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Résumé : Lobjectif final étant de développer des
modeéles d’ordre réduit pour les applications de com-
bustion, des techniques d’apprentissage automatique
non supervisées et supervisées ont été testées et
combinées dans les travaux de la présente these pour
I'extraction de caractéristiques et la construction de
modéles d’ordre réduit. Ainsi, I'application de tech-
niques pilotées par les données pour la détection des
caractéristiques d’ensembles de données de combus-
tion turbulente (simulation numérique directe) a été
étudiée sur deux flammes H2 / CO: une évolution spa-
tiale (DNS1) et une jet a évolution temporelle (DNS2).
Des méthodes telles que 'analyse en composantes
principales (ACP), I'analyse en composantes princi-
pales locales (LPCA), la factorisation matricielle non
négative (NMF) et les autoencodeurs ont été ex-
plorées a cette fin. Il a été démontré que divers
facteurs pouvaient affecter les performances de ces
méthodes, tels que les critéres utilisés pour le cen-
trage et la mise a I'échelle des données d'origine ou
le choix du nombre de dimensions dans les approxi-
mations de rang inférieur. Un ensemble de lignes di-
rectrices a été présenté qui peut aider le processus
d’identification de caractéristiques physiques signifi-
catives a partir de données de flux réactifs turbulents.
Des méthodes de compression de données telles que
I'analyse en composantes principales (ACP) et les va-
riations ont été combinées a des méthodes d’interpo-
lation telles que le krigeage, pour la construction de
modeles ordonnées a prix réduits et calculables pour
la prédiction de I'état d'un systéme de combustion
dans des conditions de fonctionnement inconnues ou
des combinaisons de modeéles valeurs de paramétre
d’entrée. La méthodologie a d’abord été testée pour la
prévision des flammes 1D avec un nombre croissant

de parametres d’entrée (rapport d’équivalence, com-
position du carburant et température d’entrée), avec
des variantes de I'approche PCA classique, a sa-
voir PCA contrainte et PCA locale, appliquée aux cas
de combustion la premiére fois en combinaison avec
une technique d’interpolation. Les résultats positifs de
I'étude ont conduit a I'application de la méthodologie
proposée aux flammes 2D avec deux paramétres
d’entrée, a savoir la composition du combustible et
la vitesse d’entrée, qui ont donné des résultats sa-
tisfaisants. Des alternatives aux méthodes non su-
pervisées et supervisées choisies ont également été
testées sur les mémes données 2D. Lutilisation de la
factorisation matricielle non négative (FNM) pour I'ap-
proximation de bas rang a été étudiée en raison de
la capacité de la méthode a représenter des données
a valeur positive, ce qui permet de ne pas enfreindre
des lois physiques importantes telles que la positivité
des fractions de masse d’espéces chimiques et com-
parée a la PCA. Comme méthodes supervisées alter-
natives, la combinaison de I'expansion du chaos poly-
nomial (PCE) et du Kriging et I'utilisation de réseaux
de neurones artificiels (RNA) ont été testées. Les
résultats des travaux susmentionnés ont ouvert la
voie au développement d’'un jumeau numérique d’'un
four a combustion a partir d’un ensemble de simu-
lations 3D. La combinaison de PCA et de Kriging a
également été utilisée dans le contexte de la quan-
tification de I'incertitude (UQ), en particulier dans le
cadre de collaboration de données lié (B2B-DC), qui
a conduit a l'introduction de la procédure B2B-DC a
commande réduite. comme pour la premiére fois, le
centre de distribution B2B a été développé en termes
de variables latentes et non en termes de variables
physiques originales.
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Abstract : With the final objective being to de-
velop reduced-order models for combustion applica-
tions, unsupervised and supervised machine learning
techniques were tested and combined in the work
of the present Thesis for feature extraction and the
construction of reduced-order models. Thus, the ap-
plication of data-driven techniques for the detection of
features from turbulent combustion data sets (direct
numerical simulation) was investigated on two H2/CO
flames: a spatially-evolving (DNS1) and a temporally-
evolving jet (DNS2). Methods such as Principal Com-
ponent Analysis (PCA), Local Principal Component
Analysis (LPCA), Non-negative Matrix Factorization
(NMF) and Autoencoders were explored for this pur-
pose. It was shown that various factors could affect
the performance of these methods, such as the crite-
ria employed for the centering and the scaling of the
original data or the choice of the number of dimen-
sions in the low-rank approximations. A set of gui-
delines was presented that can aid the process of
identifying meaningful physical features from turbulent
reactive flows data. Data compression methods such
as Principal Component Analysis (PCA) and varia-
tions were combined with interpolation methods such
as Kriging, for the construction of computationally af-
fordable reduced-order models for the prediction of
the state of a combustion system for unseen opera-
ting conditions or combinations of model input para-
meter values. The methodology was first tested for
the prediction of 1D flames with an increasing number

of input parameters (equivalence ratio, fuel composi-
tion and inlet temperature), with variations of the clas-
sic PCA approach, namely constrained PCA and local
PCA, being applied to combustion cases for the first
time in combination with an interpolation technique.
The positive outcome of the study led to the applica-
tion of the proposed methodology to 2D flames with
two input parameters, namely fuel composition and
inlet velocity, which produced satisfactory results. Al-
ternatives to the chosen unsupervised and supervi-
sed methods were also tested on the same 2D data.
The use of non-negative matrix factorization (NMF) for
low-rank approximation was investigated because of
the ability of the method to represent positive-valued
data, which helps the non-violation of important phy-
sical laws such as positivity of chemical species mass
fractions, and compared to PCA. As alternative super-
vised methods, the combination of polynomial chaos
expansion (PCE) and Kriging and the use of artificial
neural networks (ANNs) were tested. Results from the
mentioned work paved the way for the development
of a digital twin of a combustion furnace from a set
of 3D simulations. The combination of PCA and Kri-
ging was also employed in the context of uncertainty
quantification (UQ), specifically in the bound-to-bound
data collaboration framework (B2B-DC), which led to
the introduction of the reduced-order B2B-DC proce-
dure as for the first time the B2B-DC was developed
in terms of latent variables and not in terms of original
physical variables.

Université Paris-Saclay
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ABSTRACT

Modern society will have to meet its energy demands while ensuring low or virtually
zero emissions in order to meet future challenges associated to air pollution, climate
change and energy storage. Very often, renewable sources cannot be directly employed
because of their intermittent nature and because many applications such as transport and
other industrial processes require high energy densities. Therefore, novel storage solu-
tions for the energy that renewable sources contribute to produce is necessary and the
transformation of this energy into chemical compounds represents the best choice in or-
der to meet the aforementioned demands, which requires novel combustion technologies,
such as Moderate and Intense Low-oxygen Dilution (MILD) combustion, to be efficient and
fuel-flexible. In order to develop such technologies, several studies are being proposed and
terabytes of data collected as more and more experiments and high-fidelity simulations are
carried out. However, there are two main challenges to this: the huge amount of data avail-
able makes it hard for the researcher to distinguish useful from redundant data, with the
risk that useful information might stay hidden; the production process of these data-sets
requires substantial resources as combustion process are multi-physics, multi-scale and
thus require high-fidelity computationally-intensive simulations and experiments over a
wide range for their operating conditions or input parameters. Digital twins and Artifi-
cial Intelligence (AI) are shaping the fourth industrial revolution by building data-driven
models that make use of machine learning. It makes sense then to extend this approach
to combustion applications in order to alleviate the two aforementioned issues: the use
of machine learning techniques can help automate the process of data interpretation as
well as provide a low-dimensional representation of the high-dimensional data produced
by either experiments or simulations; they can speed up the data production process by
building reduced-order models that can foresee the outcome of a certain simulation with
reduced or negligible computational cost. Besides, such reduced-order models are the
foundations for the development of virtual counterparts of real physical systems, which
can be employed for system control, non-destructive testing and visualization.

With the final objective being to develop reduced-order models for combustion appli-
cations, unsupervised and supervised machine learning techniques were tested and com-
bined in the work of the present Thesis for feature extraction and the construction of
reduced-order models. Thus, the application of data-driven techniques for the detection
of features from turbulent combustion data sets (direct numerical simulation) was inves-
tigated on two H,/CO flames: a spatially-evolving (DNS1) and a temporally-evolving jet
(DNS2). Methods such as Principal Component Analysis (PCA), Local Principal Compo-
nent Analysis (LPCA), Non-negative Matrix Factorization (NMF) and Autoencoders were
explored for this purpose. It was shown that various factors could affect the performance
of these methods, such as the criteria employed for the centering and the scaling of the
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original data or the choice of the number of dimensions in the low-rank approximations. A
set of guidelines was presented that can aid the process of identifying meaningful physical
features from turbulent reactive flows data. Data compression methods such as Principal
Component Analysis (PCA) and variations were combined with interpolation methods
such as Kriging, for the construction of computationally affordable reduced-order models
for the prediction of the state of a combustion system for unseen operating conditions
or combinations of model input parameter values. The methodology was first tested
for the prediction of 1D flames with an increasing number of input parameters (equiv-
alence ratio, fuel composition and inlet temperature), with variations of the classic PCA
approach, namely constrained PCA and local PCA, being applied to combustion cases
for the first time in combination with an interpolation technique. The positive outcome
of the study led to the application of the proposed methodology to 2D flames with two
input parameters, namely fuel composition and inlet velocity, which produced satisfac-
tory results. Alternatives to the chosen unsupervised and supervised methods were also
tested on the same 2D data. The use of non-negative matrix factorization (NMF) for low-
rank approximation was investigated because of the ability of the method to represent
positive-valued data, which helps the non-violation of important physical laws such as
positivity of chemical species mass fractions, and compared to PCA. As alternative super-
vised methods, the combination of polynomial chaos expansion (PCE) and Kriging and the
use of artificial neural networks (ANNs) were tested. Results from the mentioned work
paved the way for the development of a digital twin of a combustion furnace from a set of
3D simulations. The combination of PCA and Kriging was also employed in the context
of uncertainty quantification (UQ), specifically in the bound-to-bound data collaboration
framework (B2B-DC), which led to the introduction of the reduced-order B2B-DC proce-
dure as for the first time the B2B-DC was developed in terms of latent variables and not

in terms of original physical variables.



ABSTRACT (FRENCH)

L’objectif final étant de développer des modeles d’ordre réduit pour les applications
de combustion, des techniques d’apprentissage automatique non supervisées et supervi-
sées ont été testées et combinées dans les travaux de la présente these pour l'extraction
de caractéristiques et la construction de modéles d’ordre réduit. Ainsi, 1'application de
techniques pilotées par les données pour la détection des caractéristiques d’ensembles
de données de combustion turbulente (simulation numérique directe) a été étudiée sur
deux flammes H2 / CO : une évolution spatiale (DNS1) et une jet a évolution temporelle
(DNS2). Des méthodes telles que 1’analyse en composantes principales (ACP), I’analyse en
composantes principales locales (LPCA), la factorisation matricielle non négative (NMF)
et les autoencodeurs ont été explorées a cette fin. Il a été démontré que divers facteurs
pouvaient affecter les performances de ces méthodes, tels que les criteres utilisés pour le
centrage et la mise a 1'échelle des données d’origine ou le choix du nombre de dimen-
sions dans les approximations de rang inférieur. Un ensemble de lignes directrices a été
présenté qui peut aider le processus d’identification de caractéristiques physiques signifi-
catives a partir de données de flux réactifs turbulents. Des méthodes de compression de
données telles que 1’analyse en composantes principales (ACP) et les variations ont été
combinées a des méthodes d’interpolation telles que le krigeage, pour la construction de
modeles ordonnées a prix réduits et calculables pour la prédiction de I’état d’un systeme
de combustion dans des conditions de fonctionnement inconnues ou des combinaisons
de modeles valeurs de parametre d’entrée. La méthodologie a d’abord été testée pour
la prévision des flammes 1D avec un nombre croissant de parametres d’entrée (rapport
d’équivalence, composition du carburant et température d’entrée), avec des variantes de
I'approche PCA classique, a savoir PCA contrainte et PCA locale, appliquée aux cas de
combustion la premiére fois en combinaison avec une technique d’interpolation. Les ré-
sultats positifs de 1’étude ont conduit a I'application de la méthodologie proposée aux
flammes 2D avec deux parametres d’entrée, a savoir la composition du combustible et la
vitesse d’entrée, qui ont donné des résultats satisfaisants. Des alternatives aux méthodes
non supervisées et supervisées choisies ont également été testées sur les mémes données
2D. L'utilisation de la factorisation matricielle non négative (FNM) pour l'approximation
de bas rang a été étudiée en raison de la capacité de la méthode a représenter des don-
nées a valeur positive, ce qui permet de ne pas enfreindre des lois physiques importantes
telles que la positivité des fractions de masse d’especes chimiques et comparée a la PCA.
Comme méthodes supervisées alternatives, la combinaison de 1’expansion du chaos poly-
nomial (PCE) et du Kriging et 1'utilisation de réseaux de neurones artificiels (RNA) ont été
testées. Les résultats des travaux susmentionnés ont ouvert la voie au développement d'un
jumeau numérique d'un four a combustion a partir d’'un ensemble de simulations 3D. La
combinaison de PCA et de Kriging a également été utilisée dans le contexte de la quan-
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tification de l'incertitude (UQ), en particulier dans le cadre de collaboration de données
lié (B2B-DC), qui a conduit a I'introduction de la procédure B2B-DC a commande réduite.
comme pour la premiére fois, le centre de distribution B2B a été développé en termes de

variables latentes et non en termes de variables physiques originales.
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INTRODUCTION

The present study is part of Marie Sklodowska-Curie CLEAN-Gas "European Joint Doc-
torate" program. It is funded by the European Community through the Horizon 2020
Actions. The acronym CLEAN-Gas is the abbreviation for "Combustion for Low Emission
Applications of Natural Gas". The study was also sponsored by the European Research
Council, Starting Grant No 714605.

1.1 GENERAL BACKGROUND AND MOTIVATION

One of the objective of the modern society is to ensure a healthy environment for future
generations, which is considered possible only if more and more affordable and sustain-
able energy is employed. However, the intermittent nature of renewable sources requires
the development of novel storage solutions that can guarantee the availability of the re-
quired energy supply when renewable sources are not available. Because many applica-
tions such as air and ground transportation require high energy density and as a conse-
quence cannot rely on the direct use of renewable energy;, it is energy storage in the form
of chemical compounds that will lead to a true integration between renewable sources
and existing infrastructure for energy conversion, such as combustion systems. Energy
density is the key feature that makes the use of fuels inescapable for energy demanding
applications, such as transportation and other industrial processes. This means that the
transformation of excess renewable energy into energy carriers is an appealing solution
for energy storage. Fuel flexibility also poses technical challenges and indicates the need
for advanced combustion technologies. Such technologies have to be fuel flexible, highly
efficient and non-polluting, operating in conditions which substantially differ from those
characterizing traditional combustion systems.

Moderate and Intense Low-oxygen Dilution (MILD) [25] combustion represents a very
attractive solution for its fuel flexibility and capability to deliver very high combustion
efficiency with virtually zero pollutant emissions. MILD combustion ensures large fuel
flexibility, representing an ideal technology for low-calorific value fuels, high-calorific in-
dustrial wastes and hydrogen-based fuels, as well as for liquid and solid fuels. These new
technologies result from a change in perspective in the analysis of combustion problems,
from purely energetic to chemical aspects. The combustion process becomes a chemical
reactor, which must be optimized from the perspective of flexibility, conversion efficiency
and emissions. This requires a deep understanding of the kinetic aspects related to combus-
tion reactions, interactions between chemical kinetics and turbulence, and heat exchange
phenomena, in particular radiation, meaning that both high-fidelity simulations and ex-
perimental techniques have to be used in a unified framework, to optimize the operation

Development of
PCA-based reduced
models for natural
gas combustion
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of existing systems and develop new combustion systems. Besides, the experiments and
simulations needed for the production of informative data with the objective of acquir-
ing usable knowledge for the development of new combustion technologies come with
associated costs, which limit their production. Thus, the need for automated algorithms
that can help data interpretation and speed up the process of data production becomes
clear. The development of virtual models, also referred to as digital twins, of industrial
systems opens up a number of opportunities, such as the use of data to anticipate the re-
sponse of a system and brainstorm malfunctioning, and the use of simulations to develop
new technologies, i.e. virtual prototyping. A definition of digital twin is "An integrated
multi-physics, multi-scale, probabilistic simulation of an as-built system, enabled by digi-
tal thread, that uses the best available models, sensor information, and input data to mirror
and predict activities/performance over the life of its corresponding physical twin" [14].
Digital twins are a disruptive technology that creates a living model of a physical system
that can also be used for predictive maintenance. The digital twin will continually adapt
to changes in the environment or operation using real-time sensory data and can forecast
the future of the corresponding physical system and act as soft sensor [28]. Importantly,
digital twins can also be used for non-destructive testing, which can undoubtedly bene-
fit industrial protagonists. For the above reasons, the need for digital twins is becoming
imperative.

Digital twins, Internet of Things (IoT), and Artificial Intelligence (Al) are shaping the
fourth industrial revolution [22]. A digital twin comprises and combines sensor and
measurement technologies, simulation and modeling, and machine learning. Data and
information fusion is often the key to propel a digital twin as it facilitates the flow of in-
formation from raw sensory data to high-level understanding and insights. Digital twins
generally incorporate different kind of fusions: fusion of sensory data coming from differ-
ent sources can be used to achiever better signal quality; sensor and physics-based model
fusion is used to build an adaptive physics-based model, where the real-time sensory feed-
back is usually incorporated in the physics model via Kalman filters [41]; sensor and data
model fusion is employed to build robust data-driven models which make use of machine
learning. The challenges to the construction of digital twins of real systems are many.
They need to be reliable, i.e. able to predict a certain system’s state for a wide range of
operating conditions, easy to update in case new data become available, and they have to
provide a fast response in order to be beneficial for real-time use. The data needed for
their development can come from either experiments or simulations, or both. Clearly, the
quality of these data-sets is crucial for the development of data-driven digital twins.

In engineering applications, the ability to make reliable predictions about complex phys-
ical systems is granted by the existence of predictive mathematical models that are based
on the deep understanding of the underlying processes. These mathematical models, to-
gether with experiments, are the main source of data production and usually come in
the form of high-fidelity expensive simulations. Combustion systems are characterized by
very complex physical interactions, between chemistry, fluid-dynamics and heat transfer
processes, for which expensive simulations are needed. The input parameters for these
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simulations can either be actual operating conditions or model parameters. The outcome
of these simulations will be different each time the values of these parameters are changed,
sometimes drastically so due to the non-linearity of combustion-related phenomena. In or-
der to acquire knowledge on how the model responds to different inputs, the expensive
model needs to be run several times with different inputs. There are two scenarios where
this is wanted. The first scenario is when the model is known to be predictive of a certain
complex system, but either a specific operating condition is sought that maximizes some
objective function or the prediction of the system’s state is needed in real-time, based on a
change in some operating parameters whose values are tracked by sensors. The second sce-
nario is when a specific combination of the model parameters is sought so that the model’s
prediction for a set of Quantities of Interest (QOIs) is consistent with reference data, usu-
ally measurements coming from experiments. The problem is that in both scenarios, the
expensive model needs to be evaluated several times, which is unfeasible as this requires
substantial computational resources. The development of advanced reduced-order mod-
els (ROMs) that can accurately represent the behavior of complex reacting systems in a
wide range of input parameters, without the need for expensive simulations to be run, is
therefore necessary. This is also fundamental for the development of digital twins of real
systems, with application in monitoring, diagnostics and prognostics [43, 48]. In order to
develop such predictive models, two phases are necessary. The first phase consists of the
use of unsupervised techniques that can help data interpretation and offer a compressed
representation of the training data that will be used to build a data-driven digital twin.
As mentioned above, these training data-sets are usually high-dimensional, thus a com-
pressed representation for them by a few scalars or extracted features is a necessity. The
second phase consists of supervised techniques that can infer the values attained by these
features for not yet explored operating conditions. By doing so, the system’s state can be
predicted in the explored range of input parameters with reduced computational costs.

1.2 HIGH-DIMENSIONALITY OF AVAILABLE DATA

High-dimensional, digitally-stored data sets are collected in large quantities in many
branches of science via either experiments or numerical simulations. With the increasing
need to reduce and analyze these data, various data science and machine learning methods
have been developed over the last decades and applied in domains such as fluid dynamics,
astrophysics or psychology, to name a few.

In the recent years, much research work has showed potential of identifying low-
dimensional manifolds in chemical state-space with Principal Component Analysis (PCA)
[34, 35, 38]. The authors showed also that the PCA representation of the data indicate in-
variance to certain parameters such as the Reynolds number. PCA coupled with a rotation
method was also applied to a study of NASA database for nitrogen shock flows [2] to aid
data interpretation.

Recently, data science techniques were applied to turbulent reacting systems to reduce
the complexity of the chemical mechanisms and drive the development of combustion
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models. Some of the popular techniques that have been used in conjunction with com-
bustion systems are Principal Component Analysis (PCA) [1, 33, 47], Non-negative Matrix
Factorization (NMF) [11, 32] or Dynamic Mode Decomposition (DMD) [15, 40]. These tech-
niques offer low-rank approximations of high-dimensional data, thus they encode these
data into a fewer number of components. They also allow for seeking patterns in large
data-sets and hence provide information that would otherwise be hidden to the researcher.
These techniques rely on the fact that there are often underlying low-dimensional struc-
tures (manifolds) in high-dimensional data-sets. They offer a linear representation (ap-
proximation) of the data, in the form X ~ UVT, where X(m x n) is a data matrix for which
a low-rank approximation is sought, V(n x q) is a matrix of data-driven basis functions
or modes, and U(m x q) is the matrix of coordinates of the original data (rows of X) on
the used basis functions, also referred to as coefficients, scores or features. A low-rank
approximation of X is found if ¢ < min(n, m) and, thus, the symbol = is used instead
of the equality symbol because reconstruction errors for the original matrix are involved
when such an approximation is achieved. These errors are zero only if ¢ = min(n, m).

Because of the reconstruction errors that are involved in low-rank approximations such
as the one provided by PCA, important physical laws such as positivity of the chemical
species mass fractions might be violated. PCA finds a low-rank approximation of X ~ UVT
where the columns of V are orthogonal. Besides, the following property holds: VIV =1,
where I is the identity matrix. The matrix U is then evaluated as projection of the data onto
V: U = XV. Constrained PCA (CPCA) has been shown to be capable to alleviate or solve
this problem [1, 52]. In such an approach, PCA is still used to find the set of basis functions
V to represent the data, but the coefficients U are estimated via a constrained minimization
problem (minimizing the reconstruction errors, subject to a set of physical constraints).
For positive data-set, such as combustion ones, the approach of finding reduced rank non-
negative factors to approximate a given non-negative data matrix might be a natural choice
as well. In fact, NMF offers a low-rank approximation where a matrix X is factorized into
(usually) two matrices U and V, with the property that all three matrices have no negative
elements. This is different from PCA, where the constraint is that the columns of V (the
PCA modes) be orthogonal.

The use of low-rank approximations leads to a reduced-order data representation that
can be exploited both for data interpretation and for the subsequent development of sur-
rogate models.

1.3 DATA REGRESSION

In the approach of the present Thesis, a specific computationally-expensive CFD sim-
ulation or computer code, referred to as Full-Order Model (FOM) [6, 7], is treated as a
black box that generates a certain output y (e.g. the temperature field) given a set of input
parameters x (e.g. the equivalence ratio) and indicated by J(-):

y = F(x). (1)
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The evaluation of the function J(-) usually requires many hours of computational time.
After enough observations of the FOM’s output are available, y(xi) Vi = 1,..,M, a re-
gression model can be trained and the output y* for a particular set of unexplored inputs
x* can be predicted without the need to evaluate F(x*) and, thus, no simulation is run.
The function J(-) is therefore approximated by a new function M(-) whose evaluation is
very cheap compared to I(-):

y* = F(x*) ~ M(x*). (2)

Regression models are predictive mathematical models based on available data that
try to approximate the underlying hidden relationship between input and output. These
predictive models are constructed or trained from a relatively small set of training observa-
tions of the model’s output, which correspond to a set of training locations or points in the
model input parameter space. Once trained, regression models allow for a fast evaluation
of the system’s state over a wide range of their input parameters. Therefore, they are very
appealing in the context of optimization studies as well as for Uncertainty Quantification
(UQ) [26] and global optimization problems [31, 39]. In [13], regression models are used to
optimize the performance of chemical kinetics with respect to MILD combustion. Ideally,
the trained regression models should preserve the physics of the investigated phenomena,
and be developed from a limited number of expensive function evaluations. Examples of
regression models are Radial Basis Functions, Kriging and Polynomial Chaos Expansion
[10]. Examples of regression models used in combustion applications can be found in [23].

1.4 REDUCED-ORDER MODELS

Regression or predictive models are generally constructed directly on the analyzed sys-
tem’s output, i.e. directly on the variables of interest such as the velocity and temperature
tields. For each individual output variable a regression model is trained and a response
surface is found, indicating the relationship between the variable and the input parameters.
If the number of variables of interest is high, many predictive models need to be trained.
Besides, any correlation between these variables of interest might be lost in the process of
training individual regression models: the information about the physics of the phenom-
ena involved is lost. Reducing the number of predictive models to train is possible if the
original set of variables can be represented by a new set of fewer scalars. This corresponds
to the idea that the original variables are actually realization of unknown latent variables
[4].

