N

N

Extremal representations for the finite Howe
correspondence

Jesua Israel Epequin Chavez

» To cite this version:

Jesua Israel Epequin Chavez. Extremal representations for the finite Howe correspondence. Represen-
tation Theory [math.RT]. Sorbonne Université, 2018. English. NNT: 2018SORUS084 . tel-02457090

HAL Id: tel-02457090
https://theses.hal.science/tel-02457090
Submitted on 27 Jan 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-02457090
https://hal.archives-ouvertes.fr

Sorbonne Université

h

SORBONNE
UNIVERSITE

Ecole doctorale de sciences mathématiques de Paris centre

THESE DE DOCTORAT

Discipline : Mathématiques

présentée par

Jesua Israel EPEQUIN CHAVEZ

Extremal representations for the finite Howe
correspondence

dirigée par Anne-Marie AUBERT

Soutenue le 5 octobre 2018 devant le jury composé de :

M™¢ Anne-Marie AUBERT Sorbonne Université directrice
M. Nicolas JACON Université de Reims Champagne-Ardenne rapporteur
M. Roger PLYMEN Southampton University and

Manchester University examinateur
M. Vincent SECHERRE Université de Versailles Saint-Quentin examinateur
M™¢ Michela VARAGNOLO Université Cergy-Pontoise examinatrice
M. Jean-Loup WALDSPURGER Sorbonne Université examinateur

Au vu des rapports de :

M. Nicolas JACON Université de Reims Champagne-Ardenne
M. Hung Yean Loke National University of Singapore



Institut de mathématiques de Jussieu-
Paris Rive gauche. UMR 7586.

Boite courrier 247

4 place Jussieu

75252 Paris Cedex 05

Sorbonne Université.

Ecole doctorale de sciences
mathématiques de Paris centre.
Boite courrier 290

4 place Jussieu

75252 Paris Cedex 05
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Abstract

We study the Howe correspondence © : Z(G) — %Z(G’), for irreducible dual pairs (G, G’) =
(U (Fy), Upy (Fy)) and (G,G") = (Spo,(Fy), 05,/ (Fy)), where F, denotes a finite field
with ¢ elements (¢ odd) and € = £1. We establish the compatibility between the Howe
correspondence and arbitrary Harish-Chandra series. We define and prove the existence
of extremal (i.e. minimal and maximal) irreducible subrepresentations from the image
O(7) of irreducible unipotent representations 7 of G. Finally, we prove how the study of
the Howe correspondence between arbitrary Harish-Chandra series can be brought to the
study of unipotent series, and use this to extend our results on extremal representations

to arbitrary (i.e. not necessarily unipotent) irreducible representations = of G.

Keywords

Howe correspondence, Harish-Chandra series, Lusztig series.



Représentations extrémales pour la correspondance
de Howe sur des corps finis

Résumé

On étudie la correspondance de Howe O : Z(G) — Z(G’), pour des paires duales ir-
réductibles (G, G") = (Up,(Fy), Uy (Fy)) et (G, G') = (Spay, (Fy), 05,/ (Fy)), ou Fy désigne
le corps fini & ¢ éléments (¢ impair). On établit la compatibilité entre la correspondance
de Howe et les séries arbitraires de Harish-Chandra. On définit et montre 'existence
de sous-représentations extrémales (i.e. minimales et maximales) de l'image O(7) d’une
représentation irréductible unipotente de m de G. Finalement, on démontre comment
I’étude de la correspondance de Howe entre séries d’Harish-Chandra arbitraires peut étre
ramenée & 1’étude des séries unipotentes, et on utilise ceci pour étendre nos résultats sur les
représentations extrémales aux représentations irréductibles arbitraires (i.e. pas forcément

unipotentes) w de G.

Mots-clés

Théorie de représentations, paires duales, séries d’Harish-Chandra, représentations de Weil,

séries de Lusztig, correspondance de Howe.
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Chapter 1

Introduction

Let F, be a finite field with g elements and odd characteristic. Denote the symplectic group
SP2,(Fq) by Spa,(q). A pair (G, G,,) of reductive subgroups of Sp,,,(¢), where each one
is the centralizer of the other, is called a reductive dual pair (the indices m and m/' refer to
the Witt indices defined in Section 3.5). Roger Howe introduced in [20] a correspondence
Omm + #(Gm) — Z(G! ) between the category of complex representations of these
subgroups. It is obtained from a particular representation w of Spy,(q), called the Weil
representation (see Section 3.2). Indeed, the restriction wy, ,,,» of w to Gy, -G, decomposes

as

Wm,m/ = Z TR @m,m’ (77)7

where the sum is over the set of irreducible representations 7 of G,,,. Extending by linearity
to Z(Gy,), we obtain the so called Howe correspondence.

Our interest is in irreducible dual pairs (cf. [23]), because these pairs are the building
blocks of all the others. Such a pair (Gy,,G.,) in Spy,(q) can be either symplectic-
orthogonal (Spy,,(q), Onv(q)), unitary (U,,(q), Uy (q)) or linear (GLyy,(q), GLyy(q)), with
n = mm’ in all cases.

For a fixed irreducible representation 7 of GGy,, our main goal is to find certain ex-
tremal (i.e. minimal and maximal) representations in the set of irreducible components
of Oy, (1), for unitary and symplectic-orthogonal pairs. The definition of extremal rep-
resentation is canonical for unitary pairs, for symplectic-orthogonal pairs it is defined by
means of the Springer correspondence. Our results generalize those found by Aubert,
Kragkiewicz, and Przebinda in [4]. We also explicit the effect of the Howe correspondence

on Harish-Chandra series, this was done for series of unipotent representations in [5].
Chapter 2

In this chapter we define two cornerstone notions : cuspidal and unipotent representa-

tions. These are representations of the group of Frobenius-fixed (or rational) points of a

11



12 CHAPTER 1. INTRODUCTION

group G defined over F,. This group is denoted either G or GF', where F is the Frobenius
morphism.

For a cuspidal representation p of M (see Definition 2.9), we define a Harish-Chandra
series Irt(G, p), as the set of irreducible representations appearing in the parabolic induced
representation Rf’,l(p). Harish-Chandra series, for different G-conjugacy classes of cuspidal
pairs (M, p) of G, provide a partition of the set of irreducible representations Irr(G)
of the group G. Moreover, there is a one-to-one correspondence, that we call Howlett-
Lehrer bijection, between a given Harish-Chandra series Irr(G, p) and the set of irreducible
representations of a certain Weyl group Wa(p) (see Theorem 2.15). This bijection is crucial
to our work.

The final section of this chapter introduces the Deligne- Lusztig characters R% (0), where
T is a Frobenius-stable (or rational) maximal torus of G, and 6 is an irreducible represen-
tation of T. These furnish a partition of Irr(G), indexed by geometric conjugacy classes
(s) in the Langlands dual G* of G. The blocks in this partition are called Lusztig se-
ries and denoted by & (G, (s)). The chapter ends by showing how the trivial conjugacy
class, (s) = 1 provides a “prototype” for all other Lusztig series, representations inside this
particular series are called unipotent.

Results in this chapter point out to the importance of studying representations both

unipotent and cuspidal.
Chapter 3

This chapter introduces all the ingredients necessary to define the Howe correspon-
dence, it starts by defining and then classifying all irreducible dual pairs over finite fields.
Then, we define the Heisenberg group (see Definition 3.2) H and endow it with an action of
the symplectic group Sp,,,(¢). By means of the Stone-von-Neumann theorem (see Theorem
3.3), this action yields an important representation of Sps,(q), called the Weil represen-
tation and denoted by w. As mentioned above, the restriction of this representation to
G - G, allows us to define the Howe correspondence ©p, .

The Stone-von-Neumann theorem (see Theorem 3.3) provides a representation, unique
up to isomorphism, called the Heisenberg representation. This unicity implies that the
interesting aspect of the representation theory of the Heisenberg group is not the set of
isomorphism classes of irreducible representations, but rather the various objects in one
such class and the isomorphisms among them. These objects are called models of the
Heisenberg representation. We finish this chapter presenting the mized Schrédinger model
(Section 3.3).

Chapter 4

In [15], Gérardin introduced Weil representations w” of linear, symplectic and unitary

groups over finite fields. For symplectic-orthogonal dual pairs, w and w” have the same
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restriction to Gy, - G’ ,; for linear and unitary pairs the restriction of w’ to Gy, - G, is
obtained from the restriction of w multiplied by a certain representation of G, - G/, with
values in {£1}. The study of the Howe correspondence can, therefore, be replaced by the
study of the correspondence Gin,m’ : B(Gm) — Z(G" ) induced from .

The main point in introducing the correspondence @L’n’m, is that it respects unipotent
representations (see Theorem 4.2) : if 7 belongs to &(Gy,, (1)) then @?n’m,(ﬂ') decomposes
as sum of representations in &(G! ,, (1)).

Another important fact about the Howe correspondence is the compatibility with cus-
pidal representations (see Theorem 4.1) : for a cuspidal irreducible representation 7 of Gy,
there is a minimal m’ such that ©,,,,(7) is not zero. Moreover, this representation is
(irreducible and) cuspidal. The integer m’ is known as the first occurrence index.

We are therefore brought to the study of representations both cuspidal and unipotent.
Not many classical groups have such a representation, between those appearing in dual
pairs we find the groups GL1(q), SPog(i11)(9); O52(q) and Ug(ry1y/2(q) for a positive
integer k and € = sgn(—1)*; these groups have only one cuspidal unipotent representation
(trivial for linear groups) except for the orthogonal groups, which have two. Thus, we can
associate to each cuspidal unipotent representation an integer k. This allows to see the
correspondence ©° for unipotent cuspidal representations, as a function 6 : N — N (see
Theorem 4.4).

Harish-Chandra series of cuspidal unipotent representations are therefore equal to
Irr (G, A ® 1), where A is a cuspidal unipotent representation of a smaller group of same
type as Gp,. In [5] Aubert, Michel and Rouquier showed that @Enm, maps this series
into the set Z(G! ,,\' ® 1) of representations spanned by Irr(G) ,, N ® 1), where X is
the first occurrence of A\. In other words, the Howe correspondence is compatible with
Harish-Chandra series of unipotent representations.

Our first main result is a generalization of this fact. The starting point is the compu-

tation of coinvariants for the Weil representation (see Proposition 4.6):

Proposition. Let (Gy,,G.,)) be a symplectic-orthogonal or unitary dual pair, M, denote
the Levi subgroup GLjy XG,—j, and * Ry, be the parabolic restriction functor from Gp x G!,
to My, x G!_,.

There exists a My, x G!, invariant filtration 0 =79 C 71 C -++ C Tpq1 = *Rk(wfn’m,),
where 1 = min{k, m'}. Its successive quotients T;11/7; verify

MkXGfm,

GL; b
Qr—iGm_kXP] R Buw

Tiv1/7 =~ Ind m—kym! —i>

where Qum_r 18 the parabolic subgroup of GLg consisting of upper triangular matrices
(aj a:_j ), and R is the natural representation of GL; x GL; on the space of complex
functions defined on GL;.

The proof of this result lies heavily on the mixed Schrédinger model. A direct conse-
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quence is the following isomorphism :

MyxG, GLi o, b
G R QW

m—k,m/—i*

i (wgn,m’)

12

—

=}

o
()
e

=0

For a cuspidal representation p of G, let Z(G,p) denote the subcategory of Z(QG)
spanned by Irr(G, p). The compatibility between the Howe correspondence and arbitrary

Harish-Chandra series follows from the previous proposition (see Theorem 4.15) :

Theorem A. Let ¢ be an irreducible cuspidal representation of G;. Suppose that its
first occurrence index ' is not greater than m’, and let @’ be the corresponding cuspidal
irreducible representation of G),. Then, the Howe correspondence @En oy Sends Irr(Gry,, o0 ®

©) to Z(G 0" @), where o' = @1 if m' > 1+ |s|, and o = 0’ ® 1 otherwise.

m’>
Chapter 5

For type I dual pairs (Sps,,(q), O;tm,(q)) and (U, (q), Uy (q)), the Howe correspondence
between pairs of Harish-Chandra series of cuspidal unipotent representations can be seen as
a correspondence between pairs of type B Weyl groups : (B, 411y, Bm/—o(k)0(k)+1)) for
symplectic-orthogonal pairs, and (B(1/2)(mfk(k+1)/2)7B(1/2)(m’79(k)(9(k)+1)/2)) for unitary
pairs.

Call (W,.,W,) one of these pairs. In [5], Aubert, Michel and Rouquier find explicit
representations 2.,/ (see Section 5.1) of W, x W, that yield (conjecturally for symplectic
orthogonal pairs) the Howe correspondence for these pairs of Weyl groups.

Take G to be a linear or unitary group. Let Cg(s) be the centralizer of the semisimple
element s in G (see Proposition 5.4). This group decomposes as the direct product of
certain reductive groups G(s), for different eigenvalues A of s. The group Gi(s) is a
smaller group of the same kind as G. Moreover, if G is linear (resp. unitary), then the
group G(s) = [[,,; Ga(s) is a product of linear (resp. linear or unitary) groups.

The “Jordan decomposition” theorem (see Theorem 2.29), together with this direct
product decomposition of the centralizer Cq(s), yields a bijection =&, between & (G, (s))
and &(G4(s)F, (1)) x £(G1(s)F, (1)). We denote by 74 ® (1) the image of 7 under =G,

Let (G, G!/) be an unitary dual pair and s, be a semisimple rational element of
G;,. There is a semisimple geometric conjugacy class (s] ,) in G’ ~, such that the Howe
correspondence sends representations in & (G, (Sm)) to representations in Z(G.,, (s..)),
the subcategory of Z(G’,,) spanned by the Lusztig series Irr(G/ ,, (s ,). Moreover, in this
situation s,, and s/, can be obtained from “adding ones” to a common semisimple rational
element s, whose eigenvalues are all different from 1, and belonging to a smaller group G
(see Theorem 5.6).

The groups (Gm)#(sm) and (

/
m/!

)#(s) /) are isomorphic to G(s). Moreover, if the
latter has rank I then the groups (Gy,)(1)(sm) and (GJ,)(1)(s),/) are isomorphic to Gy,
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and G/ , , respectively.
In Theorem 5.10, we use the Lusztig bijection to describe the Howe correspondence for
the pair (G, G, ,) in terms of the correspondence for a smaller dual pair (see Theorem

5.10):

Theorem B. The following diagram is commutative :

l@mym/ ':G;n’ lld@gm—hm/—l
=

) 5 B(Gy(s), (1) © Z(G,_y. (1),

Theorem A tells us that for a cuspidal pair (L, p) of Gy, there is a unique cuspidal pair
(L, p") of G/ , such that ©,, s send the series Irr(G,, p) to Z(G.,,,p'). In this chapter
we prove that the cuspidal pairs (L (s), pg) and (Ll,(s"), ply) are isomorphic. Moreover, if
(sm) and (s/,) are the geometric conjugacy classes of p and p’ in L* and L'*, the following
holds (see Theorem 5.16) :

Theorem C. The following diagram is commutative :

II‘I‘(Gm,p) Tgm> Irr(G#(3)7p#) X Irr(Gmflap(l))

Ss
iem,m/ ild@emfl,mlfl

(G, p') —5— R(Gy(s), p4) ® (G5 p(1))-

=Cm/
o

Let R® the natural representation of G x G on .Z(G) (see Section 2.1) and prs(RY)
its projection onto Irr(G x G, 6 ® §). These notations allow us to restate Theorem C (see
Theorem 5.15) :

Theorem C’. The projection Wy, ! p of Wmm: onto Z(Gm,p) @ Z(G,,, p') is identified

with the representation prp#(RG#(s)F) ® Win—1,m/~1,p(1) via the bijection
(G, X Gy p @ p') = Trr(C,, (8m) X CG’m,(S;n’>vpu ® ph)-
The Howlett-Lehrer bijection yields
(W, () x War ,(0)) = Irr(Go % Gl p @ ).

Therefore, the representation wy, ;v , induces a representation €, . , of the direct prod-
uct of Weyl groups Wa,,(p) x W, (p'). The main result of this chapter describes this
representation in terms of a represg;ltation of a smaller pair of type B Weyl groups (see
Theorem 5.17) :
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Theorem D. There is an bijection
Ir(Wa,, (p) x War (p') = Irt(Wa . 5) (p#) X Wa(s) (o)) % Trr(Wr, Wiy).

It identifies the representation Cyy, y , with RWG#(S)(p#) ® Q... Moreover, there are iso-
morphisms of Weyl groups Wa,, (p) =~ Wa_,(s)(p#) X Wy, and War | (P') = Wa (5 (pg) X
W, compatible with this bijection.

This is an extension, to arbitrary Harish-Chandra series, of the main result in [5]. In
this paper Aubert, Michel and Rouquier treated the case of unipotent Harish-Chandra

series.
Chapter 6

This chapter presents the extremal representations for the Howe correspondence. We
deal first with unipotent representations. In this case, the existence of such extremal
representations is established by elementary calculations. Thanks to results in the previous
chapter, the general case follows from the unipotent case.

Extremal unipotent representations. Let (W,,W,/) be a pair of type B Weyl
groups as in the previous chapter. Irreducible representations of the Weyl group B,, are
known to be parametrized by bipartitions of n (see Section 6.1), x¢,, will denote the irre-
ducible representation of W, corresponding to the bipartition (£,n) of n. For a bipartition
(§,m) of r, denote by ©(&,n) the set of bipartitions of 7’ such that x¢, ® x¢ . appears in
Q.

Symplectic-orthogonal pairs : Extremal representations for symplectic-orthogonal pairs
are found by means of the Springer correspondence. This relates an irreducible representa-
tion of the Weyl group W, of Sp,, (F,) to a pair (O, p) consisting of a unipotent conjugacy
orbit O in Spy, (F,) and an irreducible representation p of the group of connected com-
ponents of the centralizer of any v € O. Unipotent conjugacy classes in Sp,, (F,) are
parametrized by symplectic partitions of 2r. Moreover, this parametrization identifies the
closure order on unipotent conjugacy classes with the natural order on partitions (see Re-
mark 6.5). Therefore, restricting our attention to unipotent orbits, we can obtain a map
sending bipartitions (£,n) of r to symplectic partitions \(&,n) of 2r.

