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RÉSUMÉ

Cette thèse est consacrée à l’étude du modèle de Potts p-adique à q-états sur les ar-
bres de Cayley. Plus précisément, nous étudions les mesures de Gibbs p-adiques du
modèle de Potts sur les arbres de Cayley d’ordres 3 et 4 et leurs systèmes dynamiques
p-adiques associés. Dans la première partie, nous décrivons les mesures de Gibbs p-
adiques invariantes par translation pour le modèle de Potts sur l’arbre de Cayley d’ordre
4. L’existence de mesures de Gibbs p-adiques invariantes par translation est équiva-
lente à l’existence de points fixes d’une application rationnelle appelée application de
Potts–Bethe. Cette application de Potts–Bethe est obtenue à partir de l’équation récur-
rente d’une application à valeur dans Qq

p rencontrée lors de la construction des mesures
de Gibbs p-adiques du modèle de Potts sur les arbres de Cayley. Afin de décrire ces
mesures de Gibbs p-adiques invariantes par translation, nous trouvons les solutions
d’une équation quartique dans certains domaines Ep de Qp. En général, nous trou-
vons aussi des conditions de solvabilité pour les équations quartiques dépréciées sur
Qp. Dans la deuxième partie, nous étudions la dynamique des applications de Potts–
Bethe dans le cas d’arbres de Cayley d’ordres 3 et 4. Premièrement, nous décrivons
l’application de Potts–Bethe ayant une bonne réduction. Pour une application de Potts–
Bethe ayant une bonne réduction, la droite projective P1

 

Qp

�

peut être décomposée en
composants minimaux et leur bassins attractifs. Cependant, les applications de Potts–
Bethe associées au modèle de Potts p-adiques sur les arbres de Cayley d’ordres 3 et
4 ont une mauvaise réduction: pour de nombreux nombres premiers p, ces applica-
tions correspondantes sont en effet chaotiques. En fait, pour ces nombres premiers p,
nous prouvons que, restreintes à leurs ensembles de Julia, les applications de Potts–
Bethe sont topologiquement conjuguées à une dynamique de décalage. Pour des autres
nombres premiers p, restreintes à leurs ensembles de Julia, les applications de Potts–
Bethe ne sont pas topologiquement conjuguées à une dynamique de décalage. La pro-
priété chaotique de l’application de Potts-Bethe implique l’immensité de l’ensemble
des mesures de Gibbs p-adiques et une transition de phase. Comme application, nous
obtenons que pour de nombreux nombres premiers p, les modèles de Potts p-adiques
sur les arbres de Cayley d’ordres 3 et 4 ont une transition de phase. Nous remarquons
également que l’affirmation que la transition de phase implique le chaos n’est pas vraie.
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ABSTRACT

This thesis is devoted to the study of the q-state p-adic Potts model on Cayley trees.
Specifically, we investigate the p-adic Gibbs measures of the Potts model on the Cayley
trees of orders 3 and 4 and their related p-adic dynamical systems. In the first part, we
describe the existence of the translation-invariant p-adic Gibbs measures of the Potts
model on the Cayley tree of order 4. The existence of translation-invariant p-adic Gibbs
measures is equivalent to the existence of fixed points of a rational map called Potts–
Bethe mapping. The Potts–Bethe mapping is derived from the recurrent equation of a
Qq

p-valued function in the construction of the p-adic Gibbs measures of the Potts model
on Cayley trees. In order to describe the existence of these translation-invariant p-
adic Gibbs measures, we find the solutions of some quartic equation in some domains
Ep � Qp. In general, we also provide some solvability conditions for the depressed
quartic equation over Qp. In the second part, we study the dynamics of the Potts–Bethe
mapping of degrees 3 and 4. First, we describe the Potts–Bethe mapping having good
reduction. For a Potts–Bethe mapping with good reduction, the projective line P1

 

Qp

�

can be decomposed into minimal components and their attracting basins. However, the
Potts–Bethe mapping associated to the Potts modelover Qp on the Cayley trees of orders
3 and 4 have bad reduction. For many prime numbers p, such Potts–Bethe mappings
are chaotic. In fact, for these primes p, we prove that restricted to their Julia sets,
the Potts–Bethe mappings are topologically conjugate to the full shift dynamics. For
other primes p, the corresponding dynamics restricted to Julia sets are not topologically
conjugate to the full shift dynamics or subshift of finite type. The chaotic property of
the Potts-Bethe mapping implies the vastness of the set of the p-adic Gibbs measures,
and hence implies a phase transition. As an application, for many prime numbers p, the
Potts models over Qp on the Cayley trees of orders 3 and 4 have phase transition. We
also remark the statement that phase transition implies chaos is not true.
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CHAPTER 1

APERÇU DES TRAVAUX

1.1 FONDEMENTS THÉORIQUES

La théorie des probabilités à valeurs p-adiques – un modèle ne satisfaisant pas les ax-

iomes de Kolmogorov dans lequel les probabilités prennent des valeurs dans le corps

Qp des nombres p-adiques – a été proposées dans une série de papiers (Khrennikov,

1990a,b, 1991, 1992a,b, 1993, 1996a,b; Khrennikov et al., 1999) dans le but de résoudre

la question de l’interprétation statistique de fonctions d’ondes p-adiques en physique

quantique non-Archimèdienne (Beltrametti & Cassinelli, 1972; Volovich, 1987; Vladimirov

et al., 1994; Khrennikov, 1994, 2009; Albeverio et al., 2010). Par ailleurs, afin de

formaliser une approche de théorie de la mesure pour les probabilités p-adiques, Ilic-

Stepic et al. (2016) ont développé de nombreuses propriétés logiques des probabilités

p-adiques, consitutant d’importantes extensions décidables et complètes de proposi-

tions logiques classiques.

Plus précisément, une probabilité p-adique est définie comme étant la limite

des fréquence relatives pour la topologie p-adique. Dès lors les aspects de théorie

de la mesure de la théorie probabiliste p-adique ont pu être développés. Ensuite, des

théories des processus stochastiques à valeurs p-adiques, ou plus généralement celle

de champs admettant des distributions probabilistes (non-Kolmogorov) à valeurs non-

Archimèdiennes ont été intensément développées et divers théorèmes limites pour des

processus à valeurs p-adiques ont été obtenus. D’autres parts, des applications issues

d’analyses fonctionnelles et harmoniques p-adiques ont également établies en physique

théorique et mécanique quantique (Albeverio et al., 1997a,b,c, 2009, 2010; Dragovich

et al., 2009). Un résumé de tous les récents développements en phyisque mathématique

p-adique peut être trouvé dans un article de Dragovich et al. (2017).

Les mesures de Gibbs, qui jouent un rôle central en mécanique statistique, pren-

nent leurs origines à Boltzmann et Gibbs qui introduirent une approche statistique en

thermodynamique afin de déduire des comportements collectifs macroscopiques à par-

tir d’informations individuelles microscopiques. Les mesures de Gibbs associées à

l’hamiltonien d’un système physique (un modèle) formalisent la notion d’ensemble

canonique. Dans le cas classique où le modèle mathématique est basé sur le corps des

nombres réels, le phénomène de transitoin de phase est alors illustré par la multiplicité

des mesures de Gibbs. Ainsi, un problème central dans l’étude des mesures de Gibbs

est de décrire la taille de l’ensemble des mesures de Gibbs.

En raison de la structure convexe de l’ensemble des mesures de Gibbs sur le
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corps des nombres réels, pour déterminer la taille de l’ensemble des mesures de Gibbs,

il suffit alors d’étudier le nombre de ses éléments extrémaux. Dès lors, dans le cas

classique, pour prédire une transition de phase, l’attention principale a été de recherche

toutes les mesures extrémales possibles (Georgii, 2011). Cependant, il apparut que

rechercher toutes celles-ci pour des modèles de spins pouvait s’avérer un problème dif-

ficile et non complètement soluble (Gandolfo, Maes, et al., 2017; Gandolfo et al., 2012).

L’étude des mesures de Gibbs pour le modèle de Potts sur des arbres de Cayley ont at-

tiré une grande attention (Kulske et al., 2013; Rozikov & Khakimov, 2013b; Gandolfo,

Rahmatullaev, & Rozikov, 2017). La méthode classique pour caractériser les mesures

de Gibbs sur des arbres de Cayley, inventée par Preston (1974) et Spitzer (1975), est la

théorie des champs de Markov à base d’équations de récurrence. Cependant, la théorie

moderne des mesures de Gibbs sur des arbres de Cayley se base également sur la théorie

des groupes, les flots d’informations, les marches aléatoires à noeuds pondérérés et

l’analyse non-linéaire.

Les développements récents de la théorie des mesures de Gibbs sur les arbres

de Cayley peuvent être trouvés dans le livre par Rozikov (2013). Mezard et al. (1987)

ont ensuite découvert que la structure des fonctions de corrélation était liée à une ul-

tramétricité. Ce résultat nous amena alors à une mécanique statistique basée sur les

nombres p-adiques. Cette analogie p-adiques de la théorie des mesures de Gibbs sur

les arbres de Cayley a été activement étudiée ces dernières décénnies, présentant des ex-

emples concrets naturels de processus à valeurs p-adiques (Mukhamedov, 2013; Lud-

kovsky & Khrennikov, 2003). L’étude des mesures de Gibbs sur les arbres de Cay-

ley a été initiée dans Ganikhodjaev et al. (1998) and Mukhamedov & Rozikov (2004,

2005). L’existence de mesures de Gibbs p-adiques ainsi qu’une transition de phase

pour les modèles sur réseaux a été établi dans Mukhamedov (2013); Mukhamedov &

Akin (2013); Mukhamedov et al. (2015) et Rozikov & Khakimov (2013a). Plus réce-

ment, toutes les measures de Gibbs p-adiques invariantes par translation pour le modèle

d’Ising et le modèle de Potts à q-états sur les arbres de Cayley d’ordre deux (Rozikov

& Khakimov, 2015) et trois (Saburov & Ahmad, 2015b) ont été décrites. Soulignons

que dans le cas p-adique, en raison de l’absence de structure convexe de l’ensemble

des mesures de Gibbs, il est assez difficile de prédire transitions de phases ou autres

propriétés de cet ensemble.

L’étude de l’ensemble des mesures de Gibbs p-adiques de modèles de Potts sur

des arbres de Cayley est fortement liée à un problème diophantien (Rozikov & Khaki-

mov, 2015; Saburov & Ahmad, 2015b) consistant à déterminer le nombre de solutions

d’un système d’équations polynômes, ou à donner une borne sur le nombre de solutions

sur le corps des nombres p-adiques. En général, le même problème diophantien peut

avoir différentes solutions sur le corps des nombres p-adiques ou sur celui des nom-

bres réels en raison des structures topologiques différentes. Pour des arbres d’ordres
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supérieurs, le problème diphotantien correspondant peut s’avérer difficile d’accès sur le

corps des nombres p-adiques. Récemment, ce problème a été totalement résolu pour des

équations monomiales (Mukhamedov & Saburov, 2013), des équations quadratiques

(Saburov & Ahmad, 2015c), et des équations cubiques dépréciées pour des entiers p >3

(Mukhamedov et al., 2013, 2014).

1.2 OBJECTIFS

Les objectifs de cette thèse sont :

1. Décrire l’existence des mesures de Gibbs p-adiques invariantes par translation

sur l’arbre de Cayley d’odre 3 et d’ordre 4.

2. Étudier la dynamique de l’application de Potts-Bethe de degré 3 et de degré 4 sur

Qp.

3. Établir la relation entre les propriétés chaotique de l’application de Potts-Bethe

sur Qp and la transition de phase du modèle de Potts sur Qp sur les arbres de

Cayley.

1.3 PANORAMA DE LA THÈSE

Cette thèse contient cinq chapitres. Dans le Chapitre 1, nous présentons l’état des

recherches et un aperçu de la thèse. Dans le Chapitre 2, nous dressons les préliminaires

des notions de nombres p-adiques, polynômiaux, d’arbres de Cayley, de mesures de

probabilités p-adiques du modèle de Potts sur l’arbre de Cayley et système dynamique.

Dans le Chapitre 3, pour montrer l’existence de mesures de Gibbs p-adiques invariantes

par translation du modèle de Potts sur l’arbre de Cayley de degré 4, nous résolvons le

système suivant d’équations

zi D
 

.�  1/ziC
Pq!1

`D1
z`C1

�C
Pq!1

`D1
z`

!4

for 1� i � q 1

où � D expp.J / et J une constante de couplage. Nous trouvons la solution de ce

système d’équations de la forme zD .z1; : : : ; zq!1/ tel que zi D 1 or zi D z� 2 Ep �Qp

pour i D 1;q 1, avec z� un point fixe, i.e. z� D f .z�/ pour l’application f :

f .z/D
�

.�  1Cm/zCq m
mzC�  1Cq m

�4
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appellée "application de Potts-Bethe". Notons que f satisfait f .1/ D 1 et a la forme
�

axCb
cxCd

�k

. Pour trouver les points fixes de f autres que 1, nous décrivons des équations

quartiques ayant une solution z 2 Ep (Propositions 3.2.1 et 3.2.2). Cette description

nous permet de prouver l’existence et la non-unicité des mesures p-adiques invariantes

par translation (Théorème 3.2.3). En général, nous produisons aussi des conditions pour

que l’équation quartique dépréciée

x4Cax2CbxC c D 0

où a;b;c 2Qp, admette une solution dans Qp en termes de ses coefficients (Théorème

3.3.8).

Dans le Chapitre 4, nous étudions la dynamique des applications de Potts-Bethe

sur Qp. Tout d’abord, nous décrivons les applications de Potts-Bethe ayant une bonne

réduction (Proposition 4.2.1) et montrons que la dynamique est alors décomposée en

systèmes minimaux avec leurs bassins d’attraction (Théorème 4.2.2). Ensuite, nous

étudions séparément les dynamiques des applications de Potts-Bethe de degré 3 et de

degré 4 ayant mauvaise réduction. Nous considérons l’application de Potts-Bethe de

degré 3 suivante :

f�;q;3.x/D
�

�xCq 1
xC�Cq 2

�3

:

Nous distinguons deux cas: 0 < j�  1jp < jqjp < 1 et 0 < jqjp < j�  1jp < 1.

Cas 0 < j�  1jp < jqjp < 1 : Lorsque p � 5 .mod 6/, nous trouvons un bassin

d’attractions B
 

x.0/
�

du point fixe x.0/ D 1 (Théorème 4.3.8) de la forme

B

�

x.0/
�

DQp n
 

fx.1/g[
1
[

nD0

f !n
�;q;3fx.1/g

!

où x.1/D 2 �  q et x.1/ est le point fixe répulsif. Quand p� 1 .mod 6/, l’ensemble

de Julia J de l’application de Potts-Bethe est non-vide. En outre, nous divisons en

deux nouveaux cas : 0 < j�  1jp < jqj2p < 1 et 0 < jqj2p � j�  1jp < jqjp < 1. Pour

0 < j�  1jp < jqj2p < 1, il existe un système .J ;f�;q;3/ qui est isométriquement con-

jugué à une dynamique du décalage complet sur 3 symboles (Théorème 4.3.13). Pour

< jqj2p < j�  1jp < jqjp < 1, il existe un système .J ;f�;q;3/ qui est isométriquement

conjugué à une dynamique du décalage de type fini sur r symboles, r � 4. Cependant,

ces sous-décalage sur r symboles sont tous topologiquement conjugué au décalage com-

plet sur 3 symboles (Théoème 4.3.19). Dans tous les cas, nous obtenons la décomposi-

tion suivante:

Qp DB

�

x.0/
�

[J [
C1
[

nD0

f !n
�;q;3fx.1/g:
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où x.1/ D 2 �  q et B
 

x.0/
�

est le bassin d’attraction du point fixe x.0/.

Cas 0 < jqjp < j�  1jp < 1 : Dans ce cas, nous trouvons les disques de Siegel

des points fixes neutres x.0/ et x.1/ (Théorème 4.3.27). Lorsque p � 5 .mod 6/, dans

certains cas, nous trouvons des orbites périodiques attractives ou des disques de Siegel

des orbites périodiques neutres avec leurs bassins. Quand p � 1 .mod 6/, l’ensemble

de Julia J de l’application de Potts-Bethe est non-vide et il existe un système .J ;f�;q;3/

qui est isométriquement conjugué à la dynamique du décalage complet sur 2 symboles

(Théorème 4.3.29).

Ensuite nous considérons l’application de Potts-Bethe de degré 4 suivante :

f�;q;4.x/D
�

�xCq 1
xC�Cq 2

�4

:

De même que pour l’application de Potts-Bethe de degré 3, nous considérons 2 cas puis

retrouvons la même décomposition. Nous distinguons deux cas: 0< j� 1jp < jqjp <1
et 0 < jqjp < j�  1jp < 1.

Cas 0 < j�  1jp < jqjp < 1 : Lorsque p � 3 .mod 4/, l’ensemble de Julia

J de l’application de Potts-Bethe est non-vide. Il existe un système .J ;f�;q;4/ qui

est topologiquement conjugué à la dynamique du décalage complet sur 2 symboles

(Théorème 4.4.9). Lorsque p � 1 .mod 4/, l’ensemble de Julia J de l’application

de Potts-Bethe est non-vide. Il existe un système .J ;f�;q;4/ topologiquement conjugué

à la dynamique du décalage complet sur 4 symboles (Théorème 4.4.9). Dans les deux

cas

Qp DB

�

x.0/
�

[J [
C1
[

nD0

f !n
�;q;4fx.1/g:

Cas 0 < jqjp < j�  1jp < 1 : Dans ce cas, nous trouvons les disques de Siegel

des points fixes neutres x.0/ and x.1/ (Théorème 4.4.17). Lorsque p � 3 .mod 4/, dans

certains cas, nous trouvons des orbites périodiques attractives ou des disques Siegel

d’orbites périodiques neutres avec leurs bassins. Lorsque p � 1 .mod 4/, l’ensemble

de Julia J de l’application de Potts-Bethe est non-vide et il existe un système .J ;f�;q;4/

qui est isométriquement conjuguées à la dynamique du décalage complet sur 3 lettres

(Théorème 4.4.17).

Nous montrons également pour de nombreux nombres premiers p que l’application

de Potts-Bethe possède des proporiétés de chaoticité. Cette propriété chaotique im-

plique l’immensité de l’ensemble des mesures de Gibbs p-adiques (Théorème 4.6.1).

Comme application, pour de nombreux nombres premiers p, la transition de phase a

lieu pour le modèle de Potts p-adique sur les arbres de Cayley de degrés 3 et degrés

4. Nous remarquons également que l’affirmation qu’une transition de phase implique le

chaos est fausse en général, dans la dernière partie de la Section 4.6.

Dans le Chaiptre 5, nous résumons cette thèse et donnons quelques suggestions
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pour la recherche future.

1.4 OVERVIEW OF THE THESIS

This thesis contains five chapters. In Chapter 1, we give the research background and the

overview of the thesis. In Chapter 2, we provide the preliminaries on p-adic numbers,

polynomials, Cayley trees, p-adic probability measures (Potts model over the field Qp

of p-adic numbers) and the related dynamical systems.

In Chapter 3, we study the existence translation-invariant p-adic Gibbs measures

of the q-state Potts model on the Cayley tree of order 4. To show the existence of

translation-invariant p-adic Gibbs measures, we solve the following system of equations

zi D
 

.�  1/ziC
Pq!1

`D1
z`C1

�C
Pq!1

`D1
z`

!4

for 1� i � q 1

where � D expp.J / and J is a coupling constant. We find the solution of this system

of equations of the form zD .z1; � � � ;zq!1/ such that zi D 1 or zi D z� 2 Ep � Qp for

i D 1;q 1 with z� being the fixed points, i.e. z� D f .z�/ of the following map f

f .z/D
�

.�  1Cm/zCq m
mzC�  1Cq m

�4

called “Potts–Bethe mapping”. We note that f satisfies f .1/ D 1 and has the form
 

axCb
cxCd

�k
. To find the fixed points of f other than 1, we desribe some quartic equation

having a solution z 2 Ep (Propositions 3.2.1 and 3.2.2). This descriptions allows us to

prove the non-uniqueness of the translation-invariant p-adic Gibbs measures (Theorem

3.2.3). In general, we also provide some conditions for the depressed quartic equation

x4Cax2CbxC c D 0

where a;b;c 2Qp to have a solution in Qp in terms of its coefficients (Theorem 3.3.8).

In Chapter 4, we study the dynamics of the Potts–Bethe mapping on Qp. First,

we describe the Potts–Bethe mapping having good reduction (Proposition 4.2.1) and

show that its dynamics is decomposed into minimal subsystems and their attracting

basins (Theorem 4.2.2). Then we study separately the dynamics of the Potts–Bethe

mapping of degree 3 and of degree 4 which has bad reduction. We consider the follow-

ing Potts–Bethe mapping of degree 3

f�;q;3.x/D
�

�xCq 1
xC�Cq 2

�3

:
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We distinguish two cases: 0 < j�  1jp < jqjp < 1 and 0 < jqjp < j�  1jp < 1.

Case 0 < j� 1jp < jqjp < 1: When p� 5 .mod 6/, we find the attracting basin

B
 

x.0/
�

of the fixed point x.0/ D 1 (Theorem 4.3.8) is as follows

B

�

x.0/
�

DQp n
 

fx.1/g[
1
[

nD0

f !n
�;q;3fx.1/g

!

where x.1/ D 2 �  q and x.1/ is the repelling fixed point. When p � 1 .mod 6/,

the Julia set J of the Potts–Bethe mapping is non-empty. We divide into two subcases:

0 < j�  1jp < jqj2p < 1 and 0 < jqj2p � j�  1jp < jqjp < 1. For 0 < j�  1jp < jqj2p <
1, there exists a subsystem .J ;f�;q;3/ that is isometrically conjugate to the full shift

dynamics on 3 symbols (Theorem 4.3.13). For 0 < jqj2p � j�  1jp < jqjp < 1, there

exists a subsystem .J ;f�;q;3/ that is isometrically conjugate to a subshift of finite type

on r symbols where r � 4. However, these subshifts on r symbols are all topologically

conjugate to the full shift on 3 symbols (Theorem 4.3.19). In both case, we have the

following decomposition:

Qp DB

�

x.0/
�

[J [
C1
[

nD0

f !n
�;q;3fx.1/g

where x.1/ D 2 �  q and B
 

x.0/
�

is the attracting basin of the attracting fixed point

x.0/.

Case 0 < jqjp < j�  1jp < 1: In this case we find the Siegel disks of the neutral

fixed points x.0/ and x.1/ (Theorem 4.3.27). When p � 1 .mod 6/, the Julia set J

of the Potts–Bethe mapping is non-empty. There exists a subsystem .J ;f�;q;3/ that is

isometrically conjugate to the full shift dynamics on 2 symbols (Theorem 4.3.29).

Next we consider the following Potts–Bethe mapping of degree 4

f�;q;4.x/D
�

�xCq 1
xC�Cq 2

�4

:

Similar to the Potts–Bethe mapping of degree 3, we consider two case: 0 <

j�  1jp < jqjp < 1 and 0 < jqjp < j�  1jp < 1.

Case 0 < j�  1jp < jqjp < 1: In this case the Julia set J is non-empty. When

p � 3 .mod 4/, there exists a subsystem .J ;f�;q;4/ that is topologically conjugate to

the full shift dynamics on 2 symbols (Theorem 4.4.9). Whereas when p � 1 .mod 4/,

there exists a subsystem .J ;f�;q;4/ that is topologically conjugate to the full shift dy-

namics on 4 symbols (Theorem 4.4.9). In both case, we have the following decomposi-

tion:

Qp DB

�

x.0/
�

[J [
C1
[

nD0

f !n
�;q;3fx.1/g
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where x.1/ D 2 �  q and B
 

x.0/
�

is the attracting basin of the attracting fixed point

x.0/.

Case 0 < jqjp < j�  1jp < 1: We calculate the Siegel disks of neutral fixed

points x.0/ and x.1/ (Theorem 4.4.17). When p � 1 .mod 4/, the corresponding Julia

set J is non-empty. We obtain a subsystem .J ;f�;q;4/ that is isometrically conjugate

to the full shift dynamics on 3 symbols (Theorem 4.4.17).

We show for many prime numbers p, the Potts–Bethe mapping has chaotic prop-

erties. These chaotic properties of the Potts-Bethe mapping imply the vastness of the

set of the p-adic Gibbs measures (Theorems 4.6.1 and 4.6.2). As application, for many

prime numbers p, the phase transition occurs for the Potts models over Qp on the Cay-

ley trees of orders 3 and 4. We also remark that the statement phase transition implies

chaos is not true, in the last part of Section 4.6.

In Chapter 5, we give the summarry of this thesis and suggestion for the future

research.
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CHAPTER 2

PRELIMINARIES

2.1 P -ADIC NUMBERS

For an introduction to p-adic numbers and p-adic analysis, we recommend the books

of Schikhof (1984), Koblitz (1984) and S. Katok (2007).

2.1.1 p-Adic Integers and p-Adic Numbers

Most of the materials here are taken from Caruso (2017). Recall that each positive

integer n can be written in base p

nD a0Ca1pCa2p
2C�� �Ca`p

`:

Definition 2.1.1. A p-adic integer a is a formal series

aD a0Ca1pCa2p
2C�� �

where 0� ai � p 1. The set of all p-adic integers is denoted by Zp.

For any a 2 Zp, we define

˛n D a0Ca1pCa2p
2C�� �Can!1p

n!1 2 Z=pnZ:

Then we set the following functions

�n W Zp! Z=pnZ; �n.a/D ˛n:

We have for any a2Zp;�nC1.a/��n.a/ .mod pn/. More generally, �m.a/��n.a/ .mod pn/

for m� n. Then putting �n’s together we get

� W Zp! lim  
n

Z=pnZ; a 7! .�1.a/;�2.a/; � � �/:

where

lim  
n

Z=pnZ WD
(

aD .an/ 2
1
Y

nD1

Z=pnZ W �nC1.a/� �n.a/ .mod pn/ 8n
)

9



is the projective limit of Z=pnZ.

Consider a sequence ˛ D .˛1;˛2; � � �/ 2 lim  n
Z=pnZ. Write

˛n D an;0Can;1pC�� �an;n!1p
n!1:

The condition ˛nC1� ˛n .mod pn/ implies anC1;i D an;i for 0� i � n 1. This means

.an;i/n>i is constant and converges to some ai . Set

 .˛/D aD .a0;a1; � � �/ 2 Zp:

We can check that  is the inverse function of � . Thus we have the following

Zp D lim  
n

Z=pnZ:

The descriptions of Zp as a limit of Z=pnZ allows us to endow Zp with a commutative

ring structure, that is for a;b 2 Zp we look at their sequences ˛n;ˇn 2 Z=pnZ. Then

˛nCˇn 2 Z=pnZ yields a well defined element aC b 2 Zp. Note that Z � Zp. One

can see 1
p
… Zp. We have Qp as a fraction field of Zp.

Definition 2.1.2. A p-adic number a is a series

aD
X

i�m

aip
i

where m 2 Z and 0� ai � p 1 with am ¤ 0. The set of all p-adic numbers is denoted

by Qp.

2.1.2 p-Adic Norm and Completeness

According to Ostrowski’s Theorem (see Koblitz (1984)), there are only two kinds of

completions of the field Q of rational numbers. These two kinds of completions give

the field R of real numbers or the field Qp of p-adic numbers. For a fixed prime p,

we introduce the notion of p-adic valuation and p-adic norm (absolute value). Let

x D pk m
n
2Q with k;m 2 Z;n 2 N;p6 jm and p6 j n. The number k is called the p-adic

valuation of x and is denoted by ordp.x/. By convention, we define ordp.0/ D1.

Thus

ordp.x/D
�

k if x ¤ 0;
1 if x D 0:

10



Then we can define the p-adic norm (absolute value) as follows:

jxjp D
�

p!k if x ¤ 0;
0 if x D 0:

This norm is non-Archimedean because it satisfies the strong triangle inequal-

ity: jxCyjp �max
 

jxjp; jyjp
�

: The metric induced by this norm, d.x;y/D jx yjp;
satisfies the ultrametric property: for all x;y;z 2 Q; d.x;y/ � max.d.x;z/;d.z;y// :

We notice that d takes values from the proper subset f0g[fpn W n 2 Zg of R. Recall the

following definitions.

Definition 2.1.3. A sequence .xn/ in a field K is called Cauchy if for every � > 0 there

exists N such that jxn xmj< � whenever n;m > N .

Definition 2.1.4. A field K is complete with respect to the norm (absolute value) j � j if
every Cauchy sequence of K converges in K.

By these definitions, we have the following proposition.

Proposition 2.1.5 (see S. Katok (2007)). The field Qp of p-adic numbers is the comple-

tion of the field Q of rational numbers with respect to the p-adic norm (absolute value)

j � jp.

Denote by Br.a/ WD fx 2Qp W jx ajp < rg; Br.a/ WD fx 2Qp W jx ajp � rg
and Sr.a/ WD fx 2 Qp W jx ajp D rg the open ball, closed ball and the sphere in Qp

with center a and radius r . Remark that the open ball is also closed. Then the set of

all p-adic integers and p-adic units of Qp are denoted by Zp D fx 2 Qp W jxjp � 1g
and Z�

p D fx 2 Qp W jxjp D 1g respectively. Any p-adic unit x 2 Z�
p has the unique

canonical form

x D x0Cx1 �pCx2 �p2C�� �

where x0 2 f1;2; � � �p 1g and xi 2 f0;1;2; � � �p 1g for i 2N: Furthermore, any p-adic

number x 2Qp has the following unique canonical form

x D pordp.x/
 

x0Cx1 �pCx2 �p2C : : :
�

where x0 2 f1;2; : : : ;p 1g and xi 2 f0;1;2; : : : ;p 1g for i 2 N. Therefore,

x D x�

jxjp

such that x� 2 Z�
p.

As parallel to the construction of the field C of complex numbers, we can also

construct an analogue for p-adic numbers, see for example Koblitz (1984) and Schikhof

(1984). We consider the algebraic extension of Qp. The p-adic absolute value will be

11



uniquely extended. However, any extension of finite order of Qp is not algebraically

closed. Hence, the algebraic closure Qa
p of Qp is an infinite extension. This algebraic

closure is not topologically complete. Fortunately, the topological completion of Qa
p is

algebraically closed. This final field denoted by Cp is called the field of complex p-adic

numbers.

Next, denote by P1
 

Cp

�

the projective line over Cp. The field Cp may be iden-

tied with the subset of P1
 

Cp

�

given by

˚

Œx W 1� 2 P1
 

Cp

�

W x 2 Cp

	

:

A point in the projective line P1
 

Cp

�

is be given in homogeneous coordinates by a pair

Œx1 W x2� of points in Cp which are not both zero. Two such pairs are equal if they differ

by an overall (nonzero) factor � 2 C�
p:

Œx1 W x2�D Œ�x1 W �x2�:

This subset contains all points in P1
 

Cp

�

except one: the point of infinity, which may

be given as1D Œ1 W 0�.
The spherical metric defined on P1

 

Cp

�

is analogous to the standard spherical

metric on Reimann sphere. For P D Œx1 W x2� and QD Œy1 W y2� in P1
 

Cp

�

, we define

�.P;Q/D jx1y2 y1x2jp
maxfjx1jp; jx2jpgmaxfjy1jp; jy2jpg

or, viewing P1
 

Cp

�

as Cp[f1g, for z1;z2 2 Cp[f1g, we define

�.z1;z2/D
jz1 z1jp

maxfjz1jp;1gmaxfjz2jp;1g

and

�.z;1/D

8

<

:

1; if jzjp � 1
1

jzjp
; if jzjp > 1:

Remark that the restriction of the spherical metric on the ring O D fz 2 Cp W jzjp � 1g
is same as the metric induced by the absolute value j � jp. One can also think the same

for the case of projective line P1
 

Qp

�

over Qp.
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2.2 POLYNOMIAL

2.2.1 Resultant and Discriminant

We refer the book of Gelfand et al. (1994) and the article of Dilcher & Stolarsky (2005)

for the resultant and dicriminant of the polynomials.

We write a polynomial over a field K as anx
nC an!1x

n!1C �� � C a0 where

an ¤ 0 and ai 2 K for i D 0; : : : ;n. We denote nD deg.anx
nCan!1x

n!1C�� �Ca0/

the degree of the polynomial anx
nC an!1x

n!1C �� �C a0. The examples of the field

K that can be considered are Fp; Q; R; C and etc. Later, we will concentrate on the

polynomial equations over Qp. Let f .x/ D anx
nC an!1x

n!1C �� �C a0 and g.x/ D
bmx

mC bm!1x
m!1C�� �C b0 be polynomials of degrees n � 1 and m � 1 (an and am

do not vanish) with coefficient in an arbitrary fieldK respectively. Denote byRm;n.f;g/

of their resultant. Sometimes we denote it as R.f;g/.

Definition 2.2.1. Let an ¤ 0 and bm ¤ 0.

1/

R.f;g/D am
n b

n
m

Y

i;j

.xi  yj /

where x1; : : : ;xn and y1; : : : ;ym are roots of f and g respectively.

2/ R.f;g/ is equal to the determinant of the following .nCm/ by .nCm/ Sylvester

matrix,

R.f;g/D

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

a0 a1 a2 � � � an!1 an 0 0 � � � 0

0 a0 a1 � � � an!2 an!1 an 0 � � � 0
:::

:::
:::

: : :
:::

:::
:::

:::
: : :

:::

0 0 0 � � � a0 a1 a2 a3 � � � an

b0 b1 b2 � � � bm 0 0 0 � � � 0

0 b0 b1 � � � bm!1 bm 0 0 � � � 0
:::

:::
:::

: : :
:::

:::
:::

:::
: : :

:::

0 0 0 � � � 0 b0 b1 b2 � � � bm

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

:

The following is one of the result on resultant of two polynomials f and g.

Theorem 2.2.2 (see Gelfand et al. (1994)). For two concrete polynomials f and g,

R.f;g/D 0 is equivalent to the fact that f and g have a common root. This also means

that R.f;g/¤ 0 is equivalent to the fact that f and g have no common root.

Resultant and discriminant of polynomial has a relation. We denote by �n.f /

the discriminant of polynomial f . Frequently, we write it as �.f /.

13



Definition 2.2.3. Let an ¤ 0. Then

�.f /D . 1/n.n!1/
2 a2n!2

n

Y

i<j

.xi  xj /
2

where x1; : : : ;xn are roots of f .

The following is the relation between discriminant and resultant.

Theorem 2.2.4 (Dilcher & Stolarsky (2005)). Let f .x/D anx
nCan!1x

n!1C�� �Ca0

be a polynomial of degrees n � 1 with coefficient in an arbitrary field K. Then the

discriminant of f is given by

�.f /D . 1/n.n!1/
2 a!1

n R.f;f 0/:

This relation allows us to find the discriminant of a polynomial. For example,

the quadratic polynomial has

�.ax2CbxC c/D b2 4ac;

the cubic polynomial has

�.ax3Cbx2C cCd/D b2c2 4ac3 4b3d  27a2d 2C18abcd;

and the quartic polynomial has

�.ax4Cbx3C cx2CdxC e/ D 256a3e3 192a2bde2 128a2c2e2C144a2cd 2e

 27a2d 4C144ab2ce2 6ab2d 2e 80abc2de

C18abcd 3C16ac4e 4ac3d 2 27b4e2

C18b3cde 4b3d 3 4b2c3eCb2c2d 2:

2.2.2 Polynomial Congruences

For linear and quadratic congruences, we refer to the book of Rosen (2011). The sim-

plest congruence is linear

ax � b .mod m/ (2.1)

where a; b; m > 0 are integers. The following theorem tells us when the linear congru-

ence (2.1) has solutions.

Theorem 2.2.5 (see Rosen (2011)). Let a; b; m > 0 be integers and gcd.a;m/D d .

.i/ If d ∤ b, then the congruence (2.1) has no solution.

14



.i i/ If d j b, then the congruence (2.1) has exactly d incongruent solutions modulom.

The quadratic congruence

ax2CbxC c � 0 .mod n/ (2.2)

where a; b; c; n > 0 are integers is the simplest non-linear congruence. For simplicity,

a prime number p is considered instead of an integer n > 0. So we have

ax2CbxC c � 0 .mod p/ (2.3)

where a;b;c are integers and p a prime number. Denote
�

a
p

�

the Legendre symbol.

Then we have the following theorem about the quadratic congruence.

Theorem 2.2.6 (see Rosen (2011)). Let p be a prime number and a;b;c are integers

with p ∤ a.

.a/ Let p D 2. We have a � 1 .mod p/. Then the quadratic congruence (2.3) has

solutions if and only if not both b;c � 1 .mod p/.

.b/ Let p be an odd prime number. Let D2 D b2 4ac.

(i) If D2 � 0 .mod p/, then the quadratic congruence (2.3) has exactly one

solution modulo p.

(ii) If
�

D2

p

�

D 1, i.e. D2 is a quadratic residue modulo p, then the quadratic

congruence (2.3) has two incongruent solutions modulo p.

(iii) If
�

D2

p

�

D 1, i.e. D2 is a quadratic nonresidue modulo p, then the quadratic

congruence (2.3) has no solution.

Now we consider the following cubic congruence

x3Cqx2C rxC t � 0 .mod p/ (2.4)

such that q;r; t are integers and p a prime number. Let

D3 D q2r2 4r3 4q3t  27t2C18qrt

be the discriminant of the cubic polynomial. Denote NK

 

anx
nCan!1x

n!1C�� �Ca0

�

be the number of solutions of polynomial equation anx
nCan!1x

n!1C�� �Ca0 in the

field K. Then we have the following result.
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Theorem 2.2.7 (see Sun (2003)). Let p � 5 be a prime number and p ∤D3. Then

NFp

 

x3Cqx2C rxC t
�

D

8

<

:

0 or 3 if
�

D3

p

�

D 1;

1 if
�

D3

p

�

D 1:

Most results on cubic congruences are due to Sun (2003). Let fung and fsng be

the third-order recurrence sequences for q;r; t 2 Z defined by

u!2 D u!1 D 0; u0 D 1; unC3CqunC2C runC1C tun D 0; .n�  2/

and

s0 D 3; s1 D q; s2 D q2 2r; snC3CqsnC2C rsnC1C tsn D 0; .n� 0/:

Lemma 2.2.8 (Sun (2003)). Let p � 5 be a prime number and p jD3. Then

NFp

 

x3Cqx2C rxC t
�

D 3:

Theorem 2.2.9 (Sun (2003)). Let p� 5 be a prime number ˛D .q2 3r/3; ˇD 2q3C
9qr  27t and D3 D 1

27
.ˇ2 4˛/. Let p ∤ ab. Then

NFp

 

x3Cqx2C rxC t
�

D

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

3 if D3u
2
p!2 � 0 .mod p/;

0 if D3u
2
p!2 � .q2 3r/2 .mod p/;

1 if D3u
2
p!2 6� 0;.q2 3r/2 .mod p/:

Theorem 2.2.10 (Sun (2003)). Let p � 5 be a prime number. Let p ∤ .q2 3r/. Then

NFp

 

x3Cqx2C rxC t
�

D

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

3 if spC1 � q2 2r .mod p/;

0 if spC1 � r .mod p/;

1 if spC1 6� q2 2r;r .mod p/:

The following is a result on specific case of cubic congruence, i.e. depressed

cubic polynomial.

Proposition 2.2.11 (Mukhamedov et al. (2014)). Let p � 5 be a prime number and

q � 0 .mod p/ and rt 6� 0 .mod p/. We have D3 D 4r3 27t2.

.i/ Let D3u
2
p!2 � 0 .mod p/. Then

1/ The cubic congruence (2.4) has 3 incongruent solutions if and only if D3 6�
0 .mod p/. In this case, we have 3 NxC r 6� 0 .mod p/ for any solution Nx.
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2/ The cubic congruence (2.4) has 2 incongruent solutions while one of them

has multiplicity 2 if and only if D3 � 0 .mod p/. If Nx1 and Nx2 are 2 in-

congruent solution while Nx1 has multiplicity-2, then Nx1 � 3t
2r
.mod p/ and

Nx2 � 3t
r
.mod p/. In this case,we have 3 Nx2C r 6� 0 .mod p/.

3/ The cubic congruence (2.4) does not have any solution of multiplicity 3.

.i i/ Let D3u
2
p!2 6� 0 .mod p/. Then 3 NxC r 6� 0 .mod p/ for any solution Nx.