Data compression methods such as Principal Component Analysis (PCA) [20] offer the
potential of preserving the physics of the system while reducing the size of the problem.
Data compression methods are techniques used to find a set of data-driven basis functions
to represent an ensemble of high-dimensional data. Data compression methods find a
new, smaller set of hopefully uncorrelated variables, often referred to as scores or extracted
features, which is representative of the original variables of interest. Once these scores are
found, a regression model can be built for each one of them.

5
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Regression models usually include interpolation or regression techniques which depend
on the choice of some particular design functions. These design functions are defined by a
set of so-called hyper-parameters (or also length-scales) whose values affect the regression
model’s predictive abilities. Very often, a good estimation for the value of these hyper-
parameters comes via the solution of constrained optimization problems that involve local
optima. As shown in [50], ROMs are less sensitive to the particular design functions chosen
for their construction, which is desirable. ROMs also have a reduced number of variables
for which a regression model needs to be trained. This means that fewer optimization
problems are solved in order to estimate feasible values for the hyper-parameters of the
design functions, which also means that updating a trained predictive model when in the
event of new available data is less computationally demanding. In addition, in [50] it
is also shown how ROMs usually scale better than classic regression models for parallel
computing. These features are what makes ROMs very attractive for the development of
physics-preserving surrogate models.

Combustion problems are well-known for being characterized by a set of strongly inter-
dependent variables. In fact, PCA has been employed in [18, 19] to re-parameterize the
thermo-chemical state of a reacting system by a small number of progress variables, dras-
tically reducing the number of transport equations to solve, and in the process showing
the intrinsic lower-dimensionality of these systems, which will be exploited in the present
work. PCA has also been employed in the context of turbulent combustion in [30], for the
a-posteriori validation of a turbulent combustion model based on the solution of transport
equations for the principal components [12] and for on-line process monitoring and fault
diagnostics [54].

1.5 OBJECTIVE AND CHOSEN APPROACH

The objective is to pave the way for the development of digital twins, trained on a
reduced number of full simulations, able to predict the full system state at unexplored
conditions indicated by physical sensors, without running any expensive simulation, for
real-time implementation. To this end, an approach based on the combination of a data-
compression method and a regression technique was chosen. The dimensionality reduc-
tion step was used to extract the invariant (w.r.t. the input parameters) physics-related
information of an investigated combustion system and identify the system’s coefficients
which instead depend on the operating conditions, referred to as scores. The regression
method was then able to find a response surface for these scores. With this strategy it
was possible to build a ROM that grants the possibility of parameter exploration with
reduced computational cost. Regression methods that provide a distribution for the pre-
diction value, rather than just one value as the prediction, thus also capturing the model’s
uncertainty, might be preferred. Some methods such as Kriging allow the user to add
prior knowledge on the model by selecting different kernel functions. The use of Kriging
for Computational Fluid Dynamics (CFD) data has also produced encouraging results. In
fact, Kriging was employed for the shape optimization of a car engine intake port in [51]
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and for aerodynamical shape optimization problems as shown in [52, 53]. However, the
application was limited to non-reacting flows.

In the present Thesis, the approach of combining a data compression technique with
a regression method is extended to combustion applications, to develop a ROM that can
faithfully reproduce the temperature and chemical species mass fraction fields in a reacting
flow simulation. The objective of the present work is to demonstrate the applicability of
the proposed methodology for the development of reduced-order models of multi-scale
and multi-physics computer models. In this perspective, this work paves the way for the
development of digital twins of realistic engineering systems [17].

1.6 METHODOLOGY

The methodology used in the present Thesis is sketched in figure 2. Consider that a
certain high-fidelity simulation model or Full Order Model (FOM) y(x) = F(x) € RN is
available, such as a CFD-combustion solver. For one value of the input parameter(s) x, the
solver returns a vector yU) of observations of all the involved physical variables at every
grid point:

y(j) = [T(T],Xj), ey T(TL,XJ'), YCH4 (T],Xj), oo ,YCH4(T]_,X]'), .o .]T, (3)
where L is the total number of grid points, r; is the i-th spatial location and x; is the j-th
point in the input parameter space. This FOM is solved for a limited amount M < N
of training points in the input parameter space X = {x'1,x(2)| .. x(M)} € D, where D is
the region spanned by the training points. Thus, only M simulations are available, one

2),..,y™M)}. The full exploration of the region D

for each of those points: Y = {y(1),y!
is possible only by running the expensive CFD-combustion solver F(-) for every x € D.
From the data-set Y of run simulations, a certain data compression method is able to
extract a set of basis functions V = {vq,vy,..,vq}, with ¢ < N wusually, called modes
that are invariant with respect to the input parameters x. A set of coefficients u(x) =
{ur(x),u2(x), ..., uq(x)}, called scores and depending on x, is consequently found. An
illustrative example is reported in Figure 1, where a spatial field (e.g. a temperature field)
is represented as a set of coefficients that weight a set of basis functions. These coefficients
are less in number than the original number of variables as ¢ < N and can be regressed
or interpolated in order to acquire knowledge about the system’s state for any unexplored
point x* € D.

One advantage of this approach is that a much smaller number of variables, namely
q scores, are interpolated instead of N original variables. Another advantage is that the
N original variables might be correlated. The application of dimensionality reduction for
the detection of latent variables preserves this correlation, which might be lost if each
original variable is interpolated independently. One additional remark is that considering,
for example, T(ri,x;) and T(rj,%;) as two separate variables (rather than using the spatial

locations 1 as additional input parameters) also reduces the computational costs.
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Figure 1 — Illustrative example of modal representation: one particular spatial field is represented

by a set of coordinates (the coefficients 1, called scores) on the basis functions or found
by a data compression method.
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Figure 2 — Data compression finds the set of basis functions V = (vy, v3, .., vq) and encodes each
observation ym e RN into a small set of scalars ugl), vy ug) for ¢ < N. A response

surface is then found for these scalars.

1.7 PERSPECTIVES

The methodology outlined in the present Thesis shows the advantages of reduced-order
modeling in terms of predictive capabilities and computational efficiency. Indeed, these
features are necessary for the development of predictive models of engineering systems,
which can be employed for visualization, real-time control, optimization and troubleshoot-
ing.

As 3D simulations of practical combustion systems usually require significant amount
of CPU hours, having a low-order model that can reliably and instantaneously predict
the outcome of these simulations is precious. Moreover, the promptness of the ROM’s
predictions is paramount for the development of digital twins for real systems. A cor-
rectly trained ROM also grants the possibility of performing sensitivity analysis of the
investigated system w.r.t. its input parameters and can be employed to solve optimization
problems in the context of system design, where the evaluation of the objective function
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is the computational burden. The training costs of ROMs are also lower in comparison
to a predictive model with no compression, which is very useful when new training pro-
cesses are continuously needed in order to update the developed ROM in the event of
new available data. Hopefully, the work carried out in the present Thesis will lead to the
development of digital twins for real industrial systems.
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This chapter provides a summary of all the methods that have been used in the activ-
ities included in the present doctoral thesis. These methods are divided into three main
categories: unsupervised learning techniques used for feature extraction and data com-
pression; supervised learning techniques used to perform interpolation or regression and
predict the values of quantities of interest for some unexplored input values; sampling

strategies.

2.1 DATA COMPRESSION

Data compression or low-rank approximation is a lower dimensional representation of
a higher-dimensional data-set. Thus, a certain vector y of n entries can be encoded into
(represented by) a vector z of q < n entries. The methods that allow to perform data com-
pression are usually called unsupervised as they only need one data-set in order for them
to be trained: a data-set Y of size (m x d) with m observations of n variables. An unsu-
pervised technique has to find a lower-dimensional representation Z of size (m x k < n)
of the original data matrix Y. Naturally, the method also learns the mapping from the n-
dimensional space to the k-dimensional manifold, and viceversa. Such a mapping can be
linear, locally linear or non-linear, as this Chapter will explain. The low-rank approxima-
tion methods considered in this doctoral thesis are lossy: as said, it is possible to compress
Y into Z using the mapping that has been learned from the data; however, some of the
original information is lost in this process and this the inverse operation of going from the
low-dimensional space to the original higher-dimensional one comes with an approxima-
tion (or reconstruction) error. Thus, this means that once Z is found, it is only possible to
recover an approximation of the original input, say Y, and not Y. Usually, the higher the
difference between the original and the recovered data matrix, the worse the performance
of the unsupervised method. An illustrative example of data compression is reported in
Figure 3. The possibility of finding a lower representation for Y exists if the n variables
are actually (linearly or non-linearly) dependent. As shown in Figure 3, where an exam-
ple with 2-dimensional observations (two variables) is reported, the original data points
(blue) are not found all over the 2-dimensional plane: given one point and its horizontal
coordinate (the value of one variable), an idea can already be had about its vertical co-
ordinate (the value of the second variable). If these observations were scattered all over
the plane (perhaps forming a filled square with arbitrarily long sides), then no acceptable
one-dimensional representation would be possible as the two original variable would be

completely independent of one another.
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Figure 3 — Illustrative example of a 2-dimensional set of observations or objects being encoded as
points on a 1-dimensional manifold, i.e. the lower-dimensional manifold learned by
an unsupervised method (a curved, non-linear one in this case). The distance between
the original blue points and their corresponding image or projection on the reduced
manifold, the orange points, is the information that is lost in the data compression
process.

Because of the discrete nature of any data-set, it is useful to organize the data into a
set (or matrix) of realizations y(ri,x;), where r; might be considered as coordinates in a 3-
dimensional spatial domain and x; as the combination of some input parameters for which
the realization y(ri, x;) is observed, withi =1,...,n, and j = 1,...,n. The resulting data
matrix Y of field realizations y(r, x;) has size (n; x ny). It is not uncommon to organize the
data matrix Y also in the shape of (1 x n,), so to comply to the general practice of having
the rows of this matrix corresponding to observations of a spatial field of n, points. Either
organization or shape of Y is fine and it is just a matter of convenience or personal choice,
as long as all the operations to be performed on such a matrix are adjusted accordingly.
A linear modal representation or data decomposition of a field realization y(r,x;) can be

written as follows:
y(r,x;) = Z Oqlq(xj)vq(r), 4)
q=1

where v is the g-th mode or basis function, uq is the coefficient for it and o4 is the
energetic contribution of that mode to the global field as the modes are usually normalized.
The importance of such a representation is that only the coefficients 14 depend on the
parameters x, while the the modes v, preserve the spatial dependence and can also be
considered as basis spatial profiles. Practically, it is impossible to find an infinite number
of modes, thus the modal representation of Y can be re-written as follows:

N
q=1

with N = min(n,,n;) < oco. This modal representation also implicitly represents a com-
pression for Y as any field realization y(r,x;) is expressed by the same modes v4(r). Only
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the coefficients 1y change when the values of x change. Because the size of one field real-
ization y is greater than the number of coefficients 14, a compressed representation for y
is obtained and y is said to have been encoded into a reduced set of scalars. An approx-
imation of Y is achieved if a smaller number of modes k < N is kept and the remainder
discarded. In matrix form, such a representation can be formulated as:

Y=USV' (6)

There exist two main categories for modal representation of field realizations or data-sets
more in general. The first category consists of fixing the matrix V a priori and then finding
U by least-squares regression or by projecting the data onto V. Since this category of
modal representations fix one basis regardless of the data-set that is available, they are not
data-driven. One example is Discrete Fourier Transform. The second category consists
of the use of data-driven approaches for the estimation of V. The matrix U can then be
estimated as already explained or be also an output of the chosen data-driven method. The
described modal representation is a linear decomposition of Y as the mapping from the
reduced space of modal coefficients uq to the original data space is linear. There also exist
other data-encoding techniques where this mapping is not linear. In the present Thesis,
the focus will be on linear, locally-linear and non-linear data-driven approaches. Figure 4
reports an example of locally-linear and non-linear encoding processes.

e
I S ] ®
o, ® ® o
® o oo
‘e
Many local linear principal directions
20000 H";‘:H 200000009, One global non-linear principal direction
1

)

Y S S AR Y Y Y Y Y 2 S X

Figure 4 — Illustrative example of 2-dimensional data encoded on a set of locally linear manifolds

(left) and one globally non-linear one (right). In the locally-linear case, the projected data

(r _(2) (3) (124)

refer to the local coordinate systems a; *, a;™’, a; . In the non-linear case, all data

are projected on a common global and curved lower dimensional manifold.

Data are usually centered and scaled before a data compression method is carried out.
Centering represents all observations as fluctuations from a chosen center, usually the
mean value, leaving only the relevant variation for analysis. Scaling is a crucial opera-
tion when dealing with multivariate data-sets. In fact, in the case of combustion-related
data-sets, temperature and chemical species mass fractions have different units and vary
over different scales. The choice of the appropriate centering and scaling criteria also de-
pends on the subsequent compression method that is employed. Six possible choices for
the scaling of the data are here reported. AUTO scaling: each variable is normalized by
its standard deviation; RANGE scaling: each variable is normalized by its range; PARETO
scaling: each variable is scaled by the square root of its standard deviation; VAST: scaling

13
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each variable is scaled by the standard deviation and coefficient of variation; LEVEL scal-
ing: each variable is normalized by the mean of the data; MAX scaling: each variable is
scaled by its maximum value. The choice of scaling usually affects the subsequent data
compression process, as shown in [35] where Principal Component Analysis is applied.
In the remainder of this Chapter, it is implied that the data matrices have already been

appropriately centered and scaled for each method.

2.1.1  Principal Component Analysis
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Figure 5 — Illustrative example of Principal Component Analysis (PCA) applied to a 2-dimensional
data-set. Axis of maximum variance are identified and the 2-dimensional original points
are projected on the direction of maximum variance. Thus, dimensionality reduction is
achieved as the original data of 2-dimensional objects are encoded into 1-dimensional
objects. In this example, a rotation is also performed.

Principal Component Analysis (PCA) or Proper Orthogonal Decomposition (POD) is a
statistical technique able to provide a set of orthogonal low-dimensional basis functions to
represent an ensemble of high-dimensional experimental or simulation data describing an
undesirably complex system [20], as illustrated in Figure 5. By applying PCA, a compact
representation of the data is obtained, that can be used for feature extraction. The key
idea of Principal Component Analysis (PCA) is to reduce (compress) a large number of
interdependent variables (i.e. independent up to the second-order statistical moments) to
a smaller number of uncorrelated variables while retaining as much of the original data
variance as possible [5, 9, 33, 35, 47].

The PCA problem can be stated as follows: given a matrix Y of size (m x n), find Z of size
(m x k) and A of size (n x k) with k < min(m,n) such that the functional f(Z,A) = %IIY—
ZA"|? is minimized, subject to ATA =1, where I is the identity matrix. This problem
can be solved by computing the singular value decomposition (SVD) of the matrix Y,



2.1 DATA COMPRESSION

which corresponds to finding the eigenvectors and eigenvalues of the matrix C = ﬁYTY.

The eigenvectors of C are the PCA modes and the associated eigenvalues represent their
relevance for the low-rank approximation of Y. The PCA (or POD) modes are thus found
all at once, and by ordering them in descending order according to their corresponding
eigenvalue and retaining only a subset k < n of them, a low-rank approximation of Y is
possible as follows Y ~ ZAT = YAAT, where the columns of A of size (n x q) are the PCA
modes and Z of size (m x k) is the matrix of PCA coefficients. Each row of Z are the k
coefficients for the retained k PCA modes so that one particular simulation, or row of Y,
can be expressed as y(x;) = Z}f:] a;izi(xj). As the solution of the PCA problem only leads
to the evaluation of A, the matrix Z can be computed only after A is known, as follows:
Z = YA. This holds for new, unseen data as well: Z’' = Y’A.

2.1.2 Local PCA

Figure 6 — (left) A non-linear hyper-surface is approximated by only one hyper-plane in the data
space. (right) The same hyper-surface is approximated by a set of local hyper-planes.
The application of PCA can lead to better performances if local regions in the data space
are detected and PCA is applied locally and independently in each region.

PCA is a linear combination of basis functions. A large number of PCs may be required
when applying PCA on highly non-linear systems [33, 47]. Local PCA (LPCA) constructs
local models, each pertaining to a different disjoint region of the data space [21]. Within
each region, the model complexity is limited, and thus it is possible to construct linear
models using PCA [21, 42]. Figure 6 provides a general representation for a set of 3-
dimensional observations forming a curved surface. Each axis shows the co-domain for
each of the three scalar components that identify the 3-dimensional observations. The
tigure shows how a local representation of the curved surface can provide a better repre-
sentation with respect to a single hyper-plane.

The partition in local clusters, where PCA is carried out, is accomplished using a Vector
Quantization (VQ) algorithm that minimizes the reconstruction error. The reconstruction
error is the squared Euclidean distance from one point or observation in the data-space to
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the linear manifold AV that is found by applying PCA in the local region. Mathematically,
it can be expressed in a general fashion as:

d(y, r'V) = (y_r(i)>TA(iJ TA® (y_rm>, )

where y is the object to be assigned to the cluster R(Y), represented by the reference vector
("), defined as the centroid of the i-th region: r) = E[y € RY)]. The cluster i is defined

as:

R ={y| d(y,r™) < d(y,20)); ¥j #1). (8)
2.1.3 Constrained PCA

The truncation of the PCA basis may inevitably involve the violation of important physi-
cal laws such as the conservation of mass when the original data matrix Y is reconstructed
from the PCA scores: Y ~ ZA'. To avoid that, the PCA scores can be evaluated by
solving a constrained minimization problem, where the functional to be minimized is the
PCA reconstruction error [50]. This approach is usually referred to as Constrained PCA
(CPCA). The constraints are the physical laws which are intended not to be violated. This
minimization problem can be mathematically expressed as:

minimize : 3(‘/“))ZEHY“)—’Y“):‘\TII2 (9)
st 1 (7“)AT) —0  Wj=1,.,Nc

where y(i) represents one field realization, « are the CPCA scores for that realization, 1;(-)
is the function related to the j-th constraint and N, is the number of constraints, which
can also be inequality constraints. Minimizing the functional J when no constraints are
enforced leads to the estimation of the PCA scores, as explained in Section 2.1.1.

It is preferable that the solution of this system be not too computationally expensive. In
[50], the constrained optimization problem has a straightforward solution due to the linear-
ity of the imposed constraints, which allows for a fast evaluation of the CPCA coefficients.
If more complex constraints are imposed, the solution of the constrained optimization
problem for the evaluation of the CPCA scores might involve the reconstruction of the
considered physical fields and the use of more expensive optimization algorithms, making
the evaluation of the aforementioned coefficients unfeasible.

2.1.4 Kernel PCA

Kernel PCA [4] is a non-linear dimensionality reduction technique that makes use
of the kernel methods. In kernel PCA, the original data-set Y € R™*™ where Y =

[yn}’z) .. -)Ym]T
following way:

is transformed to an arbitrarily high-dimensional feature space in the

yi e R"— o(y;) e RN Vi=1,...,m (10)
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Figure 7 — Illustrative example of Kernel PCA for 2-dimensional data. Kernel PCA attempts to
find a non-linear lower-dimensional manifold or hyper-surface (a line in this case) that
fits the original data. The locally-linear Local PCA one-dimensional manifolds are also
reported for comparison between the two methods.

with N >> n, and then PCA is carried out in this new feature space. A non-trivial,
arbitrary function ¢ is chosen but is never calculated explicitly, which allows for the pos-
sibility to use very high-dimensional feature spaces. In order to avoid working in the
feature-space, a m-by-m kernel representing the inner product space (Gramian matrix)
can be created:

Kij = klyi, y;) = o(y1) oly;). (11)

The non-linearity of the kernel PCA method comes from the use a non-linear kernel func-
tion that populates the covariance matrix (known as the kernel trick). Thus, the eigenvectors
and the eigenvalues of the covariance matrix in the feature space are never actually solved.
The choice of the kernel function k(y;, y;) modeling the covariance between two different
points in the feature space is up to the designer. An example is the choice of a Gaussian

kernel:
1 lyi—yl?
k(yi,yj) = 5¢ " (12)

where h is the kernel width and . is the kernel scaling factor. Because no operations are

directly carried out in the feature space, kernel PCA does not compute the PCA modes

themselves, but the projections of our data onto those components, namely the scores.
PCA in the feature space would require the solution of the following eigenproblem:

Aay = Kay, (13)
where ay is the k-th PC in the feature space. All solutions must lie in the span of ¢-images
of the training data, meaning that there exist some coefficients ok = (oc‘f, oc‘zﬂ ...,ak ) such
that:

m

a =) ofplys). (14)

i=1

Substituting 14 into 13, and multiplying by ¢(y), leads to:

mAra® = Kok, (15)
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Normalizing the solutions a translates into A(a' - &) = 1. The projection of the ¢-image
of a point x4 onto the k-th component, the k-th kernel PCA score for point 1, is given by:

m

zF = plydar = ) aFklyi,yj). (16)
j=1

One of the main drawbacks of the kernel PCA is that PCA is performed on a covariance
matrix that scales with the number of observations m and not the number of variables n as
in PCA which increases the computational demands of the method for applications where
m >> n. In addition, no straightforward operation is available to reconstruct the data
from the kernel PCA scores, since the function ¢(y;) is never computed explicitly. This
is in contrast to linear PCA. In order to reconstruct the data in kernel PCA, the following

functional needs to be minimized for ¥;:

q m
p(F:) =k(F ) —2> z > ok(F1,y5), (17)
k=1 j=1

where q is the total number of scores. Having to minimize this functional makes the

process computationally more expensive in comparison to PCA.

2.1.5 Non-negative matrix factorization

N

> X1
| - Original data set Il - Factors identification

Il - Size reduction

DACOTIAOILY)

> Vi

Figure 8 — Illustrative example of Non-negative Matrix Factorization (NMF) applied to a 2-
dimensional data-set of positive values. Axis of non-negative components are iden-
tified and a part-based representation is learned as original objects are expressed as
sum of positive elements. Dimensionality reduction is achieved if the original data of
2-dimensional objects are projected onto one axis found by NMF.

The Non-negative matrix factorization (NMF) problem can be stated as follows: given a
non-negative matrix Y of size (m x n), find non-negative matrix factors U of size (m x k)
and V of size (n x k) with k < n such that the functional f(U,V) = %IIY— UVT|? is
minimized, subject to uij,vi; > 0 Vi,j [32]. Differently from PCA where the modes are
found all at once and only then a subset k of them is chosen, the non-negative factors
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0.5 |

Figure g — Illustrative example of PCA and NMF finding 2 different lower-dimensional manifolds
(planes) for the compression to 2 dimensions of a 3-dimensional data-set. Red manifold:
NMEF; grey manifold: PCA. Notice that the PCA directions (arrows) are orthogonal,
while the NMF ones are not.

or NMF modes are found for a given approximation order k. For a different value of
k, the NMF problem needs to be solved again. As for PCA, once the NMF problem is
solved and thus the NMF modes are found, one particular simulation, or row of Y, can
be expressed as y(xj) = Sk viui(x;). Differently from PCA, both matrices U and V
are determined by solving the NMF problem. The determination of the NMF scores U’
for new, unseen data Y’ is possible only by solving the least-squares error minimization
problem: U’ = argmin J[[Y’ — U’VT||?, whose solution is taken as U’ =Y (VTV)i1 VT,
U’

This solution can lead to negative entries in the matrix U’, which can be set to zero in
order to avoid violating the constraint of having positive coefficients.

2.1.6  Autoencoder

An Autoencoder is a type of unsupervised artificial neural network (ANN) [27]. The aim
of an Autoencoder is to learn a representation (encoding) for a set of data, typically for di-
mensionality reduction. An Autoencoder learns a lower-dimensional non-linear manifold
that fits the original high-dimensional data, similarly to Kernel PCA (Figure 7). Along with
the reduction side, a reconstructing side is learnt, where the autoencoder tries to generate
a representation from the reduced encoding as close as possible to its original input.

The simplest form of an Autoencoder is a feedforward, non-recurrent neural network
having an input layer, an output layer and one or more hidden layers connecting them,
where the output layer has the same number of neurons as the input layer, and with the
purpose of reconstructing its inputs (minimizing the difference between the input and the
output). Therefore, Autoencoders are unsupervised learning models.
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Given one hidden layer, the encoder process of an Autoencoder takes to input x € R™
and maps it to h € R9, with q < n,:

h = f(Wx +b). (18)

This image h is usually referred to as code or latent representation. Here, f() is an element-
wise activation function such as a sigmoid function or a rectified linear unit. W is a
weight matrix and b is a bias vector. The decoder stage of the Autoencoder maps h to the
reconstruction x’ of the same shape as x:

x' =1 (Wh+b'). (19)

where f’, W/ and b’ may be unrelated to f, W and b. An example of ANN is reported in
Figure 16, but in the case of an Autoencoder, the net is mirrored and the output layer has
as many nodes as the input layer (thus, the output is a reconstructed input and the middle
layer corresponds to the lower-dimensional image).

Autoencoders are trained by minimizing the loss function £(x,x’) =[x —x’ ||2. This loss
function can be modified to accommodate a regularization and a sparsity term. This is
often done to avoid over-fitting, meaning that the trained Autoencoder has only learned
to reconstruct seen data but it has failed to find latent structures that can be generalized.
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2.2 REGRESSION METHODS

A regression or a predictive model is a function that tries to replicate the relationships
among a set of independent variables and a dependent variable. These methods are usually
called supervised as a regression model usually needs two data-sets to be trained: an input
data-set X of size (m x d) with m observations of d independent variables, and a data-
set of known values of n target output dependent variable(s) Y of size (m x n). Usually,
a regression model is trained for one target dependent variable at time (one column of
Y, thus a scalar output), although Artificial Neural Networks (ANNs) can handle higher
dimensional outputs.

