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CHAPTER 1

INTRODUCTION

1.1 Motivations générales et contexte

Les travaux réalisés au cours de ma thèse ont tous comme thème central la synchronie, notion issue
de l'écologie qui sera dé�nie dans cette introduction. A�n d'expliquer les motivations et applications
liées à mon domaine de recherche, je prendrai soin d'introduire aussi bien le contexte écologique et
les notions qui lui sont liées que le contexte mathématique.

Stabilité des écosystèmes et synchronie Un écosystème est une unité écologique de base
formée par le milieu, le biotope, et les organismes qui y vivent, la biocénose et dans lequel il
existe des interactions entre les êtres vivants. Un lac, une forêt ou un champs sont considérés
comme des écosystèmes. A plus grande échelle, un pays ou un continent sont aussi des écosys-
tèmes. En écologie, une communauté est un ensemble d'organismes appartenant à des popula-
tions d'espèces di�érentes constituant un réseau de relations. La dé�nition d'une communauté
est assez proche de celle de la biocénose d'un écosystème. Cependant, les écologues utilisent le
terme communauté a�n de désigner des individus représentant un sous-ensemble de la biocénose
(https://fr.wikipedia.org/wiki/Communauté). Par exemple, dans un jardin, les di�érentes es-
pèces de papillons sont considérées comme une communauté au sein de l'écosystème formé par le
jardin. On appelle fonctions d'un écosystème l'ensemble des processus qui contrôlent les �ux de
matière et d'énergie au sein d'un écosystème, comme la production et le recyclage de biomasse,
la pollinisation, etc. [11, 19, 100, 110]. Les groupes fonctionnels d'espèces sont des groupes formés
par des espèces partageant les mêmes fonctions au sein d'un écosystème ou d'une communauté [110].

L'être humain a un impact énorme sur les écosystèmes à cause de l'exploitation intensive de ces
derniers. L'activité de l'espèce humaine ne cessant d'augmenter, elle est responsable d'une partie im-
portante des changements que l'on peut remarquer à une échelle globale. Les changements globaux
perturbent les écosystèmes et leur fonctionnement. il devient nécessaire de comprendre l'impact et
les mécanismes de la dégradation des habitats et du changement climatique sur les êtres vivants
et sur les communautés. Comprendre comment les perturbations environnementales a�ectent la
stabilité au sein des écosystèmes est un enjeu majeur en écologie. La stabilité d'un écosystème se
caractérise comme la capacité de ce dernier à rester dans un état de référence au cours du temps,
et ce malgré les variations des conditions environmentales [46]. Entres autres, un écosystème est
caractérisé par les êtres vivants qui le peuplent. Il semble donc naturel que l'un des aspects de l'étude
d'un écosystème soit l'étude de sa biocénose. Le sujet est vaste et il existe de nombreuses façons
de l'aborder. Du point de vue des populations d'un écosystème, la stabilité d'une communauté
peut également se dé�nir comme la résilience des espèces aux changements globaux. C'est-à-dire
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la capacité des espèces au sein d'une communauté à retrouver les fonctions d'un état de référence
après une ou plusieurs perturbations. Cette dé�nition de la stabilité nous pousse à vouloir établir et
quanti�er la résilience des espèces aux changements globaux a�n de comprendre certains mécanisme
responsables de la stabilité des communautés. Il existe de nombreux articles en écologie sur le sujet
de la stabilité dans les communautés, voir [24, 81, 96] par exemple pour un aperçu.

Dans le cadre de ma thèse, nous nous limiterons à l'étude des variations inter-annuelles des abon-
dances d'espèces présentes au sein d'une communauté, où l'abondance d'une espèce à un instant t
est dé�nie comme le nombre d'individus présents ou observés à cet instant. Ainsi, pour étudier la
stabilité des communauté, nous voulons dé�nir et quanti�er le fait que les abondances de certaines
espèces varient de façon similaire. C'est à ce moment qu'intervient la synchronie. Il existe plusieurs
types de synchronie. Je m'intéresse à seulement deux d'entre elles, la synchronie inter-espèce et la
synchronie spatiale d'une espèce. Ces deux notions sont les plus importantes a�n d'appréhender ma
problématique.
La synchronie inter-espèces se dé�nie comme la similarité des variations d'abondance entre espèces.
Deux espèces sont dites synchrones si les variations de leurs abondances suivent un modèle similaire.
En termes mathématiques, des espèces sont synchrones si les séries temporelles de leurs abondances
sont fortement corrélées. La dé�nition de la synchronie spatiale est semblable à la dé�nition précé-
dente sauf qu'au lieu de comparer les séries temporelles de deux espèces di�érentes, on compare
les séries temporelles d'abondances d'une seule espèce, en di�érents points géographiques. Dans
le cadre de la synchronie interspéci�que, chaque série temporelle représente une espèce, alors que
dans le cadre de la synchronie spatiale, chaque série temporelle représente un site, c'est-à-dire un
lieu géographique. S'intéresser à la synchronie inter-espèces permet de regarder directement le lien
diversité-stabilité dans un écosystème. La synchronie spatiale, elle, est utile pour essayer de com-
prendre les facteurs qui in�uencent les dynamiques compensatoires entre espèces et donc la stabilité
des communautés.

Les di�érents chapitres de ma thèse apportent des outils et des analyses qui peuvent permettre
de mieux comprendre les dynamiques de population ainsi que le lien entre cette dynamique et l'état
général de l'écosystème. Le lien entre la synchronie et la stabilité peut être illustré de la façon
suivante. Considérons un écosystème peuplé de di�érentes espèces, alors si toutes les espèces sont
sensibles de la même façon aux facteurs environnementaux, on s'attend à ce que la population de
chaque espèce varie de la même façon. C'est-à-dire, que si un facteur évolue de façon favorable aux
espèces, alors le nombre d'individus de chaque espèce augmente tandis que lorsqu'un facteur évolue
défavorablement, le nombre d'individus diminue. Cela signi�e que si un événement très défavorable
aux espèces apparaît, il est fortement probable que cela provoque une extinction de l'écosystème.
A l'inverse, s'il existe une vraie diversité au niveau des sensibilités de chaque espèce, une évolution
des conditions environnementales sera favorable à certaines espèces et défavorable à d'autres. Au
�nal, même si un événement provoque l'extinction de certaines espèces, la probabilité d'extinction
de l'écosystème est quasi-nulle.

Nos travaux sur la synchronie s'inscrivent dans la thématique fondamentale du lien entre la
diversité et la stabilité des communautés ou plus généralement du lien diversité-stabilité dans les
écosystèmes. Il existe de nombreux travaux qui traitent ce sujet en écologie [43]. Cependant, la
plupart des articles s'intéressent à des espèces de plantes dans des milieux arti�ciels et fermés. Le
lien diversité-stabilité pour les espèces animales n'a pas été beaucoup exploré, il en est de même pour
l'étude de la diversité-stabilité en milieu naturel. Ceci est compréhensible car les données en milieu
naturel ont tendance à être plus di�ciles à collecter et leur qualité n'est pas toujours satisfaisante.
S'il est facile d'observer une communauté de plantes, il est beaucoup plus compliqué d'e�ectuer des
mesures d'abondances pour des espèces mobiles surtout dans un milieu ouvert. Pourtant, compren-
dre l'impact des changements globaux sur la stabilité des communautés animales en milieu naturel
devient crucial a�n de prévoir, et dans certains cas, prévenir les conséquences de l'intensi�cation de
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l'activité humaine ou d'autres événements environnementaux.

A�n de détecter et de quanti�er la synchronie entre deux séries temporelles, nous dé�nissons
une mesure de synchronie. La dé�nition mathématique de la synchronie nous pousse à dé�nir une
mesure basée sur la corrélation entre les séries temporelles d'abondances. Proposée par Karl Pearson
en 1896 [98], la corrélation de Pearson ρP ∈ [−1, 1] de deux variables X ∈ R et Y ∈ R de variance
σ2
X et σ2

Y se dé�nie comme :

ρP (X,Y ) =
Cov(X,Y )

σXσY
. (1.1)

Si X et Y sont des variables aléatoires dans R comme c'est le cas ici, alors la covariance est égale à
E [XY ]− E [X]E [Y ] où E [.] est la fonction espérance.
Si maintenant X ∈ Rp et Y ∈ Rp sont deux vecteurs aléatoires de taille p, alors la covariance entre
X et Y s'écrit

Cov(X,Y) =
1

p

p∑
i=1

(Xi − E [X]) (Yi − E [Y]) . (1.2)

Les vecteurs X et Y peuvent représenter, par exemple, deux séries temporelles d'abondances de
taille p. Contrairement à la corrélation de Pearson, la corrélation de Spearman ρS ∈ [−1, 1] mesure
des relations non a�nes entre deux variables. La dé�nition est similaire à celle de ρP sauf qu'au lieu
de considérer les vecteurs de variables aléatoires X et Y, on considère le rang des valeurs de X et
Y. Un exemple simple, si X = (1, 4, 2, 10) alors le rang de X noté rgX est égal à (1, 3, 2, 4).

ρS =
Cov(rgX, rgY)

σrgXσrgY
, (1.3)

où σ2
rgX

et σ2
rgY

sont les variances des variables rgX et rgY.
Une comparaison des di�érentes méthodes pour calculer la corrélation entre deux variables ou
vecteurs aléatoires est proposée dans [14].

Puisque ce sont les variations des abondances et non leurs amplitudes qui permettent d'estimer
la synchronie entre deux séries temporelles, l'idéal est d'utiliser une corrélation basée sur le rang
des observations. Si la corrélation de Pearson est souvent utilisée comme mesure de corrélation en
écologie [35, 84], la corrélation de Spearman est beaucoup plus adaptée à nos objectifs car elle estime
à quel point deux variables sont corrélées de façon monotone, sans que la dépendance ne soit linéaire.
Que ce soit pour la synchronie inter-espèce ou la synchronie spatiale, il est possible de créer une
matrice de corrélation entre les observations dont les coe�cients sont les corrélations de Spearman
entre deux séries temporelles.
Si le coe�cient de Spearman de deux espèces est égal à 1, alors ces deux espèces sont parfaitement
synchrones, leurs séries temporelles suivent exactement les mêmes variations. Si ce coe�cient est
arbitrairement proche de 1, alors on dira que les deux espèces sont fortement synchrones. Une valeur
de 0 indique qu'il n'existe aucune corrélation entre les séries d'abondances des deux espèces. Cela
peut être dû au fait qu'elle ne sont pas du tout sensibles aux mêmes facteurs environnementaux.
Ces deux espèces sont dites asynchrones. Si le coe�cient est égal à −1 ou est proche de −1, cela
signi�e que les séries temporelles sont corrélées mais négativement.

Un des objectifs écologiques principaux est de faire apparaître au sein d'une communauté des
groupes d'espèces synchrones appelés groupes de synchronie. Une fois les groupes formés, nous
voulons, avec l'aide et l'expertise d'écologues, étudier l'impact des groupes de synchronie sur la
stabilité de la communauté ou de l'écosystème ainsi que les moteurs de la synchronie. L'idée de for-
mer des groupes d'espèces selon leurs fonctions a été formulée par Schulze et Mooney [110]. Notre
objectif n'est pas forcément de créer des groupes fonctionnels d'espèces mais des groupes d'espèces
synchrones, même s'il est possible que certaines espèces partageant les mêmes fonctions soient syn-
chrones en notre sens.
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A�n de créer les groupes de synchronie, s'il est possible d'utiliser des méthodes statistiques
d'apprentissage non supervisé appelées clustering, nous verrons dans la suite que d'autres approches
sont possibles.

Clustering et écologie Le clustering, aussi appelé apprentissage non supervisé, est une méth-
ode d'analyse de données permettant de diviser un jeu de données en plusieurs groupes homogènes
d'observations. Pour chaque observation sont données les valeurs d'une ou plusieurs variables explica-
tives qui permettent de caractériser l'observation selon des attributs. Une distance, ou dissimilarité,
est dé�nie sur le jeu de données, ce qui permet de quanti�er la distance entre deux observations.
Un algorithme de clustering se base ensuite sur les distances entre les observations pour créer des
groupes dans lesquels les observations sont proches au sens de la distance choisie. Ces algorithmes
cherchent à minimiser des distances entre les observations, a�n que la distance intra-groupe, soit la
moyenne des distances entre les observations d'un même groupe, soit minimale et la distance inter-
groupe, soit la moyenne des distances entre les observations de di�érents groupes, soit maximale. Le
livre [62] est une excellente introduction au clustering et aux di�érents algorithmes d'apprentissage
non supervisés. Dans notre sujet d'étude, la mesure de synchronie dé�nie plus haut à l'aide de la
corrélation de Spearman peut servir de mesure de similarité entre deux séries temporelles.

Soit un groupe d'observation obtenu grâce à une méthode de clustering, il est possible de dé�nir
le centre du groupe, en prenant par exemple le centre de gravité. Alors, dans certains cas idéaux, les
observations d'un même groupe partagent exactement la même moyenne et le centre du groupe est
égal à cette moyenne. Dans ce cas, l'écart des observations par rapport au centre s'explique par la
variance des données plus ou moins faible. On parle alors de clustering parfait. A l'inverse, il arrive
que les moyennes des observations d'un même groupe ne soient qu'approximativement les mêmes.
Dans ce cas, les observations peuvent paraître beaucoup plus dispersées autour du centre de leur
groupe. On parle alors de clustering imparfait ou approximatif. Dans des cas critiques de clustering
imparfait, il peut être di�cile de déterminer l'appartenance à un groupe d'une observation ou de
décider si un groupe de diamètre très large ne serait pas en fait deux groupes distincts. Il est alors
beaucoup plus compliqué pour un algorithme de clustering de trouver des groupes homogènes car la
distance entre les observations d'un même groupe peut être relativement grande.

Parmi les algorithmes de clustering les plus populaires, on trouve le K-means et le clustering
hiérarchique. Le K-means est une méthode de partitionnement dont l'idée originale date des années
1950. C'est désormais l'un des algorithmes de clustering les plus utilisés [56] et il existe de nombreuses
améliorations de cet algorithme, comme le X-means [99] qui propose une méthode d'initialisation
plus e�cace que dans le K-means classique, ou d'autres variantes [76, 125].
Le clustering hiérarchique est un algorithme qui a pour but de construire ce qu'on appelle un
dendogramme. Un dendogramme est un arbre dont les feuilles sont les observations et les noeuds
internes des groupes d'observations formés en fonction de la distance d(., .) choisie. Il existe deux
types de stratégie :

• La méthode agglomérative : au début, chaque observation est seule dans son propre groupe.
Puis, à chaque étape, les deux observations ou groupes d'observations qui sont les plus proches
en termes de distance d(., .) sont fusionnées pour ne former qu'un seul groupe. A la �n de
cette procédure, toutes les observations font partie d'un unique groupe. L'algorithme stocke
les distances auxquelles les observations ou groupes d'observations ont été fusionnés et les
partitions créées à chaque étape dans le dendogramme.

• La méthode divisive : au début, toutes les observations font partie d'un unique groupe puis,
à chaque étape, on divise un des groupes actuels en deux en minimisant un critère, comme la
somme des distances à l'intérieur des groupes, ou en maximisant la distance entre les groupes.
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De même, les distances auxquelles les groupes sont scindés ainsi que les partitions créées sont
stockées dans un dendogramme.

Figure 1.1 � Un exemple de dendogramme. Les feuilles (à droite) représentent les observations. Les
noeuds représentent les groupes formés au fur et à mesure de l'algorithme de clustering hiérarchique.
Les observations appartenant à un groupe sont celles telles qu'il existe un chemin entre la feuille
correspondante et le noeud représentant le groupe. En bas �gure une échelle de distance. Si un
noeud se trouve à une distance d, alors c'est que la distance entre les deux groupes qui ont formés
ce noeud sont à une distance d l'un de l'autre.

Une fois le dendogramme créé, plusieurs méthodes existent a�n de déterminer le nombre de
groupes optimal pour le jeu de données. Ces methodes sont présentées dans [62]. Une fois le nombre
k de groupes choisi, la partition optimale proposée par l'algorithme de clustering hiérarchique peut
être lue dans le dendogramme. Je renvoie encore une fois au livre de Kau�man pour de plus amples
informations sur le clustering hiérarchique [62].

Deux problèmes principaux se posent avec les algorithmes de clustering. Le premier provient du
fait que l'on ne connaît pas les vrais groupes des observations. Il est possible de tester les algorithmes
sur des jeux de données dont on connaît la vraie partition des observations. Cependant, il peut être
di�cile, lorque l'on s'intéresse à de nouveaux jeux de données, d'estimer si la partition trouvée est
bien la vraie partition de l'échantillon. De plus, si la fonction à minimiser par l'algorithme n'est
pas convexe, il est possible que l'algorithme produise une partition sous-optimale. Le deuxième
problème problème est lié au premier car il concerne le choix du nombre de groupes. La plupart
des algorithmes de clustering ont besoin en entrée du nombre de groupes de la partition qu'il doit
construire. S'il est parfois possible d'obtenir des informations grâce à la théorie du domaine d'où
proviennent les données, le plus souvent il est nécessaire de faire appel à d'autres méthodes dont les
plus populaires sont, par exemple, la méthode du coude ou la méthode silhouette et sont discutées
dans [62].

Les algorithmes de clustering trouvent des applications dans divers domaines. Par exemple, la
plateforme de di�usion Net�ix utilise du clustering a�n de construire des groupes d'utilisateurs et
des groupes de contenu a�n d'adapter ses recommandations à chaque client [27]. En �nance, le
clustering peut être utilisé pour identi�er des changements de régimes dans un signal [80]. C'est
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également un outil permettant de repérer les SPAM parmi les messages d'une boîte mail. Et dans
un thème plus proche du nôtre, dans [33], le Fuzzy clustering, qui consiste à assigner des probabilités
d'appartenance aux di�érents groupes plutôt qu'un groupe, est utilisé comme outil de description
des communautés écologiques.

Di�érentes stratégies Comme la plupart des problématiques en écologie, la synchronie au sein
d'une communauté est un sujet qui peut être étudié de plusieurs façons. Au lieu de choisir un
unique angle d'attaque, ma thèse se divisera en trois parties indépendantes présentant trois facettes
di�érentes de la synchronie. Ce choix permet d'adopter di�érentes stratégies en vu d'apporter des
analyses et outils mathématiques pour répondre aux questions sur le lien entre diversité et synchronie,
deux notions très liées à la stabilité des communautés, et sur les conséquences des changements envi-
ronnementaux à l'échelle des communautés. Même si ces trois parties sont liées par leurs motivations
d'étude de la synchronie au sein des communautés et par le clustering de façon plus ou moins directe,
les domaines mathématiques abordés dans chacune des parties di�èrent grandement. Je prendrai
soin dans la suite de cette introduction de justi�er le lien entre chaque chapitre et la synchronie. Je
préciserai également l'angle abordé ainsi que notre contribution.

1.2 Estimation des normes de Schatten et rang e�ectif

1.2.1 Motivations

Le premier chapitre est théorique et ne fera pas l'objet d'une application sur des données réelles dans
ce manuscrit. Il est consacré à l'estimation de fonctionnelles de normes de Schatten de matrices.
Avant d'introduire nos travaux, il est important de préciser le lien avec l'étude de la synchronie
inter-espèces au sein d'une communauté.

Dans le cadre de l'étude de la synchronie, des séries temporelles d'abondances de taille p de n
espèces di�érentes sont observées au sein d'une communauté. Pour chaque espèce i, nous avons accès
à une série temporelle yi, telle que les moyennes des lois des coe�cients de yi sont stockées dans un
p-vecteur mi appelé vecteur moyenne. Soit une espèce i de l'échantillon, son abondance pour l'année
j est alors notée yi,j et la moyenne de sa distribution est notée µi,j . On note Y ∈ Rn×p, appelée
matrice d'abondances, la matrice des observations dont les lignes sont égales aux séries temporelles
d'abondances des espèces. Chaque ligne correspond à une espèce et chaque colonne à une année
d'observation.
Nous supposons de plus la matrice d'observation Y se décompose comme la somme d'une matrice
déterministe A ∈ Rn×p et d'une matrice aléatoire E ∈ Rn×p représentant un bruit.

Y = A + E, (1.4)

où A est une matrice telle que Ai,j = µi,j . Ainsi, les lignes de A sont les vecteurs mi dont les coe�-
cients sont les moyennes des distributions des observations et E est une matrice dont les coe�cients
sont aléatoires et indépendants.

Si deux espèces sont synchrones au sens dé�ni précédemment, les variations des séries temporelles
de leurs abondances seront corrélées positivement. Cela se traduit par le fait que les variations des
moyennes de leur loi seront corrélées positivement. Dans un monde parfait, il existe K groupes
de synchronie et les espèces appartenant à un même groupe suivent une loi ayant exactement les
mêmes paramètres. Toutes les observations du groupe k suivent une même loi et partagent toutes
le même p-vecteur moyenne mk ∈ Rp. Quel que soit k, toutes les lignes de la matrice des moyennes
A dans (1.4) correspondant aux espèces du groupe k sont égales à mk. Alors, le rang de la matrice
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A est égal au nombre de groupes d'espèces synchrones.

Dans ce cas, et s'il est possible d'observer la matrice A au lieu de Y, le taux de synchronisation
est dé�ni comme le ratio K

n . Si le taux de synchronisation est faible, cela signi�e qu'il existe peu
de groupes d'espèces synchrones, ce qui compromet la stabilité de l'écosystème. A l'inverse, si le
taux de synchronisation est élevé, il existe un grand nombre de groupes d'espèces synchrones, et
donc les espèces ont tendance à être asynchrones les unes des autres. Le taux de synchronisation est
une information importante car avoir une estimation du nombre de groupes d'espèces synchrones
est utile pour se faire une idée de la diversité au sein d'une communauté. Cela permet de faciliter
l'utilisation d'algorithmes de clustering car, comme vu précédemment, le nombre de groupes est un
paramètre qui peut poser problème lorsqu'il n'est pas connu.

Malheureusement, lorsque l'on observe de vraies abondances d'espèces dans une communauté,
il est impossible de considérer que l'on est dans le cas idéal présenté précédemment. La première
di�culté provient du fait que même si deux espèces sont fortement synchrones au sens où ρS est
proche de 1, alors les moyennes de leur loi ne seront pas égales, mais au mieux proportionnelles.
Dans ce cas, et si les moyennes des espèces appartenant à un même groupe noté Gk sont parfaitement
proportionnelles, dans le sens où il existe un scalaire λ > 0 tel que mi = λmi′ , pour tout i et i′ dans
Gk, le rang de A sera toujours égal au nombre de groupes K. Si le but est uniquement d'estimer le
taux de synchronisation au sein d'un échantillon, il est toujours possible de calculer la ratio K

n . Pour
plus de clarté, lorsque nous ferons référence à ce modèle dans la suite, nous l'appellerons modèle
(Ideal Proportionnel).

De nouveau, il est optimiste d'espérer une telle structuration des données. En e�et, la nature des
données implique un clustering imparfait. Il est en e�et di�cile d'imaginer des groupes bien délimités
où les espèces d'un même groupe sont synchrones les unes avec les autres et totalement asynchrones
avec le reste des espèces. Il est encore plus di�cile d'imaginer que toutes les espèces d'un groupe
soient parfaitement ou fortement synchrones entre elles au point que la variation de leurs abondances
soient parfaitement proportionnelles. Toutefois, s'il existe des groupes d'espèces synchrones et que
nous sommes capables de mesurer la synchronie entre les espèces, nous pouvons supposer que notre
modèle s'approche du modèle décrit précédemment. Soit A la matrice des moyennes des observations
dans le modèle réel, nous supposons que A se décompose comme la matrice M ∈ Rn×p des moyennes
si les observations étaient tirées selon le modèle (Idéal Proportionnel), plus une matrice ∆ ∈ Rn×p
dont les coe�cients représentent les variations par rapport au modèle (Idéal Proportionnel).

A = M + ∆. (1.5)

La matrice ∆ permet de modéliser les particularités des données réelles. Dans ce cas, il est possible
de décomposer la matrice Y comme :

Y = (M + ∆) + ε. (1.6)

La matrice ∆ de taille n×p est inconnue et correspond aux variations qui existent entre les moyennes
réelles des lois des observations et les moyennes idéales du modèle (Ideal Proportionnel).

Malgré la proximité du modèle réel avec un modèle où les moyennes des lois des espèces d'un
même groupe sont propositionnelles, il ne possède pas les propriétés permettant de calculer le rang
de la matrice M à partir de Y. En e�et, la matrice inconnue ∆ perturbe les coe�cients de M de
façon à ce que le rang de la matrice des moyennes M + ∆ ne soit plus égal au nombre de groupes
d'espèces synchrones K comme c'est le cas dans (Ideal Proportionnel). Comme le rang est très
sensible aux petites variations des coe�cients d'une matrice, si ∆ est tirée selon une loi à densité
nous pouvons même dire que A est presque surement de rang plein c'est à dire que son rang est
presque surement égal au minimum entre n et p.
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1.2.2 Normes de Schatten et Rang e�ectif

D'après ce qui précède, dans le cas de données réelles, il est impossible d'estimer le rang de M à
partir de la matrice d'observation Y à cause de ∆ et du bruit E. Si l'on oublie pour l'instant la
matrice E, il est tout de même possible d'obtenir des informations sur le taux de synchronisation de
M à partir de A. En e�et, il existe des quantités plus robustes que le rang, comme le spectre de la
matrice, qui rendent compte du taux de synchronisation dans une matrice d'observations. En e�et,
les valeurs singulières donnent des informations sur les corrélations entre les lignes ou les colonnes
d'une matrice. Les valeurs singulières de A sont les racines carrées des valeurs propres de la matrice
carrée ATA, où AT désigne la transposée de A. Au vu de sa dimension, A possède min(n, p) valeurs
singulières notées σ1(A) ≥ σ2(A) ≥ . . . , σn∧p(A) pour i entre 1 et n ∧ p. Supposons sans perte de
généralité que n est plus grand que p, alors la matrice ATA est une matrice de taille p × p qui
possède p valeurs propres notées λ1 ≥ λ2 ≥ . . . ≥ λp.

σi(A) =
√
λi, (1.7)

pour tout i entre 1 et p.

La décomposition en valeurs singulières (SVD pour son nom anglais Singular Values Decomposi-
tion) est une représentation matricielle qui s'applique à n'importe quelle matrice réelle ou complexe.
La matrice A introduite plus haut se décompose comme le produit de trois matrices A = UΣVT .
Avec Σ une matrice de taille n× p dont les coe�cients sont tous nuls sauf les coe�cients diagonaux
qui sont égaux à σi(A), et U et V deux matrices unitaires de taille n× n et p× p respectivement.
Les valeurs singulières de A sont liées au rang de A car celui ci est égal au nombre des valeurs
singulières non nulles de A. Les valeurs singulières sont plus robustes que le rang et ne sont pas
fortement modi�ées par des petites perturbations des coe�cients de la matrice observée. Si le rang
de A et celui de M ne sont pas du tout égaux, même pour des coe�cients de ∆ très petits, il est
possible que leurs valeurs singulières ne soient pas si di�érentes. En e�et, le théorème de Weyl [133],
assure que pour tout i entre 1 et p ∧ n :

|σi(A)− σi(M)| ≤ ‖A−M‖∞ = ‖∆‖op, (1.8)

où ‖.‖∞ est la norme matricielle d'opérateur.

Si les coe�cients de ∆ sont arbitrairement petits, alors les valeurs singulières de A seront arbi-
trairement proches de celles de M. Si le rang de A est égal à p, alors ses valeurs singulières sont
toutes non nulles. Cependant, si les coe�cients de ∆ restent arbitrairement petits, il existe un cer-
tain nombre de valeurs singulières de A qui sont arbitrairement petites, c'est-à-dire arbitrairement
proches de 0. D'autres propriétés et théorèmes utiles sur les valeurs singulières peuvent être trouvés
dans [114].

Même s'il est di�cile, voire impossible, de retrouver le rang de M à partir de la matrice A, il est
possible de calculer le nombre de valeurs singulières de A qui sont plus petites que δ > 0 pour un
δ arbitraire. Ce nombre s'appelle le δ-rang numérique [44] car c'est une extension de la notion de
rang. C'est à partir de cette notion de rang numérique que l'on va dé�nir le rang e�ectif. Le rang
e�ectif peut ensuite remplacer le rang dans la dé�nition du taux de synchronisation.

Il existe plusieurs dé�nitions du rang e�ectif, qui peut être interprété comme le nombre e�ectif
de valeurs singulières non nulles, c'est-à-dire le nombre de valeurs singulières su�samment grandes
pour être interprétées comme des valeurs propres non nulles. La plupart de ces dé�nitions donnent
le rang e�ectif comme étant une fonctionnelle des normes de Schatten de A. Pour tout s ≥ 1, la
s-norme de Schatten de M est égale à la norme ls de ses valeurs singulières, c'est à dire :

‖A‖ss =

p∑
i=1

σsi (A) (1.9)

14



Les s-normes de Schatten généralisent certaines normes de matrices. Le cas s = 2 correspond à
la norme euclidienne, appelée norme de Frobenius, de matrices. Son expression est également égale
à la somme du carré des coe�cients de A.

‖A‖22 =

p∑
i=1

σ2
i (A) =

n∑
i=1

p∑
j=1

A2
i,j .

Le cas s = 1 correspond à la norme nucléaire, ou norme Trace, et le cas s = ∞ correspond à la
norme opérateur notée ‖.‖∞ qui est égale à la plus grande valeur singulière de A.

‖A‖∞ = σ1(A).

Comme nous considérons le cas où la matrice A se décompose comme la matrice M qui est a priori
de faible rang et la matrice ∆, il est très probable que A possède quelques grandes valeurs singulières
et beaucoup de petites valeurs singulières. Ce phénomène est connu et plusieurs dé�nitions du rang
e�ectif ont été introduites a�n de pouvoir estimer le nombre de grandes valeurs singulières de A.
Un premier exemple si A est une matrice symétrique non négative : Koltchinskii et Lounici [66]
proposent de dé�nir le rang e�ectif comme le ratio ‖A‖1‖A‖∞ . Ce ratio équivaut à diviser la somme des
valeurs singulières par la plus grande valeur singulière. Alors, si A est de rang 1, le rang et le rang
e�ectif auront la même valeur. En se plaçant dans le même contexte que nos données, si la matrice
A est de rang plein mais possède un petit nombre de grandes valeurs singulières et un grand nombre
de petites valeurs singulières, alors le rang e�ectif de A sera très proche du rang de M.
En général, le ratio d'une s-norme de Schatten et de la plus grande valeur singulière est une bonne
approximation du rang pour les raisons citées précédemment. Roy et Vertelli [107] donnent une
dé�nition un peu plus générale du rang e�ectif à partir de l'entropie de Shannon qui peut se calculer
pour des matrices rectangulaires.

ER1,1(A) = exp

[
−

q∑
i=1

σi(A)

‖A‖1
log

(
σi(A)

‖A‖1

)]
, (1.10)

qui correspond au nombre de Shannon e�ectif de la distribution induite par le vecteur de probabilité
(σi(A)/‖A‖1). De façon plus générale, on peut calculer n'importe quel nombre e�ectif en se basant
sur le vecteur de probabilités associé aux valeurs singulières de A ou celles de la matrice carrée
ATA. Le vecteur de probabilités associés à ATA est égal à

(
σ2
i (A)/‖A‖22

)
. La justi�cation d'une

telle dé�nition pour le rang e�ectif est détaillée dans [107].

Dans [60], l'auteur considère plusieurs mesures de la diversité. Parmi celles-ci, se trouve le nombre
e�ectif de Hill, qui est directement dérivé de l'entropie de Renyi. L'entropie de Renyi d'ordre α ≥ 0,
avec α 6= 1, notée Hα(.) généralise plusieurs entropies :

Hα(X) =
1

1− α
log

(
n∑
i=1

pαi

)
, (1.11)

où X est une variable aléatoire à valeurs dans {1, . . . , n} telle que pi = P (X = i).
Par exemple, quand α tend vers 1, la limite de Hα(X) est l'entropie de Shannon. Certaines valeurs
de α renvoient à d'autres entropies connues comme la min-entropie ou l'entropie de Hartley, voir [102]
pour plus de détails. Le nombre e�ectif de Hill, noté Dq permet de quanti�er la diversité des espèces
dans un écosystème.

Dq =

(
n∑
i=1

pqi

) 1
1−q

, (1.12)

où n est le nombre d'espèces, et pi sont des poids qui permettent de pondérer chaque espèce par
l'amplitude de leurs abondances. Le paramètre q détermine la sensibilité du nombre de Hill à
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l'amplitude des abondances. Si q est égal à 0, alors on ne prend en compte que la présence des
espèces dans l'écosystème, et non pas l'amplitude de leurs abondances, alors qu'un q élevé donne
une grande importance aux amplitudes.

A partir du nombre e�ectif de Hill, il est possible de dé�nir le rang e�ectif de la façon suivante
pour la matrice A ou pour sa matrice carrée ATA, en remplaçant le paramètre q par une fonction
dépendant de la s-norme de Schatten considérée et les probabilités pi par un ratio de normes de
Schatten.

ER1,s(A) =

(
‖A‖s
‖A‖1

)s/(1−s)
; ER2,s(A) = ER1,s(A

TA) =

(
‖A‖2s
‖A‖2

)2s/(1−s)
. (1.13)

Deux cas particuliers du rang e�ectif (2.5) sont ER1,∞(A) et ER2,∞ qui peuvent être vus comme
des extensions du rang e�ectif de Koltchinskii et Louni à des matrices rectangulaires.
Plus de détails peuvent être trouvés dans [60].

1.2.3 Une autre application

Réussir à estimer le rang e�ectif d'une matrice A à partir d'une observation bruitée Y comme
dans (1.4) possède d'autres applications.

Un modèle de mélange gaussien est un modèle statistique où la distribution des observations est
exprimée comme une combinaison convexe de lois normales. Nous nous plaçons dans le cas où les
observations yi ∈ Rp pour i entre 1 et n sont des vecteurs gaussiens de moyenne mi et de matrice de
covariance Γi. Soit fN (yi, θi) la densité d'un vecteur gaussien de paramètres θi = (mi,Γi) et soit
un entier K ≥ 1, un ensemble de paramètres θi, . . . , θK et un ensemble de poids π1, . . . , πK tels que∑K

k=1 πk = 1, alors la densité de l'échantillon suit une densité de mélange g telle que pour yi ∈ Rp:

g(yi, θ1, . . . , θK) =

K∑
k=1

πkfN (yi, θk). (1.14)

On observe un échantillon de n individus dans Rp tel que quel que soit i entre 1 et n, chaque
observation yi appartient à un des K groupes G1, . . . , GK d'observations. Si yi appartient à Gk
pour un entier k entre 1 et K, alors yi est de moyenne mk et de matrice de covariance Γk propres
au groupe Gk. Nous supposons dans la suite que toutes les observations sont indépendantes et que
la variance est la même pour tout l'échantillon et est notée σ2. Alors, la matrice Y ∈ Rn×p des
observations admet la décomposition suivante :

Y = A + E (1.15)

où A est une matrice déterministe dont la i-ème ligne est égale à mi et E est une matrice dont les
coe�cients sont i.i.d et telle que Ei,j suit une loi normale centrée de variance σ2.

La décomposition (1.15) nous renvoie à la décomposition (1.4). Dans le modèle de mélange idéal
toutes les observations d'un même groupe partage exactement la même moyenne. Dans ce cas le
rang de A est égal au nombre de classes dans le modèle de mélange. Pour les mêmes raisons que
pour les séries temporelles d'abondances, il en est de même si les moyennes des observations au sein
d'un même groupe sont exactement proportionnelles. Cependant, cela n'est pas toujours le cas et il
est possible que A se décompose comme (1.5). Alors, l'estimation du rang e�ectif de A à partir de
Y permettrait de déterminer le nombre de classes du modèles de mélange de A même si celle ci est
perturbée comme dans (1.5).
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Objectifs. S'il est possible d'estimer le rang e�ectif de A à partir de la matrice d'observation
bruitée Y, alors le taux de synchronisation de A est ensuite calculé comme le ratio entre le rang
e�ectif de A et le nombre d'espèces n. Les abondances d'espèces sont des entiers et sont souvent
modélisées par des lois de Poisson ou des lois de Binomiale Négative [7]. Il est ensuite possible, sous
certaines conditions d'approcher de telles lois par des gaussiennes. C'est un sujet délicat que l'on
n'abordera pas dans ce chapitre.

Dans la suite, nous nous plaçons dans le modèle gaussien présenté précédemment. Nous sup-
posons que nous observons une matrice Y ∈ Rn×p telle que les observations yi sont des vecteurs
gaussiens de moyenne mi et de matrice de covariance σ Id avec σ connue. Alors Y admet la dé-
composition (1.15). Nous nous attaquons donc au problème général d'estimation du rang e�ectif de
A grâce à la matrice d'observations bruitée Y dans le cas où Y se décompose comme dans (1.6)
et où il est possible que A se décompose comme dans (1.5). A l'exception du rang e�ectif basé sur
l'entropie de Shannon (2.4), toutes les autres mesures du rang e�ectif sont dé�nies à partir de ratios
de normes de Schatten de A. Ce qui fait qu'estimer ces dernières nous permet d'estimer le rang
e�ectif.

1.2.4 Etat de l'art

Si la matrice A était de faible rang, ce qui est le cas si ∆ = 0, il est possible de retrouver la ma-
trice A à partir de la matrice Y par des méthodes de seuillage des valeurs singulières, comme dans
[21, 41]. Nous précisons que dans ce cas, c'est uniquement la matrice E qui nous empêche d'estimer
directement le rang de A. Nous considérons l'estimateur de A obtenu en �xant à 0 toutes les valeurs
singulières de Y qui sont plus petites qu'un certain seuil. Dans [31] de Donoho et Gavish, les auteurs
ont évalué le risque asymptotique de tels estimateurs. Si n et le rang de A sont proportionnels à
p, on atteint un risque quasi optimal. D'autres articles comme [93, 111] proposent des estimateurs
calculés grâce à des transformations non linéaires des valeurs singulières qui ont un risque légèrement
meilleur dans un cadre asymptotique où n

p tend vers une constante.
Une fois l'estimateur de A obtenu, les s-normes de Schatten de cet estimateur peuvent être calculées
et utilisées pour en déduire le rang e�ectif de A.

Lorsque la matrice ∆ n'est pas nulle, la matrice A n'est pas de faible rang. Nous voulons alors
estimer les s-normes de Schatten de A a�n de construire un estimateur d'un des rangs e�ectifs dé�nis
précédemment. Plusieurs méthodes sont envisageables. Il est possible d'estimer directement ‖A‖s
à partir des ‖Y‖s. On peut également trouver un estimateur Â de A, puis dé�nir un estimateur de
‖A‖s comme ‖Â‖s. En�n, nous pouvons estimer le spectre de A puis remplacer les σi(A) par leurs
estimateurs dans (1.9).

Quelle que soit la méthode utilisée, il est nécessaire de pouvoir calculer le risque des estimateurs
a�n de pouvoir évaluer leur précision et les comparer. Le risque est une fonction permettant d'évaluer
à quel point un estimateur est proche de la quantité qu'il a pour but d'estimer. Soit θ̂ un estimateur
de θ, alors le risque quadratique de θ̂ est dé�ni comme :

R2 = E
[
‖θ̂ − θ‖22

]
. (1.16)

La fonction ‖θ̂ − θ‖22 peut être remplacée par une autre fonction de perte l(., .), par exemple,
l(θ̂, θ) = ‖θ̂ − θ‖1.
La dé�nition générale du risque est la suivante. Soit θ une quantité que l'on veut estimer, θ̂ un
estimateur de θ et soit une fonction de perte l(θ̂, θ) qui permet d'évaluer la di�érence entre θ et
son estimateur, comme par exemple les moindres carrés ou la norme L1 vus précédemment, alors le
risque est dé�ni comme E

[
l(θ̂, θ)

]
.
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Une fois le risque d'un estimateur calculé, nous voulons pouvoir véri�er si le risque est optimal
ou s'il est possible de mieux faire. Parfois, il n'est pas possible d'estimer une certaine quantité avec
un risque plus petit qu'un certain ordre de grandeur ou qu'une certaine constante. Pour formaliser
cela, nous utilisons le risque minimax. Soit θ une quantité que l'on cherche à estimer, on suppose
que θ appartient à un ensemble Θ. Alors, le risque minimax Rminimax(Θ) donne le risque du meilleur
estimateur possible dans le pire des cas pour θ ∈ Θ. C'est-à-dire :

Rminimax(Θ) = inf
θ̂

sup
θ∈Θ

Eθ
[
l(θ̂, θ)

]
(1.17)

pour la fonction de perte l(., .) utilisée et où Eθ[· · · ] est la fonction espérance sous la loi de paramètre
θ. D'autres dé�nitions et notions sur les estimateurs peuvent être trouvées dans [42].

La plupart des travaux autour du rang e�ectif considèrent des modèles sans bruit, comme par
exemple Roy et Veterlli dans [107] qui estime le rang de la matrice A dans le cas où cette matrice
n'est que partiellement observée. Dans un autre registre, en informatique il existe un domaine de
recherche concernant le Matrix Sketching. Le sketching est une procédure qui permet de traiter des
données en grande dimension en n'interrogant qu'une faible partie de ces données. Dans [75], un
sketch linéaire est décrit comme une distribution sur des matrices S de taille n × k telles que quel
que soit un vecteur v, il est possible d'approximer une fonction f(v) à partir de l'information Av,
l'objectif étant d'avoir k le plus petit possible. Dans le cas des matrices, on veut pouvoir retrouver
‖A‖s en ayant accès à TAS pour des matrices T et S ou en ayant accès à L(A), où L(.) est une
fonction linéaire. Une méthode de sketching peut être utilisée pour retrouver des fonctionnelles de
A, comme sa s-norme de Schatten ou son rang. De telles méthodes sont décrites dans plusieurs
articles comme [6, 63, 75] mais elles sont très éloignées de notre procédure.

Sachant que les s-normes de Schatten de A s'expriment comme la ls norme des valeurs singulières
de A, si nous trouvons un estimateur consistant des valeurs singulières de A, il est possible de con-
struire un estimateur de ‖A‖ss en insérant les estimateurs des σsi (A) dans (1.9). Il existe dans la
littérature un nombre certain d'articles ayant pour but d'estimer asymptotiquement le spectre de
matrices. Dans la plupart de ces articles, les auteurs se placent dans le cas où n

p tend vers une con-
stante. Dans [25], notre modèle (1.15) correspond au modèle information plus bruit. Soit la matrice
symétrique 1

pY
TY dont les valeurs propres ordonnées sont notées λ1, . . . , λp, la mesure spectrale

est dé�nie comme µYTY := 1
p

∑p
i=1 δλi . Si A = 0, il a été montré dans [2] que µYTY converge

faiblement vers la distribution de Marchenko-Pastur qui décrit le comportement asymptotique du
spectre de matrices rectangulaires. Voir [86] pour plus d'informations sur la distribution des valeurs
singulières de matrices aléatoires.
Plus généralement, quand la mesure spectrale 1

pA
TA converge vers une mesure de probabilité, [123]

a caractérisé la limite de µYTY/p à travers sa transformée de Stieljes. A partir de là, il peut être
judicieux d'inverser la fonction qui associe la limite de µYTY/p à la limite de µATA/p pour estimer
des fonctionnelles du spectre de la matrice carrée ATA à partir de Y. Comme il est dit dans [25],
si A a asymptotiquement un nombre �ni k de valeurs singulières, Il est possible en déduire la con-
sistance de ces valeurs singulières.
Cependant, les conditions nécessaires pour avoir des estimateurs consistants des valeurs singulières ne
sont pas remplies dans notre cas de �gure. Il n'est donc pas possible de suivre la même méthodologie.