Remark that Sun (2003) also give the explicit form of the solution for the cubic

congruence (2.4). Lastly, let us consider the quartic congruence

x4Cax2CbxC c � 0 .mod p/ (2.5)

such that a;b;c are integers and p a prime number. It is also due to Sun (2003), we have

the results on quartic congruence (2.5). Denote

D4 D b2.4a3C27b2/C16c.a4C9ab2 8a2cC16c2/

the discriminant of the depressed quartic polynomial x4C ax2C bxC c. It could be

easily check that D4 is also the discriminant of the following cubic polynomial

y3C3ay2C .a2 4c/y b2:

Lemma 2.2.12 (Sun (2003)). Let p be an odd prime number and a;b;c 2 Z with p ∤ b.

Then the quartic congruence (2.5) has one multiple solution if and only if p jD4.

Theorem 2.2.13 (Sun (2003)). Let p � 5 be a prime number and a;b;c 2 Z with p ∤

bD4. Then NFp

 

x4Cax2CbxC c
�

D 0 if and only if there exists an integer y such

that

y3C3ay2C .a2 4c/y b2 � 0 .mod p/

and
�

y

p

�

D 1. Furthermore, when NFp

 

x4Cax2CbxC c
�

> 0, we have

NFp

 

x4Cax2CbxC c
�

DNFp

 

y3C3ay2C .a2 4c/y b2
�

C1:

Theorem 2.2.14 (Sun (2003)). Let p � 5 be a prime number and a;b;c 2 Z with p ∤

bD4. Then

NFp

 

x4Cax2CbxC c
�

D 1C
X

y

�

y

p

�

where y runs over the solutions of the cubic congruence

y3C3ay2C .a2 4c/y b2 � 0 .mod p/:
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Notice that all previous results on quartic congruence deal when p ∤ b. Now

we will discuss the results for the quartic congruence (2.5) when p j b. For simplicity,

suppose b D 0. Then the quartic congruence (2.5) takes the form

x4Cax2C c � 0 .mod p/: (2.6)

The discriminant of quartic congruence (2.6) is

D4 D 16c.a4 8a3cC16c2/D 16c.a2 4c/2:

Suppose p ∤ ac. Then to discuss the quartic congruence (2.6), we divide into two cases:

p jD4 and p ∤D4.

Lemma 2.2.15. Let p be an odd prime number and p jD4. Then the quartic congruence

(2.6) has solutions if and only if
�

!2a
p

�

D 1.

Proof. When p jD4, we have 4c � a2 .mod p/. The quartic congruence (2.6) can be

written as

x4Cax2C a
2

4
�
�

x2C a
2

�2

� 0 .mod p/:

So  2a is a quadratic residue modulo p.

The following are the old results by Carlitz (1956). For p an odd prime number,

we may assume a �  2m .mod p/ for some m 2 Z. So the quartic congrunce (2.6) is

equivalent to

x4 2mx2C c � 0 .mod p/:

Theorem 2.2.16 (Carlitz (1956)). Let p be an odd prime number and p ∤D4.

.i/ Let c � n2 .mod p/. Consider the numbers

2.m n/; 2.mCn/; m2 n2: (2.7)

1/ If all numbers in (2.7) are quadratic residues, then the quartic polynomial

x4 2mx2Cn2 is congruent to the product of four linear factors.

2/ If only one number in (2.7) is a quadratic residue, then the quartic polyno-

mial x4 2mx2Cn2 is congruent to the product of two irreducible quadrat-

ics.

.i i/ Let c be quadratic non-residue modulo p.

1/ Ifm2 c is a quadratic residue modulo p, then the quartic polynomial x4 
2mx2C c is congruent to an irreducible quadratic and two distinct linear

factors.
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2/ If m2 c is a quadratic non-residue modulo p, then the quartic polynomial

x4 2mx2C c is irreducible.

From the theorem above, we obtain the following corollary.

Corollary 2.2.17. Let p be an odd prime number and p ∤D4.

.i/ Let c � n2 .mod p/.

1/ If all of 2.m n/; 2.mCn/ and m2 n2 are quadratic residues, then the

quartic congruence (2.6) has four solutions.

2/ If only one of 2.m n/; 2.mCn/ and m2 n2 is a quadratic residue, then

the quartic congruence (2.6) has no solution.

.i i/ Let c be a quadratic non-residue modulo p.

1/ Ifm2 c is a quadratic residue modulo p, then the quartic congruence (2.6)

has two solutions.

2/ If m2 c is a quadratic non-residue modulo p, then the quartic congruence

(2.6) has no solution.

Proof. By Theorem 2.2.16, the linear factor means that the quartic congruence (2.6) has

a solution. While irreducible quartic and quadratic polynomials imply that the quartic

congruence (2.6) is not solvable. Then we get the statements of the corollary.

2.2.3 Polynomial Equation Over Qp

As in the field R of real numbers, the field Qp of p-adic numbers is not algebraically

closed. For example, the simplest monomial equation xk D p for k � 2 does not has

solution in Qp. Meanwhile, the quadratic equation x2 D  1 has solution in Qp when

p � 1 .mod 4/.

Let us discuss first some techniques for finding roots of polynomials in Qp:

Newton polygon and Hensel’s lemma. For more detailed informations, we refer to the

books of Silverman (2007); Borevich & Shafarevich (1966) and S. Katok (2007).

Definition 2.2.18 (Newton polygon). Let g.x/D
Pn

iD1aix
i be a polynomial with ai 2

Cp . The Newton polygon of g is the convex hull of the set of points
˚

.i; logp jai jp/ W 0� i � n
	

:

By convention, we set logp j0jp D1. To construct Newton polygon, we take a vertical

ray starting at the point .0; logp ja0jp/ and aiming down the y-axis. Then rotate the

ray counterclockwise, keeping the point .0; logp ja0jp/ fixed, until it bends around all

of the points .i; logp jai jp/.

The following lemma is one of the results on Newton polygon.
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Lemma 2.2.19 (see Silverman (2007), Theorem 5.11). Let g.x/ D
Pn

iD1aix
i be a

polynomial with ai 2Cp. Suppose that the Newton polygon of g includes a line segment

of slope m whose horizontal length is L, i.e., the Newton polygon has a line segment

from

.i; logp jai jp/ to .iCL; logp jaiCLjp/

whose slope is

mD
 logp jaiCLjpC logp jai jp

L
:

Then g has exactly L roots Nx (counting multiplicity), satisfying j Nxjp D pm.

Next is the statement of Hensel’s lemma.

Lemma 2.2.20 (see Borevich & Shafarevich (1966), Theorem 3). Let g be a polynomial

whose coefficients are p-adic integers. Let � be a p-adic integer such that for some

i � 0;

g.�/� 0 .mod p2iC1/; g0.�/� 0 .mod pi/; g0.�/ 6� 0 .mod piC1/:

Then g has a unique p-adic integer root Nx which satisfies Nx � � .mod piC1/:

Now we state some results on lower degree (quadratic and cubic) polynomial

equations. The following results are the solvability conditions of the quadratic equation

over Qp.

Theorem 2.2.21 (see Mukhamedov et al. (2014)). Let d D pordp.d/d� such that d� D
d0Cd1pC�� � . Then the quadratic equation x2 D d has solution in Qp if and only if

2 j ordp.d/ and

(i)
�

d0

p

�

D 1 when p ¤ 2.

(ii) d� � 1 .mod 8/ when p D 2.

Theorem 2.2.22 (Saburov & Ahmad (2015c)). The quadratic equation x2CaxCbD 0
has solutions in Qp if and only if either one of the following conditions holds:

1: jaj2p < jbjp;
p
b 9I

2: jaj2p D jbjp;
p
D 9I

3: jaj2p > jbjp:

Next we mention some results on cubic equations over Qp. Let a;b 2 Qp be

two nonzero p-adic numbers with a D a�

jajp
; b D b�

jbjp
where a�;b� 2 Z�

p with a� D
a0Ca1 �pCa2 �p2C�� � and b� D b0Cb1 �pCb2 �p2C�� � :
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We set D0 D 4a3
0 27b2

0 and unC3 D b0un a0unC1 with u1 D 0; u2 D a0;

and u3 D b0 for nD 1;p 3: Then we have the following result on the depressed cubic

equation over Qp.

Theorem 2.2.23 (Mukhamedov et al. (2014)). Let p > 3 be a prime. Then the depressed

cubic equation x3CaxCb D 0 has solutions in Qp if and only if one of the following

conditions holds.

1: jaj3p < jbj2p; 3 j logp jbjp and b
p!1

.3;p!1/

0 � 1 .mod p/I

2: jaj3p D jbj2p and D0u
2
p!2 6� 9a2

0 .mod p/I

3: jaj3p > jbj2p:

Moreover, Saburov & Ahmad (2018) provide the local descriptions of the roots

of the cubic equation over Qp for p� 5. By their study, we could determine the location

(p-adic norm) of all roots of a given cubic equation. On the other hand, the cubic

equation over Q3 and over Q2 are study by Saburov & Ahmad (2015a,d) and Saburov

& Ahmad (2014) respectively. Recall from Mukhamedov & Saburov (2013) that there

exists
p
B (resp. 3

p
B) if and only if B

p!1
2

0 � 1 .mod p/ (resp. B
p!1

.3;p!1/

0 � 1 .mod p/)

and logp jBjp is divisible by 2 (resp. by 3). We shall use the notation
p
B  9 (resp.

3
p
B  9) whenever there exists

p
B (resp. 3

p
B). We set D0 � 4A3

0 27B2
0 .mod p/

and unC3 D B0un A0unC1 with u1 D 0; u2 D A0; and u3 D B0 for n� 1.

We define the set ˆD ˆ1[ˆ2[ˆ3 (the set ˆ is the solvability region of the

cubic equation over Qp) where

ˆ1 D
n

.A;B/ 2Qp �Qp W jAj3p < jBj2p;
3
p
B  9

o

ˆ2 D
˚

.A;B/ 2Qp �Qp W jAj3p D jBj2p; D0u
2
p!2 6� 9A2

0 .mod p/
	

ˆ3 D
˚

.A;B/ 2Qp �Qp W jAj3p > jBj2p
	

We introduce some notations. Let ı1 D b2 4ac; ı2 D a2 4b; ı3 D  2a3 
27c; A D 3b!a2

3
; B D !2a3C9ab!27c

27
; and � D a2b2 4a3c  4b3 27c2C 18abc D

 4A3 27B2. Let also D D  4.AjAjp/3 27.BjBjp/2. Then the following theorem

extends the Theorem 2.2.23.

Theorem 2.2.24 (Ahmad (2016); Saburov & Ahmad (2017b)). Let p > 3 be a prime.

Then the cubic equation x3Cax2CbxC c D 0 has solutions in Qp if and only if one

of the following conditions holds:

A. 1.
p

jbjp < jajp and 3
p

jcjp < jajpI

2. jajp <
p

jbjp and 3
p

jcjp <
p

jbjpI

3. jajp < 3
p

jcjp;
p

jbjp < 3
p

jcjp and 3
p c 9:

21



B. 4. jajp <
p

jbjp D 3
p

jcjp and D0u
2
p!2 6� 9b2

0 .mod p/I

5.
p

jbjp < jajp D 3
p

jcjp and

i. jı3jp < jaj3p D jcjp or

ii. jı3jp D jaj3p D jcjp and D0u
2
p!2 6� a4

0 .mod p/I

6. 3
p

jcjp < jajp D
p

jbjp:

C. 7. jajp D
p

jbjp D 3
p

jcjp and .A;B/ 2ˆ:

2.3 DYNAMICAL SYSTEMS

For introduction to dynamical systems, we recommend the books of A. Katok & Has-

selblatt (1995) and Walters (1982). For more informations on p-adic dynamical sys-

tems and its applications, we refer to the books of Khrennikov (1997); Anashin &

Khrennikov (2009) and Silverman (2007). Let X be a space, G be a semigroup and

Tt W X ! T .t 2 G/ be a family of tranformation such that TsCt D Ts ı Tt . Then

� WD fTtgt2G defines a semigroup action of G on X . Then .X;�/ is called a dynamical

system. We will focus on discrete dynamical system .X;T / where the semigroup G is

generated by a single tranformation T WX !X .

2.3.1 p-Adic Dynamics

We will use the standard terminology of dynamical system, see Khrennikov (1997).

Let us consider the dynamical system .B;f / in Qp, where f W B ! B is an analytic

function and B D Br.a/ or Qp. Denote xn D f n.x0/, where x0 2 B and f n.x/ is

the nth composition of f . A point x.0/ is called fixed point if f
 

x.0/
�

D x.0/. If

f n
 

x.0/
�

D x.0/, then x.0/ is called a periodic point. If n is the smallest natural number

with this property then n is said to be the period of x.0/. We denote the corresponding

cycle by  D
 

x.0/;x.1/; : : : ;x.n!1/
�

. A fixed point x.0/ is called an attractor if there

exists a neighborhood Nx.0/ of x.0/ such that all points x 2 Nx.0/ are attracted to x.0/.

Its attracting basin is the setA
 

x.0/
�

D
˚

x 2Qp W limn!1f
n.x/D x.0/

	

. A fixed point

x.0/ is called an repeller if there exists a neighborhood Nx.0/ of x.0/ such that jf .x/ 
x.0/jp > jx x.0/jp for x.0/ ¤ x 2 Nx.0/ . A cycle  D

 

x.0/;x.1/; : : : ;x.n!1/
�

is said to

be an attractor (repeller) if x.0/ is attractor (repeller) of the map f n.

Next is the analogue version of non-Archimedean Siegel disk. The ball Br.x
.0//

is said to be a Siegel disk where x.0/ is a fixed point if each sphere S�

 

x.0/
�

.� < r/ is

an invariant sphere of f . The union of all Siegel disks with center in x.0/ is said to be a

maximal Siegel disk. In the same way we define a Siegel disk with center at a periodic

point x.0/ with the corresponding cycle  D
 

x.0/;x.1/; : : : ;x.n!1/
�

of the period n. Here
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the spheres S�

 

x.0/
�

.� < r/, are invariant spheres of the map f n.

Since the function f WB!Qp is analytic, then we can find attractors, repellers,

and Siegel disks using properties of the derivative of f . Let x.0/ be a periodic point

of f . Set � D .f n/0
 

x.0/
�

. The point x.0/ is called attracting if j�jp < 1, repelling if

j�jp > 1 and indifferent if j�jp D 1.

Lemma 2.3.1 (Khrennikov (1997), page 288, Lemma 2.1). Let f 2Qp.x/ and a 2Qp.

If there exists r > 0 such that for all k � 2
ˇ

ˇ

ˇ

ˇ

f .k/.a/

kŠ

ˇ

ˇ

ˇ

ˇ

p

rk!1 <
ˇ

ˇf 0.a/
ˇ

ˇ

p
;

then for all x;y 2 Br.a/ WD fx W jx ajp � rg;

jf .x/ f .y/jp D
ˇ

ˇf 0.a/
ˇ

ˇ

p
jx yjp:

Note that a compact open set in Qp is a finite union of balls. The following is

the definition of local scaling on a compact open set X �Qp (Kingsbery et al., 2009).

Definition 2.3.2. Let X D
n
S

iD1

Bri
.ai/ � Qp be a compact open set. We say that a

mapping f W X ! X is locally scaling for ri 2 fpn;n 2 Zg if there exists a function

S WX ! R�0 such that for any x;y 2 Bri
.ai/, S.x/D S.y/D S.ai/ and

jf .x/ f .y/jp D S.ai/jx yjp:

The function S is called a scaling function. The following lemma will be useful.

Lemma 2.3.3 (Kingsbery et al. (2009), Theorem 5.1). Let X D
n
S

iD1

Bri
.ai/ � Qp be a

compact open and f W X ! X be a scaling for ri 2 fpn;n 2 Zg: Let S W X ! R�0 be

the correspondence scaling function. Then for all r 0 � ri , the restricted map

f W Br 0.ai/! Br 0S.ai /.f .ai//

is a bijection.

The following result is a direct consequence of Lemma 2.3.3.

Corollary 2.3.4. Keep the same assumption as in Lemma 2.3.3, we have for all r 0 � r ,

the restricted map

f W Sr 0.ai/! Sr 0S.ai /.f .ai//

is a bijection.

23



Proof. Recall Sr 0.ai/D fx 2Qp W jx ai jp D r 0g: Then Sr 0.ai/D Bpr 0.ai/nBr 0.ai/ is

a difference of consecutive balls. By Lemma 2.3.3, f are bijections from balls to balls.

Thus when restricted to the spheres, f is also bijective.

The two most fundamental objects in the complex dynamics are the Fatou and

Julia sets associated to a rational map �. This is also the case for p-adic dynamics. As

refer to (Benedetto, 2002), let X and Y be metric spaces and F be a family of maps

from X to Y . Then F is equicontinuous if there exists a positive constant C such that

for any f 2 F and x;y 2X;

dY .f .x/;f .y//� CdX.x;y/:

Then for � 2 Cp.z/ a rational function, the Fatou set F D F� of � is defined as the set

of all x 2 P1.Cp/ having a neighbourhood on which the family of iterates f�ngn�0 is

equicontinuous. Meanwhile, the Julia set J D J� is defined as P1.Cp/nF . The notion

of neigbourhood and equicontinuity are defined by the spherical metric on P1.Cp/.

The Fatou set is open and the Julia set is closed under this spherical metric.

They are invariant under the iteration of �, that is � .F/D �!1 .F/D F and � .J /D
�!1 .J /D J . Moreover, if f 2 PGL2.Cp/ and ! D f !1 ı� ıf , then F! D f !1.F�/

and J! D f !1.J�/. For more background on Fatou and Julia sets in complex theory,

one could consult to Wilnor (2006). The following result mention about a periodic point

and the Fatou-Julia set.

Proposition 2.3.5 (Benedetto (2001)). Let � 2Cp.z/ be a rational function with Fatou

set F and Julia set J . Let a 2 P1.Cp/ be a periodic point of �. Then a 2 J if and only

if a is repelling.

Proposition 2.3.6 (Benedetto (2001)). Let � 2 Cp.z/ be a rational function. Then the

Fatou set F is non-empty.

The following is the analogue components of the Fatou set in non-Archimedean

(p-adic) dynamics.

Definition 2.3.7 (Benedetto (2000)). Let X be a topological space with a set D of

distinguished subsets. Let U � X be an open subset. For any x 2 U we define the

D-component of U containing x to be the set of all y 2 U with the following property:

there exists a finite sequence of distinguished subsets

D1; : : : ;Dn 2D

with x 2D1 and y 2Dn such that for any i D 1; : : : ;n 1;

Di \DiC1 ¤ ;:
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Definition 2.3.8 (Benedetto (2000)). A closed P1.Cp/-disk is a closed ball Br.a/; or the

complement of an open ball P1.Cp/nBr.a/ for some a 2 Cp and r > 0. Similarly, an

open P1.Cp/-disk is an open ball Br.a/; or the complement of an closed ball P1.Cp/n
Br.a/ for some a 2 Cp and r > 0.

If X is a metric space, we set D to be the set of all disks with positive radius

in X . By this definition, on could verify that the D-component of an open subset U

of the field C of complex numbers are precisely the connected components of U . If

X D Cp, then the D-component of an open subset U containing a given point x 2 U is

the largest ball Br.x/ or Br.x/ centered at x and subset of U . Meanwhile, for the case

X D P1.Cp/, we choose D to be the set of all P1.Cp/-disk and we have the following

result.

Proposition 2.3.9 (Benedetto (2001)). Let U be an open subset P1.Cp/ and x 2 U . If

U D P1.Cp/ of U is the complement of a single point of P1.Cp/, then theD-component

of U containing x is U . Otherwise, the D-component is the largest P1.Cp/-disk con-

taining x and contained in U .

Let X be a metric space and � W X ! X . A point x 2 X is recurrent if x is

contained in the closure of its orbit f�n.x/ W n� 1g.
Next, we consider a rational function �.z/D f .z/

g.z/
. Its derivative

� 0.z/D f 0.z/g.z/ f .z/g0.z/

g.z/2
:

is defined for all a such that a¤1 and g.a/¤ 0. The Taylor’s expansion around a is

given as follows

�.z/D �.a/C� 0.a/.z a/CO
 

.z a/2
�

:

The function � WCp!Cp is ramified at a if � 0.a/D 0 where a is called a critical point

or ramification point. For a ¤ 1 and g.a/ ¤ 0, the ramification index of � at a is

denoted by deg�.a/ such that there is constant A satisfies

�.z/D �.a/CA.z a/deg�.a/CO
�

.z a/deg�.a/C1
�

:

The number deg�.a/ is greater than 2 when a is a critical point, i.e. the function � is

ramified at a.

For a D1 and g.a/ D 0, in order to find their ramification index, we need to

make a linear change of variables: Let f 2 PGL2.Cp/ be a linear fractional transforma-

tion, �f D f !1 ı� ıf and b D f !.a/. Then if b ¤1 and �f .b/¤1 we define the

ramification index of � at a to be

deg�.a/D deg�f .b/:
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Let � 2 Cp.z/ be a rational function. A critical point a 2 P1.Cp/ of � is wild if

p j deg�.a/. Then we have the following “No Wandering Domains” results.

Theorem 2.3.10 (Benedetto (2000)). Let K be a finite extension of Qp and � 2 K.z/
have no recurrent wild critical points in its Julia set. Then the Fatou set of � has

no wandering D-component and has only finitely many periodic D-components which

contain points in K.

Now, we consider one-parameter family .�;c/ of rational maps with marked

critical point. We say that .�;c/ has a Misiurewicz bifurcation at t D t0 if the following

conditions are satisfied (see Rivera-Letelier (2005)).

(M1) There is an integer `� 1 such that �`
t0
.ct0

/ is a repelling fixed point of �t0
.

(M2) ct0
is unramified for �t0

.

(M3) �`
t .ct/ is not a fixed point of �t for some t .

(M4) deg�`
t
.ct/D deg�`

t0

.ct0
/ for every t close to t0.

The following theorem tells us on the existence of a rational map with the (wild) recur-

rent critical point.

Theorem 2.3.11 (Rivera-Letelier (2005)). In every one-parameter family of rational

maps that is defined over a finite extension of Qp and has a Misiurewicz bifurcation,

there is a rational map whose coefficients are algebraic over Qp and has non-periodic

recurrent critical point.

2.3.2 p-Adic Weak Repeller

We keep the same notation as in (A. H. Fan et al., 2007) and (S. L. Fan & Liao, 2018).

Let f W X !Qp be a mapping from a compact open set X �Qp into Qp. We assume

that (i) f !1 .X/ � X and (ii) X D
S

j 2I Bp!� .aj / can be written as a finite disjoint

union of balls of centers aj and of the same radius p!� ; � 2 Z such that for each j 2 I
there is an integer �j 2 Z such that for any x;y 2 Bp!� .aj /

jf .x/ f .y/jp D p�j jx yjp: (2.8)

For such a map f , we define its filled Julia set by

Kf D
1
\

nD0

f !n .X/ :

It is clear that f !1
 

Kf

�

DKf and f
 

Kf

�

�Kf .
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The triple .X;Kf ;f / is called a p-adic weak repeller if all �j in (2.8) are non-

negative, but at least one is positive. It is called a p-adic repeller if all �j in (2.8) are

positive. For any i 2 I; let

Ii WD
˚

j 2 I W Br.aj /\f .Br.ai//¤ ;
	

D
˚

j 2 I W Br.aj /� f .Br.ai//
	

We then define a so-called incidence matrix AD .aij /I�I as follows

aij D

8

<

:

1 if j 2 Ii ;

0 if j 62 Ii :

If A is irreducible, we say that .X;Kf ;f / is transitive. For an index set I and an

irreducible incidence matrix A given above, we denote by

†A D
˚

.xk/k�0 W xk 2 I; Axk ;xkC1
D 1; k � 0

	

the subshift space. We equip †A with a metric df depending on the dynamics which is

defined as follows. For i;j 2 I and i ¤ j , let �.i;j / be the integer such that jai aj jpD
p!�.i;j /. It is clear that �.i;j / < � . By the ultrametric inequality, we have

jx yjp D jai  aj jp; i ¤ j; 8x 2 Br.ai/; 8y 2 Br.aj /:

For x D .x0;x1; � � � ;xn; � � �/ 2†A and y D .y0;y1; � � � ;yn; � � �/ 2†A, we define

df .x;y/D

8

<

:

p!�x0
!�x1

!���!�xn!1
!�.xn;yn/ if n¤ 0;

p!�.x0;y0/ if nD 0

where nD n.x;y/Dminfk � 0 W xk ¤ ykg. It is clear that df defines the same topology

as the classical metric defined by d.x;y/D p!n.x;y/. Let � be the (left) shift transfor-

mation on †A. Then .†A;�;df / becomes a dynamical system.

Theorem 2.3.12 (A. H. Fan et al. (2007)). Let .X;Kf ;f / be a transitive p-adic weak

repeller with incidence matrix A. Then the dynamics .Kf ;f; j � jp/ is isometrically con-

jugate to the shift dynamics .†A;�;df /.

Next, we generalized the concept of p-adic repeller. Let f W X ! Qp be a

mapping from a compact open set X D
S

j 2I Bp
!�j .aj / � Qp into Qp such that X �

f .X/ and for each j 2 I there is an integer ˛j 2 Z such that for any x;y 2 Bp
!�j .aj /

jf .x/ f .y/jp D p˛j jx yjp:

We simply denote the ball Bp
!�j .aj / as Bj . The triple .X;Kf ;f / is called a
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generalized p-adic weak repeller if (i) for each i 2 I; f .Bi/ contains at least some Bj

and (ii) there exists at least one i 2 I such that Bj ( f .Bi/. We define the incidence

matix A similar as before. The generalized p-adic repeller is transitive if A is transitive.

Theorem 2.3.13 (S. L. Fan & Liao (2018)). Let .X;Kf ;f / be a transitive general-

ized p-adic weak repeller with incidence matrix A. Then the dynamics .Kf ;f; j � jp/ is

topologically conjugate to the shift dynamics .†A;�;df /.

The shift dynamics .†A;�/ is called a subshift of finite type determined by ma-

trix A. When A is a n�n matrix whose coefficients are all equal to 1, .†A;�/ is called

a full shift over an alphabet of n symbols, and is usually denoted by .†n;�/. For the

detailed on shift dynamics, we recommend the book of Lind & Marcus (1995).

We use the following definition of chaos by Devaney (1989). Let us introduce

some terminologies. Transitive. For all non-empty open subsets U and V of X there

exists a natural number k such that f k.U /\V is non-empty. Sensitive dependence on

initial conditions. If there is a positive real number ı (a sensitivity constant) such that

for every point x 2X and every neighborhoodN�.x/ of x there exists a point y 2N�.x/

and a nonnegative integer n such that the distance d.f n.x/;f n.y//� ı.

Definition 2.3.14. Let X be a metric space. A continuous map f WX!X is said to be

chaotic on X if

(i) f is transitive,

(ii) the periodic points of f are dense in X ,

(iii) f has sensitive dependence on initial conditions.

By this definition, it is well-known that the shift dynamics (subshift of finite type) is

chaotic.

2.3.3 Reduction Modulo p of a Rational Map

Most of the materials here are taken from (A. H. Fan et al., 2017). Let � denote the

reduction modulo p from Zp to Z=pZ such that a 7! a with a � a .mod p/. For a

polynomial f 2 ZpŒx�; the reduction of f modulo p is defined as

f .x/D
n
X

iD0

aix
i :

Notice that a rational map � can be written as quotient of two polynomials f;g 2 ZpŒx�

having no common factors such that at least one coefficient of f or g has p-adic abso-

lute value 1. Denote by deg.�/ the degree of the rational map, the maximum degree of
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its denominator and numerator without common factors. The reduction of � modulo p

is the rational map (of degree at most deg.�/)

�.x/D f .x/

g.x/

obtain by cancelling common factors in the reductions f .x/ and g.x/. If deg� D
deg.�/, we say � has good reduction. If deg� < deg.�/, we say � has bad reduction.

Recall that a dynamical system .X;T / is minimal if for all x 2 X , the orbit set

OT .x/ WD fT n.x/ W n 2 Ng is dense in X . The set X is then called a minimal set.

Theorem 2.3.15 (A. H. Fan et al. (2017)). Let � 2Qp.x/ be a rational map of deg.�/�
2 with good reduction. Then we have

P1.Qp/D A[B [C

where A is the finite set consisting of all periodic points of �; B D
S

j Bj is the union

of all (at most countably many) clopen invariant sets such that each Bj is a finite union

of balls and each subsytem � WBj !Bj is minimal and points in C lie in the attracting

basin of a periodic orbit or of a minimal subsystem. Moreover, the length of a periodic

orbit has one of the following forms:

k or k` if p � 5

k or k` or kp if p D 2 or 3

where 1� k � pC1 and ` j .p 1/.

2.4 CAYLEY TREES

We remind that for a concise analysis between Cayley trees and Bethe lattices, we con-

sult the article of Ostilli (2012). But in our terminology, both of them are the same and

we prefer to use the term of Cayley tree.

Let �k D .V;L/ be a Cayley tree of order k where k � 1 with the root x0, i.e.

each vertex has exactly kC1 edges. Let �C
k
D .V;L/ be a semi-infinite Cayley tree of

order k where k � 1 with the root x0, i.e. each vertex has exactly kC 1 edges except

for the root x0 which has k edges. Here V is the set of vertices and L is the set of

edges. The vertices x and y are called nearest neighbors if there exists an edge l 2 L
connecting them. This edge is also denoted by l D hx;yi: A collection of the pairs

hx;x1i; � � � ;hxd!1;yi is called a path between vertices x and y. The distance d.x;y/

between x;y 2 V on the Cayley tree �k or semi-infinite Cayley tree �C
k

is the length of
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the shortest path between x and y. Let

Wn D
˚

x 2 V W d.x;x0/D n
	

; Vn D
n
[

mD0

Wm and Ln D fhx;yi 2 L W x;y 2 Vng :

The set of direct successors of x is defined by

8 x 2Wn; S.x/D fy 2WnC1 W d.x;y/D 1g :

We now introduce a coordinate structure in the Cayley tree �k and semi-infinite

Cayley tree �C
k

. We begin with the Cayley tree �k. Let Gk be a free product of kC 1
cyclic group of the order 2 with generator a1;a2; � � � ;ak;akC1.

Proposition 2.4.1 (see Rozikov (2013)). There exist a one-to-one correspondence be-

tween the set of vertices V of the Cayley tree � and the group Gk.

Proof. Fix an arbitrary element x0 2 V . Correspond it to the identity element e of the

groupGk . Without loss of generality, we assume the Cayley tree is a planar graph. Label

the neighbours of e by a1; � � � ;akC1 counter-clockwise. Now we label the neighbours

of each ai for i D 1; � � � ;kC 1. All ai have the common neighbour e. So we have

aiai D a2
i D e and the other neighbours are labelled aiaj for j D 1; � � � ;kC1 starting

aiai D e counter-clockwise. Next we label the neighbours of each aiaj by aiaja` for

`D 1; � � � ;kC 1 starting by aiajai D ai . Iterating this argument, we get a one-to-one

correspondence between the set V af the Cayley tree �k and the group Gk .

The group representation above is called right representation. In the same man-

ner, one could define the left representation. Now we define the (left) group translation

Tg W V ! V for g 2 V on the Cayley tree �k as follows:

Tg.x/D gx; 8x 2 V:

Next we consider the semi-infinite Cayley tree �C
k

. Every vertex x ¤ x0 has

the coordinate .i1; � � � ; in/ where im 2 f1; � � � ;kg; 1 � m � n and the vertex x0 has the

coordinate .;/. More precisely, the symbol .;/ constitutes level 0 and the coordinates

.i1; � � � ; in/ form level n of V (from the root x0). In this case, for any x 2 V; x D

.i1; � � � ; in/, we have

S.x/D f.x; i/ W 1� i � kg

where .x; i/ means .i1; � � � ; in; i/. Let us define a binary operation ı W V �V ! V as

follows: for any two elements x D .i1; � � � ; in/ and y D .j1; � � � ;jm/, we define

x ıy D .i1; � � � ; in/ı .j1; � � � ;jm/D .i1; � � � ; in;j1; � � � ;jm/
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and

y ıx D .j1; � � � ;jm/ı .i1; � � � ; in/D .j1; � � � ;jm; i1; � � � ; in/:

Then .V;ı/ is a noncommutative semigroup with the unit x0D .;/. In a similar manner

to the Cayley tree case, we define a translation �g W V ! V for g 2 V as follows:

�g.x/D g ıx 8x 2 V:

On a semi-infinite Cayley tree �C
k

, we are interested in periodic functions.

Definition 2.4.2. Let G � V be a sub-semigroup of V and h W V ! Y be a Y -valued

function. A function h is said to be G-periodic if h.�g.x// D h.x/ for all g 2 G and

x 2 V . A V -periodic function is called translation-invariant.

Remark 2.4.3. The periodicity defined for semi-infinite Cayley tree is different to that of

Rozikov (2013) where the Cayley tree �k was considered. In fact, for Cayley tree, there

is a group representation and the periodicity was defined by using normal subgroup of

this representation. It is known that a tree has a group representation if and only if it

is a Cayley tree Rozikov (2002). Thus, we could not have a group representation of the

semi-infinite Cayley tree. Moreover, we would like to emphasize that the multiplication

of the group of the Cayley tree and the binary operation of the corresponding semi-

infinite Cayley tree are different. The former involves cancellation while the latter does

not.

2.5 P -ADIC PROBABILITY MEASURES

For more detailed information about p-adic measures, we recommend the books of

Khrennikov et al. (1999) and Khrennikov (2009).

Let .X;B/ be a measurable space where B is an algebra of subsets of X . A

function � W B!Qp is said to be a p-adic measure if for any A1; : : : ;An 2 B such that

Ai \Aj D ; (i ¤ j ) the following equality holds:

�

� n
[

j D1

Aj

�

D
n
X

j D1

�.Aj /:

A p-adic measure is called a probability measure if�.X/D 1. One of the impor-

tant feature of p-adic probability, invented by Monna & Springer (1963), is bounded-

ness. A p-adic probability is bounded if supfj�.A/jp <1 W A 2 Bg. We are interested

in this important class of p-adic measures in which the boundedness condition itself

provides a fruitful integration theory, see for example Khrennikov (2007). In general,

a p-adic probability measure need not be bounded (Khrennikov, 1996b; Ludkovsky &
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Khrennikov, 2003).

2.5.1 Potts Model Over Qp

The study of Potts model over Qp was initiated in several papers (Mukhamedov & Rozikov,

2004, 2005; Mukhamedov & Akin, 2013; Rozikov & Khakimov, 2015; Mukhamedov & Khakimov,

2016). Let ˆD f1;2; � � � ;qg be a finite set and V be the set of vertices of a semi-infinite

Cayley tree �C
k

. A configuration (resp. a finite-volume configuration, a boundary con-

figuration) is a function � W V !ˆ (resp. �n W Vn!ˆ; � .n/ WWn!ˆ). We denote by�

(resp. �Vn
,�Wn

) the set of all configurations (resp. all finite-volume configurations, all

boundary configurations). For given configurations �n!1 2�Vn!1
and � .n/ 2�Wn

, we

define their concatenation to be a finite-volume configuration �n!1_ � .n/ 2 �Vn
such

that
�

�n!1_� .n/
�

.v/D

8

<

:

�n!1.v/ if v 2 Vn!1;

� .n/.v/ if v 2Wn:

The Hamiltonian of the q-state Potts model over Qp on the finite-volume con-

figurations is defined for all �n 2�Vn
and n 2 N as follows:

Hn.�n/D J
X

hx;yi2Ln

ı�n.x/�n.y/

where J 2 Bp!1=.p!1/.0/ is a coupling constant, hx;yi stands for nearest neighbor ver-

tices and ı is Kronecker’s delta symbol.

2.5.2 p-Adic Gibbs Measures

Now we present the construction of the p-adic Gibbs measures of the q-state Potts

model on the Cayley tree. Let Qh W V ! Qq
p; be a Qq

p-valued function such that Qh.x/D
�

Qh.1/
x ; : : : ; Qh.q/

x

�

for x 2 V . For n 2 N, we define a p-adic measure �.n/

Qh
W�Vn

!Qp on

�Vn
, associated to Qh, as follows: 8�n 2�Vn

�
.n/

Qh
.�n/D

1

Z
.n/

Qh

expp

8

<

:

Hn.�n/C
X

x2Wn

Qh.�n.x//
x

9

=

;

; (2.9)

where expp.�/ W Bp!1=.p!1/.0/! B1.1/ is the p-adic exponential function and Z
.n/

Qh
is

the partition function defined by

Z
.n/

Qh
D

X

�n2�Vn

expp

8

<

:

Hn.�n/C
X

x2Wn

Qh.�n.x//
x

9

=

;

:
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Here precisely, for any x 2Bp!1=.p!1/.0/we have expp.x/2 Ep WD
n

x 2Qp W jx 1jp < p! 1
p!1

o

.

Throughout, we consider the function Qh satisfying Qh.x/ 2
 

Bp!1=.p!1/.0/
�q

for any

x 2 V: The p-adic measures (2.9) are called compatible if for all �n!1 2 �Vn!1
and

n 2 N, one has
X

�.n/2�Wn

�
.n/

Qh
.�n!1_� .n//D �.n!1/

Qh
.�n!1/: (2.10)

Due to Kolmogorov’s extension theorem for the p-adic measures (2.9) (see Ganikhod-

jaev et al. (1998); Ludkovsky & Khrennikov (2003)), there exists a unique p-adic mea-

sure �Qh W�!Qp such that 8 �n 2�Vn
; 8 n 2 N

�Qh.f� jfVng D �ng/D �.n/

Qh
.�n/:

This uniquely extended measure �Qh W�!Qp is called a p-adic Gibbs measure.

The problem of finding the p-adic Gibbs measure is then reduced to the problem

of finding the function Qh that satisfy the compatibility condition (2.10). The following

theorem describes the condition on the function Qh W V !Qq
p for which the compatibility

condition (2.10) is satisfied.

Theorem 2.5.1 (Mukhamedov & Rozikov (2005, 2004)). Let Qh W V ! Qq
p; Qh.x/ D

�

Qh.1/
x ; : : : ; Qh.q/

x

�

be a given function and h W V ! Qq!1
p ; h.x/D

�

h
.1/
x ; : : : ;h

.q!1/
x

�

be a

function defined as h
.i/
x D Qh.i/

x  Qh.q/
x for all i D 1; : : : ;q 1: Then the p-adic probability

distributions
n

�
.n/

Qh

o

n2N
are compatible if and only if

h.x/D
X

y2S.x/

F.h.y//; 8 x 2 V n fx0g (2.11)

where S.x/ is the set of direct successors of x and the function F W Qq!1
p ! Qq!1

p ;

F.h/D .F1; � � � ;Fq!1/ for hD .h1; � � � ;hq!1/ is defined as follows:

Fi D lnp

 

.�  1/expp.hi/C
Pq!1

j D1 expp.hj /C1
�C

Pq!1
j D1 expp.hj /

!

; � D expp.J /:

Definition 2.5.2. Let .V;ı/ be the semigroup of the semi-infinite Cayley tree �k
C D

.V;L/. Let G � V be a sub-semigroup. A p-adic Gibbs measure determined by a G-

periodic function Qh is called G-periodic. A V -periodic p-adic Gibbs measure is called

translation-invariant.

Let us describe or find the translation-invariant p-adic Gibbs measures. Note that

a p-adic Gibbs measure of the Potts model on the Cayley tree is translation-invariant if

and only if the function Qh W �C
k
! Qq

p in (2.9) is constant, i.e. Qh.x/ D Qh for x 2 �C
k

.

Recall k is the order of the Cayley tree. Then the condition (2.11) of the Theorem 2.5.1
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takes the form hD kF.h/ or equivalently

hi D lnp

 

.�  1/expp.hi/C
Pq!1

j D1 expp.hj /C1
�C

Pq!1
j D1 expp.hj /

!k

for 1� i � q 1:

Let zD .z1; � � � ;zq!1/ 2Qq!1
p such that zi D expp.hi/ for any 1 � i � q 1. Then the

following theorem tells us how to find the translation-invariant p-adic Gibbs measures

of the Potts model on the Cayley tree.

Theorem 2.5.3 (Mukhamedov & Rozikov (2005)). Let Qh W V ! Qq
p be a function,

Qh.x/D QhD . Qh1; : : : ; Qhq/ and hD .h1; : : : ;hq!1/ such that hi D Qhi Qhq for 1� i � q 1.

Then there exists a translation-invariant p-adic Gibbs measure �Qh W �! Qp associ-

ated with a function Qh if and only if zD .z1; : : : ; zq!1/ 2 Eq!1
p such that zi D expp.hi/

is a solution of the following system of equations

zi D
 

.�  1/ziC
Pq!1

j D1 zj C1
�C

Pq!1
j D1 zj

!k

for 1� i � q 1: (2.12)

By this theorem, in order to describe the translation-invariant p-adic Gibbs measures,

we describe the possible form of the solution to the system of equations (2.12).