For a fixed bipartition (¢',n') of 7/, we define the minimal (resp. maximal) representa-
tion (&min, Mmin) (resp. (Emaxs Mmax)) in O(&',7') as the one verifying A(Emin, Nmin) < A(E,n)
(resp. A&, 1) < Amax, Mmax)) for all (§,7) in ©(&',n’). These amounts to ask for the
minimal (resp. maximal) unipotent orbit given by the Springer correspondence. We refer
to these representations as extremal.

Unitary pairs : Let A be the unique cuspidal unipotent representation of Uy 1) /2(q).
Representations in the Harish-Chandra series Irr(U,,(q), A ® 1) are the virtual characters
REW(‘” [12, Appendix, Proposition p.224] up to a sign. The partitions v parametrizing
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these characters are those having the partition (k k — 1---1) as 2-core and having as 2-
quotients (of parameter 1) the irreducible representations of B (1/2)(m—k(k+1)/2) obtained
by the Howlett-Lehrer bijection between Irr(Upn(q), \x ® 1) and Irr(B(1/2)(m—rk(k+1)/2))
(cf. [13]). Denote by v(&,n) the partition of m corresponding to the bipartition (£,n) of
r=3(m—k(k+1)/2).

For a fixed bipartition (¢/,7') of v/, we define the minimal (resp. mazimal) representa-
! !

tion (§ruins Mnin) (16SP- (Efnaxs Tmax)) in O(', 1) as the one verifying v(§1in, M) < v(£,7)
(resp. v(&,1) < V(&hnaxs Tmax)) for all (§,7) in ©(E', 7).
In Theorems 6.9 to 6.21 we establish the following.

Theorem E. Ezxtremal representations exist in ©(&',n').

Extremal representations. Let 7 be an irreducible representation of G,,. The

reduction to unipotent representations found in the previous chapter provides a bijection

Gm,m’ (7‘1’) >~ {71'#} X @m—l,m’—l(ﬂ'(l))-

Hence, we can define the minimal (resp mazimal) representation in ©,, .,/ () as the one
corresponding to the minimal (resp. maximal) representation in ©y, 1,/ (7(1)). Indeed,

the latter is a series of unipotent representations (see Theorem 6.24).

Theorem F. Let 7 be an irreducible representation of Gy,. There exists a minimal (resp.
mazimal) irreducible representation Tmin (T€sp. Tmax) i Oy (7). It verifies (Tmin) (1) =
(T(1))min (Tesp. (Tmax)(1) = (T(1))max), where (T(1))min (Tesp. (7(1))max) s the minimal

(resp. mazximal) representation in O,y 1 (7(1))-
Chapter 7

In this chapter we discuss how our work could be extended to pairs (Spa,,(q), O2n+1(9)),
containing odd orthogonal groups. Also, we point out to how it could be related to recent
work of Gurevich and Howe [17], and of Atobe and Gan [3].
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Chapter 2

Lusztig and Harish-Chandra theories

2.1 Some results on representation theory

In this section we state results to be used in the rest of this composition. Through all
the statements G and N denote arbitrary finite groups and H denotes a subgroup of G.
We will also denote by Z(G) the category of complex representations of G. The proofs of
results in this section are straightforward and therefore omitted.

Let G act on a set X and (¢, V') be a representation of G. Take x € X, denote by G - x
its orbit, by St(z) its stabilizer and by .#(Z, V') the vector space of functions defined on
Z C X with values in V.

Lemma 2.1. Keep the above notations. The representation ¢ and the action of G on X

induce a linear G action on /(G - x, V). Moreover, we have a G-isomorphism,
LGz, V) ~ Indgt(l,) ©.

Suppose now that G acts on N. Both groups are embedded in the semidirect product
G X N. An element g € G (resp. n € N) will be denoted by the same letter when regarded

as contained in G X N.
Lemma 2.2. Let ¢ be a representation of G x N. Then,
p(9)e(n)p(g™) = p(g - n).

In other words, giving a representation of a semidirect product G'x N amounts to give

two representations, w of G and p of N, such that
w(g)p(n)w(g™) = plg - n).
Lemma 2.3. Let ¢ be a representation of H x N.

19
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a) The formula ¢(f)(g,n) = ¢(g-n)f(g) defines a G-isomorphism,

¢ : Indf oli =~ (IndF5 Y ¢)le-
b) The restriction induces a G-isomorphism,

(Ind$N ) =~ Indf () v

Lemma 2.4. Let x be a character of G. We have a G-isomorphism
X ® Indfj ¢ =~ Indf (x| © )

We denote by R, the natural representation of the group G x G on the space Z(G),
of functions defined on G with values in C. That is, for f belonging to Z(G) :

(RE(z,2)[)(y) = f(wyz""), 9,2 € G
For representations ¢ and 7 of G,
Homgyxq(RY, ¢ @ p) ~ Homg(p, p).

The representation R is characterized by the above bijection. Indeed, it implies that

RC = Z TR .

welrr(G)

Finally, for two representations ¢ and p of GG, denote

(o, p)e = dim Homg (¢, p).

2.2 Harish-Chandra theory

In this section G will denote a reductive algebraic group defined over F, with Frobenius
morphism F. The (finite) group G¥" of elements of G, fixed by the Frobenius, is also
denoted by G, and its element are called rational points of G. Finite groups arising in this
manner are known as finite groups of Lie type. A subgroup H of G stable by F will be
called rational, and its group of rational points denoted by HY or H. In this section we
deal with both connected and disconnected groups.

Harish-Chandra theory provides a way to further our understanding of the irreducible
representations of finite groups of Lie type. Because all the groups appearing in this section

are rational, we will omit this assumption.
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Parabolic and Levi subgroups for connected groups are well known. For disconnected

groups we have the following definition.

Definition 2.5. A parabolic subgroup P of G is defined as the normalizer in G of a
parabolic subgroup P° of the connected component G° of G. A Levi subgroup of P is the
normalizer in G of the couple M° C P° where M° is a Levi subgroup of P°.

The following proposition applies to both connected and disconnected groups.
Proposition 2.6. [10, Proposition 4.1]

1. Let Q C P be two parabolic groups. If M is a Levi subgroup of Q, there exists a

unique Levi subgroup L of P containing it.
2. For L and P before, the following are equivalent :

a) M is a Levi subgroup of a parabolic subgroup of L.
b) M is a Levi subgroup of a parabolic subgroup of G, and M C L.

If L is a Levi subgroup of a parabolic subgroup of the group G, and we do not need to
specify what the parabolic is, then we will say that L is a Levi of G.

Let M be a Levi subgroup and N the unipotent radical of the parabolic P of the group
G. Let 0 be a representation of the group M of rational points of M. The canonical
isomorphism P/IN = M allows us to lift § to a representation of P, that we denote by the

same letter. Setting

RS$:(6) := Ind% s,

where Ind denotes classical induction, we obtain a representation of G which is known
as the parabolic induction of 4.

Let now (7, V') be a representation of G and V (V) the subspace generated by m(n)v—wv,
with n € N and v € V. The fact that M normalizes N, implies that V (V) is stable by the
former. We obtain in this way a representation of M in V/V(N), known as the parabolic
restriction of m, and denoted by * RS (7).

The relation between the two functors just defined is similar to that between classic

induction and restriction. For example, we have the Frobenius reciprocity :

Hom s (* RSy (), 8) = Homg(m, R$(6)).

The parabolic subgroup used in the constructions above does not appear in the notation
since these functors do not depend upon the choice of a parabolic containing our Levi. This
is a consequence of the Mackey formula whose proof can be found in [10, Proposition 6.1].

We next talk about transitivity. this is a crucial property of parabolic induction and

restriction.
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Proposition 2.7. [10, Proposition 4.7] Let Q C P two parabolic subgroups of G and
M C L two corresponding Levi subgroups. Then

RS o RY = RG,

Using Frobenius reciprocity, we conclude that a similar result holds for parabolic restric-

tion.

We note that thanks to Proposition 2.6, M is actually a Levi subgroup of L so that it

is congruent to speak of parabolic induction from M to L.

Proposition 2.8. [9, Proposition 3.8 Let x be a linear character of G, trivial on unipotent

elements, and @ be a representation of G. Then
“Ryi(x ® ) = x|m ® *Rypp.

Definition 2.9. Let L be a Levi subgroup of the group G and § an irreducible representation
of L. We say that § is cuspidal (or that the pair (L,d) is cuspidal) if * Rk (8) = 0 for all
proper Levi subgroups M of L.

Frobenius reciprocity implies that § is cuspidal if and only if for all Levi subgroups M

of L and all irreducible representations p of M,

Homp, (8, Ryy(p)) = 0.

Let = be an element of G. Denote by M the Levi subgroup Mz~ and by %6 the
representation of M defined by *§(m) = §(z~'max). It is not hard to see that, if two pairs
(M, §) and (M, ¢’) are G-conjugated (that is, if there exists x € G such that M’ = *M
and §' = %), then R$;(6) and RS () are isomorphic representations.

Theorem 2.10. Let x be an irreducible representation of G. Then, up to rational conju-

gation, there exists a unique cuspidal pair (L, d) for which Homg(x, RE(8)) is not trivial.

This theorem gives us a partition of Irr(G) in series parametrized by cuspidal pairs
(M, d). The set of irreducible representations of G appearing in RS (d) is called the
Harish-Chandra series of (M, ¢), and is denoted by Irr(G,d). The set of representations
of G spanned by this series will be denoted by Z(G, J).

Let 'z denote the image of € G by the Frobenius morphism.

Proposition 2.11. [31] Let G be a connected group defined over Fy, and let F be its

Frobenius morphism. The map £, sending x € G to = 'x € G, is surjective.

This map is known as the Lang map, and the result actually holds if we replace the

Frobenius by any surjective endomorphism of G with a finite number of fixed points.
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Let again P denote a parabolic subgroup of G. Using Proposition 2.11 one can show
that P contains a rational Borel subgroup of G. Since all rational Borel subgroups in G

are conjugated by rational elements, we have the following result.

Proposition 2.12. Let B be a fized rational Borel subgroup of G. Then every rational

parabolic subgroup is conjugated, by a rational element of G, to a parabolic containing B.

For classical groups, we usually fix the Borel subgroup of upper triangular matrices and
call standard parabolics all the parabolic subgroups containing it. Rational Levi subgroups

of standard parabolic are called standard Levi.

Corollary 2.13. Harish-Chandra series of a classical groups can be indexed by classes of

cuspidal pairs (M, p) where M is a standard Levi.

Example 2.14. Let G be equal to GL,,, and fix the Borel group consisting of upper diagonal
matrices. Standard parabolic are indexed by partitions t = (t1,...,tx) of n. Thus, we can
take the standard Levi M to be M = GLy, x ... x GLy,, for different partitions t of n.

The situation is similar for the other classical groups.

Harish-Chandra series are in turn parametrized by irreducible representations of certain

Hecke algebras. For a cuspidal representation ¢ of M we put
Wa(0) ={x € Ng(M)/M : %6 = §}.
Theorem 2.15. [21, Corollary 5.4] There is an isomorphism
Endg (Ry;(9)) ~ C[Wa(9)].

In particular, the set of irreducible components of Rl(\;/[((s) 1s in bijective correspondence with

the irreducible representations of Wa(9).

In other words, the irreducible representations in the Harish-Chandra series of (M, d)
are parametrized by characters of W (0). We will sometimes refer to this parametrization
as the Howlett-Lehrer bijection.

Definitions and results above extend to disconnected groups (keeping the same state-
ments). The relation between parabolic induction and restriction for connected and dis-

connected groups is presented in the following lemma.

Lemma 2.16. [6, Proposition 10.10] Let G be a disconnected group, G° its identity com-
ponent, a Levi M° C P° of G° and M C P the corresponding Levi of G. Then

o
*RGo o ResGo = Resih, o RG;

*R$; 0 IndSe = Ind3, o* RGre.
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We end this section showing the relation between the cuspidal representations of a
disconnected group and those of its identity component. It is an easy corollary of the

previous lemma.

Proposition 2.17. An irreducible representation v of G is cuspidal if and only if it is an
irreducible component of IndSe ¢° for a certain cuspidal irreducible representation ° of

G°.

2.3 Deligne-Lusztig theory

The definition of parabolic induction involves a rational Levi contained in a rational
parabolic. Deligne and Lusztig extended this construction to the case where the ratio-
nal Levi is not contained in any rational parabolic. This construction, when specialized to
maximal tori will give us a decomposition of the category of irreducible representations of
G, similar to that obtained from parabolic induction.

Let M be a rational Levi of a parabolic P, and let N be the unipotent radical of P.
The group of fixed points G acts on the left on .2~ !(IN) while (as M normalizes N) M acts
on the right. This induces, for all integers k, a G-module-M structure on the vector spaces
HE(Z~Y(N)) of l-adic cohomology with compact support (cf. [10, Chapter 10]). In this
way see the virtual vector space H (£ 1(N)) = 3", (-1D)*HE(Z71(N)) as a G-module-M.

[

Definition 2.18. The functor RSy : E — H(Z~1(N)) ®cpm) B going from the category

of M -modules to that of G-modules is know as the Lusztig induction.

If P is rational, then Lusztig induction becomes parabolic induction. That is why we
use the same notation for both inductions. Indeed, in this case the unipotent radical N is
also rational, and the fact that = and ¥’z have same class modulo N for any z € .Z~1(N),
implies that the mapping .2~ '(N) — G/N has image (G/U)¥ ~ G/N. This morphism
has fibers isomorphic to N. Since G/N is finite, its cohomology groups are trivial except in
degree zero, for which H)(G/N) ~ Q;[G/N]. This implies [10, p. 81] that H}(Z~1(N)) ~
Q;[G/N] as G-modules-L, whence the result.

For a representation p of M, the Lusztig induction RE‘/I (p) does not provide necessarily
a representation of G. In fact, its associated character decomposes as sum of irreducible
characters with coefficients in Z, not necessarily positive. This kind of class functions are
called virtual representations. A simple example will be provided below.

In order to get a partition of the set of irreducible representations of GG, we need the
Mackey formula to hold. It does if we restrict ourselves to maximal rational tori [10,
Theorem 11.13]. Let T and T’ be such tori. For two one-dimensional representations 6
and 6 of T and T" :

Homg(RF (0), RF/(6')) = 0
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whenever (T,0) and (T,0’) are not G-conjugated. Moreover, the virtual characters
R$(0) and RS (0') are isomorphic whenever (T,#) and (T’,0') are conjugated under G.
The virtual characters R%(G) are called Deligne-Lusztig characters. These provide a set
of orthogonal class functions, indexed by G-conjugacy classes of pairs (T,0). We are
interested in increasing our understanding of these classes.

For a maximal torus T, we define its Weyl group W(T) by Ng(T)/T. Two elements
x, y in W are said to be F-conjugated if there exists z in W, such that = zyf2z7 1,
this defines an equivalence relation in W. Classes for this relation are called F'-conjugacy
classes.

Any two rational maximal tori in G are conjugated in G but not necessarily by a
rational element. Thus, in general, there can be multiple G-conjugacy classes of such tori.
Consider a fixed maximal rational torus T and denote by W (T) its Weyl group. Any other
maximal torus of G will then have the form 9T for some g € G. The following proposition

furnishes a parametrization of the set of classes of maximal tori.

Proposition 2.19. /8, Section 3.3] With the notations above.

—1F

a) The torus 9T is rational if and only if g—'* g belongs to the normalizer of T in G.

b) If two mazximal rational torus 9T, and 9T are G-conjugated then the g~

g g are F-conjugated in the Weyl group W (T).

g and

1F

¢) The map sending 9T to g~" g defines a bijection between the G-classes of rational

mazimal tori of G and the F-conjugacy classes of W (T).

Tori in a G-conjugacy class corresponding to the F-conjugacy class of w € W(T) will
be said to be of type w.

Consider the case where G is GL,, and T is the torus (rational) of diagonal matrices.
Its Weyl group W can be identified with the symmetric group &,,. Thus, the action of the
standard Frobenius F' (defined by F(z) = x%) on W is trivial, and classes of rational tori
are parametrized by conjugacy classes of &,,. For any o € G,,, let T, be a maximal torus
of type o with respect to T

Characters of irreducible representations of GL,, in the Harish-Chandra series of (T, 1)
are called unipotent (we provide a general definition below). These are in bijection with the
irreducible characters of the symmetric group &,,, hence in bijection with the partitions of
n. Let p be a partition of n and denote the irreducible representation of &,, by the same
letter.

Proposition 2.20. [10, Section 15.4/

a) Let p denote a partition of n. The characters of unipotent irreducible representations

B 3 o).

- Ueen

are given by
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C) R(n) = 1GLn and R(ln) = StGLn-

Example 2.21. For G = GLo, consider again the torus T of diagonal matrices. Its
Weyl group W has two elements {1,s}, where s is the transposition (12). Thus, there
are two classes of tori in GLa. From Proposition 2.20, the corresponding characters are
R$™(1) = 1aL, + StaL, and RE(1) = gL, — StaL,-

The previous example shows that two orthogonal Deligne-Lusztig characters R.(fJ (9)
and R$ (0) may have common constituents. Thus, the partition of Irr(G) we intend to
obtain cannot be indexed by the set of G-conjugacy classes of pairs (T, ). In order to get
a disjoint union we need the weaker notion of geometric conjugacy class, it basically tells
us that two pairs are conjugate up to scalar extension.

Let ad(g) denote conjugation by g and Npn/p : TF" — TF be the map given by
ts ¢tF¢. . F"7' This last generalizes the Frobenius morphism.

Definition 2.22. Let T and T/ be two rational mazimal tori, and let 0 and 0 be char-
acters respectively of T and T'. We say that the pairs (T,6) and (T',0") are geometri-
cally conjugated if there exists a positive integer n and g € G¥" such that TV = 9T and
GIONFn/F =00 Npn/poad(g)

Proposition 2.23. [10, Proposition 13.3] Let T and T’ be two rational maximal tori,
and let 0 and 0' be characters respectively of T and T'. If R$(0) and RS,(0') share an

irreducible constituent, then the pairs (T,0) and (T’,0") are geometrically conjugated.

We still need to show that any irreducible character of G appears in the induced

representation RS (0) of some pair (T, ). We first give a definition.

Definition 2.24. We call uniform functions the class functions of G that are linear com-

binations of Deligne-Lusztig characters.