Les s-normes de Schatten étant des fonctionnelles non linéaires des coe�cients de A, il est aussi
possible de se référer et de s'inspirer d'articles cherchant à estimer des fonctionnelles non linéaires.
Par exemple, en vectorisant les matrices Y, A et E, il est possible de réécrire le modèle (1.15)
comme un modèle de suites gaussiennes dont la dé�nition peut être trouvée dans l'introduction
de [59]. Estimer la norme de Frobenius est équivalent à estimer la norme l2 dans le modèle des
suites gaussiennes. Les articles [23, 32] et leurs références présentent des résultats sur l'estimation
de fonctionnelles quadratiques. Plus généralement, l'estimation de normes lr de vecteurs est un sujet

18



largement étudié, par exemple dans [18, 48, 72]. Cependant, hormis dans le cas de la norme eucli-
dienne qui correspond à s = 2, la s-norme de Schatten n'est pas une lr norme des coe�cients de A
et il n'est pas possible d'adapter l'analogie entre le modèle (1.15) et le modèle de suites gaussiennes
à d'autres s-normes de Schatten.

Parmi les travaux les plus proches de notre modèle et de la structure de nos données, Kong et
Valiant dans [67] considèrent l'estimation des normes de Schatten paires de la matrice de covari-
ance Σ dans le cas où l'on observe un n-échantillon de moyenne nulle et de matrice de covariance
Σ. Ils proposent des estimateurs non biaisés et peu coûteux à implémenter mais ils n'évaluent pas
l'optimalité de leurs estimateurs en termes de risque.

1.2.5 Notre contribution - résultats

L'article qui constitue le chapitre sur les normes de Schatten présente dans un premier temps des
estimateurs de la norme de Frobenius de A à partir de Y. L'estimateur (‖Y‖22 − np)

1/2
+ , avec

x+ = max(x, 0) a un risque optimal de l'ordre de (np)1/4. Cet ordre de grandeur du risque ne peut
être amélioré par d'autres estimateurs, même si le rang de A est inférieur ou égal à 1. Cette mino-
ration du risque minimax est généralisée à toutes les s-normes de Schatten. Ensuite, nous montrons
que l'on peut estimer ‖A‖∞ = σ1(A) avec une transformation non linéaire de σ1(Y) et que le risque
de cet estimateur est également de l'ordre de (np)1/4.

Dans le cas plus général des normes de Schatten paires ‖A‖2k, ‖A‖2k2k = tr[(ATA)2k] est un
polynôme en les entrées de A. Cela nous permet de construire un estimateur non biaisé Uk de ‖A‖2k2k
grâce aux polynômes de Hermite. L'invariance de ‖A‖2k2k par des transformations orthogonales droite
ou gauche nous permet d'établir que Uk peut s'exprimer simplement comme une combinaison al-
gébrique de tr[(YY)s]. En�n, nous montrons que l'estimateur (Uk)

1/2k
+ atteint un risque optimal de

l'ordre de (np)1/4 pour n'importe quelle matrice A.

Finalement, nous donnons quelques résultats partiels pour les normes de Schatten qui ne sont
pas paires et qui sont beaucoup plus compliquées à estimer. L'estimateur proposé atteint un risque
de l'ordre de p(np)1/4. Nous prouvons ensuite que dans le cas de la norme Trace ‖A‖1, il n'est pas
possible de construire un estimateur dont le risque est de l'ordre de (np)1/4 et qu'aucun estimateur
n'atteint un risque plus petit que p/

√
log(p).

Comme application des travaux présentés dans l'article, nous construisons un estimateur du rang
e�ectif ER2,∞ et calculons son erreur en probabilité. De plus, nous évoquons les raisons qui font que
les mesures du rang e�ectif ER2,s où s ≥ 2 est un entier, sont plus faciles à estimer que les autres
mesures (1.10,1.13).

1.3 Tree Segmentation

1.3.1 Motivations

Le deuxième chapitre de ma thèse comprend des éléments théoriques et des éléments algorithmiques.
Deux sections seront dédiées à des applications des travaux réalisés sur des données numériques
simulées et sur des données réelles de pêche sur le Bassin de la Loire.

A�n d'introduire les motivations des travaux réalisés dans ce chapitre, je vais d'abord rappeler
des notions de base sur les graphes et les arbres.
Un graphe G est constitué d'un ensemble de noeuds V(G) et d'un ensemble d'arêtes E(G) qui relient
certains noeuds à d'autres, G = (V(G), E(G)). Par convention, les noeuds sont souvent indexés par
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des entiers allant de 1 à n la taille du graphe, c'est à dire le nombre de noeuds dans V, n = |V|.
Les arêtes peuvent être orientées ou non et sont souvent représentées par un vecteur de taille 2 qui
contient les deux noeuds reliés.

Figure 1.2 � Un exemple de graphe quelconque de taille 5. Les noeuds sont reliés par des arêtes. Ici,
les noeuds sont numérotés avec des entiers de 1 à 5.

Un cycle est un chemin tel que son origine et son extrémité sont les mêmes. Il existe une arête
entre chaque noeud consécutif et entre le noeud n et le noeud 1. Un graphe est acyclique s'il ne
comporte pas de cycle.
Un arbre T est un graphe acyclique et est connexe, c'est-à-dire que quels que soient deux noeuds
dans V(T), il existe un chemin d'arêtes de E(T) qui relie ces deux noeuds.

Figure 1.3 � Un exemple d'arbre de taille 8. Les noeuds sont reliés par des arêtes. Les noeuds sont
numérotés avec des entiers de 1 à 8. Le graphe est connexe et il n'y a pas de cycle.

Le graphe chaîne est un autre cas particulier des arbres, l'ensemble de ses noeuds est {1, . . . , n}
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et l'ensemble de ses arêtes E = {{i, i+ 1}, i = 1, . . . , n− 1}.

Figure 1.4 � Un exemple de chaîne de taille 7. Les noeuds sont reliés par des arêtes. Les noeuds
sont numérotés avec des entiers de 1 à 7.

Soit T un arbre, un sous-arbre S de T est un arbre tel que V(S) est inclus dans V(T) et tel que
E(S) = {e = (s, t)|e ∈ E(T); s, t ∈ V(S)}. Comme S est un arbre, les ensembles V(S) et E(S) sont
tels que S est connexe.

Soit T un arbre enraciné, nous dé�nissons un ordre � sur les sommets de T de telle façon que
les enfants d'un noeud t sont les noeuds s ∈ V(T) tels que (t, s) appartient à E(T) et tels que t � s.
Par exemple dans la Figure 1.3, les enfants de 1 sont 2,3 et 8.
Les descendants d'un noeud t sont tous les noeuds s tels que t � s et il existe un chemin d'arête
entre s et t 1.5
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Figure 1.5 � Représentation d'un arbre de racine 1. Les descendants du noeud 2 sont représentés en
rouge, les autres noeuds sont représentés en bleu.

Le sous-arbre de T engendré par t est noté Tt. L'ensemble de ses noeuds est constitué de t
et de tous ses descendants. l'ensemble de ces arêtes sont les arêtes de T qui relient deux noeuds
appartenant V(Tt), voir la Figure 1.6.
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Figure 1.6 � Représentation d'un arbre de racine 1. Les noeuds du sous-arbre engendré par 2 sont
représenté en vert et les autres noeuds en bleu. Le sous-arbre engendré par 2 se dé�nit comme
V(T2) = {2, 5, 6, 11, 12, 13} et E(T2) = {(2, 5), (2, 6), (5, 11), (6, 12), (6, 13)}.

Une partition P = {S1, . . . , SK} de T est appelée une segmentation de T si tous les Sj sont des
sous-arbres de T. Dans l'ensemble du document, toutes les partitions considérées sont des segmenta-
tions. On note P(T) la collection des partitions de T. Soit une partition P ∈ P(T), sa taille |P| est
égale à son nombre de sous-arbres. Il existe une équivalence entre une partition P = {S1, . . . , SK}
de T en K sous-arbres et l'ensemble des arêtes (s, t) telles que s et t n'appartiennent pas au même
sous-arbre Si. Cet ensemble d'arêtes associé à la partition P est noté JP. On montre dans le
chapitre sur la segmentation d'arbre que comme T est un arbre, le nombre de ruptures |JP| est égal
à K − 1. Un exemple de partition est illustré dans la Figure 1.7.
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(a) (b)

Figure 1.7 � La �gure (a) représente un arbre de racine 1. Tous les noeuds sont représentés en
bleu. La �gure (b) représente une partition P du même arbre. L'ensemble des noeuds d'une même
couleur et des arêtes reliant ces noeuds forment les sous-arbres de P. Les arêtes grisées représentent
les ruptures associée à P. Ce sont les arêtes de l'ensemble JP.

Nous nous plaçons dans un contexte où l'on observe sur les noeuds d'un arbre T de taille n
des observations ys dont la distribution dépend totalement ou en partie du noeud s sur lequel elle
est observée. On suppose qu'il existe une partition P de T telle que les observations d'un même
sous-arbre Si ∈ P(T) suivent la même distribution.
L'objectif du chapitre 2 est d'implémenter un algorithme capable de retrouver la vraie partition P
de l'arbre T à partir de la structure de T et des observations ys pour s ∈ {1, . . . , n}.

Je vais exposer les objectifs écologiques pour mettre en lumière le lien entre l'étude de la syn-
chronie spatiale et la segmentation d'arbre. On s'intéresse au cas où l'on observe un signal réparti
sur un arbre T. Dans le cas des abondances d'espèces, on suppose qu'il existe un certain nombre
de sites d'observations répartis sur un territoire. Sur chaque site d'observation, on a accès à la
série temporelle des abondances d'une espèce sur p années. Dans certains cas, il est possible, voire
nécessaire, de représenter les sites d'observations sous la forme d'un arbre T où chaque noeud est un
site. C'est le cas, par exemple, pour un réseau de rivières. L'objectif, d'un point de vue écologique,
consiste à étudier la synchronie spatiale d'une espèce sur l'arbre T. Pour cela, nous voulons trouver
dans l'arbre T des sous-arbres sur lesquels les observations sont homogènes dans le sens où les séries
temporelles sur deux sites du sous-arbre sont synchrones.
Au premier abord, on peut envisager d'utiliser des algorithmes de clustering classiques sur T a�n
de diviser les sites en groupes homogènes. Pour cela, il faudrait dé�nir une matrice de similar-
ité, ce qui peut être fait avec la corrélation de Spearman, comme évoqué dans la première partie
de l'introduction. Cependant, nous ne voulons pas considérer les sites comme des observations sans
disposition particulière. Nous avons structuré les données sous la forme d'un arbre, ce qui complique
la tâche remplie par des algorithmes de clustering qui minimisent des distances entre les observa-
tions. Il faut ajouter des contraintes et interpréter la structure de l'arbre de façon à implémenter un
algorithme capable de retrouver des groupes homogènes tout en respectant la structure des données.
Il existe des articles qui s'intéressent au clustering sur les arbres, le problème est abordé comme
l'optimisation d'une fonction analogue à une fonction de coût [85]. Dans [85], l'algorithme atteint
un coût polynomial pour des arbres simples mais est NP dans des cas critiques comme le graphe
étoile. Cependant, les auteurs n'utilisent pas vraiment de modèle sur les arbres et les fonctions de
coût di�èrent des nôtres.
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Nous modélisons les séries temporelles des abondances sur les sites, par exemple par des lois de
Poisson. Sur le site s, les abondances de l'espèce suivent une loi de Poisson dont la moyenne pour
chaque année j est stockée dans un p-vecteur moyenne ms.

ys,j ∼ P
(
m(j)
s

)
, (1.18)

où m
(j)
s est le j-ième coe�cient de ms.

la matrice de taille n × p dont les lignes sont les vecteurs ms pour tout s ∈ V(T) est notée
m. Nous supposons que si l'espèce considérée est synchrone sur deux sites de l'arbre T, alors les
variations des paramètres des lois seront arbitrairement proches sur ces deux sites. Dans un cas idéal,
les variations des abondances de l'espèce sur deux sites synchrones sont proportionnelles. Même en
se plaçant dans le cas idéal, nous savons que la variance des lois de Poisson est élevée dans le sens où
elle est égale à la moyenne de la loi. Il n'est donc pas toujours évident de déterminer si les variations
des moyennes des lois de deux observations est la même. De plus, dans le cas des données réelles,
il faut ajouter un bruit qui est dû au protocole de collecte des données, mais également prendre en
compte les particularités environnementales de chaque site, ce qui rend la comparaison des séries
temporelles sur deux sites di�érents délicate. Nous n'allons pas modéliser le bruit lié au protocole
de collecte des données. Mais, pour rendre compte d'un "e�et site" qui représente les variations des
abondances d'espèces qui sont dues aux particularités de chaque site s, nous adaptons la forme de
la moyenne de la distribution des observations.

m(j)
s = eαs+bs,j (1.19)

où αs est un e�et site qui ne dépend que de s, et bs,j est un paramètre qui dépend de l'année j et
du site s et représente les variations d'abondances.
Notre objectif est de trouver une partition des n noeuds de T en K sous-ensembles sur lesquels les
séries temporelles d'abondances sont synchrones. Pour nous, cela revient à trouver une partition de
T telle que, quelle que soit l'année j, le paramètre bs,j est le même pour tous les sites du sous-arbre.
Soit P =

(
S1, . . . , SK

)
la vraie partition des observations de T en K groupes de sites sur lesquels les

séries temporelles d'abondances sont synchrones, alors les sites s faisant partie d'un même sous-arbre
Si partagent le même paramètre bs,j . Le paramètre bs,j ne dépend plus du site, mais du sous-arbre
Si de la vraie partition de T auquel s appartient. Soit P = {S1, . . . , SK} une partition de taille K
de T alors la log-vraisemblance l (y,m,P) s'écrit :

l (y,m,P) =
∑
Si∈P

∑
s∈Si

p∑
j=1

− log (ys,j !)− eαs+bSi,j +ys,j (αs + bSi,j) (1.20)

En dérivant selon les paramètres, nous trouvons que les α̂s et les b̂Si,j qui minimisent la vraisem-
blance (1.20) admettent les expressions suivantes :

α̂s =

∑p
y=1 ys,j∑p
y=1 eb̂Si,j

b̂Si,j =

∑
s∈Si ys,j∑
s∈Si eαs

(1.21)

Comme le problème est sur-paramétré, il faut ajouter une contrainte sur les paramètres, sinon il
existe une in�nité de solutions. La contrainte prend la forme

∑
s∈Si ebSi,j = 1 pour tout j entre 1

et p. Cela donne �nalement une formule explicite pour la log-vraisemblance (1.20). On remarque
que celle-ci dépend principalement de la partition P et il en est de même pour les paramètres α̂s
et b̂Si,j . Comme les paramètres dépendent de la partition, la matrice contenant les paramètres
obtenus avec la partition P est notée m(P). Nous montrons dans le chapitre dédié qu'en choisissant
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judicieusement une fonction de pénalité pen(P) qui pénalise la taille des partitions, la partition
optimale P est la partition qui minimise moins la log-vraisemblance pénalisée.

P = min
P∈P(T)

−l (y,m,P) + pen(P). (1.22)

J'ai pris la décision d'illustrer le processus en choisissant le modèle (1.18) avec ms selon (1.19),
mais des résultats similaires sont obtenus avec d'autres modèles, comme une loi Binomiale négative,
ou même des lois continues comme des lois gaussiennes. Dans le cas gaussien, ce sont les moindres
carrés pénalisés qu'il faut minimiser sur les partitions possibles de T.

Il est possible de caractériser une partition de T comme l'ensemble de ses sous-arbres ou comme
un ensemble d'arêtes qui représentent les ruptures de distributions entre les sites. Il est donc équiv-
alent de chercher la partition P de l'arbre T qui minimise la log-vraisemblance (1.20) ou de chercher
les ruptures dans la distribution de l'échantillon correspondant à la même partition.
Notre problème se ramène alors à un problème de détection de ruptures, sujet que l'on trouve abon-
damment dans la littérature. Cependant, si la détection de ruptures sur les chaînes est un problème
largement étudié, il n'existe quasiment aucun article sur la détection de ruptures dans le cas plus
général des arbres. Pourtant, certaines données ne peuvent pas être représentées linéairement et
développer un algorithme capable de détecter les ruptures dans la distribution d'observations sur
les arbres est utile pour traiter des données comme les arbres phylogénétiques ou pour l'analyse
d'images et de vidéos [65, 91].

Pour revenir à l'étude de la synchronie spatiale, la détection de ruptures sur les arbres nous
permet d'étudier sur un territoire les zones de synchronie d'une espèce et, éventuellement, grâce
à l'expertise d'écologues, de déterminer les facteurs géographiques responsables de la synchronie
spatiale, ou des ruptures dans la distribution d'un échantillon.

1.3.2 Etat de l'art

Comme évoqué plus haut, il existe une très large littérature dans le cas de la détection de rupture
sur les chaînes. Commençons par formaliser le problème et ses notations.
On se place dans le cas où T est une chaîne. On observe un processus ys ∈ Y qui est indexé par
les noeuds de T. L'objectif est de trouver la partition P de T telle que les observations d'un même
sous-arbre de P ont la même distribution. Le modèle que l'on a introduit pour la synchronie spatiale
est une variante d'un problème spéci�que au sein de la détection de rupture qui cherche à détecter
des ruptures dans la moyenne des observations. Dans le cas gaussien, le modèle correspondant à ce
problème est le suivant :

ys = µs + εs, (1.23)

où µs est la moyenne de la loi de ys et εs une variable aléatoire normale centrée et de variance σ
connue.

Dans le cas des chaînes, les sous-arbres de T sont des segments de la forme [(τs + 1); τs+1] avec
τ0 = 0 et τK = n et les ruptures sont les arêtes {τs, τs + 1} for s = 1, . . . ,K − 1. Donc P note la
collection de partitions de {1, . . . , n} en plusieurs segments.

Au �l du temps et des articles, de nombreuses méthodes visant à résoudre le problème de la
détection de ruptures sur les chaînes ont vu le jour. Deux di�cultés principales se posent :

• Le nombre de ruptures dans la vraie partition de T est le plus souvent inconnu.

• Il existe un grand nombre de possibilités pour les emplacements des ruptures dans T.
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Pour un arbre T de taille n, il existe
(
n−1
K−1

)
possibilités pour placer les K ruptures parmi les

arêtes de T. Si en plus la valeur de K est inconnue, alors il faut tester 2n−1 partitions di�érentes et
les comparer. Cela donne une complexité exponentielle pour un algorithme naïf qui testerait toutes
les partitions possibles et choisirait la meilleure d'entre elles selon un critère choisi. La plupart
des méthodes développées pour pallier ce problème font face à un dilemme entre une complexité
algorithmique relativement faible, jusqu'à n log n pour la Binary Segmentation [39], et l'assurance
de trouver la partition optimale de la chaîne T.

Je vais désormais introduire des méthodes classiques de résolution du problème de détection de
ruptures sur les chaînes.

La segmentation Binaire, ou Binary Segmentation est une procédure de dichotomie gloutonne
qui a été introduite par [124]. L'algorithme coupe récursivement l'arbre en deux en minimisant un
certain critère, comme CUSUM [39]. La plupart du temps, cette méthode est utilisée dans le cas
de la détection de ruptures de la moyenne (1.23) mais il est également possible d'étendre son utili-
sation à la détection de ruptures dans la covariance des observations comme dans [127]. Un critère
d'arrêt est sélectionné a�n d'arrêter l'algorithme quand il ne détecte plus de rupture signi�cative
dans la distribution des données. Comme une fois qu'une rupture a été détectée par l'algorithme,
elle ne peut plus être enlevée de la partition qui est en cours de construction, il est possible que
l'algorithme ne produise qu'une partition sous-optimale de l'arbre. Fryzlewicz propose une modi�ca-
tion de l'algorithme dans [39] appelé WBS pour Wild Binary Segmentation qui s'avère être consistent.

Toujours dans le cas de la détection de ruptures dans la moyenne des observations, Tibshirani
et al. [118] proposent une procédure de Lasso fusionné, Fused Lasso en anglais, qui a pour but de
minimiser le critère pénalisé :

θ̂λ = arg min
θ∈Rn

n∑
i=1

(yi − θi)2 + λ
n−1∑
i=1

|θi+1 − θi| , (1.24)

où λ est un paramètre de pénalisation. La quantité θ̂λ obtenue donne les ruptures de la partition op-
timale. Le critère (1.24) est convexe et il est prouvé qu'on peut le calculer en un temps quasi-linéaire.
La pénalité λ

∑n−1
i=1 |θi+1 − θi| oblige le vecteur θ̂ à être constant par morceaux. Si les ruptures de

la vraie partition sont réparties régulièrement le long de la chaîne T, il est montré dans [47] que l'on
retrouve la vraie partition des observations à une vitesse proche de l'optimale. Cependant, lorsque
cette contrainte sur la répartition des ruptures n'est pas respectée, la procédure de Fused Lasso est
moins performante que d'autres algorithmes qui seront introduits dans la suite. Il existe d'autres
méthodes qui sont référencées pour la plupart dans un papier récent [121] de Truong. Nous n'avons
présenté ici que deux méthodes parmi les plus populaires mais nous pouvons également mentionner
le kernel change-points algorithm [4, 40].

La méthode qui nous intéresse particulièrement et que l'on souhaite adapter au cas des arbres
s'appelle procédure de minimisation de coût, Minimization Cost Procedure en anglais. Comme
l'objectif du chapitre est d'implémenter un algorithme de segmentation sur les arbres basé sur la
minimisation de coût, je vais introduire les notations et les dé�nitions qui lui sont associées dans le
cas des arbres. Je préciserai en plus certains changements de notations dans le cas des chaînes, dans
le but d'être cohérente avec les notations qui existent dans la littérature.

L'objectif principal de la procédure de minimisation de coût est de minimiser sur toutes les
partitions possibles P de T, une fonction de coût notée CostT(P) et qui est linéaire en les sous-
arbres de la partition P.

CostT(P) =
∑
Si∈P

CSi . (1.25)
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où CSi est le coût d'un sous-arbre Si ∈ P. On note KP +1 la taille de la partition P. La fonction de
coût doit être déterminée à l'avance. Dans le cas des séries temporelles d'abondances, il est possible
de choisir CostT(P) égal à moins la log-vraisemblance de l'échantillon observé. Dans ce cas, le coût
d'un segment Si peut être égal à moins la log-vraisemblance des observations sur Si. Les moindres
carrés sont aussi souvent utilisés dans les procédures de minimisation de coût.
En général, on est libre de choisir la fonction de coût qui correspond le mieux aux données, mais
cette fonction doit respecter (1.25) ainsi que la propriété suivante.
Soit T un arbre et S1 et S2 deux sous-arbres d'intersection nulle de T tels que leur union est égale
à T, alors la fonction de coût doit respecter

CT ≥ CS1 + CS2 . (1.26)

En théorie, il faut choisir une fonction de coût qui est minimisée par la vraie partition des
observations, par exemple les moindres carrés ou moins la log-vraisemblance. Cependant, si la
fonction de coût respecte la propriété (1.26), alors si une rupture est ajoutée à une partition P de
T, le coût de la nouvelle partition est toujours inférieur à l'ancienne. Cela implique que la partition
qui minimise le coût CostT(P) est la partition où chaque arête est une rupture.
Pour pallier ce problème, deux solutions existent. La première consiste à trouver la partition P de
taille K qui minimise la fonction CostT(P), pour K entre 1 et un entier Kmax ≤ n. Ensuite, la
partition qui semble la plus proche de la vraie partition des observations est choisie parmi toute
celles qui ont été trouvées. Ce problème est appelé le cas contraint. On note P∗K(T) la partition
optimale de T en K sous arbre.

P∗K(T) = min
P∈P||P|=K

CostT(P). (1.27)

La deuxième solution consiste à ajouter une pénalité pen(P) au coût que l'on cherche à minimiser
a�n de contrôler la taille de la partition optimale créée. Ce problème est appelé cas pénalisé. On
note P∗(T) la partition optimale de T obtenue.

P∗(T) = min
P∈P

CostT(P) + pen(P). (1.28)

Cela nous renvoie à notre problème sur la synchronie spatiale où l'objectif est de trouver la par-
tition qui minimise la log-vraisemblance pénalisée ou contrainte des observations sur T. Dans le cas
des chaînes, les sous-arbres sont des segments [τi + 1 : τi+1], on peut donc remplacer les sous-arbres
Si par des segments dans (1.25) et (1.26). De plus, l'union de deux segments est un segment. Soit
s < t < v, alors [s : t] ∪ [t+ 1 : v] = [s : v]. L'arbre T de taille n qui est une chaîne peut aussi être
noté [1 : n]. En�n, dans le cas des arbres, les ruptures sont des arêtes. Dans le cas des chaînes,
comme il est équivalent de considérer une arête et l'un des deux noeuds reliés par l'arêtes, il est
fréquent dans la littérature sur la détection de ruptures sur les arbres de placer les ruptures au
niveau des noeuds plutôt que sur les arêtes.

Il a déjà été statué qu'implémenter un algorithme qui résoudrait (1.27) ou (1.28) en testant
toutes les partitions possibles aurait une complexité algorithmique exponentielle. Il est parfois pos-
sible, grâce à la théorie du domaine d'où sont issues les données, de réduire l'ensemble des partitions
possibles à un espace plus petit. Cependant, même quand cela reste rare et n'est en général pas
su�sant pour réduire la complexité algorithmique à une complexité polynomiale. Le problème de la
génération de toutes les partitions possibles trouve sa solution dans la Programmation Dynamique.
Dans un article datant de 1954, Bellman [10] introduit les équations du même nom, qui permettent
de réduire le coût des procédures d'optimisation grâce à une récurrence. La contribution de Bellman
est à la source de la création d'algorithmes de programmation dynamique.

Dans le cas de la minimisation du coût constraint (1.27), cela permet de calculer la partition
optimale de T enK segments notée P∗K en un temps quadratique comme c'est le cas dans l'algorithme
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de Auger et Lawrence [5]. Le principe général dans notre cas repose sur le fait que la partition
optimale P∗K de taille K du graphe chaîne [1 : n] est l'union de la partition optimale du segment
[1 : τ ] pour un certain τ < n en K − 1 segments et du segment [τ + 1 : n]. Il est donc possible de
trouver de façon itérative la partition optimale de [1 : t] en k segments, dont le coût est noté Ck

[1:t],
sachant le coût de la partition optimale de [1 : s] pour s plus petit que t en k − 1 segments.

Ck
[1:t] = min

s<t
Ck−1

[1:s] + C[s+1:t] (1.29)

où C[s+1:t] est le coût du segment [s+ 1 : t].

Auger et Lawrence se sont basés sur les travaux de Bellman dans [5] pour implémenter un algo-
rithme appelé Segment Neighborhood, abrégé en SN, qui trouve la partition optimale d'une chaîne
de taille n en K segments, pour tout K entre 1 et n, avec une complexité de O(Kn2) opération.
Cette complexité est atteinte si le temps de calcul de chaque segment de [1 : n] est une constante.
Dans l'algorithme SN, il faut produire les partitions optimales de la chaîne en K segments pour
K variant entre 1 et un certain entier Kmax puis sélectionner la meilleure ce qui constitue à la fois
un avantage et un inconvénient. S'il peut être pratique d'avoir accès à des partitions de [1 : n] de
di�érentes tailles, il est également coûteux de devoir construire plusieurs partitions.

Plus récemment, Jackson et al. [55] ont développé un algorithme appelé Optimal Partitioning,
ou OP, capable de retrouver la partition optimale de [1 : n] en résolvant la minimisation de coût
pénalisé (1.28). Dans ce cas, l'équation de récurrence utilisée dans l'algorithme pour construire la
partition optimale P∗[1:t] de [1 : t] s'écrit :

P∗[1:t] = min
s<t

P∗[1:s] + C[s+1:t] +β. (1.30)

Dans l'article de Jackson et al [55], les auteurs utilisent une pénalisation linéaire où la taille de la
partition donc, de façon équivalente, soit le nombre de ruptures soit le nombre de segments sont
pénalisés.

pen(P) = β (KP − 1) (1.31)

où β est un paramètre de pénalité à choisir judicieusement. Avec cette forme de pénalité, chaque
rupture d'une partition ajoute une constante β au coût de la partition. Si le paramètre β est bien
choisi, la partition obtenue est la vraie partition de la chaîne. Un β trop petit ou trop grand donnera
une partition trop grande, respectivement trop petite en termes de nombre de segments.
Si la pénalité est linéaire, elle est peut être directement incluse dans le coût de chaque sous-arbres
d'une partition. Le choix de la pénalité et dans ce cas du paramètre β est crucial pour permettre à
l'algorithme de retrouver la vraie partition de [1 . . . , n].

En général, il existe un large choix de pénalité pour la fonction pen(P) dans (1.28).
Supposons que l'on se place dans le modèle gaussien univarié avec une variance constante σ2 connue.
Il est montré dans Lebarbier [71] que si l'on pénalise les moindres carrés par une pénalité concave de
la forme pen(P) = σ2 [c1|P|+ c2|P| log(n/|P|)] avec des constantes c1 et c2 judicieusement choisies,
il est possible d'estimer le vecteur des moyennes des observations à une distance presque optimale et
donc obtenir un bon estimateur de la vraie partition des observations. Les travaux de Lebarbier sont
eux même inspirés de la sélection de modèle de Massart [87]. La pénalité introduite dans ce cas est
concave, il n'est donc pas possible de l'utiliser dans l'algorithme OP de Jackson et al. qui requiert
une pénalité linéaire. Pour pallier ceci, il est possible d'utiliser une pénalité linéaire dans l'algorithme
qui correspond à la pénalité concave de Lebarbier. Pour cela, il faut montrer le paramètre β de la
pénalité linéaire est lié à la dérivée de la pénalité concave et il est possible de mettre au point une
stratégie de mise à jour du paramètre β. Après avoir choisi une valeur initiale pour β, l'algorithme
OP, ou un autre algorithme similaire, est itéré. Supposons que la partition construite est de taille
k. Le β est mis à jour grâce à la dérivée de la pénalité concave en k et on recommence jusqu'à

29



convergence. Cette méthode proche d'une descente de gradient est entièrement inspirée de l'article
de Killick et al. [64].

Si la variance n'est pas connue, comme avec certains jeux de données réelles, la sélection de
modèle pour un modèle gaussien devient plus compliquée. Quand la variance est connue, moins
la log-vraisemblance de l'échantillon est égal au coût des moindres carrés. Si ce n'est pas le cas,
l'expression de la log-vraisemblance est beaucoup moins agréable à appréhender et cela génère des
di�cultés à la fois pour minimiser le coût pénalisé et pour trouver la pénalité qui permet d'obtenir
la partition optimale. A�n de pallier ce problème annexe, l'article de Baraud, Giraud et Huet [8]
propose des pénalités adaptées pour di�érentes applications de la sélection de modèle sur des obser-
vations gaussiennes de variance inconnue.

Pour revenir au choix de la pénalité dans OP, les cas où la variance σ2 n'est pas connue ou d'une
distribution de familles exponentielles sont abordés dans [71] et [22]. Des résultats similaires sont
montrés dans [4, 40] pour le kernel change-points algorithm.

Dans les algorithmes SN et OP, un coût est minimisé sur la dernière rupture de la partition
de [1 : t] pour t de 1 à n. L'algorithme donne naturellement en sortie la meilleure partition de la
chaîne [1 : n]. La complexité de ces algorithmes est de l'ordre de Kn2 ou n2 ce qui est une énorme
amélioration par rapport à la complexité exponentielle de la méthode naïve mais qui reste élevée
surtout lorsque l'on a a�aire à de gros jeux de données. Pour des gros jeux de données, seule-
ment les algorithmes capables de détecter les ruptures en un temps quasi-linéaire son envisageables.
Heureusement, de nombreux articles traitent le sujet en proposant des méthodes d'élagages a�n de
réduire considérablement la complexité des algorithmes existants. L'élagage repose sur un principe
simple, à l'étape t, plutôt que de minimiser le coût ou le coût pénalisé sur un ensemble de taille t−1,
qui correspond à tous les noeuds plus petits que t, on va minimiser sur un ensemble plus petit, en
se débarrassant de certains noeuds qui ne peuvent pas être des ruptures dans la partition optimale.
Pour déterminer les noeuds à retirer de l'ensemble que l'on cherche à minimiser, l'algorithme véri�e
qu'ils respectent certains critères.

Ce sont Killick et al. [64] qui proposent un premier article sur l'élagage pour l'algorithme OP
dans [64], créant l'algorithme PELT. L'idée générale de PELT est de se débarrasser des partitions
dont on sait qu'elles sont sous optimales dans les étapes de minimisation du coût. Si une partition
de [1 : t] telle qu'il existe une rupture en s possède un coût plus grand qu'un certain seuil, alors s ne
peut pas être une rupture dans la partition optimale de n'importe quel segment de [1 : t′] avec t′ plus
grand que t. Il n'est donc pas nécessaire de considérer s comme une rupture dans les futures étapes
de minimisation de l'algorithme OP. L'algorithme PELT permet de trouver la partition optimale
des observations sans contrainte sur la taille de celle-ci. Dans le pire des cas, la complexité reste
quadratique car l'élagage n'est pas possible, mais dans certains cas particuliers, comme quand il y a
beaucoup de ruptures dans la vraie partition, il est possible d'atteindre une complexité linéaire.
L'élagage de PELT se formalise de la façon suivante.
Le coût doit respecter une contrainte supplémentaire. Soit s < τ < t, alors il existe une constante
κ telle que :

C[s:τ ] + C[τ :t] +κ ≤ C[s:t] . (1.32)

Dans ce cas, l'algorithme d'élagage de Killick et al. [64] assure que si pour un certain τ plus petit
que t l'inégalité :

Cost[1:τ ](P
∗
[1:τ ]) + C[τ+1:t] +κ > Cost[1:t](P

∗
[1:t]), (1.33)

est véri�ée, cela implique que τ ne peut pas minimiser l'équation (1.30) pour tout s plus grand que
t. En d'autres mots, τ ne peut pas être une rupture dans la partition optimale de tout segment
[1 : s] pour s plus grand que t et à fortiori ne peut pas être une rupture dans la partition optimale
de [1 : n]. Il devient alors possible de ne plus considérer τ dans l'ensemble des dernières ruptures
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sur lequel on minimise dans (1.30).

Au prix de conditions plus fortes sur la fonction de coût, il existe un autre type d'élagage qui
s'appelle l'élagage fonctionnel. Celui-ci est introduit dans un article de Rigaill [103] qui applique
cette méthode d'élagage à l'algorithme SN. Plus tard, l'article de Maidstone et al. [83] généralise
l'élagage fonctionnel à l'algorithme OP et montre que l'élagage fonctionnel est toujours plus e�cace
que l'élagage PELT.

Notre objectif est d'adapter l'algorithme PELT au cas des arbres a�n de pouvoir l'utiliser sur
des données d'abondances. En plus de l'étude de la synchronie spatiale, l'algorithme implémenté
est utile dans d'autres contextes déjà évoqués en début de sous-section. En adaptant naïvement
l'algorithme OP, sans ajouter l'élagage PELT, la complexité de l'algorithme sera exponentielle. En
e�et, si le nombre de partitions sur un arbre ou sur une chaîne sont égaux, ce n'est pas le cas pour
le nombre de derniers segments. Lorsque la relation de récurrence qui nous permet de construire
toutes les partitions grâce à la Programmation Dynamique est utilisée, le coût est minimisé sur les
dernières ruptures possibles dans la partition, ce qui signi�e le dernier segment de la partition. Dans
le cas des arbres, nous voulons minimiser sur l'ensemble des derniers sous-arbres qui remplacent les
derniers segments du cas chaîne. Si le nombre de derniers segments de la partition d'une chaîne
est au plus n, le nombre de sous-arbres de la partition d'un arbre est exponentiel en la taille de n,
même pour des arbres binaires. Plus généralement, tout algorithme de détection de ruptures sur les
chaînes par minimisation de coût que l'on adapte au cas des arbres sans méthode d'élagage sou�rira
d'une complexité algorithmique exponentielle.

Par conséquent, un algorithme de détection de ruptures sur les arbres ne peut se passer d'une
phase d'élagage, d'où l'intérêt de véri�er que l'élagage PELT est possible dans notre modèle. En
plus de l'adaptation de la relation de récurrence nécessaire à la Programmation Dynamique et de
l'élagage PELT, nous voulons pouvoir faire de la sélection de modèle pour des données multivariées.
Ainsi, un de nos objectifs est de trouver une pénalité permettant d'obtenir la partition optimale des
données dans le cas où celles-ci sont multivariées.

L'étude de la synchronie spatiale, en dehors de la structure d'arbre que l'on a choisi, est l'objet de
plusieurs articles. Dans [43], les auteurs proposent une méthode statistique pour identi�er des régions
géographiques possédant des dynamiques de population synchrones à partir de données d'abondance
basé sur la minimisation de la log-vraisemblance pénalisé des observations. Si certains aspects de
leur procédure sont proches de la notre, leurs travaux n'exploitent pas la structure spéci�que des
arbres.

En sortant du contexte des procédures de minimisation de coût, et dans le cas de graphes
quelconques, il est possible d'étendre l'estimateur obtenu grâce au Fused Lasso en utilisant la pénalité∑
{i,j}∈E |θi−θj |. Cette méthode est parfois appelée en anglais total variation denoising [53] ou trend

�ltering sur les graphes [131]. Le critère choisi est convexe, il est donc possible de l'optimiser. Dans le
cas très spéci�que de la détection de ruptures dans la moyenne (1.23) d'observations univariées, Fan
et Guan [34] proposent une méthode d'approximation pour minimiser les moindres carrés pénalisés
par le nombre de ruptures. Cependant, il est très compliqué d'étendre cette méthode à un modèle
plus général. Le cas des graphes quelconques est un sujet beaucoup plus délicat que la segmentation
sur les arbres abordée dans ce chapitre. C'est pour cela que nous nous concentrons sur le projet plus
réaliste d'implémenter un algorithme capable de retrouver la partition optimale des observations
réparties sur un arbre T, plutôt que de considérer le cadre plus général des graphes quelconques.
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1.3.3 Notre contribution - résultats

Notre contribution se divise en plusieurs parties.
Dans un premier temps, nous nous intéressons à l'aspect algorithmique des procédures de minimisa-
tion du coût sur les arbres. S'il existe une littérature très riche sur le sujet dans le cas de la détection
de rupture sur les chaînes, nous n'avons pas connaissance de résultats sur les arbres. Il n'est mal-
heureusement pas envisageable d'étendre les algorithmes de Programmation Dynamique [10] au cas
des arbres à cause de la di�érence de structure entre les chaînes et les arbres. Si des algorithmes
comme ceux de Auger et Lawrence[5] ou de Jackson et al. [55] atteignent une complexité quadratique,
leur adaptation aux arbres aurait un coût exponentiel. Ainsi, Réalisant qu'une stratégie d'élagage
sera nécessaire pour implémenter un algorithme de segmentation sur les arbres, nous nous sommes
inspirés des travaux de Killick [64] et de son algorithme PELT a�n de diminuer la complexité algo-
rithmique.

Nous avons formalisé toutes les notations des chaînes au cas des arbres. La récurrence de Pro-
grammation Dynamique (1.28) doit être repensée pour le cas des arbres. Nous enracinons dans un
premier temps l'arbre T. Toutes les partitions de sous-arbres engendrés par des noeuds de T sont
dé�nies par leur dernier sous-arbre. Plus précisément, soit Ts le sous-arbre engendré par s ∈ V(T),
alors la racine de Ts est s. Une partition P de Ts est dé�nie par le sous-arbre de racine s. Dans
le cas des chaînes, une partition était dé�nie par son dernier segment, ou sa dernière rupture de
manière équivalente.
L'algorithme que nous proposons est capable de construire tous les derniers sous-arbres de Ts, et
donc toutes les partitions possible de Ts, à partir des derniers sous-arbres des Tt pour t enfant de
s. La �gure 1.8 illustre notre procédure.
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(a) (b)

Figure 1.8 � Cette �gure illustre comment nous construisons le dernier sous-arbre d'une partition
de T1 à partir des derniers sous-arbres de partition de T2 et T3. Sur la �gure (a), nous considérons
en rouge le dernier sous-arbre d'une partition P(2) de T2 et en vert le dernier sous-arbre d'une
partition P(3) de T3. Le noeud 1 est représenté en gris, nous ne le prenons pas en compte dans
cette �gure, c'est pour cela que les arêtes entre 1 et ses enfants sont pointillées. Les autres noeuds
sont représentés en bleu, ils font partie d'autres sous-arbres des partitions P(2) et P(3). La �gure
(b) représente en rouge le dernier sous-arbre de la partition P(1) créée à partir des partitions P(2)

et P(3). Le sous-arbre rouge de la �gure (b) est dé�nie par l'union du noeud 1 et des noeuds rouge
et vert de la �gure (a) ainsi que des arêtes qui relient ces noeuds. Dans les deux �gures, les arêtes
pleines et grises représentent les ruptures des di�érentes partitions tandis que les arêtes pleines et
noires représentent les arêtes qui relient deux noeuds d'un même sous-arbre.

Ensuite, nous avons réécrit le théorème d'élagage de PELT au cas des arbres. Le principe de
l'élagage PELT dans les arbres est similaires au cas des chaînes. La di�érence réside dans le fait
que les derniers segments, ou dernières ruptures, sont remplacés par les derniers sous-arbres. A�n
d'élaguer certaines partitions, le théorème d'élagage de Killick et al. [64] s'adapte aux arbres de la
façon suivante. Soit Ts le sous-arbre de T engendré par s, si une partition P(Ts) est telle que son
coût est supérieur au coût de la partition optimale de Ts plus le paramètre de pénalisation β, alors
le dernier sous-arbre de P(Ts) ne peut pas être un sous-arbre de la partition optimale de T. Ce sous-
arbre ne sera plus utilisé a�n de construire des partitions des noeuds dont s est le descendant. Nous
pouvons alors enlever ce dernier sous-arbre de l'ensemble sur lequel le coût pénalisé est minimisé à
chaque future étape de l'algorithme. Dans la �gure 1.8, nous avons représenté la construction des
derniers sous-arbres des partitions des sous-arbres de T engendrés par les noeuds s ∈ V(T). Pour
illustrer l'élagage PELT adapté au cas des arbres, supposons que le sous-arbre rouge, que l'on note
S, dans la �gure 1.8a engendre une partition non optimale de T2. Alors nous prétendons que le
sous-arbre rouge de la �gure 1.8b ne peut pas être associé à une partition optimale de T1. Il est
donc possible de retirer le sous-arbre S lorsque nous construisons les derniers sous-arbres de T1 à
partir de ceux de T2 et T3. La procédure est expliquée plus en détails et de façon plus formelle dans
le chapitre sur la segmentation d'arbres.

Dans un second temps, nous nous plaçons dans le modèle Gaussien multivarié et dans le cas de
la détection de ruptures dans la moyenne des distributions (1.23) sur des arbres. Nous nous basons
sur les travaux de Lebarbier [71] pour le modèle univarié a�n d'introduire une pénalité concave spé-
cialement adaptée à la fonction de coût des moindres carrés pénalisés et au modèle étudié, et telle
que l'estimateur P̂ associé atteigne des performances statistiques proches de l'optimum.
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Notre algorithme est utilisé sur des données de pêche donnant les séries d'abondances de dif-
férentes espèces de poissons sur le réseau de rivières du Bassin de la Loire en France.

Nous avons implémenté un algorithme de détection de ruptures sur les arbres avec Rcpp. Ce
dernier peut être utilisé avec deux fonctions de coût di�érentes : les moindres carrés, et la log-
vraisemblance pour un échantillon i.i.d. issus d'un modèle de Poisson multivariée. Le code est
disponible à l'url suivante https://github.com/Sosotitili/Tree-Segmentation.git.

