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Résumé

Dans ce manuscrit, nous parlons des matériaux composites a matrice céramique (CMCs)
qui sont envisagés pour intégrer les chambres de combustion de futurs moteurs aéronautiques
civils. Pour faire face & des conditions extrémes, ces matériaux possedent la particularité
de s’auto-protéger vis-a-vis de 'oxydation par la formation d’un oxyde passivant qui li-
mite la diffusion des especes oxydantes au sein des fissures matricielles. Nous modélisons
I’écoulement d’un oxyde dans une fissure par I’équation de Navier-Stokes, puis la met-
tons sous forme non dimensionnelle, et les derivations de deux types de modeles sont
intéressantes : les modeles de Saint-Venant et les modeles de lubrification. Ensuite nous
nous engageons a chercher I'existence de solution faible de I’approximation de lubrifica-
tion d’ordre 4 obtenue précédente dans le cas uni-dimensionnel. Enfin nous précisons la

limite entre les équations de Saint-Venant et I’équation de lubrification.

Mots clés : Equation de Navier-Stokes, Modeles asymptotiques, Modeles de

Saint-Venant, Modeéles de lubrification.

Abstract

In this work, we are interested in the ceramic matrix composite materials(CMCs)
which will be used to integrate the combustion chambers of future civil aeronautical
engines. When facing extreme conditions, these materials possess the peculiarity to auto-
protect itself towards the oxidation by the formation of an oxide passivate which limits
the distribution of the oxidizing species within the matrix cracks. We model the flow of an
oxide in a crack by the Navier-Stokes equation, then by asymptotic analysis we establish
two types of asymptotic models : models of Saint-Venant (shallow water model) and
lubrication models. Next we are interested in looking for the existence of weak solutions
to the one-dimensional approximated lubrication equation of order 4 obtained before.
Finally we talk about the limit between the Saint-Venant equations and the lubrication

equation.



Keywords : Navier-Stokes equation, shallow water model, lubrication model
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Chapitre 1

Introduction

1.1 Introduction générale de la these

Les composites & matrice céramique (CMC) sont envisagés pour intégrer les chambres de
combustion de futurs moteurs aéronautiques civils. Dans ces moteurs, ils atteignent leurs
conditions limites d’utilisation a cause de la conjonction de fortes sollicitations thermiques
et mécaniques et d’un environnement tres oxydant. Pour faire face & ces conditions, des
CMC a matrice auto-cicatrisante ont été développés. Ils présentent des durées de vie
extrémement longue méme sous sollicitations mécaniques importantes dans des environ-
nements oxydants. Ces matériaux possedent la particularité de s’auto-protéger vis-a-vis
de l'oxydation par la formation d’un oxyde passivant qui limite la diffusion des especes

oxydantes au sein des fissures matricielles.

L’objectif principal de cette thése est d’introduire et d’étudier de nouveaux modeles
asymptotiques qui décrivent la propagation d’un oxyde a travers une fissure transverse. Ce
travail fait suite & la these de G. Perrot dans laquelle était introduit un nouveau modele
physico-chimique décrivant le processus d’auto-cicatrisation de ces matériaux composites.
Dans un premier temps, nous allons enrichir la description de ce phénomene de bouchage
en présentant une hiérarchie de modeles asymptotiques décrivant la propagation d’un
fluide dans une fissure et obtenus a partir des équations de Navier-Stokes. Notons que
cette these s’inscrit dans un projet ambitieux regroupant I’équipe INRIA CARDAMOM,
le laboratoire LCTS de I’Université de Bordeaux et le laboratoire LAMA de 1’Université

de Chambéry visant la création d’une véritable plate-forme de calcul capable de certi-
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1.2. MODELISATION PHYSIQUE ET MATHEMATIQUE Xi LIN

fier ces matériaux du futur. Le but ultime serait de pouvoir coupler des modeles fluides
décrivant la propagation de 'oxyde passivant a travers les fissures avec un code de calcul
mécanique afin de prévoir la durée de vie de ces matériaux. La simulation complete d’'un
vrai matériau 3D serait bien sur tres couteuse en terme de temps de calcul. Dans cette
optique, l'introduction de modeles asymptotiques s’avere indispensable. Dans ce manus-
crit, nous introduisons deux familles d’équations. La premiere famille est constituée par
un systeme d’équations de type Saint-Venant alors que la seconde fait appel a la théorie
de la lubrification. Différents types de conditions aux bords permettront de complexifier
ces modeles et de développer la hiérarchie évoquée ci-dessus.

Dans un second temps, nous nous intéresserons aux modeles de type lubrification. En
effet, ces modeles semblent les plus appropriés pour décrire la propagation d’un oxyde, au
vu des faibles nombre de Reynolds mis en jeu dans ce contexte. Nous établirons un résultat
d’existence de solutions faibles. L’originalité et la difficulté principal de ces équations
réside dans le fait qu’elle contienne des opérateurs différentiels d’ordre 4 en espace, rendant
par exemple 'utilisation d’outils comme le principe du maximum impossible. Au passage,
nous en profiterons pour montrer un résultat de convergence asymptotique des équations
de Saint-Venant vers les équations de la lubrification, faisant le lien ainsi entre les deux

familles de modeles.

1.2 Modélisation physique et mathématique

Nous commengons ce chapitre par une bréve description des matériaux composites
auto-cicatrisants (CMCs). Ces matériaux composites & matrice céramique sont composés
d’un assemblage (sous forme de tissage) de fibres carbonés plongés dans une matrice
céramique. La Figure [1.1| représente une coupe transversale d’un tel matériau : on peut
voir que chaque fibre est entourée d’une matrice que I’on va décrire ci-apres.

Les fibres sont le plus souvent constituées de carbone ou de carbure de silicium (SiC).
Le SiC peut étre considéré comme chimiquement inerte pour des températures inférieures
a 1000 °C. Par contre en présence d’oxygene, les fibres s’oxydent provoquant jusqu’a leur
rupture, affaiblissant ainsi le matériau. L’objectif d’'un matériau auto-cicatrisant est de
protéger les fibres en ralentissant la propagation de l'oxygene dans la fissure par le pro-
cessus suivant. Chaque fibre est entourée d’une matrice composée de couches successives

de carbure de silicium et de carbure de bore B4C, en alternance. Le bore est un élément

10



CHAPITRE 1. INTRODUCTION Xi LIN

FIGURE 1.1 — Matériaux composites, vue des différentes couches de matrice autour des
fibres, par V. Dréan et al. [31].

essentiel dans la protection des fibres car en présence d’oxygene (apporté par exemple
lorsque le matériau se fissure), une réaction chimique s’initie et produit un oxyde passi-
vant d’oxyde de Bore qui va diffuser dans la fissure jusqu’a la boucher. La réaction s’initie
des que la température atteint environ 450 °C. Le coefficient de diffusion de 'oxygene
dans l'oxyde est environ 10 fois moins grand que le coefficient de diffusion dans ’air :
le role de l'oxyde est ainsi de ralentir la diffusion de l'oxygeéne dans la fissure afin de
préserver les fibres de 'oxydation et d’augmenter la durée de vie du matériau. Voir par
exemple : une interphase d’épaisseur faible autour de la fibre se forme afin de mieux la
protéger contre les dégradations mécaniques dues aux fissures [56], et cette configuration

offre une meilleure protection au matériau [51].

1.2.1 Le modele mathématique.

Pour décrire I'évolution d’un fluide visco-élastique, incompressible, irrotationnel a sur-
face libre, il existe de nombreux modeles asymptotiques : systemes de type Boussi-
nesq (équations de Nwogu, équations de Madsen-Sorensen, équations de Peregrine,..),
équations de Serre-Green-Naghdi, .... Ces modeles sont en général obtenus a partir de
développements asymptotiques effectués sur les équations d’Euler ou de Navier-Stokes a

surface libre. On commence par effectuer une analyse dimensionnelle du systeme en fonc-
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1.2. MODELISATION PHYSIQUE ET MATHEMATIQUE Xi LIN

tion du phénomene physique que 1’on souhaite étudier. Cette analyse permet en général
d’exhiber un ou plusieurs parametres sans dimension, comme par exemple le parametre
de nonlinéarité € et la parametre de dispersion 2. Ces parametres font intervenir les
grandeurs caractéristiques de 1’écoulement et permettent, sous certaines hypothéses de
taille, de dériver des modeles asymptotiques contenant autant de phénomenes physiques
que ’asymptotique est poussée loin. Dans le cadre de cette these, nous traiterons essen-

tiellement le cas d’une fissure transverse idéalisée.

Nous supposons ici que la propagation de 'oxyde a I'intérieur d’une fissure transverse
est gouvernée par les équations de Navier-Stokes a surface libre. L’originilaté provient du
fait que le fond, constitué d’une succession de matrices actives ou passives, est variable
au cours du temps et décrit le processus chimique de création de 'oxyde. Il y a donc gain
ou perte de masse d’oxyde au cours du temps. Nous nous intéressons donc aux équations

de Navier-Stokes bi-dimensionnelles & surface libre suivantes

divU = 0,
0, U +div(U ® U) = dive(U) — Vp + g,

— U = (u(t,z, z),w(t, z, z)) représente la vitesse du fluide;
— p(t,x) est la pression du fluide;

— &(t,x) est la hauteur de la surface libre, b(t, ) la bathymétrie du canal, h = £ — b

la hauteur totale du fluide;

— g =(0,—g) est la force de la gravité;

Ozzx Ozxz , p . N
— o0 = représente le tenseur de déformation : o(U) = 2uD(U), ou u
Ozz Ogzz

est la viscosité dynamique et D(U) est donné par

D(U) = E(VU L YUT) = Ozu (Ozu + O,w)/2 .
2 (O:u + Oyw) /2 0w

Toutes ces notations sont résumées sur la figure Remarquons que le domaine 2 =

12



CHAPITRE 1. INTRODUCTION Xi LIN

E(t.z)

b(t.x)

FIGURE 1.2 — Présentation d’une fissure transverse.

Q(t, z) sur lequel sont posées les équations (|1.1]) est variable
Qt,z) ={(t,z,2);t 20, z € [0, L], b(t, ) <z <&(t,2)},

ou b(t,z) désigne la bathymétrie (voir Figure [1.2)). Pour décrire proprement le domaine
Q(t,z), nous allons utiliser une idée développée dans [43] en introduisant la fonction

indicatrice suivante
L, b(tz) <z <{(t ),

o(t,x, z) =
0, sinon.

Pour tenir compte de la réaction chimique entre les zones réactives du fond et I'oxygene
qui se propage dans la fissure, nous introduisons aussi la fonction indicatrice ¢, ca-
ractéristique du fond, qui vaut 1 sur la zone réactive et qui est nulle partout ailleurs, ainsi
que les vitesses U; = (u;, w;) d’injection de oxyde passivant et U, = (u,, w,) de recul du

fond. La fonction ¢ est advectée par le flow et vérifie ’équation classique de convection
oo+ (U= 6,(U; = U,)) - Vo =0,

ou encore, en utilisant la condition d’incompressibilité
A+ V- (Up) =¢.(U; —U,) - Vo. (1.2)

Remarquons que les équations de Navier-Stokes (1.1)) peuvent s’écrire sous la forme

13



1.2. MODELISATION PHYSIQUE ET MATHEMATIQUE Xi LIN

éclatée :
Ozt + O,w = 0,

Oru + g (u?) + 0, (uw) = 0p0 4y + 0,04, — O, (1.3)
Oyw + Oz (uw) + 0. (w?) = 0p0. + 0.0.. — Op — g.
Notons enfin que, puisque l'on va travailler sur un domaine fermé, il faut ajouter des
conditions aux bords a ce systeme d’équations : d'une part une équation sur la surface
libre (équation cinématique) et d’autre part une équation pour prescrire la bathymétrie

b(t,z) qui encodera la chimie du probleme, ce qui constituera la principale originalité de

ce travail.

1.2.2 Description des conditions aux bords.

Comme décrit dans la Figure le domaine de calcul est délimité en haut par une
surface libre et en bas par une bathymétrie. Il faut donc ajouter des conditions sur cha-

cune de ces parties pour fermer le systeme ([1.3)).

Conditions a la surface libre : Nous utilisons la condition cinématique classique qui

exprime le fait que la vitesse d’une particule a la surface est égale a la vitesse du fluide

De plus, nous utilisons que ’écoulement en surface est soumis aux forces de capillarité, ce

qui fournit la relation suivante sur le tenseur de contraintes total au niveau de la surface
libre
(0 —pld) - ng = —ykng, (1.5)

ou v > 0 est le coefficient de capillarité de la surface et x(x) la courbure moyenne de la

surface en z = &, définie par
036
(14 (9:)2)3/%

et n¢ est le vecteur normal a la surface libre

ne(e) = —— [ %t
STt @\ 1)

14
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CHAPITRE 1. INTRODUCTION Xi LIN

Sur le fond : Nous considérons une condition de pénétration avec une zone chimi-
quement active caractérisée par une fonction indicatrice, notée ¢,, qui vaut 1 sur la zone
réactive et qui est nulle partout ailleurs. On rappelle que U; = (u;, w;) représente la vitesse
d’injection du fluide & travers l'interface (formation de l'oxyde) et que U, = (u,, w,) est
la vitesse de recul de la surface dans les zones réactives, diie essentiellement & la consom-

mation du B4C, (voir Figure [1.3)). Les vitesses d’injection et de recul de I'oxyde créé par

wfiax, z)

Lpu[!..r. z)

Llt, )

FiGURE 1.3

réaction chimique U; et U, a travers les interfaces sont supposées connues. Notons que

la quantité importante est ici la vitesse relative définie par U; — U,..

Les conditions sur le fond sont les conditions de friction du fluide sur la paroi, de
mouillage du fluide conditionnant son avancée/recul, et une équation caractérisant le

recul de la surface réactive, représentant ’oxydation de la surface :

8tb = [U - (;57»(UZ - Ur)] * 1y,
(0-mp) -ty =a(U—¢,.(U; —U,)) -t + SV - ty(cosbeq — cosb),

(1.6)

ol « est le coefficient de friction entre les phases liquide et solide et 3 est le coefficient de
capillarité. Nous renvoyons au Chapitre [2.1| pour une description complete et la dérivation
de ces équations relatives & ’evolution du fond. De plus, il y a deux points triples sur les

trois phases (gas, liquide et solide) qui, pour raison de symétrie, serons supposés identiques

15



1.3. DEUX TYPES DE MODELES ASYMPTOTIQUES Xi LIN

et dont I’angle de contact statique est défini par

g _ SG = sL
eq — -
YLG

ol YsaG,YSL, VLG sont les tensions de surfaces respectivement entre les phases solide (S),
gas (G) et liquide (L). L’angle de contact dynamique # commun aux deux points triples

est défini par
1

VI+(0:6)%

Les vectors n; and t; sont respectivement le vecteur normal et le vecteur tangentiel a la

o) 1 —9,b
M T o\ 1)

1 1
BT = e ( oub )

Pour I’étude d’asymptotique suivante, I’équation du fluide en dimension 1 se pose

cosf =

surface solide

Ozu + O,w = 0,
O 4 9y (u?) 4 0, (uw) = 0y0 4y + 0204, — DD,
Oyw + &B(uw) + 6z(w2) = 004, + 0,0, — 0.p — g.

1.3 Deux types de modeles asymptotiques

Dans cette partie, nous procédons a une analyse dimensionnelle sur le systeme de départ
en vue de faire apparaitre les petits parametres utiles pour développer une analyse asymp-

totique sur les équations de Navier-Stokes.

Notre but est ici de créer une hiérarchie de modeles, du plus simple au plus complexe.
Cette hiérarchie sera construite en enrichissant au fur et a mesure les conditions aux
bords. Au bas de I’échelle, nous étudierons une configuration avec un fond plat et une
surface libre ne prenant pas en compte les effets de capillarité. Le modele final prendra
en compte les effets de capillarité ainsi que les conditions aux bords . Dans cette

introduction nous ne présentons que le modele final.
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Dans un schéma simplifié, les écoulements des fluides sont gouvernés, entre autres,
par les grandeurs physiques qui leur sont associées. Dans le cadre de 1’écoulement d’un
oxyde dans une fissure longitudinale, nous sommes amenés a introduire les grandeurs
caractéristiques en espace : L suivant 'axe = et H suivant I’axe z. Nous introduisons
aussi celles associées aux vitesses u et w que nous noterons respectivement U et W et
celles correspondant & la pression p et le temps ¢ : P et T. Dans ce contexte, adimensionner

le systeme consiste a introduire les nouvelles variables suivantes

i=ux/L, Z=z/H, £=¢/H, b=>b/H

=g

=u/U, w

et a réécrire les équations ((1.3)), (1.4), (1.5), (1.6) and (2.3) en utilisant ces nouvelles va-

riables. Les fissures dans les matériaux auto-cicatrisants se caractérisent par une épaisseur

é
=

t=t/T, p=p/P,

trés petite devant leur longueur. Ces considérations géométriques nous conduisent a in-
troduire le parametre suivant

SZL,

et a supposer ¢ <« 1. Ce parametre apparait naturellement lorsque ’'on adimensionne les
équations citées ci-dessus et permet de dériver différents modeles basés sur les développements
asymptotiques de u, w et p en fonction de €. Notons, dans un premier temps, que ce pro-
cessus appliqué a la condition d’incompressibilité d,u + d,w = 0 conduit a I'équation
suivante

Oz + %Bgu? = 03U + %8511} =0. (1.7)

Ainsi, pour ne pas considérer, au premier ordre en ¢, des vitesses w constantes, nous

sommes amenés a considérer I’hypothese fondamentale suivante

T_w_

1.
= =c, (1)

qui transforme en
0zt + Jzw = 0.

Dans le méme ordre d’idée, ’équation de conservation du moment conduit & I’équation

17



1.3. DEUX TYPES DE MODELES ASYMPTOTIQUES Xi LIN

suivante

uow . ... U?_ _ U2 _ . P,
?35(1&0) = faj(fxx + Faga'xz — f((?xp

u.. U?
—8gu+f

T aj(ﬂz) +

ce qui nous invite a prendre en considération la valeur de T suivante

L
T=—.
U

Dans la suite, nous introduirons aussi la viscosité p de 'oxyde, le nombre de Reynolds

L
Re = —U
1

ainsi que le parametre v = 1/Re. Le choix de 'adimmensionnement de la pression s’avere
plus délicat et détermine le type de modeles asymptotiques que 'on peut obtenir. Dans
ce manuscrit de these, nous allons considérer deux valeurs de P différentes. La premiere,
définie par

P=U? (1.9)

permet d’écrire des modeles de type Saint-Venant alors que le choix
P=v— (1.10)

nous conduira & des modeles qui s’inscrivent dans un régime de lubrification.
La premiere étape consiste a intégrer 1’équation(|1.2)) sur ¢ entre b(t, z) et la surface libre

&(t,z) afin d’obtenir ’équation qui décrit la conservation de la masse

3
Ouh + 0y () = /b (60U = 0) - Vg )= + 60 (oo (s — ) — s — ),

ou h(t,x) = b(t,z) — £(t, z) et u représente la vitesse moyennée suivant la verticale

u= u(t,z, z)dz.
h(t,iﬁ) b(t,x)

La suite consiste, pour fermer le systéme, a obtenir une description asymptotique de la

vitesse u en utilisant les équations de conservation de mouvement et les conditions aux
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bords, dans chacun des deux régimes cités ci-dessus : le régime Saint-Venant et la théorie
de la lubrification. Notons enfin que dans chacun de ces deux régimes considérés, plusieurs
conditions aux bords seront envisagées sur le fond b(t,z), du fond plat correspondant a
b(t,z) = 0 a une situation plus complexe du point de vue physique incluant un fond
variable, une condition de pénétration et la prise en compte de la réaction chimique de
création de l'oxyde. Ces considérations nous amenerons, dans chacun des régimes, a écrire
une hiérarchie de 5 modeles, du plus simple au plus complet (voir le Chapitre [2f pour plus
de détail).