The character of the regular representation of G is a uniform function [10, Corollary
12.14|. Since every irreducible representation y appears on the regular representation,
there exists a pair (T, #) whose Deligne-Lusztig character RS (6) contains .

The previous observations and Proposition 2.23 tell us that, the set of Deligne-Lusztig
characters RS (6) indexed by (T, ) belonging to the same geometric conjugacy class, pro-
vide a partition of the set of irreducible representations of G.

The following proposition gives a parametrization of the set of geometric conjugacy

classes.

Proposition 2.25. [10, Proposition 13.12] Let (G, F) and (G*, F*) be dual to each other.
Geometric conjugacy classes of pairs (T, 0) in G are in bijection with F*-stable conjugacy

classes of semi-simple elements of G*.

We shall be concerned with the following classical groups G and their Frobenius mor-

phisms F' :
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a) G = 8Sp,,, F'= Iy,

b) G =SO0;

2n

F =F,,
c) G=80y,41, F=F,,
d) G=GL,, F=F,or F="F,!

Their dual groups G* and the isogenies F* may be idenfitied respectively with :
a) G = 809,41, F = Fy,

b) G =803, F = F,,

2n?
C) G:Sp2n7 F:Féb
d) G=GL,, F=F,or F="'F,7!

Definition 2.26. A Lusztig series & (G, (s)) corresponding to the geometric conjugacy class
(s) of a semi-simple rational element s € G*, is the set of irreducible representations of G
appearing in Rr(0) for (T,0) belonging to the geometric conjugacy class associated to (s)
by proposition 2.25.

The paragraph preceding proposition 2.25 can be rewriten in terms of the last definition.

Proposition 2.27. Lusztig series associated to different geometric conjugacy classes of

rational semi-simple (s) € G* form a partition of the set of irreducible representations of

G.

We have seen that the RS () are parametrized by G-conjucagy classes of pairs (T, 6).

Using the dual group, we can give another parametrization.

Proposition 2.28. The G-conjugacy classes of pairs (T,0) where T is a rational mazi-
mal torus of G and 6 belongs to Irr(T) are in one-to-one correspondence with the G*F -
conjugacy classes of pairs (T*,s) where s is a semi-simple element of G*" and T* is a

rational mazimal torus containing s.

Using this proposition, we will sometimes use the notation R% (s) for R% (0). Also, we
put eg = (—1)Fa—r22k(G) (cf. [10, Definition 8.3]).

The representations corresponding to the series & (G, 1) of the trivial element in G* are
called unipotent representations. These irreducible representations are a prototype for the
other ones, this is the main result of Lusztig’s classification of characters of finite groups
of Lie type (cf. [27]).

Theorem 2.29. Let G be a connected reductive group with connected center, and let s be a
semisimple rational element of G*. There is a bijection, denoted by £5, from &(G, (s)) to
&(Ca~(s)F", (1)) such that, extended by linearity to virtual characters, it sends eg RS (s)

to ECG*(S)R%;* (S)(l), for any mazimal rational torus T* of Cg=(s).
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We ask for the center of G to be connected, because in that case all centralizers Cg+(s)
are connected (cf. [10, Lemma 13.14]). The bijection in the previous theorem is usually

called Lusztig bijection. We will sometimes let 7, denote the image of m by SSG.

Remark 2.30. Let Z(G, (s)) be the set of representations spanned by & (G, (s)). Lusztig’s
bijection can be extended by linearity to this set. Moreover, this extension becomes an

1sometry, i.e.

<(10>:0>G = <23G(50)738G(p)>CG* (s)F*>
for ¢ and p in Z(G, (s)).

We need to extend Theorem 2.29 to disconnected groups. Indeed, we will apply it to
orthogonal groups O, (¢). In order to do this we need first to extend previous definitions
to this groups.

If G is a reductive disconnected group and T is a maximal rational torus (necessarily
contained in G°), we set RE(0) = Ind% R$E"(#). This definition allows us to extend the

notion of unipotent representation and uniform function (keeping the same definitions).

Proposition 2.31. [5, Proposition 1.7] Theorem 2.29 holds for the groups G = G* = Og,
GF = G = 0%(q).

Let M be a rational Levi contained in a rational parabolic. Let p be a cuspidal rep-
resentation of the group of rational points M, (s) be the corresponding geometric con-
jugacy class in M*, and denote by p, the image of p by £M. Lusztig’s bijection SSG in-
duces, by restriction, a one-to-one correspondence between Irr(G, p) and Irr(Cg=(s)F", pu).

Thanks to Theorem 2.15, this yields a one-to-one correspondence between Irr(Wg(p)) and
Irr(Weg. (5)(Pu)-

Proposition 2.32. [27, Chapter 8] Keep the notations as above. There is an isomorphism
Wa(p) = Weg. s)(pu), compatible with the one-to-one correspondence between Irr(Wa(p))
and Irr(Weg, (5)(pu)), induced by Lusztig’s bijection.

We finish this chapter with the following proposition. It concerns the F,-rank of rational

Levi contained in rational parabolic. We provide the proof for lack of reference.

Proposition 2.33. If M is a rational Levi contained in a rational parabolic subgroup of

G, then enm s equal to eq.

Proof. By definition, we need to prove the equality between the Fg-rank of M and G (cf.
[10, Definition 8.3]). This is defined as the Fy-rank of a rational maximal torus contained
in a rational Borel. Let P be the rational parabolic containing M, and consider a rational
maximal torus T of M. We can choose a rational Borel subgroup B of G contained in P
and containing T. Since it is also contained in the rational Borel subgroup B N M of M,
the Fg-rank of M and G are equal. O
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Howe correspondence

3.1 Dual pairs

In this section we will present the reductive dual pairs over finite fields IF,. We will suppose
the characteristic p of the field to be odd.

Let W be a symplectic vector space over F,. The group of isometries for the non
degenerate symplectic form over W is denoted by Sp(W), and called symplectic group. By
choosing a suitable base we can consider the symplectic group as a group of matrices, in
this situation we will also denote it by Sp,,,(¢), where dim W = 2n.

For a group G and a subgroup H, we let

Co(H)={x€G|rz=zxforall z€ H}

Definition 3.1. A reductive dual pair (G,G") in Sp(W) is a pair of reductive subgroups
G and G' of Sp(W) such that

CSp(W) (G) = G/, and CSp(W) (G/) =G.

We will usually omit the word reductive and call (G,G') a dual pair.

If W =W; ©@Ws is an orthogonal sum decomposition, and if (G1,G)) and (G2, GY)
are dual pairs in Sp(W;) and Sp(Ws) respectively, then (G,G’) = (G1 x G2, G} x GY) is
a dual pair in Sp(W). Such a pair is said to be reducible. A dual pair (G,G’) which does
not arise in this way is said to be #rreducible. For example, if W is irreducible for the
action of G - G', then the dual pair (G,G’) is irreducible. Every dual pair can be written
as a product of irreducible dual pairs. We present now the classification of irreducible dual
pairs over finite fields.

(1) Let Vi and V4 be vector spaces over F,. Suppose V; has a symplectic form (, ); and
V5 has a quadratic form (, )o. The group of isometries of the latter is called orthogonal
group and denoted by O(V2).

29
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The F, vector space W = V; ®p, V5 has a symplectic form defined by
(u1 ® uz,v1 ®v2) = (u1,v1)1(uUz, v2)2.

We can see Sp(Vi) and O(V3) as subgroups of Sp(W) via the natural map Sp(V;) x
O(Va) — Sp(W). The pair (Sp(V1),0(V2)) so obtained is an irreducible dual pair, it is
called symplectic-orthogonal.

(2) Consider the quadratic extension F 2 of I, and let I’ denote its Frobenius morphism.
Let V1 be a vector space over F 2 with a non-degenerate skew-Hermitian form (, )1, i.e.
such that

(o, o)1 = o Blu,v)y, and F(u,v); = —(v,u);.

The group U(V}) of isometries of this form is called unitary group. Similarly, let Vo be a

IF;2-vector space with a Hermitian form (, )9, i.e. such that

(o, Pv)g = aFBW,v)g, and F(u,v>2 = (v, u)e,

and let U(V%) be the corresponding unitary group.

Denote by W the F-vector space underlying the F 2-vector space V3 ®F 2 V5. It has a
symplectic form defined by

(U1 ® ug, v @ v2) = TI“Fq2/Fq(<u1,Ul>1F<U2,U2>2)-

Again, via the natural map U(V}) x U(Va) — Sp(W), we can see U(V;) and U(V3) as
subgroups of Sp(W). The irreducible dual pair (U(V;), U(V2)) obtained this way is called
unitary.

Unitary and symplectic-orthogonal dual pairs are said to be of type I.

(3) Let V1 and V3 be vector spaces over Fy. As for type I dual pairs we have a natural
action of GL(V}) x GL(V2) on V = V; ® V4, and therefore an induced action on its dual

V*. By considering the diagonal action we get a map
GL(V1) x GL(V,) — GL(W)
where W =V @ V*. This last vector space can be given a symplectic form
(z+a"y+y") =y (x) —27(y),

that makes GL(V1) and GL(V2) subgroups of Sp(WW). Dual pairs (GL(V1), GL(V2)) arising
this way are called linear. They are also said to be of type II.

It might seem contradictory that in (2) above, we called "unitary group" a group arising

from a Hermitian or a skew-Hermitian form (a priori these need not be isomorphic). But
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in fact, it is easy to provide an isomorphism between them.

3.2 Howe Correspondence

The Howe correspondence relates representations of the groups belonging to a dual pair. In

order to introduce it we need to study the representation theory of the Heisenberg group.

Definition 3.2. The Heisenberg group is the group with underlying set H(W') = {(w, t) :
we W,t eF,} and product

1
(w,t) - (W', ') = (w+w’,t+t/+§(w,w’>)

The representation theory of the Heisenberg group is simple. Let us take an irreducible
representation p of H (W), Schur’s lemma implies that its restriction to the center Z ~ F,
of H(W) equals 1, - 1, where 1, is a character of [F,.

If 4, = 1 then p factors to H(W')/Z ~ W which is abelian, so p is itself a character
(has dimension one). The case of non-trivial central character is described by the following
celebrated theorem [29]:

Theorem 3.3 (Stone-von-Neumann). For any non-trivial character 1 of Z there exists

(up to equivalence) a unique irreducible representation p of H(W') such that v, = 1.

The representation py, appearing in this theorem is known as the Heisenberg represen-
tation. It depends on v, so we denote it by p,. The unicity up to isomorphim means
that there are multiple realizations (or models) of the Heisenberg representation, below we
present one of these.

The action of Sp(W) on W lifts to an action on H (W) and hence to one on the set
Irr(H) of equivalence classes of irreducible representations. Fix a character ¢ of the Fy.
The action of Sp(W) on H(W) fixes the elements of its center. Thus, py and - p, agree
on Z, for any x € Sp(W), and any irreducible representation py of H(W). The unicity

part in Theorem 3.3 implies that there is an operator wy(x) verifying

pu(@ - w,t) = wy(@)py (w0, Dy (@)

Schur’s lemma shows that wy, is a projective representation of Sp(W), that is

wy(2y) = @, y)wy (z)wy (y),

for a certain complex two cocycle a(z,y). Since H?(Sp(W),C*) = 0, this cocycle is
a coboundary, so that a(z,y) = f(z)f(y)f(zy)~! for a certain complex function f on
Sp(W). Scaling wy, by f gives us a true representation of Sp(IV) (that we denote by the
same letter). We call wy, the Weil representation of Sp(W).
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This representation depends on the character 1 first defined, but this dependence is
weak. Indeed, there are only two possible oscillator representations. Let a belong to Fy,
and denote by 1, the character 1,(z) = ¥ (az).

Proposition 3.4. [17, Proposition 2.3.3] Two Weil representations wy and w{z) are 1so-
morphic if and only if ' = 1. for a certain s € Fy

For an irreducible dual pair (G,G’), we introduced a natural map from G x G’ to
Sp(W). Pulling back the Weil representation by this map we get a representation wg.r of

G x G'. This representation decomposes as a sum :

wa.gr = Z My g T b2 77/7

where the sum is over the set of irreducible representations m and 7’ of G and G’

respectively. We can rearrange this sum in order to get

woa = Y T®O(m),
welrr(G)

where ©(m) = > my 7’ is a (not necessarily irreducible) representation of G. We
obtain in this way a map © from the set of irreducible representations of G to the set of

representations of G’. It is called the Howe correspondence.

3.3 Mixed Schrodinger model

In order to keep track of dimension, in this section we modify slightly the notations from
previous sections.

Let W,, denote the symplectic space of dimension 2n. Fix a character ¢ of Fy; from the
Stone-von-Neumann theorem we deduced the existence of the Heisenberg representation
pn, of the Heisenberg group H(W,,), and the existence of the Weil representation w,, (both
depending on 1) of the symplectic group Sp(W,,). They verified the intertwining relation

wn (%) pr(h)wn (z7) = pu(z - ),

for € Sp(W,,) and h € H(W,,). This, according to Lemma 2.2, is the same as giving a
representation of the semidirect product Sp(W,,) x H(W),), whose restriction to Sp(W,,)
and H(W,) is w, and p,, respectively.

If W,, = V1 © V5 is an orthogonal sum of symplectic vector spaces, then there is a short

exact sequence
1-F, 5 HWV) x HVa) & HW,) — 1,

where the arrows are defined by i(t) = (¢, —t) and j((v1,t1), (ve,t2)) = (v1 + va,t1 + t2).
Let (p1, V1) and (p2, V2) be models of the Heisenberg representations of H(V;) and H(V3)
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respectively. The previous exact sequence allows us to show that (p; ® p2, V1 ® Va) is a
model for the Heisenberg representation of H(W),,). Moreover, the Weil representation w,,
of Sp(W,,) coincides with wy ® wy on its subgroup Sp(V1) x Sp(Va).

Let {e1,...,en, €, ..., €1} be a symplectic base of W,,. Let k < n and X}, (resp. Y%)
be a totally isotropic subspace spanned by the k first (resp. last) vectors in this base. The
non-degenerate pairing Xj X Yy — C induced by the symplectic form, allows identifying

Y, with the dual space X, of X;. Therefore, there is an Witt decomposition :
Wy =~ (X, ® Xi) @ Wiy

The Heisenberg representation of H(Xy @ X}) can be realized in the space .#(X}) of
complex functions defined in Xj. Let (prn—k, Sn—k) be a model of the Heisenberg repre-
sentation of H(W,,_x). From the previous paragraph, we deduce that the tensor product
S (X}) ®S,_i, provides a model for the Heisenberg representation of H(W,,), called mized
Schridinger model. Moreover, this space can be identified with .7 (Xy, Sp_g).

For convenience, an element w € W), (resp. t € ;) will be denoted by the same letter

when regarded as an element of H(W),).
Proposition 3.5. With the above notation, the action of the Heisenberg representation py,

in .7 (Xg, Sn_r) is given by,

pn(w7t)f(g) = W(ZL J}> + <'7v}a 33‘>/2 + t)pn—k(wn—k)f(j + Q),

where w = x + Wp_k, + &, © € Xi, Wk € Wo_p and &,7 € Xp,.

The proof of this result is an easy consequence of Example 1.4 in [30]. A straightforward

corollary is the following.

Corollary 3.6. If x € X}, then,

pn(2) f(G) = (7, 2)) f(9)-

Explicit formulas for the action of the Weil representation w, on the vector space
S (Xy, Sp—y) are also known. Let Pj, be the stabilizer of X} in Sp(W,,). It is a maximal
parabolic group with a Levi decomposition P, = My X Ni. Its Levi subgroup M}, consist of
matrices m(a,u) = diag(a,u, *a™!) for a € GL; and u € Sp(W,,_,). The unipotent radical

Ng is the group of matrices

1 ¢ d—c'c/2
n(c,d) = 1 —te )
1

where d is a symmetric matrix.
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Consider the representation y of P x H(Xy @ W,_k), trivial on its unipotent radical
N, and defined by
x(m) = det(a) @ 2w,, . (u).

on elements m = m(a,wu) of the My, and by

X(':E + wOat) = pn—k(wOa t)

on elements of the Heisenberg group. Theorem 2.4 of [15] implies that there is a unique
representation of Sp(W,,) x H(W),,) whose restriction to P, x H(W),,) agrees with the induced
representation of x to this group. The space .7 (Xj, S,,—x) can be identified with the vector
space of this induced representation. The latter consists of functions f : P, x H(W,,) —
Sp_ verifying f(dv) = x(0)f(y) for ¢ in P(Xy) x H(X; ® W,_) and ~ in H(W,).
The group Pj acts by right translations on this function space, and so it also acts on

S (X ks Sn—k). A straightforward computation shows that the former action is given by
wa(m) f (&) = det(a) @D 2w, 4 (u) f(*az)
for elements m = m(a,u) of the Levi subgroup My, and by

wn(n)f(2) = Y((dE, ) /2) pn—i(‘c) f (),

for elements n = n(c, d) of the unipotent radical Nj.

3.4 Welil representations for unitary groups

Let 1 be a fixed nontrivial character of F,. For a dual pair (G, G’), the Howe correspon-
dence, as it has been defined, arises from the restriction to G -G’ of the Weil representation
wy, of the symplectic group Spy,(¢). For unitary pairs, we will see (Section 4.2) that the
Howe correspondence is not compatible with unipotent representations. This shortcoming
can be fixed by studying the correspondence coming from a Weil representation introduced
by Gérardin in [15].

Let V' be a vector space over Fg2, of dimension m, and provided with a skew-hermitian
form [, ]. The underlying F,-vector space of V' is denoted by W. It has a non-degenerate
symplectic form (, ) = TrIFq2 /F,[» |- The unitary group U(V) is canonically embedded in
the symplectic group Sp(W).

Let H(V') be the set of elements (w,t), with w € W, t € F,2 such that t — 7 = (w, w).
As before, it is called the Heisenberg group.

Lemma 3.7. [15, Lemma 3.1] Let the notations be as above. Then,
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a) H(V) is a group for the law given by :
(w,8) - (W, #) = (1 + w0, t + ¥ + [w, 0],
Moreover, it has center isomorphic to F,.

b) The mapping sending (w,z) to (w,z + [w,w]/2) defines an isomorphism of H(V)
onto H(W).