1.4 Synchronie interspéci�que

1.4.1 Motivations

Le troisième chapitre de ma thèse concerne des travaux exploratoires sur des données d'abondances
de papillons. Dans ce chapitre, nous développons une méthodologie a�n de modéliser des données
issues des sciences participatives et d'analyser la synchronie inter-espèces au sein de la communauté
formée par les observations. Le cadre est très proche de ce qui a été présenté au tout début de cette
introduction, il est donc possible que certaines informations se répètent, mais elles sont nécessaires
à la bonne compréhension des travaux menés dans ce chapitre.

J'ai déjà évoqué au début de l'introduction la popularité de l'étude de la stabilité des com-
munautés en écologie. La stabilité des communauté est très liée aux notions de diversité et de
synchronie. Beaucoup de travaux s'intéressent aux liens entre la stabilité et la synchronie, parti-
culièrement pour des communautés de plantes. Cependant, la relation diversité³-synchronie a été
beaucoup moins étudiée dans les communautés animales. Cela peut être en partie dû à la di�culté
d'avoir des données d'abondances exploitables lorsque l'on s'intéresse à des espèces mobiles qui se
cachent des êtres humains. Cependant, au vu du contexte actuel de changements globaux et de
la grande contribution des espèces animales dans les fonctions des écosystèmes (la pollinisation, la
dispersion des graines, ou la propagation de maladies, etc.), il est très important de comprendre les
éléments moteurs de la stabilité d'un écosystème et l'impact de la dégradation de l'habitat ou des
changements climatiques sur les communautés.

Dans ce chapitre, nous nous intéressons plus précisément à la synchronie au sein des �uctuations
temporelles des abondances d'espèces animales. Les tendances temporelles à long terme intéressent
particulièrement les écologues comme en témoignent les nombreux programmes de surveillance dédiés
à diverses espèces [20, 82]. Elles permettent d'étudier et de prévoir le déclin ou, au contraire, la
prospération des communautés et d'agir en conséquence. Nous supposons que si les espèces qui
partagent la même tendance temporelle à long terme sont dans le même groupe de synchronie,
alors il est attendu que certains groupes de synchronie s'éteignent, impactant signi�cativement les
dynamiques de population et la stabilité au sein de l'écosystème. Les raisons des �uctuations des
séries temporelles d'abondances sont fortement liées aux changements de l'environnement et à la
compétition entre les espèces [50, 57]. Il est possible que la sensibilité plus ou moins forte de chaque
espèce aux di�érents facteurs environnementaux s'explique en grande partie par les traits qui leurs
sont propres. Dans ce cas, les espèces d'un même groupe de synchronie partageraient des traits
similaires. Une fois les groupes de synchronie établis, il est intéressant de voir si les traits liés aux
fonctions de l'écosystème sont présents dans di�érents groupes de synchronie mais aussi si certains
traits peuvent expliquer la synchronie inter-espèces.

Nos travaux sont alors motivés par deux questions :

• Existe-t-il un lien entre la synchronie au sein d'une communauté et les tendances temporelles
à long terme ?

• Existe-t-il un lien entre la synchronie au sein d'une communauté et les traits des espèces ?
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Nous nous sommes penchés sur ces deux questions à une échelle régionale, car la synchronie
régionale est supposée être l'un des principaux moteurs de la stabilité régionale. Cette échelle
correspond également à l'échelle la plus adaptée en écologie lorsque l'on s'intéresse aux stratégies de
gestion et de conservation des écosystèmes.

1.4.2 Données et Modèle

Nous répondons à ces questions en analysant des données d'abondances de papillons réunies dans
un jeu de données couvrant le territoire de la Grande-Bretagne. Le jeu de données consiste en
des séries temporelles d'abondances entre 2006 et 2015, avec des observations journalières entre
Mars et Octobre sur plusieurs centaines de sites. Il est extrait du programme de sciences partic-
ipatives UK Butter�y Monitoring Scheme dont la procédure peut être trouvée à l'url (UKBMS,
http://www.ukbms.org/).
C'est la tendance temporelle inter-annuelle qui nous intéresse, et non pas les variations intra-annuelles
des espèces. Pour étudier les variations inter-annuelles au sein de la communauté et construire des
groupes de synchronie basés sur les séries temporelles d'abondances, nous voulons avoir accès à la
série temporelle des abondances relatives annuelles des espèces. L'abondance relative annuelle d'une
espèce représente la proportion d'une espèce par rapport aux abondances des autres espèces de la
communauté.

Malheureusement, la procédure de collecte des données engendre un manque de régularité dans
les observations. En e�et, les espèces ne sont pas forcément observées tous les jours de l'année et les
jours de collecte ne sont pas forcément les mêmes selon les sites. A cause de cela, il n'est pas possible
d'extraire directement les abondances relatives inter-annuelles. A�n de pallier ce problème, nous
prenons en compte les phénologies des espèces qui représentent les événements périodiques qui régis-
sent la vie d'un animal ou d'une plante. La phénologie est propre à chaque espèce et les phénologies
des papillons sont liées aux séries temporelles des éclosions des cocons au cours de l'année.
Pour estimer les phénologies et l'abondance relative annuelle, nous nous basons sur les travaux de
Schmucki et al. [109]. Leur approche est la suivante. Ils estiment dans un premier temps la forme
des phénologies annuelles pour chaque espèce en utilisant les abondances de l'espèce agrégées sur
tous les sites de la région. Puis la forme de la phénologie est utilisée pour prédire les données man-
quantes et corriger certaines observations pour chaque espèce. L'aire sous la courbe de la phénologie
donne un indice d'abondances annuelles de l'espèce considérée. Lorsque l'on utilise cette approche,
il est considéré que la phénologie annuelle d'une espèce est constante sur tous les sites de la ré-
gion. Cependant, il est connu que les conditions météorologiques ont un impact considérable sur la
phénologie [29, 97, 106, 112, 113, 126]. Nous devons donc partitionner les sites en régions bioclima-
tiques issues du UK Méteorology O�ce et estimer une phénologie par espèce, région et année.

Le modèle statistique proposé par [109] pour les données d'abondances est un modèle linéaire
généralisé semi-paramétrique. Soit N (i)

syd l'abondance de l'espèce i, sur le site s, le jour d de l'année
y, alors :

N
(i)
syd ∼ P

(
e

(
γ
(i)
sy +f (i)(d)

))
, (1.34)

où la fonction f (i)(d) représente la phénologie. La phénologie respecte la standardisation∑
d

exp(f (i)(d)) = 1

pour chaque espèce i. Le paramètre γ(i)
sy se décompose comme la somme d'un e�et site α(i)

s ne
dépendant pas du temps et β(i)

sy qui représente les variations inter-annuelles des abondances. C'est
ce dernier paramètre qui permet de construire les groupes de synchronie. Le modèle est ajusté en
maximant la vraisemblance des données. Une base de spline cubique est utilisée pour la phénologie.
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Dans notre cas, le modèle est légèrement modi�é en remplaçant la loi de Poisson par une Binomiale
Négative car il a été montré dans la thèse de T. Olivier [95] que la variance des observations était
très forte et que l'on obtient de bien meilleures adéquations avec une Binomiale Négative.

Une fois les paramètres γ(i)
sy estimés, le paramètre β(i)

sy = γ
(i)
sy −α(i)

s est récupéré et nous formons
une série temporelle des β par espèce et par site. Comme c'est la synchronie régionale qui nous
intéresse, nous avons besoin de créer à partir des séries temporelles inter-annuelles des espèces,
une seule série temporelle par espèce. Pour cela, nous agrégeons les variations d'abondance inter-
annuelles β(i)

sy en une variation d'abondance inter-annuelle régionale en prenant la médiane sur tous
les sites de la région.

β(i)
y = median{β(i)

sy : s ∈ UK}. (1.35)

Ici, régional correspond à l'ensemble du territoire britannique et non pas aux régions bioclimatiques
évoquées précédemment.

D'après [36], il est possible que les données soient sujettes à une tendance temporelle sur le long
terme. Ce qui se traduit par le fait que les séries temporelles sont en déclin ou en expansion. Si la
tendance est plus grande que les variations des abondances, les coe�cients de synchronie que l'on
va calculer entre les espèces risquent de ne re�éter que la tendance, et non pas les variations qui
nous intéressent. Pour éviter ce phénomène, nous calculons la tendance des séries temporelles des
β

(i)
y grâce à une régression linéaire et les β(i)

y sont corrigés en retranchant la tendance. Il reste alors
les séries temporelles des résidus β̃(i)

y que nous allons analyser dans la suite de nos travaux.

Dans les deux prochaines sous-sections, je vais présenter succinctement les méthodes et les outils
statistiques utilisés pour apporter des réponses aux deux problématiques de ce chapitre.

Etude empirique des groupes d'espèces synchrones

Notre but est de mettre en lumière des groupes d'espèces synchrones au sein de la communauté
des papillons en Grande-Bretagne, puis d'étudier la répartition des tendances temporelles parmi les
groupes de synchronie. Si les tendances temporelles sur le long terme sont réparties équitablement,
cela impliquerait une certaine stabilité de l'écosystème, alors que la concentration des tendances
temporelles dans des groupes distincts peut compromettre cette stabilité.

Dans un premier temps, nous calculons, à partir des séries temporelles des résidus calculés
précédemment, des indices de synchronie entre les espèces. Pour ce faire, nous utilisons les coe�-
cients de Spearman introduits au début de ce document. Ces derniers nous permettent de prendre en
compte uniquement les variations des séries temporelles et non pas leurs amplitudes. Nous obtenons
alors une matrice de corrélation dont les lignes et colonnes représentent les espèces et les coe�cients
ρSi,j sont les coe�cients de Spearman entre l'espèce i et l'espèce j.

Parmi les algorithmes de clustering cités précédemment, le clustering hiérarchique semble promet-
teur. Le livre de Kau�man [62] introduit parfaitement le clustering hiérarchique ainsi que d'autres
méthodes de clustering. La création d'un dendogramme permet de visualiser les distances entre les
espèces et les groupes d'espèces et ainsi d'ajuster le choix du nombre des groupes à l'analyse des
écologues. La matrice de dissimilarité, ou distance, utilisée est 1 moins la matrice des corrélations
de Spearman. Ses coe�cients sont notés di,j avec di,j = 1− ρSi,j .
Il aurait été possible d'utiliser une distance euclidienne entre les observations, mais la mesure de
synchronie dé�nit déjà une distance entre les observations. Il est alors plus judicieux d'utiliser la
matrice des corrélations comme matrice de distance.
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Etablir des liens entre groupes synchrones et traits des espèces

Une fois les groupes d'espèces synchrones estimés grâce aux travaux précédents, nous cherchons à
établir un lien entre les traits des espèces et les groupes de synchronie.

Nous avons accès à un jeu de données contenant les traits des espèces et aux labels des observa-
tions qui correspondent aux groupes de synchronie. L'analyse que nous menons dans cette partie se
découpe en deux axes.

• A quel point est-il possible de prédire les groupes de synchronie à partir des traits ?

• Parmi tous les traits, quels sont ceux qui ont la plus grande importance pour prédire les groupes
?

A�n de répondre à la première question, nous allons utiliser des algorithmes d'apprentissage
supervisés. Dans les algorithmes d'apprentissage supervisé comme les arbres de décision, Support
Vector Machine (SVM), Random Forest (RF), modèles de régressions, etc. [16, 68] les observations
du jeu de données possèdent toutes un label qui est la variable à prédire à partir du reste des vari-
ables dites explicatives. L'objectif est de construire, à partir du jeu de données, un modèle capable
de prédire le label de nouvelles observations. La procédure classique consiste à séparer le jeu de
données en un jeu de données d'apprentissage, sur lequel on entraîne le modèle grâce aux labels, et
un jeu de données de test, qui permet de tester le modèle sur de nouvelles observations et d'évaluer
ses performances. Pour entraîner le modèle, un algorithme d'apprentissage supervisé va chercher à
optimiser les paramètres d'un modèle de façon à minimiser une fonction de perte qui dépend du vrai
label et du label prédit par le modèle.

Parmi toutes les méthodes de classi�cation qui existent et dont on peut trouver les détails
dans [68], nous avons sélectionné deux algorithmes. Le premier est l'algorithme Random Forest [16],
basé sur les arbres de décision. Un des avantages de cet algorithme est qu'il est adapté à tous types
de jeux de données. Notre jeu de données de traits comporte aussi bien des variables numériques
que des variables catégorielles. Cela n'est pas un problème lorsque l'on utilise Random Forest car
la méthode repose sur la construction d'arbres de décision dans lesquels chaque noeud comporte un
test sur l'une des variables du jeu de données. L'algorithme construit, à partir d'un jeu de données
d'entraînement, un certain nombre d'arbres de décision dont les feuilles donnent le groupe estimé
de l'observation. La classi�cation d'une nouvelle observation est votée à la majorité des arbres de
décision.

La deuxième méthode de classi�cation a été choisie pour son e�cacité. Les réseaux de neurones
arti�ciels s'inspirent du fonctionnement et de la structure du cortex cérébral humain. L'utilisation
massive des réseaux de neurones dans des problèmes d'apprentissage supervisé est relativement
récente alors que l'idée à l'origine des algorithmes connus aujourd'hui remonte aux années 1950
dans un article de biologie [74]. Une description plus complète du fonctionnement des réseaux de
neurones est donnée dans les annexes du chapitre trois de ma thèse. Le livre [45] est une bonne
introduction aux réseaux de neurones et au deep learning. J'explique ici brièvement ses mécanismes.
L'idée est de construire un réseau qui se compose de plusieurs couches de neurones. Le signal va
parcourir le réseau, neurone par neurone. A chaque neurone sont associés un poids, un biais et
une fonction dite d'activation qui permettent de transformer le signal selon les objectifs du modèle.
En entrée, on donne les valeurs des variable explicatives d'une observation. En classi�cation, les
neurones de sortie peuvent donner le groupe auquel l'observation est assignée ou une probabilité
d'appartenance à chaque groupe. Grâce à une méthode d'optimisation, l'algorithme utilise un jeu
de données d'entraînement pour choisir les poids et les biais qui permettent de prévoir au mieux le
groupe de l'observation. Il est ensuite capable de prédire le label de nouvelles observations.
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Les réseaux de neurones sont plus capricieux que l'algorithme Random Forest et un certain nom-
bre de modi�cations doivent être faites sur les données avant de pouvoir les utiliser. Par exemple, les
données doivent obligatoirement être renormalisées, ce qui n'est pas le cas avec les Random Forest,
et un réseau de neurones arti�ciel ne prend pas de variables catégorielles en entrée. Même si les
réseaux de neurones sont utilisés dans un très grand nombre de domaines comme la reconstruction
d'image [136], la prise de décision en �nance [120], etc. il est rare de les voir appliqués à des données
d'abondances en écologie. Pour cette raison, nous avons utilisé des réseaux simples et de petites
tailles a�n d'avoir un premier aperçu des résultats qu'il est possible d'obtenir sur ce type de jeu de
données.

Dans un second temps, nous nous intéressons aux variables les plus importantes pour prédire les
groupes de synchronie. Pour cela, nous utilisons des fonctions R déjà implémentées provenant des
package caret [38] et NeuralNetTools [9]. Pour les Random Forest, nous utilisons les méthodes
Decreasing Gini ou Decreasing Accuracy. La première méthode consiste à calculer l'importance des
variables en se basant sur l'indice Gini, un indice calculé pendant la construction des arbres de
décision qui permet de choisir quelle variable est sélectionnée comme variable test à chaque noeud
de l'arbre. Nous regardons alors à quel point la somme des indices Gini de l'ensemble de l'arbre
décroit si l'on enlève une des variables du jeu de données. Plus la valeur de la somme décroît, plus
la variable en question a un impact sur la décision �nale du modèle. Dans le cas de Decreasing
Accuracy, le principe est le même que Decreasing Gini mais en se basant sur la précision du modèle.
Dans le cas des Réseaux de Neurones, nous privilégions la méthode Olden [94] qui utilise des ratios
des poids du réseaux pour attribuer à chaque variable une valeur d'importance.

Les valeurs calculées re�ètent à quel point les di�érentes variables ont un impact sur le modèle
destiné à prédire le groupe de synchronie des espèces. Souvent, un petit groupe de variables se
détache du reste avec une grande valeur d'importance. Parfois, les importances décroissent lentement
entre les di�érentes variables. Dans le dernier cas, il faut s'interroger sur la �abilité des résultats.
Dans un jeu de données comme le nôtre, comprenant un grand nombre de variables explicatives,
nous aimerions réussir à isoler les variables qui sont moteurs de la synchronie.

1.4.3 Notre contribution - résultats

Malgré l'e�cacité reconnue des méthodes utilisées, nos di�érents jeux de données sont typiques des
données en écologie. Les observations sont très bruitées, avec un nombre conséquent de données man-
quantes et souvent beaucoup de variables pour peu d'observations. Même s'il est possible d'obtenir
des résultats, il peut être di�cile d'adapter les méthodes existantes sans un e�ort supplémentaire
de pré-traitement des données. La particularité des travaux présentés dans ce chapitre réside à la
fois dans les motivations écologiques sur les variations temporelles des abondances d'animaux mais
aussi dans la façon d'appliquer des méthodes classiques de clustering et d'apprentissage supervisé à
des jeux de données particuliers.

Dans le cas de l'analyse du lien entre la synchronie et les tendances temporelles sur le long terme,
nos travaux permettent de mettre en lumière la synchronie inter-spéci�que régionale des variations
des séries temporelles d'abondances parmi les espèces de papillons présentes en Grande-Bretagne.
Les écologues du Museum d'Histoire Naturelle en déduisent l'existence possible d'une dynamique de
compensation servant à stabiliser les abondances des communautés régionales de papillons. De plus,
après analyse des tendances temporelles à long terme, nous n'avons pas trouvé de distribution par-
ticulière des tendances autre que la distribution aléatoire attendue parmi les groupes de synchronie.
D'après les écologues, cela suggère que la synchronie et les tendances temporelles sur le long terme
sont induites par des facteurs environnementaux di�érents.

Dans le cas de l'étude du lien entre la synchronie et les traits des espèces, les résultats sont moins
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probants. Même si les Réseaux de Neurones donnent des résultats encourageants, nous n'avons pas
réussi à construire un modèle �able capable de prédire les groupes avec une précision satisfaisante.
Les résultats sur les importances des variables ne sont pas assez consistants pour pouvoir en dé-
duire un lien évident entre un ou plusieurs traits et les groupes de synchronie. Cependant, notre
méthodologie ouvre la porte à d'autres analyses similaires.

1.5 Informations sur les chapitres

Le premier chapitre sur l'estimation des normes de Schatten et du rang e�ectif est basé sur des
travaux communs e�ectués avec Nicolas Verzelen. Ces travaux donneront lieu à un article qui sera
publié prochainement.

Les travaux présentés dans le deuxième chapitre sur la détection de rupture dans les arbres sont
issus du travail commun de Guillem Rigaill, Nicolas Verzelen, Christophe Giraud et moi-même. Les
algorithmes implémentés l'ont été avec l'aide de Guillem Rigaill. Ces algorithmes seront inclus dans
un package R qui sera créé et mis en ligne. Les di�érentes parties du chapitre seront inclus dans un
article qui verra le jour et sera publié prochainement.

Le troisième et dernier chapitre de cette thèse se base sur des travaux communs e�ectués avec
Théophile Olivier et Christophe Giraud. La deuxième section de ce chapitre contient un article
publié en écologie sur le lien entre la synchronie et les tendances temporelles à long terme.
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CHAPTER 2

ESTIMATION OF EFFECTIVE RANK

2.1 Introduction

In many modern problems, scientists are faced with a large data matrix Y, which is often assumed
to be sum of a signal matrix A and a normally distributed noise. Under some structural assumptions
on the signal such as small rank, it is possible to recover precisely the signal matrix A, for instance
with singular value thresholding methods (see e.g. [21, 41]). In this work, we focus our attention on
estimating speci�c functionals of A related to its rank. On the one hand, the rank or the e�ective
rank of the signal can help assessing the relevance of low-rank based procedures. On the other hand,
evaluating the rank (or the e�ective rank) of A may also be an objective per se as a characterization
of the complexity of the signal A. We argue in Section 2.1.1 below that the problem of the e�ective
rank of a matrix A mostly boils down to estimating Schatten norms of A. This manuscript is
dedicated to the latter problem.

To be more speci�c, we consider the model

Y = A + E , (2.1)

where A is the unobserved signal, E is a p × q noise matrix with independent entries following a
standard normal distribution. Without loss of generality the noise variance is set to one. Also,
without loss of generality, we assume throughout the manuscript that p ≥ q.

Given a p × q matrix A, we write σ1(A) ≥ σ2(A) . . . ≥ σq(A) ≥ 0 for its ordered sequence of
singular values. The rank of a matrix A corresponds to its number of positive singular values. In
this manuscript, we will be interested in the Schatten norms of s. For any s ≥ 1, the s-Schatten
norm of A is de�ned as the ls norm of its sequence of singular values, that is

‖A‖ss =

q∑
i=1

σsi (A) . (2.2)

This manuscript is dedicated to the problem of estimating the Schatten norms of A from a single
noisy observation Y. Before describing our contribution, we explain how Schatten norms are related
to e�ective rank measures.

2.1.1 E�ective Rank of a matrix

Since the rank of a matrix is very sensitive to small perturbations, it is di�cult to estimate it from
Y. Furthermore, a large rank matrix A may have only few large singular values together with many
small singular values. For such a matrix, the rank is poorly informative on the structure of A. As an
alternative, various notions of e�ective ranks have been introduced, which may be interpreted as an
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e�ective number of non-zero singular values. Besides, many high-dimensional or in�nite-dimensional
probabilist results naturally depend on e�ective ranks (e.g. [66]). In [66], Koltchinskii and Lounici
consider for a non-negative symmetric matrix Σ the indicator tr[Σ]/‖Σ‖∞ = ‖Σ‖1/‖Σ‖∞. For
rectangular matrices A, one may think of two extensions of this indicator, depending on whether
we work with the singular values of A or that of the square matrix ATA.

ER1,∞(A) =
‖A‖1
‖A‖∞

; ER2,∞(A) = ER1,∞(ATA) =
‖A‖22
‖A‖2∞

. (2.3)

Other notions of e�ective ranks are based on entropy measures. For instance Roy and Veterlli [107]
introduce the Shannon e�ective rank:

ER1,1(A) = exp

[
−

q∑
i=1

σi(A)

‖A‖1
log

(
σi(A)

‖A‖1

)]
, (2.4)

which corresponds to the Shannon e�ective number of the distribution induced by the probability
vector (σi(A)/‖A‖1). More generally, one may extend any e�ective number based either on prob-
ability vector associated to the singular values of A (σi(A)/‖A‖1) or to the square matrix ATA
(σ2
i (A)/‖A‖22). For the purpose of biodiversity analysis, a large class of diversity measures are con-

sidered [60]. In particular, for any positive s > 0 and di�erent from 1, the Hill's e�ective number [60]
which is derived from Renyi entropy may straightforwardly extend to rank e�ective number

ER1,s(A) =

(
‖A‖s
‖A‖1

)s/(1−s)
; ER2,s(A) = ER1,s(A

TA) =

(
‖A‖2s
‖A‖2

)2s/(1−s)
. (2.5)

When all the non-zero singular values of A are equal, all these e�ective rank measures correspond
to the rank of A. However, these measures di�er in the way they treat heterogeneous values for
the singular values. In short, smaller s values in ER1,s(A) and ER2,s(A) are more prone to take
into account smaller singular values in the e�ective rank. See [60] and references therein for further
discussions.

Most work around e�ective ranks consider noiseless setting [107] and the matrix A is sometimes
allowed to be partially observed (e.g [6]). In this work, we tackle the general problem of estimating
the e�ective rank of A relying on the noisy observation Y. To the exception of the Shannon e�ective
rank (2.4), all the other e�ective rank measures are ratio of Schatten norms of A, so that evaluating
the former amounts to estimating well the latter. Besides, if some Schatten norms ‖A‖s are provably
much more di�cult to estimate than other ones, this may lead the statistician to favor some speci�c
e�ective rank measures.

2.1.2 Our Contribution

In this work, we �rst consider the case of the Frobenius norm and prove that the simple estimator
(‖Y‖22 − pq)

1/2
+ , where x+ = max(x, 0) achieves the optimal risk (pq)1/4. Interestingly, this risk

(pq)1/4 cannot be improved by any estimator even if one assumes that the matrix A has a rank at
most one. Then, we establish that a non-linear transformation of σ1(Y) estimates ‖A‖∞ = σ1(A)
with the same optimal risk (pq)1/4.

Regarding general even norms ‖A‖2k, we �rst remark that ‖A‖2k2k = tr[(ATA)2k] is a polynomial
with respect to the entries of A. This allows us to build an unbiased estimator Uk of ‖A‖2k2k
based on Hermite polynomials. Relying on the invariance of ‖A‖2k2k by left and right orthogonal
transformations, we establish that this estimator has a simple expression as an algebraic combination
of tr[(YY)s]. Then, we prove that the plug-in estimator (Uk)

1/2k
+ achieves again the optimal risk

(pq)1/4 for all matrices A.
Finally, we have some partial results for non-even Schatten norms ‖A‖s. First, we propose an

estimator achieving the risk q(pq)1/4. Second, we prove in the speci�c case of the nuclear norm ‖A‖1,
the risk (pq)1/4 is not achievable and that no estimator exhibits an error smaller than q/

√
log(q).
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As an applications of our �ndings, we build an estimator of the e�ective rank ER2,∞ and control
its error in probability. Besides, we argue why E�ective ranks measures ER2,s where s ≥ 2 is an
integer are easier to estimate than other de�nition (2.3,2.4,2.5).

2.1.3 Related Literature

Low rank Matrix Estimation and Detection. There is a long line of work regarding the
estimation of the matrix A when A is assumed to be low-rank or approximately low-rank. Procedures
based on singular value thresholding procedures [21, 41], that is estimating A by setting small
singular values of Y to 0, have been proved to achieve near optimal performances. Donoho and
Gavish [31] have assessed the asymptotic risk of singular value soft-thresholding procedures in an
asymptotic framework where the rank is proportional to q and p is proportionnal to q. [93, 111]
have introduced other non-linear singular values shrinkage estimators that turn out to achieve smaller
risks (the constant in front of the rates is slightly better), at least in an asymptotic framework where
p/q → c ∈ (0,∞) and A has �nite rank low-rank. As explained in Section 2.3, some of our Schatten
norm estimators are reminiscent of those non linear shrinkage functions.

Asymptotic estimation of the singular values in the asymptotic p/q → c . In asymptotic
matrix analysis, most work have been devoted to the setting where p/q → c ∈ (0,∞). In that litera-
ture, the model (2.1) is coined as the information plus noise model [25]. Given the symmetric matrix
1
pY

TY with ordered eigenvalue λ1, . . . , λq, de�ne the spectral measure as µYTY := 1
q

∑q
i=1 δλi . In

the speci�c case where A = 0, it has been established [2] that µYTY converges weakly towards the
Marchenko-Pastur distribution. More generally, when the spectral measure of 1

pA
TA converges to

a probability measure, [123] have characterized the limit of µYTY/p through its Stieljes transform.
Given that characterization, one may try to invert the mapping from the limit of µATA/p to the
limit of µYTY/p to estimate some functional of the spectrum of ATA from Y. In some speci�c
case, where A has asymptotically a �nite number k of distinct singular values, consistency of these
singular values has been derived. See [25, Ch.8] and references therein for more details. Given a
consistent estimation of the spectral measure, on may plug it to estimate the Schatten norms. How-
ever, results in this line of work are not comparable to ours as they are restricted to very speci�c
settings.

Matrix Sketching. In computer science, there is an active line of research around the problem of
matrix sketching which can be de�ned as follows: the practitioner has access to some entries of the
matrix A or to some linear combination of the entries of the matrix A. In this noiseless problem,
one aims at recovering functionals of A such as a Schatten norm or the rank using the smallest
possible budget. See [6, 63, 75]. As in our noisy framework, [75] emphasizes that estimating even
Schatten norms using sketches seems easier than estimating non-even Schatten norms. Apart from
this, the techniques for both the lower and upper bounds highly di�er from our settings.

Estimation of non linear functionals. Schatten norms are non-linear functionals of the entries
of A. Vectorizing the matrices Y, A, and E, we may rewrite our problem in the Gaussian sequence
model. In particular, estimating the 2-Schatten norm is equivalent to estimating the l2 norm of a
vector in the Gaussian sequence model. See [23, 32] and references therein for an account of work
of quadratic functional estimation. More generally, the estimation of the lr norm of a vector has
been addressed in [18, 48, 72]. However, apart from the speci�c case s = 2, s-Schatten norms do
no correspond to lr norm and the methodology developed in the Gaussian sequence model does not
extend to our setting. In discrete distribution estimation, optimal rates of convergence for Shannon
entropy, Renyi entropy have been respectively established in [134] and [58] (see also [49]). Closer to
our settings, Kong and Valiant [67] have considered the problem of estimating even Schatten norms
of a covariance matrix Σ given a n-sample of a mean zero random vector with covariance matrix
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Σ. Interestingly, their estimator exhibit a low computational complexity and is unbiased for general
noise distributions. However, they do not assess the optimality of their estimators.

2.1.4 Notation

In this work, c, c1, c′ denote numerical positive constants that may vary from line to line.
Section 2.2 is devoted to the simple case of Frobenius norm estimation and provides both minimax

upper and lower bounds. In Section 2.3, we consider the problem of estimating the operator norm
(‖A‖∞). General even norms are addressed in Section 2.4, whereas non-even norms are addressed
in Section 2.5. Finally, we come back to the problem of e�ective estimation together with some open
question in the discussion Section. Proofs are postponed to the appendix.

2.2 Frobenius Norm

2.2.1 Upper bound

We �rst estimate ‖A‖22 =
∑

i,j A2
ij and then we deduce an estimator of ‖A‖2. Since ‖Y‖22 follows a

non-central χ2 distribution, we derive from standard computations for the normal random variables
that E[‖Y‖22] = ‖A‖22 + pq. This leads us to the following unbiased estimator

U1 = ‖Y‖22 − pq , (2.6)

whose risk is upper bounded in the next proposition.

Proposition 1. For any p× q matrix A it holds that

E
[
|U1 − ‖A‖22|

]
≤
√

2pq + 2‖A‖2 .

Regarding ‖A‖2, we simply plug the estimator U1 of ‖A‖22. We take (U1)
1/2
+ .

Proposition 2 (Risk of (U1)
1/2
+ ). For any p× q matrix A, it holds that

E
[
|(U1)

1/2
+ − ‖A‖2|

]
≤ 3(pq)

1
4 .

Remark: It turns out that ‖A‖22 (resp. ‖A‖2) corresponds to the square l2 norm (resp. l2 norm)
of the vectorized version of A. As as consequence, it is equivalent to estimating the square l2 norm
(resp. l2 norm) of of a noisy vector. This problem has been thoroughly studied in the literature.
See [23] and references therein. In particular, the counterparts of U1 and (U1)

1/2
+ in the vector

setting were already analyzed in [23]. Still, we provide proofs of these two propositions for the sake
of completeness.

2.2.2 Minimax lower bound

In this subsection, we asses the optimality of Proposition 2 by providing a minimax lower bound.

Theorem 1. There exists a numerical constant c > 0 such that

inf
T̂

sup
A: rank(A)≤1

E
[
|T̂ − ‖A‖2|

]
≥ c(pq)1/4 .

It turns out that one cannot estimate ‖A‖2 uniformly over all matrices A at a rate faster than
(pq)1/4. More importantly, even when one restricts itself to the much simpler class of rank at most
one matrices A, it is impossible to achieve a faster rate. This theorem is proved using Le Cam's
approach by constructing a discrete prior distribution on the space of rank 1 matrix (see the proof
for more details).

Since for a rank 1 matrix A, all Schatten norms are equal to σ1(A), we straightforwardly deduce
a lower bound for all Schatten norms.
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Corollary 1. For any real number r ≥ 1, we have

inf
T̂

sup
A∈Rp×q

E
[
|T̂ − ‖A‖r|

]
≥ inf

T̂
sup

A: rank(A)≤1
E
[
|T̂ − ‖A‖r|

]
≥ c(pq)1/4 ,

where c is as in Proposition 1.

2.3 Operator Norm ‖A‖∞
In this subsection, we address the case k =∞ which amounts to estimating ‖A‖∞ = σ1(A). In view
of Corollary 1, the optimal estimation risk is at least of the order of (pq)1/4 for general matrices A.
Besides, it is of the order (pq)1/4 for rank one matrices A. Since Y = A + E, we may be tempted
to use plug-in estimators of the form ‖Y‖∞ or ‖Y‖∞ − E [‖E‖∞].

Proposition 3. For any matrix A, we have

E[|‖Y‖∞ − ‖A‖∞|] ≤
√
p+
√
q and E[|‖Y‖∞ − E [‖E‖∞]− ‖A‖∞|] ≤ 2[

√
p+
√
q]

Conversely, there exist two positive numerical constants c and c′ such that, for p large enough,

sup
A, rank(A)≤1

E[|‖Y‖∞−‖A‖∞|] ≥ c′
√
p and sup

A, rank(A)≤1
E[|‖Y‖∞−E [‖E‖∞]−‖A‖∞|] ≥ c

√
p .

When p is of the same order as q (nearly square matrices),
√
p is of the same order as (pq)1/4

and these simple plug-in estimators nearly match the minimax lower bound. However, for highly
rectangular matrices, these estimators achieve a much slower rate than the minimax lower bound.

To improve the rate from
√
p to (pq)1/4, we start by estimating the operator norm ‖ATA‖∞ =

σ2
1(A). De�ne the q× q matrix W = YTY− pI where I is the identity matrix. Simple calculations

lead to E[W] = ATA. This motivates us to to estimate σ2
1(A) by σ1(W) = σ2

1(Y)− p.

Proposition 4. For any matrix A it holds that

E
[
|σ2

1(Y)− p− σ2
1(A)|

]
≤ 3
√
pq + 4‖A‖∞

√
q + 8e−p/4 +

√
64πp ,

and
E
[
|
(
σ2

1(Y)− p
)1/2

+
− ‖A‖∞|

]
≤ c (pq)

1
4 , (2.7)

for a positive numerical constant c.

This new estimator
(
σ2

1(Y)− p
)1/2

+
achieves the optimal rate (pq)1/4. As for the Frobenius norm,

a low-rank assumption on A does not ease the operator norm estimation problem.
In an asymptotic framework where p/n→ c′ ∈ (0,∞) and where A has �nite rank r, Shabalin and

Nobel [111] have introduced an estimator Â of A such that σ2
i (Â) = 1

2

[
σ2
i (Y)− p− q +

√
[σ2
i (Y)− p− q]2 − 4pq

]
when σi(Y) is large enough. When q is small compared to p, then this σ1(Â) does not much di�er
from our estimator

√
(σ1(Y)− p)+. In fact, it is not hard to prove that σ1(Â) estimates ‖A‖∞ at

the optimal rate (pq)1/4 in analogy to (2.7).

2.4 Estimation of General even norms

In this subsection, we �rst introduce an unbiased estimator of ‖A‖2k2k and then plug it to estimate
‖A‖2k. Recall that, when k is an integer,

‖A‖2k2k = tr[(ATA)k] =

p∑
i1,...,ik=1

q∑
j1,...,jk=1

k∏
t=1

AitjtAit+1jt ,
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where by conventions ik+1 = i1. Obviously, ‖A‖2k2k is a polynomial of order 2k with respect to the
entries of A. Since Yij ∼ N (Aij , 1), one may unbiasly estimates each using polynomials in the
entries of Y .

Write φ(y) = e−y
2/2(2π)−1/2 for the density of the standard normal random variables. For

positive integers r, we de�ne the Hermite polynomial of degree r by the equation

dr

dyr
φ(y) = (−1)rHr(y)φ(y) (2.8)

It is well known (e.g. [18]) that, for Z ∼ N (x, 1), E[Hr(Z)] = xr. Given i = (i1, . . . , ik) and
j = (j1, . . . , jk), we de�ne Nrs(ij) as the number of occurrences of rs in (it, jt) and (it+1, jt) with
t = 1, . . . , k and ik+1 = i1. Then, the estimator

Uk =

p∑
i1,...,ik=1

q∑
j1,...,jk=1

p∏
r=1

q∏
s=1

HNrs(i,j)(Yrs) (2.9)

satis�es E[Uk] = tr[(ATA)k] = ‖A‖2k2k.
Although it is easy to deduce the expectation E[Uk] from (2.9), this de�nition is not convenient

for practical computations as it may suggest that O(pkqk) operations are needed. It turns out in
the next proposition that Uk is an algebraic combination of Schatten norms of Y TY . Thus, it can
be computed in O((p+ k)q2) operations.

Given a positive integer l, S[l] stands for the collections of nondecreasing positive integer values
vectors s whose sum equals l. In other words, s satis�es 1 ≤ s1 ≤ s2 ≤ . . . s|s| and

∑
i si = l.

Proposition 5. There exists coe�cients αs (depending only on p and q) such that

Uk = tr[(YTY)k] + α0 +

k−1∑
l=1

∑
s∈S[l]

αs

|s|∏
i=1

tr[(YTY)si ] . (2.10)

The proof of this proposition relies on the orthogonal invariance of the Gaussian distribution and
on the representation of symmetric polynomials by newton sums.

Remark: In the speci�c case k = 1, we have already used U1 = tr[YTY] − pq. The coe�cients
in (2.10) are implicit. Still, by computing the expectation of tr[(YTY)s], one can recursively debias
tr[(YTY)k] to derive the expression of Uk. As an example, the following proposition provides an
explicit expression of U2 and U3.

Proposition 6. For any q ≤ p, we have

U2 = tr[(YTY)2]− 2(p+ q + 1) tr[YTY] + pq(1 + p+ q) ;

U3 = tr[(YTY)3]− 3(p+ q + 1) tr[(YTY)2] + 3[p2 + q2 + pq + p+ q − 2] tr[YTY] + pq
[
−p2 − q2 + 5

]
.

As a consequence of Proposition 5 the distribution of Uk is invariant by left and right orthogonal
transformations of Y. Hence, we may assume henceforth that A is null outside its diagonal and that
Aii = σi(A) for i = 1, . . . , q. The next proposition bounds the risk of Uk. In the sequel, cexp(k) is
short for c1k

c2k where c1 and c2 are numerical positive constants whose value may change from line
to line.

Proposition 7. For any integer k ≥ 2, and any p ≥ q, we have

Var (Uk) ≤ cexp(k)
[
(pq)k + p‖A‖4k−4

4k−4 + ‖A‖4k−2
4k−2

]
.
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The proof is based on some combinatorial arguments: starting from the Hermite de�nition (2.9)
of Uk, we �rst establish necessary conditions on sequences (i1, j1),. . . , (ik, jk) and (i′1, j

′
1),. . . , (i′k, j

′
k)

so that the corresponding covariance is non-zero. Then, we count the remaining sequences building
on earlier ideas on random matrix analysis [2]. From this proposition, we deduce a risk bound for
the estimator (Uk)

1/2k
+ of ‖A‖2k.

Corollary 2. For any positive integer k, and any p× q matrix A one has

E
[
|(Uk)

1/(2k)
+ − ‖A‖2k|

]
≤ cexp(k)(pq)1/4 . (2.11)

Interestingly, the estimator (Uk)
1/(2k)
+ achieves the optimal rate (pq)1/4 for any even norm. This

implies that, as for Frobenius norm estimation, estimating a small rank matrix A is as di�cult as
estimating a full rank matrix.

2.5 Estimation of General Norms

The purpose of this section is to estimate the Schatten norm ‖A‖s for a real number s ≥ 1. In
contrast to even Schatten norms, one cannot devise unbiased estimators of such norms as exempli�ed
by the following lemma for ‖A‖1.

Lemma 1. For all square integrable estimators ϕ(Y) and all r > 0, there exists a matrix A such
that ‖A‖1 ≤ r and E[ϕ(Y)] 6= ‖A‖1
Proof of Lemma 1. For any t ∈ R, consider the matrix At such that (At)1,1 = t and (At)i,j = 0
otherwise. Obviously ‖At‖1 = |t|. The function t 7→ ‖At‖1 is not di�erentiable at 0. In contrast, the
function t 7→ E[ϕ(Y)] = (2π)−pq/2

∫
ϕ(Y)e−‖Y‖

2
2/2−t2/2+tY11dY is di�erentiable by Lebesgue's dom-

inated convergence theorem. As a consequence, both functions cannot match in any neighborhood
of 0.

As a starting point and to assess the quality of our more re�ned procedure, we consider the
simple plug-in estimator ‖Y‖s that simply evaluates the s-Schatten norm of the observed matrix Y.

Lemma 2. For any matrix A ∈ Rp×q, we have E [|‖Y‖s − ‖A‖s|] ≤ 2q
√
p.

Proof of Lemma 2. From triangular inequality, we deduce that E [|‖Y‖s − ‖A‖s|] ≤ E [‖E‖s]. Since
‖E‖s ≤ q‖E‖∞, we simply need to bound the expected operator norm of E. By Lemma 9 in the
appendix, we have E[‖E‖∞] ≤ √p+

√
q, which concludes the proof.

Remark: The risk bound achieved by ‖Y‖s is much larger than what we have achieved for even
norms. Even for square matrices (p = q), Lemma 2 implies a rate of the order p

√
p whereas even

norms can be estimated at the rate
√
p.

Remark: As in Section 2.3, we argue the risk upper bound from Lemma 2 for the cannot be
signi�cantly improved. Indeed, consider the speci�c case, where A = 0. For any p ≥ 4q, we have
E[|‖Y‖s − ‖A‖s|] ≥ cq

√
p. Indeed, ‖Y‖s ≥ qσq(Y), and we deduce from Lemma 10, that with

probability higher than 1− e−q/8, σq(Y) ≥ √p− 3/2
√
q ≥ √p/4. The result follows.

The next estimator attempts to improve the
√
p factor by correcting the singular values of Y.

Consider the matrix W = YTY − pIq. From simple computation, we deduce that

E[W] = ATA + E[ETA + ATE] + E[ETE− qIp] = ATA .

As a consequence, W is an unbiased estimator ATA, which could suggest that the eigenvalues of
W are close to that of ATA, which in turn are the square of the singular values of A. Since the
i-th eigenvalues of W equals σ2

i (Y)− p, this leads us to considering

Ts = [

q∑
i=1

[(σ2
i (Y)− p)+]s/2]1/s . (2.12)
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Proposition 8. There exists a numerical constant c such that for any matrix A ∈ Rp×q, we have

E[|Ts − ‖A‖s|] ≤ E[

q∑
i=1

|(σ2
i (Y)− p)1/2

+ − σi(A)|] ≤ cq(pq)1/4 . (2.13)

The proof of this result relies on interlacing inequalities for eigenvalues (Corollary III. 1.5 in [12]).
In comparison to the naive plug-in estimator, the

√
p factor has been replaced by (pq)1/4, which for

highly rectangular matrices can be much smaller. In any case, the risk bound (2.13) is still q times
higher than the optimal risk for even norms.

Denote Dp,q the collection of �diagonal� rectangular matrices of size p× q, that is the collections
of matrices A such that Aij = 0 for all i 6= j. The following proposition provides a lower bound for
the estimation risk of the nuclear norm.

Proposition 9. There exists a positive constant c such that the following holds

inf
T̂

sup
A

E[|T̂ − ‖A‖1|] ≥ inf
T̂

sup
A∈Dp,q

E[|T̂ − ‖A‖1|] ≥ c
q√

log(q)
. (2.14)

This proposition entails that, at least when A is not too rectangular, estimation of the nuclear
norm is much harder than estimation of even norms. However, regarding the lower and upper bounds
the bounds only match up to a factor (pq)1/4

√
log(q).