Pour finir, nous présentons les 2 modeles les plus complets que 'on obtient dans ce ma-
nuscrit :

e pour le régime Saint-Venant

( 13
Db + O (1T) = /b (6:(U; = U,) - Vo) d= + 6, (Bub(us — ur) — (w; — )

O (ha) + Op(ha?) + T(u; — Uy )| =0z — W(w; — Wy )|;—p + V1 hOrza(h + D)

2
(SW5) 408, (hd,w) + gagh + ghdyb + a1 + B19:((t, 2, b)) (cos g — cosf) = 0,
Orp + 0z (up) + 0, <(8tb(t, x) 4 Oxb(t, x)u(t, x) — by (6x(ul —uy) — (w; — wr))

— da(t,x) (2 — b))go) = ¢,(U; -~ U,) - V.

Notons que ce systeme comprend un terme de dérivée d’ordre 3 en h qui correspond a la

prise en compte des effets de capillarité.
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e pour la théorie de la lubrification

3
Oth + ax(R5(h>) = /b (Cbr(Uz - Ur) : VSO) dz + ¢r(%(uz - ur) - (wi - wr))a
h? h2 52

Rs(h) = —(—= 3 )(ﬁlﬁmx(h +b) + g0y (h + b)) — =0r(t, z,b)(cos eq — cos O)h,
Orp + O(up) + 0;(wyp) = 0,
u= %((h +b—2)2—h?+ aﬁ) - % xgo(t x,b)(cosbeq — cosh),
(TF5) , Z3 _ b3 2 2 _ b2 h h2 _ 62
w = w|z:b + 6zp( 6 ) - ax (gaxp)( 2 ) + ax (amp(ta x)(OT2 - 9 ))(z -
/3’2

D2p(t,x,b)(cos ey — cos0)(z — b),

Wio—p = Otb + U),—p0xb — @ (02b(ui — uy) — (wi — wy)),
Ozp , h B
(22,

U|Z:b - 2 a9

@(t,x,b)(cos ey — cosh).

(1.11)
Du point de vue structure, ’équation obtenue est une équation parabolique dégénérée
d’ordre 4. Généralement, ce type de modele sert a décrire des écoulements de fluides
visqueux entre deux parois solides tres poches en mouvement. Cependant dans le cadre
de cette these, les parois ne sont plus entierement solides, dii & la présence de couches

chimiquement actives.

1.4 Résultats d’existence de solutions pour 1’équations de lubrification

Dans cette partie nous considérons un modele de type lubrification dérivé de I'équation
de Navier-Stokes précédente,dans sa version la plus simple : celle donnée par I'équation
(2.96) i.e. (TF1) . Cette équation de lubrification est une équation d’ordre 4 non-linéaire

parabolique sur le domain 2 = (0, L), elle est L-périodique en espace :

1
T F 3 - T F T -
Orh + = Oe(F(R)2) — ——50:(F(h)d:h) = 0
8§i)h|x:0 = Qﬁi)h]x:L, for i = O, ...,4, (1’12)
hli=o0 = ho,
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avec g et 31 deux coefficients strictement positifs, F(s) = s3/3 4 s2/a avec a > 0 et la

fonction initiale hg satisfait

ho € H(Q) avec ho > 0. (1.13)
Il y a plusieurs papiers concernant le probléme de lubrification sous la forme

Oth + 0.(F(h)32h) — 0,(G(h)dyh) = 0. (1.14)

Pour F'(h) = |h|", G(h) = 0 en 1D, I'existence d’une solution non-negative faible de (|1.14))
est étudiée par F. Bernis and A. Friedman [5] pour n > 1; des résultats plus avancés sont
obtenus ensuite par E. Beretta, M. Bertsch et R. Dal Passo [2] et A. Bertozzi et M. Pugh
[8]. En particulier, dans [§] les auteurs ont classifié ce probleme en deux types: 0 <n < 3
avec fonction initiale hg > 0; 0 < n < 400 avec fonction initiale hg > m > 0. D’ailleurs

des résultats en dimension supérieure sont obtenus dans [42), 28].

Pour F(h) = |h|", G(h) = h"™, une variété de résultats sont obtenus par A. L.Bertozzi
et M. C. Pugh dans [7, 10, 9]. En comparant avec [§], I’équation (1.14]) dans [7] est étudiée
en ajoutant un 'porous media’ terme d’ordre 2 G(h)Jd,h = VA™. En particulier, il existe

des solutions faibles non-negatives pour 0 < n < 3, mais ¢a ne marche pas pour n > 3.

En particulier, pour F(h) = G(h) = h3, 'équation (1.14) est considérée par by C. Im-
bert et A. Mellet [46] mais avec un terme AI(h) qui modélise I'effet de champs d’électricité,

ou lopérateur I(h) est un opérateur elliptique non-local d’ordre 1.

Pour F(h) = h3 + MAhP avec 0 < p < 3 et A > 0, dans [49] A. A. Lacey a considéré le
cas G(h) = 0 qui représente le mouvement glissant d’une goutte mince et visqueuse sur

une surface solide. De plus il y a une instabilité des ondes longues (Ehrhard [34]).

Dans notre travail, nous nous intéressons & F(h) = G(h) = h3/3 + h?/a avec un
constant a > 0. L’objectif de cette partie est la suivante : étudier le probleme de Cauchy
(1.12)) et montrer ’existence de solutions faibles non-negatives , et étudier la limite quand

B1 — 0 avec g fixé et la limite g — 0 avec 5y fixé.
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Puisque nous ne pouvons pas utiliser le principe du maximum sur les équations d’ordre

4, la difficulté est d’obtenir la positivité sans utiliser le principe du maximum.

1.4.1 Definitions et théoréme d’existence

Ici nous ne parlons que de la définition de solutions faibles pour le systeme de lubrification

et du résultat principal.

Définition 1. Etant donné hy satisfaisant (1.13)). Nous appelons h une solution faible
pour équation (1.12)) si

h e L®(0,T; HY(Q)) N L*(0,T; H*(Q)), VF(h)d2h € L*(0,T; L*(Q))

avec h > 0 et pour ¢ € @;f([O,T] x Q) telle que Y|=p =0

/Q hot (0)da: + /0 ! /Q hoyp dedt

1 T

_ F(M)O2hdyhdu + F(h)OZh? 1.15
= /O /Q [ (h)O2hdyhdy) + (h)axhaxw] dzdt (1.15)
1 T

- / / F(h)hdyp dadt = 0
aokFre Jo Ja

olt € ([0, T7] x ©2) est une fonction périodique en espace dans €>([0, 7] x ). L’objec-
tif de cette partie est de montrer I'existence d’une solution faible globale pour le systeme
(1.12) de différentes manieres.

Théoréme 1. Etant donnée une condition initiale hy satisfaisant hg > 0 avec hg € H*(T)
et —(1+ hg)log(ho/(1 + hg)) € LYX(T) alors il existe une solution faible pour le systéme
(1.12) dans le sens de définition (1| construite par une maniere directe ou par la solution

faible globale pour equation de type Saint- Venant viscosité avec la capillarité.

D’apres les travaux de A.L. Bertozzi et Pugh, I'idée pour montrer 1’existence de (|1.12)

est de justifier que les solutions faibles peuvent étre approchée respectivement comme les
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limites de h,), sont solutions des systémes suivants :

O+~ Oul o)) = ——50u(Fy ) Dhy) = 0,

8;)3 77‘3?:0 == xi)hn’a::[, for Z = 0, ...,4, (116)

hn’tZO =ho+n.

ou nous remplagons F'(y) par,

R
T) = S E )+ o

avec 0(n) € (0,1/4) qui tend vers 0 lentement quand 7 tend vers 0.

Comparé a fy(y), fn(y) est positive ou nulle pour tout ¥y, ce qui pourra nous aider a
améliorer la borne uniforme et obtenir la positivité de h,,. Ainsi nous réécrivons le probleme
d’approximation afin de chercher une solution L-périodique pour le systeme .

Ensuite nous parlons de quelques estimations a priori :

Proposition 2. Soit hy,(t,x) une solution réguliére pour I’équation (1.16]), alors

sup/(12h,27+ (Duhy)?)d

te(0,T akr
1 2
3
h mh‘ 1.17
/ / aWe a aFr2 778 K ( )

< /(m(hn)Q(o) + ﬁ(@mhn)g(o))dx.

Remarque. Cette proposition nous offre une borne uniforme sur h, dans L>(0,7; H'(12))

si la condition initiale hg est dans H'(€).

Proposition 3. Soit hy,(t,x) une solution réguliére pour équation (1.16), alors

/Qc;7 der/ / v (Dualy )Qd:H (a hy) dm</G (ho)dz (1.18)

Remargue. Cette proposition nous offre une borne uniforme sur h,, dans L?(0, T; H%((2))
pour une hauteur initiale h,g = ho + 7 et G(hg) € LY(T). (Quant a la définition de la
fonction G(-), nous pouvons utiliser la définition dans le chapitre 3.)
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Proposition 4. Soit h,(t,x) une solution réguliére pour l’équation (L.16) avec hyo =

ho + 1, alors hy(t,x) est bornée uniformément par une M constante, et est strictement
positif dans [0,T] x 2.

Proposition 5. Soit h,(t,z) une solution réguliére pour I’équation (1.16) avec hyo sa-
tisfaisant (1.13)), alors il existe une D constante indépendente de 1, telle que nous ayons

[’estimation suivante

ATAf"(h")(aihn)zdx <D.

Par conséquent, O:hy, est borné dans L*([0,T], L*(T)) mais sa borne dépend de 1.

Proposition 6. Soit hy,(t, ) une solution réguliére pour I’équation (1.16|) avec hy satis-
faisant (1.13), alors O;hy, est dans L*(0,T; H1(T)).

Théoréme 2. Etant donnée une condition initiale hg satisfaisant (1.13)), il eriste une
solution faible positive ou nulle pour I’équation régularisée (1.16)), qui satisfait la formu-

lation faible (3.13]) dans [0,T] x 2 .

Remarque : L’existence de solution faible de peut étre obtenue par la méthode
de Galerkin. Ainsi nous avons besoin de chercher une base de fonction test ¢ (z) bien
réguliére et périodique sur 02, pour cela nous considerons le probleme de Dirichlet sta-
tionnaire d’ordre 4 :

¢ () = Ap(a);

| A (1.19)
¢ (0) = (L) for i = 0,--- ,4.

Alors nous construisons la fonction semi-discrete suivante par la méthode de Galerkin

N

uN(t,x) = a;j(t)e;(z) (1.20)

=1
Ensuite nous pouvons trouver les coefficients a;(t), en testant les équations (1.16). Puis
nous pouvons montrer qu’il existe une unique suite (a;)j=1,....y qui nous mene a une
unique forme pour u™¥(t,2) (voir la proposition . Enfin de la méthode de Galerkin,

nous montrons les convergences pour faire écho aux remarques ci-dessus.

Théoreme 3. Soit {uN}NeN une suite construite par la précédent processus (défini par

BT, alors
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i) il exist une suite {u™N }nen qui converge fortement dans L*([0,T], H'(2)) ;
i) il exist une suite {u™ }nen qui converge fortement dans L*([0,T], H?(2))

iii) il exist une suite {u”™ } e qui converge faiblement dans L*([0,T), H3(Q2)) ;

1.5 Modeéle de Saint-Venant et modele de lubrification

Dans cette partie nous voulons préciser la limite entre I’équation de lubrification et
I’équation de Saint-Venant précédente, plus de details de ces modeles sont présentés dans

les articles [43], [12] (ainsi que les travaux [6], [10]).

Tout d’abord, nous pouvons construire une convergence faible en utilisant la borne
uniforme pour une solution faible globale pour I’équation de lubrification. Ensuite nous
montrons la convergence forte pour une solution de cette équation en utilisant une inégalité
dans [24]-[25] pour le systeme de Navier-Stokes-Korteweg avec condition de compatiblité
entre le terme de dispersion et le terme de diffusion. Sous la condition compressible, la

densité dépendant de la viscosité s’annule si la densité s’annule.

Nous considérons, sur un domaine périodique €2 = T, I’équation de Saint-Venant avec

tension de surface

Othe + 0y (heue) = 0,
Oy (hetis) + 0y (hguz +

(hE)Q) 4 1 (1.21)
Re

2Fr2 = —396(1156;5@3) + %hgf)g’ha — Oéﬂg,

avec a > 0 ot Re le nombre de Reynolds, We le nombre de Weber et Fr le nombre de
Froude. Notons que les termes a droite représentent respectivement le terme de viscosité,
le terme de capillarité et un terme linéaire. Dans le cas unidimensionnel en espace, ’exis-
tence de solutions faibles globales de ce systéme est obtenue dans [I8] ou la BD-entropie

a été introduite.
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Nous considérons le fonction initiale

helt=o = h(Eh (hette)|t=0 = m(EJ-

Nous considérons la limite de lubrification (¢ < 1) avec des nombres non-dimensionnels
sous la forme

We :=eW,, F?:=cF? o:=

o | Ql

et les autres nombres dimensionnels indénpendants de . Pour la limite ¢ — 0, nous

supposons des bornes uniformes pour toutes les dérivées; formellement

__ 1 .5 hOzh
au = Wehaxh -~ (1.22)
et
Oth + 0, (hu) = 0. (1.23)

Combinant les équations (1.22)) avec ((1.23)), nous obtenons une équation de lubrification

h+ 0, h202h — —h2 h 1.24
Och + 0 <aW a; Oy > ( )
Estimation d’énergie :

d heu? h? g

dt(/f e ) /h (8,u.)% + au? < 0. (1.25)

Cet estimation d’énergie est obtenue en multipliant I’équation du mouvement par u. et

en ajoutant ce résultat a I’équation suivante

E Oh? + 0, (h*u.) + h?0,u.] = 0, 1.26
2 € € £

et ensuite nous l'intégrons en espace. Cette équation ([1.26)) est obtenue a partir de

I’équation de la masse, en la multipliant par h..
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L’estimation de BD entropy est

_d [h L Ouhe., d / B2 (.h)? 4w
AR, %leye @ ~ ek
ea [y o et AR) 5=+ 0 1T<2F2 T oOw, TR ‘)
4 [ (9zho)? | (O7he)? _
il <0 1.27
+Re/[|’ 2 + W, —i—/vozug < ( )

Définition : Nous appelons (he,u.) solution faible globale pour I’équation ([1.21)) si

elle satisfait ([1.25]) et ((1.27))

/OOO/FhEathr/1I s(-,0) da = —/OmAhsugamd:cdt (1.28)

s(/oo/heusﬁtgbjL/quﬁ(',O) da:+/oo/h€u§6x¢d1:dt> (1.29)
/ /haug o) —/ /8h82h¢da:dt
- /h d%h 8x¢dzdt+/ /h2 xgbd:vdt—a/ /usgbdfndt—O

pour tout 1/1 € CP(T x [0,00)) et ¢ € CF (T x [0,00)).
Nous rappelons qu’il y a un résultat d’existence dans [16].

Théoreme 4. Soit (h§, m) est un couple tel que hi > 0 et
s HYQ), elm§|?/hg € LY(Q), E0,Vhy € L2(Q), —log_ hf € LY(Q)

ot log_ - = logmin(-, 1). Alors il existe une solution faible globale pour I’équation (1.21)

au sens de la definition (1.28)—(1.29)).

Théoréme 5. Soit (he,u:) une solution faible globale de (3.25) avec la condition initiale
satisfait les bornes uniformes. Alors il existe une sous-suite de (he,u:), notée par (he,u.),
qui converge vers (h,w) la solution faible globale du systéme de lubrification (4.2])—(4.3)

satisfaisant la condition initiale h|i—o = ho avec ho la limite faible dans HY(T) de h§.

27



1.5. MODELE DE SAINT-VENANT ET MODELE DE LUBRIFICATION Xi LIN

28



Chapitre 2

Derivation of asymptotique
models from Navier-Stokes

equation

As a composite material accompanied with excellent properties, Ceramic-matrix compo-
sites (CMCs) contain a ceramic matrix reinforced by a refractory fiber, such as silicon
carbide (SiC) fiber. Because of their high strength and low weight, CMCs are the focus of
active research, for aerospace and energy applications involving high temperatures, either
military or civil referring to [63], where CMCs are envisioned as lightweight replacements
for metallic superalloys. These composites are no longer brittle in spite of being based on
brittle ceramic components, owing to the use of a fiber /matrix interphase that manages to
preserve the fibers from cracks appearing in the matrix, specifically, in protecting them-
selves against oxidation by the formation of a sealing oxide which fills the matrix cracks.
Due to the self-healing process, CMCs have extremely long lifetimes even under severe
mechanical and chemical solicitations. Recent developments aim at implementing in civil
aero engines a specific class of CMCs which was already successfully tested in military

engines that show a self-healing behavior.

Indeed, the lifetime-determining part of the material is the fibers, which are sensitive

to oxidation ; when the composite is in use, it may appear cracks that provide a path for
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oxidation. Self-healing consists in filling these cracks with an oxide formed in-situ by the
oxidation of parts of the matrix components surrounding the fibers. The oxide corks limit
oxygen diffusion toward fibers, thus delaying fiber oxidation and failure. The obtained
lifetimes can be of the order of hundreds of thousands of hours. These time spans make
most full-scale experimental investigations impractical. Laboratory tests have necessarily

to be replaced by predictions based on numerical models.

Remarkable preliminary results have already been obtained by Dréan, Perrot, Couégnat,
Ricchiuto and Vignoles on the 2D numerical modeling of oxide formation in self-healing
CMGCs in [31], also by Caty and Rebillat on X-ray CMT characterization in [26]. This work
is a continuation of that of G. Perrot [60], with the aim of deriving asymptotic models to
describe the self-healing process and to develop mathematical tools in view of performing

realistic numerical experiments.

In this paper, we introduce new models which describe both the self-healing behavior
and oxygen diffusion towards fibers. In general, the evolution of an incompressible fluid
can be described by the Navier-Stokes equations. However, we observe that a direct nu-
merical method applied to these equations will induce a significant computational cost,
especially in our case, due to the long lifespan of the material. Thus, we shall derive se-
veral asymptotic models from the Navier-Stokes equations with boundary conditions in
order to reduce this cost, for example, shallow water models and thin film models. The
idea is inspired by the method proposed for the one-dimensional case by Gerbeau and
Perthame in [43], in which they recall the classical derivation of Saint-Venant system from
the Navier-Stokes system for incompressible flows with a free moving boundary. Preci-
sely, we transform bottom conditions related to the chemical reaction and normal-stress
continuity conditions on the free surface. Moreover, the gravity, surface tension effects

and capillary effects will be taken into consideration in our models.

On account of these complex boundary conditions, asymptotic models are not readily
obtained, for this reason we set about boundary conditions from the simple to the com-
plex. More specifically, we start from pure slip bottom without capillary penetrations as

well as free surface without capillary effects, afterwards we add other conditions to cur-
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rent model stepwise. From dimensionless analysis implemented by some suitable scalings
on Navier-Stokes equations with free surface boundary conditions and general boundary
conditions at bottom (from adherence to pure slip), we derive two kinds of models, namely

shallow water models and thin film models.

More precisely, solutions are expanded with respect to the geometrical ratio e = H/L
between the classical defined characteristic fluid height H and the characteristic wave-
length L of the flow. The main difference between these two types of models springs from
the definition of rescaled full stress tensor, substituting the asymptotic expansions into
the depth averaged continuity and momentum equation : we obtain shallow water models
by taking P = U? and thin film models by taking P = vU?/e2. Similar strategies are used
in Boutounet, Monnier and Vila [§], related to thin free-surface flows for quasi-Newtonian
fluids (see also Bresch and Noble [22] concerning the derivation of shallow water model

assuming non zero surface tension coefficient).

2.1 Navier-Stokes equations and boundary conditions

In order to describe the cicatrisation process of a self-healing material, we assume that

the oxyde created by the chemical reaction
B4sC 4+ 0.6C +4.609 — 2B203 + 1.6C0O4

ou
B4sC + 409 — 2B503 + CO9

is a free-surface, isotropic, incompressible and irrotational fluid. In the context of a 2D
simplified crack (see Figure ), the propagation of the fluid is described by the 2D

Navier-Stokes equations

divU = 0,
0, U + div(U ® U) = dive(U) — Vp + g,

(2.1)
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where U = (u,w) is the velocity, o(u) = 2uD(U) is the deformation tensor with

VU +VU”

D(U) =

1 is the viscosity coefficient, p is the local pressure in the fluid and g denotes the accele-

ration of gravity. Note that Equations (2.1) can be rewritten into the form

Ozu + O, w =0, (2.2a)
O 4 0p(u?) + 0. (uw) = 0y 4y + 0204, — O, (2.2b)
Ow + 0z (uw) + 8Z(w2) = 0p045 + 0,0., — 0,p — g. (2.2¢)

Let us mention that the fluid domain depends on time ¢ and on the horizontal space
variable x

Q(t,z) ={(t,z,2);t >0, z €[0,L], b(t,z) <z <&(t,x)},

where b(t,z) denotes the bathymetry and {(t,x) represents the surface elevation. The
domain (¢, x) will be described by a level set formulation (see [65], [58]). In order to
describe properly Q(t,z), we use an idea of [43] by introducing an indicator function ¢
defined by

1, for b(t,x) < z <&(t,x),
o(t,z,2) =
0, otherwise.

