition 5.4.7. Let O be an ellipsoidal set as in (5.4.1), and assume that there exists p* €
arg milr} ||J(p)*1b”2. Then, an optimal portfolio strategy for (5.2.4) is given by
pe

N ) T AT .
of = [xo—Fﬁe(” (P*) 7 bll2 5)T_Xt

1)
1l ————
10

||2)
I

Loto) 15255y 2 (P7) 0 (5.4.10)



5.4. APPLICATIONS AND EXAMPLES 115

Remark 5.4.8. We have seen in the previous section that p* exists when I' is compact (in particular
when it is a singleton, i.e., there is no ambiguity on correlation) or when I' = (C‘i 4, le., there is full
ambiguity on correlation. From (5.4.10), we observe notably that whenever § > ||o(p*)~'b||2, then a* =
0. In other words, when the level of ambiguity about the expected rate of return is high (or when the
investor is poorly confident about her estimation b on the expected rate of return), then she does not
make risky investment at all. O

5.4.2.1 Full ambiguity correlation and anti-diversification

In this paragraph, we consider the case of full ambiguity on correlation, i.e., I' = (C‘i 1, and investigate
the impact on optimal robust portfolio strategy.

Theorem 5.4.1 (Full ambiguity correlation). I. Let © be an ellipsoidal set as in (5.4.1), withT' = (Ci+,
and assume that |p1] > m;%f{ |Bj]- Then an optimal portfolio strategy for the robust mean-variance problem
J

(5.2.4) is explicitly given by

1 5 2 1 I;
- —_ U8y 1=0)°T _ yx (1——)1A 2Lo,....0), 0<t<T, P°—gqs.
oy [x0+2)\e t} |Bl‘ \51\>5(0%’ ) ) ) ) =v =" q-s

II. Let © be a rectangular set as in (5.4.6), with I’ = (C‘;_, and assume that Bl > mﬁq Bj. Then, an
[t peri=

optimal portfolio strategy for the robust mean-variance problem (5.2.4) is explicitly given by
« 1 g w101 T ©
o = [mﬁ—ﬁe - X7](5,0,...,0)7, 0<t<T, P®—gs.
01

Proof. I. From the formula (5.4.10) of the optimal portfolio strategy in Proposition 5.4.7, we only
have to compute the vector #(p*) = X(p*) b, and R(b, p*), which have been already given in (5.5.28),
(5.5.29) in Section 5.5.3.
IT. In view of the formula (5.3.1) of the optimal portfolio strategy in Theorem 5.3.1, we only have to
compute the vector x(b*, p*) = X(p*)~1b*, and R(b*,p*), which have been already given in (5.5.49),
(5.5.48) in Section 5.5.6. O

Remark 5.4.9 (Financial interpretation: anti-diversification). If the investor is poorly confident on the
drift estimate, i.e., whenever § is large enough, then she does not make risky investments at all, i.e. af
= 0. When the investor has good knowledge of drift estimates but is poorly confident of correlation
estimates, she only invests in one asset, namely the one with the highest estimated Sharpe ratio. This
anti-diversification result under full ambiguity about correlation has been also observed in [LZ17] for a
single-period mean-variance problem without drift uncertainty, and is extended here in a continuous time
framework. O

5.4.2.2 Partial diversification

e Two-asset model: d = 2

We provide a complete picture of the optimal robust portfolio strategy in a two-asset model with am-
biguous drift and correlation.

Theorem 5.4.2 (Ambiguous drift and correlation in the two-assets case). I. Let © = {(b, p) € R?x[p, ] :
lo(p) = (b —b)||2 < 6}, with —1 < p < p < 1, and assume w.l.o.g that |B1] > |Ba|, (B1,52) # (0,0). We
have the following possible cases:
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1. If 012 € [p, p], then an optimal portfolio strategy is explicitly given by
o = [m0+ie<\/§l|76)2T_X*] (1—&)1 . 71% 0<t<T, P°—q.s
t 2\ t ‘51| {IB11>0} 0 ’

2. If p < 012, then an optimal portfolio strateqy is explicitly given by

* 1 o(p) " 'b|l2—8)2T * J -\ —
o = [mo+ grellr@ T _ Xy (1 - m) oo -1b:>51=(P) "D

and if ||o(p)"'b||2 > 8, then ap*al™ > 0.
3. If p > 012, then an optimal portfolio strategy is explicitly given by

o= ello(p)~ bll2—8)*T " 0 .
o = [zo+ 5y Xt](l—iAﬁ b S(0) 71D,
2A lo(p)—tblls/ {lo@blz>5)

and if |o(p)~1b||2 > 4, then af*a;™* < 0.

II. Let © = H?:ﬂbmgi] x [p, p], and assume that B, > B, > 0. We have the following possible cases:

1. Ifp< min(g—Z7 1) and p > %, then an optimal portfolio strategy is explicitly given by
Mq -

o= [rot e - X;] %), osi<r PO
(% = Zo — € - 71 1, ~Ut>1, —4q.S.
t 2\ t 0
2. Ifp< g— then an optimal portfolio strategy is explicitly given by
=]

aj = [+ %e“”(m‘l@v%)’”? ~ X;]2(p) 7! (Zl> , 0<t<T, P°—q.s.,
=2

and o™ > 0, o™ > 0.

3. If p > min(l, %), then an optimal portfolio strategy is explicitly given by
ok

af = [w0+2)\ 7@ e bTIET _ X H )53 (p) (zl) 0<t<T, PO —qs,
- 2

and o™ > 0, o™ < 0.

Proof. I. In light of formula (5.4.10) of the optimal portfolio strategy in Proposition 5.4.7, we only
need to compute |o(p*) 10|, ie., R(b, p*), vector A(p*) = X(p*)~'b, explicitly given in the proof of
Proposition 5.4.2 (see 5.5.4 in Appendix) when computing p*, which leads to the three cases of Theorem
54.2 1.

IT. In light of formula (5.3.1) of the optimal portfolio strategy in Theorem 5.3.1, we only need to compute
Y(p*)~tv*, R(b*, p*), explicitly given in the proof of Proposition 5.4.5 (see 5.5.7 in Appendix) when
computing (b*, p*), which lead to the three possible cases of Theorem 5.4.2 II.. (]



5.4. APPLICATIONS AND EXAMPLES 117

Remark 5.4.10. When there is no ambiguity on the drift, which corresponds to 6 = 0 or b, = bi,i=1,
2, we retrieve the results obtained in [IP17] for the correlation ambiguity between two assets (see their
Theorem 4.2). Our Theorem includes in addition the case when there is uncertainty on the expected rate
of return. O

Remark 5.4.11 (Financial interpretation). We first look at the ellipsoidal set: In the first case when the
range of correlation ambiguity is large enough so that p12 € (p, p), and thus no stock is clearly dominating
the other one in terms of Sharpe ratio, it is optimal to invest only in one asset, namely the one with the
highest estimated Sharpe ratio.

In the second case when p < p12, this means that no stock is “dominating” the other one in terms of
Sharpe ratio, and it is optimal to invest in both assets with a directional trading, that is buying or selling
simultaneously, and the worst-case correlation refers to the highest prior correlation p (recall Remark
5.4.3) where the diversification effect is minimal.

Finally, when p > p12, this means that one asset is clearly dominating the other one, and it is optimal
to invest in both assets with a spread trading, that is buying one and selling another, and the worst-
case correlation corresponds to the lowest prior correlation p where the profit from the spread trading is
minimal.