Gérardin shows that, up to isomorphism, there is a unique representation pfﬁ of H(V)
given by v in the center F,, (cf. [15, Section 3.3]). As before, this is known as the Heisenberg

representation.
Theorem 3.8. [15, Theorem 3.3] Keep the above notations. Then :

a) Any realisation plzp of the Heisenberg representation can be extended to a representa-
tion of U(V) x H(V'). The representations wfﬁ of U(V') so obtained are isomorphic.

b) Under the isomorphism of H(V') and H(W') given in Lemma 3.7,
wqb/, = Upm @ wy, onU(V).

where vy, is the unique nontrivial one-dimensional real representation of U(V'), it is
defined by vy (u) = (det ) @D/2 for allu € U(V).

For unitary pairs, we will use correspondence obtained, not from the Weil representation
wy, but from the Weil representation wfﬁ introduced in the last theorem.

Let (U(V1),U(V2)) be such a pair, and let m; (resp. ms) denote the dimension of
Vi (resp. V3). In Section 3.1, we embedded these unitary groups in Sp(W), where W is
the g -vector space underlying the F-vector space V =V ®F V5. The latter can be

equipped with the skew-hermitian form
(u1 ® ug, v1 ® va) = (ur,v1)1” (ug, va)a.

This form provides a unitary group U(V'), embedded in Sp(W'). Moreover, the embedding
of U(Vy) and U(Va) in Sp(W) can be factored through U(V'). The identity

det(x; ® z2) = (det 1) (det z2)™, x1 € U(V1), x2 € U(Va),

and item (b) in Theorem 3.8 imply that the restriction of wZ) to U(V1) - U(Va) equals
the restriction of wy to U(V1) - U(V2) multiplied by v7;? ® vit. The standard Howe
correspondence (i.e. the one coming from wy) can be, therefore, obtained from the Howe

correspondence ©°, induced by wZ}.
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3.5 Witt towers and stable range

A Witt towers

Some of the nicest properties of theta correspondence involve its compatibility with Witt
towers. For groups belonging to type I dual pairs, these towers T = {G), }nen, are the

following :

e For unitary groups there are two Witt towers, one whose groups are G,, = Uz, (q)
for n € N and the other for groups G,, = Usp+1(q) for n € N. The first one will be
denoted by U™ and the second one by U~.

e In the symplectic case there is only one Witt tower, formed by groups G,, = Sp,,,(q)
for n € N. It will be denoted by Sp.

e Even orthogonal groups provide two Witt towers whose groups are G, = O3 (q),
and G,, = 05,,(¢), for positive integers n. These will be denoted by Ot and O~

respectively.

Likewise, there are Witt towers of Hermitian, symplectic and quadratic spaces. The

group G, (resp. the space V,,,) in the Witt tower T is said to have Witt index equal to m.

B Stable range

Now we discuss the behaviour of the theta correspondence as the groups (G, G.,,) in a

type I dual pair vary in their respective Witt towers.

Definition 3.9. The pair (Gy,, G.,,) is in the stable range (with G, smaller) if the defining
module for G! , has a totally isotropic subspace of the same dimension as the defining
module of Gy, .

For instance, for pairs (Spy,,(¢), O2nv(q)) the stable range condition (with Og,,(q)
smaller) means that m > 2m/.

Fix the group Gy, and let G/ , vary on its Witt tower. The following proposition tells
us that once we reach the stable range, every representation of G, appears in the Howe

Correspondence.

Proposition 3.10. /23, Propositions 4.3 and 4.5] If the dual pair (G, G ) is in the

stable range, then for every irreducible representation w of Gy, ©(mw) # 0.



Chapter 4

Correspondence between

Harish-Chandra series

Throughout this chapter we fix a nontrivial character ¢ of F,, and write w (resp. w?)

instead of wy, (resp. wpsi®).

4.1 Compatibility with unipotent representations

The goal of this section is to show that the Howe correspondence behaves well with respect
to Harish-Chandra series of cuspidal unipotent representations. In order for this to hold,
we need to consider the correspondence coming, not from the Weil representation w, but
from the representations w” defined in [15]. In this paper Gérardin introduced Weil rep-
resentations for symplectic, unitary and linear groups. In the previous chapter we studied
the unitary case.

Let (Gm,G!,,) be a type I dual pair. For symplectic-orthogonal pairs, w and w” have
same restriction to Gm~G;n,. For unitary pairs, we saw in Section 3.4 that these restrictions
differ by multiplication by I/ZLLI ®@ v The restriction of w (resp. wb) to Gy, - G, defines,
by inflation, a representation of G, x G/ ,, that we denote by wy, v (resp. w?mm,). The
theta correspondence obtained from this representation will be denoted by ©,, ,» (resp.
0 r)-

Let T and T’ be two Witt towers such that pairs (G, G} /) with G,,, € Tand G/, € T
form a dual pair of type I. That is, let (T, T’) be either (Sp, O¢) or (U, U¢), for € and ¢
equal to £1.

Theorem 4.1. [2, Theorem 2.2] Suppose 7 is an irreducible cuspidal representation of G,

and
1. Opy (7)) =7’ in the correspondence for (G, G )
2. 7 does not occur in the correspondence for (G, G},) for k < m/, that is ©,, j(7) = 0.

37
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Then 7' is an irreducible cuspidal representation of G.,. The same holds for @En '

The occurrence of a representation 7 of Gy, in the Howe correspondence for (G, G /)
with m’ minimal, that is ©,, x(7) = 0 (or equivalently @i’n’k(w) =0) for k < m/, is referred
to as the first occurrence. The integer m’ will be called first occurrence index for mw. It
is important to stress that, in this case, the representation O, n,/(7) (resp. Oy, (m)°) is
irreducible. As mentioned before, this is not always the case. For the first occurrence we
denote Oy, /() (resp. Oy s (m)%) by 0(r) (resp. 6°(r)).

Theorem 4.2. [5, Proposition 2.3] Under the notation of Theorem 4.1, let © and 7' be

irreducible representations of Gy, and G, respectively. Suppose the representation ™ & 7’
b

appears in the Weil representation w;, .,

of the pair (G, G.,,). Then 7 is unipotent if and

only if ™ is unipotent.

Theorems 4.1 and 4.2 together imply that, in the case of first occurrence, for dual
pairs of type I, the Howe correspondence WEn,m/ takes cuspidal unipotent representations
to cuspidal unipotent representations.

There are very few groups, belonging to a dual pair, that have unipotent cuspidal repre-
sentations. For instance, the only type II group having a cuspidal unipotent representation
is GL1(q), moreover this representation is the trivial one. Between type I groups we have

the following result.

Theorem 4.3. [25, Theorem 3.22] The following groups:
1. Spo,(q), n =k(k+1),
2. S05,,(q), n = k%, e = sgn(—1)*,
3. Unlq), n= (k*> +k)/2

are the only groups in their respective Witt towers having a cuspidal unipotent representa-
tion. Moreover, in each case the group possesses a unique cuspidal unipotent representation
denoted by \j.

Let € be equal to +1. Thanks to Proposition 2.17, irreducible cuspidal (resp. unipotent)
representations of Of,(¢) appear as constituents of Indgégq(zz) (m) where 7 is a cuspidal (resp.
unipotent) representation of SOf,(q).
dOSkQ (9)

S0%,2(2)
plies that it decomposes as :

The representation In (A\k) is not irreducible. Moreover, the unicity of Ay im-

Indogkz @

I \IT
SO;kQ(q)(/\k) = AL ® A

where )\i and )\él are the irreducible cuspidal unipotent representations of Of,.(q). Fur-

thermore, these representations differ by tensoring with the sgn character of 0%, (q).
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Theorem 4.3 gives us restrictions on the dimensions of type I groups which have cus-
pidal unipotent representations. The following theorem gives us the corresponding first

occurrence indices.

Theorem 4.4. [2, Theorems 4.1 and 5.2] The Howe correspondence @% e Jor dual pairs
(Un(q), U (q)) and (Spa,,(q), 05,,(q)) takes cuspidal unipotent representations to cuspidal

unipotent representations as follows :

e For towers (Sp,0), A\, corresponds to AL if € is the sign of (—1)* and to /\£+1

otherwise.

e For towers (U€, UEI), A corresponds to N\ where ' = k+1 or k' =k —1. We take
k so that e is the sign of (—=1)¥6+D/2 and we choose k' such that € = (—1)¥ (K" +1)/2,

Moreover, these cases give the first occurrence 6°(\) of .

This theorem allows us to write the Howe correspondence @En’m, between cuspidal
unipotent representations as a function on natural integers 6 : N — N, defined by 0(\;) =
Agk)- In fact, it shows that for symplectic-orthogonal pairs, (k) is either k or k + 1;
whereas for unitary pairs, 6(k) = k £+ 1.

Let T = {Gp}nen be a Witt tower. The maximal torus of Gy consisting of diagonal
matrices will be denoted by Tj,. Given two groups GG; and G,,, in T, such that [ < m, we can
include G| inside the Levi subgroup Gy x T;,,_; of G,,. Let X be a cuspidal representation of
Gy, and Z(Gp, A® 1) the subset of Z(G,,,) whose elements are spanned by Irr(G,, A® 1).

Let T and T’ be two Witt towers such that pairs (G, G} ,) with G,,, € Tand G/, € T

form a dual pairs of type I.

Theorem 4.5. [5, Théoréme 3.7] Let X be a cuspidal representation of Gy € T, let I be its
first occurrence index and \' = Gb()\) the corresponding cuspidal representation of G}, € T'.
For v € Irr(Gpp, A @ 1), @%m, (7) = 0 whenever m’ <1 and @En,m, (v) € Z(G.,,, N ®1)
otherwise. Moreover, the representation X of Gy is unipotent if and only if X' is a unipotent

representation of GJ,.

4.2 Howe correspondence and cuspidal support

Theorem 4.5 shows the behaviour of the Howe correspondence @En’m, with respect to
Harish-Chandra series of unipotent representations. We aim at generalizing this result
to arbitrary Harish-Chandra series. In order to do so, we first construct a filtration of a
certain space of coinvariants of the Weil representation wy, ,,,». Next we will describe the
successive quotients of this filtration. These coinvariant calculation relies strongly on the

Schrédinger mixed model.
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A Weil representation coinvariants

Let T and T’ be two Witt towers such that pairs (G,,,G.,,) with G;, € T and G/, € T
form a dual pairs of type I. Let D be a field equal to F, when the pair is symplectic-
orthogonal, and equal to F 2 when the pair is unitary. Denote by N the norm of D over
Fy, it is the identity when D = F, and it is defined by N(z) = 297! when D = F 2. Let
Wy (resp. W) ,) be the D-vector space of Witt index m (resp. m') on which G, (resp.
G /) acts; denote by n (resp. n’) its dimension.

As in Section 3.3, let X} denote the totally isotropic subspace of W,,, spanned by the k
first vectors of a hermitian base, k < m. Let Py be the stabilizer of X} in GG,,,. Denote by
Ny its unipotent radical, GLy = GL(X}) and M) = GLg XG,,—x a Levi subgroup of Py.
Let Q; be the stabilizer of X; in GLj, it is a parabolic group whose elements are matrices
(v a;:j ). Finally, denote by X}, GL},, P/, N,, M}, and Q;,the analogous groups for
G' .. Tt is important to stress that all these groups are groups of matrices with coefficients
in F; when the dual pair is symplectic-orthogonal, and with coefficients in Fg2 when the

dual pair is unitary

Let & = (No det)(q_l)/ 2 be the unique non-trivial real one-dimensional representation
of the general linear group GLj, with coefficients in D, that is & = det(@=V/2 if D = Fq,
and &, = det@=D/2if D = Fg2. Finally, let R denote the natural representation of G x G
on the space .(G) of complex functions defined on the group G.

Proposition 4.6. Let *Ry, and "R}, be the parabolic restriction functor from G, x G. ,
to My, x G', and Gy, x M], respectively.
a) There exists a My, x G' , invariant filtration 0 =179 C 71 C -+ C Trp1 = *Ri(Wmmt ),

where r = min{k,m’}. Its successive quotients Ti+1/7; verify

M ><G
7-1l+1/7_2 Ind * k><P’ gk zRG O Wimn—k,m’—i;
where & ; is the character fgl_l ®E&® ff/ of GLj—; x GL; x GL; C Qk—; x P.

b) Likewise, there is a Gp, x My, invariant filtration 0 = 75 C 71 C -+ C T4

*Ry (Wm,m' ), where v' = min{k',m}. Its successive quotients 7, /7] verify

Gm ><M , GL:
1+1/T = Indp xQ., G, fk/,iR L O Wm—im/—k/ s

where &, ; is the character § @ &, _, @ EZ-"/ of GL; x GLj,_; x GL; C P; x @}, _,;.

The proof of the previous proposition is long, so it is presented in a separate section.

An easy consequence of it is the following.
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Corollary 4.7.  a) The parabolic restriction * Ry (wp, ) verifies :

min{k,m’}

MkXGin’ GL;
Ri(wmm) = D Indg Gy G RO @ Wi
=0

b) Likewise, the parabolic restriction *R),(wp m) verifies

min{k’,m}

Gm XM/
* ol ~ m K / GL; )
k/(wmm/) ~ @ IndPiXQ;C/,iG:n/,k/ gk',iR ' ® Wim—i,m/—k' -
=0

B Proof of Proposition 4.6

We start by calculating the coinvariants relative to the group N} ; consisting of matrices
n(0,d). Then, we compute the coinvariants of the group Ny o consisting of matrices n(c,0)

(see Section 3.3 for notation). Due to the short exact sequence
1— Nk,1 — Nk — Nk,2 — 17

performing these two computations is equivalent to calculating the coinvariants of Ng. In
each calculation, we will use a mixed Schrédinger model because it allows us to express
the Jacquet functor in terms of restriction of functions.

Coinvariants relative to Ny 1 : Consider the Witt decomposition W,,, ~ X ® Wy, @
X, where X, denotes the dual space of X},. Tensoring by W/, produces

Wi @ W), ~ (X @W,, & X @ W) © Wi, @ Wi,

The mixed Schédinger model corresponding to this orthogonal sum makes Sp(W,, ®
W/ ) act on (X ® W/, Sm—km) where Sp,_j v is a model of the Heisenberg represen-
tation py,—jm of H(Wp—p® W;n,) The Weil representation makes the parabolic Py, x G;n,
of G, x G, act on S ( Xy ® W/, Sm—km). For f € (X ® W/, Sm—km) and & in
X, @ W!, ~ Hom(Xy, W/ ,) :

o If m =m(a,u) € My, and ¢’ € G, ,.

w(m, g)f(&) = &(a)" Wk (u, g') f(g'Fa).
o If n =n(c,d) € Ng,
w(n) f(2) = Y((dE, &) /2) prm—pm () [ (£),

where (-, ) is the natural paring between Xj ® W/ , and its dual.
Therefore, the action of n(0,d) € Ny ; is given by
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w(n(0,d))f (&) = Y({dz, ) /2) f(¥),

so the f € (X ® W, Sm—km) fixed by Nj 1 are those whose support is contained
in .7 (Z, Sy—k,m’) where Z is the subspace consisting of those x € Hom(Xj, W ,) whose

m

image is totally isotropic. This implies the following.

Proposition 4.8. Restriction to Z defines a Pyx G, , isomorphism between . (Z, Sp—km’)

and the space of coinvariants relative to Ny 1.

The subspace Z is invariant under the action of P, x G ,. The orbits of this action are
Zi ={i € Z|rk(z) =i} for i = 0,...,min{k, m’}. We denote min{k, m'} by r for short.
This orbit decomposition Z = UZ; provides the following finite P, x G , invariant
filtration
{0} =ACcAC---CHrp1=L(Z, S—tm),

where . = {f € S(Z, Sp—k,m’)| f(Z) is trivial when rk(&) > i}. The subquotients of this
filtration are .71/ ~ S (Z;, Sp—km ), for i =0,...,7.

For each i take z; € Z; and consider the representation (i, Sp—gm) of P, x G! .,
defined by :

223 (mn7 g/) = gk(a)n Wm—k,m’(uy gl)pm—k,m’ (ézi)

for ¢ € G/ ,, n = n(c,d) € Ny and m = m(a,u) € M. The action of M x G/, via
this representation and the natural action of M}, x G/, on Z; induce a representation of
My, x G, on .7 (Zi, Syn—km)- This representation is equal to the restriction of .%j41/.%;
to My, x G/ ,. Hence, Lemma 2.1 provides a M}, x G/, isomorphism,

MpxG’,
i1/ S =~ IndStl(czi)GTn_k ©;-

where St(z;) is the stabilizer of z; in GLy xG, .
The group P, x G!, can be written as a semidirect product (M x G/ ;) x Ni. The

stabilizer H; of z; inside of P x G;n, can be also expressed as a semidirect product H; =

St(2i)Gm—k X Ny so that Lemma 2.3 provides an isomorphism of Mj, x G’ ,-modules

G,
6 Fr1)Fs = Indim

(3

Pi-
That lemma also gives an explicit formula for ¢ which in this case becomes
O(f)(mn,g') = pi(mn, ') f(g'zia™"),

where m = m(a,u) € My, ¢ € G/, and n € Nj. A direct calculation shows that ¢ is a

fortiori a Nji-morphism and hence an isomorphism of P, x G/, modules.
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Finally, Lemma 2.3 gives us a M} x G/, isomorphism

MpxG',
(i1 F)n, = Indg 3 (i), (4.1)

To continue the proof, we need to compute the coinvariants of ¢; relative to Ni. Due
to the fact that Ny ; already acts trivially, this computation comes down to that of the

coinvariants relative to IVj, o.

Coinvariants relative to N2 : Let X| be the image of z;. Consider the Witt decom-
position W/, ~ X! ® W/, . & X|. Tensoring by W,,_x we obtain

Wonk @ Wiy = (X[ @ Wiy @ X[ @ Wi ) @ Wi @ Wy (4.2)

The related mixed model yields a realization of ¢; in the vector space Sp,_gm =~
S (X! @ Wik, Sm—k.m'—i), where Sy,_g m/—; is a model of the Heisenberg representation
of H(Wy,—r ® W/, ). The explicit action of Nj on this space is obtained thanks to
Corollary 3.6 :

©i(n) f(E) = pm—rm (€2i) (&) = P ((¢zi, &) f (),

where n =n(c,d) € Ny and & € X! @ Wy,_p.
We conclude that the f € (X! ® Wy, Spp—km/—i) invariant by Nj are those trivial
on X/ ® Wy, \ {0}. This provides the following

Proposition 4.9. The restriction to zero provides an isomorphism of My x G' , modules
between (0, Sy—km/—i) = Sm—km/—i and the space (Sp—km/ )N, of coinvariants of ¢;

relative to Ny.

