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Some Aspects of Growth-Fragmentation

Benjamin Dadoun

Ph. D. thesis

Abstract

This thesis treats stochastic aspects of fragmentation processes when growth and/or
immigration of particles are incorporated as a compensating phenomenon. In a first
part, we study the asymptotic behavior of self-similar growth-fragmentation processes,
extending the results related to pure fragmentations. In a second part, we prove that
self-similar growth-fragmentations arise as scaling limits of truncated Markov branching
processes and we provide a rather general criterion. This bolsters the conviction
that growth-fragmentations appear in many discrete Markovian structures, as already
observed in random planar geometry. Lastly, we study a growth-fragmentation with
immigration equation. In particular, we investigate the asymptotic behavior of the
solution by relating it to a stochastic particle system in which immigrate copies of a

certain growth-fragmentation process.
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A mes freres,
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Chaque fois que la science avance d’un pas,
c’est qu’'un imbécile la pousse,

sans le faire exprés.

Emile Zola, La Joie de vivre
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Introduction

The word fragmentation designates a process in which an object is shattered into many
smaller pieces called fragments. One may think of those resulting from the collision between
two celestial objects of comparable sizes, or from the fragmentation of a meteorite entering
the atmosphere. In cell biology, one may picture mitosis as a kind of fragmentation. Other
instances where fragmentations occur include earthquakes in geophysics, fission in biology
or in nuclear physics, sequencing in mass spectrometry, crushing in mineral processing, data

transmission in telecommunications, etc.

As a simple and first, chronological example, let us take a pile of (fine) sand, split it in a
truly random way, and repeat the operation independently on each two subpiles. Obviously,
there are 2™ piles after the n-th iteration. But what is the repartition of their respective
volumes? Such a question was answered in 1941 by A. N. Kolmogorov, in the paper |74]
“Ubers logaritmisch normale Verteiligsgsetz vo de Dimensione vo de Teili bi de Zersziicklig”.
As the title may suggest, the logarithms of the volumes follow a Normal distribution (the
well-known bell-shaped curve) when n is sufficiently large; see Figure 0.1a for a simulation.
More generally, Kolmogorov’s result applies to the situation where “particles” may be divided
into a random number of fragments with random “sizes”, possibly in a non-conservative, but

always homogeneous, way.

The question of inhomogeneous fragmentation, which he asked at the end of his work,
addresses the situation where the rate of grinding may depend on the particle size (referring
to our example, the splitting scheme can then be a function of the volume of sand being
split). More precisely, one could imagine that particles with size = fragmentate z* “faster”

than particles with size 1 (so the original formulation is enclosed in the homogeneous case

0.08 Logarithmic volume
repartition of sandpiles

o081 — The Normal(—n,n)

I density distribution
0.04 -

0.02 -

-30 -25 -20 -15 -10

0.00

Figure 0.1a. Empirical distribution of sandpiles after n = 20 steps.
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Figure 0.1b. Empirical distribution of sandpiles at large time for a = 1/2.

a = 0). Kolmogorov predicted that in the nowadays called self-similar case o # 0, “the
logarithmic normal law is no longer applicable”. This discrepancy was confirmed twenty
years later by one of his former students, A. F. Filippov? [60]. If us(x) denotes the average

density of sandpiles of volume x at time ¢, then u; solves the integro-differential equation

0

ot u(z) = —x"u(x) + 2/:0 Yy u(y) dy. (0.1)

For o > 0, the analysis of this equation shows that when ¢ is sufficiently large, u; is close to
a generalized Gamma distribution®; see Figure 0.1b. For o < 0, Filippov shone a light on
the phenomenon of “formation of dust” because particles fragmentate at higher rates as they
get smaller, the total mass of the system decreases continuously and vanishes within a finite

amount of time (although the mass involved in each individual fragmentation is conserved).

There is a natural genealogy induced by a fragmentation process, where “daughter
particles” are related to the “mother particle” they originate from. In the self-similar setting,
we easily picture a sort of phylogenetic tree where the length of a mother-daughter branch
is proportional to the daughter’s lifetime. When a < 0, because of the total extinction of
mass at large times, this fragmentation tree is “compact”. In many cases (typically, when
the “macroscopic” fragmentations into large comparable fragments are rare), its global shape
does further not depend heavily on the exact splitting scheme, and we often observe so called

continuum random trees, which bear interesting fractal properties. See Figure 0.2.

Fragmentation equations like (0.1) appear in a large variety of biological or physical
models of particle systems and constitute an object of study as a whole, generally (at
least, originally) from a non-probabilistic point of view. Besides the customary questions of

existence and uniqueness of solutions, one typically wants to describe the stationary regime

2Incidentally, Filippov was twenty years younger than Kolmogorov, whom he acknowledges for his
assistance and advice. Both had the same academic grandfather, D. F. Egorov.
3For this simple example, Filippov even provides a semi-explicit expression for u; at any time t.



Figure 0.2. Large fragmentation tree with binary splits n — {k,n—k}, 1 < k < n, occurring

at rate oc n® for v = ~1/2, and with probability o () fll/z oFR(1 — ) da

and estimate the speed of convergence toward the asymptotic profile. Equilibrium may arise

when fragmentation is compensated by growth of particles or immigration of new particles.

This thesis treats some of the aforementioned aspects when growth and possibly
immigration is added to the picture. In a growth-fragmentation process, particles are not only
subject to (random) fragmentation but may as well grow larger or smaller in a continuous
(also random) way. In Chapter 1, we look at asymptotics of empirical measures associated
with the fragments, extending prior results in this vein (Kolmogorov [74], Filippov [60],
Baryshnikov and Gnedin [16], Bertoin and al. [23, 26, 30, 32|, Kyprianou et al. [77]). Then,
in Chapter 2, motivated by the appearance of self-similar growth-fragmentation processes
in random planar geometry [25, 24, 81|, we consider a simple Markovian model acting as
discrete growth-fragmentation and we discuss its self-similar scaling limit by amending a
criterion of Bertoin and Kortchemski [27]. This work can be seen as a humble addition to
the general and various criteria of Haas, Miermont et al. [86, 65, 87, 66, 63] for self-similar
pure-fragmentations. Lastly, in Chapter 3, we focus on a growth-fragmentation equation
as studied by Bertoin and Watson [34, 20, 36| but with an additional term accounting for

immigration.

In the remaining of this general introduction, we formally set up the growth-fragmentation

processes and present more precisely the different questions that we alluded above.
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0.1 Fragmentation processes

A first, fundamental property of fragmentation processes is the so called branching property:
fragments split and evolve independently of one another. As such, we may define them within

the framework of branching processes on (0, 00), which we now introduce.

0.1.1 General framework

For any measurable function f: (0,00) — (0,00), we write f € By if it is bounded from
below away from zero, that is inf{f(x): x > a} > 0 for every a > 0. We set f(0) := 0 and

let M be the space of non-increasing sequences X = (21, 2, ...) on [0, 00) such that

(x, f) = Zf(xj) < 0.
j=1
(Null values in x are disregarded; their presence is merely needed to include finite sequences.)
We see My as a subspace of My, the space of non-increasing null sequences endowed with
the topology of pointwise convergence, which because of monotonicity is also that of uniform
convergence. Equivalently, we may view elements x € M, as point measures 2]21 Oz,
on (0, 00) under the topology of vague convergence. This makes M, a Polish space which we

naturally equip with its Borel o-field.

For the remaining of this section, we fix f € By- U{0} and note that for point measures x
and x, § > 1, we can always define the scalar multiplication Ax = 2]21 5,\%., A >0, and

the sum 4,5, x() = > i 5x§i> (not necessarily in My).

Definition 0.1.1. Let X = (X(¢): ¢t > 0) be a M -valued stochastic process, which is

continuous in probability and whose conditional law given X(0) = d,, > 0, is denoted P,.

e We call X a branching process (in My) if it has the (temporal) branching property: for
every s > 0, the family (X(¢ + s): t > 0) given X(s) = (1, 2,...) is independent of
(X(r): r < s) and distributed like (14,5, XD (t): t > 0), where the X are independent

processes with law P, respectively.

e If further there exists @ € R such that for every x > 0, the law of (xX(z%t): t > 0)
under Py is P,, then we say that X is self-similar; « is the index of self-similarity.

When a = 0, the process is said homogeneous.

Additive martingales and supermartingales associated with branching processes constitute
one essential tool. Let us state a first elementary fact in this direction. Hereafter, E, denotes

the expectation under P,.
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Proposition 0.1.2 (Corollary 1 in [19]; see also Biggins and Kyprianou [42]). Let C' > 0
and suppose that f is C'-excessive for X, in the sense that for all z > 0, ¢t > 0,

E,[(X(t), f)] < C'f(x)
(when there is equality, we rather say that f is C'-invariant). Then the process
CTHX(). ), =0,

is a supermartingale under P, for every z > 0. (It is in fact a martingale if f is C-invariant.)

Often, typically for self-similar fragmentations, we restrict By to power functions f;: x — 2

with ¢ > 0 and identify My, as a closed subspace of the sequence space ¢9(N).

0.1.2 Pure fragmentations

Definition 0.1.1 embraces processes that may be far from the intuitive notion of fragmentation.
In a truly (i.e., pure) fragmentation process, one indeed also expects X(t) to be “finer”
than X(s) for all t > s.

Definition 0.1.3. A branching process is called a pure-fragmentation process (or simply a
pure fragmentation), if its sample paths are non-increasing with respect to the lexicographic

ordering <, on M.

It is clear from the branching property that a branching process is a pure fragmentation if

and only if under P,, z > 0, it has values in the subspace
Sy = {s € My: s <jex (2,0, ... )}

We call s € . := .7 a configuration, giving the different arrangements x - s = (zs1, s, .. .)
of fragments which may result from the fragmentation of a particle with initial size z > 0.
This includes the trivial configuration 1 = (1,0,...) and the dust 0 := (0,0,...). Often,
the size parameter x rather corresponds to a “mass” or any quantity which cannot increase
under fragmentation. Then the total mass (X(t), f1) is also non-increasing over time, so that

under P,, x > 0, the sample paths have values in {z - p: p € £}, where

P = {PGMoi Zpiél}

i>1
is the space of mass-partitions. In this situation, fi is 1-excessive for X (so » .o, Xi(t), t > 0,

is a supermartingale). Of course, there are other situations where this is not true, for instance

when the size of a particle is measured by its diameter.



6 GENERAL INTRODUCTION

Note that a fragmentation event x +— x - p specified by p € & may induce a loss of mass,
that is a possibly positive fraction py == 1 — 2121 p; of the mass x may be reduced to dust.

We say that p (resp. a measure v on &) is conservative if py = 0 (resp. v(py > 0) = 0).

In the next sections we briefly sketch two constructions of pure fragmentations, and

forward the interested reader to the first three chapters of the monograph [21].

0.1.2.1 Fragmentation chains

Let v,, x > 0, be a finite measure on My, with support in .%,. We assume that the family
(V2)2>0 depends in a measurable way on the variable x. A (pure-)fragmentation chain with
kernel (v;)z>0 is a system of non-interacting particles which, at rate v,(-#,) according to

their respective size z, are each replaced by a cloud of particles with law v, (-)/v.(-%%).

It is formally defined as a continuous-time branching Markov chain (X(¢): ¢ > 0) with
intensity kernel ¢ on M, given by ¢(0,-) = 0 and

q(x,dy) = Z Vg, (Y + 02, — x € ds), x # 0.

i>1

As particles evolve independently, we think of ¢x == q(x, Mo) = >~ Vs, (%%, as the rate of
first fragmentation from the configuration x; the next configuration 3: having law ¢(x, dy)/¢x.
Of course it really makes sense only if ¢, < oo, but this “hold-jump” description can be made
rigorous (using a truncation argument) with a small assumption |21, Chapter 1]: that for

every € > (), there exists a constant c. > 0 such that
ve(Sy) < c. and /s((s, 00)) v (ds) < ¢ v (%), T > e

It is then checked that X is a pure-fragmentation process. In particular, if v,, x > 0, is
the image measure of v by the map s +— x - s, where a € R and v is any finite measure
on . with [s((g,00))v(ds) < oo for every ¢ > 0, then the above condition holds, and so
does the self-similarity property of Definition 0.1.1; we say that X is the («, v)-self-similar

fragmentation chain (or simply the v-homogeneous fragmentation chain when o = 0).

0.1.2.2 Self-similar pure fragmentations

Naturally, a self-similar pure-fragmentation process is a self-similar branching process that is
also a pure fragmentation. One example is the (o, v)-self-similar fragmentation chain of the
previous section, where the measure v was such that v(.%) < co and [ s((e,00)) v(ds) < oo

for every € > 0. In fact, we can also make sense of a self-similar fragmentation process with
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infinite dislocation rates. Suppose instead that v has support in &, that v({1}) = 0 and

/@(1 1) v(dp) < . 0.2)

While allowing v(&?) = oo, condition (0.2) limits the intensity of “macroscopic” dislocations
(those given by the mass-partitions which are far from 1). More precisely, if a measurable
set A C M, is at distance d(1, A) > 0 from 1, then v(A4) < d(1,A4)"! [(1 —p1)v(dp) < co.

A fundamental result [22, 17|, is that the law P = P; of a self-similar #-valued
fragmentation process is uniquely determined by its self-similarity index a € R, its
erosion coefficient ¢ € [0,00), and its so called dislocation measure v, which is a measure
on & satisfying to v({1}) = 0 and (0.2); we shall hence refer to the («, c,v)-self-similar
fragmentation process (or rather the (c, v)-homogeneous fragmentation process when o = 0).
Considering a Poisson point process M on & x N with intensity v ® #, where # is the counting
measure on N, the (0, v)-homogeneous fragmentation process X can be constructed from M in
such a way that X only jumps when some atom (p, k) of M occurs, and if it happens at time ¢,
then X(t) is obtained from X(t—) by replacing its k'™ largest particle X (t—) by the cloud
of particles Xy (t—) - p, leaving the other particles unchanged. Erosion simply corresponds
to a continuous decay in the fragment masses, to the extent that (exp(—ct)X(¢): ¢t > 0) is a
version of the (c, v)-homogeneous fragmentation process. There also exists some procedure
to change the index of self-similarity, transforming the (c,r)-homogeneous fragmentation
process into the (a, ¢, v)-self-similar fragmentation. Explaining this transformation as well
as the bijection between P and (a,c,v) requires that we enrich the fragmentation with a
genealogical structure. One way to achieve this is via so called interval representations:
one can couple any self-similar pure fragmentation X with some process G onto the usual
topology of the open interval (0,1) such that for all s < ¢, G(t) C G(s) and X(¢) coincides
with the non-increasing rearrangements of the lengths of the interval components of G(t).
We refer to [22, Section 3.2| for greater detail.

Example 0.1.4. Let @ € R and v be the law of (U,1 — U,0,...), where U is uniformly
sampled on [%, 1). Then the (a,0,v)-self-similar pure-fragmentation process matches the

dividing sandpile process with uniform binary splitting that started this introduction.

0.1.3 Growth-fragmentation processes

Allowing particles to vary continuously between fragmentation events raises intricate
questions as well as important applications.  The equilibrium between growth and
fragmentation has first been studied “deterministically” by analysts. The first stochastic

models were introduced recently by Bertoin [18, 19].
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0.1.3.1 Cell systems

We start by constructing a rather general system of non-interacting particles, called cell
system in [19]. Our approach is a bit more general and bears similarities with [29, Section 4.2].
Informally, a cell system consists in a family X = {(X,(t —by,): b, < t):u € %} of
processes on (0, 00), recorded since their birth times b, (which we implicitly encode in the
notation X,) and whose negative jumps produce birth events. These processes are assumed
to be cadlag and either converging to or absorbed at 0, so that their negative jumps can
be easily enumerated. In [19], the j-th negative jump (ordered by decreasing absolute size)
of X,, occurring say at time ¢t > 0 and with size —y < 0, is the cause of a single daughter
cell X,; born at b,; = t with &,,;(0) == y. There, processes were indexed by the usual
Harris-Ulam tree % = |J ., N", where N° := {(}} is reduced to the root of %, which labels
the Eve cell Aj.

n>0

We can slightly generalize the preceding idea and imagine that the cell material y > 0
lost by X, at time ¢ during its j-th negative jump serves to the creation of several (zero, one,
or more) daughter cells &, (j1), Xy jz2), etc., all with birth times b, (j ) = t and respective
sizes at birth ysi, yss, etc., for some random configuration s € . whose law may depend on

both X,(t—) and y. Thus, we rather choose the indexing set as

=) =N
n>0 n>0
In this slightly unconventional Harris-Ulam tree, each node u = (uy,...,us,) € % at a
given generation |u| = n has children ujk = (uq,...,u2,,7, k), j,k > 1, labelling at the
next generation all daughter cells X, = X, () originating from the 7% negative jump
of X,, respectively, where these jumps are enumerated in the non-increasing order of their
absolute sizes, and chronologically in case of ex aequo. More precisely, if (t1, —y1), (t2, —y2), - - -
denotes this enumeration of negative jump times and sizes, then either y; > y;41 or y; = y;41
and t; < tj41, for all 7. The children labelled ujk, & > 1, corresponding to the jump
(t;, —y;), depend on a certain configuration s* prescribing the relative sizes at birth, namely
(Xujr(0): k> 1) =y, -s* (when s* = 0, no particle is born). We set by := 0, byji == b, +1;,
and agree with the conventions by, = oo and X, := 0 if pzj = 0 or X, has fewer than j

negative jumps. Figure 0.3 sets up the notation.

The law P, of X started from a single particle Ay with initial size > 0 is constructed
to ensure the genealogical branching property: for all uw € % and ¢ > 1, conditionally
on o((Xy,s%): |u| <i,j > 1), the cell systems X* = {X,jn,: v € X}, |u| =1, j,k > 1,
are independent; further, each X“* has law Pyszj, where y is the ;' negative jump of X,

(according to the above enumeration).
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b@ bl,l bufu

Figure 0.3. Illustrating example of cell system.

If X, has its j*® negative jump —y < 0 at time ¢, then independent daughter-cells Xujr, B > 1, with
respective sizes at birth yszj, k > 1, are born at by == t, where s“/ is a o(X,(t—),y/X,(t—),-)-distributed
configuration. (For the picture we chose ¢ = 1, so each cell X, begets at its j*® negative jump a unique
child X,,;1, with size at birth equal to the jump size.)

Formally, P, depends on a probability kernel o(z,r,ds) from (0,00) x (0,1] to ., the
fragmentation kernel, and on a cadlag Markov process (Y, (P,),>0) on (0, 00), the cell process,
which, under the initial distribution P, y > 0 (BP,(Y(0) = y) = 1 and B(Y = 0) = 1),
is either eventually absorbed at 0 or converging to 0 as t — oco. It is defined with the
help of Tonescu-Tulcea’s theorem as the unique distribution on [0, oo)% such that A has
law P, and, conditionally on Xj, the enumeration (1, —y1), (t2, —¥y2), . . . of its negative jumps,
and on an independent family (s’: 7 > 1) of independent configurations with respective
laws o(Xp(t;—),y;/Xp(tj—),-), the cell systems {Xjp,: v € %}, j,k > 1, are independent
Pyjsg; -distributed variables. We forward the reader to [70]| for more rigorous details on the

construction of this type of branching processes.

Note that we may as for pure fragmentations give a sense to a dislocation measure v:
if negative jumps —y < 0 of Y from a certain size x occur at rate 6(z,dy), then particles

with size = fragmentate at rate 6(z, dy)o(x,y/z,ds) into a cloud of particles with initial sizes



10 GENERAL INTRODUCTION

T —Y,YS1,YS2, YS3 . ..; see the connection in Example 0.1.6. We also underline the “binary
case” x — {x — y,y} (for p = §1), which reduces the construction presented here to that
treated in [19].

We call X' the cell system driven by (Y, o), but we are in fact more interested in the point

process of alive cells:
X(t) = Z ]l{bugt} 5Xu(t_bu)7 t>0.

uew
When (X(t): t > 0) is a branching process (in the sense of Definition 0.1.1), it is called the
growth-fragmentation process driven by (Y, ). Note that in general, X might very well not
be My-valued, nor might it enjoy the temporal branching property. However, the existence
of some excessive function is sufficient to enforce this. In this direction, write A y(s) =
max(y(s—) — y(s),0) for s > 0, y: [0,00) — R and suppose that there exist C' > 0 and
f € Bo< such that for all z > 0 and t > 0,

CTHFY () + /yZC”f(AY(r)si)@(wf—),@(ﬁr)) ,ds)] < f(z). (0.3)

0<r<t i>1

B,

Then* X is a growth-fragmentation process in M;. Moreover, f is a C-excessive function
for X, and so C~4(X(t), f), t > 0, is a supermartingale.

Of course, if X is a growth-fragmentation driven by (Y, 0) where the cell process Y has
non-increasing sample paths, then X corresponds to a pure fragmentation. When further the

fragmentation kernel p has support in &2, we can check that (0.3) trivially holds for C' = 1
and f = f;.

0.1.3.2 Self-similar growth-fragmentations

In this section, we assume that the fragmentation kernel o(x,r, ds) does not depend on z, and
by a slight abuse of notation we set o(x, r,ds) =: o(r,ds). A self-similar growth-fragmentation
process is a growth-fragmentation fulfilling the self-similarity property of Definition 0.1.1. It

must be driven by a cell process Y which is itself self-similar (with index «):
for all z > 0, the law of (zY (z%t): ¢ > 0) under P, is P,.
Indeed, by [19, Lemma 1|, self-similarity then extends to the cell system X driven by (Y 0):

for y > 0 arbitrary and b, = y b, u € %, X/(t) = yX,(y*t), u € %,t > 0, the law of
((X!,b,): uwe %) under Py is the same as the law of ((X,,b,): u € %) under P,.

ur u

4This criterion is easily adapted from [19, Proposition 2 & Theorem 1] proved for C =1 and ¢ = §;. By

the Markov property, it is fulfilled if and only if the process f(A_Y(r)si) Q(Y(?”—), A;():ET)) , ds), t>0,isa
supermartingale under P,, for every x > 0. When Y is a semimartingale, this can be investigated for smooth

enough functions f by stochastic calculus.
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Lamperti [78] characterized all positive self-similar Markov processes (for short, pssMp).
Suppose Y is a pssMp with index a € R which is either absorbed at or converging to 0 a.s.
Then () == inf{s > 0: [JY(r)*dr >t}, t >0, is increasing for ¢ < [ Y (s)*ds = ¢, and
equals oo if ¢ > (. Lamperti’s transformation says that under Py, {(t) == logY (0(t)), t > 0
(with the convention £(t) = —oo for t > (), is a Lévy process (a cadlag process with
independent and stationary increments), which is either absorbed at or diverging to —oo.
Conversely, for such a Lévy process £, we can define Y as having under P, the law of
(yexp(&(mye)): t > 0), where 7, := inf{s > 0: [ exp(—a&(r))dr > t}. In other words, a
self-similar cell process Y is determined by (o, §), where a € R and £ is a Lévy process which is
either absorbed at or diverging to —co. In turn, £ is characterized by a quadruple (k, b, 0%, A),
where k > 0 is the killing rate, b € R the drift coefficient, o* > 0 the Gaussian component,
and A is the so called Lévy measure, that is a measure on R\ {0} with [(1Ay?) A(dy) < oc.
Since it describes the intensity of jumps in the cell process, A will often be supported on
the negative half-line. However, allowing cells to encounter sudden growth can be relevant
especially in applications to random planar maps (see [24] or the forthcoming Section 0.3),
and it is actually only assumed that [ 1,~1ye? A(dy) < co. Then the distribution of £ is
identified by the Lévy-Khintchine formula Elexp(¢€(t))] = exp(t¥(q)), t > 0, through a

Laplace exponent ¥ of the form

1
U(q) = —k+bq+ 502(12 + /(eqy —1+4q(1—¢")) A(dy), qeC, (0.4)
R

which makes sense at least for ¢ € [0,00). In particular, U: [0, 00) — (—00, o] is convex.

In view of Lamperti’s transformation, we shall in this setting refer to ¥ and X as,
respectively, the (o, W)-self-similar cell process and the (o, WV, p)-self-similar cell system.
When further X is a branching process (typically, when (0.3) applies), X is called the
(cv, W, 0)-self-similar growth-fragmentation (or rather, if o = 0, the (U, p)-homogeneous

growth-fragmentation).

Remark 0.1.5. Different (¥, ¢) may lead to the same self-similar growth-fragmentation

process with index « [99].

Example 0.1.6. Let ¢ > 0 and p have support in &?. Suppose A has support in [—log 2, 0)
with [(1 A |z]) A(dz) < oo, and that —¢ is a subordinator, i.e., ¥ has the form

U(q) = -k —cq+ /R(eqx — 1) A(dx), q>0 (0.5)

(which means that Y is non-increasing and never jumps lower than half its current size).

Then the («, U, g)-self-similar growth-fragmentation is a version of the (a, ¢, v)-self-similar
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pure fragmentation, where the dislocation measure v is given by

/ £(p) (dp) = kF(0) + / / £ p(1— ), pa1 — ), ) Adz)o(1— ¢*,dp),  (0.6)

for every measurable function f: 2 — [0,00). Conversely, suppose v is a dislocation
measure, that is v({1}) = 0 and [,,(1 — p1) v(dp) < co. Then (0.6) holds for k = v({0}), A
the image measure of v by the map p ~ log p1, and, by disintegration® [72, Corollary 1.23],
some probability kernel o(r,dp), r € (0,1], on & which we can interpret as the image

measure of v(- | p = 1 —r) by the map p — (%)jzg. Further, the (a, ¢, v)-self-similar
pure fragmentation coincides with the («, U, g)-self-similar growth-fragmentation with ¥ as

in (0.5).

This example shows that the greater generality of self-similar growth-fragmentations with
respect to self-similar pure fragmentations lies essentially in the fact that & need no longer be
the negative of a subordinator; it may for instance have a Brownian component and jumps

of unbounded variation.

When X is driven by a general («, ¥)-self-similar cell process Y with Laplace exponent W
as in (0.4), there is the following specialization of (0.3) to prove excessiveness. Suppose
first & = 0, so that Y = ze® under P,. By stochastic calculus (adapting the proof of [19,
Lemma 2|) we have, for all z > 0 and ¢,q > 0,

Y(t)? + Z /yZ(AY(r)si)qg<?/_(l;ir)),ds)] = 274 2%k(q) /Ot e @ dr,

0<r<t i>1

E,

where

k(g) == W(g) + /( (e [ Tsteti=eas. qzo. o)

i>1
Hence (by a supermartingale argument) the inequality (0.3) with x(q) <0, f = f,and C' =1
will hold for all z > 0 and ¢ > 0, and (by Doob’s optional stopping theorem) even if o # 0.

We can here already see that x, known as the cumulant function, plays a crucial role.

Lemma 0.1.7. Suppose ¢ > 0 is such that x(¢) < 0. Then (0.3) holds for f = f, and
C =1, and the process (X(t), f,), t > 0, is a supermartingale under P, for every = > 0.