Future work and Conjecture: Proposition 9 is based on a reduction of the nuclear norm estima-
tion problem to the problem of estimating the l1 norm of a vector θ in the Gaussian sequence model.
For the latter problem, [18] and [48] devised optimal procedures based on polynomial approximation:
the general idea is to approximate the l1 norm |θ|1 by linear combination of even norm |θ|2k2k, which
in turn can be estimated unbiasly. The resulting estimator is then chosen to achieve a trade-o�
between the approximation error and the variance of estimation. In the future, we plan to apply
this methodology to approximate ‖A‖1 (or more generally ‖A‖s) by a polynomial with respect to
even norms ‖A‖2k2k. We expect that the risk of the corresponding estimator improves our q(pq)1/4

bound by some polylogarithmic factor, that we conjecture to be optimal.

2.6 Discussion

2.6.1 Application to E�ective rank estimation

Coming back to the problem of estimating the E�ective rank of a noisy matrix, we observe from our
work on Schatten norm that one should favor ratio of even Schatten norms as they are much easier
to estimate. Let us further focus on this speci�c choice

ER2,∞(A) =
‖A‖22
‖A‖∞

. (2.15)

From Sections 2.2 and 2.3, we shall consider

ÊR2,∞(A) = max

[
tr[YTY − qIp]
σ1[YTY − qIp]

, 1

]
. (2.16)

We cannot simply plug Propositions 1 and 4 to control this estimator as we only proved expectation
bounds. The following result pushes the analysis slightly further to derive high probability deviation
for the e�ective rank.

Proposition 10. There exist numerical constants c�c3 such that the following holds for any matrix
A and for any t > 0. Provided that

‖A‖22 ≥ c(
√
pqt+ t) , and ‖A‖∞ ≥ c

[√
t+ (pq)1/4 + (pt)1/4

]
,

47



then, with probability higher than 1− c3e
−t, it holds that∣∣ÊR2,∞(A)− ER2,∞(A)
∣∣

ER2,∞(A)
≤ c′
√
pqt

‖A‖22
+

√
pt+

√
pq

‖A‖2∞
+

√
q +
√
t

‖A‖∞
.

If σ1(A) = ‖A‖∞ is large compared to (pq)1/4, the above proposition implies that the e�ective
rank is well estimated. This condition is not surprising as we have shown in the proof of Theorem 1
that it is impossible to consistently decipher A from the null matrix when σ1(A) is of the order of
(pq)1/4.

2.6.2 Low-Rank matrices

The optimal risk of estimating even Schatten norms does not depend on the rank of A. Estimating
‖A‖2k for a rank 1 matrix is as di�cult (in terms of risk) than for a full rank matrix. The situation
seems quite di�erent for general norms. We have obtained slow convergence rates. As explained
before, estimating the nuclear norm of a rank 1 matrix is possible at rate (pq)1/4 since all Schatten
norms are equal in this case, whereas nuclear norm estimation for full rank matrices can be much
higher. An interesting direction for future research would be to explore more generally the impact
of a small rank assumption on general Schatten norm estimation.

2.7 Proofs

2.7.1 Frobenius and operator norm

Proof of Proposition 1. The di�erence U1 − ‖A‖22 decomposes as

U1 − ‖A‖22 = ‖Y‖22 − pq − ‖A‖22 =
(
‖E‖22 − pq

)
+ 2〈A,E〉2,

where 〈B,C〉2 = tr(BTC). First, ‖E‖22 follows a χ2 distribution with pq degrees of freedom. Hence,
we derive from Cauchy-Schwarz inequality that E

[
|‖E‖22 − pq|

]
≤ var1/2(‖E‖22) =

√
2pq. Since A is

deterministic, 〈A,E〉2/‖A‖2 follows a standard normal distribution and E [|〈A,E〉2|] ≤ ‖A‖2. The
result follows.

Proof of Proposition 2. Since |
√
a−
√
b| ≤

√
|a− b|, we derive from Cauchy-Schwarz inequality and

Proposition 1 that

E
[
|(U1)

1/2
+ − ‖A‖2|

]
≤ E

[√
|(U1)

1/2
+ − ‖A‖2|

]
[E (|(U1)+ − ‖A‖2|)]1/2

≤ [E (|U1 − ‖A‖2|)]1/2 ≤
√

(2pq)1/2 + 2‖A‖2 ,

which is smaller than 2(pq)1/4 as long as ‖A‖2 ≤
√
pq. Now assume that ‖A‖2 ≥

√
pq. Since

(x− y) = (x2 − y2)/(x+ y), it follows again from Proposition 1 that

E
[
|(U1)

1/2
+ − ‖A‖2|

]
≤ E

[
|U1 − ‖A‖22|
‖A‖2

]
≤
√

2pq + 2‖A‖2
‖A‖2

≤ 2 +
√

2 ≤ 3(pq)1/4 .

This concludes the proof.

Proof of Proposition 3. By triangular inequality, we have E[|‖Y‖∞−‖A‖∞|] ≤ E[‖E|∞] and E[|‖Y‖∞−
E[‖E|∞]− ‖A‖∞|] ≤ 2E[‖E|∞]. By Lemma 9, the expectation of the operator norm of E is less or
equal to

√
p+
√
q. This concludes the �rst part of the proof.

Let us now lower bound the risk of ‖Y‖∞ and ‖Y‖∞ − E [‖E‖∞]. Choose A to be the null
matrix. The risk of ‖Y‖∞ is then E[‖E‖∞]. Consider the size q vector e1 = (1, 0, . . . , 0). Then,

E[|‖Y‖∞ − ‖A‖∞|] ≥ E[|Ee1|2] .
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Since |Ee1|2 is the norm of a standard Gaussian vector of dimension p, the expectation E[|Ee1|2] is
that of the norm of a standard Gaussian vector. Relying on Deviation inequalities for χ2 random
variables, we deduce that

E[|Ee1|2] ≥
√
p

3
P[|Ee1|22 ≥ p/3] ≥ p

4

(
1− e−p/32

)
≥ cp ,

for a constant c > 0.

To bound the risk of ‖Y‖∞ −E [‖E‖∞], we choose a matrix A which is zero everywhere, except
at its upper left entry which equals a ≥ 0. Recall that the operator norm satis�es ‖A + E‖∞ =
sup|u|2=1, |v|2=1 u

T (A + E) v. Denote the size p − 1 and q − 1 vectors de�ned by wi = Ei+1,1 and
w′i = E1,i+1. Besides, we denote E′ the principal submatrix of E where we have removed the �rst
row and the �rst column. Denote the size p vector e′1 = (1, 0, . . . , 0). Decomposing u = αe′1 + u1

and v = βe1 + v1 where u1 (resp. v1 is orthogonal) to v1, we obtain

‖A + E‖∞ ≤ sup
α,β∈[−1,1]

|αβ (a+ E1,1) + α
√

1− β2|w|2 + β
√

1− α2|w′|2 +
√

1− α2
√

1− β2‖E′‖∞|

≤ sup
α,β∈[0,1]

∣∣∣∣α2 + β2

2
|a+ E1,1|+

√
1− β2|w|2 +

√
1− α2|w′|2 +

(
1− α2 + β2

2

)
‖E′‖∞

∣∣∣∣
≤ sup

α,β∈[0,1]

∣∣∣α2|a+ E1,1|+ 2
√

1− α2(|w|2 ∨ |w′|2) +
(
1− α2

)
‖E′‖∞

∣∣∣ ,
Write θ = |a + E1,1| − ‖E′‖∞ and γ = (|w|2 ∨ |w′|2). Providing that θ > γ, we may compute the
above supremum by derivation, which leads us to ‖A + E‖∞ ≤ θ + γ2

θ . In other words, we have
proved

‖A + E‖∞ ≤ a+ |E1,1|+
|w|22 ∨ |w′|22

|a+ E1,1| − ‖E′‖∞
provided that a > |E|1,1 + ‖E′‖∞ + (|w|2 ∨ |w′|2) .

Since a = ‖A‖∞, this enforces

|‖Y‖∞ − E[‖E‖∞]− ‖A‖∞| ≥ E[‖E‖∞]− |E1,1| −
|w|22 ∨ |w′|22

a− |E1,1| − ‖E′‖∞
,

provided that a > |E|1,1 + ‖E′‖∞ + (|w|2 ∨ |w′|2). Taking a large enough, the condition holds with

probability higher than 3/4 and the ratio |w|22∨|w′|22
a−|E1,1|−‖E′‖∞ is smaller or equal to one. Besides, with

probability higher than 3/4, |E1,1| is smaller or equal to 1.2. By an union bound, we conclude that
the loss of ‖Y‖∞ − E[‖E‖∞] is higher than E[‖E‖∞]− 2.2 with probability higher than 1/2. Since
we have proved above that E[‖E‖∞] ≥ c√p, the result follows.

Proof of Proposition 4. It follows from the triangular inequality that

‖YTY‖∞ − p− ‖ATA‖∞ ≤ 2‖ATE‖∞ + ‖ETE‖∞ − p .

Conversely, we have

‖YTY‖∞ = sup
u,|u|2=1

(
uTATAu+ 2uTATEu+ uTETEu

)
≥ sup

u,|u|2=1

(
uTATAu

)
− 2‖ATE‖∞ + λq(E

TE)

≥ ‖ATA‖∞ − 2‖ATE‖∞ + λq(E
TE) .

This allows us to bound the error∣∣‖YTY‖∞ − p− ‖ATA‖∞
∣∣ ≤ 2‖ATE‖∞ + [λ1(ETE)− p] ∨ [λq(E

TE)− p]
≤ 2‖ATE‖∞ + ‖ETE− pI‖∞ . (2.17)

Then, the �rst risk bound is a straightforward consequence of the two following lemmas whose proof
is given below.
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Lemma 3. For all matrices A, we have E
[
‖ATE‖∞

]
≤ 2‖A‖∞

√
q.

Lemma 4. E
[
‖ETE− pI‖∞

]
≤ 3
√
pq + 8e−p/4 +

√
64πp.

As in the proof of Proposition 2, we deal di�erently with small and large values of ‖A‖∞. Since√
x−√y ≤

√
|x− y|, we obtain by Cauchy-Schwarz inequality that

E
[
|(‖YTY‖∞ − p)1/2

+ − ‖A‖∞|
]

= E
[
|
√

(‖YTY‖∞ − p)+ −
√
‖A‖2∞|

]
≤ E

[√
|(‖YTY‖∞ − p)+ − ‖ATA‖∞|

]
≤

(
E
[
|‖YTY‖∞ − p− ‖ATA‖∞|

]) 1
2

≤
(
3
√
pq + 4‖A‖∞

√
q + c′(

√
p+ 1)

) 1
2

If we assume that ‖A‖∞ ≤ (pq)1/4, this leads us to

E
[
|(‖YTY‖∞ − p)1/2

+ − ‖A‖∞|
]
≤ c(pq)1/4 .

Now assume that ‖A‖∞ ≥ (pq)1/4, which is equivalent to ‖ATA‖∞ ≥
√
pq. Since |x − y| ≤

|x2 − y2|/|y|, it follows that

E
[
|(‖YTY‖∞ − p)1/2

+ − ‖A‖∞|
]
≤ 1

‖A‖∞
E
[
|(‖YTY‖∞ − p)+ − ‖A‖2∞|

]
≤ 3(pq)1/4 + 4

√
q + c′(p/q)1/4 ≤ c(pq)1/4 ,

which concludes the proof.

Proof of lemma 3. Let A = UTDV denote a singular value decomposition of A. Since the distribu-
tion of E is invariant by left and right orthogonal transformation, it follows that ‖AE‖∞ follows the
same distribution as ‖VDTE‖∞ = ‖DTE‖∞. We shall bound the expectation of this last random
variable. Since DT is a q × p diagonal matrix, DTE does not depend on the entries Eij with i ≥ q.
Write D and E for the restriction of D and E to their q �rst rows. We obtain

E
[
‖ATE‖∞

]
= E

[
‖DE‖∞

]
≤ ‖D‖∞ E

[
‖E‖∞

]
≤ 2‖A‖∞

√
q ,

by Lemma 9 and since ‖D‖∞ = ‖D‖∞ = ‖A‖∞.

Proof of lemma 4. Observe that ‖ETE − pI‖∞ = max(σ2
1(E) − p, p − σ2

q (E)). We deduce from
Lemma 10 (taken from [28]) that, for any t > 0, with probability higher than 1− 2e−t we have

σ1(E) ≤ √p+
√
q +
√

2t ;σq(E) ≤ √p−√q −
√

2t .

Hence, with probability higher than 1−2e−t, we have ‖ETE−pI‖∞ ≤ q+2
√
pq+2t+4

√
2pt, which

implies that

P
[
‖ETE− pI‖∞ − q − 2

√
pq ≥ x

]
≤ 2 exp

[
−1

4

(
x ∧ x2

16p

)]
.

for any x > 0. Integrating this inequality we conclude that

E
[
‖ETE− pI‖∞

]
≤ 3
√
pq +

∫
R
e−x

2/(64p) + 2

∫ ∞
16p

e−x/4 = 3
√
pq + 8e−4p +

√
64πp .

50



2.7.2 Minimax lower bound

Proof of Theorem 1. We follow the general Le Cam's approach of fuzzy hypotheses as may be found
in [122, Sec.2.7.4]. Given a matrix A, we denote in the section of PA for the distribution of Y.
Consider a prior distribution µ on A, such that, for some t > 0, ‖A‖2 ≥ t, µ almost surely. Let the
set Θ stand for the union of the support of µ and the null matrix 0. Denoting P =

∫
A PA µ(dA) for

the integrated distribution, it follows from Theorem 2.15 in [122] that

inf
T̂

sup
A∈Θ

PA[|T̂ − ‖A‖2| ≥ s/2] ≥
1−

√
χ2(P0,P)/2

2
.

If we further assume that Θ only contains matrices of rank less or equal to one, this implies that

inf
T̂

sup
A, rank(A)≤1

EA[|T̂ − ‖A‖2|] ≥
s

4

[
1−

√
χ2(P0,P)/2

]
. (2.18)

It remains to choose µ and bound the corresponding χ2 distance.
Let s > 0 be a positive quantity that will be �xed later. Let ν1 be the uniform distribution over

the vectors of the form p−1/2(η1, . . . , ηp) where the ηi's belong to {−1, 1}. Let ν2 be corresponding
distribution where q is replaced by p. Finally, let µ be the distribution of A = suT v where u and v
are sampled independently from ν1 and ν2. By construction, µ almost surely, A is a rank 1 matrix
and ‖A‖2 = s.

The main part of the proof amounts to upper bounding the χ2 discrepancy between P0 and P.
Writing L = dP/P0 the likelihood ratio between P and P0, we have by de�nition [122] that

χ2(P0,P) = E0[(L− 1)2] = E0[L2]− 1 . (2.19)

Lemma 5. Taking s = (pq/4)1/4, we have E0

[
L2
]
≤ 5

3 .

Equipped with this choice of s, we have χ2(P0,P) ≤ 2/3 and we conclude thanks to (2.18) that

inf
T̂

sup
A, rank(A)≤1

EA[|T̂ − ‖A‖2|] ≥
(pq/4)1/4

4
(1−

√
1/3) ≥ (pq)1/4

20
.

Proof of Lemma 5. To alleviate the notation, we write ‖.‖ (resp. 〈.〉) for the Frobenius norm ‖.‖2
(resp. inner product) in this proof. First, we work out the likelihood ratio L. Since the density of
PA with respect to the Lebesgue measure is (2π)−(pq)/2e−‖Y−A‖

2
2/2, it follows that

L =

∫
exp

[
−1

2
‖Y −A‖2 + ‖Y‖2

]
µ(dA)

=

∫
exp

[
−1

2
‖A‖2 + 〈Y,A〉

]
µ(dA) .

As a consequence, the second moment of the likelihood writes as

E0[L2] = E0

[∫ ∫
exp

[
−1

2
‖A1‖2 −

1

2
‖A2‖2 + 〈Y, (A1 + A2)〉

]]
=

∫ ∫
E0

[
exp

[
−1

2
‖A1‖2 −

1

2
‖A2‖2 + 〈Y, (A1 + A2)〉

]]
µ(dA1)µ(dA2)

=

∫ ∫
exp

[
−1

2
‖A1‖2 −

1

2
‖A2‖2 + ‖A1 + A2‖2/2

]
µ(dA1)µ(dA2)

=

∫ ∫
exp [〈A1,A2〉]µ(dA1)µ(dA2) ,
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where we used Fubini's Theorem in the second line and the Laplace transform of the normal random
variable in the third line. In view of the de�nition of µ, this integral further decomposes as

E0[L2] =

∫ ∫
exp

[
s2 tr[vT1 u1u

T
2 v

T
2

]
ν1(du1)ν1(du2)ν2(dv1)ν1(dv2)

=

∫ ∫
exp

[
s2(vT1 v2)(uT1 u2)

]
ν1(du1)ν1(du2)ν2(dv1)ν1(dv2) .

Since Z1 = puT1 u2 and Z2 = qvT1 v2 are respectively distributed as sums of p and q independent
Rademacher random variables, arrive at

E0[L2] = E
[
exp

(
s2Z1Z2

pq

)]
For a ∈ R and X a Rademacher random variable, we have E[eaX ] = cosh(ax) ≤ ea

2x2/2 (compare
the power series). We obtain by integration with respect to Z1,

E0[L2] = E
[
cosh

(
s2Z2

pq

)p]
≤ E

[
exp

(
s4Z2

2

2pq2

)]
= E

[
exp

(
1

8q
Z2

2

)]
,

since we �xed s = (pq/4)1/4. Since Z2 is a sum of Rademacher random variables, we can apply

Hoe�ding's inequality [15], which leads us to P (|Z2| ≥ u) ≤ 2e
−u2
2q . As a consequence,

E0[L2] ≤ E
[
exp

(
1

8q
Z2

2

)]
=

∫ ∞
0

P
[
exp

(
Z2

2

8q

)
≥ t
]
dt

≤ 1 + 2

∫ ∞
1

P
[
exp

(
Z2

2

8q

)
≥ t
]
dt

≤ 1 + 2

∫ ∞
1

1

t4
dt = 5/3 .

The result follows.

2.7.3 Proof for general even norms ‖A‖2k

We start with a lemma summarizing important properties of the Hermite polynomials (2.8).

Lemma 6. [18, Lemma 3] Let Z ∼ N (x, 1). Then, Var (Hr(Z)) ≤ ex
2
rr. If x2 ≥ r, we have also

Var (Hr(Z)) ≤ (2x2)r. For Z ∼ N (0, 1), we have

E[H2
r (Z)] = r! , and E[Hr(Z)Hl(Z)] = 0 , for r 6= l .

Proof of Proposition 7. Let us upper bound Var(Uk) = E
[(
Uk −

∑
i σ

2k
i (A)

)2]. Recall that we

assume without loss of generality that Ars = σr(A)1r=s. Given two sequences i, j we write Wij =∏
r,sHNrs(i,j)(Yrs). Relying on the Hermite Decomposition of Uk, we observe that

Var (Uk) =
∑
i,j

∑
i′,j′

E
[
[Wij − E (Wij)]

[
Wi′j′ − E

(
Wi′j′

)]]
=: Tiji′j′ .

In the remainder of this proof, we �rst use some simple combinatorial arguments to count the number
of such non zero Tiji′j′ . The expectation E (Wij) is non zero if and only if Nrs(i, j) = 0 for all r 6= s.
This is possible only if i1 = i2 = . . . = ik = j1 = . . . = jk. As a consequence, only the terms
H2k(Yrr) have a non-zero expectation.

First, we bound the cross-covariance terms Tiji′j′ . This bound is divided into two cases:
Case 1: E (Wij) 6= 0. Hence, this expectation is equal to σ2k

r (A) for some 1 ≤ r ≤ q. Then, Tiji′j′
is non zero only if both the support of i′ and of j′ contain r. If i′ 6= i or if j′ 6= j, this implies that
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(i′, j′) is not constant and E[Wi′j′ ] = 0. Besides, there are s1 6= s2 such that Ns1s2(i′j′) > 0. Since
As1s2 = 0 and Ns1s2(ij) > 0 this implies that Tiji′j′ = 0 by independence of the noise components.
If (i′ = i) and (j′ = j), then Lemma 6 ensures that E[Tiji′j′ ] = VarH2k(Yrr) ≤ cexp[k]

[
σ4k−2
r ∨ 1

]
.

Case 2: E (Wij) = E
(
Wi′j′

)
= 0. In the sequel, the support of (i, j) is de�ned as {(r, s) : Nrs(ij) >

0}. If the supports of (i, j) and (i′, j′) di�er outsides the diagonal (r, r), then Tiji′j′ = 0. Besides,
from Lemma 6 we need Nrs(ij) +Nrs(i

′j′) ≡ 0[2] for all r 6= s otherwise E[Tiji′j′ ] = 0. As explained
in the proof of Proposition 5 below, we always have

∑q
s=1Nrs(ij) ≡ 0[2] and

∑p
s=1Nsr(ij) ≡ 0[2]

because each indice in the sequence i (or j) appears twice in the monomialWij . Hence, E[Tiji′j′ ] 6= 0
implies that, for all r = 1, . . . , q, Nrr(ij) + Nrr(i

′j′) ≡ 0[2]. Furthermore, if Nrr(i
′j′) > 0, we need

that either Nrs(ij) > 0 or Nsr(ij) > 0 for some s to have Tijii′j′ 6= 0 otherwise this contradicts
E[Wi′j′ ] = 0 or the fact that the support of (i, j) and (i′, j′) are matching outside the diagonal. To
summarize, we have proved that Tiji′j′ 6= 0 only if:

(a) Nrs(ij) +Nrs(i
′j′) ≡ 0[2], for all r, s.

(b) For any r 6= s, Nrs(ij) = 0⇔ Nrs(i
′j′) = 0.

(c) The supports of i′ and j′ are included in the union of the supports of i and j.

Then, Lemma 6 yields

Tiji′j′ =
∏
rs

E
[
HNrs(ij)(Yrs)HNrs(ij)(Yrs)

]
≤

∏
r,s

cexp[Nrs(ij)Nrs(i
′j′)]

q∏
r=1

[
σNrr(ij)+Nrr(i

′j′)
r ∨ 1

]
≤ cexp(k)

q∏
r=1

[
(σr ∨ 1)Nrr(ij)+Nrr(i

′j′)
]
. (2.20)

Consider two sequences α(1) = (α
(1)
1 , . . . , α

(1)
q ) and α(2) = (α

(2)
1 , . . . , α

(2)
q ) of nonnegative integers

such that
∑

r α
(1)
r ≥

∑
r α

(2)
r . Let us count the numbers of (i, j) and (i′, j′) such that Nrr(ij) = α

(1)
r ,

Nrr(i
′j′) = α

(2)
r and Tiji′j′ 6= 0. From Case 1 above, we deduce that, if α(1)

r = 2k for some r, then
we necessary have α(1)

r = α
(2)
r = 2k. Thus, there is only one such possibility. Now, assume that

maxr α
(1)
r < 2k. If α(1)

r > 0, then both i and j must contain at least dα(1)
r /2e times the indice

r. We have
∑

s 6=rNrs(ij) +
∑

s 6=rNsr(ij) ≥ 2 since the sequence (iljl)(il+1jl) is not constant

in (r, r). As a consequence, either i or j must contain at least d(α(1)
r + 1)/2e occurrences of r.

If α(1)
r = 0 and α

(2)
r > 0, then r occurs at least once in i or j by Property (c) above. Write

a := {r, α(2)
r > 0 and α(1)

r = 0}. Since p ≥ q, we conclude that there are less than

cexp(k)pk−
∑
rdα

(1)
r /2eq

k−
∑
r:α

(1)
r >0

d(α(1)
r +1)/2e−a

such sequences (i, j) and given (i, j) there are less than cexp(k) possible sequences (i′, j′). Writing
σi(A) for σi(A) ∨ 1, we obtain

Var (Uk) ≤ cexp(k)

‖σ(A)‖4k−2
4k−2 +

∑
α(1),α(2)

pk−
∑
rd
α
(1)
r
2
eq
k−
∑
r:α

(1)
r >0

dα
(1)
r +1
2
e−a

q∏
r=1

σα
(1)
r +α

(2)
r

r (A)

 ,

where the sum runs over sequences α(1), α(2) of integers such that maxr(α
(1)
r , α

(2)
r ) ≤ 2k − 2,

α
(1)
r +α

(2)
r ≡ 0[2], and

∑
r α

(1)
r ≥

∑
r α

(2)
r . Now �x a sequence α = (α1, . . . , αq) of even nonnegative

integers. Let us consider sequences α(1) and α(2) satisfying the above properties such that α(1) +
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α(2) = α and let us maximize pk−
∑
rd
α
(1)
r
2
eqk−

∑
rd
α
(1)
r +1
2
e−a. Writing d =

∑
r αr and l = |{r : αr 6=

0}|. First, we work out the exponent in q.

∑
r:α

(1)
r >0

dα
(1)
r + 1

2
e+ a =

∑
r:α

(1)
r >0

(bα
(1)
r

2
c+ 1) + a =

∑
r:α

(1)
r >0

bα
(1)
r

2
c+ l

Since
∑

rb
α
(1)
r
2 c+ dα

(1)
r
2 e =

∑
r α

(1)
r ≥ d/2, we derive that

pk−
∑
rd
α
(1)
r
2
eq
k−
∑
r:α

(1)
r >0

dα
(1)
r +1
2
e−a
≤ (pq)kq−d/2−l(q/p)

∑
rd
α
(1)
r
2
e ≤ (pq)kq−d/2−l(q/p)dd/4e ,

since p ≥ q. This leads us to

Var (Uk) ≤ cexp(k)

[
‖σ(A)‖4k−2

4k−2 +
∑
α

pk−d
d
4
eqk−b

d
4
c−l

q∏
r=1

σαrr (A)

]
, (2.21)

where the sum runs over sequences α of nonnegative integers such that
∑

r αr ≤ 4k−2. Now consider
a decreasing sequence β1 ≥ β2 . . . ≥ βq of non-negative integers. We group all sequences α that are
permutations of 2β. For all such α, the power of p and q in (2.21) is unchanged. We claim that
the sum over such α of

∏q
r=1 σ

αr
r (A) is at most

∑
s∈{1,...,q}r

∏q
r=1 σ(A)βrsr =

∏|{r: βr 6=0}|
r=1 ‖σ(A)‖2βr2βr

.
This leads us to

Var (Uk) ≤ cexp(k)

‖σ(A)‖4k−2
4k−2 +

∑
β

pk−d
∑
r βr
2
eqk−b

∑
r βr
2
c−|{r: βr 6=0}|

|{r: βr 6=0}|∏
r=1

‖σ(A)‖2βr2βr


≤ cexp(k)

‖σ(A)‖4k−2
4k−2 + (pq)k +

2k−1∑
l=1

∑
β:
∑
r βr=l

pk−d
l
2
eqk−b

l
2
c−|{r: βr 6=0}|

|{r: βr 6=0}|∏
r=1

‖σ(A)‖2βr2βr


≤ cexp(k)

[
‖σ(A)‖4k−2

4k−2 + (pq)k +
2k−2∑
l=1

pk−d
l
2
eqk−b

l
2
c−1‖σ(A)‖2l2l

]
,

where we applied Holder inequality multiple times in the last line and we used that the num-
ber of sequences β is less than cexp(k). Applying again Holder inequality we have ‖σ(A)‖2l2l ≤
[‖σ(A)‖2l4k−4q

1−l/(2k−2)] ∧ [‖σ(A)‖2l4k−2q
1−l/(2k−1)] so that

Var (Uk) ≤ cexp(k)

[
k−1∑
s=0

pk−sqk−s
k
k−1 ‖σ(A)‖4s4k−4 + pk−s−1qk−s−

2s+1
2k−1 ‖σ(A)‖4s+2

4k−2

]
≤ cexp(k)

[
(pq)k + pk−1qk−

1
2k−1 ‖σ(A)‖24k−2 + p‖σ(A)‖4k−4

4k−4 + ‖σ(A)‖4k−2
4k−2

]
≤ cexp(k)

[
(pq)k + [(pq)k]1−

1
2k−1

[
‖σ(A)‖4k−2

4k−2

] 1
2k−1

+ p‖σ(A)‖4k−4
4k−4 + ‖σ(A)‖4k−2

4k−2

]
≤ cexp(k)

[
(pq)k + p‖σ(A)‖4k−4

4k−4 + ‖σ(A)‖4k−2
4k−2

]
,

where we used that the sequences are monotone with respect to s in the second line, that p ≥ q
in the third line, and that xay1−a ≤ x ∨ y for any a ∈ [0, 1]. This concludes the proof since
‖σ(A)‖4k−4

4k−4 ≤ ‖A‖
4k−4
4k−4 + q.

Proof of Proposition 5. The result is a consequence of the following lemma.
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Lemma 7. There exist coe�cients αs such that

Vk = tr[(YTY)k] + α0 +
k−1∑
l=1

∑
s=(s1,...,) ,1≤s1≤s2≤s3;

∑
si=l

αs
∏

tr[(YTY)]si (2.22)

satis�es E[Uk] = E[Vk] for all A ∈ Rp×q.

Obviously, both E[Vk] and E[Uk] are polynomials with respect to the entries of A. Since these
two polynomials take the same value for all A ∈ Rp×q and the since the polynomial evaluation
morphism is injective (see Corollary 1.6 in [69]), this implies that both E[Uk] and E[Vk] correspond
to the same polynomial in R[Xij , 1 ≤ i ≤ p; 1 ≤ j ≤ q].

We now deduce that Uk = Vk. Let Y ∼ N (x, 1). For any non-negative integer β, there exist a
polynomial Gβ of degree β such that E[Y β] = Gβ(x). Besides, its term of degree β is exactly xβ .
To see this, it su�ces to observe to use the binomial formula on E[Y β] = E[(x+ (Y − x))β].

Consider the vector space morphism φ : R[(Xij)] → R[(Xij)] such that φ[
∏p,q
i=1,j=1X

βij
ij ] =∏p,q

i=1,j=1Gβij [Xij ]. Then, E(Vk) = φ[(Vk)](A) and E(Uk) = φ[(Uk)](A). Thus φ(Uk) = φ(Vk). We
claim that φ is an injective morphism which implies that Uk = Vk and concludes the proof.

Let us show that φ is injective. For any monomial of the form Z =
∏p,q
i=1,j=1X

βij
ij . Observe that

φ(Z)− Z has a total degree less than
∑

ij βij . Given a polynomial P and the sum Pl of monomials
of largest total degree, we derive φ(P )− Pl has a total degree less than that of P . Thus, φ(P ) has
the same total degree as P and φ is therefore injective.

Proof of Lemma 7. Given a sequence of integers 1 ≤ α1 ≤ α2 . . . ≤ αr. We argue that

E

[
r∏
t=1

tr[(YTY)αt ]

]
−

r∏
t=1

tr[(ATA)αt ] (2.23)

is a symmetric polynomial with total degree less than
∑

i αi with respect to (σ2
i (A), i = 1, . . . , q).

Since the space of symmetric polynomials is spanned by the Newton sums, there exist coe�cients
βs such that

E

[
r∏
t=1

tr[(YTY)αt ]

]
=

r∏
t=1

tr[(ATA)αt ] +
∑

s:
∑
st<

∑
αt

βs

l(s)∏
t=1

tr[(ATA)st ]

Then, we prove the existence of Vk by induction. First, E[tr[(YTY)k]]− ‖A‖22k = Z1 where Z1

is of the form Z1 =
∑

s:
∑
st<k

β
(1)
s
∏l(s)
t=1 tr[(ATA)st ]. Then, considering each term of total degree

k − 1, we can estimate them by β(1)
s
∏l(s)
t=1 tr[(YTY)st ]. The resulting bias has a total degree less or

equal to k − 2. At each step, one can correct the estimator to decrease the total degree of the bias.
The result follows.

Proof of (2.23). Write Z =
∏r
t=1 tr[(YTY)αt ]. Since Z is invariant by left and right orthogo-

nal transformation of Y, we may assume without loss of generality that A has null non-diagonal
entries. As a consequence, E[Z] is a polynomial with respect to σi(A). Since Z is invariant
by permutation of the rows and columns of Y, E[Z] is symmetric. It remains to prove that (i)
E[Z] −

∏r
t=1

∏
tr[(ATA)αt ] has a total degree less than 2k and (ii) that, for all i = 1, . . . , q, the

order of σi(A) in each monomial is even:
For X ∼ N (x, 1), E[Xr]− xr is polynomial of degree less than r. Since the decomposition of Z

leads to a sum of monomials in Yij of total degree equals to
∑r

t=1 αt, it follows that E[Z] contains
the exact same monomial in Aij of total degree

∑r
t=1 αt and the remaining terms have a total degree

less than that. (i) follows.
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Turning to (ii), we decompose again Z into monomials. Z writes as

Z =
∑

(i(1),j(1))∈pα1×qα1

. . .
∑

(i(r),j(r))∈pαr×qαr

α1∏
l=1

Y
i
(1)
l j

(1)
l

Y
i
(1)
l+1j

(1)
l

. . . ,Y
i
(l)
l j

(l)
l

Y
i
(r)
l+1j

(r)
l

As a consequence, for any index r ∈ {1, . . . , p}, the set {Yrs; s = 1, . . . , q} is visited an even number
of times in each monomial. Besides, the expectation of one monomial is non zero only if each non
diagonal element Yrs is visited an even number of times since Ars = 0 and the normal distribution
is symmetric. As a consequence of these two observations, each Yii must be visited an even number
of times in the monomial so that its expectation is non zero. Since for X ∼ N (x, 1), E[X2r] is an
even polynomial in x, this implies that the expectation of each monomial of Z only involves terms
of the form σ2r

i (A) and (ii) follows.

Proof of Corollary 2. Since lr norms of vectors are non increasing with respect to r, we have ‖A‖4k−2
4k−2 ≤

‖A‖4k−2
2k and ‖A‖4k−4

4k−4 ≤ ‖A‖
4k−4
2k . Hence, we derive from Proposition 7 and Chebychev inequality

that
Var (Uk)

1/2 ≤ cexp(k)
[
(pq)k/2 + p1/2‖A‖2k−2

2k + ‖A‖2k−1
2k

]
. (2.24)

We consider two cases depending on ‖A‖2k2k. If ‖A‖2k2k ≤ (pq)k/2, then the above risk bound simpli�es
in E

[
|(Uk)− ‖A‖2k2k

]
≤ cexp(k)(pq)k/2. Then, together with the inequality |x1/(2k) − y1/(2k)| ≤

|x− y|1/(2k) and Holder inequality, we have

E
[
|(Uk)

1/(2k)
+ − ‖A‖2k|

]
≤ E

[
|Uk − ‖A‖2k2k|

]1/2k
≤ cexp[k](pq)1/4 . (2.25)

Let us turn to the case where ‖A‖2k2k ≥ (pq)k/2. Since |(1 + x)1/(2k) − 1| ≤ |x| for any x ≥ −1/2, we
have

E
[
|(Uk)

1/(2k)
+ − ‖A‖2k|

]
= E

[
‖A‖2k

∣∣[Uk/‖A‖2k2k] 1
2k − 1

∣∣]
≤ ‖A‖2k P

[
Uk ≤ ‖A‖2k2k/2

]
+ ‖A‖1−2k

2k E
[
|Uk − ‖A‖2k2k|

]
≤ ‖A‖2k

[
4

Var (Uk)

‖A‖4k2k
+

Var (Uk)
1/2

‖A‖2k2k

]

≤ cexp(k)

[
(pq)k

‖A‖4k−1
2k

+
(pq)k/2

‖A‖2k−1
2k

+
p

‖A‖32k
+

p1/2

‖A‖2k
+

1

‖A‖2k
+ 1

]
≤ cexp(k)(pq)1/4 , (2.26)

where we used (2.24) in the fourth line and the condition ‖A‖2k ≥ (pq)1/4 in the last line.

Proof of Proposition 6. The de�nition of the estimators U2 and U3 is a consequence of the following
moment identities

E[tr(YTY)] = ‖A‖22 + pq ; (2.27)

E[tr((YTY)2)] = ‖A‖44 + 2(p+ q + 1)‖A‖22 + pq(1 + q + p) ; (2.28)

E[tr((YTY)3)] = ‖A‖66 + 3(p+ q + 1)‖A‖44 + 3(p2 + q2 + 3pq + 3p+ 3q + 4)‖A‖22
+pq[p2 + q2 + 3pq + 3p+ 3q + 4] . (2.29)

After some tedious computations, we see that the expressions in the right-hand side in Proposition 6
are unbiased estimators of ‖A‖22 and ‖A‖44 respectively.
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In the remainder of the proof, we show (2.27�2.29). The �rst identity has already been proved
to analyze U1. In order to derive the second and the third identity, we decompose YYT into a sum
involving its expectation.

YTY =
(
ATA + pIq

)
+
(
ETE− pIq + ETA + ATE

)
=: S + N .

Since S is deterministic and N is centered, we have

E[tr[(YTY)2]] = tr(S2) + tr[E(N2)] .

Since the Gaussian distribution is symmetric, we obtain by straightforward computation that

E[N2] = E[(ETE− pIq)2] + E[(ATE + ETA)2] = (q + 1)
[
pIq + 2ATA

]
. (2.30)

Combining the two previous identities leads to (2.28). Turning to (2.29), we have

E[tr[(YTY)2]] = tr(S3) + tr[E(N3)] + 3 tr[SE(N2)] , (2.31)

since N is centered. For E[tr(N3)], we use a again that odd moments of centered normal distributions
are null to derive

E[tr(N3)] = E[tr[(ETE− pIq)3]] + 3E
[
tr[(ETE− pIq)(ATE + ETA)2]

]
. (2.32)

Starting with the �rst expression, we derive from moments of standard Wishart distribution (see
e.g. [73]) that

E[tr[(ETE− pIq)3]] = pq[q2 + 3q + 4] .

Tedious computations also lead us to

E
[
tr[(ETE− pIq)(ATE + ETA)2]

]
= ‖A‖22[(q − 1)(q − 2) + 3(q − 1)2 + 8] = ‖A‖22[q2 + 3q + 4] .

Combining the two previous identities in (2.32), we obtain

E[tr(N3)] = [q2 + 3q + 4](pq + 3‖A‖22) .

Then, coming back to (2.31), and relying on (2.30), we get

E[tr((YTY)3)] = tr[(ATA + pIq)
3] + [q2 + 3q + 4](pq + 3‖A‖22) + 3(q + 1) tr[(ATA + pIq)(2ATA + pIq)]]

= ‖A‖66 + 3(p+ q + 1)‖A‖44 + 3(p2 + q2 + 3pq + 3p+ 3q + 4)‖A‖22
+p3q + q3p+ 3p2q2 + 3p2q + 3q2p+ 4pq ,

which is exactly (2.29).

2.7.4 Proofs for general norms ‖A‖s
We start with a technical lemma.

Lemma 8. Write I(A) for the image of A. Then, ΠI(A) be any orthogonal projection matrix in Rp
to I(A). For any i = 1, . . . , q, we have

|λi(W)− σ2
i (A)| ≤ 2σi(A)‖ΠI(A)E‖∞ + ‖ΠI(A)E‖2∞ + ‖ETE− pIq‖∞ (2.33)
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Proof of Proposition 8. De�ne W = YTY−pIq, then σ2
i (Y)−p = λi(Y) so that Ts = [

∑q
i=1(λi(W))

s/2
+ ]1/s.

For any x ∈ R, we have |
√

(1 + x)+− 1| ≤ 2|x| ∧
√
|x|. It follows from the triangular inequality and

Lemma 8 that

|Ts − ‖A‖s| ≤

[
q∑
i=1

|[λi(W)]
1/2
+ − σi(A)|s

]1/s

≤
q∑
i=1

|[λi(W)]
1/2
+ − σi(A)|

≤
q∑
i=1

‖ΠI(A)E‖∞ + ‖ETE− pIq‖1/2∞

+σi(A)

∣∣∣∣∣∣
√

1 + 2
‖ΠI(A)E‖∞
σi(A)

− 1

∣∣∣∣∣∣ ∨
∣∣∣∣∣
√(

1− 2
‖ΠI(A)E‖∞
σi(A)

)
+

− 1

∣∣∣∣∣


≤ q
[
5‖ΠI(A)E‖∞ + ‖ETE− pIq‖1/2∞

]
.

This leads us to E[|T1 − ‖A‖1| ≤ q
[
5E
[
‖ΠI(A)E‖∞

]
+ E[‖ETE− pIq‖∞]1/2

]
. Since E is distribu-

tion invariant by a left orthogonal transformation ‖ΠI(A)E‖∞ is distributed as the operator norm
of a dim(I(A))× q noise matrix. Thus, we deduce from Lemma 9 that E

[
‖ΠI(A)E‖∞

]
≤ 2
√
q. The

expectation of E[‖ETE− pIq‖∞ has already been handled in Lemma 4. We conclude that

E[|T1 − ‖A‖1|] ≤ E[

q∑
i=1

|(σ2
i (Y)− p)1/2

+ − σi(A)|] ≤ cq(pq)1/4 .

Proof of Lemma 8. Without loss of generality, assume that the A matrix is in diagonal form, that
Aii = σi(A) for i = 1, . . . , q and Aij is zero otherwise. Then, we deduce from the interlacing
inequality (Corollary III. 1.5 in [12]) that the i-th largest eigenvalues of W = YTY − pIq is less of
or equal to to the �rst eigenvalue of the restriction of W to indices in [i, . . . , q]× [i, . . . , q]. Writing
W[i:q] for this restriction, we arrive at

λi(W) ≤ λ1(W[i:qq])

≤ σ2
i (A) + ‖[ETA + ATE + ETE− pIq][i:q]‖∞

≤ σ2
i (A) + ‖ETE− pIq‖∞ + 2‖[ETA][i:q]‖∞

≤ σ2
i (A) + ‖ETE− pIq‖∞ + 2σi(A)‖[E[1:q]‖∞ ,

where we applied again the interlacing inequality in the second and in the third line.

Turning the lower bound of λi(W), we de�ne Vi the subspace of dimension i spanned by the i-th
largest eigenvectors of ATA (pick any such subspace if it is not unique). It follows from Courant-
Fischer min-max theorem that

λi(W) ≥ inf
x∈Vi

(xTWx)/|x|22

≥ inf
x:|x|2=1

i∑
j=1

x2
jσ

2
j (A) + xT (ETE− pIq)x+ 2

i∑
j1,j2=1

xj1xj2σj1(A)Ej1j2

≥ inf
x:|x|2=1

i∑
j=1

x2
jσ

2
j (A)− 2[

i∑
j=1

x2
jσ

2
j (A)]1/2‖E[1:q]‖∞ − ‖ETE− pIq‖∞ , (2.34)

where we applied Cauchy-Schwarz inequality and used that inf f + g ≥ inf f + inf g. The quantity∑i
j=1 x

2
jσ

2
j (A) lies in [σ2

i (A);σ2
1(A)]. The function x 7→ x2 − 2xz is decreasing for x ≤ z and
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increasing for x ≥ z and its minimum equals −z2. When σi(A) ≥ ‖E[1:q]‖∞, the minimum of the
left-hand side expression in (2.34) is achieved at σi(A) and we have

λi(W) ≥ σ2
i (A)−2σi(A)‖E[1:q]‖∞−‖ETE−pIq‖∞ ≥ σ2

i (A)−2σi(A)‖E[1:q]‖∞−‖ETE−pIq‖∞−‖E[1:q]‖2∞ .

