N

N

Integrability of Gaussian multiplicative chaos and
Liouville conformal field theory

Guillaume Remy

» To cite this version:

Guillaume Remy. Integrability of Gaussian multiplicative chaos and Liouville conformal field the-
ory. Mathematical Physics [math-ph]. Université Paris sciences et lettres, 2018. English. NNT:
2018PSLEEO051 . tel-02418071

HAL Id: tel-02418071
https://theses.hal.science/tel-02418071
Submitted on 18 Dec 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-02418071
https://hal.archives-ouvertes.fr

THESE DE DOCTORAT

de I'Université de recherche Paris Sciences et Lettres
PSL Research University

Préparée a I’Ecole Normale Supérieure

Integrability of Gaussian Multiplicative Chaos and
Liouville Conformal Field Theory

Intégrabilité du Chaos Multiplicatif Gaussien et Théorie Conforme
des Champs de Liouville

Ecole doctorale n°386

Ecole doctorale de mathématiques de Paris-Centre

Spécialité Mathématiques

COMPOSITION DU JURY :

M. CHELKAK Dmitry
ENS Paris, Membre du jury

M. DUMINIL-COPIN Hugo
Soutenue par Guillaume Remy IHES, Président du jury

le 3 juillet 2018 M. FYODOROV Yan
King’'s College, Rapporteur

M. HONGLER Clément
EPFL Lausanne, Membre du jury

Dirigée par Rémi Rhodes
Vincent Vargas M. MOURRAT Jean-Christophe
ENS Paris, Membre du jury

’ PS L f~-7 RAPPORTEUR:
*
g M. GARBAN Christophe

Lyon 1, Rapporteur



Intégrabilité du Chaos Multiplicatif Gaussien et
Théorie Conforme des Champs de Liouville

25 juin 2018

Guillaume Remy!

IDépartement de mathématiques et applications, Ecole normale supérieure, CNRS, PSL Research Uni-
versity, 75005 Paris, France.



Résumé

Cette these de doctorat porte sur I’étude de deux objets probabilistes, les mesures de chaos
multiplicatif gaussien (GMC) et la théorie conforme des champs de Liouville (LCFT). Le GMC
fut introduit par Kahane en 1985 et il s’agit aujourd’hui d’un objet extrémement important en
théorie des probabilités et en physique mathématique. Trés récemment le GMC a été utilisé pour
définir les fonctions de corrélation de la LCFT, une théorie qui est apparue pour la premiere fois
en 1981 dans le célebre article de Polyakov, “Quantum geometry of bosonic strings”.

Grace a ce lien établi entre GMC et LCEF'T, nous pouvons traduire les techniques de la théorie
conforme des champs dans un langage probabiliste pour effectuer des calculs exacts sur les mesures
de GMC. Ceci est précisément ce que nous développerons pour le GMC sur le cercle unité. Nous
écrirons les équations BPZ qui fournissent des relations non triviales sur le GMC. Le résultat final
est la densité de probabilité pour la masse totale de la mesure de GMC sur le cercle unité ce qui
résout une conjecture établie par Fyodorov et Bouchaud en 2008. Par ailleurs, il s’avere que des
techniques similaires permettent également de traiter un autre cas, celui du GMC sur le segment
unité, et nous obtiendrons de méme des formules qui avaient été conjecturées indépendamment
par Ostrovsky et par Fyodorov, Le Doussal, et Rosso en 2009.

La dernieére partie de cette these consiste en la construction de la LCFT sur un domaine
possédant la topologie d’une couronne. Nous suivrons les méthodes introduites par David-Kupiainen-
Rhodes-Vargas méme si de nouvelles techniques seront requises car la couronne possede deux bords
et un espace des modules non trivial. Nous donnerons également des preuves plus concises de cer-
tains résultats connus.

Abstract

Throughout this PhD thesis we will study two probabilistic objects, Gaussian multiplicative
chaos (GMC) measures and Liouville conformal field theory (LCFT). GMC measures were first
introduced by Kahane in 1985 and have grown into an extremely important field of probability
theory and mathematical physics. Very recently GMC has been used to give a probabilistic defini-
tion of the correlation functions of LCFT, a theory that first appeared in Polyakov’s 1981 seminal
work, “Quantum geometry of bosonic strings”.

Once the connection between GMC and LCFT is established, one can hope to translate the
techniques of conformal field theory in a probabilistic framework to perform exact computations
on the GMC measures. This is precisely what we develop for GMC on the unit circle. We write
down the BPZ equations which lead to non-trivial relations on the GMC. Our final result is an
exact probability density for the total mass of the GMC measure on the unit circle. This proves
a conjecture of Fyodorov and Bouchaud stated in 2008. Furthermore, it turns out that the same
techniques also work on a more difficult model, the GMC on the unit interval, and thus we also
prove conjectures put forward independently by Ostrovsky and by Fyodorov, Le Doussal, and
Rosso in 2009.

The last part of this thesis deals with the construction of LCFT on a domain with the topology
of an annulus. We follow the techniques introduced by David-Kupiainen-Rhodes-Vargas although
novel ingredients are required as the annulus possesses two boundaries and a non-trivial moduli
space. We also provide more direct proofs of known results.
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Chapter 1

An overview of Gaussian chaos and
Liouville theory

1.1 Introduction

The present chapter is destined to give an overview of the results concerning two probabilistic
objects, the Gaussian multiplicative chaos (GMC) measures and Liouville conformal field theory
(LCFT). We will present the definitions, the most important properties and the required informa-
tion the reader needs to understand the following chapters. The theory of Gaussian multiplicative
chaos was first introduced heuristically by B. Mandelbrot in 1972 in [50, 51] and then defined
rigorously by J.-P. Kahane in 1985 in [42] and has ever since been extensively studied in many
problems of probability theory and mathematical physics with applications including random ge-
ometry, 2d quantum gravity, statistical physics, 3d turbulence and mathematical finance. See [72]
for a review.

On the other hand Liouville conformal field theory was only very recently understood as a
probabilistic object. It first appeared in the physics literature in the seminal paper “Quantum
geometry of bosonic strings” by A. Polyakov in 1981 [66]. Considerable efforts were then devoted
by theoretical physicists to try to solve Liouville theory - in other words to compute its correlation
functions - motivated by its importance in the study of non-critical string theory and of random
geometry in two dimensions. A major step in this direction was taken by Belavin, Polyakov, and
Zamolodchikov (BPZ) in 1984 in the paper [8] which laid down the foundations of conformal field
theory (CFT).! Liouville field theory is indeed a CFT and using these techniques the celebrated
DOZZ formula was conjectured independently by Dorn and Otto in [22] and Zamolodchikov and
Zamolodchikov in [86]. This formula gives the value of the most fundamental quantity in Liouville
theory: the three-point correlation function of the theory on the Riemann sphere. However, the
major problem behind this study of Liouville theory was that it completely lacked mathematical
rigour and the derivation of the DOZZ formula was seen more as a guess even on a physics level
of rigour. The biggest problem came from the fact that it appeared unclear how to construct a
consistent theory based on the so-called path integral formalism in the case of Liouville theory.
Many reviews on LCFT abandon this path integral definition right from the start and replace it by
purely algebraic definitions. This is the famous conformal bootstrap approach to LCFT, see [71].

!The original motivation of BPZ in [8] was precisely to obtain an exact value for the correlation function of LCFT
although CFT has now grown into a huge field of theoretical physics with countless applications.

7



8 CHAPTER 1. AN OVERVIEW OF GAUSSIAN CHAOS AND LIOUVILLE THEORY

A decisive step to solve this problem was made by David-Kupiainen-Rhodes-Vargas in the paper
[17] where a probabilistic definition is given for the Liouville field theory. The authors find a way
to interpret the path integral of LCFT: using a regularization and renormalization procedure they
obtain a rigorous probabilistic definition of the theory. The correlation functions of LCFT are thus
expressed in terms of moments of GMC measures with log-singularities. We emphasize that this
establishes a link that was unknown to two major communities of physicists, the statistical physics
community working with GMC related models and the theoretical physics community working on
LCFT.

Once a probabilistic content has been given to the correlation functions of LCF'T, the next
natural step is to try to prove all the properties one expects for a CFT. The correlation functions
of LCFT are shown to behave as conformal tensors (KPZ formula) and obey the Weyl anomaly
(behaviour under a change of background metric). Next we can introduce the stress-energy tensor of
the theory and prove the Ward identities. Lastly the BPZ equations are established for a correlation
function where at least one of the point in the correlation has a so-called degenerate weight. These
differential equations are extremely important as they translate the constraints imposed by the
local conformal invariance (by opposition to the KPZ formula which just takes into account global
conformal invariance).

Using these BPZ equations CFT tells us that it should be possible to perform exact computa-
tions of certain correlation functions with a small number of points. In the case of Liouville theory
the precise way to extract information out of the BPZ equations to obtain non-trivial relations
on the correlation functions goes back to Teschner [80]. On the Riemann sphere the simplest cor-
relation is the three-point function and the BPZ equations thus lead to relations that completely
determine this function, this is the content of the celebrated DOZZ formula. Implementing all of
the above in a probabilistic framework allowed Kupiainen-Rhodes-Vargas in 2017 to give a proof
of the DOZZ formula [46, 47]. In chapter 2 we will explain how writing down the BPZ equations
for a domain with boundary allows one to obtain the law of the total mass of the GMC measure
on the unit circle, the so-called Fyodorov-Bouchaud formula [31].

To say a little bit more on the Fyodorov-Bouchaud formula let us take a small detour in the
world of statistical physics. In this world GMC measures were first considered on the interval in
the work of Bacry-Muzy [7] followed by the work of Fyodorov-Bouchaud [31] on a random energy
model, which they studied on the circle. Fyodorov and Bouchaud conjectured the law of the total
mass on the circle using a heuristic analytic continuation from integer to complex moments which
we refer to as the Fyodorov-Bouchaud formula. They also conjectured the distribution of the max-
imum of underlying gaussian field. The Fyodorov-Bouchaud formula was extended by Ostrovsky
[62] to include a single insertion point. The case of the distribution of the total mass of the GMC
measure on the interval was first considered by Ostrovsky [58] using his theory of intermittency
differentiation resulting in explicit conjectures for the negative moments [59] and for the fractional
moments of the total mass [60]. The problem of the total mass on the interval with two insertion
points was independently considered by Fyodorov et al. [35] using the technique of analytic con-
tinuation from integer to complex moments. Fyodorov et al. conjectured the fractional moments
of the total mass as well as the Laplace transform of the distribution of the maximum of the un-
derlying log-correlated field, see also [34]. The two approaches to the problem with two insertion
points were unified in [61], see also [63] for a detailed review. We will prove a number of these
conjectures by using the connection with LCFT which allows us to introduce the correct auxiliary
functions corresponding to holomorphic observables of CFT.
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We now briefly summarize the main results of this thesis.

¢ Main result 1: Content of chapter 2.
Consider the log-correlated field X on the unit circle 9D with covariance:
0\ v (6 1
We will prove the following exact formula for the associated Gaussian multiplicative chaos measure
on the unit circle, for v € (0,2) and p < %,

E[(% /Ozﬂe%X@“’)de)P] _ra-") (1.1.2)

This formula was first conjectured by Fyodorov and Bouchaud in [31]. In the subsection 1.5.2 of
this overview we will sketch the proof of this formula which heavily relies on studying Liouville
conformal field theory on the unit disk D.

o Main result 2: Content of chapter 3, in collaboration with Tunan Zhu.
We provide a formula analogue to (1.1.2) but for the GMC measure on the unit interval [0, 1].
More precisely let X be the log-correlated field on [0, 1] with covariance:

1
z =yl

E[X(x)X1(y)] = 2In (1.1.3)
Then for v € (0,2) and for real numbers a, b, p satisfying suitable bounds we will give the exact
value of the following quantity:

1 i
M(3,p, a,b) = E( /0 2(1 — )3 X1 4], (1.1.4)

The strategy of proof resembles strongly the one used to show (1.1.2) although the striking fact is
that it is a priori not clear what is the CFT model behind GMC on the interval [0, 1]. Subsection
1.5.3 summarizes this result.

o Main result 3: Content of chapter 4.
Our third result differs in spirit from the previous two and deals with the construction of the
Liouville field theory on a domain with the topology of an annulus. We first check that the theory
verifies the basic properties of a CFT and then integrate the partition function over the moduli
space (the space of non conformally equivalent annuli). This allows to give the law of the random
modulus and state the conjectured link with random planar maps on such domains. We summarize
this construction in more details in subsection 1.3.3.

The remaining part of this overview is divided as follows. First we will give the definitions
and basic properties of all the objects that we will use, the Gaussian free field, the Gaussian
multiplicative chaos measures and the correlation functions of LCFT. Then we will explain in more
details all the properties Liouville field theory inherits from the framework of CFT. Exploiting the
constraints imposed by the BPZ equations leads to the derivation of exact formulas for GMC
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measures and Liouville theory. This is what one should understand by the word “integrability”
that we have used in the title, the existence of exact formulas for fractional moments of certain
GMC measures or equivalently for the corresponding correlation functions of LCFT. Applications
to related problems in probability theory are also included. Lastly we will state some open problems
for future directions of research as well as a list of additional exact formulas that we expect to be
able to prove using similar techniques.

1.2 Gaussian free fields and Gaussian multiplicative chaos

1.2.1 Gaussian free fields and log-correlated fields

The fundamental Gaussian processes that we will always work with are log-correlated fields which
can be defined on R? in any dimension d. However for our purpose we will only need the cases d = 2
or d = 1. In the case of dimension two the field is then known as the Gaussian free field (GFF). In
dimension one a log-correlated field can be seen as the restriction to a 1d domain of a Gaussian
free field in two-dimensions. For the purpose of this overview and for the coming chapters we will
consider many different domains, the Riemann sphere S?, the unit disk D, the upper-half plane H
and the annulus Q) for the two-dimensional cases and the unit circle 9D and the unit interval [0, 1]
for the one-dimensional cases. Although the general idea is always the same, defining the field on
each domain will be slightly different based on the topology of the domain. We will try to treat all
the above cases in the most concise way possible.

Let us start with the case of the full plane GFF X that will be used to define the GFF on the
Riemann phere S%. One should keep in mind that a very natural way to represent the sphere S? is
simply to add a point at infinity to the complex plane, i.e. CU {oco}. We start by introducing the
space S(C) of smooth test functions on C with compact support and the subspace Sp(C) C S(C)
of test functions that have zero average over C. We denote by S'(C) the space of distributions
associated to S(C) and by S’(C)/R the space of distributions associated to So(C) which can be
seen as a space of distributions modulo constants.

We can now define the full plane GFF X as a Gaussian random variable living in &’(C)/R with
the following covariance for all f,h € Sy(C):

L

- y‘d%d@? (1.2.2)

E[(/ f($)7(w)d2$)(/ hy)X (y)d*y)] = | f@)h(y)In
C C C2

With this full plane GFF we can define a GFF living in S’(C) by prescribing the value of X against
a probability measure on C. This will fix the undetermined constant and thus X will be defined
against any test function in §’(C). Anticipating the coming constructions of LCFT it is natural to
write g(x)d?z for the measure on C with which we define:

Xy(z) =X (z) — /((:Y(a:)g(a:)dza:. (1.2.3)

2This is a suitable definition for the covariance of a Gaussian process as one can prove by Fourier analysis the
following identity,

. R - T R, FOME) »
[, rmtn ey —c [ L ¢, (122)

where ¢ > 0 is a constant.
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We will say that X, is the GFF on the Riemann sphere S? of zero average with respect to the
metric g. A natural choice is to chose,

4

T (1.2.4)

g(x) :=

as this is the canonical spherical metric on S?. More explicitly with this choice § the field X, then
has the covariance:
1 1. . 1. .
EX;(z)X;(y)) =In—— — —Ing(z) — —Ing(y) +In2. (1.2.5)
lz—yl 4 4
This completes the description of the different GFF on the plane and on the sphere.

We move on to the boundary case and start by looking at the unit disk . When one works
on a domain with boundary there is of course a choice to be made of which boundary conditions
to work with. The most natural choice one can think of are the Dirichlet boundary conditions
where one imposes the GFF X to be equal to 0 on the boundary. It turns out that this is not
the right choice to construct LCF'T as this boundary condition is much too strong and many of
the expected properties of CFT - see section 1.4 - would fail to hold. Hence we will rather choose
Neumann boundary conditions, also sometimes called free boundary conditions. The covariance of
the Neumann GFF X is given for z,y € D by:

E[X(2)X ()] = !

=In—————. 1.2.6
N ey =] (1.26)

Of course just like for the case of the full plane GFF, X lives in the space of distributions so the
equation (1.2.6) is to be understood by,

1

n—— Prd?y, 1.2.7
P T—— (1.27)

E[(/ f($)X(<E)d2w)(/ h)X(y)d*y)] = | f(a)h(y)
D D D2

where again f and h are smooth test functions defined on ). With this covariance established one
can then give the covariance for the GFF defined on H by using the conformal mapping z — i—jrz
linking H and D. This provides the expression:

1

E[Xpu(z)Xu(y)] = In == ylz =7

+hnlz+i2+hnly+i?—2n2 (1.2.8)

By using similar techniques one can also write down the covariance for the Neumann boundary
GFF on the annulus Q = {z,1 < |z| < 7}. For 2,y € Q we have,

E[Xa(e)Xa(y)] = Cle.y) + In I~y

— = , (1.2.9)
11— ay|[r? — 27|z — y||m2z — y|

where G(x,y) is some continuous function and where the factor |72z — y| holds for |z| < |y| and is
replaced by |z — 72y| for |x| > |y|. Thus up to a continuous part we observe a similar structure as
for the case of the unit disk D.

Lastly we conclude this discussion with the one dimensional cases that we need, the log-
correlated fields in both cases of the unit circle and of the unit interval. For the case of the
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circle D we will simply restrict the Neumann boundary GFF X defined on the disk D to the
circle. The covariance we thus obtain is given for two points e*?, ¢’ by:

E[X ()X ()] = 21n (1.2.10)

=

For the case of the unit interval [0,1], by analogy with (1.2.10) we will simply chose for our
field X defined on [0, 1] the covariance given for x,y € [0, 1] by:

E[X(x)X1(y)] = 2In (1.2.11)

|z —y|

Both of these one-dimensional fields can also be described quite simply by a Fourier basis
expansion. In the case of the unit circle 9D, let ay,, B, be two sequences of i.i.d. A'(0,1) random
variables. Then we can define X on 0D by,

” e X (e = : e'? 2 oy, cos(n sin(n
X0 = [ 50 S\ e cost) + o)), (12.12)

0 n>1

where again f is a suitable test function. Similarly for the case of the unit interval one can also
write down a similar expansion that will involve this time the Chebyshev polynomials.

1.2.2 Gaussian multiplicative chaos measures

We will now introduce the Gaussian multiplicative chaos measures, a fundamental building block of
LCFT. Our goal is to define a random measure with density with respect to the Lebesgue measure
given by the exponential of our log-correlated fields. The major problem that must be overcome
comes from the fact that the exponential of a distribution is ill-defined. Thus this requires to
use a regularization and renormalization procedure. The same method will work to define GMC
measures associated to all the different cases of GFF that we have described above. We chose to
present the technique first for the case of the GFF X on the unit disk ID. We discuss both bulk
and boundary GMC measures.

The first step is to provide a regularization procedure of X, meaning that we look for a X, that
will be a smooth function for all € > 0 and that will converge to X when € goes to 0. A possible
method to do this is to use circle average regularization although many other paths are possible.
For € > 0 we call [.(z) the length of the arc A.(z) = {z € D;|z — z| = €} and we set:

1
Xe(z) = ) /Ag(:c) X(z + s)ds. (1.2.13)

For a point = at a distance larger than € from the boundary this definition gives the standard circle
average. When z is too close to the boundary or on the boundary then we restrict the average to
the portion of the circle that remains contained in ID. By a direct computation on the covariance
(1.2.6) we have the following result:

Lemma 1.2.1. As € — 0 we have the following convergences.
1) Uniformly over all compact subsets of D:

1
2 p—
E[Xc(z)*] +1ne 3 Ingp(z)
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2) Uniformly over all compact subsets of OD:

E[X ()} +2Ine — —1
e—0

Here gp(z) = W s the so-called Poincaré hyperbolic metric.
We now state the following proposition-definition of Gaussian multiplicative chaos:

Proposition 1.2.2. (Definition of GMC onD) Let vy € (0,2). We then define the random measures
OX@) 22 and e3X€)dh as the following limits in probability

2 2 2
X @) 2y = lin% eT I Xe@) g2y = lin% e“’Xe(w)_vT]E[Xf(x)z}gp(a:)VTd2x (1.2.14)
e— e—
. 2 . . 2 . 2
e2 X g = hnée%e%xe@w)cw = hnée%Xe@”’)—%E[Xe(ew)Z}e—%de (1.2.15)
e~ e~

in the sense of weak convergence of measures respectively over D and 0D. More precisely this means
that for all continuous test functions f : 1D — R the following convergences hold in probability,

2
/f(:n)eVX(x)d% = linéeé/f(:n)eVXf(x)d%, (1.2.16)
D e D
and ,
F(e?)e3X (@) gp .= lim ¢ Fe?)e3 X gp. (1.2.17)
oD e oD

To have a finite partition function for LCFT, we must show that these GMC measures have
an almost surely finite total mass. It is indeed shown in [40] that:

Proposition 1.2.3. For v € (0,2) the following quantities are almost surely finite:

/e'yX(w)dza: and/ e3 X)) dp.
D )

Of course a similar procedure can be used to define GMC on the Riemann sphere. Introducing

first a regularization of X,
1 2 )
Xye() = — X, (x + ee)ap, (1.2.18)
’ 2 0
we can perform the same computation of the one of lemma 1.2.1 and write down a similar propo-
sition to define GMC:

Proposition 1.2.4. (Definition of GMC on'S?) Let v € (0,2). We then define the random measure
e“’Xg(m)g(x)d%: as the following limit in probability

2
eﬁ/Xg(m)g(Z')d%T = h_{% e“/Xg,e(w)_%E[Xg,e(m)z]g(x)cﬁx (1219)

in the sense of weak convergence of measures over S?.
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1.2.3 Moments of GMC measures

In this short subsection we give a list of results on the existence of moments of GMC on S?, I, and
dD. We also include the generalization where certain fractional moments are added in the GMC
measure. The bounds obtained will be extremely important for the definitions of the correlations
of LCFT. We start with the existence of moments:

Proposition 1.2.5. (Moments of GMC on S?) Let § be the canonical spherical metric on S? and
let v € (0,2). Then we have,

E[( / %@ g (2)d?x)P] < +o0, (1.2.20)
C
if and only if p < %.
We also provide a similar result for D and 0D:

Proposition 1.2.6. (Moments of GMC on D) Let v € (0,2), then we have
E[(/ X @) (22)P] < 400 (1.2.21)
D

if and only if p < and

Qm| <)

E[(/ 32X @) ag)r) < 400 (1.2.22)
oD

if and only if p <

Qm| o~

We have a different result for the moments of the bulk measure because of the Poincaré metric
gp and because of the behaviour of the GFF X near the boundary. To study LCFT we also need
the same type of results but with insertion points. The bounds for non-triviality of a GMC moment
with insertion have been obtained in [17, 40], they are:

Proposition 1.2.7. (Moments of GMC with insertions) Let v € (0,2), Q = 3 + %, a,f € R,
z € C with |z| < 1, and s € OD. Then we have,
1
0 < E[( / 1 %@ ()20 < 400, (1.2.23)
clz —x|*
if and only if < @ and p < % A %(Q — ). Similarly,
0 < E[( / ! L oX@) 2] < 4o, (1.2.24)
D |Z - x|a7 ‘3 — x’?
if and only iff @ < Q, B<Q, andp < % A %(Q —a) A %(Q — ). Lastly,
1 i
0< E[(/ ———e3¥ah)P] < oo, (1.2.25)
oD |s — ei9|7

ifand0nlyif5<@andp<%/\%(@—ﬁ).

3For v € (\/57 2) it remains to be proved that the bound written above on p is optimal although it is strongly
believed to be the case, see [40] for an explanation of this subtlety.
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1.3 Liouville conformal field theory

We now move on to the study of Liouville conformal field theory (LCFT). As we mentioned in
introduction this theory first appeared in Polyakov’s seminal 1981 paper [66] out of the need to
understand what is a canonical random Riemannian metric on a surface of given topology. More
precisely Polyakov tells us that for a fixed reference metric g on a given surface M one should
consider the random metric e7?g where ¢ is the Liouville field.

This section will provide a self-contained construction of LCFT on different surfaces. Based
on the topology of the surface M there will be some differences in the construction. First we will
explain the simplest case, LCFT on the Riemann sphere following [17]. Next will come the case of
the unit disk D first studied in [40] where one has to cope with the presence of a boundary. Lastly
we will consider the case of the annulus €2, a domain with two boundaries and with a non-trivial
moduli space. The detailed study of this case is precisely the content of chapter 4. Let us mention
that LCFT has also been constructed on other domains with a non-trivial moduli space, see [18]
for the torus and [37] for compact surfaces of higher genus.

1.3.1 LCFT on the Riemann sphere

The case of the Riemann sphere S? studied in detail in [17] is the simplest to define the theory
of LCFT as it is a compact simply connected boundaryless surface. Our choice of coordinates to
represent the sphere S? will be the complex plane with a point added at infinity C U {co}.

To define LCFT, physicists use what is referred to as the path integral formalism.? Informally
it tells us that our Liouville field ¢ will be given in terms of an infinite measure on a suitable
functional space. Until the very recent work [17] giving a rigorous probabilistic content to LCFT
had remained an open problem. We now sketch the physicists’ heuristic definitions before explaining
how to make them rigorous. Consider the following space of maps:

¥ ={X:S* >R} (1.3.1)

The Liouville field ¢ is then given by the following formal definition, for any background metric g
on S?,

E[F(¢)] = % / F(X)e 99 pXx, (1.3.2)
b
where S7(X,g) is the so-called Liouville action:
1
S(X,g) = E/ (|09X |2 + QRy X + drpe’X ) g(z)d?x. (1.3.3)
S2

Let us comment on all our notations. The three real parameters v, @, p that appear obey v € (0,2),
Q=7+ %, and g > 0. DX is the formal uniform measure on the space 3 and g is the background
Riemannian metric used to define the theory. To avoid going too deep into the framework of
Riemannian geometry we restrict ourselves to the case where the background metric g is a diagonal

4Tt is instructive to note that the path integral formalism we explain can also be used to heuristically define
Brownian motion. Consider the space of path ¥’ = {o : [0,1] = R, ¢(0) = 0} and the action Spy = 3 fol lo’ (t)|dt.
Then for all suitable F',

E[F((Bs)o<s<1)] = /2/ F(o)e 52 Dy,

N

where Do is a formal uniform measure on ¥’.
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tensor, meaning that g will simply be a positive function defined on C U {oco}. In this simple case
we have [09X|? = ¢g7!|0X|? and R, = —g 'Alng. As a matter of fact it turns out that on the
Riemman sphere up to a change of coordinates any metric tensor can be written under this form.
Lastly Z is a formal normalization constant.

Let us now explain the three terms appearing in the Liouville action. The gradient term |09.X |?
of (1.3.3) is the free field or kinetic energy term. If this was the only term present, - up to a global
constant - the law of ¢ would be that of our Gaussian free field X, on S?. But the action (1.3.3)
also contains a non-linear interaction term, the exponential term e¥X. At first glance it may seem
unclear why it is interesting to consider this specific interaction. The first motivation comes from
theoretical physics - in particular string theory and 2d quantum gravity, see [16, 20, 21, 66] - where
as we have said earlier e?g formally defines the correct random Riemannian metric on S?. The
second reason is that, out of all possible interaction terms, the exponential term is the simplest
term that defines a conformal field theory. The implications of this will be explained thoroughly in
sections 1.4 and 1.5. Finally, the term (QR,X is the linear coupling of X to the background metric
g. It is required to get a consistent theory but does not pose any mathematical problems as it is a
linear term in X.

One may wonder why the Liouville action is the correct action to define canonical random
metrics. A first answer comes from physics, in particular from Polyakov in [66], see the appendix
of chapter 4 for a more detailed discussion. An easier answer comes from the study of classical
Liouville theory, meaning that we look for the functions X minimizing the Liouville action. It is
a well known fact of classical geometry that such a minimum Xi,;, is unique if it exists and the
new metric g’ = ¢7Xming is of constant negative curvature provided that Q. = %5. In other words,
the minimum of the Liouville action uniformizes the surface (M, g) and it is therefore natural to
look at quantum fluctuations of the uniformized metric e¥¥ming. This is precisely the meaning of
(1.3.2).

As we have written it the path integral (1.3.2) diverges for any surface of genus 0 or 1, including
therefore the case of the sphere. To see this we can write the Gauss-Bonnet formula, given here
for a boundaryless surface M of genus h equipped with a metric g, [}, Rg(2)g(z)d*z = 87(1 — h).
When h = 0 or 1, this implies that it is impossible to define on the surface a metric of constant
negative curvature, meaning that Sz (X, ¢) will have no minimum and therefore the path integral
(1.3.2) diverges. To solve this problem we proceed as in [17] and add insertion points. We consider
the new expression,

E[F((b)] = é/ZF(X)eZ?; aiX(Zi)e—SL(ng)DX7 (1'3'4)

where we have chosen N insertion points z; € S? with weights o; € R. By choosing F' = 1 in
the above expression we define the N-point correlation function of LCFT, the most fundamental
observable of the theory:

N
e, = % /E oSN 0iX () ,~S5(X.9) D X (1.3.5)
=1

We show that the following conditions known as the Seiberg bounds must be satisfied in order

SHere we write Q. = % as this is the correct value in the classical theory where the goal is to minimize the
Liouville action. In the quantum theory we will always have @Q = % + 7.
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for (1.3.4) and (1.3.5) to exist:

N

Y a;>2Q and Vi, a; < Q. (1.3.6)

i=1
The minimum number of insertion points needed to satisfy these bounds is three. This is precisely
the requirement to entirely determine a conformal automorphism of the sphere, the so-called Mo-
bius transformations. From a geometric standpoint, we can also view insertion points as conical
singularities of the metric which allow hyperbolic metrics to be defined on the surface.

We now move on to the probabilistic definition of (1.3.5). This will require to use both the
Gaussian free field and the Gaussian multiplicative chaos measures. The GFF will appear out of
the need to make sense of the formal density e~ ix Jc 17X P9@ @2 D X which we will interpret as the
density of a Gaussian vector in infinite dimensions. The key observation is that by performing an
integration by parts we have:

ﬁ/@|8~‘]X|2g(m)d2$: %/(CX< ?ﬁ)Xg( 2 (1.3.7)

Therefore we are formally constructing a field with covariance given by the inverse of the Laplacian.
To give a more precise mathematical meaning to this observation we will replace the abstract space
¥ by the following L? space,

L3($?) = {X, /X z)d*r < 400}, (1.3.8)

on which we can diagonalize the Laplacian. Now let (e;);>1 be a basis of eigenvectors for —A,
meaning that,

—g(x) " Aej(x) = Aje;(x), (1.3.9)
where the ¢; are normalized to have an L? norm equal to 1: [ e;(x)?g(x)d*x = 1. With this basis
any function X € L?(S?) can be written,

o0
X=c+) cej, (1.3.10)
where the coefficient ¢; are obtained by ¢; = [ X (z)e;(x)g(x)d?x. Such a decomposition tells us

that we have,
—/ 189X g (x 202/\], (1.3.11)

and so heuristically it is natural to want to write:

2

F(X)e™ 17 Jo 109X Pg(@)d?z py x / F(c+ ciej)de | | e = dc 1.3.12
J o OO [ Fler Y eepae [ R (a1

Jj=1 Jj=1

Here dc and each dc; are Lebesgue measures on R. The sum } - /i—:ejej (x) with (¢);>1 being a

sequence of i.i.d. standard Gaussians converges in the space of distributions towards X, and thus
we can make sense of the above formal expression by writing that:

/ F(X)e i Je 97X p / F(X, +¢)|de. (1.3.13)
L2(S?)
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In the above expression, the left hand side is a formal expression where X is an integration variable.
On the right hand side X, is the GFF that we have constructed. By construction of our GFF X,
on S? we have [ Xg(2)Ry(x)g(x)d*x = 0. Therefore:

/ F(X)e 3 Jel0XPy@)d?e—g7 Jo X(@)Ry(@)g(@)d®z py . / e 2R[F(X, + c)]de.  (1.3.14)
L2(S?)

Thus using the Gaussian free field we have given a probabilistic meaning to (1.3.2) in the very
special case where u = 0. We now tackle the problem of handling the exponential interaction term,
this is where we will require the theory of Gaussian multiplicative chaos. To define the correlations
(1.3.5) we want to pick in (1.3.14) a functionnal F' of the type,

N
X) — H eOCiX(Zi)e_N f(c E’YX(x)g(x)de’ (1315)
i=1

but since X, is not defined pointwise but lives in the space of distributions this will require a
regularization and renormalization procedure. We will use again the notation X, (z) for the circle
average regularization of X,. We now state the theorem that insures that the correlations of LCFT
on S? are well-defined by using the regularization-renormalization procedure.

Theorem 1.3.1. (Correlation functions of LCFT on S?) Choose N points z; € S® of weights
a; € R such that the Seiberg bounds (1.3.6) are satisfied. Then the N -point correlation function of
LCFT is defined by the following limit,

N
(JT e ?" g2,y = 113% e‘W g2 g e (1.3.16)
where the expresssion of the reqularized correlation is given by:
N N )
<H e®i9(zi)) ge = / €_2QCE[H ¢ 5 p@i(Xg.e(2:)+% Ing(zi)+o) exp(—uevce% / eV(Xg,e(x)Jr%lng(x))d%)]dc_
. 1J R Z:1 (c
(1.3.17)

The limit written above exists and is different from 0 and +o00. By simple manipulations on the
above definition, one obtains the more compact expression,

Heam(zz = T [ [ s |2 — \aza] / H Lz — 2 haz Eg(x)eX W) ™), (1.3.18)

1<J

with s =

M and where cq and ¢q4(x) are terms depending on g.

There are two simple steps to go from (1.3.17) to (1.3.18). The first is to apply the Girsanov
theorem (also called the complete the square trick in physics) to the insertions e®iXg.c(2i) which pro-
duces a shift on the field X (z) — X (z)+ )", &;E[X (2) X (2;)]. By then using the explicit expression
of the covariance this creates the fractional powers in the GMC measure. The second step is simply
to perform a change of variable on the integral over ¢ by setting u = ue”® f(c eV(ngf(x)Jr% Ing(®)) g2,
The integral over u then gives a Gamma function and we are left with (1.3.18). The terms ¢, ¢4(z)
can be easily computed and play little role in the following, see [17]. This last expression we obtain
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for the value of the N-point correlation of LCFT on S? is fundamental. It tells us that we have a
definition for the correlation function in terms of a relatively simple probabilistic object, a moment
of a GMC measure with prescribed log-singularities. With this expression well-established one can
now hope to implement rigorously in a probabilistic framework all the techniques of conformal
field theory.