In what follows in which it can be found in (Saburov & Ahmad, 2015b), we

explain the steps to describe the possible solution of the system of equations (2.12).

Let Iq!1 D f1; � � � ;q 1g and ıij be Kronecker’s delta symbol. For j 2 Iq!1, suppose

ej D .ı1j ; ı2j ; � � �ıq!1j / 2 Qq!1
p and for ˛ � Iq!1, suppose e˛ D

P

j 2˛ ej . For any

z D .z1; � � � ;zq!1/ 2 Qq!1
p , assume f˛j .z/gdj D1 be a disjoint partition of the index set

Iq!1, i.e.
Sd

j D1˛j .z/D Iq!1; ˛j1
.z/\˛j2

.z/D; for j1¤ j2 such that zi1
D zi2

for all

i1; i2 2 ˛j .z/ and zi1
¤ zi2

for all i1 2 ˛j1
.z/, i2 2 ˛j2

.z/. Then for any i 2 ˛j .z/ and

1� j � d such that zi D zı
j (where zı

j is a value that corresponds to ˛j .z/), we have

zD
d
X

j D1

zı
j e˛j .z/: (2.13)

Theorem 2.5.4 (Saburov & Ahmad (2015b)). Let z 2 Eq!1
p is a solution of the system

(2.12). Then 1� d � k:

Proof. Let z 2 Eq!1
p be a solution of the system of equations (2.12). The case q 1� k

is trivial. We suppose that q > kC 1: Then we can write z in the form (2.13). Since

z is a fixed solution, S.z/D
Pq!1

j D1 zj D
Pd

j D1 z
ı
j j˛.zj /j is also a fixed number where

zi D zı
j for any i 2 ˛j .z/ and j D 1;d :
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Let us consider the following polynomial equation of the variable x

x.�CS.z//k D Œ.�  1/xCS.z/C1�k : (2.14)

Since zD .z1; � � � ;zq!1/ is a solution of the system of equation (2.12), for each j D 1;d ;
the number zı

j is a distinct root of the polynomial equation (2.14). On the other hand,

the polynomial equation (2.14) of degree k may have at most k number of roots in Qp.

Thus d � k:

This theorem tells us that for a set of solution of the system of equations (2.12), the

distinct values should not exceed the order k of the Cayley tree. This result is useful

when describing the translation-invariant p-adic Gibbs measures.

Next we find other kind of periodic p-adic Gibbs measures. We would like to

find other function Qh that satisfy the compatibility condition (2.10). Letm be some fixed

natural number and Hm D
˚

x 2 V W d
 

x;x0
�

� 0 .mod m/
	

. Observe that the subset

Hm is a sub-semigroup of V and the function Qh W V !Qq
p isHm-periodic if Qh.x/D Qh.j /

whenever d.x;x.0//� j .mod m/ for 0� j <m. The semigroupH1 is equal to the set

of vertices V of the semi-infinite Cayley tree. Thus, H1 is associated to the translation-

invariant p-adic Gibbs measures. There exists an Hm-periodic p-adic Gibbs measure

associated with this Hm-periodic function Qh. In this case, the condition (2.11) takes the

form h.j / D kF.h.j C1// for all 0� j < m with h.m/ WD h.0/, i.e.,

h
.j /
i D lnp

 

.�  1/expp.h
.j C1/
i /C

Pq!1

lD1
expp.h

.j C1/

l
/C1

�C
Pq!1

lD1
expp.h

.j C1/

l
/

!k

; 1� i � q 1:

Remark 2.5.5. It is proven in Theorem 2 of Rozikov & Khakimov (2013b) that the Potts

model (over the field R of the real numbers) on the Cayley trees admits only translation-

invariant Gibbs measures and periodic Gibbs measures of period two which correspond

to Gk-periodic and G
.2/

k
-periodic functions respectively. Here Gk is the free group

representation of the Cayley tree �k and G
.2/

k
is the subgroup of Gk consisting of all

words of even length. As we have argued in (2.4.3), the definition of the periodic Gibbs

measure on the semi-infinite Cayley trees is different to that on the Cayley trees. The

former is based on a semigroup structure and the later is based on a group structure.

Suppose z.j / D .z.j /
1 ; � � � ;z.j /

q!1/ 2 E
q!1
p such that z.j /

i D expp.h
.j /
i / for any 1 �

i � q 1: In what follows, we write z.j / D expp.h
.j //:

Proposition 2.5.6. There exists anHm-periodic p-adic Gibbs measure if and only if the

following system of equations

z
.j /
i D

 

.�  1/z.j C1/
i C

Pq!1

lD1
z

.j C1/

l
C1

�C
Pq!1

lD1
z

.j C1/

l

!k

; 1� i � q 1; 0� j �m 1 (2.15)
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has a solution fz.j /gm!1
j D0 � E

q!1
p in which z.m/ WD z.0/:

Proof. It follows directly from the definition of semi-groupHm and Theorem 2.5.3.

Let us defined the physical phenomenon of the phase transition. It can be found

in (Mukhamedov & Akin, 2013). We denote by Gp the set of all p-adic Gibbs measures

of the Potts model on the Cayley tree associated to the functions Qh D fQh.x/;x 2 V g.
The notation jAj means the cardinality of the set A.

Definition 2.5.7 (Mukhamedov & Akin (2013)). Let the p-adic Gibbs measures for the

associated model are non-unique, i.e. jGpj > 1 and at least one of them unbounded.

Then the phase transition occurs.
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CHAPTER 3

TRANSLATION-INVARIANT P -ADIC GIBBS MEASURES

3.1 INTRODUCTION

We will study a class of p-adic Gibbs measures so-called the class of translation-

invariant p-adic Gibbs measures of the q-state Potts model on the semi-infinite Cayley

trees. In the classical case, Blekher & Ganikhodjaev (1990) show that there is a relation

between the Ising on the Cayley trees and the semi-infinte Cayley trees. Later with-

out any confusion, we will drop the term semi-infinite. We recall that a p-adic Gibbs

measure of the Potts model on the Cayley tree is translation-invariant if and only if the

function Qh W V !Qq
p in (2.9) is constant, i.e. Qh.x/D Qh for any x 2 �C

k
. We also recall

the following theorem which inform us about the existence of the translation-invariant

p-adic Gibbs measures of the Potts model on the Cayley tree.

Theorem 3.1.1 (Mukhamedov & Rozikov (2005)). Let Qh W V ! Qq
p be a function,

Qh.x/D QhD . Qh1; : : : ; Qhq/ and hD .h1; : : : ;hq!1/ such that hi D Qhi Qhq for 1� i � q 1.

Then there exists a translation-invariant p-adic Gibbs measures �Qh W�! Qp associ-

ated with a function Qh if and only if zD .z1; : : : ; zq!1/ 2 Eq!1
p such that zi D expp.hi/

is a solution of the following system of equations

zi D
 

.�  1/ziC
Pq!1

j D1 zj C1
�C

Pq!1
j D1 zj

!k

for 1� i � q 1: (3.1)

The following theorem describes the existence of all translation-invariant p-adic

Gibbs measures of the Potts model with q spin values on the Cayley tree of order three.

Theorem 3.1.2 (Saburov & Ahmad (2015b)). There exists a translation-invariant p-

adic Gibbs measure �Qh W �! Qp associated with a function Qh D . Qh1; � � � ; Qhq/ if and

only if Qhj D logp.hzj / for all j D 1;q 1 and Qhq D logp.h/ where h 2 Ep is any p-

adic number and zD .z1; � � �zq!1/ 2 Eq!1
p is defined either one of the following form

(A) zD .1; � � � ;1/ I

(B) zD .z; � � � ;z/ where z 2 Ep n f1g is a root of the following cubic equation

.q 1/3z3C
 

3.q 1/2 .�  1/2.�C3.q 1/ 1/
�

z2

C
 

3.q 1/ .�  1/2.�C2/
�

zC1D 0I
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(C) zD e˛1
C ze˛2

with j˛i j Dmi ; m1Cm2 D q 1 such that z 2 Ep n f1g is a root

of the following cubic equation

m3
2z

3C
�

3m2
2.m1C1/ .�  1/2.�C3m2 1/

�

z2

C
�

3m2.m1C1/2 .�  1/2.�C3.m1C1/ 1/
�

zC .m1C1/3 D 0I

(D) zD z1e˛1
C z2e˛2

with j˛i j Dmi ; m1Cm2 D q 1 such that

(i) if m1 ¤ 1!�
3

then z1 D  .�!1C3m2/z2C�C2

.�!1C3m1/
2 Ep n f1g and z2 2 Ep n f1g is a

root of the following cubic equation

Œ.m1 m2/zC .m1 1/�3

C .�  1C3m1/
2
�

.�  1C3m2/z
2C .�C2/z

�

D 0I

(ii) if m2 ¤ 1!�
3

then z2 D  .�!1C3m1/z1C�C2

.�!1C3m2/
2 Ep n f1g and z1 2 Ep n f1g is a

root of the following cubic equation

Œ.m2 m1/zC .m2 1/�3

C .�  1C3m2/
2
�

.�  1C3m1/z
2C .�C2/z

�

D 0I

(E) zD z1e˛1
C z2e˛2

C e˛3
with j˛i j Dmi ; m1Cm2Cm3 D q 1 such that

(i) if m1 ¤ 1!�
3

then z1 D .�!1C3m2/z2C3m3C�C2

.�!1C3m1/
2 Ep n f1g and z2 2 Ep n f1g

is a root of the following cubic equation

Œ.m1 m2/zC .m1 m3 1/�3C.� 1C3m1/
2.� 1C3m2/z

2

C .�  1C3m1/
2.3m3C�C2/z D 0I

(ii) if m2 ¤ 1!�
3

then z2 D .�!1C3m1/z1C3m3C�C2

.�!1C3m2/
2 Ep n f1g and z1 2 Ep n f1g

is a root of the following cubic equation

Œ.m2 m1/zC .m2 m3 1/�3C.� 1C3m2/
2.� 1C3m1/z

2

C .�  1C3m2/
2.3m3C�C2/z D 0I

(iii) if � D 1 q andm1Dm2Dm3C1 then either z1 2 Ep nf1g or z2 2 Ep nf1g
is any p-adic number so that the second one is a root of the cubic equation

.z1Cz2C1/3 D 27z1z2.

By these theorems, one can see that the existence of the translation-invariant p-

adic Gibbs measures of the Potts model on the Cayley tree of order 3 is related to the

existence of the roots of cubic equations over Qp. In Chapter 2, we gave the solvability

conditions of the cubic equation over Qp which can be use to describe the existence of

the translation-invariant p-adic Gibbs measures of the Potts model on the Cayley tree
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of order 3. In next section, we will describe the existence of the translation-invariant

p-adic Gibbs measures of the Potts model on the Cayley tree of order 4.

3.2 TRANSLATION-INVARIANTP -ADIC GIBBS MEASURES OF THE POTTS
MODEL ON THE CAYLEY TREE OF ORDER 4

We shall describe the existence of the translation-invariant p-adic Gibbs measures of

the Potts model with q-state values on the Cayley tree of order 4. By Theorem 3.1.1,

we will analyze the following system of equations:

zi D
 

.�  1/ziC
Pq!1

`D1
z`C1

�C
Pq!1

`D1
z`

!4

for 1� i � q 1: (3.2)

Due to Theorem 2.5.4, we are interested in the solution of (3.2) of the form zD eˇCze˛

with jˇj D q  1 j˛j. Here j˛j means the cardinality of the set ˛. In this case, the

distinct values of the set of the solution to the system of equations (3.2) is 2 < 4D k. If

we substitute zD eˇ C ze˛ into (3.2) we obtain

z D f .z/ (3.3)

where

f .z/ D
�

.�  1Cj˛j/zCq j˛j
j˛jzC�  1Cq j˛j

�4

(3.4)

D
�

‚zCQ 1
zC‚CQ 2

�4

(3.5)

with ‚D �!1
j˛j
C1 and QD q

j˛j
. Recall

Ep D
n

x 2Qp W jx 1jp < p! 1
p!1

o

:

Our aim is to find the solutions of the equation (3.3) that belong to Ep so that we can

have the translation-invariant p-adic Gibbs measures. One could check that 1 2 Ep is

the solution of the equation (3.3). So from z 1D f .z/ 1 and the equality (3.4), we

get

.z 1/.A j˛j/
.j˛jzCACB  j˛j/4

 

.AzCB/3C .AzCB/2.j˛jzCACB  j˛j/

C.AzCB/.j˛jzCACB  j˛j/2C .j˛jzCACB  j˛j/3
�

D .z 1/
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where AD �  1Cj˛j and B D q j˛j. This means that any other solution 1¤ z 2 Ep

is the solution of the following quartic equation

.A j˛j/
 

.AzCB/3C .AzCB/2.j˛jzCACB  j˛j/C .AzCB/.j˛jzCACB  j˛j/2

C.j˛jzCACB  j˛j/3
�

D .j˛jzCACB  j˛j/4:

Expanding the terms, we have

j˛j4z4C . A4C4Aj˛j3C4Bj˛j3 3j˛j4/z3C . A4 4A3B

C6A2j˛j2C12ABj˛j2 8Aj˛j3C6B2j˛j2 8Bj˛j3C3j˛j4/z2

C. A4 4A3BC4A3j˛j 6A2B2C12A2Bj˛j 6A2j˛j2C12AB2j˛j
 12ABj˛j2C4Aj˛j3C4B3j˛j 6B2j˛j2C4Bj˛j3 j˛j4/zCB4 D 0 (3.6)

On the other hand, from z 1D f .z/ 1 and the equality (3.5), we obtain

.z 1/.‚ 1/
.zC‚CQ 2/4

 

.‚zCQ 1/3C .‚zCQ 1/2.zC‚CQ 2/

C.‚zCQ 1/.zC‚CQ 2/2C .zC‚CQ 2/3
�

D .z 1/:

This implies that any other solution 1¤ z 2 Ep is the solution of the following quartic

equation:

.‚ 1/
 

.‚zCQ 1/3C .‚zCQ 1/2.zC‚CQ 2/
C.‚zCQ 1/.zC‚CQ 2/2C .zC‚CQ 2/3

�

D .zC‚CQ 2/4:

Let z D 1 Q .‚ 1/C .‚ 1/y. Then the quartic equation above can be
written as follows

y4 .1C‚C‚2C‚3/y3 .3‚2C2‚C1/.1 ‚ Q/y2 .3‚C1/.1 ‚ Q/2y .1 ‚ Q/3D 0:
(3.7)

So, in order to find the solution of the equation (3.3), we could look for the solutions

of the quartic equations (3.6) or (3.7). In what follows, we assume j˛j D m and � ¤
1; 1 q. Recall from Proposition 2.5.1 that j�  1j< 1 where � D expp.J / 2 Ep.

Proposition 3.2.1. Let p � 3 be a prime number and q ¤ 3.�  1/. Suppose jmjp D 1.

(i) Let jqjp D 1. Then the solutions of the equation (3.3) are not in Ep except z D 1.

(ii) Let jqjp < 1. Then all the solutions of the equation (3.3) are in Ep.

Moreover, if jqjp < 1, then the equation (3.7) always has the solutions.

Proof. We recall j�  1jp < 1 and � ¤ 1; 1 q. Suppose p � 3 be a prime number,
q ¤ 3.�  1/ and jmjp D 1. In this case we will consider the equation (3.7) in order
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to find the solutions ¤ 1 of the equation (3.3). Since q ¤ 3.�  1/, one could check
that the solutions of the equation (3.7) are not equal to �!1Cq

�!1
. For jmjp D 1, we have

jQjp � 1 and j‚ 1jp < 1. If Ny is the solution of the equation (3.7), then

j Nyj4p � maxfj1!‚!Qj3p; j1!‚!Qj2p j3‚2 C2‚C1jp j Nyjp; j1!‚!Qjp j3‚C1jp j Nyj2p; j1C‚C‚2 C‚3jp j Nyj3pg:

This implies j Nyjp � 1. Thus if jqjp D 1, then j Nz  1jp D j.‚ 1/. Ny  1/ Qjp D
jQjp D 1 where Nz is the solution of the equation (3.3). This means Nz … Ep and the

statement (i) holds.
Now suppose jqjp < 1. Then one can see j Nz 1jp D j.‚ 1/. Ny  1/ Qjp D

jQjp < 1 where Nz is any solution of the equation (3.3). So Nz 2 Ep and the statement (ii)
holds. Next we will show that the equation (3.7) always has a solution. Without loss of
generality, let mD 1. Then we have

y4 .1C�C�2C�3/y3 .3�2C2�C1/.1 � q/y2 .3�C1/.1 � q/2y .1 � q/3D 0: (3.8)

Let Ny � 4 .mod p/. Consider the polynomial P.y/ D y4  .1C � C �2C �3/y3  
.3�2C 2� C 1/.1 �  q/y2 .3� C 1/.1 �  q/2y  .1 �  q/3 and its derivative

P 0.y/D 4y3 3.1C�C�2C�3/y2 2.3�2C2�C1/.1 �  q/y .3�C1/.1 �  
q/2. Then

P. Ny/� 0 .mod p/ and P 0. Ny/� 4 Ny3 12 Ny2 � Ny3 6� 0 .mod p/:

By Hensel’s lemma, there exists a root y 2 Zp of the quartic equation (3.8) such that

y� Ny .mod p/. This means the equation (3.7) always has a solution. This completes

the proof.

Proposition 3.2.2. Let p � 5 be a prime number, jmjp < 1 and q ¤ 3.�  1/. Then

there exists a solution .¤ 1/ of (3.3) in Ep if and only if we have one of the following

conditions:

(i) j�  1jp < jmjp and jqjp < jmjpI

(ii) jqjp < j�  1jp D jmjp and exists a solution y of the quartic equation (3.7) such

that jy 1jp < 1I

(iii) j�  1jp D jqjp D jmjp or jmjp < j�  1jp � jqjp and exists a solution y of the

quartic equation (3.7) such that j.�  1/.y 1/ qjp < jmjp:

Proof. Recall j� 1jp < 1 and � ¤ 1; 1 q. Let p � 3 be a prime number, q¤ 3.� 1/
and jmjp D 1. The condition q¤ 3.� 1/means that the solutions of the equation (3.7)

are not equal to �!1Cq

�!1
. To find the solution ¤ 1 of the equation (3.3), we will consider

the following cases.

1. j�  1jp < jmjp; jqjp < jmjpI
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2. j�  1jp < jmjp D jqjpI

3. j�  1jp < jmjp < qjpI

4. jqjp < j�  1jp D jmjpI

5. j�  1jp D jmjp D jqjpI

6. j�  1jp D jmjp < jqjpI

7. jqjp < jmjp < j�  1jpI

8. jmjp D jqjp < j�  1jpI

9. jmjp < j�  1jp; jmjp < jqjp:

Consider the quartic equation

y4CA3y
3CA2y

2CA1yCA0 D 0

where A0 D  .1 ‚ Q/3; A1 D  .3‚C 1/.1 ‚ Q/2; A2 D  .3‚2C 2‚C
1/.1 ‚ Q/ and A3 D .‚3C‚2C‚C1/.

CASE 1: Let j�  1jp < jmjp; jqjp < jmjp. Then we have j‚ 1jp < 1 and

jQjp < 1. This case is similar to the Proposition 3.2.1.(ii). So there exists a solution

(¤ 1) of (3.3).

CASE 2: Let j�  1jp < jmjp D jqjp. Then we have j‚ 1jp < 1 and jQjp D 1.

It is similar to the Proposition 3.2.1.(i). So there is no solution (¤ 1) of (3.3) in Ep.

CASE 3: Let j�  1jp < jmjp < qjp. Then we have j‚ 1jp < 1 and jQjp > 1.

If Ny is the solution of the equation (3.7), then

j Nyj4p �maxfjA0j3p; jA1jpj Nyjp; jA2jpj Nyj2p; jA3jpj Nyj3pg:

This implies j Nyjp < jQjp. Thus j Nz 1jp D j.‚ 1/. Ny 1/ Qjp D jQjp > 1 where Nz
is the solution of the equation (3.3) and there is no solution (¤ 1) of (3.3) in Ep.

CASE 4: Let jqjp < j�  1jp D jmjp. Then we have j‚jp � 1; j‚ 1jp D 1 and

jQjp < 1. We also have ordp.A0/D 0; ordp.A1/� 0; ordp.A2/� 0 and ordp.A3/�
0. We construct its Newton polygon and we find j Nyjp D 1 where Ny is the solution of the

equation (3.7). If there is Ny 2 Qp and j Ny 1jp < 1, then j Nz 1jp D j.‚ 1/. Ny 1/ 
Qjp < 1 where Nz is the solution of the equation (3.3). This means Nz 2 Ep: Otherwise,

there is no solution (¤ 1) of the equation (3.3) in Ep.

CASE 5: Let j�  1jp D jmjp D jqjp. Then we have j‚jp � 1; j‚ 1jp D
jQjp D 1. We also have ordp.A0/� 0; ordp.A1/� 0; ordp.A2/� 0 and ordp.A3/�
0. We construct its Newton polygon and we find j Nyjp � 1 where Ny is the solution of

the equation (3.7). If there is Ny 2Qp and j.�  1/. Ny 1/ qjp < jmjp, then j Nz 1jp D
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j.‚ 1/. Ny  1/ Qjp < 1 where Nz is the solution of the equation (3.3). This means

Nz 2 Ep: Otherwise, there is no solution (¤ 1) of the equation (3.3) in Ep.

CASE 6: Let j�  1jp D jmjp < jqjp. Then we have j‚ 1jp D 1 and jQjp > 1.

If Ny is the solution of the equation (3.7), then

j Nyj4p �maxfjA0j3p; jA1jpj Nyjp; jA2jpj Nyj2p; jA3jpj Nyj3pg:

This implies j Nyjp < jQjp. Thus j Nz 1jp D j.‚ 1/. Ny 1/ Qjp D jQjp > 1 where Nz
is the solution of the equation (3.3) and there is no solution (¤ 1) of (3.3) in Ep.

CASE 7: Let jqjp < jmjp < j�  1jp. Then we have j‚jp D j‚ 1jp > 1 and
jQjp < 1 Let w D y 1. Then the equation (3.7) is written as follows

w4 C.3!‚!‚2 !‚3/w3 C.3Q‚2 C2Q‚!4‚2 CQ!4‚C2/w2 C.!3Q2‚!Q2 C8Q‚C4Q!6‚!2/w CQ3 !4Q2 C6Q!3 D 0:

(3.9)

Let B0 D Q3 4Q2C 6Q 3; B1 D  3Q2‚ Q2C 8Q‚C 4Q 6‚ 2; B2 D
3Q‚2C2Q‚ 4‚2CQ 4‚C2 andB3D 3 ‚ ‚2 ‚3. We also have ordp.A0/D
0; ordp.A1/D ordp.‚/; ordp.A2/D 2ordp.‚/ and ordp.A3/D 3ordp.‚/. We con-

struct its Newton polygon and we find j Nwjp D j‚j3 or j Nwjp D 1
j‚jp

where Nw is the solu-

tion of the equation (3.9). This implies j Nz 1jp D j.‚ 1/ Nw Qjp � 1 where Nz is the

solution of the equation (3.3). Thus there is no solution (¤ 1) of the equation (3.3) in

Ep.

CASE 8: Let j�  1jp > jmjp D jqjp. In this case, we consider the quartic equa-

tion (3.6). Let C0 DB4; C1 D A4 4A3BC4A3m 6A2B2C12A2Bm 6A2m2C
12AB2m 12ABm2C4Am3C4B3m 6B2m2C4Bm3 m4; C2 D A4 4A3BC
6A2m2C12ABm2 8Am3C6B2m2 8Bm3C3m4; C3 D  A4C4Am3C4Bm3 
3m4 and C4 D m4. Then we obtain ordp.C0/ � 4ordp.m/; ordp.C1/ D 4ordp.�  
1/; ordp.C2/D 4ordp.�  1/; ordp.C3/D 4ordp.�  1/ and ordp.C4/D 4ordp.m/.

We construct its Newton polygon and then we find there may exist Nz the solution of the

equation (3.8) such that j Nzjp D 1. When we substitute Nz into equation (3.6), we find

Nz 6� 1 .mod p/ whenever p � 5. Hence, there is no solution (¤ 1) of the equation (3.3)

in Ep.

CASE 9: Let j�  1jp > jmjp; jqjp > jmjp. We divide into three subcases:

jmjp < jqjp < j�  1jp; jmjp < j�  1jp < jqjp and jmjp < j�  1jp D jqjp.

CASE 9(I): Suppose jmjp < jqjp < j�  1jp. Similar to the Case 8, we will consider

the quartic equation (3.6). We have ordp.C0/ � 4ordp.q/; ordp.C1/ D 4ordp.�  
1/; ordp.C2/D 4ordp.�  1/; ordp.C3/D 4ordp.�  1/ and ordp.C4/D 4ordp.m/.

We construct its Newton polygon and we find there may exist Nz the solution of the

equation (3.6) such that j Nzjp D 1. If we substitute Nz into quartic equation (3.6), we find

Nz 6� 1 .mod p/ whenever p � 5. Hence, there is no solution (¤ 1) of the equation (3.3)

in Ep.

CASE 9(II): Suppose jmjp < j�  1jp < jqjp. Then we have 1 < j‚jp D j‚ 1jp �

43



jQjp. We consider the equation quartic (3.9). We have ordp.B0/D 3ordp.Q/; ordp.B1/D
2ordp.Q/Cordp.‚/; ordp.B2/D ordp.Q/C2ordp.‚/ and ordp.B3/D 3ordp.‚/.

We construct its Newton polygon and and we find there may exist Nw the solution of the

quartic equation (3.9) such that j Nwjp D jQjp
j‚jp

. So if there is Nw 2 Qp and j.�  1/. Nw 
1/ qjp < jmjp, then j Nz  1jp D j.‚ 1/ Nw Qjp < 1 where Nz is the solution of the

equation (3.3). This means Nz 2 Ep: Otherwise, there is no solution (¤ 1) of the equation

(3.3) in Ep.

CASE 9(III): Suppose jmjp < j�  1jp D jqjp. Then we have 1 < j‚jp D j‚ 1jp D
jQjp. We consider the quartic equation (3.9). We have ordp.B0/ D ordp.B1/ D
ordp.B2/ D ordp.B3/ D 3ordp.Q/ D 3ordp.‚/. We construct its Newton polygon

and and we find there may exist Nw the solution of the quartic equation (3.9) such

that j Nwjp D 1. If there is Nw 2 Qp and j.�  1/. Nw 1/ qjp < jmjp, then j Nz  1jp D
j.‚ 1/ Nw Qjp < 1 where Nz is the solution of the equation (3.3). This means Nz 2 Ep:

Otherwise, there is no solution (¤ 1) of the equation (3.3) in Ep.

There exists a solution (¤ 1) of the equation (3.3) in Ep if the Case 1,4,5,9(II)

and 9(III) hold. Otherwise, the solution is not in Ep.

By these two propositions, Proposition 3.2.1 and 3.2.2, we prove the following

theorem which state the existence of the translation-invariant p-adic Gibbs measure

�h associated to the function h where expp.h/D zD e˛1
C ze˛2

¤ .1; : : : ;1/ such that

z D 1 Q .‚ 1/C .‚ 1/y. Here y is the solution of the quartic equation (3.7).

Theorem 3.2.3. Let p � 5 be a prime number, j�  1jp < 1 and q ¤ 3.�  1/. Then

there exists a translation-invariant p-adic Gibbs measure �h associated to the function

h where expp.h/ D z D e˛1
C ze˛2

¤ .1; : : : ;1/ when one of the following conditions

holds:

(i) jmjp D 1 with j�  1jp; jqjp < 1I

(ii) j�  1jp; jqjp < jmjp < 1I

(iii) jqjp < j�  1jp D jmjp < 1 and exists a solution y of the quartic equation (3.7)

such that jy 1jp < 1I

(iv) j�  1jp D jqjp D jmjp < 1 or jmjp < j�  1jp � jqjp � 1 and exists a solution y

of the quartic equation (3.7) such that j.�  1/.y 1/ qjp < jmjp:

This theorem also tells us when the translation-invariant p-adic Gibbs measures is non-

unique. The non-uniqueness of translation-invariant p-adic Gibbs measures is essential

especially in the study of the set of p-adic Gibbs measures and the phase transition. This

theorem also ask us to find a solution to the quartic equation over Qp. In next section,

we will describe the solvability condition of the quartic equation over Qp. Notice that

finding the translation-invariant p-adic Gibbs measures of the Potts model on the Cayley
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tree is reduced to finding the fixed points of the function f . Later, in Chapter 4, we will

study the dynamics of the function f called Potts–Bethe mapping on Qp.

3.3 QUARTIC EQUATIONS OVER QP

In the previous section, we notice that the study of translation-invariant p-adic Gibbs

measures of Potts model on Cayley tree of order 4 is related to the searching of the

roots of the quartic equation over Qp. A quartic equation may have or may not have a

root in Qp. For instance, the quartic equation x4 D p does not have a root in Qp. So

in this section we will study the solvability conditions of the quartic equation over Qp.

It is useful later for describing the existence of the translation-invariant p-adic Gibbs

measures of Potts model on the Cayley tree of order 4.

Let us consider the following general quartic equation

y4Ca3y
3Ca2y

2a1yCa0 D 0: (3.10)

Replacing the variable y by x a3

4
we obtain the following depressed quartic equation

x4Cax2CbxC c D 0 (3.11)

where aD 8a2!3a2
3

8
; b D a3

3!4a2a3C8a1

8
and c D !3a4

3C256a0!64a1a3C16a2a2
3

256
. Throughout,

we will only consider the depressed quartic equation (3.11).

3.3.1 Solvability Over Z�
p

Let A� Z be any subset. We introduce the following set

pAZ�
p WD

˚

x 2Qp W logp jxjp 2 A
	

:

Proposition 3.3.1. Let p be any prime, a;b;c 2 Qp and A � Z be any subset. The

depressed quartic equation (3.11) is solvable in pAZ�
p if and only if there exists a pair

.y�;k/ 2 Z�
p�A such that y� is a solution of the following depressed quartic equation

y4CAky
2CBkyCCk D 0 (3.12)

where Ak D ap!2k; Bk D bp!3k and Ck D cp!4k. Moreover, in this case, a solution of

the depressed quartic equation (3.11) has the form x D pky�.

Proof. Let x 2 Qp and jxjp D p!k . Then x 2 pAZ�
p is a solution of the depressed

quartic equation (3.11) if and only if y� D xjxjp 2 Z�
p is a solution of the depressed
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quartic equation (3.12).

This shows that it is enough to study the depressed quartic equation (3.11) over Z�
p for

a;b;c 2Qp.

Proposition 3.3.2. Let p be any prime number. Suppose the depressed quartic equation

(3.11) has solutions in Z�
p for a;b;c 2Qp. Then either one of the following statements

holds

.i/ jbjp; jcjp < jajp D 1I

.i i/ jajp; jcjp < jbjp D 1I

.i i i/ jajp; jbjp < jcjp D 1I

.iv/ jajp < jbjp D jcjp; jbjp D jcjp � 1I

.v/ jbjp < jajp D jcjp; jajp D jcjp � 1I

.vi/ jcjp < jajp D jbjp; jajp D jbjp � 1I

.iv/ jajp D jbjp D jcjp � 1:

Proof. Let the depressed quartic equation (3.11) has solutions in Z�
p. Then one obtain

jajp D jax2jp D jx4CbxC cj �maxf1; jbjp; jcjpg;
jbjp D jbxjp D jx4Cax2C cj �maxf1; jajp; jcjpg;

jcjp D jx4Cax2Cbxj �maxf1; jajp; jbjpg;
1D jx4jp D jax2CbxC cj �maxfjajp; jbjp; jcjpg:

By analyzing and comparing these inequalities, we get the conditions (i)–(vii).

Next we give the conditions for the depressed equation (3.11) to have solution

in Z�
p. Recall

�D b2.4a3 27b2/C16c.a4C9ab2 8a2cC16c2/

is the discriminant of the depressed quartic equation (3.11). Recall also from Chapter 2

about the quartic congruence

x4Cax2CbxC c � 0 .mod p/: (3.13)

We recall the Theorems 2.2.13 and 2.2.17. Let p � 5 be a prime number, a;b;c 2 Z and

� 6� 0 .mod p/. Let a� 2m .mod p/.
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i/ Let p ∤ b. Then the quartic congruence (3.13) has solution if and only if there is

no an integer y such that

y3C3ay2C .a2 4c/y b2 � 0 .mod p/

and
�

y

p

�

D 1.

i i/ Let p j b and p ∤ ac. Then the quartic congruence (3.13) has solution if and only

if

a/ c � n2 .mod p/ and
�

2.m!n/

p

�

D
�

2.mCn/

p

�

D
�

m2!n2

p

�

D 1 or

b/
�

c
p

�

D 1 and
�

m2!c
p

�

D 1.

Then we have the following statements.

R1 W there is no an integer y such that y3C3ay2C .a2 4c/y b2 � 0 .mod p/

and

�

y

p

�

D 1:

R2 W c � n2 .mod p/ and

�

2.m n/
p

�

D
�

2.mCn/
p

�

D
�

m2 n2

p

�

D 1:

R3 W
�

c

p

�

D 1 and

�

m2 c
p

�

D 1:

Let a D pordp.a/a�; b D pordp.b/b� and c D pordp.c/c� such that a� D a0C
a1pCa2p

2C�� � ; b� D b0Cb1pCb2p
2C�� � and c� D c0C c1pC c2p

2C�� � . Here
n
p
a 9means ordp.a/ is divisible by n and a0 is the nth residue modulo p. By Proposi-

tion 3.3.2, if the depressed equation (3.11) has solutions in Z�
p then maxfjajp; jbjp; jcjpg�

1.

Proposition 3.3.3. Let p � 5 be a prime number. Suppose maxfjajp; jbjp; jcjpg D 1
and j�jp D 1. Let either one of the following conditions holds:

.i/ jajp; jcjp < jbjp and
3
p
 b 9I

.i i/ jajp; jbjp < jcjp and 4
p c 9I

.i i i/ jajp < jbjp D jcjp and R1;

.iv/ jbjp < jajp D jcjp and R2 or R3;

.v/ jajp D jbjp D jcjp and R1.

Then the depressed quartic equation (3.11) has a solution in Z�
p.

Proof. Let p � 5 be a prime number. Let maxfjajp; jbjp; jcjpg D 1 and j�jp D 1
where � D  b2.4a3 27b2/C 16c.a4C 9ab2 8a2cC 16c2/. Then by Proposition

3.3.2, let one of the following conditions holds:
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.1/ jajp; jcjp < jbjp D 1I

.2/ jajp; jbjp < jcjp D 1I

.3/ jajp < jbjp D jcjp D 1I

.4/ jbjp < jajp D jcjp D 1I

.5/ jajp D jbjp D jcjp D 1:

We shall analyze each cases. Let fa;b;c.x/ D x4C ax2C bxC c. Then f 0
a;b;c

.x/ D
4x3C2axCb. The condition j�jp D 1 means � 6� 0 .mod p/ and R.fa;b;c;f

0
a;b;c

/ 6�
0 .mod p/. By Theorem 2.2.2, this means that if fa;b;c. Nx/� 0 .mod p/ for some Nx 2Z,

then f 0
a;b;c

. Nx/ 6� 0 .mod p/.

(i) : Case (1). We want to show that the depressed quartic equation (3.11) has solution in

Z�
p if and only if 3

p
 b 9. IF PART: Let x 2 Z�

p be a solution of the depressed quartic

equation (3.11). Then we get x4
0Cb0x0� x0.x

3
0Cb0/� x3

0Cb0� 0 .mod p/: It means

. b0/
p!1

3 � 1 .mod p/ or there exists 3
p
 b. ONLY IF PART: Let 3

p
 b 9. Then there

is Nx 2 Z such that Nx3Cb0 � 0 .mod p/. We have fa;b;c. Nx/� Nx. Nx3Cb0/� 0 .mod p/

and f 0
a;b;c

. Nx/ � 4 Nx3C b0 6� 0 .mod p/: Due to Hensel’s lemma, there exists x 2 Zp

such that fa;b;c.x/D 0 and x � Nx .mod p/. Since Nx 6� 0 .mod p/, we have x 2 Z�
p.

(ii) : Case (2). We want to show that the depressed quartic equation (3.11) has solution

in Z�
p if and only if 4

p c 9. IF PART: Let x 2Z�
p be a solution of the depressed quartic

equation (3.11). Then we have x4
0Cc0� 0 .mod p/: It means . c0/

p!1
.4;p!1/ � 0 .mod p/

or there exists 4
p c. ONLY IF PART: Let 3

p c  9. Then there is Nx 2 Z such that

Nx4C c0 � 0 .mod p/. We get fa;b;c. Nx/� Nx3C c0 � 0 .mod p/ and f 0
a;b;c

. Nx/� 3 Nx2 6�
0 .mod p/. Due to Hensel’s lemma, there exists x 2 Zp such that fa;b;c.x/ D 0 and

x � Nx .mod p/. Since Nx 6� 0 .mod p/, we have x 2 Z�
p.

(iii) : Case (3). We want to show that the depressed quartic equation (3.11) is solvable

in Z�
p if and only if R1 is satisfied. IF PART: Let x 2 Z�

p be a solution of the depressed

quartic equation (3.11). Then we have x4
0Cb0x0C c0 � 0 .mod p/: We know that this

congruence has solutions when condition R1 is holds. ONLY IF PART: We assume that

R1 is satisfied. Then there exists Nx such that Nx4Cb0 NxCc0 � 0 .mod p/. Since j�jp D
1, we get fa;b;c. Nx/� Nx4Cb0 NxCc0� 0 .mod p/ and f

0

a;b;c
. Nx/� 4 Nx3Cb0 6� 0 .mod p/.

By Hensel’s lemma, there exists x 2Zp such that fa;b;c.x/D 0 and x� Nx 6� 0 .mod p/.

Hence, x 2 Z�
p.

(iv) : Case (4). We want to show that the depressed quartic equation (3.11) is solvable

in Z�
p if and only if R2 or R3 is satisfied. IF PART: Let x 2 Z�

p be a solution of the

depressed quartic equation (3.11). Then we have x4
0 C a0x

2
0 C c0 � 0 .mod p/: We

know that this congruence has solutions when R2 or R3 is holds. ONLY IF PART: Let

R2 or R3 is satisfied. Then there exists Nx such that Nx4Ca0 Nx2C c0 � 0 .mod p/. Since

j�jp D 1, we get fa;b;c. Nx/� 0 .mod p/ and f 0
a;b;c

. Nx/� 4 Nx3C2a0 Nx 6� 0 .mod p/. By
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Hensel’s lemma, there exists x 2 Zp such that fa;b;c.x/D 0 and x � Nx 6� 0 .mod p/.

Thus, x 2 Z�
p.

(v) : Case (5). We want to show that the depressed quartic equation (3.11) is solvable

in Z�
p if and only if R1 is satisfied. IF PART: Let x 2 Z�

p be a solution of the depressed

quartic equation (3.11). Then we have x4
0Ca0x

2
0Cb0x0C c0 � 0 .mod p/: We know

that this congruence has solutions when R1 is holds. ONLY IF PART: We assume R1 is

satisfied. Then there exists Nx such that Nx4Ca0 Nx2Cb0 NxCc0� 0 .mod p/. Since j�jpD
1, we obtain fa;b;c. Nx/� 0 .mod p/ and f

0

a;b;c
. Nx/� 4 Nx3C2a0 NxCb0 6� 0 .mod p/. By

Hensel’s lemma, there exists x 2 Zp such that fa;b;c.x/D 0 and x � Nx 6� 0 .mod p/.

Therefore, x 2 Z�
p.

Proposition 3.3.4. Let p � 5 be a prime number. Let D0 D  4a3
0 27b2

0 and unC3C
a0unC1Cb0un D 0 with u1 D 0;u2 D a0 and u3 D b0 for nD 1;p 3.

.i/ Let jbjp; jcjp D jajp < 1. Then the depressed quartic equation (3.11) has a

solution in Z�
p if and only if

p a 9.

.i i/ Let jcjp < jajp D jbjp. Then the depressed quartic equation (3.11) has a solution

in Z�
p if and only if D0u

2
p!2 6� 9a2

0 .mod p/.

Proof. (i) Let jbjp; jcjp < jajp < 1. We want to show that the depressed quartic equa-

tion (3.11) has solution in Z�
p if and only if

p a 9. IF PART: Let x 2Z�
p be a solution

of the depressed quartic equation (3.11). Then we get x4
0 C b0x0 � x2

0.x
2
0 C a0/ �

x2
0 C a0 � 0 .mod p/: It means . a0/

p!1
2 � 1 .mod p/ or there exists

p a. ONLY

IF PART: Let
p a 9. Let Nx 2 Z such that Nx2C a0 � 0 .mod p/. Then we have

fa;b;c. Nx/� Nx2. Nx2Ca0/� 0 .mod p/ and f 0
a;b;c

. Nx/� 4 Nx3C2a0 Nx� 2 Nx3 6� 0 .mod p/:

Due to Hensel’s lemma, there exists x 2 Zp such that fa;b;c.x/D 0 and x� Nx .mod p/.