When σi(A) < ‖E[1:q]‖∞, this implies that σ2
i (A)− 2σi(A)‖E[1:q]‖∞ < 0, and we also have

λi(W) ≥ σ2
i (A)− 2σi(A)‖E[1:q]‖∞ − ‖ETE− pIq‖∞ − ‖E[1:q]‖2∞ .

All in all, we have proved that∣∣λi(W)− σ2
i (A)

∣∣ ≤ ‖ETE− pIq‖∞ + 2σi(A)‖[E[1:q]‖∞ + ‖E[1:q]‖2∞ .

Since E[1:q] is a submatrix of ΠI(A)(E) (recall that A is assumed to be diagonal in the proof), we
get the desired result.

Proof of Proposition 9. The �rst inequality in (2.14) is straightforward. Regarding the second in-
equality, observe that for a diagonal matrix A, its singular values are given by the absolute values of
the its diagonal entries, so that ‖A‖1 =

∑q
i=1 |Aii|. As a consequence, inf

T̂
supA∈Dp,q EA[|T̂−‖A‖1|]

corresponds to the minimax risk of estimating the l1 norm of vector θ of size q in a model Yi = θi+εi
where the εi's are i.i.d. and follow the normal distribution. Fortunately, this problem has already
been considered by Cai and Low [18]. In their theorem 3, they prove that the minimax square risk
is higher than c′q2/ log(q). Following their arguments and replacing the square loss by the absolute
loss, we derive

inf
T̂

sup
A∈Dp,q

E[|T̂ − ‖A‖1|] ≥ c
q√

log(q)
.

2.7.5 Proof of Proposition 10

Recall that tr[YTY − pIq] = ‖A‖22 + 2 tr[ATE] + (tr[ETE] − pq). The second expression follows a
centered normal distribution with variance 4‖A‖22 whereas the last expression follows a χ2 distri-
bution with pq degrees of freedom. From Lemma 11, we deduce that, with probability higher than
1− 4e−t, ∣∣ tr[YTY − pIq]− ‖A‖22

∣∣ ≤ 2
√
pqt+ 2t+ 2‖A‖2

√
2t .

Regarding the operator norm, we start from (2.17)∣∣σ1(YTY − pIq)− ‖ATA‖∞
∣∣ ≤ 2‖ATE‖∞ + ‖ETE− pIq‖∞ .

From Lemma 10, we deduce that, with probability higher than 1 − e−t, ‖ETE − pIq‖∞ ≤ q +
2
√
pq+ 4

√
2pt+ 2t. In the proof of Lemma 3, we have shown that ‖ATE‖∞/‖A‖∞ is stochastically

dominated by the operator norm of a q× q matrix with independent normal entries. Invoking again
Lemma 10, we derive that 2‖ATE‖∞ ≤ 2σ1(A)(2

√
q +
√

2t) with probability higher than 1 − e−t.
Putting everything together, this yields

‖A‖22
σ2

1(A)
·1− [2

√
pqt+ 2t]/‖A‖22 − 2

√
2t/‖A‖2

1 + 2
2
√
q+
√

2t
σ1(A) +

3
√
pq+4

√
2pt+2t

σ2
1(A)

≤ ÊR2,∞(A) ≤ ‖A‖
2
2

σ2
1(A)

·1 + [2
√
pqt+ 2t]/‖A‖22 + 2

√
2t/‖A‖2

1− 2
2
√
q+
√

2t
σ1(A) −

3
√
pq+4

√
2pt+2t

σ2
1(A)

,

which, assuming that both ‖A‖2 and ‖A‖∞ are large enough, implies that∣∣ÊR2,∞(A)− ER2,∞(A)
∣∣

ER2,∞(A)
.

√
pqt

‖A‖22
+

√
pt+

√
pq

‖A‖2∞
+

√
q +
√
t

‖A‖∞
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2.A Technical inequalities

For bounding the singular values of E, we shall rely on the following results (taken from [28]).

Lemma 9. Let E be a p×q whose entries are independent and follow a standard normal distribution.
Then,

E [|σ1(E)|] ≤ (
√
p+
√
q)

Lemma 10. Let E be a p×q whose entries are independent and follow a standard normal distribution.
Then, for any t > 0, we have

max
{
P
(
σ1 (E) ≥ √p+

√
q +
√

2t
)
,P
(
σq (E) ≤ √p−√q −

√
2t
)}
≤ e−t . (2.35)

The following lemma is taken from [70]

Lemma 11. Let Z be distributed as χ2(p) random variable. For any t > 0, we have

P[Z ≥ p+ 2
√
pt+ 2t] ≤ e−t .
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CHAPTER 3

SEGMENTATION ON TREES

3.1 Introduction

Given a process (ys) indexed by the nodes of a graph G, the problem of segmentation is that of
�nding regions of homogeneous distributions in the graph G such that the distribution of the data
is homogeneous in the graph. When the graph G is a line (or a chain graph), this boils down to
the celebrated change-point detection problem [121] which �nds important applications in sound
recognition, �nance, genomics,. . . (see [135], [3] and [92] for examples of applications). In image
analysis, segmenting an image amounts to partitionning the image into homogeneous regions and
the corresponding graph G is usually a two-dimensional grid.

In some applications, data exhibit a tree-like structure. Think for instance of species traits along
a phylogenetic tree [89]. River network is another example of tree structure, so that abundance mea-
surements along rivers fall in that framework. In this manuscript, we argue that many methodologies
for change-point detection on time series can be extended to trees, thereby making the segmentation
problem signi�cantly simpler for general graphs. Whereas there is rich literature on the chain cases
or on general graphs, the tree case have received little attention despite the article of Maravalle et
al on clustering on trees [85]. The purpose of this manuscript is to partially �ll this gap.

3.1.1 Model

Suppose we are given a tree T and that we observe a process ys ∈ Y indexed by the nodes s of
T. The problem of segmenting the tree T is that of �nding a partition of the nodes into connected
components in such a way that random variable (ys) inside the same connected component are
identically distributed. This model is quite general in the way the distribution of ys may vary
between two regions. In applications, one often works under further parametric assumptions. In
particular, we shall sometimes consider the speci�c mean-change problem, where Y = Rp and

ys = µ∗s + εs . (3.1)

where µ∗s is the unknown mean of ys and the (εs) are independent realizations of a centered random
Gaussian vector with known covariance σ2Ip. For (3.1), only the mean of (ys) varies in the tree T.
Other parametric models will be introduced and discussed along this manuscript.

Graph formalism. For a graph G = (V, E), V stands for its nodes set E stands for its collection
of (undirected) edges, that is of subsets of V of size 2. We say that a connected graph T = (V, E) is
a tree if it does not contain any cycle. with and edge set E . To alleviate the notation, we identify
henceforth a tree T and its set of nodes set. In other wordes, we also write T for V. To remove any
ambiguity, we sometimes specify whether we consider the set T or the tree T.
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Given a subset of nodes S ⊂ T , the induced subgraph S is made of edges of T that connect nodes
in S. The induced subgraph S is not necessarily connected and therefore consists of a collection of
disconnected trees, which is called a forest. If S is connected, then we say that S is a sub-tree of T.
The size |T | of a tree T corresponds to its number of nodes.

Segmentation. We say that a partition P = {S1, . . . , Sq} of the set T is a segmentation of T if
all Sj 's are connected (or equivalently are sub-trees of T). In this work, all considered partitions are
segmentations and we use indi�erently both terminologies. We write P(T) (or simply P when there
is no ambiguity) for the collection of such partitions of the set T . For a partition P ∈ P, its size |P|
stands for its number of sub-trees.

Given a partition P = {S1, . . . , Sq} of T into q sub-trees, we denote JP the set of crossing edges,
that is the set of edges {s, t} such that s and t do not belong to the same sub-tree Si. We call such
an edge a break edge.

Since T has a tree structure, we claim that the number |JP| of break edges is q− 1. Conversely,
any subset J of edges of size q−1 de�nes a segmentation PJ of size q. See the appendix for a proof
of this claim. As a consequence, it is equivalent to estimate a segmentation or a set of break edges.
In our work, we shall mostly work with segmentation, but we shall sometimes rely on the break edge
representation.

(a) (b)

Figure 3.1 � Figure (a) represent a tree of root 1. All nodes are represented in blue. Figure (b)
represent a partition P of the same tree. The set of all the nodes represented in a same color and the
set of the edges connecting the same color nodes de�ne the sub-trees of P. The grey edges represent
the breaks associated to P. These are the edges from the set JP.

Our Problem. Given observation (ys)s∈T indexed by the nodes of the tree, we denote J the set of
break edges, that is the edges such that the random variables yt and associated endpoints of the edges
are not identically distributed. The corresponding segmentation P of T is the minimal partition
breaking down T into sub-trees on which the random variables are identically distributed. In this
manuscript, we consider the problem of recovering the segmentation P from a single observation of
the process (ys)s∈T.

Example of the chain graph. Let us consider the speci�c case where T is the chain graph of size
n: the set of nodes is {1, . . . , n} whereas the edge set is de�ned as E = {{i, i+ 1}, i = 1, . . . , n− 1}.
The chain graph boils down to the classical change-point detection problem for time series. Then, a
segmentation of the nodes is made of segments of the form [(τs + 1); τs+1] with τ0 = 0 and τK = n
and the break edges are the edges {τs, τs+1} for s = 1, . . . ,K−1. Hence, P stands for the collection
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of partition of {1, . . . , n} into segments. As stated earlier, one of the purposes of this manuscript is
to extend some change-point detection methods for the chain graph to the general tree setting.

3.1.2 Segmentation by cost minimization

An omnibus method for performing change-point detection on the chain graph is based on the cost
minimization framework. Let us introduce it in our tree segmentation setting. In what follows, we
say that a function CostT : P → R is a cost function, if it satis�es a linear decomposition with
respect to the element of the partitions, that is, for any P we have the decomposition of CostT(P)
as

CostT(P) =
∑
S∈P

CS , (3.2)

where CS is only a function of S and of the observations yS = (yi)i∈S . Note that the cost function
CostT can therefore be de�ned through the (CS)'s for all S sub-trees of T. Examples of cost functions
include:

� [Least-square cost [4]] Y = H is a Hilbert space endowed with the norm ‖.‖. Then, the least-
square cost

CS = arg min
u∈H

∑
s∈S
‖yi − u‖2 =

∑
s∈S

∥∥∥yi − ∑j∈S yj

|S|

∥∥∥2
. (3.3)

The corresponding Cost function is the least-square criterion over all mean vector that are
constant inside each sub-tree S ∈ P. Such cost function is particularly suited to detect
changes in expectation in the (ys) when those follow a Gaussian distribution.

� [Linear penalized Least-square cost] We have still Y = H and are given some β > 0. De�ne

CS =
∑
s∈S

∥∥∥yi − ∑j∈S yj

|S|

∥∥∥2
+ β . (3.4)

The corresponding Cost function is the least-square criterion penalized by the number |P| of
components. Up to an additive constant β, this is equivalent to penalizing the number |P| − 1
of break edges.

� [Minimum of negative log-likelihood]. We are given a parametric model Pθ with θ ∈ Θ. For a
given partition P = (S1, . . . Sq), we assume that there exist (θ1, . . . , θq) such that any s ∈ Sj ,
ys ∼ Pθj , that is the parameters of the distributions are constants inside each sub-tree of
the partition. Writing l(y, θP) for the log-likelihood of the data, the minimum negative log-
likelihood

CostT(P) = min
θP∈Θ|P|

l(y, θP) =
∑
S∈P

min
θ∈Θ

l(yS , θ) (3.5)

is a valid cost function. One may de�ne such a function for any parametric model. For the
chain graph, Gaussian, Poisson and negative binomial models are the most classical ones [22].
As in the previous case, one can alternatively use a penalized version CS = minθ∈Θ l(yS , θ)+β.

Given a cost function, the problem of cost minimization is then to �nd a partition P∗ minimizing
the cost function.

P∗ ∈ arg min
P∈P

CostT(P) . (3.6)

If the cost function does not include any penalty term, it may be of interest to solve a restricted
version of (3.6) where we consider the collection PK of partitions of size less or equal to K.

As explained in the previous section, |P| = 2n−1, so that a naive minimization procedure in (3.6)
would have an exponential complexity. For the speci�c case of the chain graph, dynamic program-
ming algorithms [55] solve the above problem in quadratic time (see below for further explanations).
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3.1.3 Our Contribution

Our main contribution is twofold. First, we are interested in the computational aspects of general
cost minimization procedure on a general tree. Although, there is rich literature on that topic for
change point detection on the chain graph, we are not aware on results for general trees. Unfortu-
nately, extensions of Dynamic programming algorithm [10] to general trees su�er from an exponential
complexity. This is why we build on the recent pruning strategies of Killick et al [64] to leverage
the algorithm complexity. Numerical illustrations suggest that our PELT tree algorithm achieves
quadratic complexity in practice. Second, we focus on the multivariate mean-change Gaussian set-
ting (3.1) on a general tree. We introduce a dedicated penalty such that the minimizer P̂ of the
correspond penalized least-square cost achieve near optimal statistical performance. This extends
previous results of Lebarbier [71] on the univariate case (p = 1) on the chain graph. Finally, our
methodology is applied to Fish abundance measurements along the Loire river network in France.

3.1.4 Related Literature

We �rst discuss the literature on change-point detection on the chain graph and then we mention
some work on general (non necessarily trees) graphs.

Cost Minimization on the chain graph

Versatility of Cost minimization. As explained earlier, cost minimization procedure are versa-
tile and encompass many setting including parametric models, multivariate observations. . . Arlot et
al. [4] have even shown that, for any arbitrary space Y and a kernel function k : Y×Y → R, one can
rely on a least-square cost function in the associated reproducing kernel Hilbert space to estimate
the change-points, thereby making the method applicable to many machine learning problems. For
the chain tree T, a partition P of size q can be represented through the jumps τ1, . . . , τq. Equipped
with the convention τ0 = 1 and τq = n, the additive decomposition (3.2) of the cost function now
writes:

CostT(P) =

q−1∑
i=0

C(τi:τi+1] . (3.7)

Dynamic Programming. The number of possible segmentations of the chain graph of size n
is exponential. In his pioneering paper, Bellman [10] introduced the so-called Bellman equations,
allowing to �nd the minimal cost partition of any given size K. This contribution which is at the
root of the general dynamic programming algorithm can be summarized with the following sentence:
A minimum cost partition P∗K of size K on the chain graph [1:n] is the union of an optimal partition
of size K − 1 on the chain graph [1:τ ] and of the segment [(τ + 1):n] for some τ , so that it is
possible to �nd iteratively optimal partition on [1:t] given the optimal partition over [1:s] for all
s < t. Relying on Bellman's equations, Auger and Lawrence in [5] provide an algorithm for �nding
all minimal cost partition P∗k for 1 ≤ k ≤ K with a time complexity of order O(Kn2), provided that
the evaluation of a cost function CS requires constant time. More recently, Jackson et al. [55], have
adapted Bellman's equations to �nd a minimum cost partition P∗ without any constrain on its size.
To make sense, this cost function must include a penalty term. In Section 3.2, we shall remind the
reader on the work of Jackson et al. [55] as a warm-up for the general tree case.

Pruning methods. In massive dataset analysis, one cannot apply dynamic quadratic algorithms
because of its quadratic complexity. Only quasi-linear algorithms are feasible when n is too large. A
�ourishing line of research initiated in [64] aims at improving the dynamic to lower its complexity.
The quadratic complexity of dynamic algorithm takes its root at Bellman's equations where to �nd
the optimal partition of over [1 : t], one has to evaluate the cost of all segments of form [(s + 1):t]
with s < t. Among all these s, some of them lead to terrible (high cost) partitions. If we could
knew them in advance, we would not have to evaluate those s. Pruning techniques build upon this
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heuristic and allow to evaluate the costs [(s+ 1):t] on a data-driven subset Rt of possible values for
s < t. Killick et al [64] have introduced the �rst such pruning procedure. The general idea is that,
if some s enforces a too high cost at time t, then s can be pruned for all time t′ > t. See Section 3.2
for more details. The resulting method, called PELT allows to �nd exactly a minimal cost partition.
The complexity is still quadratic in worst case situations. Nevertheless, it is proved to be almost
linear in scenarios where the true distribution contains many true change-points. Under stronger
assumptions on the cost function Rigaill [103] and Maidstone et al [83] have introduced functional
pruning methods, which are at least as fast as PELT algorithm. As these methods are more involved,
we leave their extension to the tree case for future work.

Penalization and selection of the size of the partition. If one follows Auger and Lawrence'
approach, where each minimal cost partition P∗k is computed for k ≤ K, it is still needed to select a
size k̂ to obtain a proper estimator of P. If one follows Jackson et al.' [55]'s approach, one already gets
a single estimator P∗ by minimizing the cost function, but this cost function has to already include
a linear penalty term, otherwise P∗ would be the trivial partition with subtrees of size 1. In both
situations, it is therefore required, at least implicitly, to select the size of the partition. One classical
approach to achieve this goal is through penalization. Given a penalty function pen : P → R+, this
amounts to solving the following minimization problem.

P̂ ∈ arg min
P

[CostT(P) + pen(P)] . (3.8)

Suppose that the penalty function pen(P) only depends on the size |P| of the partition, that is
pen(P) = f(|P|). Then, one can follow Auger and Lawrence approach by computing P∗k for each
1 ≤ k ≤ n and then choosing P̂ = P∗

k̂
with k̂ ∈ arg mink CostT(P∗k) + f(k) (see for instance [71]).

If the penalty function (3.8) is linear in the sense, that for P = (S1, . . . , Sq), we have pen(P) =∑q
i=1 g(Si,ySi) for some function g, then the penalty can be included into the cost function and

(3.8) can be solved using Jackson et al's algorithm [55].
In the case of univariate (Y = R) time series on the chain graph, there is large body of work

on the choice of the penalty function. When the (ys)'s follow a Gaussian distribution with common
variance σ2 it has been explained in Lebarbier [71] that penalizing the least-square cost with a
penalty function pen(P) = σ2 [c1|P|+ c2 log(n/|P|)] with suitable constants c1 and c2 allows to
estimate near optimally the mean vector of (ys), thereby certainly recovering a good estimator of
the partition. Extensions of this penalty to unknown variance σ2 and more generally to exponential
distributions have been addressed in [71] and [22]. The same kind of results have been obtained
by [4, 40] for Kernel change point detection. This penalty choice only depends on |P|, but it is not
linear and cannot therefore be included in the cost function as in Jackson et al. [55]. Nevertheless,
approximation schemes have been proposed by Killick et al. [64]. See also Section 3.4 for more
details.

In an univariate subGaussian model with common variance, Wang et al. [128] have proposed a
BIC like penalty pen(P) = c1σ

2|P| log(n) with a suitable constant c1. Assuming that all changes
in the mean are large enough, they proved that the corresponding estimator P̂ has same number of
segments as the true partition P and location of each change point in P̂ is close to those of P.

Other Change-point detection methods on the chain graph

Change-point detection methods on the chain graph are not restricted to cost minimization proce-
dures. See [121] for a recent review on the topic. Let us simply discuss two popular approaches.

Binary Segmentation (BS). Binary segmentation is a greedy dichotomous procedure �rst in-
troduced in [124]. It amounts to recursively cut the chain graph into two segments by minimizing
a criterion such as the CUSUM statistic [39]. It is usually applied in mean-change problems (3.1)
although extensions to changes in covariance have been proposed [127]. A stopping criterion allows
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to halt the algorithm when no statistically signi�cant breaking edge is detected. Binary segmen-
tation enjoys a nice quasi-linear complexity O(n log(n) in most cases. Unfortunately, it is proved
to be inconsistent unless with very restrictive hypothesis on the location of the breaks. This lead
Fryzlewicz [39] to propose a modi�cations WBS which turns out to be consistent.

Fused Lasso. For mean-change (3.1) univariate data on the chain graph, Tibshirani et al [118] have
proposed the fused Lasso procedure, which amounts to minimize the following penalized criterion

θ̂λ = arg min
θ∈Rn

n∑
i=1

(yi − θi)2 + λ

n−1∑
i=1

|θi+1 − θi| , (3.9)

where λ > 0 is a tuning parameter. Then, a segmentation P̂λ is simply given by the break edges θ̂λ.
The fused Lasso criterion is convex and is provably computed in quasi linear time. The penalization
|θi+1−θi| in (3.9) forces the di�erences |θ̂i+1− θ̂i| to be sparse. In other words, it enforces the vector
θ̂ to be piecewise constant. Extensions to exponential family models were later proposed [77]. If
the true break edges are regularly spaced on the chain, Fused Lasso is able to recover them [47] at
the near optimal rate. Unfortunately, when the break edges are unequally spaced, it behaves badly
compared to penalized least-squares procedures [34].

Segmentation over general graphs

In many important problems, including image and video analysis, data (ys) are indexed by a general
graph which is not tree structured. Typical structures in image analysis includes the 2 and 3
dimensional grids. Unfortunately, it is not possible to extend our PELT Tree algorithm in this setting.
More generally, all known exact cost minimization procedures su�er from an exponential complexity
for general graphs. In the speci�c case of mean changes (3.1), it is possible to extend the Fused Lasso
estimator to this setting by introducing the penalty

∑
{i,j}∈E |θi − θj | . This method is sometimes

referred as total variation denoising [53] or trend �ltering on graph [131]. The corresponding criterion
is still convex and can be minimized e�ciently. In the speci�c case of univariate data (p = 1) in mean-
change model (3.1), approximation schemes have been proposed to minimize the least-squares cost
penalized by the number of break edges [34]. However, this approach does not easily extend to more
general settings (e.g. non univariate data). In summary, segmentation over general graphs seems, at
least from an algorithmic point of view, much more challenging than the tree case considered here.

3.1.5 Organization

In Section 3.2, we remind the reader of the dynamic programming algorithm on the chain graph
and the pruning re�nement PELT of Killick et al. [64]. Section 3.3 extends both the dynamic
algorithm and PELT on a general tree. In Section 3.4, we assume that the data (ys) follow a
Gaussian model (3.1) and propose a penalty function so that the resulting estimator achieves an
oracle inequality. Numerical illustrations are given in Section 3.5, whereas Section 3.6 is dedicated
to the application to Fish abundance data. Some of the proofs are postponed to the appendix.

3.2 Cost minimization on the chain graph

In this section, we consider the cost minimization problem on the chain graph of size n. We shall
remind the reader on the dynamic programming algorithm and of the recent re�nement of Killick et
al. [64]. Let us introduce some notation. For any integers t ≤ s, [t:s] stands for the set {t, t+1, . . . , s},
whereas (t:s] is short for the set {t+ 1, t+ 2, . . . , s}. If s = t, we take the convention (t, s] = ∅. We
also write [1 : n] for the chain graph of size n. Our objective is to �nd a partition P∗ of the chain
graph with minimal cost

P∗ ∈ arg min
P∈P([1:n])

CostT(P) ,

66



Any partition P ∈ P([1:n]) is of the form {[1:τ1], (τ1:τ2], . . . , (τk−1:τk]} with τk = n. For that
partition, the corresponding change-points are τ1, . . . , τk−1. In the speci�c case where k = 1, there is
no change point. In this section, we shall alternate between the representation of a segmentation in
terms of its change-points or in terms of the partition. The former being more natural for the chain
graph and the latter being more suited to general trees. This will serve as a gentle introduction to
the case of general trees considered in the next section.

3.2.1 Optimal Partition (Dynamic programming over the chain graph)

We describe some key ideas of the dynamic programming algorithm on the chain graph, also called
Optimal Partition algorithm [55]. For any integer 1 ≤ s ≤ n, de�ne

F (s) = min
P∈P([1:s])

CostT(P) , (3.10)

the minimal cost of a partition of the chain graph [1:s]. Thus, F (n) is the minimal cost for the
whole chain graph. We use the convention F (0) = 0 and P(∅) = {∅}.

The number of partitions of [1:n] into segments, that is the size of P([1:n]), is 2n−1, so that a naive
algorithm would require an exponential number of operations to compute F (n). The fundamental
property that underlines the dynamic programming algorithm is that F (n) can be easily computed
given the previous values F (s) for 1 ≤ s < n.

Lemma 12. For any s = 1, . . . , n, we have

F (s) = min
0≤τ≤s−1

[
F (τ) + C[(τ+1):s]

]
. (3.11)

We may interpret the index τ∗s achieving the minimum of (3.11) as the last change-point of a
minimum cost partition over [1:s]. Although this lemma is well-known and is a variation of Bellman's
seminal work [10], we still provide its proof as a warm-up for the tree case.

Proof of Lemma 12. Write G(s) for the right-hand side of (3.11). Consider any partition

P = {[1:j1], (j1:j2], . . . , (jk:s]}

of [1:s]. Then, the �rst k segments form a partition P1 of [1:jk]. By decomposing the CostT function
into a sum of elementary costs, we have

CostT(P) = CostT(P1) + C[(jk+1):s] ≥ F (jk) + C[(jk+1):s] ≥ G(s) ,

by de�nition of F (jk). Taking the minimum over all partitions P, we obtain that F (s) ≥ G(s).
Conversely, take τ ′ achieving the minimum in G(s) and consider a partition P′ of [1:τ ′] achieving
F (τ ′). Then, P = P′∪{[τ ′+1:s]} is a partition of [1:s] whose cost is equal to G(s). As a consequence,
F (s) ≤ CostT(P) = G(s). The result follows.

The following Algorithm (aka Optimal Partitionning in [55]) relies on the recursive formula (3.11)
to compute F (n). Along the algorithm, we store τ∗s an index τ achieving the minimum in the right-
hand in (3.11), so that it is possible to recover an optimal partition P∗ (or more precisely the break
points of P∗) by a simple backtracking step. Let us brie�y explain this backtracking step. For the
sake of the discussion, let us assume that the minimum cost partition P∗ is unique. In view of the
proof of Lemma 12, P∗ is shown to be the concatenation of (τ∗n:n] and the optimal partition of [1:τ∗n].
In turn, the optimal partition of [1:τ∗n] contains the set [(τ∗τ∗n + 1):τ∗n]. Iterating the procedure allows
us to reconstruct the partition.
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Algorithm 1 Dynamic Programming Algorithm for the chain graph.
Input : T, (yt)t∈V(T), β.
Set F (0) = 0
for s in (1:n) do
Compute F (s) = min0≤τ≤t−1

[
F (τ) + C[(τ+1):s]

]
Compute τ∗s ∈ arg min0≤τ≤t−1

[
F (τ) + C[(τ+1):s]

]
end for

Set J∗ = ∅; Set s = τ∗n
while s > 0 do
Set J∗ = {t} ∪ J∗
Set s = τ∗s

end while

return (F (n), J∗)

Algorithm 1 outputs both the minimum cost F (n) and the corresponding set J∗ = {j1, . . . j|J∗|}
of break points. The associated partition P∗ has then a size |J∗|+ 1 and is de�ned

P∗ = {[1:j1], (j1:j2], . . . , (j|J∗|, n]} .

In Algorithm 1, the computation of the vector τ∗ and of all F (s) requires O(n2) operations
(assuming the computation of the cost of a segment is constant). The backtracking step is linear.

3.2.2 PELT algorithm [64]

The quadratic complexity of Algorithm 1 can be prohibitive in some applications such as �nance or
genomics where the size n of the chain is very large. For this reason, Killick et al. [64] introduced a
new procedure (called PELT), which in some cases, achieves a near-linear time complexity. The idea
underlying PELT is that, in Equation (3.11), it is perhaps not necessary to compute the minimum
of F (τ) + C[(τ+1):s] over all τ . Indeed, if we could know in advance that, for some τ < s, the sum
F (τ) + C[(τ+1):s] is much larger than F (s), then we could leave those τ aside.

In this subsection, we shall assume that the cost function C satis�es a sub-additive property.
More precisely, we assume that there exists κ ∈ R such that, for any s < τ ≤ t,

C[s:τ ] + C[(τ+1):s] + κ ≤ C[t:s] . (3.12)

As argued in [64], this assumption is mild. If the cost function C[t:s] is the negative maximum
log-likelihood of the data (yt, . . . , ys) in some parametric model, then Assumption (3.12) is satis�ed
with κ = 0. If the cost function function C[t:s] is the negative maximum log-likelihood penalized by
β, then Assumption (3.12) holds with κ = −β.

Lemma 13 ([64]). Assume that (3.12) is satis�ed. If for some τ < t, we have

F (τ) + C[(τ+1):t] + κ > F (t) , (3.13)

then, for any s > t, we have
F (s) < F (τ) + C[(τ+1):s] .

In other words, τ does not achieve the minimum in the recursions (3.11), this for all s > t.

One may interpret Lemma 13 as follows. If any partition of [1:t] having τ as its last change-point
has a too large cost (in the sense of (3.13)), then τ cannot be the last-change point of any optimal
partition of [1:s] for all s > t. Thus, under (3.13), it is not necessary to consider anymore the index
τ in the recursion step of the dynamic programming algorithm.
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Proof of Lemma 13. Consider any triplet τ < t < s such that (3.13) is satis�ed. Then, it follows
from Assumption (3.12) that

F (τ) + C[(τ+1):s] ≥ F (τ) + C[(τ+1):t] + C[(t+1):s] + κ

by (3.13)
> F (t) + C[(t+1):s] ,

the latter being greater or equal to F (s) by the recursion equation (3.11). The result follows.

Relying on the above Lemma, Killick et al. introduced PELT algorithm described below. Here,
Rs corresponds to the set of values τ < s that have not been pruned by the condition (3.13).

Algorithm 2 PELT

Set F (0) = 0 and R1 = {0}
for s in (1:n) do
Compute F (s) = minτ∈Rs

[
F (τ) + C[(τ+1):s]

]
Compute τ∗s ∈ arg minτ∈Rs

[
F (τ) + C[(τ+1):s]

]
Set Rs+1 = {τ ∈ Rs: F (τ) + C[(τ+1):s] + κ ≤ F (s)} ∪ {s}

end for

Set J∗ = ∅; Set s = τ∗n
while s > 0 do
Set J∗ = {s} ∪ J∗
Set s = τ∗s

end while

return (F (n), J∗)

The computational cost of PELT is roughly of the order
∑n

s=1 |Rs|. As a consequence, if the
pruning condition (3.13) is never satis�ed, that is if Rs = {1, . . . , s− 1}, then the complexity is the
same as for the vanilla dynamic programming algorithm. Conversely, if most of the jumps τ are
pruned so that |Rs| is of constant order, then the time complexity of PELT is linear. For instance,
Killick et al. have proved that, when the cost is the penalized negative log-likelihood in a parametric
exponential model and when the number of jumps is linear in n, then PELT has a linear complexity.
See [64] for more details.

3.3 Minimizing the cost on a general tree

Turning to the problem of segmentation on general trees, we now consider the cost minimization
problem (3.6) arg minP∈P(T) CostT(P) on a general tree T.

We start by extending the Dynamic programming algorithm to general trees. The main di�erence
with the chain graph case is that we will not iterate over the last change-point, but over the current
connected component of the partition. In other words, we shall rather work with the partition of
the nodes into connected components than with the break edges. As explained in the introduction,
a partition is uniquely characterized by its break edges, so this change of viewpoint does not change
the problem.

Another di�erence with the previous section is that the tree T is not naturally endowed with a
complete ordering of the nodes. We shall partially �x this di�erence in Section 3.3.1 by introducing
a partial ordering on the nodes.

As explained below, the vanilla Dynamic Programming algorithm introduced in Section 3.3.2
has an exponential time complexity. This makes it all the more important to introduce a pruning
method. PELT Tree extension is described in Section 3.3.3. In the speci�c case of the penalized
least-squares cost function, we introduce in Section 3.3.4 a re�nement of this algorithm to lower its
space complexity.
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3.3.1 Preliminary: ordering the Tree

To introduce a partial ordering '�' on the nodes of T, we assume that the tree T is rooted at a some
node o. If it is not the case, we can root it at an arbitrary node. This allows us to transform T in a
rooted directed tree where the edges are now directed so that an edge {s, t} is directed from s to t if
s is closer to the origin than t1. Then, for two nodes s and t, we say s ≺ t if there exists a directed
path from s to t, which means that t is a descendant of s. This de�nes a partial ordering on the set
of nodes. The minimal node of T is the origin o, whereas the maximal nodes of T are the leaves of
T. We say that t is a child of s, if there exists a directed edge from s to t.

In the sequel, we denote ch(s) for the collection of children of a node s, whereas D(s) stands for
the collections of strict descendants of a node s.

D(s) = {t ∈ T |s ≺ t} . (3.14)

Let us introduce some further notation. Given a node s, Ts stands for the induced sub-tree of T
rooted at s and made of all the descendants of s. In other words, the node set of Ts is {s} ∪D(s).
Given two sub-forests S1 and S2 of T, we de�ne the sub-forests S1∩S2, S1∪S2, and S1 \S2 induced
by the corresponding set of nodes.

3.3.2 Dynamic Programming for trees

Let us now extend the dynamic programming algorithm to any rooted tree T. Given any sub-tree
S of T, we de�ne F (S) as the minimal cost of all partitions P of S

F (S) = min
P∈P(S)

CostS(P) .

More generally, if R is a sub-forest of T (i.e. R is not necessarily connected), we write CC(R) =
(S1, . . . , Sr) for the collection of its connected components. The optimal cost over the forest R is
de�ned as

F (R) =
∑

S∈CC(R)

F (S) . (3.15)

The fundamental property that allows to extend the dynamic algorithm to general trees is given
below. Given any rooted tree T, denote S(T) the collection of sub-trees of T that contain the

root.

Lemma 14. For any rooted tree T, we have

F (T) = min
S∈S(T)

[F (T \S) + CS ] . (3.16)

Proof of Lemma 14. Consider any partition P of T and pick the sub-tree S in this partition that
contains the root. Then,

CostT(P) =
∑
S′∈P

CS′ = CS +
∑

S′∈P\{S}

CS

Then, P \ {S} is a partition of T \S and we have therefore CostT(P) ≥ CS +F (T \S). This implies
that F (T) ≥ minS∈S(T) F (T \S) + CS . Conversely, consider any partition P∗ induced by the mini-
mum of F (T \S)+CS . By de�nition of F (T ), we have F (T ) ≤ CostT(P∗) = minS∈S(T) F (T \S)+CS .
The result follows.

1We can always direct an edge since, in a tree, there exists a unique path from o to t. If this path goes through s,
then s is closer to the origin, otherwise t is closer to the origin.
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Using update rule (3.16) we can propose a simple algorithm �nding the minimum cost partition
of a tree T. The idea is to browse the tree node by node from leaves to root and to compute F (Ts)
for each s ∈ T thanks to (3.16). Then, we run a backtracking routine to compute the optimal
partition P∗. First we present the pseudo code for the dynamic programming algorithm, then we
describe the backtracking routine. In what follows, we take the convention that F (∅) = 0. In a tree,
the height of a node s is the distance from s to its farthest descendant. The height of a leaf is 0, the
parent of a leaf has height 1 and the root of the tree has maximal height. The height of T is de�ned
as the height of its root.

Algorithm 3 Dynamic Programming algorithm

for 0 ≤ h ≤ height(T) do
for s such that height(s) = h do
Compute F (Ts) = minS∈S(Ts) [F (Ts \S) + CS ]
S∗s = arg minS∈S(Ts) [F (Ts \S) + CS ].

end for

end for

Backtracking step

We claim that the connected components CC(Ts \ S) are sub-trees of the form Tt for some t
descendants of s. Indeed, consider any S′ ∈ CC(Ti \ S). If t belongs to S′, then all its descendants
D(t) cannot belong to S since S is connected and the unique path from s to nodes in D(t) goes
through t. Thus, D(t) ∪ {t} ⊂ S′. Take any node t ∈ S′ whose parent k belongs to S. Then,
D(t) ∪ {t} = S′, otherwise this contradicts that k /∈ S′. This proves the claim.

As a consequence of this claim, the quantity F (Ts \ S) =
∑

S′∈CC(Ts \S) F (S′) in Algorithm 3 is
a sum of F (Tt) for some t ∈ D(s). Since we browse the tree from leaves to the root, we already
computed all these F (Tt) at the previous steps. At the last step of the �rst routine, we are at the
root o of the tree T and we therefore get the desired minimal cost F (T ).

At the last step, the only information we have about the optimal partition of T is its cost F (T)
and the sub-tree S∗o of a corresponding partition that contains the root o of T. In practice, we are
also interested in recovering the optimal P∗ segmentation. To do so, we need a backtracking step
that is able to retrieve the elements of the partition using the collection of S∗s for s ∈ T stored in
the main routine of the algorithm.

The idea is to browse the tree from the root to the leaves. First, one considers S∗o , where o is
the root T. From Lemma 14, we deduce that S∗o is an element of a minimal cost partition of T. We
store this �rst sub-tree in a list denoted Lopt. Then, the complementary forest T \S∗o of S∗o is made
q sub-trees of T, that are of the form Ts1 , . . . , Tsq . For j = 1, . . . , q, we add S∗sj to the list Lopt and
then we consider the forests Tsj \S∗sj for j = 1, . . . , q. We continue until we have covered the whole
tree. At the end, the list Lopt of sub-trees is equal to the optimal partition P∗. We provide below a
pseudo-algorithm for the backtracking step.

Algorithm 4 Backtracking step - Simple Dynamic Programming algorithm

Lopt = ∅.
Lr = {o}
while Lr 6= ∅ do
Get any s ∈ Lr.
Add the sub-trees S∗s to Lopt.
Lr = Lr \ {s}.
Add to Lr the roots of the non-empty trees of CC (Ts \S∗s )

end while

Unfortunately, the naive dynamic programming Algorithm has an exponential time complexity.
Indeed, the computation of F (Ts) requires to minimize over the collection S(Ts) of sub-trees of Ts
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that contain s. For the chain graph |S(Ts)| ≤ n, since a sub-tree of Ts is segment of the form
[t:s]. However, with a general tree T, |S(Ts)| can be much larger. Let us for instance compute
uh = |S(To)| for a balanced binary tree with depth h. One can show that uh satis�es the recursion
uh+1 = (uh + 1)2. Since u2 = 4 and uh+1 ≥ u2

h, it follows that uh ≥ 22h−2
. Since the number

n of nodes of T is 2h+1 − 1, we conclude that computational complexity is higher than 2(n+1)/8.
The complexity is even higher when the nodes of the tree have higher degrees. As a consequence,
the dynamic programming algorithm is not feasible for large trees and it is therefore of utmost
importance to prune the set S(Ts) to make the procedure tractable.

3.3.3 PELT Tree Algorithm

We now explain the general principle behind a PELT Tree pruning method. As in the chain graph
case, we require that the cost satis�es a sub-additive property. Fix some κ ≤ 0. we assume henceforth
that, for any sub-trees S, S1, and S2 of T such that S1 ∪ S2 = S and S1 ∩ S2 = ∅, we have

CT ≥ CS1 + CS2 +κ . (3.17)

When T is the chain graph, then this property matches Condition (3.13) for PELT, except that
we now assume that κ ≤ 0. In particular, when the cost is the minimum negative log-likelihood
penalized by β, Property (3.17) is valid with κ = −β.

Theorem 1. Assume that the cost satis�es (3.17). Consider two nodes s and t in the tree T with
t ∈ D(s). Let Ps denote a partition of Ts and let denote Pt denote the induced partition of Tt, that
is Pt = {S ∩ Tt, S ∈ Ps}. Then, if the cost Pt is too suboptimal in the sense that

CostTt(Pt) + κ > F (Tt) (3.18)

then CostTs(Ps) > F (Ts) which implies that Ps is not a minimum cost partition of Ts.

Proof of Theorem 1. We denote P′ the partition of Ts \Tt stemming from Ps, that is P′ =
⋃
S∈Ps{S\

Tt}. If Pt satis�es equation (3.18), then

CostTt(Pt) + CostTs \Tt(P
′) + κ > F (Tt) + CostTs \Tt(P

′) ≥ F (Ts) , (3.19)

by (3.16). Since the elements of the partition Ps are connected components in the tree Ts, at most
one element S of Ps satis�es S ∩ Tt 6= ∅ and S * Tt. Indeed, this connected component contains a
path from Tt to Ts \Tt and must therefore contain the root t of Tt. It is therefore unique if it exists.

If there no such S,then Ps = Pt ∪ P′ and we have CostTt(Pt) + CostTs \Tt(P
′) = CostTs(Pt).

Since κ ≤ 0, it follows from (3.19) that CostTs(Ps) > F (Ts) and Ps is therefore suboptimal. If there
is one such S, we have by Property (3.17) that

CostTt(Pt)+CostTs \Tt(P
′)+κ = CS∩Tt+CS\Tt+κ+

∑
S′∈Pj∪P′: S′∩S=∅

CS′ ≤
∑
S′∈Ps

CS′ = CostTs(Ps) ,

which implies again that CostTs(Ps) > F (Ts).

An important consequence of Theorem 1 is the following. Consider a connected component
S ∈ S(Tt). If

CS + F (Tt \ S) + κ > F (Tt) (3.20)

Then, for any ancestor s of t, no optimal partition of Ts contains a connected component of the
form S ∪R where R ∩ Tt = ∅. This also implies that, in the dynamic programming algorithm, it is
not necessary consider any subset of this form S ∪R in the minimization over S(Ts).

This condition (3.20) is at the heart of our pruning step and will allow us to recursively build a
pruned subset Spr(Ts) of S(Ts). Assume that we are at step s. One can show that the non-pruned
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collection of S(Ts) is made of connected components S of the form S = ∪t∈ch(s)St ∪ {s}, where
St ∈ S(Tt) ∪ {∅}. To see this, we may observe that St is de�ned as S ∩ Tt.

(a) (b)

Figure 3.2 � This �gure illustrates that a last sub-tree of T1 is the union of the node 1 and last
sub-trees of T2 and T3. In (a), the red nodes are the nodes of a last sub-tree of T2 . The green
nodes are the nodes of a last sub-tree of T3. The node 1 is grey and the edges connecting it to other
nodes are dotted because we do not take it into account in this �gure. Other nodes are represented
in blue. In (b) the red nodes are the nodes of the last sub-tree of T1 made of the red and green
sub-trees of �gure (a) plus the node 1. In both (a) and (b) the plain and grey edges represent the
breaks between the last sub-trees and the rest of the tree while the plain black edges represent edges
within sub-trees of T1, T2 or T3.

In the pruned algorithm, we shall use a similar construction, except that we use non pruned
sub-trees St in Spr(Tt) ∪ {∅}. In other words, we shall consider

Spr,1(Ts) :=
{
S = ∪t∈ch(s)St ∪ {s} , St ∈ Spr(Tt) ∪ {∅}

}
. (3.21)

In the special case where s is a leaf, (3.21) entails that Spr,1(Ts) = {{s}}. Then, we claim that
minimizing over this pruned set Spr,1(Ts) still allows to �nd the minimum F (Ts).

F (Ts) = min
S∈Spr,1(Ts)

[F (Ts \S) + CS ] . (3.22)

Afterwards, we remove from Spr,1(Ts) all sub-trees S that satisfy the sub-optimality condition cor-
responding to (3.20). In other words, we de�ne

Spr(Ts) := {S ∈ Spr,1(Ts) s.t. CS + F (Ts \ S) + κ ≤ F (Ts)} . (3.23)

To justify our pruning procedure, it su�ces to prove the claim (3.22).

Proof of (3.22). In fact, we prove that any pruned set S ∈ S(Ts)\Spr,1(Ts) is suboptimal in the sense
F (Ts \S) + CS > F (Ts). Consider any such pruned set S. For any descendant t of s in S, denote
S(t) the restriction of S to Tt. Let (s, s1, s2, . . . , sr) be any path from s to a leaf of S. Let t be the
deepest node in S such that S(t) is a pruned set of T (t). This implies that the S(k)'s for k ∈ ch(t)∩S
are not pruned and therefore belong to Spr(Tk). As a consequence, we have S(t) ∈ Spr,1(Tt). Since
S(t) has been pruned, we have by (3.23) that CS(t) + F (Tt \ S(t)) + κ > F (Tt). By Theorem 1 and
its remark below, this implies that CS + F (Ts \ S) > F (Ts) which conclude the proof.
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For completeness, we provide below PELT Tree Algorithm. In this algorithm, we take again the
convention F (∅) = 0.