1.3.2 LCFT on a domain with boundary

Following [40] LCFT can of course also be defined on a domain with a boundary. We start by
explaining the construction on the unit disk D and we denote by D its boundary. By conformal
mapping this will provide as well the construction of LCFT on H. The biggest difference with
the case of the Riemann sphere S? is that we can now have two exponential interaction terms, a
bulk interaction pe?*d?z and a boundary interaction ,uae%X df. Therefore the Liouville action will
contain in this case boundary terms:

1 1
Sy(X,dz?) = yy /]D(|8X|2 + dmpe? ) d?x + o /E)D(QX + 2mpge

ol
2

X)as. (1.3.19)

In the same way as before we can write a heuristic path integral definition for the correlation
functions of the theory:

N Mo
<H e®i®(2i) H e%qﬁ(Sj)m — %/ e2i 0iX (2i)+3 3 B X(s5) ,—Sa(X,da®) p (1.3.20)
i=1 j=1 2

In our presentation we have restricted ourselves to the case of the Euclidean metric dz? on D but
of course one could also define the theory in any background metric g. We note that there are
two types of insertion points, bulk insertions z; € D with weights a; € R that are inside the disk
and boundary insertions s; € D with weights 3; € R that are placed on the unit circle. Similar
techniques as the ones explained for the case of S? allow one to give a probabilistic meaning to the
above path integral. The Seiberg bounds for this case are given by:

N M
2o +Z% >Q and Vi, a; <Q, Vj, f <Q. (1.3.21)
j=1

1=1

Again we notice that these bounds impose a minimum number of points that corresponds
exactly to completely determining a conformal automorphism of the disk . We can now state:

Theorem 1.3.2. (Correlation functions of LCFT on D) Choose N points z; € D and M points
sj € OD such that the bounds (1.3.21) hold. Then the correlation function has an expression given

by,

x Elexp(—pe™® /

ac X X
X2y jipe / ez T2 4g)]de,
D oD
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where we have used the notations:
1
|z =yl — 27|’

= Z ;G (z, z;) + Z %G(JE, 55)s

2
C(z Z%%’G Zi, Zir) +Zﬁjﬁ]G (85, 857) +Z%BJGZ“3]) Zﬁ_]

i<’ g3’ J

G(z,y) == E[X(2)X(y)] = In

The difference with S? is that if both interaction terms are present, i.e. u > 0, pg > 0, then we
will not land on an expression as simple as (1.3.18). Indeed, it is not possible to perform the same
change of variable on ¢ and we must stick to the expression of Theorem 1.3.2. On the other hand
if one chooses p = 0 or pug = 0 then the above can be simplified to obtain an expression involving
a moment, of GMC on the circle 9D or respectively on the disk D. In the case pg = 0 we introduce
Zo=Jp VX @+H @) 425 4 = pe’Zy, du = yude. Then one has:

N M N o2 B;
<H eomﬁ(zZ 7] s5) D jip=0 = ng(zi)feC’(z,s) / ch[ec(Zi ity %—Q)e—ue%ZO]
i=1 j=1 i R
N 2 [e’e) o . Bj _
o 1 Tit+s; o -Q
=TTorG) e [ auBl(— )" ¢
paiey 0 RN TVA

N 2 s .&, B]

1 o _TioitE; o -Q i+ > —

] oy hecten, S Biat T,
et Y

it %J—fQ
xE | Z, v (1.3.22)

In the case p = 0, we introduce Zg = faDe%(X(eie)JrH(ew))dg, w = #8(3%26’9’ du = Ldc. Then
similarly as before:

N

B; c
<He‘”¢“lH B | e e
i=1

N 2 oS By
o2 © 9 Si 20+ 8;-2Q
Lo [ Caumi ) e

Py 0 e RTTYAL
N i 20+ 8 —2Q
2 o? _ AT P TR 20+ -8 —2Q
_ _HQP(ZZ')TGC(Z78)#3 v F(Zz ) Z] J )
et Y
24204305 8 —2Q
x E (ZO) ¥ (1.3.23)

1.3.3 LCFT on the annulus and the moduli space, Summary of chapter 4

The last topology we will consider for the construction of LCFT is that of the annulus €2, a detailed
study of this case is presented in chapter 4. An annulus is a domain with two boundaries so the
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construction of LCFT will be similar to the case of the unit disk . The major difference is that
the annulus posses a non-trivial moduli space. Whereas all simply connected subdomains of C can
be conformally mapped to the unit disk D, all annuli are not equivalent under conformal mapping.
Indeed, there exists a conformal map between two annuli of respective radii a,b and a’,b" if and
only if g = Z—,,. If this is the case then the common ratio 7 = g is called the modulus. The moduli
space is then (1,+o00) and our parameter 7 € (1,400) parametrizes the moduli space.

We introduce the notation Q@ = {z € C,1 < |z| < 7} for the annulus of radii 1 and 7 where
T € (1,+00). The construction of the Liouville field ¢ on Q for a fixed 7 follows the same ideas
as for the case of D although some steps are much more technical (notice for instance that the
expression of the covariance of Xgq is more convoluted). On the other hand, to construct the full
theory of Liouville quantum gravity on €2, one must integrate the partition function of Liouville
theory at fixed 7 over the moduli space (1,+00) with an appropriate measure. This procedure
is described in great detail in chapter 4 where we construct the partition function of Liouville
quantum gravity Zrgc and show that it is finite:

Theorem 1.3.3. Let us assume that pg > 0. Then the partition function of Liouville quantum
gravity given by

o
Zroa= [ e ) en 258 10, (7, di?)
LQRG LT n GFF o\

is finite for any value of v € (0,2).

We refer the reader to chapter 4 for the definition of the quantities appearing in the above
theorem. This result allows us to give the joint law of the Liouville bulk measure Z, the Liouville
boundary measure Z?, and of the random modulus 7. It also allows to give the conjectured link
with random planar maps, see the conjecture stated at the end of chapter 4. Lastly we mention
that our construction of LCFT on the annulus addresses some points that were left out in [40] and
gives simpler proofs of certain results such as the KPZ formula of Theorem 1.4.4 which is deduced
directly from Theorem 1.4.2.

1.4 The techniques of conformal field theory

Now that we have at our disposal a probabilistic construction of LCFT we can verify that it
satisfies all the different properties expected of a conformal field theory. This will provide extremely
powerful techniques to perform exact computations on the Liouville theory. In particular the
celebrated equations of Belavin-Polyakov-Zamolodchikov (BPZ) translate the constraints imposed
by the local conformal invariance of CFT. By using these equations we will be able to obtain
exact computations on certain correlation functions of the theory. We insist on the fact that all
the properties we will consider - Weyl anomaly, KPZ formula, Ward identities and BPZ equations
- are theorems that are proved starting from the definition given by Theorem 1.3.1. They are not
imposed as axioms as in other approaches [71]. In the following three subsections there will always
be two cases, the case of the Riemann sphere S? and the case of a domain with boundary.

1.4.1 Weyl anomaly and KPZ formula

In section 1.3 we gave a definition of LCFT for any background metric g defined on the Riemann
sphere S2. It is thus natural to wonder how the correlation functions of LCFT depend on this
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choice of background metric. The answer to this question is given by the Weyl anomaly, a property
expected of all CFT’s. Following [17]:

Theorem 1.4.1. (Weyl anomaly on S?) Given a metric g = e¥§ conformally equivalent to the
spherical metric § we have,

N
([ e 020 =00 (gt [ 0p@Pda 44 [ e@a@dn) ) []e g (4)
i=1

=1

where c;, = 14 6Q?. This constant cy, is the so-called central charge of the Liouville conformal
field theory.

We can also write down the exact same theorem for a domain with boundary. We write here
the result for the unit disk D although of course a similar formula is true for the upper half plane
H or for the annulus 2. Following [40, 69]:

Theorem 1.4.2. (Weyl anomaly on D) Given a metric g = e?dx?® conformally equivalent to the
Euclidean metric dz? on D we have,

M
Heaquz@ He2¢87 Dg—exp<96 /\&p ]d2x+4/Dcp i d0> l_Ieo‘“z’(zZ H 7]

i=1 j=1 —
(1.4.2)
where again cr, = 1 + 6Q2>.

We now move on to the KPZ formula which describes the behaviour of the Liouville theory
when one applies a conformal automorphism to the domain. In other words it tells us that the
correlations of LCFT behave as conformal tensors. We start with S2, see [17]:

Theorem 1.4.3. (KPZ formula on S?) For any conformal automorphism v of S?, the following
holds:

N N N
(JTe? e M)ge 5 = T I ()22 (J T €9 g2 . (1.4.3)
=1 i=1 i=1

The Ay, := F(Q — ) in the above theorem are the so-called conformal weights of CFT.
Similarly for a domain with boundary such as the unit disk D or the annulus €, see [40, 69]:

Theorem 1.4.4. (KPZ formula on D) For any conformal automorphism v of D, the following
holds:

M M

Heaz¢(¢ Zz H TJ (d} SJ — H ZZ ’ 2A&Z H ’1/} S] Aﬁj Heazd) Zz H TJ¢(SJ
i=1 i=1 i=1

(1.4.4)

Another very similar result that we have at our disposal is the conformal change of domain
formula. This tells us how the theory behaves when we change domains by a conformal map 1) (for
instance we can map the unit disk D to upper half plane H). The result is again that the theory
behaves as a conformal tensor.
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Theorem 1.4.5. (Conformal change of domain) Let D be a domain of C with a smooth boundary
and conformally equivalent to the unit disk . Let ¢ : D — D be a conformal map between D and
D and let gy = |/ 2g(+) be the pull-back of a metric g on D by . Then we have:

E

M N M
Heaqu #) H 71 D,gy = H W,(Zz')PAai H ¥’ (s5) Aﬁ] Heam(w %) H 71 (¥(5)) D,g-

= i=1 j=1 i=1 j=1

1.4.2 Ward identities

In this section we will explain the Ward identities of LCFT. For the reader who is only interested
in the exact computations on GMC and LCFT presented in section 1.5, this subsection can be
skipped. Nonetheless it is very interesting to verify that our probabilistic construction of LCFT
satisfies these identities as they could lead in principle to the construction of the representation of
the Virasoro algebra for LCFT.

To state these identities we will need to introduce the stress-energy tensor T' of our theory. The
general way to introduce this tensor is to take a derivative of correlations of LCFT with respect to
the background metric g. For these purposes we will not work with a diagonal metric g(x)dz? but
we consider the most general case g = Z?,j:l g,-jda;idxj. As is standard in the physics literature

we will use the notation ¢” for the inverse matrix of gij, meaning that we have Z?Zl g9 9k = 5};.

To compute the derivative with respect to g we introduce an infinitesimal variation of g~!, gij =

g 4 ef¥ for some smooth f. In the same basis of coordinates the stress tensor T;j is then defined
heuristically by the following relation:

N
_|e 0 l_IeOC“z)(zZ S2.9¢ = Z 471'/ Z'j(Z)Heai¢(zi)>527gd)\g(z). (1.4.5)

Here d)4(2) stands for the volume form with respect to the metric g. Let us insist on the fact
that the above definition is formal: it is the standard definition of the stress tensor that can be
found in the physics literature. To turn this heuristic definition into a theorem of probability one
would need to show that it is possible to exchange the derivative with respect to the background
metric and the limit of the regularization procedure used to define the correlations. This is probably
not very difficult but we leave it as an open problem. In any case, by a formal computation one
can extract from (1.4.5) the expression of T' . As is standard in the study of CFT it is more natural
to express in terms of complex coordinates z,Zz. The stress tensor then has only two non-trivial
components, T'(z) := T.,(z) and the anti-holomorphic counterpart T(z) := Ts(z). One can show
from (1.4.5) that formally:

T(2) = QO2.6(2) — (9.0(2))%. (1.4.6)
The first Ward identity claims the following,

N

N A N
Z) ]:Il e%‘(ﬁ(zl Z Z — Z H ealfb %) 82 . Z p—— Z<H eai¢(2i)>§»2,ga (1‘4‘7)
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while the second Ward controls the singularity when two T-insertions come close:

H eaz¢(zz Sz,g — H eaz¢(zz Sz,g ( — H eaz¢ 2i)

1 e
+ jaz/ <T(Z,) H e Z(b( l)>S27g —|— . (148)
=1

z

Here the dots stand for a term that remains bounded as z — z’. Both of these identities are shown
n [17]. What is interesting about this second Ward identity is that we see the central charge of
the theory appear, just like in Theorem 1.4.1 of the previous subsection.

So far we have only given an account of this story for LCFT on the Riemann sphere S? but we
can also write the first Ward identity for LCFT on a domain with boundary. For a correlation of
LCFT on H we have:

N o) M ]¢( N A N A M Aﬁ N 1
a; d(2; - 53 — ;g 33 J )
Z)He H ’ Z(z—zi)Q+Z(2—z_i)2+Z(z—s-)2+22—ziaz’
i=1 j=1 i=1 i=1 j=1 J =1
1 S T i) TT o2 66)
T DI S 110 ) L
i=1 j=1 i=1 j=1

Similarly as for the case of S? a second Ward identity is also expected where one can see the
central charge cy, appear.

1.4.3 Degenerate fields and BPZ equations

In this last subsection we explain the BPZ equations of Belavin-Polyakov-Zamolodchikov that will
give us the constraints we need to compute certain correlation functions of LCFT. We start by
explaining the case of the Riemann sphere S?. Consider the following function,

N
— (ex?(2) H eai¢(zz')>82’g7 (1.4.9)
i=1

where the points 2, z; € S? have respective weights x, a; chosen so that the Seiberg bounds (1.3.6)
hold. The reason why we distinguish the point z of weight x is that we will choose this x to be
equal to a very special value, either —% or —%. eX?(2) ig then called a degenerate field insertion
and the value of y is the degenerate weight. Under this very specific condition the function of z
given by (1.4.9) will be solution to a second order differential equation. Indeed, it is shown in [46]
using probabilistic techniques:

Theorem 1.4.6. Consider points z,z; € S* with respective weights x,co; € R chosen so that the
Seiberg bounds (1.3.6) hold. Then we have the following PDE,

1 N Moo N
— _ o (2 a;P(z; _
(Xz 0y + ;:1 (2 — 2)? + ;:1 P 0z, )(eX ( )i|:|1 et )>S27§1 =0,

under the condition that x is worth —3 or —%.
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Again we see the conformal weight A, := F(Q — %) appear. For the purposes of proving
the DOZZ formula the authors of [47] have applied the differential equation more specifically to
the case of a four-point function, see subsection 1.5.1. Naturally a similar story can be told for
the case of a domain with boundary. It will be more convenient to write the differential equation

on H although by conformal mapping we can easily transform it into an equation on D. For this

boundary case we consider correlations of the type (], e®®() HJ e = > #(51) )y where we have
bulk insertions z; € H with a; € R and boundary insertions s; € O0H = R with §; € R and again
we choose the weights so that the bounds (1.3.21) hold. Now in the boundary case there are two
possibilities for the position of the degenerate insertion, either in the bulk H or on the boundary
R. Both of these cases will lead to BPZ equations. We start by giving the theorem corresponding
to the case where the degenerate insertion is placed in the bulk:

Theorem 1.4.7. Consider points z,z; € H with respective weights x, a; € R and points s; € R
with respective weights ; € R chosen so that the Seiberg bounds (1.3.21) hold. Then we have the
following PDE,

M
1 A Aq, A Ag.
82;2 X a5 &3] J
%=t ey §<z—zi>2 +§<z—zz>2 2 e
M

- ¢ az¢ Z@ _J¢(Sz —

+ &‘i‘zz_ 8'22_'_22;__62—1_22_ sJ eX He U 2 0
where x needs to be equal to —3 or —%.

In chapter 2 we only prove this theorem in the very special case where y = 0 and with two
insertion points, the degenerate insertion z of weight —% plus another point z; of weight o. We
restrict ourselves to this simple case as this is all that is required to prove the Fyodorov-Bouchaud
formula. Moving on to the second possibility where we place the degenerate insertion on the
boundary, we also expect to have a BPZ equation of order 2 but it turns out that for such an
equation to hold we must choose 1 = 0 in our Theorem 1.3.2 that defines the correlations on D.

Theorem 1.4.8. Suppose pu = 0 and py # 0. Consider points z; € H with weights a; € R and
points s,s; € R with respective weights x,3; € R chosen so that the Seiberg bounds (1.3.21) hold.
Then we have the following PDE,

N M
1 Au A Ag,
( 2858+Z ; 2+ : 2+Z - 2
2 G L Gmar Ty
Moo 1 <N X o(s) T T
£(s) i ¢(zi) S o(si)y
—l—;s_zlazl—l—;s_zlaz—k;s_s831)(62 ;Ul:e ]1;[162 u =0,

where x is worth —3 or —%.

One may wonder if it is nonetheless possible to write a BPZ equation with a boundary degen-
erate insertion in the case where u, ug > 0. It should be possible that an equation of order 3 holds
although this still requires to be checked. In fact let us mention that CFT predicts there to be
BPZ equations of all order, not only of order 2 or 3.
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1.5 Integrability of GMC and of Liouville theory

1.5.1 The DOZZ formula on the Riemann sphere

In this section we will sketch the proof of the celebrated DOZZ formula which gives the value
of the three-point correlation function of LCFT on S2. In [47] the choice of background metric
is g(z) = |z|7* where |z|+ = max(|z|,1) but of course thanks to Theorem 1.4.1 this choice is
irrelevant. We state the main result of [47]:

Theorem 1.5.1. (DOZZ formula) Choose three points 21, z2, 23 € S? of respective weights aq, aa, a3
R such that the bounds (1.3.6) are satisfied. Then we have the following expression for the three-
point correlation function,

3
(H 6ai¢(zi)>g2,g = |21 — 22|22 |29 — 23|82 |2 — 2322130 (a1, g, a3), (1.5.1)
=1
where we have:

)2_4)2%75 TII(O)T%(OZI)T%(OQ)TW(OQ)

2
Oy, a2, a5) = (mpl (1)

o[

In the above expressions we have l(z) = %, a =01 +ay+ag, Aip = Ay — An, — Apy,

Ay, =F(Q—-%), Q= %—F% and Y., is a special function expressed in terms of the double gamma

function T,

1
T (a) = et (1.5.3)
where: ~ g1 ot om 2 (% —x)? , a-— %
InT, () :/0 " [(1 Ry 6_%) S eIt (1.5.4)

We will now briefly mention the main arguments leading to the DOZZ formula. The first part
of the theorem that gives the dependence on the positions z1, z2, z3 is a consequence of the KPZ
formula (1.4.3). Indeed one simply needs to apply (1.4.3) to the Mobius map 1 that satisfies
P(z1) = 0, Y(22) = 1, ¥(z3) = oo. The structure constant C, (a1, a2, a3) is then recovered by
taking the following limit:

Cy(an, a2,03) = lim |23|443 (2190 gazd(l) goad(aa)y g, (1.5.5)

The difficult part of the theorem is thus to give the exact value for the constant C, (a1, ag, as).
This is where we need to use the two BPZ equations of Theorem 1.4.6 for a four-point function.
There are two such equations as the degenerate weight can be equal either to —3 or to —%. One
can then deduce two non-trivial relations on C (a1, ag, a3) which are,

Colan+3a2,08) 1 (= 2)0(280) (2 — 22 (a — 200 — 1)) (156)
Cylar — 3,a2,a3)  mpl(F(a—3 —2Q))(F(@ —2a3 — 3))(F(@ — 202 — 7))’ -
and
Cylar + 2, a2, a3) 1 (=)l (23138 = )G (@ — 201 = 2))
3 =T Yy 2\\v/(1(A 2\’ (1.5.7)
Cy(on — =, 02,a3) T l(5 (@ — = = 2Q))I(5 (@ — 203 — 2))I(5 (@ — 202 — )
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4

2
7(“ W:rg (24); being the dual cosmological constant. Of course by symmetry similar relations
2

are verified for a shift on ay or on as. It turns out that these two shift equations completely
determine the dependence on the a; if 42 ¢ Q. Then one can extent the formula to all values of ~
by a standard continuity argument. For a much more complete summary of the proof of the DOZZ
formula one can take a look at the lecture notes [82].

with [

1.5.2 The Fyodorov-Bouchaud formula, Summary of chapter 2

The second integrability result explained in detail in chapter 2 is a proof of the Fyodorov-Bouchaud
formula. Consider the log-correlated field X on the unit circle D with covariance:

1

MX@%X@anszﬁjgﬂ. (1.5.8)

We will prove in chapter 2 the following theorem:

Theorem 1.5.2. (Fyodorov-Bouchaud formula) Let v € (0,2). For all real’ p such that p < ,%
the following identity holds:

2

e ’ (1 —p2
E[(2—/ 3 X agyr) = (7])24). (1.5.9)
™ Jo r- 3y
As a consequence, the variable - 027T 3% 40 has an explicit density given by,
4B gyt =) T
fly) = ?(531) e Ljo,00[ (), (1.5.10)

where we have set = I'(1 — VTZ) Finally a third equivalent way of stating the result is by the
equality in low,
law 1

1 axen gy L% (1.5.11)
= 22 5.

where Z is an exponential random variable of parameter 1.

What is conjectured in the paper [31] by Fyodorov and Bouchaud is the value for the moments
(1.5.9) but of course (1.5.10) and (1.5.11) give completely equivalent statements of the theorem.
We will now sketch the main arguments of the proof. The clever observation of [31] that allows to
conjecture the result (1.5.9) is that it is possible to compute the moments in the very special case
where p € N with p < %

4

STt is easy to see that the result also holds for all complex p such that Re(p) < 3z
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2w ) 2w ) 2 )
Bl(y [ ¥ doy) =l Bl(5 / 3N EXA  gg )
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1 L Y X (i) 2L 0,12
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_ra-7)
(1 —7)

Notice that the reason why this computations works is that we can write p integrals and exchange
them with the expectation value E[-]. We land on a real integral over p angles 6; whose value is
explicit known as a ratio of Gamma functions. This is a circular variant of the famous Selberg
integral. Now it is tempting to want to replace the p € N by a p € R smaller then 745. But of course
it is not because two functions coincide on a finite number of points that they coincide on their
domains of definition.

To overcome this major difficulty and prove Theorem 1.5.2 we will use again the techniques of
CFT, but this time for LCFT of the unit disk D (or equivalently on the upper half-plane H). The
key observation is to realize that the inverse moments of GMC integrated on the unit circle 9D
can be expressed as one-point correlation functions of LCFT on the unit disk in the case where
we chose = 0, ug > 0, see equation (1.3.23) of section 1.3.2. We can then use the BPZ equations
of Theorem 1.4.7 to extract non-trivial relations on these moments. Introducing the notations of

chapter 2, let p be a real number such that p < ,% and let:
2T )
U(y,p) = E[(/ AXE) gg)p), (1.5.12)
0

The proof is based on studying the following function or “observable” defined for ¢ € [0, 1]:
2T i 2 i
G(y.p,t) = E[(/ [t — T e3 X ap)r]. (1.5.13)
0

The reason why this is the right auxiliary function to look at is that the two-point correlation
function of LCFT on D can be expressed simply in terms of G(v, p,t), see (1.3.23),

<e—%¢(t)ea¢(0)>D _ zui 2a7172QF(2a o QQ)t% (1 _ tz)_%E |:(/ e%(x(eig)—mﬂn|ei9\+’71ﬂ|ei9—t|)d9)*2a7172Q
oD

v v
9 207220 9~ — 9 o 2
=2, TR 1 ) F Gl (1.5.14)

where the link between a and p is given by vp = 2Q + v — 2a. Furthermore the KPZ relation
of Theorem 1.4.4 combined with the change of domain formula of Theorem 1.4.5 will give us the
relation:

1 1
«—2A

(e~ 29(2) 2 (21) )y — — A - VN (e 20W ey, (1.5.15)
|21 — Z1] Zlz—7| 7
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Now starting from the BPZ equation of Theorem 1.4.7 for the function z — <€_%¢(z)€al¢(zl)>]}]l,

4 Ay A A 1 1 1 Y
o o O —2p(2) a1 ¢(21) —
(728ZZ+ (z—3)2+(Z—21)2+(Z—Z_1)2+Z—565+2—218Z1+Z—Z_1 e e =0,
(1.5.16)

by a long but straightforward change of variable one lands on an equation for the function G(vy, p, t):

Proposition 1.5.3. (BPZ) For v € (0,2) and p < 0 the function t — G(v,p,t) satisfies the
following differential equation,

0? 0 0
— 2 —_— — 2 _— — =
(t(1—t )8 S+ (17 1)815 +2(C—(A+B+1)t )at 4ABt)G(v,p,t) =0,
with the following values for A, B, and C':
A2 2
_ ’p _ gl
A= VR B=—-—— C= 1 —(1-p)+ 1

This equation may look convoluted but it turns out we can write its space of solutions using
the theory of hypergeometric equations. The solution space is a two-dimensional vector space and
we will write its solutions in two different bases, one that corresponds to an expansion in powers
of t and one to an expansion in power of 1 — ¢:

2

2 2 2
G(v,p;1) :ClF(—M,—l 1(1— P+ 1,2+ Ot TP VR Ty 9) T 1)+ 1,2)
4 47 4 47 4 4
and
’YP 72 72 2 o 2 ’y 42 ,

where F' is the standard hypergeometric series. The coefficients C, Cs and Bi, Bs are real constants
that depend on v and p and they are linked by an explicit change of basis formula given by the
theory of hypergeometric equations.

The last part of the proof is based on exploiting the fact that the above coefficients C1, Co, By
and By can be identified in terms of U(~,p) by performing asymptotic expansions directly on the
expression of G(v,p,t). Notice for instance that C; = G(v,p,0) = U(~v,p). We also express By in
terms of U(y,p — 1) and find Cy = 0. The change of basis then leads to:

Proposition 1.5.4. For all v € (0,2) and for p <0, we have the relation:

2
2rl(1 — pIp)

U(y,p) = —U(v,p—1).
r(1- )0 - (p- 1Y)
From this shift equation we deduce recursively all the negative moments of the variable 21 027T e3X(
i.e. we get:
1 2w i 2
E[(_/ e3 X gg)=m = r(1 + ﬂ)r(l ~ Ty vneN. (1.5.17)
27 Jo 4 4

The series
2

i
A= —F 1+ —)(1 - =)
Z “r(n+ e - 1)
has an inﬁni‘pee radius of convergence, meaning that these negative moments determine the law of
% fozﬂ e2X(€") 49 and since we can find a probability density (1.5.10), this completes the proof of
Theorem 1.5.2.

de,
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1.5.3 GMC on the unit interval, Summary of chapter 3

Lastly we summarize here a third exact computation presented in detail in chapter 3. We study
this time the GMC measure associated to the log-correlated field X; defined on the unit interval
[0, 1]. Again we will prove an exact formula for the moments of the total mass of the GMC measure.
What is remarkable in the case of the unit interval is that similar techniques as the ones presented
for the case of the unit circle also work although there is a priori no CF'T behind our model. The
log-correlated field X7 that we work with has a covariance given by:

1
For this model of GMC the most general quantity that we will provide an expression for is defined
for v € (0,2) and for real p, a, b obeying the bounds (1.5.20) written below:

1 Y
M(v,p,a,b) = E[(/O 2%(1 — z)be2 X1 @) qg)P]. (1.5.19)

This is the moment p of the total mass of our GMC measure with two “insertion points” in 0 and
1 of weight a and b. As explained in subsection 1.2.3, the theory of Gaussian multiplicative chaos
tells us that these moments are non-trivial, i.e. different from 0 and 4o0, if and only if:

2 2
v y 4 4 4
a>—-1 -1, b>—-L -1, p<=A0+—=0+a)A0+—=(1+D)). 1.5.20
1 1 72 ( 72( ) A 72( ) ( )

We state here the main result of chapter 3:
Theorem 1.5.5. For v € (0,2) and for p, a, b satisfying (1.5.20)7, M (v, p,a,b) is given by,

M)

3

2m)P(2)PF T,y (2(a+1) — (p— DD+ 1) — (- DPT, (2(a+b+2) — (p - 2P, (2~ p3)
(

(=) L0 G at+ 1)+ )G 0+ 1) + 3G a+0+2) - (20 - 2)3)

where the function I'y(x) is defined by equation (1.5.4).

As a corollary by choosing a = b = 0 we obtain the value of the moments of the GMC measure
without insertions:

Corollary 1.5.6. For v € (0,2) and p < ,%:

’Y2

P2 02 = (0= DL, = (p =22 —p3)

r-3p  DEILE+3,G - @ -2)3)

(1.5.21)

1
([ @) -

Theorem 1.5.5 was first conjectured in [60] and Corollary 1.5.6 was first conjectured in [35].
The idea of the proof of Theorem 1.5.5 is the same as the proof of the Fyodorov-Bouchaud formula.
We introduce the following auxiliary functions,

2

1
U(t) := E[(/O (z — ) Ta%(1 — 2)lezX1@)qg)P), (1.5.22)

and .
0(t) = E( / (2 — ) 2°(1 — 2)? 3 X1@) 4P, (1.5.23)
0

and show using probabilistic techniques that the following holds:

" Again the result also holds for all complex p such that Re(p) satisfies the bounds (1.5.20).
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Proposition 1.5.7. Let 0 < v < 2, a,b,p satisfy the bounds (1.5.20), then U is solution of the
hypergeometric equation for t < 0:

t1—t)U"(t)+ (C — (A+ B+ 1)t)U'(t) — ABU(t) = 0. (1.5.24)
The parameters are given by:
2 2 2
A:—%,B:—(a+b+1)—(2—p)’YZ,C:—a—% (1.5.25)

U is also solution of the hypergeometric equation with different parameters:
~ - 4 ~ 4
A:—p,B:—?(a+b+2)+p—1,02—?(a+1). (1.5.26)

The reason why we need two differential equations to prove Theorem 1.5.5 is that because of
the presence of the insertions a and b we need two shift equations to completely determine the
dependence of (1.5.19) on a and b. Therefore the techniques of proof of this formula on [0, 1] are
much closer in spirit to the techniques used to prove the DOZZ formula than the ones used to
prove the Fyodorov-Bouchaud formula.

A mystery about this GMC on the interval is that it is not clear whether there exists an actual
CFT where U(t) and U(t) correspond to correlations with degenerate insertions which would
explain why the differential equations of Proposition 1.5.7 hold. Furthermore if we replace the real
t by a complex variable ¢t € C\[0,00], it is not hard to see that U(t) is a holomorphic function
and Proposition 1.5.7 will hold if we replace the ordinary derivative by a complex derivative 0.
In the conformal bootstrap approach of CFT initiated by Belavin-Polyakov-Zamolodchikov in [8],
a correlation function with a degenerate insertion can be decomposed into combinations of the
structure constants and conformal blocks. A conformal block is a locally holomorphic function and
it is always accompanied by its complex conjugate in the decomposition. What is mysterious with
U(t) and U(t) is that we only see the holomorphic part. At this stage we have no CFT-based
explanation for this observation although a possible path could be to look at boundary LCFT with
multiple boundary cosmological constants, see for instance [57].

Finally we state that Theorem 1.5.5 can be used to obtain the following tail expansion for
a GMC measure in dimension one. In the result appears Rij(a) , a one-dimensional reflection
coefficient.

Proposition 1.5.8. For v € (0,2) and n € (0,1) define:

U
Ila’n(a) ::/0 z 2 e2X1@ gy, (1.5.27)

R (a) 1
P(I?, (@) > u) = - + O ), (1.5.28)
b 4, 2(Q=a) 2 (@) v
where the value of Ri)(a) is given by:
2 1 1
B om) > (@==2(2)3(@Q=)=5 p_(,, _ 2
R’ (2m) ( @ = 3) (1.5.29)

(o) = TG TQ—a)
(Q-ar(1-%) @ 1Q-a)
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1.6 Applications and perspectives

Finally, this section provides a list of applications of GMC and of Liouville theory to other problems
in probability theory and in mathematical physics. We also provide perspectives on future research.

1.6.1 The maximum of X and random matrix theory

We now turn to the applications of our exact formulas for the GMC measures. It turns out that
the Fyodorov-Bouchaud formula will give us some precise information on the behaviour of the
maximum of our field X on the unit circle. Characterizing the behaviour of the maximum of X
requires to compute the law of the total mass of the derivative martingale,

1 2w

Y= -2 X (e)eX ") g, (1.6.1)
0

which following [6] can be characterized by the convergence in law:

1
2V’ = lim ——Y,. 1.6.2
71_)22_77 ( 6 )

Therefore using Theorem 1.5.2 we can easily compute the density for 2Y":

favi(y) = y_2e_y711[0,oo[(y)'

We observe that In2Y” is distributed like a standard Gumbel law. Recall that an impressive series
of works (see [13, 15] for the latest results) have proven that for suitable sequences of cut-off
approximations X, the following convergence in law holds,

; 1 3 1
max X (e?)—2In=+-Inln= - G+InY’' +C, (1.6.3)
0€[0,27] € 2 € €0

where G is a Gumbel law independent from Y’ and C is a non universal constant that depends
on the cut-off procedure. From this convergence and previous considerations, one can deduce the
following convergence in law,

; 1 1
max X () —2In = + §lnln - = G +G+C, (1.6.4)
0€[0,2n] e 2 € e—0

where G; and G, are two independent Gumbel laws and where we have absorbed the factor In2 in
the constant C'. This convergence was conjectured in Fyodorov-Bouchaud [31]. As a matter of fact,
Fyodorov-Bouchaud state (1.6.4) as their main result. Mathematically, it is the first occurrence of
an explicit formula for the limit density of the properly recentered maximum of a GFF.

A similar story can be told for unitary random matrices. Let Uy denote the N x N random
matrices distributed according to the Haar probability measure on the unitary group U(N). De-
noting by (ewl, .. ,ew”) the eigenvalues of Uy, we consider its characteristic polynomial py(6)

evaluated on the unit circle at a point e?:

!0x=0)) (1.6.5)

’,:]z

pn(0) = det(1 — ZGUN =
k:l
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Recently, the following convergence in law has been obtained in [83] for a real a € (—%, V?2):

lpn (6)] Lol x (ei0)
— 7 df — ez )dh. 1.6.6
Elpon @11 v (1.6:6)

This convergence seems to indicate that 21n |px(6)| should be seen as a cut-off of X just like our
X with N corresponding to % Based on this analogy, it is reasonable that the properly shifted
maximum of 21n |py ()| should converge to the same limit as the (properly shifted) maximum of
X on the unit circle. Indeed it has been recently conjectured by Fyodorov, Hiary and Keating [32]
(and further developed in [33]) that the following convergence in law should hold,

max In|py(f)] —In N + §lnlnN — G1+G2+C, (1.6.7)
0€[0,27] 4 N—oo

where G; and Gs are again two independent Gumbel laws and C' a real constant. On the mathe-

matical side the most recent result [14] establishes that

3
| )] —InN + —Inln N 1.6.
eg[loe};ﬂ nlpy(0)|—In N + 7 nln (1.6.8)

is tight. Just like for the GFF it is natural to expect that the following convergence is easier to
establish directly

max In|py(0)] —InN + §lnlnN — Gi+InY' +C. (1.6.9)
0€[0,27] 4 N—oo

Our result could then prove instrumental in precisely identifying the limit in the conjectured
convergence (1.6.7).

In the case of the unit interval it is also possible with our exact formula to study the behaviour
of the maximum of X7 on [0,1] and to establish a link with random Hermitian matrices. The
behaviour of the maximum is given by the following convergence in law, first conjectured in [62],

1 1
max Xr(x) —2Iln-+ §lnln— — G14+Ga+N(0,4In2) +1In X5 +In X3 + C, (1.6.10)
z€l0,1] e 2 € ¢—0

with again as before G1, Go two Gumbel laws and C a non-universal constant that depends on the
cut-off procedure. On the other hand we see there are three additional terms, a Gaussian law and
two additional laws In X9 and In X3 (see chapter 3 for a precise definition). Moving on to the link
with random matrices, to obtain as limit a GMC on the interval the correct matrix ensemble is
an ensemble of Hermitian matrices Hy. Their eigenvalues are on the real line but with the right
rescaling the limit of the characteristic polynomial will be a GMC on [0, 1]. We can thus conjecture:

3
m[zg}iln|det(HN —z)|—InN + ZlnlnNN—> G114+ Ga+N(0,4In2) +1In Xy + In X5 + C.
xe|0, —00

(1.6.11)
1.6.2 Additional applications

A major motivation for probabilists to study Liouville theory is that it provides the conjectured
scaling limit of random planar maps potentially weighted by a statistical physics model. To every
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integrability formula in Liouville theory there should correspond an observable on random planar
maps; see [17] for the conjectures in the case of the Riemann sphere. Let us mention a slightly
different approach to Liouville theory developed in [26, 56]. The strength of this approach is that it
bridges the gap between the discrete world of random planar maps and the continuum description

of Liouville quantum gravity. Major progress has been made in the case of pure gravity v = \/§

corresponding to uniform random planar maps. The same framework has also allowed to derive
rigorously the so-called KPZ relation of [44]; see [29]. Establishing links between the approach
of [26] and the path integral construction we propose could prove very useful to obtain a better
understanding of Liouville theory. Finally, we mention the widespread approach to the probabilistic
study of CFT using the celebrated SLE curves. BPZ type equations can be written for these curves
[23] and precise links with the Virasoro algebra of CFT have been uncovered [25]. Coupling between
the SLE and Liouville theory has also been widely developed in [26].

We can briefly mention a few additional problems linked to Liouville theory. First, the inte-
grability formulas we present in section 1.5 are only a very small part of what can be found in
the review [57]. For instance there is another whole set of formulas for the ZZ-branes of Liouville
theory. Also, the problem of random geometry has been studied with a modified action where an
additional Mabuchi term is added to (1.3.2), see [12]. This new Mabuchi term can be seen as a
perturbation of the Liouville CFT. We mention as well the celebrated AGT conjecture [1] linking
the Liouville theory to the Nekrasov partition function of a four-dimensional gauge theory. This
has been recently studied on the mathematical side in the work [53], where the reflection operator
of Liouville theory appears. Finally there is a link between the zeros of the Riemann zeta function
and GMC theory, see for instance [75] and references therein.