Note that, since at the bottom we have to take into account a chemical reaction zone we use
a second indicator function ¢, which describes this chemical reactive zone. We introduce
also Uj = (u;, w;), the velocity of fluid injection through the surface and U, = (u,, w;) the
velocity corresponding to the decline of the reactive zones (see Figure . The function

 is advected by the flow and then satisfies the usual equation
oo+ (U= 6,(U; = 1,)) - Vo =0,
which can be rewritten using the incompressibility condition
dp+ V- (Up) =¢.(U; = U,) - Vo. (2.3)

In order to close the system, we now need appropriate boundary conditions for respectively
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the free surface and the bottom of the geometry.

e at the bottom. The bottom is treated as a free surface and for sake of completeness,
we recall here how to obtain the equation describing the evolution of this kind of surface.
Consider a fixed time ¢y and a point (xo,b(tp, o)) on the interface. Consider a semi-
Lagrangian surface w(t) delimited by 4 points M(t), N(t), P, Q (see Figure [2.1). We are
interested by following the deformation in the z-direction. Introduce two infinitesimal

length Az and Az(tg) which are supposed to go to 0 later on. We set

M) = (0~ 55 bl w0~ 50,
N0 = (o + 55 bt 0 + 50),
P = (z0 + %,b(t,xo + %) + Az(to),
Q= (e~ 50 btz — 5) + Az(t0).

bt.xr)

FIGURE 2.1 —.

The volume of w(t) is |w(t)| = AxAz(t). As a consequence, one has

0 A OAz(t) . 0b
5 w(t)] = Ax 5 Aaza(t,xo).
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Let a be the angle of the film surface with respect to the horizontal variable, so that

ob
tan(a) = %(to, x0),

and consider a long-wave regime o << 1, that is

0b

%(to,xo), cos(ar) ~ 1. (2.4)

tan(a) ~ sin(a) ~

By conservation of mass, one can write that the variation of the volume of w(t) is equal

to the mass fluxes on each part of the boundary of w(¢). Thus

\w( )| —/ ol udz — /[NP] udz + /[PQ](— sin(a)u + cos(a)w)dy
+ / (sin(a) @y (u; — uy) — cos(a) o (w; — wy))dry.
[MN]

We assume furthermore that all the velocities involved are continuous around (to, o),

which provides

u(z, z) = u(zo, b(to, x0)) + O(Az, Az(lo)),
w(z, ) = w(zo, blto, 7o) + O(Az, Az(to)),
wi(x, 2) = ui(xo, b(to, xo)) + O(Az, Az(ty)),
wi(x, z) = wi(xo, b(to, xo)) + O(Az, Az(ty
) = ur(x0, b(to, x0)) + O(Ax, Az(tg
wy(, 2) = wy (o, b(to, o)) + O(Az, Az(lo)),

);
)

I

and furnishes
/ udz — / udz = Az(tg)O(Ax, Az(ty)),
[MQ] [NP]

and

/ (—sin(a)u) + cos(a)w)dry
[PQ]

- coff@ (= sin(a)u(wo, b(to, z0) + cos(a)w(wo, blto, z0))) + O(Az, Az(ty)),
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/ (sina)é (ui — uy) — cos(a) by (w; — w,))dy
[MN]

Ax

— s (sin(a) 6 (usan.bto,70)) = . bl 0)

— cos(@) e, (wi(o, blto, z0)) = w, (20, blto, 70)))).

+ O(Az, Az(tp)).

Then we deduce

Ae 2 (1, 30) =A2(t0)O(Aw, Ax(to)) +

5 — (= sin(a)u(zo, b(to, o) + cos(a)w(xo, b(to, 0)))

cos(a)

((sin@)er (ui(o, bto, 0)) — w0, blto, 20)))

Ax

cos(a)

— cos(a)pr (wi(xo, b(to, o)) — wyr(x0, b(to, xo)))) + AzO(Ax, Az(ty)).

Using (2.4) and sending Az and Az(tg) to 0, one obtains

b ob ob
e + Ulsmby— — Wis=b = ¢T(%(ui —uy) — (w; —wy)). (2.5)

it can be also written as
8tb = [U - ¢r(Uz - Ur)] -1y

To complete the equation (2.5, we also use the so-called Generalized Navier Boundary

Condition (see [62]), which reads in this context
(0-mp) -ty =aU -ty + BV - ty(cos Oy — cosb), (2.6)

where « is the liquid-solid friction coefficient and 3 the capillary coefficient on the solid-
fluid surface. We remark that there appears two triple points of three phases (gas, liquid,

and solid), at which the equilibrium contact angle is defined as 6., = %, where 7 is

the surface tension between phases gas (G), liquid (L) and solid (S). The contact angles 6
1

V1+(026)%

are supposed to be equal by symmetry arguments and are defined by cosf =
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Vectors n; and t, are respectively the outward normal and the tangent to the bottom :

o) 1 —,b
M AT @2\ 1)

6 (t _ 1 1
N e AT A

At the free surface. We use the well-known kinematic condition, which expresses the

continuity of the velocity at the free surface and that can be obtained with the same tools

used to derive (12.5)),
(9,55 + U|Z:§8x€ — w‘zzg = 0. (27)

In addition, we express the continuity of the fluid stress tensor
(0 —pld) -ng = —ykng, (2.8)

where v > 0 is a capillary coefficient on free surface, x(z) the mean curvature of the

surface at point z, defined by

0:¢

S T e

and ng is the outward normal to the free surface, defined by

n(a;)—il —0ut
ST i@\ 1)

Finally, we give now the complete system describing the propagation of the oxyde
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inside the crack :

divU =0, on Q(t,z),

0 U+ div(U® U) =divD(U) — Vp+ g, on Q(t,x),

Orp + V- (Up) = ¢r(U; = Uy) - Voo, on Q(t, z),

O o wpey = O (o i — ) — (i~ wy)), a2 = b7, (29)
Ot + U|,—¢02§ — wp,—¢ = 0, at z = §(t, ),

(0-mp) -ty =aU-t, + Ve - ty(cosbeq — cosb), on z = b(t, x),

(0 —pld) - ne = —yrng, at z = (¢, x).
2.2 Different kind of Models

In order to create a hierarchy of models, we consider in the sequel different kind of
boundary conditions, from the simplest to the more complex ones. The idea is to write
first simple models which can be used in first approximation and to construct step by step
more complicated models which contains more physics. We then modified the boundary
conditions on the bottom. In this context two family of asymptotic models will be derived :
the first one belongs to the shallow water types models and the second one come from
the lubrication theory. Note that we still deal here with an ideal situation where the fluid
is symmetric in the crack, meaning that the two triple points have the same dynamical
angle.

At the bottom, five situations are investigated from a flat bottom to a bumpy bottom,
with, for the last one, the inclusion of a reactive chemical zone.

e case 1 : we consider a flat bottom without capillary penetration (adherence) (see
Figure , which leads to the following boundary conditions :

b=0, (2.10a)
(O’ . nb) . tb =alU- tb. (2.10b)
Note that Equation of (2.10b)) expands

w(0u + Oyw) = au. (2.11)
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E(t.x)

bt r)

FIGURE 2.2 — Boundary conditions corresponding to case 1.

e case 2 : we still consider a flat bottom but we assume that capillary penetration
occurs (see Figure [2.3)). This furnishes

hit.xr)

FI1GURE 2.3 — Boundary conditions corresponding to case 2.

b=0, (2.12a)
(0-mp) -ty =alU -ty + BV - ty(cos by — cosb). (2.12b)

In this case, Equation of (2.12b]) expands
p(0:u 4+ O,w) = au + BOyp(cos By — cosb), (2.13)
and is completed by the equation on ¢

oo+ V- (oU) =0. (2.14)
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e case 3 : we come back to a no penetration condition associated to a bumpy bottom

(see Figure [2.4]). The boundary conditions can be written into

FIGURE 2.4 — Boundary conditions corresponding to case 3.

Osb + udzb = w, (2.15a)
(0-mp) -ty =alU - ty, (2.15b)

Equation (2.15b)) expands

_2M6xuaxb + ,Uf(azu + axw> - ,U(azu + axw)(azvb)Z + 2luazwaxb

= a(u 4+ wdyb)\/1+ (0.b)%. (2.16)

e case 4 : this situation mixes a penetration condition on a bumpy bottom (see Figure
(2.5)). The boundary conditions are

Ob + u0,b = w, (2.17a)
(0-mp) -ty =aU -ty + BV - ty(cosbey — cosbh), (2.17b)

where ¢ solves Equation ([2.14)).
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b(t.x)

FIGURE 2.5 — Boundary conditions corresponding to case 4.

Equation (2.17b)) becomes

— 20, udyb + p(0u + Opw) — (D, + Opw) (Dyh)? + 210, wd,b
(2.18)
= <a(u + w0yb) + B(Orp + 0,p03b)(cos Oeq — cos 9)) 1+ (0:)2.

e case 5 : this is the most complete physical situation that we treat here : a penetration

condition is studied with a chemical reactive zone (see Figure [1.3]). This leads to

b b b
g + u% —w = gb,«(%(ui —uy) — (w; — wr)), (2.19a)
(0-mp) -ty =aU -ty + BV - tp(cos Oy — cosb), (2.19b)

where ¢ solves Equation ([2.3)

at90 +V- (UQO) = ¢T‘(UZ - Ur) V.

2.3 Shallow Water models

This section is devoted to the obtention of asymptotics models of Shallow water types.
These models are obtained by combining an appropriate scaling and the different physical

situations presented in the previous section.
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2.3.1 The nondimensionalized system

The aim of this section is to introduce a non-dimensionalized version of system (2.9]).
To this end, let us introduce the characteristic values of the flow : H in the direction x,
L in the direction z, U is the order of magnitude of the velocity v and W is the one for
the velocity w. The mass equation suggests to take W = UH/L. We then introduce some
characteristic dimensions for the time ¢, T = L/U and for the pressure p, P = U2. The

dimensionless variables can be defined as :

/L, 2=z/H, £€=¢/H, b="b/H,

=N
Il
8

& = @ B i 5= 0
U’ LU? LU?
The geometric scaling parameter is defined by :
H W
E=—=—.
L U

In the shallow water asymptotic regime considered here, note that one can assume ¢ << 1.
This fundamental hypothesis will of course play a crucial role in the sequel. The free sur-
face z = € becomes z = 5 after scaling. Some dimensionless numbers are also introduced :
the Reynolds number Re = UL/u and the inverse of the Reynolds number v = p/(UL).

Moreover, an easy computation shows that, formally 9, = €0z, so that

(t.2) 1 —0yb 1 —e0zb
n(t,r) = ——— =
’ 1+ (002 \ 1 e \ 1

U B X N S
& T+ (0,62 \ 1 1+ e2(0a62 \ 1

We also introduced the rescaled indicator function as o(t, z, z) = ¢(t, 7, #) and the rescaled
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deviatoric stress tensor ¢ is

o1 < 2001 Y051 + vedsi )
o = o = .

gaga + vedzw 20050

We rescale also the gravity § = gH/U?. Dropping the ” ~” for the sake of simplicity, one

can write the nondimensionalized version of (1.3]) as follows

Ozu + 0w = 0, (2.20a)
Opu 4 9y (u?) 4 0, (uw) = —dup + 200%u + é_%aﬁu +v0% w, (2.20b)
e2(Oyw + 9y (uw) + 0. (w?)) = —0,p + v u + vedPw + 200%w — g.  (2.20c)

Observe that our change of variables leave the equation on ¢ unchanged, that is
o+ V- (Up)=0¢.(U; —U,) - V. (2.21)
The kinematic condition can be rewritten into
Ot + 10, — wp,—¢ = 0, (2.22)

while the the continuity of the fluid stress tensor at the free surface becomes

v 03¢
(—2v0,u + p)0,€ + =0 u + VO w = e L &, (2.23a
ot (1+c2(0:6)2)2 !
2 92¢
—(VO,u + e v0,w)0:€ + 200w —p = —e - (2.23b)
(1 +e%(0:6)?)2

Again, in this context, the equation ([2.5)) describing the evolution of the bottom in the
most general situation (that is by considering a chemical reactive zone) is not affected by

the use of dimensionless variables and can be recalled here

0b 0b ob
ot + ulz:bﬁix — Wiz=p = ¢r(%(uz —up) — (wi — w?"))' (2.24)
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This is not the case for the Generalized Navier Boundary Condition (2.6) which becomes,

— Aevdyudyb + 5(1 — £2(8,0)) Du + ve(1 — e2(0,b)%) dpw

= /1+¢&2(d.b)? (a(u + £20,0) + B(02d + 0>00b)(cos(0eq) — cos(9))). (2.25)

2.3.2 The vertically averaged nondimensionalized system

In view of obtaining simple asymptotics models, we first derive in this section an
intermediate system for quantities that have been vertically averaged. In order to be
more precise, we first introduce some notations. For a generic function f depending on

(t,z,2), we denote by f its vertical average

13
F(tx) = h@lm) /b f(t,x.m)dn,

where h(t,x) = £(t,x) — b(t,x). We integrate the mass conservation equation (2.21f) from
b(t,z) to &(t, x) to obtain

3 £
[ (009 @U)dz = [ (60~ 0,) - V)
b b
Using the Leibniz rule, we then derive
3
Oeh + D (W) — (D4 + UD€ — W) a—e + (O4b+ udyb — W) oy = / (¢T<Ui ~U,)- w) dz
b

Using Equation and , one can write

3
O + 9, (h) = /b (@(Ui —U,)- w) dz + m%(ui —w) = (wi—w)  (2.26)

Remark that in the cases 1, 2, 3 and 4, that is without taking into account a reactive
chemical zone, equation (12.26]) becomes

O + 9, (h) = 0. (2.27)
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Applying the same procedure to (2.20b]), one gets

3 3

8t/ udz + 8;,;/ u?dz — (u0L + u?0,€ — UW) |—¢
b b
0, 20 0 ‘ 0 ‘ o)
b xb— z2=b — —Ux d 2 €T x d
+(udb + u UW)|,—p /bpz+ v /b udz (2.28)

—(—p0z€ + 200, udE — é@zu — VO W) |—¢

+(—pOib + 200, udb — 20 — VW) oy
£

We now derive some asymptotics expansions on the velocities © and w. Observe first that

from (2.20bf) and (2.20c]), one obtains directly

020 = 0(e?),
D.p = VO u+ 2002w — g + O(e?).

From ([2.23a]), one has
az'u(t, €, f) = 0(52)7

from which we deduce that

§
dyu(t,x,z) = du(t,z, &) — / Ou(t, xz,y)dy = O(e2).

Integrating (2.31)) from respectively b to z and z to £, one derives
u(t,z, 2) = u(t,z,b) + O(e?),
u(t, =, 2) = u(t,z,€) + 0(?).,
which provides

u(t,z,b) = u(t, ) ,
) +0(%),
u(t,x, z) =u(t, z) + O(e2).

+
+

8

u(t7 x? 5) = H(t7

(2.29a)
(2.29b)

(2.30)

(2.31)

(2.32a)
(2.32D)

(2.33a)
(2.33D)
(2.33¢)

In the next lemma, we make a link between the derivative of u with respect to z and its

mean value.
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Lemme 7. The following expansions with respect to € hold true

dpu(t, z,2) = dpu(t, z) + O(e?), (2.34)

Opu(t, x) = 0,7(t, x) + O(e?), (2.35)

u2(t,x) = u>(t, x) + O(?), (2.36)

w(t,z,2) = w(t,z,b) — 0a(t, z)(z — b) + O(e?) (2.37)

Proof. We first apply d, on Equation (2.20bf), considering that v and w are regular, to

obtain
Orpus + 0% (u?) 4+ 02, (uw) = —0%p + 2003u + é@g(@xu) + vd%(0.w),

from which we deduces that
0%(9,u) = O(£%). (2.38)

Applying 0, on Equation ([2.23al), we have
v
(_6117 + 2V89%u)|z=§(_8x€> + (_p + 2V8mu)\z:§(_a§£) + gagz'uﬂz:{ + Va:%w|z:§ = O(€2>

from which we deduce
2 u(t,xz,&) = O(e?). (2.39)

Gathering relations (2.38)) and ([2.39), one derives

£
O7.u(t,z, z) = Opu(t, ,£) —/ 02 (Opu)(t, 2, 2')dz") = O(?),

and

£
Ogu(t, x, z) = Ogu(t, z, &) — / 02 u(t,x, 2 )dz = dyult,z,€) + O(e?).
z
As a consequence, one can compute

1

éa t,x, 2)dz = 5a t,x,&)dz + O(e?
h(t,l’)/b zu(vxvz) Z_h(t,x)/b :cu(ux7§) z+ (8)

= dyult,z,€) + O(e%) = dyult, z, 2) + O(e?),

Ou(t,z) =
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which proves ([2.34])).

Moreover, by Leibniz’s rule,

_ £
Ozu(t,x) = h(tlx)/b Ozu(t, x, z)dz
1 €

= ) ((%,—/b u(t,x, 2)dz — (0.8)u(t, z, &) + (O:b)ul(t, x, b))

:hém%@ﬂWXUﬂ_U@%zWM>+O@%,mmggmﬂﬁmigmm’
= 0,u+ O(Ez),

which proves ([2.35)). Furthermore, using (2.32a)) and (2.33a)), one has

; éu2 z,2')dz = u(t, x gu z,2')d N =w2(t,x 2
im@yé (t2,2)d h@@(h)A (t,z,2")dz" + O(e7) = u”(t, ) + O(e7).

Finally, from (2.20a)), one can write
z
w(t,z,z) =w(t, z,2) +/ O w(t,x, 2" )dz'
b

=w(t,z,b) — /bz Ou(t,z,2)d = w(t,z,b) — O,7(t, x)(z — b) + O(e?),

by (2.34]), which ends the proof of Lemma a

2.3.3 Presentation of the Shallow water models

In this section, we derive the different Shallow water models corresponding to case 1
up to case 5 (see Sectionfor a complete description). For the sake of clearness, we begin
with case 1 and we refer to [22] and [43] and for the explanation of the usual asymtptotic
method in this framework. Observe first that equation is the first equation of the
system we derive in cases 1, 2, 3 and 4.

Case 1 : flat bottom without capillary penetration. In order to close the system, we have

to derive a second equation using Equation (2.28)) which becomes, in the context of case
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1, recalling that b =0,

13 13 § 3
Oy / udz + 0, / uldz = — 0, / pdz + 200, / Oyudz
b b b b

— (—p0z€ + 200,ud,€ — g%ﬁzu — VO, w)|,—¢

v
+ (—?azu - Vaxw)\z:b- (2.40)

Now, we recall the dimensionless boundary conditions ([2.23al)-(2.23b]) on the free surface
z=¢(t,x)

(9 — 200,u)(0,€) + e%azu F vOyw = 4ed2£0,€ + O(2),

—(V0,u 4 V0, w)0uE + (—p + wow) = —yed?E + O(£2).
As a direct consequence, (2.41) becomes, taking into account ([2.25))

13 13 13 13
8t/ udz + 333/ uldz = —833/ pdz + 21/836/ O udz + 768%589;5 — gu|z:b + 0(82).
b b b b
(2.41)

It remains to derive an asymptotic expansion on the pressure p. By the incompressibility
condition ([2.20a)), one has d,u = —0,w and using (2.30)), one derives an asymptotic value
for the pressure p on the top of the fluid

p(t,z,€) = —200,u(t, x,€) + 7026 + O(e2). (2.42)

As a consequence, we obtain the following expression for the pressure p at any altitude z

3
p(t,.T,Z) :p(taxvé) - / 8Zp(t,:z:,z/)dz/

€
= —2wdu(t,x, &) + yed*E — / (V@i,cu + 2002w — 9)(t, z,2)dz + 0(?) by ([2.29D)

= —3vdyu(t,z, &) + yed*E + voult,x, z) — 2V(8Zw(t, z,&) — Oyw(t, , z))
+g(€ —2) + O(%). (2.43)
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Again using (2.20al), one obtains from Lemma m

Ow(t,z,&) — ,w(t,x,z) = —0zu(t,z,&) + Oyu(t, x, 2)
= Jpult,z) — Dpu(t,x) + O(%) = O(£?), (2.44)

from which we deduce
p(t, @, 2) = =3vdyu(t, =, &) + ¥edzE + vdyult, x, z) + g(§ — 2) + O(e?). (2.45)

We are now able to compute

3 3
/ p(t,x,2")dz = / (= 3vdpult, z,&) + vd2E + vOyu(t,z,2') + g(§ — 2))d' + O(e?)
b b

_ h2
= —3vhdu(t, z, &) + vehd2€ + vhou(t, z) + 4 0(e?)