Algorithm 5 PELT Tree algorithm

for 0 ≤ h ≤ height(T) do
for s such that height(i) = h do
Compute Spr,1(Ts) from Spr(Tt) with t ∈ ch(s) using (3.21).
Compute F (Ts) = minS∈Spr,1(Ts) [F (Ts \S) + CS ].
Set S∗s ∈ arg minS∈Spr,1(Ts) [F (Ts \S) + CS ] .
Prune the set Spr,1(Ts) to obtain Spr(Ts) as in (3.23).

end for

end for

Backtracking step

The backtracking step is the same as in the previous subsection. The computational complexity
of the procedure is of the order of

∑
s∈T |Spr,1(Ts)|. As a consequence, if the subsets |Spr,1(Ts)|

are pruned enough, then this will drastically reduce the complexity. Our numerical experiments in
Section 3.5 suggest that, in typical settings, PELT Tree achieves a quadratic complexity instead of
the exponential complexity for the vanilla dynamic programming algorithm.

3.3.4 Improvement for Penalized least-square cost

In the previous subsection, we explained how to adapt the dynamic programming and the di�erent
pruning methods to general trees. Even if we expect PELT Tree to have a reasonable time complexity,
we still have to compute and store all the collections Spr(Ts). Indeed, in the recursive equation (3.22),
we need to compute all costs CS for S ∈ Spr,1(Ts).

In this subsection, we explain how to drastically lower the memory cost of the procedure when
the cost is the penalized least-squares one. We assume here that observations ys in Rp. For a
connected component S, the cost CS satis�es CS =

∑
s∈S ‖ys − ȳS‖2 + β where ȳS = 1

|S|
∑

s∈S ys.
Consider any S ∈ Spr,1(Ts). From the construction (3.21) of this set Spr,1(Ts), we have S =

∪t∈ch(s)St ∪ {s} for some St ∈ Spr(Tt) ∪ {∅}. In (3.22), we have to evaluate

F (Ts \S) +
∑
t∈S
‖yt − ȳS‖2 + β . (3.24)

First, we observe that F (Ts \S) is the sum of optimal cost for some sub-trees of Ts. In fact, we have

F (Ts \S) =
∑

t∈ch(s)

F (Tt \St) . (3.25)

Therefore, if for all t ∈ ch(s) we stored F (Tt \St) for each St ∈ Spr(Tt)∪{∅}, we are able to compute
F (Ts \S) easily using (3.25). Second, the cost CS in (3.24) is only a function of θS =

∑
t∈S yt,

κS =
∑

t∈S ‖yt‖2 and |S|. Interestingly, these quantities are easily updated on the �y. Indeed, we
have

θS = ys +
∑

t∈ch(s)

θSt ; κS = ‖ys‖2 +
∑

t∈ch(s)

κSt ; |S| = 1 +
∑

t∈ch(s)

|St| . (3.26)

From both remarks, we deduce that, in order to compute F (Ts) at step s, we only need to store
the following information for all S ∈ Spr,1(Ts) :

IS(Ts) = {F (Ts \S), θS , κS , |S|} , (3.27)

with the convention I∅(Ts) = {F (Ts), 0, 0, 0}. In what follows, we denote I(Ts) = {IS(Ts)|S ∈ Spr(Ts) ∪ {∅}}.
From the recursive equation (3.25) and (3.26), we obverse that I(Ts) is easily computed from the
I(Tt)'s with j ∈ ch(s).
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Still, a naive implementation of the algorithm with IS requires to store all sub-trees S ∈ Spr,1(Ts).
This turns out to be unnecessary. Indeed, the computation of IS(Ts) only requires the knowledge
of ISt(Tt) for t ∈ ch(s), whereas the knowledge of the topology of S does not matter. This allows
us to introduce the following new representation of I(Ts). Now a set S ∈ Spr,1(Tt) is only de�ned
through its index q. For q = 1, . . . , |Spr,1(Ts)|, we now consider

Iq(Ts) = {Fq, θq, κq, Nq,b
q, idq} , (3.28)

where Nq stands for the size of the corresponding S, bq ∈ {0, 1}| ch(s)| is such that, for a child t of s,
bqt = 0 if St = ∅, that is if t /∈ S. The second | ch(s)|-vector idq contains the indices qj corresponding
to St in I(Tt). Equipped with this new notation, we deduce that the recursive equation (3.22)
becomes

F (Ts) = min
1≤q≤|I(Ts)|

[
Fq + κq −

‖θq‖2

Nq
+ β

]
. (3.29)

In summary, the update formula for Iq(Ts) is the following

Iq(Ts) =

Fq =
∑

t∈ch(s)

Fidqt
, θq = ys +

∑
t∈ch(s)

θidqt , κq = ‖ys‖2 +
∑

t∈ch(s)

κidqt , Nq = 1 +
∑

t∈ch(s)

Nqt ,b
q, idq

 .

(3.30)
To sum up, we arrive at the following algorithm. Below, we use the convention

∑
t∈∅ at = 0.

Algorithm 6 PELT Tree for least squares cost

I(∅) = {0, 0, 0, 0, 0, 0}
for 0 ≤ h ≤ height(T) do
for s such that height(s) = h do
Compute I(Ts) relying on I(Tt) for t ∈ ch(s) with (3.30)

Compute F (Ts) = min1≤q≤|I(Ts)|

[
Fq + κq − ‖θq‖

2

Nq
+ β

]
as in (3.29).

Compute q∗s an index achieving the above minimum.
Add I0(Ts) =

{
F (Ts), ys, y

2
s , 1, {0}| ch(s)|, {0}| ch(s)|} to account for the empty set.

Prune I(Ts) by removing indices q such that Fq + κq − ‖θq‖
2

Nq
> F (Ts)

end for

end for

Backtracking step

In the above algorithm, the pruning step is the counterpart of (3.20) with κ = −β. Although
this version of PELT tree is only described for least-squares criterion, the general approach can
be extended to other cost functions. In general, we only require that the cost CS on (ys)s∈S is a
function of several statistics and that these statistics can be updated on the �y. This property holds
for instance when the cost is negative log-likelihood for Poisson random variables. See the numerical
section (Section 3.5).

Since we do not store the sub-trees S∗s anymore, we need to rely on a new backtracking algorithm.
The general idea is the following: we start from the root o of T and consider the optimal index q∗o .
Although Iq∗o does not contain a full description of S∗o , it contains the indices (id

q∗o
t ) for t ∈ ch(o)

of the restrictions of S∗o to Tt. Looking at the corresponding indices allow us to explore S∗o step by
step. If at some point, one of the explored indices (idqt ) is null this means that Tt does not intersect
with S∗o , and that we have encountered a break edge. At t, we need therefore to start exploring a
new connected component whose index is q∗t (as de�ned in Algorithm 6). Iterating this procedure,
we shall step by step visit all the nodes. The pseudo-algorithm (7) described below is written in
terms of the break edges instead of the partition. As explained in the introduction, the knowledge
of the break edges is equivalent to that of the partition.
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Algorithm 7 Backtracking algorithm - Least square criterion

Initialize an empty list Lb for the breaks of the optimal segmentation of the tree.
Initialize an empty list L accounting for the current indices.
L[o] = q∗o
for height(T) ≥ h ≥ 1 do
for s such that height(s) = h do
q = L[s]
for t ∈ ch(s) do
if bqt = 0 then
Add the break edge (s, t) to Lb
Set L[t] = q∗t .

else

Set L[t] = idqt .
end if

end for

end for

end for

3.4 Partition selection for Gaussian Models

In this section, we focus on mean segmentation models with Gaussian noise. More speci�cally, we
assume in this section that ys ∈ Rp and that, for each node s ∈ T,

ys = µ∗s + εs , (3.31)

where µ∗s ∈ Rp is the unknown mean and εs is a centered Gaussian random vector with covariance
matrix σ2Ip. Here, Ip stands for the p-dimensional identity matrix and σ2 is known. In this model,
the true partition P = {S1, . . . , SK} is the minimal partition such that the mean sequence µ∗s is
constant on each sub-tree Sk.

This section is dedicated to crafting a statistically sound estimator of P. For a partition P =
(S1, . . . , SK) of T, we consider its (non-penalized) least-squares cost.

Costls(P) =
K∑
i=1

∑
s∈Si

∥∥ys −∑
t∈Si

yt
|Si|

∥∥2

2

Then, given a penalty function pen : P → R+, we select a partition P̂ by minimizing the penalized
criterion

P̂ ∈ arg min
P∈P

Costls(P) + pen(P) . (3.32)

If we choose pen(P) = β|P| for some β > 0, then pen(P) can be integrated into the cost function
and P̂ can be interpreted as a cost minimizer partition. However, for non-linear penalty function,
this estimator P̂ is not necessarily a cost minimizer. Leaving temporarily the computational aspects
aside, we �rst focus on suitable choice of the function pen(.) so that P̂ is as good as possible.

In what follows ‖y‖2T stands for
∑

s∈T ‖ys‖2.

3.4.1 Oracle inequality

To do so, we shall build on Lebarbier's work [71] for univariate observation on the chain graph and
more generally on the Birgé Massart model selection theory [13]. In order to use this framework, we
need some new notation.
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Consider any partition P = (S1, . . . , SK) of T. De�ne the subspace VP of vectors µ that are
piece-wise constant according to this partition. In other words, for any i = 1, . . . ,K and any t1, t2
in Si, we have µt1 = µt2 . The least-squares estimator µ̂P in VP is then de�ned as

µ̂P = arg min
µ∈VP

‖y − µ‖2T (3.33)

Note that (µ̂P)s is equal to the mean of the observation in the sub-tree Si of T that contains s, so
that

‖y − µ̂P‖2T =
K∑
i=1

∑
s∈Si

∥∥ys −∑
t∈Si

yt
|Si|

∥∥2

2
= Costls(P) .

Second, we introduce µP as the projection of µ∗ onto VP, that is we have µP = arg minµ∈VP ‖µ
∗−

µ‖2T . For any s ∈ Si, (µP)s = (
∑

t∈Si µ
∗
t )/|Si|. The quantity ‖µP − µ∗‖2T corresponds to the

square norm of the bias of the estimator µ̂P of µ∗. The following lemma states the bias-variance
decomposition of the estimator µ̂P.

Lemma 15. For any partition P in P, we have

E
[
‖µ̂P − µ∗‖2T

]
= ‖µP − µ∗‖2T + σ2p|P| .

Next, we provide an oracle-like inequality for the least-square estimator µ̂
P̂
based on the selected

partition.

Theorem 2. Fix any η > 1, θ > 0, and ζ > 0. There exists two constants cη and c
′
η only depending

η such that the following holds. If the penalty function satis�es

pen(P) ≥ ησ2

[
(1 + θ)|P|p+ 2(1 + θ−1)[|P| − 1]

(
(1 + ζ) + log

(
n− 1

|P| − 1

))]
, (3.34)

for all P ∈ P, then the selected partition P̂ (from (3.32)) satis�es

E
[
‖µ̂

P̂
− µ∗‖2F

]
≤ cη inf

P∈P

[
‖µP − µ∗‖2T + pen (|P|)

]
+ c′

eζ

eζ − 1
σ2 . (3.35)

The proof of this theorem is postponed to the appendix.

Remarks. Theorem 2 states that the selected partition P̂ has an associated least-square estimator
µ̂
P̂
which performs nearly the best among least-square estimators µ̂P. In particular, specifying the

right-hand side of (3.35) for P = P (the true partition) and choosing a penalty as in (3.34), we
deduce from Lemma 15

E[‖µ̂
P̂
− µ∗‖2F ] ≤ cη,ζ,θ

[
E
[
‖µ̂P − µ∗‖2T

]
+ σ2[|P| − 1] log

(
n− 1

|P| − 1

)]
.

Hence, the risk of µ̂
P̂
is nearly as good as the estimator associated to the unknown true partition up

to an additive [|P| − 1] log( n−1
|P|−1) term. This suggests that P̂ is a good estimator P. In the speci�c

case where p = 1 (univariate data) and T is a chain graph, we recover the oracle inequality [71].
Interestingly, the penalty in (3.34) only depends on the dimension p of the signal through the variance
term |P|p.

3.4.2 Implementation

Unfortunately, the penalty pen(P) introduced in the previous section is not linear with respect to
P. Thus, we cannot incorporate it into the cost function and then apply PELT Tree Algorithm.
Nevertheless, pen(P) writes as a function f(|P|) where f is strictly concave and di�erentiable. For
the problem of change point detection on the chain graph, this motivated Killick et al [64] to run a
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gradient descent-like algorithm amounting iteratively minimize the least-square cost with a linearized
penalty. Here, we readily adapt their approach in our setting.

The general idea is to improve iteratively the estimator. From a current estimator Pl, we compute

Pl+1 ∈ arg min
P∈P

[CostT(P) + |P|f ′(|Pl|)] ,

with PELT-Tree algorithm. Then, we iterate by replacing f ′(|Pl|) by f ′(|Pl+1|). The algorithm
stops when the size of the partition |Pl+1| does not change.

We provide below the algorithm for the problem of minimizing a general cost function penalized
by a strictly concave penalty. Then Proposition 1 below states that the procedure stops at a local
minimum of the penalized criterion.

Algorithm 8 Tree Segmentation with Model Selection

Initialize K = 0 and β = f ′(0)
Compute P̂ ∈ arg minP∈P [CostT(P) + β|P|] by Algorithm 5
while K 6= |P̂| do
Set K = |P̂|
Set β = f ′(K)
Compute P̂ ∈ arg minP∈P [CostT(P) + β|P|] by Algorithm 5

end while

return (P̂, CostT(P̂) + pen(P̂))

Remark. When we use a least-square cost function, the above algorithm can be improved by relying
on Algorithm 6 instead of Algorithm 5.

Proposition 1. Assume that the penalty function f is strictly concave and di�erentiable. Then, the
penalized cost of P̂ is decreasing at each step of Algorithm 8 and is strictly decreasing at each step
before the last one. Furthermore, any global minimizer P̂pen of the penalized cost is a �xed point of
the above recursion, that is

P̂pen ∈ arg min
P∈P

[CostT(P) + f ′(|P̂pen|)|P|)]

Unfortunately, the above proposition does not certify that the partition P̂ converges to a global
minimum of the penalized cost.

3.5 Numerical experiments

We evaluate of the performance of our PELT Tree Algorithm with model selection 8 on synthetic
data. Since we have no algorithm using our methodology on trees to compare it too, we will give raw
performances such as time of computation, number of partitions pruned at each step and accuracy.
Throughout this section, the tree T is a rooted balanced binary tree. We present the results of three
di�erent experiments which aim to assess the performance in term of pruning, computational time
and accuracy of Algorithm 8 in particular statistical models.

Statistical models We consider two statistical models:

� The Gaussian setting is analogous to that studied in Section 3.4. The observations (ys)s∈T

follow a normal distribution with mean µ∗s and variance σ2.

ys ∼ N (µ∗s, σ) ∀s ∈ T (3.36)

We write P for the minimal partition of T such that the mean µ∗s is constant on each sub-tree
of P.
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� The Poisson setting is closer to our analysis of �sh abundance data in the next section. The
observation ys at node s is a p-dimensional vector of non-negative integers. The coordinates
ys,j are independent and follow a Poisson distribution :

ys,j ∼ Poi
(
eαs+bs,j

)
, s ∈ T, j = 1, . . . , p , (3.37)

where αs is a 'site' e�ect and the parameter bs,j is a parameter depending on both the site
s and the component j. There exists a (minimal) partition P of T into regions such that,
for each j = 1, . . . , p, bs,j is constant inside each component of the partition. This setting
slightly deviates from our de�nition of segmentation problems in the introduction because the
nuisance parameter αt is not assumed to be constant on elements of the partitions.

Cost and Penalty functions We present here the algorithm based on Algorithm 8 that was
implemented for our experiments.

In the Gaussian setting, the cost function considered is the Penalized least-square. This setting
is studied in Section 3.3.4 and we saw in Section 3.4 that it is possible to use Algorithm 6 instead
of Algorithm 5 in the model selection Algorithm 8. Hence, we use the modi�ed Algorithm 8 with a
Penalized least square cost.
For the penalty function, its form is based on the work of Lebarbier in [71]. Lebarbier estimates
the change-points in a signal on chains with a Gaussian setting similar to ours using a Penalized
least square cost and model selection on a concave penalty depending on unknown constants. Our
settings and goals being similar to the one in [71], we chose the same form of penalty :

pen(P) =
|P|
n

(
c1 log

(
n− 1

|P| − 1

)
+ c2

)
, (3.38)

with c1 and c2 constants. Lebarbier empirically estimates that c1 = 2 and c2 = 5 gives the best
results with her univariate Gaussian setting. Hence, we set the penalty function of Algorithm 8 to
(3.38) with this choice of values for c1 and c2.

In the Poisson setting, the observations follow a multivariate Poisson distribution.
The cost function used for this setting is the penalized minus log-likelihood function. We now
explain how some simpli�cation of this function can be made in order to make it easier to compute
in Algorithm 8.
Given a subset S ⊂ T , we write yS for the observations in S and l(yS , θS) for the log-likelihood of
yS in Model (3.37) where we assume that all bs,j for s ∈ S are equal to some bS ∈ Rp. Here, θS is
short for (αs, s ∈ S; bS). We consider the cost function CS de�ned by

CS =
∑
s∈S

p∑
j=1

ys,j log

(∑
t∈S
∑p

i=1 yt,i∑
t∈S yt,j

)
. (3.39)

The following proposition, proved in the appendix, states that minimizing the cost
∑

S∈PCS is
equivalent to �nding the partition with the smallest negative log-likelihood.

Proposition 2. For any partition P, the cost function CS de�ned in (3.39) satis�es

∑
S∈P

min
θS
−l(yS , θS) =

∑
S∈P

CS +
∑
s∈T

p∑
j=1

(
ys,j

(
1− log

p∑
i=1

ys,i

)
+ log(ys,j !)

)
. (3.40)

Note that CS in (3.39) is only a function of
∑

s∈S ys,j for j = 1, . . . , p. Hence, it is possible to
adapt the faster algorithm (Algorithm 6) to the Poisson setting, by only storing the partial

∑
s∈S ys,j .

This allows us to minimize the linearly penalized cost function by PELT Tree.
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For this setting, we use Algorithm 8 in which we replace Algorithm 5 with the adaptation of
Algorithm 6 to the Poisson setting. As stated before the cost function is 3.40 and we choose a
penalty function inspired by (3.34) introduced in Section 3.4 for the multivariate Gaussian model.
Our intuition is that the form of the penalty function calculated for the multivariate Gaussian model
can also be used in the Poisson setting in the improved version of Algorithm 8. We do not prove
it formally in this document but we empirically verify that this choice of penalty works for the
multivariate Poisson model.
We still have to adapt the form of the penalty (3.34) to the Poisson setting. Since the variance of a
Poisson distribution is equal to its mean, we are not in the case of a known variance. We replaced
σ by 1 in (3.34). The �nal form of the penalty function is :

pen(P) = η (|P| − 1)

[
(1 + θ)p+ 2

(
1 + θ−1

)(
(1 + ζ) + log

(
n− 1

|P| − 1

))]
, (3.41)

where η > 1, θ > 0 and ζ > 0 are some constants.
In our experiments, the dimension p of the observations is set to 10 while the size n of the tree
T varies. While we choose η and ζ to be as small as possible, compromise have to be made when
choosing θ since both θ and θ−1 �gure in (3.41). We choose our constants accordingly and trying to
get the smallest penalty function as possible. We arbitrarily choose η = 1.1, ζ = 1

100 and θ = 0.5.
We can replace the di�erent constants term in (3.41) by three general constant c′1, c

′
2 and c′3.

pen(P) = (|P| − 1)

[
c′1 log

(
n− 1

|P| − 1

)
+ c′2p+ c′3

]
. (3.42)

For our choice of η, ζ and θ, we obtain c′1 = 1.65, c′2 = 6.6 and c′3 = 5.6.

Construction of the binary tree structure. Now that the statistical models and the imple-
mented algorithms are presented, we need to explain how the rooted balanced binary trees are
constructed.
The nodes of the rooted balanced binary tree T are indexed by integers between 1, the root, and n
the number of nodes in T such that for any node i of T that is not a leaf, its children are indexed
by 2i and 2i+ 1. This can be done by browsing the tree from the roots to the leaves.
We represent the structure of T as a list. This list is indexed by the nodes of T, that is to say by
the integers between 1 and n which represent the nodes. The i-th element of the list is a vector
containing the children of the node indexed by i.
To simulate such a list, we �rst create an empty list of size n. Since T is a binary tree, there exists
a certain integer k greater than 1 for which 2k−1 − 1 < n ≤ 2k − 1. Then, for i between 1 and
2k−1− 1, the i-th element of the list is set to the vector (2i, 2i+ 1) if 2i+ 1 is smaller or equal to n,
to the vector (2i) if 2i is equal to n and to 0 if 2i is greater than n. The nodes indexed by integers
between 2k−1 and n are the leaves of the tree, we set the corresponding elements of the list to 0. In
the following, the nodes of T are referred as their index.

Construction of the partition P of T. Once the structure of a tree T of size n is constructed,
we have to construct a partition of T. In the chain case, the performances of the change-point
detection algorithm vary with the number of sub-trees. The case where the number of sub-trees is
linear in the number of nodes gives the best results in terms of computational cost while the worst
case seems to be when there is only one sub-tree in the true partition of T [64]. The latter partition
corresponds to the case where there are no change in the signal and therefore no break between any
nodes in T. We call this case the No Break case. We want to simulate two kind of partitions of T :

� The linear case where the number of sub-trees is linear with respect to the size n of T.

� The No Break (NB) case where there is only one sub-tree : T.
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Simulation of the observations. To simulate observations in the No Break case is simple in
both Gaussian and Poisson settings. In the Gaussian setting, we chose at random a mean µ∗ and
simulate a n-Gaussian vector of mean µ∗ and variance σ Id with σ chosen arbitrarily. In the Poisson
setting, we chose at random the α∗s parameter for each node s and a p-vector (b∗)1≤j≤p. Then, for
all sites s, b∗s,j is equal to b

∗
j for all j between 1 and p and we can simulate the observations as in

the Poisson setting, that is to say, we create a matrix of observations of size n × p such that the
(s, j)-th coe�cient is a random realization of a Poisson distribution of mean eα

∗
s+b∗j for i between 1

and n and j between 1 and p.
The simulation of observations in the linear number of change points is more involved, since we

�rst have to divide T into di�erent sub-trees and then simulate observations on each sub-tree. We
decided to have only one constraint on the size of the sub-trees, that is that each sub-tree must be
of size at least 3. In general, to construct a partition of T into K sub-trees, we chose K−1 integers,
representing nodes of T, denoted n1, . . . , nK−1 such that n1 > n2 > nK−1 and we set nK to 1. We
set the �rst sub-tree as n1 and its descendants in T, then for i between 2 and K, we construct the
i-th sub-tree as ni and its descendants minus the nodes in the already constructed sub-trees.

Since the sub-trees have to be of size at least 3, the ni cannot be leaves of T, that is to say,
if T is of size n and k is such that 2k−1 − 1 < n ≤ 2k − 1, the ni for i between 1 and K − 1 are
chosen uniformly at random between 2 and 2k−1−1. It is not enough to ensure that the constructed
partition will have all its sub-trees of size at least 3. For example, if nK−1 = 2 and nK−2 = 3, the
associated partition contains the sub-tree {1} which is of length 1. We decided to keep choosing
the ni at random until the constructed partition contains only sub-trees of size at least 3. Since K
is reasonably low compared to n, this method is e�cient and allows us to chose the sub-trees at
random instead of setting arbitrary partitions. For any tree T, its true partition is denoted P.

Once the partition of T has been constructed, we can simulate the observations almost as in the
No Break case. In the Gaussian setting, we chose at random K parameters µ∗i for i between 1 and
K. Then, for i between 1 and K, we consider the i-th sub-tree and for all sites s in this sub-tree
we set µ∗s = µ∗i . We construct a vector of observations of size n such that its coe�cients are i.i.d
and such that its s-th coe�cient is a realization of a normal distribution of mean µ∗s and variance
σ. In the Poisson setting, we chose the α∗s at random as in the No Break case and a K × p matrix
b∗ with random coe�cients. Then, for i between 1 and K, we consider the i-th sub-tree, and for all
the nodes s that belong to this sub-tree and all j between 1 and p we set b∗s,j = b∗i,j . We create a
n× p matrix of observations such that its coe�cients are i.i.d. and such that its (s, j)-th coe�cient
is a realization of a Poisson distribution of mean eα

∗
s+b∗s,j .

Presentation of our experiments on Algorithm 8. We are now able to construct binary trees
and to simulate observations on these trees according to a randomly chosen partition. In the fol-
lowing experiments, the parameters of the binary trees and the partitions vary in order to compute
results on the performance of our algorithms. One of the outputs of Algorithm 8 is the estimated
partition of T denoted P̂pen. We conduct three di�erent experiments. The �rst experiment focus on
the pruning step of Algorithm 8; its purpose is to demonstrate that the pruning method is e�cient
with our di�erent settings. The second experiment focus on the computational time. We construct
binary trees of di�erent size and their partition by changing the parameters n and K. Its purpose is
to make sure that the computational cost of our algorithm is reasonable even in the No Break case.
The third and last experiment aims to make sure that P̂pen is a good estimator of P. To do so, we
change the variance σ or the range in which we choose the means of the observations and observe
the consequences on the outputs of our algorithms.

In the third experiment, we assess the ability of our algorithm to estimate P. We stated that in
order to construct a partition of T we have to choose K − 1 nodes n1, . . . , nK−1 in T. Also, P̂pen is
associated to a set of breaks, that is to say edges of T such that if we remove these edges from T, the
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induced connected components are the sub-trees of P̂pen. We notice that, in the case of balanced
binary trees, each ni for i between 1 and K − 1 corresponds to the edge of T between i and its
parent.
We want to compute the percentage of breaks the estimator P̂pen has in common with P. We call
accuracy this percentage. The way we compute the accuracy is the following. We denote K

P̂pen
the

number of sub-trees in P̂pen and N
P̂pen

the number of sub-trees of P that are in P̂pen.
In the speci�c case where K is equal to 1, which is when there are no change in the signal, we want
to compute whether or not the algorithm detected that P = {T}. Hence, if K = 1, the accuracy is
equal to 1 if K

P̂pen
is equal to 1, and 0 otherwise.

accuracy =


N

P̂pen

max
{
K−1,K

P̂pen
−1
} if K > 1

1K
P̂pen

=1 if K = 1
(3.43)

3.5.1 First experiment

Here, we consider a balanced binary tree with n = 199 nodes. We consider 4 settings:

� [(Gauss)] The true partition P is made of K = 21 sub-trees. The observations follow the
Gaussian model (3.36) with σ2 = 1, whereas the value of the mean parameters in a sub-tree
of the partition is sampled uniformly in [−20; 20].

� [(Poiss)] The true partition is the same as above. The observations follow a Poisson model (3.37).
The sites e�ects αt are sampled uniformly in [log(1/2); log(2)], and the parameters b in a sub-
tree of the partition are sampled independently and uniformly among all integers in [1; 100].

� [(GaussNB)] The true partition P equals {T} (no jump). The observations follow the Gaussian
model (3.36) with σ2 = 1 whereas the mean parameter is sampled uniformly in [−20; 20].

� [(PoissNB)] As previously, P = {T}. The observations follow a Poisson model (3.37) with
parameters sampled as in (Poiss).

In (Gauss) and (Poiss), the signal parameter (µ and b) are chosen in a wide range of values so
that the jumps are detectable. In these two settings, the tree T is �xed since the number of nodes
n is always equal to 199 but we make 50 iterations of the procedure with di�erent partitions P and
sets of parameters µ∗s, α

∗
s and b∗s,j at each iteration. In (GaussNB) and (PoissNB) we only make

one iteration of Algorithm 8 since the partition of T into 1 sub-tree is unique.

For the 4 settings, we want to assess two quantities : the number of possible partitions in Spr,1(Ts)
versus the number of descendants of s in T for each node s of T.

In (Gauss) and (Poiss), the number of descendants of each node s of T does not depend on the
true partition of T or on the choice of the parameters, but the number of possible partitions in each
Spr,1(Ts) does. We take the mean over all the 50 iterations of the number of possible partitions in
Spr,1(Ts) in order to get only one value for each number of descendants of s.
In (GaussNB) and (PoissNB) we do not need to take the mean since we make only one iteration of
the algorithm.

In �gure 3.3, we plot the average number of possible partitions in Spr,1(Ts) versus the size of Ts,
that is to say the number of descendants of s, for each s ∈ T, .
The number of partitions seems at worst linear in the number of descendants. The graphs are similar
when the observations follow a Gaussian distribution and a Poisson distribution. However, we ob-
serve a di�erence of behavior of the graphs between the No Break case and the linear case. Indeed,
the algorithm prunes less partitions when P is the partition with only one sub-tree. This is coherent
with the chain case. Indeed, the case where there are no breaks in the true partition of the data
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gives the worst computational cost in change-points detection problem on chains. The algorithms
that use pruning always prune less partitions when there are no break in the true partition, even
with the right choice of the penalty parameter β.

We observe that in this experiment, the pruning of our algorithm is su�ciently e�cient to make
the complexity of our algorithm linear in the size of T.

Figure 3.3 � Number of partitions in Spr,1(Ts) versus number of descendants of s in T for rooted
balanced binary trees of size n = 199. We run our algorithm on the 4 settings introduced earlier.
For all settings, the number of possible partitions is taken after the pruning step in Algorithm 8.
For (Gauss) and (Poiss), the number of sub-trees in P is set to K = 21. In these two settings, we
made 50 iterations of the algorithm, with di�erent partitions P and di�erent sets of parameters at
each iteration, and then took the mean over all iteration of the number of possible partitions for all
s ∈ T. The number of descendants varies between 0, for the leaves, and 198, for the root.

3.5.2 Second experiment

The purpose of this experiment is to assess the computational cost of our algorithm on rooted bal-
anced binary trees of di�erent size.
We consider di�erent values for the size n of T with n in (39, 79, 119, 159, 199, 299, 399, 599, 799, 999, 1499, 1999).

For each value of n, we consider the four settings (Gauss), (Poiss), (GaussNB) and (PoissNB) of
the previous experiment except that in (Gauss) and (Poiss) the number of sub-trees in the partition
P is now set to

⌊
n
5

⌋
+ 1. This makes the size of the partitions linear with n.
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To construct the tree T, its partitions and to simulate the observations on T we follow the
same procedure presented in the introduction of this subsection and the �rst experiment. As in
the previous experiment, there is no need to iterate multiple times our algorithm in the (GaussNB)
and (PoissNB) settings. In the two other settings (Gauss) and (Poiss), we are aware that the com-
putational cost of one iteration of Algorithm 8 can di�er from one partition of T to another, and
from one set of parameters to another. To overcome this issue, for each value of n, we iterate 10
times our algorithm with di�erent partitions P and di�erent sets of parameters at each iteration.
Then, we take the mean of the computational cost over all the iterations in order to obtain one
value for each n . The computational cost increases with the size of T and we noticed that the
variation of the computational cost is low from one iteration to another for the same value of n.
This justi�es the fact that we choose to realize only 10 iterations of our algorithm for each value of n.

To measure the computational cost of Algorithm 8 we use the tictoc package in R [54]. In Fig-
ure 3.4, we plot the computational time of Algorithm 8 in seconds versus the size n of T in our four
settings.
We observe a similar behavior as in Figure 3.3 in both (Gauss) and (Poiss) settings. However, for
a constant signal, the computational time seems at best quadratic in the size of the tree. The dis-
tribution, Gaussian or Poisson, of the observations does not seem to impact the computational cost
of the algorithm. There is an important di�erence between the computational complexity of the
constant scenario versus the linear number of breaks scenario which is much faster. This con�rms
the observation in the �rst experiment that PELT Tree prunes much more aggressively the candidate
sub-trees when there are many breaks.

84



Figure 3.4 � Computation cost of Algorithm 8 (in seconds) versus the size of T. We plot the graph
for all 4 settings (Gauss) (in plain red), (Poiss) (in plain blue), (GaussNB) (in dotted green) and
(PoissNB) (in dotted violet). We used concave penalty with constant c1 = 2 and c2 = 5 for the
Gaussian setting and c1 = 1.65, c2 = 6.6 and c3 = 5.6 for the Poisson setting. In both settings, we
used the version of Algorithm 8 for the penalized least square cost function ((Gauss) and (GaussNB))
and for the penalized minus log-likelihood ((Poiss) and (PoissNB)). For each setting and for each
size of T, we iterate 10 times the algorithm and take the mean over all the iterations.

3.5.3 Third experiment

In the third and last experiment on the performance of Algorithm 8 with synthetic data, we consider
a rooted balanced binary tree of size n = 199. We consider the same 4 settings as in the �rst
experiment except that we now make vary the variance of the observations.

The goal is to prove that Algorithm 8 is capable of retrieving the partition P of T under certain
constraints on the variance σ in (Gauss) and on the amplitude of the signal in (Poiss). We also
aim to study the impact of the variance and the amplitude on the accuracy (3.43). In the �rst two
experiments, we studied the performance of Algorithm 8, for the Gaussian and Poisson settings,
in terms of pruning and computational cost but we did not study its ability to retrieve the true
partition of T.

We construct a rooted balanced binary tree of size 199 and a partition P of size 21 of T as
indicated in the introduction of this section. In this experiment, both the size of T and P are
constant throughout the experiment for (Gauss) and (Poiss). For the No Break cases (GaussNB)
and (PoissNB), we consider as previously the only partition of T of size 1: {T}.

In the previous Gaussian experiments σ was set to 1. We now consider values of σ in (0.1, 0.5, 1, 2, 5, 7, 10).
For each value of σ we simulate 100 datasets with means µ∗i and variance σ. In each iteration, we
estimate P thanks to Algorithm 8 for the (Gauss) setting. The output of this algorithm is the
estimated partition P̂pen. Then, we compute the accuracy of our estimator thanks to (3.43) and

85



consider mean of the accuracy.

In (Poiss), we chose high jumps of the mean in the distribution of our observations. In this
setting, the mean is equal to the variance. We chose to test the performance of our algorithm if we
multiply the parameters bi,j by a small factor for all i between 1 and 21 and all j between 1 and
p. We expect the accuracy to drop if this factor is too small. We choose at random the parameters
αs and βs,j as in the previous experiment for (Poiss). Once the parameters are set, we set a range
of values for the multiplicative factor a which can take values in (0.01, 0.1, 0.2, 0.8, 1, 2, 5). As in
(Gauss), we perform 50 simulations of observations according to (Poiss) with a modi�cation on the
b parameter. For all s nodes of T, the parameter b∗s,j at site s is equal to ab∗i,j where s belongs

to the i-th sub-tree. In each iteration, we compute the estimator P̂pen of P, thanks to Algorithm 8
improved for (Poiss), and calculate the accuracy of the estimator thanks to (3.43). At the end of
the 100 iterations, we take the mean over all the calculated accuracy.

Figure 3.5 � On the (left) �gure, Accuracy of Algorithm 8 with penalized least square cost versus
the variance σ. The variance σ takes its values in (0.1, 0.5, 1, 2, 5, 7, 10). We plot the accuracy for
the (Gauss) (plain red) and (GaussNB) (dotted blue) settings. We choose a concave penalty with
constants c1 = 2 and c2 = 5. On the (right) �gure, Accuracy of Algorithm 8 with penalized minus log-
likelihood versus the multiplicative factor a. The factor a takes its values in (0.01, 0.1, 0.2, 0.8, 1, 2, 5).
We plot the accuracy for the (Poiss) (plain red) and (PoissNB) (dotted blue) settings. We choose a
concave penalty with constants c1 = 1.65, c2 = 6.6 and c3 = 5.6. For each setting, for each value of
σ, we iterate 100 times the algorithm and take the mean over all the iterations

In Figure 3.5, we can see, as expected, that the accuracy rapidly drops in (Gauss), when the
variance rises. In (GaussNB) setting, the accuracy does not seem impacted by the change in variance.
In (Poiss), if the signal is too small due to a small multiplicative factor, it becomes impossible for
our algorithm to retrieve the true partition P. In (PoissNB) the accuracy is not a�ected by the
factor a. We expected such a result since the No Break case corresponds to the case where the signal
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is constant. The more the constant a is small, the more the signal is close to a constant.

3.6 Fish abundance in Loire river network

We consider abundance measures along the river network of Loire river in France. The data are
provided by The Museum of Natural History and were collected by the French Agency for the
Biodiversity (AFB) and l'ONEMA (O�ce National de l'Eaux et des Milieux Aquatiques).

Protocol and Motivations The data comes from what is called electro�shing. A small currant
of electricity is spread through the river attracting and then paralyzing the �shes. Once the �shes
are �oatting at the surface of the water, one can sample the abundances of the �shes by counting
them. Our dataset gathers complete �shing observations which means that the observations are
sampled accross all the width of the river. The rivers must be at most 0.7 metter deep.

The sites on which the abundances are sampled must be representative of the section of the river
it belongs to. Their repartitions is homogeneous on a national scale. On each site, at least one sam-
ple must be performed each year, preferably at the end of the summer and in the same hydrological
conditions (depth of the river, currant, etc.). The sample is done by several individuals each of them
responsible of a 1 metter square surface. All the kind of habitats within the site must be prospected.
The full protocol from the RHP (Réseaux Hydrobiologique et Piscicole) can be found at this url
(http://hebergement.u-psud.fr/solene.thepaut/spip.php?article2&var_mode=calcul).

There exists di�erent motivations for the collect of �shing data by the AFB. There are discussed
along with the protocol at the same url (http://hebergement.u-psud.fr/solene.thepaut/spip.
php?article2&var_mode=calcul).
The main motivations for the collection of such data are the following.

� The AFB wants to keep track of the biomass of �shes in the rivers of the Loire basin. It is of
general interest to have a dataset with measures of abundances of �shes each year.

� It allows to monitor species that are of ecological interest.

� The impact of natural events and human activities can be assessed e�ciently.

� They can caracterise the inter-annual �uctuations of the species and estimates the long term
tendencies thanks to the data collected.

� The dataset can be used to identify the factors that drive the composition of the biomass.

All the previous motivations have the same general purpose of monitoring and preservation of the
biomass of �shes.

The spatial synchrony of populations is a point of interest for ecologists. One of the main reasons
is the awareness of the potential mechanisms responsible for spatial synchrony. In [], there are three
main reasons for spatial synchrony : dispersal among the population, competition or pretator/prey
interactions between species and exogenous factor such as the weather or resources.
It would be of great interest to be able to determine the actual importance of each mechanism in the
observed spatial synchrony among disjointed populations. An e�cient review for existing work on
spatial synchrony can be found in []. In this article, a statistical methods is provided to highlights
groups of sites with synchroneous dynamics which is crucial to understand the link between global
changes and population dynamics.
Unfortunately, this work does not exploit the particular structure of trees.
In our case, a tree seems to be the best choice for the representation of the river stream network on
which we observe abundances of �shes.
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Our motivations are the same as the authors in [], that is to understand and identify the main drivers
of spatial synchrony by studying the variations of spatial synchrony in population through space but
with constraints on the relationship between the di�erent sites.

Our Tree Segmentation algorithms provides a way to identify groups of sites on which the vari-
ations of abundances of the species are synchroneous in the speci�c case where the data has to be
represented by a tree.

Description of the data Abundances of several species of �shes have been measures yearly dur-
ing 15 years, from 1990 to 2010, on 110 sites along the streams network according to the protocol
introduced previously. The general goal is to �nd a partition of the river network into region where
variations of the species abundances are homogeneous.

We focus our analysis on two speci�c species of �shes, the dowel (https://en.wikipedia.org/
wiki/Dowel) and the minnow (https://en.wikipedia.org/wiki/Minnow) (denoted respectively
GOU and VAI in the dataset for their French name : Goujon and Vairon) and analyze them sepa-
rately.

More precisely, we have at our disposition the following datasets.

� Data on �sh abundances in river. This folder contains data on the two most abundant �sh
species: GOU and VAI. The stations has been selected to be in Loire basin. The dataset
contains 110 stations, 1282 �shing operations. 198′000 VAI and 148′000 GOU have been
catched.

� Species abundance. This �le contains the species abundance by station and �shing operation
for GOU and VAI. A station is a site.

� Stream. This �le contains the delineation of the french streams.

In a �rst sub-section, we detail how we construct the tree representing the river network. Then,
we explain how we deal with missing data in our dataset. Finally, we give the results we obtain with
algorithm 5 on the �shing data and analyze them.
The analysis performed in the last sub-section is only preliminary. The full analysis is on going with
ecologists from the Museum d'Histoire Naturelle in Paris.

3.6.1 Constructing the tree

Using the coordinates of these sites along with the river network, we are able to build a tree rooted
at the river mouth of Loire with 110 nodes. Unfortunately, the sites are not always located at
meeting points of a�uents. As a consequence, some nodes have more than 10 children. Such high
degree nodes raise computational issues since, even with a pruning strategy, the corresponding set
of partitions considered by PELT Tree is huge. Besides, partitions along the corresponding tree do
not necessarily translate as a segmentation of the river network. Assume for instance that rivers
A and B �rst meet together and then meet river C. If we do not have any observation between
the meeting points, the corresponding node will have three children corresponding to these three
rivers. A segmentation of the corresponding tree can put together rivers A and C while leaving B
aside, while this does not make sense on a segmentation of the river network. For these reasons,
we decided to add so-called 'arti�cial' nodes at some intersections of the river network. Such nodes
do not contain any information. That way, we give the algorithm a chance to further prune bad
partitions and the tree is more representative of the true river network.

Another issue with the construction of the tree T is the presence of missing data. In some sites,
we have yearly abundance measured between 1989 and 2014, while others have few or questionable
observations. These bad sites compromise the good �ow of our algorithm and we decide to consider
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them as 'arti�cial' nodes. They are still in the tree for computational reasons but do not contain
any information. Henceforth, we call T the tree reconstructed with this procedure.

In the raw data set, measurements were made on the year 1989 and 2014. We decided to remove
the �rst years from our observations, because measurements were questionable in the �rst years. In
preliminary analyses, we noticed that the data between 1998 and 2006 seem most trustworthy, with
fewer missing data and outliers. This lead us to keep only the 110 sites on which we have at least
5 observations between 1998 and 2006. Among these 110 sites, 14% have one missing observation,
and 6% have between 2 and 4 missing observations.

The �nal tree is of size 140, with 30 arti�cial nodes. For GOU, the rest of the tree is composed
as 56 bad sites treated as arti�cial nodes in the algorithm and 54 sites with good observations. For
VAI, we have 51 bad sites and 59 valid sites.

The stream network and the sites are represented on a map Figure 3.6. This map only features
the true sites, that is to say non arti�cial sites on the river streams. The tree we created to represent
the network with true and arti�cial nodes is represented by Figure 3.7. On Figures 3.9 and 3.8 we
can see on the created tree which sites are true sites and which sites are arti�cial. Moreover, we can
see which sites are treated as empty sites for each species.

Figure 3.6 � Map of the river network on the Loire basin. The river streams are represented with
blue lines and the sites with black dots. We use this map to create a tree representing the river
network.
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Figure 3.7 � Tree representing the river network. This tree has 140 nodes. The nodes are the sites
on which we have observations plus some arti�cial nodes that allow us to better represent the river
network. There is an edge between 2 nodes if they are linked by a river stream without any node
between them.