It is easy to see that if (a,g’) belongs St(z;) then ¢’ stabilizes X!. Hence, St(z;)Gpm—k
is contained in My x P/, where P/ is the stabilizer of X/ C W/ ,. The mixed model
formulas for the orthogonal sum decomposition (4.2) allow us to compute the action of
G-k X P/ by Wi on S (Wi—p @ X7, Spp—m/—i). From this we deduce the action of

St(2i)Gm—k C My x P/ by the representation ¢; on Sy, m/—i
oi(m,m'n’) = gk(a)"/&(a')”wm,k,m/,i(u, u'). (4.3)

for m = m(a,u) € My, m' = m/(d’,u') € M] and n’ € N]. We remark that the action of
the unipotent radical N/ is trivial.

To finish our computation we need to explicit the elements of the stabilizer St(z;) of
zi in GLy xG! ,. If (a,g") € St(z;) then a preserves the kernel Xj;_; of z;. Hence, St(z;)

is contained in the parabolic Qr_; x P/ of GL; xG’ ,. Moreover, for the given basis,
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Ok—i,i Lii

z = ( ol ), so (a,g') belongs to St(z;), if and only if

Considering a € Qy—; and ¢’ = m/n’ € P! (where m' = m/(a;,u’)) as in the previous line,

the action (4.3) becomes
i(m, m'n’) = Gei(ar—i)" &(as)™ ik —i (u, o),

denoting (.;)n, by 7;, the isomorphism (4.1) turns into
MpxG', ’ ’
Ti—i—l/ﬂ' ~ IndStI(czi)GT:Ln,k {Z,Z fln tn & Wm—k,m’—i

M, XG{rn/ GL;
= Inko,iGm,kXPf é.k’lR Y Wm—k,m’—i-

The last equality above was obtained by transitivity of induction. Performing this in-
duction comes down to induce §Z’“l+" from GL; to GL; x GL; (the inclusion being diagonal).
Thanks to Lemma 2.4, the resulting representation is ;RS where y; is any character
"'+7  We can choose y; to be equal to €' @ €Y. This

whose restriction to GL; equals §;

finishes the proof of part (a) of the theorem. Part (b) has an analogous proof.

C The main theorem

In this section we state and prove the theorem showing the behaviour of the Howe corre-
spondence with respect to Harish-Chandra series.

Let G,, be a symplectic, orthogonal or unitary group of Witt index m. The set of
standard parabolic subgroups of G,, can be parametrized by sequences t = (t1,...,t,),
such that [t| = Y, ¢; is not greater than m. The corresponding parabolic, denoted by

Py, is the stabilizer of an isotropic flag
Vfl - V;‘/lthz c--C ‘/Ht||y

and has a Levi decomposition P, = Ly x Uy where Ly is equal to GLy, x - - - x GLy, XGm—M'
For this standard Levi, we denote parabolic induction by Ry and parabolic restriction by
*Ry.

Let m be an irreducible representation of G,,. There exists a set t = (¢1,...,t,) of
positive integers such that |t| < m, and cuspidal irreducible representations o; of GL;, and
¢ of G,,,_}¢| such that

Homg,, (7, R¢(o @ ¢)) # 0.
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where 0 = 01 ® ... ® 0,.. We write

7] = [o1,... 00, ¢],

and call it cuspidal support of .

For the rest of this chapter we denote by ©,, ,,/(7) the set of irreducible representations
m’' of G/ ,, such that
Homg,, wq' ,(Wmm» ™ @7') # 0.

Likewise, for an irreducible representation 7’ of G/ ,, denote by ©,, ,,(7’) the set of irre-

ducible representations 7 of G, verifying the same inequality.

Theorem 4.10. Let m € Irr(G,y,) with cuspidal support 7] = [o1,...,00,¢] and let 7 €
Om,m/ (). Denote by m'(p) the first occurrence index of .

a) If m' > m/(¢) + |t| then
7] = (60 o, 6 o €1, €8, 0(0)).

b) Whenm' < m/(¢)+]|t| there exists a sequence iy < - -+ < 'ig, with d = m'(p)+[t|—m’,

such that o;, = & and

_—

[7'] = [ ff” O1y.nn, Zjn Tiy - - - Zjn Tiyg--es tnf” or, 0(0)].
Proof. First, take 7 cuspidal and assume that m’ > m/(7). Let [1'] = [0],...,0.,¢] and
let ¢’ be an irreducible representation of GLjy| with cuspidal support [0'] = [0],...,07]

such that 7’ is an irreducible component of R|’t,|(0’ ®¢').

By Frobenius reciprocity and Corollary 4.7,

<wm,m’7 ™ 7‘—/) S(wm,m’a T Rit/\ (J/ ® L)0/)> = <*R/|t’|(w)’ T®o' ® (,0/>
min{m,[t'|}

— Z (T /7, m@c ®@¢).
=0

Due to the fact that 7 is cuspidal, only the term corresponding to 7 = 0 can contribute,

and that term gives :

<§|,t/|70wm,m’—\t’\77r ® o’ ® ()0/> = <£\/t’\,07 UI> <wm,m’—\t’\a7‘— ® 90,>7

so in this case we have ¢/ = 5" 1,00 and ¢’ is the first occurrence 6(w) of w. The former has

cuspidal support [o'] =[], ..., &}, hence

(7] =[&1,- - &7, 0(m)].
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This proves part (a) in the case when r = 0, i.e. when 7 is cuspidal.

Now consider 7 non-cuspidal with support [7] = [01, ..., 0, ¢]. There is an irreducible
representation 1 of G,,—¢, with cuspidal support [p1] = [o9, ..., 0., ¢| such that 7 is an
irreducible component of Ry, (01 ® ¢1).

By Frobenius reciprocity and Corollary 4.7,

<wm,m’7 T™& 7T/> §<wm,m’> Rt1 (Ul b2y 901) ® 71'/> = <*Rt1 (Wm,m’)v 01 ®p1® 7T/>
min{t;,m’}

= Y (mm/moaepmer)
1=0

Due to the fact that o1 is cuspidal only the terms corresponding to ¢ = 0 and i = #;
contribute to the sum.

o The term corresponding to i =0 is :

(&1 0Wm—ty m/, 01 @ 1 @) = (&4,0, T1) (Win—ty mr» 1 @ ).

This is non-trivial if and only if o1 = &, 0 and 7" = 6(p1). The former equality implies
that the character &, o of GLy, is cuspidal so that t; =1 and o1 = f?/.

o When ¢ = t; the corresponding term yields :
(€ R ® Win—tym/—t1, 01 @ 1 @ Ry (7).
This is non zero only if there is a simple M submodule o} ® ¢} of *R';, (') such that
(& 6 RO @ Wity 10, 01 @ 01 @ 0] @ ) # 0.

This in turn equals <fﬁ€71,fﬁlffﬂﬂwm—tl,m’—tl,901 ® ¢)). Hence, in this case we obtain
o} =& o1 and ¢} = ().
Suppose that m’ > [t|4+m/(p). If the first case above holds, since m’ > |t| —t1 +m/(y),

we can apply an induction argument to 7’ = 6(y1) and ¢ in order to obtain

(7] = [ o, & 0 €T, L €T, 0(0))].
Performing a permutation yields (a), because in this case 51”"/01 = {7 If the second case

above holds, since m’ — t1 > [t| — t1 + m/(¢), the inductive hypothesis applied to ¢} and
1 together with o] = ff”lal yield (a) of Theorem 4.10.

Now suppose that m’ < [t| + m/(). In this situation the first case above must occur
is as in

at least d = |t| + m/(p) —m' times. This would yield a subsequence oy, ..., 0y,

part (b) of the Theorem 4.10. O

Note that the “tails” to be added in one direction are just those which are canceled in
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the other.

This theorem can be restated in terms of Harish-Chandra series. Let o denote the
cuspidal representation o1 ® ... ® o, of GLy = GLy x...GL;, and & be its character
£, ® ... Q&,.

Theorem 4.11. Let T and T' be two Witt towers such that pairs (G, GL,.,) with Gy, €
T and G, € T are of type I. Let ¢ be a cuspidal representation of Gy, ' be its first
occurrence index, and @' be the corresponding cuspidal representation 6(p) of Gj,. The
Howe correspondence Oy, y, sends Irr(Gm, o®y) to Z(G.,,,0'®¢"), where o’ = &' e
e, ifm/ > +1t], and o = € o' @ €7 otherwise.

Suppose that the representation o ® ¢ of GLy xG; is unipotent. In this situation, t
becomes t = (1m_l), so that GL¢ becomes the torus 7T;,_; of diagonal matrices. Moreover,
the representation o becomes trivial. However, the representation o’ is not necessarily
trivial. Indeed, for unitary dual pairs, the characters §”+” and 5?' appearing in Theorem
4.11, need not be trivial (because neither n nor n’ need be even). This means that the

Howe correspondence © does not preserve unipotent representations.

4.3 Results for Gérardin’s Weil representation

As proved in the first section, the Howe correspondence ©° is compatible with unipotent
representations. In constrast, in the last section we saw that this is not necessarily true
for ©.

We now state analogues, for the Howe correspondence ©°, of results obtained in the
last section. These will provide a generalisation of Theorem 4.5. We keep notations from
Section 4.1 : we denote by wi’nm, the inflation to Gy, x G, of the restriction of W’ to

Gm -G

me> and by @En s the ensuing correspondence.

Proposition 4.12. Let *R;, and "R’} be the parabolic restriction functor from Gy, x G,
to My, x G), and Gy, x Mj, respectively.

a) There exists a My, x G) , invariant filtration 0 =19 C 74 C -+ C Tpq1 = *Rp(w” . ')
where r = min{k,m’}. Its successive quotients Ti+1/7; verify
MkXG GL;
7'H_1/7'Z_Ind zG kxP’R ®wm kom/—i+
b) Likewise, there is a G x My, invariant filtration 0 = 15 C 71 C -+ C 7/ =
"Ry (W, )), where r' = min{k',m}. Its successive quotients T, i1/ verify
Gm ><M GL;
1+1/T _IndPXQ , k/R ®wm im/—k'"

Proof. This is a consequence of Proposition 4.6.
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For symplectic-orthogonal dual pairs (Spy,,,, O2,/) there is nothing to be done. Indeed,
in this case, the powers of the quadratic characters appearing in that proposition vanish
because of the parity of the dimensions.

For unitary pairs it is enough to see that the restriction of V,”,}/ QUM 10 Qk—iGr—t X P}
is equal to V;lnfkl ® ugz,iki multiplied by & ;. Thus, (a) follows from Proposition 4.6. The
proof of part (b) is similar. O

From this proposition we can obtain analogues to Corollary 4.7 and Theorem 4.10. The

proofs are, mutatis mutandis, the same.

Corollary 4.13. The parabolic restriction, *Rk(wfn ) Verifies

min{k,m'} MoxG
Rk(wm,m/) ~ @ Inko—iGm—kXPil R & wm_k7m/_i.
=0

Similarly, the parabolic restriction * R}, (w’ ) verifies

min{k’,m} G
R (W ~ mX My GL; b
k! (wm,m’) — @ Indpi XQ;C/ yed R & wm—i,m’—kz"

) —i m/ =k
=0

Theorem 4.14. Let © € Irr(G,y,) with cuspidal support 7] = [o1,...,00,¢] and let 7 €

@?n,m’ (7).
a) If m' > m/(¢) + |t| then

(7] = [o1,...,0m1,...,1,6°(0)].

b) Whenm! < m/(p)+|t| there exists a sequence iy < --- < ig, with d = m/(p)+[t|—m/,

such that o;, =1 and
W)= 1y es TG00 P )

Let T and T’ be two Witt towers such that pairs (G, G.,,) with G, € T and G/, € T’
are of type L.

Theorem 4.15. Let ¢ be a cuspidal representation of Gy, I’ be its first occurrence indexz,
and ¢’ be the corresponding cuspidal representation 9"((,0) of G,. The Howe correspondence
@Emm, sends Irr (G, 0 @ @) to Z(G.,,,0' @ ¢'), where o' = o @1 if m' > + |t|, and
o =o' @1 otherwise.

This theorem generalizes Theorem 4.5. Indeed, if we ask for the representation o ® ¢ of
GL¢ xG; to be also unipotent, then t becomes t = (1m*l), the representation o becomes
the trivial representation of the torus T},,_; of diagonal matrices, and ¢’ becomes the trivial

representation of the torus 1,/ _p.



Chapter 5

Correspondence for Weyl groups

5.1 A correspondence between Weyl groups

Let G, belong to a Witt tower of symplectic, unitary or orthogonal groups. The standard
Levi subgroups of G, are Ly = GL¢ XG,y,_j¢)- A unipotent (resp. cuspidal) representation
of this Levi is then given by o ® ¢ where o and ¢ are unipotent (resp. cuspidal) represen-
tations of GLt and G, _ ) respectively. Therefore, thanks to Theorem 4.3, and the remark
preceding it, the only Levi having cuspidal unipotent representations are Ly = T} X Gy 1y,
where T is the torus of diagonal matrices of rang » = (m — m(k))/2 and m(k) is equal
to k? + k for symplectic, (k? + k)/2 for unitary, and k% for orthogonal groups. For the
first two kinds of groups, this representation is unique and equal to 1 ® i where Ay is
the only cuspidal unipotent representation of G, ), its Harish-Chandra series will be de-
noted by Irr(G,,)r, and the set of representations spanned by this series will be denoted

k we will have two

by %(Gm)k. For orthogonal groups O%,,(q) and k verifying ¢ = (—1)
unipotent cuspidal representations 1® )\i and 1® /\él coming from the two cuspidal unipo-
tent representations )\i and )\il of O5;2(q). The corresponding Harish-Chandra series are
denoted by Irr(0%,,(¢))% and Irr(0%,,(¢))}, and the spanned sets by %(05,,(¢))] and
#(05,,(q))H respectively.

Theorem 2.15 tells us that representations in the Harish-Chandra series corresponding
to a cuspidal unipotent representation, are parametrized by irreducible representations of

a Weyl group. For symplectic or unitary groups, the series Irr(G,, ) yields a group
Wa,,(1® M) = {z € Ng,,(Li)/ Lk : "M\ = Ar}-

The unicity of A\ implies that the condition on the elements of the previous group is trivial
s0 Wy, (¢)(Ax) reduces to Ng,, (Lk)/ Ly, which is a Weyl group of type B,y (k))/2- The
same reasoning allows us to state that the series Irr(0%,,(¢))f and Irr(0S,,(¢))i! are in

bijection with the irreducible representations of a Weyl group of type B,,_;2.
These remarks, together with Theorems 4.4 and 4.5 imply that for the type I dual

49
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pairs (Spo,,(q), 05,,/(¢)) and (Up,(q), U (q)), the Howe correspondence between Harish-
Chandra series of cuspidal unipotent representations leads to a correspondence between
pairs of type B Weyl groups : (B,,_p(x+1), Bm/,g(k)z) for symplectic-orthogonal pairs, and

(B%(m—k(k—f—l)/Z)? B%(m’—@(kz)(e(k)—f—l)/Z)) for unitary pairs.

Let (G, G.,,/) be a type I dual pair and (W,., W,/) be one of the corresponding pairs of
Weyl groups from the previous paragraph. Denote 6(k) by k', and denote the projection of
Wrn,m/ oNnt0 Z(Gr) e @ Z(G.) )iy DY Wiy k- Finally let ¢ : W), — {£1} denote the unique
group homomorphism whose kernel is a group of type D [14, Proposition 1.4.10].

Conjecture 5.1. [5, Conjecture 3.11] Let (Sps,,(q), O05,,/(q)) be a symplectic-orthogonal

dual pair. There is a bijection
Trr(Spoy, (¢))k x Irr(0S,, () =~ Irr(W, x W,).

where T = IT if ¢ = (—=1)¥ and T' = I otherwise. Moreover, it identifies Wn,m! k to the

representation .., whose character is :
ST I,y x®6) @ (Indy!,y, X ©6), (5.1)
for (Spom (a), 0%, (@) if € = (—1)*; and
S dl e x@) e dy .y, x©9). (5.2)
=0  xelrr(W))

otherwise.

Theorem 5.2. [5, Theorem 3.10] Let (Up,(q), Upy(q)) be a unitary dual pair. The bijection
Irr(Up, (9))k X Irr(Upr (@) = Tex(W, X W),

identifies the representation Wy, y 1 with the representation €, .. whose character is :

min(r,r")

Wl
Z > (ndyr,y  x®1)® (Indyy! ey, dX® 1), (5.3)
= xEIrr(Wy)

for the pair (Up(q), U (q)) if k is odd or k =k = 0;

min(r,r’)

Z Y. (ndyr,y,  x®0)® (Ind%jxww_l Px @ 1), (5.4)
= xEIrr (W)

for the pair (Un,(q), Uns(q)) otherwise.
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5.2 Reduction to unipotent representations

A Centralizers of rational semisimple elements

Let G be a linear or unitary group of Witt index m. As usual, linear groups arise as fixed
points of the standard Frobenius ' = Fj, while unitary groups come from the twisted
Frobenius F = thqul, where wy denotes a permutation matrix with ones on the an-
tidiagonal and zeroes elsewhere. The choice of these Frobenius allows the group of upper
triangular matrices to be a rational Borel.

The pair (G, F) is autodual, this means that its Langlands dual (G*, F'*) can be iden-
tified with (G, F). Therefore, for every rational semisimple s in G* ~ G, the Lusztig

bijection (cf. Theorem 2.29) becomes
£5 1 6(GF, (5)) = £(Cal(s)", (1))

We usually denote by m, the image of m by the above bijection. In order to reduce the
study of the Howe correspondence to unipotent representations, we must therefore get a
better understanding of the centralizers of rational semisimple elements.

Let T be the rational maximal torus of G consisting of diagonal matrices. By definition,
a semisimple element of G is conjugated to an element of T. Hence, in order to describe
the centralizer of rational semisimple elements of G, it is enough to do so for centralizers
of diagonal matrices, that are conjugated to rational elements.