2.2.1  Polynomial regression and over-fitting

350 T T T T T

100 + Raw Data
B —— 3rd Order Polynomial Fit 7

—— 5th Order Polynomial Fit
250 | 9th Order Polynomial Fit -

200
150 |-

100 -

50 | . et e 4

Figure 10 — Illustrative examples of a polynomial regression.

Polynomial regression is one of the most known methods for predictive modeling. It
consists in trying to fit available data by correctly choosing the values for the coefficients
of a polynomial of any order. This is usually done by ordinary least squares estimation,
although other methods also exist [45]. The order of the polynomial is usually lower
than the number of available points. When this is true, the polynomial model will not
interpolate (pass through) the original training data. Choosing a lower order (a model
with lower capacity) is done to avoid over-fitting, a condition where a predictive model
just remembers the training data but is not able to generalize to new unseen data (the
model only knows what he has already seen and has not learned any general pattern).
Over-fitting is an issue for all predictive models and needs to be avoided. One way to do
so is to use a test data-set, a data-set that is not used for the training of the model but
only to test its predictive performance. The prediction errors are tested on both data-sets.
The highest model complexity that is chosen (degree of the polynomial regression in this
case) is the one for which the error on the test-set starts to grow. Polynomial regression is
particularly useful when the relationship to be modeled is not extremely complex or if a
very limited amount of data is available. For non-linear data, polynomial regression can
be quite challenging to design, as one must have some information about the structure of
the data and relationship between feature variables.
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2.2.2  Kriging

Kriging is an interpolation method in which every realization y(x), where y is a random
target, is expressed as a combination of a trend function and a residual [8]:

P
y(x) = ux) +sx) = Y Bifilx) +s(x) = £ (x)B+5s(x) (20)
i=0

The trend function p(x) is a low-order polynomial regression and provides a global model
in the input space. The term s(x) creates a localized deviation weighting the points in
the training set that are closer to the target point x. The trend function p(x) is expressed
as a weighted linear combination of p 4+ 1 polynomials f(x) = [fo(x), ..., fp(x)]T with the
weights 3 = [Bo, ..., BP]T determined by generalized least squares (GLS). The subscript p
also indicates the degree of the polynomial. The residuals s(x) are modeled by a Gaussian
process with a kernel or correlation function that depends on a set of hyper-parameters 6
to be evaluated by Maximum Likelihood Estimation (MLE). The correlation function de-
scribes the correlation between two points in the x-space. In other words, it will model
the correlation between two different observations of the output variable y based on their
corresponding location in the input space. The hyper-parameters @ (or their inverse) are
also called length-scales. Low values for these length-scales will mean that far away ob-
servations will not be correlated. Many possible correlation functions are available: linear,
quadratic, exponential, Gaussian, Matern 3/2, Matern 5/2, just to name a few [8, 29]. A
detailed discussion about these functions can be found in [46]. One of the main differ-
ences among these kernels is their smoothness. See Figure 11 and 12 for clarifications.

Name R;(0,d;)

EXP exp(—0;|d;|)

EXPG exp(—0;|d;|%+1), 0 <O, <2
GAUSS exp(—0;d3)

LIN max{0, 1—0;|d;|}

SPHERICAL | 1 —1.5§;+0.53, & =min{1, 0,|d;|}
CUBIC 1— 38 + 263, & =min{l, 6,d;|}
SPLINE (&), (2.24) & = 0;ld;]

Figure 11 — Examples of one-dimensional correlation or kernel functions employed in the Kriging
formulation [29]. dj indicates the euclidean distance between two points [x —x|. 8; are
the hyper-parameters, also called length-scales, of the kernels.

The Matern correlation function is mainly used as it is a generalization of the exponential
and the Gaussian correlation functions. Determining the optimal correlation parameters
or hyper-parameters for the chosen kernel function is a complex multi-dimensional mini-
mization problem. Optimization algorithms can be cast into two distinct categories: local
and global optimization algorithms. The best optimization algorithm is problem depen-
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Figure 12 — One-dimensional correlation functions for 6 = 0.2, 1, 5and 0 < d < 2 [29].

dent and in many cases not known a-priori. For small dimensional problems, the influence
of the function family is low [45].

In the definition of both the trend function and the residual, it is up to the designer to
choose the polynomials f(x) and the correlation model or kernel. In this way, the designer

has the possibility to add prior into the problem and subsequently let the data speak for
themselves by estimating the hyper-parameters.

The final form of the Kriging predictor for any realization y(x*) is

y(x*) = £(x) B +r(x") 'R (y —FB) =
f(x)Tg+r(x*)Tg. (21)

In (21), F is the matrix of polynomials evaluated at the training locations; R is the kernel
matrix or matrix of correlations between the training points; and r is the vector or correla-
tions between the training points and the point x* for which we wish to make a prediction.
An important note is that, once the model is trained, the quantities 3 and g are constant

and do not need to be updated anymore. To make a prediction, say y(x*), only the terms
f(x) and r(x) need to be updated:

y(x*) = £(x) "B +r(x) . (22)
2.2.3 Polynomial Chaos Expansion

The theoretical background for Polynomial Chaos Expansion (PCE) is reported from
[44, 45]. Consider a system whose behavior is represented by a computational model M
which maps the d-dimensional input parameter space to the 1-dimensional output space

M:x€RY—yeR InSection 1.6, the computational model was indicated by F and
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Figure 13 — Classical orthogonal/orthonormal polynomials. Figure from [44].

p=3, g=1

p=5, g=1 p=6, g=1
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0 5

Figure 14 — Representation of a hyperbolic index set o € Ag‘N for various N (p in the Figure) and
q (d = 2). Figure from [44].

its output was multi-dimensional. For this reason, in this section the symbol M will be
employed. In the present work, the components of the input vector x = x1,...,xq are
assumed independent. The case of dependent input variables can easily be addressed as
explained in [24]. In the present work, the authors consider that the computational model
M is a deterministic mapping from the input to the output space, i.e. repeated evaluations
with the same input values lead to the same output value. As explained in [44], the
computational model M can be approximated by a finite, truncated set of polynomials:

yx) =M~ )  aathalx), (23)
acNd

where a, are the expansion coefficients of the multivariate polynomials ¥ (x) and o

is the multi-index. Because of the statistical independence of the input variables, the

multivariate polynomials are evaluated as product of uni-variate polynomials 1(x) =

]_[{1:] 1/:&? (xi), where ng.l) is the polynomial of degree o for the i-th variable. Classic
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orthogonal univariate polynomials are reported in Figure 13. The total degree of the
(multivariate) polynomials is defined by |a = Y& ;| a;. The total number of (multivariate)
polynomials depends on the adopted truncation scheme. In the present work, the adopted

truncation scheme is the hyperbolic truncation set: o € IN : |||l < N, where N is the total

1/
order of the polynomials and the norm || - || is defined as |la|. = (Zf:1 ocf) C, where
0 < c < 1. See Figure 14.

The maximum number of terms in the polynomial basis, attainable for ¢ = 1, is given in
Eq. (24):

(d+ N)!

PHT=—gNr (24)

The expansion coefficients a, can be estimated by a least-square minimization method,
least absolute shrinkage operator (LASSO), least angle regression (LAR), and other meth-
ods, as explained in [44].

2.2.4 PC-Kriging

As explained in [44], Kriging is able to interpolate local variations of the output of the
computational model. In contrast, polynomial chaos expansions (PCE) are generally used
for approximating global behaviors of computational models. The two techniques can be
combined if PCE is used as trend function for the Kriging interpolation method. This
approach is referred to as PC-Kriging and its formulation is as follows:

Yy =M~ Y datpaX)+s(x) =D aathalx)+r(x*) . (25)
acA acA
Building a PC-Kriging meta-model consists of determining the optimal set of polynomials
for PCE first and then calibrating the Kriging hyper-parameters.

2.2.5 Differences between polynomial regression and PCE

As explained, in both the classic polynomial regression and PCE, the expression for a
certain prediction y(x) has the following form:

y(x) =£(x)"8. (26)

In both cases, as explained in [44], there exist many different techniques to evaluate opti-
mal values for the coefficients 3, such as least-square, LASSO, LAR, and other methods.
In the case of univariate inputs, tn the classic polynomial expansion the p 41 terms of f(x)
would be the terms of a polynomial of degree p: fi(x) = x' Vi =0,..,p. For PCE, the
entries of the vector f would be: fi(x) = Pi(x) Vi =0,...,p, where P;(x) is the Legendre
polynomial of degree i. These are reported in Figure 15. Thus, for instance, in the case of
polynomial regression f3 would be x* while for PCE it would be 1 (5x3 — 3x).
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n P,(z)
0 1
1 z
2 1 (322 -1)
3 1 (52° — 3z)
4 5 (352" — 302”4 3)
5 (6395 — 7023 + 15z)
6 -+ (2312® — 315z* + 1052% — 5)
7 (429z — 69325 + 315z* — 35z)
8 o (64352° — 12012:;: + 6930z* — 1260z + 35)
9 35 (121552° — 2574027 + 180182 — 46202° + 315z)
10 5 (461892'° — 1093952 + 90090z® — 30030z + 3465> — 63)

Figure 15 — First 11 Legendre polynomials

2.2.6  Artificial Neural Networks

Hidden layer

h1

ha

—“—cwoz—
H4cvwvHco

£ S

hy

Figure 16 — Illustrative example of an Artificial Neural Network with 2-dimensional input layer, 4-
dimensional hidden layer and 1-dimensional output layer. The value of h; is given by
hy = Zf_] i ( xjw-(.l) + b.m ), where d is the size of the input layer, f{() is the activation

(1)

)'L

is the bias for the j-th input (in layer 1).

function for 1-th layer, w.;’ is the weight from the j-th input to h; (in layer 1) and b]m

Artificial Neural Networks (ANN) are a supervised method that have certain charac-
teristics in common with biological neural networks and have been developed as general-
ization of mathematical models [4]. An ANN is characterized by its patterns of connec-
tions between neurons (architecture), its method on determining suitable values for the
weights which its architecture is composed of (training or learning algorithm), its activa-
tion functions. Figure 16 is an illustrative example of an Artificial Neural Network with
2-dimensional input layer, 4-dimensional hidden layer and 1-dimensional output layer.
The size of the output layer can even be greater than 1. In such a case, one ANN can be
trained for multiple outputs. For instance, only one net can be trained to predict the values
of the scores obtained from a data compression method altogether. In the case of Kriging,
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PCE or PC-Kriging, this is not possible and the models have to be trained for each score
separately.
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2.3 SAMPLING STRATEGIES

The choice of the sampling strategy employed to explore a certain region D in the input
parameter space is an important step towards the development of predictive reduced-
order models. The construction of high-performing ROMs with a very limited number
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Figure 17 — Illustrative examples of an adaptive sampling strategy. (left) A set of 64 (uniformly
distributed) points X in a 2-dimensional input space (samples). By analyzing the corre-
sponding outputs Y (not shown here), the influence or importance of each sample can
be estimated according to some metrics, here represented by the size and color of the
circles. (right) A set of 200 candidate points in the input space for which to produce the
corresponding output (run a simulation). The size and color of the circles represent the
potential of enrichment of that sample. The original available observations from the left
figure are reported here as grey stars. Notice how candidate samples that are close to
the most influential original samples have a high potential.

of samples is possible if an effective sampling strategy is chosen or developed. Two main
categories for data sampling may be distinguished. The first category regards sampling
strategies of the input space which do not take into account the output values. Their
objective is only to "fill" the explored region in the input space by following some criteria.
The second category consists of sampling strategies which do take into account the values
of the output variable(s), and thus their objective is to understand what regions in the
input space show strong non-linear behavior in order to try to fill those regions with more
samples. They are referred to as adaptive sampling strategies and exploit the knowledge
on the values of the output variables and try to associate an importance or influence
Infl(x;) with j = 1,...,m to each one of the m available samples before choosing the
next one. Once the quantities Infl(x;) are estimated, a new sample x* (combination of
values for the input parameters) is chosen that maximizes a certain potential of enrichment
Pot(x*) = d(x*,xj)Inﬂ(xj), where j = argming d(x*,xi) and with d(-,-) denoting the
Euclidean distance. In other words, a new sample will be chosen as a trade-off between
two aspects: the necessity for the new sample not to be too close to the samples already
at hand and for it to be as close as possible to the sample x; at hand that has the highest
importance. An illustrative example of this procedure is reported in Figure 17.
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2.3.1 Random sampling

Random sampling is perhaps the simplest sampling method. In random sampling, a
subset of individuals (a sample) is chosen randomly from a larger set (a population). Each
individual is chosen such that each individual has the same probability of being chosen
at any stage during the sampling process, and each subset of individuals has the same
probability of being chosen for the sample as any other subset of individuals. A simple
random sample is an unbiased surveying technique.

2.3.2  Latin hypercube sampling

Latin hypercube sampling (LHS) is a statistical method for generating a near-random
sample of parameter values from a multidimensional distribution. In the context of statis-
tical sampling, a square grid containing sample positions is a Latin square only if there is
only one sample in each row and each column. A Latin hypercube is the generalization of
this concept to an arbitrary number of dimensions, whereby each sample is the only one
in each axis-aligned hyperplane containing it.

2.3.3 Adaptive sampling for the improvement of the modal basis

As a PCA-based model strongly depends on its modal basis, a first step towards the
improvement of this kind of model consists in improving the basis [16]. Given a set
of (centered-scaled) observations Y = {y!")| ..., y(™M)} and its corresponding PCA-based
model, we want to choose a new sample point, Xpew, that will meet the trade-off between
the modal basis improvement and the parametric space exploration. Firstly, the influence
of each observation on the modal basis is computed. The influence of the j-th observation
on the i-th mode is defined by:

1
Infly, (x;) = T 1, (27)
|Vi \A |

where v, J is the i-th basis function evaluated from a data set:

Y={y") .., yi 1 o, yitt _ y(M} (28)

The influence of the observation y(x;) on the modal basis is defined by:

q
Inflpagis (xj) = Y _ siInfly, (x;), (29)
i=1

where s; is the singular value of the i-th mode and q is the number of modes. The relative

influence of the j-th observation on the modal basis is given by:

Il‘1ﬂBasis (Xj )
le\i] Il‘1ﬂBasis (xl)

Inﬂggéis (x5) =

(30)
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After the computation of this equation for each x;, the parametric space is heavily sampled
via a LHS technique and the resulting set of samples is denoted by Q = {v1,...,vp}. The
size b of this set of samples can be chosen as 100 times the parametric space dimension.
Then the potential of enrichment PotBasis(v;) of each candidate sample is computed with
respect to the trade-off between the input space exploration and the improvement of the
modal basis as:

PotBasis(v;) = d (v, x;) InfI§el (x;), (31)

where j = argminy d (v, x) with d(-,-) denoting the Euclidean distance. Finally, the new
point will be selected to fulfill the following condition:

Xnew = argmax, cqlotBasis(v). (32)

A new sample is chosen as far from the other samples as possible, but at the same time as
close to the samples with the highest relative influence as possible.

2.3.4 Adaptive sampling based on prediction errors

As sampling strategies are used to estimate the best set of samples for the training of a
predictive model, the error made by the trained model when one sample or training ob-
servation is left out, also referred to as leave-one-out (LOO) error, can be used to associate
an importance to each observation and thus estimate the corresponding influence Infl(x;)
of each sample x; on the training set. After doing so and estimating the quantities Infl(x;),
again a new sample x* is chosen so that the certain potential Pot(x*) = d (x*,x;) Infl(x;)
is maximized. The drawback of this technique is that, usually, training a predictive model
several times can be computationally demanding as, given m available observations, m
models have to be trained. For some supervised techniques, such as Kriging, training
means finding suitable values for some hyper-parameters that are needed to evaluate a
kernel functions for the training observations. Thus, the training can be done on all sam-
ples and then the LOO error can be estimated by using only m — 1 training observations for
the kernel. By doing so, the estimation of the sample influences is much less demanding
computationally. The drawback is that, in the case of a combination between a compres-
sion method such as PCA and Kriging, not retraining also means that the PCA modes are
also found only once from all samples. The LOO error estimated in this way will there-
fore not take into account the influence of the samples on the POD basis, which might be
needed in the case of reduced-order models that combine unsupervised with supervised
learning techniques.



2.4 UNCERTAINTY AND MACHINE LEARNING

2.4 UNCERTAINTY AND MACHINE LEARNING

Data-driven machine learning techniques build predictive models from available data.
In the context of the works of this doctoral thesis, data came from deterministic sources
such as computer codes. In general, data may also come from experiments or other sources
which are not free of random noise, bias or uncertainty as in the case of experimental mea-
surements. A machine learning method has to deal with this type of information, showing
a fair degree of robustness with respect to such disturbances. Input data are subject to
noise, outliers, and errors. In general, data cleaning techniques are applied in order to
get the best out of the available data [49]. One can also remove instances which dispro-
portionately increase model complexity or which have an abnormally large influence on
learning. Outlier detection can also deal with this problem [55]. On occasions, input noise
can have a positive effect on the generalization capabilities of a machine learning model
as the method has to develop a form of invariance and has to abstract from the noise. In
fact, one way to deal with random noise is by avoiding over-fitting [3].

Bias is also a problem. The bias-variance trade-off is a well-known problem in the
machine learning community. The variance of the machine learning model is in fact an
error due to the model’s sensitivity to small fluctuations in the training set. A trained
method with high variance usually means that the method is trying to model the noise
in the data and, as said, avoiding over-fitting deals with this problem. There are several
ways to avoid over-fitting: the choice of the training data-set, adding artificial noise to
the training data, the use of regularization, the use of test data-sets and validation data-
sets, the choice of a machine learning model rather than another (perhaps one with lower
capacity: e.g. a linear rather than a cubic regression). However, at the same time these
choices are sources of bias. In machine learning, bias can often help to generalize better
and make the trained model less sensitive to a single data point. A learning algorithm will
not generalize unless it introduces some form of preference or restriction over the space
of possible functions [46]. Without any limitation or preference, the learning algorithm
can memorize any data set without generalizing. Choosing the right learning model for
the problem, choosing a representative training set, the use of different models for the
construction of a meta-model (boosting) can reduce model bias.

In this doctoral thesis, the employed data are the outcome of CFD simulations imple-
menting models that attempt to describe and predict reality. However, these models them-
selves may have bias. Thus, these models are usually validated with respect to experi-
mental data, which usually have uncertainty. Probabilistic or Bayesian frameworks and
therefore the possibility to focus on distributions rather than on point estimates can deal
with uncertainty. For example, when training a machine learning model, optimal values of
the hyper-parameters need to be found by minimizing some loss function (usually, the ex-
pected prediction error, with or without regularization terms). The loss function landscape
can be strongly non-linear and local optimization methods will perform poorly. Thus, sev-
eral machine learning models that are optimized from different initial guesses for their
hyper-parameters can be combined by means of ensemble methods so to obtain a better
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model. In general, once and however the model is trained, it would be useful if a measure
could be available of how uncertain the model is when making a prediction. The more
your prediction fluctuates with tiny structural changes to the model, the more uncertain
that prediction is. Structural changes to the model can be achieved by slightly changing
the model’s hyper-parameters several times and analyze the corresponding fluctuations on
the predictions. These fluctuations can also be analyzed when small changes are applied
to the model’s inputs, in order to estimate the model’s sensitivity to noise, but, as said,
this is dealt with by avoiding over-fitting and limiting the model’s predictive variance. In
the context of Bayesian frameworks, where posterior distributions are available over the
optimal hyper-parameters” values or model’s predictions, the shape of such distributions
will quantify the model’s uncertainty, with uniform distribution meaning maximum un-

certainty and delta distribution meaning zero uncertainty.



RESEARCH CONTRIBUTIONS

This chapter presents a summary of the works that form the basis of this doctoral thesis.
Specifically, the first two sections of this chapters summarize works that have already been
published in peer-reviewed international journals.

The following sections present work that has been initiated during the present Ph.D.
project, but has not yet reached a level that qualifies for publication in a scientific journal.
However, more than a valuable foundation was created for future work. Therefore, a
summary of these activities is provided here, promoting future work and making existing
achievements accessible.

3.1 APPLICATION OF REDUCED-ORDER MODELS BASED ON PCA AND KRIGING FOR
THE DEVELOPMENT OF DIGITAL TWINS OF REACTING FLOW APPLICATIONS

This article is based on the paper which was published in Computer and Chemical
Engineering: Gianmarco Aversano, Aurélie Bellemans, Zhiyi Li, Axel Coussement, Olivier
Gicquel, and Alessandro Parente, Application of reduced-order models based on PCA &
Kriging for the development of digital twins of reacting flow applications, Computer and
Chemical Engineering 121, 422-411 (2019).

The author of the present doctoral thesis has contributed to all activities presented in
this paper. He has contributed to the use of the adaptive sampling strategy, to the im-
plementation of PCA, CPCA and Local PCA and their combination with Kriging on both
the 1D and 2D flames, the discussion of the main achievements and the analysis on each
method’s features. More specifically:

— the author has developed his own implementation of the adaptive sampling strategy

and the functions needed to evaluate the quantities necessary for the evaluation of
each simulation’s influence, such as the ones described in Section 2.3.3;

— the author has developed his own tool for the evaluation of the CPCA scores, for any

given set of non-linear constraints;

— the author has parallelized an existing implementation of Local PCA and also devel-

oped his own version;

— the author has developed a tool that combines CPCA and Local PCA;

— the author has developed a tool that combines PCA (or its variations) with Kriging,

for which the 00DACE toolbox citeLophaven2oo2 was used and modified;

— the author has developed an object-oriented interface for data post-processing and

visualization.

These tools were developed in Matlab, Fortran, and C++.
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Detailed numerical simulations of detailed combustion systems require substantial com-
putational resources, which limit their use for optimization and uncertainty quantification
studies. Starting from a limited number of CFD simulations, reduced-order models can be
derived using a few detailed function evaluations. In this work, the combination of Prin-
cipal Component Analysis (PCA) with Kriging was chosen to identify accurate low-order
models. PCA was used to identify and separate invariants of the system, the PCA modes,
from the coefficients that were instead related to the characteristic operating conditions.
Kriging was then used to find a response surface for these coefficients. This led to a sur-
rogate model that allowed to perform parameter exploration with reduced computational
cost. Variations of the classical PCA approach, namely Local and Constrained PCA, were
also presented.

The chosen methodology for the development of accurate and robust ROM generation
was demonstrated for a 1D laminar flame produced by OpenSmoke++ with an increasing
number of input parameters (equivalence ratio, composition of the fuel, inlet temperature),
and for a 2D flame produced by OpenFoam with two input parameters (inlet velocity and
inlet fuel composition). In all three cases and for the 2D flame as well, both training and
test data were available. The training data were employed to generate the ROM. The test
data were used to assess the ROM’s predictive capabilities.

The results showed that the combination of PCA with Kriging was a valid solution
for the development of physics-based ROMs that can perform accurately with reduced
computational cost. Mainly, the following points were remarked:

— The model performed parameter exploration with low prediction errors: < 10%.

— The Local PCA formulation provided an improvement over PCA as it better dealt

with the non-linearities of the original system.

— CPCA guaranteed that the imposed physical constraints were not violated when the
data were reconstructed. In this work, the imposed constraint was that all variables
be positive in value when reconstructed. This was not guaranteed by PCA, although
Local PCA alleviated this issue by simply improving the accuracy of the data recon-
struction.

— Once the model was correctly trained, instantaneous predictions were possible, mak-
ing parameter exploration much easier, even for very CPU-intensive systems.

This work represented the first application of the PCA+Kriging methodology to combus-
tion problems. As such, it was intended to be a proof of concept that will pave the way for
the application of this methodology to more complex systems. In fact, as 3D simulations
of practical combustion systems usually require significant amount of CPU hours, having
a low-order model that can reliably and instantaneously predict the outcome of these sim-
ulations is precious. Moreover, the promptness of the ROM’s predictions is paramount
for the development of digital twins for real systems which can be employed for system
control and visualization. A correctly trained ROM also grants the possibility of perform-
ing sensitivity analysis of the investigated system w.r.t. its input parameters and can be
employed to solve optimization problems in the context of system design, where the eval-
uation of the objective function is the computational burden. The training costs of the
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PCA+Kriging ROM were also lower in comparison to a predictive model with no compres-
sion. This is very useful when new training processes are continuously needed in order to
update the developed ROM in the event of new available data. The predictive capabilities
of the developed ROM can also be employed for the initialization of complex simulation,
reducing the time needed by the solver to converge. In the application of the proposed
methodology to 2D flames, relevant computational savings were present as one 2D simula-
tion needed over 30 CPU hours to run. Despite the simplicity of the test cases, the present
work allowed to investigate the advantages and limitations of the method, as well as its
potential for applications to more complex combustion systems. A substantial reduction in
the system dimensionality was accomplished via PCA (e.g. from 10,780 to 5 scalars in the
one-parameter case), while the use of Kriging allowed to capture the non-linear relation
between the reduced set of coefficients and the input parameters, enabling the prediction
of non-observed system states.