_ _ L gh? 2 2

= —2vh0yu + T + vehdZ€ + O(e*) by Lemma |7

(2.46)

which provides

2
gﬁgh + (5)(52).

3
(993/ pdz = —2v0,(hd,T) + vedy (hO2E) +
b

Introduce oy = /() and 1 = ve, Equation (2.41]) becomes, using (2.33a)) and (2.36)),

g0y h?

Or(h) 4 0,(hT?) + Y1 hO2E — 4vd, (hd,T) + + g = O(e?) (2.47)

As the Shallow water regime corresponds to an approximation up to €2, one finally obtains

the first asymptotic model, fitting the boundary conditions of case 1

B + 8, (h@) = 0,

(SW1) (2.48)

2
Ou(ha) + 0y (hu?) + y1hd3¢ — 4vd, (hdyu) + g8;h +aju = 0.

Case 2 : flat bottom with capillary penetration. In this case, Conditions (2.24) and
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(2.25)) at the bottom become

w(t,xz,b) =0, (2.49)

20U|,—p + VEQzW|,—y = QU|—p + B0z P(c08(0eq) — cos(0)), (2.50)

where ¢ solves Equation (2.14)). The continuity of the fluid stress tensor on the free surface

z =¢(t, ) (2.23a)-(2.23b) can be rewritten as

{ (—2005u + )€ + g%azu + 00w = 7eD2E,E + O(<2)
— (V0 + 2v0,w) 0, 4 20w — p = —y02E + O(e?),

from which we deduce that, using ([2.20al)

{ du(t,x, &) = 0(62),
p(t,x, &) = —2vou(t, z, &) + Vsﬁgf(t, x) + (‘)(52)

In this situation, Equation (2.28)) becomes

13 3 3 13
Gt/ udz + Oy / uldz = — Oy / pdz + 200, / Orudz + ’ysaifaxf
b b b b

— (au + SOz (cos(0eq) — cos(0))|,—p + O(e?).

(2.51a)
(2.51b)

(2.52a)
(2.52b)

(2.53)

We now derive the asymptotic expansion on p, using (2.52b)) and (2.29b]), as follows

13
p(t,z,z) = p(t,z,£) / .p(t,z,2")ds

&
= w0, u(t, x, &) +ed2E(t, x) — / (vO2u + 2002w — g) (t,z,2')dz" + O(e?)

z

= —3voyu(t,x,&) + voyu(t,z,z) — 2V(8Zw(t,:z,§) — dw(t, z, z))
+9(& — 2) +7e026(t, @) + O(e?),

= —3vdyu(t,z, &) + vdyu(t,z, z) + g(€ — 2) + 1ed7&(t x) + O(e?),
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by (2.44). We deduce that

13 13
/ p(t,z, 2 )dz = / (= 3vdyult,z, &) + voult,z, 2') + g(& — 2) + y02E(t, x) ) dz’ + O(e?)
b b

_ h?
— —3uhdyu(t, z,€) + vhdyu(t, =) + 97 +yehd2e(t,z) + O(e2)
_ _gh? 2 2
= —2vho,u + > + veh0;£(t, ) + O(e”) by Lemma |7
(2.56)

and
GO h?

13
0, / pdz = —200, (hd,T) + 4 red, (hO2E(t2) +O(ED).  (257)
b

Furthermore, since b = 0, one can notice that d,h = 0,£. Then, collecting (2.53) and
(2.57)), we obtain

g0y h?

3 3
8t/ udz + 835/ uldz = 200, (hd,T) — — €0, (h@gg(t, :U)) + YeD2£0,E
b b

13
+ 2v0, / Ozudz — (u + B0y P(cos(0eq) — cos(0))|.—p
b

+0(e?),
_ gf)xh2
= 4v0,(h0,u) — 5 (au 4 B0z d(cos(beq) — COS(Q))|Z=b
— 7eh®h + O(e2) (2.58)

Recalling that v; = «e and using (2.33al), we conclude that u satisfies

GO h?

Or(h@) 4 0p(hT?) + 1 hO2h — 4vd, (hd,) + + a1 (2.59)

= —B0,¢(t,x,b)( cos(feq) — cos(0)) + O(e?) (2.60)

We finally obtain, since w(t,x,b) = 0 and using (2.21)), (2.33c|), (2.36) and (2.37) the
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following system
8ih + 9, (ha) = 0,
O (h) + 0p(hT?) + Y1 hOpauh — 400, (hO,T) + 90:1° +au
(SW2) t T 4! TTT i T (261)

+ 58;590(75, x, b)(COS Qeq — cos 9) =0,
Ao + 0, (up) — 0. ((z — b)dyup) = 0.

Case 3 : bumpy bottom without capillary penetration. In this case, equation ([2.24))

becomes
Ot + u|z:b8:vb = Wz=p = 0,

while (2.25)) is, taking into account ([2.20a)) and (2.30)),
v
—4u8$u|zzb8xb + ?82U|z:b + V8Iw|zzb+ = Q1 U|p=p,
where aq is a rescaled coefficient and is equal to
«
o] = —
€

Equation (2.28) can be written, using (2.22)), (2.62) and (2.63)), into the form

3 3 3 3
8t/ udz + 89[;/ u?dz = —83;/ pdz + 21/8;,;/ Oyudz
b b b b

036006 — (pOzb — 200,ud;b — 1) ops
where we recall that v; = ye. By (2.45)), one has
p(t,z,b) = —3vd,u(t, z,€) + voyu(t, z,b) + gh + O(?),

from which we deduce that

PO — 200,ud:b = (— 3vdyult, x, &) + 3vdyu(t, z,b)) Ozb + ghdyb + O(e?).

o1

(2.62)

(2.63)

(2.64)
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Using Lemmal 7], one derives,
pOyb — 200,ud.b = ghdyb + O(?).

As a consequence, one can rewrite (2.64]) in the following way

13 13 13 3
&g/ udz + Ox/ uldz = —Gx/ pdz + 21/81/ Oyudz
b b b b

+ Y10260,€ — ghdpb — aru + O(£2). (2.65)

Collecting (2.57) and ([2.65]), one obtains, since £ = h + b,

9O, h?

O (W) + Op(WT?) 4 y1hd2 (h + b) — 4v0,(hd,T) + + ghOzbar = O(e%).  (2.66)

Thus, the final model is, collecting (2.27)) and ([2.66)),

Oth + 8, (hw) = 0,
(SW3)

g0y h?
2

Or(hT) + 0y (hT?) + y1hO2 (h + b) — 400, (hd, 1) + + ghdyb + aru = 0,

(2.67)
Case 4 : bumpy bottom with capillary penetration. Equations (2.5 and (2.25) are now

8tb + U|Z:b8$b - w|Z:b = 0, (268)
—4v0yu),—p0:b + 502U —p + VO W =y

= Oé1U|Z:b + 5(3z¢> + 82(Paxb)|z:b(cos(96q) - COS(Q))7 (2'69)

while Equation (2.28)) takes the form

3 3 3 3
8t/ udz + 0, / u?dz = —0, / pdz 4+ 2v0, / Ogudz + ’)/183581{
b b b b

—(pOsb — 200,ud,b — aru — B1(05¢ + 0.002b)(cos(Beq) — cos(8))) Y

(2.70)

where (31 is a rescaled coefficient

We mix the procedure used for case 2 and case 3. However, one has to pay attention to
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(2.37)) since in this situation, the property (2.49) is no longer valid and has to be replaced
by (2.68]). More precisely, one has, by (2.33a)) and ([2.37])

w(t,z,z) = w(t,z,b) — d,u(t, z)(z — b) + O(?)
= Opb(t, z) 4+ 9ub(t, x)U(t, z) — O,7(t, z)(z — b) + O(e?),

from which we deduce that

(0,h + 8, (hw) = 0,

— _9 - _ ga:]chQ
(SW4) O (hw) + 0y (hu®) + y1hOygs(h + b) — 4v0, (RO w) + 5

+ ghoyb + aq + B1(0zp(t, z,b) + 0.¢(t, x,b)0yb) (cos Oeq — cosf) = 0,

Orp + O (up) + 0. ((04b(t, ) + 05b(t, )u(t, x) — dyu(t, z)(z — b)) = 0.
(2.71)

Case 5 : bumpy bottom with capillary penetration and a chemical reactive zone. This is

the most complete situation treated in this paper, that is we have to use the full boundary

conditions (2.24) and (2.25)) on the bottom that we recall here

0b 0b
E + u|z:b87x = Wz=p = br (al’b(ul - U’T’) - (w’t - wT))?

— 4v0,udyb + é@zu + v0,w = aru + B1(0,¢ + 0,00,b)(cos(beq) — cos(9)).  (2.72)

Let us mentionned that the evolution of ¢ is governed by Equation (2.21]) and the conser-
vation of mass leads to Equation (2.26]), which is the first equation of our system

3
Oeh + O (W) = /b (6:(U: = U Vo) = + 60 (Dybluss — ) — (w; — w)).

Equation (2.28)) becomes in this context

3 3
3t/ udz + 896/ u?dz + =y ((%b(ui —up) — (w; — wr)) (2.73)
b b
3 3
= -0, / pdz + 200, / Opudz 4 71 02£0,& (2.74)
b b
— (p(?xb — 200, u0;b — aqu — B1(0¢ + 0,002b)(cos(beq) — cos(@))) b (2.75)
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Since ¢, = 1 on z = b(t,z) and by (2.334), u(t,z,b) = u(t,z) + O(c?), one derives from
©73),

Oy (W) + Oy (hU®) + U(u; — ) jo—pOub — W(wi — Wy) |—p + V17w (h + b) — 400y (hO,T0)
gOh?

L (p(t, 2,b))(cos Oy — cos ) = O(?).
Moreover, taking into account ([2.24)), one has

w(t,z,z) = w(t,z,b) — O,u(t, z)(z — b) + O(?)
= Oib(t, x) + Oxb(t, x)u(t, z) — qﬁr( O (u; — up) — (w; — wr))
— 9,u(t, x)(z — b) + O(?)

which leads to the final system

( 3
Oeh + Oy (hw) = / (6r(Ui = 0,) - Vo) dz + 60 (0rbl(ui — uy) — (wi = w,))
b
O (ha) + 0x(ha?) + T(u; — Uy )| =0z — W(w; — W)=y + V1 hOrza(h + D)
2
(SW5)  — 400, (hd,1) + 2 %h

i + D, (Tp) + 0, <(8tb(t, %) + Oub(t, 2)(t, ) — by (B (s — up) — (wi — wy))
— da(t,x) (2 — b))go) = ¢,(U; -~ U,) - V.

(¢(t,2,0))(cosfeq — cosB) =0,
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2.4 Thin Film models

This section is devoted to the obtention of thin film models in the context discussed
in Section Compare to Section [2.3] we introduce a different scaling on the pressure p

and on the coeflicients a and (8 of the boundary conditions of the Navier-Stokes system

29).

2.4.1 The nondimensionalized system and asymptotic description of the

velocity and the pressure.

In view of obtaining thin film models, we consider, in this section, the following scaling

on the variables of System (2.9)). For the sake of completeness, we recall here the scaling

The geometric scaling parameter is still defined by :

_H_Ww

T T U

and we assume that ¢ << 1. In this section, the scaling parameter P of the pressure p is

vU?
P —
g2’
while the gravity is rescaled as
. _H g2
g - VU2 g

The rescaled indicator function is (¢, z, z) = @(t, &, Z) and the deviatoric stress tensor

o can be written into

1 < Wil L5+ vedpd )
o .

%85@ + vedz;w 2u0;W
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Dropping the ” 7”7 terms, the nondimensionalized equation (|1.3)) becomes :

Ozu+ 0w = 0, (2.77a)
Bt + By (u?) + 8, (uw) = —E%axp + 200%u + éagu + 02w, (2.77D)

e2(Oyw + 9y (uw) + 9. (w?)) = —;I;@Zp + vd2 u + ve? 0w + 2w — E%g(z??c)
The function ¢ is still solution to ([2.21])
Op+V - (Up) = ¢(U; = U,) - Vo
The kinematic condition can be rewritten into
O + u0p€ — wp,—¢ = 0, (2.78)

while the the continuity of the fluid stress tensor at the free surface becomes

v v 0%¢
—200,u + —p)0:€ + —0.u + vO,w = e z 0:€ (2.79a)
( ELE (1+c2(0:6)2)
2 v 8%5
—(VO,u + e v0,w)0:€ + 2v0,w — —p=—¢ 5 (2.79b)
€ (1+¢e2(0:6)?)>

The equation ([2.5) describing the evolution of the bottom in the most general situation
(that is by considering a chemical reactive zone) is not affected pas the use of dimensionless

variables and can be recall here

0b 0b ob
ot + u|z:b87x — Wp=p = ¢r(%(uz‘ —up) — (w; — wr)). (2.80)
The Generalized Navier Boundary Condition ([2.6)) looks like

— Aevdyudyb + 5(1 — £2(9,5)?) Du + ve(1 — e2(0,b)%) Dpw

— 1+ 2(8,0)2 (a(u + £20,) + B(0u6 + 0-00,b) (cos(Beq) — cos(e))). (2.81)

We now have to observe that Equation (2.26]), obtained with an averaged process, is still
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valid with our new nondimensionalized variables

§
Oih + 0, (W) = /b (06U~ U.) - V)= 6 (o — ) — as — ).

Remark that (2.26) is reduced to (2.27)) in the cases 1,2,3 and 4
Oth + 0, (hw) = 0.

In lubrication framework, in order to close Equation , one has to express the velo-

city u in terms of h(t,z)(t,x, z). For that purpose, we have to describe the asymptotic

behaviour of u and p with respect to €. First observe that, from and , one
obtains directly

Oup = 0%u + O(2), (2.82a)

{ d.p = —g + O(?). (2.82b)

Let us introduced the following new scaling on

5.3
Y2 =7,
14

so that (2.79a)-(2.79b) can be rewritten into

v v v 03¢
(—2v0,u + —=p)0€ + = 0u+ vo,w = =7 z 0:&, (2.83a
S (L 2(0:6)%)2 )
2 v v 93¢
—(V0:u + e V0, w) 0,6 + 200w — —p = — 572 5 (2.83b)
2Ty 20,01
By ([2.83b)), one has
Plz=¢ = 72835 + 0(62)7 (284)
from which we deduce by (2.81)) that
s = (= Place + 712028) + O(%) = O(€2). (2.85)
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Integrating (2.82bf) from z to &, one derives
3
pta2) =plta§) ~ [ Opltin,)a
= 12076 — g(€ — 2) + O(?), (2.86)
from which we obtain, by applying 0, on ([2.86))
Dup(t, @, 2) = 120€(t, ) — gOuE(t, ) + O(c?). (2.87)
On the other hand, by ([2.82a)),

Pult,, 2) = Dupl(t, ) + O(?)
— 320BE(t,7) — gOE(t @) + O(22), (2.88)

Since the right-hand side of (2.88)) is independent of f, one obtains by a direct integration,
that there exists two functions A(t,x) and B(t,x) independent of z such that

u(t,x, z) = 81"’(2’5’”3)% + A(t,z)z + B(t,z) + O(£). (2.89)
Obviously, from , one has
Dou(t,x, 2) = Opp(t, x)z + A(t, z) + O(e?),
which can be combined with to obtain

At,z) = —0up(t, z)E(t, ) + O(2).
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Thus
u(t,z,z) = 390]9(223,33)22 — 0,p&(t,z)z + B(t, ) + O(?)
A2 2
— &vp(t? x)w - axp@ + B(t7 ZL’) + 0(52)7

r)— =z 2 2 X
= (rodie(t, ) — g0t ) (CED =20 STy 4 gy 4 4 o(e2)
(2.90)

The function B(t,z) will be determined by using the different boundary conditions on the
bottom listed in Section This is the goal of the next section. Moreover, by (2.77a)),

one can obtained an asymptotic description of the velocity w. Indeed,

2
O = —Oyu = _agp(% — ((t,1)z) — 8. B(t,x) + O(¢?),

from which we derive

w(t,z,z) = w(t,x,b) +/ dw(t,z, 2" )d2
b
2

=w(t,x,b) — /bz (8%])(% —((t,z)z) + 8IB(t,:c))dZ/

2 b 22 b2

=w(t,z,b) — ng(f —— =&t ) (5 -

6 6 5~ 3)) —%Bta)(:=0b).  (291)

2.4.2 Thin film models

In this section, we derive the thin film models corresponding to the different boundary

conditions introduced in Section 2.21

Case 1 : flat bottom without capillary penetration. First recall that in this situation,
b =0 and {(t,x) = h(t,z). We rescale the coefficient « in (2.81)) by introducing

€
ay = —a,
v
so that (2.81]) becomes
Do)y = Caup—y, + O(E2). (2.92)
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Collecting (2.90)) and (2.92)), one obtains directly

B(t,z) = _Mh(t,x) + 0(e?),

%)
which furnishes the following asymptotic expansion on u

(h — 2)? h%?  O.ph

2
5 Py =, T OE: (2.93)

u(t,x,z) = Opp

Integrating (2.93)) between z = 0 and z = h(t, z), we obtain

h h3 h2
/ u(t, z,2)dz = ——=0up — —0up + O(e?). (2.94)
0 3 (6]

Replacing 0,p = f10zz:h — gOxh into (2.94), we get

h h3 h2
/ u(t,z, 2)dz = ——(B10zzah — gOxh) — —(B10zzh — gOLh) + 0(62)
0 3 @ (2.95)
R K2 '

= _( 3 + E)(/Blaxx:r:h - gaxh) + 0(52)'

Plugging ([2.95)) into (2.27)), up to order €2, one can write the following first thin film

model composed by a single equation on the surface elevation h(t, z)

Oth + a:c(Rl(h)) =0,
(TF1) B3 2 (2.96)

Rl(h) = *(3 + E)(Blam:xh - ga:):h)

Case 2 : flat bottom with penetration condition. We still considerer that b = 0, and we
rescale equation (2.81)) with
€
/82 = 757
v

to obtain
02U —p = QU —p + B202p(t, 7, b)(C0OS Oeq — cos O) + 0(e?). (2.97)

Plugging (2.97) into (2.90)), one obtains the following value of B

B(t,z) = _dept, )it 2) gzaxgo(t,x, b)(cos Oeq — cos ) + O(e?).

a2
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The asymptotic expansion of u is then

(h—z) h*  9uph  Ba

u(t,x,z) = Oyp — Opp— — o = Z20,0(t, 2, b)(cos Oeq — cos 0) + O(?), (2.98)

while the one for w is (see (2.91))

3
w(t,z, z) = —0%p (%—E)—i—a Oy h( a ) 52 20(t, b)(cos(eeq)—cos(@)))z—i—@(ez).
2 2
(2.99)
Integrating ([2.98) between z = 0 and z = h(t, z) and using (2.87), we obtain
h 3 2
/ u(t,z, z)dz = " D — U D — 62 Dup(t, x,b)(cos ey — cos 0)h + O(e?)
0 3 o o
=73 — (B10zzah — gOzh) — a—Q(Blﬁmxh — gO.h) — a o(t, x,b)(cos Oy — cos)h + O(e*)
3 2
= (]; Z )(B10zzah — gOzh) — % :p(t, 2, b)(cos Oeq — cos O)h + O(e2).
2

Plugging (2.100|) into (2.27)), one obtains the following system

Oth + 0z (Ra(h)) = 0,

Rafh) =~ ) @raat — g0~ 200020 050, — cosopn,
(TF2) { Owp+0(up) + 0.(we) =0,

u= (%p(h —2)’ — axph; — &;Zh - iaxsﬁ(t,x, b)(cos feq — cosb),

w = —('ﬁp(zﬁ3 - Z) + (%Cp@xh(zj + 072) b2 82cp(t, ,b)(cos(feq) — cos(8)))z.