For the rectangular set, the interpretation is similar, and the worst-case drift refers to lower bound of
the drift if the asset is in long position and upper bound of the drift if the asset is in short position, see
5.4.6. O

e Three-asset model: d =3

We finally provide an explicit description of the optimal robust strategy in a three-asset model under
drift uncertainty and ambiguous correlation.

Theorem 5.4.3. I. Let © = {(b,p) e R® x ' : [|o(p) " (b — b)||2 < 6} with T = [p,5 P12] X [p,5, P13] X

[pys P23] C C2 ., and assume w.l.o.g that 1B1] > 1B2| > |Bsl, (B1,B2,P3) # (0,0,0), Then, we have the
following possible exclusive cases:

1. (Anti-diversification) If 612 € [p,,, p12], and d13 € [813,,613], then an optimal portfolio strategy is
explicitly given by

| 5 7
~ 2 1

af = [mo+ gyelPITT - X7] (1- @)1“5}»5} 0], 0st<T, P%—qs,
0

2. (Under-diversification: no investment in the third asset)

(i) If pr1a < 012, and /%3(;312,ﬁlg,ﬁgg)f%?’(ﬁlg,gw,&g) <0, then an optimal portfolio strategy is

1,%

o) L (los(ra)Yb_slla—6)2T _ s ( 5 )
L] = [+ e _x9(1- ]

( 2, ) [ 0 2\ t] ||U_3(ﬁ12)*1b_3\|2

~

_ -1
Yo s(pin)-1h_s o>y =—3(P12) " b3,

and if ||o_3(p12) " 'b_3||2 > 8, then oy ™™ > 0.



118 CHAPTER 5. PORTFOLIO DIVERSIFICATION AND MODEL UNCERTAINTY

(ii) If p,, > 012, and ’%3(81278137523)’%3(812’/713’823) < 0, then an optimal portfolio strategy is

1,%
oy’ > | llo-s(p,,) B-all2)=87°T _ yo g

2% - ) + — Xt] 1-— =~ )
(O‘t 2)‘ ( llo—s(p,,) " b-sll2

_ 13
1{‘|073(812)_1873”2>§}E_3(p12) b—3

and if ||o—3(p,,) " b_slly > 6, then ay ™™

< 0.
3. (Under-diversification: no investment in the second asset)

(i) If pr1s < 013, and /%2(;312,ﬁlg,ﬁ23)/%2(B12,ﬁ13,B23) < 0, then an optimal portfolio strategy is

(aé:) = [zo+ i(3(“”‘2(’713)718_2H2_5)2T - X/] (1 B : b )
| o lo—2(pr) b1l

— 71"
1{|\a,2(513)*1672H2>6}E—2(P13) bz

1,% 3*

and if ||o_2(p13) " b_sll2 > 6, then oy > 0.

(i) If pis > 013, and & (p127p13,p23) (plg,plg,p%) < 0, then an optimal portfolio strategy is
given by

1,%
— (HU Q(P ) Yo_g|l2—8)2T * 1)
L) = ot o - X;](1- -
(at ) oA ¢ ( ||02(p13)_1b2|2>

71’\
Llo_a(p,,)-1balla>sy 2—2(P15) ™ 02,

2% __
at’ = 07

and if ||O'_2(Bl3) b_slly > 0, then af o

< 0.
4. (Under-diversification: no investment in the second asset)

(i) If pag < 023, and /?;1(812,813,ﬁzg)%l(ﬁ12,ﬁ13,ﬁ23) < 0, then an optimal portfolio strategy is

(az:) = [zo+ L ello-(pa) o-slla=9T _ Xt] (1 B : b )
7 9 lo—1(p23)~1o—1]l2

— 71/\
Loy (pas) 11 [lo >0} 2—1(P23) 01,

2% 3*

and if ||o_1(paz) "'b_1]j2 > 0, then a; > 0.

(i) [fﬁ23 > 023, and K (812,/)13,&3)!1 (p12,313,g23) < 0, then an optimal portfolio strategy is

2%

o ) _ 17100, b 12 =0)T _ yoe g

3,% = |Xo+ % - X (1 — _ )
<at o+ 3¢ 2 lo1(py) b1l

_1A
Llo1(p,,)-1b-1lla>53 2—1(Pg3) ™ 01

Sk

and if ||0,1(323) b_1l2 > 0, then o™ o™ < 0.
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5. (Well-diversification)
(i) If &'&%(p12, p13, p23) > 0, and A*R3(p12, p13, p23) > 0, then an optimal portfolio strategy is
given by
_ 0 )
|o(B12. P13, p2s) =Dl

af = [330 + %e(|‘0(6127ﬁ137ﬁ23)71f)”2—6)2T . XZ] (1

~

g
1“‘”(512,/3137/723)_1E||2>5}Z(p12’plg’p23) b.

(i) If /%11%2(&2,&3,;323) < 0, and le%?’(gm,gls,ﬁgg) < 0, then an optimal portfolio strategy is
given by
)

81278137523

* 1 o(p._.p. . p23) " tb|la—8)3T *
A O

)‘15||3)

- -1
1{H<7(g12,3137/723)‘1I3II2>5}Z(B12’ Py P23) 0.

(iii) If /%1/%2(;312,813,823) > 0, and ’%1’%3(5127&37323) < 0, then an optimal portfolio strategy is
given by
: )
P12: P, 5 Poy) 1 0ll2

* L (lo(przp,. 0.) " bl2—0)°T _ s
0f = [ao grelT ) T - X (1

_ —1%
Llo(pr2,0,,0,) 1blla >} 2 (P125 Py35 Po3) ™ -

(iv) If /%1/%2(&2,,613,&3) < 0, and le%?’(gw,ﬁlg,g%) > 0, then an optimal portfolio strategy is
given by

o = [zo+ ieH(0(312”713’323)715”2_5)271 - X/] (1 - ° b )
2 l(p, 5 P13+ Pyy) ' bl2

~

- ~1
1{”0’(£12,5137£23)_1i)”2>5}2(£12’ P13, £23) b.

II. Let © = H?:l[bmgi] X H1§i<j§3[£ij7ﬁij] and assume that B, > B, > B, > 0. Then, we have the
following possible cases:

B2, _ B . B3
=), p12 > Z* and p,, < min(l, ==
5 5, and £y < min(l, 5

optimal portfolio strategy is explicitly given by

1. (Anti-diversification) If p, < min(l, ), P13 > 7, then an
= —1

b
1 Bir ‘?lf o
of = [x0+5e* -X o], 0<t<T, P®? —qs.,
0

2. (Under-diversification: no investment in the third asset)

, _ B - _ .
(i) If pr2 < 32, (b1, bg, 03, P12, p g5 Pog) = 0 > K3(by, bo, by, pras P13, ps), then an optimal port-
]
folio strategy is explicitly given by

1,%
Ol o L o s G TIRT _ xr1s (50001 (2
(%2’*> [:v0+2)\e 1:22 F15-5(p12) by
ai”* = 0,

and o™ > 0, a2 > 0.
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y B . _ - _ ,
(i) Ifp,, > mm(ﬂ—Q, 1), /€3(b1,b2,b37£12,313,p23) >0> K/S(bl,b2,b3,£12,p13,823), then an optimal

L
portfolio strategy is explicitly given by

1,%
ay’ _ L o—stp, )7 (0 62) TIBT s 1 (b
(a?,*> = [iCO'i‘ﬁe 3P, 2 2 _Xt]zfii(ﬁu) 62 ,
af" =0,

and o™ > 0, 2" < 0.
3. (Under-diversification: no investment in the second asset)

. _ B - _ o ; .
(Z) [f/)13 < 573; K2(91ab27Q3a81270137£23) Z 0 KQ(thQab:;ap12apl3ap23); then an Optlmal pOTﬁfOlZO
=
strategy s explicitly given by

and > 0, & > 0.