35



36

RESEARCH CONTRIBUTIONS

3.2 PCA AND KRIGING FOR THE EFFICIENT EXPLORATION OF CONSISTENCY RE-

GIONS IN UNCERTAINTY QUANTIFICATION

This article is based on the paper which was published in Proceedings of the Combus-
tion Institute: Gianmarco Aversano, Javier C. Parra-Alvarez, Benjamin Isaac, Sean T. Smith,
Axel Coussement, Olivier Gicquel, and Alessandro Parente, PCA and Kriging for the effi-
cient exploration of consistency regions in Uncertainty Quantification, Proceedings of the
Combustion Institute 37, 4461-4469 (2018).

The author of the present doctoral thesis has not contributed to running the simula-
tions for the boiler that is object of the paper, but he has contributed to all other activities,
especially to the formulation of the Reduced-Order Bound-to-Bound Data Collaboration
framework and the main result of the work, which is the finding the of consistency re-
gion for the LES model. A tool for the Reduced-Order B2B DC framework has also been
developed by the author.

For stationary power sources such as utility boilers, it is useful to dispose of parametric
models able to describe their behavior in a wide range of operating conditions, to predict
some Quantities of Interest (QOIs) that need to be consistent with experimental observa-
tions. The development of predictive simulation tools for large scale systems cannot rely
on full-order models, as the latter would lead to prohibitive costs when coupled to sam-
pling techniques in the model parameter space. An alternative approach consists of using
a Surrogate Model (SM). As the number of QOIs is often high and many SMs need to
be trained, Principal Component Analysis (PCA) can be used to encode the set of QOlIs
in a much smaller set of scalars, called PCA scores. A SM is then built for each PCA
score rather than for each QOI The advantage of reducing the number of variables is
twofold: computational costs are reduced (less SMs need to be trained) and information is
preserved (correlation among the original variables).

In this work the Bound-to-Bound Data Collaboration (B2B-DC) framework was com-
bined with PCA. Experimental data were available for Temperature and Heat Flux mea-
surements for Alstom’s 15 MWy, tangentially fired oxy-pilot Boiler Simulation Facility
(BSF) situated in CT, USA. The BSF is a test facility for the development of Alstom’s com-
bustion systems. A CFD model of the BSF was also available [36, 37] but not fully defined
as the value of 3 of its parameters were not known, which are indicated as Ts1q4, k and
7. The model’s output could be consistent with the experimental data only if suitable val-
ues for these parameters were to be chosen. Suitable values for these parameters can in
general be found using the B2B-DC approach and thus carrying out consistency analysis
between the experimental data and the model’s output. The available data consisted of
experimental values for 121 QOIs, namely 95 Temperature and 26 Heat Flux values. A
set of 22 simulations was carried out, each time with a different triplet of values for the
3 model parameters. In the classic B2B-DC approach, a consistency analysis is performed
with a set of surrogate models built from these simulations for each of these QOlIs, for a
total of 121.



3.2 EXPLORATION OF CONSISTENCY REGIONS IN UQ

In the present work, a consistency analysis was carried out using only 5 trained surro-
gate models. This was possible because a reduction technique such as PCA was used to
compress the original data. The set of 121 original QOIs was encoded into a set of 5 scalars,
namely the PCA scores, and thus only 5 surrogate models were needed for the consistency
analysis. This approach was named Reduced-Order B2B-DC. This was the first time to
the authors” knowledge that a B2B-DC was developed in terms of PCA scores or, more
in general, of latent variables and not in terms of the original physical variables involved.
Results obtained from the Reduced-Order B2B-DC approach were compared with those
of a consistency analysis carried out without the use of PCA. The results showed that the
Reduced-Order B2B-DC approach was able to find the consistency region with a difference
in volume of about 5% if the input space is standardized and with a smaller set of vari-
ables. The advantages of the approach included computational savings as less surrogate
models needed to be trained: less hyper-parameters had to be found for the construction
of the needed predictive models, which is very often not a simple task, especially when the
number of input parameters is high. Finally, the CFD model’s predictive capabilities for
the BSF were improved by defining suitable ranges for the 3 most influential parameters
affecting the predictions.
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3.3 COMBINATION OF POLYNOMIAL CHAOS AND KRIGING FOR REDUCED-ORDER
MODEL OF REACTING FLOW APPLICATIONS

The work presented in this section has not reached a level that qualifies for publication
yet, but its achievements are reported here. The work is accessible in more detail in Chapter
5.

The author of the present doctoral thesis has contributed to all activities carried out in
the this work, such as the implementation of the unsupervised and unsupervised methods
object of the work and their combination, and the analysis on the strengths and weaknesses
of each method. The author of the present doctoral thesis has not contributed to running
the simulations of the 2D flames on which the methods are tested. In particular, the author
of the present doctoral thesis has updated the tools developed for the work described
in Section 3.1 and developed his own tool for the implementation of Polynomial Chaos
Expansion and PC-Kriging.

In this work, inspired by [1] and [45], two data compression techniques such as Proper
Orthogonal Decomposition (POD) and Non-negative Matix Factorization (NMF) were com-
bined with a predictive model based on the combination of Polynomial Chaos Expansion
(PCE) and Kriging for the development of a Reduced-Order Model (ROM) for the predic-
tion of combustion data, with PCE functioning as Kriging trend. In order to compare the
performance of the PC-Kriging method, POD and NMF were also combined with PCE
only and Kriging only.

As regards the unsupervised techniques used for data compression for the development
of the ROM, the results showed that POD could reconstruct the training data with an
NRMSE which was ~ 10 times lower with respect to NMF. On the other hand, the positivity
constraint imposed in the NMF formulation guaranteed that positive physical quantities
were not reconstructed with negative values. Both methods generalized to unseen data
with similar performances in terms of errors for data reconstruction, with POD having
reconstruction errors ~ 10% lower.

As concerns the supervised part of the ROM, results from a leave-k-out analysis showed
that the PC-Kriging interpolation performed with lower prediction errors than Kriging for
smaller training sizes and low approximation orders. Both PC-Kriging and Kriging out-
performed PCE, when these techniques were combined with POD. PC-Kriging performed
better (prediction errors lower by ~ 10%) than Kriging also when in combination with
NMFE. In general, the POD-based ROM performed with lower prediction errors than the
NMEF-based ROM, by a factor of ~ 10 on CH, and N,. The PC-Kriging method performed
better than Kriging also when the Kriging length-scales were not optimized and set to low
values, so that the Kriging would influence predictions only in the regions close to the
training data (and interpolate those data), while PCE would contribute in the regions far
from the training data. By doing so, the overall prediction errors were higher than the case
where the Kriging length-scales were optimized, although the training of such a model
was computationally less demanding as it did not involve the optimization procedure for
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the evaluation of the length-scales and thus it only involved the evaluation of the PCE
coefficients.

The use of ANN as supervised part for a POD-based ROM was also investigated as
ANN offers the possibility of training one model for the prediction of all the POD (or
NMEF) scores, simultaneously. The predictive capabilities of combining POD with ANN
were compared to the ones of POD in combination with PC-Kriging. Results showed that,
again, POD combined with PC-Kriging had lower prediction errors with respect to the
combination of POD and ANN, by a factor of ~ 10 for nearly all variables involved, as
ANN usually requires a high number of observations to perform well, which was not the
case in the present work where data from computationally expensive combustion simu-
lations were employed. The training of an ANN also meant that a wide range of design
choices for its architecture, such as number of hidden layers or type of activation func-
tions, needed to be explored or cross-validated, which made ANN a more complex choice
as supervised method.
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3.4 DIGITAL TWIN FOR MILD COMBUSTION FURNACE

The work presented in this section has not reached a level that qualifies for publication
yet, but its achievements are reported here. The work is accessible in more detail in Chapter
5.

The author of the present doctoral thesis has contributed to all the activities that were
needed for the development of the digital twin discussed in the work, such as the combina-
tion of POD with Kriging, the estimation of the importance of each simulation of the MILD
combustion furnace on the developed reduced-order model, the use of the leave-k-out to
understand the influence of the data-set size and the estimation of the performances of the
developed digital twin. The tools developed for the previous works were adapted for this
case. A tool for data post-processing and visualization was developed by the author for
the specific needs of the case and the tools for the leave-k-out analysis were developed.

In the present work, a reduced-order model (ROM) based on the combination of Proper
Orthogonal Decomposition (POD) and Kriging was developed for the prediction of a 3D
flame (prediction of the full fields of temperature and main chemical species) in a furnace
for different operating conditions, chosen as the fuel composition, which was a mixture of
methane and hydrogen, the value of the equivalence ratio and the length of the air injector,
with the objective of the present work being the development of a reliable model that can
predict the state of the considered combustion system and important scalar quantities such
as wall temperature, exhaust gas composition and flame length, within an accuracy of 10%,
in real-time and function as digital-twin for it. A set of simulations was produced and used
as training data for the development of the ROM. The influence of each simulation on the
reduced basis found by POD was estimated, so to identify the most important simulations
to retain as training data. Interestingly, this analysis was able to detect a change in the
physics of the system that is observed when going from low values of H., in the inlet fuel
mixture to high ones. The influence of the number of training simulations used for the
development of the ROM was also investigated. POD was used for data compression and
thus to represent the original data with a reduced number of features, the POD scores.
Kriging was used to find a response surface for these scores at unexplored operating con-
ditions. As the mapping from the reduced space to the original space was learned by POD,
also the full fields of temperature and main chemical species could be predicted. A leave-k-
out analysis was carried out in order to determine how many and which simulations were
needed for the training of the ROM and estimate how the developed ROM would gener-
alize to unseen data. Results showed that the developed ROM could predict the fields of
temperature and CO,, O,, H,O, CH, mass fractions reliably with an overall error of less
than 10%. The predictions of scalar quantities such as wall temperature, position of the
peak of OH mass fraction, exhaust gas composition and flame length were also obtained
with an error of less than 5%. As a consequence, the overall behavior of the considered
system was well reproduced by the ROM, suggesting that the proposed methodology for
ROM-development was valid and that the developed ROM could be used as a digital-twin
of the furnace for real-time predictions of its state when the operating conditions change.



3.5 FEATURE EXTRACTION IN COMBUSTION APPLICATIONS

3.5 FEATURE EXTRACTION IN COMBUSTION APPLICATIONS

The work presented in this section has not reached a level that qualifies for publication
yet, but its achievements are reported here. The work is accessible in more detail in Chapter
5.

The present article is based on a work which was carried out in collaboration with
other researchers. The author of the present thesis has contributed to the application
of unsupervised learning techniques such as Non-negative Matrix Factorization (NMF),
Kernel PCA, and the Procrustes analysis needed to compare results from Local PCA and
Autoencoder.

The present work investigated the application of data-driven techniques for the detec-
tion of features from turbulent combustion data sets (direct numerical simulation). Two
H,/CO flames were analyzed: a spatially-evolving (DNS1) and a temporally-evolving jet
(DNS2). Methods such as Principal Component Analysis (PCA), Local Principal Compo-
nent Analysis (LPCA), Non-negative Matrix Factorization (NMF) and Autoencoders were
explored for this purpose. It was shown that various factors could affect the performance
of these methods, such as the criteria employed for the centering and the scaling of the
original data or the choice of the number of dimensions in the low-rank approximations.
A set of guidelines was presented in this paper that can aid the process of identifying
meaningful physical features from turbulent reactive flows data.

PCA-based techniques were firstly explored, such as Global PCA, Local PCA and Kernel
PCA. The effect of the various scaling methods on the feature extraction capability of PCA
was assessed. Local PCA was shown to be able to automatically detect the most important
features of the data-set. As the mixture fraction was known to be an important feature
for DNS1, it was remarkable to see that Local PCA could partition the data into zones
of low and high values of mixture fraction even if this variable was not present in the
data analyzed by Local PCA. Besides, the locally-linear nature of Local PCA , in contrast
with the globally linear nature of PCA, meant that the method could better approximate
the original data manifold, confirmed by the lower reconstruction errors obtained for a
given number of retained principal components, and thus it could detect features that
only had a local importance in the original data manifold, that were not detected by global
PCA, such as O, branching reactions. The interpretability of the factors extracted with the
Non-negative Matrix Factorization (NMF) technique showed to be a more challenging task.
Due to the NMF positive constraint, some features, such as mixture fraction, could not be
represented by a single mode, while this was possible with PCA. Non-linear techniques
such as Kernel PCA and Autoencoders were also tested for feature extraction purposes.
Kernel PCA could detect features such as mixture fraction or the reactive layer. The Au-
toencoder was used to find a lower two-dimensional manifold in the original data space,
which proved to be a reliable choice to separate well the reactants on opposing ends of the
manifold and the reactive layer in-between, indicating that such manifold could be linked
to a reaction progress variable. Besides, the manifold detected by a locally-linear method
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such Local PCA was shown to converge to the one found by a non-linear method such as
the Autoencoder.

In parallel with detecting features, the potential of the mentioned techniques for data
compression purposes, thus the quality of reconstruction of the original data with a fewer
number of dimensions, was also assessed, as achieving both tasks well is a decisive factor
for selecting a given data-driven method for accurate modeling of combustion systems. It
was shown that Local PCA was capable of achieving excellent reconstruction with q = 2
principal components when the number of clusters was sufficiently high. Autoencoders
performed comparably well when used with the ELU activation function. The reconstruc-
tion errors associated to these two methods were lower for Local PCA only when a high
(128) number of clusters was used, showing the ability of the method to more easily ap-
proximate non-linear manifolds in the original data space as, to do so, the user would just
need to change, and more specifically further increase, one free parameter, while decreas-
ing the reconstruction errors of an Autoencoder would require the investigation of a wider
range of design choices. However, it is true that using a very high number of clusters had
some drawbacks: data interpretability became more complex as the number of features
to analyze increased (e.g., 2 features in each one of the 128 clusters); a high number of
matrices, one for each cluster, containing the local PCA modes had to be stored.

A new way to cluster data-sets based on the possibility to a priori decide what features
to find in it was also presented and named Feature-assisted Clustering.

Future work will include the application of different data-driven methods in the feature
detection approach as well as generalization of the findings presented in this paper to a
broader range of turbulent combustion data sets.
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The present Chapter provides a brief discussion of the main accomplishments and orig-
inal contributions of the present doctoral thesis.

A methodology has been proposed for the development of physics-based reduced-order
models (ROMs) for reacting flow applications based on the combination of unsupervised
methods such as Principal Component Analysis (PCA), also knwon as Proper Orthogonal
Decomposition (POD), or variations of it, namely Local PCA and Constrained PCA, with
supervised techniques such as Kriging, with the objective of developing digital twins for
reacting flow applications. The use of other unsupervised (Non-negative Matrix Factor-
ization (NMF)) and supervised (Polynomial Chaos Expansion (PCE)) techniques was also
investigated. The work carried out in the present Thesis represented the first application
of the PCA+Kriging methodology to combustion problems as well as the first applica-
tion of Local PCA, Constrained PCA and NMF in combination with Kriging. As such,
it is intended to be a proof of concept that will pave the way for the application of this
methodology to more complex systems and the development of digital twins for industrial
applications.

4.1 REDUCED-ORDER MODELS FOR THE DEVELOPMENT OF DIGITAL TWINS

The methodology was firstly demonstrated for 1D laminar flames with an increasing
number of input parameters (equivalence ratio, composition of the fuel, inlet temperature),
and for a 2D flame with two input parameters (inlet velocity and inlet fuel composition).
The results showed that the combination of PCA with Kriging could perform accurately.
In comparison to a surrogate model that does not make use of an unsupervised technique
for data compression, the training costs of the developed model were lower, which is
very useful when new training processes are continuously needed in order to update the
developed ROM in the event of new available data.

The use of alternative unsupervised and supervised methods was also investigated. In
particular, NMF was tested as alternative data compression method and Polynomial Chaos
Expansion (PCE), PC-Kriging and Artificial Neural Networks (ANNSs) as alternative super-
vised methods. The methodology was demonstrated again for 2D flames with two input
parameters (inlet velocity and inlet fuel composition). A small summary is provided here
about each method’s strengths and weaknesses:
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Unsupervised methods

— PCA/POD proved to be the easiest method at providing linear low-rank approxima-
tions based on uncorrelated components. Its strengths include small reconstruction
errors for the training set, orthogonal modes or eigenflames, which may be prefer-
able, and a small number of parameters to control (choice of centering and scaling).
However, no physical criterion is taken into account by the method. Although the
method showed to be able to detect variables not present in the data-set, such as mix-
ture fraction, and offers an explicit link between the original and the reduced space,
the physical interpretability of the PCA basis functions is not always straightforward.

— CPCA/CPOD could force the spatial fields reconstructed by POD to respect given
physical laws such as positivity of mass fractions or conservation of mass. However,
this is possible only by solving a constrained optimization problem that may require
high computational times. The CPCA coefficients lie within a feasible regions deter-
mined by the constrained optimization problem that led to their evaluation. When
combined with a supervised technique for the prediction of the CPCA coefficients,
there is no guarantee that the supervised method will not predict values for these
coefficients that lie outside of such a feasible region.

— Local PCA/POD finds local eigenflames and has the potential of achieving lower re-
construction errors than POD. The weaknesses of the method in the context of devel-
oping physics-based ROM were that the clustering times may be long, and that the
local eigenflames showed strong discontinuities at the borders connecting them.

— NMF is a natural choice for non-negative data such as the chemical state space. When
combined to a supervised method, when negative values were predicted for the NMF
coefficients, these values could easily be corrected by manually setting them to zero.
The method was computationally more expensive than other linear counterparts such
as POD, and results showed that it performed with higher reconstruction error on
test data. NMF detected different features from POD, both when applied to 2D
flames (snapshot matrix), or to a DNS data-set, where it failed to detect mixture

fraction.

Supervised methods

— Kriging is an interpolation method that provides a distribution over possible output
values rather than only one value as output. It can incorporate external knowledge
in its prior and choice of kernels. However, it can be memory and computationally
expensive for large data-sets and its training needs the solution of an non-linear op-
timization problem. Results showed that the method was sensitive to design choices
such as degree of the trend function and choice of kernel function. In the application
to 1D flames and in combination with PCA /POD, the Gaussian kernel performed 10
times more poorly than the other kernels.
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— PCE is a regression method and is relatively cheaper to train in comparison to Krig-
ing. Results showed that the total degree of the polynomial basis and the degree of
polynomial interactions were the main parameters which the model was sensitive to.
Results showed that, when combined with POD or NMF, its predictive capabilities
were limited w.r.t. Kriging.

— PC-Kriging was combined with a POD and NMF for the prediction of 2D flames,
but it usually exhibited higher prediction errors than Kriging. A leave-k-out analysis
on the prediction errors by a POD-based ROM showed that PC-Kriging with N = 5
could achieve lower prediction errors than Kriging for small sizes of the training set
(k > 15). When the Kriging hyper-parameters were not optimized and set to low
values, the model offered two main advantages: it could predict test data with the
same accuracy of PCE while being able to interpolate training data; its training costs
were lower than Kriging’s.

— ANN was considered as it offers the possibility to train one model or net for the pre-
diction of all targets, namely the POD or NMF coefficients, simultaneously. Results
showed that in the context of predicting spatial fields of combustion systems where
only a small number of training simulations can be provided, the method performed
poorly. Besides, the method requires several design choices to be validated for its
architecture.

Development of a digital twin for a MILD combustion surface

A ROM based on the combination of POD and Kriging was developed for the prediction
of a 3D flame (prediction of the full fields of temperature and main chemical species) in
a furnace for different operating conditions, chosen as the fuel composition, which was
a mixture of methane and hydrogen, the value of the equivalence ratio and the length of
the air injector, with the objective of the present work being the development of a reliable
model that can predict the state of the considered combustion system and important scalar
quantities such as wall temperature, exhaust gas composition and flame length, within an
accuracy of 10%, in real-time and function as digital-twin for it. A leave-k-out analysis was
carried out in order to determine how many and which simulations were needed for the
training of the ROM and estimate how the developed ROM would generalize to unseen
data. Results showed that the developed ROM could predict the fields of temperature and
CO,, O,, H;O, CH, mass fractions reliably with an overall error of less than 10%. The
predictions of scalar quantities such as wall temperature, position of the peak of OH mass
fraction, exhaust gas composition and flame length were also obtained with an error of
less than 5%. As a consequence, the overall behavior of the considered system was well
reproduced by the ROM, meaning that it could be used a digital-twin of the furnace for
real-time predictions of its state when the operating conditions change.

45



46

CONCLUDING REMARKS

4.2 UNCERTAINTY QUANTIFICATION

In the present Thesis, the consistency analysis from the Bound-to-Bound Data Collabo-
ration (B2B DC) framework was also carried out by making use of a reduction technique
such as PCA in order to compress the original data: a set of original QOIs was encoded
into a much smaller set of scalars or features extracted by PCA. A reduced number of sur-
rogate models was thus necessary for the consistency analysis. The approach was named
Reduced-Order Bound-to-Bound Data Collaboration (Reduced-Order B2B DC). This was
the first time to the author’s knowledge that a B2B-DC was developed in terms of princi-
pal components or, more in general, of extracted features and not in terms of the original
physical variables involved. Results obtained from the Reduced-Order B2B-DC approach
were compared with those of a consistency analysis carried out without the use of PCA
and the results showed that the Reduced-Order B2B-DC approach was able to find the
consistency region with a smaller set of variables. Computational savings were one of
the advantages of the developed approach as less optimization problems had to be solved
for the estimation of the hyper-parameters of the needed surrogate models, which is very

often not a simple task, especially when the number of input parameters is high.

4.3 ANALYSIS OF DNS DATA-SETS

The application of data-driven techniques for the detection of features from turbu-
lent combustion data sets (direct numerical simulation) was also investigated during the
present Thesis. Two H,/CO flames were analyzed: a spatially-evolving (DNS1) and a
temporally-evolving jet (DNS2). Methods such as Principal Component Analysis (PCA),
Local Principal Component Analysis (LPCA), Non-negative Matrix Factorization (NMF)
and Autoencoders were explored for this purpose. PCA-based techniques were firstly ex-
plored, such as Global PCA, Local PCA and Kernel PCA. Local PCA was shown to be able
to automatically detect the most important features of the data-set. As the mixture frac-
tion was known to be an important feature for DNS1, it was remarkable to see that Local
PCA could partition the data into zones of low and high values of mixture fraction even
if this variable was not present in the data analyzed by Local PCA. Besides, the locally-
linear nature of Local PCA, in contrast with the globally linear nature of PCA, meant that
the method could better approximate the original data manifold, confirmed by the lower
reconstruction errors obtained for a given number of retained principal components, and
thus it could detect features that only had a local importance in the original data manifold,
that were not detected by global PCA. The interpretability of the factors extracted with the
Non-negative Matrix Factorization (NMF) technique showed to be a more challenging task.
Due to the NMF positive constraint, some features, such as mixture fraction, could not be
represented by a single mode, while this was possible with PCA. Non-linear techniques
such as Kernel PCA and Autoencoders were also tested for feature extraction purposes.
Kernel PCA could detect features such as mixture fraction or the reactive layer. The Au-
toencoder was used to find a lower two-dimensional manifold in the original data space,
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which proved to be a reliable choice to separate well the reactants on opposing ends of the
manifold and the reactive layer in-between, indicating that such manifold could be linked
to a reaction progress variable. Procrustes analysis was used to show that LPCA and the
Autoencoder detected similar lower dimensional manifolds.

In parallel with detecting features, the potential of the mentioned techniques for data
compression purposes, thus the quality of reconstruction of the original data with a fewer
number of dimensions, was also assessed, as achieving both tasks well is a decisive factor
for selecting a given data-driven method for accurate modeling of combustion systems. It
was shown that Local PCA was capable of achieving excellent reconstruction with q = 2
principal components when the number of clusters was sufficiently high. Autoencoders
performed comparably well when used with the ELU activation function. The reconstruc-
tion errors associated to these two methods were lower for Local PCA only when a high
(128) number of clusters was used, showing the ability of the method to more easily ap-
proximate non-linear manifolds in the original data space as, to do so, the user would
just need to change, and more specifically further increase, one free parameter, while de-
creasing the reconstruction errors of an Autoencoder would require the investigation of a
wider range of design choices. A new way to cluster data-sets based on the possibility to
a priori decide what features to find in it was also presented and named Feature-assisted
Clustering.

47






SELECTED PUBLICATIONS

5.1 APPLICATION OF REDUCED-ORDER MODELS BASED ON PCA AND KRIGING FOR
THE DEVELOPMENT OF DIGITAL TWINS OF REACTING FLOW APPLICATIONS

49



Application of Reduced-Order Models based on PCA & Kriging for the
development of digital twins of reacting flow applications

Gianmarco Aversano®P<, Aurelie Bellemans®P, Zhiyi Li*P, Axel Coussement®?, Olivier Gicquel,
Alessandro Parente®?

“ Université Libre de Bruxelles, Ecole polytechnique de Bruxelles, Aero-Thermo-Mechanics Laboratory, Bruxelles, Belgium
YUniversité Libre de Bruxelles and Vrije Universiteit Brussel, Combustion and Robust Optimization Group (BURN), Brussels, Belgium
“Laboratoire EM2C, CNRS, Centrale-Supélec, Université ParisSaclay, 8-10 rue Joliot-Curie 91190 Gif-sur-Yvette, France

Abstract

Detailed numerical simulations of detailed combustion systems require substantial computational re-
sources, which limit their use for optimization and uncertainty quantification studies. Starting from a
limited number of CFD simulations, reduced-order models can be derived using a few detailed func-
tion evaluations. In this work, the combination of Principal Component Analysis (PCA) with Kriging
is considered to identify accurate low-order models. PCA is used to identify and separate invariants of
the system, the PCA modes, from the coefficients that are instead related to the characteristic operating
conditions. Kriging is then used to find a response surface for these coefficients. This leads to a surro-
gate model that allows performing parameter exploration with reduced computational cost. Variations
of the classical PCA approach, namely Local and Constrained PCA, are also presented. This method-
ology is demonstrated on 1D and 2D flames produced by OpenSmoke++ and OpenFoam, respectively,

for which accurate surrogate models have been developed.