Since Nx 6� 0 .mod p/, we have x 2 Z�
p.

(ii) We want to show that the depressed quartic equation (3.11) is solvable in

Z�
p if and only if D0u

2
p!2 6� 9a2

0 .mod p/. IF PART: Let x 2 Z�
p be a solution of

the depressed quartic equation (3.11). Then we have x4
0 C a0x

2
0 C b0x0 � 0 .mod p/

or x3
0 C a0x0C b0 � 0 .mod p/. We know that this congruence has solutions when

D0u
2
p!2 6� 9a2

0 .mod p/. ONLY IF PART: We assume D0u
2
p!2 6� 9a2

0 .mod p/. Then

there exists Nx such that Nx4Ca0 Nx2C b0 Nx � 0 .mod p/. By Proposition 2.2.11, we get

fa;b;c. Nx/ � 0 .mod p/ and f
0

a;b;c
. Nx/ � 4 Nx3C 2a0 NxC b0 6� 0 .mod p/. By Hensel’s

lemma, there exists x 2 Zp such that fa;b;c.x/ D 0 and x � Nx .mod p/. Since Nx 6�
0 .mod p/, we get x 2 Z�

p.

Claim A. Let p � 5 be a prime number and j�jp < 1.

(i) Let jajp < jbjp D jcjp D 1, then the depressed quartic equation (3.11) have a

solution in Z�
p if and only if some conditions S1 hold;
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(ii) Let jbjp < jajp D jcjp D 1 then the depressed quartic equation (3.11) have a

solution in Z�
p if and only if some conditions S2 hold;

(iii) Let jajp D jbjp D jcjp D 1, then the depressed quartic equation (3.11) have a

solution in Z�
p if and only if some conditions S3 hold.

Proposition 3.3.5. Let p � 5 be a prime number.

.i/ Let a D 0; jbjp D jcjp D 1 and � D 0. Then the depressed quartic equation

(3.11) has a solution in Z�
p.

.i i/ Let b D 0; jajp D jcjp D 1 and � D 0. Then the depressed quartic equation

(3.11) has a solution in Z�
p if and only if

p
 2a 9.

Proof. (i) Let aD 0; jbjp D jcjp D 1 and �D 0. So

�D 27b4C256c3 D 0:

One could verify Nx D 4c
3b
2 Z�

p is a solution of the depressed quartic equation (3.11).

(ii) Let b D 0; jajp D jcjp D 1 and �D 0. So

�D 16c.a4 8a2cC16c2/D 16c.a2 4c/2 D 0:

This means c D a2

4
. Then the depressed quartic equation (3.11) is written as follows:

x4Cax2C a
2

4
D
�

x2C a
2

�2

D 0:

It clearly shows that the depressed quartic equation (3.11) has a solution if and only if
p

 a
2

exists, equivalently
p
 2a exists and this solution is in Z�

p.

Proposition 3.3.6. Let p � 5 be a prime number. Suppose maxfjajp; jbjp; jcjpg > 1
and two of jajp; jbjp; jcjp are the maximum. Then the depressed quartic equation

(3.11) has a solution in Z�
p if and only if either one of the following conditions holds:

(i) jajp < jbjp D jcjpI

(ii) jbjp < jajp D jcjp and
p ac 9I

(iii) jcjp < jajp D jbjp:

Proof. Let p � 5 be a prime number. Let maxfjajp; jbjp; jcjpg> 1. Then by Proposi-

tion 3.3.2, if the depressed quartic equation (3.11) has solutions in Z�
p, then one could

check either one of the following conditions holds:
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.1/ jajp < jbjp D jcjpI

.2/ jbjp < jajp D jcjpI

.3/ jcjp < jajp D jbjp:

We shall analyze each cases. Let fa;b;c.x/ D x4C ax2C bxC c. Then f 0
a;b;c

.x/ D
4x3C2axCb.

(i) : Case (1). We want to show that the depressed quartic equation (3.11) is solvable

in Z�
p. Since jbjp D jcjp D pk for some k � 1, it is clear that the solvability of the

following two depressed quartic equations x4Cax2CbxCcD 0 and pkx4Cpkax2C
b�xC c� D 0 are equivalent. Moreover, any solution of the first depressed quartic

equation is a solution of the second one and vise versa. On the other hand, the second

depressed quartic equation is suitable for applying the Hensel’s lemma. Let us choose

Nx such that b0 NxC c0 � 0 .mod p/. Suppose that gb;c.x/D pkx4Cpkax2Cb�xC c�.

We have gb;c. Nx/ � b0 NxC c0 � 0 .mod p/ and g0
b;c
. Nx/ � b0 6� 0 .mod p/: Due to

Hensel’s lemma, there exists x 2 Zp such that gb;c.x/D 0 and x � Nx .mod p/. Since

Nx 6� 0 .mod p/, we have x 2 Z�
p.

(ii) : Case (2). We want to show that the depressed quartic equation (3.11) is solv-

able in Z�
p if and only if there exists

p ac. Since jajp D jcjp D pk for some k � 1,

it is clear that the solvability of the following two depressed quartic equations x4C
ax2C bxC c D 0 and pkx4C a�x2CpkbxC c� D 0 are equivalent and moreover,

any solution of the first depressed quartic equation is a solution of the second one

and vise versa. On the other hand, the second depressed quartic equation is suit-

able to apply the Hensel’s lemma. IF PART: Let x 2 Z�
p be a solution of the de-

pressed quartic equation (3.11). Then we have a0x
2
0 C c0 � 0 .mod p/: It means

. a0c0/
p!1

2 � 1 .mod p/ or equivalently there exists
p ac. ONLY IF PART: As-

sume
p ac exists. Then there exists Nx such that a0 Nx2C c0 � 0 .mod p/. Suppose

ga;c.x/Dpkx4Ca�x2CpkbxCc�. We then obtain ga;c. Nx/� a0 Nx2Cc0� 0 .mod p/

and g
0

a;c. Nx/ � 2a0 Nx 6� 0 .mod p/: According to Hensel’s lemma, there exists x 2 Zp

such that ga;c.x/D 0 and x � Nx .mod p/. Since Nx 6� 0 .mod p/, we have x 2 Z�
p.

(iii) : Case (3). We want to show that the depressed quartic equation (3.11) is solvable in

Z�
p. Since jajp D jbjp D pk for some k � 1, it is clear that the solvability of the follow-

ing two depressed quartic equations x4Cax2CbxCc D 0 and pkx4Ca�x2Cb�xC
pkcD 0 are equivalent and moreover, any solution of the first depressed quartic equation

is a solution of the second one and vise versa. On the other hand, the second depressed

quartic equation is suitable to apply Hensel’s lemma. Let a0 NxCb0 � 0 .mod p/. Sup-

pose that ga;b.x/D pkx4Ca�x2Cb�xCpkc. We then have ga;b. Nx/� Nx.a0 NxCb0/�
0 .mod p/ and g0

a;b
. Nx/� 2a0 NxCb0� a0 Nx 6� 0 .mod p/: Due to Hensel’s lemma, there

exists x 2 Zp such that ga;b.x/D 0 and x � Nx 6� 0 .mod p/. Thus, x 2 Z�
p.
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Proposition 3.3.7. Let p � 5 be a prime number. Let jajp D jbjp D jcjp > 1 and

jajp < j�jp � jaj2p where�D b2 4ac. If
p

� 9; then the depressed quartic equation

(3.11) has a solution in Z�
p.

Proof. Let jajp D jbjp D jcjp > 1 with jajp D jbjp D jcjp D p` or a D p`a�; b D
p`b�; c D p`c� where `� 1. Let �D b2 4ac D p!2`ı where ı D b�2 4a�c�. We

can write the depressed quartic equation (3.11) as follows

p`x4Ca�x2Cb�xC c� D 0:

We get from the last equation that

4a�p`x4C .2a�xCb�/2 ı D 0; (3.14)

p`.2a�x/4C4.a�/3
�

.2a�xCb�/2 ı
�

D 0: (3.15)

Assume that jajp < j�jp � jaj2p. It means 1
jajp

< jıjp � 1. We want to show that the

depressed quartic equation (3.11) is solvable in Z�
p if and only if there exists

p

�. IF

PART: Let x 2 Z�
p be a solution of the depressed quartic equation (3.11). We get from

(3.14) that .2a�xC b�/2 � ı .mod p`/: It means that there exists
p
ı or equivalently

p

�. ONLY IF PART: Assume that there exists
p

�. We choose Nx 2Z such that .2a� NxC
b�/2 � ı .mod pm/. Suppose that Nfa;b;c.x/D pkx3Ca�x2Cb�xC c�. We then have

.2a�/4 Nfa;b;c. Nx/D p`.2a� Nx/4C4.a�/3
�

.2a� NxCb�/2 ı
�

� 0 .mod pmC1/ and

.2a�/4 Nf 0
a;b;c. Nx/ D 4p`.2a� Nx/3C .2a�/4.2a� NxCb�/

� .2a�/4.2a� NxCb�/ .mod p
m
2 /� 0 .mod p

m
2 /

6� 0 .mod p
m
2

C1/:

Due to Hensel’s lemma, there exists x 2 Zp such that Nfa;b;c.x/D 0 and x� Nx .mod p/.

Since Nx 6� 0 .mod p/, we have x 2 Z�
p.

Claim B. Let p � 5 be a prime number. Let jajp D jbjp D jcjp > 1. Then the depressed

quartic equation (3.11) has a solution in Z�
p if and only if some conditions S4 hold.

We then obtain the following conclusion. Let p� 5 be a prime number. Then the

depressed quartic equation (3.11) has solutions in Z�
p if and only if one of the following

conditions holds:

(i) jajp; jcjp < jbjp D 1 and 3
p
 b 9I

(ii) jajp; jbjp < jcjp D 1 and 4
p c 9I

(iii) jbjp; jcjp < jajp D 1 and
p a 9I
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(iv) jajp < jbjp D jcjp D 1 with

(a) j�jp D 1 and R1;

(b) j�jp < 1 and S1;

(v) jbjp < jajp D jcjp D 1 with

(a) j�jp D 1 and R2 or R3;

(b) j�jp < 1 and S2;

(vi) jcjp < jajp D jbjp D 1 and D0u
2
p!2 6� 9a2

0 .mod p/;

(vii) jajp < jbjp D jcjp and jbjp D jcjp > 1I

(viii) jbjp < jajp D jcjp; jajp D jcjp > 1 and
p ac 9I

(ix) jcjp < jajp D jbjp and jajp D jbjp > 1I

(x) jajp D jbjp D jcjp D 1 with

(a) j�jp D 1 and R1;

(b) j�jp < 1 and S3;

(xi) jajp D jbjp D jcjp > 1 and S4.

3.3.2 Solvability Over Qp

In this subsection, we provide the solvability condition of the depressed quartic equation

(3.11) over Qp.

Theorem 3.3.8. Suppose p � 5 be a prime number and

�D b2.4a3 27b2/C16c.a4C9ab2 8a2cC16c2/:

Let D0 D 4a3
0 27b2

0 ; � and unC3Ca0unC1Cb0un D 0 with u1 D 0;u2 D a0 and

u3 D b0 for nD 1;p 3. Let one of the following conditions holds:

.i/ jbj4p; jcj3p < jaj6p;
p a 9.

.i i/ jaj6p; jcj3p < jbj4p;
3
p
 b 9I

.i i i/ jaj6p; jbj4p < jcj3p; 4
p c 9I

.iv/ jaj6p < jbj4p D jcj3p; j�jp D jbj4p D jcj3p; R1;

(v) jbj4p < jaj6p D jcj3p; j�jp D jaj6p D jcj3p; R2 or R3;
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.vi/ jcj3p < jaj6p D jbj4p; D0u
2
p!2 6� 9a2

0 .mod p/;

.vi i/ jcj3p < jbj4p; jajpjcjp < jbj2pI

.vi i i/ jcj3p < jaj6p; jbj2p < jajpjcjp;
p ac 9I

.ix/ jbj4p < jaj6p; jajpjcjp < jbj2pI

.x/ jaj6p D jbj4p D jcj3p; j�jp D jaj6p D jbj4p D jcj3p; R1;

.xi/ jcj3p < jbj4p < jaj6p; jbj2p D jajpjcjp;
jcj2p
jajp

< j�jp � jajpjcjp;
p

� 9.

Then the depressed quartic equation (3.11) has solutions in Qp.

Proof. Let p � 5 be a prime number, x 2Qp be a nonzero p adic number and jxjp D
p!k where k 2Z. By Proposition 3.3.1, x is a solution of the depressed quartic equation

(3.11) in Qp if and only if yDpkx is a solution of the depressed quartic equation (3.12)

in Z�
p. Let Ak D p!2ka, Bk D p!3kb and Ck D p!4kc.

Due to Propositions 3.3.3, 3.3.4, 3.3.6 and 3.3.7, if either one of the following

conditions holds true:

1. I. jAkjp D 1; jBkjp < 1; jCkjp < 1;
p
 Ak 9I

II. jBkjp D 1; jAkjp < 1; jCkjp < 1; 3
p
 Bk 9I

III. jCkjp D 1; jAkjp < 1; jBkjp < 1; 4
p
 Ck 9I

2. IV. jAkjp < jBkjp D jCkjp D 1; jDkjp D 1; R1I

V. jBkjp < jAkjp D jCkjp D 1; jDkjp D 1; R2 or R3I

VI. jCkjp < jAkjp D jBkjp D 1; D0u
2
p!2 6� 9a2

0 .mod p/I

VII. jAkjp < jBkjp D jCkjp; jBkjp D jCkjp > 1I

VIII. jBkjp < jAkjp D jCkjp; jAkjp D jCkjp > 1;
p
 AkCk 9I

IX. jCkjp < jAkjp D jBkjp; jAkjp D jBkjp > 1I

3. X. jAkjp D jBkjp D jCkjp D 1; jDkjp D 1; R1.

XI. jAkjp D jBkjp D jCkjp > 1; jAkjp < j�kjp � jAkj2p;
p

�k 9I

then the depressed quartic equation (3.12) has a solution in Z�
p where �k D B2

k
 

4AkCk , Ak D p!2k a�

jajp
, Bk D p!3k b�

jbjp
, Ck D p!4k c�

jcjp
and a�;b�; c� 2 Z�

p with

a� D a0Ca1 �pC : : : ; b� D b0Cb1 �pC : : : ; c� D c0C c1 �pC : : : :

It is clear jAkjp D p2kjajp; jBkjp D p3kjbjp and jCkjp D p4kjcjp. Now, in

every case (I)-(XI), we want to describe all p-adic numbers a;b;c 2 Qp for which all

the conditions should be satisfied for some k 2 Z.
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(i) : We consider the condition 1.I. From jAkjp D 1, we obtain k D 1
2

logp jajp. It

follows from jBkjp < 1 and jCkjp < 1 that jbj2p < jaj3p and jcjp < jaj2p respectively.

The condition
p
 Ak  9 is equivalent to

p a 9. Therefore, if jbj4p; jcj3p < jaj6p and
p a 9, then the condition 1.I. is satisfied with k D 1

2
logp jajp 2 Z.

(ii) : Let us consider the condition 1.II. From jBkjp D 1, we have that kD 1
3

logp jbjp. It

follows from jAkjp < 1 and jCkjp < 1 that jaj3p < jbj2p and jcj3p < jbj4p respectively. The

existence of 3
p
 Bk is equivalent to the existence of 3

p
 b. Hence, if jaj6p; jcj3p < jbj4p

and 3
p
 b 9, then the condition 1.II. is satisfied with k D 1

3
logp jbjp 2 Z.

(iii) : We consider the condition 1.III. From jCkjp D 1, we get that k D 1
4

logp jbjp.

It follows from jAkjp < 1 and jBkjp < 1 that jaj2p < jcjp and jbj4p < jcj3p respectively.

One could check that 4
p
 Ck  9 is equivalent to 4

p c 9. Thus if jaj6p; jbj4p < jcj3p
and 4
p c 9 then the condition 1.III. is satisfied with k D 1

4
logp jcjp 2 Z.

(iv) : Let us consider the condition 2.IV. From jBkjp D 1 and jCkjp D 1, we obtain

that k D 1
3

logp jbjp and k D 1
4

logp jcjp. It means that jbj4p D jcj3p. Moreover, from

jAkjp < 1; jAkjp < jBkjp and jAkjp < jCkjp we have jaj3p < jbj2p and jaj2p < jcjp.

One could check jDkjp D 1 is equivalent to j�jp D jbj4p D jcj3p. Therefore, if jaj6p <
jbj4p D jcj3p; j�jp D jbj4p D jcj3p and R1, then the condition 2.IV is satisfied with k D
1
3

logp jbjp D 1
4

logp jcjp 2 Z.

(v) : Let us consider the condition 2.V. From jAkjp D 1 and jCkjp D 1, we obtain

k D 1
2

logp jajp and k D 1
4

logp jcjp. This means jaj2p D jcjp. Moreover, from jBkjp <
1; jBkjp < jAkjp and jBkjp < jCkjp we get jbj2p < jaj3p and jbj3p < jcj2p. The condition

jDkjp D 1 is equivalent to j�jp D jbj4p D jcj3p. Therefore, if jbjp4
< jaj6p D jcjp

3

and j�jp D jaj6p D jcj3p with R2 or R3, then the condition 2.V is satisfied with k D
1
2

logp jajp D 1
4

logp jcjp 2 Z.

(vi) : We consider the condition 2.VI. From jAkjp D 1 and jBkjp D 1, we obtain k D
1
2

logp jajp and k D 1
3

logp jbjp. It means that jaj3p D jbj2p. Meanwhile, from jCkjp <
1; jCkjp < jAkjp and jCkjp < jBkjp, we have jcjp < jaj2p and jcj3p < jbj4p. Therefore,

if jcj3p < jaj6p D jbj4p and D0u
2
p!2 6� 9a2

0 .mod p/, then the condition 2.VI is satisfied

with k D 1
2

logp jajp D 1
3

logp jbjp 2 Z.

(vii) : Let us consider the condition 2.VII. From jBkjp D jCkjp, we obtain that k D
logp

jbjp
jcjp

. It follows from jBkjp > 1 and jCkjp > 1 that jcj3p < jbj4p. Moreover, from

jAkjp < jBkjp and jAkjp < jCkjp we have jajpjcjp < jbj2p. Therefore, if jcj3p < jbj4p
and jajpjcjp < jbj2p, then the condition 2.VII. is satisfied with k D logp

jbjp
jcjp
2 Z.

(viii) : Let us consider the condition 2.VIII. From jAkjp D jCkjp, we obtain k D
1
2

logp
jajp
jcjp

. It follows from jAkjp >1 and jCkjp >1 that jcjp < jaj2p. Moreover, the con-

ditions jBkjp < jAkjp and jBkjp < jCkjp imply jbj2p < jajpjcjp. It is clear that the ex-

istence of
p
 AkCk is equivalent to the existence of

p ac. Thus if jcj3p < jaj6p; jbj2p <
jajpjcjp and

p ac 9, then the condition 2.VIII. is satisfied with k D 1
2

logp
jajp
jcjp
2 Z.

(ix) : We consider the condition 2.IX. From jAkjp D jBkjp, we obtain k D logp
jajp
jbjp
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and from jAkjp > 1 and jBkjp > 1, we get jbj2p < jaj3p. Moreover, the conditions

jCkjp < jAkjp and jCkjp < jBkjp imply jajpjcjp < jbj2p. Therefore, if jbjp2
< jaj3p

and jajpjcjp < jbj2p, then the condition 2.IX. is satisfied with k D logp
jbjp
jajp
2 Z.

(x) : Let us consider the condition 3.X. From jAkjp D 1; jBkjp D 1 and jCkjp D 1, we

obtain 2k D logp jajp; 3k D logp jbjp and 4k D logp jcjp respectively. This implies

jaj6p D jbj4p D jcj3p. One could check jDkjp D 1 is equivalent to j�jp D jaj6p D jbj4p D
jcj3p. Therefore, if jaj6p D jbj4p D jcj3p; j�jp D jaj6p D jbj4p D jcj3p and R1, then the

condition 3.II is satisfied with k D 1
2

logp jajp D 1
3

logp jbjp D 1
4

logp jcjp 2 Z.

(xi) : Let us consider the condition 3.XI. From jAkjp D jBkjk; jAkjp D jCkjp and

jBkjp D jCkjp, we obtain that k D logp
jajp
jbjp
; 2k D logp

jajp
jcjp

and k D logp
jbjp
jcjp

respec-

tively. This means jbj2pDjajpjcjp. Moreover, from jAkjp >1; jBkjp >1 and jCkjp >1,

we have jbj2p < jaj3p; jcjp < jaj2p and jcj3p < jbj4p. This means jcj3p < jbj4p < jaj6p. We

can check jAkjp < j�kjp � jAkj2p implies
jcj2p
jajp

< j�jp � jajpjcjp and the existence of
p

�k is equivalent to the existence of
p

�. Therefore, if jcj3p < jbj4p < jaj6p; jbj2p D
jajpjcjp; jcj2p

jajp
< j�jp � jajpjcjp and

p

� 9, then the condition 3.X is satisfied with

k D logp
jajp
jbjp
D 1

2
logp

jajp
jcjp
D logp

jbjp
jcjp
2 Z.

Claim C. Let p � 5 be a prime number.

(i) Let jaj6p < jbj4p D jcj3p; j�jp < jbj4p D jcj3p. Then the depressed quartic equation

(3.11) has a solution in Qp if and only if some conditions S1 hold;

(ii) Let jbj4p < jaj6p D jcj3p; j�jp < jaj6p D jcj3p. Then the depressed quartic equation

(3.11) has a solution in Qp if and only if some conditions S2 hold;

(iii) Let jaj6p D jbj4p D jcj3p; j�jp < jaj6p D jbj4p D jcj3p. Then the depressed quartic

equation (3.11) has a solution in Qp if and only if some conditions S3 hold;

(iv) Let jcj3p < jbj4p < jaj6p; jbj2p D jajpjcjp. Then the depressed quartic equation

(3.11) has a solution in Qp if and only if some conditions S4 hold.

Our concluding remark on the depressed quartic equation (3.11) on Qp is the

following: Let p � 5 be a prime number. Then the depressed quartic equation (3.11)

has solution in Qp if and only if one of the following conditions holds

A. 1. jbj4p; jcj3p < jaj6p;

i. jcj3p < jbj4p
a. jbj2p < jajpjcjp;

p ac 9 or
p a 9I

b. jbj2p D jajpjcjp;
p a 9 or S4I

c. jbj2p > jajpjcjpI
ii. jbj4p � jcj3p
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a. jbj2p < jajpjcjp;
p ac 9 or

p a 9I
b. jbj2p � jajpjcjp;

p a 9I

2. jaj6p; jcj3p < jbj4pI

3. jaj6p; jbj4p < jcjp
3
; 3
p c 9I

B. 4. jaj6p < jbj4p D jcj3p
i. j�jp D jbj4p; R1I

ii. j�jp < jbj4p; S1I

5. jbj4p < jaj6p D jcj3p
i. j�jp D jaj6p; R2 or R3I

ii. j�jp < jaj6p; S2I

6. jcj3p < jaj6p D jbj4p:

C. 7. jaj6p D jbj4p D jcj3p
i. j�jp D jaj6p; R1I

ii. j�jp < jaj6p; S3I

Demonstration. We will consider the results in Theorem 3.3.8 and Remark 3.3.2. Let

H1 D
˚

.a;b;c/ 2Q3
p W jbj4p; jcj3p < jaj6p;

p
 a 9

	

I
H2 D

n

.a;b;c/ 2Q3
p W jaj6p; jcj3p < jbj4p;

3
p
 b 9

o

I
H3 D

˚

.a;b;c/ 2Q3
p W jaj6p; jbj4p < jcj3p; 4

p
 c 9

	

I
H4;1 D

˚

.a;b;c/ 2Q3
p W jaj6p < jbj4p D jcj3p; j�jp D jbj4p D jcj3p; .I /

	

I
H4;2 D

˚

.a;b;c/ 2Q3
p W jaj6p < jbj4p D jcj3p; j�jp < jbj4p D jcj3p; S1

	

I
H5;1 D

˚

.a;b;c/ 2Q3
p W jbj4p < jaj6p D jcj3p; j�jp D jaj6p D jcj3p; .II / or .IV /

	

I
H5;2 D

˚

.a;b;c/ 2Q3
p W jbj4p < jaj6p D jcj3p; j�jp < jaj6p D jcj3p; S2

	

I
H6;1 D

˚

.a;b;c/ 2Q3
p W jcj3p < jaj6p D jbj4p; j�jp D jaj6p D jbj4p; D0u

2
p!2 6� 9a2

0 .mod p/
	

I
H7 D

˚

.a;b;c/ 2Q3
p W jcj3p < jbj4p; jajpjcjp < jbj2p

	

I
H8 D

˚

.a;b;c/ 2Q3
p W jcj3p < jaj6p; jbj2p < jajpjcjp;

p
 ac 9

	

I
H9 D

˚

.a;b;c/ 2Q3
p W jbj4p < jaj6p; jajpjcjp < jbj2p

	

I
H10;1 D

˚

.a;b;c/ 2Q3
p W jaj6p D jbj4p D jcj3p; j�jp D jaj6p D jbj4p D jcj3p; .I /

	

I
H10;2 D

˚

.a;b;c/ 2Q3
p W jaj6p D jbj4p D jcj3p; j�jp < jaj6p D jbj4p D jcj3p; S3

	

I
H11 D

˚

.a;b;c/ 2Q3
p W jcj3p < jbj4p < jaj6p; jbj2p D jajpjcjp; S4

	

:

All these sets are the solvability regions of the depressed quartic equation (3.11) on

Qp. We will check all these sets so we could simplify the overlapping regions.
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One could see H7 DH7;1[H7;2[H7;3 where

H7;1 D
˚

.a;b;c/ 2Q3
p W jcj3p < jbj4p; jajpjcjp < jbj2p; jbj4p > jaj6p

	

D
˚

.a;b;c/ 2Q3
p W jcj3p; jaj6p < jbj4p

	

I
H7;2 D

˚

.a;b;c/ 2Q3
p W jcj3p < jbj4p; jajpjcjp < jbj2p; jbj4p D jaj6p

	

D
˚

.a;b;c/ 2Q3
p W jcj3p < jbj4p D jaj6p

	

I
H7;3 D

˚

.a;b;c/ 2Q3
p W jcj3p < jbj4p; jajpjcjp < jbj2p; jbj4p < jaj6p

	

D
˚

.a;b;c/ 2Q3
p W jcj3p < jbj4p < jaj6p; jajpjcjp < jbj2p

	

:

A.1: We consider the sets H1; H7;3; H8; H9 and H11.

We will show the that maxfjaj6p; jbj4p; jcj3pg D jaj6p. It is true for H1; H7;3

and H11. We are left to show for H8 and H9. For H8 W We have jcj3p < jaj6p and

jbj2p < jajpjcjp. This implies jbj2p < jajpjcjp < jaj3p. Hence jcj3p; jbj4p < jaj6p. For

H9 WWe have jbj4p < jaj6p and jajpjcjp < jbj2p. Then we obtain jajpjcjp < jbj2p < jaj3p.

Thus jcj3p; jbj4p < jaj6p. So we have shown maxfjaj6p; jbj4p; jcj3pg D jaj6p. Next we will

show H9 DH7;3. We now have

H9 D f.a;b;c/ 2Q3
p W jbj4p < jaj6p; jajpjcjp < jbj2p; jcj3p < jaj6pg:

From jcj3p < jajp
6 and jajpjcjp < jbj2p, we get jcj

3
2
p < jajpjcjp < jbj2p. This means

jcj3p < jbj4p. So we have H9 DH7;3 since

H9 D f.a;b;c/ 2Q3
p W jcj3p < jbj4p < jaj6p; jajpjcjp < jbj2pg:

A.2: We check for H2 and H7;1. One can see H2 �H7;1.

A.3: It follows directly from H3.

B.4: It follows directly from H4;1 and H4;2.

B.5: It follows directly from H5;1 and H5;2.

B.6: We look at H6 and H7;2. One can see easily H6 �H7;2.

C.7: It follows directly from H10;1 and H10;2.

In this section, we have given some solvability conditions of the quartic equation

over Qp. These conditions are useful in order to show the existence of p-adic Gibbs

measures of the Potts model on the Cayley tree of order 4 as stated in Theorem 3.2.3.
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CHAPTER 4

THE POTTS–BETHE MAPPING OVER QP

Some results in this chapter were published by Saburov & Ahmad (2017a) and Ahmad

et al. (2018) in “Journal of Physics: Conferences Series” and “Journal of Statistical

Physics” respectively.

4.1 INTRODUCTION

We introduce the Potts–Bethe mapping of degree k for k 2 N as follows

f�;q;k.x/D
�

�xCq 1
xCqC�  2

�k

(4.1)

where .�  1/.�  1Cq/¤ 0. Let x.1/ D 2 �  q be the singular point of the Potts–

Bethe mapping (4.1).

A point x 2 Qp is called a critical point of a function h if h0.x/ D 0. Notice

that the Potts–Bethe mapping (4.1) has a critical point x.c/ D 1!q

�
. Let g.x/ D 1

x
and

.f�;q;k/g D g!1.x/ ı f�;q;k ı g.x/. Then we can easily verify that the singular point

x.1/ is another critical point of the Potts–Bethe mapping (4.1). If we consider f�;q;k W
P1.Cp/!P1.Cp/, then one could check that the point1 is not the fixed point of f�;q;k .

This Potts–Bethe mapping (4.1) appear in the study of statistical mechanics, i.e.

the Potts model on the Cayley tree of order k. The Potts-Bethe mapping was given a

name by Monroe (1996a,b) where he studied the dynamics of this Potts-Bethe mapping

(4.1) over C. In this chapter, we shall study the Potts–Bethe mapping (4.1) on Qp.

Recall from Chapter 2 that � D expp.J / for some coupling constant J and q 2 N. This

means j�  1jp < 1 and jqjp � 1. The study of the Potts-Bethe mapping (4.1) on Qp

was first studied by Mukhamedov & Khakimov (2016).

4.2 THE POTTS BETHE MAPPING WITH GOOD REDUCTION

For generality, we suppose �;q 2 Qp. The p-adic rational map with good reduction

decomposed the projective line P1.Qp/ into minimal subsystems. It is fully described

by Theorem 2.3.15. Now let us find the conditions of the Potts–Bethe mapping (4.1)

over Qp with good reduction.

Proposition 4.2.1. Let p � 3 be a prime number..
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.I / Let maxfj� jp; jqjpg < 1. Then the Potts–Bethe mapping (4.1) has a good reduc-

tion.

.II / Let maxfj� jp; jqjpg D 1.

.i/ If j�  1jpj�  1Cqjp D 1, then the Potts–Bethe mapping (4.1) has a good

reduction.

.i i/ If j�  1jpj�  1C qjp < 1, then the Potts–Bethe mapping (4.1) has a bad

reduction.

.III / Let maxfj� jp; jqjpg> 1.

.i/ Let jqjp > j� jp. Then the Potts–Bethe mapping (4.1) has a bad reduction.

.i i/ Let jqjp < j� jp. Then the Potts–Bethe mapping (4.1) has a good reduction.

.i i i/ Let jqjp D j� jp.

.a/ If j� C qjp D j� jp, then the Potts–Bethe mapping (4.1) has a good re-

duction.

.b/ If j�Cqjp < j� jp, then the Potts–Bethe mapping (4.1) has a bad reduc-

tion.

Proof. Let Qf�;q;k D f�;q;k .mod p/.

(I) Suppose maxfj� jp; jqjpg< 1. Then we get

Qf�;q;k D
�  1
x 2

�k

:

This implies deg. Qf�;q;k/D k D deg.f�;q;k/: Thus, f�;q;k has a good reduction.

(II)-(i) Suppose maxfj� jp; jqjpg D 1 and j�  1jpj�  1Cqjp D 1. Then

Qf�;q;k.x/D
�

�xCq 1
xCqC�  2

�k

.mod p/:

Since .�  1/.�  1Cq/ 6� 0 .mod p/, the deg. Qf�;q;k/D k D deg.f�;q;k/. Hence, f�;q;k

has a good reduction.

(II)-(ii) Suppose maxfj� jp; jqjpg D 1 and j�  1jpj�  1Cqjp < 1. Then

Qf�;q;k.x/D
�

�xCq 1
xCqC�  2

�k

.mod p/:

We have deg. Qf�;q;k/ < k D deg.f�;q;k/ because .�  1/.�  1Cq/� 0 .mod p/. Thus,

f�;q;k has a bad reduction.
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(III) Let maxfj� jp; jqjpg> 1. Then � D pm�� and q D pnq� for some ��;q� 2
Z�

p and integers m;n < 0. We have

f�;q;k.x/D

8

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

:

�

��xCpn!mq�!p!m

p!mxCpn!mq�C��!2p!m

�k

if maxfj� jp; jqjpg D j� jp
�

pm!n��xCq�!p!n

p!nxCq�Cpm!n��!2p!n

�k

if maxfj� jp; jqjpg D jqjp
�

��xCq�!p!m

p!mxCq�C��!2p!m

�k

if j� jp D jqjp

This means

Qf�;q;k.x/D

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

xk if maxfj� jp; jqjpg D j� jp
1 if maxfj� jp; jqjpg D jqjp
�

��xCq�

��Cq�

�k

if j� jp D jqjp

and

deg. Qf�;q;k.x//

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

D k if maxfj� jp; jqjpg D j� jp
D 0 < k if maxfj� jp; jqjpg D jqjp
D k if j� jp D jqjp D j�Cqjp
¤ k if j� jp D jqjp > j�Cqjp:

Therefore, the statement (III) holds.

Due to this proposition, we obtain the following result that tell us about the

dynamics of the Potts–Bethe mapping (4.1) with good reduction.

Theorem 4.2.2. Let p � 3 be a prime number. Suppose one of the following conditions

holds

(i) maxfj� jp; jqjpg< 1I

(ii) maxfj� jp; jqjpg D 1 and j�  1jpj�  1Cqjp D 1I

(iii) j� jp > 1 and j� jp > jqjpI

(iv) j� jp D jqjp D j�Cqjp > 1.

Then the Potts–Bethe mapping (4.1) decompose P1.Qp/ as follows

P1.Qp/D A[B [C

where A is the finite set consisting of all periodic points of f�;q;k; B D
S

j Bj is the

union of all (at most countably many) clopen invariant sets such that each Bj is a finite

union of balls and each subsytem f�;q;k WBj !Bj is minimal and points in C lie in the

attracting basin of a periodic orbit or of a minimal subsystem.
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Proof. By Proposition 4.2.1, the conditions maxfj� jp; jqjpg< 1 and maxfj� jp; jqjpg �
1 with j�  1jpj�  1Cqjp D j� jp maxfj� jp; jqjpg imply that the Potts–Bethe mapping

(4.1) has a good reduction. Then the decomposition of P1.Qp/ follows directly from

the Theorem 2.3.15.

Note that j�  1jp < 1 and jqjp � 1 when we associate the Potts–Bethe map-

ping (4.1) with the Potts model on Cayley trees. By this condition one could check by

Proposition 4.2.1 that the Potts-Bethe mapping (4.1) has a bad reduction. There is no

global result to characterize completely the dynamics of p-adic rational map with bad

reduction. In what follows we will study the dynamics the Potts–Bethe mapping (4.1)

of degree 3 and degree 4 with bad reduction.

4.3 THE POTTS BETHE MAPPING OF DEGREE 3

In this section, we will investigate the dynamics of the Potts–Bethe mapping of degree

3; f�;q;3 WQp!Qp such that

f�;q;3.x/D
�

�xCq 1
xC�Cq 2

�3

: (4.2)

We first find all the fixed points of the Potts–Bethe mapping (4.2). Let Fixff g WD
˚

x 2Qp W f .x/D x
	

be the set of all fixed points of the mapping f . We notice x.0/ D
1 2 Fixff�;q;3g. Then it follows from f�;q;3.x/ 1D x 1 that

.x 1/.�  1/.�xCq 1/
2C .�xCq 1/.x x.1//C .x x.1//2

.x x.1//3
D .x 1/:

Thus, any other fixed point x ¤ x.0/ is a root of the following cubic equation,

.�  1/.�xCq 1/..�C1/xC�C2q 3/D .xCq 1/.x x.1//2: (4.3)

Now suppose y WD x!1Cq

�!1
C1. Then the cubic equation (4.3) can be written with respect

to y as

y3 .1C�C�2/y2 .2�C1/.1 �  q/y .1 �  q/2 D 0: (4.4)

Let us find all roots of the cubic equation (4.4) whenever � ¤ 1;1 q.

Proposition 4.3.1. Let p � 5 be a prime numbers and 0 < j�  1jp; jqjp < 1. Then

the cubic equation (4.4) has a root y.1/ such that
ˇ

ˇy.1/
ˇ

ˇ

p
D 1 and

ˇ

ˇy.1/ 3
ˇ

ˇ

p
< 1. Fur-

thermore, if p � 1 .mod 6/, then the cubic equation (4.4) has roots y.2/ and y.3/ such
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that

y.2/ D 1

j1 �  qjp

�

y
.2/
0 Cy

.2/
1 pC : : :

�

and y.3/ D 1

j1 �  qjp

�

y
.3/
0 Cy

.3/
1 pC : : :

�

in which y
.2/
0 and y

.3/
0 are roots of the following congruence

3t2C3.1 �  q/�tC ..1 �  q/�/2 � 0 .mod p/: (4.5)

Remark 4.3.2. The congruence (4.5) has a discriminant D D 3..1 �  q/�/2. It is

solvable if and onlyD (or equivalently  3) is a quadratic residue modulo p (see Rosen

(2011)). Note  3 is a quadratic residue modulo p when p � 1 .mod 6/.

Proof. Let j� 1jp; jqjp <1. Suppose aD .1C�C�2/; bD .2�C1/.1 � q/ and

c D .1 �  q/2. Then jbj2p D jcjp D j1 �  qj2p < 1D jajp and jbjp < jaj2p; jcjp <
jaj3p. By Theorem 5.1 of Saburov & Ahmad (2015b), the cubic equation (4.4) has a root

y.1/ for which jy.1/jp D jajp D 1. Since j� 1jp; jqjp < 1 and y.1/D y.1/
0 Cy

.1/
1 pC : : : ,

then we obtain y.1/
0  3� 0 .mod p/: This implies jy.1/ 3jp < 1.

Now let ı1 D b2 4ac. We have ı1 D  3.1 �  q/2 and jbj2p D jajpjcjp D
j1 � qj2p D jı1jp. Since p� 1 .mod 3/; we have

p
ı1 2Qp (or equivalently

p
 3 2

Qp). Therefore, by Theorem 5.1 of Saburov & Ahmad (2015b), if p� 1 .mod 6/, then

the cubic equation (4.4) has two more roots y.2/ and y.3/ such that jy.2/jp D jy.3/jp D
jbjp
jajp
D j1 �  qjp < 1. Assume j1 �  qjp D p!r for some r 2 N.Then we get

y.i/ D pr.y.i//� for i D 2;3 and 1 �  q D pr.1 �  q/�. By plugging y.i/ into the

cubic equation (4.4), we obtain

pr..y.i//�/3 .1C�C�2/..y.i//�/2 .2�C1/.1 � q/�.y.i//� ..1 �  q/�/2D 0

and for i D 2;3 that

3.y
.i/
0 /2C3.1 �  q/�y.i/

0 C ..1 �  q/�/
2 � 0 .mod p/:

This means y.2/
0 and y.3/

0 are the roots of the congruence

3t2C3.1 �  q/�tC ..1 �  q/�/2 � 0 .mod p/

and this completes the proof.

We then obtain the following result about the fixed points of the Potts–Bethe

mapping (4.2).
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Theorem 4.3.3. Suppose 0 < j�  1jp; jqjp < 1. Let y.i/ be the roots of the cubic equa-

tion (4.4) and x.0/ WD 1; x.i/ WD x.1/C .a 1/y.i/ for 1� i � 3. Then

Fixff�;q;3g D

8

<

:

fx.0/; x.1/; x.2/; x.3/g if p � 1 .mod 6/;

fx.0/; x.1/g if p � 5 .mod 6/:

Proof. It is the consequence of Proposition 4.3.1.

In the sequel, we will consider the cases 0 < j�  1jp < jqjp < 1 and 0 < jqjp < j�  
1jp < 1.