1.6.3 Integrability program for boundary Liouville theory

In this section we give some perspectives on a series of formulas and results that we expect to
obtain with similar techniques. The first conjecture we give is a formula analogue to the Fyodorov-
Bouchaud formula but for the bulk measure on the disk ID. Its derivation should be quite straight-
forward by using LCFT on D but by setting this time x4 > 0 and py = 0 (instead of the other way
around for the Fyodorov-Bouchaud formula).

Conjecture 1. Let X be the GFF of D with covariance given by (1.2.6). For~y € (0,2), a € (3,Q),
and Q@ = 3 + % we have:

Q—«
Lo ez, a-Q T -3TG0-Q) (0 \ 7
E[/Dw,ae”f da”) 7] =~ cos( ) =g - . (1.6.12)

An intriguing application of the above conjecture is that if we chose Q-2 _ ) with n € N then
we obtain the value of a Selberg type integral on the unit disk that is to the best of our knowledge

not known.
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Conjecture 2. Let vy € (0,2) and n € N such that n < % Then the following holds:

1 1
drq .. dxn —
/ / iy |$ |2+§(1—2n)( |$z|)% g \xl — g;jh?’l — xixj’ﬂ
2 y\ "
vn ven 1, [ —7T(F)
= — ) (—n+=)| ——=~ ] . 1.6.13
= PO 2)<r<1—%f> (16.13)

It can be easily verified that the above conjecture is true for n = 1. The second conjecture
we discuss is a generalization of the Fyodorov-Bouchaud formula to the case where an arbitrary
log-singularity is added. This formula is very similar to the one we proved on the unit interval:

Conjecture 3. (See [63]) For v € (0,2), 3 <Q andp < %‘2 A %(Q —a),

2

E[(/:Wil 3 X(e! )dﬁ)] (27T)pr(1 ET,(Q - B — )T (Q‘gyrv(@_%)‘

e — 1|2 1 - ’YTQ)pI\,(Q - g - 3)(Q - AT (Q)
(1.6.14)

Here the special function I'y is again defined by (1.5.4). In fact the Selberg integral on the
circle - the so-called Morris integral - predicts that one can go even furthermore and hope to prove
the following formula.

Conjecture 4. For v € (0,2) and suitable a, b, p € R give a meaning to and prove the following
formula:

DP(Q—a—b—2)T(Q - >rw< > L(Q-2)
LWy (Q —a— 2 (Q — b— 2)I4(Q )((Q))

Notice that since we include a complex number inside the expectation it is not straightforward
to give a meaning to the above expression. These generalizations of the Fyodorov-Bouchaud formula
are the simplest one can think of. Both conjectures 3 and 4 correspond to choosing one of the two
cosmological constants p or uy equal to 0. But in fact boundary LCFT is of course well-defined
when g > 0 and py > 0 in (1.3.19), even if the expression of the correlations (1.3.20) in terms of
the GMC measures e7Xdz? and e3Xd# is less straightforward. We will now state a list of formulas
is this general case, for convenience we will work on H just like in the review [57].

P L S TR I
() o geme y'I=(m)

Conjecture 5. For > 0, pg > 0, z € H, o € R, prove the following formula for the one-point
correlation function of boundary Liouville theory

(eoc¢(2)>H - ’2[_](% (1.6.16)
where
4 y2 . Qe=2a_ay 2 2a 4
U(a) = ;(Wﬂl(z)) Bl F(T — X)P(T — ? — 1) cosh((a — Q)7mv) (1.6.17)

2
with v defined by the relation cosh? T = o gin ™12
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This one-point correlation of the boundary Liouville theory is just the first of a set of basic
correlation functions that characterize boundary LCFT. More generally one expects to be able to
show:

Conjecture 6. The following correlations have an exact formula given for z € H, s, s1, s9, 83 € OH,

avﬁvﬁlvﬁ?vﬁiﬁ €R by;

B1 Ba d(ﬁ)
o(s1) #(s2) P
(2ol B oloa)y, — — (1.6.18)
ad(z) Lo(s)y. _ R(a, 5)
(e ez JH = |z_2|2Aa_A6|z—s|2AB’ (1.6.19)
(oo g Foler) o Folss)y, — (B, Bz ) (1.6.20)

|81 — s9|P12sy — s3]B2s[sg — sp]Asr

In the review [57] there are conjectured values for the structure constants d(5), R(w, ), and
c(B1, B2, B3) that appear in the above expressions.

Finally let us note that formulas also exist in the case of other topologies (torus [38] or annulus
[52]). Proving these formulas is a whole new adventure as one needs to perform the so-called
“modular bootstrap”. This method is linked to the next subsection.

1.6.4 The conformal bootstrap method of CFT

In the previous sections we have explained how we can obtain the basic correlation functions of
Liouville theory on the sphere (1.5.1) or on a domain with boundary (1.6.16), (1.6.18)-(1.6.20).
It turns out that using the so-called “conformal bootstrap” method of conformal field theory one
can in principle compute recursively all the correlation functions from these basic correlations. A
long term research project is to prove the validity of the “conformal bootstrap” method in the
well-defined probabilistic framework of LCFT. The first step is to define Liouville correlations
with complex parameters, i.e. to give a meaning to the Liouville correlations (1.3.5) and (1.3.20)
with complex parameters «; and ;. This is a non-trivial problem as one expects to see different
phases appear just like in [39]. Once this is well understood one could hope to tackle the following
conjecture:

Conjecture 7. One has the following decomposition of the four-point correlation function of Li-
ouville theory on S? as an integral involving the three-point structure constants of (1.5.1), see

[71]:

(e209(2) ga19(0) ga26(1) pasd(o0)y ) — /Q Cy(ag, on,a)C(2Q — a,ag,ag)]f{ai}(z)Pda. (1.6.21)
+iR4

The functions Fiq,1(2) that appear are the so-called universal conformal blocks of CFT.

The mathematical proof of such a decomposition would bridge the gap between the two ap-
proaches to Liouville theory: the path integral formulation of (1.3.5) and the algebraic bootstrap
method of [71]. In the trivial case where we choose ;1 = 0 in (1.3.3) the decomposition (1.6.21) is
simply a Fourier transform; therefore the case p > 0 can be seen as a sort of generalized Fourier de-
composition (see [45]). In the case of a domain with boundary, a similar decomposition is expected
to hold [81].
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Conjecture 8. A decomposition similar to (1.6.21) also holds for the boundary Liouville theory.
This congecture is discussed in more details in [81].

Both conjectures 7 and 8 could prove to be quite difficult. An easier starting point could be to
chose again p = 0 in boundary LCF'T in order to write everything only for a GMC measure on
the unit circle. Thus one could attempt to show a similar decomposition for a very general form
of the Fyodorov-Bouchaud formula (1.5.9) with an arbitrary number of log-singularities.

Conjecture 9. For z1,...,zy €D, s1,...,sn € ID, a4, f; € C, decompose the following function

or 1 M 1 p
ok et
G(/}/)O‘i)ﬁj’p) :E[(/() H |€i9—Z'|ai7 H 53‘762X( )dﬁ)p]
i=1 v

i=1]e? — 5[ 2

as a sum of other G(v, o, Bj,p) but with fewer insertion points z;, s;.
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Chapter 2

The Fyodorov-Bouchaud formula

In a remarkable paper in 2008, Fyodorov and Bouchaud conjectured an exact formula for the
density of the total mass of (sub-critical) Gaussian multiplicative chaos (GMC) associated to the
Gaussian free field (GFF) on the unit circle [31]. In this paper we will give a proof of this formula.
In the mathematical literature this is the first occurrence of an explicit probability density for the
total mass of a GMC measure. The key observation of our proof is that the negative moments of the
total mass of GMC determine its law and are equal to one-point correlation functions of Liouville
conformal field theory in the disk defined by Huang, Rhodes and Vargas [40]. The rest of the proof
then consists in implementing rigorously the framework of conformal field theory (BPZ equations
for degenerate field insertions) in a probabilistic setting to compute the negative moments. Finally
we will discuss applications to random matrix theory, asymptotics of the maximum of the GFF
and tail expansions of GMC.

2.1 Introduction and main result

Starting from a Gaussian free field (GFF) one can by standard regularization techniques define the
associated Gaussian multiplicative chaos (GMC) measure whose density is formally given by the
exponential of the GFF. The theory of GMC goes back to Kahane’s 1985 paper [42] and has grown
into an important field within probability theory and mathematical physics with applications to 3d
turbulence, mathematical finance, extreme values of log-correlated processes, disordered systems,
random geometry and 2d quantum gravity. See for instance [72] for a review.

In this chapter we will be concerned with the last application and more precisely with the
link between GMC and the correlation functions of Liouville conformal field theory (LCFT). It is
this connection uncovered in 2014 in [17] that enables us to understand the integrability of GMC
measures and perform exact computations. The very recent proof of the DOZZ formula [46, 47]
can be seen as the first integrability result on fractional moments of GMC measures while our
Theorem 2.1.1 is the first result that gives an explicit probability density for the total mass of a
GMC measure.

We will now introduce the framework of our paper. Let X be a GFF on the unit disk D with
covariance given for x,y € D by:!

E[X (2)X (y)] = !

=In—— . 2.1.1
N Yl =] 211

!This is the GFF with Neumann boundary conditions also called the free boundary conditions, see [40].

39
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In the case of two points e’ and ¢ on the unit circle 0D, this simply reduces to:

- o 1
]E[X(CZG)X(CZQ )] =2In m (212)
In this setting and for all v > 0, the GMC measure on the unit circle is constructed as the following
limit in probability in the sense of weak convergence of measures,

X gy Jim 3 EX) gy (2.1.3)
e—0
where df is the Lebesgue measure on [0,27] and X, is a reasonable cut-off approximation of X
which converges to X as e goes to 0. More precisely for any continuous test function f : 0D — R,
the following holds in probability:

/ ) (g = tim [ 3 REX (o) (2.1.4)
0 e—=0 Jo

See for instance Berestycki [9] for an elegant proof of this convergence. It goes back to Kahane
[42] that the measure e3¥ () g9 defined by (2.1.3) is different from 0 if and only if v € [0,2). In
the sequel, we will always work with v € (0,2) (with the exception of section 2.1.1.1 where we
will discuss the limit v — 2). We now introduce the main quantity of interest of our paper, the
partition function of the theory, for v € (0, 2):

1 2
Y, = —
7 27?/0 ¢

Recall the following classical fact on the existence of moments for GMC (see the reviews by Rhodes-
Vargas [72, 73] for instance), for p € R:

(ST

X gp. (2.1.5)

4
EYY] <400 < p< 3 (2.1.6)

In 2008 Fyodorov and Bouchaud [31] conjectured an exact formula for the density of Y,. Their
conjecture is based on the computation of the integer moments of Y, and a clever observation. If
X, is a reasonable cut-off approximation of X then for all p nonnegative integer such that p < ,%

one gets by Fubini (interchanging f027T and E[]):

L oy iy 22 B(X (Y] gy L . 2 X (1% ) — L E[X. (9)2]

NS

= (21)1’ / o Tic; BIXe(e) Xe(e™ Nag, ... dby
7T [0,27]P

By taking the limit in the above computation as € goes to 0 one gets:

E[Y,ﬂ — L / e% Sy BIX (¢ X (e )]d91 ...do,
[0,27]P

(2m)P
1 / 1
= ———df; ...df,.
(2m)P [0,2w}pgyewi_ewjyf g

1

2This normalization is different from the In P
e —e

usually found in the literature.
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The main observation of Fyodorov and Bouchaud [31] is that the last integral above is a circular
variant of the famous Selberg integral, the so-called Morris integral, and its value is explicitly known

2
I
%. Hence, one gets for p nonnegative integer such that p < 7;42:

-1

2

1 —pL-

Ewﬂz—i—i%l. (2.1.7)
ra-2)r

Fyodorov and Bouchaud then conjectured that the identity (2.1.7) remains valid if p is any real
number such that p < %. Though the conjecture is reasonable, one should notice that it is
far from obvious. Indeed both sides of (2.1.7) are analytic functions of p equal on the finite set
{0,1,---, L%J} (where |.| denotes integer part) and this does not guarantee that they are equal

on their domain of definition. The main result of this paper is precisely to prove this point:

Theorem 2.1.1. (Fyodorov-Bouchaud formula) Let v € (0,2). For all real’ p such that p < 745
the following identity holds:

r(1—p2)
EYY] = ————. (2.1.8)
r—)p
As a consequence, the variable Y., has an explicit density given by’
4 ~h-1 gy
fy,(y) = —(By) * e 110,00((%) (2.1.9)

A2
where we have set f=T1'(1— %2)
Let us make a few comments on the above density. The probability for Y, to be large is governed

by the term (ﬁy)_%_l. The power —% — 1 is of course compatible with the existence of moments
(2.1.6) and is a very universal feature of GMC measures. For instance it holds for more general
covariances (see section 2.1.1.3 for more on the tail behaviour of GMC) and it holds for GMC on
the unit interval [0, 1]. On the other hand the probability for Y, to be small is given by the term

exp(—(By) »*) which is extremely small and implies that the negative moments of Y, determine
its law, a key ingredient of our proof. This behaviour is quite mysterious and model specific as
it differs from the case of a GMC on [0, 1] and differs from the case of a log-normal law, where
instead we would have exp(— In(y)?).

Before explaining the main ideas behind the proof and the connection with Liouville conformal
field theory, we will first enumerate the numerous applications of this result.

2.1.1 Applications
2.1.1.1 Critical GMC and the maximum of the GFF on the circle

A problem that has attracted a lot of attention is the behaviour of the maximum of the Gaussian
free field on the unit circle. See for instance [4] for a review on extreme value statistics of log-

3The result also holds for all complex p such that Re(p) < %.

“Following a remark by Nicolas Curien, a third way of stating our theorem would be to say that Y- taw %ZﬁvT
where Z is an exponential law of parameter 1. It is not clear whether this exponential law has a probabilistic
interpretation.
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correlated processes. The link with GMC theory goes as follows, it is possible to make sense of
GMC in the critical case v = 2 by theeso-called derivative martingale construction. In this case,
the measure denoted by —%X (e9)eX(¢)dh is obtained as the following limit,

1 0\ X(e®) 10 g5 L iy _
2X(e )e df = 11_)1]%(2X6(e )

%E[Xg(ei")?])eXe<ei9>—%E[Xe<ei9>zld9, (2.1.10)
where X, is a reasonable cut-off approximation of X which converges to X as € goes to 0. The
construction (2.1.10) converges to a non trivial random positive measure. This was proved in
[27, 28] for specific cut-offs X, and generalized to general cut-offs in [68]. We now introduce:

1 2w

Y=o X ()X gg. (2.1.11)
0

It is natural to expect that Y’ can be obtained from the sub-critical measures Y, as v goes to 2
by taking a suitable limit. Indeed it is shown in [6] that the following holds in probability:®

1
2V’ = lim ——Y,. 2.1.12
'yl—>1n2 2 — Y v ( )

From this convergence and Theorem 2.1.1, one can deduce that 2Y” has a density foy given by

foyi(y) =y 2V 10,00 (%) (2.1.13)

We observe that In2Y” is distributed like a standard Gumbel law. Recall that an impressive series
of works (see [13, 15] for the latest results) have proven that for suitable sequences of cut-off
approximations X, the following convergence in law holds®

max )(E(ew)—anl—l—%lnln1 - G+InY' +C (2.1.14)
0€[0,2n] € 2 € =0

where G is a Gumbel law independent from Y’ and C is a non universal constant that depends
on the cut-off procedure. From this convergence and previous considerations, one can deduce the
following convergence in law

; 1 1
max Xg(e“g)—2ln—+§lnln— — G1+G2+C (2.1.15)
€ 2 € ¢—=0

where G; and Gy are two independent Gumbel laws and where we have absorbed the factor In2 in
the constant C. This convergence was conjectured in Fyodorov-Bouchaud [31]. As a matter of fact,
Fyodorov-Bouchaud state (2.1.15) as their main result.” Mathematically, it is the first occurrence
of an explicit formula for the limit density of the properly recentered maximum of a GFF.

°In [6] the convergence is actually written for the two-dimensional measure but the authors are confident that
their method still works in dimension 1.

®In fact, the works [13, 15] establish the convergence result (2.1.14) with a variable Y’ which has not yet been
rigorously proved to be the same as our definition (2.1.11) of Y’. Nonetheless, private communications with the
authors of [13, 15] confirm that their methods can be extended to prove that both definitions of Y’ coincide.

"More accurately they expressed the limit density in terms of a modified Bessel function which was noticed by
Subag and Zeitouni in [79] to be the sum of two independent Gumbel laws.
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2.1.1.2 Unitary random matrix theory

A similar story can be told for unitary random matrices. Let Uy denote the N x N random matrices
distributed according to the Haar probability measure on the unitary group U(N). Denoting by
(€91, ..., e") the eigenvalues of Uy, we consider its characteristic polynomial py(#) evaluated on
the unit circle at a point e*:

pn(0) = det(1 — e PUy) = [ (1 — =) (2.1.16)

”EZ

Recently, the following convergence in law has been obtained in [83] for a real a € (—%, 2):

0)|« ol x (i

v Oy 5 g, (2.1.17)
Ellpn(0)1%] " N—oo

This convergence seems to indicate that 21n |px(6)| should be seen as a cut-off of X just like our

X with N corresponding to % We thus expect to have for a real p < % 8

1 @1 1 zwe%X(ew) » M
Bl | Elpn )1 53 g ), WY = Ty (2.1.18)

Notice that E[|py(6)|*] is independent of 6. Now the following asymptotic is known for o > —1,

G(1+4 a/2)?

~ 7Na— 2.1.19
N—oo G(1+a) o ( )

Ellpn (0)]7]
where G is the so-called Barnes’ function. Combining (2.1.18) with (2.1.19) establishes the asymp-
totic conjectured in [32] and further studied in [49], for a real p < %

1

2w a 2p a”
E[(ﬂ/o [P (0)|*dO)P] GO+ /2 T — %)

NS G(L+ap T(1- o7

pa?
N, (2.1.20)

Now again based on the analogy suggested by (2.1.17), it is reasonable that the properly shifted
maximum of 21n |py ()| should converge to the same limit as the (properly shifted) maximum of
the GFF on the circle. Indeed it has been recently conjectured by Fyodorov, Hiary and Keating
[32] that the following convergence in law should hold

max In|py(f)] —In N + §lnlnN — G1+G+C (2.1.21)
0 4 N—o0

0,27]

where G and G, are again two independent Gumbel laws and C a real constant. On the math-
ematical side, there has been a series of works [5, 64, 14] aiming at this result. The most recent
result [14] establishes that

eén[oag}ln lpn(0)] —In N + ZlnlnN (2.1.22)

8This convergence of moments has never rigorously been written down but in the L? phase, i.e. for |a| < v/2, it
is more or less a consequence of [83]. Going beyond the L? phase seems to require much more technical work similar
to the techniques of [9] to define GMC outside the L? phase.
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is tight. Just like for the GFF it is natural to expect that the following convergence is easier to
establish directly

3
max In|py(0)| —InN+ -InlnN — G +InY' +C. (2.1.23)

6€0,27] 4 N—oo
Our result could then prove instrumental in precisely identifying the limit in the conjectured
convergence (2.1.21).

2.1.1.3 The tail of GMC in dimension 1

Finally, Rhodes and Vargas in [74] introduced a simple method to compute tail expansions for
general GMC measures. The authors claim the method works for GMC measures in dimension 1
and 2 associated to any log-correlated field (the method probably works in all dimensions). More
precisely, in the 1d case, consider a log-correlated field X on an open set @ C 9D with the following
covariance,

-~y 1 . Y
E[X(BZG)X(BZQ )] = 21H m + f(e“g, 626 ), (2124)

for a smooth function f. The authors of [74] argued that the following should hold for some ¢ > 0,

S . 4 _ i0 0 2 _4
IP’(/ e3XE@ag > ¢) = (/ VI gy q - B sy (2.1.25)
where O is an open subset of 9D and R;(7y) is a non explicit universal constant defined in terms of
the expectation of a random variable. Since Theorem 2.1.1 gives an explicit tail expansion for Y,
and the variable Y, has a tail expansion which satisfies (2.1.25), one can deduce an explicit value
for Ri(7). This leads to

41
2m) 2
Ri(v) = ) = (2.1.26)

(1-)ra-)”~

—~

=3,

2.1.2 Strategy of the proof

To explain the ideas behind our proof of Theorem 2.1.1, we must make a detour in the world
of conformal field theory (CFT). In 2014, David, Kupiainen, Rhodes and Vargas [17] applied the
theory of GMC to define rigorously Liouville conformal field theory (LCFT) on the Riemann sphere.
This theory was first introduced by A. Polyakov in his 1981 seminal paper [66] where he proposed
a path integral theory of random two dimensional surfaces. In [17] the authors discovered that the
correlation functions of LCFT could be expressed as fractional moments of GMC measures with
log singularities therefore rendering possible the mathematical study of LCFT. The theory was
defined on the Riemann sphere in [17] then on the unit disk in [40] and on other surfaces in [18],
[69]. Let us also mention another interesting approach by Duplantier-Miller-Sheffield [26] which
develops a theory of quantum surfaces with two marked points linked to the two-point correlation
function of LCFT (see [82] for a precise statement of this connection).

Since Liouville theory is a CFT, one expects that it is possible to use the framework developed
by Belavin, Polyakov and Zamolodchikov (BPZ) in [8] to compute explicitly its correlation func-
tions. As a matter of fact, the original motivation of BPZ for introducing CFT was to compute the
correlations of LCFT although it has now grown into a huge field of theoretical physics. Recently,



2.1. INTRODUCTION AND MAIN RESULT 45

Kupiainen, Rhodes and Vargas were indeed able to rigorously implement the BPZ framework for
LCFT in a probabilistic setting. As an output of their constructions, they gave a proof of the cel-
ebrated DOZZ formula [46, 47] for the three-point function of LCFT whose value was conjectured
independently by Dorn and Otto in [22] and by Zamolodchikov and Zamolodchikov in [86].

Concerning the strategy of our proof, the key observation is to realize that the inverse moments
of GMC integrated on the unit circle can be expressed as one-point correlation functions of LCFT
on the unit disk. This link was to the best of our knowledge unknown even to physicists. Thanks
to this observation, we can develop the framework of CFT to compute the inverse moment using
a strategy similar to the proof of the DOZZ formula [46, 47]. However, working on a domain with
boundary requires to introduce a novel BPZ differential equation - see Theorem 2.2.2 below - which
differs from the equation of [46] on the Riemann sphere.

Let us now introduce some notations which will be used in the sequel. Let p be a real number
such that p < %. We denote:

27 )
U(y,p) = E[(/ 3XE) gpyp). (2.1.27)
0
The proof is based on studying the following function or “observable” defined for ¢ € [0, 1]:
2 1 'Y2 ol 0
G(v,p,t) = E[(/ It — ez ez X ) ag)p). (2.1.28)
0

At first glance, it can seem mysterious why the introduction of G(v,p,t) can be of any help
in computing U(v,p). In order to understand why G(v,p,t) is the “right” auxiliary function to
look at, one must cast the problem in the language of LCFT with boundary. It turns out that
the moment U (~,p) is the one-point correlation function and that the function G(v,p,t) is the
two-point correlation function with a so-called degenerate field insertion, see section 2.2 for the
definitions. Therefore the function G(v,p,t) is expected to obey a differential equation known as
the BPZ equation. Indeed, we will prove using probabilistic techniques that:

Proposition 2.1.2. (BPZ) For v € (0,2) and p < 0 the function t — G(v,p,t) satisfies the
following differential equation:

0? 0 0
N 2 9 _ n 9 _
(t(1—t )8t2 + (¢ 1)(% +2(C—-—(A+B+ 1)t )at 4ABt)G(~,p,t) =0
with the following values for A, B, and C':
2 2 2
A= 4,B 4,0 4(1 p)+ 1.

Here the hypothesis on p is purely technical and could be relaxed with little effort. A simple
change of variable z = t? and G(v,p,t) = H(z) turns the BPZ equation for G(v,p,t) into a
hypergeometric equation for H (z)

(x(1—x) o +(C—-(A+B+1)x) 0 AB)H(z) =0
Ox? Ox o
The solution space of this equation is two dimensional. In fact, we can give two sets of solutions,
one corresponding to an expansion in powers of x and the other to an expansion in powers of 1 —x
(all the details are written in the appendix). From this we obtain:
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Proposition 2.1.3. For v € (0,2) and p < 0, we have

2 2 2 2 2

2 2
Glyp,t) = CiF(—LL - L —py 41,2 + Ot 2 P IR L —9) Ly — 1)+ 1,6
4 401 41°4 4
and
Vip 42 42 2 7% 72
G(y,p.t) = BlF(—T,—Z —71—t2)+B(1—t2) F(1+Z Z(2 p)+1,2+7,1—t2)

where F is the standard hypergeometric series. The coefficients Cy, Co, By and Bs are real constants
that depend on v and p. Since the solution space of the hypergeometric equation is two dimensional,
the coefficients are linked by the explicit change of basis formula (2.4.9) written in the appendiz.

The end of the proof is based on exploiting the fact that the above coefficients Cy, Cs, By
and By can be identified in terms of U(~,p) by performing asymptotic expansions directly on the
expression (2.1.28) of G(v, p,t). Notice for instance that Cy = G(v,p,0) = U(y,p). We also express
By in terms of U(y,p — 1) and find Cy = 0. Using the change of basis formula (2.4.9) this leads to
the following shift equation for U (v, p):

Proposition 2.1.4. For all v € (0,2) and for p <0, we have the relation:

- 2wr<1—p’f> -
U(vy,p) = = (1= (o 1)§)U(%p 1).

From this shift equation we deduce recursively all the positive moments of the variable YL, i.e.
vy

we get
2

E[Y;"] =T(1 + %)r(l -2y wnen. (2.1.29)
The series
2 ,.Y2
A —F 1+ ——)0(1——)"
- Z + K -1

has an infinite radius of convergence, meaning that the moments of Y% entirely determine its law

and one can even give an explicit probability density for Y%’

4

4 55— _(¥y42
Fr®=5a (57 e P 100, (2.1.30)

where g =T'(1 — %) It can easily be turned into a probability density for Y,,

‘ff By) e B T 1 (), (2.1.31)

fy,(y) =

which proves Theorem 2.1.1. Also notice that our proof does not use the value of the Morris integral
(2.1.7) and in fact we give a new proof of its value by taking integer moments in our GMC measure.
Lastly, we point out that we have actually done more than just compute U(y, p), we have also
completely determined the function G(v, p,t). By choosing ¢t = 1 we obtain the following corollary:
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Corollary 2.1.5. Let v € (0,2). For all real p such that p <3z 5 the following identity holds:

1 2 ; T(1—p2)T(1+ L)1+ (1-pL
E[(—/ 11— |5 X ggypy - L 2P )T+ )T+ (L = p)°p) (2.1.32)
21 Jo I(1—2)PT(14+ 3)rd+2-p) %)
Equivalently we also have
1 I 0 law 72
o |1—e’9|76 XM ag "= v, X, B (2.1.33)
s

with Yy, X1 independent and X1 ~ B(1+ -, i), where B(w, ) denotes the standard beta law.
A similar formula is also expected to hold for the so-called dual degenerate insertion:

Conjecture 10. Let vy € (0,2). For all real p such that p < ,;12 we expect to have

sk [y P,
4 ) 72 )
and we can write again
% - 11— 22X gp 'y x ;1 (2.1.35)
with Yy, Xo independent and Xo ~ B(1+ %, %)

In fact we expect that using similar techniques it will be possible to obtain many more exact
formulas on GMC measures. One could study more general cases on the unit circle (such as
Conjecture 10 or the conjectures of [62]) or GMC on different geometries such as the unit interval
[0, 1] or the two-dimensional measure on the unit disk ID. Therefore our methods combined with the
proof of the DOZZ formula [46, 47] open up brand new perspectives for studying the integrability
of GMC measures.

2.2 Boundary Liouville Conformal Field Theory

2.2.1 The Liouville correlation functions on H

In order to prove Proposition 2.1.2 we introduce the framework of LCFT on a domain with bound-
ary, following the setting of [40]. Here we will work on the upper half plane H (with boundary
OH = R) but we can transpose everything easily to the unit disk D by the KPZ relation (2.2.12).
The starting point is the well known Liouville action where in our case we must add a boundary
term,

Sp(X,9) = %/H(lagX\erQRgX) (2)dz? +—/ (QK;X + 2mpge2™)g(s)/2ds, 10 (2.2.1)

9Work in progress with Tunan Zhu.
10The action usually also contains a bulk interaction term ue'yx but for our purposes we set i = 0. Hence we are
working with a degenerate form of boundary LCFT.
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where 99, R;, and Kj respectively stand for the gradient, Ricci scalar curvature and geodesic
curvature of the boundary in the metric ¢ (which can be chosen arbitrarily). We also have v € (0,2),
Q=73+ 2 , and py > 0. In the following we choose the background metric §(z) = E +Z‘4 on H. This

is a natural choice as if we map H to D (using z > 2 ) this choice corresponds to the Euclidean (or
flat) metric on . With our choice of § we get R; = 0 and K = 1 which simplifies the expression
of (2.2.1).

With this action we can formally define the correlation functions of LCFT. They are the
quantities of interest of the theory that we hope to be able to compute with the techniques of
CFT. We will consider two types of insertion points in our correlations: bulk insertions (z;, ;)
(with z; € H and o; € R) and boundary insertions (s;, 8;) (with s; € R and 3; € R). We introduce
the following notations for the so-called vertex operators:

Vi, (2i) = o@i(X(2)+$ Ing(2i)

Vs, (s;) = e X6+ ()
J

We formally define the correlations by,

M
H s HVBJ = | DXHEC“ ) H FECH IS, (2.0,

=1

for N, M in N. The philosophy of this heuristic definition is the following. Starting from a formal
uniform measure Dy X on the space of maps ¥ = {X : D — R}, we add a density given by e~ SL(X.9),
This is simply the Boltzmann weight framework of statistical physics where the probability of a
given state (here a map X) is proportional to exponential minus its energy (here the Liouville
action). Following [17, 40] it turns out that it is possible to give a rigorous probabilistic definition to
(2.2.2) in terms of GMC measures. To do this we will interpret the quantity e = i Ji 109X ?9(2)d2? Dy X
as the formal density of a GFF in the following sense. We introduce the centered Gaussian field X
on H with covariance given for z,y € H by,

1

E[X(2)X(y)] = In Sl -

+In|z+i?+nly+i*—2In2, (2.2.3)

and such that (using K; = 1):

/X(s) 1/2ds—/K §(s)%ds = 0. (2.2.4)
R

Since X lives in the space of distributions we will need again to introduce a cut-off or regularization
procedure. For § > 0 let:
={z e HIS(2) > d}.

Then let p : [0,400) = [0,400) be a C* function with compact support in [0, 1] and such that
m [° p(t)dt = 1. For x € H we write p(z) = —gp( Z). Then for z € Hs and € < §, we define X, by

X(2) = (pex X)(2) = /Hdza;X(x)pe(z — ), (2.2.5)

"'The covariance of the GFF X on H differs from the covariance (2.1.1) of X on . The GFF on D is the image
of the GFF on H by the conformal map z — z;z linking H and D.




2.2. BOUNDARY LIOUVILLE CONFORMAL FIELD THEORY 49

and for s € R by
Xe(s) =2(pe x X)(s) = 2/Hd2xX(a;)pE(s — ). (2.2.6)

The idea of our regularization is that for a point z € Hy at a distance at least é from the boundary
and for € < § we can smooth our field X (z) with p on a ball of radius € around z. For a point s € R
we will always write our convolution on the half ball contained in H of size e. We now define the
correlation functions by the following limit,

N M
(H Va, (2i) H Vs, (85))m = hm <H Va, (2i) H |ZRE ) (2.2.7)

= j=1 i=1 j=1

where
M 52
<H Va ZZ HVg] S] /dce QCE He 2 eal(Xé(Zz lng zi)+c) H TJ TJ (Xe(sj)+ lng(sj-)—l—c)
= =1 j=1
2 ~
X exp(—ua/ T o3 (Xeter3Ing) g (2.2.8)
R

The above definition may appear to be convoluted but it is simply the consequence of removing
e~ Jul99X129(2)dz" Dy X from (2.2.2) and saying that X now becomes X + ¢, where X is our GFF
of covariance (2.2.3) and c is a constant integrated with respect to the Lebesgue measure on R.
This ¢ is called the zero mode in physics, it corresponds to the fact that |[09X|? only determines
the field up to a constant (see [17] for more details). To obtain (2.2.8) we have also used (2.2.4)
and the explicit values of R; and Kj. The limit (2.2.8) exists and is non zero if and only if the
insertions obey the Seiberg bounds which are:

N 1 M
> i+ 52@- >Q and Vj, B;<Q. (2.2.9)
i=1

j=1
When the bounds (2.2.9) are satisfied we will write the correlations in the following way:

M

a 21 _0)e < $)+ <2 Ing(s)+c
H () H /Rdce@ +5, 20 EHVaz (21) HVB 5;) exp(— Ma/ X+ g+ gg)).

=1 7j=1 =1 7j=1

We now derive all the formulas that we will need to prove Theorem 2.2.2. In order for the following
to work correctly, we need to replace all the E[X (z)X (y)] by the exact log kernel In m or
in other words we need to eliminate the dependence on the background metric §. This will be a
consequence of the following identity:

Lemma 2.2.1. For insertions (z;,a;) and (sj, ;) satisfying the Seiberg bounds (2.2.9) we have

N M B N M
o [ dstva(s) [TVaue) [T Ve, (s = i+ 35 —@Q 1_1 (2 1_1
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Proof. We perform the change of variable %ln iy + ¢ = in the following expression:

N M

(L] Vo) TL Vi (5320 = [ deetmvsss i HV (o) T Vi, (55 expl o / 3 X+ § gt g
R

i=1 j=1 Jj=1

S 2micity; B30 8 il 7 Q 10 a(s) e’
= Mg K /Rdc’e(zl’o‘ﬁzj 3 QYR H H (s85) exp(— /ReﬂX(SH?lng(ch)ds)].

=1 j=1

We then obtain the desired result by differentiating with respect to ug. O

So far we have introduced correlation functions of Liouville theory with an arbitrary number
of insertions points. For the purposes of Theorem 2.2.2 we will only need to consider correlations
with two bulk insertions z, z; € H of weights —7 and « and eventually boundary insertions s,t € R
of weight . The value —% is called the degenerate weight in the language of CFT. It is for this
specific value (and also for the dual weight —%) that a correlation function containing V_y (z) will
obey a BPZ differential equation. In the forthcoming computations we will extensively use the
shorthand notations:

(z.21) = (Va)Vog (2Dm, (5,2, 21) i= (Va(9)Va(20)Vog (2))m,
(z21)e = (Va(z)Voz (Dme (552 21)e == (Va(8)Val(20)Vog (2))me.

Our goal is now to compute the derivatives of (V, (zl)V_% (2))m in order to prove Theorem 2.2.2. We
will illustrate how this computation works with 9, (V,(z1)V_2 1 (2))m. We must use our regularization
procedure so we fix 6 > 0 and choose z,z; € H;s and € < §. We show that z — (Va(zl)V_%(z)m
is C! on Hjs \ {21} V& > 0, which means it is C' on H \ {z1}. We compute the derivative of the
regularized partition function (2.2.8) with respect to z:

2

O(zs2)e = [ dee CEIOL(X(2) + F Ingla))e 2N E I O i)
R

2 ~
% eXP(—Ma/ E%e%(Xe-i-c—i-%lng)dS]
R

7Q

bt (Z)>H,e e (0:1ng(2))(z, Z1>H7E

2

_%«OZXE(Z))Va(zl)V—

The idea of [46] to compute the first term in the above expression is to realize that we can
perform an integration by parts on the underlying Gaussian measure of X.!? We introduce X (f) =
fH x)dx? for some smooth f with compact support and we get:

(X(WValr)V- (i = aBIX (N Xela)l(z, 1) = JEIX ()Xo 20)e = o [ BIX(OX (95,2 21) s

Since 0, Xc(z) = [y d*xX (2)9.pe(z — x), we will apply the above formula to f(z) = 8.pe(z — z).