Keywords: Principal Component Analysis, Kriging, Surrogate Models

1. Introduction

In many engineering applications, complex physical systems can only be described by high-fidelity
expensive simulations. Due to the non-linearity of these problems, changing the operating conditions,
namely the model’s input parameters, can drastically change the state of the considered system. Com-
plete knowledge about the investigated system’s behavior for a full range of operating conditions can
therefore only be achieved by running these expensive simulations several times with different inputs,
until enough observations of the system’s state are obtained.

In this study, we focus on combustion systems that fall in this category as they are characterized
by very complex physical interactions, between chemistry, fluid-dynamics and heat transfer processes.
Our objective is to develop advanced Surrogate Models (SMs) that can accurately represent the behavior
of complex reacting systems in a wide range of conditions, without the need for expensive CFD simu-

lations. This is particularly attractive for the development of digital counterparts of real systems, with
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application in monitoring, diagnostics and prognostics [1, 2]. To this purpose, we derive techniques
from the Machine Learning community.

In our approach a specific computationally-expensive CFD simulation or computer code, referred
to as Full-Order Model (FOM) [3, 4], is treated as a black box that generates a certain output y (e.g. the

temperature field) given a set of input parameters x (e.g. the equivalence ratio) and indicated by F(-):
y = F(). (1)

The evaluation of the function F(-) usually requires many hours of computational time. After enough
observations of the FOM’s output are available, y (x;) Vi =1, ..., M, a SM can be trained and the output
y* for a particular set of unexplored inputs x* can be predicted without the need to evaluate 7 (x*) and,
thus, no simulation is run. The function F(-) is therefore approximated by a new function M(-) whose

evaluation is very cheap compared to F(-):
y' = Fx) = M(x7). 2)

SMs are mathematical models based on available data that try to approximate the underlying hid-
den relationship between input and output. A very simple example of a SM is a linear regression of
available data. SMs are useful when this relationship is either not known or comes in the form of a com-
putationally expensive computer code. This is the case of a CFD simulation. SMs are constructed or
trained from a relatively small set of training observations of the modelaAZs output, which correspond
to a set of training locations or points in the model parameter space. Once trained, SMs allow for a
fast evaluation of the system’s state over a wide range of their input parameters. Therefore, they are
very appealing in the context of optimization studies as well as for Uncertainty Quantification (UQ) [5]
and global optimization problems [6, 7]. In [8], SMs are used to optimize the performance of chemical
kinetics with respect to MILD combustion. In [9], SMs are employed in a Bayesian approach to cali-
brate various neutronics and thermal-hydraulics parameters. SMs are also used in the AlgoRithms for
Global Optimization of coNstrAined grey-box compUTational problems (ARGONAUT) framework [10],
which was also utilised in [11] for the optimization of the operation of an oilfield using water-flooding.
Ideally, the trained SMs should preserve the physics of the investigated phenomena, and be developed
from a limited number of expensive function evaluations, i.e. CFD simulations. Examples of SMs are
Radial Basis Functions and Polynomial Chaos Expansion [12]. Examples of SMs used in combustion
applications can be found in [13].

SMs are generally constructed directly on the analyzed system’s output, i.e. directly on the vari-
ables of interest like the velocity and temperature fields. For each individual output variable a SM is
trained and a response surface is found, indicating the relationship between the variable and the input
parameters. If the number of variables of interest is high, many SMs need to be trained. Besides, any
correlation between these variables of interest might be lost in the process of training individual SMs:
the information about the physics of the phenomena involved is lost. Reducing the number of SMs to
train is possible if the original set of variables can be represented by a new set of fewer scalars. This
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corresponds to the idea that the original variables are actually realization of unknown latent variables
[14].

Principal Component Analysis (PCA) [15] offer the potential of preserving the physics of the system
while reducing the size of the problem. PCA is a statistical technique used to find a set of orthogonal
low-dimensional basis functions, called Principal Components (PCs), to represent an ensemble of high-
dimensional data. PCA finds a new, smaller set of uncorrelated variables, often referred to as PCA scores,
which is representative of the original variables of interest. PCA is also used for data interpretation,
usually combined with rotation methods [16]. Once these PCA scores are found, a SM can be built for
each one of them. They are indicated as Reduced-Order (Surrogate) Models (ROMs).

SMs usually include interpolation or regression techniques which depend on the choice of some
particular design functions. These design functions are defined by a set of so-called hyper-parameters
(or also length-scales) whose values affect the SM'’s predictive abilities. Very often, a good estimation
for the value of these hyper-parameters comes via the solution of constrained optimization problems
that involve local optima. As shown in [17], ROMs are less sensitive to the particular design functions
chosen for their construction, which is desirable. ROMs also have a reduced number of variables for
which a SM needs to be trained. This means that fewer optimization problems are solved in order to
estimate feasible values for the hyper-parameters of the design functions. In addition, in [17] it is also
shown how ROMs usually scale better than classic SMs for parallel computing. These features are what
makes PCA-based ROMs very attractive candidates for the development of physics-preserving SMs.

Combustion problems are well-known for being characterized by a set of strongly inter-dependent
variables. In fact, PCA has been employed in [18, 19] to re-parameterize the thermo-chemical state of
a reacting system by a small number of progress variables, drastically reducing the number of trans-
port equations to solve, and in the process showing the intrinsic lower-dimensionality of these systems,
which will be exploited in the present work. PCA has also been employed in the context of turbulent
combustion in [20], for the a-posteriori validation of a turbulent combustion model based on the solu-
tion of transport equations for the principal components [21] and for on-line process monitoring and
fault diagnostics [22].

The objective is to develop advanced SMs, trained on a reduced number of full simulations, able to
predict the full system state in unexplored conditions, without running a new simulation. To this end,
an approach based on the combination of PCA and Kriging was chosen. PCA was used for dimensional-
ity reduction, thus to extract the invariant (w.r.t. the input parameters) physics-related information of an
investigated combustion system and identify the system’s coefficients which instead depend on the op-
erating conditions, the PCA scores. The Kriging interpolation method was then able to find a response
surface for these scores. With this strategy it was possible to build a ROM that granted the possibility
of parameter exploration with reduced computational cost. The Kriging interpolation method was cho-
sen over other regression techniques not only because Kriging provides a distribution for the prediction
value, rather than just one value as the prediction, thus also capturing the model’s uncertainty, but es-
pecially because it allows the user to add prior knowledge on the model by selecting different kernel
functions. The use of Kriging for Computational Fluid Dynamics (CFD) data has also produced encour-
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aging results. In fact, Kriging was employed for the shape optimization of a car engine intake port in
[23] and for aerodynamical shape optimization problems as shown in [24, 25]. However, the application
was limited to non-reacting flow problems.

In the present work, the Kriging-PCA approach is extended to combustion applications, to develop a
ROM that can faithfully reproduce the temperature and chemical species fields in a reacting flow simula-
tion. The methodology is demonstrated on a methane laminar premixed flame, increasing the complex-
ity of the problem gradually, increasing the number of input parameters (equivalence ratio, inlet tem-
perature and fuel composition), and the problem dimensionality, going from one to two-dimensional
flames. The objective of the present work is to demonstrate the applicability of the proposed methodol-
ogy for the development of reduced-order models of multi-scale and multi-physics computer models. In
this perspective, this work paves the way for the development of digital twins [26] of realistic engineer-
ing systems. The methodology outlined in the present work shows the advantages of the PCA+Kriging
formulation in terms of predictive capabilities and computational efficiency. Indeed, these features are
necessary for the development of predictive models of engineering systems, which can be employed for
visualization, real-time control, optimization and troubleshooting.

From the application perspective, this paper presents the first application of the Kriging-PCA method-
ology to combustion problems. From the methodology point of view, this paper presents the first ap-
plication of Local PCA and of Constrained PCA in combination with Kriging.

This paper is organised as follows. Section 2 will cover the employed methodology in details, while
in section 3, PCA and its variations, Kriging and a sampling strategy referred to as Adaptive Sampling
are shown. Results are presented and discussed in section 4. In section 5 conclusions are drawn.

2. Methodology

The methodology used in the present work is sketched in figure 2. Consider that a certain high-
fidelity simulation model or Full Order Model (FOM) y(x) = F(x) € RY is available, such as a CFD-
combustion solver. For one value of the input parameter(s) x, the solver returns a vector y/) of obser-

vations of all the involved physical variables at every grid point:
y(j) = [T(Tl, Xj), e ,T(TL, Xj), YCH4<7"1, Xj), ey YOH4(TL3 Xj), e ]T, (3)

where L is the total number of grid points, r; is the i-th spatial location and x; is the j-th point in the
input parameter space. This FOM is solved for a limited amount M < N of training points in the input
parameter space X = {x(1),x(?) ... x(")} € D, where D is the region spanned by the training points.
Thus, only M simulations are available, one for each of those points: Y = {y(1), y(?) .. y(M)} The full
exploration of the region D is possible only by running the expensive CFD-combustion solver F'(-) for
every x € D. From the data-set Y of run simulations, PCA is able to extract a set of basis functions
® = {¢1, ¢9, ..., 9.}, with ¢ < N usually, called PCA modes that are invariant with respect to the input
parameters x. A set of coefficients a(x) = {a1(x), a2(x), ..., a4(x)}, called PCA scores and depending on

x, is consequently found. An illustrative example is reported in Figure 1, where a temperature spatial

53



Temperature PC1 PC2

= ap* + agx* +...
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Figure 1: Illustrative example of PCA applied to combustion data: one particular temperature spatial field is
represented by a set of coordinates (the coefficients a;, called PCA scores) on the basis functions or Principal
Components (PCs) found by PCA.
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Figure 2: PCA finds the set of Principal Directions ® = (¢;, ¢, ..., ¢,) and encodes each observation y(@ e RN

into a small set of scalars agi), - a((li) for ¢ < N. A Kriging response surface is then found for these scalars.

field is represented as a set of coefficients that weight a set of basis functions, i.e. the PCs. These coef-
ficients are less in number than the original number of variables as ¢ < N and can be interpolated in
order to acquire knowledge about the system’s state for any unexplored point x* € D.

One advantage of this approach is that a much smaller number of variables, namely ¢ PCA scores,
are interpolated instead of N. Another advantage is that the N original variables might be correlated.
The application of PCA for the detection of latent variables, the PCA scores, preserves this correlation,
which might be lost if each original variable is interpolated independently. One additional remark is
that considering, for example, T'(7;,x;) and T'(rj,x;) as two separate variables (rather than using the
spatial locations r; as additional input parameters) also reduces the computational costs, as we shall
see.

3. Theory

3.1. PCA
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The key idea of Principal Component Analysis (PCA) is to reduce (compress) a large number of
interdependent variables (i.e. independent up to the second-order statistical moments) to a smaller
number of uncorrelated variables while retaining as much of the original data variance as possible [27,
28,29, 30, 31].

For a data-set Y (/N x M), containing M observations of N original variables, namely temperature
and species mass fractions measured at each spatial location of a considered geometrical domain, as
described in Section 2, PCA provides an approximation of the original data-set using only ¢ < N linear
correlations between the NV variables. The quantity ¢ is referred to as approximation order. In general,
q < min(N, M). Thus, the vector y € R¥ of observed temperature and species mass fractions can be
encoded into a lower dimensional vector, a € RY.

Data are usually centered and scaled before PCA is carried out. Here we report six different choices
for the scaling of the data:

1. Auto-scaling (S5TD), each variable is normalized by its standard deviation;
2. RANGE, each variable is normalized by its range;

3. PARETO, each variable is scaled by the square root of its standard deviation;

W

. VAST, each variable is scaled by the standard deviation and coefficient of variation;
5. LEVEL, each variable is normalized by the mean of the data;

6. MAX, each variable is scaled by its maximum value.
The scaled data read:

Yo =D (Y -Y), (4)

where D indicates a diagonal matrix of chosen scaling factors. A matrix containing the mean of each
of the N variables, namely [T'(r1,x%;), ..., T(r5,x;), You,(r1,%;), ..., You,(rr,%;j), ...] over the M
observations is indicated by Y (N x M).

nono oo W d 0 0 ... 0

- Yo Y2 Y2 ... W 0 do 0 ... 0

Y=\ . . D=|. . . . . (5)
YN YN YN ... YN 0 0 0 ... dn

After centering and scaling the data, the covariance matrix C is evaluated as:

1

C =——Y Y/ 6
(NxN)y M —17 970 (6)

This matrix is symmetric and its rank, rank(C) = rank(Y) = min(N, M). The set of PCA directions, the
Principal Components (PCs) or modes, is found by solving the following set of eigenproblems: C¢,; =
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Figure 3: (left) A non-linear hyper-surface is approximated by only one hyper-plane in the data space. (right) The
same hyper-surface is approximated by a set of local hyper-planes. The application of PCA can lead to better
performances if local regions in the data space are detected and PCA is applied locally and independently in each
region.

Ai¢; Vi =1, 2, ..., ¢. Each PCA mode ¢, has an associated eigenvalue, \;, which represents the
variance of the original data taken into account by that mode [32]. The PCA modes can be collected in
a N x g matrix ® = {¢;, ps, ..., ¢, }, sorted in descending order of importance.

The number ¢ of PCA modes that are retained is usually much smaller than the dimension N. The
PCA modes with the highest eigenvalues are the ones that are kept. Once the PCA modes are found,
the data can be encoded in a set of g scalars called PCA scores. The PCA scores corresponding to the
realization y(x;) are given by the projection:

ai(x;) = &7 y(x;) @)
withVi=1,...,gand Vj = 1,..., M. The PCA reduction can be expressed in matrix form as:
Y=Y+DYy~Y +DPA =Y, (8)

where Y is the data matrix as described in Section 2, A = {a(x1), a(x2), ..., a(xar)} with a € R? is the
matrix where all the PCA scores for different values of the input parameters are stored and Y is the
reconstruction of the data matrix Y after the compression achieved by PCA.

3.2. Local PCA

PCA is a linear combination of basis functions. A large number of PCs may be required when ap-
plying PCA on highly non-linear systems [31, 30]. Local PCA (LPCA) constructs local models, each per-
taining to a different disjoint region of the data space [33]. Within each region, the model complexity is
limited, and thus it is possible to construct linear models using PCA [34, 33]. Figure 3 provides a general
representation for a set of 3-dimensional observations forming a curved surface. Each axis shows the
co-domain for each of the three scalar components that identify the 3-dimensional observations. The
figure shows how a local representation of the curved surface can provide a better representation with

respect to a single hyper-plane.
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The partition in local clusters, where PCA is carried out, is accomplished using a Vector Quantiza-
tion (VQ) algorithm that minimizes the reconstruction error. The reconstruction error is the squared
Euclidean distance from one point or observation in the data-space to the linear manifold that is found

by applying PCA in the local region. Mathematically, it can be expressed in a general fashion as:
. NT . .
iz, 1) = (2= 1) SO TS (5 —10)) ©)

where z is the object to be assigned to the cluster R("), represented by the reference vector r"), defined
as the centroid of the i-th region: r(") = E[z € R(")]. The cluster i is defined as:

RY = {z | d(z,v") < d(z,xV)); ¥ j # i}. 10

In this work, the objects to be assigned to different clusters are chosen to be the vectors of observations
of one single variable, namely the rows of the data-matrix:

T(Tl,Xl) T(Tl,Xg) T(Tl,Xg) e T(Tl,XM)
T(rp,x1) T(rp,X2) T(rp,X3) T(rp,xn)
Y = | Yen,(r1,x1) Yem,(r1,x2) Yem,(r1,x3) ... Yom,(r1,%Xur) (11)
You,(rr,x1) You,(rp,x2) Yeom,(rr,x3) ... Yowu,(ro.xwm)

3.3. Constrained PCA

The truncation of the PCA basis may inevitably involve the violation of important physical laws such
as the conservation of mass when the observations y(x;) Vj = 1, ..., M are reconstructed from the PCA
scores. To avoid that, the PCA scores can be evaluated by solving a constrained minimization problem,
where the functional to be minimized is the PCA reconstruction error [17]. This approach is usually
referred to as Constrained PCA (CPCA). The constraints are the physical laws which are intended not

to be violated. This minimization problem can be mathematically expressed as:
, 1 .
inimize : @) = ZIv® — (¥ @) 12
minimize : J (’y ) 5 ly (y + Pry ) I (12)
st (y+ <I>k*y(i)) = (y(i)> —0  Vj=1,..N,

where y(® represent the vector y(x;) Vi = 1,..., M, also introduced in Section 2, 3.1 and 3.2, ~ are
the CPCA scores (they have been indicated with a different symbol to differentiate them from the PCA
scores), [;(-) is the function related to the j-th constraint and N, is the number of constraints, which can
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also be inequality constraints. Minimizing the functional [7(-) when no constraints are enforced leads
to the PCA scores a.

It is preferable that the solution of this system be not too computationally expensive. In [17], the
constrained optimization problem has a straightforward solution due to the linearity of the imposed
constraints, which allows for a fast evaluation of the CPCA coefficients. If more complex constraints are
imposed, the solution of the constrained optimization problem for the evaluation of the CPCA scores
might involve the reconstruction of the considered physical fields (via eq. (8)) and the use of more
expensive optimization algorithms, making the evaluation of the aforementioned coefficients unfeasible.

3.4. Kriging

Accurate prediction of the PCA scores at unexplored points x* € D in the input parameter space
(e.g. inlet temperature, equivalence ratio, etc.) translate into accurate estimation of the original vari-

ables as the mapping from a(x*) to y(x*) is known and explained in section 3.1. The data-set A =

{a(x1), a(x2), ..., a(xar)} of PCA scores evaluated at different training points, with a(x) = [a1 (x), a2(x), . ..

is used to build a response surface in the region D spanned by X.

Kriging is an interpolation method in which every realization a(x), where a is one PCA score in-
dicated with no subscript for brevity, is expressed as a combination of a trend function and a residual
[35]:

a(x) = p(x) + 2(x) = Y Bifi(x) + 2(x) = £ (x)8 + 2(x) (13)
1=0

The trend function p(x) is a low-order polynomial regression and provides a global model in the in-
put space. The term z(x) creates a localized deviation weighting the points in the training set that are
closer to the target point x. The trend function p(x) is expressed as a weighted linear combination of
p + 1 polynomials f(x) = [fo(x), ..., f»(x)]” with the weights 8 = By, ..., 3,]" determined by gener-
alized least squares (GLS). The subscript p also indicates the degree of the polynomial. The residuals
z(x) are modeled by a Gaussian process with a kernel or correlation function that depends on a set of
hyper-parameters 6 to be evaluated by Maximum Likelihood Estimation (MLE). Many possible corre-
lation functions are available: linear, quadratic, exponential, Gaussian, Matern 3/2, Matern 5/2, just to
name a few [35, 36]. A detailed discussion about these functions can be found in [37]. One of the main
differences among these kernels is their smoothness.

In the definition of both the trend function and the residual, it is up to the designer to choose the
polynomials f(x) and the correlation model or kernel. In this way, the designer has the possibility to
add prior into the problem and subsequently let the data speak for themselves by estimating the hyper-
parameters 0.

3.5. Adaptive Sampling

The sampling strategy employed to explore the region D of the input space can affect the construc-
tion of a PCA+Kriging-based ROM. The construction of high-performing ROMs with a very limited
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number of samples is possible if an effective sampling strategy is developed. As a PCA-based model
strongly depends on its modal basis, a first step towards the improvement of this kind of model consists
in improving the basis [38]. Given a set of (centered-scaled) observations Y = {y®, .., y™} and its
corresponding PCA-based model, we want to choose a new sample point, xXyew, that will meet the trade-
off between the modal basis improvement and the parametric space exploration. Firstly, the influence
of each observation on the modal basis is computed. The influence of the j-th observation on the i-th
mode is defined by:

1

S Y 14
5T ] (49

Inﬂ@. (Xj)

where ¢, ” is the i-th basis function evaluated from a data set:
Y = {y(1)7 ey y(]_1)7 07 y(]+1)’ ey y(M)}' (15)

The influence of the observation y(x;) on the modal basis is defined by:

K
Inflasis(x5) = Z siInfly, (x;), (16)
=1

where s; is the singular value of the i-th mode. The relative influence of the j-th observation on the
modal basis is given by:

InﬂRel (Xj) _ Inflpasis (Xj) )
Zi\il Inflpasis (Xl)

Basis

17)

After the computation of this equation for each x;, the parametric space is heavily sampled via a LHS
technique and the resulting set of samples is denoted by Q = {v1,...,vp}. The size b of this set of
samples can be chosen as 100 times the parametric space dimension. Then the potential of enrichment
PotBasis(v;) of each candidate sample is computed with respect to the trade-off between the input space

exploration and the improvement of the modal basis as:
PotBasis(v;) = d (v, x;) Infiiel. (x;), (18)

where j = argmin, d (v;,x;) with d(-, -) denoting the Euclidean distance. Finally, the new point will be
selected to fulfill the following condition:

Xnew = argmax,,cqPotBasis(v). (19)

A new sample is chosen as far from the other samples as possible, but at the same time as close to the
samples with the highest relative influence as possible. This sampling methodology is named Adaptive
Sampling (AS).
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and a new training point is chosen (as explained in section 3.5). Then, the relative influence of the 5 samples is
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modal basis evaluated according to section 3.5 once that a number of 21 total training observation was reached.
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4. Results

4.1. 1D flame with one input parameter

The Kriging-PCA approach was tested on a 1D methane/air laminar flame. OpenSMOKE++ [39, 40]
was used to produce a data-set of 21 observations {y(l), y@, .y )} of methane/air flames with GRI
3.0 mechanism for different values of the equivalence ratio ¢, in the range 0.5 + 2, with a step of 0.05.
A subset of size M = 21 of the total 31 observations was used as training data-set to build a ROM and
referred to as training observations or data. The corresponding values of ¢ for the training observations
were named training points. The 21 training observations were chosen using the Adaptive Sampling
technique described in Section 3.5. The remaining 10 observations were used as test data to assess the
accuracy of the reduced model. These 10 observations are referred to as validation data. The objective is
to predict the validation data with acceptable accuracy.

In this paper, the term reconstruction will be used to indicate the reconstruction of the training data af-
ter the compression achieved by PCA, whilst the term prediction will be used when testing the predictive
capabilities of the developed ROM on the validation data.

Each observation y () of the data-set Y = {y(l)7 y@ y(M)} is a vector of N = 10, 780 variables: 53
chemical species plus temperature and axial-velocity evaluated at 196 grid points. The size of the matrix
Y is N x M = 10,780 x 21. Because N > M, PCA shall find at most M — 1 = 20 PCs. Alternatively said,
PCA can encode the 10 vectors y,, € R contained in the data matrix Y into a set of at most 20 scalars
a,, € R?0. The data-set is scaled according to the auto-scaling criterion. This criterion was chosen as
other criteria tend to prioritize some variables over the others as shown in [27].

In figure 4a, an online evaluation of the relative influence of each current training observation on the
modal basis (evaluated according to section 3.5) is reported. 4 samples are present at the start (iteration
0), and the 5-th training sample is chosen in the region of high values for the equivalence ratio as the
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Figure 5: (a) The spectrum of the eigenvalues associated to each PC provides a criterion for sorting the PCs in
descending order as these eigenvalues can be interpreted as the importance of the PC they correspond to. Auto-
scaling. (b) The cumulative original data variance that is captured when adding more PCs provides a criterion
for the selection of the number of PCs when using global PCA. Auto-scaling. One-parameter case.
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Figure 6: (a) R-squared values for the reconstruction of the original data by PCA, for different numbers of retained
PCs. (b) R-squared values for the prediction of the original data for two different choices of the trend function for

the Kriging. 5 PCs retained. Matern52 correlation function. One-parameter case.
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already present training observations in that region have a higher relative influence. Once this obser-
vation is added to the training data-set, the relative influence of each sample is re-evaluated (iteration
1) and a 6-th training observation is chosen. Thus, the relative influence of the new set of samples is
re-evaluated (iteration 2). And so on, until the desired number of training samples is reached. In fig-
ure 4b, the relative influence of each observation on the modal basis is shown, once that 21 training
observations have been chosen. Notice that the relative influence of each snapshot changes when new
observations are introduced.

Figure 5a shows the eigenvalue spectrum of the PCs found by PCA. Figure 5b shows the cumulative
original data variance that is captured when more PCs are retained. Interestingly, a few number of PCs
are enough to recover most of this variance. As the maximum number of PCs that can be found is limited
by the number of training observations, the cumulative recovered original data variance, reported in
figure 5b, can also be used to determine if the number of available training observations is enough for
the development of the ROM. In this case, 5 PCs could recover 98.4% of the original data variance and 10
PCs could recover 99.8%, thus suggesting that a number of 21 training observations can be considered
sufficient. In figure 6a, the R? values for the reconstruction of the training data are reported for different
numbers of retained PCs, ¢q. These values, logically, increase with the approximation order, ¢, because
more of the original data variance was accounted for by the reduced basis. Analysis on the R? values
and thus of the reconstruction errors is a good estimation about the amount of information that is lost
due to compression and can thus provide a good criterion for the choice of the number of PCs that is

required.