4.3.1 The Case 0 < j�  1jp < jqjp < 1
Proposition 4.3.4. Let p � 5 be a prime number. Then

(i) x.0/ D 1 and x.1/ D x.0/ q .�  1/I

(ii) x.i/ D x.1/C .�  1/y.i/ for i D 1;2;3I

(iii) jx.1/jp D jx.i/jp D 1 and x.1/;x.i/ 2 Ep for i D 0;1;2;3I

(iv) jy.2/jp D jy.1/ 3jp D jy.2/ y.3/jp D jqjp < 1D jy.1/jpI

(v) jx.0/ x.1/jp D jqjp; jx.1/ x.1/jp D j�  1jpI

(vi) jx.2/ x.1/jp D jx.3/ x.1/jp D jqjpj�  1jpI

(vii) jx.i/ x.0/jp D jqjp for i D 1;2;3 and jx.i/ x.1/jp D j�  1jp for i D 2;3I

(viii) jx.2/ x.3/jp D jqjpj�  1jp:

Proof. We have x.1/ D 2 �  q; x.0/ D 1 and x.i/ D x.i/C .�  1/y.i/ for i D 1;2;3.

Then one could easily calculate all the properties.

Then we analyze the local behaviour of each fixed points.

Proposition 4.3.5. Let p � 5 be a prime number. Then the fixed point x.0/ is attracting

and the fixed point x.1/ is repelling. Moreover, if p � 1 .mod 6/, then the fixed points

x.2/ and x.3/ exist and they are repelling.

Proof. We will show
ˇ

ˇ

ˇ
f 0

�;q;3
.x.0//

ˇ

ˇ

ˇ

p
< 1 and

ˇ

ˇ

ˇ
f 0

�;q;3
.x.i//

ˇ

ˇ

ˇ

p
> 1 for 1� i � 3. One could

check for 0� i � 3, we have

f 0
�;q;3

�

x.i/
�

D 3.�  1/.�  1Cq/.�x.i/Cq 1/2
.x.i/ x.1//4

D 3.�  1/.�  1Cq/x.i/

.�x.i/Cq 1/.x.i/ x.1//
: (4.6)
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Hence
ˇ

ˇ

ˇ
f 0

�;q;3

 

x.0/
�

ˇ

ˇ

ˇ

p
D j�!1jp

jqjp
< 1. Recalling x.i/ D x.1/C .�  1/y.i/ for 1 � i � 3,

we deduce from the equality (4.6) that

f 0
�;q;3

�

x.i/
�

D 3.�  1Cq/x.i/

.�  1/y.i/.�y.i/C1 �  q/: (4.7)

Due to Proposition 4.3.1, we have
ˇ

ˇy.2/
ˇ

ˇ

p
D
ˇ

ˇy.3/
ˇ

ˇ

p
D j1 �  qjp < 1 D

ˇ

ˇy.1/
ˇ

ˇ

p
and

ˇ

ˇx.i/
ˇ

ˇ

p
D 1 for 1� i � 3. Thus

ˇ

ˇ

ˇ
f 0

�;q;3

 

x.1/
�

ˇ

ˇ

ˇ

p
D jqjp

j�!1jp
> 1.

Next suppose p � 1 .mod 6/. Then, for the fixed points x.2/ and x.3/, follows
from the equality (4.7) for i D 2;3; we have

f 0
�;q;3

�

x.i/
�

D
3.�  1Cq/j1 �  qj2px.i/

.�  1/
 

y.i/
��
�

�
 

y.i/
��C .1 �  q/�

� :

By means of the congruence (4.5), we can check �
 

y.i/
�� 6�  .1 �  q/� .mod p/.

Consequently, we obtain

ˇ

ˇ

ˇ
f 0

�;q;3

�

x.i/
�
ˇ

ˇ

ˇ

p
D j�  1Cqjp
j1 �  qj2pj�  1jp

D 1

jqjpj�  1jp
> 1:

We will now consider two cases: p � 5 .mod 6/ and p � 1 .mod 6/.
CASE p � 5 .mod 6/. We introduce the following sets

A0 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
< jqjp

�

;

A1 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
> jqjp

�

;

A0;1 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
D jqjp

�

;

A2 WD
�

x 2Qp W j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< jqjp

�

;

A
.1/
1;1 WD

�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D j�  1jp

�

;

A
.2/
1;1 WD

�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
<
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D j�  1jp

�

;

A1 WD
�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

:

Proposition 4.3.6. The following inclusions hold

(i) A0[A1[A2[A0;1 � f !1
�;q;3

.A0/ I

(ii) A1 � f !1
�;q;3

.A1/� f !2
�;q;3

.A0/ I

(iii) A
.1/
1;1 � f !1

�;q;3
.A0;1/� f !2

�;q;3
.A0/ :
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Proof. We have

f�;q;3.x/ x.0/ D .�  1/.x x.0//

.x x.1//3
g.x/ (4.8)

where g.x/ D .�xCq 1/2C .�xC q 1/
 

x x.1/
�

C
 

x x.1/
�2

. We also notice

that the Potts–Bethe mapping (4.2) can be written as follows

f�;q;3.x/D
�

�C .�  1/.1 �  q/
x x.1/

�3

: (4.9)

Then we have

f�;q;3.x/ x.0/ D .�  1/.x x.0//

x x.1/
g1.x/ (4.10)

where g1.x/D
�

�C .�!1/.1!�!q/

x!x.1/

�2

C
�

�C .�!1/.1!�!q/

x!x.1/

�

C1.

(i) We will show for any x 2A0[A1 that f�;q;3.x/ 2A0. In fact, we have

ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.0/CqC .�  1/

ˇ

ˇ

ˇ

p
D

8

<

:

jqjp; x 2A0;

jx x.0/jp; x 2A1 and

j�xCq 1jp D
ˇ

ˇ

ˇ
�.x x.0//CqC .�  1/

ˇ

ˇ

ˇ

p
D

8

<

:

jqjp; x 2A0;

jx x.0/jp; x 2A1:

These imply

jg.x/jp �

8

<

:

jqj2p; x 2A0;

jx x.0/j2p; x 2A1:

Then from the equality (4.8), we deduce that

jf�;q;3.x/ x.0/jp �
(

jx!x.0/jp
jqjp

j�  1jp; x 2A0

j�  1jp; x 2A1

)

� j�  1jp < jqjp:

So we get f�;q;3.x/ 2 A0 for any x 2 A0 [A1 which means f�;q;3 .A0/ � A0 and

f�;q;3 .A1/�A0.

Next, we will show that f�;q;3.x/ 2A0 for any x 2A0;1. We have
ˇ

ˇx x.0/
ˇ

ˇ

p
D

ˇ

ˇx x.1/
ˇ

ˇ

p
D jqjp and j�xC q  1jp D

ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D jqjp.

These imply jg.x/jp � jqj2p. By the equality (4.8), we get jf�;q;3.x/ x.0/jp � j�  1jp <
jqjp. Thus f�;q;3.x/ 2A0 for any x 2A0;1 which implies f�;q;3 .A0;1/�A0.

Lastly, we will show f�;q;3.x/ 2A0 for any x 2A2. Indeed, for any x 2A2; we

have
ˇ

ˇ

ˇ

ˇ

.�  1/.1 �  q/
x x.1/

ˇ

ˇ

ˇ

ˇ

p

D jqjpj�  1jpjx x.1/jp
< 1
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which implies jg1.x/jpD 1 and
ˇ

ˇf�;q;3.x/ x.0/
ˇ

ˇ

p
D j�!1jp

jx!x.1/j
p

ˇ

ˇx x.0/
ˇ

ˇ

p
< jqjp:Hence,

we get f�;q;3.x/ 2A0 for any x 2A2 which implies f�;q;3 .A2/ �A0 the inclusion (i)

holds.

(ii) Now we want show f�;q;3.x/ 2A1 for any x 2A1:We consider the follow-

ing sets

A.1/
1 WD

�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< jqjp j�  1jp

�

A.2/
1 WD

�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D jqjp j�  1jp

�

A.3/
1 WD

�

x 2Qp W jqjp j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

where A1 DA.1/
1 [A.2/

1 [A.3/
1 :

Let x 2A.1/
1 . Then

ˇ

ˇ

ˇ

ˇ

.�  1/.1 �  q/
x x.1/

ˇ

ˇ

ˇ

ˇ

p

D jqjpj�  1jp
jx x.1/jp

> 1;

ˇ

ˇf�;q;3.x/
ˇ

ˇ

p
D

ˇ

ˇ

ˇ

ˇ

�C .�  1/.1 �  q/
x x.1/

ˇ

ˇ

ˇ

ˇ

3

p

> 1 and
ˇ

ˇ

ˇ
f�;q;3.x/ x.0/

ˇ

ˇ

ˇ

p
D

ˇ

ˇf�;q;3.x/
ˇ

ˇ

p
> 1 > jqjp:

Thus f�;q;3

 

A.1/
1

�

�A1.

Next let x 2A.3/
1 . Then

ˇ

ˇx x.0/
ˇ

ˇ

p
D jqjp and

ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D j�!1jp jqjp

jx!x.1/jp
< 1.

This implies

jg1.x/jp D 1 and jqjp <
ˇ

ˇ

ˇ
f�;q;3.x/ x.0/

ˇ

ˇ

ˇ

p
D
j�  1jp

ˇ

ˇx x.0/
ˇ

ˇ

p
ˇ

ˇx x.1/
ˇ

ˇ

p

< 1:

It yields f�;q;3

 

A.3/
1

�

�A1.

Lastly, we suppose x 2A.2/
1 such that y WD x!x.1/

�!1
: Since jyjp D jqjp, we have

y D y�

jqjp
where y� 2 Z�

p: Then we substitute into g.x/ of the equality (4.8) and obtain

g.x/ D .�xCq 1/2C .�xCq 1/.x x.1//C .x x.1//2

D .�  1/2
�

.�2C�C1/y2C .2�C1/.1 �  q/yC .1 �  q/2
�

D .�  1/2
jqj2p

h

.�2C�C1/.y�/2C .2�C1/.1 �  q/�.y�/C ..1 �  q/�/2
i

Now we will show
ˇ

ˇ.�2C�C1/.y�/2C .2�C1/.1 �  q/�.y�/C ..1 �  q/�/2
ˇ

ˇ

p
D

1 for any y� 2 Z�
p when p � 5 .mod 6/: To do so, it is enough to show the following

congruent equation

3t2C3.1 �  q/�tC ..1 �  q/�/2 � 0 .mod p/

67



does not have any root in Z: Indeed, the discriminant D D 3..1 �  q/�/2 or equiv-

alently  3 of the last quadratic congruence is a quadratic non-residue modulo p when-

ever p� 5 .mod 6/. So it does not have any root in Z and we get jg.x/jpD jqj2pj� 1j2p.

Since
ˇ

ˇx x.0/
ˇ

ˇ

p
D jqjp, by the equality (4.8), we have

ˇ

ˇf�;q;3.x/ x.0/
ˇ

ˇ

p
D 1 > jqjp

for any x 2A.2/
1 : Thus f�;q;3

 

A.2/
1

�

�A1 and we have the inclusion (ii).

(iii) We will show f�;q;3.x/ 2A0;1 for any x 2A.1/
1;1:We first show jf�;q;3.x/ 

x.0/jp D jqjp. We have
ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D j�!1jp jqjp

jx!x.1/jp
< 1 and jg1.x/ 3jp < jg1.x/jp D

1: Then, by the equality we get (4.10),

ˇ

ˇ

ˇ
f�;q;3.x/ x.0/

ˇ

ˇ

ˇ

p
D
j�  1jp

ˇ

ˇx x.0/
ˇ

ˇ

p
ˇ

ˇx x.1/
ˇ

ˇ

p

D jqjp:

Next we will show
ˇ

ˇf�;q;3.x/ x.1/
ˇ

ˇ

p
Djqjp. Since j� 1jp < jqjp and jf�;q;3.x/ 

x.1/jpDjf�;q;3.x/ x.0/CqC.� 1/jp; it is enough to show that
ˇ

ˇf�;q;3.x/ x.0/Cq
ˇ

ˇ

p
D

jqjp: It is easy to check

f�;q;3.x/ x.0/Cq D .�  1/.x x.0//

x x.1/
.g1.x/ 3/

C3
�

.�  1/ .�  1/
2

x x.1/

�

C q.�  1/.y
.1/ 3/

x x.1/
Cq x x.1/

x x.1/
:

From the following assertions, jy.1/  3jp D jx  x.0/jp D jqjp; jx  x.1/jp D jx  
x.1/jp D j�  1jp and jg1.x/ 3jp < 1; we obtain from the above equality jf�;q;3.x/ 
x.0/CqjpDjqjp: This means jf�;q;3.x/ x.1/jpDjqjp. Consequently, f�;q;3

�

A
.1/
1;1

�

�
A0;1 and the inclusion (iii) follows.

Proposition 4.3.7. The following statements are true.

(i) For any Nx; NNx 2A.2/
1;1; one has

ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D jqjp

j�!1jp
j Nx NNxjpI

(ii) For any x 2A.2/
1;1 n fx.1/g; there exists n0 2 N such that f

n0

�;q;3
.x/ 62A.2/

1;1:

Proof. We need the following equality

f�;q;3. Nx/ f�;q;3. NNx/D
.�  1/.1 �  q/. NNx Nx/
. Nx x.1//. NNx x.1//

F�;q;3

 

Nx; NNx
�

where

F�;q;3. Nx; NNx/D 3�2C3�.1 �  q/
�

�  1
Nx x.1/

C �  1
NNx x.1/

�

C .1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

�C .�  1/2
 NNx x.1/

�2

!

:
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(i) Let Nx; NNx 2A.2/
1;1: Then we have

ˇ

ˇ

ˇ

ˇ

3�.1 �  q/
�

�  1
Nx x.1/

C �  1
NNx x.1/

�
ˇ

ˇ

ˇ

ˇ

p

� jqjp and;
ˇ

ˇ

ˇ

ˇ

ˇ

.1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

�C .�  1/2
 NNx x.1/

�2

!ˇ

ˇ

ˇ

ˇ

ˇ

p

� jqj2p:

This means jF�;q;3. Nx; NNx/jp D 1. Therefore,
ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D jqjp

j�!1jp
j Nx NNxjp.

(ii) Let x 2 A
.2/
1;1 n fx.1/g and r D jx  x.1/jp > 0: Since j�!1jp

jqjp
< 1; there ex-

ists n0 such that
�

j�!1jp
jqjp

�n0

� r
j�!1jp

<
�

j�!1jp
jqjp

�n0!1

or
�

jqjp
j�!1jp

�n0!1

r < j�  1jp �
�

jqjp
j�!1jp

�n0

r: Thus

ˇ

ˇ

ˇ
f

n0!1

�;q;3
.x/ x.1/

ˇ

ˇ

ˇ

p
D
jqjn0!1

p r

j�  1jn0!1
p

< j�  1jp �
jqjn0

p r

j�  1jn0
p

D
ˇ

ˇ

ˇ
f

n0

�;q;3
.x/ x.1/

ˇ

ˇ

ˇ

p

or equivalently

f
n0!1

�;q;3
.x/ 2A.2/

1;1 and f
n0

�;q;3
.x/ 62A.2/

1;1

which completes the proof.

Now we will describe the attracting basin

B.x.0// WD
n

x 2Qp W lim
n!1

f n
�;q;3.x/D x.0/

o

of the attracting fixed point x.0/.

Theorem 4.3.8. The following is the attracting basin of the attracting fixed point x.0/.

B

�

x.0/
�

DQp n
 

n

x.1/
o

[
1
[

nD0

f !n
�;q;3

n

x.1/
o

!

:

Proof. Let
1
S

nD0

f !n
�;q;3
fx.1/g be a set of all eventually singular points of the Potts–Bethe

mapping (4.2). Let x 2A0: It follows from Proposition 4.3.6 (i) that jf�;q;3.x/ x.0/jp �
j�!1jp

jqjp
jx x.0/jp where j�!1jp

jqjp
< 1. This means f�;q;3 .A0/ � A0. Let x 2B

 

x.0/
�

be

any point. This means lim
n!1

f n
�;q;3

.x/ D x.0/: Then there exist some n0 2 N such that

f
n0

�;q;3
.x/ 2A0: This implies x 2 f !n0

�;q;3
.A0/ or equivalently

B

�

x.0/
�

D
1
[

nD0

f !n
�;q;3 .A0/ :

Due to Proposition 4.3.6 (i)-(iii), we have

Qp nA.2/
1;1 � f !1

�;q;3 .A0/[f !2
�;q;3 .A0/�B

�

x.0/
�

:
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Moreover, due to Proposition 4.3.7 (ii), for any x 2A.2/
1;1 n fx.1/g, there exists n0 such

that f .n0/

�;q;3
.x/ 2Qp nA.2/

1;1 �B
 

x.0/
�

[fx.1/g:

CASE 2: p � 1 .mod 6/. We intoduce the following sets.

A0 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
< jqjp

�

;

A1 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
> jqjp

�

;

A0;1 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
D jqjp

�

;

A2 WD
�

x 2Qp W j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< jqjp

�

;

A1;1 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D j�  1jp

�

;

C1 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

A3 WD
�

x 2Qp W jqjp j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

A2;3;1 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.2/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.3/

ˇ

ˇ

ˇ

p
D jqjpj�  1jp

�

;

C2 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.2/

ˇ

ˇ

ˇ

p
< jqjpj�  1jp

�

;

C3 WD
�

x 2Qp W
ˇ

ˇ

ˇ
x x.3/

ˇ

ˇ

ˇ

p
< jqjpj�  1jp

�

;

A1 WD
�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< jqjp j�  1jp

�

:

Proposition 4.3.9. The following inclusions hold:

(i) A0[A1[A2[A0;1 � f !1
�;q;3

.A0/ I

(ii) A1[A3[A2;3;1 � f !1
�;q;3

.A1/� f !2
�;q;3

.A0/ I

(iii) A1;1 � f !1
�;q;3

.A0;1/� f !2
�;q;3

.A0/ :

Proof. The proof of the inclusions (i) and (iii) follow from the inclusions (i) and (iii) of

Proposition 4.3.6 respectively. We are left to proof the assertions (ii). Recall

f�;q;3.x/ x.0/ D .�  1/.x x.0//

.x x.1//3
g.x/ (4.11)

D .�  1/.x x.0//

x x.1/
g1.x/ (4.12)

where g.x/D .�xCq 1/2C .�xCq 1/.x x.1//C .x x.1//2 and

g1.x/D
�

�C .�  1/.1 �  q/
x x.1/

�2

C
�

�C .�  1/.1 �  q/
x x.1/

�

C1:

(ii) We will show f�;q;3.x/ 2A1 for any x 2A1[A3[A2;3;1.
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Let x 2A1. We have
ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D jqjp j�!1jp

jx!x.1/jp
> 1 which implies

ˇ

ˇf�;q;3.x/
ˇ

ˇ

p
D
ˇ

ˇ

ˇ

ˇ

�C .�  1/.1 �  q/
x x.1/

ˇ

ˇ

ˇ

ˇ

3

p

> 1 > jqjp

and
ˇ

ˇf�;q;3.x/ x.0/
ˇ

ˇ

p
D
ˇ

ˇf�;q;3.x/
ˇ

ˇ

p
> jqjp: It means f�;q;3 .x/ 2A1 for any x 2A1.

Let x 2A3. We have
ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D j�!1jp jqjp

jx!x.1/jp
< 1 which implies jg1.x/jp D

1. By the equality (4.12), we get

jqjp <
ˇ

ˇ

ˇ
f�;q;3.x/ x.0/

ˇ

ˇ

ˇ

p
D
j�  1jp

ˇ

ˇx x.0/
ˇ

ˇ

p
ˇ

ˇx x.1/
ˇ

ˇ

p

< 1:

Thus f�;q;3 .x/ 2A1 for any x 2A3.

Let x 2A2;3;1. Write y D x!x.1/

�!1
: Then jyjp D jqjp withy D y�

jqjp
and

g.x/ D .�xCq 1/2C .�xCq 1/
�

x x.1/
�

C
�

x x.1/
�2

D .�  1/2
 

.�2C�C1/y2C .2�C1/.1 �  q/yC .1 �  q/2
�

D .�  1/2
jqj2p

�

.�2C�C1/.y�/2C .2�C1/.1 �  q/�.y�/C ..1 �  q/�/2
�

:

By the properties of the set A2;3;1, we get jg.x/jp D jqj2pj�  1j2p. It follows directly

from the equality (4.11) that jf�;q;3.x/ x.0/jp D 1 > jqjp. Hence f�;q;3 .x/ 2 A1 for

any x 2A2;3;1 and the inclusion (ii) follows.

By this Proposition 4.3.9, we can now describe the attracting basin B.x.0// of

the attracting fixed point x.0/ D 1.

Theorem 4.3.10. We have

B

�

x.0/
�

D
C1
[

nD0

f !n
�;q;3 .A0/

and Domff�;q;3g n .C1[C2[C3/�B
 

x.0/
�

.

Proof. The proof of the first part is similar to the proof of Theorem 4.3.8. For the second

part, due to Proposition 4.3.9 (i)-(iii), we have

Domff�;q;3g n .C1[C2[C3/� f !1
�;q;3 .A0/[f !2

�;q;3 .A0/�B

�

x.0/
�

:
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Proposition 4.3.11. The following equality holds

ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

jqjp
j�!1jp

j Nx NNxjp if Nx; NNx 2 C1I
1

jqjp j�!1jp
j Nx NNxjp if Nx; NNx 2 C2I

1
jqjp j�!1jp

j Nx NNxjp if Nx; NNx 2 C3:

(4.13)

Proof. We need the following equality

f�;q;3. Nx/ f�;q;3. NNx/D
.�  1/.1 �  q/. NNx Nx/
. Nx x.1//. NNx x.1//

F�;q;3

 

Nx; NNx
�

(4.14)

such that

F�;q;3. Nx; NNx/ D
3�2 C 3�.1 �  q/

�

�  1
Nx x.1/

C �  1
NNx x.1/

�

C .1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

�C .�  1/2
 NNx x.1/

�2

!

:

Let Nx; NNx 2 C1: Then
ˇ

ˇ

ˇ
3�.1 �  q/

�

�!1
Nx!x.1/ C �!1

NNx!x.1/

�
ˇ

ˇ

ˇ

p
� jqjp and

ˇ

ˇ

ˇ

ˇ

ˇ

.1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

�C .�  1/2
 NNx x.1/

�2

!
ˇ

ˇ

ˇ

ˇ

ˇ

p

� jqj2p:

These imply jF�;q;3. Nx; NNx/jp D 1. Thus,
ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D jqjp

j�!1jp
j Nx NNxjp:

Let Nx; NNx 2 Ci for i D 2;3: Then

x.i/ x.1/

�  1 D y.i/ D y
.i/
0 Cy

.i/
1 pC : : :
jqjp

where y.2/
0 and y.3/

0 are roots of the following congruent equation

3t2C3.1 �  q/�tC ..1 �  q/�/2 � 0 .mod p/:

We also have

ˇ

ˇ

ˇ

ˇ

Nx x.1/

�  1

ˇ

ˇ

ˇ

ˇ

p

D
ˇ

ˇ

ˇ

ˇ

NNx x.1/

�  1

ˇ

ˇ

ˇ

ˇ

p

D jqjp and

� Nx x.1/

�  1

��

D
� NNx x.1/

�  1

��

� y.i/
0 .mod p/:
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By all these properties, we have

F�;q;3. Nx; NNx/ D
3�2 C 3�.1 �  q/�

��

�  1
Nx x.1/

��

C
�

�  1
NNx x.1/

���

C
 

.1 �  q/�
�2

 

��

�  1
Nx x.1/

���2

C
�

�  1
Nx x.1/

���
�  1
NNx x.1/

��

C
��

�  1
Nx x.1/

���2
!

and

�

y
.i/
0

�2

F�;q;3. Nx; NNx/ � 3
�

y
.i/
0

�2

C6.1 �  q/�
�

y
.i/
0

�

C3..1 �  q/�/2

� 3
��

y
.i/
0

�

C .1 �  q/�
�2

6� 0 .mod p/:

This yields jF�;q;3. Nx; NNx/jp D 1. Therefore,
ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D j Nx! NNxjp

jqjp j�!1jp
.

To continue we will distinguish two subcases: 0 < j�  1jp < jqj2p < 1 and 0 <

jqj2p � j�  1jp < jqjp < 1. Suppose

r D jqjpj�  1jp:

SUBCASE 0 < j�  1jp < jqj2p < 1. We consider the disjoint open balls Br

 

x.i/
�

for

i D 1;2;3. It is clear that Br

 

x.1/
�

( C1 and Br

 

x.i/
�

D Ci for i D 2;3. We define

XD Br

�

x.1/
�

[Br

�

x.2/
�

[Br

�

x.3/
�

:

Then .C1[C2[C3/nXD C1 nBr

 

x.1/
�

.

Proposition 4.3.12. (i) For i D 1;2;3; X� C1[C2[C3 � f�;q;3

 

Br

 

x.i/
��

I

(ii) f�;q;3

 

C1 nBr

 

x.1/
��

�Qp n .C1[C2[C3/ I

(iii) f !1
�;q;3

.X/� X:

Proof. (i) It is clear Br

 

x.i/
�

� Ci for i D 1;2;3. This means X� C1[C2[C3. Hence,

it is enough to show C1[C2[C3 � f�;q;3

 

Br

 

x.i/
��

.

Let x 2Br

 

x.1/
�

. By the equality (4.13), we have
ˇ

ˇf�;q;3.x/ x.1/
ˇ

ˇ

p
D jqjp

j�!1jp
jx 

x.1/jp. Thus f�;q;3

 

Br

 

x.1/
��

D Bjqj2
 

x.1/
�

. Since jx.1/ x.2/jp D jx.1/ x.3/jp D j�  
1jp < jqj2p; we have x.1/;x.2/; x.3/ 2 Bjqj2p

 

x.1/
�

: It implies jx x.1/jp � j�  1jp < jqj2p
for any x 2 C1[C2[C3: Hence C1[C2[C3 � f�;q;3

 

Br

 

x.1/
��

:

Let x 2Br

 

x.i/
�

for i D 2;3. By the equality (4.13), we have
ˇ

ˇf�;q;3.x/ x.i/
ˇ

ˇ

p
D

jx!x.i/jp
jqjp j�!1jp

. This means f�;q;3

 

Br

 

x.i/
��

D B1

 

x.i/
�

for i D 2;3. Since jx.1/ x.2/jp D
jx.1/ x.3/jpDj� 1jp <1 and jx.2/ x.3/jpDjqjpj� 1jp <1;we deduce x.1/;x.2/;x.3/

2 B1

 

x.i/
�

. So jx x.i/jp � j�  1jp < 1 for any x 2 C1[C2[C3. Therefore C1[C2[
C3 � f�;q;3

 

Br

 

x.i/
��

for i D 2;3:
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(ii) Let x 2 C1 nBr

 

x.1/
�

. Note

C1 nBr

�

x.1/
�

D
�

x 2Qp W jqjpj�  1jp �
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
<
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D j�  1jp

�

:

By the equality (4.13) and the fact jx.1/ x.2/jp D jx.1/ x.3/jp D j�  1jp, we have

j�  1jp < jqj2p �
ˇ

ˇ

ˇ
f�;q;3.x/ x.1/

ˇ

ˇ

ˇ

p
D jqjpjx x.1/jp

j�  1jp
< jqjp

and jqj2p �
ˇ

ˇf�;q;3.x/ x.i/
ˇ

ˇ

p
D
ˇ

ˇf�;q;3.x/ x.1/
ˇ

ˇ

p
< jqjp for i D 2;3. Hence, f�;q;3.x/ 62

C1[C2[C3: Thus, the assertion (ii) folows.

(iii) The inclusion f !1
�;q;3

.X/ � X which is equivalent to f�;q;3

 

Domff�;q;3g nX
�

�
Domff�;q;3g nX follows directly from (ii) and Proposition 4.3.9.

Now we are going to describe of the dynamics of the Potts–Bethe mapping (4.2)

over Qp.

Theorem 4.3.13. Let 0 < j�  1jp < jqj2p < 1. Then

(i) the dynamical system .J0;f�;q;3; j � jp/ is isometrically conjugate to the full shift

.†3;�;df�;q;3
/ over an alphabet of three symbols where

J0 D
1
\

nD0

f !n
�;q;3 .X/ :

where the incidence matrix is

AD

0

@

1 1 1

1 1 1

1 1 1

1

A I

(ii) Qp DB
 

x.0/
�

[J0[
C1
S

nD0

f !n
�;q;3
fx.1/g:

Proof. (i) By the equality (4.13), Proposition 4.3.12 and Theorem 2.3.13, the dynamical

system f�;q;3 WJ0!J0 is isometrically conjugate to the full shift dynamics .†3;�;df�;q;3
/.

(ii) Due to Theorem 4.3.10, the following inclusion holds,

Domff�;q;3g n .C1[C2[C3/�B

�

x.0/
�

:

Let x 2 .C1[C2[C3/ nJ0: There exists n0 such that x 62 f !n0

�;q;3
.X/ or equivalently

f
n0

�;q;3
.x/ 62 X: Then by Proposition 4.3.12 (iii), we get f n0C1

�;q;3
.x/ 2B

 

x.0/
�

[fx.1/g:
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Consequently, we obtain the following decomposition

Qp DB

�

x.0/
�

[J0[
C1
[

nD0

f !n
�;q;3fx.1/g:

SUBCASE 0 < jqj2p � j�  1jp < jqjp < 1. Let m� 1 be an integer such that

jqj
mC1

m
p � j�  1jp < jqj

mC2
mC1

p :

Consider for `D 0;1; : : : ;m, the spheres

G` WD
(

x W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ
D
j�  1j`C1

p

jqj`p

)

:

Let r D jqjpj�  1jp: Then G` can be written as a union of disjoint balls of radius r ,

i.e. G` D
m
S̀

iD1

Br.ai;`/ where ai;` 2 G` and Br.ai;`/\Br.aj;`/D ; for 1 � i ¤ j �m`.

Since the sphere G` is a union of p 1 open balls with radius j�!1j
`C1
p

jqj`p
; by the following

Remark 4.3.14, we have m` D .p 1/ j�!1j`p

jqj
`C1
p

.

Remark 4.3.14. Let  � ı be two integers. Any open ball Bpı.a/ is decomposed into

pı! disjoint open balls Bp .ai/, i.e., Bpı.a/D
pı!
S

iD1

Bp .ai/ where ai 2 Bpı.a/, and

jai  aj jp D p if ai ¤ aj .

Proposition 4.3.15. The map f�;q;3 W C1! Bjqjp

 

x.1/
�

is a one-to-one correspondence.

In particular, f�;q;3 W G`! G`!1 is a one-to-one correspondence for 1� `�m:

Proof. Recall C1D Bj�!1jp

 

x.1/
�

: By equality (4.13), we have a scaling on C1 such that

for any x;y 2 C1;

ˇ

ˇf�;q;3.x/ f�;q;3.y/
ˇ

ˇ

p
D jqjp
j�  1jp

jx yjp:

Since x.1/ is the fixed point of f�;q;3, we get f�;q;3 .C1/D Bjqjp

 

x.1/
�

. By Lemma 2.3.3,

f�;q;3 is a one-to-one correspondence between C1 and Bjqjp

 

x.1/
�

. Furthermore, we have

for 1 � l � m; G` � C1 and f�;q;3 .G`/ � G`!1. Since G` are spheres, by the Corollary

2.3.4, f�;q;3 is one-to-one between G` and G`!1:

We have G`� C1 for all `D 1;2; : : : ;m and .C2[C3/�G0. For all `D 1;2; : : : ;m;
suppose H`D

n
S̀

iD1

Br.ai;`/�G` with ai;` 2G` such that for 1� i ¤ j �n`�m`; Br.ai;`/\

Br.aj;`/D ; and .C2[C3/ � f `
�;q;3

.Br.ai;`//. Then we have the following crucial re-

sult.
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Proposition 4.3.16. For `D 1;2; : : : ;m, we have n` D 1:

Proof. We need only to show n1 D 1 and the rest follows from the Proposition 4.3.15.

By the fact
ˇ

ˇx.2/ x.3/
ˇ

ˇ D jqjpj�  1jp, we have jx  yj D jqjpj�  1jp for any x 2
C2; y 2 C3. Since jqjpj�  1jp < jqj2p, we have that C2 and C3 are in the image of a

same ball Br.ai;1/ � G1 for some 1 � i � m1, i.e., C2[C3 � f�;q;3 .Br.ai;1//. By the

Proposition 4.3.15, this ball is unique. Hence n1 D 1.

Without loss of generality, we may assume H` D Br.a1;`/ with a1;` 2 G`. Let

D1 D Br.x.1// and for m� 1;

Xm DD1[Hm[� � �[H1[C2[C3:

Then we have the following result on the pre-image of Xm under f�;q;3.

Proposition 4.3.17. Suppose 0 < jqj
mC1

m
p � j� 1jp < jqj

mC2
mC1

p < 1 for somem� 1. Then

f !1
�;q;3

.Xm/� Xm:

Proof. It suffices to show f�;q;3

 

Domff�;q;3g nXm

�

\Xm D ;: Let C D C1[ C2[ C3:

By the Proposition 4.3.9, we have f�;q;3

 

Domff�;q;3g nC
�

\C D ;. Since Xm � C; we

are left to show f�;q;3.C nXm/\Xm D ;: It is clear that C nXm D C1 n .D1[H1[� � �[Hm/.

By the one-to-one property in the Proposition 4.3.15, the uniqueness in the Proposition

4.3.16 and the definition of H` for 1 � ` � m, we have f�;q;3 .C1 n .D1[H1[� � �[Hm//\
Xm D ;.

Next we describe the image of Xm.

Proposition 4.3.18. Suppose 0 < jqj
mC1

m
p � j�  1jp < jqj

mC2
mC1

p for some m� 1. Then

(i) For i D 2;3; .C1[C2[C3/� f�;q;3.Ci/I

(ii) .C2[C3/\f�;q;3.D1/D ;I

(iii) .C2[C3/� f�;q;3 .H1/ I

(iv) for mD 1; we have H1 � f�;q;3.D1/ and f�;q;3 .H1/\D1 D ;I

(v) for m� 2; we have

(a) Hm � f�;q;3.D1/ and f�;q;3.D1/\ .Hm!1[� � �[H1/D ;I

(b) for any H`; 2� `�m;

H`!1 � f�;q;3 .H`/ and f�;q;3 .H`/\
 

D1[C2[C3

m
S

iD1;i¤l!1

Hi

!

D ;I

(c) f�;q;3 .H1/\
�

D1[
m
S

`D2

H`

�

D ;:
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Proof. Recall for 1� l �m that H`DBr.a1;`/; ja1;` x.1/jpD j�!1j
lC1
p

jqjlp
and .C2[C3/�

f `
�;q;3

.Br.a1;`// :

(i) By the equality (4.13), we have for i D 2;3 that f�;q;3 .Ci/D B1

 

x.i/
�

: Since

jx.1/ x.2/jp D jx.1/ x.3/jp D j�  1jp < 1 and jx.2/ x.3/jp D jqjpj�  1jp < 1; we

have x.1/;x.2/;x.3/ 2 B1

 

x.i/
�

for i D 2;3: Moreover, since jx x.i/jp � j�  1jp < 1
for any x 2 C1[C2[C3; we get the inclusion C1[C2[C3 � f�;q;3 .Ci/ :

(ii) By the equality (4.13), we obtain f�;q;3 .D1/DBjqj2p

 

x.1/
�

. Let x 2 C2 or x 2
C3. Then jx x.1/jp D jx.i/ x.1/jp D j� 1jp � jqj2p: Thus, f�;q;3.D1/\.C2[C3/D;.

(iii) By the definition of H1, it is clear .C2[C3/� f�;q;3 .H1/ :

(iv) Let mD 1: Recall from the argument in the proof of (ii) that f�;q;3 .D1/D
Bjqj2p

 

x.1/
�

. Since jqj2p � j�  1jp < jqj
3
2
p , we obtain

j�!1j2p
jqjp

< jqj2p � j�  1jp. Let

x 2H1. Then jx x.1/jp D ja1;1 x.1/jp D j�!1j2p
jqjp

< jqj2p: Thus H1 � f�;q;3.D1/.

Next, by the equality (4.13), we have f�;q;3 .H1/DBjqj2p
.f�;q;3.a1;1// and jf�;q;3.a1;1/ 

x.1/jp D j� 1jp. Let x 2D1. Then jx f�;q;3.a1;1/jpD jx.1/ f�;q;3.a1;1/jpD j� 1jp �
jqj2p: Hence f�;q;3.H1/\D1 D ;.

(v) Let m � 2: Recall that f�;q;3 .D1/ D Bjqj2p

 

x.1/
�

. From 0 < jqj
mC1

m
p � j�  

1jp < jqj
mC2
mC1

p , we have j�!1j
mC1
p

jqjmp
< jqj2p �

j�!1jmp

jqjm!1
p

. Let x 2 Hm. Then jx  x.1/jp D

ja1;m x.1/jp D j�!1j
mC1
p

jqjmp
< jqj2p: Thus Hm � f�;q;3.D1/.

By the Proposition 4.3.15, we deduce f�;q;3 W C1! Bjqjp.x
.1// and f�;q;3 W G`!

G`!1 for 1 � ` � m are all one-to-one. By the definition of H`, we have H`!1 �
f�;q;3.H1/D B Nr.f�;q;3.a1;`//; 2� `�m where Nr D jqj2p: Therefore, the rests, (a)–(c),

are true.

We define the the following set

Jm D
1
\

nD0

f !n
�;q;3 .Xm/ :

Theorem 4.3.19. Let 0 < jqj
mC1

m
p � j�  1jp < jqj

mC2
mC1

p < 1 for some m� 1. Then

(i) .Xm;Jm;f�;q;3/ is transitive and the dynamical system .Jm;f�;q;3; j � jp/ is isomet-

rically conjugate to the subshift dynamics .†Am
;�Am

;df�;q;3
/ on .mC3/ symbols

with

Am D

0

B

B

@

eT
1 Im 0T 0T

0 0 1 1

1 1 1 1

1 1 1 1

1

C

C

A

where Im is an m�m identity matrix, e1 D .1;0; � � � ;0/, 1 D .1;1; � � � ;1/ and

0D .0;0; � � � ;0/. Here vT is the transpose of the vector v. Moreover, this subshift

is topologically conjugate to the full shift on three symbols;
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(ii) Qp DB
 

x.0/
�

[Jm[
C1
S

nD0

f !n
�;q;3
fx.1/g:

Proof. Let us consider the coding D1 ! 0; H` ! ` where ` D 1; � � � ;m; C2 ! mC
1 and C3 ! mC 2. Due to the Theorem 2.3.13 and Propositions 4.3.16–4.3.18, the

dynamical system f�;q;3 W Jm! Jm is isometrically conjugate to the subshift dynamics

.†Am
;�Am

;df�;q;3
/ associated with the .mC3/� .mC3/ matrix Am for m� 1.

Next, we want show that the subshift †Am
� †mC3 is topologically conjugate

to the full shift †3 on three symbols. For details, one can refer to Sections 1.4–1.5

by Lind & Marcus (1995). We will construct a bijection � W †3! †Am
. First, we let

�m WBmC1 .†3/!B1 .†Am
/ ; where BN .†/ is the set of allN -block on a shift space†

over f1;2; : : : ; sg i.e., theN -block
 

xjxj Ci � � �xj CN

�

; j � n� j CN; xn 2 f1;2; : : : ; sg
and j � 1. We define for xi 2 f0;1;2g and l; i D 1; : : : ;m; �m W

0mC1 7! 0

0l1x1 � � �xm!l 7! l

0l2x1 � � �xm!l 7! l

1x1 � � �xm 7!mC1
2x1 � � �xm 7!mC2:

Now we are ready to construct the map � . We have for any x 2†3,

�.x/ WD �m.x0 : : :xm/�m.x1 : : :xmC1/�m.x2 : : :xmC2/ : : :�m.xi : : :xmCi/ : : : :

Then � ı� D �Am
ı� . Moreover, � is bijective. Therefore, we have shown a conjugacy

between †A and †Am
.

(ii) The proof is similar to the proof of (ii) of Theorem 4.3.13.

4.3.2 The Case 0 < jqjp < j�  1jp < 1
Let us first check the behaviour of the fixed points of the Potts–Bethe mapping (4.2).

Proposition 4.3.20. Let p � 5 be a prime number. Then the fixed points x.0/ and x.1/

are indifferent. Moreover, if p� 1 .mod 6/, then the fixed points x.2/ and x.3/ exist and

they are repelling.