(2.100)
Case 3 : moving bottom without capillary penetration. In this case, b # 0, a direct

computation similar to case 1 furnishes, using ([2.92)),

B(t,x) = —0.p(t, m)( +

o7 ) TOE),
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and

) = 22622 - e 0y o2 T2 o)

=Z=((E—-2)?2-n"+ OZ) + 0(e?). (2.101)

Furthermore, we integrate (2.101]) from b to & to obtain, using (2.87) and recalling that
h(t,x) = &(t, x) — b(t, x),

13 h3 h2
/ u(t,a;,z)dz:—g D — — zp+o( )
b

3 2
= = (4 ) (B10naat + 9028+ O(E2);
h3 h2
=—(+ 3 a —) (810222 (h +b) — g@x(h—l—b))—{—O(EQ).

Finally, the final lubrication model system corresponding to case 3 is

Oyh + 0x(Rs(h)) = 0,
Rs(h) = ~( + ) (B10sea(h +b) = 90(h +b)).

Case 4 : moving bottom with penetration condition. We mix the computations of Case

2 and Case 3 to obtain

2
B(t,x) = —0:p(t, w)( —|— 5 —¢ ) — ] o(t, 2,b)(cos Oeq — cosb),
Qg Qs
u(t,z,z) = %((5 — 22— h?+ 01}2) - CBMZ o (t, 1, b)(co8 Oeq — cos 0) + O(e?),
and
23 13 2 b2
w(t,x,z) = w(t,z,b) + 2p( ) (€0.p) ( 5 )
2 _ g2
+ax(axp(t7x)(o?2 - i 9 § ))(Z - b)
52 B2p(t, x,b)(cos Oy — cos ) (z — b) + O(e2). (2.103)
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Consequently,
€
/ u(t,x, z)dz
b
h3 h? B9
= —Ef)xp — o 0ap— — Dpp(t, x,b)(cos ey — cos O)h + O(e?),
h? h2 52
=— (= 3 )(618xm(h +0) + g0z (h + b)) — == 0,0(t, ,b)(cos Oy — cos O)h + O(e?),
(2.104)

which provides the following model

Oh + 9, (Ra(h)) = 0,
h? h2 Pa

Ry(h) = —(—= 3 )(61895”(}1 +b) + g0z (h + b)) — - o(t, x,b)(cos ey — cosO)h,
O + O(up) + 0 (wp) = 0,
u= %((h +b—2)2—h?+ aﬁ) - & xgo(t x,b)(cosbeq — cosh),
27
(TF4) 9 Z3 _ b3 _ b2 h h2 _ 52
w = w|z:b + azp( 6 ) - 890 (gaxp)( 2 ) + ax (amp(ta x)(OZ - 9 ))(z -
32

D2p(t,x,b)(cos ey — cos0)(z — b),

’w‘z:b = 8tb + u|z:b8 b
Owp, by B
(L) - 2o,

2 a9

Uppmp = @(t,x,b)(cos ey — cosh).
(2.105)
Case 5 : moving bottom with reactive chemical zone and capillary penetration. Concer-

ning the velocity wu, this situation is similar to case 4 and we obtain again

2
B(t,x) = —0:p(t, x)(a2 —|— 5 —¢ ) — f; o(t, ,b)(cos Oeqg — cosb),
u(t,z,z) = %((5 e Gy s 6?2) gz Dup(t, x,b)(cos ey — cos ) + O(e?).

We can also still write the expression (2.103|) of w but one has to be careful with

the value of w|,_, since one has to take into account the full expression given by ([2.80).
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Remarking that (2.104) does not change in this context, we derive, using ([2.26)),

(TF5)

13
8th+6x(R5(h)):/b ((;ST(UZ'—UT)'Vgo)dz—i—qbr(g;(ui—ur)—(wi—wr)),

h3  h?
Rs(h) = —(? + E)(Blﬁxm(h +b) + g0z (h + b)) — % o(t, x,b)(cosOeq — cosO)h,
v + O(up) + 0.(wy) =0,
_ Ouwp 2 g2, Ny B
U= (h+b—2)°—h*+ a2) o (t, z,0)(cos Beq — cosb),
23— b3 22— b? h  h?-¢&
W= wjemy + B ) = 00(60u0) () + 20 Ount ) (1 = ) - )

+ %é&o(t, x,b)(cos Oeqg — cosb)(z — b),
2

w\z:b = atb + u|z:baxb - (br (azb<ui - uT) - (wi - wr)):

_Owp by P
Uamb = 5 (042) - o(t, z,0)(cos Oeq — cosb).

(2.106)
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Chapitre 3

Global Existence for a Lubrication
System from Viscous
Shallow-Water Equations with
Drag Term and Capillarity Forces

This chapter concerns an alternative proof of existence of global weak solutions of a
lubrication system rather than the one introduced for instance by F. Bernis—A. Friedman
or A. Bertozzi-M. Pugh. More precisely we start from global weak solutions of viscous
shallow-water equations with capillary forces and an appropriate drag term to derive
global weak solutions of the lubrication systems. By this way, we make the link between
the dissipative entropy introduced by F. Bernis—A. Friedman for the lubrication equation
and the BD entropy introduced by D. Bresch and B. Desjardins. The method may be used
for more general lubrication systems from the compressible Navier-Stokes equations with
density dependent viscosities to investigate more qualitative properties : some remarks

are given in this direction in the end of the chapter.

3.1 Introduction

In this chapter we consider a lubrication model derived from Navier-Stokes equation

in [13] where surface tension and gravity effects are taken into account. Such derivation
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occurs when considering self-healing composite material comprise a ceramic matrix called
ceramic-matrix composites (CMCs), where the self-healing process runs owing to the use
of a fiber/matrix interphase that manages to preserve the fibers from cracks appearing in
the matrix, specifically, in protecting themselves against oxidation by the formation of a
sealing oxide which fills the matrix cracks. A simple model is obtained when considering
the crack as a fixed strip through a given function with a liquid filling it through a free

surface process managed by the Navier-Stokes equations.

In [13], taking into account the thin thickness of the crack, we derived a 1D lubrica-
tion equation by dimensionless analysis from the 2D Navier-Stokes equation with gravity
force and free surface boundary condition including surface tension. More precisely, the
lubrication model is a fourth order nonlinear degenerate diffusion equation in a domain

Q = (0, L) governing a L-periodic in space height function h through the following system :

1 1
h+ ———0.(F(h)03h) — ——0,(F(h)dzh) =0,
Ouh -0 (F(W)O31) = ——50a(F(h)0:h) = 0
8;(3)h|z=o = aq(ji)h/|fﬂ:L7 for:=0,...,4, (3‘1)
h|t:0:h07

where o, We, Fr are three positive constants and F(s) = s>+ s? where the initial function
ho satisfies
ho € HY() with ho > 0. (3.2)

There are many papers devoted to the study of lubrication problems under the form
Oth + 0 (F(h)02h) — 0,(G(h)dh) = 0. (3.3)

We will give comments in the last section to consider such general equation.

Let us present for reader’s convenience, some results that are already known on such
equation as mentioned in [46]. For F'(h) = |h|", G(h) = 0 in one space dimension, the
existence of non-negative weak solutions for was first established by F. Bernis and
A. Friedman [5] for n > 1. Further results (n > 0) were later obtained by E. Beretta,
M. Bertsch and R. Dal Passo [2] and A. Bertozzi and M. Pugh [§]. In particular in [§]
authors classified the problem in two main cases : 0 < n < 3 with initial data hg > 0;

0 < n < 400 with initial data hg > m > 0. Results in higher dimension were obtained in
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[42, 28]. For F'(h) = |h|™, G(h) = h"™, various results have been obtained mainly by A. L.
Bertozzi and M. C. Pugh in [7, [10, [9]. Compared to [8], Equation in [7] was studied
by adding a second order 'porous media’ term G(h)0,h = VA™. In particular it is shown
that there is existence of nonnegative weak solutions with increasing support 0 < n < 3
but the techniques failed for n > 3. Next in [I0] they showed that the large-y behavior of
G(y)/F(y) determines the presence or absence of a finite-time blow-up, thus it is proved
that there is no blow-up for m < n + 2. Nearly in [9] for F'(h) = h, G(h) = h"™ they
proved that there is blow-up for m > 3 and initial data in H'(R) with negative ”energy”.
For F(h) = G(h) = h, equation models a thin neck of fluid in the Hele-Shaw cell
[27, 32, 33]. This model was also widely disscussed in many papers, for instance R. E.
Goldstein, A. I. Pesci and M. J. Shelley [39, 40], etc.. Note that for F(h) = G(h) = h?,
equation was considered by C. Imbert and A. Mellet [46] with adding a extra term
A (h) which models the effects of the electric field on the thin film, where the operator
I(h) is a nonlocal elliptic operator of order 1. Also in [68], equation is studied with
adding a Hilbert transform operator. For F((h) = h® + AhP with 0 < p < 3 and \ > 0.
In [49] A.A.Lacey considered G(h) = 0 the motion with slip of a thin viscous droplet
over a solid surface. Moreover there is a long-wave instability if G(h) > 0, in the gravity-
destabilized thin film problem, G(h) ~ h3 has been shown by Ehrhard [34] concerning
long-wave instabilities. In addition there are some other papers concerning similar pro-
blems in form (3.3), for instance [41] [70] authors considered F(h) = G(h) non negative
diffusion function in C*(R) N HY*°(R), with the second order term being A(h) instead of
G(h)h, where A a C* function with 0 < o < 1.

Turning to our work, we are interested in F(h) = G(h) = h3 + h%. We investigate the
Cauchy problem (3.1) and show the existence of its non-negative weak solution. In our
study, our main concern is to show that the strategy introduced in the work of D. Bresch

and B. Desjardins can be adapted to our situation.

the main objective is to show that the strategy developed in the lubrication works men-
tioned before may be deduced from the method introduced by D.Bresch and B. Desjardins
on the shallow-water equation based on the BD entropy. This makes the link between the
dissipative entropy introduced by F. Bernis—A. Friedman and the BD entropy introduced
by D. Bresch and B. Desjardins. Note [48] and [14] which consider some lubrication equa-
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tions from shallow-water equations : the first paper focuses on the existence and limit
with singular pressure law to the intermediate-slip model and the second one concerns
the existence and convergence with a monotone pressure law with a linear drag term.
This chapter is organized as follows : in the second section, we revisit the usual proof
for the lubrication equation. For that, we consider the approximated lubrication model
for its energy estimations, entropy, positivity and some other properties in order
to get the convergence results. We recall how to obtain weak solutions to equation
by Galerkin’s method. In the third part, we explain how to get the global existence of
weak solutions of the lubrication equation from the viscous shallow-water equations. This
is in this section that we make the link between the dissipative entropy introduced by
F. Bernis—A. Friedman and the BD-entropy introduced by D. Bresch and B. Desjardins.
In a last section, we present remarks to show that our method may be used for more ge-
neral lubrication systems from the compressible Navier-Stokes-Korteweg equations with

drag terms.

Let us recall for the reader’s convenience the definition of weak solutions for the lubrication

system and the main result.

Definition 8. We call h a weak solution to equation (3.1) if
h e L>®(0,T; H () N L*(0, T; H*(R)), VF(h)2h € L*(0,T; L*(Q))

with h > 0 and it satisfies for ¢ € CF([0,T] x Q) such that Y|i=r =0

/Q hot(0)dz + /O ! /Q hop dudt

T
oz\lNe / / | (0)O2hD: 0,6 + F(h)O2h020| dwdt  (3.4)
0 Q

1 T
- 2/ /F(h)@mh&pw dzdt =0
aFr 0 (9]

where €3 ([0, T x €2) denotes the C>°([0, T'] x ) function periodic in space. The main
objective of the paper is to show existence of global weak solutions to System (3.1) in
a different manner than the usual trick. More precisely we want to prove the following

result
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Theorem 9. Given an initial condition hg satisfying hg > 0 with hg € H(T) and
—(1 + ho)log(ho/(1 + ho)) € L*(T) then there exists a weak solution to system (3.1)) in
the sense of definition [§ constructed in a direct way or from global weak solution of a

viscous shallow-water equations with capillarity effect and an appropriate drag term.

To prove the theorem written above, we recall and revisit in a first part of the chapter
the method developed these last years in lubrication theory and in a second part of
the paper, we present a method based on the viscous shallow-water equation. This last
method is really flexible and could be used for more general lubrication system than the

one considered in this chapter : this will be discussed in the last section.
3.2 Usual proof for the lubrication equation

As introduced in the papers discussed in the introduction, in order to obtain non-

negative solution the function F' is changed by

R
T = SoFm)

(3.5)

for f,(y). Compared to f,(y), fn(y) is non-negative for all y which will help to use uniform
the bounds and conclude on the positivy ot h,. We rewrite the approximate problem as

looking at L-periodic solutions to the following system :

1 ~ 3 1 ~
8thn + awear(fn(hn)axhn) - OZF?Q 8x(fn(hn)azhn) =0,
O hylomo = 0D hyloey,  fori=0,...4, (3.6)
hn’t=0 =ho+n.
We will start with a-priori estimates, dissipative entropy and bounds uniform with respect
to 1. Then we show the weak-stability on such a-priori smooth sequence. The construction
of such approximate solutions will be done through a Galerkin method later-on. This is

the method developed in papers related to lubrication equations mentioned for instance

in the introduction.
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3.2.1 Energy estimate

In this section we will derive the following energy estimate of h,, in proposition

Proposition 10. Let hy(t,z) be a regular solution to (3.6)), then

1, 1

sup he + ——(0zhy)?)dx

te(O,T)/T(aFrz T aWe (0chn)")
F

1 2
83  af? fin Ozt ‘ (37)

aWe
< / <E<hn>2<0> b (0uhy) ()

Remark. The proposition above provides a uniform bound on h, in L>(0,T; H*(Q)) if
initially the height hg € H(Q).

Proof : This estimate is well known in previous works but let us provide a more simple

proof. It suffices to observe that the lubrication equation may be written under the form
8th77 + Gx(hnvn) =0,

and 2
200 1 1
= —h,0h, — —
F(hy) aWe "7 qFr?

hyyOuhsy.

Multiplying the second equation by v;, and using the first equation, we get after integration

in space
hz|v,7|2 1
02hyO¢hy, ./hah
/WT F(hy) ~ aWe / th CaR? fp
Using the expression of v, and integrating in time, we get the result. O

3.2.2 Dissipative entropy

In this section we present the entropy fQ Gy (hy)dz introduced by F. Bernis-A. Fried-
man, then prove it dissipates allowing to control vacuum. We start from defining the

function Gy, (y) below.

Definition and Lemma 11. Assuming fn(y) defined in (3.5)), there exists a piecewise
C%(R\{0, —1}) differentiable function Gy(y) such that it satisfies following properties
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i) Goly) =1/ f(y) fory € R\{0, -1},

ii) Gy(y) is uniformly bounded for ng <y < M,
i) G
iv) Gy(y) > 0 fory € R\{0, —1}.

y) — 6(n)/6y? has an uniform lower bound cy for |y| < 2/3,

Proof : We start from finding an indefinite primitive function of G7 (y) = 1/ f(y), secondly
we will prove ii) and iii) hold, finally we will choose proper parameters to satisfy property

iv). In polynomial form G7(y) reads

Gg(y> = 7 + = +
The absolute value sign brings us two expressions

; 1" .
ify>—-landy#0 then Goy)=—Fp+5——+—"

vyt oy 1ty
: dn) 1 1 1
ify<-—1 then Glly)=——F - —5+-——.
e A
They have primitive functions
0 1
G’(y):—ﬂ)—f—ln|y\+ln|l+y|+c1 when y > —1 and y # 0;
! 3y
) 1
G%(y):—?)(;g)+y+ln|y\—ln|1+y|—cl when  y< —1.

where ¢; is an arbitrary constant. We recall the following antiderivatives
/ln]y\:ylny|—y and /1n\1+y\=(1+y)ln|l+y|—y.

An indefinite integration for G (y) yields the primitive function Gy (y)

)
Goly) = 6(;) Flnly Fylnlyl£ (1 +y)lnfl 4yl ey e (3.8)

7

with co is an arbitrary constant, where signs ”"+” or "F” correspond respectively to
"y > -1,y #0” and "y < —1". It is evident to prove ii) for any c; or cp because G, is

continuous on Rt.

71



3.2. USUAL PROOF FOR THE LUBRICATION EQUATION Xi LIN

Remark. Pay attention that signs "+” or "F” correspond to two cases "y > —1, y # 0”
and 7y < —1” but not correspond to y € R™ or R™.

Proof of iit) : When y — 0, without loss of generality, we assume |y| < 2/3 (domain
included in case y > —1, y # 0) then G, (y) reads

d(n
Gn(y)=6(?42)—ln!y\—yln\y!+(1+y)1n!1+y\+01y+02.

In this situation, we find that —yln|y| + a(1 + y)In|l 4+ y| + c1y + c2 is a continuous
positive function in R so it admits a minimum value in [—%, 2] that we denote c3. Then

we have the following inequality

5(n) 2
Gy(y) — 62 2 —lng + c3,
for simplicity we denote ¢4 = — ln% + c3 in next.

Proof of iv) : Let’s choose parameters ¢; and ¢y to make iv) true. We first consider beha-
viors of Gy, to £00 by combing related terms, G, (y) can also be rewritten as
5(1n)

Gy(y) = B2 +(1+y)n

6(n)
= 55

1
= +1‘ +eay+c
Y (3.9)

+(1+y)ln

1
1+y‘:|:01y+62

We give an exact value to constant ¢; = 0, G, (y) reads

Gn<y>=‘§y@i<1+y>m

1
1+‘+62. (3.10)
Yy

Since we know that

v

1

1+ ' =1,
Yy

it is easy to show that

lim (1+y)ln

y—to0

1
1+ ' ~1.
Yy
In brief, when y — 400, G;)(y) — £14c2. On the other hand, G, (y) has two discontinuous
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points. We find from that the point y = —1 is a jump discontinuity and the point
y = 0 is an essential discontinuity, precisely G(y) tends to 400 as y approaches 0~ or
0T. Therefore we conclude that G,(y) has a uniform lower bound on R\{0, —1}. We just
need to choose a sufficient large ca > 0 such that G, (y) can be defined positive for all y
in R\{0, —1}, which ends the proof of lemma. O

Proposition 12. Let hy(t,z) be a reqular solution to (3.6]), then

/G?7 Mﬁ// (Ol i+ —— wh%m§/emm (3.11)
QO CMW

Remark. The proposition above provides a uniform bound on h, in L?(0,T; H*(Q)) if
initially the height h,0 = ho +n and G(hg) € L*(T).

Proof : Assuming hy be a smooth solution to (3.6)), we calculate the time derivative on

Jq Gn(hy)da, using two integrations by parts
d/G dx_/G )0y hyyda
dt Jo " ‘
== | @) g0 Folha) 2 >—;zax<fn<hn>axhn>]dx
-/ G"(hmamhn B0 = 3 ()0t |
awe/8h83hdx a;r /Q(ah)

1 1
= - el I— T 2 <
We /Q(E) ) dz pEe /9(8 hy)“dxr <0

Boundary terms equal to zero due to periodic boundary conditions in (3.6). We derive

(3.11)) by integrating the resulting inequality on time. Note that G (ho) has an uniform
bound due to definition and lemma therefore its integral on such a bounded domain
(2 is uniformly bounded, that we denote the bound C3. As a consequence, h,, is uniformly

bounded in L2(0,T; H?(f)). O

3.2.3 A priori constraints of the solution to (3.6.

In this section we can get help from the dissipative entropy in proposition and
Cauchy-Schwarz inequality with H'(Q) bound of h,, to prove the a priori positivity. The
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main idea is to lead a contradiction by explosion in bounded entropy. We first need a

continuous lemma on /.