Figure 6b shows the R? values for the prediction of the validation data by means of PCA+Kriging.
These values are reported for two PCA+Kriging models with a number of 5 PCs retained: with a linear
and with a quadratic trend function. Both models used a Matern52 kernel. From these results, we
can conclude that the PCA+Kriging model with a linear trend function performed better in terms of
predicting capabilities for this data-set.

In figures 7a - 7d the effects of the choice for the approximation order ¢ and the choice of different
trend functions and kernels for the Kriging interpolation are investigated. A reduction on prediction
errors can be observed when increasing the approximation order q. Differences with the data (pre-
diction errors) are still present due to the Kriging interpolation process and the fact that the data used
for validation were not included in the data used to find the PCA modes. For the evaluation of these
errors, the validation data-set and the one predicted by the model are scaled (range-scaling) and their
difference is evaluated and stored in a new matrix. A mean value for each observation in this matrix is

then used as prediction error. The formula for this error is:

Err(x;) = Z Y (i) = §;(%s) — = 5(x3) (20)

min
] 1 y] yﬂ

where x; is the i-th prediction point, NV is the number of variables, y;(x;) is the true value of the j-
th variable for the i-ith prediction point and 7;(x;) is the ROM’s prediction for the same variable, for

62



-
o
[=]

—_
o
o

—+ PCs: 1
—+ PCs: 2

S
N
P

=
‘\%
f
\
s
\
¥
\
|

R .o PCs:20 4

—_
S
n
-
N
~

Prediction Error [%)]
f/
/
* DR
K\
Prediction Error [%)]
5
N

-
<
[~}

-
S
w

I
o
o
3

1 1.5 2 1 1.5 2
Equivalence Ratio [-] Equivalence Ratio [-]

(@) (b)

3
o
~\
\
/#
3
o

-
o
N
-
§
®
®
/
/
S
7/
-
o
N
\
I
%

-
S
o

Prediction Error [%)]
@/
#
®
Prediction Error [%)]
5
N
w
g
\

_L
S,
w
-
o
w

I
o
bt
»

1 1.5 2 1 1.5 2
Equivalence Ratio [-] Equivalence Ratio [-]

() (d)

Figure 7: Prediction errors for different numbers of retained PCs. Global PCA+Kriging. (a) Constant trend func-
tion and exponential kernel. (b) Linear trend function and Gaussian kernel. (c) Quadratic trend function and
Matern12 kernel. (d) Linear trend function and Matern52 kernel. One-parameter case.

63



100

< | 107
S ~ STD —
= = .
” -~ Range = R T
£ Pareto © 102 B3 -« e
K= ==\ Sioaw
© - Vast g TEERG BN
= =) AN b
S Level W ——a
=104 ] 2 103 NSEE NI
3] SN Max £ RN
E DN =] —»- Number of clusters = 1 \:f\?\ ’\\
R o~ = ~G- Number of clusters = 5 L TN
u:) B T N @ -4 | Number of clusters = 10 _E o
o S¥=== :7“:1‘:‘:&;%&__ 3 10 —+ Number of clusters = 15 £ NS
S T =y o Number of clusters = 20 S
é é Number of clusters = 25
‘ —»= Number of clusters = 30
102 ‘ ‘ 10 |
0 10 20 30 0 2 4 6 8
Number of clusters [—] Number of PCs -]
(a) (b)

Figure 8: Local PCA reconstruction errors. (a) Reconstruction errors decreases as the number of clusters used is
increased. (b) Reconstruction errors decrease as more PCs are retained (reported for the auto-scaling criterion).
One-parameter case.

the same prediction point. These errors were below a value of 4% for all observations when ¢ > 1.
Different choices of trend and correlation function for the Kriging interpolation led to different results.
For example, the choice of a Gaussian kernel (see figure 7b) for a PCA+Kriging model for this data-set
could not reduce further its prediction errors when increasing ¢ from a value of 2 to a value of 5 or 9.
Indeed, although increasing ¢ means accounting for more of the original data variance, it also means
that more scalars have to be interpolated.

Next, the effects of performing PCA in separated clusters (Local PCA) on the quality of the reduced
model is investigated. The effects of the choice of the scaling criterion are also examined. Figure 8a
reports the data reconstruction errors when increasing the number of clusters used for the Local PCA
formulation, for different scaling criteria. Increasing the number of clusters translated into better data
reconstructions. The auto-scaling and the Pareto scaling criteria emerged as the ones with the lowest
reconstruction errors for the Local PCA formulation. The general trend was a decreasing reconstruction
error as the number of clusters is increased. Figure 8b reports the Local PCA reconstruction error when
the number of retained PCs is increased (auto-scaling), for different number of clusters used for the
Local PCA formulation.

Prediction errors also decreased when a higher number of clusters was used for the Local PCA for-
mulation. This can be observed in figures 9a and 9b. Local PCA, in combination with Kriging, resulted
in better performances, in terms of both for reconstruction at the training points and predictions. The
gain in accuracy for the prediction points is a clear proof that also the Kriging interpolation method
benefited from the local formulation. Figure 10 reports the predictions of the spatial profiles of temper-
ature and HO, mass fraction by PCA+Kriging and Local PCA+Kriging, where the gain in accuracy for
Local PCA formulation is evident.

The clustering strategy explained in section 3.2 was used to group the rows of the data matrix Y €

RN*M into clusters. The general encoding process for one observation in the data matrix Y, which
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LPCA (15 clusters) combined with Kriging. One-parameter case.
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Figure 11: Parity plots for the reconstruction of the CO, HO;, OH mass fractions and temperature. PCA: 3 PCs
retained. 20 clusters for Local CPCA. Dashed: 5% error line. Dotted: 10% error line. One-parameter case.

can be stated as y € RV — a € R? with ¢ < N, is possible via the detection of a lower-dimensional
manifold spanned by the M = 21 observations y,, € RY ¥V m = 1,..., M. The dimension of this lower-
dimensional manifold is thus M — 1 = 20. A new observation y* not already present in the data-set
will be approximated by a point on the lower-dimensional manifold even if there is no guarantee that
this new observation lies close to this manifold. The data-partitioning process reduces the number of
variables for each cluster. This means we are moving closer to a situation where the M samples are

enough for the detection of a manifold which can accurately approximate unseen observations.

The PCA-reconstructed mass fraction spatial profile can include negative values as shown in the
parity plots (figure 11). This is a known issue with PCA [41, 42] since the method itself cannot guarantee
that physical constraints are verified, such as the positivity of mass fractions and the conservation of
mass () Y; = 1). An increase in the approximation could indirectly lead to a solution to this issue, but
it is here interesting to investigate if the implementation of a constrained version of PCA (CPCA) can
guarantee the non-violation of the aforementioned physical laws. As discussed in section 3.3, the CPCA
implementation used in the present work consisted in forcing each rebuilt mass fraction, on every grid
point, to be positive.

However, one of the challenges of using CPCA in combination with Kriging is that the chemical
species fields recovered from the interpolated CPCA scores might still violate the set of imposed con-
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Figure 12: Reconstruction of the spatial profile for the CO mass fraction. Comparison between PCA, CPCA and
LCPCA (15 clusters). One-parameter case.

straints. Even if for each training point a constrained optimization problem is solved for the evaluation
of the CPCA scores, no constraint is imposed when these coefficients are interpolated by means of Krig-
ing. Thus, there is no guarantee that the predicted CPCA scores belong to the feasible region delimited
by the constraints /;(«) = 0 of (12). CPCA in combination with Local PCA guarantees the satisfaction
of the physical constraint, since the reconstruction accuracy improves, as visible in figures 11 and 12.
Not only the imposed constraint was satisfied by the LCPCA+Kriging model’s predictions, but a satis-
tying level of accuracy was also achieved as the parity plots in figure 13 indicate, with most predicted
values being within the 5% or 10% error lines. The R? values for the prediction of the validation data
as the number of training samples increases are reported in figure 14. These values increase as more
observations are employed for the training of the model, as expected.

The results presented in this section show that different choices for the Kriging kernels, PCA formu-
lation (standard, local and constrained) affect the ROM’s predictive capabilities.
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4.2. 1D flame with two input parameters

The methodology explained in section 2 was tested on the same system presented in Section 4.1,
increasing the number of parameters to two. A molar fraction of N, was introduced in the inlet stream.
A total of 147 observations were generated by OpenSMOKE++ in the range 0.5 - 1.5 for the equivalence
ratio and 0.4+ 1.0 for the molar fraction of N». A set of 75 observations was selected with the AS strategy
explained in Section 3.5 for the training of the SM. The remaining observations were used as test data.

Figure 15a reports the eigenvalue spectrum of the PCs, for different scaling criteria used. Figure
15b shows the cumulative original data variance that is captured when more PCs are retained in the
reduced basis. This is reported for different scaling criteria applied to the data-set. As for the one-
parameter case, most of the total data variance is concentrated on the first few PCs, indicating that PCA
is a valid strategy for the reduction the problem size. Besides, considered that 75 training observations
were used, a number of 15 PCs could recover over 99% of the original data variance, indicating that the
chosen number of training observations is sufficient, as the prediction errors for this case will show.

Figure 16a shows the prediction errors for a PCA+Kriging model with 20 PCs, a constant trend
function and exponential kernel. Prediction errors for a Local PCA+Kriging model with 20 PCs, 50
clusters and again constant trend function and exponential kernel and prediction errors for a direct
Kriging model (Kriging applied directly on the original variables without the use of PCA) with constant
trend function and exponential kernel are also reported. The prediction errors are shown again for the

three models in figure 16b, with the only difference being that a Gaussian kernel for the Kriging was
chosen. These errors are reported for the 72 observations used for validation. From these results, it can
be concluded that the clustering of the data improved the ROM’s predictive capabilities. In figure 17,
the parity plots for the predicted values of temperature and CH4, OH, CO mass fractions are reported.
The number of retained PCs was 20, corresponding to a recovered original data variance of 99.78% with
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Figure 18: (a) Reconstruction of the spatial profile for CO. Comparison between PCA, CPCA and LCPCA (50
clusters). (b) Prediction of the spatial profile for H2. Comparison between PCA, CPCA and LCPCA (50 clusters)
combined with Kriging. Two-parameter case.

the auto-scaling criterion. The number of clusters used for Local PCA was 50. The figure shows that the
PCA+Kriging methodology performed efficiently, with clear improvements when the data are clustered.
The sum of mass fractions of all chemical species added up to 1 with a maximum error of 4 x 1073,

The use of CPCA was also investigated for this case. In figure 18a, the rebuilt spatial profiles for CO
by means of PCA, CPCA and LCPCA are reported and compared. While the reconstructed CO spatial
profile showed negative values when rebuilt by PCA, CPCA provided a spatial profile that did not
violate this specific physical constraint. Figure 18b shows that even after the Kriging interpolation, the
physical constraint imposed in the application of CPCA was not violated, meaning that the interpolated
values for the CPCA scores remained within the feasible region delimited by the constraints indicated
in (12). Besides, the spatial profiles in the post-reaction zone were wrongly reconstructed and predicted
by the CPCA+Kriging model. This aspect was corrected by the Local PCA formulation.

As explained, most of the data variance was recovered by a small number of PCs, 15, in compari-
son to the number of available training samples, which was 75. In order to further test the proposed
methodology, and be sure that the high accuracy of the model’s predictions were not to be attributed
mainly to the high number of samples used for its training, another ROM was developed based on the
same approach with a smaller number of training observations, 46. The parity plots for the prediction
of temperature and OH, CO, CH, mass fractions are reported in figure 19. As visible, a high level of
accuracy was achieved also with less observations, indicating that the analysis based on the cumulative
data variance recovered by the PCs can be an efficient indicator for the amount of information fed to the
model by the training samples.

The promising results obtained from the application of the proposed methodology for the one-
parameter case, were confirmed with two input parameters. The results confirm that the combination
of PCA, or its variations, with Kriging is a valid choice for the development of reduced-order surrogate

models. In the next section, the complexity of the case is increased by adding a third input parameter.
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observations. PCA: 30 PCs retained. Local PCA: 90 clusters. Kriging: linear trend function, Gaussian kernel.
Dashed: 5% error line. Dotted: 10% error line. Two-parameter case with less training observations.
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Figure 20: (a) The spectrum of the eigenvalues associated to each PC provides a criterion for sorting the PCs
in descending order as these eigenvalues can be interpreted as the importance of the PC they correspond to.
Reported for different scaling criteria. (b) The cumulative original data variance that is captured when adding
more PCs provides a criterion for the selection of the number of PCs when using global PCA. Reported for different

scaling criteria. Three-parameters case.

4.3. 1D flame with three input parameters

After validating the predictive capabilities of a ROM developed on the combination of PCA and
Kriging on systems with one or two input parameters, one more parameter is added to the system,
namely the inlet stream temperature in the range 298 < 798 K. Two sets of observations were again
generated by OpenSMOKE++. A set of 180 solutions, selected using the AS strategy, was used to train
the model. The other set (702 solutions) was used for the validation of the ROM’s predictions.

Figures 20a and 20b show the eigenvalue spectra and original data variance recovery for the different
scaling criteria, respectively. Over 99% of the original data variance was captured by 28 PCs.

Figure 21 shows predictions for T, CO, OH and NO for a PCA+Kriging (48 PCs) and LPCA+Kriging
(20 clusters) model with a quadratic trend function and Matern52 kernel. The application of Local
PCA+Kriging notably improve the predictions for some species like OH and NO whereas good pre-
dictions were already obtained by PCA+Kriging for T and CO.

The application on the 1D flame allowed to test the potential and limitations of the PCA+Kriging
approach. For this reason, it is interesting to test the proposed methodology on a 2D flame with detailed

chemistry and transport phenomena.
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Figure 21: Parity plots for the prediction of temperature and OH, CO, NO mass fractions. PCA: 48 PCs. LPCA: 20
clusters, 48 PCs. Kriging: quadratic trend function, Matern52 kernel. Dashed: 5% error line. Dotted: 10% error

line. Three-parameter case.
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Figure 22: (a) The spectrum of the eigenvalues associated to each PC provides a criterion for sorting the PCs
in descending order as these eigenvalues can be interpreted as the importance of the PC they correspond to.
Reported for different scaling criteria. (b) The cumulative original data variance that is captured when adding
more PCs provides a criterion for the selection of the number of PCs when using global PCA. Reported for different
scaling criteria. 2D flame.

4.4. 2D flame with two input parameters

The methodology described in section 2 is applied to a multidimensional flame in more complex
configurations in order to test its potential. The configuration of the simulated flame is described in [43]
and in [44]. The computational domain starts from the exit of the nozzle and extends 122 mm further
downstream. The radial direction is expanded to 42.88 mm. A 2D structured axi-symmetric mesh with
around 25600 cells is used and the nozzle radius is resolved with 12 cells. The laminarBuoyantSim-
pleSMOKE solver is applied. Gravity is turned on. The multi-component diffusion model is adopted
to consider molecular diffusion. The GRI3.0 mechanism without NOy (35 species and 219 reactions) is
applied. For the velocity boundary condition, the profile provided from [43] and in [44] is used. The
input parameters are two, namely the inlet velocity and the molar fraction of CHy in the inlet stream,
which is a mixture of CH4 and N». A total of 30 samples was produced by OpenFOAM, spanning the
two input parameters in the range 24 + 89 e¢m/s and 40 + 100 % for the inlet velocity and inlet molar
fraction of CHy, respectively. A total of 36 physical variables was considered: 35 chemical species and
temperature. 25 observations were chosen to train a PCA+Kriging model using the adaptive strategy de-
scribed in section 3.5. Figure 22a reports the eigenvalue spectrum of a PCA performed on this data-set,
for different scaling criteria. Figure 22b shows the cumulative original data variance that is recovered
when more PCs are retained. The recovery of 99% of the original data variance was achieved with 20
PCs for all scaling criteria. This indicates that despite the high dimensionality of the system, recurrent
structures could be found in the data. At the same time, the fact that 20 PCs were needed for the 99%
data variance recovery, considered that 25 observations were used for the training of the model, also
suggests that more training observations might be needed, or a more narrow parameter region should
be explored, as we shall see.

Figure 23 shows the temperature field for an inlet velocity of 24 cm/s and an inlet CH, molar fraction
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Figure 23: Left halves: true data. Right halves: (a) reconstruction of the temperature field by PCA; (b) recon-
struction of the temperature field by Local PCA; (c) reconstruction of the CO; mass fraction field by PCA; (d)
reconstruction of the CO, mass fraction field by Local PCA. Inlet velocity: 24 ¢m/s; inlet CH4 molar fraction: 40%.
2D flame. PCA: 5 PCs. Local PCA: 100 clusters.

of 40%. The original field is shown on the left half of the figures, while PCA and Local PCA reconstruc-
tions are shown on the right half of the figure. PCA was performed by retaining 5 PCs while a number
of 100 clusters was used for Local PCA. The data-set was centered and scaled according to the VAST
scaling criterion. The reconstruction performed by PCA could clearly be improved by the Local PCA
formulation. The mean reconstruction errors were 7% for PCA and 3% for Local PCA. The overall per-
formance of the model for the reconstruction of the original data can be analyzed from figure 25. These
figures report the parity plots for the reconstructed temperature and CO,, CH4, CO mass fraction fields.
The dashed lines correspond to the 5% error. The dotted lines correspond to the 10% error. It is easily
noticeable that the grey points corresponding to the PCA reconstruction are more scattered, while the
the black points corresponding to the Local PCA reconstruction lie within the reported 5% or 10% error
lines more frequently.

Next, the predictive capabilities of a PCA+Kriging and Local PCA+Kriging ROM for the 2D system
are investigated. Figure 26 reports the true temperature field for an inlet velocity of 64 ¢cm /s and an inlet
CH,4 molar fraction of 70%, as well as the predictions provided by PCA with 5 PCs, and Local PCA with
100 clusters and 5 PCs, both in combination with a Kriging model that used a quadratic trend function
and exponential kernel. The prediction by the PCA+Kriging model for this temperature field had a
mean error of 8%. This error was 4% for the LPCA+Kriging prediction. Similarly, figure 27 reports the
CO and OH mass fractions fields for an inlet velocity of 64 cm/s and an inlet CH4 molar fraction of 70%.

Figure 28 reports the R? values for the prediction of all the 36 fields, namely temperature and chemical
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Figure 24: Left halves: true data. Right halves: (a) reconstruction of the temperature field by PCA; (b) recon-
struction of the temperature field by Local PCA; (c) reconstruction of the CO; mass fraction field by PCA; (d)
reconstruction of the CO, mass fraction field by Local PCA. Inlet velocity: 89 c¢m/s; inlet CH4 molar fraction: 85%.
2D flame. PCA: 10 PCs. Local PCA: 100 clusters.

species. Interestingly, these values are higher when the Local PCA formulation is employed, confirming
the importance of the clustering process for the proposed methodology. Parity plots for the prediction of
temperature and CO;, CH4, CO mass fractions are reported in figure 29. The 5% and 10% error lines are
reporter again in dashed red and yellow, respectively. The predictions of the Local PCA+Kriging model,
reported in black, lie within the 10% error lines more than the PCA+Kriging predictions, indicating an
overall better performance by the Local PCA+Kriging model.
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Figure 30: Left halves: true data. Right halves: (a) prediction of the temperature field by PCA; (b) prediction of the
temperature field by Local PCA; (c) prediction of the CO; mass fraction field by PCA; (d) prediction of the CO,
mass fraction field by Local PCA. Inlet velocity: 40 cm/s; inlet CH4 molar fraction: 75%. PCA: 5 PCs. Local PCA:
100 clusters. Kriging: quadratic trend function, exponential kernel. 2D flame with a smaller range of velocities.

4.5. 2D flame with two input parameters using a smaller parameter region

The presented 2D data-set included observations for a high range of velocities. The parameter re-
gion which was intended to be explored included regions of strong non-linearities which were difficult
to model with only 30 observations, given the high dimensionality of the data. Thus, the predictive ca-
pabilities of the developed ROM were limited by this fact. In order to confirm that, new observations
were produced for a more narrow range of velocities (24 + 55 m/s). A total of 23 observations were used
for the training of a new ROM based on PCA and Kriging in this region. Predictions were validated for
4 combinations of input parameters: 45 % - 35 m/s, 65 % - 30 m/s, 75 % - 40 m/s, 95 % - 40 m/s.

Figure 30 and 31 report the prediction of the temperature field and of the CO,, CO, OH mass fraction
fields by means of PCA+Kriging and Local PCA+Kriging for an inlet velocity of 40 ¢m/s and an inlet
CH,4 molar fraction of 75%. PCA was performed with a number of 5 PCs, Local PCA with a number of
100 clusters. Kriging was performed with a quadratic trend function and an exponential kernel. Figure
32 reports the parity plots for the predicted values of temperature and CO,, CH,, CO mass fractions.
These figures clearly indicate that better predictions were obtained in the region of low inlet velocities
in comparison to figure 29, where the data spread was higher. In particular, it is observable that most
predictions by the Local PCA+Kriging model fall within the region delimited by the 5% error lines
(dashed red). The limitations of the predictive model observed in the previous case were due to the wide
range of explored conditions: the inlet velocity was indeed allowed to change roughly by a factor of 4,
which led to substantial modifications in the flame topology and structure. Limiting the ratio of velocity
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Figure 31: Left halves: true data. Right halves: (a) prediction of the CO mass fraction field by PCA; (b) prediction
of the CO mass fraction field by Local PCA; (c) prediction of the OH mass fraction field by PCA; (d) prediction
of the OH mass fraction field by Local PCA. Inlet velocity: 40 ¢m/s; inlet CH4 molar fraction: 75%. PCA: 5 PCs.
Local PCA: 100 clusters. Kriging: quadratic trend function, exponential kernel. 2D flame with a smaller range of
velocities.

to a factor of 2 allows to develop a ROM whose reliability in the range of conditions is significantly higher.

Figure 33a reports the cumulative data variance captured by the PCs. In the previous case, the
number of training samples was 25 and 20 PCs were needed to capture over 99% of the data variance. In
this case, 15 PCs were sufficient to recover over 99% of data variance for 23 training observations, thus
confirming that for this case the explored parameter region has been more efficiently sampled. Figure
33b reports the global R? values for the prediction of the validation data as the number of samples used
for the training of a Local PCA+Kriging model increases. As expected, these values go to unity as more
training samples are used.

4.6. Performance evaluation

The computational cost of the two-dimensional CFD with two input parameters, described in Sec-
tion 4.4, is over 30 CPU-hours per simulation. By developing a ROM, as shown throughout this paper,
the outcome of such simulations can be predicted instantaneously. Besides, the costs associated to the
training process of a ROM based on PCA and Kriging are also smaller if compared to the computational
burden needed for direct Kriging (no PCA compression is performed and one Kriging model is trained
per original number of variables). Table 1 summarizes the training costs associated to different models,
namely: a direct Kriging model, a PCA+Kriging model with 10 PCs, and a Local PCA+Kriging model
with 10 PCs and 100 clusters. As clearly shown in Table 1, the training costs and the number of hyper-
parameters associated to a Direct Kriging model are very high when compared to the two ROMs based
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Kriging 10PCs 100 clusters

TRAINING TIME 9.7 hrs 4s 9s
CLUSTERING TIME —-S -8 53 min
SPEED-UP 1 8712 11
# Hyper-pARAMETERS 945 360 30 3000
# COEFFICIENTS 0 5672 160 5672 160

Table 1: Comparison between the computational performances of different Kriging models: a direct Kriging
model, a PCA+Kriging model with 10 PCs, and a Local PCA+Kriging model with 10 PCs and 100 clusters.

on PCA or Local PCA. On the other hand, after training a (Local) PCA+Kriging model, there is the need
for additional coefficients to be stored in memory, due to the centering and scaling procedure and the
PCA compression. For a PCA+Kriging model with 10 PCs, 2 vectors of mean values and scaling factors
have to be stored as well as 10 PCA modes, for a total of 12 vectors of size 472 680, as the data-set was
composed of 36 physical variables evaluated at 13 130 spatial locations (half of the original mesh was
analyzed exploiting the problem’s symmetry). The same number of coefficients needed to be stored for
the Local PCA+Kriging model with 10 PCs and 100 clusters.

5. Conclusions

In the present work, a methodology for the development of accurate and robust ROM generation
using a combination of PCA and Kriging was presented. The methodology was demonstrated for a
1D laminar flame with an increasing number of input parameters (equivalence ratio, composition of
the fuel, inlet temperature), and for a 2D flame with two input parameters (inlet velocity and inlet fuel
composition). In all three cases and for the 2D flame as well, both training and test data were available.
The training data was employed to generate the ROM. The test data was used to assess the ROM’s
predictive capabilities.

The results showed that the combination of PCA with Kriging can be a valid solution for the devel-
opment of physics-based SMs that can perform accurately with reduced computational cost. Mainly, we

want to remark the following points:

— The model performed parameter exploration with low prediction errors: < 10%.

— The Local PCA formulation provided an improvement over PCA as it better deals with the non-
linearities of the original system.

— CPCA guarantees that the imposed physical constraints are not violated when the data are recon-
structed. In this work, the imposed constraint was that all variables be positive in value when
reconstructed. This was not guaranteed by PCA, although Local PCA alleviated this issue by sim-
ply improving the accuracy of the data reconstruction.