Proof. The scheme of the proof is similar to Proposition 4.3.5. We need to show
ˇ

ˇ

ˇ
f 0

�;q;3

 

xi
�

ˇ

ˇ

ˇ

p
D 1 for i D 0;1 and

ˇ

ˇ

ˇ
f 0

�;q;3

 

xi
�

ˇ

ˇ

ˇ

p
> 1 for i D 2;3. We have

f 0
�;q;3

�

x.i/
�

D 3.�  1/.�  1Cq/.�x.i/Cq 1/2
.x.i/ x.1//4

D 3.�  1/.�  1Cq/x.i/

.�x.i/Cq 1/.x.i/ x.1//
: (4.15)
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Then
ˇ

ˇ

ˇ
f 0

�;q;3

 

x.0/
�

ˇ

ˇ

ˇ

p
D 1. It follows from the equality (4.15) and x.i/ D 1 qC .�  

1/.y.i/ 1/ for 1� i � 3 that

f 0
�;q;3

�

x.i/
�

D 3.�  1Cq/x.i/

.�  1/y.i/.�y.i/C1 �  q/: (4.16)

By Proposition 4.3.1, we have
ˇ

ˇy.2/
ˇ

ˇ

p
D
ˇ

ˇy.3/
ˇ

ˇ

p
D j�  1jp < 1D

ˇ

ˇy.1/
ˇ

ˇ

p
and jx.i/jp D 1

for 1� i � 3. Then we obtain
ˇ

ˇ

ˇ
f 0

�;q;3

 

x.1/
�

ˇ

ˇ

ˇ

p
D 1.

Now suppose p� 1 .mod 6/. This implies the existence of the fixed points x.2/

and x.3/. It follows from the equality (4.16) that for i D 2;3

f 0
�;q;3

�

x.i/
�

D
3.�  1Cq/j1 �  qj2px.i/

.�  1/
 

y.i/
��
�

�
 

y.i/
��C .1 �  q/�

� : (4.17)

By the congruence (4.5), we have �
 

y.i/
�� 6�  .1 �  q/� .mod p/ for i D 2;3. Con-

sequently,

ˇ

ˇ

ˇ
f 0

�;q;3

�

x.i/
�
ˇ

ˇ

ˇ

p
D j�  1Cqjp
j1 �  qj2pj�  1jp

D 1

j�  1j2p
> 1:

Recall that the Potts–Bethe mapping (4.2) has a critical point x.c/. One could

verify x.c/ D x.1/C .�  1/y.c/ D 1!q

�
where y.c/ D �!1Cq

�
.

Proposition 4.3.21. Let p � 5 be a prime number. Then

(i) jy.c/jp D jy.2/jp D jy.3/jp D j�  1jp < 1D jy.1/jp and jy.1/ 3jp D j�  1jp;

(ii) jy.2/ y.3/jp D jy.2/ y.c/jp D jy.3/ y.c/jp D j�  1jp;

(iii) jx.c/jp D jx.1/jp D jx.i/jp D 1 for i D 0;1;2;3;

(iv) jx.0/ x.1/jp D jx.1/ x.1/jp D j�  1jp;

(v) jx.2/ x.1/jp D jx.3/ x.1/jp D jx.c/ x.1/jp D jx.2/ x.3/jp D jx.2/ x.c/jp D
jx.3/ x.c/jp D j�  1j2p;

(vi) jx.1/ x.0/jp D j�  1jp and jx.i/ x.j /jp D jx.i/ x.c/jp D j�  1jp for i D 0;1;
and j D 2;3:

Proof. Recall x.1/ D 2 �  q; x.c/ D x.1/C .�  1/y.c/; x.0/ D 1 and x.i/ D x.1/C
.�  1/y.i/ for i D 1;2;3. Then one could easily checked all the properties.
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We introduce the following sets

A D
�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

B D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
> j�  1jp

�

;

C D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D j�  1jp

�

with ADA1[D and B D B1[E such that

A1 D
�

x 2Qp W j�  1j2p <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

D D
�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
� j�  1j2p

�

;

B1 D
�

x 2Qp W j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< 1

�

;

E D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
� 1

�

:

In order to study the dynamics of the Potts–Bethe mapping (4.2), we will calculate the

image of the sets A; B and C.

Now we begin with the set C. Suppose Nx.i/ D x.1/C .�  1/ Ny.i/ 2 C where

j Ny.i/ i j< 1 and Ci WD Bj�!1jp

 

Nx.i/
�

. Then

C WD
p!1
[

iD1

Ci :

Lemma 4.3.22. Let p � 5 be a prime number.

(i) Let x 2 C. Then

ˇ

ˇ

ˇ
f 0

�;q;3
.x/
ˇ

ˇ

ˇ

p
D 1.

(ii) Let Nx; NNx 2 Ci ; 1� i � p 1: Then
ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D j Nx NNxjp:

Proof. We calculate the k-th derivative of f�;q;3 for k � 1 as follows

f
.k/

�;q;3
.x/ D 3kŠ. 1/kC1.�  1/.�  1Cq/

.x x.1//kC1

�

�2C .kC1/�.�  1/.1 �  q/
x x.1/

C.kC1/.kC2/.�  1/
2.1 �  1 q/2

3Š.x x.1//2

�

: (4.18)

(i) Suppose x 2 C. Then we have jx x.1/jp D j�  1jp D j�.x x.1//C .�  
1/.1 �  q/jp. By the equality (4.18), we obtain

ˇ

ˇf 0
�;q;3.x/

ˇ

ˇ

p
D
ˇ

ˇ

ˇ

ˇ

3.�  1/.�  1Cq/.�.x x.1//C .�  1/.1 �  q//2
.x x.1//4

ˇ

ˇ

ˇ

ˇ

p

D 1
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(ii) Suppose Nr D j�!1jp
p

and Nx.i/ 2 Ci . By the equality (4.18), we have for k � 2
ˇ

ˇ

ˇ

ˇ

.kC1/�.�  1/.1 �  q/
Nx.i/ x.1/

ˇ

ˇ

ˇ

ˇ

p

D jkC1jpj�  1jp � j�  1jp < 1 and

ˇ

ˇ

ˇ

ˇ

.kC1/.kC2/.�  1/2.1 �  1 q/2
3Š. Nx.i/ x.1//2

ˇ

ˇ

ˇ

ˇ

p

D jkC1jpjkC2jpj�  1j2p � j�  1j2p < 1:

These imply

ˇ

ˇ

ˇ
f

.k/

�;q;3
. Nx.i//

ˇ

ˇ

ˇ

p
Nrk!1 D 1

j�  1jk!1
p

�
j�  1jk!1

p

pk!1
D 1

pk!1
< 1D

ˇ

ˇ

ˇ
f 0

�;q;3. Nx.i//
ˇ

ˇ

ˇ

p
:

We also notice for 1� i � p 1 that B Nr. Nx.i//D Ci : Therefore, by (i) and Lemma 2.3.1,

we have for Nx; NNx 2 Ci that
ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D j Nx NNxjp:

Recall P1
 

Fp

�

D f0;1; : : : ;p 1;1g. By definition, C0DA and C1D B. Then

we have the following proposition.

Proposition 4.3.23. Let p � 5 be a prime number. Suppose m W P1.Fp/! P1.Fp/ and

m.x/D 4 3
x

. Then for 1� i � p 1 we have f�;q;3 .Ci/D Cm.i/. Moreover, we have

(i) f�;q;3 .Ci/D Ci for i D 1;3I

(ii) f k
�;q;3

.C4/DA for some k 2 f1; : : : ;p 3g.

Proof. Recall that the Potts–Bethe mapping (4.2) can be written as follows

f�;q;3.x/D
�

�C .�  1/.1 �  q/
x x.1/

�3

:

Then we get

f�;q;3.x/ x.1/ D f�;q;3.x/ x.0/CqC .�  1/

D .�  1/.x x.0//

x x.1/
g1.x/CqC .�  1/ (4.19)

where g1.x/D
�

�C .�!1/.1!�!q/

x!x.1/

�2

C
�

�C .�!1/.1!�!q/

x!x.1/

�

C1. By modifying the equal-

ity (4.19), we obtain

f�;q;3.x/ x.1/ D .�  1/.x x.0//.g1.x/ 3/
x x.1/

C

q

�

.�  1/.y.1/ 3/C .x x.1//

x x.1/

�

C

.�  1/
�

4 3 .�  1/
x x.1/

�

: (4.20)

81



Suppose Nx.i/ D x.1/C .�  1/ Ny.i/ 2 Ci with j Ny.i/  i jp < 1. Then we obtain by the

equality (4.20) that

f�;q;3. Nx.i// x.1/ � .�  1/
�

4 3 .�  1/
Nx.i/ x.1/

�

�

mod pordp.�!1/C1
�

� .�  1/
�

4 3

Ny.i/

�

�

mod pordp.�!1/C1
�

f�;q;3. Nx.i// x.1/

�  1 � 4 3
i
�m.i/ .mod p/:

So f�;q;3

 

Nx.i/
�

D x.1/C.� 1/w.i/ such thatw.i/�m.i/ .mod p/. It implies f�;q;3

 

Nx.i/
�

2
Cm.i/. By Lemmas 4.3.22 and 2.3.3, we have f�;q;3 .Ci/D Cm.i/.

(i) It is clear f�;q;3 .C1/ D C1 and f�;q;3 .C3/ D C3 since 1 and 3 are the fixed

points of function m. (ii) We have for 1 � i � p  1 that f�;q;3 .Ci/ D Cm.i/. One

also could verify that m.i/ D 0 for some i D 1; : : : ;p 1 and m.i/ ¤1 for any i D
1; : : : ;p 1. In order to check whether f k

�;q;3
.C4/D C0 for some k or not, it is enough

to check whether 4 and 0 are in the same orbit or not under iteraton of m. By simple

calculation, we can see that m2.0/D 4. It shows 4 and 0 are in the same orbit. By the

bijectivity of m, there exists k 2 N such that mk.4/D 0 and the possible least number

k 2 f1; : : : ;p 3g since 1 and 3 are the fixed points of m. Thus, f k
�;q;3

.C4/ D C0 for

some k 2 f1; : : : ;p 3g.

Next we calculate the image of the sets B and A1.

Proposition 4.3.24. Let p� 5 be a prime number. Then f�;q;3.B/� C4 and f�;q;3.A1/�
B1. Moreover, the restricted maps f�;q;3 W B! C4 n �3 and f�;q;3 WA1! B1 are bijec-

tive.

Proof. Let x 2 B. Then jx x.1/jp > j�  1jp. By the equality (4.19), we have

f�;q;3.x/ x.1/ � .�  1/
�

4 3 .�  1/
x x.1/

�

.mod pordp.�!1/C1/

� 4.�  1/ 6� 0 .mod pordp.�!1/C1/: (4.21)

It means jf�;q;3.x/ x.1/jp D j�  1jp and f�;q;3.x/D x.1/C .�  1/ Nw with j Nwjp D 1
and j Nw 4jp < 1. Hence f�;q;3.x/ 2 C4 for any x 2 B which implies f�;q;3.B/� C4.

Recall

f�;q;3.x/ x.0/ D .�  1/.x x.0//

x x.1/
g1.x/ (4.22)

where g1.x/D
�

�C .�!1/.1!�!q/

x!x.1/

�2

C
�

�C .�!1/.1!�!q/

x!x.1/

�

C1. Let x 2A1. Since j�  
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1j2p < jx x.1/jp < j�  1jp, we have

ˇ

ˇ

ˇ

ˇ

.�  1/.1 �  q/
x x.1/

ˇ

ˇ

ˇ

ˇ

p

D
j�  1j2p
jx x.1/jp

< 1:

This implies jg1.x/jp D 1. We get by the equality (4.22) that

j�  1jp <
ˇ

ˇ

ˇ
f�;q;3.x/ x.0/

ˇ

ˇ

ˇ

p
D
j�  1jp

ˇ

ˇx x.0/
ˇ

ˇ

p
ˇ

ˇx x.1/
ˇ

ˇ

p

< 1:

Then we have jf�;q;3.x/ x.1/jp D jf�;q;3.x/ x.0/jp. So for any x 2 A1 We have

f�;q;3.x/ 2 B1. Thus f�;q;3.A1/� B1.

We proceed by showing the bijectiveness of the restricted maps. Recall for Nx; NNx 2
Qp that

f�;q;3. Nx/ f�;q;3. NNx/D
.�  1/.1 �  q/. NNx Nx/
. Nx x.1//. NNx x.1//

F
 

Nx; NNx
�

where

F. Nx; NNx/ D 3�2C3�.1 �  q/
�

�  1
Nx x.1/

C �  1
NNx x.1/

�

C .1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

�C .�  1/2
 NNx x.1/

�2

!

:

One could check jF. Nx; NNx/jp D 1 for Nx; NNx 2 B or A1. So we obtain

jf�;q;3. Nx/ f�;q;3. NNx/jp D
j�  1j2p

j Nx x.1/jpj NNx x.1/jp
j Nx NNxjp: (4.23)

Let Nx; NNx 2 B. We know B D
S

Nr

S Nr

 

x.1/
�

in which Nr > j�  1jp. For each Nr ,

we have f�;q;3

 

S Nr

 

x.1/
��

� C4 is a sphere with center �3. We know the restricted map

f�;q;3 W S Nr

 

x.1/
�

! f�;q;3

 

S Nr

 

x.1/
��

is a bijection by the Corollary 2.3.4. Furthermore,

by the equality (4.23), we get f�;q;3

 

S Nr

 

x.1/
��

\f�;q;3

 

Sr 0

 

x.1/
��

D ; for Nr ¤ r 0. For

any �3 ¤ y 2 C4, there exists a preimage x D f !1.y/ 2 B. Thus, the restricted map

f W B! C4 n�3 is is a bijection.

Next, assume Nx; NNx 2 A1. We know A1 D
S

Nr

S Nr

 

x.1/
�

in which j�  1j2p <

Nr < j�  1jp. Then we have f�;q;3

 

S Nr

 

x.1/
��

D Sr 0

 

x.1/
�

� B1 D
S

r

Sr 0

 

x.1/
�

is a

sphere for j�  1jp < r 0 < 1. By the Corollary 2.3.4, restricted map f�;q;3 W S Nr

 

x.1/
�

!
Sr 0

 

x.1/
�

is a bijection. By the equality (4.23), we have f�;q;3

 

SQr

 

x.1/
��

\f�;q;3

 

S Or

 

x.1/
��

D
; for Qr ¤ Or . Thus the restricted map f�;q;3 WA1! B1 is a bijection.

Now we discuss the crucial part, the set D: Suppose Qx.i/D x.1/C.� 1/ Qy.i/ 2D
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with Qy.i/ D . Qy.i//
�

j�!1jp
and

ˇ

ˇ

ˇ

 

Qy.i/
�� i

ˇ

ˇ

ˇ

p
< 1. Let Di WD Bj�!1j2p

 

Qx.i/
�

. Then

DD
 

p!1
[

iD0

Di

!

n fx.1/g

such that Di \Dj D ; for i ¤ j . Next we will describe the sets Di having the singular

point x.1/ and the critical point x.c/. We have x.1/ 2D0 and

D0 D
 

1
[

iD1

S.0/
i

!

[fx.1/g (4.24)

where S.0/
i WD S j�!1j2p

pi

 

x.1/
�

. Let Oxj 2 S.0/
i and D

.0/
ij WD B j�!1j2p

pi

 

Oxj

�

. Then

S.0/
i D

p!1
[

j D1

D
.0/
ij (4.25)

such that D.0/

ik
\D.0/

i`
D ; for k ¤ `.

Assume  � .�  1Cq/� .mod p/. Then one can check that x.c/ 2D and

D D
 

1
[

iD1

S./
i

!

[fx.c/g (4.26)

where S./
i WD S j�!1j2p

pi

 

x.c/
�

. Now suppose Lxj 2 S./
i and D

./
ij WD B j�!1j2p

pi

 

Lxj

�

: Then

S./
i D

p!1
[

j D1

D
./
ij (4.27)

such that D.0/

ik
\D

.0/

i`
D ; for k ¤ `. We can easily calculate

ˇ

ˇ

ˇ
f 0

�;q;3

 

x.1/
�

ˇ

ˇ

ˇ

p
is un-

bounded and
ˇ

ˇ

ˇ
f 0

�;q;3

 

x.c/
�

ˇ

ˇ

ˇ

p
D 1. Then the following results inform us about the deriva-

tive near the points x.1/ and x.c/.

Lemma 4.3.25. Let p � 5 be a prime number and  � .�  1Cq/� .mod p/.

(i) Let x 2 S.0/
i �D0 where integers i > 0. Then

ˇ

ˇ

ˇ
f 0

�;q;3
.x/
ˇ

ˇ

ˇ

p
D p4i

j�!1j2p
.

(ii) Let Nx; NNx 2D.0/
ij � S.0/

i for 1� j � p 1. Then we have

ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D p4i

j�  1j2p
j Nx NNxjp: (4.28)
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(iii) Let x 2 S./
i �D where integers i > 0. Then

ˇ

ˇ

ˇ
f 0

�;q;3
.x/
ˇ

ˇ

ˇ

p
D 1

p2i j�!1j2p
:

(iv) Let Nx; NNx 2D./
ij � S./

i for 1� j � p 1. Then we have

ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D 1

p2i j�  1j2p
j Nx NNxjp: (4.29)

(v) Let x 2D n
 

D0[D

�

: Then

ˇ

ˇ

ˇ
f 0

�;q;3
.x/
ˇ

ˇ

ˇ

p
D 1

j�!1j2p
.

(vi) Let Nx; NNx 2Di for 1� i � p 1 and i ¤  . Then we have

ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D 1

j�  1j2p
j Nx NNxjp: (4.30)

Proof. We again need the following equality. For any Nx; NNx 2Qp n fx.1/g we have

f�;q;3. Nx/ f�;q;3. NNx/D
.�  1/.1 �  q/. NNx Nx/
. Nx x.1//. NNx x.1//

F
 

Nx; NNx
�

(4.31)

such that

F. Nx; NNx/ D 3�2C3�.1 �  q/
�

�  1
Nx x.1/

C �  1
NNx x.1/

�

C .1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

�C .�  1/2
 NNx x.1/

�2

!

:

(i) Let x 2 S.0/
i . Then we have

ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D j�  1j2p

and jx x.1/jp D j�!1j2p
pi . Recall

f
.k/

�;q;3
.x/ D 3kŠ. 1/kC1.�  1/.�  1Cq/

.x x.1//kC1

�

�2C .kC1/�.�  1/.1 �  q/
x x.1/

C.kC1/.kC2/.�  1/
2.1 �  1 q/2

3Š.x x.1//2

�

:

Then we get

ˇ

ˇf 0
�;q;3.x/

ˇ

ˇ

p
D

ˇ

ˇ

ˇ

ˇ

3.�  1/.�  1Cq/.�.x x.1//C .�  1/.1 �  q//2
.x x.1//4

ˇ

ˇ

ˇ

ˇ

p

D
j�  1j6p
jx x.1/j4p

D p4i

j�  1j2p
:

(ii) Let Nx; NNx 2 D.0/
ij for 1 � j � p 1. We have Nx D x.1/C .�  1/ Ny and NNx D
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x.1/C .�  1/ NNy. Then

F. Nx; NNx/ D 3�2C3�.1 �  q/
�

1

Ny C
1

NNy

�

C .1 �  q/2
 

�

1

Ny

�2

C 1

Ny NNy
C
�

1

NNy

�2
!

D 3�2C3�.1 �  q/
�

pi

�

1

Ny�
C 1

NNy�

�

C

C..1 �  q/
�/2

p2i

 

1

. Ny�/2
C 1

Ny� NNy�
C 1
 NNy�

�2

!

Since Nx; NNx 2D.0/
ij , it implies Ny� � NNy� � w0 .mod p/. We have

 

1

. Ny�/2
C 1

Ny� NNy�
C 1
 NNy�

�2

!

� 3

w2
0

6� 0 .mod p/

which implies

ˇ

ˇ

ˇ

ˇ

ˇ

..1 �  q/�/2

p2i

 

1

. Ny�/2
C 1

Ny� NNy�
C 1
 NNy�

�2

!
ˇ

ˇ

ˇ

ˇ

ˇ

p

D p2i :

Therefore, jF. Nx; NNx/jpDp2i and by the equality (4.14), we get
ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D

p4i

j�!1j2p
j Nx NNxjp.

(iii) Let x 2 S./
i and x D x.1/C .�  1/y such that jy y.c/jp D j�!1jp

pi . Then

we have
ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D j�!1j2p

pi and jx x.1/jp D j�  1j2p. Thus

we obtain

ˇ

ˇf 0
�;q;3.x/

ˇ

ˇ

p
D

ˇ

ˇ

ˇ

ˇ

3.�  1/.�  1Cq/.�.x x.1//C .�  1/.1 �  q//2
.x x.1//4

ˇ

ˇ

ˇ

ˇ

p

D
ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

2

p

j�  1j6p
D 1

p2i j�  1j2p
:

(iv) Let Nx; NNx 2 D
./
ij � S.1/

i for 1 � j � p 1. Then Nx D x.1/C .�  1/ Ny and

NNx D x.1/C .�  1/ NNy such that Ny D . Ny/�

j�!1jp
and NNy D . NNy/

�

j�!1jp
. We also have for w D w0C

�� �Cwip
i that . Ny/�DwCpiC1A and

 NNy
��DwCpiC1B in which

ˇ

ˇ

ˇ
w 

 

y.c/
��
ˇ

ˇ

ˇ

p
D 1

pi

and jA Bjp � 1. Then by the equality (4.31) we have

F. Nx; NNx/ D 3�2C3�.1 �  q/�
 

1

. Ny/� C
1

 NNy
��

!

C..1 �  q/�/2
 

1

. Ny�/2
C 1

. Ny�/
 NNy�

�C 1
 NNy�

�2

!

:
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After replacing . Ny/� and
 NNy
��

, we get

. Ny�/
2  NNy�

�2
F. Nx; NNx/ D 3w2 .�wC .1 �  q/�/2C3w.ACB/piC1�

�
�

2�2w2C3�w.1 �  q/�C ..1 �  q/�/2
�

Cp2.iC1/ NX
D 3w2 .�wC .1 �  q/�/2C3w.ACB/piC1�
�
�

�w .�wC .1 �  q/�/C .�wC .1 �  q/�/2
�

Cp2.iC1/ NX

such that j NX jp � 1. We also know j�wC .1 �  q/�jp D j�.w .y.c//�/jp D jw 
.y.c//�jp. Then we get

ˇ

ˇF. Nx; NNx/
ˇ

ˇ

p
D 1

p2i . Thus we have jf�;q;3. Nx/ f�;q;3. NNx/jp D
j Nx! NNxjp

p2i j�!1j2p
:

(v) Let x 2Dn
 

D0[D

�

. We have xD x.1/C .� 1/y such that jy y.c/jp D
j� 1jp:We also have

ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D j� 1j2p and jx x.1/jpD

j�  1j2p. Hence

ˇ

ˇf 0
�;q;3.x/

ˇ

ˇ

p
D

ˇ

ˇ

ˇ

ˇ

3.�  1/.�  1Cq/.�.x x.1//C .�  1/.1 �  q//2
.x x.1//4

ˇ

ˇ

ˇ

ˇ

p

D 1

j�  1j2p
:

(vi) Let  � .�  1C q/� .mod p/. Suppose Nx; NNx 2 Di for 1 � i � p 1 and

i ¤  . We have Nx D x.1/C .�  1/ Ny and NNx D x.1/C .�  1/ NNy. Then we obtain

ˇ

ˇ

ˇ

ˇ

Nx x.1/

�  1

ˇ

ˇ

ˇ

ˇ

p

D
ˇ

ˇ

ˇ

ˇ

NNx x.1/

�  1

ˇ

ˇ

ˇ

ˇ

p

D j�  1jp
� Nx x.1/

�  1

��

D
� NNx x.1/

�  1

��

� w
.i/
0 .mod p/:

From the equality (4.31), we get

F. Nx; NNx/D 3�2C3�.1 �  q/�
��

�  1
Nx x.1/

��

C
�

�  1
NNx x.1/

���

C
 

.1 �  q/�
�2

 

��

�  1
Nx x.1/

���2

C
�

�  1
Nx x.1/

���
�  1
NNx x.1/

��

C
��

�  1
NNx x.1/

���2
!

and
�

w
.i/
0

�2

F. Nx; NNx/ � 3
�

w
.i/
0

�2

C6.1 �  q/�
�

w
.i/
0

�

C3..1 �  q/�/2

� 3
��

w
.i/
0

�

C .1 �  q/�
�2

6� 0 .mod p/:

This means jF. Nx; NNx/jp D 1 because w.i/
0 6�

 

y.c/
�� �  .1 �  q/� .mod p/: There-

fore,
ˇ

ˇf�;q;3. Nx/ f�;q;3. NNx/
ˇ

ˇ

p
D j Nx! NNxjp

j�!1j2p
:
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It is clear E D Qp nB1

 

x.1/
�

and Z�
p D

Sp!1
j D1B1.j /: Remember that the con-

gruence

x3 � b .mod p/ (4.32)

has solution(s) if and only if b
p!1

gcd.p!1;3/ � 1 .mod p/, i.e. b is a cubic residue modulo

p. Moreover, if b is a cubic residue modulo p then (4.32) has gcd.p 1;3/ solution(s).

Let
 

Z�
p

�
1
3 D

˚

x 2 Z�
p W x0 is a cubic residue modulo p

	

:

We can easily check that
 

Z�
p

�
1
3 D Z�

p when p � 5 .mod 6/ and
 

Z�
p

�
1
3 ¤ Z�

p when

p � 1 .mod 6/. If p � 5 .mod 6/, then there are no fixed points in D, whereas if

p � 1 .mod 6/, then there exist the fixed points x.2/; x.3/ 2 D. Let ˛ and ˇ be the

solutions of the equation (4.5). Then we have x.2/ 2D˛ and x.3/ 2Dˇ

One could easily verify that f�;q;3

 

x.c/
�

D 0 and f�;q;3

 

x.1/
�

is undefined. We

have the following result that tells us the image of the points near the points x.1/ and

x.c/.

Proposition 4.3.26. Let  � .�  1Cq/� .mod p/. Let ˛ and ˇ be the solutions of the

equation (4.5).

(I) If p � 5 .mod 6/ then

(i) for integer i � 1; S.0/
i �D0 as in (4.24), we have f�;q;3

�

S.0/
i

�

D p!3iZ�
p;

(ii) for integer i � 1; S./
i �D as in (4.26), we have f�;q;3

�

S./
i

�

D p3iZ�
p;

(iii) f�;q;3

 

p!1
S

iD1;i¤

Di

!

D Z�
p nB1

 

x.1/
�

.

(II) If p � 1 .mod 6/ then

(i) for integer i � 1; S.0/
i �D0 as in (4.24), we have f�;q;3

�

S.0/
i

�

Dp!3i
 

Z�
p

�
1
3 ;

(ii) for integer i � 1; S./
i �D as in (4.26), we have f�;q;3

�

S./
i

�

Dp3i
 

Z�
p

�
1
3 ;

(iii) f�;q;3 .Di/D B1

 

x.1/
�

where i D ˛;ˇI

(iv) f�;q;3

0

@

p!1
S

iD1
i¤˛;ˇ;

Di

1

AD
 

Z�
p

�
1
3 nB1

 

x.1/
�

.

Proof. (I) Let p � 5 .mod 6/. Remember that the Potts–Bethe mapping (4.2) can be

written as follows

f�;q;3.x/D
�

�C .�  1/.1 �  q/
x x.1/

�3

: (4.33)
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(i) Recall D0 D
1
S

iD1

S.0/
i and S.0/

i D
p!1
S

j D1

D
.0/
ij . Let us calculate the image of the sphere

S.0/
i for integer i � 1. Suppose x 2 S.0/

i : Then x x.1/ D .�  1/y with y D pi y�

j�!1jp
. By

substituting it into the equality (4.33), we obtain

f�;q;3.x/ D
�

�C .1 �  q/
�

piy�

�3

:

So we have
ˇ

ˇf�;q;3.x/
ˇ

ˇ

p
D
ˇ

ˇ

ˇ

ˇ

�C .1 �  q/
�

piy�

ˇ

ˇ

ˇ

ˇ

3

p

D p3i > 1:

This means f�;q;3.x/D 1
p3i f

�
�;q;3

.x/where jf �
�;q;3

.x/jpD 1 and the first digit of f �
�;q;3

.x/

is a cubic residue modulo p. This implies f�;q;3.x/ 2 p!3i
 

Z�
p

�
1
3 � E : Next we calcu-

late the image of D
.0/
ij � S.0/

i . Let Oxj 2 D
.0/
ij and f�;q;3. Ox/ D p!3if �

�;q;3
. Ox/. By the

equality (4.28) and the Corollary 2.3.3 we get

f�;q;3

�

D
.0/
ij

�

D Bp3i

 

f�;q;3. Oxj /
�

D p!3iB1

 

f �
�;q;3. Oxj /

�

for 1� j �p 1 and f �
�;q;3

. Oxj / .mod p/ is a cubic residue modulo p. Thus f�;q;3

�

S.0/
i

�

D

p!3i
 

Z�
p

�
1
3 D p!3iZ�

p and we have the statement (i).

(ii) Let  � .�  1C q/� .mod p/. Recall D D x.c/ [
1
S

iD1

S./
i and S./

i D
p!1
S

j D1

D
./
ij . We calculate the image of each spheres S./

i for integer i � 1. Let x D

x.1/C .�  1/y 2 S./
i . Then

ˇ

ˇy y.c/
ˇ

ˇ

p
D j�!1jp

pi and
ˇ

ˇ

ˇ
y� 

 

y.c/
��
ˇ

ˇ

ˇ

p
D 1

pi . After sub-

stituting into (4.33), we get

f�;q;3.x/D
�

�C .1 �  q/
�

y�

�3

D
�

�

y�

�

y� 
�

y.c/
���

�3

:

We have jf�;q;3.x/jp D
ˇ

ˇ

ˇ
y 

 

y.c/
��
ˇ

ˇ

ˇ

p
D 1

p3i . We also have f�;q;3.x/ D p3if �
�;q;3

.x/

where jf �
�;q;3

.x/jp D 1 and the first digit of f �
�;q;3

.x/ is a cubic residue modulo p.

These mean f�;q;3.x/ 2 p3i
 

Z�
p

�
1
3 : Next, let us calculate the image of D./

ij � S./
i . Let

Lxj 2D./
ij and f�;q;3. Lx/D p3if �

�;q;3
. Lx/. By the equality (4.28) and the Corollary 2.3.3,

we get

f�;q;3

�

D
./
ij

�

D Bp!3i

 

f . Lxj /
�

D p3iB1

 

f �
�;q;3. Lxj /

�

for 1� j �p 1 and f �
�;q;3

. Lxj / .mod p/ is a cubic residue modulo p. Thus f�;q;3

�

S./
i

�

D

p3i
 

Z�
p

�
1
3 D p3iZ�

p and the statement (ii) holds true.

(iii) Let x D x.1/C .�  1/y 2
p!1
S

iD1
i¤

Di . Then
ˇ

ˇy y.c/
ˇ

ˇ

p
D j�  1jp and jy� 
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y.c/
�� jp D 1. After substituting into (4.33), we get

f�;q;3.x/D
�

�

y�

�

y� 
�

y.c/
���

�3

:

We see that jf�;q;3.x/jp D
ˇ

ˇ

ˇ
y� 

 

y.c/
��
ˇ

ˇ

ˇ

p
D 1 and its first digit is a cubic residue

modulo p. So f�;q;3.x/ 2
 

Z�
p

�
1
3 . We also have

ˇ

ˇf�;q;3.x/ x.1/
ˇ

ˇ

p
D 1. It means

f�;q;3.x/ … B1.x.1//D B1.1/. Hence f�;q;3.x/ 2
 

Z�
p

�
1
3 nB1.1/:

Next we calculate the image of Di where i D 1; : : : ;p 1; i ¤  . By the equal-

ity (4.30) and Lemma 2.3.3, we obtain f�;q;3.Dj / D B1

 

f�;q;3. Qxj /
�

and f�;q;3. Qxj /

.mod p/ is a cubic residue modulo p. Thus f�;q;3

 

p!1
S

iD1;i¤

Di

!

D
 

Z�
p

�
1
3 nB1

 

x.1/
�

D

Z�
p nB1

 

x.1/
�

and we have the statement (iii).

(II) Let p � 1 .mod 6/: The scheme of the proof is similar to the proof when

p� 5 .mod 6/: But first we consider the following. Let x D x.1/C .�  1/y 2DnD0.

Then y D y�

j�!1jp
and we write expression of g0.x/ in (4.19) as follows

g0.x/ D .�xCq 1/2C .�xCq 1/.x x.1//C .x x.1//2

D .�  1/2
 

.�2C�C1/y2C .2�C1/.1 �  q/yC .1 �  q/2
�

D .�  1/2
j�  1j2p

g2.x/:

where g2.x/ D .�2C � C 1/.y�/2C .2� C 1/.1 �  q/�.y�/C ..1 �  q/�/2. The

following congruence will be useful later

g2.x/� 3.y�/2C3.1 �  q/�.y�/C ..1 �  q/�/2 .mod p/: (4.34)

The proof for the statements (II)-(i) and (II)-(ii) are the same to the proof of statements

(I)-(i) and (I)-(ii). So we are left to prove the statements (II)-(iii) and (II)-(iv).

(iii) Let x 2 Di ; i D ˛;ˇ for ˛ and ˇ the only solutions of (4.34). Then y� �
Qy.i/ � y.2/

0 or y.3/
0 .mod p/. Then we have jg0.x/jp < j�  1j4p. This implies by the

equality (4.19) that
ˇ

ˇf�;q;3.x/ x.1/
ˇ

ˇ

p
< 1. So f�;q;3.x/ 2 B1.1/D B1

 

x.1/
�

. By the

equality (4.30) and Lemma 2.3.3, we have for i D ˛;ˇ that f�;q;3 .Di/ D B1.x.1//.

Hence the staement (iii) holds.

(iv) Let xD x.1/C .� 1/y 2
p!1
S

iD1
i¤˛;ˇ;

Di . Then
ˇ

ˇy y.c/
ˇ

ˇ

p
D j�  1jp and jy� 

 

y.c/
�� jp D 1. Substitute into (4.33) and we get

f�;q;3.x/D
�

�

y�

�

y� 
�

y.c/
���

�3

:
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One could see jf�;q;3.x/jp D
ˇ

ˇ

ˇ
y� 

 

y.c/
��
ˇ

ˇ

ˇ

p
D 1 and its first digit is a cubic residue

modulo p. These imply that f�;q;3.x/2
 

Z�
p

�
1
3 :Now we will show that

ˇ

ˇf�;q;3.x/ x.1/
ˇ

ˇ

p
D

1. We know y� 6� y
.i/
0 for i D 2;3: It means g2.x/ 6� 0 .mod p/ and jg0.x/jp D

j�  1j4p. This implies, by the equality (4.19), the assertion
ˇ

ˇf�;q;3.x/ x.1/
ˇ

ˇ

p
D 1.

Thus f�;q;3.x/ 2
 

Z�
p

�
1
3 nB1.1/D

 

Z�
p

�
1
3 nB1.x.1//.

Next we calculate the image of Di for i D 1; : : : ;p  1; i ¤ ˛;ˇ; . By the

equality (4.30) and Lemma 2.3.3, we get f .Dj /D B1

 

f . Qxj /
�

and f�;q;3. Qxj / .mod p/

is a cubic residue modulo p. Thus f�;q;3

0

@

p!1
S

iD1
i¤˛;ˇ;

Di

1

A D
 

Z�
p

�
1
3 nB1

 

x.1/
�

and the

statement (iv) is true.

We have calculated the image of the sets A; B and C for p � 1 .mod 6/ and

p � 5 .mod 6/. It is helpful later when we discuss about the dynamics of the Potts–

Bethe mapping.

Now we find the Siegel disks of the neutral fixed points x.0/ and x.1/.

Theorem 4.3.27. Let p � 5 be a prime number. Then the sets C1 and C3 are the Siegel

disks of the fixed points x.0/ and x.1/ respectively.

Proof. Notice x.0/ 2 C1 and x.1/ 2 C3. By the Corollary 4.3.23, we get f�;q;3.C1/D C1

and f�;q;3.C3/D C3. Also have by Lemma 4.3.22, we have for any x;y 2 C1 or C3 that

jf�;q;3.x/ f�;q;3.y/jp D jx yjp. This implies that each spheres with center x.0/ and

x.1/ in C1 and C3 respectively are invariant under f�;q;3. Hence C1 and C3 are the Siegel

disks of the fixed points x.0/ and x.1/ respectively.

Remark 4.3.28. We have an isometry in each Seigel disks C1 and C3. This defines a

1-Lipschitz dynamical system. By the work of S. L. Fan & Liao (2018), S. L. Fan &

Liao (2015) and A. H. Fan et al. (2014), the dynamical behaviour of such a system is

completely described by its minimal decompositions.

Next, we look into the specific examples of the Potts–Bethe mapping (4.2). For

simplicity, we may assume A1 D B1 D ;. This means j�  1jp D 1
p

. We will consider

the two cases: p � 5 .mod 6/ and p � 1 .mod 6/.

CASE 1: p� 5 .mod 6/. By the Propositions 4.3.24 and 4.3.23, we have the following

B C4 n f�3g C2 A

and by Proposition 4.3.26, we have f�;q;3.A/� B: The arrow means a bijection.

EXAMPLE 1: Suppose p D 5; � D 6 or .i/ q D 25 and .i i/ q D 25. Then

f6;25;3.x/D
�

6xC24
xC29

�3

and f6;!25;3.x/D
�

6x 26
x 21

�3

:
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(a) (b)

Figure 4.1: (a) q D 25, (b) q D 25

Since A1 D B1 D ;, we have AD D0[D1[ � � �[D4 and B D Qp nB1.1/D B1.0/[
B1.2/[B1.3/[B1.4/[Qp nZp. One could verify x.c/ 2D1 since  � 1 .mod p/. We

denote B1.k/ as k for k D 0;2;3;4 and Qp nZp as1. Then the Figures 4.1a and 4.1b

show the dynamics of the Potts–Bethe mapping on the sets A and B of our examples.

Next, let us consider the dynamics of f6;25;3 W P1.Cp/! P1.Cp/ and f6;!25;3 W
P1.Cp/! P1.Cp/. Then x.1/ D  29 and x.c/ D  4 are the critical points of f6;25;3

and x.1/ D 21 and x.c/ D 13
3

are the critical points of f6;!25;3. One could easily check

that the ramification indices degf6;25;3
. 29/D degf6;25;3

. 4/D 3 and degf6;!25;3
.13

3
/D

degf6;25;3
. 21/D 3. If p ¤ 3, then all the critical points are not wild.

Claim I Let p � 5 .mod 6/. Then the Potts–Bethe mapping (4.2) decompose Qp into

several minimal sets (including the attracting periodic orbits and the Siegel disks of

periodic orbits) and their basins.

CASE 2: p � 1 .mod 6/. By Propositions 4.3.24 and 4.3.23, we have the following

(arrow means a bijection)

B C4 n f�3g A

C2 C9 C8 C5 C6 C10

C7 C11 C12

By Proposition 4.3.26, we have f .A/� B:
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(a) (b)

Figure 4.2: (a) q0 D 1, (b) q0 D 2

(a) (b)

Figure 4.3: (a) q0 D 3, (b) q0 D 4

EXAMPLE 2: Assume p D 13; � D 14 and q D q0 �169 where q0 D 1; : : : ;12. Then

f14;q0�169;3.x/D
�

14xCq0 �169 1
xCq0 �169C12

�3

:

Since A1 D B1 D ;, we have ADD0[D1[� � �[D12 and B DQp nB1.1/D B1.0/[
B1.2/[� � �[B1.12/[Qp nZp. By simple calculation, we can see x.c/ 2D1 since  � 1
.mod p/. One can also calculate that the repelling fixed points x.2/ 2D6 and x.3/ 2D8

since ˛ D 6 and ˇ D 8 are the solutions of the equation (4.5). We denote B1.k/ by

k; k D 0;2;3; : : : ;12 and Qp nZp by 1. Then the Figures 4.2–4.7 show the image

between the sets A and B under f14;q0�169;3 for q0 D 1; : : : ;12.

let us consider the dynamics of f14;q0�169;3 WP1.Cp/!P1.Cp/ for q0D 1; : : : ;12.

Then x.1/ D  12 q0 � 169 and x.c/ D  1!q0�169

14
are the critical points of f14;q0�169;3.

One could easily check that all ramification indices degf14;q0�169;3
. 12 q0 � 169/ D

degf14;q0�169;3
. 1!q0�169

14
/D 3. If p ¤ 3, then all the critical points are not wild.