Lemme 13. Let hy(t,x) be a solution to (3.6), for allt € [0,T] and x € Q, hy, is uniformly

%—H&lder continuous in space and %—H(')'lder continuous in time.

Proof. Follow [5] for detailed proof. O

Since h,, is Holder continuous, once we proved that it could not cross 0, the positivity of

initial condition and Holder continuous property can guarantee the a priori positivity.

Proposition 14. Let h,(t,x) be a solution to (3.6) with hyo = ho + 1, then hy(t, ) is

uniformly bounded by a constant M, and it is positive on [0,T] x Q.

Proof : It is easy to show h,(t,z) being uniformly bounded by a constant M, due to its
uniform bound in L®°(0,T; H'(2)). For positivity we assume that there exists a zg €
such that h,(x¢) = 0, from proposition We have obtained that h,, is bounded in H'(2),

we can get following argument by the Cauchy-Schwarz inequality, for x near to x :

T

|M@ﬂ=%ﬂm—hmm>s(/(@mf)ﬂx—wﬁs\kMx—m|

0

obviously
1 1 1

hy@? = Cr o — a0l

On the other hand, we get from definition and lemma [11] that G,(y) — d(n)/6y* has an

uniform lower bound for |y| < 2/3 which reads

G(y) > 6(;72) +cy4.

(o9

In order to apply this inequality to h,, we just have to bound h, by 2/3. Indeed, since
x near to xp, without loss of generality we assume z in a ball B(zg,r) where we choose
r > 0 such that Cyr < 4/a?, therefore in this situation |h,(z)| < /Cir <2/3:

o(

G(hn) 2 W + Cq4.

~—

N
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From proposition we have a control of entropy fQ G (hy) which reads :

cgz/QG(hn)dxz/Q((%Jrq)dx

d(n) /I 1 / (3.12)
> dr+ | cqdx :
- 6 0 Cﬂa}—l'o’ Q 4

:+Oo

It leads to a contradiction. As a result, such a xo does not exist, that is to say, h,(x) can
not cross 0, it should be either positive or negative. Because the initial height hg > 0 and

s0 hy(x) > 0, which ends the proof of proposition. O

Besides, we can derive refined constraints on h,,.

Proposition 15. Let h, be a regular solution to (3.6) with hyy = ho +n and §(n) =
(In(1 +n=Y2))"V2 then for n sufficient small, hy > 1.

Proof : The idea of the proof is similar to the one that we proved the positivity in
previous section. Because 7 will be send to 0 later, without loss of generality we suppose
1 small such that n < ng. For all t € [0,T], we assume that there exists a x9 such that
hy(t, z2) = n. The Cauchy-Schwarz inequality guarantees for x € B(x2, €)

1
|y (t, ) — 7| S(/ (890h77)2(t’ x)dx>2’x—x2\§
B(x2,€)
<V Cilz — x9| < /Che.

€ will be chosen later. Then we get

0 < hy(t,z) <n++/Cilz — z2| <n++/Cie,

which is equivalent to
1 1

> .
hiy(t.2) = (4 /Cilz — 222

Like we proved the positivity, to find a final contradiction, € should be chosen such that
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n+ +/Cie bounded by 2/3, then the control of entropy [, Gy(hy) reads for all t € [0,T]

C3 > /G )dx >/ o 2) -1-04\Q|25(77)/@+6 L dz + c4|9].
h 6 T2 (77+\/01|Z—562|)2

In calculus, we make a substitution u = /C}|z — x2|, then we obtain C1dz = 2udu and

hence

5(77) /\/Cle ”
— Q| > [
03 C4| | 301 (?7 T u)2 du

3(n) n 1V
—
301[n(77+u)—|—n+u 0

5(77)< Cie n )
=0 i+ + 1
3Cy ( n ) n++/Cie

Particularly, we choose € = 1/C} hence v/Cie = n'/? and §(n) = (In(1 +n~1/2))"1/2 Tt is

easy to see that 6(n) approaches to 0 at a low speed. The above inequality gives

. L —1/2\\1/2 n _ —1/2\\—1/2
Ca =l 2 g (1 )2 (1) ).

We find that the right hand side tends to 400 when 1 tends to 0, this leads to a contra-
diction. That is to say, for n sufficient small, such a x2 does not exist, h,(t,2) can not

cross 1 which ends the proof. O

3.2.4 Estimate of 92h,

Proposition 16. Let h, be a solution to (3.6) with h,o satisfying (3.2), then there exists

a constant D independent of 1, such that we have the following uniform estimate

//fn Y2dz < D.

As a result, O3h,y, is bounded in L*([0,T], L*(T)) but its bound depends on 1.

Proof : It suffices to use the energy estimate which provides the bound

g F(hn) 1 1
T 719 h 83h ——h 8xh 2 <C
/0 /1I h% ‘O&We e Ry 17| <C <+
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and the uniform bound of h, in L*°(0,7;L°°(T)) and the uniform bound of 9,h, in
L%(0,T; L(T)). O

3.2.5 Convergence (the proof of theorem [9])

In this section we will pass 7 to 0 to prove theorem @ Thanks to proposition the
uniform L?([0, 7], H*(T)) estimate on h,, it shows that there exists a weak convergent
subsequence in L2([0,T], H?(T)), further by Aubin-Lions lemma [T} 66] one can extract a
strong convergent subsequence in L?([0, 7], L?(T)) and L?([0, T], H'(T)), where we denote
these limit as h. More specifically to satisfy criteria for Aubin-Lions lemma, we just need
to prove dh,, in L2(0,T; H1(T)).

Proposition 17. Let h, be a solution to (3.6) with hy satisfying (3.2), then Oih, in
L0, T; H7Y(T)).

Proof. For all ¢ in L?(0,T; H'(T)), using integration by parts one has

T
/ / &ghn@bdazdt’

:/ / e )0t + a;\rzax(f(hn)axhn))wdxdt‘

_ / / h)Oh &Ewda:dt‘ ‘ / / 5 (1)0sh (%ﬂ/)d:vdt‘

Then the Cauchy-Schwarz inequality provides

3
aWe n)Ozh 8931,Z)d:xdt‘

faWe< I /T sm@in?) ([ [ sonorae)”

SC\/WH¢||L2(O,T;H1(T))
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and

t
0 JT

SCF@@<AiAQ%J&ﬁWﬁL@(AiéﬁwyimQUZ

<CF(M)NCill¥ll 2. (1y)-

In brief

T 1
[ [ augpaodt] < (5o VDVET) + CRODVE )9l oy
0 T avve

then we finished the proof. a

Lemme 18. (Uniform convergence of f,(y) and its derivatives.) Recall that

y'F(y)

_ _ 3, .9
*mv Fly)=y"+y".

fa(y)

Then respectively, fy(y), fi(y) and f;(y) converge uniformly on [0, M] to F(y), F'(y)
and F"(y) as n goes to 0

Proof : Refer to appendix in [§]. O

Proof of theorem @ : Let h,, be a weak solution to (3.6) it reads
hy € L®(0,T; H'(Q)) N L*(0, T; H*(Q)), \/ F(hy) O2hy € L*(0,T; L*(2))

with
0<h, <M
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and it satisfies for 1) € CZ([0,7] x Q) such that ¢|=r =0

/Q hot(0)dz + /0 ' /Q hy Ot ddt

T
16 / / (F ()2t + F ()32 020 divd (3.13)
0 Q

aW

1 T
F(h,)0zh, 0.1 dxdt = 0.
aFrQ/O/Qu) JOuth da

We can pass to the limit in a straightforward manner using the uniform bounds we get

on h, and get the result of the theorem namely the global existence of weak solutions.

3.2.6 Galerkin method (7 fixed)

The aim of this section is to apply the usual Galerkin method to system ({3.6) in order
to obtain existence of its weak solution. As a preparation, we look for a base of test func-
tion ¢y, (x), which are sufficiently smooth and periodic on 92 (for one dimensional case,

we suppose €2 = [0, L]).

We discuss the fourth order stationary Dirichlet problem with periodic boundary

conditions
¢ () = A(a);
) = 20(a) 51
¢ (0) = ¢ (L) for i =0,--- , 4.
1
For this problem, we find a set of solutions ¢,(z) = /2 cos(Aiz) for n € N with

An = (227)%. In this instance, we find that [, ¢2(z) = 1, ¢ = = A, 05 = =/ Andbl,
moreover, it also verifies the periodic boundary conditions. Then {¢,}_; forms an ortho-
normal basis in L?(£2), we denote Viy the spanned space. For every given smooth function
v on € periodic on 95, its projection function Py (v) on V can be expressed by Py(v) =
Z;V:l P(v?)¢;(z). On L*(£2) one can define a scalar product (f(z), g(z)) = [ f(2)g(z)dz.

The semi-discrete Galerkin method consists of finding

N

u (ta) =) ay(t)e(x), (3.15)

j=1
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with time-dependent coefficients «;(t) such that for all ¢ € Vy

()0 + —

(W™ (0,2), ¢) = (hno, 0.

oFr? (3.16)
Proposition 19. Let u" a function of form (3.15)), then for all N there exists a unique
sequence (aj)j=1,.. N such that ulN satisfies system (3.16)).

Testing (3.16) again ¢ = ¢;, j = 1,2,..., N, leads to the following system of linear

ordinary differential equations for o, 7 =1,..., N,

()1 6) + e () ) + s (P s ) = 0, for b= 1,0, N,
<uN(O,x),¢k) = (hyo, i), for k=1,...,N.
(3.17)
We expand the first equation of ,
N
2{: "(t)(Dj, k) — jg:(ll (t)pu(x )¢] )
=t Nl = (3.18)
aFr ~ Z: Oél ¢l )¢37 ¢k> - 07
which is equivalent to ,
N 1N
Za,(t)<¢j,¢k> + rvvezaj Zal le \/7¢]7¢k
= = (3.19)

N
- a;ﬂ > a)(f <Z a(t)du(x))d}, dh) = 0.
J=1 =1

We denote B = (bj;) the mass matrix with bjr = (¢;, %), A = (a;i) with a;, =

(FOOIy cu(t)u(2)) @, @), Ax = (anie) with axje = (F(Z/L, au(t)di(@)) /A5, 61), alt

the vector of unknowns «;(t). The dimension of all these items equals to IV, the dimension
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of Viy. Then (3.19)) can be formulated as

Ba(t) + ﬁfﬁa(t) + gAa(t) =0 (3.20)
For all &;,
N N N N N
> ajugite = 30 (O altan@)d), ogi = [ 13 a3 (076 2 0
7,k=1 7,k=1 =1 =1 7j=1

then A is a positive-definite matrix and invertible, so does B and A). Therefore the discret

problem (3.20)) has a unique solution on [0, Tv]. We can easily extend the solution to long

time since we obtained a uniform bound on V.

Semi-discrete energy estimate

The basic discrete energy for uV € Vy is defined as follows :

N
Bl = [ @ = [ (S wy (3.21)
=1

with u; = a;(t)¢;(z) , ulN = Zjvzl U -

Proposition 20. The semi-discrete energy is dissipative in the following form

d 1 1
G | e+ S <o,

and we deduce that u™N € H'(Q).

Proof : We replace the test function ¢ in (3.16) with u’¥ or v, to obtain

(0t + (T Yo ) = (Yl ) = 0
(0005} + e (Y ) = (™ ) ) = 0

Here we have
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N N N
:<Za}¢j7zaj¢j>=/za}aj¢? th/z ot
j=1 j=1 2 j=1
1d [ & 1d
~9dt Q(jz: ajo;)? = 26#/9(16]\[)2
((u tv zz Za ¢J’Z%¢ ZO‘ g ¢Jv ¢5) = ZO‘ O‘J/

B 1d e 1d Vo
YT Q(ZO‘] i) = g ), )

We denote Es[u] = [,,(ul)? = fQ(Z?f:l(uj)z)Q, then we can find that
d, 1 1
ai Rl G Pl <0

To see that, let us compute

1d, 1

1 1d 1 1
s G P gD =5y o 00 g
) — () )
) i)+ (N i) g N
aFr? aWe rxT /L aFr? S

F g P o 20 — g o (i )

LI NyuN N L o Ny, N N

OAFI'Q aWe< ( )uxmmv Uy > (OéFI'2) <f(u )’U,z , U

L e NV NN I 1 N\ N N
(OZWG) <f(u )uxwm uxwr> OéFr2 aWe <f( )Ux ,umz)
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Indeed, like we used Cauchy-Schwarz inequality in the continuous case,

1 1
aFr? aWe

1 1
aFr? aWe

ISR N N o

< 1 9 Y al N2 RV N2
G’ X [+ ) > RO
1

aFr?

(f (@ yull,,ul) +

Txrxr) 'r

1

PNyl ) + (e

) (f (N Vg, Upa)

=(

Integrating (3.22)) on time from 0 to ¢ to obtain

1
aFr?

1
Ey [UN] + o Ey [UN] <

1
aWe
O

Remarque 21. i) E1[u}’] and Ez[uf)] are all bounded respectively by [, h1270 and |, 8xh$;0
which are bounded by Cy in proposition that is to say, u’¥ bounded in H'(12).

i) There is no extra boundary values, because the basis function ¢; is periodic on boundary
as well as their derivatives in (3.14)).

Semi-discrete entropy

The discret entropy for u”¥ € Vy is defined analogously to the continuous case, that
is we define a function G(y) > 0 in 1} to satisfy G (y) = ﬁ, and we are interested in
fQ G(uM).

Proposition 22. Let u(t,x) be a function satisfying (3.17)), then the semi-discret en-
tropy [, Gy (uN)dz dissipates in following form

d/ Gy (u)dz < 0. (3.23)
dt Jq

as a consequence u™ (t, ) is uniformly bounded in L?([0,T], H*(9)).
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Proof : We compute its time derivatives as we have done in the continuous case

G | e = ey

1 , 1 /

= e (), G (M) 4 — (PNl G ()
1 " 1 "

- aWe <f(UN) i\‘(m“G (u ) iv> B aFr? <f(UN)uiV’G (UN) i\f> (3.24)
_ Ny oony b NN
N aWe< Tz Tx > aFr2 <ux ) Ug >
R S SR S
— e ) = el )
<0

According to |D the definition of G ( ) G(u™) is defined positive, so we conclude that
Jo GW?), OTN Jo(u™)2, and f Jo(u™)?2 are all bounded by a constant independent of
N. O

3.2.7 Estimate on u’)

We derive a same result ¥ > n by using same method to continuous case, and we

can easily get a estimate for u2,, like in continuous case,

Proposition 23. Let u'N (t,z) be a function satisfying (3.17), then there exists a constant
D independent of N, such that the following uniform estimate holds

//fn W)z < D.

is uniformly bounded in L?([0,T], L*(Q2))

[ fozres ;2

Proposition 24. Let u™ (t, x) be a function satisfying (3.17)), then uly,,(t,z) € L2([0,T], H~1(Q))

N
As a result, uyy,,

The proof is trivial, for all 1 € L?(0,T; H*($2)) one has
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/[)t<u;vm7w>2dt= /Ot<uivx,ww>2dt < At[)(ug)dethtA(wx)2dxdt < 400

Convergence

Theorem 25. Let {u™N}yer a sequence satisfying (3.17), then
i) there exists a subsequence of u', strongly convergent in L([0,T], H(Q)),
ii) there exists a subsequence of u” , strongly convergent in L?([0,T], H?(9)),

iii) there exists a subsequence of u” , weakly convergent in L([0,T], H3(R)).

Proof : Up to this time, we know that for a fixed n, " is bounded uniformly with N
in HY(Q), L?H*(Q), L?H?*(Q) and L?H3($). To pass to the limit, we want to use the
Aubin-Lions lemma, which requires an estimate on Y. For all ¢ € L%(0,T; H'(£2)) one

has

/ (™ )2t
0

- [ R —

@(f(UN)uiV)x,Wth

! 1 Ny, N 2 1 Ny, N 2
<2 [ g ) +<@f<u ul ) 2t

SQ(ﬁ)QmaXﬁ] / [ ) / | widnat
2 max f,(y / / ﬁ7 ul)2dxdt / / Yidadt

+2(
gz(ﬁ) FOI]22 1 + 2 ) 2FW)2C ]2

aFr?

which implies v)¥ € L?H~1(2). Now we can apply Aubin-Lions lemma in [I] and [66],
note that H1(Q) c L?(Q) ¢ H Q) and H'() is compactly embedded in L?(Q2) and
that L2(Q) is continuously embedded in H~!(Q). Let

M = {v c L*([0,T], H(Q)), 0 € LQ([O,T],Hl(Q))},
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then the embedding of M into L?([0,T], L?(Q2)) is compact, and then from the sequence
{uN} € M, we can extract a convergent subsequence in L?([0,T], L*(Q2)).
Furthermore, since H2(Q2) is compactly embedded in H'(Q), let

My = {v € L*([0,T], H*(Q)), 0w € L2([0,T],H1(Q))},

then the embedding of M, into L2([0, T], H*(R2)) is compact, and for sequence {u’¥} €
My, we can extract a convergent subsequence in L2([0, T], H*(Q)). An easy induction gives
that for sequence {u"} bounded in L?([0,T], H3(Q)), we can also extract a convergent
subsequence in L2([0,T], H?(f2)), we denote its limit as u. Moreover we can easily prove
that there exists subsequence u?Y weakly convergent to u in L?([0, T, H3(£2)), which ends
the proof. O

Theorem 26. Given any positive initial condition hg satisfying (3.2)). There exists a non-
negative weak solution to the regularized equation (3.6)) satisfying the weak formulation
in [0,T] x Q.

Proof : Indeed, f,(y) and f;(y) are Lipschitz continuous functions, due to the uniform
estimate on vV in L2([0,T], H'(Q)) and L?([0,T], H3(Q2)) of Theorem , we can show,
by passing into the limit in a product of a weak-strong convergence, that in the sense of
distribution w satisfies , that is a weak solution to . O

3.3 Existence from shallow-water equations

As preceded in the previous section, we aim to prove the existence of a global in time
weak solution of the lubrication system, taking into consideration a new drag term relative
to some fabricated function of weight F(h). This weight has been used by A.L.Bertozzi in

the physical and mathematical justification of lubrication model.

Consider the Shallow Water system corresponding to the new drag term h2d./F(h.),
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defined in a periodic domain T :

Othe + 0y (hetic) = 0,

_ _ heOy(he)
2 _eTrNTET
€ (at(haue) + az(h6u5)> + Fr2 (3.25)
B 4 _ 1 3 hgﬂs
=€ (max(hgang)> + We heaxhe - aF(hE)

where « is a positive constant ; Re, W, and Fr are respectively the adimentional Reynolds,

Weber and Froude numbers. The initial conditions are given by :
helt=0 = h(€)7 (hete)|t=0 = mg.

Let’s recall the definition of the weak formulation of system ((3.25])

Definition 27. A weak formulation of the shallow water model with the nonlinear drag

term represented in system (3.25)) is given by

/ / hedp da di + / “(-,0) dz = — / / heiOw do di,  (3.26)
0 T T 0 T

and

E(/OOO/thugatqﬁ da dt+/vmg¢(.,0) dx+/OmAh5u§8x¢ dx dt) (3.27)

4e [°° 1 o0
- h.0,ti-0p¢ dx dt — — Oph-0%h.d dx dt
Re/o /1I eOzUe ¢ T We/o /IT e0p 6¢ X

1 [ 1 o0 K2y
- h.0%?h.0,¢ dx dt + — h20,¢ dx dt — / / £ b dr dt =0
We/o /TM +F7’2/0 /T”‘” “Jy Jr ey ? =0

for all ¢ € (T x [0,T]) and ¢ € C>(T x [0,T]) with ¢(-,T) = ¢(-,T) = 0.