— Once the model was correctly trained, instantaneous predictions were possible, making parameter

exploration much easier, even for very CPU-intensive systems.
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The present work represents the first application of the PCA+Kriging methodology to combustion
problems. As such, it is intended to be a proof of concept that will pave the way for the application of
this methodology to more complex systems. In fact, as 3D simulations of practical combustion systems
usually require significant amount of CPU hours, having a low-order model that can reliably and instan-
taneously predict the outcome of these simulations is precious. Moreover, the promptness of the ROM’s
predictions is paramount for the development of digital twins for real systems which can be employed
for system control and visualization. A correctly trained ROM also grants the possibility of performing
sensitivity analysis of the investigated system w.r.t. its input parameters and can be employed to solve
optimization problems in the context of system design, where the evaluation of the objective function
is the computational burden. The training costs of the PCA+Kriging ROM are also lower in comparison
to a SM with no compression. This is very useful when new training processes are continuously needed
in order to update the developed ROM in the event of new available data. The predictive capabilities of
the ROM can also be employed for the initialization of complex simulation, reducing the time needed
by the solver to converge. In the application of the proposed methodology to 2D flames, relevant com-
putational savings were present as one 2D simulation needed over 30 CPU hours to run. Despite the
simplicity of the test cases, the present work allowed to investigate the advantages and limitations of
the method, as well as its potential for applications to more complex combustion systems. A substantial
reduction in the system dimensionality was accomplished via PCA (e.g. from 10, 780 to 5 scalars in the
one-parameter case), while the use of Kriging allowed to capture the non-linear relation between the
reduced set of coefficients and the input parameters, enabling the prediction of non-observed system
states.

Future work will involve the application of the presented methodology to more complex systems,
e.g. 3D systems.
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Abstract

For stationary power sources such as utility boilers, it is useful to dispose of parametric models able
to describe their behavior in a wide range of operating conditions, to predict some Quantities of Inter-
est (QOIs) that need to be consistent with experimental observations. The development of predictive
simulation tools for large scale systems cannot rely on full-order models, as the latter would lead to
prohibitive costs when coupled to sampling techniques in the model parameter space. An alternative
approach consists of using a Surrogate Model (SM). As the number of QOlIs is often high and many SMs
need to be trained, Principal Component Analysis (PCA) can be used to encode the set of QOIs in a much
smaller set of scalars, called PCA scores. A SM is then built for each PCA score rather than for each QOI.
The advantage of reducing the number of variables is twofold: computational costs are reduced (less
SMs need to be trained) and information is preserved (correlation among the original variables).

The strategy is applied to a CFD model that tries to simulate the behavior of Alstom’s 15 MWy, PC
tangentially fired oxy-pilot Boiler Simulation Facility (BSF) situated in CT, USA. In practice, experiments
cannot provide full coverage of the pulverized-coal utility boiler due to both practicality and expense.
Values of the model’s parameters which guarantee consistency with the experimental data of this test

facility for 121 QQOIs are found by training a SM based on Kriging for only 5 PCA scores.

Keywords: PCA, Bound-to-Bound Data Collaboration, Uncertainty Quantification, Surrogate models

1. Introduction

In engineering applications, the ability to make reliable predictions about certain physical systems is
granted by the existence of predictive mathematical models that are based on the deep understanding of

the underlying processes. These mathematical models, even if deterministic, often include uncertainties
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which limit their predictive abilities (e.g. unknown design or operating parameters). One way to assess a
model’s capability to predict the correct values for a set of Quantities of Interest (QOIs) is to compare the
model’s predictions with reference data, i.e. measurements coming from experiments. A mathematical
model is usually said to be consistent with the data when the error interval between its predictions and
the experimental data is in the same range as the uncertainty intervals of the experimental values [1].

On occasions, a model is defined by some parameters whose value is uncertain. Values of these
model parameters for which the model’s predictions are consistent with experimental data exist, but
they are not known [2, 3]. A way to find this set of values is to heavily sample the parameter space (e.g.
Latin Hypercube Sampling, Monte Carlo random sampling) and evaluate the model’s prediction for
the QOlIs at every location. This strategy can work when the model’s output is fast to compute. In the
case of computationally costly models, this strategy is prohibitive. Computationally expensive models
are dominant in the world of Computational Fluid-Dynamics (CFD). CFD simulations are usually run
on many CPUs and in spite of that they still need hundreds or thousands of hours of computational
time to converge. Heavily sampling the input space of this function, i.e. the CFD model, is not feasible.
Having a Surrogate Model (SM) that can approximate the costly model’s prediction of the QOIs but with
lower computational cost is preferable [4, 5]. SMs are mathematical models based on available data that
approximate the underlying hidden relationship between input and output. SMs are useful when this
relationship is either not known or comes in the form of a computationally expensive computer code.
SMs are also popular in Uncertainty Quantification (UQ) studies [6-9]. Examples are Polynomial Chaos
Expasion (PCE) and Gaussian Process Regression (GPR), which are often employed for the computation
of Sobol’s indices. SMs are constructed starting from a relatively small set of training observations of
the predictive model’s output, which correspond to a set of training locations in the model parameter
space. Once a SM is trained, consistency with the experimental data is performed by analyzing the SM’s
output instead of the actual model’s predictions. The uncertain model parameters are then assigned the
value for which the difference between the experimental values and the SM predictions is the lowest.
Usually, SMs are built for one scalar target. In the presence of many QOIs, as many SMs are needed
as the number of QOIs. This is true, for example, if PCE or GPR are chosen as SMs in combination
of no other compression/reduction technique. Besides, when dealing with outputs of a deterministic
computer code, interpolation might be preferred over regression. A reduction is possible if the original
set of QOIs can be represented by a new set of fewer scalars. One reason why one would want to reduce
the number of SMs to train is that the training can still be costly. SMs are usually defined by a set of
hyper-parameters whose value affect the SM’s predictive abilities. Very often, a good estimation for
the value of these hyper-parameters comes via the solution of constrained optimization problems that
involve local optima. Another reason is that very often the QOIs are correlated, but their correlation
might be lost in the process of building individual SMs for each of them. Taking these factors into
account, the advantage of reducing the number of QOIs, consequently the number of SMs to train, and
thus develop reduced-order SMs, becomes clear.

A very popular method for data compression is Principal Component Analysis (PCA) [10]. PCA is
a statistical technique used to find a set of orthogonal low-dimensional basis functions to represent an
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ensemble of high-dimensional data. In the context of consistency analysis, PCA can be used to find a
new, smaller set of uncorrelated variables, often referred to as PCA scores, that is representative of the
original QOIs. Once these scores are found, a SM can be built for each one of them. Then, the model
parameter space can be explored and a consistency region in the model input space can be more easily
found.

In this work, we apply this strategy to find the optimal values for the parameters of a CFD model
[11] for the behavior of Alstom’s 15 MW}, PC tangentially fired oxy-pilot Boiler Simulation Facility (BSF)
[12]. Experimental data for this test facility are available, such as temperature and heat-flux mapping
measurements. The available CFD model has limited predictive capabilities as it is defined by 3 param-
eters whose correct values are not known (the value for which consistency with the experimental data is
guaranteed). 121 QOIs are to be correctly predicted by the model, namely temperature and heat-fluxes
at specific location inside the boiler corresponding to the experimental measurements. 22 simulations
are carried out in order to explore the 3-dimensional model parameter space and used as training set.
After performing PCA, it is shown that 5 PCA scores can explain over 99% of the original data variance.
The set of 121 original variables is thus encoded in these new set of 5 scalars and the region in the 3-
dimensional parameter space for which consistency is guaranteed with the reference data is found by
training a SM based on Kriging for the PCA scores. The CFD model’s predictive capabilities for the BSF
are improved by choosing values for these 3 parameters that belong to the consistency region and can
be used for the design of larger-scale facilities.

2. Theory

2.1. Bound-to-Bound Data Collaboration

Bound-to-Bound Data Collaboration (B2B-DC) is a mathematical framework that tests consistency
between a data-set and a model [13-15].

The basis of B2B-DC is composed of an underlying physical process and associated model, a col-
lection of experimental observations with respective uncertainties, and SMs representing parametric
dependence of the physical-model predictions of the QOIs on the uncertain parameters.

Each QOI y; Vi = 1,..., N is both experimentally measured and predicted by a model. N is the
number of QOIs. The set of inequalities

‘M(X) - Yea?p| <o (1)

combines the experimental and modeling information into a single set of constraints. x is the vector
of P uncertain parameters. M (x) is the model’s prediction of the QOIs y with parameters x. Thus,
y(x) = M(x) is the vector of predicted QOIs, by the model, when the input parameters’ values are the
ones contained in x. y“*? are the measured values. The size of the vectors y(x) and y“*? is N. The
discrepancy between the measurement of one QOI and its model prediction is bounded by o;, which
is usually the experimental uncertainty. A point x in the model parameter space is consistent with the
experimental data if the corresponding model prediction M (x) satisfies the set of constraints (1). The
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constraints (1) represent a hyperbox in the y-space and limit the allowed discrepancy between experi-
mental measurement and model prediction for each individual QOI y;. If ¥ is a diagonal matrix such

that ¥ = diag(o), we can express (1) in matrix form:
2_1|M(X) - Yezp| <1 (2)

The set of N pairs of orthogonal linear constraints (1) or (2) represents a hyper-rectangle in the y-space
and it states that the model’s predictions for each QOI y; must lie within this hyper-rectangle in order
for the model to be consistent with the reference data.

Rather than a hyper-rectangle, the feasible set can also be bounded using an ellipsoid, which is
defined by a single quadratic constraint:

[M(%) = Yeap]” ST M(X) = Yeap] < 3)

where « is a quantity to be determined. Clearly, it is preferable to have the smallest a such that the
ellipsoid contains the feasible set. In the case a = N, the ellipsoid in the y-space determined by (3)
contains the hyper-rectangle defined by (2). If o = 1, the opposite is true.

By either using (2) or (3), a region F of consistency in the x-space can be found. This region is
called consistency region and represents the region of all possible values for x for which the predictive
capabilities of the model M (x) respect either (1) or (3). It is worth noting that, in general, a solution to
(1) might not exist and in such a case the consistency region would be a null-set.

2.2. PCA

PCA is a statistical technique that finds a set of orthogonal low-dimensional basis functions to rep-
resent an ensemble of high-dimensional data describing an undesirably complex system [16-18].

For a data-set Y (/N x M), containing M observations of N original variables, PCA provides an
approximation of the original data-set using only ¢ < NV linear correlations between the N variables.
The quantity ¢ is referred to as approximation order.

Data are usually centered and scaled before applying PCA. Centering represents all observations as
fluctuations, leaving only the relevant variation for analysis [16]. The centered-scaled data read:

Yo=D Y -Y), 4)

where D indicates a diagonal matrix of chosen scaling factors, usually standard deviations, and Y a
matrix of mean values. The dimension of Y| is also (N x M).

A set of ¢ < N PCA modes or directions can be found Vq = {vi, va,..., v4} thus the data can be
encoded in a set of ¢ scalars called PCA scores or Principal Components (PCs) as follows:

a;(x5) = V;TFD_1 (v(x5)—¥) Vi=1,..,q. (5)

The centered-scaled data can be approximated by Yo ~ VqV4q'D ™! (Y — Y) = V4Ag. The data-set Y
can be approximated as:

Y=Y +DYy~Y +DV4A, =Yy, (6)
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where Aq = {a(x1),a(x2),...,a(xar)} is the matrix in which all the PCA scores for different values of
the input parameters are stored; a(x;) = {a1(x;), ..., ag(x;)}7 is the vector containing observations of
all the ¢ PCA scores for x; and Y is the approximation of Y achieved by PCA if ¢ PCs are retained.
Equivalently, one observation y(x;) € IRN contained in the data-set matrix Y can be approximated as:
y(xj) ¥ + DVqa(x;).

2.3. Kriging

For a general scalar target y, every realization y(x) is expressed in the Kriging method as a combi-

nation of a trend function and a residual [19]:

P
y(x) =Y Bifilx) + 2(x) = BTE(x) + 2(x). )
i=0
The trend function is expressed as a weighted linear combination of p+1 polynomials f(x) = [fo(x), ..., f,(x)]"

with the weights 3 = [fo, ..., ﬁp]T determined by generalized least squares (GLS). The subscript p also
indicates the degree of the polynomial. The residuals z(x) are modeled by a Gaussian process with a
kernel or correlation function that depends on a set of hyper-parameters 8 to be evaluated by Maximum
Likelihood Estimation (MLE) [19-21]. The natural log of the marginal likelihood is given by:

M M M
In(Ly) = > In(27) + -5 In(o?) + - In(|R|)+

5y~ FB)TR(y — Fp), ®

where F is the matrix of polynomials evaluated at the training locations, R is the kernel matrix of the
training data, M is the number of training points.

The final form of the Kriging predictor for any realization y(x) is
y(x) =f(x)" B +r(x)"R™!(y - FB). ©)

In (9), r is the vector of correlations between the training points and the prediction point x. To make a
prediction, only the terms f(x) and r(x) need to be updated: y(x*) = f(x*)73 + r(x*) "R~ (y — F3),
where x* is the point in the input parameter space for which we wish to make a prediction of the output.
2.4. Reduced-Order Bound-to-Bound Data Collaboration

The constraints (2) and (3) can be reformulated using PCA. The model’s outputs and the experimen-
tal data can be represented by the N x M matrix Y. Each column of Y is encoded in its corresponding
set of PCA scores as follows:

a(xm) = VqTD_1 (y(xm) = %) (10)
Aegp = VvqT]:)_1 (pr - }_’) . (11)

The subscript m = 1, ..., M indicates one of the model’s outputs.
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For each PCA score a;, a SM is built using the method introduced in section 2.3. A very high number
of predictions for the PCA scores is generated. The predicted QOIs are recovered from the predicted
PCA scores (using the predicted PCA scores in (6)) and consistency is achieved if (2) or (3) is satisfied.
Computational savings are achieved because less SMs are trained (¢ < N).

The ellipsoid (3) can be approximated by:

Aal V,"DE'E" DV Aa,, < q, (12)

where Aa,,, = a(X,;,) — acyp. If the matrix ZleVq is indicated by H, the constraint (12) can be re-
expressed as:

Aal Hy'HqAa,, < o (13)

One can notice that using (13), the quantity H, or even Hy” H,, can be pre-computed, and thus evalu-
ating (13) involves less operations than evaluating (3).

The hyper-rectangle (2) can be re-expressed as:
-1 < HqAa, <1. (14)

A schematic representation of the Reduced-Order B2B DC procedure is reported in Figure 1: dimension

M(x) = y(x)

Dimension reduction

PCA modes PCA scores
Vg ={v1,va2,...,vg} Aq ={a(x1),a(x2), ...,a(xn)}
Parameter exploration
with Kriging

]

Consistency measure

Predictions «— [M(x) — Yeap| < 0 Revisions

T

Experiments

Figure 1: Flowchart for the Reduced-Order Bound-to-Bound Data Collaboration procedure. Dimension reduction is employed
on a set of available observations of the model’s output and combined with an interpolation technique to build a surrogate
model for parameter exploration and thus find consistency with reference data.
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reduction is carried out on a set of observations of the model’s output and later combined with an in-
terpolation technique. This leads to the construction of a SM that can be used for parameter exploration

and consistency analysis.

3. Application and results

(111 T )

LT T non

L

Figure 2: CFD simulations for Alstom’s BSF Heat Flux profiles. Figure from [12].
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Figure 4: Error for the reconstruction of the orig-
inal data by PCA when using 3 PCs (star), 5 PCs
(circle) and 10 PCs (cross). This error is zero if all
the PCs are kept.

Alstom’s Boiler Simulation Facility (BSF) is a 15 MWy, capacity tangential-fired pilot facility located
at Alstom’s Windsor, CT. The BSF is an atmospheric pressure, balanced draft combustion test facility
designed to replicate the time-temperature stoichiometry history of typical utility boilers [12]. Alstom
has applied CFD tools to modeling and design improvement of boilers since the early 1990s. Information
about the CFD model can be found in [11, 22]. The computational cost of this model for the BSF is 740.000
CPU hours per simulation. Figure 2 shows wall Heat Flux profiles from CFD simulations of the BSF.

An UQ analysis is carried out in order to identify the parameters which have the highest impact, with
the latter defined as uncertainty x sensitivity. This study included mesh resolution, the CFL number,
spatial and temporal schemes, devolatilization parameters such as the swelling factor, char oxidation
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Figure 5: Consistency region found by Kriging on Figure 6: Consistency regions as in Figure 5 but
the original variables (circles) and Kriging on the using the constraint (3) with a = 15.
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Figure 7: Parity plot for Temperature when using 5 PCs. Comparison between the reference experimental data and one con-
sistent model’s prediction according to the constraint (2) (linear) and (3) (quadratic). The dashed lines represent the 5% error.

parameters such as activation energies and pre-exponential factors for O,, H,O and CO,, wall thermal
conductivity, scenario parameters such as particle size distribution and particle density. Three param-
eters are identified for the consistency analysis, namely T};,4, k and 7. The ranges associated to these
parameters are [1350, 1600] K, [2.5,4.5] W/(m-K) and [1, 2.5], respectively. In particular, T4 represents
the temperature at which the deposits on the wall starts changing phase, from solid to plastic (liquid).
The parameter k represents the effective thermal conductivity on the wall [23]. The model’s parameter
T represents a constant that scales the activation energies of CO3, Oy, and H>O simultaneously from
their base values. A value for these parameters needs to be found so that the CFD model’s predictions
are consistent with the experimental values available for the BSF.

Experimental data are available as probes are present in the BSF at specific locations. A number of
22 simulations are run for different values of the described parameters, identified by means of Latin
Hypercube Sampling. The parameter region or hypercube H = [1350, 1600] K x [2.5,4.5] W/(m - K) x
[1,2.5] is explored by using the 22 observations as training samples for a SM and a consistency region
is sought. Because there are 121 QQOIs that may be correlated, namely 95 Temperature and 26 Heat Flux
measurements inside the BSF, PCA is performed in order to identify a set of PCA scores.

Figure 3 shows the cumulative variance of the original data that is recovered for each number of

97



Consistency Region Consistency Region

o Direct
+ 5 PCs

1600 1600
Kain [W/mK) 5 1500 Eain [W/mK] o 1500
1400  Tiay (K] 1400  Tag [K]
Figure 8: Consistency regions as in Figure 5 but Figure 9: Consistency regions as in Figure 5 but
using the constraint (3) with a = 11. using the constraint (3) with a = 20.

retained PCs. Figure 4 reports the mean relative reconstruction errors of the original data for each
training observations. These errors are reported for a number of 3, 5 and 10 PCs. They are below a
value of 1% when 5 or more PCs are used for the compression. These results suggest that the original
121 variable are indeed correlated. A number of 5 PCs is enough to recover over the 99% of the total
variance. The original data-set Y of size (121 x 22) can be compressed into the matrix of PCA scores
A of size (5 x 22) if 5 PCs are kept. A Kriging model is trained for each of the PCs on the 22 available
observations. Once the Kriging models are trained, a consistency analysis is carried out as explained
in sections 2.1 and 2.4, with the bounds ¢; being the experimental measurement uncertainties. Figure
5 reports the two consistency regions found by the two methodologies using the condition (2), with a
number of 5 PCs. A consistency analysis using the constraint (3) on 5 scalars, namely the PCA scores,
is able to find the same consistency region of a full consistency analysis carried out on 121 variables.
The PCA+Kriging model suggests consistency also for lower values of 7 and 7;,,. Using Eq. (3), the
two methodologies suggest consistency (Figure 6) in two regions that differ by 24% in volume. These
volumes are computed by means of alpha-shapes [24]. It is worth noting that the input parameters
are standardized when building SMs. If this space is standardized, the difference in volume of these
regions is about 5%. The difference between the two consistency regions can be explained by the fact
that the manifold found by PCA on the 22 observations recovers 99% of the data variance, but if more
observations were present, that same manifold might not recover as much. The predictions from the SMs
trained on the 5 PCA scores are forced to stay on the PCA manifold, predictions from SMs trained on the
original variables can lie outside of it. Figure 7 is a parity plot between the reference experimental data
and one SM’s prediction belonging to the consistency regions shown in Figure 5 and Figure 6. Figures
8 and 9 show how the consistency region found using the constraint (3) changes when changing the
value of a. For a = 11 a consistency region is still found. The choice for the value of o depends on
how strict a consistency between the model’s predictions and the experimental data is wanted. From
the perspective of the proposed Reduced-Order B2B-DC methodology in comparison with a classic
B2B-DC, the focus is on the fact that the two consistency regions (Direct and with 5 PCs) both shrink
or grow larger together. In conclusion, there is no need to train 121 SMs, because 5 PCs are enough
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Kriging 10PCs 5PCs 3PCs

TRAINING TIME 34.5s 2.78 s 1.76s 0.93s
SPEED-UP 1 12.4 19.6 37.0
RECONSTRUCTION ERROR — 0.5% 1% 3%

# HYPER-PARAMETERS

Linear trend 484 40 20 12
Gaussian kernel 363 30 15 9
# COEFFICIENTS — 1452 847 605

Table 1: Comparison between the computational performances of 4 different Kriging models.

to perform an accurate consistency analysis. This ensures computational savings and preservation of
correlations among variables. In the case of larger data-sets (comparable number of output variables,
more than 8 input parameters and more than 10* observations) where the training process might cost
tens or hundreds of CPU hours, computational savings would be even more relevant. Table 1 reports the
computational performances of the two methodologies, in the form of training times, number of hyper-
parameters to train and number of coefficients to store in memory. It is clear that Direct Kriging has
more hyper-parameters to train. Although Kriging on 5 PCs has more coefficients to store in memory,
namely 2 vectors (121 mean values and 121 scaling factors) and 5 PCA modes of 121 coefficients each,
the computation of these coefficients is straightforward compared to the solution of the optimization
problems that lead to the estimation of the hyper-parameters.

4. Conclusions

In this work the B2B-DC framework is combined with PCA. Experimental data are available for
Temperature and Heat Flux measurements for Alstom’s 15 MWy, BSF. The BSF is a test facility for the
development of Alstom’s combustion systems. A CFD model of the BSF is also available [11, 22] but not
fully defined as the value of 3 of its parameters is not known. These parameters are indicated as T4,
k and 7. The model’s output is consistent with the experimental data only if suitable values for these
parameters are chosen. Suitable values for these parameters can be found using the B2B-DC approach
and thus carrying out consistency analysis between the experimental data and the model’s output. The
available data consist of experimental values for 121 QOIs, namely 95 Temperature and 26 Heat Flux
values. A set of 22 simulations is carried out, each time with a different triplet of values for the 3 model
parameters. In the classic B2B-DC approach, a consistency analysis is performed with a set of SMs built
from these simulations for each of these QOIs, for a total of 121.

In the present work, a consistency analysis is carried out using only 5 trained SMs. This is possible
if a reduction technique such as PCA is used to compress the original data. The set of 121 original QOlIs
is encoded into a set of 5 scalars, namely the PCA scores or PCs, and thus only 5 SMs are needed for the
consistency analysis. This approach is referred to as Reduced-Order B2B-DC. This is the first time to the
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authors knowledge that a B2B-DC is developed in terms of PCs or, more in general, of latent variables
and not in terms of the original physical variables involved. Results obtained from the Reduced-Order
B2B-DC approach are compared with those of a consistency analysis carried out without the use of PCA.
The results show that the Reduced-Order B2B-DC approach is able to find the consistency region with
a difference in volume of about 5% if the input space is standardized and with a smaller set of variables.
The advantages of the approach include computational savings as less SMs need to be trained: less
hyper-parameters have to be found for the construction of the needed SMs, which is very often not a
simple task, especially when the number of input parameters is high. Finally, the CFD model’s predictive
capabilities for the BSF are improved by defining suitable ranges for the 3 most influential parameters
affecting the predictions.
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Abstract

The combination of Proper Orthogonal Decomposition (POD) with Kriging has been shown to be a
reliable choice for the development of Reduced-Order Models (ROMs) for the prediction of combus-
tion data at unexplored operating conditions. In this study, the authors combine POD with Polyno-
mial Chaos Expansion (PCE), with a combination of PCE and Kriging (PC-Kriging) and with Artifi-
cial Neural Networks (ANN) for the development of a ROM that can predict 2D combustion data for
unexplored operating conditions. The choice of Non-negative Matrix Factorization (NMF) instead of
POD as compression method is also investigated. This method is chosen because it can intrinsically
guarantee the non-violation of physical constraints such as positivity of chemical species mass frac-
tions, although POD’s data reconstruction errors are lower. The performances of the POD and NMF
in combination with the proposed supervised methods are compared, with prediction normalized
root mean squared errors (NRMSE) being less than 10% for spatial fields of temperature, CHy and
O; for all approaches.

Keywords: PCA, Surrogate models, Polynomial Chaos, Kriging

1. Introduction

High-fidelity expensive computer simulation are necessary for the description of many complex
physical systems. This is the case with computational fluid dynamics (CFD) and combustion, where
design optimization studies are limited by the computational cost of running a large number of sim-
ulations. Due to the non-linearity of CFD and combustion systems, changing operating conditions
can lead to drastic changes in the state of the considered system. Thus, complete knowledge about
the investigated system’s behavior for a full range of operating conditions can only be achieved by
running these expensive simulations several times with different inputs, until enough observations
of the system’s state are obtained.