As a matter of fact, Bertoin and Stephenson [33] have shown that for a # 0, the condition

of Lemma 0.1.7 is necessary for X to be M-valued.

b2 Dp3 )

SWe view v as a measure on [—00,0) x & via the bijective transformation p ~ (log p1, T Topro o)
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Naturally, the presence of power functions in additive (super)martingales is expected
because of the multiplicative structure of self-similar fragmentations. Let us derive here
f(t) = f(t;z,q) = E,[(X(¢), f;)] in the homogeneous case v = 0. Then, the cell process Y
under P, is simply represented as zef, where £ is a Lévy process with Laplace exponent W.
By the Lévy-Khintchine formula, the infinitesimal generator L of Y fulfills Lf,(x) = x9V¥(q).
Now, consider the variation of f from f(0) = 27 after an infinitesimal amount of time d¢.
On the one hand, the variation due to the growth of the mother particle is Lf,(x)d¢ (in the
first order). On the other hand, the amount of negative jumps with relative size e that have
occurred on this time interval is roughly Aj_.0)(dy)dt, and each begets a random cloud

z(1 — e¥) - p of daughter particles where p has law o(1 — €%, ), bringing thus a contribution
of fEm (1 —e¥)p;)?o(1 — e¥,dp) to f(dt) — f(0). Putting pieces together, it follows
that 0,f(0) = 29k(q) (at least when k(¢q) < oo). Since the branching property easily entails
f(t+s) = f(t)f(s) for all s, > 0, we conclude that f(t;r,q) = e*@z%. This means that f,
is e®@-invariant for X, and therefore (by Proposition 0.1.2) e~*@(X(t), f,),t > 0, is a
martingale under P, for every x > 0. We refer to [18, Theorem 1] for a rigorous derivation
of this fact.

Example 0.1.8. Let v be a dislocation measure. With the notation of Example 0.1.6, the

cumulant function for the (0, v)-homogeneous pure-fragmentation process X is

) = [ (7 =) A + /(M)< ) [ 3ol ol1 - et ap)

i>1

/Am)xf< —1+(1—a) Z(lfpl)q> v(py € dz)v(dp | p1 = x)
AU

In particular if v is conservative, then (1) = 0 (and the martingale (X, f;) is trivial). For the

example starting this introduction, we have v(p; € dz) = 2]1[%71)(55) drzand v(p1+ps =1) =1,

so k(q) = ﬁ.

The strictly self-similar case a # 0 is somewhat different. There, it is generally assumed

that Cramér’s hypothesis is satisfied [24, Section 3|:
There exist 0 < w_ < w, such that xk(w_) = k(w;) =0 and £ (w_) > —o0. (0.8)

Under this hypothesis, (X, f,,) is a martingale when o < 0 |24, Corollary 3.5|, and (X, f,,_)

is a uniformly integrable martingale when ao > 0 [24, Theorem 3.7|.
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Remark 0.1.9. Additive martingales cannot be uniformly integrable when o < 0, because
the self-similar fragmentation gets eventually extinct almost surely [60, 22, 19]: X(¢) = 0

after a P-almost surely finite time .

Remark 0.1.10 (Compensated fragmentation processes; general branching Lévy processes).

e The first construction of homogeneous growth-fragmentations (in [18]) was not made
from the point of view of cell systems, but rather directly using projective limits of general
branching Lévy processes (see the second point below). More conceptually, one may
interpret them as limits of dilated homogeneous pure fragmentations. Suppose indeed that
X, n € N, are (c,, v,)-homogeneous pure-fragmentation processes such that there is the

weak convergence of finite measures on &

(1= p1)* vu(dp) = 0° 01(dp) + (1 — p1)* v(dp),

for some 02 > 0 and measure v on &2 fulfilling v({1}) = 0 and
/ (1 = p1)? w(dp) < oo, (0.9)
2

and suppose further that c,, — %2 converges as n — 00 to some constant b € R (if ¢, = 0, this
is automatically verified with b = ——) Then there exist a sequence (d,,),>o of nonnegative
numbers and a non-trivial process X such that for every ¢ > 2, the convergence in distribution
_@

n—oo

(exp(d,t)X,(t): t > 0) — X,

holds in the space of My -valued cadlag functions endowed with Skorokhod’s Ji-topology.
Moreover, the dilation coefficients may be chosen as d,, = [ (1 »(1=p1) vn(dp); if so, then X is
the compensated fragmentation process with characteristics (o%,b,v). If we disintegrate v as
in (0.6) and define ¥ by (0.4) (with k :== v({0})), then the compensated fragmentation process

with characteristics (02, b, ) coincides with the (¥, g)-homogeneous growth-fragmentation.

e Condition (0.9) is weaker than the integrability requirement (0.2) for the dislocation
measure of a self-similar pure fragmentation. When the latter fails, the too strong
accumulation of “microscopic” dislocations would instantaneously shatter the mass into dust,
so it must be compensated by a suitable dilation of the fragments. This is of course
reminiscent of the construction of Lévy processes as compensated Poisson integrals. The
analogy is not coincidental [29]: in the same way that Lévy processes characterize infinitely

divisible distributions, processes of the form

Z 6logX,-(t)7 t> 07

i>1
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where X is a homogeneous growth-fragmentation, are called branching Lévy processes because
they identify the random point measures which can be written for any n > 1 as the n-th
generation of some branching random walk. These processes are studied in greater detail
in |29, 28].

0.2 Asymptotics of self-similar fragmentations

Here, we summarize the large-time asymptotics of several quantities related to homogeneous,
self-similar, pure- and growth-fragmentation processes, such as empirical distributions

associated with the fragments and the size of the largest fragment.

0.2.1 Homogeneous fragmentations

The bottom line is that for homogeneous fragmentations, the empirical measure of the

fragments exhibits a log-Normal distribution.

Theorem 0.2.1 (Kolmogorov [74]). Let X be the v-homogeneous fragmentation chain,
with v a probability measure on . N M,. Suppose that Q(1) > 1 and folllogt|3 dQ(t) < oo,
where for t € (0,1], Q(t) = [#{i € N: 0 < s; <t} v(ds). Then as t — oo, the quantity

1 T — ut
SUp | v~~~ 14, ; z —F< >
<X<t>,fo>; o=l o

converges to 0 in probability, where F' is the cumulative distribution function of the standard
Normal distribution, g = Q(1)~! fol logtdQ(t), and 02 == Q(1)7? fol(logt — )2 dQ(t).

Nowadays, Kolmogorov’s theorem should be seen as a version of a central limit theorem
for branching random walks [9, 10, 40]. Applying additive martingale techniques due to
Biggins [39, 41], Bertoin [23] and Bertoin and Rouault [32] then established asymptotics for

possibly infinite dislocation measures:

Theorem 0.2.2 (Bertoin [23], |21, Theorem 1.2]). Let v have support in & with v({1}) =0
and [(1 —p1)v(dp) < oo, and let X be the (0, v)-homogeneous pure-fragmentation process.

Suppose that the cumulant function
Kk(q) = / (Z sl — 1) v(ds), q >0, (0.10)
7 \i>1
has a (necessarily unique) zero w > 0 and that, for some r > 1,

/y <Z 3‘2’) v(ds) < oc. (0.11)

i>1
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Then as t — oo, the empirical measures

D X)) 01 x,y and D> Xi(£)“6 Vi3 o X,(0-1) (0.12)

i>1 i>1

converge in L'(P) to M., d, and M, - o N respectively, in the sense of weak convergence of
measures, where y = k/(w), 02 = £”(w), N is a standard Gaussian random variable, and M,

is the terminal value of the uniformly integrable martingale (X, f,,).

The local central limit theorem for branching random walks (Stone [101], Biggins [41])

specializes to homogeneous pure fragmentations as follows.

Theorem 0.2.3 (Bertoin and Rouault [32]). Let the dislocation measure v, the
homogeneous pure-fragmentation X, and the cumulant function x as above, and suppose
further that v is conservative and non-geometric. Then for every Riemann integrable function

f:(0,00) — R with compact support, there is as t — oo the P-almost sure convergence of

¢ — Vie (@-ax@)1 3 f< Xi(t)e—n’(q)t>

toward )
Ms(q) [ f(y)

qr— dy,
/27TI€//(C]) 0 qurl

locally uniformly in U = {¢ > 0: |k(q)| < oo and ¢r’(q) — k(q) < 0}, where M, (q) is the

terminal value of the uniformly integrable martingale e=**(9(X(t), f,), t > 0.

Asymptotics for the largest fragment X;(t) are also tractable:
Proposition 0.2.4 (Bertoin [23]). Assuming further that U has no empty interior, we have
1 '~
lim - log X (t) = k'(q)
t—oo t
P-almost surely on the non-extinction event {V¢ > 0: X(t) # 0}, where ¢ := sup U.

We show in Chapter 1 that Theorem 0.2.3 and Proposition 0.2.4 also hold when X is
a compensated fragmentation process. Actually, we augment Proposition 0.2.4 by deriving
further asymptotic orders for the largest fragment X; using results that have since appeared

in the literature on branching random walks [3, 100].
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Theorem 0.2.5

Let X be the compensated fragmentation with characteristics (02, b,v) and cumulant

function

1 o0
ﬁ@%z—ff+%q+/n Y pi—1+q1—p)|v(dp), >0

2 2 \i=1
Suppose k(0) > 0, v non-geometric and u(p2 > 0, ) s pl > 1) < oo whenever
k(q) < oo and ¢ < 1. Then:

e The conclusion of Theorem 0.2.3 holds.

o If U:={q>0:k(q) <ooand gr'(q) — k(q) < 0} has no empty interior, then there
exist a constant C* > 0 and a nonnegative random variable D, such that, for every
x>0,

lim P <t3/2‘7 e " (@Dt x, (t) < :z;) = E[e*C*Dm/x} .

t—o00

Moreover, D, > 0 P-almost surely on the non-extinction event.

0.2.2 Self-similar fragmentations

Recall that a self-similar fragmentation process with negative index gets almost surely extinct.
In this section, we summarize asymptotics of self-similar fragmentations when a > 0. As

before, we are interested in empirical measures of the fragments and in the largest fragment.

Theorem 0.2.6 (Bertoin and Gnedin [26]). Let X be the (v, v)-self-similar fragmentation
chain with index a > 0 and non-geometric dislocation measure v on . with () = 1 and
v({0}) = 0. Suppose that

k(q) = /y (; sy — 1) v(ds), q € C,

has a positive root w € (0, 00), and define the random finite measures

pt = ZXz(t>w 6t1/aXi(t)7 t Z 0
i>1
(i) If p = K'(w) < o0, then as t — o0, p; converges in P-mean to a probability
measure po, in the sense of weak convergence of measures. Setting ¢(q) = —kr(q), the

limit p, is uniquely determined by the moments

e ke B (k—l)!
/o v Pl dy) = T &) g T atk = 1))’

k> 1. (0.13)
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(ii) If ¢ == inf{qg € R: K(q) < oo} < w and (0.11) holds for r» = 2, then for every ¢ > 0
and every measurable function f: (0,1] — R dominated by f; .., there is as ¢ — oo the
convergence in L2(P) of (p;, f) toward My, (pso, f), Where M, is the terminal value of the

uniformly integrable martingale (X, f,,).

Example 0.2.7. Suppose v(p; € dz) = 2]1[%71)(90) dz and v(p; +pa =1) =1, so k(q) = }—;Z

withg=—-1<1=w, p=1, and ps is the law of G'/* where G is Gamma(2/a)-distributed.
Consequently, the average density u;(dz) = E[(X(t), fo)] "E[X(t)(dz)] of particles with
size x at a large time ¢ approximately follows the generalized Gamma(t~'/, 1, o)-distribution
E[G=Y*'E[G=Y*,(G/t)"/* € dx]. This is consistent with the observations of Filippov [60];

see also Brennan and Durrett [46].

A similar statement is valid for infinite dislocation measures:

Theorem 0.2.8 (Bertoin [23], |21, Theorem 1.3]). Let X be the («, 0, v)-self-similar pure
fragmentation with index o > 0 and dislocation measure v that is not geometric (i.e., X(t)
is not supported on a set of the form {se™*": k > 1}, for any r,s > 0). Suppose that the
cumulant function (0.10) has a zero w > 0, that (0.11) holds for some r > 1, and that
p = K'(w) < co. Then as t — oo (with the same notations as above), p; converges in L!(P)

toward M, p, in the sense of weak convergence of measures.

Unlike in the homogeneous case, the asymptotic velocity of the largest fragment is not of

exponential order:

Proposition 0.2.9 (Bertoin [23]). Under the assumptions of Theorem 0.2.8,

1 1
lim —— log X;(¢) = ——
Jim gt o8 1t) = ——

in P-probability, conditionally on non-extinction.
In Chapter 1, we extend these last two results to self-similar growth-fragmentations, under

Cramér’s hypothesis (0.8). There, the role of w is played by w_, and p is not given by (0.13),

but rather in terms of the exponential functional of a certain Lévy process.
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Theorem 0.2.10

Let X be the binary («, ¥, 61 )-self-similar growth-fragmentation process with cumulant

function

5(q) = () + /( a—eya), g0

Suppose that Crameér’s hypothesis (0.8) holds. Then for every 0 < ¢ < (w; —w_)/a,
every 1 < p < w;/(w-+ga), and every measurable function f: (0,00) — R dominated

by fa;

lim )~ X, () f (£ Xi(t)) = Moo /Ooo f(Y) poo(dy),  in LP(P),

t—o00
i>1

with M, the terminal value of the uniformly integrable intrinsic martingale (X, f,,_),
and where p., is defined in terms of the exponential functional I = fooo exp (om(t)) dt

for the Lévy process n with characteristic exponent k(- + w_), by

Poo(dy) == — E[I’l;ll/a € dy].

ar(w_)

We might expect that growth have some influence on the speed of decay for the largest

fragment X;. At least in the first order, this is not the case:

Theorem 0.2.11

Under the assumptions and notations of Theorem 0.2.10, suppose further that
A((0,00)) = 0. Then

1 1

lim —— log X (t) = ——

Jim 1ot 108 1(t) = ——

in P-probability, conditionally on non-extinction.

To conclude, we mention another asymptotic result for an empirical measure of particles
which are “frozen” once they fall below some vanishing threshold. Specifically, we can go back
over the construction of X, with the difference that when a particles reaches the interval (0, £]
(which may happen at birth), it is stopped and thus no longer grows, splits, or produces
children. We denote by {xi,s};); the state of the system once all particles have been frozen
below ¢. Note that it does not depend on the index «, since self-similarity only affects the

time when particles get frozen.

Theorem 0.2.12 (Bertoin and Martinez [30], Bertoin [21, Proposition 1.12]). Adopting
either the notations and assumptions of Theorem 0.2.6, or those of Theorem 0.2.8, and

supposing further that w > inf{q € R: k(q) < oo} and (0.11) for some r > 1, the random
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point measures
o0
w
E xl’,E (5%)(1_’57 g > O’
i=1

converge in L'(P) as ¢ — 0 toward M, p, in the sense of weak convergence of measures,

where ¢ is a deterministic probability measure on [0, 1] given by

(/ Z]l{sl@}s v ds)) a/j? 7

i>1

We should also cite Harris, Knobloch and Kyprianou [67] who completed this result by
establishing an almost sure convergence. A statement analogous to Theorem 0.2.12 is proved

in Chapter 1 for self-similar growth-fragmentations.

Theorem 0.2.13

In the setting of Theorem 0.2.10, suppose further that A((O oo)) = 0 and 7 is not
arithmetic, and let {?ng} be the final state of the growth-fragmentation when

particles are frozen below € > 0. Then as ¢ — 0, the random point measure

00

w
PRLA
=1

converges in P-probability to M, ¢, where ¢ is a deterministic probability measure

on [0, 1] given by
o) =2 [ el A (00,2 +4) dady,
0o 0

for f: [0,1] — [0, 00) measurable and A~ the jump measure of the Lévy process 7.

0.3 Self-similar fragmentations as scaling limits

Self-similarity stipulates a scale invariance property in time and space. Self-similar processes
thus naturally “attract” limits of rescaled dynamics. Doubtless the most classical example is
that of Brownian motion, which as proved by Donsker [53] is the continuous limit of rescaled
random walks with finite variance. A few years later, Lamperti 78| fully characterized all
real Markov processes that arise as weak limits of suitably normalized processes (so called
scaling limits). Among these, and besides Brownian motion, are notably stable processes,
stable Lévy processes, Bessel processes, stable Lévy processes conditioned to stay positive,

etc. For more recent results on self-similar Markov processes, see the survey [92].
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Haas, Miermont, and al. [86, 65, 87, 66, 63| have investigated scaling limits in (pure)
fragmentation theory. Mainly, they derive general conditions under which discrete branching
mechanisms converge (after suitable renormalization) to self-similar pure fragmentations.
This convergence is stated within the realm of random trees, in terms of natural genealogies
associated with the fragmentation processes, where fragments are respectively linked to the

particle they originate from by an edge whose length is proportional to their lifetime.

To fix ideas, imagine a discrete fragmentation as pictured in Figure 0.4a with the following
mechanism. Each cell, say with integer size k, may independently of the other cells divide into
daughter cells with respective sizes k; > --- > k, > 1 forming a random integer-partition®
of k, which we can write k- p for a certain mass-partition p € & whose law we denote g,. To
ensure finiteness of trees, we suppose that g,(1) < 1 for every k > 1, so cells repeatedly divide
(conservatively) into eventually two or more daughter cells until only cells with size 1 remain,
which are then stopped at a geometric rate. Let 7 stand for the random tree with n leaves
obtained when the initial cell has size n. We ask whether 7 admits a non-trivial limit of
the form 7™ /a, — T for some scaling sequence (a,),>o of positive numbers, where by
T™ /a, we mean that the branch lengths of 7 are divided by a,. Note that self-similarity
for the limit 7 implies that (a,),>0 must be regularly-varying with some index —a € R, i.e.,

we assume that amﬂ/an tends to 7 as n — oo, for every x > 0.

Theorem 0.3.1 (Haas and Miermont [63]). Suppose a < 0 and “macroscopic” fragmentation

events are rare, in the sense that there is as n — oo the weak convergence of finite measures

an(1 = p1) Gu(dp) = (1 — p1) v(dp),

for some dislocation measure v on & with v({1}) = 0 and [,,(1 — p1) v(dp) < oco. Then
T /a,, converges in distribution as ¢ — oo toward the genealogical tree T associated with

the (o, v)-self-similar pure-fragmentation.

The self-similar fragmentation tree T at the limit belongs to the class of continuum random
trees as first introduced by Aldous [5, 4, 6]. Technically, 7™ and 7T are viewed as a compact
metric space which we can basically embed in /!(N) by gluing together closed segments with

variable lengths, and the above convergence holds in the Gromov—-Hausdorff topology [59].

In Chapter 2, we consider Markov branching trees which incorporate growth, so that
cells may not only split but also grow. For simplicity, we focus on binary fragmentations
as illustrated in Figure 0.4b. The Markovian structure allows us to encode such a tree by a

probability kernel (ppm)nm>0 on N with the following interpretation: with probability py, .

Smore precisely, ki + - - - + k, = k except possibly for k = 1, where r = 0 means that the cell is killed.
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Figure 0.4b. A discrete growth-fragmentation tree (growth in bold).

each cell with size n grows either larger (m > n), or smaller (n/2 < m < n), and in the latter
case an independent daughter cell with initial size n — m is born. Our purpose is to find
conditions on p,, ,, for n — oo such that the tree constructed in this way looks (after rescaling)
like the genealogical tree corresponding to a self-similar growth-fragmentation process. This
will again be a continuum random tree; we refer to Rembart and Winkel [98] for a description

using a contraction method.

One major difference induced by growth is that the system may be subject to explosion.
To prevent this, we require that cells cease to evolve when they become too small, which we

enforce mathematically by setting p,,,, := 1 for n < M and some constant threshold M that
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will be fixed accordingly”. We let X denote the resulting tree rooted at a cell with size n
and X(”)(k) the non-increasing rearrangement of the cells’ sizes at height £ > 0 in X, and

we consider as before a regularly-varying sequence (ay),>o with index —a.

Theorem 0.3.2

Let a < 0, and suppose there exist ¢ > —a and a Lévy process diverging to —oo, whose

characteristic exponent and Lévy measure we respectively denote W and A, such that
m

> it
vVt € R, rllljlolo an, Z:lpmm {<Z> — 1] = U(it),

o
m\da
limsup ay, Z T (z) < 00,

n—oo
m=2n

o+ [ (1-e)a) <o
(70070)
and for some ¢ > 0,

m

n—1
q—e
lim a, Dnom (1 — —) = / 1—eY)77° A(dy).
e mz:; n (—oo,o>< Sl

Then we can fix M sufficiently large so that as n — oo, the process

(3 X0 (lant)): 12 0)

converges in distribution to the binary («, W, d7)-self-similar growth-fragmentation Y,
in the sense of My-valued cadlag processes. Furthermore, there is the convergence in
distribution X /a,, — Y for the corresponding random trees seen as compact metric

spaces.

One motivation for Theorem 0.3.2 stems from the evidence that growth-fragmentations
arise quite naturally in statistics of random planar objects, for instance Boltzmann
triangulations [25, 24|. Consider a random triangulation of the n-gon which, given the
number of internal vertices, is picked uniformly at random. Revealing (i.e., conditioning on)
the faces at distance at most r > 1 from the boundary, the unexplored areas are independent
Boltzmann triangulations; we let X(")(r) denote the family of the lengths of their boundaries
ranked in the non-increasing order — see Figure 0.5. It is proved in [25] that (X (r)),>1

admits as n — oo a scaling limit toward a self-similar growth-fragmentation process.

"We stress that the process depends on the threshold M, even though this dependency does not appear
in the subsequent notation.
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d

Figure 0.5. The ball of radius 2 in this random Boltzmann triangulation of the 7-gon
displays three holes (in white) with perimeters 5, 4, and 1: X(7(2) = (5,4,1,0,...).

0.4 Fragmentation equations

In this section, and in Chapter 3, we consider a simpler model of growth-fragmentation
where, essentially, particles grow deterministically and thus randomness only occurs in the
fragmentation process. We further drop the assumption of self-similarity, so the rate at which

a particle grows or splits may depend on its size in a fairly general manner.

Specifically, suppose there is an average density of u(t,x) particles around size z and
time ¢. If particles with size x grow at rate 7(x) and fragmentate at rate B(z) in a
conservative way, which means that fragments with size y < z occur at rate b(x,y) such

that [yb(z,y)dy = xB(x), then u solves the (linear) growth-fragmentation equation

%u(t, ) + (%(T(:L’)u(t, z)) + B(z)u(t,z) = /:O by, z)u(t,y) dy. (0.14)

This equation is often subject to initial and boundary conditions, such as u(0,x) = ug(z)
and u(t,0) = 0. When the measure of particles is not necessarily given by a density (through

the expression yu(dz) = u(t, z)dx), one may instead of (0.14) analyze the weak formulation

Ot ) = (pes Af), (0.15)

for appropriate test-functions f: (0,00) — R, where the operator A is defined by

Af(z) = / F(y) bl y)dy — B(a)f(x).

We shall call (p)i>0 a solution if (0.15) holds for all £ > 0 and f in the domain D(A) of A.
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Self-similarity, mirroring the random self-similar growth-fragmentations of the preceding
sections, is achieved here by setting 7(z) = x%c(z), B(x) = 2%, and b(z,y) = z*'0(¥).
In particular, the self-similar fragmentation model with uniform binary splitting (Eq. (0.1))
corresponds to ¢ = 0 and # = 2. More generally, the self-similar pure-fragmentation equation
with possibly erosion (¢(x) := cx with ¢ < 0) has been studied by Haas [62]. Bertoin and
Watson [35], and Doumic and Escobedo [55] considered the self-similar growth-fragmentation

equation with linear growth (c(z) := cx with ¢ > 0).

Under fairly general regularity assumptions on 7, b, and B (see for instance [95] or |96,
Theorem 4.3]), the growth-fragmentation equation admits a unique solution (in a sense to
be specified), and one sometimes may ascertain the time asymptotic behavior. Namely, the
global exponential rate and the asymptotic profile of the solution appertain to an eigenvalue
problem for the operator A [54], and under the existence of a spectral gap the rescaled solution
converges exponentially fast toward the asymptotic profile |94, 79, 47, 13]. The literature
we just cited covers these questions via analytic techniques, e.g. entropy methods [85] or

splitting of operators [88].

A deeper probabilistic treatment has however been developed recently by Bertoin and
Watson [34, 36, 20|. In few words, they connect the eigenproblem to the ergodicity of a

certain Markov process (X, (P,)z~0) whose infinitesimal generator G is similar to A:
1
01(+) = TAF(@) - la) = 1(0)' @)+ [ (50) = F(&) L),

with the notation g(z) := zg(x) and g(x) = 2 'g(z) for any function g: (0,00) — R. Their

results are summarized below.

Theorem 0.4.1 (from Bertoin and Watson [34]). Suppose that X is irreducible, i.e., the
hitting time H, = inf{t > 0: X; = y} is not P,-a.s. infinite for all z,y > 0, and that
the maps = +— <b(z,-) from (0,00) to L'(dy) and 7: (0,00) — (0,00) are continuous and
bounded. Then A is the infinitesimal generator of a unique positive, strongly continuous
semigroup (7;);>0 on Cp == {f: (0,00) — R continuous with f bounded}, and the solution
to (0.15) subject to ug = 6, is given for every t > 0 and f € C, by the Feynman-Kac formula

(1) = Tif ) = B, [FCX0E]. where &= exp [ 7)),

Furthermore, defining the Laplace transform L, ,(q) = E,[e” W&y, H(y) < ool ¢ € R,

the parameter
A =inf{qg € R: Ly 4,(q) <1} (0.16)

does not depend on xy > 0, and:
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Liyay(N) =1 and L . () > —o0, (0.17)

Z0,Z0

is fulfilled for some (then all) xy > 0, then for every f with compact support

lim ey, f) = (v, f)h(2), (0.18)
where
h(x) == 2Ly, (\) and v(dz):= de x> 0. (0.19)

h(w)r(@)| L, (M
(b) If instead of (0.17) holds the the stronger condition

Ly 2 (q) < oo for some g < A and xy > 0,

then the convergence (0.18) occurs exponentially fast.

Eq. (0.18) is referred to as a Malthusian behavior. In [36], Bertoin and Watson linked the
solution (pt)i>0 to the growth-fragmentation equation (0.15) to the intensity measure of a
growth-fragmentation process (Z(t): t > 0), namely (i, f) = [ po(dz)E,[(Z(¢), f)] for all
t >0and f: R — [0,00) measurable.

Theorem 0.4.2 (Bertoin and Watson [36]). Under the main assumptions of Theorem 0.4.1,
and
limsup7(z) <A and limsup7(z) <A, (0.20)

z—0+ T—00

with A defined by (0.16), the process Z exhibits strong Malthusian behavior: for all x > 0
and continuous function f: (0,00) — R with f = O(h), one has

lim e ™ (Z(t), f) = (v, f) Wa,  in L}(P,),

t—o00

where W, is the limit of the uniformly integrable martingale W; := e=*(Z,;, h), t > 0, and
the pair (h,v) is given by (0.19).

Condition (0.20) implies A > 0 and [20, Theorem 2] is a stronger requirement than (0.17).