On the view of the trees for VAI and GOU and the quality of the data, we present only the results
for the minnow (VAI) species since there are more valid sites on the VAI tree 3.8. With barely 50%
of valid sites, we consider that the data for the dowel species does not allow us to perform Tree
Segmentation on a su�cient part of the river network.

We observe in Figure 3.8 that it is possible to get rid of some of the bad and arti�cial sites. If
a bad or arti�cial site is a leaf, then it is treated as an empty site in our algorithm and does not
provide any useful information to �nd the optimal partition. To delete these sites from the tree, we
iterate the following procedure until all the leaves are valid sites: considering the tree T obtained
from the previous step, we remove from T all the leaves that are bad or arti�cial sites. The tree
obtained for VAI is represented in Figure 3.10.
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Figure 3.8 � Tree representing the sites and their types for the minnow dataset . The valid sites are
represented as green nodes, the arti�cial nodes as white nodes and the bad sites as red nodes. We
observe that several leaves of the tree are bad or arti�cial sites.
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Figure 3.9 � Tree representing the sites and their types for the dowel dataset. The valid sites are
represented as green nodes, the arti�cial nodes as white nodes and the bad sites as red nodes. We
observe that several leaves of the tree are bad or arti�cial sites.
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Figure 3.10 � Tree representing the sites and their types for the minnow dataset after removing the
useless leaves. As in Figure 3.8, the valid sites are in green, the arti�cial sites are in white and
the bad sites in red. We can see that some of the remaining nodes are still useless to estimate the
partition of the tree.

On Figure 3.10, we notice that the empty sites that have only one child can also be removed
since they add computational complexity to the algorithm without giving any information to �nd
the optimal partition. For this step, we removed and reordered the sites by hand. The �nal tree for
VAI is represented in Figure 3.11.
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Figure 3.11 � Final tree TV AI representing the river network with only useful nodes for the minnow
datasets. The color code is the same as in Figures 3.8 and 3.10. This tree is used to estimate the
partition of the river network.

These trees were represented with the igraph package in R [26].

3.6.2 Modeling the abundance distributions and accounting for missing Data

At each non empty site s ∈ T and for a speci�c species, the abundance measurements are denoted
ys,j for years j = 1, . . . p with p = 9, the years ranging from 1998 to 2006. We model the data with
multivariate Poisson distribution as in the numerical experiments (Section 3.5)

ys,j ∼ Poi
(
eαs+bs,j

)
, j = 1, . . . p , (3.44)

where αs stands for a site e�ect and bs,j is a year dependent parameter. We are interested in
�nding the true minimal segmentation P of the tree T such that the parameters (bs,j), j = 1, . . . , p
are constant on each region of the partition. With that formalism, the common coe�cient bs,j
corresponds to a regional and year e�ect bS,j .

In the previous section, we have derived a cost function CS (3.39) corresponding to the minimum
of the negative log-likelihood minθS −l(yS , θS) (see Proposition 2 for more details). Unfortunately,
we cannot use it here, because this cost function requires all the ys,j to be observed.

In our dataset, we have some years and sites where no counting session have occurred (14% of
the sites with one missing observation and 6% with between 2 and 4 observations). Besides, we have
arti�cial nodes without any observation.
We think of two approaches to solve this issue. The �rst one is very easy and fast to implement.
It is not recommended when there are too many missing data but it gives arbitrary good enough
estimates of the missing observations. The second method is more accurate and speci�c but depends
on a gradient-descent like algorithm and needs to be performed at each step of the algorithms to
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compute the penalised log-likelihood of the data. In all considerations for the expected high compu-
tational time of algorithms 5 or 8 on T and the relatively low number of missing observations on the
selected years, we choose the �rst method for our application on missing data. Moreover, we have a
higher risk of overloading the memory, which can be a problem with the �shing data, by using the
second method. The �rst method is explained in the following and we introduce the second method
in appendix 3.C.

We simulate the missing data with a simple and fast method that do not increase the complexity
of the algorithms 5 and 8 or overload the memory. For each valid site s ∈ V(T), we denote Ys the set
of all years such that there is an observation on the site s and S(j) the set of all sites such that there
is an observation for the year j. For each valid site s, we compute the mean ȳs of the abundances
of the species VAI over the years in Ys.

ȳs =
1

|Ys|
∑
j∈Ys

ys,j , (3.45)

where |Ys| is the number of sites in Ys.
Then, for each year j between 1998 and 2006, we compute the mean ȳj of the abundances of the
species VAI over the valid sites s ∈ S(y).

ȳj =
1

|S(j)|
∑
s∈S(j)

ys,j , (3.46)

where |S(j)| is the number of year in S(j).
From the ȳj , we compute the mean ȳ of the ȳj on all the year j between 1998 and 2006.

ȳ =
1

9

2006∑
j=1998

ȳj . (3.47)

We compute one coe�cient cj for each year j between 1998 and 2006 as it follows.

cj =
ȳj
ȳ
. (3.48)

Finally, the value of the missing observation on the site s for the year j denoted ymissing
s,j is set equal

to the round value of cj times ȳs.
ymissing
s,j = bcj ȳsc (3.49)

We replace all missing data by the value calculated <ith (3.49) prior to the algorithm. Then, we
use the dataset with both real and simulated data in algorithms 8 or 5 as if there were no missing
data.

3.6.3 Summary of the procedure

We analyze the abundances of the minnow and dowel species denoted VAI and GOU in our datasets.
We have access to 3 �les that allow us to construct the river network and to locate the �shing sites
on the network. The �rst �le is a Digital Elevation Model of France, the second and third �les
are shape �les with information about the river network and the location of the sites. We use the
openSTARS apckage in R [61] and follow the protocol from [90] to retrieve the river network and we
obtain the map on Figure 3.6. As mentioned earlier, the �shing sites were not enough to construct
a tree that represent well the river network. Hence, we created 30 arti�cial sites that allow us to
construct the tree on Figure 3.7.

Once the general tree constructed, we perform a small exploratory analysis on the abundances
datasets. The sites with few observations compromise the output of an algorithm aiming to �nd the
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optimal partition of the river network. Such sites are declared as empty and have the same role as
the arti�cial sites.
The dowel species only has 54 valid sites while the minnow species has 59. This represents 50% and
55% of the real sites. From a general point of view, the minnow dataset seems more promising than
the dowel dataset, so from this point, we only describe the procedure and the results for the minnow
species.

The next step is to construct the �nal tree T that will be used to �nd partition of the river net-
work. We remove the useless nodes as explained in Subsection 3.6.1. The �nal tree for the minnow
species has 90 nodes, 59 of them are valid sites, and 31 of them are arti�cial sites or sites with too
few observations to be used as valid sites. We represent it in Figure 3.11.
In order to di�erentiate the valid sites from the other sites in the algorithm, we create a weight
vector such that its s-th coordinate is equal to 1 if s is a valid site and 0 otherwise.

Then, we compute the matrix of observations of the abundances of minnows on the sites of T.
From the dataset containing the abundances of the minnow species we construct a matrix with 90
rows and 9 columns. Each row contains the time series of abundances of minnows between the
year 1998 and 2006. The rows of the matrix correspond to the observations for the 59 valid sites
and 31 empty rows for the other sites. We replace the missing data following the last procedure of
Subsection 3.6.2.

We use Algorithm 5 with the implementation for the penalized minus log-likelihood for Poisson
distribution as in (3.55). Considering the quality of the data, we decide not to use the model selection
Algorithm 8 for two main reasons.

� The collected data are subject to a lot of noise and we know that the protocol to collect the
data is not necessarily the same on di�erent sites. By using Algorithm 8 the optimal β found
was 52 and the resulting partition had 42 breaks. This is explained by the bad quality of the
data, and especially the noise of the observations. So, we decided to manually choose the β
parameter with Algorithm 5 in order to compute partitions of smaller size. We hope that by
tuning ourselves the parameter β of the linear penalty in Algorithm 5 we will obtain a more
accurate partition of the river network.

� We do not know the true partition of the river network. By changing the β parameter ourselves,
we are able to compute thanks to Algorithm 5 partition of di�erent size. These partitions can
then be studied by ecologists who can justify the partitions with geographical and ecological
elements and choose the one that makes more sense from an ecological point of view.

Hence, we use the linear penalty from Algorithm 5 with di�erent values for the parameter β. We
iterate 4 times the version modi�ed for Poisson distribution of Algorithm 5, each time with a di�erent
β. The possible values for β are 280, 1000, 1100 and 1200.
The values for β are chosen after testing di�erent possibilities. With the model selection algorithm,
the optimal β is equal to 52. We already saw that this value of β gives a too large partition of the
data. Hence, we decided to choose large values for β. With a β greater than 1500, no breaks were
found in the distribution and we noticed that for a β between 300 and 900, the Algorithm 5 does not
prune enough partition and overload the memory of the computer. At the end, we took 4 di�erent
values of β, smaller than 1500, greater than 50 and avoiding the range 300 − 900. We make sure
that the partitions obtained for each value are di�erent from the others and that they bring new
information for our analysis of the results.
The results are presented in the next subsection.

3.6.4 Results

We �rst present the sites and their disposition on the Bassin de la Loire. Figure 3.6 shows the
disposition of the sites where the �shing data have been collected. Figure 3.12 shows the sites on
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which we have relevant observations for the minnow species. The fact that we do not have a high
proportion of valid sites can be problematic for the estimation of a partition of the river network.
Indeed, we can observe that consecutive valid sites can be geographically far from one another and
we assume that changes can occur in the distribution within the distance between two valid points.
We insist here on the fact that the data for the dowel species have been put aside for now for quality
reasons and that we only present the results obtained for the minnow species.

Figure 3.12 � Map of the river network and the location of the sites. On this map, only the real sites
and their location are represented. Sites are colored depending on their relevance for the minnow
species. The black sites are the sites on which we consider we have enough observation of abundances
of minnow (valid sites). The white sites are sites on which we do not have enough observations. It
appears on this map that only a little bit more than half of the sites are valid sites.

We apply the modi�cation of Algorithm 5 to the Poisson distribution (3.39) for β ∈ (280, 1000, 1100, 1200)
on the matrix containing the time series in order to estimate a partition of T into homogeneous re-
gions. We denote Pβ′ the estimated partition by our algorithm with the penalty parameter β set to
β′.

We can �nd in Figure 3.13 the results of the pruning on the tree T by our algorithm. For each
value of β and for each value of the number of descendants of s ∈ T, we plot the average number
of partitions in Spr,1(Ts) versus the number of descendants. We notice that the pruning is more
e�cient when β = 280 or β = 1200. For values of β between 300 and 900, the list of possible
partitions is so huge that it overloads the memory, hence we were not able to use our algorithm for
this range of β.
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Figure 3.13 � Average number of possible partitions in Spr,1(Ts) for s node of TV AI versus number of
descendants of the node s of TV AI . We use Algorithm 5 adapted to a penalized minus log likelihood
for Poisson distribution and with β in {280, 1000, 1100, 1200}. For a certain number of descendants
n1, the number of possible partitions is the average number of partitions of Spr,1(Ts) for each s such
that its number of descendants is n1.

The results for β = 1200 and β = 1100 are represented in Figure 3.14a and 3.14b. The parti-
tions found for these values of β are questionable. There are several sub-trees of size 1 and most of
the breaks of these partitions are located between a leaf and its parent. It does not provide much
information about the change in means of the distribution between nodes that are not leaves. These
results may suggest that the parameter β is too high.
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(a) (b)

Figure 3.14 � In Figure 3.14a : Representation of P1100. There are 7 sub-trees. Nodes belonging
to the same sub-tree of P1100 are represented in the same color. There is 1 large sub-tree and 6
sub-trees of size 3 or less. The small sub-trees are mostly composed of only 1 node which is a leaf
of TV AI . In Figure 3.14b : Representation of P1200. There are 4 sub-trees. Nodes belonging to the
same sub-tree of P1200 are represented in the same color. There is 1 large sub-tree, 1 sub-tree of
size 3 and 2 sub-trees of size 1.

The partition found with β = 1000 are presented in Figure 3.15, as for the two previous values of
β, most of the sub-trees are of size 1 while the size of the partition is 8. We stated that this result is
probably the consequence of the high value of β, but it also raises questions. If we chose a too high
value of β, it means that only the most obvious changes in the mean of the distribution are detected
by the algorithm. Hence, even if we lower the value of β we expect the estimated partition to be
made of several sub-trees of size 1. We represented the partition on the map of France in Figure 3.16.
The analysis is the same, the partition is made of one large sub-tree, and several sub-trees of size
1 or 2. The small sub-trees are located at the extremities of the river network, which suggests that
the abundances on the leaves follow a Poisson distribution with a di�erent mean than on the rest of
T.
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Figure 3.15 � Representation of P1000. There are 9 sub-trees. Nodes belonging to the same sub-tree
of P1100 are represented in the same color. There is 1 large sub-tree and 8 sub-trees of size 2 or less.
The white sites are the bad sites that were treated as empty sites during the algorithm.

100



Figure 3.16 � Representation of P1000 of TV AI on the map of France. This representation con�rms
the analysis made thanks to Figure 3.15. The sites that belong to the same sub-tree of P1000 are
colored with the same color. The white sites are the bad sites that were treated as empty sites
during the algorithm. The blue lines represent the river network.

We now give the results for β = 280 which are represented on Figure 3.17. Since the value of β
is way lower than in the 3 �rst iterations, the size of the estimated partition is larger.
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Figure 3.17 � Representation of P280. There are 30 sub-trees. Nodes belonging to the same sub-tree
of P280 are represented in the same color. The white nodes are the bad nodes that are treated as
empty sites during the algorithm. We observe 24 sub-trees of size 1. We also notice larger sub-trees
with several valid nodes.

The partition P280 is made of 24 sub-trees of size 1 which validate the analysis done after the
results for β equals to 1000. The optimal partition of T is di�cult to �nd with our data and the
model 3.44. Yet, there are 4 sub-trees containing more than 3 valid sites. These 4 sub-trees may be a
sign that there exist groups of sites on which the abundances of the minnow species are homogeneous.
The analysis of the found partition has to be made collaboratively with ecologists who can justify
the sub-trees with geographical or ecological information.

It seems that we lack information, and more importantly, we lack observations on the sites
left aside because of the quality of the data. If we chose the value of the penalty coe�cient β to
be between 300 and 900, the algorithm does not prune enough partitions at each step, and the
memory space is overloaded by the list of possible partitions. With more memory space, it would
be possible to compute partitions of di�erent size and maybe �nd a more accurate partition of the
data. Unfortunately, we saw that it is expected that for any value of β below 1200, the estimated
partition would be made of several small sub-trees containing the leaves of the tree. The results for
β = 280 show that for small values of β, the estimated partition is made of small sub-trees and that
it is rare to �nd sub-trees of size greater than 1. This can be imputed to di�erent problems. We
give three of them in the following.

� The large noise of the data. We expect the data to be very noisy because of the protocol of
collection depending on the sites and because of the nature of the observations : time series
of abundances. The observations do not only depend on geographical elements but also on
the meteorology and natural phenomenon that cannot be translated on a map. The temporal
aspect of the data makes the modelization of the data di�cult.

� The quality of the data. We saw that even by keeping only the year with the most observations,
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several sites do not contain enough observations to be used as valid sites in the algorithm. The
valid sites are sometimes geographically far away from one another. Hence, it is not surprising
that the means of their distribution are di�erent. From 110 sites we ended up with only 59
valid sites on which we sometimes had to create observations for the missing years.

� The modelling of our data. In our model, we set that the observations are i.i.d. and follow a
Poisson distribution. Even if the Poisson distribution is widely used to model abundances of
species, it may not be suited to our data. Also, on each site s, the parameters bs,j and bs,j′ for
di�erent years j and j′ are chosen completely at random. Yet, it is probable that there exists
a correlation between the abundances of a species on the same sites from one year to another.

On the other side, the estimated partition for β = 280 contains 5 sub-trees with more than
1 valid site. These preliminary results have to be studied and discussed with ecologists but it is
possible that there exist groups of sites on which the abundances of minnows are homogeneous. It
is encouraging for further work on such data. With more observations and a better modelization of
our data, it may be possible to estimate an accurate partition of the river network.

3.6.5 Perspectives and Future Work

The results might not be conclusive yet but the full analysis and interpretation of the results with
ecologist are ongoing. We only aimed to give a preliminary analysis of the spatial synchrony of a
species on the river network.
Due to a lack of time and the bad quality of the data, we did not explore all the possibilities of our
algorithm on the �shing data.

As a perspective, we could do the following

. Simulate numerical data on the tree T and run our algorithm on these data. This would
con�rm that the bad results with the minnow species is due to the bad quality of the data
rather than the structure of the tree or the capabilities of our algorithm.

. Perform the same analysis with other species of �sh in order to compare the partitions found
and the mean of the distributions for each species.

. Implement and test a di�erent method to deal with the missing data. For example as in
the gradient descent like method presented in Appendix 3.C. This would allow us to improve
slightly the quality of the data and use longer time series of abundances and more sites.

� Run the algorithms on the minnow dataset with a more powerful computer set up to reduce
the computational time and add memory space. This way we can run our algorithm 5 with
the critical values of β.

� Change the model of our data. The Poisson distribution and the chosen parameters might not
modelize at best the true distribution of the abundances of �shes.
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3.A Segmentation and break edges

We now prove the equivalence between partitioning the tree into K connected components and
removing K − 1 edges in the tree T. This is equivalent to the following statement: if we remove any
K − 1 edges from a tree, then we obtain a forest with K connected components.

We show it by induction. If we remove one edge to a tree, the resulting graph cannot be connected,
otherwise the two endpoints s and t of the removed edge would have belonged to a cycle. Besides,
the two connected components are the one containing s and the one containing t. Indeed, any node
is connected to s in T: the �rst connected component is made of nodes whose corresponding path
to s does not cross the removed edge. The second connected components is made of node whose
corresponding path to s crosses this edge.

Now assume that we have removed K − 1 edges. If we remove one more edge, it will be removed
from one of the K sub-trees of T and will there split it into two smaller sub-trees. The result follows.

3.B Proofs of Lemma 15, Theorem 2, and Propositions 1 and 2

Proof of Lemma 15. Since µ̂P is a least-square estimator on the space VP, its risk satis�es

E
[
‖µ̂P − µ∗‖2T

]
= ‖E[µ̂P]− µ∗‖2T + σ2 dim(VP) .

The expectation E[µ̂P] coincides with the projection µP of µ∗ onto VP. The dimension of VP equals
p|P|. Indeed, any µ in VP is uniquely represented by a collection of |P| vectors θ1,. . . , θ|P| of size

p through the identity µt =
∑|P|

i=1 θi1t∈Si . As a consequence VP is in bijection with Rp|P| and the
result follows.

Proof of Theorem 2. This result is an application of Birgé Massart model selection theorem in Gaus-
sian models (see Theorem 4.2 in [87]). The estimators µ̂P are least-squares estimators of µ∗ in VP
whereas µP corresponds to the orthogonal projection of µ∗ on VP. Let us �rst translate this theorem
with our notation.

Let (xP), P ∈ P be a collection of positive numbers such that
∑

P∈P e
−xP = Σ <∞. Let η > 1

and assume that
pen(P) ≥ ησ2(

√
dim(VP) +

√
2xP)2 . (3.50)

then, the penalized least-squares estimator µ̂
P̂
satis�es

E[‖µ̂
P̂
− µ∗‖2T ] ≤ Cη

[
inf
P∈P

(
‖µP − µ∗‖2T + pen(P)

)
+ (1 + Σ)σ2

]
. (3.51)

where Cη only depends on η.
Since (3.51) has the same form as 3.35, we only to �nd a family xP such that any penalty

satisfying Condition (3.34) in the statement of the theorem also satis�es (3.50).

Fix an integer 1 ≤ K ≤ n. We �rst compute the number of partitions P of size K. As explained
in the introduction, a partition P is one to one with the corresponding set of break edges (the edges
that cross two sub-trees of the partition). Besides, a partition P of size K has exactly K − 1 break
edges and conversely, any set of K − 1 edges generates a partition P of size K. Since there are
exactly n− 1 edges in a tree of size n, the number of partitions of size K is

(
n−1
K−1

)
. Fix any ζ ≤ 1.

Then, for any |P| ≥ 1 we set

xP = (|P| − 1)

[
1 + ζ + log

(
n− 1

|P| − 1

)]
(3.52)
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and we set xP = 0 for the only partition of size 1. Equipped with this choice of x, we have

Σ =
∑
P∈P

e−xP = 1 +

n∑
K=2

(
n− 1

K − 1

)
e−ζ(K+1)

(
(n− 1)e

K − 1

)K−1

≤ 1 +
n∑

K=2

e−ζ(K−1) ≤ eζ

eζ − 1
,

where we used in the second that log
((

n−1
K−1

))
≤ (K − 1) log

(
e(n−1)
K−1

)
.

We have already observed that the dimension of VP equals p|P|. We are now in position to state
again the penalty Condition (3.50)

pen(P) ≥ ησ2

[√
p|P|+

√
2(|P| − 1)

[
1 + ζ + log

(
n− 1

|P| − 1

)]]2

.

Since for any θ > 0, (a+ b)2 ≤ (1 + θ)a2 + (1 + θ−1)b2. Condition (3.50) is also satis�ed if

pen(P) ≥ ησ2

[
(1 + θ)(p|P|) + 2(1 + θ−1)(|P| − 1)

(
(1 + ζ) + log

(
n− 1

|P| − 1

))]
.

The result follows.

Proof of Proposition 1. Write (P̂l)l≥1 for the sequence of partitions in Algorithm 8. By de�nition
of P̂l+1, we have

CostT(|P̂l+1|) + |P̂l+1|f ′(|P̂l|) ≤ CostT(P̂l) + |P̂l|f ′(|P̂l|) (3.53)

By strict concavity of g, we have f ′(|P̂l|)(|P̂l+1| − |P̂l|) > pen(P̂l+1)− pen(P̂l) as soon as |P̂l+1| 6=
|P̂l|. Gathering the two previous inequalities leads us to

CostT(|P̂l+1|) + pen(P̂l+1) < CostT(P̂l) + pen(P̂l) .

If |P̂l+1| = |P̂l|, this implies that we are at the last step of the algorithm. This also implies that
pen(P̂l+1) = pen(P̂l). We conclude from (3.53), that

CostT(|P̂l+1|) + pen(P̂l+1) ≤ CostT(P̂l) + pen(P̂l) .

Let us turn to the second result of the proposition. Consider any minimizer P′ ∈ arg minP∈P [CostT(P)+
f ′(|P̂pen|)|P|]. If |P′| 6= |P̂pen|, this implies by the previous arguments that the penalized criterion
of P′ is strictly smaller than that of P̂pen, which contradicts its de�nition. We have therefore
|P′| = |P̂pen|. And P′ belongs to the collection arg min

P∈P: |P|=|P̂pen|CostT(P) that contains P̂pen.

Proof of Proposition 2. De�ne the cost function C ′S corresponding to the minimum of the negative
log-likelihood of θS with respect to the observations yS

C ′S = min

−l(yS , θS)(αs :s∈S∈ RS , (bj,S)j=1,...,p ∈ Rp,
p∑
j=1

ebS,j = 1

 . (3.54)

In the above de�nition, we added the constrain
∑p

j=1 e
bS,j = 1 because the model is over-parametrized.

It turns out that C ′S has a simple explicit formula as stated by the following lemma.
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Lemma 16. The cost C ′S de�ned in (3.54) is equal to

C ′S =
∑
s∈S

p∑
j=1

ys,j log

(∑
t∈S
∑p

i=1 yt,i∑
t∈S yt,j

)
+
∑
s∈S

p∑
j=1

(
ys,j

(
1− log

p∑
i=1

yt,i

)
+ log(ys,j !)

)
. (3.55)

In view of (3.55), we have

∑
S∈P

C ′S − CS =
∑
s∈T

p∑
j=1

(
ys,j

(
1− log

p∑
i=1

yt,i

)
+ log(ys,j !)

)
,

which does does not depend on P. The result follows. It remain to prove the lemma.
The negative log-likelihood of θS with respect to the observations yS is given by

− l(yS , θS) =
∑
t∈S

p∑
j=1

(
log(yt,j !)− yt,j(αt + bj) + eαt+bS,j

)
. (3.56)

The partial derivative of (3.56) with respect to αt is

∂αs(−l(yS , θS)) = −
p∑
j=1

ys,j + eαs
p∑
j=1

ebS,j .

In particular, for any feasible (bS,j)j=1,...,p, the negative log-likelihood (3.56) is minimized with
respect to αs for

α̂s = log

(
p∑
j=1

ys,j

)
. (3.57)

Symmetrically, the partial derivative with respect to bS,j of (3.56) at (α̂s,bS,j)s∈S,j=1,...,p is

∂bj (−l(yS , (α̂t,bS,j)s∈S,j=1,...,p)) = −
∑
s∈S

ys,j + ebS,j
∑
s∈S

p∑
i=1

ys,i.

We observe that the above partial derivative is equal to 0 for

b̂S,j = log

( ∑
s∈S yt,j∑

s∈S
∑p

i=1 yt,i

)
, (3.58)

which also ful�lls the condition
∑p

j=1 e
b̂S,j = 1. Hence, the constrained minimum (3.54) is achieved

for (α̂t, b̂S,j)t∈S,j=1,...,p given by (3.57) and (3.58). Plugging these two formulas into (3.56) gives
(3.55).

3.C Likelihood with NA - descent gradient like algorithm

We present here a method that aims to solve the problme of missing data in a dataset.
This method has not been implemented yet in one of our algorithm but will be in future work.

Below, we write A for the set of arti�cial nodes. In this case, we compute the likelihood of the
parameters only based on the observed data. Denote Ys the set of all years j such that there is an
observation on the site s at year j, the negative log-likelihood of the parameters (θP,P) in presence
of missing data is given by

− l (y, θP,P) =
∑
S∈P
−l
(
yS\A, θS\A, S

)
=
∑
S∈P

∑
s∈S\A

∑
j∈Ys

(
log(ys,j !)− ys,j (αs + bS,j) + eαs+bS,j

)
.

(3.59)
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For this data set, we use therefore the cost function CS = minθS\A −l
(
yS\A, θS\A, S

)
. Contrary

to Section 3.5, we do not have explicit formulas for this minimum. Yet, the function θS\A →
−l
(
yS\A, θS\A, S

)
is convex so it is easily amenable by a coordinate descent approach, described

below.
Since the model is over-parametrized, we use the following linear constrain on the parameters

bS\A,j ∑
j∈YS\A

bS\A,j = 0 . (3.60)

This di�ers from the constraint used in the proof of Proposition 2, but (3.60) has the nice feature to
be linear. Let us denote by S(j) the set of all sites s with an observation at year j. Then, for S ∈ P
and for a �xed vector (αs)s∈S∩S(j) , the minimum of (3.59) with respect to bS,j , under the constraint
(3.60) is achieved for

b̂S,j = log

(
λS +

∑
s∈S∩S(j) ys,j∑

s∈S∩S(j) eαs

)
, (3.61)

with λS solution to ∑
j∈YS

log

(
λS +

∑
s∈S∩S(j) ys,j∑

s∈S∩S(j) eαs

)
= 0.

Symmetrically, for S ∈ P, s ∈ S \A and a �xed vector (bS\A,j)j∈Ys , the minimum of (3.59) with
respect to αs is achieved for

α̂s = log

( ∑
j∈Ys ys,j∑

j∈Ys ebS\A,j

)
. (3.62)

Minimizing (3.59) under the constraint (3.60) by coordinate gradient descent, simply amounts to
alternate the minimizations (3.61) and (3.62).
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CHAPTER 4

IS INTERSPECIFIC SYNCHRONY CORRELATED TO LONG-TERM

ABUNDANCE TRENDS OR TO SOME SPECIES TRAITS?

4.1 Introduction

Community stability has been extensively studied both theoretically and experimentally, especially
in plant communities to examine the relationship between species diversity and stability of biomass.
But the diversity - stability relationship has received less attention in natural communities, par-
ticularly in animals. However, in the context of global changes and given the ecosystem services
provided by animal communities such as seed dispersal, pollination or pest control, it is of a primary
importance to understand the drivers of community, hence ecosystem services, stability and the
impact of habitat degradation or climate change.

We focus in this chapter in one of the main driver of community stability: synchrony among
species temporal �uctuations. In Ecology, two species are said to be synchronous, if their variations
of relative abundance show similar patterns. In mathematical terms, synchronous species are species
whose inter-annual abundances are strongly correlated.

We investigate in Section 4.3 and 4.4 two main questions

� is there a link between synchrony of populations and long-term temporal trends?

� is there a link between synchrony of populations and traits similarity?

We investigate both questions at a regional scale, as synchrony among species at the regional
scale is predicted to be one of the main mechanism controlling regional stability. This scale also
corresponds to a typical scale in management and conservation policies of the ecosystems.

The hypothesis motivating the �rst question is the following. If species with similar long-term
temporal trends are in the same synchronous groups, we can expect the extinction of all the species
in some groups of synchrony, which would impact the compensatory dynamics and the stability of
communities at a regional scale. As for the second question, our aim is to understand how the
synchronous species are structured in terms of traits. The motivation is two-fold. First, as some
traits are related to ecosystem services, we want to understand if these traits are spread among
di�erent synchronous groups. If some functional traits are well spread among the di�erent groups,
it is positive in terms of stability of ecosystem services. Second, we investigate if some traits can be
the driver of synchrony, as it may impact conservation policies.

We explore these questions, by analyzing a butter�y abundance data set covering the United
Kingdom between 2006 and 2015. This data set and the main statistical tools are described in next
section. The link between synchrony and long-term temporal trends is investigated in Section 4.3.
The link between synchrony and similarity is explored in Section 4.4. Some appendices then gathers
some methodological details complementing Section 4.2.
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4.2 Material and methods

4.2.1 UKBMS Data and temporal dynamics extraction

UK Butter�y Monitoring Data

The data set is extracted from the UK Butter�y Monitoring Scheme (UKBMS, http://www.ukbms.
org/). This participative science program, consists in butter�y counts in sites located all over the
UK. Each site is divided into transects located in di�erent local habitat or management units, for
a total length of about 2-4km. The spatial position of transects is �xed across years. Butter�ies
are recorded every year between the beginning of April and the end of September in a �xed-width
band (5m wide) along transects. Transects walks are undertaken between 10.45am and 3.45pm with
the following requirements for weather conditions: (1) temperature above 13°C (in northern upland
areas this may be reduced to 11°C); (2) between 13-17°C, a transect may be walked providing there
is at least 60% sun and (3) wind speed below 5 on the Beaufort scale. We perform our analyses
on 53 species in 1,859 sites over the time period 2006�2015. Species were selected on the following
basis: each species has been recorded in at least two sites every year between 2006 and 2015, and
for each species, at least one site has made records every year from 2006 to 2015.

The UKBMS data are presence-only data, so we have to handle carefully the non-recording of a
species a given day at a given site. There can be two reasons for not observing this species during
this counting session. Either the species is not present at all on the site (absent), or, it is present,
but its presence has not been detected during this session. In the �rst case, as it is not meaningful
to follow the temporal variations of an absent species, the species is recorded as absent on this site
and is not considered further. In the second case, it is important to record the non-observation of
the species during a session. Hence, when a species was not observed during a monitoring event at
a given site and day, but was observed at least once in this site, the count of the species is set to 0
at this day and site.

Phenology and inter-annual relative abundance variation

The analysis of the data requires a preprocessing in order to extract inter-annual relative abun-
dance variations. Actually, the counts at each site cannot be directly used as a proxy for relative
abundances, for the following reasons. As data is collected by volunteers, each site is visited only
a small number of days per year, and the days and number of days may vary from one year to the
other. So we cannot directly compare the counts from one year to the other. This inhomogeneity
could be easily corrected, if the abundances of butter�ies were not mainly driven by strong seasonal
�uctuations. The intra-annual seasonal �uctuation of a species is called phenology, and it accounts
for �uctuations due to seasonal environmental variations and life cycle events. As the phenology of
a species may strongly vary from one year to the other, there is no direct correction that we can
apply to data.

In order to extract inter-annual abundance variations from these data, [109] proposes a statistical
model taking into account both sources of variations: inter-annual variations and phenology �uctua-
tions. The general recipe of their method is to recover the shapes of the phenologies from (implicit)
aggregation of the counts from the multiple sites of the region and to correct the counts with the
estimated phenologies in order to recover the inter-annual abundance variations. The assumption
underlying this approach is that the phenology for a given species and year do not vary across all
the sites of a region. Due to the known e�ect of meteorological conditions on phenology [29], [97],
[106], [112], [113], [126], we partition sites according to bioclimatic regions (see Figure 4.1) as de�ned
by the UK Meteorological O�ce [1], We therefore estimate one phenology per species, bioclimatic
region and year.

The statistical model proposed by [109] is a semi-parametric generalized linear model with log
link and Poisson distribution. Writing N (i)

syd for the count for the species i at location s, the day d

109

http://www.ukbms.org/
http://www.ukbms.org/


Figure 4.1 � Map of the 393 sites with at least two species observed every year between 2006 and
2015 and used to compute interspeci�c synchrony, with the di�erent climatic regions used to estimate
annual species abundances and yearly phenology.

of the year y, the count N (i)
syd is modeled as a Poisson distribution with mean

E
[
N

(i)
syd

]
= exp

(
γ(i)
sy + f (i)(d)

)
. (4.1)

The phenology is represented by f (i)(d) and it ful�lls the standardisation∑
d

exp(f (i)(d)) = 1.

The model is �tted by maximizing the likelihood with f expanded on a cubic-spline basis.
The parameter γ(i)

sy can be decomposed into two parts

γ(i)
sy = α(i)

s + β(i)
sy ,

where α(i)
s is a site e�ect, constant through time and β

(i)
sy represents the inter-annual abundance

variation. The β coe�cients are required to ful�ll the standardisation∑
y

β(i)
sy = 0.
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In this chapter, we slightly change the modeling of [109] by replacing the Poisson distribution by
a Negative Binomial distribution. Actually, there is a strong overdispersion in the observed counts
and in his PhD Thesis T. Olivier [95] shows that we get a much better �t with the Negative Binomial
distribution rather than the Poisson distribution.

Regional synchrony

Regional inter-annual variations. As we are interested in regional synchrony, we aggregate the
local inter-annual abundance variations β(i)

sy into a regional inter-annual abundance variation β(i)
y by

taking the median of the indices

β(i)
y = median{β(i)

sy : s ∈ UK}. (4.2)

The median is preferred to the mean, in order to mitigate the impact of possible outliers. We
emphasize that the adjective �regional� refer here to the UK and not to the bioclimatic (sub)regions
used for computing the phenologies.

Correction for long-term trends. Signi�cant long-term temporal trends (strong expansion or
decline) can occur both at a local or UK scale [36]. In case of strong long-term temporal trends,
the synchrony measured on the basis of inter-annual variations will simply re�ect similar trends.
Typically, two species will be synchronous because of a similar decline or expansion across time and
not because of non-systematic inter-annual variations. We illustrate this phenomenon in Figure 4.8
Appendix 4.A. To avoid the confounding e�ect of temporal trends, we correct the regional inter-
annual variations β(i)

y by removing the trends. To do so, we regress linearly the regional inter-annual
variations (β

(i)
y : y = 2006, . . . , 2015) with respect to time y and we retrieve the residuals β̃(i)

y for
each species and year, referred to as the trend-corrected regional inter-annual variations below.

Synchrony indices. As explained in the introduction, two species are said to be synchronous, if
their abundances share some similar patterns of (non-systematic) inter-annual variation. In order
to quantify this property, we consider the synchrony index between two species i and j, de�ned
as the Spearman-ρ correlation ρij between the two time series (β̃

(i)
y : y = 2006, . . . , 2015) and

(β̃
(j)
y : y = 2006, . . . , 2015). We recall that the Spearman-ρ correlation is obtained by ranking

the time series in increasing order, then extracting the rank for each year and �nally taking the
correlation between the ranks of the observations. We prefer Spearman-ρ correlation to the classical
Pearson correlation, as it is more robust and as it also better quanti�es the ecological notion of
"similar patterns" (which corresponds to similar ranking, rather than proportional values).

The matrix of pairwise synchrony indices ρij is represented in Figure 4.2.

Synchronous species. We de�ne synchronous groups by clustering the species on the basis of
their regional synchrony indices computed above. We apply an agglomerative hierarchical clustering
algorithm, with dissimilarity matrix d given by the pair-wise synchrony indices

dij = 1− ρij (4.3)

and with Ward linkage [132]. We refer to the Appendix 4.B for a reminder on hierarchical clustering
algorithms.

We use the hclust function from the R package stats [115] for the practical implementation.

4.3 Structuration of species synchronous groups in terms of long-
term trends

This section is based on the technical report �What are the links between long-term temporal trends
and regional-scale species synchrony in butter�y communities of Great Britain?�, whose authors are
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Figure 4.2 � Pairwise synchrony indices. A value of 1 (dark blue) corresponds to perfectly syn-
chronous species, and −1 (dark red) to perfectly asynchronous species. Species are ordered according
to their group of synchrony. Species from the same group of synchrony are grouped together in the
matrix of correlation.

Théophile Olivier1, Solène Thépaut2, Elisa Thébault3, Emmanuelle Porcher1, Christophe Giraud2,
David Roy4, Colin Fontaine1.

Overview. The local scale is the most common in the study and comprehension of the stability of
ecological systems. Recently, the stability at regional scale has been studied, especially in the context
of global change, to understand the impact of regional extinction on the stability of ecosystems and
their operation. This approach at a larger scale facilitates the decision making in management and
conservation of the ecosystems.

At a regional scale, we �nd the same mechanisms that a�ect the stability as at a local scale.
For example, the stability of the components of a system, and the synchrony between �uctuations
of these components. Also, we observe temporal tendencies in the evolution of the abundances of
the species. These tendencies, when negative, can lead to extinction of species and therefore to the
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disappearance of the impact these species had on the ecosystem.
In this section, we study the link between the synchrony between species at a regional scale

and the temporal tendencies of abundances of these species. We work on abundances of butter�ies
across the United Kingdom. We cluster the di�erent species of butter�ies according to their degree
of synchrony. Then, we compare the groups of species to their temporal tendencies. The hypothesis
of this study is that if the species whose abundances increase are in di�erent groups than the species
whose abundances decrease over time, we can expect that the extinction of a decreasing species leads
to an extinction of all the other species in its group of synchrony. It would impact the potential
of compensatory dynamics and the stability of communities at a regional scale. Studying the link
between stability of populations at a regional scale and temporal tendencies of the species helps to
understand the impact of global changes on communities at a regional scale.

We provide evidences of the existence of a variation of the value of synchrony between butter�ies
species at a regional scale. It suggests a potential compensatory dynamics that can stabilize the
communities at a regional scale. After grouping the species into synchronous groups of species,
we do not observe a speci�c temporal tendencies division, other than the ones created by random
e�ects. These results suggest that the decline of species induced by global changes does not a�ect
more than randomly expected the potential of compensatory dynamics of the butter�y communities
in the United Kingdom at a regional scale.

4.3.1 Introduction

In a local community, synchrony re�ects the similarity across species of local temporal �uctuations
in a given property such as biomass or abundance, and is negatively correlated with stability [116].
A decrease in the compensatory dynamics increases synchrony among species, leading to an increase
of the stability of the whole community [78], [79], [116]. Synchrony among species is one of the main
drivers of the stability of local community [51], [79], [108], [116].

Recently, theoretical studies have extended our understanding of stability to larger spatial scales
[130] , [129] , to better �t with the spatial scale of management and conservation policies. At the
regional scale, the stability of metacommunities can be decomposed into two components [129]. First,
the average metapopulation stability, that re�ects the stability of aggregated local populations of a
species. The contribution of each metapopulation stability to the average metapopulation stability
is weighted by its relative abundance in the metacommunity. The stability of the metacommunity
increases with the average metapopulation stability, and depends more on the abundant than rare
metapopulations. Second, the regional-scale species synchrony. Synchrony re�ects the correlation
between regional-scale species �uctuations. Metapopulations with low synchrony (high asynchrony)
will stabilize the metacommunity because of compensatory dynamics. Wang et al. [129] showed that
at both local and regional scale, species synchrony decreased when species richness increased. They
also showed that species synchrony decreased from local to regional scale, and suggested a potential
e�ect of an increase of species richness from local to regional scale.

In local communities, variations in synchrony among species are related to species responses
to variations of environmental conditions [119]. Variations of environmental conditions could also
explain synchrony among species at a regional scale. Environmental changes such as landscape
degradation or climate change a�ect environmental conditions but also temporal trends of species
abundance, for example butter�ies (Fox et al., 2015). Species that are synchronous because of
similar responses to environmental condition variations could also have similar temporal trends
because of similar sensitivity to environmental changes. Species groups according to regional species
synchrony could be correlated with species group according to temporal trends. In the case of
decline, temporal trends can lead to the extinction of a species. If declining species are in the same
groups of synchronous species, the potential extinction of these groups would decrease the potential
of compensatory dynamics at the regional scale, decreasing the regional metacommunity stability.

In this study, we aim to assess if long-term temporal trends of butter�y species computed on the
1976-2004 period are speci�cally distributed in groups of synchronous species, and if potential species
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extinction could a�ect compensatory dynamics at the regional scale. We work on the UKBMS data
set and compute synchrony indices as described in Section 4.2. We then analyze the distribution of
long-term temporal trends across groups of synchrony.

4.3.2 Testing the link between long-term temporal trends and synchrony

1976 � 2014 UK butter�y temporal trends. To get long-term temporal trends, we use data
from The State of the UK's Butter�ies 2015 [36]. This report estimates the temporal trend of
butter�y species in the UK, based on the UKBMS counts from 1976 to 2014. For each species, we
extract the percentage of abundance change over the 1976-2014 period as well as the signi�cance
of estimated temporal trends, see Section 4.3.5. We only used signi�cant trends to analyse the
distribution of temporal trends among groups of synchrony.

Testing for structuration. To investigate if some groups of synchrony show particular global
temporal trends, we perform some tests based on a resampling strategy. Our null hypothesis is
that synchronous groups have no speci�c long-term trends, i.e. the long term trends are spread at
random among the synchronous groups.

For each group, we compute the mean temporal trend for species with signi�cant temporal trend.
We then sample 1000 times in the full set of species the same number of species as in the group,
and compute the mean temporal trend of species with signi�cant trend. We compare the mean
temporal trends of the group to the distributions of mean temporal trend of random samples. If
the group mean temporal trend is outside the 95% con�dence interval of the distribution, the mean
temporal trend is declared "di�erent from randomly expected". We emphasize that we are in an
exploratory process, and we do not try to precisely identify which groups have signi�cant long-term
trends. Hence, though our setting corresponds to a multiple testing setting, we do not implement
any FDR or FEWR control.

4.3.3 Results

We observe contrasting Spearman ρ correlation values across species pairs, with both highly syn-
chronous and highly asynchronous species pairs (Figure 4.2). We choose three di�erent dissimilarity
thresholds to separate species into groups of synchrony, resulting in three, �ve or seven groups (Fig-
ure 4.3). These three levels of clustering allow us to analyse the distribution of temporal trends
inside groups of synchrony according to di�erent level of synchrony among species.

Of the 53 species used in this study, eleven show a signi�cant and positive temporal trend,
twenty a signi�cant and negative temporal trend, and twenty-two a non-signi�cant temporal trend
on the 1976-2004 period in the UK. There are both declining and increasing species in all groups of
synchrony, except in group B.2, which contains only decreasing species and one stable species. In all
groups but two, the number of species with signi�cant declining temporal trend is greater than the
number of species with signi�cant increasing temporal trend (Figure 4.3). For group A.2, there are
more species with signi�cant increase, and for group C.3 there is an equal number of declining and
increasing species. However, mean temporal trends inside groups are not di�erent than randomly
expected. Our resampling tests did not show any mean temporal trend outside the 95% con�dence
interval (Figure 4.4), thought the cluster B.2 is close to the boundary.
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Figure 4.3 � Dendrogram of the hierarchical clustering performed for three levels of synchrony.
Vertical black lines are the di�erent thresholds to separate species into groups of synchrony.
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Figure 4.4 � Histograms of the null models by groups of synchrony, with only species with signi�cant
trends, for hierarchical clustering based on three, �ve and seven groups. Dashed black lines are the
95% con�dence interval, and red lines are the mean temporal trend of groups.