Bs

(“) Ifﬁls > min(ﬂ—, 1); Kz(bla B27b37B127£137523) > 0 > HQ(blab%bgaﬁ123£13aﬁ23); then an Optimal
21
portfolio strateqy is explicitly given by
1,%
o\ _ L (loa(p, ) (b, 5) TIRT _ g 1 (b
(a:ta,*) = [0+ e L3 1 2 Xt]XLQ(le) by )
" =0,

and a%’* > 0, oz?’* < 0.
4. (Under-diversification: no investment in the third asset)

. _ B - _ _ .
(l) pr23 < ?37 "il(b17b27b37£1273137p23) Z O Z 51(@17@27@37p127p137p23)> then an Optlma’l pO'I"t-
Zo
folio strategy is explicitly given by

N
o D
S
* *
~__
|

[0 + %enail(ﬁ%)_l@ﬁgﬁ”gT — X5 1(p2s) <b2> ;
1,
QO - Oa
and &2 >0, &2* > 0.

(ZZ) ]f£23 > min(lv %) Hl(£17@2363a£1275135823) > 0 > Hl(b17b2753751278137823)7 then an Optzmal

o
portfolio strateqy is explicitly given by

2,%
a L lomi(p,) " (byb) TIBT _ g —1 (b
<Oé?’*> = [ZL‘O + ﬁe 153 2:03) 2t Xt ]2—1(823) 1_73 ,
oztl’* = 0,

and a;”* > 0, & < 0.

5. (Well diversification)
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(Z) IfK’l(b17b27b37[)127[)137[)23) > 07 "{’2(@17Q27b37ﬁ1275137[)23) > 07 KS(QlaanbSaﬁlQaﬁl?nﬁQ?)) > O;
then an optimal portfolio strategy is explicitly given by

N 1 (51051 5001 T2 " L
o = [wo"'ﬁeu (Pr2Praspea) “bbarbe) 15T — XF)5(p1a, s, pas) ™ (B basbs) -

(“) If /”‘31 (bl7 527b37ﬂl27 5137823) > O; Hz(bla 527@378127 ﬁl37£23) < 07 Hg(bh 1_723 bga B12a ﬁlSa 823) > 0;
then an optimal portfolio strategy is explicitly given by
1

« . P13, -1 b1’E ) TI2T " B _ _
oy = [$0+5€H (£12 P13 823) (by,b2 3) 2 —Xt]Z(B12;pl37823) l(bl7b27b3>—r‘

(Z”) If 51(517b2,537812,ﬁ13,£23) < 0: K2(517b276338127ﬁ137823) > 0) H3(61a92a637£123ﬁ133823) < 07
then an optimal portfolio strategy is explicitly given by

* L oo, 1s.p. )" (b1,by b3) TIIET * _ 1,3 -
ay = [xo—i-ﬁeu (£159P13:255) " (brbz,ba) 2 —Xt]2(812ap13>823) "(by, by, bs) "

(i) If K1 (b, b2, b3, py oy Pygs P23) > 0, Kby, b2, b3, pyos Py Pa3) < 0, K5(by, o, ba, o pygs p23) <0,
then an optimal portfolio strategy is explicitly given by

* T e P p23) (b, ,ba,bs) T ||2T « o - -
af = [a:o—i-ﬁeu (£150015P22) " (byb2,ba) I — X[15(p, g Py P23) " by, b2, b3)

(’U) [fH1(61792793781278137ﬁ23) < 07 K2(613927b3781278137ﬁ23) > 0; K/3(61’b2’b3’8127813’ﬁ23) > 07
then an optimal portfolio strategy is explicitly given by

1 50a) (b1 b b TI2T -
042( _ [I0+56H0(312’B13’p23) (b1,,,05) " I3 7X:]E(812’Bl3’p23) 1(b17b27b3)T-

(’UZ) ]fHl(b]vb2753aﬁl27£137£23) > 07 H2(b17b2753751278137823) > 0; K/3(bl792a53a512ag13a823) < 0;
then an optimal portfolio strategy is explicitly given by
1

* o(p12:p, > (b, by ,b3) TI3T * = — 7
= [xO‘f'ﬁeH (Pr2:815:05) " (b babo) Tl _Xt]E(PuaBlg»ng) l(blab2vb3)—r-

(UZZ) If’%l(l_)h527b37f_)127B137B23) < 07 R2(617627b37ﬁ1278137823) < O) K3(51752ab3’ﬁ12a£13a823) > 07
then an optimal portfolio strategy is explicitly given by
1

* o(p12, , *1575797371 « B e
af = [w0+ﬁe\l (P12313Q23) (b1,b2 3) | _Xt]z(pu’ﬁlg’ﬁgg) 1(b17b2793)—r-

Proof. I. In view of formula (5.4.10) of the optimal portfolio strategy in Proposition 5.4.7, we only
need to compute &(p*) = X(p*)~1b, and ||o(p*)~1b||, i.e., R(b, p*), which have been given explicitly in
the proof of Proposition 5.4.3 (see 5.5.5 in Appendix) when computing p*. In the case 1., we obtained
(see (5.5.33) in Appendix) R(p*) = (%,O,O)T, and R(b, p*) = b"&(p*) = B2. In the case 2., let us focus
on subcase (i) as the other subcase (iiS is dealt with similarly: we have p}, = p12, (k' (p12), 82(p12))™ =
Y _s(pra)b_s, A3 (P12, pis, pis) = 0, and R(b, p*) = b™ 33 _3(f12)b_3, by (5.5.40), (5.5.41). The other cases
are computed in the same way and are omitted here.

IT. From (5.3.1) of the optimal portfolio strategy in Theorem 5.3.1, we only need to compute x(b*, p*) =
S(p*)71b*, and ||o(p*)~1b*||2, i.e. R(b*, p*), which have been given explicitly in the proof of Proposition
5.4.6 (see 5.5.8 in Appendix) when computing (b*, p*). O
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Remark 5.4.12 (Financial interpretation). We will see that in the above proposition, both I. for ellip-
soidal set and II. for rectangular set lead to possible positions formed with a single asset, two assets and
all three assets.

In case 1. corresponding to large correlation ambiguity for the second and third asset (recall Remark
5.4.4), it is optimal to invest only in the first asset, namely the one with the highest estimated Sharpe
ratio, which is consistent with the anti-diversification result obtained in Theorem 5.4.1 (see also Remark
5.4.9).

In case 2., corresponding to a large correlation ambiguity for the third asset (see Remark 5.4.4), the
investor does not invest in the third asset, but only in the first and second assets. Moreover, depending
whether the assets 1 and 2 have close Sharpe ratios with a correlation upper bound between these
assets not too large (subcase (i)), or the asset 1 dominates the asset 2 in terms of Sharpe ratio (subcase
(ii)), the investment in assets 1 or 2 follows a directional trading or a spread trading. This under-
diversification result has been also observed in [LZ17] for a single-period mean-variance problem without
drift uncertainty, and is extended here in a continuous time framework.

We have similar under-diversification effect in cases 3. and 4., and notice that it may happen that
one does not invest in the first asset even though it has the highest estimated Sharpe ratio.

Finally, in the case 5., corresponding to a small correlation ambiguity (see Remark 5.4.4), the investor
has interest to well-diversify her portfolio among the three assets. O

5.5 Appendix

5.5.1 Differentiation and characterization of convex function

Let us introduce some notations and state some results which will be used frequently in the proof of
Lemma 5.3.2 and also for the next propositions.