Many models in natural science are concerned with open systems. As such, one may
for instance want to take into account the introduction of new particles coming from the
environment. Perhaps the simplest kind of immigration is when individuals arrive at a
constant rate independently of the current population. This situation is described by the

equation (compare with (0.15))

Oulies f) = (. AS) + / 1(dy) £(y), (0.21)
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where I is a measure on (0,00) (called the immigration measure). Haas [61] investigated a
self-similar pure-fragmentation with immigration equation like (0.21) where 7(z) = —cx®*!
for « € R and ¢ > 0. She discussed the equilibrium between fragmentation and immigration
and gave the expression of the unique stationary solution when equilibrium happens. In

Chapter 3, we look at the same problem but for positive 7 (growth), in the setting of [34].

Theorem 0.4.3

We take the same assumptions and notations of Theorem 0.4.1.(a), and we suppose
further that m := (I, fi) < oo and (I, h) < co. Then the growth-fragmentation with
immigration equation (0.21) admits a unique solution (i),5, started from py = 0,

and for every continuous function f: (0,00) — R with compact support,
v, f) (h(z) + (I, h)) +o(eM), if A>0,
(ui, f) = § v, FYU, B) + o(1), if A <0,
(v, ) (h(a:) +t(I, h)) + o(t), it A\ =0.

Further, we can relate u} to the intensity measure of a so called growth-fragmentation

with immigration process (Z;: t > 0), which when (0.20) holds also exhibits a strong

Malthusian behavior.

\. J

Informally, Z* is the superposition of Z together with independent copies of Z immigrating

at rate I.

One can imagine a second kind of immigration where each individual in the current population

independently attracts new immigrants. Then the system is instead ruled by the equation

O, ) = (e, A ), (0.22)

where A* := A+ (I,-). This situation is briefly discussed in Chapter 3.






Asymptotics of self-similar
growth-fragmentation processes

This chapter is a reproduction of the article [/]9].

Markovian growth-fragmentation processes introduced in [18, 19| extend the pure-
fragmentation model by allowing the fragments to grow larger or smaller between
dislocation events. What becomes of the known asymptotic behaviors of self-similar pure
fragmentations |23, 26, 30, 32| when growth is added to the fragments is a natural question
that we investigate in this paper. Our results involve the terminal value of some additive
martingales whose uniform integrability is an essential requirement. Dwelling first on
the homogeneous case [18], we exploit the connection with branching random walks and
in particular the martingale convergence of Biggins [39, 41] to derive precise asymptotic
estimates. The self-similar case [19] is treated in a second part; under the so called Malthusian
hypotheses and with the help of several martingale-flavored features recently developed

in [24], we obtain limit theorems for empirical measures of the fragments.

1.1 Introduction

Fragmentation processes are meant to describe the evolution of an object which is subject
to random and repeated dislocations over time. The way the mass is spread into smaller
fragments during a dislocation event is usually given by a (random) mass-partition, that is

an element of the space

9:{p:(meN)iplZng---ZO and Zpiél}, (1.1)
i=1
where the total mass need not be conserved, i.e. a positive proportion 1 — > ., p; may
disintegrate into dust. The first probabilistic models of fragmentations go back at least
to Kolmogorov [74]. Roughly, Kolmogorov imagined a discrete branching system in
which particles get fragmented according to a conservative distribution v on & and in a
homogeneous manner, that is to say the rate at which a particle splits does not depend
on its mass. Under this essential assumption of homogeneity, Kolmogorov showed that a
simple rescaling of the empirical measure of the logarithms of the fragments converges with
probability one toward the Gaussian distribution. Later, a student of his, Filippov [60]

investigated mass-dependent dislocation rates and more precisely the self-similar case, in

29
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the sense that a particle with size m splits at speed m® for some fixed constant o € R (the
homogeneous case then corresponds to o = 0). Most notably he discovered a limit theorem
for a weighted version of the empirical measure of the fragments when a > 0. The special
but common binary situation, where particles always split into two smaller fragments, has
been emphasized by Brennan and Durrett [45, 46|, and later reconsidered by Baryshnikov
and Gnedin [16] in some variant of the car packing problem. Further extensions and other
asymptotic properties in the non-conservative case have also been derived by Bertoin and

Gnedin [26] by means of complex analysis and contour integrals.

In the 2000s (see [21, Chapters 1-3| for a comprehensive summary), Bertoin extended
and theorized the construction of general fragmentation processes in continuous time. In
particular the dislocation measure v need no longer be a probability distribution, as there is

only the integrability requirement

/ (1 - p1) v(dp) < . (1.2)
4

While permitting infinite dislocation rates (so infinitely many dislocation events may
occur in a bounded time interval), this condition prevents the total mass from being
immediately shattered into dust and leads to a nondegenerate fragmentation process X(t) :=
(X1(t), Xa(t),...), t > 0, with values in &. When a = 0, fragmentation processes can
be related (via a simple logarithmic transformation) to branching random walks, for which
fruitful literature is available, see e.g. the works of Biggins and Uchiyama [39, 102, 41],

and [100]. Especially, additive martingales, which are processes of the form

3 X4(t) Ry Xit),  t>0, (1.3)

for some parameter ¢ > 0, play a key role and the question of their uniform integrability

E

inquired by Biggins has successfully led to the asymptotic behavior of homogeneous
conservative fragmentations |31, 32]. More generally, in the self-similar case, some specific
so called Malthusian hypotheses guarantee the existence of an intrinsic martingale associated
with the fragmentation and whose convergence again yields many interesting asymptotic
results. Among others the results of Kolmogorov and Filippov have been revisited [23],
applying known statistics of self-similar Markov processes to the process of a randomly tagged

fragment.

More recently, Bertoin [18, 19| introduced a new type of fragmentation processes in
which the fragments are allowed to grow during their lifetimes. We expect that most of the
aforementioned asymptotic properties extend to these growth-fragmentation processes, and it

is the main purpose of the present work to derive some of them. We shall first give a bit more
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description and explain why our task is not completely straightforward. Like in the pure (i.e.
without growth) setting, we are interested in the process which describes the (sizes of the)
fragments as time passes. For homogeneous growth-fragmentations, namely the compensated
fragmentations of [18], the basic prototype is simply a dilated homogeneous fragmentation,
that is a pure homogeneous fragmentation affected by a deterministic exponential drift.
However, there exist much more general compensated fragmentations, where the dislocation

measure v has only to fulfill
| (1= vip) < o, (1.4)
P

so that the process is nondegenerate and can still be encoded at any time by a non-increasing
null sequence. Condition (1.4) is weaker than the necessary and sufficient condition (1.2) for v
to be the dislocation measure of a homogeneous fragmentation, and both are reminiscent
of those concerning the jump intensities of Lévy processes, respectively subordinators.
Incidentally, it was the main motivation of [18] to establish that, just like the Lévy-Ito
construction of Lévy processes in terms of compensated Poisson integrals, compensated
fragmentations naturally arise as limits of suitably dilated homogeneous fragmentations |18,
Theorem 2|. Though asymptotic properties of pure homogeneous fragmentations immediately
transfer to the dilated ones, extending them to general compensated fragmentations would
correspond to interchanging two limits, which does not seem obvious at first sight. This is
without to mention the self-similar case, that is for the growth-fragmentations in [19], where

things look even more complicated.

There, and unlike the compensated fragmentations which are constructed directly as
processes in time, the self-similar cell systems are rather built from a genealogical point of
view: roughly, the (size of the) mother cell evolves like a Markov process on the positive
half-line where each negative jump —y is interpreted as a splitting event, giving birth to a
daughter cell with initial size y and which then grows independently of the mother particle
and according to the same dynamics, i.e. producing in turn granddaughters, and so on.
Bertoin focused in particular on the situation where the associated growth-fragmentation
process X = (X(t), ¢ > 0), that is the process recording the sizes of all alive cells in the
system, fulfills a self-similarity property, namely when there exists a € R such that for
each x > 0, the process (zX(z%t), t > 0) has the same law as X started from a cell whose
initial size is x. In the homogeneous case a = 0, these growth-fragmentations correspond
to the compensated fragmentations of [18] for which the dislocation measure is binary, see
[19, Proposition 3|. In the self-similar case a < 0, they have been proved to be eventually
extinct [19, Corollary 3|, an observation which was already made by Filippov [60] in the

context of pure fragmentations.
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Both for homogeneous and for self-similar fragmentations, the additive martingales (1.3)
and more precisely their uniform integrability have turned out to be of greatest importance
in the study of asymptotic behaviors. We stress that sufficient conditions to this uniform
integrability appear less easily for growth-fragmentations, as they non longer take values in

the space of mass-partitions Z.

Our work is organized in two independent parts. In Section 1.2, we deal with
the homogeneous case @« = 0 in the slightly more general setting of compensated
fragmentations [18]. With the help of a well-known theorem due to Biggins [41] and by
adapting arguments of Bertoin and Rouault [32], we prove the uniform convergence of
additive martingales from which, in the realm of branching random walks, we infer precise
estimates for the empirical measure of the fragments and the asymptotic behavior of the
largest one. This part can be viewed as an application to the study of extremal statistics in
certain branching random walks, see e.g. the recent developments by Aidékon [2|, Aidékon
et al. [1], Arguin et al. [7] and Hu et al. [68]. The self-similar case is considered in Section 1.3
within the framework of [19]. Relying on recent results in [24] and in particular on the
uniform integrability of the Malthusian martingale, we establish for @ > 0 the convergence
in probability of the empirical measure of the fragments and that of the largest fragment.
In a concluding section we also address the convergence of another empirical measure where

fragments are stopped as soon as they become smaller than a vanishing threshold.

1.2 Compensated fragmentations

1.2.1 Prerequisites

Recall the space of mass-partitions &2 defined in (1.1) and denote by &7, the subspace
of mass-partitions p = (p1,0,...) € & having only one single fragment p; € (0,1]. A
compensated fragmentation process Z(t) == (Z1(t), Za(t),...), t > 0, is a stochastic process
whose distribution is characterized by a triple (02, ¢, v) where 0% > 0 is a diffusion coefficient,
¢ € R is a growth rate, and v is a nontrivial measure on & \ {(1,0,...)} such that (1.4)
holds. It can be seen as the decreasing rearrangement of the exponential of the atoms of a
branching process in continuous time. Namely, the process giving the empirical measure of

the logarithms of the fragments at time ¢,

Zt = Z 5logZi(t)7
=1

is called a branching Lévy process in [18], to which we refer for background. In the basic case

where v(Z \ &) < oo, i.e. the fragmentation rates are finite, Z is a generalization of the
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branching random walk in continuous time introduced by Uchiyama [102|: more precisely,
Z is a branching particle system in which each atom, during its lifetime, is allowed to move
in R independently of the other atoms and according to the dynamics of a spectrally negative

Lévy process! n with Laplace transform

Elexp(qn(t))] = exp(ty(q)), t>0,¢>0,

where under (1.4) the Laplace exponent?

w@wzéa%%+<ayémyu—pgumm)q+K;@€—1+m1—m»vmm (1.5)

is finite for all ¢ > 0. In words, when v(Z? \ &) < oo, the system can be described as
follows. It starts at the origin of space and time with a single particle which evolves like 7.
Each particle dies after a random exponential time with intensity v(2? \ &), giving birth
to a random family of children (7;,7s,...) whose initial position (Aay, Aas,...) relative to

Aa Aa
et )

the mother particle at its death is such that (e has the conditional distribution

v(- | P\ ).

In the general situation where the dislocation rate v(Z?\ &) may be infinite, the construction
is achieved by approximation from compensated fragmentations with finite dislocation rates,

using a monotonicity argument (see |18, Lemma 3] recalled in the proof of Proposition 1.2.8
below).

Let us denote by
p(dr) = E[Z'(dz)] (1.6)

the mean intensity of the point process Z!, so that

mi@) = [eu(da), gz 0
is the Laplace transform of p. An important fact (cf. [18, Theorem 1|) is that, for every ¢t > 0

and every g > 0,

m(q)' = E = exp(tr(q)), (1.7)

PRAC

!That is a cadlag stochastic process with stationary and independent increments which has only negative
jumps. The results of this section could be quite straightforwardly adapted to also handle positive jumps in
the particle motions; we shall however not do so as this would burden the expository and was anyway not
considered in [18].

*Formula (1.5) is designed in such a way that if 0> = 0, ¢ = 0, and D = [,,(1 — p1) v(dp) < oo, then Z
simply is a pure homogeneous fragmentation X with dislocation measure v affected by a dilatation with
coefficient D, i.e. Z(t) = eP*X(t), t > 0. In this case 7 is a compound Poisson process with jump measure
(logp1) V|2, (dp) and drift D, but we stress that 1/(¢) < oo holds in greater generality, namely under (1.4)
and v(Z \ P1) < co. See [18] for details.
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where
1 [e.e]
K(q) = 502q2 +cq + / (pr —1+4q(1- p1)> v(dp)
Z \i=1
defines a convex function x: [0,00) — (—00,00]. We mention that under v(Z? \ &) < o,
there is the identity

o

K(q) =w<q>+/y\% <Z

i=1

P — 1) v(dp), ¢>0. (1.8)

As we shall explain in the forthcoming Lemma 1.2.7, the first summand describes the motion
of a particle, while the second outlines the branching mechanism. In better words, & is
merely the log-Laplace transform of the cloud of particles at first generation (i.e. after the
first branching event), which is a key feature of branching random walks.

Since under (1.4),
Pl =1+4q(1—p)=0((1-p)°)

is integrable with respect to v, we easily observe that, if we set

(_]::inf{qz():/f(q)<oo}:inf{q20: / Zp?u(dp)<oo},
P\NP1 =2

then x takes finite values and is analytic on the open interval (¢,00). Note that (1.4) also

implies £(2) < 00, so ¢ < 2. Let us introduce the subspace

o
(4 = {z:: (21,22,...)1 212 29 > +-- >0 and ZZ?<OO}

i=1

of the space ¢? of g-summable sequences endowed with the distance ||z—z'||}, == >~ |z —=2]|%
We also denote ¢+ the space of bounded, non-increasing sequences of nonnegative real
numbers endowed with the uniform norm || - |;c. We see by (1.7) that the compensated
fragmentation Z = (Z(t), ¢t > 0) is a {%-valued process for every g € (g, 00|, and in particular
for ¢ = 2. Further if z := (21, 25,...) is in /2 and ZIY, Z® . are independent copies of Z,
then the process of the family (szl-[j] (t), 4,7 € N), t > 0, rearranged in the non-increasing
order is again in ¢*, and we denote its distribution by P,. It has been proved in [18| that
(Z, (P,),ee) is a Markov process which fulfills the so called branching property: for all s > 0,
the conditional law of (Z(t + s));>0 given (Z(r))o<r<s is Py, where z = Z(s). Without loss
of generality we shall assume in the sequel that the fragmentation starts with a single mass

with unit size, i.e. P =P, ).
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Equation (1.7) and the branching property yield an important family of additive

martingales. Namely, the R-valued process
M(t; q) = exp(— ZZQ t>0, (1.9)

is a martingale for every ¢ € (g,00). As a first consequence [18, Proposition 2|, the
compensated fragmentation Z possesses a cadlag version in ¢2*, that is a version in the
Skorokhod space D([0,00),¢*) of right continuous with left limits, ¢*-valued functions.

Working with such a version from now on, Z has actually cadlag paths in (% for every
q € (g, 0.

Proposition 1.2.1. Almost surely, for every g € (g, 00|, Z has cadlag paths in (%

Proof. Recall that || - [|,# < || - [« whenever ¢ < ¢’ < co. Since Z has cadlag paths in ¢
it has in particular cadlag paths in £+, Let (g, k¥ € N) be a sequence decreasing to q, and
define

TW = inf {t >0: M(t;q,) >m} = inf {t >0: |Z(t)|| %, > me™ )}

for k,m € N. Applying Doob’s maximal inequality to the martingale (1.9) we have that
almost surely, for all k € N, o 1 00 as m — co. Thus, almost surely, for every ¢ € (g, o0]
and 7" > 0 we can find a & € N such that ¢ < ¢; < ¢ and then a m € N such that T < T,(,f),

whence

1Z(t) — Z(s)|7 < [|Z(t) — Z(s)|7" [|1Z(t) — Z(s) |7
< m, 21tk (1 _i_eTff)n(qk)) Hz@) ( )Hq a

for all 0 < s,t < T. The fact that Z has cadlag paths in />* completes the proof. n

We first would like to extend to the compensated fragmentation Z the asymptotic results
obtained by Bertoin and Rouault [31, 32| for pure homogeneous fragmentations. They
strongly rely on the work of [39, 41] about the uniform integrability of additive martingales.
Essentially, the martingales (M (t; ¢)):>o will be uniformly integrable if ¢x’(q) — k(g) < 0 and
M(1;q) € L(P) for some v > 1. With this in mind, let us introduce

q = sup {q > q: qr'(q) — k(g) < 0}.

First note that ¢ < oo, because

[e.o]

qr'(q) — K(q) = %Uch + [@(1 —pi(1 —logp})) v(dp) — /@\gz Zp?(l — log p{) v(dp),
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which, by Fatou’s lemma, is at least v(Z?) as ¢ — oo. Second, we have ¢ > ¢ as soon as

qr'(q) — k(g) < 0 for some ¢ > 0 such that k(q) < oo (e.g. for ¢ = 2), which is realized when

oo

1
[t tonyvian) = (500 + [ 0= vian) )
P\NP1 = P
We distinguish two different regimes for the function ¢ — k(q)/q:

Lemma 1.2.2. The function g — k(q)/q is decreasing on (¢, ) and increasing on (g, 00).

Further, gx'(q) = x(g) when g > q.

In the context of branching random walks, the value «/(g) is the asymptotic velocity of the

maximal displacement log Z;(t); see Figure 1.1 and Section 1.2.3.

k(q) k(q) k(q)

q q q q

a. Positive velocity. b. Positive velocity. c. Positive velocity.

Figure 1.1. The cumulant function &, the points ¢, g, and the velocity x'(q) = x(q)/q.

Proof. On the one hand,

dgq {ﬁ;q)} _ qn’(tz)q; rg)

On the other hand, the map ¢ — ¢x'(¢q) — (q) is increasing on (g, 00) since & is convex, so

it has at most one sign change, occurring at g if ¢ > g. -

Our main result provides sufficient conditions for the convergence of the martingales
(M(t; q))e>0 uniformly in ¢ € (g, q), both almost surely and in L'(P). Most of the coming
section is devoted to a precise statement and a proof. As consequences, we ascertain the
convergence of a rescaled version of the empirical measure Z* and in Section 1.2.3 we expand
on the asymptotic behavior of the largest fragment. One last application is exposed in
Section 1.2.4.
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1.2.2 Uniform convergence of the additive martingales

In the remaining of Section 1.2 we will make, in addition to (1.4), the assumption that the

dislocation measure v fulfills
x(0) € (0, 0], (1.10)

and, for all ¢ < ¢ <1,

V\o\ 2, (Zpg < 1> < 0. (1.11)

i=1
Condition (1.10) holds e.g. when v(py > 0) > v(p; = 0) and merely rephrases that the mean
number p(R) = m(0) of offspring of particles is greater than 1, i.e. the branching process Z
is supercritical. This implies that the non-estinction event {Vt > 0, Z;(t) > 0} occurs with
positive probability. Condition (1.11) is just a minor technical requirement for the possible
values ¢ < 1 and is fulfilled in many situations: when ¢ > 1, when v(Z\ ;) < oo, or more
importantly when the measure v is conservative, i.e. 2221 p; = 1 for v-almost every p € Z.
Observe also that in the conservative case, ¢ < 1 is possible only if (1.2) holds, i.e. Z is

essentially a dilated pure fragmentation.

We may now state:

Theorem 1.2.3.  Suppose (1.10) and (1.11). Then the following assertions hold almost

surely:

(i) On (q,q), M(t;-) converges locally uniformly as ¢ — oo. More precisely, there exists
a random continuous function M (oo;-): (¢,q) — [0,00) such that, for any compact
subset K of (g, q),

lim sup |M (t; q) — M (o0; q)| = 0,

t—oo geK
and this convergence also holds in mean. Furthermore for every ¢ € (g, q), M(o0;q) > 0

conditionally on non-extinction.

(i) For every q € [g,00),
lim M(t;q) = 0.
t—o0

As a first important consequence, we derive uniform estimates for the empirical measure of
the fragments, which echo those determined by Bertoin and Rouault [32, Corollary 3|. We
shall assume here that the mean intensity measure p in (1.6) is non-lattice, in that it is not

supported on rZ + s for any » > 0, s € R.
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Corollary 1.2.4. Suppose (1.10), (1.11), and g non-lattice. Then for any Riemann integrable
function f: (0,00) — R with compact support and for all compact subset K of (g, q),

. (st@-av' (@)t o L M(oosq) [ f(y)
1 t ( (9)—q (Q))t Zi(t) e " @) = d
Pt Vie ; f( (t)e ) V2mk"(q) Jo o yitt Y

uniformly in ¢ € K, almost surely.

Remark 1.2.5. We stress that condition (1.11) is unnecessary if we only deal with ¢ > 1.
In particular it may be removed from the above statements provided that we replace g by
qV 1.

Before proving these two results, let us give a quick summary on the sizes of particles
in a compensated fragmentation. On the one hand, it is easy (see e.g. [21, Corollary 1.4])
to derive from Theorem 1.2.3.(i) that in the first order, the largest particle Z;(t) evolves
like e @t as t — o0, and we will have a look at the second and third asymptotic orders
in Section 1.2.3. On the other hand, Corollary 1.2.4 provides the local density of particles at
intermediate scales: if £'(q) < a < £'(q) and k*(a) = k(q) — q+'(q) for £'(¢) = a, then

. ]- . at—e at+¢€ *
tlggloglog#{zEN:et < Zi(t) < et} = k*(a)

for every € > 0, almost surely (just take f(z) := 1_.(log ) above). Lastly, we shall observe
in Section 1.2.4 that fragments at untypical levels a > £/(q) appear with a probability that
is roughly of the same order as their expected number (Corollary 1.2.13.(ii)).

Theorem 1.2.3 is essentially a version of a theorem of Biggins [41] in the context of
compensated fragmentations. In this respect, one important requirement to derive part (i)

is that E[M(1;¢)"] < oo for some v > 1. We start with a lemma controlling the finiteness of

W= / 1= ni

Lemma 1.2.6. Let ¢ > ¢ and suppose either (1.11) or ¢ > 1. Then W) < oo for some
v € (1,2].

o

v(dp).

Proof. Suppose first ¢ > 1. Then for v := 2 and for all p € &2,

0o 2
0< (1 - Zp?) <(1-p))P < (1-p)
i=1



1.2. COMPENSATED FRAGMENTATIONS 39

(the last inequality resulting from the convexity of z +— x9), so Wf , < o0 by (1.4). Suppose
now ¢ < 1. Then

Woa S Voo (Zp? < 1) +/9,\] (£ 1) (Zpl - 1) v(dp).

=1
Under (1.11), W), is finite as soon as the latter integral is finite. But by Jensen’s inequality,

the integrand is bounded from above by

1S9 Y o0
pip?_1> < N pteh

which is v-integrable if 1 +~v(¢—1) =¢— (v — 1)(1 — ¢q) > ¢, i.e. provided v € (1,2] is close

enough to 1. n

We then derive an upper bound for E[M(t; q)7] in terms of W :

Lemma 1.2.7. Suppose that (& \ &) < co. Then for every ¢ € (¢,00), v € (1,2] and
t>0,

E[M(t;q)"] < ¢ W), f(t,¥(vq) = v(a). k(va) — vx(q)), (1.12)
where ¢ is given by (1.5), f(¢,z,y) == (e" —e")/(x—y), and ¢, is a finite constant depending
only on 7.

Proof. Lemma 2 in [18] states that the branching Lévy process Z can be obtained by

superposing independent spatial Lévy motions to a “steady” branching random walk.
Specifically, for each t > 0,

Z(t) L (M Xy (1), ™ Xs(1),...),

where X (t) = (X1(t), Xa(t),...) are the atoms at time ¢ of a homogeneous fragmentation X
with dislocation measure vjz\ », and (f3;);en is an independent sequence of random variables
with Laplace transform Elexp(¢f;)] = exp(t¥(q)), ¢ > 0. Applying Jensen’s inequality and

conditioning on X(¢) produce

R N T e R N A COIRY
: (EZ”“) ] il E-(?J‘“) (Zz X%w) ]

<E (in(t)) _ iewﬁfxf(t)

(ZXQ )W] (1.13)

= exp(t¥(7q))
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We now recall from [23] (see the proof of its Theorem 2) how to estimate the latter

o(q) = /y\y (ZP? - 1) v(dp) < oo,

=1

expectation. Denoting

the process
N(t;q) = exp(—to(q)) ZXf(t), t >0, (1.14)
i=1

is a purely discontinuous martingale. It is then deduced from an inequality of Burkholder—
Davis—Gundy that
E[N(t;q)"] < &, E[V7(5; q)],

where ¢, < oo is some constant, and V7 is the y-variation process of N:

Vitig) = 3 IN(siq) = N(s—q)[".

0<s<t

Since in this setting
.

IN(s;9) = N(s—:q)|" = exp(—s7¢(q)) X (s—)

)

1—§:p§’
=1

(s,p,k) € (0,t] x & x N being the atoms of a Poisson random measure with intensity

dt @ v\ », ® 1, it follows that V7 has predictable compensator

(/@\% Zl 1 —pf V(dp)) /0 exp(—s76(q)) ZZIX?‘](S) ds,
and therefore
E[N(t;q)] < ¢, W), f(£,0,0(vq) — v¢(q)). (1.15)

Now recall (1.9), (1.14) and the identity ¢(q) + ¥(q) = k(q) already observed in (1.8).
Multiplying (1.13) by e=*"(® and then reporting the bound (1.15), we end up with

E[M(t;q)"] < ¢, W), f(t, 0 (vq) — v(q), s(vq) — v&(q)),

as desired. -

Putting the previous results together now yields:

Proposition 1.2.8. Let ¢ > ¢ and suppose either (1.11) or ¢ > 1. Then there exists
v € (1,2] such that M (t;q) € L?(PP) for all ¢ > 0.
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Proof. By Lemma 1.2.6 we can choose v € (1,2] such that W] < oco. Let us first assume
V(P \ P) < 00, so that we may apply Lemma 1.2.7. Note that

V(vq) —v(q) = %UQ(V —1)vg* + / (p{* —pf +v—1)v(dp),
P

with
0<pi"—pf{ +7-1=0(1—p)?).
Then the inequality (1.12) is

E[M(t;q)"] < ¢, W), (t, %02(7 —1)v¢* + /j (pi* =Pl +v— 1 v(dp), k(vq) — ’m(q)),

where f is a continuous function. This bound is finite for each ¢ > 0, and we shall show by
approximation that this also holds when v(Z \ &) = co. The measures v\, images of v
by the maps
P — (p1, P2l pysery, Pl pysetys - ) b>0,

define a consistent family of dislocation measures such that v (2\ &,) < co. Thanks to [18,
Lemma 3] we can consider that Z arises from the inductive limit Z := lim?{ Z®) asb 1 00, where
the Z®, b > 0, are suitably embedded compensated fragmentations with characteristics
(02, ¢c,v®). With obvious notations, we deduce from the monotone convergence theorem
that E[||Z® (#)]29] — E[||Z(t)][}¢] as b — oo, and from the dominated convergence theorem
that x® (q) — k(q) and le(b>7q — W), (working like in the proof of Lemma 1.2.6). The proof

is then completed by Fatou’s lemma. n

We are finally ready to tackle the proof of the convergence of the martingale (M (t; q))>o.