Surrogate modeling reduces the computational cost of these studies by evaluating only a small
subset of the proposed simulations and fitting a computationally cheap model to them. This model
can then be quickly evaluated to further guide designs instead of simply running additional CFD

simulations.
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In a previous study [1], the authors showed that the combination of an unsupervised method for
data compression such as Principal Component Analysis (PCA) or Proper Orthogonal Decompo-
sition (POD), with a supervised technique such as Kriging for the development of Reduced-Order
Models (ROMs) is a reliable choice for the prediction of combustion data, namely spatial profiles
of temperature and chemical species mass fractions, for unseen operating conditions, e.g. inlet ve-
locity and fuel composition of a 2D laminar methane flame. POD could compress the size of the
high-dimensional data whose prediction is of interest, leading to a high reduction in the number of
surrogate models (SMs) to be trained.

Because of the reconstruction errors that are involved in low-rank approximations such as the
one provided by POD, important physical laws such as positivity of the chemical species mass frac-
tions might be violated. The approach of finding reduced rank non-negative factors to approximate
a given non-negative data matrix thus becomes a natural choice. Even though Constrained PCA
(CPCA) has shown to be capable to alleviate or solve this problem [1, 2], in the present work the
authors investigate the choice of Non-negative Matrix Factorization (NMF) as a data size reduction
instead of POD. Thus, the ability of NMF to reconstruct training and test data is assessed, in com-
parison to POD, as well as the predictive capabilities of a ROM that combines NMF instead of POD
with a supervised technique, such as PC-Kriging.

In the present study, the authors also investigate the effects of combining Kriging with Polyno-
mial Chaos Expansion (PCE) for the supervised part of their approach. As shown in [3], PCE can
act as Kriging trend function, increasing the model’s predictive capabilities especially in absence
of data, while Kriging helps to interpolate the training data. The combination of the two methods,
here referred to as PC-Kriging or PCK, have already produced encouraging results as shownin [3, 4].
However, in the present study the approach is applied to reacting systems, which are multi-physics,
multi-scale problems, so to pave the way for the use of this approach to real industrial applications.
Besides, no compression method was used before training a SM based on PC-Kriging in [3, 4].

A compression method grants the possibility to encode high-dimensional vectors (such as a spa-
tial field) into a few scalars, as explained in [1] in the context of combustion data, thus reducing the
number of predictive models to train. However, although the size of the reduced data can be even 10
times smaller than the original data size, the reduced size can still be large if strong non-linearities are
inherent to the considered problem, meaning that a large number of predictive models still needs to
be trained. Thus, in the present work, the authors also investigate the combination of a compression
method such as POD or NMF with Artificial Neural Networks (ANNSs) as one advantage of ANN
is that it makes it possible to train only one net that is able to predict the values of all the targets,
namely the POD or NMF scores, for new input parameters. Whereas with the other techniques, it is
necessary to train one model per score.

The discussed approaches are tested on 2 designs of experiment (DoE) made out of a total of 64
simulations produced by OpenFOAM, spanning the two input parameters in the range 24 =89 cm/s
and 40100 % for the inlet velocity and inlet molar fraction of CHy, respectively. A DoE with 24 train-
ing simulations (DoE-A) was firstly used to compare the performances of POD+Kriging, POD+PCE
and POD+PC-Kriging. The small number of training simulations was chosen as results from [3]
indicate that the PC-Kriging approach works better for small experimental designs. Then, the ap-
proaches are also compared on a bigger experimental design, namely DoE-B, which included 55
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training simulations. In both cases, the training samples were randomly chosen. This part of the SM
training was not optimized as the main objective of the present study was to compare the method-
ologies, more than effectively train a ROM. Besides, by not optimizing the sampling procedure, the
authors guaranteed that similarities in performances, in particular in high predictive capabilities,
were not due to abundance of available data. ROMs with low prediction errors are nonetheless con-
structed in the present work and a leave-k-out analysis is also carried out [5].

The paper is organized as follows: the methodology employed for the ROM development is ex-
plained briefly in Section 2, as well as the chosen unsupervised and supervised techniques, such
as POD, NMF, PCE, Kriging, PC-Kriging and ANN. Section 3 introduces the combustion data-set
chosen to validate the developed ROMs and shows the results obtained from data compression per-
formed by means of POD and NMF. Section 4 assesses the predictive capabilities of PCE, Kriging,
PC-Kriging and ANN when combined with POD, while Section 5 discusses the performances of an
NMF-based ROM using PC-Kriging. Finally, conclusions are drawn in Section 6.

2. Theoretical background

2.1. Methodology

In the present work, a data matrix containing m output of a certain computer model or CFD
simulation, indicated by F, will be indicated by a matrix Y of size (m x n), where n is the size
of the output of the considered model. The m combinations of values for the d input parameters
to the simulations that produced Y are collected in the matrix X of size (m x d). One particular
simulation or output of the considered computer code for one combination of the input parameters
x is indicated by y (x) = F(x).

In the present work, a low-rank approximation of Y will be attained, so that each particular
simulation output y(x) can be expressed as a weighted sum of basis functions, as shown in Figure
1. By doing so, it is subsequently possible to train SM for unexplored combinations of the input

y(x) vi vy

|

= up(x)* + ug(x)* +...

N .

Figure 1: Illustrative example of low-rank approximation of a spatial field y observed for a certain operating condition x,
represented by a set of coordinates (the coefficients u;) on some basis functions v; [1]: y(x) = Zle viu;(x), where k is
the total number of used basis functions.
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parameter only for the coefficients of the basis functions [1]. Two different methods to perform low-
rank approximation of a given data matrix and thus find the basis functions and their coefficients are
explained in the next Section. Each method requires the data matrix to be pre-processed in a certain
way [6, 7]. In the following Section, it is implied that the data matrix is appropriately pre-processed
(centered and scaled) for each method.

2.2. Low-rank approximations

Data compression or low-rank approximation is a lower dimensional representation of a higher-
dimensional data-set Y of size (m x n). This matrix is compressed to or represented by a lower
dimensional matrix of size (m x k), with k£ < n and k being called the approximation order.

2.2.1. Proper Orthogonal Decomposition

The POD problem can be stated as follows: given a matrix Y of size (m x n), find Z of size (m x k)
and A of size (n x k) with k < n such that the functional f(Z, A) = 1||Y — ZAT|? is minimized,
subject to AT A = I, where I is the identity matrix. This problem can be solved by computing the
singular value decomposition (SVD) of the matrix Y, which corresponds to finding the eigenvectors
and eigenvalues of the matrix C = ﬁYTY [8]. The eigenvectors of C are the POD modes and
the associated eigenvalues represent their relevance for the low-rank approximation of Y. The POD
modes are thus found all at once, and by ordering them in descending order according to their
corresponding eigenvalue and retaining only a subset £ < n of them, a low-rank approximation of
Y is possible as follows Y ~ ZAT = YA AT, where the columns of A of size (n x k) are the POD
modes and Z of size (m x k) is the matrix of POD coefficients. Each row of Z are the k coefficients
for the retained £ POD modes so that one particular simulation, or row of Y, can be expressed as
y(x;) = 32 a;zi(x;). As the solution of the POD problem only leads to the evaluation of A, the
matrix Z can be computed only after A is known, as follows: Z = YA. This holds for new, unseen
data as well: Z' = Y'A.

2.2.2. Non-negative matrix factorization

The NMF problem can be stated as follows: given a non-negative matrix Y of size (m x n), find
non-negative matrix factors U of size (m x k) and V of size (n x k) with k < n such that the functional
f(U,V) = ||Y — UVT||? is minimized, subject to u;;,v;; > 0 Vi, j [9, 10]. Differently from POD,
the non-negative factors or NMF modes are found for a given approximation order k. For a different
value of k, the NMF problem needs to be solved again. As for POD, once the NMF problem is solved
and thus the NMF modes are found, one particular simulation, or row of Y, can be expressed as
y(x;) = S8 | viui(x;). Differently from POD, both matrices U and V are determined by solving
the NMF problem. The determination of the NMF scores U’ for new, unseen data Y’ is possible
only by solving the least-squares error minimization problem: U’ = argI;JI?in Y = U'VT||?, whose

solution is taken as U’ = Y’ (VT'V) “lyrT,

2.3. Surrogate modeling

After a low-rank approximation of the data matrix is found, by either POD or NMF, the lower-
dimensional data, namely the POD or NMF scores, need to be predicted for new values of the input
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parameters to the computational model, as explained in Section 2.1. To this purpose, the following
supervised methods will be used in the present work, so that a response surface for the compressed
data is found.

The methods for surrogate modeling presented next require the matrix of the input parame-
ter values X to be pre-processed, namely centered and scaled, before the surrogate models can be
trained, thus this will be implied.

2.3.1. Polynomial Chaos Expansion

The theoretical background for Polynomial Chaos Expansion (PCE) is reported from [3, 4]. Con-
sider a system whose behavior is represented by a computational model M which maps the d-
dimensional input parameter space to the 1-dimensional output space M : x € R? — y € R. In
Section 2.1, the computational model was indicated by F and its output was multi-dimensional. For
this reason, in this section the symbol M will be employed. In the present work, the components
of the input vector x = x1,...,24 are assumed independent. The case of dependent input vari-
ables can easily be addressed as explained in [11]. In the present work, the authors consider that
the computational model M is a deterministic mapping from the input to the output space, i.e. re-
peated evaluations with the same input values lead to the same output value. As explained in [3],
the computational model M can be approximated by a finite, truncated set of polynomials:

y(x) = M)~ 3 aatha(x), M
aeNd
where a,, are the expansion coefficients of the multivariate polynomials 1, (x) and « is the multi-
index. Because of the statistical independence of the input variables, the multivariate polynomials
are evaluated as product of uni-variate polynomials v, (x) = Hle 7,[}83 (z;), where ¢£§3 is the poly-
nomial of degree «; for the i-th variable. The total degree of the (multivariate) polynomials is defined
by |a| = Zle a;. The total number of (multivariate) polynomials depends on the adopted trunca-
tion scheme. In the present work, the adopted truncation scheme is the hyperbolic truncation set [3]:
a € N: ||a|l; £ N, where N is the total order of the polynomials and the norm || - ||, is defined as
1/q
lally = (2 0f) ™.
The maximum number of terms in the polynomial basis, attainable for ¢ = 1, is given in Eq. (2):
(d+ N)!
d' NI ~
The expansion coefficients a, can be estimated by a least-square minimization method, as explained
in [3].

p+1= 2)

2.3.2. Kriging
Kriging is an interpolation method in which every realization y(x) is expressed as a combination
of a trend function and a residual [12]:

y(x) = p(x) +5(x) = > Bifi(x) + s(x) = £7(x)B + s(x) ®)
1=0

The trend function p(x) is a low-order polynomial regression and provides a global model in the
input space. The term s(x) creates a localized deviation weighting the points in the training set that
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are closer to the target point x. The trend function p(x) is expressed as a weighted linear combination
of p + 1 polynomials f(x) = [fo(x), ..., f,(x)]T with the weights 3 = 3o, ..., BP]T determined by
generalized least squares (GLS). The subscript p also indicates the degree of the polynomial. The
residuals s(x) are modeled by a Gaussian process with a kernel or correlation function that depends
on a set of hyper-parameters 1 to be evaluated by Maximum Likelihood Estimation (MLE) [13, 14].

In the definition of both the trend function and the residual, it is up to the designer to choose the
polynomials f(x) and the correlation model or kernel. In this way, prior knowledge can be added
into the problem.

2.3.3. PC-Kriging

As explained in [3], Kriging is able to interpolate local variations of the output of the computa-
tional model. In contrast, polynomial chaos expansions (PCE) are generally used for approximating
global behaviors of computational models. The two techniques can be combined if PCE is used as
trend function for the Kriging interpolation method. This approach is referred to as PC-Kriging and
its formulation is as follows:

Yx) = Mx) % Y tatpalx) + s(x). (4)

acA

Building a PC-Kriging meta-model consists of determining the optimal set of polynomials for PCE
first and then calibrating the Kriging hyper-parameters 1.

2.3.4. Artificial Neural Networks

Artificial Neural Networks (ANN) [15, 16, 17] are a supervised method that have certain char-
acteristics in common with biological neural networks and have been developed as generalization
of mathematical models. An ANN is characterized by its patterns of connections between neurons
(architecture), its method on determining suitable values for the weights which its architecture is
composed of (training or learning algorithm), its activation functions. Figure 2 is an illustrative ex-

Hidden layer
hy

ha

—“cwz-—
HcUovHco

@ .

ha

Figure 2: Illustrative example of an Artificial Neural Network with 2-dimensional input layer, 4-dimensional hidden layer
D

and 1-dimensional output layer. The value of h; is given by h; = Z‘;:l filz; wgl + b;l)), where d is the size of the input
layer, fi() is the activation function for I-th layer, wj(-? is the weight from the j-th input to h; (in layer /) and b§l) is the bias

for the j-th input (in layer 7).

ample of an Artificial Neural Network with 2-dimensional input layer, 4-dimensional hidden layer
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and 1-dimensional output layer. The size of the output layer can even be greater than 1. In such
a case, one ANN can be trained for multiple outputs. For instance, only one net can be trained to
predict the values of the POD or NMF scores altogether. In the case of Kriging, PCE or PC-Kriging,
this is not possible and the models have to be trained for each score separately.

3. Data-set description and data compression

The configuration of the simulated flame is described in [18] and in [19]. The computational do-
main starts from the exit of the nozzle and extends 122 mm further downstream. The radial direction
is expanded to 42.88 mm. A 2D structured axi-symmetric mesh with around 25600 cells is used and
the nozzle radius is resolved with 12 cells. The laminarBuoyantSimpleSMOKE solver is applied.
Gravity is turned on. The multi-component diffusion model is adopted to consider molecular diffu-
sion. The GRI3.0 mechanism without NOy (35 species and 219 reactions) is applied. For the velocity
boundary condition, the profile provided from [18] and in [19] is used. The input parameters are
two, namely the inlet velocity and the molar fraction of CHy in the inlet stream, which is a mixture of
CH,4 and N». 64 samples were produced by OpenFOAM, spanning the two input parameters in the
range 24 =55 cm/s and 40 + 100 % for the inlet velocity and inlet molar fraction of CHy, respectively.
The approaches investigated in the present work will only be performed on the following spatial
profiles: CHy, CO, CO,, Hy, H,0O, N, O, OH and temperature.

3.1. Results from data compression

One of the advantages of POD is that the POD modes can all be estimated beforehand. Besides,
the POD modes come with an eigenvalue associated to them representing the portion of the original
data variance that they account for. This made it possible to solve the POD problem once and then
choose the number of modes to retain by looking at the cumulative data variance data that they
recovered, differently from NMF, where a different choice of the approximation order, namely the
number of modes or non-negative factors to find, means that the NMF problem has to be solved
again.

52102 : Q . ; 3 % f
1
Z ! { 1
% } i POD
< i 5 NMF
; i
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Figure 3: Average NRMSE for the reconstruction of the test data by POD and NMF (both with a number of 30 modes) for
an increasing number of left-out simulations.
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A leave-k-out analysis was carried out as well in order to assess the influence of the number of
training simulations on POD and NMF. Leave-k-out analysis is generally a more robust way to as-
sess how a model will generalize to unseen data. k& was the number of simulations left out from the
training data set employed to find the POD and NMF reduced basis. Each time, k simulations were
left out and the error to reconstruct the left-out simulations from the POD and NMF basis was esti-
mated. Figure 3 reports the normalized root mean squared errors (NRMSE) for the reconstruction
of the test data by POD and NMF with 30 modes for an increasing number of left-out simulations.
In terms of reconstruction, POD was clearly superior to NMF. The gap between the two methods in
average NRMSE for the test data reconstruction decreased for smaller training sizes. Figure 4 is a
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Figure 4: Reconstruction of OH mass fraction. Although more accurate, POD recovered negative values which are physi-
cally impossible. The inner and out dashed lines represent the 5% and 10% error, respectively.

parity plot for the true, observed values for the OH mass fraction and the ones recovered by (a) NMF
and (b) POD, for a case where 10 random simulations were left out. Although NMF’s higher data
reconstruction errors can be observed here as well, POD recovered negative values of the OH mass
fractions, which is physically impossible, while NMF did not. A physical interpretation of the data-
driven basis functions found by POD and NMF can be accomplished by analyzing Figures 5 and
6, which report the eigenflames found by the two methods when compressing the available simu-
lations to a 5-dimensional reduced manifold. These eigenflames were different. POD’s first mode
(Figure 5a) represents the main direction of variation. The second mode (Figure 5b) was representa-
tive of the temperature high gradients due to the cold inlet fuel jet entering the flame zone. The third
mode, reported in Figure 5c, was representative of the reactive zone, where the maximum values of
temperature were encountered. NMF’s first mode (Figure 6a) was representative of the temperature
field for higher values of inlet velocities, while NMF’s second mode was for lower values, with the
following modes representing different features to be added. In both cases, the different flame posi-
tions, which depended more on the inlet temperature than on the fuel composition input parameter,
played a major role on the shapes of the eigenflames, whereas the maximum values of the different
spatial fields, which depended on the fuel composition mainly, were accounted for by the eigenflame
coefficients or scores.

In conclusion, despite NMF’s additive nature, POD’s lower reconstruction errors indicated that
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Figure 5: Data-driven orthogonal basis functions for the temperature field found by POD with a number of 5 retained
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Figure 6: Data-driven non-negative basis functions for the temperature field found by NMF with a number of 5 retained

modes. Same color map as of Figure 5.

this method was a better choice over NMF for the compression of the data of the present study.
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4. Application of the POD-based ROM

The performance of the ROM developed by combining POD with PCE, Ordinary Kriging (OK)
and PC-Kriging were investigated in the present work. Specifically, the effects of changing the values
of the PCE parameters such as the total polynomial order N and degree of polynomial interaction
q was investigated, as well as the effects of the training data-set’s size. The leave-k-out strategy
was employed for the analysis, but also two different reference DoEs (randomly chosen) of different
sizes were employed when a leave-k-out analysis was computationally prohibitive. These DoEs are
reported in Figure 7.
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Figure 7: Random design of experiment for the surrogate model. Black cross: training points; red circle: test points.
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Figure 8: NRMSE for the prediction of the test data of DoE-A with Matern52 as kernel for the Kriging, with N = 2 and
with (a) ¢ = 0.5 and (b) ¢ = 1 for the Polynomial Chaos Expansion.

Figure 8 reports the NRMSE for the prediction of the considered system’s variables for DoE-A,
for two different values of the parameter ¢, for N = 2. In both Figure 8a and 8b, the NRMSE for
the Kriging model are the same as ¢ is a parameter of PCE. It can be observed that decreasing the
value of ¢ led to an improvement for the PC-Kriging model, indicating that the interaction between
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polynomials of high degrees can be detrimental and meaning that a trade-off in terms of polynomial
complexity (optimal values for N and ¢) should be found when using PC-Kriging.

A leave-k-out analysis was carried out in order to determine the influence of the number of train-
ing simulations on ROM’s performances. This analysis was repeated for different values of N, so to
determine the sensitivity of the model to this parameter as well. k£ was the number of simulations
left out from the training data set employed to find the POD reduced basis and train the predictive
models. Each time, k simulations were left out and the error to predict the left-out simulations was

estimated.
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Figure 9: Average NRMSE among all the considered variables for the prediction of the test data for an increasing number
of training simulations by means of POD + Kriging and POD + PC-Kriging with N = 2 and N = 6 and (a, c) all modes
and (b, d) only 30 modes. ¢ = 0.5. The height of the bars represents the standard deviation of the NRMSE.

Figure 9 reprots the average prediction errors by means of leave-k-out for the POD+Kriging and
POD+PC-Kriging models with N = 2 and N = 6, for a different number of retained POD modes.
In particular, all POD modes were retained for the results of Figure 9a and 9¢, while only 30 POD
modes were retained for Figure 9b and 9d. POD+Kriging’s prediction errors were lower when more
modes were retained, while the opposite happened for POD+PC-Kriging. Specifically, when less
modes were retained, the POD+PC-Kriging ROM performed better than the POD+Kriging ROM, for
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Figure 10: Average NRMSE among all the considered variables for the prediction of the test data for an increasing number
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smaller training sizes, indicating the PC-Kriging has the potential to be a better choice than Kriging
for coarse experimental designs and low approximation orders. The estimated average prediction
errors of the POD+Kriging and POD+PC-Kriging (N = 2, N = 6 and N = 9) models by means of
leave-k-out analysis are reported in Figure 10, from which it can be observed that POD+PC-Kriging
outperformed POD+Kriging for £ > 10 when N = 2, and for & > 5 for N = 6. The POD+PC-Kriging
model’s performance declined for N = 9, indicating a trade-off for IV has to be found. Figure 11
shows that the NRMSE for POD+PCE with N = 2, N = 6 and N = 9 were approximately 10 times
higher with respect to the other models, further confirming that the combination of the two models
led to improved performances.
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Figure 12: Left halves: true data. Right halves: (a) prediction of the temperature field by POD + PCE; (b) prediction of
the temperature field by POD + Kriging; (c) prediction of the temperature field by POD + PC-Kriging. POD: 20 PCs.
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Figure 12 reports the contours of the true and predicted temperature fields by the 3 ROMs when
trained on DoE-A, for one specific combination of the input parameters. Figure 13 reports the re-
sponse surfaces to be found for the first 2 POD scores.

4.1. Fixing Kriging length-scales
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Figure 14: NRMSE for the prediction of the test data of DoE-A by the (a) PCE and (b) PC-Kriging model with different
values for the polynomial order N for a small value of the Kriging length-scale I = 107°.

A POD+PC-Kriging model with small values for the Kriging length-scales was built (I = 1075) so
to investigate on the effects of this parameter. This way, the Kriging model could influence the predic-
tions only in the very proximity of the training data. The NRMSE for the POD+PCE and POD+PC-
Kriging models for different values of N and a fixed length-scale [ = 107° are reported in Figure
14, from which we can observe that: for both POD+PCE and POD+PC-Kriging, lower prediction
errors were obtained when N was increased; the performances of POD+PCE and POD+PC-Kriging
for the prediction of the test data coincided, indeed indicating that the predictive capabilities of the
PC-Kriging model came from the PCE part when small values for [ were set. However, the POD+PC-
Kriging model still offered an advantage over the plain POD+PCE model as, thanks to Kriging, it
interpolated the training data, differently from PCE which is a regression method. The combination
of PCE with Kriging thus offers the possibility of training only the PCE part of the model (estimating
the polynomial coefficients) which is computationally cheaper than training a Kriging model, and of
manually setting the values of the Kriging kernel length-scales to small values so that its predictions
are forced by the Kriging part of the model to be closer to the training values in proximity of the
training data and thus to interpolate them.

4.2. ANN as supervised method

The use of ANN as supervised technique in combination with POD for the prediction of two
random DoEs of different sizes, DoE-A and DoE-B, was also investigated in the present work. These
DoEs are reported in Figure 7. In this case, a leave-k-out analysis was not performed because of its
computational cost. As explained in Section 2.3.4, ANN offers the possibility of training one model,
namely one neural network, for the prediction of all the POD scores, simultaneously. In the present
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work, the architecture for the ANN was chosen with one input layer of dimensions d = 2 (number
of input parameters) and 4 hidden layers of dimensions 8, 32, 128, 256, respectively. The dimension
of the output layer was 20 for DoE-A and for DoE-B, given that a total of 20 modes was retained. The
activation functions for all the hidden layers were Leaky ReLU with different slopes, specifically the
first 2 hidden layers had a slope of 10~* and the last two had a slope of 10~3. Figure 15 reports the
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Figure 15: NRMSE for the prediction of (a) DoE-A and (b) DoE-B by a ROM which combines POD with 20 modes and ANN.
The NRMSE by POD+PC-Kriging are also reported for comparison. Kriging: Matern52. Polynomial Chaos: Legendre,
N=24q=1.0.

NRMSE for the prediction of the DoE-A and DoE-B by POD+ANN and by POD+PC-Kriging. Even
though only one model for the prediction of the POD scores was necessary to train when using ANN
in combination with POD, the resulting prediction errors were higher with respect to the POD+PC-
Kriging ROM’s. The prediction errors of POD+ANN decreased by < 50% when increasing the size
of the training data-set, whereas the prediction errors of POD+PC-Kriging decreased by a factor of
~ 10. The training of an ANN consists in a wide range of design choices for its architecture, such
as number of hidden layers or type of activation functions, to be cross-validated. Besides, ANNs
are usually employed for cases with a high number of observations available, which is not the case
for computationally expensive combustion simulations. This makes ANN a more complex choice as
supervised method for a ROM, which might not be preferable for the present case, where PC-Kriging
was a much simpler method to set up.

In conclusion, the results presented in this Section showed that the POD+Kriging or POD+PC-
Kriging ROM performed with lower prediction errors by a factor of ~ 10 in comparison to POD+PCE.
The use of PCE as Kriging trend function could improve the Kriging model’s performance for smaller
training sizes. In general, the POD+Kriging model performed satisfactorily. In fact, the fields of the
mass fractions of CHy, CO,, H,O, N, O; and temperature were predicted with NRMSE < 1% for
DoE-B. The combination of POD with ANN did not lead to satisfactory results as the approach
achieved higher prediction errors by a factor of ~ 10 with respect to POD+PC-Kriging.
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5. Application of the NMF-based ROM

The performance of the ROM developed by combining NMF and PC-Kriging was investigated
in the present work.
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Figure 16: (a) Average NRMSE among all the considered variables for the prediction of the test da