1. We introduce the so-called variance risk ratio

Rlp) = S(p)7'b = (& (p),-- A (P))T, (5.5.1)
Kbp) = S0 = ((bp),... KD )" (55.2)

2. From some matrix calculations (see e.g. corollary 95 and corollary 105 in [Dhr78]), we obtain the

explicit expressions of the first partial derivatives of R(b, p) with respect to b;, p;; denoted by %ﬁ”’)

OR(b,p) : :
andW,1§Z<j§d,

IR(b, p) OR(b, p)

—2P = 2ki(b, p), —2% = g0,k (b,p)K (b, p). 5.5.3
- ). G 350, )7 (b, ) (553)
We also denote by Vi, R(b, p) and V,R(b, p) gradient of R(b, p) with respect to b and p respectively,
AR(b, AR(b,
Vel ) = (ag%blp; T ag%bdp;y OR(b.p) (5.5.4)
vIJR(ba p) = ( apl;p 9y aplf 9 c ey ap(d!lp)d).r

3. (Sufficient and necessary optimality condition). It is known (see e.g. Lemma 2.2 in [CDH18]) that
R(b, p) is jointly convex in b and p. Similarly, R(E, p) is convex in p. Then
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(1) p* is a global minimum of R(b, p) over T if and only if, for any p € I’ (see e.g. section 4.2.3 in

[BV04]),
d j—1 -
- OR(b, p* .
(0 0V, R0, = 33 OPNy s0
j=11i=1 Pij
which is written from (5.5.3) as
d j—1
Z o0 kR (p*) (pij — pi;) < 0. (5.5.5)

j=11i=1

(2) (b, p*) is a global minimum of R(b, p) over A x T if and only if for any (b, p) € A x T,

d d j—1
OR(b*, p*) OR(b
S b = b)) + Y Y = (pij — piy) =0, (5.5.6)
i=1 81)1 Jj=11i=1 ap”
which is written together with (5.5.3) as,
Z 26 (b*, p*) (b — b}) — Z ook K (b, p*) (pij — pi;) > 0. (5.5.7)
1<i<d 1<i<j<d

5.5.2 Proof of Lemma 5.3.2

The statement of Lemma 5.3.2 is minimax type theorem, as it implies obviously in the case where ©
= A x T is a rectangular set that the function H in (5.3.4) satisfies

H (b, = H(b,
R A0 = e )

However, its proof cannot be deduced directly from standard minimax theorem (see e.g. Theorem 45.8 in
[Str85]), as it does not fulfill totally their conditions: the function H is linear (hence convex) in b, linear
(hence concave) in p, but we do not assume that I" is a compact set, and we also consider the case where
O is an ellipsoidal set.

We distinguish the two cases in (HO) whether © is a rectangular or ellipsoidal set.

Lemma 5.5.1. Suppose that © = A x T is in product set as in (HO) (i), and assume that there exists
0* € arg m@%n R(0). Then, we have for all § = (b,p) € O:

H(b,p) < H(6°) = R(67) < H(bp").
Moreover, (b*, p*) is a saddle point, namely,

inf sup H(b = sup inf H(b = H(", p*).
dnf sup (0, p) sup inf (0, p) (0%, p%)

Proof. Note that if there exists (b*, p*) € arg m@in R(6), the first-order condition implies that for any
(b,p) €6,

(b—0")"VuR(0") + (p — p*)TV,R(67) > 0, (5:5.8)
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where V,R(6*) and V,R(0*) are given in (5.5.4).
Recalling H (b, p) in (5.3.4) and explicit expressions (5.5.4) of V,R(6*) and V,R(6*), and taking b = b*
or p = p* in (5.5.8) respectively, we get

<.
|
—

&H(b*, p*)E (b*, p*)oios(pij — ;)

M=

=1
—-p)"V,R(6*) <0, VpeTl,

Il
* =
N
Il

Il
—~ .
S}

-

@
Il
_

H(b7p*>—H(b*,p*) = (bi_b:)"ﬁi(b*7p*)

(b—b*)"VuR(0) > 0, VbeA.

DN | =

It follows that

inf sup H(b,p) < supH(b*,p) = H(b*,p*) = inf H(b,p*) < sup inf H(b,p). (5.5.9)
beA pel pel beA pel beA

Since we always have inf sup H (b, p) > sup inf H(b, p), the above inequality is indeed an equality, and
bEA per pel bEA

this proves the required result. ([l

Lemma 5.5.2. Suppose that © = {(b,p) € R x ' : |lo(p)~ (b = b)||a < 8} is an ellipsoidal set as in
(HO) (ii), and assume that p* = arg mFin llo(p) " b||2 exists. Then there exists 0* € arg m@in R(0) with

J

p* € argmin||o(p) b2, bt = b(l7m)1{”a(p*)*ll;“2>§}7 (5.5.10)
and
R(O%) = (l0(p") " bll2 = 0)°1 (o) 160} (5.5.11)
Moreover, we have for all 8 = (b,p) € ©:
Hb',p) < H(E) = RO") < H(b,p"). (55.12)

Proof. Due to the dependence of b on p in the ellipsoidal set © written as © = {(b,p) € R xT': b €
A,} where

A, = {beR: [o(p)" (b—b)|» < 6}, (5.5.13)

We use a Lagrangian approach.
Step 1. For fixed p € T, let us first focus on the inner minimization

bréuAIi R(b, p). (5.5.14)

The Lagrangian with nonnegative multiplier p associated to this constrained minimization problem is

~

Li(b) = R(bp)— (62— (b= b)S() " (b - 1)), (5.5.15)
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and the first-order condition gives

W = 28(p) "o+ 2uE(p) (b b) = 0
OL1 (b, 1) _ YT -1 b) =
— = & —(b-b)"E(p) ' (b—b) = 0.

Solving these two equations for fixed p, and recalling that the Lagrange multiplier is nonnegative, yield

% a(p)~ b
U (p) — Il (0)5 Il

* ~ Dl{jo(p)-151,>51 (5.5.16)
b*(p) =

(
N S A
b = o1, (o) b0y

Substituting these expressions into the Lagrangian (5.5.15), we get

Lib*(p).p) = RO*(9):p) = (I0(0) " blly — 6)* 10y 1bam0)-

and thus, the original problem igf R(6) is reduced to

ez(ng)e@R(@) = inf blenApr(b,p) = gR(b (p),p)

= inf { (llo(p) "], — 6)*1 )
per{( {na<p>—1b||2>6}}

R 2

inf Jlo(p) Bl — ) 1 . 1t : 5.5.17

(i 1o ()bl = 8) 1, ot )15 > 6} (5.5.17)
pel’

Therefore, whenever p* € arg mFin lo(p)~1b||2 exists, we see from (5.5.17) that R attains its infimum at

0* = (b, p*) with b* = b*(p*) as in (5.5.16) with p = p*, which leads to the expressions as described in
(5.5.10) and (5.5.11) of Lemma 5.5.2.