Proof of Theorem 1.2.3. Since (M(t;q))i>o0 is a nonnegative cadlag martingale, its limit
M(o0;q) as t — oo exists almost surely. If ¢ € [7,00), then ¢r/'(q) — k(g) > 0 so that
condition (3.3) in [39] fails, and therefore M (oo;q) = 0. This proves (ii). For (i), we follow
the lines of [32]. From Proposition 1.2.1 we know that almost surely, for every ¢t > 0 and

(t,, n € N) such that t,, | t as n — oo, the sequence of random functions on K
g (1+Z(t Z Z{(t neN,

which all are non-increasing because of the leading factors (14 Z;(t,,)) 9, converges pointwise

to the random continuous function

g (1+ Zi(t qu
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By a classical counterpart of Dini’s theorem (see e.g. [97, Problem 11.3.127]), the convergence
is actually uniform in ¢ € K. Multiplying by the continuous function ¢ — (1 +
Z1(t))%exp(—tr(q)) and dealing similarly with the left limits of Z, we can therefore view
(M(t;-))i>0 as a martingale with cadlag paths in the Banach space C(K,R) of continuous

functions on K.

We now observe that the process
oo
Z" = Z §logZi(n)7 n e N7
i=1

is a branching random walk (in discrete time), and check the two conditions to apply the
results of Biggins [41, Theorems 1 & 2|: first, if ¢ € (¢, ¢) then by Proposition 1.2.8 we have
E[M(1;q)"] < oo for some v € (1,2]; second, using Lemma 1.2.2 we can find o € (1,7] such

mlaa) _ {aq (Maq) - @)} < 1. (1.16)

(q)* ag q
It thus follows that the C(K,R)-valued discrete-time martingale

that aq € (q, ), hence

3

M(n;-): q — exp(—nk(q)) /eqx Z"(dz), n e N,

converges as n — oo to a random function M (oo;-) € C(K,R), almost surely and in mean.
Now, the uniform norm || - || of C(K,R) is a convex map and thus for any integer n > 0 the
process (||M(t;-) — M(n;-)||)i>n is a nonnegative submartingale with cadlag paths. If ¢ > 0

and n is chosen so that n <t < n + 1, we have in particular
E[IM(E; ) = M(n;)[l] < E[|M(n +1;-) = M(n;)]l],
and consequently
E[|M(#;-) = M (003 )] < E[[|M(n+1;-) = M(n; ) [|] + E[[| M (n; -) = M(o0; -)][].

The convergence in L'(P) of the continuous-time martingale (M(t;-))s>o then follows from
the one in discrete time. The almost sure convergence is established by applying Doob’s
maximal inequality and the Borel-Cantelli lemma, like in the proof of [32]: indeed for every
e >0,

P(3t > n: [[M(t;-) — M(n;-)|| > ¢) < e 'E[||M(c0;-) — M(n;-)]]] — 0.

n—oo

We finally deal with the almost sure positivity of the terminal value M (o00; ¢) conditionally

on non-extinction. We derive from the branching property at time n that, for every ¢ € (g, ¢),

P(M(c0;q) =0 ] 2") = [] P-(M(c0;q) = 0),

ZEZM
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where by scaling, the probability P, (M (co0;¢q) = 0) does actually not depend on the initial
size 2. Hence p = P(M(oo;q) = 0) = E[p#™], where #(n) = Z"(R), the number
of particles at time n € N, defines a supercritical Galton—Watson process. Since p < 1
(because E[M (o0;q)] = E[M(0;q)] = 1), p is its probability of extinction. The two events
{extinction} C {M(o0;q) = 0} having thus the same probability we conclude that they

coincide up to a negligible event. n

Remark 1.2.9. Under the conditions of Theorem 1.2.3 we have also from [41, Theorem 5|
that for each ¢ € (¢,¢) and « € (1,7] as in (1.16), the martingale (M (¢; ¢))i>o converges in
Lo(P).

We close this section with the proof of Corollary 1.2.4.

Proof of Corollary 1.2.4. Let us define the tilted measures

qz el

Z,(dz) = gy Zi(dz), t>0, and py(dx) = () p(dx)
Using (1.7), p, is a probability measure with mean
cg=m(q) ' E Z Zi(M)log Z,(1) | = #'(q),
and variance
og =m(q) " E Z Z}(1)log? Z;(1) | = ¢; = " (q)

On the one hand, we observe that for every n € N|

)=an' () n Z f <Zl(n) e_”/(q)”> = / fle") e ™ Z)(ney + dx).
i=1 R
On the other hand, by a local limit theorem due to Stone [101, Theorem 2],

*M Zz
Vi pd™ (ne, + dz) =~ p, <%) dz, n — 00,

uniformly for z € R and ¢ in compact subsets of (g,00), where ,ué*n), n € N, is the n't

convolution of p, with itself and p,(z) denotes the Gaussian density with mean 0 and
variance 03. Thanks to the uniform convergence in Theorem 1.2.3, this in terms of the

branching random walk translates into
Vn Z7(neg + dz) =~ M(oo;q) pq (%) dz, n — oo,

uniformly for € R and ¢ in compact subsets of (g, ), almost surely. The corollary then
results from a Riemann sum argument. We leave details and refer the interested reader to

Corollary 4 in [41]| and its “continuous-time” extension discussed on page 150 there. n
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1.2.3 On the largest fragment

Alike the observation made by Bertoin [23, Equation (9)] for pure homogeneous fragmentations,
Theorem 1.2.3 readily reveals the asymptotic velocity of the largest fragment Z;: if P* denotes

the probability P conditionally on non-extinction, then
.1 . *
thm n log Z,(t) = £'(q), P*-almost surely,
—00

where +/(q) = x(¢)/q and provided that ¢ > ¢. We shall now delve deeper into the analogy
with branching random walks and tell a bit more about the asymptotic expansion of Z;(t).

To this end, we proceed to a renormalization of the branching process Z¢: specifically, for

2= Z On(q)t—qlog Zi(t)
i=1
which has the log-Laplace transform

f) = w8 | [ e )| = e - avl@, =0

we are now in the so called boundary case, namely x(0) > 0 and k(1) = &’(1) = 0. Let us

also introduce the process

: t >0,

9=q

D(t) = / ye v 3(dy) = —q diq M(t:q)

which is easily seen from the branching property to be a martingale (rightly called the

derivative martingale) and will serve our purpose.

Corollary 1.2.10. Suppose (1.10), (1.11), and g > g¢.

(a) Then

log Z, () — K'(q)t
lim 128210 —F@E 3 e bability. (1.17)
t—o00 logt 2q

urther 1 is non-lattice, then there exist a constan > ( and a nonnegative random
b) If further p i lattice, then th ist tant C* > 0 and gati d

variable D, such that, for every x > 0,

lim P<t3/2‘7 e "Dt 7, (1) < x) = E[e_C*D‘X’/x]. (1.18)

t—o00

Moreover D, > 0, P*-almost surely.

Remark 1.2.11. (i) Kyprianou et al. [77] recently derived an analogue of (a) for pure

homogeneous fragmentations. However the method we employ here (for both statements)
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is different: basically, we directly transfer the known results on branching random walks
to discrete skeletons of the growth-fragmentation, and then infer the behavior of the whole

process with the help of Lemma 1.2.12 below.

(ii) The logarithmic fluctuations [100, Theorem 5.23| also show that

log Z1(t) — k' (q)t 1
lim sup 08 Z1(t) — #'(4) > ——, P*-almost surely
00 logt 2q

(we conjecture that there is in fact equality), so the convergence (1.17) cannot be

strengthened.

(iii) Other interesting facts from the literature of branching random walks could be inherited.
For instance, by specializing a recent result due to Aidékon and Shi [100, Theorem 5.29|
one infers a so called Seneta-Heyde renormalization for the convergence of M(¢;q) in

Theorem 1.2.3.(ii): namely

2

% D, inP*probabilit
7T(72I€//<q_) 1m probablity

lim vt M(t;q) =
t—00

(with Do, as above), and again this convergence cannot be strengthened (the limsup is

infinite P*-almost surely).

Lemma 1.2.12 (Croft-Kingman, |73, Theorem 2|). Let f: (0,00) — R be a continuous
function such that for every h > 0, the sequence f(nh), n € N, converges. Then f(x) has a

limit as £ — oo.

Proof of Corollary 1.2.10. Let h > 0 be any fixed time mesh. It is plain from the branching
property that Znh corresponds to the individuals at generation n € N of a branching random

walk on R whose offspring point process is distributed like Z". On the one hand, there is
E [/ ye Y ZNh(dy)} = h&"(1) = hg*x"(q) < oo.
R

On the other hand, with the notation u, := max(u,0) for any u € R and

Xom [ v By = Mg, K= [y )
R R
Proposition 1.2.8 readily entails that

E[X(logX)3] < co  and E[)?(log)?ﬁ] < 00.
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(For the second, we use that [log(z)| < (2 +27°)/e for every > 0 and any 0 < e < §—gq.)
As a result, Assumption (H) of [100, § 5.1] is fulfilled®. From Theorem 5.12 there, we obtain
that for every ¢ > 0,

“

As the left-hand side is a continuous function of ¢ := nh, the proof of (a) follows from

log Z1(nh) — K'(@)nh
log nh

+23_‘>5>—>0, for each h > 0.
q

n—oo

Lemma 1.2.12. Similarly, when p is non-lattice, then Z" is non-lattice as well and
Theorem 5.15 of [100] (likewise, Theorem 1.1 of [2]) applies: for every y € R and every
h > 0, the quantity

IP’(log Z1(nh) — &' (q)nh + 23_ lognh < y)
q

has a limit as n — oo. Applying Croft-Kingman’s lemma once more gives the
convergence (1.18), where the limit is e.g. that for h = 1. In (b), the random variable D,
can be taken as the terminal value of the derivative martingale (D(n), n € N): Theorem 5.2
of [100] shows that it exists almost surely and is positive on non-extinction. That D, is at

least nonnegative holds simply because the smallest atom of 2",

k(q)n — qlog Zi(n),

is bounded from below by —log M (n;q), which tends to oo a.s. due to Theorem 1.2.3.(ii). m

1.2.4 On abnormally large fragments

In this last section we give an estimation for the probability of presence of fragments at
scale greater than '(q) in a compensated fragmentation. We simply perform the very same
analysis as done in [32] for homogeneous pure fragmentations. Let us fix two real numbers

a < 8 and introduce
Ut,z) = ]P’(Zt([x +a,z+ 3]) > O),
V(t,z) = E[Zt([x + o,z + 5])] ’

for every t > 0 and x € R.

Corollary 1.2.13. Let ¢ > ¢. Suppose (1.10), p non-lattice, and either (1.11) or ¢ > 1.

3Strictly speaking, [100] also requires a finite branching (ZNt (R) < o0 a.s.), but this condition turns out to
be unnecessary (see e.g. [84]; besides, it is not needed in the latest version of [2]| that we invoke to prove (b),
and the conclusion of (b) obviously implies (a)).
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(i) Then

’ —qa __ ,—qB
tim Ve~ (0 @)y (1 () = © =

t—o0 q‘ /27T/€//(q> ’

(ii) If further ¢ > g (so that k(q) — ¢x'(q) < 0), then

U(t, t/-@'(q))

lim ——— = K,
t—00 V(t, tli,(q)) 1
where K, is some positive finite constant.
Remark 1.2.14. In the range g € (q,q), (i) is the counterpart in mean of the convergence

stated in Corollary 1.2.4 for f := 1}, 5. This convergence thus holds in L'(PP) thanks to the

Riesz—Scheffé lemma.

Proof. The proof is a straightforward adaptation of that of Theorem 5 in [32]. In our setting,

we have
a = r'(q), A (a) = qr'(q) — r(q),

and for any time mesh A > 0,

An(q) = logE = hk(q),

>_Zih)

by (1.7). From Equation (12) in [31] we readily get

ne qy/2mk"(g)

If furthermore A*(a) > 0 (i.e. ¢ > q), then Proposition 1.2.8 ensures that the conditions of
Theorem 2 in [31] are fulfilled and therefore

Vnh e @V (nh, anh (1.19)

U(nh,anh)
: y KM 1.2
V(nh,anh) n—e 9’ (1.20)

where K" is a positive constant. Besides, the time mesh A > 0 in (1.19) and (1.20) is
arbitrary and the left-hand sides are both continuous functions of the variable ¢ := nh. The
existence of limits as ¢ — oo then comes again from Lemma 1.2.12. (In particular, the

constant K" in (1.20) does actually not depend on h.) -
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1.3 Self-similar growth-fragmentations

As opposed to the previous part, a self-similar growth-fragmentation will now allow
inhomogeneous fragmentation rates. Loosely speaking, one can picture it as a homogeneous
fragmentation where each fragment is “sped up” all along its history by a fixed power o € R of
its current size. If as before the Laplace transform of the fragment sizes at genealogical births
may be related through a cumulant function s, self-similarity induces significant changes
when we look at processes over time. Mainly, in the case a > 0 we shall mostly focus on,
where positive growth in the fragments is thus compensated by higher dislocation rates, the
typical sizes will no longer be of exponential order (given through the derivative '), but will
instead encounter a polynomial decay of the type t~/*. Another side effect is that additive

martingales appear less nicely, so specific assumptions will be needed.

1.3.1 Prerequisites

We begin with a quick summary of the construction and important properties of self-similar
growth-fragmentations processes. These were introduced in [19]; greater details as well as

some applications to random planar maps can be found in [24].

Let £ = (£(t),t > 0) be a possibly killed Lévy process and (02,b, A, k) denote its
characteristic quadruple in the following sense. The Gaussian coefficient o2 > 0, the drift
coefficient b € R, the Lévy measure A (that is, a measure on R with [(1Ay?) A(dy) < 00), and
the killing rate k € [0, 00) may be recovered from this slight variation of the Lévy—Khinchin

formula:
Elexp(g€(t))] = exp(t¥(q)), t,q >0,
the Laplace exponent ¥ being written in the form
U(q) = —k+ %ozq2 +bg + /R(eqy —14¢q(1- ey)) A(dy), qg>0.

The case A((—00,0)) = 0 will be uninteresting and is therefore excluded. We shall also
assume that f(l o) € A(dy) < oo (which always holds when the support of A is bounded from
above), and that

k>0 or (k=0 and U'(0+) € [~00,0)) (1.21)

(in other words, that ¥(q) < 0 for some ¢ > 0). This latter condition means that £(t) either
has a finite lifetime or tends to —oo as t — oo, almost surely. Let now a € R and, for each

x > 0, P, be the law of the process

X (t) = wexp{&(Tant) }, t>0,
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where

7; := inf {u >0: /u exp(—ag(s)) ds > t},
0

and with the convention that X (¢) := 8 for t > ¢ := 27 [~ exp(—a&(s)) ds. This Lamperti
transform ([78]; see also |76, Theorem 13.1]) makes (X, (P.).>0) be a positive self-similar
Markov process (for short, pssMp), in the sense that:

For all z > 0, the law of (X (2°t),¢ > 0) under P, is P,. (1.22)

(Following the terminology in [38], we say that X is a pssMp with index 1/(—«).) Moreover,
this transformation is reversible, and since the law of the Lévy process & is uniquely
determined by its Laplace exponent ¥, the pair (¥, o) characterizes the law of X; we call it
the characteristics of the pssMp X. Note that under (1.21), X either is eventually absorbed

to the cemetery point 0 added to the positive half-line (0, 00), or it converges to 0 as t — co.

The process X above will portray the typical size of a cell in the system and is thus

referred as the cell process. Specifically, a cell system is a process ((Xy,b,), u € U) indexed

U= D N,
i=0

with the following classical notations: N is reduced to the root of U, labeled @, and for

on the Ulam—Harris tree

any node u = ujug - --u; € U in this tree, |u| =14 € {0,1,2,...} refers to its generation (or
height), and ul,u2, ... to its children. For each u € U, (X,(t), t > 0) is a cadlag process on
(0,00)U{0} driven by X and recording the size of the cell labeled by w since its birth time b,,
which shall be implicitly encoded in the notation &),. In this system X}, refers to Eve cell, born
at time by = 0, and each negative* jump of a cell is interpreted as the birth of a daughter cell.
More precisely for every u € U and j € U, X,,; is the process of the j™ daughter cell of u, born
at the absolute time b,; = b, + ., where 3,; is the instant of the j* biggest positive jump®
of —X,. The law P, of X is then defined recursively as the unique probability distribution
such that X has the law P, and, conditionally on Xy, the processes (X;,, u € U), i € N, are
independent with respective laws P,,, i € N, where (z1, 1), (22, 52), ... is the sequence of

positive jump sizes and times of —X, sorted by decreasing sizes (with §; < 811 if x; = z441).

4In [19], the author only considered spectrally negative Lévy processes so jumps were always of negative
sign. However, allowing the cells to have sudden positive growths during their lifetimes is relevant in some
applications such as those exposed in [24]. Their slightly more general setting, which we have also chosen
to adopt, does not invalidate the results of [19] — the significant point being that only the negative jumps
correspond to division events while the possible positive jumps just remain part of the trajectories of the
cells.

5Recall that the cell process is either absorbed in finite time or converges to 0, so the positive jumps
of —X, may indeed be ranked in the decreasing order.
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Here, we agree that x; := 0 and ; == oo if X has less than i negative jumps, and we let Py
denote the law of the degenerate cell system where X, := 0 for every u € U, by = 0 and
b, == oo for u # @.

The associated growth-fragmentation process is the process of the family of (the sizes of)

all alive cells in the system:
X () = {{Xu(t—bu):ueU, bu§t<du}}, t>0

(with b, and d, denoting respectively the birth time and the death time of the cell labeled

by w). Additionally to the scaling parameter «, one other specific quantity is
Ko) =V + [ (- ey, 0> 0.
(70070)

If @« = 0 and A has support in [—log 2, 0], then [19, Proposition 3] X is merely a compensated
fragmentation of the type considered in Section 1.2, and the notation x there is compatible
with the one we use here: more precisely, X has diffusion coefficient o2, growth rate b and
dislocation measure v = k dg+ 14, where 0 := (0,0, ...) € & is the null mass-partition and v,
is the image of A by the map = € [—log2,0] — (e*,1 —¢e*,0,...) € & (the fragmentation is
binary).

We shall work under the assumption
Jq >0, £(q) <0, (1.23)

see [19, Theorem 2|. Then for each time ¢, the family X(¢) may be ranked in the non-
increasing order, i.e. X(t) = (X1(t), Xo(t),...) with X;(¢t) > Xs(¢) > --- > 0. Further,
the self-similarity property (1.22) extends to the process X = (X(¢), ¢ > 0), and there is
the branching property. Formally, if P, denotes the law of X under P,, then firstly, for
every x > 0, the distribution of (zX(z%t), ¢ > 0) under P, is P,, and secondly, for each
s > 0, conditionally on X(s) = (z1,s,...), the process (X(t + s), t > 0) is independent
of (X(r),0 < r < s) and has the same law as the non-increasing rearrangement of the
family (XJ@7 i,j € N), where the X@ are independent self-similar growth-fragmentations

with respective laws P, .

In the sequel we mainly focus on large time asymptotics for the growth-fragmentation
process X. Since we can refer to Section 1.2 when a = 0, and because the growth-
fragmentation is eventually extinct when the scaling parameter « is negative [19, Corollary 3|,
we will mostly suppose @ > 0. Note in this case that (1.23) is a necessary and sufficient
condition preventing local explosion of the fragmentation [33], that is a phenomenon causing

infinitely many particles of arbitrary large sizes to be produced in almost surely finite time
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(which in particular would impede us to list the elements of X () in the non-increasing order).
Like in Section 1.2, the function : [0,00) — (—o0, oo] will be of greatest importance in the
study. It is clearly convex; therefore the equation x(g) = 0 has at most two solutions. We
assume from here on that these two solutions exist — more precisely that the Malthusian
hypotheses hold:

there exist 0 < w_ < w, such that  k(w_) = k(wy) =0 and K'(w_) > —o0 (1.24)
(note then that x'(w_) < 0, by convexity). Condition (1.24) implies that x(q) < 0 for some
g > 0, which in turn implies (1.23), and (1.21) (because ¥ < k).

As before, limit theorems for the growth-fragmentation process X will involve the terminal

value of some additive martingale, namely the Malthusian martingale
M=) => X(t), t=>0
i=1

In this direction, results of [24] will be of fundamental use; we restate some of them here for

sake of reference.

Proposition 1.3.1 (from [24, Theorem 3.10.(ii), Corollaries 3.7.(ii) and 3.9]).

Suppose a > 0.

(i) The process (M~ (t),t > 0) under P, is a uniformly integrable martingale; more

precisely it is bounded in LP(P,) for every 1 < p < wy/w_.

(ii) For every 0 < ¢ < (w4 — w_)/av, the process

o0

ZXi(Ia+w7(t)> t =0,

i=1
is a supermartingale converging to 0 in L'(P,): more precisely,

o0

> X

=1

E, ~ c(q)zt7?

as t — oo, for some constant c(q) > 0.

Remark 1.3.2.  We find relevant to mention that [24] also introduced the genealogical

martingale

M™(n) = Z X2~ (0), n >0,

|u|=n+1
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called the intrinsic martingale, which under P, is always uniformly integrable. When a@ > 0,

there is the remarkable fact
M=(t) = &M (c0) | F], t>0,

with (F;)i>0 the canonical filtration of X. In particular, M~ (c0) = M~ (c0) almost surely.

Additive martingales — in the present context, the Malthusian martingale (M~ (t));>o,
are of important interest since the celebrated work of Lyons et al. [83]. Roughly speaking,
one can perform a change of probability measure in terms of the terminal value M~ (00) so
that the genealogical system may be observed from the point of view of a randomly tagged
branch. Specifically, write JU for the set of leaves of U, each of which determines a unique
branch from the root. For every leaf ¢ € OU, let ¢(n) denote its unique ancestor at generation
n >0, and Xy := (X(t), t > 0) be the process of the cell on the branch from & to ¢:

Ay(t) = Xy (t = beyg), 120,

where ([t] labels the cell in this branch which is alive at time ¢ (i.e. £[t] is the unique ancestor u
of £ such that b, <t < by(ju|+1)), With the convention that X;(t) := 0 for ¢ > limft,,_, byn) =
b,. Next we consider a random leaf £ € 0U and we define for every x > 0 the joint
distribution 7/5; of (X, L) as follows. Under 73; , the law of X := (&, u € U) is absolutely
continuous with respect to P, with density 2=“~ M~ (o0), and the law of £ conditionally on X
is

~

P (u ancestor of L | X) = nh_)rglo M—;@oo) |§l X (0). (1.25)

Denoting X = X, the randomly tagged cell, Bertoin et al. [24] derived:

Proposition 1.3.3 (from [24, Theorem 4.7 and Proposition 4.6]).

(i) The process (X, (P;)as0) is a pssMp with characteristics (&, ), where

xT

P (q) = kr(g+w_), qg>0. (1.26)

(ii) Many-to-one formula. For every z > 0, every t > 0, and every measurable function
f:(0,00) = (0,00), we have

E,

ZXf(t)f(Xi(t))] = o & [1(Rm)]. (1.27)

with the convention f(0) := 0.
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Formula (1.27) will be a key ingredient for our purpose. Roughly speaking, it says that the
intensity of the weighted point measure ), _y 2~ 4, is captured by the law of the randomly

tagged cell X (hence the denomination “many-to-one”).

When o > 0, unlike in the homogeneous case, a polynomial decrease in the size of the
fragments is expected. Large-time asymptotics for their empirical measure will be retrieved
in the next section. In Section 1.3.3 we center our attention on the largest fragment. Lastly,
in Section 1.3.4, we discuss the convergence of the empirical measure of the fragments taken

at the instant when they become smaller than a vanishing threshold.

1.3.2 Convergence of the empirical measure

We are here especially interested in the convergence of the empirical measure p( @)

=X £ X),

for a > 0. From now on, we shall suppose that the Lévy process £~ associated with the

given by

tagged cell X via Lamperti’s transformation is not arithmetic, in the sense that there is no
r > 0 such that P(§(t) € rZ) = 1 for all t > 0. To state our result, let us define the
probability distribution p on (0,00) by

/OOO fy) p(dy) = Wj}_) E[I (1Y),
where -
I ::/0 exp(a&(s)) ds (1.28)

is the so called exponential functional of a&~. The following completes the results of
Bertoin [23] and Bertoin and Gnedin [26] relative to self-similar pure fragmentations, and

differs substantially from the homogeneous case (Corollary 1.2.4).

Theorem 1.3.4. For every 1 < p < w,/w_ and for every bounded continuous function
f:(0,00) = R,

(Dé) ; D
tlgilo<p : / fly in LP(Py).

Consequently, the random measure pt converges in P;-probability to M~ (o0) p as t — oo,

in the space of finite measures on (0, 00) endowed with the topology of weak convergence.

Remark 1.3.5. Note the presence of the random factor M~ (oc), which does not appear

in |23] because the Malthusian martingale is trivial for conservative pure fragmentations®.

6Since then the cumulant function vanishes at 1 and the total mass of the fragments at any generation is
constant.
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It does nonetheless appear in the non-conservative case |26]; however the method used there
leads to a L2-convergence that we cannot hope for growth-fragmentations when w, /w_ < 2,

and it seems anyway difficult to generalize.

Exponential functionals of Lévy processes such as (1.28) arise in a variety of contexts and
their laws have been widely studied, see the survey [37] and the recent works [90, 93, 91, §].
In particular, Pardo et al. [90] showed that under mild assumptions, they can be factorized
into the product of two independent exponential functionals associated with companion Lévy
processes, and the distributions of both these functionals are uniquely determined by either
their positive or their negative moments. To name just one example, in the common situation
where £~ is spectrally negative (A((0,00)) = 0), we have [90, Corollary 2.1] that I < J/T,
with J the exponential functional of the descending ladder height process of ™ and I' an
independent Gamma random variable with parameter (wy —w_)/a. Further, the density of [

has a polynomial tail of order 1 + (wy — w_)/a and admits a semi-explicit series expansion.

The distribution of I (likewise, p) naturally takes part in asymptotics of the tagged cell X

Lemma 1.3.6. As ¢ — 0o, the random variable £/ X () under P; converges in distribution

to p. Moreover, [y p(dy) < oo for every 0 < ¢ < 1+ (wy —w_)/a.