Let ¢ be a diagonal matrix such that s = *t is rational for a certain z € G. Let w be the
class of x7'F(z) in the Weyl group W (T) of G. The fact that s is rational is equivalent to
the equality “¥'t = t. Therefore, the centralizer of t in G is stable by wF. Moreover, the
pair (wF, Cg(t)) is conjugated by z to (F,Cg(s)), so we can replace Cg(s)!" by Cq(t)“f
on the right side of the bijection £&.

Example 5.3. Let G be a linear (resp. unitary) group of Witt index m, and Fr = Fy, (resp.
Fr = Fq_l). The diagonal matriz t with pairwise distinct eigenvalues \, ¥\, . . ., Frm_lk, 18
conjugated to a rational element of G. Furthermore, the permutation matrix w correspond-
ing to (12...n) verifies the equality 't =t. The centralizer of t in G is Cg(t) = GLT",
and the group of its fized points by wF is GL1(¢™) (resp. GL1(q™) if m is even and U;(q™)
if m is odd).

Semisimple elements ¢ in the previous paragraph are said to be elliptic. This example
shows that elliptic semisimple elements have tori as centralizers. Moreover, the rational
points of these centralizers are linear of unitary groups of rank 1 and coefficients in possibly
some extension of F,.

Let ¢ be a diagonal matrix of a linear (resp. unitary) group and v¢(\) be the algebraic

multiplicity of the eigenvalue A of t. The Frobenius Fj (resp. Fq_l) acts on the set of
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eigenvalues of t. We denote by Gx(t) the product of GL,,,) for v in the orbit of A. As
before w denotes an element of the Weyl group W (T) of G such that “¥'t = t.

Proposition 5.4. Let G be a linear (resp. unitary) group. The centralizer of t in G can
be expressed as a product of groups Gy(t), indexed by Fy-orbits of eigenvalues A of t. Each
group Gy(t) is stable by wF and, if m is the cardinal of the orbit of A, then its group of
fized points by this morphism equals GL,,(»)(q™) (resp. GLy,(x)(¢") when m is even, and
U,,(n)(q™) when m is odd).

Let ¢ be diagonal matrix of a unitary (resp. linear) group. If ¢ has an eigenvalue equal
to 1, then the corresponding Fy-orbit is a singleton. Therefore, thanks to the previous
proposition, G1(t) becomes the unitary (resp. linear) group G,,(1y of rank v;(1).

Following the notation in [5], for a rational semisimple element s of G, we call G4(s)
the product of Gy(s) for A # 1, and Gy(s) the group G, ;). As mentioned in the
previous paragraph, the latter is a group of the same kind as G, but of smaller rank.

Proposition 5.4 yields a natural bijection between &(Cg ()%, (1)) and &(G4(s)F, (1)) x

&(G)(s)F, (1)). Composing with £& we obtain a one-to-one correspondence :
25 E(GT,(5)) = 6(Gp(s)", (1) x (Gy(s)™, (1)) (5.5)

We usually denote by my ® m(q) the image of m by the above bijection. According to
previous notation m, >~ T4 ® m(y).

We can extend this bijection to proper standard Levi (indeed, these are products of
linear and unitary groups). Therefore, in (5.5) we can take G to be a linear, unitary, or a
standard Levi subgroup of these.

Let G’ be a group of same type as G and of Witt index m. Let _#,,, denote the
injective map sending a € G to (* 1) € G’ for m < m' and T} be the subgroup of the
dimensional torus T; whose diagonal matrices have eigenvalues different from 1. Finally,

let L be a standard Levi subgroup of G, and s be a rational semisimple element of L.

Lemma 5.5. The groups Cy(s), Liy(s) and Ly(s) are Levi subgroups of Cg,,(s), G4(s)
and G1)(s) respectively.

Proof. Let P = LU be a parabolic containing L. Proposition 2.3 in [10] implies that
Cp(s) = PN Cg,,(s) is a parabolic group of Cg,, (s). Indeed, the latter is a connected
reductive group of maximal rank in G,,. Moreover, according to the same proposition,
this parabolic has a Levi Cp,(s) = LNCg,, (s) and unipotent radical Cy(s) = UNCg,, (s).

Let I <'m, and so be an element of T ¢ such that s = _#; ,(s0). A reasoning similar to
the one in the previous paragraph yields the assertion for L. Indeed, it is the centralizer
of sp in the Levi subgroup L N G,,_, (1) of G,y (1), whereas G4 (s) is the centralizer of

s0 in Gy, (1)- The assertion for L(l)(s) has an analogous proof. O
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B Reduction to unipotent Lusztig series

Let (G, G!,/) be a unitary or linear dual pair. The Howe correspondence for this pair be-
haves well vis-a-vis Lusztig series. In other words, for a geometric conjugacy class (s,,) in
G, there is a corresponding geometric conjugacy class (s/,,) in G'},/, such that ©,,, /(1)
belongs to Z(G! ,,(s,.)), whenever 7 belongs to & (G, (sm)). The correspondence be-
tween semisimple classes is given in terms of the embedding _¢#,, ,,,/, introduced in the

previous section.

Theorem 5.6. Let 7 (resp. 7') be an irreducible representation of Gy, (resp. G ,) and
(sm) (resp. (s).,)) be the geometric conjugacy class corresponding to 7 (resp. «'). If 7 @7’
appears in Wy, ms, then we have (s, ) = I (sm) for m <m’, and (sm) = I m(8,)

otherwise.

We are interested in the relation between (Gy,)4(sm) and (G /)« (s! /), as well as the

one between (Gyy,)(1)(sm) and (Gj,/)1)(s,,,). This is the content of the following lemma.

Lemma 5.7. Let (G, G.,) be a unitary (resp. linear) dual pair. Suppose m < m' and
() = Fmm(s). The groups (Gp,)4(s) and (G ,)x(s') are isomorphic. Furthermore,
(Gm)a)(8m) = Gy and (G,)1y(8],) = Gy are unitary (resp. linear) groups.

Proof. The isomorphism between (G,)x(s) and (G )4 (s") comes from the fact that s
and s’ have the same eigenvalues different from 1 and with the same multiplicities. The
other two isomorphisms (discussed in the previous section) are a consequence of Proposition
5.4. O

Let (sm,) and (s],,) be as in Theorem 5.6. According to the same, there exist [ <
min{m,m’}, and s € Ty such that (s,,) = Z1,m(s) and (s],) = Zim(s). Lemma 5.7
tells us that ((Gm) 1) (sm), (G
of smaller size. It also says that the groups (G,)4(sm) and (G )4 (s!.,) are isomorphic

t0 Gy(s) = [Ty Gals):

)(1)(87,)) is a dual pair of the same kind as (G, G7,,,) but

/
m’

Proposition 5.8. [5, Proposition 2.4] Keep the notations above. Let wy, s denote the
projection of the Weil representation wy, ny onto Z(Gm, (sm)) @ Z(G..., (Sms)). We have :

min(m,m’)
wm,m/ = @ @ wmym/’s.
=0 SETl,D

We state that w,, n,/ s can be described in terms of a correspondence between unipotent
of RG#()" (cf. Section 2.1),

or by the unipotent projection of the Weil representation of a smaller dual pair.

characters, defined either by the unipotent projection pry;,
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Theorem 5.9. Let s belong to Ty . For linear or unitary pairs, the representation wy, m: s,

1s the image by the Lusztig bijection

E(Gm X Gy, (sm) X (smr)) = E(Ca,, (sm) x Car (8m0), 1),

m

of the representation
RG#()"
prunip( ) & Wm—I,m/—1,1-

For clarity, we express the last result as a commutative diagram.

Theorem 5.10. The following diagram is commutative :

(G (5m)) — s 8(Gp(s), (1)) X E(Crnts (1)

l®m,m/ ':'Gfm/ lld ® e'mfl,'m’fl
B (G (5)) —= H(Gy(s), (1) @ Z(G 5 (1)),

Proof. We need to show that if 7’ is an irreducible component of ©,, ,,,/ (), then 7y ~ ﬂ';%
and 7r21) is an irreducible subrepresentation of (“)m_hm/_l(ﬁ(l)).

According to Theorem 5.9, 7y ® 7r;¢ appears in the (unipotent part) of the represen-
tation RG#()" of Gu(s)f' x Gy(s)F". This implies that 7y ~ my. The same theorem
tells us that m) ® WEI) is an irreducible constituent of the (unipotent part) of the Weil
representation wy,_; ,n/—; associated to the dual pair (Gy,—;, Gpy—1). Hence, TI'EI) appears

n @mfl,m/fl(ﬂ-(l))' u

C Reduction to unipotent Harish-Chandra series

Theorem 5.10 shows how the study of the theta correspondence can be brought to the
study of a correspondence between unipotent representations of a smaller dual pair of
the same kind. In this section we will use this result to show how to describe the theta
correspondence between Harish-Chandra series in terms of series for cuspidal unipotent
representations.

Let L be a standard rational Levi contained in a rational parabolic of a unitary group G,

and L C G be its group of rational points, let s be a rational semisimple element of the dual

group L*. In view of Lemma 5.5 it makes sense to consider parabolic inductions Rgf:((ss)),
G (s) G)(s)
By iy and By )

the parabolic induction from L to G.

The subsequent results show the effect of the Lusztig bijection on

Proposition 5.11. Parabolic induction RS sends the Lusztig series & (L, (s)) to Z(G, (s)).

Furthermore, the following diagram is commutative :
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(L, (5) —5 E(CLe(9), (1))

s Cax(s)
le chL* (s)

#(G,(5) Z(Ca-(s)", (1))

Proof. Let w be an irreducible representation in & (L, (s)). Due to the fact that L is a prod-
uct of linear and unitary groups, all central functions in L are uniform. Therefore we can
express 7 as a linear combination with integral coefficients 7 = 3 __p. nr R (s). Tran-
sitivity of Lusztig induction implies that RS (1) = Y oseT+ ntRE. (s), this representation
belongs to Z(G, (s)).

Applying the Lusztig bijection to the last sum in the previous paragraph, we obtain

Cax
SERE () = eqecr () Y nrRE (s
SGT*

this representation belongs to Z(Cq-=(s)F, (1)). On the other side, inducing the represen-
tation £(7) = eLecy. (s) Doser nTRCL* (S)(s) to Cg+(s)F", we obtain

Ceax Cax(s
Reg @28 (m) = evecy. o ZT: Ry (s
s

The theorem follows from Proposition 2.33 and these computations. Indeed, L (resp.

CL+(s)) is a rational Levi contained in a rational parabolic subgroup of G (resp. Cg=+($)).
O

Corollary 5.12. The following diagram is commutative :

I]

E(L,(5)) —=— ELg(s)", (1)) x E(Ly(s)", (1))
l e l Rf:(f; RS((ll))((:))

=G

Z(G, (s)) —=—= Z(Gy(s)", (1)) @ Z(G)(s)", (1))

Let (G, G),,) be a unitary dual pair. Theorem 4.10 asserts that, for a cuspidal pair
(L, p) of Gy, we can find a unique cuspidal pair (L', p’) of G/ , whose Harish-Chandra
series are related by the theta correspondence. This means that ©,, ,  sends the series
Irr (G, p) to Z(Gl0u0').

Proposition 5.13. Let wy, v , denote the projection of W, py onto Z(Gm, p)QZ(Glys p').

Then
Wm,m! = @ Wm.m/,p»
(L.p)

where the sum runs over all rational conjugacy classes of cuspidal pairs of G,

Consider the cuspidal pairs (L, p) of Gy, and (L/,p’) of G/ , as above. Thanks to
Corollary 2.13 we can take L and L’ to be standard Levi. According to Theorem 4.15 we
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can write L Gy x GLy x T, L' G, x GLy x T, p~ p®@o ®1 and p) ~ §(p) o1,
where 0 = 01 ® ... ® g4 is a product of non-trivial cuspidal representations.

We denote 0(¢) by ¢'. Let s,, s and so = s1 X --- X sg be rational semisimple
elements of Gy, G}, and GLg, whose geometric conjugacy classes correspond to ¢, ¢’ and
o respectively. The geometric conjugacy class corresponding to p (resp. p') in L* (resp.
L™) is (sp X g X 1) (resp. (s, X 5o X 1)).

With notations from Section A of this chapter, Ly (s) ~ (Gy)x(sy) X (GL¢)#(s0) and
Ly(s) = (Gi))(sy) X (GLt)(1)(s¢) x Ty. There are analogous isomorphisms for L.

Using these isomorphisms, we can define py, p#, p(1) and p’(l) in a canonical way.
It is natural to ask what are the relations between these representations, the following
proposition provides the answer. In its statement A\ denotes the unique cuspidal unipotent

representation of the unitary group Gy g41)/2-

Proposition 5.14. The groups Ly(s) and Ll (s') are isomorphic, L1y(s) is isomorphic
to Ggrg1)/2 X T, for a certain k, and L?l)(s’) to G 41)/2 X Tpr, where k' = (k) is the
first occurrence. Moreover, py is isomorphic to p’#, Py = A @1, and p’(l) =\ @ 1.

Proof. Since o0 = 01 ® ... ® o4 is a product of non-trivial cuspidal representations, s, =
$1 X ... X 8q is a product of elliptic semisimple elements with eigenvalues different from
1. Therefore Cqr,(s0)# = CaL,(s0) and Cgr,(s0)(1) = 1. Since (Gy)4 is isomorphic to
(Gy)# (cf. Lemma 5.7), the groups Ly(s) and L, (s’) are isomorphic.

Lusztig’s bijection applied to the series &'(GLg, (5 )) sends the cuspidal representation
o to a cuspidal unipotent representation o, of the group of rational points of Cqr, (Ss).
The condition on the semisimple element s, (mentioned in the previous paragraph), implies
that this group is a torus, and o, is the trivial representation. Therefore px = ¢4 ® 1 and
Py = ¢l ® 1. Furthermore, p(1y = ¢(1) ® 1, and p’(l) = <p’(1) ® 1.

Theorem 5.9 applied to the pair (G, Gi) implies that ¢4 ~ (p'#, and that cp’(l) = 0(p1))-
Since the latter is a first occurrence between unipotent cuspidal representations, there
exists an integer k such that (Gi)1)(sy) = Ug(ri1y/2 and (Gy) 1) (S¢r) = Ups(rr41)/2 Where
k' = 0(k) (cf. Theorem 4.4). This completes the proof. O

Let (s) be the geometric conjugacy class in L* whose Lusztig series contains p, and
denote by pr,, (RG#(S)F) the projection of the representation RCG#" onto the Harish-
Chandra series Irr(G4(s) X Gx(s), p# @ pg). The following is the main theorem of this

section.

Theorem 5.15. The representation wy, ', s identified with pr,, (RG#(S)F)(X)wm_l’m/_l,p(l)

via the bijection

Irr(Gr x Gy p @ p') = Trr(Cg,, (Sm) X CG;L/(S;n’)’p“ ® ph)- (5.6)
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G,
" (p®
p') belongs to Z(Gy, X G/, (sm) % (s).,)). Therefore the Harish-Chandra series Irr(G,, x
G, p® ) is contained in &(Gp, X G!,1, (Sm) X (8],.))).

m

Gm
Proof. Proposition 5.11 tells us that the (parabolic) induced representation R, . LX,

Let m and 7’ be irreducible representations of Gy, and G/, respectively. Proposition

5.11 tells us that,

*(Sm C /*(S;.n/)
(ma ® 7, BSS ) (0,) @ RES ) (1))

(s 1)
is equal to
Cax*(sm C, /*(Sin/)
(s, (ROE ) p) ) (s (RS 15 V)

Cr*(sm) w AT Cryx(s! )

which in turn equals (cf. Remark 2.30)

Cax(Sm C /*(Sfm/)
(m, RGN Ry, [ )0

Therefore, the Lusztig bijection in Theorem 5.9 restricts to (5.6). The statement about

the representation wy, n , also follows. 0

An easy consequence is the following theorem. We omit the proof because it is the

same as Theorem 5.10.
Theorem 5.16. The following diagram is commutative :

Irr (G, p) ﬁ Irr(G4(s), pg) X Irv(Grnts p(1))
i@m,ml A ild@gmfl,mlfl

H(Grpp) —a— H(Gy(s), p4) @ Z(Gry_y plyy)-

=%m/
S/

5.3 A generalized correspondence for Weyl groups

Let p and p’ be two irreducible representations of Gy, and G/ , respectively. By Theorem

2.15, we have a bijection
Ir(Wa,, (p) x War (p') 2 Irr(Gr % Gy p @ 0. (5.7)

Therefore, the representation wy, n, , induces a representation €2, ,,,v , of the direct product
of Weyl groups Wq,, (p) x Wgr ,(p'). We aim at describing this representation in terms of
the representations introducedmin Conjecture 5.1 and Theorem 5.2.

In Theorem 5.15 we showed that wy, ./ , is identified with pr,, (RG#(S)F )®Wm—l,m’—l,p(1>

via the Lusztig bijection

It (G X Gl p @ p') = Trr(Cag,, (8m) X CG;n,<3;n/)qu ® pl,). (5.8)
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Once again, Theorem 2.15 provides a bijection

Irr(Gy(s) x Gy (s), py @ py) = Iir (W, (5) (p) X Wa(s)(0#))- (5.9)

Moreover, the representation pr,, (RG#(S)F) corresponds to RVe£©P#) g this isomor-
phism.
Recall that (Gp)1)(sm) and (G7,,))(s,,) are isomorphic to the unitary groups G,

and G/, , respectively (cf. Lemma 5.7). Proposition 5.14 provides isomorphisms p(1) =
Ak ® 1., and p’(l) ~ M\ ® 1,+. This, together with Theorem 5.2 yields a bijection

Irr((Gon ) (1) (8m) X (G;n/)(1)(3;n/),l)(1) ® p'(l)) ~ Trr(W,., W), (5.10)

where r = Z(m — | — k(k +1)/2) and »' = L(m’ — | — /(K + 1)/2). Moreover, this

isomorphism identifies wyy, with the representation 2,.,, defined in Section 5.1. We

sP(1)
can now state the main result of this section.