2Recall that for a centered Gaussian vector (X,Y1,...,Yn) and a smooth function f on RY, the Gaussian
integration by parts yields E[X f(Y1,...,Yn)] = Sor_, E[XYi|E[dy, f(Y1, ..., Yn)]. We use the same fact in infinite
dimensions on our GFF X.
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Using (2.2.3), (2.2.5), (2.2.6), we compute:

B0 X()Xe(er)) = [ [ adyELX @)X (1) 02z = D1 =)
_ /H /H Pad?y O,E[X ()X (1)]pe(z — 2)pe(21 — p)
1 1 1 1 N
=3 /H/HdQ:chy(x — v g)pe(z —z)pe(a1 —y) = 3 /Hde 9y In g(2)pe(z — )
E[0.X, (2) X.(2)] = /H /H Ped?yE[X ()X ()] 0-pe(z — 2)pel= — 1)

1 1
:82—//d2:17d2y1n7 (z —x)pe(z —y
5 ) |$_y|p( )Pe( )
1
2

1
+/ / dzxdzy am(lni_—
HJH |z — 7|

1 1 1 .
=3 /H/Hd%dzyx—_?pe(z —z)p(z —y) — 3 /Hd2x 0:Ing(x)pe(z — )
E[0,Xe(2)X(s)] =2 /H /H d?2d*yB[X (2)X ()] 9.pc(z — x)pe(s — y)

1 1 1
= — Prd>y(—— + (2 — ) pe(s — ——/dzx&clnAx (2 — T
[ eyl + o= aols -~ [ i)l — )

In §(x))pe(z — 2)pe(z — y)

Putting everything together and taking ¢ — 0 we arrive at:

Dx(z1,2)m = (— ——= + ~af + Nz, 21) —

4 ‘z—z1 z—71 4

| 1 1 2
Y Y pay / (5,2, 21)ds
R

Z— S8

+ <%(0z — % —Q)(z,21) — %72 /R<S,Z,Z1>d8> 0, 1n g(2)

2 2
o1 Y 1 1 pay / 1
= (—— — — _— d
( _—|-40z(z_z1 —I—Z_z))(z,zl) 1 Rz_s(s,z,z1> s

To cancel the metric dependent terms in the last line we have used Lemma 2.2.1. The derivatives
0., , Oz, Oz, and 0,, are computed along the same lines, their expressions are given in the proof of
the theorem below.

2.2.2 The BPZ differential equation

Our goal here is to prove the following result:

Theorem 2.2.2. Let v € (0,2) and o > Q + 3. Then (2, 2) — <V_%(Z)Va(21)>]}]1 is C% on the set
{21,z € H|z1 # 2z} and is solution of the following PDE

4 A_% Aa Aa 1 1 1
(_2822 + (Z — E)2 (Z — 21)2 + (Z — 2_1)2 + P 5824‘ Z— 21 Z?zl + Z_—Z_lﬁg)(v_%(z)va(zl)m =0
where Q =3+ 2, Ag = $(Q—%) and A_y = -3(Q+}).
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Proof. First let us note that the condition o > @ + 3 corresponds exactly to the Seiberg bounds
(2.2.9) and that the A,, A_y are the so-called conformal weights of CFT. Following the method

given above we compute all the derivatives that we need:

ay, 1 1 a? 1 a,ua’y/
0 =(— - — d
21<Z721> ( 4 (21_2 2 — % 2 Zl_ZX ;21) + 2 R 21 — <372721> 5
Ozr(z 1) = (2L . . o1 ) >+(wm/_ ( )d
z,21) = (— - — 2,2 5,2,21)ds
AV 41 4 Z21—2 ZH—%Z 25—z 0 2 JrzZi—s e
2 2
o1 Y 1 1 pay /
a = (— — — _ d
Z<Z721> ( S z_3% 4 (Z—Zl Z—Z))<Z721> 4 R 7 — <37Z7Zl> S

v 1 yo, 1 1 2 ,Uéﬂz/ 1
8 e d
+(8z—2 4(z—z1+z—21)) (2,21) + 1 R(z—s)2<S’Z’Z1>S

3
1 1 1 1
Mc’ﬂ (— 1 + af + ))/ (s,2,21)ds
-z z—z1 2Z—7 Rz—s

1
// P (s,t,z,z1)dsdt — ,Ua’}/ / e s)z(s,z, z1)ds. (2.2.10)
RZ—SZ— R (2 —

Again the shorthand notation (s, t, z, z1) stands for (V,Y(S)Vﬁ,(t)Va(zl)V_% (2))m with z,2z; € H and
s,t € R. We start by checking that all the terms without g cancel correctly, we gather them based
on their a-dependence. Terms with a?:

o - ! - ! —i—l ! + ! )% — ! + ! (2,721) =0
dz—2) 4(z—71)2 4 z—-2 z—71 20z—=2z1)(z1—71) 2(z—71)(21 —71) =

Terms with a:

(Q v 1 1 1 ) v 1 1 1 1) ¢ )
al(=—-—= - = 2,z
2 4 A (z—2)?2 (-—m)?% 4dz—-Zz2z—-z 2—7 P
N 11 N1 1 1
- - = =0
+ (4(z—z1z1—z+z—_1_1—2) 42—7% 21—2+z_1— ) ) {z21)

(z,21) = 0.

We must now make sure that all the terms with pg cancel correctly, for this we need to perform
an integration by parts. However there is a slight subtlety coming from the fact that the derivative
0s applied to (s, z,z1) gives a term in ﬁ(s,t, z,21) and ﬁ is not integrable. But this difficulty
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can be easily overcome with our regularization procedure. We get,

2 2 2
pay 1 1Y 1 _ HaY / 1
4 /]R (Z _ 3)2 <87 Z, Z1>Ed8 - 4 /Ras (Z — S) (S, Z, Z1>Ed8 — 4 & (Z — S) as<3, Z, Z1>€d8
1
+

ey . o L) za)ds
/ (4((8—2) (S—Z)) ( + — ))<7 ) 1>d

(z—s) 2 (s—2z1) (s—77)

,Ueﬂ
lg%// =9 s—t) (s,t,2,21)cdtds,

where we have introduced

1 1
R —) D R o P — (2).
(s —1t)ee /H/H e 3:28 +x1—t— xgp (1)pe(w2)

We symmetrize the last term:

2.4
1 1
- 'u87 / / (s,t,2,21)cdtds
(z—5) (s —t)ee

e—0 4

1 1

= ,uafy — )(s,t,2,21)dtds

(s —t). z—s) (z—t)

,Ueﬂ
t dtd
Z—S Z—t ( ) <S7 72721>E S
fy Ma (s,t,2,21)dtds. (2.2.11)

S RZ—5z—1

From the above we see that the double terms in [; [ coming from (2.2.10) and (2.2.11) cancel
correctly. Finally we look at the cross terms:

2 1 1 1 1 1 1
Nal ( = + — — = —)(s,2,21)ds =0
4 Jpz2—8Z—8 z2z—Zz—8 Z—8Sz—7%
« 1 1 1 1 1 1
no "l [ ( - + )(s. 2, 21)ds = 0
2 JR2—88—21 Z2—212—8 2Z—2121—S8
« 1 1 1 1 1 1
M8—7 ( - — = + — — )(s,2,21)ds = 0,

2 Jpz—85—%Z1 zZz—Z1z—S8 Z2—Z1%Z1—S8

and therefore we have proved Theorem 2.2.2. O

2.2.3 Correlation functions as moments of GMC on the unit circle

We are now going to express our correlation function (V_% (2)Va(z1))m as a moment of Gaussian
multiplicative chaos (GMC) on the unit circle and turn the BPZ equation of Theorem 2.2.2 into a
differential equation on G(v,p,t). As explained in the appendix, the KPZ relation of [40] tells us
that we have the realtion

(2 = o (ValO)V_ (D) (2.2.12)

Vale)V. 5 .
|21 — 71 2 |2 -7
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where A, and A_y are defined as in Theorem 2.2.2 and where <V_% (t)Va(0))p is the correlation

of LCFT defined on the unit disk. From the results of [40] we can express it in terms of inverse
moments of the GMC measure on the unit circle,

2

w_awumm:gmfl1wn%ﬁﬁ:39w?u—ﬁr?EB/e%M”%MmWMMMﬂ%wm2@1%
oD

Y Y
9 _2023220 94 _n 20 . 2
=2, TR 0 ) F ) (2.2.13)

where we have the following relation between our parameters p and «:

20 —7-2Q
5 .

(2.2.14)

The condition o > Q+F of Theorem 2.2.2 is then precisely the condition p < 0 of Proposition 2.1.2.
It is then a long but straightforward computation to turn the BPZ equation on (V, (zl)V_% (2))m
into the differential equation on G(7,p,t), more details on this can be found in the appendix.
Therefore we have proved Proposition 2.1.2.

Let us make a few comments on our method. One might attempt to prove Proposition 2.1.2
without introducing at all the framework of Liouville theory on H and by just computing partial
derivatives directly on the function G(v,p,t). In this computation all terms cancel easily except
a few terms coming from the second derivative in ¢ for which it is very difficult to see that they
equal zero. It appears that seeing that all terms cancel correctly by performing the computation
directly on the circle is just as complicated as proving Theorem 2.1.1. This is due to the fact that
fractional moments of GMC are very hard to manipulate. Liouville theory seems to be the correct
framework where the computations are tractable and thus the KPZ relation below (2.2.12) - a
highly non trivial change of variable - is a key ingredient of our proof. On the other hand there is
great hope to adapt our method to obtain more exact formulas on GMC measures in other cases,
for instance on the unit interval [0, 1] or on the two-dimensional GMC measure on the unit disk
D.

2.3 The shift equation for U(~,p)

The goal of this section is to identify the coefficients C7, Cs, By and By of Proposition 2.1.3 to
find a link between U(~,p) and U(y,p — 1). The result we expect to find is:

20 =0 1), (2.3.1)

U(v,p) = (1 - ;f)r@ —-(p-1)7%)

We will perform asymptotic expansions of G(v,p,t) in ¢t — 0 and ¢ — 1 to obtain the desired
result.

2.3.1 Asymptotic expansion in ¢t — 0

Since t — G(7,p,t) is a continuous function on [0, 1], we have

G(7,p,0) =U(v,p)
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2
and since p < 0, we cannot have a term in t2 =1 iy the expression G(v,p,t) and therefore we
get:
Cs = 0. (2.3.2)

Then taking ¢t = 0 in the expression of G(v,p,t), we find:

Cy =U(v,p). (2.3.3)

2.3.2 Asymptotic expansion in ¢t — 1

Taking t = 1 in the expression of G(v,p,t), we get:
2 0 ~2 Y X (10
B :E[(/ 1 — )% e3XE) gay), (2.3.4)
0

At this stage there is nothing we can do with this coefficient but as an output of our proof we
will also obtain a value for this quantity, see Corollary 2.1.5. We must now go to the next order
2

to find By. We introduce the notation hy(t) = [t — €| . In the following computations we will
extensively use the Girsanov theorem (also called the Cameron-Martin formula) in the following
way':

2 . i 2r Y x 2 2 e%X(ew)
E[ / FXE) gy / FX(E) gpyp-1) = / E[( / ey du. (2.3.5)
0 0 0 0

’eiu _ 629‘ 3

We then write:
27 i0 2 i0
E[(/ 1t — )% 3 XE) o)) — E[(/ 1= €] 3XE)gpyp) (2.3.6)
0 0

2T . 72 . ,‘/2 ~ . 27 i0
=pE[/ dult — e — |1 — |5 )edXle ></ 11— )% 3XEapp1) 1 R(t)
0 0

2

—p [ du(ha(t) — ha(1)E /0

0

1 x

27 1— iG”
L Ey (0]

’eiu _ ei@‘ 22

R(t) are higher order terms that are given by the Taylor formula applied to x +— 2P :

—pp—1) / i / " d01d0a(hay (1) — hoy (1) (s (1) — ey (1)

p—2
/ ds(1 - )</ g ol )+S(Z9(t) —h9(1)32 egx(eze)> |
s=0 0 |6191 _ ei9|7 |ei92 _ €i0|7

One may wonder if the GMC measures with fractional powers that appear in the above computa-

tions are well-defined. The answer is that for 5 € R, f027r 10 o X dh < 400 a.s. < B < %—i—%
[1—e®| 2

Therefore in the expression of R(t) the only problem is when #; = 6. But in our case we are deal-
ing with negative moments so at 61 = 05 we simply get 0. Now the following integral coming from

x E
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(2.3.6) can also be expressed in terms of hypergeometric functions F:

1 2w ,Y2 ,Y2 5 ,Y2 ,.Y2
— h,(t)—h,(1)du=F(——,——,1,t*) - F(——,——, 1,1 2.3.7
271'0(“() u())u ( 47 477) ( 47 477) ( )
21 2 2 .2 2 .2
S G i
T(% +1)2 4 4 2 4 4
I‘_ﬁ_l 2 2 2 2
+(272)(1—t2)1+%F(1+7—,1+l,2+l,1—t2).
I(-2)2 4 4 2

In the last line we have used the formula (2.4.10) given in the appendix valid here for v # /2.

We first look at the case where 0 < v < V2. We notice that in this case 1 < 1 4+ l; < 2 and that
u — h!,(1) is integrable in u = 0 but not u +— h//(1). (2.3.7) tells us that:

1 1 2

lim —M— hy(t) — hy(1) — (t = DR, (1))du = —25—>. 2.3.8

tgq(l_tz)Hg%/o () — ha(0) ~ (¢ — DA (1)du (238)
The key observation is that the same result holds if we add some continuous function ¢ defined on
the unit circle:

2
Lemma 2.3.1. For e >0 and u € [0,27] let hy(1 —€) = |1 — € — ™| and let ¢ : OD — R be a
continuous function defined on the unit circle. Then we have:

1 1 1

27
1 _ _ _ ! i —
ll_)l% €1+§ 21+% 271/0 (hy(1 —€) — hy(1) + €h,(1))c(e™)du

Proof. We start by showing that

1

2
5
61+7

/% (1 — ) — ha(1) + e, (1) du
0

remains bounded as € goes to 0. We split the integral into two parts, ffe and ffﬂ_e. To analyse
the first part we can perform an asymptotic expansion on u — ei“, we get:

1 €
122 |hu(1 - 6) - hu(l) + eh;(1)|du
et J—e
M- € 2 2 2 2
< —L [ JletiulT — JulT 4 e fu| T |du
5 Joe 4
Ml ! . WQ "/2 72 'y2
= M [ et il T = el + dpleal Tl < My
61-}-% -1 4

for some M7, My > 0. The other part of the integral can be bounded by the Taylor formula:

2m—e
L / (1 — €) — ha(1) + eb. (1)|du <

1 2T —e 62
14
: / C sup (W (@) du
I+ e 2

1+ z€[1—e,1]

€ 2

2 [t 2
< M3se _7/ lu| 2 "*du < My
€
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for some constants Ms, My > 0. By continuity of ¢, for € > 0 there exists an n > 0 such that
Yu € (—n,n), |c(e™) — (1) < €. We can then write:

1

2
=

! ! / iu
= pves /—n [ (1 — €) — hy (1) + el (1)]]c(e™) — c(1)|du

2m
/O [hu(1 = €) = hu(1) + ehy, ()]]e(e™) = c(1)|du

2m—n )
o [ I )+ L) — el

1 -
€2 M,
1+%

< Mye +

€

for some Ml, M2 > 0. Since the above is true for all ¢ we easily arrive at:

I .
Jim / (1 = €) — hu(1) + eh. (1)]|e(e) — c(1)|du = 0.
e—0 E1.;ﬂT 0
From this and using the exact computation (2.3.8) we obtain (2.3.9). O

We then apply the Lemma 2.3.1 to our problem by choosing:

2
) 2 05 i
c(e™) = E[(/O |1¥|226%X(e ")dg)p—l]_

|eiu — ei9|”7
Finally we bounded the higher order terms R(¢) by:
2m 2
[R(t)| < M/O ; df1d05(hg, (t) — ho, (1))(he, (t) — he,(1))
< M(1—1t)?

for some M, M > 0. Combining all the above arguments we find the following expansion in powers
of (1 —t) for G(~,p,t):

2 .
o o 9122 2X(e) _7r_ 2 2
, 1— T ez _ I 1 ~2 ~2
G(v,p,t) = BH—p(t—l)/ duhu(l)E[(/ d0| ez 5 )P 1]+27rp7( 2 )U(’y7p—1)(1—t2)1+w2 —l—o((l—t)ler2 ).
0 0 |eiv — eif| T r(=)?

This gives the value of the coefficient Bs:

(-2 -1

5 —1)
—=————U(y,p—1). (2.3.10)
2 b
I(=%)?
In the case v/2 < v < 2 we need to go one order further in the computations. We now have that
u — hl'(1) is integrable in u = 0. If we go one order further in (2.3.8) we still get:

By =27p

1 1 2w 1 I —ﬁ -1
lim —— (hy(t) = hy(1) — (£ = 1)R. (1) — = (t—1)2h(1))du = (272) (2.3.11)
t—1 (1 o t2)1+% 21 0 2 I‘(_'YT 2

Lemma 2.3.1 still holds if we go one order further and the analysis of R(t) gives this time:

R(t)=m1—t)?2+0((1—1)3) (2.3.12)
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for some m € R. Indeed since we can write

(t B 1)2 "
2 h

he, (t) = he, (1) = (t — Dy, (1) + (1) +o((t = 1)%),

and we have

R(t) =p(p—1)(t—1)2/02ﬂ /0% ho, (1)h, (1)E [/iodS(l—s) </02ﬂ d9| fo(1) + s(ho(t) = ho(1)). e¥X<e”>> i

eif — eie|§ |ei92 _ ei9|77

+O((t=1)°),

applying one last Taylor expansion on the above expectation E[.] we get

" 2L x(et? p—2
B| [ asts) [ ao Lo e QD) pxien) ) g ([T ag ho(1)e3 X
5=0 0 lei1 — 19| % |ei%2 — eif| B | PRE T ——E -

+O(t—1)

and so we finally arrive at (2.3.12). From the above we see that we can write an expansion of
G(v,p,t) of the form:
-3 -1

G(v,p,t) = Bi+bi(1 —t) + ba(1 — t)* + 2mp——25—=

M%7
for some by, by € R. From this we deduce (2.3.10) in the case v2 < vy < 2.'3

To conclude we have identified explicitly Cp, Cs, and Bs. Using the change of basis formula
(2.4.9) and considering that Cy = 0, the relationship between the other two coefficients is:

Ulr.p— 1)1 — )15 +o((1 - 1)1+,

By = SR Ch. (2.3.13)

Finally we arrive at the relation for p < 0:

Ulvp) 2mpl’ (—232) _ 27D (1 - pr) .
Ulyp=1) T=Eri-(p-1%) Tl-2r1-(p-1%)

(2.3.14)

By continuity of p + U(v,p) we can take the limit p — 0 in the above relation to get the shift
equation for all p < 0. Therefore we have proved Proposition 2.1.4.

2.4 Appendix

2.4.1 Mapping of BPZ to the unit disk

In this section we turn the BPZ equation we found on H using Liouville theory into an equation on
the function G(v, p,t). We recall that the conformal map ¢ : z — =+ maps the upper half plane

H equipped with metric §(z) = ﬁ to the unit disk D equipped with the Euclidean metric. The
KPZ formula of [40] for a change of domain then tells us that:

|2A

(Va(z0)V_y () = 91 (20) P2 [1 ()]~ (Va(1(21))V_ 3 (41.(2)). (2.4.1)

3The case v = /2 is left out here as F(—% — 1) in (2.3.10) is ill-defined but we can solve this problem by using
the continuity of v — U(~,p), a simple exercise, and by taking the limit v — v/2 in (2.3.14).
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We apply again the KPZ formula of [40] to the conformal map 15 of D onto D that maps v (21) to
0 and v (2) to t € (0,1). More explicitly ¥q(x) = et 2= with ¢ chosen such that Pa(Y1(2)) €

1—zp1(z1)
(0,1). This gives:
2A
(Va(@1(20))V_y ($1(2))p = [ (1 (1)) PR [ (1 () =2 (Va(0)V_5 (8))p- (2.4.2)
Combining both of the above relations we arrive at:
1 1
<Va(21)v_%(2)>H = — 9AL_2A 5 — 1A 5 <Va(0)v_%(t)>]p). (2.4.3)
|21 — Z1| 2z -7 T2
Now starting from our BPZ equation,
(Lor 2dy Ba o Ba L 1 L Vo () =0
2T G2 )2 z—m)2  2—Z " a—zm Nz Ve WH
we obtain the following equation for (Va(O)V_% (t))p:
t2 d? t 23—t d 2t2 — ¢4
<?@ + (—? + m)@ + (Aa + A_%m)> (Va(O)V_%(t»IDJ =0. (2.4.4)

Then using (2.2.13) and (2.2.14), we get the announced differential equation of Proposition 2.1.2
for G(~,p,t),

0? 0 0
29 2 _ 19 _ 29 _
(t(1—t )8t2 +(t 1)8t +2(C—-—(A+B+ 1)t )875 4ABt)G(v,p,t) =0, (2.4.5)
WlthA:—%,B:—fo,andC':VTf(l—p)—l—l

2.4.2 Hypergeometric functions

We recall here briefly all the fact on hypergeometric functions that we have used throughout our
paper. For A, B, C, and z real numbers we introduce the following power series,

[e.e]

A, B
F(A,B,.C,z) =) n’;C" " (2.4.6)
— "bn
where we have set for n € N, 4,, = F%‘?Z)" ), I" being the standard gamma function. The function

F is the hypergeometric series and it can be used to solve the following hypergeometric equation:
2

(x(1 - x)% +(C—-(A+B+ 1)x)8_8x — AB)H(z) = 0. (2.4.7)

The solutions of this equation can be given in two different bases, one corresponding to an expansion
in powers of x and the other in powers of 1 — x. We write:

H(x) = C1F(A,B,C,z) + Cox “F(1+ A-C,1+ B—-C,2 - C,x), (2.4.8)
H(z) =B F(A,B,1+A+B—-C,1—2)+By(1—-2)°" 4 PF(C—-A4,C-B,1+C—-A-B,1—z).



60 CHAPTER 2. THE FYODOROV-BOUCHAUD FORMULA

In our case where A = —%, B = —VTZ, and C' = %(1 —p) + 1, the four real constants Cq, Cs, By,
By are linked by the following relation:

P+ 2N (1-p)+1) T+ (p—1)+1)
Br\ _ | ra+2)rze—p)+1) D(14+2)T(Lp+1) Ci (2.4.9)
By) | rc1-2r @ a-p+1)  r-1-2rZp-n+1) | \C2/)° o
P(-%)N(-252) (=405 (p-2)

This relation can easily be deduced from the following properties of the hypergeometric function:

P(C)T(C — A— B)

T(C — AT(C — B)
L sT(CT(A+B-C)

B PN

F(A,B,C,z) = F(A,B,A+B—C+1,1—2z) (2.4.10)

F(C—-AC-B,C—-A-B+1,1—2)

and I(C)T(C — A — B)

T(C — AT(C - B)

More details on hypergeometric functions can be found in [3].

F(A,B,C,1) = (2.4.11)




Chapter 3

Gaussian multiplicative chaos on the
unit interval

In collaboration with Tunan Zhu.

We consider a sub-critical Gaussian multiplicative chaos (GMC) measure defined on the unit
interval [0,1] and prove an exact formula for the fractional moments of the total mass of this
measure. Our formula includes the case where log-singularities (also called insertion points) are
added in 0 and 1, the most general case predicted by the Selberg integral. The idea to perform
this computation is to introduce certain auxiliary functions resembling holomorphic observables of
conformal field theory that will be solution of hypergeometric equations. Solving these equations
then provides non-trivial relations that completely determine the moments we wish to compute. We
also include a detailed discussion of the so-called reflection coefficients appearing in tail expansions
of GMC measures and Liouville theory. Our theorem provides an exact value for one of these
coefficients. Lastly we mention some additional applications to the maximum of the log-correlated
field on the interval and to random hermitian matrices.

3.1 Introduction and main result

Starting from a log-correlated field X one can define by standard regularization techniques the as-
sociated Gaussian multiplicative chaos (GMC). It corresponds to a random measure whose density
with respect to the Lebesgue measure is formally given by the exponential of X. This definition is
formal as X lives in the space of distributions but since the pioneering work of Kahane [42] in 1985
it is well understood how to give a rigorous probabilistic definition to these GMC measures by
using a limiting procedure. Ever since GMC has been extensively studied in probability theory and
mathematical physics with applications including 3d turbulence, statistical physics, mathematical
finance, random geometry and 2d quantum gravity. See for instance [72] for a review.

Despite the importance of GMC measures in many active fields of research, rigorous computa-
tions have remained until very recently completely out of reach. A large number of formulas have
been conjectured by the physicists’ trick of analytic continuation from positive integers to real
numbers (see explanations below) but with no indication of how to prove such formulas. A decisive
step was made in [17] where a connection is uncovered between GMC measures and the correlation
functions of Liouville conformal field theory (LCFT). By implementing the techniques of conformal
field theory (CFT) in a probabilistic setting one can hope to perform exact computations on GMC.

61
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Indeed, in 2017 a proof was given by Kupiainen-Rhodes-Vargas of the celebrated DOZZ formula
[46, 47] first conjectured independently by Dorn and Otto in [22] and by Zamolodchikov and
Zamolodchikov in [86]. This formula gives the value of the three-point correlation function of
LCFT on the Riemann sphere and it can also be seen as the first exact computation of fractional
moments of a GMC measure. Very shortly after, the study of LCFT on the unit disk by the first
author lead in [70] to the proof of an exact probability density for the total mass of the GMC
measure on the unit circle. This result proves the conjecture of Fyodorov and Bouchaud stated in
[31] and is the first probability density for a GMC measure.

The present chapter presents a third case where exact computations are tractable using CFT-
inspired techniques which is the case of GMC on the unit interval [0, 1] with X of covariance written
below (3.1.1). This model was studied by Bacry-Muzy in [7] where they prove existence of moments
and other properties of GMC. Five years after exact formulas for this model on the interval were
conjectured independently by Fyodorov et al. in [35, 34] and by Ostrovsky, see [60] and references
therein. In [35, 34| the exact formulas are found using an analytic continuation from integers to
real numbers but in his papers Ostrovsky went a step further and showed that the formulas did
correspond to a valid probability distribution. He also performs the computation of the derivatives
of all order in v of (3.1.4) at v = 0 which is referred to as the intermittency differentiation. However
a crucial analycity argument is missing for this approach to prove rigorously an exact formula. See
[63] for a beautiful review on all the known results and conjectures for the GMC on the interval
(and also for the similar model on the circle) as well as for many additional references. The main
result of our work is precisely the proof of these conjectures for the GMC measure on [0, 1].

Let us now introduce the framework of our paper. We consider the log-correlated field X on
the interval [0, 1] with covariance given for z,y € [0,1] by:

1
E[X(z)X(y)] =2In ——.! 3.1.1
[(X(2) X (y)] P—t (3.1.1)
We define the associated GMC measure on the interval [0, 1] by the standard regularization pro-
cedure for v € (0,2),

3X@) g = Jim e3Xe(@)- FEX @2 g (3.1.2)

e—0

where X, stands for any reasonable cut-off of X that converges to X as e goes to 0. The convergence
in (3.1.2) is in probability with respect to the weak topology of measures, meaning that for all
continuous test functions f : [0,1] — R the following holds in probability:

/ flz)ez X! dm—hm/ f(z e2X5(z)_*E[X€(x) ldz. (3.1.3)

e—0

For an elementary proof of this convergence see [9]. We now introduce the main quantity of interest
of our paper, for v € (0,2) and for real p, a, b:

1
M(v,p,a,b) = E[(/O v(1 — x)bexX@ag)p). (3.1.4)

This quantity is the moment p of the total mass of our GMC measure with two “insertion points”
in 0 and 1 of weight @ and b. The theory of Gaussian multiplicative chaos tells us that these

!Our normalization differs from the In ﬁ usually found in the literature.
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moments are non-trivial, i.e. different from 0 and +oo, if and only if:

2 2
¥ ¥ 4 4 4
a>——-=1, b>-—-1, p< A1+ 510+a)A(1+—5(1+D 3.1.5

The first two conditions are required for the GMC measure to integrate the fractional powers
2% and (1 — ). Notice that this condition is weaker than the one we would get with Lebesgue
measure, @ > —1 and b > —1.2 We then have a bound on the moment p, the first part p < =% is
the standard condition for the existence of a moment of GMC without insertions. The additional
condition on p, p < (1 + 52 LA +a)A(1 + 2 4.(1+ b)), comes from the presence of the insertions. A
proof of the bounds (3.1. o) can be found i 111 [73, 40].

Now the goal of our work is simply to prove the following exact formula for M (v, p, a,b):

Theorem 3.1.1. For v € (0,2) and for p, a, b satisfying (3.1.5), M(~,p,a,b) is given by,

M

~

@mP(R)P T Ty(2a+1) = (p-DPPT,E0+1) — (-1, E(a+b+2) — (p—2)3), (5 —p3)
(- Vr)p F'y(%)r'y(%(a"‘l)"' 3)I 7(§(b+1)+%) 7(%(a—|—b+2) (2p—2)3) 7
where the function T (x) is defined for x>0 and Q = 3 + % by:
> dt et — ™% $-2?2 , -9
1 = — — -2 ¢ 2. 1.
aTy@) = [ [(1_6 e (3.0.6)

As a corollary by choosing a = b = 0 we obtain the value of the moments of the GMC measure
without insertions:

Corollary 3.1.2. For v € (0,2) and p < ,;ig

(3.1.7)

Thanks to the computations performed by Ostrovsky [61], we can also state our main result in
the following equivalent way:

Corollary 3.1.3. The following equality in law holds,

—(3(1+§)+2(a+b))

r(1-%)

! b 7 272
/ (1 — z)be2X@dy = LX1X2X3Y, (3.1.8)
0

where L, X1, X2, X3,Y are five independent random wvariables in Ry with the following laws. L is
a log-normal law, more precisely the exponential of N'(0,721n2). Y has a probability density with

2Proving Theorem 3.1.1 for —1 — % < a < —1 will require a lot of technical work as precise estimates on GMC
measures are required to show that Proposition 3.1.4 holds in this case.
3The result also holds for all complex p such that Re(p) satisfies the bounds (3.1.5).
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4

A
respect to Lebesque given by %y =5 exp(—y 7 *)1[0,400)(y). The variable X1, Xa, X3 each follow
the inverse of a special 32 law defined in appendiz 5.4.5:

4 4
X1 =B53(1, =1+ —=(1+a), ; ;
2,2( ,72 ,72( ) ,72 ,72 )
4 2 1 2
B 3 —|——2—|—CL+b,—,—,
22( ,Yz ,Yz( ) 2 72)
4 4 1 2 1 2
X3=0y20, =1+ —,=+=(1+a+b),=+—=(1+a+b)).
2,2 ,72 ,72 2 ,72 2 ,72

Acknowledgements: We are grateful to Rémi Rhodes and Vincent Vargas for making us discover
Gaussian multiplicative chaos and Liouville conformal field theory. We also very warmly thank Yan
Fyodorov and Jon Keating for many fruitful discussions.

3.1.1 Strategy of the proof

We start off with the well known observation that a formula can be given for M (v, p,a,b) in the
very special case where p € N, a > —1, b > —1 and p satisfying (3.1.5). Indeed, in this case the
computation reduces to a real integral - the famous Selberg integral - whose value is known, see for
instance [30]. This is because for a positive integer moment we can write p integrals and exchange
them with the expectation E[-]. More precisely for a,b > —1, p satisfying (3.1.5) and p € N we
have, using any suitable regularization procedure:

1 1 2
E[(/ 2%(1 — 2)PezX@)dg)P] = hm E[(/ (1 — a:)be%xé(x)_%mxé(m)z}dm)p]
0

p
= lim (1 — ;) bE 3 Xel@i ElXe@) N da, .. . da
E—)O/[O 1]pH E ] 1 p

/ ng 1 — $Z)be 42 Zz<] [X(wz)X(xJ)}d 1 ... dﬂj‘p
0,1]7 1=

:/[Ol]pnx 1—x) H;ﬁd:m...dxp

z<j |z — x| 2
2

:H P(L+a—( = DPITA+b— (G =10 —%) (3.1.9)

2

2+a+b—(p+g—2)1)r(1—§)

The last line is precisely given by the Selberg integral. It is then natural to look for an analytic
continuation of this expression from integer to real p satisfying (3.1.5). Notice that giving the
analytic continuation of a such a quantity is a highly non-trivial problem as p appears in the
argument of the Gamma functions as well as in a number of terms in the product. To find the
right candidate for the analytic continuation we start by writing down the following relations that
we will refer to as the shift equations. They are deduced by simple algebra from (3.1.9) again for
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p € N and under the bounds (3.1.5),

M(y,pa+%,b)  T(+a+P)TQ2+a+b—(2p—2)7) (3.110)

M (v, p,a,b) T(l+a—(p—1)E)C2+a+b—(p—2)%) o
M(yv,pa+1,b) TGl +a)+ D52 +a+b) - (2p - 2)) (3.1.11)

M(y,p,ab) T +a) = (-2 +a+b) —(p—2) -

and for p € N* under the bounds (3.1.5),

M(y,pa,b) _T(l4+a—(p—)PTA+b—(p-1))I(1—p)l2+a+b—(p—2)7%)
M(y,p—1,a,b) T(2+a+b—(2p—3) T2 +a+b—(2p—2)2)0(1 - %) '
(3.1.12)

Of course similar shift equations hold for b but as there is a symmetry M (v, p, a,b) = M(v,p, b, a)
we will write everything only for a. The reason why the function I',(x) introduced in Theorem
3.1.1 appears is that it verifies the following two relations, for v € (0,2) and x > 0,

r,y(;Jr 5= v ) Tz, (3.1.13)
Dy(@) 1 . 2x 521
Let?)  vae T (3.1.14)

See appendix 3.4.5 for more details on I', (x). Therefore we can use I'y (z) to construct a candidate
function that will verify all the shift equations (3.1.10), (3.1.11), (3.1.12) not only for p € N but
for any real p satisfying the bounds (3.1.5). More precisely for any function C' : p — C(p) of p the
following quantity,

LG a+1) = (p-1)PE0+1) — (- VPTG (a+b+2) — (p-2)3)
D2 (a+ 1)+ PLE0+1) + T2 (@ +b+2) - (2p - 2)3) ’

C(p) (3.1.15)

is a solution to the shift equations (3.1.10), (3.1.11). Notice that for 7742 ¢ Q these two equations
completely determine the dependence on a (and on b by symmetry) of M(v,p,a,b) and then by
a standard continuity argument in v we can extend the result to all v € (0,2). Next the equation
(3.1.12) translates into a constraint on the unknown function C(p):

_C®)__ ypryp-nE- T2
Clp—1) \/2_(2) D(1- 2 (3.1.16)

We see that (3.1.16) is not enough to fully determine the function C'(p). An additional shift equation
that is a priori not predicted by the Selberg integral (3.1.9) is required. We will indeed prove that
we have,

C) Vo
—— 1~ =) (5 —p) (3.1.17)
Clo— %) 2) 5
where f(7) is an unknown positive function of 7. Now combining (3.1.16) and (3.1.17) completely
determines the fonction C(p) again up to an unknown constant ¢, of :

T, (= —p2) (3.1.18)
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This last constant c, is evaluated by choosing p = 0 and thus we arrive at the function of Theorem
3.1.1 giving the expression of M(~,p,a,b).

Now the major difficulty that must be overcome is to find a way to prove all the shift equations
(3.1.10), (3.1.11), (3.1.12) as well as the additional equation (3.1.17) for all values of p, a, b satisfying
(3.1.5) and not just for integer p. This is precisely what is done in section 3.2 where Proposition 3.2.1
completely determines the dependence in a and b of M(~,p,a,b) and Proposition 3.2.2 establishes
(3.1.18).

The key ingredient of our proof is to introduce the following two auxiliary functions for ¢ < 0,

2

1
U(t) :==U(v,p;a,b;t) = E[( /0 (z — )T 2%(1 — 2)Pe2 X @) dg)P], (3.1.19)

and

1
U(t) :=U(y,p;a,b;t) = E[( / (z —t) 2%(1 — 2)? e2X @) dg)P], (3.1.20)
0
and to show using probabilistic techniques that the following holds:

Proposition 3.1.4. Let 0 < v < 2, a,b,p satisfy the bounds (3.1.5), then U is solution of the
hypergeometric equation for t < 0:

t(1—t)U"(t)+ (C — (A+ B+ 1)t)U'(t) — ABU(t) = 0. (3.1.21)

The parameters are given by:

2 2

C=—a——. (3.1.22)

2
A=-2 Bo_(a+b+1)—(2-p) y

4

N

U is also solution of the hypergeometric equation with different parameters:
~ 4 ~ 4
A:—p,B:—?(a+b+2)+p—1,0:—?(a+l). (3.1.23)

The auxiliary functions are very similar to the correlation functions of LCF'T with a degenerate
field insertion - see [46, 47] for the case of the sphere and [70] for the unit disk - which also obey
differential equations known as the BPZ equations. What is mysterious in our present case is that
it is not clear whether there exists an actual CFT where U(t) and U(t) correspond to correlations
with degenerate insertions which would explain why the differential equations of Proposition 3.1.4
hold. Furthermore if we replace the real ¢t by a complex variable ¢ € C\[0, o], it is not hard to
see that U(t) is a holomorphic function and Proposition 3.1.4 will hold if we replace the ordinary
derivative by a complex derivative J;. In the conformal bootstrap approach of CFT initiated by
Belavin-Polyakov-Zamolodchikov in [8], a correlation function with a degenerate insertion can be
decomposed into combinations of the structure constants and conformal blocks. A conformal block
is a locally holomorphic function and it is always accompanied by its complex conjugate in the
decomposition. What is mysterious with U (¢) and U (t) is that we only see the holomorphic part. At
this stage we have no CFT-based explanation for this observation although a possible path could
be to look at boundary LCFT with multiple boundary cosmological constants, see for instance
[57]. On the other hand let us mention that again in the very special case where p € N, U(t) and
U (t) reduce to Selberg-type integrals and the equations of Proposition 3.1.4 were known in this
case, see [43].
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Once Proposition 3.1.4 is established, the last part of the proof is then to write the solutions of
the hypergeometric equations in two different bases. One corresponds to a power series expansion
in |[t| and the other to an expansion in [t|~!. The change of basis formula (3.4.51) written in
appendix 3.4.5 given by the theory of hypergeometric functions then provides non-trivial relations
which are precisely the shift equations that we wish to prove. Putting everything together we have
thus shown Theorem 3.1.1.