Step 2. Suppose that there exists p* € arg mljn||a(p)_1l;||2. From Step 1, there exists 6* = (b*, p*) €
arg m@in R(#). Let us now prove that H(b*, p) < R(6*) for any p € I'. Substituting the expression (5.5.10)

of b* in H(b*, p), we rewrite H(b*, p) as
]
H(b*,p) = l———-
( llo(p*)bll,

As p* € arg mrin BTZ(p)*llA), we use Lemma 5.5.1 by setting A = {l;}, and immediately obtain

2, ~
) b7 (0") T (P2 (0") T B o (0150

Su[;BTE(p*)_lz(p)E(p*)_ll; = b"Y(p*) b (5.5.18)
pe
2
By multiplying both sides of the above equality with the constant (1 — m) l{l\a(p*)*15|\2>5}’ we
get
sup H(b*,p) = H(",p*) = R(0"), (5.5.19)
pel

which shows that

H((b*,p) < R(#"), forallp € T.
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Step 3. Let us finally prove that H(b, p*) > R(6*) for any b € ©,. Again, we use a Lagrangian approach.
For fixed p € T', we focus on the inner minimization

blenfp H(b, p*),

and consider the associated Lagrangian function with nonnegative multiplier p
Lo(byu) = H(b,p") = (8 — (b~ )7S(0) " (b - D). (5.5.20)

The first-order condition gives

% S(p*) "+ 2u(p) " (b —b) = 0,
aL2(b7 :u) _ B)T -1 by =
I CUS ORI

and by solving these two equations for fixed p (recalling also that the Lagrangian multiplier is nonnega-
tive), we get

W) = YD = 0 (5.5.21)
B0 = b (B () "
Substituting these expressions into the Lagrangian (5.5.20), we get
L™ (p).p) = HE*(p),p") = br(p") 16" — 8\/H (b, ).
The outer minimization over I' then yields
inf H(b,p*) = inf inf H(b,p") = 1an(b**( ), 0")

beO,, pel beA, pel’
= inf{ )it — 6 H b*,p}
pe
= bT( )70 — §sup /H(b*, p)

pel’
= b"2(p*) 1" — 6\/R(6%)
= R(6%),

where we used (5.5.19) in the last second equality, and last equality comes from (5.5.10). This shows that
the infimum of H (b, p*) over b € Oy is attained at b**(p*) = b* as in (5.5.21) with p = p*. We conclude
that for any b € Oy,

H(b,p*) > R(0), (5.5.22)

which completes the proof. O
5.5.3 Proof of Proposition 5.4.1

Let us prove that under the condition |3;| > |32| = milx 3], the function p — R(b, p) attains its
2

infimum over (C‘i 4+ C (-1, 1)4d=1)/2 " and this infimum p* can be computed explicitly. By convexity and
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differentiability of p — R(b, p) over the convex open set I' = C2 ., the existence of such minimum is
equivalent to the existence of critical points to R(b,.), i.e.,

OR(b, p*
ORM.) _ o 1<i<j<d (5.5.23)
Ipij
Recalling that o; > 04 = 1,...,d, this is written from (5.5.3) as the system of d(d — 1)/2 equations:
R (pR(p*) = 0, 1<i<j<d, (5.5.24)

which indicates that at most one component of #(p*) is not zero. Notice that due to the assumption that
b+#0, &(p*) = £(p*) b is never zero, i.e. at least one component of &(p*) is not zero. Therefore, exactly
one component of &(p*) is not zero. Then (5.5.24) is equivalent to &% (p*) # 0, &/ (p*) = 0, j # iy, for
some 11 = 1, ..., d. In other words, we have

(0,...,0,&"(p*),0,...,0)" = E(p*)_ll;, for some ¢y = 1,...,d. (5.5.25)

Pre-multiplying X (p*) on both sides of (5.5.25) and then writing out 1.h.s, we obtain

.2 gl * = B
O;ulfi (,0*) AZ1 . ) . (5526)
0, 0ipf R (p*) = b 1<i<d, i,
which yields the explicit form:
i b;
R(pT) = 2
o (5.5.27)
Phi = - i#a,1<i<d
As |p; ;| < 1in (5.5.27), together with condition 51| > max |Bi|, we thus have iy = 1 and
s\—17 A% 81 * A .
Y(p*)Tb = R(p*) = (?,O,...,O)T, Pl = 01, 2<i<d. (5.5.28)
i

Once {p]; }a<i<a is given as in (5.5.28), we can complete the other values of p}; € (—1,1) such that p*
belongs to C< . For instance, by choosing as in Corollary 2 in [LZ17], pi; = PPt = 01:015,2 < i < j
< d, we check that C(p*) € S . Indeed, in this case we have

0 0 1 012 013 ... 0id 1 0 0
R o 012 1 012013 ... 012014 ]\ o
—012 1 0 N A A A A —012 1 ... 0
_ _ 013 012013 1 .. 013014 .
—01a 0 ... 1 F . ' ) —61g 0 ... 1
01d 012014 013014 1

= dlag{la 1- ‘@12|27 1-—- |§13|27 sy 1- |§1d|2}7

which is positive definite since 1 — |15/ > 0,7 =2, ..., d.
In particular when |Bz| is in strictly descending order, i.e. |B1\ > |Bg| >0 > |Bd|7 p* = (pij)i<i<j<a
= (0ij)1<i<j<d = : 0 also belongs to (CiJr. Indeed, in this case, observe that
1 0 0 e 0
1 0 ...0 1 0 ... 0\ -
. . 0 1—01, 023 — 012013 .. 024 — 012014
—012 1 0 —012 1 0 N R A2 N o~
) _ lcwo| . . = |0 023 — 012013 1 — 013 <. 03d — 013014
o 0 .1 o 0 .1

0 024 — 012014 034 — 01301d - -- 1— 93,
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Denote by C1(9) the matrix in the r.h.s of the above equality and note that 91; = 91202, 1 = 3, ..., d.
Then we have

1 0 0 0 1 0 0 ... 0\

0 1 0 0 0 1 0 0

0 —@23 1 0 Cl(@) 0 —@23 1 0

0 —02a O 1 0 —02a O 1

1 0 0 0 . 0

0 1-03% 0 0 0

0 0 1— 035 pP3a — P23foa ... Pzd — 023024

- 0 0 034 — 023024 1— 03, cov 044 — 024024
0 0 034 — 023024 04d — 024024 - -- 1— 03,

Denote by C(9) the matrix in the r.h.s of the above equality and again note that go; = 023 03, ¢ = 4,
..., d. Then we can do the similar matrix congruence with C2(g) as with C1(9). And so on. After d — 1
steps of matrix congruence, we arrive at the diagonalization of the matrix C(9)

TC(H)T™ = diag{1,1— 012/, 1 — |623l?, ..., 1 — |da—1al*},

where T' = T, --- Ty with T; being invertible matrix with diagonal terms 1, (j,7)-th term —g;;, j > 1,
and other terms 0.

We deduce that the system of equations (5.5.24) has solutions in CZ , given by (5.5.28). Moreover,
we have from (5.5.28)

min R(b,p) = R(b,p*) = b"a(p*) = bia'(p*) = B2 (5.5.29)
peCe
Combining this with Lemma 5.5.2, we obtain b* described in 5.4.1. O

5.5.4 Proof of Proposition 5.4.2

As T = [p, p] is compact, we already know that p* = arg min,cr R(E, p) exists, and from Lemma 5.5.2,
we only need to compute the minimum of the function p — R(b, p) over I'. From (5.5.5) with d = 2, we
obtain the sufficient and necessary condition of p* for being global minima of R(b, p) over I":

R (p")R*(p*)(p = p") <0, Vp € p, 7, (5.5.30)

where R(p) is explicitly written as

Bil — by Bl_B2P

N 1 2 10 P 1 o
H(p) = _—— | % 192 = — | 5 9% . (5531)

L= \G-ae) 10\

From (5.5.30), we have three possible cases:

1. &' (p*)&*(p*) = 0. From the explicit expression (5.5.31) of #(p*), and as p* has to belong to [p, p]
C (—=1,1), we obtain #%(p*) = 0, i.e., p* = 912, and so R(B, p*) = BA%
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B
3)

#2(p*) > 0. Then (5.5.30) is satisfied iff p* = p. Moreover, from the above explicit expression
), we obtain p < 91a.