Energy estimate. The energy equation corresponding for the viscous shallow-water equa-

tion is obtained by multiplying the momentum equation by wu.. Integrating then in space
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and using the mass equation, we obtain

—2 2 2
4 (/ehsuf L he  (Guhe) > dz (3.28)
T

dt 2 2Fr? 2W,
4e h2?
—he x752 == dr =0.
+/TR€ (0,1¢) +aF(h€) =0

BD entropy. As for the BD-entropy inequality, it reads (the reader can refer to appendix

for its derivation)

1d 1[1d h?  he)? h2u?
hgvgdx—k{ / S CLD dx+a/ etle dx]
T T

2dt Jy e|2dt Jy Fr2 W, F(h.)
4 D h? D2 heic
d =d —= = 0,he dz| =0,
R, /TFrQ T+ W, z—i—a/TF(hE)a e dr 0

where v, = 4. + 0, (log he). The last term can be rewritten as

heie /  Oghe
Dt 5ohe = [ howo-22le
/WF(hs) M e PR
1 1 1
= [ hewduhe(— + —— — =),
A UeOuhe(ig + 15 ~ )

3

—1
= / hetiz0y (—— + log(1 + he) — log(he)),
T hs

d he
A AR .
dt Jy (L+ he) Og(1+h€)

>0

3

Finally, using the fact that 1 < 1, the BD-entropy inequality reads

€

d [e 4o h hZ  (Oyhe)?
— | shev? — —(1+ he)l 2 e v el g
dt/ﬂ ve = (L he)log(=m ) + o s + g
3.29
+a/ het; —I—i /(%hg d:Jc—l—Lmhg dr| <0 2
T F(he) " Re|Jy Fr2 We -

As discussed before, the mathematical justification of this model relies solely on the energy
and BD-entropy estimates (4) and (5). To proceed, we give the definition of a global weak
solution of (3.25)), as well as its existence result
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Definition 28. A couple (h,u) is said to be a global weak solution of (3.25)) if it satisfies
the weak formulations (3.26)—(3.27) as well as the energy and BD-entropy inequalities

B2 B2).

Theorem 29. Let (h§, m{) be such that h§ > 0 and

he € HY(T), elmg2/h§ e LNT), +e9,Vhy € LX(T),

hE
—(1+ h§)log(—2—) € LY(T).
07N+ b

Then there exists a global weak solution of (3.25)) in the sense of definition (3.26])—(3.27)).
Such theorem has been first obtain by D.Bresch and B. Desjardins in [16]. Performing

the the lubrication limit (¢ — 0) in (1), we obtain the following lubrication system with

the new nonlinear drag term

e + az(a1 F()o%h - ;T2F(h)azh) ~0. (3.30)
Note that taking the new variable
ho = — F(h)o3h — ! F(h)0.h,
aWe aFr?
the lubrication model can be reformulated as a
Oth + 0, (hv) = 0,
hv = a;VeF(h)a;‘jh — Q;TQF(h)axh. (3:31)

It is also important to note that the term coming from the drag term in the BD-entropy

provides the control of the quantity

G) =~ [ (1+ho)loe(5)

in L°(0,T; L*(€)). This is exactly the dissipative entropy introduced by in [5]. Remarks
will be done in the last section of the paper. Concerning our system, we are able to prove

the following result
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Theorem 30. Given a sequence (he, ). a global solution of (4.1)), satisfying the initial

15
conditions given in the previous theorem, then there exists a subsequence of (he,u.) that
converges to a couple (h,u), a global weak solution of the lubrication system satisfying
the initial condition hl.—o = ho, where hg is the weak limit of h§ in HY(T) such that

G(h§) € LY(T) uniformly with respect to €.

Proof : The proof starts from integrating the energy and BD-energy inequalities in the

time interval (0,T). We obtain :

1

ohe)?
F2 hzd:n +2/h22d —i—udw

// Oy tiz ) ddt —|—a// % /Thgdx.

(3.32)

and :

1 [ h? (Ozhe)? 4o he
- — 1 1
2/hv dm+2/F2d+ W, dx . (+h5)og(1+h€)dac

2 8xxh£)2
—i—a//egddt—i-//FT2 e

h
+ a/o ||m||H1(T)Hu€HL2

e [(m§)?  ,mG, . (@hg)?  (BG)? | 0uh§)? 4 / .
<= 2-—20,h - 14 hg)1 d
_2/ he + haa o+ e +tpe t W, R T( + )og(1+h5) T,

where v, = 4. + 95(log(h:)).

Using the uniform bounds on the initial data, and since hf is bounded, we obtain the

following estimates from the energy equation

1hell oo 0,37 (1)) < € \/g\\\/ﬁsﬁeHLoo(o,T;m(v)) <C,

VEIVhedytie|| 120 7.02(my) < C,

h2
F(he)

tellL20.r02(m)) < C, (as >1).
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As for the BD-energy, we have
hev? = heti2 + 200, (he) + 4(9:(v/he))?.

Hence we get the following additional information :

\@‘|8$(\/E6)|L°°(O,T;L2(Ir)) <C,
[hell oo 0,712 (1)) < C-

With C being a generic constant independent of time (it depends on the measure of

T).

As a result of the previous estimations, and writing 0, (hete) = Ophetic + heOyte, we get

new estimation for \/z(h.uc) :
VEelloe (hetie) || 20,01 (1)) < C,

Vellhetic|l 20,01 (1)) < CVElV hetie |l oo (0,500 (1)) | el oo (0,7 02(T)) -

Thus
\ﬁ|’haa£HL2(07T;W1’1(T)) <0,

Due to the uniform boundedness of h. and @, in L>(0,T; H*(T)) and L?(0,T; L*(T))
respectively, and using Rellich-Kandrachov compactness theory for h., we get the exis-
tence of strongly convergent subsequence (denoted again (h.)) in C([0,T]; L*(T)), and a
weakly convergent subsequence (denoted again (.)) in L?(0,T; L?(T)) that converges to

h, u respectively.

Passing to the limit in (3.26) using the fact that lir% h§ = ho = h|i=o in the weak
e—
sense, we get that (h,u) satisfies weak formulation of the mass equation of the lubrication

system. In fact, we have

T . T
using
1
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/1r 0¥ (-,0) da dt =< hg,¥(.,0) >pg—1 (1), m1(T)
—< ho, ¥(.,0) >g-1(1),m1 T)—/ /h0¢ ) dz dt.
T
/ /h5ﬂ58x¢ dx dt =< hgﬁs,azw >H*1('[|'),H1('|]')
o Jr

T
—<< hu,am"l/J >H71(]]')7H1(‘[[): /O /Thuﬁmw dx dt.

We follow now the same analysis for , the integrals multiplied by ¢ tend to zero
upon the limit as they are bounded (due to energy estimates).

As the for fifth, sixth and seventh terms, we use the strong convergence of h. in C([0, T]; L*(T))
and the weak * convergence of 9,h. and 9,.h. in L>(0,T; L*(T)), i.e :

T
/ /hgé?m da dt —" using / /h2 Oy dx dL.
0 T

(‘as he converges strongly to h and thus pointwisely along a subsequence).

T
/ /hsaxmhsax¢ dr dt =< hsax:chsa am¢ >H-1 (T),HY(T)
0 T

< hOyzh, Ox¢ > -1 / /hamha ¢ dz dt.

As for the last term, we have

h2
//F us¢ dx dt = ( )u57¢>H HT),HY(T)

h2 T h2
E)< WU,¢ >H1(T),H1(T):/() /-U—F(h)ud) dx dt.

Hence, we get that (h,u) satisfies

T
1/ /haghqsd:cdt //hahgbdmdt // uqu:rdt—O
We 0 T

which is the weak formulation of the second equation of the lubrication system. O
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3.4 The more general case revisited.

Let us consider the following lubrication equation
Oth + 0, (F(h)O2h) — 0,(G(R)Dzh) =0 (3.34)
that has been studied in various papers. It may be written as
Oth + 0z (hu) =0

with ) )
Ru 1 1 hG(h
2 hdh— — T,
By T W T w2 () 2

This system may be obtained as the limit of the compressible Navier-Stokes equations

Othe + 0y (hetic) = 0,

_ _ heG(he) Oz (he)
2 e\te) Fr\te
€ <6t(h€u5) + 81(}15“5)) + F(he) Fr2 (335)
4 1 h2a
—¢ <Reax(h58xu5)> + Wehsaghe - aFE;;;) .

The lubrication equation accept an energy estimate and a dissipative entropy estimate
following the same line than the ones we give in the second section. Remark that the
ratio G(h)/F(h) is important in the pressure term. The energy and the BD entropy for
the shallow-water equations are linked to the energy estimate and the dissipative entropy
estimates for the lubrication equations. More general systems will be considered in future

works by the authors.
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Chapitre 4

Lubrication Theory and Viscous

Shallow-Water Equations

4.1 Introduction

It is a real pleasure for us to write a proceeding in honor of Enrique Fernandez-Cara’s
birthday : D. Bresch is happy to have Enrique as friend and to have the opportunity in this
special issue to precise that he started to work on compressible fluid system after discussion
in Clermont-Ferrand with Enrique around 1997 in Jacques Simon’ office and a first meet
with Benoit Desjardins in 1998. The Navier-Stokes equations are considered as a basic
mathematical model to describe the motion of a liquid. In his celebrated article [52] ”Sur
le mouvement d’un liquide visqueux emplissant 1’espace” published in Acta Mathematica
in 1934, Jean LERAY (1906-1998) introduced the concept of global in time weak solution
with a precise definition of what could be an irregular solution of the system, and he
has proved the existence of such weak solutions in the homogeneous (constant density)
incompressible setting. We now talk about ”solutions & la Leray” these solutions of finite
energy. Even if the global existence of weak solutions does not give too much information
about the well posedness of the system, such analysis has a lot of practical interests.
Beside the physical signification, because the assumed regularity on the data is minimal
and strongly related to physical quantities well identified, the properties of stability of
weak solutions on the continuous model help to better understand how to construct stable

numerical schemes for which strong regularity estimates are not preserved.
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The starting story correspond to the Leray solutions for the incompressible homoge-
neous Navier-Stokes equations in 1934, then results have been obtained for non-homogeneous
incompressible Navier-Stokes equations by A. Kazhikhov (see [47] with initial density
far from vacuum and bounded and with constant viscosity p), J. Simon (see [67] with
initial density with possible vacuum and with constant viscosity), Enrique Fernandez-
Cara/Francisco Guillen-Gonzalez (see [37] with initial density with possible vacuum and
strictly positive density dependent viscosity p(p) and the interesting review paper [35] by
Enrique Fernandez-Cara. See also [38] in unbounded domains) and P.—L. Lions (see [55]
for a full picture for non-homogeneous incompressible Navier-Stokes equations) and also
the recent interesting result in [29] by R. Danchin and P. Mucha concerning global strong
solution in the two dimensional setting for bound initial density and H' initial velocity.
The starting story, in the multi-dimensional setting, for the compressible Navier-Stokes
equations concerns constant viscosities p and A\ by P.—L. Lions (see [55]), E. Feireisl
et al. (see [35]) with pressure laws as P(p) = ap”? or Van der Vaals type laws (which are
increasing after a certain fixed density value). Recently it has been possible to obtain a
more general result by D.B. and J.-E. Jabin covering thermodynamically unstable pres-
sure laws (no monotonicity assumption) and some anisotropy in the viscosities, see for

instance [20], [21].

Remark that density dependent viscosities, in the compressible setting, has been
firstly studied by D.B., B. Desjardins based on an observation with C.K. Lin for the
Korteweg-Navier-Stokes system in [I8] that in the case where u(p) = p and A(p) = 0 we
can control space derivative of the density if initial it is the case. It has been generalized
in [I7] to the case where pu(p) and A(p) are linked through the algebraic relation \(p) =
2(1/(p)p — (p)). It envolves a new mathematical entropy called now BD-entropy helping
to control the gradient of a function of the density if initially it is the case. The method
of proving global existence of weak solution is completely different and may be seen as
a dual one compared to the constant viscosities case. The role and difficulties between
the density and the velocity field are completely exchanged : In the constant viscosities
case, the difficulties occur for compactness on the density to pass to the limit in the non-
linear pressure law p(p). In the density dependent viscosities case, the difficulties occur
for compactness on the velocity field to pass to the limit in the non-linear quadratic term

pu®u. In the first case, control on L log L on the density through renormalization technic
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on the mass equation allow to get such compactness if the pressure law is an increasing
function at least after a fixed value. In the second case, control on Llog L quantity on
the modulus of the velocity through renormalization technic on the momentum equations
allow to get such compactness. The interested reader is referred to [15] and to the recent
Bourbaki paper written by [64] for more information around density dependent viscosities

and compressible Navier-Stokes equations and to the recent papers [54] and [69].

In this paper, we want to precise the limit between the viscous shallow-water equations
with capillarity and drag terms envolved in [43] to the lubrication equation related to the
height studied in [12] (see also works by [6], [10]). Firstly, we get a weak convergence using
the uniform bounds to a global weak solution of the lubrication system. Then we prove
strong convergence to a strong solution of the lubrication system using a recent entropy
inequality introduced in [24]-[25] (and extended in [19] for Navier-Stokes-Korteweg system
with compatibility condition between dispersive term and diffusive term). It is interesting
to note here that in the compressible setting, density dependent viscosities vanishes if the
density vanishes. This kind of dependency is not actually allowed in the non-homogeneous
incompressible setting since a strictly positive properties is asked in the viscosity : see the

very interesting review paper by Enrique Fernandez-Cara in [30].

4.2 Derivation from shallow-water equations

Let us consider, in a periodic domain 2 = T, the shallow-water equations with linear

drag term and surface tension :

Othe 4+ 0y (heue) = 0,
O (hetis) + 0y (haug +

(hs)z) 4 1 (4.1)
Re

2Fr2 = 78z(hga$ﬂ5) + %hgf)i’ha — Oéﬂg,

with @ > 0 where Re is the Reynolds number, We is the Weber number and Fr is the
Froude number. Note that the terms in the right-hand side of the momentum equation
represent respectively the viscous term, the capillarity term and the linear drag term. In
the one-dimensional in space case, global existence of weak solutions of this system has
been obtained by [I8] where the BD-entropy has been firstly introduced in the simplified

setting. The more general BD entropy relation may be found in [I7]. We consider the
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initial data

ha’t:() = h67 (haus)‘t:O = m6

In this paper, we consider the lubrication limit (¢ <« 1) with adimensionalized numbers
in [I1} 22] under the form

We :=eW,, Fr?:=cF? o:=

o™ | Ql

and the other dimensional numbers independent on ¢. In the limit ¢ — 0, on such system,

assuming uniform bounds for all derivatives on the unknowns, we formally find

__ 1 3 ho.h
and
O¢h + 0, (hu) = 0. (4.3)
Combining the equation (4.2)) with (4.3)), we obtain a lubrication equation
i+ 0y | ——n20%h — ——n20,h) =0 (4.4)
\aw, 7 ar? " ' '

The mathematical justification of such derivation is linked to the energy estimates and
a mathematical entropy arising for the degenerate viscous shallow-water system that has
been discovered in its first form in [18] and in its general form in [I7]. We will discuss this
derivation in the first section. Note that a similar asymptotic study has been performed
recently in [48] focusing on singular van-der-waals type pressure laws. Here we consider the
standard shallow-water system occuring in geophysics, see for instance [43], [57] justified
in [23].

Note that the energy estimate reads :

d hei? R (9phe)? de o
a 2 b (0, <0. 4.
o (/TE 5 +2F2+ oI, +/I]'Re (0pUe)” +aw; <0 (4.5)

This energy estimate is obtained multiplying the momentum equation by . and adding
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the result to the following equation
1 2 2 29 —
5[8th€ + Oz (hZu:) + hZ0zu:] =0

and then integrating in space. This last equation is obtained from the mass equation
formally multiplying by h. and rewriting it. The BD entropy estimate is given by (see

recall after proof) :

d [ he Oehe, d [ B2 (0:h)? 4
8dt/1T y (e +4(Re) "= =) +dt/r(2F2 HESTTA ha)

2 2 2
+4/ (9she) + (9zhe) +/au§ <0 (4.6)
T T

R, F? We

Our result concerns weak solutions and is based on the following definition. The couple
(he,ue) is called a global weak solutions of (4.1)) if it satisfies (4.5)—(4.6) and

/Ooo/vhﬁ-raﬂWr/1T 51 (+,0) dx = /000/1Th5ugax¢dxdt (4.7)

/ / heTi. ;¢ + / mo(-,0) dx + / / hgﬂgﬁxgbdxdt) (4.8)
//hau”¢ —/ /aha2 ~bdxdt
—l/oo/h82h6¢dxdt+1/ /h28¢d:cdt—a/ /ugbdmdt—o

WeO 1T8$8x F20 st 0 TE

for all ¢ € C5°(T x [0,00)) and ¢ € CF (T x [0, 00)).

and

Let us first recall an existence result which may be found in [16].
Theorem 31. Let (h§, m{) be such that h§ > 0 and
seHYQ), elmfP/ng e LYQ), VeduVhy e L(Q), —log_hfe LY(%)

where log_ - = log min(-,1). Then there exists a global weak solution of (4.1]) in the sense
of definition (4.7)—(4.8]).
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Then we can give the following theorem which will be a straightforward application
of bounds given by the energy and BD entropy. We will give the proof for reader’s conve-

nience.

Theorem 32. Let (he,u.) be a global weak solution of as given in Theorem with
initial data satisfying the bounds uniformly. Then there exists a subsequence of (he,.),
already denoted by (he, ), which converges to (h,u) global weak solution of the lubrication
system f satisfying the initial condition hli—o = ho with ho the weak limit in
HY(Q) (up to a subsequence) of h.

Démonstration. Due to the estimates, we have the following uniform bounds
VEIVhTL oo o:12(0)) < C [hell oo 0,111 (02)) < Cs

VeIV | 20752 () < C, [Tellz20.122(0)) < C

Using this bounds, due to the BD entropy, the following extra uniform bounds
VEl0uVhell L oi22(0)) < Cs  Ilhell 20,2 () < C-
Remark that, using the uniform L>(0,T; H'(Q) bound of h., we get
1e]l L < C.

Using that 9, (hei.) = he0,u. + u-0,h. and the uniform bounds related to v/h-0,u. and
he and u., we get
VEllOe(hetie)|l 20,01 ) < C

Thus
Vellhete|| L2 o,mwr1)) < C.

Let us now pass to the limit in the weak formulation. In the mass equation, we use
compactness on he in C([0,7] x Q) (due to bounds related to capillarity and estimates
on d¢h. looking at the mass equation in the distribution sense) and weak convergence in
L%((0,T) x Q) on u.. Concerning the momentum equation, We easily pass to the limit

in the third terms which will converge to 0 since they are multiplied by €. The fourth

100



CHAPITRE 4. LUBRICATION THEORY AND VISCOUS SHALLOW-WATER
EQUATIONS Xi LIN

one also converges to 0 since it concerns vh. and \@\/ﬁsﬁxﬂs. Concerning the terms
involving h., we use the strong convergence of h. in C([0,7]; H*(f2)) for all s < 1 and in

L?(0,T; H5(2)) for s < 2 and weak convergence of 92h. in L?((0,T) x Q). The last term

is easy using the L? uniform bound on k. ]

Remark. This is interesting to note that the BD entropy degenerates to similar entropy

involved in lubrication theory for instance described in [6] and [10].

Recall. Let us recall for reader’s convenience how to derive the BD entropy. We differentiate

the mass equation with respect to the space variable, it gives
OOrhe + Oy (U0zhe) + Oy (heOyus) = 0.

We remark that the last term is the same than the diffusive term in the momentum
equation with an opposite sign if we multiply this equation by 4/Re. Thus multiplying by

4/Re and adding the resulting equation with the momentum equation, we get

he o,
Fr?2 We

d, (hg(ag v %ax log ha)) 48, (hg(ﬂg + %ax log h€)> + h5< ) +am. = 0.

Multiplying this equation by ﬂg+%8z log h. and using the mass equation d;h+0, (h:u:) =
0, we get integrating by parts the BD entropy.

Comment. Note that weak solutions to lubrication equations in the presence of strong slip-
page has been obtained in [48] from shallow-water equations. Strong slippage assumption
with surface tension provides a height far from vanishing state (due to singular pressure

laws and high derivative control of the height).