3.1.2 Tail expansion for GMC and the reflection coefficients

We include here a very general discussion about tail expansions of GMC with an insertion point
and of the corresponding reflection coefficients in dimensions one and two. The first case that was
studied is the tail expansion of a GMC in dimension two and a precise asymptotic was given in
[47] in terms of the reflection coefficient Ra(a),* see Proposition 3.1.6 below.” Let us also mention
that it was recently discovered in [82] that Ra(«) corresponds to the partition function of the
a-quantum sphere of Duplantier-Miller-Sheffield [26]. Now our exact formula on the unit interval
will allow us to write a similar tail expansion for GMC in dimension one. Following [26] we use
the standard radial decomposition of the covariance (3.1.1) of X around the point 0, i.e. we write
for s > 0,

X(e™%?) = By + Y (e™*/?), (3.1.24)

where B; is a standard Brownian motion and Y is an independent Gaussian process that can be
defined on the whole plane with covariance given for z,y € C by:

|z V 1yl

E[Y(2)Y(y)] =2In P

(3.1.25)

Motivated by the Williams decomposition of Theorem 3.4.3, we introduce for A > 0 the process
that will be used in the definitions below,

By—Xs s>0
Br.={ 7T 0= (3.1.26)
B_+2Xs s<0,

where (Bs — As)s>0 and (Bs — As)s>0 are two independent Brownian motions with negative drift
conditioned to stay negative. We can now give the definitions of the two coefficients in dimension
one E?(a) and R;(a) along with the associated GMC measures with insertion I ?7 (@) and I ()
whose tail behaviour will be governed by the corresponding coefficient:

— 1 o Qe ol —s i Yooy
R?(a) = IE[(§/ e2Bs * o3Y(e /2)als)%(Q*°‘)]7 Iﬁn(a) ::/O 7 ez X @y

V2

— 00

— 1 & 769;_04 i —s/2 ol —s/2 2 vt yo oy
Rula) = ]E[(—/ 3BT (YT 3TN0 2@ ) ;:/ o — o F 3@ gy

—0 —n

Let us make some comments on these definitions. Here a € (3,Q), Q = 3+ %, and 7 is an arbitrary
positive real number chosen small enough. To match the conventions of the study of LCFT we

“In [47] or [82] this coefficient is actually called R(a) but for the needs of our discussion we introduce the 2 to
indicate the dimension. Furthermore the bar stands for the fact that it is the unit volume coefficient.

"Ra2(c) is the bulk reflection coefficient in dimension two, a boundary reflection coefficient E?(a) also exists but
its value remains unknown, see the figure below.
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have written the fractional power x_%, S0 in these notations we have a = —%. Notice that the
difference between I ﬁ (@) and I ;(a) lies in the position of the insertion. For I ?’ ,(@) the insertion
is placed in 0 (by symmetry we could have placed it in 1). Our Theorem 3.1.1 will give us the value
of the associated coefficient F?(oz). The other case corresponds to placing the insertion at a point
v inside the interval, v € (0,1), and gives the quantity I; ,(a). The computation of the associated
R1(c) will be done in a future work. We now claim:

Proposition 3.1.5. For a € (3,Q) we have the following tail expansion for Ila’n(a) as u — 0o

and for some v > 0,
0

R (a) 1
P(1? = 5= o 3.1.27
( l,n(a) > u) u%(Q_a) + (u%(Q_a)_,’_V)? ( )
where the value of R?(oz) is given by:
2(0—a)=1 9\ (O—a)_L

o (@m)y@TT2)3@ i p (o - )
R (a) = —3 . (3.1.28)

(Q—a)l(1 —2)7@) Th(Q@—a)

The proof of this proposition is done in appendix 3.4.4. Notice that we impose the condition
a € (3,Q). This is crucial for the tail behaviour of Iﬁn(a) (or similarly for I ,(a)) to be dominated
by the insertion and this is precisely why the asymptotic expansion is independent of the choice
of . It also explains why the radial decomposition (3.1.24) is natural as it is well suited to study
X around a particular point. If one is interested in the case where a < % (or simply o = 0), a
different argument known as the localization trick is required to obtain the tail expansion, see [74]
for more details. For the sake of completeness of our discussion we also recall the tail expansion in
dimension two that was obtained in [47]. The normalizations in this case are slightly different as
we do not include a factor 2 in the covariance. We work with a Gaussian process X defined on the

unit disk D with covariance In ‘w—iy‘ Instead of Y we use Y with covariance:
- - V
E[Y(2)Y(y)] =In M (3.1.29)
T =Y

For an insertion placed in z, |z| < 1 we now define,
— 0 ga-a 2 T (e—5eib 2(Q-a) X 2
Ra(o) =Bl [ o™ [TV a0 ey [ s X 0,
oo 0 B(z,m)
and we state the result obtained in [47]:

Proposition 3.1.6. (Kupiainen-Rhodes-Vargas [{7]) For a € (3,Q) we have the following tail
expansion for I ,(a) as u — oo and for some v > 0,

R
P(Iopn(a) > u) = u%(Q_a) + O(u%(Q—a)Jru)’ (3.1.30)
where the value of Ro(a) is given by:
2\\2(Q-a) ol
S T )i N(-3(@ o) L
2= T30t )@ I TG@-a)IE@—a) e



3.1. INTRODUCTION AND MAIN RESULT 69

A similar proposition is also expected for Eg(oz), the boundary reflection coefficient in dimension

two, whose expression and computation is left for a future paper. One notices that E?(a) has a
more convoluted expression than Ra(a) as the special function Iy appears in its expression. Such
expressions have already appeared in the study of Liouville theory for instance in [67] where a
general formula for the reflection amplitude is given. We now summarize the four different cases
that we have discussed in the following figure. For each coefficient the number 1 or 2 stands for
the dimension and the partial 9 symbol stands for the boundary cases, no 9 corresponds to the
bulk cases.

Boundary Bulk
_8 R
Iy (a) Ri(e)
ld -— —_— -
_a —_—
R2 (@) RQ(O() .
2d ,"‘ ----- \\ .'II % “‘|

Figure 3.1: Four types of reflection coefficient

3.1.3 Small deviations for GMC

We now turn to the problem of understanding the universal behavior of the probability for a GMC
to be small, both the exact formulas of Theorem 3.1.1 and the one proven on the unit circle in [70]
will provide crucial insight. For this subsection we will use the following notation:

1
Lyap = / 21 — 2)’e3 X @)y, (3.1.32)
0
If we look at the decomposition for I, ,; coming from Corollary 3.1.3 it is easy to see that it is
the log-normal law L = exp(N(y?In2)) that governs the probability to be small. One thus has,

_ (In 6)2

P(lyap <€) ry cee 272, (3.1.33)

where ¢, contains lower order terms. At first glance this seems very different from the behavior

_ 4
found in the case of the unit circle, where the probability to be small is of the order exp(—e 7).
But it turns out that this difference comes from the fact that the log-correlated field on the circle
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is of average zero while in the case of the interval there is a non-zero global mode producing the

log-normal law L. Therefore on the interval if one subtracts the average of X with respect to the

correct measure (see below) one can remove the log-normal law appearing in the decomposition.
4

The probability for the resulting GMC to be small will then match the exp(—e +?) found for the
model on the circle. We expect this behavior to be universal. We also deduce that the negative
moments of a GMC measure will always determine its law if one can remove the global Gaussian
coming from the average of the underlying field.

Let us make the above more precise. We start by writing down the decomposition of the
covariance of our field in terms of the Chebyshev polynomials. For all z,y € [0, 1] with x # y we
have:

“+oo
4
— 2|z —y| =42+ Y  —T,(22 — )T, (2y — 1). (3.1.34)
n=1 n
We recall that the Chebyshev polynomial of order n is the unique polynomial verifying T;,(cos ) =
T,.(cosmB). This basis of polynomials is also orthogonal with respect to the dot product given by

. . . 1 .
the integration against ﬁd:ﬂ, ie.

1 1 0 for n#m
T ()T (t)———=dz =< @ for n=m=0 3.1.35
| m@Tu@——; e (3.0.35)

From the above our field X (x) can be constructed by the series:
X 201
X(z) = 2VIn2aq + ; TZT,L(Z:U —-1). (3.1.36)

Here (ap)nen is a sequence of i.i.d. standard Gaussian. This of course only makes sense if one
integrates both sides against a test function. We now introduce:

1

— 1 —

X = / ﬁX(x)dx =2VIn2qp and X, (z):=X(z)—X. (3.1.37)
0 -z

We easily check that e3X 12 exp(N(721n2)). The probability to be small for the GMC associated
to X (x) is now given by,
1 _4
]P’(/ e3XL@dr < &) ~ e 7, (3.1.38)
0 e—0

where ¢, contains lower order terms. This result can be easily obtained from Corollary 3.1.3 by
noticing that since we removed L = exp(N(7?1n2)) the probability to be small is now governed
by Y which gives (3.1.38). The argument we have just described is expected to work for any GMC
in any dimension, a result of this nature will appear in [48].

There is also a direct application of these observations to determining the law of the random
variable I, , 5. This is linked to how the strategy of the proof of the present chapter differs from
the one used in [70] to prove the Fyodorov-Bouchaud formula. We notice that the first differential
equation (3.1.21) on U(t) allows to obtain a relation between M(~,p,a,b) and M(y,p — 1,a,b).
Thus from this relation and knowing that M (~,0,a,b) = 1 one can compute recursively all the
negative moments of the random variable I, ,;. As it was emphasized in many papers (see the
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review [63] by Ostrovsky and references therein), the negative moments of I, ,; do not determine
its law as the growth of the negative moments is too fast. This is this why we use the second
differential equation on U (t) to derive a second relation between M (v, p, a,b) and M (y,p— %, a,b)
which gives enough information to complete the proof. By contrast in the case of the total mass of
the GMC on the unit circle the negative moments do capture uniquely the probability distribution
and so the proof of the Fyodorov-Bouchaud formula given in [70] only requires one differential
equation (in a similar fashion one uses it to obtain a relation between the moment p and the
moment p — 1 of the total mass of the GMC).

But the negative moments of I, ,; do not determine its law only because of the log-normal
law L in the decomposition of Corollary 3.1.3. By using Corollary 3.1.3 and by independence of

X | (x) and X one can factor out e3X 2 1 and the computation of the negative moments is now
sufficient to uniquely determine the distribution. Thus the negative moments of a GMC measure
always determine its law if one removes the global Gaussian coming from the average of the field
with respect to an appropriate measure. From this observation the relation between M (v, p,a,b)
and M(y,p — 745,@, b) could be omitted in the proof of Theorem 3.1.1. Nonetheless if one only
computes the negative moments it is not clear that the analytic continuation given by the I'y
functions does correspond to the fractional moments of a random variable, this fact has been
checked by Ostrovsky in [60]. Thus in order to keep the proof of our theorem self-contained we
choose to keep both shift equations.

3.1.4 Other applications

Similarly as in [70] we will write the applications of our Theorem 3.1.1 to the behaviour of the
maximum of X and to random matrix theory. We refer to [70] for more detailed explanations and
for additional references on these problems. Of course in the case of the unit interval the formulas
are more involved than for the unit circle.

Characterizing the behaviour of the maximum of X requires to compute the law of the total
mass of the derivative martingale,

1
M = —%/ X(2)eX @ d, (3.1.39)
0

which following [6] can be characterized by the convergence in law:

1
2M’:limL/ e
'\/—>22—"}/ 0

Therefore from our Theorem 3.1.1 we can easily compute the moments of this quantity,

Ty(1 — p)l'a(2 — p)*Ta(4 — p)
F2(2)2F2(4 — 2p)
G(4 — 2p)
- G(1-p)G2—-p)GA4—p)

w2

X@) g, (3.1.40)

E[(2M")"] = (2m)"

where G(z) is the so-called Barnes G function, see appendix 3.4.5 for more details. Just like in
Corollary 3.1.3 an explicit description of the resulting law has been found in [62],

oM’ ' 312LX2X3Y, (3.1.41)
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where L, X5, X3, Y are four independent random variables on R, with the following laws:

L = exp(N(0,41n 2))

11

32
2

X3 = ﬁdy, y>1

Xy = f3,5(1,1;2,

1
Y= y>o0.
Yy
Then for a suitable regularization X, of X the following convergence holds in law:

1 1
max Xg(a:)—2ln—+§lnln— = G +InM+C (3.1.42)
x€[0,1] € 2 € e—=0

=G1+ G+ N(0,4ln2) + In Xy + In X35+ C. (3.1.43)

All the random variables appearing above are independent, G; and G» are two independent Gumbel
laws, and C is a non-universal real constant that depends on the regularization procedure. We have
also used the fact that InY ‘2 Gs.

Lastly we briefly mention that in the case of the interval it is also possible to see the GMC
measure as the limit of the characteristic polynomial of random Hermitian matrices, the connection
in this case was established in [10]. The main result of [10] is that for suitable random Hermitian
matrices Hy, the quantity

|det(Hy — )Y
E|det(Hy — )"
converges in law to the GMC measure on the unit interval [0,1].° Therefore the same applications

as the ones given in [70] hold and in particular one can conjecture the following convergence in
law:

dx

m[%uiln\det(HN —z)|—InN + zlnlnN N G1+ G+ N(0,4In2) +In Xy +In X3 + C.
xe|0, —00

(3.1.44)

3.2 The shift equations on a and p

3.2.1 The shifts in «

The goal of this section is to prove the shift equations (3.1.10), (3.1.11) on a and b to completely
determine the dependence of M(v,p,a,b) on these two parameters. By symmetry we will write
everything only for a. We will thus prove that:

Proposition 3.2.1. For v € (0,2) and a,b,p satisfying the bounds (3.1.5) we have,
LG+ D) - (- DPITEG+1D) - - DI, @ +5+2) - (- 2)3)

LG+ D)+ 0G0+ D)+ )G +b+2) =20 -2)3)
(3.2.1)

M(,p,a,b) = C(p)

6 Actually in [10] the limiting GMC measure is defined on [—1,1] but of course by a change of variable we can
write everything on [0, 1].
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where C(p) is the function that contains the remaining dependence on p (and ~y). It will be computed
in the section 3.2.2.

o The +77f shift equation
Here we start with the first auxiliary function, for v € (0,2) and a, b, p satisfying (3.1.5):

1 2
U(t) :=U(v,p;a,b;t) = E[(/O (z — )T 2%(1 — 2)Pe2X@dg)P]. (3.2.2)

As explained in appendix 3.4.5 we can give the solutions of the hypergeometric equation for
t € (—00,0). We write two solutions, one corresponding to an expansion in powers of |t| and
one to an expansion in power of |t|~!. Since the space of solutions is a two-dimensional vector
space we will then have an explicit change of basis formula (3.4.51) linking our two solutions. We

write,
U(t) = C1F(A,B,C,t) + Caolt|' “F1+A—-C,1+ B—C,2—C,t) (3.2.3)
= Di|t| AF(A,1+A-C, 14+ A—B,t7Y) 4+ Dyft| BF(B,1+ B—-C,1+ B — A,t7}),
(3.2.4)

where F' is the hypergeometric function. The parameters are given by:

2 2
a2 B=—(a+b+1)-(2-p L ,0=-a-"L. (3.2.5)
4 4 4
The idea is now to identify the constants C7,Csy, D1, Do by performing asymptotic expansions.
Two of the above constants are easily obtained by evaluating U(t) in t = 0 and by taking the limit
t — —o0:

2

Ci = M(y,p,a+ ”z, b), (3.2.6)

D, = M(/%p’a’ b) (327)
By performing a more detailed asymptotic expansion in ¢t — —oco we claim that:
Dy = 0. (3.2.8)

We sketch a short proof. For t < —2 (arbitrary) and z € [0, 1]:

W2 o

W2
=0T =1 <™,

M

for some constant ¢ > 0. By interpolating (see (3.4.21) for example), for t < —2,

N

L —t)Tae(1—2) -
U0 - DultF <l [ xl—w%—|t|”f)x‘f<1—x1>b(m</o 2202022 gy

|21 — 2|7
[ e
|~”61 — a7

<" 1M(%p,ab) = o)),
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where in both steps we have used the Girsanov theorem (see appendix 3.4.1) and ¢ > 0 is some
constant. However, by using the bound (3.1.5) over p:

(—A)— (-B) = —(a+b+1+ (2~ 2p)'yz) <1 (3.2.9)

This implies that Dy = 0. We then use the following identity coming from the theory of hyperge-

ometric functions (3.4.51):
I'(1—C)I(A—B+1)

= D;. 2.1
= rAa—c+nra-s)" (3:2.10)
This leads to the first shift equation (3.1.10):
M(y,pa+%,b) _ T+a+PT2+a+b—(2p—2)7) 321)
M(,p,a,b) T(l4+a—(p-1)CQ2+a+b—(p—2)L)

o The +1 shift equation
We now write everything with the second auxiliary function, for v € (0,2) and a, b, p satisfying
(3.1.5):

1
0 = Uy, pia,bit) = E[(/ (= (1 — )3 X @ gy, (3.2.12)
0
Again we write the solutions of the hypergeometric equation around ¢t = 0_ and t = —oo:
U(t) = ChF(A, B,C,t) + Colt| CFQ+A-C,1+B—C,2—C,1)

=Dyt A F(A 1+ A—C 1+ A— Bt )+ Dolt| BF(B,1+B—C,1+B—A,t7Y).

The parameters are given by:
- - 4 N 4
A:—p,B:—?(a+b+2)+p—l,0:—?(a+l). (3.2.13)

Two of our constants are easily obtained,

C1 = M(v,p,a+1,b), (3.2.14)
Dy = M(v,p,a,b), (3.2.15)

and we can proceed as previously to obtain:

Dy =0. (3.2.16)
The relation between C; and D; (3.4.51) then leads to the shift equation (3.1.11):

M(v,p,a+1,b) I‘(%(l—l—a)—l—l)f‘(,y (2+a+0d)—(2p—2)

v
M(y,p,a,b) (%( Ya)—(p— )F( 2tatd)-p-2) (3.2.17)

Therefore combining (3.2.11) and (3.2.17) proves Proposition 3.2.1.
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3.2.2 The shifts in p

We now tackle the problem of determining two shift equations on p, (3.1.16) and (3.1.17) to
completely determine the function C(p) of Proposition 3.2.1. The idea is perform a computation
at next order in the expressions of the previous subsection. This will give the desired result:

Proposition 3.2.2. For v € (0,2) and p < 745:

I N (Rt )
C(p)—r(l_% ('y) W (3.2.18)

o The +1 shift equation

To find the next order in ¢ — 0_, the most natural idea is to take a such that 0 < 1-C = 1+a+§ <
1, and then it suffices to study the equivalent of U(t) — U(0) when ¢ — 0_. For technical reasons
this could only give the expression of Co when v < /2. To obtain Cy for all v € (0,2), we will
need to go one order further in the asymptotic expansion. Since we have completely determined
the dependence of M on a,b by equation (3.2.1) we are free to choose these parameters as we wish

and we take 0 < a < 1— % and b = 0. In this case, we have p < %, 1 <1-C < 2 and we perform
a Taylor expansion around ¢ = 0_,

U(t) = U(0) +tU’(0) + ¢ /1 U" (tu)(1 — u)du,
0
with

2
&l a

1 . ol
U’ (tu i / day (21 —tu L. —E[(/ WS%X(w)d‘,ﬂ)p—l]
0 |oz—mz|=

2

2 2 -1 1 —t X a

:_]¥|tu|_1+a+w7/ " (y—l—l)__1 a= 1IE[(/ (& —tu)Ta® 4§ e3X (@) gg)p1].
‘ 0 |z +tuy|=

For (x), one may refer to (3.3.4). Next we have the following bound for y € [0, —£], u € [0,1], and
€ [-1,0}:

2

1 _t r a

E[(/ (JE U) 4;7 e%X(m)dx)p—l]
0 x4+ tuy|=

Loty ! (m—l—l)ﬁzna
< sup {E[(/ ﬁe%x(”ﬁ)dzn)p_l] +E[(/ ﬁe%xmd:ﬂ)p_l]} < o0.
T1€(0.] |z — 2|2 0 |z —ax1|=

Then we get by dominant convergence that:
2

4

t—»0_  pyla

"
U" (tu) 1

2
e [Ty )Y - a0, (G219)
0

and again by dominant convergence:

U(t) — U(0) — tU'(0)
P’Yza F(a + ’Y ) 1+a+21- ’}/2
- 2 ’t’ 4 4

2
,0) + ot et ).
4 I2+a+7)

/0 dy(y + 1) " M (y.p— 1,0 —
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The value of the integral above is given by (3.4.59). We arrive at the expression for Cs:

T(a+ 1)I(—
r(—

_ﬁ_l 2
4 )M(’%p_laa_%a

Co=p 0). (3.2.20)

NSNS

The theory of hypergeometric equations (3.4.51) gives this time the relation:

[(C — 1)T(A - B+1)

C2 = T(A)T(C — B)

Dy. (3.2.21)

From this we get,

L7 CTl+a—(p-DET2+a—(p—2)%) Ny
Mnp =1, 0= T(1+a)l(2+a—(2p—3)%) My.p—1,0,0)

which gives for 0 <a <1 — 7742 and b = 0 (by using the shift equation (3.2.11) on a),

2 2

M(v.p,a,0) T =E)T(+a=(p-DET(1-(p-HFTC+a—(p-2)%)
M(vy,p—1,a,0)  1(1-2) T(2+a—(2p—3)L)T(2+a—(2p—2)L) '

Combined with (3.2.1), this leads to a first relation on our constant C(p), for p < ,%,

=T . TRE (3.2.22)

Reversely, (3.2.22) and (3.2.1) show that for all a, b, p satisfying the bounds (3.1.5):
M(y,pab) _PA-Z)T(+a—(p-1)PCA+b—(p- DR +atb—(p-2)%)
M(v,p—1,a,b) p@1-2) T(2+a+b—(2p—3)L)TQ2+a+b—(2p—2)%) 59

o The +% shift equation

Since the relation (3.2.22) is not enough to completely determine the function C(p), we seek another
relation on C(p) that is not predicted by the Selberg integral. The techniques of this subsection
are a little more involved, they lead to a relation between C(p) and C(p — ,%) Again we can pick
a and b as we wish so we choose b = 0, a will be chosen later. The asymptotic in ¢ — 0_ of the
following quantity for —1 — 7742 <a<-—1- “’; is given by the lemma 3.4.9 of appendix 3.4.3:

2

1 2 1
E[( / (x — )T 2%exX@dz)P] — E[( / 2T e3X @) )P
0 0

2

P(—p+1+(a+1)) 2 4 2
: M (p — 1= (et 1), -2 = a = T 0) ol o),

I'(—p)

where f(7,a) is a positive function that only depends on v and a. Comparing with the expansion
(3.2.3), we have

:f(77 a)

D(—p+1+(a+1)) 4 7
7 M(y,p—1——(a+1),-2—a— —,0). 3.2.24

C2 = f(’Y?a)
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With the identity (3.4.51) coming from hypergeometric equations:

2 2
rnc-nrA-B+1) N(-1-a—-)T(14+a-(2p—2)%)
Cy = D = M(v,p,a,0).
? r(ATC-B) TP - (p—1Z) (1.£,,0)
Comparing the above two expressions of Cy yields:
Fr.a) = M(3,p,a,0) Lo TINE2+a—(2p-2)7F)
M= 1- (1), ~2—a =T, 0) D(=p+ 1+ s(a+ DIN(—pP)I(1 — (p — )
(3.2.25)

An interesting remark is that from (3.2.1) and analycity of the function I'y, M (v, p, a,b) is analytic
in a,b. Thus the right hand side of (3.2.25) is analytic in a. We can then deduce that the expression
of the right hand side is independent from p for all appropriate a, i.e. —1 — ”’7:2 <a<-—1.

In the following computations we will use the abuse of notation that f() could be a different
positive function of « every time it appears. Consider the case where ki“ <y < % for a k € N*.
We then take a = —W

previous paragraph we have shown that for a = —

and thus the bounds —1 — % < a < —1 on a are satisfied. In the
(k4+1)72
1

2

M{(y,p, —&£122 o) D(% —k=p)L(—=p)(1 = (p— 1)
4 T2 =f) ) 2
M(v,p— 55+ k, 5 — 2,0) I(=p)l(Z--1r2-Q2p+k-1)7)

N

(3.2.26)

By the shift equations (3.2.11) and (3.2.17):

M(f% —%—i—k,]‘%ﬂ—ZO)
2
M(f%p_,%—’_]@_%ao)

2

B L T(jr +1-p)D((1+ )5z +2-p) 5 T(4—(2p+3k—i—1)%)
_M)g HF(Q—(p—I—2k:—Z) T3 — (p+2k—i—1)%)

D((2+5)z —k+2—2p)
Then by (3.2.23),

2
M(f%p_ ,;12 +k7_%70)

2
M(Vap_ 7;427_%70)

2

=f(’v)k_lr@—(p+k+z'+1)§)r(2—(p+l)%) 2—(p+1+))TB - (p+k+1i)%)
i=0 I'(4—(2p+ k + 2i) 2)F(4 (2p+k+22+1)7¢)

)

)

and the product of the above two equations gives:

2
M(%p—%—i'k’,k%—lo)
k 2
M(’va_%fy_( —jh 70)
T(4—(2p+k—1)%) L T(jo +1=p)L((1+4)zz +2—p)

:f(’Y) 2 2 H

6 - VNG RC- G+ %) s T ris k2 %
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Combining this relation with the previous shift equations (3.2.26):

M(’%pa_(k—i_vao)
M(Vap_ 47 M7O)

PG et L —pF)P(1—(p—1)F) T(4-(2p+k-1)%)

D(—p)P(E — )P = (2p+k—1)F) TG - (p— DPITE - p) [T @ — (0 +1+0)%)
(1 - >r<$2 >r<$2+ PN +2-p)

IS5 - —2p)L(33 — k+2—2p)

r(—p%)P(l—( —DIP(A-@p+k-1)T)PA-p)  T(+2-p) 4
"t —pTEITB—(p— DI - 2+ k- DE)T(—p) [T, (5 — (p+1+ ey

D(35—k=p)l(5z +1-p)

L —k+2-2p)

P(3% —k+2-2p)(3 -
4

(5 —k=pT(5+1-p(5 —k+1-p)

A TR v F -y iy s

By (3.2.1), the same ratio of M can also be written as,

MOp HEE0) o) o TGk pEGE L pG -k 1)
M(y,p— &, -8 o) Clp—25)" 727 T(3 k’—l—l—?p)( "kt 1-2p)
thus we obtain for kiﬂ <yr<?
Clp) _ Y, 4
Clo- %) =G T — ) (3.2.27)

This proves the second shift equation (3.1.17) on C(p). Then for every fixed 7 such that L¢Q
both shift equations (3.1.16) and (3.1.17) completely determine the value C'(p) up to a constant
cy of 7. To see this, take another continuous function €(p) that satisfies both shift equations

(3.2.22) and (3.2.27). Then the ratio R(p) := % is a l-periodic continuous function which

verifies R(p) = ¢- R(p — —) Integrating over [0, 1] gives:

1 o 4
/0 dpR(p) = C'/o dpR(p — ?) (3.2.28)

Combining this with the 1-periodicity of R yields that ¢ = 1. Hence the ratio fR(p) is constant and
C(p) is determined up to a constant ¢, of v by the two shift equations on p.

The constant ¢ is then evaluated by choosing p = 0 and by using the known value M (v, 0,a,b) =
1. Thus we arrive at the formula of Proposition 3.2.2. Finally by the continuity of v — M (v, p, a,b),
a simple exercise, we can extend the formula to the values of v that were left out. This completes
the proof of Proposition 3.2.2.

3.3 Proof of the differential equations

We now move to the proof of Proposition 3.1.4. In order to show that U(t) and U(t) satisfy these
differential equations we will need to work with a regularization procedure. A convenient way to
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do this is to see X as the restriction of the Gaussian field defined on the disk D + (%, 0) centered
in (%, 0) with covariance given by:

1
EX(z)X(y)] =2ln ——. 3.3.1
(X (2)X(y)] P— (3.3.1)
Then for any smooth function 6 € C*°([0,00), R;) with support in [0,1] and satisfying [;° 6 = 1,
we write 65 := 5%0(‘5—‘22) and define the regularized field X5 := X x 5. Similarly we introduce:

1 1
— = S — | 0 d2 d2 ) 339
(@)s /c/c T+ Y1+ y2 5(y1)05(y2)dy1d°y: (3.3.2)

This notation will appear when we take the derivative of E[Xs(z)Xs(y)]. We will also need some
more compact notations for various quantities:

Gs(z,y) = E[X5(2) X5(y)]

2
D(x;t) == (v — t)%xa(l _ a:)b
1—e€
Ueslt) =Bl [ Dlast)ed 5 day)
1—e€ 2
Ve(,cls) (z1;¢) == E[( D(;t)ez Xs @)+ Gs(w:m1) gor)p—1]

1—e 2
VO (w1,00:t) = E[( | D(wst)ed Xo@+7 Goloa)+Galoa) gyp=2]

D(1 - e;t)VE%)(l —&t).

&
i
K
=%}
—
o~
N—r

Il

The terms Ve((ls) and Ve(? will appear when we compute respectively the first and second order

)

derivatives of U, 5. The terms Ey . s and E; . s are the boundary terms of the integration by parts

performed below. We will also use U(t), Ve(l)(xl;t), V2 (x1,22;t), Eo(t), E1(t) for the limit of
the above quantities as § goes to 0.

Proof. First we prove the equation for U(t). We calculate the derivatives with the help of the
Girsanov theorem of appendix 3.4.1:

1—e
L) =p [ de DGOV st

W2

1—e
—p / d10,, (1 — )0 )28 (1 — 20V D (w13 1)

1—e (1) a b
=~ p(Brest) = Eoeat) = [ dei D@V o) (7~

)

1—3)1

1—e
- / dx1D(z1;t) 8901‘/6(7(15) (xl;t)>.
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We claim that the last term in the sum equals zero. Indeed

1—e
/ a1 D (w15 t) 00, V.Y (0138)
1—e 1—e -t 2
-0y [ anan 2R ey e

=0 by symmetry.

Thus, by sending § to 0,

1—e
UL) = =p (B (t) = Eo(t) - / der D VD ;1) 1_bxl>). (3.3.3)

In the same spirit, we calculate:

1—e
" (t) = p’Y [ / da:lat(( D(x1; t))ve(cli)(xl’t)

65 4

1—e 1—e
xlﬂ ) (':U27t) ﬁGé(ZEQ,Il) (2) .
O [ [ an g SV )]

An integration by parts gives:

1=e D(x1;t
- d"’?lat((:g(l iti)‘/;(,}s)(ﬂfl;t)

2
1—6 x _ t ’YT
/ da:laxl(g)x‘f(l —21)"V} (2130)

- I —1
1 1 1—e (1) 1 a b
. —E cs(t) — dz1D(xq;t ot — =
t D . 2
Dt D5 2 Gutereny @), ),

/1 6algﬂ/l E 2wr— ) (w2 —a1)s "

By symmetry of the expression under the exchange of x; and xs,
DD(w3;1) %G‘S(mQ’ml)V(z)($1,$2;t)

_ 1 1—e 1—e :1;‘1
dzx / dx ! e
/ 1 (w1 — ) (22 — 21)s &0
_ 1 1—e 1—e .
:T/ diﬂl/ dﬂZ‘QD(:L'l;t)D(;Ez;t)eTGé(xz@l)
! @
x Vi (21, xo;t
((‘Tl_t 332—.%'1 $2—t)(x1_x2)5) 6,5( 1,42 )
1—e 1—e _ )
/ / DlrsOPlesit) o2 — o G%G‘S(Iz’xl)ve(?(xl,w2;t).
(z1 —t)(x2 — 1) (22 —21)5 )
Since ﬁ < ¢ for some constant ¢ > 0 independent of §, by tending ¢ to 0
1 1—e 1 a b
(t) /6 21 D(z1; )V (21 ):E1 _t(ﬂle 1_331)

2
1
P <7E175(t) + - Eolt
(3.3.4)

mepy P
Uet) = 4 \1—-t—¢
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A further calculation shows that,

1—e 1 a b
/6 dz1D(z1;t)V, (xl’t)xl —t(xl 1— xl)
a 1 1 b 1 !

1—e
_ AV () ( _1
/E Doy VD 210 (5 (o —
= — /1_E aimlD(:El'75)‘/(1)(x1‘15)(i + b )
e e oty (=t (1-m>)” py?it 1t
and as a consequence,

2 I—e a
U0 =" (Bt = 9+ 1 Boc®) + [ doaDlanstlVi i) (- + Tooa=ay)

4 \1—-t—e
+(& - .
(3.3.5)

We can also write U, 5(t) in a similar form, by doing an integration by part:
a b

1—e
(1=t — )1 os(t) + (t — ) Eoes(t) / dn DoV (i) — (2 — 1)
2 1—e
:(1+ ’YX)/ da;lD(xl;t)V;%)(xl;t)

,.Y2 1—e 1—e WQG T —t @)
+ (- 1)—/ / dxidxeD(z1;t)D(z25t)e T 6(9627:01)7‘/;5 (x1,x9;1)
2 Je € (‘TQ - $1)5 ’

2 1—e€
:(1 + %)/ da:lD(xl;t)‘/;%)(xl; t)

2 1—e 1—e 2 _
—(p-1L / dxy / dwyD(w1; 1) D (a; t)e s Colozon) 22— TL VE(?(xl,xz; t).
4 € € (1’2 - xl)é ’
By sending § to 0 and by applying the Girsanov theorem of appendix 3.4.1, we obtain:

(B4 a+b)U.t) =(1 =t — ) Bro(t) + (£ — ) Bo(t)

1—e

—/ doy D(@n VD (a1 6) (21 — (-2 — 1_b )
€ 1 T

We also note that,
/1 6dyc D(x 't)V(l)(a; ;) (xy —t)(— — )
. 1 1 € 1 1 1 1 1

e t b1t
@t s~ [ dnDsvO e + D)
€ 1 1

and hence,

1—e
—BU(t) = (1—t—e) By (t)+ (t —€) Eg (t) + / d:nlD(xl;t)Ve(l)(xl;t)(z—f+bl(l__x?). (3.3.6)
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Combining this with the expressions for U/ and U/, equations (3.3.3) and (3.3.5):

1—e
U0 = = p(Br) — B - [ dmDlosV i - ),

1—:171
U/ (t) —]ﬁ(#E () + —— Ep (t) +/1_€ dz1 D (3 )V (21 ) (-2 + —))
SV G I t—e O . P e M e T = 0)(1 — a)
a b p
+ (; - E)Ug,s(t),

we finally arrive at:

2
tu—ngw+mC—(A+B+1mugw—ABaﬁ):41—@%}ﬁf%—:Euay+;53%gwy
(3.3.7)
From this expression we see that the last thing we need to check is that as e¢ goes to zero the right
hand side of the above expression converges to 0 in a suitable sense. Indeed we will prove that,
for t in a fixed compact set K C (—00,0), €Eq (t) and eEp¢(t) converge uniformly to 0 for a well
chosen sequence of e. Let us consider eEj ((t) as eE (t) can be treated in a similar fashion:

cEo(t) = (e~ 1) (1 - B a0 =) ) gy

[z — €|

In the following we will discuss three disjoint cases based on the value of a, they are a > —1+ 7742,
—1<a§—1+“’742,and—1—“’742<a§—1.

a>—1+2

This is the simplest case as we have for € sufficiently small,

1, .a 1— b . 2
cFoe(t) < o1 (1 = VB [ T edX0anp ) 2 Coet M ,pia — L),
0 |z —e¢lz

which converges to 0 as € — 0 uniformly over ¢t € K.
2
i) -1<a<-1+7%.