We know from Proposition 4.3.26 that for i D 6;8; we have f14;q0�169;3.Di/D
B1.1/. Noted by these examples

T1
nD0
Qf !n
14;q0�169;3 .D6[D8/D ; for x 2D6[D8 with
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(a) (b)

Figure 4.4: (a) q0 D 5, (b) q0 D 6

(a) (b)

Figure 4.5: (a) q0 D 7, (b) q0 D 8

(a) (b)

Figure 4.6: (a) q0 D 9, (b) q0 D 10
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(a) (b)

Figure 4.7: (a) q0 D 11, (b) q0 D 12

Qf !1
14;q0�169;3.x/ 2 C` where 4` 3 � 0 .mod p/. Now we could prove the following

theorem.

Theorem 4.3.29. Let p � 1 .mod 6/ be a prime number and X D D˛ [Dˇ such that

˛ and ˇ are the solutions of the congruence (4.5). Then there exists a subsystem

.J ;f�;q;3; j � jp/ that is isometrically conjugate to the full shift .†2;�;df�;q;3
/ on two

symbols.

Proof. By Propositions 4.3.23, 4.3.24 and 4.3.26, we have f !1
�;q;3

.X/ � C`[D˛ [Dˇ

wherem.`/D 4` 3� 0 .mod p/. We also have for any x 2D˛ or Dˇ that f !1
�;q;3

.x/ WD
fx1 2D˛; x2 2Dˇ ; x3 2 C`g. Let Nf !1

�;q;3
.x/ WD fx1 2D˛; x2 2Dˇ g for x 2D˛ or Dˇ .

Then Nf !1
�;q;3

.X/�D˛[Dˇ . Suppose

J D
1
\

nD0

Nf !n
�;q;3 .X/� X:

Then we have the incidence matrix

AD
�

1 1

1 1

�

:

By Theorem 2.3.13, subsystem f�;q;3 W J ! J is isometrically conjugate to the full

shift dynamics .†2;�;df�;q;3
/ on two symbols.

Claim II Let p � 1 .mod 6/. Then the dynamics of the Potts–Bethe mapping (4.2)

consists of a subsystem that is topologically conjugate to the full shift on two symbols,

minimal subsystems (including the attracting periodic orbits and the Siegel disks of

periodic orbits) and their basins.
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4.4 THE POTTS BETHE MAPPING OF DEGREE 4

In this section we consider the Potts–Bethe mapping of degree 4

f�;q;4.x/D
�

�xCq 1
xC�Cq 2

�4

: (4.35)

To study the dynamical behaviour of Potts–Bethe mapping (4.35) over Qp, we first find

its fixed points, i.e. f�;q;4.x/D x for x 2Qp: It is clear x.0/D 1 is the fixed point of the

Potts–Bethe mapping (4.35). Then from f�;q;4.x/ 1D x 1, we obtain

.x 1/.�  1/
.xC�Cq 2/4

 

.�xCq 1/3C .�xCq 1/2.xC�Cq 2/
C.�xCq 1/.xC�Cq 2/2C .xC�Cq 2/3

�

D .x 1/:

This means that any other fixed point x ¤ x.0/ is the root of the quartic equation

.�  1/
 

.�xCq 1/3C .�xCq 1/2.xC�Cq 2/
C.�xCq 1/.xC�Cq 2/2C .xC�Cq 2/3

�

D .xC�Cq 2/4:

Let y D xCq!1

�!1
C1. Then the quartic equation above can be written as follows

y4 .1C�C�2C�3/y3 .3�2C2�C1/.1 �  q/y2 .3�C1/.1 �  q/2y .1 �  q/3 D 0:
(4.36)

Instead of finding the roots of the previous quartic equation with respect to x, we will

find the roots of the quartic equation (4.36) whenever � ¤ 1; 1 q.

Proposition 4.4.1. Let p � 5 be a prime number and 0 < j�  1jp; jqjp; j�  1Cqjp <
1. Then the quartic equation (3.7) always has roots y.1/ and y.2/ such that jy.1/jp D 1
with

ˇ

ˇy.1/ 4
ˇ

ˇ

p
< 1 and

y.2/ D 1

j1 �  qjp

�

y
.2/
0 Cy

.2/
1 pC�� �

�

in which

2y
.2/
0 C .1 �  q/� � 0 .mod p/: (4.37)

Moreover, if p � 1 .mod 4/ then the quartic equation (3.7) has two more roots y.3/ and

y.4/ with

y.3/ D 1

j1 �  qjp

�

y
.3/
0 Cy

.3/
1 pC : : :

�

and y.4/ D 1

j1 �  qjp

�

y
.4/
0 Cy

.4/
1 pC : : :

�

such that y
.3/
0 and y

.4/
0 are roots of the following congruence

2t2C2.1 �  q/�tC ..1 �  q/�/2 � 0 .mod p/: (4.38)
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Proof. We refer to Chapter 3 for the the study of the solvability of the quartic equation

over Qp. Now let us find all the roots of the quartic equation (4.36).

Write the quartic equation (4.36) as follows

y4CA3y
3CA2y

2CA1yCA0 D 0

where A0 D  .1 �  q/3; A1 D  .3� C 1/.1 �  q/2; A2 D  .3�2C 2� C 1/.1 
�  q/ and A3 D  .�3C �2C � C 1/. Let j1 �  qjp D p!k for some integer k > 0.

Then ordp.A0/D 3k; ordp.A1/D 2k; ordp.A2/D k and ordp.A3/D 0. Construct

the Newton polygon of the following points

.0;3k/; .1;2k/; .2;k/; .3;0/ and .4;0/:

From this Newton polygon, we know that the quartic equation (3.7) has four roots such

that jy.1/jp D 1 and jy.i/jp D j1 �  qjp for i D 2;3;4.

Next we will show when the roots y.i/ for i D 1;2;3;4 belong to Qp. First we

check for the root y.1/. Since
ˇ

ˇy.1/
ˇ

ˇ

p
D 1, we have y.1/ D

P1
j D0y

.1/
j pj with y.1/

0 2
f1; : : : ;p 1g and y.1/

j 2 f0;1; : : : ;p 1g for integers j � 1. Then we obtain

�

y
.1/
0

�4

 4
�

y
.1/
0

�3

� 0 .mod p/

y
.1/
0  4 � 0 .mod p/

This implies
ˇ

ˇy.1/ 4
ˇ

ˇ

p
< 1.

Let j Ny 4jp < 1. Consider the polynomial P.y/D y4CA3y
3CA2y

2CA1yC
A0 and its derivative P 0.y/D 4y3 3A3y

2C2A2yCA1. Then

P. Ny/� 0 .mod p/ and P 0. Ny/� 4 Ny3 12 Ny2 � Ny3 6� 0 .mod p/:

By Hensel’s lemma, there exists a root y.1/ 2 Zp of the quartic equation (3.7) such that

y.1/ � Ny .mod p/: Thus the root y.1/ belongs to Qp such that jy.1/ 4jp < 1.

Now we check for the roots y.i/ in which i D 2;3;4: Assume j1 �  qjp D pk

for some integer k > 0. Then we have y.i/ D .y.i//
�

j1!�!qjp
D pk

 

y.i/
��

such that
 

y.i/
�� D

P1
j D0y

.i/
j pj with y.1/

0 2 f1; : : : ;p 1g and y.1/
j 2 f0;1; : : : ;p 1g for integers j � 1.

Substitue into the quartic equation (3.7), then pk..y.i//�/4 .�3C�2C�C1/..y.i//�/3 
.3�2C2�C1/.1 � q/�..y.i//�/2 .3�C1/..1 � q/�/2.y.i//� ..1 �  q/�/3D
0 and

4
�

y
.i/
0

�3
C6.1 �  q/�

�

y
.i/
0

�2
C4

 

.1 �  q/�
�2
y

.i/
0 C

 

.1 �  q/�
�3 � 0 .mod p/:
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This congruence can be factorized as follows

�

2y
.i/
0 C .1 �  q/

�
�

�

2
�

y
.i/
0

�2
C2.1 �  q/�y.i/

0 C
 

.1 �  q/�
�2
�

� 0 .mod p/:

(4.39)

Hence the congruence (4.39) has always a solution because the congruence 2y.2/
0 C

.1 �  q/� � 0 .mod p/ is solvable. Furthermore, the factor

2
�

y
.i/
0

�2

C2.1 �  q/�y.i/
0 C

 

.1 �  q/�
�2

has a discriminant D D  
 

.1 �  q/�
�2
: This means the congruence (4.39) has two

more solutions when p � 1 .mod 4/.

Suppose Ny2; Ny3 and Ny4 be integers such that 2 Ny2C .1 �  q/� � 0 .mod p/

with Ny3 and Ny4 satisfy

2t2C2.1 �  q/� tC
 

.1 �  q/�
�2 � 0 .mod p/:

Such Ny3 and Ny4 exist if p � 1 .mod 4/. Consider the polynomial P .y/ D pky4 .�3C
�2C �C1/y3 .3�2C2�C1/..1 �  q/�/y2 .3�C1/..1 �  q/�/2y ..1 �  q/�/3 and its

derivative P 0
.y/D 4pky3 3.1C�C�2C�3/y2 2.3�2C2�C1/..1 �  q/�/y .3�C1/..1 

�  q/�/2. Then

P . Nyi/ �  4 Ny3
i  6.1 �  q/� Ny2

i  4..1 �  q/�/
2 Nyi  ..1 �  q/�/3 .mod p/

P
0
. Nyi/ �  12 Ny2

i  12.1 �  q/� Ny2
i  4..1 �  q/�/

2
.mod p/:

The discriminant of P .y/ .mod p/ is non-zero modulo p whenever p � 5, i.e. � �
 16..1 �  q/�/6 .mod p/. This implies the resultant R

�

P .y/ .mod p/;P
0
.y/ .mod p/

�

6�

0 .mod p/. By Theorem 2.2.2, the congruencesP .y/� 0 .mod p/ andP
0
.y/� 0 .mod p/

has no common solutions. So we have for i D 2;3;4 that

P . Nyi/� 0 .mod p/ and P
0
. Nyi/ 6� 0 .mod p/:

By Hensel’s lemma, there exists a root
 

y.2/
�� 2 Zp of the quartic equation (3.7) such

that
 

y.2/
��� Ny2 .mod p/. If p� 1 .mod 4/, there exist two more roots .y.3//�; .y.4//� 2

Zp of the quartic equation (3.7) such that
 

y.i/
�� � Nyi .mod p/ for i D 3;4: Hence, all

the roots y.2/; y.3/; y.4/ belong to Qp.

As a consequence, we obtain the following result about the fixed points set.

Theorem 4.4.2. Let p � 5 be a prime number and y.i/ for 1 � i � 4 be roots of the

quartic equation (4.4). Suppose x.0/ WD 1 and x.i/ WD x.1/C .�  1/y.i/ for 1 � i � 4.
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Then

Fixff�;q;4g D

8

<

:

fx.0/; x.1/; x.2/; x.3/; x.4/g if p � 1 .mod 4/;

fx.0/; x.1/; x.2/g if p � 3 .mod 4/:

Similar to the study of the dynamics of the Potts–Bethe mapping of degree 3, we

will consider two cases: 0 < j�  1jp < jqjp < 1 and 0 < jqjp < j�  1jp < 1

4.4.1 The Case 0 < j�  1jp < jqjp < 1
The following properties are useful.

Proposition 4.4.3. Let p � 5 be a prime number. Then

(i) jqjp D jy.2/jp D jy.3/jp D jy.4/jp; jy.1/ 4jp; jy.1/jp D 1I

(ii) jy.i/ y.j /jp D jqjp and j�y.i/C .1 �  q/jp D jqjp; i ¤ j; i;j D 2;3;4I

(iii) jx.0/ x.1/jp D jqjp and jx.1/ x.1/jp D j�  1jpI

(iv) jx.i/ x.1/jp D jqjpj�  1jp for i D 2;3;4I

(v) jx.i/ x.0/jp D jqjp for i D 1;2;3;4 and jx.i/ x.1/jp D j�  1jp for i D 2;3;4I

(vi) jx.i/ x.j /jp D jqjpj�  1jp for i ¤ j; i;j D 2;3;4:

Theorem 4.4.4. Let p � 5 be a prime number. The fixed point x.0/ is attracting and the

fixed point x.1/ and x.2/ are repelling. Furthermore, if p � 1 .mod 4/, then the fixed

points x.3/ and x.4/ exist and they are repelling.

Proof. We need to show
ˇ

ˇ

ˇ
f 0

�;q;4

 

x.0/
�

ˇ

ˇ

ˇ

p
D 1 and

ˇ

ˇ

ˇ
f 0

�;q;4

 

x.i/
�

ˇ

ˇ

ˇ

p
> 1 for i D 1;2;3;4:

For 0� i � 4, we have

f 0
�

x.i/
�

D 4.�  1/.�  1Cq/.�x.i/Cq 1/3
.x.i/C�Cq 2/5

D 4.�  1/.�  1Cq/x.i/

.�x.i/Cq 1/.x.i/C�Cq 2/: (4.40)

Thus
ˇ

ˇf 0
 

x.0/
�ˇ

ˇ

p
D j�!1jp

jqjp
< 1. By the equality (4.40) and x.i/ D x.1/C .�  1/y.i/ for

i D 1;2;3;4; we get

f 0
�

x.i/
�

D 4.�  1Cq/x.i/

.�  1/y.i/.�y.i/C .1 �  q// : (4.41)

Hence
ˇ

ˇf 0
 

x.1/
�ˇ

ˇ

p
D jqjp

j�!1jp
>1. For the fixed points x.2/; x.3/ and x.4/ (the fixed points

x.3/ and x.4/ exist when p � 1 .mod 4/), we obtain from (4.41) that

f 0
�

x.i/
�

D
4.�  1Cq/j1 �  qj2px.i/

.�  1/
 

y.i/
��
�

�
 

y.i/
��C .1 �  q/�

� : (4.42)
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By means of (4.37) and (4.38), we can verify �
 

y.i/
�� 6�  .1 �  q/� .mod p/.

Consequently, we obtain

ˇ

ˇ

ˇ
f 0
�

x.i/
�ˇ

ˇ

ˇ

p
D j�  1Cqjp
j�  1Cqj2pj�  1jp

D 1

jqjpj�  1jp
> 1:

We introduce the following sets

A0 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
< jqjp

�

;

A1 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
> jqjp

�

;

A0;1 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.0/

ˇ

ˇ

ˇ

p
D jqjp

�

;

A2 D
�

x 2Qp W j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< jqjp

�

;

A1;1 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D j�  1jp

�

;

C1 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

A3 D
�

x 2Qp W jqjp j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

A2;1 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.2/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D jqjpj�  1jp

�

;

C2 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.2/

ˇ

ˇ

ˇ

p
< jqjpj�  1jp

�

;

A1 D
�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< jqjp j�  1jp

�

:

If p � 1 .mod 4/; we have A2;1 DA2;;3;4;1[C3[C4 in which

A2;3;4;1 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.2/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.3/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.4/

ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D jqjpj�  1jp

�

;

C3 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.3/

ˇ

ˇ

ˇ

p
< jqjpj�  1jp

�

;

C4 D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.4/

ˇ

ˇ

ˇ

p
< jqjpj�  1jp

�

:

One can easily check x.0/ 2A0; x.1/ 2 C1; x.2/ 2 C2; x.3/ 2 C3 and x.4/ 2 C4.

Proposition 4.4.5. Let p � 5 be a prime number.

(i) A0[A1[A2[A0;1 � f !1
�;q;4

.A0/ I

(ii) A1[A3 � f !1
�;q;4

.A1/ I

(iii) A2;1 � f !1
�;q;4

.A1/ if p � 3 .mod 4/I
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(iv) A2;3;4;1 � f !1
�;q;4

.A1/ if p � 1 .mod 4/I

(v) A1;1 � f !1
�;q;4

.A0;1/ :

Proof. We have

f�;q;4.x/ x.0/ D .�  1/.x x.0//

.x x.1//4
g.x/ (4.43)

where g.x/ D .�xC q 1/3C .�xC q 1/2.x  x.1//C .�xC q 1/.x  x.1//2C
.x x.1//3. We rewrite the Potts–Bethe mapping (4.35) as follows

f�;q;4.x/D
�

�C .�  1/.1 �  q/
x x.1/

�4

: (4.44)

Then we have

f�;q;4.x/ x.0/ D .�  1/.x x.0//

x x.1/
g1.x/ (4.45)

where g1.x/D
�

�C .�!1/.1!�!q/

x!x.1/

�3

C
�

�C .�!1/.1!�!q/

x!x.1/

�2

C
�

�C .�!1/.1!�!q/

x!x.1/

�

C1.

(i) We first show for any x 2A0[A1 that f�;q;4.x/ 2A0. In fact, we have

jx x.1/jp D
ˇ

ˇ

ˇ
x x.0/C�  1Cq

ˇ

ˇ

ˇ

p
D

8

<

:

jqjp; x 2A0;

jx x.0/jp; x 2A1 and

j�xCq 1jp D
ˇ

ˇ

ˇ
�.x x.0//C�  1Cq

ˇ

ˇ

ˇ

p
D

8

<

:

jqjp; x 2A0;

jx x.0/jp; x 2A1:

These imply

jg.x/jp �

8

<

:

jqj3p; x 2A0;

jx x.0/j3p; x 2A1:

So we have jf�;q;4.x/ x.0/jp �
(

jx!x.0/jp
jqjp

j�  1jp; x 2A0

j�  1jp; x 2A1

)

� j� 1jp < jqjp. Thus

for x 2A0[A1, we have f�;q;4.x/2A0 which means f�;q;4 .A0/�A0 and f�;q;4 .A1/�
A0.

Next we show for any x 2A0;1 that f�;q;4.x/ 2A0. We have jx x.0/jp D jx 
x.1/jp D jqjp and j�xC q  1jp D

ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D jqjp which

imply jg.x/jp � jqj2p. By the equality (4.43), we obtain jf�;q;4.x/ x.0/jp � j�  1jp <
jqjp. Hence f�;q;4.x/ 2A0 for any x 2A0;1 which means f�;q;4 .A0;1/�A0.

We continue by showing for any x 2 A2 that f�;q;4.x/ 2 A0: For any x 2 A2,

we have
ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D jqjp j�!1jp

jx!x.1/jp
< 1. This jg1.x/jp D 1 and jf�;q;4.x/ x.0/jp D

j�!1jp

jx!x.1/j
p

ˇ

ˇx x.0/
ˇ

ˇ

p
<
ˇ

ˇx x.0/
ˇ

ˇ

p
Djqjp: Therefore, we get for any x 2A2 that f�;q;4.x/2
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A0 which means f�;q;4 .A2/�A0. This conclude the statement (i).

(ii) Let x 2A1. We have
ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D jqjp j�!1jp

jx!x.1/jp
> 1. This implies

ˇ

ˇf�;q;4.x/
ˇ

ˇ

p
D
ˇ

ˇ

ˇ

ˇ

�C .�  1/.1 �  q/
x x.1/

ˇ

ˇ

ˇ

ˇ

4

p

> 1 > jqjp

and
ˇ

ˇf�;q;4.x/ x.0/
ˇ

ˇ

p
D
ˇ

ˇf�;q;4.x/
ˇ

ˇ

p
> jqjp. Thus f�;q;4 .A1/�A1.

Next let x 2A3. We have
ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D j�!1jp jqjp

jx!x.1/jp
<1: This implies jg1.x/jpD

1. By the equality (4.45), we have jqjp <
ˇ

ˇf�;q;4.x/ x.0/
ˇ

ˇ

p
D j�!1jpjx!x.0/j

p

jx!x.1/j
p

< 1:

Hence, f�;q;4 .A3/�A1 and we obtain the statement (ii).

The proof of the statements (iii) and (iv) are similar. We will show the proof for

the statement (iv). The statement (iii) come directly from (iv). Their differences are the

existence of the fixed points x.3/ and x.4/.
(iv) Suppose p � 1 .mod 4/. Let x 2 A2;3;4;1 with y WD x!x.1/

�!1
: In this case,

jyjp D jqjp and y D y�

jqjp
: Then from g.x/ of the equality (4.43), we write

g.x/ D .�xCq 1/3C .�xCq 1/2.x x.1//C .�xCq 1/.x x.1//2C .x x.1//3

D .�  1/3
 

.�3C�2C�C1/y3C .3�2C2�C1/.1 �  q/y2

C.3�C1/.1 �  q/2yC .1 �  q/3
�

D .�  1/3
jqj3p

Ng.x/

such that Ng.x/D .�3C �2C �C1/.y�/3C .3�2C2�C1/.1 �  q/�.y�/2C .3�C
1/..1 � q/�/2.y�/C..1 � q/�/3: Let y�D

P1
j D0yjp

j . Then y0 6� y.i/
0 .mod p/

for i D 2;3;4: These mean means

Ng.x/ �
 

2y�C .1 �  q/�
�

�

2.y�/
2C2.1 �  q/�y�C

 

.1 �  q/�
�2
�

.mod p/
6� 0 .mod p/

and jg.x/jpD jqj3pj� 1j3p. By the equality (4.43), we get jf�;q;4.x/ x.0/jpD 1> jqjp.

Thus, f�;q;4 .A2;3;4;1/�A1 and we have the statement (iv).

(v) We will show f�;q;4.x/ 2A0;1 for any x 2A1;1: First we show jf�;q;4.x/ 
x.0/jp D jqjp. Indeed, we have

ˇ

ˇ

ˇ

.�!1/.1!�!q/

x!x.1/

ˇ

ˇ

ˇ

p
D j�!1jp jqjp

jx!x.1/jp
< 1. This implies by

g1.x/ of the equality (4.45) that jg1.x/ 4jp < jg1.x/jp D 1 and
ˇ

ˇf�;q;4.x/ x.0/
ˇ

ˇ

p
D

j�!1jpjx!x.0/j
p

jx!x.1/j
p

D jqjp: Next we show jf�;q;4.x/ x.1/jp D jqjp. Since jf�;q;4.x/ 
x.1/jp D jf�;q;4.x/ x.0/C �  1 qjp; it is enough to show jf�;q;4.x/ x.0/Cqjp D
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jqjp: We have

f�;q;4.x/ x.0/Cq D .�  1/.x x.0//

x x.1/
.g1.x/ 4/

C4
�

.�  1/ .�  1/
2

x x.1/

�

C q.�  1/.y
.1/ 4/

x x.1/
C q.x x.1//

x x.1/
:

Since jx  x.0/jp D jqjp; jx  x.1/jp D jx  x.1/jp D j�  1jp; jg1.x/ 4jp < 1 and

jy.1/ 4jp < 1; we obtain from the above equality that jf�;q;4.x/ x.0/C qjp D jqjp:
It means jf�;q;4.x/ x.1/jp D jqjp. Thus f�;q;4 .A1;1/ � A0;1 and the statement (v)

holds.

Now we describe the attracting basin B
 

x.0/
�

of the attracting fixed point x.0/.

Theorem 4.4.6. Let p � 5 be a prime number. Then B
 

x.0/
�

D
1
S

nD0

f !n
�;q;4

.A0/ and

(i)
 

Qp n
˚

x.1/
	�

n .C1[C2[C3[C4/�B
 

x.0/
�

D
1
S

nD0

f !n
�;q;4

.A0/ if p � 1 .mod 4/I

(ii)
 

Qp n
˚

x.1/
	�

n .C1[C2/�B
 

x.0/
�

D
1
S

nD0

f !n
�;q;4

.A0/ if p � 3 .mod 4/:

Proof. Let x 2A0: It follows from Proposition 4.4.5 (i) that jf�;q;4.x/ x.0/jp � j�!1jp
jqjp
jx 

x.0/jp where j�!1jp
jqjp

<1. It means f�;q;4

 

Sr

 

x.0/
��

�B j�!1jp
jqjp

r

 

x.0/
�

. Particularly, f�;q;4 .A0/�
A0. Let x 2 B

 

x.0/
�

: Then there exist some n0 2 N and sufficiently small r > 0

such that f n0

�;q;4
.x/ 2 Sr.x.0// � A0: Hence x 2 f n0

�;q;4
.A0/ or equivalently B

 

x.0/
�

D
S1

nD0f
!n .A0/ :

Due to Proposition 4.4.5, we directly obtain the statements (i) and (ii).

Proposition 4.4.7. Let p � 5 be a prime number. Then

ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D

8

<

:

jqjp
j�!1jp

j Nx NNxjp if Nx; NNx 2 C1;

1
jqjp j�!1jp

j Nx NNxjp if Nx; NNx 2 C2:
(4.46)

If p � 1 .mod 4/, then we also have

ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D

8

<

:

1
jqjp j�!1jp

j Nx NNxjp if Nx; NNx 2 C3;

1
jqjp j�!1jp

j Nx NNxjp if Nx; NNx 2 C4:
(4.47)

Proof. For any Nx; NNx 2Qp n fx.1/g, we have

f�;q;4. Nx/ f�;q;4. NNx/D
.�  1/.1 �  q/. NNx Nx/
. Nx x.1//. NNx x.1//

F
 

Nx; NNx
�

(4.48)
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where

F. Nx; NNx/D 4�3C6�2.1 �  q/
�

�  1
Nx x.1/

C �  1
NNx x.1/

�

C4�.1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

�C .�  1/2
 NNx x.1/

�2

!

C.1 � q/3
 

.�  1/3
 

Nx x.1/
�3
C .�  1/3
 

Nx x.1/
�2  NNx x.1/

�

C .�  1/3
 

Nx x.1/
� NNx x.1/

�2
C .�  1/3
 NNx x.1/

�3

!

:

Let Nx; NNx 2 C1: Then we have
ˇ

ˇ

ˇ

ˇ

6�2.1 �  q/
�

�  1
Nx x.1/

C �  1
NNx x.1/

�
ˇ

ˇ

ˇ

ˇ

p

� jqjp;
ˇ

ˇ

ˇ

ˇ

ˇ

4�.1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

� C .�  1/2
 NNx x.1/

�2

!ˇ

ˇ

ˇ

ˇ

ˇ

p

� jqj2p and

ˇ

ˇ

ˇ

ˇ

ˇ

.1 �  q/3
 

.�  1/3
 

Nx x.1/
�3
C .�  1/3
 

Nx x.1/
�2  NNx x.1/

�

C .�  1/3
 

Nx x.1/
� NNx x.1/

�2
C .�  1/3
 NNx x.1/

�3

!ˇ

ˇ

ˇ

ˇ

ˇ

p

� jqj3p:

These imply jF. Nx; NNx/jp D 1. Therefore
ˇ

ˇf . Nx/ f . NNx/
ˇ

ˇ

p
D jqjp

j�!1jp
j Nx NNxjp:

Next we suppose Nx; NNx 2 Ci for i D 2;3;4 (the sets C3 and C4 are considered when

p � 1 .mod 4/). We know for i D 2;3;4 that

x.i/ x.1/

�  1 D yi D y
.i/
0 Cy

.i/
1 pC�� �
jqjp

;

where 2y.2/
0 C .1 �  q/� � 0 .mod p/ and y.3/

0 and y.4/
0 are the roots of 2t2C2.1 

�  q/�tC ..1 �  q/�/2 � 0 .mod p/: Since Nx; NNx 2 Ci for i D 2;3;4; we have

ˇ

ˇ

ˇ

ˇ

Nx x.1/

�  1

ˇ

ˇ

ˇ

ˇ

p

D
ˇ

ˇ

ˇ

ˇ

NNx x.1/

�  1

ˇ

ˇ

ˇ

ˇ

p

D jqjp and

� Nx x.1/

�  1

��

D
� NNx x.1/

�  1

��

� y.i/
0 .mod p/:

Then we get

F. Nx; NNx/D 4a3C6a2.1 �  q/�
��

�  1
Nx x.1/

��

C
�

�  1
NNx x.1/

���

C4a..1 � q/�/2
 

��

�  1
Nx x.1/

���2

C
�

�  1
Nx x.1/

��� �  1
NNx x.1/

��

C
��

�  1
NNx x.1/

���2
!

C ..1 �  q/�/3
 

��

�  1
Nx x.1/

���3

C
��

�  1
Nx x.1/

���2�
�  1
NNx x.1/

��

C
�

�  1
Nx x.1/

���� �  1
NNx x.1/

���2

C
��

�  1
Nx x.1/

���3
!

and

�

y
.i/
0

�3

F. Nx; NNx/ � 4
��

y
.i/
0

�

C .1 �  q/�
�3

6� 0 .mod p/:
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This yields jF. Nx; NNx/jpD 1: Therefore,
ˇ

ˇf . Nx/ f . NNx/
ˇ

ˇ

p
D j Nx! NNxjp

jqjp j�!1jp
for any Nx; NNx 2 Ci ; i D

2;3;4.

Let r D jqjpj�  1jp and define the following set

XD

8

<

:

C1[C2[C3[C4 if p � 1 .mod 4/;

C1[C2 if p � 3 .mod 4/:

Proposition 4.4.8. Let p � 5 be a prime number.

(i) If p � 3 .mod 4/, then X� f�;q;4 .Ci/ for i D 1;2.

(ii) If p � 1 .mod 4/, then X� f�;q;4 .Ci/ for i D 1;2;3;4.

Proof. Remember that the fixed points x.3/ and x.4/ exist if p � 1 .mod 4/. For any

x 2 C1; by the equality (4.46), we have
ˇ

ˇf�;q;4.x/ x.1/
ˇ

ˇ

p
D jqjp

j�!1jp
jx  x.1/jp. So

f�;q;4 .C1/ D Bjqj

 

x.1/
�

and x.1/;x.2/;x.3/;x.4/ 2 Bjqjp

 

x.1/
�

. For any x 2 X we have

jx x.1/jp � j�  1jp < jqjp. Therefore X� f�;q;4 .C1/ :

Next for any x 2 Ci for i D 2;3;4, by the equalities (4.46) and (4.47), we

have
ˇ

ˇf�;q;4.x/ x.i/
ˇ

ˇ

p
D jx!x.i/jp

jqjp j�!1jp
, refer (4.46) and (4.47). This means f�;q;4 .Ci/ D

B1

 

x.i/
�

and x.1/;x.2/;x.3/;x.4/ 2 B1

 

x.i/
�

for i D 2;3;4. For any x 2 X, we get jx 
x.i/jp � j�  1jp < 1. Hence X � f�;q;4 .Ci/ for i D 2;3;4 and we have the statements

(i) and (ii).

Now we describe the dynamical behaviour of the Potts–Bethe mapping (4.35)

over Qp. Let

J D
1
\

nD0

f !n .X/ :

Theorem 4.4.9. Let p � 5 be a prime number. Then

(i) the subsystem .J ;f�;q;4; j � jp/ is topologically conjugate to the

(a) full shift .†4;�;df / on four symbols when p � 1 .mod 4/;

(b) full shift .†2;�;df / on two symbols when p � 3 .mod 4/:

(ii) Qp DB
 

x.0/
�

[J [
C1
S

nD0

f !n
˚

x.1/
	

:

Proof. (i) By Propositions 4.4.5, 4.4.8 and Theorems 2.3.13, 4.4.6, the dynamical sys-

tem f�;q;4 W J ! J is topologically conjugate to the full shift dynamics .†4;�;df / if

p � 1 .mod 4/ and .†2;�;df / if p � 3 .mod 4/ where the incidence matrix is

AD

0

B

B

@

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1

C

C

A
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when p � 1 .mod 4/ and

AD
�

1 1

1 1

�

when p � 3 .mod 4/:

(ii) Due to Theorem 4.4.5, we have
 

Qp n
˚

x.1/
	�

nX �B
 

x.0/
�

: Let x 2 X n
J : Then there exists n0 such that x 62 f !n0 .X/ or equivalently f n0

�;q;4
.x/ 62 X: Due to

Proposition 4.4.8 (ii), we get f n0C1

�;q;4
.x/ 2B

 

x.0/
�

[
˚

x.1/
	

: Consequently, we obtain

the decomposition Qp DB
 

x.0/
�

[J [
C1
S

nD0

f !n
˚

x.1/
	

:

4.4.2 The Case 0 < jqjp < j�  1jp < 1
Recall the singular point x.1/D 2 �  q, the critical point x.c/D x.1/C .�  1/y.c/D
1!q

�
and the fixed points x.0/ D 1; x.i/ D x.1/C .�  1/y.i/ for i D 1;2;3;4. Then one

could easily verify the following properties.

Proposition 4.4.10. Let p be a prime number. Then

(i) jy.c/jp D jy.i/jp D j�  1jp < 1D jy.1/jp for i D 2;3;4 and jy.1/ 4jp < 1;

(ii) jy.i/ y.j /jp D jy.i/ y.c/jp D j�  1jp for i ¤ j; i;j D 2;3;4;

(iii) jx.c/jp D jx.1/jp D jx.i/jp D 1 for i D 0;1;2;3;4

(iv) jx.1/ x.0/jp D jx.i/ x.1/jp D jx.i/ x.c/jp D j�  1jp for i D 0;1;

(v) jx.i/ x.1/jp D jx.c/ x.1/jp D jx.i/ x.c/jp D j�  1j2p for i D 2;3;4

(vi) jx.i/ x.j /jp D j�  1jp; jx.j / x.k/jp D j�  1j2p for i D 0;1; and j ¤ k; j;k D
2;3;4:

The following result is about the local behavior of the fixed points.

Theorem 4.4.11. Let p � 5 be a prime number. Then the fixed points x.0/ and x.1/ are

indifferent and the fixed point x.2/ is repelling. Moreover, if p � 1 .mod 4/ then the

fixed points x.3/ and x.4/ exist and they are repelling.

Proof. The proof is similar to Theorem 4.4.4.

We consider the following sets

A D
�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

B D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
> j�  1jp

�

;

C D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
D j�  1jp

�

:
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We have ADA1[D and B D B1[E in which

A1 D
�

x 2Qp W j�  1j2p <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< j�  1jp

�

;

D D
�

x 2Qp W 0 <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
� j�  1j2p

�

;

B1 D
�

x 2Qp W j�  1jp <
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
< 1

�

;

E D
�

x 2Qp W
ˇ

ˇ

ˇ
x x.1/

ˇ

ˇ

ˇ

p
� 1

�

:

Now we will calculate the image of the sets A; B and C. We first calculate

the image of C. Suppose Nx.i/ D x.1/C .�  1/ Ny.i/ 2 C with j Ny.i/  i j < 1 and Ci D
Bj�!1jp

 

Nx.i/
�

. Then we have

C D
p!1
[

iD1

Ci :

Notice x.0/ 2 C1 and x.1/ 2 C4.

Lemma 4.4.12. Let p � 5 be a prime number.

(i) Let x 2 C. Then

ˇ

ˇ

ˇ
f 0

�;q;4
.x/
ˇ

ˇ

ˇ

p
D 1.

(ii) Let Nx; NNx 2 Ci for 1� i � p 1: Then
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D j Nx NNxjp:

Proof. The following is the kth derivative of f�;q;4 for k � 1

f
.k/

�;q;4
.x/ D 4. 1/kC1kŠ.�  1/.�  1Cq/

.x x.1//kC1

 

�3C 3.kC1/�
2.�  1/.1 �  q/

2Š
 

x x.1/
�

C .kC2/Š�.�  1/2.1 �  q/2

2ŠkŠ
 

x x.1/
�2

C .kC3/Š.�  1/
3.1 �  q/3

4ŠkŠ.x x.1//3

!

: (4.49)

(i) Suppose x 2 C. Then we have jx x.1/jp D
ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D

j�  1jp. By the equality (4.49), one could check
ˇ

ˇ

ˇ
f 0

�;q;4
.x/
ˇ

ˇ

ˇ

p
D 1

(ii) Suppose r D j�!1jp
p

and Nx.i/ 2 Ci . By the equality (4.49), we have for k � 2
ˇ

ˇ

ˇ

ˇ

ˇ

3.kC1/�2.�  1/.1 �  q/
2Š
 

Nx.i/ x.1/
�

ˇ

ˇ

ˇ

ˇ

ˇ

p

D jkC1jpj�  1jp � j�  1jp < 1;

ˇ

ˇ

ˇ

ˇ

ˇ

.kC2/Š�.�  1/2.1 �  q/2

2ŠkŠ
 

Nx.i/ x.1/
�2

ˇ

ˇ

ˇ

ˇ

ˇ

p

D jkC1jpjkC2jpj�  1j2p � j�  1j2p < 1

and

ˇ

ˇ

ˇ

ˇ

.kC3/Š.�  1/3.1 �  q/3
4ŠkŠ. Nx.i/ x.1//3

ˇ

ˇ

ˇ

ˇ

p

D jkC1jpjkC2jpjkC3jpj�  1j3p � j�  1j3p < 1:
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Then we obtain
ˇ

ˇ

ˇ
f

.k/

�;q;4
. Nx.i//

ˇ

ˇ

ˇ

p
rk!1 D 1

j�!1jk!1
p

� j�!1jk!1
p

pk!1 D 1
pk!1 < 1D

ˇ

ˇ

ˇ
f

0

�;q;4
. Nx.i//

ˇ

ˇ

ˇ

p
:

We notice for 1 � i � p 1 that Br. Nx.i//D Ci : Thus by (i) and Lemma 2.3.1, we have

for all Nx; NNx 2 Ci that
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D j Nx NNxjp:

Let P1
 

Fp

�

D f0;1; : : : ;p 1;1g. By definition, C0 DA and C1 D B.

Proposition 4.4.13. Let p � 5 be a prime number. Let m W P1.Fp/! P1.Fp/ and

m.x/D 5 4
x

. Then for 1� i � p 1, we have f .Ci/D Cm.i/. Moreover, we have

(i) f�;q;4 .Ci/D Ci for i D 1;4I

(ii) f k
�;q;4

.C5/DA for some k 2 Z.

Proof. By the equality (4.45), we obtain

f�;q;4.x/ x.1/ D .�  1/.x x.0//.g1.x/ 4/
x x.1/

Cq
 

.�  1/.y.1/ 4/C .x x.1//

x x.1/

!

C .�  1/
�

5 4 .�  1/
x x.1/

�

: (4.50)

Let x.i/D x.1/C .�  1/y.i/ 2 Ci with j Ny.i/ i jp < 1. Then, by the equality (4.50), we

get

f�;q;4

�

x.i/
�

 x.1/ � .�  1/
�

5 4.�  1/
x.i/ x.1/

�

�

mod pordp.�!1/C1
�

� .�  1/
�

5 4

y.i/

�

�

mod pordp.�!1/C1
�

f�;q;4

 

x.i/
�

 x.1/

�  1 � 5 4
i
�m.i/ .mod p/:

This means f�;q;4

 

x.i/
�

D x.1/C.� 1/z.i/ with z.i/�m.i/ .mod p/. So f�;q;4

 

Nx.i/
�

2
Cm.i/. By Lemma 4.4.12 and Lemma 2.3.3, we have f�;q;4 .Ci/D Cm.i/.

(i) Since 1 and 4 are the fixed points of function m, we have f�;q;4 .C1/ D C1

and f�;q;4 .C4/ D C4. (ii) For convenience, we suppose that C0 D A since A satisfies

the properties of C0. We have for 1 � i � p 1 that f�;q;4 .Ci/ D Cm.i/. In order to

check whether f k
�;q;4

.C5/D C0 for some k or not, it is enough to check whether 4 and

0 are in the same orbit or not under the iteraton of m. By simple calculation, we have

m2.0/D 4. So indeed 4 and 0 are in the same orbit. By the bijectivity of mapping m,

there exists k 2 Z such that mk.4/D 0. The least number k is in f1;2; : : : ;p 3g since

1 and 4 are the fixed points of m. Thus f k
�;q;4

.C4/DA for some k 2 f1; : : : ;p 3g.

Next we calculate the image of the sets A and B.

Proposition 4.4.14. Let p � 5 be a prime number. Then f�;q;4.A1/�B1 and f�;q;4.B/�
C5 if p > 5 or f�;q;4.B/ �A if p D 5. Moreover, the restricted maps f�;q;4 WA1! B1

and f�;q;4 W B! C5 n f�4g for p > 5 or f�;q;4 W B!An f�4g for p D 5 are bijective.
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Proof. Recall

f�;q;4.x/ x.0/ D .�  1/.x x.0//

x x.1/
g1.x/ (4.51)

where g1.x/ D
�

�C .�!1/.1!�!q/

x!x.1/

�3

C
�

�C .�!1/.1!�!q/

x!x.1/

�2

C
�

�C .�!1/.1!�!q/

x!x.1/

�

C 1.

First we suppose x 2A1. Since j�  1j2p < jx x.1/jp < j�  1jp, we have

ˇ

ˇ

ˇ

ˇ

.�  1/.1 �  q/
x x.1/

ˇ

ˇ

ˇ

ˇ

p

D
j�  1j2p
jx x.1/jp

< 1:

It implies jg1.x/jp D 1. By the equality (4.51), we get

j�  1jp <
ˇ

ˇ

ˇ
f�;q;4.x/ x.0/

ˇ

ˇ

ˇ

p
D
j�  1jp

ˇ

ˇx x.0/
ˇ

ˇ

p
ˇ

ˇx x.1/
ˇ

ˇ

p

< 1:

We have also
ˇ

ˇf�;q;4.x/ x.1/
ˇ

ˇ

p
D
ˇ

ˇf�;q;4.x/ x.0/
ˇ

ˇ

p
. This means f�;q;4.x/2B1. Thus

f�;q;4.A1/� B1.