Proof. Clearly, (1/ X (), t > 0) is a pssMp with self-similarity index 1/« associated with —¢~,
where £~ is a Lévy process with the Laplace exponent &~ in (1.26). According to [38,
Theorem 1], all we need to check to prove the first part of the statement is that —£~ (1) admits
a finite and positive first moment, which is implied by the Malthusian hypotheses (1.24):
indeed,

Bl—¢~ (1] = —(&7)/(04) = —#'(w_) € (0, 50)

The existence of moments is quite straightforwardly adapted from the proof of [37,

Theorem 3]. ]

We now turn to the proof of Theorem 1.3.4, arguing along the lines of [21, Theorem 1.3].
The main idea is that, by the branching and scaling properties, the empirical measure of
the fragments can be rewritten as the sum of identically distributed pieces arising from an
intermediate (arbitrary large) time, which are all independent conditionally on the past.
With the help of a (conditional) law of large numbers, we are then reduced to a first moment
estimate for some additive functional of the growth-fragmentation, which we can work out
thanks to the many-to-one formula and the asymptotic behavior of the tagged fragment

above.
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Proof of Theorem 1.3.4. Using the branching property at time ¢ and the self-similarity of X

we can write, on the event {X(t) = (z1,x2,...)},
(pa f) ::iX;"(t—th)f((t—ktg)l/a (t+1%) ) ZA
i=1
where \;(t) == X" (t) = 27~ and
)m 3 () £ (0 ) s a2 ). 129
j=1

the families (X1, X;2,...), ¢ > 1, being i.i.d. copies independent of X, having all the same
law P;. Clearly, the Y; are independent conditionally on A(t) = (A1(¢), A2(%),...) and, if we

introduce

Y= [Ifllee sup Y X7 (1),
20 4=

then thanks to Proposition 1.3.1.(i) and Doob’s maximal inequality, the Y; are i.i.d. random
variables in LP(P;) such that |Y;(t)| <Y for all ¢ > 0. For the same reason,

i)\f(z&) = 0.

By a variation of the law of large numbers ([89]; see also |21, Lemma 1.5]) we then have

sup Eq
>0

and further, using Proposition 1.3.1.(ii),

lim E1

t—o00

lim 372 (0) (Vi) ~ EalYi(0) [ A@)]) =0, in LA(Py).

t—o0 4
=1

Consequently, the proof boils down to showing that

Jim S A0 V(1) | A) / £y in L7(Py),  (1.30)

where, applying the many-to-one formula (1.27),
Ei[Yi(t) | A@)] = & [£((1+ ) w2l R(are?)) .

But we know from Lemma 1.3.6 that as s — oo, the law of sl/a)?(s) under 731_ converges

weakly to p. On the one hand, it thus follows that

E{[f((l+t‘1)1/axit2/a2?(x?t HOo/ fly
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uniformly in i such that, say, 28> > /¢, i.e. #; > t732*. On the other hand, applying
again (1.27), the quantity

ZX ]]‘{X (t <t 5/2&} (131)
has, under P, mean

P (tl/a)?(t) < t*l/m),
which tends to 0 as t — oo. Since (1.31) is bounded in L¢(P;) for every p < ¢ < wy /w_, it also

converges to 0 in L?(Py) (by Holder’s inequality). Putting everything together yields (1.30),
and thus the first part of the statement.

The second part is derived from standard arguments: the space C.((0,00)) of continuous
functions on (0, 0c0) with compact support being separable, a diagonal extraction procedure
easily entails, for every sequence ¢, — oo, that there exists an extraction o: N — N such

that, almost surely,

¥ € C0.00). (00 S) o M) [ Fw) oty

ie. pg 3 converges vaguely to M~ (00) p, a.s. Since the total mass is conserved, that is

<p§a), 1) = ZX:’J (t) — M~ = (M~ (c0) p, 1) a.s.,

t—o00

the convergence of pgf()n) toward M~ (o0) p is actually weak. The conclusion follows easily. m

The existence of moments for p (Lemma 1.3.6) allows us to strengthen Theorem 1.3.4:

Corollary 1.3.7. For every 0 < ¢ < (w4 —w_)/a, every measurable function f: (0,00) — R
such that f(y) = O(y?), and every 1 < p < w /(qa + w_),

i (4, 1) = M (o0) [ Fpld).in L)

t—o00

Proof. Approximating y — y~ % f(y) by simple functions, it is enough to do the proof for
f = fq: y— y?, that is to prove:

t—o0

fim 3 X () = M(00) [y pldy) i L)
— 0

This is of course not a direct consequence to Theorem 1.3.4 because f, is not a bounded
continuous function; nevertheless we can repeat the argument used in the previous proof.
Observing that go4w_ € (w_,w,) and defining Y;(¢) as in (1.29) but with f, in place of f, we
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easily check with the help of Proposition 1.3.1 and Hélder’s inequality that conditionally on X,
the Y; are independent supermartingales bounded in L?(Py) for every 1 < p < w;/(ga+w_).

Therefore, all that remains to show is the convergence

1R, ixﬁ‘“* “(t)] _ 5;[(2&1/&)?@))%} s [y pay),

t—o00 0

where the equality is just an application of the many-to-one formula (1.27). Since we already
know that t'/*X(t) converges in distribution toward p (Lemma 1.3.6), it suffices to show
that ((¢1/°X ())9%)¢>0 is bounded in L"(P;) for some r > 1, which is immediate using again
the many-to-one formula and the convergence rate in Proposition 1.3.1.(ii) (we can take

I<r<(wy—w_)/q). ]

1.3.3 Asymptotic behavior of the largest fragment

For pure self-similar fragmentations with scaling parameter a > 0, it is known [23] that the
size of the largest fragment decreases like ¢t~%/ as t — oo. The same holds for growth-

fragmentations”:

Theorem 1.3.8. Assume again (1.24), @ > 0, and that £ is not arithmetic, and suppose
further that A((0,00)) = 0. Let S == {Vt > 0, X(t) # @} be the non-extinction event, and
P*:="Pi(-|S). Then

log Xi(t) 1

=—— in P*-probability.
t—oo  logt !

Proof of the lower bound. The fact that the P*-liminf of log X;(t)/logt as t — oo is at
least —1/« follows by comparison with the randomly tagged cell X. Indeed, we know by
Lemma 1.3.6 that log X(t)/logt converges to —1/a in Pj -probability. Because X (t) is the
size of the largest fragment and X (t) is that of some other fragment in the system, we deduce

that for every n > 0,

~ (log X;(t) 1 ~ (logX(#t) 1
Pf(og—l()—i-—<—n>§73f(og—()+—<—n>—>0.

logt « logt « t—o00

Since dP; /APy = M~ (o), which by the branching property is positive Py-a.s. on S, the

latter convergence also holds with P* in place of 7/51_ . n

"For simplicity, we suppose that the cell process has no positive jumps, though this restriction is probably
superfluous.
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Figure 1.2. Simulation of —log X; in a self-similar growth-fragmentation process with
scaling o = 2. (The dashed line represents the map ¢ — ilogt.)

For the other direction, we need to make sure that asymptotically, if the largest

1/a

fragment ever exceeds the level ¢7*/¢ it is unlikely that one of its parents has gone

far below this level before . To this end, we write Xi(t) = Xy (t — bu=r)) with
u*(t) = argmax,cy p, <t<a, Xu(t — by) (in case of ex aequo, we choose u*(t) to be minimal in

lexicographic order), and introduce the event
Hi(e):  AXy(s—b,) <e, forsome time s and ancestor v < u*(t) with b, < s < d, A t.

The following statement is tailored for our purpose.

Proposition 1.3.9. There exists # > w, such that

1
{sup , lim } log P, (sule(s) > m) = —40. (1.32)
z>1 T—00 IOgJJ

s>0

Furthermore, for every «,e € (0,1) and every t > 0,
Pr(Hile), Xi(t) > &) < 0707

Proof. We may assume « = 0 as the statement does not depend on a. The first assertion is
a large deviation estimate for the probability F'(z) that 7" (x) < oo, where T (x) = inf{s >
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0: X1(s) > x}. To eventually obtain a fragment larger than zy in the growth-fragmentation,
for x,y > 1, it is enough that the largest particle X; first reaches some level z > x, and that
the subsequent fragmentation of this particle produces a fragment with size larger than xy.

But by scaling we have, for any z > =,
P.(T" (zy) < 00) = PL(T"(zy/z) < o0) = F(ay/z) > Fly) = Pi(T"(y) < o0),

so that the branching property at T (x) yields, since z = X;(T"(z)) > z on the event
{T(x) < oo},

F(zy) = Pi(T(zy) < 00) > & [Lir+ )<t F (zy/ X1 (TF(2)))] = F(z)F(y).

Eq. (1.32) then arises from the subadditive lemma (see e.g. [75, Theorem 16.2.9]). The lower

bound 6 > w, is just a consequence of Doob’s maximal inequality applied to the process
M*F(s) =Y X(s), s>0,
i=1
which [24, Corollary 3.7.(1)] is a martingale (for a = 0): namely

F(z) =P (sule(S) > ZL‘) < P (SupM+(s) > x”*) < a7 x> 1.

s>0 s>0
Next, we take x = ¢7~! and apply again the scaling property: we deduce that, for every
0<y<e,
F("/y) = P, (sule(s) > €’Y> < =9,

s>0
But the event H,(¢) holds precisely when the cell process following the ancestral lineage
of u*(t) has reached a value 0 < y < ¢ before t. Using the branching property at the first

time this happens, the second assertion is then easily proved. n

We can now derive the upper bound and complete the proof of Theorem 1.3.8.

Proof of the upper bound. TLet 0 < n < 1 and observe that § :==n — (1 —n)(1 — )/~ lies
in (0,n) for any v € (1 —n,1) arbitrarily fixed. Define ¢ := t~(1=9/ for ¢ > 1, so that

87 — t_(l_n)/a, and
Pu(X1(t) >t~ 07/) = Py(X,(t) > &)
= P (%t(g), Xi(t) > 57> + P (’Ht(e)ﬁ, X(t) > gv).
By Proposition 1.3.9,

P (Ht(€)7 Xq(t) > 57> < - (=D)1-0/a 0

t—o00
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To estimate the second term, we shall exploit the fact that a self-similar growth-fragmentation
can be constructed from a homogeneous one by performing an appropriate Lamperti time-
substitution on each cell in the system (see [19, Corollary 2| or [33, Section 2.1|). Specifically,
there exists a cell system Z = ((Z,, 8,): v € U), with same cumulant function &, such that
every element in X(¢) with label v € U equals Z, (7 — 3,) for some u € U and 7 > 0 fulfilling

t o
T :/ (XU(S) (S—bv(5)>) ds, (1.33)
0

where o(s) labels the cell in &’ corresponding to the unique ancestor of v that is alive at
time s. Further, the connection with compensated fragmentations [19, Proposition 3| entails

that for every ¢ > 0 with k(q) < oo,

> (20— @»)q] — exp(ra(a).

uelU

&

On the one hand, if Z;(7) denotes the size of the largest cell at time 7 in Z, then Markov’s
inequality yields
Pi(Zi(1) > &7) < e exp(7r(q)).

On the other hand, if we purposely take v := w*(t) then, on the complementary event of
Hi(e), we have Xy (s — by(s)) > € for all s € [0,¢) and thus, by (1.33), Xi(t) = Z.(7 — by)
with 7 > te® = t°. Hence, fixing ¢ € (w_,w,) (so that x(q) < 0),

P1 <’Ht(€)c7 Xq(t) > €7> < Pi(Zi(r) > &) < gai=n)/e exp(t‘ska(q)) — 0.

t—o0
Putting the two pieces together we have just showed that, for every 0 < n < 1,

log X1 (t 1
'P1<Og—1()+—>g>—>0,

logt « t—00

which is the upper bound we wanted. n

1.3.4 Freezing the fragmentation

Suppose now that we “freeze” every cell as soon as its size falls under a fixed diameter € > 0
(which may occur at birth), in the sense that frozen cells no longer grow or split. To put
things more formally we need a more chronological point of view in the cells genealogy.
For this reason we suppose that the growth-fragmentation has been constructed as in [33,

Section 2.1], where cells are now labeled on the infinite binary tree

B = Q{l,Q}” c U.
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Roughly speaking, any jump from a size x > 0 to some smaller size x — y € (0, x) of a cell
with label, say, u € B, causes the death of that cell while at the same time two independent
cells labeled by u1 and u2 are born with initial sizes x — y and y respectively. We implicitly
reuse the notations of Section 1.3.1 within this new description, e.g. P, is the distribution
of the cell system X = (X,: u € B) when the mother cell starts at size > 0 (i.e. has the
law P,). Analogously, ¢ € OB refers to a leaf of B, and ¢[t] and Xy(t) respectively denote the
label and the process of the unique cell in the branch from & to ¢ that is alive at time ¢. Let

us then introduce the first passage times
T,() =inf {t > 0: X,(t) < e}, v e BUOIB,
so that the family of frozen cells can be defined as

()2 = (A(700): w e B)).

with B(e) = {u € B: u = {[Z(c)] for some ¢ € OB}. Note that this procedure of freezing
cells does not depend on the scaling parameter « of the growth-fragmentation (changing «
just affects the speed at which particles get frozen). It is proved [24, Proposition 2.5| that
for each x > 0, the process of the sum of the sizes of frozen cells raised to the power w_,
M (e) =) xie, 0<e<uz,
i=1
is a backward martingale converging to M~ (o0) as ¢ — 07, almost surely and in L'(P,). In

the same vein as in [30], we investigate the empirical measure ¢(e) defined by

o

(p(e), f) =) iz (&26)

i=1

Again, we let £~ denote the Lévy process with Laplace exponent ®~ associated with the
pssMp X via Lamperti’s transformation; see (1.26). We can check that its Lévy measure A~
is given by
[ 9 A @) = [ [ 9(0) + (1 = e g{log1 - )] Ay,
R R

see |76, Theorem 3.9|.

Theorem 1.3.10. Suppose (1.24), A((0,00)) = 0, and that £~ is not arithmetic. Then as
e — 07, the random measure () converges in P;-probability to M~ (c0) ¢, where ¢ is a

deterministic probability measure on (0, 1) specified by

e e” e(w-&-*"-’—)y “((—o00. 2 xdyy. .
)= 2 [ e A ((mooty) dody. (13)
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Proof. As said previously we may suppose a = 0, so that X is just the exponential of .
After Jagers [70], we can see that the random set B(e) C B is a so called optional line
for which the strong branching property holds — intuitively, freezing the cells below ¢ is
equivalent to freezing those which would descend from a family of cells that have first been
frozen below € + ¢, with ¢ > 0 fixed. Specifically, by choosing 6 := /¢ — ¢ for 0 < ¢ < 1 and

scaling, we can write

Ry o > W Lin/e Xiges
(P ) = D0 aye Do (P,
i=1 Jj=1

~—— ~ v
Ai(e) Yi(e)

where conditionally on A(e) = (\i(€))i>1, the {x;;.,}52,,7 = 1,2,..., are independent
cell families respectively frozen below e; = e/x; s For every 1 < p < wy/w,
(conditional) Jensen’s inequality easily shows that the closed martingale M~ (¢) is bounded
(by E1[M~(00)P]) in LP(Py). Hence

sup & [(Z )\i(s)> ] < 00,

0<e<1

and, because & [M ™~ (¢)] = &M~ (o0)] = 1,

e—0t

& [Z Xf(e)] oG —
=1

The proof then continues like that of Theorem 1.3.4. Similarly to the many-to-one formula,

Lemma 1.3.11 below gives

&(e). 1)) = & [F(R(20) /).

where 7z(¢) = inf{t > 0: X(t) < ¢}. It thus remains to find the distributional limit
of X(7z(¢))/e as ¢ — 0. Observe that up to taking the inverse exponential, this
random variable corresponds to the overshoot above —loge of the spectrally positive Lévy
process —¢~, which drifts to oo a.s. (since E[—£7(1)] = —(®7)'(0+) = —K'(w_) € (0,00)).
By a classical result of renewal theory (see e.g. [43] or [76, Theorem 5.7]) we have, for every

continuous function g: (0,00) — R with compact support,

_ 1
E[g(—¢ — (—loge))] o " oy g(z) (y + dx)dy, (1.35)
with II and p respectively the jump measure and the expectation at time 1 of the ascending
ladder height process associated with —£~. On the one hand, from [52, Corollary 4.4.4.(iv)]

we get
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where k* is the Kkilling rate of the ascending ladder height process associated with £~, and

equals the right inverse at 0 of the Laplace exponent ®~ (see for instance |76, Example 6.11]):
kK =sup{t>0: 9 (1) =0} = wy —w_.

On the other hand, we know since the work of Vigon [103] (see also |76, Corollary 7.9]) that II
fulfills

II((y,0)) = / e "N ((—o0, —z — y)) dz, y > 0.
0
An easy computation then enables us to identify the right-hand sides of (1.34) and (1.35)
(with g(z) == f(e™)). .

Lemma 1.3.11. For every z > 0 and every bounded measurable function f: (0,00) — R,

& | S (1.0) £((T(e) ) | = & [£(%(2(e)) ).
)

u€B(e

with the usual convention f(9) = 0.

Proof. We slightly adapt the proof of [24, Proposition 4.1|. To this end, recall the intrinsic
martingale M~ evoked in Remark 1.3.2 and, in the paragraph following that remark, the
definition of the randomly tagged branch £. It is here convenient to write u > B(e) if u € B
stems from a (unique) node in B(e) that we then call @ (i.e. u € B(¢) is a prefix of u). The
(conditional) distribution of £ in (1.25) gives

£ {f (Q?(Tg(e)))1{5(“1)%(5)}} =& Z 1 us-B(e)} L {u ancestor of £} f(%(%(@))

|u|=k+1

= £, [./\/l_;(o@ Jim > Dusnen X (0)f<?fa(‘llz(5))) :
|u|=k+1 i
[v|=n

Rewriting the latter in terms of P, simplifies out M~ (00). The branching property at u and
the martingale property of M~ then entail

E; [f (?? (Tc(g))ﬁ{z(ml)»we)}] =278 | Y Lpusep e (0) f (2@(%@)))
|u|=k+1
If we now gather the nodes u which have the same ancestor v = u € B(e) and repeat the

previous argument, we obtain

E (% (20) ) Lictusnynin] = o7 & | 3 Tpenep s (1.2) £((2.9)))

lv|<k
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Since the event {£(k+ 1) = B(e)} must occur for k large enough when lim;_,, X'(t) = 0 and
f(0) = 0 anyway, letting & — oo yields the result by dominated convergence. n



Self-similar growth-fragmentations as scaling

limits of Markov branching processes

This chapter is a reproduction of the article [50].

We provide explicit conditions, in terms of the transition kernel of its driving particle, for a
Markov branching process to admit a scaling limit toward a self-similar growth-fragmentation
with negative index. We also derive a scaling limit for the genealogical embedding considered

as a compact real tree.

2.1 Introduction

Imagine a bin containing n balls which is repeatedly subject to random (binary) divisions at
discrete times, until every ball has been isolated. There is a natural random (binary) tree
with n leaves associated with this partitioning process, where the subtrees above a given
height k£ > 0 represent the different subcollections of all n balls at time k, and the number
of leaves of each subtree matches the number of balls in the corresponding subcollection.
The habitual Markov branching property stipulates that these subtrees must be independent
conditionally on their respective size. In the literature on random trees, a central question is
the approximation of so called continuum random trees (CRT') as the size of the discrete trees
tends to infinity. We mention especially the works of Aldous [5, 4, 6] and Haas, Miermont,
et al. [65, 87, 66, 64, 63]. Concerning the above example, Haas and Miermont [63] obtained,
under some natural assumption on the splitting laws, distributional scaling limits regarded
in the Gromov-Hausdorff-Prokhorov topology. In the Gromov-Hausdorff sense where trees
are considered as compact metric spaces, they especially identified the so called self-similar
fragmentation trees as the scaling limits. The latter describe the genealogy of self-similar
fragmentation processes, which, reciprocally, are known to record the size of the components
of a (continuous) fragmentation tree above a given height [65], and thus correspond to scaling
limits for partition sequences of balls as their number n tends to infinity. One key tool in the
work of Haas and Miermont [63] is provided by some non-increasing integer-valued Markov
chain which, roughly speaking, depicts the size of the subcollection containing a randomly
tagged ball. This Markov chain essentially captures the dynamics of the whole fragmentation

and, by their previous work [64], itself possesses a scaling limit.

The purpose of the present work is to study more general dynamics which incorporate

65
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Figure 2.1. An example of dynamics with growth transitions (in bold).

growth, that is the addition of new balls in the system (see Figure 2.1). One example of
recent interest lies in the exploration of random planar maps [25, 24|, which exhibits “holes”
(the yet unexplored areas) that split or grow depending on whether the new edges being
discovered belong to an already known face or not. We thus consider a Markov branching
system in discrete time and space where at each step, every particle is replaced by either
one particle with a bigger size (growth) or by two smaller particles in a conservative way
(fragmentation). We condition the system to start from a single particle with size n (we use
the superscript - in this respect) and we are interested in its behavior as n — oo. Namely,

we are looking for:

1. A functional scaling limit for the process in time (X(k): k > 0) of all particle sizes:

<w:t20> D (Y(t): t>0),

n n—00
in some sequence space, where the a,, are positive (deterministic) numbers;

2. A scaling limit for the system’s genealogical tree, seen as a random metric space

(X(n)a dn):
d, d
(X(m’ _) @y
an n—oo

in the Gromov—Hausdorff topology.

Like in the pure-fragmentation setting we may single out some specific integer-valued Markov
chain, but which of course is no longer non-increasing. To derive a scaling limit for this chain,
a first idea is to apply, as a substitution to [64], the more general criterion of Bertoin and
Kortchemski [27] in terms of the asymptotic behavior of its transition kernel at large states.
However, this criterion is clearly insufficient for the convergences stated above as it provides

no control on the “microscopic” particles. To circumvent this issue, we choose to “prune” the
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system by freezing the particles below a (large but fixed) threshold. That is to say, we let
the system evolve from a large size n but stop every individual as soon as it is no longer
bigger than some threshold M > 0 which will be independent of n, and we rather study the
modifications X™ and X of the process and the genealogical tree that are induced by this

procedure.

The limits Y and ) that we aim at are, respectively, a self-similar growth-fragmentation
process and its associated genealogical structure. Indeed, the scaling limits of integer-valued
Markov chains investigated in [27], which we build our work upon, belong to the class of
so called positive self-similar Markov processes (pssMp), and these processes constitute
the cornerstone of Bertoin’s self-similar growth-fragmentations [19, 24|. Besides, in the
context of random planar maps |25, 24], they have already been identified as scaling limits
for the sequences of perimeters of the separating cycles that arise in the exploration of
large Boltzmann triangulations. Informally, a self-similar growth-fragmentation Y depicts
a system of particles which all evolve according to a given pssMp and whose each negative
jump —y < 0 begets a new independent particle with initial size y. In our setting, the self-
similarity property has a negative index and makes the small particles split at higher rates,
in such a way that the system becomes eventually extinct [19, Corollary 3|. The genealogical

embedding ) is thus a compact real tree; its formal construction is presented in [98].

Because of growth, one main difference with the conservative case is, of course, that
the mass of a particle at a given time no longer equals the size (number of leaves) of the
corresponding genealogical subtree. In a similar vein, choosing the uniform distribution to
mark a ball at random will appear less relevant than a size-biased pick from an appropriate
(nondegenerate) supermartingale. This will highlight a Markov chain admitting a self-similar
scaling limit (thanks to the criterion [27]), and which we can plug into a many-to-one formula.
Under an assumption preventing an explosive production of relatively small particles, we will
then be able to establish our first desired convergence. Concerning the convergence of the
(rescaled) trees X", we shall employ a Foster-Lyapunov argument to obtain an uniform
control on their heights, which are nothing else than the extinction times of the processes XM,
Contrary to what one would first expect, it turns out that a good enough Lyapunov function
is not simply a power of the size, but merely depends on the scaling sequence (a,,). This brings
a tightness property that, together with the convergence of “finite-dimensional marginals”,

will allow us to conclude.

In the next section we set up the notation and the assumptions more precisely, and state

our main two results.
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2.2 Assumptions and results

Our basic data are probability transitions p,m,, m > n/2 and n € N “sufficiently large”,
with which we associate a Markov chain, generically denoted X, that governs the law of the
particle system X: at each time k£ € N and with probability p,, ., every particle with size n
either grows up to a size m > n, or fragmentates into two independent particles with sizes
m € {[n/2],...,n — 1} and n — m. That is to say, X" (0) = n is the size of the initial
particle in X and given X (k) for some k > 0, X (k + 1) is the largest among the (one or
two) particles replacing X (k). We must emphasize that the transitions p,, ,, from n “small”
are irrelevant since our assumptions shall only rest upon the asymptotic behavior of p,, ,,, as n
tends to infinity. Indeed, for the reason alluded in the Introduction that we explain further
below, we rather study the pruned version X where particles are frozen (possibly at birth)
when they become not bigger than a threshold parameter M > 0, which we will fix later
on. Keeping the same notation, this means that X is a Markov chain stopped upon hitting
{1,2,..., M}. For convenience, we omit to write the dependency in M, and set p,,, = 1 for
n <M.

In turn, the law of the genealogical tree X' can be defined inductively as follows (we give
a more rigorous construction in Section 2.3). Let 1 < k; < --- < k, enumerate the instants
during the lifetime ¢ of X™ when n; := X® (k; — 1) — X (k;) > 0. Then X™ consists in
a branch with length ¢ to which are respectively attached, at positions k; from the root,
independent trees distributed like X" (agreeing that X' degenerates into a single vertex

for n < M). We view X as a metric space with metric denoted by d,,.
Suppose (a,)nen is a sequence of positive real numbers which is regularly varying with

index v > 0, in the sense that for every z > 0,

lim 2ol = 57, (2.1)

n—oo an

Our starting requirement will be the convergence in distribution

(M; tZO) % (Y(t): t >0), (2.2)

in the space D([0,00),R) of cadlag functions on [0,00) (endowed with Skorokhod’s J;
topology), towards a positive strong Markov process (Y(¢): ¢ > 0), continuously absorbed

at 0 in an almost surely finite time ¢, and with the following self-similarity property:

The law of Y started from z > 0 is that of (zY (277 ¢): t > 0) when Y starts from 1.
(2.3)
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Since the seminal work of Lamperti [78], this simply means that

log Y (t) = g(/OtY(s)—v ds), >0, (2.4)

with £ a Lévy process which drifts to —oo as t — oo. We denote by ¥ the characteristic
exponent of £ (so there is the Lévy—Khinchine formula Elexp(¢&(t))] = exp(t¥(q)) for every
t > 0 and every ¢ € C, wherever this makes sense), and by A the Lévy measure of its jumps
(that is a measure on R\ {0} with [(1 A y?) A(dy) < 00).

In order to state precisely our assumptions, we need to introduce some more notation.

First, we define the exponent
k(q) = ¥(q) +/( )(1 —e¥)TA(dy),
—00,0

whose meaning will be discussed shortly (in the paragraph “Discussion on the assumptions”).