2
1o e T at (=)’ X () gy

In this case we have p —1 < 1 and ¢! — 0. If p— 1 < 0, E[([.
e—0 |{E—6|12_

is uniformly bounded thus it is immediate to obtain the convergence to 0. Hence it suffices to

consider the case 0 < p —1 < 1. We choose ey = 2%\, Using the sub-additivity of the function

x — 271, we have for some Cp, C’ > 0 independent of K:

1

3

enFEo.ey () §C’067V+1E[(/ . e%X(m)dx)p_l] + C'/e‘}\;r1
EN ‘LE — EN’7

$a

N—-1 en a
§C067V+1 Z E[(/ %e%){(z)dx)p_l] + Cle?\,—i_l.

22
n=1 entl | — €,41]72
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Then by a scaling property of GMC,

€n a

Bl(( [ — et ey
entl |1 — €nq1] T

€En—1 ,LLCL

7 (p—1)(p—2)—(a— 2L _
—9 1 (=1 (P-2)—(a—F+1)(p 1)[@{(

€n ’u — en’7

:2§p2_(§+a+l)p+a+1E[(/En1 u® 2 e%X(u)du)p—l]'
€n lu — en|%

We can deduce that:

ENEO,eN(t) SCOQ—N(a—‘rl)2(N—1)(§p2_(§+a+l)p+a+l)E[([ ﬁe%X(I)d‘r)P—l] + Cletjzv+1
1 |z — gl

2 2
<C2NCrp—r—a=lp  oreatt N280

for some C,C’ > 0. The convergence holds since p > 0 and fop — 7742 —a — 1 < 0 (this inequality
comes from (3.1.5)), and it holds uniformly over ¢ in K.

i) —1-2 <a<—1

In this case p — 1 < 0 so we are always dealing with negative moments. This implies that for ¢ in
K, we can bound eEy ((t) by,

1 2
5

cBo(t) < CoME[( [ 0% 3 XWdayp ),

€

simply by restricting the integral over [e,1 — €] to [¢,1/2]. An estimation of the resulting GMC
moment is given by lemma 3.4.4 in appendix 3.4.2: for e sufficiently small,

1
5 2
E[( / ? 2 AX@ 1) < O\ /In(1)) e

with o = § — %(a + 1). This suffices to show the convergence to 0 of eEj((t). Indeed, a basic

inequality shows that a? > —(a+ 1) with equality when —(a+1) = 7742. Since the condition cannot
be satisfied, we have the strict inequality a? > —(a + 1). Hence,

€Ep(t) < Cleatita’ In(1/€) =9 0,

where the convergence is again uniform over ¢ in K. Combining the cases (i), (ii) and (iii), we
have proven the differential equation 3.1.21 in the weak sense. Since it is a hypoelliptic equation
(the dominant operator is a Laplacian) with analytic coefficients, U(t) is analytic and the equation
holds in the strong sense.
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Let us now briefly mention the case of U(t). In a similar manner, we calculate,

1—e —
~BU(1) :% (1=t = Brelt) + (t = ) Eo.(t) + / day D (13 ) VD (2 t)(;‘_f + 71)1(1_ x?)),

1—e
00 == p(Bre®) ~ Bocl) ~ | dnn Dl VO @iit)(2- — =),

Ty (L f . /1_6 Dy VO (g ) (-2 O
020 =5 (= B + = Foc) + | dmn Dl VO (G + m= =2y
+ 3G - 0

where D(x;t) := (z—t) 2%(1—2)® and ‘76(1)(331; t), Eo.(t), E1(t) are defined as functions of D(;1),
the same as their definitions without the tilde. We verify easily that,

(1= O07(0) + (€ — (A+ B+ DOTLO — ABT1) = e(1 = L (B 1) + ——Fo (1),

4 "1—t—e
(3.3.8)
and the right hand side of the above expression converges again to zero uniformly for ¢ in any
compact set of (—oo,0), which finishes the proof. O

3.4 Appendix

3.4.1 Reminder on some useful theorems

We recall some theorems in probability that we will use without further justification. In the fol-
lowing, D is a compact subset of R

Theorem 3.4.1 (Girsanov theorem). Let (Z(x))zep be a continuous centered Gaussian process
and Z a Gaussian variable which belongs to the L? closure of the vector space spanned by (Z(x))zep-
Let F' be some continuous bounded function on C(D,R). Then we have the following identity:

E[Z2]

Ele”~ "2 F((Z(2))sen)] = E[F((Z(2) + B[Z(2) Z))aep)]- (3.4.1)

When applied to our case, although the log-correlated field X is not a continuous Gaussian
process, we can still make the arguments rigorous by using a regularization procedure. Let us
illustrate the idea by a simple example:

1
E[(/O (1 — x)be%X(x)da:)p]

1—e 1—e
— lim lim dzy 29(1 — xl)bE[e;Xa(wl)—V;]E[Xa(wl)z](/ (1 — x)be%Xa(m)—%E[Xa(m)z]dx)p—l]
e—=05—0 J, €
(3.4.1) ., . 1=e b 1-e b AX 7 BXs(x) X 2 E[X5(z)? -1
2 im im dzy 29(1 — 21)"E[( 2%(1 — )bez Ko @+ T EXs @) X5 (1)l =5 E[X5(2)7] g2 )p—1]
e—=006—0 J, €
1 T parp — )b
= / dxy z§(1 — xl)bE[(/ Me%){(m)d:ﬂ)p_l]
0 0

The next theorem is a comparison result due to Kahane [42]:
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Theorem 3.4.2 (Convexity inequality). Let (Z1(x))zep, (Z2(z))zep be two continuous centered
Gaussian processes such that for all x,y € D:

E[Z1(x)Z1(y)] < E[Za2(x) Z2(y)].

Then for all convex function (resp. concave) F with at most polynomial growth at infinity, and o
a positive finite measure over D,

E[F( / @ =3EZ ] 5 (42))] < ( resp. > ) E[F( / 2@~ EZ() 5 (4], (3.4.2)
D D

To apply this theorem to log-correlated fields, one needs again to use a regularization procedure.
Finally, we provide the Williams decomposition theorem, see for instance [85]:

Theorem 3.4.3. Let (Bs — vs)s>0 be a Brownian motion with negative drift, i.e. v > 0 and let
M = sup,~q(Bs — vs). Then conditionally on M the law of the path (Bs — vs)s>o is given by the
joining of two independent paths:
1) A Brownian motion (Bl + vs)o<s<r,, with positive drift v run until its hitting time 7oy of M.
2) (M + B? — vt)i>0 where (B — vt)i>0 is a Brownian motion with negative drift conditioned to
stay negative.

Moreover, one has the following time reversal property for all C > 0 (where 7 denotes the
hitting time of C),

law , 75

(B}, s +v(tc — 5) — Clos<re = (Bs — v8)o<s<L o (3.4.3)

where (Bs — vS)s>0 1S a Brownian motion with drift —v conditioned to stay negative and L_c is

the last time (Bs — vs)s>0 hits —C.

3.4.2 An estimate on GMC

Just like in section 3.1.2 for s > 0 we write X (e~*/2) = B, + Y (e~*/?) where B, is a standard
Brownian motion and Y is an independent centered Gaussian field on C with covariance:

|z V ]

E[Y ()Y (y)] =2In P

(3.4.4)

Denote the GMC measure associated to Y (e=%/2) by uy(ds) := e3V (") gs. The goal of this
subsection is to prove the following lemma:

Lemma 3.4.4. Forqg>0,a< —1— 7;, and a fixed constant A > 0, there exists 1 < A sufficiently
small such that for all € < €1,

A
E[( / 293X dg) 1] < O\ /In(1/e) 3+ @) (3.4.5)

where C' > 0 is a constant independent of €.
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By using the decomposition described above, we can transform this lemma into another equiv-

alent form,
A . —2lne 41
B are¥Ony ) <[Py )
€ —2InA
—2lne -
([ Ry (1),
—2InA
where again (B;),> is a standard Brownian motion independent from Y, and a = —F — %(a +1).

Now we can focus on the following lemma:

Lemma 3.4.5. For ¢ > 0, o > 0, and a fized constant 1, there exists r1 > 1o sufficiently large
such that for all v > 71,

r O£2T
E[(/ e2 (Bt (ds)) ™1 < C/re™ 2, (3.4.6)
70

where C > 0 is a constant independent of r.

A similar result for 2d GMC has been proved in [46] (proposition 5.1). A slight difference is
that in [46] the power ¢ depends on a.

We start by proving three intermediate results. We denote ys; = B + as, and we introduce for
B > 1 the stopping time T = inf{s > 0,y; = § — 1}. Recall the density of T for § > 1,u > 0:

-1 _@B-1-aw?

Lemma 3.4.6. For o, A > 0, we have:
a2
P(supys < A) < A= (3.4.8)
s<t
Proof. We know the density of supg<; ys:
(A—as)? o2t A2
A X e 2 Ae®T7 [P e o2t
P(supys < A) =P(T >t) = ds < ds = 4=,
(sgli)y = ) ( A+1 Z ) /_271' /t 33/2 = /_271' /0 33/2
O
Lemma 3.4.7. We set fort > 0:
1
1) = / 31 (ds), (3.4.9)
¢
For q > 0, we have the following inequality,
E[I(t)"yerr — ye] < Cile”29Wer1—v) £ 1) qus., (3.4.10)

where Cy depends on q,~.
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Proof. Conditioning on yi41 — ¥+ =y, (Bs — Bt)i<s<t+1 has the law of a Brownian bridge between
0 and y — «. Hence it has the law of (B, — sB] + s(y — «))o<s<1, where B’ is an independent
Brownian motion. We have:

1
E[L(t)~|yes1 — e = y] = E[( / 3 (BLmsBit) o (46)) 1),
0

Notice that e25¥ > e3Y A 1, and a classic result on the moments of Gaussian multiplicative chaos
shows that
E[(py (ds))™] < oo,

thus:
1
E|( / e3 BB 1y (ds))79) < Ele™ % Mot BimsBOIR [ (11y (ds)) ™) = Oy < oo,
0

We can now derive that:

E[I(t) yes1 —ye = y] < Ci(e” 2% V1) < Ci(e” 2% +1)  a.s.

O
Lemma 3.4.8. Define forq >0, 58>1, a>0 andr > 1,
Lrup, s€[B—1
JT7B — E[ {Sufsego,r] Y 6[6 75}}], (3411)
(Jy €2 py (ds))
then there exists a constant Coy > 0 such that
a2r (5*1)2 -1
Jr,ﬁ < 026_76(0{_%)&_ 2r (1 + (rﬁ_w), (3412)
where Cy is independent of B, r.
Proof.
_ 1 1
_av(B-1) {SUPSG[O,T-] yse[ﬁ_lvﬁ}} {Supse[o,r] ySe[ﬁ_lvﬁ}}
Jrg<e 2 E[1 _ + E[1 _ — = A+ B.
3 [ {Tg<r—1} [(Tg)q ] [ {Tg>r—1} equ;n 1 [(7‘ B 1)q

We first bound A. By using the strong Markov property of (ys)s>0 with respect to Fryt1:
_av(B-1) —q
A <e 2 E[I{Tﬁ+1§r}I(Tﬁ) 1{SUPse[T,3+1,r'] ys—yT6+1§5—yTﬁ+1}]

_ay(B=1)

=€ 2 E[I{Tﬂ+1§T}I(TB)_qE[l{suPse[O,rfTﬂ—l] y;SB—yT6+1}|fTﬁ+1]]
_av(B=1) _
=e > E |:1{T5+1§T}E[I(TB) q|]:Tg75 - yTﬁ—I—l]E[l{SupsE[O,rfTB—1] ygéﬁ—yTﬁ+1}|fT5’5 — yT5+1]] .
By lemma 3.4.7,

E[I(Ts)" Y Fry, B — yry+1] < 01(6_%‘](?”/3“_5) +1) a.s.
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By lemma 3.4.6,

_ _az(r'fTﬁfl)
E[l{supse[o’riTB,” yggﬁ—yTﬁ+1}’fT67/6 - yTB-i-l] < O ByTgr) =5
Therefore:
_ a?(r—Tg-1)
A< Cie” ‘”(i 1)E[1{T5+1<r}(6_%q(yT5H_ﬁ) + 1)ea(g_yTﬁ+1)_f]

Conditioning on Fr,, yr,+1 — B has the law of N + o where N ~ N(0,1). Hence,

2
—ay(8-1) -2 _ _of(r=Ts-1)
A<Cie "z E[(em290VH) 4 1)em *VHIE 1 e ’
_ay(B=1) a2 4242 _a? _0‘2(T’T571)
=Cie o (e7 2T e 2 )E[I{Tﬁﬂgr}e 2
2 2 2, a?rg

_ay(B-1) g
2

<Cie (GT—I-l)e_aTE[l{TﬁST_l}e T .

We calculate with the density of Tj:

azT/B r=1 B —1 (5*1*(1”)2 a2u 2 o0 z2
El1 e 7 | = L~ e T e T du = 81 _/ ~5d
[ {Tg<r—1}€ ] /0 \/ﬂu?’/?e e U =e - 5;11 e X

g-1)*
< ea(ﬁ—l)ie_ (2(7'73) )

Vor

Combining the elements above we get:

2,

A< Cle T elom% (3.4.13)
We proceed similarly for B:
_aVYr—1 —q
B <E [1{T6>7“—1}1{5—1—yr71§5upogs§1 Yo <B—yr-1}€ 2 E[(r—1)"yr — yr’—l]]
_q'y(ﬂflfsupogsg1 y) D (yr—yr_1)
§01E[1{T5>7‘—1}1{6—1—y7-71Ssupo§s§1 Yi<B—yr—1}€ ? em 2T 4 )]
2,2 a ’ (B=1)
=Cy(e" T + DEE osear e TR L,y op,cp)
We then compute:
Toopg-1 (B-1—au)? 6—1 B-1% o*(r-1)
E[1,_ = e du< ———— B T
Therefore: )
_atr 9
<ol £ (g 1)elo- -5 4.
B <y 1) (B—1)e'*" =2 2 (3.4.14)
Equations (3.4.13) and (3.4.14) together finish the proof of the lemma. O
q ( g p

Now we can prove the main lemma;:
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Proof of lemma 3./.5. Define for n > 1:

M, ={ sup (ys —yr,) € [n — 1,n]}. (3.4.15)

s€[ro,r]

We can write,

BI( [ e (d) ) e Y Bl / 3 0e0) 1y (ds)) )

"o n>1
(q 2 TVro ZJT roms
n>1
and by lemma 3.4.8:
2(7 ) 9 \y (nfl)2 n— 1
Jrrgn < Coe™ T I TR (14 )

(r —mrg —1)3/2

Remark that it is straight forward if o — % < 0, but we can have the opposite sign in our case, so
_ (n=1)2
we need to take into consideration the term e 2("—70). By a comparison of series and integrals, we

can show that there exists a sufficiently large ry > rqg such that for all » > rq,

(n—1)?
Z e(a_%)"_ 2(7-;0) 1+ n—l) < C3/r,

— _ 3/2
= (r —rg—1)3/

where C3 > 0 is independent of r. Finally:

El( [ ey (ds)) ) < Cyre 7.

0

3.4.3 Fusion estimation and the reflection coefficient

In this subsection we discuss a second way to develop U(t) (the first is by Taylor expansion),
which will give us the shift equation (3.1.17) on p with a shift ,;ig. In this expansion will appear
the reflection coefficient introduced in section 3.1.2.

Lemma 3.4.9. For—1—§<a< 1——p<1+ s(a+1), ast — 0_,
2 Dptltba+1) | oo 1 >
_ v &l I+a+2- 1 o _,_ 1
Ut) = M(v,pat —,0)+ f(v,a) =) |t] M(y,p—1 72(a+1), 2—a—--,0)
+ofji]++ ),
(3.4.16)
where f(v,a) is defined as:
4 1 [ 53t 4 (a1
fna) = D=5l + DB [ 3T @) O g

The process pitseth) 4 defined by (3.1.26) and py (ds) = ez (€ *)ds is the notation introduced
mn section 3.4.2.
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Notice that in the expression of f(v,a) we recognize the reflection coefficient Rl( ;”) of

section 3.1.2. We also mention that the bound a < —1 — ; is not optimal but it is sufficient for
our purposes.

Remark 3.4.10. From the conditions on a and p in the lemma, we have —2—a— % > —1— % and
p—1— 745(&4— 1) < 0, thus the bounds (3.1.5) are satisfied and M (~y,p—1— 745(&4— 1),—2—a— “’742, 0)
1s well defined. We also want to mention that a similar result holds for ﬁ(t) and the proof is almost
the same.

Proof. We adapt the arguments in [47] for the proof of this lemma. We introduce the notation

Ki(t) := /I($ —t) 42:17 23X (@) g (3.4.18)

for a borel set I C [0, 1]. Recall that we work with — 1—— <a< —1—— , hence p < 1+ 5 (a+1) < 1.
We want to study the asymptotic of

E[Kjo,1)(t)"] — E[K[o,1(0)"] =: T1 + T, (3.4.19)
where we defined:

Ty := E[K[jy 1 (t)7] — E[K[o,1)(0)P], Ta:=E[K[1)(t)"] — E[K]jy1(t)P]. (3.4.20)
2
O First we consider Ty. The goal is to show that Ty = o(|t|'T®+ 7). By interpolation,
1
|T1] S\p!/o B[ K[jy).1)(t) = Ko,1)(0)] (wK ey 11 (8) + (1 = u) Ko 17(0))P ']
<IPIE[ K1 (1) = K017 (0)| K[jag, 1 (0" ~1] < p(Ar + Az), (3.4.21)

where A1 = E[|K[y.1)(t) — Kjjy,1(0) | K[je,1)(0)P~1] and Az = E[|K[jy,11(0) — K[o 11 (0) | K j¢p,17(0)P~ .
We start by estimating A;. Using the sub-additivity of the function z — x T

e o

2 1 1 IIJ‘[H—L
Ay =E[[K16) ~ KO 0 < T [ dmyafBl( [ 3@
It] lt |x — x| 2

72 tO 1 72 ol ’72
g\t\4/ dazlx‘fE[(/ 2% 3X@ gpp) 4 Ol
It z1

where t( is a constant in (0, 1) to be fixed. Note that in this subsection we will use C' to denote all
the constants. We use lemma 3.4.4, there exists €; > 0 such that for all z1 < €1:

1 2 a+1)?
E[(/ =1 exX@ gy < Cy/In(1/z1) 27" il . (3.4.22)
1
Taking ty = €; we obtain:

2 €1 a+ a+ 2
Ay gcytyl/ dzy /In(1/z) z, ret)? Ot T
I

2 2
<O T o — o[t e+, (3.4.23)
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On the other hand:

1 It a-l—ﬁ 1 $a+§ ’YX( ) 1
Ag = E[K] ¢1(0) K[jg,1(0)P 7] 2/0 dryxzy * E[(/| ———— 2" Wdr)P]

t |z — 21| %

It a2 1 2
< / dxy m1+74 E[(/ 10T ezX (@) gg)r1]
0 It

|
(3.4.22) 1 2
< oM [T R gt (3.4.24)

2
Hence we have shown that Ty = o([t|'T%+ 7).

& Now we focus on Ty. The goal is to restrict K to the complementary of [|t|?,]t|] and then
on the two parts the GMC’s are weakly correlated. Remark that the choice of [t|?> can be amelio-

rated to get a larger bound for a instead of a < —1 — %2. The same computation as (3.4.21) shows
that:
E[K{o,1)(t)"] = E[K {2 o) (0)] < |pIEIK 0,12 (£) K je,17(0) ]
< |PIE[ Ko, (t) = Ko,je) (0) [ K[jag,1 (0)P '] + [p] Az

2
The first term can be bounded similarly as 4; by o(|t|'*®" ), and A, also has been proved to be

WQ
o(|t|* 1), hence
2
at
E[K(0,1](t)] = E[K g2,y (8)7] = o[t F*F 1) (3.4.25)
This means that it suffices to evaluate E[K{y2 e (t)P] — E[K[11(t)P]. We will use the radial de-
composition of X with the notations introduced in the first paragraph of section 3.4.2,

1
T 2

Lo 2 3(Be-s(3+1arD)
Ki(t) := Ky (1) = 5/ (€72 —t) T 2Pt 0ty (ds), (3.4.26)
0
1 o 2 q —s(24+=(a
Ea(t) = Kppjyo(t) = 5 / (e 2y BTGy (), (3.4.27)
41n

t

From (3.4.4), we deduce that for s < 2In |71‘ and s’ > 41n ﬁ,

1
|1 _ e—(s’—s)/2|

0<E[Y(e*/?)Y (e */?)] =In < 2/t (3.4.28)

1
1—x

where we used the inequality In < 2z for z € [0, %] Define the process,

P(e_s/z) — Y(e_s/2)1{5§2lnﬁ} -+ Y(e_8/2)1{3241n ‘—%‘}7
p(e_s/z) — Y(e—s/2)1{8§2lnﬁ} + }7(6_3/2)1{524111 ‘—1‘}7

where Y is a gaussian field independent from everything and has the same law as Y. Then we have
the inequality over the covariance:

E[P(e~*/?)P(e=*'/?)] < E[P(e™*/?)P(e*'/?)] < E[P(e~*/?)P(e~*/?)] + 4]t. (3.4.29)
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The function z — xP is convex when p < 0 and concave when 0 < p < 1. We will only work with
the case p < 0 since the case 0 < p < 1 can be treated in the same way. By applying Kahane’s
inequality of Theorem 3.4.2,

E[(K (1) + Ra(6))] < EIKL () + Ka()"] < e W PIE[(R (1) + Ko@), (3:4.30)

2
where Ky(t) := 3 f41 (/2 — )1 3 (Bsms(iy (a+1)))u)~,(ds). By the Markov property of Brow-
nian motion and statlonarlty of uy, we have

2

~ 1 2 o 1(Bs—s(2+1(a
Ko(t) == §‘t‘2+2a+%6%341n(1/\t\) / (tle™*/2 + 1)"’7 o3 (Bs=s(3+3( —H)))u};(ds), (3.4.31)
0

with B an independent Brownian motion. We denote

2 1 o0 ~
ot 1= |t|2+2“+3%e%341“(1/‘“>, V= 5/0 e%(BS_s(%Jr%(aH))),uy(ds), (3.4.32)

then:

72

E[(1 (1) + (1+ 1) T 0V )?) < B(Ky () + Ka()] < X O PIE[(K (1) + oV (3.4.33)

By the Williams path decomposition of Theorem 3.4.3 we can write,
XM 1 o B
V=e2™_ e2”° g (ds), (3.4.34)
2 L

where A = I + %(a +1), M = sup,-o(Bs — As) and Ly, is the last time B hits —M. Recall that
the law of M is known, for v > 1,

1
Plez™ > v) = —. (3.4.35)
v
For simplicity, we introduce the notations:
1 [ ypa 1 [
pa) =5 [ g 0= g [ (s, (3.4.36)
—La —00

Now we discuss the lower and upper bound separately.

<& Lower bound: Since we work with p < 0,

(t)”]

> E[(K:1(t) + (1 + [t]) Tarez p(\)P] — B[K: (1)"]

= ZE[ [ (0 + 0+ )T oy = Ko

E[(K1(t) + K2(t))"] — E[K

—_

N H\,

2! p7

4)\ du 72 ax _4x
p_ . p

v E[/(ut)—%),ww @_,_1 ((w+1)P = 1)((1 + [t)) Torp(N) ¥ K1) ]

(3.458) gAT(—p+ 2)T(-2)

> BB+ ) T ) T (08
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By the Girsanov theorem,

4N

E[((1+ [t ¥ oup(0) * K (07 ]

2 2In L 2
= (1 + D) TP B [ e - ) el Gy g
0
2 4 2
L TR TIM (p 1 - (et 1), -2 —a— 0) (3.4.37)
- v
This completes the proof for lower bound.
< Upper bound: we start with an inequality:
E[((K1(t) + Ka(t))"] — E[K1(t)"]
2
<E[(K1(t) + oV )P] — E[K;(t)P] + (e%(l’z—?)‘ﬂ — DE[K1(0)P] (3.4.38)
=E[(K1(t) + o V)P] — E[K1(t)P] + O(|t]). (3.4.39)

For A > 0 fixed, since p < 0 we have,

E[(K1(t) + 0:V)P = K1 (t)P] < E[((K1(t) + 0¢V)P — Ki(t)?) 1{ar> ay)

1(t
< E[((K, +ate%M AP = K1 () L{ars )]

(3.4 5) 4)\ du ar _a
E|: VA 26,5 4 () T_H((u + 1)p - 1)(UtpA()‘)) v Kl(t)p v }
" K1ft)A u

Girs:anov Q ’t’1+a+§E

VA/25 A 2]
¥ [ T 750N +
K 47

(1P = D) S K],

where

1
0 2 ax

e (e=5/2 — t)“fTe%(Bs—i-s(%-i-%(a+1))),uy(ds))p—*]

M( - Lat 1), -2 7 0)
~ —1——(a —2—-a——
V?p ’72 ) 47 9

2
and for a < -1 - %,
2
t—0_
Gy = |t| 7272 T e3Bamann 5 0 as,

Hence E[(K(t) + 0¢V)P — K1(t)P] is smaller than a term equivalent to:

AT (=p+ %)F( 4>\) 1 4A 4 ,72
- t +“+4E N7 IM(y,p—1——(a+1),-2—a— —,0).
Ty AN T IM(y o+ 1) 0

We can conclude by sending A to oo. O



94 CHAPTER 3. GAUSSIAN MULTIPLICATIVE CHAOS ON THE UNIT INTERVAL

3.4.4 Computation of the reflection coefficient

The goal of this subsection is to prove Proposition 3.1.5. In the first step we give a proof of the
tail expansion (3.1.27) where the coefficient Eéf is expressed in terms of the processes Y and B as
defined in the section 3.1.2. The proof is almost the same as in [47]. In the second step we provide
the exact value (3.1.28) for Eéf by using Theorem 3.1.1. Before proving the proposition, we provide
a useful lemma. The proof can be found in [47] (see lemma 2.8).

Lemma 3.4.11. Let a € (3,Q) with Q = 3 + %, then for p < ,;12 and all non trivial interval
I CR:

[

1 9ze —s
E[(_/E%BTE%Y(e /Q)ds)p] < 0. (3.4.40)
I

Q—a
38T

This lemma tells us that the additional term e2”s behaves nicely and the bound on p is the

same as in the case of GMC moments.

Proof of Proposition 3.1.5. Using the decomposition X (e=%/2) = B, + Y (e~*/?) we have,
n a o0 a —s
’ 0 2 —2Inn
Theorem 3.4.3 2371 o ol QE_Q ol —s/2
S eiM_/ 3Bs Y (e™?) 4o

2 —2Inn—Ls

~ Qa
where M = sup,. (B, — %s) and Ljy is the last time Bs >  hits —M. The law of M is given by:

1
P(ex™ > v) = 5 (3.4.41)
v
We denote
Q-a Qo
@5 =1 [T e ey, @ L [T s e,
2 2) 1, 2 2 )

and study the upper and lower bounds for P(I ?7 (@) > u):

2(Q—a)

Q—« -9
<& Upper bound: ]P’(Iﬁn(a) >u) < ]P’(e%Mp(%) >u) = Ele( 22@)7&)7 - g(lcg%)a).
ui uY
< Lower bound: we first show that the tail behavior is concentr;ted at x = 0 and that the value

of 1 does not matter. Consider h, e > 0 sufficiently small,

1
]P’(Ila’l(a) >u+uth) — P(Iﬁn(a) > u) < IP’(/ 22 ez X@dy > ut™h)
n
a 4,
E[(f, a7 e2*®dx)>" ] 1
< — = Oyssoo(—55——); 3.4.42
- u(1—h)(%—e) - (uw;a) +l,) ( )

where v is some constant in (0,1). Thus it suffices to study the tail behavior of 1167 1(a). Take
A= 27" In u,

2(Q—a)

Q-a
¢ ; oz) >u,M>A) = min{E[pA( 2(2Q )

2

P(I7 () > u) > P(exMp ],e—@—am}

A(

a)

2

u
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2(Q—a)

Notice that v~ = Ou—oo(e~@=4) hence for u sufficiently large:
—0 Q—Oé 2(Q—a) Q—O! 2(Q-a)
(a) Elp(=5=) 7 1-Elpa(=5=) |
P(Iﬁn(a) > u) — 2(1Q—a) > = 2 2(Q—a) :
u Y u Y
We claim that for u > 1,
— 2(Q—a) — 2(Q—a)
E[p(Q 5 N - E[pa( 5 4= ] < Cu™. (3.4.43)
This shows that: .
R (« 1
P(I{ () > u) = 2(1(9( a)) +O0(—5=m +V). (3.4.44)
u u
By applying the tail result to (3.4.42) we deduce
R (a) 1
0
P17, () > u) = 2(1Q 5 + 0= min) (3.4.45)
w7 u- ’

which finishes the proof for the first part. For the second part let € > 0, the value of Eéf(a) is then

determined by the following limit, with p = _2(Q7—a)7
lim €E[17, ()"~ = pR) (). (3.4.46)

With our Theorem 3.1.1 we can compute this limit and get:

It remains to show (3.4.43). By (3.4.3) of the Wllhams decomposition theorem of appendix 3.4.1,

the process BSQ z defined for s < 0 by B, 5 =B, 2L 2, QA/V Inw is independent from everything
and has the same law as (Bf%)sgo. We can then write,
oY > )= Ay +u A, (3.4.47)
where:
Ay = %/OO 6%8?%&6%)/(675/2)61 , A= %/0 E%B?E_aegy(eim)ds. (3.4.48)

—Loy —00
5 Inu
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By interpolation (see (3.4.21) for example),

2(Q—a) 29-9) - 2(Q — a) Q—a 2@ ; A&,

B(Atud) T A T < B A mad () T AT )
Ifwgl’
¥
2(Q—a) 2Q-) 2Q=a) 4
E[(Al—i-u_VAg) Y _Al v ]SU_VE[AgAl ]
Holder _p_(2Q=a)
<" B EATT T e < o,

where 1 < p < % to ensure that E[A%] is finite, and we know that A; > 1 [ e
has negative moments. On the other hand, if @ > 1, then:

2(Q-a) 29-2) - 2(Q — — @ 2Q=a)
B + ) T -4y 7 | <28y ) oy,
Y
The moment of p(%) is finite since 2(%—0‘) < 745. O

3.4.5 Special functions

We include here a detailed discussion on hypergeometric functions and on the special functions I',,
and G that we have used in our paper. First, let us discuss the theory of hypergeometric equations
and the so-called connection formulas between the different bases of their solutions. For A > 0 let
I(A) = [;° tA=1e~tdt denote the standard Gamma function and let (A),, := LAtn) por A, B, C,

T'(n)
and z real numbers we define the hypergeometric function F' by:

F(A,B,Cz) =) %ﬁ. (3.4.49)

n=0
This function can be used to solve the following hypergeometric equation:

(t(1 — t)j—; +(C—-(A+B+ 1)t)% — AB)U(t) = 0. (3.4.50)

For our purposes we will always work with the parameter ¢ € (—o0,0) and we can give the following
two bases of solutions,
U(t) = C1F(A,B,Ct) + Colt| “F(1+A—-C,1+ B —C,2—C,t)
= Di|t| T F(A 1+ A—-C1+A— Bt Y+ Dolt| PF(B,1+B—C,1+B— At
where the first expression is an expansion in power of |¢| and the second is an expansion in powers
of [t|=!. For each basis we have two real constants that parametrize the solution space, Cy, Co and

Dy, Ds. We thus expect to have an explicit change of basis formula that will give a link between
C4,Cy and Dy, Dy. This is precisely what give the so-called connection formulas:

I(1-C)F(A-B+1) T(1-C)(B—A+1)
Ci\ _ [T@A—cTDra-B) T(B—CT1DI(-A Dy 3451
o] = et SRt N et A PR (3.4.51)

2 T(A(C—B) T(B)T(C—A) 2
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This relation comes from the theory of hypergeometric equations and we will extensively use it
to deduce our shift equations. Of course a similar formula holds for U(t) and for the parameters
A B,C.

We will now provide some explanations on the function I',(x) that we have introduced as well
as its connection with the so-called G Barnes’ function. Our conventions for the function I',(x)
follow the ones of the appendix of [57].” For all v € (0,2) and for > 0, I, (z) is defined by the
integral formula written in Theorem 3.1.1,

0o — e Q 2 Q
t SCt_ x __ — A
() = [ 9 - G Sl 4 (3.4.52)
7 t 1 -z 2 t
0 (I—e2)1-e7)

where we have Q = 3 + % This function I', () is completely determined by the following two shift
equations,

LD v 2@ (3.4.53)
L) 1 2z, vy 21
I@+2) ()T (3.4.54)

and by its value in %, FW(%) = 1. We mention that I',(z) is an analytic function of x. In the case
where v = 2 the function I',(z) reduces to,

Ty(z) = (2m) 2 2G(x) ", (3.4.55)

where G(z) is the so-called Barnes G function. This function is useful when we study the limit
v — 2 in section 3.1.4. Finally in our Corollary 3.1.3 we have used a special (29 distribution
defined in [63]. Here we recall the definition:

Definition 3.4.12 (Existence theorem). The distribution —1In 52 2(a1,a2;bo,b1,b2) is infinitely
divisible on [0,00) and has the Lévy-Khintchine decomposition for Re(p) > —bg:

(1— e Mt)(1 — e~tety dt

E[exp(pln 52,2((11, as; by, b1, bg))] = exp (/Ooo(e_il’t — 1)e—b0t (1 — e—a1t)(1 — e—azt) 7) . (3.4.56)

Furthermore, the distribution In B 2(a1,az;bo, b1, b2) is absolutely continuous with respect to the
Lebesgue measure.

We only work with the case (a1,a2) = (1, 745) Then the law (22(1, 745; bo, b1, bz) depends on 4
parameters -, by, b1, bo and its real moments p > —by are given by the formula:

Pv(%(p + bO))F’Y(%(bO + bl))rv(%(bo + 52))F7(%(p +bo + b1+ b2))
L' (300)T5(3 (P + bo + 1)) (3 (p + bo + b2))T5 (3 (bo + b1 + b)) -
(3.4.57)
Of course we have v € (0,2) and the real numbers p, by, b1, bo must be chosen so that the arguments
of all the I';, are positive. We conclude this section with a few computations that we need that also
involve hypergeometric functions.

4
E[522(1, ?; bo, b1, b2)?] =

"In [63] Ostrovsky uses a slightly different special function T'2(x|7), the relation with our I', () is:

2)%(1*7

Fw(fc)z(7 e
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Lemma 3.4.13. For p < 0 and -1 <a <0 or for0<p<1and —1 < a < —p we have the
identity:

/ (1) — 1)ustdy = DAL =p) (3.4.58)
0

Proof. Denote by (z), :=xz(x+1)...(x+n—1).

| | n —
n=0 n n+a =0 n. a+p n
o n 00 n
_Ls U Cplaln 1§ (" (Cpla(a P
a e n! (a + 1)n a—+p = n! (_a —p+ 1)n
1
_F 7a7a+17_1 - F_ 7_a_ 7_a_ +17_].
(= ) P (—=p P p )
I'(a)I'(—a — p)
I(-p)

where in the last line we used the formula, for suitable @, b € R,

7 7 - I'a+ DT'((b+1
bF(a+b,a,a+1,—1)+aF(a+b,bb+1,—1) = (@+1rp+1)

[(a+b)
O
Lemma 3.4.14. For0<a <1 — % we have:
2 oo 2 2 P(a)[(—a — 2
%/ (y+ D7y dy = (a+ 1) (@r(za =), (3.4.59)
: r-%)

Proof. By the previous lemma,

N

* 2%_ a—1 _Za+§1“(a)1“(—a— )
/0((y+) y* dy = EEIN

We take the derivative in z in the above equation and evaluate it at z = 1 to get:

2 poo 2 2 a —a— =



Chapter 4

Liouville quantum gravity on the
annulus

In this work we construct Liouville quantum gravity on an annulus in the complex plane. This
construction is aimed at providing a rigorous mathematical framework to the work of theoretical
physicists initiated by Polyakov in 1981 [66]. It is also a very important example of a conformal
field theory (CFT). Results have already been obtained on the Riemann sphere [17] and on the
unit disk [40] so this paper will follow the same approach. The case of the annulus contains two
difficulties: it is a surface with two boundaries and it has a non trivial moduli space. We recover
the Weyl anomaly - a formula verified by all CF'T - and deduce from it the KPZ formula. We also
show that the full partition function of Liouville quantum gravity integrated over the moduli space
is finite. This allows us to give the joint law of the Liouville measures and of the random modulus
and to write the conjectured link with random planar maps.