)
f(p
)i

R
H
k(p

‘."°
R>

?(p*) < 0. Then (5.5.30) is satisfied iff p* = p. Moreover, from the explicit expression of

A(

By combining this with Lemma 5.5.2, we obtain b* described as in Proposition 5.4.2. O

*), we obtain p > 912.

5.5.5 Proof of Proposition 5.4.3

AsT = HJ 1 HZ 1 [pij’ﬁij] is compact, we already know that p* = arg Ipnellg R(b, p) exists. From

Lemma 5.5.2, we only need to compute the minimum of the function p R(E, p) over I' by applying the
optimality principle (5.5.5) when d = 3,

3
j=1
We observe from (5.5.32) that similar as Proposition 5.4.2, each pj;, 1 <i < j < 3 may be lower bound
P, ;> upper bound p;;, or an interior point in (p , Pij), which corresponds to r'k7(p*) > 0, k'K’ (p*) < 0,

j—1
00k 1(p*)(pij — pi;) <0 for any p € T (5.5.32)
=1

or k's7(p*) = 0 respectively. Therefore, we c0n81der the following possible exclusive cases depending on
the number of zero components in &(p*):

L. &'&2(p*) = 0, &'R%(p*) = 0, &R (p*) = 0.
In this case, (5.5.32) is immediately satisfied. As we assume that b # 0, &(p*) is not zero, i.e. at least
one component of A(p*) is nonzero. Then, two components of #(p*) are zero. Under the assumption
that |51] > [B2] > |Ps], (5.5.28) and (5.5.29) in Section 5.5.3 yield the explicit expressions of p*,
R(p*) and R(b, p*)
pia = 012 € [p,,, P12, pis = 013 € [p 4, P13, any p33 € [p,,, p2s]

and

o by TN

i) = (50,00 R.p) = B (55.33)

1

Let us show that 32 in (5.5.33) is strict minimum value in the sense that R(b, p*) = 2 if and only
if piy = 012 € [p,:P12]s Piz = d13 € [p 4, p13] and any p33 € [p,,. p23]. We express X(p) as the

following block matrix
o2 Cq
) _ 1 1 ) ,
() (01 E_1(p23)

where the vector Cy = (0109p12,0103p13)7.

1 0 2o 1 -G i o
L 1x2 (Ul 1 ) o2 _ ( o1 1X2> , (5.5.34)
—oF D2 J\C1 E_1(p23)) \ 091 Iono 021 A

T
where A = X_1(p23) — C;fl is 2 x 2 positive definite matrix.
1

Inverting on both sides of (5.5.34), we get

cT _92
- L= (o 0 I 012
»t = o2 ( 1 1><2) . S~
v (02><1 sz12> 02y A7t f% Inyo ( )

-
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We express b as (by,b™ )™ and then write R(b, p) as two nonnegative decompositions from (5.5.35),

~ ~

A A A A b

Rb,p) = B+ (b-1——C1) A (boy — —C1)
01 01

> B

where in the last inequality, ‘=" holds if and only if by — —Cl =0, i.e. pig = 012, pis = 013. This
corresponds to case 1. of Proposition 5.4.3.

LR (%) £ 0, KR (%) = 0, #285(p) = 0.

In this case, we express Y(p) as the following block-matrix form for convenience,

S = (T G,

g3

where the vector C3 = (0103p13,0203p23)7.
By first transforming 3(p) to block diagonal matrix as (5.5.35) and then taking inverse, we obtain

St = <I2><2 —2—3(012)_1C3> <2—3(P12)_1 02><1>
012 1 O1x2 a(p)~!

Irxo Ole)
: 5.5.36
(_052—3(012)_1 1 ( )
where a(p) = 03 — CIX_3(p12) "' C5 is positive.
Recalling the definition of (b, p) and R(b, p) , we obtain from (5.5.36)

_s3(pr12) Mg — &3(p)S_3(p12) 1Oy

A
x>
N ._.
AA
)
\_/\_/
~
I
™

(5.5.37)
(P) = o5y (bs — C3B_3(p12) " 'b_3)
and
7 s -1% ~3 2
Rbp) = 545 a(pra) s + alp) (24(0))°. (5.5.38)
In the following, we write b™ ;% _3(p12)~*b_3 as R(b_3, p12).
As #3(p*) = 0, we obtain from (5.5.32) that
01028 R (p1a) (P12 — pia) <0 forall pio € [p,,, pi2)] (5.5.39)
and from (5.5.37) and (5.5.38) that
1( *
Piz) % \—17
= X_ b_
(RQ(Q’{Q)> f’(p”) ’ (5.5.40)
R(b7p ) = R(b*37p){2)'

This is the case of ambiguous correlation in the two-risky assets: risky asset 1 and risky asset 2
with ambiguous correlation p12 in [p,,, p12]. In this case, &1 (p*) and #2%(p*) are not zero, therefore
we have that from Proposition 5.4.2

pT2 = [7121{512<é12} + B121{£12>§12}‘ (5541)
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By setting g(pis, p13, p23) : = a(pls, p13, p23)k>(pls, p13, po3) for fixed piy in (5.5.41), we deduce
from (5.5.37) that the function

(p13yﬂ23) = 9(072,P13,P23) = 133 - 01031%1(0I2)013 - 0203/%2(PT2)023,

is linear in (p13, p23) € [Blg,ﬁlg] X [823,;323], and has the same sign as &%(pi,, p13, p23) due to the
positiveness of a(p}s, p13,p23). To study the condition of k3(p*) = 0, we discuss it in the following
two cases:

(i) if p12 < 012, then A'&%(p12) > 0, the function (p13,p23) — g(p12, P13, p23) has the same
monotonicity with respect to pi3, pas. Therefore, to ensure that the function g(pi2, p13, p23)
has a root in [&3,,613] X [323,,623], we need 9(/312’3137323)
9(pr2; P13, p23) < 0, or equivalently A%(p12,p, 4, p,q) A (P12, P13, p23) < 0.

(i) if p,, > 012, then RlR 2(p12) < 0, the function (p13, p23) + 9g(p,,, P13, p23) has the opposite
monotonicity with respect to pi3, pes. Therefore, when 9(31275137323) 9(312,313,523) <0,
or eqllivalently ’%f@lz’/313’823)’%3(8127813’ﬁ13> < 0, the function 9(312,p137p23) has a root in

(155 P18] X [Py, P2s).

Therefore, we deduce that R(b,p) > R(b_s3, p12) > R(3_3,5121{512<@12} +p51p >61,)) and that
—_ —12
‘=" holds if and only if piy = p121{pn<p1a) T P1ylip, >012} a0d pis, pis satisfies &% (piy, pis, pis) =
0.This corresponds to subcases 2.(i) and 2.(ii) of Proposition 5.4.3.
8. &'&2(p*) = 0, K'&3(p") # 0, &2(p*)&°(p*) = 0.

In this case, we make permutations as follows,

<R/%_22((p/;)> B <Z_§§§13) 225)_1 (8,;;2>7 (5.5.42)

where #72(p) = (k'(p),#3(p))™ and Cy = (0102p12,0203p23)7. Using (5.5.42) and proceeding with
the same arguments as in the case 2., we obtain the result of #%(p*) = 0, &'(p*)&3(p*) # 0 as
described in the subcases 3.(i) and 3.(ii) of Proposition 5.4.3.