Next, we also define, for every n € N, the discrete versions

U,.(q) = a, ipn,m [(Ey — 1], and  k,(q) = V,(q) + an nzlpn,m <1 — %)q.

n

Finally, we fix some parameter ¢* > 0. After |27, Theorem 2|, convergence (2.2) holds under

the following two assumptions:

(H1) For every t € R,
lim W, (it) = U(it).

n—o0

(H2) We have

o) mag*
limsup a, Z Pn,m (ﬁ) < 00.

n—00
m=2n

Indeed, by |71, Theorem 15.14 & 15.17|, Assumption (H1) is essentially equivalent to
(A1)&(A2) of [27], while (H2) rephrases Assumption (A3) there. We now introduce the

new assumption:

(H3) We have either k(¢*) < 0, or k(¢*) = 0 and &'(¢*) > 0. Moreover, for some € > 0,

n—1

q*—e *_g
nlgr;() an an’m (1 - %) = /(OO 0)(1 —e¥)? 77 A(dy). (2.5)

m=1

Postponing the description of the limits, we can already state our two convergence results

formally:
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Theorem 2.2.1. Suppose (H1) to (H3). Then we can fix a freezing threshold M sufficiently

large so that, for every ¢ > 1V ¢*, the convergence in distribution

(M:t20> DY) t>0),

n n—oo

holds in the space D([0, 00), %), where Y is the self-similar growth-fragmentation driven
by Y, and

i=1

(4 = {x:: (k1 > a9 >---2>0): i(:ﬁi)q<oo}

(that is, the family of particles at a given time is always ranked in the non-increasing order).

Theorem 2.2.2. Suppose (H1) to (H3), and ¢* > ~. Then we can fix a freezing threshold M

sufficiently large so that there is the convergence in distribution

dn
( xm. _) 9D,y
Ay, n—oo

in the Gromov—Hausdorff topology, where Y is the random compact real tree that represents

the genealogy of Y.

Description of the limits. As explained in the Introduction, the process Y portrays the
size of particles in the self-similar growth-fragmentation process Y := (Y (¢): ¢t > 0), whose
construction we briefly recall (referring to [19, 24| for more details): The Eve particle Yy
is distributed like Y. We rank the negative jumps of a particle Y, in the decreasing order
of their absolute sizes (and chronologically in case of ez aequo). When this particle makes
its j™ negative jump, say with size —y; < 0, then a daughter particle Y,; is born at this
time and evolves, independently of its siblings, according to the law of Y started from y;.
(Recall that Y is eventually absorbed at 0, so we can indeed rank the negative jumps in
this way; for definiteness, we set b,; = oo and Y,; := 0 if Y, makes less than j negative
jumps during its lifetime.) Particles are here labeled on the Ulam-Harris tree U = J,~ , N",
the set of finite words over N, where N = {&} is reduced to the root of the tree, and a
vertex u = (ug,us, ..., u;) € U, at generation |u| := k, has uj = (uy,us, ..., ux,j) as j-th
descendent. Write b, for the birth time of Y,,. Then

Y(t) = (Yu(t—bu): wel, bugt), t>0.

After [19, 24], this process is self-similar with index —v. Roughly speaking, this means
that a particle with size x > 0 evolves 77 times “faster” than a particle with size 1. Since

here —y < 0, there is the snowball effect that particles get rapidly absorbed toward 0 as time
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passes, and it has been shown [19, Corollary 3] that such a growth-fragmentation becomes

eventually extinct, namely that e := inf{¢t > 0: Y(¢) = (0} is almost surely finite.

The extinction time € is also the height of the genealogical structure ) seen as a compact
real tree. Referring to [98] for details, we shall just sketch the construction. Let ), o consists
in a segment with length ¢, := inf{t > 0: Y, (t) = 0} rooted at a vertex u. Recursively, define
Yun+1 by attaching to the segment ), o the trees V,; 5 at respective distances b, ; — b, from wu,
for each born particle uj, j < h + 1. The limiting tree Y := lim?,,_, ., Vi, where V), == Va5,
fulfills a so called recursive distributional equation. Namely, by |98, Corollary 4.2], given
the negative jump times and sizes (bj,y;) of Y and an independent sequence Y, Y?, ... of
copies of Y, the action of grafting, on a branch with length ¢ := inf{¢t > 0: Y'(¢) = 0} and
at distances b; from the root, the trees )7 rescaled by the multiplicative factor y], yields a
tree with the same law as ). With this connection, Rembart and Winkel [98, Corollary 4.4]
proved that e admits moments up to the order sup{q > 0: k(q) < 0}/7. When particles do
not undergo sudden positive growth (i.e., A((0,00)) = 0), Bertoin et al. [24, Corollary 4.5]

more precisely exhibited a polynomial tail behavior of this order for the law of e.

Discussion on the assumptions. Observe that (H1) entails (H2) when the Lévy measure A
of £ is bounded from above (in particular, when ¢ has no positive jumps). By analyticity,
Assumptions (H1) and (H2) imply that ¥, (2) — ¥(z) as n — oo, for 0 < Rz < ¢*.
Adding the condition (2.5) in (H3) then yields the convergence k,(z) — k(z) for Rz in a
left-neighbourhood of ¢*. Lastly, the first condition in (H3) itself implies ¥(¢*) < 0 (since
U < k) and, together with the other assumptions, that there must exist ¢, € (0, ¢*) and some
threshold M such that

kn(q) <0 and k(q) <0, for all ¢ € [¢.,q") and n > M,

which is all but a superfluous requirement. Indeed, the condition x(q) < 0 for some ¢ > 0
is necessary (and sufficient) [33]| to prevent local explosion of the growth-fragmentation Y
(a phenomenon which would not allow us to view it in some ¢%space). Informally, the
cumulant function k(q) captures the expected value of the sum of the particle sizes raised to
the power ¢ immediately after the first birth event. This function constitutes a key feature of
branching processes and, in particular, of self-similar growth-fragmentations [99]. Of course,
the meanings of the quantity «,(q) and of the condition k,(¢) < 0 should be regarded the
same but at the discrete level (that is, w.r.t. X™).

We stress that our assumptions do not provide any control on the “small particles” (n < M).
This explains why we need to “freeze” them (meaning that they no longer grow or beget

children); otherwise their number could become quickly very high and make the system
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explode, as we illustrate in the example below. We will basically choose M as above, so that
kn(q) < 0 for some ¢ and all n, once we take the freezing into account (which is tantamount

to resetting® k, := 0 for n < M).

Example 2.2.3. Suppose that a particle with size n increases to size n+ 1 with probability
p < 1/2 and, at least when n is small, splits into two particles with sizes 1 and n — 1 with
probability 1 — p. Thus, at small sizes, the unstopped Markov chain essentially behaves like
a simple random walk. On the one hand, we know from Cramér’s theorem (see e.g. [51,

Theorem 2.2.3|) that for every ¢ > 0 sufficiently small,
P(X(l)(k) >(1—2p+ 5)k>, k>0,

decreases exponentially at a rate c,(¢) > 0. On the other hand, keeping only track of particles
with size 1 or 2, the number of particles with size 1 is bounded from below by Z, where

Z=(Z M.z [2]) is a 2-type Galton—Watson process whose mean-matrix

0 1
2(1—-p) 0

has spectral radius 7, = 1/2(1 —p) > 1, so that by the Kesten-Stigum theorem [12,
Theorem V.6.1] the number of particles with size 1 at time k — oo is of order at least r¥,
almost surely. Consequently the expected number of particles which are above (1 — 2p + ¢)k
at time 2k is of exponential order at least m,(c) = logr, — ¢,(€). It is easily checked that
this quantity may be positive (e.g., m1,4(1/4) > 0.16). Thus, without any “local” assumption
on the reproduction law at small sizes, the number of small particles may grow exponentially
and we cannot in general expect X (|a,-|)/n to be tight in (% for some ¢ > 0. However,
this happens to be the case for the perimeters of the cycles in the branching peeling process
of random Boltzmann triangulations [25], where versions of Theorems 2.2.1 and 2.2.2 hold
for v = 1/2, ¢* = 3, and M = 0, although «,(3) < 0 seems fulfilled only for M > 3 (which
should mean that the holes with perimeter 1 or 2 do not contribute to a substantial part of

the triangulation).

We start with the relatively easy convergence of finite-dimensional marginals (Section 2.3).
Then, we develop a few key results (Section 2.4) that will be helpful to complete the proofs
of Theorem 2.2.1 (Section 2.5) and Theorem 2.2.2 (Section 2.6).

"'We make here a slight abuse on the notation. Again, even though the dependency is not explicitly
written, the discrete objects such as &, X(”)7 ... all ultimately depend on the freezing threshold M.
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2.3 Convergence of finite-dimensional marginals

In this section, we prove finite-dimensional convergences for both the particle process X and
its genealogical structure X'. (We mention that the freezing procedure is of no relevance here
as it will be only useful in the next section to establish tightness results; in particular the
freezing threshold M will be fixed later.)

We start by adopting a representation of the particle system X that better matches
that of Y given above. We define, for every word u := uy ---u; € N?, the u-locally largest
particle? (X, (k): k > 0) by induction on ¢ = 0, 1,... Initially, for ¢ = 0, there is a single
particle X labeled by v = @, born at time fg = 0 and distributed like X. Then, we
enumerate the sequence (B,1,n1), (Bu2, n2), ... of the negative jump times and sizes of X,
so that ny > ny > -+ and By; < Bu+1) Whenever n; = n;,1. Conditionally on (n;),>1,
the processes X,;, j = 1,2,... are independent and distributed like X (") respectively (for
definiteness, we set 3,; := oo and X,; := 0 if X, makes less than j negative jumps during its
lifetime), and we have

(X(k))sg £ (Xulk = B): u €U, B, < k)

k>0

Recall the notation -(™ to stress that the system is started from a particle with size X(0) = n.

Lemma 2.3.1. Suppose (H1) and (H2). Then for every finite subset U C U, there is the

convergence in ([0, co), RY):

X Lant] = 3
( (Lant] )ZUEU 9, (Yu(t—bu):ueU) : (2.6)
n 0 n—o0 >0

Proof. We follow the argument used to prove the second part of [25, Lemma 17]. For h > 0,
let Uy, == {u € U: |u| < h} be the set of vertices with height at most A in the tree U. It

suffices to show
(#,): Convergence (2.6) holds in D([0, 00), RY) for every finite subset U C Uy,

by induction on h. The statement (.%) is given by (2.2). Now, if U is a finite subset of Uy,
and F,, u € U, are continuous bounded functions from D([0, c0), R) to R, then the branching
property entails that, for X{" = X (lan:] = Bu)/n,

S (n n). o o (n (n)
" EF”(XL(L ) ‘ (X™: ueU,) _uegmf“(x’s Y . EEX5”>(O) £,
|u|=h+1

2In the peeling of random Boltzmann maps [25], the locally-largest cycles are called left-twigs.
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where B stands for expectation under the law P\ of X, started from x, which by (2.1),
(2.2) and (2.3), converges weakly as n — oo to the law P, of Y started from z. The values
X}S")(O) for |u| = h + 1 correspond to (rescaled) negative jump sizes of particles at height h.
With [69, Corollary VI.2.8] and our convention of ranking the jump sizes in the non-increasing
order, the convergence in distribution (qun)(O): uel, luy=h+1)— (Yu(0): uel, |u =
h + 1) as n — oo thus holds jointly with (.#,). Further, thanks to the Feller property |78,
Lemma 2.1] of Y, its distribution is weakly continuous in its starting point. By the continuous

mapping theorem we therefore obtain, applying back the branching property, that

HFU(XW)] —— E HFU(Yu(-—bu))].

n—»00
uelU uelU

E

A priori, this establishes the convergence in distribution ()A(qsn): u € U) — (Yu(- —
b.): u € U) only in the product space D([0,00),R)Y. By [69, Proposition 2.2] it will also
hold in D([0,00),RY) provided that the processes Y,, u € U, almost surely never jump
simultaneously. But this is plain since particles evolve independently and the jumps of Y are

totally inaccessible. Thus (%) = (Fhi1)- -

Next, we proceed to the convergence of the finite-dimensional marginals of X', which we
shall first formally construct. For each u € U with 8, < oo, let (, denote the lifetime of
the stopped Markov chain X,. Recall the definition in Section 2.2 of the trees Y, Yy, h > 0,
related to Y’s genealogy, that echoes Rembart and Winkel’s construction [98]. Similarly,
let X, simply consist of an edge with length (,, rooted at a vertex u. Recursively,
define X, ;41 by attaching to the edge &, the trees X,;, at a distance 3,; — B, from
the root u, respectively, for each born particle uj, j < h 4 1, descending from u. The tree
Xy = Xy, is a finite tree whose vertices are labeled by the set U™ of words over {1,...,h}
with length at most h. Plainly, the sequence &}, h > 0, is consistent, in that &}, is the subtree
of Xj41 with vertex set UM and we may consider the inductive limit X = limf,_,  Xj.
We write d,(v,v’) for the length of the unique path between v and v’ in X™. All these
trees belong to the space 7 of (equivalence classes of) compact, rooted, real trees and can
be embedded as subspaces of a large metric space (such as, for instance, the space ¢}(N) of
summable sequences [6, Section 2.2|). Irrespectively of the embedding, they can be compared
one with each other through the so called Gromov—Hausdorff metric dgg on .77. We forward

the reader to [80, 59] and references therein.

Lemma 2.3.2. Suppose (H1) to (H3). Then for all A € N, there is the convergence in

(g, dGH)Z
CO R

an n—oo
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Proof. 1t suffices to show the joint convergence of all branches. The branch going from the
root @ through the vertex u € U™ has total length £ = 8" + ¢ in (X}S"),dn), and
length €, := b, + ¢, in V. Recall that conditionally on {X,(0) = n}, the random variable (,
has the same distribution as ¢ = Cgb). By |27, Theorem 3.(i)], the convergence
(n)
¢ 9@, C=inf{t > 0: Y(¢t) =0}

a, mn—0

holds jointly with (2.2). Adapting the proof of Lemma 2.3.1, we can more generally check
that for every finite subset U C U, we have, jointly with (2.6),

a/TL n—o0

&y
( :uEU)L(eu:uEU).
In particular, this is true for U == U®). -

To conclude this section, we restate an observation of Bertoin, Curien, and Kortchemski
[25, Lemma 21| which results from the convergence of finite-dimensional marginals
(Lemma 2.3.1): with high probability as h — oo, “non-negligible” particles have their labels
in UM, Specifically, say that an individual u € U is (n,¢)-good, and write u € G(n, ¢), if the
particles X, labeled by each ancestor v of u (including u itself) have size at birth at least ne.
Then:

Lemma 2.3.3. We have

lim limsup P (G(n,e) ¢ UM) = 0.

h—o00 n—o0

2.4 A size-biased particle and a many-to-one formula

We now introduce a “size-biased particle” and relate it to a many-to-one formula. This will
help us derive tightness estimates in Sections 2.5 and 2.6, and thus complement the finite-
dimensional convergence results of the preceding section. Recall from Assumptions (H1)
to (H3) that we can find g. € (0,¢") such that, as n — oo, k,(q) = k(q) < 0 for every
q € (g, q"). Consequently, we may and will suppose for the remainder of this section that the
freezing threshold M is taken sufficiently large so that k,(q.) < 0 for every n > M. (Note
that x,(q.) = 0 for n < M, by our convention p,,, = 1.)

Lemma 2.4.1. For every n € N,

E@|(X(1)" + (0= X(1)F] < o (2.7)
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Therefore, the process®

D o(Xulk=B))" k=0,

uel

is a supermartingale under P(™.

Proof. The left-hand side of (2.7) is

o S () (5] = o (105,

where £, (g.) < 0. Hence the first part of the statement. The second part follows by applying

the branching property at any given time k > 0:

E Y (Xu(k+1—82)"

uelU

X(k) = (a;: i € 1)] = SEE[(XW)" + (w - X(1) 7]

el

Remark 2.4.2. Put differently, the condition “k,(¢.) < 07 entails that n — n?% is
superharmonic with respect to the “fragmentation operator”. This map plays the same role

as the function f in [25]|, where it takes the form of a cubic polynomial (¢, = 3) and
S f(Xulk=B2), k=0,
uelU

is actually a martingale. More generally, the map n — n? could be replaced by any regularly-

varying sequence with index g, but probably at the cost of heavier notation.

As we see in the proof of Lemma 2.4.1, the fact that x,(q.) < 0 allows us to introduce a
(defective) Markov chain (X (k): & > 0) on N, to which we add 0 as cemetery state, with

transition
EM [£(X(1)); X(1) #0] = ipn,m {(%)q flm) + (1= ) fln m)] S 28

We let ¢ == inf{k > 0: X (k) = 0} denote its lifetime. Up to a change of probability measure,
X follows the trajectory of a randomly selected particle in X, until it is eventually absorbed
to the cemetery state 0. It admits the following scaling limit (which could also be seen as a

randomly selected particle in Y; see [24, Section 4]):

3We set here X, (i) := 0 for i < 0 in order to not burden the notation with the indicator T¢p,<ky-
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Proposition 2.4.3. There is the convergence in distribution

(M; t> 0) % (Y(t): t >0) (2.9)

in D([0, 00), R), where the limit Y fulfills the same identity (2.4) as Y, but for a (killed) Lévy
process ¢ with characteristic exponent &(q) := (g, + ¢q). Further, if { denotes the lifetime

of Y, then the convergence

Fm) _
¢ @ e

an n—oo

holds jointly with (2.9).

Proof. Write A,, for the law of log(X™(1)/n), with the convention log0 := —oco. We see

from (2.8) that a, P(X (1) = 0) = —£,(¢.), and, for every 0 < ¢ < ¢* — ¢u,

= mttan = S [(2) () -1) (12 (-2 1)

= Kn(qx + q) — Kn(qs)-

Hence

aAa({—oo}) + / (e — 1) ayB(dy) = inlge + q) — A(q).

R n—o0

Furthermore, by (H2),

o0 . -~ oo q*
lim sup an/ el —a)y A, (dy) < limsup a, Z DPn,m <@> < 00.
n—00 1 n—00 —2n n
In other words, assumptions (Al), (A2) and (A3) of [27] are satisfied (w.r.t the Markov
chain X and the limiting process Y). Our statement thus follows from Theorems 1 and 2

there?. -

Heading now toward pathwise and optional many-to-one formulae, we first set up some
notation. Let A C N be a fixed subset of states, and let ¢/ € OU refer to an infinite word
over N, which we see as a branch of U. For every u € UU 90U and every k > 0, set

Xu(k) = Xum(k = Bum)

where u[k] is the youngest ancestor v of u with 8, < k, and write 7* := inf{k > 0: X, (k) € A}
for the first hitting time of A by X,. Let also 7 = inf{k > 0: X(k) € A}. Now, imagine

4Strictly speaking, the results are only stated when there is no killing, that is x(g.) = 0, but as mentioned
by the authors [27, p. 2562, §2], they can be extended using the same techniques to the case where some
killing is involved.
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that once a particle hits A, it is stopped and thus has no further progeny. The state when
all particles have hit A in finite time is % = X,(74), u € Uy, where U, == {u € U: {[r}] =
u for some ¢ € OU with 7} < oo}.

Lemma 2.4.4 (Many-to-one formula).
(i) For every n € N, every k > 0, and every f: N¥ ! 5 R,

E™ :nq*E(”)[f(X(i):z'<l<:);§>k}.

> (Xulk = 8)" f (Kui): i < k)

uelU

(ii) For every n € N, every A C N, and every f: Z, x N — R,

E®)

()" (k)| - B S5 > ).

uclUy

Proof. (i) The proof is classical (see e.g. [100, Theorem 1.1]) and proceeds by induction on k.
The identity clearly holds for £ = 0. Using (2.8) together with the branching property at

time k,
E™ 3 (Xu(k+1 - ﬁu))"*f(féu(i): i<k+ 1) \ Xu(i) = 2y, 0 < k]
uelU
— Z pru,k,m (mq*f(:vu,o, e Tk, m) + (a:uk — m)i*f(:vu’g, ey Tk, Tk — m))
uelU m=0
= (2ur) " EC0 [f (200, mup, X(1)); X(1) #0).
uelU

By taking expectations on both sides and applying the induction hypothesis with the function
Flxo, ... zx) = E@)[f(z,... 2, X(1)); X(1) 5 0] on the one hand, and by applying the
Markov property of X at time k on the other hand, we derive the identity at time k + 1:

E™ S (Xu(k+1 - m))"*f()?u(i): i <k+ 1)

uelU

= B | F(X(i): i < k); C> k]

= nq*E(”)[f(X(i):iSk—O—l); ¢(>k+1].
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(ii) Forevery k > 0and every zo, ...,z € N, weset fi(zo, ..., 2%) = Ligoga, o 2ampent f (K, Ti).
Then

E™

S (Kulk = b)) " A (Rl < k)]

uelU

S (e sleh )| - 3o

u€lUy

= n? iE(”) [f(k, X(k); 7* = k; > k]
k=0

= w B[ X(): > 7

by (i) and the monotone convergence theorem. -

We now combine Proposition 2.4.3 and Lemma 2.4.4 to derive the following counterpart
of [25, Lemma 14| that we will apply in the next two sections. Consider the hitting set
A= {1,...,|ne]} and denote by z="¢ := z* u € US"¢ := U,, the population of particles

stopped below ne.

Corollary 2.4.5. We have

lim limsup n~% E™
e—=0 n—oo

S| <o

uclUs<ne

Proof. By Lemma 2.4.4,

n—% EM

Z(xgna)q*] _ P(n) (Ct > ?§n8)7

ueUgns

where 75" := inf{k > 0: X (k) < ne}. Thus, if C is the lifetime of ¥ and T=° := inf{t >
0: Y(t) < €}, then by Proposition 2.4.3 and the continuous mapping theorem,

lim sup n~% E™
n—oo

Z(xjnf)q*] < P(C>7T),

uclUsne

which tends to 0 as e — 0 (because ¢ < oo and Y ({—) > 0, P-almost surely). n

2.5 Proof of Theorem 2.2.1

We prove Theorem 2.2.1 by combining Lemma 2.3.1 with the next two “tightness” properties.
We suppose that Assumptions (H1) to (H3) hold and recall that U™ C U refers to the set
of words over {1,...,h} with length at most h.
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Lemma 2.5.1. For every § > 0,

hmIPsupZ uq>5:O.

h=o0 20 Letmum

Proof. This was already derived in [25, Lemma 20|, and results from the following fact [19,
Corollary 4|:

E

Zsup (Yu(t— bu))q] < oo for k(q) <0. n

uelU 20

Lemma 2.5.2. If M is sufficiently large, then for every 6 > 0,

lim limsup P™ | sup Z u(k— ﬁu q >on? | = 0.

h—o00 n—o0 k>0 uEU\UUL)

Proof. Let us first take ¢. < ¢* and M as in Section 2.4. As in the proof of |25, Lemma 22|
and by definition of G(n, ) in Section 2.3, we claim that each particle in {X,(k — £,): u

U\ G(n,e)} has an ancestor with size at birth smaller than ne. Thanks to the branching
property, we may therefore consider that these particles derive from a system that has first
been “frozen” below the level ne, that is, with the notations of Section 2.4, from a particle
system having =", u € US", as initial population. Hence, by Lemma 2.4.1 and Doob’s

maximal inequality,
* * 1
(n) _ q q I () <ne\ 4+
- uEU\Q(n,a) uclUs<ne

(bounding from above the ¢ -norm by the ¢%-norm). We conclude by Corollary 2.4.5 and

Lemma 2.3.3. ]

Proof of Theorem 2.2.1. From Lemmas 2.3.1, 2.5.1 and 2.5.2, we deduce the convergence in

distribution

n —00 207

(n) (n)
Xu nt - Fu
( (lant] = 5 ):u€U> Dy (Vy(t = by): u € D)
0
in the space D([0, c0), £4" (U)) of £4"(U)-valued cadlag functions on [0, c0), where

(7 (U) == {x = (2, ueU): Z(zu)q* < oo}.

uel

Since for ¢ > 1, rearranging sequences in the non-increasing order does not increase their

g-distance [32, Theorem 3.5|, the convergence in 4" (U) implies that in (%, ¢ > 1V ¢*. -
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2.6 Proof of Theorem 2.2.2

Similarly to the previous section, by Lemma 2.3.2 the proof of Theorem 2.2.2 is complete

once we have established that

Tim P(dan (Y,00) > 8) =0,
and

lim lim sup IP’(dGH (X("),X,Sn)) > (5an> =0, (2.10)

h—o00 n—o0

for all & > 0. The first display is clear since the tree ) is compact. The second will be a

consequence of the following counterpart of [25, Conjecture 1]:

Lemma 2.6.1. Suppose (H1) to (H3), and ¢* > . Then for every ¢ < ¢*, and for M

sup E| [ ———= < 00,

neN Qp,

sufficiently large,

where ht (X)) := sup,c yo d, (2, z) is the height of the tree X,

The proof of Lemma 2.6.1 involves martingale arguments. Prior to writing it, we need a

preparatory lemma. Let us define

B o0 ay, a/v I a/v
Kn(Q):::(MLEE:pnﬁn (;;‘) _’1'+ < a ) )
m=1 n n

which slightly differs from x,(q) to the extent that we have replaced the map m +— m9?

by the g-regularly-varying sequence A,(m) = a%w, m € N (for convenience, we have set

ay =0, m <0). Of course, kK, = Kk, if a,, = m? for every m € N.

Lemma 2.6.2. Suppose ¢* > 7. Then we can find ¢. € (0,¢") such that, for every

q € g q"),
lim %,(q) = k(q) < 0.

n—oo

Proof. We will more generally show that for every g-regularly-varying sequence (r,),
e’} n—1
T'm m\4 Trnem m\4
(079 nm |~ | Qp, n,m —|1- __)
mzzlp’ [rn <n>} mzzlp’ [ T ( n 1

provided ¢ < ¢* is close enough to ¢*. Denoting by A,, the law of log(X ™ (1) /n), we observe

that .
an Z_lpn,m {Z—: — (%)q] = an/_ KCTZ) — e‘”] Ay (dx),

o0

+

— 0,

n—oo
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which, by repeating the arguments in [27, Proof of Lemma 4.9], tends to 0 as n — co. Next,
an appeal to Potter’s bounds [44, Theorem 1.5.6] shows that for every ¢ > 1 and 6 > 0

1 /mNate  rp, m\4—9
() =)
c\n T n

arbitrary small,

whenever m < n are sufficiently large. Thus, recalling that ¥,,(¢) — ¥(q) and k,(q) — x(q)

for every ¢ in some left-neighbourhood of ¢*, we have

n—1
Tn— m\4
lim inf "E o ”m—(1——) >
ITILEIOI.}CL P, {r n ]_

n

(g +0) = wlg+9)) = (x(@) = ¥(a)).

m=1
and
n—1
Trnem m\4 1
: Tnem (., M <1 o B B _ .
im0 [ (1 2] < 2 (sta-0 - w1g-9) - (0 w)
We conclude by letting ¢ — 1 and § — 0. -

We can now prove Lemma 2.6.1.