4.1 Introduction

The goal of this work is to provide a rigorous probabilistic construction of the theory of Liouville
quantum gravity (LQG) on a surface with the topology of an annulus. This theory was first
introduced by the physicist A. Polyakov in 1981 in his seminal paper “Quantum Geometry of
Bosonic Strings”, see [66]. The case of surfaces with boundary was studied in [2] and the precise
case of the annulus was studied in [52]. The probabilistic framework used throughout this paper
was introduced in [17] where the authors provide a construction of LQG for the Riemann sphere.
Following the same approach, the theory has been defined on the unit disk in [40], on the complex
tori in [18] and on compact Riemann surfaces of higher genus in [37]. The Riemann sphere is the
simplest case as it corresponds to a simply connected compact surface without boundary. When
considering the unit disk, technical difficulties appear due to the presence of the boundary and
extra boundary terms have to be added in the Liouville action. The torus and higher genus surfaces
have a non-trivial moduli space, meaning that all tori are not equivalent under conformal maps. In
this case defining LQG requires to integrate over the moduli space with an appropriate measure.
The annulus possesses two boundaries and has a non-trivial moduli space so we will encounter
both of these difficulties.

The first building block of Liouville quantum gravity is the Liouville quantum field theory
(LQFT), which in probabilistic terms corresponds to giving the law of a random field ¢ on an

99
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annulus Q of radii 1 and 7. To make the construction clearer, let us make an analogy with
Brownian motion. Physicists often define the law of Brownian motion using the Feynman path
integral representation. Informally, let 3; be the space of paths o : [0,1] — R that start from
o(0) = 0. We can define the following functional on ¥ by:

1
Vo € S1, Spa(o) = %/ () 2. (4.1.1)
0

This functional is minimal for ¢ = 0, this is the “classical” solution. The quantum theory
corresponds to considering all paths of ¥; with a probability density given by the exponential of
—Sga: Spar is the energy of the path, e 5BM is the corresponding Boltzmann weight. This leads
to the formal path integral definition of Brownian motion, for all suitable functionals F',

BIF(Bosci)] = 5 [ Flo)e ) Da (112

where Do represents a formal uniform measure on ¥; and Z is a normalization constant. Although
Do and Spys(o) are ill-defined (a typical path o will not be differentiable), it is possible to give
a rigorous meaning to this expression by subdividing [0, 1] into n points and taking n to infinity.
The fact that we recover the law of Brownian motion is due to the Donsker theorem.

Brownian motion is often seen as the canonical uniform random path in R?: it is the scaling
limit of the simple random walk on the regular Euclidean lattice and it appears in a wide variety
of problems in probability. A natural question is to ask what would be the equivalent in two
dimensions, what is the canonical random geometry of a surface of given topology? More precisely,
what is the canonical random Riemannian metric on a given surface? The answer is given by the
Liouville quantum field theory. Just like for Brownian motion, there are two possible approaches
to LQFT: one continuum approach that uses the Feynman integral formalism and one that uses
the scaling limit of discrete models called random planar maps. We will focus on the first approach
and construct directly the continuous object. For a given background Riemannian metric g on our
annulus ©, we want to consider the formal random metric €¥?g where 7 is a positive real number
and where ¢ is the Liouville field whose law is formally given for all suitable functionals F' by,

E[F(¢)] = % /2 F(X)e 5tX9p X, (4.1.3)

with Dy X being a formal uniform measure on the space ¥ of maps X : @ — R. Sp(X,g) is the
Liouville action defined for each map X of ¥ and each metric g on 2 by,

1 1
Su(X,9) = - /Q (|09X |2 + QRy X + dmpe’™)dN, + > /6 Q(QKgX + 2mpperX)dNgg,  (4.1.4)

where 0y, Ry, Ky, d)\g, and d)\y4 stand respectively for the gradient, Ricci scalar curvature, geodesic
curvature (along the boundary), volume form and line element along 02 in the metric g. The
parameters p, pg > 0 (with p 4+ pg > 0) are respectively the bulk and boundary cosmological
constants and @,y satisfy v € (0,2) and Q = % + 2. We notice that there are two boundary terms
in our action which would not be present if 2 had no boundary.

L7 € (1, +00) parametrizes the space of non-conformally equivalent annuli. To define LQFT we work at fixed 7
and then to define LQG we will perform an integration over .
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One may wonder why the Liouville action is the correct action to define canonical random
metrics. A first answer comes from physics, in particular from Polyakov in [66] (see the appendix
for some heuristics). An easier answer comes from the study of classical Liouville theory, meaning
that we look for the functions X minimizing the Liouville action. It is a well known fact of classical
geometry that such a minimum X,,;, is unique if it exists and the new metric ¢’ = e¥Xmin g on € is
of constant negative curvature provided that Q. = 2°. In other words, the minimum of the Liouville
action uniformizes the surface (€2, g) and it is therefore natural to look at quantum fluctuations of
the uniformized metric e?Xming. This is precisely the meaning of (4.1.3).

As we have written it the path integral (4.1.3) diverges for any surface of genus 0 or 1, including
therefore the case of the annulus. To see this we can write the Gauss-Bonnet formula, given here
for a boundaryless surface M of genus h: [,, Rgd\; = 8m(1 — h). When h = 0 or 1, this implies
that it is impossible to define on the surface a metric of constant negative curvature, meaning
that S7.(X, g) will have no minimum and therefore the path integral (4.1.3) diverges. To solve this
problem we proceed as in [40] and add insertion points. We consider the new expression,

E[F(¢)] = %/ZF(X)ezzl—laix(zi”%Z?—lﬁfX(sj)e‘SL(ng)DgX, (4.1.5)

where we have chosen n insertion points z; € €2 with weights «; € R in the interior of the annulus
and n’ insertions points s; € 9 with weights 8; € R on the boundaries of the annulus (n,n’ € N).
We show that the following conditions known as the Seiberg bounds must be satisfied in order for
(4.1.5) to exist:

> o+ Z% >0 and Vi, o <Q, Vj, 55 <Q. (4.1.6)
i=1 j=1

Theses bounds imply that the minimum number of insertion points is one point in 2 or one
point on the boundary 0f2. Fixing a point inside {2 is actually a stronger constraint than fixing
a boundary point. Also note that choosing one boundary point is precisely the requirement to
entirely determine a conformal automorphism of the annulus. From a geometric standpoint, we
can also view insertion points as conical singularities of the metric which allow hyperbolic metrics
to be defined on the surface.

Let us now outline the structure of our paper. We start in section 4.2 by introducing the Gaus-
sian free field and the associated Gaussian multiplicative chaos measures and state the properties of
these objects that we will need in the sequel. Then in section 4.3 we give a mathematical definition
for the partition function of LQFT formally given by (4.1.5). We establish some of its properties
well known to physicists such as the Weyl anomaly (behavior under change of metric) and the KPZ
formula (behavior under conformal automorphism). In the subsection 4.3.4 we define the Liouville
field and the Liouville bulk and boundary measures for a fixed value of 7. Lastly in section 4.4 we
construct the full theory of LQG by integrating over 7 € (1,400) the partition function of LQFT
along with the partition function of a matter field.®> We prove that this integral over moduli space
is convergent and thus we show that the partition function of LQG is well defined. We then state

2Here we write Q. = % as this is the correct value in the classical theory where the goal is to minimize the
Liouville action. In the quantum theory we will always have @Q = % + 3.

3All partition function will first be computed on an annulus of radii 1 and 7 and then we will perform the
integration over 7.
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the joint law of the Liouville measures and of the random modulus and write the conjectured link
with the scaling limit of random planar maps.

Our paper also clarifies a few points that were not addressed in [17, 40]. First, we justify for
any background metric g the expression of the covariance of our field X, by diagonalizing an oper-
ator T' defined using Neumann boundary conditions. We also reconcile two possible approaches to
Liouville conformal field theory - the one proposed in [17, 40] and the framework of Gawedzki [36]
- by explaining that these two approaches correspond to different ways of introducing the metric
dependence of the theory. This allows to provided a very simple proof of the KPZ formula which
becomes a direct consequence of the Weyl anomaly.

Acknowledgements: 1 would like to thank Juhan Aru, Yichao Huang, Rémi Rhodes, Xin Sun,
Vincent Vargas and Tunan Zhu for all their comments that helped me improve this paper.

4.2 (Gaussian free field and Gaussian multiplicative chaos

4.2.1 Geometric background

The first tool we need is a description of the space of metrics on a surface with the topology of
an annulus. The uniformization theorem tells us that any metric g can be written up to a change
of coordinates e¥dx? where e is the Weyl factor and dz? is the Euclidean metric on an annulus
Q2 ={z,1<|z| < 7} with radii 1 and 7, the value of 7 being uniquely determined. The parameter
T € (1,400) parametrizes the space of non conformally equivalent annuli known as the moduli
space. We will always work at fixed 7 with the exception of in section 4.4 where will perform an
integration over 7.

For the annulus given by Q = {z,1 < |z| < 7}, we consider the inner and outer boundaries
0 = {z,|z| = 1} and 09, = {z,|z| = 7} and we set IQ = Iy U 9Q2;. When Q and 00 are
equipped with the Euclidean metric, we will write d\ and dAg for the Lebesgue measures on €2
and 0€2, A for the Laplace-Beltrami operator and 0,, for the Neumann operator. The convention
for 0, is that the derivative is computed along the vector 7 normal to the boundary and pointing
outward of 2. For a general metric g we will use the notations 99, Ay, Oy, Ry, K4, dA\g, and dAs,
for the gradient, Laplace-Beltrami operator, Neumann operator, Ricci scalar curvature, geodesic
curvature, volume form and line element along 92 in the metric g. Under a Weyl rescaling of
the metric ¢' = e¥g, these objects behave in the following way: Ay = e ¥A, E?ng, = e_*°/28ng,
d\y = e¥d)g, and dAyy = eﬂp/zd/\ag. We also have:

Ry =e ?(Ry — Agp) (4.2.1)
Ky = e 2Ky + 0n,0/2) (4.2.2)

These formulas will be useful for g = e®dx?. In the case of the Euclidean metric dz? we have
R=00onQ, K =—1on 9, and K = % on €. Let us recall the Gauss-Bonnet theorem,

/ Ryd)g + 2 / Kydhagg = 4mx(Q) =0, (4.2.3)
Q 0N

where in the case of the annulus the Euler characteristics x(Q2) is worth 0. Similarly, the Green-
Riemann formula gives:

/ b Agep drg + / 8% - 994 d)g = / Bn,p 1 dAay. (4.2.4)
Q Q o0



4.2. GAUSSIAN FREE FIELD AND GAUSSIAN MULTIPLICATIVE CHAOS 103

Here again the derivative 0, is along the normal vector pointing outwards of (2. For a function
f defined on Q or 092, we define the averages mgy(f) and mp,(f) with respect to d\, and dAy,
as my(f) = mfﬂ fdXAg and maq(f) = mf(m fdXag. m(f) and mg(f) will correspond
to the averages in the flat metric. Finally let us mention that the conformal automorphisms of
our annulus €2 are the rotations plus the inversion that exchanges both boundaries. Therefore a
conformal automorphism can be written either z — €z or z — ewI for a 6 € [0, 27).

4.2.2 Gaussian free field

The first step in the construction of LQFT is to interpret the formal density D, X e~ = Jo 107X PdAg
as the density of a Gaussian free field (GFF) with certain boundary conditions. Let H}(2) be the
Sobolev space on Q with Vf € Hi(Q), [5q fdAag = 0. H} () is a Hilbert space with respect to the
inner product given for f,h € H}() by:

(1) = [ (0 -omyx (125)

We define the following operator T on H{(Q) by, Vf € HY(Q),T(f) = u where the function u is
the unique solution to the following Neumann problem:

Agu(z ):—27Tf( ) for ze€Q
Onyu(2) + Ag(2') for ze€0Q (4.2.6)
faQ d)‘ﬁg z) =

The function ¢,(z) defined on 02 that appears in the above is equal to 1 in the case of the Euclidean
metric and has a general expression in any metric g given by (4.2.24). We can give the expression
of u in terms of f using the Green’s function G:

z):/QGg(z,z’)f(z/)d)\g(z'). (4.2.7)

The expression for G4 will be given in subsection 4.2.3. T' is an auto-adjoint compact operator of
H}(Q), therefore we can find a basis e;,i € N* of eigenvectors with associated eigenvalue A;! > 0.
The e; are normalized so that [, €;(2)%d)\g(z) = 1. With this basis of eigenfunctions we can formally
write,

DgXe_ﬁ Jal09XPdrg H dr; e 2 3 205 i (4.2.8)

where each dx; is a Lebesgue measure on R. This corresponds to the density of a GFF X, which
can be written,

X,(2) = Z_; x\e/;) (4.2.9)

where in this expression the z; are i.i.d. standard Gaussian variables. This sum converges in the
Sobolev space H(Q). Just like for all the e;, we have fé)ﬂ Xy dAgg = 0. But this condition is

arbitrary as the formal density D, X e~ 1x Jo |07 X17dAg only defines X, up to a constant. To deal
with this problem we will actually consider X, + ¢, where X, is the GFF defined above with zero

4Here the dependence in g is contained in e; and in ;.
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mean on the boundary and c is a constant integrated according to the Lebesgue measure on R. We
must also discuss the value of the formal normalization constant Zgpp(g) of our Gaussian density,

Zarp(g) = | DyXe ar Jal0?XIPdxg, (4.2.10)
Zl

where here Y’ stands for the space of maps X : Q — R with zero average on 992. The dependence
of Zgrr(g) on the background metric g is given by (4.3.2). To summarize this construction we
have for suitable functionals F":

/DgXe_fwflﬁgXlszgﬁ(X) :ZGFF(g)/ch[F(Xg+c)]. (4.2.11)
Y R

To define LQFT we will choose,

F(X) = F(X)ezi aiX(z)+5 5 BiX(55) o= Jo(QRg X +4mpe ™ )dXg ,— 5 faQ(QKgX*‘?WMa@%X)d)\@m
(4.2.12)
where F' is again some functional, the (z;, ;) are the bulk insertion points, the (s;,3;) are the
boundary insertion points, and the last part corresponds to the curvature and exponential terms

of the Liouville action. Extra care will be required as X, lives in the space of distributions H~1(€2)
so X9 is ill-defined.

4.2.3 Properties of the Green’s function

We can check that the function G,(z, 2’), which solves problem (4.2.6) through the relation (4.2.7),
is also the covariance of our Gaussian free field defined by (4.2.9):

/ ' = ei(z)ei(2')

Gy(z,2) = E[Xy(2) X ()] = Y ———=2. (4.2.13)
pari

The Neumann boundary conditions of (4.2.6) entirely determine G4. Other boundary conditions
would also be possible but they lead to major inconsistencies in the theory®. In the case of the
Euclidean metric ¢ = dx?, we simply write G for the Green’s function. From the computation
detailed in the appendix we obtain the following expression for G using polar coordinates z = re®?,
2 = pe'?,

‘7.4222/2’

G(r,0,p,0) = go(r,p)+2 Zgn(r, p) cosn(f —¢)+In , (4.2.14)

= |1 — 22|72 — 22/||z — 2!||T22 — 2|

where the factor |72z — 2’| holds for r < p and is replaced by |z — 722/| for 7 > p, and where

T (), for v <
gy T 4.2.1
g (T p) 2n7-2n(7-2n _ 1) { (7'2" + T2n)(p2n + 1), for r=>p ( 5)
In(r)+72In(r/p)+7in(r/p) . <
_ (T+1)2 ’ o r=r 4
i) .2.16
o(r, p) { In(p)+72 1?7(1/1?“));7@@/’“), for r>p ( |

SFor instance for Dirichlet boundary conditions the Weyl anomaly of section 4.3.2 fails to hold.
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We now give some useful properties of the Green’s function. By construction we have:

G(z,7) =G, 2) (4.2.17)
AG(z,7") = —2m6p(z — 2) (4.2.18)

By direct computation on the expression of the Green’s function, we have the following results:

for p=r1

aG ,0, ; a s L) f > 1
wmp¢mﬂ: %ymhﬂ:{;g -t (4.2.19)
T+1° -
aG(T,H,PaQS)’ — ag(](?" IO)‘ — 7—__+117 for p<T
ar T=T 87" r=T1

1
T(T+1)’
Concerning the integral of the Green’s function over the boundaries, we get:

2T 2T

3 (T In(r/p) +7In(1/p)) + =3

- G(z,2")dNs(2) = )

Finally, we have the following formula valid for all (smooth) functions f on € and for all z € Q:

(In(p) +7In(p/7)) = 0. (4.2.20)

/ G(z,2")Af(Z)dN(Z) —/ G(z,2 )0 f(Z)dNo(2") = =27(f(2) — ma(f)). (4.2.21)
Q o0

Indeed, using (4.2.4) and (4.2.19)

/ Gz, 2 )AF()dA( / 0G(=, )0 NN + [ Gl f () dral)
and
/8G 2,2)0f (2)d\(z /AG 2, 2) f(Z)dNZ) — o 0nG(2,2") f(2)dNg(2)
=—%ﬂ@+7+1mjwwMW)

= —2n(f(z) —ma(f))-

We now discuss the relation between G, and G when g = e¥dz?. By definition G solves our
Neumann problem (4.2.6) in the flat metric dz?. We will show that Gy is given by the following
expression,

Gyl2,) = Glz,2') = mag(G(2,)) — moy(G(, ) +mag(G(-, ), (4.2.22)

which means that we must check that this function solves our problem (4.2.6) in the metric g.
By construction of G, we clearly have [, u(z)d\gy(z) = 0. Next we must check that Aju(z) =

—2m f(2):

Agu(z) = e_p(z)/ AG(z,2') f(2)dNg(Z") —e‘“o(z)/QA(magG(z, NF(dN(Z)

_ o 2() N
= —2nf() - O 0 imy (1) [ AGE A )ddoy()

= =27 f(2).

%Here we have defined may(G(-,-)) := v aﬂ) 5577 Joa Joo G (2, 2 )dXag(2)dNag(2").
g
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Lastly we look at the normal derivative, the function c4(2) introduced in (4.2.6) will be chosen to
match the following computation,

Onyu(2) = e‘“o(z)p/ OnG (2,2 ) f(2)dAg(2") — e_w(z)p/ OnmagG(z, ) f(2)dNg ()
Q Q

o—(2)/2

— e [N~ ma, G [ 1N

__Cg(z) o o
= T+1/Qf( JdAg(2), (4.2.23)

where a straightforward computation shows that c4(z) is given by:

—p(2)/2 _
¢ol(2) = { e (1 +7X9¢(091) — Xgg(0927)), for =z e O (4.2.24)

e PE/2(1 — Ny (0) + 109y (09;)), for 2z € 9Q,

We notice that cy(z) = 1 for the Euclidean metric. From all the above we have shown that (4.2.22)
gives the correct expression for G4. From this we can easily deduce

X,(2) "2 X (2) — mag(X) (4.2.25)

where we have written X for the GFF in the flat metric of covariance G. In particular this tells us
that X, +cfor g = e?dz? and c distributed according to the Lebesgue measure on R is independent
of ¢ because we can simply make a shift in the integral over ¢ to remove the constant mgy(X).
More precisely, for g = e?dz? and any suitable functional F:

/ dcE[F (X4 +¢)] = / de E[F(X + ¢)]. (4.2.26)
R R

4.2.4 Circle average regularization

Let X be the GFF on ) with covariance function given by G. Because X lives almost surely in the
space of distributions H~!(€2) and we wish to define the exponential of X, we need to introduce a
regularization procedure. We will choose a circle average regularization, more precisely for ¢ > 0
we call [.(x) the length of the arc A (x) = {z € Q;|z — z| = €} and we set:

1
le(x)

For a point = at a distance larger than e from the boundary this definition gives the standard circle
average. The term ¢~'/2 is added because the regularization must depend on the background
metric g in order to get a consistent theory.” Here g(z) = e?®) with as usual g = e?dz?. We have
the following result:

Xge(x) =

/ X(x+ g(x)"Y2s)ds. (4.2.27)
Ae()

Proposition 4.2.1. As e — 0 we have the following convergences.
1) Uniformly over all compact subsets of €):

1
E[X,(z)?] +1ne 03 Ing(z) + Ingp(x) + h(x)

"This way of introducing the metric dependence is slightly different than the one of [17, 40]. The advantage of
our method is that it allows us to recover exactly the framework of [36], see Theorem 4.3.2. The KPZ formula of
section 4.3.3 then becomes a direct consequence of the Weyl anomaly of section 4.3.2.
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2) Uniformly over 0):
E[Xg@(x)Q] +2Ine A Ing(z) + hy(x)
€E—

Here g is our background metric, gp(x) := is the term that diverges on the bound-

[1—[=[? HTZ |z[?]
aries, and h, hg are continuous functions independent of g whose explicit expressions are given in

the proof below.

Proof. This proposition follows from an explicit computation with the Green’s function of X. For
a point z € ), we have:

1 2w

E[X,.(@)?] = Elz

2m
X(x+ eg(x)_l/zew)de/ X(z + eg(x) /2 do']
0

2r 27
= 4—7172 / Gz + eg(z) V26 & 4 eg(x) /%€ )dodo’
o Jo

We then notice that in the expression of the Green’s function, only the term ln‘ E diverges
when € goes to 0. We have added consequently the term In e to cancel this divergence. From this
computation we get the expression of the function h,

47,,3 2 27 , 1
h(z) = go(r,r) +2nz:19n7‘7‘ +ln’ 77 4772/ / d@d@lnm
o0 A3
= go(r,r) + 2Zgn(r,7‘) +1In EEETE
n=1

where r = |z|. Similarly for the boundary 92 we have the following expression for hy:

2 \dode’, for € 09,

ho(2) 9o(L,1) +23°07, gn(1,1) +1In - I~ {IQ— T T (e )wuodo' for =€ o0
N = T Te Te
90(7—77—) +2Zn:1 gn(T, )—l—hl ‘7.'2 ‘1|2 - fO fO ln )Jri

4.2.5 Gaussian multiplicative chaos

Now that our field X is random distribution, we need to tackle the problem of giving sense to the
terms pe’X and ,uae%X as the exponential of a distribution is ill-defined. This can be done using
the theory Gaussian multiplicative chaos which was introduced by Kahane in [42] and developed

by others, see [72, 73]. The results from these papers allow us to claim:

Proposition 4.2.2. Let v € (0,2) and let g be a metric on Q2. We introduce for e > 0 the random
measures:

2
M, (dz) = €2 Xoc@ g\, (2),
2

M2, (dz) = €T e3 X< dry (z).
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We then define the random measures M., 4(dzx) on  and Mva,g(dx) on 02 as the following limits
in probability

2 2 2 2
M, ,(dx) := hng)nge(dx) — 11_%e“/Xe(r)—%]E[Xe(r)Q]g(x)wT p(z)Te (@) g\ o(2)
2 2
M,?g(dx) = hm M,Yge(dx) = hn%erf(x)_*]E[Xf(x) lg(z)5 e 7?ha(”ﬁ)al)\a (x)
? €e—

in the sense of weak convergence of measures respectively over €0 and 0f2.

In order to prove the Weyl anomaly we will need to write how these measures behave under a
conformal change of metric. More precisely for ¢’ = e?g we have:

2
M, g (da) = MDD o (da), (4.2.28)
2
M2 (dx) = exF @0 (dar).

To have a finite partition function (see section 4.3.1), we must show that these measures give an
almost surely finite mass to the annulus and to its boundary. Here we write the results in the flat
metric g = dz?. We will use the notations M, 4.2 and Mfz 4z2 for the bulk and boundary GMC
measures in the flat metric. For the boundary measure the expectation of the total mass of 9 is
finite:

2
E[M? 1,2(09)] = /aQ e @) i)y (2) < +o0.
On the other hand for the bulk measure on €2, this is not straightforward at all as for instance the
expectation is infinite as soon as ¥2 > 2 because of the divergence of gp(x) on the boundary:
2

2
E[M, 4:2(Q)] = /QQP( 2) 7 e 2 "D \(z) = +00 when 42 > 2.

But as it is shown in [40], the random variable M, ;,2(€) is almost surely finite for all values of
€ (0,2). Therefore we have:

Proposition 4.2.3. For v € (0,2) the following quantities are almost surely finite:
M, 4(Q) and M2, (09).

Finally we state here two very useful tools that we will need for sections 4.3 and 4.4. We start
with the Girsanov transform (also called the Cameron-Martin formula) that we will always use in
the following way:

Proposition 4.2.4. (Girsanov transform) Consider the Gaussian free field X on Q and let f :
Q — R be a continuous function. We introduce the random variable Y = [ f(2)X(2)d\(z). Then
for any suitable functional F' we have:

E[v?]

E[F((X(2)):en)e’] = "7 E[F((X(2) + E[X(2)Y])ze0)].

The same result holds if we define Y with an integral over the boundary Of).

We will also need Kahane’s convexity inequalities:
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Proposition 4.2.5. (Convezity inequalities, see [42]) Let (Y (2)).cq and (Z(z)).cq be continuous
centered Gaussian fields such that

E[Y (2)Y (2")] < E[Z(2)Z(2)].
Then for all convex (resp. concave) functions F : Ry — R with at most polynomial growth at
infinity

E[F(/ﬂ Y ()~ MdA(z))]g(resp. 2)E[F</Q 2()- Z()]d/\(z)ﬂ. (4.2.29)

By using our regularization procedure we can apply this result to the case where Y and Z are
Gaussian free fields. We also have the same result if we replace the integral over Q by an integral
over the boundary 0S2.

4.3 Liouville quantum field theory

4.3.1 Defining the partition function

We are now ready to give the expression of the partition function for a metric ¢ = e¥dz?. To
write the regularized partition function we must add the renormalization in € of Proposition 4.2.2
whenever there is an exponential of the field X, .. More explicitly®

nooL2 n’ 52
Hgffﬂoﬁg“(%m (6,9, F) = ZGFF(Q)/ F(Xge+c H 3 ei(Xgete)(zi) H TJ 5 (Xg,et0)(s;)
R i=1 :
X exp(—% /QRg(c + Xg,e)dAg — pe°M, 4 (Q) — — Ky(c+ Xg.e)dhag — ,uae2 79 L(09Q))]de
(4.3.1)

Our parameters v, Q, u, pg satisfy v € (0,2), Q@ = 3 + %, w >0, ug >0, and p+ pug > 0. The
term Zgrr(g) is the partition function of the GFF coming from (4.2.10). It satisfies (4.5.7), see
for instance [23]:

Zapp(e?ds?) = evor Ua00?drr4 [og Keddo) z 1 (42) (4.3.2)

The value of Zgpr(dr?) has no importance for the construction of LQFT but it will play a role
in the section on LQG as it depends on the outer radius 7 of our annulus, see section 4.5.2. The
main goal of what follows is to prove that we can let € go to 0 and obtain a finite non zero limit
for the partition function:

L5507 (9. F) = lim TG00 (e, g, F). (4.33)

Existence and non-triviality of this limit will depend on the Seiberg bounds:

n n’ 5

. [’}
Zal—l—z 5 >0 (4.3.4)
=1 7j=1

Vi, a; < Q (4.3.5)
Vi, B <@ (4.3.6)

8The definition we give is slightly different than the one in [17] or [40]. Instead of adding a factor % In g to the
field X we include the dependence in g in the regularization procedure of section 4.2.4. This leads to the framework
of [36] but it is completely equivalent to the framework of [17, 40].
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Theorem 4.3.1. We have the following alternatives:

1. If u > 0 and py > 0, then the partition function converges and is non trivial if and only if
(4.3.4) + (4.3.5) + (4.3.6) hold.

2. If u >0 and pg =0 (resp. if w =0 and py > 0), then the partition function converges and
is non trivial if and only if (4.3.4) + (4.3.5) hold (resp. if (4.3.4) + (4.3.6) hold).

3. In all other cases, the partition function is worth 0 or +oo.

The arguments we will use to prove this theorem come from [17, 40]. We will start by studying
the flat metric, meaning that R = 0, K = —1 on 0y, K = % on 0Q;, and Ing = 0 (the
generalization to all metrics is given by the Weyl anomaly, see section 4.3.2). We are going to
apply the Girsanov transform of Proposition 4.2.4 to the insertion points and to the curvature
term. The curvature term shifts X (z) by

_ % 50 K(2)G(z,z)d o (x) = _Tf 1

(tIn(|z|/7) +1In|z|) (4.3.7)

and we also get a global factor eXp(%2 In 7). For the insertions we use Proposition 4.2.1 to write
on 2,

2

6% o Xe(2;)

2
at

o2 o2
azXe(Zl)_TZE[Xez(zl)]e 2 E[Xéz(zl)}+72lne (438)

=e

_ eaixe(zi)_%?la[xg(zi)]eﬁ(lngp(ziwrh(zi))(1 +0(1)),

and on the boundary 0f2,

8 8 Bj 83 2 83 2 83
€ 67Xs(5j) - eTXE(Sj)—?E[Xe (s5) G?E[Xs (s))]+-4 Ine (4‘3‘9)

- e&Xs(sj)—%E[Xf(sj)]e%ha(sj)(1 +o(1)),

where in both cases the o(1) is deterministic. From this we can easily apply the Girsanov transform
to the insertions and get:

2

b af Bj
10000000 (da?, Fre) =Zarpr(da®) (] [ gp(zi) 7 )e?) / e it FICR[F (X, + He +¢) (4.3.10)
R

REI21 %4
=1

x exp(—pe’¢ /

e’YHE(w)M’Y,dzz,e(dx) - uae% / e%HE(I)Ma,dwz,e(dx))]dc'
Q

v
o0

This leads to the following limit for the partition function:

n a? 8.
)08 (da?, F) =Zapp(da®) ([ [ gp(zi) 7 )e =) / it FRF(X + H4¢)  (4.3.11)

REY 21222
i=1 R

X exp(—ue"c/ e"H(z)Mmdmz(d:E) —uae%/ G%H(I)Mfzdmz(dl’))]d&
Q o0
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In the above expressions we have introduced the notations:

= ZO&Z'G($, zi) + Z &G($, 5j) — Qn |z| (4.3.12)
— = 2
1
H(x) = H 4.3.1
(x) L@ Jao (x + s)ds (4.3.13)
n.oo2

C(z,s) Zala,/G Ziy 2it) + Z biby G(sj,s5) + Z QZBJG (zi,85) + Z %h(zi) (4.3.14)

1<t/ 1<’ 1=1

B Q° QB;
+j§::1§yha(sj) + 7ln7'— ;Qailnlzi\ — ;len]sj]

Let us now explain why the Seiberg bounds (4.3.4)-(4.3.6) are required to get a non-diverging
non-zero limit for (4.3.10). These results are found again in [17, 40].

The first inequality >, a; + >, % > 0 controls the ¢ — —oo divergence of the integral. It is
required for the regularized partition function (4.3.10) to exist. Let:

Zpe = eg / VXt Ho) gy
Q

Z0 =i [ ex(XetHogy,,
o0
We see that |H¢| < C. where C. is a constant depending only on e. Hence we know that E[Z) ] < oo
and thus Zy . < oo almost surely. The same thing holds for Zg .- Therefore, we can find A > 0 such
that P(Zo. < A, Z§, < A) > 0 which gives

Bj ¢ Ye
15502 (422 1,e) > € / Vit Flegmne Amnoc AP (7, < A, 70 < A)de

for some constant C' > 0. This last integral diverges if the condition >, a; + > %3 > 0 fails to
hold. This gives the bounds (4.3.4).

The next thing we need to check is that the following integrals are finite a.s. (otherwise the
partition function will be worth 0):

/e“’H(m)Mmdmz(dx) and e2H(w)Madx2(d:E)

Q a0

Proposition 4.2.3 tells us that the integrals without H are finite a.s. This means we can restrict
ourselves to looking at what happens around the insertions: this will give the conditions (4.3.5)
and (4.3.6). Indeed for a bulk insertion (z;, a;), €¥7(?*) behaves like W around z;. For B(z;,r)

a small ball around z; of radius r > 0, the results of [17] tell us that:

1
/;Z“T mM.y7dx2 (dﬂj) < 400 a.8. < (673 < Q
In the same way we can look at a boundary insertion (s;, 3;) and we have following [40]:
1 1
— M dz(daz)<—|—ooand/ ——M?, ,(dz) < +o0 as. <= f; < Q.
/B(sj,r)nﬂ |z — 5P B(s;:r)n09 |z — g yﬁﬂ vd !

Therefore we have all the conditions of Theorem 4.3.1.
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4.3.2 Weyl anomaly

In the previous section we constructed the partition function in the case where the background
metric was the flat metric. Here we look at a metric g = e¥dz? and our goal is to find a link

between ngjfﬁgi’(sj’ﬁj)j (g9, F) and ngjﬁigi’(sj’ﬁj)j(dxz, F). We claim that:

Theorem 4.3.2. (Weyl anomaly) Given a metric g = e¥dx? we have,’

(zi,0i),(5,85); 2

Hv JINLS (g F 1 + 6Q (/ 9

n — A, o( Zz Ag.p S |6 | d\+4 K(pd/\a ,
H(Zz-,ﬂfl)l-,(sy-ﬂj)J (d(E2 F( Z Z J -7

REI21%4)

where we have set Ao, = F(Q — F) and Ag, = %(Q - ﬁ_2j)

Proof. We need to factor out all the terms containing the metric g in (4.3.1). We start by applying
the Girsanov transform to the exponential term:

exp <—% /Q RyX,cdA, — % /8 ) Kng,edAag>

= Q/ AgngEd)\—Q/ (K + 20,0) X, cd)o.
™ JQ ’ 2 o0 2 ’

Here we have used (4.2.1) and (4.2.2). Using (4.2.21) this shifts the field X (z) by:

/ Bply) Gl p)iNy) — o2 [ (K) + 30000 Gw p)dAa(y)
oN

S le—mole)) ~ 32 [ KG9

= L (p(a) — mat)) + QL) Tl /l2])

The term my(¢) does not depend on z and can simply be removed by making a shift on ¢. The

last term an(l/‘x‘)::lln(ﬂlxl)

take the ratio of the two partition functions. Therefore the only important shift we get is —%p.
This changes F' into F(- — %cp) and using the formulas on Gaussian multiplicative chaos (4.2.28)
we see that M, . becomes M, j.2 .. Now we look at global factors that appear in front of our
partition function. The shift on the insertions gives a term:

does not depend on the metric g so it will simply cancel out when we

n ’I’L

[ [

=1 7j=1

The metric dependence of our regularization procedure applied to the insertions gives a term:

n o2 n’ 2
[[et= ]« e

90ur Weyl anomaly coincides with the one of [36] but is slightly different from the one of [17, 40]. This is because
we have chosen to include the metric dependence on g in the regularization procedure of section 4.2.4.
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We combine the two terms obtained above and get:

n n'

H —Aa,(zi) H —388;9(s5)

i=1 7j=1

We now compute the global factor coming from the Girsanov transform. The variance of the
curvature term is given by:

Q2
s [ | Ae@Ac)GaarD) ) + 1 /8 | apt@pnelnGie i @iz )

2
L[ [ svwvpwit oo+ L [ [ ke + 0,006 i)

Q JoQ oQ Jo

2
~15 [ ] Ae@K @G @)
. Q? 9 Q? In|z| + 7In(|z|/7) Q2 In |z| + 7 In(|z|/7)
=Q°InT + F /Q |Op|d\ + 9 /asz Onp(x) P dXo(z) — A Ap(x) P d\(x)

We apply the Green-Riemann formula (4.2.4) on the last term, noticing that Aln|z| = 0 and that
an(ln\x\—l—ﬂ-liﬂm/ﬂ) K:
T+ :

Q? In |z| + 7 In(|z|/T) B Q2 In |z| + 7 In(|z| /7) 0?
_g/QAso(:n) — d\(z) = /an Ontp() 1 d)\a(wﬂg /an oK d\.

Due to this Girsanov transform, we will have the exponential of the following expression in front
of our partition function:

2 2 2
@ ln7+%/ o(x)K (z)d\(z) + fé /\&p( )2 ().

We must also add the term coming from Zgrr(g) (4.3.2):

1 2
exp <%(/Q |0p|dA +4/é)ﬂ Kgpd)\a)> .