Theorem 5.17. Keep the notation above. There is an bijection
(We,, (p) x War (1) = T(Wa o) (p4) X Wes, (9 () % Irx(Wy, W),

It identifies the representation Sy, , with RWG#(S)(p#) ® Q... Moreover, there are iso-
morphisms of Weyl groups Wa,,,(p) = Wa_,(s)(p#) x Wy, and W(;/m/ () = Wa, (s (pg) x
Wi, compatible with this bijection.

Proof. The bijection in the statement comes from composing bijections (5.7) to (5.10).
The group Wg,, (p) is defined as Ng,, (L,p)/L. Moreover, according to Proposition

2.32, there is an isomorphism

NG, (L, p)/L ~ N, ((CL(5p), pu)/CL(8p)-

The group on the left side is Wg,, (p), whereas the group on the right side above is iso-
morphic to the direct product NG#(S)(L#(S), p#)/L#(S) X NG(l)(s)(L(l)(s)’p(l))/L(l)(s)'
By definition this last group is Wa,, (s (pg) x W,. Also, the compatibility follows from
Proposition 2.32. The assertion for W (p’) has an analogous proof. O



Chapter 6

Extremal representations

6.1 Extremal unipotent representations

We will deal with symplectic-orthogonal and unitary pairs separately because the definiton
of “extremal” (i.e.“minimal” and “maximal”) representation changes from one pair to the
other.

We call partitions of n € N the non-increasing sequences of positive integers

p=(p1,...,m1x), such that Z 1 =n.
1<5<k

Sometimes we will allow ourselves to add a certain number of zeroes at the end of a
partition. The length [(x) of p is the number of p; different from zero and we will denote
the above sum by ||u||. We will denote by ‘i the dual partition of u, that is the partition
such that *; is the cardinal of the set {j|u; > i}, for 1 <i < p,.

There is a natural order on the set of partitions of an integer n € N. Take p and g/

two partitions of the same integer with length [ and . Then p < i/ if and only if
1 e < A, 1< k< 1(p).
Following [5] we introduce another order between partitions.

Definition 6.1. Let o and p be two partitions (of possibly different integers). The intersec-
tion uNp’ of w and 1 is the partition (inf(p1, ph), . . ., inf(u, 1)), where I = inf{l(w), 1(1)}.
We say that p is contained in ' if uN ' = p. They are said to be close if | — pi| <1
for all i. Finally we say that pu precedes u' and we denote it by p < p’ if p is contained in

w' and they are close.

The relation < defines an order. It is important to stress that this order is stronger

than the classical order between partitions, i.e. pu <y’ implies p < 4/'.

99
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We call bipartitions of n € N the set of pairs of partitions (A, ) such that ||A||4|| x| = n.
We denote by Z3(n) the set of bipartitions (A, u) of n.

Irreducible characters of a Weyl group W, of type B or C' are known to be parametrised
by bipartitions of n [14, Theorem 5.5.6]. We denote x , the irreducible representation of
W,, corresponding to the bipartition (\, i) of n.

Proposition 6.2. [14, Chapter 5] Let (A, ) be a bipartition of the integer r, then
W, —
1. IndWTXW17T X\ & (25 = Ztujtul X,u' -
|44
2. IndWi‘XWlfr X)\’p‘ ® 1 — Zt)\jt)\/ X>\I7/,L‘
3 0@ X = Xu
Achar and Henderson [1] introduced the following order between bipartitions

Definition 6.3. For (p,0), (1, v) € Pa(n), we say that (p,o) < (u,v) if and only if the
following inequalities hold for all k >0 :

prroi+-Fpptop < prtvi+oo+ g+, and
e B e e e ol T B L B o W e e e VS

We will refer to this as the Achar-Henderson order.

This order has a geometric interpretation. Let V be a vector space of dimension
n over an algebraically closed field. The GL(V)-orbits on the enhanced nilpotent cone
V x N (where N is the variety of nilpotent endomorphisms of V') are parametrized by
bipartitions of n (cf. [1, Proposition 2.3]). If we denote by O, the orbit corresponding
to the bipartition (u,v) of n, then O, is contained in O, , (the closure of O, ), if and
only if (p, o) < (u,v) (cf. [1, Theorem 3.9]), the former defines an order called the closure
order. The Achar-Henderson order on bipartitions is then compatible with this closure

order.

A Symplectic-orthogonal pairs

Let W,, = W(C,,) be the Weyl group of Spy, (F,). In [26] Lusztig generalized the Springer
correspondence introduced by the Springer in [38] for finite fields of large characteristic.
This correspondence is an injective map from the set of irreducible representations of W,
into the set of pairs (O, 1) where O is a unipotent conjugacy class of Sp,, (F,) and 1 is an
irreducible character of the group A(u) of connected components of the centraliser C(u)
of any u € O.

Recall that a partition is called symplectic if each odd part appears with even multi-

plicity. There is a bijection between symplectic partitions of 2n and unipotent conjugacy
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classes of Spy, (F,). We denote by O, the unipotent orbit associated to the symplectic
partition .

Consider a symplectic partition of 2n by adding a zero if necessary we can suppose A
has an even number 2k of parts. We now define )\; = Apg—jq1 +J—1for j =1,...,2k.
We divide A\* into its odd and even parts. Is has the same number of each. Let the odd
parts be

200 +1<265+1<...<25+1

and the even parts be
2n) < 2m5 < ... < 2n;.

Then we have

§<&H< <G

m<my <o <

Next we define §; = §;;_; | — (k —1) and n; = n;_,, | — (k — i) for each i. We obtain in
this way a bipartition (£, 7n) of n. The injective map ¢, sending A to (§,7), is closely related
to the Springer correspondence.

Given a bipartition (£,n) of n, we ensure that £ has one more part than 7 by adding
zeroes to £ if necessary, call k the number of parts of 7. We associate to (£,7) the following

u-symbol

k1 S t2 -0 L&+ 2k
me+1 - m+2k—1

The bipartition (£,7n) is in the image of the above map if and only if its associated

u-symbol is distinguished, that is

Ser1 S +1<&E+2< 1 +3< -

In this situation the Springer map sends the representation x¢, of W, to the pair
(Ox, 1) where A is the symplectic partition such that ¢(A) = (£,7n), and 1 is the trivial
representation of A(u).

The set of all u-symbols which share the same entries with the same multiplicities (in
different arrangements) is called a similarity class. Each similarity class contains exactly
one distinguished u-symbol.

Suppose the bipartition (£, n) is not in the image of the above map. If we call (¢, ) the
distinguished u-symbol similar to (£,7) and we let A be the symplectic partition verifying
t(X) = (&,n'), then the Springer correspondence maps x¢ , into the pair (Oy,v) for some
character ¢ of A(u).
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Remark 6.4. In order to stress the dependance of the symplectic partition \ on the bipar-
tition (&,m), we will sometimes write A = X(&,n). This defines a map sending bipartitions

(&,m) of n to symplectic partitions N(&,n) of 2n.

Remark 6.5. The closure order between unipotent conjugacy classes is defined by O < O’
if and only if O C O'. We saw above that unipotent classes are indexed by symplectic
partitions. This bijection is so that the closure order between unipotent classes corresponds
to the classical order between the corresponding symplectic partitions. That is, Oy < Oy
if and only if X < .

Consider a symplectic-orthogonal pair (Sp,,,(¢), O5,,/(¢)). Theorems 4.4 and 4.5 show
that the Howe correspondence relates the unipotent Harish-Chandra series Irr(Sps,, (¢))x
to the series Irr(0OS,,,(q))L if € is the sign of (—1)*, and to the series Irr(0O%,,, (q))g_1
otherwise. This in turn induces a correspondence for the pair of type B Weyl groups
(Win—k(k+1)> Wi —o(k)2), where 0(k) is equal to k or k+ 1 (depending on the cases above).

Let | =m — k(k + 1) and I’ = m’' — 6(k)%. The correspondence between Weyl groups
is conjectured to be given by a representation €2/, defined in the previous section. Fix a
bipartition (§',7) of I, we denote by ©(¢’,7’) the set of all irreducible representations x¢
of Irr(W}) such that x¢, ® x¢/,y is an irreducible component of € .

Definition 6.6. The representation (Emin, Nmin) (7€5p. (Emax, Mmax)) in O(E', 1), verifying
A&miny Mmin) < A& ) (resp. AM(€,1) < MEmaxs Nmax)) for all (§,n) in ©(E',1), is called

minimal (Tesp. maximal).

Note that a priori, these extremal representations need not exist. Our goal is to prove
the existence of such representations.

The explicit form of €};;» depends on the sign of € and the parity of k. Aubert, Michel
and Rouquier conjectured that it is given by the representations in (5.1) and (5.2) above.
We study these two cases independently.

We suppose from now on that [ > 2I’. This condition is reminiscent of the stable range
(see Section 3.5). Indeed, suppose k (and therefore 0(k)) is zero (or equivalently, that the
Harish-Chandra series are principal (cf. [10, Chapter 6])). In this case, | = m and I’ = m/,
so that the condition ! > 21’ actually means that the dual pair (Sp,,,(q), O5,,/(¢)) is in the
stable range (with O%, ,(¢) smaller).

First case

Consider the pair (Spy,,(q), 03 (q)) for k even, or (Spy,,(q), O5,,.,(¢)) for k odd. In these

cases, the representation €2/ is conjectured to be given by

min(l,l")

W/
Qp= Y, > (ndyl .y, x©¢)@(ndy! 4 X®0). (6.1)
r=0 x€elrr(W,)
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Proposition 6.2 allows us to index the second sum above by bipartitions (£,¢) € Pa(r),

the representation then becomes

min(l,l")

Ql,l’ = Z Z Z Xem & XEm' s (6'2)

=0 (£,0)€P(r) n’

where the third sum is over partitions 1 and 7’ of [ — [£| and I’ — |£| such that *¢ < '5 and
t t 1
¢=.

Lemma 6.7. Suppose Qs is given by 6.1 and let (§',n') be a bipartition of .

1. The bipartition (£,m) belongs to O(E',n') if and only if *n and *n' have a common

predecessor for the < order, and £ = ¢'.

2. The smallest element of ©(&',n') for the Achar-Henderson order corresponds to (€', (1—
")yun)

3. The largest element of ©(&', 1) for the Achar-Henderson order corresponds to (&', (1—
Utmy +nhmf, - ,m).

Proof. Ttem 1 is an easy consequence of equality (6.2).

The representations belonging to ©(¢’,n') correspond to bipartitions having & as first
component, and whose second component shares a common predecessor (for <) with 7'
Thus we need to prove that the smallest partition (for the natural order) having a common
predecessor with n’ is (I —1") Un'.

So let n = (ni,...,n) and o' = (n},...,m.,;) have a common predecessor ¢ =
(C1,...,¢) for the < order (we can suppose that I[(¢) = I(n') = I(n) — 1 by adding ze-

ros), this implies

0<G << <nh <G <}

OgnrJrlSCTSUTS"'SUQSClST]l,
which in turn imply
M > Mgar for k=1,...,7 (6.3)

As (&,7) and (&,7n') are bipartitions of [ and !’ respectively, |n| — |7/| =1 -1, i.e.

r+1 r

Zm:l—l’—i—zm. (6.4)
i=1 i=1
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This equality and the inequalities in (6.3) provide

k+1 k

Somizl—U+> 0,
=1 =1

for k=0,...,7r,i.e. ' > (I —1") Un. This proves item 2.

The proof of item 3 is analogous to that of the previous. Indeed, we have
Mk > My for k=1,...,r—1.

These together with equality (6.4) imply

k k
Zm <i—=1+mn +277£+17
i=1 i=1
for k=1,...,r 41, where we set n, = 0 for ¢ > r. This implies the assertion. O

In Remark 6.4 we defined a map sending bipartitions (£, 7n) of [ to symplectic partitions
A = A(&,m) of 21, it was obtained from the Springer correspondence for Spy(F,). The

following result states that this map is increasing when restricted to ©(&', /).

Proposition 6.8. Under the assumption that Qup is gwen by 6.1, if (&,¢) < (&,¢)
belongs to ©(&',n'), then A(€',¢) < A&, ().

Proof. By adding zeros we can suppose that the ¢ and ¢’ have same number & of parts and
that ¢ has one more part than both. Let

Eppr &2 - £ 42k and Epp1 T2 -0 &1 +2k
G+l -+ G+2k—1 Go+1 - (+2k-1

be the u-symbols corresponding to (¢, () and (&', (") respectively. Let

Y2k+1 V2k—1 " V1 and %kﬂ /7&;671 "/' %
Y2k ot Y2 Yor T V2
their associated distinguished u-symbols. The bipartitions (a, ) and (o/, 8) corre-

sponding to these (by the algorithm described at the beginning of this section) verify

(awB) S (O/aﬁ/) lf and Only lf Y S 7,7 where Y= (717 o 772]{:4*1) and Y= (717 o 772]{:4*1)'
This is in turn equivalent to A(¢',¢) < A(&', ().

In remains to verify the inequality v < /. Take r € {1,...,2k+ 1}, we must show that

M S
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The sum in the left can be expressed as
t s
Mt Y= G2k —i) 1+ g +2k—i+1),
i=1 i=1
where t 4+ s = r. Likewise,
t s’
Nt =) G2k =)+ 1+ G+2Ak—i+1),
i=1 i=1

where t' + s’ = r. Suppose that s’ > s (the case s > s’ has a similar proof). Distinguished-
ness implies
Eopi T2k +1—5—10) > Gy +2(k—t' —i) +1

foralli=1,...,s — s, so
t s’
DGk —i)+ 1+ G+2k—i+1)
=1 =1
t s
>N G2 —i) 1+ &+ 2k —i+ 1)
i=1 i=1
t s
> G2k —i) 14> &G+2k—i+ 1),
=1 i=1

the last inequality coming from ¢’ > (. O

The main result of this section is a consequence of the previous proposition.

Theorem 6.9. Suppose Qv is given by 6.1. Let (¢',n') be a bipartition of I'. There

exists a minimal (resp. mazimal) representation in ©(&',1'). It is given by the bipartition
(&, (=1 un') (resp. (&, (=1 +n +n5,m3, - m7)))-

Second case

We now analyse pairs (Spy,,(q), 03 ,(q)) for k odd and (Sp,,(q), 05, (q)) for k even. In

these cases the representation €2;; is conjectured to be given by

min(l,l")

W/
Qp= Y, >, (ndyl .y x@D)ndy 4 x©9). (6.5)
r=0 xelrr(W;,)
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Proposition 6.2 allows us to index the second sum above by bipartitions (£,¢) € Pa(r),

the representation then becomes

min(l,l")
Ql &= Z Z Z X&' & XEm's (6'6)

r=0(&n)€P2(r) &'’

Where the sum is over partitions & and i/ of I — |n| and I’ — |€| such that '¢ < *¢’ and
t t 7
n=n.

Lemma 6.10. Suppose Q1 is given by 6.5, let (§',7') be a bipartition of I and ©(&', 1)
be the set of the representations x¢,, of Irr(W)) such that x¢, @ Xer ay appears in S p.

1. The representation x¢ belongs to ©(&', 1) if and only if ' =t and ty < 'y

2. Suppose the number of parts of n, ' and £ are the same and equal to an integer r,

and that & has one more part than these three. Then for P, Q C {1,...,r} arbitrary,
&+Z&+1+Zm > (-1 +Z§Z+Zm

In particular, the smallest element of ©(&',n') for Achar-Henderson order is ((I —

nuen).

3. Under the same asumptions of the previous item, for P C {1,...,7+ 1} and Q C

{1,...,r}
STy m<i-Urm >+
P Q P Q

Thus, the largest element of ©(&',n') for the Achar-Henderson order corresponds to
the bipartition (I =+ 0} + €1, &, ..., &), (1, -, )

Proof. Ttem 1 is a straightforward consequence of equality (6.6).

Let x¢,, belong to ©(&',7') so that f¢/ <t¢ and 'y < "', These imply
§ri1 < &, < & and g <1 (6.7)
forall k=1,...,r. Rewriting
1+ Il = 1 = =11

as

=0+ G &+ ) m—m=0,
i=1 i=1



6.1. EXTREMAL UNIPOTENT REPRESENTATIONS 67
inequalities (6.7) imply

==+ & =&+ mi—n >0,
P Q

for P, Q C {1,...,r} arbitrary. It is simple to see this implies (£,n) > (I =V")U¢, ).
The proof of item (3) is similar to that of (2). O

Unlike the previous section, in this case the map A = A\(&,7n) is not increasing when
restricted to ©(¢’,n'). However, we can prove that the representations (&min, 7min) and
(€maxs Tmax ), obtained in items (2) and (3) of the previous theorem, are indeed the minimal

and maximal representations in O(¢,n’) (according to Definition 6.6).

Theorem 6.11. Suppose Qp is given by 6.5, and let (§',n) be a bipartition of I'. Then,

the minimal (resp. maximal) representation in ©(&',n') correspond to the bipartition ((I —
MU n) (resp. (L=1+m +81,8, &), (M- ,70)))-

Proof. As in the proof of Proposition 6.9 we can suppose that 1, ’ and £ have the same
number k of parts and that £ has k + 1 parts. Let

G G2 -0 G2k & & +2 - 11U +2k
M1 o om 2k —1 M1 e+ 2%k —1

be the u-symbols corresponding to (§,7n) and ((I — ") U, n) respectively. Let

Y2k+1 V2k-1 "0 N and 7§k+1 I%k_l "/‘ %
Yok 02 Yok Tt 2

be the corresponding distinguished u-symbols. Distinguishedness and the inequality
I > 20" imply that v; =1 — 1"+ 2k and 1 = & + 2k.
For r € {1,...,2k + 1}, there exist P, Q C {1,...,r} such that

Nt A==V +2k)+ > G+2k—i)+ Y ni+2(k—1i)+ 1.
P Q
The right side in the above inequality is smaller than
(G +2k)+ ) G +2(k—i—1)+> n+2k—i)+1
P Q

by item 2 of Lemma 6.10. The last sum is smaller than v1 4 - -4+, (because we are dealing
with a distinguished symbol). This means that v < ~, and as in proof of Proposition 6.9,
it is equivalent to A((I —1I") U &, 1) < A, n).