4.3.4 Discussion

In this study, we highlighted variations in regional interspeci�c synchrony values across species pairs,
suggesting that compensatory dynamics can occur to stabilize the abundance of regional butter�y
communities. Variations in regional synchrony among species could be related to similarity in species
traits as it has been found on local synchrony among species [95], [101]. The regional synchrony
among species could also increase with the similarity in latitudinal range edges because of similar
sensitivity to the variations of environmental conditions [117].

When analysing the distribution of signi�cant temporal trends across groups of synchrony, we did
not highlight groups with signi�cant temporal trends lower or higher than randomly expected (Figure
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4.3 and 4.4). The absence of particular distribution of temporal trends among groups of synchronous
species suggests that di�erent environmental factors drive temporal trends and synchrony. Temporal
trends of butter�y abundance seems to be mainly a�ected by habitat loss and fragmentation [36]. At
the local scale, synchrony among species increases primarily with species trait similarity and climate
variability [95]. Species trait based approaches could allow to describe precisely which species traits
explain temporal trends or regional interspeci�c synchrony and help conservation decisions.

Our results suggest that global changes responsible for temporal trends are not likely to a�ect
regional compensatory dynamics more than if declining species were randomly distributed among
groups of synchrony. However, temporal trends may a�ect average metapopulation stability. In
addition to the correlation between temporal trends and regional-scale species synchrony, there is the
need to investigate the potential correlation between temporal trends and average metapopulation
stability.
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4.3.5 Supplementary material: Species list and long-term temporal trends (Fox
et al., 2015)

Species % Abundance change (1976-2014) P-value

Aglais io 17 >0.05
Aglais urticae -73 <0.05
Anthocharis cardamines 10 >0.05
Apatura iris 69 >0.05
Aphantopus hyperantus 381 <0.001
Argynnis adippe -62 <0.05
Argynnis aglaja 186 <0.001
Argynnis paphia 141 <0.001
Aricia agestis -25 >0.05
Aricia artaxerxes -52 <0.05
Boloria euphrosyne -71 <0.001
Boloria selene -58 <0.001
Callophrys rubi -41 <0.01
Celastrina argiolus 37 >0.05
Coenonympha pamphilus -54 <0.001
Coenonympha tullia 261 <0.01
Colias croceus 734 >0.05
Cupido minimus 9 >0.05
Erebia aethiops 170 <0.01
Erynnis tages -19 >0.05
Euphydryas aurinia -10 >0.05
Favonius quercus -54 <0.05
Gonepteryx rhamni 1 >0.05
Hamearis lucina -42 <0.01
Hesperia comma 943 <0.001
Hipparchia semele -58 <0.001
Lasiommata megera -87 <0.001
Leptidea sinapis -88 <0.001
Limenitis camilla -59 <0.01
Lycaena phlaeas -37 >0.05
Maniola jurtina 1 >0.05
Melanargia galathea 50 <0.05
Melitaea athalia -87 <0.001
Ochlodes sylvanus -17 >0.05
Pararge aegeria 84 <0.01
Pieris brassicae -30 >0.05
Pieris napi -7 >0.05
Pieris rapae -25 >0.05
Plebejus argus 19 >0.05
Polygonia c-album 150 <0.001
Polyommatus bellargus 175 <0.01
Polyommatus coridon 20 >0.05
Polyommatus icarus -17 >0.05
Pyrgus malvae -37 <0.05
Pyronia tithonus -41 <0.05
Satyrium pruni -54 >0.05
Satyrium w-album -96 <0.001
Thecla betulae -15 >0.05
Thymelicus acteon -76 <0.01
Thymelicus lineola -88 <0.001
Thymelicus sylvestris -75 <0.001
Vanessa atalanta 257 <0.01
Vanessa cardui 133 >0.05
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4.4 Structuration of species synchronous groups in terms of traits

In this section, we explore whether the synchronous groups are, or not, structured in terms of some
individual traits. Our motivation is threefold. First, as synchrony is a major factor of stability, un-
derstanding the possible structuration of synchronous groups in terms of traits provides key insights
on the functional stability of the ecosystem. Second, if we observe a strong structuration of some
synchronous groups in terms of some traits, it suggests that these traits may be important factors
for structuring these synchronous groups. This could help to better understand the mechanisms of
interspeci�c synchrony. Finally, if species inside a group of synchrony share some common traits, it
strengthens our con�dence on the biological meaningfulness of the synchronous groups obtained in
Section 4.2.

To explore this structuration, we proceed as follows. Our idea is to implement supervised machine
learning technics in order to predict, from some traits data, the synchronous groups obtained in
Section 4.2. The two algorithms that we implement are Random Forest [52] and Neural Networks
[45]. For the latter, we use a two-layer Neural Networks, with the logistic activation function. We
refer to the Annex 4.C for a reminder on these algorithms and the details of our implementation.
The Random Forest algorithm has the nice feature to predict labels indi�erently from categorical
or numeric traits. The Neural Networks algorithm is acknowledged for its performance. Yet, the
handling of categorial features is less straightforward. We compare the results and the performances
of the two algorithms. Then, once we have run both algorithms, we use traits importance methods
in order to determine which traits were the most important and useful to predict the groups. We
use di�erent methods to compute the importance of variables and then compare the results. These
methods are described in Annex 4.C. The traits that are found important by several methods are
more likely to be really signi�cant in the determination of the groups.

The notebook gathering all the experiments and results is available online (http://hebergement.
u-psud.fr/solene.thepaut/IMG/html/notebookselectiontraits.html). We summarize in this
section and the Appendix 4.A our most important results, some other analyses and insights can be
found in this document.

4.4.1 Traits data

We present in this subsection the di�erent types of traits that we consider, and how we group them
in di�erent data sets based on their types and on which part of the life of the species they are related
to.

To construct the traits dataset, we used the larval hostplant and key nectar plant species list
compiled for UK butter�y species in the book of Dennis [30].

Initial dataset

Our initial dataset, denoted Df all, gathers a large variety of traits.
In Df all, most traits are divided into categorical sub traits. For such traits, we create a

categorical trait that gathers all the information contained in the sub traits. Instead of considering
each sub-trait as a trait, we consider the trait as a vector of dimension the number of its sub-trait.
Then, to each vector is assigned a class. We create a categorical trait that contains the class of
each vector for the species. If for one trait two species share the same sub-traits, then the created
categorical trait will be equal to the same class for both species.

We consider the dataset containing the groups and the categorical traits we created from the
original traits, such datasets are called factor datasets. The traits without sub-traits are not modi�ed.

We also consider the non modi�ed dataset where each sub-trait is considered as a trait in our
algorithm.

Both datasets have their pros and cons. For the original datasets, we expect the predictors to be
more precise since each information about a trait is as important as the others. In this case we are
able to identify exactly which sub-trait of a trait is important in the determination of the groups of
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synchrony. But, by keeping all the sub-traits, we have 52 species for about a hundred traits. This
can lead to over�tting and make the interpretation of the results di�cult.

On the other hand, the factor datasets give clear results, especially in the variable importance
step. For each trait, we summarized the information into classes. The results can be less precise but
they are less prone to over�tting.

From dfAll, we create sub-datasets containing the traits related to a same category. The idea
to divide the traits into di�erent datasets instead of using only the initial dataset containing all the
traits is motivated by the fact that we only have 52 species for 35 traits in the factor datasets, and
around a hundred traits in the original datasets. By dividing the traits into di�erent datasets, we
limit over�tting issues and we expect that our algorithms are more e�cient and more precise in their
selection of the most important traits. We present these datasets in the following. Since we have
both categorical and numeric traits, we precise the type between parenthesis. The symbol (0/1)
means that the trait, or its original sub-traits, is binary.

Life history : This dataset contains general information about the way of life of the species. It
contains both categorical and numeric traits.

� Hibernation site (0/1)

� Overwintering stage (0/1)

� Ants collaboration (0/1)

� Voltinism (0/1)

� Max number of generations per year (continuous)

� Length of �ight period (continuous)

� Adult Appearance (continuous)

� Mobility (continuous)

Diet: This dataset contains information about the diet of the species. All the following traits are
continuous.

� Adult feeding specialism

� Adult nectar specialism

� Total number of hostplants

� Number of main hostplants

� Number of core hostplants

� Annual / perennial hosplants

� % nectar plants that are hostplants

� % of introduced nectar or hostplants

Adult environment : This dataset contains information about the environment in which the
species live at an adult stage.

� Roost and rest sites (in adverse weather) (0/1)

� Mate location sites (0/1)

� Basking sites (0/1)
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Adult behavior : This dataset contains information about the behavior of the species at an adult
stage.

� Mate location method (0/1)

� Roosting mode (0/1)

� Basking method (0/1)

� Egg laying mode (0/1)

Larval environment: This dataset contains information about the environment of the species
at a larval stage.

� Hostplant growth form occupied (0/1)

� Hostplant part used (0/1)

� Plant maturity (0/1)

� Hostplant patchiness (0/1)

� Larval zone occupied (0/1)

Hostplants : This dataset contains information about the hostplants of the species. That is to
say the plants on which the species lay their eggs.

� Hostplant families used (0/1)

� Larval specialisation (categorical : monophageous / oligphageous / polyphageous)

� Type of hostplant used (categorical : annual, perennial, etc)

Pupal environment : This dataset contains information about the environment of the species at
a pupal stage. In the pupal stage, a butter�y is not mobile. The only information we have about
this stage is the location of the pupal.

� Pupal zone occupied (0/1)

Egg environment : This data set contains information about the location and environment
where the species lay their eggs.

� Egg laying locality (0/1)

� Egg environment (0/1)

� Egg substrate (0/1)

Final datasets

We test our supervised machine learning algorithms on all the datasets mentioned previously. Yet,
it seems appropriate to create larger datasets containing traits from di�erent categories. We present
only the results and performance for the datasets described below. Some of the results for the
other datasets can be found online (http://hebergement.u-psud.fr/solene.thepaut/IMG/html/
notebookselectiontraits.html). We consider the aggregated datasets

� Adult traits (adultenvironment + adultbehavior)
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� Larvae traits (larvalenvironment + larvalbehavior)

� Traits related to environment (adult environment + larval environment + egg environment +
pupal environment)

� Traits related to behavior (adult behavior + larval behavior)

� All traits

We also create a dataset called combined dataset which contains the traits from the Life History,
Hostplant and Diet datasets. After discussion with ecologists, the traits contained in the combined
dataset are the most likely to explain the groups of synchrony.

4.4.2 Results

In this subsection we present our results on the di�erent datasets. We describe the Leave-one-
out error rates of our models in Tabular 4.5. We refer to the appendix 4.C for the details of the
computations of the error rates

Error rates for RF and NN algorithms
Dataset RF C β̃ RF C β̃ Factor NN C β̃ Factor.
All 0.49 0.47 0.45
Combined 0.42 0.42 0.49
Adult 0.60 0.53 0.23
Larval 0.60 0.64 0.43
Behavior 0.53 0.47 0.28
Environment 0.66 0.58 0.57

Figure 4.5 � This tabular summarize the performance of the Random Forest (RF) and Neural
Networks (NN) on the di�erent datasets. The acronym C β̃ stands for corrected β̃(i)

y . Factor means
that the datasets used are the modi�ed datasets where the sub-traits have been replaced by one
categorical trait. If there is no Factor, then the original datasets with the sub-traits were used.

As a comparison, since we have 3 groups of synchrony, if we choose at random the group of each
observations, we would have in average a 66% error rate. And the p-value of a 40% error rate is
less than 5%. Considering the quality of our data, we consider that a 40% error rate is a signi�cant
improvement from the random classi�cation.

In Tabular 4.5, we observe that the Neural Networks gives most of the time better results than
the Random Forest. We emphasize yet that, as detailed in the Appendix 4.C the error rates are not
computed exactly in the same way.

The di�erence between the original datasets and the factor datasets depends on which dataset
we trained our models. When computing the new traits, we noticed that for some traits the number
of class created was reasonable, around 10 classes, but could lead to 40 classes. The more classes,
the less relevant is the trait, because it does not allow to di�erentiate the species if each species has
it own class. This could explain the high error rate on these datasets.

We observe that the more promising datasets are the Adult, Hostplant and Behavior dataset.
The performance of both Random Forest and Neural Network are disappointing on the dataset

containing all the traits and on the combined dataset. This is probably explained by the over�tting
due to the high number of traits compared to the low number of observations.

The performances of the models are encouraging on some of the datasets. We now present our
results about the importance of variables for the all dataset. We refer to Appendix 4.C for the
details on the computation of the variable importance. We consider that the higher the accuracy of
our model, the more credit it gives to the importance of variables we compute. Nonetheless, if some
traits seems to be important for all algorithms and with several methods for the computation of
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importance, it would increase the probability that these traits explain, at least in part, the groups
of synchrony.

On the Figures 4.6 and 4.7, we colored the traits according to the phase of the butter�y life it
relies to.

Figure 4.6 � This �gure represents the Importance of variables found by the Random Forest algorithm
for the all datasets with groups of synchrony found thanks to the corrected β̃(i)

y . The method for
importance of variables is discussed in 4.C.2. In this plot there is not a clear delimitations between
the most important traits and the other. There are notable di�erences between the two plots. In
both plots, the more important traits come from the adult dataset but not exclusively.
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Figure 4.7 � This �gure represents the Importance of variables found by the Neural Networks for the
all datasets with groups of synchrony found thanks to the corrected β̃(i)

y .The method for importance
of variables is discussed in 4.C.2 We can see that the most important traits comes from the adult
and larval datasets. As for the Random Forest, when the groups of synchrony are computed thanks
to the corrected parameters, there is no real gap between the most important traits and the others.

The following traits are important both for the Random Forest algorithm and mean decrease
accuracy or Gini methods and for the neural network algorithm and Olden method

� Class Diet Specialization

� Class Resting Position

� Nectar Feeding Specialism

When moving to the other datasets, we obtain varying results. These results are presented in the
notebook (http://hebergement.u-psud.fr/solene.thepaut/IMG/html/notebookselectiontraits.
html).

It is hard to draw conclusions from the plot of the importance of traits. The results do not seem
conclusive. Even if the previous traits are more important in all context, we do not have strong
evidences that these traits explain the groups of synchrony. The error rate is rather high for the all
datasets for both methods.

4.4.3 Discussion

We �rst discuss the methods used in this section, then we comment on our results.
For Neural Network, we used a neural network with two small hidden layers in order to compute

the predictors. We tested to add layers to the networks but the results were the same or less accurate
than the simple networks. Once we decided to use only two hidden layers, we tried di�erent number
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of neurons on each layers in order to have the best possible results. For optimisation, it is convenient
to have an activation function which is everywhere di�erentiable. Accordingly, we choose the logistic
function as activation function. We observe that the accuracy of the Neural Network is way better
than the accuracy of Random Forest in most cases.

Also, we use Dummy Variables to replace the categorical traits in our datasets. Since the Dummy
Variables are computed thanks to the labels, there exists a correlation between them and the groups
of synchrony. With our data, it is complicated to �nd a better way to use Neural Networks on our
datasets.

The Random Forest is most of the time less e�cient than the Neural Networks. But we can use
all our traits without modi�cation, which is a major advantages since our data consists in all kind
of traits.

We did not compare all the datasets, but the error rate seems systematically lower when we use
Neural Networks instead of Random Forest. In a way, the fact that the Neural Networks are more
successfull than Random Forest to predict the groups of the species can imply that the importance
of traits found with Neural Networks are more trustworthy than the one found with random Forest.
However, what is really signi�cant in our study is the fact that there exist traits that are found
important both by random Forest and Neural Network and with di�erent methods (Mean Accuracy
and GIni methods for Random Forest and Olden method for Neural Network). These traits have
more chances to really be decisive in the determination of the groups.

In the view of the quality of our data, and the accuracy of our models, we have to be careful
about our conclusion on the important traits. The results have to be analyzed and their relevance
to be con�rmed by ecologists on the basis of their expert knowledge and the literature on the �eld.

Indeed, we have few observations compared to the number of traits. Moreover, we suspect that
our data are quite noisy, since the abundances come from a participative science program and their
analysis require to handle the nuisance induced by the phenologies. If the signal is weak compared
to the noise, then it is di�cult to �nd a pattern in the groups of synchrony we computed in Section
4.2.

Even if we do not end up with conclusive results, our methodology can be replicated to other
settings to study the link between traits of species and interspeci�c synchrony. To successfully work
on this subject, the collaboration between ecologists and statisticians is crucial.
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4.A Non-corrected synchrony

In this appendix we gather some results on synchrony computed from non-corrected regional inter-
annual variation β(i)

y instead of corrected regional inter-annual variation β̃(i)
y .

4.A.1 Synchrony without trend correction

A explained page 111, synchrony is meant to re�ect similar non-systematic inter-annual variations
in abundance between two species. When computing correlations directly from the regional inter-
annual abundance variations β(i)

y , strong long-term temporal trends can hide the synchrony between
two species. To illustrate this point and the necessity to correct for the trends, we compare in
Figure 4.8 the clustering obtained when computing the Spearman-ρ correlations from the regional
inter-annual abundance variations β(i)

y and from the trend-corrected regional inter-annual abundance
variations β̃(i)

y . We observe some similarities between the groups found in the two dendogramms, but
we can also see that there are not the same and species from the same group on the left dendogram
end up in di�erent groups in the right dendogram.

Figure 4.8 � Tanglegram of the dendograms obtained from the non corrected β
(i)
y (left) and the

trend-corrected β̃(i)
y (right).

4.A.2 Traits versus non-corrected synchronous groups

In this section, we report the results obtained on the synchrony versus trait structuration, when the
synchrony indices are computed from the inter-annual abundance variations β(i)

y , not corrected for
the trends. These results allow us to identify di�erent mechanisms between traits and synchrony,
depending if we focus on non-systematic variations only (as in Section 4.4) or if we include long-term
temporal trends as in the results presented below.
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Error rates for RF and NN algorithms
Dataset RF NC β RF NC β Factor NN NC β Factor .
All 0.42 0.43 0.45
Combined 0.43 0.40 0.36
Adult 0.55 0.64 0.30
Larval 0.51 0.58 0.23
Behavior 0.57 0.45 0.38
Environment 0.49 0.57 0.49

Figure 4.9 � This tabular summarize the performance of the Random Forest (RF) and Neural
Networks (NN) on the di�erent datasets. The acronym NC β means that we focused on the groups
of synchrony found with the non corrected β(i)

y . Factor means that the datasets used are the modi�ed
datasets where the sub-traits have been replaced by one categorical trait. If there is no Factor, then
the original datasets with the sub-traits were used.

On the Figures 4.10 and 4.11, we colored the traits according to the aspect of the butter�y life
it relies to.

Figure 4.10 � This �gure represents the Importance of variables found by the Random Forest algo-
rithm for the all datasets with groups of synchrony found thanks to the non corrected β(i)

y 4.C.2. We
can see that the most important traits comes from the adult dataset. According to this plot, there
exists a gap between the most important traits and the others. Even if there are small di�erences
between the two plots, the Decreasing Accuracy methods and the Gini methods gives similar results.
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Figure 4.11 � This �gure represents the Importance of variables found by the Neural Networks for
the all datasets with groups of synchrony found thanks to the non corrected β

(i)
y 4.C.2. We can

see that the most important traits comes from the adult dataset and others, such as Hostplants.
According to this plot, there is one trait more important than the other. Then, the importance
decrease slowly from one trait from another.

The following traits are important both for the Random Forest algorithm and mean decrease
accuracy or Gini methods and for the neural network algorithm and Olden method

� Class Egg laying Method

� Flight Period

The results for the importance of variables are not the same as the one obtained with the
corrected β̃. We notice that the Class Specialization is important in both case for Neural Networks
and its Olden method for computing the importance of variable but does not appear as important
for the Random Forest algorithm and both Decreasing Accuracy and Decreasing Gini. Apart for
this exception, it is hard to �nd a common important variable between the results for corrected β̃
and the non corrected β.

4.B Hierarchical clustering

Hierarchical clustering algorithms are clustering algorithms producing a sequence of nested clus-
terings. These algorithms take as input a matrix of pairwise dissimilarities [dij ]i,j between the
observations. In our case, dij is de�ned by (4.3).

Like most of the popular clustering methods, hierarchical clustering is explained in details in
[62].
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Dendogram. The hierarchy of clusterings produced by a hierarchical clustering algorithm can be
represented by a tree, called dendogram. The leafs of the tree correspond to the observations, and
an internal node represents a cluster, which is made up of all the observations of its descendant leafs.
Then, a clustering at a given level of the hierarchy is represented by the nodes at this level in the
tree: the nodes of the tree at this level represent the clusters.

Usually, the length of an edge between a node and his two daughters is proportional to the
intergroup dissimilarity between the two daughters clusters. This intergroup dissimilarity, that
is used for clustering, is computed according to a linkage function (see Section 4.B.1) and the
dissimilarity matrix.

Agglomerative versus divisive clustering. Hierarchical clustering algorithms fall into one of
the two categories

� agglomerative clustering

� divisive (or partitional) clustering

Agglomerative clustering. Agglomerative clustering algorithms build the tree from the leaves and
iteratively merge samples step by step and bottom-up. At step 0, we only have singletons. Then, step
by step, observations and groups of observations are merged together according to the dissimilarity
matrix and a speci�ed criterion, the linkage criterion, to end-up with only one cluster containing all
the observations. Typically, the higher the dissimilarity between two samples, the more steps will be
needed before the two samples are merged into the same cluster. On the contrary, two very similar
observations will be merged very quickly.

Divisive clustering. Divisive clustering works backward compared to agglomerative clustering. The
starting point is a unique cluster with all the observations from the dataset, and the clusters are split
iteratively into smaller one at each step, until having only singletons. This procedure is called top-
down. As in agglomerative clustering, the splits are based on the dissimilarity matrix and a speci�ed
linkage criterion. If the dissimilarity between two observations is high, these two observations will
be typically separated by the algorithm at a low step.

Compactness and closeness of a cluster. Two important traits drive the clustering process.
The choice of a dissimilarity measure between observations (here we choose 1−synchrony index as
dissimilarity) and the choice of a linkage function which speci�es how clusters must be merged (or
split). These two choices have a strong impact on the properties of the resulting clustering.

There is no universal criterion to decide whether a partition is better than another. Yet, the two
following criteria are very popular in the applied literature on clustering.

1. Compactness : In a good cluster, the observations are similar to each other. Therefore, if a
cluster is too "wide" in terms of dissimilarity, it is likely to �nd within it observations that are
not as similar as we would wish them to be.

2. Closeness : The observations should be "closer" to the one in the same group than to the one
in the other clusters, in term of similarity. If a cluster is too "narrow", it is likely to �nd
observations from other clusters which are closer to an observation inside it than the other
observations in the cluster are.

We discuss below some choices of linkage functions and their incidence on the two above prop-
erties of the clusters.

4.B.1 Linkage criteria

There are many possible choices of linkage function we list below four of the most popular ones.
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Complete linkage. To compute the dissimilarity between a cluster i and a cluster i′ using com-
plete linkage, the algorithm compare the pairwise dissimilarities between the elements of cluster i
and the elements of cluster i′ and takes the largest of these dissimilarities. This linkage gives compact
clusters where the observations inside a cluster are all very similar to each other.

Single linkage. The single linkage is the opposite of the complete linkage, as it takes the smallest
of the pairwise dissimilarities as the dissimilarity between the two clusters. The clusters obtained
from single linkage can lack of compactness but the observations in a cluster tend to be closer to
their nearest neighbor in the cluster than to the observations of the other clusters, which is not
always true with the complete linkage.

Average linkage. Average linkage is a compromise between single linkage and complete linkage.
It takes the average of the pairwise dissimilarities between the element of cluster i and the element
of the cluster i′ as the dissimilarity between clusters i and i′. It creates clusters both compact and
close but respectively less than with complete and single linkage.

Ward linkage. For any cluster c, we denote SSc the summed square distance within c.

SSc =
∑
i∈c

∑
j∈c

d2
i,j . (4.4)

where di,j is the measure of dissimilarities chosen for the clustering.
For any pair of cluster c and c′, we denote SScc′ the summed square distance within the joint cluster
created by c and c′.

SScc′ =
∑
i∈c∪c′

∑
j∈c∪c′

d2
i,j . (4.5)

With the Ward linkage at each step, we compute for each pair of existing cluster c and c′ the
summed square distance within their joint cluster, minus the sum of their summed square distance :
W (c, c′) = SScc′ − (SSc + SSc′). Then, we choose to merge the two clusters c and c′ that minimizes
W (c, c′).
This is the linkage we choose in our procedure.

4.B.2 Selecting the number of clusters

As explained above, once we have obtained the dendogram, we "cut" the tree at some height, and
the nodes at this height gives the partition associated to this level. Finding a good level in the
dendogram, which is equivalent to �nding a good number of clusters, is a delicate task. When the
number of clusters is not known, di�erent selection procedures can be applied. Many methods have
been proposed, we refer to [62] We discuss here the most popular ones. In practice, it is highly
recommended to use more than one of them, in order to compare the choices made by each method.

When trying to select the number of clusters, the user will have to compare di�erent partitions of
the data with di�erent number K of clusters. To compare two di�erent partitions, di�erent criteria
have been proposed, each of them trying to de�ne how good a partition is.

A good clustering would be one where the observations in a cluster are very close, or similar, to
each other, and far away from the observations of the other clusters. The criteria described below
quantify this statement. We de�ne two measures : the within-cluster dissimilarity and the between-
cluster dissimilarity, based on the dissimilarity dij de�ned in (4.3). The within-cluster dissimilarity
of a cluster Ck is de�ned as

WCD(Ck) =
∑
i,j∈Ck

dij .
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The total within-cluster dissimilarity of a partition C = {C1, . . . , CK} corresponds to the sum of the
within-cluster dissimilarities of its clusters

TWCD(C) =

K∑
k=1

WCD(Ck).

Symmetrically, we can de�ne the between cluster dissimilarity as

BCD(C) =

K∑
k=1

∑
i∈Ck

∑
j /∈Ck

dij = ‖d‖1 − TWCD(C).

We notice that, in a hierarchy of clusterings, when the number K of groups grows, the total within-
cluster dissimilarity TWCD decreases, while the between cluster dissimilarity BCD increases.

A simple criterion. A possible way to choose the number of clusters in hierarchical clustering
is to cut the dendogram at a height where the edges are the longest. As mentioned before, the
length of the edges in the dendogram is related to the dissimilarities between the daughter clusters.
Cutting the tree where there is a large gap between a node and his daughters, amounts to cut the
tree at a level where the splitting is signi�cant. Hence, a simple rule is to cut the tree at the lowest
level (closest to the leafs) where an edge larger than a prescribe level is present.

Yet, this criterion is somewhat rough and informal. More elaborate methods have been proposed.

Elbow method. When increasing the number of clusters, the TWCD decreases. In a situation
where the data present a clear clustering structure with K∗ clusters, the decrease of TWCD with K
is typically stronger for values of K smaller than K∗ than for values of K larger than K∗. The shape
of the plot of the TWCD with respect to K then present an "elbow" around K∗. This phenomenon
can be theoretically explained in some contexts, see [88].

The principle of the "elbow method" is then to plot the TWCD with respect to K, and to seek
for a drop of the decrease of the TWCD with K ("elbow"). The selected value is the one located
at the drop. This heuristic can be theoretically justi�ed in some contexts as in [88].

Many other methods for selecting the number K of clusters are variants of the elbow method.

Silhouette method. The silhouette coe�cient [105] is a measure of dissimilarity between a point
of a cluster and points of the other clusters for a given partition of the data. The silhouette coe�cient
of an observation is close to 1 if the observation is far away from the other clusters, and close to 0
if the observation is on the frontier between two clusters. To be more speci�c, let us explain how
silhouette coe�cients (si : i = 1, . . . , n) are computed.

Let ai be the average dissimilarities between the observation i and the other observations in
its cluster; di,Gj be the average dissimilarity between i and the observations in the cluster Gj ; and
bi = minj:i/∈Gj di,Gj . The silhouette coe�cient for the observation i is de�ned as

si =
bi − ai
ai ∨ bi

.

The silhouette plot represents the average of the silhouette coe�cients in function of the number
K of clusters. The selected K is the one giving the higher value in the silhouette plot.

The silhouette method is reported to be useful when one is looking for compact and well separated
clusters.
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4.C Supervised learning methods

4.C.1 Supervised classi�cation with Random Forest and Neural Networks

Random Forest

Random Forest is a machine learning algorithm based on decision trees.
The decision tree algorithm is a machine learning algorithm which creates a model under the form

of a tree. The purpose is to compute a classi�er able of predicting the class of a new observation.
The construction of the decision tree is done thanks to a train dataset in which every observation
is labeled by its true class. At each step, the algorithm constructs a node on which a test is made
on one of the features of the dataset. To determine the feature that is used at a certain node, the
algorithm tests several of them and choose the one that maximizes a speci�ed criterion.

We �nd on the leaves of the decision tree, the �nal decision of the classi�er. When we want
to classify a new observation, we browse the decision tree from the root to the leaves, and at each
nodes, we test the value of the features of the new observation. At the end, we obtain the estimated
class of the new observation. A classical reference for decision trees is [17].

The Random Forest algorithm combines bagging with decision trees in order to improve the
robustness of decision trees. It was proposed in 1995 by Ho [52] and introduced more formally
by Breiman and Cutler [16] in 2001. The Random Forest algorithm divides randomly the dataset
into sub-datasets, and constructs a decision tree model on each of this sub-dataset. Then, for the
classi�cation of a new observation, the class of a new observation is decided by a majority vote
between all the classi�ers obtained by the decision trees on each subsets.

We use the train function of the caret package in R [38]. This function allows us to choose
the algorithm we want to use for the supervised learning. It also tests multiple parameters in order
to �t the best possible model to the data. In our case, the decision trees of the random forest are
constructed according to the CART algorithm. In order to choose the feature that is used at a
certain node, the algorithm chooses the one that maximizes the Gini index of diversity.

The Gini index of diversity of a feature is a measure of the frequency of the mis-classi�cation of
a random element among the observations in the train set if the feature is chosen for this node. Let
us assume that there exist n classes in which the observations have to be classi�ed, then the Gini
index is equal to the sum over all the observations in the train set of the probability to be chosen
times the probability to be mis-classi�ed.

One of the parameter for the Random Forest is the number of features among which the algorithm
can choose when constructing the nodes of the decision trees. Another one is the number of decision
trees to be constructed. The train function automatically tries di�erent values for these parameters
and chooses the ones that give the lowest rate of errors.

The error rate can be computed very easily with the Random Forest algorithm. Indeed, the
algorithm naturally induces a cross validation. We don't need a test dataset to evaluate the per-
formance of the algorithm on our data, which is an advantage since we only have 52 observations.
To compute the rate of error, the algorithm browses all the observations. For each one of them, it
computes a prediction of its class using only the decision trees constructed with a subset that does
not contains the observation. This procedure is close to Leave-One-Out cross validation.

The Random Forest algorithm seems to be a good choice for our data. First, this algorithm
can deal with di�erent type of features. Since we have datasets containing both categorical and
numerical features, we can simply use our datasets as they are in the algorithm. As mentioned
earlier, we do not need to split our datasets into a train set and a test set. This is an important
factor because we do not have a lot of observations compared to the number of features.

Neural Networks

Arti�cial Neural Networks are a supervised machine learning method inspired by the structure of
the human cerebral cortex. The original idea comes from a biology article from 1959 [74]. The
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book [45] gives a good insight about arti�cial neural networks and deep learning.
Arti�cial Neural networks are organized into di�erent layers. Each layers is made of nodes, referred
to as neurons. The neurons of successive layers are connected to each other. A Neural Network
always have an input layer where each node contains the value of a feature and an output layer. In
the case of classi�cation, the output layer consists in as many nodes as classes. There exist many
di�erent Arti�cial Neural Network. We present here only the feed forward Neural Networks (ANN)
where the signal travels one way from an input layer to the output layer.

Between the �rst layer and the last layer, we �nd one or several layers called hidden layers. The
purpose of these layers is to broadcast and transform the signal from features to classes. Once the
signal crossed the network, the output is one value for each node of the output layer. The predicted
class corresponds to the output-layer node with the highest value.

The connections between the neurons are weighted. Between each layer, we also have a bias
parameter represented outside the network. The weights and the bias are the parameters of the
network. These parameters have to be optimized in order to train the model and obtain a classi�er.
When the signal crosses the network, each neuron of a layer receives as an input the weighted sum
of the outputs of the neurons from the previous layer that are connected to it plus a bias.

To each neuron is associated an activation function. The activation is applied to the input of the
neuron and the result is its output. The signal is then send to the next layer. If a neuron, denoted by
a is connected to n neurons of the previous layer and if the i-th neuron produces an output denoted
by xi for i between 1 to n, then the neuron a will receive as an input

za =
n∑
i=1

wi,axi + ba

where the wi,a are the weight on the edge between i and a, xi is the output of the i-th neuron from
the previous layer that is connected to a and ba is the bias associated to a.

The neuron a will produce as an ouput the quantity denoted xa.

xa = f(za)

where f is the activation function associated to the layer of a. There exist many popular activation
functions. For example, the ReLU function, tanh, sigmoid or logistic.

ReLU(x) = max(0, x)

tanh(x) =
e2x−1

e 2x+ 1

sigmoid(x) =
ex

ex +1

logistic(x) =
1

1 + e−x
.

We rather use the logistic function which is di�erentiable on the contrary of the ReLU function. We
noticed empirically that the algorithm computed faster a predictor with the logistic function than
with the tanh or sigmoid function.

Once the Arti�cial Neural Network structure is decided and constructed, the algorithm needs to
optimize the parameters in order to �t a model and to predict the class of new observations. As
in most supervised learning algorithm, the parameters are optimized thanks to a training dataset
where the observations are labeled. We choose a loss function l(., .). The algorithm then �nds the
parameters that minimize :

N∑
i=1

l(yi, ŷi), (4.6)

where N is the number of observations in the train dataset, yi is the true label of the i-th observation
and ŷi is the predicted label for the i-th observation. We use the cross entropy loss. We denote ygi
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the variable that is equal to 1 if the species i is in the group of synchrony g and 0 otherwise, and ŷgi
the variable that is equal to 1 if the species i is estimated in the group g by the neural network and
0 otherwise. The cross entropy l(yi, ŷi) = −

∑G
g=1 y

g
i log (ŷgi ), where G is the number of class, in our

case the number of group of synchrony.

In order to minimize (4.6), di�erent optimization methods exist. Among the most popular ones
is the simple gradient descent. The gradients are computed thanks to the so-called backpropagation.
This method is close to the Gauss Newton algorithm since it aims to minimize a multivariate function
and perform until convergence several iteration of a minimization step which gives an estimated
minimum closer to the true minimum at each step. The di�erence is in the execution, which is
going backward. At step i, the algorithm uses the weight computed at step i − 1 in the neural
network. We then compute the error between the estimated output and the true output. This error
is then propagated backward into the neural network, and the weights are corrected according to the
error. For more details about the bakcpropagation see [104]. To perform the gradient descent with
backpropagation the activation functions need to be di�erentiable. The backpropagation allows to
obtain the gradient of all the neurons in only one pass in the network. Then a gradient descent is
performed in order to �nd the optimal parameters of the networks.

The Arti�cial Neural Networks are reported to be very e�cient in many context. With a powerful
computer, the optimization of the multiple parameters are not an issue. This is the reason why we
choose to use an Arti�cial Neural Network to predict the class thanks to the features of the species.
Neural Network is not as general as a Random Forest yet, since it does not handle categorical
features. We need to transform our categorical and logical features to numeric features. To do so
we create Dummy Variables from the data. Moreover, the normalization of the features is crucial
for a Neural Network. We need to transform categorical features into numeric features and then
normalize all the features before we use the training set to optimize the parameters of our Neural
Network.

The way we compute our Dummy Variable is the following. For each class c of our categorical
feature, we compute the number n1 of observations such that the feature is equal to c. Then, for
each group of synchrony g, we compute the number n2 of observations such that the feature is
equal to c and the group of synchrony is g. Finally, we compute a numeric variable to replace the
original categorical feature as n2+0.1

n1+0.2 . For a certain feature, a class c of the feature and a group of
synchrony g, the quantity we compute with the ratio n2

n1
is the proportion of observations from the

group g among all the observations such that the feature is equal to c. The 0.1 and 0.2 constants
that we add to the numerator and the denominator are useful to deal with the case where n1 and
therefore n2 are equal to 0. We avoid dividing by 0 and the value for the concerned feature and the
concerned class is equal to 0.5 which is considered as a neutral value. This, way, we transform the
categorical features into numeric ones that can be handled by neural network algorithm. We change
the information provided by the feature since all the observations such that the feature is equal to
c does not share the same value for the new feature. Yet, the new feature gives information about
the distribution of each group in the di�erent categories of the feature. The main drawback of this
method is over�tting since the Dummy Variables are directly correlated to the group of synchrony of
each species. This is not the only methods to create dummy variables but it is the one which gives
the best results with our data. Method like one-hot-encoder have the main drawbacks to increase
the dimension of the data by replacing one categorical feature by several binary features. Since our
dataset already contains a high number of features compared to the number of observations, using
methods that increase the dimension of our data is not a good idea.

With Neural Network, we need to �nd a way to assess the performance of our algorithm. Since
the number of observations is small, we decide to adopt a Leave One Out cross validation. That is
to say, for each observation i, we set the train set as all the observations except i and the test set as
i. It allows to train our Neural Network on a su�ciently large dataset, but it also implies that we
need to run the algorithm as many times as there are observations in the full dataset. To compute
the accuracy, we compute for how many observations our model �nds the true label.
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We use the neuralnet function from the NeuralNet package in R [37]. The procedure is the
following : we run the neuralnet function on each of the dataset. The number of nodes of each layer
will depend on the dataset used. At the end of the neural network, a softmax function is applied
giving 3 values, one for each groups. The estimated group of a species is the one with the highest
output value.

We also stock the error rate and the importance of features along with our neural network
algorithm. Then we can compare the results with the one we got with the Random Forest algorithm,
even if there are not computed in the same way.

4.C.2 Features importance

Once we ran our supervised machine learning algorithms on our di�erent datasets, we need to de�ne
the features that are the most important in our models to predict the synchronous groups obtained
in Section 4.2. Depending on the algorithm we use, Random Forest or Neural Network, we have
access to di�erent methods.

For Random Forest

We use the function importance from the caret package [38], which rank the variables by order of
importance.

The importance function for Random Forest models gives two ways to compute importance for
features. The �rst one is an accuracy based method. This method computes for each features by
how much the accuracy drops if we remove this feature from the predictors. High values of the
MeanDecreaseAccuracy for a feature means that the accuracy dropped at a signi�cant rate when we
remove the considered feature. Therefore, it means that this feature is important for the model.

The second method is a Gini based method. The Gini Impurity is an indicator of the probability
to missclass a new observation. Then, at each node of a decision tree, in order to decide which feature
will be used, the Random Forest algorithm computes for each feature the total Gini impurity on
all the existing decision trees, less the Gini impurity left if we remove the node containing the said
feature. The mean of all Gini decrease is then taken over all the decision trees of the Random Forest
model. It leaves us with one single value for every feature present in a dataset. As in the previous
method, the higher is the MeanDecreaseGini for a feature, the more important is the corresponding
feature.

In the case of Random Forest, the importance of the features can be computed within the
algorithm, while the decision trees are constructed. One of the output of the train function of the
caret package is the importance of features. We do not have to use another function since the
quantities of interest are directly computed by the train function.

For Neural Network

The method we use to compute the importance of features for Neural Networks is di�erent than
the two methods used with Random Forest. If the more important variables are the same with the
two algorithms and the two methods, there is a good chance for this features to be decisive in the
determination of the groups. The method we will use with our neural network algorithm is called
Olden method [94]. The principle is the following :

The method is based on the weights of the constructed neural network. For each feature, which
corresponds to a node of the input layer, and each possible output, Olden computes the sum, over
all the hidden nodes from the �rst node (feature) to the last node (group), of the product between
the input weight of a node and the output weight of this node. Therefore, for each feature, we
have three values of importance. Also, this method keeps the sign of the weight, meaning we can
have a negative values for importance. In our case, we are only interested in the amplitude of the
Olden coe�cient which gives an insight about the importance of a feature. Hence, we compute the
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Olden importance of the neural network. We take the maximum of the absolute values of the Olden
coe�cients over the groups of synchrony. At the end, we obtain one value for each features, which
allows us to compare the results with the Random Forest importance of variables.

To compute the Importance of variables, we use the olden function of the NeuralNetTools

package in R [9].
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Titre : Problèmes de clustering liés à la synchronie en écologie : estimation de rang

e�ectif et détection de ruptures sur les arbres

Mots Clefs : Synchronie, Apprentissage Machine, Regroupement, Classi�cation non

supervisée

Résumé : Au vu des changements globaux actuels engendrés en grande partie par l'être

humain, il devient nécessaire de comprendre les moteurs de la stabilités des commu-

nautés d'êtres vivants. La synchronie des séries temporelles d'abondances fait partie

des mécanismes les plus importants. Cette thèse propose trois angles di�érents perme-

ttant de répondre à di�érentes questions en lien avec la synchronie interspéci�que ou

spatiale. Les travaux présentés trouvent des applications en dehors du cadre écologique.

Un premier chapitre est consacré à l'estimation du rang e�ectif de matrices à valeurs

dans R ou C. Nous apportons ainsi des outils permettant de mesurer le taux de syn-

chronisation d'une matrice d'observations. Dans le deuxième chapitre, nous nous ba-

sons sur les travaux existants sur le problème de détection de ruptures sur les chaînes

a�n de proposer plusieurs algorithmes permettant d'adapter ce problème au cas des

arbres. Les méthodes présentées peuvent être utilisées sur la plupart des données né-

cessitant d'être représentées sous la forme d'un arbre. A�n d'étudier les liens entre la

synchronie interspéci�que et les tendances à long termes ou les traits d'espèces de pa-

pillons, nous proposons dans le dernier chapitre d'adapter des méthodes de clustering

et d'apprentissage supervisé comme les Random Forest ou les Réseaux de Neurones

arti�ciels à des données écologiques.

Title : Clustering problems for synchrony in ecology : estimation of e�ective rank and

change-points detection on trees.

Keys words : Clustering, Synchrony, Machine Learning, Unsupervised Classi�cation

Abstract :In the view of actual global changes widely caused by human activities, it

becomes urgent to understand the drivers of communities stability. Synchrony between

time series of abundances is one of the most important mecanisms. This thesis o�ers

three di�erent angles in order to answer di�erent questions linked to interspeci�c and

spatial synchrony. The works presented �nd applications beyond the ecological frame.

A �rst chapter is dedicated to the estimation of e�ective rank of matrices in R or C. We

o�er tools allowing to measure the synchronisation rate of observations matrices. In the

second chapter, we base on the existing work on change-points detection problem on

chains in order to o�er algorithms which detects change-points on trees. The methods

can be used with most data that have to be represented as a tree. In order to study the

link between interspeci�c synchrony and long term tendencies or traits of butter�ies

species, we o�er in the last chapter adaptation of clustering and supervised machine

learning methods, such as Random Forest or Arti�cial Neural Networks to ecological

data.
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