4. R'R%(p*) = 0, R'R%(p*) = 0, R?(p*)&%(p*) # 0.
Note that

<’%,g11($)> _ (E_lc(lfzs) 5%1)1 (bb—11> (5.5.43)

where 271(p) = (#%(p), #3(p))™ and C; = (0102p12,0103p13)7. Using (5.5.43) and proceeding with
the same arguments as in the case 2., we obtain the result of &'(p*) = 0, &2(p*)A3(p*) # 0 as
described in subcases 4.(i) and 4.(ii) of Proposition 5.4.3.

5. &2 (p") # 0, K& (p") # 0, &2(p")&°(p") # 0.
In this case, we see from (5.5.32) that each pj; takes value in {Bij’ﬁij} relying on the sign of
kA7 (p*). Note that once the signs of #'42(p*) and &#'43(p*) are known, the sign of #2(p*)&3(p*) is
determined. Therefore, by combination, there are 4 possible sub-cases as described in the case 5.
of Proposition 5.4.3.
As #Y(p*)R7(p*) # 0 in each sub case, Lh.s of (5.5.32) is strictly negative for any p € ' \ {p*}.
From the first-order characterization for convexity of R(b, p) (see e.g. Section 3.1.3 in [BV04]) and
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(5.5.3), we obtain for any p € T'\ {p*},

R(b,p) > R(b,p")+ (p—p*) D,R(b,p")
3 Jj—1

= R(b,p") =D oioii& (p")i () (pij — ;)

j=1i=1

> R(b,p*),

which indicates that p* in each sub-case of case 5. in Proposition 5.4.3 is a strict minimum of

R(b, p).
As R(l;7 p*) in this subcase is strict minimum value, we conclude that each subcase in Proposition 5.4.3

is exclusive.
By combining this with Lemma 5.5.2, we obtain b* described as in Proposition 5.4.3. (Il

5.5.6 Proof of Proposition 5.4.4

We express 3(p) in block matrix form,

o2 Ct >
z = ! , 5.5.44
) (c S 1(p) (5544
where the vector C' = (0102p12,...,0104p14)"-
1 01y (g 1 - 2
¢ 1x(d—1) (p) a7 = ( 71 le(d_l)) ,  (5.5.45)
T oz H(d-1)x(d-1) Ou-1yx1 L@a—1)x@-1) 0(d-1)x1 A

where I(g_1)x(4—1) is d =1 x d — 1 identity matrix and A = ¥_4(p) — CUC4T, d—1xd-1>0.
1
Inverting on both sides of (5.5.45), we get

ct —
S(p)"! = 1 G ( o;? 01X<d—1>> 1C O1x(a-1) . (5.5.46)
O-1yx1 La-1yx@-1)) \Ou-nx1  A~! 77 La-1)x@-1)

We write b as (b1,b” ;)™ where b_; denotes b with the first component removed, and express from (5.5.46)
R(b, p) as two nonnegative parts

b b
R(b,p) = B2+ (bo1— —5C)"A by — =C)
o1 o1

2
> B
Note that B? can be attained if and only if b; = b, and b_; — %C’ = 0, which is equivalent to
_ 1
bi = by, B =B 2<i<d (5.5.47)

As long as |p7;[ in (5.5.47) is less than 1, we can complete the other values of p;; € (—1,1) such that p*

belongs to Ci+. For instance, by choosing p;; = pi;pi; = 5;3?-7 , 2 < i< j<d, we check that C(p*) €
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S?.. A sufficient condition is 3 L > max ﬁj. Therefore, if 3, > max B,, then

in R(b,p) = [ 5.5.48
Sy RO = 5 (5545
* * ﬁ;( * . oY
by = by, p;; = 5= foranypje [éiamln(ﬁivél))'

5,

Moreover, in this case, we obtain from (5.5.46)

* * k) —17% %_%A_l( >il_o%)
k(" p") = X(p*) b = ! Aii(b*l—%)) ! = 0,

S
[

qQ
=

) . (5.5.49)

d—1)x1

5.5.7 Proof of Proposition 5.4.5

As A and I' are compact, we know that Xﬂﬁl R(b, p) exists. In the following, we compute the minimum
X

(b*, p*) of R(b, p) by using (5.5.7) with d = 2: for any (b, p) € [T-_,[b;,b:] x [, 7,

DR, %) (b = b)) — 1ok (0%, pF )R (b7, p7) (p — p7) 2 0, (5.5.50)

1<i<2

where (b, p) is explicitly written as

K(b.p) = S(p) b= L (2 "5l (5.5.51)
) 1_ p2 % _ 0-117(172,0 . .O.
2

From (5.5.50), we have the following cases:

o

b

1. If k*(b*, p*) # 0, k2(b*, p*) = 0, then solving (5.5.51) yields p* = g—% and &' (b*, p*) = & > & >
1 ~ 1 1
0. Substituting these back in (5.5.50), we have b} = b and p* = 2—2 € [%,min(l, @)] As p* has
. 2 = B,
. B, . B2 _ . . B2 _ B ..
to belong to [p, p], we have [,@—,mm(l7 ﬁ—)] N [p,p] # @, i.e. p < min(l, ﬁ—) and p > 3. This is
- =) Py - - Py =)
the case as described in 1. of Proposition 5.4.5.
2. If k1(b*, p*) = 0, K2(b*, p*) # 0, then solving (5.5.51) yields p* = 2—1: and x2(b*, p*) = g—% > % >
2 2 2

0. Substituting these in (5.5.50), we have b5 = by and p* = /671* > % > 1, a contradiction with |p*|
< 1 B

2 —2

3. If k1(b%, p*) > 0, K2(b*, p*) > 0, then we have b* = (b;,b,), p* = p. Using (5.5.51), we obtain p <

%, which is described as in case 2. of Proposition 5.4.5.
4. If k1 (b*, p*) > 0, K2(b*, p*) < 0, then we have b* = (by, ba), p* = p. Using (5.5.51), we obtain p >

min(1, &), which is described in case 3. of Proposition 5.4.5.
2y

5. If ' (b*, p*) < 0, k2(b*, p*) > 0, then we have b* = (b1, b,), p* = p. Using (5.5.51), we obtain 3; <
p B,, a contradiction with 3, > 3,.
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6. If K1(b*, p*) < 0, K2(b*, p*) < 0, then we have b* = (b, bs), p* = p. Using (5.5.51), we obtain £ <
pB2 and By < pP1, a contradiction with natural bound of | p|

5.5.8 Proof of Proposition 5.4.6

As A = Hle[bi,l_)i] and ' = H1<i<j<3[3ij7[)ij] are compact, we already know that (b*,p*) =
arg Xmﬁ R(b, p) exists. we compute the minimum of the function (b,p) — R(b,p) over A x T' by ap-
X

plying the optimality condition (5.5.7) when d = 3:

j—1

3
Z K (b*, p*) (b — bF) — Z oioik'w (p*)(pij — pi;) > 0. (5.5.52)

i=1 j=1i=1
We consider the following possible exclusive cases depending on the number of zero components in
R(b*, p*):
1. Iillﬁ:2(b*,p*) =0, Kl S(b* *) =0, K2k S(b* *) =0.
In this case, (5.5.52) immediately holds. As we assume that 8, > 8, > f, >0, (5.5.48) and (5.5.49)
in Section 5.5.6 yields the explicit expression of (b*, p*), (b*7 ) and R(b )

b= by, = g : --mgj i, 2y, =23 5.5.53
1 — Y1 P1j - Fa or any plj € [Bljaplj] [Famln( aﬂi))a J =49, ( +. )
=1 -1 =1
and
* * Q1 * 2
K077) = (0.0 RO = B (5.5.54)