Proof of Lemma 2.6.1. We shall rely on a Foster-type technique close to the machinery
developed in [11]; see in particular the proof of Theorem 2’ there. First, observe that ht(X)
is distributed like the extinction time £ of X:

ht(X(")) 4 sup EM = £M),
uelU
Fix ¢ € (v, q*) arbitrary close to ¢* and set r := ¢/7. By Lemma 2.6.2, suppose M large
enough so that &,,(¢) < 0 for every m > M. Tt is easy to see as in the proof of Lemma 2.4.1
that the process

D)= Y A (Xulk— ). k20

uelU

is a supermartingale under P(™ (with respect to the natural filtration (Fy)r>o of X): indeed,
for X(k) = (x;: i € 1),

E™ [F(/{? +1) —T'(k) ‘ -Fki| = Z%IZ(Q) Aqr (23),

iel

where the right-hand side is (strictly) negative on the event {£ > k} ={3i € I: x; > M}.

We will more precisely show the existence of n > 0 sufficiently small such that the process

G(k) = (D) +n(ENK)), k>0,
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is a (Fi)kso-supermartingale under P for any n € N. Then, the result will be readily
obtained from 7" E™[(£ A k)"] < E™[G(k)] < E™[G(0)] = A,(n) = a’, and an appeal to

Fatou’s lemma.

On the one hand, we have
1-v/q
7= Z Ag—y (i) = (Z Aq(xi))
iel iel

because

A ( Myﬂq—w _ Aps(z)

O-Q/(q_’Y) o - o ’

where ¢/(¢ — ) > 1 and the right-hand side sums to 1 as ¢ ranges over I. Then, if we let
n > 0 sufficiently small such that &,,(¢) < —rn for every m > M, we deduce that

B [T(k+1) | F] < T0) (1= DR 7/ 1oy,
Raising this to the power 1/r = v/q yields

1/r
E™ [r(k +1) ‘ fk} < TR (1 —nD(k) " Leary) = D) —nliesry,  (2.11)

/7 On the other hand, the supermartingale property also implies that

by concavity of z — x
(D'(k + 1)Y" + a)" is integrable for every constant @ > 0; we may thus apply the generalized
triangle inequality |11, Lemma 1] with the positive, convex increasing function x — z”, the
positive random variable I'(k+1)*/" and the probability P(™( - | F,) (under which EA (k+1)
can be seen as a positive constant):

E™ [(F(k; D)4 (EA(k+ 1)) ]w < EM[E+1) | B +n(EAGK+1)).

Reporting (2.11) shows as desired that (G(k): k > 0) is a supermartingale. -

We are finally ready to derive (2.10) and complete the proof of Theorem 2.2.2.

Proof of (2.10). We start as in the proof of Theorem 2.2.1: thanks to Lemma 2.3.3 and the
branching property, with high probability as h — 0o, the connected components of X () \X,S")
are included in independent copies of X stemming from the population 2="¢, u € US"¢, of

particles frozen below ne. Specifically,

P (dGH (X(”),X}E”)) > 5an> < P™(G(n,c) ¢ UM) +EM

> P (e >(5an>].

u€U<’nE
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Now, take ¢, < ¢ < ¢* and M large enough so that both Lemma 2.6.1 and the results of
Section 2.4 hold. So, there exists a constant C' > 0 such that

E®) (ﬁm)( ) = E™ (5"°) T
P ht(X) > day, EM| > P ht(X) > da, < —
uclUs<ne uclUsne Tu
( ) a <ne Q/'Y
< CE™ ST .
< > (")
uelUsne

But we know, thanks to another application of Potter’s bounds, that we may find ¢ > 0 such

that
a a/v MG
() =e(m)
an n

whenever n is sufficiently large and m < n. Since =" < n (for 0 < € < 1), we can again

conclude by Corollary 2.4.5 and Lemma 2.3.3. n



A growth-fragmentation with immaigration
equation

We prove existence and uniqueness of a solution to a growth-fragmentation with immigration
equation. The solution corresponds to the intensity measure of a stochastic particle system,
in which immigrate copies of a growth-fragmentation process whose intensity measure solves
the equation without immigration considered in |34, 20, 36]. This allows us to compare their

respective asymptotic behaviors.

3.1 Introduction

Imagine a system of particles, parametrized by their “size” x > 0, with the following dynamics:

— particles grow at rate 7(z),
— fragmentation occurs at rate B(z),

— at rate I(dy), a new particle with size y immigrates into the system.

This means that the measure u:(dz) at time ¢ > 0 of the average number of particles per

unit volume with size z & dx fulfills an integro-differential equation of the form®

O(pe, f) = (e, Af) + (L, f) (3.1)

for test-functions f such that the right-hand side makes sense. Here, the so called growth-

fragmentation operator A may be taken as

Af(@) = () @)+ [ )by - Bla)fa),
where b(x,y) is the rate at which fragments with size y > 0 arise from the fragmentation of

a particle with size z > y.

Let us first recall the growth-fragmentation equation, that is (3.1) without the immigration
term (I = 0), which has been studied extensively by many authors, see the monographs |58
96] and references therein. Typically, the main purpose is to determine the asymptotic

behavior of solutions, such as

(e, f) t;;oe o, h) (v, f),

'We employ the usual notation (v, g) = [g(y) v(dy) for every measure v and every function g.

85
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also known as the Malthusian behavior, for some real A € R, positive function h and
measure v. In this respect, a key component is the spectral analysis of the operator A,
especially the existence of positive eigenelements (A, h, ). Recently, Bertoin and Watson [34,
20, 36] developed probabilistic tools toward this aim. Roughly, they related the semigroup
associated with A to a certain Markov process through a so called Feynman—Kac formula, and
then solved the eigenproblem by applying classical results of ergodic theory. Their technique
improves on some works in the literature of PDEs which were developed using more analytic
tools, see e.g. [94, 54, 13, 55, 88] — although similar approaches, and more generally the use of
probability for the study of growth-fragmentation equations and other semigroup-formulated

PDEs, appear in earlier works, see e.g. Bansaye et al. [15, 14], Cloez [48|, Doumic et al. [56].

In this note, we broaden the problem a bit by taking the immigration term into account
(I # 0). We mention that a similar fragmentation with immigration equation, but without
growth (more precisely, with 7 < 0) was studied by Haas [62, 61]. We shall first prove
existence (Section 3.2) and uniqueness (Section 3.3) of the solution to (3.1), and then
compare this solution with the one without immigration (Section 3.4), in particular regarding
their respective Malthusian behaviors. Then, in Section 3.5, we connect the solution to the
intensity measure of a stochastic particle system in which immigrate copies of the growth-
fragmentation process of [36], and we also specify the Malthusian behavior for the process.
In a concluding section, we discuss a variation of equation (3.1) where immigration no longer

appears at constant rate but depends on the population.

Assumptions. We adopt the setting of Bertoin and Watson [34] and thus make the same

assumptions. The following is taken for granted throughout this paper.

e Growth is sublinear: 7: R., — R_, is continuous and

|7|| = sup 7(z) < 0. (3.2)
z>0 T

o Fragmentation is conservative: setting b(z,y) = £b(z,y), we have

| by = Bla).
0
We also assume that

the map  + b(x,-) from R., to L'(dy) is measurable and bounded.

e Immigration is described by a positive measure I on R., with finite mean:

m = /y](dy) < 00. (3.3)



3.2. EXISTENCE 87

Then (I,-) is defined and finite on C, == {f: R., — R continuous with f bounded}, where
f(z) = f(z)/z, and the domain D(A) of the operator A (which we can also define on Cj)
contains every Lipschitz, continuously differentiable function f € C,. (In particular, D(A)
includes the space C° of smooth, compactly supported functions on R., and the identity
function = — x.) A solution to the growth-fragmentation with immigration equation should
then be understood as a family (f):>o of measures on R., such that (3.1) holds for all t > 0
and f € D(A).

3.2 Existence

Let us first provide an explicit solution to the growth-fragmentation with immigration
equation (3.1) by integrating results from the no-immigration case. Bertoin and Watson [34]
indeed solved the equation in absence of immigration (I = 0): there exists a unique positive,

strongly continuous semigroup (7})¢>o on Cp such that, for every ¢t > 0 and every f € D(A),
o1, f =T, Af. (3.4)

In other words, the family (1;);>0 of measures given by (u, f) = (1o, T1f), t > 0, fulfills (3.1)
when I = 0. More precisely, they derived the following Feynman-Kac representation
for (T})is0: let (X, (Py)z>0) denote the Markov process with the infinitesimal generator
(G, D(G)) on the space C; of continuous bounded functions on R., given by

Gf(x) = 7(2)f'(x) + / (F) — F@) Bay)dy,  fe D).

Then, for I = 0, the unique solution to (3.1) subject to py = d, is
t
(o, [) = Tif (z) = 2B, [ f(X:)&], where & = exp </ 7(X5s) ds). (3.5)
0

Let us now replace the assumption I = 0 by (3.3). Following Haas [61, § 5.1], this

integrability condition allows us to define, for every x > 0, the measures

t
W) = @)+ [ [Tpwn,  e=0 (3:6)
0
(Note that T, f(y) = O(y) for f € Cy, because T,.: C, — Cy, as confirmed by (3.5) and (3.2).)
Proposition 3.2.1. For every x > 0, the family (u} )., solves (3.1).

Proof. Let f € D(A). Then

Ot f) = TLAS(2) + / T, f(y) I(dy),
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where, by integrating (3.4),

Eﬂw=ﬂw+AﬂAﬂww, i1

Thus, by Fubini’s theorem,

w@wﬁzﬂAmw+/(ﬂ> /TAﬂ) ) ttan

= T, Af(x / dr/TAf /f(y)f(dy)
= (L0 Af) +

which is (3.1). n

3.3 Uniqueness

Proposition 3.3.1.  For every « > 0, the solution (s ,),5¢ given in (3.6) is the unique
solution to (3.1) subject to pg = 0.

Proof. Let (14)¢>0 be a solution to (3.1) with vy = d,. This means that, for f € D(A),

Onve, f) = (v, Af) + (L, ).

We may rewrite this in terms of 7,(dy) = yv,(dy), I(dy) = yI(dy), f(y) = yf(y), and
f e D(A) as

at<77t7f> = (9t<7/t7f> = <77t7¢4f> + <Ivf>7 (3-7)

for the operator A on C, defined by

On the one hand, plugging in f =1 in (3.7) yields
(v, 1) < m+ [|7][{m, 1),

so (,1) = Of(exp(||z||t)) by Gronwall’s lemma. On the other hand, A is known [34,
Lemma 2.1] to generate a strongly continuous semigroup, which is also bounded by exp(||7||t)
(for the operator norm on Cp). In particular, by |57, Theorem 11.3.8|, A is closed and p — A
is surjective for every p > ||7]|. Now, fix ¢ € C;, and p > ||7||, and let f € D(.A) such that
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g = (p— A)f. Multiplying both sides of (3.7) by e ?* and integrating by parts, we arrive at
the identity

/0 e g) dt = f(o) + LT

Since the right-hand side does not depend on the solution (14);>0 to (3.6) with vy = J,, we
thus see by setting ¢ := p — ||7|| and [ ,(dy) == y p; ,(dy) that for every ¢ > 0,

/ et (e 7, g)) dt — / S (e ) dr

0 0

In other words, the Laplace transforms of the continuous maps t — e~ lIT (5, g) and t
el ”t<ﬂti’z, g) coincide. Hence these two maps are equal, and because this equality is valid

for every g € Cy, we conclude that (1);>0 = (147, )e=0- -

3.4 Comparison of solutions

We now come to the asymptotic behavior as ¢ — oo of the solution to the growth-
fragmentation with immigration equation. We shall relate this behavior to (and actually
derive it from) the one without immigration. Indeed, Bertoin and Watson [34] provided
conditions for which the solution without immigration (u:):>o has a Malthusian behavior,

namely

lim e (., f) = h(z)(v, f), x>0, (3.8)

t—o0

at least for every continuous, compactly supported function f, where A\ € R is the so called
Malthus exponent, h is a positive function, and v is a Radon measure on (0,00) (called
the asymptotic profile). In the language of spectral theory, when appropriate definiteness
conditions are met (e.g., h € D(A)), A corresponds to the leading eigenvalue of the
operator A, h is an associated eigenfunction, and v is an associated eigenmeasure w.r.t.

the dual operator.

It is of course expected that, because of immigration, if y; and p} are of order e** and et
respectively, then A\* > A. This is indeed true and easy to check because, by (3.6), (1., [) >

(e, f) for every nonnegative function f.

Let us recall the necessary [20] and sufficient [34] condition for the solution (u)i>o to
admit a Malthusian behavior. It is expressed using the Markov process (X, (P,).~0) that
represents (u)i>o through the Feynman-Kac formula (3.5). Suppose that X is irreducible,
that is, P,(H(y) < oo) > 0 for all z,y > 0, where H(y) = inf{t > 0: X; = y}. Define also

the convex function L, ,: R — (—o00, 00| by

Loy(q) =B, [e™™Wey i H(y) <oo],  q€R,
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with £ the functional defined in (3.5). Then (u¢)¢>0 has a Malthusian behavior if and only if
for any (or all) z >0, L,.(A\) =1 and L] () > —oo, (3.9)
where )\ is defined as
A=inf{g e R: L, ,(¢) <1}
and is proved to not depend on z. More precisely, if (3.9) is in force, then (3.8) holds with

the eigenpair
dy
h(y)T(y)I L, , (NI

h(?J) = yLy,z(/\) and V(dy) = y >0,

and further
(o0, h) = eMh(z) for all 2 > 0,¢ >0, and (v, h)=1.

Proposition 3.4.1. Suppose (p)r>0 admits the Malthusian behavior (3.8) and (I, h) < oc.
Then as t — oo, for every x > 0 and every continuous function f: R., — R with compact
support,

v, f) (h(z) + +(I,h)) + o(eM), if XA >0,

(i ar ) = S L (v, FYU, R + o(1), if A <0,
(v, f) (M) + t{I,h)) + o(t), if A = 0.

Remark 3.4.2. Unsurprisingly the exponential order is A* := A V 0 (immigration prevents

the population from extinction).

Proof. Let C > 0 such that |f| < Ch and recall that e **{y; ., h) = h(z) for all x > 0, t > 0.
By (3.6),

Wt §) = )+ [ ([ sy

where the inner integrand is dominated for all » > 0 by Ce™*"(u,.,, h) = Ch(y), which by
assumption is integrable with respect to I. Further, (3.8) says that

lim e (i, f) = (v, [)(y).

r—00

We easily conclude by the dominated convergence theorem. -

We mention the sufficient condition [20, Theorem 2| to guarantee that (3.8) holds
exponentially fast:
(z)

lim supT— <A and limsup 7(z) <A (3.10)

z—0t x T—00 x
This condition further implies [34, Lemma 4.6] that A € C;, so (I,h) = (I,h) < oo and
Proposition 3.4.1 applies.
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3.5 The growth-fragmentation-immigration process

Recently, Bertoin and Watson [36] showed that the solution without immigration (f):>o
corresponds to the intensity measure of a so called growth-fragmentation process [19], that
is a Markov branching process (Z(t))>o whose construction in terms of a particle system
Z = (Z,(t): b, <t < dy,u € U) can be summarized as follows. (We employ the usual
Harris-Ulam tree U := [ J,, N" to label the individuals.) Under P,,, zy > 0, there is initially

one particle Z, called Eve, which evolves until the first fragmentation event according to

{ i(t) = 7(x(t)),

z(0) = zo.
Thus Z4(t) = x(t), t € [by,dy) = [0,(y), up to the fission time ( of Eve. Recalling that B(y)

is the rate at which a particle with size y fragmentates, (5 has law

Py (o > t) = exp<— /OtB(%‘(S))dS> = exp (— /xj(t) f((yy)) dy), t>0.

We view dy = (5 as both the death time of Eve and, when dy < oo, the birth time b; of
all its daughter particles Z;, + € N. Specifically, conditionally on the death dy; = s < oo of
Eve, a fraction p; € [0,1) of the mass © = Z5((z—) = z(s) is given to its i-th child at birth,

the flow velocity

namely Z;(s) = zp;, where the (conservative) mass-partition p = (p1,p2,...) is a random

element of the space

P::{peﬁlzplngz---z()and Zpizl},

i>1
and its law o(z,dp), for some probability kernel ¢ on P, satisfies to the relation
| #@)bedy = Ba) [ 3 fap) ol dp). (3.11)
0 P i1

Naturally, children evolve independently and according to the same dynamics, which means
that conditionally on b; = s and Z;(s) = y, the system Z; = (Z;(- — s): u € U) has
the law of Z under P

growth-fragmentation process

y, and further the family (Z;);ey is independent. By definition, the

Z(t) = Z ﬂ{bu§t<du}52u(t)7 t >0,

uel

is the point process of particles alive at t. We let P, denote the law of Z under P,,, and

note that the branching property is fulfilled: for every s > 0, conditionally on Z(s) = z,
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the process (Z(t + s): t > 0) is independent of (Z(r): r < s) and has the distribution P, of
the sum 2121 Z; of independent growth-fragmentation processes Z;, ¢ > 1, with respective

laws P, .

It is then fairly easy to see that f — E[(Z, f)] enjoys the semigroup property and that
for every f € D(A), we can decompose E[(Z(t), f)] as

/
PG> (el + | oo (= [ Bt ar) as / B, [(Z(t — ). /)] b(x(s). y)dy.

from which it follows that

0.B[(Z(1). f))|_ = AF.

t=0
Therefore the intensity measures E[Z(t)] = g, t > 0, solve the growth-fragmentation
equation (3.1) without immigration (I = 0). Besides, taking f = fi: © — x above and
applying the branching property show that e~ITW(Z(#), f1), t > 0, is a supermartingale, so

we can view Z in the space D of cadlag ¢*-valued functions.

Bertoin and Watson further proved that under the condition (3.10), the Malthusian
behavior (3.8) holds strongly: for every x > 0 and every continuous function f: R, — R
such that f = O(h):

lim e M(Z(t), f) = (v, f) W,  in LY(P,), (3.12)

t—o00

where W, is the limit of the uniformly integrable martingale W; := e *(Z(t), h), t > 0, and
E,[W] = h(x).

Here, we consider an independent Poisson point process N' on R., x I with intensity
dt ® PI, where

PI = /I(dy) P,
We then define the growth-fragmentation with immigration process as

Z'(t) =7Z(t) + /N(ds, dz) Lis<pyz(t — ), t>0.

and let Pio denote its law under P,,. We immediately observe that for every f € D(A),

B3, [(Z2(1), )] = (eeos f) + /O ds / (timsys F) I(dy) = (pi o f)

(cf. (3.6)), and so the solution to the growth-fragmentation with immigration equation (3.1)
indeed corresponds to the intensity measure of Z*. We stress however that, unlike the no-

immigration case, the expression “T} f(z) = (ui}x, f)” does not define a semigroup, because
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the additional immigration term invalidates the branching property. Still, whether the strong
Malthusian behavior (3.12) extends to Z* is a natural question. In this direction, we map
each atom (s,z) of N to (s,w), where w = lim;_,o, e *(z(t), h) is a copy of W, and we
let A/(ds, dw) denote the image of A(ds, dz) by this map.

Proposition 3.5.1. Suppose (3.10). Then for every x > 0 and every continuous function
f:R., — R such that f = O(h),

lim e (Z(¢), f) = (v, f) <Woo + / e“wﬁ(ds,dw)), in LY(PY).

t—o0

Remark 3.5.2. This strengthens Proposition 3.4.1 in the case A > 0, at the cost of the

stronger premise (3.10).

Proof. The proof is similar to that of Proposition 3.4.1 (when A > 0). Let C' > 0 such that
|f| < Ch. From the very definitions of Z*, N, N, and PI, we have that

E;{eWzi(t),f) —(w, f) (Woo +/e”w/\~/(ds,dw)> H
is bounded from above by
E, [|e(Z(1), f) = (v, /HW|]
+ /O e d / [(dy) By [|Lisene TNZ(t = 5), f) — (v, ) W]

Thanks to (3.12), the first term tends to 0 as ¢ — oo, as does the integrand in the second
term. Moreover, this integrand is dominated by 2Ce~**h(y), which is integrable with respect

to ds ® I. We conclude by another application of the dominated convergence theorem. g

3.6 Population-dependent immigration

So far immigration has been occurring at a constant rate (independently of the number of
particles). This is a natural assumption, however it has caused the branching property to
break. Alternatively, one may also consider the situation where each individual independently

attracts new immigrants. Assuming
T = I(R.,) < oo,

this amounts to repeating the construction of the growth-fragmentation process Z (as
explained in the first paragraph of Section 3.5), except that we replace B(z) by B () =
B(z) + T and the probability kernel o(z,dp) by

o(x,ds) = B(z) ™" (B(x) o(x,dp) + Liss—(z 0.} L (dy)),
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fors € S =P U{1} x R, x {0}, with which we associate the fission-immigration rate b
defined by

/f xdy /fosl (x,ds) /f xydy—ir/f I(dy) + Y f(x);

1>1
see (3.11). We end up with a growth-fragmentation with population-dependent immigration
process Z* with initial laws (P%),_,, such that

— A f(z), t>0,2>0,fe DA,

t=0

0, EL[(Z*(t), f)]

where

Avmszﬂ@+/}@ﬂ@w

In this case the intensity measures ji; , = E3[Z()], t > 0, solve the alternative equation

O (e, f) = (e, A ), (3.13)

and, because the branching property holds, the expression T} f(z) = (ﬁ;x, f) defines a

semigroup with generator A*.

For simplicity, we assume that the fragmentation kernel b is homogeneous, meaning that

1

where p: (0,1) — R., has first positive and negative moments. In particular the

fragmentation rate B is constant:

1
B E/ up(u) du < oo.
0

We further assume that

lim inflx) > /o (u™' —1)p(u)du and lim suplx) < /0 (1—u)p(u)du = X.

z—0+ €T T—00 X

Proposition 3.6.1. Under the above assumptions, the solution (17 ),5( to (3.13) admits the
Malthusian behavior
lim "G f) = T 1 f), (3.14)
—00

for every f: R., — R continuous with compact support, where v is the asymptotic profile of

the solution without immigration.
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Proof. By [34, Proposition 7.1], we have A = X and h = 1 (the constant function equal to 1).

Then, we can write
Af(x) = Gf(x) + Mf(x), and A'f(z) =G f(x) + (A + T)f(2),

where
Gf(x) = () f'(x) + / (f(uz) — F()) plu)du,
and

G f(x) = Gf(x) + / (F() - f(2)) I(dy).

define infinitesimal generators of some Markov processes. More precisely, if X has generator G
and (N;:t > 0) is an independent Markov jump process on R., with infinitesimal
generator Gi—G , then Xi= X+N has generator éi, and there are the simple Feynman—Kac

formulas

<,ut,:(:7 f> = eAt E, [f(Xt>] )

and
(Fi oo f) = eMTOE [ F(X + N

Clearly, N admits YT'I as stationary distribution. Since further X and N are independent,
there is the convergence in distribution (X;, N;) — (v,Y'I) as ¢ — oo. The conclusion

follows. ]

Remark 3.6.2. The Malthusian behavior (3.14) further holds exponentially fast under the
additional assumption r := [y~ ! I(dy) < oo. Indeed, with V(z) =z + 2™, we see that

(’jiV(m) =z(r(z)—(A+7T)) +27" (/0 (v =1) p(u)du — (T —I—I(x))) +m+r, x >0,

and so there exist b > 0 and 8 > 0 such that G*V(z) < —BV(z) whenever z > b or
x < 1/b. This allows us to apply the geometric ergodic theorem, just like in [34, Proof of
Proposition 7.2.(ii)].

Remark 3.6.3. We can derive a strong Malthusian behavior for 73 by adapting the results
of [36]. If
lim sup M <A+T
z—0t T
also holds, then for every x > 0 and every continuous bounded function f: R, — R,

lim e ONZAE), f) = YT N * I, f) Weo,  in LY(PL),

t—o00

where W, is the limit of the uniformly integrable martingale W, == e*@”)t(Zg, 1),t>0.






Bibliography

1]

2l

13l

4]

[5]

[6]

17l

8]

19]

[10]

[11]

[12]

[13]

[14]

Aidékon, E., Berestycki, J., Brunet, E., and Shi, Z. “Branching Brownian motion seen from
its tip”. In: Probab. Theory Related Fields 157.1-2 (2013), pp. 405-451. MR: 3101852 (- 32).

Aidékon, E. “Convergence in law of the minimum of a branching random walk”. In: Ann.
Probab. 41.3A (2013), pp. 1362-1426. MR: 3098680. ARXIV: 1101.1810 (= 32, 46).
Aidékon, E. and Shi, Z. “The Seneta-Heyde scaling for the branching random walk”. In: Ann.
Probab. 42.3 (2014), pp. 959-993. MR: 3189063 (= 16).

Aldous, D. “The continuum random tree. I”. In: Ann. Probab. 19.1 (1991), pp. 1-28. MR:
1085326 (- 21, 65).

“The continuum random tree. II. An overview”. In: Stochastic analysis (Durham,
1990). Vol. 167. London Math. Soc. Lecture Note Ser. Cambridge Univ. Press, Cambridge,
1991, pp. 23-70. MR: 1166406 (- 21, 65).

“The continuum random tree. III”. In: Ann. Probab. 21.1 (1993), pp. 248-289. MR:
1207226 (= 21, 65, 74).

Arguin, L.-P., Bovier, A., and Kistler, N. “Poissonian statistics in the extremal process of
branching Brownian motion”. In: Ann. Appl. Probab. 22.4 (2012), pp. 1693-1711. MR: 2985174
(= 32).

Arista, J. and Rivero, V. Implicit renewal theory for exponential functionals of Lévy processes.
2015. ARXIV: 1510.01809 (= 54).

Asmussen, S. and Kaplan, N. “Branching random walks. I”. In: Stochastic Processes Appl.
4.1 (1976), pp. 1-13. MR: 0400429 (= 15).

“Branching random walks. II”. In: Stochastic Processes Appl. 4.1 (1976), pp. 15-31.
MR: 0400430 (= 15).

Aspandiiarov, S. and lasnogorodski, R. “General criteria of integrability of functions
of passage-times for non-negative stochastic processes and their applications”. In: Teor.
Veroyatnost. i Primenen. 43.3 (1998), pp. 509-539. MR: 1681072 (=~ 82, 83).

Athreya, K. B. and Ney, P. E. Branching processes. Die Grundlehren der mathematischen
Wissenschaften, Band 196. Springer-Verlag, New York-Heidelberg, 1972, pp. xi+287. MR:
0373040 (- 72).

Balagué, D., Canizo, J. A., and Gabriel, P. “Fine asymptotics of profiles and relaxation to

equilibrium for growth-fragmentation equations with variable drift rates”. In: Kinet. Relat.
Models 6.2 (2013), pp. 219-243. MR: 3030711 (= 25, 86).

Bansaye, V., Cloez, B., and Gabriel, P. Ergodic behavior of non-conservative semigroups via
generalized Doeblin’s conditions. 2017. ARXIV: 1710.05584 (= 86).