Let Nx; NNx 2A1. Then one could calculate

jf�;q;4. Nx/ f�;q;4. NNx/jp D
j�  1j2p

j Nx x.1/jpj NNx x.1/jp
j Nx NNxjp (4.52)

We know A1 D
S

Nr

S Nr

 

x.1/
�

for j�  1j2p < Nr < j�  1jp. Then f�;q;4

 

S Nr

 

x.1/
��

D

Sr 0

 

x.1/
�

� B1 D
S

r 0

Sr 0

 

x.1/
�

for j�  1jp < r 0 < 1. By the equality (4.52), we ob-

tain f�;q;4

 

SQr

 

x.1/
��

\ f�;q;4

 

S Or

 

x.1/
��

D ; for Qr ¤ Or and by Corollary 2.3.4, this

restricted map is bijective. One could easily see Nr maps to r 0 bijectively. Thus the

restricted map f�;q;4 WA1! B1 is a bijection.

Next we assume x 2 B. We have jx x.1/jp > j�  1jp. By the equality (4.50),

we get

f�;q;4.x/ x.1/ � .�  1/
�

5 4.�  1/
x x.1/

�

� 5.�  1/ 6� 0
�

mod pordp.�!1/C1
�

for p > 5. This means jf�;q;4.x/ x.1/jp D j�  1jp and f�;q;4.x/D x.1/C .�  1/ Nw
with j Nw 5jp < 1. Therefore, f�;q;4.x/ 2 C5. For p D 5, we have jf�;q;4.x/ x.1/jp <
j�  1jp. This implies f�;q;4.x/ 2A. Hence f�;q;4.B/� C5 if p > 5 and f�;q;4.B/�A

if p D 5.

Let Nx; NNx 2 B. Then

jf . Nx/ f . NNx/jp D
j�  1j2p

j Nx x.1/jpj NNx x.1/jp
j Nx NNxjp (4.53)
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We know BD
S

r

Sr

 

x.1/
�

for r > j� 1jp. We have f�;q;4

 

Sr

 

x.1/
��

� C5 when p > 5

and f�;q;4

 

Sr

 

x.1/
��

�A when p D 5 is a sphere center at �4. By the equality (4.53)

and r 00 ¤ r 0 > j�  1jp, we get f�;q;4

 

Sr 00

 

x.1/
��

\f
 

Sr 0

 

x.1/
��

D ;. For any �4 ¤
Nx 2 C5 if p > 5 and �4¤ Nx 2A if pD 5, there exists a pre-image xD f !1. Nx/2B: Then

by Corollary 2.3.4, the restricted map f WB! C5nf�4g for p > 5 and f WB!Anf�4g
for p D 5 is a bijection.

Now we discuss the last part, the image of the set D � A. Suppose Qx.i/ D
x.1/C .�  1/ Qy.i/ 2 D with Qy.i/ D . Qy.i//

�

j�!1jp
and

ˇ

ˇ

ˇ

 

Qy.i/
�� i

ˇ

ˇ

ˇ

p
< j�  1jp. Let Di WD

Bj�!1j2p

 

Qx.i/
�

. Then

DD
 

p!1
[

iD0

Di

!

n fx.1/g

such that Di \Dj D ; for i ¤ j . Next we describe the sets containing the points x.1/

and x.c/. Notice x.1/ 2D0 and

D0 D
1
[

iD1

S.0/
i [fx.1/g (4.54)

with S.0/
i WD S j�!1j2p

pi

 

x.1/
�

. Let Oxj 2 S.0/
i and D

.0/
ij WD B j�!1j2p

pi

 

Oxj

�

. Then

S.0/
i D

p!1
[

j D1

D
.0/
ij

such that D.0/

ik
\D.0/

i`
D ; for k ¤ `.

Assume ı � .1 �  q/� .mod p/. Then, one can check x.c/ 2Dı and

Dı D
 

1
[

iD1

S.ı/
i

!

[fx.c/g (4.55)

where S.ı/
i WD S j�!1j2p

pi

 

x.c/
�

. Suppose Lxj 2 S.ı/
i and D

.ı/
ij WD B j�!1j2p

pi

 

Lxj

�

: Then

S.ı/
i D

p!1
[

j D1

D
.ı/
ij

such that D.ı/

ik
\D.ı/

i`
D ; for k ¤ `.

Recall f�;q;4

 

x.1/
�

is undefined and f�;q;4

 

x.c/
�

D 0. We also could verify
ˇ

ˇ

ˇ
f 0

�;q;4

 

x.1/
�

ˇ

ˇ

ˇ

p
is undefined and

ˇ

ˇ

ˇ
f 0

�;q;4

 

x.c/
�

ˇ

ˇ

ˇ

p
D 0. The following result informs about

the derivative of a point near the points x.1/ and x.c/ and its property.

Lemma 4.4.15. Let p � 5 be a prime number and ı � .1 �  q/� .mod p/.

(A) (i) Let x 2 S.0/
i �D0 where integers i > 0. Then

ˇ

ˇ

ˇ
f 0

�;q;4
.x/
ˇ

ˇ

ˇ

p
D p5i

j�!1j2p
.
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(ii) Let Nx; NNx 2 D
.0/
ij � S.0/

i for 1 � j � p 1. Then
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D

p5i

j�!1j2p
j Nx NNxjp:

(B) (iii) Let x 2 S.1/
i �Dı where integers i > 0. Then

ˇ

ˇ

ˇ
f 0

�;q;4
.x/
ˇ

ˇ

ˇ

p
D 1

p3i j�!1j2p
:

(iv) Let Nx; NNx 2 D
.ı/
ij � S.ı/

i for 1 � j � p 1. Then
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D

1

p3i j�!1j2p
j Nx NNxjp:

(C) (v) Let x 2D n .D0[Dı/ : Then

ˇ

ˇ

ˇ
f 0

�;q;4
.x/
ˇ

ˇ

ˇ

p
D 1

j�!1j2p
.

(vi) Let Nx; NNx 2Di where 0� i �p 1 and i ¤ 0;ı. Then
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D

1

j�!1j2p
j Nx NNxjp:

Proof. For any Nx; NNx 2Qp n
˚

x.1/
	

, we have

f�;q;4. Nx/ f�;q;4. NNx/D
.�  1/.1 �  q/. NNx Nx/
. Nx x.1//. NNx x.1//

F
 

Nx; NNx
�

(4.56)

where

F. Nx; NNx/D 4a3C6a2.1 �  q/
�

�  1
Nx x.1/

C �  1
NNx x.1/

�

C4a.1 �  q/2
 

.�  1/2
 

Nx x.1/
�2
C .�  1/2
 

Nx x.1/
� NNx x.1/

� C .�  1/2
 NNx x.1/

�2

!

C .1 �  q/3
 

.�  1/3
 

Nx x.1/
�3
C .�  1/3
 

Nx x.1/
�2  NNx x.1/

�

C .�  1/3
 

Nx x.1/
� NNx x.1/

�2
C .�  1/3
 NNx x.1/

�3

!

and f 0
�;q;4

.x/D 4.�  1/.�  1Cq/ .�.x!x.1//C.�!1/.1!�!q//3

.x!x.1//5

(A)-(i) Let x 2 S.0/
i . Then

ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D j�  1j2p and

jx x.1/jp D j�!1j2p
pi . Thus

ˇ

ˇf 0
�;q;4.x/

ˇ

ˇ

p
D

ˇ

ˇ

ˇ

ˇ

4.�  1/.aCb/.a.x x.1//C .�  1/.1 �  q//3
.x x.1//5

ˇ

ˇ

ˇ

ˇ

p

D
j�  1j8p
jx x.1/j5p

D p5i

j�  1j2p
:

(A)-(ii) Let Nx; NNx 2 D
.0/
ij for 1 � j � p  1 such that Nx D x.1/C .�  1/ Ny and NNx D

x.1/C .�  1/ NNy where Ny D pi Ny�

j�!1jp
and NNy D pi NNy�

j�!1jp
. Substitue them into F. Nx; NNx/, we get

F. Nx; NNx/ D 4�3C 6�
2.1 �  q/�

pi

�

1

Ny�
C 1

NNy�

�

C 4� ..1 �  q/
�/2

p2i

 

1

. Ny�/2
C 1

Ny� NNy�
C 1
 NNy�

�2

!

C..1 �  q/
�/3

p3i

 

1

. Ny�/2
C 1

. Ny�/2 NNy�
C 1

Ny�
 NNy�

�2
C 1
 NNy�

�2

!

Since Nx; NNx 2 D.0/
ij , it implies Ny� � NNy� � w0 6� 0 .mod p/ for some integer w0. Then
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we obtain

1

. Ny�/2
C 1

. Ny�/2 NNy�
C 1

Ny�
 NNy�

�2
C 1
 NNy�

�2
� 4

w3
0

6� 0 .mod p/:

This implies

ˇ

ˇ

ˇ

ˇ

ˇ

..1 �  q/�/3

p3i

 

1

. Ny�/2
C 1

. Ny�/2 NNy�
C 1

Ny�
 NNy�

�2
C 1
 NNy�

�2

!
ˇ

ˇ

ˇ

ˇ

ˇ

p

D p3i :

Therefore, jF. Nx; NNx/jp D p3i and
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D p5i

j�!1j2p
j Nx NNxjp.

(B)-(iii) Let x 2 S.ı/
i and x D x.1/C .�  1/y such that jy  y.c/jp D j�!1jp

pi .

Then we have jx x.1/jp D j�  1j2p and
ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D j�!1j2p

pi .

Hence

ˇ

ˇf 0
�;q;4.x/

ˇ

ˇ

p
D

ˇ

ˇ

ˇ

ˇ

4.�  1/.�  1Cq/.�.x x.1//C .�  1/.1 �  q//3
.x x.1//5

ˇ

ˇ

ˇ

ˇ

p

D
ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

3

p

j�  1j8p
D 1

p3i j�  1j2p
:

(B)-(iv) Let Nx; NNx 2D.ı/
ij � S.ı/

i ; 1� j � p 1 such that NxD x.1/C .� 1/ Ny and

NNxD x.1/C.� 1/ NNy where Ny D . Ny/�

j�!1jp
and NNy D . NNy/

�

j�!1jp
. We also have forwDw0C�� �C

wip
i such that . Ny/�DwCpiC1A and

 NNy
��DwCpiC1B in which

ˇ

ˇ

ˇ
w 

 

y.c/
��
ˇ

ˇ

ˇ

p
D 1

pi

and jACBjp � 1. Substitue them into F. Nx; NNx/, we obtain

F. Nx; NNx/ D 4�3C6�2.1 �  q/�
 

1

. Ny/� C
1

 NNy
��

!

C4� ..1 �  q/�/2
 

1

. Ny�/2
C 1

. Ny�/
 NNy�

�C 1
 NNy�

�2

!

..1 �  q/�/3
 

1

. Ny�/3
C 1

. Ny�/2
 NNy�

�C 1

. Ny�/
 NNy�

�2
C 1
 NNy�

�3

!

:

This yields

. Ny�/
3  NNy�

�2
F. Nx; NNx/ D 4w3 .�wC .1 �  q/�/3Cp3iC1 NX

where j NX jp � 1. We know j�wC .1 �  q/�jpD
ˇ

ˇ

ˇ
�
�

w 
 

y.c/
��
�ˇ

ˇ

ˇ

p
D
ˇ

ˇ

ˇ
w 

 

y.c/
��
ˇ

ˇ

ˇ

p
.

Thus
ˇ

ˇF. Nx; NNx/
ˇ

ˇ

p
D 1

p3i and it implies
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D j Nx! NNxjp

p3i j�!1j2p
:
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(C)-(v) Let x 2D n .D0[Dı/ where x D x.1/C .�  1/y such that jyjp D jy 
y.c/jpDj� 1jp:We have

ˇ

ˇ�.x x.1//C .�  1/.1 �  q/
ˇ

ˇ

p
D
ˇ

ˇ

ˇ
�.�  1/

�

y!y.c/

�

�ˇ

ˇ

ˇ

p
D

j�  1j2p and jx x.1/jp D j�  1j2p. By the equality (4.49), we obtain
ˇ

ˇ

ˇ
f 0

�;q;4
.x/
ˇ

ˇ

ˇ

p
D

1

j�!1j2p
:

(C)-(vi) Suppose Nx; NNx 2Di for 0� i � p 1 and i ¤ 0;ı with Nx D x.1/C .�  
1/ Ny and NNx D x.1/C .�  1/ NNy such that Ny D Ny�

j�!1jp
and NNy D NNy�

j�!1jp
. We have NNy� D Ny� �

w
.i/
0 .mod p/: Then we obtain

�

w
.i/
0

�3

F. Nx; NNx/� 4
��

w
.i/
0

�

C .1 �  q/�
�3

6� 0 .mod p/:

This implies jF. Nx; NNx/jp D 1 because w.i/
0 6�

 

y.c/
�� �  .1 �  q/� .mod p/: There-

fore,
ˇ

ˇf�;q;4. Nx/ f�;q;4. NNx/
ˇ

ˇ

p
D j Nx! NNxjp

j�!1j2p
:

One could easily verify E DQp nB1.x.1// and Z�
p D

Sp!1
j D1B1.j /: Let

 

Z�
p

�
1
4 D

˚

x 2 Z�
p W x0 is a quartic residue modulo p

	

:

The congruence

x4 � b .mod p/ (4.57)

has solution(s) if and only if b
p!1

gcd.p!1;4/ � 1 .mod p/, i.e. b is a quartic residue modulo

p. Moreover, if b is a quartic residue modulo p then the congruence (4.57) has gcd.p 
1;4/ solutions.

We remind that the fixed points x.3/ and x.4/ exist when p� 1 .mod 4/. Let ˛;ˇ

and  be the solutions of the equation (4.39). Then we suppose x.2/ 2 D˛; x.3/ 2 Dˇ

and x.4/ 2D . Let we calculate the image of the set D

Proposition 4.4.16. Let p � 5 be a prime number. Let ı � .1 �  q/� .mod p/ and

˛;ˇ and  be the solutions of the congruence (4.39).

(i) For i � 1; S.0/
i �D0 as in (4.54), we have f�;q;4

�

S.0/
i

�

D p!4i
 

Z�
p

�
1
4 ;

(ii) For i � 1; S.ı/
i �D1 as in (4.55), we have f�;q;4

�

S.ı/
i

�

D p4i
 

Z�
p

�
1
4 ;

(iii) (a) If p � 1 .mod 4/ then for i D ˛;ˇ; we have f�;q;4 .Di/D B1

 

x.1/
�

;

(b) If p � 3 .mod 4/ then f�;q;4 .D˛/D B1

 

x.1/
�

;

(iv) (a) If p � 1 .mod 4/ then f�;q;4

0

@

p!1
S

iD1
i¤˛;ˇ;;ı

Di

1

AD
 

Z�
p

�
1
4 nB1

 

x.1/
�

;

(b) If p � 3 .mod 4/ f�;q;4

0

@

p!1
S

iD1
i¤˛;ı

Di

1

AD
 

Z�
p

�
1
4 nB1

 

x.1/
�

.
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Proof. Recall

f�;q;4.x/D
�

�C .�  1/.1 �  q/
x x.1/

�4

: (4.58)

Let x D x.1/C .�  1/y 2 D nD0. Then, for y D y�

j�!1jp
, the expression g.x/ in the

equality (4.43) can be written as follows

g.x/ D .�xCb/3C .�xCq 1/2.x x.1//C .�xCq 1/.x x.1//2C .x x.1//3

D .�  1/2
 

.�3C�2C�C1/y3C .3�2C2�C1/.1 �  q/y2

C.3�C1/.1 �  q/2yC .1 �  q/3
�

D .�  1/2
j�  1j2p

g2.x/:

in which

g2.x/ D .�3C�2C�C1/.y�/3C .3�2C2�C1/.1 �  q/�.y�/2

C.3�C1/..1 �  q/�/2y�C ..1 �  q/�/3

� 4.y�/3C6.1 �  q/�.y�/2C4..1 �  q/�/2y�

C..1 �  q/�/3 .mod p/: (4.59)

(i) Consider D0 D
1
S

iD1

S.0/
i and S.0/

i D
p!1
S

j D1

D
.0/
ij . We will calculate the image of

each spheres S.0/
i for integer i � 1. Suppose x 2 S.0/

i : Then x x.1/ D .�  1/y with

y D pi y�

j�!1jp
. Substitute into the equality (4.58), we obtain

f�;q;4.x/ D
�

�C .1 �  q/
�

piy�

�4

:

This means
ˇ

ˇf�;q;4.x/
ˇ

ˇ

p
D
ˇ

ˇ

ˇ
�C .1!�!q/�

pi y�

ˇ

ˇ

ˇ

4

p
Dp4i >1 and f�;q;4.x/D 1

p4i f
�

�;q;4
.x/ such

that
ˇ

ˇ

ˇ
f �

�;q;4
.x/
ˇ

ˇ

ˇ

p
D 1 and the first digit of f �

�;q;4
.x/ is a quartic residue modulo p. So

f�;q;4.x/ 2 p!4i
 

Z�
p

�
1
4 . Next we calculate the image of each balls D.0/

ij � S.0/
i for 1 �

j � p 1. Let Oxj 2D.0/
ij . Then by Lemma 4.4.15(A)-(ii) and Corollary 2.3.3, we get

f�;q;4

�

D
.0/
ij

�

D Bp4i

 

f�;q;4. Oxj /
�

D p!4iB1

 

f �
�;q;4. Oxj /

�

for 1� j �p 1 and f �
�;q;4

. Oxj / .mod p/ is a quartic residue modulo p. Thus f�;q;4

�

S.0/
i

�

D

p!4i
 

Z�
p

�
1
4 and we have the statement (i).

(ii) Let ı � .�  1C q/� .mod p/. Consider Dı D x.c/ [
1
S

iD1

S.ı/
i and S.ı/

i D
p!1
S

j D1

D
.ı/
ij . Let xD x.1/C.� 1/y 2 S.ı/

i . Then
ˇ

ˇy y.c/
ˇ

ˇ

p
D j�!1jp

pi and
ˇ

ˇ

ˇ
y� 

 

y.c/
��
ˇ

ˇ

ˇ

p
D
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1
pi . Substitute into the equality (4.58), we get

f�;q;4.x/D
�

�

y�

�

y� 
�

y.c/
���

�4

:

So jf�;q;4.x/jpD
ˇ

ˇ

ˇ
y 

 

y.c/
��
ˇ

ˇ

ˇ

4

p
D 1

p4i and f�;q;4.x/Dp4if �
�;q;4

.x/where
ˇ

ˇ

ˇ
f �

�;q;4
.x/
ˇ

ˇ

ˇ

p
D

1 and the first digit of f �
�;q;4

.x/ is a quartic residue modulo p. It means f�;q;4.x/ 2
p4i

 

Z�
p

�4
: Next we calculate the image of each balls D

.ı/
ij for 1 � j � p  1. Let

Lxj 2D.ı/
ij . Then by Lemma 4.4.15(B)-(iv) and Corollary 2.3.3, we have

f�;q;4

�

D
.ı/
ij

�

D Bp!4i

 

f�;q;4. Lxj /
�

D p4iB1

 

f �
�;q;4. Lxj /

�

for 1� j �p 1 and f �
�;q;4

. Lxj / .mod p/ is a quartic residue modulo p. Hence f�;q;4

�

S.ı/
i

�

D
p4i

 

Z�
p

�4 and statement (ii) holds true.

(iii)-(a) Suppose p � 1 .mod 4/. Let x 2Di for i D 2;3;4. We have y� � y.i/
0

.mod p/. We know y
.2/
0 ; y

.3/
0 and y.4/

0 are the only solutions of (4.59). So jg.x/jp <
j�  1j4p and by the equality (4.43),

ˇ

ˇf�;q;4.x/ x.1/
ˇ

ˇ

p
< 1. Therefore, f�;q;4.x/ 2

B1.1/ D B1.x.1//. By Lemmas 4.4.15(C)-(vi) and 2.3.3, we have for i D 2;3;4 that

f�;q;4 .Di/D B1.x.1//.

(iii)-(b) The proof is similar to (iii)-(a).

(iv)-(a) Suppose p � 1 .mod 4/. Let x D x.1/C .�  1/y 2
p!1
S

iD1
i¤˛;ˇ;;ı

Di . Then

ˇ

ˇy y.c/
ˇ

ˇ

p
D j�  1jp and

ˇ

ˇ

ˇ
y� 

 

y.c/
��
ˇ

ˇ

ˇ

p
D 1. Substitute into the equality (4.58), we

get

f�;q;4.x/D
�

�

y�

�

y� 
�

y.c/
���

�4

:

This means jf�;q;4.x/jpD
ˇ

ˇ

ˇ
y� 

 

y.c/
��
ˇ

ˇ

ˇ

4

p
D 1 and its first digit is a quartic residue mod-

ulo p. This implies f�;q;4.x/ 2
 

Z�
p

�
1
4 : Now we will show that

ˇ

ˇf�;q;4.x/ x.1/
ˇ

ˇ

p
D 1.

We know y� 6� y.i/
0 ; i D 2;3;4: So g2.x/ 6� 0 .mod p/: This means jg.x/jp D j� 1j4p

and by equality (4.43) that
ˇ

ˇf�;q;4.x/ x.1/
ˇ

ˇ

p
D 1. Thus f�;q;4.x/ 2

 

Z�
p

�
1
4 nB1.1/D

 

Z�
p

�
1
4 nB1.x.1//. Next we calculate the image of each balls Di where i D 1; : : : ;p 1

and i ¤ ˛;ˇ;;ı. Let Qx 2Di . Then by Lemmas 4.4.15(C)-(vi) and 2.3.3, we get

f�;q;4.Dj /D B1

 

f . Qxj /
�

and f�;q;4. Qxj / .mod p/ is a quartic residue modulo p. Thus f�;q;4

�

p!1
S

iD5

Di

�

D
 

Z�
p

�
1
4 n

B1

 

x.1/
�

.

(iv)-(b) The proof is the same as (iv)-(a).
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Then we obtain the following result on the dynamical behaviour of the Potts–

Bethe mapping (4.35) on Qp.

Theorem 4.4.17. Let p � 5 be a prime number and ˛;ˇ and  be the solutions of the

congruence (4.39).

(i) Then C1 and C4 are Seigel disks of the fixed points x.0/ and x.1/ respectively.

(ii) Suppose p � 1 .mod 4/. Let X D D˛ [Dˇ [D . Then there is a subsystem

.J ;f�;q;4; j � jp/ that is isometrically conjugate to the full shift .†3;�;df�;q;4
/ on

three symbols.

Proof. (i) We have that the fixed points x.0/ 2 C1 and x.1/ 2 C4. By Corollary 4.4.13,

we get f�;q;4.C1/D C1 and f�;q;4.C4/D C4. We also have by Lemma 4.4.12 that for any

x;y 2 C1 or C4 that jf�;q;4. Nx/ f�;q;4. NNx/jp D j Nx NNxjp. It implies that each spheres with

center x.0/ and x.1/ in C1 and C4 respectively are invariant under f�;q;4. Thus we have

the statement (i).

(ii) Let p � 1 .mod 4/. By Propositions 4.4.13, 4.4.14 and 4.4.16, we have

f !1
�;q;4

.X/ � C`[D2[D3[D4 where m.`/ D 5 4
`
� 0 .mod p/. We also have for

any x 2 D2 or D3 or D4 that f !1
�;q;4

.x/ WD fx1 2 C`; x2 2 D2; x3 2 D3; x4 2 D4g. Let
Nf !1
�;q;4

.x/ WD fx1 2 D2; x2 2 D3; x4 2 D4g for x 2 D2 or D3 or D4. Then Nf !1
�;q;4

.X/ �
D2[D3[D4. We consider the following (Julia) set

J D
1
\

nD0

Nf !n
�;q;4 .X/� X:

Then we have the incidence matrix

AD

0

@

1 1 1

1 1 1

1 1 1

1

A :

By Theorem 2.3.13, the dynamical system .J ;f�;q;4; j � jp/ is isometrically conjugate to

the full shift dynamics .†3;�;df�;q;4
/.

Claim III

(i) Let p � 1 .mod 4/. Then the dynamics of the Potts–Bethe mapping (4.35) con-

sists of a subsystem that is topologically conjugate to the full shift on three sym-

bols, minimal subsystems (including the attracting orbits and the Siegel disks of

periodic orbits) and their basins.

(ii) Let p � 3 .mod 4/. Then the dynamics of the Potts–Bethe mapping (4.35) con-

sists of a minimal subsystems (including the attracting orbits and the Siegel disks

of periodic orbits) and their basins.
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4.5 BRIEF SUMMARY OF THE DYNAMICAL BEHAVIOUR

In this section, we will discuss and give a brief summary for Section 4.2–4.4.

First we have provided the condition when the Potts–Bethe mapping (4.1) having

a good reduction, Proposition 4.2.1. By these condition, one could check that the Potts–

Bethe mapping derive from the p-adic Potts model on Cayley trees has a bad reduction.

We have investigated the dynamics of the Potts–Bethe mapping of degree 3 and degree

4.

Let us discuss first the dynamics of the Potts–Bethe mapping of degree 3. We

have considered two cases: 0 < j�  1jp < jqjp < 1 and 0 < jqjp < j�  1jp < 1. We

always suppose prime number p � 5 otherwise stated.

CASE 0 < j�  1jp < jqjp < 1. Let p � 5 .mod 6/. The Potts–Bethe mapping (4.9)

has two fixed points, one of them is attracting and another is repelling. Moreover, a

trajectory of the Potts–Bethe mapping starting from any eventually non-singular point

converges to the attracting point, Theorem 4.3.8. Let p � 1 .mod 6/. Then dynamics

on the Julia set Jm; mD 0;1;2; : : : is topologically conjugate to the full shift on three

symbols, Theorems 4.3.13 and 4.3.19. We also found the attracting basin of the fixed

point x.0/. This enable us to make the following partition:

Qp DB

�

x.0/
�

[Jm[
1
[

nD0

f !n
�;q;3fx.1/g:

CASE 0 < jqjp < j�  1jp < 1. We found the Siegel disks of the neutral fixed points,

Theorem 4.3.27. Let p � 1 .mod 6/. Then dynamics on the Julia set is topologically

conjugate to the full shift dynamics on two symbols, Theorem 4.3.29. By the examples

provided, one can expect there might exist a periodic orbit. Also by these, one can see

that the critical points are not wild. But we could not prove whether the critical point

is recurrent or not. There are interesting component of Fatou set called "Wandering

Domain” as mentioned in Theorem 2.3.10. The Fatou set of the Potts–Bethe mapping

has wandering domains if one could show that there exist a wild recurrent critical point.

We can use the result in Theorem 2.3.11 in order to find this kind of critical point.

By similar approach, one can show that the case 0 < j�  1Cqjp < j�  1jp D
jqjp < 1 and the case 0 < j�  1C qjp D j�  1jp D jqjp < 1 are the same to the case

0 < j�  1jp < jqjp < 1 and the case 0 < jqjp < j�  1jp < 1 respectively. We have a

similar conclusion for the Potts–Bethe mapping of degree 4 as the Potts–Bethe mapping

of degree 4. Note that our we use only basic calculation here. So the techniques here

can be applied to the investigate the dynamics of the Potts–Bethe mapping of any degree

k 2 f1;2;3; � � � g over Qp.
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4.6 CHAOS, PHASE TRANSITION AND THE SET OF P -ADIC GIBBS MEA-
SURES

Now we would like to show the vastness of the set of p-adic Gibbs measures. Again,

here j˛j means the cardinality of the set ˛. We are looking for solutions of the form

z.j /D z.j /e˛Ceˇ with j˛jCjˇj D q 1 of the system of equations (2.15). In this case,

the system of equations (2.15) with z.n/ WD z.0/ takes the following form,

z.j / D
�

.�Cj˛j 1/z.j C1/Cq j˛j
j˛jz.j C1/C�Cq j˛j 1

�k

; 0� j � n 1: (4.60)

This means that fz.j /gn!1
j D0 is a periodic orbit of length m of the following Potts–Bethe

mapping

G�;˛;q;k.z/D
�

.�Cj˛j 1/zCq j˛j
j˛jzC�Cq j˛j 1

�k

: (4.61)

We suppose 0 < j�  1jp; jqjp < 1 and j.j˛j/jp D 1. This is one of the assump-

tions to ensure the non-uniqueness of the translation-invariant padic Gibbs measures

(refer Theorem 3.2.3). We may assume that 1 � j˛j � q 1 otherwise if j˛j D 0 then

we obtain a trivial solution z.j / D .1;1; � � � ;1/ for all 0 � j � m 1 of the system of

equations (2.15). Thus, we have

G�;˛;q;k.z/D

0

@

�

�!1
j˛j
C1

�

zC q

j˛j
 1

zC �!1Cq

j˛j
 1

1

A

k

:

If we set ‚D �!1
j˛j
C1 and QD q

j˛j
; then we obtain

f‚;Q;k.z/D
�

‚zCQ 1
zC‚CQ 2

�k

:

Theorem 4.6.1. There exist Hm-periodic p-adic Gibbs measures associated with the

Hm-periodic function f Qh.j /gm!1
j D0 where

Qh.j / D .lnp.hz
.j /
1 /; : : : ; lnp.hz

.j /
q!1/; lnp.h//

with h 2 Ep and z.j / D .z.j /
1 ; : : : ; z

.j /
q!1/ 2 E

q!1
p such that z.j / D z.j /e˛Ceˇ ; j˛jC jˇj D

q 1 and fz.j /gm!1
j D0 is a periodic orbit of length m of the Potts–Bethe mapping

G�;˛;q;3.z/D
�

.�Cj˛j 1/zCq j˛j
j˛jzC�Cq j˛j 1

�k

: (4.62)

Proof. Due to Proposition 2.5.6, one could check that there exists an Hm-periodic p-
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adic Gibbs measure associated with an Hm-periodic function
n

Qh.j /
om!1

j D0

Qh.j / D
�

lnp.hz
.j /
1 /; : : : ; lnp.hz

.j /
q!1/; lnp.h/

�

with h 2 Ep; z.j / D
�

z
.j /
1 ; : : : z

.j /
q!1

�

2 Eq!1
p of the form z.j / D z.j /e˛C eˇ ; j˛jC jˇj D

q 1 if and only if fz.j /gm!1
j D0 � Ep is a periodic orbit of length m of the Potts–Bethe

mapping (4.62).

Theorem 4.6.2. Let prime numbers p � 5.

A. Let k D 3. Suppose one of the following condition holds

(i) 0 < j�  1jp < jqjp < 1 with p � 1 .mod 6/;

(ii) 0 < jqjp < j�  1jp < 1 with p � 1 .mod 6/;

B. Let k D 4. Suppose one of the following condition holds

(i) 0 < j�  1jp < jqjp < 1;

(ii) 0 < jqjp < j�  1jp < 1 with p � 1 .mod 4/.

Then the set of p-adic Gibbs measures Gp is at least countable.

Proof. The Potts–Bethe mapping (4.62) can be written in the following form

f‚;Q;3.z/D
�

‚zCQ 1
zC‚CQ 2

�k

(4.63)

where ‚ WD �!1
j˛j
C 1 and Q WD q

j˛j
whenever j˛j ¤ 0. Due to Theorem 4.3.13, 4.3.19,

4.3.29, 4.4.9 and 4.4.17 and j˛j 6� 0 .mod p/, then the Potts–Bethe mapping (4.63) of

degree 3 and degree 4 have a subsystem that topologically conjugate to the full shift

dynamics. It is well known that the full shift dynamics has periodic orbits of any period

m. Thus the Potts-Bethe mapping (4.63) has a periodic orbit of any lengthm. Moreover,

it can be easily verified fz.j /gm!1
j D0 � Ep. So there exist manyHm-periodic p-adic Gibbs

measures of the Potts model on the Cayley tree of oder 3 and order 4 for many prime

numbers p.

This theorem tells us that the chaotic property of the Potts–Bethe mapping im-

plies the vastness of the set of the p-adic Gibbs measures. Now we would like to

compare the chaotic property of the Potts–Bethe mapping and the phase transition of

the Potts model over Qp on the Cayley trees. We are following the calculation by

Mukhamedov & Akin (2013). We shall investigate the measures corresponding to the

solutions of equations (4.4) or (4.36). Let x.i/ D expp.h
.i// be related the solution of
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equations (4.4) or (4.36) and�.i/ be the corresponding p-adic Gibbs measures. The par-

tition function Z
.n/

h.i/ corresponding to the measure �.i/ has the form Z
.n/

h.i/ D a.i/jVn!1j

where a.i/ D
 

x.i/ x.1/
�k
: For a given configuration � 2�Vn

, we get by (2.9) that

ˇ

ˇ

ˇ
�.i/.�/

ˇ

ˇ

ˇ

p
D

ˇ

ˇ

ˇ
expp

n

Hn.�/C
P

x2Wn
h.i/.�.x//

x

oˇ

ˇ

ˇ

p
ˇ

ˇ

ˇ

 

x.i/ x.1/
�kjVn!1j

ˇ

ˇ

ˇ

p

D 1
ˇ

ˇ

ˇ

 

x.i/ x.1/
�kjVn!1j

ˇ

ˇ

ˇ

p

: (4.64)

For k D 3 and k D 4, one has
ˇ

ˇx.i/ x.1/
ˇ

ˇ

p
� 1

p
whenever j�  1jp; jqjp < 1.

This means
ˇ

ˇ

ˇ
�.i/.�/

ˇ

ˇ

ˇ

p
� pkjVn!1j for n 2 N:

Thus �.i/ is unbounded provided x.i/ exists. Let us give some examples for the oc-

curence of phase transition of the Potts model over Qp on Cayley tree.

EXAMPLE 3:

(i) Let p � 5 .mod 6/ and k D 3. Suppose 0 < j�  1jp < jqjp < 1. Then the

translation-invariant p-adic Gibbs measures �.0/ and �.1/ exist.

(ii) Let p � 1 .mod 6/ and k D 3. Suppose 0 < j�  1jp < jqjp < 1. Then the

translation-invariant p-adic Gibbs measures �.0/; �.1/; �.2/ and �.3/ exist.

In both cases, all the p-adic Gibbs measures are unbounded. Hence, the phase transition

occurs (refer to Definition 2.5.7).

Noted that the translation-invariant p-adic Gibbs measure �.i/ is associated to

the fixed point x.i/ of the Potts–Bethe mapping (4.1). In Example 3-(i), the Potts–Bethe

mapping is regular (all non-eventually singular point converge to a unique fixed point).

Meanwhile, in Example 3-(ii) the Potts–Bethe mapping is chaotic. By these observation,

we infer the following implications

Chaos (of Potts–Bethe mapping) H) Phase Transition

and

Phase Transition 6H) Chaos (of Potts–Bethe mapping):
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CHAPTER 5

CONCLUSION

5.1 SUMMARY OF RESEARCH

In summary, we showed that the chaotic property of the Potts–Bethe mapping implies

the existence of the phase transition of the Potts model on the Cayley trees. We have

studied the Potts model over Qp on the Cayley trees of order 3 and order 4. Now we

briefly summarize the results obtained from this thesis.

In Chapter 3, we began by stating the result on the existence of the translation-

invariant p-adic Gibbs measures of the Potts model on the Cayley tree of order 3. It was

related to the existence of roots of some cubic equations over Qp. Next, we showed the

existence of the translation-invariant p-adic Gibbs measures of the Potts model on the

Cayley tree of order 4 associated to some function Qh W �C
k
!Qq

p. To show the existence

of these translation-invariant p-adic Gibbs measures, we solved the following system

of equations

zi D
 

.�  1/ziC
Pq!1

`D1
z`C1

�C
Pq!1

`D1
z`

!4

for 1� i � q 1

where � D expp.J / and J is a coupling constant such that zi D expp.hi/. We searched

the solution of this system of equations of the form zD .z1; � � � ;zq!1/ such that zi D 1
or zi D z� 2 Ep �Qp for i D 1;q 1 with z� being the fixed points, i.e. z� D f .z�/ of

the following map f

f .z/D
�

.�  1Cm/zCq m
mzC�  1Cq m

�4

called “Potts–Bethe mapping”. To find the fixed points of f other than 1, we described

some quartic equation having a solution z 2 Ep (Propositions 3.2.1 and 3.2.2). By

these descriptions, we proved the non-uniqueness of the translation-invariant p-adic

Gibbs measures (Theorem 3.2.3). This has motivated us to provide the solvability con-

ditions of the depressed quartic equation

x4Cax2CbxC c D 0

with a;b;c 2Qp over Qp (Theorem 3.3.8).

In Chapter 4, we studied the dynamical behaviour of the Potts–Bethe mapping

over Qp. We began by describing the Potts–Bethe mapping having good reduction
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(Proposition 4.2.1) and showed that its dynamics is decomposed into minimal sub-

systems and their attracting basins (Theorem 4.2.2). Then we studied separately the

dynamics of the Potts–Bethe mapping of degree 3 and of degree 4 which has bad re-

duction. We recalled that this Potts–Bethe mapping is obtained by studying the p-adic

Gibbs measures of the Potts model on the Cayley tree. We considered the following

Potts–Bethe mapping of degree 3

f�;q;3.x/D
�

�xCq 1
xC�Cq 2

�3

and distinguished two cases: 0 < j�  1jp < jqjp < 1 and 0 < jqjp < j�  1jp < 1.

Case 0 < j�  1jp < jqjp < 1: When p � 5 .mod 6/, we found the attracting

basin B
 

x.0/
�

of the fixed point x.0/ D 1 (Theorem 4.3.8). When p � 1 .mod 6/, the

Julia set of the Potts–Bethe mapping is non-empty. Then we divided into two subcases:

0 < j�  1jp < jqj2p < 1 and 0 < jqj2p � j�  1jp < jqjp < 1. For 0 < j�  1jp < jqj2p <
1, there exists a subsystem .J ;f�;q;3/ that is isometrically conjugate to the full shift

dynamics on 3 symbols (Theorem 4.3.13). For 0 < jqj2p � j�  1jp < jqjp < 1, there

exists a subsystem .J ;f�;q;3/ that is isometrically conjugate to a subshift of finite type

on r symbols where r � 4. However, these subshifts on r symbols are all topologically

conjugate to the full shift on 3 symbols (Theorem 4.3.19).

Case 0 < jqjp < j�  1jp < 1: In this case we found the Siegel disks of the

neutral fixed points x.0/ and x.1/ (Theorem 4.3.27). When p � 5 .mod 6/, in certain

case, we found the existence of the attracting periodic orbits or Siegel disk of periodic

orbits with their basins. When p� 1 .mod 6/, the Julia set of the Potts–Bethe mapping

is non-empty. There exists a subsystem .J ;f�;q;3/ that is isometrically conjugate to

the full shift dynamics on 2 symbols (Theorem 4.3.29). It is remarked that the case 0 <

j� 1Cqjp < j� 1jpDjqjp <1 and the case 0< j� 1CqjpDj� 1jpDjqjp <1 has

similar behaviour to the case 0< j� 1jp < jqjp <1 and the case 0< jqjp < j� 1jp <1
respectively.

The study of the Potts–Bethe mapping of degree 4 was quite similar to the study

of the Potts–Bethe mapping of degree 3. The differences were the number of its fixed

points and the description on primes p. We noted that the techniques here can be applied

for any degree k 2 f1;2;3; � � � g. Hence, we showed for many prime numbers p, the

Potts–Bethe mapping has chaotic properties. These chaotic properties of the Potts-Bethe

mapping imply the vastness of the set of the p-adic Gibbs measures (Theorems 4.6.1

and 4.6.2). As an application, for many prime numbers p, the phase transition occurs

for the Potts models over Qp on the Cayley trees of orders 3 and 4. We also remarked

that the statement phase transition implies chaos is not true, Section 4.6.
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5.2 SUGGESTION FOR FUTURE RESEARCH

We saw that the study of the Potts model over Qp on Cayley trees, particularly, its p-

adic Gibbs measures is associated the the study of a rational maps called Potts–Bethe

mapping. In future we could analyze further the properties of the Potts–Bethe mapping,

for examples its Fatou–Julia sets and their dimensions, ergodicity, minimality and more.

In addition, we could establish a boundary law argument to Theorem 2.5.3 to a

general statistical model over Qp on Cayley trees. So it could describe wide class of

p-adic Gibbs measures which can be the example of the p-adic Markov chains. It is

also for the characterization and development of the set of p-adic Gibbs measures.
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