4.3 Relative entropy and strong convergences

Let us now explain how to get better convergence result namely strong convergence

from viscous shallow-water system to lubrication equation. More precisely let us consider

again the system (4.1

Oihe + 9y (hetiz) = 0,

h? 4 1
O(hete) + Oy (haug + 2F5r2> = §ax(haaxﬂg) — ot + %hgajf:hg,
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where Re is the Reynolds number, We is the Weber number and Fr is the Froude number.
The coefficient « represents the friction due to the bottom and is assumed to be strictly
positive. As explained before, such system has been studied initially in [I8] and global
existence of weak solutions has been proved in the one-dimensional setting using the linear

drag term. Assuming the

We := W, Fr? .= eF?, =

o | Ql

with W,, F' and @& fixed as explained in the introduction and looking at the limit ¢ — 0, we
can modulate the energy and BD-entropy in order to perform strong convergence between
global weak solutions of the viscous shallow-water equation with damping and capillarity
terms to strong solution (h,) of the lubrication equations using the fact that the
height satisfies at the limit A~ > ¢ > 0. Note that the limit quantity (h,u) satisfies the
following equations

Oth + 0, (ha) = 0. (4.9)

Using (4.2), it also satisfies the momentum equation

e(0p(h) + 0y (hu?)) + O (}12) - fa (hd,w) — ih63h+5ﬂ =R (4.10)
i v “\2F2) Re V"7 We *® e '

where

R. = £(0y(hu) + 0, (hu?)) — %&C(haxﬂ).

Note that modulated technique for Navier-Stokes with density dependent viscosities has
been recently developed in [24]-[25] (extending an initial study by B. Haspot in [44] where
the density dependent pressure law is assumed to be proportional to the density dependent
viscosity). Namely such technic has been developed for the following system composed of
mass equation

Op + 0z (pu) =0

and momentum equation

Or(pu) + Oz (pu®) — V0 (pByu) + Oup(p) =0
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where p(p) = ap?. A weak-strong uniqueness result is also performed using this well
defined modulated energy (relative entropy) control. Compared to what has been done
in [24]-[25], new terms here are therefore envolved namely the drag term @, the surface

tension term hd3h/We and the right-hand side R..

Note that we also cannot use the recent work in [19] because in this paper capillarity
coefficient and viscosity are assumed to be linked together in an appropriate way which is
not satisfied by our model. To check if things work we need to look at new terms writing
them in terms of the unknowns. Concerning R., it is sufficient to assume that R. — 0
when ¢ goes to zero in L((0,Ty); L(T)) where T, is the existence time of strong solution
of the lubrication equation where h is stricly positive. To control this rest this ask for
regularity properties on (h,w) and this justified the fact that we consider strong limit
solution of lubrication equation. Concerning the surface tension term, it suffices to write
it as hd2h = ho?(hv) with v = 9, log h. Concerning the drag term, since it is a linear one,

it does not provide any difficulties. If we consider the following relative entropy

E(he,uc, Ozhe |h,u,0:h) = (4.11)

heo L Ohe Ohis
5/F2E<’u€—u+4(Re) N - S 4 - af)

’he - h’2 ‘a;v(ha - E)P da
+ /W( 72T aw, R, ‘o8- (he/ h))

then by similar calculations than in [24] (we will not do such long but straightforward
h,w, 0zh)

calculations again) we can get denoting the relative entropy E. = E(h., Uz, O,h.

that
t
B.(t) < E-(0) exple(h) / 10stll e + 19 log A3 + 1102 log 1l e )]
t t
+ / exple(h) / (19sull e + 19 1og Al[2e + 92 10g Al 1o ) dr]

/ he (R (u: — @+ 4(36)*1(82]18 - 82h)) + R.(u. — u)).
Q €

Thus assuming that E.(0) goes to zero when € go to zero, we get the convergence result

using the convergence of R, to zero in L'(0,T,; L*(T)).
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4.4 Change of time by Y. Brenier and X. Duan.

In this last section, let us precise for reader’s convenience a very interesting result by
Y. Brenier and X. Duan concerning an appropriate quadratic change of variable that will
provide a derivation of lubrication type model from the viscous-shallow system without
any drag term initially present in the system. Let us consider the viscous shallow water

without drag term namely the equation

Othe + 0 (heus) = 0,

h? 4 1 (4.12)
Or(heTiz) + Oy <h€u§ + 2Fi2> = —eax(hgawﬂs) + %hsaihs.
Let set )
LS 0=12/2,  h(ba) o ho(63),  Gu(tx) —>ﬂ€(0,x)%.

the system reads

39/15 + ax(hsﬁa> = 0;

2

1
BT 0z (he0y702) + %haafjha.

Thus letting formally 6 goes to zero, we get the non-degenerate lubrication model

1 1 3
Obviously more general lubrication may be obtained starting from general Euler-Korteweg
type systems. This would be interested to justify such asymptotic using the Relative
entropy framework developed in [I9] similarly than what has been done by Y. Brenier

and X. Duan on curve-shortening flow in [3].

104



Bibliographie

[1]

[2]

J.P. AUBIN. Un théorem de compacité. C. R. Acad. Sci. Paris 256, pp. 5042-5044.
(1963)

E. BERETTA, M. BERTSCH AND R. DAL PASso. Nonnegative solutions of a fourth-

order nonlinear degenerate parabolic equation. Arch. Rational Mech. Anal. 129, 175-
200. (1995)

Y. BRENIER, X. DUAN. From conservative to dissipative systems through quadratic

change of time, with application to the curve-shortening flow. ArXiv 2017.

F. BERNIS. Finite speed of propagation and continuity of the interface for thin
viscous flows. Adv. Differential Equations Vol.1, No. 3, pp.337-368. (1996)

F. BERNIS, A. FRIEDMAN. Higher order nonlinear degenerate parabolic equations.
Journal of differential equations. 83, pp.179-206. (1990)

A.L. BErRTOZZI, G. GRUN, T. P. WITELSKI. Dewetting filmss : bifurcations and
concentrations. Nonlinearity, 14 :1569-1592, 2001.

A.L. BErT0Zz1, M. PUGH. The lubrication approximation for thin viscous films :

the moving contact line with a 'porous media’ cut-off of van der Waals interactions.
Nonlinearity Vol.7, No. 6, pp.1535-1564. (1994)

A.L. BERTOZZI, M. PUGH. The lubrication approximation for thin viscous films :

Regularity and long time behavior of weak solutions. Communications on Pure and
Applied Mathematics Vol.49, Issue 2, pp.85-123. (1996)

A. L. BErTOZZI, M. PUGH. Finite-time blow-up of solutions of some long-wave
unstable thin film equations. Indiana University Mathematics Journal Vol. 49, No.
4, pp.1323-1366. (2000).

105



BIBLIOGRAPHIE Xi LIN

[10]

[11]

[14]

[15]

[16]

A. L. BErTOZZ1, M. C. PUGH. Long-wave instabilities and saturation in thin film
equations. Comm. Pure Appl. Math., 51 :625-661, 1998.

D. BrescH. Shallow-water equations and related topics. In C. M. Dafermos and M.
Pokorny, editors, Handbook of differential equations. Evolutionary equations, volume
5, pages 1105. Elsevier, 2009.

D. BrescH, M. CoLIN, X. LIN. On a lubrication equation in one-dimension in space
In preparation (2017).
D. BrescH, M. CoLIN, X. LIN. Derivation of shallow water and thin film models

from incompressible Euler equations with free surface. In preparation.

D. BrescH, M. CoriN, X. LiN, P. NOBLE. Lubrication Theory and Viscous

Shallow-Water Equations. In preparation

D. BRESCH, B. DESJARDINS. Weak solutions via the total energy formulation and
their qualitative properties - density dependent viscosities. To appear in Handbook of
Mathematical Analysis in Mechanics of Viscous Fluids, Eds Y. Giga et A. Novotny
(2017).

D. BreEscH, B. DESJARDINS. Existence of global weak solutions for a 2D viscous
shallow water model and convergence to the quasigeostrophic model. Comm. Math.
Phys., 238(1-2) :211-223, 2003.

D. BRESCH, B. DESJARDINS. Quelques modeles diffusifs capillaires de type Korte-
weg, C. R. Acad. Sci. Paris, section mécanique, 332, no. 11, 881-886, (2004).

D. BrescH, B. DESJARDINS, C.K. LIN. On some compressible fluid models : Korte-
weg, lubrication and shallow water systems, Comm. Part. Diff. Eqs. 28, 3—4, (2003),
1009-1037.

D. BreEscH, M. GISCLON, I. LACROIX-VIOLET. On Navier-Stokes-Korteweg and

Euler-Korteweg systems : Application to quantum fluids models. Sumbitted (2017).

D. BrescH, P.—E. JABIN. Global Existence of Weak Soutions for Compresssible
Navier-Stokes Equations : Thermodynamical unstable pressure and anisotropy vis-

cous stress tensor. Submitted (2015).

D. BreEscH, P.—E. JABIN. Global weak solutions of PDEs for compressible media :

A compactness criterion to cover new physical situations. Springer INdAM-series,

106



BIBLIOGRAPHIE Xi LIN

[24]

[25]

[28]

spécial issue dedicated to G. METIVIER, Eds F. CoLoMmBINI, D. DEL SANTO, D.
LANNES, 33-54, (2017).

D. BRESCH, P. NOBLE. Mathematical Justification of a shallow water model. Me-
thods and Applications of Analysis, 14 (2007) no. 2, 87-117.

D. BrREscH, P. NOBLE. Mathematical derivation of viscous shallow-water equations
with zero surface tension. Indiana Univ. Journal, vol. 60, Number 4, 1137-1269
(2011).

D. BrescH, P. NOBLE, J.—P. ViLA. Relative Entropy for Compressible Navier-
Stokes Equations with Density Dependent Viscosities and Applications. C.R. Acad.
Sciences Paris Volume 354, Issue 1, 45-49 (2016).

D. BrescH, P. NOBLE, J.—P. ViLA. Relative entropy for compressible Navier-Stokes

equations with density dependent viscosities and various applications. To appear in
ESAIM Proceedings (2017).

O. Cary, P. IBARROULE, M. HERBRETEAU, F. REBILLAT, E. MAIRE, G. L. VI-
GNOLES. Application of X-ray computed micro-tomography to the study of damage
and oxidation kinetics of thermostructural composites. Nucl. Instr. & Meth. in Phys.
Res. B, 324, pp.113-117, (2014).

P. ConstanTIN, T. F. DurpoNT, R. E. GOLDSTEIN, .. P. KADANOFF, M. J.
SHELLEY, AND S. ZHOU. Droplet breakup in a model of the Hele-Shaw cell. Physical
Review E. Vol. 47, Issue 6, pp. 4169-4181. (1993)

R. DAL Passo, H. GARCKE, G.GRUN. On a fourth-order degenerate parabolic

equation : global entropy estimates, existence, and qualitative behavior of solutions.
Siam J. Math. Anal. Vol. 29, No. 2, pp. 321-342. (1998)

R. DANCHIN, P. MUCHA. The incompressible Navier-Stokes equations in vacuum.
Arxiv :1705.06061 (2017).

V. DREAN. Two-dimensional oxidation modeling of MAC composite materials. Rap-
port INRIA, No. 7417,7418, (2010).

V. DREAN, G. PERROT, G. COUEGNAT, M. RiccHIUTO, G. L. VIGNOLES. Image-

based 2D numerical modeling of oxide formation in self-healing ”CMCs”. Ceram.
Eng. & Sci. Procs. 33(10), pp.117-126, (2012).

107



BIBLIOGRAPHIE Xi LIN

32]

37]

[38]

[39]

[40]

[41]

[42]

[43]

T. F. DuponT, R. E. GOLDSTEIN, L.. P. KADANOFF, AND S. ZHOU. Finite-time
singularity formation in Hele Shaw systems. Physical Review E. Vol. 47, Issue 6,
pp.4182-4196. (1993)

E. B. DussaN V AND S. Davis. On the motion of a fluid-fluid interface along a
solid surface. J. Fluid Mech. 65, pp.71-95. (1974)

P.EHRHARD. The spreading of hanging drops. Journal of colloid and interface
science. 168, pp. 242-246. (1994)

E. FEIREISL, A. NovOTNY H. PETZELTOVA. On the existence of globally defined
weak solutions to the Navier-Stokes equations. J. Math. Fluid Mech., 3(4) :358-392,
(2001).

E. FERNANDEZ-CARA. Motivation, analysis and control of the variable density

Navier-Stokes equations. Discrete & Continuous Dynamical Systems - Series S
(2012), 1021-1090.

E. FERNANDEZ-CARA, F. GUILLEN-GONZALEZ. Some new existence results for the
variable density Navier-Stokes Annales de la Faculté des sciences de Toulouse :
Mathématiques, Série 6 : Tome 2 (1993) no. 2 , p. 185-204.

E.FERNANDEZ, F. GUILLEN-GONZALEZ. The existence of nonhomogeneous, viscous
and incompressible flow in unbounded domains, Comm. P.D.E. 17 (7 & 8) (1992),
pp. 1253-1265.

R.E.GoLDSTEIN, A.I.PESCI AND M.J.SHELLEY. Topology transitions and singula-
rities in viscous flows. Phys. Rev. Lett. 70, pp. 3043-3046. (1993)

R.E.GoOLDSTEIN, A.I.PESCI AND M.J.SHELLEY. An attracting manifold for a vis-
cous topology transition. Phys. Rev. Lett. 75, pp. 3665-3668. (1995)

G.GRUN. Degenerate parabolic differential equations of fourth order and a plasticity
model with non-local hardening. Journal for Analysis and its Applications. Vol.14,
No. 3, pp. 541-574. (1995)

G.GRUN. On bernis’ interpolation inequalities in multiple space dimensions. Journal
for Analysis and its Applications. Vol. 20, No. 4, pp. 987-998. (2001)

J.F. GERBEAU, B. PERTHAME. Derivation of viscous Saint-Venant system for lami-

nar shallow water : Numerical validation. Discrete and Continuous Dynamical System
(2001), 1, 89-102.

108



BIBLIOGRAPHIE Xi LIN

[44]

[46]

[47]

[48]

[49]

[51]

[52]

[53]

[54]

[55]

B. HaspoT. Weak-Strong uniqueness for compressible Navier-Stokes system with
degenerate viscosity coefficient and vacuum in one dimension, to appear in Commu-
nications in Mathematical Sciences (2017).

S. HEcHT, N. VAUCHELET. Incompressible limit of a mechanical model for tissue
growth with non-overlapping constraint. Comm. in Math Sciences. (2017) Vol.15
No.7 pp.1913-1932

C. IMBERT, A. MELLET. Electrified thin films : Global existence of non-negative
solutions. Annales de ’Institut Henri Poincaré, Non Linear Analysis. Vol. 29, Issue

3, pp. 413-433. (2012)

A. KazHIKHOV. Resolution of boundary value problems for non homogeneous viscous
fluids. Dokl. Akad. Nauk., 216 (1974), 1008-1010.

G. KitavTtsev, P. LAURENCOT, B. NIETHAMMER. Weak solutions to lubrication
equations in the presence of strong slippage. Submitted (2010).

A. A. LACEY. The motion with slip of a thin viscous droplet over a solid surface.
Studies in Applied Mathematics. Vol.67, Issue 3, pp. 217-230. (1982)

V. LACROIX-VIOLET, A. VASSEUR. Global weak solutions to the compressible quan-
tum Navier-Stokes equations and its semi-classical limit, preprint arXiv :1607.06646
(2016).

F. LAMOUROUX, S. BERTRAND, R. PAILLER, R. NASLAIN, M. CATALDI. Oxidation-
resistant carbon-fiber reinforced ceramix-matrix composites. Composites Science and

Technology, Vol. 59, pp 1073-1085, (1999).

J. LERAY. Sur le mouvement d’un liquide visqueux emplissant ’espace. Acta Math,
Vol. 63, 193-248, (1934).

S. LETOMBE. Modélisation du couplage oxydation/endommagement des com-posites
a matrice céramique auto-cicatrisante. Thése de doctorat, ENS Cachan, 2002.

J. L1, Z.P. XiN. Global Existence of Weak Solutions to the Barotropic Com-
pressible Navier-Stokes Flows with Degenerate Viscosities. Submitted (2015) (see
arXiv :1504.06826).

P. L. LioNns. Mathematical topics in fluid mechanics. Vol. 1, Oxford Lecture Series
in Mathematics and its Applications. The Clarendon Press Oxford University Press,

New York, 1996. Incompressible models, Oxford Science Publications.

109



BIBLIOGRAPHIE Xi LIN

[56]

[57]

[58]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

R. NASLAIN. The art of ceramics : the blend of art and science technology. Discussions
of the academy of ceramics. Forum 2000, p. 13. N. Claussen, 2001.

A. OrON, S. H. Davis, S. G. BANKOFF. Long-scale evolution of thin liquid films.
Rev. Mod. Phys., 69(3) : (1997), 931-980.

S.OsHER. A Level Set Formulation for the Solution of the Dirichlet Problem for
Hamilton-Jacobi Equations. CAM report. Vol. 92, No.39

F. PAILLER, J. LAMON, F. REBILLAT. Modélisation du comportement en fatigue
statique de mini composites C/SiC. Matériaux composites, Vol. 2, pages 689-702,
(2003).

G. PERROT. Modélisation du comportement des composites a matrice céramique
auto-cicatrisante sous charge et atmosphere oxydante. Thése de doctorat en Physico-
chimie de la matiére condensée, (Bordeaux), (2015).

B. PERTHAME, F. QUIROS, J.L.VAzQUEZ. The Hele-Shaw asymptotics for mecha-
nical models of tumor growth. Archive for Rational Mechanics and Analysis. Vol.
212, Issue 1, pp. 93-127. (2014)

T. QuiaN, P. SHENG, X.WANG. Generalized navier boundary condition for the
moving contact line. Commun. Math. Sci. Vol 1, No. 2 , pp. 333-341, (2003).
F.REBILLAT. Advances in self-healing ceramic matrix composites. Woodhead Publi-
shing Series in Composites Science and Engineering. No. 45, pp. 369-409, (2014)

F. ROUSSET. Solutions faibles de léquation de Navier-Stokes des fluides compressibles
[d’apres A. Vasseur et C. Yu|. Séminaire Bourbaki (2016-2017), no 135.
J.A.SETHIAN. Level Set Methods and Fast Marching Methods : Evolving Inter-
faces in Computational Geometry, Fluid Mechanics, Computer Vision, and Materials
Science. Cambridge University Press.(1999).

J.SIMON. Compact sets in the space LP(0,T; B). Ann. Mat. Pura appl. 146, no.4,
pp. 65-96. (1987)

J. SiMoON. Nonhomogeneous viscous incompressible fluids : Existence of velocity,
density and pressure. SIAM J. Math. Anal., 21(5) :1093-1117, (1990).

D. TseELUIKO, D. T. PAPAGEORGIOU. Nonlinear dynamics of electrified thin liquid
films. Siam J. Appl. Math. Society for Industrial and Applied Mathematics. Vol. 67,
No. 5, pp. 1310-1329. (2007)

110



BIBLIOGRAPHIE Xi LIN

[69] A. VASSEUR, C. YU. Existence of global weak solutions for 3D degenerate compres-

sible Navier-Stokes equations, Inventiones mathematicae, 1-40, (2016).

[70] J.YIN. On the existence of nonnegative continuous solutions of the Cahn-Hilliard

equation. Journal of differential equations. Vol.97, Issue 2, pp. 310-327. (1992)

111



	Introduction
	Introduction générale de la thèse
	Modélisation physique et mathématique 
	Le modèle mathématique.
	Description des conditions aux bords.

	Deux types de modèles asymptotiques
	Résultats d'existence de solutions pour l'équations de lubrification
	Definitions et théorème d'existence

	Modèle de Saint-Venant et modèle de lubrification

	Derivation of asymptotique models from Navier-Stokes equation
	Navier-Stokes equations and boundary conditions
	Different kind of Models
	Shallow Water models
	The nondimensionalized system
	The vertically averaged nondimensionalized system
	Presentation of the Shallow water models

	Thin Film models
	The nondimensionalized system and asymptotic description of the velocity and the pressure.
	Thin film models


	Global Existence for a Lubrication System from Viscous Shallow-Water Equations
	Introduction
	Usual proof for the lubrication equation 
	Energy estimate
	Dissipative entropy
	A priori constraints of the solution to (3.6).
	Estimate of x3h
	Convergence (the proof of theorem 9 )
	Galerkin method ( fixed)
	Estimate on uNxxx

	Existence from shallow-water equations
	The more general case revisited.

	Lubrication Theory and Viscous Shallow-Water Equations
	Introduction
	Derivation from shallow-water equations
	Relative entropy and strong convergences
	Change of time by Y. Brenier and X. Duan.