1

Let us show that 5 is strict minimum value in the sense that R(@*) = ﬁ if and only if b = by,
b5 = bypiy, b = le13 From the block-matrix form of 3(p)~! in (5.5.35), we write R(b, p) as two
nonnegative parts

b b
R(b.p) = Bi+ (b1~ 5C) A7 (b1 — 5C)
0'1 01

2
> 8

¢

where Cy = (0102p12,0103p13)" and A = ¥_1(pa3) — %C&T > 0. ‘=’ holds true if and only if b; =
b . * * * * *
by and b_q — %Ol =0,ie b7 =by, 35 = élpl% B3 = élplfr
2. k1k2(b*, p*) # 0, k1R3(b*, p*) = 0, K2K3(b*, p*) = 0.
In this case, we obtain from (5.5.36)

Iil
(528:2) = Y _3(p12) tbos — K*(p)X_3(p12) ' Cs (5.5.55)
KA (b,p) = ﬁ(bzﬂ—cgz—a(ﬂm)_lbfs)
and
R(b,p) = b3S 5(p12) bz +alp) (% (b, p))". (5.5.56)
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When there is no ambiguity, we write b_3¥_3(p12)b_3 as R(b_s, p12)-
As x3(b%, p*) = 0, we get from (5.5.52) that

REO5, p7) (b = b7) + K2 (0, ) (ba — b3) — o102k K2 (0", p") (P12 — pla) > 0. (5.5.57)

and from (5.5.55) and (5.5.56) that

“1(5*3 Pikz))
—3» = 2 * 711)1

(nQ(big,p’fz) Pia) 70 (5.5.58)
R(b*,p") = R(b 3, p1s)

This is the case of mixing drift uncertainty (b1, bs) in [by, b1] X [by, ba] and correlation ambiguity pi2
€ [312, p12] in the two-risky asset described in Proposition 5.4.5. Therefore, we obtain the explicit
expression of b}, b5 and p7,

by = by, by = byl +b21{p >52}, Pl = pu{ —|—p121{ (5.5.59)

{912<5 } 1} >ﬁ }

By Setting g(bT7b§ab37p>{2’pl3ap23) L= a(bT7b§ab3ap}{2apl37p23) K3(by{7b§7b37p>{27p137p23) for fixed
1, b3 and pi, in (5.5.59), we deduce from (5.5.55) that the function

(b3, p13, pa3) = g(bT, b5, b3, pia, p13, pa3) = by — orospize’ (b5, pla) — 0203pask”(b* 3, pia)

is linear in (bs, p13, p23) € [bs, bs] X [p 4, P13] X [p,4; P23], and has the same sign as &% (b7, b3, b3, pia, P13, P23)
due to the positiveness of a (b3, b5, b3, pio, p13, p23) = 0. To study the condition of k3 (b}, b3, bz, pis, P13, P23),
we discuss it in the following two cases:

(i) If pr12 < 3 L , then k'(by, by, p12) > 0, £2(by, by, p12) > 0, the linear function (bs, p13, p23) —

(b1762,b3,p12,p13,p23) is increasing in b3, decreasing in pi13 and pe3. To ensure that the
function g(by, by, bs, P12, p13, p23) has a root in [bs, bs] X [p,,, p13] X [p,,, P23, we need

g(b17b27b3,ﬁ127ﬁ137§23) S 0 S g(bl»b2a63a,§12a813;823),

or equivalently,

K> (b1, by, by, P12, P13, pas) < 0 < K2 (by, bo, b3, Pra, pgs P,)-

(i) Ifp,, > min(1, 5—2), then x! (b, 52,312) >0, 2 (by, l;g,gm) < 0. The linear function (bs, p13, p23)
_ 2y
= g(by,b2,bs, p .y, P13, p23) is increasing in by and pos, and decreasing in p13. As (b3, pi3. p33)

satisfying g(bl,l;g,b§,gl2,p>{3,p§3) = 0 has to belong to [by, b3] x [813,513] X [B23,,523], we
obtain

HS(b1752763a£127£137523) Z 0 Z Ks(bla527b378127ﬁ13,823)'

Therefore, we deduce that

R(b7p) > R(bl?bQ?ﬁlQ) {Pra< +R(b17b27p12) {» 12>%} (5560)

and that ‘=" holds if and only if b7 = by, b5 = b,1 . } + byl {o,,> 32}7 Pz = Pyl {, >ﬁ2}

ﬁul{f LEay This corresponds to the subcases 2.(i) and 2 (ii) as descrlbed in Proposition 5. 4 6.
Plz_E
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8. kIRE(b*, p*) = 0, k'R3(b*, p*) # 0, K2K%(b*, p*) = 0.
In this case, we make permutations as follows,
K2(b P)) (22(/713) Co >_1 <b2>
) - , 5.5.61
(vt a ) \n (0501
where k=2(b, p) = (k1 (b, p), k3(b, p))™ and Cy = (0102p12, 0203p23)T. Using (5.5.61) and proceeding
with the same arguments as in the case 2., we obtain the result of x2(b*, p*) = 0, k'3 (b*, p*) # 0
as described in case 3.(i) and 3.(ii) of Proposition 5.4.6. Proceeding with the same arguments as

in the case of k3(b*, p*) = 0, we obtain the results of case x%(b*, p*) = 0 described in subcase 3.(i)
and 3.(ii) of Proposition 5.4.6

4. KMR2(b*, p*) = 0, K1E3(b*, p*) = 0, K2K3(b*, p*) # 0.
Note that

k=1 (b, p) Soi(ps) Cr\ (b
Coon) = Ce ) (W) (5562
where k~1(b, p) = (k2(b, p), K3(b, p))™ and the vector C; = (102p12,0103p13)7. Using (5.5.62) and

proceeding with the same arguments as in case 2., we obtain the result of k! (b*, p*) = 0, K23 (b*, p*)
# 0 as described in subcases 4.(i) and 4.(ii) of Proposition 5.4.6.

5. k1k2(b*, p*) # 0, k1&3(b*, p*) # 0, K2&3(b*, p*) # 0.

In this case, we see from (5.5.52) that each b} takes value in {b;, b;} depending on the sign of x%(b*, p*)

and that each pj; takes value in {Bij’ pij} depending on the sign of x'x7(b*, p*). Moreover, due to
3

the assumption 8, > B, > ., > 0, we obtain that R(b*, p*) = Z bik'(b*, p*) > 0, hence at least
i=1

one component of k(b*, p*) is positive. By combination, there are 7 possible subcases as described

in case 5. of Proposition 5.4.6.

As kI (b*, p*) # 0 in each possible subcase, Lh.s of (5.5.52) is strictly negative for any (b, p) € A

x T\ {(b*,p*)}. From first order condition of convexity of R(b,p) at point (b*,p*), we have for

any (b,p) € A x I'\ {(b%,p")}

3 j-1
Rb,p) > R0 + S w07 0" b= b1) =33 0i0snnd (6) (i — o)

i=1 j=1i=1

> R(b*7p*)7

which indicates that (b*, p*) in each subcase of case 5. in Proposition 5.4.6 is strict minimum of
R(b, p).

As R(b, p) in each subcase is strict minimum value, we conclude that each subcase in Proposition 5.4.6
is exclusive. ]
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