97


http://www.ams.org/mathscinet-getitem?mr=3101852
http://www.ams.org/mathscinet-getitem?mr=3098680
http://arxiv.org/abs/1101.1810
http://www.ams.org/mathscinet-getitem?mr=3189063
http://www.ams.org/mathscinet-getitem?mr=1085326
http://www.ams.org/mathscinet-getitem?mr=1166406
http://www.ams.org/mathscinet-getitem?mr=1207226
http://www.ams.org/mathscinet-getitem?mr=2985174
http://arxiv.org/abs/1510.01809
http://www.ams.org/mathscinet-getitem?mr=0400429
http://www.ams.org/mathscinet-getitem?mr=0400430
http://www.ams.org/mathscinet-getitem?mr=1681072
http://www.ams.org/mathscinet-getitem?mr=0373040
http://www.ams.org/mathscinet-getitem?mr=3030711
http://arxiv.org/abs/1710.05584

98

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

27]

28]

[29]

[30]

BIBLIOGRAPHY

Bansaye, V., Delmas, J.-F., Marsalle, L., and Tran, V. C. “Limit theorems for Markov
processes indexed by continuous time Galton-Watson trees”. In: Ann. Appl. Probab. 21.6
(2011), pp. 2263-2314. MR: 2895416 (- 86).

Baryshnikov, Y. and Gnedin, A. “Counting intervals in the packing process”. In: Ann. Appl.
Probab. 11.3 (2001), pp. 863-877. MR: 1865026 (= 3, 30).

Berestycki, J. “Ranked fragmentations”. In: ESAIM Probab. Statist. 6 (2002), pp. 157-175.
MR: 1943145 (+ 7).

Bertoin, J. “Compensated fragmentation processes and limits of dilated fragmentations”. In:

Ann. Probab. 44.2 (2016), pp. 1254-1284. MR: 3474471 (=~ 7, 13, 14, 29-35, 39, 41).

—— “Markovian growth-fragmentation processes”. In: Bernoulli 23.2 (2017), pp. 1082-1101.
MR: 3606760 (= 5, 7, 8, 10, 12, 14, 29-32, 48-50, 60, 67, 70, 71, 80, 91).

On a Feynman-Kac approach to growth-fragmentation semigroups and their asymptotic
behaviors. Apr. 2018. ARXIV: 1804.04905 (= 3, 25, 26, 85, 86, 89, 90).

Random fragmentation and coagulation processes. Vol. 102. Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 2006, pp. viii4+280. MR:
2253162 (= 6, 15, 18, 19, 30, 38, 54, 55).

“Self-similar fragmentations”. In: Ann. Inst. H. Poincaré Probab. Statist. 38.3 (2002),
pp. 319-340. MR: 1899456 (7, 14).

“The asymptotic behavior of fragmentation processes”. In: J. Eur. Math. Soc. (JEMS)
5.4 (2003), pp. 395-416. MR: 2017852 (=~ 3, 15, 16, 18, 29, 30, 40, 44, 53, 57).

Bertoin, J., Budd, T., Curien, N., and Kortchemski, I. “Martingales in self-similar growth-
fragmentations and their connections with random planar maps”. In: Probab. Theory Related
Fields 172.3-4 (2018), pp. 663—-724. MR: 3877545 (~ 3, 11, 13, 23, 29, 32, 48, 49, 51, 52, 59,
61, 63, 66, 67, 70, 71, 76).

Bertoin, J., Curien, N., and Kortchemski, I. “Random planar maps and growth-fragmentations”.
In: Ann. Probab. 46.1 (2018), pp. 207-260. MR: 3758730 (+ 3, 23, 66, 67, 72, 73, 75, 76, 79-81).

Y

Bertoin, J. and Gnedin, A. V. “Asymptotic laws for nonconservative self-similar fragmentations”.
In: Electron. J. Probab. 9 (2004), no. 19, 575-593. MR: 2080610 (= 3, 17, 29, 30, 53, 54).
Bertoin, J. and Kortchemski, I. “Self-similar scaling limits of Markov chains on the positive
integers”. In: Ann. Appl. Probab. 26.4 (2016), pp. 2556-2595. MR: 3543905 (=~ 3, 66, 67, 69,
75, 77, 82).

Bertoin, J. and Mallein, B. “Biggins’ martingale convergence for branching Lévy processes”.
In: Electron. Commun. Probab. 23 (2018), Paper No. 83, 12. MR: 3873790 (= 15).

“Infinitely ramified point measures and branching Lévy processes”. In: Ann. Probab.
47.3 (2019), pp. 1619-1652. MR: 3945755 (= 8, 14, 15).

Bertoin, J. and Martinez, S. “Fragmentation energy”. In: Adv. in Appl. Probab. 37.2 (2005),
pp. 553-570. MR: 2144567 (= 3, 19, 29, 61).


http://www.ams.org/mathscinet-getitem?mr=2895416
http://www.ams.org/mathscinet-getitem?mr=1865026
http://www.ams.org/mathscinet-getitem?mr=1943145
http://www.ams.org/mathscinet-getitem?mr=3474471
http://www.ams.org/mathscinet-getitem?mr=3606760
http://arxiv.org/abs/1804.04905
http://www.ams.org/mathscinet-getitem?mr=2253162
http://www.ams.org/mathscinet-getitem?mr=1899456
http://www.ams.org/mathscinet-getitem?mr=2017852
http://www.ams.org/mathscinet-getitem?mr=3877545
http://www.ams.org/mathscinet-getitem?mr=3758730
http://www.ams.org/mathscinet-getitem?mr=2080610
http://www.ams.org/mathscinet-getitem?mr=3543905
http://www.ams.org/mathscinet-getitem?mr=3873790
http://www.ams.org/mathscinet-getitem?mr=3945755
http://www.ams.org/mathscinet-getitem?mr=2144567

BIBLIOGRAPHY 99

[31]

[32]

[33]

[34]

[35]

[36]

37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

Bertoin, J. and Rouault, A. Asymptotical behaviour of the presence probability in branching
random walks and fragmentations. 2004. HAL: 00002955 (= 30, 35, 47).

“Discretization methods for homogeneous fragmentations”. In: J. London Math. Soc.
(2) 72.1 (2005), pp. 91-109. MR: 2145730 (= 3, 15, 16, 29, 30, 32, 35, 37, 41, 42, 46, 47).
Bertoin, J. and Stephenson, R. “Local explosion in self-similar growth-fragmentation
processes”. In: Electron. Commun. Probab. 21 (2016), Paper No. 66, 12. MR: 3548778 (- 12,
50, 60, 71).

Bertoin, J. and Watson, A. R. “A probabilistic approach to spectral analysis of growth-
fragmentation equations”. In: Journal of Functional Analysis 274.8 (2018), pp. 2163-2204.
DOI: https://doi.org/10.1016/5.jfa.2018.01.014 (- 3, 25, 27, 85-90, 95).

“Probabilistic aspects of critical growth-fragmentation equations”. In: Adv. in Appl.
Probab. 48.A (2016), pp. 37-61. MR: 3539296 (= 25).

The strong Malthusian behavior of growth-fragmentation processes. 2019. ARXIV:
1901.07251 (= 3, 25, 26, 85, 86, 91, 95).

Bertoin, J. and Yor, M. “Exponential functionals of Lévy processes”. In: Probab. Surv. 2

(2005), pp. 191-212. MR: 2178044 (= 54).

“The entrance laws of self-similar Markov processes and exponential functionals of
Lévy processes”. In: Potential Anal. 17.4 (2002), pp. 389-400. MR: 1918243 (= 49, 54).

Biggins, J. D. “Martingale convergence in the branching random walk”. In: J. Appl. Probability
14.1 (1977), pp. 25-37. MR: 0433619 (= 15, 29, 30, 35, 41).

“The central limit theorem for the supercritical branching random walk, and related
results”. In: Stochastic Process. Appl. 34.2 (1990), pp. 255-274. MR: 1047646 (= 15).

“Uniform convergence of martingales in the branching random walk”. In: Ann. Probab.
20.1 (1992), pp. 137-151. MR: 1143415 (=~ 15, 16, 29, 30, 32, 35, 38, 42, 43).

Biggins, J. D. and Kyprianou, A. E. “Measure change in multitype branching”. In: Adv. in
Appl. Probab. 36.2 (2004), pp. 544-581. MR: 2058149 (= 5).

Bingham, N. H. “Fluctuation theory in continuous time”. In: Advances in Appl. Probability
7.4 (1975), pp. 705-766. MR: 0386027 (t 62).

Bingham, N. H., Goldie, C. M., and Teugels, J. L. Regular variation. Vol. 27. Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1987,
pp. xx+491. MR: 898871 (= 82).

Brennan, M. D. and Durrett, R. “Splitting intervals”. In: Ann. Probab. 14.3 (1986),
pp. 1024-1036. MR: 841602 (= 30).

“Splitting intervals. II. Limit laws for lengths”. In: Probab. Theory Related Fields 75.1
(1987), pp. 109-127. MR: 879556 (= 18, 30).


http://hal.archives-ouvertes.fr/hal-00002955
http://www.ams.org/mathscinet-getitem?mr=2145730
http://www.ams.org/mathscinet-getitem?mr=3548778
http://dx.doi.org/https://doi.org/10.1016/j.jfa.2018.01.014
http://www.ams.org/mathscinet-getitem?mr=3539296
http://arxiv.org/abs/1901.07251
http://www.ams.org/mathscinet-getitem?mr=2178044
http://www.ams.org/mathscinet-getitem?mr=1918243
http://www.ams.org/mathscinet-getitem?mr=0433619
http://www.ams.org/mathscinet-getitem?mr=1047646
http://www.ams.org/mathscinet-getitem?mr=1143415
http://www.ams.org/mathscinet-getitem?mr=2058149
http://www.ams.org/mathscinet-getitem?mr=0386027
http://www.ams.org/mathscinet-getitem?mr=898871
http://www.ams.org/mathscinet-getitem?mr=841602
http://www.ams.org/mathscinet-getitem?mr=879556

100

47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

BIBLIOGRAPHY

Céceres, M. J., Canizo, J. A., and Mischler, S. “Rate of convergence to an asymptotic profile
for the self-similar fragmentation and growth-fragmentation equations”. In: J. Math. Pures
Appl. (9) 96.4 (2011), pp. 334-362. MR: 2832638 (+ 25).

Cloez, B. “Limit theorems for some branching measure-valued processes”. In: Adv. in Appl.
Probab. 49.2 (2017), pp. 549-580. MR: 3668388 (- 86).

Dadoun, B. “Asymptotics of self-similar growth-fragmentation processes”. In: FElectron. J.
Probab. 22 (2017), Paper No. 27, 30. MR: 3629871 (= 29).

—— “Self-similar Growth Fragmentations as Scaling Limits of Markov Branching
Processes”. In: Journal of Theoretical Probability (Dec. 2019). DOI: 10.1007/s10959-019-
00975-0 (= 65).

Dembo, A. and Zeitouni, O. Large deviations techniques and applications. Vol. 38. Stochastic
Modelling and Applied Probability. Corrected reprint of the second (1998) edition. Springer-
Verlag, Berlin, 2010, pp. xvi+396. MR: 2571413 (=~ 72).

Doney, R. A. Fluctuation theory for Lévy processes. Vol. 1897. Lecture Notes in Mathematics.
Lectures from the 35th Summer School on Probability Theory held in Saint-Flour, July 6-23,
2005, Edited and with a foreword by Jean Picard. Springer, Berlin, 2007, pp. x+147. MR:
2320889 (- 62).

Donsker, M. D. “An invariance principle for certain probability limit theorems”. In: Mem.
Amer. Math. Soc., No. 6 (1951), p. 12. MR: 0040613 (= 20).

Doumic Jauffret, M. and Gabriel, P. “Eigenelements of a general aggregation-fragmentation
model”. In: Math. Models Methods Appl. Sci. 20.5 (2010), pp. 757-783. MR: 2652618 (- 25,
86).

Doumic, M. and Escobedo, M. “Time asymptotics for a critical case in fragmentation and
growth-fragmentation equations”. In: Kinet. Relat. Models 9.2 (2016), pp. 251-297. MR:
3485914 (= 25, 86).

Doumic, M., Hoffmann, M., Krell, N., and Robert, L. “Statistical estimation of a
growth-fragmentation model observed on a genealogical tree”. In: Bernoulli 21.3 (2015),
pp. 1760-1799. MR: 3352060 (- 86).

Engel, K.-J. and Nagel, R. A short course on operator semigroups. Universitext. Springer,
New York, 2006, pp. x+247. MR: 2229872 (- 88).

One-parameter semigroups for linear evolution equations. Vol. 194. Graduate Texts
in Mathematics. With contributions by S. Brendle, M. Campiti, T. Hahn, G. Metafune, G.
Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli and R. Schnaubelt. Springer-Verlag,
New York, 2000, pp. xxii+586. MR: 1721989 (= 85).

Evans, S. N. Probability and real trees. Vol. 1920. Lecture Notes in Mathematics. Lectures
from the 35th Summer School on Probability Theory held in Saint-Flour, July 6-23, 2005.
Springer, Berlin, 2008, pp. xii+193. MR: 2351587 (= 21, 74).


http://www.ams.org/mathscinet-getitem?mr=2832638
http://www.ams.org/mathscinet-getitem?mr=3668388
http://www.ams.org/mathscinet-getitem?mr=3629871
http://dx.doi.org/10.1007/s10959-019-00975-0
http://dx.doi.org/10.1007/s10959-019-00975-0
http://www.ams.org/mathscinet-getitem?mr=2571413
http://www.ams.org/mathscinet-getitem?mr=2320889
http://www.ams.org/mathscinet-getitem?mr=0040613
http://www.ams.org/mathscinet-getitem?mr=2652618
http://www.ams.org/mathscinet-getitem?mr=3485914
http://www.ams.org/mathscinet-getitem?mr=3352060
http://www.ams.org/mathscinet-getitem?mr=2229872
http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.ams.org/mathscinet-getitem?mr=2351587

BIBLIOGRAPHY 101

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

Filippov, A. F. “Uber das Verteilungsgesetz der Grossen der Teilchen bei Zerstiickelung”. In:
Teor. Verojatnost. i Primenen. 6 (1961), pp. 299-318. MR: 0140159 (= 2, 3, 14, 18, 29, 31).

Haas, B. “Equilibrium for fragmentation with immigration”. In: Ann. Appl. Probab. 15.3
(2005), pp. 1958-1996. MR: 2152250 (- 27, 86, 87).

“Loss of mass in deterministic and random fragmentations”. In: Stochastic Process.
Appl. 106.2 (2003), pp. 245-277. MR: 1989629 (= 25, 86).

Haas, B. and Miermont, G. “Scaling limits of Markov branching trees with applications to
Galton-Watson and random unordered trees”. In: Ann. Probab. 40.6 (2012), pp. 2589-2666.
MR: 3050512 (= 3, 21, 22, 65).

“Self-similar scaling limits of non-increasing Markov chains”. In: Bernoulli 17.4 (2011),
pp. 1217-1247. MR: 2854770 (= 65, 66).

“The genealogy of self-similar fragmentations with negative index as a continuum
random tree”. In: Electron. J. Probab. 9 (2004), no. 4, 57-97. MR: 2041829 (= 3, 21, 65).

Haas, B., Miermont, G., Pitman, J., and Winkel, M. “Continuum tree asymptotics of discrete
fragmentations and applications to phylogenetic models”. In: Ann. Probab. 36.5 (2008),
pp. 1790-1837. MR: 2440924 (- 3, 21, 65).

Harris, S. C., Knobloch, R., and Kyprianou, A. E. “Strong law of large numbers
for fragmentation processes”. In: Ann. Inst. Henri Poincaré Probab. Stat. 46.1 (2010),
pp. 119-134. MR: 2641773 (= 20).

Hu, Y. and Shi, Z. “Minimal position and critical martingale convergence in branching random
walks, and directed polymers on disordered trees”. In: Ann. Probab. 37.2 (2009), pp. 742-789.
MR: 2510023 (- 32).

Jacod, J. and Shiryaev, A. N. Limit theorems for stochastic processes. Vol. 288. Grundlehren

der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1987, pp. xviii+-601. MR: 959133 (= 74).

Jagers, P. “General branching processes as Markov fields”. In: Stochastic Process. Appl. 32.2
(1989), pp. 183-212. MR: 1014449 (= 9, 62).

Kallenberg, O. Foundations of modern probability. Second. Probability and its Applications
(New York). Springer-Verlag, New York, 2002, pp. xx+638. MR: 1876169 (- 69).

Random measures, theory and applications. Vol. 77. Probability Theory and Stochastic
Modelling. Springer, Cham, 2017, pp. xiii+694. MR: 3642325 (- 12).

Kingman, J. F. C. “Ergodic properties of continuous-time Markov processes and their discrete
skeletons”. In: Proc. London Math. Soc. (3) 13 (1963), pp. 593-604. MR: 0154334 (= 45).
Kolmogorov, A. N. “Uber das logarithmisch normale Verteilungsgesetz der Dimensionen
der Teilchen bei Zerstiickelung”. In: C. R. (Doklady) Acad. Sci. URSS (N. S.) 31 (1941),
pp. 99-101. MR: 0004415 (=~ 1, 3, 15, 29).


http://www.ams.org/mathscinet-getitem?mr=0140159
http://www.ams.org/mathscinet-getitem?mr=2152250
http://www.ams.org/mathscinet-getitem?mr=1989629
http://www.ams.org/mathscinet-getitem?mr=3050512
http://www.ams.org/mathscinet-getitem?mr=2854770
http://www.ams.org/mathscinet-getitem?mr=2041829
http://www.ams.org/mathscinet-getitem?mr=2440924
http://www.ams.org/mathscinet-getitem?mr=2641773
http://www.ams.org/mathscinet-getitem?mr=2510023
http://www.ams.org/mathscinet-getitem?mr=959133
http://www.ams.org/mathscinet-getitem?mr=1014449
http://www.ams.org/mathscinet-getitem?mr=1876169
http://www.ams.org/mathscinet-getitem?mr=3642325
http://www.ams.org/mathscinet-getitem?mr=0154334
http://www.ams.org/mathscinet-getitem?mr=0004415

102

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[36]

87]

[88]

[89]

BIBLIOGRAPHY

Kuczma, M. An introduction to the theory of functional equations and inequalities. Second.
Cauchy’s equation and Jensen’s inequality, Edited and with a preface by Attila Gilanyi.
Birkhauser Verlag, Basel, 2009, pp. xiv+595. MR: 2467621 (+ 59).

Kyprianou, A. E. Fluctuations of Lévy processes with applications. Second. Universitext.
Introductory lectures. Springer, Heidelberg, 2014, pp. xviii+455. MR: 3155252 (= 49, 61-63).

Kyprianou, A., Lane, F., and Morters, P. “The Largest Fragment of a Homogeneous
Fragmentation Process”. In: J. Stat. Phys. 166.5 (2017), pp. 1226-1246. MR: 3610212 (= 3,
44).

Lamperti, J. “Semi-stable Markov processes. I”. In: Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete 22 (1972), pp. 205-225. MR: 0307358 (= 11, 20, 49, 69, 74).

Laurengot, P. and Perthame, B. “Exponential decay for the growth-fragmentation/cell-
division equation”. In: Commun. Math. Sci. 7.2 (2009), pp. 503-510. MR: 2536450 (= 25).

Le Gall, J.-F. “Random real trees”. In: Ann. Fac. Sci. Toulouse Math. (6) 15.1 (2006),
pp. 35-62. MR: 2225746 (- 74).

Le Gall, J.-F. and Riera, A. Growth-fragmentation processes in Brownian motion indexed by

the Brownian tree. Nov. 2018. ARXIV: 1811.02825 (= 3).

Lieb, E. H. and Loss, M. Analysis. Second. Vol. 14. Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2001, pp. xxii-+346. MR: 1817225 (= 80).

Lyons, R., Pemantle, R., and Peres, Y. “Conceptual proofs of LlogL criteria for mean
behavior of branching processes”. In: Ann. Probab. 23.3 (1995), pp. 1125-1138. MR: 1349164
(= 52).

Mallein, B. “Maximal displacement in a branching random walk through interfaces”. In:
FElectron. J. Probab. 20 (2015), no. 68, 40. MR: 3361256 (= 46).

Michel, P., Mischler, S., and Perthame, B. “General relative entropy inequality: an illustration
on growth models”. In: J. Math. Pures Appl. (9) 84.9 (2005), pp. 1235-1260. MR: 2162224
(= 25).

Miermont, G. “Self-similar fragmentations derived from the stable tree. I. Splitting at heights”.
In: Probab. Theory Related Fields 127.3 (2003), pp. 423-454. MR: 2018924 (= 3, 21).

“Self-similar fragmentations derived from the stable tree. II. Splitting at nodes”. In:
Probab. Theory Related Fields 131.3 (2005), pp. 341-375. MR: 2123249 (= 3, 21, 65).
Mischler, S. and Scher, J. “Spectral analysis of semigroups and growth-fragmentation
equations”. In: Ann. Inst. H. Poincaré Anal. Non Linéaire 33.3 (2016), pp. 849-898. MR:
3489637 (+ 25, 86).

Nerman, O. “On the convergence of supercritical general (C-M-J) branching processes”. In:
Z. Wahrsch. Verw. Gebiete 57.3 (1981), pp. 365-395. MR: 629532 (- 55).


http://www.ams.org/mathscinet-getitem?mr=2467621
http://www.ams.org/mathscinet-getitem?mr=3155252
http://www.ams.org/mathscinet-getitem?mr=3610212
http://www.ams.org/mathscinet-getitem?mr=0307358
http://www.ams.org/mathscinet-getitem?mr=2536450
http://www.ams.org/mathscinet-getitem?mr=2225746
http://arxiv.org/abs/1811.02825
http://www.ams.org/mathscinet-getitem?mr=1817225
http://www.ams.org/mathscinet-getitem?mr=1349164
http://www.ams.org/mathscinet-getitem?mr=3361256
http://www.ams.org/mathscinet-getitem?mr=2162224
http://www.ams.org/mathscinet-getitem?mr=2018924
http://www.ams.org/mathscinet-getitem?mr=2123249
http://www.ams.org/mathscinet-getitem?mr=3489637
http://www.ams.org/mathscinet-getitem?mr=629532

BIBLIOGRAPHY 103

[90]

[91]

[92]

93]

[94]

[95]

[96]

[97]

98]

[99]

[100]

[101]

[102]

[103]

Pardo, J. C., Patie, P., and Savov, M. “A Wiener-Hopf type factorization for the exponential
functional of Lévy processes”. In: J. Lond. Math. Soc. (2) 86.3 (2012), pp. 930-956. MR:
3000836 (- 54).

Pardo, J. C., Rivero, V., and Schaik, K. van. “On the density of exponential functionals of
Lévy processes”. In: Bernoulli 19.5A (2013), pp. 1938-1964. MR: 3129040 (= 54).

Pardo, J. C. and Rivero, V. “Self-similar Markov processes”. In: Bol. Soc. Mat. Mezicana (3)
19.2 (2013), pp. 201-235. MR: 3183994 (1 20).

Patie, P. “Law of the absorption time of some positive self-similar Markov processes”. In:
Ann. Probab. 40.2 (2012), pp. 765-787. MR: 2952091 (= 54).

Perthame, B. and Ryzhik, L. “Exponential decay for the fragmentation or cell-division
equation”. In: J. Differential Equations 210.1 (2005), pp. 155-177. MR: 2114128 (= 25, 86).

Perthame, B. Kinetic formulation of conservation laws. Vol. 21. Oxford Lecture Series in
Mathematics and its Applications. Oxford University Press, Oxford, 2002, pp. xii+198. MR:
2064166 (- 25).

Transport equations in biology. Frontiers in Mathematics. Birkhaduser Verlag, Basel,
2007, pp. x+198. MR: 2270822 (= 25, 85).

Polya, G. and Szegs, G. Problems and theorems in analysis. Vol. I: Series, integral
calculus, theory of functions. Translated from the German by D. Aeppli, Die Grundlehren
der mathematischen Wissenschaften, Band 193. Springer-Verlag, New York-Berlin, 1972,
pp. xix+389. MR: 0344042 (= 42).

Rembart, F. and Winkel, M. “Recursive construction of continuum random trees”. In: Ann.
Probab. 46.5 (2018), pp. 2715-2748. MR: 3846837 (=~ 22, 67, 71, 74).

Shi, Q. “Growth-fragmentation processes and bifurcators”. In: Electron. J. Probab. 22 (2017),
25 pp. DOL: 10.1214/17-EJP26 (= 11, 71).

Shi, Z. Branching random walks. Vol. 2151. Lecture Notes in Mathematics. Lecture notes from
the 42nd Probability Summer School held in Saint Flour, 2012, Ecole d’Eté de Probabilités
de Saint-Flour. [Saint-Flour Probability Summer School]. Springer, Cham, 2015, pp. x+133.
MR: 3444654 (= 16, 30, 45, 46, 78).

Stone, C. “On local and ratio limit theorems”. In: Proc. Fifth Berkeley Sympos. Math. Statist.
and Probability (Berkeley, Calif., 1965/66), Vol. II: Contributions to Probability Theory, Part
2. Univ. California Press, Berkeley, Calif., 1967, pp. 217-224. MR: 0222939 (= 16, 43).

Uchiyama, K. “Spatial growth of a branching process of particles living in R%. In: Ann.
Probab. 10.4 (1982), pp. 896-918. MR: 672291 (= 30, 33).

Vigon, V. “Simplifiez vos Lévy en titillant la factorisation de Wiener-Hopf”. PhD thesis.
INSA, Rouen, 2002. HAL: 00567466 (- 63).


http://www.ams.org/mathscinet-getitem?mr=3000836
http://www.ams.org/mathscinet-getitem?mr=3129040
http://www.ams.org/mathscinet-getitem?mr=3183994
http://www.ams.org/mathscinet-getitem?mr=2952091
http://www.ams.org/mathscinet-getitem?mr=2114128
http://www.ams.org/mathscinet-getitem?mr=2064166
http://www.ams.org/mathscinet-getitem?mr=2270822
http://www.ams.org/mathscinet-getitem?mr=0344042
http://www.ams.org/mathscinet-getitem?mr=3846837
http://dx.doi.org/10.1214/17-EJP26
http://www.ams.org/mathscinet-getitem?mr=3444654
http://www.ams.org/mathscinet-getitem?mr=0222939
http://www.ams.org/mathscinet-getitem?mr=672291
http://hal.archives-ouvertes.fr/hal-00567466

	Acknowledgments
	General introduction
	Fragmentation processes
	General framework
	Pure fragmentations
	Growth-fragmentation processes

	Asymptotics of self-similar fragmentations
	Homogeneous fragmentations
	Self-similar fragmentations

	Self-similar fragmentations as scaling limits
	Fragmentation equations

	Asymptotics of self-similar growth-fragmentation processes
	Introduction
	Compensated fragmentations
	Prerequisites
	Uniform convergence of the additive martingales
	On the largest fragment
	On abnormally large fragments

	Self-similar growth-fragmentations
	Prerequisites
	Convergence of the empirical measure
	Asymptotic behavior of the largest fragment
	Freezing the fragmentation


	Self-similar growth-fragmentations as scaling limits of Markov branching processes
	Introduction
	Assumptions and results
	Convergence of finite-dimensional marginals
	A size-biased particle and a many-to-one formula
	Proof of Theorem 2.2.1
	Proof of Theorem 2.2.2

	A growth-fragmentation with immigration equation
	Introduction
	Existence
	Uniqueness
	Comparison of solutions
	The growth-fragmentation-immigration process
	Population-dependent immigration

	Bibliography