The assertion concerning the maximal representation has a similar proof. O
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B  Unitary pairs

Let GL;, be the general linear group of rank n with coefficients in F,, and let wg be the
permutation matrix with ones in the antidiagonal and zeroes elsewhere. Endow this group
with a Frobenius endomorphism F' = woth_l, where F, denotes the standard Frobenius.
Its group GLE of rational points is the unitary group U,(q). The choice of this Frobenius
allows the group of diagonal matrices T to be a rational maximal torus. Denote its Weyl
group W(T) by W. It is isomorphic to the symmetric group &,

As in Proposition 2.20, let p be a partition of n, and denote by the same letter the

corresponding irreducible character of G,,. Define

M | Z RUn

UEGTL

These central characters provide all the unipotent representations of U, (g) up to the sign
ey = (—1)ZE () (M),

Proposition 6.12. The characters of unipotent irreducible representations of Uy,(q) are

gwen by €, R,,, for different partitions jn of n.

In what follows we need to use some combinatorics related to partitions. We start by
defining the Young diagram associated to the partition p of m as the subset of N x N
defined by :

D(p) = {(i.j) € N x N1 <i < pz;}.

We can visualize this set as a finite collection of squares with side length 1, in the north-
east quadrant of the euclidean plane, arranged in left-justified rows, and such that the
i-th row has p; boxes. We call rim of u, the boxes belonging to {(i,5) € D(u)|(i,7 +
1) ¢ D(p)or (i +1,7) ¢ D(n)}. We call rim 2-hook of p a pair {(4,7),(i,7 + 1)} or
{(4,7), (1+1,7)} of elements of the rim of x, such that we obtain the diagram of a partition
after removing these elements from D(u). Finally, the 2-core of p is the partition obtained
by removing as many rim 2-hooks as possible from the diagram of pu.

Let again p = (u1,..., 1) be a partition of m, and let ¢ > r be an integer. We call
t-set of f-numbers associated to u, the set 5 = {3;} where 5; = p; +t — i. Conversely, to
each decreasing sequence 3 = {f, ..., B} of positive integers, we can associate a partition
i, defined by p; = 6; +t — 3.

If B denotes the t-set of S-numbers associated to p, we set 5(0) = {3;/2|5; is even} and
B(1) = {(Bi —1)/2|B; is odd}. Let pu(0) and u(1) be the partitions associated to the sets
of f-numbers $(0) and B(1). Then, the pair (4(0), (1)) depends only on the congruence
class ¢ of ¢t modulo 2 . We call p(0) and (1) the 2-quotients of parameter t of .

As explained above, we have a bijection between the category Z(U,,(q))i, of com-
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plex representations spanned by Irr(U,,(q))r, and the set of irreducible representations
of W% (m—k(k+1)/2)" This bijection allows us to describe explicitely the characters in this

Harish-Chandra series.
Proposition 6.13. [12, Appendice, proposition p. 224/

1. The unique cuspidal unipotent representation Ay, of the unitary group Uz 1 /2(q) is
er Ry, where 1y, is the k-th 2-core 7, = (k, ..., 1)

2. Forn > 1/2(k? + k) the irreducible characters of Z(Un(q))x are £,R, where yu is a
partition of n of 2-core 1. This character is related to the bipartition (u(0), (1))
(where p(0) and p(l) are the 2-quotients of parameter 1 of ) under the bijection

given in Theorem 2.15.

This theorem tell us that for a fixed k there is a bijection between the bipartitions of
$(n — k(k +1)/2), the representations in the Harish-Chandra series 2(U,(q))y, and the
partitions of n with 2-core 7.

The definition of 2-core is not useful to do computations. We need to express it other-

wise.

Proposition 6.14. [5, Lemma 5.8] If i is a partition obtained from p by removing a
2-rimhook, then the [-set of i’ is {B1,..., 851,85 — 2,Bj4+1,---,Bt}, for a certain j < t.
In particular, the B-sets of a partition and its 2-core have the same number of even (resp.

odd) elements.

An easy calculation shows that its f-set is g = {0,2,...,2tg — 2,1,3,...,2t; — 1}
where tg = |8(0)| and 1 = |Bk(1)]. These two last numbers depend on the parity of & : if
k is even then tg =t +k+1/2 and t; =t —k —1/2; and if k is odd then tp = ¢ — k/2 and
t1=t+k/2.

Proposition 6.15. Let . and y' be two bipartitions of the same integer | and let B and 3
be their B-sets repectively. Then p and p' have the same 2-core if and only if |3(0)| = |5(0)|

and [5(1)] = |5'(1)].

Proof. Suppose that p and u/ have the same 2-core. Corollary 6.14 says that the number
of even (resp. odd) elements in the S-sets of pu and u’ equal the number of even (resp. odd)
elements in the 8-set of the common 2-core, so we have |3(0)| = |8'(0)] and |8(1)| = |5'(1)].

If © and g/ have different 2-cores 7, and 74/, assuming that k& < k' we have 4 cases
depending on the parity of k and k’. For instance, if they’re both odd then |B;(1)| =
t+k/2<t+k/2=|Bw(1)| and |Bp(0)| =t —k'/2 <t —k/2 = |B1(0)], so by Corollary
6.14 |5'(0)] < |5(0)| and |B(1)| < |B'(1)|. The other 3 cases are analogous. O

Consider a unitary pair (U, (q), Uy (q)). Theorems 4.4 and 4.5 show that the Howe
correspondence relates the unipotent Harish-Chandra series Irr (U, (¢))x to Irr(Upy ())g(r) -
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This induces a correspondence for the pair (W%(m—k(k+1)/2)7 W%(m’—@(k)(@(k)—l—l)/Q)) of type
B Weyl groups. The integer 6(k) is equal to k — 1 or k + 1, depending on the class of k
modulo 4 (cf. Theorem 4.4).

Let | = 3(m — k(k+1)/2) and I’ = $(m/ — (k) (0(k) + 1)/2). The correspondence for
the pair (Wj, Wy ) is proven (and not conjectural as for symplectic-orthogonal pairs) to be
given by the representation € defined in Section 5.1. Fix a bipartition (A, u) of I, and
denote by ©(A, 1) the set of all irreducible representations of Wy such that x», ® xa
appears in ;.

Fix an integer k such that k(k+1) < 2m, and set | = $(m —k(k+1)/2). From propo-
sition 6.13 we have a bijection between Irr(W;) and Z(Up,(q))k, sending the irreducible
representation x) , to the unipotent character ¢, R,, where v = v(\, u) is the partition of
n with 7, as 2-core and (A, p) as 2-quotient of parameter 1.

We now introduce an order in the set ©(\, ).

Definition 6.16. Let (X, u') and (X, fi) belong to O(\, ). Then (N, ') < (A, 1) if and
only if (N, i) < v(\ ji). This defines a partial order in (X, ).

We show in the following sections that ©(A, ) admits a minimal (resp. maximal)
representation, for the order just defined. We denote this representation by (Amin, fmin)

(resp. ()‘rnax’ Nmax))

The explicit form of €); > depends on the parity of £, and is given by the representations
(5.3) and (5.4) above. We study these two cases separately. As for symplectic-orthogonal
pairs, we suppose that I’ > 21.

First case

Consider the pair (U, (q), Uy (q)) for k odd or k = (k) = 0. In these cases, the Howe

correspondence is given by the representation €); ; whose character is :

min(l,l")

Wy
Q= >, ([dyl .y x©Dndy .y, oxo1),
r=0 xelrr(W,)

Proposition 6.2 allows us to write the sum above as

min(l,l")

Qll’ = Z Z ZX)\’,;L@)X;L’)”

(Ap)€P2(r) N

the third sum being over partitions X and z’ of [ — || and I’ — |A| such that *A < *\ and
t10 < *4/. The following statement (and its proof) is similar to that of Lemma 6.7.

Lemma 6.17. Let (\, u) be a bipartition of 1.
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1. Representations in ©(\, ) correspond to bipartitions (', ') such that ‘X < '\ and
tﬂ < tul.

2. The smallest element of ©(X\, ) for the Achar-Henderson order is ((I" — 1) U u, \).

3. The largest representation in O(A, u) for the Achar-Henderson order is (I' =1+ X1 +
M1, B2, - 7MT)7 <)‘27 T 7)‘T>)

Theorem 6.18. There exists a minimal (resp. maximal) representation in O(\, p) (cf.
Defiintion 6.16), it corresponds to the bipartition ((I' — 1) U u,\) (resp. ((I' =1+ M\ +
K, 2, - a”T)7 ()‘27 T 7)‘7‘))) of U

Proof. Consider all the elements of O(\, ) having the same second component, say X
As in Lemma 6.7 we can prove that the smallest (resp. largest) of these bipartitions
for the Achar-Henderson order is ((a) U p, X') (resp. ((a + p1, p2, ..., pr), N')) with a =
V=14 X =N

Recall that representations €, R, in Z(U,,(q))r have 7y as common 2-core and that
this fixes the length of the partitions in the 2-quotient (see Proposition 6.15). We can
use Theorem 6.21 to assert that the smallest (resp. largest) partition v (for the classical
order on partitions) having a 2-quotient with A" as second component corresponds to the
2-quotient ((a) U p, N') (resp. ((a 4+ p1,p2, .-, pr), N)).

We need still to compare partitions v having 2-quotients of the form ((a’) U k, \’) for
a fixed k. Indeed, for X fixed, both the minimal and maximal 2-quotients are of this form
(with K = p for the minimal and k = (u2,..., u,) for the maximal). Let’s consider two
2-quotients ((a’) Uk, \') and ((@) U &, \) such that

(@) Uk, N) < ((@) U, N).

This amounts to the following inequalities
k koo
d+) N <a+ Y N, k=0,1,....t, (6.8)
i=1 i=1

ft; is the number of parts of A and X and ty = I(v) + 1 (By Proposition 6.15, these
lengths are fixed by the 2-core). The beta sets 5 and 3 corresponding to ((a’) Uk, X') and
((@) U K, \) respectively,

B ={2(a" +to—1),2(ki1 +to — 1), 2(N; +t1 — j) + 1}
B={2@+to—1),2(ki—1 +to—1),2(\; +t1 — j) + 1},

where 2 <1 <tp,1 < j <1 in both sets.
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Let t =tg+t; and 3} > --- > B/ (resp. f1 > --- > f3;) denote the elements of 5’ (resp.
B) after reordering. For [ =1,...,¢

l N M
S Bi=2d+to— 1)+ 2k tto—n)+ D 2\, +t—1)+1
=1 n=2 m=1
N M ~
=2@+to—1)+ Y 2kn-1+to—n)+ Y 2+t —1)+1
n=2 m=1

l
< ZBM
=1

the second equality coming from (6.8) and the last from the fact that the terms on the
right are the I biggest in 3. The result holds thanks to Lemma 6.17. O

Second case

Consider the pair (Uy,(q), Uy (q)) for k even and different from zero. In this case, the

representation ) is given by

min(l,l")

Wl
Q= >, dyl . x©¢)@(ndy! .  ¢xel),
r=0 xeIrr(W;,)

Once again, we use Proposition 6.2 to rewrite this sum as

min(Z,!’

)
Q= Z Z Z X @ X/ A

r=0 (/\11’)6732(7‘) IMM/

where the third sum is over partitions y and u' of I — |A] and I’ —|\| such that *v < *x and
by <t

Lemma 6.19. Let (\, u) be a bipartition of I.

1. An irreducible representation x,s x of Wy belongs to ©(X, u) if and only if tu and

t,u,' have a common predecesor for the order < and that N = \.
2. The smallest element of ©(\, ) for the Achar-Henderson order is ((I" — 1) U u, \).

3. The largest element of ©(\, ) for the Achar-Henderson order is ((I' — 1 + pyp +
12, 1H35 - - ,ur)) )‘)

Proposition 6.20. Let v and V' denote two partitions of m. Suppose they have the same
2-core and that their 2-quotients are (i, ) and (p', X) respectively. If (i, A) < (i', \) then

v<uv.
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Proof. Call t; the number of parts of A. As v and ¢/ have the same 2-core we can suppose

i and g/ to have the same number of parts tg so that the 3-sets of v and v/ are
B={2(mi+t—49),200+t—j) + 11 <i<to,1<j<t}

and
B={20m+t—1),2\ +t—j) +11 <i<tg,1 <j <t}
respectively.

Suppose that, after ordering the elements of 3 are 81 > --- > (3, and those of 3’ are
py > ---> B for t =ty + t;. The hypothesis (u, \) < (¢/, ) is equivalent to u < p’. For

all k we can find non negatives integers r and s verifying r + s = k such that

k r s
Ssi=> 20w+t —i)+ Y 2N+t —i)+1
=1

i=1 i=1

r s k
<S 2 t—+ Y 2N +t—i)+1< Y g
=1 =1 =1

The last inequality is true because the elements to its right are the k biggest elements of

g
It is easy to see that the set of inequalities
k k
B> B
i=1 i=1
for k = 1,...,t is equivalent to v < /. The last assertion is a consequence of Lemma
6.19. 0

The bijection between Irr(W;) and Z(Un(q))k, sending x»x, to e,R,, where v is a
partition of n with 2-core 73, and 2-quotient (of parameter 1) (A, 1) (Proposition 6.13), can
be seen as one sending bipartitions (A, p) of [ to partitions v = v(\, u) of n (with a fixed
2-core 7). Proposition 6.20 tells us that this map is increasing when restricted to (A, p).
Indeed, all bipartitions in this set share the same second component. These remarks and

Lemma 6.19 imply the following :

Theorem 6.21. Let (A, ) be a bipartition of I. There exists a minimal (resp. mazximal)
representation in O (A, ). It is given by the bipartition ((I' —1)Up, A) (resp. (' =1+ p1 +
2,5 (43, - - 7,“’7“)7 A))
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6.2 Extremal representations

In Section 5.2, we saw how the Lusztig bijection allows the study of the Howe correspon-
dence to be brought to the study of its effect on unipotent representations. Together with
the results in the previous section, this enables us to find extremal representations in O ()
for m not necessarily unipotent.

Let (G, G,,) denote an unitary dual pair, and 7 be an irreducible representation of

!/

Gm. Once again we denote by ©,, /() the set of irreducible representations ' of G/ ,,

such that

HomeXG’m, (wmm"/» T® 71'/) 7é 0.

We now proceed to describe the set ©,,, ,,, (7). Knowing the form of the representations

it contains is the first step in finding the extremal representations.

Proposition 6.22. The representation ©' of G.,, belongs to ©y, s (m), if and only if,
7'['%& =y and 7r21) belongs to Oy —1(m(1)). In particular, the map sending e Z(G))
to ﬂ'El) € Z(G),_;) defines a bijection between Oy, py (1) and O,y e —1(7(1))-

Proof. This is a restatement of Theorem 5.16. O

This proposition tells us, in other words, that the Lusztig bijection restricts to

G,
L™ @m,m’(ﬂ') ~ {71'#} X @m_l7m/_l(7r(1)).

In Definition 6.16 we introduced a partial order on the set ©,, ,/(7), where 7 is a
unipotent representation of G,,. Using Proposition 6.22, we can extend this order to

arbitrary irreducible representations.

Definition 6.23. Let 7’ and ¢’ belong to ©,, yy (7). Then ' < ¢ if and only Z'fﬂ'zl) < cp’(l).

This defines a partial order in ©p, p (7).

When 7 is a unipotent representation, the order defined on ©,, ,,, (1) is not necessarily
total. However, we were able to find a minimal and a maximal representation for this

order. The same is true for arbitrary irreducible representations.

Theorem 6.24. Let m be an irreducible representation of Gy,. There exists a minimal
(resp. mazximal) irreducible representation Tmin (T€5p. Tmax) i Oy s (7). It is defined by
(Tmin) (1) = (7(1))min (T€8P- (Tmax)(1) = (T(1))max ), where (7(1))min (Tesp. (T(1))max) is the
minimal (resp. mazximal) representation in Oy g —1(7(1))-

Proof. According to Theorems 6.18 and 6.21, there is an irreducible representation (7(1))min
(resp. (7(1))max) 0 Opypr—1(m(1)) verifying (7(1))min < WEl) (resp. 7TE1) < (7(1))max) for
all 71'21) in Oy, —1m/—1(m1)). Thanks to Proposition 6.22, we see that mmin (resp. Tmax)
verifying (min)(1) = (7(1))min (r€spP. (Tmax)(1) = (7(1))max) is the desired minimal (resp.

maximal) representation. O



Chapter 7
Perspectives

In the study conducted in this manuscript we have excluded the pairs (Sp,,(q), O2n+1(q)).
Indeed, we used the characters, found by Aubert, Michel and Rouquier in [5], expressing
the Howe correspondence between unipotent Harish-Chandra series as a correspondence
between Weyl groups of type B (see Conjecture 5.1). They, in turn, found these characters
from the results in [39]. In this paper Srinivasan studied how the (unipotent part of) Weil
representations decompose in terms of the Deligne-Lusztig virtual representations for all
dual pairs (including linear pairs) but for pairs with odd orthogonal groups. It could be
possible to extend our study to all dual pairs by using the results in a recently published
paper by Pan (cf. [33]).

Recently, Gurevich and Howe [17, Theorem 3.3.3| have found a way to extract a “min-
imal" irreducible subrepresentation n(w) of ©(w) for symplectic-orthogonal dual pairs.
Their definition of minimal differs from ours in that they use the notion or rank of a
representation in its definition. It would be interesting to compare this representation
with the extremal representations we have obtained. This could lead to solve Conjecture
3.3.4 in their paper.

Let K is a extension of degree 1 (resp. 2) over a fixed non archimedean local field F'
of characteristic 0, and G be either a symplectic or orthogonal (resp. unitary) group with
coefficients in K. The local Langlands correspondence classifies irreducible representations
7 of G in terms of their L-parameters (¢,¢), where ¢ is a conjugate self-dual representa-
tion of the Weil-Deligne group of K and € is an irreducible character of the component
group associated to ¢. In [3], Atobe and Gan express the local Howe correspondence as a
correspondence between L-parameters for discrete (in fact tempered) representations.

With notation from Section 5.1, let x¢ ,» be an irreducible representation of Wy and
X¢,n denote one of the extremal representations obtained in Theorems 6.9 to 6.21. In our
study we have excluded the representations appearing in the second component of the
pairs obtained by the Springer correspondence. It should be possible, however, to obtain

an analogue over finite fields to the results in [3| by including them. That is, by studying

75
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the relation between the pairs (O',¢’) and (O, ) corresponding to x¢, and x¢, via the

Springer correspondence.
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