Putting everything together and taking the ratio of the partition function we arrive at the Weyl
anomaly. 0

The above result can be easily generalized to the case of two conformally equivalent metrics:
Corollary 4.3.3. Given two metrics g, g linked by ¢ = e®g, we have:

b i g B
- 3¢)
n

H(zhal)’u(s]’B]) (g,F
1 LIt 60Q? 5
=— ZAW ) ; 58,0(s oo (/Q 109p[%d\g + 4/39 Kypdhag + Q/QRgcpd)\g :

-

Vst

~
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Proof. In this case we compute:

1:;6(;@ (4 agzK(x)(p(x)dAa(xH |01n g’ (x)|*dA(x) /lalng )|2dA( ))
= 1;6(;@ (4 BQK(x) p()dAo(x /Iaw )[2d\(z) + 2 lalng(x).atp(:r)d/\(x)>

_1+6Q?
967
_1+6Q?
967

(4 K(x)p(x)d\o(z) + [ [0p(z)]2d\(x) —2 [ Alng(z)p(x)d(z) + 2 On In g(a:)(p(x)d)\(x))
90 Q Q

o0

( o) @) +4 [ Kya)p()inay (@) + 2
Q

Q

Ry(a)o()dh, <x>> |

[5}9)

4.3.3 KPZ formula

The KPZ formula was first introduced in [44] and was studied in a more probabilistic setting
n [29]. In our case it consists in finding how the partition function behaves under the action
of a conformal automorphism % of our annulus meaning that we would like to give a relationship
between Hglp,gz,jzaal)“(w(s]) B 7(dx?, F) and ngfj%g“(s”ﬁ 2 7(dx?, F). The proof we give is much simpler
than the one in [17] or [40] as we will just apply Theorem 4.3.2. For this we start by writing the
invariance of our partition function under the change of coordinate z — 1(z):

T 20 (g Pda?, (- 0 ) = T (da?, ).

This means that we can apply the Weyl anomaly formula with ¢ = 21n |¢)'|. We compute:

/ya¢\2dA+4/ Kgpd)\a:—/ cpAgpd)\—l—/ Z?ngpd)\a—l—él/ Kod\y.
Q 0N Q o0 oN

We recall that 1 is either a rotation, the inversion z + 7, or the composition of both. Since

the case of the rotation is trivial will assume that t(2) = Z. We then have ¢/(2) = —Z thus
¢(2) = 2In|%|. From this we get Ay = 0 and 4K + 0,9 = 0. Therefore the Weyl anomaly gives:

n

[ zz>|2AafH|w'<sj>|Aﬂj Tz e)n W) Pili (422 P(.o g+ QIn 1)),

I P (g 2da?, F (- 0 ) =
1 j=1

Z
We arrive at:

Theorem 4.3.4. (KPZ formula) For any conformal automorphism 1 of the annulus 2, the fol-
lowing holds:

n

24 ), )i (WS —2Aq; ' —-A 20y )i\ Sg,
Tk e Ve P01 (402 Popr Q) = T 10/ ()| 722 T ' ()|~ 25T %% (a2, F).
i=1 j=1

We can also give a similar formula for a conformal change of domain. Let D be a (strict) domain
of C with a smooth boundary and conformally equivalent to our annulus and let v : D +— Q be a
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conformal map. We choose insertion points (z;, ;) in D and (s;,3;) in 0D. We can define in the
same way as (4.3.1) the partition function of LQFT on the domain D:

o2

n ’I’L 2
550D, 3, F) = lim Zarre(9 )/ch[ (Xge +¢) [[ 7 e Kot H % % Xp.40)(s))
=1 7j=1

Q

X exp(— / Ry(c+ Xg.)dNg — pe’“M, 5. (D) — Y Kg(c+ Xj.)dhag — ez M2 (9D))]

7,9€
(4.3.15)

Here g denotes a metric on D and Xj is the GFF on D with Neumann boundary conditions and
with vanishing mean over dD in the metric g. We state the following result:

Proposition 4.3.5. (Conformal change of domain) Let D be a domain of C with a smooth bound-
ary and conformally equivalent to our annulus Q2. Let ¢ : D — Q be a conformal map between D
and Q and let gy = [¢'|2g(¢) be the pull-back of a metric g on Q2 by . Then we have:

M0 (D, gy ) = [/ (20) PAMHW ) AHmfG D9, 6, Foy+QIn ).
=1

4.3.4 Liouville field and measure at fixed 7

Using our partition function we can now give the definition of the Liouville field ¢,, the bulk
Liouville measure Z,, and the boundary Liouville measure Zf 19 These objects can be defined
once the Seiberg bounds (4.3.4)-(4.3.6) are satisfied. Formally, ¢, is the log-conformal factor of
the formal random metric €7%7g conformally equivalent to g.'" The Liouville measure is a random
measure that can be seen as the volume form of this formal metric tensor whereas the Liouville
boundary measure corresponds to the line element along the boundary. More rigorously, given a
measured space E, we denote R(F) the space of Radon measures on E equipped with the topology
of weak convergence. For any metric g, the joint law of (¢, Z,, Z?) is defined for continuous
bounded functionals F on H~1(Q2) x R(Q) x R(9N) by:

B ™ (P (6r, Ze, 20)) = (555077 (9, 1) Zarr(g)

o2 2 4,
x lim [ E[F(Xge+c E%GV(ngfJ’C)d/\g e§ ez Kot dn,,) HETleai(Xg’eJ’c)(zi) l_IeﬁTZ e%(xgvfﬂ)(sf)
e—0 R ’ ’ ’ h h
7 J
Q K, X, )dA 3¢
0 glc+ Xg)dhag — poe

2

X exp(—% /QRg(c + Xg)dAg — pe’ M, 4 () — (092))]de.

'y g€
We can write a more compact expression for the joint law of the bulk and boundary measures
in the case where g = dz?. We introduce the notations,
Zolda) = MM, g0 (da),
Z3(da) = ex"OIMD o (de),

0Here we write the subscript 7 to emphasize the fact that we are working at fixed 7, i.e. on the annulus  of radii
1 and 7. In section 4.4 we will integrate over 7 € (1,00) and define the general Liouville measures Z and AR

"The formal random metric €797 g has been constructed rigorously by Miller-Sheffield for the special value v = %

corresponding to uniform planar maps, see for instance [56].
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Zo(2)
Z9(00)2"

and the ratio R =

metric:

Then we get for the law of the bulk and boundary measures in the flat

2i,;)i,(85,85) 4
Eivﬂvﬂgyd(xg ])J [F(ZT7 Z;?)]

= % / eEiits T, BieR[F(e7¢ Zy, e%CZg) exp(—ue’“Zp(2) — uae%CZg(aQ))]dC
R

EETS SIS s
)exp(—py?R — pay) 25 (00) ™7 i ita 25 Fiygy,

L[ 2t b5, )t 2 g 20 20
. o E[F(y? R
Z/o Yy [F(y Zo() Y 7000

The normalization constant Z is computed by choosing F' = 1. We can get an even simpler
expression if we choose ug = 0, in this case we have:

Corollary 4.3.6. Assume pug = 0. The joint law of the bulk/boundary measures are given by

23,04 )i, 3»75, .
B P2y, 22)) =

L [™ 1 et b 5, 81 Zo  1p 2§ (St IS, ) -
= o E[F 20y Zo() 5 (it 58] g
Z/o U J [ (uZO(Q),u 20(9)1/2) 0(Q) " it e du

where Z is the correct mormalization constant in order to get a probability measure. In particular,
(Ziari-%zj Bj /,L)
= 2= ).

the law of the volume of Q) follows a Gamma law with parameters =

A similar expression holds for p = 0.

4.4 Liouville quantum gravity

4.4.1 Convergence of the partition function

We are now ready to construct the full theory of Liouville quantum gravity (LQG). Our goal is
to integrate over 7T the partition function of LQFT constructed in section 4.3 with an appropriate
measure. As explained in section 4.5.1 of the appendix, the correct partition function of LQG is
given by,

Zroc = / AT ZGhost (T, d2?) Zatatter (T, d2?) Zrop7 (T, d2?), (4.4.1)
1

where we have following expressions for the different partition functions,?

1
In(7)]
ZMatter(Ta dlz) = (ZGFF)Cm =T

1 _1s
ZGhost(Tv dl‘2) = ;7— 6 |77(7—)

ZGFF(Ta dx2) = 7'1/12

cm /12 1
In(T)|em
2

Zrorr(r, di?) = /8 ) Ao ($)IED), (7, da?),

121 the section we modify very slightly the notation for the partition function of LQFT. Here we always choose
F =1 and remove it from the notation but we include 7 to show explicitly the dependence on the modulus.
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with -
n(r) =7V -77). (4.4.2)
n=1

The real constant c,, is the central charge of the matter fields. It is link to () by the relation written
in the appendix (4.5.8):
em — 25 +6Q% =0. (4.4.3)

Let us explain the expression for Zrgrr. It corresponds to the partition function of LQFT that
we have constructed in section 4.3 with one insertion point on the boundary (this is the minimal
condition required for the Seiberg bounds (4.3.4)-(4.3.6) to be satisfied). We choose an insertion
point on the boundary s € 02 with weight v and we integrate the position of s over the whole
boundary. This is the correct choice to get a link with random planar maps, see section 4.4.3. From
all of this we get:

Zroc = /8 ) dXo(s) /1 A7 ZGhost (T, d2%) Zntatter (7, d2®) I, (7, d?) (4.4.4)
AT em=—25
= [ dr(s / —r 7 p(r)|[F e 2 p Rl (7, da?).
/an (s) - n(7)| PPy, ( )

The integral over the position of the boundary insertion can be easily simplified using the KPZ
formula of section 4.3.3. For any s € 02, we can write s = ¢(1) for a conformal automorphism ).
A computation gives:

d/\a(s)Hg‘f;ZLa (1,dz?) = 2m(1 + Tl_%(Q_%))H%ZLa (,dz?) = 47T1'[(1’7L6 (7,dz?). (4.4.5)
[2/9]

In the following we will drop the irrelevant factor 47. Our goal is now to prove:

Theorem 4.4.1. Let us assume that py > 0. Then the partition function of Liouville quantum
gravity given by
o0 dT cm—25 1— -1 1 2
Zroc = /1 77’ =z |n(7)| CmZGFFHE/JZLa (1,dx?)
is finite for any value of v € (0,2).

Proof. Let us first note that thanks to relation (4.4.3) v < 2 is equivalent to ¢, < 1. We will
look separately at the behaviour of our integral for 7 — oo and for 7 — 1. We write Zrgq¢ =
ZiQG + 275 with:

Zloe = 1 77—15 In(r) '~ 263 D), (7, da?),

o L
Z%. = / A7 emz® oy iem 2oL T (7, da?).
QG o T GFF "y pa \ '

Throughout this proof we will use the abuse of notation X (®)d\(z) and e2X® d\y(z) for M., gy2(d)
and Myadﬂ (dz). Using (4.3.11) we can write,

(1,7) 2 ,
HWWO—(T’dl;) :ec(l)/eécE[exp(—ueW/ eVHJ”/Xd)\—uaewzc/ Y HI2H9X12 43 ) de,
Zaqrr(T, dz?) R 0 00
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with:
7
H(‘T)_EG('%7S)_Q1H’$‘7
2 2
_ Q&
C(s) = 8ha(s)—|— 5 InT 5 In |s|.
Therefore
2 2 2 2 2 0 2n 4
ol Q Q vy T InT T+ 1 T ~
H=—hs(1)+——In7 =21 — | — \
CQ) = ghal) =3~ In7 = -In7 4 g <(1—|—T)2+Z::n7'2"(7'2"—1)+ n(72—1)2>+0

where C' > 0 is some constant. We restrict ourselves to the integral over the inner boundary 94
and we use the following upper bound:

17
H'(YJZLB (T7 dx2)

<ec(1)/eécEex — eéc/ eV H/2HX/2 03 Vde
Zarp(r,da?) — R (exp(=po o0 2

cy2 1 1
<e - .
> vl ffml e»yH/2—|-*yX/2d)\a

We will decompose our process X into two parts Y and Z according to the following decomposition

of the Green’s function, written for z = ¢, 2/ = ¢’
> 2InT =X g
Gy(z,2") = go(1,1) + 2;_:1%(1, 1)cosn(f —6) = e + nz_:l Py T cosn(f —6'),
riz22 [

Gz(z,7)=1n

|1 — 22|72 — 22/||z — 2'||722 — 2| T et — et |2|72¢i0 — 1|27

Step 1: 7 — o

We start by looking at the behaviour of our integral when 7 — oco. We see a diverging term (leTli‘)Tg
in our correlation function Gy but this is simply a constant which means it corresponds to a
constant Gaussian variable independent of everything else. We can remove it simply by making a
shift on ¢ in (4.3.11). This also removes the corresponding term in C(1). For the remaining part
of Gy, we have uniformly on 0€;:

too 2n

T4+ 1 ,
Z Ty T cosn(f —0") T 0.
n=1

For Gz we have in the same way, uniformly on 0€2:

4
il 0.

In 17260 — it |2 7500

This means that by using Kahane’s inequalities (4.2.29) we can bound these terms that converge
1

to 0 and we are left only with In =P in our covariance function. We call Z a Gaussian process

of covariance In ——. Similarly for C(1), as 7 — oo the only terms that remain are 2L Inr and
lz—27 2
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the constant C' > 0. Concerning n(7) we bound it in this case by —z. Combining everything we
get, for some Cy > 0:

cm—25+6Q> 1 1

o
Z7oc < C’l/ drr— 12 —— -
© 2 TS [, €3 2@ - 17 dag(a)

The theory of Gaussian multiplicative chaos [72] tells us that the above expectation E[] is finite

and it is clearly independent of 7. Using the relation (4.4.3) we can simplify the powers of 7: we
l1—cm . .. .

are left with 771~ 712" which is integrable for ¢,, < 1. Therefore the integral converges for 7 — oo.

Step 2: 7 — 1

In this case we have to be more careful as Gy has a divergence in 7 that depends on z. Indeed the

2n 2 1

sum Zn 1 anl) diverges as % —=5 as 7 — 1. Therefore instead of integrating over the full

inner boundary 9§, we will restrict ourselves to a small open neighbourhood V'(¢) of 1 such that
for x,y € V(e), |Gy (z,y) — Gy (1,1)| < e Gy(1,1) for a fixed ¢ > 0. For this bound to hold the
size of V' (€) needs to scale as In7 with 7. We then get:

i [(/ o3 (Y (@) Z(2)+ 2 (G (2.1)+C (. D) g (i )) 1]
o
—1
i [(/ O @+ Z@)+5 Gy (e )+Ca (= D))gy (7 )> }
V()
-1
o~ H -Gy (LR [(/ Y @+Z@)+F Ca@ gy, (5 )> ]
V(e)

—1
i ’Y2
V(e)

In the last 1nequahty we have used Kahane’s inequalities (4.2.29) to replace the e2Y @) in the

denominator by ez VITeY ()

IN

IN

<e 21— Gy (1,1)+ 2 (146)Gy (1, DR

. For the covariance Gz, the log term In 1_61.0,‘2 also diverges as

|72¢i0
7 — 1. We will simply bound it by In ﬁ Using (4.2.29) this gives a polynomial divergence
which is irrelevant compared to the exponential terms. Finally there is a last exponential divergence

GY(l 1)

coming from the constant C( ) which is of the order of e ) Calling again Z a Gaussian

process of covariance In = ,‘2, we get for some Cy > 0:

-1
2 2
Zlog < C [ drpn(r)i=on O I0E </ $20)|p 1 Fdrg(a >>
1 V(e)
To finish we use the following bound on 7(7):
~—1/12 H 7Y < 7112, Z5

Therefore we get for some C5 > 0:

2.2

-1
2 ™ —Ccm 7 2
Zloe < 03/1 drel e (mgmy) L (/V( )eZZ@)yg;—l\—”sza(a;))
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V (e) scales as In7T with 7 so the above expectation E[-] produces a logarithmic divergence which
is again negligible compared to the exponential terms (see for instance [73]). Since ¢,, < 1, this
quantity is bounded if we choose € small enough. Therefore Zrgq < +o00. O

4.4.2 Joint law of the Liouville measures and of the random modulus

Our goal in this section is to give the joint law of the bulk Liouville measure Z, the boundary
Liouville measure Z?, and of the random 7'. Because the annulus Q = {z,1 < |z| < 7} depends
explicitly on 7, when we perform an integration on 7 this poses a problem to have a fix domain on
which to define Z and Z?. To solve this problem we will work on a fix annulus Q = {z,1 < |2| < 2}
which is simply the annulus of radii 1 and 2. We then introduce the map f; : Q — Q with expression
given in polar coordinates z = re'? by:

fr(re?)y = (1 = 1)(r — 1) + 1)e¥. (4.4.6)

Of course f, will not be a conformal map. For any Borel set A C €, we will write fr(A) for
its image under f, (and similarly for subsets of OQ) Just like in the previous subsection we will
work with one insertion point of weight v placed at the point 1 on the inner boundary of Q (but
this choice is irrelevant thanks to the KPZ relation). We are now ready to give the expression of
the joint law of (Z, Z?, 7). For any Borel sets A C Q, B c 99 and for any continuous bounded
functionals F' we have:

cm—25

£ [F(Z(A),ZB(B),T)]:i/loodTT e UG |

Hsbed z
Zo(f+(4))  Z§(f-(B))
Z0Q) Y Z9(09)

o
« [T aEporR ) exp(— iy R — ow) 28007,
In this expression and in the following ones the normalization constant Z is always computed
by choosing F' = 1. The definitions of Zj, Zg and R are given in section 4.3.4. By applying the
above formula we can give the joint law of the total inner boundary, total outer boundary and of
the random 7:

~ ~ 1 o0 cm—25 —
Bl F(Z°(000). 20060, )] = 3 [ dre ™ ) =or

Z{(0)  Z§(09;)
20(09) Y Z2(69)

x /O " yEF(y 1) exp(— R — joy) Z2(00) ).

Simplifying the above we get the law of 7:

cm—25

Bl P = 5 [ drr ™5 alten [ ays((r) exp(-p R - noy)28(09))

We can also give a joint law conditioned on the total boundary length Za((?Q), for some L > O:
E} o [F(Z(A), 2°(B),7)|2°(09) = L] =

T
Zo(f-(A) | Z3(f-(B))
Zo(Q) T Z2(09)

,7) exp(—pL*R — poL) Z(0Q) 1.

1 o0 cm —25
3 [ drrE ) B R R
1

If we were to condition on 7 we would recover the formulas of section 4.3.4.

13In the literature the modulus of an annulus of radii 1 and 7 is given by % In7 but here we choose to write
everything with our parameter 7.
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4.4.3 Conjectured link with random planar maps

The theory of Liouville quantum gravity that we have constructed is the conjectured limit of
random planar maps potentially weighted by a certain statistical physics model. Let us try to state
a precise mathematical conjecture. We call @, , the set of quadrangulations with the topology of
an annulus, n inner faces, a perimeter of 2p and with one marked point on the boundary. The
growth of @, ) is expected to be of the order ugu%’; times a polynomial term. The constants u.
and py. are non universal and they depend on the discrete model chosen (the values change for
instance for triangulations). Now we fix an a > 0 and introduce i = . + a’u, g = poe + apio-
We can give a conformal structure to each @) € @, , and map it to an annulus of radii 1 and 7
for some unique 7 where the marked point of ) is mapped to 1. Then by using the function f
(4.4.6) we can map @ to the reference annulus Q) defined in the previous subsection. By using this
mapping, for each @ € @, we define the bulk and boundary measures vg , and I/gﬂ on O by
giving a volume a? to each face of Q and a length a to each edge on the boundary. We now define
the random measures (14, #?) by the relation, for all suitable functionals F:

1

EG[F(Vaan)] = Z_Ze_ﬁNe_ﬁ(ﬂp Z F(VQ,aayg,a)-
@ Np QEQNp

The constant Z, is again the normalization constant. We now state:

Conjecture 11. The limit in law when a — 0 of (vq, l/ff) exists in the space of Radon measures

equipped with the topology of weak convergence and is given by the measures Z and Z° with v = \/§
and with appropriate cosmological constants p and py. More precisely we have

lim E*[F'(v,, Va)] = Eﬁ [F(Z, Za)]

a
a—0

for a certain value of p and py.

If we couple the planar maps to a statistical physics model, a similar conjecture is expected to
hold but for a different value of 7 (see [18] for a discussion of this in the case of the torus).

4.5 Appendix

4.5.1 Liouville quantum gravity and conformal field theory

Let us give some heuristic ideas on the theory of 2D quantum gravity and on conformal field theory.
For a two-dimensional surface M let M be the set of (smooth) Riemannian metrics on M. The
partition function of (euclidean) 2D quantum gravity on the surface M is given by:

Zroc = / Dge_SEH(g)_SJWatter(g)‘ (4.5.1)
M
Here Sgp is Einstein-Hilbert action with a cosmological constant pg > 0

Sen(e) = | (R, + o) (45.2)
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where R, stands for the scalar curvature of the metric g. Sasaster is the action of the matter fields
of the theory, we will discuss its expression below. Dg is a formal uniform measure on the space M
and a major difficulty is precisely to give sense to this measure. In two dimensions there are several
simplifications. First of all, due to the Gauss-Bonnet theorem we have [, dA\jRqy = 87(1—h) where
h is the genus of the surface M meaning that this term can be factored out of the integration over
M. Next we have a particularly simple description of the space M in two-dimensions. It turns out
that any g € M can be written in the simple form g = (e?g,), where 1 is diffeomorphism (a
change of coordinates), ¢ : M — R is a function called the Weyl factor, and g, are a set a reference
metrics parametrized by 7 which correspond to the moduli space of M (the set of non-equivalent
conformal structures on M ). The description of this moduli space can be quite complicated for M
of arbitrary topology but it remains finite dimensional. With this result in mind it is natural to
want to write the formal measure Dg in the following way

Dg = DYD¢D7J($,7) (4.5.3)

where J(¢, 7) is the infinite dimensional Jacobian of this change of variable. Considering that Sgx
and Spraer are independent of the choice of coordinates (like any relevant quantity in physics),
and so is the Jacobian J, we can simply drop the integration D over the diffeomorphisms. D7 is
the finite dimensional integration measure over the moduli space so it has a well defined expression.
We now come to the difficult problem of giving the expression for D¢J (¢, 7). It is heuristically
shown in the physics literature [16], [20], [21] that this quantity can be expressed using the Liouville
action. We introduce

Zrqrr(97) Z/EDQTXG_SL(X’g’) (4.5.4)

where again D; X is a formal uniform measure on the space X of functions X : M — R.
This partition function Zrgpr is precisely (up to the insertion points) our partition function
Hgffjifg’(sj P ’(g,, 1). In the same way it is possible to write the matter term as a partition function
Znratter (Gr) and to write the formal Jacobian J as what physicists call the ghost partition function

ZGhost(gr)- The black box that we use is the following expression for Zrqq:

Hypothesis 1. The formal ill-defined path integral [ M Dge=5e1(9)=Smarter(9) cqn be expressed in
the following way:

Zroc = / D1 Z6host(Gr) Zmatter (G7) ZLQrT(97)- (4.5.5)

The integral [ DT is over the moduli space of the surface M. Furthermore the parameters entering
in the definitions of Zaratter and Zrgrr must be chosen in such a way that the value of Zrga s
independent of the choice of reference metrics g, (see below).

Making rigorous sense of this statement is an open problem, see for example [19], [54]. With
this new formulation we are now in the formalism of conformal field theory (CFT). Each of the
partition functions Zghest(9), Znmatter(9) and Zrorr(g) (and also Zgrr(g) of (4.2.10)) is expected
to obey the following rule when we rescale the metric g by some Weyl factor e”:

ZCFT(BUQ) _ E%Lﬂ Ly 1090 |2dNg+2 [, RgUdAgZCFT(g)- (456)

This formula holds for a surface M with no boundary, see [36]. In the case of a surface with
boundary €2 like our annulus, there is an extra boundary term:

ZCFT(EUQ) _ eﬁ Jo 1090 2drg+2 [ RgodAg+4 [ Kgodag ZCFT(Q)- (4‘5‘7)
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The constant c is the central charge of the conformal field theory. We have corr = 1, crorr =
1+6Q? and cgpost = —26. The central charge of the matter ¢, can vary depending on what matter
fields we choose. These formulas have an important consequence: since the whole partition function
Zrgc must be independent of our choice of the reference metrics g,, we ask Zrgg to be invariant
by Weyl rescaling (namely if we replace g, by e?g, for some e?). This imposes the relation:

Cm + CLQFT + CGhost = 0 = ¢ — 25 4+ 6Q% = 0. (4.5.8)

This gives a relation between c,, and the parameter Q = 3 + % Finally let us discuss the choice
for Zasatter- The most common is to choose a power of the free field partition function

ZMatter = (Z6FF)™ (4.5.9)

although other choices are also possible.

4.5.2 Computation of Z;rr and Zgp, for the annulus

We now explain how to obtain the expressions of Zgrpr and Zgpes used in section 4. It turns out
it is more convenient to compute these quantities if we represent our domain by a cylinder of unit
circumference and of length [. In the complex plane our cylinder is a rectangle of sides of length 1
and [ where we identify both sides of length . We will then use the map z — e~ 2™# which maps
this cylinder to our annulus with radii 1 and 7 given that we have the relation 7 = e*™. We will
first compute Zgppr on the cylinder, the eigenvalues of —A are given by

Amn = (2mm)? + (?)2 (4.5.10)

with m € Z and n € N for Neumann boundary conditions. The expression of Zgpp is given in
terms of the formal product det’A = Hlm n Am,n = +00 where the prime indicates that we omit
the zero eigenvalue. The standard techniqﬁe to give a finite value to this quantity is to use the
zeta function regularization method. Similar computations can found in [78], [84] and for a more
general discussion of the method one can consult [12]. We introduce:

C(s) = Z’)\j : (4.5.11)

myn LN

This function is well defined for R(s) sufficiently large. We can then perform an analytic continu-
ation to the complex plane and use the following relation:

, d
det’A = eXp; I A, = exp —=-C(5)]s=0- (4.5.12)

With this method we obtain
det’A = 2in(e*™)? (4.5.13)

with

) =" [[(1 -2, (4.5.14)
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Let A =1 be the area of our cylinder. The partition function of the GFF is then given by [41]:

1
Zapp(l,da®) = VAdet' AT = fn(e%l) (4.5.15)

We must now find the link between Zgpp(l,dz?) and Zgpp(7,dz?). For this we will use the
conformal anomaly formula (4.5.7). The cylinder equipped with the flat metric corresponds to the
annulus with the metric e¥dx? with ¢ = —21n(27|z|). To see this we introduce the coordinates z =
z+iy on the cylinder and the coordinates 2’ = re’ on the annulus. We have the relations r = €27V,
§ = —27z and the relation between the metrics dz? = |¢(2)[2dz? with |[¢/(2)]? = 4n?|e 272 =
4m2e*™Y = 47212, Therefore the cylinder with the flat metric corresponds to the annulus with the
metric 47r%r2 dz". To use the conformal anomaly formula we compute for ¢(z) = —2In(27|z|),

/ |0p|2d\ = / / —zrdrdH =8rlnT,
0= 1T

/ 4Kpd g = —16mIn .
o0

Therefore we get:

1
Zarr(l,de?) = Zapp(t, efde?) = exp <96 / | 2d\ + —/ 4chd)\a> Zarp(T, dz?)
= 7'_1/12ZGFF(7', da? )

which gives

1
ZGFF(T,d:E2) =12 (4.5.16)
n(r)
We have drop the irrelevant numerical factor % Now moving to the ghost partition function, we
will start from the known result given in [52]:
Zanost (1 dz®) = [n(e*™)?. (4.5.17)

The ghost partition function has central charge —26 so the conformal anomaly gives a factor o
In this case we also have to include a factor coming from the change of variable on the integration
measure, namely:

1
Dl=—Dr. 4.5.18
27T T ( )
Putting everything together we arrive at:
2 1 1 2
ZGhost(T, da”) = —17¢ [n(7)[". (4.5.19)

4.5.3 Green’s function on the annulus

In this section we give the detailed computation of the Green’s function. Similar computations can
be found in [55]. We will work on the annulus of radii @ and b with a < b. The case of interest to
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us is then obtained by choosing a = 1 and b = 7. We want to find the Green’s function for the
following problem

Au(z) = —2n f(z) for ze€Q
du(r,0) Te \T, —a =0 [ f(r,0)rdrd§ for ze 99,
d“”pb_ﬁkl O)rdrdd for ze oY
Jpo udAg =0

meaning that we want to have for all functions f

u(r.0) = /Q G(r,0,p.8)f (p, 8)pdpds.

Here o and 8 are two real constants, we will discuss their values latter on. We work in polar
coordinates z = re’? and write the Fourier decompositions of u, f, and G-

N

olr) —I—Z ) cos(nf) + ul (r) sin(nh))

u(r,0) = =5

>

(r)
2

f(r,0) = + Z(fﬁ(?") cos(nd) + f;(r) sin(nd))
n=1

G(r,0,p,0) = go(r,p) +2 Z Gn (1, p) cosn(6 — ¢)

n=1

These three functions are then linked by the relations:

uo(r) = 21 / g0(r, p) o) pdp
S (r) = 2 / G (. ) 1 (0)pip
u(r) = 2 / 5 (1 9) £2(0)pdp

The Laplace equation reads for both the sine and cosine parts of u, and f,, and for n € N:

d , dup(r) n? o
S (r=2) = () = 2 fa(r).

The general solutions of this equation read
uo(r) = 277/ In(x/r) fo(x)zdz + Cyln(r) + Dy
wnlr) = [ () = ) fuahado + Cor™ 4 Dyr"n £0

where C,, and D,, are constants that will be fixed by the boundary conditions. For n > 1, our

boundary conditions require d"dL(r) to vanish on both boundaries. We compute:

dr r

) T [(EP + () futwhade + G = Dynr .
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The constants C,, and D,, are then determined for n > 0 by the equations:

nna — Dyna™ "' =0
b V) fn (@) zdz — Cynb™ ™t + Dpynb™ "1 =0
We get
On = gy [ (G + O oo
Du= s [+ Caeyeas

e r—

r npn b T n b T
w0 = = [ (@ =-Cmp@des s [+ @edes T [(Gr @) @pade.

This leads to a contribution to the Green’s function given by:

T—np—n b2n_|_ 2n ,r.2n+a2n’ for r§
i) (oo p

2n(b2n — a2n) | (0*" +1?")(p*" 4 a®"), for r>p

We will rewrite the Green’s function to have one uniformly convergent series and one term

corresponding to the divergence when z = 2’. In order to perform this we write for r < p:

—n ,—n -n ,—n 2n
1

b2n+p2n)(r2n+a2n) — rop a + )(b2n+p2n)(r2n+a2n)

r~"p (
2m b2n(b2n _ a2n) b2n

27 — )

gn(T7 p) =

We will introduce:

(7, ) ,r.—np—n 2n (b2n_i_p2n)(r2n_|_a2n)7 for r < p
gn P m b2"(b2"—a2") (b2n+,r.2n)(p2n_|_a2n)’ for 7'2,0

We see that the Green’s function can be written in terms of an absolutely convergent sum of g,
plus a term we can compute explicitly using the following formula:

o0

x" 1 9
Z —cosnf = —=1In(1 — 2z cos O + 7).
n 2
n=1
The additional term is given by:
o
1 |b4z2Z12|
— (V" + ") (1™ 4 a®) cosn(h — ¢) = In — — )
an2nr"p"( ) ) (6-¢) la? — 22'||b? — 22 ||z — 2/||b%2 — a22/|

n=1

For r > p, the expression is obtained by exchanging z and z’. This just changes the last term in
the In from [b?z — a?Z/| to |a?z — b%2/.
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Now looking at the condition for n = 0, we have

duo = / folx xd:n—l——

and the boundary conditions give:

@_271'01/ fo(x)xdz

@——/fo a:dx—QWB/ fo(x)xdz

Therefore, we see that for there to be a solution, we cannot pick the constants o and 8 arbitrarily:
they are linked by the relation aa — b = 1. We can check that this relation is also a consequence
of the Green-Riemann formula. The last boundary condition leads to 2maug(a) + 2wbug(b) = 0
which gives:

b
Co(alna+blnbd) + Dy(a + b) + 27rb/ In(x/b) fo(z)xdx = 0.

Therefore:
alna+blnb 27h
Dy = — Ch —
0 a+b 0

b
P /a In(z/b) fo(z)xdz.

We have one constant left, Cjy, we will choose its value to make the Green’s function symmetric.
The relations Cy = 2mac [ fo(z)zdz and aa — fb = 1 then completely determine all the constants
in the problem. We have for » < p

alnr/a+blnr/b b
— Inp/b
P A

go(r, p) = aa(

and for r > p
alnr/a+blr/b. b

a+b ) a+b

The value of o that makes the Green’s function symmetric is a = a%rb. We then have the following
expression for gg:

9o(r, p) =Inp/r + aa( Inp/b.

a?In(r/a)4b> ln(b/zp)—i—ab In(r/p) for r<p
(r,p) { 2] b2((f+%) bl 7 -
a®In(p/a)+ (arjr(b)/Q?“)Jra H(p/T’)’ for r>p
Therefore we get the final expression for our Green’s function
1642222

G(r,0,p,0) = go(r,p) +2>_ gu(r,p) cosn(d — ¢) +In

o la2 — 22/||b? — 22/||z — 2'||p22 — a27/]

where again the factor [b?z — a?2/| holds for r < p and is replaced by |az — b%2/| for r > p.
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Résumeé

Cette thése de doctorat porte sur I’étude de
deux objets probabilistes, les mesures de
chaos multiplicatif gaussien (GMC) et la théorie
conforme des champs de Liouville (LCFT). Le
GMC fut introduit par Kahane en 1985 et |l
s’agit aujourd’hui d’'un objet extrémement
important en théorie des probabilités et en
physique mathématique. Trés récemment le
GMC a été utilisé pour définir les fonctions de
corrélation de la LCFT, une théorie qui est
apparue pour la premiéere fois en 1981 dans le
célebre article de Polyakov, “Quantum
geometry of bosonic strings”.

Grace a ce lien établi entre GMC et LCFT, nous
pouvons traduire les techniques de la théorie
conforme des champs dans un langage
probabiliste pour effectuer des calculs exacts
sur les mesures de GMC. Ceci est précisément
ce que nous développerons pour le GMC sur le
cercle unité. Nous écrirons les équations BPZ
qui fournissent des relations non triviales sur le
GMC. Le résultat final est la densité de
probabilité pour la masse totale de la mesure
de GMC sur cercle unité ce qui résout une
conjecture établie par Fyodorov et Bouchaud
en 2008. Par ailleurs, il s'avéere que des
techniques similaires permettent également de
traiter un autre cas, celui du GMC sur le
segment unité, et nous obtiendrons de méme
des formules qui avaient été conjecturées
indépendamment par Ostrovsky et par
Fyodorov, Le Doussal, et Rosso en 2009.

La derniére partie de cette thése consiste en la
construction de la LCFT sur un domaine
possédant la topologie d’'une couronne. Nous
suivrons les méthodes introduites par David-
Kupiainen-Rhodes-Vargas méme si de
nouvelles techniques seront requises car la
couronne posséde deux bords et un espace
des modules non ftrivial. Nous donnerons
également des preuves plus concises de
certains résultats connus.

Mots Clés

Chaos multiplicatif gaussien, Gravité quantique
de Liouville, Théorie conforme des champs.

Abstract

Throughout this PhD thesis we will study two
probabilistic objects, Gaussian multiplicative
chaos (GMC) measures and Liouville conformal
field theory (LCFT). GMC measures were first
introduced by Kahane in 1985 and have grown
into an extremely important field of probability
theory and mathematical physics. Very recently
GMC has been used to give a probabilistic
definition of the correlation functions of LCFT, a
theory that first appeared in Polyakov’s 1981
seminal work, “Quantum geometry of bosonic
strings”.

Once the connection between GMC and LCFT
is established, one can hope to translate the
techniques of conformal field theory in a
probabilistic framework to perform exact
computations on the GMC measures. This is
precisely what we develop for GMC on the unit
circle. We write down the BPZ equations which
lead to non-trivial relations on the GMC. Our
final result is an exact probability density for the
total mass of the GMC measure on the unit
circle. This proves a conjecture of Fyodorov
and Bouchaud stated in 2008. Furthermore, it
turns out that the same techniques also work
on a more difficult model, the GMC on the unit
interval, and thus we also prove conjectures put
forward independently by Ostrovsky and by
Fyodorov, Le Doussal, and Rosso in 2009.

The last part of this thesis deals with the
construction of LCFT on a domain with the
topology of an annulus. We follow the
techniques introduced by David-Kupiainen-
Rhodes-Vargas although novel ingredients are
required as the annulus possesses two
boundaries and a non-trivial moduli space. We
also provide more direct proofs of known
results.

Keywords

Gaussian multiplicative chaos, Liouville
quantum gravity, Conformal field theory.
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